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Preface

This book originated in part from lecture notes we developed while teaching courses in
financial mathematics in the Master of Mathematical Finance Program at the University of
Toronto during the years from 1998 to 2003. We were confronted with the challenge of
teaching a varied set of finance topics, ranging from derivative pricing to risk management,
while developing the necessary notions in probability theory, stochastic calculus, statistics,
and numerical analysis and while having the students acquire practical computer laboratory
experience in the implementation of financial models. The amount of material to be covered
spans a daunting number of topics. The leading motives are recent discoveries in derivatives
research, whose comprehension requires an array of applied mathematical techniques tradi-
tionally taught in a variety of different graduate and senior undergraduate courses, often not
included in the realm of traditional finance education. Our choice was to teach all the relevant
topics in the context of financial engineering and mathematical finance while delegating more
systematic treatments of the supporting disciplines, such as probability, statistics, numerical
analysis, and financial markets and institutions, to parallel courses. Our project turned from
a challenge into an interesting and rewarding teaching experience. We discovered that prob-
ability and stochastic calculus, when presented in the context of derivative pricing, are easier
to teach than we had anticipated. Most students find financial concepts and situations helpful
to develop an intuition and understanding of the mathematics. A formal course in probability
running in parallel introduced the students to the mathematical theory of stochastic calculus,
but only after they already had acquired the basic problem-solving skills. Computer laboratory
projects were run in parallel and took students through the actual “hands-on” implementation
of the theory through a series of financial models. Practical notions of information technology
were introduced in the laboratory as well as the basics in applied statistics and numerical
analysis.

This book is organized into two main parts: Part I consists of the main body of the theory
and mathematical tools, and Part II covers a series of numerical implementation projects
for laboratory instruction. The first part is organized into rather large chapters that span the
main topics, which in turn consist of a series of related subtopics or sections. Chapter 1
introduces the basic notions of pricing theory together with probability and stochastic calculus.
The relevant notions in probability and stochastic calculus are introduced in the finance

Xi
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context. Students learn about static and dynamic hedging strategies and develop an underlying
framework for pricing various European-style contracts, including quanto and basket options.
The martingale (or probabilistic) and Partial differential equation (PDE) formulations are
presented as alternative approaches for derivatives pricing. The last part of Chapter 1 provides
a theoretical framework for pricing American options. Chapter 2 is devoted to fixed-income
derivatives. Numerical solution methods such as lattice models, model calibration, and Monte
Carlo simulations are introduced within relevant projects in the second part of the book.
Chapter 3 is devoted to more advanced mathematical topics in option pricing, covering some
techniques for exact exotic option pricing within continuous-time state-dependent diffusion
models. A substantial part of Chapter 3 is drawn partly from some of our recent research
and hence covers derivations of new pricing formulas for complex state-dependent diffusion
models for European-style contracts as well as barrier options. One focus of this chapter is to
expose the reader to some of the more advanced, yet essential, mathematical tools for tackling
derivative pricing problems that lie beyond the standard contracts and/or simpler models.
Although the technical content in Chapter 3 may be relatively high, our goal has been to
present the material in a comprehensive fashion. Chapter 4 reviews numerical methods and
statistical estimation methodologies for value-at-risk and risk management.

Part II includes a dozen shorter “chapters,” each one dedicated to a numerical laboratory
project. The additional files distributed in the attached disk give the documentation and
framework as they were developed for the students. We made an effort to cover a broad
variety of information technology topics, to make sure that the students acquire the basic
programming skills required by a professional financial engineer, such as the ability to design
an interface for a pricing module, produce scenario-generation engines for pricing and risk
management, and access a host of numerical library components, such as linear algebra
routines. In keeping with the general approach of this book, students acquire these skills not
in isolation but, rather, in the context of concrete implementation tasks for pricing and risk
management models.

This book can presumably be read and used in a variety of ways. In the mathematical
finance program, Chapters 1 and 2, and limited parts of Chapters 3 and 4 formed the core of
the theory course. All the chapters (i.e., projects) in Part II were used in the parallel numerical
laboratory course. Some of the material in Chapter 3 can be used as a basis for a separate
graduate course in advanced topics in pricing theory. Since Chapter 4, on value-at-risk, is
largely independent of the other ones, it may also possibly be covered in a parallel risk
management course.

The laboratory material has been organized in a series of modules for classroom instruction
we refer to as projects (i.e., numerical laboratory projects). These projects serve to provide
the student or practitioner with an initial experience in actual quantitative implementations
of pricing and risk management. Admittedly, the initial projects are quite far from being
realistic financial engineering problems, for they were devised mostly for pedagogical reasons
to make students familiar with the most basic concepts and the programming environment.
We thought that a key feature of this book was to keep the prerequisites to a bare minimum
and not assume that all students have advanced programming skills. As the student proceeds
further, the exercises become more challenging and resemble realistic situations more closely.
The projects were designed to cover a reasonable spectrum of some of the basic topics
introduced in Part I so as to enhance and augment the student’s knowledge in various basic
topics. For example, students learn about static hedging strategies by studying problems
with barrier options and variance swaps, learn how to design and calibrate lattice models
and use them to price American and other exotics, learn how to back out a high-precision
LIBOR zero-yield curve from swap and forward rates, learn how to set up and calibrate
interest rate trees for pricing interest rate derivatives using a variety of one-factor short rate



Preface Xiil

models, and learn about estimation and simulation methodologies for value-at-risk. As the
assignments progress, relevant programming topics may be introduced in parallel. Our choice
fell on the Microsoft technologies because they provide perhaps the easiest-to-learn-about
rapid application development frameworks; however, the concepts that students learn also
have analogues with other technologies. Students learn gradually how to design the interface
for a pricing model using spreadsheets. Most importantly, they learn how to invoke and use
numerical libraries, including LAPACK, the standard numerical linear algebra package, as
well as a broad variety of random- and quasi-random-number generators, zero finders and
optimizer routines, spline interpolations, etc. To a large extent, technologies can be replaced.
We have chosen Microsoft Excel as a graphic user interface as well as a programming tool.
This should give most PC users the opportunity to quickly gain familiarity with the code
and to modify and experiment with it as desired. The Math Point libraries for visual basic
(VB) and visual Basic for applications (VBA), which are used in our laboratory materials,
were developed specifically for this teaching project, but an experienced programmer could
still use this book and work in alternative frameworks, such as the Nag FORTRAN libraries
under Linux and Java. The main motive of the book also applies in this case: We teach the
relevant concepts in information technology, which are a necessary part of the professional
toolkit of financial engineers, by following what according to our experience is the path of
least resistance in the learning process.

Finally, we would like to add numerous acknowledgments to all those who made this
project a successful experience. Special thanks go to the students who attended the Master of
Mathematical Finance Program at the University of Toronto in the years from 1998 to 2003.
They are the ones who made this project come to life in the first place. We thank Oliver Chen
and Stephan Lawi for having taught the laboratory course in the fifth year of the program.
We thank Petter Wiberg, who agreed to make the material in his Ph.D. thesis available to
us for partial use in Chapter 4. We thank our coauthors in the research papers we wrote
over the years, including Peter Carr, Oliver Chen, Ken Jackson, Alexei Kusnetzov, Pierre
Hauvillier, Stephan Lawi, Alex Lipton, Roman Makarov, Smaranda Paun, Dmitri Rubisov,
Alexei Tchernitser, Petter Wiberg, and Andrei Zavidonov.
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CHAPTER 1

Pricing Theory

Pricing theory for derivative securities is a highly technical topic in finance; its foundations
rest on trading practices and its theory relies on advanced methods from stochastic calculus
and numerical analysis. This chapter summarizes the main concepts while presenting the
essential theory and basic mathematical tools for which the modeling and pricing of financial
derivatives can be achieved.

Financial assets are subdivided into several classes, some being quite basic while others are
structured as complex contracts referring to more elementary assets. Examples of elementary
asset classes include stocks, which are ownership rights to a corporate entity; bonds, which
are promises by one party to make cash payments to another in the future; commodities,
which are assets, such as wheat, metals, and oil that can be consumed; and real estate assets,
which have a convenience yield deriving from their use. A more general example of an asset
is that of a contractual contingent claim associated with the obligation of one party to enter
a stream of more elementary financial transactions, such as cash payments or deliveries of
shares, with another party at future dates. The value of an individual transaction is called a
pay-off or payout. Mathematically, a pay-off can be modeled by means of a payoff function
in terms of the prices of other, more elementary assets.

There are numerous examples of contingent claims. Insurance policies, for instance, are
structured as contracts that envision a payment by the insurer to the insured in case a specific
event happens, such as a car accident or an illness, and whose pay-off is typically linked to the
damage suffered by the insured party. Derivative assets are claims that distinguish themselves
by the property that the payoff function is expressed in terms of the price of an underlying
asset. In finance jargon, one often refers to underlying assets simply as underlyings. To
some extent, there is an overlap between insurance policies and derivative assets, except the
nomenclature differs because the first are marketed by insurance companies while the latter
are traded by banks.

A trading strategy consists of a set of rules indicating what positions to take in response
to changing market conditions. For instance, a rule could say that one has to adjust the
position in a given stock or bond on a daily basis to a level given by evaluating a certain
function. The implementation of a trading strategy results in pay-offs that are typically
random. A major difference that distinguishes derivative instruments from insurance contracts
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is that most traded derivatives are structured in such a way that it is possible to implement
trading strategies in the underlying assets that generate streams of pay-offs that replicate the
pay-offs of the derivative claim. In this sense, trading strategies are substitutes for derivative
claims. One of the driving forces behind derivatives markets is that some market participants,
such as market makers, have a competitive advantage in implementing replication strategies,
while their clients are interested in taking certain complex risk exposures synthetically by
entering into a single contract.

A key property of replicable derivatives is that the corresponding payoff functions depend
only on prices of tradable assets, such as stocks and bonds, and are not affected by events,
such as car accidents or individual health conditions that are not directly linked to an asset
price. In the latter case, risk can be reduced only by diversification and reinsurance. A related
concept is that of portfolio immunization, which is defined as a trade intended to offset the
risk of a portfolio over at least a short time horizon. A perfect replication strategy for a given
claim is one for which a position in the strategy combined with an offsetting position in the
claim are perfectly immunized, i.e., risk free. The position in an asset that immunizes a given
portfolio against a certain risk is traditionally called hedge ratio.! An immunizing trade is
called a hedge. One distinguishes between static and dynamic hedging, depending on whether
the hedge trades can be executed only once or instead are carried over time while making
adjustments to respond to new information.

The assets traded to execute a replication strategy are called hedging instruments. A set of
hedging instruments in a financial model is complete if all derivative assets can be replicated
by means of a trading strategy involving only positions in that set. In the following, we shall
define the mathematical notion of financial models by listing a set of hedging instruments
and assuming that there are no redundancies, in the sense that no hedging instrument can
be replicated by means of a strategy in the other ones. Another very common expression
is that of risk factor: The risk factors underlying a given financial model with a complete
basis of hedging instruments are given by the prices of the hedging instruments themselves
or functions thereof; as these prices change, risk factor values also change and the prices of
all other derivative assets change accordingly. The statistical analysis of risk factors allows
one to assess the risk of financial holdings.

Transaction costs are impediments to the execution of replication strategies and correspond
to costs associated with adjusting a position in the hedging instruments. The market for a
given asset is perfectly liquid if unlimited amounts of the asset can be traded without affecting
the asset price. An important notion in finance is that of arbitrage: If an asset is replicable by
a trading strategy and if the price of the asset is different from that of the replicating strategy,
the opportunity for riskless gains/profits arises. Practical limitations to the size of possible
gains are, however, placed by the inaccuracy of replication strategies due to either market
incompleteness or lack of liquidity. In such situations, either riskless replication strategies are
not possible or prices move in response to posting large trades. For these reasons, arbitrage
opportunities are typically short lived in real markets.

Most financial models in pricing theory account for finite liquidity indirectly, by postu-
lating that prices are arbitrage free. Also, market incompleteness is accounted for indirectly
and is reflected in corrections to the probability distributions in the price processes. In this
stylized mathematical framework, each asset has a unique price.’

'Notice that the term hedge ratio is part of the finance jargon. As we shall see, in certain situations hedge ratios
are computed as mathematical ratios or limits thereof, such as derivatives. In other cases, expressions are more
complicated.

2To avoid the perception of a linguistic ambiguity, when in the following we state that a given asset is worth a
certain amount, we mean that amount is the asset price.
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Most financial models are built upon the perfect-markets hypothesis, according to which:

* There are no trading impediments such as transaction costs.
* The set of basic hedging instruments is complete.

¢ Liquidity is infinite.

* No arbitrage opportunities are present.

These hypotheses are robust in several ways. If liquidity is not perfect, then arbitrage oppor-
tunities are short lived because of the actions of arbitrageurs. The lack of completeness and
the presence of transaction costs impacts prices in a way that is uniform across classes of
derivative assets and can safely be accounted for implicitly by adjusting the process proba-
bilities.

The existence of replication strategies, combined with the perfect-markets hypothesis,
makes it possible to apply more sophisticated pricing methodologies to financial derivatives
than is generally possible to devise for insurance claims and more basic assets, such as stocks.
The key to finding derivative prices is to construct mathematical models for the underlying
asset price processes and the replication strategies. Other sources of information, such as a
country’s domestic product or a takeover announcement, although possibly relevant to the
underlying prices, affect derivative prices only indirectly.

This first chapter introduces the reader to the mathematical framework of pricing theory
in parallel with the relevant notions of probability, stochastic calculus, and stochastic control
theory. The dynamic evolution of the risk factors underlying derivative prices is random, i.e.,
not deterministic, and is subject to uncertainty. Mathematically, one uses stochastic processes,
defined as random variables with probability distributions on sets of paths. Replicating and
hedging strategies are formulated as sets of rules to be followed in response to changing price
levels. The key principle of pricing theory is that if a given payoff stream can be replicated
by means of a dynamic trading strategy, then the cost of executing the strategy must equal
the price of a contractual claim to the payoff stream itself. Otherwise, arbitrage opportunities
would ensue. Hence pricing can be reduced to a mathematical optimization problem: to
replicate a certain payoff function while minimizing at the same time replication costs and
replication risks. In perfect markets one can show that one can achieve perfect replication at
a finite cost, while if there are imperfections one will have to find the right trade-off between
risk and cost. The fundamental theorem of asset pricing is a far-reaching mathematical result
that states;

* The solution of this optimization problem can be expressed in terms of a discounted
expectation of future pay-offs under a pricing (or probability) measure.

* This representation is unique (with respect to a given discounting) as long as markets
are complete.

Discounting can be achieved in various ways: using a bond, using the money market account,
or in general using a reference numeraire asset whose price is positive. This is because pricing
assets is a relative, as opposed to an absolute, concept: One values an asset by computing its
worth as compared to that of another asset. A key point is that expectations used in pricing
theory are computed under a probability measure tailored to the numeraire asset.

In this chapter, we start the discussion with a simple single-period model, where trades
can be carried out only at one point in time and gains or losses are observed at a later
time, a fixed date in the future. In this context, we discuss static hedging strategies. We then
briefly review some of the relevant and most basic elements of probability theory in the
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context of multivariate continuous random variables. Brownian motion and martingales are
then discussed as an introduction to stochastic processes. We then move on to further discuss
continuous-time stochastic processes and review the basic framework of stochastic (It0)
calculus. Geometric Brownian motion is then presented, with some preliminary derivations
of Black—Scholes formulas for single-asset and multiasset price models. We then proceed
to introduce a more general mathematical framework for dynamic hedging and derive the
fundamental theorem of asset pricing (FTAP) for continuous-state-space and continuous-
time-diffusion processes. We then apply the FTAP to European-style options. Namely, by the
use of change of numeraire and stochastic calculus techniques, we show how exact pricing
formulas based on geometric Brownian motions for the underlying assets are obtained for a
variety of situations, ranging from elementary stock options to foreign exchange and quanto
options. The partial differential equation approach for option pricing is then presented. We
then discuss pricing theory for early-exercise or American-style options.

1.1 Single-Period Finite Financial Models

The simplest framework in pricing theory is given by single-period financial models, in which
calendar time ¢ is restricted to take only two values, current time t = 0 and a future date
t = T > 0. Such models are appropriate for analyzing situations where trades can be made
only at current time ¢ = 0. Revenues (i.e., profits or losses) can be realized only at the later
date T, while trades at intermediate times are not allowed.

In this section, we focus on the particular case in which only a finite number of scenarios

,,...,w, can occur. Scenario is a common term for an outcome or event. The scenario set
Q={w,,...,w,} is also called the probability space. A probability measure P is given by
a set of numbers p,,i =1, ..., m, in the interval [0, 1] that sum up to 1; i.e.,

m

dopi=1, 0<p <1. (1.1)

i=1

p; is the probability that scenario (event) w; occurs, i.e., that the ith state is attained. Scenario
w; 18 possible if it can occur with strictly positive probability p; > 0. Neglecting scenarios that
cannot possibly occur, the probabilities p; will henceforth be assumed to be strictly positive;
i.e., p; > 0. A random variable is a function on the scenario set, f: ) — R, whose values
f(w;) represent observables. As we discuss later in more detail, examples of random variables
one encounters in finance include the price of an asset or an interest rate at some point in
the future or the pay-off of a derivative contract. The expectation of the random variable f is
defined as the sum

m
E'[f]= 3" pif(w). (12)

i=1
Asset prices and other financial observables, such as interest rates, are modeled by
stochastic processes. In a single-period model, a stochastic process is given by a value f;
at current time ¢ = 0 and by a random variable f; that models possible values at time 7. In
finance, probabilities are obtained with two basically different procedures: They can either
be inferred from historical data by estimating a statistical model, or they can be implied from
current asset valuations by calibrating a pricing model. The former are called historical,
statistical, or, better, real-world probabilities. The latter are called implied probabilities.
The calibration procedure involves using the fundamental theorem of asset pricing to represent
prices as discounted expectations of future pay-offs and represents one of the central topics

to be discussed in the rest of this chapter.
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Definition 1.1. Financial Model A finite, single-period financial model M = (Q), A) is given
by a finite scenario set Q = {w,,...,w,} and n basic asset price processes for hedging
instruments:

A={A},...,A;t=0,T}. (1.3)

Here, Al models the current price of the ith asset at current (or initial) time t =0 and Al
is a random variable such that the price at time T > 0 of the ith asset in case scenario w;
occurs is given by AiT(wj). The basic asset prices Al, i=1,...,n, are assumed real and
positive.

Definition 1.2. Portfolio and Asset Let M = (Q, A) be a financial model. A portfolio
is given by a vector with components w;, € R,i=1,...,n, representing the positions or
holdings in the the family of basic assets with prices A}, ..., A". The worth of the portfolio at
terminal time T is given by Y ;| m; A'.(w) given the state or scenario w, whereas the current
price is Y. m; Al. A portfolio is nonnegative if it gives rise to nonnegative pay-offs under
all scenarios, i.e., Y i AiT(wj) >0, Vj=1,...,m. An asset price process A, = A,(w)
(a generic one, not necessarily that of a hedging instrument) is a process of the form

A =) A, (1.4)
i=1

for some portfolio w € R".

The modeling assumption behind this definition is that market liquidity is infinite, meaning
that asset prices don’t vary as a consequence of agents trading them. As we discussed at the
start of this chapter, this hypothesis is valid only in case trades are relatively small, for large
trades cause market prices to change. In addition, a financial model with infinite liquidity is
mathematically consistent only if there are no arbitrage opportunities.

Definition 1.3. Arbitrage: Single-Period Discrete Case An arbitrage opportunity or arbi-
trage portfolio is a portfolio & = (m,, ..., m,) such that either of the following condi-
tions holds:

Al. The current price of @ is negative, Y, mAl <0, and the pay-off at terminal time T is
nonnegative, i.e., 3 m A (w;) > 0 for all j states.

A2. The current price of  is zero, i.e., Y i, mA)} :.O, and the pay-off at terminal time T
in at least one scenario w; is positive, i.e., 3 m A (w;) > 0 for some jth state, and the
pay-off at terminal time T is nonnegative.

Definition 1.4. Market Completeness The financial model M = (Q, A) is complete if for
all random variables f, : Q) — R, where f, is a bounded payoff function, there exists an asset
price process or portfolio A, in the basic assets contained in A such that A;(w) = fr(w) for
all scenarios w € Q.

This definition essentially states that any pay-off (or state-contingent claim) can be repli-
cated, i.e., is attainable by means of a portfolio consisting of positions in the set of basic
assets. If an arbitrage portfolio exists, one says there is arbitrage. The first form of arbitrage
occurs whenever there exists a trade of negative initial cost at time # = 0 by means of which
one can form a portfolio that under all scenarios at future time r = 7 has a nonnegative
pay-off. The second form of arbitrage occurs whenever one can perform a trade at zero cost
at an initial time ¢ = 0 and then be assured of a strictly positive payout at future time 7 under
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at least one possible scenario, with no possible downside. In reality, in either case investors
would want to perform arbitrage trades and take arbitrarily large positions in the arbitrage
portfolios. The existence of these trades, however, infringes on the modeling assumption of
infinite liquidity, because market prices would shift as a consequence of these large trades
having been placed.

Let’s start by considering the simplest case of a single-period economy consisting of only
two hedging instruments (i.e., n = 2 basic assets) with price processes A! = B, and A? = §,.
The scenario set, or sample space, is assumed to consist of only two possible states of the
world: Q = {w,,w_}. S, is the price of a risky asset, which can be thought of as a stock
price. The riskless asset is a zero-coupon bond, defined as a process B, that is known to be
worth the so-called nominal amount B; = N at time T while at time # = 0 has worth

By=(1+rT)"'N. (1.5)

Here r > 0 is called the interest rate. As is discussed in more detail in Chapter 2, interest
rates can be defined with a number of different compounding rules; the definition chosen here
for r corresponds to selecting T itself as the compounding interval, with simple (or discrete)
compounding assumed. At current time ¢ = 0, the stock has known worth S,. At a later
time t =T, two scenarios are possible for the stock. If the scenario w, occurs, then there
is an upward move and S; = S;(w,) = S,; if the scenario w_ occurs, there is a downward
move and S; = S;(w_) = S_, where S, > S_. Since the bond is riskless we have B, (w,) =
B;(w_) = B;. Assume that the real-world probabilities that these events will occur are p, =
p€(0,1) and p_ = (1 — p), respectively.

Figure 1.1 illustrates this simple economy. In this situation, the hypothesis of arbitrage
freedom demands that the following strict inequality be satisfied:

S S
- =S + 1.6
T+T ~ 2 14T (16)
In fact, if, for instance, one had S, < iﬁ then one could make unbounded riskless profits by

initially borrowing an arbitrary amount of money and buying an arbitrary number of shares
in the stock at price S, at time ¢ = 0, followed by selling the stock at time # = T at a higher
return level than r. Inequality (1.6) is an example of a restriction resulting from the condition
of absence of arbitrage, which is defined in more detail later.

A derivative asset, of worth A, at time ¢, is a claim whose pay-off is contingent on future
values of risky underlying assets. In this simple economy the underlying asset is the stock.
An example is a derivative that pays f, dollars if the stock is worth S, and f_ otherwise, at
final time 7: A; = A (w, )= f, if S; =S, and A, = A, (w_) = f_ if S; = S_. Assuming one
can take fractional positions, this payout can be statically replicated by means of a portfolio

s,
P

So

p- s

FIGURE 1.1 A single-period model with two possible future prices for an asset S.
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consisting of a shares of the stock and b bonds such that the following replication conditions
under the two scenarios are satisfied:

aS_+bN=f, (1.7)
aS, +bN =f,. (1.8)

The solution to this system is

A

a=1r"I- S TEAR (1.9)

=S, -5
The price of the replicating portfolio, with pay-off identical to that of the derivative, must be
the price of the derivative asset; otherwise there would be an arbitrage opportunity. That is,
one could make unlimited riskless profits by buying (or selling) the derivative asset and, at

the same time, taking a short (or long) position in the portfolio at time ¢ = 0. At time ¢ =0,
the arbitrage-free price of the derivative asset, A, is then

Ay=aS,+b(1+rT)"'N

B So—(1+rT)7'S_ (1+rT)'S, =S,
_< S.=5. )f++( S, =S )f_. (1.10)

Dimensional considerations are often useful to understand the structure of pricing formulas
and detect errors. It is important to remember that prices at different moments in calendar
time are not equivalent and that they are related by discount factors. The hedge ratios a and
b in equation (1.9) are dimensionless because they are expressed in terms of ratios of prices
at time 7. In equation (1.10) the variables f, and S, —S_ are measured in dollars at time T,
so their ratio is dimensionless. Both S, and the discounted prices (14 rT)~'S, are measured
in dollars at time O, as is also the derivative price A,.

Rewriting this last equation as

Ao = (1 +rT)1[<(1 +SrTzs;_— S)f+ N <S+ ;(ljsr_T)So)f} (L11)

shows that price A, can be interpreted as the discounted expected pay-off. However, the
probability measure is not the real-world one (i.e., not the physical measure P) with probabil-
ities p, for up and down moves in the stock price. Rather, current price A, is the discounted
expectation of future prices A, in the following sense:

Ag=(1+1T)7" E9[Ar] = (1+7T) ' [q, Ar(w,) +q_Ar(0])] (1.12)

under the measure Q with probabilities (strictly between 0 and 1)

1 Sy—S S, —(1 S
qu:%, 7:%, (1.13)
+ 7 Y- + 7 P
q,+q_ =1. The measure Q is called the pricing measure. Pricing measures also have

other, more specific names. In the particular case at hand, since we are discounting with a
constant interest rate within the time interval [0, 7], Q is commonly named the risk-neutral
or risk-adjusted probability measure, where g, are so-called risk-neutral (or risk-adjusted)
probabilities. Later we shall see that this measure is also the forward measure, where the
bond price B, is used as numeraire asset. In particular, by expressing all asset prices relative
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to (i.e., in units of) the bond price A'/B,, with B; = N, regardless of the scenario and
By/B; = (1+rT)~", we can hence recast the foregoing expectation as: A, = B, E¢[A;/B;].
Hence Q corresponds to the forward measure. We can also use as numeraire a discretely
compounded money-market account having value (1+ rt) (or (14 rf)N). By expressing all
asset prices relative to this quantity, it is trivially seen that the corresponding measure is the
same as the forward measure in this simple model. As discussed later, the name risk-neutral
measure shall, however, refer to the case in which the money-market account (to be defined
more generally later in this chapter) is used as numeraire, and this measure generally differs
from the forward measure for more complex financial models.

Later in this chapter, when we cover pricing in continuous time, we will be more specific
in defining the terminology needed for pricing under general choices of numeraire asset. We
will also see that what we just unveiled in this particularly simple case is a general and
far-reaching property: Arbitrage-free prices can be expressed as discounted expectations of
future pay-offs. More generally, we will demonstrate that asset prices can be expressed in
terms of expectations of relative asset price processes. A pricing measure is then a martingale
measure, under which all relative asset price processes (i.e., relative to a given choice of
numeraire asset) are so-called martingales. Since our primary focus is on continuous-time
pricing models, as introduced later in this chapter, we shall begin to explicitly cover some
of the essential elements of martingales in the context of stochastic calculus and continuous-
time pricing. For a more complete and elaborate mathematical construction of the martingale
framework in the case of discrete-time finite financial models, however, we refer the reader
to other literature (for example, see [P1i97, MMO3]).

We now extend the pricing formula of equation (1.12) to the case of n assets and m
possible scenarios.

Definition 1.5. Pricing Measure A probability measure Q = (q,, ..., q,), 0 < q; <1, for
the scenario set O ={w,, ..., w,} is a pricing measure if asset prices can be expressed as
follows:

Ay = aE°[Af]=a ) q,A(w)) (1.14)
=

foralli=1,...,n and some real number a > 0. The constant a is called the discount factor.

Theorem 1.1. Fundamental Theorem of Asset Pricing (Discrete, single-period case)
Assume that all scenarios in ) are possible. Then the following statements hold true:

® There is no arbitrage if and only if there is a pricing measure for which all scenarios
are possible.
® The financial model is complete, with no arbitrage if and only if the pricing measure

is unique.
Proof. First, we prove that if a pricing measure Q = (q,, . ..,q,,) exists and prices A) =
a E2[A}] forall i=1,...,n, then there is no arbitrage. If }"; WiAiT(wj) >0, for all w; € Q,

then from equation (1.14) we must have Y, mA{ > 0. If Y, m;Al = 0, then from equation
(1.14) we cannot satisfy the payoff conditions in (A2) of Definition 1.3. Hence there is no
arbitrage, for any choice of portfolio 7w € R”".

On the other hand, assume that there is no arbitrage. The possible price-payoff (m 4+ 1)-
tuples

P= i<Z7TiAi,Z7TiAiT(wl),...,ZWiAiT(wm)>, ﬂeR”} (1.15)
i=1 i=1 i=1
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make up a plane in R x R”. Since there is no arbitrage, the plane P intersects the octant
R, x R’ made up of vectors of nonnegative coordinates only in the origin. Let NV be the set
of all vectors (—8, v, . .., 7,,) normal to the plane P and normalized so that 8 > 0. Vectors
in NV satisfy the normality condition

(L) +§v,(ém9<w,>) ~0 (116

for all portfolios 7.
Next we obtain two Lemmas to complete the proof.

Lemma 1.1. Suppose the financial model on the scenario set ) and with instruments

(A, ..., A") is arbitrage free and let m be the dimension of the linear space P. If the matrix
rank dim P < m, then one can define | = (m —dim P) price-payoff tuples (—Bf, B&(®)), k =
1,...,1 so that the extended financial model with basic assets (A',...,A",B', ..., B")

and scenario set Q) is complete and arbitrage free.

Proof. The price-payoff tuples (—BE, Bk (w,), . . . , B5(®,)) can be found iteratively. Suppose
that / = m —dim 2 > 0. Then the complement to the linear space P has dimension /+ 1 > 2.
Let X = (—X§, Xk(w)) and Y = (—Y§, YF(w)) be two vectors orthogonal to each other and
orthogonal to P. Then there is an angle 6 such that the vector B! = cos X +sin Y has at
least one strictly positive coordinate and one strictly negative coordinate, i.e., B' ¢ R x R,.
Hence the financial model with instruments (A, ..., A", B') is arbitrage free. Iterating the
argument, one can complete the market while retaining arbitrage freedom. [

Lemma 1.2. If markets are complete, the space N orthogonal to P is spanned by a vector

(Bs Yi>+ v+ V) lying in the main octant B =R, x Rl of vectors with strictly positive
coordinates.
Proof. In fact if 8 =0, then P contains the line (x, 0, . .., 0) and all positive payouts would

be possible, even for an empty portfolio, which is absurd. It is also absurd that y; =0, V.
In fact, in this case, since markets are complete, there is an instrument paying one dollar in
case the scenario w; occurs and zero otherwise, and since y; = 0, the price of this instrument
at time r = 0 is zero, which is absurd. O

If markets are not complete, one can still conclude that the set N contains a vector
(Bsv1s---»7,) with strictly positive coordinates. In fact, thanks to Lemma 1.1, one can
complete it while preserving arbitrage freedom by introducing auxiliary assets and the normal
vector can be chosen to have positive coordinates. Hence, in all cases of 7r; values, according
to equation (1.16) we have

Ay =a E°[A}]=a) q,Ar(w)), (1.17)

J=1

where Q is the measure with probabilities

Vi
== (1.18)
! XY
and discount factor
a=B’IZyJ». (1.19)
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The first project of Part II of this book is a study on single-period arbitrage. We refer the
interested reader to that project for a more detailed and practical exposition of the foregoing
theory. In particular, the project provides an explicit discussion of a numerical linear algebra
implementation for detecting arbitrage in single-period, finite financial models.

Problems

Problem 1. Consider the simple example in Figure 1.1 and assume the interest rate is r.
Under what condition is there no arbitrage in the model?

Problem 2. Compute E2[S;] within the single-period two-state model. Explain your result.

Problem 3. Let p{ denote the current price Aj, of the ith security and denote by D;; = A%.(w);)
the matrix elements of the n x m dividend matrix with i=1,...,n, j=1,...,m. Using
equation (1.14) with @ = (14 rT)~! show that the risk-neutral expected return on any security
A' is given by the risk-free interest rate

Ai _Ai m Di’
EQ|: TA;') 0]=ZQ;‘<_6/_1>=”T’ (1.20)

j=1 i
where g; are the risk-neutral probabilities.

Problem 4. State the explicit matrix condition for market completeness in the single-period
two-state model with the two basic assets as the riskless bond and the stock. Under what
condition is this market complete?

Problem 5. Arrow—Debreu securities are claims with unit pay-offs in only one state of the
world. Assuming a single-period two-state economy, these claims are denoted by E, and
defined by

1, ifw=w, 0, ifw=w,
E (0)= ; E_(w)=

0, ifw=w_ 1, fo=w_

(a) Find exact replicating portfolios o, = (a,,b,) and w_ = (a_,b_) for E, and E_,
respectively. The coefficients a and b are positions in the stock and the riskless bond,
respectively.

(b) Letting F; represent an arbitrary pay-off, find the unique portfolio of Arrow—Debreu
securities that replicates F.

1.2 Continuous State Spaces

This section, together with the next section, presents a review of basic elements of probability
theory for random variables that can take on a continuum of values while emphasizing some
of the financial interpretation of mathematical concepts.

Modern probability theory is based on measure theory. Referring the reader to textbook
literature for more detailed and exhaustive formal treatments, we will just simply recall here
that measure theory deals with the definition of measurable sets D, probability measures .,
and integrable functions f: D — R for which one can evaluate expectations as integrals

ELf] = [ foom(dx). (1.21)
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In finance, one typically deals with situations where the measurable set D C R?, with integer
d > 1. Realizations of the vector variable x € D correspond to scenarios for the risk factors
or random variables in a financial model.

Future asset prices are real-valued functions of underlying risk factors f(x) defined for
x € D and hence themselves define random variables. Probability measures w(dx) are often
defined as w(dx) = p(x)dx, where p(x) is a real-valued continuous probability distribution
function that is nonnegative and integrates to 1; i.e.,

p(x) >0, /p@mx=L (1.22)

The expectation E” [ f ] of funder the probability measure with p as density is defined by the
d-dimensional integral

Pﬂzﬁmm@ﬁ. (1.23)

The pair (D, u(dx)) is called a probability space.

In particular, this formalism can also allow for the case of a finite scenario set of vectors
D= {x",...,x™}, as was considered in the previous section. In this case the probability
distribution is a sum of Dirac delta functions,

p(x) = %:plﬁ(x—x(")). (1.24)

i=1

As further discussed shortly, a delta function can be thought of as a singular function that
is positive, integrates to 1 over all space, and corresponds to the infinite limiting case
of a sequence of integrable functions with support only at the origin. Probabilistically,
a distribution, such as equation (1.24), which is a sum of delta functions, corresponds to

a situation where only the scenarios x(",...,x™") can possibly occur, and they do with
probabilities p, .. ., py. These probabilities must be positive and add up to 1; i.e.,
N
>.pi=1 (1.25)
i=1

In the case of a finite scenario set (i.e., a finite set of possible events with finite integer N), the
random variable f = f(x) is a function defined on the set of scenarios D, and its expectation
under the measure with p as density is given by the finite sum

1= pfx?). (1.26)

For an infinitely countable set of scenarios, then, the preceding expressions must be considered
in the limit N — oco. Hence in the case of a discrete set of scenarios (as opposed to a
continuum) the probability density function collapses into the usual probability mass function,
as occurs in standard probability theory of discrete-valued random variables.

The Dirac delta function is not an ordinary function in R4 but, rather, a so-called dis-
tribution. Mathematically, a distribution is defined through its value when integrated against
a smooth function. One can regard §(x —X), X, X' € R?, as the limit of an infinitesimally
narrow d-dimensional normal distribution:

IXI

f J(x)o(x— x)dx—hm f(x)e xp( )dx_f(x) (1.27)

(\/_)de
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For example, in one dimension a representation of the delta function is

8(x—x') = lim e (2 (1.28)

=0 g /2

Events are modeled as subsets G C D for which one can compute the integral that gives
the expectation EX[1,]. The function 1,(x) denotes the random variable equal to 1 for x € G
and to zero otherwise; 1,(x) is called the indicator function of the set G. This expectation is
interpreted as the probability P(G) that event G C D will occur; i.e.,

P(G) = E'[1,] = f 1, (%) p(x)dx = f p(x)dx. (1.29)
R G
Examples of events are subsets, e.g., such as
G={xeD: a< f(x) <b}, (1.30)

with b > a and where f is some function. An important concept associated with events is
that of conditional expectation. Given a random variable f, the expectation of f conditioned
to knowing that event G will occur is

E[f 1]

E’[fIG] = 1.31
[16)= 4G (131)
Two probability measures f1(dx) = p(x)dx and p(dx) = p(x)dx are said to be equivalent

(or absolutely continuous with respect to one another) if they share the same sets of null

probability; i.e., i ~ u if the probability condition P(G) > 0 implies P(G) > 0, where
PG =E"15] = [ 1,00p)dx= [ p(x)dx, (1.32)
R4 G

with EP [] denoting the expectation with respect to the measure i. When computing the
expectation of a real-valued random variable, say, of the general form of a function of a
random vector (such functions are further defined in the next section), f = f(X) : R¢ — R, it
is sometimes useful to switch from one choice of probability measure to another, equivalent
one. One can use the following change of measure (known as the Radon—Nikodym theorem)
for computing expectations:

B0 = [ somtan) = [ f(X)Z—Z(X)ﬁ(dX) _ g [fj—ﬂ . (1.33)

The nonnegative random variable denoted by Z—ﬁ is called the Radon—Nikodym derivative of

w with respect to i (or P w.r.t. P). From this result it also follows that Z—Z = (Z—Z)fl and
EP [Z‘&;z] = 1. As will be seen later in the chapter, a more general adaptation of this result
for computing certain types of conditional expectations involving martingales will turn out
to form one of the basic tools for pricing financial derivatives using changes of numeraire.
Another particular example of the use of this change-of-measure technique is in the Monte
Carlo estimation of integrals by so-called importance-sampling methods, as described in
Chapter 4.

Just as integrals are approximated with arbitrary accuracy by finite integral sums, contin-
uous probability distributions can be approximated by discrete ones. For instance, let D C R¢
be a bounded domain and p(x) be a continuous probability density on D and let {G,, ..., G, }
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be a partition of D made up of a family of nonintersecting events G; C D whose union covers
the entire state space D and that have the shape of hypercubes. Let p, be the probability of
event G, under the probability measure with density p(x). Then an approximation for p(x) is

P =Y pdx %), (1.34)

where x; is the center of the hypercube corresponding to event G;. Let & be the volume of the
largest hypercube among the cubes in the partition {G,, ..., G,,} and let f(x) be a random
variable on D. In the limit 6 — 0, as the partition becomes finer and finer, the number of
events m(6) will diverge to oo. In this limit, we find

()

EP[f] = (lsi_r>r(1) Z pif(x). (1.35)

By using sums as approximations to expectations, which are essentially multidimensional
Riemann integrals, one can extend the theorem in the previous section to the case of continuous
probability distributions. Consider a single-period financial model with current (i.e., initial)
time ¢t =0 and time horizon ¢t = T and with n basic assets whose current prices are A,
i=1,...,n. The prices of these basic assets at time T are indexed by a continuous state space
represented by the domain (0 C R?, and the values of the basic assets are random variables
A%(x), with x € Q. That is, the asset prices A’ are random variables assumed to take on real
positive values, i.e., Al : ) — R, . Let’s denote by p(x)dx the real-world probability measure
in ) and assume that the measure of all open subsets of () is strictly positive. A portfolio is
modeled by a vector 7w whose components denote positions or holdings 7;, i=1,...,n, in
the basic assets. The definition of arbitrage extends as follows.

Definition 1.6. Nonnegative Portfolio A portfolio is nonnegative if it gives rise to nonneg-
ative expected pay-offs under almost all events G C Q) of nonzero probability, i.e., such that

EP | m AL(x)|[xe G| >0. (1.36)

i=1

Definition 1.7. Arbitrage: Single-Period Continuous Case The market admits arbitrage if
either of the following conditions holds:

ALl. There is a nonnegative portfolio m of negative initial price Y, m Al < 0.

A2. There is a nonnegative portfolio of zero initial cost, Y mA) =0, for which the
expected payoff is strictly positive, i.e., ET [Y !, mA}] > 0.

Definition 1.8. Pricing Measure: Single-Period Continuous Case® A probability measure
0 of density q(x)dx on D is a pricing measure if all asset prices at current time t =0 can
be expressed as follows:

Ay=aEf)=a [ f,(x)q(x)dx (137)
Q

for some real number a > 0. The constant « is called the discount factor. The functions
fi(x) = Al.(x) are payoff functions for a given state or scenario X.

3Later we relate such pricing measures to the case of arbitrary choices of numeraire asset wherein the pricing
formula involves an expectation of asset prices relative to the chosen numeraire asset price. Changes in numeraire
correspond to changes in the probability measure.
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Market completeness is defined in a manner similar to that in the single-period discrete
case of the previous section. From the foregoing definitions of arbitrage and pricing measure
we then have the following result, whose proof is left as an exercise.

Theorem 1.2. Fundamental Theorem of Asset Pricing (Continuous Single-Period Case)
Assume that all scenarios in Q) are possible. Then the following statements hold true.

® There is no arbitrage if and only if there is a pricing measure for which all scenarios
are possible.

e If the linear span of the set of basic instruments AL, i=1,...,n, is complete and
there is no arbitrage, then there is a unique pricing measure Q consistent with the
prices Al of the reference assets at current time t = 0.

The single-period pricing formalism can also be extended to the case of a multiperiod
discrete-time financial model, where trading is allowed to take place at a finite number of
intermediate dates. This feature gives rise to dynamic trading strategies, with portfolios in
the basic assets being rebalanced at discrete points in time. The foregoing definitions and
notions of arbitrage and asset pricing must then be modified and extended substantially.
Rather than present the theory for such discrete-time models, we shall instead introduce more
important theoretical tools in the following sections that will allow us ultimately to consider
continuous-time financial models. Multiperiod discrete-time (continuous-state-space) models
can then be obtained, if desired, as special cases of the continuous models via a discretization
of time. A further discretization of the state space leads to discrete-time multiperiod finite
financial models.

1.3 Multivariate Continuous Distributions: Basic Tools

Marginal probability distributions arise, for instance, when one is computing expectations
on some reduced subspace of random variables. Consider, for example, a set of continuous
random variables that can be separated or grouped into two random vector spaces X =
X...,X,) and Y= (Y,...,Y,_,,) that can take on values X = (x,,...,x,) € R" and
Y= Ym) € R™™™, respectively, with 1 < m < n, n > 2. The function p(x,y) is
the joint probability density or probability distribution function (pdf) in the product space
R" =R"™ x R"™". The integral

p,(y) = /Rm p(x,y)dx (1.38)

defines a marginal density p, (y). This function describes a probability density in the subspace
of random vectors Y € R"™ and integrates to unity over R"™". The conditional density
function, denoted by p(x|Y =y) = p(x]y) for the random vector X, is defined on the subspace
of R™ (for a given vector value Y =y) and is defined by the ratio of the joint probability
density function and the marginal density function for the random vector Y evaluated at y:

p(x,y)
X

p(xly) = (1.39)

assuming p, (y) # 0. From the foregoing two relations it is simple to see that, for any giveny,
the conditional density also integrates to unity over x € R”.
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Conditional distributions play an important role in finance and pricing theory. As we
will see later, derivative instruments can be priced by computing conditional expectations.
Assuming a conditional distribution, the conditional expectation of a continuous random
variable g = g(X,Y), given Y =Yy, is defined by

E[glY =y = [ s(x.y)p(xly)dx. (1.40)

Given any two continuous random variables X and Y, then E[X|Y = y] is a number while
E[X|Y] is itself a random variable as Y is random, i.e., has not been fixed. We then have the
following property that relates unconditional and conditional expectations:

EIX = E[EXIM] = [ EIX|Y = 3lp,0)dy, (141

This property is useful for computing expectations by conditioning. More generally, for a
random variable given by the function g = g(X, Y) we have the property

Elg] Z/n_,,, /Rm g(x,y)p(x, y)dxdy
= o [ fR g(X,Y)p(XIy)dX] p,(y)dy

=| E[g|Y=ylp,(y)dy = E[E[g|Y]]. (1.42)

Rn—m

Functions of random variables, such as g(X,Y), are of course also random variables. In
general, the pdf of a random variable given by a mapping f = f(X) : R” — R is the function
Dy R — R,

P(f(X) €[£,£+0
py(§) = lim R )e(a[:i)H 9) (1.43)

defined on some open or closed interval between a and b. This interval may be finite or
infinite; some examples are ¢ € [0, 1], [0, o0), and (—o0, 00). The cumulative distribution
Junction (cdf) C, for the random variable f is defined as

¢ = [ @)t (1.44)

and gives the probability P(a < f < z), with C;(b) = 1. Let us consider another independent
real-valued random variable g € (¢, d), where (c,d) is generally any other interval. We recall
that any two random variables f and g are independent if the joint pdf (or cdf) of fand g is
given by the product of the respective marginal pdfs (or cdfs). The sum of two independent
random variables f and g is again a random variable & = f + g. The cumulative distribution
function, denoted by C,, for the random variable /4 is given by the convolution integral

(0= [[ pr(©p.(dgan

&+n={

= [ pc,c~oae= [ p,mC, &~ man (149
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where p, and C, are the density and cumulative distribution functions, respectively, for the
random variable g. By differentiating the cumulative distribution function we find the density
function for the variable A:

b d
PO = [ p/@p.L~DdE= [ p(mp —mdn. (1.46)
The preceding formulas are sometimes useful because they provide the cumulative (or density)
functions for a sum of two independent random variables as convolution integrals of the
separate density and cumulative functions.

The definition for cumulative distribution functions extends into the multivariate case in
the obvious manner. Given a pdf p : R" — R for R"-valued random vectors X = (X, ..., X,,),
the corresponding cdf is the function C, : R" — R defined by the joint probability

Cp(x)zP(Xl§x1,...,X,1§xn)=[ [ p(x)dxX . (1.47)

We recall that any two random variables X; and X; (i # j) are independent if the joint
probability P(X; < a, X; <b) = P(X; <a)P(X; < b) for all a, b € R, i.e., if the events {X; < a}
and {X; < b} are 1ndependent Hence, for two independent random variables the joint cdf
and joint pdf are equal to the product of the marginal cdf and marginal pdf, respectively:
(. x;) = pi(x)p;(x;) and C,(x;. x;) = C,(x,) G (x;)-

Another useful formula for multivariate distributions is the relationship between probabil-
ity densities (within the same probability measure, say, u(dx)) expressed on different variable
spaces or coordinate variables. That is, if p(x) and pg(X) represent probability densities on
n-dimensional real-valued vector spaces x and X, respectively and the two spaces are related
by a one-to-one continuously differentiable mapping X = X(x), then

(1.48)

P = P ()|
where Z—i is the Jacobian matrix of the invertible transformation x — X. The notation |M]|
refers to the determinant of a matrix M.

A probability distribution that plays a distinguished role is the n-dimensional Gaussian
(or normal) distribution, with mean (or average) vector p = (w,, . . . , i, ), defined on x € R”
as follows:

1 1

X; M, —_— ——(x—p)-C ' (x— ) 1.49
P, €)= —tow (< 5x- )€ (1.49)
The shorthand notation x ~ N, (u, C) is also used to denote the values of an n-dimensional
random vector with components x,, .. ., x, that are obtained by sampling with distribution
p(x; m, C). C=(C;)) is called covariance matrix and enjoys the property of being positive
definite, i.e., is such that the inner product (x, Cx) = x- (Cx) > 0 for all real vectors x, and
C;; = Cj;. It follows that the cdf of the n-dimensional multivariate normal random vector is
defined by the n-dimensional Gaussian integral

®,06m 0 = [ - [ pixsp Chax (1.50)

A particularly important special case of equation (1.50) for n =1 is the univariate standard
normal cdf (i.e., ®,(x; 0, 1)), defined by

N(x) = *yzﬂdy. (1.51)

~/_
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The mean of a random vector X with given pdf p(x), is defined by the components

w=E[X]= [ xp®dx= [ wp(x)dx, (1.52)

and the covariance matrix elements are defined by the expectations
Cij = Cov(X;, Xj) = E[(Xi_:“i)(xj_ﬁ’«j)] = (xi_Mi)(xj_P«j)P(X)dX’ (1.53)
R}X

for all i, j=1,...,n. The standard deviation of the random variable X; is defined as the
square root of the variance:

o, = Var(X,) = \/E[(X, — )], (1.54)

and the correlation between two random variables X; and X is defined as follows:

C
p;; = Corr(X;, X;) = (1.55)
0,0,

Since /C;; = o;, the correlation matrix has a unit diagonal, i.e., p; = 1. As well, they obey
the inequality [p;;| <1 (see Problem 1 of this section). For random variables that may be
positively or negatively correlated (e.g., as is the case for different stock returns) it follows that

~l<p,;<1. (1.56)

In the particular case of a multivariate normal distribution with positive definite covariance
matrix as in equation (1.49), the strict inequalities —1 < p;; < 1 hold.

The main property of normal distributions is that the convolution of two normal distribu-
tions is also normal. A random variable that is a sum of random normal variables is, therefore,
also normally distributed (see Problem 2). Because of this property, multivariate normal
distributions can be regarded as affine transformations of standard normal distributions with
m=0,,and C=1,, (the identity matrix). Consider the vector & = (¢, ..., &,) of inde-
pendent standard normal variables with zero mean and unit covariance, i.e., with probability
density

_§2
\/_

If L = (L;;), is an n-dimensional matrix, then the random vector X = p +L§ is normally
distributed with mean p and covariance C = LL', = matrix transpose. Indeed, taking
expectations over the components gives

p(é) = l'[ (1.57)

E[Xl] = E|:/"Li +2Lij§ji| = M (1.58)
j=1
and

E[(Xi _Mi)(Xj _M_/)] =E |:(Xn: Lik‘fk) <i L_jl§1>:| = Xn:Liijk = Cij' (1-59)
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Here we have used E[§;] =0 and E[{;§;] =6
if i = j and zero otherwise.

Conversely, given a positive definite matrix C, one can show that there is a lower triangular
matrix L = (L;;) with L;; =0 if j > i, such that C = LL". The matrix L can be evaluated with
a procedure known as Cholesky factorization. As discussed later in the book, this algorithm is
at the basis of Monte Carlo methods for generating scenarios obeying a multivariate normal
distribution with a given covariance matrix.

A special case of a multivariate normal is the bivariate distribution defined for x =

;j» Where 0;; is Kronecker’s delta, with value 1

(x;, x,) € R%:
1 (X1*#1)2+<X2*#2)2 PN G D )
2(1-p2) ()']2 (,22 (o~ 5]
(x5 X3 Lys oy O, Oy, p) =
2
2m0,0,y/1—p

The parameters w; and o; > 0 are the mean and the standard deviation of X,, i = 1,2,
respectively, and p (—1 < p < 1) is the correlation between X, and X,, i.e., p = p;, =
C,,/0,0,. In this case the covariance matrix is

2
cz( 71 P"12‘72>, (1.60)

po,0, 0;

and the lower Cholesky factorization of C is given by

o 0
b= (Po'z 0-2\/1_—’)2)' —

The correlation matrix is simply

p= (; ’f) (1.62)

A= (:) \/10_—p2> . (1.63)

The covariance matrix has inverse

o1 1/0? —p/oo
C l_—(l—,ﬁ) (_p/g:az 1/022 2). (1.64)

Conditional and marginal densities of the bivariate distribution are readily obtained by inte-
grating over one of the variables in the foregoing joint density (see Problem 3).

For multivariate normal distributions one has the following general result, which we state
without proof.

Proposition. Consider the random vector X € R" with partition X = (X,,X,), X, € R",
X, e R"™ with 1 <m <n, n>2. Let X~ N,(m, C) with mean p = (m,, p,) and n X n

covariance
C C
C= 1 12)
<C21 Cy
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with nonzero determinant |Cy,| # 0, where C,, and Cy, are m x m and (n—m) x (n —m)
covariance matrices of X, and X,, respectively, and C,, = C;l is the m x (n—m) cross-
covariance matrix of the two subspace vectors. The conditional distribution of X,, given
X, = x,, is the m-dimensional normal density with mean o = p, + C,,C5) (X, — p,) and
covariance C = C,, — C,C,'C,,, ie., x, ~ N, (jx, C) conditional on X, = x,.

A relatively simple proof of this result follows by application of known identities for
partitioned matrices. This result is useful in manipulating multidimensional integrals involving
normal distributions.

In deriving analytical properties associated with expectations or conditional expectations
of random variables, the concept of a characteristic function is useful. Given a pdf p: R" — R
for a continuous random vector X = (X, ..., X,), the (joint) characteristic function is the
function ¢ : R" — R defined by

dx(w) = E[*X] = [ *p(x)dx. (1.63)

where u = (u;,...,u,) eR", i= /—1. Since ¢y is the Fourier transform of p, then from
the theory of Fourier integral transforms we know that the characteristic function gives a
complete characterization of the probabilitic laws of X, equivalently as p does. That is,
any two random variables having the same characteristic function are identically distributed;
i.e., the characteristic function uniquely determines the distribution. From the definition we
observe that ¢y is always a well-defined continuous function, given that p is a bonafide
distribution. Evaluating at the origin gives ¢« (0) = E[1] = 1. The existence of derivatives
0y (0)/0u’, k > 1 is dependent upon the existence of the respective moments of the random
variables X,. The kth moment of a single random variable X € R is defined by

m, = E[X*] = /co x*p(x)dx, (1.66)

while the kth centered moment is defined by

ub = B -] = [ =m0, (1.67)

= E[X], k > 1. [Note: for X = X, then p — p; is the ith marginal pdf, u — u; = E[X/],
u® — Mf/‘) = E[(X; — u;)*], etc.] From these integrals we thus see that the existence of the
moments depends on the decay behavior of p at the limits x — F-oo. For instance, a distribution
that exhibits asymptotic decay at least as fast as a decaying exponential has finite moments
to all orders. Obvious examples of these include the distributions of normal, exponential,
and uniform random variables. In contrast, distributions that decay as some polynomial to a
negative power may, at most, only possess a number of finite moments. A classic case is the
Student t distribution with integer d degrees of freedom, which can be shown to possess only
moments up to order d. This distribution is discussed in Chapter 4 with respect to modeling
risk-factor return distributions.

The moments can be obtained from the derivatives of ¢y at the origin. However, it is
a little more convenient to work directly with the moment-generating function (mgf). The
(joint) moment-generating function is given by

My (u) = E[e"X] = /R e p(x)dx. (1.68)
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If the mgf exists (which is not always true), then it is related to the characteristic function:
My (u) = ¢g(—iu). It can be shown that if E[|X|"] < oo, then My(u) (and ¢4 (u)) has
continuous rth derivative at # = 0 with moments given by

d* ¢4 (0)
du*t

my = E[x] = O _

o k=1,....r (1.69)

Hence, a random variable X has finite moments of all orders when M, (u) (or ¢y (u)) is
continuously differentiable to any order with m, = M)((k) (0) = (—i)* ¢>§f) ©0),k=1,....

Given two independent random variables X and Y, the characteristic function of the
sum X + Y simplifies into a product of functions: ¢y y(u) = E[e™* V] = E[e"¥|E[e™Y] =
¢x(u)dy(u). Hence for Z =377 | X; we have ¢, (u) =II_ ¢y () if all X; are independent.
Characteristic functions or mgfs can be obtained in analytically closed form for various
common distributions.

Problems

Problem 1. Make use of equations (1.53) and (1.54) and the Schwarz inequality,

(/ ssoas) = ( [ voorax)( [ wras).  xew.  amo

to demonstrate the inequality |C;;| < 0,0, hence |p;;| < 1.

Problem 2. Consider two independent normal random variables X and Y with probability
distributions

p.(x) = mef(xfm)z/zvf and  p,(y) = e O /207 (1.71)

X y

V2w

respectively. Use convolution to show that Z = X 4 Y is a normal random variable with
probability distribution

pz(z) — e_(Z_/'L:)Z/Z(TZZ, (172)

o2

where 07 =0} 40} and pu, = u, +u,.
Problem 3. Show that the joint density function for the bivariate normal has the form

1 (v )2 22
PO6 Y s o, 01, 0, p) = ———————¢ TN
2wo,05/1—p

1 o, :
——\|x—pu,—p—0O- , (L.73
x| 3o (-~ 2 0-m) | (73
and thereby obtain the marginal and conditional distributions:

1
V2o,

e~ (Y=m)*/203 (1.74)

py(Y) =

p(x|Y) = (1.75)

1 1 o, 2
T oo ] |

Verify that this same result follows as a special case of the foregoing proposition.
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Problem 4. Find the moment-generating function for the following distributions:

(a) The uniform distribution on the interval (a,b) with pdf: p(x) = (b—a)™'1,.(, ;.
(b) The exponential distribution with parameter A > 0 and pdf: p(x) = Ae *1,,.

(c) The gamma distribution with parameters (n, A), n =1,2,..., A > 0, and pdf: p(x) =
)\e—)\.r(/\x)n—]
T -nr a0

By differentiating the mgf, obtain the mean and variance of the random variable X for each
distribution (a)—(c).

Problem 5. Obtain the moment-generating function for:

(a) The multivariate normal with density given by equation (1.49).
(b) The chi-squared random variable with n degrees of freedom: Y = )I | Z7, where
Z;~N(0,1).

Problem 6. Rederive the result in problem 2 using an argument based solely on moment-
generating functions.

Problem 7. Consider two independent exponential random variables X, and X, with respec-
tive parameters A, and A,, A; # A,. Find the pdf for X, + X, and the probability P(X, < X,).
Hint: Use convolution and conditioning, respectively.

1.4 Brownian Motion, Martingales, and Stochastic Integrals

A particularly important example of a multivariate normal distribution is provided by a random
path evaluated at a sequence of dates in the future. Consider a time interval [0, t] = [, =

0,t,,...,ty =1], and subdivide it into N > 1 subintervals [z, 7;,,] of length 6z, =1¢,,, —1;,
i=0,...,N—1. The path points (¢, x,) are defined for all = ¢, by means of the recurrence
relation

Xy, =X, +p(t;)8t;+ o(t;)8W, (1.76)

where the increments W, = W, ., — W, are assumed uncorrelated (independent) normal
random variables with probability density at 6W, = dw;:

1
pi(dw,) = me%wﬂz/mn (1.77)

Since the increments are assumed independent, the joint pdf for all increments is
N-1
p(dwy, ..., 0wy_) =[] pi(6w)). (1.78)

i=0

This gives rise to two important unconditional expectations:
E[6W,8W,]=8,61,  E[6W,]=0. (1.79)

By usual convention we fix W, = 0. The joint pdf for the random variables W, , ..., W,

representing the probability density at the path points W, = w; (w, = 0) is then also a
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multivariate Gaussian function, which is obtained by simply setting dw; = w,; — w; in
equation (1.78). The set of real-valued random variables (W, ),_, v therefore represents the
time-discretized standard Brownian motion (or Wiener process) at arbitrary discrete points
in time. Iterating equation (1.76) gives

X, =x0+Ni: [ ()81, + o (1))8W, ], (1.80)

j=0

where x, = x, and x, = x,. The random variable x, is normal with mean

Ey[x,] :x0+Ni: w(t;)81; (1.81)
i=0
and variance
E(x, ~ Elx )] = Eq (Z a(r»sw,,) =3 o), (182)

Note: We use E,[] to denote the expectation conditional only on the value of paths being
fixed at initial time; i.e., x, = x, = fixed value. This is hence an unconditional expectation
with respect to path values at any later time ¢ > 0. Later, we will at times simply use the
unconditional expectation E[ ] to denote E,[ |. Sample paths of a process with zero mean and
constant volatility are displayed in Figure 1.2.

Typical stochastic processes in finance are meaningful if time is discretized. The choice
of the elementary unit of time is part of the modeling assumptions and depends on the
applications at hand. In pricing theory, the natural elementary unit is often one day but
can also be one week, one month as well as five minutes or one tick, depending on the
objective. The mathematical theory, however, simplifies in the continuous-time limit, where
the elementary time is infinitesimal with respect to the other time units in the problem, such as

20

10 1

O T T T T T
0 0.2 0.4 0.6 0.8 1 1.2

FIGURE 1.2 A simulation of five stochastic paths using equation (1.76), with x, = 10, constant
n(t) =0.1, o(r) = 0.2, N = 100, and time steps 6z, = 0.01.
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option maturities and cash flow periods. Mathematically, one can construct continuous-time
processes by starting from a sequence of approximating processes defined for discrete-time
values i6t,i =0, ..., N, and then pass to the limit as 6t — 0. More precisely, one can define
a continuous-time process in an interval [¢,, f,] by subdividing it into N subintervals of equal
length, defining a discrete time process x" = x,, and then compute the limit

x, = lim x¥ (1.83)
N—oo
by assuming that the discrete-time process x" is constant over the partition subintervals.
The elementary increments 0x, = x,, 5, — X, are random variables that obviously tend to zero
as 6t — 0, but which are still meaningful in this case. The convention is to denote these
increments as dx in the limit 6z — 0 and to consider the straight d as a reminder that, at the
end of the calculations, one is ultimately interested in the limit as 8¢ — 0.*
The continuous-time limit is obtained by holding the terminal time ¢ = ¢, fixed and letting
N — oo, 1.€.,

Elx] = Jim Bl 1=+ [ w()dr =+ a0, (1.84)
and
E(x,— Eolx )] = lim E[(f ~ E[))] = [ o*(dr =50y (189)
N—oo 0

where we introduced the time-averaged drift i = ju(¢) and volatility & = o () over the time
period [0, ], # € R,. Since x, is normally distributed, we finally arrive at the transition
probability density for a stochastic path to attain value x, at time ¢, given an initially known
value x, at time ¢ = 0:

=Gty (50

1
’ ; )= —F—— - —
p(x;, xo3 1) e eXP( 2577

This density, therefore, gives the distribution (conditional on a starting value x,) for a process
with continuous motion on the entire real line x, € (—oo, oo) with constant drift and volatility.
[Note: x,, x, are real numbers (not random) in equation (1.86).]

A Markov chain is a discrete-time stochastic process such that for all times r € T the
increments x,, 5 — x, are random variables independent of x,. A Markov process is the
continuous-time limit of a Markov chain. The process just introduced provides an example
of a Markov chain because the increments are independent.

The probability space for a general discrete-time stochastic process where calendar time
can take on values f, < t, < --- <ty is the space of vectors x € RY with an appropriate
multivariate measure, such as P(dx) = p(x,, ...xy)dX, where p is a probability density. By
considering a process x, only up to an intermediate time ¢, i < N, we are essentially restricting
the information set of possible events or probability space of paths. The family (.’)F,)l>0 of all
reduced (or filtered) probability spaces F, up to time ¢, for all times ¢ > 0, is called filtration.
One can think of F, as the set of all paths up to time ¢. A pay-off of a derivative contract

4These definitions are admittedly NOT entirely rigorous, but they are meant to allow the reader to quickly
develop an intuition in case she doesn’t have a formal probability education. In keeping with the purpose of this
book, our objective is to have the reader learn how to master the essential techniques in stochastic calculus that are
useful in finance without assuming that she first learn the formal mathematical theory.
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occuring at time 7 is a well-defined (measurable) random variable on all the spaces #, with
¢ >t but not on the spaces with ¢ < ¢. Filtrations are essentially hierarchies of probability
spaces (or information sets) through which more and more information is revealed to us
as time progresses; i.e., F, C F, if ¢ <t so that given a time partition #, < t, < --- < ty,
#,CF, C---CF, . Wesay that a random variable or process is &,-measurable if its value
is revealed at time f. Such a random variable or process is also said to be nonanticipative
with respect to the filtration or F,-adapted (see later for a definition of nonanticipative
functions, while a definition of an adapted process is also provided in Section 1.9 in the
context of continuous-time asset pricing). Conditional expectations with respect to a filtration
F, represent expectations conditioned on knowing all of the information about the process
only up to time f. It is customary to use the following shorthand notation for conditional
probabilities:

E[1=E[|7F] (1.87)

Definition 1.9. Martingale A real-valued F,-adapted continuous-time process (x,) -, is said
to be a P-martingale if the boundedness condition E[|x,|] < oo holds for all t >0 and

x, = E,[x;] (1.88)
for0<t<T<oo

This definition implies that the conditional expectation for the value of a martingale
process at a future time 7, given all previous history up to the current time ¢ (i.e., adapted
to a filtration &,), is its current time ¢ value. Our best prediction of future values of such
a process is therefore just the presently observed value. [Note: Although we have used the
same notation, i.e., x,, this definition generally applies to arbitrary continuous-time processes
that satisfy the required conditions; the pure Wiener process or standard Brownian motion is
just a special case.] We remark that the expectation E[] = E*[] and conditional expectation
E,[] = EP[] are assumed here to be taken with respect to a given probability measure P.
For ease of notation in what follows we drop the explicit use of the superscript P unless the
probability measure must be made explicit. If one changes filtration or the probability space
associated with the process, then the same process may not be a martingale with respect to
the new probability measure and filtration. However, the reverse also applies, in the sense
that a process may be converted into a martingale by modifying the probability measure.

A more general property satisfied by a stochastic process (x,),., (regardless of whether
the process is a martingale or not) is the so-called tower property for s <t < T:

E|[E [x;]] = E,[x/]. (1.89)

This follows from the basic property of conditional expectations: The expectation of a
future expectation must be equal to the present expectation or presently forecasted value.
Another way to see this is that a recursive application of conditional expectations always
gives the conditional expectation with respect to the smallest information set. In this case
F, C F, C F;. A martingale process f, = f(x,,t) can also be specified by considering a
conditional expectation over some (payoff) function ¢ of an underlying process. In particular,
consider an underlying process x, starting at time f, with some value x, and the conditional
expectation

fi=1x, ) = E[¢(xr, T)], (1.90)
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for any 1, <s <t <T, then f, satisfies the martingale property. In fact

E[f(r. 0] = E. [E[[qs(xp T)]} = E[$(x. T)] = flx,09). (1.91)

The process introduced in equation (1.76) is a martingale in case the drift function w(r)
is identically zero. In fact, in this case if #;, < ¢,, we have

“-Et/’—l [E’/[xfj]]“'] (1.92)
E:[“.Efffl[xf,']”']=xt,<' (193)

Et, ['xtj] = Et,[
=E,
Bachelier was one of the pioneers of stochastic calculus, and he proposed to use a process
similar to x, as defined by equation (1.76) in the continuous-time limit to model stock price
processes.” A difficulty with the Bachelier model was that stock prices can attain negative
values. The problem can be corrected by regarding x, to be the natural logarithm of stock
prices; this conditional density turns out to be related to (although not equivalent to) the
risk-neutral density used for pricing derivatives within the Black—Scholes formulation, as is
seen in Section 1.6, where we take a close look at geometric Brownian motion. The density
in equation (1.86) leads to Bachelier’s formula for the expectation of the random variable
(x, —K),, with constant K > 0, where (x), = x if x > 0, (x). =0 if x <0 (see Problem 9).
In passing to the continuous-time limit, we have, based on equation (1.86), arrived at an
expression for the random variable x, in terms of the random variable W, for the standard
Brownian motion (or Wiener process):

X, =xy+pt+aW,. (1.94)

The distribution for the zero-drift random variable (W,),.,, representing the real-valued
standard Brownian motion (Wiener process) at time ¢ with W,_, = W, =0, is given by

1 —w
pw(w, t) = ﬁe 2/2t (1.95)

at W, = w. Note that this is also entirely consistent with the marginal density obtained by
integrating out all intermediate variables w,,...,wy_; in the joint pdf of the discretized
process (W, ),y .y With w=wy, 1 =1y.

According to the distributions given by equations (1.77) and (1.95), one concludes that
standard Brownian motion (or the Wiener process) is a martingale process characterized by
independent Gaussian (normal) increments with trajectories [i.e., path points (¢, x,)] that are
continuous in time ¢t > 0: OW, = W, 5, — W, ~ N(0, 0t) (i.e., normally distributed with mean
zero and variance 6t) and W, 5, — W, is independent of W, for 6t > 0,0 <s <17, 0 <1t < oco.
Moreover, specializing to the case of zero drift and o = 1 and putting ¢, = s, the corresponding

5The date March 29, 1900, should be considered as the birth date of mathematical finance. On that day, Louis
Bachelier successfully defended at the Sorbonne his thesis Théorie de la Spéculation. As a work of exceptional
merit, strongly supported by Henri Poincaré, Bachelier’s supervisor, it was published in Annales Scientifiques de I’
Ecole Normale Supérieure, one of the most influential French scientific journals. This model was a breakthrough
that motivated much of the future work by Kolmogorov and others on the foundations of modern stochastic calculus.
The stochastic process proposed by Bachelier was independently analyzed by Einstein (1905) and is referred to as
Brownian motion in the physics literature. It is also referred to as the Wiener—Bachelier process in a book by Feller,
An Introduction to Probability Theory and Its Applications [Fel71]. However, this terminology didn’t affirm itself,
and now the process is commonly called the Wiener process.



28 CHAPTER I . Pricing theory

probability distribution given by equation (1.86) with shifted time r — (¢ — s) then gives the
well-known property: W, — W, ~ N(0, t — 5), W, ~ N(0, ). In fact we have the homogeneity
property for the increments: W, — W, ~ W,— W, = W, ~ N(0, r). In particular, E[W,] =0
and E[W?] = t. An additional property is E[W,W,] = min(s, 7). This last identity obtains
from the independence of the increments [i.e., equation (1.79)]. Indeed consider any #; < ¢;,
0<i<j<N, then:

E[Wt, Wt‘/] = E[(Wt, - WO)((W(, - Wt,) + (Wt,- - WO))]
=E[(W, - W)’ ] =E[W] =1, (1.96)

A similar argument with ¢; < ¢; gives ¢;, while for 7, = ¢, we obviously obtain #;. All of these
properties also follow by taking expectations with respect to the joint pdf for the Wiener paths.

An important aspect of martingales is whether or not their trajectories or paths are
continuous in time. Consider any real-valued martingale x,, then 0x, = x, 5, — x, is a pro-
cess corresponding to the change in a path over an arbitrary time difference 6z > 0. From
equation (1.88), Et[Bx,] =0, so, not surprisingly, the increments of a martingale path are
unpredictable (irregular), even in the infinitesimal limit 6 — 0. However, the irregularity of
paths can be either continuous or discontinuous. An example of a martingale with discontinu-
ous paths is a jump process, where paths are generally right continuous at every point in time
as a consequence of incorporating jump discontinuities in the process at a random yet count-
able number of points within a time period. We refer the interested reader to recent works on
the growing subject of financial modeling with jump processes (see, for example, [CT04]).
Here and throughout, we focus on continuous diffusion models for asset pricing; hence our
discussion is centered on continuous martingales (i.e., martingales with continuous paths).
Let f(#) = x,(w), t > 0, represent a particular realized path indexed by the scenario w, then
continuity in the usual sense implies that the graph of f{t) against time is continuous for all
t > 0. Denoting the left and right limits at # by f(r—) =1lim,_, - f(s) and f(r+) =lim,_ .« f(s),
then f(¢) = f(t—) = f(¢t+). Every Brownian path or any path of a stochastic process generated
by an underlying Brownian motion displays this property, as can be observed, for example, in
Figure 1.2. [In contrast, a path of a jump diffusion process would display a similar continuity
in piecewise time intervals but with the additional feature of vertical jump discontinuities at
random points in time at which only right continuity holds. If 7 is a jump time, then f(7—),
f(z+) both exist, yet f(—) # f(+) with f(¢) = f(i+), where f(z) — f(i—) is the size of the
jump at time 7.]

Stochastic continuity refers to continiuty of sample paths of a process (x,)., in the
probabilitistic sense as defined by

limP(|xs—xt| > e) =0, s,¢>0 (1.97)
S—>1

for any € > 0. This is readily seen to hold for Brownian motion and for continuous martingales.
The class of continuous-time martingales that are of interest are so-called continuous square
integrable martingales, i.e., martingales with finite unconditional variance or finite second
moment: E[x?] < oo for ¢ > 0. Such processes are closely related to Brownian motion and
include Brownian motion itself. Further important properties of the paths of a continuous
square integrable martingale (e.g., Brownian motion) then also follow. Consider again the
time discretization [0, f] = [z, =0, ¢, . .., ty = t] with subintervals [, t,,,] and path points
(#;, x,). The variation and quadratic variation of the path are, respectively, defined as:

N—1
V= 1313; vV = 1313; > 16x, | (1.98)
i=0
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and
N—1
V, = lim vy = lim 2(5%)2’ (1.99)

éx, = x,  —x,. The properties of V, and V, provide two differing measures of how paths
behave over time and give rise to important implications for stochastic calculus. Since the
process is generally of nonzero variance, then P(VJ¥ > 0) = 1 and P(V, > 0) = 1. In particular,
if we let 8¢, = 6t = t/N and consider the case of Brownian motion x, = W,, then by rewriting

V, we have with probability 1:

1 N—1 1 N—-1
Vy = lim (ﬁ Z(Sx,‘.)z)N = lim (ﬁ Z(SWH)z)N =t (1.100)
i=0 i=0

Here we used the Strong law of large numbers and the fact that the (8th)2 are identically
and independently distributed random variables with common mean of &¢. Based on this
important property of nonzero quadratic variation, Brownian paths, although continuous, are
not differentiable. For finite N the variation V}" is finite. As the number N of increments
goes to infinity, ¢, — 0 and, from property (1.97), we see that the size of the increments
approaches zero. The question that arises then is whether V, exists or not. Except for the
trivial case of a constant martingale, the result is that V,N — o0 as N — oo; i.e., the variation
V, is in fact infinite. Without trying to provide any rigorous proof of this here, we simply state
the usual heuristic and somewhat instructive argument for this fact based on the following
observation:

N—-1 N-1

vy =Y |ox, P < [&%{wx,iu] > [8x, | = [Olggﬂax,in}vy. (1.101)

i=0 i=0

Since the quadratic variation V, is greater than zero, taking the limit N — oo on both
sides of the inequality shows that the right-hand side must have a nonzero limit. Yet from
equation (1.97) we have max{[0x, |} — 0 as N — oco. Hence we must have that the right-hand
side is a limit of an indeterminate form (of type 0-co); that is, V; =1limy_, ., V}¥ = oo, which
is what we wanted to show.

Once we are equipped with a standard Brownian motion and a filtered probability space,
then the notion of stochastic integration arises by considering the concept of a nonanticipative
function. Essentially, a (random) function f, is said to be nonanticipative w.r.t. a Brownian
motion or process W, if its value at any time 7 > 0 is independent of future information. That
is, f, is possibly only a function of the history of paths up to time ¢ and time ¢ itself: f, =
SU(W))o<s</}, 1). The value of this function at time ¢ for a particular realization or scenario @
may be denoted by f,(w). Nonanticipative functions therefore include all deterministic (i.e.,
nonrandom) functions as a special case. Given a continuous nonanticipative function f, that
satisfies the “nonexplosive”condition

E[/tffds] < oo, (1.102)

the Ito (stochastic) integral is the random variable denoted by

L= [ raw, <o (1.103)
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and is defined by the limit

N—-1 N—-1

[t(f):}\],ilI;th,aWti:}\lliBLthi[Wt,-H _Wzi]' (]'104)
i=0 i=0

It can be shown that this limit exists for any choice of time partitioning of the interval [0, #];
e.g., we can choose 0t; = 6¢ = t/N. Each term in the sum is given by a random number f,
[but fixed over the next time increment (7;, ;)] times a random Gaussian variable W, .
Because of this, the It0 integral can be thought of as a random walk on increments with
randomly varying amplitudes. Since f, is nonanticipative, then for each ith step we have
the conditional expectation for each increment in the sum: E, [f, 6W, | = f, E [0W,] = 0.
Given nonanticipative functions f, and g,, the following formulas provide us with the first
and second moments as well as the variance-covariance properties of It6 integrals:

(i) ELL()] = E[ | rfdes} —o, (1.105)
iy £l =2 tfsdws)z] =i [ r2as] (1.106)

(iii) E[1,(f)1,(g)] = E[(/O[fsdwx) </0[gsdws>} - E[/O[fsgxds:|. (1.107)

Based on the definition of ,(f) and the properties of Brownian increments, it is not difficult
to obtain these relations. We leave this as an exercise for the reader. Of interest in finance
are nonanticipative functions of the form f, = f(x,, ), where x, is generally a continuous
stochastic (price) process (x,),-o. The It6 integral is then of the form

L = [ S 9aw, (1.108)

and, assuming that condition (1.102) holds, then properties (i)—(iii) also apply. Another notable
property is that the It6 integral is a martingale, since E,[I,(f)] = I,(f), for 0 < < u.

The It6 integral leads us into important types of processes and the concept of a stochastic
differential equation (SDE). In fact the general class of stochastic processes that take the form
of sums of stochastic integrals are (not surprisingly) known as Ifo processes. It is of interest
to consider nonanticipative processes of the type a, = a(x,, t) and b, = b(x,, t), t > 0, where
(x,),=0 is a random process. A stochastic process (x,),-, is then an Itd process if there exist
two nonanticipative processes (a,),-o and (b,),., such that the conditions

t t
— 2 —
P</O |as|ds<oo>—1 and P</O bsds<oo>—l

are satisfied, and
t t
x,=x0+/ a(xs,s)ds+/ b(x,, $)dW,, (1.109)
0 0

for ¢t > 0. These probability conditions are commonly imposed smoothness conditions on the
drift and volatility functions. This stochastic integral equation is conveniently and formally
abbreviated by simply writing it in SDE form:

dx, = a(x,, t)dt+ b(x,, 1)dW,. (1.110)

We shall use SDE notation in most of our future discussions of It processes.
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Ito integrals give rise to an important property, known as Doob—Meyer decomposition. In
particular, it can be shown that if (M,),,., is a square integrable martingale process, then
there exists a (nonanticipative) process (f;)y,<, that satisfies equation (1.102) such that

t
M, = MO+/0 f.dw,. (1.111)

From this we observe that an Itd process x, as given by equation (1.109) is divisible into a
sum of a martingale component and a (generally random) drift component.

Problems

Problem 1. Show that the finite difference % of the Brownian motion in equation (1.76)

i

is a normally distributed random variable with mean w(#;) and volatility o(¢;)/,/6¢;. Hint:
Use equation (1.76) and take expectations while using equation (1.79).

Problem 2. Show that the random variable

N-1

E=>" a(t;)6x, , (1.112)
i=0

where 8x, =x,  —x,,and x, defined by equation (1.76), is a normal random variable. Com-

pute its mean and variance. Hint: Take appropriate expectations while using equation (1.79).

Problem 3. Suppose that the time intervals are given by ¢, = t/N, where ¢ is any finite time

value and N is an integer. Show that equations (1.84) and (1.85) follow in the continuous-time

limit as N — oo for fixed z.

Problem 4. Show that the random variable ¢ = Y"1 | a(ti)(SW,l_)2 has mean and variance
given by

N

E[¢]=) a(t)dt,,  E[(§—E[¢ 2Za(t) (81,)* (1.113)

i=1

Hint: Since 8W, ~ N(0, 8t;) independently for each i, one can use the identity in Problem 2
of Section 1.6. That is, by considering E[exp(adW, )] for nonzero parameter o and applylng
a Taylor expansion of the exponential and matchlng terms in the power series in «”, one
obtains E[(6W, )"] for any n > 0. For this problem you only need terms up to n = 4.

Problem 5. Show that the distribution p(x, x,; ) in equation (1.86) approaches the one-
dimensional Dirac delta function 6(x — x,) in the limit # — 0.

Problem 6. (i) Obtain the joint marginal pdf of the random variables W, and W,, s # .
Evaluate E[(W, — W,)?] for all s, > 0. (ii) Compute E,[W?] for s > 1.

Problem 7. Let the processes (x,),.o and (y,),-o be given by x, = x, +u,t+ 0, W, and
Vi = Yo+ uyt + 0o, W,, where u,, u,, g,, o, are constants. Find:

(i) the means E[x,], E[y,];
(ii) the unconditional variances Var(x,), Var(y,);
(iii) the unconditional covariances Cov(x,, y,) and Cov(x,, y,) for all s, > 0.

Problem 8. Obtain E[X,], Var(X,), and Cov(X,, X,) for the processes

)X, =X,e ¥ +o e—““—s)dw, >0, 1.114
t 0 K
0

(b)X,=a(1—t/T)~|—B(t/T)+(T—t)fol L 0sisT, (1.115)
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where «, B, o are constant parameters and time T is fixed in (b). The process in (a) describes
the so-called Ornstein—Uhlenbeck process, while (b) describes a Brownian bridge, whereby
the process is Brownian in nature, yet it is also exactly pinned down at initial time and final
time 7, i.e., X, = a, X; = B. For (a) assume X,, is a constant.

Problem 9. Assume that x, is described by a random process given by equation (1.94),
or equivalently by the conditional density in equation (1.86). Show that the conditional
expectation at time ¢ = 0 defined by

C(t. K) = E[(x,— )., 1. (1.116)

where (x) = x if x > 0 and zero otherwise gives the formula

C(t, K):(xo—l-ﬁt—K)N(%)—i—&\/;(p(%), (1.117)

where N(-) is the standard cumulative normal distribution function and

e, (1.118)

(==
elx) =

V2
By further restricting the drift, u = 0 gives Bachelier’s formula. This corresponds (from the
viewpoint of pricing theory) to the fair price of a standard call option struck at K, and maturing
in time ¢, assuming a zero interest rate and simple Brownian motion for the underlying “stock”
level x, at time ¢. Hint: One way to obtain equation (1.117) is by direct integration over all
x, of the product of the density p [of equation (1.86)] and the payoff function (x, — K)_ . Use
appropriate changes of integration variables and the property 1 — N(x) = N(—x) to arrive at
the final expression.

1.5 Stochastic Differential Equations and 1t0’s Formula

For purposes of describing asset price processes it is of interest to consider SDEs for diffusion
processes x, that are defined in terms of a lognormal drift function w(x, r) and a lognormal
volatility function o(x, f) and are written as follows:®

dx, = p(x,, t)x,dt+o(x,, t)x,dW,. (1.119)

Assuming the drift and volatility are smooth functions, the discretization process in the
previous section extends to this case and produces a solution to equation (1.119) as the limit
as N — oo of the Markov chain x, ,...,x, defined by means of the recurrence relations

X, =X, +uplx,, 1)x, 6t +0o(x,, 1,)x, 0W,. (1.120)

tit1

SWhen the drift and volatility (or diffusion) terms in the SDE are written in the form given by equation (1.119)
it is common to refer to w and o as the lognormal drift and volatility, respectively. The reason for using this
terminology stems from the fact that in the special case that u and o are at most only functions of time ¢ (i.e., not
dependent on x,), the SDE leads to geometric Brownian motion, and, in particular, the conditional transition density
is exactly given by a lognormal distribution, as discussed in the next section.
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From this discrete form of equation (1.119) we observe that x,, 5, — x, = 6x, = u(x,, £)x,01 +
o(x,, 1)x,6W,. Alternatively, the solution to equation (1.119) can be characterized as the
process x, such that

wix, 1) = hmM o(x,, 1)? = lim E[(x 6 — X,)’]
1 - ’ 1 .

1.121
5t—0 x,6t 5t—0 xtzﬁt ( )

These expectations follow from the properties E,[§W,] =0 and E,[(8W,)?] = . Notice
that, although an SDE defines a stochastic process in a fairly constructive way, conditional
distribution probabilities, such as the one for the Wiener process in equation (1.86), can be
computed in analytically closed form only in some particular cases. Advanced methods for
obtaining closed-form conditional (transition) probability densities for certain families of drift
and volatility functions are discussed in Chapter 3, where the corresponding Kolmogorov
(or Fokker—Planck) partial differential equation approach is presented in detail.

A method for constructing stochastic processes is by means of nonlinear transformations.
The stochastic differential equation satisfied by a nonlinear transformation as a function of
another diffusion process is given by Itd’s lemma:

Lemma 1.3. Ito’s Lemma [f the function f, = f(x,, t) is smooth with continuous derivatives
af/ot, f/ox, and & f/9x* and x, satisfies the stochastic differential

dx, = a(x,, t)dt + b(x,, 1)dW,, (1.122)

where a(x,t) and b(x, t) are smooth functions of x and t, then the stochastic differential of
f, is given by

a d b(x,, t)? 82
df = (2 4 age, il 4 B f dt+b(x,. 1) de, (1.123)
ot 8x 2 dx
= A(x,, 1)dt + B(x,, 1)dW,.
In stochastic integral form:
t t
fo=fo+ [ A 9)ds+ [ Blx,,)dW,. (1.124)
0 0
A nonrigorous, yet instructive, “proof” is as follows.’
Proof. Using a Taylor expansion we find
= (x —+8x,,t+61) — f(x,, 1)
)
’f 3
(x,, r)8r+—(x,, 1)dx, + 50 —(x,, )(8x,)* + O((81)?), (1.125)

where the remainder has an expectation and variance converging to zero as fast as (6¢)? in the
limit 6¢ — 0. Inserting the finite differential form of equation (1.122) into equation (1.125)
while replacing (6W,)? — 8¢ and retaining only terms up to O(8¢) gives

o0, = (L o +atsan L+ 202 ) o

+b(x,,t) (x,,t)aw +O((60)}). (1.126)

"For more formal rigorous treatments and proofs see, for example, [TW89, @ks00, JS87].
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Taking the limit N — oo (8¢ — 0), the finite difference 67 is the infinitesimal differential d&,
O0W, is the stochastic differential dW,, the remainder term drops out, and we finally obtain
equation (1.123). Alternatively, with the use of equation (1.125) we can obtain the drift
function of the f, process:

Ax, )= lim0 @
af af . E[éx] 1 azf E,[(8x,)°]
lim ——— + — lim ———

o é?x 50 Of | 2 9x2 s1—0 ot
b(xn 1)? 52f

(x,, n+alx, t) (x,, n+ 2z G 0

and the volatility function of the f, process:

B(X[, t)z = lim t[(gtft)z]

8t—0

= (5) m S =000

The drift and volatility functions therefore give equation (1.123), as required. Here we have
made use of the expectations

E,[6x,] E[(3x,)’]
e

following from the finite differential form of equation (1.122). O

Note: It6’s formula is rather simple to remember if one just takes the Taylor expansion of
the infinitesimal change df up to second order in dx and up to first order in the time increment
dt and then inserts the stochastic expression for dx and replaces (dx)? by b(x, t)*dt.

As we will later see, in most pricing applications, x, represents some asset price pro-
cess, and therefore it proves convenient to consider Ito’s lemma applied to the SDE of
equation (1.119); i.e., a(x, 1) = xu(x, 1), b(x, t) = xo(x, t), written in terms involving the
lognormal drift and volatility functions for the random variable x. Equation (1.123) then gives

af of > f of
df, = (8t+ MEJF T 2)dt+ xo=—dW, (1.127)
=, f,dt+ o, f,dW, (1.128)

From this form of the SDE we identify the corresponding lognormal drift ., = u,(x, f) and
volatility o, = o(x, t) for the process f,.

The foregoing derivation of Itd’s lemma for one underlying random variable can be
extended to the general case of a function f(x,,. .. t) depending on n random variables

ﬂ ’

x=(x,,...,x,) and time ¢. [Note: To simplify notatlon, we shall avoid the use of subscript
t in the variables, i.e., x, , = x,, etc.] We can readily derive Itd’s formula by assuming that
the x;,, i=1,...,n, satisfy the stochastic differential equations

dx; = a;dt+b;y A;dW). (1.129)

j=1
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Here the coefficients a; = a;(x,, ..., x,,t) and b, = bi(x,, ..., x,,t) are any smooth func-
tions of the arguments. Fumhermore we assume that the Wiener processes W/ are mutually
independent, i.e.,

E[dWdW]]1=5,; dt. (1.130)

The constants p;; = p;; (with p; = 1) are correlation matrix elements and are convenient for
introducing correlations among the increments (e.g. see equation (1.176) of Section 1.6):

E[(dx;)(dx;)] = ZZA,kAJ,E[dW"dW ]
k=11=1
=bb; Yy AyAydt = bbp,dt. (1.131)

k=1
When i = j this gives E[(dx;)*] = b}dt. Taylor expanding df up to second order in the dx;
increments and to first order in df we have
2

| 0x;0x;

df = dt—i—Z .d 4+ Z (dx)(dx) (1.132)

Now replacing (dx;)(dx;) by the right-hand side of equation (1.131) while substituting the
above expression for dx; and collecting terms in dr and the dW/ gives the final expression:

J bzaz 9?
( +Z|: _f+7%j|+z lbjptja a )dl

i i<j=1

"‘Z(ZPU ; ,>dWJ (1.133)

This procedure can be straightforwardly applied or extended to stochastic differentials of
various processes that are dependent on groups of underlying random variables.

As we shall see in the coming sections, where we cover derivatives pricing in continuous
time, it is important to work out the stochastic differential of the quotient of two processes,
namely; f, = g,/h,, where

d noo h noo
a8 _ podt+ Y ot dW,, L= pdt 43 oldw! (1.134)

8 i=1 t i=1

are stochastic differential equations assumed satisfied by g, and 4,, respectively. Note that the
drift and volatility functions® are generally considered functions of time and of the underlying
processes, ft, = B (8 his ), by = Ry (85 hys 1), 0 = 0 (8,5 s 1), 0, = 03(8,, by, 1). The
function o, is the volatility of the process g, with respect to the ith independent Wiener
process (or ith risk factor).” The stochastic differential of the ratio f, = g,/h, can be obtained
via the Taylor expansion of the differential df up to first order in df and up to second order

8Here and throughout the rest of the book we shall sometimes take the liberty to refer to the lognormal drift and
volatility functions simply as the drift and volatility so as to avoid excessive use of such terminology.
°In what follows we shall at times also refer to independent Brownian motions as risk factors.
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in the dg and dh terms. Hence considering f as function of g, &, and ¢ and taking appropriate
partial derivatives gives

df = %dg—ﬁdh——(dg)(dh)+—(dh)2 (1.135)

Here 4 [ = (0, since there is no explicit time dependence. Moreover, since (, 2L =0, the (dg)?
term is absent. This last SDE takes on a partlcularly simple form when we divide through by f:

d d dh dgdh dh d dh dh
af _dg _dh_dgdh | (dh L | (1.136)
f g h g h h g h h
Substituting equations (1.134), expanding out, and setting to zero any term containing
(dW)(dt) or (dt)? [i.e., terms of O((dr)*’?) or higher]| then gives
df
f

Here we have also made use of the replacement dW/ aw} = d;; dt. This gives the stochastic
differential of f, = g,/h,. Note that this equation in compact form reads

d

Tf_ufdea awy, (1.138)

i=1

==~ S ottt = |ar+ Yo apaw, (1137)

i=1 i=1

where the drift of f is p, = p, —p, — X, 05(0;, —0}) and the volatility is given
by o, =0, — 0. It is important to note that pricing formulas ultimately involve the
= \/(0’2,)2 +(03,)* —20%0;,.
This will become clear in the sections that follow. Namely, a rigorous justification of
this arises from consideration of the partial differential equation (i.e., the forward or
backward Kolmogorov equation) satisfied by the corresponding transition probability
density function, which explicitly involves only terms in the square of the volatilities.
Finally, note that for the case of only one risk factor, i.e., n = 1, we have equation (1.138)
with u, = p, —u;, —0y,(0, — 0;,) and o, = o, — 0;,. For general n, using vector notation
(o,=0,—0y, uy=p,—p,— 0, (0,—0,)) and equation (1.138) takes the form:

d
Y pdito, W, (1.139)

f

Recall that a martingale process, which we shall here simply denote by f,, is a stochastic

process for which EF[f;] = f,, t < T, under a given probability measure P. Recall that this

is a driftless process, in the sense that its expected value, under P, is constant over all future

times. We have already encountered a simple example of such a process, namely, the standard

Brownian motion, or Wiener process W,. Equation (1.90) provides a method of generating a
martingale process. Based on Itd’s Lemma we now have the following result.

absolute value or square of the volatilities, i.e., a/’; = ‘a; -0

Theorem. (Feynman-Kac) If f(x,t) is the function given by the conditional expectation

G 0) = E[d(xr)], (1.140)
at time t < T, with x, = x and underlying process obeying equation (1.122), then f(x,t) satisfies
the partial differential equation

8f(x t) Af(x, 1) b(x,1)? Pf(x,1)

=0, 1.141
+alx. 1) ox + 2 dx2 ( )

with terminal time condition f(x, T) = ¢(x).
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Proof. The proof follows by considering the conditional expectation of equation (1.126) at
time ¢, which leaves us with only the drift term in ¢ (to order 6¢), since the Wiener term is
Markovian. On the other hand,

E[8f,] = E/[fiss:]— f,=0. (1.142)

The last equality is due to the martingale property of f,. In the limit of infinitesimal time step
we are left with the infinitesimal drift term, which vanishes identically only if equation (1.141)
is satisfied. The terminal condition follows simply because f(x,t=T) = E;[¢(x7)] = ¢d(x),
with x; = x imposed when t =7. O

The Black—Scholes partial differential equation discussed in Section 1.13 is a special case
of the Feynman—Kac result. The generalization of equation (1.141) to n dimensions is also
readily obtained by using It6’s lemma in n dimensions.

Problems

Problem 1. Consider the stochastic processes g, and &, defined earlier. Further assume that
the volatilities of the two processes are identical with respect to all Brownian increments,
ie., 0';; = o} for all i. Show that the process f, = g,/h, is deterministic with solution

fr=frexp ( [ o150~ a0 s))ds). (1.143)

Problem 2. Consider two processes defined by g, = gye" ™" and h, = hyeVit# ! where
W, is a standard Wiener process and Hgs Kp> Og> O 805 and h,, are constants. Use It0’s lemma
to show that

a8

o, dh, o}
< = /‘Lg+7 dt—}—a'gth, h—: /"Lh+7 dl+0’det. (1144)
t t

Then assume df,/f, = pydt + o,dW,. Find these drift and volatility coefficients in terms of
Mgs My T, and o, for the cases f, = g,/h, and f, = g,h,.

Problem 3. Obtain the stochastic differential equations satisfied by the Ornstein—Uhlenbeck
and Brownian bridge processes in Problem 8 of Section 1.4.

1.6 Geometric Brownian Motion

Univariate geometric Brownian motion with time-dependent coefficients is characterized by
the SDE of the form

ds, = u(1)S, dt+ o(1)S, dW,, (1.145)

with initial condition S,,, where u = u(7) and o = o(¢) are deterministic functions of time ¢.
This equation can be solved by means of the change of variable

S
X, =logS—’. (1.146)
0
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The transformed equation is obtained using It6’s lemma,

o(1)?
2

dx, = (,u(t) — ) dt+ o(t)dw,, (1.147)

and is to be solved with initial condition x, = 0. Following the procedure in Section 1.4 we
discretize this equation in the time interval [0,7] using a partition in N subintervals of length
ot=1:

N

2
X, =+ <,u(ti) - %) 8t +o(t;) SW,. (1.148)

By iterating the recurrence relations up to time 7, we find

X7 =1§ [(,u(t,-) — %’)2) ot+o(t,) 8Wt,} . (1.149)

Hence x; is a normal random variable for all N > 1. In the limit as N — oo, the mean of x;
is given by

Bl = lim 3 (u(a) - "(;')2) si=[ (M(t) - "(2”2) i (LI50)

i=0
and the variance is given by

N—1

Eo[x3] = (Eo[x7])° = lim Y o(t)* ot = /Ta(t)2 dt. (1.151)

i=0

Introducing the time-averaged drift and volatility

A(T) = %/0 w(t)dt (1.152)

&(T) E,/%/Ora(r)z dr, (1.153)

we conclude that x; = logz—g ~N (,&(T) — &Z(T)) T,a*(T)T |. This result is also easily

and

2

verified by directly applying properties (1.105) and (1.106) to the integrated form of equa-
tion (1.147).
The solution to stochastic differential equation (1.145) for all # > 0 is hence

S, = S, exp ((@(x) - ‘_’22(t))wr &(t)W,), (1.154)

where iu(f) and o(t) are given by equations (1.152) and (1.153), respectively. This solution
(which is actually a strong solution) can also be verified by a direct application of It6’s lemma
(see Problem 1). Note that this represents a solution, in the sense that the random variable
denoted by S, and parameterized by time 7 is expressed in terms of the underlying random
variable, W,, for the pure Wiener process.
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This solution gives a closed-form expression for generating sample paths for geometric
Brownian motion. Equation (1.154) provides a general expression for the case of time-
dependent drift and volatility. It is very instructive at this point to compute expectations of
functions of S,. Let us consider the process in equation (1.145) and proceed now to compute the
expectations E,[S,] and E;[(S, — K), ], for some constant K > 0, where (x), = max(x,0) =x
if x > 0 and zero if x < 0. Using the solution in equation (1.154), the expectation of S, under
the density of equation (1.95) (i.e., conditional on S,_, = S,,, hence we write Ey[]) is

Eo[S,] = Sye® T/ E [7]

= Sy P02 — g o (1.155)

To compact notation we denote L = fi(t), & = 7 (¢). In the last step we have used an important
identity derived in Problem 2 of this section. This result shows that the stock price is expected
to grow exponentially at a rate of .

Using equation (1.154), the expectation Ey[(S, —K), ] is given by

EO[(Sz — K)+] = / p(y, l) (Soe(ﬁf&Z/Z)te&)‘ _ K)+dy

(m=3%/Dt o0
_ Soe* ! e—y2/2t (eé'y _ Ee(ﬁ&z/z)’> dy (1.156)
N2t —o0 So +

The last step obtains from the identity (ax —b), = a(x — b/a),, for a > 0. Changing inte-
gration variable y = +/7x while employing this identity again gives

Soe(ﬁ—§)t 0o
2T —o0

Since e~?V** is a monotonically decreasing function of x, there is a value Xk such that

_ K - 2 -
E[(S,—K),]= e"‘z/“"”"<1—s—e‘[<“‘z””ﬂx]) dx  (1.157)
+

0

1= K apaia

(1 _ Ee[(ﬁf#/z)zwﬁx]) _ % (1.158)
So +
0, x < xg

where

o loa(Sy/K)+ (=322
K 6'\/; .

Hence, the integral in equation (1.157) becomes a sum of two parts in the region x € (x, ):

(1.159)

52
S oD oo P
E[(S,—K),]= % e RIS gy E/ e dx.  (1.160)

Completing the square in the first integration gives
Eo[(S, = K),] = Soe (1 = N(xg — /1)) = KN(—x)
= Sye" N(o+/t — x) — KN(—xy)
= Spe"' N(d,) —KN(d_), (1.161)
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where N(-) is the standard cumulative normal distribution function and

_ log(Sy/K) + (% /2)r
a1 '

Note that here we have used the property N(—x) = 1 — N(x).
The Black—Scholes pricing formula for a plain European call option follows automatically.
In particular, assuming a risk-neutral pricing measure, the drift is given by the instantaneous

risk-free rate u(f) = r(r). Hence, the price of a call at current time (# = 0) with current stock
level (or spot) S, strike K, and maturing in time ¢ is given by the discounted expectation

d, (1.162)

Co(So K. 1) = e 'Ey[(S, — K) ] = SyN(d,) — e ""KN(d_), (1.163)

where 7 is the time-averaged continuously compounded risk-free interest rate

F=7(f) = ;/t r(7)dr, (1.164)

and d, is given by equation (1.162) with i = 7. It is instructive to note the inherent difference
between the Black—Scholes pricing formula in equation (1.163) and Bachelier’s formula in
equation (1.117). Bachelier’s formula is a result of assuming a standard Brownian motion
for the underlying stock price process [i.e., equation (1.94)]. In contrast, formulas of the
Black—Scholes type are equivalent to the assumption of geometric Brownian motion for the
underlying price process. Using equation (1.154) as defining a change of probability variables
W, — §,, the one-dimensional analogue of equation (1.48) together with equation (1.95) gives

1 Py 2 /952
p(S,, Sy: 1) = o lloa(Si/So)—(n—0" /D)1 /257 1.165
( t 0 ) St&\/z_m ( )

This is the lognormal distribution function defined on positive stock price space S, € (0, ).
The log-returns log(S,/S,) are distributed normally with mean (@& — &2/2)t and variance &1
Setting u = r gives the risk-neutral conditional probability density for a stock attaining a
value S, at time ¢ > O given an initial value §, at time ¢ = 0. Hence, the Black—Scholes
pricing formula for European options can also be obtained by taking discounted expectations
of payoff functions with respect to this risk-neutral density. In particular, a European-style
claim having pay-off A(S;) as a function of the terminal stock level S;, where 7> 0 is a
maturity time, has arbitrage-free price f,(S,, T) at time ¢ = O expressible as

fo(So, T) = e "TEG[A(S)] = e 7T / p(Sr, Sos T)A(Sp)dSy.  (1.166)
0

Here the superscript Q is used to denote an expectation with respect to the risk-neutral density
given by equation (1.165) with drift it = 7(T). Note that within this probability measure,
equation (1.155) shows that stock prices drift at the time-averaged risk-free rate r(t) at time ¢.
As will become apparent in the following sections, this must be the case in order to ensure
arbitrage-free pricing.

For pricing applications, discussed in greater length in later sections of this chapter, it
is useful to consider a slight extension of the foregoing closed-form solutions to geometric
Brownian motion. Namely, we can extend equation (1.154) by a simple shift in time variables
as follows:

0(t,T)

S, = S, exp ((,1(;, -2 _ )(T— ) +a(, T)WT,>, (1.167)
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with time-averaged drift and volatility over the period [t,7]

A, T) = ﬁ/[TM(T)dT, (1, T) = TL_thTaz(T)dT. (1.168)

Here W,_, = W, — W, is the Wiener normal random variable with mean zero and variance T —
t;ie., Wy_, ~~/T —tx, x ~ N(0, 1). For constant drift and volatility this solution simplifies
in the obvious manner. The formula for the conditional expectation now extends to give

E[(S;—K),]=#T08,N(d,) — KN(d_), (1.169)
with

g loe(S/K) + (B £02/2)(T ~1) (1.170)
+ oNT —t .

and = pu(z,T), 0 =0(t, T). A related expectation that is useful for pricing purposes is (see
Problem 3)

E[(K—S;).]=KN(—d_)— e N(—d.,). (1.171)

Within the risk-neutral probability measure, o = 7. Hence discounting this expectation by
e "7~ gives the analogue of equation (1.163) for the Black—Scholes price of a put option at
calendar time ¢, spot S,, and maturing at time 7 with strike K:

P(S,,K,T)=e " T VKN(—d_)—S,N(—d.), (1.172)

where d_ is given by equation (1.170) with p =r=r(z, T).

In closing this section, we consider the more general multidimensional case of geometric
Brownian motion. Multivariate geometric Brownian motions describe n-dimensional state
spaces of vector valued processes S,', ..., 8" and can be described with two different but
equivalent sets of notations. Let’s consider n uncorrelated standard Wiener processes

W), ... W, with E[dW dW/]=35,; di. (1.173)

A simple way to introduce correlations among the price processes is to allow for correlated
Wiener processes by defining a new set of n processes W5 as

dWS =3 A, dw/, (1.174)
=1
or, in matrix-vector notation,
AWS = A - dW,. (1.175)
Using equation (1.174) we have
E, [dW,S"dW,S’] =3 AyA, 8, di =Y AyA, di=p, dt, (1.176)
k=1 k=1

where the last relation defines a correlation matrix p, with elements p;;, and lower Cholesky
decomposition given by

p=AA". (1.177)

Throughout this section, superscript { denotes matrix transpose.
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Stochastic differential equations for the stock price processes can be written as follows:

ds

G =i dito, dw® (1.178)
t
= di+0; 3 A, dW/ =, di+Y L dW) (1.179)
j=1 j=1

where the last expression defines the matrix L, L;; = 0;A;;. Note that the lognormal drifts
w; and volatilities o; can generally depend on time, although to simplify notation we have
chosen not to denote this explicitly. The last relation in equation (1.179) defines a lower
Cholesky factorization of the covariance matrix

C=LL =3AA'Y =3p3. (1.180)

Here 3, is the diagonal matrix of lognormal volatilities with (ij)-elements given by §;; o,
L=3A and 3 =3'. In vector notation we can write equations (1.179) in a compact form as

ds:
Ti’:,u,- dt+o;-dW,, (1.181)
t
where o; = (0, ...,0;,) is the volatility vector for the ith stock, whose jth component

0;; = L;; gives the lognormal volatility with respect to the jth risk factor.
Equation (1.61) in Section 1.2 gives L for the case n = 2. In particular, in the case of two
stocks we can introduce a correlation p, where equations (1.179) now take the specific form

ds!

S—[l’=p,l dt+o, dW/, (1.182)
2

S—Z’ =, dt+po, dW! +/1—pa, dW?, (1.183)

t

with infinitesimal variances and covariances

dsh\’ R ds?\* , dS! ds?
Et |:< Stlt> :| =0 dt, Et ( Stzt) =0, dr, Et I:S_;lt Stzl :| = po,0, dt. (1184)

For this case the volatility vectors are given by o, = (0,,0) and o, = (p(rz, o/ 1— p2) for
stock prices S! and S?, respectively.

More generally, equations (1.179) [or (1.181)] describe geometric Brownian motion for
an arbitrary number of n stocks with infinitesimal correlations and variances:

dsi ds] dsi\’
E|—t—|=C;dm, E, (-’) = o7 dt. (1.185)
Si S St

The vectors o; are seen to be given by the ith rows of matrix L, i.e., the matrix of the lower
Cholesky factorization of the covariance matrix.

A solution to the system of stochastic differential equations (1.179) [or (1.181)] is readily
obtained by employing a simple change-of-variable approach (see Problem 4). In particular,

2 n .
SiT:Siexp((,u,——%)(T—t)—i—a,-ZAijW;_,); i=1,...,n, (1.186)

j=1
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where we denote WL, = W) — W/, for each Jjth independent Wiener normal random variable
with mean zero and variance T —t; i.e., W%_, =T —1x;, x;~ N(0, 1) independently for
all j=1,...,n. From this result one readily obtains the multivariate lognormal distribution
function p(S;,S,; T —1), i.e., the analogue of equation (1.165) [see equation (1.198) in
Problem 5]. The pricing of European-style options whose pay-offs depend on a group of n
stocks, i.e., European basket options, can then proceed by computing expectations of such
pay-offs over this density, where the drifts are set by risk neutrality. That is, let’s assume
a money-market account B, = e" with constant risk-free rate r, then within the risk-neutral
measure the stock prices must all drift at the same rate, giving w; = r.!° Let V, denote
the option price at time ¢ for a European-style contract with payoff function at maturity time
T given by V; =T11(S;), S; = (S}, ..., S%). The arbitrage-free price is then given by the
expectation

V,= e TELOIN(S,)]

=T [ p(S,.8: T = DII(S,)dSy
R

efr(Tft) .
- W/Re NP8, (x)) dx, (1.187)
where S;(x) has components S(x) given by equation (1.186), x = (x,, ..., x,). The price

hence involves an n-dimensional integral over a multivariate normal times some payoff
function. Exact analytical expressions for basket options are generally difficult to obtain,
depending on the type of payoff function as well as the number of dimensions n. Numerical
integration methods can be used in general. Monte Carlo simulation methods are very useful
for this purpose. The reader interested in gaining insight into the numerical implementation
of standard Monte Carlo methods for pricing such options is referred to Project 8 on Monte
Carlo pricing of basket options in Part II of this book.

Exact analytical pricing formulas for certain types of elementary basket options, however,
can be obtained, as demonstrated in the following worked-out example.

Example. Chooser basket options on two stocks.

Consider a basket of two stocks with prices S! (for stock 1) and S? (for stock 2) modeled
as before with constants w,, u,, p, o,, 0,. Specifically, the risk-neutral geometric Brownian
motions of the two stocks are given by

0.2
Sh=8h(x,, x,) = Sy~ PTHOVTH (1.188)
§7=S87(x1, %) = sge“‘*‘%%”*”zﬁ (pr+a/1-), (1.189)

where S}, S2 are initially known stock prices at current time ¢ = 0. The earlier pricing
formula gives

—rT o) o) |
Vo= [ [ e IS (. x), 7 (o)), ds (1.190)
T Jex’—o0

10This drift restriction is further clarified later in the chapter where we discuss the asset-pricing theorem in
continuous time.
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for the general payoff function. A simple chooser option is a European contract defined by
the payoff max (S}, S2). This pay-off has a simple relation to other elementary pay-offs; i.c.,
max(Sy, S7) = (S2—S7),. + S = (S; — S7),. + S2. The current price V,, of the simple chooser
is hence given by V, = C,+ S}, where C, denotes the price of the contract with payoff
(S2—S}),. This follows since an expectation of a sum is the sum of expectations and from
the fact that the stock prices drift at rate 7; i.e., e~"7 EC® [S5] = Si. The problem remains to
find the price C, given by the integral

—rT o) 00
C,= 62 / [ D (82 (xy, xy) — Sh(xy. 3y)), dxy dxy (1.191)
T J—ooV—00

The integrand is nonzero on the domain {(x;, x,) € R?; S2(x,, x,) > Si(x;, x,)}. From equa-
tions (1.188) and (1.189) we find the domain is {(x;, x,) € R?; x, < ax, + b}, where

o TF |, los(Sy/S + e oD T
(0, —pay)’ (0, — po,)V'T

Here we assume o, — po, > 0 and leave it to the reader to verify that a similar derivation
of the same price given next also follows for the case o, — po, < 0. Using this integration
domain and inserting expressions (1.188) and (1.189) into the last integral gives

Sge—%rrzzT o | \/1—2 JT axy+b - JT
aw —o0

a

—o0

1.2

Stem2nT poo axtb o, ’

_02—/ e—sz / e—fxl-%—u'lﬁ,\ldxl dx2
a —0o00 —o0

By completing the square in the exponents, the integrals in x; give cumulative normal
functions N(-). In particular,

Sge—%(l—pz)o'zzT 0
“=" L
So
V2

At this point we make use of the integral identity (see Problem 6),

AC+B)
J1+A?)

e VI oNTe N + b — po,/T)dx,

/ e_%"gN(ax2 +b—0VT)dx,.

éx2+CxN(Ax+B)dx:€£C2N( (1192)

1 /°°
— e
A2 -
for any constants A, B, and C, giving
c _S2N<(a,/1__ 2_p)0'2ﬁ+b)_S1N<b—0'lﬁ>
0 0 V14a? 0 Ji+a2 )

After a bit of algebra, using a and b just defined, we finally obtain the exact expression for
the price in terms of the initial stock prices and the effective volatility v as

Co = S;N(d,)—SyN(d_), (1.193)
with
_ log(83/8p) £ 3v°T
+ — Vﬁ s

(1.194)

2_ 2 2
Vv =07+ 0y —2p0,0,.
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Changes of numeraire methods for obtaining exact analytical solutions in the form of
Black—Scholes—type formulas for basket options on two stocks, as well as other options
involving two correlated underlying random variables, are discussed later in this chapter.

Problems

Problem 1. Use Ito’s lemma to verify that equation (1.154) provides a solution to equa-
tion (1.145).

Problem 2. Consider an exponential function of a normal random variable X, e*X for any
parameter a, where X € (—oo, 00) has probability density at X = x given by
p(x, 1) = ;e’xzm (r>0)
' V2t ’

Show that
E[e*] =exp (azt/2).

Hint: make use of the integral identity

= —ax?+bx m b?/4a
/ e dx=_[—e ,
— 0 a

where a > 0 and b are constants.

Problem 3. Derive the expectation in equation (1.171) by making use of the identity
(a=b),=(0b—-a),+a—b.

Problem 4. Consider the general correlated n-dimensional geometric Brownian process dis-
cussed in this section. Use Itd’s lemma to show that the processes Y; = log S! obey

de:(,ui—a'l.z/Z)dt—Fa'iZ)\ide,j. (1.195)
j=1
Assuming all volatilities are nonzero, the correlation matrix is positive definite. Hence, A has
an inverse A~'. Define new random variables X; = Y1, ;' A;'Y/ and show that

dX] = ; di+dWj, (1.196)

with fi; =3, 7' A;' (; — 307), has solution

i=1
X, =X +a(T—0+Wj—W/,  j=1,....n (1.197)

Invert this solution back into the old random variables, hence obtaining equation (1.186).

Problem 5. Treat W%,, and log(S%/S!) as two sets of n independent variables in equa-
tion (1.186) and thereby compute the Jacobian of the transformation among the variables.
Then invert equation (1.186) and use the identity in equation (1.48) with the distribution
function for the n independent uncorrelated Wiener processes to show that the analytical
formula for the transition probability density for geometric Brownian motion is given by

p(S7,8; T —1) = 2u(T — 1) ¥|C| 2 exp(— Lz-C ' -2), (1.198)
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where the n-dimensional vector z has components

i 1IN _ (. — L g2 _
m SECHS)— G oD T (1199)

Problem 6. Using the definition of the cumulative normal function, write

! / T N (Ax 4 By = — / N lx%r[ / M ey ]d (1.200)
— e X x=— e ? e 'y |dx. .
v 27T —o0 277 —00 —00
Introduce a change of variables (7, £) = (y — Ax, y+ Ax) and integrate while completing
squares to obtain equation (1.192).

1.7 Forwards and European Calls and Puts

Consider a situation with a stock price that at current time ¢ = 0 has price S, while at time
T > 0 in the future is described by a certain random variable S;. Suppose that there is also a
zero-coupon bond maturing at time 7, i.e., a riskless claim to one unit of account at time 7. Let

Z(T)=e""" (1.201)

be its price at time t. Here r is the yield up to time 7. Unlike the rate introduced in
equation (1.5), in this case r is defined with the continuously compounded rule; we refer
again to Chapter 2 for a more systematic discussion of fixed-income terminology.

Let’s consider a situation where S, is contained in the half-line of positive real numbers
R,. Let P be the real-world measure with density p(S); P is inferred through statistical
estimations based on historical data. Pricing measures, instead, are evaluated as the result of
a calibration procedure starting from option prices. Also, as discussed in detail later in this
chapter, pricing measures depend on the choice of a numeraire asset. In our framework, a
numeraire asset is given by an asset price process, g, that is strictly positive at initial time
t =0 and any other future time ¢, t < T. The corresponding pricing measure is denoted by
QO(g), specifying the fact that the asset price g, is the chosen numeraire. A possible choice of
numeraire is given by the bond g, = Z,(T); this choice corresponds to the pricing measure
denoted by Q(Z(T)), which is called the forward measure. Note that since r is constant, this
also coincides with the risk-neutral measure. Technically speaking the name for the risk-
neutral measure corresponds to using the continuously compounded money-market account
B, = ¢" (i.e., the continuously compounded value of one unit of account deposited at time
t = 0 earning interest rate ) as numeraire.'! For constant interest rate, the two measures are
then easily shown to be equivalent since Z,(T) = B,/B;. This point is further clarified in
Chapter 2. Other choices of numeraire asset are also possible; for example, g, = S, corresponds
to using the stock price as numeraire. As mentioned earlier and also described in detail later
in the chapter, expectations taken based on the information available up to current time ¢ with
respect to the pricing measure Q(g), with g, as numeraire asset price, are denoted by E,Q(g)[].
In this section, note that (without loss in generality) we are simply setting ¢+ = 0 as current
time and allowing 7 to be any future time.

'Note that we previously used the symbol B, to denote the bond price. However, here we instead use B, to
denote the value of the money-market account.
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By applying risk-neutral valuation to the zero-coupon bond, we find that
Zy(T) = e = @B [2,(T)] = «EZP[1] = a, (1.202)

where Z,;(T) = 1. Hence, the discount factor « can be interpreted as the initial price of the
zero-coupon bond. Although we have not yet formally introduced continuous-time financial
models at this point in the chapter, the arguments presented in this section are generally valid
if we assume dynamic trading is allowed in continuous time.

Risky assets are modeled by a function ¢ : R, — R of the stock price at time 7. Let
(A,)o<;<r be a price process such that A, = ¢(S;); such an asset is called a European-style
option on the stock S with maturity T and payoff function ¢(S;). Applying the asset-pricing
theorem, the arbitrage-free price A, at time ¢ = 0 of this option can be written as a discounted
expectation under a pricing measure Q(Z(T)),

Ay =eTEFAT [d(Sp)]. (1.203)

An alternative and instructive way of writing this equation is

Ay Lowmy| Ar
Zo() = [ZT(T)} (1.204)

Although the numeraire asset in equation (1.204) is the riskless bond Z,(T), the pricing
formula can be extended to the case of a generic numeraire asset g. Let’s denote Q(g) as the
probability measure, with g, as numeraire asset price at time ¢, and defined so that

A A
= = g2® [—T] (1.205)
8o 8r

for all random variables A; = ¢(S;) and for all T > 0. Assuming the price is unique, equating
the price A, in equation (1.204) with that in this last equation gives a relationship for the
equivalence of the two pricing (or probability) measures:

g ESY [@} = Z,(T)E2A™) [;’(—f;ﬂ (1.206)

A variety of numeraire assets can be chosen for derivative pricing. Depending on the
pay-off, one choice over another may be more convenient for evaluating the expectation and
hence obtaining the derivative price, as seen in detail in the examples of pricing derivations
in Section 1.12.

A forward contract on an underlying stock S stipulated at initial time ¢t = 0 and with
maturity time t = T is a European-style claim with payoff S; — F, at time 7. Here F,, is the
forward price at time t = 0. Forward contracts are entered at the equilibrium forward price Fj,
for which their present value is zero. A simple arbitrage argument gives a (model-independent)
forward price Fj as

Fy=Z,(T)"'S,. (1.207)

Indeed, to replicate the pay-off of a forward contract one can buy the underlying stock at
price S, and carry it to maturity while funding the purchase with a loan to be returned also
at maturity. The nominal of the loan to be paid back at time T is then Z,(7T)~'S, (e.g., this
equals e’ S, if we assume a constant interest rate).
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Since the forward contract is initially worthless, the valuation formula yields
0=EZ"[S, —F)). (1.208)
Since F, is constant, we have that
EQ"D[S,]1 = Fy = Zy(T) 'S, = 'S, (1.209)

The interpretation of this formula is that, under the pricing measure Q(Z(T)), the expected
return on a stock is the risk-free yield r over the maturity 7. The argument just outlined is
model independent and can be shown to extend to all assets with no intermediate cash flows,
thus no carry costs, before maturity time 7. The expected return on any asset under the pricing
measure Q(Z(T)) is the risk-free rate, no matter how volatile they are. Also notice that the
expected return with respect to the real-world measure is quite different.

The popular geometric Brownian motion model, also called the Black—Scholes model,
gives a lognormal risk-neutral probability density for the stock price process. As derived in
Section 1.6, the stock price at time 7 is a lognormal random variable,

2
STzSoexp<<r—%)T+0'ﬁx), (1.210)

where x ~ N(0, 1) and o > 0 is the model volatility parameter. As we have seen, the risk-
neutral distribution for S; is defined in such a way as to satisfy the growth condition in
equation (1.209)

1 00 2 2
ESYD (s, = E/— Sy exp ((r - %) T+ aﬁx> e Tdx=S,e". (1.211)

Two important examples of European-style securities are the call option struck at K and of
maturity T with price process C, and payoff function

Cr=(Sr—K), (1.212)
and the put option struck at K and of maturity T with price process P, and payoff function
P, =(K—S;),. (1.213)

Theorem 1.3. (Put-Call parity). If C,(S,, K, T) and Py(S,, K, T) denote the prices at time
t =0 of a plain European call and a plain European put, respectively, both maturing at a
later time T and both struck at K, then we have the put-call parity relationship, namely,

Co(So, K, T) — Py(Sy, K, T) = Sy — KZy(T). (1.214)

The proof of the put-call parity relationship descends from the fact that a portfolio with a
long position in a call struck at K and maturing at 7 and a short position in a put struck at K
and maturing at 7 has the same pay-off as a forward contract stipulated at the forward price
K. (See Section 1.8.)

In contrast to the put-call parity relationship in equation (1.214), the evaluation of the
price of a call or put option requires making an assumption on the measure Q(Z(7)) and the
stock price process. Under the Black—Scholes model, where the stock at time 7 is given by
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equation (1.210), the expectation EOQ(Z(T))[(ST —K),] can be reduced to a simple integral.
As shown in a detailed derivation in Section 1.6,

ECP(S, —K) ] =S, TN(d,) — KN(d_), (1.215)
where N(-) is the standard cumulative normal distribution function,

4 log(Sy/K)+ (r£0%/2)T
+ — O'\/T ’

and the pricing formula for a plain European call option (with constant interest rate) in the
Black—Scholes model is

(1.216)

Cs(So, K. T, 0, 1) = e TEZTV[(S, = K]
=SyN(d,)—Ke " N(d_). (1.217)

European put options are priced analytically in similar fashion by computing the expectation
e"TEOQ(Z(T )[(K —S;),], as seen in the derivation of equation (1.172) of Section 1.6. From
this formula, or by applying the put-call parity relation (1.214) using equation (1.217), we
have the equivalent formulas for the put option price:

Pys(So K. T, 0,1) = e TES“ (K = 87),,]
=SoN(d,)—Ke " N(d_) — Sy+ Ke™""
=Ke ""N(—d_) — S,N(—d.,). (1.218)

A direct calculation shows that the functions Cjg and Py satisfy the Black—Scholes partial
differential equation (BSPDE). Analytical and numerical methods for solving this equation
are discussed at length throughout later sections and chapters of this book. The numerical
projects in Part II provide implementation details for finite-difference lattice approaches to
option pricing. A derivation of the BSPDE based on a dynamic replication strategy is provided
in Section 1.9 (and a general derivation is given in Section 1.13), but here we simply quote
it for the purposes of the present discussion. In terms of the partial derivatives with respect
to the time to maturity 7 and current stock price S, (with » and ¢ constants) this equation
can be rewritten in the form

v a*S; PV v

C Tl s, 1.219
ar = 2 o as, (1.219)

where the option value V = V(S,, T). The original Black-Scholes equation is really a
backward-time equation involving dV/dt in calendar time ¢, where the price V is expressed in
terms of ¢ and equals the pay-off at maturity (or expiry) ¢t = T. That is, if we were to express
the option value explicitly in terms of such a function of calendar time ¢, then, for example,
for the case of a call struck at K, C(S,t=T) = (S — K)_. Note that in the present context,
however, since we are expressing the option value with respect to the time to maturity, denoted
here by the variable T, the option price equals the pay-off when T =0 (i.e., at zero time to
expiry): Cys(S, K, T=0)=(S—K), and Py(S,K, T =0) = (K —S),, as is easily verified
via equations (1.217) and (1.218) in the limit 7 — 0. Since the Black—Scholes equation is
time homogeneous for time-independent interest rate and volatility, option prices are gener-
ally functions of T —t (where # and T > t represent actual calendar times), so d/0t = —d/dT
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in the original Black—Scholes equation. By replacing T — r — T (without loss in generality
this corresponds to setting current time ¢ = 0), we further simplify all expressions, wherein
T now represents the time to maturity. The form in equation (1.219) is convenient for the
following discussion.

Whether the pricing measure Q(Z(T)) is unique or not depends on the choice of hedg-
ing instruments. The asset-pricing theorem (in the single-period setting as stated earlier and
in the continuous-time case discussed later in this chapter) only implies that — assuming
absence of arbitrage — there exists such a measure and that this measure prices all pay-offs.
Indeterminacies in Q(Z(T)) arise in case there is no perfect replication strategy for the given
pay-off, which can be priced independently. The Black—Scholes model provides the most
basic pricing model that captures option prices through the single volatility parameter o.
Since in finance there is no fundamental theory ruling asset price processes, all models
are inaccurate to some degree. The Black—Scholes model is perhaps the most inaccurate
among all those used, but also the most basic because of its simplicity. Inaccuracies in the
Black—Scholes model are captured by the implied volatility surface, defined as the function
o5 (K, T) such that

Cps(So, K, T, 035(K, T), 1) =Co(K, T), (1.220)

where Cy(K, T) is the observed market price of the call option struck at K and maturing at
time 7. This describes a surface o, = o,(K, T') in which the implied volatility o, is graphed
as a function of two variables K, T, i.e., across a range of strikes K and time to maturity
values 7. For any fixed pair of values (K,T) (and assumed fixed S,, r), the function Cgy
is monotonically increasing in o [see equation (1.222)], hence the preceding equation can
be uniquely inverted to give a value for the so-called Black—Scholes implied volatility o,
for any observed market price of a call. If the Black—Scholes (i.e., lognormal) model were
accurate, the implied volatility surface would be flat and constant, for one single volatility
parameter would price all options. Empirical evidence shows that implied volatility surfaces
are instead curved (not flat!).

A practical and widely used approach to risk management involving the Black—Scholes
pricing formulas is based on the calculation of portfolio sensitivities. Sensitivities of option
prices in the Black—Scholes model with respect to changes in the underlying parameters
r, T, S, o are of importance to hedging and computing risk for nonlinear portfolios. Within
the Black—Scholes formulation, these sensitivities are easily obtained analytically by taking
the respective partial derivatives of the European-style option price V for a given pay-
off. The list of sensitivities (also known as the Greeks) are defined as follows, where we
specialize to provide the exact expressions for the case of a plain-vanilla call under the
Black—Scholes model:

* The delta, denoted by A, is defined as the derivative

AV 3Gy

= — = = N(d.). 1.221
55 = a5 =N (1.221)

* The vega, denoted by A, is defined as the derivative

v  ac —di2
A= =T g TS

= = _— 1.222
do Jdo V2 ( )
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* The gamma, denoted by I, is defined as the second derivative

PV PCyy e

TS T 0} oS2aTl (1.223)
* The rho, denoted by p, is defined as the derivative
_ ‘z_‘r/ _ % — KTe"N(d_), (1.224)
* The theta, denoted by 0, is defined as the derivative'?
= % = 3;;5 = (0755/2)T + r(SyA — Cgg). (1.225)

The numerical project called “The Black—Scholes Model” in Part II provides the interested
reader with an in-depth implementation of such formulas for calls as well as for puts
and so-called butterfly spread options. The corresponding spreadsheet is then useful for
numerically graphing and analyzing the dependence of the various option prices and their
sensitivities as functions of either r, o, S, K, or T.

Given the sensitivities, one can approximate the change in price 6C of a call option due to
small changes T — T 46T, S, — S, +06S,, ¢ = o+ 80, r — r+ 6r by means of a truncated
Taylor expansion,

8C = A(8S,) + A(6o(K, T)) + %F(éSO)Z + p(8r) + O(8T). (1.226)

Here, 6S,, 6r, 6a(K, T), and 6T are small changes in the stock price, the interest rate, the
implied Black—Scholes volatility o = o(K, T), and the time to maturity 7 of the option at
hand. In the Black—Scholes model, o(K, T)) does not depend on the two arguments and these
parameters are constant, so the only source of randomness is the price of the underlying.
However, in practice one observes that implied volatilities and interest rates also change over
time and affect option values.

As we discuss in more detail in Chapter 4, the risk of option positions is hedged on a
portfolio basis and risk-reducing trades are placed in such a way as to decrease portfolio
sensitivities to the underlyings. In particular:

* The delta can be reduced by taking a position in the stock or, more commonly, in a
forward or futures contract on the stock.
¢ The vega and gamma can be reduced by taking a position in another option.
* The rho can be reduced by taking a position in a zero-coupon bond of maturity 7.
Problems
Problem 1. Derive the formulas in equations (1.221)—(1.225).

Problem 2. Obtain formulas analoguous to equations (1.221)—(1.225) for the corresponding
put option with value Pgg.

12In other literature this is sometimes defined as —dV/dT.
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Problem 3. Consider a portfolio with positions 6, in N securities, each with price f;, i =
1,..., N, respectively. Assume the security prices are functions of the same spot S, at
current time #, and that each price function f; = f;(S,, T; — f,,) satisfies the time-homogeneous
BSPDE with constant interest rate and volatility. The contract maturity dates 7; are allowed
to be distinct. Find the relation between the ©, A, and I" of the portfolio.

1.8 Static Hedging and Replication of Exotic Pay-Offs

Options other than the calls and puts considered in the previous section are often called exotic.
In this section, we consider the replication of arbitrary pay-offs via portfolios made up of
standard instruments (i.e., consisting of calls, puts, underlying stock, and cash). In finance,
such replicating portfolios are useful for the static hedging of European-style options.

A butterfly spread option maturing in time 7 is a portfolio of three calls with current value

1
By(Sy, K, T, €) = Z(CO(SO’ K—€,T)+Cy(Sy, K+€,T)—2Cy(Sy, K, T)), (1.227)

for some € > 0, where C,(S,, K, T') represents the (model-independent) price of a European
call with current stock price S, strike K, and time to maturity 7. We observe that (apart from
the normalization constant) this option consists of a long position in a call struck at K +¢€, a
long position in a call struck at K — €, and two short positions in a call struck at K, with all
calls maturing at the same time. At expiry 7 — 0 we simply have the payoff function for the
butterfly spread:

1
0.(S; —K)= E(CT(ST’ K —€)+ Cy(Sy, K+€) —2C1(Sy, K))

(Sr—(K-€),, S =K
1
=— (1.228)
(K+€)—S57), Sr> K.

Here we have used C;(S7, K) = (S; — K),, for the pay-off of a call. The normalization factor
hence ensures that the area under the graph of the pay-off (as function of S;) is unity, for all
choices of € (see Figure 1.3). In the limit € — 0, the function §.(S; — K) converges to the
Dirac delta function 6(S; — K) (see Problem 1).

From the one-dimensional version of equation (1.27), we have

lim [ 8.(S; — K)f(K)AK = [ 8(S; = K)f(K)dK = f(Sy), (1.229)
e—0Jo 0
call spread || 1/ butterfly spread
1
0 L !
K K+e K-¢ K K+e¢

FIGURE 1.3 Payoff functions for a call spread and a corresponding unit butterfly spread struck at K,
where 2¢ is the width of the butterfly spread.
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for any S; > 0 and any continuous function f. From the linearity property of expectations and
risk-neutral pricing we must have

By(S,. K, T, €) = e "TEZ[6.(S; — K)). (1.230)
In particular, we find that in the limit € — 0,

lim By(S), K. T. €) = lim e TEQ[8.(Sy — K)]

=eTlim [ p(Sy. 0; 7. T)8.(S; — K)dS,

e—=0Jo
—e T / (S, 0; Sy, T)S(Sy — K)dS,
0
= e”Tp(SO, 0;K,T), (1.231)

where p(S,,0; K, T) is the risk-neutral probability density that the stock price S, equals K
at time ¢ = T, conditional to its equaling S, at initial time ¢ = 0. This result basically tells
us that the price of an infinitely narrow butterfly spread is the price of a so-called Arrow—
Debreu security, i.e., the value of a security that pays one unit of account if the stock price
(i.e., the state) S; = K is attained at maturity. One concludes that knowledge of the prices
of European calls at all strikes is equivalent to the knowledge of the risk-neutral transition
probability density p(S,,0; Sy, T) for all S;. Notice, though, that this does not uniquely
identify the price process under the risk-neutral measure because all possible transition
probabilities p(S,, t; K, T) for any ¢ > 0 are not uniquely determined.'®* By recognizing that
equation (1.227) is in fact a representation of the finite difference for the second derivative,
we obtain from the last equation

3Co(Sy, K, T)
IK? -
We will arrive at this equation again in Section 1.13 when we discuss the Black—Scholes

partial differential equation and its dual equation.
Other common portfolios of trades include the following.

e p(Sy. 0: K, T). (1.232)

® Covered calls consist of a long position in the underlying and a short position in a
call, typically struck above the spot at the contract inception. This position is meant to
trade potential returns above the strike at future time for the option price. The pay-off
at the option maturity is

Sp—(Sy—K),. (1.233)

* Bull spreads are option spread positions consisting of one long call struck at K, and
one short call struck at K, with payoff function

(ST_K1)+_(ST_K2)+’ (1'234)

K, < K,. This portfolio is designed to profit from a rally in the price of the underlying
security.

13There are in general a variety of models involving jumps, stochastic or state-dependent volatility, or a combi-
nation of all that result in the same prices for European options but yield different valuations for path-dependent
pay-offs.
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Bear spreads are option spread positions in one short put struck at K, and one long
put struck at K, with payoff function

—(Ky = S7) +(Ky = 57) 4 (1.235)

K, < K,. This portfolio profits from a decline in price of the underlying security.
Digitals obtain in the limit that (K, — K,) — 0 in a spread option with positions scaled
by the strike spread (K, — K;)~'. A digital is also called a binary. For instance, the
pay-off of a bull digital (or digital call) is a unit step function obtained when such a
limit is taken in a bull spread with (K, — K;)~! long positions in a call struck at K,
and (K, — K,)~! short positions in a call struck at K,, with K| < K,:

1 if S, >K

0(S; —K) = .
(Sr ) 0 otherwise

(1.236)

The bear digital (or digital put) obtains similarly by considering the limiting case of
the bear spread, and the pay-off is (K — S;) = 1—6(S; — K), giving 1 if S; < K and
zero otherwise.

Wingspreads (also called Condors) consist of two long and two short positions in
calls. These are similar to butterfly spreads, except the body of the payoff function
has a flat maximum instead of a vertex; in formulas, the payoff function is

(ST - K1)+ - (ST - K2)+ - (ST - K3)+ + (ST - K4)+, (1-237)

with K, <K, <K; <K, and K, — K, =K, — K;.

Straddles involve the simultaneous purchase or sale of an equivalent number of calls
and puts on the same underlying with the same strike and same expiration. The straddle
buyer speculates that the realized volatility up to the option’s maturity will be large
and cause large deviations for the price of the underlying asset. The pay-off is

(S;—K), +(K—5,).. (1.238)

Strangles are similar to straddles, except the call is struck at a different level than the
put; i.e.,

(Sr—K)y + (K= Sp)4, (1.239)

with K| > K, or K| < K,. The case K, < K, is an in-the-money strangle, and K, > K,
is an out-of-the-money strangle, since the minimum payoff values attained are K, — K,
and zero, respectively.

Calendar spreads are spread options where the expiration dates are different and the
strike prices are the same, for example:

(87, —K), — (S, — K),., (1.240)

with T; # T,. This option strategy is added here for completeness, although it differs
from all of the foregoing because the portfolio involves options of varying expiry dates.

Consider the problem of replicating a generic payoff function ¢(S), 0 < S < oo, assumed
throughout to be twice differentiable. By virtue of equation (1.229), one can achieve repli-
cation by means of positions in infinitely narrow butterfly spreads of all possible strikes.
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A perhaps more instructive replication strategy involves positions in the underlying stock,
a zero-coupon bond and European call options, of all possible strikes and fixed expiration
time 7. Assuming ¢(0) ¢'(0) exist, the formula is

d(S) = ¢(0)+¢’(0)S+f0wn(1<)cT(S, K)dK. (1.241)

n(K)dK represents the size of the position in the call of strike K. The function n(S) is related
to the payoff function and can be evaluated by differentiating equation (1.241) twice:

& (S) =f0°°n(1<)5(s—1<)d1<=n(5). (1.242)

Here we make use of the identity

32

(92
28— K =25 (5—K), =8(5-K). (1.243)

As shown in Problem 3 of this section, equation (1.241) can be derived via an integration-
by-parts procedure. The conclusion we can draw is that if calls of all strikes are available, the
arbitrage-free price f, = f,(S,, T) at time = 0 of a contingent European claim with payoff
¢(S;) at maturity t =T is

fo = $OZy(T) + )3, + [~ ' (K)C,(S,. K. T)dK. (1.244)

Besides the basic assumption that asset prices satisfy equation (1.205), it is crucial to
point out that the foregoing replication formulas follow without any assumption on the model
of the underlying stock motion; i.e., the replication equations are also true by assuming a
stochastic process of a more general form that includes the lognormal model as a special case.
Moreover, these equations can be extended to apply to a payoff ¢(S) defined on a region
S €[Sy, S;], where S, S; may be taken as either finite or infinite. Specifically, let us consider
the space [S,, S,], then, using the delta function integration property'# and assuming ¢(S,),
¢'(S,) exist, one can derive

S
B(S) = d(So) + &' (Sp) (S — o) +fs ¢"(K)(S—K), dK. (1.245)

The discretized form of this formula reads

B(S) % D(Sp) + &' (So) (S = Sp) + D (AK)P"(K)(S — K;) ., (1.246)

i=1

where K; are chosen as S; < K, < K, <--- < Ky < §,. Let us assume that the strikes are
chosen as equally spaced, AK; = K; — K,_; = AK. Hence, the replication consists of a cash
position of size ¢(S,) — ¢’ (S,)Sy, a stock position of size ¢'(S,), and N call positions of
size (AK;)¢"(K;) in calls struck at K;. In most practical cases, this formula actually offers a
more accurate discrete representation than the analogous form obtained from discretizing the
integral in equation (1.241). This is especially the case when considering a pay-off whose
nonzero values are localized to a region [S,, S, ] for finite S, or to a region [S,, c0), with S, > 0.

'4Here one uses the general property | gsfﬁ" 8(S — K)p(K)dK = ¢(S) for any real constants 8, 5 > 0.
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This is the situation for pay-offs of the general form A(S, X)1 4, for some function A(S, X)
with strike X > 0. Here 1 ; is the indicator function having nonzero value only if condition .4
is satisfied. If A is chosen as the condition S > X, then 15_, = 6(S — X). The plain European
call pay-off obtains with the obvious choice A(S, X) =S — X. It should also be noted that
an alternate replication formula involving puts at various strikes (instead of calls) is readily
obtained in a manner similar as before or by a simple application of put-call parity (see
Problem 6), giving

s,
() = d(S)+ ¢ (SH(S—S)) +/S ¢"(K)(K —S$), dK, (1.247)

assuming that ¢(S,), ¢'(S,) exist.

Note that these formulas assume that the payoff function is well behaved at either the
lower endpoint or the upper endpoint. A formula that is valid irrespective of whether the
payoff function is singular at either endpoint can be obtained by subdividing the interval
[S,. S,] into two regions: a lower region [S,, S] and an upper region [S, S,] for any S with
S, < 8 < S,. In the lower region we use puts, while calls are used for the upper region. In
particular, via a straightforward integration-by-parts procedure one can derive (see Problem 7)

B(5)= ) +H S -5)+ [ ' (KNK-5), dk+ [ ¢ (KNS K). dK. (1248)

One is then at liberty to choose S, which acts as a kind of separation boundary for whether calls
or puts are used. Note that in the limit § — Sy the formula reduces to that in equation (1.245),
with only calls being used, while the opposing limit S — S, gives equation (1.247), with only
puts used for replication. A similar approximate discretization scheme as discussed earlier
may be used for these integrals, giving rise to a replication in terms of a finite number of calls
and puts at appropriate strikes. This last formula may hence prove advantageous in practice
when liquidity issues are present. In particular, this replication can be exploited to better
balance the use of available market contracts that are either in-the-money or out-of-the-money
puts or calls.
We now give some examples of applications of the foregoing replication theory.

Example 1. Exponential Pay-Off.

As a first example, let

$(S) = (¥ 1), =[** —1]0(S - X) = B (1.249)
0, S<X.

One can readily verify that this payoff function can be exactly replicated using the right-
hand side of either equation (1.241) or equation (1.245) with S, = oo. Using ¢(X) =0,
¢'(K) = ¢"(K) = X~ (for K > X), and adopting the replication formula in equation (1.246)
with S; = X and any S, > X gives

b(S) zs—x+£wi(s—1<i)+, (1.250)

with call positions (i.e., weights) w, = (AK)eXi=* and strikes K; = X +i AK. Note that one
may also use slightly different subdivisions, all of which converge to the same result in the
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FIGURE 1.4 Rapid convergence of the static replication of the exponential pay-off defined in equa-
tion (1.249) (in the region [X, X 4+ L] with X = 10, L = 3) using equation (1.250) with a sum of (a) two
calls with K| = 10.75, K, = 12.25 versus (b) four calls with K, = 10.375, K, = 11.125, K; = 11.875,
K, =12.625.

limit of infinitesimal spacing AK — 0. Figure 1.4 partly shows the result of this replication
strategy in practice. Nearly exact replication is already achieved with only eight strikes.
Example 2. Sinusoidal Pay-Off.

Consider the sinusoidal pay-off
S—X
$(S) = sin (%)1@5;{“, X,L>0. (1.251)

The choice of strikes K; = X+iL/N,i=1,...,N, with §; = X and S, = X + L, within
equation (1.246) gives

b(S) ~ %(S—X)+Zwi(5—1<,.)+, (1.252)

where w; = —(7*/NL)sin(im/N). Figure 1.5 shows the convergence using this replication
strategy.

14
0.8 1
0.6
0.4 1

0.2 1

0 T T T 1
9.5 10.5 11.5 12,5 13.5

FIGURE 1.5 A comparison of three replication curves and the exact sine pay-off defined in equa-
tion (1.251) (in the region [X, X 4+ L] with X = 10, L =3) with N =4, N =8, and N = 12 short calls, a
long position in the stock, and a short cash position using equation (1.252). With N = 12 the replication
is already very accurate.
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Example 3. Finite Number of Market Strikes.

In realistic applications there typically is only a select number of strikes available in the
market, so the trader has no control over the values of K; to be used in the replication
strategy. In this situation the set of calls (puts) with strikes K;,, i=1,..., N, is already
given (i.e., preassigned) for some fixed N, and the spacing between strikes is not necessarily
uniform. A solution to this problem is to consider a slight variation to equation (1.246) and
write the finite expansion

N
P~ w_ +weS+ Y wi(S—K,),. (1.253)
i=1
The coefficient w_; gives the cash position, while the weight w, gives the stock position,
and the weights w; give the positions in the calls struck at values K;. The goal is to find the
positions w; providing the best fit, in the linear least squares sense, as follows. By subdividing
the stock price space [S,, S,] into M interval slices SV, with SV < SU+D_j=1,.. . M,
the N + 2 positions w; can be determined by matching the approximate payoff function on
the right-hand side of equation (1.253) to the value of the exact payoff function ¢(SV) at
these M stock points. This leads to a linear system of M equations in the N + 2 unknown
weights w;:

N
S =w_ +weSP + > wi(SY —-K),,  j=1,...,M. (1.254)

i=1
One can always make the choice M > N 42 so that there are at least as many equations as
unknown weights. A solution to this system can be found within the linear least squares sense,
giving the w;. This technique is fairly robust and also offers a rapidly convergent replication.
The reader interested in gaining further experience with the actual numerical implementation
of this procedure as applied to logarithmic pay-offs is referred to the numerical project in
Part II of this book dealing specifically with the replication of the static component of variance

swap contracts.

Problems

Problem 1. A particular representation of the Dirac delta function 6(x) is given by the limit
€ — 0 of the sequence of functions f,(x) = (1/€*)(e — |x|),. Using this fact, demonstrate
that the butterfly spread pay-off defined in equation (1.228) gives the Dirac delta function
6(S; — K) in the limit € — 0.

Problem 2. Consider the bull spread portfolio with maximum pay-off normalized to unity:
Cr(S,K+€)—Cr(S,K)

6 9’

C;(S, K) = (S—K) . Compute the limit € — 0 and thereby obtain the pay-off of a bull digital.

(1.255)

Problem 3. Show that under suitable assumptions on the function ¢ [i.e., ¢(0) and ¢’ (0)
exist] we have

[ # @S- K), dK=(5) = $ O - ). (1.256)

hence verifying equation (1.241). For this purpose use integration by parts twice, together
with the property in equation (1.243) as well as the identity

3
258 =K, =05~ K), (1.257)
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where 6(x) is the Heaviside unit step function having value 1, or 0 for x > 0, or x < 0,
respectively. Note that the derivative of this function gives the Dirac delta function.

Problem 4. Demonstrate explicitly that the pay-offs of Examples 1 and 2 of this section
satisfy equation (1.245) with Sy =X, S, =X+L, L > 0.

Problem 5. Assume that calls of all strikes are available for trade and have a known price.

Express the present value of the log payoff ¢(S;) =log STS:” , with constant a > 0, in terms of

call option prices of all strikes K > 0. Find a similar expression in terms of put option prices.

Problem 6. Apply equation (1.241) to a call payoff ¢(S) = (S — X),, with constant X, to
obtain the put-call parity relation

(S—X),=5S—X+(X-5),, (1.258)

for all § > 0. In deriving this result, the property in equation (1.243) is useful. Now make
use of the right-hand side of this put-call parity formula into equation (1.245) and integrate
by parts to arrive at equation (1.247).

Problem 7. Consider the interval S € [S,, S,]. Integrate by parts twice while using the general
properties stated earlier for the functions 6(x), (x),, and the delta function &(x) to arrive at
the identities

5 o _
fs ¢ (K)(K —S),dK = $(S)L5, 5.5 — H(S)O(S — S) + ¢ (S)(S—S).. (1.259)
and
/:l ¢"(K)(S = K),dK = $(S) 1555, — (5)0(S = 5) = ¢'(5)(S = 5).. (1.260)

where 1,, is the indicator function having unit value for the domain 2 and zero otherwise.
Add these two expressions to finally obtain equation (1.248).

Problem 8. Using risk-neutral valuation, i.e., equation (1.166), derive the Black—Scholes
pricing formula for the price of a European digital call and that of a digital put struck at K with
time to maturity 7. For simplicity assume geometric Brownian motion with constant interest
rate and volatility. Interpret the meaning of the digital option prices in terms of the price of a
standard call. Hint: The derivation of the European digital call boils down to computing the
risk-neutral probability P(S; > K), where the algebraic steps are similar to what is used to
derive a standard call price.

Problem 9. Derive the Greeks A, I', and vega for a European digital call.

1.9 Continuous-Time Financial Models

In this section, we introduce the basic concepts in continuous-time finance. Derivative claims
are structured as contracts written on underlying assets that can be used as hedging instru-
ments. An elegant mathematical structure underlying these financial concepts is reviewed in
this section.

In perfect-markets models, a basic asset price process is given by a money-market account
on which we can deposit and out of which we can borrow without limits. The value at time
t of one dollar deposited in a money-market account at initial time ¢ = 0 with continuously
compounded interest up to time ¢, is denoted by B,.
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Definition 1.10. Money-Market Account. Assuming continuous compounding, a money-
market account is an asset price process B, that is monotonically increasing in time, has zero
volatility, and follows an equation of the form

dB, =r,B, dt, (1.261)

where r, is a stochastic process that is positive at all times."> By integrating equation (1.261)
we find the stochastic integral representation

B, = elonds, (1.262)

The instantaneous rate (or short rate) r, is assumed positive at all times. This is a way
to implicitly account for an important restriction: If interest rates were negative, an arbitrage
strategy would be to borrow money at negative interest and hold the cash in a safety deposit
instead of in an interest-bearing account. Assuming that security costs to store money in a
safety deposit are negligible, the existence of such a strategy constrains interest rates to stay
positive.

Definition 1.11. Financial Model: Continuous Time. A continuous-time financial model
M= (F,,A},...,A") is given by a filtration F, and n price processes as basic hedging
instruments:

(Al,...,A"), teR,. (1.263)

The value Aj can be used to model the current (or spot) price of the ith asset if current time
is set as t = 0 and the random variable A' models the price of the ith asset at any time t > 0.

Definition 1.12. Diffusion Pricing Model. In a diffusion model the price processes of all
hedging instruments (or securities) obey stochastic differential equations of the form

Al i AV,
A"I =,Uf,4 dt+Zoi, dw/. (1.264)
t a=1
Here, the dW,a =1, ..., M, are independent Brownian motions (or Wiener processes)

with E[dW*] =0 and E[dW} dwf] = 8,5 dt. The functions 0'{3; are so-called lognormal
volatilities of the ith asset price process (Al),., with respect to the ath Brownian motion
(i.e., with respect to the ath risk factor), and the functions w* are lognormal drifts of the ith

asset price process. These are generally functions of the asset values A, ..., A" and time t.

Note: We can assume further that one of the assets, e.g., At‘, is the money-market account,
which is the only asset characterized by having zero volatility; in this case (ri]l =0 for all
a=1,...,M.

Definition 1.13. Adapted Process. A stochastic process &, is adapted to the filtration &, if
&, is a random variable in the probability space generated by F,. In other words, the value
of &, depends only on the values taken by the paths (AL, ..., A") for 0 < s <1, as they were
realized up to time t, i.e., &, is F,-measurable.

3 Technically, B, is of zero quadratic variation because the differential contains no term with dW,; however, r,
can generally be stochastic.
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Definition 1.14. Stopping Time. A stopping time 7 € (0, T|, for any finite time T, is an
F,-measurable positive random variable such that the time event {t = 7}, with probability
P(1 < o0) =1, corresponds to a decision to stop and is determined entirely by the information
set F, up to time t = 1. That is, given the filtration F, we know whether or not T <.

Note that for asset-pricing purposes the information set &, basically derives from the set
of all asset price paths (A,‘, ..., A", 0 <t < 7. This rather technical definition and abstract
concept of a stopping time is best illustrated with examples. For instance, let x, be some
real-valued diffusion process (e.g., a Wiener process) and let [a, b] C R be a given fixed
finite interval. Assume initially x, & [a, b] at time r = 0 and allow the process to evolve in
time ¢ > O up to time 7. The random variable defined by

e min{¢; such that x, € [a, b]}, if 0< .t <T (1.265)
T, otherwise

is then a stopping time and corresponds to the first entry time ¢ < 7' of the process x, into
the interval [a,b]. Some basic useful properties of stopping times follow readily, such as
additivity: If 7, and 7, are two stopping times in a given time interval, then 7 = 7, 4 7, is also
a stopping time and, moreover, min(7,, 7,) and max(r,, 7,) are also stopping times. In the
pricing of European-style options the expiration time is an example of a stopping time that
is actually known at contract inception. In contrast, for American-style options the expiration
period (or lifetime of the contract) is still finite, yet there is the added freedom of early
exercise. As we shall see in Section 1.14, the early-exercise time is actually an example of an
optimal stopping time that is (dynamically) determined by the level of the asset or stock price
at the time of early exercise. Other examples of stopping times and derivative instruments
are given by barrier contracts, for which the pay-off depends on whether or not a certain
price process crosses a given barrier in the future. Suppose H is a fixed number, and define
T as the time ¢t = 7 at which A, = H for the first time, subject to the initial condition A,.
Then 7 is a stopping time. Cash flows for barrier options can occur at the time the barrier
is crossed or at maturity. A counterexample to a stopping time is the time 7/, defined as the
last time before a given maturity date T for which A, = H. 7’ is not a stopping time because
knowledge about when 7" occurs requires information on the full path x, for all € [0, T] and
in particular for times after 7’ itself.

Definition 1.15. Derivative instrument.'® A derivative instrument, or contingent claim, is
a contractual agreement between two parties who agree to exchange a cash flow stream in
the future, where the cash flow amounts are adapted processes and the timings are stopping
times in the given financial model. A discrete cash flow stream is modeled by a sequence of
pairs (7;,¢;), j=1,..., m, where the 7; are stopping times and the c; are cash flow amounts
depending on the price processes (A}, ..., A") up to time 7;. Continuous cash flow streams
are modeled by more general adapted processes vy, such that dv, is the cash flow occurring
in the time interval [t, t + dt). In the particular case of a discrete cash flow stream (7;, c;),
T;=Ty,...,T, <1, the continuous-time representation c, is given by

t m
/0 dy,=Y ¢, (1.266)
j=1

16Tt should be clearly understood that we are throughout assuming all claims or assets are nondefaultable; e.g., the
money-market account is assumed nondefaultable. The definition must be modified in the case of defaultable
(credit) derivatives, where pricing depends on time of default and recovery, quantities not directly observable from
market-traded instruments.
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An example of a continuous cash flow stream is given by exchange-traded futures and
options contracts. These contracts have the same final pay-off as forward and ordinary option
contracts. However, to reduce credit risk to a minimum, exchanges ask investors to hold a
margin account and mark-to-market gains and losses on a daily basis based on realized prices
or to unwind the position. This results in a daily stream of cash flows that can be modeled as
continuous.

Definition 1.16. Self-Financing Trading Strategy. A self-financing trading strategy in the
hedging instruments A!, . .., A" is a zero cash flow-replicating strategy for all time t € [0, T].
That is, this strategy consists of a portfolio of positions &' in the assets Al, with value
V, =" EAL where the &, i=1,...,n, are adapted processes such that at all times
t € [0, T] we have

i(A;' +dA)dE =0. (1.267)

i=1

The meaning of the self-financing condition is that the cash flow dv, resulting at time
t+dt are reinvested in the underlying assets by adjusting the positions &/, ,, by purchasing or
selling the corresponding hedging instruments at the prices A} 4+ dA; at an infinitesimally later
time ¢+ dt (i.e., positions are readjusted only after the prices have changed during time dt). In
this sense the positions are adapted, i.e., nonanticipative with respect to the stochastic changes
in the asset prices. The infinitesimal change in the portfolio value V, of a self-financing
strategy is only due to changes in the prices of the underlying instruments since there are no
allowed additional cash inflows or outflows after initial time; hence,!”

dv, =Y EldAl. (1.268)
i=1
In integral form this is written as
n t
V,=Vy+ Y / EdAl. (1.269)
i=1"0

Using It6’s lemma, the change in portfolio value, dV, =V,,,, — V,, must also satisfy

dV, =" [£1dA,+ AldE + (dE)(dA))]. (1.270)
i=1
Equating these two expressions then gives the self-financing condition rewritten in the form
contained in equation (1.267).

Definition 1.17. Self-Financing Replicating Strategy. A self-financing replicating strategy
(or perfect hedge) in the hedging instruments A}, ..., A" that replicates a given cash flow
stream dvy,, where vy, is a given contingent claim at time t in some time interval t € [0, T},
is defined as a family of adapted processes &, i =1, ..., n, such that at all times t € [0, T]
we have

n t . .
%=70+Z/0 &, dA;, (1.271)
i=1

7Note: We assume throughout that the assets do not pay dividends, although in the case of dividends the
appropriate formulas extend in a simple manner.
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or, equivalently in differential form,

dy, =Y ¢ dA. (1272)

i=1

In the case of a European-style option with payoff ¢(S;) at time 7, where S, is the
underlying stock price process, a self-financing replication strategy in the stock and the
money-market account, with value ¢! B, + &2, at time 7, would satisfy

B, d¢! + (S, +dS,)dE =0 (1.273)

for all times ¢ € [0, T). [Note that the term dB, = r,B, dt vanishes since it gives rise to a term
of O((dr)dé)), i.e., of order greater than dr.] At time 7, the position is unwound so that the
payout ¢(Sy) [i-e., v = ¢(Sy) in this case] is generated; i.e., the portfolio has terminal value

§rBr+ &1 = d(Sp). (1.274)

In the case of a barrier or American option, where the payout occurs at a stopping time
0 <7 < T, the equation (1.273) is valid until time 7, at which point we have

BLE1+5,82 = $(S,). (1.275)

One of the main problems in pricing theory is whether or not the cash flow streams associ-
ated with a contingent claim can be replicated by means of a self-financing trading strategy. If
a self-financing trading strategy exists and reproduces all the cash flows of a given contingent
claim, then the present value of the cash flow stream can (uniquely in case of no arbitrage)
be identified as the cost of setting up the self-financing trading strategy. The question of
whether such a self-financing strategy exists relates to attainability and market completeness.

The practical implementation of trading strategies is limited by the existence of transaction
costs, by liquidity effects, which pose restrictions on the amounts of a given instrument that
can be traded at the posted price, and by the delays with which information reaches market
participants. To a first approximation, these effects can be taken into account implicitly by
assuming that there are no imperfections. A key role is played by the condition of absence
of arbitrage, which is stated next and which implies that all portfolios with the same payoff
structure have the same price. Asking for absence of arbitrage is a way of accounting for
finite market liquidity since, in fact, if an asset had two different prices, trades to exploit the
opportunity would cause the prices to realign.

Definition 1.18. Arbitrage: Continuous Time. The self-financing trading strategy (¢!, . . .,
&M, 0 <1t <T, in the hedging assets (A},...,A") is an arbitrage strategy if either of the
following two conditions holds.
Al. The portfolio value process

V, =Y &A; (1.276)
i=1

is such that V, < 0 and with probability P(V; > 0) = 1.
A2. The value process V, is such that Vy =0 and P(V; > 0) > 0 with P(V, > 0) =1 for all
t € [0, T]

In plain language, condition A2 says that an arbitrage opportunity is a self-financed
strategy that can generate a profit at zero cost and with no possibility of a loss at any time
during the strategy.
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Typically, when solving the replication problem for a cash flow stream, the current price
of the stream is not known, a priori. Knowledge of the cash flow stream, however, is sufficient
because if a trading strategy replicates the cash flows, in virtue of the hypothesis of absence
of arbitrage, the value of this strategy at all times yields the price or value process V,. Next
we consider a couple of examples of replication (or hedging) strategies. One is static in time;
the other is dynamic.

Example 1. Perpetual Double Barrier Option.

Suppose there are no carry costs such as interest rates or dividends for holding a posi-
tion in the stock. Consider a perpetual option with two barriers: a lower barrier at stock
value L and an upper barrier at H, with L < H. If the stock price touches the lower barrier
before it touches the upper barrier, the holder receives R; dollars and the contract termi-
nates. Otherwise, whenever the upper barrier is hit first, the holder receives R, dollars and
the contract terminates. The problem is to find the price and a hedging strategy for this
contract.

To solve this problem, let 7, be the stopping time for hitting the lower barrier and 7
be the stopping time for hitting the higher barrier. The stopping time 7 at which the option
expires is the minimum of these times,

T=min(7,, 7). (1.277)

If one considers a replicating portfolio f, = aS,+ b at any time ¢, then the barrier levels give
rise to two equations:

aH+b=R,, aL+b=R,, (1.278)

corresponding to the portfolio value (i.e., payout) for hitting either barrier. The value f, of
the perpetual double barrier contract evaluated at the stopping time ¢ = 7 is

f. = aS,+b. (1.279)

Solving the system in equation (1.278) for the portfolio weights a and b, we find that

Ry—R
a:ﬁ, b=R, —aH. (1.280)
Absence of arbitrage therefore implies that the price process followed by f, is given by the
value of the portfolio aS, + b that replicates the cash flows.

Example 2. Dynamic Hedging in the Black—Scholes Model

Consider the Black—Scholes model with a stock price following geometric Brownian motion,

ds
< =pditodW, (1.281)
t

In this model, the price at time ¢ of a call struck at K and maturity at calendar time 7 > ¢
is given by the function Cy(S,, K, T —t, 0, r) in equation (1.217). Let’s assume that in this
economy interest rates are constant and equal to r.

One can show that the pay-off of the call can be replicated by means of a self-financing
trading strategy that costs C, = Cy(S,, K, T —t, 0, r) to set up at calendar time z. This
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strategy involves two adapted processes a, and b, for the hedge ratios that give the positions
at calendar time ¢ in two assets: the stock of price S, and a zero-coupon bond maturing at
time 7 of price Z,(T) = e~""=), Namely,

C,=a,S,+b,Z,(T). (1.282)

To show this, we need to find the two processes a, and b,. Let us note that self-financing
condition (1.267) in this case reads

(S, +dS,)da,+Z,(T)db, =0. (1.283)
By the differential of equation (1.282) and using the self-financing condition we find
dC,=a, dS,+rb,Z,(T)dt. (1.284)

On the other hand, applying Itd’s lemma (in one dimension) to the price process C, (considered
as function of 7 and §,) we find

acC 282 9°C ac
dC,=< s O BS)dt-{— ;SdS,,

ot 2 082 0

where S = S,. By equating coefficients in drf and dS, with the previous equation we find

0Cyq
= 1.285
a,= =" (1285)
and
IChs 282 PCpg
b,Z,(T) = . 1.286
,Z,(T) = =2 4+ T (1286)
Solving for b, from replication equation (1.282) gives
b,=Z,(T) ' (C,—a,S,). (1.287)

Substituting b, as given by equation (1.287), as well as a, from equation (1.285) into
equation (1.286), we arrive at the Black—Scholes partial differential equation in current time
t and spot price S = S,:

IChs  0Css 0287 PChg
s
a TP T s

—rCpg=0 (1.288)

This is precisely the equation satisfied by the function Cy(S,, K, T —t, 0, r) given by equa-
tion (1.217) with T — T —¢.

Notice that the parameter w in the equation for the stock price process (1.281) appears in
neither the Black—Scholes formula, the Black—Scholes equation, nor the hedge ratios a, and
b,. Section 1.10 provides a more general explanation of this very notable simplification.

Dynamic Hedging and Derivative Asset Pricing
in Continuous Time

In this section, we present the main theorem for pricing derivative assets within the continuous-
time framework.
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Theorem 1.4. Fundamental Theorem of Asset Pricing (Continuous-Time Case). Part 1.
Consider a diffusion continuous-time financial model M = (&,, Al1 s ..., Al), where the hedg-
ing instruments are assumed to satisfy a diffusion equation of the form (1.264), i.e.,

W S o awe, e 1.289

7_'“’ t—l—X:a'mr -, i=1,...,n, (1.289)
t

where dW; are understood to be standard Brownian increments with respect to a specified

probability measure. Also, suppose there exists a money-market account B, with
dB, =r,B, dt. (1.290)

Finally, suppose there are no arbitrage opportunities. Then:

(i) Under all equivalent probability measures, there exists a family of adapted processes
G @=1,..., M (one for each risk factor), such that, for any asset price process A, obeying
an equation similar to equation (1.289) with drift w;' and volatilities o, the drift term is
linked to the corresponding volatilities by the equation

M
/J“;‘ :rl+2qa,l0-(/14,t’ (1291)

a=1
where q, ; are independent of the asset A in question.

In finance parlance, the adapted processes g, , are known as the price of risk for the ath
risk factor (or ath Brownian motion). Note that this result apphes to any asset obeying a
diffusion process: In particular, the drifts /" and volatilities o, of the base asset prices A’
are themselves also linked by an equation similar to equation (1 291) with ¢, , 1ndependent
of the prices A'.

Definition 1.19. Numeraire Asset. Any asset g, whose price process is positive, in the sense
that g, > 0 for all t, is chosen as the numeraire for pricing. That is, g, is an asset price
relative to which the value of all other assets A, are expressed using the ratio %

Theorem 1.5. Fundamental Theorem of Asset Pricing (Continuous-Time Case). Part IL.
Under the hypotheses in Part I of the theorem, we have the following: (ii) If g, is a numeraire
asset, then there exists a probability measure Q(g) for which the price A, at time t of any
attainable instrument without cash flows up to a stopping time 7> t is given by the martingale
condition

A A,
= E2® [ } (1.292)
& &

Under the measure Q(g) the prices of risk in equation (1.291) for the ath factors are given
by the volatilities of g, for the corresponding ath factors:

g, =%, (1.293)

Note that we are throughout assuming that the contingent claim or derivative instrument
to be priced is attainable, meaning that one can find a self-financing replicating strategy that
exactly replicates the cash flows of the claim. If one also assumes that the financial model
satisfies market completeness, then every contingent claim or cash flow stream is assumed
attainable.
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Definition 1.20. Pricing Measure: Continuous Time. Given a numeraire asset price pro-
cess g, the pricing measure associated with g is the martingale measure Q(g) for which
pricing formula (1.292) holds for any asset price process A,.

Definition 1.21. Risk-Neutral Measure. Assuming continuous compounding, the risk-

neutral measure Q(B) is the martingale measure with the money-market account as numeraire
"t

asset g, = B, = el "%,

Theorem 1.6. Fundamental Theorem of Asset Pricing (Continuous-Time Case). Part III.
Under the hypotheses in Part I of the theorem, we have the following: (iii) Under the risk-
neutral measure Q(B) all the components of the price-of-risk vector, qiq,, a=1,..., M,
vanish, and the drift u? of any asset price A, at time t is equal to the riskless rate r,. The
price process for any attainable instrument without cash flows up to any stopping time 7 > t
is given by the expectation at time t:

A, =E?® [eff rud”AT}. (1.294)

(iv) Any attainable price process A, can be replicated by means of a self-financing trading
strategy with portfolio value V, = {,(O)B,—G—Z;’:, ,(')Aﬁ in the base assets Al and in the
money-market account B,:

dA,=aV,={"rB, di+> ¢ dAl, (1.295)

i=1

where the positions {,(i) satisfy the self-financing condition

B, dZ” + Y (Al +dAH)d{" =0. (1.296)
i=1
Proof.
(i). Assume no arbitrage and consider a self-financing trading strategy, with components
(... "™ as adapted positions in the family of base assets A!, ..., A". Then
S (Al 4+dADd =0 (1.297)

i=1

holds. This strategy has portfolio value at time 7 given by
I, = Y Al (1.298)
i=1

This strategy is instantaneously riskless if the stochastic component is zero, i.e., dII, = r,I1, dt.
Given our assumptions, a riskless strategy exists and can be explicitly constructed as follows.
Using the self-financing condition in equation (1.297) and It0’s lemma for the stochastic
differential dI1, we obtain the infinitesimal change in portfolio value in time [#, t 4 dr):

dil, =Y [(Aj+dADdL" + " dAl] =YV dAL. (1.299)

i=1 i=1
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Due to the assumption of no arbitrage, the rate of return on this portfolio over the period [#, ¢+
dr) must equal the riskless rate of return on the money-market account, i.e., dI1, = r,I1, dr.'®
Substituting equation (1.289) into the foregoing stochastic differential and setting the coeffi-
cients in all the stochastic terms dW;* to zero gives

Yol Ai =0, (1.300)

i=1

forall a =1, ..., M. Here the functions o'gft are volatilities in the ath factor for each asset
A'. This equation states that the R"-dimensional vector of components ¢ ,(i)Aﬁ is orthogonal
to the subspace of M vectors (labeled by @« = 1,..., M) in R" having components (rﬁ",,
i=1,...,n.

Absence of arbitrage also implies that the portfolio earns a risk-free rate, d1I, = r,I1,dt;
hence, setting the drift coefficient in the stochastic differential dII, to r,II, while using

equation (1.298) gives this additional condition:
S = )i Ai=o0. (1.301)
i=1

Here, the quantities ,ufi are drifts for each ith asset. Hence equation (1.300) must imply
equation (1.301) for all arbitrage-free strategies satisfying the self-financing condition. Equa-
tion (1.301) states that the R"-dimensional vector of components {,(i)Aﬁ must be orthogonal
to the R"-dimensional vector with components (pf —r,). This means that if the vector with
components ,(i)Aﬁ is orthogonal to the M vectors of components o;ff,, then it is also orthogonal
to the vector of components (,uﬁft —r,). From linear algebra we know that this is possible if
and only if the vector of components (,ufi —r,) is a linear combination of the M vectors of

components a'cﬁ't (i.e., is contained in the linear subspace spanned by the M vectors). Hence
for any given time ¢, we have

:U“f\/ =r+ Z qa,zo-(?,t’ (1302)

a=1

with coefficients g, , independent of the asset Al foralli=1,...,n. Since this is true for all
self-financing strategies and choices of base assets, this implies that the same relation must
follow for any asset A,; namely, equation (1.291) obtains.

(ii) Let g be a numeraire asset. The measure Q(g) is specified by the condition in equa-
tion (1.292). At this point we make use of a previously derived result contained in equa-
tion (1.138). Applying that formula now to the quotient A,/g,, where A, satisfies an equation of
the form (1.264) (with A’ replaced by A) and the numeraire asset g, satisfies a similar equation,

d M
S8 — g dr+ Y of, AW, (1.303)
a=1

t

18 A simple argument shows that if the portfolio return is greater than r,, then an arbitrage strategy exists by
borrowing money at the lower rate r, at time ¢ and investing in the portfolio until time ¢4 dt. On the other hand, if
the portfolio return is less than r,, then an arbitrage strategy also exists by short-selling the portfolio at time ¢ and
investing the earnings in the money-market account. Both strategies yield a zero-cost profit.
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immediately gives the drift component:

At At A g A g A g
E, dg— = g_ wi == ot (o0, —0at,)|dt (1.304)
a=1

t t

A & A
= Z(qmr - 0'5,[) (a-a,t - Ui’,)dt. (1-305)
t a=1
In the last equation we have used equation (1.291) for both g, and A,. In order for the ratio

A,/g, to be a martingale process for all (arbitrary) choices of the asset A,, this expectation
must be zero. This is the case if and only if the process for the price of risk ¢;' is related to
the numeraire asset g,, ¢, , = g5, as follows:

8§ — 78
qa,t - O-a,t’

a=1,..., M. (1.306)

That is, the prices of risk ¢ are equal to the volatilities of the numeraire asset for each
respective risk factor.

(iii) This is a particular case of (ii) and follows when money-market account B, is chosen as
numeraire asset. Since dB, = r,B, dt, the prices of risk in this case are all zero, i.e., qf, , =0,
and therefore u* = r, for all asset price processes A,. In particular, we have that

B
A, =E?® [ATB—’:| = E2®) [ATeJI "} (1.307)

T

giving the result. Here we have used the fact that B, at time ¢ is a known (i.e., nonstochastic)
quantity that can be taken inside the expectation.

(iv). Consider the trading strategy with positions g,(’) in the base assets Al. A long position
in this trading strategy and a short position in the generic asset A, is a riskless combination
that accrues at the risk-free rate. By adjusting the position in the money-market account (0(0)
so that the trading strategy has the same value of asset A, at initial time ¢ = 0, the resulting
trading strategy will track the price process A, for all times. This trading strategy is also
self-financing. In fact

dA,=d ({,(O)B, +3 g,”A;)

i=1

="', di+B, d}” + Y[(Aj+dA)dg” + L dA]). (1.308)

i=1
Hence equation (1.295) obtains from equation (1.296). O

In summary, we observe that the asset pricing theorem is connected to the evaluation of
conditional expectations of martingales (i.e., relative asset price processes) within a filtered
probability space and under a choice of an equivalent probability measure (also called an
equivalent martingale measure). A measure is specified by the chosen numeraire asset g
obeying a stochastic price process of its own, given by equation (1.303). Given a numeraire
g, the relative asset price process A,/g,, for a generic asset price A,, is a martingale under
the corresponding measure Q(g). Equivalent martingale measures then arise by considering
different choices of numeraire assets. In particular, consider another numeraire asset, denoted
by g, with price process g,, and suppose that measure Q(2) is equivalent to Q(g), then prices
computed under any two equivalent measures must be equal:

TA T - oewlA
A= g,E,Q‘“[—T} :g,E,Q(”[fT}. (1.309)
8t 8r
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Rearranging terms gives

A 2 oA
E,Q(g)[—T] _ &Etm[;]

8r 81 8r
o[ er/ar A
:E,Q@[—gT/‘E’T —T}. (1.310)
gt/gt 8r

Note that this holds true for an arbitrary random variable X, = A;/g,. We hence obtain the
general property under two equivalent measures:

ErQ(g)[XT] = p;lEtQ(g)[XTpT]’ (1.311)

where p, = g,/8, = (jgg) , 1 €0, T], is a Radon-Nikodym derivative of Q(g) with respect

~ . t . . . . .
to O(g) (with both measures being restricted to the filtration #,). For t = T we write
o) | _ 409

dQ(8) r T do®”
with respect to Q(g).
Let’s now fix our choice for one of the numeraires; i.e., let g, = B, be the value process
of the money-market account so that Q(g) = Q(B) is the risk-neutral measure. Taking the
stochastic differential of the quotient process p, = g,/B, gives

Choosing X, = 1 in the foregoing equation shows that p, is also a martingale

dpt g u g a
P_ = (/J“t - t)dt+z Oa,t dWr ' (1'312)

t a=1

Under the risk-neutral measure with dW* as Brownian increments under Q(B), this process
must be driftless so that we have uf = r,. In particular, this martingale takes the form of an
exponential martingale,

8 1 ! g112 !
==X = —= ||°d . dW, |, 1.313
b=y exp( > [ letiPas+ [ o aw, (1313)

where |[o¢|> = 0¢-0¢ =YY (0%,)* and 0¢-dW, = Y2 08 dWS. At this point we
can implement the Girsanov theorem for exponential martingales, which tells us that the
R¥_valued vector increment defined by

AW = —a$ di +dW, (1.314)

is a standard Brownian vector increment under the measure Q(g). In the risk-neutral measure
the base assets must all drift at the same risk-free rate,
dA;
A

M .

L=r,di+) o}, dWy, i=1,...n (1.315)
t a=1

Substituting for dW, using equation (1.314) into this equation and compacting to vector
notation gives

dAi ¢ A A . )
7:(r,+a‘,-a't Ydt+ o - dW? i=1,...,n (1.316)
t

This last equation is therefore entirely consistent with the formulation presented earlier in
terms of the prices of risk. In particular, equation (1.316) is precisely equation (1.289),
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wherein the Brownian increments are understood to be w.r.t. O(g), with g, as an arbitrary
choice of numeraire asset-price process. From equation (1.316) we again see that the vector
of the prices of risk is q, = o%. In financial terms, each component of q, essentially represents
the excess return on the risk-free rate (per unit of risk or volatility for the component risk
factor) required by investors in a fair market.

Example 1. Perpetual Double Barrier Option — Risk-Neutral Measures.

Reconsider the case of the perpetual double barrier option with zero interest rates discussed
previously. The pricing formula for f, is independent of the real-world stock price drift,
although this drift does in fact affect the real-world probability of hitting one barrier before
the other. Since interest rates vanish, no discounting is required, and the price process f, has
the following representation under the risk-neutral measure Q = Q(B):

fi=E2[f.] (1.317)

In this case, the price process f, is a martingale under the risk-neutral measure because
interest rates are zero for all time and the value of the money-market account is constant, i.e.,
unity. Hence the martingale property gives

f, =Ry Prob®[S, = H|S,]+ R, Prob?[S, =L|S,], (1.318)

where the probabilities are conditional on the current stock price’s value S,. These probabilities
of hitting either barrier must also sum to unity,

Prob®[S, = H|S,] +Prob?[S, = L|S,] = L. (1.319)

Note that f, = aS,+ b, where a and b are given by equations (1.280). Hence, the probability of
hitting either barrier under the risk-neutral measure can be found by solving equations (1.318)
and (1.319). Notice that these probabilities do not depend on the drift of the stock price under
the real-world measure.

Problems

Problem 1. Find explicit expressions for the preceding risk-neutral probabilities P, =
Prob? [ST = L|S,] and P, = Pron[ST = H|S,]. Find the limiting expressions for the case that
H>> L (i.e., H— oo for fixed L). What is the price of the perpetual double barrier for
this case?

Hedging with Forwards and Futures

Let A, be an asset price process for the asset A. A forward contract, with value V, at time f,
on the underlying asset A (e.g., a stock) is a contingent claim with maturity 7 and pay-off at
time 7 equal to

Vp=A;—F, (1.320)
where F is a fixed amount. According to the fundamental theorem of asset pricing (FTAP), the

price of this contract at time # < T prior to maturity is equal to A, — FZ,(T), where Z,(T) is
the value at calendar time ¢ of a zero-coupon (discount) bond maturing at time 7. This can be
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seen in several ways. The first is the following. The payout A, can be replicated by holding
a position in the asset A at all times, while the cash payment F at time 7 is equivalent to
holding a zero-coupon bond of nominal F and maturing at time 7. Alternatively, to assess
the current price V, of the forward contract using FTAP of Section 1.10, we can evaluate the
following expectation at time ¢ of the pay-off under the forward measure with g, = Z,(T) as
numeraire, giving

V,=Z,(T)EC?"[A, — F] = A, — FZ,(T). (1.321)

Here we used the facts that at maturity Z,(7) = 1 and that E,Q(Z(T))[AT] =A,/Z(T),
E,Q(Z(T)) [F] = F. The equilibrium forward price (at time f), denoted by F,(A, T), is the so-
called forward price such that the value V, of the forward contract at time ¢ is zero. Setting
V, =0 in equation (1.321), we find

F,(A,T)= Z/E’T). (1.322)

Let’s assume stochastic interest rates, i.e., a diffusion process for the zero-coupon bond
[satisfying equation (1.349) of Problem 1], as well as diffusion processes for the asset A,
[satisfying equation (1.348) of Problem 1] and the equilibrium forward price satisfying

dF,(A, T) F(A,T) F(A,T)
—_— = dt AW, 1.323
F.(A,T) M + o t ( )
Then a relatively straightforward calculation using It6’s lemma yields the following form for
the lognormal volatility of the forward price (see Problem 1 of this section):

oD =gt — o7, (1.324)

t

and its drift

R T A CAR AR (1.325)

where o7 ™) is the lognormal volatility of the zero-coupon bond price and o7 that of the asset.

We note that the foregoing drift and volatility functions are generally functions of the
underlying asset price A,, calendar time #, and maturity 7. Moreover, these relationships hold
for any choice of numeraire asset g,. As part of Problem 1 of this section, the reader is also
asked to derive more explicit expressions for the drifts and volatilities of the forward price
under various choices of numeraire.

Definition 1.22. Futures Contract. Futures contracts are characterized by an underlying
asset of price process A, and a maturity T. Let us partition the lifetime interval [0,T] in N
subintervals of length 6t = % Let t; = i- 6t be the endpoints of the intervals. The futures
contract with reset period 6t is characterized by a futures price F(A, T) foralli=0, ..., N,
and at all times t; the following cash flow occurs at time t;,: 1

C
Tit1

=F; (A, T)-F(AT). (1.326)

Furthermore, the futures price at time ty = T equals the asset price F;(A,T) = Ay, while
at previous times the futures price is set in such a way that the present value of the futures
contract is zero.



1.11 Hedging with Forwards and Futures 73

Recall that under the risk-neutral measure Q(B), the price of risk is zero (i.e., the numeraire
g, is the money-market account B, with zero volatility with respect to all risk factors —
o5, =0). Hence, according to equation (1.291) of the asset pricing theorem, all asset prices
A, drift at the riskless rate u* = r, under Q(B):

a4, gy
A_ =r dl‘+20'a,t dWIa, (1327)
t a=1

where we have assumed M risk factors or, in the case of one risk factor, we simply have

dA,

=r di+o dW,. (1.328)

t

Proposition. In the limit as 6t — 0O, futures prices behave as (zero-drift) martingales under
the risk-neutral measure.

Proof. By definition, the futures price is such that the present value of a futures contract is
zero at all reset times ¢, and the cash flows at the subsequent times ¢+ 6¢ are given by the
random variable 8F}*(A, T) = F},5,(A, T) — F;} (A, T), so the following condition holds under
the risk-neutral measure:

SFr(A, T
E2? [—' ( )] =0, (1.329)
B1+6t

where we discount at times ¢+ 6¢. Taking the limit 6t — 0, gives B;'E,Q(B)[dF,* (A, T)]=0.
Since B, # 0, the stochastic differential dF}*(A, T) has zero-drift terms for all #; i.e., F;(A, T)
is a martingale under the measure Q(B), with E,Q(B) [dF}(A,T)]=0. O

The price spread between futures and forwards is given by

A

Fi(A,T)—F/(A.T)=E?"[A;] - Z

(1.330)

with F}(A, T) = F(A, T) (i.e., at maturity the two prices are the same). In Chapter 2 we shall
derive a formula for this spread based on a simple diffusion model for the asset and discount
bond. The topic of stochastic interest rates and bond pricing will be covered in Chapter 2.
However, we note here that when interest rates are deterministic (nonstochastic), where r, is a
known ordinary function of ¢, then the discount bond price is simply given by a time integral:
Z,(T)=exp(— ftT r, ds) = B,/By. When interest rates are stochastic (i.e., nondeterministic),
as is more generally the case, then we can use equation (1.294) of the asset-pricing theorem,
for the case Z,(T) as asset, to express the discount bond price as an expectation of the payoff
Z,(T) =1 (i.e., the payout of exactly one dollar for certain at maturity) under the measure
with the money-market account as numeraire:

Z,(T) = EPP[e 14 2,(T)] = EZ e ), (1.331)
This expectation is not a simple integral (as arises in the pricing of European options) and
p p g p g p p

can in fact generally be expressed as a multidimensional path integral. See, for example,
the project on interest rate trees in Part II.] In the case that the interest rate process is a
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deterministic function of time or, more generally, when the underlying asset price process
A, is statistically independent of the interest rate process (where both processes may be
nondeterminsitic), then forward and future prices coincide and the spread vanishes. In fact,
in this case

T rds — (T r.ds
o R oB) _ EPP[e 1 nds A, A
—— k7 [Ar] = = ,
Z,(T) Z,(T) Z,(T)

E?P[A,] = (1.332)

where we have used equations (1.331) and (1.294).

Definition 1.23. European-Style Futures Options. European-style futures options are con-
tracts with a payoff function ¢(Ay) at maturity T. They are similar to the regular earlier
European-style option contracts, except those are written on the underlying and traded over
the counter with upfront payment, while futures options are traded using a margin account
mechanism similar to that of futures contracts. Namely, futures options are traded in terms
of a futures option price A’ that equals ¢(Ay) at maturity t =T, while the associated cash
flow stream to the holder’s margin account is given by

C,=AT— A", (1.333)

Notice that, similar to an ordinary futures contract, futures option prices A; follow
martingale processes under the risk-neutral measure.
Example 1. European Futures Options.
The futures option price V;* for a European-style option with payoff function ¢(A;) is thus
given by the martingale condition

Vi =E2? [$(Ar)]. (1.334)

The analogue of the Black—Scholes (i.e., lognormal) model can be written as follows under
the risk-neutral measure

dA* = oA dW,, (1.335)

where the drift is zero because of the martingale property. We remark here that, in case
interest rates are stochastic, the implied Black—Scholes volatility on the futures option does not
necessarily coincide with the implied Black—Scholes volatility for plain vanilla equivalents.
Let A¥ = F} (A, T) be the futures price on the asset. At maturity we have A; = F;(A, T) =
F;(A, T). The pricing formula for a futures call option struck at the futures price K is given by

CH(K.T)=EX?[(A; — K),] = F; (A, T)N(d,) — KN(d_), (1.336)

where

L os(FL (A T)K) £ (02T = 1)
= oT —t
and we have used the standard expectation formula in equation (1.169) for the case of zero

drift, and where the underlying variable S, in that formula is now replaced by F;(A, T).
Notice that this formula carries no explicit dependence on interest rates.

(1.337)
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Example 2. Variance Swaps.

An example of a dynamic trading strategy involving futures contracts and the static hedging
strategies discussed in Section 1.8 is provided by variance swaps. Variance swaps are defined
as contracts yielding the pay-off at maturity time 7

T
N[%/ o dt—Ez], (1.338)
0

where N is a fixed notional amount in dollars per annualized variance. Assuming that
technical upfront fees are negligible, variance swaps are priced by specifying the variance 32,
which, as we show, is computed in such a way that the value of the variance swap contract
is zero at contract inception (¢ = 0); i.e., since this is structured as a forward contract, it
must have zero initial cost. Computing the expectation of the pay-off at initial time r =0
and setting this to zero therefore gives the fair value of this variance in terms of a stochastic
integral:

T
32— %E()Q(B) [ /0 o dt] (1.339)
We shall compute this expectation by recasting the integrand as follows. Assuming a diffusion
process for futures prices and assuming that European call and put options of all strikes and
maturity 7 are available, such a contract can be replicated exactly."”

More precisely, assume that futures prices F;" = F;*(A, T) on a contract maturing at time T
with underlying asset price A, (e.g., a stock price) at time ¢ obeys the following zero-drift
process under the risk-neutral measure Q(B):

*
aF, =0, dW, (1.340)
Fr
where the volatility o, is a random process that can generally depend on time as well as on
other stochastic variables.

Then consider the dynamic trading strategy, whereby at time ¢ one holds % futures
contracts. If one starts implementing the strategy at time r = 0 and accumulates all the
gains and losses from the futures position into a money-market account, then the worth II,
accumulated at time 7 is

T dFy
o Fy

T=

T
=/ o, dW,. (1.341)
0

Due to Ito’s lemma we have

dF* 1 (dF*\> dF* o>
dlogF} = ! —5( F;) == —%dr, (1.342)
t t t

and integrating from time ¢ = 0 to 7 we find

T 1 T 1 T
1ogF;—1ogFg=/0 o, dW,—E/O o dt:HT—E/O o2 d, (1.343)

“We point out that in actuality the price of a variance swap is largely model independent. That is, it is possible
to replicate the cash flows as long as the trader can set up a static hedge and trade futures on the underlying.
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where equation (1.340) has been used. Rearranging this equation gives the integrand in
equation (1.339) as

1T, 2 2 F;
= o7 dt==Il; —=log—. (1.344)
T T T °F;

This last expression demonstrates the precise nature of the replication. This contains (i) a
static part given by the logarithmic payoff function and (ii) a dynamic part given by the
stochastic time integral IT,. Substituting this last expression into equation (1.339) and using
the fact that II, is a martingale,” i.e., EZ®[I1,] = 0, we obtain

F*
2= _ZEo® |:log —i}. (1.345)
Fy

Replicating the logarithmic payoff function in terms of standard call and/or put pay-offs of
various strikes using the replication schemes described in Section 1.8 then gives a formula for
32 in terms of futures calls and/or puts. In particular, by applying replication equation (1.248)

on the domain F; € (0, 00) and taking expectations, equation (1.345) takes the form (see
Problem 2)

32— ;[I—FF—log——f-f Pi(K, T) +/ cik, 1)K } (1.346)
with any choice of nonzero parameter F € (0, 00), and where C;; (K, T) and P (K, T) represent
the current ¢ = O prices of a futures call and put option, respectively, at strike K and maturity 7.
Note that this formula holds irrespective of what particular assumed form for the volatility o,.
In the cases of analytically solvable diffusion models, such as some classes of state-dependent
models studied in Chapter 3, the call and put options can be expressed in closed analytical
form. Of course, if o, = a(7), i.e., a deterministic function of only time, then the futures price
obeys a geometric Brownian motion, and in this case, according to our previous analysis,
we have simple analytical expressions of the Black—Scholes type, with C7(K, T) given by
equation (1.336), and

PI(K, T) = EPP[(K - F}),]= KN(=d_) — F; (A, T)N(~d,), (1.347)

with d given by equation (1.337), wherein o — & = \/ (T—0)"! ftT o%(s)ds. For a numerical
implementation of the efficient replication of logarithmic pay-offs for variance swaps in
cases where only a select number of market call contracts is assumed available, the reader is
encouraged to complete the project on variance swaps in Part II.

Problems

Problem 1. Derive the equations for the drift and volatility of the forward price as discussed
in this section. For the domestic asset assume the process

dA
A’ =upldt+a! dw,. (1.348)

t

2Here we recall the property for the first moment Eq[f; f, dW,] =0, which is valid under a suitable measure
and conditions on the adapted process f;.
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Let Z,(T) be the price process of a domestic discount bond of maturity 7. For any fixed
maturity 7 > ¢, the discount bond price process is assumed to obey a stochastic differential
equation of the form

dz,(T)
Z(T)

= pZdt+ oZdw,, (1.349)

where shorthand notation is used (u? = ,uZ(T) ot =0’ (T)) to denote the lognormal drift and

volatility functions of the discount bond. Find the drift of the forward price process F,(A, T),
defined by equation (1.322), within the following three different choices of numeraire asset
g,: (i) the money-market account: g, = B, = el rsds | where r, is the domestic short rate at
time ¢, (ii) the discount bond: g, = Z,(T), and (iii) the asset : g, = A,. Hint: Make use of the
formula for the stochastic differential of a quotient of two processes that was derived in a
previous section.

Problem 2. Use equation (1.248) with payoff function ¢(F) = —log %, F=F;, S=F,
0

Sy =0, S, = o0, with 0 < F < o0, to show

¢(F)_1———1og—+/ (K — F)+K2+/ (F - K)+KI§. (1.350)

Now, arrive at the formula in equation (1.346) by taking the expectation of this pay-off at
t = 0 under the measure Q(B) while making use of the fact that an expectation can be taken
inside any integral over K and the fact that EtQ(B) [Ff]=F}, ie., that F' is a martingale within
this measure.

Pricing Formulas of the Black—Scholes Type

In this section we apply the fundamental theorem of asset pricing of Section 1.10 to derive
a few exact pricing formulas. The worked-out examples are meant to demonstrate the use of
different numeraire assets for option pricing.

Example 1. Plain European Call Option.

As a first example, let’s revisit the problem of pricing the plain European call. Consider
the Black—Scholes model (i.e., geometric Brownian motion) for a stock of constant volatility
o and in an economy with a constant interest rate r. Under the risk-neutral measure with
money-market account g, = B, = e” as numeraire, the expected return on the stock is just the
risk-free rate r; hence,

ds, =rS, dt+ oS, dW,. (1.351)

The stock price process is given in terms of a standard normal random variable [i.e., equa-

)
tion (1.154)]: S; = S,e(FT)(T*’H” "= x ~ N(0, 1). Using equation (1.292), the arbitrage-
free price at time ¢ of a European call option struck at K > 0 with maturity 7 > ¢ is hence the
discounted expectation under the risk-neutral measure Q(B):

C(S.K.T)=e " TIEL [(ST ~K),]

e~ "(T=D < ,_%2)(T—t)+ax/ﬁx —K) dx
+

=
=S,N(d,)— Ke—“T—')N(d,), (1.352)
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where

g log(S,/K)+ (r£10?) (T —1) '

L=
oNT —t

(1.353)

Note that the details of this integral expectation were presented in Section 1.6.

This Black—Scholes pricing formula plays a particularly important role because it is the
prototype for a large number of pricing formulas. As we shall see in a number of examples
in this and the following chapters, analytically solvable pricing problems for European-style
options often lead to pricing formulas of a similar structure. In the case that the underlying
asset pays continuous dividends, the foregoing pricing formula for a European call (and the
corresponding put) must be slightly modified. A similar derivation procedure also applies, as
shown at the end of this section.

If the drift and the volatility are deterministic functions of time, r = r(¢) and o = o(t),
the Black—Scholes formula extends thanks to the formula in equation (1.167) of Section 1.6.
Using again the money-market account g, = B, = exp( fot r(s)ds) as numeraire asset and setting

1

7, T)= 7=

T
/ r(u)du
t
gives B,/B; = e 7171 and we find
C(S,. K. T) = e DI DEFP (S, — K), ]

e TENT=) oo o FT) = 2500 ) (P-4 (1, T)W T =1
:Tf e 7 S,e(r : ) 7 "_K) dx
a —00

=S,N(d,)—Ke""DIIN(d_), (1.354)

+

where

1
(T—=1)

a(1, T) = / " o(1)? dr. (1.355)

and

p log(S,/K) + (F(1, T) £ 16(t, T)*) (T — 1)
T a(t, T)WT —1t '
Note that, in agreement with the results obtained in Section 1.6, the Black—Scholes pric-

ing formula now involves the time-averaged interest rate and volatility over the maturity
time 7 —¢.

(1.356)

Example 2. A Currency Option.
Let

dX, = uyX, dt+ oy X, dW, (1.357)

be a model for the foreign exchange rate X, at time #, assuming that the lognormal volatility
oy of the exchange rate and drift w are constants. Suppose that the domestic risk-free interest
rate ¢ and the foreign interest rate / are both constant, and let BY = ¢’*" and B/ = e”'* be
the worth of the two money-market accounts, respectively. The drift p, can be computed as
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follows. First we note that the foreign currency money-market account, after conversion into
domestic currency, is a domestic asset and therefore must obey a price process of the form

d(X,Bl) = (r! + 0,04 )(X,B])dt + 0y (X, B )dW,, (1.358)

where o, and oy, are lognormal volatilities of the numeraire g, and X,B{ , respectively.
We shall choose g, = B (i.e., the domestic risk-neutral measure) giving o, =0. By direct
application of Itd’s lemma for the product of two processes we also have the stochastic
differential

d(X,B/) =X, dB/ + B/ dX,+(dX,)(dB/) = X, dB/ + B/ dX,, (1.359)
where the third term in the middle expression is of order dt dW, and hence set to zero.
This follows since both domestic and foreign money-market accounts satisfy a deterministic
differential equation, in particular,

dB! = r/B!dt. (1.360)

Plugging this and equation (1.357) into equation (1.359) gives
d(X,B]) = (r' + py)(X,B])dt + oy (X,B)dW,. (1.361)
Hence, comparing equations (1.358) and (1.361) gives uy = r? — r/. The foreign exchange
rate therefore follows a geometric Brownian motion with this constant drift and constant
volatility o. The pricing formula for a foreign exchange call option struck at exchange rate

K is then

C(X. K. T)=e " TECP (X, ~ K),]

e T e o N
= / e'z(xle“" - >z)<“)+”xm*—1(> dx
\/277' —o0 +

_ efrd(T,,)[e(rdfrf)(rft)XtN(dJr) — KN(d,)],
=e "X N(d, ) — Ke "' TIN(d ), (1.362)

where

log(X,/K)+ (r{ —r/ £ 1a2)(T —1t
d, = g(X,/K) + (r' —rl £ 30%)( )' (1363)
oxvT —t

Example 3. A Quanto Option.

Consider the case of a quanto option, in which we have a stock denominated in a foreign
currency with geometric Brownian process

ds! = uS! dt+ oS/ aw?, (1.364)
and the foreign exchange process is also a geometric Brownian motion, with

X, = (r'—r")X, dt+ oy X, dW), (1.365)
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under the risk-neutral measure with numeraire g, = B?. Note that the drift rate uy = r* —r/
was derived in the previous example. The constants oy and oy are the lognormal volatilities
of the stock and foreign exchange rate, respectively. These Brownian increments are not
independent; however, the foregoing equations can also be written equivalently in terms of
two independent Brownian increments dW,', dW}?, where

AWX =p dW +/1—p? dW?,  dW’=dWw.
Here p is a correlation between the stock price and the foreign exchange rate at time ¢, with
dw® dW* = p dt. (1.366)
In vector notation, dW, = (dW,, dW?) and
dx,

¥ =" —rdt+ oy -dW,, (1.367)
t

ds/

o7 =udt+og-dW,, (1.368)

t

where oy = (poy, oy/1—p?), o5 = (0%, 0). Suppose one wants to price a call option on
the stock S/ struck at K and then to convert this into domestic currency at a preassigned fixed
rate X. Since g, = B, the prices of all domestic assets (as well as the prices of foreign assets
denominated in domestic currency) drift at the domestic risk-free rate. Hence the return on the
price process XtSf must be 7¢. This also follows because the price of risk ¢¢ = qu =0 =0.
By direct application of 1t6’s lemma we also have

d(x,s)) ds/  dx, N ds! dx,

W = X S X, (1.369)
Plugging the preceding expressions into this equation gives
d(;t—g) =(ntr'—r' +oy og)di+(0x+0y)-dW,
=(u+r'—r' +poyoy)dt+ o;dWE + oy dW) (1.370)
Since the drift must equal 79,
w=r"—posoy (1.371)

is the constant drift of S/ in equation (1.364). The arbitrage-free price of a quanto call option
struck at foreign price K is then given by

C(SI, K. T) = Xe " T EX (5]~ K) ]

= Xe T [MTDSIN(d,) — KN(d_)]

1
<

[ef(rdfrfﬁrpzrsax)(T*t)S{N(d+) — e*’d(Tf’)KN(d,)], (1.372)
where

_ log(S! /K) + (r' = posoy£10d) (T —1)
oVT —t .

+ (1.373)
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Example 4. EIf-X Option (Equity-Linked Foreign Exchange Option).
Assume equation (1.364), as in the previous example, and now write
dX, = pxX, dt+ oy X, dW) (1.374)

for the foreign exchange process, with u, dependent on the choice of numeraire. Consider
the case where the pay-off is

Cr=(X;—K), S} (1.375)

The foreign asset price S/ cannot be used as a domestic numeraire asset, but the converted
process g, = X,S{ can. Indeed this is a positive price process denominated in domestic
currency. Under the measure with g, as numeraire we first need to compute the drift wy
explicitly. This is done by considering the process X,B‘[ , which must drift at the domestic
risk-free rate plus a price-of-risk component
f
d(X—’ljf) = (r'+ oy Oypr)dt + oy - dW,, (1.376)
X,B;

where o, and o, are volatility vectors of the price processes X, ,S{ and X,B'[f , respectively.
These are expressible in the basis of either (dW,', dW?) or (dW;, dW}), as described in the
previous example. [Note also that the Brownian increments, written still as dW, in the SDE
are actually w.r.t. the measure Q(XS').] From equation (1.370) we have oy = oy + 0.
From a direct application of 1t6’s lemma we also have

d(X,B)
X,B/

By equating drifts and the volatility vectors in these two expressions we find o ;s = oy and

= (r' 4 uy)dt+oy-dW,. (1.377)

r 4 (og+0y) oy =1+ puy. (1.378)
Hence,
p,erd—rf—l—a's~0'X+||a'X||2.

The drift wy-1 and volatility of the inverse exchange rate X, ' under the same measure are
computed using It6’s lemma [i.e., apply equation (1.138) with numerator = 1 and denomina-
tor = X,]:

dx!
X_tl = (—px +03)dt — oy AW},
t
Hence,
Uy =—px+or=r —r'—og- oy =1 —r' - poyas,

where the square of the volatility is the same as that of X,, namely o3. Using the measure
Q(XS7), we therefore have the arbitrage-free price:

ShX,—K
C(S!, X, K, T) = (X,8/)EC™S" [M}
XS}
f _ 3
= KX[S[E[Q(XS )[(K 1 _XT1)+]
= KX,S/[K'N(=d_) — e TOXIN(=d,)]

= S‘,f [X,N(—d,) - e—(rd_rf+PU'XU'S)(T—I)KN(—d+)], (1.379)
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where
log(K/X,)+ (rf —r'—poyog+103)(T —1)
B oyvT —t '

(1.380)

+

Let us now consider Black—Scholes pricing formulas as well as symmetry relations for
European calls and puts under an economy whereby the underlying asset pays continuous
dividends. This will be useful for the discussion on American options in Section 1.14.
In particular, let us assume that the asset price S, follows geometric Brownian motion, as in
Example 1, but with an additional drift term due to a constant dividend yield g:

ds, = (r—q)S, dt+as, dw,. (1.381)
Note that from equation (1.165) we readily have the risk-neutral lognormal transition density
for this asset price process,

P(S7 857 = ——— 12 ¢ eS1/5)~(r=a= )P 2077 (1.382)
oS/ 2T

T=T—1t We follow Example 1 and choose B, = ¢ as numeraire. Then, using equa-
tion (1.169) with drift (r — g) as given by equation (1.381), the price of a European call struck
at K with underlying asset paying continuous dividend g is

C.(S,. K. T) = e T ECP[(S, — K),]
— T [e(r—q)(T—’)StN(d+) - KN(d,)]

=e IS N(d, )~ Ke " TIN(d_), (1.383)
with
- log(S,/K)+ (r—q+1i0?) (T—t)‘ (1.384)
oNT —1t
The corresponding European put price is easily derived in similar fashion, giving
P(S,,K,T)=Ke " """N(—d_) — S,e”"""IN(—d.,). (1.385)

The previous put-call parity relation for plain European calls and puts, i.e., equation (1.214),
is now modified to read

C(S,,K,T)—P,(S,,K,T)=e 17§, — Ke T (1.386)

for generally nonzero gq.

This put-call parity is a rather general property that obtains whenever relative asset prices
are martingales. Within the geometric Brownian motion model, we can further establish
another special symmetry property that relates a call price to its corresponding put price.
In particular, explicitly denoting the dependence on the interest rate » and dividend yield g,
we have

C(S.K,T,r,q)=P,(K,S, T, q, ). (1.387)

This relation states that the Black—Scholes pricing formula for a call, with spot §, = S,
strike K, interest rate r, and dividend ¢, is the same as the Black—Scholes pricing formula
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for a put where one inputs the strike as S, spot as S, = K, interest rate as ¢, and dividend
as r. That is, by interchanging r and ¢ and interchanging S and K, the call and put pricing
formulas give the same price. For this reason we can also refer to identity (1.387) as a put-call
reversal symmetry. This result can be established by relating expectations under different
numeraires as follows. Consider the modified asset price process defined by S: = ¢?S,, then
Ito’s lemma gives

dsS, =rS, dt+aS, dw, (1.388)

within the risk-neutral measure. By alternatively choosing g, = S’, as numeraire, equa-
tion (1.292) gives the arbitrage-free price of the call as

C/(S,K,T;r,q) = SKe T VELO[(K' — X;), ] (1.389)

where we have used the spot value S, = S and defined the process X, = S;'. From equa-
tion (1.388), we see that the lognormal volatility of g, (or the price of risk) is o; therefore,
under the new measure, Q(g), equation (1.381) becomes

dS, = (r—q+0?)S, di+0S, dW,, (1.390)

where dW, denotes the Brownian increment under measure Q(Z). Using this equation and
applying It6’s lemma to X, = S;' gives

dX, = (q—rX, dt —oX, dW, (1.391)

Under Q(g), the transition density p for the process X, is hence given by equation (1.382)
with r and ¢ interchanged and the replacement S, — X,, S; — X;:

B 1 02\ 2 /92
BXy, X3 7) = —— o lloee X)o7 (1.392)
e oXpV 27T

Under Q(2), the drift of the lognormal diffusion X, is ¢ — r. Using equations (1.171) and
(1.392) with spot X, = 1/S, =1/S at current time ¢, the expectation in equation (1.389) is
evaluated to give

C,(S,K.,T;r,q)=SKP,(1/S,1/K, T: q, r). (1.393)

This establishes the identity, which is actually equivalent to equation (1.387), as can be
verified using equation (1.385). Finally, note that equation (1.387) is also verified by directly
manipulating equation (1.385) or (1.383).

A class of slightly more sophisticated options that can also be valued analytically within
the Black—Scholes model are European-style compound options. Such contracts are options
on an option. Examples are a call-on-a-call and a call-on-a-put. Such compound options
are hence characterized by two expiration dates, 7|, and T,, and two strike values. Let us
specifically consider a call-on-a-call option. This contract gives the holder the right (not the
obligation) to purchase an underlying call option for a fixed strike price K, at calendar time 7.
The underlying call is a call option on an asset or stock with strike K, and expiring at a later
calendar time 7, > T; — we denote its value by Cy, (Sy,, K5, T;), where Sy, denotes the stock
price at T;. Hence at time T this underlying call will be purchased (i.e., the compound call-on-
a-call will be exercised at time 7)) only if Cr, (S7,, K,, T,) > K. Let t denote current calendar
time, 1 < Ty < T, then the pay-off of the call-on-a-call at T, is (Cy,(Sy,, Ky, Ty) — K), .
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Since Cy, is a monotonically increasing function of Sy, , this pay-off is nonzero only for values
of §; above a (critical) value S} defined as the unique solution to the (nonlinear) equation
Cr, (St Ky, T,) = K. Hence (Cr,(Sy,, Ky, ) = K,), = Cyr, (S, Ky, T,) — K, for S; > St
and zero otherwise.

Denoting the value of the call-on-a-call option by V<(S, ), where S, =S is the spot
at time ¢, and assuming a constant interest rate with g, = ¢’" as numeraire asset price, we
generally have

Vs, 1) = e MEFP[(Cp (Sy, . Kon To) — K) ] (1.394)

Specializing to the case where the stock price process obeys equation (1.381) within the risk-
neutral measure Q(B), this expectation is readily evaluated in terms of the standard univariate
cumulative normal and bivariate cumulative normal functions. Inserting the price of the call
from equation (1.383) gives

Vs, H)=e M / [e TS N(d, ) — Kye ">"TON(d_) — K] p(S,, S; 7,)dS,, (1.395)
-

1

T, = T, — t, where p is the transition density function defined in equation (1.382) and

_ log(Sl/Kz)—i—(r—q:l:%a'z) (T,-T))
= oJT,—T, '

Equation (1.395) is a sum of three integrals. The third integral term involves the risk-neutral
probability that the stock price is above S} after a time 7, and having initiated at S. This
integral is reduced to a standard cumulative normal function by changing the integration
variable to x =log S;:

(1.396)

/ p(Sy, S; 1)dS, = Na_), (1.397)
St

where we define

_log(S/S)) 4+ (r—q+x30°) T,

1.398
a P~ (1.398)
The second integral term in equation (1.395) can be rewritten using
N(d_) =/ p(Sy, S5 T, —T,)dS,, (1.399)
Ky

giving
| M@, S m)as = [ [ p(Sa 815 Ty=T)p(S,. S: 7)dS, dS,. (1.400)
st st Jk,

This double integral can be recast in terms of a standard bivariate cumulative normal function

1 a b x24+y*—2pxy
A e[S
27/ 1= p? )=o) 2(1-p?)

where p is a correlation coefficient. For this purpose it proves useful to define

T,=T,—t and p=+/T/Ts, (1.402)

N,(a, b; p) = ]dy dx, (1.401)
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hence T, — T|, = 7, — 7,. Introducing the change of variables

log(Si/S)—(r—g—10d)m  log(S,/8)—(r—g—1to})m,
a oy o o\

Equation (1.400) then becomes (after some algebraic manipulation)

%) a b
. _ 1 N - 2 (=px)?
/sr N(d)p(S:, $;m)dS; = = /_w /_m exp[ : 2(1_92)]@ dx,
=Ny(a_,b_; p), (1.403)

where

- log(S/K,)+ (r—g+10?) T,
+ = 0_\/7_—2 '

We leave it to the reader to verify that the first integral term in equation (1.395) can be
reduced, using similar manipulations as earlier, to give

(1.404)

[ SIN@ (S, S: 7)dS, = Se" P Ny(a, b p). (1.405)
3

1

Combining the three integrals in equation (1.395) finally gives
Ve(s, ) =Se ™ Ny(a,,b,; p) —Kr,e ™ N,(a_,b_; p)—K,e"""N(a_). (1.406)

Derivations of similar pricing formulas for related types of compound options are left to the
interested reader (see Problem 10).

Problems

Within the problems involving a single underlying asset or stock, assume we are in a Black—
Scholes world where the asset price process obeys geometric Brownian motion of the form

dA, = (r+q-0o,)A, dt+o,A, dW,, (1.407)

where dW, is the assumed Brownian increment under the given measure, the interest rate r
(in the appropriate economy) and volatility o, are constants, and ¢ is a market price of risk.

Problem 1. Find the price of a call option on foreign stock struck in foreign currency, i.e.,
of the contract with payoff

Cr=X(S;—K),. (1.408)

Problem 2. Find the price of a call option on foreign stock struck in domestic currency
with payoff

Cr= (XS] —K),, (1.409)

where X, is the exchange rate at time 7.
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Problem 3. Consider again the example of the quanto option in Example 3. Compute the
coefficient « in such a way that the price process

g, =Xe"S/ (1.410)

is a domestic asset price process. Further, price the quanto option in Example 3 using g, as a
numeraire asset. Describe the replication strategy for the numeraire asset g,.

Problem 4. Derive the price of an Elf-X option from the point of view of the foreign investor
taking as payoff

Cr = (S} —KS1Yp),, (1.411)

where Y, = 1/X;.

Problem 5. A forward starting call on a stock S is structured as follows. The holder will
receive at a preassigned future time 7 a call struck at K = @S, and maturing at time 7, > 7.
Here, a is a positive preassigned constant and Sy, is the stock price realized at time 7.

Find (i) the present time ¢ = ¢, < T price of the forward starting call prior to maturity 7
and (ii) a static hedging strategy that applies up to time 7). Using the result in (i), show that
the price of the contract simplifies to that of a standard call struck at K = a.S, with time to
maturity 7, — 7, in the limiting case that T, — ¢, (with 7, T, held fixed). On the other hand,
show that in the limit 7, — T, (with #,, T} held fixed) the contract price is simply given by
So(1 — ). This last result is consistent with the price of a standard call with maturity t = T;
and strike K = a5y, .

Problem 6. Consider two stocks S' and S? described by correlated geometric Brownian
motion with constant volatilities o, and o, and with correlation p. As seen in Section 1.6, a
simple chooser option yields the pay-off as the maximum of the two stock levels,

max(Sy, S7), (1.412)

at the maturity date 7. Find the price of this instrument at time ¢ < 7. Find the relationship
between the price of this chooser option and that of the chooser with payoff (S7 — S7).,.

One Solution: To solve for either option price, pick the price of stock 1 as numeraire,
g, = S!. So, for instance, to price the latter option, show that the price C, is given by an
expectation

C =SE'(fr—1),] (1.413)

where the random variable f, = S?/S! obeys

d
% = (po, —a,)dW/ +0y/1—p* dW}. (1.414)
t
From this, show that we have
f v?
logf = =5 (T=0)+(poy =)Wy = W)+ oo/ 1= p*(Wy = W), (1.415)
t

where W/ are independent Wiener processes at time ¢ and

VE\/0'12+0'22—2[)0'10'2: oy .
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Since log(f;/f,) is normally distributed, find its mean and variance and thereby obtain the
lognormal drift and volatility of f,, i.e., the lognormal density p = p(f;, f,; T —t), giving
the price

C,=S*N(d,)—S'N(d_), (1.416)

where

log(8?/S!) + 2v3(T —1)

d, =
* v/ T —t

(1.417)

Problem 7. Derive the standard call option-pricing formula of Example 1 of this section,
but this time use the stock price as numeraire, i.e., g, = §,. In particular, show that with this
choice of numeraire,

d(1/s,) _

sy = dt—o dw, (1.418)
t

where dW, stands for the Brownian increment under the measure Q(S) with S, as numeraire.
Then show that this leads to

C(S,. K. T)=KS,EV[(1/K —1/S;) . ]. (1.419)

Note: This is related to the price of an European put contract where the random variable
is now the inverse of the stock price struck at the inverse of the strike, i.e., 1/K, and with
drift = —r. Compute this expectation to obtain the final expression.

Problem 8. Consider a foreign money-market account B = elirlds (with interest rate in
foreign currency given by r] at time 1), a domestic asset with price A?, and a foreign asset with
price Al Let X, be the exchange rate process in converting foreign currency into domestic.
Suppose we choose g, = A? as our numeraire asset. Compute the drift of the following
processes: X, B/, and A/, within the Q(g) measure.

Problem 9. Consider a domestic asset with price AY and a foreign asset with price Al Let
the constant k be the conversion factor

_ A

K = —.
f
Ay

(1.420)

Note that this is given in terms of the asset prices at some current time ¢ = 0.
g p
(i) Find a pricing formula for the contract at current time r = 0 with payoff function

max (A%, kA7) (1.421)

at maturity # = 7. Assume that all relevant lognormal volatilities and correlations are constant.
(ii) How can one hedge this contract? Is it necessary to trade the foreign currency
dynamically?

Problem 10. Derive pricing formulas analogous to equation (1.406) for (i) a call-on-a-put,
(ii) a put-on-a-put, and (iii) a put-on-a-call.
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1.13 Partial Differential Equations for Pricing Functions
and Kernels

Consider the continuous-time model with state-dependent volatility

ds
Tt = (r(t) + qo(S,, 1))dt + o(S,, 1)dW,, (1.422)
t

where ¢ is the price of risk (also equal to the volatility of the numeraire asset). Here, r(t) is
a deterministic, time-dependent short rate consistent with the term structure of interest rates.
The state-dependent volatility o(S, 7) is sometimes called the local volatility.

The asset price process A, of an European-style option contingent on the asset S in the
model described by equation (1.422) is given by a pricing function A(S,t) through a formula
of the form

A, = A(S,, 1). (1.423)

The existence of a pricing function is an expression of the fact that the current price of an
European option depends only on current calendar time and on the current (i.e., spot) price
S =S, for the underlying asset (assuming all other contract parameters are held fixed as the
maturity time, etc.).

Theorem. (Black-Scholes Equation) The pricing function A(S, t) of a European claim
contingent on the asset S in equation (1.422) satisfies the Black—Scholes equation
dA  o*S? A A

where r = (1), o = o(S, 1).
This is a backward time parabolic partial differential equation related closely to the
backward Kolmogorov equation, as we shall see later.

Proof. Choosing as numeraire asset the money-market account B, = el 945 | the price of risk
g = 0 and the risk-neutral pricing formula yields

E?P[dA,] = r(n)A, dt (1.425)

Equation (1.424) follows by applying It6’s lemma to the calculation of dA, = dA(S,, 1).
Namely,
A n S&A n o28% 9A
o s T T2 as

= rA, (1.426)

r =r(t), o = o(S,t). Lastly, note that this follows simply from the Feynman-Kac
theorem. [

A second important partial differential equation concerns the probability density function
P(S, t) under the risk-neutral measure for the stock price values S at time 7, given an initial
Dirac delta function distribution at time ¢ = #,:

P(S,t = 15) = 5(S—S,). (1.427)
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More explicitly, this function is given by P(S, 1) = p(S, t; Sy, t,); i.e., this is the risk-neutral
transition probability density for the price of the underlying asset to begin at value S
at initial time f, and end with value S, = § at time 7. The function p(S,1; S, t,) is also
commonly referred to as a pricing kernel. We have already seen a specific example of this
as the lognormal transition density for geometric Brownian motion. In general, the resulting
equation, called the Fokker—Planck (or forward Kolmogorov) equation, is contained in the
following statement.

Theorem 1.7. (Fokker-Planck Equation) The probability density function P(S, t) under the
risk-neutral measure for the stock price values S at time t satisfying initial condition (1.427)
obeys the following equation:

oP 1 d

— = =——=(0?S*P) —r—(SP), 1.428

o = 295 7 S P mragP) (1.428)
where r = r(t), o = o(S, ).

Proof. This result can be derived as a consequence of the Black—Scholes equation. Consider
a generic asset with pricing function A(S, ¢) defined in the interval ¢ € (¢,, T), we then have
from risk-neutral valuation that at any time ¢,

A(Sy, 1) = el / P(S, 1)A(S, 1)dS. (1.429)
0

Note here that we assume that the range of solution is S € (0, o0), although the derivation
can be extended to cases with different ranges. Taking the partial derivative with respect to
calendar time ¢ on both sides of this equation, we find

/w pA+ Ay p(ra—sfA_STFANT g
—r — rA—rS— — — =0,
0 ot s T T2 s

where r = r(t), 0 = o(S, t), and the Black—Scholes equation (1.424) has been used for %.
Integrating the last two terms by parts we obtain:

—fm psIA as = —(psa)
0 s

RPTI = 9
A—(SP)dS= [ A—(SP)dS,
0+/0 as 5P /0 as 8P

and

= g282 A 14 A
—f T2 pllus=—~ 2 (o252p) 2
o 2 s

©9A 0 [0?SPP
(—‘T )dS

298 as|, L asas\ T2
1 9A a R B L
=—— (= — A)—(c>5°P) —_/ A—(0’S?P)dS
2408 a8 o 2J Tos?
1o &
=—— | A—(d28*P)dS.
2/0 IEAREE

In the last equation we have integrated by parts twice. Notice that the nonintegral terms all
vanish, due to the boundary conditions on the probability density function P, namely, that
the function P and the first and second partial derivatives with respect to S, are assumed to
be rapidly decaying functions of S as S — 0 and S — oo. Collecting terms gives that for any
derivative pricing function A(S,?),

1 &

b JoP d
A — 4 r—(SP) — = — (aS2P) |dS = 0.
/0 (S,t)[at+raS(S) S25 (@S )] S=0
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This can only occur if the integrand term in brackets is identically zero; hence equation (1.428)
is fulfilled. O

The corresponding backward Kolmogorov equation for the density is given by the so-
called Lagrange adjoint of equation (1.428). By combining equations (1.429) [with P(S, ) =
P=p(S,t; S, t)] and (1.424), we readily see that ¢ o % p must satisfy the same equation
as A(S,, t,) for all initial times f, < ¢. Simplifying the equation in terms of P only, we find
the backward Kolmogorov equation:

o + = a *(Sys to)sg 5 —l—r(tO)SO op =0. (1.430)
aty aS;

This is a backward-time parabolic partial differential equation of the form of the Black—
Scholes equation [i.e., replacing (S,t) by (S, #,) in equation (1.424)]. The only term missing
is the compounding term r(z,)A. However, as just mentioned, the function ¢ 0B P does
exactly satisfy the Black—Scholes equation. This is, not surprisingly, consistent with our
discussion in Section 1.8, where we showed [see equation (1.231)] that the discounted
transition density gives the current price of a European butterfly option with inifinitely narrow
spread (i.e., the price of an Arrow—Debreu security).

A partial differential equation satisfied by the pricing function of European-style call
options C(S, t; K, T) regarded explicitly as functions of the strike and maturity time arguments
(K, T) [instead of functions of the arguments (S, ), which are held fixed] can now be derived
as follows.

Theorem 1.8. (Dual Black-Scholes Equation) The pricing function for a European call
option C(S, t; K, T) satisfies the following equation:

acC ac 1 *C

— =-rTK—+-K0*(K,T)—. 1.431

ar = DK TR KT K D5 (1.431)
Proof. European-style call prices admit the following representation in terms of the risk-
neutral transition probability density [i.e., the density for the risk-neutral measure Q(B)]:

C(K,T) =Zy(T)EZP[(S - K),] = Z,(T) / N P(S, T)(S—K), dS, (1.432)

where Z,(T) = e~ Iy "9ds Without loss of generality we simply set current time ¢ = (. Using
the property d(S — K), /0K = —60(S — K), where 0(x) is the Heaviside step function with
value 1 for x > 0 and value O for x < 0, the first and second derivatives of equation (1.432)
with respect to the strike K give

aC o
— =—Z,(T P(S,T)d 1.4
% = ~Z(T) [ P(s.T)ds. (1.433)
and
2
o Zy(T)P(K,T). (1.434)
The derivative with respect to maturity is given by
aC
== —rZO(T)f (S—K),P dS+Z0(T)/ Z (S-K), dS

=—rC+ZO(T)/O |:—r—( P)+28S2

(ozszp)} (S—K), ds,
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where r = r(T), o = o(S, T). Note that we have used equation (1.428) with r = T. The
integral containing the first derivative with respect to S can be evaluated by parts as follows:

“(5—K), 2 (sPyas=— [ spds
/0 S K
=_f0°°(5—1()+P dS—K/:P ds

ac
=[—C+K—

8K:|ZO(T)] )

where we used the identity S = (§—K), + K, for S € [K, ), and equations (1.432)
and (1.433). The integral containing the second derivative can again be evaluated by parts:

f (S — K)+ (0' 2§2P)ds = — fK ) %(UZSZP)CIS
=0’(K,T)K’P(K, T)

=Z,(T)"'o*(K, T)Kzazc

Collecting the intermediate results obtained so far, we arrive at the following dual Black—
Scholes equation:

°C__rerre—C 4 Lk 1S 2C
= —ri C—rK—
T oK T2 K>
ac 1 P¥e
__K KZ 2
Kog T2K K Dgs

O

A consequence of this result is the following, which may be used in practice to calibrate
a local volatility surface o; = (K, T)) via market European call option prices across a range
of maturities and strikes.

Theorem 1.9. (Derman-Kani) If a local volatility function exists, then it is unique and it
can be expressed in analytical closed form as follows in terms of call option prices:

2 dC+ KﬂC
2
(K, T)= ”T. (1.435)
K2

This PDE pricing formalism extends readily into arbitrary dimensions. A general con-
nection between a system of SDEs and the corresponding forward (backward) Kolmogorov
PDEs that govern the transition probability density is as follows. Consider a diffusion model

with n correlated random processes x, = (x!, ..., x") € R" satisfying the system of SDEs:
dxt ;
— = pu,(x,, dt + Z 0, o(X,, 1)dWS, i=1,...,n, (1.436)
xi‘ a=1

with M > 1 independent Brownian motions, dW; dW,ﬁ = 8(1, P dt, and where the drifts and
volatilites are generally functions of time ¢ and x,. Let us define the differential operator £ by

Lo f= ZX,LL(X t) + le xv; (X, t) (1.437)

lj|
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with Lagrange adjoint operator £' given by

" [ (x, 0 f] " [xx (%0 f]

+12

Ll == : 1.438
L=- X 3 (1.438)
where the functions v, ;, i, j=1, ..., n, are defined by
M
v (X%, 1) =D 0;.4(X, )0 4 (X, 1). (1.439)
a=1

These operators act on any sufficiently differentiable function f = f(x, t). The transition
probability density p = p(X, t; X,, #,) associated with the foregoing diffusion process then
satisfies the forward (Fokker—Planck) Kolmogorov PDE,

0
a—’; =Ll (1.440)
as well as the corresponding backward PDE,
dp
§+[/xO,,0p=O, (1.441)
0

for all 7, < ¢, with initial (or final) time condition
p(X, 1 =1} X, Ig) = p(X, 1; X, fg = 1) = 6(X —X).

Assuming that a diffusion path starting at some point X, at time ¢, and ending at a point x at
time 7 must be at all possible points X at any intermediate time 7, t, < < ¢, then a consistency
requirement in the theory is the so-called Chapman—Kolmogorov integral equation:

P(X, Xy, 1) = / p(x, £ %, (R, ; Xy, 1) dX. (1.442)
Rn

Prices of European-style contingent claims can then be computed by taking integrals over
an appropriate pricing kernel as follows. Suppose we are within a certain measure Q(g) where
underlying assets depend on random variables x! that have appropriate drift and volatilites
in accordance with equation (1.436). Assuming the existence of a martingale measure where
the numeraire is, for example, of the form eo Axs.s)ds (i.e., with A as a discounting function),
then according to the asset pricing theorem of the previous section, the price of a contingent
claim A(x, ) with payoff ¢(x) is given by the expectation

A(x, 1) = EC[e™ I 40945 gy (x)]. (1.443)
Then due to the Feynman—Kac formula (in » dimensions) we have the corresponding Black—
Scholes PDE:

M—i—ﬁx,,A(x, 1 —AX, )A(X, 1) =0, (1.444)

t < T, with terminal condition A(X,T) = ¢(x), as required. From this analysis we see
that the price of the contingent claim satisfying this Black—Scholes type of PDE can in
fact be expressed as an integral over the set of diffusion paths. With the particular choice
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A(x,, t) = r(¢) (the risk-free rate), then, the density p is the risk-neutral density expressed in
the x-space variables. The claim’s price is then simply given by an integral in R”:

A, 1) = e [ pe, Tox, 0 (xp)dxy. (1.445)

This is a multidimensional extension of equation (1.429). Note also that here, variables x do
not necessarily represent prices. In general, asset prices are functions of x and time 7. A nice
feature of such integral equations, among others, is the fact that they provide a solution
whereby the kernel p and hence the expected values can be propagated forward in the time
variable T, starting from T = ¢, where the delta function condition is employed.

Problems

Problem 1. Consider the one-dimensional lognormal density p(S, Sy; t —¢,) given by equa-
tion (1.165). Show that it satisfies forward and backward equations of the form (1.428)
and (1.430) as well as the Chapman—Kolmogorov equation,

/ PS8, S5 1—1)p(S, So; T — 1)dS = p(S, Sy: 1 — 1), (1.446)
0

fh<t<t.
Problem 2. Consider the n-dimensional lognormal density given by equation (1.198). Verify
that this density satisfies the appropriate Kolmogorov equations.

American Options

In this section we briefly present the theory for pricing American, or early-exercise, options.
The distinction between an American-style option and its European counterpart is that the
holder of the American option has the additional freedom or right to exercise the option at any
date from contract inception until expiration. This additional time optionality generally gives
rise to an additional worth, appropriately also referred to as the early-exercise premium. We
mainly focus our discussion on calls and puts, although the theory is also useful for treating
other types of pay-offs. Throughout this section, we shall assume that we are within a Black—
Scholes world with only one underlying asset. Although the formal theory readily extends into
the multiasset case, the practical implementation and analysis issues are nontrivial and not
within the scope of our present discussion. The development of numerical methods for pricing
multiasset American options remains a topic of active research (see, for example, [BD96,
BGY97b, BG97a, BKTO1, Gla04]).

Arbitrage-Free Pricing and Optimal Stopping Time Formulation

To begin our discussion, we consider the case where the underlying asset (or stock) price
process (S;),-, follows the geometric Brownian motion model as given by equation (1.381)
in the risk-neutral measure, where r is the risk-free interest rate and ¢ is a continuous
dividend yield. We therefore assume that r > 0, ¢ > 0, ¢ are constants (i.e., state and time
independent), although the formalism (i.e., the governing equations) readily extends to the
case of state-dependent drift and volatility functions. Let #, be the present time (i.e., contract
inception). An American call (or put) option struck at K with expiration at time 7 is a claim
to a payoff (S, —K), (or (K —S,),) that the holder can exercise at any intermediate time
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t prior to maturity, i.e., f, <t < T. The time at which the option is exercised is a stopping
time. Recall the simpler situation in which the stopping time is initially known (i.e., as in
the case of a European-style claim), then from the theorem of asset pricing the arbitrage-free
price of a claim with a given pay-off occurring at time ¢ is simply given by the discounted
expectation via equation (1.294). In particular, the value at present time #, of a cash flow
(S, —K), delivered at a later time ¢ is given by

e TVE[(S,— K), ],

where Ey[-] = EC[|7, ] = E?[-|S,, = Sy] is used as a simplified notation to denote the
expectation at time 7, within the risk-neutral measure Q(B), with B, = ¢” as numeraire,
conditional on §,_, = S,. This expectation gives us the fair value of the cash flow as
long as the delivery time ¢ is a given stopping time, which may either be deterministic or
random. For the case in which the stopping time is given by the maturity, e.g., t = T, the
foregoing expectation obviously corresponds to the price of an European call [as given by
equation (1.383), with ¢, S, replaced by ¢,, S,].

For American contracts the holder has the freedom to exercise at any time within the
continuous set of values T = {¢: f, <t < T}, giving rise to an optimal stopping time (i.e.,
early-exercise time) at which the holder should exercise the option for maximal gain. In
particular, we shall see that an early-exercise boundary arises on the (z, S,)-plane (i.e., time-
spot plane) that separates the domain [7y, T] x R, into two subdomains. These consist of
a so-called continuation domain, for which the option is not yet exercised, and a stopping
domain, whereby the option is exercised early. Hence, a main distinction from the European
case is that the exercise time is not known prematurely and must be optimally determined as
part of the solution to the pricing problem. As observed later, the basic financial reasoning
for the emergence of an early-exercise boundary is that the holder can either claim a profit
from the underlying dividend income by opting to purchase the asset (e.g., for the case of a
call) or profit from the interest that arises from selling the underlying asset and investing the
proceeds in a money-market account (e.g., for a put).

More generally, let us consider a nonnegative payoff function ¢(S), S € R,.. The values of
the European and corresponding American claim to such a pay-off are given, respectively, by

Vi(So, T —19) = Eg[e " $(S;)] (1.447)
and

V(Sy, T —ty) = sup Eg[e " p(S,)]. (1.448)
teT

Throughout this section we use V; to distinguish the European price from its American
counterpart. In equation (1.448) the supremum is taken over all possible stopping times in the
set . Note that both pricing functions are functions of the current time to maturity 7 — ¢,
as is generally true when the drift and volatility terms have no explicit time dependence.
We remark that although various theoretical frameworks exist for the determination of optimal
stopping times, exact analytical formulas for such quantities as well as for American option
values in terms of known transcendental functions have not been found to date. This is
the case for the geometric Brownian motion model and, of course, for the more complex
state-dependent models. In Section 1.14.4 we develop an integral-equations approach for
computing the early-exercise boundary and the American option value, whereas in this section
we provide a discrete-time backward induction formulation, which is useful for approximating
the continuous-time quantities.
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Formally, the optimal stopping time, denoted by #*, is given by the infimum over the set
T such that the value of the American option is equal to its intrinsic value (or face value) as
given by the pay-off at the observed asset price:

' =inf{t e T, V(S,,T—1) = $(S,)}. (1.449)

The stopping domain, corresponding to spot and time values for which it is optimal to exercise
prematurely, consists of the set of points

D={(tS):teT VS, T—1)=d(S)}, (1.450)

while the continuation domain, corresponding to spot and time values for which the option
is not exercised prematurely, is the set of points

C={(t,S):te T, V(S,T—1) > d(S)). (1.451)

Assuming there exists an optimal stopping time #*, then from asset-pricing theory this time
is given implicitly by

Egle " ¢(S,)] = V(So. T — t,). (1.452)

This is a result that is not practical as it stands since the equation involves the American
option value on the right-hand side, which is itself not yet known and dependent upon the
stopping domain. This is a common feature among optimal stopping problems for Markov
processes in continuous time, because they are essentially free-boundary value problems as
shown shortly.

The structure of the stopping domains may be quite complicated for certain classes of
payoff functions and diffusion models. However, for standard piecewise call/put types of
pay-offs considered here, the domains turn out to be simply connected. In particular, the
boundary of D is an early-exercise boundary curve given by

0D ={(1,9):0<7<T—1,S=58"(1}, (1.453)
with S*(7) given by a smooth curve

S*(7) =min{S > 0: V(S5,7) =(S—K)_} (1.454)
for a call and

S*(r)=max{S>0:V(S,7)=(K—-95),} (1.455)

for a put struck at K. Here the function V(S, 7) represents the value of the American call
C(S, K, 7) or put P(S, K, 7), respectively, where S is the value of the underlying spot. From
equation (1.451) it is obvious that the continuation domain is the set of all points (7, S) such
that V(S, 7) is greater than the respective payoff function at S. As we will see, the subscript
+ signs are actually redundant in equations (1.454) and (1.455). Note that here we have
simply expressed the boundary and the option price in terms of the time-to-maturity variable
T7=T—1t€]0,T —t,] rather than the calendar time ¢ € [¢,, T]. This is convenient for what
follows since the diffusion models are assumed to be time homogeneous. The optimal-exercise
decision for the holder therefore depends on the observed spot (or stock price level) and the
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time to maturity (or calendar time) of the observation. In this sense, Amercian options can
be characterized as having a kind of path dependence.

Before any further analysis, we make note of one very basic and important property of
the early-exercise premium (or value): The European option value V,; satisfies the condition
(i) Ve(S, 1) > d(S) for all (S, 1) if and only if the corresponding American option value V
satisfies (ii) V(S, 7) = V(S, 7) for all (S, 7). That is, if the corresponding European price is
always above its intrinsic value during the contract lifetime, then it is never optimal to exercise
the American option at any time earlier than expiry; i.e., there is no early-exercise premium
and V = V. To show this, note that equation (1.448) implies V(S, 1) > V.(S, 7). Hence
condition (i) gives V(S, 7) > ¢(S), so the American option is always above the intrinsic value,
implying that the holder would not exercise earlier for a lower value. The optimal exercise
(stopping) time is therefore at expiry T; hence (i) implies (ii). To prove the converse, observe
that since the American option value must satisfy V(S, 7) > ¢(S) for all (S, 7), condition (ii)
implies (i). This result is essentially a statement of the fact that an early-exercise boundary
(and premium) arises only if the corresponding European option value falls below the intrinsic
(payoff function) value. Because of this we have the following rather well-known result.

Proposition.
(i) An Amercian call has a nonzero early-exercise premium if and only if ¢ > 0.
(ii) An Amercian put has a nonzero early-exercise premium if and only if r > 0.

This result will be seen to follow explicitly from the early-exercise boundary properties
and the formulas for the early-exercise premiums developed in the following subsections.
However, a simple and instructive proof goes as follows.

Proof. The put-call parity relation for European calls and puts gives
Cp(S,K,7)—Pr(S,K, )= T"S—e K. (1.456)
Rewriting this we have
Ce(S, K, 1) =S—K+Pe(S,K, 1)+ [(e " —1)S— (e = DK]. (1.457)

Since P.(S, K, 7) > 0, then for ¢ = 0 either of these expressions gives Cz(S,K,T) > S —
e "K > § — K. Hence Cy is always above its intrinsic value, and from the previous property
we conclude that the European call value is equal to the American call value, C(S, K, 7) =
C(S, K, 7), so the early-exercise premium is zero. For the case ¢ > 0, we use equation (1.457)
and note that since the European put is a decreasing function of S, there exist large enough
values of S > K such that Pg(S, K, 7)+[(e 7" —1)S— (7" —1)K] <0, i.e., Cx(S, K, 7) <
S — K for some S > K. From the previous result we therefore have C(S, K, 7) # C(S, K, 7)
and hence conclude that the early-exercise premium is nonzero for ¢ > 0. This proves (i),
while statement (ii) is proved in a similar fashion by reversing the roles of S,q with K,r and
is left as an exercise. [

An obvious consequence of this proposition is that: (i) for an American call on a non-
dividend-paying stock the exercise boundary is trivial (i.e., it is never optimal to exercise
early), and (ii) for an American put on a nondividend-paying stock the exercise boundary is
nontrivial (i.e., there is an optimal early-exercise time) if the interest rate is positive. In what
follows (and also from the framework of Section 1.14.4) we will be able to further assess
such properties.
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Pricing by Recurrence: Dynamic Programming Approach

We now consider specifically the recursive formulation for pricing American options. This
involves an iteration method that goes backward in calendar time (or forward in time to
maturity). Formally, the American option price is given by equation (1.448). In order to
actually implement this formula in a practical manner, we subdivide the time interval [z,, T] =
(%o, t1, ..., ty =T] into N > 1 subintervals (¢, ;,,], 6t,=1t,,, —¢,>0,i=0,... ,N—1.
For notational purposes it is useful to introduce the price function V,(S). For the case of
time-homogeneous diffusions we have

V.(S)=V(S, T —1)=V(S,7), (1.458)

with 7 = T — ¢ being the time remaining to maturity. We therefore assume that exercise
can only occur at a fixed set of (intermediate stopping) times given by {t,: i =0, ..., N}.
Equation (1.448) can then be approximated by

VoS)=  sup  E[e " 0(s)], (1.459)

tef{t;:i=0, ... ,N}

Vo(So) =V, (Sy) = V(Sy, T — t,). For small 61; values we expect equation (1.459) to be a
good approximation to equation (1.448). From the theory of optimal stopping rules, one can
show that in the limit 6¢, — 0 (N — oo) this approximation approaches the exact American
option value in equation (1.448), which allows for continuous-time exercise. We remark that
equation (1.459) actually gives the exact price of a Bermudan option with payoff function ¢.
Bermudans are bonafide contracts that essentially lie in between European and American
contracts and are in reality structured specifically with only a fixed set of allowable exercise
dates. Moreover, in any realistic trading strategy it is interesting to note that the actual
information on asset price levels can only be accessible to the trader at intermittent times
(i.e., at best one obtains “tick-by-tick”data). Hence, for the holder of an American option
the exercise decision times, although approaching the continuum limit, essentially occur at
discretely spaced points in time.

By discretizing time, the underlying asset price process with values §, e R ,i=0,..., N,
is then a Markov chain. Iterating backward in calendar time starting from maturity, equa-
tion (1.459) is readily shown to imply that the option price at any intermediate time satisfies
the recurrence relation

V,(S) = max {¢(S), E, [e ™V, (S, )IS, =S5]}. (1.460)
i=N-—1,...,0, where V,(S) = ¢(S). This result states that the option price at each date ¢,
is given by the maximum of the pay-off (or the immediate-exercise value) and the discounted
expected value of continuing without early exercise at time ¢#;. Note that at each ith step the
expectation is conditional on S, = S. [Remark: Equation (1.460) can also be rewritten as a
forward recurrence relation in terms of a discretized time to maturity variable 7, =T — ¢,
using equation (1.458)]. This formulation can be applied to asset prices that obey diffusion
processes with generally state- and time-dependent drift and volatility functions. Here and
in the following subsections, however, we are assuming time-homogeneous solutions; i.e.,
the drift and volatility functions of the asset price process are only allowed to be explicitly
state dependent. Assuming a generally state-dependent Markov diffusion process (S,),-o»
S, € R, with assumed risk-neutral transition probability density function p(S’, S; 7), the
earlier expectation then gives

V,,(S) = max {$(S5). V, ()} (1.461)
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where
V,(8)= e / p(S., 8;81,)V, (S)dS' (1.462)
0

represents the continuation value of the option at time ¢,. For the particular process, of
equation (1.381), p is specifically the lognormal density function given by equation (1.382).
In this iteration approach, the American (or Bermudan) option prices are obtained without
necessarily computing the early-exercise boundary. However, this can also be obtained simul-
taneously. From equation (1.461) we see that equations (1.449), (1.450), and (1.451) give the
stopping rule

t=min{t;;i=0,....N:$(S,) =V, (S)} (1.463)

the early-exercise (stopping) domain as the union of line segments

D=V, w18 : () = ‘7;,.(5)}7 (1.464)
and the continuation domain
C=U,.. ~(15): (S) < ‘Z,(S)} (1.465)

Relation to Lattice (Tree) Methods

The dynamic programming approach provides a basis for implementing a number of different
numerical methods for computing option prices using either Monte Carlo simulations, quadra-
ture rules of integration, lattice methods, or a combination of such methods. In particular,
the dynamic programming formulation can be directly related to the simplest of the lattice
models — the binomial and trinomial lattices. For a detailed exposition on the implementa-
tions of lattice methods for pricing American options (as well as their European counterparts)
the reader is urged to take a close look at the relevant numerical projects in Part II. The
intricate details as well as the relevant equations and algorithms are explicitly described in
those projects — the reader is also given the opportunity to numerically program the option-
pricing applications. Here we shall simply give a very brief and generic discussion, meant
only to emphasize the basic connection between the dynamic programming formulation and
the lattice pricing models without having to repeat the underlying details.

Lattice methods can be viewed as either: (i) approximate solutions to recurrence rela-
tion (1.460) (or alternatively as approximate solutions to the equivalent option-pricing PDE by
way of finite differences) or (ii) option-pricing models in their own right. Lattice models can
accommodate time-inhomogeneous processes, as is the case for time-dependent drift and/or
volatility functions. However, let’s assume time-homogeneous models, where the underlying
asset or stock price process is essentially modeled as a Markov chain on a discrete set of
possible states. Generally, one assumes that the stock price can only move on a set of nodes,
each denoted by a pair of integers (i,j) corresponding to a stock price value S; The lattice
is a mesh or grid made up of all such nodes, where the integer j is an index for the spatial
position of the stock price on the lattice at time ¢;, i =0, ..., N. Lattice models allow for
the implementation of time steps of fixed or variable size, but for the sake of simplicity let’s
assume a fixed time step of size 6t = (T —t,)/N. In fact, most implementations are based on
equal-size time steps. Then conditional on S, = § ;, the probability of a movement of the stock
price within a single time step 67 from a node (i, j) into a successor node (i+ 1, j'), with value

S,., =S, is given by the transition probability value P(S, = Si'|S, =S)=p, ; >0.
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Although not critical to the present discussion, we note that for the binomial model there are
only two successor nodes with j' = j, j+ 1, whereas the trinomial model has three successor
nodes with j/=j—1, j, j+ 1, and so on.

The positive quantities p; ., are risk-adjusted probabilities and must obviously obey
probability conservation,

2Py =1, for all j, (1.466)
J

where the sum is over all successor nodes in the model. Assuming the risk-neutral measure
with money market as numeraire, the expected rate of return of the stock must equal the
risk-free rate; i.e., E,[S, 5] = S,e. This is the risk-neutrality or no-arbitrage condition. For
the lattice model it takes the form

i+1 8t Qi
> ppy S = 'S, (1.467)
>

for all (i, j) nodes, where . = r or w = r — ¢ for nondividend- or dividend-paying stock.
In order to capture the variance in the asset price returns, the lattice model is also built to take
into account the asset price volatilty. For instance, one can relate the variation either of stock
prices or of the log-returns that are computed separately using the diffusion model and the
lattice model. If the variation or second moment of the log-returns are considered, then we have
E,[(8logS,)*] = (a(S,))* 8t within order &z, where o (S,) is the local volatility function for the
general case of a state-dependent diffusion model of the form 85, = w(S,)S, 6t+ a(S,)S, OW,.
Applying this same expectation at each node within the lattice model and equating the two
expectations gives

(o)?6t =" p,.; log*(5;"/S}), (1.468)
7

where U} = O'(S;-) forms a set of volatility parameters. This is just one possible way of intro-
ducing lattice volatility parameters into the model. Equations (1.466), (1.467), and (1.468) are
therefore collective constraints on the lattice geometry and the nodal transition probabilities.
These form an integral part of the construction of the lattice model and its parameters —
this is part of the model calibration procedure. Further steps in the calibration can also be
undertaken by fitting the lattice parameters so that certain computed option prices exactly
match the corresponding market prices. In most applications the number of adjustable lattice
parameters is greatly reduced. In particular, for geometric Brownian motion there is only one
volatility parameter, i.e., o-j — 0. Moreover, most lattice models are simplified by assuming
that the nodal transitions are independent of the starting node, as is the case for constant
local volatilities, i.e., p;_, ; — p;. For specific details on the contruction of lattices and on
implementing various calibration schemes for American and European option pricing within
the binomial and trinomial models, we again refer the reader to the relevant projects in
Part II.

Once the lattice geometry and transition probabilities are determined, i.e., the lattice is
calibrated, the option prices at each node in the lattice, V]’ = V,,(Sj.), can be determined by
recurrence:

Vi=max {$(S), e Y p, ., Vi) (1.469)
7

The current option price V{ = V,(S,) at spot Sy = S, is obtained by simply iterating over
N time steps, starting from the known payoff VJN = qﬁ(Sf’ ) at the terminal node values Sjy .
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Equation (1.469) also divides up the lattice into two groups of nodes: (i) a stopping domain
as the set {(7, j) : V; = ¢(S})} and (ii) a continuation domain as the set {(i, /) : V] > &(S))}.
This second set gives the times 7; and spot values S} for which the option should not be
exercised early. According to equation (1.463), the optimal stopping time is

" =min{s, = id1: V; = $(S)}. (1.470)

The early-exercise boundary is then also readily obtained. For instance, for a call this is the set
of points (i§t, $1),i=0,...,N, where S\ = max{S; : V]? > S;. —K}; for a put, S’ = min{S; :
Vi>K-— S;} This offers a simple approach for approximating the early-exercise boundary
curve in the continuous diffusion model corresponding to the limit 6+ — 0. However, the
resulting curve will not be smooth, even for relatively small time steps. More accurate
calculations are afforded by applying more advanced techniques, such as the integral-equation
approach discussed in Section 1.14.4. For the case of a trinomial lattice, equation (1.469) is
related to the explicit finite-difference scheme for solving the Black—Scholes PDE. Alternative
PDE solvers are based on implicit finite-difference schemes. Implicit schemes require the
solution of a linear system of equations (or matrix inversion) for each time step in the
propagation, yet they may offer more flexibility in the allowable range of lattice parameters
for achieving accuracy and numerical stability. We refer the reader to the “Crank—Nicolson
Option Pricer” project in Part II, which discusses a special type of implementation of the
Crank—Nicolson implicit scheme for calibration and option pricing on a mesh.

The Smooth Pasting Condition and PDE Approach

Although the free-boundary curve is not analytically computable as a function of time, one
can generally establish the smooth pasting condition. This property guarantees that the price
function for an American option has a continuous derivative at the exercise boundary and
that the derivative is equal to the derivative of the payoff function at the exercise boundary.
The following proposition summarizes this result.

Proposition. Let D_, with time to expiry T =T —t > 0, be the early-exercise domain for which
V,(S) = V(S, 1) = ¢(S) when S € D,, where ¢ is any differentiable payoff function. Then
the American option price function V satisfies the smooth pasting condition at the boundary
denoted by S*(1) =S}

av(S, 1)
aS

= ¢'(57(7)), (1.471)

S=5*(7)
and the zero-time-decay condition obtains on the early-exercise domain,

M =0, for SeD,. (1.472)
T

Remark: The condition in equation (1.471) is also obviously valid for S € D_ (excluding
the boundary) since V(S, 7) = ¢(S) on that domain. What is important to emphasize here is
that the derivative is continuous at the boundary of the stopping and continuation domains.
These properties are valid under general proper Itd diffusion models. For a call (or put),
then, equation (1.471) simply gives w =1 (or —1). This is illustrated in Figure 1.6.
Although this proposition can be formally proven from the PDE approach, we shall instead
demonstrate how it arises based on a dynamic hedging strategy argument, which turns out

to be financially more insightful. First we note that the graph of the American option value
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FIGURE 1.6 The pricing functions for an American put (left) and an American call (right) with
continuous dividend yield satisfy the smooth pasting condition with slope equal to —1 and 1, respectively,
at the optimal exercise boundary S*(7) for given time to expiry 7> 0.

is never below that of the payoff function. Moreover, for given calendar time ¢ (or time
to maturity 7), the slope of the graph of V,(S) = V(S, 1) at the exercise boundary point
S = §*(t) = SF must be less (greater) than or equal to that of the payoff function if the
latter is an increasing (decreasing) function at the boundary. That is: (i) (S) g 50 < &' (S)

for the case ¢'(S}) > 0 or (ii) ‘W (S) s 50 = ¢'(S) for the case d)/(S*) < 0. Here we use

57 to denote the limiting Values from the right (+) or left (—) of S*. Our objective is to
show that these inequalities in the slopes are actually strict equalities. We now show this
for case (i) as the argument follows in identical fashion for case (ii). In particular, let us
assume that the asset or stock price at calendar time ¢ is at the boundary; i.e., let §, = S;.
After an infinitesimally small time lapse 6¢, the stock price can move either up into the
exercise domain D_ or down into the (no-exercise) domain of continuation. If the stock
price moves upward, then its change is 65, =S,,5, —S; > 0, so S,,5 > S’ and it remains
in the exercise domain. In this case, V, 5,(S,,s;) = ¢(S,;5,) and the option value changes
by an amount 8V, = ¢(S,.5,) — d(S;) = ¢'(S)0S,, to leading order in Or. So to achieve
a delta hedge for an upward tick over time &z, the option writer has to buy A, = ¢'(S})
shares of the stock. The writer’s delta-hedge portfolio at time ¢ consists of one short position
in the option and A, shares in the stock. Hence for an upward tick the hedge portfolio
has value 7, = —V,(S87) +A,SF = —V,(5) + ¢'(S7)S;, and the change in portfolio value is
om, = —06V,+ ¢'(5)8S, = 0, to leading order in 6z. On the other hand, if at time ¢ the
stock ticks down, then 8S, <0, S,,5, < S;; hence the stock price falls into the domain of
continuation. Now assume the SDE in equation (1.381) holds. [Note: The same argument
also readily follows if we assume a more general It6 diffusion with state- and time-dependent
drift and volatility.] To leading order, then,

8S, = a8 6W, = —0S* /51, (1.473)
where z ~ N(0, 1), since 6W, < 0 for a downward tick. Now, 6V, = dv (S) lo_ 570 0S, and,
using the foregoing expression, the hedge portfolio changes by

8w, = -8V, + ¢'(S])8S,
av,(S
_ S — @' (5*) |oS*/51|2). (1.474)
as S:Sf(_)
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Taking expectations and using E[|z|] = +/2/7 gives the expected change in the hedge port-

folio:
Hom) = | 2 |2

We hence conclude that the writer cannot exactly set up a delta hedge portfolio and in
particular is expected to suffer a loss every tlme the underlying stock is in the vicinity of

the boundary unless w = ¢'(S%). Since & (S = ¢'(S*), the function 2 (S) = [WESS ) s
continuous at the boundary and we have estabhshed equation (1.471).

The zero-time-decay condition is shown by simply considering the total change in the
American option value along the boundary S = S*(7) as the calendar time (or time to
maturity) changes and the boundary point moves accordingly. Along the boundary we have
V(§*(71), 7) = ¢(S*(7)), and differentiating both sides of this relation w.r.t. 7 gives (Note:
The analysis in terms of ¢ is the same):

— (87 )}US,*\/E. (1.475)

5:57(7)

aV(S*(1), 1) dS*(7) 4 ov(S*(1), 7) dS*(T)

aS dr or

=¢' (8" (1)—— (1.476)

Hence, using equation (1.471) gives % = 0, and since the option is given by the

time-independent payoff function everywhere else on the stopping domain, we have equa-
tion (1.472).

Delta hedging and continuous-time replication arguments apply to American options in
the same way they apply to European options. Within the (no-exercise) continuation domain
we therefore expect and require that the option price function satisfy the Black—Scholes PDE.
The connection between the optimal stopping time formulation and the PDE approach can be
shown as follows. Consider recurrence relation (1.460) with time step 6z > 0 for any calendar
timet < T,

V,(S) = max {¢(S), e 'E, [V, 5(Si15)1S, = S]}. (1.477)
Assuming V,(S) is sufficiently smooth with continuous derivatives then to leading order

O(61), we can Taylor-expand V,_s,(S,,s,) while using It6’s lemma. For a generally state- and
time-dependent process obeying 65, = u(S,, t)6t + o(S,, t)6W,, we have

v(5) = max {4030, (1= o0 Vi) + (P42 s
+ %az(s,, 1) azgg(;’)>8t+ a(S,, 1) i (‘j ) SW,|S, = S} } +0((81)%)
=max{¢(5),Vt(S)+|: A )+£BSV(S)}8t}+O((6t) ). (1.478)

The second equation obtains by evaluating the conditional expectation (which sets S, = S and
eliminates the 6W, term) and then collecting terms up to O(6¢). This expression has been
written more compactly using the Black—Scholes differential operator (for general drift and
volatility functions) defined by

1%
2 —
LV = —0' (S, t) 5 Y (s, ) o5~V =(Ls =0V, (1.479)
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For values of S in the continuation domain, the inequality V,(S) > ¢(S) is satisfied, and
hence, from equation (1.478) we must have the Black—Scholes PDE:

(S
% + LV (S)=0, forallS¢D.. (1.480)

By specializing to the geometric Brownian motion model, then, w(S, ) = (r — ¢)S, o(S, t) =
S and the Black—Scholes PDE is

v oS PV
ar 2 982

v
+(r—q)Sa—S—erLst, forall S¢ D.. (1.481)

Thanks to the time-homogeneous property of the solution in this case, we have a PDE in
terms of the time-to-maturity variable, V = V(S, 7), which will be convenient in subsequent
discussions.

1.14.2  Perpetual American Options

An option with infinite time to maturity is called a perpetual option. Here we consider per-
petual American calls and puts. These options are instructive since simple analytic solutions
exist. Moreover, since the exercise boundary S*(7) is a monotonic function of time to matu-
rity 7 (i.e., increasing for a dividend-paying American call and decreasing for an American
put), the perpetual option price provides us with the asymptotic limit lim,_ . S*(7) = S* of
the exercise boundary for times infinitely far from maturity. We again consider an asset price
process S, following geometric Brownian motion with constant interest rate » and continuous
dividend yield at constant rate g. Since a perpetual option has infinite time to maturity, its
value does not depend on the passage of time; i.e., the price function is independent of
time. Hence the time derivative of the price function is zero and the Black—Scholes partial
differential equation (1.481) for the price of a perpetual option reduces to a time-independent
ordinary differential equation (ODE).

We first consider the case of a perpetual put struck at K. The price function denoted by
P(S) must satisfy the ODE

1 lp P
zazszi’;—szJr(r—q)s‘;—s—rpzo (1.482)

for values away from the exercise boundary, S* < § < co. The optimal exercise price S* is
therefore the asset price at which the perpetual American put should be exercised. Since the
value of the perpetual put must be equal to the intrinsic value at all values of § < S§* and
S$* < K, (see Figure 1.6) the boundary conditions on P(S) are

Slim P(S)=0, P(S")=K-S" (1.483)

S* is yet unknown but uniquely determined once P(S) is obtained in terms of S* as described

just next. Equation (1.482) is an ODE of the Cauchy-Euler (equidimensional) type and
therefore has the general solution

P(S)=a,8" 4+a_S", (1.484)

where a_ are arbitrary constants and 7y, are roots of the auxiliary quadratic equation

072—),24_(;»— —%Z)y—rzo. (1.485)
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Solving for the roots gives

B —(r— —%z)ﬂ:\/(r—q—"?z)2+2(72r

2

Vi (1.486)

o

Assuming positive interest rate r, then y_ and y, are negative and positive roots, respectively.
To satisfy the first condition at infinity in equation (1.483) we must have a, = 0. By satisfying
the second boundary condition in equation (1.483), a_ = (K — S*)/(S*)"-, we obtain the price
function in the form

P(S)=(K—S*)<%>y, e (1.487)

The exercise boundary value S* can now be determined as the optimal value that maximizes
the price P(S) for all possible choices of S*. The derivative w.r.t. the parameter S* of this

price function gives
P (3Y (1K= (1.488)
ast ~  \ s s ) '

Setting this derivative to zero yields the extremum

K
§ = 2= (1.489)
vy —1

. . . . 2P Ky_ /S .
Computing the second derivative at this extremum gives ;o5 = #(S—*)V* < 0. Hence S* in

equation (1.489) is a maximum, and inserting its value into equation (1.487) gives the price
of the perpetual American put in the equivalent forms

K —1\"/ S\
-5 (57) (7)
1—vy_ v_ K
S* S\
=_—<—> , (1.490)
Y- \S§*
for § > §*. This solution is easily shown to satisfy the required smooth pasting condition

dP

—| =-L 1.491
7S (1.491)

S=8*

Next we consider the perpetual American call struck at K. As in the case of the put, the
price function now denoted by C(S) also satisfies equation (1.482), but for values 0 < S < S*.
The optimal value S* is therefore the asset price at which the call should be exercised. The
value C(S) must be given by the intrinsic value of the call pay-off for values on the boundary
S > §* where S* > K; hence the boundary conditions are

limC(8) =0, C(§")=5"-K. (1.492)

The general solution is again given by equations (1.484) and (1.486). However, by satis-
tying the boundary conditions in equation (1.492) we now instead have a_ =0 and a, =
(8* —K)/(8*)r+, giving

S

C(S):(S*—K)(§)y+, 0<S<5" (1.493)
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Using the same procedure as for the put, the optimal exercise boundary is determined by
finding the maximum of C(S) w.r.t. §*, giving

Ky,

St = .
}/+—l

(1.494)

Using S* from equation (1.494) in equation (1.493) gives the price of the perpetual American
call, written equivalently in terms of K or S*:

K -1 Y+ S Y+
o552 ()
Yi—1 Y+ K
S* S Y+
= <—) . (1.495)
Y+ \ S
This satisfies the required smooth pasting condition

dC

el IR 1.496
7S (1.496)

§=8§*

It is instructive to examine what happens to the exercise boundary in the two separate
limiting cases: (i) zero interest rate r = 0 and (ii) zero dividend yield ¢ = 0. In case (i)
we have from equation (1.486) that y_ = 0 (assuming ¢ > —o¢?/2, which is the case if
g > 0). From equation (1.489) we see that S* = 0; hence, for zero interest rate the perpetual
put is never exercised early. This is consistent with the property of an American put for
r = 0 and for any finite time to maturity, as shown in the next section. From a financial
standpoint, there is no time value gained from an early pay-off with zero interest. For case (ii):
Equation (1.486) gives y, = 1 (assuming r > —¢?/2, which is the case for r > 0). Moreover,
v, — 17 as ¢ — 0% and from equation (1.494) we have S* — co. Hence in the limit of zero
dividend yield the perpetual call is never exercised early, irrespective of the interest rate.
This feature is also consistent with the plain American call of finite maturity, as shown in
the next section.

Properties of the Early-Exercise Boundary

The perpetual American option formulas of the previous section already allowed us to
determine the precise behavior of the optimal exercise boundary in the asymptotic limit of
infinite time to expiry, i.e., as 7 — oo. To further complete the analysis of the boundary we
now consider the opposite limit, of infinitesimally small positive time to maturity 7 — 0.
In particular, let us consider the case of the Amercian call struck at K with continuous dividend
yield ¢ and price function denoted by C(S, K, 7) at spot S. Since C(S, K, 7) is an increasing
function of 7, for 7> 0, the graph of the American call price (plotted as a function of S) with
greater time to maturity 7, must lie above the graph of the price function for the corresponding
call with time to maturity 7, < 7,. Furthermore, the smooth pasting condition guarantees that
the price functions join the intrinsic line at levels S*(7,) — K and S*(7,) — K, respectively,
giving $*(1,) < $*(7,). Hence, we conclude that S*(7) is a continuously increasing function
of positive 7. To put this in financial terms, an American call with greater time to maturity
should be exercised deeper in the money to account for the loss of time value on the strike
K. Due to the fact that one would never prematurely exercise at a spot value below the strike
level (i.e., exercising for a nonpositive pay-off), the early-exercise boundary for an Amercian
call must, in addition, satisty the property $*(7) > K for all 7> 0.
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To determine the boundary in the limit 7 — 0%, note that the option value approaches the
intrinsic value; i.e., at expiry it is exactly given by the payoff function C(S, K,7=0) =5 —-K
for values on the exercise boundary. Inserting this function into the right-hand side of
equation (1.481) and taking derivatives gives

aC(S, K, 0%)

=rK—gS§ (1.497)
or

for S > K. Since the condition dC(S, K, 0")/dt > 0 ensures that the option is still alive (i.e.,
not yet exercised), the spot value S at which dC(S, K, 0%)/dT becomes negative and hence
for which the call is exercised at an instant just before expiry is given by S = éK . This is
the case, however, if the value ZK is in the interval § > K, that is, if r > ¢ > 0. In this
case, just prior to expiry the call is not yet exercised if the spot is in the region K < S < ’K
but would be exercised if § > rK Hence, $*(0") = ;K for r > g > 0. In the other case
r<gq,so K <K.Yet$>K, 50 S$*(0%) = K for r < q. Note that the condition $*(0%) > K
is not possible in this case because this leads to a suboptimal early exercise, since the loss
in dividends would have greater value than the interest earned over the infinitesimal time
interval until expiry. Combining these arguments we arrive at the general limiting condition
for the exercise boundary of an American call just prior to expiry:

lim §"(7) = max(K, " k). (1.498)
7—0t q

From this property we see that $*(07) — oo as ¢ — 0. Hence, for zero dividend yield
the American call is never exercised early, which is consistent with the fact that the plain
(nondividend) American call has exactly the same worth as the plain European call.

Similar arguments can also be employed in the case of the Amercian put struck at K with
continuous dividend yield g. At expiry the put has value P(S, K, 7 =0) = K — S for values
on the exercise boundary. We leave it as an exercise for the reader to show that the exercise
boundary of an American put just prior to expiry is given by

lim () = min(K, "k). (1.499)
T7—>0F q

For r = 0 we therefore have S*(0%) = 0, irrespective of the value of g. Since S*(7) is a
decreasing function of 7, we conclude that the early-exercise boundary is always at zero,
meaning that the American put with zero interest rate is never exercised before maturity. This
is consistent with the conclusion we arrived at earlier, where we considered the perpetual
American put. For g < r we observe that the early-exercise boundary just before expiry is at
the strike, $*(0%) = K. A special case of this is the vanilla American put, i.e., when r > 0
and g = 0. Figure 1.7 gives an illustration of typical early-exercise boundaries for a call and
put. Given a time to maturity of T at contract inception, we see that the American call with
nonzero dividend is not yet exercised (i.e., is still alive) on the domain of points (S, 7) below
the exercise curve: S € [0, S*(7)) and 7 € (0, T]. In contrast, the American put is kept alive
above the exercise curve: S € (§*(7), o0) and 7 € (0, 7).

1.14.4 The Partial Differential Equation and Integral Equation Formulation

The problem of pricing an American option can be formulated as an initial-value partial
differential equation (PDE) with a time-dependent free boundary. The early-exercise boundary
is an unknown function of time, which must also be determined as part of the solution.
In particular, let V(S, 7) represent the pricing function of an American option with spot §
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FIGURE 1.7 Early-exercise smooth boundary curves S = 5*(7) for the American call (left), with ¢ > 0,
and put (right), with values depicted just before expiry 7 — 0F. In the limit of infinite time to expiry,
the curves approach the horizontal asymptotes at S = S*, where S* is given by equation (1.494) or
equation (1.489) for the call or put, respectively.

N
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and time to maturity 7, 0 < 7 < T, and having payoff or intrinsic function V(S, 0) = ¢(S).
Here we assume the pay-off is time independent, although the formulation also extends to
the case of a known time-dependent payoff function. For given 7, the solution domain is
divisible into a union of two regions: (1) a continuation region (S, 7) € D, x [0, T], for
which the option is still alive or not exercised, and (2) a stopping region (S, 7) € D, x [0, T],
where D, is the complement of D, within R, for which the American option is already
exercised. The domains depend on 7. As seen in the previous section, in the case of the
American call, ¢(S) =S —K on D, =[S*(1), o) (and D, = (0, S*(7)), while for the put,
¢(S)=K—S on D_=(0,5*(7)] (and D, = (§*(7), o0). Assuming the underlying asset
follows equation (1.381), equation (1.481) holds for S € D.. In contrast, the homogeneous
Black—Scholes PDE does not hold on the domain of the early-exercise boundary, where the
?;rg;arican option is given by the time-independent payoff function V(S, 7) = ¢(S). Since
v

5 = 0, the solution on D, satisfies 5~ = 0. Combining regions and assuming the pay-off

is twice differentiable gives a nonhomogeneous Black—Scholes PDE:

av(s,
(a D) £y V(S. )+ £(5. 7). (1.500)
.
with (source) function
0, SeD,
(S, 7)= (1.501)

—Lpsh(S), SeD,
where Lg is the Black—Scholes differential operator. For geometric Brownian motion, Ly is
defined by equation (1.481). Given the function f(S, 7), whose time dependence is determined
in terms of the free boundary, the solution to equation (1.500), subject to the initial condition
V(S, 7= 0) = ¢(S) and boundary conditions V(S =0, 7) = ¢(0), V(S = o0, T) = ¢(0), can
be obtained in terms of the solution to the corresponding homogeneous Black—Scholes PDE.
Recall from previous discussions that the transition probability density function p(S’, S; 7)
solves the forward Kolmogorov PDE in the S’ variable and the backward PDE in the spot
variable § with zero boundary conditions at S =0, co for all 7> 0. As already mentioned,
for process (1.381) p is just the lognormal density given by equation (1.382). We also know
that e~"" p solves the homogeneous Black—Scholes PDE. Combining these facts and applying
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Laplace transforms, one arrives at the well-known Duhamel’s solution to equation (1.500) in
the form

V(S,T)=e " / (S, S ) b(S)dS
0

+/T e [/wp(S/, S; (S, T— T/)dS/]dT/
0 0
=Vi(S, 1)+ Ve(S, 7). (1.502)

One can readily verify that this solves equation (1.500), even for the more general case
of state-dependent models (see Problem 1). An important aspect of this result is that the
American option value V(S, 7) is expressible as a sum of two components. The first term is
simply the European option value V, as given by the discounted risk-neutral expectation of
the pay-off. Hence the second term, denoted by V*(S, ), must represent the early-exercise
premium, which gives the holder the additional liberty of early exercise.

Assuming geometric Brownian motion for the underlying asset, equations (1.500)
and (1.501) for the American call and put specialize to

iC_CSEC_ I 0 § <5 (1.503)
or 2 a2 VT VPeg TV T :
qgS—rK, S=>58%(7)
and
K_ *
P oS> PP ( )S8P+ p_ K-aS, 5§50 (1.504)
or 2 o2 VT Dee T . '

0, S > S*(7)

respectively. Here we used £ (S — K) = rK — ¢S, and S*(7) denotes the early-exercise bound-
ary for the respective call and put with strike K. The right-hand sides of these nonhomogeneous
PDEs are nonzero only within the respective stopping regions. Using equation (1.502), the
solutions to equations (1.503) and (1.504) for the American call and put price are given by

C(S,K, ) =Cg(S,K, T)+C(S. K, T) (1.505)
and
P(S,K,7)=Pg(S,K, 1)+ P(S, K, 7), (1.506)

where the respective early-exercise premiums take on the integral forms

C(S, K, 7) = /0 e [ /S PSS 7)(gS — rK)dS/i|d'r’ (1.507)

(r=7)

and

T , S*(r—1")
P°(S,K, T) :/0 e [/0 p(S',S; 7)(rK — qS/)dS/]dT/. (1.508)

These premiums can also be recast as

C(S,K,7) = / e Eg[(gS0 = rK) s o5 (r_ry |7’ (1.509)
0 T
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and
PY(S, K, 7) = /0 e Eo[(rK = S, L5, <s-(rr |75 (1.510)

where E,, denotes the current-time expectation, conditional on asset paths starting at S, =
S under the risk-neutral measure with density p(S,,S; 7). The time integral is over all
intermediate times to maturity, and the indicator functions ensure that all asset paths fall
within the early-exercise region. The properties of the early-exercise boundaries established
in the previous section guarantee that the early-exercise premiums are nonnegative. For a
dividend-paying call, equation (1.498), together with the indicator function condition, leads to
S, > max(éK, K) > éK ; hence ¢S, —rK > 0 and C* is positive. A similar analysis follows
for the put premium. The exercise premiums hence involve a continuous stream of discounted
expected cash flows, beginning from contract inception until maturity. This lends itself to
an interesting financial interpretation, as follows. Consider the case of the American put
(a similar argument applies to the dividend-paying call) and an infinitesimal intermediate
time interval [7/, 7"+ d7']. Then from the holder’s perspective the option should be optimally
exercised if the asset price, given by S_, at time 7/, attains the stopping region (i.e., reaches the
early-exercise boundary with S,, < §*(7— 7') and 7 — 7’ as the remaining time to maturity).
Assuming that the holder is instead forced to keep the American put alive until expiry, the
holder would have to be fairly compensated for the loss due to the delay in exercising during
the time interval d7’. The value of this compensation is the difference between the interest
on K dollars and the dividend earned on the asset value S,,, continuously compounded over
time d7’. This cash flow is an amount (rK — ¢S, )d7’, and corresponds to the early-exercise
gain if the holder in fact had the privilege to optimally exercise. Allowing for all possible
asset price scenarios from S to S, that attain the boundary gives rise to the expectation
integral under the risk-neutral density for all intermediate times 0 < 7" < 7. Summing up
all of these infinitesimal cash flows and discounting their values to present time by an
amount e~"" gives the time integral, as in equation (1.508) or (1.510). We conclude that the
early-exercise premium has an equivalent and alternative interpretation as a delay-exercise
compensation.

The foregoing integral representations for the American call and put price can also be
applied to cases where the volatility of the asset price process S, is considered generally state
dependent. In order to implement the integral formulas, we need to be able to compute the
transition density function p, either analytically or numerically. Moreover, the integrals can
only be computed after having determined the early-exercise boundary S*(7’) for 0 <7’ <.
For the geometric Brownian motion model (with constants r,g,0), p is given by the lognormal
density, and the foregoing double integrals readily simplify to single time integrals in terms
of standard cumulative normal functions. In particular, one readily derives explicit integral
representations for the price of the American call and put (see Problem 2):

C(S,K.7)=Se " N(d, ) — Ke " N(d_)

+ / [¢Se™ """ N(d* (') — rKe™" """ N(d* (1)) ]dT, (1.511)
0

P(S.K.7)=Ke "N(—d_) — Se " N(—d.,)

+ f [rKe " N(—d* (1)) — gSe " IN(—d’ (7)) ]d7’, (1.512)
0
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where

B log%+(r—q:t%0'2)7

£ oJT ’
logﬁ—i—(r—qj:%ol) (r—1)
N '

These integral representations are valid for S € (0, 00), 7 > 0. By setting S = $*(7) and
applying the respective boundary conditions, C(S*(7), K, 7) = S*(7) — K for the call and
P(S*(7), K, ) = K — §*(7) for the put, equations (1.511) and (1.512) give rise to integral
equations for the early-exercise boundary. For the call,

(1.513)

d(7) = (1.514)

S*(7) —K =Se " N(d,) — Ke™""N(d_)

n fo [gSe~ "~ N(@: (7)) — rKe™" " N(d* (+'))]d7". (1.515)
and separately for the put,

K—S*(1)=Ke"N(—d_) — Se” " N(—d,)

+ / [rKe "I N(=d* (') — gSe™ """ N(=d* (7'))]d7, (1.516)
0

where

B 1og¥+(r—q:|:%0'2)7
£ o T ’
log _g:((;)) +(r—q=+ %0’2) (t—1)

N

Note that equations (1.515) and (1.516) involve a variable upper integration limit and the
integrands are nonlinear functions of $*(7), $*(7'), 7 and 7. From the theory of integral
equations, equations (1.515) and (1.516) are known as nonlinear Volterra integral equations.
Note that the solution S*(7), at time to maturity 7, is dependent on the solution S$*(7’) from
zero time to maturity 7 = 0 up to 7 = 7. Although equations (1.515) and (1.516) are not
analytically tractable, simple and efficient algorithms can be employed to solve for S*(7)
numerically. For detailed descriptions on various numerical algorithms for solving these types
of integral equations, see, for example, [DM88]. A typical procedure divides the solution
domain into a regular mesh: 7, =0, 7, =ih, i=1,...,n, with n steps spaced as h = 7/n.
By approximating the time integral via a quadrature rule (e.g., the trapezoidal rule), one
obtains a system of algebraic equations in the values S*(7;), which can be iteratively solved
starting from the known value S*(7,) = S*(7 = 0*) at zero time to maturity. Alternatively,
popular Runge—Kutta methods usually used for solving initial-value nonlinear ODEs can be
also adapted to these integral equations. Once the early-exercise boundary is determined, the
integral in equation (1.511) or (1.512) for the respective call or put can be computed. In
particular, a quadrature rule that makes use of the computed points S$*(7;) can be implemented.
Accurate approximations to the early-exercise boundary are obtained by choosing the number
n of points to be sufficiently large.

(1.517)

()= (1.518)
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Problems

Problem 1. Consider the state-dependent model dS, = wu(S,)dt+ o(S,)dW,. Assuming f(S, 7)
is differentiable w.r.t. 7, show that equation (1.502) satisfies equation (1.500) for the appro-
priate operator £,,. Hint: Since Vj satisfies the homogeneous Black—Scholes PDE, from
superposition one need only show that V¢ satisfies equation (1.500). Use the property of inter-
changing order of differentiation and integration, integration by parts, and the fact that e™""p
satisfies the homogeneous Black—Scholes PDE with initial condition p(S’, S; 0) = 6(S' — S).
Provide an extension to equation (1.502), if possible, for the more general case of explicitly
time-dependent drift and volatility.

Problem 2. (a) By employing similar manipulations as were used to obtain the standard
Black-Scholes formulas in Section 1.6, derive equations (1.511) and (1.512) from equa-
tions (1.507) and (1.508). (b) Show that the pricing formulas for the American call and put in
equations (1.511) and (1.512) satisfy the required boundary conditions at § =0 and S = oc.

Problem 3. Find an analytical formula for the price as well as the early-exercise boundaries
of a perpetual American butterfly option with payoff function 6.(S — K) given by equa-
tion (1.228) of Section 1.8. Assume K — € > 0 and that the underlying asset price obeys
geometric Brownian motion with constant interest rate » and continuous dividend yield g.

Problem 4. Using equations (1.511) and (1.512), derive integral representations for the delta,
gamma, and vega sensitivities of the American call and put.

Problem 5. Let V(S,7) and V. (S, 7) denote the American and European option values,
respectively, with spot S, time to maturity 7, and payoff function ¢(S). Assume a constant
interest rate r and continuous dividend yield g under the geometric Brownian motion model
for the process S,. Prove the equivalence of these two statements:

(1) V(S,7) > Vg(S,7) forall $>0, 7> 0.
(i) @(S) > e Ph(e"=97S) for some point (S, 7). Explain why American options on futures
have a nonzero early-exercise premium.

Problem 6. Consider a Bermudan put option with strike K at maturity 7 with only a single
intermediate early-exercise date T, € [0, T]. Assume the underlying stock price obeys equa-
tion (1.381) within the risk-neutral measure, and let P(S,, K, T — t) denote the option value
at calendar time ¢ with spot S,. Find an analytically closed-form expression for the present-
time ¢ = 0 price P(S,, K, T'). Hint: This problem is very closely related to the valuation of
a compound option discussed at the end of Section 1.12. In particular, proceed as follows.
From backward recurrence show that

P(Sy. K. T) = e ME[P(Sy,. K. T —T))]. (1.519)
with

Py(S;,, K, T—T)), S >S;
P(S; . K. T—T)) = (1.520)
K-S, Sz, <87,

where P, is the European put price function, E,[] is the risk-neutral expectation at time O,
and the critical value 7, for the early-exercise boundary at calendar time 7, solves

Py(S; K. T—T)=K—S;.
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Compute this expectation as a sum of two integrals, one over the domain Sz, > S7, and the
other over 0 < Sy, < S§7 while using equations (1.382) and (1.385) to finally arrive at the
expression for P(S,, K, T) in terms of univariate and bivariate cumulative normal functions.
Show whether S7, is a strictly increasing or decreasing function of the volatility o, and
explain your answer. What is this functional dependency for the case of a Bermudan call?
Explain.



CHAPTER -2

Fixed-Income Instruments

2.1 Bonds, Futures, Forwards, and Swaps

2.1.1

Bonds

A bond is paper issued by a corporate or sovereign entity promising a cash flow stream at
future dates. In this chapter, we make the important assumption that credit risk is negligible,
meaning that the probability that bond issuers default on their promise of making payments
is zero.

Mathematically, a bond is modeled as a cash flow stream with a present value. The
cash flow map of a bond is given by a sequence of pairs (¢, T) = (¢;, T),i=1,...,n,
where T} < --- < T, are future cash flow dates in increasing order and c,,...,c, are the
corresponding cash flow amounts. A cash flow stream (¢, T) has a present value at calendar
time ¢ denoted by PV, (¢, T). Pure discount bonds, or zero-coupon bonds, are securities with
one single cash flow of fixed amount, i.e., the nominal amount N at maturity T see Figure 2.1.
The continuously compounded yield y,(T) for the period [¢, T] is often used to express the
value Z,(T) at time ¢ of a zero-coupon bond maturing at time 7 and is defined as follows:

Z(T) = exp(—y,(T)(T 1)) (2.1)
Note that Z,(T) = 1. Simple-compounding rules are often used. The simply compounded
yield y* with period a < T —t is defined as follows:

)

Z(T) = (1+ay®(1)” = . (2.2)

For example, letting @ = (T —f)/n,n > 1, gives n simple compounding periods in [z, 7].
Notice that in an economy where one postulates that the cost of holding a cash position is
negligible — which is the case if one neglects security costs — one obtains the inequality

Z(T) = Z(T,), (2.3)

for all maturities 7}, < T, and any fixed present time ¢ < 7.

113
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zero-coupon bond N

cash flows

T

FIGURE 2.1 Zero-coupon bond with one cash flow at maturity 7.

cash flows

N

T, T ... T,

FIGURE 2.2 Cash flow stream for an n-coupon bond.

A cash flow stream (¢, T) of multiple n-coupon payments can be replicated by means
of a portfolio of zero-coupon bonds. Figure 2.2 depicts such a cash flow stream with equal
payments until maturity, at which time a nominal payment in the amount of N is made.
Assuming that zero-coupon bonds of all maturities are traded, the present value of the given
cash flow stream is given by the sum of discounted cash flows:

" or) — )]
PVI(C, T) — Z Cie—.\'z(Ti)(Tf—t) (:) Z Ci(l + ay,(a)(T,-)) s (24)

i=1 i=1

where the first sum in the equation assumes continuous compounding and the second assumes
simple compounding. One defines yields of a coupon bond with cash flow map (¢, T) to be
the quantities y,(c, T) [or yfa) (c, T) for simple compounding] such that

n n )

(T;-1

PV, T) =Y ce D LS e (14y@(e, ) © , (2.5)

i=1 i=1

where, again, the first sum in the equation assumes continuous compounding and the second
assumes simple compounding.

Besides coupon bonds, some instruments with uncertain cash flows can also be priced in
terms of the zero-coupon bonds. An example is a bond-forward contract. This is a forward
contract on a zero-coupon bond of given maturity 7,, with a future settlement date 7,. Two
parties A and B agree, at present time ¢, that a prescribed interest rate will apply within some
interval [T}, T,] in the future, with t < 7| < T,. A bond-forward of nominal N is equivalent
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bond-forward FRA in arrears FRA in advance

T T

_Ti
_>
~—
e —

FIGURE 2.3 A comparison of equivalent present-value cash flows for an FRA with payments in
arrears and in advance. The three figures correspond to the three possibilities of designing the cash
flows: either both occurring at 7, or both at T,, or one at 7, and one at 7.

to the combination of two cash flows, as depicted in Figure 2.3. Party A pays an amount N
at time 7}, and after a time 7 she receives an amount

7 (or)

N +af (T}, T,))" = Nexp (7f,(T}, T,)) (2.6)

at time T,. Here, 7 = (T, — T}) is the tenor and £ (T}, T,) is the forward rate computed with
a simple-compounding rule of period @ < 7, while f,(7,, T,) uses continuous compounding
as further explained below. Notice that in the limit when the forward maturity is at current
time, i.e., when T, = t, forward rates coincide with yields, i.e.,

£, T,) = (1), (2.7)

and y,(T,) = f,(¢, T,) if continuous-compounding is assumed instead. The most convenient
compounding convention for forward rates is the one with an intermediate compounding
period equal to the tenor, i.e., &« = 7. The equilibrium value of the forward rate is the
rate for which the present value of the bond-forward contract is zero. Assuming continuous
compounding, the present value of the two cash flows is

PV, = —NZ,(T,)+ Ne""v ™ Z (T,), (2.8)
whereas for simple compounding
PV, = N(Z,(T;) = Z,(T))) + Nef(T). T) Z,(Ty). (29)
The equilibrium rate corresponds to the value for which PV, =0, hence giving

1 Z(T)
f(T,T):—log(t— . (2.10)
A A A
This coincides with the continuously compounded forward rate for the interval [T}, T,] as
viewed at present time ¢. In contrast, for simple compounding the equilibrium rate (or forward
rate) denoted by f”(T,, T,) satisfies

Z(T))

14+ 7T, Ty = .
t ( 1 2) Zt(Tz)

@2.11)

Note that the forward rate is also related to the forward price for a unit zero-coupon bond
maturing at time 7, with settlement at time 7). Forward rates and forward prices are further
discussed in later sections.
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2.1.2 Forward Rate Agreements

2.1.3

A forward rate agreement (FRA) is an instrument with the same risk profile, cash flow map,
and present value of a bond-forward, but with only one actual cash flow. Such FRAs are
struck at the equilibrium forward rate at the time of issue and come in two flavors, since
payments can be either in advance or in arrears. In an FRA with payments in arrears, struck
at the equilibrium rate f,(T), T5), there is only one cash flow (with positive and negative
components) at time 7,. Using equation (2.8), or (2.9), and inflating the cash flow at time 7,
into a cash flow at time 7, gives only one cash flow at time 7, of amount

Nr[ 7T, 1) =55 (13)] (2.12)
for simple compounding or
N[efr(TlvTZ)T — &N (TZ)T] (213)

for continuous compounding. In contrast, in a similar FRA with payments in advance, the
cash flow occurs only at time 7;. Discounting the cash flow at time 7, back to time 7 gives
the following payoff amount for an FRA with payments in advance:

N(e[fr(TlvTZ)_.VTl (Tl _ 1) (214)

for continuous compounding or

®
N(—l trf (T 1) 1) (2.15)

L+ 7y (1)
for simple compounding. The cash flows for these FRAs are depicted in Figure 2.3.

Problems
Problem 1. Prove that the condition (2.3) implies that all forward rates are nonnegative.

Problem 2. Conversely, prove that if all forward rates are positive, then the discount function
is monotonically decreasing, i.e., that condition (2.3) holds.

Floating Rate Notes

A floating rate note (FRN) is an instrument with a series of settlement dates T; = T+ j, j =
0,...,n, at which cash flows occur. In contrast to a bond, the size of a cash flow ¢(T)
(i.e., the coupon payment) at the generic date 7; depends on the interest rate prevailing at
time 7 or earlier. In the simplest, so-called plain-vanilla structures, cash flow amounts are
defined in a manner that the FRN can be associated to a cash flow map and priced directly
off the yield curve, i.e., with no volatility risk. There are two variations of FRNs. Either the
coupon payments are settled in arrears, i.e., paid out at time 7, based on the rate for the
period that just ended, (7; — 7, T;], or they are settled in advance with payments at time 7;_;.
A plain-vanilla FRN with payments in arrears has cash flows given by

o(T)) =Ny (T;) + N5, (2.16)

Here N is the notional amount of the FRN and §;, equals 1 in case j = n and 0 otherwise;
hence, the second term in equation (2.16) represents the notional repayment, which takes
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place only at the time of maturity 7,. For an FRN with payments in advance, the cash flows
for times T; < T, are obtained by discounting at the rate y(T:)_T(TJ-); hence,
Ny (T

T)’TFT( j)

o(T) = ——~—"—
T 1n (1)

(2.17)

if j<n and ¢(T,) = N at maturity. Note that here we are assuming simple compounding
with fixed period 7. The present value at time ¢t < 7|, is the same in either case. In particular,
with payments in arrears we have

FRN, = ic(T,-)Z,(T,-)

j=0

= (T Z,(Ty) + N (T)Z,(T) + NZ(T,). (2.18)

j=1
This expression simplifies by using the relation

1+ (T)Z(T) = Z,(T,_,) (2.19)
in the above sum, which collapses to give

FRN, = NZ (T,) + c(T,)Z (T,). (2.20)

In financial terms, this follows from the fact that if one has the notional amount available
at time 7;, and invests it in a series of term deposits of tenor 7 until maturity, one generates
all the cash flows corresponding to the coupon payments starting from the initial and the
principal repayment. This is depicted in Figure 2.4.

Plain-Vanilla Swaps

A payer’s interest rate swap can be regarded as a combination of a short position in a floating
rate (the floating leg) and a long position in a bond (the fixed leg) with the same nominal or

floating rate note

cash flows

T T, ... T,

FIGURE 2.4 Equivalent cash flows for an FRN.
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principal amount N and paying coupons at a preassigned fixed rate r°. A receiver’s interest
rate swap can be regarded as a short payer’s swap. Cash flow dates are at times 7; = T, + j,
j=0,...,n, with period 7. Clearly, swaps can be priced directly from the yield curve, and
their replication does not involve any volatility risk. Swaps come in two variations, with the
floating rate (typically a six-month LIBOR) agreed to be the rate prevailing either at the
beginning or at the end of each period (7)_;, T;]. Assuming a principal repayment of N at
time 7, the present value at time ¢ of the fixed leg is

PV*d = YT )Z,(T)) + Nr* Y 7Z,(T;) + NZ,(T,) (2.21)

j=1

and that for the floating leg is

PV = (T Z,(Ty) + N Yy (T)Z,(T)) + NZ,(T,), (2.22)

j=1

with simple compounding at the floating rate assumed. From arbitrage arguments it also
follows that the yields in this equation are given by the forward rates f,(T)(T i1 T)).

The swap rate r; is said to be at equilibrium at time ¢ if the present value to the receiver
or payer of the swap at time ¢ is zero, i.e., if PV!™* = PV!®*. More precisely, using algebra
similar to what was used in the preceding section, on FRNs [i.e., using equation (2.19)],
the equilibrium swap rate of a swap with payments in arrears can be shown to satisfy the
following equation:

N(Z(Ty) = Z,(T,)) + ("™ (Ty) — ™ “NT)) Z,(Ty) = Nry 3 1Z,(T)). (2.23)

j=1
Assuming equal initial coupons ¢™°*(T,) = ¢™*¢(T}), we have

s Zt(TO) — Zr(Tn)

= (2.24)
t XL ZU(T))

It is important to note that this result is independent of any assumed short rate model. Also,
from the cash flow structure one can observe that interest rate swaps may be decomposed in
terms of FRAs. Figure 2.5 shows the basic cash flow map of a receiver’s swap with variable
positive cash flows and the corresponding negative fixed amounts.

Constructing the Discount Curve

In this section, we describe the most liquid classes of interest-sensitive assets. These instru-
ments can be priced directly from the discount curve and owe their popularity to the relative
ease of replication, which results in liquid, efficient markets. Conversely, prices of such assets
are used to reverse information on the discount curve. The discount curve is found by an
interpolation algorithm, subject to the requirement that the present values P; of a series of
cash flow maps ¢;, i =1, ..., n, is reproduced, that is, subject to

P = Zcij(Tij)Zo(Tij)a (2.25)

where T;; is the time when the jth cash flow of the ith cash flow map occurs and c;; is the
corresponding amount.
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receiver’s swap

cash flows

FIGURE 2.5 Fixed-leg and floating-leg cash flows for a receiver’s swap.

A variety of analytical methods can be used to imply the discount curve. The following
is a possible strategy that works quite well for the LIBOR curve. The method consists of two
steps. In the first step one finds a best fit in a special parameterized family of meaningful
discount functions. A possibility is to use the CIR discount function Z{™®(T), introduced in
the following sections, but other choices would work as well. As a second step, one can
represent the discount curve as

Zo(T) = Z§™(T) + 8Z,(T) (2.26)

and find the correction, 8Zy(T) = Zy(T) — Z§™(T), in such a way that the present values of
the cash flow map in equation (2.25) are exactly reproduced, forward rates are positive, and
the function 6Z,(T) is as smooth as possible.

Cubic splines can be used to represent the function 6Z,(T). A cubic spline is parameterized
by the function values and the second derivatives on a time grid T}, ..., T,. The value of
6Zy(T) for time T € (T,, T,,,) falling in between the grid points can be interpolated as
follows, using a cubic polynomial:

8Zy(T)=a,(T—T,)> +b, (T —T,)*+c,(T—T,)+d,. (2.27)
The constants a,, b,, c,, d, solve the equations
d,=06Zy,(T,), 2b, =6Zy(T,), (2.28)
o(Tais = Ta)’ + 0Ty = T,)* + o(Togy = To) +do = 8Zo(Ta), (2.29)
6a,(T, ., —T,)+2b, =08Z;(T,,,). (2.30)

This set of equations, in the given coefficients for each a grid point, involves function
evaluations at both times 7, and T,,,, some of which correspond to points outside the
discount curve. Hence, the equations constitute an underdetermined linear system. A good
way to select a satisfactory solution is to further require that the weighted sum of squares

n

> (Zo(T)* +AZ(T,)%) (2.31)

a=1
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FIGURE 2.6 An actual-yield curve versus the yield curve obtained using a CIR discount function. The
actual forward rates curve is also drawn for comparison.

be minimal. The parameter A adjusts the so-called fension of the yield curve. The limit A — 0
corresponds to an infinitely tense curve, in which the discount factors are linearly interpolated
between the vertices. In the limit A — oo, sharp turns in the curve are highly penalized. The
spreadsheet (related to the “Interest Rate Trees: Calibration and Pricing” project of Part II)
can be worked out by the reader interested in implementing the details of this fitting scheme,
as depicted in Figure 2.6.

2.2 Pricing Measures and Black—Scholes Formulas

In Section 1.12 we derived pricing formulas of the Black—Scholes type assuming interest rates
are deterministic functions of time. In this section, we lift this restriction and find Black—
Scholes type of models that are solvable, giving explicit pricing formulas for stock options
with stochastic interest rates and a number of interest rate derivatives. Pricing models for
interest rate derivatives are based mostly on the postulate that interest rates and the discount
function follow a diffusion process, thus ruling out jumps. In a general diffusion model, the
price process for discount bonds Z,(T) of the various maturity dates T obeys a stochastic
differential equation of the following form:

dZ,(T) = (r,+ q,0/ ") Z(T)dt +Z(T)a?'" dW,. (2.32)

Here, g, is a price of risk component dependent on the chosen numeraire, while of ") is the
zero-coupon bond (lognormal) volatility.

Recall that the pricing formula in the asset pricing theorem (covered in Chapter 1) provides
a way to express prices in terms of discounted expectations of future pay-offs with respect to
a pricing measure:

o | A
A, =g E2® [g—} . (2.33)
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In this formula, “discounting” is achieved through a numeraire asset g, whose volatility
is the price of risk for the pricing measure denoted by (Q(g). The actual asset price A,
is independent of g; changing the numeraire is equivalent to changing coordinates in path
space. Recall that all domestic assets drift at the instantaneous domestic risk-free rate plus a
price of risk component given by the dot product o, - o, where o, and o, are lognormal
volatility vectors of the chosen numeraire g, and the asset price A,. As the following example
demonstrates, it is useful to select the appropriate numeraire asset in order to derive pricing
formulas in analytically closed form. The choices of numeraire asset we use in this section are:

* Risk-neutral measure, corresponding to selecting g, = B, = elorsds | the money-market
or savings account

*  Forward measure with maturity T, (also called the T-forward measure) corresponding
to selecting g, = Z,(T), the zero-coupon bond price with maturity date T

* Bond-forward measure with cash flow map (¢, T), corresponding to selecting the
bond’s present value:

&= Xn:cizt(Ti)' (2'34)

To achieve solvability, it is also necessary to identify an appropriate stochastic process
whose expectation at maturity time one proposes to compute. As the following examples show,
sometimes the obvious choice of the process is not the most convenient for the calculations.
Furthermore, one needs to postulate a stochastic differential equation for the selected process
whereby the drift is simple to compute (possibly zero) and the volatility is a deterministic
function of time under the chosen measure. In the following sections we argue that there is
a large class of models — known as Gaussian models — that naturally lead to deterministic
volatilities in several important cases.

Stock Options with Stochastic Interest Rates

Consider a call option on the stock with price S, at time 7, strike K, and maturity 7. Let
F,(S,T)=S,/Z,(T) be the forward price for the stock, with delivery at time 7. Since
S; = Fr(S, T), the pay-off for the call option can be written as follows:

Cr=(Fr (S, T)—K),, (2.35)

(x). = max(x, 0). In the forward measure Q(g) with numeraire g, = Z,(T'), the forward price
F,(S, T) is a martingale. Hence, we suppose that the process for F,(S, T) is given by

dF,(S,T)

where the volatility o(¢) of the forward price is a deterministic function of time. Recall from
Section 1.6 that the transition probability distribution for such a process is lognormal:

p(F, t; Fp, T) = 1 e—[log(Fz/Fr)—’Z(T—f)/Z]Z/Z&Z(T—f)’ (2.37)

GF2m(T — 1)

where F, = F,(S, T) and & involves the time-averaged square of the lognormal volatility,

= [ ot d 2.38)
O'—T_tt g\u u. .
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Putting equation (2.37) with equation (2.33) and using the fact that Z,(T) = 1, the pricing
formula for the value C, of the call option at time ¢ is then given by

C (o)
TT) = EC“D(Fp (S, T)~K),] = /0 p(F,. t; F, T)(Fp — K) . dF;

=F,(S,T)N(d,)— KN(d_), (2.39)
where
_ log(F,(S,T)/K) £ 55(T — 1)
= T —1

and N(-) is the cumulative standard normal distribution function.

(2.40)

Swaptions

Consider a payer swaption (or call swaption) struck at rate r, and of maturity 7. The
underlying is the fixed leg with pay-off as present value of all future cash flows if the swap
rate ry > rg:

PSO; = 7(ry —rg), D Z,(T)), (2.41)
j=1
where 7= T, —T, is the tenor. As a numeraire, select the present value of a stream of unit
cash flows occurring at the coupon dates, 7, =T+, ..., T, =T +nr, of the fixed leg:
&=>.2,T), t<T. (2.42)

J=1

Recalling the expression in equation (2.24) we see that the swap rate r’ is a ratio of two
assets, with denominator corresponding to the numeraire g,. In this case one can easily show
from the formula in equation (1.137) that r{ is a martingale (i.e., has zero drift u!" = 0)
with respect to the pricing measure Q(g,). Assuming that the lognormal volatility of the
swap rate is a deterministic function of time, we set 0',(%) = 0(?). The transition probability
distribution function for the swap rate is then a lognormal function p(r;, t; r., T'), similar to
equation (2.37). Using steps similar to those in the previous section, one obtains the following
Black—Scholes pricing formula for the swaption price PSO, at time t:

PSO,  owr(s
Lz [ =),

=1[r’/N(d,) — reN(dD)], (2.43)
where

g log(rf/ry) £ 30*(T —1)
L=

2.44
ovT —t (2.44)

N(-) is the cumulative standard normal distribution function, and ¢ is defined as in equa-
tion (2.38), with time average taken over the squared lognormal volatility of the swap rate.
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Caplets

Consider a caplet struck at fixed interest rate ry, maturing at time 7, on a floating rate
y(TT)(T—i-T) of tenor 7 applied to the period [7,T + 7] in the future. The floating rate is
typically the three- or six-month LIBOR. The pay-off of this caplet is given by a capped-rate
differential compounded in time 7 multiplied by the discount function over that period:

Cply = (W7(T +7) —rg)  7Zy (T + 1), (2.45)
where the simply compounded yield is given by
W(T+1) =172 (T+1) = 1) = (T, T+7). (2.46)
Hence in terms of forward rates we have
Cply = (T, T+ 1) — 1) Zp (T +7). (2.47)

In the measure Q(g) with numeraire asset

g =Z,(T+n), (2.48)
the simply compounded forward rate
1/ Z/(T)
(7) '
T,T =—|=—-1 2.49
fo T ) T<z,(T+7) > (2.49)

is readily seen to be a martingale. Note that this follows because the forward rate is (besides
the constant term 77!) a ratio of two assets Z,(T) and Z,(T + 1), where the denominator is
g,- As in the previous examples, the transition probability distribution p(f;, t; f7, T) for the
forward rate f, = f” (T, T +7) can be assumed lognormal and of the form in equation (2.37),
with lognormal volatility ol = o(t) of the forward rate taken as a deterministic function of

time. Hence, the pricing formula at time ¢ < T for the caplet with value Cpl, is

Cpl, =7Z,(T + T)EtQ(g)[(fT - rK)+]
=Z(T+7)[f"(T, T+ 1)N(d,) — Tr¢ N(d_)]
=[Z(T)-Z(T+71INd,)— T Z(T+71)N(d_), (2.50)

where

1og(f(T, T+7)/r) £ 163(T — 1)

d
* VT —1

2.51)

N(-) is the cumulative standard normal distribution function, and & is defined as in equa-
tion (2.38), with time average taken over the squared lognormal volatility of the forward
rate.
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2.2.4

2.2.5

Options on Bonds

Consider a European call option struck at exercise K, of maturity date 7, written on a
coupon-bearing bond. The option pay-off can be written

BO, = (P, —K),, (2.52)

where P, is the present value of the bond,
P,=Y c¢;,Z(T)), (2.53)
j=1

with cash flows ¢, ..., c attimes T, > T,_, > --- > T, > T. Note that the sum in this present
value involves only cash flows at future times past the maturity of the option. As numeraire
asset, we choose g, = Z,(T), and we assume a lognormal volatility for the forward price of
the bond: F, = F,(P, T) = P,/Z,(T). Note that with this choice of numeraire the forward price
is a zero-drift lognormal process, where we assume the lognormal volatility as a deterministic
function of time, o/ = o(r). Noting also that P, = F;(P, T) = Fy, the resulting pricing
formula for the call option on the bond is obtained using steps similar to those in the previous
examples:

BO, = z,(T)EZ“ " [(F, - K),]
=Z,(D)[F,(P, T)N(d,) — KN(d_)], (2.54)

where

4, PR EP DK 30°(T - 28 (2.55)

ovT —1t

N(-) is the cumulative standard normal distribution function, and o is defined as in equa-
tion (2.38), with time average taken over the squared lognormal volatility of the bond forward
price. It is important to note that this model is inaccurate when the lifetime of the bond is
comparable to the time to maturity, in which case there can be a significant deviation from
lognormality due to the pull to par effect.

Futures—Forward Price Spread

The spread between the futures price F;*(A, T') and the forward price F,(A, T) of an underlying
asset A, whose spot price at time ¢ is A,, is given by equation (1.330). This difference was
demonstrated in Section 1.11 to be zero in the case when interest rates are deterministic
functions of time or when the asset price process is statistically independent of the short
rate process. Here the numeraire g, = B, is the money-market account. Let us now compute
the spread assuming that interest rates are generally stochastic. It suffices to compute the
expectation

EZP[A;] = EPP[Fr(A, T)). (2.56)
We consider the stochastic differential of the forward price process F,(A, T),

dF(A,T)

FAT) F(AT)
= dt aw., 2.57
F.(A,T) My +0; ' ( )
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given that the asset price satisfies

dA
A

L= pt di+ ol dw,. (2.58)
t

Using the results in equations (1.324) and (1.325) for the stochastic differential of the quotient
F(A,T)=A,Z,(T)™", we have

ol = ol — o (2.59)

and

pfAT) = GZD (U,Z(T) — ). (2.60)

t

Here we have used the fact that, under the risk-neutral measure Q(B), the drift of the asset
price A, and the bond price (which is also an asset) are equal, and both are given by the short
rate. As was seen in Chapter 1, this follows as a consequence of the important no-arbitrage
property, that all assets drift at the instantaneous short rate r, under the risk-neutral measure
with the money-market account as numeraire. We should emphasize here that the formulas
throughout this section obviously extend to the case of many base risk factors as well. In such
cases the drifts and volatilities are vector quantities with components in the base risk factors.

We now make the simplifying assumption that the volatilities of the asset A, and the bond
Z,(T) are deterministic functions of time, i.e.,

ot =oc'(), o/ =0c"D(). (2.61)

T F(AT) _

The forward price volatility o7 " = o (¢) and drift ! (1), for fixed T and given
asset A, are then also deterministic functions of time as given by equations (2.59) and (2.60).
This then allows us to obtain a more explicit formula for the futures—forward price spread,
as follows.

Under the measure Q(B), the probability density for the forward price attaining a value
Fy(A,T)=F; at time T, given F,(A, T) = F, at time 7, has the lognormal form

p(F,t;Fp, T) = _; o T08(FFr) (B2 /2 (T—) P 25 (T 1) (2.62)
0F/2m(T —1)

with time-averaged time-dependent drift and volatility
1

1 T p _o
(T—t)/, w (. M=

An expression for the futures price, in terms of the forward price, is now readily obtained
from the integral

i= / (" (D) dr. (2.63)

FH(AT) = ECP[F(A D)) = [ Fyp(F,, : Fr, T)dF,
0
=F,(A, T)eM™, (2.64)
From equations (2.60), (2.63), and (2.64), the futures—forward price spread is therefore
T
F'(A,T)-F,(A, T)=F,(A,T) |:exp (/ (e?D(7) — O'A(T))O'Z(T)(T)dT) — 1] . (2.65)
t

Finally, note that for given T and asset A, equation (2.64) shows that F;"(A, T)/F,(A,T) is a
deterministic function and hence the volatility of the futures and forward price are assumed
to be the same,

o’ (1) = o' (1) = o (1) — 7?1 (1). (2.66)
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2.2.6

Bond Futures Options

Consider a European call option on a futures contract on a zero-coupon bond Z,(U), with
option strike price K and maturity date 7, with 7' < U. Here the underlying asset A is the
zero-coupon bond whose maturity date is U [i.e., A, = Z,(U) for given bond maturity date
U, and at the option expiry date A; = Z;(U)]. The futures price at any time ¢ < T is denoted
by F(Z,(U), T); hence the pay-off at the option’s expiry time T can be written as follows:

BO, = (F{(Z;(U).T) ~ K), = (Fr(Z,(U). T) ~K).. (2.67)

Here we used the property Fy(A, T) = F;(A, T) for any asset A. In order to price this option,
we will choose as numeraire the zero-coupon bond with maturity 7, i.e., g, = Z,(T). In this
measure the forward price F, = F,(Z,(U), T) = Z,(U)/Z,(T) is a martingale. We now make
the same assumptions as in the previous section and postulate that the lognormal volatility
of a zero-coupon bond of given maturity (i.e., for any T and U values) is a deterministic
function of time ¢, with values 0?7 (¢) and oY) (t), for maturities T and U, respectively.
Here, however, we are working in a probability space, with F, having zero drift. Using
equation (2.64), we have F} = F,e =" for the price F*(Z,(U), T), with

i— - 1_ - fZT(O_z(T)(T) _ O.Z(U)(,T))O_Z(T)(T)dq_' (2.68)

The probability density p(F,, t; Fy, T) for the forward price attaining a value F; at time T,
given a value F, at time ¢, is given by the lognormal form as in equation (2.37) with zero
drift coefficient.

The pricing formula for the call on the bond futures contract then follows from similar
steps as in the previous subsections:

BO, = Z,(N)EP“ " [(F;(2,(U). T) - K), ]
=z,(T)E?“ D [(Fr(2;(U). T) - K),]
= Z,(T)[F,(Z,(U), T)N(d,) — KN(d_)]
= Z,(T)[e *TVF(Z,(U), T)N(d, ) — KN(d_)], (2.69)

where

log BEWLD) 4 15207y Jog FEMDTD (o 1oy
d, = g% 50°( )= & (=p£30°)( ) (2.70)

ovT —t ovT —t

and N(-) is the cumulative standard normal distribution function. Here i is given by equa-
tion (2.68), whereas

5o \/T;_t [ (o7 - 02 @) ar. (2.71)

The option price can therefore be expressed either in terms of the futures or forward price,
as well as the zero-coupon bond volatility for the two maturities 7 and U.
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Problems

Problem 1. Demonstrate a put-call parity relation for European options on a futures contract
on an underlying zero-coupon bond as described in Section 2.2.6.

Problem 2. Derive an option-pricing formula similar to that in Section 2.2.6 for a forward
contract on a bond.

Problem 3. Derive a Black—Scholes formula for a European bond put option struck at
exercise K, of maturity 7. Is put-call parity satisfied with respect to the call price given in
Section 2.2.47

Problem 4. A floorlet is similar to a caplet, except the floating rate is bounded from below
with payoff (ry — y(TT)(T + 7)), .7Z;(T + 7). Derive a Black—Scholes formula for a floorlet. Is
there a relationship between a floorlet and a caplet?

Problem 5. Caps and floors are collections of caplets and floorlets, respectively, applied to
periods [T, T;+ 7], j=1, ..., n. Show that a model-independent relationship cap = floor +
swap exists.

Problem 6. Provide a Black—Scholes type of formula for a receiver swaption with payoff
T(ry —r7)s Z;'l=1 ZT(Tj)'

Problem 7. Provide a Black—Scholes type of formula for a European call option with maturity
T and strike K and written on a (unit-nominal) zero-coupon bond with maturity S > T.
Denoting its pricing function by ZBC,(7, S, K),

ZBC,(T, S, K) = E2P[e I " (2,(8) - K),,].
Assume the forward price of the bond F,(Z(S), T) = Z,(S)/Z,(T) follows a zero-drift log-

normal process with time-dependent volatility o(¢) under the T-forward measure Q(Z(T))
with Z,(T) as numeraire asset price.

2.3  One-Factor Models for the Short Rate

2.3.1

Bond-Pricing Equation

A possible way of specifying an interest rate process is to assign a stochastic differential
equation for the short rate

dr, = pé(r,, t)ydt + o(r,, t)dw,. (2.72)

Here g is the numeraire asset. The functions u# and o give the drift and volatility, respectively,
of the short rate r, under the measure, with g as numeraire asset. Here we note that the drift
and volatility functions in general have an explicit dependence on r and ¢ variables.

Theorem. (Bond-Pricing Equation) If the short rate process described by equation (2.72)
is Markovian, then the zero-coupon bond price process Z,(T) is given by a pricing function
Z(r, t, T) so that

Z(T)=Z(r,, 1, T). (2.73)
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* The function Z(r, t, T) solves the following partial differential equation:

0Z  9Z  o(rni)?PZ

Ty = — =77 2.74
T R 274)

® The drift of the short term rate is given by
pe(r,t) =r+of(r,)o(r, t), (2.75)

where af = a8(r, t), as a function of r and t, denotes the volatility function for the
numeraire asset price g, at calendar time t.

* Under the risk-neutral measure with choice of numeraire asset as the savings (i.e.,
money-market) account process, g, = B, = el s the discount function at present
time t, maturing at time T, is given by the conditional expectation under the risk-
neutral measure

Z(T) = E[Q(B)[e*frr rsds] — EQ(B)[e*f,T rsds|rt — r]’ (2.76)

i.e., with condition r, =r.
* The probability density P(r,t) for the short rate having value r at time t, given an
initial condition for the density P(r,0) at time t = 0, satisfies the equation

D (vt ren) 2 (woren). @)

Proof. The representation in equation (2.73) is due to the Markov assumption for the short
rate: In this situation, the price of a zero-coupon bond can only depend on the short rate value
r at calendar time ¢ and on calendar time 7, given a maturity 7. By using It6’s lemma, where
Z is considered explicitly as a function of r = r, and ¢ variables, one obtains the stochastic
differential for Z = Z(r,, ¢, T):

oz (1, 1) P az
dZ = — 8 t— dt+ —ao(r, t)dW,
(% +mcn 0L Jar+ ot na,

=u?Dzdt+ % zdw,, (2.78)

with bond volatility %" = o? " (r, 1) as

0Z(r,t,T)

Zo?D(r, 1) = o(r, 1) p
.

(2.79)
Here the bond volatility function is denoted explicitly as a function of r and ¢, for given
maturity 7. The Black—Scholes equation for the stochastic differential equation (2.78) gives
the pricing function for bonds as satisfying

a(r, 1)? 0*Z z
R rZ+qéo(r, I)E, (2.80)

iz iz
- 8 t)—
o TG
with price of risk ¢ = o¥. Note that this also follows by taking expectations on both sides
of equation (2.78) while using EX®[dZ] = (r + ¢S %™ Z dt, E®P[dW,] = 0. This is
essentially a special case of the Feynman—Kac result. In the special case where g, = B,, i.e., the
money-market account, the price of risk is zero (hence also giving u$ = r) and we finally find
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equation (2.74). Since the pricing function Z(r, t, T) is not dependent on the price of risk, we
conlude that the drift u$ of the short rate process satisfies equation (2.75). By applying It6’s
lemma to the expectation in equation (2.76), one can show that Z satisfies partial differential
equation (2.74) with condition r = r,, thus verifying formula (2.76). Another simple proof of
the bond-pricing equation is to apply the Feynman—Kac formula to the conditional expectation
in equation (2.76), which can be written as B,EtQ(B) [B;'], where this last expectation satisfies
a Feynman—Kac PDE. Finally, equation (2.77) follows from the Fokker—Planck equation (or
Kolmogorov forward equation) for the probability density corresponding to the process in
equation (2.72). O

Hull-White, Ho—Lee, and Vasicek Models

There is empirical evidence that the interest rate process in the real-world measure is mean
reverting. The series for the five-year U.S. dollar rate in Figure 2.7 shows this phenomenon
visually. The periods with high and low rates alternate, following the expansion and recession
cycles of the economy. There is also strong evidence from option prices that the risk-neutral
process is mean reverting as well. Notice that this conclusion is not obvious, mathematically,
since the price of risk can in principle offset the mean-reverting character of the overall
process. Nevertheless, market expectations as they are reflected through cap prices, for
instance, reveal that the market expects rates to fluctuate not far from the historical mean
on long time scales. A large class of stochastic models with the mean-reversion property
can be constructed based on two processes: the Ornstein—Uhlenbeck process and the Cox—
Ingersol-Ross process. We construct both models emphasizing both the continuous-time
interpretation and the discrete-time recurrence relations they satisfy. This approach has the
advantage of clarifying the methodology for statistical estimations using daily or weekly data
and to generate Monte Carlo simulations.

In what follows we describe an explicit method of obtaining expectations of stochastic
quantities, as well as the discount function, by the use of a discrete stochastic calculus
approach combined with a subsequent continuous-time limit. Let us first consider the time
interval [0, ¢] and its discrete subdivision, with the points T = {t, =0, 7,, . . . f, = ¢t} making
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FIGURE 2.7 A time series for the 5-year U.S. dollar (USD) rate.
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up n subintervals of length 6, =1, —f;. Subinterval paths are defined by means of the
recurrence relations

T = e bt r, +a(t)ot,+ o(t;)6W, (2.81)
foralli=0,...,N—1, where BW,I are uncorrelated Brownian increments such that
E,[8W, W, ] =35, b1, (2.82)

The solution to these recurrence relations is readily found by iteration, giving

n—1
T B R CA LR (ALY (2.83)
i=0

In the continuous-time limit, as the partition of the interval [0, f] becomes finer and finer,
i.e., in the limit 6z, — 0 (or n — o0), this expression for the stochastic process is given by
the stochastic integral:

ot 4 1
r, = rye” b0 +/ e~ P (g (5)ds + o(s)dW,). (2.84)
0

Notice that this expression reduces to equation (2.83) if the functions a(t), b(t), and o(¢) are
piecewise constant in the intervals [z;, #; + 6t;). Differentiating this expression with respect to ¢

while using Leibniz’s rule for the derivative of the integral on the right gives the stochastic
differential equation satisfied by r, as

dr, = (a(t) — b()r,)dt + a(£)dW,. (2.85)

This model encapsulates both the Hull-White and Vasicek models [HW93, Vas77]. The
Hull-White model obtains by setting b(¢) = b, o((t) = o as constants and keeping a(r) as
time dependent. The Vasicek model obtains by also setting a(¢) = a as constant. The Ho—
Lee model corresponds to setting b(t) = 0, o(f) = o as constants and a(z) as generally
time dependent. The Black—Karasinski model obtains by replacing the short rate r, with the
logarithm log r, in equation (2.85).

From the solution in equation (2.83) one can obtain the expectation, at time ¢ = 0, of the
random variable r, by making use of E,[0W, | =0 and then taking the continuous-time limit
of the sums, giving

t ¢ t
Eglr] = e o0, 4 [ e ibing(g)ds, (2.86)
0

The reader will also note that this is consistent with taking expectations on both sides of
equation (2.84) and using the property of zero expectation for the stochastic integral part, as
discussed in Section 1.4. Similarly, the variance can be obtained by considering the following
expectation in the continuous-time limit:

n—1 2
Bl(r, = £l D) = Bo| (e matiyow, ) |

i=0

n—1n—1
=3 3 X MM 0 o (1) (1) E [ 5W, 8W, ]
i J
i=0 j=0

n—1 t .
= Zezz;}“b(’“a’ka(z‘i)z—)/ e 2 o (5)2 s, (2.87)
0

i=0
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where the last expression is obtained in the limit # — oo. The reader will note that equation
(2.87) follows also by equations (2.84) and (2.86) after applying the Property (1.106).

In this model for the short rate process we have the useful result that the variable defined
by the integral X tT = ftT r, ds, for any time interval [¢, T}, is a normal random variable. Hence,
the discount function can be obtained in terms of the mean and standard deviation of the
random variable XtT , as is shown next. To compute the mean and standard deviation of X,T R
consider now the interval [z, 7] with n subdivisions within time points 7, =1, ¢,,...,t, =T
and, as before, 6¢; = ;.| — ;. The discretized form of the integral is

n—1
=r, 81 (2.88)
k=0

Taking the expectation, at time #, of this sum while using equation (2.83) for r, and
E,[6W,]=0 gives

n—1k—1
E[XT]=r, Ze RSV §p 4 33 e D Mg (1)1, 8ty (2.89)

k=0 k=0 i=0

In the continuous-time limit we have the mean
_ T 5 T s 5
XZT = E[[XIT] = r[/ e Jr bwdu ds—i—/ / a(u)e*fu b 1y ds
t t t
=rn(t,T)+my(t, T), (2.90)

where the functions n(t, T), m(t, T) have been defined through the integrals. The reader can
also verify that this result obtains by applying Property (1.105) together with (2.84), after a
time shift. The variance follows from the expectation:

n—1k—1

var[X]] = E,[(X] — E,[X]] ) ]= |:(ZZe —Hlb(’/)s’/o-(ti)SW,[ 5tk)2]

k=0 i=0

5kl p)se—3k S b(e)s
= YN Y e e O P 1y o (1) 81, 81 E[8W, SW, ]

k=0i=0 ' =0 {' =0

n—1k=1n—1 n—1k-1£k -1 - o
_ [Z IDIEDIDIDD } b b0 ELE 0003 1281, Bt B,

k=0i=0 ' = k=0}'—o i=0

— |:/lTds/lSdT/STdu—i—/ITds/lAY du/ludT]U(T)ze_f:b(")d”_f:"(”)d“, (2.91)

where the last expression obtains in the limit n — oco. By reversing the order of integration
in these integrals one can write the expression as one integral term, giving:

T T 2 T
var[X]] =/t 0'(7)2</ ek b(”)d”ds> dT:/t o(7)*n(r, T)*dr

T

=m, (1, 7). (2.92)

Having obtained X/ and var[ X T, we therefore have the probability density for the normal
random variable X/ ~ N(X!, var[X[]) taking on a value y, as viewed at time ¢, given by a
Gaussian:

(2.93)

p(y) = LX) Xf)2>.

27 var[XT] p( 2 var[X[]
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The discount function Z,(T) = Z(r,, t, T) is finally obtained in terms of the expectation

Z(T)=E e*Xf _ °°p y o dyze%uar[X,T]f)_(,T :em(t,T)fn(t,T)r,’ 2.94
t t

where
1
m(t,T)= Eml(t’ T)—my(t, T). (2.95)

Note that this discount function can also be derived by using the method discussed in the
next section. There, the solution for Z(r,, ¢, T) in the form of an exponential of an affine
function in r = r, [see equation (2.94) or (2.116)], is obtained by simply plugging the
expression into bond-pricing equation, where the volatility function is independent of the short
rate. The functions m(t, T) and n(z, T) are readily shown to satisfy a system of first-order

equations,
on
— =bn—1, 2.96
a " (2:96)
and
d 1
a—"; —an-+ o(0)’n* =0, (2.97)

with final time conditions m(T, T) = n(T, T) = 0. For these models, this system is exactly
integrable, giving the same integral expressions as before.

For purposes of yield curve fitting, it is of interest to consider the formulas for the discount
function in terms of the zero-coupon yields. In particular, the foregoing solution reads

y(T) = (T — 1) (n(t, T)r,— m(t,T)). (2.98)

The interpretation of this equation is that, for one-factor models having discount functions
as exponentials of affine functions of the short rate, the shocks due to changes in the short
rate are the only ones to affect the shape of the yield curve, which moves parallel to itself,
according to equation (2.98).

The function n(z, T) is linked to the term structure of volatility at calendar time 7. In fact,
by taking the stochastic differential of y,(T) in equation (2.98) while using equation (2.85),
the yield is shown to have volatility

) t, T t
o = 2T, (2.99)
T—t
The variance of the differential of the yield hence has a quadratic form given by
. 1, T) (1
var(dy,(T)) = (()-}‘(T))2 dt = w (2.100)

(T—1)?

The foregoing yield volatility equation allows one to fit the function b(z) in terms of the
current term structure of volatility. Indeed, since

T s
n(1,T) = / o b g (2.101)

t
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by differentiating with respect to 7 we have

b(T) = — ;T(log n(t, T)> (2.102)

Note that we can rewrite this equation by changing variable names, letting maturity 7 — ¢
and present time ¢ — ¢,, giving

b(t) = —%(log L (s, t)) (2.103)

Given the fitted function b(¢), one can then fit (or retrieve) the function a(¢) from the
discount function or using equation (2.98). Moreover, for the case of the Vasicek, Hull-White,
and Ho—Lee models, all of the preceding integral expressions are readily worked out exactly
in terms of exponential functions. Let us specifically work out the formulas for the case of
the Hull-White model. Since b, o are constants, equation (2.101) is integrated to give

n(t,T) = %(1 — e PT=0)y, (2.104)

And for m(t, T) we have

m(t, T) = / [0 ~ 1a(Mdr + 35 / (1— e "T=7)2 gr. (2.105)
Taking logarithms of equation (2.94) gives
logZ,(T) =m(t, T)—n(t, T)r,. (2.106)

Differentiating this equation with respect to 7 while using equations (2.105) and (2.104) gives

2

ad
l Z,(1

[1 —2e7 010 +e2b(T’)i| —re P77 —fT a(t)e P77 4dr. (2.107)
t

Differentiating again while using equation (2.107) then gives
(1) ——8—210 z (T)—bilo z (T)+U—2(1 — e 20T (2.108)
= T 8 F7 I A ' '
Changing the variable name 7 to ¢ and taking the initial time as zero gives
2

a(t) = _6_ s log Zy(1) — b g logZO(t) + —(1 e, (2.109)

This last equation gives us a useful relationship between the drift function and the zero-coupon
bond prices, as a function of the maturity. In particular, one can rewrite this in terms of the
instantaneous continuously compounded forward rates [these are defined in a later section;
see equation (2.153)]:

J o’ —2b1)
a(t) = = fo(1) +bfy(1) + - (1 = ™). (2.110)
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2.3.3

Lastly, notice that the option-pricing formulas in the previous section, obtained under the
forward measure, can be applied as the log-normal volatility of a zero-coupon bond forward
given by

<d;((TTTT))) = o(n(t, ) = n(t,T))* dt. @111

The pricing formulas in the previous section, however, require the bond-forward measure.
Examples are the formulas for swaptions and options on coupon bonds, which are not
applicable here because the resulting volatility is not a deterministic function of time.

The foregoing short-rate models are among the popular models used for pricing interest
rate options. In particular, lattice methods are useful for calibration and pricing. For an actual
implementation of binomial and trinomial lattice trees within the Ho—Lee, Black—Derman—
Toy, Hull-White, and Black—Karasinski models, the reader is referred to the project on
interest rate trees in Part II of this book. The project contains an elaborate discussion of the
various implementation steps for calibrating binomial and trinomial short-rate lattices, and
for numerically pricing interest rate derivatives within these four models.

Cox—Ingersoll-Ross Model

The stationary Cox—Ingersoll-Ross (CIR) model for the short-rate process is generally defined
as follows under the risk-neutral measure:

dr,= (a—br)dt+o./r, dW,. (2.112)
According to the foregoing theorem, the bond-pricing PDE for this process is:

2 27
7t 7o, (2.113)

Z e
o TATI e T T e

The stochastic differential equation satisfied by Z = Z(r, ¢, T'), where r =r,, is
dZ =vZ dt+o0,Z dWw,, (2.114)

where

_o\riZ

= 2.115
gy 7 or ( )

Note that the CIR model is sometimes written so that the risk-neutral drift term has the
form (6 — r), where the constants k and 6 correspond to the rate of reversion and mean
level, respectively. In our convention, this simply corresponds to setting # = a/b and k = b.

As with the Vasicek model in the previous section, the discount function for the CIR
model takes the form of an exponential of an affine function in r:

Z(r,t, T)=exp(m(t,T)—n(t, T)r). (2.116)

Direct substitution leads to the equations

o' —bn+1= (2.117)
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and

P
a—": — an. (2.118)

The final-time condition Z(r, T, T) = 1 gives m(T, T) = n(T, T) = 0. Note the difference
between these equations and equations (2.96) and (2.97), obtained for the models considered
in the previous section. Again, exact expressions for m(¢, T) and n(t, T) are readily obtained
by integrating equation (2.117) and subsequently equation (2.118), giving

2 br
m(t, T) = == log e (2.119)
() ycoshy7+ 5bsinh y7

and

sinh y7

n(t, T) = (2.120)

v cosh yr + %b sinh y7~

where 7 =T —t is the time to maturity and y = %«/ b2 4202,
The Fokker—Planck equation for the risk-neutral probability density of the spot rate is

op(r. 1o
2 9r?

P (o?rp(r, 1)). (2.121)

a
=bp(r.1)—(a=br)—p(r.0)+
In the long time limit + — oo the distribution approaches a steady state with dp/dt — 0. As
one can verify by direct substitution into the right-hand side of equation (2.121), the stationary
probability distribution, denoted by p_. (r), is

(2b/a?)'"

(a/o?)~1 ,~(2b/o”)r b>0 2.122
I'(2a/a?) " ¢ ' - ( )

P(r) =

where I'() is the gamma function. Notice that when a > ¢2/2, p.(r) = 0 as r — 0, i.e.,
gives zero probability of attaining zero interest rates. Otherwise, the stationary probability
distribution diverges in the limit  — 0 when a < o?/2.

In particular, the distribution integrates to unity for a > 0, has an integrable singularity at
r =0 for values 0 < a < ¢?/2, and is nonintegrable for a < 0. For a € (0, 0%/2] the origin
is reflective. These same conclusions also apply to the time dependent density just below.

An exact analytical solution of the time-dependent Fokker—Planck equation (2.121) for
the distribution function p(r, ) = p(r, ry; ), subject to the initial-time condition p(r, t =0) =
o(r —ry), can be shown to take the form (a, b > 0)

bt

q/2
r’e: ) exp (—c,(roefb’ + r)) 1, (2ct(r0re7h’)l/2) , (2.123)
0

plrori ) =, (

where ¢, =2b/(0*(1 —e™")), ¢ = (2a/0*) — 1, and I,(-) is the modified Bessel function
of the first kind of order g. Useful properties of the Bessel functions are contained in
Appendix C of Chapter 3. Further properties of this density are given as problems at the end
of this section. By using the series expansion of the modified Bessel function, the distribution
function in equation (2.123) can be shown to be related to the noncentral chi-squared function
fy2(x, v, A), since

1 x\G-02
foler ) =3 (%) e V2L (V) (2.124)
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CIR prob. density
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FIGURE 2.8 Plots of the CIR risk-neutral transition probability density as a function of the short rate,
at three different chosen times.

where v and A are the number of degrees of freedom and the noncentrality parameter,
respectively. In particular, for the CIR model under the risk-neutral measure, the spot rate
r =r, at time ¢ is a random variable generated by

0.2(1 _eftb)
r,= TP’

where p is a noncentral chi-squared random variable with 2(g + 1) = 4a/o? degrees of
freedom and time-dependent noncentrality parameter equal to 2c¢,r,e~". Figure 2.8 gives a
plot of the foregoing risk-neutral density for different time values + = 0.25, 0.5, and 1.5 and
with choice of parameters a = 0.075, b = 0.35, o =0.15, r, = 0.065 (all units are on a yearly
basis). With this choice of parameters, the steady-state distribution is nearly attained at values
of t ~20.

Under the forward measure with numeraire Z,(7), the equation for Z = Z,(T) =
Z(r,,t,T) is

(2.125)

dZ = (r,+02)Z dt+o,Z dW/, (2.126)

where dW/" is the Brownian increment under that measure. Assuming that under the forward
measure the short rate evolves as

dr, = u(r)dt+o./r, dW}, (2.127)

this implies, due to Itd’s lemma, and from equation (2.113),

Z 07 ar é*Z 0z
E[dZ] = —+—= — —Zdar=(rz+= —a+br))dt 2.128
taz)= (5 + Sonn+ 55T )= (24 SO —akmn ) ar - a2s)
where r, = r. Hence, the drift obtains as
aZ\"'  o*roz
—a+b=02Z(—=) =2, 2.129
WO —atin=oiz(5) =5 (.129)

giving
2

0z
dr, = <a — b+ ‘TZr’ a_> Z di+o.Jr, dW!. (2.130)

r
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Under this forward measure, one can also solve the Fokker—Planck equation for the process
defined by the corresponding stochastic differential equation, giving a slightly more alge-
braically involved analytical expression for the density, yet again in terms of the modified
Bessel function. This follows from the fact that Z = Z(r, t, T) = " D01 50 (0Z/dr) | Z =
—n(t, T) (independent of ). Hence the foregoing SDE has the same structure as the original
SDE for the CIR process in the risk-neutral measure, except for an additional time dependence
introduced into the mean-reversion coefficient. The solution follows by applying appropriate
transformations.! In particular, it can be shown that a random variable for the short rate r = r,
at any intermediate time 7 with 0 <t < 7 < T has the form

_ oP(n(r, T) = n(t, T))
T on(r, Tyjor

(2.131)
where p is a noncentral chi-squared random variable with 4a/c? degrees of freedom and
noncentrality parameter given by

40n(1, T) /ot
(. T)—n(t, 7))

(2.132)

Note that a simplification arises with the choice of time parameters t =0 and 7 =T7. We
refer to the literature on the CIR model [CIR85] for a derivation of these results. The
more advanced material in Chapter 3 that deals with Green’s function methods for the
Fokker—Planck equation actually provides the reader with the mathematical tools for deriving
analytically exact transition probability densities for the short-rate process within the CIR
and other models from first principles. Such transition densities, or formulas of the type just
given, allow one to price most European-style interest rate derivatives and to generate exact
scenarios for the short rate under the CIR model.

Problems

Problem 1. Show that the transition probability density function p(r, ry; f) in equation (2.123)
satisfies the Fokker—Planck equation (2.121), with initial condition p(r, ry; t = 0) = 6(r — ry).
Hint: After inserting the solution into the Fokker—Planck equation, differentiating and col-
lecting terms, arrive at a second-order ordinary differential equation for the modified Bessel
functions; i.e., show that this gives the modified Bessel equation of the form (see Appendix C
in Chapter 3)

d? 1d V2
iy Sl -+ 5 =0,
e V(X)+xdx () —( +x2) L (%)

where v is the order.

Problem 2. Verify that the CIR density in equation (2.123) where a, b > 0 gives

/ p(r. s dr =1, (2.133)
0

"Let P(r, ry; t) be the transition density for the process dr, = (a — b()r,)dt + o /r,dW,, with deterministic time

dependent coefficient b(7) and define the respective scale and time changes: A(f) = eJo bdu ang (1) = "72 ot Au)du.
Then P(r, ry; t) = AMO)u(A(f)r, ry; 7(t)), where u is the density for the Bessel process as given in equation (3.215)
with Bessel order u = (2a/0?) — 1. Note: when b(t) = b is constant this corresponds to the density in equation

(2.123).
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hence demonstrating that short rates are never negative, i.e., that any short-rate path starting
at time ¢ = 0 at any finite positive value 7, will end up in the positive axis with probability 1
at any finite later time ¢ > 0. Hint: Use the Bessel integral property (3.357) in Appendix C
of Chapter 3.

Problem 3. Show that the CIR density in equation (2.123) satisfies the Chapman-—
Kolmogorov equation

/ p(rp, s T—1)p(r, ry; )ydr = p(ryp, 1; T). (2.134)
0

Hint: Use an appropriate Bessel integral property from Appendix C of Chapter 3.

Problem 4. The integrated form of equation (2.112) from time s to time ¢ gives

t t
r[=rs+/ (a—brT)dT+/ o7, dW,. (2.135)

(a) Show that E [r,] = E[r,|r,_, = r,] satisfies a first-order ODE in time ¢ > s, with initial
condition E [r,] =r, at t = 5. Solve the initial-value problem and thereby obtain an
exact expression for the conditional mean E [r,].

(b) Obtain an exact expression for the conditional variance Var(r,|r,_, = r,) = E,[(r,)*] —

(E,[r,])*.

Problem 5. Assume the short rate satisfies SDE (2.85).

(a) Find an expression for the auto-correlation function

Corr(ry, r,) = Cov(ry, r,) /v Var(r,) Var(r,)

for s < ¢.

(b) Find an exact closed-form expression for Corr(r,, r,) by considering b(¢) = b, o(t) = o
as constants. Explain your answer in terms of the mean-reversion parameter and what
it represents in the limit b — 0.

Problem 6. Consider the European call option on a zero-coupon bond as stated in Problem 7
at the end of Section 2.2. Find a closed-form analytical expression for this option price
ZBC (T, S,K) in:

(a) The Hull-White model with constant mean-reversion coefficient b and constant
volatility o
(b) The CIR model described in this last section

Hint: For part (b) choose g, = Z,(T) as numeraire (i.e., use the T-forward measure for taking
expectations) and use the formulas at the end of this section. In particular, use the appropriate
transition density for the short rate (within the 7-forward measure), and obtain your final
result as a sum of two terms involving the cumulative chi-squared density.
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Flesaker—Hughston Model

The Flesaker—Hughston (FH) model is based on the original idea of defining a numeraire

asset process without a direct financial meaning. Interest in this model stems from the fact

that it is possible to derive analytical closed-form solutions for both caps and swaptions.
The numeraire process in FH models is defined as follows:

1
(D +g(0x,
where f(f) and g(¢) are deterministic and strictly decreasing positive functions of calendar

time #, and x, is a positive definite martingale. A zero-drift geometric Brownian motion gives
a possible definition of x,, i.e.,

g (2.136)

dx, = o(t)x, dW,, (2.137)

with some chosen initial condition x, = 1. Notice that in this model, log x, follows a simple
Wiener process with drift —(o(¢))?/2 and diffusion (7). An alternative definition of x, is the
variance-gamma process. Within the FH model one readily arrives at an arbitrage-free price
at time ¢ of a zero-coupon bond of unit worth at maturity time 7 as

e[ 1] D +e,
A1) =&E: [ }_'ﬂ0+ﬂ0%'

8r
Here we have used the martingale condition E,[x;] = x,. The instantaneous short rate also
has a simple expression since f,(t) = r,, as discussed in Section 2.4; hence,

_ SO+,
O+,

(2.138)

)
r,= —ﬁlogZ[(T) (2.139)

Simply compounded (time-f) forward LIBOR rates L,(7T) with settlement date 7, tenor 7,
and given compounding period T solve the equation

zZ(T) _  f(1)+g(M)x,

(D) = s = FT + )+ 4T+, (2.140)
and are thus given by
[ D) +e(Dx
L(1) = T [f(T+ ) +g(T +7)x, 1] ' (2.141)

Using g, as numeraire and following the pricing methodology as in the worked-out examples
of Section 2.2, a caplet struck at rate k and maturity 7 is hence priced as follows:

Cpl, (k, T) = g, EX® [TZT(T+T)(LT(T+T) _K)q

8r
— gtE,Q(g)[(ao(K, T)+ by(k, T)xT)+],

where

ay(k, T)= (T)— (1 +k7)f(T+7), by(k, T)=g(T)—(1+k1)g(T+71). (2.142)
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By using the lognormal probability density function for x,, which results from the process in
equation (2.137), this expectation integral gives rise to an exact pricing formula:

Cpl,(x, T) = g,[ag(k, TYN(h® (1, T, k) + by(k, T)x,N(h’.(1, T, k))]. (2.143)
where
log (— —bO(K’T)"’) +162(T—1)
ay(k,T) 2
(1, T, k) = - , 2.144
(01200 GvT T (149
the time-averaged volatility is
1 T
— % du, 2.145
T (2.145)

and N(-) is the cumulative standard normal distribution function. This formula is valid
for cases in which by(k, T)/a,(k, T) < 0. Deriving a similar pricing formula for the case
by/a, > 0 is left as an exercise for the reader.

A payer’s swaption was considered in Section 2.2.2, with payoff

PSO; = 7(ry — k), Y Z(T)), (2.146)
Jj=1

where the swap rate r; at time ¢ and the strike rate « are in units of an interest rate (i.e.,
time™!). Assuming n payments and a swap rate of the form

g 1-Z(@)
Lo Z;‘l:l Zt(Tj)
we can write the price of a payer’s swaption maturing at time 7T as
E2® [ (1 —Zy(T,) — KT Z;:1 ZT(Tj))+:|
t
' 8r
- gtE,Q(g)[(an(K, T)+b,(k, T)xT)+].

(2.147)

PSO,(k,T) =g

In the last equation we have used the identity [see equation (2.138)]

ZT(Tf)[f(T)+g(T)xT] :f(Tj)J’_g(Tj)xT’ (2.148)
giving
an(K’ T):f(T)_f(Tn)_KTZf(T/)’ bn(K’ T):g(T)_g(Tn)_KTZg(T/) (2]49)
j=1 j=1
As before, by using the lognormal probability density function for x;, the expectation integral
gives rise to an exact pricing formula:
PSO,(k, T) = g [a,(k, T)N(h" (t, T, k)) + b,(k, T)x,N(h'.(t, T, k))]. (2.150)
where

— b,,(K,T)x,) + %6.2(7" _ t)

a,(k,T)
avT—1 '
the time-averaged volatility is given by equation (2.145), and N(-) is the cumulative standard

normal distribution function. This formula is valid for cases in which b,(k, T)/a,(k, T) <O.
Deriving a similar pricing formula for the case b,/a, > 0 is left as an exercise.

log(
hL(t, T, k)= (2.151)
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2.4 Multifactor Models

Multifactor models make use of the observed-yield curve, and this in turn can be described
either as a collection of zero-coupon bonds (i.e., discount bonds) of various maturities T
with respect to an arbitrary calendar time ¢ with price Z,(T') or by the instantaneous forward
rates. In what follows we denote present (today’s) calendar time as ¢ = 0, whereas time ¢ > 0
generally stands for any time in the future or today. It is useful at this point to review very
briefly the connection between these quantities and their relation to the instantaneous short
rate. Let us recall the continuously compounded time-¢ forward rate for a future finite time
interval [T, T + 7] as given by

logZ,(T+71)—1ogZ,(T)

(T, T+71)= (2.152)
T
In the limit 7 — O this defines the instantaneous forward rate f,(T) as
d
f(T)=——logZ,(T). (2.153)
T
Hence, forward rates and discount bond prices are also linked by
T
Z,(T) = exp < - / f,(s)ds>. (2.154)
t

This simple expression can be directly contrasted to that of the discount bond price given in
terms of the risk-neutral expectation involving the instantaneous short rate r,,

Z,(T) = E2P e~ I ], (2.155)

The bond price is therefore related to a path-integral of the stochastic variable r, rather than
to a simple (nonstochastic) integral as in the case of the forward rates. This path-integral
expectation shows that if the short rate is stochastic, then f,(T’) # r; (t < T), whereas when
r, is deterministic the expectation is simply a regular integral and we have f,(T) = r, for
all # < T. In the HIM treatment described shortly, one is directly modeling the forward rates
as local stochastic (i.e., Markov) processes. In view of the path-integral relationship between
the short rate and the forward rates, one anticipates a generally non-Markovian theory for
the short rate. A simple result of the formulation is that for generally stochastic short-rate
processes we have

f,@&)=r,. (2.156)

This obtains by equating the right-hand sides of equations (2.154) and (2.155), with T =t+€
(€ > 0), and differentiating with respect to €, giving

ECP[e I ndsy ] = fi(t+e)e T I08, (2.157)

Taking the limit € — 0 gives equation (2.156), since E,[r,] = r,, i.e., the value of the instan-
taneous short rate at time .
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2.4.1

Heath—Jarrow-Morton with No-Arbitrage Constraints

An arbitrage-free dynamics of the yield curve in a diffusion model must satisfy constraints
that take up various forms, depending on the modeling framework. In this section, we
review the Heath—Jarrow—Morton (HJM) constraint for models of instantaneous forward rates
[HIM92]. In the next section, we discuss the Brace-Gatarek—Musiela—Jamshidian (BGMJ)
condition, where one models LIBOR rates instead. We present formulas in the context of one
independent risk factor; however, the multifactor extension follows in an obvious manner,
and we leave the derivation as an exercise problem.
Consider an interest rate stochastic process specified through the short rate

dr, = ué(r,, )ydt+ o' (r,, t)dW?, (2.158)

in a suitable measure Q(g). When working within the risk-neutral measure, recall that all
assets drift at the instantaneous short rate r,. In particular, all discount bonds of any maturity
T are assets, and hence

dZ,(T) = r,Z(T)dt + o/" Z,(T)dW?, (2.159)

under the risk-neutral measure with numeraire g, = B, and dW, as Brownian increment in
Q(B). Notice that if one chooses a numeraire other than the money-market account B,, then,
in accordance with the asset pricing theorem in Chapter 1, the drift for any asset (including
any discount bond) will have an extra term added to r, to account for the price of risk. We
use shorthand notation to denote o, D = o(t, T, Z,(T)) as the time-t volatility of the bond
price. It is important to observe that in general, the bond price volatility is allowed to be a
function of calendar time ¢, maturity time 7, and the (stochastic) bond price Z,(T) at time .

Thanks to It6’s lemma, the logarithm of the discount function obeys the following stochas-
tic differential equation:

1
d[log Z,(T)] = [r, - E(a,Z(T’)z]dtJr o/ aw,. (2.160)

Since this equation applies for any value of 7, we can use it for maturity 7 and T + 7.
Combining this with equation (2.152) gives the stochastic differential of the rate f,(T, T+ 7):

3 (O',Z(T+T))2 _ (O',Z(T))z . O',Z<T+T) _ O',Z(T)

dlf(T,T+7)]

aw,. (2.161)
2T T
The stochastic differential of the instantaneous forward rate in the risk-neutral measure now
obtains in the limit 7 — O:

df(T) = a',Z(T)O',/Z(T) dr— o,/Z(T) dw,,
=" di+ o/ aw,. (2.162)

The last equation defines the drift /" = u/ (1, T, £,(T)) and volatility o7/ = o/ (1, T, £,(T))
of the instantaneous forward rate. The superscript prime is used to denote differentiation with
respectto 7, i.e., O';Z(T) = do/ ) /AT . It turns out that one can relate the drift with the volatility
of f,(T), since a simple integration of the bond price volatility derivative, with respect to

maturity time, gives

T
/ 7P dr = 7D, (2.163)
t



2.4 Multifactor Models 143

In this equation we have used the fact that O'Z(t) = 0, which says that the bond price has zero

volatility with known unit value when ¢ = 7. Then, using the earlier relations for the drift
and volatility of f,(T) in terms of the bond price volatility, we arrive at

T
ul® = gf(T)/ o/ dr. (2.164)
t
This result shows that the drift of f,(7) is linked to its volatility and the volatilities of all
forward rates f,(7) between times 7 =t and 7 = T. The link between the drift and volatility
of the instantaneous forward rate was first noted by Heath, Jarrow, and Morton.
From this treatment one can arrive at the risk-neutral process for the short rate stated in
equation (2.158). Using equation (2.162) rewritten in the form
df.(t) = cZVg”) dr 4+ gV aw,, (2.165)
integrating and using equation (2.156), we find

t t
r = fo(0) + / a?O0 G20 g7 4 / a2 qw.. (2.166)
0 0

At this point one can apply the rule for differentiating an It6 integral,

i[/ h(r, t)dW]—h(t t)+/"9h(7 D aw,. 2.167)

where h(7,t) is any smooth function. By differentiating the integral expression for r, and
. . Z(1) . .
again using o; ~ = 0, we obtain the stochastic process for the short rate as:

t t
dr, = {fé(t) + |:/ [0ZDol? 4 (U;Z(’))z]dT—f-/ a';/z(’)dWT] }dt
0 0
+5"dw,. (2.168)

The risk-neutral drift for the short rate is, therefore, non-Markovian, since it has a dependence
on stochastic variables for times earlier than ¢, as given by the integral and stochastic integral
over all times 7 =0 to 7 =t of factors involving the bond volatilities and their derivatives.

Problems

Problem 1. Suppose we have n independent risk factors. The instantaneous forward-rate
process of equation (2.162) then takes the form

df(T) = ul™” dt+20'fm dw/, (2.169)
j=1
where a",{ (jT) are volatilities corresponding to the jth risk factor. Show that equation (2.164)
generalizes to

ul® = f(T) / of_(,.’) dr. (2.170)

Problem 2. Using the result of Problem 1, obtain the multifactor extension for the short-rate
process given by equation (2.168).
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2.4.2

Brace—Gatarek—Musiela—Jamshidian with No-Arbitrage Constraints

The reader can observe that in all previously presented treatments of the yield curve, including
HIM, the theory has made use of either a continuum of discount bonds (i.e., of any maturity) or
a continuum of instantaneous forward rates. Such continua provide a basis for the description
of points on the yield curve lying on just discrete time intervals, as in LIBOR-based instru-
ments. In contrast, in this section we briefly present the BGMJ (after Brace, Gatarek, Musiela,
and Jamshidian), which models discrete market quantities, namely, the LIBOR rates [BGM97].
Within BGMIJ one considers a situation with a lattice of n maturities 7, = T, +it, i =
0,1,2,...,n—1, and the corresponding simply compounded forward rates f; T)(T,-, T;,,) for
a finite period 7 (e.g., 1 month, 3 months, 6 months). Recall the formula for the forward rate
in terms of discount bond price ratios,
(1) Zt(Tz)
14+7f7°(T, T,,) 2T (2.171)

To keep the notation simple, we now introduce the symbol (for given 1)
L(T) = fz(T)(Ti’ Tii1)- (2.172)

Moreover, we present the treatment within a one-factor notation, although the extension to
many independent risk factors readily follows, and we leave this as an exercise. We now
proceed by assuming that each LIBOR rate is a random variable obeying an SDE of the form

dL(T) _

L(T;) L(T;)
= dt aw,; 2.173
L(T) M +0, ' ( )

similarly, for each maturity one writes an SDE for each discount bond price process as

dz(T) _

Z(T:) Z(T;)
= dt dw,. 2.174
zry ~H A 1

Here we have used shorthand notation to denote the drifts and volatilities, which can generally
be functions of ¢, T}, and the underlying rate or bond price:

L(T})

pi = phi (T L)), o/ =0t T, L(T)),
pi = phi( T, Z(T)),  of T =01, T, Z,(T)). (2.175)

Also, we assume to be in a basis of risk factors with no correlations among the LIBOR rates
and bond prices. The addition of correlations along with the multifactor extension of the
formulas is fairly straightforward and will be left as an exercise.

Taking the stochastic time-¢ differential of equation (2.171) on both sides and using It0’s
lemma in the form of equation (1.137), one finds

_ . Z (T, : ; ;
7L(T)) (M[L(T‘)dt+0f(Tl)dW,) _ (T}) |:(qt _ O',Z(T‘))(O',Z(T') _ O'IZ(T'H))dl
Z(Ti11)
+(0’,Z(Ti) _ O-Z(Ti+]))thi|' (2.176)

Notice that here g, is a price of risk, which is generally nonzero since the underlying measure
is not necessarily assumed to be the forward-neutral measure, wherein forward rates are
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martingales. Typically, the measure can be chosen to be the so-called spot-LIBOR measure,
under which Z,(T;)~"' [and not Z,(T,,,)'] is a martingale. In this case the forward rates are
not martingales.

Using equations (2.171) and (2.172) within the last equation and equating coefficients in
dW, gives a recurrence relation among the bond volatilities at the different maturities:

L(T})
G20 _ g2y TL(T)o (2.177)
' ' 14+ 7L(T;)
This is easily iterated to give
i L(Ty)
O_tZ(TiH) — O'tZ(TI) _ Z M, i>1. (2.178)
o 1+7L(T,) -

On the other hand, the drift of the LIBOR forward rates is given by equating coefficients in
dt in the preceding SDE while using equation (2.177); hence,

LTy _ L 2Ty )
/J't( ):0'1( )(Q[_O't )

, i 7L(T,)o "
= ot™ <q, —of My T e (’T - ) (2.179)
k=1 t

Possible specifications of the volatility are of the form
o/ " = L(T)Po(1. T)). (2.180)

where 8 = 1 corresponds to lognormal models and 3 = % to square-root models.

We conclude this section by providing a pricing formula for the special case of the
lognormal model with 8 = 1. In particular, the pricing formula for caplets of tenor 7 and
with settlement at one of the maturities 7; can be computed in analytical closed form. Using
similar methods as discussed in previous sections, one can arrive at a Black—Scholes type of
pricing formula for a caplet struck at rate k and tenor 7:

CpL,(T;. k) = 7Z,(T; +7)[L(T)N(d, (t. T;. k) = kN(d_(1, T;. k)], (2.181)
where

log (“42) & L (1, 72

d,(t,T, k)= 5 T)

, (2.182)

N(-) is the cumulative standard normal distribution function, and the unnormalized average
LIBOR rate volatility is given by

a(t, T) = / " (5. TV ds. (2.183)

Swaptions are more problematic. Pricing a swaption struck at rate k requires an evaluation
of an expectation under the measure with Z,(7,, ) as numeraire,

PSO, (T, x) = 73 Z,(T) EL“ T [(L(T) ~ k)1, ], (2.184)

i=1
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where 1, is the indicator function of the set D of paths for which the payer’s swaption ends
up in the money, i.e., the set

D:{(r;—K)>O}, (2.185)

where the swap rate r; is given by equation (2.23). The random variables L,(T;), j=1, ..., n,
are also assumed to be correlated.

2.5 Real-World Interest Rate Models

Modeling the real-world evolution of interest rate curves over long time periods is interesting
for applications in risk management for assessing overnight risk. In corporate finance as
well, these models are used to assess the risk exposure over a time horizon of several years
for portfolios of interest-sensitive assets. Acceptable models should ensure that all forward
interest rates are positive at all times and will involve some sort of principal-component
analysis. In this section we discuss a simple model with the salient features.

An acceptable model meeting the no-arbitrage condition for forward rates is conveniently
formulated in terms of the logarithms of forward rates. Consider a situation with a finite
number of key rates for maturity times 7', 15, ..., Ty. A possible choice of T;, following
RiskMetrics™ [Mor96b], is to select the terms 1 m,2 m, 3 m, 6 m,9m, 12m,2y,3y, 4y,
5y,7y,10y,15y,20vy, 25y, and 30 y. Consider the logarithms of the time-¢ forward rates
for the intervals [T}, T, ,]:

xt(i) = Ingt(T,-, Ti+l)' (2186)

There are several different ways to go about performing statistical estimations.
If short-term scenarios over time horizons of 1-10 days are sought, one can study the
log-returns over the desired period of the time series x, (i),

ox, (i) = x,(1) = x,, (D), (2.187)

and estimate the covariance matrix as the historical expectation

C,; = E[8x(i) - 8x(j)] = % 38, (1), (). (2.188)

Here we assume a return time series of length M. Over short time horizons, the fat-tailed
character of return distributions is an important feature to take into account. It appears that the
degree of kurtosis depends on the term, with shorter maturities being more sensitive to shocks
caused by changes of Central Bank policies. In this case, a possible approach is to estimate
each term separately. Another approach is to perform portfolio-dependent estimations. The
latter method is more accurate but less general.

If long-term scenarios are sought, it is appropriate to compute a singular-value decompo-
sition of the rectangular matrix ¥ made up of the mean subtracted-time series

() = x,(i) — E[x,(D)] = x,(i) — % > x,(0). (2.189)



2.5 Real-World Interest Rate Models 147

Here the expectation is again computed by taking historical averages. M is the number of
historical data points, and N is the number of forward dates. The matrix ¥ has M rows and
N columns, and its singular-value decomposition

Y=U-S-V (2.190)

involves an M x M matrix U, an N x N matrix V and an M x N diagonal matrix S of
singular values. The columns of the matrix V are the principal components, denoted with u®
(see Figure 2.9). If one projects the time series y, along the principal components, one finds
times series for the component scores:

; =§:yt(i)u“(i), a=1,...,N (2.191)

The component scores show a clear tendency to follow a mean reverting process.
A statistical model can be built by first finding the auto-regression coefficients m(«) such
that

0= = —m(@)n 4 e (2.192)

Here, the coefficients m(«) are computed by solving a least-squares problem. Second, one can
postulate that the residuals € are normally distributed and estimate the covariance matrix as

C** =E[n" ]=—Zm% (2.193)

It is common for portfolios to be sensitive to rates in one currency as well as to interest
rates in foreign currencies and on the exchange rates as well. Hence, one can consider the
case of R interest rate discount curves Zf(T), i=0,...,R—1, and R currencies, giving rise
to (R — 1) independent exchange rates X',i =1,..., R — 1, giving the worth of one unit of
the ith currency in the base currency with i = 0. In this case, long-term statistical estimations
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FIGURE 2.9 Three typical principal components for the forward curve as a function of the key maturity
dates (i.e., the term) using a time series of U.S. Treasury curves.
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must also account for the arbitrage condition, yielding forward exchange rates in terms of the
spot exchange rates and interest rate curves. Namely,

2(1)

F[(Xis T) = Xt Z,(T) :
t

(2.194)

For a long-term statistical analysis, one can still accomplish a principal-component analysis
and estimate the mean reversion rates for interest rates along the same lines. In addition,
one needs a model for the spot foreign exchange rates, which, jointly with the no-arbitrage
constraint in equation (2.194), yields all of the foreign exchange curves.



CHAPTER 3

Advanced Topics in Pricing Theory:

Exotic Options and State-Dependent
Models

Exotic options is a term used to describe derivative securities having cash flow or payoff
structures that are more intricate and more complex than standard contracts such as plain-
vanilla calls and puts. One main reason for trading, and hence pricing, such contracts is that
they permit a much larger degree of flexibility for use in risk management and speculation.
The payoff structure of these contracts can be fabricated to provide a higher leverage from
an investor’s viewpoint. Examples of this arise in so-called barrier options, the pricing of
which is presented in great detail in this chapter. The theoretical pricing and hedging of exotic
as well as standard derivatives depends largely on the stochastic model employed for the
underlying asset price processes. The study of various models for the underling asset price
process is therefore of importance to pricing theory as a whole.

This chapter is largely devoted to the development and application of exact solution
methodologies for pricing derivatives under state-dependent asset price processes. A fairly
general mathematical framework is presented for obtaining pricing kernels satisfying various
boundary conditions. The kernels are then used to obtain new families of analytically exact
closed-form pricing formulas for standard as well as barrier-style European options under
various types of multiparameter state-dependent volatility models. The approach we take
for tackling state-dependent models is of a general nature whereby we solve for the most
fundamental quantities: the pricing kernels or transition probability density functions. This,
in turn, is achieved by introducing a new and special type of “mapping” of the original state-
dependent diffusion problem onto a related, yet simpler, diffusion problem corresponding
to an appropriately chosen, simpler underlying process. The original diffusion problem is
essentially reduced to a simpler diffusion for which exact pricing kernels are obtained by
means of more standard methods. Once a kernel for the simpler underlying diffusion process
is obtained, pricing kernels for a family of more complicated state-dependent volatility models
are generated by direct substitution into a formula that provides an exact relationship between
any two kernels — one for the simple diffusion and the other belonging to the family of

149



150 CHAPTER 3 . Advanced topics in pricing theory

kernels for the original state-dependent volatility model. The derivation of this useful formula
is discussed at length in this chapter. Throughout this chapter we refer to the underlying
(simpler) diffusion process as the so-called x-space process, while the price process of interest
(i.e., the more complex process we wish to describe for pricing) is referred to as the F-space
process. The process F, can be used to denote either an asset price or a forward price at
time ¢.

Two particularly useful choices of underlying x-space processes are (i) the Wiener process
and (ii) the Bessel process. We present exact solution methods for the transition density
functions (i.e., the x-space kernels) for the Wiener and Bessel processes, separately, subject to
nonabsorbing as well as all types of absorbing boundary conditions that correspond to either
single- or double-barrier cases. The single- and double-barrier pricing kernels in the forward
(or asset price) space of interest are then immediately generated by direct substitutions
via our main formula. We shall see that the F-space pricing kernels for the linear and
quadratic volatility models with two distinct roots can be generated simply from the standard
Wiener densities. More complex and more abundant state-dependent pricing kernels arise
from underlying densities for the Bessel process. In particular, a considerably larger family of
analytically exact (F-space) pricing kernels containing as many as six adjustable parameters,
which we shall refer to as the Bessel family, is generated from the underlying Bessel process.
The Bessel family of solutions involves Bessel functions, as the name naturally suggests. This
family is quite elaborate in structure because it is also shown to represent the exact solutions
to most of the popular pricing models, including the linear, quadratic, and constant-elasticity-
of-variance (CEV) volatility models as special cases. Some applications of the Bessel family
of pricing kernels to option pricing are discussed in this chapter.

The first section introduces barrier options. The mathematical framework for obtaining
probability densities for a process involving absorption at a barrier is then introduced in
Section 3.2, where the simplest case is considered: a single-barrier Wiener process. The
method of images is used to obtain the Wiener density for one absorbing barrier. Building
on the results of Section 3.2, exact pricing kernels as well as single-barrier option formulas
for the affine (linear volatility or lognormal model) and quadratic diffusion models are
presented in Section 3.5. The method of Green’s functions is then presented in Section 3.6
for solving the Kolmogorov partial differential equations for the kernel. In particular, we
consider an underlying x-space diffusion process and show how analytical formulas for the
time-dependent transition probability density for (barrier-type) absorbing boundary conditions
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FIGURE 3.1 Sample asset price paths hitting a lower or upper barrier.
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as well as nonabsorbing (barrier-free) conditions are generated via the (time-independent)
Green’s functions. In doing so, we also briefly present the basic important features of the
Sturm-Liouville theory of ordinary differential equations for obtaining Green’s functions. The
Green’s functions are obtained in two forms: (i) as special functions and (ii) as eigenfunction
expansions. Green’s functions of the first form lead to exact closed-form solutions for the
transition density, generally in terms of special functions, whereas Green’s functions of the
second form give analytical series expansions for the kernel. The Green’s functions formulas
are then used in the subsequent sections to obtain transition densities for the Bessel process
via complex variable contour integration methods. We then show how these densities can be
used to directly generate new pricing kernels and European option pricing formulas for new
families of diffusion models. Formulas are presented for: barrier free, single barriers, and
double barriers. A discussion on the hierarchy of state-dependent models is also presented
in light of the Bessel family as providing a model that recovers solutions to a class of
popular models.

3.1 Introduction to Barrier Options

A barrier option is a particular kind of exotic option because it is to some extent path
dependent. That is, the option’s pay-off and hence value depends on the realized underlying
asset path via the level attained any time before a given maturity time 7. That is, if one
considers an asset of price A, (e.g., a stock price), then a barrier for an option contract is
generally given by a time-dependent price threshold H,, ¢t < T, on which the pay-off depends.
[Note: As seen later, most standard barrier option contracts are structured as having a fixed
(i.e., time-independent) barrier level or levels for a chosen underlying asset price.] Barrier
options can be conveniently characterized in terms of stopping times. Let us denote 7(A, H)
as the minimum time 7 € [¢,, T] for which the asset price A,, starting at A, at current (initial)
time t = t,, first crosses or hits the barrier at level H_, i.e., the first time 7 for which A, > H .
Note that the stopping time is dependent on the complete path A, and the barrier level H, at
all times 7 € [t,, T].

There are two basic types of single-barrier options: (i) knockout options, which have a
nonzero pay-off only if a level H is not attained, and (ii) knock-in options, which have a
nonzero pay-off only if the level H is attained before or at maturity time 7. There are then
different flavors of these corresponding to whether the barrier level H is placed above (sin-
gle upper-barrier option) or below (single lower-barrier option) or both above and below
(double-barrier option) the initial asset price. We refer the reader to the project in Part II of
this book for further details on these contracts and how one can go about hedging them with
plain-vanilla puts and calls. These and other examples of elementary single-barrier options and
their corresponding payoff structures can be characterized in terms of stopping times, as follows.

(i) Knockout options with pay-off at time 7'

d)(AT)(l - 1’T<T)’ (31)
and knock-in options with pay-off at time 7"
(AL, 1, (3.2)

with single-barrier level H. Here ¢ is a certain payoff function [i.e., ¢p(A) = (A—K),
for a call struck at K], 7= 7(A, H) is the stopping time for barrier level H, and 14 is
the indicator function taking on value 1 or O if event B occurs or not, respectively. For
double-barrier knock-in/knockout options with lower level L and upper level H > L,
the pay-off is of the same form, where the indicator function in the foregoing two
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expressions is now replaced by 1., -, r With 7,, 7, as stopping times for hitting
levels L, H, respectively.
(ii) Corridor options with two barrier levels HV< H® and pay-off at time T

¢(AT)11'1<T172<T’ (33)

where 1, = 7(A, HV), 7, = 7(A, H®) are stopping times for hitting the two respective
levels. Corridor options hence have a nonzero pay-off only if the asset price hits both
levels before time 7.

(iii) Pay-at-hit one-touch options with pay-off at time 7:

P(AL, ;. (3.4)

In contrast to the previous contracts, here the pay-off occurs af the stopping time rather
than at maturity 7, which is given by 7 = 7(A, H) in the case of a single level H.
(iv) Upper-wall options, with payoff
1

[ o4, (3)

and lower-wall options, with payoff

1
T_fo )

AL,y (3:6)

The pay-offs of these contracts are given by the time average of a certain pay-off over all
time intervals for which the asset price is above or below the barrier level H,.

These elementary pay-offs can be engineered together to create more complex structures.
These options are path-dependent securities and their price is affected by the dynamics of the
implied volatility surface. From the modeling point of view it is often convenient to work in
the space of the forward price process F, = F,(A, T).

3.2 Single-Barrier Kernels for the Simplest Model:
The Wiener Process

3.2.1 Diriftless Case

Recall equation (1.86), which is the probability density for free Brownian motion with drift
and no barriers (i.e., with nonabsorbing homogeneous zero-boundary conditions imposed at
+00). Setting the drift to zero gives the transition probability density for a pure Wiener
process x,, with constant volatility. Let us reconsider the Wiener process x,, obeying the
SDE: dx, = v(x)dW,, with constant volatility function' »(x) = +/2, zero drift, and focus
now on solving the corresponding forward and backward Kolmogorov partial differential
equations:

2

d d
Eu(x, 15 X, ty) = @u(x, 15 Xg, ty) (3.7)

'"This choice of volatility proves convenient because solutions for arbitrary constant volatility »(x) = o = const
obtain by a simple time scale change, i.e., by the replacement ¢ — %0’21‘, ty = %O’zto within the solutions for

v(x) = /2.
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and

2

d d
8_t0u(x’ t; X, to) + 8_)c(2)u(x’ t; X, ty) =0, (3.8)

subject to delta function initial (or final) time condition in the case of the forward (back-
ward) equation: lim,_, , u(x, £; X, fy) = 6(x — x,), t — t, > 0. More formal methods for solving
equation (3.7) or (3.8), in the case of general time independent volatility and drift func-
tions, by application of Laplace transform and Green’s functions techniques, are discussed
in Section 3.6. In this particularly simple example, however, we simply make use of the
solution for the barrier-less case obtained in Chapter 1. Namely, the solution u(x, #; x,, t,) =
8o(x, x,; 7) for the infinite domain x, x, € (—o0, ), allowing paths to attain any finite value,
is simply

ef(xfxu)z/éh'

8o(x, X3 7) = ﬁ (3.9)
Note: Throughout this section we define 7 = ¢ —¢,. In most of what follows we shall work
in terms of this time quantity, since the drift and volatility terms are not explicitly time
dependent, hence giving rise to time-homogeneous solutions dependent on 7. The boundary
conditions are homogeneous: lim,_, | g,(x, xo; 7) = 0, given any x,, and for the backward
equation lim, . g(x, xy; 7) =0, given any x, and finite time 7. This so-called elementary
solution can be used to obtain the solution to any other initial-value problem satisfying
equation (3.7) [or (3.8)] and obeying homogeneous boundary conditions on the infinite
domain. Indeed, the solution to the forward-time equation (3.7) for an initial distribution
condition u(x, t = t,) = f(x) is given by the integral

e,y = [ fro)g( % M, (3.10)

The function g,(x, x,; 7) is also referred to as a time-dependent Green’s function or kernel
or fundamental solution for the preceding diffusion process. Physically, this corresponds to
the transition probability density of the random variable x, having value x, at an initial time
t,(7 = 0) and taking on the value x at a later time ¢. For any time value 7> 0 and any
fixed initial value x,, one readily verifies that this Gaussian-shaped density integrates to unity
exactly over x € (—oo, 00). In the limit 7 — O the kernel is the delta function, thereby also
integrating to unity, as required. This kernel hence corresponds to the case of no absorption
outside the entire region; i.e., probability is conserved in the entire region x € (—o0, 00).

Let us now consider a solution to the forward-time equation (3.7) by imposing a zero
boundary condition at a finite upper-barrier value x = x,, i.e., u(xy,t; xy, t,) = 0, with
solution region of interest defined by x,,x < x,. As is seen shortly, this gives rise to
absorption of paths (at x = x,) into the region outside the interval (—oo, x};). We will now
demonstrate the use of the so-called method of images. In this technique the exact solution to
the forward-time Kolmogorov equation, for arbitrary initial condition u(x, t = t,) = f(x), is
obtained by extending the (“physical”) region x < x, to include the (“nonphysical”) region
X > x via the definition

J(), X=Xy
flo= (3.11)

— f2xy —x), X > Xxp.
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This function is antisymmetric about the point x = x,,: f(x; —€) = —f (x,, +€) for any € > 0.
Then using the solution in the form

ue )= [ Fx)g0(x %3 i, (3.12)

with g, given by equation (3.9) one can easily show by a change of integration variables
that u(x = x,, ) = 0. This is a consequence of the antisymmetric property. By splitting this
integral into the regions (—oo, x| and (x,, o), using equation 3.11, and changing integration
variables in one of the integrals, one finally has the solution to the initial-value problem on
the interval x € (—oo, x| satisfying the forward-time PDE of the form in equation (3.7), with
u(x, t = t,) = f(x) and zero-boundary condition u(x = x,,t) =0:

XH
u(x, 1) =K J(x0)g" (x5 X, xo3 T)d X, (3.13)
where

8" (xy, x, X5 T) = go(X, X03 T) — & (%, 2xy — X3 T)

= 80(%, %03 7) = 8o (2x — X, Xg3 7)
1

- 27T

This last quantity is hence the time-dependent Green’s function or kernel u(x, f; x,, fy) =
g"(xy, x, xy; 7) for the Wiener process in the region x,, x < x,, with the condition that there
is absorption at the barrier level x = x;. The fact that absorption occurs when imposing a
zero boundary condition on the solution u at a finite level is examined more precisely later,
where we also show explicitly why g“(x,, x, x,; 7) is considered a probability density for
Wiener (Brownian) paths starting from x, < x, and ending at any point x < x,; in time T,
conditional on absorption of all paths crossing the barrier level x,. Note that g* is given
by subtracting the original (i.e., no-barrier) density g, centered at x, with the same density
centered at 2x, — x, within the nonphysical region x € (x,,o0) (see Figure 3.2). This is
essentially the reflection principle arising from the method of images, where the image
source is a sink at the point 2x, — x,. Since g“ is a linear combination of two solutions to
the Kolmogorov equations (which are linear partial differential equations), g* as given by
equation (3.14) is then also a solution to the Kolmogorov equations and, moreover, is readily
seen to satisfy the required zero-boundary condition at the barrier, g (xy, x = xy, xy; 7) =0,
as well as g“(xy, x = —o0, xy; 7) = 0. Using the delta function definition, we have lim,_,, g* =
O0(x — xy) — 8(x — (2x,; — x,)). Hence from the integral property of the delta function, the
solution given by equation (3.13) is indeed shown to satisfy the required initial condition.
Note that the second delta function does not contribute to the integral, for it is centered in the
nonphysical region and is precisely the term that acts as a so-called sink (or negative point
source), as mentioned earlier.

The foregoing method applies in identical fashion if we are interested in obtaining solutions
within the upper half-line region x,, x > x;, where x; is now any finite lower-absorption
boundary point with u(x = x,, t) = 0. In this case the kernel u(x, t; x, t,) = g'(x,, X, x,; 7) for
the Wiener process in the region x,, x > x;, given the absorption condition at the lower barrier
level x = x, is given by g'(x,, x, Xo; T) = g, (x, Xo; T) — g, (x, 2x; — X; 7), and equation (3.13)
is replaced by

(e,(xfxo)l/zw _ e*(X+XU*2XH)2/4T). (3.14)

o) = [ 08! (o x5 Dy (3.15)
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6.0

FIGURE 3.2 A sample plot of the kernel g"(xy, x, xy; 7) for absorption at an upper barrier with
parameter choices x, = 0.5, x, = —0.5, 7 = 0.75. The thicker solid line gives g" in the physical
solution region, while the dashed line extends into the nonphysical region. The plot of g" is obtained by
subtracting two barrier-free kernels (i.e., summing the two thin solid lines): g,(x, xy; 7) — go(x, 2xy —
X3 T), where 2x, — x, = 1.5.

This therefore gives the solution to the initial-value problem on the interval x € [x;, o)
satisfying the forward-time Kolmogorov PDE with arbitrary initial condition u(x, t,) = f(x)
and zero-boundary conditions u(x, , r) = 0. We note that if f(x) is integrable over the entire
solution domain, then u(oc, t) = 0 also. Due to the symmetry of the Wiener process, we also
have g'(x,, x, x,; 7) = g"(x,, x, X,; 7) for any real barrier value x,. This follows from the
symmetry of the Green’s function g,(x, xo; 7) = go(xg, X; 7).

It is important to observe that our analysis can be applied similarly to solve the backward-
time Kolmogorov PDE, where ¢, = ¢t now corresponds to a final-time condition instead of an
initial-time condition. The foregoing transition density function g, also satisfies the backward
PDE with zero-(homogeneous)-boundary conditions at infinity, lim, _, . g(x, xo; 7) =0,
given any x. If a zero-boundary condition is placed at some upper level x, = x, then
the solution kernel for equation (3.8) on the interval x, x, € (—oo, x,] is again given by
u(x, t; xy, ty) = g"(xy, x, xy; 7) since expression (3.14) satisfies the backward PDE and
g (xpy, x, xo = X3 7) = 8" (xp, X, Xy = —00; 7) = 0 for any fixed x. In general, the solution
to the backward PDE with arbitrary final-time condition u(x,, f, = t) = ¢(x,) and kernel
u(x, t; x4, ty) can be represented as

u(xg, 1p) = / d(x)u(x, t; xy, tp)dx, (3.16)

where the integral is over the appropriate solution interval 2D and u is the kernel with
appropriate boundary conditions imposed at two endpoints. In particular, the solution with
zero-boundary condition imposed at the endpoint x, = x,, is given by the integral

u(xo, o) = f_: P(x)g" (xp, x, xo; T)dx, (3.17)



156 CHAPTER 3 . Advanced topics in pricing theory

while for zero boundary condition at a lower endpoint x, = x,
u(os10) = [ B8 (¥, %, 303 M) (3.18)
L

If ¢ is further assumed to be a compact integrable function over the entire solution domain,
then u(x,, t,) will also have zero-boundary condition as x, — Foco accordingly.

It is instructive to reconsider the preceding absorbing barrier problem from a different
point of view using purely probabilistic arguments and basic properties of Brownian paths.
In particular, let x, denote the Brownian motion starting at x, < x, at initial time 7, with
upper absorbing barrier at x = x,. Let X, denote the same Brownian motion but with no
barrier, i.e., the standard Brownian (or Wiener) process with transition density g,(x,, xy; 7),
T =1t—1t,. Let us focus on the case of an upper barrier (the derivation for the case of a lower
barrier is similar; see Problem 4 of this section) and set out to compute the probability that a
path x,, f, < s <t, has the value of X or less at time ¢, where X < x:

P{x, <X} =P{x, <X, sup X, < xy}. (3.19)

to<s<t

This expression follows from the fact that if a free Brownian path X, crosses the barrier, x,
will be absorbed and hence would never attain a value below x,. Now, from first principles
the total probability for the event

{x, <X} ={x, <X, sup X, <xu}U{X, <X, sup X, > x,}

tg<s<t tg<s<t
is given by the sum of the probabilities of the two mutually exclusive events:

P{x, < X} =P{x, <X, sup X, < x,}+P{X, <X, sup X, > xy}. (3.20)

fo<s<t to<s<t

Any path contributing to the second term must therefore cross the barrier. The density for
the X, motion is given by g,(X,, xo; 7), so X, follows a symmetric random walk in time. In
particular, if we let ¢, < t denote the time at which a path first hits x,, then the probability
density that a Brownian path at x, at time 7, subsequently attains the value X at terminal
time ¢ is the same as that for a (reflected) path starting at x,, at time 7, and attaining a value
2x, — X at time ¢ (see Figure 3.3). Indeed, for both paths this probability density is

e*(X*XH)z/“(f*fH)

gO(X,xH;t—tH):g0(2xH—X,xH;t—tH):T\/TIH). (3.21)
Using this, the second term in equation (3.20) becomes
P{x, <X, sup X, > xy} =P{x, = 2x, — X, sup X, > x,}
tg<s<t tg<s<t
= P{%, > 2x, — X, (3.22)

where the last term follows because the supremum condition is redundant. Substituting this
result into equation (3.20) and using equation (3.19) gives

P{x, < X} = P{X, < X} — P{X, = 2xy — X} (3.23)

for all X < x,.
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2xy— X

fy ty t
time

FIGURE 3.3 The reflection principle for Brownian paths.

Placing the density g, into equation (3.23) hence gives the probability of any path initiating
below the barrier at x, < x, and attaining any value x, < X < x, within a time interval 7,
with the condition of paths being absorbed if the barrier level x,, is crossed, as:

X o
P{x, < X} =£ &o(x, xy; T)dx—/2 Xgo(x, X5 T)dx

X
=/ 8" (xpy, x, xo; T)dx, (3.24)

where the last expression is obtained by a change of variable in the second integral. Since the
density is obtained by differentiating the cumulative probability function (or by the standard
definition of a cumulative density function) we conclude that the kernel g"(x,, x, xo; 7) in
equation (3.14), as derived earlier by the method of images, is indeed the transition probability
density for Brownian motion x, on the interval x, x, € (—oo, x,;] with an absorbing barrier
at x;. The probability in the last equation is readily evaluated as the difference of two
cumulative normal functions:

Px, < X) =N<XE°> —N(HXO—J#), (3.25)

T =t —t,. The absorption of paths crossing the barrier can then be quantified precisely as
follows. Let P(7) denote the probability of any path initiating at x, < x, and terminating
within time 7 in the interval x € (—oo, x], conditional on absorption at xj. Then P(7) =
P{x, < x,}, where the conditional probability is computed using the density g":

P(7) =N<%> —N(—%). (3.26)

Hence the probability does not integrate to unity and is in fact time dependent with
P(7) < 1, implying absorption with 1 — P(7) giving the probability of absorption. Moreover,
P(1) > 1 as 7 — 0 and P(1) — 0 as 7 — oo. One can also compute the rate of absorption
R(1) = —dP(7)/dT or flux across the barrier (i.e., the rate at which probability leaks). From
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equation (3.26) (and the analogous formula for the case of a lower barrier, wherein x, — x,
is replaced by x, — x, ), we generally have

R(7) = |, — %o e~ w0 /47 (3.27)

2/ T3

where x,, is either a lower or an upper barrier and x, is above or below the barrier, respectively.
3.2.2  Brownian Motion with Drift

The analysis of the previous section is readily extended to the case of a constant drift w
and constant volatility o, i.e., drifted Brownian motion x, with stochastic increment dx, =
w1 dt+ o dW,. The transition density for this process with no barrier [recall equation (1.86)] is

ef(xfxof;m')z/erz'r

8o.u (X, %03 T) = ———F——. (3.28)
o\ 27T
Rewriting gives
L (x—x )—if
80 (X, Xg3 T) = €02 TV T2 g (x, x5 7), (3.29)
where
ef(xfxo)z/Z(rz'r
8o(x, %03 7) = ——F—— (3.30)
a2t

is the corresponding density for zero drift and no barrier [i.e., the density in equation (3.9)
with 7 — %a’z T]. A transition probability density function for the drifted process, denoted by

u,=1u, (x, xo; 7), is a fundamental solution to the forward and backward time-homogeneous

Kolmogorov equations, which can be respectively written as

ou 1 . 0%u ou
r_ -2 [ 2
or 27 e Max (3:31)

and

u 1 ,d%u du

B 29 Uy K
— == —, 3.32
or 20 0x} +M8x0 (3:32)

with delta function condition lim,_, o u, (x, Xo; 7) = 8(x — x,). For the case of free motion on
the entire infinite domain, we have u, = g, ,, since this kernel solves equations (3.31) and
(3.32) with zero-boundary conditions at x, x, — oo and lim,_,, g, (¥, Xo; T) = 0(x — xp).
As in the case of zero-drift, we are interested in further obtaining kernels satisfying zero-
boundary conditions at any specified finite barrier level. For this purpose, relation (3.29)
points to the following generally useful result.

Proposition 3.1. Let u,(x, xo; ) be a fundamental solution to the Kolmogorov equa-
tions (3.31) and (3.32) for drifted Brownian motion and satisfying homogeneous zero-
boundary conditions (in x or x,) at any two endpoints of a finite, infinite, or semi-infinite
solution domain. Assume the corresponding fundamental solution for zero drift (uw =0) is
given by uy(x, xy; 7) = u(x, xo; 7) and that this solution satisfies the same endpoint zero-
boundary conditions, we have the relation

u, (X, X3 7) = eu%(x_x“)_%Tu(x, Xo; T)- (3.33)
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The solution in equation (3.33) is verified by directly substituting into equations (3.31)
and (3.32), differentiating, and using the fact that u(x, x,; 7) solves the same forward and
backward Kolmogorov equations for u = 0. In the limit 7 — 0, u,, obviously approaches the
delta function since u does. Moreover, note that the exponential term in equation (3.33) is
bounded for all finite values of x, x,, and grows only with linear exponent at infinite absolute
values of x or x,. Hence, any zero-boundary condition on u (placed at a finite or infinite
point in x or x,) is automatically also satisfied by u,, at the same point.

Based on the foregoing proposition, the barrier kernels for the drifted Wiener process are
automatically obtained from those for zero drift. Although in this section we are explicitly
discussing only the single-barrier case, the reader should realize that the proposition also
applies directly to the case of the double-barrier kernels. Using equation (3.14) (with the
replacement 7 — %0'27) for the case of an upper absorbing barrier at x = x,,;, the transition
density denoted by u,, = g, on the domain x, x, € (—o0, x] is then equivalently given by

2
» et
S Xy X, X3 T) = ———
® aV2mT
_ . 2 (xyy—x0) 2 .
= go,u(x’ Xo; T) —ev go,”(x’ Xy — X5 T)

= 8o, (%, Xo3 T)[l — e‘z("%ﬁ”"_x*’(X““))/‘TZT], (3.34)

(e(xxo)z/Zazf _ e(x+x02xH)2/2021'>

where the function g, , is defined by equation (3.28). This density satisfies zero-boundary
conditions at the barrier level x, x, = x, as well as at x, x, — —oo, as required. The kernel
for the case of a lower barrier at x = x, is identical with transition density for x, x, €
[x,, 00) given by gL (g, x, Xo3 T) = g, (X, X, Xo; 7), with zero-boundary condition at x, x, =
x; and at x, x, — oo. It is easy to verify by comparison of the relative magnitudes of the
exponents that these densities are indeed strictly nonnegative on their respective semi-infinite
solution domains.

These kernels can be used to provide analogous probability formulas to those in the
previous section. For example, the kernel g’ can be used to compute the probability that a
drifted Brownian path initiating at any point above the barrier at x, > x,;, at time #,, and
attaining any value x, > X, for X > x;, within a time interval ¢ — f, = 7, conditional on the
path being absorbed if it crosses below the barrier level x;, as

Pl{x,> X > x,|xy > x.} :/ gL(xL, X, Xy T)dx
X

:N(xo—X-i-,U«T)_eil;(xL—xo)N(zxL_xo_X+MT>_ (3.35)
o7 o7

The analogous probability for the case of an upper barrier at x is

X
P{x, < X < xy|xg < x4} =/ 8 (Xg, X, Xo3 T)dX

_ N<X—xo —w) _e¢<xyxo>N<X+xo — 2%y _’”), (3.36)
oJT o7

Problems

Problem 1. Consider the Wiener process with lower absorbing barrier as discussed in
Section 3.2.1. Obtain analogues of equations (3.19) through equation (3.27). Provide an
analogous plot to the one in Figure 3.2 for the kernel g'(x,, x, xy; 7).
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Problem 2. What are the limiting values of P(7) and R(7) in equations (3.26) and (3.27) as
Xy — oo? Explain.

Problem 3. Obtain formulas for P(7) and R(7) for the case of a driftless Wiener process
with constant volatility o. Explain the dependence of P(7) and R(7) on volatility. What are
the limiting values as ¢ — oo and o — 0?

Problem 4. Consider driftless Brownian motion with constant volatility »(x) = o and absorp-
tion at a lower barrier x; . Using steps similar to those in equations (3.19) to (3.25), show that
a path x,, t, < s <t, conditional on starting at x, > x, at time f,, has value x, > X at time ¢,
where X > x,, with probability given by

Plx, > X} =N<X+:O—\/;2XL) —N(ij/;(’), (3.37)

where 7 =t — 1. Show that this result is consistent with equation (3.35) when p = 0.

Problem 5. By using equations (3.35) and (3.36) with X = x, and X = x,;, respectively, derive
an expression for the rate of absorption across a barrier. Explain the particular dependence
on the drift rate u.

3.3 Pricing Kernels and European Barrier Option Formulas
for Geometric Brownian Motion

The kernels for the drifted Brownian motion obtained in the previous section can be used
to provide exact pricing kernels and hence pricing formulas for which the underlying asset
price process S, at time ¢ is assumed to obey a linear volatility and linear drift model (i.e.,
geometric Brownian motion or the standard Black—Scholes model):

ds,=usS, dt+aS, dW,, S, > 0.

Let us begin by defining the variable transformation x = X(S) = log(S), with inverse S = e*,
mapping the domains x € (—oo, 00) and S € (0, c0) into one another. From Itd’s lemma, the
process x, = log S, has SDE

2
dx, = <,LL— 7) dt+o dW,.

Hence, the transition density for the random variable log S, is given by the transition density
for the simple Brownian motion x, with constant drift p — %0’2 and volatility o. Changing
variables with Jacobian dlogS/dS = 1/S therefore gives a general relationship between the
S-space and the x-space densities:

UGS, Sy; 1) = éuu_%gz (X(S), X(Sp); 1), (3.38)

for all S, S, > 0. Here the notation u,, refers to a kernel for simple Brownian motion with drift
M, as discussed in the previous section. It is also readily shown by direct substitution, using
equations (3.31) and (3.32), that the density U satisfies the appropriate forward and backward
Kolmogorov equations in S, S, (i.e., the Kolmogorov equations for lognormal diffusion with
linear drift and volatility functions uS and oS, respectively, as discussed in Section 1.13).
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Relation (3.38) holds true for any homogeneous zero-boundary conditions. The case of
zero-boundary conditions imposed on the pricing kernel U at S,S, — 0 and S, S, — o0
corresponds to imposing zero-boundary conditions on the kernel u at x, x, — =oo. Such
boundary conditions give free geometric Brownian motion on the entire half-line S, S, €
(0, ). The pricing kernel for the case of no barriers, denoted by U, is then obtained
via equation (3.38) by substituting the barrier-free solution for drifted Brownian motion
of the previous section u,_1, = gO’M_%Uz(x, Xy; ), with x = X(8) =log S, x, = X(S,) =
log S, giving

1
Uy(S, Sy; 7) = §g°'“_%"2 (log S, log Sy; 7)

I R O it T (3.39)

oS\ 27T

This is the familiar lognormal density for the Black—Scholes model discussed in Chapter 1.
However, here we arrived at this density from a different perspective, one that allows us to
readily derive pricing kernels subject to different boundary conditions. To obtain the pricing
kernel for the case of a single absorbing barrier at S = H, the barrier points in the two spaces
are related by x,, = X(H) = log H. Then by simply substituting the appropriate single-barrier
x-space kernel of equation (3.34) into equation (3.38) we obtain the equivalent forms:

UH, S, Sy; 7) = égﬁ_%az (log H, log S,log Sy; 7)
1
=3 [goﬂl_"_%az (log S, log Sy; 7)
— (H/S,) % "8y, 1,(log S, log(H?/S,): 7)]
= Up(S, Su3 7) = (H/$0) 7~ Ug(S. H2/Sp: 7)
=Uy(S, Sp; 7) [l —exp [ - log(S/h?Uk;f(SO/H) H

2

(3.40)

where Uj, is given by equation (3.39). This single-barrier kernel hence satisfies zero-boundary
conditions at the barrier value for both S = H and S, = H, as well as approaching zero
as S,8, — 0 and as S, S, — oo. Kernel (3.40) is therefore valid as a single-barrier kernel
(transition probability density) for either the lower domain, S, S, € (0, H], or the upper
domain, S, S, € [H, o), with level H being an upper barrier or lower barrier, respectively.
The price level H therefore plays the role of either upper or lower barrier in the respective
solution domains.

Pricing kernel (3.40) can be used to obtain exact analytical formulas for various types
of single-barrier European-style options under the Black—Scholes model where u = r, the
assumed interest rate. If the underlying asset has constant dividend yield ¢, then . =r —gq.
Without loss in generality, in what follows we derive explicit formulas for ¢ = 0.2 Given
an arbitrary payoff function A(S) at maturity time 7, the fair value at current time #, and

2The pricing formulas for g # 0 obtain trivially from the g = 0 formulas. Indeed, let V(Sy, r, g, T) represent any
option-pricing function for the case of a constant dividend ¢. Then from the discounted risk-neutral pricing integrals
we directly have V(S,, r, g, 7) = e 7"V(S,, r — q, 7), where the latter is the corresponding option-pricing function
V(Sy, r, T) derived for zero dividend but with subsequent drift replacement r — r —g.
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spot price S, > H of a down-and-out option with barrier level H is given by the discounted
risk-neutral expectation over the domain above the barrier:

VPO(Sy, 7) = &' / U(H, S, Sy; T)A(S)dS, (3.41)
H

where the option price is considered a function of 7 =T —¢,, the time to maturity. Recall
from previous contract definitions that this option automatically expires worthless if the stock
or asset price S, attains or falls below the barrier price level H for any time before maturity.
The value of the corresponding up-and-out option with spot price S, < H is given by the
discounted risk-neutral expectation over the domain below the barrier:

H
VYO(Sy, T) = e [0 U(H, S, Sy; T)A(S)dS. (3.42)

The values of the knock-in barrier options (i.e., the up-and-in and down-and-in options)
follow simply by (knock-in)-(knockout) symmetry:

VUI+ VUO — VDI +VD0 =V
where

V(Sy, )= /0 UL, Sy: DIA(S)dS (3.43)

is the value of the plain European option. [Note that these integral solutions are consistent
with the fact that V, VU, VP! VU0 and VPO all satisfy the usual time-homogeneous Black—
Scholes partial differential equation (BSPDE) in the variables S, 7 with appropriate boundary
values in S, and whose value at zero time to maturity is determined uniquely by the pay-off
(and the barrier level with respect to S, in the case of the barrier options). This follows, since
one can interchange the order of taking partial derivatives in S, 7 with integrating over S, and
using the fact that e=""U,, and e~""U solve the BSPDE in S, 7 (for fixed S) with appropriate
boundary conditions in S, and delta function value at zero time to maturity.]

Recall from contract definitions that the knock-in options have zero value unless the
asset price S, attains the barrier at a time before maturity time 7', upon which the option
immediately becomes the plain European. The foregoing symmetry relation follows from the
fact that the knock-in solution is expressible as a linear combination of the knockout and
barrier-free solutions. The unique combination then follows by satisfying boundary conditions.
In particular, VP! = V — VP9 since at the barrier the knock-in must have the same value as
the plain option: V?/(S, = H, 7) = V(S, = H, 7) for all nonzero times to maturity. Also, at
the other boundary, S, = 0, the two option prices must both equal zero. Finally, at maturity,
VPI(S,, 7=0) = V(S,, 7=0) — VP9(S,, 7=0) = 0 since V and VP are equal for all S, > H,
at zero time to maturity. This last property (i.e., the initial condition 7 = 0) must be satisfied
since the asset price starts above the barrier and stays there, hence the barrier is never attained,
giving zero value for the knock-in. A similar argument applied to the up-and-in option also
leads to the foregoing symmetry.

We now provide the derivation of exact pricing formulas for single-barrier European calls
and puts. As a first example, we consider a down-and-out call with strike K and barrier level
H. In this case A(S) = (S —K), and equation (3.41) gives

CPO(H, Sy, K, 7) = &' / U(H, S, Sy 7)(S — K)dS, (3.44)
B
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where B=H if H > K and B= K if H < K. In general, it proves useful to evaluate the two
integrals defined by

H(B) = /B “UH, S, S,; T)dS (3.45)
and

H(B) = /B “UH, S, Sy; 7)SdS (3.46)

for any B > 0. Using equation (3.40) with u = r, and changing integration variable S = ¢*,
we have

$(B) = [

log B

oo

2
[g(),r—%o'z (x,log Sy; 7) — (H/Sy) lgo,r—%ﬁ (x, log(H?/Sy); T)]dx-

This integral is evaluated using steps similar to those in previous derivations of the Black—
Scholes formula for a plain call. In particular, using equation (3.28) gives

1 i 1 20202
ef(xflogsof(tfia )71 /20 Tdx
/27T JlogB

f gO,rfé(rz(x’ logSO;T)dx:
log B -

log(SO/B)+(r—%02)T
1 T e L1
= e 7 dy

7=l

(e(3)

logx+ (r£io?)r
ot

where d_(x) = d, (x) — 0y/7. The second line in equation (3.47) follows simply by a linear
change of variables x =log S, + (r — %0’2)7 — 04/Ty. The second term in ¢(B) is integrated
in identical fashion, with S, replaced by H?/S,, and combining gives

2r_q

(e (G- N ) e

The integrand for the ¢(B) integral is similar, except for an extra e* factor. Upon completing
the squares in the integrand exponents and using similar steps as before, one readily obtains

b(B) =" [sozv<d+ (%)) = S0<S£0> [%+1N(d+ (;01—123))} (3.50)

From equations (3.44), (3.45), and (3.46), C*°(H, S,, K, 7) = e¢""[$(B) — K$(B)]. Hence
plugging the value B=H if H > K (B =K if H < K) gives the exact pricing formula for
the down-and-out option in terms of cumulative normal density functions:

cmunson-sa(u () -+(2)” (o)
(o (3))eren (D) M (B) e

where here and throughout we define

do(x)=

(3.48)
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for H > K, and

2r
S, H\ =™ H?
C’°(H,S,,K,T)=S,N|d. [=2)]) -5, = Nld, | —
asokn=s(a (%)) -s(5)" ¥ (5x))

2r

e () (2) e () e

for H < K. Note that for the case H < K, one also has the compact form in terms of plain calls:
CPO(H, Sy, K, T) = C(Sy, K, 7) — (H/S;)# ' C(H?/S,, K, 7). (3.53)

From the symmetry CP! + CP? = C, this expression gives the down-and-in value C?! explic-
itly. Rearranging equation (3.51) we can also extract an exact expression for C?’ when H > K.

The down-and-out put value P?? =0 for H > K since the put payoff (K —S), is zero in
this trivial case. Symmetry then gives PP’ = P, the plain European put value. In contrast, the
case H <K gives

PPO(H, Sy, K, 7) =" /H CU(H. S, Sy: DK — S)dS
= "[K($(H) = p(K)) + b(K) — b(H)]
=Pl (3)-(5)” ¥ ()
(e () (E) (o ()]
(e () -5(5) (e (5%)
(a5 () () e

By using C(Sy, K, 7) = SyN(d_.(S,/K)) — Ke ""N(d_(S,/K)), the property N(d,(S,/H)) =
1 — N(—d,(S,/H)), and put-call parity for the plain call and put option price, this result is
also expressible as

q
¥

PP°(H, S,, K, ) = P(S,, K, 7) — P’'(H, S,, K, 7), (3.55)

P s k=-S5 ) ) rken( a (5)
ws(g)” [ (50) -+ ()]

(2 e () (e ()]

is the value of the down-and-in put. Note that for H = K these expressions give
PPI(H, S,, K, ) = P(S,, K, 7), the plain put value, and PP = 0, as required.

where
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Up-and-out calls and puts are obtained using equation (3.42). For a put we have
B
PYH, Sy, K, )= e f U(H, S, Sy 7)(K — S)dS
0
B B
=Ke" | UdS—e [ USdS
h !

= K¢ 7160~ 6B+ [53) b0 "
s (-4 (3)-(5)" (-+(5))]
(- (3))-(2)" +(-2(55))]

where B= H for H < K and B=K for H > K. Here we have used the properties N(d, (c0)) =
N(o0) =1 and 1 — N(x) = N(—x). Substituting B= H or B = K then gives the exact expres-
sions for the up-and-out put:

PY(H, S, K, T) = —SON< —d, (%)) +Ke”N< —d_ (%))
(@) ()

HY\» H
- Ke”(—) N(—d_(—)) (3.57)
So So
for H < K, and

o H %4—1 H2
U
P (H,SO,K,T)ZP(SO,K,T)+SO<S—O> N<—d+(&)—K>>

@ S ll) e

for H > K. The exact expressions for the up-and-in put follow simply by symmetry, PV =
P—PY,
From equation (3.42), the up-and-out call is given by

¥

H
CYH, Sy, K, )= e /0 U(H, S, Sy: (S —K)., dS. (3.59)

Since the payoff function is zero for § < K, CY? =0 for H < K. For H > K the option value
can be rewritten as

K
CYH, Sy, K, ) = e / UH, S, Sy 7) (K — S)dS. (3.60)
H
As observed from equation (3.54), this is precisely the value of the down-and-out put option
for H < K. By extracting out the plain call value C(S,, K, 7) from the last expression on the

right-hand side of (3.54), the result can be recast as

CY(H,S,, K, T)=C(S,,K,7)— CY(H,S,, K, 1), (3.61)



166 CHAPTER 3 . Advanced topics in pricing theory

with up-and-in call option value

CU(H, S, K, 7):SON(d (%)) ew\’@-(%))
“(5) ) GR)]
e (@) M) G e

for H > K. For H = K we have CY = C, the plain call value, and CY° = 0, as required.

All of the preceding analytical pricing formulas for geometric Brownian motion are
also readily extended to the case of a time-dependent barrier that has an exponential form
H(7) = He ", with «, H as constants. Assuming the choice a > 0, the barrier boundary is
an increasing function of calendar time (or decreasing function of time to maturity 7). For
a given 7, the solution domain for the underlying asset price is [H(7), o0) for a down-and-
out and (0, H(7)] for an up-and-out. Assuming geometric Brownian motion as before with
constant drift u and volatility o, the single-barrier kernel for this exponentially shaped barrier
with zero-boundary condition at the 7-dependent boundary level S, = H(7) (and at the other
endpoint S, = 0 or S, = o0) is denoted by U7 (S, S,, u; 7). [Note that we use a notation
involving the explicit functional dependence on the drift parameter needed to precisely clarify
the arguments that follow.] It can be readily shown (see Problem 3) that this kernel is given
by the constant barrier kernel in equation (3.40), now denoted by U(H, S, S,, u; 7), where we
replace the arguments S, — Sye*” and w — u — «. That is,

UHO(S, Sy, w; 7) = U(H, S, Sy, u— a; 7). (3.63)

The risk-neutral pricing kernel for the exponential barrier with lognormal drift u = r
(the assumed constant interest rate) is then explicitly given by

- log%—(r——) 2 /20%r

1
[
—|e
oSV2TT |:

2(r—a) _
_ (H;T) ) I R B +(r— 2P /20? T] (3.64)
0

UH™(S, Sy, 13 7) =

Setting o = 0 obviously recovers the previous risk-neutral density for the case with constant
barrier.

Exact pricing formulas for European knockouts and knock-ins for exponential barriers can
be obtained by integrating the density given by equation (3.64) and following similar steps
as were used earlier for the case of a constant barrier. However, a straightforward approach
is to make use of relation (3.63) directly in the risk-neutral pricing formula. Consider a
down-and-out with payoff A(S): The risk-neutral price is

VPO(H(7), Sgor, 1) = " / Uto(s, Sy, r; TYA(S)dS
H(7)

— a7 (T / U(H, S, Spe™™, r — a; TYA(S)dS
H

= e‘“TVDO(SOe“T, Hr—a,rT), (3.65)
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where VPO(S,e*, H, r — a, 7) is the value of the down-and-out with spot Sye®”, constant
barrier level at H, effective interest rate » — «, and time to maturity 7. Similarly, an up-and-out
has value

VU(H(7), Sy, 1, T) = eV (Spe* , H, r — a, 7). (3.60)

The corresponding prices of the knock-ins obtain simply from knock-in/knockout symmetry.
Since the barrier-free pricing kernel (3.39) satisfies the invariance relation Uy(S, Sy, r; 7) =
Uy (S, Spe*”, r — a; 7), the plain-vanilla price satisfies

V(Sp, 1, 7) = e TV(Spe"", r — e, 7). (3.67)

Given a pricing formula for the constant barrier case, the corresponding pricing formula
for the exponentially shaped barrier follows from equation (3.65) or (3.66). For example,
applying equation (3.65) to equation (3.53) gives the exact price of a down-and-out call with
exponential barrier for H(7) < K as

2r

—a) )

a2 H

c( " k. T), (3.68)
So

CDO(H(T), Sy, K, ) = C(S,, K, T) — (H;T)>

0

where equation (3.67) has been used on the two plain calls. Analogous formulas for the other
types of knock-in and knockout barrier options discussed follow in similar fashion.

Problems

Problem 1. Show that the function V(S,,7) = S(‘)’V(aS'B , T) satisfies the Black—Scholes
equation

awv 1
— 22

,0?V v
— = S2___
ar 2 "as?

+FSO£—}’V, (369)
0

where V(S,, 7) is assumed to satisfy the same equation in the (S,,7) variables, S, = aS,
and provided we make the parameter choice a = 1 —2r/0?, 8 = —1, for arbitrary nonzero
constant a. Then consider expressing the price of a down-and-out call struck at K, with
constant barrier at H < K, as a linear combination of two solutions using plain calls

2
CP0 = C(Sy, K, 7) +bS, " Ca)Sy, K, 7). (3.70)

Determine the constants @ and b by satisfying the zero-boundary condition at the barrier
S, = H and the initial condition C”° — (S, —K)_ as 7 — 0, hence arriving at (3.53).

Problem 2. Derive the greeks A, I', © (as defined in Chapter 1) for the down-and-out call,
with value V = CP? given by equation (3.53). Is the relationship ® = %0'253F+ r(SeA—V)
satisfied?

Problem 3. Consider the exponential barrier H(1) = He ", with H and « as constants. Let
U(S, Sy; 7) = UM(S, S,; 7) be the pricing kernel solving

au 1
= -0

— = 252@ U
ar 2 "0as?

0
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and satisfying U(S, S, = H(7); 7) = 0 and U(S, S, = oo; 7) = 0 for the fundamental solution
in the upper domain H(7) < §, < oo or U(s,S,=0; ) = 0 for the case of the lower solution
domain 0 < S, < H(7). Let U(S, Sy; 7) = U(S, S; 7), S = S,e°7, and show that U solves

w1 ,- 262U au

e S P +(p—a)S— 5 (3.72)
with U(S, S = H; 7) =0 and U(S, S = oo; 7) = 0 for the fundamental solution in the upper
domain H < S < o or U(S,S =0; 7) =0 for the case of the lower domain 0 < § < H.
Hence U(S, S; 7) = U(H, S, Sye®™, u — a; 7), with the function U given by equation (3.40)
for constant barrier level H and drift u — « (in the place of u), and conclude that the kernel
UH™ for the time-dependent exponential barrier with drift u is given by equation (3.63),
while setting u = r gives equation (3.64).

3.4 First-Passage Time

When pricing exotic barrier options it is useful to consider the first-passage time of a diffusion
process, i.e., the first time at which a process achieves a particular value or enters (exits) a
region. In particular, for the sake of pricing, we are interested in the first-passage time for
an asset price process crossing a specified constant barrier level H > 0. We hence consider
calculating the probability distribution for the first-passage time, the time taken to attain the
absorbing barrier. Consider the case of an upper barrier with current asset price S, < H, and
let t —t, = 7> 0 be the amount of time spent from current time ¢, until the barrier is first
attained at time ¢. Then

H
O(H, Sy, 7) =1 — / U(H, S, Sy; 7)dS (3.73)
0

represents the probability (cumulative in the passage time 7) that the asset price process
has attained the upper barrier H and has been absorbed. Indeed, this is just 1 minus the
probability that the asset price remains below the barrier, or, equivalently, ® is the probability
of absorption. If we denote 7, = min{7; S, > H, S, < H} as the first-passage time random
variable, then ®(H, S, 7) is the probability P{7, < 7}. The function U(H, S, Sy; 7) is the
kernel for the solution region [0, H] with absorbing boundary condition at the barrier. [Note
that although we are considering a time-homogeneous process, with state-dependent drift
and volatility functions, the formal theory extends in the obvious manner for the general
case of a time-inhomogeneous process, where we would consider a kernel U(H, S, t; Sy, t;)
having explicit dependence on ¢ and ¢, rather than 7 =t —1¢,.] As 7 — 0, the integrand gives
a Dirac delta function contribution 6(S — S;) in the region [0, H] and hence integrates to
unity; therefore ®(H, S,, 7=0) = 0. Since U(H, S, S,; 7) is identically zero for S, = H, ®
has boundary condition ®(H, S, = H, 7) = 1. Moreover, U is a kernel and hence obviously
solves both forward and backward Kolmogorov equations for the asset price diffusion process.
Since partial derivatives with respect to S, and 7 can be taken inside the integral, the
cumulative probability density for the first passage time, ®, is therefore a solution of the
time-homogeneous backward (and not the forward) Kolmogorov partial differential equation
in S,, 7 subject to the foregoing conditions.

The other case, where H is a lower barrier with current asset price S, > H, is similar,
with equation (3.73) replaced by

D(H, Sy, 7) = 1 — / U(H, S, Sy; 7)dS, (3.74)
H
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which is the cumulative probability that the asset price process has attained the lower barrier
and has been absorbed, where U is the kernel for the solution region [H, co) with absorbing
boundary condition at the barrier. The first passage time random variable is now the stopping
time 7, = min{7; S, < H, S, > H}. From similar arguments as before, one again obtains that ®
solves the same backward Kolmogorov equation with unit boundary condition at the barrier,
®(H, S, = H, 7) =1, and zero initial condition ®(H, S, 7 =0) = 0.

In both cases, the function ® can be obtained by solving the backward Kolmogorov
equation subject to the stated conditions. However, given the kernel U, @ is simply determined
by an integration via equation (3.73) [or (3.74)]. If ® is a cumulative function, the probability
density function f for the first passage time must be given by differentiation:

o®(H, S,, 7)

3.75
<r P (3.75)

For f to be a bona fide probability density, it must be strictly nonnegative and must integrate
to unity over all positive 7. Integrating

® dO(H, Sy, 7)

dr=®(H, S,, ) (3.76)
aT

/Ooof(H, So. 7)dT =f0

hence gives ®(H, S, 00) = 1 as the latter condition. This is not generally satisfied, as we
shall see next for the specific case of geometric Brownian motion. Since the integral in
equation (3.76) gives the probability that (given any amount of time) a path starting at S, will
eventually be absorbed at the barrier, this quantity is generally less than or equal to 1. The
condition of nonnegativity of f, however, can be shown to follow for quite general processes
(see Problem 1).

For geometric Brownian motion with drift » and volatility o it is a simple matter to obtain
exact formulas for the first-passage densities based on the exact kernel in equation (3.40).
In particular, the integrals in equations (3.73) and (3.74) are given by direct use of equa-
tion (3.49), giving

wnseres(- () () e (2)
=1 _N(log% +U(j/; %02)T>
()

S

r

q
&

for S, > H and

2r

wsen=x(o (5)) () (-0 (2)

=N(10g%0 +(r— %(72)7>
o T

H -1 logS — (r—Llg2
+<—> N(Og” - 20)7) (3.78)
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for S, < H. Hence, for S, > H we obtain the limiting value of equation (3.77):

1, r<

D(H, S, 00) = )y

H\»" 1,
— s r>—0°.
So 2

upon using N(co) = 1, N(—o0) = 0. Hence, if r < %02, the cumulative density approaches

unity in the infinite-passage time limit so that, with probability 1, absorption eventually
occurs. On the other hand, if r > %0’2, the cumulative density approaches a number strictly
between 0 and 1, since H/S, < 1 and % — 1> 0, so the probability of eventual absorption is
less than 1. In contrast, taking the infinite time limit of equations (3.78) gives, for S, < H,

N =

(3.79)

0_2

| =

1, r>

B(HSpo0) =1 u L (3.80)
— , r<-o-.
S, 2

In this case, the reverse is observed, whereby the density approaches unity only if r > %02
and otherwise approaches a number strictly between 0 and 1. A basic interpretation of this
is that eventual absorption will take place with certainty only if the effective drift, which is
given by r — %o’z, is not positive (or not negative) if the process starts above (or below) the
barrier. By differentiating equations (3.77) and (3.78) and combining, the exact first-passage
time density can be written as a single expression:

|10g%| —[log(So/H)+ _152 ]22 2
f(H,S,,7) = e loeSo/H)H(r=30%)71 /2077 (3.81)

o322

for all Sy, H> 0.

The first-passage time density is useful when pricing “pay-at-hit one touch” type of
options or for pricing barrier options that also provide a rebate payment to the holder once
the barrier is hit. In the case of a down-and-out option with a rebate, equation (3.41) becomes

VPO(Sy, 7) = e /H U(H, S, Sp; T)A(S)dS + /0 e R(T— 1) f(H, Sy, 1)dL.

The time integral term is just the expected present value of the rebate, whereby discounted
payments occurring at an elapsed time ¢ in the future from the present are weighted with
the first-passage time density for hitting the barrier after time ¢. The time-dependent rebate
function is here assumed to be a function of the time remaining to maturtiy.

The first-passage time is also a very useful tool for computing options whose prices
depend on stopping times that can be interpreted as first hitting times. Nice examples of such
options are the American digitals. We have already discussed the payoff structure of European
digitals. The Black—Scholes price of European digitals is simple to obtain (see Problem 8
in Section 1.8). The pay-off of an American digital is similar — the holder of an American
digital receives one dollar if, and at the first time that, the underlying stock price hits the
fixed strike level K. Since the option expires with a pay-off to the holder at the instant the
spot hits the strike level, the early-exercise boundary, as such, is trivially fixed at the strike K.
The time optionality in this case is simpler than in the standard American contracts (e.g., a
put or call with dividend, etc.) studied in Chapter 1, where the early-exercise boundary is
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moving with time. The optimal stopping time is, in this case, just the first hitting time 7
such that S. = K. Once a hitting time 7 occurs, the contract expires, paying one dollar at
time 7, and the value of that cash flow is the discounted value of one dollar, i.e., e”'". Given
the probability density f(H, S,, 7) for the first hitting time as provided by equation (3.75),
the fair price of the American digital at time #, = 0, with maturity 7', spot S, and strike K,
reduces to a time integral:

r r IP(K, S,,
V(SO’ T) = / eirTf(K, S(), T)dT = / eir7¥d7.
0 0 T

(3.82)
Closed-form analytical expressions can therefore be derived assuming a geometric Brownian
motion model (see Problem 4).

Problems

Problem 1. Consider a process with state-dependent drift w(S) and volatility o(S). Argue
that the first-passage time density for either lower or upper barrier case is strictly nonnegative.
In developing your argument, consider the derivative with respect to 7 of ® defined via
equation (3.73) [and (3.74) separately] and make use of the forward equation for the single
barrier density U = U(H, S, Sy; 7):

Integrating over S and assuming w(S)U and o?(S)U satisfy zero-boundary conditions at
the endpoints, arrive at the expressions

1 oU
H,S,, 7)=+-0’(H)—
f(H, Sy, 7) 20( )as

S=H

where the plus sign is for S, > H and the minus sign is for S, < H. Using the fact that the
kernel is a positive differentiable function of S within either solution interval and has zero
value at the barrier endpoint, further argue that

1 oU
f(H, S, ) = EUZ(H)‘ﬁ (3.84)

which is hence strictly nonnegative.

Problem 2. Using the kernel in equation (3.40), give an explicit verification that equa-
tion (3.84) gives the exact first-passage time density in equation (3.81) for geometric Brownian
motion where w(S) = rS, o(S) = agS.

Problem 3. Assume the exponentially time-dependent barrier of the previous section, H(7) =
He ", a > 0. Show that the first-passage time density for S, > H is given by

N
o8 75

o732/ 2

f(H, S()a 7_) — e—[log(So/H(T))Jr(r—a—%02)7]2/2027. (385)

Problem 4. Obtain an analytical pricing formula for an American digital within the geometric
Brownian motion model.
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3.5

3.5.1

Pricing Kernels and Barrier Option Formulas for Linear

and Quadratic Volatility Models

The kernels for the Wiener process obtained in the previous sections are readily used as a
basis for providing other exact kernels and barrier-pricing formulas for affine and quadratic
volatility models. The formulas follow as a simple consequence of a more general method,
which we coin as the diffusion canonical mapping reduction methodology. This mathematical
framework is presented in detail later in this chapter. In particular, it provides a precise
relationship between the transition probability density or pricing kernel U(F, F; 7) for the
space of a process F, and the transition density u(x, x,; 7) for a process x, under a sim-
pler diffusion. In this section it suffices to consider x, as the pure Wiener process. The
process F, represents an underlying asset price, such as a forward price at time ¢. Hence,
given an exact kernel for the simpler x-space process, we show how the mapping reduction
method automatically provides the desired exact pricing kernel for the more complicated
F-space process. Moreover, the desired boundary conditions in F-space (e.g., in the desired
asset price space) are satisfied by mapping onto the corresponding boundary conditions in
X-space.

Linear Volatility Models Rewisited

Although we have already dealt with the linear volatility model (i.e., the standard Black—
Scholes model) in great detail in previous sections, it is instructive to see how the solutions
to the linear volatility model also arise as a very special case of the diffusion canonical
mapping reduction method, wherein the underlying x-space process is the simple Wiener
process. In particular, assume the two processes satisfy dx, = /2 dW, and dF, = o(F,)dW,,
under appropriate respective measures, where the F, process is considered to have zero
drift and linear volatility function o(F) = oF, o = const. The (forward price) space of F
values is mapped one to one onto the entire space of the Wiener process with the variable
transformation

x=X(F) = (v2/0)logF (3.86)

with inverse F = F(x) = e*/ V2 Since 5—; = (%2 the transformation reduction equation (3.259),
of Lemma 3.1 to be derived in Section 3.8.1, specializes to give

2 1 F, 2
U(F, Fy; 7) = 0_—\/; exp |:§ log FO — %T}M(X(F), X(Fy); 7)
2 |F, _»2
- i, |20 oS T (X (F), X(F,): 7). (3.87)
o VF3
Here we have used @ = o, = —c?/8, which results from equation (3.257) while substi-

tuting for the x-space volatility function (as constant) v(x) = +/2 and drift A(x) = 0. At this
point the reader should note that the two transition probability densities U and u are not just
simply related by a change of variables (i.e., the two functions are not the same probability
densities expressed in terms of two different variables), but rather also involve the exponential
multiplicative term due essentially to a measure change. This point will become clear later
in this chapter when we come to discuss the mapping reduction framework in general. The
mapping x = X(F) and its inverse is monotonically increasing, with domain x € (—o0, 00)
mapped onto F € (0, o0). By direct substitution, while changing variables of differentiation
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and using equations (3.7) and (3.8), the reader can readily verify that U = U(F, F,; 7) in equa-
tion (3.87) indeed satisfies both forward and backward equations: dU/dT = ”7262(F 2U)/0F?
and 0U/dt = S0 F] 0*U/IF;.

Equation (3.87) gives an exact relationship between a kernel U for the linear volatil-
ity model and a kernel u for the Wiener process. The unique pricing kernels for the
barrier-free case as well as for the case of single and double barriers then follow auto-
matically by substitution of the particular kernel u that satisfies the appropriate boundary
conditions. For the barrier-free case, the zero-boundary conditions U(F =0, Fy; 7) = U(F =
oo, Fyy; 7) = 0 (with the same conditions also holding in F;) are satisfied by substituting the
solution u(x, xy; 7) = gy(x, xo; 7) of equation (3.9) into equation (3.87). Upon using equa-
tion (3.86) and completing the square in the exponent, one obtains the zero-drift lognormal
density

1 F, a2\,
UF,Fy;7)= ———exp| — | log———7) /20°T|. (3.88)
oF\ 27T

As required, this formula is consistent with equation (3.39), where S, = ¢*"F, or, alternatively,
with the case of zero drift u =0, with S =F, S, = F,,. A barrier level at F = H (or F, = H)
corresponds to H = F(x,) = ¢”#/V2, so x, = X(H) = (v/2/0)log H. Hence the lower-
region F, F, € (0, H] maps onto x, x, € (—o0, x|, whereas the upper-region F, F,, € [H, c0)
maps onto x, x, € [x, o). The density for a single absorbing barrier at F, F, = H is hence
obtained by simply substituting the kernel u(X(F), X(F,); 7) = g"(X(H), X(F), X(F,); 7) of
equation (3.14) into relation (3.87), giving:

2 (1. F o
U(H, F, Fy; 7) = v2 exp | = log =2 — T |g"(X(H), X(F), X(F,); 7)
oF 2 F 8

= U(F, Fy; 7) [1 —exp [ — e/ R) el T/ ) H

o?7/2

with U(F, F,,; ) given by equation (3.88). Note that this gives (absorbing) zero-boundary
conditions U(H, F = H, F,; 1) = U(H, F, F, = H; 7) = 0 and that equation (3.89) is exactly
consistent with equation (3.40) when u = 0.

Exact analytical expressions for single-barrier options follow from the kernel in equa-
tion (3.89). Ignoring discounting,® an up-and-out European-style option expiring worthless if
the upper forward price barrier F = H is crossed before a time to maturity 7, with current
(forward) price level F, € (0, H), has a price given by [in direct analogy with equation (3.42)]

(3.89)

VUO(F,, 1) = f " U(H, P, Fy; A(F)dF. (3.90)
0

where A(F) is an assumed payoff function. The corresponding down-and-out option with
F, > H has price [in direct analogy with equation (3.41)]

VPO(F,, 7) = / U(H, F, Fy; )A(F)dF. (3.91)

H
The knock-in barrier option prices are obtained from (knock-in)-(knockout) symmetry as
discussed in Section 3.3. The plain-vanilla option price follows by integrating the barrier-free

kernel (3.88) against the payoff function:

V(F,, 7) = /0 " U(F, F,: ))A(F)dF. (3.92)

3Throughout Section 3.5 we shall simply omit the overall discount factor in all the option-pricing formulas.
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We shall not repeat the explicit intermediate steps in the derivations of the single-barrier
European call and put pricing formulas since the procedure follows in exactly the same
manner as discussed in Section 3.3. Call and put pay-offs with forward price struck at K are
assumed to have payoffs A(F) = (F—K), and A(F) = (K —F),, respectively. The integrals
in equations (3.90) and (3.91) are then readily evaluated by considering the analogues of
equations (3.45) and (3.46); now defined by:

¢(B)= [~ UH.F.Fy dF, (3.93)

&(B) = /B " U(H, F, Fy; ) FdF (3.94)

for any B > 0, with U(H, F, F,; ) given by equation (3.89). In particular, the price of a
down-and-out call on the underlying forward price struck at K with single barrier at forward
price level H is given by (ignoring discounting)

CPO(H, F,, K, 7) = ¢(B) — K¢(B), (3.95)

where B=H if H> K and B = K if H < K. Exact expressions for ¢(B) and ¢(B) follow
from equations (3.49) and (3.50) with r =0 and S, = F:

ol (D) () o
o-nafa(§) m(a(f5) e

logx+io?r
oJT

Hence setting B=H if H > K (and B =K if H < K) gives the exact pricing formula for the
down-and-out call in terms of cumulative normal density functions:

CPO(H, Fy, K, 7) = FON("+ (%)) - HN(‘I* (%))

F, KF, H
— KN{d_{= ) )+ — IN|d_| = (3.99)
H H F,
for H > K; and for H < K,

CP°(H,F,,K,T) = F0N<d+ (%)) — HN<d+<I€)I—;))
— KN<d_<%>>+%N(d_<g—;)) (3.100)

All other cases of single-barrier calls and puts are derived in the same manner, as described
in detail in Section 3.3. The exact pricing formulas are obtained by simply setting » = 0 and
S, = F, in all of the option-pricing expressions in Section 3.3. This is indeed not surprising,
since discounting is ignored and the underlying is a forward price, as is the barrier level.

where

d.(x) = (3.98)
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To complete this section we consider the problem of pricing a European double-knockout-
barrier option on the underlying asset price process F,. This option expires worthless if at
any time before maturity the underlying price attains either barrier at L or H with L < H.
The transition density in this case must have absorbing (i.e., zero) boundary conditions at
both finite barrier endpoints. These points are mapped into the x-space endpoints: x, =
X(H) = (v/2/0)logH, x;, = X(L) = (+/2/0) log L. In virtue of the general relationship given
by equation (3.87), the F-space density follows by simply substituting the x-space transition
density satisfying zero-boundary conditions: u(x = x;, xy; T) = u(x = xp, xy; 7) = 0. The
problem is hence again reduced to finding u(x, x,; 7). This density is readily obtained as
an exact series expansion in sine functions via the method of eigenfunction expansions.
This method and its relation to the Laplace transform technique for solving the Kolmogorov
equations subject to different types of boundary conditions is generally described later in this
chapter, i.e., where the method of Green’s functions is discussed. Here we simply state the
result (see Problem 1 of this section for an alternate derivation):

2 >~ nm(x,—x nm(x—x
Z e P sin ( 0 L) sin ( L) ,

X = XL =1 Xg— XL Xpg— XL

u(x, xo; 7) =

(3.101)

for x, x, € [x,, xy], where p, = n*7?/(xy — x,)*. [In mathematical physics, this is the well-
known Fourier sine series solution to the simple heat conduction problem for an initial point
source of heat diffusing on a finite one-dimensional domain (e.g., a rod) with insulation at
both endpoints.] This series converges for all positive 7 and gives a representation of the Dirac
delta function &(x — x,) for the finite domain [x,, x, ] when 7 = 0. Inserting equation (3.101)
into equation (3.87) while using equation (3.86) gives the transition density satisfying double-
barrier zero-boundary conditions at L and H, denoted by UP2, for the linear volatility model
as an exact series:

_2 Fy < PTG .
ogZ V7 e ™" sin (nwy(Fy)) sin (nmy(F)) (3.102)

n=1

UPP(F, Fy; 7) =

for F,, F € [L, H], where

_ X(F)—X(L) _logf

F)= = , 3.103
1) X(H)—X(L) log% ( )
2 0.2 n2,n.20.2
=g thh=g Y= 3.104
p g P 8  2log’Z ( )

This series is easily shown to converge for all positive T values and gives a representation
of the Dirac delta function 6(F — F;,) for the finite domain F, F; € [L, H] when 7 = 0.
[Note: 8(F — Fy) = L4 8(X(F) — X(F,)) = 228(X(F) — X(F,)).] Of practical importance is
the fact that the convergence of the series is fairly rapid since the eigenvalues p, grow as n? as
n increases; i.e., contributions from the higher-frequency sine functions are diminished by the
dominant factor e*»7, which decreases rapidly as a Gaussian function in n. Although more
terms are required to achieve the same level of accuracy as the time to maturity is decreased, a
uniformly high level of accuracy (and positivity in the density) can be achieved by retaining a
relatively small number of terms in the sum (see Figure 3.4). Moreover, similar expressions (as
demonstrated next) for pricing double-barrier options require a substantially smaller number
of terms for high accuracy. A double knockout European-style option maturing in time 7 is
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FIGURE 3.4 Uniform convergence of the density given by equation (3.102) for L = 10, H = 50,
Fy, =20, 0 =0.2, 7 =0.1. The three curves correspond to using the first 10 (dashed line), 20, and
30 terms (the thick solid line) in the series sum.

then priced by taking the expectation of the payoff A(F) over the allowable region (ignoring
discounting):

VPB(F,, 7) = fL " UPB(E, Fy: ) A(F)dF. (3.105)

For example, a double knockout European call struck at K is priced by inserting UPB(F, F; 7)
with A(F) = (F —K), and integrating, term by term, in the series to obtain exact analytical
series expressions for the option value. In carrying out the integration it is very convenient
to change integration variables F — x as defined by the original variable transformation F' =
F(x) = ¢™/¥2, i.c., using the F-space density F'(x)UP(F(x), F,; 7) expressed as a function
of the x variable (see Problem 2). Two separate formulas arise accounting for whether K < L
or K > L (in both cases K < H; otherwise the strike is above the upper barrier and the option
is worthless). For K > L the formula for the call is

0-2 e e_pnT .
CP2(F,,K,7) = o \/FOZ sin (}’HT’}/(FO))
og T n=1 Pn
K—H
X [%ﬁ(—l)” —+/Ksin (n7T'y(K)):| (3.100)
L

and for the case K < L is

CP2(F,,K,7) = L‘J,/F ine“’” sin(nﬂ' (F ))
0> ’ _1 Zﬂ 0 y 0
0og L n=1 P
K—H K—-L

where y(-) and p, are given by equations (3.103) and (3.104). Note that the two expres-
sions are equivalent when K = L. Figure 3.5 displays a typical convergence when applying
equation (3.100).
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FIGURE 3.5 Uniform rapid convergence of the value of the double knockout call as more terms are
used in the series formula for CP%, where L = 10, H = 50, K =20, o = 0.2, 7 = 0.25. The five
separate curves correspond to the truncated series sum in the first 1, 2, 4, 8, and 12 (solid line) terms
of equation (3.106).

Problems
Problem 1. We wish to solve

ou  u

ar  ox?’
subject to u(x = x;, 7) = u(x = xy, 7) = 0 and initial condition u(x, 7 = 0) = uy(x). Since
the solution must vanish at the endpoints of the interval [x,, x,], one method is to express u
as a Fourier sine series:

(3.108)

u(x, )= i b,(7)sin w,

n=1 L

with coefficients b, (7) depending only on 7. Using direct substitution and by satisfying the
initial condition, show that

b, (1) =a,e ", (3.109)
where p, = n?m?/(x, —x,)* and where a, = b, (0) is

2 By —
a, = / " g () sin "TEZEL) 4o (3.110)
XL

n
Xy — XL Xy — XL

Hence, recover equation (3.101) when u,(x) = 6(x — x;).

Problem 2. From equation (3.105) we see that the double-barrier call option can be derived
by computing the integrals

d(K) = /KH UPP(F, Fy; 7)dF, (3.111)

d(K) = fKH UPE(F, Fy; T)FdF, (3.112)
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3.5.2

for L < K < H. By using equation (3.102) and a change-of-integration variable F — x defined
by F = e/ V2 show that the latter integral is

2JF,
lg

B(K) = o na(x — X(L)) i|dx»

X(H)
Z e P sin (nwy(FO))/ ” 3% sin [m

T n=1

where X(-) is defined by equation (3.86). Apply the indefinite integral identity
[ e*sinbx dx = e**[asinbx — bcosbx]/(a* + b*) + ¢, where a, b, ¢ are any constants,
and obtain

d(K) = 77'(;' fz " sin (nwy(FO))[—n(—l)"«/ﬁ

+ ﬁ(n cos (nmy(K)) — logj sin (nﬂ-y(K)))] (3.113)
Using a similar procedure, obtain
00 = T T i o) - "
+ % <n cos (nTr'y(K)) + logw% sin (nﬂ'y(K))):| (3.114)

Using CP2 = ¢(K) — K¢p(K) for K > L and CP® = ¢(L) — K¢p(L) for K < L, obtain equa-
tions (3.106) and (3.107).

Problem 3. By computing the integrals
K
D(K) = / UPEAF (3.115)
L
and
_ K
d(K) = / UPBFdF (3.116)
L

and using steps similar to those in Problem 2, derive an exact series expression for the
corresponding double-barrier put option value PP2(F,, K, 7) for strike K, L < K < H.

Quadratic Volatility Models

We now consider the problem of pricing European options, including barriers, for the more
complex quadratic volatility model with two distinct roots:*

o(F) = _“_)(F_F)(E_F). (3.117)

4 A quadratic volatility function is generally of the form o(F) = a(F — F) (i‘ —F), where F, F are two real
roots. Here, we find it useful to express the nonzero parameter as a ratio oy = o/ (F — F). In this way, the parameter
o corresponds to the volatility parameter in the linear model in the limit F — oo.
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FIGURE 3.6 Example of a quadratic volatility function with two distinct roots F =5, F= 100,
o = 0.2. The linear volatility function for given parameter ¢ is drawn for direct comparison. The linear
model obtains in the limit F — oo.

Figure 3.6 depicts the shape of a quadratic volatility function in comparison with an affine
(linear) model o(F) = o(F — F), for given volatility parameter o. Without loss in generality,
throughout we assume F < F, with underlying asset price F € [F, F]. We note that the separate
case of the single double-root quadratic model is discussed later in this chapter. This model
is a special case of the constant-elasticity-of-variance (CEV) model, which itself is shown to
obtain as a special case of a more general Bessel family of solutions. These more general
families of exact solutions are discussed later in this chapter. Here, we consider obtaining
solutions to the model in equation (3.117) by mapping the (forward) price space F onto the
x-space of the Wiener process. That is, the zero-drift Wiener process with constant volatility
v(x) = /2 can again be chosen as underlying process in x-space and thereby ultimately
provide exact solutions to the quadratic volatility model in F-space. As in the linear model,
we have the constant « = —o?/8. (Note: This is the constant a,_,  corresponding to the
diffusion canonical transformation x — F described later in the chapter.) The transformation
of x = X(F) is defined by equating the Jacobian of the transformation to the ratio of the
volatility functions in both spaces:

dX(F) _v(X(F)) _  V2(F—F)

= = — —. (3.118)
dF o(F)  g(F—F)(F—F)
This implies the following monotonically increasing map:
2. |F-F 2. F-F
X(F):ilog‘—:'zilog = . (3.119)
o o "F-F

This is a one-to-one map of the domain x € (—oo, +-00) into the domain F € (F, F), with
inverse relation

F 2
F=Fu)=—1r" (3.120)
1+ev2
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That is, X(F) = —o0, X(F) = 00, F(—0) = F, F(c0) = F. As shown later in this section,
the form in equation (3.117) is convenient for showing that the solutions to the quadratic
(double-root) model directly recover the corresponding known solutions to the linear volatility
(i.e., affine or lognormal model) by simply taking the limit F — oo in all expressions. This
is in fact a mathematical consistency requirement of the theory.

By specializing equation (3.259), the exact relationship between a transition probability
density function, or pricing kernel, U for the quadratic volatility model and a kernel u for the
Wiener process is given by [i.e., the analogue of equation (3.87)]

(F=F)(F=F) o WX(F): X(Fy):m),  (3.121)
(F— F)}(F - F)?

wﬂamﬁﬁgé—ﬂ

F, F, € (F, F). This equation relates the density for the quadratic model to that of the simple
Wiener model. By direct substitution and by using equations (3.7) and (3.8), one can verify
that U(F, Fy; 7) in equation (3.121) satisfies both forward and backward time-homogeneous
Kolmogorov equations in F, F;, for the zero-drift function and volatility function given by
equation (3.117). Later in the chapter, the reader will learn to derive this relation based on
the canonical diffusion mapping methodology.

Following a similar procedure to that in the previous section, the pricing kernels for the
barrier-free case as well as for single and double barriers arise by direct substitution of the
x-space kernel u satisfying the appropriate boundary conditions. In particular, zero-boundary
conditions, U(F =0, Fy; 7) = U(F = o0, Fy; 7) = 0 (with the same conditions also holding
in F,), are satisfied by substituting the solution u(x, x,; 7) = g,(x, x,; 7) of equation (3.9)
into equation (3.121). Upon using equation (3.119) and rearranging logarithmic terms, the
barrier-free kernel is given in exact form:

(F—F) | (F=F)F-F)
oN27T\| (F - F)“(F F)3

OZG—FXF—%W.
2001 7 (F—F)(F,—F)

027/8

U(F, Fy; 1) =

(3.122)

xexp[—

This kernel may be compared to the zero-drift lognormal density kernel in equation (3.88),
which obtains as a simpler case in the limit F — oo, F = 0. For computing integral expec-
tations (i.e., for pricing purposes) it is convenient to work in terms of the x variable. Using
equation (3.120), F = F(x), and equation (3.122) gives the density (see Problem 1)

% cosh(ox/2+/2) ot
27T cosh(axO/Z\/_)
xy = X(F,). From this it readily follows that the barrier-free kernel conserves probability

(see Problem 1). The price of a plain European-style option maturing in time 7 is given by
(ignoring discounting)

U(F(x), Fy; T)C; (3.123)

V(Fy, 7) = f ! U(F, Fy; T)A(F)dF. (3.124)
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Calls or puts on the forward price struck at K with payoff A(F) = (F—K), or A(F) =
(K — F)_, respectively, are readily priced. In particular, the price of a call with F <K < F
takes the form (ignoring discounting)
C(Fy, K, 7) = (K) — K$(K), (3.125)
where
P . I3
d(K) = / U(F, Fy; 7)dF,  ¢(K) = / U(F, F; 7)FdF. (3.126)
K
By changing integration variable F — x = X(F) and using equation (3.123),
(3.127)

(72
e 57 1 o0 2
K) = - cosh (2L ) e %) /47 g
$(K) 2«/7770051’1(%) X(K) ( 2)

with X(K) = ‘/?E log[(K —F)/ (I? — K)]. This integral is readily evaluated via the identity (see

Problem 3)
*® ax TX( a2
f ¢35 e T gy = 0 ST et T TN (d (X)), (3.128)
X(K)
where
F—K)(Fy—F
v =KW= F) (3.129)
(K—F)(F-F)
and N(-) is the standard cumulative normal density function. Throughout this section we define
4. () logx+ 10?7 (3.130)
)= ——=—. .
* o7

From equation (3.128) and using x, = X(F;), namely, erh = [(F, — F)/(If" — FO)]% and
cosh(%) = XF-F)[(F, — F)(F — F,)]"2, we hence obtain
¢(K) = (F—F)"'[(Fy—F)N(d, (X)) + (F — F,)N(d_(X))]. (3.131)
The second integral in equation (3.126) is evaluated in similar fashion, namely, by changing
integration variable F — x = X(F), using the identity
1 - =
F(x) cosh(a‘x/Z«/z) =3 [Fe_‘”/z‘ﬁ + Fe”/zﬁ], (3.132)
which follows from equation (3.120), and integrating with the use of equation (3.128),
$(K) = (F—F)"'[F(Fy— F)N(d (X)) + F(F — Fy)N(d_(X))]. (3.133)
Combining equations (3.131) and (3.133) finally gives the call price:
C(Fy, K, 7) = (F = F)"'[(F = K)(F, — F)N(d (X))
— (K= F)(F —F,)N(d_(X))]. (3.134)

The put price is derived in similar fashion (see Problem 4).
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For a single barrier with absorption at level H, F < H < F , the pricing kernel is obtained in
exact form by simply substituting the kernel u(X(F), X(F,); 7) = g"(X(H), X(F), X(F,); T)
of equation (3.14) into equation (3.121), giving

(F—F) | (F=F)F-F)
oN27T| (F - F)S(F F)3

{ [ 1 AF—F)(E—FO)}
x4{exp| — log” — -
20°1 " (F—F)(F,—F)

—o27/8

UH,F,Fy; )=

(3.135)

- exp|:_ 2(11"—;7)(1:"0—177)(13"_}])2“.
2027 (F—F)(F—Fy))(H—F)?

The boundary conditions U(H, F = H, F,; 7) =0, U(H, F, F, = H; ) = 0 are obviously sat-
isfied. This kernel is hence useful for pricing single-barrier options for the quadratic (double-
root) volatility models. Note that the kernel in equation (3.89) obtains in the limit F — oo,
F = 0. Exact formulas for single-barrier knock-in and knockout calls/puts are most readily
derived by changing variables of integration, as was done in the earlier barrier-free case.
In particular, using equation (3.120), F = F(x), and equation (3.135) gives the analogue of
equation (3.123):

2
dF e FT COSh( - ) (x=x)? (v+xg—2xp)>
U(H, F(x), Fy; TTE S —e W , 3.136
( ()C) 0 T)d ZWCOSh( axo [ e ] ( )

xo = X(Fy), xy = X(H).

European-style single-barrier knock-in and knockout option price formulas are then
derived by integrating the density in equation (3.136) against the pay-off in the appropriate
domain. In what follows we derive the knockout option prices as the knock-in prices follow
simply from (knock-in)—(knockout) symmetry. A down-and-out call option, expiring worth-
less if the barrier F = H is crossed before a time to maturity 7 with current (forward) price
F,> H, F < H,K < F, has value (ignoring discounting throughout)

F
CPO(H, Fy, K, 7) = [ U(H, F, Fy; 7)(F — K) . dF
H

{&(K)—M(K), K>H
=1 (3.137)
¢(H)—K¢$(H), K<H,
where ¢(-) and ¢(-) are defined by
&(B) = / FU(H, F,Fy;7)dF,  $(B)= / FU(H, F, Fy; 7)FdF (3.138)

any real value B such that F<B< If" . Following similar steps as earlier, these integrals are
reduced to standard cumulative normal functions. Changing variables F — x = X(F) and
using equation (3.136),

07
e F7

(x—x0)?  (rtxg—2xp)?
ar ar

H(K)= —— N cosh('”") /X(K) cosh (%)[e —e ]dx.
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This integral is evaluated in two parts. The first exponential integral [i.e., identically as in
equation (3.127)] is given by expression (3.131). The second term is integrated in identical
fashion by using the same integral identity (3.128) with the replacement x, — 2x, — x, and

then using 2x, —x, =2X(H) — X(F,) = g log %,
=022 — [(H — F) /(F — H)|[(F — Fy)/(F, — F)]?. (3.139)

Combining the results of the two integrals:

$(K) = (F— )" [(Fo _FIN(d, () + (F — F)N(d_(2))

H—F\ = F—H _

~(F ) E-ron (@)~ (= )R- @) | Gso)

where d_ () and X are given by equations (3.130) and (3.129) and
_(F=K)(F-F)(H-F)
(K=F)(F,—F)(F—H)

(3.141)

The second integral in equation (3.138) for B = K is evaluated in similar fashion, namely,
by using equation (3.123) and identity (3.132):

2

- e T 1 F e _ox (x=x0)? (xtxg—2xp)?
K) = _— = / e Wilem F  —e” i dx
P = 3 T cosh (2) E ]

F r® o (=xg)? (x+xg—2x)°
+ = eVile” & —e  #  |dx|.

Applying equation (3.128) on each of the four terms and expressing the result in terms of Fj,
H, K while using equation (3.139) and simplifying gives

B(K) = (F =) | Ay~ YN, (@) + FF = FN (. (D)

- F(H—_;) (F — F)N(d, (¥)) — F(%) (Fy—F)N(d_ (y))}. (3.142)

Combining equations (3.140) and (3.142) in equation (3.137) hence gives the exact down-
and-out call price for K > H:

CP°(H, Fy, K, 7) = (F— F)™ [(fw — K)(Fy— F)N(d (X)) + (F — K)(F — F))N(d_(X))

+(K—B<5—Fo>(%)zv(d+<y))

+(K—F)F, —F)(%)N(d_(y))] (3.143)

By taking the limit F — oo of this expression, the reader can easily verify that the exact
formula for the down-and-out price for the affine linear volatility model is obtained and that
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in particular by also setting F = 0, equation (3.100) (i.e., the price assuming a lognormal
density model) is exactly recovered, as required.

For K < H the down-and-out call price is obtained by evaluating ¢(H) and ¢(H). These
quantities are derived by replacing the lower integration value X(K) by X(H) in the foregoing
integrals for ¢(K) and ¢(K). This is equivalent to setting K — H in equations (3.129)
and (3.141), giving

$(H) = (F—F)"' [(Fo — F)N(d, (A)) + (F — F)N(d_(A))

- (%) (F — F)N(d,(B)) — (%) (Fy— F)N(d(B))}, (3.144)

d(H) = (F—F)"! [E(Fo — F)N(d,.(A))+F(F — F))N(d_(A))

H-F

- F(H—_§> (F— F))N(d,(B)) — F<ﬂ> (Fy— F)N(d(B))} (3.145)
where

_(F-W)(R-F) (F-F)(H-F)

g (H—F)(F-Fy) (Fy—F)(F — H)

(3.146)

and d(-) is defined by equation (3.130). Combining these expressions gives the analytically
exact down-and-out call price for K < H:

CPO(H, Fy, K, 7) = (F—F)"! [(ﬁ_ K)(Fy— F)N(d,(A)) + (F —K)(F — F,)N(d_(A))

K =D =F)( £ ) ¥(d.(5)

+ (K—F)(FO—F)<%)N(d(B))]. (3.147)

The limit F — oo of this expression reduces to the exact formula for the down-and-out price
for the affine linear volatility model; and further, by setting F = 0, equation (3.99) is also
recovered. The price of a down-and-out put is derived in similar fashion (see Problem 5).

An up-and-out call option, expiring worthless if the upper barrier F' = H is crossed before
a time to maturity 7 with current (forward) price F, < H and F < K < H < F, has value
(ignoring discounting)

CYH, Fy, K, 7) = /H U(H, F, Fy; 7)(F — K)dF
= ¢(K) — K$(K) — [p(H) — K$(H)] (3.148)

and value zero for K > H. The second expression obtains by writing the integral as the differ-
ence of two integrals [one from K to F and the other from H to F within equation (3.138)].
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Using equations (3.140), (3.142), (3.144), and (3.145) (or taking the difference between the
two down-and-out call prices) gives the up-and-out call price (excluding discounting)

CY(H,F),K,7) = (F—F)" [(i_K)(FO — F)[N(d, (X)) = N(d,(A))]

+(F = K)(F — F)[N(d_(X)) = N(d_(A))]

# (K= P(F = F)(E IV 00) - N(d, (9)

+(K—F)(F,—F) (g) [N(d_(¥)) - N(d_(zs))] (3.149)
The limit F — oo of this expression reduces to the exact formula for the up-and-out price for
the affine linear volatility model; and for F = 0, equation (3.61) is recovered for r = 0 and
S, = F;,. The price of an up-and-out put can be derived in similar fashion (see Problem 6).
We now present the valuation of European-style double-knockout-barrier options with
underlying asset price F, satisfying the driftless process, with quadratic volatility function
as in equation (3.117). Although the mapping and the functional relationship between the
kernels in F-space and x-space differ, the procedure is similar to the one employed for the
linear volatility. In particular, we impose zero boundary conditions at both barrier endpoints
L (lower barrier) and H (upper barrier) of the double-knockout-barrier pricing kernel, which
we denote by UP?, where F < L < H < F. The values L, H are mapped onto the x-space
endpoints via equation (3.119):

2 H-F 2 L-F
tzX(H)zélogﬁ - xL=X(L)=§1og; - (3.150)

From equation (3.121), an exact series for the F-space density follows by simply substi-
tuting the x-space transition density satisfying zero-boundary conditions; i.e., we substitute
equation (3.101) into equation (3.121) while using equation (3.119), giving

2F—F F,—F)(F—F,
UPB(F, Fy; 7) = ((H F)(ﬁ) m (Fy : )(: 0)
—F)(F- _EV(F — F)?
logm (F—F)}F—F)
x > e ™7 sin(nmy(F,))sin (nmy(F)), (3.151)

n=1
where F, F,, € [L, H] and

(F=F)(F-L)
CX(F)-X(L) %ty

F)= — 0 3.152
" =Y -xw) log H=PF-L) (3.152)
(L—F)(F~H)

2 222 22
p =L 4 "TT (3.153)
8 pog? =D
(L—F)(F-H)

This series possesses the same rapid convergence properties as equation (3.102) for positive
7 and also represents the Dirac delta function 6(F — F;) for the finite domain [L, H] when
7 =20. A double knockout option maturing in time 7 with payoff A(F) is priced using
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equation (3.105), with UPZ now given by equation (3.151). In particular, the value of a double

knockout call is given by (excluding an overall discount factor)
H
CMG@KJﬁi/lﬂ%REﬁﬂw—KhdF
L
$(K)—K$(K), K=L
(3.154)

d(L)—K$(L), K<L,

(3.155)

where ¢(-) and ¢(-) are defined by
¢w)=/HUMUZQyﬂMZ &w)szU”UZQUMMR

for any real value B € [L, H|. As in the single-barrier case, these integrals are most readily

evaluated by changing variables using equation (3.120). From equation (3.151),
E-R)E o
cosh 23

dF 2J20 [(Fy,—
UDB(F(.X),F;'T)—Z :\/_?- [( 0 _
dx F_F log (H-F)(F-L)
(L—F)(F—H)
x Y e "7sin (nmy(F,))sin %, (3.156)
n=1
and the integrals in equation (3.155) give
220 [(Fy—F)(F = Fp)]? &
¢(B) = :f?- [(Fo )( - )k Y e ”7sin (nmy(Fy))1,(B), (3.157)
F—F log (H-B)(E-L) n=1
(L—F)(F—H)
_ 220 [(Fy— F)(F = F)]? & .
o (B) = :f? (o )( - )] Y e " sin (nmy(Fy))1,(B), (3.158)
F—F log H-F)(F-L) il
(L—F)(F—H)
where
hwhikmmﬁﬁmgﬁwx (3.159)
(3.160)

- XH x
1,(B) = /XB F(x) cosh ;75 sin ’;L_xLL)dx,

xz = X(B) = ﬁlog B-F  These integrals are readily evaluated in exact closed form (see
B o F-B

Problem 7):
T / F—H H-F
L,(B) = V2 (H—F)(F-L) —n(=1’ H—-F * V F_H
2V2p,log (= -
|[F-B |B-F
sin(nmy(B)) |\ ——=—,/ =——
B—F F—B

L g H=DE-D)
27 " (L—-F)(F—H)
(3.161)

F—-B |B—F
+ ncos (mT'y(B)) 3 F +. /=
- F—-B

STl
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T F—H H-F
1,(B) = —n(=1)" | F —+F P
2«/_p,,10g (H-F)(F-1) —_F F_

(L—F)(F~H)
1 H—F)(F - ﬁ .
— o g( ) )sm n7T'y(B) = —F | =—
2m T (L—F)(F — H) B—F F—

fv
B—

"qn

+ ncos nﬂ'y(B)

/B E (3.162)

Finally, from equation (3.154) we see that using these expressions within equations (3.157)
and (3.158) for B = K and then separately for B = L and simplifying gives:

(Fy—F)(F—F)) > ¢~

DB _ .
C(Fy,K,7)= og Y . sin (ny(Fy))
(L—F)(F—H)
DK —-H ,/ K—F)(F-K
X mT( ) ) ( X ) sin (nmy(K))
WH=F)F-L) [(F_ _F F—F
log (0= (F — H)(H ~ F) (F—F) o
3.163
for K > L, and
702\ (Fy— F)(F —F,)) *. ¢
CP(Fy, K, 7) = o - )( o) > nS—" sin (nmy(Fy))
10g2 W n=1 Py
(L—F)(F—H)
COMK-H) LK (3.164)

\/(fv—H)(H—F) \/(fv—L)(L—F)

for K < L. This last expression has a simpler form since y(L) = 0. Note that the two formulas
are identical when K = L. An example of the rapid convergence of these series solutions
is given in Figure 3.7. The limit F — oo of these expressions gives exact formulas for the
case of an affine linear volatility model; further, by setting F = 0, we also exactly recover
equations (3.106) and (3.107), respectively. Figure 3.8 demonstrates this explicitly. Indeed
for a given double-barrier call option contract, one observes uniform agreement of the option
prices for the quadratic model with those of the linear model, as the quadratic volatility
function is made to coincide more and more closely with that of the corresponding linear
volatility function.

Problems
Problem 1.

(a) Using equation (3.120) show that
[(F(x) — F)(F — F(x))]"* = 2(F — F)~' cosh(0x/2+/2), (3.165)

and use this relation and the derivative F’(x) to arrive at equation (3.123).
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(b) Use the identity [ e""/>Y2e=(x0l/AT gy = 2, /77e” "8 />V2 o show
barrier-free density satisfies

1‘E ) dF
/ U(F, Fy; 7)dF =/ U(F(x), Fy; 7) dx = 1.
F —00 dx

that the

(3.166)

FIGURE 3.7 Rapid convergence of the double knockout call price across the full range of spot F,
as one includes only the first 1, 2, 8, 16, and 32 (thick solid line) terms in the series (3.163), where
L=10, H=50, K =20,0=0.2, 7=0.25.
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FIGURE 3.8 Uniform approach of the double knockout call price for the quadratic model [given by
equation (3.163)] to that of the linear model given by equation (3.106), as F is pushed to larger values.
The five thinner curves represent the converged price [i.e., using equation (3.163)] for the quadratic
model for the separate cases of F = 60, 120, 240, 480, and 3200. The curve for F = 3200 is very close
to the thick solid line representing the price given by the linear model for the same parameter choice:
L=10, H=50, K =20,0=0.2, 7=0.25.
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Problem 2. Using parts of Problem 1, show that equation (3.123) leads to the martingale
property:

7
Ey[F,) = E[F,|F,_y = F,] = /F U(F, Fy; )FdF = F,. (3.167)

Problem 3. Derive equation (3.128) by completing the square in the exponent. Note that the
identity d_(1/x) = —d_.(x) obtained from equation (3.130) is useful in the manipulation of
expressions.

Problem 4. By following a similar procedure as was used to derive equation (3.134), derive
the exact formula for the corresponding put value. Is a put-call parity relation satisfied?

Problem 5. Derive an exact formula for the down-and-out put value.
Problem 6. Obtain an exact formula for the up-and-out put value for K < H and for K > H.

Problem 7. The integrals in equations (3.159) and (3.160) can be evaluated by rewriting
them as a sum of integrals of the form

*H
/ ¢V gin MmO
Y

XH=XL
B
Use the antiderivative [ ¢ sinbxdx = e**[asinbx — bcos bx]/(a* + b*) + ¢, where a, b, ¢
are any constants, and then recast the variables xz, x4, x; in the resulting integrations in
terms of the F-space variables B, H, L and arrive at equations (3.161) and (3.162).

3.6 Green’s Functions Method for Diffusion Kernels

In this section we present a standard Green’s function framework for finding solutions for
the x-space kernel subject to homogeneous boundary conditions. Throughout this section we
shall assume one-dimensional diffusions, i.e., a diffusion process x, obeying

dx, = A(x,)dt + v(x,)dW,, (3.168)

with W, as the standard Wiener process. This process is assumed to have a differentiable
drift function A(x) and a twice differentiable diffusion function or volatility function v(x).
The goal is to solve for the kernel or density u(x, x,; 7), subject to appropriate boundary
conditions.

Since the drift and volatility functions are assumed to have no explicit time dependence,
the kernel u = u(x, x,; 7) satisfies the time-homogeneous forward Kolmogorov equation

u 1 9 ) d
=592 (V(x) u) ~ W ()\(x)u) =L.u (3.169)
and the corresponding backward equation

u 1 ) Pu ou ~
= — 4 Ax))— =L, u, 3.170
ar 2 v(xy) 8x3 (%) %, xo ¥ ( )

subject to the initial condition u(x, x,; 0) = 6(x — x,). As in Chapter 1, we have defined the
Fokker—Planck differential operator £, that acts on the variable x and its formal Lagrange
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adjoint fJxO acting on x,. One technical point to note is that the differential operator £ is
generally not self-adjoint, i.e., £ # £, and the solution for the transition density is generally
not symmetric with respect to interchanging x and x,. However, as is seen from the transfor-
mations provided next, the corresponding time-independent Green’s function technique for
solving either forward or backward equations can be treated within a common footing.

In developing a solution framework for u(x, x,; 7), we consider the corresponding time-
independent Green’s function G(x, x,; s), which is defined via the Laplace transform with
respect to time:

G(x, xp; 8) = L[u(x, Xy; T)][S] = /Ooo e Tu(x, xq; 7)dT. (3.171)

[Without loss in generality, we shall assume that u is absolutely integrable with respect
to 7 on any interval 0 <7 < T and that G(x, x,; s) exists for some real value of s = a.
Then from the theory of Laplace transforms it can be shown that G(x, x,; s) is an analytic
function on the complex s-plane for Res > a. As will be seen, what is important to keep
in mind for the discussion at hand is that the function G(x, x,; s) is uniquely determined
by satisfying appropriate boundary conditions in x, for Re s > a.] Taking Laplace transforms
with respect to time 7 on both sides of forward equation (3.169) while making use of the
well-known identity for the Laplace transform of the derivative of a function and the initial
delta function condition on u gives a nonhomogeneous ordinary differential equation for the
Green’s function G = G(x, x,; §),

2
14 (V(x)2G> _4 <)\(x)G) —sG=L,G—5G=—-06(x—xp). (3.172)
2 dx? dx

Note here that the partial derivatives have been replaced by ordinary derivatives, where one
is holding x, (and s) fixed in the Green’s function. In similar fashion, by taking Laplace
transforms on both sides of backward equation (3.170), one also obtains the adjoint equation
to equation (3.172):

1 &G dG -
Ev(xo)zd—x% +A(x0)d—x() —5sG=L, G—sG=—5(x—x). (3.173)

Again, the partial derivatives have been replaced by ordinary derivatives, where one is now
holding x (and s) fixed in the Green’s function.

Using either of these equations, the objective is now to solve the ordinary differen-
tial equation (i.e., with delta function as the inhomogeneous source term) for the function
G(x, xy; §), subject to the same homogeneous boundary conditions that are imposed on the
function u(x, x,; 7). Hence either one can solve equation (3.172) with imposed boundary
conditions in x, or one solves the corresponding adjoint equation (3.173) with boundary
conditions imposed in x,. Upon unique determination of G(x, x,; s), one then has the desired
unique solution for the kernel u(x, x,; 7) (which satisfies the same desired homogeneous
boundary conditions) via the Laplace inversion

1 poy+ic
u(x, xp; 1) =L"" [G(x, Xo; S)]['T] = 2_77'1./ €7 G(x, xg; 5)ds. (3.174)
y—ioo

We shall use L™![F(s)][] to denote the inverse Laplace transform of a function F(s) evaluated
at t. This inversion formula, which can generally be used to compute the inverse Laplace
transform, is the Bromwich contour integral or the Mellin integral arising in the theory of
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Im s

Re s

FIGURE 3.9 The Bromwich contour extends from y —ico to y + ico.

Laplace and other integral transforms. This contour, depicted in Figure 3.9, is the infinite line
Res = y on the complex s-plane parametrized by s = vy + ir, with real parameter r running
from —oo to co. Here vy is any real number such that all singularities of G(x, x,; s) (now
considered as a complex-valued function of s for any fixed real values x,x,) lie to the left of
the line Re s = y on the complex s-plane. Throughout, i denotes the usual complex number,
with z = Rez+ ilm z, where Re and Im denote the real and imaginary parts, respectively.
Later we also make use of polar coordinate form of a complex number, z = re’’, where r = |z
is the modulus and 6 = arg z is the argument of z.

Once one has obtained G(x, x,; s) analytically, the integral in equation (3.174) is then in
itself an exact integral representation for the transition density u(x, x,; 7). This is partly the
reason for sometimes also referring to G(x, x,; s) as the resolvent kernel. As shown shortly,
in the analytical evaluation of the Laplace inverse, it proves useful to extend the Bromwich
contour to form a closed contour integral enclosing the negative real half of the complex
s-plane. A simple application of the infamous residue theorem of complex analysis then
further allows us to evaluate the integral either as an exact series or in terms of exact closed-
form special functions. A rather general procedure for achieving this purpose is to try to close
the contour in such a manner that the Green’s function is an analytic function of the complex
variable s everywhere on the closed contour. Yet inside the contour, G may either be analytic
or have a finite number of isolated simple poles (i.e., simple singularities). After justifying
the equivalence and hence replacement of the Bromwich integral with the closed contour,
or loop integral, we then subsequently apply the standard residue theorem to compute the
result. In more general applications the Green’s function may have a branch point (e.g., due
to factors such as +/s) that gives rise to a branch cut on the complex s-plane. From complex
analysis we know that the residue theorem cannot be used to evaluate a contour integral that
encloses a branch cut. However, there is a standard technique that can be used in such a case.
This is sometimes referred to as “shrinking the contour onto the branch cut.” This method
is generally best described by example. Later we give concrete examples of this Laplace
inversion of G, for the simple case of the Wiener process and also for the more complex case
of the Bessel process. As we shall see, for the case of finite double barriers one obtains a
rapidly converging analytical infinite series representation for the transition density u. This is
the eigenfunction expansion solution for the transition density. Such expansions, as discussed
briefly in Section 3.6.1, also follow from the spectral theory of eigenfunction expansions.
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The Green’s function methodology we now present is based on the Sturm—Liouville
theory of linear ordinary differential equations [MF53, But80, DufO1b, Dav02]. However,
we specialize the theory to the diffusion equation relevant to pricing theory. In what follows
it is convenient to make direct use of equation (3.172). That is, we consider solving the
nonhomogeneous equation (3.172); i.e., we now build the Green’s function G(x, x,; 5) by
considering solutions y(x; s) to the corresponding homogeneous equation

L,y(x;5) —sy(x; 5) =0, (3.175)

subject to appropriate boundary conditions. Note: For shorthand we shall also simply write
y(x) to mean y(x;s), because s is a fixed parameter in the differential equation. In order
to make use of established results from Sturm-Liouville theory, we shall first transform the
original equation (3.175) into one in standard Sturm—Liouville form. This is accomplished
via a transformation to a new function defined by

- v(x) A
y(x) = exp| — du ) y(x). (3.176)
v(Xo) /xo v(u)?
Using this definition we can show by direct differentiation that
V(%) TA@) L Ao
L, = du | £ , 3.177
o =" exp ([ 28 ) 2,500 (3.177)

where the new differential operator £_ is defined by

L= ( (0D (")) ) (3.178)

for any arbitrary twice differentiable function f(x). Here the functions p(x) and g(x) are
given in terms of the drift and volatility functions:

P = 5 (179
q(x) = [/\( )+(’\§ ;) —2A(x )%—v(x)v”(x)}. (3.180)

(Prime is used to denote differentiation.) The operator £ is now in standard Sturm—Liouville
form and is hence also self-adjoint. One should note here that the Green’s function method-
ology may also be directly applied to the original nonself-adjoint problem. However, trans-
forming the equations into the standard self-adjoint Sturm-Liouville form and then solving
and transforming back proves very convenient, as the whole following analysis shows.

From equation (3.176), it follows that a related (new or modified) Green’s function G is
similarly defined as

G(x, Xy 8) = ((xxo)) xp<_/x: 3((':‘))26114>G(x,x0;s), (3.181)

leading to the transformed nonhomogeneous equation in Sturm—Liouville form:

£.G(x, x;8) —sG(x, xp; 8) = —8(x — x,) (3.182)
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Note that the inhomogeneous term again contains only the Dirac delta function since the prop-
erty ;;%))S(x —Xy) = 0(x — x,) has been used where the ratio _)ﬁz(;i))) is nonsingular [i.e., f(x) =
v(x)exp( /" (A(u)/v(u)*)du)] within the allowable solution region, and evaluates to unity
when x = x,,. Equation (3.182) is now the desired standard form, which may be solved subject
to various homogeneous boundary conditions. Upon solving for G we then simply invert
equation (3.181), giving G, as shown next. By using standard textbook methods of solution
for nonhomogeneous second-order ordinary differential equations (e.g., the method of vari-
ation of parameters), G (x, x,; s) is readily obtained from the solutions y(x) = y(x; s) to the
corresponding homogeneous equation [i.e., the homogeneous counterpart of equation (3.182)]:

£ y(x) —sy(x) =0. (3.183)

Generally, if ¥, and y, are two linearly independent solutions to equation (3.183), then the
Green’s function is readily shown to take the form

Y1 (X)¥(xo) <y
LA <X,
_ pwW
G(x,xp58)=—1 (3.184)
¥, (x)y,(x0) >
pw -

Here pW = p(x,)W(x,) = p(x)W(x) is a constant independent of x and x, (not constant
w.r.t. 5), as can be shown from the properties of the Wronskian of any two solutions to equa-
tion (3.183): W(x) = W [¥,(x), ,(x)] = ¥, (x)¥,(x) — ¥, (x)¥,(x). The boundary conditions
for the Green’s function are matched by the choice of the two solutions y,, y,. The reader
should also note that, since equation (3.184) involves a ratio of the product of two indepen-
dent solutions divided by their Wronskian, the Green’s function is still uniquely determined
if we multiply any of the two solutions by an arbitrary nonzero constant. The symmetry
G(x, xo; 5) = G(xy, x; 5) with respect to interchanging x and x, is also a useful property,
following from the fact that the Sturm—Liouville operator is self-adjoint. The solution y, is
chosen to match the boundary condition at the lower region, while y, is chosen to match the
boundary at the upper region. For example, if one requires zero-boundary conditions at two
points x = x; and x = x, (x, < x) with G(x = x,, xo; ) =0 and G(x = x, x,; 5) = 0, then
a linear combination of independent solutions to equation (3.183) must be formed to give
¥, (x,) = ¥,(xy) = 0. Inserting the two solutions and their Wronskian into equation (3.184)
gives G.

From equation (3.181), the Green’s function to the original problem (3.172) is then
obtained as

Y1 (), (x)

= <x=<x
x A Xp S X=X
eon v pW

G(x,xp;8) = (3.185)

v(x)/v(x) Y2(x)y; (x)

_ Xo < x < xy.

pwW

Here we have assumed that the multiplicative factor to the left of the curly bracket in equa-
tion (3.185) is finite at the solution endpoints. In the special case of a singular multiplicative
factor at an endpoint, we assume that either y, or y, approaches zero more rapidly at the
endpoint so that G satisfies the same zero-boundary condition as G. The foregoing expression
is applicable to all cases of homogeneous boundary conditions that we shall encounter. [It is
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noted that this approach can also handle boundary conditions of a mixed kind to accommodate
for other types of solutions, such as relection at a boundary. However, throughout we are only
concerned with zero-(i.e., Dirichlet)-boundary conditions for the purpose of pricing barrier
as well as barrier-free European options for state-dependent volatility models to follow.]
The points x,, x, can be finite, or either point can be taken in the infinite limit, depending
on the allowable solution space. Note that, in contrast to G, G is generally not symmetric
with respect to interchanging x and x,. However, by direct inspection we see that G in
equation (3.185) is a product of functions in x and x, and hence automatically provides us
with solutions to the homogeneous equation (3.175) and its adjoint equation where the func-
tions v(x,) exp (— [ :‘(Ef‘))z du)y,(xo) and v(x,)exp (— [ Ij\((u“)é du)y,(x,) form two linearly
independent solutions to the homogeneous version of equation (3.173); i.e., these form two
linearly independent solutions to [3;(0 y— sy = 0. Renaming variables x, — x and s — p hence
gives a general solution to this homogeneous ordinary differential equation rewritten in terms
of x in equation (3.272), which we obtain simply by inspection of the Green’s function G.
We shall denote this solution by it(x; p), where

. - A duy 5
u(x; p) =v(x)e I (4,51 (x5 p) + @25, (x; p)] (3.186)

and ¢,,q, are arbitrary constants. The function &(x; p) (in Section 3.8.1 it is referred to as a
generating function) will turn out to play an important role in generating new pricing kernels
for an F-space process from known x-space kernels, as is discussed later in this chapter.

In closing this section, we demonstrate the Green’s function procedure with a standard
example covering the different cases of boundary conditions.

Example 5. The Wiener Process.

Let’s consider the process dx, = +/2 dW,, where v(x) = +/2 (constant volatility) and A(x) = 0
(zero drift). From equations (3.179) and (3.180), the functions p(x) =1 and g(x) = 0 are
trivial. In this special case £ = £ = £, and G = G, which satisfies

2

d—G—sG:—ﬁ(x—xo), (3.187)
dx?

where y = y satisfies the corresponding homogeneous equation [i.e., equation (3.183)

or (3.175)] y" — sy = 0. Two independent solutions of this equation are e¥** and e~v**, If

we seek barrier-free kernel solutions, then we impose zero-boundary conditions at x — o0

(e.g., x, = —oo and x, = oo in the earlier notation). Therefore we let y, = e¥**, y, = ¢~V

since eV — 0 as x — Foo for real values of s > 0 (also generally true for Re s > 0).

The Wronskian of these two solutions gives pW = —2./s. Using equation (3.185), where the

multiplicative factor is just unity, gives the Green’s function for the barrier-free case:

eﬁ(””‘O)/Z\/E, x <X
G(x, xp;8) = (3.188)
e_‘/E(X_XO)/Z\/E, x> x,

Obtaining the kernel u(x, x,; 7) is now just a matter of Laplace-inverting this function from s
back into the time 7 domain. Note that we may rewrite G = e *V*/2./s, k = x> — x= (k > 0),
where x~ (x~) stands for the greater (smaller) of the two real numbers x, x,. The Laplace
transform can in some cases be found directly with the use of tables. For instance, in this
case one can look up a table of transforms to find L™'[e %"/ /s][7] = e ¥'/47 /7. Since
k* = (x — x,)? (regardless of the relative magnitudes of x and x,), we then recover the known
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solution u(x, x,; T) = go(x, xo; T) exactly as in equation (3.9), and the problem of obtaining
the barrier-free kernel has been completely solved.

It is now instructive to show how the inverse transform is computed using standard
techniques of complex analysis (without the use of tables because this is particularly important
for handling nonelementary Green’s functions, as discussed later). G is an analytic function on
the complex s-plane, except for a branch point at s = 0 due to the /s factor. For this purpose
a branch cut must be introduced. In order to apply the residue theorem, we consider the closed
contour in Figure 3.10 (see Section 3.7.1) with branch cut chosen as the negative real line
arg s = 7, with complex s-plane |arg s| < 7, i.e., the principal branch. The Bromwich contour
corresponds to the line segment MN. Since G is analytic everywhere (i.e., no singularities)
on and inside the entire region within the closed contour for all values of the semicircular
radius R > 0 as well as for positive parameters p, 6, and *y taken arbitrarily close to zero,
Cauchy’s integral formula gives a value of zero for the complete loop integral. Hence the
Bromwich integral is equal to the negative of the sum of all the other contour integrals that
make up the closed loop. From this fact, the kernel is

1 Y+ioco
—/ e G(x, xy; 5)ds
2771 y—ioo

, s
:-ﬁ[/q{—/l;—}—/l)g—i—/;+Lﬂi|6572ﬁds. (3.189)

This sum of integrals is dramatically reduced using standard arguments as follows. Tak-
ing limits R — oo and v, p, 8 — 0, the Ci integrals vanish, since along the semicircular
contours s = Re', 7 < 16| < 7, hence cos 6 < 0, so the modulus of the integrand |Ge*"| =
eRreostp—kv/Reos(9) 13 /R 5 0 as R — oo. The C, integral for the circular segment QQ' also
vanishes since s = pe®, —7 < 0 < 77, so the modulus (as p — 0) of this integral has value
< /p x const., which goes to zero in the limit p — 0. The only nonzero integrals are along
the branch cut corresponding to the PQ and Q'P’ segments, where s = re'™ (/s = i /r) and
s = re”'™ (/s = —i\/r), respectively, in the limit § — 0, with p < r < R. In the limits p — 0
and R — oo the two integrals are combined to give the real-valued integral

u(x, xg; 7) =

1 > __cos(kyTr) I e
. 5 = — T d = /47,
u(x, %3 7) 277/0 ¢ T " 2\/%6

where the last result is g,(x, x,; 7), as before, and was obtained by a change of integration
variables resulting in the cosine transform of a Gaussian function giving a Gaussian in k.

Barrier kernels for the Wiener process are also readily obtained. The Green’s functions
provide solutions that relate directly to the method of images, discussed partly in Section 3.2.1.
In particular, let’s reconsider the problem of finding the kernel in the domain x, x, € (—o0, x,]
for a single upper barrier at level x,. [The steps for the case of a lower barrier are the
same.] Since we wish to impose zero-boundary conditions for the kernel at x;, = —oco and
at x,, we form a linear combination of ev** and e v** to set y,(x) = sinh/s(x — x)
and set y,(x) = e¥**. Hence y,(x,) =0, y,(—o0) =0 for Res > 0, as needed. In this case
pW = /se¥**n and the Green’s function is

(3.190)

1 _
Glx xo: 9) = 5 [e@ T e(z"”’”‘“)ﬁ:| (3.191)

since x~ 4+ x= = x4+ x,. This involves the difference of two expressions of the same functional
form in s as in the barrier-free Green’s function. Hence, Laplace-inverting gives precisely the
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kernel u(x, xy; 7) = g“(xy, X, Xo; 7) of equation (3.14). This result was previously derived by
the method of images.

The last case of interest is the kernel having zero value at two finite endpoints x;, x,; (i.e.,
the double-barrier) with solution domain x, x,, € [x,, x;]. Following similar steps as before
we have

sinh /s(x= — x; ) sinh /s(x™ — xp)
Vssinh /s(xy —x;) .

Note that this function is zero at both endpoints. This Green’s function leads to two separate
types of exact series expansions for the kernel. The first type is an eigenfunction expansion.
The relation between eigenfunction expansions for diffusion kernels and Green’s functions
is discussed in the next section. Here we show explicitly how such an expansion arises
from the Laplace inversion of equation (3.192). Observe that G is a ratio of two analytic
functions of complex s, despite the appearance of the /s factor. Indeed this can be seen
by a direct Taylor expansion of the hyperbolic sine in both numerator and denominator.
The only singularities of G are isolated simple poles along the negative real axis. In fact,
using the identity sinh(ix) = isin(x) and letting s = —|€|, the denominator of G along the
negative real axis is /ssinh/s(x; —x;) = —/|€|sin /]€[(xy — x,). Therefore the zeros
of the sine function give the simple poles of G at positions s = €, = —n*7*/(xy — x,)?,
n=1,.... Note that s =0 is a removable singularity in this case, as is shown by a Taylor
expansion of the denominator about s = 0. The Bromwich integral can therefore be closed
by joining a single semicircular contour Cy enclosing the negative real half of the complex
s-plane, as long as the contour does not coincide with any of the isolated poles. Since the
modulus of the integrand in the Cj integral approaches zero as R — oo, the residue theorem
gives

G(x, xy;8) = — (3.192)

u(x, xo; 7) = > _ € ResG(x, xy; s = €,). (3.193)

n=1

Since the Green’s function is a ratio of two analytic functions, e.g., G(s) = P(s)/Q(s), where
Q(s) has simple zeros at s = €,, then from complex analysis we know that the residue
at each pole is given by ResG(s =¢€,) = P(€,)/Q'(€,). Evaluating the derivative of the
denominator in equation (3.192) and the numerator at each pole while making use of the
identity sinh(ix) = isin(x) and recasting one of the resulting sine functions in the numerator,
we obtain

2 . onm(x—x;) . nm(xg—x;)

sin

Res G(x, xy; s =€,) = sin
X — XL Xg — XL Xy — XL

, (3.194)

which is valid regardless of the relative magnitude of x and x,. Substituting into equa-
tion (3.193) therefore recovers the kernel (3.101). Recall that this kernel was used in
Section 3.5 to generate rapidly convergent exact series solutions for the affine and quadratic
(with two distinct roots) volatility models.

Green’s function (3.192) can also be used to generate a second type of exact infinite
expansion for the kernel, which is not based on eigenfunctions but rather gives exactly what
one would obtain by applying the method of infinite images. The idea is to reexpress G
in a Taylor expansion involving an infinite sum of exponential terms, which upon Laplace
inversion gives rise to an infinite sum of kernels of the barrier-free type that will be centered
at the image points located at a sequence of increasing distances from either side of the
solution domain. We leave this as an exercise for the interested reader (see Problem 1).
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Problems

Problem 1. By using the Taylor expansion identity 1/sinhx =2Y  ¢~@"*D* show that
the Green’s function in equation (3.192) is given by

1 Z e 2 =x)/s |:eﬁ(2(xHXL)(x> - e~ VST =x%)

G=—r
2\/En:0

— VST AT 2xy) e—«/E(2xH—x<—X>)i|. (3.195)

By taking the Laplace inverse of this series, obtain an infinite series for the kernel.

Problem 2. Verify that

=)

u(x, x5 7) = Z [go(x, Xo+2nL; 1) — go(x, 2nL — x; T)i| s (3.196)

n=—o00

where g, is defined by equation (3.9), T =7 —1,, is a solution to equations (3.7) and (3.8) in
the finite domain 0 < x, x, < L. Determine the boundary conditions at the endpoints.

Eigenfunction Expansions for the Green’s Function and the Transition Density

Green’s functions are intimately tied to the eigenvalue-eigenfunction problem of the cor-
responding homogeneous equation. Here it suffices to give only the most basic and brief
discussion of this useful aspect of the theory. In particular, as an alternative to the closed-
form expressions of the previous section, it is sometimes useful to consider Green’s function
solutions directly in terms of eigenfunction expansions when possible. Let us again consider
equation (3.183). This equation, together with the imposed boundary conditions, constitutes an
eigenvalue problem of the Sturm—Liouville type. For the case of zero-homogeneous boundary
conditions at two finite boundaries it follows from regular Sturm-Liouville theory that if the
functions p(x) and g(x) in equations (3.179) and (3.180) are well behaved (i.e., p(x) > 0 and
p, P', q are continuous in a finite solution domain [x,, x,]), then the Green’s function admits
a spectral resolution of the form

G x5 ) = 3 a0 (3.197)
o s—E,
where the eigenfunctions ¢, (x) satisfy the eigenvalue equation
L.¢,(x) = €,¢,(x) (3.198)

with eigenvalue €, and boundary conditions ¢,(x,) = ¢,(xy) = 0. The expression in equa-
tion (3.197) is readily verified to satisfy equation (3.182) by differentiating, term by term, in
the sum and using upcoming equation (3.200). Also from Sturm-Liouville theory we have
that the eigenvalue spectrum €, = —|¢,|, n=1,2, ..., o0, for a regular problem is real and
discrete (infinitely countable) where |€,| form an increasing sequence. The corresponding
eigenfunctions ¢,(x) form a complete orthonormal basis set with

@ b= [ 6u(00,(0dx =5, (3.199)
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where 6,,, = 1 for m =n and is otherwise zero. Note that completeness of the functions
also gives

3 6, (5) b () = 3(x — xp). (3.200)

so any smooth function f(x) admits an eigenfunction expansion
f(x) = Z an(rbn(x) (3201)
n=1

with coefficients a, = (f, ¢,). Assuming we have determined the eigenfunctions ¢(x), the
original Green’s function G(x, x,; s) is then given by equations (3.197) and (3.181). Substitut-
ing this form into equation (3.174) and taking the inverse Laplace transform operation inside
the summation gives a formal eigenfunction series solution representation for the kernel:

x A 5
ef*o o2 X

300 7) = > 4L | i |

v(x)/v(x) 15

x A 5
ef*o sz P oo

= Yo e, (x) b, (x0)- (3.202)

v(x)/v(xo) ;5

Note that in the last step the Laplace transform is trivially known and one does not really
need to resort to the residue theorem to compute the Laplace inverse transform. This result
also follows, though, from a straightforward application of the residue theorem by closing
the Bromwich contour with an infinite semicircular portion to the left and thereby picking
up the contributions from the residues occurring at the simple poles of G that lie along the
negative real axis.

Equation (3.202) is a generic series solution for the kernel when A(x), v(x), the solution
interval being considered, and the imposed boundary conditions all combined are such that
one indeed has a regular Sturm-Liouville problem at hand, i.e., if it is true that the Green’s
function (G or G) has the assumed discrete eigenfunction-eigenvalue expansion. In many
applications, however, the Sturm-Liouville problem of interest may not be of regular type
but, rather, of so-called singular Sturm-Liouville type. This situation occurs in a variety of
cases, such as when p(x) in equation (3.178) attains a zero value at either solution endpoint or
the functions p, g become unbounded or the solution interval is unbounded (e.g., x € [0, o),
(—o0, ), etc.). The eigenvalues may not be discrete in such cases, and the problem may have a
continuous or a mixed eigenvalue spectrum, in which cases the generic formulas are generally
not valid. Even in singular Sturm-Liouville problems for which the spectrum is discrete,
the convergence of the eigenfunction expansions must also be examined on an individual
basis. However, a substantial class of important singular Sturm-Liouville boundary value
problems involving the so-called hypergeometric and confluent hypergeometric equations
(such as Bessel’s equation for which an in-depth Green’s function development is given in
the next section) can still be treated within the earlier eigenfunction formulation. This class of
problems will generally admit a spectral resolution (or decomposition) of the Green’s function
G as well as the kernel u as a sum of a discrete and a continuous eigenvalue-eigenfunction
portion. In closing this section, we emphasize that the complex contour integral framework of
the previous section has a general applicability. In particular, it is applicable to most singular
Sturm-Liouville problems of interest and can be shown to recover the spectral decomposition
formulas. In fact the approach of the previous section is used in the next section to arrive




3.7 Kernels for the Bessel Process 199

at analytically closed-form kernels for the Bessel process involving Bessel’s equation. The
procedure for extracting the kernels analytically is then basically an advanced exercise in the
application of the residue theorem of complex analysis.

3.7 Kernels for the Bessel Process

3.7.1

In this section we apply the Green’s function methodoloy of Section 3.6 to the so-called
Bessel process and obtain exact analytical solutions for the kernel u(x, x,; 7) for all cases
of interest: (1) no absorption (barrier free), (2) absorption at two finite endpoints (double
barrier), (3) absorption at a single upper endpoint (single upper barrier), and (4) absorption
at a single lower endpoint (single lower barrier).

The Bessel process is characterized by a square root volatility® function »(x) = 2/, and
drift A(x) = A = const.:

dx, = A di+2./%; dW,. (3.203)

Moreover, throughout we consider A > 2, where all path values are strictly positive x, > 0.
The allowable domain for the kernel is hence x > 0. The corresponding Sturm-Liouville
operator in equation (3.178) has p(x) = 2x and g(x) = u?/2x, where u = % —1>0 and
equation (3.183) takes the form

. 1_ s pA\ .

y(x)+ -y (x)— <— + —)y =0. (3.204)

X 2x  4x?

By a change of variable this equation leads to the modified Bessel’s equation [see equa-
tion (3.374) in Appendix C to this chapter], as one can readily verify. Two linearly independent
solutions to equation (3.204) are y, (x) = IM(\/E) and y,(x) =K M(\/ﬁ). Here /, and K|,
are the modified (i.e., hyperbolic) Bessel functions of the first and second kinds, respectively,
of order p > 0. These functions are also commonly called the Macdonald functions (see, for
example, [AS64]). For convenient reference, some common useful properties of the Bessel
and modified Bessel functions, are given in this chapter’s Appendix C. These functions are
linearly independent for all values of w; hence linear combinations of these two solutions can
be used to satisfy the appropriate boundary conditions for the Green’s function G (and G)
and hence for the kernel u(x, xy; 7).

The Barrier-Free Kernel: No Absorption

Let us consider the case of homogeneous boundary conditions at the endpoints of the entire
positive region (0, o). The exact kernel is now readily obtained in analytically closed form.
To begin with, the density must satisfy zero-boundary conditions

lim u(x, xy; 7) = 1ir% u(x, xy; 7) =0. (3.205)

X—> 00

Hence, the Green’s function corresponding to equation (3.185), with x; — 0 and x, — oo,
obtains by the choice y,(x;s) = I,(v/2sx) and y,(x;s) = K,(v/2sx), since (for positive

>The Bessel process obeying dx, = Adt+ v, J/X;dW, with arbitrary nonzero constant parameter v, is obtained
from equation (3.203) by making a scale change in the order and in the time: A — A/, t — af, where @ = v2/4.
In particular, by simply changing A — 4A/v} and t — v3t/4, all the formulas for the Bessel process with parameter
v, follow from those explicitly given for the process obeying equation (3.203) where v, = 2.
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order p) 1,(z) = 0 as |z] — 0 and K, (z) — 0 as |z| — oo for generally complex z. In
particular, 1, (v/2sx) — 0 as x — 0 and KM(«/E) — 0 as x — oo, for any value of s. The
Wronskian of these two functions is W(x) = —1/2x, so pW = —1. Combining this into
equation (3.184) gives

Iu(m)Kﬂ(,/sto), x < x,
G(x, Xy 8) = (3.206)
KM(\/E)IILL(\/ZSXO), Xy < x.

Note that this function has been constructed to match the zero-boundary conditions at x = 0
and x = oo. For the Bessel process the multiplicative factor in equation (3.185) is simply
(x/xo)“/z; hence equation (3.185) reduces to

X w2
G(x, xy; 8) = <x_> G(x, xy5 5), (3.207)
0

giving

wo [ L(V2s0)K,(y25x),  0<x<x
G(x, xg; 8) = (ﬁ) (3.208)
o Kﬂ(\/m)lu(\/sto), Xy < x < o0,

Observe from equation (3.206) that the symmetry property G(x, x,; s) = G(x,, x; s) is evident
by interchanging x with x,. This is consistent with the fact that the Sturm-Liouville operator
£ is self-adjoint. Note that this symmetry property is not true for the original Green’s function
G in equation (3.208), as expected since the Fokker—Planck operator £ in equation (3.169)
is not self-adjoint in this case.

From the theory of Section 3.6 we know that the inverse Laplace transform (with respect
to s) of this function will yield the density according to equation (3.174). We now proceed to
compute the Bromwich integral analytically using standard techniques of complex analysis.

In proceeding further, we use a known fact that /,K, (for all x < x, or x, < x) within
G(x, xy; §) is analytic on the complex s-plane, with the exception of a (square root) branch
point at s = 0. For this reason we need to introduce a branch cut along some branch or ray
emanating from the origin of the complex s-plane. It is convenient to choose the principal
branch cut defined by args = 7 along the negative real axis and to consider points on the
complex s-plane with |args| < 7. We therefore extend the Bromwich contour to that of a
closed contour that bypasses the branch cut, as in Figure 3.10. Note that this same contour
was used earlier for the Wiener process.

The Bromwich integral in equation (3.174) corresponds to the line segment MN. Since
G(x, x,; §) is analytic everywhere (i.e., no singularities) on and inside the entire region within
the closed contour for all values of the radius R > 0 as well as for positive parameters
p, 0, and vy taken arbitrarily close to zero, Cauchy’s integral formula gives zero for the loop
integral. Hence the Bromwich integral is equal to the negative of the sum of all the other
contour integrals that make up the closed loop. From this fact, the kernel is then given as the
negative sum of such integrals:

X 1 Y+ioco

m/2 _
(e, x93 7) = (—) e [T G x 9
Y

X0 —ioo

X /2 1 0 P )
~\x/) 2m G(x, xp; )ds.  (3.209
(x0> zm'[/C++ c,;+/p + v +/Cje (x, x: )ds.  ( )

R
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FIGURE 3.10 The closed contour integral for the Laplace inversion of the Green’s function for the
barrier-free case with a branch cut.

Although this integrand involves nonelementary special functions, the steps that follow actu-
ally make use of standard techniques to reduce this sum of seemingly complicated integrals
to an analytically tractable form. Taking limits R — oo and v, p, 6 — 0, it readily follows
that the Cix integrals vanish, since along the semicircular contours s = Re”, T <|0] <,
hence |e’7| = €79 — (0 as R — oo with cos 6 < 0. The integrand therefore approaches zero
as R — oo, since 1,(z)K,(z) ~ 1/2z as |z| — oo from the leading-order asymptotic expan-
sions of the modified Bessel functions. The C, integral for the segment QQ' with s = pe®,
— < 0 < r, also vanishes as p — 0. In particular for x < x,

|/ dse*™ G(x, x,; §)
C/’

p " l. i
= - | I(/2pxe K, (V25 ") d6. (3210)

Since u > 0, |1, (v2pxe”*)K , (y/2px,e"?)| — const. (independent of p) in the limit p — 0.
The same result applies when x > x,; hence the C, integral vanishes in the limit p — 0. The
only nonzero integrals are along the branch cut corresponding to the PQ and Q'P’ segments,
where s = re'™ (/s = i/r) and s = re™™ (/s = —is/r), respectively, in the limit § — 0,
with p <r < R. In the limits p — 0 and R — oo the two integrals are combined to give the
real-valued integral

1 5 % G ) Xo! —im _G L Xo: iT
u(x, xp; T)=§<i) / e A G T Rl I CETELD ) P YO
0 s

where
i . 1,(=iv2xr)K, (—iy/2xyr), x < x,
G(x,xp;¢'"r)= (3.212)
K, (—iv2xr)l,(—iy/2xyr), Xy <x

and G(x, Xo; €7r) is given by the complex conjugate expression. We note that the integral
involves the value of the branch cut discontinuity (or jump discontinuity) of the Green’s
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3.7.2

function along the entire cut. This is typical of Green’s functions for barrier-free kernels, as
we have seen in the simpler case of the Wiener process.

The integrand in equation (3.211) is readily simplified by computing the jump disconti-
nuity by use of the identity

E[lﬂ(—ia)l(ﬂ(—ib) —1,(ia)K ,(ib)] = J,(a)J,(b) (3.213)
for any real a,b and where J,, are the ordinary Bessel functions of the first kind. Note that
since this expression is symmetric with respect to interchanging a and b, it follows that the
integral simplifies to

M2
u(x, xo; 7) = %(%) / e "J,(V2xr)J, (v 2xr)dr (3.214)
0 0

for any x, x, > 0, irrespective of the relative magnitude of x and x,. This result is now
simplified further by applying the integral identity (3.359) in Appendix C of this chapter with
choice @ =7, B = +/x/2, y=/x,/2, finally giving the known exact closed-form expression
for the barrier-free kernel:

% e—(x+x0)/27

u(x, xg; 7) = %(xﬁo) L (/7). (3.215)

The Case of Two Finite Barriers with Absorption

Here we consider homogeneous zero-boundary conditions at arbitrary finite endpoints x,
and x, with 0 < x; < x; < oo and thereby obtain the kernel, denoted by u(x, xo, X, , X5; 7),
for two absorbing boundary conditions (i.e., a double barrier) at finite values x = x, and
Xx = xy. In our notation we explicitly denote the dependence of u on the endpoint values. The
boundary conditions imposed on the kernel are

u(x =xp, Xg, X1, X3 7) = u(X = Xy, Xg, X, Xp5 7) = 0. (3.216)

Hence, the Green’s function corresponding to equation (3.185) obtains by the choice y,(x) =
y1 (x5 8) =@, (x,, x; 5) and y,(x) = y,(x; 5) = ¢, (x, x; 5), where we have defined the function

¢, (a,b;z) =1,(v2az)K,(v2bz) — K, (V2az)1,(v/2bz) (3.217)

for generally complex z and real parameters a, b. The two independent solutions are simply
linear combinations of the /, and K, functions satisfying the respective zero-boundary
conditions: y,(x = x;) =0, y,(x = x4) = 0. In this case the Wronskian is shown to give
PW s 3l = @, (X, x5 8) = —¢,(x;, X5 5), and hence the Green’s function is given, via
equation (3.185), as

QDM(XL’ X3 S)QD,U,(XH’ Xo05 S)

u( 1o X5 S)
G(x,xo;s)=<i> Pt fa 2 (3.218)

o @ (X X5 )@, (X1, X3 5)

¢M(XL’ X3 8)

> Xp S X=X

S

, Xg <X < Xy.

In order to obtain the transition density we will invert this Green’s function again with
the use of a closed contour integral while taking into account all singularities of G on the
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complex s-plane. First note that s = 0 may be a possible branch point due to the /s argument.
Since the functions ¢, are analytic on the entire s-plane (excluding possibly the branch cut),
all other singularities of G are the zeros of the denominator ¢, (x;, x;; ) in equation (3.218).
From equation (3.217) and using properties of the Bessel functions, we see that the zeros
must lie along the negative real axis. Indeed, putting s = —e for any real € > 0 gives

0, (xps xps —€) = K, (i%y) 1, (i%,) — K, (i%,)1,(i%). (3.219)

To compact notation, we have denoted the real quantities x; = ,/2€x;, Xy = ,/2€xy. Using
the properties 1, (ix) = i*J,(x) and K, (iy) = T[1_,(iy) — 1,(iy)]/sin mu for real x, y gives
1,(ix)K,, (iy) = 5 esc(mp)J, (X)[J_,(y) — e™J,(y)] for any noninteger u. Using this we
obtain the identity

K, (ix)1,(iy) — K, (iy)1,,(ix) = g[fu(x)Y,i(y) - Y, ()7, O], (3.220)

which applies for all p (integer values included), where the usual limiting procedure (i.e.,
analytic continuation in ) is used in the definition of the Bessel K, and Y,, functions for the
case of integer order p. The functions Y, are the ordinary Bessel functions of the second kind
of order u (see, for example, [AS64]). In contrast to the monotonic and positive hyperbolic
Bessel functions for real arguments, the ordinary Bessel functions are oscillatory. In particular,
the functions on the right-hand side of equation (3.220) involving the difference of products
of ordinary Bessel functions (these are sometimes referred to as cylinder functions) have a
countable infinite number of zeros. The zeros of the denominator of the Green’s function are
hence all real and negative. To simplify notation, we shall denote these zeros by €, =€, ,,
where it is implicitly understood that these are really the nth eigenvalues for given w. The
equation determining these zeros (i.e., the eigenvalues of the Sturm-Liouville operator with
zero-boundary conditions at two finite endpoints) is therefore ¢, (x;, x5 s =¢€,) = 0; ie.,
from equations (3.219) and (3.220),

J,(V2le,|x0) Y, (v2l€,|x,) = J,(v2]€,|x,) Y, (v/2]€,|xy) = 0. (3.221)

Solving for |e,| gives the eigenvalues €, = —|¢, | for all integers n > 1. The eigenvalues form
a sequence of negative values along the entire negative real axis. Note that this is entirely
consistent with a regular Sturm—Liouville boundary value problem. These zeros occur in
increasing order |€,| < |€,| < ..., and are readily obtained by standard numerical procedures.

We are now in a position to compute the Bromwich integral analytically using a similar
contour integration procedure as before. However, in contrast to the barrier-free Green’s
function of the previous section, G has isolated singularities at the zeros of the denominator
at s = —|€,| along the negative real axis (args = 7). At all other points not lying on the
branch cut and for s # €,, G is analytic, since it is a ratio of two analytic functions with
nonzero denominator. Although we have freedom in the choice of branch cut, the choice of

cut along the negative imaginary axis with arg s = 3T is convenient. We therefore consider

2
-7 <arg s < 37” and close the Bromwich contour and apply the residue theorem to the
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FIGURE 3.11 The contour integral for the Laplace inversion of the Green’s function for the case of
absorption at two finite endpoints with branch cut along the negative imaginary axis.

loop integral in Figure 3.11. Applying the Cauchy residue formula to the closed contour in
Figure 3.11 gives the Laplace inverse of G, and hence the kernel, as

1

u(x, Xo, Xy, Xp3 T) = oy

Y+ico
/ e G(x, xy; 5)ds
y—ioco

o0
=Y e %I"Res G(x, x; s = —|€,|)

n=1
1 ST .
_Tm[/cﬁf,ﬁ ,+/CJ€ G(x, xp; 8)ds,  (3.222)

where the first term involves a sum over the residues of G, as a function of s, at all eigenvalues
s=¢€,,n=1,...,00. In this formula the limits R — oo and v, p, § — 0 are implied. Taking
such limits it readily follows that the semicircular C integral, with s = Reé'?, g <0< 37”,
approaches zero. This obtains from the property of the ¢, functions, which in the limit
R — oo gives | G (x, xy; 5)| — ke RIeosteBYR (/R 5 (0, where k, 8 are positive constants
dependent on x, xy, x;, xy. Then using the property lim,,, G(x, xy; s = pe’?) — const.,
independent of p, a similar argument as used in the previous section allows us to conclude
that the CS integral approaches zero. The sum of ™ and I~ integrals in the limits p — 0,

R — oo give
| I 3w -
—f e "[G(x, xo; re’%) —G(x, xq; re'2)]dr. (3.223)
21 Jo
By completing a circuit around the origin, however, one easily proves the property

¢u(a, b; ™z) = ¢, (a, b; 2) (3.224)

for any complex z # 0 and any positive real a, b. This shows that there is no jump discontinuity
in the function ¢, along any choice of branch cut. Since G is a function of a product and a ratio
of such functiogs, G also has no jumps. Indeed, applx}ng the last identi.tgl with the particular
choice z = re™'2, equation (3.218) gives G(x, x,; re'2 ) = G(x, xo; re”'2). Equation (3.222)
hence reduces to only the sum of residues:

u(x, X, X, X3 7) = Y e “I"Res G(x, xp; 5 = —|€,|). (3.225)

n=1



3.7 Kernels for the Bessel Process 205

The residues of the Green’s function are evaluated analytically as follows. From the
analyticity of the ¢, functions we observe that every point s =€, is a simple pole of
G(x, xp; 8); .€., @, (X, 5) has simple zeros at every s = €,, as will be shown. Hence we have

go,u(xL’ x5 6n)¢u(xH’ Xo5 €y

n 9, (X, Xp35) | ’ Y=X
X as S=€
Res G(x, xp; €,) = (—) ' (3.226)
%o ¢M(XH’X; En)gop,(xL’XO; En)
@, (X1, Xp35) ’ Xo = X.
PulXL, Xy |
as S=€
To compute this residue we use Wh:% = —WL:‘EW since €, = —|¢,|, and
we hence consider
w _ _ _ _
QD;L(XL’ Xy; —€) = E[J[L(‘XH)Y[L(‘XL) - ‘I/L(xL)Y[L(‘xH)]’ (3.227)

which follows from equations (3.219) and (3.220) for real € > 0. Differentiating this equa-
tion at € = |€,| while making use of equation (3.221) and the recurrence relations J, (z) =

(w/2)Ju(2) = Ty (2), Y, (2) = (1/2)Y,(2) = ¥, 1 (2) gives

A, (xp, Xy —€)

[ _ _ _ _
de ~ 4e,| |:xH [J,u(xL)Yp«H (xy) — YM(XL)JP‘“ (n)]

4le, |

e=le,|
e GV, () — Yo (xL)JM<xH)]}

1 [YGE) YR
~ 2le,| [Ym) - Y,ﬁcﬂ)}’

(3.228)

where Xx; = /2|€,|x,, X, = +/2|€,|xy. The last expression obtains from the identity
J ()Y, 11(2) = J,41(2)Y,(2) = —2/7rz. Note that the expression in equation (3.228) is readily
seen to be nonzero, since x > x; and the zeros |€,| = |€,, ,| of equation (3.221) cannot also be
zeros of the Y, functions for given order w. All poles s = —|g, | are therefore simple, justifying
our assumption. Substituting the expression in equation (3.228) into equation (3.226) and
again using equation (3.221) with some tedious algebraic manipulation gives the closed-form
compact formula for the residue:

NI

ResG(x,xo;s=—|en|>=< ) 6, (5) by (x0). (3.229)

X
X

where ¢, (x) are (eigenfunctions) given by
8,00 =N GLE) - G )] (3230)

with normalization factor

N, = l€,1/2 — (3.231)
(Y, (x)/Y, ()] -1

Here we have used the shorthand notation zZ = /2|€,|z. Note that the result is valid for all
X, x, > 0 values, for it does not actually depend on the relative magnitude of x, x,. As is the
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3.7.3

case in all eigenfunction expansion solutions for a Sturm—Liouville problem (for G in this
case), the occurrence of ¢, (x)¢,(x,) is symmetric with respect to interchanging x and x,,.
Finally, inserting this residue formula into equation (3.225) gives the kernel for the domain
x; < x < xy subject to double-ended zero-boundary conditions at x = x;, x5 as an exact
closed-form eigenfunction series:

u(x, Xo, Xp, X3 T) = (%) : i elal"d (X)), (x). (3.232)

n=1

From the distribution of increasing values of |€,| with n, as can be shown from equation
(3.221), this series converges fairly rapidly for finite values of time 7, particularly for large
values of 7 relative to the first value |e,|. It is interesting to remark that the complex
analysis approach to the Green’s function methodology also automatically guarantees that the
eigenfunctions ¢(x) are normalized, since in the limit 7 — O the density # must approach
the Dirac delta function &(x — x,). From another perspective, this result is also entirely
consistent with Sturm-Liouville theory as well as spectral theory for the eigenvalue problem
corresponding to the operator f; defined earlier. A direct, yet algebraically very tedious,
proof of the normalization f q’)m(x)(f) (x)dx = 9,,, also follows by use of appropriate
integral properties of products of the Bessel J and Y functions, as provided in this chapter’s
Appendix C.

The Case of a Single Upper Finite Barrier with Absorption

This situation corresponds to zero-boundary conditions at x = 0 and at a finite upper endpoint
x=xy, 0 < x,; < oco. We shall denote the kernel for this case by uy(x, x4, x;; 7). The upper
endpoint turns out to be an absorbing-boundary condition (at a single upper barrier). The
boundary conditions imposed on the kernel are

uy(x =0, xq, Xy 7) = uy(x = Xy, X9, X5 7) = 0. (3.233)

Hence, the Green’s function corresponding to equation (3.185) obtains with choice y, (x; s) =
1,(~/2sx) and y,(x; 5) = ¢, (xy, x; 5). The Wronskian of these functions gives pW [y;, y,] =
—1,(y/2sxy); hence the Green’s function is

I;L()_C)[Iu()_CH)K,LL()_CO) - K,U,()_CH)I}L()_CO)]

: I.Gin) TSR
G(x,xo;s)z(i)z i (3.234)
%o L, (), (xp) K, (X) — K, (X)) 1, (%)] o <x

I;J.(';CH) | ="

where we use shorthand notation z = +/2sz. We can split this into a difference of two
functions,

2\ 2 I;L(';C)K;L()_CO)’ X = Xo

G(x, xy;8) = (—) —g"(x, xp; 5), (3.235)

N LGEYKL(R), xp=x

=

where the first part corresponds to the barrier-free Green’s function of equation (3.208) and
the second part is

2" (x, xy: 5) = (xo)”j(( \/_VZSXH))I (V2s0)1, (v/25xp). (3.236)



3.7 Kernels for the Bessel Process 207

The inverse Laplace transform is the difference of two Laplace inverses. The first part is
exactly u(x, xo; 7) of equation (3.215) for 0 < x, x, < x,, while the second inverse Laplace
contour integral is computed using exactly the same methods as in the previous section, i.e.,
using the closed contour integral in Figure 3.11 since g” is analytic, except for the branch
point at s =0 and at simple poles along the negative real s-axis. The simple poles of g
are s = —|e, |, where €, = € =1,..., are now simply the zeros of the ordinary Bessel
function

n| ,U.n’

J,(V2|€,|x,) =0. (3.237)

We note that the value €, is the first nonzero root.
Using the residue theorem, the Bromwich contour integral reduces to

[ (x, 3 9)][7] = 3 eV Resg (x, xp5 5 = —Je, )
n=1
1 o0 H , ; —im\ _ o H , ; iT
LGS LA i AT
2 i

(3.238)

The branch cut discontinuity in g” is readily computed using the properties of the modified
Bessel functions for purely complex arguments, namely,

H ooimy [ X %K;L(_i\/zrxH) . .
8 (x,xo,re )_<x_0) mh(—l@)lﬂ(—uﬂrxo)

_ (xo) JJ(( \/_szrrxz))z (—iV2m)K , (—iy/2rxy), (3.239)

giving

e Dl (5 ) GBI,

i 0

where the identity in equation (3.213) has been used. Inserting this expression into the
integrand shows that the integral term is exactly the barrier-free kernel u(x, x,; 7), as in equa-
tion (3.214). Taking the difference of Laplace inverses for the two terms in equation (3.235)
therefore cancels out the barrier-free portion and we are left with

uy(x, Xg, Xpyy T) = — Z e"é"lTReng(x, Xp; 8 = —|€,]). (3.240)

n=1

Let g” = (x/x,)**g,; then the residues at the simple poles are given by

K, (iy/2le,|xy)1,(iv/2]€, %), (\/2|En|x())

Res g (x, x,; s = — €, 3.241
#(rx s =—le,) = i (3:241)
de e=le,|
Upon evaluating the derivative and using the relation I, (ix)K, (iy) = —5J,(x)Y, (y) we have

Y 2le, |x
Res 7 (v, v s = —Je, ) = m 1l LRI ) iy (ale). G242)
25 (216 )
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This expression is simplified via the Wronskian property of the ordinary Bessel functions and
by making use of equation (3.237); i.e., using

_ Vv 2/|€n|xH
Y, (V2|€,|xy) = —WJMH(\/M) (3.243)

we obtain

i)gJM(\/2|en|x)JM(\/2|en|x0)
xHJ;%-H(V 2le,|xy) .

Inserting this expression into equation (3.240) finally gives an exact closed-form eigenfunction
series solution for the kernel

Res g”(x, xp; s = —|€,|) = —( (3.244)

Xo

wnro i) = () e, 00,0 (3.245)

0 n=1
in terms of the normalized ordinary Bessel eigenfunctions:

PR ACLIAL)
! \/E‘];L+1(\/ 2l€, |xy)

In closing this section we note that this result is also readily proven to obtain as the limit
x; — 0 in the double-barrier solution u(x, x,, x;, x;; ) of the previous section. We leave it
as an exercise for the interested reader.

(3.246)

The Case of a Single Lower Finite Barrier with Absorption

This last case corresponds to zero-boundary conditions at a lower finite endpoint x; > 0 and
at infinity with 0 < x; < co. The domain of the solution is the semi-infinite interval [x,, o).
We denote the kernel by u, (x, x,, x,; 7). The imposed boundary conditions are now

up (x=xp, X9, X3 7) =ty (Xx = 00, X9, X3 7) = 0. (3.247)

For the limiting value x;, = 0 the solution is simply that of the barrier-free (no absorption)
problem; for x; > 0, x, is a single lower absorbing barrier. The Green’s function corresponding
to equation (3.185) obtains with choice y; (x; 5) = ¢, (x,, x; 5) and y,(x; s) = K, (+/2sx) since
K, (~/2sx) — 0 as x — oo. The Wronskian of these functions gives pW[y,, y,] = K, (1/2sx,);
hence the Green’s function is

(K, ()1, (%) — 1, (%) K, (X)]K,, (Xo)

N K, () : = %o
G(x, xy; 8) = (—) (3.248)
%o K, ([K, (x.)1,(xX) = 1,(x)K,,(%)]
K, (%) b Eh

Here again we use shorthand notation 7 = +/2sz. Rewriting, we have

G(x, xp; 8) = G°(x, xo3 5) — g5(x, X3 9), (3.249)
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where g~ (x, xo; 8) = (x/x,) 28" (x, X3 5),

gh(x, xp58) = II(((\/2s_xL))K (m)K (v/25xp), (3.250)

and G° denotes the barrier-free Green’s function given by equation (3.208) for x; < x, x, < co.

Laplace-inversion of the first term, G°, gives the barrier-free contribution u(x, x,; 7) of
equation (3.215). Laplace-inversion of the g~ term follows by using the same contour as in
the barrier-free case, i.e., Figure 3.10. With branch cut along the negative real axis, s = |s|e®,
—1r < 0 <, and the function g* is hence analytic except at the branch point s = 0 and cut
along arg s = w. From the properties of the modified Bessel functions of the second kind,
we know that K, (z) has no zeros in the region |arg z| < 7 for real u (see [AS64]). Hence
the denominator K, (y/2sx,) = K, (y/2|s|x,e®?) is never zero at every point on and inside
the closed contour of Figure 3.10. We therefore deduce that g~ (x, x,; s) has no poles and is
analytic on and inside the contour. Using the residue theorem and following similar steps as
in the previous cases, the Bromwich contour integral reduces to give

L o ) = 5 [ €I s )~

The branch cut discontinuity in g© is readily computed by making use of the properties
1,(—ix) = e ™/2], (x) and

iy . i .
K, (i) = F 2[4, () F Y, ()]
for real w, x. After some tedious algebraic manipulation, this gives the imaginary part

o . _
Im g"(x, xo3 re™™) = —[g" (x, x03 re™'™) — 8" (x, x¢; re'™)]

2i
T JM()_CL)[d),(Ll)()_C’ )_Co)J;L()_CL) + d’,(f)()_c’ )_CO)Y;L(;CL)]
) J2(%,) + Y2(x,) ’
where we define new functions
o (x,y) = 1, (0], (0) = Y, ()Y, (), (3.251)
Y (x,y) = 1,(0)Y,0)+1,(0Y, (%) (3.252)

with shorthand notation 7 = +/2rz.
An exact closed-form expression for the kernel is therefore

uy (x, xg, x5 7) = u(x, xp5 7) — u(x, x9, X5 7), (3.253)

where u(x, x,; 7) is the barrier-free part as given by equation (3.215) and #(x, x,, x,; 7) has
the integral representation

- . 1/ x\" = rr ;L(XL)[d)()()_C )_CO)J (XL)+¢(2)()_C )_Co)y (xL)]
u, xO’XL’T)=_<_> /0 ¢ JZ(XL)+Y2(XL)

>

2\ x,
withx, =./2rx,,x = +/2rx, X, = \/2rx,. The zero-boundary condition at x = x, is readily veri-
fied. In particular, setting x = x, while making use of the functions ¢’ (%, X,) and ¢ (%.., X,),
the integrand in our integral representation reduces to e~""J, (x;)J,, (Xy). From equation (3.214)
we arrive at u(x = x,, Xy, x5 T) = u(x,, xo; 7); hence u; (x = x,, xy, x,; 7) =0
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3.8

3.8.1

New Families of Analytical Pricing Formulas: “From x-Space
to F-Space”

In this section we present a mathematical framework for generating various families of exact
analytical pricing kernels for nonlinear state-dependent diffusion processes. We shall refer
to this construction as the diffusion canonical transformation methodology. The method is
a reduction approach that essentially reduces the more complex state-dependent diffusion
problem (i.e., the so-called F-space problem that we wish to solve) into a simpler underlying
diffusion process (i.e., the x-space problem). One of the basic ideas of the approach is to
consider an x-space diffusion process that is analytically tractable, e.g., for which Green’s
function methods can be used to arrive at a solution. Pricing kernels for F-space then arise
as a result of having obtained transition kernels for an underlying x-space process. As seen
next, the technique makes use of a special combination of transformations.

Transformation Reduction Methodology

Throughout we shall consider time-homogeneous drift and volatility functions having no
explicit time dependence. Hence, without loss in generality we set initial time ¢, = 0, and
in particular for the x-space transition probability densities we simply write u(x, x,; T)
[or u(x, xy; 1)] in place of u(x, t; x,, t,), and U(F, Fy; 7) [or U(F, Fy; t)] denotes the F-space
transition density or pricing kernel. The basis of our reduction methodology arises from
Lemma 3.1 and ultimately Theorem 3.1 relating fundamental solutions of the Fokker—Planck
(or Kolmogorov) equation under two different stochastic processes.
Consider an underlying diffusion process with SDE

dx, = AMx,)dt+v(x,)dW,, (3.254)

where W, is a standard Wiener process. As already mentioned, the term v(x) is the x-space
diffusion function or (generally state-dependent) volatility function, while A(x) is the drift
function. The x-space kernel u = u(x, x,; 7) satisfies the corresponding forward and backward
Kolmogorov PDE (3.169) and (3.170). In F-space (e.g., forward-price space) we are interested
in finding pricing kernels for the corresponding SDE:

dF, = o(F,)dW,, (3.255)

where o(F) is the F-space diffusion function or state-dependent volatility function, and
W, is a standard Wiener process under some new measure. The F-space kernel U(F, Fy; 1)
satisfies a new time-homogeneous forward (and backward) Kolmogorov PDE for the process
described by equation (3.255). An important question that arises is: Can we develop new
families of solutions U(F, F; t), corresponding to new volatility functions o(F), by making
use of (known) solutions u(x, x,; t)? The answer is yes, and it is specifically contained in
what follows.

Lemma 3.1. Let u = u(x, xy; t) be a fundamental solution to the Fokker—Planck (forward
Kolmogorov) equation for the x-space stochastic process

u 19 ) ad
Z ——A , 3.256

o 2ox (V(x) ”) ax( (x)”) (3:256)
with Dirac delta function initial condition lim,_ ,u(x, x,; t) = 6(x — x,), with appropriate
boundary conditions at the endpoints of an interval that may be finite, semi-infinite, or
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infinite. Let x = X(F) be the invertible transformation with invertible mapping F = F(x) and
having positive semidefinite derivative dX(F)/dF = v(x)/o(F) on the interval. Assume that
the function defined by

A ()
v(x)? v(x)

1 (O'(F)O'”(F) — ()" (x))+ ! (V (x)? — 0'/(F)2):| (3.257)

a(x, F) = |:)\( )+ ——

is a constant a(x, F) = a, independent of x with F = F(x), hence also independent of F with
x = X(F). The related Fokker—Planck (forward Kolmogorov) equation in F-space,

w1 &
—~ =3 <U’(F)2U>, (3.258)

for the stochastic process defined by equation (3.255) then admits a fundamental solution
U = U(F, Fy; t) of the form

v(x) v(x)/o(F) / A(z)
o(F) v(xg)/o(Fy)  Jxy v(2)?

where x = X(F), x, = X(F,), with corresponding Dirac delta function initial condition
lim, ,, U(F, Fy; t) = 6(F — F,).

U(F, Fy; t) =

1
exp |:at +=1lo dz] u(x, xo 1), (3.259)

It is important to note that an equivalent result also obtains for the case that the mapping
x = X(F) is assumed to be monotonically decreasing with dX(F)/dF = —v(x)/o(F), where
v(x), o(F) are both positive semidefinite functions. Moreover, under fairly general boundary
conditions (such as homogeneous conditions) the kernels u and U are also solutions to
the corresponding backward time Kolmogorov equations; i.e., an equivalent result of the
foregoing is a statement involving the adjoint or backward time equations. Note also that
boundary conditions in the F-space kernel can be imposed by setting appropriate boundary
conditions in the x-space kernel via the mapping x — F. In fact, by taking the simple Wiener
process as underlying x-space process, in Section 3.5 this procedure formed the basis for
deriving exact analytical pricing formulas for standard Equropean as well as various barrier
options for the linear and quadratic volatility models. Under fairly general situations, unique
solutions for U satisfying homogeneous boundary conditions are obtained by simply matching
(i.e., uniquely mapping) these homogeneous conditions in u. A direct proof of this lemma is
contained in Appendix A of this chapter.

It is crucial to note that equation (3.257) implicitly defines a special class of invertible
transformations that are used to generate our next main result. It is useful therefore to introduce
a formal definition for such a variable transformation, which we shall refer to as a diffusion
canonical transformation. One definition based on Lemma 3.1 is as follows.

Definition 3.1. Let p be an arbitrary constant, and let the (volatility) functions v(x) and o(F)
be positive semidefinite twice differentiable functions defined on appropriate finite, semi-
infinite, or infinite domains of x- and F-spaces, respectively. Furthermore, let the function
a(x, F) be defined by equation (3.257), where A(x) is a differentiable (drift) function of x.
A diffusion canonical transformation is an invertible transformation x = X(F) such that

dx v(x)

JF)=—p and X .
aleF)==p and Tp =270
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This definition now leads us to an equivalent, yet more directly useful and transparent,
definition, as follows. Note that since v(x)/o(F(x)) is positive (or negative) semidefinite,
we can set v(x)/o(F(x)) = c((x))?, with arbitrary constant ¢ # 0 and twice differentiable
function #(x). Differentiating w.r.t. x, using F’(x) = (dx/dF)~' = /v (note: without loss in
generality the map is assumed either monotonically increasing or decreasing), and dividing
both sides by ci(x)? gives

o _ 1 /
v(x)—— e 2(1/ (x)—o-(F)). (3.260)
Squaring gives
/ 2

V(x)2<lflp((j:))> - %[V/(x)z 20/ (F)V (x) + o' (F)?], (3.261)

and multiplying the previous equation by v'(x) gives

N A CO NN O

v(x)v'(x) o) E[V (x)? =V (x)d' (F)). (3.262)

Subtracting this last equation from the previous one gives

V) ()
Vx )) Y W) s

Now differentiating ¢’ (x)/i(x) using equation (3.263) and multiplying by v(x)? while using
the previous expression, we have

LV -0 (P = e >2( (3.263)

Lo () Ve (W)
HHo(r (7w ) = (DY g B e (10, 26

Note that the left-hand side of equations (3.263) and (3.264) are contained in the expression for
a(x, F); hence combining equations (3.263) and (3.264) into the expression for a(x, F) = —
and simplifying gives

=" (x, p) + V(x, p)ip(x, p) = 0, (3.265)
where
_ A(x)° V' (x) ]
V(x, p) = ) |: (%) + ) —2A () +2p]. (3.266)

Here we have denoted ¢y = ¢s(x, p) to stress the explicit dependence on the constant parame-
ter p. Equation (3.265) is a homogeneous linear second-order ordinary differential equation.®

Based on the development directly preceding, we now present another equivalent, and
more transparent and practical, definition for a diffusion canonical transformation.

%The reader familiar with quantum mechanics will observe that equation (3.265) is essentially related to a
one-dimensional time-independent Schrodinger-like equation.
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Definition 3.2. Let p be an arbitrary constant and v(x) and o(F) be positive semidefinite
twice differentiable (volatility) functions defined on some appropriate finite, semi-infinite,
or infinite domains of x- and F-spaces, respectively. Furthermore, let A(x) be a differen-
tiable (drift) function of x. A diffusion canonical transformation is an invertible variable
transformation x = X(F) such that

dx  v(x)
aF = o) (3.267)
and
o(F) = g — 2 _ (3.268)
“[(x, p)P

with arbitrary constant o, # 0 and (x, p) satisfying equation (3.265) with V(x, p)
given by equation (3.266). The inverse transformation F = F(x) follows from F'(x) =
+o(F(x))/v(x) = +0,/[¥(x, p)]*, and integrating gives

dz

Fix)=F+a, / ' T (3.269)

with F = F(X) and X as an arbitrary constant. The % factor allows for two possible branches
of either monotonically increasing or decreasing maps.

In the analysis that follows throughout the rest of this section it is convenient to work
with a slightly modified version of ¢, by defining

u(x, p) = P(x, p)exp ( — AW) dx>. (3.270)
v(x)?
The integral here is left as indefinite since any choice of definite integration would simply
lead to an overall multiplicative factor. From equation (3.268) we therefore conclude that
a diffusion canonical transformation is one that relates the two volatility functions via the
(generally implicit) relationship

oov(x)exp (—2 [ 29 dx)

v(x)?

o(F) = - , (3.271)
[i(x, p)]?
with x = X(F) and where & = u(x, p) is readily shown to satisfy
1 ,d d. .
Ev(x) ﬁu+)\(x)au—pu=0. (3.272)

Indeed equation (3.272) follows by direct differentiation and substitution of equation (3.270)
into equation (3.265). As we will see, equation (3.271) is rather central to the whole trans-
formation methodology. Equation (3.272) actually turns out to be the homogeneous adjoint
equation for the corresponding x-space time independent Green’s function discussed in
Section 3.6, i.e., the homogeneous version of equation (3.173), with 6(x — x,,) replaced by zero
and Laplace transform variable s = p. A set of two linearly independent solutions for & follow
immediately from the Green’s function, as shown in Section 3.6. Using equations (3.269)
and (3.270), the mapping F' = F(x) can now also be rewritten explicitly in terms of i:

N 672[ :»);(:))2 dz
F(x) =F+o, / GG F dz, (3.273)
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with inverse x = X(F) given (generally implicitly) by inverting this relation using either
branch (+ sign branch for monotonically increasing or — sign branch for monotonically
decreasing).

Using these equations we now summarize the main result into the following important
main theorem, which follows as a direct consequence of the preceding lemma.

Theorem 3.1. (Reduction-Mapping for Pricing Kernels) Given an x-space process satis-
fying equation (3.254), with transition probability function u(x, x,; t) as fundamental solution
to the corresponding Kolmogorov (forward or backward) equation, and an F-space process
described by equation (3.255), with transition probability function U(F, F; t) as fundamental
solution to the corresponding (forward or backward) Kolmogorov equation, the fundamental
solutions are related as follows:

;E;)) %e’”u(x, X5 1), (3.274)

U(F, Fy; ) =

where x = X(F), x, = X(F,) are (implicitly) given by the diffusion canonical invertible
variable transformation defined by equation (3.271), or (3.273), and u(x, p) solves equa-
tion (3.272), with X'(F) = 2v(X(F))/o(F).

Proof. One way to verify this is to show that U in equation (3.274) solves equation (3.258)
by changing derivatives w.r.t. F to derivatives w.r.t. x with repeated use of the chain rule
and using the fact that u satisfies equation (3.256). Although straightforward, this process is
tedious. A simpler proof follows directly from the foregoing lemma. Indeed letting a(x, F) =
—p in equation (3.257) gives the map x = X(F) defined by equations (3.271) and (3.272), as

shown earlier. Hence @ = —p in equation (3.259). Moreover, using equation (3.271) we have
oxp [1 log 20/ (F) ] _ ( v(x) )5 ( v(x) >
2 " w(x)/o(Fy) o(F)) \o(F)
ii(x, p) ( Y AQR) )
== exp dz ). (3.275)
i(xg, p) /x() v(z)?

Substituting directly into equation (3.259) eliminates the exponential term, giving equa-
tion (3.274), where we assume #(x, p) is either positive or negative semidefinite. Note also
that generally, and without loss in generality, the ratio of the volatility functions »(x)/o(F)
is assumed to be positive definite; i.e., both volatility functions can be positive or nega-
tive semidefinite. Otherwise, one simply takes the absolute value of the Jacobian of the
transformation. [

It is important to point out the basic structure of equation (3.274) and how this relates to
the asset pricing theory of Chapter 1. That is, the F-space transition density U is related to
the x-space transition density by a combination of two terms. The first factor, v(x)/o(F), is
simply the Jacobian resulting from the assumed variable transformation x — F. Within the
framework of stochastic differentials, equivalent martingale measures, and the continuous-
time asset-pricing theorem discussed in Chapter 1, the second term can now actually be
identified as a ratio of two numeraires g,/g,, where the numeraire at time ¢ is g, = ¢ /u(x,, p)
and the x-space process at time ¢ denoted by x, has value x at time ¢ and value x, at time
zero. Recall from Chapter 1 that a transition density corresponds to the current price of an
infinitely narrow butterfly spread pay-off (i.e. a delta function pay-off). Hence by assuming
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g, as numeraire, the asset-pricing formula (1.292) allows us to also rewrite equation (3.274)
as the conditional expectation at time zero of the delta function pay-off:

U(F, Fy; f) = E® [%5(17()@) - F):|. (3.276)

t

Note that process F, is generated from the underlying process x, via the mapping F, = F(x,).
For an alternative and instructive “proof” of Theorem 3.1 as it relates to pricing measures,
see Appendix B of this chapter.

In summary, the foregoing reduction methodology provides exact analytical relationships
among transition probability densities describing continuous diffusion under classes of differ-
ent stochastic processes (i.e., x-space and F-space) with different state-dependent volatility
and drift functions. Note that throughout we present the theory with the assumptions of no
explicit time dependence for all drift and volatility functions; furthermore it is assumed that
the drift function multiplying the d¢ term in the SDE of the F, processes in F-space is zero. [It
should be noted, however, that generally this does not necessarily imply that F, is a driftless
(i.e., martingale) process in cases of nonlinear volatility functions o(F).] Extensions that
further relax some of these assumptions are possible; however, these are not discussed here.
As we will show, this result provides the main tool for generating a substantial number of
new families of exactly solvable diffusions and hence for obtaining new pricing kernels under
multiparameter volatility functions. The fact that o((F) involves multiple parameters can gen-
erally be seen from equation (3.271), wherein ¢, and p are two obvious parameters, while all
other parameters can arise from the underlying x-space drift and volatility functions A(x) and
v(x), respectively. As is shown later, two other adjustable parameters arise if one considers
arbitrary linear combinations of two linearly independent solutions to equation (3.272). That
is, equation (3.272) admits a family of solutions; and since we are at liberty to choose any
particular solution, every choice gives us a particular volatility function in F-space.

It is now apparent that if an F, process can be mapped onto an x, process (in the
“diffusion canonical” sense), then solutions for F-space transition probability densities (i.e.,
pricing kernels) can be obtained by solving the x-space diffusion problem with appropriately
imposed boundary conditions. Consequently, the functions # that solve equation (3.272) are
the basic building blocks for ultimately deriving the pricing kernels U(F, F; t) and hence
for constructing solutions for the F-space processes. As described earlier, this arises simply
from application of the theory of time-dependent and time-independent Green’s functions
to the underlying x-space diffusion problem. For this reason, we also refer to such a func-
tion & as a generating function. By solving u(x, x,; t) subject to a judicious choice of
boundary conditions in x-space, one therefore generates the pricing kernel U(F, F; t) via
equation (3.274) while satisfying required boundary conditions in F-space via the inverse
transformation F = F(x). The analytical properties of U, such as nonnegativity, integrability,
and probability conservation, depend upon the x-space drift and volatility functions and the
choice of p.

Bessel Families of State-Dependent Volatility Models

Based on the exact analysis of a nontrivial underlying x-space process and the foregoing
mapping reduction method, we are now ready to develop new families of analytically exact
pricing kernels for multiparameter classes of diffusion models. In particular, we shall make
use of the solutions to the Bessel process obtained in Section 3.7 and arrive at a new family
of pricing kernels with corresponding volatility models that can be expressed in terms of the
modified Bessel functions. We shall refer to these new models and solution kernels as the
Bessel family of volatilities and pricing kernels.
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The results follow from a straightforward application of equation (3.274) of Theorem 3.1
starting from the exact form of the generating function &(x, p) in the case that the underlying
x-space process has volatility function »(x) = 2./x and drift A(x) = A, x € (0, c0). From the
discussion in Section 3.7, and in particular from equation (3.186), &(x, p) obtains from the
general solution to the modified Bessel differential equation (3.204), for s = p. Explicitly,
equation (3.186) with y,(x, p) = 1,(v/2px) and ¥,(x; p) = K,,(+/2px), as strictly increasing
and decreasing nonnegative functions for p > 0, u = % —1>0, gives

i(x, p) = 211, (4/200) + 4,K,, (/2p)]. (3.277)

Throughout we shall assume the family of solutions with ¢,, ¢, as real constants and p > 0
such that & is nonnegative. In this case the map x = X(F) [and its inverse F = F(x)] is
strictly monotonic on the entire half-line x € [0, o0). [Note: For p < 0, the general form
for the generating function is expressible in terms of ordinary Bessel functions: u(x, p) =
x#2(q,J,(V=2px) + q,Y,(v/=2px)). In this case, however, invertible maps exist only on
finite piecewise segments along the half-line x > 0 since the J,,, ¥, functions are oscillatory
and have multiple zeros.] Substituting #(x, p) from equation (3.277) into equation (3.273)
and applying a change of integration variable gives

_ z=4+/2px d
F(x) = F 420, / < (3.278)

v 2 qil,(2) + @K, ()]

with constant value X mapping into F(x) = F, an arbitrary real constant. Here we have used
the + branch of equation (3.273) while a similar result follows for the — branch. This integral
leads to two dual families of exact analytical expressions for the transformation F = F(x).
This follows directly with the use of the identity

d 1 1,(z 1
_< (1/:)1,(2) ) - - (3.279)
dz\q\1,(2)+ 9K, (2) ) z[q:1,(2) + 4K, (2)]

in the case of the first family, and with the use of
d —(1 K 1
_< (1/)K, () >= -, (3.280)
dz\q\1,(2)+ K, (z) ) 2[q:1,(2) + 4K, (2)]

in the case of the second family. These general identities follow from the Wronskian relation
1,(2)K,(z) — K,(2)1,(z) = —1/z. Using equation (3.279) gives

200/ 019

F(x)=c, + , (3.281)
1+ (9:/90)K, (V2p3)/1,(V2p%)
with g, # 0, while use of equation (3.280) gives
2
F(x) = ¢, %o/ 419> (3.282)

1+ (a1/9) L, (V2p%) /K, (2px)

with g, # 0, for the first and second families, respectively. Here the constants ¢, ¢, are given
by ¢, = F = (209/9:4,)/[1 + (9,/9)) K, (v2pX) /1,(~2pX)] and ¢, = F + (200/q,9,)/[1 +
(¢1/9:)1,.(v/2pX) /K, (v/2px)]. These constants are fixed by setting X. For the first family,
for example, by setting x = 0 we have F(0) = F (i.e., x = 0 maps onto F = F). In the limit
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x— 0, K,(v2px)/1,(~2px) — oo, hence ¢, :_1_7. For the second family, we can choose
X = oo, giving ¢, = F, where x = co maps onto F'. For the first family, we then have

200/ 919
1+ (02/9)K,,(v2px)/1,(V2px)’

with g, # 0. By considering the asymptotic limits /,(v/2px)/K,(+/2px) — 0 as x — 0 and
1,(v/2px)/K,(/2px) — 0o as x — oo, we observe that the interval x € (0, c0) maps one
to one onto F € (F, F4+20,/q,q,) in this first family. Letting X — oo in the second family
gives an alternate map as

F(x)=F +

(3.283)

_ 200/9,19
1+ (41/9)1.(V2px) /K, (v/2px)”

F(x)=F (3.284)

where x € (0, c0) now maps one to one onto F € (F —20,/q,q,, F).
Applying the foregoing theorem, the volatility for the F, process is hence given by
equation (3.271), which upon inserting the generating function in equation (3.277) gives

20,

VXE) a1, (V2pX(F)) + 4K, (+/20X(F))]*

Solving for x = X(F) using either equation (3.283) or equation (3.284) and inserting into
equation (3.285), we observe that the F-space volatility function generally involves as many
as six adjustable parameters: oy, &, p, ¢, g,, and F. It can be seen from the transformations,
however, that the effective number of independent parameters reduces to five: 0,/q,9, 4,/4;,
M, p, F.

Further properties of these variable transformations lead to other useful subfamilies of
volatility models, as follows. As can be seen directly from equation (3.278), the function
F = F(x) is monotonically increasing, assuming g, > 0. By considering the limit ¢, — O (for
fixed nonzero g,), the first family reduces to a four-parameter subfamily,

o(F) = (3.285)

- I1,(/2px
)= F 4 a e V2P0 (3.286)
K, (v/2px)
where x € (0, 00) maps onto F € (F, 0o) (for constant a = 2a,,/¢? > 0), with volatility function
o(F) = a (3.287)
JX(F)K(,/2pX(F))

Similarly, by considering the limit g, — O (for fixed nonzero ¢, ), the second family, with F(x)
defined by equation (3.284), admits another (dual) four-parameter subfamily of solutions with

K, (v29%)

F(x) = F—a—lﬂ(\/m) )

(3.288)

where x € (0, 00) maps onto F € (—oo, F) (for a = 20,/¢> > 0), with volatility function

a

 VXOL/2pX(E)

a(F) (3.289)
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3.8.3

For option-pricing purposes, it is useful to consider the related family [obtained via the —
branch of equation (3.278) and using equation (3.280) for g, = 0] that maps x € (0, o) onto
F € [F, o) (for a =20,/q} > 0):

K, (v2px)
1,(V2px)
This family has the same volatility function (3.289) and defines a strictly monotonically

decreasing function F' = F(x). Indeed by differentiating equation (3.290) w.r.t. x and using
the Wronskian property, we find the derivative

F(x)=F+a (3.290)

a/2
xli(«/pr)'

By combining the generating function (3.277), the F-space volatility function (3.285), and
the x-space volatility function v(x) = 2./x into our main equation (3.274) of Theorem 3.1,
we obtain the relationship between a pricing kernel U for the general (dual) six-parameter
Bessel family and a kernel u for the Bessel process:

x5 [q,1,(v2px) + 4:K, (V2px)
on(:% [%IH(\/ 2px,) + qu/L(V 2px)]

where x = X(F) and x, = X(F,) are given by inverting either equation (3.283) for the first
family or equation (3.284) for the second family of solutions. Here u(x, x,; t) is an x-space
kernel for the Bessel process, as given in Section 3.7. The particular solution used for u
depends on what set of boundary conditions we require U to satisfy. For instance, one uses
either the kernel in equation (3.215), (3.232), (3.245), or (3.253), depending on the specific
boundary conditions one wishes to impose. We point out that among the general possible
Bessel families of pricing kernels given by equation (3.292), only a subclass of solutions
with ¢, = 0 can provide pricing kernels with no absorption in F-space. This important class
of solutions is discussed in detail in the next section. For a technical discussion concerning
the general question of determining whether or not a given kernel represents a transition
density that conserves probability over a solution domain (i.e., whether or not absorption
occurs), see Section 3.8.4. It turns out that for nonzero ¢, the kernel U in equation (3.292)
always gives rise to probability leakage or absorption at an F-space endpoint, even in the
case where equation (3.215) is used for the x-space kernel u. Partly because of this property
and the added flexibility of the parameter space, the full six-parameter Bessel model is a
good candidate for modeling credit-rating migration and default risk and for pricing under a
credit setting [ACCZ03].

Fl(x)=— (3.291)

U(F, Fy; t) = e u(x, xo; 1), (3.292)

The Four-Parameter Subfamily of Bessel Models

In this section, we specialize the general Bessel family of solutions and consider a subfamily
of models containing up to four parameters. The pricing of standard European-style options
is considered under this model. Moreover, we show that special cases of this four-parameter
Bessel subfamily correspond to other known exact solutions in the literature, such as the CEV
(constant-elasticity-of-variance), quadratic, and affine volatility models.

In particular, let us consider the model mentioned in the previous section, with zero-
drift function and state-dependent volatility function o(F) given by equation (3.289) and
where the inverse map x = X(F) is defined uniquely (and generally implicitly) by inverting
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equation (3.290). As previously seen, this family is obtained by a one-to-one monotonically
decreasing map of the underlying Bessel process space x € (0, oo) onto the (asset price) space
F € (F, 00). Figure 3.12 illustrates this map for a particular choice of model parameters.
Figure 3.13 gives an illustration of some of the typical local volatility plots obtained within
this family of models. In this family, a and p are positive parameters, F is an arbitrary
parameter because it corresponds to a lower bound of the F, process, and u = % — 1> 0 since
A > 2 is chosen so as to guarantee probability conservation for the pricing kernel U(F, Fy; t)
in the case of unrestricted barrier-free motion, with process F, attaining any value in (F, oo).

10.0
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F(x)
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FIGURE 3.12 Plot of F = F(x) using equation (3.290) for a =0.1, p=0.01, u = 1.5, F = 0.
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FIGURE 3.13 Local volatility plots of o(F)/F versus F, for four sets of choices of model parameters:
(p, a, w) = (0.001, 16, 0.25), (0.001, 9, 0.5), (0.001, 1.7, 1.25), (0.01, 150, 1.25). These choices
correspond to most rapidly increasing to least increasing with fixed local volatility at F = 100 and the
choice F =0.
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In this case, ¢, = 0, and formula (3.292) reduces to

2 x'=% B (J2px
U(F,Fo;t)z—x ,L( px)

a XO_% IM(\/ 2px())

e Pu(x, xg; 1), (3.293)

with x = X(F), x, = X(F,) via equation (3.290) and where u(x, x,; f) is an x-space kernel for
the Bessel process, as given in the previous sections. This formula hence provides a general
link between a pricing kernel for the underlying Bessel process and that for the four-parameter
Bessel family. As such it can be used to generate exact analytical pricing kernels for the case
of barriers (which are useful for pricing barrier options analytically under the four-parameter
Bessel model), or we can simply use it to generate barrier-free pricing kernels.

In this section we focus on the case of barrier-free solutions. Specifically, by inserting
equation (3.215) into equation (3.293) we obtain the barrier-free analytical pricing kernel for
the four-parameter family in terms of the modified Bessel function of the first kind:

U(F, Fy; 1) = (3.294)

e~P-(KOEXED)2 X(F)E (y/2pX(F)) , ( /X(F)X(F,) )
at L(/20X(Fy)) " ‘ '

Typical densities are shown in Figure 3.14. As can be observed for the particular choice
of model parameters, the densities are significantly skewed, particularly for larger values
of time ¢. This pronounced tail feature becomes apparent when comparing the cumula-
tive densities of a four-parameter model with that of the lognormal model while choosing
model parameters such that the two transition densities have similar spreads about the spot
F, (i.e., the local volatility at F, is set to the lognormal volatility). Figure 3.15 gives a
relative comparison of the cumulative densities. Note: Given a transition probability den-
Si};y U(F, Fy; t), the cumulative density is defined in the usual manner by ®(F, Fy, t) =
[z U(F', Fy; t)dF'.

20

FIGURE 3.14 Plots of the transition probability density (3.294) for  =0.1, p=0.01, u = 1.5, F =0,
F,=14.15.
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FIGURE 3.15 A relative comparison of cumulative density functions for that of a lognormal transition
density (linear model) versus that for a typical four-parameter Bessel family kernel. The parameters are

chosen so that the local volatility ‘T(F’Z‘)), at spot F, = 100, equals the lognormal volatility parameter.

For option-pricing purposes it is useful to consider a change of variables F — x while
using equation (3.291):

e—pt—(x+x0)/21
B 2t1,(y/2px)

x, = X(F,). As function of x, this form is now simply a product of two Bessel functions
times a decaying exponential factor. Integral identities for such functions are now useful. For
instance, using property (3.258), it is easy to verify that the density given by equation (3.294)
conserves probability over the allowable path space F, € (F, o):

dF
‘— U(F(x), Fy; 1)
dx

1,(+/2px)1, <@ ) , (3.295)

oo 0o dF
/ U(F, Fy; f)dF = / ‘— U(F(x), Fy; 1)dx
F o |dx

efptfxo/Zt

= —x/2t / @)
ZtIﬂ(,/2px0)/0 < 2px)l“( r )

=1 (3.296)

A European-style option with assumed payoff A(F), given a time to maturity ¢, can then be

priced as an expectation integral (ignoring a discount factor throughout):

V(Fy, 1) = fF " U(F, Fy: )A(F)dF

—LW ® _wmu VxX(Fp)
_2tlﬂ(\/2pX7(Fo))/o ¢ V20l (—, )A(F(x))dx.
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Notice that expectation integrals are more readily computed by expressing the pay-off in
terms of the x variable. In this manner the implicit inversion step from x to F is mainly
avoided. A European call written on the (forward) price F,, maturing in time ¢, strike K > F,
with payoff A(F) = (F —K), can be priced exactly in terms of Bessel integrals:

o P1=X(F) 21

211, (/20X (Fy))

C(F,,K,1) = [(F—K) fY+a fﬂ, (3.297)

where

fO = fO(F,, K, t):/ o e (y2px)I, (V (F))dx, (3.298)

f@=fOF, K, 1) = / o e K, (v/2px)1, (V XX(F)) dx. (3.299)

Equation (3.297) is derived by using equation (3.290) within the call pay-off of the expectation
integral. The corresponding put option price can be derived in similar fashion (see Problem 3).
These integrals are efficiently computed by numerical routines. Figure 3.16 displays some
exact numerical call prices by application of equation (3.297).

3.8.3.1 Recovering the Constant-Elasticity-of-Variance Model

One way to recover the constant-elasticity-of-variance (CEV) model is to consider the limiting
case where p — 0 within the foregoing four-parameter Bessel family. For this purpose it is
convenient to define a parameter 6 > 0 such that u = (26)~!, i.e., A = 67! +2. Using the
leading-order small-argument properties of the modified Bessel /, and K, functions with
positive order w, we have the limiting form of the map, equation (3.290), as p — 0:

247 () (2px) "2

F(x)~F+

(2px)#2 /(241 (e + 1))
~ F+(a/2)(p/2) " T()I(p + D)x ™"
~F+Cx*, (3.300)
60
50 -~ T=1/2 §
- T=1
40 A - T=3/2
30 4 — Strike
20
10 A
0 _4,.46./// C
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FIGURE 3.16 European call prices as functions of spot F; for various maturities. The parameters
a=5.06, p=0.001, A =5 (u=1.5), K =100 were chosen such that the local volatility at the strike
is 0(K)/K = 0.25.



3.8 New Families of Analytical Pricing Formulas 223

where the constant is defined by C = (a/2)(p/2) *I'(u)[(w+ 1) and T'(-) is the gamma
function. Note: The limiting procedure we are considering is such that p — 0 while ap™ is
kept constant; i.e., we set the parameter a = const. x p*. Expressions are further simplified
by defining a positive constant g, by C = o, o Using u = (26)~! within the last expression
in equation (3.300) hence gives the limiting form of the map x — F in terms of oy:

F(x) = F+ (02x)~@0" (3.301)
with inverse
x=X(F)=0,2(F-F)™, (3.302)

for any constant F. Taking the same limit p — O in equation (3.289) and using equa-
tion (3.302) gives

a  [2T(u+1DP

OV R Cox(F)
2o TEHD oy (3.303)

['(w)

Now, using the gamma function property I'(z+ 1) = zI'(z), I'(w 4+ 1)/T'() = p = 1/26, and
the volatility function for this model then reduces to the expression’

o(F) = %(F_F)HO. (3.304)

The exact barrier-free pricing kernel for the CEV volatility model (3.304) is then obtained
by taking the same limit p — O and using the small-argument leading order of the Bessel I,
in equation (3.294):

N o~ XE)+X(F)) /21 (X(F))H%#(X(FO))_% /X(F)X(F,)
U, Fop 1) a