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Preface

Arithmetic is where numbers run across your mind looking for
the answer.

Arithmetic is like numbers spinning in your head faster and
faster until you blow up with the answer.

KABOOM!!!

Then you sit back down and begin the next problem.

Alexander Nathanson [99]

This book, Elementary Methods in Number Theory, is divided into three
parts.

Part I, “A first course in number theory,” is a basic introduction to el-
ementary number theory for undergraduate and graduate students with
no previous knowledge of the subject. The only prerequisites are a little
calculus and algebra, and the imagination and perseverance to follow a
mathematical argument. The main topics are divisibility and congruences.
We prove Gauss’s law of quadratic reciprocity, and we determine the moduli
for which primitive roots exist. There is an introduction to Fourier anal-
ysis on finite abelian groups, with applications to Gauss sums. A chapter
is devoted to the abc conjecture, a simply stated but profound assertion
about the relationship between the additive and multiplicative properties
of integers that is a major unsolved problem in number theory.

The “first course” contains all of the results in number theory that are
needed to understand the author’s graduate texts, Additive Number Theory:
The Classical Bases [104] and Additive Number Theory: Inverse Problems
and the Geometry of Sumsets [103].
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The second and third parts of this book are more difficult than the “first
course,” and require an undergraduate course in advanced calculus or real
analysis.

Part IT is concerned with prime numbers, divisors, and other topics in
multiplicative number theory. After deriving properties of the basic arith-
metic functions, we obtain important results about divisor functions, and
we prove the classical theorems of Chebyshev and Mertens on the distribu-
tion of prime numbers. Finally, we give elementary proofs of two of the most
famous results in mathematics, the prime number theorem, which states
that the number of primes up to z is asymptotically equal to x/log z, and
Dirichlet’s theorem on the infinitude of primes in arithmetic progressions.

Part III, “Three problems in additive number theory,” is an introduction
to some classical problems about the additive structure of the integers. The
first additive problem is Waring’s problem, the statement that, for every
integer k > 2, every nonnegative integer can be represented as the sum
of a bounded number of kth powers. More generally, let f(z) = apa® +
ap_12" T+ 4y be an integer-valued polynomial with a; > 0 such that
the integers in the set A(f) = {f(z) : © = 0,1,2,...} have no common
divisor greater than one. Waring’s problem for polynomials states that
every sufficiently large integer can be represented as the sum of a bounded
number of elements of A(f).

The second additive problem is sums of squares. For every s > 1 we
denote by Rs(n) the number of representations of the integer n as a sum
of s squares, that is, the number of solutions of the equation

n = J}% + -+ xf
in integers x1,...,2s. The shape of the function Rs(n) depends on the
parity of s. In this book we derive formulae for Rs(n) for certain even
values of s, in particular, for s = 2,4,6,8, and 10.

The third additive problem is the asymptotics of partition functions.
A partition of a positive integer m is a representation of n in the form
n = ay + --- + ag, where the parts aq,...,a; are positive integers and
a1 > -+ > ag. The partition function p(n) counts the number of partitions
of n. More generally, if A is any nonempty set of positive integers, the
partition function p4(n) counts the number of partitions of n with parts
belonging to the set A. We shall determine the asymptotic growth of p(n)
and, more generally, of p4(n) for any set A of integers of positive density.

This book contains many examples and exercises. By design, some of
the exercises require old-fashioned manipulations and computations with
pencil and paper. A few exercises require a calculator. Number theory, after
all, begins with the positive integers, and students should get to know and
love them.

This book is also an introduction to the subject of “elementary methods
in analytic number theory.” The theorems in this book are simple state-
ments about integers, but the standard proofs require contour integration,
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modular functions, estimates of exponential sums, and other tools of com-
plex analysis. This is not unfair. In mathematics, when we want to prove a
theorem, we may use any method. The rule is “no holds barred.” It is OK
to use complex variables, algebraic geometry, cohomology theory, and the
kitchen sink to obtain a proof. But once a theorem is proved, once we know
that it is true, particularly if it is a simply stated and easily understood
fact about the natural numbers, then we may want to find another proof,
one that uses only “elementary arguments” from number theory. Elemen-
tary proofs are not better than other proofs, nor are they necessarily easy.
Indeed, they are often technically difficult, but they do satisfy the aesthetic
boundary condition that they use only arithmetic arguments.

This book contains elementary proofs of some deep results in number
theory. We give the Erdds-Selberg proof of the prime number theorem,
Linnik’s solution of Waring’s problem, Liouville’s still mysterious method
to obtain explicit formulae for the number of representations of an integer
as the sum of an even number of squares, and Erdés’s method to obtain
asymptotic estimates for partition functions. Some of these proofs have not
previously appeared in a text. Indeed, many results in this book are new.

Number theory is an ancient subject, but we still cannot answer the
simplest and most natural questions about the integers. Important, easily
stated, but still unsolved problems appear throughout the book. You should
think about them and try to solve them.

Melvyn B. Nathanson'
Maplewood, New Jersey
November 1, 1999

ISupported in part by grants from the PSC-CUNY Research Award Program and the
NSA Mathematical Sciences Program. This book was completed while I was visiting the
Institute for Advanced Study in Princeton, and I thank the Institute for its hospitality.
I also thank Jacob Sturm for many helpful discussions about parts of this book.



Notation and Conventions

We denote the set of positive integers (also called the natural numbers) by
N and the set of nonnegative integers by Ny. The integer, rational, real,
and complex numbers are denoted by Z, Q, R, and C, respectively. The
absolute value of z € C is |z|. We denote by Z" the group of lattice points
in the n-dimensional Euclidean space R".

The integer part of the real number x, denoted by [z], is the largest
integer that is less than or equal to x. The fractional part of x is denoted
by {z}. Then = = [x] + {z}, where [z] € Z, {2z} e R, and 0 < {z} < 1. In
computer science, the integer part of x is often called the floor of x, and
denoted by |x|. The smallest integer that is greater than or equal to z is
called the ceiling of x and denoted by [z].

We adopt the standard convention that an empty sum of numbers is
equal to 0 and an empty product is equal to 1. Similarly, an empty union
of subsets of a set X is equal to the empty set, and an empty intersection
is equal to X.

We denote the cardinality of the set X by |X|. The largest element in a
finite set of numbers is denoted by max(X) and the smallest is denoted by
min(X).

Let a and d be integers. We write d|a if d divides a, that is, if there exists
an integer ¢ such that a = dq. The integers a and b are called congruent
modulo m, denoted by a =b (mod m), if m divides a — b.

A prime number is an integer p > 1 whose only divisors are 1 and p.
The set of prime numbers is denoted by P, and pj is the kth prime. Thus,
p1=2,p3 =3,...,p11 = 31,.... Let p be a prime number. We write p"||n
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if p” is the largest power of p that divides the integer n, that is, p” divides
n but p"t! does not divide n.

The greatest common divisor and the least common multiple of the inte-
gers ay, . . ., ax are denoted by (a1,...,ar) and [aq,...,ax], respectively. If
A is a nonempty set of integers, then gcd(A) denotes the greatest common
divisor of the elements of A.

The principle of mathematical induction states that if S(k) is some state-
ment about integers k > kg such that S(kg) is true and such that the truth
of S(k—1) implies the truth of S(k), then S(k) holds for all integers k > ky.
This is equivalent to the minimum principle: A nonempty set of integers
bounded below contains a smallest element.

Let f be a complex-valued function with domain D, and let g be a
function on D such that g(z) > 0 for all x € D. We write f < ¢ or
f = O(g) if there exists a constant ¢ > 0 such that |f(z)| < cg(zx) for
all x € D. Similarly, we write f > g if there exists a constant ¢ > 0
such that |f(x)| > cg(z) for all z € D. For example, f > 1 means that
f(z) is uniformly bounded away from 0, that is, there exists a constant
¢ > 0 such that |f(z)] > c for all x € D. We write f <y, g if there
exists a positive constant ¢ that depends on the variables &, ¢, . .. such that
|f(z)| < cg(z) for all x € D. We define f >0, .. ¢ similarly. The functions
f and g are called asymptotic as = approaches a if lim,_,, f(z)/g(z) = 1.
Positive-valued functions f and g with domain D have the same order of
magnitude if f < g < f, or equivalently, if there exist positive constants c;
and ¢ such that ¢; < f(x)/g(z) < ¢ for all x € D. The counting function
of a set A of integers counts the number of positive integers in A that do

not exceed x, that is,
Az)= > 1.
acA
1<a<z

Using the counting function, we can associate various densities to the set
A. The Shnirel’man density of A is

o(A) = inf M

n—oo N

The lower asymptotic density of A is

dp(A) = limint 20

n—o00 n
The upper asymptotic density of A is
An
dy (A) = limsup Q
n—o0 n

If di,(A) = dy(A), then d(A) = dr(A) is called the asymptotic density of
A, and
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Let A and B be nonempty sets of integers and d € Z. We define
the sumset
A+B={a+b:a€ Abec B},

the difference set
A—B={a—-b:a€ A,be B},
the product set
AB ={ab:a € Abe B},

and the dilation
d+ A={d}A={da:ac A}.

The sets A and B eventually coincide, denoted by A ~ B, if there exists
an integer ng such that n € A if and only if n € B for all n > ny.
We use the following arithmetic functions:

vp(n) the exponent of the highest power of p that divides n
o(n) Euler phi function

w(n) Mbobius function

d(n) the number of divisors of n

o(n) the sum of the divisors of n

() the number of primes not exceeding z

H(x),(x) Chebyshev’s functions

4(n) logn if n is prime and 0 otherwise

w(n) the number of distinct prime divisors of n
Q(n) the total number of prime divisors of n
L(n) log n, the natural logarithm of n

A(n) von Mangoldt function

As(n) generalized von Mangoldt function

1(n) 1 for all n

6(n) lifn=1and0ifn >2

A ring is always a ring with identity. We denote by R* the multiplicative
group of units of R. A commutative ring R is a field if and only if R* =
R\ {0}. If f(t) is a polynomial with coefficients in the ring R, then Ny(f)
denotes the number of distinct zeros of f(¢) in R. We denote by M,,(R) the
ring of n x n matrices with coefficients in R.

In the study of Liouville’s method, we use the symbol

0 if n is not a square,

O bn=ee = { fO) in=120>0.
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Part 1

A First Course in Number
Theory



1
Divisibility and Primes

1.1 Division Algorithm

Divisibility is a fundamental concept in number theory. Let a and d be
integers. We say that d is a divisor of a, and that a is a multiple of d, if
there exists an integer ¢ such that

a =dgq.

If d divides a, we write

d|a.
For example, 1001 is divisible by 7 and 13. Divisibility is transitive: If a
divides b and b divides ¢, then a divides ¢ (Exercise 14).

The minimum principle states that every nonempty set of integers bounded
below contains a smallest element. For example, a nonempty set of nonneg-
ative integers must contain a smallest element. We can see the necessity of
the condition that the nonempty set be bounded below by considering the
example of the set Z of all integers, positive, negative, and zero.

The minimum principle is all we need to prove the following important
result.

Theorem 1.1 (Division algorithm) Let a and d be integers with d > 1.
There exist unique integers q and r such that

a=dg+r (1.1)

and
0<r<d-1. (1.2)
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The integer ¢ is called the quotient and the integer r is called the re-
mainder in the division of a by d.
Proof. Consider the set .S of nonnegative integers of the form

a—dx

withz € Z. If a>0,thena=a—-d-0€ S5.If a <0, let £ = —y, where
y is a positive integer. Since d is positive, we have a —dxr = a +dy € S
if y is sufficiently large. Therefore, S is a nonempty set of nonnegative
integers. By the minimum principle, S contains a smallest element r, and
r=a—dq > 0 for some q € Z. If r > d, then

0<r—d=a-d(g+1)<r

and r — d € S, which contradicts the minimality of r. Therefore, ¢ and r
satisfy conditions (1.1) and (1.2).
Let ¢1,71,q2, 72 be integers such that

a=dgq +r =dg+r and 0<ry,rp<d-—1.

Then
|7‘1—7‘2|§d—1

and
dlgi —q2) =12 — 11

If ¢1 # g2, then
lg1 —q2| > 1

and
d<dlgy —qz| =|r2 —1m| <d—1,

which is impossible. Therefore, ¢; = g2 and r; = r9. This proves that the
quotient and remainder are unique. O

For example, division of 16 by 7 gives the quotient 2 and the remainder
2, that is,
16=7-2+2.

Division of —16 by 7 gives the quotient —3 and the remainder 5, that is,
—16 =7(-3) + 5.

A simple geometric way to picture the division algorithm is to imagine
the real number line with dots at the positive integers. Let ¢ be a positive
integer, and put a large dot on each multiple of q. The integer a either
lies on one of these large dots, in which case a is a multiple of ¢, or a lies
on a dot strictly between two large dots, that is, between two successive
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multiples of ¢, and the distance r between a and the largest multiple of ¢
that is less than a is a positive integer no greater than ¢ — 1. For example,
if g =7 and a = +16, we have the following picture.

-16 16

@

-21 -14 -7 0 7 14 21

The principle of mathematical induction states that if S(k) is some state-
ment about integers k > kg such that S(kg) is true and such that the truth
of S(k—1) implies the truth of S(k), then S(k) holds for all integers k > k.
Another form of the principle of mathematical induction states that if S(ko)
is true and if the truth of S(ko), S(ko +1),...,S(k — 1) implies the truth
of S(k), then S(k) holds for all integers k > ko. Mathematical induction is
equivalent to the minimum principle (Exercise 18).

Using mathematical induction and the division algorithm, we can prove
the existence and uniqueness of m-adic representations of integers.

Theorem 1.2 Let m be an integer, m > 2. Fvery positive integer n can
be represented uniquely in the form

n=ag+aim+ asm?®+ - + apmF, (1.3)
where k is the nonnegative integer such that
mF <n< mbt!
and ag,ai,...,ax are integers such that
1<a,<m-1

and
0<a; <m-1 fori=0,1,2,...,k—1.

This is called the m-adic representation of n. The integers a; are called
the digits of n to base m. Equivalently, we can write

o0
n= g a;m',
i=0

where 0 < a; < m — 1 for all 7, and a; = 0 for all sufficiently large integers
i.

Proof. For k > 0, let S(k) be the statement that every integer in the
interval m* < n < mFt! has a unique m-adic representation. We use
induction on k. The statement S(0) is true because if 1 < n < m, then
n = ag is the unique m-adic representation.
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Let k£ > 1, and assume that the statements S(0), S(1),...,S(k — 1) are
true. We shall prove S(k). Let m* < n < m**+1. By the division algorithm,
we can divide n by m* and obtain

n=agm® +r, where 0 <r < mk.

Then

O<mk—r§n—r:akmk§n<mk+1.

Dividing this inequality by m*, we obtain 0 < aj < m. Since m and aj, are
integers, it follows that
1<a,<m-—1.

If » = 0, then n = apm” is an m-adic representation. If » > 1, then

m* < r < mF* for some nonnegative integer k' < k—1. By the induction
assumption, S(k’) is true and r has a unique m-adic representation of the
form

r=a+am-+---+ ak_lmk71
with0<a; <m-—1fori=0,1,...,k— 1. It follows that n has the m-adic
representation

n=ay+am-+---+ ak,lmk_l + akmk.
We shall show that this representation is unique. Let
n =by+ bym + -+ bym*

be another m-adic representation of n, where 0 < b; < m — 1 for all
j=0,1,....,0and by > 1. If £ > k+ 1, then

n<mFtt <pmt < n,

which is impossible. If £ < k — 1, then the inequalities b; < m — 1 imply
that

bo +bym + - - + bym?

n =
< (m—=1+m-Dm+--+(m—1mt
= m'*tt—1
< mF
< n,

which is also impossible. Therefore, k = ¢. If a; < by, then

n = a0+a1m+~~+ak_1mk71 +akmk
< (m=1D+m-Dm+--+(m—1mF ! +apm”
= (m* 1)+ am”
< (ax+ 1)m’c
< bpmF
< n,
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which again is impossible. Therefore, b; < ai. By symmetry, we have a; <
b, and so ar = by. Then

n—akmk = a0+a1m+a2m2—|—-~-—|—ak_1mk*1
= b0+b1m+b2m2+~-~+bk,1mk_1
< mk.

By the induction assumption, a; = b; for ¢ = 0,1,...,k — 1. Thus, the
m-adic representation of n exists and is unique, and S(k) is true. By math-
ematical induction, S(k) holds for all k > 0. O

For example, the 2-adic representation of 100 is
100=1-2241-2°41-25
and the 3-adic representation of 100 is
100=1+2-3*+1-3%
The 10-adic representation of 217 is

207 =7+1-10' +2-10%

Exercises
1. Find all divisors of 20.
2. Find all divisors of 29,601.
3. Find all divisors of 1.
4. Find the quotient and remainder for a divided by d when

(a) a =281 and d = 23.
(b) a =281 and d = 12.
(¢) a=291 and d = 23.
(d) a =291 and d = 12.

a

5. Find the quotient and remainder for 10* + 1 divided by 11 for k =
1,2,3,4,5.

6. Compute the m-adic representation of 526 for m = 2,3,7, and 9.
7. Compute the 100-adic representation of 783,614,955.

8. Prove that n is even, then n? is divisible by 4.
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13.
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15.
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18.
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20.

1. Divisibility and Primes

. Prove that n is odd, then n? — 1 is divisible by 8.

Prove that n® — n is divisible by 6 for every integer n.

Prove that if d divides a, then d* divides a* for every positive integer
k.

Prove that if d divides a and d divides b, then d divides ax + by for
all integers x and y.

Prove that if a and d are integers such that d divides a and |a| < d,
then a = 0.

Prove that divisibility is transitive, that is, if @ divides b and b divides
¢, then a divides c.

Prove by induction that n < 2"~! for all positive integers n.
Prove by induction that

n(n+1)

L424- = =

for all positive integers n.
Prove by induction that
B2 4 nf=1+2+--+n)

for all positive integers n, that is, the sum of the cubes of the first n
integers is equal to the square of the sum of the first n integers.

Prove that the principle of mathematical induction is equivalent to
the minimum principle.

Let a and d be integers with d > 1. Prove that there exist unique
integers ¢’ and r’ such that

a=dq +1

and
——<r'<

\CRRSH
N

For integers n and k withn > 1 and 0 < k < n, we define the binomial
coefficient

n\ nn-1)---(n—k+1)

k k!
Define (8) = 1. Prove that for all n > 1,

()=
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22.

23.

24.
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()= (%)= G)

Prove that the product of any k consecutive integers is always divis-
ible by k!.

Hint: Use induction on n to show that (Z) is an integer.

and

for1<k<n-1.

Let mg, m1, ma, ... be a strictly increasing sequence of positive inte-
gers such that my = 1 and m; divides m;11 for all i > 0. Prove that
every positive integer n can be represented uniquely in the form

[eS)
n= E A1,
=0

where

Ogaigmiﬂ—l forall?>0
m;

and m; = 0 for all but finitely many integers i.

Prove that every positive integer n can be represented uniquely in
the form
o0
n = Z ark!,
k=0

where
0 S ag S k.

Prove that every positive integer n can be uniquely represented in
the form

n=>by+b3+b3%+ .- 4+ bp_131 + 3%

where b; € {0,1,—1} for i = 0,1,2,...,k — 1.

Let N* denote the set of all k-tuples of positive integers. We define the
lexicographic order on N¥ as follows. For (a1, ...,ax), (b1,...,bx) €
N*. we write

(al,...,ak) = (bl,...,bk)

if either a; = b; for all ¢ = 1,... k, or there exists an integer j such
that a; = b; for ¢ < j and a; < b;. Prove that

(a) The relation =< is reflexive in the sense that if (aq,...,ax)
(b1,...,br) and (by,...,b) = (a1,...,ax), then (a1,...,ax)
(b1,...,bk).

I IA
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(b) The relation =< is transitive in the sense that if (a1,...,ax) <
(b1,...,bk) and (by,...,bx) = (c1,...,ck), then (a1,...,a;) =
(1 rep).

(c) Therelation < is totalin the sense that if (a1, ..., ax), (b1,..., bk
NF¥ then (ay,...,ax) =< (b1,...,bg)or (by,...,by) = (ay,...,ax

o —

A relation that is reflexive and transitive is called a partial order.

A partial order that is total is called a total order. Thus, the lex-
icographic order is a total order on the set of k-tuples of positive
integers.

26. Prove that N* with the lexicographic order satisfies the following
minimum principle: Every nonempty set of k-tuples of positive inte-
gers contains a smallest element.

1.2  Greatest Common Divisors

Algebra is a natural language to describe many results in elementary num-
ber theory.

Let G be a nonempty set, and let G x G denote the set of all ordered
pairs (z,y) with z,y € G. A binary operation on G is a map from G x G
into G. We denote the image of (z,y) € G x G by z xy € G.

A group is a set G with a binary operation that satisfies the following
three axioms:

(i) Associativity: For all z,y, 2z € G,

(ii) Identity element: There exists an element e € G such that for all
x € G,
exTr=T*ke=u.

The element e is called the identity of the group.
(iii) Inverses: For every x € G there exists an element y € G such that
TxYy=yYyxT=ec.
The element y is called the inverse of x.

The group G is called abelian or commutative if the binary operation
also satisfies the axiom

(iv) Commutativity: For all z,y € G,

TkY=1Y*T.
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We can use additive notation and denote the image of the ordered pair
(z,y) € G x G by x +y. We call z +y the sum of x and y. In an additive
group, the identity is usually written 0, the inverse of x is written —x, and
we define z — y = x 4+ (—y). We can also use multiplicative notation and
denote the image of the ordered pair (x,y) € G x G by zy. We call zy the
product of x and y. In a multiplicative group, the identity is usually written
1 and the inverse of x is written z 1.

Examples of abelian groups are the integers Z, the rational numbers Q,
the real numbers R, and the complex numbers C, with the usual operation
of addition. The nonzero rational, real, and complex numbers, denoted
by Q*,R*, and C*, respectively, are also abelian groups, with the usual
multiplication as the binary operation. For every positive integer m, the
set of complex numbers

Fm:{e%ik/m:k::O,L...,m—l}

is a multiplicative group. The elements of I';,, are called mth roots of unity,
since w™ =1 for all w € T';,. An example of a nonabelian group is the set
GL2(C) of 2 x 2 matrices with complex coefficients and nonzero determi-
nant, and with the usual matrix multiplication as the binary operation.

A subgroup of a group G is a nonempty subset of G that is also a group
under the same binary operation as G. If H is a subgroup of G, then H is
closed under the binary operation in GG, H contains the identity element of
G, and the inverse of every element of H belongs to H. For example, the
set of even integers is a subgroup of Z. A nonempty subset H of an additive
abelian group G is a subgroup if and only if x —y € H for all x,y € H
(Exercise 20).

For every integer d, the set of all multiples of d is a subgroup of Z. We
denote this subgroup by dZ. If a4, ..., ax € Z, then the set of all numbers
of the form aiz1 + - -+ + agxg with z1, ...,z € Z is also a subgroup of Z.
The set Q of rational numbers is a subgroup of the additive group R. The
set RT of positive real numbers is a subgroup of the multiplicative group
R*. Let T = {z € C : |z|] = 1} denote the set of complex numbers of
absolute value 1, that is, the unit circle in the complex plane. Then T is a
subgroup of the multiplicative group C*, and IT',, is a subgroup of T.

If G is a group, written multiplicatively, and g € G, then ¢" € G for all
n € Z (Exercise 21), and {¢" : n € Z} is a subgroup of G.

The intersection of a family of subgroups of a group G is a subgroup of G
(Exercise 22). Let S be a subset of a group G. The subgroup of G generated
by S is the smallest subgroup of G that contains S. This is simply the
intersection of all subgroups of G that contain S (Exercise 23). For example,
the subgroup of Z generated by the set {d} is dZ.

Theorem 1.3 Let H be a subgroup of the integers under addition. There
ezists a unique nonnegative integer d such that H is the set of all multiples
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of d, that is,
H ={0,+d,+2d,...} = dZ.

Proof. We have 0 € H for every subgroup H. If H = {0} is the zero
subgroup, then we choose d = 0 and H = 0Z. Moreover, d = 0 is the unique
generator of this subgroup.

If H # {0}, then there exists a € H,a # 0. Since —a also belongs to H,
it follows that H contains positive integers. By the minimum principle, H
contains a least positive integer d. By Exercise 21, dqg € H for every integer
q, and so dZ C H.

Let a € H. By the division algorithm, we can write a = dq + r, where ¢
and r are integers and 0 < r < d — 1. Since dq € H and H is closed under
subtraction, it follows that

r=a—dqe H.

Since 0 < r < d and d is the smallest positive integer in H, we must have
r =0, that is, a = dq € dZ and H C dZ. It follows that H = dZ.

If H=dZ = d'Z, where d and d’ are positive integers, then d' € dZ
implies that d’ = dq for some integer ¢, and d € d'Z implies that d = d'¢’
for some integer ¢’. Therefore,

d=dq =dqd,

and so q¢’ = 1, hence ¢ = ¢’ = £1 and d = £d’. Since d and d’ are positive,
we have d = d’, and d is the unique positive integer that generates the
subgroup H. O

For example, if H is the subgroup consisting of all integers of the form
352 + 91y, then 7 =35(—5) +91(2) € H and H = 7Z.

Let A be a nonempty set of integers, not all 0. If the integer d divides a
for all a € A, then d is called a common divisor of A. For example, 1 is a
common divisor of every nonempty set of integers. The positive integer d
is called the greatest common divisor of the set A, denoted by d = ged(A),
if d is a common divisor of A and every common divisor of A divides d.
We shall prove that every nonempty set of integers has a greatest common
divisor.

Theorem 1.4 Let A be a nonempty set of integers, not all zero. Then A
has a unique greatest common divisor, and there exist integers aq, ..., a €
A and x1,. ..,z such that

ged(A) = a1z1 + -+ - + agy.
Proof. Let H be the subset of Z consisting of all integers of the form

ai1r1 + -+ aprg with a1,...,ar € A and z4,...,2; € Z.
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Then H is a subgroup of Z and A C H. By Theorem 1.3, there exists
a unique positive integer d such that H = dZ, that is, H consists of all
multiples of d. In particular, every integer a € A is a multiple of d, and so d
is a common divisor of A. Since d € H, there exist integers ay,...,a; € A
and x1,...,x, such that

d=ay1x1 + -+ apxg.

It follows that every common divisor of A must divide d, hence d is a
greatest common divisor of A.

If the positive integers d and d’ are both greatest common divisors, then
d|d" and d'|d, and so d = d'. It follows that gcd(A) is unique. O

If A= {ay,...,ax} is a nonempty, finite set of integers, not all 0, we
write ged(A4) = (aq, ..., ax). For example,

(35,91) = 7 = 35(—5) 4 91(2).

Theorem 1.5 Let aq,...,ay be integers, not all zero. Then (a1,...,a) =
1 if and only if there exist integers x1, ..., x such that

a1r1 + -+ agr = 1.

Proof. This follows immediately from Theorem 1.4. O

The integers a1, ..., a; are called relatively prime if their greatest com-
mon divisor is 1, that is, (aq,...,ax) = 1. The integers aq, ..., a, are called
pairwise relatively prime if (a;,a;) = 1 for ¢ # j. For example, the three in-
tegers 6, 10, 15 are relatively prime but not pairwise relatively prime, since
(6,10,15) = 1 but (6,10) =2, (6,15) = 3, and (10,15) = 5.

Let G and H be groups, and denote the group operations by *. A map
f: G — H is called a group homomorphism if f(z xy) = f(x) * f(y) for
all x,y € G. Thus, a homomorphism f from an additive group G into a
multiplicative group H is a map such that f(z + y) = f(z)f(y) for all
x,y € G. For example, if R is the additive group of real numbers and R*
is the multiplicative group of positive real numbers, then the exponential
map exp : R — R™ defined by exp(z) = e” is a homomorphism.

A group homomorphism f : G — H is called an isomorphism if f is
one-to-one and onto. Groups G and H are called isomorphic, denoted by
G = H, if there exists an isomorphism between them. For example, let 27Z
denote the additive group of even integers. The map f : Z — 2Z defined
by f(n) = 2n is an isomorphism between the group of integers and the
subgroup of even integers.
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Ezercises
1. Compute (935,1122).
2. Compute (168,252,294).
3. Find integers x and y such that 13z + 15y = 1.
4. Construct four relatively prime integers a, b, ¢, d such that no three
of them are relatively prime.
5. Prove that (n,n +2) =11is n is odd and (n,n + 2) =2 is n is even.
6. Prove that 2n+ 5 and 3n + 7 are relatively prime for every integer n.
7. Prove that 3n+ 2 and 5n + 3 are relatively prime for every integer n.
8. Prove that n!+1 and (n+1)!41 are relatively prime for every positive
integer n.
9. Let a,b, and d be positive integers. Prove that if (a,b) = 1 and d
divides a, then (d,b) = 1.
10. Let a and b be positive integers. Prove that (a,b) = a if and only if a
divides b.
11. Let a, b, c be positive integers. Prove that
(ac,bc) = (a,b)c.
12. Let a, b, and ¢ be positive integers. Prove that
((a,b),c) = (a, (b,c)) = (a,b,c).
13. Let A be a nonempty set of integers. Prove that the greatest common
divisor of A is the largest integer that divides every element of A.
14. Let a,b, c,d be integers such that ad — bc = 1. For integers u and v,

define
v = au+ bv

and
v = cu+ dv.

Prove that (u,v) = (v/,v").

Hint: Express v and v in terms of v’ and v’.
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Let S = Q"1 \ {(0,0,...,0)} denote the set of all nonzero (n + 1)-
tuples of rational numbers. If ¢ is a nonzero rational number and

(zo,21,...,25n) € S, then we define

t(zo, X1, ..., xn) = (txo, txy,. .., to,) € S.
We introduce a relation ~ on S as follows: If (zg,z1,...,2z,) and
(Yo,Y1,---,Yn) are in S, then (xg,x1,...,Zn) ~ (Yo, Y1y---sYn) if
there exists a nonzero rational number ¢ such that t(zg, 21, ...,2,) =
(Y0,Y1s---,Yn). Prove that this is an equivalence relation, that is,

prove that ~ is reflexive (x ~ z for all x € S), symmetric (if z ~ y,
then y ~ ), and transitive (if z ~ y and y ~ z, then x ~ 2). The set
of equivalence classes of this relation is called n-dimensional projec-
tive space over the field of rational numbers, and denoted by P™(Q).

Consider (%, 5, 1—30) € Q3. Find all triples (ag, a1, as) of relatively
prime integers such that

25 10
~ (2,252 ).
(a07a17a2) ( 6 ) ) 3 )

Let
(0, T1,---,Tp) €S = Q"H\{(O,O,...,O)}.

Let [(xo,21,...,%,)] denote the equivalence class of (xg,z1,..., %)
in P™"(Q). Prove that there exist exactly two elements (ag, a1, ..., ay,)
and (bg,b1,...,b,) in S such that the numbers ag, a1, ..., a, are rel-
atively prime integers, the numbers bg, b1, ..., b, are relatively prime
integers, and

[(xo,.’bl, A 7il'n)] = [(ao,al, AN 70,”)] = [(bo,bl,. . ,bn)] S Pn(Q)

Moreover,
(bo, b17 ey bn) = 7(&0, Aty ... ,CLn).

Prove that the set of all rational numbers of the form a/2*, where
a € Z and k € Ny, is an additive subgroup of Q.

Let G = {2Z,1 + 2Z}, where 2Z denotes the set of even integers and
1+ 27Z the set of odd integers. Define addition of elements of G by

27 + 27 = (14 2Z) + (14 2Z) = 2Z

and
2Z+ (142Z)=(142Z)+2Z =1+ 2Z.

Prove that G is an additive abelian group.
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Let H be a nonempty subset of an additive abelian group G. Prove
that H is a subgroup if and only if z —y € H for all z,y € H.

Prove that if G is a group, written multiplicatively, and g € G, then
g" € G for all n € Z. (If G is an additive group, then ng € G for all
ne€Z.)

Prove that the intersection of a family of subgroups of a group G is
a subgroup of G.

Let S be a nonempty subset of an additive abelian group G. Prove
that the subgroup of G generated by S is the intersection of all sub-
groups of G that contain S.

Prove that every nonzero subgroup of Z is isomorphic to Z.

Let G be the set of all matrices of the form

(01)

with a € Z and matrix multiplication as the binary operation. Prove
that G is an abelian group isomorphic to Z.

Let H3(Z) be the set of all matrices of the form

1
0
0

S = Q
[l =l e

with a,b,c € Z and matrix multiplication as the binary operation.
Prove that H3(Z) is a nonabelian group. This group is called the
Heisenberg group.

Let R be the additive group of real numbers and R' the multi-
plicative group of positive real numbers. Let exp : R — R™T be the
exponential map exp(x) = e*. Prove that the exponential map is a
group isomorphism.

Let G and H be groups with e the identity in H. Let f : G — H be
a group homomorphism. The kernel of f is the set

fHe)={z€G: f(x)=ec H} CG.
The image of f is the set
f(G)={f(x): 2 € G} CH.

Prove that the kernel of f is a subgroup of G, and the image of f is
a subgroup of H.
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29. Define the map f : Z — Z by f(n) = 3n. Prove that f is a group
homomorphism and determine the kernel and image of f.

30. Let I';,, denote the multiplicative group of mth roots of unity. Prove
that the map f : Z — T, defined by f(k) = e*™*/™ is a group
homomorphism. What is the kernel of this homomorphism?

31. Let G =[0,1) be the interval of real numbers x such that 0 < z < 1.
We define a binary operation x * y for numbers x,y € G as follows:

oy — x4y fxe+y<l1,
YT a4y—1 ifaty>1.

Prove that G is an abelian group with this operation. This group is
denoted by R/Z.

Define the map f : R — R/Z by f(t) = {t}, where {t} denotes the
fractional part of t. Prove that f is a group homomorphism. What is
the kernel of this homomorphism?

1.3  The Euclidean Algorithm and Continued
Fractions

Let a and b be integers with b > 1. There is a simple and efficient method
to compute the greatest common divisor of a and b and to express (a, b)
explicitly in the form ax + by. Define rg = a and r; = b. By the division
algorithm, there exist integers ¢o and ro such that

o =T1q0 + T2

and
0<rs <ry.

If an integer d divides ry and rq, then d also divides r; and r5. Similarly,
if an integer d divides r; and ry, then d also divides ry and ry. Therefore,
the set of common divisors of r¢ and r; is the same as the set of common
divisors of 1 and ro, and so

(a,b) = (ro,m1) = (r1,72).

If ro = 0, then a = bgg and (a,b) = b =ry. If ro > 0, then we divide ry into
r1 and obtain integers ¢; and r3 such that

r1 =7T2q1 + T3,

where
0<r3s<rg <nr
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and
(a,b) = (r1,m2) = (r2,73)-

Moreover, q; > 1 since 1o < r1. If r3 = 0, then (a,b) = ro. If r3 > 0, then
there exist integers g» and r4 such that

T2 =T3G2 + T4,
where g2 > 1 and
0§T’4<7’3<T2<’I‘1
and
(a,b) = (ro,73) = (73,74)-

If r4, =0, then (a,b) = r3.

Iterating this process k times, we obtain an integer ¢, a sequence of
positive integers ¢1, g2, - .., qx_1, and a strictly decreasing sequence of non-
negative integers 1,79, ..., 41 such that

Ti—1 = Ti¢i—1 + Tit1
fori=1,2,...,k, and

(a7b) = (TO,Tl) = (T17T2) == (rk?aTk+1)-
If 41 > 0, then we can divide i by ri41 and obtain

Tk = Tk+1Gk + Tk+2,

where 0 < ri4o < Tr4+1. Since a strictly decreasing sequence of nonnegative
integers must be finite, it follows that there exists an integer n > 1 such
that r,4+1 = 0. Then we have an integer qo, a sequence of positive inte-
gers q1, 42, .. -,qn_1, and a strictly decreasing sequence of positive integers
r1,79,...,T Ty With

(a,b) = (ThyTnt1) = Tn.

The n applications of the division algorithm produce n equations

ro = Tiqo+ 72

T = T2q1+7T3

T2 = T3¢2+ T4
Th—2 = Tn-1qn-2+7n
Tm—1 = ThQn-1-

Since 1, < rp41, it follows that ¢, > 2.
This procedure is called the Fuclidean algorithm. We call n the length
of the Euclidean algorithm for a and b. This is the number of divisions
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required to find the greatest common divisor. The sequence qq, q1, - - -, qn_1
is called the sequence of partial quotients. The sequence 19,73, ...,y is
called the sequence of remainders.

Let us use the Euclidean algorithm to find (574, 252) and express it as a
linear combination of 574 and 252. We have

574 = 252-2+4 70,
252 = 70-3+42,
70 = 421+ 28,
42 = 28.1+ 14,
2% = 14-2

)

and so
(574,252) = 14.

The sequence of partial quotients is (2,3, 1, 1, 2) and the sequence of partial
remainders is (70,42, 28, 14). The Euclidean algorithm for 574 and 252 has
length 5. Note that 574 = 14 -41 and 252 = 14 - 18, and that 41 and 18 are
relatively prime. Working backwards through the Euclidean algorithm to
express 14 as a linear combination of 574 and 252, we obtain
14 = 42-28-1

= 42—-(70-42-1)-1=42-2-70-1

= (252—-70-3)-2—-70-1=252-2—-70-7

= 252-2— (574 —252-2)-7=252-16—574-7.

Let ag,a1,...,any be real numbers with a; > 0 for i = 1,...

define the finite simple continued fraction

,N. We

<a07a17"',aN>:a0+a1+ 1 :

Another notation for a continued fraction is
1 1 1

ag,a1,...,4N) = a9 + ——— .
(a0, a1, . an) i

The numbers ag, a1, ...,an are called the partial quotients of the continued
fraction. For example,
1 13
<27171a2> =24 ——F=

1+1i% 5°

We can write a finite simple continued fraction as a rational function in
the variables ag, aq,...,an. For example,

(ag) = ao,
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a0a1—|—1
<a07a1>:7,
ai
and
(a0, a a>7aoa1(12+a0+02
0, 01, &2 a1a2+1
If N > 1, then (Exercise 5)
( )= ap+ ——
L., aN) = a _—
aop, a1, y AN 0 (al,...,aN>

We can use the Euclidean algorithm to write a rational number as a finite
simple continued fraction with integral partial quotients. For example, to
represent 574/274, we have

574 - 70
252 252

1+%

= (2,3,1,1,2).

Notice that the partial quotients in the Euclidean algorithm are the partial
quotients in the continued fraction.

Theorem 1.6 Let a and b be integers with b > 1. If the Euclidean algo-
rithm for a and b has length n with sequence of partial quotients qo, q1, - - -, Gn-1,

then
a

E = <quQI7 s 7qn—1>-

Proof. Let rg = a and r; = b. The proof is by induction on n. If n =1,
then

To = T190
and a T
EZEZQO:@o}-
If n = 2, then
To = Tigo + T2,

T = Taqi,
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and . )

7o T2

=—=q@+—=q+ 7w =q+—={(q,q)-
T 1 o q1

1 =

e

Let n > 2, and assume that the theorem is true for integers a and b > 1
whose Euclidean algorithm has length n. Let @ and b > 1 be integers
whose Euclidean algorithm has length n + 1 and whose sequence of partial
quotients is (go, q1, - - -,qn). Let

ro = Tigo+ T2
Tt = Toq1+ T3

Tn—1 = Tndn-1 + Tn+1
'n = Tn+1dn-

be the n + 1 equations in the Euclidean algorithm for a = rg and b = ry.
The Euclidean algorithm for the positive integers r; and r has length n
with sequence of partial quotients ¢, ..., ¢,. It follows from the induction
hypothesis that

1
g = <q17~-~7Qn>
and so
a T 1
T T T gy = )

This completes the proof. O

It is also true that the representation of a rational number as a finite
simple continued fraction is essentially unique (Exercise 8).

Ezercises

1. Use the Euclidean algorithm to compute the greatest common divisor
of 35 and 91, and to express (35,91) as a linear combination of 35
and 91. Compute the simple continued fraction for 91/35.

2. Use the Euclidean algorithm to write the greatest common divisor of
4534 and 1876 as a linear combination of 4534 and 1876. Compute
the simple continued fraction for 4534 /1876.

3. Use the Euclidean algorithm to compute the greatest common divisor
of 1197 and 14280, and to express (1197,14280) as a linear combina-
tion of 1197 and 14280.
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. Compute the simple continued fraction (2,1,2,1,1,4) to 4 decimal

places, and compare this number to e.

Prove that .
(ag,a1,...,an) = ao+ T
Let N > 1. Prove that
(ag,a1,...,an—2,an—1,1) = (ag,a1,...,any—2,an—1 + 1).
Let © = {ap,a1,...,an) be a finite simple continued fraction whose

partial quotients a; are integers, with N > 1 and ay > 2. Let [z]
denote the integer part of x and {z} the fractional part of z. Prove
that

[z] = ao

and

1
(al,...,aN>'

{z} =

Let ¢ be a rational number that is not an integer. Prove that there
exist unique integers ag, a1, ...,ay suchthata; > 1fori=1,...,N—
1, ay > 2, and

a
7= (ag,a1,...,an—1,an).
Hint: By Exercise 7, if

x = {ag,a1,-..,an) = {bo,b1,...,bar)

with a;,b; € Z and an, by > 2, then ag = [z] = bo.

Prove that
(ag,a1,...,an,an+1) = {ag,a1,...,an + ).
aAN+1
Let {(ag,a1,...,an) be a finite simple continued fraction. Define
Po = ao,
p1 = aag + 1,
and
Pn = GpPn—1 + Pn—2 forn=2,...,N.
Define

qO:lv

q1 = ag,
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and
qn = GnQn—1 + Gn—2 fOI'TLZQ,...,N.

Prove that

Pn

<a0aa15-~-7an> = -

qn
for n = 0,1,...,N. The continued fraction {ag,as,...,a,) is called
the nth convergent of the continued fraction (ag,as,...,an).

Compute the convergents p, /g, of the simple continued fraction
(1,2,2,2,2,2,2). Compute ps/qs to 5 decimal places, and compare
this number to v/2.

Let (ag,a1,...,an) be a finite simple continued fraction, and let p,
and g, be the numbers defined in Exercise 10. Prove that

Pndn—-1 — Pn—-19n = (_1)n—1

and for n = 1,..., N. Prove that if a; € Z for i = 0,1,..., N, then
(Pnygqn) =1forn=0,1,...,N.

Let {(ag,a1,...,an) be a finite simple continued fraction, and let p,
and ¢, be the numbers defined in Exercise 10. Prove that

Pndn—2 — Pn—24n = (*l)nan
forn=2,...,N.

Let z = {(ag,a1,...,ay) be a finite simple continued fraction, and
let p, and ¢, be the numbers defined in Exercise 10. Prove that
the even convergents are strictly increasing, the odd convergents are
strictly decreasing, and every even convergent is less than every odd
convergent, that is,

Po P2 P4 pPs P33 D1

—< =< =< <rl =< <
q0 q2 g4 g5 g3 q1

We define a sequence of integers as follows:

fo = 0,
fl = ]-7
fno = faci+ fao2 for n > 2.

The integer f,, is called the nth Fibonacci number. Compute the Fi-
bonacci numbers f,, for n = 2,3,...,12. Prove that (fy, fntr1) = 1
for all nonnegative integers n.

In Exercises 16-23, f,, denotes the nth Fibonacci number.
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16. Compute the convergents p,/g, of the simple continued fraction
(1,1,1,1,1,1,1). Observe that

) ) ) 9 ) )

]ﬁ _ fn+1
In In

forn=0,1,...,6.

17. Prove that
fitfot -+ fo=f a1

for all positive integers n.

18. Prove that
fn-‘rlfn—l - f’r% = (_1)n

for all positive integers n.

19. Prove that
o= fesr Sk + frfnr—1

for all k =0,1,...,n. Equivalently,

fn = fn71+fn72:2fn72+fn73
3fn-3+2fn—a=5fn-a+3fn-s5.

20. Prove that f, divides fy, for all positive integers /.

21. Prove that, for n > 1,

(fnﬂ fn)<1 1)”
fn fn—l 10 '

22. Let

1++5
o=
2
and Y
1-+5
5=
Prove that " .
fn—u for all n > 0.
NG
Prove that N
fn o~ o as n — 0o
VA
and

fn>a™ 2% forn>2.
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23. (Lamé’s theorem) Let a and b be positive integers with a > b. The
length of the Euclidean algorithm for a and b, denoted by E(a,b), is
the number of divisions required to find the greatest common divisor
of a and b. Prove that

log b

E(a,b) <

< +1,
log

where a = (1 +/5)/2.
Hint: Let n = E(a,b). Set ro =a and r; =b. Fori=1,... n, let

Ti—1 = TiQi—1 + Ti+1,

where the positive integers qo, q1, - ..,qn—1 are the partial quotients
and 79,...,7,_1,7, are the remainders in the Euclidean algorithm.
Then

To>TL > > T >y > 1

and (a,b) = (rg,71) = rp. Let f,, be the nth Fibonacci number. Since
rn > 1= fo and r,_1 > 2 = f3, it follows that

Tn—2 = Tp_1qn—2+7Tn > f3+ fo=fa,
Tn—3 = Tn-2qn-3+Tn-12=> f4 + f3 = f57

and, by induction on k,
Tn—k > [rt2
for k=0,1,...,n. In particular,

b= 2 far Z o

1.4 The Fundamental Theorem of Arithmetic

A prime number is an integer p greater than 1 whose only positive divisors
are 1 and p. A positive integer greater than 1 that is not prime is called
composite. If n is composite, then it has a divisor d such that 1 < d < n,
and so n = dd’, where also 1 < d’ < n. The primes less than 100 are the
following:
2 3 5 7 1
13 17 19 23 29
31 37 41 43 47
53 59 61 67 71
73 79 83 89 97.

If d is a positive divisor of n, then d’ = n/d is called the conjugate divisor
tod. If n =dd and d < d', then d < /n.
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We shall prove that every positive integer can be written as the product
of prime numbers (with the convention that the empty product is equal to
1), and that this representation is unique except for the order in which the
prime factors are written. This result is called the fundamental theorem of
arithmetic.

Theorem 1.7 (Euclid’s lemma) Let a,b,c be integers. If a divides bc
and (a,b) = 1, then a divides c.

Proof. Since a divides be, we have bc = aq for some integer ¢. Since a
and b are relatively prime, Theorem 1.5 implies that there exist integers x
and y such that

1 =ax + by.

Multiplying by ¢, we obtain
¢ = acx + bey = acx + aqy = alcx + qy),

and so a divides c¢. This completes the proof. O

Theorem 1.8 Let k > 2, and let a,by,ba, ..., by be integers. If (a,b;) =1
foralli=1,... k, then (a,biby---by) = 1.

Proof. The proof is by induction on k. Let k = 2 and d = (a,b1bs). We
must show that d = 1. Since d divides a and (a,b;) = 1, it follows that
(d,b1) = 1. Since d divides b1bs, Euclid’s lemma implies that d divides bs.
Therefore, d is a common divisor of a and by, but (a,bs) = 1 and so d = 1.

Let k£ > 3, and assume that the result holds for k — 1. Let a,bq,...,bg
be integers such that (a,b;) =1 for i = 1,..., k. The induction assumption
implies that (a,by ---bx—1) = 1. Since we also have (a,by) = 1, it follows
from the case k = 2 that (a,b; ---bg—1br) = 1. This completes the proof.
O

Theorem 1.9 If a prime number p divides a product of integers, then p
divides one of the factors.

Proof. Let by, bs, ..., by be integers such that p divides by - - - by.. By The-
orem 1.8, we have (p,b;) > 1 for some 7. Since p is prime, it follows that p
divides b;. O

Theorem 1.10 (Fundamental theorem of arithmetic) FEvery positive
integer can be written uniquely (up to order) as the product of prime num-
bers.
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Proof. First we prove that every positive integer can be written as a
product of primes. Since an empty product is equal to 1, we can write 1
as the empty product of primes. Let n > 2. Suppose that every positive
integer less than n is a product of primes. If n is prime, we are done. If
n is composite, then n = dd’, where 1 < d < d’ < n. By the induction
hypothesis, d and d’ are both products of primes, and so n = dd’ is a
product of primes.

Next we use induction to prove that this representation is unique. The
representation of 1 as the product of the empty set of primes is unique.
Let n > 2 and assume that the statement is true for all positive inte-
gers less than n. We must show that if n = py---pp = p}---p), where
Diy---Pks DY, - ., P, are primes, then k = ¢ and there is a permutation o
of 1,...,k such that p; = p;(i) fori=1,...,k. By Theorem 1.9, since py
divides pj - - - p}, there exists an integer jo € {1,..., ¢} such that p; divides
P}, and so py = pj since p) is prime. Therefore,

¢
n
pszpl"'pk—lz Hp9<n.

j=1
J#jo

It follows from the induction hypothesis that k — 1 = ¢ — 1, and there is
a one-to-one map o from {1,...,k — 1} into {1,...,k} \ {jo} such that
pi = p;(i) fori=1,...,k—1. Let (k) = jo. This defines the permutation
o, and the proof is complete. O

For any nonzero integer n and prime number p, we define v,(n) as the
greatest integer r such that p” divides n. Then v,(n) is a nonnegative
integer, and vp(n) > 1 if and only if p divides n. If v,(n) = r, then we say
that the prime power p" exactly divides n, and write p”||n. The standard

factorization of n is
n = Hp”p(n)'
pln

Since every positive integer is divisible by only a finite number of primes,

we can also write
n = Hp“p(”),
P

where the product is an infinite product over the set of all prime numbers,
and wv,(n) = 0 and p*»™ = 1 for all but finitely many primes p. The
function v,(n) is called the p-adic value of n. It is completely additive in
the sense that v,(mn) = v,(m) + v,(n) for all positive integers m and n
(Exercise 13). For example, since n! =1-2-3---n, we have

n
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The standard factorizations of the first 60 integers are

1=1 21=3-7 41 =41
2=2 22=2-11 42=2-3-7
3=3 23 =23 43 =43

4 =22 24 =23.3 44 =22.11
5=5 25 = 52 45=3%2.5
6=2-3 26=2-13 46 =2-23
T="7 27 = 33 47 =47

g =23 28 =22.7 48 =2%.3
9 =32 29 =29 49 =72
10=2-5 30=2-3-5 50 = 2 - 52
11 =11 31 =31 51 =3-17
12=122.3 32=2° 52 =2%.13
13=13 33=3-11 53 =53
14=2-7 34=2-17 54=2-33
15=3-5 35=5-7 55 =15-11
16 = 24 36 =22.32 56 =23.7
17=17 37 =37 57=3-19
18 =2-32 38=2-19 58 =2-29
19=19 39=3-13 59 = 59
20=2%-5 40=12%-5 60 =223 5.

Let aq,...,a, be nonzero integers. An integer m’ is called a common
multiple of ay,...,a, if it is a multiple of a; for all 4 = 1,... k, that is,
every integer a; divides m’. The least common multiple of a1, ...,ay is a
positive integer m such that m is a common multiple of aq,...,ax, and m

divides every common multiple of a1, . .

., ag. For example, 910 is a common

multiple of 35 and 91, and 455 is the least common multiple. We shall show
that there is a unique least common multiple for every finite set of nonzero
., ag] the least common multiple of a1, ..., ag.

integers. We denote by [aq, . .

Theorem 1.11 Let aq, ..

(ar,..

and

p

.,ag be positive integers. Then

. 7ak) = Hpmin{vp(al),...,vp(ak)}

[(Ll, ceey ak] = Hpmax{vp(al)!“'7vp(ak)}.
p

Proof. This follows immediately from the fundamental theorem of arith-

metic. O

Let x be a real number. Recall that the integer part of = is the greatest
integer not exceeding x, that is, the unique integer n such that n < z <
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n+1. We denote the integer part of z by [z]. For example, [5] = 1, [V/7] = 2,
and [—%} = —2. The fractional part of x is the real number

{z} =2 —[z] €]0,1).

Thus, {%} = % and {—%} = % We can use the greatest integer function
to compute the standard factorization of factorials.

Theorem 1.12 For every positive integer n and prime p,

vp(nl) = [zj [;] .

Proof. Let 1 < m < n. If p" divides m, then p" < m < n and r <
logn/logp. Since r is an integer, we have r < [logn/logp] and

logn
log p

The number of positive integers not exceeding n that are divisible by p" is
exactly [n/p"], and so

v = Yum =3 > 1

m=1 m=1 Tfl

[155] = el
- > Y=y |5

r=1 m=1 r=1 p

This completes the proof. O

We shall use Theorem 1.12 to compute the standard factorization of 10!.
The primes not exceeding 10 are 2, 3,5, and 7, and

wo) = || + 7] + 5| =5 +2+1=s

2 4 8

v3(10!) = {130 + 190} — 4,
05(10!) = 10] =2,
v7(10!) = 1—70 =1
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Therefore,
10! = 283*5%7.

For every nonzero integer m, the radical of m, denoted by rad(m), is the
product of the distinct primes that divide m, that is,

rad(m) = Hp = H .
plm vp(m)21

For example, rad(15) = rad(—45) = rad(225) = 15 and rad(p”) = p for p
prime and r > 1.

Theorem 1.13 Let m and a be nonzero integers. There exists a positive
integer k such that m divides a” if and only if rad(m) divides rad(a).

Proof. We know that m divides a* if and only if v,(m) < v,(a*) =
kv,(a) for every prime p (Exercise 14). If there exists an integer k such
that m divides a”, then v,(a) > 0 whenever v,(m) > 0, and so every prime
that divides m also divides a. This implies that rad(m) divides rad(a).

Conversely, if rad(m) divides rad(a), then v,(a) > 0 for every prime p
such that v,(m) > 0. Since only finitely many primes divide m, it follows
that there exists a positive integer k such that v,(a*) = kv,(a) > v,(m)
for all primes p, and so m divides a*. O

Exercises

1. Factor 51,948 into a product of primes.
2. Factor 10* + 1 into a product of primes for k = 1,2, 3,4, 5.

3. Find the greatest common divisor and least common multiple of a =
2338712132 and b = 365°11213.

Compute the least common multiple of the integers 1,2,3,...,15.
Compute the standard factorization of 15!.
Prove that n,n + 2,n 4+ 4 are all primes if and only if n = 3.

Prove that n,n + 4,n + 8 are all primes if and only if n = 3.

® N o e

Let n > 2. Prove that (n + 1)! + k is composite for k = 2,...,n+ 1.
This shows that there exist arbitrarily long intervals of composite
numbers.

9. Prove that n® — n is divisible by 30 for every integer n.

10. Find all primes p such that 29p + 1 is a square.
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The prime numbers p and g are called twin primes if |p — ¢| = 2. Let
p and g be primes. Prove that pg + 1 is a square if and only if p and
q are twin primes.

Prove that if p and ¢ are twin primes greater than 3, then p + ¢ is
divisible by 12.

Let m,n, and k be positive integers. Prove that

vp(mn) = vy(m) + vp(n) and vy (m*) = kuy(m).

Let d and m be nonzero integers. Prove that d divides m if and only
if v,(d) < vp(m) for all primes p.

Let m = Hle p;', where py,...,pi are distinct primes, k > 2, and
r; > 1fori=1,...,k Let m; = mpi_’“ for i =1,...,k. Prove that
(my,...,my) =1

Let a,b, and ¢ be positive integers. Prove that (ab,c) =1 if and only
if (a,c) = (b,c) = 1.

Prove that if 6 divides m, then there exist integers b and ¢ such that
m = bc and 6 divides neither b nor c.

Prove the following statement or construct a counterexample: If d is
composite and d divides m, then there exist integers b and ¢ such
that m = bc and d divides neither b nor c.

Let a and b be positive integers. Prove that (a,bc) = (a,b)(a,c) for
every positive integer c if and only if (a,b) = 1.

Let my, ..., mg be pairwise relatively prime positive integers, and let
d divide my ---my. Prove that for each ¢ = 1,...,k there exists a
unique divisor d; of m; such that d =d; - - - dy.

Let n > 2. Prove that the equation y™ = 2z™ has no solution in
positive integers.

Let n > 2, and let z be a rational number. Prove that /z is rational
if and only if z = y™ for some rational number .

Let mq,...,my be positive integers and m = [my,...,mg]. Prove
that there exist positive integers dq, ..., d; such that d; is a divisor
of m; for i = 1,...,k, (d;,d;) =1for 1 <i < j<mn,and m =

[di,...,dg] =dy---dg.
Prove that for any positive integers a and b,

ab

[a,b] = @)
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. Let a and b be positive integers with (a,b) = d. Prove that

=

Prove that for any positive integers a, b, c,
abc(a, b, c
0,0, = b
(a,b)(b,c)(c, a)
Let ay,...,a; be positive integers. Prove that [a1,...,ar] = a1 ---ag
if and only if the integers aq, ..., a; are pairwise relatively prime.

Let a and b be positive integers and p a prime. Prove that if p divides
[a,b] and p divides a + b, then p divides (a, b).

Let a and b be positive integers such that
a+b=>57
and
[a, b] = 680.
Find a and b.

Hint: Show that a and b are relatively prime. Then a(57 —a) = ab =
[a, b].

Let aZ = {ax : x € Z} denote the set of all multiples of a. Prove that
for any integers a1, ..., ay,

k
ﬂ al-Z = [al,. . .,ak}Z.
i=1

A positive integer is called square-free if it is the product of dis-
tinct prime numbers. Prove that every positive integer can be written
uniquely as the product of a square and a square-free integer.

Prove that the set of all rational numbers of the form a/b, where
a,b € Z and b is square-free, is an additive subgroup of Q.

A powerful number is a positive integer nm such that if a prime p
divides n, then p? divides n. Prove that every powerful number can
be written as the product of a square and a cube. Construct examples
to show that this representation of powerful numbers is not unique.

Prove that m is square-free if and only if rad(m) = m.

Prove that rad(mn) = rad(m)rad(n) if and only if (m,n) = 1.
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36. Let H = {1,5,9,...} be the arithmetic progression of all positive
integers of the form 4k + 1. Elements of H are called Hilbert numbers.
Show that H is closed under multiplication, that is, z,y € H implies
xy € H. An element x of H will be called a Hilbert prime if z # 1 and
x cannot be written as the product of two strictly smaller elements
of H. Compute all the Hilbert primes up to 100. Prove that every
element of H can be factored into a product of Hilbert primes, but
that unique factorization does not hold in H.

Hint: Find two essentially distinct factorizations of 441 into a product
of Hilbert primes.

37. For n > 1, consider the rational number

h—1—|—1+1—|— +1
" 2 3 n’

Prove that h,, is not an integer for any n > 2.

Hint: Let 2% be the largest power of 2 not exceeding n. Let P be the
product of the odd positive integers not exceeding n. Consider the
number 21 Ph,,.

1.5 Fuclid’s Theorem and the Sieve of
Eratosthenes

How many primes are there? The fundamental theorem of arithmetic tells
us that every number is uniquely the product of primes, but it does not
give us the number of primes. Euclid proved that the number of primes is
infinite. The following proof is also due to Euclid. It has retained its power
for more than two thousand years.

Theorem 1.14 (Euclid’s theorem) There are infinitely many primes.

Proof. Let pi,...,p, be any finite set of prime numbers. Consider the
integer
N=piputl

Since N > 1, it follows from the fundamental theorem of arithmetic that N
is divisible by some prime p. If p = p; for some i = 1,...,n, then p divides
N — p1---p, = 1, which is absurd. Therefore, p # p; for all i = 1,... n.
This means that, for any finite set of primes, there always exists a prime
that does not belong to the set, and so the number of primes is infinite. O

Let m(x) denote the number of primes not exceeding z. Then 7(z) = 0
for x < 2, w(x) =1for 2 <z < 3, n(z) =2 for 3 <z <5, and so on.
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Euclid’s theorem says that there are infinitely many prime numbers, that
is,

lim 7(x) = oo,
Tr—00

but it does not tell us how to determine them. We can compute all the
prime numbers up to z by using a beautiful and efficient method called the
sieve of Eratosthenes. The sieve is based on a simple observation. If the
positive integer n is composite, then n can be written in the form n = dd’,
where 1 <d <d' <n.Ifd> \/n, then

n=dd > /nvn=n,

which is absurd. Therefore, if n is composite, then n has a divisor d such
that 1 < d < y/n. In particular, every composite number n < z is divisible
by a prime p < /.

To find all the primes up to x, we write down the integers between 1
and x, and eliminate numbers from the list according to the following rule:
Cross out 1. The first number in the list that is not eliminated is 2; cross
out all multiples of 2 that are greater than 2. The iterative procedure is as
follows: Let d be the smallest number on the list whose multiples have not
already been eliminated. If d < /x, then cross out all multiples of d that
are greater than d. If d > /z, stop. This algorithm must terminate after
at most /x steps. The prime numbers up to x are the numbers that have
not been crossed out.

We shall demonstrate this method to find the prime numbers up to 60.
We must sieve out by the prime numbers less than /60, that is, by 2,3, 5,
and 7. Here is the list of numbers up to 60:

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 55 56 57 58 59 60

We cross out 1 and all multiples of 2 beginning with 4:

A 2 3 A 5 6 7 8 9 A0
11 A2 13 14 15 A6 17 A8 19 20
21 22 23 24 25 26 27 28 29 A0
31 A2 33 B34 35 A6 37 38 39 A0
41 A2 43 A4 45 A6 AT A8 49 j0
51 52 53 B4 55 p6 57 B8 59 0



Next we cross out all multiples of 3 beginning with 6:

A2 3 A 5 b T B

1 A2 13 A4 A5 A6 17 18
21 22 23 24 25 26 27 28

31 B2 B3 B4 35 B6 37 B8

41 A2 43 A4 A5 A6 47 A8
bl B2 53 p4 b5 p6 pHT B8

Next we cross out all multiples of 5 beginning with 10:

A 2 3 A 5 p 7T B

1 A2 13 A4 A5 A6 17 A8
21 22 23 24 25 26 27 28

31 B2 B3 B4 B5 B6 37 B8

41 A2 43 A4 A5 A6 4T A8
AL p2 53 p4 b5 p6 BT B8

Finally, we cross out all multiples of 7 beginning with 14:

A2 3 A 5 6 7T B

1 A2 13 A4 A5 16 17 18
21 22 23 24 25 26 27 28

31 A2 B3 B4 B5 A6 37 A8

41 A2 43 A4 A5 A6 47 A8
Al p2 53 p4 b5 p6 BT B8

1.5 Euclid’s Theorem and the Sieve of Eratosthenes

The numbers that have not been crossed out are:

2,3,5,7,11,13,17,19, 23,29, 31, 37, 41, 43, 47, 53, 59.

These are the prime numbers up to 60.

Exercises

A
19
29

39

49
59

p
19
29

39

49
99

p
19
29

39

A9
59

10
20
30
A0
50
60

A0
20
A0
A0
50
60

10
20
30
A0
50
60

35

1. Use the sieve of Eratosthenes to find the prime numbers up to 210.

Compute 7(210).

2. Let N = 210. Prove that N — p is prime for every prime p such that

N/2 < p < N. Find a prime number ¢ < N/2 such that N — ¢ is
composite.

3. Let N = 105. Show that N —2™ is prime whenever 2 < 2" < N. This
statement is also true for N = 7,15,21,45, and 75. It is not known

whether N = 105 is the largest integer with this property.

4. Let N = 199. Show that N — 2n? is prime whenever 2n? < N. It is

not known whether N = 199 is the largest integer with this property.
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5.

10.
11.

1. Divisibility and Primes

Let a and n be positive integers. Prove that a™ — 1 is prime only
if a = 2 and n = p is prime. Primes of the form M, = 2P — 1
are called Mersenne primes. Compute the first five Mersenne primes.
The largest known primes are Mersenne primes. It is an unsolved
problem to determine whether there are infinitely many Mersenne
primes. There is a list of all known Mersenne primes in the Notes at
the end of this chapter.

Let k be a positive integer. Prove that if 2% 41 is prime, then k = 2.
The integer

F,=2"+1
is called the nth Fermat number. Primes of the form 22" +1 are called
Fermat primes. Show that F), is prime for n = 1,2, 3,4.

Prove that Fj is divisible by 641, and so Fj5 is composite.
Hint: Observe that

Fy=22" — 1= (252 45%.228) — (54228 _ 1)

and
641 =2 +5* =5.27 + 1.

Prove that 641 divides both 5% - 228 4+ 232 and 5% . 228 — 1.

It is an unsolved problem to determine whether there are infinitely
many Fermat primes. Indeed, we do not know whether F,, is prime
for any n > 4.

Modify the proof of Theorem 1.14 to prove that there are infinitely
many prime numbers whose remainder is 3 when divided by 4.

Hint: Let p1,pa,...,pn be primes of the form 4k + 3, p; # 3. Let
N = 4pips -+ - pn + 3. Show that N must be divisible by some prime
q of the form 4k + 3.

Show that every prime number except 2 and 3 has a remainder of 1
or 5 when divided by 6. Prove that there are infinitely many prime
numbers whose remainder is 5 when divided by 6.

Prove that 7(n) < n/2 for n > 8.

Prove that 7(n) < n/3 for n > 33.

Hint: Prove the following assertions. (i) If ng > 3, then there are
at most two primes among the 6 consecutive integers ng + 1,n¢ +
2,...,n9 + 6. (ii) Suppose that ng > 3 and w(ng) < ng/3. Let
n = ng + 6k for some positive integer k. Then 7w(n) < n/3. (iii)
Show (by computation) that 7(32) > 32/3 but w(ng) < ng/3 for
nog = 33,34,...,38. (iv) Show that every integer n > 33 can be
written in the form ng + 6k for some nonnegative integer k and
ng € {33,34,...,38}.
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12. Let ng > 6. Prove that if m(ng) < 4ng/15 and n = ng + 30k, then
w(n) < 4n/15.

13. Let 2 = p; < p2 < --- be the sequence of primes in increasing order.
Prove that .
pn <27

for all n > 1.

Hint: Show that the method used to prove Euclid’s theorem (Theo-
rem 1.14) also proves that pp,+1 < p1---pn + 1.

14. Let log, « denote the logarithm of x to the base 2. Prove that
m(x) > log, log, x

for all z > 1.
Hint: Exercise 14.

15. Let p1,...,pr be a finite set of prime numbers. Prove that the num-
ber of positive integers n < x that can be written in the form

n=pi'---p.~ is at most
k
lo
11 ( 8% 4 1) .
log p;

i=1

Prove that if = is sufficiently large, then there are positive integers
n < x that cannot be represented in this way. Use this to give another
proof that the number of primes is infinite.

1.6 A Linear Diophantine Equation

A diophantine equation is an equation of the form

flzy,...,z) =D

that we want to solve in rational numbers, integers, or nonnegative integers.
This means that the values of the variables x1,...,x; will be rationals,
integers, or nonnegative integers. Usually the function f(xi,...,x) is a
polynomial with rational or integer coefficients.

In this section we consider the linear diophantine equation

a1r1 + - +agr = 0.

We want to know when this equation has a solution in integers, and when
it has a solution in nonnegative integers. For example, the equation

3x1 +5x0 =0
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has a solution in integers for every integer b, and a solution in nonnegative
integers for b =0,3,5,6, and all b > 8 (Exercise 1).

Theorem 1.15 Let aq,...,ay be integers, not all zero. For any integer b,
there exist integers x1,...,x such that

a1$1+"'+akxk:b (14)
if and only if b is a multiple of (a1,...,ar). In particular, the linear equa-

tion (1.4) has a solution for every integer b if and only if the numbers
ai,-..,a are relatively prime.

Proof. Let d = (ay,...,ax). If equation (1.4) is solvable in integers x;,
then d divides b since d divides each integer a;. Conversely, if d divides
b, then b = dq for some integer ¢q. By Theorem 1.4, there exist integers
Y1, -- -, Yk such that

aryr + -+ apyp = d.

Let z; = y;q for i =1,... k. Then
arry + - +apxy = a1(y1q) + - +ap(yrg) =dg =>

is a solution of (1.4). It follows that (1.4) is solvable in integers for every b
if and only if (a1,...,a;) =1. 0

Theorem 1.16 Let ay,...,ay be positive integers such that
(a1,...,a,) = 1.
If
k—1
b Z (ak — 1)2&1‘,
i=1
then there exist nonnegative integers x1,...,xy such that
a1 + -+ agzy = b.
Proof. By Theorem 1.15, there exist integers z1, ..., zx such that
a1z1 + - +agzr = b.

Using the division algorithm, we can divide each of the integers 21, ..., 2x_1
by aj so that
Zi = QRqi + T

and
0<z; <a;—1
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fori=1,...,k—1. Let
k—1
Tk = 2k + Zai%’-
i=1

Then

b = aiz1+- - +ag—12p-1 + axzk
= ai(apq + 1)+ -+ ap—1(arqr—1 + Th—1) + ar2i

k=1
= T+ +ap-1Tk-1 + ak (Zk + Z%%)
i=1
= a1T1+ -+ 0p-1T—1 + ATk
k-1
(ar —1) Z i + aprg,

=1

IN

where xj, is an integer, possibly negative. However, if

k—1
b> (ar — 1)Zai,
i=1

then arpxr > 0 and so x; > 0. This completes the proof. O

Let aq,...,ax be relatively prime positive integers. Since every suffi-
ciently large integer can be written as a nonnegative integral linear combi-
nation of ay,...,ay, it follows that there exists a smallest integer

G(ai,...,ar)

such that every integer b > G(aq,. .., aj) can be represented in the form (1.4),
where the variables x1, ..., x; are nonnegative integers. The example above
shows that

G(3,5) = 8.

The linear diophantine problem of Frobenius is to determine G(aq, ..., ax)
for all finite sets of relatively prime positive integers a1,...,ar. This is a
difficult open problem, but there are some special cases where the solution
is known. The following theorem solves the Frobenius problem in the case
k=2.

Theorem 1.17 Let a1 and as be relatively prime positive integers. Then

G(al,ag) = (a1 - 1)((12 — 1)
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Proof. We saw in the proof of Theorem 1.15 that for every integer b
there exist integers x; and zs such that

b=aix1 + asxs and 0<z <ay—1. (1.5)
If we have another representation
b= ayzy + azxh, and 0<z]<as—1,
then
ai(zy — 7)) = az(zh — x2).

Since ag divides a;(z1—2}) and (a1, a2) = 1, Euclid’s lemma (Theorem 1.7)
implies that as divides 21 — 2. Then x1 = 2}, since |z — 2| < as — 1. Tt
follows that zo = x4, and so the representation (1.5) is unique.

If the integer b cannot be represented as a nonnegative integral combina-
tion of a; and ag, then we must have 7 < —1 in the representation (1.5).
This implies that

b=a1x1 + asry < a1(a2 — 1) + CLQ(—l) = (a1 — 1)(0,2 — 1) -1,
and so G(ay, az2) < (a1 —1)(az — 1). On the other hand, since
al(ag — 1) + ag(—l) = a1z — a1 — az < a0z,

it follows that if
a1as — a1 — a2 = a1L1 + asxs

for any nonnegative integers x; and x5, then 0 < 7 < ao — 1. By the
uniqueness of the representation (1.5), we must have z; = az — 1 and
x9 = —1. Therefore, the integer ajas — a1 — as cannot be represented as a
nonnegative integral linear combination of a; and as, and so G(aq,a2) =
(a1 — 1)(&2 — 1). O

Ezercises
1. Prove that the equation
3x1 +5xo =0

has a solution in integers for every integer b, and a solution in non-
negative integers for b = 0,3,5,6 and all b > 8.

2. Find all solutions in nonnegative integers x; and xo of the linear
diophantine equation
2x1 + Txo = 53.



1.6 A Linear Diophantine Equation 41

. Find all solutions in nonnegative integers x; and xo of the linear
diophantine equation

28x1 + 3522 = 136.

. Let a; and ag be relatively prime positive integers. Let N(aq,az)
denote the number of nonnegative integers that cannot be represented
in the form

a1x1 + a2

with 21, 2 nonnegative integers. Compute N (3,10) and N (3,10)/G(3, 10).
. Compute N(7,8) and N(7,8)/G(7,8).
. Find all nonnegative integers that cannot be represented by the form
3x1 + 10z + 1423
with x1, 22, 23 nonnegative integers. Compute G(3, 10, 14).

. Let a; and a5 be relatively prime positive integers. Let M be the set of
all integers n such that 0 < n < ajas —a; —ag and n can be written in
the form n = a1x1 + asxo, where x; and x5 are nonnegative integers.
Let NV be the set of all integers n such that 0 < n < ajas — a; — as
and n cannot be written in the form n = a1z + asxs, where z; and
xo are nonnegative integers. Then |N| = N(az, a2) and |[M| + |N| =
(a1 — 1)(ag —1). Let n € [0,a1a2 — a1 — ag], and write n in the form

n =air; + asxe, where 0 <1z <ag—1.
This representation is unique. Define the function f by
f(n) =a1a2 —a1 —azs —n=ai(az — 1 — 1) — az(z2 + 1).

Prove that f is an involution that maps M onto A/ and N onto M,

and so
a1 —1)(ag —1
M= v = (= D2 =D
and
N(al,ag) _1
G(al,aQ) _2

. Find all solutions in nonnegative integers x1, rs, and x3 of the linear
diophantine equation

6x1 + 10z + 1523 = 30.
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10.

11.

12.

1.7

1. Divisibility and Primes

. Find all solutions in integers x1,zs, and x3 of the system of linear

diophantine equations
3z1 + bxo + Txz = 560,
921 + 25x5 4+ 4923 = 2920.
Find all solutions of the Ramanujan-Nagell diophantine equation
2+ 7=2"
with z < 1000.
Find all solutions of the Ljunggren diophantine equation
? =2yt =-1
with x < 1000.

When is the sum of a geometric progression equal to a power? Equiva-
lently, what are the solutions of the exponential diophantine equation

I+z+a?4+ o™ =y" (1.6)
in integers x, m,y,n greater than 27 Check that
1+3+32+3%34+3* =112,

1+74+7+7 =20

and
1+ 18 +18% = 73.

These are the only known solutions of (1.6).

Notes

I can hardly do better than go back to the Greeks. I will state
and prove two of the famous theorems of Greek mathematics.
They are ‘simple’ theorems, simple both in idea and in execu-
tion, but there is no doubt at all about their being theorems of
the highest class. Each is as fresh and significant as when it was
discovered—two thousand years have not written a wrinkle on
either of them.

G. H. Hardy [51, p. 92]
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Number theory is an ancient subject. The famous theorems to which Hardy
refers are the theorems that there are infinitely many primes (Theorem 1.14)
and that v/2 is irrational (Exercise 22 in Section 1.4). These appear in Eu-
clid’s Elements [61, Book IX, Proposition 20, and Book X, Proposition 9].
The Euclidean algorithm also appears in Euclid [61, Book VII, Proposi-
tion 2]. For fragments of number theory in Babylonian mathematics, see
Neugebauer [110] and van der Waerden [147].

There are many excellent introductions to elementary number theory.
My favorite is Number Theory for Beginners by André Weil [152]. Two
classic works are Hardy and Wright [60] and Landau [87]. Other inter-
esting books are Davenport [22], Hua [68], Kumanduri and Romero [85]
and Ireland and Rosen [72]. There are beautiful introductions to algebraic
number theory by Borevich and Shafarevich [13], Hecke [63, 64], Lang [90],
and Neukirch [111], and to analytic number theory by Apostol [3], Dav-
enport [21], Rademacher [119], and Serre [131, 132]. An excellent survey
volume is Manin and Panchishkin, Introduction to Number Theory [96].

The best history is Weil, Number Theory: An Approach through History.
From Hammurapi to Legendre [153]. There is also Leonard Eugene Dick-
son’s encyclopedic but unreadable three-volume History of the Theory of
Numbers [25].

Guy’s Unsolved Problems in Number Theory [45] is a nice survey of un-
usual problems and results in elementary number theory.

For a refinement of Theorem 1.16, see Nathanson [101].

Lang’s Algebra [89)] is the standard reference for the algebra used in this
book.

In October, 1999, only 38 Mersenne primes had been discovered. The list
of these primes is as follows:

22 -1 23 —1 25 —1 2T -1 213 —1
217_1 219_1 231_1 261_1 289_1
2107 -1 2127 -1 2521 -1 2607 -1 21279 -1
22203 -1 22281 -1 23217 -1 24253 -1 24423 -1
29689 -1 29941 -1 211213 -1 219937 -1 221701 -1
223209 -1 244497 -1 286243 -1 2110503 -1 2132049 -1

9216091 _ | 9756839 _ | 9859433 _ | 91257787 _ | 91398269 _ |
92976221 _ | 93021377 _ | 96972593 _ |

The largest prime known in October, 1999 was the Mersenne prime Mgg72593-
An Internet site devoted to Mersenne primes and related problems in num-
ber theory is www.mersenne.org.
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Congruences

2.1 The Ring of Congruence Classes

Let m be a positive integer. If a and b are integers such that a —b is divisible
by m, then we say that a and b are congruent modulo m, and write

a=b (modm).

Integers a and b are called incongruent modulo m if they are not congruent
modulo m. For example, —12 = 43 (mod 5) and —12 = 43 (mod 11),
but —12 # 43 (mod 7). Every even integer is congruent to 0 modulo 2,
and every odd integer is congruent to 1 modulo 2. If z is not divisible by
3, then 2 =1 (mod 3).

Congruence modulo m is an equivalence relation, since for all integers
a,b, and ¢ we have

(i) Reflexivity: a =a (mod m),
(ii) Symmetry: If a =b (mod m), then b=a (mod m), and

(ii) Transitivity: If a = b (mod m) and b = ¢ (mod m), then a = ¢
(mod m).

Properties (i) and (ii) follow immediately from the definition of congruence.
To prove (iii), we observe that if a = b (mod m) and b = ¢ (mod m),
then there exist integers z and y such that a — b = mz and b — ¢ = my.
Since

a—c=(a—b)+ (b—c)=mx+my=m(xz+y),
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it follows that a = ¢ (mod m). The equivalence class of an integer a under
this relation is called the congruence class of a modulo m, and written
a+mZ. Thus, a+mZ is the set of all integers b such that b =a (mod m),
that is, the set of all integers of the form a 4+ ma for some integer x. If
(a +mZ)N (b+mZ) # 0, then a + mZ = b+ mZ. We denote by Z/mZ
the set of all congruence classes modulo m.

A congruence class modulo m is also called a residue class modulo m.

By the division algorithm, we can write every integer a in the form
a = mq + 7, where ¢ and r are integers and 0 < r < m — 1. Thena =r
(mod m), and r is called the least nonnegative residue of a modulo m.

Ifa=0 (modm)and |a] <m, then a =0, since 0 is the only integral
multiple of m in the open interval (—m,m). This implies that if a = b
(mod m) and |a—b| < m, then a = b. In particular, if r;, 75 € {0,1,...,m—
1} and if @ =71 (mod m) and a = ro (mod m), then r; = ro. Thus,
every integer belongs to a unique congruence class of the form r + mZ,
where 0 <7 <m — 1, and so

Z/mZ={mZ,1+mZ,...,(m—1)+mZ}.

The integers 0,1,...,m — 1 are pairwise incongruent modulo m.
A set of integers R = {r1,...,mn} is called a complete set of residues
modulo m if rq,...,r,, are pairwise incongruent modulo m and every in-

teger x is congruent modulo m to some integer r; € R. For example, the
set {0,2,4,6,8,10,12} is a complete set of residues modulo 7. The set
{0,3,6,9,12,15,18,21} is a complete set of residues modulo 8. The set
{0,1,2,...,m — 1} is a complete set of residues modulo m for every posi-
tive integer m.

There is a natural way to define addition, subtraction, and multiplication
of congruence classes. If

a; =az (mod m)

and
by =by (mod m),
then
ay + by =az+ by (mod m),
a3 — by =ay — by (mod m),
and

a1by = agbe  (mod m).

These statements are consequences of the identities
(a1 + bl) — ((IQ + bg) = (a1 — CLQ) + (bl — bg) =0 (HlOd m),

(0,1 — bl) — (CLQ — bg) = (a1 — ag) — (bl — bg) =0 (mod m)
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and
a1by — agbs = ag(by — b2) + (a1 — az)bo =0 (mod m).

Addition, subtraction, and multiplication in Z/mZ are well-defined if we
define the sum, difference, and product of congruence classes modulo m by

(a +mZ)+ (b+mZ) = (a+b) + mZ,

(a+mZ)— (b+mZ) = (a—b) +mZ,
and

(a+mZ)-(b+ mZ) = ab+ mZ.

Addition of congruence classes is associative and commutative, since

((a+mZ)+ (b+mZ))+ (c+mZ)

= ((a+b)+mZ)+ (c+mZ)
(a+b)+c)+mZ
a+ (b+c))+mZ
a+mZ)+ ((b+c) + mZ)
a+mZ)+ ((b+mZ)+ (c+ mZ))

=
=
=
= (

and

(a+mZ)+ (b+mZ) (a+b)+mZ
(b+a)+mZ

(b+mZ) + (a+ mZ).

The congruence class mZ is a zero element for addition, since mZ + (a +
mZ) = a + mZ for all a + mZ € Z/mZ, and the additive inverse of the
congruence class a + mZ is —a + mZ, since

(a+mZ)+ (—a+mZ) = (a—a) + mZ =mZ.

From these identities we see that the set of congruence classes modulo m
is an abelian group under addition.

We have also defined multiplication in Z/mZ. Multiplication is associa-
tive and commutative, since

((a+mZ)(b+mZ))(c+mZ) = (ab)c+mZ
= a(bc) + mZ
(a+mZ)((b+ mZ)(c+ mZ))

and

(a+mZ)(b+mZ) =ab+ mZ =ba+mZ = (b+ mZ)(a+ mZ).
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The congruence class 1 + mZ is an identity for multiplication, since
(1+mZ)(a+mZ)=a+mZ

for all a + mZ € Z/mZ. Finally, multiplication of congruence classes is
distributive with respect to addition in the sense that

(a +mZ)((b+mZ)+ (c +mZ))
a(b+ c¢) + mZ)
= (ab+mZ) + (ac+ mZ)
= (a+mZ)(b+mZ)+ (a+mZ)(c+mZ)

for all a + mZ,b+ mZ,c+mZ € Z/mZ.

A ringis a set R with two binary operations, addition and multiplication,
such that R is an abelian group under addition with additive identity O,
and multiplication satisfies the following axioms:

(i) Associativity: For all x,y,z € R,
(zy)z = z(yz).

(ii) Identity element: There exists an element 1 € R such that for all
T € R,
lx=x-1=u=.

The element 1 is called the multiplicative identity of the ring.
(iii) Distributivity: For all z,y, 2z € R,

z(y+2) =zy + xz.

The ring R is commutative if multiplication also satisfies the axiom

(iv) Commutativity: For all z,y € R,
TY = yx.

The integers, rational numbers, real numbers, and complex numbers are
examples of commutative rings. The set M3(C) of 2 x 2 matrices with
complex coefficients and the usual matrix addition and multiplication is a
noncommutative ring.

Let R and S be rings with multiplicative identities 1z and 1g, respec-
tively. A map f : R — S is called a ring homomorphism if f(x +y) =
f(@) + f(y) and f(zy) = f(2)(y) for all 2,y € R, and f(1g) = Ls.

An element a in the ring R is called a wnit if there exists an element
x € R such that ax =xa=1.If ais a unit in R and x € R and y € R are
both inverses of a, then = = z(ay) = (xa)y = y, and so the inverse of a is
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unique. We denote the inverse of @ by a='. The set R* of all units in R is
a multiplicative group, called the group of units in the ring R. A field is a
commutative ring in which every nonzero element is a unit. For example,
the rational, real, and complex numbers are fields. The integers form a ring
but not a field, and the only units in the ring of integers are +1.

The various properties of sums and products of congruence classes that
we proved in this section are equivalent to the following statement.

Theorem 2.1 For every integer m > 2, the set Z/mZ of congruence
classes modulo m is a commutative ring.

Exercises

1.

AR R

10.
11.

12.
13.

Compute the least nonnegative residue of 10* + 1 modulo 13 for k =
1,2,3,4.

Compute the least nonnegative residue of 522 modulo 23.
Construct the multiplication table for the ring Z/5Z.
Construct the multiplication table for the ring Z/6Z.

Prove that every integer is congruent modulo 9 to one of the even
integers 0,2,4,6,...,16.

Let m be an odd positive integer. Prove that every integer is congru-
ent modulo m to one of the even integers 0,2,4,6,...,2m — 2.

Prove that every integer is congruent modulo 9 to a unique integer r
such that —4 < r <4.

Let m = 2¢q + 1 be an odd positive integer. Prove that every integer
is congruent modulo m to a unique integer r such that —qg <r <gq.

Let m = 2¢q be an even positive integer. Prove that every integer is
congruent modulo m to a unique integer r such that —(¢—1) <r <g.

Prove that a® = a (mod 6) for every integer a.

Prove that a* =1 (mod 5) for every integer a that is not divisible
by 5.

Prove that if a is an odd integer, then > =1 (mod 8).

Let d be a positive integer that is a common divisor of a,b, and m.
Prove that
a=b (modm)

if and only if

= % (mod %)

ale
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14.

15.

16.

17.

18.

19.

20.

21.

2. Congruences

Prove that if , y, z are integers such that z? +y? = 22, then zyz =0
(mod 60).

Prove that a; = as (mod m) implies a¥ = a5 (mod m) for all

k > 1. Prove that if f(z) is a polynomial with integer coefficients and
a1 = ay (mod m), then f(a1) = f(az) (mod m).

(A criterion for divisibility by 9.) Prove that a positive integer n is
divisible by 9 if and only if the sum of its decimal digits is divisible by
9. (For example, the sum of the decimal digits of 567 is 5+6+7 = 18.)

Hint: Prove that 10F =1 (mod 9) for every nonnegative integer k.

(A criterion for divisibility by 11.) Prove that a positive integer n is
divisible by 11 if and only if the alternating sum of its decimal digits
is divisible by 11. (For example, the alternating sum of the decimal
digits of 80,7291is —94+2-7+0—-8=—-22,)

Hint: Prove that 10¥ = (=1)¥ (mod 11) for every nonnegative inte-
ger k.

Prove that if xq,...,x,, is a sequence of m not necessarily distinct
integers, then there is a subsequence of consecutive terms whose sum
is divisible by m, that is, there exist integers 1 < k < ¢ < m such

that
¢

in =0 (mod m).

i=k

Hint: Consider the m+ 1 integers 0, 1, x1 + T2, 1 + T2+ 23, ..., 21+
To+ -+ T

Let m > 2 and let d be a positive divisor of m — 1. Let n = ag +
aym+- - -+apm® be the m-adic representation of n. Prove that n = 0
(mod d) if and only if ag + a1 +---+ax =0 (mod d).

Let n be a positive integer such that n =3 (mod 4). Prove that n
cannot be written as the sum of two squares.

Prove that every integer belongs to at least one of the following 6
congruence classes:

I S Y )
AA/\/E\/\A
]
Q.
S

23
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22. Let p be prime, m > 1, and 0 < k < p — 1. Prove that
k
N = (mp—|— > =m (mod p).
p
Hint: Consider the integer (p — 1)!N modulo p.
23. Let G be the subset of M5(C) consisting of the four matrices

(on) (7o) 2)(0)

Prove that G is a multiplicative group isomorphic to the additive
group of congruence classes Z/4Z.

2.2 Linear Congruences
The following theorem is one of the most useful and important tools in
elementary number theory.

Theorem 2.2 Let m,a,b be integers with m > 1. Let d = (a,m) be the
greatest common divisor of a and m. The congruence

axr =b (mod m) (2.1)
has a solution if and only if
b=0 (mod d).

Ifb=0 (mod d), then the congruence (2.1) has exactly d solutions in in-
tegers that are pairwise incongruent modulo m. In particular, if (a,m) =1,
then for every integer b the congruence (2.1) has a unique solution modulo
m.

Proof. Let d = (a,m). Congruence (2.1) has a solution if and only if
there exist integers x and y such that

axr —b=my,

or, equivalently,
b= ax —my.
By Theorem 1.15, this is possible if and only if 5=0 (mod d).
If  and z; are solutions of (2.1), then

alrv1 —z)=ary —axr=b—b=0 (mod m),

and so
a(ry —x) = mz
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for some integer z. If d is the greatest common divisor of a and m, then

(a/d,m/d) =1 and . -
() === (F)=

By Euclid’s lemma (Theorem 1.7), m/d divides x; — z, and so

m
r1 =T+ —

d

for some integer i, that is,

1 =2 (mod T).

d

Moreover, every integer x1 of this form is a solution of (2.1). An integer z;
congruent to x modulo m/d is congruent to = + im/d modulo m for some
integer ¢ = 0,1,...d—1, and the d integers x+im/d withi=0,1,...,d—1
are pairwise incongruent modulo m. Thus, the congruence (2.1) has exactly
d pairwise incongruent solutions. This completes the proof. O

Theorem 2.3 If p is a prime, then Z/pZ is a field.

Proof. If a + pZ € Z/pZ and a + pZ # pZ, then a is an integer not
divisible by p. By Theorem 2.2, there exists an integer x such that ax =1
(mod p). This implies that

(a +pZ)(xz +pZ) =1+ pZ,

and so a + pZ is invertible. Thus, every nonzero congruence class in Z/pZ
is a unit and Z/pZ is a field. O

Here are some examples of linear congruences. The congruence
7r =3 (mod 5)

has a unique solution modulo 5 since (7,5) = 1. The solution is z = 4
(mod 5). The congruence

35z = —14 (mod 91) (2.2)
is solvable since (35,91) = 7 and
—14=0 (mod 7).
Congruence (2.2) is equivalent to the congruence

5z =—2 (mod 13), (2.3)
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which has the unique solution 2 = 10 (mod 13). Every solution of (2.2)
satisfies
=10 (mod 13)

and so a complete set of solutions that are pairwise incongruent modulo 91
is {10, 23, 36, 49, 62, 75, 88}.

Lemma 2.1 Let p be a prime number. Then 22 =1 (mod p) if and only
ifx =+1 (mod p).

Proof.If z =41 (mod p),thenz? =1 (mod p). Conversely, if 2? = 1
(mod p), then p divides 22> — 1 = (z — 1)(z + 1), and so p must divide z — 1
orx+1.0

Theorem 2.4 (Wilson) If p is prime, then

(p—1D!'=-1 (mod p).

Proof. This is true for p = 2 and p = 3, since 1! = —1 (mod 2)
and 2! = —1 (mod 3). Let p > 5. By Theorem 2.2, to each integer a €
{1,2,...,p— 1} there is a unique integer a=! € {1,2,...,p — 1} such that
aa~!' =1 (mod p). By Lemma 2.1, a = a~! if and only if a = 1 or a =
p—1. Therefore, we can partition the p—3 numbers in the set {2,3,...,p—2}
into (p — 3)/2 pairs of integers {a;, a; '} such that a;a; ' =1 (mod p) for
i=1,...,(p—3)/2. Then

(p—1! = 1-2:3---(p-2)(p—1)
(p—3)/2
= (p-1) H am;l
i=1
= p-—-1
= -1 (mod p).

This completes the proof. O

For example,
41=24=-1 (mod 5)

and
6!=720=—-1 (mod 7).

The converse of Wilson’s theorem is also true (Exercise 7).

Theorem 2.5 Let m and d be positive integers such that d divides m. If a
s an integer relatively prime to d, then there exists an integer a’ such that
a =a (mod d) and a’ is relatively prime to m.
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Proof. Let m = Hle pitand d = Hle p;t, wherer; > 1land 0 < s; <7y

7 K3

for i =1,...,k. Let m’ be the product of the prime powers that divide m
but not d. Then i
m = H p;,”
=1

5;=0

and
(m/,d) =1.

By Theorem 2.2, there exists an integer x such that

dr=1—a (modm').

Then
ad=a+dr=1 (modm)
and so
(a',m') = 1.
Also,

a=a (mod d).

If (a’,m) # 1, there exists a prime p that divides both ¢’ and m. However,
p does not divide m’ since (a’,m’) = 1. It follows that p divides d, and
so p divides @' — dx = a, which is impossible since (a,d) = 1. Therefore,
(a/,m)=1.0

Ifa=b (modm), then a = b+ ma for some integer z. An integer d is
a common divisor of a and m if and only if d is a common divisor of b and
m, and so (a,m) = (b,m). In particular, if a is relatively prime to m, then
every integer in the congruence class of a + mZ is relatively prime to m.
A congruence class modulo m is called relatively prime to m if some (and,
consequently, every) integer in the class is relatively prime to m.

We denote by ¢(m) the number of congruence classes in Z/mZ that are
relatively prime to m. The function ¢(m) is called the Fuler phi function.
Equivalently, ¢(m) is the number of integers in the set 0,1,2,...,m — 1
that are relatively prime to m. The Euler phi function is also called the
totient function.

A set of integers {r1,...,7,(m)} is called a reduced set of residues modulo
m if every integer x such that (z,m) = 1 is congruent modulo m to some
integer r;. For example, the sets {1,2,3,4,5,6} and {2,4,6,8,10, 12} are
reduced sets of residues modulo 7. The sets {1,3,5,7} and {3,9,15,21} are
reduced sets of residues modulo 8.

An integer a is called invertible modulo m or a unit modulo m if there
exists an integer x such that

ar =1 (mod m).
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By Theorem 2.2, a is invertible modulo m if and only if a is relatively prime
to m. Moreover, if a is invertible and az =1 (mod m), then x is unique
modulo m. The congruence class a + mZ is called invertible if there exists
a congruence class z + mZ such that

(a+mZ)(x +mZ) =1+ mZ.

We denote the inverse of the congruence class a + mZ by (a + mZ)~! =
a~'+mZ. The invertible congruence classes are the units in the ring Z/mZ.
We denote the group of units in Z/mZ by

(Z/mZ)” .
If R={ri,...,74(m)} is a reduced set of residues modulo m, then
(Z/mZ)* ={r+mZ:rc R}

and

(Z/m2)"| = o (m).

For example,
(Z/6Z)* = {1+ 6Z,5+ 6Z}

and
(Z)7Z)* = {1+ T7Z,2+ TZ,3+ TZ,4 + TZ,5 + TZ,6 + TZ}.

If a + mZ is a unit in Z/mZ, then (a,m) = 1 and we can apply the
Euclidean algorithm to compute (a +mZ)~!. If we can find integers x and
y such that

ar +my =1,
then
(a +mZ)(x + mZ) =1+ mZ,

and x + mZ = (a +mZ)~ L.
For example, to find the inverse of 13 4+ 17Z, we use the Euclidean algo-
rithm to obtain

17 = 13-1+4,

13 = 4-3+1,

4 = 1-4.
This gives

1=13-4-3=13—-(17—13-1)3=13-4—17-3,

and so

13-4=1 (mod 17).
Therefore,

(13+17Z)" ' =4+ 172Z.
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Ezercises
1. Find all solutions of the congruence 4z =9 (mod 11).
2. Find all solutions of the congruence 12z =3 (mod 45).
3. Find all solutions of the congruence 28z = 35 (mod 42).
4. Find all solutions of the system of congruences
5+ 7y =3 (mod 17)

2z 4+ 3y =—2 (mod 17).

5. Find all solutions of the system of congruences
8r+5y=1 (mod 13)

4x 4+ 3y =3 (mod 13).

6. Find the inverse of each nonzero congruence class modulo 13.

7. Prove that if m is composite and m # 4, then (m—1)! =0 (mod m).
This is the converse of Wilson’s theorem.

8. Prove that if p > 5 is an odd prime, then

6(p—4)!'=1 (mod p).

9. Let m and a be integers such that m > 1 and (a,m) = 1. Prove
that if {r1,...,7om)} is a reduced set of residues modulo m, then
{ary,...,ar,(m)} is also a reduced set of residues modulo m.

10. We say that an integer a is nilpotent modulo m if there exists a pos-
itive integer k such that a* =0 (mod m). Prove that a is nilpotent
modulo m if and only if a =0 (mod rad(m)).

11. For n > 1, consider the rational number

Unp
= )
Un

el

hn =Y
k=1

where u,, and v,, are positive integers. Prove that if p is an odd prime,
then the numerator u,_1 of hp_; is divisible by p.

Hint: Write h,_; as a fraction with denominator (p — 1)!, and apply
Wilson’s theorem.
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12. (A criterion for divisibility by 7.) Let n be a positive integer, and
let dipdi_1 ...d1do be the usual 10-adic representation of n. Define
f(n) = dgdg—1...dy — 2dy. (For example, if n = 203, then dy = 3,
dy =0, dy =2, and f(203) = 20—6 = 14.) Prove that n is divisible by
7 if and only if f(n) is divisible by 7. Use this criterion to determine
if 7875 is divisible by 7.

Hint: Prove that 10v + 4 = 0 (mod 7) if and only if v — 2u = 0
(mod 7).

13. Let k£ > 3. Find all solutions of the congruence

z2=1 (mod 2%).

2.3 The Euler Phi Function

An arithmetic function is a function defined on the positive integers. The
Euler phi function ¢(m) is the arithmetic function that counts the number

of integers in the set 0,1,2,...,m — 1 that are relatively prime to m. We
have

(1) = 1, p(6) = 2,

e(2) = 2, e(7) = 6,

e(3) = 3, e(8) = 4,

p(4) = 2, e(9) = 6,

e(5) = 4, p(10) = 4.

If p is a prime number, then (a,p) = 1fora=1,...,p—1, and p(p) =p—1.
If p” is a prime power and 0 < a < p" — 1, then (a,p") > 1 if and only if a
is a multiple of p. The integral multiples of p in the interval [0,p" — 1] are
the p"~! numbers 0,p,2p, 3p, ..., (p"~! — 1)p, and so

i B 1
(") =p —p "t =p (1—p).

In this section we shall obtain some important properties of the Euler phi
function.

Theorem 2.6 Let m and n be relatively prime positive integers. For every
integer c there exist unique integers a and b such that

0<a<n-—1,
0<b<m-—1,

and
c=ma+nb (mod mn). (2.4)

Moreover, (¢, mn) = 1 if and only if (a,n) = (b,m) =1 in the representa-

tion (2.4).
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Proof. If aq,as, b1, bs are integers such that
may + nby = mag + nby  (mod mn),

then
may = maj + nby = mas + nby = mas  (mod n).

Since (m,n) = 1, it follows that
a1 =ay (mod n),

and so a1 = ag. Similarly, by = bs. It follows that the mn integers ma + nb
are pairwise incongruent modulo mn. Since there are exactly mn distinct
congruence classes modulo mn, the congruence (2.4) has a unique solution
for every integer c.

Let ¢ =ma+nb (mod mn). Since (m,n) = 1, we have

(¢,m) = (ma + nb,m) = (nb,m) = (b, m)

and

(¢,n) = (ma + nb,n) = (ma,n) = (a,n).
It follows that (¢, mn) = 1 if and ouly if (¢,m) = (¢,n) = 1 if and only if
(b,m) = (a,n) = 1. This completes the proof. O

For example, we can represent the congruence classes modulo 6 as linear
combinations of 2 and 3 as follows:

0 = 0-2+40-3 (mod 6),
1 = 2-241-3 (mod 6),
2 = 1-2+40-3 (mod 6),
3 = 0-2+1-3 (mod 6),
4 = 2-240-3 (mod 6),
5 = 1-2+41-3 (mod 6)

A multiplicative function is an arithmetic function f(m) such that f(mn) =
f(m)f(n) for all pairs of relatively prime positive integers m and n. If
f(m) is multiplicative, then it is easy to prove by induction on k that if
maq,...,my are pairwise relatively prime positive integers, then f(mj ---my) =

f(ma) - f(my).

Theorem 2.7 The Euler phi function is multiplicative. Moreover,

-nfl(1-})
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Proof. Let (m,n) = 1. There are p(mn) congruence classes in the ring
Z /mnZ that are relatively prime to mn. By Theorem 2.6, every congruence
class modulo mn can be written uniquely in the form ma 4+ nb + mnZ,
where a and b are integers such that 0 <a <n—1and 0 <b<m—1.
Moreover, the congruence class ma + nb+ mnZ is prime to mn if and only
if (b,m) = (a,n) = 1. Since there are p(n) integers a € [0,n — 1] that are
relatively prime to n, and ¢(m) integers b € [0,m — 1] relatively prime
to m, it follows that ¢(mn) = p(m)e(n), and so the Euler phi function is

multiplicative. If mq, ..., my are pairwise relatively prime positive integers,
then p(my---my) = @(my)---@(my). In particular, if m = pi*---p* is
the standard factorization of m, where p1,...,pr are distinct primes and
r1,...,TE are positive integers, then

k k 1 1

eom) =TT o) =TTw (1-2) =T (1-1).
i=1 i=1 pi p
= = plm

This completes the proof. O

For example, 7875 = 32537 and
©(7875) = 0(3%)p(5%)@(7) = (9 — 3)(125 — 25)(7 — 1) = 3600.

Theorem 2.8 For every positive integer m,
> p(d) =m.
d|m

Proof. We first consider the case where m = p' is a power of a prime p.
The divisors of pt are 1,p,p?,...,p", and

t t

doeld) = o) =1+ (" —p ") =p"

d|pt r=0 r=1
Next we consider the general case where m has the standard factorization
m=pi'py -y
where pq,...,pr are distinct prime numbers and %4, ..., t; are positive in-
tegers. Every divisor d of m is of the form
d=pi'py* - pts

where 0 <r; <t¢; fori =1,...,k. By Theorem 2.7, ¢(d) is multiplicative,
and so
o(d) = o(pi')e(py?) - - o(pi*)-
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Therefore,

Seld) = > > et P

dlm r1=0 =0

t1 tr

= > ) e)emR) - ep)
r1=0 =0
kot

= II1D. i)
i=17r;=0
k

= pr‘

—

This completes the proof. O

For example,

doeld) = o1)+e(2) + (3) + 9(4) + ¢(6) + (12)
d|12

1+1+2+2+2+4

= 12
and
> eld) = 1)+ @3)+ @(5) + p(9) + ¢(15) + ©(45)
d|45
= 1424+44+6+8+24
= 45.
Ezercises

1. Compute ¢(6993).

2. Represent the congruence classes modulo 12 in the form 3a + 4b with
0<a<3and0<b<2.

3. Let m = 15. Compute ¢(d) for every divisor d of m, and check that
>_dm ©(d) = m. Repeat this exercise for m = 16,17, and 18.

4. Prove that ¢(m) is even for all m > 3.

k—1

5. Prove that ¢(m*) = m*~1y(m) for all positive integers m and k.
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6. Prove that m is prime if and only if o(m) =m — 1.

7. Prove that ¢(m) = ¢(2m) if and only if m is odd.

8. Prove that if m divides n, then ¢(m) divides ¢(n).

9. Find all positive integers n such that ¢(n) is not divisible by 4.
10. Find all positive integers n such that ¢(5n) = 5p(n).

11. Let f(n) = ¢(n)/n. Prove that ¢(p*) = ¢(p) for all primes p and all
positive integers k.

12. This problem gives an alternative proof of Theorem 2.8. Let m > 1,
and let S be the set of fractions k/m with k =0,1,...,m — 1. Write
each fraction in lowest terms: k/m = a/d, where d is a divisor of m
and (a,d) = 1. For example, 0/m = 0/1. Show that for each divisor d
of m there are exactly ¢(d) fractions k/m € S that have denominator
d when reduced to lowest terms. Deduce that }_; ., ¢(d) = m.

13. Let N,,(z) denote the number of positive integers not exceeding x
that are relatively prime to m. Prove that

i, Ne) _ )

This result can be expressed as follows: The probability that a random
integer is prime to m is ¢(m)/m.

2.4 Chinese Remainder Theorem

Theorem 2.9 Let m and n be positive integers. For any integers a and b
there exists an integer x such that

x=a (modm) (2.5)

and
x=b (mod n) (2.6)

if and only if
a=b (mod (m,n)).

If x is a solution of congruences (2.5) and (2.6), then the integer y is also
a solution if and only if

x=y (mod [m,n]).


Administrator
ferret
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Proof. If z is a solution of congruence (2.5), then x = a + mu for some
integer w. If x is also a solution of congruence (2.6), then

r=a+mu=>b (modn),

that is,
a+mu=>b+nv

for some integer v. It follows that
a—b=nv—mu=0 (mod (m,n)).

Conversely, if a —b =0 (mod (m,n)), then by Theorem 1.15 there exist
integers u and v such that

a—b=nv—mu.
Then
r=a+mu=>b+nv

is a solution of the two congruences.
An integer y is another solution of the congruences if and only if

y=a=2z (modm)

and
y=b=2z (modn),

that is, if and only if z—y is a common multiple of m and n, or, equivalently,
x — y is divisible by the least common multiple [m,n]. This completes the
proof. O

For example, the system of congruences

5 (mod 21),
19 (mod 56),

has a solution, since
(56,21) =17

and
19=5 (mod 7).

The integer x is a solution if there exists an integer u such that
r=5+2lu=19 (mod 56),

that is,
2lu =14 (mod 56),
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3u=2 (mod ),
or
u=6 (mod 8).
Then
=5+ 2lu=5+21(6+ 8v) = 131 + 168v

is a solution of the system of congruences for any integer v, and so the set
of all solutions is the congruence class 131 + 168Z.

Theorem 2.10 (Chinese remainder theorem) Letk > 2. Ifay,...,a;
are integers and my, ..., my are pairwise relatively prime positive integers,
then there exists an integer x such that

x=a; (modm;) forali=1,... k.

If © is any solution of this set of congruences, then the integer y is also a
solution if and only if

x=y (mod my---my).

Proof. We prove the theorem by induction on k. If k = 2, then [my, ms] =
myme, and this is a special case of Theorem 2.9.

Let k£ > 3, and assume that the statement is true for k£ — 1 congruences.
Then there exists an integer z such that z = a; (mod m;) fori=1,..., k—
1. Since myq, ..., my are pairwise relatively prime integers, we have

(ma - mp_1,mg) = 1,
and so, by the case k = 2, there exists an integer x such that

= 2z (modmy---mg_1),
= ar (mod my).
Then
r=z=a; (modm,)
fori=1,...,k—1.

If y is another solution of the system of k congruences, then = — y is
divisible by m; for all ¢ = 1,... k. Since my, ..., my are pairwise relatively
prime, it follows that = — y is divisible by mj - - - mg. This completes the
proof. O

For example, the system of congruences

x = 2 (mod 3),
x = 3 (mod5),
x = 5 (mod?T7),
x = 7 (mod1l)
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has a solution, since the moduli are pairwise relatively prime. The solution
to the first two congruences is the congruence class

z=8 (mod 15).
The solution to the first three congruences is the congruence class
x =68 (mod 105).
The solution to the four congruences is the congruence class
x =1118 (mod 1155).

There is an important application of the Chinese remainder theorem to
the problem of solving diophantine equations of the form

f(z1,...,z) =0 (mod m),

where f(z1,...,zk) is a polynomial with integer coefficients in one or sev-
eral variables. This equation is solvable modulo m if there exist integers
ai,...,a such that

flay,...;ax) =0 (mod m).

The Chinese remainder theorem allows us to reduce the question of the
solvability of this congruence modulo m to the special case of prime power
moduli p”. For simplicity, we consider polynomials in only one variable.

Theorem 2.11 Let

m = p;’l .. .pzk
be the standard factorization of the positive integer m. Let f(x) be a poly-
nomial with integral coefficients. The congruence

f(z) =0 (mod m)
is solvable if and only if the congruences

f(z) =0 (mod p;*)
are solvable for alli=1,... k.

Proof. If f(x) =0 (mod m) has a solution in integers, then there exists
an integer a such that m divides f(a). Since p;* divides m, it follows that
p;* divides f(a), and so the congruences f(x) =0 (mod p;*) are solvable
fori=1,... k.

Conversely, suppose that the congruences f(z) =0 (mod p;*) are solv-
able for i = 1,..., k. Then for each ¢ there exists an integer a; such that

f(a;) =0 (mod pi*).
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Since the prime powers pi',...,p." are pairwise relatively prime, the Chi-
nese remainder theorem tells us that there exists an integer a such that

a=a; (modp;)

for all 7. Then
fla) = f(ai) =0 (mod p;*)
for all ¢. Since f(a) is divisible by each of the prime powers p;*, it is also

divisible by their product m, and so f(a) =0 (mod m). This completes
the proof. O

For example, consider the congruence
f(r)=2®> -34=0 (mod 495).
Since 495 = 32 - 5 - 11, it suffices to solve the congruences
fx)=2>-34=2>+2=0 (mod9),

flx)=2>-34=2>+1=0 (mod5),

and
flx)=2>-34=2>-1=0 (mod 11).

These congruences have solutions
f(5) =0 (mod9),
f(2) =0 (mod 5),

and
f()=0 (mod 11).

By the Chinese remainder theorem, there exists an integer a such that

a = 5 (mod?9),
= 2 (mod5),
a 1 (mod 11).

Solving these congruences, we obtain
a =122 (mod 495).
We can check that
f(122) = 1222 — 34 = 14,850 = 30 - 495,

and so
f(122) =0 (mod 495).
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Ezercises

1. Find all solutions of the system of congruences

4 (mod 5),
5 (mod 6).

. Find all solutions of the system of congruences

x (mod 12),

5
8 (mod 9).

. Find all solutions of the system of congruences

5 (mod 12),
8 (mod 10).

xT
T

. Find all solutions of the system of congruences

2r =1 (mod 5),

1
3z =4 (modT).

. Find all integers that have a remainder of 1 when divided by 3, 5,

and 7.

. Find all integers that have a remainder of 2 when divided by 4 and

that have a remainder of 3 when divided by 5.

. Find all solutions of the congruence

f(z) =52 -93=0 (mod 231).

. (Bhaskara, sixth century) A basket contains n eggs. If the eggs are

removed 2, 3,4,5, or 6 at a time, then the number of eggs that remain
in the basket is 1,2, 3,4, or 5, respectively. If the eggs are removed
7 at a time, then no eggs remain. What is the smallest number n of
eggs that could have been in the basket at the start of this procedure?

Hint: The first condition implies that n =1 (mod 2).

. Let f be a polynomial with integer coefficients. For m > 1, let Ny(m)

denote the number of pairwise incongruent solutions of f(z) = 0
(mod m). Prove that the function Nf(m) is multiplicative, that is,
Nf(mlmg) = Nf(ml)Nf(mg) if (my1,ma) = 1.
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10. Let myq, ..., m be pairwise relatively prime positive integers and m =
myq - - - my. Define the map

f:(Z/mZ) — (Z/m1Z)" x - x (Z/mpZ)”

by
fla+mZ)=(a+miZ,...,a+miZ).

Use the Chinese remainder theorem to show directly that this map
is one-to-one and onto.

2.5 Euler’s Theorem and Fermat’s Theorem

Euler’s theorem and its corollary, Fermat’s theorem, are fundamental re-
sults in number theory, with many applications in mathematics and com-
puter science. In the following sections we shall see how the Euler and
Fermat theorems can be used to determine whether an integer is prime or
composite, and how they are applied in cryptography.

Theorem 2.12 (Euler) Let m be a positive integer, and let a be an inte-
ger relatively prime to m. Then

a?™ =1 (mod m).

Proof. Let {r1,...,7,m)} be a reduced set of residues modulo m. Since
(a,m) = 1, we have (ar;,m) = 1 for ¢ = 1,...,p(m). Consequently, for
every i € {1,...,p(m)} there exists o(i) € {1,...,p(m)} such that

ar; =143y (mod m).
Moreover, ar; = ar; (mod m) if and only if i = j, and so o is a permuta-
tion of the set {1,...,o(m)} and {ari,...,ar,m)} is also a reduced set of

residues modulo m. It follows that

a? My Tom) = (ari)(arz) - (ary@m)) (mod m)

Ta()Ta(2) " To(p(m)) (mod m)

= TrecccTemm) (mod m).
Dividing by r172 -+ T4(m), We obtain
a?™ =1 (mod m).

This completes the proof. O

The following corollary is sometimes called Fermat’s little theorem.
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Theorem 2.13 (Fermat) Let p be a prime number. If the integer a is not
divisible by p, then
a1 =1 (mod p).

Moreover,
a’ =a (mod p)

for every integer a.

Proof. If p is prime and does not divide a, then (a,p) =1, p(p) =p—1,
and
a?7 ' =a*®) =1 (mod p)

by Euler’s theorem. Multiplying this congruence by a, we obtain
a’ =a (mod p).

If p divides a, then this congruence also holds for a. O

Let m be a positive integer and let a be an integer that is relatively
prime to m. By Euler’s theorem, a?™ = 1 (mod m). The order of a
with respect to the modulus m is the smallest positive integer d such that
a?=1 (mod m). Then 1 < d < p(m). We denote the order of a modulo
m by ord,,(a). We shall prove that ord,,(a) divides ¢(m) for every integer
a relatively prime to p.

Theorem 2.14 Let m be a positive integer and a an integer relatively
prime to m. If d is the order of a modulo m, then a* = a* (mod m)
if and only if k =¢ (mod d). In particular, a™ =1 (mod m) if and only

if d divides n, and so d divides o(m).

Proof. Since a has order d modulo m, we have a® = 1 (mod m). If
k=¢ (mod d), then k = ¢+ dg, and so

af = a4 =" (a¥)? = a*  (mod m).
ko—

Conversely, suppose that a® = a* (mod m). By the division algorithm,
there exist integers ¢ and r such that

k—f0=dg+r and 0<r<d-1.

Then
ab = gttt — ¢t (ad)q a” =a*a”  (mod m).

k

Since (a*,m) = 1, we can divide this congruence by a* and obtain

a"=1 (modm).
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Since 0 < r < d—1, and d is the order of a modulo m, it follows that » = 0,
and so k =¢ (mod d).

If a® =1 = a” (mod m), then d divides n. In particular, d divides
©(m), since a?™ =1 (mod m) by Euler’s theorem. O

For example, let m = 15 and a = 7. Since ¢(15) = 8, Euler’s theorem
tells us that
7% =1 (mod 15).
Moreover, the order of 7 with respect to 15 is a divisor of 8. We can compute
the order as follows:

7 = 7 (mod 15),

77 = 49=4 (mod 15),
7 = 28=13 (mod 15),
7 = 91=1 (mod 15),

and so the order of 7 is 4.

We shall give a second proof of Euler’s theorem and its corollaries. We
begin with some simple observations about groups. We define the order of
a group as the cardinality of the group.

Theorem 2.15 (Lagrange’s theorem) If G is a finite group and H is
a subgroup of G, then the order of H divides the order of G.

Proof. Let G be a group, written multiplicatively, and let X be a
nonempty subset of G. For every a € G we define the set

aX = {ax:z € X}

The map f : X — aX defined by f(z) = az is a bijection, and so |X| =
|aX| for all @ € G. If H is a subgroup of G, then aH is called a coset
of H. Let aH and bH be cosets of the subgroup H. If aH NbH # {,
then there exist x,y € H such that ax = by, or, since H is a subgroup,
b=ary ! = az, where z = xy~' € H. Then bh = azh € aH for all h € H,
and so bH C aH. By symmetry, aH C bH, and so aH = bH. Therefore,
cosets of a subgroup H are either disjoint or equal. Since every element
of G belongs to some coset of H (for example, a € aH for all a € G), it
follows that the cosets of H partition G. We denote the set of cosets by
G/H. If G is a finite group, then H and G/H are finite, and

|G| = |H||G/H]|.

In particular, we see that |H| divides |G|. O

Let G be a group, written multiplicatively, and let a € G. Let H = {a* :
k€ Z}. Then1=a’ € H C G. Since a*a’ = a*** for all k, ¢ € Z, it follows
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that H is a subgroup of G. This subgroup is called the cyclic subgroup
generated by a, and written (a). Cyclic subgroups are abelian.

The group G is cyclic if there exists an element a € G such that G = {a).
In this case, the element a is called a generator of G. For example, the group
(Z/7Z)* is a cyclic group of order 6 generated by 3 + 7Z. The congruence
class 5 + 7Z is another generator of this group.

If a® # af for all integers k # £, then the cyclic subgroup generated by
a is infinite. If there exist integers k and ¢ such that k < ¢ and a* = af,
then a’*~* = 1. Let d be the smallest positive integer such that a¢ = 1.
Then the group elements 1,a,a?,...,a% ! are distinct. Let n € Z. By the
division algorithm, there exist integers ¢ and r such that n = dq + r and
0<r<d-1. Since
n_ aqur'r — (ad)qar —a"

a )

it follows that
(@) ={a":neZ}={a":0<r<d-1},

and the cyclic subgroup generated by a has order d. Moreover, a* = a’ if
and only if k=¢ (mod d).

Let G be a group, and let a € G. We define the order of a as the cardi-
nality of the cyclic subgroup generated by a.

Theorem 2.16 Let G be a finite group, and a € G. Then the order of the
element a divides the order of the group G.

Proof. This follows immediately from Theorem 2.15, since the order of
a is the order of the cyclic subgroup that a generates. O

Let us apply these remarks to the special case when G = (Z/mZ)* is
the group of units in the ring of congruence classes modulo m. Then G is a
finite group of order ¢(m). Let (a,m) = 1 and let d be the order of a +mZ
in G, that is, the order of the cyclic subgroup generated by a + mZ. By
Theorem 2.16, d divides ¢(m), and so

(m)/

a?™ 4 mZ = (a+mZ)*™ = ((a+ mZ)d)sp =1+ mz.

Equivalently,
a?™ =1 (mod m).

This is Euler’s theorem.

Theorem 2.17 Let G be a cyclic group of order m, and let H be a subgroup
of G. If a is a generator of G, then there exists a unique divisor d of m
such that H is the cyclic subgroup generated by a®, and H has order m/d.
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Proof. Let S be the set of all integers u such that a* € H. If u,v € S,
then a%,a” € H. Since H is a subgroup, it follows that a%a’ = a“*¥ ¢ H
and a“(a’)~! = a*~? € H. Therefore, u£v € S, and S is a subgroup of Z.
By Theorem 1.3, there is a unique nonnegative integer d such that S = dZ,
and so H is the cyclic subgroup generated by a?. Since a™ = 1 € H, we

have m € S, and so d is a positive divisor of m. It follows that H has order
m/d. O

Theorem 2.18 Let G be a cyclic group of order m, and let a be a generator
of G. For every integer k, the cyclic subgroup generated by a* has order
m/d, where d = (m, k), and (a*) = (a?). In particular, G has exactly p(m)
generators.

Proof. Since d = (k,m), there exist integers x and y such that d =
kx + my. Then

= T = (@) (@) = ()

and so a? € (a*) and (a?) C (a*). Since d divides k, there exists an integer
z such that k = dz. Then

and so a* € (a?) and (a*) C (a?). Therefore, (a*) = (a?) and a* has
order m/d. In particular, a* generates G if and only if d = 1 if and only
if (m,k) = 1, and so G has exactly ¢(m) generators. This completes the
proof. O

We can now give a group theoretic proof of Theorem 2.8. Let G be a
cyclic group of order m. For every divisor d of m, the group G has a unique
cyclic subgroup of order d, and this subgroup has exactly ¢(d) generators.
Since every element of G generates a cyclic subgroup, it follows that

m = o(d).

d|m

Voilal

Exercises

1. Prove that
3%12 =1 (mod 1024).

2. Find the remainder when 7°! is divided by 144.

3. Find the remainder when 21°° is divided by 31.
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10.

11.

12.

13.

14.
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. Compute the order of 2 with respect to the prime moduli 3, 5, 7, 11,

13, 17, and 19.
Compute the order of 10 with respect to the modulus 7.

Let 7; denote the least nonnegative residue of 10° (mod 7). Compute
r; fori =1,...,6. Compute the decimal expansion of the fraction 1/7
without using a calculator. Can you find where the numbers r1, ..., g
appear in the process of dividing 7 into 17

Compute the order of 10 modulo 13. Compute the period of the frac-
tion 1/13.

Let p be prime and a an integer not divisible by p. Prove that if
a®" = —1 (mod p), then a has order 2"+ modulo p.

Let m be a positive integer not divisible by 2 or 5. Prove that the
decimal expansion of the fraction 1/m is periodic with period equal
to the order of 10 modulo m.

Prove that the decimal expansion of 1/m is finite if and only if the
prime divisors of m are 2 and 5.

Prove that 10 has order 22 modulo 23. Deduce that the decimal ex-
pansion of 1/23 has period 22.

Prove that if p is a prime number congruent to 1 modulo 4, then there
exists an integer x such that 22 = —1 (mod p).

Hint: Observe that

(p—1)/2 (p—1)/2
-1 = ] iw-9= ] -5
j=1 j=1
=172 \°
= (@2 T g (mod p),
j=1

and apply Theorem 2.4.

Prove that if n > 2, then 2™ — 1 is not divisible by n.

Hint: Let p be the smallest prime that divides n. Consider the con-
gruence 2" =1 (mod p).

Prove that if p and ¢ are distinct primes, then

p? 1+ ¢P7 =1 (mod pq).
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16.

17.

18.

19.
20.

21.

22.
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Prove that if m and n are relatively prime positive integers, then

m#™ £ nf™ =1 (mod mn).

Let p be an odd prime. By Euler’s theorem, if (a,p) = 1, then

aP~l —1
frla) = — € Z.
p(a) ’

Prove that if (ab,p) = 1, then
fp(ab) = fp(a) + fp(b) (mod p).

Let f(x) and g(z) be polynomials with integer coefficients. We say
that f(z) is equivalent to g(x) modulo p if

fla) =g(a) (mod p) for all integers a.

Prove that the polynomials 2° 452743 and 2% —2x+24 are equivalent
modulo 7. Prove that every polynomial is equivalent modulo p to a
polynomial of degree at most p — 1.

Hint: Use Fermat’s theorem.

Let G be the group (Z/7Z)*. Determine all the cyclic subgroups of
G.

Prove that the group (Z/11Z)* is cyclic, and find a generator.

Let G be a group with subgroup H. Define a relation ~ on G as
follows: a ~ b if b~'a € H. Prove that this is an equivalence relation
(that is, reflexive, symmetric, and transitive). Prove that a ~ b if and
only if aH = bH, and so the equivalence classes of this relation are
the cosets in G/H.

Let G be an abelian group with subgroup H. Let G/H be the set of
cosets of H in G. Define multiplication of congruence classes by

aH -bH = abH.

Prove that if aH = o’H and bH = b'H, then abH = o/t'H, and so
multiplication of cosets is well-defined. Prove that G/H is an abelian
group with this multiplication. This is called the quotient group of G
by H.

Let G be a group and let H and K be subgroups of G. For a € G,
we define the double coset HaK = {hak : h € H,k € K}. Prove that
if a,b € G and HaK N HbK # (), then HaK = HOK.
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2.6 Pseudoprimes and Carmichael Numbers

Suppose we are given an odd integer n > 3, and we want to determine
whether n is prime or composite. If n is “small,” we can simply divide n
by all odd integers d such that 3 < d < y/n. If some d divides n, then n
is composite; otherwise, n is prime. If n is “big,” however, this method is
time-consuming and impractical. We need to find other primality tests.

Fermat’s theorem can be applied to this problem. By Fermat’s theorem,
if n is an odd prime, then 2"~! =1 (mod n). Therefore, if n is odd and
271 £ 1 (mod n), then n must be composite. In general, we can choose
any integer b that is relatively prime to n. By Fermat’s theorem, if n is
prime, then "' = 1 (mod n). It follows that if b"~! # 1 (mod n),
then n must be composite. Thus, for every base b, Fermat’s theorem gives
a primality test, that is, a necessary condition for an integer n to be prime.

Suppose we want to know whether n = 851 is prime or composite. We
shall compute 2%°° (mod 851). An efficient method is to use the 2-adic
representation of 850:

850 = 2 4+ 2% + 26 4 98 4 99,

n n— 2
Since 22" = (22 1) , we have

2°=4 (mod 851),
22 =16 (mod 851),
22" =256 (mod 851),
24

2° =9 (mod 851),
22’ =81 (mod 851),
22° =604 (mod 851),
22" =588  (mod 851),
22° =238 (mod 851),

22 =478 (mod 851).
Then
2850 = 929292°92°92° (104 851)
= 4.9.604-238-478 (mod 851)
169 #1 (mod 581),

and so 851 is composite. To factor 851, we observe that 851 + 49 = 900,
and so

851 = 900 — 49 = 30% — 7> = (30 — 7)(30 + 7) = 23 - 37.
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(To understand this factoring method, see Exercise 2.)

This test can prove that an integer is composite, but it cannot prove
that an integer is prime. For example, consider the composite number n =
341 = 11 - 31, Choosing base b = 2, we have

21=1(mod 11),

and so o
220=(2'9" =1 (mod 11).
Similarly,
2°=1 (mod 31),
and so

2340 = (29)® =1 (mod 31).

Since 2340 —1 is divisible by both 11 and 31, it is divisible by their product,
that is,
2340 =1 (mod 341).

A composite number n is called a pseudoprime to the base b if (b,n) =1
and "1 =1 (mod n). Thus, 341 is a pseudoprime to base 2.
We can show that 341 is composite by choosing the base b = 7. Since

73 =343=2 (mod 341)

and
219 =1024 =1 (mod 341),
it follows that
7340 _ o (73)113

= 7-2'"% (mod 341)
= 7-22(2'9)"  (mod 341)
= 56 (mod 341)
#Z 1 (mod 341).

Can every composite number be proved composite by some primality
test based on Fermat’s theorem? It is a surprising fact that the answer is
“no.” There exist composite numbers n that cannot be proved composite
by any congruence of the form 6"~  (mod n) with (b,n) = 1. For example,
561 = 3-11-17 is composite. Let b be an integer relatively prime to 561.
Then

=1 (mod 3),

and so
b0 = (1*)** =1 (mod 3).
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Similarly,
b =1 (mod 11),
and so s
b0 = ()" =1 (mod 11).
Finally,
b'=1 (mod 17),
and so

B0 = (0 =1 (mod 17).

Since b°%0 — 1 is divisible by 3, 11, and 17, it is also divisible by their
product, hence
b¥’°=1 (mod 561).

This proves that 561 is a pseudoprime to base b for every b such that
(b,n) = 1.

A Carmichael number is a positive integer n such that n is composite
but "1 =1 (mod n) for every integer b relatively prime to n. Thus, 561
is a Carmichael number.

Exercises

1. Prove that 589 is composite by computing the least nonnegative
residue of 2588 (mod 589).

2. Let n be an odd integer, n > 3. Prove that there exists a nonnegative
integer u such that n+u? = (u+1)2. Prove that n is composite if and
only if there exist nonnegative integers v and v such that v > v + 1
and n + u? = v2. Use this method to factor 589.

Prove that 645 is a pseudoprime to base 2.

L

Prove that 1729 is a pseudoprime to bases 2, 3, and 5.

o

Prove that 1105 is a Carmichael number.

6. Let n be a product of distinct primes. Prove that if p—1 divides n—1
for every prime p that divides n, then n is a Carmichael number.

7. Prove that 6601 is a Carmichael number.

2.7 Public Key Cryptography

Cryptography is the art and science of sending secret messages. The message
that we want to send is called the plaintert. The sender uses a key to
encipher, or encrypt, it into ciphertert, and the ciphertext is transmitted
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to the receiver, who uses another key to decipher, or decrypt, it back into
plaintext. By writing letters and punctuation marks as numbers, we can
assume that the plaintext is a positive integer P, and that it is encrypted
as a different positive integer C. The problem is to invent keys that make
it impossible or computationally infeasible for an enemy to decipher an
intercepted message. Cryptanalysis is the art and science of deciphering an
intercepted message without knowledge of the decrypting key.

Classically, cryptography uses secret keys that are known only to sender
and receiver. If the enemy discovers the encrypting key and intercepts the
ciphertext, then he might be able to compute the decrypting key and re-
cover the plaintext.

Here is an example of a secret key cryptosystem. Let p be an odd prime,
and let e be an integer such that (e,p — 1) = 1. Suppose that the plaintext
P is an integer such that 0 < P < p. Let the ciphertext C' be the least
nonnegative residue of P° modulo p, that is, we construct C by the rule

C=P° (mod p)

and
0<C<p.

The encrypting key for this cipher consists of the prime number p and the
integer e. To decrypt this cipher, we use elementary number theory. Since
(e,p — 1) = 1, there exists an integer d such that ed =1 (mod p—1). It
is easy to compute d. We can use the Euclidean algorithm, for example.
The decrypting key consists of the prime p and the integer d. Since ed =
1+ (p — 1)k for some integer k, and since PP~ =1 (mod p) by Fermat’s
theorem, it follows that

¢4 = ped = ptHe-Vk = p(pr~1)* = P (mod p).

Thus, we can decrypt the ciphertext C' by computing the least nonnegative
residue of C¢ modulo p. An enemy who learns the encrypting key will break
the cipher.
For example, if p = 17 and e = 3, then the plaintext P = 10 is encrypted
as
P?=10>=14 (mod 17),

and so the ciphertext is C = 14. Since 3-11 =1 (mod 16), it follows that
d =11 is a decrypting key. We observe that

C"'=14""=10=P (mod 17).

There is a more sophisticated idea in cryptography that produces secure
ciphers even if the encrypting key is known. Indeed, the encrypting key can
be made public, so that anyone can encrypt and send a message, but the
decrypting key cannot be computed from knowledge of the encrypting key.
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This is called a public key cryptosystem. Here is an example. We choose
two different large primes p and ¢, and let

Since we know p and g, it is easy to calculate p(m) = (p—1)(¢—1). Pick an
integer e that is relatively prime to ¢(m). We publish the numbers m and e.
The plaintext must be a positive integer P that is less than m and relatively
prime to m If m is a large number, then almost all positive integers less
than m are relatively prime to m (Exercise 4), so we can assume that
(P, m) = 1. The ciphertext will be the unique integer C' such that

C=P° (modm)

and
0<C <m.

It is important to note that we disclose neither ¢(m) nor the prime factors
p and g of m. These are kept secret. However, since we know ¢(m), it is
easy, by using the Euclidean algorithm, for example, to compute an integer
d such that

ed=1 (mod ¢(m)),

that is,
ed=14 p(m)k

for some integer k. To decrypt the ciphertext C, we simply compute the
least nonnegative residue of

C?  (mod m).
Since (P,m) = 1, Euler’s theorem tells us that
¢4 = ped = piHemk = p (mod m).

The decryption key requires the integers d and m. It is not enough to
know e and m. To compute d, one must know both e and ¢(m). Since
w(m) = (p — 1)(¢ — 1), this requires a knowledge of the primes p and ¢
such that m = pq, that is, we must be able to factor m. If the primes p
and ¢ are large (such as several thousand digits each), then it is impossible
with state-of-the-art computer hardware and our current knowledge about
factoring large numbers to find the prime factors of m in a reasonable time,
for example, a million years. We know the prime factors p and ¢, and so we
can compute ¢(m), but an opponent who wants to intercept and decrypt
the message will fail, since he does not know the primes and cannot factor
m. Indeed, the following result shows that knowing ¢(m) is equivalent to
knowing the prime factors of m.



2.7 Public Key Cryptography 79

Theorem 2.19 Let m be an integer that is the product of two prime num-
bers. The prime divisors of m are the roots of the quadratic equation

22— (m+1—p(m))r+m=0,

and so o(m) determines the prime factors of m.

Proof. If m = pq, then
m
@(m)=(p—l)(q—1)=pq—p—q+1=m—p—;Jrl,

and so m
pf(erlfcp(m))wL;:O.

Equivalently, p and ¢ are the solutions of the quadratic equation

22— (m+1—p(m))z+m=0.

This completes the proof. O

For example, if m = 221 and p(m) = 192, then the quadratic equation
2% — 30z +221 = 0

has solutions z = 13 and « = 17, and 221 = 13 - 17.

This method, known as the RSA cryptosystem, is called a public key cryp-
tosystem, since the encryption key is made available to everyone, and the
encrypted message can be transmitted through public channels. Only the
possessor of the prime factors of m can decrypt the message. RSA is simple,
but useful, and is the basis of many commercially valuable cryptosystems.

FEzercises

1. Consider the secret key cryptosystem constructed from the prime
p = 947 and the encoding key e = 167. Encipher the plaintext P = 2.
Find a decrypting key and decipher the ciphertext C' = 3.

2. Consider the primes p = 53 and ¢ = 61. Let m = pq. Prove that
e = 7 is relatively prime to ¢(m). Find a positive integer d such that
ed=1 (mod ¢(m)).

3. The integer 6059 is the product of two distinct primes, and ¢(6059) =
5904. Use Theorem 2.19 to compute the prime divisors of 6059.

4. The probability that an integer chosen at random between 1 and n is
relatively prime to n is ¢(n)/n. Let n = pq, where p and ¢ are distinct
primes greater than x. Prove that the probability that a randomly
chosen positive integer up to x is relatively prime to n is greater than
(1 —1/z)%. If = 200, this probability is greater than 0.99.
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2.8 Notes

Si numerus a numerorum b, ¢ differentiam metitur, b et ¢ secun-
dum a congrui dicuntur, sin minus, incongrui: ipsum a modu-
lum appellamus. Uterque numerorum b, ¢ priori in casu alterius
restduum, in posteriori vero nonresiduum vocatur.

C. F. Gauss [37]

This is the first paragraph in the first section of Gauss’s Disquisitiones
Arithmeticae, a seminal book on number theory that was published in 1801.
The translation, with slight changes in notation, is the first paragraph of
this chapter. Gauss introduced the idea of congruence, and proved many
of the results on congruences that we obtain in this book. This is classical
mathematics that every student of mathematics should learn.

Carmichael conjectured in 1912 that the number of Carmichael numbers
is infinite. Alford, Granville, and Pomerance [1] confirmed this in 1994.
They proved that if C'(x) is the number of Carmichael numbers less than «,
then C(x) > x2/7 for all sufficiently large z. Erdds has made the stronger
conjecture that for every ¢ > 0 there exists a number xg(¢) such that
C(z) > x'7¢ for all x > z¢(e). For an expository article on primality
testing and Carmichael numbers, see Granville [40].

There is a vast literature on applications of number theory to cryptogra-
phy, but it is hard to assign credit for discoveries in this field, because much
of the research is carried out in secret at government agencies responsible
for communications security, and not published in unclassified scientific
journals. For example, the idea of public key cryptography first appeared
in the public domain in work of Diffie, Hellman, and Merkle [26, 65] in 1976.
The RSA cryptosystem was invented and published by Rivest, Shamir, and
Adleman[123] in 1978. Singh [135] has reported, however, that both the
concept of public key cryptography and the RSA cryptosystem were dis-
covered earlier by three British government cryptographers, James Ellis,
Clifford Cocks, and Malcolm Williamson, working at Government Com-
munications Headquarters (GCHQ) in Cheltenham, England. It is possible
that government cryptographers in other countries also independently dis-
covered these methods.

Boneh [12] is a recent survey of the status of the RSA cryptosystem.
In 1997, Shor [133] described an algorithm based on ideas from quantum
mechanics that would factor large integers in “polynomial time,” that is,
much faster than is now possible with classical algorithms and comput-
ers. If it becomes possible to build quantum computers, then cryptography
based on the difficulty of factoring large integers would become insecure
and unreliable. For a review of classical computing, quantum computing,
and Shor’s factoring algorithm, see Manin [95]. Information on quantum
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computing is available on the internet from the University of Oxford’s Cen-
ter for Quantum Computing (www.qubit.org).

A good text on number theoretic cryptography is Koblitz, A Course in
Number Theory and Cryptography [83].
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Primitive Roots and Quadratic
Reciprocity

3.1 Polynomials and Primitive Roots

Let m be a positive integer greater than 1, and a an integer relatively
prime to m. The order of a modulo m, denoted by ord,,(a), is the smallest
positive integer d such that a® =1 (mod m). By Theorem 2.14, ord,,(a)
is a divisor of the Euler phi function ¢(m). The order of @ modulo m is
also called the exponent of a modulo m.

We investigate the least nonnegative residues of the powers of @ modulo
m. For example, if m = 7 and a = 2, then

20 = 1 (mod?7),
2! = 2 (mod7),
22 = 4 (mod7),
22 = 1 (mod?7),
and 2 has order 3 modulo 7. If m = 7 and a = 3, then
3% = 1 (mod7),
3' = 3 (mod7),
32 = 2 (mod?7),
3 = 6 (mod7),
3% = 4 (mod7),
3 = 5 (mod7),
3% = 1 (mod7),
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and 3 has order 6 modulo 7. The powers of 3 form a reduced residue system
modulo 7.

The integer a is called a primitive root modulo m if a has order ¢(m). In
this case, the p(m) integers 1,a,a?,...,a?™ =" are relatively prime to m
and are pairwise incongruent modulo m. Thus, they form a reduced residue
system modulo m. For example, 3 is a primitive root modulo 7. Similarly,
3 is a primitive root modulo 10, since ¢(10) =4 and

3% =1 (mod 10),
3! =3 (mod 10),
32 =9 (mod 10),
33 =7 (mod 10),
3% =1 (mod 10).

Some moduli do not have primitive roots. There is no primitive root
modulo 8, for example, since p(8) = 4, but

1’=3*=52=7"=1 (mod 8), (3.1)

and no integer has order 4 modulo 8.

In this section we prove that every prime p has a primitive root. In
Section 3.2 we determine all composite moduli m for which there exist
primitive roots.

We begin with some remarks about polynomials. Let R be a commutative
ring with identity. A polynomial with coefficients in R is an expression of
the form

f(@) = ama™ + am_12™ " + -+ + a12 + ao,

where ag,a1,...,a,, € R. The element a; is called the coefficient of the
term x'. The degree of the polynomial f(z), denoted by deg(f), is the
greatest integer n such that a,, # 0, and a,, is called the leading coefficient.
If deg(f) = n, we define a; = 0 for i > n. Nonzero constant polynomials
f(z) = ag # 0 have degree 0. The zero polynomial f(x) = 0 has no degree.
A monic polynomial is a polynomial whose leading coefficient is 1.

We define addition and multiplication of polynomials in the usual way:

If f(z) =" ,a;iz" and g(z) = Z;n:o bjz’, then

max(m,n)

(f+a)@) = > (ar+bp)a"

k=0

and
mn

fg(l‘) = chxka

k=0
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where

k
Cr = E aibj = Zaibk_i.
i=0

iti=k
0<i<n
0<j<m

With this addition and multiplication, the set R[z] of all polynomials with
coefficients in R is a commutative ring. Moreover,

deg(f + g) < max(deg(f), deg(g)).

If f,g € F[z] for some field F, then

deg(fg) = deg(f) + deg(g),

and the leading coefficient of fg is ay,by.
For every a € R, the evaluation map O, : R[z] — R defined by

Ga(f) = f(Ol) = anan + anflan_l + cee 4 a1 —+ ap

is a ring homomorphism, that is, (f + g)(«a) = f(a) + g(a) and (fg)(a) =
f(a)g(a). The element « is called a zero or a root of the polynomial f(z)
if 0, (f) = f(a) = 0.

We say that the polynomial d(z) divides the polynomial f(zx) if there
exists a polynomial g(x) such that f(x) = d(z)q(x).

Theorem 3.1 (Division algorithm for polynomials) Let F' be a field.
If f(x) and d(x) are polynomials in F[x] and if d(x) # 0, then there exist
unique polynomials q(x) and r(x) such that f(z) = d(z)q(z) + r(z) and
either r(x) = 0 or the degree of r(x) is strictly smaller than the degree of
d(x).

Proof. Let d(z) = bypx™ + - -+ 4+ bix + bg, where b, # 0 and deg(d) =
m. If d(z) does not divide f(z), then f — dg # 0 and deg(f — dq) is a
nonnegative integer for every polynomial ¢(z) € Flz]. Choose g(x) such
that ¢ = deg(f — dq) is minimal, and let

r(x) = f(x) —d(@)q(z) = cor’ + -+ cra +¢o € Flal,

where ¢y # 0. We shall prove that ¢ < m.
Since F is a field, b,,! € F. If £ > m, then

d(z)b; tegxt™™

m

is a polynomial of degree ¢ with leading coefficient ¢,. Then

Q(z) = q(x) + b,_nlchz_m € Flx],
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and

R(z) = f(z)—dz)Q(z)
= f(z) —d(@) (q(x) + by, ez ™™)
= r(x) —d(z)b epat™™

is a polynomial of degree at most £ — 1. This contradicts the minimality of
£, and so £ < m.

Next we prove that the polynomials ¢(z) and r(z) are unique. Suppose
that

f(x) = d(z)qi (2) + i (2) = d(2)gz(2) + 72(2),

where q1(z), g2(2), 71 (x), r2(x) are polynomials in F[z] such that r;(z) =0
or deg(r;) < deg(d) for i = 1,2. Then

d(z)(q1(z) — g2()) = ra(z) — 71 ().
If ¢1(7) # g2(), then
deg(d) < deg(d(q1 — g2)) = deg(r2 — 1) < deg(d),

which is absurd. Therefore, ¢i(x) = ¢a2(z), and so ri(x) = ra(z). This
completes the proof. O

Theorem 3.2 Let f(z) € Flx], f(z) #0, and let No(f) denote the number
of distinct zeros of f(x) in F. Then Nyo(f) does not exceed the degree of
f(x), that is,

No(f) < deg(f).

Proof. We use the division algorithm for polynomials. Let o € F. Di-
viding f(x) by & — a, we obtain

f(@) = (z = a)q(x) + r(2),

where r(x) = 0 or deg(r) < deg(x — ) = 1, that is, 7(x) = ro is a constant.
Letting x = «, we see that ro = f(a), and so

f(@) = (x = a)q(x) + f(a)

for every a € F. In particular, if « is a zero of f(z), then z — « divides
f ().

We prove the theorem by induction on n = deg(f). If n = 0, then f(z)
is a nonzero constant and No(f) = 0. If n = 1, then f(x) = ap + a1z
with a; # 0, and No(f) = 1 since f(x) has the unique zero a = —aj 'ao.
Suppose that n > 2 and the theorem is true for all polynomials of degree
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at most n — 1. If No(f) = 0, we are done. If No(f) > 1, let @ € F be a zero
of f(x). Then

f(z) = (& — a)q(x),
and
deg(q) =n — 1.

If 8 is a zero of f(x) and 8 # «a, then

0=f(B) = (B —)q(B),

and so (3 is a zero of g(x). Since deg(q) = n — 1, the induction hypothesis
implies that
No(f) <1+ No(q) <1+ deg(q) =n.

This completes the proof. O

Theorem 3.3 Let G be a finite subgroup of the multiplicative group of a
field. Then G is cyclic.

Proof. Let |G| = m. By Theorem 2.15, if ¢ € G, then the order of a
is a divisor of m. For every divisor d of m, let ¥(d) denote the number
of elements of G of order d. If (d) # 0, then there exists an element a
of order d, and every element of the cyclic subgroup (a) generated by a
satisfies a? = 1. By Theorem 3.2, the polynomial f(z) = 2% —1 € F[z] has
at most d zeros, and so every zero of f(z) belongs to the cyclic subgroup
(a). In particular, every element of G of order d must belong to (a). By
Theorem 2.18, a cyclic group of order d has exactly ¢(d) generators, where
©(d) is the Euler phi function. Therefore, ¥(d) = 0 or ¥ (d) = ¢(d) for
every divisor d of m. Since every element of G has order d for some divisor
d of m, it follows that

By Theorem 2.8,

and so 1¥(d) = p(d) for every divisor d of m. In particular, ¥(m) = p(m) >
1, and so G is a cyclic group of order m. O

Theorem 3.4 For every prime p, the multiplicative group of the finite field
Z/pZ is cyclic. This group has p(p—1) generators. Equivalently, for every
prime p, there exist o(p — 1) pairwise incongruent primitive roots modulo
p.
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Proof. This follows immediately from Theorem 3.3, since |(Z/pZ)*| =
p—1.0

The following table lists the primitive roots for the first six primes.

p | ¢(p—1) | primitive roots

D O Ot W

)

11
13

)

\]
=R NN =
NN W NN

7.8
7,11

A

Let p be a prime, and let g be a primitive root modulo p. If a is an integer
not divisible by p, then there exists a unique integer k such that

a=g" (mod p)

and
ke{0,1,...,p—2}.

This integer k is called the index of a with respect to the primitive root g,
and is denoted by

k =indg(a).
If k1 and ko are any integers such that k; < ks and
a=g" =g (mod p),
then
g*" =1 (modp),
and so

k1 =k2 (mod p—1).

Ifa=g* (modp)andb=g’ (mod p),thenab= gFg* = g"t* (mod p),
and so

indg(ab) =k + ¢ = indy(a) + indy(b) (mod p —1).
The index map ind, is also called the discrete logarithm to the base g
modulo p.

For example, 2 is a primitive root modulo 13. Here is a table of inds(a)
fora=1,...,12:

a | inds(a) || a | indy(a)
1 0 7 11
2 1 8 3
3 4 9 8
4 2 10 10
5 9 11 7
6 5 12 6
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By Theorem 2.18, if ¢ is a primitive root modulo p, then ¢* is a primitive
root if and only if (k,p—1) = 1. For example, for p = 13 there are ©(12) =4
integers k such that 0 < k < 11 and (k,12) = 1, namely, kK = 1,5,7,11, and
so the four pairwise incongruent primitive roots modulo 13 are

2! = 2 (mod 13),
25 = 6 (mod 13),
27 = 11 (mod 13),
21 = 7 (mod 13).
Ezercises
1. Find a primitive root modulo 23.

2
3
4
5.
6
7
8
9
10.

11.

12.

. Find a primitive root modulo 41.
. Prove that 2 is a primitive root modulo 101.

. Compute ind3(27) modulo 101.

Compute indz(19) modulo 101.

. What is the order of 3 modulo 1017 Is 3 a primitive root modulo 1017
. Prove that 2 is a primitive root modulo 53.
. Find all solutions of the congruence 2* =22 (mod 53).

. Compute indz(a) for all a not divisible by 53.

Let p be an odd prime, and let g be a primitive root modulo p. Prove
that
(p—1)=gP=2CE-1/2=_1 (mod p).

Hint: Observe that

2

p-D'=1-g-g*--g""

g* (mod p)

and

(p-2)p—-1) plp-1)
5 ==5— -1

This gives another proof of Wilson’s theorem (Theorem 2.4).

Prove that if m has one primitive root, then there are exactly ¢ (¢(m))
pairwise incongruent primitive roots modulo m.

Let g and 7 be primitive roots modulo p. Prove that
ind,(a) = indg4(a)ind,(¢g) (mod p —1)

for every integer a relatively prime to p.
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13.

14.

15.

16.

17.

18.
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Let g be a primitive root modulo the odd prime p. Prove that ¢(»—1)/2
-1 (mod p).

Let g be a primitive root modulo the odd prime p. Prove that —g is

a primitive root modulo p if and only if p=1 (mod 4).

Let f(z) = Y.I ja;z’ and g(xz) = Y., bz’ be polynomials with
integer coefficients. Then f(x) and g(z) are called congruent modulo
m, written f(z) = g(z) (mod m), if a; = b; (mod m) for i =
0,1,...,n. Let p be an odd prime, and let

fle)=ar"t —1
and
g(@) = (@ -1z -2)---(z—(p—1)).
Prove the following statements:

(a) The polynomial f(z) — g(z) has degree p — 2.
(b)
fle)=g(c) =0 (modp) forc=1,2,...,p—1.
()
f(z) =g(z) (mod p).
Hint: Apply Theorem 3.2.
Prove that Exercise (15¢) implies Wilson’s theorem,
(p—1!'=-1 (mod p).
Prove that for every prime p > 5,
Z i =0 (mod p)
1<i<j<p—1

and
Z ijk =0 (mod p).
1<i<j<k<p—1
Hint: Exercise (15¢).

Let R be a commutative ring with identity. An ideal of R is an additive
subgroup I C R such that, if a € I and r € R, then ar € I. Prove
that if I # {0} is an ideal of the polynomial ring F[z], where F is a
field, then there is a unique monic polynomial d(z) € I such that T
consists of all multiples of d(z), that is,

I'={q(z)d(z) : q(x) € Flz]}.

Hint: If T # {0}, choose d(x) € I of minimal degree. The proof is
similar to the proof of Theorem 1.3.
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19. Prove that the intersection of a family of ideals is an ideal. This means
that if {I,;},es is a family of ideals in the ring R, then I = (._; I,
is an ideal in R.

jeg

20. Let F[z] be the ring of polynomials with coefficients in the field F,
and let f(x),g(x) € F[z]. Prove that there exists a unique monic
polynomial d(z) € F[z] such that d(x) divides both f(z) and g(z),
and every common divisor of f(z) and g(z) divides d(x). The poly-
nomial d(x) is called the greatest common divisor of f(z) and g(z).

Hint: Consider the ideal I generated by f(z) and g(z), that is, the
set

I'={u(x)f(z) + v(x)g(z) : u(z),v(z) € Flz]},

and apply Exercise 18.

21. Let f: R — S be a ring homomorphism. Prove that the kernel of f,
that is, the set

f7HO)y={reR: f(r)=0}

is an ideal of R.

22. Let o € F, and let I(«) be the set of all polynomials f(x) € F|x]
such that f(a) = 0. Prove that I(«) is the kernel of the evaluation
map O, and that I(«) is an ideal of F[x].

23. Let A be a nonempty subset of F, and let I(A) be the set of all
polynomials f(x) € F[z] such that f(«) = 0 for all « € A. Prove that
I(A) is an ideal of F[x], and

1(4) = () I(a).

acA

3.2 Primitive Roots to Composite Moduli

In the previous section we proved that primitive roots exist for every prime
number. We also observed that primitive roots do not exist for every mod-
ulus. For example, congruence (3.1) shows that there is no primitive root
modulo 8. The goal of this section is to prove that an integer m > 2 has a
primitive root if and only if m = 2,4,p*, or 2p*, where p is an odd prime
and k is a positive integer.

Theorem 3.5 Let m be a positive integer that is not a power of 2. If m
has a primitive root, then m = p* or 2p*, where p is an odd prime and k
18 a positive integer.
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Proof. Let a and m be integers such that (a,m) = 1 and m > 3. Suppose
that

m=mimsg, where (mi,mg) =1 and m; >3, mgy > 3. (3.2)

Then (a,m1) = (a,m2) = 1. The Euler phi function ¢(m) is even for m > 3
(Exercise 4 in Section 2.2). Let

By Euler’s theorem,

and so

Similarly,

Since (m1, mg) = 1 and m = myms, we have
a®=1 (mod m),

and so the order of @ modulo m is strictly smaller than ¢(m). Consequently,
if we can factor m in the form (3.2), then there does not exist a primitive
root modulo m. In particular, if m is divisible by two distinct odd primes,
then m does not have a primitive root. Similarly, if m = 2¢p*, where £ > 2,
then m does not have a primitive root. Therefore, the only moduli m # 2°
for which primitive roots can exist are of the form m = p* or m = 2p* for
some odd prime p. O

To prove the converse of Theorem 3.5, we use the following result about
the exponential increase in the order of an integer modulo prime powers.

Theorem 3.6 Let p be an odd prime, and let a # £1 be an integer not
divisible by p. Let d be the order of a modulo p. Let kg be the largest integer
such that a® = 1 (mod p*°). Then the order of a modulo p* is d for
k=1,...,ko and dp¥=*0 for k > ko.

Proof. There exists an integer ug such that
a® =1+ pFoug and (ug,p) = 1. (3.3)

Let 1 < k < ko, and let e be the order of @ modulo p*. Ifa® =1 (mod p*),
then a® = 1 (mod p), and so d divides e. By (3.3), we have a? = 1
(mod p*), and so e divides d. It follows that e = d.
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Let j > 0. We shall show that there exists an integer u; such that
a®’ =1 + p?HRoy, and (uj,p) = 1. (3.4)

The proof is by induction on j. The assertion is true for 7 = 0 by (3.3).
Suppose we have (3.4) for some integer 5 > 0. By the binomial theorem,
there exists an integer v; such that

P A (1 +pj+k”uj)p
p
_ i+1+k P\ i(j+ko), i
= 1+p/ Ou; +z; (i)pz(J O)u;
1=

— 1_|_pj+1+k0uj _|_pj+2+kovj

= 1+ p TR (u; + puy)

= 1 —|—pj+1+k0uj+1,
and the integer u;y1 = u; + pv; is relatively prime to p. Thus, (3.4) holds
for all j > 0.

Let Kk > kg+ 1 and j = k — kg > 1. Suppose that the order of a modulo
pP~1is dp’~1. Let ej, denote the order of a modulo p*. The congruence

a®* =1 (mod p*)

implies that

)

a®* =1 (mod p* 1)

and so dp?~! divides ej. Since
o =14 pF i £ 1 (mod pF),
it follows that dp’~! is a proper divisor of e;. On the other hand,
a®® =1 +pkuj =1 (mod p"),

and so ey, divides dp’. Tt follows that the order of a modulo p¥ is exactly
er = dp’ = dp*~%0. This completes the proof. O

Theorem 3.7 Let p be an odd prime. If g is a primitive root modulo p,
then either g or g+ p is a primitive root modulo p* for all k > 2. If g is a
primitive root modulo p* and g1 € {g,g+p"*} is odd, then g is a primitive
root modulo 2p*.

Proof. Let g be a primitive root modulo p. The order of g modulo p
is p — 1. Let ko be the largest integer such that p¥o divides g?~' — 1. By
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Theorem 3.6, if kg = 1, then the order of g modulo p* is (p—1)pF~—! = ¢(p),
and g is a primitive root modulo p* for all k > 1.
If kg > 2, then
gt =1+p

for some integer v. By the binomial theorem,

p—1
—1 .
p—1 p p—1—i 1
(g+p)"™" = > ( . )g P
=0

= ¢ '+ (-1)¢""p (modp*)

= 1+pv+¢"%p* —¢"?p (mod p?)

= 1-¢"?p (modp?

# 1 (mod p?).
Then g + p is a primitive root modulo p such that

(g+p)P ' =14puy and  (ug,p)=1.

Therefore, g + p is a primitive root modulo p* for all k > 1.

Next we prove that primitive roots exist for all moduli of the form 2p*. If
g is a primitive root modulo p¥, then g+ p* is also a primitive root modulo
pP. Since p* is odd, it follows that one of the two integers g and g + p* is
odd, and the other is even. Let g; be the odd integer in the set {g, g +p*}.
Since (g + p*,p*) = (g,p*) = 1, it follows that (g1,2p"*) = 1. The order of
g1 modulo 2p* is not less than o(p*), which is the order of g; modulo p*,
and not greater than <p(2pk). However, since p is an odd prime, we have

e(2p%) = o(p"),

and so g; has order ¢(2p*) modulo 2p*, that is, g; is a primitive root
modulo 2p*. This completes the proof. O

For example, 2 is a primitive root modulo 3. Since 3 is the greatest power
of 3 that divides 22 — 1, it follows that 2 is a primitive root modulo 3* for
all k> 1, and 2+ 3* is a primitive root modulo 2 - 3% for all & > 1.

Finally, we consider primitive roots modulo powers of 2.

Theorem 3.8 There exists a primitive root modulo m = 2% if and only if
m =2 or4.

Proof. We note that 1 is a primitive root modulo 2, and 3 is a primitive
root modulo 4. We shall prove that if £ > 3, then there is no primitive root
modulo 2. Since ¢(2%) = 2871, it suffices to show that

ok—2

a =1 (mod 2%) (3.5)



3.2 Primitive Roots to Composite Moduli 95

for @ odd and k > 3. We do this by induction on k. The case k = 3 is
congruence (3.1). Let k > 3, and suppose that (3.5) is true. Then

a2k72 -1

is divisible by 2*. Since a is odd, it follows that
a2k_2 +1

is even. Therefore,

a2k71 1= (a2k72 _ 1) <a2k72 + 1)

is divisible by 2¢*1, and so
=1 (mod 2FF1).

This completes the induction and the proof of theorem. O

Let k > 3. By Theorem 3.8, there is no primitive root modulo 2*, that
is, there does not exist an odd integer whose order modulo 2* is 2F—1,
However, there do exist odd integers of order 2*~2 modulo 2*.

Theorem 3.9 For every positive integer k,
52° = 143282 (mod 2FH4).
Proof. The proof is by induction on k. For k = 1 we have
52 =25=1+3-2% (mod 2°).
Similarly, for £k = 2 we have
52 =625 =14+48+576=1+3-2* (mod 29).
If the theorem holds for & > 1, then there exists an integer u such that
520 = 1432542 4 ok ty = 1 4 9823 4 4u).
Since 2k + 4 > k + 5, we have
527 = (52k)2
= (1+28°2(3 + 4u))®

= 1+23(34+4u) (mod 22F+4)
14323 (mod 28 +9).

This completes the proof. O
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Theorem 3.10 If k > 3, then 5 has order 2572 modulo 2%. If a« = 1
(mod 4), then there exists a unique integer i € {0,1,...,2872 — 1} such
that

a=5" (mod 2%).
Ifa=3 (mod 4), then there exists a unique integeri € {0,1,...,2F2-1}
such that

a=-5 (mod 2%).

Proof. In the case k = 3, we observe that 5 has order 2 modulo 8, and

1 = 5° (mod8),
3 = —5' (mod 8),
5 = 5 (mod 8),
7 = —5° (mod 8).
Let £ > 4. By Theorem 3.9, we have
5277 = 1+43.2% (mod 2"12)
= 1 (mod 2¥)
and
5277 = 1+3.281 (mod 281Y)
= 1+3-281 (mod 2")
£ 1 (mod 2%).

Therefore, 5 has order exactly 2°~2 modulo 2, and so the integers 5° are
pairwise incongruent modulo 2% for i = 0,1,...,2¥"2 — 1. Since 5' = 1
(mod 4) for all i, and since exactly half, that is, 2872, of the 2¥~1 odd
numbers between 0 and 2* are congruent to 1 modulo 4, it follows that the

congruence 4
5 =a (mod 2)

is solvable for every a = 1 (mod 4). If a = 3 (mod 4), then —a = 1
(mod 4) and so the congruence

—a=5" (mod 2%),

or, equivalently, ‘
a=-5(mod 2"),

is solvable. This completes the proof. O

In algebraic language, Theorem 3.10 states that for all k > 3,
(Z/2%Z)* = (—1) x (5) = Z/2Z x Z/2"?Z,

where (a) denotes the cyclic subgroup of (Z/2¥Z)* generated by a for
a=—1and a=>5.
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Ezercises

1. Find an integer g that is a primitive root modulo 5* for all £ > 1.
Find a primitive root modulo 10. Find a primitive root modulo 50.

2. For k > 1, let e be the order of 5 modulo 3*. Prove that

e =231

3. Prove that p divides the binomial coefficient (?) fori =1,2,...,p—1.

4. Prove that if ¢ is a primitive root modulo p?, then ¢ is a primitive
root modulo pk for all £ > 2.

5. Let p be an odd prime. Prove that
(1 —|—px)pk =14 p"*z  (mod pF*?)
for every integer x and every nonnegative integer k.

6. (Nathanson [100]; see also Wagstaff [151]) Let p be an odd prime,
and let a # +1 be an integer not divisible by p. Let d be the order
of a modulo p, and let ko be the largest integer such that a¢ =
1 (mod p*0). Prove that if k > kg is a solution of the exponential

congruence
a*=1 (mod p*), (3.6)
then . .
r_at
k d

and so congruence (3.6) has only finitely many solutions.

Hint: Apply Theorem 3.6.
7. Use Exercise 6 to prove that the exponential congruence
9% =1 (mod 7%)
has no solutions.
8. Find all solutions of the exponential congruence

17" =1 (mod 15%).

9. Find all solutions of the exponential congruence

3*=1 (mod 2%).
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10. Let {«} denote the fractional part of z. Compute

()}

forn =1,...,10. Let r, be the least nonnegative residue of 3™ modulo

2™, Show that
3\ V _
2 -3

Remark. It is an important unsolved problem in number theory to
understand the distribution of the fractional parts of the powers of
3/2 in the interval [0, 1).

3.3 Power Residues

Let m, k, and a be integers such that m > 2, k > 2, and (a,m) = 1. We
say that a is a kth power residue modulo m if there exists an integer x such
that

¥ =a (mod m).
If this congruence has no solution, then a is called a kth power nonresidue
modulo m.

Let k = 2 and (a,m) = 1. If the congruence x> = a (mod m) is solv-
able, then a is called a quadratic residue modulo m. Otherwise, a is called a
quadratic nonresidue modulo m. For example, the quadratic residues mod-
ulo 7 are 1,2, and 4; the quadratic nonresidues are 3,5, and 6. The only
quadratic residue modulo 8 is 1, and the quadratic nonresidues modulo 8
are 3,5,4 and 7.

Let k = 3 and (a,m) = 1. If the congruence 2° = a  (mod m) is solvable,
then a is called a cubic residue modulo m. Otherwise, a is called a cubic
nonresidue modulo m. For example, the cubic residues modulo 7 are 1 and
6; the cubic nonresidues are 2, 3, 4, and 5. The cubic residues modulo 5
are 1, 2, 3, and 4; there are no cubic nonresidues modulo 5.

In this and the next two sections we investigate power residues modulo
primes. In Section 3.6 we consider quadratic residues to composite moduli.

3

Theorem 3.11 Let p be prime, k > 2, and d = (k,p — 1). Let a be an
integer not divisible by p. Let g be a primitive root modulo p, Then a is a
kth power residue modulo p if and only if

indg(a) =0 (mod d)

if and only if
a?= /4 =1 (mod p).
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If a is a kth power residue modulo p, then the congruence
¥ =a (mod p) (3.7)

has exactly d solutions that are pairwise incongruent modulo p. Moreover,
there are exactly (p —1)/d pairwise incongruent kth power residues modulo

p.

Proof. Let £ = indy(a), where g is a primitive root modulo p. Congru-
ence (3.7) is solvable if and only if there exists an integer y such that

g =2 (mod p)
and
M =2"=a=g¢" (modp).
This is equivalent to
ky=¢ (modp—1). (3.8)

This linear congruence in y has a solution if and only if
indg(a) =¢=0 (mod d),

where d = (k,p — 1). Thus, the kth power residues modulo p are precisely
the integers in the (p—1)/d congruence classes g/ 4pZ fori = 0,1,..., (p—
1)/d — 1. Moreover,

aP=D/d = glp=1)t/d = (mod p)

if and only if

=0 (modp-—1)

if and only if
indg(a) =¢=0 (mod d).

Finally, if the linear congruence (3.8) is solvable, then by Theorem 2.2
it has exactly d solutions y that are pairwise incongruent modulo p — 1,
and so (3.7) has exactly d solutions x = ¢¥ that are pairwise incongruent
modulo p. This completes the proof. O

For example, let p =19 and k = 3. Then d = (k,p—1) = (3,18) = 3. We
can check that 2 is a primitive root modulo 19, and so a is a cubic residue
modulo 19 if and only if 3 divides inds(a). Since —1 = 2° (mod 3) and
indz(—1) =9, it follows that —1 is a cubic residue modulo 19. The solutions
of the congruence 3 = —1 (mod 19) are of the form # = 2¢Y (mod 19),
where 0 < y < 17 and 3y =9 (mod 18). Then y =3 (mod 6), and so
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y = 3,9, and 15. These give the following three cube roots of —1 modulo
19:
8§=2% (mod 19),

18 =2° (mod 19),

and
12=2" (mod 19).

Corollary 3.1 Let p be an odd prime, and let k > 2 be an integer such

that (k,p — 1) = 1. If (a,p) = 1, then a is a kth power residue modulo p,

and the congruence * = a (mod p) has a unique solution modulo p.

FEzercises

1. Find all cubic residues modulo 19.
2. Find all solutions of the congruence 2> =8 (mod 19).

3. Define the map f : (Z/19Z)* — (Z/19Z)* by f(z + 19Z) = 23 +
19Z. Prove that f is a homomorphism of the multiplicative group
(Z/19Z)*, and compute its kernel.

4. Find all fifth power residues modulo 11.

5. Find all sixth power residues modulo 11.

6. Define the map f : (Z/23Z)* — (Z/23Z)* by f(x+23Z) = 2°+23Z.
Prove that f is a isomorphism of the multiplicative group (Z/23Z)*,
that is, prove that f is a homomorphism that is one-to-one and onto.

7. Let x, be the least nonnegative integer such that 22 =a (mod 11).
Compute z, for a =1,2,...,10.

8. Prove that if p=2 (mod 3), then every integer not divisible by p is
a cubic residue modulo p.

9. Prove thatif p=1 (mod 6), then the product of the (p—1)/3 cubic
residues modulo p is congruent to —1 modulo p.

3.4 Quadratic Residues

Let p be an odd prime and a an integer not divisible by p. Then a is called
a quadratic residue modulo p if there exists an integer x such that

r*=a (mod p). (3.9)



3.4 Quadratic Residues 101

If this congruence has no solution, then a is called a quadratic nonresidue
modulo p. Thus, an integer a is a quadratic residue modulo p if and only
if (a,p) = 1 and a has a square root modulo p. By Theorem 3.11, exactly
half the congruence classes relatively prime to p have square roots modulo
p.
We define the Legendre symbol for the odd prime p as follows: For any
integer a,

1 if (a,p) =1 and a is a quadratic residue modulo p,
a . . . .
<> = -1 if (a,p) =1 and a is a quadratic nonresidue modulo p,
p 0 if p divides a.

The solvability of congruence (3.9) depends only on the congruence class
of a (mod p), that is,

(p) _ (Z) ifa=b (modp),

and so the Legendre symbol is a well-defined function on the congruence
classes Z/pZ.

We observe that if p is an odd prime, then, by Theorem 3.2, the only

solutions of the congruence 22 =1 (mod p) are x = =1 (mod p). More-

over, if e,¢’ € {—1,0,1} and e =&’ (mod p), then p divides e — &', and so

a

e = ¢’. In particular, if (%) =¢ (mod p), then (;) =e.

Theorem 3.12 Let p be an odd prime. For every integer a,

<a> =aP"Y/2 (mod p).
p

Proof. If p divides a, then both sides of the congruence are 0. If p does
not divide a, then, by Fermat’s theorem,

2
(a(p—l)/2) =a’'=1 (mod D),

and so
a?™V/2 =41 (mod p).

Applying Theorem 3.11 with & = 2, we have
a?™ /2 =1 (mod p) if and only if (a) =1,
p
and so

a?"P? = -1 (mod p) if and only if <a> -
p
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This completes the proof. O

For example, 3 is a quadratic residue modulo the primes 11 and 13, and
a quadratic nonresidue modulo the primes 17 and 19, because

3\ a5
(11)—3 =1 (mod 11),

3\ a6
(13>:3 =1 (mod 13),

3 — 98 —

(3)-

The next result states that the Legendre symbol is a completely multi-
plicative arithmetic function.

—1 (mod 19).

Theorem 3.13 Let p be an odd prime, and let a and b be integers. Then
(5)-6)6)
p p) \p/)
Proof. If p divides a or b, then p divides ab, and
(5)--G)G)
p p p
If p does not divide ab, then, by Theorem 3.12,

(al)) = (ab)® D2 (mod p)

p

aP=D/2p(r=D/2 (1n0d p)

£)) min

The result follows immediately from the observation that each side of this
congruence is +1. O

Theorem 3.13 implies that the Legendre symbol (5> is completely de-
termined by its values at —1, 2, and odd primes ¢. If a is an integer not
divisible by p, then we can write

a = iQToq{‘lqu ._.QZk:,
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where q1, ..., g are distinct odd primes not equal to p. Then

0-C)E )6

We shall first determine the set of primes p for which —1 is a quadratic
residue. By the following result, this depends only on the congruence class
of p modulo 4.

Theorem 3.14 Let p be an odd prime number. Then

-1\ 1 i p=1 (mod4),
(p){ -1 4 p=3 (mod4).

<—p1> _ (—1)e-0r2

Proof. We observe that
(—1)P=D/2 = { 1 if p=1 (mod4),

Equivalently,

-1 if p=3 (mod4).
Applying Theorem 3.12 with a = —1, we obtain

-1
<) = (-=1)®P=Y/2 (mod p).
p

Again, the theorem follows immediately from the observation that both
sides of this congruence are £1. O

Let p be an odd prime, and let S be a set of (p — 1)/2 integers. We call
S a Gaussian set modulo p if SU—-S = SU{—s:s € S} is a reduced
system of residues modulo p. Equivalently, S is a Gaussian set if for every
integer a not divisible by p, there exist s € S and € € {1, —1} such that
a = es (mod p). Moreover, s and € are uniquely determined by a. For
example, the sets {1,2,...,(p—1)/2} and {2,4,6,...,p— 1} are Gaussian
sets modulo p for every odd prime p. If S is a Gaussian set, s,s’ € S, and
s==4s" (mod p), then s = ¢'.

Theorem 3.15 (Gauss’s lemma) Let p be an odd prime, and a an in-
teger not divisible by p. Let S be a Gaussian set modulo p. For every s € S
there exist unique integers uq(s) € S and €4(s) € {1, —1} such that

as = €4(8)ug(s) (mod p).

Moreover,

(p) ~ [Tzt = 1™,

ses
where m is the number of s € S such that eq(s) = —1.
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Proof. Since S is a Gaussian set, for every s € S there exist unique
integers u,(s) € S and €,(s) € {1, —1} such that

as = e4(8)ug(s) (mod p).
Let s,8" € S. If ug(s) = ug(s'), then

as’ = 5a(8/)ua(sl) = Ea(sl)ua(s) (mOd p)
= e4(8)ea(8)ea(8)ua(s) (mod p)
+as (mod p).

Dividing by a, we obtain
s =+s (mod p),

and so s’ = s. It follows that the map u, : S — S is a permutation of S,

and so
H s = H U (8)
sES ses
Therefore,
aP—1/2 H s = H as (mod p)
ses sES
= H ga($)ua(s) (mod p)
ses
= [l [J () (modp)
seS seS
= H €als H s (mod p).
seS s€S

Dividing by [],cg s, we obtain

(Z) = a2 =[] euls) (modp).

seS

The proof is completed by the observation that the right and left sides of
this congruence are £1. O

We shall use Gauss’s lemma to compute the Legendre symbol (%) Let
S be the Gaussian set {2,4,6,8,10}. We have

3:2 = 6 (mod11),

3-4 = (-1)10 (mod 11),

3-6 = (—-1)4 (mod 11),

3-8 = 2 (mod 11),
3-10 = 8 (mod 11).
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The number of s € S with e3(s) = —1is m =2, and so (&) = (-1)2 =1,
that is, 3 is a quadratic residue modulo 11. Indeed,
5=6=3 (mod 11),
and so 5 and 6 are the square roots of 3 modulo 11.

Theorem 3.16 Let p be an odd prime. Then

2\ [ 1 ifp==£1 (mod38),
p) | -1 ifp=+43 (mod8).

(;) _ (c1)ss,

Proof. We apply Gauss’s lemma (Theorem 3.15) to the Gaussian set
S={1,2,3,...,(p—1)/2}. Then

Equivalently,

{2s:5€ 8} ={2,4,6,...,p— 1},

and

where m is the number of integers s € S such that ea(s) = —1. If 1 < 2s <
(p —1)/2, then 2s € S, and so uz(s) = 2s and ea2(s) = 1. If (p+1)/2 <
2s<p—1,then 1 <p—-2s<(p—1)/2, and so p—2s € S. Since

2s=—(p—2s) (mod p),

it follows that us(s) = p — 2s and e4(s) = —1. Therefore, m is the number
of integers s € S such that (p +1)/2 < 2s < p — 1, or, equivalently,

p+1 p—1
LT R g — 1

T S55—5 (3.10)
Since every odd prime p is congruent to 1, 3, 5, or 7 modulo 8, there are

four cases to consider.

(i) fp=1 (mod 8), then p =28k + 1, and s € S satisfies (3.10) if and
only if
1

and so m = 2k and (%) (—1)2k

(ii) f p=3 (mod 8), then p =8k + 3, and s € S satisfies (3.10) if and
only if
2k+1<s<4k+1,

and so m =2k + 1 and (%) = (_1)2k+1 - 1.
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(i) Ip=5 (mod 8), then p =8k + 5, and s € S satisfies (3.10) if and

only if
1
2k+1+§§3§4k+2,

and so m = 2k + 1 and (%) = (=1)%k+1 = 1.

(iv) If p=7 (mod 8), then p = 8k + 7, and s € S satisfies (3.10) if and

only if
2k +2 < s <4k + 3,

and so m = 2k + 2 and (%) = (_1)2k+2 = 1.

Finally, we observe that

and

=0 (mod2) ifp=1lor7 (mod8)

=1 (mod2) ifp=3or7 (modS8).

This completes the proof. O

Exercises
1. Find all solutions of the congruences 2> = 2 (mod 47) and 2% = 2
(mod 53).
2. Prove that S = {3,4,5,9,10} is a Gaussian set modulo 11. Apply

Gauss’s lemma to this set to compute the Legendre symbols (%)
and (%)

Let p be an odd prime. Prove that {2,4,6,...,p — 1} is a Gaussian
set modulo p.

Use Theorem 3.14 and Theorem 3.16 to find all primes p for which
—2 is a quadratic residue.

Use Gauss’s lemma to find all primes p for which —2 is a quadratic
residue.

. Use Gauss’s lemma to find all primes p for which 3 is a quadratic

residue.

. Find all primes p for which 4 is a quadratic residue.
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Let p be an odd prime. Prove that the Legendre symbol is a homo-
morphism from the multiplicative group (Z/pZ)* into {£1}. What
is the kernel of this homomorphism?

For every odd prime p, define the Mersenne number
M, =2P —1.

A prime number of the form M, is called a Mersenne prime (see
Exercise 5 in Section 1.5).

Let g be a prime divisor of M.

(a) Prove that 2 has order p modulo ¢, and so p divides ¢ — 1.
Hint: Fermat’s theorem.

(b) Prove that p divides (¢ — 1)/2, and so
g=1 (mod 2p)

and
200=1/2 =1 (mod q).
Hint: Both p and ¢ are odd.

(c¢) Prove that (%) =1,and so ¢ =+1 (mod 8).
For every positive integer n, define the Fermat number
F,=2" +1

A prime number of the form F), is called a Fermat prime (see Exer-
cise 7 in Section 1.5).
Let n > 2, and let ¢ be a prime divisor of F,.

(a) Prove that 2 has order 2" modulo g.

Hint: Exercise 8 in Section 2.5.
(b) Prove that
g=1 (mod 2""1).
(¢) Prove that there exists an integer a such that
a2'1L+1

=-1 (mod q).

Hint: Observe that (%) =1,and so 2=a? (mod q).

(d) Prove that
¢g=1 (mod 2""?).
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Remark. By Exercise 7 in Section 1.5, the Fermat number Fj is di-
visible by the prime 641, and 641 =1 (mod 27).

A binary quadratic form is a polynomial
f(z,y) = ax® + bry + cy?, where a,b, c are integers.
The discriminant of this form is the integer d = b — 4ac. Show that

daf(x,y) = (2az + by)* — dy?.

Let p be an odd prime, and let f(x,y) = ax?® + bxy + cy® be a
binary quadratic form with a Z 0 (mod p). We say that f(z,y)
has a nontrivial solution modulo p if there exist integers z and y
not both divisible by p such that f(z,y) =0 (mod p). Prove that
f(z,y) has a nontrivial solution modulo p if and only if either d = 0
(mod p) or d is a quadratic residue modulo p.

Prove that the binary quadratic form
f(z,y) = 22% — 152y + 279>

has a nontrivial solution modulo p for all primes p. Find a nontrivial
solution of the congruence

flx,y) =0 (mod 11).

Let p and ¢ be distinct odd prime numbers. Prove that

)3 (M) —1 (mod g),
(mod p) p

z1+-txg=q
1<z;<p—-1

where the sum is over all ordered g-tuples of integers (z1, ..., z4) such
that z1+---+24=¢ (modp)and 1<z, <p—1lfori=1,...,q.

Hint: If gv = ¢ (mod p), then £ = 1 (mod p). If the g-tuple
(21,...,24) contains k distinct integers y1,...,y, such that integer
y; appears u; times in the g-tuple, so that Z?:l u;jy; = ¢ (mod p)
and Z?:l u; = ¢, then the number of permutations of this g-tuple is

the multinomial coefficient (ﬁ) Show that

q _
(U1! : Uk') =0 (mod q).
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3.5 Quadratic Reciprocity Law

Let p and ¢ be distinct odd primes. If ¢ is a quadratic residue modulo p,
then the congruence
2?2 =¢q (mod p)

is solvable. Similarly, if p is a quadratic residue modulo ¢, then the congru-
ence
z2=p (mod q)

is solvable. There is no obvious connection between these two congruences.
One of the great discoveries of eighteenth-century mathematics is that there
is, in fact, a subtle and powerful relation between them that depends only
on the congruence classes of the primes p and ¢ modulo 4. This is expressed
in Gauss’s celebrated law of quadratic reciprocity.

Theorem 3.17 (Quadratic reciprocity) Letp and q be distinct odd primes.
Ifp=1 (mod4)org=1 (mod4), then p is a quadratic residue modulo

q if and only if q is a quadratic residue modulo p. If p=q =3 (mod 4),
then p is a quadratic residue modulo q if and only if q is a quadratic non-
restdue modulo p. Equivalently,

-

S={1,2,....(p—1)/2}

Proof. Let

and
T={1,2,...,(g—1)/2}.

Then S is a Gaussian set for the prime p, and T is a Gaussian set for the
prime q. Let
SxT={(s,t):s€S,teT}

This is a rectangle of lattice points in R? of cardinality

p—1lg—1
SXxT|=—"—.
We shall count the number m of lattice points (s,¢) in this rectangle that

lie in the strip defined by the inequality
p—1
1<pt—gs< — (3.11)

(To understand this proof, it is helpful to choose small primes, for example,
p =17, ¢ = 13, and draw pictures of the rectangle S x T and the regions
defined by inequalities.)
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If s € S, t1,t € T, and the lattice points (s,?1) and (s,t2) both sat-
isfy (3.11), then

p—1
plt1 — t2] = [(pt1 — ¢s) — (pt2 — qs)| < <P

and so t; = ty. It follows that for every s € S there exists at most one
t € T that satisfies (3.11). If this inequality holds for some t € T, then
pt—qs=s" €5, and

gs = —s  (mod p).

Using the notation in Gauss’s lemma (Theorem 3.15), we have u4(s) = s
and g,4(s) = —1.
Conversely, if s € S and g4(s) = —1, then

gs = —uqy(s)  (mod p),
and there exists an integer ¢ such that
qs = —uq(s) + pt.

Since

0 < pt=gs+ug(s) < q(p—1)+p_1 _ (¢+1)(p—1)

it follows that

Therefore, t € T, and the lattice point (s,t) € S x T satisfies inequal-
ity (3.11). Thus, the number m of lattice points (s,t) € S x T that satisfy
inequality (3.11) is equal to the number of s € S such that ¢,(s) = —1. By

Gauss’s lemma,
q
) — (1™,
(3) =0

(0)-cr

where n is the number of lattice points (s,t) € S x T such that

Similarly,

-1
1§qs—pt§qT,
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or, equivalently,

1
—ga—fgpt—qsg—i. (3.12)

Since pt — gs # 0 for all s € S and t € T, it follows that

)@=

where m + n is the number of lattice points (s,t) € S x T such that

-1 -1
_qT Spt—qsng. (3.13)

Let M denote the number of lattice points (s,t) € S x T such that

p—1
t—qs > ——
D qs B

and let N denote the number of lattice points (s,t) € S x T such that

q—1
t — < ——.
P qs 5
Then
p—1lq—1
2 2

We define a map from the set S x T to itself by reflection:

m+n+M+N=|SxT|=

(s,t) = (s, 1),

where
; b+ 1
§ =55
and
1
ﬂ:g%——t
This map is a bijection, since
p+1 ’
5 T8 =s
and
1
gg——ﬂ—t
If (s,t) € S x T and
-1
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then (s',t') € S x T and

R CORICS
= g—pt—%—&-qs
I S R
-1
< -L=

Therefore, M < N. Similarly, if (s,t) € S x T and

q-—
t_ .
D qs < 9
then (s',t') € S x T and
-1
v o' p
D qs > 5
and so M > N. Therefore, M = N and
p q
= — 1 m+n __ -1 m+n+2M
(5)() = comr=en

This completes the proof. O

The quadratic reciprocity law provides an effective method to calculate
the value of the Legendre symbol. For example, since 7 =59 =3 (mod 4)

and 59 =3 (mod 7), we have
(2N (3
) \7

()
(5)= )

= 1.

Similarly, since 51 =3-17 and 97=17=1 (mod 4), we have
1Y (B (1T _(97\ (97
or) — \97/)\97) \'3 17
_ (N () (2
—o\3/)\17) " \17



3.5 Quadratic Reciprocity Law 113
AN(3\_o (2
17)\17) \17
17\ (2
3) \3

= -1

Quadratic reciprocity also allows us to determine all primes p for which a
given integer a is a quadratic residue. Here are some examples. If a = 5,

then
5\ _ (2) [ 1 ifp=1,4 (modb5),
p) \5/ | -1 ifp=23 (mod}5).
Let a=7.1fp=1 (mod 4), then
T\ _ (}2) 1 ifp=1,2,4 (mod7),
p) \7/ | -1 ifp=3,56 (modT7).
If p=3 (mod 4), then
7 _ D\ _ 1 if p
(p) __(7> _{ —1 ifp

Equivalently,

N 1 ifp=1,3,9,19,2527 (mod 28),
p) | -1 ifp=5,11,13,15,17,23 (mod 28).

Let a = 35. Then
(7)
) =1
p

p=1,4 (modb5) and p=1,3,9,19,2527 (mod 28)

if and only if

or
p=23 (mod5) and p=5,11,13,15,17,23 (mod 28).

This is equivalent to a set of congruence classes modulo 140.

Exercises

1. Let p = 11 and ¢ = 7. Using the notation in the proof of the law
of quadratic reciprocity (Theorem 3.17), we have m+n+ M + N =
|S x T| = 15. Compute the numbers m,n, M, and N. Check that

(7) = (=)™ and (3) = (=1)".

2. Use quadratic reciprocity to compute (%) Find an integer x such
that 22 =7 (mod 43).
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. Use quadratic reciprocity to compute (%) . Find an integer x such

that 2 =19 (mod 101).

. Prove that the congruence

(z% —2)(2® —17)(z* —34) =0 (mod p)
has a solution for every prime number p.

Use quaratic reciprocity to find all primes p for which —2 is a quadratic
residue.

Use quaratic reciprocity to find all primes p for which 3 is a quadratic
residue.

Find all primes for which —3 is a quadratic residue.
Find all primes for which 5 is a quadratic residue.
Find all primes for which —5 is a quadratic residue.

Find all primes p for which the binary quadratic form f(z,y) = 22 +
zy + 32 has a nontrivial solution modulo p.

Hint: Apply Exercise 11 in Section 3.4.

In Exercises 11-17 we derive properties of the Jacobi symbol, which
is a generalization of the Legendre symbol to composite moduli. Let
m be an odd positive integer, and let

T
=TIk
=1

be the factorization of m into the product of powers of distinct prime
numbers. For any nonzero integer a, we define the Jacobi symbol ( )

as follows: . N L
(-1

i=1

(a) Prove that if a =0 (mod m), then

(©)-(%):

(b) For any integers a and b, prove that

()= G ()
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13.

14.

15.

16.

17.
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(c) Prove that () =0 if and only if (a,m) > 1.

a
m

Compute the Jacobi symbol (%).

Let m be an odd positive integer, and let (a, m) = 1. The integer a is
called a quadratic residue modulo m if there exists an integer = such
that
2> =a (mod m)

and a quadratic nonresidue modulo m if this congruence has no solu-
tion. Prove that if (%) = —1, then a is a quadratic nonresidue modulo
m. Prove that a is not necessarily a quadratic residue modulo m if
() =1

Hint: Consider m = 21 and a = —1.
Let m = p¥, where p is an odd prime and k > 1. Prove that

m—1_k(p—1)
5 =" 3 (mod 2).

Hint: Use the binomial theorem to expand m = ((p — 1) + 1)*.

Let m be an odd positive integer with standard factorization m =
[1,_, pl. Prove that

2

m—1_ < ki(pi—1)
5 = Z 5 (mod 2).
i=1
Hint: Use induction on 7.

Prove that )
I -1 (m—l)/2.
(5) =

Let m be an odd positive integer with standard factorization m =
H;Zl pi“ Prove that

21 Kki(p? -1
m EZ% (mod 8)
i=1

8
2 2
Z) = (—1 (m —1)/8.
(2)-cu

Let m and n be relatively prime odd positive integers with standard

factorizations
T
G
i=1

and
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and .
Z.
n= quj.
j=1
Prove that
m—ln—l_ - ® pl—l q]'—l
mt =Yk (B (U5) mea)
i=1 j=1
and

(3) () - o

3.6  Quadratic Residues to Composite Moduli

Let m be an odd positive integer and a an integer relatively prime to m.
We shall prove that a is a quadratic residue modulo m if and only if a is a
quadratic residue modulo p for every prime p that divides m. The Chinese
remainder theorem (see Theorem 2.11) implies that it suffices to consider
congruences modulo prime powers.

We begin with Hensel’s lemma, an important result that gives a sufficient
condition that a polynomial congruence solvable modulo a prime p will also
be solvable modulo p* for every positive integer k.

Let

f(z) = anz™ + ap_12" ' 4 a1z +ag

be a polynomial with coefficients in a ring R. The derivative of f(z) is the
polynomial

f(z) = na,z"" ' + (n— l)an_lxn_z + - +a.

If f(z) is a polynomial of degree n > 1 with coefficients in the ring Z,

then the derivative f’(z) has degree n — 1 and leading coefficient na,,. For
example, if f(x) = 2® — 5z + 1, then f/(x) = 322 — 5. Moreover,
flx+h) = (z+h)*=5x+h)+1
= (2 +32%h + 3zh® + h®) — (52 +5h) + 1
= (2 =52 +1) + (322 — 5)h + (3 + h)h?
= f@)+ f'@)h+r(z, b,
where r(z, h) = 3z + h.

Theorem 3.18 Let R be a ring and f(z) = Y., a;x" a polynomial with
coefficients in R. Then

fla+h) = fx) + f(2)h+r(z, h)h?.

where r(x,h) is a polynomial in the two variables x and h with coefficients
n R.
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Proof. This is a standard calculation. Expanding f(x + h) by the bino-
mial theorem, we obtain

n

flx+h) = Zai(:ﬂ—k h)
i=0

=0 7=0

- (e
i=0i=5 M

= iale + izazwl_lh + i i ( )a Al %
i=0 i=1 =2 i=j

where
r(xz,h) = Z Z ( > a;x IR T2
==
is a polynomial in x and h with coefficients in R. O

Theorem 3.19 (Hensel’s lemma) Let p be prime, and let f(x) be a
polynomial of degree n with integer coefficients and leading coefficient not
divisible by p. If there exists an integer x1 such that

f(z1) =0 (mod p)
and

(1) £0 (mod p),
then for every k > 2 there exists an integer xy, such that

f(zx) =0 (mod p*) (3.14)
and

Tp = x5_1  (mod pFT1). (3.15)

Proof. The proof is by induction on k. We begin by constructing x».
There exist integers u; and vy such that f(x1) = uip and f'(x1) =v1 Z0
(mod p). We shall prove that there exists an integer y; such that f(z; +
y1p) =0 (mod p?).

By Theorem 3.18, there exists a polynomial r(z, h) with integer coeffi-
cients such that

flxr+yp) = f(z1) +f/($1)ylp+7’($1aylp)1?2
= wp+vyip+r(z, yip)p°
= wp+uvyp (mod pz).
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Therefore, there exists an integer y; such that
f@14+yip) =0 (mod p)
if and only if the linear congruence
vy = —uy  (mod p)

is solvable. We see that this congruence does have a solution y; because
(v1,p) = 1. Let

T2 = T1 + Y1p-
Then
f(z2) =0 (modp) and a2 =z1 (mod p).
Let £ > 3, and assume that we have constructed integers s, ..., Tr_1
such that
f(z;)=0 (modp’) and z;=z;_1 (modp'?)
for i = 2,...,k — 1. There exists an integer u;_1 such that

flxp—1) = up—1p" L

Let f'(zk—1) = vg—1. Since z,_1 =1 (mod p), it follows that
vp—1 = f'(wk-1) = f(x1) Z0 (mod p).
Applying Theorem 3.18 with ¢ = 2,1 and h = y,_1p" !, we obtain
f(wp—1+ ykflpk_l)

= f(@e-1) + F(@ee1)yp—1p" "+ r(@pn, v Dy 0
= w 1" om1yko1p™t (mod pP).

2

It follows that
f(wp—1+ yk—1pk_1) =0 (mod p*)

if and only if there exists an integer yi_; such that
Vk—1Yk—1 = —Uk—1 (mod p).

This last congruence is solvable, since (vg_1,p) = 1, and the integer zj =
Tr_1 + yr_1p" ! satisfies conditions (3.14) and (3.15). O

Theorem 3.20 Let p be an odd prime, and let a be an integer not divisible
by p. If a is a quadratic residue modulo p, then a is a quadratic residue
modulo p* for every k > 1.
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Proof. Consider the polynomial f(x) = 22 —a and its derivative f'(x) =
2z. If a is a quadratic residue modulo p, then there exists an integer x;1 such
that 1 Z 0 (mod p) and 22 = @ (mod p). Then f(z;) =0 (mod p)
and f'(z1) 20 (mod p). By Hensel’s lemma, the polynomial congruence
f(z) =0 (mod p*) is solvable for every k > 1, and so a is a quadratic
residue modulo p* for every k > 1. O

Ezercises

1. Let xq = 3. Costruct integers x;, such that z7 = 2 (mod 7%) and
Ty =151 (mod 7F71) for k = 2,3, 4.

2. Let p be a prime, p # 3, and let a be an integer not divisible by p.
Prove that if a is a cubic residue modulo p, then a is a cubic residue
modulo p* for every k > 1.

3. Denote the derivative of the polynomial f(x) by D(f)(z) = f'(x).
We define

DO(f)(z) = fla),
DO(f)@) = D(D*I(N) (@) for k= 1.

The polynomial D*)(f) is called the kth derivative of f. Prove that
if f(z) is a polynomial with integer coefficients, then D) (f)(x) = 0
if and only if the degree of f(z) is at most k — 1.

4. Let f(z) and g(z) be polynomials. Prove the Leibniz formula
D(f-g)(x) = f(z) - D(g)(x) + D(f)(x) - g().

5. Let f(z) be a polynomial of degree n. Prove Taylor’s formula

" D) (g
f(x—i—h):ZDk!( ) k.

k=0

6. This exercise generalizes Hensel’s lemma (Theorem 3.19). Let p be a
prime, and f(x) a polynomial of degree n with integer coefficients and
leading coefficient not divisible by p. Let ¢ be a nonnegative integer.
If there exists an integer x; such that

f(z1)
f'(x1)

0 (mod p**™h),
0

(mod p),
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and
f(x1) #0  (mod p),

then for every k > 2 there exists an integer xj such that
flzg) =0 (mod p2€+k)

and

Tk = Tkp—1 (mod p“k_l).

Hint: Prove by induction on k. To begin the induction, find an integer

y1 such that f(z; + yip') = 0 (mod p?*2) and let zp = 21 +
(41

yip .

3.7 Notes

Primitive roots and quadratic reciprocity are classical topics in number
theory and a standard part of an introductory course in the subject.

There are still many simple questions about primitive roots that we can-
not answer. For example, we cannot determine the prime numbers for which
2 is a primitive root. We do not even know if the number of such primes is
finite or infinite. Gauss conjectured that 10 is a primitive root for infinitely
many primes. This would imply, by Exercise 9 in Section 2.5, there are
infinitely many primes p such that the decimal expansion of the fraction
1/p has period p — 1. We do not, in fact, know even one integer that is a
primitive root for infinitely many primes. There is an amazing result due to
Gupta and Murty [44] and Heath-Brown [62] that states that every prime
number, with at most two exceptions, is a primitive root for infinitely many
primes. It follows that at least one of the numbers 2, 3, and 5 is a primitive
root for infinitely many primes, but we do not know which one.

Let a be an integer that is not a square and a # —1. A conjecture of
Artin [5, page viii] states that there exist infinitely many primes for which
a is a primitive root. Moreover, Artin has a conjectured density for the set
of primes for which « is a primitive root. Murty [98] is a nice survey paper
of Artin’s conjecture and its generalizations. Erdds asked the following: For
every sufficiently large prime p, does there exist a prime ¢ < p such that ¢
is a primitive root modulo p?
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Fourier Analysis on Finite Abelian
Groups

4.1 The Structure of Finite Abelian Groups

This chapter introduces analysis on finite abelian groups and their char-
acters. We begin by using elementary number theory to determine the
structure of finite abelian groups.

Let G be an abelian group, written additively, and let Aq,..., Ax be
subsets of G. The sum of these sets is the set

A+ -+ Ay ={a1+ - +ap:a; € A; fori=1,...,k}.

If G1,...,Gy are subgroups of G, then the sumset G; + --- + G is a
subgroup of G (Exercise 2). We say that G is the direct sum of the subgroups
G1,...,Gg, written G = G1®- - -®Gy, if every element g € G can be written
uniquely in the form g = g1 + -+ + g, where g; € G; for i = 1,... k. If
G=G1® - ® Gy, then |G| = |Gy] - - - |Gg| (Exercise 3).

The order of an element ¢g in an additive group is the smallest positive
integer d such that dg = 0. By Theorem 2.16, the order of an element of a
finite group divides the order of the group.

Let p be a prime number. A p-group is a group each of whose elements
has an order that is a power of p. For every prime number p, let G(p)
denote the set of all elements of G whose order is a power of p. Then G(p)
is a subgroup of the abelian group G (Exercise 6).

Theorem 4.1 Let G be a finite abelian group, written additively, and let
|G| = m. For every prime number p, let G(p) be the set of all elements
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g € G whose order is a power of p. Then

G=EPcw).

plm

Proof. Let m = Hle p;* be the standard factorization of m, and let
m; = mp; " for i = 1,...,k. Then (mq,...,my) = 1 by Exercise 15 in
Section 1.4, and so there exist integers uq, ..., u; such that

miug + -+ mpug = 1.

Let g € G, and define g; = m;u;9g € G for ¢ = 1,...,k. Since p)'g; =
mu;g = 0, it follows that g; € G(p). Moreover,

g = (muur+-- +mpug)g = miurg + - - + mpugg
= g1+ +gx €G(p1) + -+ G(pr),

and so
G=G(p1)+ -+ Gpk)

Suppose that
g1+ +gx=0,

where g; € G(p;) fori = 1,..., k. There exist nonnegative integers r1, ..., 7k
such that g; has order p;* for i =1,..., k. Let

E
dj=1]»"
iz
If g; # 0, then d;g; # 0. Since d;g; = 0 for i = 1,...,k, i # j, it follows
that
0=dj(g1+ -+ gk) = djg;,
and so g; =0 for all j =1,...,k. Thus, 0 has no nontrivial representation

in G =G(p1)+---+G(pr). By Exercise 4, we conclude that G is the direct
sum of the subgroups G(p;). O

Lemma 4.1 Let G be a finite abelian p-group. Let g1 € G be an element
of maximum order p™, and let G1 = (g1) be the cyclic subgroup generated
by g1. Consider the quotient group G/G1. Let h € G. If h+ G1 € G/Gy
has order p", then there exists an element g € G such that g+G1 = h+ Gy
and g has order p” in G.

Proof. If h + G; has order p" in G/Gy, then the order of h in G is
at most p"' (since p™ is the maximum order in G) and at least p” (by
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Exercise 7). Since G1 = p"(h + G1) = p"h + G, it follows that p"h € Gy,
and so p"h = ug; for some positive integer u < p™ (since g1 has order p™).
Write u = p*v, where (p,v) = 1 and 0 < s < ry. Then vg; also has order
p™, and so p®vg; has order p"*~% in G. Then p"h = p°vg; has order p™—*
in G, and so h has order p™* "% < p™. It follows that r < s, and

S

p'h = p°vg =p"(p° "vg1) = P91,

where
g1 =p° "vg; € Gy.
Let
g=h-gi.
Then
g + G1 =h+ Gl.

Moreover, p"g = p"h — p"gy = 0, and so the order of g is at most p”. On
the other hand, g + G; has order p” in the quotient group G/G1, and so
the order of g is at least p”. Therefore, g has order p™. O

Theorem 4.2 FEwvery finite abelian p-group is a direct sum of cyclic groups.

Proof. The proof is by induction on the cardinality of G. Let G be a
finite abelian p-group. If G is cyclic, we are done. If GG is not cyclic, let
g1 € G be an element of maximum order p™, and let G; be the cyclic
subgroup generated by g1. The quotient group G/G; is a finite abelian

p-group, and
1< |G/Gy| = L% <|G|.

Therefore, the induction hypothesis holds for G/G1, and so
G/Gi=Hy @+ & Hy,

where H; is a cyclic subgroup of G/G1 of order p"i for i = 2,... k. More-
over,

|G| =1G/G+| = - T
pri - | / 1| - Hp :
=2
By Lemma 4.1, for each i« = 2,...,k there exists an element g; € G such

that ¢g; + G1 generates H; and g; has order p™ in G. Let G; be the cyclic
subgroup of G generated by g;. Then |G;| = p™ for i = 1,..., k. We shall
prove that G =G, & -+ - ® Gy.

We begin by showing that G = Gy + -+ Gi. If g € G, then g+ G €
G /G4, and there exist integers ug, ..., u, such that

0<u; <p"—1 fori=2,...,k



124 4. Fourier Analysis on Finite Abelian Groups
and

g+ Gr=u(g2+G1) @ D ur(ge + G1) = (u292 + - - - + urgr) + Gi.

It follows that
g— (u2g2 + -+ - +uggr) = wig1 € Gq

for some integer u; such that
0<u <p™ -1,
and so
g =uig1 +uzgs + - +upgr € G+ + Gi.

Therefore, G = G1 + - - - + Gj. Since

k
G| = [G1+ -+ G| < |G| -Gkl = [ [P =G,

i=1

it follows that every element of G has a unique representation as an element
in the sumset G; + -+ Gy, and so G = G; &+ - - - + BGg. This completes
the proof. O

Theorem 4.3 FEwvery finite abelian group is a direct sum of cyclic groups.

Proof. This follows immediately from Theorem 4.1 and Theorem 4.2.
0O

Let G1, ..., Gy be abelian groups, written additively. Their direct product
is the group

G X--'XGkZ{(gl,...,gk) 1g; € G fori:l,...,k},
with addition defined by

(g1,--- 96) + (91,5 98) = (91 + 91, -, 9 + 9)-

If G4, ..., G are subgroups of an abelian group G and if G = G1®- - - H Gy,
then G 2 G; X --- x Gy, (Exercise 5).

Let G1,...,Gy be abelian groups, written multiplicatively. Their direct
product is the group Gy X -+ X Gy consisting of all k-tuples (g1,...,9%)
with g; € G; for i = 1,.. .,k and multiplication defined coordinate-wise by

(915 96) (915 -, 93) = (9191 - - -, g 9L)-
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Ezercises

1. Let G = Z/12Z be the additive group of congruence classes modulo
12. Compute G(2) and G(3) and show explicitly that G(2) = Z/4Z,
G(3) =2 Z/3Z, and

7/12Z =~ 7./AZ & Z./3Z.

2. Let G be an abelian group, written additively, and let Gy, ..., Gy be
subgroups of G. Prove that G1 + --- 4+ Gy, is a subgroup of G.

3. Let G be an abelian group, written additively, and let Gq,...,G
be subgroups of G such that G = Gy + -+ - + Gj. Prove that |G|
|G1|---|Gk|. Prove that G = G @ --- & G}, if and only if |G|
Gl |G-

A

4. Let G be an abelian group, written additively, and let Gy,...,Gg
be subgroups of G such that G = G + -+ + Gj. Prove that G =
G1 @ -+ @ Gy, if and only if the only representation of 0 in the form
O0=g1+ - +gxwithg, €G;is g1 =---=gp =0.

5. Let (G1,..., Gy be subgroups of an abelian group G such that G =
G1& -+ P Gg. Prove that G =2 Gy x -+ X G.

6. Let G be an additive abelian group. For every prime number p, let
G(p) denote the set of all elements of G whose order is a power of p.
Prove that G(p) is a subgroup of G.

7. Let f: G — H be a group homomorphism, and let g € G. Prove that
the order of f(g) in H divides the order of g in G. Prove that if G is
a p-group and f is surjective, then H is a p-group.

8. Let G be a finite abelian p-group. If rq,...,r; are positive integers
with 71 > -+ > rg, then we say that G is of type (p™,...,p"*)
if G 2 G- P Gy, where G; is a cyclic group of order p™ for
i = 1,..., k. We shall prove that every finite abelian p-group has a
unique type.

Let pG = {pg : g € G}.

(a) Prove that pG is a subgroup of G.
b) Prove that if G is of type (p™,...,p"™) with r; > 2 and ;11 =
J Jt
-1, = 1, then pG is of type (p™~1,... p7i—1).
(c) Prove that
G| = p*IpG.

(d) Prove that if G is of type (p™,...,p"™) and also of type (p®!, ..., p%),
then k = /.
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(e) Prove that if the finite abelian p-group G is of type (p™,...,p"™*)
and of type (p°',...,p°), thenr; = s; fori=1,... k.
Hint: Use induction on the cardinality of G. Let j and ¢ be
the greatest integers such that r; > 2 and s, > 2, respectively.
Apply the induction hypothesis to pG to show that j = £ and
ri=s; fori=1,...,7.

4.2 Characters of Finite Abelian Groups

Let G be a finite abelian group, written additively. A group character is
a homomorphism y : G — C*, where C* is the multiplicative group of
nonzero complex numbers. Then x(0) = 1 and x(g1 + g2) = x(91)x(g2) for
all g1, 92 € G.

If x is a character of a multiplicative group G, then x(1) = 1 and
x(9192) = x(91)x(g2) for all g1,92 € G.

We define the character xo on G by xo(g) =1 for all g € G.

If G is an additive group of order n and if g € G has order d, then

x(9)* = x(dg) = x(0) =1,

and so x(g) is a dth root of unity. By Theorem 2.16, d divides n and x(g)
is an nth root of unity for every g € G. We have |x(g)] =1 for all g € G.
We define the product of two characters y; and xs by

x1x2(9) = x1(9)x2(9)

for all g € G. This product is associative and commutative. The character
Xo is a multiplicative identity, since

xo0x(9) = x0(9)x(9) = x(9)

for every character xy and g € G.
The inverse of the character  is the character y ! defined by

since

xx 9 = =x(9)x (g9) =x(g)x(—9)
= x(g—9)=x(0)=1
= XO(g)a

and so xx ! = xo.

The complex conjugate of a character y is the character ¥ defined by
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Since |x(g)| =1 for all g € G, we have

(xXX)(9) = x(@)%)(9) = Ix(9)* =1 = xo(9),

and so
X" '(9) = x(9)
for every character x and all g € G.
It follows that the set of all characters of a finite abelian group G is an
abelian group, called the dual group or character group of G, and denoted

by G. We shall prove that G = G for every finite abelian group G. We
begin with finite cyclic groups.

Lemma 4.2 The dual of a cyclic group of order n is also a cyclic group
of order n.

Proof. We introduce the exponential functions
6(3)) — 62772'90

and
en(x) = e(z/n) = 2™2/",

The nth roots of unity are the complex numbers e, (a) fora =0,1,...,n—1.
Let G be a finite cyclic group of order n with generator go. Then G' =
{jgo:7=0,1,...,n—1}. For every integer a, we define 9, € G by

Yaig0) = en(aj). (4.1)

By Exercise 3, we have by = o, g = t_q, 1q = 1y if and only if
a=b (mod n). It follows that

wa = 1#?
for every integer a. If x is a character in G , then x is completely determined
by its value on gg. Since x(go) is an nth root of unity, we have x(go) = en(a)
for some integer a = 0,1,...,n—1, and so x(jgo) = en(aj) for every integer
j. Therefore, x = ¥, and
G={¢a:a=01,....n—1}={g¢:a=0,1,...,n—1}
is also a cyclic group of order n, that is, G & G. O

It is a simple but critical observation that if ¢ is a nonzero element of a
cyclic group G, then 9;(g) # 1 (Exercise 4).
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Lemma 4.3 Let G be a finite abelian group and let Gy,...,Gy be sub-
groups of G such that G = G1 @ - -- & Gy. For every character x € G there
exist unique characters x; € G; such that if g € G and g = g1 + - + gk
with g; € G; fori=1,... k, then

x(9) = x1(g1) -+ xx(gn)- (4.2)
Moreover, o .
G=2 Gy x---xGy.

Proof. If x; € Z}’\Z fori=1,...,k, then we can construct a map x : G —

C* as follows. Let g € G. There exist unique elements g; € G; such that
g=g1+ -+ gr. Define

x(9) = x(g1 + -+ gr) = x1(g1) -+ - Xn(gr)-
Then x is a character in é, and this construction induces a map
U:Gyx-xGp— G. (4.3)

By Exercise 5, the map ¥ is a one-to-one homomorphism. We shall show
that the map ¥ is onto. Let xy € G. We define the function x; on G; by

xi(9:) = x(g:) for all g; € G;.

Then y; is a character in é\l IfgeGand g=¢g1 + -+ gr with g; € G;,
then

x(9) = x(g1 +---+gr) = x(g1) -~ x(gr) = x1(91) - - Xx(g&)-

It follows that
\IJ(Xlw"axk) =X,

and so ¥ is onto. O

Theorem 4.4 Let G be a finite abelian group. If g is a nonzero element
of G, then there is a character x € G such that x(g) # 1.

Proof. We write G = G1 ® - - - ® G}, as a direct product of cyclic groups.
If g # 0, then there exist g; € Gy,...,gx € Gy such that g = g1 +--- + gs,
and g; # 0 for some j. Since the group G; is cyclic, there is a character
Xj € é\] such that x;(g;) # 1. Fori =1,... ki # j, let x; € @ be the
character defined by ;(g1) = 1 for all g; € G;. If x = U(x1,...,xk) € G,
then x(g) = x;(g;) #1. O
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Theorem 4.5 A finite abelian group G is isomorphic to its dual, that is,
G=3.

Proof. By Lemma 4.2, the dual of a finite cyclic group of order n is also
a finite cyclic group of order n. By Theorem 4.3, a finite abelian group G
has cyclic subgroups G1, ..., Gy such that

G=G,® - DGy
By Lemma 4.3 and Exercise 5 in Section 4.1,
GG x  xGrEG i x xGr2G @ &G =G

This completes the proof. O

Let G be a finite abelian group of order n. There is a pairing ( , ) from
G x G into the group of nth roots of unity defined by

(a,x) = x(a).

This map is nondegenerate in the sense that (a, x) = 1 for all group elements
a € G if and only if x = xo, and (a, x) = 1 for all characters y € G if and
only if a = 0 (by Theorem 4.4).

For each a€ G, the function (a a, ) is a character of the dual group G that

is, {(a, ) € G The map A : G — G defined by a — (a, ) or, equivalently,
Aa)(x) = (a, x) = x(a), (4.4)

is a homomorphism of the group G into its double dual G. Since the pairing
is nondegenerate, this homomorphism is one-to-one. Since |G| = |G| = |G,
it follows that A is a natural isomorphism of G onto G.

Theorem 4.6 (Orthogonallty relations) Let G be a finite abelian group
of order n, and let G be its dual group. If x € G then

_ | n ifx=xo,
ZX(“){O if X # Xo.

a€eG

If a € G, then
n ifa=0,
Zx(a)—{ 0 ifa#0.



130 4. Fourier Analysis on Finite Abelian Groups

Proof. For y € @7 let
St =Y x(a).

a€eG

If x = xo0, then S(xo) = |G| = n. If x # xo, then x(b) # 1 for some b € G,
and

x®)S(x) = x(b) Y x(a)

aeG

= > x(ba)

a€eG

= > xla)

aeG
= S,

and so S(x) =0.
For a € G, let

T(a) = Y x(a).
xea
If a = 0, then T(a) = |G| = n. If a # 0, then x/(a) # 1 for some Y’ € G
(by Theorem 4.4), and

X(@)T(@) = x'(a)) x(a)

XEG

= > Xxla)

xX€G

= > x(a)

Xe@
= T(a)v

and so T'(a) = 0. This completes the proof. O

Theorem 4.7 (Orthogonahty relations) Let G be a finite abelian group
of order n, and let G be its dual group. If x1,x2 € G then

—N_ ) o xa = Xe,
Sa@ao={§ i
If a,b € G, then .
S ={ § a2y

~

x€G
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Proof. These identities follow immediately from Theorem 4.6, since

x1(a)xz(a) = x1x3 ' (a)

and
x(a@)x(b) = x(a —b).
This completes the proof. O

The character table for a group has one column for each element of the
group and one row for each character of the group. For example, if Cy is
the cyclic group of order 4 with generator gg, then the characters of Cy are
the functions A

Ya(jgo) = ealaj) =i%

for a = 0,1,2,3, and the character table is the following.

0] 90| 290 | 390
Gl 1] 1] 1
1/)1 1 1 -1 —1
U 1] =11 1] =1
s (1] i | =1 i

Note the that sum of the numbers in the first row is equal to the order
of the group, and the sum of the numbers in each of the other rows is 0.
Similarly, the sum of the numbers in the first column is the order of the
group, and the sum of the numbers in each of the other columns is 0. This
is a special case of the orthogonality relations.

Ezercises
1. Let Cs be the cyclic group of order 2.

(a) Compute the character table for Cs.
(b) Compute the character table for the group Cs x Cs.

2. Compute the character table for the cyclic group of order 6.

3. Let G be a finite cyclic group of order n. Define the characters 1, on
G by (4.1). Prove that

(a') wawb = T/Ja+b;
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(b) 1/}0,_1 = wfch
(¢) Yo =p if and only if a =b (mod n).
Prove that if G is cyclic and g € G, g # 0, then ¢ (g) # 1.
Prove that the map ¥ defined by 4.3 is a one-to-one homomorphism.

Consider the map ( , ):G X G — C* defined by

(9, x) = x(9)-

Prove that

(9+9x) =9, x) and (g,xx") = (9, x)(g,X")
for all ¢'¢’ € G and x, X' € G.

Let G = Z/mZ x Z/mZ. For integers a and b, we define the function
Yap on G by

Yap(z +mZ,y +mZ) = T/ — e (az + by).

(a) Prove that 1), 5 is well-defined.

(b) Prove that g = 9 q if and only if a = ¢ (mod m) and b=d
(mod m).

(c) Prove that v, is a character of the group G.
(d) Prove that G= {Yap:a,b=0,1,...,m—1}.

Let p be a prime number, and let G = (Z/pZ)™ be the multiplicative
group of units in the field Z/pZ. Let g be a primitive root modulo p.
For every integer a, define the function y, : G — C* as follows: If
(z,p)=1and . =¢¥ (mod p), then

Xalo +p2) = 07D = ¢, (ay).

(a) Prove that x, is a character, that is, x, € G.

(b) Prove that x, = xp if and only if a =b (mod p — 1).
(c¢) Prove that G = {Xa:a=0,1,...,p—2}.
Let G be a finite abelian group. For every integer r, let

G ={rg:g9g€ G}

and R R
Gr={x€G:x"=xo}

(a) Prove that G” is a subgroup of G and G, is a subgroup of G.
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(b) Let d = (r,n). Prove that G" = G¢ and G, = Gq.

(c) Let x € G. Prove that x € G, if and only if x(a) = 1 for all
acG.

(d) Let x € G,. Define the function Xr on the quotient group G/G"
by
xr(a+ G") = x(a).
Prove that y,. is well-defined. Prove that x, € G//Er and that

the map from CAJT to G/G, defined by x — X, is a group isomor-
phism.

10. Let G be a finite abelian group and G" = {rg : g € G}. Let [G : G"]
be the index of the subgroup G in G. Prove that

Z (a) = [G:G"] ifaeG"
_ XY= 00 ifagGr.
X€Gr

Hint: Consider the quotient group G/G", and note that ’é\r
‘G75T —[G: G

4.3 Elementary Fourier Analysis

Let G be a finite abelian group of order n, and let L?(G) denote the n-
dimensional vector space of complex-valued functions f on G. The complex
conjugate of f € L?(G) is the function f € L?(G) defined by

for all x € G.
For a € G, we define the function &, € L?(G) by

i ={ o iz
If f € L*(Q), then
=" fa)sa,

acG

and the set of n functions {8, : a € G} is a basis for the vector space L?(G).
We define a function p on the subsets of G by

pU) = U]

for all U C G. Then u(G) = n, and u is additive in the sense that, if U; and
Us are disjoint subsets of G, then u(U; UUs) = u(Uy) + p(Usz). The function
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w is also translation invariant, since p(a + U) = p(U) for all U C G and
a € G. We call ;1 a Haar measure on the group G.!
Using the measure p, we define the integral of f € L?(G) as

/ f= / f@yde =3 fa
zeG
We define an inner product on the space L?(G) by
(f1, f2) /f1f2 Zfl ) f2(z)
zeG
Then

1 ifa=05,
(8a:60) = ;6 { 0 ifa#b,

and so the set of functions {§, : a € G} is an orthonormal basis for L*(G).
Moreover, for all f € L?(G) and a € G, we have

ba) = > _x € Gf(x)ba(x) = f(a).

The L2-norm of a function f € L?(G) defined by

1/2
£l = (f. )Y = <Z|f ) :

ze€G

The Cauchy-Schwarz inequality states that

|(F1 F2)] < N fill2l f2ll2 (4.5)

for all functions f1, fo € L*(G) (Exercise 5).

A character is a complex-valued function on @, and so G C L2(G). We
shall show that G is also a basis for L%(G).

If x1,x2 are characters of G, then the orthogonality relations (Theo-
rem 4.7) imply that

(x1,x2) = /G)(lﬂ
> xi(a)xa(a)

a€eG
_ nif x1 = x2
0 if X1 7& X2

LWe can also define a measure yu on G by u(U) = |U|/n. This has the advantage that
#(G) =1, but it is not the traditional choice in elementary number theory.
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and so the n characters in the dual group G are orthogonal in the vector
space L?(G). Since |G| = |G| = dimc L*(G) = n, it follows that G is a
basis for L?(G).

There are an analogous Haar measure and inner product on the dual
group G. If f, fo € L*(G), then

(Fi.f2) = afiﬁz 3 A00RM).

Let G denote the double dual of G, that is, the group of characters of the
dual group G. For a € G, we defined A(a) € G by

A(a)(x) = x(a),

and we proved that every character in G is of the form A(a) for some a € G.
By the orthogonality relations (Theorem 4.7), for every a,b € G we have

(Aa)AM)g = > Al@OAG)()

xeG

— 3 (@)

xeé\
_ n ifa=>b
T 10 ifa#bd

The Fourier transform is a linear transformation from L*(G) to L*(G)
that sends the function f € L?(G) to the function f € L?*(G), where

FOO =) =Y F9x(9)- (4.6)

geG

For example, the Fourier transform of the function 8, € L?(G) is

8a() = Y dal9)X(9) = X(a) = x(~a).

geG

The process of recovering f from its Fourier transform f is called Fourier
1NVersion.

Theorem 4.8 (Fourier inversion) Let G be a finite abelian group of or-
der n with dual group G. If f € L*(G), then

F=2 3 Foox (4.7)

X€EG
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and (4.7) is the unique representation of f as a linear combination of char-
acters of G.

Let A : G — G be the isomorphism defined by A(a)(x) = x(a) for all

~
~

X € G. If f € L*(Q), then fe L? <G>, and, for every a € G,

F(A(@) = nf(~a). (4.8)

Proof. This is a straightforward calculation. Let a € G. Defining the
Fourier transform by (4.6), we have

S Foox@ = Y (2 f(b)x(b)> x(a)

xeG xeG \bEG

= S 50) [ - X xtawo)

beG <O
= fla),

by the orthogonality relations (Theorem 4.7). This proves (4.7). The unique-
ness of the series (4.7) is Exercise 2.
To prove (4.8), we have

Fa@) = Y fa@e)

x€G

= > > flox(9)x(a)

XeagEG

= > fl9)d xlg+a)

geG xea
= nf(-a).

This completes the proof. O

The sum (4.7) is called the Fourier series for the function f.

Theorem 4.9 (Plancherel’s formula) If G is a finite abelian group of
order n and f € L?(G), then

1712 = VAl £l2-
Proof. We have
1712 = (.0
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= nlflI3.

This completes the proof. O

Let G be a finite abelian group of order |G| = n, and let f € L?*(G). The
support of f is the set

supp(f) = {a € G : f(a) # O}.
We define the L>-norm of a function f € L?(G) by
[flloc = max{|f(a)| : a € G}.
For every function f € L?(G) we have the elementary inequality
1713 = (f.) = D 1f@)? < [ £113 Isupp(f)]. (4.9)
acG

The uncertainty principle in Fourier analysis states that if f € L?(G) is
a function with Fourier transform f € L?(G), then the sets supp(f) and

~

supp(f) cannot be simultaneously small. This has the following quantitative
formulation.

Theorem 4.10 (Uncertainty principle) If G is a finite abelian group
and f € L*(G), f # 0, then

|supp(f)l|supp(f)| = |G|.
Proof. Let a € G. By Theorem 4.8,

fla) == 3 Foox@.
xea

Since |x(a)] =1 for all x € G, it follows that

Fal< S Ifl== Y 17

~

XEG Xx€ESUppP(f)
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and so

o<t 3 1FL

XESUPP(F)

Applying the Cauchy-Schwarz inequality (4.5) with f1 = f(x) and with fo

A~

the characteristic function of the set supp ( f), we have
2
Yo el = X TGP lsupp(f)l.
XESUPP(f) XESUpP(f)

Using Plancherel’s formula (Theorem 4.9), and inequality (4.9), we obtain

2

1 ~
I < | X
xesupp(f)
1 —~ ~
< = D |fPlsupp(f)]
XESUPP(f)
1 ~ ~
= I I3lsup ()
= Sl Blsupp(7)
< 1B supp(Dllsupp(.

Since f # 0, we have || f]lco > 0 and so

~

lsupp(f)|lsupp(f)| > n = |G].

This completes the proof. O

If f € L?(G) and |supp(f)| = 1, then the uncertainty principle implies

A~

that |supp(f)| = |G|, that is, f(x) # 0 for all x € G. Here is an example.
Let a € G and f = 6, € L*(G). Then §,(x) # 0 if and only if z = a, and so
|[supp(64)] = 1. We have &(X) = y(a) # 0 for all y € G. This shows that
the lower bound in the uncertainty principle is best possible.

Ezercises
In these exercises, G is a finite abelian group.

1. Let f,g € L*(G). Prove that
(9,.f) = ([, 9)-
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. Let f € L%(G). Prove that if ¢ € L%(G) and f = (1/n) erac(x)x7

then c(x) = F(x).

Prove that the Haar measure on G is unique, that is, there exists
a unique function p on the subsets of G such that p is additive,
translation invariant, and u(G) = n.

Let U : L%(G) — L%(G) be a linear transformation such that U(8,)(x) =
X(a) for all x € G. Prove that U is the Fourier transform, that is,
U(f) = f for all f e L?(G).

(Cauchy-Schwarz inequality) Let f,g € L?G. Prove that

I, 9l < 11 fll2llgll2-
Hint: If A € C, then | f — Ag||3 > 0. For g # 0, apply this inequality
with A = (f,9)/(g,9)-
Prove that if f,g € L?(G), then

1f +gll2 < 11l + llgll2-

Let x1,x2 € G. Prove that

—~ _Jn ifxi=xe
oo ={ 0 ix 2 a

Use the uncertainty principle to prove that the Fourier transform is
one-to-one.

Hint: Prove that if f € L?(G) and f # 0, then f 0.

For a € G and f € L*(G), we define the translation operator T}, on

—

L2(G) by T.(f)(z) = f(x — a). Prove that T,(f) = X(a)J.

For functions fi, f» € L?(G), we define the convolution f1*fy € L*(G)
by

fie o) = [ fila=o)pa(o)te = 3 fila—a)fala)
acG

(a) Prove that
frxfala) = D fi(@)fa(y).

rt+y=a

(b) Prove that convolution is commutative, that is,

f1*f2=f2*f1~
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(¢) Prove that convolution is associative, that is,
(fr=fo) = f3 = f1* (f2* [3).
(d) Prove that, if f1,..., fx € L?>(G), then

freesfil@) = Y fulwn) - fula).

1+ tap=a

11. Let x € G. Prove that

k times prtratteg=a

12. Let p be a prime number, and define ¢, € L?(Z/pZ) by
a

lp(a+pZ) = (p> ,

where (;) is the Legendre symbol. Prove that

:L‘ :L' e :L‘
by * - xly(a+pZ) = Z (M)
z1tzo+ - Fzp=a p
k times 1<e;<p—1

13. Let f1, fa2, ..., fr € L*(G). Prove that a product of Fourier transforms
is the convolution of the product in the sense that

Fiofo=fixfa
and R R -
fi-forfo=fixfoxx fr

14. Prove that 8, * f = T,(f) for all f € L?(G). Use this to give another
proof of Exercise 9.

4.4 Poisson Summation

Let G be a finite abelian group with subgroup H, and let L?(G) be the
vector space of complex-valued functions on G that are constant on cosets
in G/H, that is,

LX) ={f e L*G): f(x+h) = f(z) forall z € G and h € H}.
Let GH be the group of characters of G that are trivial on H, that is,

~

G"={xeG:x(h)=1forall he H}.
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Lemma 4.4 Let G be a finite abelian group with subgroup H. Then
G =GnL*G)H
Proof. If y € G C G, then x(z + h) = x(2)x(h) = x(z ) forall z € G

and h € H, and so y € G N L2(G/H). Conversely, if x € G N L%(G/H),
then x(h) = x(0+h) = x(0) =1 for all h € H, and y € GZ. O

Lemma 4.5 Let G be a finite abelian group with subgroup H, and let 7 :
G — G/H be the natural map onto the quotient group. For f* € L?(G/H),
define the map 7 (f*) € L*(G) by

m(f)(@) = fin(x) = fHx + H)
for all x € G. Then * is a vector space isomorphism from L*(G/H) onto
L?(G)H. Moreover,
it (G/H) C CA?H,
and the map
. G/H — G
s a group isomorphism.

Proof. Let f* € L?(G/H).If x € G and h € H, then

T ()@ +h) = frr(e+ h) = fir(z) = o (fF)(2),

and so ! maps L?(G/H) into L?(G)H. It is easy to check that 7% is linear.
Moreover, 7 is onto, since if f € L?(G)H, then there is a well-defined map
7 € LX(G/H) given by fH(z + H) = f(x), and m*(f4)(x) = f(z + H) =
f(z) for all z € G. Finally, 7* is one-to-one since 7#(f#)(x) = 0 for all
x € G if and only if f¥(z + H) = 0 for all x + H € G/H, that is, if and
only if f* :/2 This proves that 7 is an isomorphism.

If x* € G/H, then

™z +y) = Xz +y))
= Xﬁ(:r+y+H)
= X+ H)x'(y+H)
= O (@) ) (),

and so

(') € GNL2(G)H =G,

It is left as an exercise to prove that «f : G / H— GHisa group isomor-
phism (Exercise 2). O
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Theorem 4.11 (Poisson summation formula) Let G be a finite abelian
group and H a subgroup of G. If f € L*(G), then

L0 =g 2w

yeH XEGH
Proof. Let f € L3(G) and x € GH. We define the function f*
L*(G/H) by
x—i— H) Z flx+y).

yeH

We define the character x¥ € G//FI by ! (z+H) = x(x). If 7 : G//FI - GH
is the isomorphism constructed in Lemma 4.5, then 7%(x*) = x, and the
Fourier transform of f* is

FE)

Y fa+H)Xi(z+ H)

x+HEeG/H

= Y D fa+yx()

z+HEG/H yeH

= Z Zfa:er (z+y)

z+HEeG/H yeH

= ) f@)x(@)
zeG
= f00-
It follows that the Fourier series for f* is
1 ~ _
flz+H) = OO (x+ H
@+H) = o 3 PO+ )
xteG/H

_ 'Zl' S Foox@)

anH

Equivalently, for z € G,

|H|Zf“y ?Z
c€GH

yeH

This is the Poisson summation formula. O
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Ezercises

In these exercises, G is a finite abelian group and H is a subgroup of G.

1. Let GH denote the set of all characters x of G such that y(h) = 1 for
all h € H. Prove that G¥ is a subgroup of G.

2. Let nf G//?I — GH be the map constructed in Lemma 4.5. Prove

that 7 is a group homomorphism. Define A : GH — G//?{ by A(x)(z+
H) = x(x). Prove that X is a well-defined group homomorphism, and
that A1 = 7%,

3. Prove that G contains a subgroup isomorphic to G/H.

Hint: - R N
G/H=G/H=Gl cG=qG.

4. To each character x € G there is a corresponding character x’ € H
defined by restriction:

X' (k) = x(h) for h € H.

Prove that this defines a homomorphism p : G — fl with kernel GH.
This induces a one-to-one homomorphism of p : G/GH — H. Prove
that p is surjective, and so

G/G" ~ H.
Hint: These two groups have the same cardinality.

5. Let f € L?(@), and define f* € L?(G) by

)= fle+h).

heH

and
J.2 = |

6. Let G1 and Go be finite abelian groups. Let f € L?(G; x G3). For
z1 € G1, define the function f,, € L*(Ga) by fu, (72) = f(z1,22).
Show that Poisson summation applied to the group G = G X G2 and
subgroup H = G; x {0} gives

> fm<0>=@ Y Y o)

z1€G1 z1€G x2EG2

Prove that f# € L?(G)Y
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7. Let f € L?(G x G). Use Poisson summation to prove that

3 fla,a) = |G|Z S fa @)X ().

zeG x€G (z,y)EGXG

Note that this identity is also an immediate consequence of the or-
thogonality relations.

8. This is another example that shows that the lower bound in the uncer-
tainty principle (Theorem 4.10) is best possible. Let H be a subgroup
of G, and define 6 € L?(G) by

1 ifzeH
‘5H($>_{ 0 ifzgH.

(a) Prove that
supp(6y) = H.

(b) Prove that if x € G, then

~ |H| ifyeGH
6H(X):{o it ¢ GH.

(c) Prove that
supp(67)supp <6H) =1Gl.

4.5 Trace Formulae on Finite Abelian Groups

We recall some facts from linear algebra. Let A = (a;;) be an n x n matrix.
The trace of A is the sum of the diagonal elements of A, that is,

n
= E Qjj-
i=1

Let B = (b;;) be another n x n matrix. The simplest trace formula (Exer-
cise 1) states that
tr(AB) = tr(BA). (4.10)

Every result in this section follows from this fundamental identity.
Let V be an n-dimensional vector space, and let B = {v1,...,v,} be a
basis for V. If T': V — V is a linear operator, and

n
v ) = E aijvi,
1=1
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then the n x n matrix A = (a;;) = [T]p is called the matrix of the operator
T with respect to the basis B.
Let B = {v},...,v],} be another basis for V, and let

’ 7L

T(v}) = Za;jvg. (4.11)

Then A" = (a ;J) [T]p is the matrix of T with respect to the basis B.

Each vector v € B’ is a linear combination of the vectors in the basis B,

v = Zrijvi, (4.12)
i1

and each vector v; € B is a linear combination of the vectors in the basis

B/
vj = Z 84§05 (4.13)
i=1

Consider the n x n matrices R = (r;;) and S = (s;;). Then S = R™!
(Exercise 2). We have

T(vj) = T(ZN;‘W)
(=1
= Z%‘T(W)
= ngzakevk
/=1
= Z T Z (4277 Z Szkv
(=1 =
_ z(zz)
k=1¢=1

i=1

Comparing this with (4.11), we obtain

al; =Y sikarers;
k=1¢=1
foralli,j =1,...,n, and so
= SAR =R 'AR.

Identity (4.10) implies that
tr(A’) = tr(R"'AR) = tr(ARR™") = tr(A).
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It follows that we can define the trace of a linear operator T on a vector
space V as the trace of the matrix of T" with respect to some basis for V,
and that this definition does not depend on the choice of basis.

The vector v' € V is called an eigenvector for the operator T' with eigen-
value X if v/ # 0 and T'(v") = A'. The operator T' is diagonalizable if there
exists a basis for V' consisting of eigenvectors, that is, there exist nonzero
vectors vy, ...,v, € V and numbers Ay, ..., A\, such that B = {v],...,v.}
is a basis for V and T'(v}) = A\v} for i = 1,...,n. In this case, the matrix
for T with respect to the basis B’ is the diagonal matrix

AM00 0 0
0 X 0 0 0
pD=| 0 0 X 0 0

and so
n

D ai =tr(A) =tr(D) =\
i=1 =1

We restate this important identity as a theorem.

Theorem 4.12 (Elementary trace formula) Let T be a linear opera-
tor on an n-dimensional vector space V', let B be a basis for V, and let
A = (a;j) be the matriz of T with respect to B. If T is diagonalizable,
then V' has a basis B = {v},..., v} of eigenvectors with T'(v;) = \jv; for
1=1,...,n, and the trace of A is equal to the sum of the eigenvalues of T,

that is,
n n
1=1 =1

We shall show that both the Fourier inversion theorem and the Poisson
summation formula are consequences of this elementary trace formula.

Let G be a finite abelian group of order n, and let L?(G) be the n-
dimensional vector space of complex-valued functions on G. For every a € G
there is a linear operator T, on L*(G) defined by T, (f)(x) = f(z —a). The
operator T, is called translation by a.

Another class of operators on L%(G) are integral operators. A function
K € L*(G x G) induces a linear operator ®; on the vector space L*(G)
as follows: For f € L*(G), let

B (f)(x) = /G Ko )fwdy = 3 K, ) ().

yeG

The map @ is called an integral operator on L?(G) with kernel K (z,y).
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Let G = {z1,...,z,}. Associated to the kernel K is a matrix A = (a;;) €
M,,(C) defined by
Qi = K(a:i,a:j). (414)
Conversely, to every matrix A = (a;;) € M, (C) thereis a function K (z,y) €
L?(G x G) defined by (4.14), and an associated integral operator ® .

Theorem 4.13 Let G = {z1,...,2z,} be an abelian group of order n. Let
K € L*(G x Q) and let ®x be the associated integral operator on L*(G).
The matriz of @ with respect to the orthonormal basis {6, :i=1,...,n}
is (K(z,2;)), and the trace of Pk is

n

tr(®x) =Y K(i,z;). (4.15)

i=1

Proof. The matrix of the operator ®x is (¢;;), where ¢;; is defined by

‘I’K((ij) = Z Cijéxi~
i=1

Then

cij = Prc(6z,)(2i) = Z K(zi,y)00,(y) = K (i, 15).
yeG

This completes the proof. O

Theorem 4.14 Let G be a finite abelian group. Let K € L?*(G x G) with
&y the associated integral operator on L? (G). The operator @ commutes
with all translations T,, that is,

To®r (f) = ®xTa(f)

foralla € G and f € L*(G), if and only if there exists a function h € L*(Q)
such that K(x,y) = h(x—y) for allz,y € G. In this case, Pk is convolution
by h, that is,

Bre(f)(x) = h f(x) = /G Wz — ) f(y)dy,

and the trace of Py is
tr(®x) = nh(0).

Proof. Let f,h € L?(G). We define the convolution operator Cj, on
L?(G) by

Cul(f)(@) = hx f(z) = /G W - ) W)y = 3 iz - ) f o).

yeG
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(See Exercise 10 in Section 4.3.) Define K (x,y) € L*(G x G) by K(z,y) =
h(z —y). Then

0= [ Kewrwis= [ he=)fw)ds = G,
and P is convolution by h. For a,z € G, we have

T.Crh(N)(x) = Cu(f)(x—a)

= Y hlz—a—y)f(y)

yeG

= D We-y)fly—a
yeG

= Y h(z—y)Tu(f))
yeG

= CpTa(f)(2),

and so T,C) = C,T,, that is, convolution commutes with translations.
Conversely, let K(x,y) € L*(G x G). For a,z € G and f € L*(G), we
have

T.0x(f)() = Oxc(f)x —a) = 3 K(x — a,y)f(y)
yeG

and

ST(N@) = 3 K@ y)T(Hy)

yeG

= Y Ky fy—a)
yeG

= Y K(,a+y)f(y).
yeG

If i commutes with translations, then T, P = ®xT,, and

Y K@—ay)fy)=Y K@at+y)fy.

yeG yeG
Applying this identity to the function

f@ =0 ={ o 0

we obtain K(x — a,0) = K(z,a) for all a,x € G. Define the function
h e L2(G) by
h(z) = K(z,0).
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Then
K(r,y) = K(r —y,0) = h(z — y)

for all z,y € G, and the operator @k is convolution by h(z). Moreover,
tr(® ) = nh(0) by (4.15). This completes the proof. O

Theorem 4.15 (Trace formula) For h € L?(G), let C}, be the convolu-
tion operator on L?*(G), that is, Cy(f) = hx f for f € L*(G). The dual
group Gisa basis of eigenvectors for Cp. If x is a character in é, then x
has eigenvalue h(x), that is,

Cr(x) = h(x)x,

and
nh(0) = 3 A(x).

XEG

Proof. This is a straightforward calculation. For x € G, we have

Cr(x)(x) = hx*x(z)=x*h(z)
= ) x(@—yhly)
yeG

= | D ry)xW) | x(@)

yeG
= h(x)x(x),

and so y is an eigenvector of the convolution Cj, with eigenvalue E(X) By

Theorem 4.12, since G is a basis for L%(G), the trace of C}, is the sum of
the eigenvalues, that is,

tr(Ch) = Y h(x).
Xea
By Theorem 4.14, we also have
tr(Cr) = nh(0).

This completes the proof. O

We can immediately deduce the Fourier inversion formula (Theorem 4.8)
from Theorem 4.15. If f € L?(G), then

F0) =2 3 7o, (116)

xeG
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This trace formula can also be obtained by computing the Fourier series
for f at x = 0. On the other hand, if we simply apply (4.16) to the function
T_.(f) and use Exercise 9 in Section 4.3, then we obtain

fla) = T_a(f)(0)

= LY

XEG

= %}:ﬂkh@)

xX€G

This is the Fourier inversion formula.

Next, we derive the Poisson summation formula (Theorem 4.11) from
the elementary trace formula.

Let H be a subgroup of G, and let 7 : G — G/H be the natural map. For
r € G, define 2 = 7(x) = v + H € G/H. There is an orthonormal basis
for the vector space L?(G/H) that consists of the functions 8,:, where

1 if af =y

1y Y

(S’Jﬁ(y)_{ 0 if 2 # yt.

For f € L*(G), define the function f* € L?(G/H) by
o+ H) =Y flz+y).

yeEH

Let C’dfu be convolution by f* on L?(G/H). The operator Cy; has matrix
(fﬁ(x — yﬁ)), with respect to the basis {6,+}. By Theorem 4.14, the trace
of Cys is

t(Cpa) = |G/HIFH(0) = 151 S fiy

[H| &
By Theorem 4.15, the character group G / H is a basis of eigenvectors for
the convolution operator C:. If x* € G/H and x = 7#(x") € GH, then

Cps(xF) = FE )
with eigenvalue

FOd = Y Fahd

zteG/H

= > > fla+yx()

21€G/H yeH

= > D flatyx=+y)

zteG/H yeH

= > f@x()

zeG
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It follows that

uC)= > i)=Y Y fex@.= Y K,
xeaH

XteG/H xeGH T€C

and so

|T;| > fw) = ﬁ > .
xeaH

yeH

This is the Poisson summation formula.

FEzercises

In these exercises, G is a finite abelian group of order n.

1. Let A = (a;;) and B = (b;;) be n x n matrices. Prove that tr(AB) =
tr(BA).

2. Define the matrices R and S by (4.12) and (4.13). Prove that S =
RL

3. Let G = {z1,...,2,}. To every matrix A = (a;;) € M,(C) we as-
sociate a function K4 € L*(G x G) by Ka(wi,xj) = a;j. Prove that
the map A — K4 is a vector space isomorphism of M, (C) onto
L?(G x G).

4. For a € G and h € L?(G), we have operators T, and C} on L%(G),
where Ty, is translation by a and C}, is convolution by h. Prove that

Ch(bs) = To(h).

4.6 Gauss Sums and Quadratic Reciprocity

Let m be a positive integer, and Z/mZ the ring of congruence classes
modulo m. An additive character modulo m is a character of the additive
group Z/mZ. Since this group is cyclic, the additive characters are the
functions v, defined by

Yok +mZ) = e2miak/m _ em(ak)

fora=0,1,...,m — 1, and the map from Z/mZ to zﬁﬁz that sends the
congruence class a +mZ to the character v, is an isomorphism of additive
groups.

A multiplicative character modulo m is a character of the multiplicative
group of units (Z/mZ)*. The principal character xo is defined by xo(a +
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mZ) =1if (a,m) = 1. If x is a multiplicative character of Z/mZ, then we
extend y to a function on Z/mZ by defining x(a + mZ) = 0 if (a,m) # 1.

Then x € L*(Z/mZ). The Fourier transform of y is ¥ € L? (Z%Z),
where

(W) = > Xtk +mZ)a(k +mZ)
k+mZeZ/mZ
m—1
= Z x(k + mZ)en,(—ak).
k=1
(k,m)=1
For every integer a and multiplicative character y, we define the Gauss sum
7(x,a) as the Fourier transform of x evaluated at the additive character
P_q, that is,

roa) = R = 3 x(ktmBem(ak)  (417)
(kk:)l1
= mz (k +mZ)en (ak). (4.18)

In this section we study multiplicative characters and Gauss sums only for
odd prime moduli p.

Theorem 4.16 Let x be a nonprincipal multiplicative character modulo
the odd prime p. Then

7(x,a) = X(a+ pZ)7(x, 1)-
Proof. If p divides a, then e,(ak) =1 for all k, and

T(x,a) = > x(k+pZ)ey(ak) =Y x(k+pZ) =0
k=1 k=1

by the orthogonality relations (Theorem 4.6).
If p does not divide a, then |x(a+pZ)| = 1, the set {ak : k=1,...,p—1}
is a reduced set of residues modulo p, and

x(k + pZ)e,(ak)

=
|

T(x,a)

1T
(.
o=

= X(a + pZ)x(a+ pZ)x(k + pZ)e,(ak)

p—1

= X(a+pZ)Y  x(ak + pZ)e,(ak)
k=1
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1

T

(]

= X(a+pZ) Y x(k+pZ)e,(k)

E
Il

1

= X(a+pZ)r(x,1).

—~

This completes the proof. O

Let p be an odd prime number, and let (;) be the Legendre symbol
modulo p. We define the function ¢, € L?(Z/pZ) by

= —1 if a is a quadratic nonresidue modulo p,

> 1 if a is a quadratic residue modulo p,
0 if p divides a.

(o) =

Then ¢, is a real-valued multiplicative character of Z/pZ, and

By Theorem 4.16,
a
(b, a) = (p) (). (4.19)

For example,

7(3) = 71(ls,1) = (3) 63(1)+(3> e3(2)

and

2
7(3,2) = <3> 7(3) = —iV/3.
Theorem 4.17 If p is an odd prime and (a,p) =1, then
p—1
7(lp, a) = Z ep(aacQ).
=0

In particular,

p—1
()= 3
=0
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Proof. The set R = {k € {1,...,p — 1} : {,(k + pZ) = 1} is a set of
representatives of the congruence classes of quadratic residues modulo p,
and N ={ke{l,...,p—1}: {,(k+pZ) = —1} is a set of representatives of
the congruence classes of quadratic nonresidues modulo p. We have |R| =
IN|=(p—1)/2. If 2> =k (mod p), then also (p—x)> =k (mod p). Let
xZ£0 (mod p). Since pisodd, x Zp—2a (mod p), and

-1

Z ep(ar?) =2 Z ep(ak).

=1 kER

i

8

It follows that

) = S (%) eotan

k=1 \P
= Z ep(ak) — Z ep(ak)
keR keN
= 2 Z ep(ak) — Z ep(ak)
keR k€RUN
= 142 Z ep(ak) — 3 ep(ak)

kER k=0

p—1
= 14 Z ep(ax?)
r=1

p—1
= Z ep(az?).
=0

This completes the proof. O

Theorem 4.18 If p is prime and (a,p) = 1, then

A = S (%) yfan) S () eotan)
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(z,p) = 1. Then {z, 2z, ..., (p—1)a} is a reduced set of residues modulo

T
L

=3
L
7N
‘R
<
N~~~
)
S]
—~
8
+
<
S~—
SN—
Il

Il Il
M3 1M 1
= =

7 N 7 N 7 N\ 7N
<]

SRS

‘T@
==

<
Il
—

Since
1

ep(—az(l+y)) =

3
|

p—1 ify=p—1 (mod p),
-1 lfyiép*l (IIlOd p)a

x

it follows that

e = 55 (”) ep(alz + )

by Theorem 3.14. O

Theorem 4.19 Let p and q be distinct odd prime numbers. If (a,p) = 1,
then

™ = (15 (2] (mod o),
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Proof. By Theorem 4.18 and Theorem 3.12,

T(epaa)qil = (T )

=( )i
-
(-

This completes the proof. O

Recall that if G is a finite abelian group, then the map A : G — G
defined by

is an isomorphism.

Theorem 4.20 If p and q are distinct odd primes, then

(6")@a+s2) =i (£).

p

Proof. The function on the left side of the equation is a bit complicated.
Let G = Z/pZ. Since ¢, € L*(G), it follows that the Fourier transform

ZAp € LQ(G)7 and also its gth power Z;q € L? (@) The Fourier transform

o~ ~ —~

of this function is é;,q € L? <é>, and so its domain is G = {A(a +pZ) :
a+ pZ € G}. We have

—

(@,q)(A(—qﬁ-pZ)) = ng qu CI+PZ)(%)

p—1

= > (B) ACa+ 2 W)
=0
p—1

= Z 7y, —x) ) (—q + pZ)

=0

= pi‘j <(_;> T(p))q%(q +pZ)
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= () () tan

r=1

= ()5 (5) w0

|
7N
|
4
~~_
7 N
|
L
~~_
3
JaN
3
SN~—
[t=)
L

p p
= o (1),

by Theorem 4.18. This completes the proof. O

Theorem 4.21 If p and q are distinct odd primes, then

(B)@cezy—p 3 (B,

z1+...+rq=q (mod p) p
1<z;<p—-1

Proof. Let k£ be a positive integer. By Exercise 10 in Section 4.3, a
product of Fourier transforms is the Fourier transform of the convolution,
and so

@k:@*---*@:%*nwﬂp.

—

k times k times
By (4.8) of Theorem 4.8, for every integer a we have

% —

(5 )(A(-a+p2) = sl (Al—a+pZ)
————
k times

= ply*---xly(a+pZ).
—_———
k times
By Exercise 12 in Section 4.3,

Up s xlp(a+ pZ) = Z (w)
(mod p) p

—_—— . —
) @1+ fop=a
k times 1<z, <p—1

If k =a=gq, then

B acemy=p Y (p”) |

z1+---+zg=q (mod p)
1<z;<p—-1
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This completes the proof. O

We can now give a second proof of the quadratic reciprocity law. Let p
and ¢ be distinct odd primes. By Theorem 4.20 and Theorem 4.21,

_ q Ty xq
pr(p) () =p > () :
p (mod p) p

ml+...+xq£q
1<z;<p-1

By Exercise 14 in Section 3.4,

> (W) =1 (mod g),

z14-F+xzg=g (mod p)
1<z;<p-1

and so

and so

It follows that

(£)()-cr

This is the quadratic reciprocity law.

Exercises
1. Show that
T 2
5) =2 - — .
7(5) <cos 3 + cos 3 )
2. Show that

2 4
7(7) =12 (sin 77T + sin 77T —sin 7;) .

3. Let p be an odd prime and xg the principal character modulo p. Prove
that if p divides a, then 7(a, xo) =p — 1.



10.

11.
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. Let g be a primitive root modulo the prime p. Prove that, for every

integer b, the function y; defined by
Xo(g? +pZ) = 707D = ¢ (b)) (4.20)

is a multiplicative character modulo p.

Hint: Every congruence class in (Z/pZ)* is uniquely of the form
¢’ +pZforj =0,1,...,p—2, and the map from (Z/pZ)* to Z/(p—1)Z
defined by ¢’ + pZ +— j + (p — 1)Z is an isomorphism.

Prove that the dual group of (Z/pZ)* is the set of functions y;, defined
by (4.20) for b=0,1,...,p — 2.

Prove that

forb=0,1,...,p— 2.

Prove that
xo(—1+pZ) = (-1)°

forb=0,1,...,p— 2.

Let p be an odd prime number, and ¢g a primitive root modulo p.
Define the multiplicative characters x; by (4.20). Prove that

lp = X(p—1)/2-

Let x be a multiplicative character modulo m, and let a and b be
integers relatively prime to m. Prove that

x(a)X(tha) = x(0)X ().

Let x be a multiplicative character modulo m. Prove that

X:

m—1
Z T(X7 _a)wa-
a=0

1
m

Let ¢ be an additive character modulo m and x a multiplicative
character modulo m. Prove that

X =9 7h).
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4.7 The Sign of the Gauss Sum

For the odd prime number p, we consider the Gauss sum

7(p) = {6y 1) = _ (’“) ()= S el

z=0

s [ p ifp=1 (mod4),
7(p) { —p ifp=3 (mod4),

and so
(p) = +/p ifp=1 (mod 4),
TW= 4iyp ifp=3 (mod 4).

In this section we determine the sign of 7(p). We shall prove that

ifp=1 (mod4),
T(p):{X/ﬁﬁ ifgz?) (mod 4).

Recall that for the cyclic group G = Z/nZ of order n, the character

group G consists of all functions of the form

Ya(x +nZ) = e, (ax).

Moreover, the map from G to G defined by a + nZ — 1, is a group
isomorphism. If A € L?(G), then there is a function \* € L?(G) defined by

M(a+nZ) = \1ba).

The map A — A is a vector space isomorphism from L2(G) onto L%(G).
The Fourier transform is a a vector space isomorphism from L?(G) onto
L?(G). Define F : L?(G) — L?(G) as the composition of the Fourier trans-

form with the § map. If f € L?(G), then

F(f)a+nZ) = (f)li (a +nZ)

= f(l/)a)
= Zf(a:—FnZ)%(a:—FnZ)

x=0

n—1
= ) fl@+nZ)w

x=0

where ‘
W= €n(1) — 627”/71.

The linear operator F is also called the Fourier transform.
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Theorem 4.22 For all functions f € L*(Z/nZ),
F2(f)(a+nZ) =nf(—a+nZ).

Proof. This is similar to the proof of (4.8) in Theorem 4.8. Writing
F(f) =g, we have

n—1
gz +nZ) = Z fly+nZ)w™™v
y=0

and

FAf)a+nZ) = F(g)(a+nZ)

n—1

= Z g(x + nZ)w™*
=0

n—1n—1

= > ) fly+nZw o™

=0 y=0

n—1 n—1

= Zf(y—i—nZ)Zw‘x(‘”'y)
y=0 =0

= nf(—a+nZ).

This completes the proof. O

The vector space L?(G) has a basis {6 }7_4, where the delta function &y,
is defined by

1 ifz=k (mod n),

6k(x+nZ)—{O ifx £k (mod n).

We shall compute the matrix of the linear operator F with respect to this
basis. We have

n—1
F@)(G+nZ) =Y bz +nZ)w 7" = w ¥,

=0

and so

n—1
F(oe) =Y wke;.
j=0

Therefore, the matrix of 7 with respect to the basis {6; }7_; is

n—1

M(F) = (W), - (4.21)



162 4. Fourier Analysis on Finite Abelian Groups

For any positive integer n we define the Gauss sum
n—1 .
T(TL) _ Z e2mk /n
k=0

By Theorem 4.17, this is consistent with our previous definition of 7(p) for

p prime. Since w—F = w* for all integers k, it follows that the trace of the
matrix M(F) is

—
I
—

GOLF)) = 3 (k) = 3 w(k2) = 7).
k=0 0

n

=
Il

Since the determinant and trace of a linear operator on a finite-dimensional
vector space are independent of the choice of basis for the vector space, it
follows that the trace of the Fourier transform F on the group Z/nZ is the
complex conjugate of the Gauss sum 7(n).

Theorem 4.23 Let n be an odd positive integer and G = Z/nZ the cyclic
group of order n. Then the determinant of the Fourier transform F on
L3(G) is

o (=D)Fan2 ifn =4k +1,
det(F) = { (=1)kin™/?  ifn =4k + 3.

Proof. We shall compute the determinant of the matrix M(F) in two
ways. Let w = €2™/™. The square of M(F) is the matrix B = (bjk)zgio,
where

bir — nilw—jéw—ek _ nilw_(ﬂ_k)g _Jn ifj+k=0 (modn),
* pa 0 ifj+k#0 (modn),

and so (by Exercise 4)
det(M(F))? = det(B) = (—1)("=D/2pn = jn=1pn,
Then
det(M(F)) = +in=1/2pn/2, (4.22)

The determinant of M (F) is also a Vandermonde determinant (Nathanson [103,
pp. 78-81]), whose value is

det(F) = H (w*k —w™)

0<j<k<n—1

- [[ o U2 (w7<kfj>/2 _ w(kﬁ)/z)
0<j<k<n—1

_ [[ w2 (_2@- sin (W))

0<j<k<n—1
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- I w9 ] (_Qisin((k—nj)”»

0<j<k<n—1 0<j<k<n—1
= w_ 20§j<kﬁnfl(j+k)/2(_i)n(n71)/2 H 2 Sin ((k_j)ﬂ-> .
0<j<k<n—1 n
We can compute the exponent of w as follows:
. n—1k—1
+ k 1
Z = = 3 (J+k)
0<j<k<n-—1 k=1 j=0
n—1
1 k(k—1) 9
= = k
EE
k=1
n—1

I
e~ =
—
w
N

[ V)
¥
S~—

by Exercise 6. Since n is odd, it follows that
i+ k
Z % =0 (mod n),
0<j<k<n—1

and so _
w Eo<j<k<n71(J+k)/2 =1.

If0<j<k<n—1,then0 < %= ])77)<7randsm((k J) )>0 Therefore,

det(M(F)) = (=i)"@=D/2 ] 2sm<(’“_j)”), (4.23)

0<j<k<n-—1

where

I 2sin <(k_nj)7r> > 0.

0<j<k<n—1
Comparing (4.22) and (4.23), we obtain

det(F) = (—i)n(n=D/2pn/2,

By Exercise 7,

(_i)n(n—l)/Q _ (*].)]C if n =4k +1,
(—1)ki it n = 4k + 3.

This completes the proof. O



164 4. Fourier Analysis on Finite Abelian Groups

Theorem 4.24 Let p be an odd prime and G = Z/pZ the cyclic group of
order p. Then the determinant of the Fourier transform F on L*(G) is

p—2

det(f) =p H T(Xb, 1)7
b=1

where xp is the multiplicative character modulo p defined by (4.20) for
b=0,1,....,p—2.

Proof. The p — 1 functions xo, X1, - .., Xp—2 are orthogonal in L?*(G),
since

p—1 i
B o | p—-1 ifa=0,
(Xas Xb) = §Oxa(w+pZ)Xb(x+PZ)—{ 0 ifa#b
o

by Theorem 4.7. Let 8y be the delta function at 0, that is,

[ 1 ifz=0 (modp),
(‘50(:c—|—pZ)—{0 ifx 20 (mod p).

Then
(503 60) =1
and
p—1
(xb:60) = D _ xb( + pZ)bo(x + pZ) = xs(pZ) = 0.
=0

It follows that the set {0, X0, X1, - -, Xp—2} is an orthogonal set of p func-
tions in L?(G), and so is a basis for L?(G). This basis is called the basis
of multiplicative characters for L?(G). We shall compute the matrix of the
Fourier transform F with respect to this basis.

For every congruence class a + pZ € G we have

F(bo)(a+pZ) = &(¥a)
p—1

= Y 6o(z +pZ)a(x + pZ)

=0
= U.(pZ)
1
= éola+pZ) + xo(a + pZ),

where x¢ is the principal multiplicative character modulo p. Therefore,

F(60) = o + Xo-
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Similarly,
F(xo)(a+pZ) = Xo(va)
p—1
= > xo(@+pZ)a(x + pZ)
o
= Z Yalz +pZ)
= Z Yooz +pZ)—1
_ p—1 ifa=0 (mod p)
- —1 ifa#£0 (modp)
= (p—1)bo(a+pZ) — xo(a+pZ),
and so

F(xo0) = (p — 1)éo — Xo-
By Theorem 4.16, and by Exercises 6 and 7 in Section 4.6, if b #Z 0
(mod p — 1), then

Fxe)a+pZ) = Xp(ta)
= T(va _a)
= 7(xp, 1)Xo(—a +pZ)
= 7(Xv, D)Xp—1-b(—0a + pZ)
= (-1"7(xe, )xp—1-v(a + pZ),
and so
Fxs) = (=1)"7(xp, Dxp—1-5- (4.24)

This determines the matrix of F with respect to the basis of multiplicative
characters. For example, if p = 5, this matrix is

1 4 0 0 0
1 -1 0 0 0
0 0 0 0 —7(x3,1)
0 0 0 7(x2,1) 0
0 0 —-71(x1,1) 0 0

By Exercise 4, the determinant of this matrix is

det(F) = 1) 3)/21—[ 7(xb 1

—2
= )(p—1)/2 H H (xp, 1)
b=1
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p—2
= p H T(va ]-)
b=1

This completes the proof. O

We can now determine the sign of the classical Gaussian sum.

Theorem 4.25 If p is an odd prime, then

p—1 .
_ ria2/p _ | /P ifp=1 (mod4),
p),;é / { ivp ifp=3 (mod4).

Proof. By (4.24), we have
Fxo) = (=1)°7(xp5 Dxp-1-

and so

-7:2(Xb) = (( 1)bT(Xb7 )Xp—1- b)
= (=1 7(xe: 1)F (xp-1-5)
= (=" 706, (=17 (- 1-0, Do
= 7(xo: D7(Xp-1-5,1)X0-
On the other hand, applying Fourier inversion (Theorem 4.22), we obtain
Fxw)a+pZ) = pxo(—a+pZ)
xo(=1+pZ)pxs(a + pZ)
(—=1)*pxs(a + pZ),

and so
F2 () = (=1)"px0-
It follows that
7(xb, )T (Xp—1-5, 1) = (—=1)°p.
Let r = (p — 1)/2. It follows from Exercise 8 in Section 4.6 that ¢, = x,
and 7(p) = 7(xr,1). By Theorem 4.24,

p—2

det(F) = p[] 70 1)

b=1

= HTXb7 Xp 1— bal)

pr(p) H ((=1)’p)
b=1
= (_1)T(T—1)/2p(p—1)/27.(

D).
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By Theorem 4.23,

(= D)kpr/2 i p =4k +1,
det(f)_{ (—1)kipr/2 if p = 4k + 3.

If p=4k + 1, then r = 2k and

(71)r(r71)/2p(p71)/27_(p) - (,1)k(2k71)p(p71)/27(p)
= (=1)FpP I r(p)
(_1)kpp/2’
and so
7(p) = Vp.
If p=4k + 3, then r =2k + 1 and
(=1)rr=D2pp=D/20(p) = (—1)RCEFD (=172 ()
= (=1)Fp® = r(p)
(_1)kipp/27
and so
7(p) = i\/D.

This completes the proof. O

Exercises

1. Prove that

2
2 (cosg + cos ;) = \/5

and
2 4
2 (sin;r —|—sin7ﬂ- —sing) = V7.
Hint: Consider the Gauss sums 7(5) and 7(7).

2. Prove that

NG ifp=1 (mod4)and (3)=1,

— ifp=1 (mod4)and (&) =-1,
T(lp,a) = . vr . ! ( ! Z

iyp ifp=3 (mod4)and (})=1,

—iyp ifp=3 (mod4)and ()=-1

167
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3. Let w = €>™/3, Compute the trace and determinant of the matrix

1 1 1
M = 1 w? w
1 w Ww?

4. Let A = (ajk) k ; be an n — 1 x n — 1 matrix such that a;, = 0 if
j+k#0 (mod n). For example, if n = 4, then

0 0 ai,3
0 2.2 0
as.i 0 0

Prove that
det(A) = (= 1)(n /2 H —1 ajn—j if nis odd,
(= 1)(n 2/ H 1 ajn—j; if niseven.

Let B = (b;, )k o be an n x n matrix such that b, =nif j+k =0
(mod n) and b r=0ifj+k#0 (modn). For example, if n = 4,

then
4 0 0 O
00 0 4
00 4 0
04 00
Prove that

[ (=)= D/2pn i p s odd,
det(B) = { (=1)(=2)/2pn if n is even.

5. Let I,, denote the n x n identity matrix. Prove that M (F)* = n?I,
and so
det(F)* = n?".

6. Prove that for every positive integer n,

(3k27k):n(n71)2.
1

n

ES
I

7. Let n be an odd integer. Prove that

(_i)n(n—l)/g _ (*1)]C ifn=4k+1,
(=1)*i ifn =4k + 3.

8. Prove that the Legendre symbol is an eigenvector of the Fourier trans-
form with eigenvalue (—1)®P=1/27(p).

Hint: Exercise 8 in Section 4.6.
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4.8 Notes

A comprehensive survey of analysis and trace formulae on finite abelian
and nonabelian groups is Terras, Fourier Analysis on Finite Groups and
Applications [141]. Our proof of the sign of the Gauss sum uses an argument
of Schur [126] that appears Landau [87, pp. 207-212] and Auslander and
Tolimieri [7]. See Berndt and Evans [8] for a review of Gauss sums, and
Berndt, Evans, and Williams, Gauss and Jacobi Sums [9] for an exhaustive
monograph.

For much more sophisticated studies of harmonic analysis in algebraic
number theory, see Ramakrishnan and Valenza, Fourier Analysis on Num-
ber Fields [120], and Weil’s classic Basic Number Theory [154].
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The abc Conjecture

5.1 Ideals and Radicals

In this chapter a ring is always a commutative ring with identity. An addi-
tive subgroup I of a ring R is called an ideal if ar € I for every a € I and
r € R. Both R and {0} are ideals in R. The set of even integers is an ideal
in the ring Z. Indeed, every additive subgroup of Z is an ideal in Z. The
set of polynomials with constant term equal to 0 is an ideal in the ring R[t]
of polynomials with coefficients in the ring R. The intersection of a family
of ideals is an ideal (Exercise 19 in Section 3.1).

If A is a nonempty subset of the ring R, then the set of all finite linear
combinations of the form airy + --- + axgry with a; € A and r; € R is an
ideal of R, denoted by (A) and called the ideal generated by the set A.
An ideal generated by one element a € R is called a principal ideal and
denoted by

(a) =aR = {ar :r € R}.
A principal ring is a ring in which every ideal is principal. For example,
Z is a principal ring by Theorem 1.3, and Z/mZ is a principal ring by
Theorem 5.2.

An ideal I in the ring R is called a prime ideal if I # R and ab € I
implies a € I or b € I for all a,b € R. The spectrum of the ring R, denoted
by Spec(R), is the set of all prime ideals of R.

Theorem 5.1 The spectrum of the ring of integers is

Spec(Z) = {pZ : p is prime or p = 0}.
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Proof. Since Z is principal, every ideal is of the form dZ for some non-
negative integer d. If d = 0, then dZ = {0}, and the zero ideal is prime,
since ab =0 if and only if a =0 or b =0. Let d > 1. If d = p is prime and
ab € pZ, then p divides ab. By Euclid’s lemma, p divides a or p divides b,
and so a € pZ or b € pZ. Therefore, pZ is a prime ideal for every prime
number p.

If d is composite, then we can write d = ab, where 1 < a < b < d. If
a € dZ, then a = dk = abk for some positive integer k, and so 1 = bk, which
is absurd. Therefore, a ¢ dZ and, similarly, b ¢ dZ. Since d = ab € dZ, it
follows that dZ is not a prime ideal. Thus, the prime ideals in the ring Z
are the ideals of the form pZ, where p is a prime number or p = 0. O

An element x in a ring R is called nilpotent if there exists a positive inte-
ger k such that z* = 0. For example, the additive identity 0 is a nilpotent
element of every ring, and the multiplicative identity 1 is never nilpotent.
The congruence class 6 +27Z is a nilpotent element in the ring Z/27Z. The
set of all nilpotent elements in R is called the radical of the ring R, and
denoted by N(R). Thus, the radical of the ring Z is {0}. By Exercise 6,
the radical of a ring is a proper ideal in the ring. By Exercise 9, the radical
of a ring is the intersection of the prime ideals in the ring.

We shall compute the radical of the ring of congruence classes Z/mZ.
Recall that the radical of the nonzero integer m is the product of the distinct
prime numbers that divide m, that is,

rad(m) = Hp.
plm

For example, rad(72) = 6,rad(30) = 30, and rad(—1) = 1.

Theorem 5.2 For m > 2, let Z/mZ be the ring of congruence classes
modulo m. Then

(i) Z/mZ is principal, and the ideals of Z/mZ are the ideals generated
by the congruence classes d + mZ, where d is a divisor of m;

(ii) the prime ideals of Z/mZ are the ideals generated by the congruence
classes p + mZ, where p is a prime divisor of m; and

(iti) the radical of Z/mZ is the ideal generated by the congruence class
rad(m) + mZ.

Proof. Let J be an ideal in the ring R = Z/mZ. Consider the union of
congruence classes
I= |J (a+mz).
a+mZeJ

The set [ is an ideal in Z. Since Z is principal, I = dZ for some positive
integer d € I. Since m € mZ C I, it follows that d is a divisor of m.



5.1 Ideals and Radicals 173

Moreover, d + mZ € J, and so the principal ideal generated by d + mZ in
Z/mZ is contained in J. If a+mZ € J, then a € a+mZ C I, and so a = dr
for some integer r. It follows that a + mZ = (d + mZ)(r + mZ) belongs
to the principal ideal generated by d + mZ. Therefore, J is the principal
ideal generated by d + mZ, and a+mZ € J if and only if d divides a. (See
Exercise 3 for a different proof.)

Next we compute the spectrum of the ring Z/mZ. Let J be the principal
ideal generated by d + mZ, where d divides m and d > 2. If d = p is prime
and

(a+mZ)(b+mZ)=ab+mZ e J,

then p divides ab and so p divides a or p divides b, that is, a + mZ € J or
b+ mZ < J, and J is a prime ideal.

If d = ab is composite, where 1 < a < b < d, then a+mZ ¢ J,b+mZ ¢ J,
but (a +mZ)(b+mZ) =d+mZ € J, and so J is not a prime ideal. Thus,
the prime ideals of the ring Z/mZ are the ideals of the form p+mZ, where
p is a prime divisor of m.

Finally, the congruence class a + mZ is nilpotent in R if and only if
(a +mZ)* = a¥ + mZ = mZ for some positive integer k. Equivalently,
a +mZ is nilpotent if and only if m divides a* for some positive integer k.
By Theorem 1.13, this is possible if and only if a is divisible by rad(m), and
so N(Z/mZ) is the ideal generated by the congruence class rad(m) + mZ.
O

Theorem 5.3 The ring C[t] of polynomials with coefficients in the field C
of complex numbers is a principal Ting.

Proof. This is a special case of Exercise 18 in Section 3.1. O

Let f(t) € C[t] be a polynomial of degree n. If ay, . .., @, are the distinct
zeros of f(t), then we can factor f(t) into a product of linear terms of the
form f(t) = ¢, [1;—(t — @;)™, where the leading coefficient ¢, # 0 and
my + - - + m, = n. The radical of the polynomial f(x) is defined by

rad(f) = [J(t - ).
i=1

The zero set of the polynomial f(t) is the finite set

Z(f)={aeC: f(a) =0} = {a,...,a,}.
Let Ny(f) denote the number of distinct zeros of f, that is, No(f) =
|Z(f)] = 7. The degree of the radical of f(¢) is the number of distinct
zeros of f(t), that is,
degrad(f) = No(f).
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Theorem 5.4 Let f(t) € C[t] and R = C[t]/I, where I = (f(t)) is the
principal ideal generated by f(t). The radical of R is the principal ideal
generated by rad(f) + I.

Proof. This follows immediately from the observation that if f(¢) and
g(t) are polynomials with complex coeflicients, then there exists a positive
integer k such that f(t) divides g(¢)* if and only if rad(f) divides g(¢). O

Ezxercises

1.

2.

Determine rad(3™) and rad(n!) for all n > 0.

Let m and n be nonzero integers. Prove that rad(mn) < rad(m)rad(n).
Prove that rad(mn) = rad(m)rad(n) if and only if (m,n) = 1.

Let f: R — S be a surjective ring homomorphism. Prove that if the
ring R is principal, then the ring S is also principal. Apply this to
the map f: Z — Z/mZ defined by f(a) = a + mZ.

Prove that a unit in a ring R # {0} is never nilpotent.

Let R be an integral domain, that is, a ring with the property that
if 1,29 € R and x129 = 0, then 1 = 0 or 23 = 0. Prove that if
T1,...,2x € Rand x1---x, = 0, then x; = 0 for some 3. Prove that
0 is the only nilpotent element in an integral domain.

Let R be a ring and let A'(R) denote the set of all nilpotent elements
in R. Prove that N'(R) is an ideal.

Hint: Prove that if x is nilpotent, then zr is nilpotent for every r €
R. Use the binomial theorem to show that if ¥ = y* = 0, then
(@ +y) et =0.

Prove that if  is nilpotent, then z is contained in every prime ideal
of R, and so

NRYS () L

IeSpec(Rr)

Prove that if = is not nilpotent, then there exists a prime ideal of R
that does not contain x.

Hint: Let S = {zF : k = 1,2,...}. Let Z be the set of all ideals
in R that do not contain any element of S. If x is not nilpotent,
then 0 ¢ S and {0} € Z. Use Zorn’s lemma to prove that the set 7
contains a maximal element I, and that I is a prime ideal in R. such
that I NS = 0.
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9. Prove that the radical of the ring R is the intersection of all prime

ideals of R, that is,
NR)= [ I
IeSpec(Rr)

10. Let ai,...,a; be divisors of m, and let [a1,...,ax] be their least
common multiple. Let (a; +mZ) denote the principal ideal generated
by the congruence class a; + mZ in the ring R = Z/mZ. Prove that

k
ﬂ(ai +mZ) = ([a1,...,ar] + mZ).

=1

Hint: Observe that (a; + mZ) = a;Z and apply Exercise 30 in Sec-
tion 1.4.

11. Use Exercises 9 and 10 to prove that
N(Z/mZ) = (rad(m) +mZ).

12. Let I and J be ideals in a ring R. The product I1.J is the ideal of R
generated by the set of all elements of the form zy with = € I and
y € J. In the ring Z, prove that the product of the principal ideals
aZ and bZ is the ideal abZ.

13. Let I and J be ideals in the ring R. We say that I divides J if T
contains J, that is, J C I. Prove that if P is a prime ideal in R and
if P divides the product ideal I.J, then P divides I or P divides J.

14. Let I and J be ideals in Z. Prove that if I divides J, then there exists
an ideal K in Z such that /K = J. Prove that every ideal in Z is
uniquely a product of prime ideals.

5.2  Derivations

A derivation on a ring R is a map D : R — R such that

D(z+y) = D(x)+ D(y) (5.1)
and

D(zy) = D(z)y + xD(y) (5.2)

for all z,y € R. Condition (5.1) says that D is a homomorphism of the
additive group structure of R. Condition (5.2) implies (Exercise 1) that
D(1) =0 and that, if z € R is invertible, then

D(z)

D(‘r_l) = - 2

T
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Moreover, it follows by induction (Exercise 2) that
Z% cxicD(zi)zign - xg

for all z1,...,z, € R.
The next result shows that the derivative is a derivation on a polynomial

ring.

Theorem 5.5 Let R be a ring and R[t] the ring of polynomials with coef-
ficients in R. Define D : R[t] — R[t] by

m m
D (Z aiti> = Zz’aiti_l.
=0 i=1

Then D is a derivation on R]t].

Proof. Let f = f(t) = >\" ait" and g = g(t) = Y7 b;t/. It is imme-
diate that D(f 4+ g) = D(f) + D(g), and so D is a homomorphism of the
additive group of polynomials. Since

m+n
S NTDED S SR
=0 j=0 k=0 i+j=k
we have
m+n
D(fg) = Y kY aibt*!
k=1 i+j=k
m—+n
S SP I
k=1 i+j=k
m+n m—+n
k=1 i+j=k k=1 i+j=k
m n m n
= Z Z Z.(litlilbjtj + Z Z aitljbjtjil
i=1 j=0 =0 j=1
= D(f)g+ fD(g).

Therefore, D is a derivation on R[t]. O

An integral domain is a ring R such that if b1,bs € R with b; # 0 and
by # 0, then bi1by # 0. Corresponding to every integral domain is a field,
called the quotient field of R. Tt consists of all fractions of the form a/b,
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where a,b € R and b # 0, and a;/b; = ay/bs if and only if a1by = asb;.
Addition and multiplication of fractions are defined in the usual way: If
al,a2,b1,b2 € R with by 75 0 and by 75 0, then b1by 75 0 and

a1 ao aiby + asby aip a2 aias
—t—=———— and <~ —-— = :
by by b1bs b1 b b1b2

The quotient field of Z is Q. If F[t] is the ring of polynomials with coeffi-
cients in a field F, then the quotient field of F'[t] is the field F(t) of rational
functions with coefficients in F. A careful construction of quotient fields
can be found in the Exercises.

Theorem 5.6 Let R be an integral domain with quotient field F', and let
D be a derivation on R. There exists a unique derivation Dp on F' such
that Dp(x) = D(z) for all x € R.

Proof. Suppose that there exists a derivation Dz on F such that Dp(a) =
D(a) for all @ € R. Let € F,z # 0. There exist a,b € R with b # 0 and
x = a/b. Since a = bzr € R, it follows that

and so

Dy (g) — Di(a) = D(a) —bD(b):E _ D(a)bb—zaD(b). (5.3)

Thus, the derivation Dr on F is uniquely determined by the derivation D
on R. In Exercise 3 we prove that (5.3) defines a derivation on the quotient
field Rp. O

Let D be a derivation on the field F'. For x € F'*, we define the logarith-
mic derivative L(x) by

If z,y € F'*, then

L(zy) = D;Zy) _ D(x)y;-yafD(y) _ Dg(f) . D;y) ~ L(x) + L(y)

and

T D(x D(y~t D(x D
L(2) =D, DU DW DOy
by Exercise 1.
We now consider polynomials with complex coefficients. A field F' is
called algebraically closed if every nonconstant polynomial with coefficients
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in F' has at least one zero in F. By the fundamental theorem of algebra,
the field C is algebraically closed. Let f(t) € C[t], and let No(f) denote the
number of distinct zeros of f(t). If f(¢) has degree n with leading coefficient
an, then f(t) factors uniquely in the form

No(f)
£ =an T =)™,
i=1
where aq,...,an, () are the distinct zeros of f, the positive integer n; is

the multiplicity of the zero a;, and ny + .-+ + ny, () = n. If D is the
derivation on CJ[t] defined in Theorem 5.5, then, by Exercise 2,

No(f) No(f)
D(f)=an Z ni(t — )it H (t—aj;)"
= i
and
D(f) No(f)
by =20y
=1 v
Let g(t) = by HNO(g)( B3;)™ be a nonzero polynomial in CJt], and con-

sider the rational function f /g € C(t). Then

f No(f) ni No(g) m;
p(D)=tn-tw= 3 M- M )

This algebraic identity will be used in the next section to prove Mason’s
theorem.

Exercises
1. Let D be a derivation on a ring R. Prove that D(1) = 0 and that, if

x € R is invertible, then
D(x)

D(xil) = - .172

2. Let D be a derivation on the ring R. Prove that
le cLi— lD xz)xz+1 Tn

for all z41,...,2z, € R.

3. Let R be an integral domain with quotient field F'. Let D be a deriva-
tion on R, and define the function Dr on F by (5.3). We shall prove
that Dp is a derivation on the quotient field F.
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(a) Prove that Dp is well defined, that is, if a;/b; = ag/ba, then
Dp(al/bl) = DF(ag/bQ).
(b) Prove that

a1 as aq as
D —+—=\]=D — Dl —]).
F(bl+b2> F(b1>Jr F<b2>

(¢) Prove that

a1 Qo ai '\ az ay ag
Dp (2. 2) _pp (9) 2 %p,.(22).
F<b1 bz) F<b1)b2+b1 F(bz)

4. Let R be a commutative ring with identity. A multiplicatively closed
subset of R is a subset S such that 1 € S and if s1,s2 € S, then
s182 € S. We consider the set of ordered pairs of the form (r, s) with
r € R and s € S. Define a relation on this set as follows:

r,s) ~ (r',s") if s"(s'r —sr') =0 for some s” € S.
9 9
Prove that this is an equivalence relation.

5. Let S™'R be the set of equivalence classes of the relation defined in
Exercise 4. We denote the equivalence class of (r,s) by the fraction
r/s. We also denote the equivalence class (r, 1) by r. Define multipli-
cation of fractions as follows:

L T2 rir2

S1  S2 5182 '
(a) Prove that this multiplication is well defined, that is, if (r1, s1) ~
(T/175/1) and (TQ, 52) ~ (T/275/2>7 then (7'17’2, 5152) ~ (rllr/Za 5,15/2)'

(b) Prove that multiplication in S~ R is associative and commuta-
tive, and that the equivalence class of (1,1) is a multiplicative
identity.

(c) Prove that the equivalence class of (s, 1) is invertible in S™!R
for every s € S.

(d) Prove that

foralla € R and 5,5 € S.

6. Define addition of fractions in S~!R as follows:

1 n Ty SaT1 4 8172

S1 52 5182
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(a) Prove that this addition is well defined, that is, if (r1,s1) ~
(r1,51) and (ra, s2) ~ (rj, s5), then (sar1 + 5172, 5152) ~ (s57] +
! .7 ! !
8175, 8183).

(b) Prove that addition in S™'R is associative and commutative,
and that multiplication distributes over addition. Prove that the
equivalence class of (0, 1) is an additive identity.

(Localization) In Exercises 4-6 we proved that S™!R is a ring. This
ring is called the ring of fractions of R by S. We also say that S™'R
is constructed by localizing R at S.

(a) Prove that if 0 € S, then S™'R = {0}.

(b) Prove that if R is an integral domain and 0 ¢ S, then S™!R is
an integral domain.

(¢) Prove that if R is an integral domain and S is the set of all
nonzero elements of R, then S™'R is a field. This field is called
the quotient field of the integral domain R.

Define pg : R — SR by pg(r) =r/1 =r.

(a) Prove that ¢g is a ring homomorphism.

(b) Prove that if R is an integral domain and 0 ¢ S, then g is
one-to-one.

(c) Prove that if R is an integral domain and S = R*, then S™!'R
is isomorphic to R.

Hint: If S is a multiplicative subset of R and s € SN R*, then
(r,s) ~ (s7ir,1) for all 7 € R.

Let S = {1,2,4,8,...} be the multiplicative subset of Z consisting
of the powers of 2. Describe the ring of fractions S™!Z. What is the
group of units in this ring?

Let S = {+£1,+3,£5,£7,...} be the multiplicative subset of Z con-
sisting of the odd integers.

(a) Describe the ring of fractions S~1Z.
(b) Describe the principal ideal generated by 2 in this ring.
(¢) Prove that every element of the ring not in this ideal is a unit

in S71Z, and so (2) is a maximal ideal in S™'Z.

Let p be a prime number and let .S be the set of all integers not divis-
ible by p. Prove that S is a multiplicative subset of Z, and describe
the ring of fractions S~'Z. Prove that the principal ideal generated
by p is a maximal ideal in S™!Z.
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12. Let F[t] be the polynomial ring with coefficients in the field F. Let
S = {1,t,t3,t3,...} be the multiplicative subset of F[t] consisting
of the powers of t. Prove that S™'F[t] is isomorphic to the ring of
Laurent polynomials with coefficients in F, that is, the ring consisting
of all expressions of the form " a;t’, where a; € F, and m and n
are integers with m < n, and addition and multiplication are defined
in the usual way.

13. We consider the ring R = Z/12Z, and denote the congruence class
a+12Z by a

(a) Prove that S = {1,3,9} is a multiplicative subset of R.
(b) Let ¢s : R — S™'R be the ring homomorphism constructed

in Exercise 8. Prove that ¢g(a) = ¢g(b) if and only if a = b
(mod 4).

(c) Prove that 1/3=31in S~!R.
(d) Prove that S™'R = Z/4Z.

14. Let m > 2. We consider the ring R = Z/mZ, and denote the congru-
ence class a + mZ by a. Let S be a multiplicative subset of R such
that 0 &€ S.

(a) Prove that we can factor m uniquely in the form m = memg,
where (mg, m1) = 1, and if p is a prime number that divides m,
then p divides mg if and only if there is a congruence class s € S
such that p divides s. Show that (s,m;) =1 for all s € S.

(b) Prove that there is a congruence class 55 € S such that mg
divides sg.

(c) Let s : R — S™'R be the ring homomorphism constructed

in Exercise 8. Prove that ¢g(a@) = ¢g(b) if and only if a = b

(mod my).

(d) Prove that for every 5 € S there exists 7 € R such that 1/s =7
in ST'R.
Hint: If s € S, then there exists an integer r such that rs = 1
(mod my).

(e) Prove that SR~ Z/m,Z.

5.3 Mason’s Theorem

This is an important diophantine inequality for polynomials.
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Theorem 5.7 (Mason) Ifa,b,c € Clt] are nonzero, relatively prime poly-
nomaals, not all constant, and if

a+b=c,
then
max{deg(a), deg(b), deg(c)} < No(abc) — 1 = deg(rad(abe)) — 1,

where No(abe) denotes the number of distinct zeros of the polynomial abe,
and rad(abc) is the radical of abc.

Since Mason’s theorem is symmetric in a, b, and ¢, we could also write
the equation in the form a + b+ ¢ = 0.

Proof. Let D be the unique derivation defined on the rational function
field C(t) by Theorems 5.5 and 5.6, and let L be the logarithmic derivative.
We introduce the nonzero rational functions v = a/c and v = b/c in C(t).
Then u 4+ v =1, and

uL(u) + vL(v) = u (DfL“)) o (D?(Jv))

D(u)+ D(v) = D(u+v) = D(1)
0.

Since L(v) # 0 (by Exercise 1), we have

b L(u)

e u L(v)’

(5.5)

We write the standard factorizations of the polynomials a, b, and ¢ as fol-
lows:

No(a)
a = a(t)=ay, H (t— )™,
i=1
No(b)
b= b(t)=bm [] t—8)™,
i=1
No(c)
c = c(t)=c¢r H (t—v)".

i=1

Applying (5.4), we obtain
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and
b No(b) M No(c) 'rk
Lv)=L(-)= e .
Wil =X N

Since the polynomials a, b, and ¢ are relatively prime, the radical of the
product abc is

No(a) No(b) No(c)

g=rad(abe) = [[ (t—e:) [] =8 [] &)

i=1 i=1 =1

and
deg(q) = deg(rad(abc)) = Ny(a) + No(b) + No(c).

Moreover, gL(u) and gL(v) are polynomials of degree at most deg(q) — 1.
By (5.5),
b L(w) _ qL(w)

a L) qL(v)’

and so

a(qL(u)) = —b(qL(v)).
Since the polynomials a and b are relatively prime, it follows that a divides
gL(v), and so

deg(a) < deg(qL(v)) < deg(q) — 1 = deg(rad(abc)) — 1.
Similarly,
deg(b) < deg(gqL(u)) < deg(q) — 1 = deg(rad(abc)) — 1

and
deg(c) < deg(rad(abc)) — 1.

This completes the proof. O

Fermat’s last theorem states that if n > 3, then the Fermat equation

has no solutions in positive integers. The Fermat equation has solutions in
polynomials for n = 2, for example,

(1—t2)% 4 (2t)% = (1 + tH)2.

We shall use Mason’s theorem to prove Fermat’s last theorem for polyno-
mials for n > 3.

Theorem 5.8 If n > 3, then the Fermat equation ™ + y™ = 2™ has no
solution in nonzero, relatively prime polynomials, not all constant.
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Proof. Let n > 3, and suppose that x,y, and z are nonzero, relatively
prime polynomials, not all constant, such that ™ + y™ = z". We apply
Mason’s theorem with a = 2™, b = y", and ¢ = 2™. Then

n,n.n

rad(abc) = rad(z"y"2") = rad(zyz).
Since deg(z™) = ndeg(z), we obtain

ndeg(r) < mnmax(deg(x),deg(y),deg(z))
max(deg(z"), deg(y™), deg(z"))
max(deg(a ),deg( ), deg(c))

< deg(rad(abc)) —

= deg(rad(a:yz)) -1

< deg(ayz) —

= deg(z) + deg( ) + deg(z) — 1.

It follows that

3(deg(x) + degy + deg(z)) — 3

n(deg(z) + degy + deg(z)) <
< n(deg(x) + degy + deg(z)) — 3.

This is impossible. O

Ezercises

1. Prove that L(v) # 0 in the proof of Theorem 5.7.

2. Let n > 3. Prove that the equation z™ + y™ = 1 has no solution in
nonconstant rational functions x,y € C(t).

3. (Nathanson [102]) The Catalan equation is the equation

where m and n are integers greater than 1. Prove that this equation
has no solution in nonconstant polynomials z,y € CJt] and integers
m > 2 and n > 2.

4. (Davenport [20]) Let f and g be nonconstant, relatively prime poly-
nomials in Clt]. Prove that

des(f* — g7) > 3 des(f) + 1.
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5. Let
o= t*+4a* +102 +6

63
t? 4+ 6t7 + 21° + 35¢3 + St

Q
Il

Check that 351

fP—g> =21+ th + 216.
This example shows that the lower bound in Davenport’s theorem
(Exercise 4) is best possible.

5.4 The abc Conjecture

The abc conjecture is a simple but powerful assertion about the relationship
between the additive and multiplicative properties of integers. Recall that
the radical of a nonzero integer m is the largest square-free divisor of m,

that is,
rad(m) = Hp.
p|m

The abc conjecture states that for every e > 0 there exists a number K (¢)
such that, if a, b, and ¢ are nonzero, relatively prime integers and

a+b=c,

then
max(|al, |b], |¢]) < K (¢)rad(abe)' Te.

Since the inequality is symmetric in a, b, and ¢, the equation can also be
written in the form a + b + ¢ = 0. To prove or disprove this conjecture is
an important unsolved problem in number theory.
From the abc conjecture it is possible to deduce many theorems and still
unproven propositions in number theory. Here are some examples.
Fermat’s last theorem states that, for n > 3, the Fermat equation

oyt =" (5.6)

has no solution in positive integers. Note that if z, y, z is a solution of (5.6)
in positive integers and if a prime number p divides  and y, then p also
divides z, and z/p,y/p, z/p is another solution of the equation. It follows
that if the Fermat equation has a solution in integers, then it has a solution
in relatively prime integers.

Theorem 5.9 (Asymptotic Fermat theorem) The abc conjecture im-
plies that there exists an integer ng such that the Fermat equation has no
solution in relatively prime integers for any exponent n > ng.
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Proof. Let z,y, and z be relatively prime positive integers such that

xn+yn:2n.

We note that
rad(z"y"2") = rad(zyz) < zyz < 2°.
If n > 2, then z > 3. Applying the abc conjecture with e = 1 and K; =
max(1, K (1)), we obtain
2™ = max(z",y", 2") < Kyrad(z"y"2")? < K, 2%,
and so loo K oo K
0g 1 <64 0og 1

<6 .
" + logz — log 3

This completes the proof. O

The Catalan conjecture asserts that 8 and 9 are the only consecutive
powers. Equivalently, it states that the only solution of the Catalan equation
"=yt =1

in integers x,y, m,n all greater than 1 is
3?-22=1

It is known that the diophantine equation ™ — y? = 1 has no solution in
positive integers, and that the only solution of the equation 22 —y™ =1 in
positive integers is * = n = 3 and y = 2. Therefore, it suffices to consider
the Catalan equation only for min(m,n) > 3.

Theorem 5.10 (Asymptotic Catalan theorem) The abc conjecture im-
plies that the Catalan equation has only finitely many solutions.

Proof. Let (z,y, m, n) be a solution of the Catalan equation with min(m, n) >
3. Then x and y are relatively prime. It follows from the abc conjecture with
e = 1/4 that there exists a constant Ko = K(1/4) such that

y" < 2™ < Korad(a™y")?/* = Korad(zy)®/* < Ka(xy)™/*,

and so 5
mlogz < log K> + 1 (logx + logy)

and .
nlogy < log Ko + 1 (logz +1logy) .

It follows that

)
mlogx +nlogy < 2log Ko + 3 (logz + logy),
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and so

5 )
(m — 2) log x + (n - 2) logy < 2log K. (5.7)
Since x > 2 and y > 2, we have

2log Ko

9.
log 2 +

m-+n<

Thus, there are only finitely many pairs of exponents (m,n) for which
the Catalan equation is solvable. For fixed exponents m > 3 and n > 3,
equation (5.7) has only only finitely many solutions in positive integers x
and y. This completes the proof. O

For every odd prime p we have 2°P~! = 1 (mod p), that is, p divides
2P=1 — 1. The question of the divisibility of 2°~! — 1 by p? arose in the
study of Fermat’s last theorem. An odd prime p such that

2771 41 (mod p?)

is called a Wieferich prime. For example, 3, 5, and 7 are Wieferich primes,
since 22 1 (mod 9), 2* # 1 (mod 25), and 26 # 1 (mod 49). It is
not known whether infinitely many Wieferich primes exist, nor is is known
whether there are infinitely many primes that are not Wieferich primes.

Let W be the set of Wieferich primes. We shall show that the abc con-
jecture implies that W is infinite. We begin with a simple lemma.

Lemma 5.1 Letp be an odd prime. If there exists a positive integer n such
that 2" =1 (mod p) but 2" #1 (mod p?), then p is a Wieferich prime.

Proof. Let d be the order of 2 modulo p. Then d divides n. Since 2™ # 1
(mod p?), it follows that 2¢ # 1 (mod p?). Then 2¢ = 1 + kp, where
(k,p) = 1. Moreover, d divides p — 1, since 2?1 = 1 (mod p), and so

— 1 = de for some integer e such that 1 < e < p—1. Then (ek,p) =1 and

77l = (2D = (14 kp)*=1+ekp#1 (mod p?),

and p is a Wieferich prime. O

A powerful number is a positive integer v such that if a prime p divides
v, then p? divides v. For example, 72 is powerful but 192 is not. If v is
powerful, then rad(v) < v'/2,

Theorem 5.11 The abc conjecture implies that there exist infinitely many
Wieferich primes.
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Proof. Let W be the set of Wieferich primes. For every positive integer
n, we write

2" — 1 = u,vn,

where v,, is the maximal powerful divisor of 2" —1. Then u,, is a square-free

integer,
Un = H D,
p|
vp(n)=1
and
Vp = H p”p(”).
pln
vp(n)>2

If p divides u,,, then
2" =1 (mod p)

but

2" £ 1 (mod p?).
It follows from Lemma 5.1 that p € W, and so u,, is a square-free integer
divisible only by Wieferich primes.

If the set W is finite, then there exist only finitely many square-free
integers whose prime divisors all belong to W, and so the set {u, : n =
1,2,3,...} is finite. It follows that the set {v, : n = 1,2,3,...} is infinite,
and, consequently, unbounded. Since v,, is powerful, we have

rad(v,) < vl/2.
Let 0 < € < 1. Applying the abc conjecture to the identity
2" -1 +1=2",
we obtain

277,
K(e)rad(2"(2" — 1))'*
K (g)rad(2u,v, ) e

K(g)(2u,) ' Terad(v, ) e
+o)/2,

Un

A IA A IA A

1
Un,

This implies that the numbers v,, are bounded, which is absurd. This com-
pletes the proof. O
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Ezercises

1.

For a fixed exponent n > 4, prove that the Fermat equation x™ +y" =
z" has at most a finite number of solutions in positive integers x, y, 2.
Does this argument show that the cubic Fermat equation 23 +y3 = 23
has at most finitely many solutions?

Hint: Apply the abc conjecture with e = 1/6.

An integer n is powerful if v,(n) # 1 for all primes p. Compute the
powerful numbers up to 100.

Let n > 2 be an integer. Define the power of n by

logn

power(n) = Tograd(n)’

Prove that power(n) = 1 if and only if n is square-free. Prove that
if n is powerful, then power(n) > 2. Prove that if n is a kth power,
then power(n) > k.

(Granville) Prove that the abc conjecture implies that there exist only
finitely many triples of consecutive powerful numbers.

Hint: Suppose that n — 1,n,n + 1 are three consecutive powerful

numbers. Apply the abc conjecture to the equation (n? —1)+1 = n?.

Observe that
rad(n?(n? —1)) = rad((n—1)n(n+1))

< (n—1n(n+1) <n’2

Let

U= U{xk:xEN}Z {uitiZ,
k=3

be the set of nonsquare powers of the positive integers, where u; <
u;+1 for i =1,2,. ... Prove that the abc conjecture implies

111’I1 (ui_,_l — ul) = Q.
11— 00

Prove that the abc conjecture implies that the diophantine equation
n!+1=m?

has only finitely many solutions.

Hint: Apply the inequalities

Hp<4"

p<n
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(Theorem 8.1) and

1 /n\" n\"
— (7> <nl< (—)
n \e e
(Exercise 1 in Section 6.2).
7. Prove that the abc conjecture is false if we omit the condition (a, b, ¢) =
1.
Hint: Consider the equation 3% 4+ 2 - 3% = 3k+1,

8. In this exercise we construct an example to show that the abc con-
jecture would be false if we replaced the exponent 1 4+ ¢ with 1.

(a) Prove that for every positive integer n there exists a positive
integer u,, such that

My, +1=32""".

Hint: Euler’s theorem.

(b) Let a, = 2"uy, b, =1, and ¢, = 32" Prove that

6 . 32n—1

rad(anbpe,) = rad (6u,) < on

(¢) Let K(0) > 0. Prove that if n is sufficiently large, then

6K(0)c,

K(0)rad(anbpc,) < on

< ¢ = max(an, by, cp).
Since a,, + b, = c,, this is the desired counterexample.

9. Let a and b be relatively prime positive integers. We define ¢ = a + b

and
log ¢ log(a + b)

La.b) = lograd(abc)  lograd(ab(a + b))’

It is hard to find relatively prime integers a and b for which L(a,b)
is large. Use the equation

2+ 319109 = 23°

to compute L(2,31°109). In October,1999, this was the largest known
value for L(a,b).

10. Compute L(a,b) for a =1 and b=2-3".

11. Compute L(a,b) for a = 112 and b = 32 - 55 . 73,
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12. For n > 1, define the positive integer t,, by
9" =1+ 8t,.
Prove that L(1,8t,) > 1 and so

limsup L(a, b) > 1.
(a,b)=1

It can be shown that the abc conjecture is equivalent to

lim sup L(a, b) = 1.
(a,b)=1

5.5 The Congruence abc Conjecture

Let m > 2. The congruence abc conjecture for m states that for every e > 0
there exists a number K (m,¢e) such that, if a,b, ¢ are nonzero, relatively
prime integers with

abc =0 (mod m)

and
a+b=c,

then
max(|al, |b], |c]) < K (m,e)rad(abc)*te.

This a weaker assertion than the abc conjecture, which is unrestricted by
any congruence condition. However, we shall prove that if the congruence
abc conjecture is true for some modulus m, then the unrestricted abc con-
jecture is also true.

We begin with some simple observations about triples (a, b, ¢) of integers
such that a + b = c. First, at least one of the integers a, b, or ¢ must be
even, and so abc = 0 (mod 2). Therefore, the congruence abe conjecture
for m = 2 is the same as the abc conjecture, and we need to consider only
moduli m > 3. Second, if (a,b,c¢) = 1, then either ¢ is odd and b — a is
odd, or c is even, both a and b are odd, and b — a is even. Third, if a, b, c
are distinct nonzero integers, then, by a permutation, we can assume that
they are positive and a < b < c.

Lemma 5.2 Let a,b, c be relatively prime positive integers such that
a<b<ec

and
atb=c
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Let n > 2. If ¢ is odd, define

A, = (b-a)",
B, = " —(b—a)"
c, = "

If ¢ is even, define

&

3

Il
/N
N o
N—
3

|
7 N
>

o |
IS
~_
3

Then A, By, C, are distinct, relatively prime positive integers such that
A, + B, =C,.
If m >3 and n = ¢(m), then
AnB,C, =0 (mod m).

Proof. It is left to the reader to show that A,,B,,C, are distinct,
relatively prime positive integers such that A,, + B, = C,, (Exercises 1, 2,
and 3).

Let m > 3 and n = ¢(m). Then n > 2. We must prove that

A B,C, =0 (mod m).
It suffices to prove that if p is a prime and p” divides m, then
A,B,Cp, =0 (mod p"). (5.8)

Note that if p is a prime and p" divides m, then (p — 1)p"~! divides n, and
S0
r<orl< (p— 1);0’"_1 <n.

Suppose that p is an odd prime. If p divides ¢, then p™ divides ¢’ and p™
divides C,,. Since r < n, it follows that C,, =0 (mod p"). Similarly, if p
divides b—a, then A, =0 (mod p"). If p divides neither ¢ nor b—a, then,
by Theorem 2.12,

PP = (mod p")
and

r—1

(b—a)P~VP"" =1 (mod p").

Since (p — 1)p"~! divides n, we have

c"=b-a)"=1 (modp"),
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and so B, =0 (mod p"). This proves (5.8) for odd primes p.

Finally, we consider the prime 2. If 2" divides m, then 2! divides n and
r < n. If cis even, then b — a is even and exactly one of the integers ¢ and
b — a is divisible by 4 (Exercise 4). It follows that either ¢ or (b — a)™ is
divisible by 4™, and so either C,, or A,, is divisible by 2", which is divisible
by 27.

If ¢ is odd, then b — a is odd and

2= (b— a)27'71 =1 (mod 2").
Since 277! divides n, we have
B,=c"—(b—a)"=0 (mod 2").

This proves (5.8) for the prime 2. O

Theorem 5.12 Let m > 3. If the congruence abc conjecture is true for m,
then the abc conjecture is true.

Proof. Let 0 < ¢ < 1. For triples a,b,c of distinct, relatively prime
positive integers such that a + b = ¢, we define the function

O (a,b,c) =logec— (1+¢)lograd(abe).

Then

eloge  ®.(a,b,c)
1+e¢ 1+e
Let A, B, C be distinct, relatively prime positive integers such that ABC =

0 (mod m) and A+ B = C. If the congruence abc conjecture is true for
m, then there exists a constant K (m,¢e) > 0 such that

lograd(a,b,c) =logc —

C < K(m,e)rad(ABC)' e,
or, equivalently,
®.(A,B,C) <log K(m,e) = K*(m,e).

Let a, b, ¢ be relatively prime positive integers such that a < b < ¢ and

a+b=c. Let
n=p(m).

Then n is even, by Exercise 4 in Section 2.3. Define the integers A,,, B,,, Cp,
as in Lemma 5.2. Then A,B,C, = 0 (mod m) and A, + B, = C,.

Moreover,
D (A, Bp, Cp) < K*(m,e).
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The integer n is even, since m > 3, and so, by Exercise 5,

B,

Since

IAN

—(b-a)

b+a)"—((b—a)

dab ((b+a)" % +

(b+a)" *b—a)*+---+(b— a)n—z)

4ab (g) (b4a)" 2

2abnc™ 2.

AnB,C, = (b—a)" (

it follows that

Therefore,

lograd(A,B,C,) < (n—1)logc+ lograd(abe) + log2n

rad(A,B,C)

= nlogc—

IN

IA

IN A

B
[¢

) e
rad (( (Bb> abc”>
rad ((b 0) (Bb) abc)
rad(b — a)rad (f . ) rad(abe)

(b—a) <§g> rad(abc)
(b—a) (2nc"~?) rad(abc)
2nc™ 'rad(abc).

eloge  ®.(a,b,c)
1+e¢ 1+e¢

+ log 2n

€ d.(a,b,c)
= 1———)logc" — ————= +1log2
( (1_’_5)71) ogc 142 + log2n

< 1
. (n+

(I4+¢e)n

Equivalently,
< <n +(n—1)

(b&f (a7 b? c)

n

(
(

€ . (a,b,c)

112 + log 2n

1)5> log C), — M + 2nlogn.

1+¢

) (i (059 Y nic)

+ 2(1+¢€)nlog?2

A

2 <log C, — <

n+(n—1)e

(L+e)n ) log rad(AanC’n)> + 4nlog 2

= 2(logC, — (1 +¢&")lograd(A, B,C,)) + 4nlog 2,
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where L (14 L .
S n+(n—1e T gm)+ (pim) - 1)e’

Since
log C,, — (14 ¢€')lograd (A, B,C,) = ®./(A,, Bn, Cy) < K*(g',m),
it follows that
P_(a,b,c) < 2K*(¢',m) + 4p(m) log 2.

Thus, for every € > 0, the function ®.(a,b,c) is bounded above, and this
is equivalent to the abc conjecture. This completes the proof. O

Exercises

1. Let a, b, ¢ positive integers such that (a,b,c) = 1 and a+b = ¢. Prove
that (a,b) = (a,c) = (b,c¢) = 1. Prove that a = b only if a = 1 and
c=2.

2. Let a,b,c be relatively prime positive integers such that c¢ is odd,
a<b<ec and
a+b=c.

For every positive integer n, define
A, = (b-—a)",
B, = "—=({b-a)",
c, = "
Prove that A,, B,, and C,, are distinct, relatively prime positive

integers such that
An,+ B, =C,,.

3. Let a, b, and ¢ be relatively prime positive integers such that c is
even, a < b < ¢, and
a+b=c.

For every positive integer n, define
b—a\"
An = ( 2 ) )
c\"™ b—a\"
mo- (2 -(55)
) - (%)
(5)
5) -

$
I
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Prove that A,, B,, and C, are distinct, relatively prime positive
integers such that
A, + B, =C,.

4. Let a, b, c be relatively prime integers such that a + b = c. Prove if ¢
is even, then exactly one of the integers ¢ and b — a is divisible by 4.

5. Prove that if n is even, then

(b+a)"—(b—a)" =4ab ((b+a)" >+ (b+a)" *(b—a)*+ -+ (b—a)""?).

5.6 Notes

One of the most fruitful analogies in mathematics is that be-
tween the integers Z and the ring of polynomials F'[t] over a
field F.

S. Lang [89, p. 196]

There are beautiful survey articles on the abc conjecture by Lang, “Old
and new conjectured diophantine inequalities” [88], Nitaj, “La conjecture
abc’ [113], and Brzeziiiski, “The abe-conjecture” [15]. Part of Lang’s article
appears in his Algebra [89, pages 194-200], which is a highly recommended
reference for all matters algebraical.

The abc conjecture was motivated in part by Mason’s theorem, which is
a polynomial analogue of the abc conjecture (see Mason [97]), and in part
by a conjecture of Szpiro on the discriminants of elliptic curves (Lang [88]).
According to Oesterlé [114, pp. 167-169], Szpiro had discussed this conjec-
ture in a lecture in Hanover in 1983; the abc conjecture arose in a discussion
between Masser and Oesterlé in 1985.

Browkin and Brzeziriski [14] contains considerable data on the values of
the function L(a, b), discussed in Exercises (9)—(12), as well as a conjectured
generalization of the abc conjecture to equations of the form a; +as +-- -+
an, = 0. The proof that the congruence abc conjecture implies the abc
conjecture is due to Ellenberg [27].

Fermat’s last theorem was proved by Taylor and Wiles [139, 156] in
1995. For a different proof of Fermat’s last theorem for polynomials, see
Greenleaf [41]. For a proof that the Catalan equation has no solution in
polynomials or rational functions, see Nathanson [102].

V. A. Lebesgue [91] proved that the diophantine equation 2™ = y? + 1
has no solution in positive integers. Chao Ko [82] proved that the only
solution of 22 = ™ + 1 in positive integers is 2 = m = 3 and y = 2.

Silverman [134] applied the abc conjecture to Wieferich primes (Theo-
rem 5.11). Wieferich [155] proved that if p is an odd prime such that the
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Fermat equation
2P 4 yP = 2P
has a solution in integers z,y, z with (p,zyz) = 1, then
2P~1 =1 (mod p?).

Computations [17] suggest that such primes are rare, and that “most”
primes are Wieferich primes. Indeed, 1093 and 3511 are the only primes p <
4 - 10?2 that are not Wieferich primes. It is an open problem to determine
whether there exists a prime p that satisfies the following two congruences:

2771 =1 (mod p?)

and
3771 =1 (mod p?).
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Arithmetic Functions

6.1 The Ring of Arithmetic Functions

An arithmetic function is a complex-valued function whose domain is the
set of positive integers. For example, the divisor function d(n) and the Euler
phi function ¢(n) are arithmetic functions.

The pointwise sum f + g of the arithmetic functions f and g is defined
by

(f +9)(n) = f(n) +g(n). (6.1)

There are two natural ways to multiply arithmetic functions f and g. The
first is the pointwise product f - g, defined by

f-g9(n) = f(n)g(n).
The second is the Dirichlet convolution f * g, defined by
(F*9)(n) =D f(d)g(n/d)= Y f(d (6:2)
dln dd'=n

where the sum is over all positive divisors d of n. Dirichlet convolution
occurs frequently in multiplicative problems in elementary number theory.
We define the arithmetic function §(n) by

1 ifn=1,
5(”):{ 0 ifn>2

and the zero function 0(n) by 0(n) = 0 for all n.
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Theorem 6.1 The set of all complex-valued arithmetic functions, with ad-
dition defined by pointwise sum and multiplication defined by Dirichlet con-
volution, is a commutative ring with additive identity 0(n) and multiplica-
tive identity 6(n).

Proof. It is easy to check that the set of arithmetic functions is an
additive abelian group with the zero function as the additive identity.

We shall prove that Dirichlet convolution is commutative, associative,
and distributes over addition, that is,

fxg=gx*f,

(f*xg)xh=fx(gx*h),
and
fr(g+h)=fxg+fxh

for all arithmetic functions f, g, and h. These are straightforward calcula-
tions. We have

frgn Zf g(n/d) = g(n/d)f(d) =" g(d)f(n/d) =g f(n)
d|n d|n
and

(Frg)xh)m) = D (frg)dh (%)

d|n

= > (f*g)(d)h(m)

dm=n

— S fkg(0him

dm=n kl=d

= 3 F(Rg©)hm)

kfm=n

= D _fk) D g)h(m)

k|n tm=n/k

= Y5k Y 90k (1)

k|n L(n/k)

:Zf g*h()

k|n

= (fx(gxh))(n).

Similarly,

Fx(g+h) Zf (9(n/d) + h(n/d))
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Zf g(n/d) +Zf h(n/d)

d|n

= f*g( )+ [ h(n).

Finally, we observe that
Zé f(n/d) = f(n)

for every arithmetic function f, and so the arithmetic functions form a
commutative ring with multiplicative identity §(n). This completes the
proof. O

Recall that a derivation on a ring R is an additive homomorphism D :
R — R such that

D(zy) = D(z)y + xD(y)
for all x,y € R.
Theorem 6.2 Consider the arithmetic function L(n) defined by
L(n) =logn foralln>1.

Pointwise multiplication by L(n) is a derivation on the ring of arithmetic
functions.

Proof. Observe that if d is a positive divisor of n, then
L(n) = L(d) + L(n/d).
We must prove that
L-(fxg)=(L-f)xg+[f=(L-g)

for all arithmetic functions f and g. We have

L-(fxg)(n) = L(n))_ f(d)g(n/d)

d|n
= Y L(n)f(d)g(n/d)
d|n
= > _(L(d) + L(n/d)) f(d)g(n/d)
dln
= > L(@d)f(d)g(n/d)+ Y f(d)L(n/d)g(n/d)
d|n dln

= (L-f)xg+ [f*(L-g)
This completes the proof. O
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Ezercises

1. Define the arithmetic function 1(n) by 1(n) = 1 for all n. Prove that
1% 1(n) =d(n).

2. For every positive integer k, let di(n) denote the number of k-tuples
of positive integers (a1, as,...,ax) such that n = ajas---ag. Prove
that

dg(n) =1%1%---x1(n).
—_—
k times

3. Let f and g be arithmetic functions. Prove that f ¢ = 0 if and only
if f=0o0r g=0.]It follows that the ring of arithmetic functions is
an integral domain.

4. Let A be the ring of complex-valued arithmetic functions. An arith-
metic function f is called a wunit in A if there exists an arithmetic
function g such that f x g = 8. Prove that f € A is a unit if and only
if f(1) #£0.

5. For every positive integer N, let Iy be the set of all arithmetic func-
tions f(n) such that f(n) = 0 for all n < N. Prove that Iy is an
ideal in the ring of arithmetic functions.

6. Let f and g be arithmetic functions. Prove that

" /n
L"(f+g) = L™k fx LFg.
(Fro)=>_ ( k) fxItg
k=0
7. Let J be the additive abelian semigroup consisting of all sequences

J = {ji}$2, of nonnegative integers such that j; = 0 for all sufficiently
large i. Addition of elements in J is defined coordinate-wise.

Let t1,t2, ... be an infinite sequence of variables. For every J € J we
define the monomial ‘
/=] #"
Jiz1

If J is the sequence with j; = 0 for all 4, then ¢/ = 1. Let R be the
set of all expressions of the form

Z CLJtJ,
JeJ

where the coefficients a; are complex numbers. We define the sum
and product of elements of R by

Za]tJ+ ijt']: Z(GJ+bJ)tJ

JeJ JeJ JeJ



10.

6.1 The Ring of Arithmetic Functions 205

and

(Z ClJltJ1> <Z sztJ2> = Z aJleQtJ1+J2.

J1eTJ J2eTJ Ji,J2€T

Prove that R is an integral domain, that is, a commutative ring with
no zero divisors.

Remark. This ring is called the ring of formal power series in in-
finitely many variables tq,to ... with coefficients in C. It is denoted
by C[[tl,tz, . H

. Let P = {p1, pa2, ps3, . . .} be the sequence of primes in ascending order,

that is, p1 = 2,p2 = 3,p3 = 5,. . . . By the fundamental theorem of
arithmetic, to every positive integer n we can associate a sequence

J, € J as follows: If
n=T]p"",
i=1

then
In = {vp,(n) }32;.
Prove that this is a bijection between N and J.

. Let A be the ring of complex-valued arithmetic functions. For every

arithmetic function f € A we define the formal power series

o(f) =Y f(m)t" € Clltr, ta,.. ],

neEN

where J,, € J is the sequence constructed in Exercise 8. Prove that
the map

D A — C[[ty,ta,...]]
is a ring isomorphism.

Remark. Since the ring of formal power series in infinitely many vari-
ables is a unique factorization domain, it follows that the ring of
complex-valued arithmetic functions is also a unique factorization
domain.

For arithmetic functions f and g, define the product f x g by

n—1

frgn)=>" f(k)gn—k).

k=1

Is this product commutative? Is it associative? What is f x 67
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6.2 Mean Values of Arithmetic Functions

We define the mean value F(x) of an arithmetic function f(n) by

F(z)=Y_ f(n)

n<lz

where the sum is over all positive integers n < z. In particular, F(z) =0
for # < 1. The function F(z) is also called the sum function of f. We
shall describe two simple but powerful tools for estimating sum functions in
number theory. The first is integration and the second is partial summation.

The integer part of the real number z, denoted by [z], is the unique
integer n such that n < x < n + 1. The fractional part of x is the real
number {z} = z — [z] € [0,1). For example, [-3] = -2 and {-3} = &,
Every real number z can be written uniquely in the form z = [z] 4+ {z}.

A function f(t) is unimodal on an interval I if there exists a number
to € I such that f(¢) is increasing for ¢ < to and decreasing for ¢ > tq. For
example, the function f(t) = log"¢/t is unimodal on the interval [1,00)
with to = ek.

It is proved in real analysis that every function that is monotonic or
unimodal on a closed interval [a, ] is integrable.

Theorem 6.3 Let a and b be integers with a < b, and let f(t) be a function
that is monotonic on the interval [a,b]. Then

b b
min(f(a), f(b)) < Y f(n) - / f(®)dt < max(f(a), f(b)). (6.3)

Let x and y be real numbers with y < [z], and let f(t) be a nonnegative
monotonic function on [y, x]. Then

S i / F(t)dt] < max(f(y), /(x). (6.4)

y<n<z

If f(t) is a nonnegative unimodal function on [1,00), then

Pla) = /f )t +O(1). (6.5)

n<w

Proof. If f(t) is increasing on [n,n + 1], then

n+1
f(n) < / @t < f(n+ 1),

If f(t) is increasing on the interval [a, b], then

/f dt<Zf < f(b) /f
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Similarly, if f(¢) is decreasing on the interval [n,n + 1], then

n+1
fn+1) < / F(®)dt < f(n).

If f(t) is decreasing on the interval [a, b], then

b b b
f0)+ [ fwar< Y s < fa)+ [ s

This proves (6.3).
Let f(t) be nonnegative and monotonic on the interval [y, z]. Let a =
[y] +1 and b = [z]. We have y < a < b < x. If f(¢) is increasing, then

Yo f) = Y fn)

y<n<z a<n<b
b
< / byt + £(b)
< /wf(t)dt+f(x)~
Since "
fla) > / f(t)dt
and .
f(x) > /b f(tydt,

it follows that

b
S fm) = / F(®)dt + £(a)

y<n<z

%

/y$f(t)dt/bwf(t)dt+f(a)/yaf(t)dt

v

| 1w s
Therefore,

> s [

y<n<z

< f(x).

If f(t) is decreasing, then

Yo f) = Y fn)

y<n<z a<n<b
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< / F(t)dt + f(a)

< /xf(t)dt+f(y)~
Since .
f(b) > /b F(t)t
and "
) > / f(t)dt,

it follows that

b
S ) = / F()dt + F(b)

y<n<z

> [ s s - [ rwa- [ s
> [ rwa- 1w

and

> s - [ s < )

y<n<z

This proves (6.4).
If the function f(t) is nonnegative and unimodal on [1,00), then f(¢) is
bounded and (6.5) follows from (6.4). O

Theorem 6.4 For x > 2,
Zlogn =zlogz — x4+ O (logx).
n<z

Proof. The function f(t) = logt is increasing on [1, z]. By Theorem 6.3,

x x
/ log tdt < Z logn < / log tdt + log x,
1 1

n<xz

and so
Z logn = zlogz — x4+ O(log z).

n<x

This completes the proof. O
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Theorem 6.5 Let r be a nonnegative integer. For x > 1,

log" n 1
= log" ™z +0(1
Z n 7"+]_ Og x+ ( )’

n<zx
where the implied constant depends only on r.

Proof. The function f(¢) = log"t/t is nonnegative and unimodal on
[1,00) with maximum value (r/e)” at o = €”. By Theorem 6.3,

log" n * log" tdt 1
P

n<zx

log" ™tz +0O(1).

This completes the proof. O

Theorem 6.6 Let k be a nonnegative integer. For x > 1,

log®(z/n 1
Z g(/)f

o =T log" ™ 2 + O(log" z),

n<z
where the implied constant depends only on k.

Proof. The idea is to expand log®(z/n) by the binomial theorem and
apply Theorem 6.5. We have

n

Zlogk(x/n) _ g(loga:—logn)k

n<z

since
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by Exercise 8. O

Theorem 6.7 Let k be a positive integer. Then

1 1
Z — = —log"z 4+ O(log" ' 2),
ny--Ng k!
ny-nEp<x
where an---nk<m denotes the sum over all k-tuples of positive integers
(n1,...,ng) such that ny ---ny < .

Proof. By induction on k. For k = 1, we set » = 0 in Theorem 6.5 and
obtain

1
E — =logz + O(1).
ni
n <z

Assume that the result holds for the positive integer k. Then

Z 1

n .. -n n
Ny NEpNg+1 ST ! kPht1

1 1
> D TS

ng+1<z Kag ny-np<e/ngpy1
1 1 _
= Z (k' log" (z/nk11) + O(log 1(55/nk+1))>
ng4+1<T M1 ’

1 k
= > [ (logz — log n41)

ng+1<x
1
+ 0 |log" 1tz
Z< Nk+1
NEg4+13T
1
= Z T (logx — logn)k +0 (10gk x) .

n<x n

We use the binomial theorem and Theorem 6.5 to compute the main term.

k
1 ko _ 1 r k k—r r
Z . (logz —logn)” = Z . (-1) (r) log" " xlog" n
n<x n<lx r=0
k
B (=1)" [k - log" n
- Z Kl \r log” " Z n

n<x

k
(_1)r k k—r 1 r+1
o\ lee ey les e 00
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k

= %logk+1 xz (r_—i)lr (l;) +0 (logk x)

r=0

1
= m log" 2+ 0 (log’C m) ,

by Exercise 8. O

Theorem 6.8 (Partial summation) Let f(n) and g(n) be arithmetic func-
tions. Consider the sum function

F(x) =Y f(n).

Let a and b be nonnegative integers with a < b. Then

Y flmg(n) = F(b)g(b) ~ Fla)g(a+1)

b—1
— > Fn)(gn+1)—g(n)). (6.6)

n=a+1
Let x and y be nonnegative real numbers with [y] < [z], and let g(t) be a
function with a continuous derivative on the interval [y, x]. Then

x

> f(n)g(n):F(w)g(x)—F(y)g(y)—/ F(t)g'(t)dt. (6.7)

y<n<z Yy

In particular, if x > 2 and g(t) is continuously differentiable on [1,x], then

> fw)gln) = Flolg(o) - | " P (1. (6.8)

n<x

Proof. Identity (6.6) is a straightforward calculation:

b
> f(m)g(n)

n=a+1

(F(n) = F(n—1))g(n)
n 1
b—1

F(n)g(n) =Y F(n)g(n +1)

1 n=a

)= 10-

+

n=a

b—1
= F(b)g(b) — Fla)gla+1) = Y F(n)(g(n+1) = g(n)).

n=a+1
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If the function g¢(t) is continuously differentiable on [y, x], then

n+1
g(n+1) - g(n) = / J(t)dt.

Since F(t) = F(n) for n <t < n+ 1, it follows that

n+1
F() (g(n+ 1)~ gm) = [ F(O)g ()at
Let a=[y] and b= [z]. Sincea <y <a+1<b<z <b+1, we have

Y fn)g(n)

y<n<z

b
— Y fm)en)

n=a+1
b—1
= F(b)g(b) — F(a)g(a+1) — F(n)(g(n+1) —g(n))
n—;l;‘; .
— F@g®) - Fwga+ - Y. [ Fog
n=a+17"1
= F(x)g(z) — F(y)g(y) — F(z)(g(x) — g(b)) — F(y)(g(a+1) - g(y))
b
7/ F(t)g'(t)dt
a+1

This proves (6.7).
If > 2 and g(¢) is continuously differentiable on [1, z], then

Y fmgn) = f(Lg()+ Y fln)g(n)

n<z 1<n<lz

— JWg)+ Falgte) - P - | " F()g (1)t
- P - [ Fogoe

This proves (6.8). O

Letting = 0 in Theorem 6.5, we obtain . 1/n =logz+O(1). Using
partial summation, we can obtain a more precise result.
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Theorem 6.9 Forx > 1,

1
Y~ =logz+y+r(),

n<lx

where 0
It
0 =1- —dt <1
<7y /1 2 <
and
r(@)] < =
-

The number v = 0.577... is called Euler’s constant. A famous unsolved
problem in number theory is to determine whether v is rational or irra-
tional.

Proof. Since 0 < {t} < 1 for all ¢, we have

0</ @dt</ ldt:l,
P p
and so v € (0,1).

We apply partial summation to the functions f(n) = 1 and g(¢) = 1/t.
Then F(t) =3_,.,1=[t] and

S0 = Y fmgln)

n<x n<x

X
{=} /””1 “A{t}
= 1—7 - — _—
- + ) tdt : o) dt
< {t} < {t} {x}

= logz + v +r(z),

where -
[T, @)

ﬁ

r(z) =

Moreover, |r(z)| < 1/z since 0 < {z}/z < 1 and

< {t 1 1
z U z U T
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Theorem 6.10 Let A = {a;}$2, be an infinite set of positive integers with

a1<a2<a3<-~-.lf
loga?

a; <z
for x > 2, then the series
o0
>
iz i
converges.
Proof. Let xa(n) be the characteristic function of A, that is,

(n) = 1 ifneA,
XA =3 0 ifn¢g A

There exists a number ¢ such that

ZXA

n<zx

_log T

for all z > 2, and A(z) <1 for 1 <z < 2. Applying partial summation, we
obtain

Z L xa(n)

a1<x n<x
A T
_ (x)+/ A(tz)dt
X 1 t

< c n 1 n /C‘c dt
T T NN e
= logiz 2 o tlog?t

c 41 1 N /log’“' du
= C JR—
log x 2 log 2 u?

< ©oQ.

This completes the proof. O

Theorem 6.11 Forx > 2,

Zlog2n: zlog®z — 2zlogz + 2z + O (log” z) .

n<z
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Proof. We use partial summation with f(n) =1 and g(t) = 10g2 t. Then
F(t) = [t] and ¢'(t) = 2logt/t. Then

Z log2 n

n<z

!
[z] log® x — 2/ [t]%gtdt
1

(x — {z})log?z — 2/;3 Wdt

r T {t}logt
zlog® 2 + O(log® z) —2/ logtdt+2/ {}%dt
1 1

zlog? z — 2z log z + 2z + O(log? x).

This completes the proof. O

Theorem 6.12 For x > 2,

Z log? % =2z +0 (log2 m) .

n<lx

Proof. From Theorem 6.4 and Theorem 6.11, we obtain

2T
Zlog o=

n<x

Z (log x — logn)?

n<x

Z:(log2 x — 2log zlog n + log® n)

n<zx

[z]log® z — 2log x Z logn + Z log®n

n<xz n<lx
zlog?z — 2logz(xlogz — x) + zlog? z — 2xlog x + 22 4+ O (10g2x)
2z + O (log2 3:) .

This completes the proof. O

Exercises

1. Prove that

n\" n\"
e(f) <n!<en(f) .
e e

Hint: Use partial summation to estimate logn!.

2. Let f(n) be an arithmetic function such that

F(z) = f(n)=O(a).

n<z
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Prove that
Z fn) = O(log z).
n<x n
Prove that
I > {t} —1/2

For 0 <a <1, let

Prove that

Prove that
Z log"n = zlog" 2 + O(zlog" ' )

n<x

for all positive integers k.

Prove that
Z log A O(log ).
n

n<lx

Prove that
Z log® Lo klz+ O(log" z)
n

n<x

for all positive integers k.

Prove that for every nonnegative integer k,

Xk: (rj)lr (i) B k}rl'

r=0

Prove that for every positive integer j,
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10. Let a,b and k be positive integers, with a < b and k > 2. Prove that

b

1 1 1 1
Sa=(-a)rol@)
b

1 1 1 1 1
szk—1<bk—1_ak—l>+o<ak>’

Z _ O(loglog ).

= 1+nlogn

Prove that

11. Prove that

6.3 The Mobius Function

The Mébius function u(n) is defined as follows:

1 ifn=1,
pu(n) =< (=1)F if n is the product of k distinct primes,
0 if n is divisible by the square of a prime.
We have
p(l) = 1, u(6) = 1,
p4) = 0, 1(9) 0,
ws) = -1, w(o) = 1.

An integer is called square-free if it is not divisible by the square of a prime.
Thus, p(n) # 0 if and only if n is square-free.

Recall that an arithmetic function f(n) is multiplicative if f(mn) =
f(m)f(n) whenever (m,n) = 1.

Theorem 6.13 The Mdbius function u(n) is multiplicative, and
|1 dfn=1,
;“(d) = { 0 ifn>1. (6.9)

Proof. Multiplicativity follows immediately from the definition of the
Mobius function, since if m and n are relatively prime square-free integers
with k and ¢ prime factors, respectively, then mn is square-free with k + ¢
factors, and
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Next we prove the convolution formula (6.9). If n = 1, then

> u(d) = p(1) = 1.
d|n
For n > 2, let
n=plt-.pi
be the standard factorization of the integer n. Then r > 1. Recall that the
radical of n is the largest square-free divisor of n, that is,

rad(n) =p1 - pr

is the product of the distinct primes dividing n. Let m = rad(n). If d divides
n and p(d) # 0, then d is square-free, and so d divides m. Since m is the
product of k primes, it follows that there are exactly (’:) divisors of m that
can be written as the product of ¢ distinct primes, that is, the number of
divisors d of m such that w(d) =i is (’f) Therefore,

> p(d) > p(d)

d|n dlm

= Zk: > ()

i=0 dlm
w(d)=i

k
- Y Sy
=0

d|m
w(d)=i

k .
= ; (?)(1)1
1-1)"

.

This completes the proof.
We defined the arithmetic function 1(n) by 1(n) = 1 for all n. Using the
Dirichlet convolution, we can restate Theorem 6.13 as follows:

wxl=24,
and so the Mdbius function p is a unit with inverse 1.

Theorem 6.14 (M&bius inversion) If f is any arithmetic function, and
g is the arithmetic function defined by

g(n) =Y _ f(d),

d|n
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then

fn)=>"u (g) g9(d).
dln

Similarly, if g is any arithmetic function, and f is the arithmetic function
defined by
n
f(n) = dZu (3) g(d),

then

g(n) = f(d).

dln

Proof. We use Theorem 6.13 and the commutativity and associativity
of Dirichlet convolution. The definition

g(n) =Y f(d)
d|n

is equivalent to
g=fx1
Then
grp=(fx)xp=[fx1xp)=frxéb=7f
Similarly, if
f=gxp
then
frl=(gxp)xl=gx(uxl)=gx6=g.
This completes the proof. O

The following result gives a useful identity for sum functions of arithmetic
functions. The proof can be described geometrically as a sum over the
lattice points (m, d) under the hyperbola v = x/u in the positive quadrant
of the uv-plane.

Theorem 6.15 Let f(n) be an arithmetic function and

F)= Y f(n).

n<zx

Then
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Proof. We have

Yr(n) = X X

m<x m<z d<z/m

= > f(d)

dm<z

= Y@ Y 1= 1@ b].

d<z m<z/d d<z

= Y > fd)

n<z d|n

> ()= X s~

m<zx dm<x

Also,

This completes the proof. O

Theorem 6.16
Z p(n) _
n
n<z

Proof. Applying Theorem 6.15 with f(n)
we obtain

by Theorem 6.13. Since

Su@ 5] =e M-S u@ {3
d<z d<z d<z
it follows that
w(d
> =
Therefore,
Z ud) _
= d
and so

p(d)
ZZT—

>N f)

n<xz dln

= p(n) and

=1.
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This completes the proof. O

Theorem 6.17

Proof. The Riemann zeta function

)=

ns
n=1

converges absolutely for s > 1. Similarly, the function

Gls) = o p(n)

ns
n=1

converges absolutely for s > 1. Therefore,

(e = Y5> M

by Theorem 6.13, and so

n=1
for s > 1. Since
1 w2
2 = _— = —
<) ; =
it follows that
1 i u(n) _ 6
(@ LW~
and so
p(n) 6 p(n) 11
n?  w2| n? < 2 < x
n<x n>x n>x

This completes the proof. O

221
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Exercises
1. Compute p(n) for 11 < n < 30.

2. Let f(n) be an arithmetic function, and define g(n) =3_,,, f(d). Use
Mébius inversion to write f(30) as a sum and difference of values of
the arithmetic function g.

3. Let d(n) be the divisor function. Prove that
n
2 ik (7)=1
for every positive integer n.
Hint: Problem 1 in Section 6.1.
4. Let o(n) denote the sum of the positive divisors of n, that is,

o(n) = Z k.

k|n

ot (2) =n

k|n

Prove that

for every positive integer n.

5. Let f(z) be a function on the set of real numbers z > 1. Define the

function g(x) by
g@) =Y 1 (%)

n<x

@)=Y un)g (%)

n<x

Prove that

6. Let g(z) be a function on the set of real numbers x > 1. Define the

function f(x) by
@)= numg (%)

n<z

g@) =Y 7 (%)

n<zc

Prove that

7. Let @ > 0. Let f(z) be a function on the set of real numbers x > 1.
Define the function g(x) by



10.

11.
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Prove that

flay= Y Mg (L))

n< ne
ngwl/a

Let o > 0. Let g(z) be a function on the set of real numbers z > 1.
Define the function f(z) by

sw= 3 ().

nl/a<g

Prove that

o= 3 ot (i)

ngxl/a

Prove that every positive integer n can be written uniquely in the
form n = k2¢, where k and ¢ are positive integers and ¢ is square-

free. Prove that
) = 3 uld).

d2|n

Prove that the density of the square-free integers is 6/7%. Equiva-
lently, let Q(x) denote the number of square-free integers not exceed-
ing x. Prove that

lim %:E

Tr— 00 €T 7T2

Hint: n is square-free if and only if u?(n) = 1, and

Q) =Y. 1) = Y uld) | 55| = 2 +O(a).

n<x d?<z

Define the von Mangoldt function

| logp if n = p¥ is a prime power,
An) = { 0 otherwise.
Let
L(n) = logn.
Prove that
L=1xA
and

A(n) =— Z w(d)logd.
d|n



224 6. Arithmetic Functions
6.4 Multiplicative Functions

In this section we prove some general properties about multiplicative arith-
metic functions.

Theorem 6.18 If f is a multiplicative function, then
f([m,n]) f((m,n)) = f(m)f(n)

for all positive integers m and n.

Proof. Let p1,...,p, be the prime numbers that divide m or n. Then

s
ki
it
=1
and
T
0
m =[],
=1

where kq,...,kq,f1,..., ¢, are nonnegative integers. Then
T max(ki )
kil
] = T oot
i=1

and .
in(kq,€;)
(m,n) = ] pi™ ",

=1

Since
{max(k‘i,&), mln(kz,&)} = {k'Mg’L}

and since f is multiplicative, it follows that

f(m,n])f((m,n)) = ljf (@nax(ki,ei)) ﬁf (pgnin(ki,é%)>

=1
= _Hf(pi»“) H 5
= f(m)f(n).

This completes the proof. O

Theorem 6.19 Let f be a multiplicative function with f(1) = 1. Then

> ould)f(d) =T - f)
d|n

pln
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Proof. The identity holds for n = 1. For n > 2, let m = rad(n) be
the product of the distinct primes dividing n. Since u(d) = 0 if d is not
square-free, it follows that

S o) f(d)=> ) f(d) =[]0 - f@) =[]0 - f@).
d|n

dlm plm pln

This completes the proof. O

The sequence of prime powers is the sequence
2,3,4,5,7,8,9,11,13,16,17,19,23,25,27, . . . .
The smallest power that is not a prime power is 36.

Theorem 6.20 Let f(n) be a multiplicative function. If

lim f(p*) =0

pk—»oo
as p* runs through the sequence of all prime powers, then

lim f(n)=0.

n—oo

Proof. Since lim»_, o f (p*) = 0, it follows that there exist only finitely
many prime powers p* such that |f(p¥)| > 1, and so we can define

A= I 1161
1F(p¥)[>1

Then A > 1.
Let 0 < € < 1. There exist only finitely many prime powers p* such that
|f(p*)| > €/A, and so there are only finitely many integers n such that

[f(P")] =

o

for every prime power p* that exactly divides n. Therefore, if n is sufficiently
large, then n is divisible by at least one prime power p* such that |f(p*)| <
g/A, and so n can be written in the form

r+s r+s+t

s
n=]Iree II 2& I »¥
1=1

i=r+1 i=r+s+1

where p1, ..., Dr+s4¢ are distinct prime numbers such that

(o)

>1 fori=1,...,r,
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%§|f(pfi|<1 fori=r+1,...,7+s,
|f(pf <% fori=r+s+1,....,7+s+t,
and
t>1.
Since f is multiplicative,
T r+s r+s+t
Fe) =TT TT @il T 1Fei)) < Ae/A) <e.
=1 i=r+1 i=r+s+1

This completes the proof. O

Ezercises

1. Let f be a multiplicative function. Prove that if f(1) = 0, then f is
identically equal to 0, that is, f(n) = 0 for all n. Prove that if f is
not identically equal to 0, then f(1) = 1.

2. Prove that a multiplicative function is completely determined by its
values on prime powers p*.

3. Prove that if f and g are multiplicative functions, then f x g is also
multiplicative.

4. Define the arithmetic functions w(n) and Q(n) as follows: If

k ko
n:pll...pr

is the standard factorization of the positive integer n, then
wn)=r
is the number of distinct prime divisors of n, and
Qn) =ki+---+k;

is the total number of prime factors of n. Prove that n is square-free if
and only if w(n) = Q(n). Prove that the arithmetic function (—1)~(")
is multiplicative.

5. An arithmetic function f is called completely multiplicativeif f(mn) =
f(m)f(n) for all positive integers m and n. Prove that Liouville’s
function

An) = ()%™
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is completely multiplicative. Prove that
Z Ad 1 if n is a square,
0 otherwise.

6. Prove that for every 6 > 0,

lim #(n)

= OQ.
n—oo nl— 6

Hint: Apply Theorem 6.20 to the multiplicative function f(n) =
n'=%/p(n). Observe that

7. Prove that

1 i 1 1
[L(-5)=100-5)>
pln k=2
Hint: Consider the identity

() - M) L)

8. Prove that
1 ¢(n)o(n)

- < ———= < 1.
2 n2
Hint: Observe that for every prime power p*,
e (*) _ 1 1
2k =1- k+121_7'
p p p

9. Prove that
n < o(n) < n'te

for every 6 > 0.
Hint: Apply Exercise 6 and Exercise 8.

6.5 The mean value of the Euler Phi Function

The Euler phi function is
1 d
n)—nH(l—p) :nZ$: > d'u(d). (6.10)
pln dln d'd=n

We shall find an asymptotic formula for the mean value of the Euler phi
function.
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Theorem 6.21 Forxz > 1,
_ 3z

O(z) = Z on)=— +0(xzlogz).

2
Proof. We have
®(2)

I
(]
S
=

d—d + O (zlogx)

= 2z + O (xzlogzx).
71'
0O

This completes the proof.

Theorem 6.22 The probability that two positive integers are relatively
prime is 6/72.

Proof. Let N > 1. The number of ordered pairs of positive integers
(m,n) such that 1 <m <n < Nis N+ (J;[) = N(N + 1)/2. The number
of positive integers m < n that are relatively prime is ¢(n), and so the
number of pairs of positive integers (m,n) such that 1 <m <n < N and
m and n are relatively prime is

3N?
> ¢(n) ="5 +0(NlogN).
n<N T

Therefore, the frequency of relatively prime pairs of positive integers not
exceeding N is

N L O(NlogN) 6 <1ogN> 6
= —

N(N+1)/2 =2 N T
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as N — oo. This completes the proof.

Exercises

1. Use Mobius inversion to prove identity (6.10):

o(n) = nz @
d|n

2. Prove that

lim sup M =1.
n— oo n

Hint: Consider ¢(n) for n = p prime.

6.6 Notes

Everything in this chapter is classical number theory. For other elementary
results on arithmetic functions, see Hardy and Wright [60].

There is a vast literature on the distribution of values of arithmetic func-
tions. For a comprehensive survey of this field, see Elliott, Probabilistic
Number Theory I, II [28, 29].
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Divisor Functions

7.1 Divisors and Factorizations

The divisor function d(n) counts the number of positive divisors of n. Thus,

1) = 1, ae6) = 4
a2) = 2, ar) = 2
@3) = 2, (8) = 4,
i) = 2, d( 0 — 4

1
We can write down an explicit formula for d(n) in terms of the prime powers
that exactly divide n. Let
n = Hpvp(n)

pln

Every divisor d of n is of the form
d=]]r",
pln
where a,, is an integer such that
0 < a, <wvy(n).
Since each exponent a, can be chosen in v,(n) + 1 ways, it follows that

d(n) = [J(vp(n) +1).

pln
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Theorem 7.1 The divisor function d(n) is multiplicative.

Proof. Let m and n be relatively prime integers,

m = Hp“p(m)

plm

n = quq(”).

qin

and

Since (m,n) = 1, the set of primes that divide m and the set of primes that
divide n are disjoint. Therefore,

mn = Hp'”p(m) H qvq(”)
plm qln
is the standard factorization of mn, and
d(mn) = [ (vp(m) + 1) [T(vg(n) + 1) = d(m)d(n).
plm aln

This completes the proof. O

Theorem 7.2 For every e > 0,
d(n) <. n®.
Proof. Let ¢ > 0. The function f(n) = d(n)/n® is multiplicative. There-
fore, by Theorem 6.20, it suffices to prove that
lim f(p*) =0
pk—»oo

for every prime p. We observe that

k+1
ke /2

is bounded for £ > 1, and so

fo* =

IN

<
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This completes the proof. O

Theorem 7.3 Forx > 1,

D(z) = Z d(n) =zlogz + (2y — 1)z + O(Vx).

n<x

The problem of estimating the sum function D(z) is called Dirichlet’s
divisor problem.

Proof. We can interpret the divisor function d(n) and the sum function
D(z) geometrically. A lattice point in the plane is a point whose coordinates
are integers. A positive lattice pointin the plane is a point whose coordinates
are positive integers. In the uv-plane,

dn)=> 1=>"1
d|n

n=uv

counts the number of lattice points (u,v) on the rectangular hyperbola
uv = n that lie in the quadrant v > 0,v > 0. The sum function D(x)
counts the number of lattice points in this quadrant that lie on or under
the hyperbola uv = z, that is, the number of positive lattice points (u,v)
such that 1 <u <z and 1 < v < x/u. These lattice points can be divided
into three pairwise disjoint classes:

1<u<+z and 1<wv<r,
1<u<yz and Vz<v<az/u,

Vr<u<z and 1<v<z/u.

The third class consists of the lattice points (u,v) such that
1<v<+vz and Vz<u<az/v

It follows from Theorem 6.9 that

vt ¥ (G- 2 (5] -1va)

1<usyz 1<v<Vz

ValP+2 > (] - [val)

u
1<u<z

D(x)
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> 3 [

1<uzva

Ce 3 () v
1<u<vz

= 2 Y 7—2 3 { }—x+0(\/5)
1§u<\/§ 1<u</@

= 27 (1og\/5+7+0<\/15)) —z+0(x)

= zlogz+ (2y — )z + O(Vx).

This completes the proof. O

Theorem 7.4 Forxz > 1,

A(z) = Z (logn —d(n) 4+ 2v) =0 (ml/Q) .

n<x

Proof. By Theorem 7.3 we have

Zd(n) =zlogx+ 2y -1z + 0O (1:1/2).

n<x

By Theorem 6.4 we have

Zlogn =zlogz — x + O(log x).

n<z

Subtracting the first equation from the second, we obtain

Z (logn —d(n) +2v) =0 (11/2> —2v{z} + O(logz) = O (:1:1/2) .

n<z

An ordered factorization of the positive integer n into exactly £ factors
is an ¢-tuple (dy, ..., dy) such that n =dj - - - dg. The divisor function d(n)
counts the number of ordered factorizations of n into exactly two factors,
since each factorization n = dd’ is completely determined by the first factor
d. For every positive integer ¢, we define the arithmetic function dy(n) as
the number of factorizations of n into exactly ¢ factors. Then di(n) = 1
and dz(n) = d(n) for all n.
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Theorem 7.5 For every £ > 1, the function dy(n) is multiplicative, and

de(p*) = (a Zf; 1)

for all prime powers p®.

Proof. Let (m,n) = 1. For every ordered factorization of mn into ¢
factors we can construct ordered factorizations of m and n into £ parts, as
follows. If mn = dy---dy is an ordered factorization of mn into ¢ parts,
then, by Exercise 20 in Section 1.4, for each i = 1,. ..,/ there exist unique
integers e; and f; such that e; divides m, f; divides n, and d; = e;f;.
Then m =e;---e; and n = f; - -- f; are ordered factorizations of m and n,
respectively. This construction is reversible, and so establishes a bijection
between ordered factorizations of mn and pairs of ordered factorizations of
m and n. It follows that d¢(mn) = dg(m)ds(n), and so the divisor function
dy is multiplicative.

An ordered factorization of the prime power p® can be written uniquely
in the form p® = p® --.p®, where (by,...,b;) is an ordered /(-tuple of
nonnegative integers such that by + --- + by = a. It follows that dy(p®) is
exactly the number of ordered partitions of a into exactly ¢ nonnegative
parts. Imagine a sequence of a+¢—1 red squares. If we choose £—1 of these
squares and color them blue, then the remaining a red squares are divided
into exactly ¢ subsequences (possibly empty) of consecutive red squares,
separated by blue squares. Every ordered partition of ¢ into £ nonnegative
parts can be uniquely constructed in this way, and so dy(p®) is the number
of ways to choose £ — 1 squares from a set of a + ¢ — 1 squares, that is,

a) = ("7,

This completes the proof. O

Theorem 7.6 For (> 2,

Dy(z) = Z de(n) = (g_ll)!$10g€—lx L0 (zlogz_Q sc) '

n<lzx

Proof. The proof is by induction on £. By Theorem 7.3, Dy(z) = x log 2+
O(z). Now assume that the result holds for some integer ¢ > 2. The nota-
tion ), 4, means a sum over all ordered (-tuples (d1, ..., dy) of positive
integers. Applying Theorem 6.7, we obtain

Dpyi(z) = Zde+1(n)

n<z
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2. 2!

YLSQf dl "'dg+1:’l’b

- Yy

n<x dy---de|n

- Z [d1 .x..dé]

dy-de<az

1
= 7 Z d"-dg+0 Z 1

dy-dg<a 1 dy-dp<w

1 Z
= 2 (2% L0 (mlogefl a:) + O(Dy(x))

T logé T

= / + 0 (x logh1 a:) .

This completes the proof. O

FEzercises

1. Compute d(n) for 11 < n < 20.
2. Prove that n is prime if and only if d(n) = 2.

3. Prove that d(n) is prime if and only if n = p?~!, where p and ¢ are
prime numbers.

4. Prove that d(mn) < d(m)d(n) for all positive integers m and n.

[Jd=nir2.
d|

5. Prove that

6. Prove that
Z d*(n) > xlog® x.

n<z

Hint: Apply the Cauchy—Schwarz inequality to D?(x).
d*(n).

Remark. In Theorem 7.8 we obtain an asymptotic formula for 3 | <z

7. Let w(n) denote the number of distinct prime divisors of n, and let
Q(n) denote the total number of prime divisors of n. Prove that

Prove that d(n) = 2¢(") if and only if n is square-free.
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11.

12.

13.

14.

15.
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. Let § > 0 and = > e°. Prove that the number of positive integers

n <z with d(n) > (logz)'*? is O(z(log z)~?%).
Hint: D(z) = O(zlog z).

Let » > 1 and = > e°. Prove that the number of positive integers
n < x with w(n) > rloglogx is O (z(logz)'~"'e2).

Find all positive integers £k < 10 such that 4k + 1 and 6k + 1 are
simultaneously prime. Let ny = 12k + 2. Prove that if 4k 4+ 1 and
6k + 1 are simultaneously prime, then d(ng) = d(ng + 1).

Remark. 1t is an unsolved problem to determine whether there are
infinitely many integers n such that d(n) = d(n + 1).

de(n) = 1] (Up(nzjf - 1)

pln

Prove that

for all positive integers ¢ and n.

Let ¢ > 1. Prove that

Zdeﬂ Z Z dz

n<x d<z n<x/d
Prove that
l
Z og Ty O(log x).
n<z

Let 0 < a < 1. Prove that

Z d(n) _ xl—Oé logm +O(.’L‘1_a)

no l1—«

n<x

Let o« > 1. Prove that

7.2 A Theorem of Ramanujan

In Theorem 7.3 we computed the mean value of the divisor function d(n). In
this section we shall determine the mean value of the square of the divisor
function. We begin with an alternative representation for d(n).



238 7. Divisor Functions

Theorem 7.7
d*(n) = Y p()ds (53)

62|n

Proof. Define the arithmetic function i as follows:

0 otherwise.

i(n) = { u(y/n) if n is a square,

By Exercise 1, the function p is multiplicative. Since the Dirichlet convolu-
tion of multiplicative functions is multiplicative (Exercise 3 in Section 6.4),
the function f * d4 is multiplicative, and

frdin) = Y ild)ds (%)
We shall prove that fi  ds(p®) = (a + 1)? for every prime power p®. By
Theorem 7.5,
a a+3
d4(p ): < 3 >a

pedulp) = o) (L) = i) = () =1

82|p

and so

If @ > 2, then

fi* da(p*)

Il
=
—
>
QU
Ny
7 N
o«a"ﬁ
SIS
~

52|pa
dy (p*) — dy (p°72)
_ a+3 _(a+ 1
B 3 3
= (a+1)>2
Since d(p®) = a + 1, it follows that
d*(p*) = (a +1)* = fu* da(p?)

for all prime powers p®. The functions d? and fi*d4 are both multiplicative.
Since multiplicative functions are completely determined by their values on
prime powers (Exercise 2 in Section 6.4), it follows that

d*(n) = fi* dy(n)

for all positive integers n. O



7.2 A Theorem of Ramanujan

Theorem 7.8 (Ramanujan)

as r — 0.

Z d*(n) ~ —:c (logz)®

n<z

Proof. Applying Theorem 7.6 with £ = 4, we obtain

log®
Dy(x) = x OGg v + O(xlog® z).

By Theorem 7.7 we have

> d*(n)

n<x

> o) (55)

n<x §2|n

S u(6)da(k)
§2k<z

ST ue) Y dulk)
§<\z k<z/62

> 16D (55)
§<VE

2 o (652 log” 53 +0 (3 106" 7))
6<vz

72 +O xzézlog 5

o<V <z

We estimate these sums separately. The first term is

x 1(0)
52 5

§</x

3
5 E <2)(_1) éz) log® ™" z log’ 62
i=0

6 log® &
S Z Méz)—FO(a:logzx Z ?2 )

<z

<V <V

6 1 log 6
<7r2+0<\/5>)10g z+0 | zlog?z Z

§<\/T

++0 (w log? x) ,

239
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by Theorem 6.17. Similarly,

1 T 1
T Z (S—Zlogzé—2 < zlog’z Z 52 < zlog? .

§<vz

This completes the proof of Ramanujan’s theorem. O

Ezercise

1. Prove that the function g is multiplicative.

7.3 Sums of Divisors

The arithmetic function o(n) is defined as the sum of the positive divisors

of n. Thus,
o(l) = 1 =
o2) = 1+2 =
o(3) = 143 =
o4) = 1+24+4 =
o(5) = 145 =

1+2+4+3+6

1+2+4+38

DN~ W

1+2+5+10

12,

87
15,
13,
18.

If n > 2, then o(n) > n+ 1. We can use the standard factorization of n
to compute o(n). We begin with an example. Consider 180 = 22325. Every
divisor d of 180 is of the form d = 2#3°5¢, where 0 < a < 2,0 < b < 2, and

0 < c¢ < 1. We have

o(180)

d|180

= 1+24+3+44+5+6+9+10+12

> d

+15 4 18 + 20 4 30 + 36 4 45 + 60 4+ 90 + 180

= (1+24+4)(1+3+9)(1+5)

= 546.

We can compute o(n) in this way for any positive integer n. If d divides n,

then

where

d= Hpapa
pln

0 < ap < vp(n),



and

7.3 Sums of Divisors

o(n) = Zd

d|n

vp(n)

= 1> v

pln ap=0

vp(n)+1 _
_ H P

241

This formula expresses o(n) in terms of the standard factorization of n.

Theorem 7.9 The arithmetic function o(n) is multiplicative.

Proof. Let m and n be relatively prime positive integers. Since no prime
divides both m and n, we have

vp(mn)+1 _ 1

p—1
plmn
H pvp(m)Jrl -1 H pUr n)+1
p—1 p—1
plm pln
a(m)o(n)

This completes the proof. O

The ancient Greeks divided the positive integers into three classes, de-
termined by the sum of the divisors of the integer. They called a number
perfect if o(n) = 2n. A number is called abundant if o(n) > 2n. A number

is called deficient if o(n) < 2n. The smallest perfect numbers are

6

28
496
8128

Theorem 7.10 (Euler)

and

= 2-3 = 2422-
= 4.7 = 2%(23 -
= 16-31 = 2%(2°-—
= 64-127 = 25(27 -

)

b

— e

)
);
)
)-

An even integer n is perfect if and only if there
exist prime numbers p and q such that

g=2"-1

n=2r"1q.
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Proof. If n is of this form, then ¢ is odd and 2n = 2Pq. It follows that

a(2""1)o(q)

(2" =1(g+1)
2Pq+ (2P —q—1)
= 2n,

a(n)

and so n is perfect.

Conversely, if n is an even perfect number, then o(n) = 2n. Writing n in
the form
where m is odd and k > 2 (since n is even), we have

2*m =2n=0(n) =02 'm)=0 (Qk_l) o(m) = (28 = 1)o(m).

Since 2% —1 divides 2¥m and 2% —1 is relatively prime to 2%, Euclid’s lemma
implies that 2¢ — 1 divides m, and so

m=(2F-1)¢
for some odd integer £. Then
2P (2F—1)e=(2"-1)o ((2*-1)0).
If £ > 1, then 1,4, and (2% — 1)¢ are distinct divisors of (2¥ — 1)¢, and
=0 (2"-1)0) >1+0+ 2" 1)t =2 +1,
which is impossible. Therefore, £ = 1 and

= -=1+2"-1D+ > 4
dl(2k—1)
1<d<2k -1

it follows that 2 —1 has no proper divisors, that is, 2 —1 is a prime number.
If the exponent k were composite, then k = ki1ko with 1 < k1 < ko < k,
and

ok _ 1 — (2k1)k2 —1= (20 1) (1 Lok g 92k 2k1(k2—1))
would be composite, which is false. Therefore, k = p is also prime, and

m = q = 2P — 1. This completes the proof. O

A prime number of the form 2P — 1 is called a Mersenne prime. (Ex-
ercise 5 in Section 1.5 and Exercise 9 in Section 3.4 are about Mersenne
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primes.) By Theorem 7.10, every even perfect number is uniquely associ-
ated with a Mersenne prime. Only finitely many Mersenne primes have
been discovered, so we know only finitely many even perfect numbers. A
list of all Mersenne primes known in October, 1999, appears in the Notes
at the end of Chapter 1.

It is an unsolved problem to decide whether there exist infinitely many
even perfect numbers. We know almost nothing about odd perfect numbers,
and it is an unsolved problem to decide whether even one odd perfect
number exists.

Let
o*(n)=o(n)—n=> d
it

We define 6*(0) = 0. A pair (m, n) of positive integers is called an amicable
pair if

o*(n)=m
and

o*(m) =n.
Equivalently, (m,n) is an amicable pair if o(m) = o(n) = m + n. For
example, the pair (220,284) is amicable, since

0" (220) = 284
and
0" (284) = 220.

It is not known whether there exist infinitely many amicable pairs.
For every positive integer n and nonnegative integer k, there is an integer
Sk(n) obtained by iterating the function o* as follows:

So(n) = mn,

Sy(n)
Sa(n) = o*(Si(n)) =0"(c"(n)),

|
*
—~
S
~—

Sk+1(n) = o (Sk(n)),

for all positive integers k. The sequence {Sk(n)}72, is called the aliquot
sequence of n. Since there exist abundant, perfect, and deficient numbers, it
can happen that Sky1(n) > Sk(n), Skt1(n) = Sk(n), or Ski1(n) < Sk(n),
and so the aliquot sequence can oscillate up and down. Computations indi-
cate, however, that for small n the aliquot sequence always becomes even-
tually periodic. For example, the aliquot sequence for 12 is

12,16,15,9,4,3,1,0,0,. . . .
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If n is a perfect number, then Si(n) = n for all k, and the sequence
{Sk(n)}32, is constant. If (m, n) is an amicable pair of integers, then

)
So(n) = mn,
Si(n) = m,
Sa(n) = n,
S3(n) = m,

and so on. Thus, the aliquot sequence for an integer in an amicable pair
oscillates with period 2. It is an unsolved problem to determine if, for every
positive integer n, the sequence {Si(n)}32, is eventually periodic. This is
called the Catalan—Dickson problem.

There is a natural generalization of the “sum of the divisors” function.
For any real or complex number «, we can define the arithmetic function

oa(n) = Zda.

d|n
a>1

Then o¢(n) is the divisor function d(n), and o1(n) = o(n). The function
04 (n) is multiplicative for every number « (Exercise 8).

FExercises
1. Compute o(n) for 11 <n < 20.
2. Prove that (17296, 18416) is an amicable pair.
Hint: 17296 = 2% x 23 x 47 and 18416 = 2* x 1151.

3. Prove that (9,363,584,9,437,056) is an amicable pair.
Hint: 9,363,584 = 27 x 191 x 383 and 9,437,056 = 27 x 73727.

4. Let A be a set of positive integers, and let A(x) denote the number
of elements a € A such that a < x. The set A has asymptotic density
a if limg o0 A(x)/x = a. Prove that the set of even perfect numbers
has asymptotic density zero.

5. Prove that o(n) = no_1(n) for every positive integer n.

6. Prove that

logd
0> =2 <o y(n)logn.
d|n

7. Prove that for every number «,

log® d
Z Ogii =o0(o_1(n)log®n).
d|n
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Hint: Observe that for any € > 0,

log" d eloghn log" d x  d(n)logtn
< <eo_ 1 _
dE < ;n T ;n oo Sco-i(n)logt nt———
d<n® d>n€

and apply Theorem 7.2.

8. Prove that the function o,(n) is multiplicative for every real or com-
plex number a.

9. Let a > 1. Prove that
n® < oq(n) < ((a)n®
for all positive integers n.
Hint: 3 g, d* =g, (n/d)°.
10. Let o« > 1. Prove that

2 1(3)

pln
for every integer n > 2.

11. Prove that
fmint 70 .
n—oo n

12. Let # > 2 and n = []_._ p. Prove that

E

p<z p

p<z

Remark. Theorem 8.7 implies that limsup,,_, . o(n)/n = cc.

13. Consider the numbers

ap = 12,496 = 2*x11x71
ar = 14,288 = 2% x19x47
ay = 15,472 = 2*x 967
a3 = 14,536 = 23 x23x 79
as = 14,264 = 23 x1783.

Prove that if » € {0,1,2,3,4} and k =r (mod 5), then
Sk(12,496) = a,.,
and so the aliquot sequence for 12,496 is periodic with period 5,

14. Compute the aliquot sequences {Si(n)}72, for n = 28,29, 30, 31, 32.
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7.4 Sums and Differences of Products

In this section we prove two theorems of Ingham about sums and differences
of divisor functions. These results have beautiful interpretations in terms
of the number of solutions of diophantine equations in positive integers.

Let V(n) denote the number of representations of n as a sum of products
of two positive integers. The function V(n) counts the number of solutions
in positive integers of the diophantine equation

n = ab+ cd. (7.1)
Let ed = k. Then 1 < k < n—1and n — k = ab. Since the number of
solutions of k = cd is d(k) and the number of solutions of n — k = ab is

d(n — k), it follows that the number of solutions of (7.1) with ¢d = k is
d(k)d(n — k), and so

Consider the diophantine equation
£ =ab—cd. (7.2)
For every positive integer k, the number of solutions of (7.2) with ed = k

and ab =k + ¢ is d(k)d(k + £). Let Uy(n) denote the number of solutions
of (7.2) in positive integers with c¢d = k < n. Then

Uy(n) = i: d(k)d(k + 0).
k=1

We need the following lemma.

Lemma 7.1 For every x > 1,

1 3
Z — = ﬁlogzx + O(log ).

— wv
(u,’k!?:l
Proof. We define
1
= — 7.3
f(z) 2; - (7.3)
(u,uj:l
and
1 d)
g(z) = i "
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If st < 2 and r is a common divisor of s and ¢, then 72 < st < z, and so
r < \/x and

1

st
st<x
- > ¥

r<gl/2 st<wz

- (s,t)=r

1 1
- X o X w

g(z) =

r§m1/2 wv<z/r2
(u,v)=1
> (%)
,r2 ,r2 '
’I‘Swl/Q

Applying Mobius inversion (Exercise 7 of Section 6.3 with v = 2), we obtain

B plr) (=
@) = <1/2r29(r2)
d
- YT
r<gzl/2 n<z/r?
B p(r)d(n)
d
L oydm) sl
n<e r<(a/n)1/?
d(n) [ 6 ny1/2
-2 =+o((®H™)
6 d(n) 1 d(n)
2 el Frp Py

by Theorem 6.17. Since

and

d(n)
Z e 2212 log x + O(z/?)
n<z

by Exercises 13 and 14 of Section 7.1, it follows that

3
f(z) = ﬁlogQ;v—&—O(logx).
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This completes the proof. O

Theorem 7.11

n—1

V(n) =Y d(k)d(n— k) ~ %a(n) log? n.
k=1

Proof. The arithmetic function V(n) is the number of solutions of the
equation n = ab + cd in positive integers. If (a,b,c,d) is a solution of this
equation, then

(ab+cd)?  (ab— cd)? < 2

n
ac-bd = 1 — 1 T

and so ac < n/2 or bd < n/2. Let P denote the number of solutions with
ac < n/2, let @ denote the number of solutions with bd < n/2, and let R
denote the number of solutions with both ac < n/2 and bd < n/2. Since
(a,b,c,d) is a solution if and only if (b, a,d, ¢) is a solution, it follows that
P =@ and

Vin)=P+Q—-R=2P—R.

We first compute P. For fixed positive integers a and ¢, let ®(a,c,n)
denote the number of solutions of the equation ab + c¢d = n in positive
integers b and d. Then

P= Z ®(a,c,n).

ac<n/2

Let r = (a, ¢) denote the greatest common divisor of a and c. If r does not
divide n, then ®(a, ¢,n) = 0. Therefore, we can assume that r divides n, and
there exist positive integers «,~y, and 7 such that a = ra,c = ry,n = rng,
and («,7) = 1. Moreover, ®(a,c,n) = ®(«a,~,n).

Since (o, ) = 1, there exist integers by and dy such that aby + vdy = 7,
and every solution of the equation ab + cd = n is of the form b = by + vh
and d = dy — ah for some integer h. It follows that every solution of the
equation ab + cd = n is of the form b = by + vh and d = dy — ah for some
integer h. If b > 0 and d > 0, then



7.4 Sums and Differences of Products 249
where |9 < 1 (Exercise 2). We have

P = Z ®(a,c,n)

ac<n/2

- 3% d@en)

rln ac<n/2
(a,c)=r

:ZZ@(Q

rln ay<n/2r2
(e, v)=1

SN

rln ay<n/2r2

(o, 7v)=1
= nz Z —-1-0 Z 1
r\n ay<n/2r2 ac<n/2
(a,y)=1
1/3 n \2 n
= nZ; ﬁ<logﬁ) —i—O(logﬁ) +0 Z d(k)
rin k<n/2
3n 1 n \2
= = | ;(logﬁ) + O (no_1(n)logn) + O (nlogn)
3n 1 n 2
= = | ;(logﬁ) + O (o(n)logn)
TNn
3
= ﬁncr_l( )log® n + o0 (no_q(n)log®n) + O (o(n)logn)

3
= ﬁa(n) log?n + o (o(n) log? n),

by Lemma 7.1, Theorem 7.3, and Exercises 5 and 7 in Section 7.3.

Next we compute R. For fixed integers a and ¢, the linear diophantine
equation ab + cd = n is solvable in integers if and only if n is divisible by
r = (a,c¢). Again we write a = ra, ¢ = rv, and n = ry, where (a,v) = 1. If
the integers by and dj solve the equation ab + c¢d = n, then every solution
is of the form

b=0by+ hvy

and
d= do — ha

for some integer h.

Let a and ¢ be positive integers with ac < n/2. Let ¥(a, ¢,n) denote the
number of solutions of the equation ab + c¢d = n in positive integers b and
d with

bd<7
2
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Then ¥(a,c,n) = ¥(a,v,n) counts the number of integers h such that

bo + hy >0 and do — ha > 0, (7.4)
and n
(bo + hy)(do — ha) < 5 (7.5)
We define the rational number
o a(bo + ’Yh)
Sre—
Then
o c(do—ah).
n
Inequalities (7.4) imply that
0<u<l
Inequality (7.5) implies that
ac 1
1-— < — < -,
ul-w) <o <7
Solving this quadratic inequality, we obtain
1—
O<u< ?” (7.6)
and )
;”’ <u<l, (7.7)
where

vzy/lf%.
n

Note that 0 < v < 1, since 0 < ac < n/2. Inequality (7.6) is equivalent to

by ch< (1 —v)nr 7b707
o7 2ac ¥
and inequality (7.7) implies
1—-wv

0<l—u< ,
“="9

which is equivalent to
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Both of these intervals have length

(1—v)nr (1 —v?)nr < (1 —v?)nr

2ac (14 wv)2ac =~  2ac

=T.

It follows that if a and ¢ are positive integers with (a,c) < n/2 and (a,c) =
r, then

1—
W(a,em) = 2L 00y < 20+ 0(1),.
ac
Therefore,
R = Z U(a,c,n)
ac<n/2
= Z Z (a,e,n)
rln ac<n/2
(a,c)=r
< > > @r+o)
rln ay<n/(2r2)
(o, v)=1
= 2) r > 1+ Y 0@
rln  ay<n/(2r2) ac<n/2
< Yor YT dky+ T d(k)
rin  k<n/(2r2) k<n/2
nlogn
< IZT( 2 >+nlogn
< no_i(n)logn
= o(n)logn.
We have
Vin) = 2P—R

= EU n)log®n + o(o(n)log®n) + O(c(n logn)
2

~ %U(n) log® n.
T

This completes the proof. O

Theorem 7.12 For every positive integer £,

Zd d(k + 0) Nﬁo— 1(O)nlog? n.
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Proof. Let x be the geometric mean of n and n + £, that is,

v = /a0 =n+0,

/
0<6<§.

where

We have z = O(n).
The function Uy(n) counts the number of 4-tuples (a,b, ¢, d) of positive
integers such that

ab—cd="/{ and cd < n. (7.8)
If (a,b,c,d) satisfies (7.8), then
ac-bd < n(n+{) = 2?,

and so ac < z or bd < x. Let P be the number of solutions of (7.8) with
ac < x, @ the number of solutions of (7.8) with bd < z, and R the number
of solutions of (7.8) with both ac < z and bd < z. The symmetry of
equation (7.8) implies that P = @, and so

Uin)=P+Q—R=2P—R.

We shall find asymptotic formulae for P and R by the same method used
in the proof of Theorem 7.11.

We first compute P. For fixed positive integers a and ¢, let ®y(a,c,n)
denote the number of solutions of the equation ab — ¢d = ¢ in positive
integers b and d with c¢d < n. Let » = (a,¢) denote the greatest common
divisor of @ and c. The integer r must divide ¢, and so there exist positive
integers «,~, and A such that a = ra,c = rv,¢ = rA, and (a,7y) = 1. If
cd < m, then vd < n/r. If ab — c¢d = ¢, then ab — vd = A. If ac < z, then
ay < x/r?. Therefore, ®;(a,c,n) = ®5(a,v,n/r) and

P= Z Dy(a,c,n) = Z Z Dy (a,y,n/r).

ac<z Tl ay<z/r2

(o, y)=1
Since (@, ) = 1, there exist integers by and dg such that aby — vdp = A,
and every solution of the equation ab — vd = X is of the form b = by + vh
and d = dy + ah for some integer h. It follows that every solution of the
equation ab — cd = £ is of the form b = by + vh and d = dy + ah for some

integer h. If d > 0 and ¢d < n, then b > 0 and

d d d
R QA L (7.9)

(67 ac « rary (&%

Conversely, if h satisfies (7.9), then b and d are positive integers with c¢d < n.
Therefore,

@l m) = (a5, mfr) = -+,
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where || < 1. We have

P = Z Z Dy (a,v,n/r)

T“Z ay<z/r?
(e, v)=1

RRACED

T‘Z ay<z/r?

(a,y)=1
e " ay<az/r? ay ac<x
(a,y)=1
1/3 2
S (g o) 0 (B
- ?TZ % <log %)2 + O (no—1(n)logn) + O (zlog )
r|e

3 1 2
= ;Z lér(log;) + O (o(n)logn)

3
= ﬁno_l(n) log?n + o (no_1(n) log? n) + O (o(n)logn)

= %J(n) log?n + o (o(n) log? n),
by Lemma 7.1, Theorem 7.3, and Exercises 5 and 7 in Section 7.3.

Next we compute R, which is the number of solutions of (7.8) with both
ac < x and bd < z. For fixed positive integers a and ¢, we let ¥(a,c,?)
denote the number of ordered pairs (b,d) of positive integers such that
ab—cd =/ and n

0<d§z and bd < z.

If r = (a,c), then a = ra and ¢ = rv, where a and + are relatively prime
positive integers. If r does not divide ¢, then ¥(a, ¢, ¢) = 0. If r does divide
£, then ¢ = rX and ¥(a,c,f) = ¥U(a,v,A). Since (a,7y) = 1, there exist
integers by and dy such that

abO - ’Ydo = >‘a

and every integral solution of the linear diophantine equation ab — yd = A
is of the form
b="by+~h and d=dy+ ah

for some integer h. Every solution in integers of ab — ¢d = £ is of the form

b="by+~h and d=dy+ ah
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for some integer h. The inequality 0 < c¢d < n implies that

_do <h<X_ @
ac
Since
bo_do_abo—yd _ A _,
7« oy ay
it follows that
do bo

O<f+h<f—|—h
Y

If bd = (bo + vh)(do + ah) < z, then

2
(do +h> < (bo +h> (do +h> <X
v ay

and so ds
0< > +hs =z
O"V
Therefore,
U(a,c,t) < Hi—i—l < 2«/i
-y ary
and
R = Y U(acl)
aclz

:ZZ (a,c, )

rl¢  ac<a
(a,c)=r

<oy Y fE
s
casy Y L
r|e a’y<:c/r2
(n)
= 2/z —
rz|£:n<zx;r2 \/ﬁ
< \FZ\/»
r|e
< zloge,

by Exercise 14 in Section 7.1. This completes the proof. O
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Ezercises

1. Prove that the diophantine equation (7.2) has infinitely many solu-
tions in positive integers.

2. Let x and y be real numbers with « < y. Prove that the number of
integers in the open interval (z,y) is y — x + 6, where 0] < 1.

7.5 Sets of Multiples

Let A be a nonempty set of positive integers. The set of multiples M(A)
consists of all positive multiples of elements of A, that is,

M(A) ={ma:a € Aand m € N}.

The set B is called a set of multiples if B = M(A) for some set A. For
example, if A = {2}, then M (A) is the set of positive even integers. If P is
the set of prime numbers, then M (P) is the set of all integers n > 1.

A nonempty set A of positive integers is called primitive if no element of
A divides another element of A, that is, if a,a’ € A and a divides a’, then
a = a'. If A; and Ay are nonempty sets of positive integers and A; is a
subset of Ag, then M(A;) is a subset of M(Ay). If As is primitive and A,
is a proper subset of Ag, then, by Exercise 4, M (A1) is a proper subset of
M(As).

We shall prove that if B is a set of multiples, then there exists a unique
primitive set A* such that B = M(A*).

Lemma 7.2 Let A be a nonempty set of positive integers, and let A* be
the subset of A consisting of all integers a € A not divisible by any other
element of A. Then A* is a primitive set, and

M(A) = M(A%).

Proof. The primitivity of the set A* follows immediately from the defi-
nition.

If b € M(A), then b is a multiple of a for some integer a € A. If a & A*,
then a has a proper divisor that belongs to A. Let a’ be the smallest element
of A that divides a. Then a’ € A*, and b is a multiple of a’. This completes
the proof. O

Lemma 7.3 If A; and As are nonempty sets of positive integers such that
M(Al) = M(AQ), then M(Al N Ag) = M(Al)
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Proof. By Exercise 4, M (A1 N As) is a subset of M (A;). If M(A1NAy) is
a proper subset of M (A1), then there exists a smallest integer b € M (A7) \
M(A; N Ay). Since b € M(A;) = M(As), we have

b= miayp = mMmoag

for positive integers my, mo, ay, as with a; € A1, as € As. Moreover, a; #
ag since b & M(A; N As). Suppose a; < as. Since a; € M(A;) and

a1 < az < moas = b,

the minimality of b implies that a € M(A; N Ay). Then a; = ma for some
a € A1 N As, and so b =mja; = myma € M(A; N A), which is absurd. It
follows that M (A1) = M(A1 N Ay). O

Theorem 7.13 Let B be a set of multiples. There exists a unique primitive
set A* such that B = M(A*).

Proof. Let B = M (A) for some set A, and let A* be the primitive subset
of A constructed in Lemma 7.2. Then B = M(A*). Let A’ be any set of
positive integers such that B = M(A’). By Lemma 7.3,

B=M(A)=M(A NA*) = M(A").

Since A’NA* is a subset of A*, it follows from Exercise 4 that A'NA* = A*.
Thus, A* is a subset of every set A’ such that M(A’) = B, and so A* is
the primitive set uniquely defined by

A* = ﬂ Al
A'CN

M(A")=B

This completes the proof. O

Let A be a set of integers. The counting function A(z) of the set A counts
the number of positive elements of A not exceeding x, that is,

Az)= > 1.

acA
1<a<z

The lower asymptotic density of A is

dp(A) = liminf A(ac)

—00 €T

The upper asymptotic density of A is

dy(A) = limsup A(ac)

T—00 X
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The set A has asymptotic density d(A) = « if dp(A) = dy(A) = «, or,
equivalently,

d(A) = Tim A&

r—oo I

The set of multiples of a finite set of positive integers always has an asymp-
totic density (Exercise 6), but it is possible to construct an infinite set A
such that M (A) does not have an asymptotic density. The following result
gives a sufficient condition for the set of multiples of an infinite set to have
asymptotic density.

Theorem 7.14 If A is an infinite set of positive integers such that
1
> lew
a€cA a
then the set of multiples of A has an asymptotic density.

Proof. Let A = {a;}52,, where a1 < ag < ---, and let B = M(A). For
every positive integer k, let By denote the set of all positive integers that
are divisible by a; but not divisible by a; for all i < k. The sets By are
pairwise disjoint, and B = U2, By,. It follows that

and

B(z) _ i By(x)
x —

for all x > 1. There are [z/aj] positive integers not exceeding x that are
divisible by a, and so

0 < Bi(z) < [m] <z
ag ag
Equivalently,
0< By () < 1
X Q.

for all z > 0. Let € > 0, and choose Ky = K (¢) such that

1
Y —<e
k=K, +1 F
Then
K4 %) o)
B(z) By () Bi(z)
0< — = < <
T x Z x - Z ag ¢
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By Exercise 8, the set By has an asymptotic density, that is, there exists a
number [ > 0 such that

d(By) = tim 22 _ 5

T—00 €T

Moreover, 81 = d(B1) = 1/a; > 0. For every positive integer ¢, the density
of the set of integers divisible by at least one of the integers aq,...,ap is
01+ -+ B¢, and so

L
O<Z§:/ﬁ;§ 1.
k=1

Therefore, the infinite series > .-, B converges to some number § > 0.
We shall prove that the set of multiples M (A) has density 3, that is,

Let K = max{K;, K2}. We can choose a number zy = () such that

_.ﬁk’<:éz

‘ B(x)
K

forall x > zg and k=1,..., K. Then

g - [
k=1
K K
< Bk;x) — Zﬁk + 2¢
k=1 k=1
K
< Z ka(x) — Bi| + 2¢

This completes the proof. O

The following result will be used in Section 7.6 to prove that the set of
abundant numbers has an asymptotic density.
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Theorem 7.15 If A is an infinite set of integers with counting function

Ale) =0 <10;2x)

for x > 2, then the set of multiples M (A) has an asymptotic density.

Proof. By Theorem 6.10, the infinite series ), 4 a~! converges. It fol-
lows from Theorem 7.14 that the set of multiples M (A) has an asymptotic
density. O

Exercises
1. Prove that if 1 € A, then M(A) = N.

2. For every positive integer n, prove that the set {n+1,n+2,...,2n}
is primitive.

3. Let ©Q(n) denote the total number of prime factors of n. For every
r > 1, prove that the set {n > 1:Q(n) = r} is primitive.

4. Prove that if A; and As are nonempty sets of positive integers and
Ay C Ay, then M (A1) C M(As). Prove that if A, is primitive and A
is a proper subset of Ag, then M (A;) is a proper subset of M (As).

5. Prove that if A is a primitive set, then A has upper asymptotic density
dy(A) <1/2.

Hint: Let A = {a;}$2,, where a1 < az < asz < ---. Prove that each
a; can be written uniquely in the form a; = 2%v;, where u; > 0 and
v; is an odd positive integer. Prove that the numbers v; are distinct,
since the set A is primitive.

6. Let > 1. Let A = {a,...,ax} consist of k distinct positive integers.
For every subset A" = {a;,,...,a;;} C A, let N(zx,A’) denote the
number of integers up to x divisible by every element of A’. Prove

that

where lem(A) = [a;,,...,a;] is the least common multiple of the
integers in A’. Prove that the number of integers up to x that are
divisible by no element of A is

k ) k 2
2 X M) =2 3 |

7=0 AlCA A'CA
| A= |AY =34
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Let B = M(A) and let B(z) be the counting function of B. Prove
that

B(z) = Xk:(*l)jfl > [lcm:zA’J

J=1 AlCA
|A’ =3
a 1
- _1)-1
xZ( N e () +0(1).
j=1 A'CA
|AY =3

Deduce that the set of multiples M (A) has asymptotic density

k
A1) =30 Y s

Jj=1 c
|AY|=3

7. Let A = {ay,...,ax} consist of k pairwise relatively prime positive
integers. Prove that

d(M(A)) =1 _ﬁ (1 - i) .

i=1

8. Let A = {ay,...,ax} consist of k distinct positive integers, and let
By be the set of positive integers divisible by a; but not divisible
by a; for all ¢ < k. Prove that the set By has an asymptotic density
d(By;), and compute d(By).

7.6 Abundant Numbers

In this section we consider the set of perfect and abundant numbers. For
simplicity, we modify our previous terminology and call the elements of
this set abundant. Now a positive integer n is abundant if o(n) > 2n. By
Exercise 2, if n is abundant, then every multiple of n is also abundant.

An integer n is called a primitive abundant number if n is abundant but
no proper divisor of n is abundant, that is, o(n) > 2n but o(d) < 2d for
every proper divisor d of n. The set of abundant numbers consists of all
multiples of the primitive abundant numbers (Exercise 3). We shall prove
that the set of abundant numbers possesses an asymptotic density.

An integer n will be called a k-abundant number if o(n) > kn. Let Ay
be the set of all k-abundant numbers.

A primitive k-abundant number is a positive integer n such that o(n) >
kn, but o(d) < kd for every proper divisor d of n. Let PAj, denote the set of
primitive k-abundant numbers. Then Ay = M (PA}), that is, Ay is the set of
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multiples of PAj;. We shall prove that the set Ay has an asymptotic density
for every integer kK > 2. By Theorem 7.15, Aj will have an asymptotic
density if the counting function of the set PAjy of primitive k-abundant
numbers is O(z log™? z).

We begin with some lemmas about prime divisors. The first result states
that it is rare for an integer to be divisible by a large prime power.

Lemma 7.4 The number of positive integers n < x divisible by some prime
power p” > log* z with r > 2 is O(zlog % x).

Proof. If p is a prime such that p > log? z and p? divides n, then n is
divisible by a prime power p” > log? z with » > 2. The number of such
integers n < x is [z/p?].

If p < log®x, let u, be the least integer such that p“» > log* z. The
number of integers n < z divisible by a prime power p” > log? z is [x/p¥r].

Let Ni(z) denote the number of integers n < z divisible by a prime
power p” > log® z. Then

wo = %[22 [

IN
&
]
’EM‘ —_
+
7N
AL

&
SN—
]
=

INA
8
3[0‘ —_
+
/N
-
]
NE
)
N———
=)
03
[\v]
8

< —

This completes the proof. O

The next result states that it is rare for a number to have many distinct
prime divisors or to have only small prime divisors. Let w(n) denote the
number of distinct primes that divide n. Let P(n) denote the greatest prime
divisor of n.

Lemma 7.5 Let x > e® and y = loglogx. The number of positive integers
n < x such that either w(n) > 5y or P(n) < 2% s O(zlog™2 ) for all
sufficiently large x.

Proof. Let Ny(x) denote the number of positive integers n < x with
w(n) > by. By Exercise 9 in Section 7.1,

x x
(log z)®log2-1 = Jog?

Ng(l') <
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Let p be a prime. If p” < z, then 0 < r <logx/logp < logz/log?2, and so
the number of prime powers p” < x with p < 2/(6%) does not exceed

14 0BT 116 1/ 60 Lo 4
log 2

Let N3(z) denote the number of integers n < x such that w(n) < 5y and
P(n) < 2'/(%%), Then

5y
N3(z) < (xl/(ﬁy) 10gx) < 372
log” x

for all sufficiently large x. O

Combining Lemma 7.4 and Lemma 7.5, we obtain the following result.

Lemma 7.6 There are only O(x log™?2 x) integers n < x that fail to satisfy
all of the following three conditions:

(i) If p" divides n and r > 2, then p" < log* x.

(i1) w(n) < 5y.

(i) P(n) > z/(6v),
Lemma 7.7 Let n < x be a primitive k-abundant number satisfying con-
ditions (i), (i), and (iii) of Lemma 7.6. Then n is divisible by a prime p

such that
loghz < p < 21/(39), (7.10)

Proof. If not, then we can write n = ab, where a is a product of primes
less than log* z, and b is a product of primes greater than z'/(3%). Since
2/ (13Y) < ¢1/(69) | condition (iil) implies that b > 1.

By condition (ii), w(b) < w(n) < 5y. Then

U(bb) < H<1+;+plz+-~->

plb

i

plb

9 w(b)
< (1 + x1/<13y>)

2\
< <1+x1/<13y>)

20y
21/(13y)

IN

< 1+
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if x is sufficiently large (by Exercise 4 with ¢ = 2). Every prime that
divides a is less than log4 x, and, by condition (i), every prime power that
divides n, and hence a, is also less than log? z. Since w(a) < w(n) < 5y by
condition (ii), it follows that

1 <a< (log*z)® = (log ).

By condition (iii), b > 1, and so a < n. Since a is a proper divisor of the
primitive k-abundant number n, we have

o(a) < ka.
Since k is an integer, we have
o(a) < ka-—1,

and so

@ gy Lopo L

a ~ a (log x)20y
n

Since o(n) is multiplicative and
sufficiently large,

= ab with (a,b) = 1, we have, for x

o) _ ola)a(d)
n B a b
1 20y
< (4= o) (14 570)
20k 1
< 0 y

21/(3y) (log x)20v
< k,

which is impossible, since the integer n is k-abundant. Therefore, n must
be divisible by a prime p in the interval (7.10). O

Lemma 7.8 If x is sufficiently large and n < x is a primitive k-abundant
number satisfying conditions (i), (i), and (i) of Lemma 7.6, then
o(n) k

S <kt ey

Proof. By condition (iii), the integer n is divisible by a prime p such
that
p > P(n) > z'/ (),
Since p? > /0¥ > log* z for x sufficiently large, condition (i) implies that
p? does not divide n. Therefore n = mp, where (m,p) = 1 and o(m) < km
since n is primitive k-abundant. It follows that

oln) _ olm) olp) <k(1+;) <k+x1k

n m p /(6y) "
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This completes the proof. O

Theorem 7.16 For every integer k > 2, let PAy(x) denote the number of
primitive k-abundant numbers not exceeding x. Then

x
PAR(z) < —5—
og x
and the set Ay of k-abundant numbers possesses an asymptotic density
Proof. By Lemma 7.6 there are only O(x log ™2 x) primitive k-abundant
integers that fail to satisfy conditions (i), (ii), and (iii) of Lemma 7.6.
Let ¢ be the number of primitive k-abundant integers n < x that do
satisfy these three conditions. We denote these numbers by ni,...,n:;. By

Lemma 7.7, corresponding to each integer n; there is a prime p; such that
p; exactly divides n; and

log*z < p; < 2!/,
Let n; = p;m;. Then (p;, m;) = 1 and

1<m; <
log

i
It suffices to prove that the integers m; are distinct.
Suppose that m; = m; for some i # j. Then p; # p;. Since
o(ni) _ (pi+1)o(mi)

% pi m;

and
o(ng) _ (pj +1)a(m;)

nj pj M

)

it follows that
o(n)n; _ (pi+1)p;

nio(n;) — pi(p; +1)
Since p; and p; are distinct primes, it follows that (p; + 1)p; # pi(p; + 1).
We can assume that (p; + 1)p; > pi(p; + 1), and so

o(ni)n; _ (pi+1p;
nio(n;) pi(pj +1)
1
> 14—
pi(p; +1)
1
2 I ) () 1 1)
1
> 14

242/(13y)
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By Lemma 7.8,

o(n;)n; k 1 1
nio(n;) < (k+ xl/(ﬁy)> LT 21/(6y)

This is a contradiction, since
222/ (13y) - 2.1/(6y)

for all sufficiently large x. It follows that the numbers my,...,m; are dis-
tinct, and so ¢ < zlog™* z. This completes the proof. O

Exercises

1. Prove that 120 is a 3-abundant number.
2. Prove that o(rn) > ro(n) for every r > 2.

3. Prove that every abundant number is a multiple of a primitive abun-
dant number. Prove that every k-abundant number is a multiple of a
primitive k-abundant number.

4. Prove that for every ¢ > 1 there exists a number 6y(c) > 0 such that
for all u > 0 and v > 0 with wv < éo(c),

(1+u)” <14 cuv.

7.7 Notes

Ramanujan stated Theorem 7.8 in [121]. Wilson [157] published a proof
of this result. Ingham [69] proved Theorems 7.11 and 7.12. Johnson [75]
generalized Theorem 7.11 to sums of any finite number of products. He
proved that for any integer s > 2, the number of solutions in positive
integers of the diophantine equation

n =Ty + -+ Tsls
is asymptotic to
ds—1(n)log” n
(s = DI(s)
where ((s) is the Riemann zeta function.

Besicovitch [10] constructed the first example of a set of multiples that
does not have asymptotic density.
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Theorem 7.16 on the asymptotic density of the abundant numbers was
proved independently by Chowla [16], Erdés [31], and Davenport [19]. The
proof in this book is due to Erdds. For refinements and generalizations of
this result, see Elliott, Probabilistic Number Theory I [28, Theorem 5.6].

There are excellent research monographs on many of the topics in this
chapter, for example, Halberstam and Roth, Sequences [48, Chapter 5],
Hall, Sets of Multiples [49], and Hall and Tenenbaum, Divisors [50]. Dick-
son [25, Vol. I, Chapter I] is a historical catalog of results on perfect, abun-
dant, deficient, and amicable numbers.
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Prime Numbers

8.1 Chebyshev’s Theorems

Let w(z) denote the number of prime numbers not exceeding z, that is,

m(x) = Zl

p<z

is the counting function for the set of primes. Euclid proved that there are
infinitely many primes, or, equivalently,

lim 7(z) = oo.

T—00
A classical problem in number theory is to understand the distribution of
prime numbers. This problem is still fundamentally unsolved, even though
we know many beautiful results about the growth of w(z) as z tends to
infinity. In this chapter we shall show that the order of magnitude of 7(z)
is z/logx. In Chapter 9 we shall prove the prime number theorem, which
states that 7(x) is asymptotic to x/logz, that is,

m(x)logx

lim =1.
T—00 x

We introduce the Chebyshev functions

d(x) = logp=1log [ »

p<z p<z
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and

Y(w) =Y logp.

pk<z

For example,
¥(10) =log 2 + log 3 + log5 + log 7

and
¥(10) = 3log2 + 2log 3 + log 5 + log 7.

The functions ¥(z) and ¢ (x) count the primes p < z and prime powers
pF <z, respectively, with weights log p. Clearly,

I(x) < P(x).
If p¥ < 2, then k < [logz/logp], and so

log
v = Yo=Y | X 1]ogr= % [{E2 o
pk <z p<z \ pk<a p<z &P
k>1 k>1
< Zlogx:ﬂ(a:)logax.
p<w

Chebyshev proved that the functions ¥(x) and () have order of magni-
tude x and that w(x) has order of magnitude x/log z.

Before proving these theorems, we need two results about binomial co-
efficients. The first lemma states that for fixed n, the sequence of binomial
coefficients (Z) is unimodal in the sense that it is increasing for k < n/2 and
decreasing for k£ > n/2. In the second lemma we apply the binomial theo-
rgm to obtain upper and lower bounds for the middle binomial coefficient
( 7?) :

Lemma 8.1 Letn>1and 1 <k <n. Then

n n - - n+1
(k - 1) < (k) if and only if k < *3=,
n n ) . il
(k B 1) > (k) if and only if k > 5=,

n _ n . ; : — ntl
(k—l) = <l<;> if and only if n is odd and k = *3=.

Proof. Consider the ratio

r(k) = (Z) _ W%k)' :(k_l)!(n—k—Fl)!:n—k_Fl-

(") == kl(n — k)! k

Then r(k) > 1 if and only if & < (n +1)/2, and r(k) < 1 if and only if
k> (n+1)/2.0
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Lemma 8.2 For all positive integers n,
2
20 (P) <o,
2n n

Proof. By the binomial theorem,

22 = (141)™ = i (Z) > (2:)

k=0

By Lemma 8.1, the middle binomial coefficient (27:‘) is the largest binomial
coefficient in the expansion of (1 + 1)2". Therefore,

2n 2n 2n—1 2n
22— =1 1
() ==X ()
k=0 k=1
2
< 2—|—(2n—1)(n>

&)

This completes the proof. O

<

[\~

Theorem 8.1 For every positive integer n,

[Ip<4 (8.1)

p<n

Equivalently, for every real number x > 1

I(z) < zlog4. (8.2)
Proof. Let m > 1. We consider the binomial coefficients
M - <2m—|—1> _ <2m+1)
m m—+1
o (2m+ 1)2m2m —1)2m —2)--- (m + 2)
- m! '

This is an integer, since M is a binomial coefficient. Moreover,
2 1 2 1
oM — <m+ )+(m+ )
m m+1
le <2m + 1)
k=0 k
22m+1

N
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and so
M < 4™,

If p is a prime number such that m 4+ 2 < p < 2m + 1, then p divides the
product
(2m+1)2m(2m —1)(2m — 2) - -- (m + 2),

but p does not divide m!. It follows that p divides M, and so
II »
m+2<p<2m+1
divides M. Therefore,
II psM<am (8.3)
m+2<p<2m+1

for all positive integers m.

We shall prove inequality (8.1) by induction on n. This inequality holds
for n =1 and n = 2, since 1 < 4! and 2 < 42, respectively. Let n > 3, and
assume that (8.1) holds for all positive integers m < n. If n is even, then

Hp: H p<4rl <4n,
p<n p<n—1
If n is odd, then n = 2m + 1 for some m > 1, and
[Ir=11» 1II »
p<n p<m+1 m+2<p<2m+1
By the induction hypothesis we have

II p<amtt. (8.4)
p<m+1

It follows from (8.3) and (8.4) that

Hp — H p H p < 4m+14m — 42m,+1 — 4"
p<n p<m+1 m4+2<p<2m+1
This proves (8.1).
Inequality (8.2) follows from (8.1) as follows. If z > 1, then n = [z] > 1
and
I(x) = 9(n) = log H p < nlogd < zlog4.

p<n
The proof that (8.2) implies (8.1) is similar. O

We can now prove Chebyshev’s theorem that the functions ¥(x), ¢ (z),
and 7(z)log x all have order of magnitude x.



8.1 Chebyshev’s Theorems 271

Theorem 8.2 (Chebyshev) There exist positive constants A and B such
that

Az < 9(x) < ¢(x) < 7(x)logx < B (8.5)
for all x > 2. Moreover,
lim inf @ = lim inf M = lim inf M > log2
g0 T oo T z—00 x
and
lim sup @ = lim sup @ = lim sup ﬂ-(x)# < log4.

Proof. Theorem 8.1 gives the upper bound ¥(z) < xlog4, and so

lim sup —= (@)
x

r— 00

< log4.

We shall compute a lower bound for ¢ (z). Let n be a positive integer, and
consider the middle binomial coefficient N' = (*"). Applying Theorem 1.12,
we write N as a product of prime powers as follows:

2 1 2)---2 2n)!
N— ( n) _ (n+1)(n+2) n_ (2n) _ H prr((2m)=2u,(n)).

n n! nl2
p<2n

llog 2n/ 0g 7]
vy((20)1) — 20, (n!) = ’; (EJ—Q[M]).

By Exercise 7, [2¢] — 2[t] = 0 or 1 for all real numbers ¢, it follows that

where

log 2n
0 < wp((2n)!) — 2up(nt!) < [ Tog p ] .
By Lemma 8.2,
2n
2 <N= H p ((2n)1) —2vp (n!) < H P llofgz: ,
p<2n p<2n
and so

log 2
2nlog2 — log 2n < Z [og n} logp = 1(2n).

p<2n logp
Let > 2 and n = [2/2]. Then
n<zr<2n+2

and

P(x) > ¥(2n) > 2nlog?2 — log2n
> (¢ —2)log2—logz = xlog2 —logz — 2log 2.
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Therefore,

lim inf
Tr— 00

M > log 2.
x

We obtain a lower bound for ¥(z) in terms of 7(z)logz as follows. If

then

and so

It follows that

This holds for all 6 > 0, and so
V(x)

X

Similarly,

The inequality

implies that

T—00 x
and
) Iz
lim sup —=
T—00 X

0<

o<1,

Hax) > Z logp
rl-d0<p<z
> Z (1-96)logx
rl-0<p<z
= (1-6)(r(z) - w(xlf‘s)) log x
> (1—6)w(zx)logz — '~ log,
Ix) S (1 -9d)m(x)logz logx
r T xb
fiminf 2% > (1 6 tim inf 78T
T—00 €T T—00 €T

lim inf
r—00

lim sup

Tr—00

I(z)

> liminf

> lim sup

m(z)logx

T—00 €T

()

r—00

log x

d(z) < P(x) < m(z)logz

r—00

)

< limsup

T— 00

Inequalities (8.6) and (8.8) give

lim inf
Tr— 00

Ix)

X

= lim

r—00

inf

Y(x)

T

o V0)

lim inf M < limin

Y(x)

< liminf

€T T — 00 x

< limsup

x T—00

. ™
= lim inf
Tr— 00

(z)logx
x

7(x)log x

m(x)logx

> lo

g 2.

(8.6)

(8.7)
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Combining (8.7) and (8.9), we obtain

0
lim sup ﬁ = lim sup M = lim sup
r—00 T r—00 r—00

77r(:c) logz <log4.
. <

This completes the proof. O

Theorem 8.3 Let p, denote the nth prime number. There exist positive
constants a and b such that

anlogn < p, < bnlogn

for alln > 2.

Proof. By Chebyshev’s inequality (8.5), there exist positive constants A
and B such that

Apn, < 7(py)log p, = nlogp, < Bpy,.
Let a = B! > 0. Since p,, > n, we have
pn > B 'nlogp, > anlogn.

Similarly,
pn < A" nlog pn.

For n sufficiently large,

logp, < logn +loglogp, —logA
< logn + 2loglogp,
< logn+ (1/2)log pn,
and so
log p, < 2logn.

Therefore, there exists an integer ny > 2 such that
pn < A nlogp, <247 'nlogn

for all n > ng. Since p,/nlogn is bounded for 2 < n < ng, there exists a
constant b such that p,, < bnlogn for all n > 2. This completes the proof.
O

There is a useful notation for describing the order of magnitude of func-
tions. Let f be a complex-valued function with domain D, and let g be a
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function on D such that g(z) > 0 for all x € D. The domain D can be a
set of real numbers or of integers. We write

f=0(g)

or
<y

if there exists a constant ¢ such that
|f(x)] < cg(x) for all z € D.

For example, Chebyshev’s theorem states that

If D C R and limsup D = oo, that is, if D contains arbitrarily large real
numbers, then we write
f=olg)
if
f(z)

lim —= =0.

=25 9(x)

It follows from Chebyshev’s theorem that

We also denote by O(g) (resp. o(g)) any function f such that f = O(g)
(resp. f = o(g)). For example, e* = 1+ O(x) on every interval [1,zg],
sinz = O(x) for all z, and logz = o(x®) for every a > 0.

We say that the function f is asymptotic to g, written

[~y

if
lim M =1.

oy glz)

The prime number theorem states that 7(z) ~ x/logx. Since lim, o f(x) =
a if and only if liminf, . f(z) = limsup,_,., f(z) = a, Theorem 8.2 im-
plies that the following asymptotic formulae are equivalent:

T

m@) o~ log

O(z) ~
P(z) ~
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Ezercises
1. Compute the asymptotic density of the set of prime numbers.

2. Compute the asymptotic density of the set of prime powers.

Hint: Let TI(x) denote the number of prime powers p* < z. Show that

(z) = (V) + ((z) - I(Ve)) < m(z).

3. Compute the asymptotic density of the set of integers divisible by at
least two distinct primes.

4. Prove that

b(x) = d(x) + O(Vr).

5. Prove that ¢ (z) = log N, where N is the least common multiple of
the positive integers not exceeding x.

6. Prove that there exist positive real numbers o and 3 such that

n
n" < Hpi <nf".
i=1

7. Prove that [kt] — k[t] € {0,1,...,k —1} for all positive integers k and
real numbers ¢.

8. Prove that there exists a constant ¢ such that, for all « sufficiently
large, there exists a prime p such that < p < (14 ¢)z.

9. The prime number theorem states that J(x) ~ x. Prove that the
prime number theorem implies that for every § > 0 there is a number
xo(6) such that, for all > x¢(6), there exists a prime p such that
r<p<(l+6)x.

8.2 Mertens’s Theorems

We begin by describing two arithmetic functions whose values are loga-
rithms of primes.
We define the function £(n) by

0(n) = logp if n =p is a prime power,
=10 otherwise.

Chebyshev’s function ¥(x) is the sum function of the ¢-function, since

Z l(n) = Zlogp = Jx).

n<x p<z
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The von Mangoldt function A(n) is defined by

_f logp ifn= p" is a prime power,
Aln) = { 0 otherwise.

Chebyshev’s function () is the sum function of the von Mangoldt func-
tion, since

D> Am) = logp = (x).

n<z pk<z

Moreover,

Z A(d) = logn.
d|

Theorem 8.4 Forx > 2,
x T
Z P <E) = ZA(d) [3} =zlogx —x + O(log x).
m<x d<z
Proof. With f(n) = A(n) in Theorem 6.15, we have
F(z) =) A(n) = (),
n<z
and so

> v(m) = L[y

m<x A<z

= 2. A@

n<xz dn

= Zlogn

n<x

= zlogz — 2+ O(log x).

The last identity comes from Theorem 6.4. O

Theorem 8.5 (Mertens) Forx > 1,

> @ =logz + O(1) (8.10)
and
3 08P _ Jog o+ O(1). (8.11)

p<z
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Proof. Since ¢(z) = O(x) by Chebyshev’s theorem, we have

rlogz = o+ Ofloga) = 3 A H
- ;Mm(ﬁ—{ﬁ})
- % >—d§<;A<d>{}
_ x;/‘f;%o_(w))
_ x;/\;d)+0(l')-

We obtain equation (8.10) by dividing by .
Next, we observe that

An lo lo
I

n<z p<z P .
k‘>2

Shsn3

p<lz

Z logp

plp—1)
< 1L

IN

IN

This proves (8.11). O

Theorem 8.6

n)

)
Z 3 =logz + O(1).
n<z

Proof. We begin with the convergent series

= log k
> < ;k) e

k<z k=1

By Theorem 6.3 applied to the function f(t) = 1/t2, we have

d(n Lk
o = TXA

n<x n<z k<n

277
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k<z k<n<z
1 1 1
- X (- ro(s))
k<x
0@, [
k T 2
k<x k<x
1
- Zﬂ 0(1)
p<z p
= logz +O(1),

by Theorem 8.5. O

Theorem 8.7 (Mertens) There exists a constant by such that

1 1
Z — =loglogz +b; + O <>
p log

p<z

forxz > 2.

Proof. We can write

S o= = S fnlao)

p logp |

p<w p<w <n<z
where kg2 in_p
f(n) = { Op otherwi;e,
and )
g(t) = Togi for t > 1.
Let

Flt) =3 ) = 3 282,

n<t p<t p

Then F(t) =0 for t < 2. By Theorem 8.5,

F(t) =logt+ r(t), where 7(t) = O(1).

< ()
/2 t(logt)? at

Therefore, the integral
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converges absolutely, and
e t)dt 1
/ rdt_ o .
. t(logt)? log x
By partial summation, we obtain

Z}) = 3 fm)g(n)

~ Pl - [ F)0a

_ logz +r(x) /mlogt—kr(t)
log = 5 t(logt)?

1 | Toor(t)
= 14+0 dt dt
+ <10g$> Jr/z tlogt Jr/z t(logt)?

= logl 1 —loglog?2
oglogx + 1 —loglog +/2 H(log 1)?

- | gt (@)

1
= loglogz +b; + O <) ,
log x

dt

where

> @)
b1 =1 —loglog?2 ——dt. 8.12
1 oglog +/2 H{log 1)? ( )

This completes the proof. O

Theorem 8.8 (Mertens’s formula) There exists a constant v such that

forx >2,
1\ L
H (1—) =e"logz + O(1).

p<z p

Remark. See Nathanson [2, pp. 162-165] for a proof that v is Euler’s
constant, constructed in Theorem 6.9.
. . . . . _k
Proof. We begin with two observations. First, the series 37 >77% ) p~"/k
converges, since

D) S HS

p k=2 p k=2

1 1 > 1

— = — < — < Q.
p* zp: p(p—1) ,; n(n—1)

Let

=1
bgzzzm>0.

p k=2
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Second, for z > 2,

BB I

p>x k=2 p>x

I A

M8
<

N |
3 —
| |=
— A\

|
S
N—— ji

[N
G L

IN
\

From the Taylor series

—log(l—t)zz% for |t] <1

E
\ |

and Theorem 8.7 we obtain

logH (1)1 = Zlog (1)1

p<lzx p<lzx

=ZZ

p<lx k=1

-y ZZ

p<z p<z k=2

= loglogx+b1+0( )+b2 ZZ—

p>x k=2

1 1
= loglogx + by + by + O () + O (>
log x x

1
= loglogz +b; +b2+ 0 () )
log x

Let v = b1 + ba. Then

(1) - coren (o).

p<z

Since exp(t) = 1 4+ O(¢) for t in any bounded interval [0,%s], and since
O (1/log z) is bounded for x > 2, we have

o (o(a5) - v0(st:)
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1! 1

H 1-—- = ¢e’logzexp | O
P log x
1

= €e'logz (140
log x

= ¢e"logz+ O(1).

Therefore,

This is Mertens’s formula. O

Exercises

1. Prove that 1 A = L, or, equivalently,
Z A(d) =logn.
d|n

Prove that A = p* L.

2. Prove that

S e o),

r<p<2zx p

3. Prove that

log? 1
Z 8 P _ —log®z + O(log z).
p 2

p<z
Hint: Observe that

>

p<z

log® p _ Z (“:)) log n,

p n<z
and use partial summation.

4. Prove that

log® 1
Z 8P log® z + O(log" ' )
P k

p<z
for every positive integer k.

Hint: Use induction on k.

5. Prove that

Cxl(n) logplogg 1, o
ZT_ Z 7—5103; z + O(log x).

n<z pg<w pa

281
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Hint: Observe that

Z logploggq :Zlo& Z logqy

pg<w b p<z q<z/p e

and use Mertens’s formula (8.11).

Prove that
Lx/l 1 1
iz, nlogn = pqlogpg

Hint: Use partial summation and the previous exercise.

Prove that

lim sup Ln) =00
n

n—oo

Hint: Use Exercise 12 in Section 7.3.

8.3 The Number of Prime Divisors of an Integer

The arithmetic function w(n) counts the number of distinct prime divisors
of the positive integer n, that is,

We have

pln
w(l) = 0, w(6) = 2,
w@2) = 1, w(®) = 1,
wB) = 1, w@ = 1,
w4) = 1, w9 = 1,
wb) =1 w(1l0) = 2

The arithmetic function Q(n) counts the total number of primes whose
product is n, that is,

p"lin
We have
Q1) = o, Q6) = 2
Q2) = 1, Q) = 1,
Q3) = 1, Q@) = 3,
Q4) = 2, Q9 = 2
Q5B) = 1 Q(10) = 2
If
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is the standard factorization of n as a product of powers of distinct primes,
then
wln)=k
and
Qn)=r1+ro+- +rg.

We shall prove that almost all integers up to « have loglog = distinct prime
factors. We begin with estimates for the mean value and mean-squared
value of w(n)

Theorem 8.9 Forz > 2,

Zw(n) :mloglogx+b1x+0( ° ) ,
log x

n<x
where by is the positive real number defined by (8.12).

Proof. Applying Chebyshev’s theorem (Theorem 8.2) and Mertens’s the-
orem (Theorem 8.7), we obtain

Sum = YY1-Y 3

n<x n<z p|n p<z 'Lléi
= T[] =5 roue
p<zw p pﬁwp
1
- =Y o (1 - )
pgzp ogx

1
= zx|loglogz+b;+0( — +0 m
log x log x

= mloglogm—i—blx—f—O( z )
log x

Theorem 8.10 Forx > 2,

Z w(n)? = z(loglog x)? 4+ O(x loglog x).

n<z

Proof. We have

Sl =D D0

wn)? =
pln piln pz2|n
= D1+ 1= ) 14w
p1p2In pln p1p2In

P17#P2 P17#P2
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By Theorem 8.9,

Zw(n)2 = Z Z 1+Zw(n)

n<x n<zx p1p2In n<x
P17#P2

= Z Z 1+ zloglogx + O(x)

pip2<z n<w
p1#p2 P1P2In

= ¥ [ ° ]+O(m10g10gm)

pip2

p1p2<T
P1#P2

= Z Y 1o Z 1| 4+ O(xzloglogx)

p1pa<w P1p2 p1po<<T
P17#P2 P17#P2

1
=z + O(zloglog x),
ZPIPQ (zloglog )

p1p2 <z

P1#P2
since, by the Fundamental Theorem of Arithmetic, there are at most 2x
ordered pairs (p1,p2) of distinct primes such that pips < z. From Theo-
rem 8.7, we obtain

R DO

w0 et
= (loglogz + O(1))?
= (loglogz)? + O(loglog x)
and
2
1 1 1
Ppip2 = Z 5 - Z Z?
mrase p<Vz p<Vz
= (loglog vz + O(1))® + O(1)
= (loglogz)? 4 O(loglog z).
Therefore,

Z w(n)? = z(loglog z)? 4+ O(x loglog x).

n<x

This completes the proof. O

We also need the following result, which is essentially Chebyshev’s in-
equality in probability theory.



8.3 The Number of Prime Divisors of an Integer 285

Theorem 8.11 (Chebyshev’s inequality) Let S be a finite set of inte-
gers, and let f be a real-valued function defined on S. Let p and t be real
numbers with t > 0. Then the number of integers n € S such that

|f(n) —pl >t

does not exceed

5 () — )

nes

Proof. If | f(n) — pu| > t, then

and

card{n € S: |f(n) —p| >t} = Z 1
ICH AR

n) — )2
$ (f(n) — )

t2

IN

nes
[f(n)—p|=t

= S () —

nes

IN

Now we prove that w(n) has “normal order” loglogn in the sense that
w(n) is close to loglogn for almost all n.

Theorem 8.12 (Hardy—Ramanujan) For every § > 0, the number of
integers n < x such that

|w(n) — loglogn| > (loglog x) 348
is o(x).
Proof. (Turan [143]) Let S be the set of positive integers n not exceeding
z, f(n) = w(n), and p = loglogx. Applying Chebyshev’s inequality, we

see that for any ¢ > 0, the number of integers n < z such that |w(n) —
loglog x| > t is at most

t% Z(w(n) — loglog z)?.

n<z



286 8. Prime Numbers

We use Theorem8.9 and Theorem®.10 to evaluate this sum as follows:

Z(w(n) —loglog z)?

n<z

_ Z w(n)? — 2loglogx Z w(n) + Z(logbg )2

n<lx n<x n<x

= z(loglogz)? + O(xloglogz) — 2loglog x(xloglog x + O(x))
+ z(loglog z)? 4+ O((loglog x)?)
= O(xloglogz).
Let 6 > 0 and ¢ = (loglogz)2+® — 1. Then

t2 > (loglogx)'™?® — 2(loglog :c)%'%

(loglog z)' o ((log log z)® — 2(log log x)_l/Q)
)1+5

> (loglogx
for z sufficiently large. Therefore, if

T={neS:|wn)—loglogx| > (loglogx)%Jr& —1},

then
log 1
T < zloglogx i
((log log )20 — 1)
xloglogx
(log log z)1+?
_ x
~ (loglog z)?
= o(x).
Let x > e®. If
rt/e<n< x,
then
0 <loglogx — 1 <loglogn < loglogx.
If )
lw(n) —loglogn| > (loglogz)2+?,
then
|w(n) —loglogz| > |w(n)—loglogn|— |loglogz — loglogn|
> (loglog x)%*‘s -1

t.
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Therefore, if
U={neS:|wn)—Iloglogn| > (loglogz)2T°},

then U C T and so
|U| < z'/¢ +|T| = o().

This completes the proof. O

Ezercises

1. Compute w(n) and Q(n) for 11 <n < 20.

2. Prove that there exists a constant bz such that for z > 2,

1 1
- Z Q(n) =loglogz + b3 + O () :
ot log x

8.4 Notes
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There are many beautiful open problems about prime numbers. Here are

some examples.

1. Do there exist infinitely many primes p of the form p = n? + 1. For

example, 5 =224+ 1, 17 =42+ 1, and 101 = 102 + 1. The best result
is due to Iwaniec [73], who proved that there exist infinitely many
integers n such that n? 4+ 1 is either prime or the product of two
primes.

. The twin prime conjecture states that there exist infinitely many
primes p such that p+ 2 is also prime. For example, {11, 13}, {29, 31},
and {101,103} are twin primes.

. The Goldbach conjecture states that every even number n > 4 can be
written as the sum of two primes. For example, 4 =242, 8 =345,
and 100 = 17 + 83.

. A polynomial f(t) with integer coefficients has prime divisor p if p
divides f(t) for every integer ¢t. We say that f(¢) represents a prime
p if there is an integer n such that f(n) = p. Dirichlet’s theorem
(Theorem 10.9) states that if m and a are relatively prime integers
with m > 1, then the polynomial f(¢) = mt + a represents infinitely
many primes. These linear polynomials are the only polynomials that
are known to represent infinitely many primes.
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Tt is conjectured that if f(¢) is any irreducible polynomial with integer
coefficients and positive leading coefficient, and if f(t) has no prime
divisor, then the polynomial f(¢) represents infinitely many primes.

An even more general conjecture, called Schinzel’s Hypothesis H [124,
125], states that if fi(t),..., f-(t) are irreducible polynomials with
positive leading coefficients, and if the polynomial f;(¢)--- f.(¢) has
no prime divisor, then there exist infinitely many n such that the
r numbers fi(n),..., fr(n) are simultaneously prime. Many classi-
cal problems are special cases of this conjecture. For example, the
problem about primes of the form n? + 1 is the case » = 1 and
f1(t) =t + 1. The twin prime conjecture is the case r = 2, f1(t) = t,
and fg(t) =t+2.

A conjecture of Schinzel and Sierpiriski [125] asserts that every pos-
itive rational number x can be represented as a quotient of shifted
primes, that is, x = (p+ 1)/(¢ + 1) for primes p and ¢. It is known
that the set of shifted primes {p + 1 : p € P} generates a subgroup
of the multiplicative group of positive rational numbers of index at
most 3 (Elliott [30]).

Let fi(t),..., fr(t) be irreducible polynomials with integer coeffi-
cients and positive leading coefficients. Let g(¢) be a polynomial with
integer coefficients. Suppose that there exist infinitely many posi-
tive integers N such that N — g(t) is irreducible and the product
fi@) - fr(®)(N — g(t)) has no prime divisor. Schinzel’s Hypothesis
Hy asserts that if IV is sufficiently large, then there exists an integer n
such that N —g(n) is prime and f;(n) is prime for alli = 1,...,r. The
Goldbach conjecture is the special case when N is even, r = 1 and
f1(t) = g(t) = t. Note that if N is odd, then f1(¢)(N—g(t)) = t(N—t)
has the prime divisor 2.

Do there exist arbitrarily long finite arithmetic progressions of primes?
Erdos asked the following more general question: If A is an infinite
set of positive integers such that the series ) . 4 a~! diverges, then
must A contain arbitrarily long finite arithmetic progressions? If the
answer is yes, this would immediately imply the existence of long
arithmetic progressions of prime numbers, since ZpGP p~ ! diverges
(Theorem 8.7).

All these conjectures are still open, but important techniques, espe-
cially sieve methods and the circle method, have been developed to attack
them, and some deep results have been obtained. More information can
be found in the following books: Halberstam and Richert’s Sieve Meth-
ods [47], Nathanson’s Additive Number Theory: The Classical Bases [2],
and Vaughan’s The Hardy-Littlewood Method [148].
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The Prime Number Theorem

9.1 Generalized Von Mangoldt Functions

The function 7(z) counts the number of prime numbers not exceeding x.
Euclid proved that lim,_,o, 7(z) = co. The prime number theorem (PNT),
conjectured independently around 1800 by Gauss and Legendre, states that
7(x) is asymptotic to x/log x, that is,

lim m(x)logx

Tr—00 X

=1.

In this chapter we shall give an elementary proof of this theorem, where
“elementary” means that we do not use contour integrals, Cauchy’s the-
orem, or other results from analytic function theory, but only basic facts
about arithmetic functions and the distribution of prime numbers that we
proved in Chapters 6 and 8.

Recall that the von Mangoldt function A(n) is equal to logp if n is a
positive power of the prime p, and 0 otherwise. Let L(n) = logn. Then

L=1xA,

where 1(n) =1 for all n. By Mdbius inversion, we have
A=uxL,

and so

An) = (uxL)(n)
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— S uld)L(n/d)
d|n
= L(n)Y_u(d) = u(d)L(d)
d|n

d|n

=~ ud)L(d).

d|n

The divisor function d(n) counts the number of positive divisors of n. Since
d =11, from Mobius inversion we obtain 1 = p * d, and so

A—1=pxL—pxd=px(L—d).

For every nonnegative integer r we define the generalized von Mangoldt
function A, by
A =pxL".

Then Ag = p*x1 =06, and Ay = p* L = A is the usual von Mangoldt
function. The elementary proof of the prime number theorem makes use of
the generalized von Mangoldt function A,. We have

Ay(1) = 0, Ay(6) = 2log2log3,
Ay(2) = log®2, Ay(7) = log?7,
Ay(3) = log?3, Ay(8) = 5log?2,
Ay(4) = 3log?2, Ay(9) = 3log?3,
Ay(5) = log?5, Ay(10) = 2log2logh.

Theorem 9.1 For every positive integer n,
As(n) = A(n)logn + A x A(n).

Proof. Recall that pointwise multiplication by the logarithm function
L(n) is a derivation on the ring of arithmetic functions (Theorem 6.2).
Multiplying the identity L = 1% A by L, we obtain

L? = L-L
= L-(1xA)
1« (L-A)+(L-1)xA
1 (

x(A- L)+ LxA.

=

Therefore,
NAo=pxL?>=px1+x(A-L)+puxLxA=A-L+AxA,

which is the formula we want. O
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We can compute the function Ay = p* L? explicitly. Let w(n) denote the
number of distinct prime divisors of n. If w(n) = 0, then n = 1 and

If w(n) = 1, then n = p*, where p is prime, k is a positive integer, and so

Aa(p®) = pw(ML*PY) + pp)L* ()
(klogp)® — ((k —1)10gp>2
= (2k—1)log?p

If w(n) = 2, then n = pFq’, where p and ¢ are distinct primes, k and ¢ are
positive integers, and

p()L2 (") + u(p) L (0" q") + (@) L2 ("¢ ")

+ plpg) L2 (0" ¢ )

_ LQ(pqu)_LQ( k—1 Z) LQ( k_0— 1)+L2( k— 1q£—1)
= 2logploggq.

As(pFqt)

Let w(n) > 3.If n = dk, then either d or k is divisible by at least two distinct
primes, and so A(d)A(k) = 0. Moreover, A(n) = 0. Applying Theorem 9.1,

we have
As(n) = L(n)A(n) + > A(d)A(k) =
dk=n

The support of an arithmetic function f(n) is the set of all positive inte-
gers n such that f(n) # 0. We have just shown that the support of Az(n)
is the set of all integers n with w(n) =1 or 2.

Exercises
1. Compute A2(30) directly from the definition Ag(n) = pu* L?.

2. Prove that
AxA=—uLxL.

3. Prove that
L3 =I17xA+2L%LA+1x%L%A

and
A3 ZAQ*A+LA2

Prove that the support of Az is the set of all integers n such that
1 <w(n) <3.
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4. Prove that

-
I+ — Z (Z) L% s LEA

k=0
for all » > 0.
Hint: Use L = 1 x A and Exercise 6 in Section 6.1.

5. Prove that
A1 =LA +AxA,

for all » > 0.

6. Let » > 1. Prove that the support of A, is the set of all positive
integers n such that 1 < w(n) <r.

7. For a positive number x and positive integers d and n, define
A(d) = Ao(d) = p(d)log”

and

0(n) = 0,(n) = 1xA(n) =Y _ A(d).
d

Prove that:
(i)
6(1) = 0.
(i) If w > 1, then
72
0(p") = logplog —.
p
(iii) If w,v > 1, then
0(p"q") = 2logplogq.
(iv) If m is the product of the distinct primes dividing n, then

0(n) = 6(m).

(v) If n is square-free and p divides n, then

oo (2) o (2)

(vi) If n is divisible by three or more primes, then
f(n) =0.

Hint: Reduce to the case of square-free integers n, and use in-
duction on the number of prime factors of n.
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9.2  Selberg’s Formulae

The elementary proof of the prime number theorem begins with a formula
of Atle Selberg for a sum over products of primes not exceeding z. We give
several versions of this formula.

Theorem 9.2 (Selberg’s formula) For x > 1, the mean value of the
generalized von Mangoldt function Ao is

ZAg(n) =2zlogx 4 O(x). (9.1

n<z

Proof. We begin with a computation that uses the estimates in Theo-
rems 6.9, 6.11, 6.12, and 6.16.

S ho(n) = 3 pxI2(n)

n<x n<x
= > u(d)log’k
dk<z
= > uld) > log’k
d<z k<z/d
- T 2z x 9
= dgzu(d) <d <log d) jlo dJrFJrO(log d))
- M]ogg(lo a 2)+2x2“()+0 Y log?
d<z d<zx d<z
d
= dg;’ug)lgz(logz—@—i—O(x)
= xzugid)logg Z -v=2+0 j) + O(z)
d<z m<z/d
= xz%logg Z %—(’y+2)xz%log§+0(m).
d<z m<z/d d<z

We estimate these two sums separately. The first sum gives the main term
in Selberg’s formula:

u(d) x 1
x Z 0 log 7 Z o
d<z m<z/d
(@), =
22 loe =
dm %4

dm<z
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DIFIC

n<:v d|n

xlong%Zu(

n<z d|n

:z:logx—l—arzzM

n<lz

2zlogz + O(x),

log

e ) o Zu

)logd

n<m

by Mertens’s formula (8.10). Finally, using Theorem 6.16, we obtain

1(d)
>

d<z

pl) T _
2 gy =

d<z

B w(d)
= 2

dm<z

1
2w
m<z/d

o

w(d)
o)

d<z

= 3 S w00

n<lx

= 0(1).

d|n

This completes the proof. O

Notation. By Z g<z We denote the sum over all ordered pairs of primes

(p, q) such that pg < s z. For example,

> logplogg =
pqg<8

log 2log 2 + log 21og 3 + log 3 log 2

log® 2 4+ 2log 2log 3.

In the elementary proof of the prime number theorem we shall use the
following equivalent forms of Theorem 9.2.

Theorem 9.3 (Selberg’s formulae)

> log®p+ Y logplogg

p<xz pq<x
)

Y (x)logx + Z logp ¥
logplogq

p<z
“logpg

Zlongr Z

p<z pg<x

Forx >1,
= 2zlogz 4+ O(x), (9.2)
= 2zlogz 4+ O(x), (9.3)
x
= 2 — . 4
x+0<1+logx) (94)
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Proof. By Theorem 9.1,

D Aax(n) =) A(n)logn+ > AxAn).

n<z n<z n<zx

We consider the last two sums separately. The first sum is

Z A(n)logn = Zlog2p+ Z klog? p.

n<z p<z pF<a
k>2

If p* < 2 and k > 2, then p < /7, and so

[re5]
DR TR SRR S
Phse p<VT k=2
log 7\ 2
< > log2p< 2 )
logp
p<VT
< Vzlog’z
< .

Therefore,

Z A(n)logn = Z log? p + O(z).

n<x p<z

For the second sum, we have

ZA*A(n)

YD AwAE)

n<x n<z n=uv
= > logplogg
pkgl<a
k,e>1
= Zlogplogq+ Z logplog q.
pq<z pkgt<z
k,e>1
k+0>3

We apply Chebyshev’s theorem to estimate the remainder term.

> logplogg < > logplogg+ »  logplogg

pkql<z pkql<a pkgl<a
k+e>3 k>2 0>2
k,e>1 0>1 E>1

= 2 Z log plog q

pFql<a
k>2
£>1

295
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= QZlogp Z log q

pk<a at<z/pk
k>2 >1
T
= 2210gp1/} =
pk<a p
k>2
zlo
< Y=
pk<a p
k>2
=1
< Y lowrY &
p<zx k:2p
lo
< zZi
plp—1)

< .

Therefore,

ZA*A(n) = Z logplogq + O(x).

n<z pg<z
It follows from Theorem 9.2 that

Z As(n) = Z A(n)logn + Z AxA(n)

n<x n<x n<x
= Zlog2p+ Z logplogq + O(x)
p<z pq<z

= 2zlogz + O(x).
This proves (9.2).

Recall the arithmetic function

| logn if n is prime, and
t(n) = { 0 otherwise.

We have ¥(x) = >, - ¢(n), where ¥(z)/x = O(1) by Chebyshev’s theorem.
Applying partial summation, we have

Z log?p = Z £(n)logn

p<z n<z
= J(x)logx — / @dt
1
= Y(z)logz + O(x).

Also,

Z logplogq = Zlogp Z logqg = Zlogpﬁ (;) .

pg<z p<z q<z/p p<z
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Inserting these two identities into (9.2), we obtain (9.3).
= {(n)logn + £ * £(n). We can restate for-

Consider the function f(n)
mula (9.2) as follows:

Also, F(x) =0 for z < 2.

>

n<z

>

n<z

>

p<z

f(n)
(b(n)logn + £ £(n))

log® p + Z logplog q

pg<z

2zlogz + O(x).

Applying partial summation, we obtain

logplog ¢ £(n)logn+£€xL(n
Sroep+ 3D UEERE 5 SmEtet
p<z <z 08 Pq 2<n<z og 1
- ¥ i
3/2<n<a:
F(z) /I F(t)
= + -
log x o tlog“t
B 2a:logx+0(:c)+/”’ 2tlogt + O(t)
log x 2 tlog? t
= 2m+0< z ),
log x
by Exercise 1. If > e, then
T 2x
< )
logz = 1+logx
and so
x x
O(— )| =0(——7—.
<logx> (1+logsc)
If 1 <x<e, then
_r
1+ logx —
and ) |
0< Zlogp+ Z 08P08 4 <log2,
> —  logpg
p<z pa<z
and so
logplogq
— 1 _—
. ZOgP+Z “logpg 1+ logzx

p<z

pq<x
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This completes the proof of (9.3). O

Ezercises

1. Let x > 2 and k£ > 1. Use integration by parts to prove that
Todt T 2 T dt
T T R, Tk S
o log"t log"z log”2 2 log" "t

Prove that J
r t T
— =0 ——),
/2 longrl t F (longr1 x)

where the implied constant depends on k.

Hint: Divide the interval of integration [2,z] into two subintervals
[2./a] and [z a].
2. Let x > 2 and n > 1. The logarithmic integral is the function
Todt
li(z) = —.
5 logt

Prove that
= (k—1)!
li(z) = # + Oy, (,&) )
o log'w log"™" x

where the implied constant depends on n.

Prove that
x

li(z) ~ gz’

3. Show that formula (9.4) implies formula (9.3).

4. Define the positive real numbers A and a by

I(x)

limsup —= = A
T—00 X
and p
lim inf ﬂ =a
Tr— 00 €T

Observe that a < A and that the prime number theorem is equivalent
to the statement that A = a = 1. Use Selberg’s formula (9.3) to prove
that

A+a<2

Hint: Note that 9(x) > (a — )z for all x sufficiently large. Choose a
sequence of real numbers x; such that x; goes to infinity and ¥(z;) >
(A —€)x; for z; sufficiently large. Use Theorem 8.5.
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5. Use Selberg’s formula (9.3) to prove that
A+a>2.

Conclude that A + a = 2, and that the prime number theorem is
equivalent to A = a.

9.3 The Elementary Proof
We define the remainder term R(z) for Chebyshev’s function ¥(z) by
R(z) =9(x) — x.

We shall prove the prime number theorem in the form ¥(z) ~ =z, or,
equivalently, R(xz) = o(x). More precisely, we shall prove that there ex-
ist sequences of positive real numbers {6,,}5°_; and {u,,}2>_; such that
lim,, o0 6, = 0 and

|R(z)| < bmx for all © > uy,.

The argument is technically elementary, but delicate.
We need the following estimate.

Lemma 9.1 Forx > e,

1
S Y < loglog .
p<z P (1 + lOg %)

Proof. By Mertens’s theorem (Theorem 8.5), for every positive integer
j we have

Z 1o§p = <log fl + O(l)) - <log£ +0(1)) = 0(1).

el
x
g<p§

x
el —1

Moreover, if

o SP=gr
then
T
j<1l4log—<j+1,
p
and so
lo 1 lo 1
By 8P « =
%<p§5j{1 p(1+10g%> J ﬁ<p§5jm—1 p J
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Therefore,
[log z]+1
3 _ logp  _ Z Z _ logp
p<z P (1 + log %) 2 p<—2 (1 + log %)
[log z]+1 1
< Z =
=7
< logloga.

This completes the proof. O

Theorem 9.4 For x > 1,

S [r(2)]+ 0 ().

n<z

- logx

Proof. Replacing ¥(z) by x4+ R(x) in Selberg’s formula (9.3), we obtain

2zlogz + O(x) = ﬂ(x)logx—i—Zlogpﬁ(i)

p<z

© st e+ St (2 (%))

p<z

= zlogx+R(x)1ogz+:chgp+ZR<;> log p

p<x p<x

= logx+ZR< >logp+2xlogx—|—0( ).

p<lx
This gives

z)logx = — ZR< >logp—|—0(z). (9.5)

p<z

We denote prime numbers by p, ¢, and r. Let p < . From (9.4) we have
1 1 2
S doggr Y alowr 2 of o
q<z/p qr<z/p cear b p (1 +log %)

Then

> logplogg = Y logp Y logg

pg<z p<z q<z/p
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B 1ogp log plog qlog r
— eyl y lplosaloss

p<zx pgr<z
1
p<z P (1 —+ log E)
1 1
= 2z(logz+0O(1)) — Z 084708 T Z logp

qr<z lgqr p<z/qr

1
_|_O T &

1 1
= 2xlogz — Z wﬁ (qr) + O(zloglog ),

= log qr

where the error term comes from Lemma 9.1. Inserting this expression for
> pg<x l0gplog g into Selberg’s formula (9.2), we obtain

1 1
Zlong = Z 08P08 Y (pq) + O(zloglog x).

p<z pqsw log pq
Therefore,
logpl
d(x)logx = Z ngquﬁ( ) + O(xloglog x). (9.6)
oz, logpq Pq

Replacing 9(x) by « + R(x) in (9.6), we obtain

1 1
5~ lozplosg (;q iR <x>) + O(xloglog )

o, logpg pq

log pl log pl
: Y ngogq+z ogpoqu(x>
Pq

oz, Palogpa o= logpg
+ O(zloglog x).

(z + R(z))log

By Exercise 6 in Section 8.2,

Z log plog ¢

= log z + O(loglog x),
pqlog pq

pg<z

and so

logplog q ( )
R(z)logxz = ————R + O(xloglogx). 9.7
(z) log p;gx Tog pq 0 (zloglogz) (9.7)
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Adding formulas (9.5) and (9.7), we obtain

T log plog q T
2|R(x)|logz < Zlogp‘R(p)’Jr Z Tlogpg R -

pz pg<z
+ O(xloglog x)

- Sl o)
4_— O(z loglog x) )
= Z (E(n) + élt)é(:)> ‘R (%)) + O(zloglog ).

n<x

We can write the partial summation formula (6.6) with @ = 0 and b = [z]
as follows:

S Fmatn) = 3 Fn)o(n) - gln+ 1)) + F(x)g((z).
Let 0t
) = e + 1)

and g(n) = |R(z/n)|. By Selberg’s formula (9.4),

Fa)=3 fn) =Y <€(n) + éf‘ogs)) =22+ 0 (Halcogx> .

n<z n<z

Then

S (e + S ) 2 ()

n<z

= 2 (o (i) (G- (59
o (oo (i) 1 ()]

We evaluate these terms separately. The main term is

> 2 (= (O] |= ()

n<zr—1

RO R

w55
n<zr—1 n<zr—1 n+

=2 3 nfr(G)[=2 3 -nfr ()]

n<zr—1 2<n<z
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25 [ (5)] -zl (1)
25 [ ()] 0w,

n<zx

since 1 < z/[z] < 2 for all x > 1, and so ¥(x/[z]) = 0 and R(z/[x]) = O(1).
To evaluate the second term, we begin by observing that

- r ()] = G -al - () - o
< p()-o(a5)-(G-a5)

IA
<
—
S
~—
|
53
7N
3
+
—
N—

no n+1
x T " .
B 19(”)_0<n+1)+n_n+1
x T "
) ﬂ(n>ﬂ<n+1)+nz'
Therefore,
n - .
2 () (2O J= ()
n z "
< ¥ () PG 2 (59))
1
Jracngzl_lm.
We have

= (5500) Q) 0 (559))
- Y ()00 Y (e )0 ()

n<z—1 2<n<z
n n—1 T
- 9z)+ ( - >19()
(z) 29;0—1 1+logn 1+log(n—1) n
n n—1 T
< ¥ - 19(7)
- (x)+2<7§_1<1+10gn 1+logn> n

= )+ > (Hi)gn)ﬁ(fl)

2<n<z—1
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1
< orhw Z n(1 4+ logn)

2<n<zx—1
< zloglogz,
since 1
Z —— = O(loglog x)

WS n(1 +logn)

by Exercise 11 of Section 6.2.
The third term is simply

(240 (aez)) 2 ()] = 10

Combining these results, we obtain

2|R(x)|logz < 2 Z ‘R (%)‘ + O(zloglog ).

n<lz

Dividing this inequality by 2log x completes the proof of Theorem 9.4. O

Lemma 9.2 Let 0 < 6 < 1. There exist numbers c¢o > 1 and x1(6) > 4
such that if x > x1(6), then there exists an integer n such that

z<n<eo%

and
|R(n)| < én.

The constant ¢y does not depend on 6.
Proof. By Theorem 6.9,
1
Z — =logx+~v+r(z) =logz + O(1),
n<z n
where |r(z)| < 1/x. If 1 < < 2/, then
1 /
Y- =log (),
n x
r<n<lz’
where |r'(z)| < 2/z. By Theorem 8.6,

Z 19:21) =logz + O(1).

n<z
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Then
R(n d(n) —n
Z 752) - Z%
) — (logz +O(1)) - (logz + O(1))
= O(1),
and so

r<n<lx’

for all 1 < z < z’. Choose ¢y > 1 such that

3 RTEZ) <%O (9.8)

z<n<z’

foralll <z < a'.

Let 06 < 1 and p = e%/®. Then pz > ex. Choose x;(6) > 4 such that
logz < éx for all © > x1(6). We must prove that if © > 21(8), then there
exists an integer n € (z, pz] with |R(n)| < én. There are two cases.

In the first case, we assume that either R(n) > 0 for all integers n €
(x, pz], or R(n) < 0 for all integers n € (x, px]. Then

R(n R(n R(n 1
DI I SN Sy LS

r<n<px z<n<px z<n<px

=i { O ),

If

then

Y
3*

Y4

3

*
I/
SYPS]

|
N -
~

Y
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and so
0<m*<é.

There exists an integer n € (x, pr| with |R(n)|/n = m™*, and so
|R(n)| < én.

In the second case, there exist integers n— 1 and n in the interval (x, pz]
such that R(n — 1) # R(n) and R(n — 1)R(n) < 0. Moreover, n — 1 > x >
x1(6) > 4, and so n > 6. For every integer n > 2 we have

R(n)—R(n—1) = 9Yn)—~9(n—-1)—-1
{ logn —1 if n is prime,

-1 if n is composite.

It follows that if R(n) < R(n — 1), then R(n) — R(n — 1) = —1. Since
R(n) <0< R(n—1), wehave |[R(n)] <1 <logn <én.If R(n—1) < R(n),
then R(n — 1) <0 < R(n) and

0<R(n)<R(n)—R(n—-1)=logn—1<logn < én.

In all cases, there exists an integer n € (z, px] such that |R(n)| < én. This
completes the proof. O

Lemma 9.3 Let cg > 1 be the number constructed in Lemma 9.2. and let
0 < 6 < 1. There exists a number x2(8) such that if x > x2(6), then the
interval (x,e/%x] contains a subinterval (y, e’y such that

|R(t)| < 46t
for all t € (y,e?/?y].
Proof. We begin with Selberg’s formula in the form (9.4). For z > 1,
1 1
> logp+ Y Olgp 89 = +O(1+TO x>
<z pa<z og pq g

For 1 < u <t we have

0 < > logp

u<p<t
logplo
< X wwpr Y L
u<p<t u<pq<t

t U
= 2 — _— _—
(t u)+0<1+logt>+0(1+10gu>

t
= 2t—uw)+0 <1+logt>7
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since the function ¢/(1 4 logt) is increasing for ¢ > 1. Moreover,

Z logp =9(t) — ¥ u) =t —u+ R(t) — R(u),

u<p<t
and so

t
—(t—u)<R({)—R(u)<t—u+0 () .
It follows that if 1 < u < t, then

t t
_ <t - — | <t- — .
|R(t) — R(u)| <t u+0(l+logt> <t u+0<logt>

If 1 <t <wu<2t then

u
_ < _ -
|R(t) — R(u)] < wu t+0(1+logu>
2t
< Jt— v
s It u+0<1+log2t>
<

t
t—u—f—O(bgt).

In particular, if u > 4 and ¢/2 < wu < 2¢t, then
t
R(t)| < |R t— ol—|. 9.9
RO < 1RG0+ -]+ 0 (1 ) 99

By Lemma 9.2, there is a number ¢y > 1 such that if 0 < § < 1 and
x > x1(6) > 4, then there exists an integer

S (x,eco/‘sx]
with
|R(n)| < én.

If ¢ is a real number in the interval [n/2,2n], then ¢/2 < n < 2t. Since
n > x > 4, we have

logt > log(n/2) > log(z/2) > (logx)/2,

and

|R(t)]

IN

\R(n)| + |t —n| + O <t>

logt

6n+t—n|—|—0( ! )
log x

- (el )
t n log x

t
t(26+‘—1‘+ @ >
n log x

A

IN
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for some constant ¢y > 0. If 2 > 25(8) = max (z1(6), e®/?), then

R()] < ¢ <3a+ ‘fl - 1‘) .
Choose t in the interval
e 92 <t< e 2n.
Then ¢ € (n/2,2n) since €¥/2 < e'/2 < 2. If t/n > 1, then

¢ t
—1‘=—l<6§/2—1<5,
n n

since e?/2 < 1+ 6 for 0 < § < 1. If t/n < 1, then

t t
—1‘:1—§1—€_6/2<66/2—1<6.
n n

Therefore,
|R(t)] < 46t.

We define the number y as follows. If €¥/2n < e®/®zx let y = n. If
e92n > e%0/8z let y = e=®/?n. Then

y=e92n> e 00/ 0y = l0/)=0y 5 o
since ¢o/6 > ¢g > 1 > 4. In both cases,
(y,€*/?y] C (w,e/*q]

and |R(t)| < 46t for all t € (y, e®/?y]. This completes the proof. O

Theorem 9.5 (Prime number theorem) For Chebyshev’s function 9¥(x),

Ha) ~x
as T — oo.
Proof. By Theorem 8.1,
)
lirnsupM = limsupﬂ —1<logd—-1<04.
T—00 T T—00 xr
By Theorem 8.2,
)
timinf 2% imint 2 151062 21> —04.
x

T—00 €T T—00
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It follows that there exist numbers M and wu; such that
|R(x)| < Mz for all x > 1,

and
|R(z)| < 61 for all z > uy,

where
61 = 0.4.

We shall construct sequences of positive real numbers {6,,}5°_; and
{em }S°_4, such that
61 > 69 > 63 > ---

and
lim &,, =0. (9.10)

m— 00

Let m > 1, and suppose that we have constructed the number 6,,. Let
cp > 1 be the number defined in Lemma 9.2. Choose &,,, such that

0<em<l/m

and
62 ]
1 m) [1— =2
(1+e )< 256c0><
We define
o, 6 9.11
Omr1 = (1 m) [ 1 — =2~ 6. .
=) (1- o) (0.11)

Then 0 < 641 < 6. This determines the sequences {6, }50_; and {e,,}5°_
inductively.
We shall prove that for every m there exists a number u,, such that

|R(z)| < bma  for all & > . (9.12)

Let us show that this suffices to prove the prime number theorem. The
sequence {6, }2°_, is a strictly decreasing sequence of positive real numbers,
so the sequence converges to some nonnegative number § < 1. Then (9.10)

and (9.11) imply that
62
6=11- 6=0.
( 25600)

Inequality (9.12) implies that R(x) = o(z), which is equivalent to the prime
number theorem.

We construct the numbers u,, inductively. There exists u; such that
|R(z)| < 612 for x > uy. Suppose that u,, has been determined. We shall
prove that there exists a number w,,,1 such that |R(x)| < 8412 for all
T > Upt1-
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Define

)
o, ==
m 8
and
p=e%/ O
Let z2(6,,) be the number constructed in Lemma 9.3, and let

x3(m) = max (z2(8),), Um) -

If

then by Lemma 9.3, every interval (x, pz| contains a subinterval (y, eom/ Qy}
such that

for all t € (y,e‘sin/ Zy} . Let k be the greatest integer such that pF <

x/x3(m). Then
b < log x/x3(m)

<k+1,
log p
and so
log p
!
_ Baloma/ma(m) | )
Co
bom log x
= — 1).
Seo +0(1)
By Theorem 9.4,
1 T
< =
ROl < g SR (E) ot
1 T 1 T
~ logxw Z R(ﬁ) + log z Z ‘R(ﬁﬂ +o(2)
n<pk pk<n<z
1 T Mz 1
< el —
~— logx Z R(n) log x Z n+0(x)
n<pk pk<n<z
1 x
< d
- logxn;pk R(n) +o(@),

since

S 2 = leglpuslm) + O(1/2) = O,

pk<n<z z/(pws(m))<n<wz
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Iflgngpk,then

and

by the definition of wu,,.
For j =1,...,k, we have

| &

- >

=
b?r'

and so each interval (%, %] contains a subinterval I; = (yj,e‘sin/ 2yj]
such that

Omt
|R(t)| < 46,,t = 5 for all t € I;.
Therefore,
x x x
>RGN - X REIXZIRE)
n€(pI—1,p7] ne(pi =1, pI\I; nel;
1 opz 1
< b6m —ogme —
P ,
n€(pi=t,pi\I; nel;
1 bpz 1
- 5 S
me Z n 2 n
ne(pi—1,pi] nel;
Then
x k x
DRG] = e+ > RG]
n<ph J=lne(pi—1,pI]
k
1 bom 1
=1 ne(p—1,p0] " nel; !
k
1 b 1
RGP ISP
n<pk j=1nel;

‘We have

>N
3
S
g
3=
I

1
Omx (k;logp +0 <k>>
n<pk p

Smzxlogz + O(x).
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Moreover,
1 1 & 1 8! o
ZI.H Zﬁ nT 2t <yy> 2 " (m)
nel; ne(y;,e’m/?y;]
and so
k- .
1 ol k 1
X0 = B rolXT
j=1nel; j=1
6., [ bmlogx
= -2 o(1 o(1
2 (o)) +on)
62 logx
= 1
128c¢q +0(1),
since
k k _ k
Z/i_p(p H 2" _ 2 — o)
Pl z(p—1) x x3(m)
Therefore,

Om 1 & xlogx
OmL Z Z P + O(x).

Combining these results, we obtain, for x > x3(m),

> 1m0

n<pk

83 xlogw
256¢9

IN

(6 logz + O(x)) —< —|—O(x)>

2

b
(1 - 25600> dmzxlogz + O(x),

and

mol < ok 5 [R(E)| oo

52

We choose u,,+1 sufficiently large that for all z > w,,+1 we have

52
o(z) < em (1 - 25660> Om.

Then 52

This completes the proof of the prime number theorem. O
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Ezercises

1
2

. Let p,, denote the nth prime number. Prove that p,, ~ nlogn.

. Prove that

lim 22t g,

n—oo pn
Let 6 > 0. Prove that
H(1+ 6)x) — Hx) ~ bx.

This implies that there is a prime between z and (1 + 6)x for all
sufficiently large x.

Prove that
bx

~ logz’

(14 6)x) — ()
Prove that
m(2z) — m(x) ~ 7w(x).

Let p, denote the nth prime number, so that p; = 2, po = 3,....
Prove that the asymptotic formula p, ~ nlogn implies the prime
number theorem.

Deduce Selberg’s formula (9.3) from the prime number theorem.

Let 6; = 2. For every m > 1 define

62
g1 =6 (1= =2 ) .
1 ( 256co>

Prove that
0<bm K

L
T

9.4 Integers with £ Prime Factors

For

any positive integer n, the arithmetic functions w(n) and Q(n) are

defined as follows: w(n) = k if n is divisible by exactly k different primes,

and
n =

ai, ..

Q(n) = £ if n is the product of £ not necessarily distinct primes. If
pit - PRk, where pi, ..., pi are pairwise distinct prime numbers and
., ag are positive integers, then w(n) =k and Q(n) = a1 + -+ - + a.

Let 7 (x) denote the number of positive integers n not exceeding z that

can

be written as the product of exactly k distinct primes,

me(x) = Z 1.

n<xz
w(n)=Q(n)=k
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Let 7} (z) denote the number of positive integers n not exceeding z that
can be written as the product of exactly k not necessarily distinct prime

numbers,
m@) = Y 1L

n<x
Q(n)=k

Our goal is the following asymptotic estimate for the number of integers
with exactly k& prime divisors:

z(loglog z)*~!

(k—1)logx ~

This is a generalization of the prime number theorem, since 71 (z) = 77 (x) =
7(x) ~ z/logx.

Let P = {2,3,5,...} be the set of prime numbers, and let P* be the set
of all ordered k-tuples of primes. Let 7, (n) denote the number of represen-
tations of n as an ordered product of k primes, that is,

)= Y L
(p1.---.p) EPF

p1pp=n

Since every positive integer is uniquely (up to order) a product of primes,
we have
0 <ri(n) <kl for all n > 1.

Moreover, ri(n) = k! if and only if w(n) = Q(n) = k, and 0 < ri(n) < k! if
and only if w(n) < Q(n) = k.

Theorem 9.6 For k > 1, let

I} (x) = Zrk(n) = Z 1.

n<z (P1s--+s pi)EPE
Pl PR ST
Then
klmg(x) < T (z) < klnji(z) < .
For k > 2,

0 < mp(x) — mp(z) < Iy ().
Proof. We have

p@) =) mn) <k Y I=klmi(x) <klr <
n<lz TES)TSO
Tk n

and

M(x) =Y re(n) >k > 1= klm(x).

n<x n<wx
- rE(n)=k!
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Let k£ > 2. The function 7 (z) — mx(z) counts the number of positive
integers n < x that can be written as a product of k£ primes but not as
a product of k£ distinct primes. Every such integer is of the form n =
p1 - pr—2Pi_,. Therefore,

m(z) — mp(z) < Z 1

(P1yees Pkfl)epkfl
p1-py_ <w

> 1

(P1:-spp—1)EPRTT
Pl P11

05 (2).

IN

This completes the proof. O

Theorem 9.7 Let So(x) = 1. For k > 1, let

D S T D

(P1seees py)EPE p1
p1pr<e
Then
Si(@) ~ (loglog )"
and

=350 ()

p<z

Proof. By Theorem 8.7,

1
Si(x) = Z — ~loglogx

p<z

and so
Sy (z'/%) ~loglog z'/* ~ loglog

for all k£ > 1. Since

k
k
(=) = (235 £ o
pSzl/k p (P1ye--s pk)EPk pl pk
p;<al/k

IA
N
—
|
2
&

A\
]
| =
Il
N
&
L=
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it follows that

Also,

Number Theorem

Si(x) ~ (loglogz)*.

)3 1
(P1oeeopr101)EPF D1 Pk—1DPk
P1 v PR—1PES®
1 Z 1
pPr<T Pk (P1,--pp_1)EPE—T P D1
P1 o Pp—15%/Pk
1 T
= E —Sk-1 :
pe<g Pk Pk

This completes the proof. O

Theorem 9.8 For k > 1, let
Oy () = Z logp1 -« pr.
(p1,---,p) EPF
Pl PR ST
Then
() ~ kz(loglogz)F~ 1.
Proof. For j=1,...,k+1, let
E+1
D1 Py Pkl = H,’Dz’-
i=1
i#]

Then

k+1

zlogpl"'p}"'
j=1

and so, by Exercise 4,

k41 ()

“Prg1 = log(py -+ 'pk+1)k = klogp1 - pry1,

Z klogp1 -« pri1

pk+1)€P’“+1
Py PRy <e

.....

k+1

Z Zlogpl'“p}"'pkﬂ

,,,,, Pk+1)€Pk+1 Jj=1
Pl Pr41S®
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= Z (k+1)logp1--pi

(P1yees Pk+1)€Pk+1
Pl PRy1S®

= (k+1) Z Z logpi - pr

Pe+1<T (p1,... pR)EPK
Pl PRST/Pry1

- (k+1)219k<§).

For k > 1, let .
Fi(z) = 9k (v) — kxSk_1(2).
Then
kFppi(z) = kg (e) — k(k + 1)zSk(z)
= (k+1) ;ﬂk <Z> — k(k+1) ; %Sk_l (;)
SO R)
- (k:+1)z<;Fk (;) .

We shall prove by induction that
Fi(z) = o (z(loglog )" 1) . (9.13)

For k=1,
Fi(z) =9(x) —x = o(x)

is the prime number theorem. Suppose that (9.13) is true for some k > 1.
Let € > 0. There exists zg(g) such that

|Fy(x)] < ex(loglogz)k~!
for all x > x9 = zo(e), and so
1
Z Fy (az) < ex(loglogz)*~1 Z — < 2ex(loglog z)*
p
p<z/xo p<z/xo

for x > 21 = x1(e) > x0. Since the functions ¥y (z) and Sk_i(x) are
nonnegative and increasing for x > 1, it follows that Fj(z) is bounded on
any finite interval, and so there exists a constant M; = M; () such that

|Fr(x)| < My for 1 <z <.
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Therefore,

T

kFpii(z) = (k—f—l)ZFk ()

= p

pPsST

T T
= (k+1) > Fk(>+(k+1) > Fk<>
p<z/xq p x/xo<p<z p

< 2(k+ Dex(loglog x)* 4 (k 4+ 1) M 7 (x)
< dkex(loglog x)* + 2k M.

Dividing by k, we obtain
Fii1(z) < ex(loglog )k
for all sufficiently large . This proves (9.13). It follows that

'lgk(iﬂ) = kak_l(x) + Fk(l’)
kz(loglogz)* ' + o (z(loglog z)* ')
k-1

2

kx(loglog x)

This completes the proof. O

Theorem 9.9 Fork > 1,
. z(loglog z)*~1
i (z) ~ i (x) ~ I og 2 .
Proof. This follows from Theorem 9.8 by partial summation. We have

Or(w)= > logpi---pr =Y ri(n)logn,

(P1,---s p)EPK n<z
p1pp<w

and, by Theorem 9.6, the arithmetic function r(n) has mean value
i (z) = Y rr(n) = O().
n<x
Then
T IIE(t)dt
H,t(m)logx—/ k(t)

1
I} () log x + O(z).

1919(3;‘)

It follows that

e\ Ur(x) x kz(loglog z)F1
(@) = log = +0 log © log = '
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For k > 2,
k1 (@) = o (I (x)) -
By Theorem 9.6,

I (x) < klmi(x) < klmg(z) + KT (x) < I (x) + kI (z),

and so
i (z) z(loglogz)*1

k! (k—1)ogzx ~

i (@) ~ mp () ~

This completes the proof. O

Ezercises
1. For every positive integer n, let r4(n) denote the number of k-tuples
of prime numbers (p1, ..., px) such that n = p;y - - - px. Compute r3(n)
for n < 50.

2. Compute r4(n) for n < 100.

3. Let 0 > 1. Prove that

irk(”) _ Zi

(od
peP p

4. Prove that

k+1

> > logpi-pj-prra

(P1sees Pk+1)EPk+1 j=1
Pl Prpt1S®

= > (k+1)logpi - py.

(P, ppy1)EPRFL
P11 PRl ST

5. Let x be the smallest number such that 7 (zx) > 0. Prove that for
every € > 0 there exists an integer ko = ko(¢) such that if k& > ko,
then

k(lfs)k <ap < k(lJrs)k.
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9.5 Notes

In a lecture delivered to the Mathematical Society of Copenhagen in 1921,
Hardy said,

No elementary proof of the prime number theorem is known,
and one may ask whether it is reasonable to expect one. Now
we know that the theorem is roughly equivalent to a theorem
about an analytic function, the theorem that Riemann’s zeta
function has no roots on a certain line. A proof of such a theo-
rem, not fundamentally dependent upon the ideas of the theory
of functions, seems to me extraordinarily unlikely. It is rash to
assert that a mathematical theorem cannot be proved in a par-
ticular way; but one thing seems quite clear. We have certain
views about the logic of the theory; we think that some theo-
rems, as we say “lie deep” and others nearer to the surface. If
anyone produces an elementary proof of the prime number the-
orem, he will show that these views are wrong, that the subject
does not hang together in the way we have supposed, and that
it is time for the books to be cast aside and for the theory to
be rewritten.

G. H. Hardy, quoted in Bohr [11]

In 1949, in a review of the Erdds and Selberg elementary proofs of the
prime number theorem, Ingham wrote,

What Selberg and Erdés do is to deduce the PNT directly
... without the explicit intervention of the analytical fact ....
How far the practical effects of this revolution of ideas will pen-
etrate into the structure of the subject, and how much of the
theory will ultimately have to be rewritten, it is too early to
say.

A. E. Ingham [71]

The prime number theorem was proved independently in 1896 by J.
Hadamard [46] and C.-J. de la Vallée Poussin[23]. Their proofs applied
complex function theory to the Riemann zeta function. Ingham’s classic
monograph, The Distribution of Prime Numbers [70], published in 1932,
contains an analytic proof of the prime number theorem.

The elementary proof of the prime number theorem was discovered in
1948 at the Institute for Advanced Study in Princeton. In March 1948,
Selberg discovered his famous formula (Theorems 9.2 and 9.3) and gave an
elementary proof of Dirichlet’s theorem on primes in arithmetic progres-
sions (Theorem 10.9). By April 1948, he knew that A+ a = 2 (Exercises 4
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and 5 in Section 9.2), and that the prime number theorem is equivalent
to A =a = 1. In a letter to H. Weyl that is dated September 16, 1948,
Selberg! wrote:

In May I wrote down a sketch to the paper on Dirichlet’s theo-
rem, during June I did nothing except preparations to the trip
to Canada. Then around the beginning of July, Turan asked me
if I could give him my notes on the Dirichlet theorem so he could
see it, he was going away soon, and probably would have left
when I returned from Canada. I not only agreed to do this, but
as [ felt very much attached to Turdn I spent some days going
through the proof with him. In this connection I mentioned the
fundamental theorem to him. ... However, I did not tell him the
proof of the formula, nor about the consequences it might have
and my ideas in this connection. ... I then left for Canada and
returned after 9 days just as Turdn was leaving. It turned out
that Turdn had given a seminar on my proof of the Dirichlet
theorem where Erdds, Chowla, and Straus had been present, [
had of course no objection to this, since it concerned something
that was already finished from my side, though it was not pub-
lished. In connection with this Turan had also mentioned, at
least to Erd0s, the fundamental formula. . ..

In a letter to D. Goldfeld that is dated January 6, 1988, Selberg wrote:

July 14, 1948 was a Wednesday, and on Thursday, July 15 I met
Erd6s and heard that he was trying to prove p,+1/pn — 1....
Friday evening or it may have been Saturday morning, Erdos
had his proof ready and told me about it. Sunday afternoon
(July 18) T used his result (which was stronger than p,,1/p, —
1, he had proved that between z and z(1 + é)there are more
that ¢(6)x/logx primes for x > x¢(6), the weaker result would
not have been sufficient for me) to get my first proof of PNT.
I told Erdés about it the next morning (Monday, July 19). He
then suggested that we should talk about it that evening in the
seminar room in Fuld Hall. ...

Erdés records the history of the first elementary proof of the prime number
theorem in the same way:

In the course of several important researches in elementary
number theory A. Selberg proved some months ago the follow-

IThis and the following extract from Selberg’s correspondence appear in Goldfeld’s
historical note [38]
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ing important asymptotic formula:

Z(logp)2 + Z logplogq =2z logz + O(x), (9.14)

p<z pq<z

where p and ¢ run over the primes....

Using (9.14) I proved that p,41/p, — 1 as n — oco. In fact I
proved the following slightly stronger result: To every c there
exists a positive §(c), so that for z sufficiently large we have

mlz(l +¢)] — w(x) > 6(c)x/logx (9.15)

where 7(x) is the number of primes not exceeding x.

I communicated this proof of (9.15) to Selberg, who, two days
later, using (9.14), (9.15) and the ideas of the proof of (9.15),
deduced the prime number theorem. . ..

Erdés [34, pp. 374-375]

Both Erdds [34] and Selberg [128] subsequently gave independent ele-
mentary proofs of the prime number theorem. These proofs all use Sel-
berg’s original formula, as well as ideas that Erd&s introduced in his proof
of (9.15).

Number theorists of Hardy’s and Ingham’s generation believed that there
could be no elementary proof of the prime number theorem. They were also
convinced that if, by some miracle, an elementary proof were discovered,
then the ideas in that proof would lead to tremendous progress in our
knowledge of the distribution of prime numbers and the zeros of the zeta
function. Both statements are false. Erdds and Selberg produced elementary
proofs, but their beautiful method has not led to any extraordinary new
discoveries in number theory or analysis.

The elementary proof has so far not produced the exciting in-
novations in number theory that many of us expected to follow.
So, what we witnessed in 1948, may in the course of time prove
to have been a brilliant but somewhat incidental achievement
without the historic significance it then appeared to have. My
own inclination is to believe that it was the beginning of impor-
tant new ideas not yet fully understood and that its importance
will grow over the years.

E. G. Straus [136]

The elementary proof of the prime number theorem that appears in this
chapter is the proof in Selberg’s original paper [128]. Postnikov and Ro-
manov [115, 116] give a similar elementary proof in terms of the Mdbius
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function. Daboussi [18] and Hildebrand [67] obtained elementary proofs of
the prime number theorem that do not depend on Selberg’s formula. Di-
amond [24] has written a careful survey of elementary methods in prime
number theory.

For more recent developments in prime number theory, see Tenenbaum
and Mendes-France, The Prime Numbers and Their Distribution [140]. D.
J. Newman has recently published a simple analytic proof (Newman [112],
Zagier [159]).

The asymptotic formula for the number of integers with exactly & prime
factors is based on work of E. M. Wright (see Hardy and Wright [60,
pp. 368-370]).

The most important unsolved problem in mathematics is the Riemann
hypothesis. It can be expressed in terms of the distribution of prime num-
bers. By Exercise 2 in Section 9.2, the logarithmic integral li(x) is asymp-
totic to x/logx, and so the prime number theorem can be restated in the

form
m(x) ~li(x).

The Riemann hypothesis is an assertion about the size of the error term in
the prime number theorem, namely, that

m(x) =1li(z) + O (x1/2+5)

for every € > 0.
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Primes in Arithmetic Progressions

10.1 Dirichlet Characters

Dirichlet’s theorem states that if m > 1 and a are relatively prime integers,
then the arithmetic progression mk + a contains infinitely many primes,
that is, there exist infinitely many primes p of the form p = mk + a.
Equivalently, the congruence class @ (mod m) contains infinitely many
prime numbers. For example, there are infinitely many primes p such that
p =3 (mod 4), and there are infinitely many primes p such that p =5
(mod 6), by Exercises 8 and 9 in Section 1.5.

We begin by constructing a class of periodic functions called Dirichlet
characters whose domain is the set of integers.

Let m be a positive integer and let Z/mZ be the ring of congruence
classes modulo m. The additive group of this ring is cyclic of order m, and
its dual group is also cyclic of order m. A character of the additive group
Z/mZ is called an additive character modulo m.

Let ¢ be a primitive mth root of unity. If ¢ is an additive character
modulo m, then there exists a unique integer a € {0,1,2,...,m — 1} such
that

Yk +mZ) = (™.
Choosing the primitive mth root of unity ¢ = exp(27i/m), we have

2miak

Ya(k +mZ) = exp ( ) = em(ak).
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Associated to the additive character 1), is a complex-valued function ¢/, on
the integers that is defined by

Vo (k) = Ya(k +mZ).

We let v, denote both the additive character modulo m and its associated
function on the integers.

The group of units in the ring of integers modulo m is the multiplicative
group (Z/mZ)* of order p(m), where ¢(m) is the Euler p-function. A
character of this group is called a multiplicative character modulo m. The
principal character xo modulo m is the multiplicative character defined by
Xo(a +mZ) =1 for all a + mZ € (Z/mZ)*.

For every multiplicative character x, we have

X(=14+mZ)* = x(1+mZ) = 1,

and so
x(—=1+mZ) = +£1.

The character x is called even if x(—1+mZ) =1 and oddif x(—1+mZ) =
—1.

A multiplicative character modulo m is called real if it is real-valued.
Since the only real roots of unity are +1, it follows that if y is a real
character, then y(a +m/Z) = £1 for all (a,m) = 1. The character x is
called complez if x(a +mZ) is not real for some congruence class a +mZ.

Let x be a multiplicative character modulo m. We extend x to the
nonunits of the ring Z/mZ by setting x(a +mZ) = 0 whenever (a,m) = 1.

For every odd prime p, the Legendre symbol (5) defines a real multi-

plicative character x modulo p by

a 1 if a is a quadratic residue modulo p,
x(a+pZ) = (> =< —1 ifaisa quadratic nonresidue modulo p,
p 0 if (a,p) > 1.

By Theorem 3.14, this character is even if p=1 (mod 4) and odd if p = 3
(mod 4).

Corresponding to every multiplicative character x modulo m there is a
complex-valued function ¥’ on the integers defined by

¥/(a) = x(a +mZ).

The function ' : Z — C is called a Dirichlet character modulo m.
A Dirichlet character x’ modulo m has the following properties:

(i) The function x’ has period m, that is, if a = b (mod m), then
X'(a) = X/ (b).
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(ii) The support of x’ is the set of integers relatively prime to m, that is,
X' (a) # 0 if and only if (a,m) = 1.

(iii) x’ is completely multiplicative, that is, x'(ab) = x'(a)x’(b) for all
integers a and b.

Conversely, every complex-valued function x’ on the integers that satisfies
properties (i), (ii), and (iii) is a Dirichlet character modulo m, and the
multiplicative character x modulo m that corresponds to x’ is defined by

Y(a+mZ) = x(a).

From now on, we shall use x to denote both a multiplicative character
modulo m and the corresponding Dirichlet character modulo m.

The principal Dirichlet character xo modulo m is defined by xo(a) = 1 if
(a,m) =1and xo(a) = 0if (a, m) > 2. In particular, the principal Dirichlet
character modulo 1 satisfies xo(a) = 1 for all integers a.

A Dirichlet character modulo m is called real, complex, even, or odd
precisely when the corresponding multiplicative character modulo m is real,
complex, even, or odd, respectively.

We can state the orthogonality relations for Dirichlet characters as fol-
lows.

Theorem 10.1 (Orthogonality relations) Let 3, (04 .m) denote the
sum over a complete set of residue classes modulo m, and let ZX (mod m)

denote the sum over the @(m) Dirichlet characters modulo m. If x is a
Dirichlet character modulo m, then

" (;Od m)X(a)i { 0 if X # Xo-

If a is an integer, then

Z (a) = e(m) ifa=1 (mod m),
X 0 ifa#1 (modm).
x (mod m)
Proof. This is simply Theorem 4.6 applied to the multiplicative group
(Z/mZ)*. O

Theorem 10.2 (Orthogonality relations) Let }_, (04 m) denote the
sum over a complete set of residue classes modulo m, and let Zx (mod m)

denote the sum over the o(m) Dirichlet characters modulo m. If x1 and x2
are Dirichlet characters modulo m, then

> alwa={ g e

a (mod m)
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If a and b are integers, then

Z V(@)x(b) = { e(m) if (a,m)=(b,m)=1anda=0b (mod m),

10 otherwise.
x (mod m)

Proof. This is Theorem 4.7 applied to the multiplicative group (Z/mZ)*.
O

Let d and m be positive integers such that d divides m. There is a natural
ring homomorphism
w:Z/mZ — Z/dZ

defined by
m(a+mZ) =a+ dZ.

If (a,m) = 1, then (a,d) = 1 and so 7 induces a group homomorphism
7w (Z/mZ)* — (Z/dZ)* on the unit groups of these rings. Let A be a
multiplicative character modulo d. The composition of the maps

(Z/mZ)* = (Z/dZ)* 2 C*

induces a multiplicative character y modulo m defined by
X = AT,

and so
x(a+mZ) = Xa + dZ).

This character is called an induced character. A character y modulo m is
called a primitive character if it is not induced from a character modulo d
for any proper divisor d of m.

Alternatively, we can define induced characters by means of Dirichlet
characters modulo m. Let d and m be positive integers such that d divides
m. If X is a Dirichlet character modulo d, then we can define a Dirichlet
character xy modulo m by the formula

Ma) if (a,m) =1,
x(a) = { 0 if (a,m) # 1.

Let d, k, and m be positive integers such that d divides k and k divides
m, and let A\, o, and x be Dirichlet (or multiplicative) characters modulo
d, k, and m, respectively. If the character A induces ¢ and the character o
induces x, then X induces y.

There is a unique Dirichlet character modulo 1; it is the constant function
A(a) = 1 for all integers a. For every m > 2, the character A induces the
principal character xo modulo m.
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Ezercises

10.

. Construct all of the Dirichlet characters modulo 5.

. Prove that the nontrivial Dirichlet character modulo 6 is induced by

a primitive Dirichlet character modulo 3.

Construct all Dirichlet characters modulo 4 and modulo 8. Find the
primitive characters.

. Let m and d be positive integers such that d divides m. Let A be

a Dirichlet character modulo d, and let x be the Dirichlet character
modulo m induced by A. Prove that x(a) = A(a)xo(a), where xq is
the principal character modulo m.

Let x be the principal Dirichlet character modulo m. Prove that
b
b—a+1
>
S 2 |7 gt
for all integers a and b.

Let x be a nonprincipal Dirichlet character modulo m. Prove that

b
> x(n) < p(m)

for all integers a and b.

Prove that for every integer a,

m) ifa=1 (modm),
%:X(“):{g( : ifa#1 ( |

(mod m),

where the summation runs over all of the Dirichlet characters modulo
m.

Let ©*(m) denote the number of primitive characters modulo m.

Prove that
p(m) = ¢ (d),
dlm

where ¢(m) is the Euler phi function.

Prove that ¢*(m) is a multiplicative function and that

P (m) =Y (%) e(d).

dlm
Prove that

S () (O

pllm p?m
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10.2 Dirichlet L-Functions

We begin by introducing a class of functions that are analytic on half-
planes of the complex plane. The proof of Dirichlet’s theorem, however,
involves only routine partial summations of the infinite series and infinite
product representations of these functions on the positive real axis. We do
not use complex function theory, and, indeed, it would suffice to consider
the L-functions only for o > 0.

Let x be a Dirichlet character modulo m. The Dirichlet L-function as-
sociated with y is the function

L(SaX) = Z X’IS,"Z)’

where
s=o+1it

is a complex number with real part ®(s) = o and imaginary part S(s) = t.
For example, if xq is the principal character modulo 3, then

1 1 1 1 1
L(saXO):1+27S+E+575+%+§+""

If x5 is the nonprincipal character modulo 3, then

We shall prove that if yo is the principal character modulo m, then
L(s,x0) is analytic in the half-plane ¢ > 1, and if x is a nonprincipal
character modulo m, then L(s,x) is analytic in the half-plane ¢ > 0 and,
moreover, L(1,x) # 0. We shall see that this implies Dirichlet’s theorem
on primes in arithmetic progressions.

Theorem 10.3 Let x be a Dirichlet character modulo m, and let s be a
complex number with R(s) = o > 1. The function L(s,x) is analytic and
has the Euler product

@)\
L(s,x) = 1-— X .
i)
Moreover, L(s,x) # 0 and

log L(s, x) = ZM +0(1). (10.1)

S
p
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Proof. Since

x(m)| . 1
ns |~ n?
and
>

converges for o > 1, it follows that the series L(s, x) converges uniformly
and absolutely in the half-plane ¢ > 1+ 6 for every ¢ > 0. Similarly, for ev-
ery prime p, the series leio x(P*)p~** converges uniformly and absolutely
in the half-plane o > 1, and

B ()

k=0

Since the character y is completely multiplicative, the Fundamental Theo-
rem of Arithmetic implies that

o0 k
I (z X;fj) xn
neN (z)

p<z

where AV (z) denotes the set of all positive integers n divisible only by primes
p < x. In particular, if n < z and p divides n, then p < x, and so n € N (z).
For every € > 0 there exists a number zq(g) such that, if x > zg(e), then

1
E — < E.
nG'
n>x
It follows that for > z((e) we have

L(s,) — ] (1 - X(p)>_ - > Xr(g) - xr(g)

pS

p<z n=1 neN (z)
x(n)
< 2
n>x
1
< -
> no
n>x
< e,

and so the infinite product converges to the L-function, that is,

L(s,x):H(l—X(p))_

s
» p

This product is called the Euler product of L(s, x).
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We shall prove directly that L(s,x) is nonzero for o > 1. Each factor of
the Euler product is nonzero, since

and so it suffices to prove that
-1
I (1 B X(p)) 2
pS
pP>To
for some number zy. The inequality

> =1 1 2
<Y = <=

(p)
pks

=

implies that

v
—
I

Choose zg such that

2 1
— <z,

It follows that for x > xo we have

()

S
zo<p<z p

|
—

Y4 Y4
—

S e
M —/
Q‘M |

| 0o
~

zo<p<z p
- 1
2)
and so .
B 1
H (1 _ X(if)) > 5
pP>xo p
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Therefore,

Lis.) =] (1— X]Ef)>1 #0.

p

For |z|] < 1, the principal value of the logarithm has the power series

1 o= 2
log1 Z:—log(l—z):z .

log L(s,x) = log[] <1 - X@>1

since

AN
]
L[]
i
q

< L

This completes the proof. O

For example, if xg and x5 are the principal and nonprincipal characters
modulo 3, respectively, then

L(s,x0) = [[ (1 =p7")

p>3

-1
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and

Lissxs) =[] - I (+p)".

p=1 (mod 3) p=2 (mod 3)

Theorem 10.4 Let x be a nonprincipal character modulo m. The Dirichlet
L-function L(s,x) is analytic in the half-plane ¢ > 0. Let K be a compact
set in the half-plane o > 0. For s € K and x > 1,

)= @ +0(z79), (10.2)

n<x
where the implied constant depends on m and K.

Proof. To prove that L(s, x) is analytic in o > 0, it suffices to prove that
the series Zf;l x(n)n~*% converges uniformly on every compact subset of
the right half-plane o > 0.

Let K be a compact subset of the right half-plane. There exist positive
constants 6 and A such that ¢ > ¢ and |s| < A for every s =0 + it € K.
We use partial summation (Theorem 6.8) with

f(n) = x(n)
and )
g(t) = =

By Exercise 6 in Section 10.1, F'(t) = >_, -, x(n) < 1 and

XS )

Nen<Mm ! N<n<M

—  F(M)g(M) - F /

FOD _FON) M EW,
/N

Ms Ns ts+1
< —+—+\ \/ wor1d
<« LB

N  oN°
< 1-|—A !

6 ) N°

1

< NGB

where the implied constants depend on the modulus m and the compact
set K. It follows that the partial sums of the series L(s, x) are uniformly
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Cauchy on K, and so L(s, x) converges uniformly on K and is analytic in
the right half-plane.
Since

x(n) 1
> <
N<n<M
for all M > N, it follows that

N oo
L) -y xﬁ;) S xﬁ;)
n=1 n=N

This completes the proof. O

< !
N7’

The analytic nature of Dirichlet L-functions is different for principal
and nonprincipal characters. In the special case where yq is the principal
character modulo 1, we have xo(n) = 1 for all integers n, and the Dirichlet
L-function L(s, xo) for o > 1 is the Riemann zeta function

oo —1
1 1
= — = 1-—— .
=3 L-T1(1- 1)
n=1 P
Theorem 10.5 Let xo be the principal character modulo m. For o > 1,

L) = IT (1- )

pS
plm

and

lim (0~ 1)L(o, x0) = 11 (1 - ;) .

plm

Forl<o <2,
1
g Lo, xo) = ot ( - ) + O()

o —

Proof. The Riemann zeta function is not analytic at s = 1, since for
o> 1and n > 1 we have

L 1 " dx
<< et
n X n n—1 X

1  q g
0< z/ —f<<(a)<1+/ =2__2
1 T 1 T

Therefore,

and so

1<(e—1)(o) <o
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and
lim (o —1)¢(0) = 1. (10.3)

If 1 <o <2, then

1 1 1
log (1) <log((o) < log <1> +logo < log (1> + log 2,

g — g — g —

and so
log C(o) = log (;J +o(1). (10.4)

If xo is the principal character modulo m, then

Lisxa) H<1_XO§p>>1

- I ()
S I(5) T(-5)

1
@I (1-).
p
plm
Let 1 < o < 2. Then

(0= Dlovxa) = (o = 06 TT (1- ).

pO'
plm

and (10.3) implies that

lim (0 —1)L(o,x0) = || (1 - 1) .

o—1+t
plm

Moreover,

log L(o,x0) = log¢(o) +log ][] (1 B >

g
plm b

~ log (Uil) +o(1),

by (10.4). O
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Ezercises
1. Compute the four Dirichlet L-functions modulo 8.

2. A Dirichlet series is a function of the form

oo

F(s) =,

n=1

where {a,}22; is a sequence of complex numbers. Prove that if a,, =
O(n®), then the series F'(s) converges in the half-plane o > 1+« and
uniformly in the half-plane 0 > 1+ a4 6 for every 6 > 0.

3. A Dirichlet polynomial is a function of the form

N

F(s) =y,

n=1

where {a,}N_, is a finite sequence of complex numbers. Find the
zeros of the Dirichlet polynomial

i =TI,

d|m plm

4. Let xo be the principal character modulo 3, and let x3 be the non-
principal character modulo 3. Prove that

oo

L(s,x0) + L(s,x3) =2 Z i

n3
n=1
n=1 (mod 3)

5. Let m > 4, and let G be the group of Dirichlet characters modulo m.

Prove that )
YL =wm) > —
xeG

n=1
n=1 (mod m)

6. Let k£ and n be positive integers such that k divides n, let x* be a
Dirichlet character modulo k, and let y be the Dirichlet character
modulo m induced by x*. Prove that

250 = L) T (1- 52,

plm

7. Let - .
fs)=>" % (10.5)

n=1

Prove that
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(a) f(s) is analytic in the half-plane o > 0,
(b) 0 < f(o) <1foro>0.
8. Let
g(s)=1-21"2. (10.6)
Prove that

) g(s) is analytic in the entire complex plane.
) g(s) =0if and only if s =1 — 27ik/log?2 for k € Z.
(¢) ¢'(1 —2mik/log?2) = log 2.
(d) g(o) <0for0 <o <1.
) (1 — 21’5)71 is meromorphic in the complex plane except for

simple poles at s = 1 — 2wik/log 2 with residues 1/log2.

9. Define the functions f(s) and g(s) by (10.5) and (10.6), respectively.
Prove that for o > 1,

or, equivalently,

(~1)"!

C(S) _ (1 _ 21—s)71 Z N 7

ns

Show that the right side of this equation is meromorphic in the half-
plane o > 0. This determines the meromorphic continuation of the
Riemann zeta function to the half-plane o > 0. Prove that

¢(o) <0 for 0 <o < 1.

Use (10.3) to prove that

e -1 n—1
Z L = log 2.
n=1 n

10.3 Primes Modulo 4

In this section we show that there are infinitely many primes p such that p =
1 (mod 4), and also infinitely many primes p such that p =3 (mod 4).
This is Dirichlet’s theorem for modulus 4. The proof is easier than the
general case, and shows clearly the use of Dirichlet characters and Dirichlet
L-functions.
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There are two Dirichlet characters modulo 4. Let xo be the principal
Dirichlet character. Then
(n) = 1 if nis odd,
XoU' =90 if n is even.

The L-function L(s, xo) converges in the half-plane o > 1, where

1 1 1 1
i = E 4= 4.
(s x0) (2n—1) 3s s T8

n=1

I
7/ N
—_

\
=
N—

L

I
/N
—
|
3] =
~~_
CA:
—
%)
N~—

but the infinite series

1 1 1
L) =14 4 =+ - +---

diverges.
Let x4 be the nonprincipal character modulo 4. Then

1 ifn=1 (mod4),
xa(n)=4¢ -1 ifn=3 (mod4),
0 if n is even.

The L-function L(s, xo) converges in the half-plane o > 0, where

Lo) = SO0 L1 1

The infinite series

converges, and L(1, x4) > 0. Indeed,

L(1,xa) = (1—;)+(;—;)+(;—111>+~--

> 0.744
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L(1,x4) = 1—(;—;)—(;_;)_...

(Using the power series expansion of the inverse tangent, one can prove
Leibniz’s formula L(1, x4) = m/4 = 0.785....)

and

Theorem 10.6 Forl <o <2,

and

p=3 (mod 4)

In particular, there exist infinitely many primes p =1 (mod 4) and in-
finitely many primes p=3 (mod 4).

Proof. Since L(s, x4) is continuous for o > 0, it follows that
log L(o, x4) = O(1) for1 <o <2

Let 1 < 0 < 2. By (10.1) of Theorem 10.3, we have

log L(o, x0) = Z I% +0(1)

p>3
and 1)/
_1)—
log L(o, x4) = Z % +O0(1).
p=s P
Therefore,
1 1
s (log L(0, x0) + log L(0, x4)) + O(1)

1
5 log L(, x0) + O(1)

2
1 1
= =1 o(1
5108 ;=7 + O,
by Theorem 10.5. Since
lim log = 00,

o—1+ oc—1



10.4 The Nonvanishing of L(1, x) 341

it follows that there exist infinitely many primes congruent to 1 modulo 4.

Similarly,
1 1 1
> —=<log +0(1),
pe 2 o—1
p=3 (mod 4)

and there exist infinitely many primes congruent to 3 modulo 4. O

FEzercises

1. Let xo be the principal Dirichlet character modulo 6, and let x¢ be
the nonprincipal Dirichlet character modulo 6. Prove that

> 1 %(k,gL(g, Xo) +1og L(o, x5)) + O(1)

and

11
Y. =y (logL(e,x0) ~log L(s, xs)) + O(1).
p=5 (mod 6)

2. Prove that there exist infinitely many primes p = 1 (mod 6) and
infinitely many primes p =5 (mod 6).

3. Compute L(1, x) with an error of at most 0.01.

10.4 The Nonvanishing of L(1, )
In this section we prove that L(1,x) # 0 for every nonprincipal character
X-
Lemma 10.1 Let xqo be the principal character modulo m. Then
A
Z Xo(n)A(n) =logz + O(1).
n<z n
Proof. Observe that

Aln A(pF
> A sy A

n<a plm pk<a
K>1

(n,m)>1 >
— logp
Sy

plm k=1

A



342 10. Primes in Arithmetic Progressions

log p
_ Zp_l

plm

= o).

By Mertens’s theorem (Theorem 8.5), we have

ZXO(”)A(W) _ Z M

n<z n<x
= (n,m)=1
A(n) A(n)
n= (n,m)>1
= logz+ O(1).

This completes the proof. O

Lemma 10.2 Let x be a nonprincipal character modulo m. If L(1,x) # 0,
then

n<x

Proof. Recall that F(t) =), ., x(k) < 1 (Exercise 6 in Section 10.1).
By partial summation, we have

Z x(k)logk _ F(z)logz /z F(t)(1 —logt)dt
k N x 1 12
k<z
1 1+ logt
< 27 +/ ~roely
T 1 t
< 1L

By Theorem 10.4, we have

L(L,x) = @+o(ﬁ).

d<z/n v
Using the identity log k = ank A(n), we obtain

Z X(k)klogk _ Z %ZA(”)

k<z k<zx nl|k
) x(nd)A(n)
nd

nd<z
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_ x(n x(d
nz<:z d<za:;n

- SR 0. 40(2)
e

= 1002 A oy,

since

> XA (1) LS00 = U

n<zx n<x

by Chebyshev’s theorem (Theorem 8.2). Therefore,

L1003 A o)

n<z
If L(1,x) # 0, then

n<x

This completes the proof. O

Lemma 10.3 Let x be a nonprincipal character modulo m. If L(1,x) = 0,
then

Z w = —logz + O(1).

n<zx

Proof. Since

d|n

we have

ZX ZX ZM )log d.

n<z n<zx

From the identity

logx = ZX Zu ) log ,

n<z
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we have
logz+ 3 x(n)A(n)
— Z X:l) Zu(d) loga
n<z d|n
B x(dk)p(d) =
- dkzgm ak %%g
_ x(dp(d) , x(k)
D dk%:/dk
B x(dpld) =
= (;c 1og8 <L(1,X) +0 ())
_ L(l,x)dg X(d)du(d) longr;O (;l) X( )du(d) logg
= LY. X(d)d”( )logg +0(1),
d<z

d\ x(dpd), z 1 T
Zo<x> y logd<<x210gd<<1

d<zx d<z

by Theorem 6.4. If L(1,x) = 0, then
T w = —logz + O(1).
n<x

This completes the proof. O

Theorem 10.7 Let x be a complex character modulo m. Then L(1,x) # 0.

Proof. Let N denote the number of nonprincipal characters modulo
m such that L(1,x) = 0. We shall prove that N = 0 or 1. By Lem-
mas 10.1, 10.2, and 10.3, and the orthogonality relations for Dirichlet char-
acters (Theorem 10.1), we have

PEOIED DR B SO SN

n<z n<z x (mod m)

n=1 (mod m)
YD x(n)A(n)

x (mod m)n<z
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-3 A 5 5 Al
n<z X#Xo n<x

= logx — Nlogz+ O(1)
= (1-N)logz+ O(1).

Since A(n)/n > 0 for all n > 1, it follows that both sides of this equation
are nonnegative for large x, and so N < 1. Therefore, L(1,x) = 0 for at
most one nonprincipal character x.

If x is a complex character modulo m, then  is also a complex character
and x # X. We have

~—

Iig=Y Moy My,

n=1 n=1

and so L(1,x) = 0 if and only if L(1,%) = 0. Since N < 1, we must have
L(1, x) # 0 for every complex character x. This completes the proof. O

Theorem 10.8 Let x be a real nonprincipal character modulo m. Then

L(1,x) #0.

Proof. Since the character y is real, we have x(n) = %1 for every integer
n. Consequently, for every prime power p”,

Zx(p’) =1+x()+x@)>+--+x@)" >0

and
T

Zx(pj) >1 ifris even.

Jj=0

The character y is multiplicative, and so the convolution

t(k) = 1xx(k) = x(d)

dlk
is also a multiplicative function. It follows that
=]t =[] D xt’) >0
prllk p" ||k =0

and
t(k) > 1 if k = m? is a square.
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Using the asymptotic formula in Theorem 6.9 for the partial sums of the
harmonic series, we obtain for large = the lower bound

T(z) = Z]i(l—lfgz 3 t(:;)

k<x m2<zx
1 log x
> — > .
D
mSwI/Q

Applying the L-function estimate (10.2) in Theorem 10.4 with s = 1 and
s =1/2, we have

ZX L(1,x)+ 0 («77)

n<z

and

> 2572) =L(1/2,x) + O (Jfl/Q) .

n<lzx

Let z > 1 and y = z'/2. By Exercise 6, the set of all lattice points (n,d)
such that n and d are positive and nd < x can be partitioned into two
disjoint sets as follows: The first set consists of all lattice points (n, d) such
that 1 <n < z'/?and 1 < d < /n, and the second set consists of all lattice
points (n, d) such that 1 < d < 2'/2 and /2 < n < x/d. If d = 2'/2, then
x/d = x/? and there is no integer n such that 2'/2 < n < z/d. Therefore,
the second set can also be described as the set of all lattice points (n,d)
such that 1 < d < z%/2 and 212 < n < x/d. We have

T(z) = z%’g

k<z

1
= 2 E2xm
k<z nl|k
(n)
- Z (:L(d)uz

nd<z

= 2> 24

x(n)
it XY gn

n<x1/2d<z/n d<zl/2 z1/2<n<z/d
- >3 zi+zi >
nl/2 qi/2 qi/2 ni/2”
n<xl/2 d<z/n d<zl/2 z1/2<n<z/d

We shall estimate these sums separately. By Exercise 7,

Zﬁ :2x1/2—c—|—0(9€_1/2).

d<z



10.4 The Nonvanishing of L(1, x) 347

The first sum is

(n)
Z ii1/2

1
>

n<axl/2 d<z/n
n) [ 2x'/? nt/?
- XS/Q) ( 1/2 C+O< 1/2>)
n<zl/2 " " o
1/2 x(n) x(n) R
2012 Y ¢ ) iz T O > 21/2
n<wl/? n<gl/2 n<xl/2

2012 (L(1,x) + 0 (a71/2) ) = eL(1/2,x) + 0 (+71/*) + 0(1)
= 2L(1,x)z"? + O(1).

The second sum is

1 x(n)
DD D

d<xl/2 zl/2<n<z/d
- Y L ((raz0+o0 VY (L1720 +0 (+7/1))
[ A ’ 21/2 )
1 d'/? ~1/4
d<z1/2
1 1
< 14—y > vl
dgxl/z

1 1/4
< 14—y (1: T 1)
< 1

Therefore,
T(z) = 2L(1,x)z'/? + O(1).
However, we also have
log x
2
for sufficiently large x, which is impossible if L(1, x) = 0. Therefore, L(1, x) #
0 for all nonprincipal real characters x. O

T(x) >

We can now prove Dirichlet’s theorem.

Theorem 10.9 (Dirichlet) Let m and a be relatively prime positive in-
tegers. For 1 < o < 2,

X () row

p=a (mod m)
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In particular, there exist infinitely primes p such that p =a (mod m).

Proof. Let 1 < o < 2. Using the orthogonality relations for Dirich-
let characters (Theorem 10.2) and the estimate (10.1) for log L(s, x) from
Theorem 10.3, we obtain

Y X@lgLoy) = Y ZX o(1)

X (mod m) X (mod m)
= Z > X(@x(p) +0(1)
x (mod m)
= o(m) > ia+0(1).

p

p=a (mod m)

By Theorem 10.5, the term on the left corresponding to the principal char-
acter xo is

(o) oz L(o,xa) = 1o (-2 ) +O(1),

1
p°

=log (L) + Z xX(a)log L(o, x) + O(1).

p=a (mod m) XFX0

If x is a nonprincipal character modulo m, then L(1,x) # 0 by Theo-
rem 10.7 and Theorem 10.8, and so log L(c,x) = O(1) for 1 < o < 2. This
proves that

3 Z% - @(;1) log (;1) +o(1).

p=a (mod m)

Therefore, the series Z =a (mod m) p~ diverges as ¢ — 17, and so it must
have infinitely many terms that is, there must exist infinitely primes p such
that p =a (mod m). This completes the proof of Dirichlet’s theorem. O

Finally, we obtain a generalization of Mertens’s theorem (Theorem 8.5)
to sums of A(n)/n over an arithmetic progression.

Theorem 10.10 Let m > 1 and a be relatively prime integers. Then

s A ler o),

= o em

Proof. For the principal character xo we have

ZXO =logz + O(1)

n<zx
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by Lemma 10.1. For every nonprincipal character x modulo m, we have
L(1,x) # 0 by Theorems 10.7 and 10.8, and so

A
n
n<zc
by Lemma 10.2. Since yo(a) = 1, it follows that
A
Y xX@)d] X(WAr) _ X(a)logz 4+ O(1) = log x + O(1).
x (mod m) n<x "
On the other hand, by Theorem 10.2,

Z m Z x(n)A(n)

x (mod m) n<z n<z X (mod m)

I
N
=
J5
N
=
S
=
S

n<x
n=a (mod m)

This completes the proof. O

FEzercises

1. Let x4 be the nonprincipal character modulo 4. Prove that
SRS S SRS S
A Y T 21602 — 1

2. Let x3 be the nonprincipal character modulo 3. Prove that
L(1, xs) = 2 i !
X3) = BGn+1)(Bn+2)

n=0

3. Let x be the Dirichlet character modulo 8 defined by x(3) = x(5) =
—1. Show that

e 85k + 32
L(1,x) = 2}; B+ )k 3) Bk 5) Bk 7).

4. Let x1 be the real primitive character modulo 5. Prove that L(1,x) >
0. Let x2 be the complex character modulo 5 defined by x2(2) = 3.
Prove that the real and imaginary parts of L(1, x2) are positive.
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5. Let m and a be relatively prime positive integers. Prove that

logp logz
> > = ol +0(1).

p<w
p=a (mod m)

6. Prove that the set of all lattice points (n,d) such n and d are positive
and nd < x can be partitioned into two disjoint sets as follows: The
first set consists of all lattice points (n,d) such that 1 < n < y and
1 < d < z/n, and the second set consists of all lattice points (n, d)
such that 1 <d < z/y and y <n < x/d.

7. Compute the constant ¢ such that

1
d<z

Hint. Partial summation.

10.5 Notes

)

Our proof of Dirichlet’s theorem is “elementary” in the sense that it does
not use complex analysis. Selberg [127] gave a different proof that is, he
wrote, “more elementary in the respect that we do not use the complex
characters mod k, and also in that we consider only finite sums.”

Let m and a be relatively prime positive integers. We denote by 7 (x; m, a)
the number of prime numbers p < x such that p = a (mod m). By the
prime number theorem,

m(x) = Z W(x;m,a)—&—Zle.
a=1
(a,m)=1 plm

The prime number theorem for arithmetic progressions states that for every
integer m > 3 the prime numbers are uniformly distributed in the o(m)
congruence classes relatively prime to m, that is, if (a,m) = (b,m) = 1,
then
mw(xz;m,a) ~ w(x;m,b).
Equivalently, if (a,m) = 1, then
x

77(33, m, Cl) ~ m

Selberg [129] also gave an elementary proof of this result. Granville [39]
reviews elementary proofs of the prime number theorem for arithmetic
progressions. For an analytic proof, see Davenport [21].



10.5 Notes 351

For moduli m > 3 we can describe the comparative prime number race as
follows. There are ¢(m) runners, one for each congruence class a relatively
prime to m. For every positive integer x, the position of runner ¢  (mod m)
at time x is 7w(x;m,a). A runner wins the mod m race if it is eventually
ahead of all the others. Does some congruence class win, or does the lead
oscillate infinitely often between some or all of the competitors? In the
case m = 4, Littlewood [94, 54] proved that 7(z;4,1) — w(x; 4,3) changes
sign infinitely often, so no class wins the “mod 4” race. More generally,
we can ask the following question: Is it true that for every permutation
ai,...,au(y,) of the p(m) congruence classes relatively prime to m, we
have

m(x;m,ar) < w(w3m,az) < - < w(2;Mm, Ap(m))

for infinitely many integers 7 This is an open problem in comparative
prime number theory. For some results on this topic, see Turdn [144].
In the Notes at the end of Chapter 9, we stated the Riemann hypothesis
in the form
m(x) =1li(z) + O (x1/2+€)

for every € > 0. In Exercise 9 of Section 10.2 we constructed the meromor-
phic continuation of the Riemann zeta function to the half-plane o > 0.
We can now state the Riemann hypothesis in its usual form: If {(s) = 0
with s = 0 + it and 0 > 0, then o = 1/2.



Part 111

Three Problems in
Additive Number Theory



11
Waring’s Problem

11.1 Sums of Powers

Lagrange proved that every number is the sum of four squares. This means
that for every nonnegative integer n there exist nonnegative integers x1,
To, T3, T4 such that

n:x%—i—x%—&—x%—&—xi.
Similarly, Wieferich proved that every number is the sum of nine cubes,
that is, for every nonnegative integer n there exist nonnegative integers
Z1,...,xg such that

n:m‘;’+x§+~-~+x3.
These are special cases of Waring’s problem, one of the most famous prob-
lems in number theory. Waring’s problem states that for every integer k > 2
there exists a number h such that every nonnegative integer can be written
as the sum of exactly h kth powers. The smallest such integer & is usually
denoted by g(k). Since 7 cannot be written as the sum of three squares,
and 23 cannot be written as the sum of 8 cubes, we can restate Lagrange’s
theorem as ¢(2) = 4, and Wieferich’s theorem as ¢(3) = 9.

In 1909, the German mathematician David Hilbert proved Waring’s
problem for all exponents k. The British mathematicians G. H. Hardy and
J. E. Littlewood subsequently devised a different proof, and their method
was simplified and improved by the Soviet mathematician I. M. Vinogradov.
These proofs involve sophisticated techniques of real and complex analy-
sis, even though the statement of Waring’s problem is purely arithmetic.
In 1943, another Soviet mathematician, Yu. V. Linnik, devised a proof of
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Waring’s problem that uses only elementary number theory. In this and
the following chapter we give Linnik’s proof of Waring’s problem.

There is a natural generalization of Waring’s problem to polynomials.
Let f(z) be a polynomial of degree k that is integer-valued, that is, f(x)
is an integer for every integer x. Every polynomial with integer coefficients
is integer-valued. There are also polynomials with rational coefficients that
are integer-valued. For example, the binomial polynomial

(o) = () =

k k!

is integer-valued, and every integral linear combination of binomial poly-
nomials is integer-valued. Moreover, every integer-valued polynomial f(x)
of degree k can be expressed uniquely in the form

k k
f@) =) wubi(zx)=) wu; (I>7
()= i) = >
where ug, uq,...,u; are integers and u; # 0 (by Exercise 4). This is the
standard representation of an integer-valued polynomial.

If f(z) is an integer-valued polynomial of degree k& > 1 with positive
leading coefficient, then there exists a nonnegative integer m such that
f(m) > 0 and f(x) is strictly increasing for x > m. Let f,(x) = f(z +m).
Then f,,(x) is an integer-valued polynomial such that

A(fm) = {fm ()10

is a strictly increasing sequence of nonnegative integers. The polynomials
f(z) and f,,(z) have the same degrees and the same leading coefficients
(by Exercise 9). Replacing f(z) with f,,(x), we can assume that f(z) is an
integer-valued polynomial such that

A(f) ={f(H}Zo

is a strictly increasing sequence of nonnegative integers.

Waring’s problem for polynomials states that if the greatest common
divisor of the set A(f) is 1, then every sufficiently large integer can be
written as the sum of a bounded number of elements of A(f). If also 0,1 €
A(f), then there exists an integer h such that every nonnegative integer can
be written as the sum of exactly h elements of A(f). The classical Waring’s
problem is the special case f(z) = 2*. We shall also prove Waring’s problem
for polynomials by Linnik’s method.

In the next chapter we obtain a generalization of Waring’s problem for
finite sequences of polynomials.

Ezercises

In this set of exercises we characterize integer-valued polynomials.
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1. Define by(z) = 1. For every integer k > 1, define the kth binomial

polynomial

k!
Compute by (x) for k =0,1,2,3. Prove that if £ > 1 and n > 1, then
br(—n) = (=1)*b(n + k — 1).

Prove that if f(z) is a polynomial of degree k with complex coeffi-
cients, then there exist unique complex numbers ug, u1,..., ur with
ug # 0 such that

f(z) = iuibi(x) - iui (f) (11.1)

i=0 1=0
2. For any function f(x), define the difference operator
Af(z) = f(z+1) = f(=).

Prove that Abg(z) = 0 and that

Abk(df) = bk_l(:z:)
forall k> 1. If

k
x
flz) = Z%(Z),
=0

prove that

Af(z) = I:Zéum (f)

3. A polynomial f(z) is called integer-valued if f(n) is an integer for
every integer n, that is, if f(Z) C Z. Prove that bg(x) is an integer-
valued polynomial of degree k for every k > 0. Prove that if ug, us,. ..,
uy are integers and uy # 0, then

k
x
f) =2 u (z)
=0
is an integer-valued polynomial of degree k.

4. Let f(x) be a polynomial of degree k with complex coefficients. Prove
that if f(x) is an integer for all sufficiently large integers x, then there
exist unique integers ug, Uy, . . ., ux with ux # 0 such that

k

fa) =Y u (f)

i=0
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Hint: Observe that if k& > 1 and f(x) is integer-valued for all suffi-
ciently large x, then Af(z) is also integer-valued for all sufficiently
large x. Represent f(x) in the form (11.1) and use induction on k.

Let f(z) be a polynomial of degree k with complex coefficients. Prove
that if f(z) is an integer for all sufficiently large integers z, then f(z)
is an integer for all integers x.

Prove that if f(z) is an integer-valued polynomial of degree k with
leading coefficient ay, then

1
lak| > —.
k!

Let f(x) be an integer-valued polynomial, and define

d=ged{f(z):z € No}

and
d =ged{f(z): 2z €Z}.
Let ug, u1,...,ur be integers such that
b x
fir=3u(()
=0
Prove that

Prove that if

1=0
then
. k—1
A =1+ 1 = (7) + Xt + u) (])
1=0
Prove that
ged(uo, vty -+ Uk—1, Up)
= gcd(uo +up,uy +ug, .., U1 + uk,uk).

Let f(x) be an integer-valued polynomial and let m € Z. We define
the polynomial f,,(z) = f(xz + m). Prove that f(z) and f,,(z) are
polynomials of the same degree and with the same leading coefficient.
Let A(f) = {f(9)}52,. Prove that ged(A(f)) = ged(A(fm))-
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11.2 Stable Bases

A set A of nonnegative integers is called a basis of order h if every positive
integer can be written as the sum of exactly h elements of A. The set A
is called a basis of finite order if A is a basis of order h for some h. For
example, by Lagrange’s theorem the set of squares is a basis of order four.
Waring’s problem states that for every k£ > 2, the set of nonnegative kth
powers is a basis of finite order.

Let A = {a;}$2, be an infinite set of nonnegative integers such that
ag < aj < ag - -. The counting function of A, denoted by A(n), counts the
number of positive elements of A that do not exceed n, that is,

An)= Y 1.

a; EA
1<a;<n

The Shnirel’man density of the set A is

o(A) = inf{Afln):nl,Q,...}

A
= sup{a::l)zaforallnzlﬂ,...}.

Then 0 < g(A) < 1 for every set A. If 0(A) = «, then A(n) > an for every
n>1.

Let B = {b;}2, be a set of nonnegative integers such that 0 = by < b1 <
by < ---. We construct the subset Ag C A as follows:

Ap = {ap, }i2o-

Then
ag = apy < Ap; < Apy < * -+

For example, An, = A.

If the Shnirel’'man density of B is positive, then Ap is called a subset
of A of positive Shnirel’man density. The set A is called a stable basis if
every subset of A of positive Shnirel’'man density is a basis of finite order.
Shnirel’'man proved that the set of kth powers is a stable basis for every
k > 1. We shall also prove this generalization of Waring’s problem.

A set A of nonnegative integers is called an asymptotic basis of order
h if every sufficiently large positive integer can be written as the sum of
exactly h elements of A. We call A an asymptotic basis of finite order if A is
an asymptotic basis of order h for some h. Let gcd(A) denote the greatest
common divisor of the elements of the set A. If gcd(A) = d, then every sum
of elements of A is divisible by d. It follows that the set A is an asymptotic
basis only if ged(A) = 1.
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The lower asymptotic density of the set A is
A
dr(A) = liminf {(n) n=12,.. } .
n

Then 0 < dr(A) < 1 for every set A. Let B = {b;}$°, be a strictly in-
creasing sequence of nonnegative integers. If the lower asymptotic density
of B is positive, then the set Ap is called a subset of A of positive lower
asymptotic density. An asymptotically stable basis is a set A that satisfies
the following condition: If d(B) > 0 and ged(Ap) = d, then there exists
an integer h = h(B) such that every sufficiently large multiple of d can be
written as the sum of at most h elements of Ag. In particular, Ag is an
asymptotic basis of finite order for every set B such that dj(B) > 0 and
ged(Ap) = 1.

We shall also prove that the set of kth powers is an asymptotically stable
basis for every k > 1.

Exercises

1. Let A be a set of nonnegative integers. Prove that if o(A) > 0, then
1e A

2. Let m > 2. Let A, be the set of all nonnegative integers a such that
a = r (mod m). Compute the Shnirel'man density of A, and the
lower asymptotic density of A, for r =0,1,...,m — 1.

3. For k > 2, let A®) = {nF :n € Ng} be the set of the kth powers of
the nonnegative integers. Compute the Shnirel’'man density of A®*),

4. Let A = Uz‘;zA(k), where A®) is the set of kth powers. Compute
the Shnirel’'man density of A(%).

5. Let P be the set of prime numbers and let P’ = P U {1}. Compute
the Shnirel’'man density of P’.

6. Recall that [z] denotes the integer part of the real number x. Let
Lo = {[logn] : n =1,2,3,...}. Compute the Shnirel’'man density of
L.

7. Compute the Shnirel’'man density of the set Ly = {[nlogn] : n =
1,2,3,...).

8. For 0 < a <1, let L, = {[n"logn] : n = 1,2,3,...}. Compute the
Shnirel’man density of the set L.

9. Let A = {a;}3°; be a set of positive integers with 1 = a1 < ag <
as < ---. Prove that o(A) > 0 if limsup,_, .. (a;+1 — a;) < 0.
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10. Let A = {a;}$2, be a set of positive integers with 1 = a3 < az <
asg < ---. Prove that o(A) = 0 if lim; o0 (a;4+1 — a;) = o0.

11. Construct a set A = {a;}$2, of positive integers such that o(A) > 0
and limsup,_, . (a;+1 — a;) = 0.

12. Let A = {a;}2, and B = {b;}32, be infinite sets of nonnegative
integers with

= aqgp<ap<ag<---,
= b0<b1<bg<"',

and counting functions A(n) and B(n), respectively. Let Ag(n) be
the counting function of the set Ap = {ap, }32,. Prove that

and

11.3 Shnirel’man’s Theorem

Let A and B be nonempty sets of integers. The sumset A + B is the set
consisting of all integers of the form a + b, where a € A and b € B. The
difference set A — B consists of all integers of the form a — b, where a € A
and b € B.

If Ay, Ay, ..., A, are h sets of integers, then

A+ Ay 4 -+ Ay

denotes the sumset consisting of all integers of the form a1 +as + -+ ap,
where a; € A; fori=1,2,...,h. If A, =Aforalli=1,2,... h, we let

hA=A+---4+A.
—_——
h times

Then A is a basis of order h if Ny C hA, that is, if the sumset hA contains
every nonnegative integer. The set A is an asymptotic basis of order h if
hA contains every sufficiently large integer.

Let A be a set of integers. If A contains every positive integer, then
A(n) =n for all n > 1 and A has Shnirel’'man density o(4) =1.If n ¢ A
for some n > 1, then A(n) <n—1 and

A(n)

o(A) < —=<1-—

1
— <1
n n
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Thus, o(A) = 1 if and only if A contains every positive integer.

Shnirel’'man density is an important additive measure of the size of a
set of integers. In particular, the set A is a basis of order A if and only if
o(hA) =1, and the set A is a basis of finite order if and only if o(hA) =1
for some h > 1. Shnirel’'man made the simple but extraordinarily powerful
discovery that if A is any set of integers that contains 0 and has positive
Shnirel’'man density, then A is a basis of finite order. It follows that if
o(A) = 0 but o(h1A) > 0 for some integer hy, then the sumset hi A is a
basis of finite order, and so A is also a basis of finite order. This is a key
idea in our proof of Waring’s problem. Although the set A®*) of nonnegative
kth powers has Shnirel’'man density zero, we shall prove that there exists
an integer h; such that the set hy A% of all sums of h; nonnegative kth
powers has positive Shnirel’man density.

Lemma 11.1 Let A and B be sets of integers such that 0 € A and 0 € B.
If A(n) + B(n) > n, thenn € A+ B.

Proof. If n € A, then n = n+ 0 € A+ B. Similarly, if n € B, then
n=0+nec A+ B.
Suppose that n € AU B. Define sets A’ and B’ by

A={n—a:a€cA1<a<n-1}

and
B'=Bnl,n—1].

Then |A’| = A(n), since n € A, and |B’| = B(n), since n & B. Moreover,
A'UB C[l,n—1].

Since
|A’| +|B'| = A(n) + B(n) > n,

it follows that

A'N B #0.
Therefore, n —a = b for somea € Aand b€ B,andson=a+be A+ B.
O

Lemma 11.2 Let A and B be sets of integers such that 0 € A and 0 € B.
If o(A) +0(B) > 1, then Ng C A+ B.

Proof. We have 0 =0+0¢€ A+ B. If n > 1, then
A(n)+ B(n) > (c(A) + o(B))n > n,
and Lemma 11.1 implies that n € A+ B. O
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Lemma 11.3 Let A be a set of integers such that 0 € A and o(A) > 1/2.
Then A is a basis of order 2.

Proof. This follows immediately from Lemma 11.2 with A = B. O

Theorem 11.1 (Shnirel’man) Let A and B be sets of integers such that
0€Aand0€ B. Let 0(A) = a and o(B) = 8. Then

oc(A+B)>a+p—ap. (11.2)
Proof. Let n > 1. Let ag = 0 and let
1<a1 < <ap<n

be the k = A(n) positive elements of A that do not exceed n. Since 0 € B,
it follows that a; =a; +0€ A+ Bfori=1,...,k.Fori=0,...,k—1, let

1§b1<---<bm§ai+1—ai—1

be the r; = B(a;+1 — a; — 1) positive integers in B that are less than
a;+1 — a;. Then

ai<ai+b1<o~<ai+bm<ai+1

and
CLi"‘bjGA"‘B

for j=1,...,7;. Let
1<by < <by, <n—ay

be the r, = B(n — ax) positive integers in B that do not exceed n — ay.
Then
ap <ap+b <---<ap+b, <n

and
ak—‘rbjEA—‘rB

for j=1,...,r. It follows that

(A+B)(n) > An)+

ndhe
=

Il
- o

K2

=0

=

k—
= A(n)+ > Blaiy1 —a; — 1)+ B(n — a)
A(n)

%

+8Y (a1 —a;— 1) + B(n — ay)

=0
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A(n) + Bn — Bk
(1= B)A(n) + bn
(1= pB)an+ pn
(a+ B —apf)n,

\%

and so
(A4 B)(n) Sa + 0 —af

for all positive integers n. Therefore,

U(A—i—B):inf{(A—’—B)(n):n:1,2,...}2a+ﬁ—aﬁ.

n

This completes the proof. O

Inequality (11.2) can be expressed as follows:
1-0(A+B)<(1-0(4))(1-0(B)). (11.3)

We can generalize this inequality to the sum of any finite number of sets
of integers.

Theorem 11.2 Let h > 1, and let Ay,..., A be sets of integers with
0€A; fori=1,...,h. Then

h
1—o(A 4+ Ap) §H1—a

Proof. This is by induction on h. Let o(4;) = a; for i = 1,...,h. For
h =1, there is nothing to prove, and for h = 2 the inequality is equivalent
o (11.3).

Let h > 3, and assume that the theorem holds for h — 1 sets. Let
Aq,..., Ay be h sets of integers such that 0 € A; for all i. Let B =
Ay + -+ Ap_1. We have the induction hypothesis

1—o(B)=1—0(A1+--+An_1) §H1—U ),

and so
l—o(A1+---+A4y) = 1-0(B+A4)
< (1-a(B)1—-0(An))
h—1

IN
—

[T -4 - o4
1;1
=] (1 —0(4)).

«
Il
—
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This completes the proof. O

Theorem 11.3 Let 0 < aw < 1. There exists an integer h = h(«) such that
if A1,..., A are sets of nonnegative integers with 0 € A; and 0(4;) > «
foralli=1,... h, then

Ay + -+ A, = Ny.
Proof. Since 0 < 1 — a < 1, there exists a positive integer sy such that
1
0<(1—a)m <5

Let h = 2hy, and let Ay, ..., Ay be sets of nonnegative integers with 0 € A;
and 0(4;) > afori=1,...,h. We define A = A; +---+ Ay, and B =
Ap,41+ -+ Aap, . By Theorem 11.2,

h1
o(A)=c(A+ -+ Ay,) > 1-[[Q-c(4) 21-(1-a)" >

i=1

|~

Similarly,
o(B) =0(Ap41+ -+ Azpy) 2

N |

Applying Lemma 11.3, we obtain
Ay 4+ A, =A+ B=N,.

This completes the proof. O

Theorem 11.4 (Shnirel’'man) Let A be a set of nonnegative integers
such that 0 € A and o(A) > 0. Then A is a basis of finite order.

Proof. Let & = 0(A). The result follows from Theorem 11.3 with A; = A
fori=1,...,h(a).

Theorem 11.5 Let A be a set of nonnegative integers with 0 € A such
that o(h1A) > 0 for some positive integer hy. Then A is a basis of finite
order.

Proof. If o(h1A) > 0, then there exists an integer ho such that hi A is a
basis of order ho, that is, every nonnegative integer is a sum of ho elements
of h1A. Since

ha(h1A) = (hi1ha)A,

the set A is a basis of order h = hihy. O
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Theorem 11.6 Let B be a set of nonnegative integers with 0 € B and
ged(B) = 1. If d(B) > 0, then B is an asymptotic basis of finite order.

Proof. The set A = B U {1} has positive Shnirel’'man density (by Ex-
ercise 1), and so A is a basis of order hy for some positive integer hy. It
follows that every nonnegative integer can be written in the form u + j,
where 0 < j < hy and u is a sum of hy — j elements of B. Since 0 € B,

u e (h1 —])B C h1B.

If B is any set of relatively prime positive integers, then, by Theorem 1.16,
there exists an integer ng = ng(B) such that every integer n > ng can be
represented as a sum of elements of B. Since 0 € B and ged(B) = 1, there
exists a positive integer hy such that

no +] S h2B

for j =0,1,...,hy. Let h = hy + ho. If n > ng, then n — ng > 0 and we
can write n — ng in the form u + j, where u € h1 B and 0 < j < h;. Then

n=u+ (ng+j) € 1B+ heB = hB,

and so B is an asymptotic basis of finite order. O

Theorem 11.7 Let B be a set of nonnegative integers with ged(B) = d.
If di,(B) > 0, then every sufficiently large multiple of d is the sum of a
bounded number of elements of B.

Proof. The set d~1* B = {b/d : b € B} consists of nonnegative integers,
and
A={0}ud'*B
is a set of nonnegative integers with 0 € A and ged(A) = 1. By Theo-
rem 11.6, every sufficiently large integer can be represented as the sum of
exactly h elements of A, and so every sufficiently large multiple of d can be
represented as the sum of at most A elements of B. O

FEzercises

1. Let A be a set of nonnegative integers. Prove that o(A4) > 0 if and
only if 1 € A and dz(A) > 0.

2. Let hy and hs be positive integers with h; < ho, and let A be a
nonempty set of integers. Prove that

hiA+ hyA = (hy + h)A.
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Prove that
h1A — hoA = (h; — hg)A

if and only if |A] = 1.

3. Let A be a set of nonnegative integers such that 0 € A and

0<o(A) <

NN

Prove that

0(24) > —o(A).

| W

Use this to give another proof of Theorem 11.4.

4. Let A be a set of nonnegative integers such that 0 € A, A # {0}, and
hA = (h+ 1)A for some positive integer h.

(a) Prove that hA = (A for all £ > h.

(b) Prove that hA is periodic, that is, there exists a positive integer
m such that if b € hA, then b+ m € hA.

(¢) Let d = ged(A). Prove that hA ~ dx Ny, that is, the sumset hA
eventually coincides with the set of all multiples of d.

11.4 Waring’s Problem for Polynomials
Let f(x) be an integer-valued polynomial of degree k such that

A(f) ={f(O}Zo

is a strictly increasing sequence of nonnegative integers. Let d be the great-
est common divisor of A(f). By Exercises 5 and 7 in Section 11.1, the
polynomial f(z)/d is also integer-valued of degree k, and the greatest com-
mon divisor of A(f(z)/d) is 1. Without loss of generality, we can assume
that f(x) is an integer-valued polynomial with ged(A(f)) = 1.

Let NSE denote “the number of solutions of the equation.” We define
representation functions r¢s(n) and Ry ¢(N) for the polynomial f(z) by

rf,s(n) = NSE {f(xl) +- f(xs) =Nn:x1,...,Ts € N()}

and

Ry s(N) = Z rs,s(n).

0<n<N
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Lemma 11.4 Let f(x) = Zf:o a;x’ be an integer-valued polynomial of
degree k with leading coefficient ay, > 0. Let

2aw_ _
ar(f) = 2asmal Flar-al + - Flao]) (11.4)
ag
If x > x*(f) is an integer, then
k 3 k
WL < fla) < 22T (11.5)
2 2
If N is sufficiently large, then
12N\
Rys(N) > = . 11.6
o> 5 () (116)

Proof. Since

f(z) = apz® <1+ak_1+ak_2+-'-+ o ),

aprx  apx? apxk

it follows for > x*(f) that

flz) || oo |y G2 G0
apxk apr  apT? apxk
< el lak—o o laol
- air a2 apxk
< las-a| +lag—o| + -+ |aol
- arx
e
2x
< 1
5
This proves (11.5).
If z1,..., x5 are integers such that
1/k
2N
* < <
() <wj= <3aks>
for j=1,...,s, then
k k
LT 3arxh N
0< —2L < f(zj) < 27§—
s

and
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The number of integers in the interval

(;U*(f), (2) Uk]

<2N )l/kx*(ﬁl,

3ars

aN \ /* ° N\ ¥/F
Rpu(N) > ((3) —x*<f>—1> > (&)

for N sufficiently large. This proves (11.6). O

is greater than

and so

Lemma 11.5 Let f(z) = Zf:o a;x’ be an integer-valued polynomial of
degree k such that

A(f) ={r@)}Zo
is a strictly increasing sequence of nonnegative integers. Define z*(f) by (11.4)
and let

_ )k
N(f) = T (11.7)
For N > N(f), if z1,...,xs are nonnegative integers with

Zf(wj) <N,
j=1

then
0<a; <EN)Y*  forj=1,...,s.

Proof. Recall that kla;, > 1 by Exercise 6 in Section 11.1. If N > N(f)
and z; > (2k!N)Y* > 2*(f), then

k
akmj

flz;) > > klayN > N,

and so .
> f(@i) > flx;) > N,
i=1

This completes the proof. O

A critical part of Linnik’s solution of Waring’s problem is the following
result, which is a special case of Theorem 12.3.
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Theorem 11.8 Let {s(k)}?°, be the sequence of integers defined recur-
sively by s(1) =1 and

s(k) = 8k2llos2s(k=VI  fop o > 9,
Letc>1and P> 1. If
k
f@) =Y aw
i=0
is an integer-valued polynomial of degree k such that
|la;| < cPF? fori=0,1,... )k,

then for every integer n,

s(k .
NSE Ej(zf flz;)=n withz; €Z <y, Pk,
and |z;| <cP forj=1,...,s(k) '

Proof. Let ¢ = ¢; and fj(x) = f(z) for j =1,...,s(k) in Theorem 12.3.
O

Theorem 11.9 Let f(z) = Zf:o a;x" be an integer-valued polynomial of
degree k with ap, > 0 and gcd(A(f)) = 1. Then A(f)U{0} is an asymptotic
basis of finite order, that is, for some h and every sufficiently large integer n
there exists a positive integer h, < h and nonnegative integers x1,...,xn,
such that

f@) +-+ flan,) =n.

Proof. Define N(f) by (11.7), and let s = s(k) be the integer constructed
in Theorem 11.8. Let W = sA(f) be the set consisting of all sums of s
integers of the form f(x) with z € Ng. We shall prove that the sumset W
has lower asymptotic density dr (W) > 0.

Let W(N) be the counting function of W. Choose ¢ > (2k!)/* and choose
N > N(f) sufficiently large that for P = N/,

la;| < cP*%  fori=0,1,... k.
Then 0 < ag < ¢. By Lemma 11.5, if x1,...,2, are nonnegative integers
such that 3°°_, f(z;) < N, then
O§$j§(2k!N)1/k§cP forj=1,...,s.

We get upper bounds for r; 4(n) and Ry (N) as follows: If 0 < n < N,
then
rrs(n) = NSE {f(z1)+ -+ f(zs) =n:z; € No}
< NSE {f(w1) +---+ f(zs) = n: |2y < cP}
<<k7c Ps—k
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by Theorem 11.8, and so

Rs(N) = ) rps(n)

0<n<N

= Z rf,s(n)

0<n<N
rpa(m)>1

<k W(N)PF

o (M)

We can apply Lemma 11.4 to obtain a lower bound for Ry s(N). For N
sufficiently large,

1/ 2N \* 1 /a2N\¥*
s(N — > — | — e P?.
Rf"( ) > 2 (3aks> -2 (308> Zk,

Therefore,
W(N
P* <pe Ry s(N) g e (N)) pe
and so W(N)/N >, . 1. It follows that
dr(sA(f)) = d(W) >0,

and the result follows immediately from Theorem 11.7. O

Theorem 11.10 Let f(x) be an integer-valued polynomial of degree k with
leading coefficient a, > 0. If 0,1 € A(f) = {f(x) : € No}, then A(f) is
a basis of finite order.

Proof. This is a consequence of Theorem 11.9. O

Theorem 11.11 (Waring—Hilbert) For every k > 2, the set of nonneg-
ative kth powers is a basis of finite order.

Proof. This is the special case of Theorem 11.10 applied to the polyno-
mial f(z) = z*. O

Theorem 11.12 Let f(x) be an integer-valued polynomial of degree k with
leading coefficient ar, > 0 and ged(A(f)) = 1. Then A(f) U {0} is an
asymptotically stable asymptotic basis of finite order.
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Proof. This requires only minor modifications of the proof of Theo-
rem 11.9. Let A(f) = {f(i)}32,, and let B be a set of nonnegative integers
of lower asymptotic density dr,(B) = 8 > 0. Then

Ap = {f(b): be B).

Let s = s(k) be the integer constructed in Theorem 11.8. The sumset
W, = sAp consists of all sums of s integers of the form f(b) with b € B.

Let W,(N) be the counting function of the sumset W;. Let r;i)(n) denote
the number of solutions of the equation

fbr) + -4 fbs) =n
with bq,...,bs € B, and let
N
RPI(N) =3 rf ().
n=0

We shall again compute upper and lower bounds for R;i) (n).
Choose real numbers ¢ > (2k!)'/*¥ and N > N(f) such that for P = N'/k,

|a;| < PR fori=1,... k.

By Theorem 11.8, we have the upper bound

N N
B B
RPN = Y Pm< Y nm)
TLB:; (:n[,)) >1 TI(CB:)L (:'n[,J) >1

ke Wp(N)PF

o (W00

for all sufficiently large N.
To obtain a lower bound, we observe that the number of integers b € B
such that

2N )Uk (11.8)

3ais

(<o

is

((2)") e (3) ()" r

for sufficiently large N. By Lemma 11.4, if b € B satisfies inequality (11.8),
then

0< )<,
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and so
R (N) > P2,

It follows that Wg(N)/N > . 1, and so Wp = sAp has positive lower
asymptotic density. The result now follows from Theorem 11.7. O

Theorem 11.13 Let f(x) be an integer-valued polynomial of degree k with
leading coefficient ap, > 0. If 0,1 € A(f) = {f(z) : © € No}, then A(f) is
a stable basis of finite order.

Proof. This follows from Theorem 11.12. O

Theorem 11.14 (Waring—Shnirel’'man) For every k > 2, the set of
nonnegative kth powers is a stable basis of finite order and an asymptotically
stable asymptotic basis of finite order.

Proof. This follows from Theorem 11.12. O

Ezercises

1. Prove that every multiple of 6 can be written as the sum of a bounded
number of integers of the form z(x — 1)(z — 2) with z € Nj.

2. Prove that for every k > 1 there is an integer h(k) such that every
positive integer can be written as the sum of at most h(k) kth powers
of odd numbers.

11.5 Notes

Nathanson’s Additive Number Theory: The Classical Bases [104] contains
proofs of Lagrange’s theorem that every number is the sum of four squares,
and Wieferich’s theorem that every number is the sum of nine cubes. A
proof of Lagrange’s theorem that depends on the geometry of numbers
appears in Nathanson [103]. Jacobi’s formula for the number of representa-
tions of an integer as the sum of four squares is Theorem 14.4 in Chapter 14
of this book.

In 1909 Hilbert [66] gave the first proof of Waring’s problem for all expo-
nents k > 2. Hardy and Littlewood [55, 56] developed a different method
of proof and obtained an asymptotic formula for 7 s(n). Vinogradov [150]
simplified and improved the circle method of Hardy and Littlewood, and
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obtained new results on Waring’s problem. Nathanson’s book [104] gives
Hilbert’s proof of Waring’s problem and also a proof of the Hardy—Littlewood
asymptotic formula. Vaughan [148] is the standard reference on the circle
method.

This chapter contains Linnik’s elementary proof of Waring’s problem.
Linnik [93] published this proof in 1943. An exposition of Linnik’s proof
also appears in Khinchin [78]. Rieger [122] refined Linnik’s method to obtain
an upper bound for the smallest integer g(k) such that every nonnegative
integer is the sum of g(k) kth powers. This upper bound is much larger
than the upper bound obtained by the circle method.

Kamke [76] proved Waring’s problem for polynomials. Nechaev [109] has
applied classical analytic techniques, that is, exponential sums and the
circle method, to Waring’s problem for polynomials. Kuzel’ [86] observed
that Linnik’s method for the classical Waring’s problem also applies to
Waring’s problem for polynomials.
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Sums of Sequences of Polynomials

12.1 Sums and Differences of Weighted Sets

In this chapter we complete our study of Waring’s problem by Linnik’s
method. We shall derive a fundamental upper bound for the number of
representations of an integer as a sum of polynomials. In Chapter 11 we
applied a special case of this result to solve Waring’s problem for a single
polynomial. In Section 12.4 we shall use the full strength of this upper
bound to obtain a generalization of Waring’s problem to sequences of poly-
nomials.

We begin with the definition of a weighted set. A weighted set is a pair
(A, wga), where A is a set and wy is a function (called the weight function)
defined on A. In this chapter weighted sets are always finite sets of integers,
and the range of the weight functions is the set of nonnegative integers, that
is, wa(a) € Ny for all @ € A. Thus, we can think of a weighted set as a
set with multiplicities, that is, a set in which the element a occurs or is
counted w4 (a) times.

There are natural ways to generate weighted sets. If (A, w4) is a weighted
set and A is a subset of A*, then we can define the weighted set (A*,w«)
by

wa-(a) = { BUA(G) ﬁzgj \ A, (12.1)

Let (A, wa,),...,(Ap,wa,) be weighted sets. The product set A; x
- X Ap, consists of all htuples (aq,...,a) with a; € A; for i =1,...,h.
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We define a weight function on the product set by

WAy x-x A (A1 oyap) =wa, (a1) - wa, (ap).

Let f: Ay x---x Ay, — B be a function defined on the product set. We

()
B

define a weight function w}y’ on B as follows:

S LCIEED DU RN

(a1,..., ap)EALX---XAp
flag,. ap)=b

= > wa, (a1) - wa, (an).

(a1,..,ap)EAL XX Ap,

We can think of wg)(b) as counting the weighted number of solutions of
the equation f(ai,...,a) =b.
For example, if Ay, ..., A; are weighted sets of integers, then the sumset

S=Ay+--+ A,

is the image of the function o(aq,...,ap) = a1 + -+ + a; defined on the
weighted product set Ay X --- X Ap. The weight of an element s € S is

wl (s) = > wa, (a1) - wa, (an).

(ag, s ap)EAL XX Ap
ayj+-Fap=s
If wa,(a;) =1foralli=1,...,h and a; € 4, then w(d)(s) is simply the
number of representations of s in the form a; + - - - + ap. Similarly, if we
define 6 : A1 x Ay — Ay — Ay by 6(a1,a2) = a1 — as, then the difference
set
D:AlfAQZ{(Il*CLQSCH €A17a2€A2}

is a weighted set of integers such that the weight of d € D is
wp' (@)= Y wa(a)wa,(az).
(a1,a2)EA| XAy

a1 —ag=d

Let NSE denote “the number of solutions of the equation.” If f is a
function from the product set A; x --- x A, into a set B, then

f(a,l,...,a,h):b o
NSE{ with a; € A; fori=1,...,h _( Z I
If (A1, wa,),...,(An, wa,) are weighted sets with wy,(a;) = 1 for all ¢ =
1,...,h and a; € A;, then

F) iy flat,...;ap) =D
p (b)_NSE{ with a; € A; fori=1,...,h [
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If w} is an upper bound for the weight function wy,, that is, if wa, (a;) < w}
foralli=1,...,h and a; € A;, then

wd () = > wa, (a1) -+ wa, (an)

(ay,..., ap)EAL XX Ap
flagy... ap)=b

IA
(]
=

* .-wZI

(a1,.ap)€AL X X Ap,

_ * L flay, ... an) =0
= w; whNSE{WlthaleAzforlzl”h '

For brevity, we shall often refer to the weighted set (A4,w4) as the
weighted set A.

Let Ay, Ao, and A3 be weighted sets. We can form the weighted sumsets
S1 = A1 + Ay and Sy = Ay + Az, and from these the weighted sumsets
S1+ A3z and A; + S5. We also have the weighted sumset S = Ay + As + As.
By the associativity of set addition we have S = S;+ A3 = A; + .55 as sets.
In fact, these sets are also equal as weighted sets, that is, for every s € S
we have

ws(s) = Ws,+4,(8) = wa,+5,(s). (12.2)

This is a special case of the following theorem, which shows that weights
constructed by composition of functions are well-defined.

Theorem 12.1 For ¢ > 2, let h,rg,71...,7¢ be integers such that
O=ro<ri<---<rp=h.

Let (Ay,wa,), ..., (Ap,wa,) be weighted sets and let By, ..., By, and C be
sets. Fori=1,...,¢, let

fi : A»,‘i71+1 X X Ari — B;

be a function defined on the weighted product set A,, 41 x---x A,,. Then

fi induces a weight function wgi) on the set B;, and these weight functions

determine a weight function on the product set By X --- X By. Let

gZle---XBg—>C

be a function defined on the weighted product set By X --- x By. Then g
induces a weight function wg]) on C. Define the function

f:A1><---><Ah—>C’
by
flay,... ap)

= g(fl(a/la"' )aT1)7f2(a"l'1+17"'70‘7'2)7"'7f1€(a/7“271+13"-aa/7‘4)-
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Then f induces a weight function wg) on C. For all c € C we have

wd (e) = w (c),
that is,

Z WAy x--xAp (A15 .-, ap)

(ay,...,ap)E€A X XAy,
flayg,..., ap)=c

= Z wle---ng(bla--~7b€)~

(b1,.-sbg)EBL XX By

Proof. This is a straightforward calculation. We have

wd () = > WE, xwx 5, (b1, by)

(b1s---sbg)EB XX By
g(by,....,bp)=c

= 3 wdV (1) wl? (by)

(by,...,bp)EB1 XX By
g(b1,...,bg)=c

T1
= > > wa, (@) | -
(by,...,bp)EB1 X =X By (al,A..,arl)eAlx---xArl =1
g(by,..,bg)=e fi(ay,...;apy )=bg

X Z H wAa, (ai)

felap, | 41,--ar,)=by

= D >

(by,...,bp)EB X - X By (ay,...,ap; )EALX X Apy
g(by,...,bg)=c fi(ay,...,ar))=b1

h

Z wa, (al)

(Grp y41vnsarg)€Ap, | 41X X Ap, i=
fz(ar[71+1 yyyyy ar,)=by

h
= Z H WA, (al)

(ag,...;ap)€EAL X - XAy

h

= Z w4, (al)
1

(a1,..,ap)EAL X XAy 4=
flay,...,ap)=c

= Z WA x-x Ay (A15 -y Q)

(ay,...,ap)E€A XX Ay,
flag,..., ap)=c
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wd (c).

This completes the proof. O

Lemma 12.1 Let By and By be weighted sets of integers. Define the ad-
dition map o : By X By — By + Bg by 0(b1,b2) = by +be and the difference
maps 6; : B; X B; — B; — B; by 6;(b;, b)) = b; =V, fori =1,2. Consider the
weighted sumset S = B1+ By and the weighted difference sets D1 = B1— By
and Dy = By — By. Then for all integers n,

w§ () < 5 (w5 (0) + w2 (0)) -

<1

2

Proof. For i = 1,2 we have
w0y = D" wp (b)ws, (6) = Y ws, (b:)*

(bi,bfi)eBixBi b;eB;
b; —b/ =0
k2

To each b; € B; there exists at most one by € By such that by + by = n.
Applying the elementary inequality

1
zy < §(x2+y2) for z,y € R,
we obtain
wy)(n) = > wp, (b)ws,(b2)
(b1,b2)€EB1 X Bg
by +bo=n
1
< > 3 (wp, (b1)? + wg, (b2)?)

(b1,b2)€B1 X By

b1 +bo=n
< (z w2+ Y w32<62>2)
bi1€B;1 bo€B2

1
>
= 5 (@8 0+ i)

This completes the proof. O

Lemma 12.2 Fort > 1, let Bq,..., Byt be weighted sets of integers, and
let S be the weighted sumset

S =B+ + By
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with weight function determined by the addition map o : By X -+ X Byt —
By 4+ By:. Fori=1,...,2, consider the weighted difference sets

D;=2""'B; —2'"'B; =2'""(B; - B))
with weight functions defined by the maps
(%IBZ‘X"'XBZ‘—)DZ‘,

6i(bi)1, ey bi,Qt) = (bi71 —+ -4 bi72t—1) — (bi,2t71+1 —+ -4 bigt).

Then for all integers n,

2t
g 1 57,
w(n) < 5 Y wih(0). (12.3)
=1

Let B be a weighted set with weighted sumset S = 2'B and weighted differ-
ence set D =21"1B — 2t=1B. Then

Wl (n) < wfl)(0) (12.4)
for all integers n € S.

Proof. The proof of (12.3) is by induction on ¢. The case ¢ = 1 is
Lemma 12.1.
Let t > 2, and assume that the lemma holds for ¢ — 1. Consider the
weighted sumsets
S1=B1+ -+ By
and
So =DBgt-141 + -+ Bat

(o )

with weights w 511) and wéff; , respectively, and the weighted difference sets
=5 -5

and
Ty = S5 — S

with weights w%l) and w(sz), respectively. Since

S =51+ 5q,
we can define an addition map ¢’ : S; x S3 — S. By Theorem 12.1,
ng)(s) = wgf )(s)

for all s € S. (Indeed, Theorem 12.1 implies that all of the weight functions
constructed in this proof are well-defined.)
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By Lemma 12.1,

W) (s) < 3 (wiV(0) + it ()
for all s € S. For i = 1,...,2% we define the weighted difference sets
B! =B; — B;.
Then
n = 5-5

= (Bi+-+By-1)—(Bi+ -+ By-1)

= (B1—Bi)+-+(By-1 — Byi1)

= Bj+---+Bj ..
Similarly,

= S2 - SQ = Bét—url + - +Bét~
For i =1,...,2% we define the weighted difference sets
D;=2"?B]—-2""’B]

(é; )

with weight functions wp;’. By induction, the lemma holds for sums of

2!~ weighted sets. Therefore, we have

2t71
A 1 s
Wi (0) < gp 3 wipy (0
=1
and
A 1 a )
U’(TQQ)(O) < 51 wp; (0),
2t—141
and so
o 1 A
wg (n) < §(w(Tl V(0) +why? =9 ZU’D'
Since
D) = 2'72B/-2'2?p!

= 27%(B; - B;) —2'7*(B; — By)
— 2t_1B‘ —2t_1B‘
Di»

it follows that
2t
o 1 6;
wg(n) < 57 > wp(0).
=1
Inequality (12.4) follows immediately from (12.3). O
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Ezercises

1. Let A ={0,1,3,4} be a weighted set with weight function wa(a) =1
for all « € A. Compute the weight functions of the weighted sumset
2A and the weighted difference set A — A.

2. Let A =1{0,1,3,4} be a weighted set with weight function wa(a) = a
for all « € A. Compute the weight functions of the weighted sumset
2A and the weighted difference set A — A.

3. Let A=1{1,2,3,4,5} be a weighted set with w4(a) =1 for all a € A.
Define f: A — A by f(1) = f(2) =3 and f(3) = f(4) = f(5) = 2.
Compute wi,f ) (a).

4. Let (A,wa) be a weighted set, let f : A — B be a function, and let
wg) be the weight function induced on B by f. Prove that

> wala) =y wi ().
acA beB

5. Let A ={1,2,3,...,n} and let w4 be a weight function on A. Let
Sy be the group of all permutations of A. If 7 € S,,, then 7: A — A
induces a weight function wg) on A. Prove that wg) (a) = wy(a) for
all 7 € S, and a € A if and only if w4 is a constant function.

6. Prove that Theorem 12.1 implies equation (12.2).

7. Let A be a weighted set. Prove the weighted set identity

(A—A)—(A—A)=2A-2A.
8. Let A be a set of integers of cardinality k. Prove that

2+ k
A+ 4] <=
2
and
|A— Al <k®—Kk+1.
For every positive integer k, construct a set A such that |[A| = k,

|A+ Al = (k> +k)/2,and |[A — A| = k? — k + 1.

12.2 Linear and Quadratic Equations

In this section we obtain upper bounds for certain linear and quadratic
diophantine equations.
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Lemma 12.3 Let Q > 1. Let uq,...,u, be relatively prime integers such
that
U = max{|ui|,..., |ug|} < Q.

For every integer m,

mw{zmq+~+uwkm} (k= DIBQ*

) 12.5
with |vi], ..., |vg] < Q U (12.5)

Equivalently, for i = 1,...,k we can define the weighted sets A; = {v €
Z : |v| < Q} with weights wa,(v) = 1 for all v € A;. Let B be the range

of the function f(v1,...,vx) = vy + - -+ + ukvk. The lemma asserts that
wif (m) < (k= DIBQ)*/U.
If we choose any k — 1 numbers vq,...,v;x_1, then there exists at most

one number vy that satisfies the equation uyvy +- - - +urvy = m. This gives
the trivial upper bound (2Q + 1)*~1 < (3Q)*~! for (12.5). A nontrivial
assertion of the lemma is the denominator U in Q¥~1/U.

Proof. The proof is by induction on k. If k = 1, then ged(uq) = 1 and
U = |u1| = 1. The number of solutions of the equation uiv; = m with
lv1] < @ is at most

,_06Q)"
- 2Eaf

Let k =2 and U = max{|uy|, |uz|} = |uz|. If
ULV1 + UgVy = M, (12.6)

then
uivy =m  (mod U).

Since (u1,us2) = (u1,U) = 1, we have
vy =uytm  (mod U).

The number of integers v; in the congruence class u; 'm (mod U) with
lv1] < @ is at most

?—i—lg% (since U < Q).

For each such integer v; there is at most one integer vy that satisfies the
linear equation (12.6). Therefore,

NSE {ujv; + ugvg = m  with |vq|, |va] < Q} < %
Let £ > 3, and assume that the lemma holds for k — 1. Let

U = max{us,...,ug} = |Jugl.
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Ifu;=0fori=1,...,k—1, then 1 = (uy,...,up_1,ux) = |ug| = U, and
the number of solutions of (12.5) is at most

(2Q+ 1)1 < B! < %

If u; # 0 for some ¢ < k — 1, then
d= (ul,...,uk_l) > 1.

In this case, we define

and U
U/ = max{|u’1|, sy ‘ugc—1|} < E

Then (uf,...,u)_,) = 1. Consider the linear equation
wivr + U vg—1 = m'. (12.7)

By the induction hypothesis,

ULV + - F Up—1Vk—1 = dm/
NSE .
{ with |v1], ..., |Jvg—1] < Q@ }
= NSE {(12.7) with |v1],...,|vg—1| < Q}
(k—2)!(3Q)F2
= #.

If the integer m’ can be represented in the form (12.7) with |v;| < @, then
m’| < (k = 1)U'Q.

Since (d,ux) = (u1,...,up—1,ur) = 1 and max{d, |ug|} = |ux| = U, it
follows that

UV + - FURVE =M
NSE { with o, [ox] < @ }
“e. _ = dm/
< NSE u1.111+ + Uk —1Vp—1
- { with |v1],..., |vg—1] < Q
dm' + upvy, =m with
X NSE { . Jow] < (k - DU'Q
(k—213Q)* 3(k—1)U'Q
- U’ U
(k =1)'3Q)**
i .

This completes the proof. O
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Theorem 12.2 Let k > 3 and let P,Q, and c be real numbers such that
1<P<Q<cPF1
Consider the quadratic equation
U1 4+ -4 UV = 0 (128)
in 2k variables uy, ..., uk,v1,...,05. Then
vy + - Fupvp =0
NSE { with |u;| < P and |v;| < Q 3 <p.o (PQ)F L.
fori=1,...k

Proof. If u; = -+ = uy = 0, then the number of solutions of (12.8) with
|vi] < @ is at most

2Q+1)F < (3Q)F =3Q(3Q)F!
< 3ePFIBQ)MT = 3ke(PQ)F !
Lpe (PQFL

Suppose that u; # 0 for some i. Then
1 <U =max{|ui|,...,|ux|} < P.

There exists a unique nonnegative integer m such that

P P

gt <U < g (12.9)

The number of equations of the form (12.8) with |u;| < U < P/2™ does
not exceed

2P f_ 3P\

2m —\2m)

(ug,...,ux) =1,

If
then by Lemma 12.3, the number of solutions of each such equation with
|v;| < @Q is at most

(k= DIEQI _ (i~ 12m i (3Q)
U < P '

Therefore, the number of solutions of all equations (12.8) with (uq,...,ug) =
1 and U in the interval (12.9) is less than

(k—1)12mH1(3Q)F 1 /3P\"  6(k —1)/(9PQ)*!
P <2m> B 2(k—T)m '
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Summing over m, we obtain

u1v] + -+ upvr =0 00 6(k
NSE ¢ with |u;| < P, |vs] < Q, < }:
and (u1,...,u;) =1 =0

8(k — 1)1(9PQ)*

W(9PQ)k~
2(k 1)ym

IN

If (ug,...,u;) = d, we define u} = u;/d for i = 1,..., k. The integers
uy,...,u) are relatively prime, and |u}| < P/d. The integers vq,..., vy are
a solution of equation (12.8) with |u;| < P if and only if (v1,...,vx) is a
solution of the equation

uivy + -+ ujup =0 with |u}| < P/d.

Therefore,
vy + - Fupvr =0 P k—1
_ d
and (ug,...,ug) =d

8(k — 1)1(9PQ)*!
Jh—1

For k > 3 we have

=1
Z dk—l

d=1

Summing over d, we obtain

uvy + - Fupvg =0
. W(OPQ)*~
NSE ¢ with |u;| < P, |v;| < Q, < E d’f 1
and u; # 0 for some ¢

< 16(k; —DI(9PQ)*!

Therefore,
ULV + -+ upvrp =0
NSE { with |u;| < P and |v;| < Q }
< 3Fe(PQ)* +16(k — 1)I(9PQ)F!

<<k,c (PQ) 1

This completes the proof. O
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Exercises
1. Find all solutions of the linear diophantine equation
6v1 + 1002 + 1503 =0 with |uy|, |v2], Jug| < 10.

Compare the number of solutions with the upper bound obtained
from Lemma 12.3.

2. Find all solutions of the linear diophantine equation

6’[)1 —+ 10’[)2 —+ 15’[)3 = ]. Wlt]h |’U1|, |’U2‘7 "Ug| S ].0

3. Find all solutions of the quadratic equation
u1v1 + ugvy + ugvg =0

with |u;| < 1 and |v;] < 1 for ¢ = 1,2,3. Compare the number of
solutions with the upper bound obtained from Theorem 12.2.

12.3 An Upper Bound for Representations

We can now prove Theorem 12.3, which gives the fundamental upper bound
for the number of representations of an integer as the sum of a bounded
number of values of polynomials of degree k. We need the following standard
result about polynomials.

Lemma 12.4 Let i
flz) = Z a;x’
i=0
be a polynomial of degree k with complex coefficients. Then

[z +u) = [(2) = ugu(z),

where
k—1
gu(r) = aj(u)a’
i=0

s a polynomial of degree k — 1 with coefficients
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and '
la;| < cPH=t  fori=0,1,... k,
then _
|a(u)| < c(4e)*kPF "0 fori=0,1,...,k—1
and

|gu ()] < c(2¢1)*F K2 PP (12.10)

Proof. This is a purely formal calculation. We have

Zajxj
ji-1 ,.
a; Z (Z)xzuj_z
=0
k—
> |

=0

k
flotu) = f) = ol
;
>

=1

<.

|
S

,_.
\_//_\
u
@
,..
ﬁ
<
<
—_
8
©

If |a;| < cP*~% and |u| < 2¢1 P, then

k . k
laj(u)] < Z (g)|aj|u|ji1§ Z 93¢ Pk=3 (¢, P)I =i~
Jj=1i+1 j=i+1
< c(dey)fEPRFITE

If also |z| < ¢1 P, then

k—1
l9u(z)] < CAGIER
i=0
k—1
< c(4cy)FEP* 1 (¢ P)?
=0

< (2 )ZkaPk 1

This completes the proof. O

Theorem 12.3 Let {s(k)}32, be the sequence of integers defined recur-
sively by s(1) =1 and

s(k) = ]kollogs s(k—1)] for k> 2. (12.11)



12.3 An Upper Bound for Representations 389

Letc>1. Forj=1,...,s(k), let

k
fil@) =) aya’
1=0

be a sequence of polynomials with complex coefficients such that
lag;| < ¢ forj=1,...,s(k).
Choose P > 1 such that
laij| < cP*=" fori=0,1,...,k—1landj=1,...,s(k). (12.12)
Let ¢c1 > 1. For every complex number z,

ng? filxj) =2 withxz; € Z

NSE
{ and |zj| < 1P forj=1,...,s(k)

} Cpee, PPOTF(12.13)

Proof. The proof is by induction on the degree k of the polynomials.
For k = 1 we have s(1) = 1 and fi(z) = a112 + ap1. For any number z,
there exists at most one integer x; such that fi(x1) = z, and so

fl(ll'l) =z withz;€Z _ ps(1)—1
NSE { and |z1| < ¢ P sl=r ‘

Let k > 2, and assume that the theorem holds for s’ = s(k — 1) polyno-
mials of degree k — 1. Define

t = t(k) = [logy s'] + 2

and
s =s(k) =2k2" = gE2llogs s(k—1)]

Since [z] <z < [z] + 1 for every real number x, we have
s — 9log, s’ < ollog, s+ ot—1
Consider the weighted set (X, wx)), where
X={zeZ:|z|<cP}
and wx(x) =1 for all z € X. For j =1,...,s we have the weighted sets
Fy={fi(x):x € X} ={fi(2) : |z] < e, P}

with weights

w%j)(z) =NSE {fj(z) =z : |z| < e1 P}.
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Let S be the weighted sumset
S=F+---+ F.

Then
wg(z) = NSE ij(mj) =z with |z;| <P
j=1
For s
=- =k2'
m=g )

we consider the weighted sumsets
Bi=Fi+ - +Fy,

and
BQZFm+1+"'+F2m7
and the weighted difference sets

m

Dy =Bi—Bi=3> (fily) = fi(w;) : [yl ly;] < er P
j=1
and
2m
Dy=By—By=< Y (filyy) = fi(x;)) : sl lys| < er P
j=m+1

Applying Lemma 12.1 to S = By + B3, we obtain

For j=1,... s, let
filx +u) = f;(z) = ugj.u(x),
where g; () is the polynomial of degree k—1 constructed in Lemma 12.4.
We can use our result on quadratic equations and weighted sets (Theo-
rem 12.2) to obtain upper bounds for the weights wp, (0) and wp,(0). If
|z;], ly;| < 1P and uj =y; — x;, then |u;| < |z;| + |y;| < 2¢, P. It follows
that
_ S (£iys) = fi(z5) =0

wn®) = wse { G

nsg | 2= (Filag +u) — fi(x;)) =0
with |z;| < ¢; P and |uj| < 2¢; P

_ NSE { 21 Uy (€5) = 0 }

with |z;| < ¢ P and |uj] < 2¢q P

IN

= Z NSE { iy UG5, (x5) =0 with }

zi| <egPforj=1,....m
]|t | <2¢1 P 5] < JE b
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Similarly,
22: WG, (1) =0 with
wp,(0) < Z NSE { |:vj\ gtipjf(;;:jm—f—l,...ﬂm }
[m1lsees|uzm|<2¢1 P
For j =1,...,m, we fix integers u; with |u;| < 2¢1 P, and consider the

weighted sets
Gj ={gju, () : [2] < 1 P}

and
G; =u; % {gju, () : || < a1 P} = {ujgju, () : 2| < 1 P},
with weights
wg, (2) = wa, (u;j2) = NSE {gju,(z) = 2 : [2] < 1 P}.

Recall that m = k2'. For ¢ = 1,...,2¢%, we define the weighted sets

By = Glirir T Glyppa T+ Gaps
_ ot—1 t—1
D, = 2B — 2B,
and
m 2t
s-3a -3
j=1 q=1
Then

ws; (0) = NSE Zujgjﬂj (x;) =0 with |z;| <P
j=1

By Lemma 12.2,
2t
1
wg; (0) < 5 ZWD; (0).
q=1

We can express the difference set D; as follows:

/ _ t—1 n/ t—1 n/
D, = 2'7'p/ —2'"'B,
k k
t—1 t—1
= 2 Z G/(qfl)kw -2 Z G/(qfl)iwr
r=1 r=1

k
= Y ek * (27 Glgm ke — 27 Glgnyir)
r=1

k
= Zu(q71)k+7‘ * ‘/(qfl)kJrrv

r=1
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where
Vv(qfl)k:Jrr = 2t_lc;’(qfl)kJr'r‘ - 2t_1G(q71)k+r-
Let v € Vig—1)k+r- By Lemma 12.4, if |z| < ¢; P, then

|g(Q*1)}€+T,U(q_1)k+r(x)| S 0(261)2kk2pk*17

and so
lv| < ¢(2¢1)%k k22t PR, (12.14)

We shall use the induction hypothesis for polynomials of degree k — 1 to
obtain an upper bound for the weight of v. Let

k—1
i

gu(z) = I(q—D)k+rug—1)ktr (z) = Za;(u)w :
=0

By Lemma 12.4, we have

|} (u)| < c(dep)FRPE17

fori =0,1,...,k — 1. Since s’ = s(k — 1), for every number 2’ we have
NSE Zj‘:1 g(z;) =2 Chee ps'—k+1
with |z;| < ¢ Pforj=1,...,s o

Since s’ < 2!~!, we obtain the following upper bound for the weight of v:
2t—1 2t—l ’
Wy e () = NSE { U= Xgmt 9u() = Lmy ule)
with |zg|,[2)| < e P forg=1,...,2

ZZ:]_ gu(lxq) = L
— 2 2"
= NSE v+ Zq:l gu<.'1,':1) - Zq:S’Jrl gu(mq)

with |z, |z)| < e P for g=1,...,2!7!
szllgu(xq) =+ s
— 2t 2t=
- D NSE S - T2 gule)
2 heolel, ol with |z4| <P forg=1,...,¢
lzgrpqlslzg_1l<er P
Choer 3 ps'—(k=1)
EArt
2y g1 lsl@ge_11<er P

t ’ !
<<k,c,c1 P2 —s' ps —k+1

2f —k+1
<<k,c,c1 P + .

Therefore, there exists a constant ¢’ = c(k,c,c1) such that wy,(v) <
¢PY 1 forall j=1,...,m and v € V.
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Let U be the weighted set of all integers u such that |u| < 2¢; P and
wy(u) =1 for all w € U. Let V be the weighted set of all integers v that
satisfy inequality (12.14) and have constant weight wy (v) = cP2 ~*1. We
can now find an upper bound for the weights wp, (0) and wp,(0):

wp, (0) < > w1 (0)

|wtly..ey |um|<2¢1 P

2t
1
< >z vwn0)
[utlsess|um|<2e1 P g=1
1
< >
[wut]sees|um[<2e1 P
2! k k
X Z (C/P?_kﬂ) NSE { Zrzl U(g—1)k+rV(qg—1)k+r = 0 }
] with V(g—1)k+r € Vig—1)ktr
pm—k+k
<<k,c.c1 T
S > 0
x NSE { =1 W(g—1)k+rV(g—1)k+r = }
meszrk
= T
t k
2 Er:l U(g—1)k+rV(q—1)k+r = 0
X Z Z NSE with U(q—l)k-i—r €V and
L e U(q—1)k+15 - -+ Ugk € U
pm—k+k pm—k
<<k,c,cl ot
t k
2 Z_r:l U(g—1)k+rV(g—1)k+r = 0
x ZNSE with v(g—1)k4r € Vig—1)k+r and
7=l U(g—1)k+1- - - > Ugk eU
k
c,c PS_k2NSE ZT:l UrUr = 0
Choa with v, € V and u, € U
Lk,eey Ps_k2(Pk)k_1 (by Theorem 12.2)
<Lk, c,cn Pk,
Similarly,
wp, (0) Kk, P77,
Therefore,

wg(n) < =(wp, (0) + wp,(0)) Kk c.c, ps—k,

N =
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This completes the proof. O

Exercises
1. Compute s(k) for k =1,2,3,4,5.

2. Prove that
4F1El < s(k) < 8RR

for k > 2.

12.4 Waring’s Problem for Sequences of
Polynomials

In Chapter 11 we applied a special case of Theorem 12.3 to prove Waring’s
problem for a polynomial. In this section we show how the full strength
of Theorem 12.3 yields a generalization of Waring’s problem to finite se-
quences of polynomials. Let ¢ > 1. For j = 1,..., s, let f;(z) be an integer-
valued polynomial of degree k& whose leading coefficient ay; satisfies the
inequality 0 < ax; < c. We consider the sequence

F= {fj(x)}jzl

We shall prove that there exist integers s(k) and h(k) and a positive number
6(k,c) such that if s > s(k), then the set

S={fi(x1) +-+ fo(xs) : x1,...,25 € No}

has lower asymptotic density dr(S) > 6(k,c) > 0, and if s > h(k), then S
is eventually coincides with a union of congruence classes.
We define the representation functions rz(n) and Rz(N) by

r#(n) = NSE { flm) + -+ folws) =n }

with z1,...,2s € Ny

and

Rp(N)= Y rz(n).

0<n<N

Lemma 12.5 Let ¢ > 1. Let F = {fj(z)}i_; be a sequence of integer-
valued polynomials of degree k, and let ay; be the leading coefficient of
[i(x). We assume that

O<ap; <c



12.4 Waring’s Problem for Sequences of Polynomials 395

forj=1,....s. If N is sufficiently large, then

1 (2N\**
Rr(N - — . 12.15
) > 5 () (1215
Proof. Define x*(f;) by (11.4) for j =1, ..., s. If the integers z; satisfy

the inequalities
aN\ /"
) <y < [ ==
z*(f;) <x; < <3cs) )

then, by Lemma 11.4,

3agjz¥ 3¢ (2N N
< f; < J <222 ) = 22
0= f(w;) < 2 T2 (368) s
and
0< fl(xl)+ +fs(l's) <N
Therefore,

Rr(N) > <<§Z>”kx*(f) ) . <§Z>s/k
O

for N sufficiently large. This proves (12.15).

Lemma 12.6 Let F = {f;(z)};_; be a sequence of integer-valued polyno-
mials of degree k, and let a; be the leading coefficient of f;(x). Let ¢ > 1.

We assume that

0<ag; <c
and that A(f;) = {f;(z) : © € No} is a strictly increasing sequence of
nonnegative integers for j = 1,...,s. There exists a number Ni(F) such
that if N > N1(F) and x1,...,xs are nonnegative integers with
S
> fx) <N,
j=1
then

xj§(4k!N)1/k forj=1,...,s.

Proof. The proof is the same as the proof of Lemma 11.5. Recall that
klag; > 1 by Exercise 6 in Section 11.1. Define z*(f;) by (11.4) for j =
1,...,s, and *(F) = max{z*(f1),...,z*(fs)}. Let

x* (F)k

MF) ==

(12.16)
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If N> Ny(F), 1 <l<s,and xp > (2kIN)V* > 2*(F) > 2*(f,), then

k
fe(xe) > % > klayN > N,

and so .
S Fa) = flwe) = flae) > N.
j=1
It follows that if x1,...,xs are nonnegative integers such that
Z f(xj) < Nv
j=1
then

z; < (2kIN)V/* forj=1,...,s.
This completes the proof. O

Theorem 12.4 For any positive integer k and real number ¢ > 1, there
exists a number §(k,c) > 0 with the following property: If s = s(k) is the

integer defined by (12.11), and if F = {f;()};—; is a sequence of integer-

valued polynomials of degree k whose leading coefficients ay; satisfy
0 <ag; <c,
then the sumset
B={fi(z1)+ -+ fs(xs) : 21,...,25s € Ng}
has lower asymptotic density
dr(B) > 6(k,c) > 0.

Proof. Replacing the polynomial f;(z) with f;(z + z¢) for a sufficiently
large integer xo, we can assume that { f;(x) : € Ny} is a strictly increasing
sequence of nonnegative integers for j = 1,...,s.

Define N;(F) by (12.16). Choose N»(F) sufficiently large that for N >
Ny(F) and P = N'/* we have

\aij|§cPk_i fori=0,1,...,k—1,
and so Theorem 12.3 applies to the polynomials in the sequence F.
Let N(F) = max{N,(F), N2(F)) and ¢; = (2k!)'/*. By Lemma 12.6, if

N > N(F) and «1,...,x, are nonnegative integers such that

fl(x1)+"'+fs(xs) SNv
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then z; < ¢ P for j =1,...,s. Therefore, if 0 <n < N, then

_ fi(@) + -+ fo(zs) =n
rr(n) = NSE { with x; € Ng for j =1,...,s(k)
_ f1($1)+"'+f5(x8) =n
o NSE{WithOijgcleorj1,...,s(k)

<<k,c Ps—]c

by Theorem 12.3. Let B(n) be the counting function of the set B. We have

N N

Rrp(N) = Y rz(n)=> rz(n)
n—=0 n=0

B(N)P*

<he B(N)PF= ~

By Lemma 12.5,
s/k
1/ 2
new= 3 ()" P

3cs

It follows that B(NN)/N > . 1. This completes the proof. O

We say that sets of integers A and B eventually coincide if there exists
a number ng such that n € A if and only if n € B for all n > ng. By
Theorem 12.4, the set of sums of s(k) integer-valued polynomials of degree
k has positive lower asymptotic density, but not necessarily a rich arith-
metic structure. For example, sets of positive density can have arbitrarily
large gaps between consecutive elements. We shall prove that there exists
a number h = h(k,c) such that the set of sums of h(k,c) integer-valued
polynomials of degree k with positive leading coefficients not exceeding c
has bounded gaps, and, moreover, eventually coincides with a union of con-
gruence classes. The proof of this result requires a deus ex machina in the
form of a theorem of Kneser on the asymptotic density of sumsets. We do
not prove Kneser’s theorem in this book, but this application of Kneser’s
theorem gives a generalization of Waring’s problem that is too beautiful to
resist.

Fori=1,...,d, let B; be a set of integers with lower asymptotic density
dr(B;) = Bi, and let S = By + - -+ + By. Kneser’s theorem states that if
dr,(S) < B1+ -+ B4, then there is a modulus m > 1 such that the sumset
S eventually coincides with a union of congruence classes modulo m.

Theorem 12.5 Let k be a positive integer and ¢ > 1. There exists a posi-
tive integer h = h(k, c) with the following property: Let F = {f;(x) ?:1 be
a sequence of integer-valued polynomials of degree k such that the leading
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coefficient ay; of fj(x) satisfies the inequality 0 < ax; < c forj=1,..., h.
There exists a positive integer m such that the sumset

S={filx)+ -+ falzn) 12; ENo forj=1,... h}
eventually coincides with a union of congruence classes modulo m.

Proof. Let s = s(k) be the positive integer constructed in Theorem 12.3
and let § = 6(k, c) be the positive number constructed in Theorem 12.4.

We define
1
d=|= 1

h = h(k,c) = ds.

and

Let F = {f; (m)};?:l be a sequence of integer-valued polynomials of degree
k whose leading coefficients are positive and not greater than c. For i =
1,...,d, let F; = {f(¢—1)5+j($)}§-:1~ By Theorem 12.4, the sumset

B, = Zf(iq)sﬂ'(fﬂj) txj € No

j=1

has lower asymptotic density dr,(B;) > 6 > 0. Since

S=B1+:--+Bg= ij(Ij)inENo

j=1

and

idL(Bi) > 8d =6 (m + 1) S 1> dy(S),

Kneser’s theorem implies that S eventually coincides with a union of con-
gruence classes modulo m for some positive integer m. O

12.5 Notes

This proof, so exquisitely elementary, will undoubtedly seem
very complicated to you. But it will take you only two to three
weeks’ work with pencil and paper to understand and digest it
completely. It is by conquering difficulties of just this sort, that
the mathematician grows and develops.
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A. Ya. Khinchin [78]

The proof to which Khinchin refers is Linnik’s elementary proof of War-
ing’s problem. It is the “third pear!” in Khinchin’s famous book Three
Pearls of Number Theory [78]. The quotation is the last paragraph in the
book.

Theorem 12.3 generalizes a result of Linnik for sums of one polynomial
to sums of a sequence of polynomials. Linnik’s result provides the essential
upper bound in his solution of Waring’s problem.

Often, theorems in number theory and, in particular, variants of Waring’s
problem, are first proved analytically, and only later are elementary proofs
discovered. Theorem 12.4, due to Nathanson, is an unusual example of a
result that was first proved by elementary methods.

For a proof of Kneser’s theorem [79] on the asymptotic density of sumsets,
see Halberstam and Roth [48] and Nathanson [108].



13
Liouville’s Identity

13.1 A Miraculous Formula

In a series of eighteen papers published between 1858 and 1865, Liouville
introduced a strange and powerful method into elementary number theory.
In this chapter we prove an important identity of Liouville. We shall apply
it in Chapter 14 to obtain theorems about the number of representations
of an integer as a sum of an even number of squares. This is our second
problem in additive number theory.

Recall that a function f(x) is called even if f(—z) = f(x) for all . A
function f(zx) is called odd if f(—z) = —f(x) for all z. If f(z) is odd, then
f(0) = —f(0), and so f(0) = 0.

The function F(z,y, z) is odd in the variable z if F(—z,y, 2) = —F(x,y, 2),
and even in the pair of variables (y,z) if F(x,—y,—2) = F(z,y,2). If
F(x,y,z) is odd in the variable y and also odd in the variable z, then
F(x,y,z) is even in the pair of variables (y, z). For example, the function
F(z,y,z) = xzyz is odd in the variable z and even in the pair of variables
(¥, 2)-

In this and the following chapter, u, v, and w denote integers, and d, 9,
and ¢ denote positive integers. The notation

>

u24+dé=n
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means the sum over all ordered triples (u,d, §) such that u? + dé = n. For
example,

> G(u,d,8) = G(0,1,3)+G(0,3,1) +G(1,1,2)
u2+ds=3
+ G(1,2,1) + G(-1,1,2) + G(-1,2,1).

We define the symbol {T'(£)}, - as follows:

[0 if n is not a square,
{T(0)}n=ez = { T(¢) if nis asquare and n = 2.

Liouville’s fundamental identity is the following.

Theorem 13.1 (Liouville) Let F(x,y,z) be a function defined on the set
of all triples (x,y,z) of integers such that F(x,y,z) is odd in the variable
x and even in the pair of variables (y,z). For every positive integer n,

2 Y F(6—2u,u+d,2u+2d - 0)

u2+dé=n
= > Fld+6ud—8)+{2T1(f) — To(0) }nre,
u2+dé=n
where
20—1
Ti(6) = > F(j,,5)
j=1
and
-1
T(0) = Y F(20,5,2).
j=—L+1

For example, there are six triples (u, d, §) such that u?+dé = 3. Liouville’s
formula for n = 3 asserts that

2(F(3,1,-1)+ F(1,3,5) + F(0,2,2) + F'(—1,3,5) + F'(4,0,—2) + F(3,1,1))

= F(4,0,2)+ F(4,0,-2)+ F(3,1,1) + F(3,1,—-1) + F(3,-1,1)
+ F(3,—-1,-1).

It is easy to check this identity using only the parity properties of the
function F(z,y, 2).

We shall prove Theorem 13.1 in Section 13.4.

Liouville’s identity is very general, and we can specialize it in many ways.
Here is an example.

Theorem 13.2 Let f(y) be an odd function. For every positive integer n,

Y. CDYfutd)={(D) O}, -

u24dé=n
§=1 (mod 2)
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Proof. We define the function

7 ) = 0 if x or z is even,
DYETA (21)@+)/28(y) if 2 and 2 are odd.

Then F(z,y, z) is an odd function of each of the variables x, y, and z, hence
an even function of the pair of variables (y, z). If z,y, z are integers and §
is even, then 6 — 2z is even, and so F'(6 — 2z,y,2) = 0.

We shall apply Theorem 13.1 to the function F(z,y, z). The left side of
Liouville’s identity is

2 ) F(6—2u,u+d,2u+2d—0)
u24+dé=n
= 2 Z F(6 — 2u,u+ d, 2u + 2d — §)

u2+dé=n
6=1 (mod 2)

=2 >  (D)f(u+d
iy i

=2 > (-D®flu+d
A

=2 Y ()" f(u+ad)

u24+dé=n
§=1 (mod 2)

= 2-1)" > (-)“f(u+ad).

u2+d6=n
6=1 (mod 2)

The right side of Liouville’s identity is

> F(d+6,u,d—8)+ {271 (£) — To(0) }nere-
u2+dé=n

If u? + d6 = n, then also (—u)? + dé§ = n, and the map
(u,d,é) — (—u,d, o) (13.1)

is an involution! on the set of solutions of the equation u? 4+ dé = n. Then

> F(d+6u,d-0) > F(d+6,—u,d—0)
u24+dé=n u2+dé=n

= - > F(d+6ud-5),
u?2+4dé=n

LAn involution on a set X is a map o : X — X such that a? is the identity map.
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since F'(x,y, z) is an odd function of y. Therefore,

> F(d+6u,d-6)=0.

u?2+4dé=n
If n = ¢2, then
20—
i) = Z Gbi)= Y, FGL7)
j=1 1<j<20-1
j=1 (mod 2)
¢ ¢
= Y F@2i-1,02i-1)==> f(0)
i=1 j=1
= ()
and
-1
T(0) = Y F(20,5,2)) = 0.
j=—t+1
Therefore,
2 Y (D)"flutd) = ()"0}
T

{1 (O} nse

This completes the proof.

Exercises

1. Let F(z,y, z) be a function that is odd in = and even in (y, z). Write
out Liouville’s formula in the case n = 4, and confirm it d1rect1y using
only the parity properties of F(z,y, z).

2. Prove that for every positive integer n the diophantine equation
2 _
u”t+vw=n

has infinitely many solutions in integers u, v, w, but only finitely many
solutions in integers with v > 1 and w > 1.

13.2  Prime Numbers and Quadratic Forms

A quadratic formis a homogeneous polynomial of degree two. The quadratic
form Q(x,vy, ..., z) represents the integer n if there exist integers a,b,...,c
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such that Q(a,b,...,¢c) = n. A binary quadratic form is a quadratic form in
two variables. A ternary quadratic form is a quadratic form in three vari-
ables. In this section we apply Theorem 13.2 to obtain classical theorems
about the representation of prime numbers by the binary quadratic forms
22 + y? and 22 + 242

We begin with some results about divisors. Recall that a positive integer
d is called a divisor of the positive integer n if there exists an integer 6
such that n = dé. The integer 6 is called the conjugate divisor of d. The
divisor function o(n) is the sum of the divisors of n, that is, the arithmetic

function defined by
o(n)=> d.
d|n

We denote by 0*(n) the sum of the divisors of n whose conjugate divisors
are odd. For example, 0(10) = 14245410 = 17 and ¢*(10) = 2+10 = 12.
If p is an odd prime, then o(p) = o*(p) =p+ 1.

Lemma 13.1 Let n be an odd positive integer. Then o(n) is odd if and
only if n is a square.

Proof. Let

n= Hp””
pln

be the unique factorization of n as a product of odd prime numbers. The
positive integer d divides n if and only if d can be written in the form

d=1]»",
pln

where
0 < up < vy,

and so

= J[(wp+1) (mod2)

= 1 (mod 2)

if and only if u, is even for all p, that is, u, = 2w, and

2

n= Hp“’“ = prp

pln pln

is a square. This completes the proof.
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Lemma 13.2 If n = 2¢m, where k > 0 and m is odd, then o*(n) =
2ka(m). If 0*(n) is odd, then n is the square of an odd integer.

Proof. Let d be a divisor of n. If the conjugate divisor 6 = n/d is odd,
then 2* must divide d, and so d = 2*d’ for some integer d’. Then

2Pm =n=dbs =2"d'6,

and d' is a divisor of m. Conversely, if d’ is any divisor of m, then 2*d’ is
a divisor of n whose conjugate divisor m/d’ is odd. Therefore,

o*(n) = 2F Z d = 2ka(m).
d'|m

If 0*(n) is odd, then k¥ = 0 and n = m is odd. It follows that o*(n) =
o(m) = o(n) is odd, and so n is a square by Lemma 13.1. This completes
the proof.

Lemma 13.3 For every positive integer n,
o*(n) =2 Z (=D o (n —u?) + {(=1)" " "n},_p.
1<u</n

Proof. We apply Theorem 13.2 to the odd function f(y) = y. If n = (2,
the right side of the identity is

(~1)Hf () = (~1)" 1R = ()"

To obtain the left side of the identity, we recall the involution (13.1) on
triples (u,d, §) such that u? +dé = n and § is odd, and obtain

> (-D*u=o0.

utds=n
6§=1 (mod 2)

Then
> (D)"flutd) = > (=D*(u+d)
utds=n utds=n
6=1 (mod 2) §=1 (mod 2)
= D C TS N G D
u24ds=n u24dé=n
§=1 (mod 2) §=1 (mod 2)
- T
u2+d5=n
6=1 (mod 2)
DG
u2<n n—u2=dés

6=1 (mod 2)

= > (=D (n—u?).
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Therefore,
S (1) o (= u?) = {(~1)"n} e
lul<v/n
This completes the proof.

Theorem 13.3 (Fermat) An odd prime number p can be represented by
the quadratic form x4+ y* if and only if p=1 (mod 4).

Proof. Since every square is congruent to 0 or 1 modulo 4, it follows
that a sum of two squares must be congruent to 0, 1, or 2 modulo 4, and
so no integer congruent to 3 modulo 4 can be represented as the sum of
two squares.

Let p be an odd prime number. Then p is certainly not a square. By
Lemma 13.3,

o'(p)=20"(p—1) =207 (p—4) +20"(p—-9) —---.
Since o*(p) = p + 1, we have

=)= =2+ (p =3
If p=1 (mod4), then (p+ 1)/2 is an odd integer, and so at least one
of the terms on right side of this equation must be odd. Thus, there exists
a positive integer b < \/n such that o*(p — b?) is odd. By Lemma 13.2,
p — b% = a? for some odd integer a. This completes the proof.

Theorem 13.4 If p is a prime number such that p = 1 (mod 4), then
there exist unique positive integers a and b such that a is odd, b is even,
and p = a® + b2,

Proof. Let

p=ai+bi=a3+b3,

where a; and ao are positive odd integers and b; and by are positive even
integers. We must prove that a; = as and by = bs.

If a1 < ag, then by > by and there exist positive integers = and y such

that
as = ay + 2x

and
b2 = bl - 2y.

Then

p = a3+
= (a1 +2x)* + (by — 2y)?
= a +4a1x + 40* + b3 — 4byy + 4y?
P+ darx + 42% — 4byy + 4y,
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and so
r(ar +x) = y(by — y).

Let (x,y) = d. Define the positive integers X and Y by x = dX and
y =dY. Then

X(a1+z) =Y (b1 —y).
Since (X,Y) =1, it follows that there exists a positive integer r such that
rY =a1+r=a1+dX
and
rX =by—y=0b —dY.
Then 72 +d? > 2 and 22 +y? > 2, and
p=al+bt =Y —dX)? + (X +dY)? = (r* +d*)(X? +Y?),

which is impossible, since p is prime and not composite. Therefore, a; = as
and b; = be, and the representation of a prime p =1 (mod 4) as a sum
of two squares is essentially unique.

Theorem 13.5 An odd prime number p can be represented by the quadratic
form x2 + 2y? if and only if p=1 or 3 (mod 8).

Proof. Since every square is congruent to 0, 1, or 4 modulo 8, it follows
that an odd integer n is of the form a? + 2b% only if n =1 or 3 (mod 8).

Let a be a positive integer, a < y/n. By Lemma 13.3, for every positive
integer n we have

o*(n) =2 Z (=) to*(n —u?) + {(=1)" "n}u_pe. (13.2)

1<u</n

Let 1 <u < /n. Applying Lemma 13.3 to n — u?, we have

o*(n—u?)=2 Y (1) (n—u’—o?)H{(=1)" T () by wrmie.

1<v2<n—u?2

Inserting this into (13.2), we obtain

c*(n) = 4 Z (1) o*(n — u? —v?)

w,v>1
u24v2<n

+ 2(—1)” Z {n — u2}n_u2:gi + {(—l)n_ln}n:gz.

1<u</n
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If u # v and u? + v? = n, then v? +u? = n and the pairs (u,v) and (v,u)
both appear in the first sum. Considering congruences modulo 8, we obtain

4 Z u+v *TL*U27’02)

w,v>1
u2+u2<n
= 8 E )" o*(n —u?—? )+4 E n—2u
1<u<w u>1
u24v2<n 2u2<n
= 4 g *(n —2u?) (mod 8).
u>1
2u2<n
Therefore,
* _ n 2
oc*(n) = 4 E *(n — 2u?) +2(-1) E {n—u e
w>1 w>1
2u2<n u2<n

+{(-=1)""n},—p (mod 8).

Let p=3 (mod 8). The prime number p is not a square, and, by The-
orem 13.3, p is also not the sum of two squares. Therefore,

{(=1)P"'p}pere = {p— u2}p_u2:€% =0

for all u, and so

4 Z *hn—2u*)=0c*(p)=p+1=4 (mod 8).
u>1
2u2<n

Dividing this congruence by 4, we obtain

1
E o*(n —2u?) = pPtl_ 1 (mod 2),
u>1 4
2u2<n

and so o*(n — 2b?) is odd for some integer b. Then n — 2b% = a? for some
odd number a, and n = a2 + 2b2.
Let p=1 (mod 8). Then

c*(p)=p+1=2 (mod 8).

By Theorems 13.3 and 13.4, there exist unique positive integers a and b
such that p = a® + b?, where a is odd and b is even. This implies that

Z {(p - UZ)}p—u?:ZfL = {p - CLQ}p—aQ:b2 + {p - b2}p—b2:a2 = b2 + Cl2 =D,

u>1
/u.2<p
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and so
2 = o*(p) (mod )
= 4 Y -2 4217 Y {0 w))}pouieiz (mod 8)
u>1 1<u?<p
2u2<p
= 42 p—2u?) —2p (mod 8)
u>1
2u2<p
= 4) o'(p—2u®)—2 (mod8).
u>1
2u2<p
Therefore,
4 Z (p—2u?)—2=2 (mod 8),
2::2><1p
and

Z *(p—2u?)=1 (mod 2).

u>1
2u2<p

It follows that o*(p—2b2) is odd for some positive integer b, and so p—2b? =
a? for some odd integer a. This completes the proof.

Exercises

1.

Prove that o*(n) = 1 if and only if n = 2% for some nonnegative
integer k.

. Let d(n) denote the number of positive divisors of n. Prove that d(n)

is odd if and only if n is a square.

Prove that n is a sum of two squares if and only if 2n is a sum of two
squares. Hint: Consider the identity 2(2z% 4+ y?) = (z +y)? + (z — y)2.
Let n = 2km, where k > 0 and m is odd. Prove that n is a sum of

two squares if and only if m is a sum of two squares.

Verify the polynomial identity

(@ 4+ 43) (23 + y3) = (z122 — y1y2)* + (T1y2 + Y132)*.

Deduce that if each of the integers n; and no can be represented as
a sum of two squares, then their product nins is also a sum of two
squares.

Let £ > 2 and let ny,...,n; be positive integers. Prove that if each
integer n; is a sum of two squares, then the product nins---ny is a
sum of two squares.
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. For every prime p and positive integer n, let v,(n) denote the highest
power of p that divides n. Prove that if v,(n) is even for every prime
p=3 (mod 4), then n can be represented as a sum of two squares.

. Let a and b be relatively prime integers, and let p be an odd prime.
Prove that if p divides a? +?, then p=1 (mod 4). Hint: Show that

(ab™')?> = -1 (mod p), and so (_71) =1, where (%) is the Legen-
dre symbol. Recall that (_71) =1lifand only if p=1 (mod 4).

. Let p be a prime number, p =3 (mod 4), and let a and b be integers.
Prove that if p¢ exactly divides a®+b? (that is, p° is the highest power
of p that divides a? + b?, then c is even. Hint: Let d = (a,b), and let
pY exactly divide d. Let a = dA and b = dB, and consider the highest
power of p that divides A% + B2.

. Prove that if n can be represented as a sum of two squares, then v,(n)
is even for every prime p =3 (mod 4).

13.3 A Ternary Form

We begin with the ternary quadratic form

Qz,y,2) =2+ yz.

A representation of n by the quadratic form Q(z,y, z) is an ordered triple
of integers (x,y, z) such that Q(z,y, z) = n. We denote by R(n) the set of

all representations of n by the quadratic form @, that is,

R(n) =A{(z,y,2) : Qz,y,2) = n}.

We introduce six bijections from the set R(n) to itself. The simplest are

the involutions

plz,y,z) = (2,2y),

0'(33’7y72) = (—x,y,z),
and

T(.’L’,y,Z) = (l’, Y, _Z)'
Let

alz,y,z) =(z—x,20+y — 2, 2).
If (z,y,2) € R(n), then

Qla(z,y,2)) = Qz—x,2x+y—22)

(13.3)
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= (z—2)+Q2r+y—2)z
= 22— 2zz+ 2%+ 2zz+yz — 22
= x2+yz

= n’
and so a(x,y, z) € R(n). Moreover,
a®(z,y,2) = a(z — 2,20 +y — 2,2) = (2,9, 2),

and so « is also an involution on the set R(n).
Let

Bx,y,2) = (x +y,y,—2x —y + 2). (13.4)
If (z,y,2) € R(n), then

= (@+y)?+y(-22-y+2)
= 2?2y +y® — 22y — P +yz

= 2* 4+ Yz
n?
and so G(z,y, 2) € R(n).
Let
If (z,y,2) € R(n), then
Q(’Y(mvyv’z)) = Q(f—y»yvzf—y‘FZ)

= (z—y’+yQRz—y+2)
x2—2xy+y2—|—2xy—y2—|—yz
x2+yz

n,

and so y(z,y,z) € R(n). Moreover,

V8(w,y,2) = Y(@+y,y, -2 —y+2)
= (w+y—y,y2@+y) —y+ (22 —-y+2))
= (z,y,2).
Similarly,

By(z,y,z) = (z,y,2).

Therefore, 3,7 : R(n) — R(n) are bijections with v = 371
Finally, we state the following simple lemma, which will be used in the
proof of Liouville’s formula.
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Lemma 13.4 Let S and S’ be finite sets, and let 9 : S — S’ be a bijection
with inverse 91 : 8" — 8. If G(s) is a function defined for all s € S, then

Y Gls)= > GWH()).

sES s'eS’

Proof. This follows instantly from the fact that 9=1(S’) = S.

FEzercises

1. Prove that 080 = v and pfBop = a.
2. Prove that Bo is an involution.

3. Prove that
ﬁ”(x,%z) = (l’ +ny,y,z — 2nx — n2y)

4. Compute y"(x,y, 2).

5. Consider the 3 x 3 matrix

1 0 O
A=10 0 %
01 0
Let v denote the column vector
T
v = y
z

Its transpose is v = (z,v, 2). Show that

Q(z,y,2) = vl Av.

6. Let Qi(z,y,2) = 22 + y? — 22, Check that Q(x,y + z,y — 2) =
Q1(z,y,2) and Q1 (z, (y +2)/2,(y — 2)/2) = Q(=,y, 2).

13.4 Proof of Liouville’s Identity

In this section we prove Theorem 13.1.
For every positive integer n, we let S(n) be the set of all triples (u, d, §)
such that
Q(u,d,8) = u* + dé = n,
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where u is an integer and d and 6 are positive integers. Then S(n) is a
finite subset of R(n). Using this notation, we have

u?+dé=n  (u,d,§)€S(n)
Partition S(n) into three sets S1(n), S—1(n), and Sp(n) as follows:

Si(n) ={(u,d,6) e S(n) : 2u+d—6 > 1},

So(n) ={(u,d,8) € S(n) : 2u+d— 6 =0},

and
S_1(n) ={(u,d,8) € S(n) : 2u+d—6 < —1}.

Let « be the map on S(n) defined by (13.3). If (u,d, §) € S(n), then d and
6 are positive integers. If (u,d, 8) € S1(n), then 2u+d — 6 > 1, and so

(W,d', &) = alu,d,§) = (6§ —u,2u+d —6,6) € S(n).

Since
20 +d -8 =26—-u)+Ru+d—-98) —6=d>1,
it follows that a(u,d, ) € S1(n), and so « is an involution on & (n). More-
over,
& —2u/ 6 —2(6 —u) =—(8§ —2u),
uW4d = (6—u)+Qu+d—206)=u+d,

and
20" +2d — 8 =26 —u)+2(2u+d—6) — 6§ =2u+2d — 6.

Let F(z,y,z) be a function that is odd in = and even in the pair (y, z).
We define the function

G(z,y,z) = F(z — 2z, + y,2x + 2y — 2).
If (u,d, ) € S1(n) and a(u,d,d) = (uv/,d’,¢"), then

G(u,d,8) + G(u',d', &)
= F(6—2u,u+d,2u+2d—6)+ F(& —2u' v +d',2u" +2d — &)
= F(6—-2u,u+d,2u+2d—06)+ F(—(6 —2u),u+d,2u+ 2d — )
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since the function F(z,y, z) is odd in its first variable . From Lemma 13.4
with § = &' = 81(n) and ¥ = 9~! = «, we obtain

> F-2uwu+d2ut2d-6) = > G(u,d,s)
(u,d,6)€S1(n) (u,d,6)eS1(n)

= > GW.d.¢)

(u,d,6)€81(n)

= - Y Gudjd)
(u,d,6)€S1(n)
= 0.
Next we consider triples (u, d, ) € So(n). Since
2u+d—6=0,
it follows that
- 6—d
2
and ) )
6—d d+6
m=uwltds=(222) ;as=(2E%) =2
2 2
where Py
=205
2

Therefore, the set Sp(n) is nonempty only if n is a square. Moreover, the
integers d and ¢ are positive, and so

1<d=20-6<20—1.
Conversely, if 1 <d <2/ —1, weset 6 =2/ —d and u = /¢ — d. Then
u?+ds = (—d)?+d20—d) =% =n,
2u+d—6 = 0,

and
(u, d, (5) S S()(n)

It follows that if n = ¢2 with £ > 1, then
So(n) ={(d—-4¢,d,20 —d):1<d<20—1}

and

20—1
> F(d—2uu+d2u+2d—06) =Y F(d(d) =Ti(n).
(u,d,6)€Sp(n) d=1
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To analyze the sum

> F(d+6u,d-96),
(u,d,6)€S(n)

we construct a second partition of S(n). Define the three sets S} (n), S’ ;(n),
and S)(n)(n) as follows:

Si(n) = {(u,d,6)€S(n):2u—d+6>1},
S .(n) = {(u,d,6) €S(n):2u—d+6< -1},
and
S)(n) ={(u,d,8) € S(n) : 2u—d+ 6 = 0}.
We shall prove that
Z F(6 — 2u,u+ d,2u+ 2d — §)
(u,d,6)€ES_1(n)

= Y F(d+6u,d-6)
(u,d,6)€S](n)

- > F(d+6u,d—90)
(u,d,6)€S’ | (n)

and

> F(d+68u,d—06) = {Ta(n)}n—r
(u,d,6)€S](n)

Let § be the map on S(n) defined by (13.4). If (u,d,8) € S_1(n), then
2u+d—6<—-1,andso —2u—d+ 6 >1 and

(W,d', &) = B(u,d,6) = (u+d,d,—2u —d+6) € S(n).
Moreover,
' —d +6 =2u+d) —d+(-2u—-d+6=6>1,

and so
B:S8-1(n) — Si(n).

Let « be the map on S(n) defined by (13.5). If (v/,d’,6") € S(n), then
20" —d' + 6 >1 and

(u,d,6) =y, d',§) = (u' —d,d,2u —d +§) € Sn).
Moreover,

2u+d—6=20u—d)+d — (2u' —d +§)=-8§ < -1,
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and so (u,d, ) € S_1(n). Therefore, the map
v:Si(n) = S-1(n)
is a bijection, and vy = 871.
Applying Lemma 13.4, we obtain
> F(6-2uu+d2u+2d-0)
(u,d,6)€S_1(n)

= > Glu,d,o)

(u,d,6)€S_1(n)

= > G(y(u',d',8")
(u’,d",6")€B(S-1(n))

- Z G —d,d,2u —d +§)
(u’,d’,6")€S] (n)

= > F(d +¢&u,d —8§).
(u’,d’,6")€S](n)

Let ¢ be the map on S(n) defined by ¥ (u,d, ) = (—u,6,d). Then ¥ is
an involution since ¢ = po. If (u,d,6) € S{(n), then 2u —d + § > 1, and
so —2u—6+d<-—1and

1/)(“7 d7 5) = (*U, 6’ d) € Sl—l(n)
Similarly, if (u,d, ) € S’ 1(n), then 2u —d+6 > 1, and so —2u—6+d > 1
and
Therefore,

¥ Si(n) = SLy(n)

is a bijection with ¥~ = 1. Let

H(x7y7z) = F(y+2,.17,y_ Z)
By Lemma 13.4,

Y Fd+6ud-6) = > H(u,d,)

(u,d,6)€S] (n) (u,d,6)€S] (n)

= Z H(w(uadv 6))

(u,d,6)€S’ | (n)

= > H(-u,6,d)

(u,d,6)€S., (n)

= > F(6+d,—u,—6—d)
(u,d,6)€S’ | (n)

= Z F(d+ 6,u,d+96),
(u,d,6)€S’ | (n)
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since the function F(z,y, z) is even in the pair of variables (y, z).
If (u,d,6) € Sy(n), then

2u—d+6 = 0,
_d=9
u = —5
and ) )
n_u2+d5(d‘5) +d(5(d+6) "y}
2 2
where
d+6
= ——.
2

Therefore, the set Sj(n) is nonempty only if n is a square. Since the integers
d and 6 are positive, it follows that

1<d=20-6<20—1.
Conversely, if 1 <d <2/ —1, weset 6 =20/ —d and u =d — ¢. Then

u?+ds = (d—0)*+d20—d) =% =n,
2u—d+6 = 0,

and

(u,d,8) € S)(n).
It follows that if n = ¢% with £ > 1, then

Sin)={(d—0,d,20—d):1<d<20—1}

and
20—1
> F(d+6u,d—0o) S F(26,d — £,2d - 20)
(u,d,6)€S](n) d=1
-1
= > F(20,5,2))
j=—l+1
Tg(n)
Therefore,

> F(d+6u,d-90)
(u,d,6)€S(n)

— 2 Z F(d+ 6,u,d —6) + {Ta(n)} s>
(u,d,6)€S] (n)
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= 2 Z F(6 —2u,u+d,2u+2d — 6) + {T2(n) }p=s
(u,d,6)€S_1(n)
= 2 Y F(-2uu+d2u+2d-8)+
(u,d,6)eS_1(n)
2 Z F(6 —2u,u+d,2u+2d —6) + {Ta(n) } s
(u,d,6)€S1(n)
= 2 Y F(6-2uu+d2u+2d—90)
(u,d,6)eS(n)
= 2{T1(n) }n=re + {T2(n) }r=r2.

This completes the proof of Theorem 13.1.

13.5 Two Corollaries

419

In this section we derive two additional identities that we use in the next

chapter.

Theorem 13.6 If F(x,y,2) is a function that is odd in each of the vari-

ables x,y, and z, and if F(x,y,z) = 0 for every even integer x, then

> F(6—2u,u+d,2u+2d — 6) = {To(0) }uese,
(u,d,6)eS(n)
6=1 (mod 2)

where
¢

To(f) => F(2j —1,4,25 —1).

j=1

Proof. Since the function F(z,y,z) is odd in the variable y, we have

F(x,0,z) =0 for all  and z, and

> F(d+6u,d—90)
(u,d,6)€S(n)

= > Fd+b6ud—8)+ Y F(d+6ud-0)

(u,d,6)€S(n) (u,d,6)€S(n)
u>1 u<—1
- Y Fd+bud-&+ Y F(d+6—ud—6)
(u,d,6)€S(n) (u,d,8)€S(n)
u>1 uw>1

= > Fd+éud-8)— Y  F(d+6ud-5)

(u,d,6)€S(n) (u,d,6)€S(n)
u> u>

— 0. .
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Since F(z,y, z) = 0 for all even integers z, we have

> F(6-2u,u+d,2u+2d—8) = Y F(6-2u,utd, 2u+2d—6).

(u,d,6)€S(n) ;i,ld,é()esc(ln;)
If n = ¢2, then

20—1 0

Ti(0) =Y F(,tj)=> F(2j—1,42j—1)

j=1 j=1

and
-1
Ty(0)= > F(20,5,2§) =0.
j=—t+1

The result follows immediately from Theorem 13.1.

Theorem 13.7 Let f(x,y) be a function that is odd in each of the variables
x and y. For every positive integer n,

Z (=)D = 2u,u+ d) = {To(0) }mee,

u24dé=n
§=1 (mod 2)

where ,
To(0) = _(-1)"*f(2j = 1,0).
j=1
Proof. We define the function F'(z,y, z) as follows:

F( ) 0 if z or z is even,

T,Y,2) = =

s (=1)¥*+5 f(z,y) if z and z are odd.

Then F(z,y,z) is a function that is odd in each of the variables z,y, and
z, and F(x,y,z) = 0 for every even integer x. By Theorem 13.6, we have

> F(6—2u,u+d,2u+2d-90)

u24dé=n
§=1 (mod 2)

— > (D)PTYREE - 2u,u+ d)

u24+dé=n
§=1 (mod 2)

{TO (6) }n:@2 5

where

<
I
—

[
.MN

(_1)j+£f(2j - 1’6)'

|
.M“

<
Il
—
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This completes the proof.

13.6 Notes

Liouville’s papers contain the statements of many theorems, but no proofs.
Dickson’s History of the Theory of Numbers [25], Volume II, Chapter XI,
“Liouville’s series of eighteen articles,” contains a detailed summary of
Liouville’s assertions and references to papers by other mathematicians
who have provided proofs of Liouville’s results.

Uspensky and Heaslet [145] and Venkov [149] present careful accounts of
Liouville’s method and proofs of many of his results.
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Sums of an Even Number of Squares

The problem of the representation of an integer n as the sum of a
given number k of integral squares is one of the most celebrated
in the theory of numbers. ... Almost every arithmetician of note
since Fermat has contributed to the solution of the problem, and
it has its puzzles for us still.

G. H. Hardy [52, p. 132]

14.1 Summary of Results

For every positive integer s and nonnegative integer n, we let Rs(n) denote
the number of ordered s-tuples of integers (z1,..., ;) such that

2 2
n=x{+---+x.

The integers z; can be positive, negative, or 0. For every s > 1 we have
Rs(0) =1,

since 0 = 0%+ - -+ 02 is the unique representation of 0 as a sum of squares.

We shall apply Liouville’s identities to obtain explicit formulae for the
number of representations of a positive integer as the sum of s squares,
where s = 2,4,6,8, and 10. Representing an integer n as the sum of s
squares is a problem in additive number theory, but the solution, for even
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values of s, always involves a sum over the divisors of n, a fundamental
topic in multiplicative number theory.

In this chapter, d and é always denote positive integers, and > dln and
> nas denote the sum over the positive divisors of n.

We write the positive integer n in the form n = 2%*m, where a > 0 and
m is odd. We shall prove the following formulae:

Ry(n) = 4) (-1 /2,
d|m
B 82 g d ifnisodd,
Ra(n) = { 243 4m d if nis even,

Rg(n) = 4(4a+1 . (_1)<m—1)/2> S (CnEneg,

m=dé
r B 163, 43 if n is odd,
s(n) = (16/7) (8%t — 15) Zd|m d?® if n is even,
4
Rt = (a0 () 3 g
m=dé

16
—|—€ Z (v4 — 311211)2) .

n=v2+4+w?

14.2 A Recursion Formula

Our proofs depend on the following recursion formula for Rs(n).

Theorem 14.1 For all positive integers s and n,

> (n—(s+1)u?) Ry(n —u?) =0. (14.1)
ul<v/m
Proof. If
n=xi+- - +al+al,,

then z2,; < n and so
|xs+1| S \/ﬁ

For j=1,...,Rs11(n), let
s+1

_ 2
n= E :xz‘,j
i=1

denote the Rs11(n) representations of n as a sum of s + 1 squares. For
i=1,...,s, we define the map 7; on the set of (s + 1)-tuples by

Ti(x].)' "7xi—17xi7xi+17'"7xsaxs+l) = (xla'-')xi—17xs+17xi+17"'7xs7xi)'
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This is an involution on the set of the Rs1(n) representations of n as a
sum of s 4 1 squares, and so

Rsy1(n) Rsy1(n)

E ;USHJ— E ;v fori=1,...,s.

Summing over all representations of n, we obtain

Rsy1(n) s+1

nRS-‘rl(n) = Z lej

s+1 Rsy1(n)

_ 2
= > 2wy
i=1 j=1

Rsy1(n)

= (s+1) Z g
j=1

= (s+1) Z u?Ry(n —u?),
lul<v/n

since for every integer u with |u| < \/n there are Ry(n—u?) representations
n= Zerll x7 ; with 2411 ; = u. This also implies that

Rsi1(n) = Z Ry(n —u?).

lul]<v/n
Then
nRs11(n) =n Z Ry(n —u?),
[u|<v/n
and

Z (n— (s + 1)u®) Ry(n —u?) = 0.
lul]<v/n
This completes the proof.
Theorem 14.2 Let ®(n) be a function defined for all nonnegative integers

n such that
o(0)=1

and
Z (n—(s+1L)u?)@(n—u®)=0
lu|<v/n
form > 1. Then

for alln > 0.
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Proof. This follows immediately from Theorem 14.1.
The recursion formula (14.1) enables us to compute R4(n) for all positive
integers s and n. We have

nRs(n) = -— Z (n— (s + L)u?) Ry(n — u?)
1<ul<vm

= 2 Z ((s + Du® — n) Ry(n —u?),
1<u<vi

and so

Rm)=2 Y (W‘ - 1) Ry(n —u?). (14.2)

n
1<u<vn

For example, for s = 3 we have

R3(1) = 2 ﬂ—1 R3(1—12) = 6
R3(2) = 2(%L —1)Rs(2—1?) = 12
R3(3) = 2(%L —1)Ry3-1?) = 3
Ry(4) = 2((%E —1)Rs(4—12)+ (22 _1)Rs(4—2%)) = 6
Ry(5) = 2((%2 —1)Rs(5—12) + (22 — 1) Ry(5-2%)) = 24
R3(6) = 2((%2 —1)Ry(6—12)+ (42 —1) Ry(6-2%)) = 24
Ry(7) = 2((%2 1) Ry(7—12)+ (22 —1)Ry(7-2%)) = o0
R3(8) = 2((%5 —1)Ry(8—-12) + (42 —1) Ry(8 —22)) = 12
Ezercises

1. Prove that Rs(n) < Rs41(n) for all positive integers s and n.

2. Use induction on s to prove (without using Theorem 14.1) that Rs(n)
is even for all positive integers s and n.

3. Use the recursion formula (14.2) to compute Ry(n) and R4(n) for
n < 8.

4. For positive integers k and s, let Ry s(n) denote the number of s-
tuples of integers such that

x’f+~-~+x’;:n.
Then Rs(n) = Rz 4(n) and Rak s(0) = 1. Prove that
Z (n—(s+ l)u%) Rop.s(n —u**) =0
ful <t /25

for every positive integer n.
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5. Let k and s be positive integers. Prove that

ng’s(l) = 2s.

6. Let k and s be positive integers, and let 0 < n < 4*. Prove that

Roj s(n) = 2" (Z)

7. Let s > 3. Show that Rj3 (n3) = oo for every integer n.

8. For positive integers k and s, let 7, s(n) denote the number of s-tuples
of nonnegative integers such that

k
Ty + -+ T =n.

Prove that 74,(0) = 1 and

Z (n—(s+ 1)uk) Trs(n —u®) =0

0<u<nl/k

for every positive integer n.

14.3 Sums of Two Squares

Recall that S(n) is the set of all triples (u,d,6) of integers with d,§ > 1
and u? 4+ dé = n.

If k; and ko are odd integers, then the function f(x,y) = 2*'¢y*2 is odd
in each of the variables = and y. Applying Theorem 13.7, we obtain

> (=DOTI2(5 - 2u)k (d + u)*2

u24dé=n
§=1 (mod 2)

4
= QY ()25 -k . (14.3)

n=¢2

We shall use this identity for various values of k1 and k3. We can simplify the
sum on the left by noticing that (u,d,8) € S(n) if and only if (—u,d, ) €
S(n). This implies that if k£ is an odd integer and g(d, é) is any function,
then

> wbg(d,s) =o0. (14.4)

u2+dés=n
=1 (mod 2)
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Since (u,d,8) € S(n) if and only if (u,d,d) € S(n), it also follows that if
e(d,6) = e(é,d), then

e(d, 8)(d — 6)h(u) = 0 (14.5)
>

u2+dé=n

for any function h(u).

In this section we shall obtain a formula for the number of representations
of an integer as the sum of two squares. By Theorem 14.2, it suffices to
construct a function ®(n) such that ®(0) =1 and

Z (n—32*) @(n—2%) =0
lz|<v/n

for every positive integer n.

Theorem 14.3

Ra(n) =4) (-1)“D/2 =4 D T
d|n

d|n d|n
d=1 (mod 4) d=3 (mod 4)

Proof. The function f(x,y) = zy is odd in each of the variables z and
y. The left side of identity (14.3) is

S (D)ETIRE6E - 2u,d + u)

u2+4ds=n
§=1 (mod 2)

— > (=)PTI(8 — 2u)(d + u)

u2+dé=n
6=1 (mod 2)

= > (D)PTVR(ds - 20® + bu — 2du)

u24ds=n
§=1 (mod 2)

= ) (D)UY —2u?),

u2+4dé=n
§=1 (mod 2)

by (14.4) with k = 1.
If n = ¢?, then (by Exercise 1) the right side of the identity (14.3) is

1

To(t) = €Y (=17 (2 —1)

i=1
= 0

n.
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Therefore,

> (=D)CTI2(ds — 2u?) = {To(0) bueee-

§=1 (mod 2)

If d and 6 are positive integers and

n = u? + db,
then
lu| < v/n
and
ds — 2u? = n — 3u’.
Therefore,
S e 2Es—2u?) = N (~1)@ V20 - 3u?)

u2+d§:n u2+d§:n

6=1 (mod 2) 6=1 (mod 2)
= Z (n — 3u?) Z (—1)=b/2,
lu|<n §[(n—u?2)

6=1 (mod 2)

Define the function ®(n) by ®(0) = 1 and, for every positive integer n,

on)=4 > (-2

§ln
§=1 (mod 2)

Then
> (n—3u)®(n —u®) = {4n},_p.
lul<vn
If n is not a square, then

Z (n — 3u®)®(n — u?) = Z (n —3u?)®(n — u?) = {4n},—p = 0.
lul<v/n lul<vn

If n = ¢2 is a square, then

Z (n —3u?)®(n —u?) = Z (n — 3u®)®(n — u?)
lul<vn lul<v/n
+(n = 3m?*)®(0) + (n — 3(~m)*)®(0)
= {4n}y—z —2n—2n
= 0.
Therefore,
Ry(n) = ®(n)

for all positive integers n. This completes the proof.
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Ezercises

1. Prove that for every positive integer /,

(1) 925 — 1) = ¢.
1

L
j=

2. Let p be a prime number such that p=1 (mod 4). Prove that
Ry(p*) = 4(k + 1).

3. Let p be a prime number such that p =3 (mod 4). Prove that

e | 4 if kis even,
Ra(p )_{ 0 if k is odd.

4. Define the divisor functions

d1 (n) = Z 1

d|n

d=1 (mod 4)

d3(n) = Z 1.

d|n
d=3 (mod 4)

and

Prove that di(n) > ds(n) for every positive integer n.

5. Let p be a prime number, p=3 (mod 4). Prove that if n = p?*~1m,
where (p,m) =1, then

dy(n) = kdy(m) + kds(m)

and
d3 (n) = kdl (m) + k’d3 (m)

Deduce that n cannot be written as the sum of two squares.

6. An arithmetic function f(n) is called multiplicative if

f(ning) = f(n1)f(n2)

for all positive integers ny and ns such that (n1,n2) = 1. Define the
function x(n) by

0 if n is even,
x(n)=<¢ 1 ifn=1 (mod4),
-1 ifn=3 (mod4).
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Prove that x(n) is multiplicative.

Prove that
=> x(n)
d|n

Prove that Ry(n) is multiplicative.

Hint: If (n1,n2) = 1 and d is a divisor of nynsg, then there exist unique
divisors d; of ny and da of ng such that d = d;ds.

7. The divisor function counts the number of positive divisors of n, that
is,
n) = Z 1.
d|n
Prove that d(n) is a multiplicative function, and that
Ry (n) < 4d(n)
for all positive integers n.

Hint: Since Ry(n) and d(n) are both multiplicative functions, it suf-
fices to to check the inequality for prime powers.

8. Prove that liminf,,_,o, Ra(n) = 0.

9. Prove that limsup,, ,. Ra(n) = cc.

14.4 Sums of Four Squares

In this section we prove Jacobi’s formula for the number of representations
of an integer as the sum of four squares.

Theorem 14.4 (Jacobi) For every positive integer n,

n):8Zd if n is odd,

and
Ry(n) =24 Z d if m is even.
d=1 d(‘;;od 2)
Proof. By Theorem 13.1, if F(z,y,2) is a function of integer variables
x,y, z that is odd in  and even in the pair (y, z), then

2 > F(6-2uu+d2u+2d—08)— > F(d+6u,d-0)

u2+dé=n u2+dé=n
20—1

= 22 (4, 4,7) — Z F(2¢,3,29)
j=1

J=—t+1 n=¢2
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The function (—1)*F(z,y, z) is also odd in x and even in the pair (y, z).
Applying Theorem 13.1 to the function (—1)*F(z,y, z), we obtain

2 ) (—1)PF(6 - 2u,u+d,2u+2d - 6)

u2+dé=n
- > ()" +6,u.d—6)
u?2+dé=n
20—1 —1
= 2 Z(—l)jF(j,ﬁ,j) - Z F(2€7j52j)
j=1 j=—t41 nep?

Adding these identities gives

4 Z F(6 — 2u,u+d,2u + 2d — 6)

u2+d6:n
=0 (mod 2)

-2 ) F(d+éu,d-20)

u2+d§:n
d=6 (mod 2)

-1
= 4 > FGLj) -2 > F(20,5,2)) . (14.6)
1<j<20—1 j=—0+1
j=0 (mod 2) n=4¢2

Subtracting these identities gives

4> F(6-2uu+d2u+2d—0)

u2+4dé=n
§=1 (mod 2)

-2 Z F(d+6,u,d—6)

u2+d6:n
d=—6 (mod 2)

= 4 > F(.4)) ) (14.7)

1<j<20—1
j=1 (mod 2) n==02

The function

ey, 2) = 0 if z or z is odd,
Y, %)= (—=1)@+2)/2F (2,9, 2) if  and z are even

is also odd in the variable x and even in the pair of variables y, z. Applying
identity (14.6) to the function G(z,y, z), we obtain

43 (-1)'F(8 - 2u,u+d,2u+2d - )

u2+dés=n
6=0 (mod 2)
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-2 Y (-D)'F(d+6u,d-6)

u24dé=n
d=6 (mod 2)

-1
1<j<20-1 j=—0+1
Jj=0 (mod 2) n:€2

Subtracting (14.7) from (14.8) and dividing by 2, we obtain the important
identity

1
2 ) e(do) (F(6—2u,u—|—d,2u+2d—6)—2F(d—|—6,u,d—6)>

u?24-dé=n
20—1 ) -1 )
= Q2 (—)T'FG L) - > (FD)TIF@26,5,25) p (14.9)
j=1 j=—l+1 2
where

1 if d and 6 are even,
e(d,0) = { —1 if d or § is odd.

The formula for Ry(n) follows immediately from applying this identity to
the function
F(x,y,2) = zy*
We obtain on the left side
1
2 Z e(d, 6) <(6 —2u)(u+ d)* — i(d + 6)u2>
u2+dé=n
= 2 ) e(do) <d26 +2dbu + su? — 2P — Dau? - 2d2u)
u24+dé=n 2 2

= 2 Z e(d, 6) <d(n —u?) + %&Lz - Zdu2> (by (14.4))

u2+dé=n
= 2 > e(d8)dn—5u?)— D e(d,é)(d—d)u’
u2+dé=n u2+4dé=n
= Y (n-5u")2 > £(d,8)d  (by (14.5)).
u?<n n—u2=dé
If n = (2, the right side of (14.9) is
201
202 " (—1Y 7 -2t Z )2 = 462 1)f-1-342
j=1 j=—0+1
402(0 -1
_ % -1

= 2n,
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and so

S (n—5u)8 Y e(d,8)d = {8n},—.

u?<n n—u?2=d§

Define ®(0) =1 and
n) =8 (d,8)d
n=dé

for n > 1. If n is not a square, then

> (n—5u)@(n) = > (n—5u)d(n) =0.

u2<n u?<n

If n is a square and n = £2, then

> (n—5u?)d(n)

= Z (n — 5u?)®(n) + Z (n —5u”)®(n)
uZ<n u==~

= Y (n—5u”)®(n) - 8n

= 0.

Therefore,

n) =8 £(d,o8)d

n=dé

for all positive integers n.
If n is odd and n = dé, then e(d, 6) = 1 and

(n) =38 Z d.
d|n

If n is even, then n = 2%m, where a > 1 and m is odd. Every divisor of
n can be written uniquely in the form 2°d, where 0 < b < a and m = dé.
Then

R4 (n)

SZZ (2°d,2°76)2

m=dé b=0

= 8 ) e(d,2°6)d+8 Y £(2°d,6)2°d

m=dé m=dé
—l-SZZ 2°d, 2°76)2
m=d6 b=1

a—1
= 8) d+8) 2d-8) Y 2%

m=dé m=dd m=dé b=1
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8) d+8 ) 2d-8(2°-2) ) d

m=dé m=dé m=dé
24 Z d

m=dd

24 Z d.

dln
d=1 (mod 2)

This completes the proof.

Ezxercises

435

1. Prove that Ry(2%) = 24 for all k > 1. Find all representations of 2"
as a sum of four squares.

2. Prove that

for all € > 0.

lim inf Ra(n)

n—oo n

=0

3. Compute Ry(p*) for all odd primes p and k > 1.

4. Prove that

5. Prove that

for n > 2.

lim sup Ra(n) > 8.

n—o00 n

Ry(n) < 24nlogn

6. Prove that for every positive integer ¢,

and so

7. Prove that for every positive integer ¢,

and so

l
[+
0= |5
j=1
20—1
Y=
j=1
‘ N ESY
(_1)2_Jj2: 2 )

1

<
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14.5 Sums of Six Squares

In this section we obtain an explicit formula for Rg(n). The idea is to apply
identity (14.3) to the monomials 23y and xy?, and to manipulate the results
so that we can find a function ®(n) that satisfies the recursion formula

Z (n—72%) ®(n — 2%) = 0.
el <A

Theorem 14.5 Let n be a positive integer,
n = 2%mn,
where a > 0 and m is odd. Then

Re(n) = 4 (4a+1 _ (_1)(m71)/2> Z (—1)=D/2g2,
m=dé
As an example, we shall describe the representations of 5 as a sum of
six squares. There are 2°(%) = 192 representations as a sum of five terms
(£1)2. There are 22(%)(3) = 120 representations as a sum of (£1)? and
(£2)2. Thus, there are 312 representations of 5 as a sum of six squares.
We can also compute this number by applying Theorem 14.5 with a =0

and m = 5. Then
Re(5) = 4 (41 - (—1)<5—1)/2) (52 4+ 1) =4-3-26 = 312.

Proof. The function f(x,y) = 23y is odd in each of the variables x and
y, and so we can apply (14.3) with k1 = 3 and ko = 1. The left side of this
identity is

Yo DTV = 2u) (u+ d)

u2+d5:n
6=1 (mod 2)

- S (=D - 6u”s® + 1206 — Sut + d6® — 6uds”

u24dé=n
§=1 (mod 2)

+ 12u%dé — 8u’d)

- > (—)PTI2(ds® — 6u?6® + 120ds — 8u?)

u24ds=n
§=1 (mod 2)

= Z (=1)=V72(82(n — Tu?) + 4u?(3n — 5u?)).

u2+d5:n
6=1 (mod 2)

If n = ¢2, then (by Exercise 3) the right side of the identity is

¢
To(0) = (1)) (0¥ 2k -1)°
k=1
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(=1 te(=1) 1403 - 30)

= 4" =30
= 4n? - 3n.
Therefore,
S (=D (n - Tu?) + 40P (3n — 5u?)) = {4n® — 3n},—p.
u24dé=n

§=1 (mod 2)
(14.10)
Next we apply (14.3) to the function f(z,y) = zy>. The left side of the
identity is

> (DI - 2u)(u+ d)?

u2+d6=n
6=1 (mod 2)

— S (=D)ETIRWEs + 3uds + Bud®S + dP6 — 2u* — 6ud

u2+d6:n
6=1 (mod 2)

— 6u?d® — 2ud®)
S (=DA% - 6ud® + 3u”ds — 2u)

u24dé=n
§=1 (mod 2)

= > (=)@ (n - Tu?) + u?(3n — 5u?)).

u24dé=n
§=1 (mod 2)

If n = ¢2, then (by Exercise 1) the right side of the identity is

4
To(0) = (=) S (~1)F 2k - 1)
84 k=1
= TL2.

Multiplying by 4, we obtain
> (DT RUR(n-Tu?) +4u® (3n—bu?)) = {4n’},_pe. (14.11)
u24dé=n

§=1 (mod 2)

Subtracting equation (14.10) from equation (14.11), we obtain

Z (—1)@E=D/2(n — 7u2)(4d? — 6?)

u2+d6:n
6=1 (mod 2)
= Y (n-m?) > (-)EIPUE - 8%
|ul<n ds=n—u2

§=1 (mod 2)

= {3n}n:gz.
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Let ®(0) = 1. For every positive integer n, define

n)=4 > (=) - 6%,

dé=n
6§=1 (mod 2)

If n is not a square, then

Z (n — Tu?)®(n — u?) = Z (n — Tu?)®(n — u?) = 0.

|u|<n Jul<n

If n = ¢? is a square, then

Z (n — Tu®)®(n — u?)

lu|<n
= Y (n—Tu*)0(n—u?) + (n— 7)2(0) + (n — 7(—£)*)2(0)
|ul<n
= 12n—-12n
0.
Therefore,

Rg(n) =®(n)=4 Y  (-1)"D/2(4d* - 6%).
=1 dﬁ(irod 2)
We rewrite this equation as follows. Let n = 2*m, where a > 0 and m is
odd. Then ¢ is an odd divisor of n if and only if there exists a divisor dy of
m such that d = 2%d; and m = d,6. Therefore,

Z (_1)(571)/24(12 — 4 Z 5 1)/2 2ad)

dé=n di16=m
§=1 (mod 2)
4a+1 E (6 1)/2d2
d16 m

By Exercise 4, if m is odd and dy6 = m, then
(_1)(d71)/2(_1)(671)/2 _ (_1)(m71)/2.

It follows that

Z (_1)(6—1)/252 _ Z(_l)(a—n/zéz

dé=n di16=m

§=1 (mod 2)
_ Z (_ )(d—l)/2d2

= (m 1)/2 Z 5 1/2d2
dé=m
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Therefore,
Rg(n) = ®(n) =4 (4a+1 _ (_1)(m—1)/2) Z (—1)6-D/2g2,
dé=m
This completes the proof.

Theorem 14.6 For all positive integers n,

3
% < Re(n) < 40n2.

Proof. Let n = 2%m, where a > 0 and m is odd. The infinite series
¢(2) = >"p2, k™2 converges, and ((2) < 2 by Exercise 5. Then

5—1)/
Z (71)(671)/2(12 - m2 Z (
dé=m dé=m
1
2
< w Yy
dé=m
2 — 1
< m Zﬁ
k=1
< 2m?
and
gott _(—)m=D/2 < g0 1
< 5(2%)°.
Therefore,
Ro(n) = 4451 = (-1)m/2) 7 (n)e-brzge
dé=m
< 4-5(2%)% 2m?
40n?.
This gives the upper bound.
To obtain a lower bound, we have
6-1)/2 2 _ 2 (—pe-nre
D (ENCVEE =t Y e
dé=m dé=m

Vv
3
[ V)
—
\
Bl =
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by Exercise 6. Also,

4a+1 _ (_1)(m—1)/2 > 4.49 1
> 3(29)°.
Therefore,
R6(n) = 4 (4a+1 _ (_1)(m—1)/2) Z (_1)(6—1)/2d2
dé=m
2 m?
> 3(2%) —
> 325
_w
= 5

This completes the proof.

Ezercises
1. Find all representations of 6 as a sum of 6 squares.
2. Find all representations of 10 as a sum of 6 squares.

3. Prove that for every positive integer m,

(=1)79(25 —1)% = (403 — 30).

£
=1

J

4. Prove that if m is odd and dé = m, then
(_1)(d71)/2(_1)(§71)/2 _ (_1)(m71)/2.

5. Prove that

<(2):Zki2<2.

k=1
Hint: k=2 < f,f_l x~2dx for k > 2.
6. Prove that

11
L
S (2k+1)2 2

Hint: 42k +1)72 < k2.
7. Use the fact that ((2) = 72/6 to prove that

x 2
S (2k+1)2 24 e



14.6 Sums of Eight Squares 441

14.6 Sums of Eight Squares

Theorem 14.7 Let n be a positive integer. If n is odd, then

n) =16 d°.

d|n

If n is even and n = 2*m, where a > 1 and m is odd, then

16(82+1 — 15

Ry = D 5
dlm
Proof. We shall apply Liouville’s identity (Theorem 13.1) to the three

polynomials (—1)Yxy?, (—1)Yzy3(2y — 2), and (—1)Yay?.

Inserting (—1)Yxy? into Liouville’s identity, we find that the first term
on the left is

2 Y (—1)"T6 - 2u)(u+d)*

u2+4dé=n

= 2 ) (—1)"F(d*6 - 8uPd® + u's — Su'd + 6ud’0)
u?+dé=n

= 2 Z 1)+ (@ (n — 9u?) + u*(8 — 14d) + 6nu’d) .
u2+dé=n

The second term on the left side of the identity is
So(=D)Md+sut=2 Y (=1)"du.
u?+dé=n u?+dé=n
If n = ¢2, then

20—1
2T (¢) 2z4zj_ —1)%(405 — 20%)

by Exercise 2, and

/—1 /—1
Tp(0) = 20 > (=175 =4) (-

j=—0+1
(=1)1 (20° — 40t 4 20%)

and so the right side of Liouville’s identity is

2Ty (0) — To(0) = (—1) (45 — 40* 4+ 20%) = (—1)"(4n® — 4n® + 2n).
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Dividing by 2, we obtain

Z (—1)u+dd3(n - 9u2) + Z (*1)“u4 ((*1)d(6 . 14d) . d)
u?+dé=n u2+dé=n
+6n Y (—1)"Hdu® = {(-1)"(2n° = 20° + n)},—2(14.12)
u24dé=n

Next we consider the polynomial (—1)Y2y?(2y — z). The first term on the
left side of Liouville’s formula is

2 > (=) - 2u)(u+ d)*s
(u,d,6)€S(n)
= 2 > (=)' (3d6°u® + d°6” — 26u* — 6d°6u”)

(u,d,6)€S(n)

= 2 Z (—1)“+(36u(n — u?) 4+ d(n — u?)?
(u,d,6)€S(n)

— 26u* — 6du?(n — u?))

2 ) (1) (nu(36 — 8d) + ut (Td — 56) + n’d) .
(u,d,6)€S(n)

The second term on the left is

S DA+ 8P 2u—d+6) = 2 Y (—1)(d+ o)’
u2+4+dé=n u2+dé=n
= 4 Z “du
u2+dé=n
If n = £2, then
20—1
oM (0) = 2 Z 1450320 — j)
20—1 20—1

= (-1)%4 Z j— (=2 Yy 5

(= )"2(4n —n2)
3

and
T5(¢) = 0.
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Therefore,

2 ) (=1 (nu?(36 — 8d) + u*(7d — 56) + n’d)

_ {( 1)"2(21))71 —nz)}n_p,

or, equivalently,

3 (=1t ((—1)%(7d — 56) — 2d)

u2+dé=n
+3n Y (—D)"TP(36 - 8d) + 30 D (—1)“Td
u24+dé=n u24+dé=n
= {(=D"@4n® —n*)} .. (14.13)

For every positive integer n we have

Yo (1t (146 - 14d) — d)

u2+4dé=n
+3 ) (=Dt ((—1)(7d - 56) — 2d)
u2+4+dé=n
= 7y (DUt Y ((-)Ud—26) - d)
u?<n n—u?=dé
= 0

by Exercise 3. Adding equations (14.12) and (14.13), we obtain

> (=1 d(n—9u®) +9n > (=1)"TuP(8 - 2d)
u2+dé=n u2+dé=n
307 Y (—1)"Td = {(-1)"(6n° — 3n® + n)},—pe.(14.14)
u24+dé=n
Finally, we consider the polynomial (—1)Yzy?. The left side of Liouville’s
identity is

2 > ()" -2u)(utd)’ - > (—1)"(d+ 8)u

u2+4dé=n u2+4dé=n
= 2 ) (D" -5d)+nd) -2 Y (—1)du’.
u2+dé=n u24dé=n
If n = ¢2, then

211 (0) — T (0) = (—1)“(46* — 20%) = (—1)"(4n* — 2n).
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Multiplying by 3n/2, we obtain

3n Y (D" ((-1)46—5d) —d) +3n* Y (-1)""d

u?+dé=n w2+ds=n

= 9n Y (DM —2d) +307 ) (-1
u2+dé=n u2+4dé=n

= {(=1)"(6n* = 3n®)},—p, (14.15)

since

> ((-D)*s-5d)—d)=3 Y (-1)*6-2d)

n—u?2=dé n—u?2=dé

by Exercise 3. Subtracting (14.15) from (14.14), we obtain

> (=0 Hd(n - 9u?) = {(—1)"n}e.
u2+dé=n
We define the function ®(n) as follows:
o(0) =1

and

®(n) = 16(-1)" Y _(~1)%d®

d|n

for every positive integer n. If n is not a square, then

Z (n —9u?)®(n —u?) = Z (n — 9u?)®(n — u?)

u2<n u?<n
= 16 Y (n—9u?)(-)" Y (~1)dd?
u?<n n—u2=dé
= 16(-1)" > (n—9u?)(-1)" Y (-1)%d°
u?<n n=dé
= 0.
If n = ¢2, then
Z (n —9u®)®(n — u?)
u2<n

= Z (n — 9u?)®(n — u?) + Z (n — 9u?)®(n — u?)

u?<n u==¢

= 16(-1)" > (n=9u?)(-1)"* > (=1)%’ - 16n
u?<n n—u2=dé

= 16(—1)"{(=1)"n},—p2 — 16n

= 0.
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The recursion formula (14.2) implies that

Rg (n) = fI)(n)

We can rewrite the expression for Rg(n) as follows. Let n = 2*m, where
a > 0 and m is odd. The odd divisors of n are precisely the divisors of m.
The even divisors of n are the numbers of the form 2°d, where 1 < b < a
and d is a divisor of m. Then

O(n) = 16(-1)" > (-1)%d®

- n;; 2°d) dlzmdf*
<Z 8 — 1) dlzmdd

(Sa“ - 15) ng

This completes the proof.

Exercises

1. Prove that for every positive integer n,

16n® < Rg(n) < (1287«3)> n®,

where ((3) = Y7o k3
2. Prove that for every positive integer £,

ot = o (B,

Jj=1

3. Prove that

> ()4 d—26)—d) =0

n=dé
for every positive integer n.
14.7 Sums of Ten Squares

We shall determine the number of representations of an integer as a sum
of ten squares. In this case the formula for R1(n) contains two terms. The
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first is a divisor function, that is, a sum over divisors of n, and the second
is a sum over representations of n as a sum of two squares.

Theorem 14.8 Let n be a positive integer,
n = 2%mn,

where a > 0 and m is odd. Then
Rip(n) = é(16a+1+(71)(m71)/2> Z (—1)(F=D/2g8
g m=dé

16
+ = Z (v4 — 3v2w2) .

n=v2+4+w?2

As an example, we list the representations of 5 as a sum of ten squares.
There are 2° (150) = 32 - 252 = 8064 representations as a sum of five terms
of the form (£1)2. There are 22 (110) (?) = 360 representations as a sum
of the integers (£1)? and (£2)2. Thus, there are 8424 representations. By
Theorem 14.8, with n =m =5 and a = 0, we have

4 16
Rig(5) = £ (16+1) (5% +1) + = > (at =32
5:a:2+y2
42 1

= ? + §(4(24 —3-2%) +4(1* - 3-2?))

42568 448

5 5

= 8424

Proof. By Theorem 14.2, it suffices to find a function ®(n) such that

®(0) =1 and
Z (n—112%) ®(n — 2*) = 0
lz|<v/n
for every positive integer n.

We begin by applying identity (14.3) to each of the monomials 2%y, z3y3,
and zy°. With f(z,y) = 2%y, we obtain

Yo (DETVEEG 20 (utd)

u2+d§=n
6=1 (mod 2)

_ Z (_1)(5—1)/2

u24ds=n
=1 (mod 2)

< > <Z>(2)k65kuk+1+ > (2)(2)’%55%’“

0<k<5 0<k<5
k=1 (mod 2) k=0 (mod 2)
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= > (1)PTY2(ds® — 108 + 40d6%u® — 8067’

u24dé=n
§=1 (mod 2)

+ 80dsu* — 32uf)
Z (=1)B=V72(5%(n — u?) — 10642 + 406%u?(n — u?)

u24ds=n
6=1 (mod 2)

— 8086%u* + 16u*(5n — 5u?) — 32u°)
= > (=D (n — 11u?) + 406%u* (n — 3u?)

u24dé=n
§=1 (mod 2)

+ 16u*(5n — Tu?))

4
0y (~1)7 (25 —1)°
J=1 n=¢2

= {16n® —40n® + 251}, _,

by Exercise 4.
Applying (14.3) with f(z,y) = 23y3, we obtain

Yo EDOTYEEG =20 (u+ a)?

u2+d5:n
=1 (mod 2)

= > (=DUTIRBdE Y + 12d%6u® — 68%u — 24d%u + d°8°

u24dé=n
§=1 (mod 2)

— 18d*6%u* + 36dou* — 8u®)
Z (=1)@=D/2((36%u% 4 12d%u?) (n — u?)

u24+dé=n
6§=1 (mod 2)

— (38%u? + 12d*u?)2u?(d6 — 2u?) ((d6 — 2u?)? — 12déu?))
Z (—=1)@=D/2((36%2 + 12d%u?) (n — 3u?)

u2+d§:n
6=1 (mod 2)

+ (n — 3u?)? — 12u%(n — u?)(n — 3u?))
¢

= B (1)

j=1

= {4713 — 3n2}n

n=~¢
—¢2

by Exercise 3 in Section 14.5.
Applying (14.3) with f(z,y) = 2y, we obtain

Y (FDCTVEG —2u)(ut )

u2+d5=n
6=1 (mod 2)
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= > ()PEV(ds — 10d*u? + 10d°6u® — 20du

u24dé=n
§=1 (mod 2)

+ 5déu* — 2u®)
= Z (=1)B=V72(g*(n — 11u?) + 10d>u>(n — 3u?)

u2+d§:n
6=1 (mod 2)

+ u*(5n — Tu?))
¢

R (DN ICTEY

j=1
= {ng}n:ﬁ

by Exercise 1 in Section 14.3.
The upshot of this analysis is the following three identities:

n=4/(2

> ()PTY2(84 0 - 110?) + 406%u* (n — 3u?)

u24dé=n
§=1 (mod 2)

+ 16u’(5n — Tu?)) = {160 — 400> +25n} _,,  (14.16)
Z (—1)©O=D/2((36%u? + 12d*u?) (n — 3u?) + (n — 3u?)?

u24dé=n
6=1 (mod 2)
— 12u*(n — u?)(n — 3u®)) = {4n® — 3n2}n:p ) (14.17)
> (D)Y@ (n - 11u?) + 10d°u? (n — 3u?)
u2+d6:n
6=1 (mod 2)
+ ut(5n — Tu?)) = {3} (14.18)

‘We shall eliminate the terms

Z (71)(571)/2d2u2(n73u2)

u24dé=n
§=1 (mod 2)

and
> (=) (n - 3u?)
u24dé=n
§=1 (mod 2)
from these equations as follows: Multiply equation (14.18) by 16 and add
to equation (14.16), then multiply equation (14.17) by 40/3 and subtract.
We obtain

S ()R ) aed 6+ Y~V

u24dé=n u2+dé=n
6=1 (mod 2) 6=1 (mod 2)
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40
X (16Ou2(n —u?)(n — 3u?) + 32u*(5n — 7u2)§(n - 3u2)3)

3
- {25n— Gdn } .
3 n=¢2

Let P(n) denote the first sum in this equation, and let Q(n) denote the
second sum. Then

n3
P~ Znhe+ Q) + {550} 0.

For positive integers n we define the function ¢(n) by

pm) = Y (—1)EY26d" +6%).

d,6>1
§=1 (mod 2)

Let 5
©(0) = 1
Then
P(n) = > ()P (m —110?)(16d* 4 6%)

n,:u2+d6
6=1 (mod 2)

don—11w?) > (=16 + 6*)

2 n=dés
u n
< §=1 (mod 2)

= Z (n — 11u?)p(n — u?).

u2<n

If n = ¢2 is a square, then

Z (n—11u®)p(n —u?) = (n—110%p(0) + (n — 11(—£)*)p(0)
u==+/4
= (—20n)§
= —25n,
and so

P(n) = {25n},—2 = Y (n—11u?)p(n — u?).

u2<n

Recall the formula for the number of representations of an integer as the
sum of two squares:

Ry(n) =4 Y (-1)@~h2

§n
6=1 (mod 2)
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Qm) = ¥ (-pe-ve

u24db=n
§=1 (mod 2)

X (160u2(n —u?)(n — 3u?) + 32u*(5n — Tu?) — %(n - 3u2)3)

= Z (4Ou2(n —u?)(n — 3u?) + 8u*(5n — Tu?) — %Q(n - 3u2)3)

u?<n

x4 Y (~1e-be

§l(n—u2)
§=1 (mod 2)

x Ra(n —u?).

If n = £2, then Ry(n — £2) = Ry(0) =1 and

Z (40u2(n —u?)(n — 3u?) + 8u'(5n — Tu?) — ?(n - 3u2)3>
u==1L

X R2('I’L — u2)

64n3

3

and so

{57,

= Z (40u2(n —u?)(n — 3u?) + 8u(5n — Tu?) — 1—3?(n - 3u2)3>

x Ra(n —u?)

= Z (40u2(n —u?)(n — 3u?) + 8u'(5n — Tu?) — ?(n — 3u2)3>

u2<n

X z 1

n—u?2=v2+4w?
1
= Z (40u2(n —u®)(n — 3u?) + 8ut(5n — Tu?) — ?O(n - 3u2)3)
n=u?+v2+4w?
= Z (40u®(v? + w?)(v? + w? — 2u?) + 8ut(50® + 5w? — 2u?)

n=u?+4v2+w?

1
_ _39(,02 1+ ,w2 _ 2u2)3)
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32u5 1005 10wS 2 9 9
= Z <333>+ Z 120u~v=w

n=u?2+v24w? n=u2+v2+4w?2

+ Z (60u4v2 — 80uv* + 60utw? — 80ulw?* — 10v*w? — 1002w?

n=u2+v2+w?

= 4 > (uf =150 + 30u"0 w?) .

n=u?2-+v2+w?

The simple form of the last equation arises from a symmetry argument: If
h(u,v,w) is any function and o is any permutation of u, v, and w, then

Z h(u,v,w) = Z h(o(u),o(v),o(w)).

n=u?2-+v24w? n=u?2-+4+v24+w?

For every nonnegative integer n we define the function

P(n) = Z (v* — 3v2w?).

n=v2+4w?
Then $(0) = 0, (1) = 2, %(2) = —8,..., and

Z (n — 11u®)ap(n — u?)

u2<n
= Z (n — 11u?) Z (v* — 3v2w?)
u2<n n—u2=v2+w?2
= Z (n — 11u?) (v* — 302w?)
n=u2+v24+w?
= Z (v? 4+ w? — 10u?) (v* — 3v2w?)
n=u2+v2+w?
= Z (v® — 2v*w? — 3v2w* — 10uv? + 30uv?w?)
n=u2+v2+w?
= > (@ = 15ut? 4 30uv’w?) by (14.5).
n=u?2+v24+w?
Therefore,
64n>
Q(n)+{ 3 } = 4 Z (n — 11u®)(n — u?).
n=4(2 u2<n
We define A A
()  Aoln) £ ()
5
Then

)
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and

Z (n—11u*)®(n —u?) =0

u?<n

for all positive integers n. It follows that

4
Rugn) = < (o) +46(n))
6=1 '”(T,,Zd 2) n=v2+w?

Let n = 2%m, where m is odd and a > 0. Since n = dé with § odd if and
only if d is of the form d = 2%d;, where d; is a divisor of m, then it follows

that
Z (_1)(6—1)/216d4 _ 16a+1 Z (_1)(6—1)/2d411.
dé=n d16:m
§=1 (mod 2)
Moreover, if m = dy6, then
(71)(777,71)/2 - (,1)(d171)/2(f1)(571)/2

and

Z (_1)(571)/254 _ Z(_l)(571)/264

dé=n di16=m

5=1 (mod 2)
_ Y g
d1§:m

_ (71)(m71)/2 Z (71)(671)/261%.
d1§:m

This completes the proof.

Ezercises

1. Compute Rig(n) forn=1,...,10.
2. Find all representations of 10 as a sum of 10 squares.
3. Find all representations of 6 as a sum of 10 squares.

4. Prove that for every positive integer £,

4
D (=1)79(25 — 1)° = 16£° — 40¢* + 25L.
j=1
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5. Evaluate the sum

4
D (DT

6. Evaluate the sum ,

> (=125 - 1)t

Jj=1

7. A Gaussian integer is a complex number v + wi, where v and w
are ordinary integers. The norm of the Gaussian integer v + wi is
N(v+ wi) = v* + w?. Prove that

Z (v* — 3v*w?) = % Z (v + wi)?.

n=v2+4w? N (v+wi)=n

14.8 Notes

Liouville’s identity, applied to “appropriate” polynomials and rearranged,
gives formulae for the number of representations of an integer as the sum of
an even number of squares. Our manipulations evolved the old-fashioned
way, by hand with pencil and paper, but almost certainly it is possible
today to do this more efficiently with human-assisted computer algebra
systems. It would be a useful exercise to derive formulae for Rs(n) for even
numbers s > 12 using software such as Maple or Mathematica.

The proofs in this chapter are based on Venkov’s exposition [149] of
Liouville’s method. Analytic proofs of these results can be found in the
books of Grosswald [43], Knopp [81], and Rademacher [119]. An interest-
ing discussion of the problem of sums of squares appears in Hardy’s book
Ramanugjan [52, Chapter IX].

Iwaniec [74] considers the more general problem of the number of repre-
sentations of an integer n by a positive definite quadratic form Q(x1, ..., xy).
We denote the representation number by rq(n). This is the Fourier coeffi-
cient of the theta function

GQ(Z) — Z 627riQ(:L’1 ..... Ts)z _ Z ’I"Q(?’L)e%m-nz,
(1,...,xs)EZLS n=0
and
0q(2) = Eq(2) + Fo(2), (14.19)

where Eg(z) is an Eisenstein series and F(z) is a cusp form.
In this chapter we considered the positive definite quadratic form

Q(xl,...,xs):m%—l—---—i—x?.
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If s is even and s < 8, then the cusp form in (14.19) is zero and rs(n) is
the coefficient of an Eisenstein series. If s is even and s > 10, then the cusp
form in (14.19) is nonzero, and the main term in rs(n) is the coefficient
of an Eisenstein series and the remainder term is the coefficient of a cusp
form. In this case, Liouville’s formulae might provide a method to compute
the coefficients of cusp forms.



15
Partition Asymptotics

15.1 The Size of p(n)

A partition of n is a representation of n as a sum of positive integers. The
order of the summands does not matter. We often write the partition in
the form

n=a;+ax+- -+ ag,

where

For example, the partitions of 5 are

2,

441,

342,

34141,
24241,
241+1+1,
1+1+1+1+1.

The unrestricted partition function p(n) counts the number of partitions of
the positive integer n. Thus, p(5) = 7. This function is strictly increasing,
and satisfies the asymptotic formula

ecoVn
p@%vavgg, (15.1)
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2 [m2
cozﬂ'\/g:2 622'565””

logp(n) ~ cov/n. (15.2)

Hardy and Ramanujan [58] and Uspensky [146] independently discovered
this result; their proofs used complex variables and modular functions.
Erd6s later found an elementary proof of (15.1). The idea of Erdés’s proof
is simply to apply induction to the recursion formula (Theorem 15.1)

np(n) = > vp(n — kv). (15.3)

kv<n
k,2u>1

where

It follows that

The proof, however, is difficult; it is “elementary” only in the technical sense
that it does not require complex analysis. We shall use Erdés’s method to
obtain (15.2). The determination of the asymptotics of partition functions
is our third problem in additive number theory.

Let A be a nonempty set of positive integers, and let d = ged(A). For
every positive integer n, the partition function p4(n) counts the number
of partitions of n into parts belonging to A. We define p4(0) = 1 for all
sets A. We would like to understand the asymptotic behavior of p4(n). For
example, if A is the set of odd positive integers, then p4(n) is the number
of partitions of n into odd parts, and logpa(n) ~ w/n/3.

If d = ged(A) > 1, we consider the set A’ = {a/d : a € A}. Then
ged(A’) =1, and

[0 ifn#0 (mod d),
PA(H){pA,(n/d) ifn=0 (mod d).

Thus, it suffices to consider only partition functions for sets A such that
ged(A4) = 1.

We do this in two significant cases. In the first, A is a finite set of integers
with |A| = k and ged(A) = 1. We shall prove that

nk—l 9
w0 = () G 0 0,

In the second, A is a set of integers of positive density d(A) = « with
ged(A) = 1. We shall prove that

logpa(n) ~ coy/an. (15.4)

We shall also prove an inverse theorem: If A is a set of positive integers
whose partition function satisfies (15.4) for some o > 0, then ged(A) =1
and A has density a.

We begin by proving the recursion formula (15.3).
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Theorem 15.1 For every positive integer n,

np(n) = Z vp(n — kv).

kv<n
kow>1
Proof. The parts in a partition of n are positive integers v not exceeding
n. The number of partitions of n with at least one part equal to v is p(n—wv).
For any positive integer k, the number of partitions of n with at least k
parts equal to v is p(n — kv), and so the number of partitions of n with
exactly k parts equal to v is p(n — kv) — p(n — (k 4+ 1)v). Therefore, the
number of parts equal to v that occur in all partitions of n is

Zk(p(n—kv)f p(n— (k+ 1)v anfkv

k>1 k>1

We list the p(n) partitions of n as follows:

n = ay1+ta2+-+ a1k,
n = ag1+az2+--+azk,,
n = az1+azz+-+a3k;,

n

= Ap(n),1 T Ap(n),2 T+ Ap(n) k

p(n)’

Adding the p(n) rows of this array, we obtain

p(n) k;

np(n) = Zzaw

=1 j=1

- Yoy

a;,j=v

= Zva(n—kzv)

v=1 k>1

= Z vp(n — kv).

kv<n
ko>1

This completes the proof. O

Ezercises

1. Compute p(n) for n =1,2,3,4.
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2. Let g(n) denote the number of partitions of n into distinct parts. Let
A be the set of odd numbers and p4(n) the number of partitions
of m into not necessarily distinct odd parts. Compute p(6), ¢(6), and

pa(6).
3. Compute p(7),q(7), and pa(7).
4. Use the recursion formula (15.3) to compute p(8).
5. Let A= {1} U{2n:n > 1}. Prove that

pa(2n) =pa(2n+1)
for all nonnegative integers n.
6. Prove that if pa(n) > 1 and pa(ng) > 1, then pa(n) < pa(n + nop).

7. Let A be a nonempty set of positive integers, and let a; € A. Prove
that the partition function p4(n) is increasing in every congruence
class modulo aq, that is,

pa(n) <pa(n+ap)

for every positive integer n.

Prove that for every real number x > a; there exists an integer u
such that
r—a <u<lzx
and
max{pa(n): 0 <n <z} =ps(u).

15.2 Partition Functions for Finite Sets

Theorem 15.2 Let A be a nonempty finite set of relatively prime positive
integers, with |A| = k. Let pa(n) denote the number of partitions of n into
parts belonging to A. Then

’I’Lk71
i = (a0 -

acA @

Proof. The proof is by induction on k. If k = 1, then A = {1} and
pa(n) = 1, since every positive integer has a unique partition into a sum
of 1’s.

Let £k > 2, and assume that the theorem holds for & — 1. Let A =
{a1,...,ar}. Then ged(4) = (a1,...,a;) = 1. If d = (a1,...,a,-1), then
(d,ap)=1.Fori=1,... k—1 we set
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Then ged(al,...,a};,_;) =1, and

A'={dy,...,a,_1}

is a set of kK — 1 relatively prime positive integers. Since the induction
assumption holds for A’, we have

k=2
par(n) = (Hk11 2) (k —2)! +0 (nk73)

i=1 @

for all nonnegative integers n.
Let n > (d — 1)ay. Since (d, ar,) = 1, there exists a unique integer u such
that 0 <u <d-—1 and

n =uar (mod d).

Then

is a nonnegative integer, and
0<m<n.
If v is any nonnegative integer such that
n =va, (mod d),

then vay = uar (mod d), and so v =u (mod d), that is, v = u + ¢d for
some nonnegative integer £. If

n—vap =n— (u+d)ay >0,

then

0<r< | ul _|m]_ o
- |:dak d:| o [ak] —rsm

Let 7 be a partition of n into parts belonging to A. If 7 contains exactly v
parts equal to ag, then n—vay > 0 and n—var, =0 (mod d), since n—vay
is a sum of elements in {aj,...,a5—1} and each of the elements in this set
is divisible by d. Therefore, v = u + ¢d, where 0 < ¢ < r. Consequently,
we can divide the partitions of n with parts in A into r 4+ 1 classes, where,
for each ¢ = 0,1,...,r, a partition belongs to class ¢ if it contains exactly
u+ £d parts equal to ag. The number of partitions of n with exactly u+ £¢d
parts equal to aj is exactly the number of partitions of n — (u + ¢d)ay into
parts belonging to the set {a1,...,ar_1}, or, equivalently, the number of
partitions of

n— (u+ ld)ay,

d

=m —lay,
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into parts belonging to A’, which is exactly pa/(m — fay). Therefore,

pa(n) = > pa(m—lay)

_ 1 — ((m — lay)" 2 k=3
- <n )Z( )

i=1 4 /) =0

dkfl r (m o gak)k72 B
<Hk_1 a}) > oo T O(n*2),

i=1 % /) y=0

We evaluate the sum as follows. Since

ri+l

}:w—j+1 + O(r7)

by Exercise 5, and since

HES GRS

Jj=0 Jj=
we have
zr: (m — Lay)*—2
— (k—2)!
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mh—1 2 (k-1 5
-t () o

e =0
— m+0(mk72)
Therefore,
k—1 T m— la A
pa(n) = (Héf%)z_o( (klig; £ O
k—1 mk—l
i <Hi—_f ai) (ak(k—l)' +O(mk_2>> +O(nk2)
n —uay)*!
_ (H’“l ) ( (k_;& o)
i=1 %
_ 1 nk71 o -
AT A D R

This completes the proof. O

Corollary 15.1 Let pi(n) denote the number of partitions of n into at
most k parts. Then

nkfl

k—2
pr(n) ~ gy O
Proof. We know that px(n) is also equal to the number of partitions of n
into parts no greater than k. The result follows from Theorem 15.2 applied
to the set A ={1,2,...,k}. O

Corollary 15.2 Let A be an infinite set of positive integers with ged(A) =

1. Then
i L08Pa(n) _
m —— =

n—oo logmn

Proof. For every sufficiently large integer k there exists a subset Fj of
A of cardinality k such that ged(Fy) = 1. By Theorem 15.2,

nk—l

pa(n) > pp,(n) = ————— 40 (n*7?),
" (kil)!HaEFka ( )
and so there exists a positive constant c such that

pa(n) > cntt
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for all sufficiently large integers n. Then
logpa(n) > logpr, (n) > (k—1)logn + log ck.
Dividing by log n, we obtain

lim inf 710g pa(n)

> k-1
n—oo  logmn

This is true for all sufficiently large k, and so

lim 710gp,4(n) =00

n—oo logmn

This completes the proof. O

We can also use generating functions to compute partition functions of
finite sets. For example, let A = {1,2,4}. By Theorem 15.2, we have

n2

pa(n) ~ TGJFO( n).

Using the partial fraction decomposition of the generating function, we can
obtain an exact formula for p4(n) that is stronger than this asymptotic
estimate. We have

" 1
PR =T ey

1
T -2t a2 +a?)

_ 9 1 1

0 32(1 - ) * 4(1 — )2 * 8(1 — )3

n 5 n 1 L 1+
32(1+x) 16(1+x)?  8(1+z?)

We write each partial fraction as a power series:

i - if
ﬁ _ §(n+2ién+1)xn



16(1 + z)?

1+

8(1+ 22)

Therefore,

pa(n) =

If n is even, then

pa(n)

If n is odd, then

pa(n)

Ezercises

9

32

+

15.2 Partition Functions for Finite Sets

_ DD,

x
o 16
= (=11
_ Z (=1 é + ) 220
n=0
_ Z( 8) x2n+Z( 8) x2n+1
n=0 n=0
> (_1)[n/2]
n=0
n+1 (nm+2)(n+1) (—1)"5
4 * 16 + 32
(=D"(n+1) ()"
16 8
n? + (74 (=1)")n LA+ (=17 + (=1)ln/24
16 32 ’
n? +8n + 16 N (-1)"/2 -1
16 8
(”Tg)z ifn=0 (mod 4),
2
(”Tg) —1 ifn=2 (mod4).
n?>+6n+9 (—1)M2 -1
16 8
% ifn=1 (mod 4),
(B 1 ifn=3 (mod 4)
16 4 - :
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1. Let pa(n) denote the number of partitions of n into at most 2 parts.

Prove that

n

p2(n) = [2} + 1.

2. Let a > 2 and A = {1,a}. Prove that
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. Let A ={2,3}. Prove that

(n) = %]—1— if n is even and n > 2,
patn "63] +1 ifnisodd and n > 3.

. Let A ={2,a}, where a is an odd integer, a > 3. Compute p4(n).

Prove that
ritl

Zgjf

Let A = {1,2,3}. Let p = (—1+41i+/3)/2. Confirm the partial fraction
decomposition

+ o(r?).

N 1
;pA(n)x (1= 2)(1 —2?)(1 —a%)

1
T 2Pt - pr)(1- o)
_ 1 1 17
- 6(1—2)3 + 4(1 — )2 + 72(1 — )
1 1 1

+

8(1+z) + 9(1 — pz) + 9(1 — p2x)

Show that this implies that

= @ - <‘8”” 5"+
= @—Fr(n),
where .
Ir(n)] < 3

Conclude that pa(n) is equal to the integer closest to (n + 3)%/12.

Let pi(n) denote the number of partitions of n into at most k parts.
Show that the average number of parts in a partition of n is

izk — e (n).

pn) =

Remark. Erd6s and Lehner [35] proved that p(n) ~ ¢y 'y/nlogn.
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15.3 Upper and Lower Bounds for log p(n)

In this section we give Erdés’s elementary proof that logp(n) ~ coy/n. We
begin with some estimates for exponential functions.
Define p(0) =1 and p(—n) = 0 for all n > 1.

Lemma 15.1 If 0 < £ <n, then

14 7
\/ﬁ_ﬁ 2n3/2_ <=

Proof. If 0 < z < 1, then

f

The result follows by letting x = ¢/n. O

Lemma 15.2 If z > 0, then

If 0 <z <1, then
e > J—
(1 _ e_a;>2 2
Proof. The power series expansion for e” gives

o 2k+1
z/2 _ —x/2 _ 2 ( )
c e ZO 2k+1

5 :1:,2]672
- Tt ; @k 1 1122

If x > 0, then
e:r/2 7 671/2 >z,

and so

If 0 <z <1, then

2 3 z
el < p Z27k<x+x <73€27
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and so

Lemma 15.3 Let ¢ be a positive real number and let n be a positive integer.
Then .

= e 3VE 27%n

Z — ¢k < 3c2

=1 (1 —e 2v7)?

If n > c?/4, then

i e Vn S 212n  8y/n
pell § RS 2f) 3c? c
Proof. Let k£ be a positive integer and

ck
2/n’

By Lemma 15.2,

e 2vn e " 1 4n

: <5 =55
(—chp G-eop @R

and so

i e 2vn < 4n I 47%n _ 2m2n
Pl 6—2671%)2 c2 P k2 6¢2 32 °

If Vn>c¢/2and 1<k <2yn/c, then 0 <z <1 and, by Lemma 15.2,

ck
e 1 4
e 1, 4y
(1—e 7vn)2 2 c2k?
Therefore,
00 _ ¢k _ ¢k
e 2vn e 2vn
Z P Z T,
=1 (1—e 2v7) p<aym/e (L—€ 2V7)

>y (C;lzz2>

k<2y/n/c



15.3 Upper and Lower Bounds for log p(n)

(o ]
1 1\ 4ym
s n(yLoy L)
k= k>2v/n/c
_ 2ﬂ2n_4£ i 1 4yn
T3¢ c? k2 c
k=[2v/n/c]+1

For k > 1 we have

and so

4n

1 1 k+1/2 dt
[ —— —,
K2k —1/4 /,g_l/2 2

1

i 1 4n/ dt _ 4n
k::[2\/ﬁ/c]+l k‘2 62 [Q\f/c]Jrl/Q t2 62 [2\/5/0] + 1/2

TR )
2 2ynfc—1/2 ~ ¢

In the last inequality we used the fact that \/n > ¢/2. Therefore,

_ _ck
= e n 212n  8y/n
Z ck > 2 :
o (1—e 2vm)? 3c c

Lemma 15.4 Let 0 <t < 1. Then

and

o
t
vt? =
2=

Z S — t3+4t2+t < 6t
— 1) (1-2)
Proof. Differentiating the power series
1 o L
1—¢ = Zt !
v=0

we obtain

467
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2 = e
1—1® > vl =1t
v=2
6 - v—3
e = ZU(’U —1)(v—2)t
v=3
(o]
= Z(UB —3v(v —1) —v)t?" 3,
v=3
and so
> Wt = ( +3t22 1)t~ 2+tht“ !
v=3
Then
Z,Uiitv — —|—3t22 tv 2+t21}tv 1
v=1
_ 6t3 N 6t2 Lt
B 1-t)* (1-1t)3 (1-1)2
P AP+t
o (-
< 6t
A=t
O

Theorem 15.3

logp(n) ~ cov/n.

Proof. We shall use induction to obtain upper and lower bounds on p(n).
First we prove that
p(n) < eovVn (15.5)

for all nonnegative integers n. This is clearly true for n = 0 and n = 1. Let
n > 2, and assume that the inequality holds for all integers strictly smaller
than n. The notation ), ., means the sum over all positive integers k
and v such that kv < n. We have

np(n) = Z vp(n — kv) Z pecoVn—Fv
kv<n kv<n
cokv
< Z vV (by Lemma 15.1)

kv<n
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< szv(e )
k=1v=1
Ok-
= CO\FZ — (by Lemma 15.4)
(1—6 2W)

27T2 cov/m
< | 5= ) ne® (by Lemma 15.3)

3c§
= neoVn,

This gives the upper bound (15.5).
Next we shall prove that for every ¢ with

0<e<c
there exists a constant A = A(g) > 0 such that
p(n) > Aelo=aVn (15.6)

for all positive integers n. We begin by letting A = e~ . Then (15.6) holds
for n =1, since p(1) =1 > e = Ae®0 =,
Let n > 2, and assume that (15.6) holds for all integers less than n. Then

o) = S opln — ko)
kv<n
> A Z Ue(co—a)\/n—kv
kv<n
v 2,2
> A Z Ue(co_g)(ﬁ_ = 57) (by Lemma 15.1)
kv<n
Ae (co—e)vn Z ve —(co— E)(2f+2n3/2)

kv<n

‘We shall show that

kv k202
Z ve (co— E) ﬁ+2n3/2) > n.

kv<n

Since e~ > 1 — x, we have

_<(CO_E) ;531}/22) >1— M

€ 2n3/2 ’

and so

2
E ve (co— E) 2ﬁ 2n3/2)

kv<n
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(cg—e)kv CO —E 9 (CD e)kv
2 Zve nn — 573/2 Zk
kv<n kv<n
(Co —¢)
We shall estimate the sums Sy (n) and Sa(n).
If kv > n, then
(co — €)kv - (co —e)v/n - (co—¢) 0.

2./n 2 2

Since
ettt for t > (co —)/2,
we have
_leg=9)kv (cos)kv)_
IR O
kv>n kv>n 2\/’5
1
3
< ') e
kv>n
1
3 B —
< Z (kv) 7/215/23/2
kv>n
I &= 1 &1
< Jn k5/221}3/z
k=1 v=1
1
<L —=.
n
Then
_ (cg—e)kv
Si(n) = Zve 2/
kv<n
© X (c /—:)k'u (c s)kv
S Nt W
k=1v=1 kv>n
0o _ (eg=e)k

= c_ +O(1) (by Lemma 15.4)
= 5 NG vy Lemma 15.

(cog—e)k
k=1 (1 —6_ 2v/n >

~ 2T o) (by Lemma 153)
3(co — 2)? n vy Lemm .

> (1 + ij) n+ 0(v/n),
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27?2 Co 2: 14 € 2
3(60 — 6)2 Co — € Co— €

2e 2e
>14 —.
Cop — € Co

since

> 1+

We estimate the sum S3(n) as follows:

_ (cg—e)kv
Sa(n) = Z Ke” v
kv<n
n 0 (co s)m
P ILO I
- _ (co—9)k
2V
< 7 (by Lemma 15.4)
(co s)lc
k=1 (1 )
n e 7(02\/%)’“ k2
- 6 _ (cg—e)k 2 (cg—e)k 2
ey
< 6 by Lemma 15.2
( (co—¢) 2k2> ( _(Cos)k>2 (by Lemm )
k=1 1—e 2Vn

< ni 1_

Let
(co — )k

2\/n
If 1 <k <y/n,then 0 <z < ¢y/2 and

xr
l1—-e*= / e tdt > xe ™ > :136760/2,
0

and so
2 —c 21.2
L 0 _ k
<1 —e ) =(1- ef‘r) > xle = M.
4n

Therefore,

1 4econ 1
< — < n.
> 0 >

( _ ) (co—¢)?
1<k<vi (1 — e 2vm 1<k<
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If k > /n, then

1 1
> e < > e <

Vn<k<n <1 e T ovm ) Vn<k<n (1 — e_(cof;s))

Therefore,
Sa(n) < n?.
Since
Si(n) >0 and Sy(n) >0,
we have

s - D5 = (14 Z ) nr ot - 25 Dowe)
> <L+6>n—q¢%

for some positive constant c¢;. Then
—e)k
np(n) > Ael0—9vn (Sl(n) _ (60@52(”))

2n3/2

> Anelco—evn + A\/ﬁe(CO—E)\/ﬁ (25\/ﬁ _ 01>

Co

> Anelco—eVn

if we choose A > 0 small enough that (15.6) holds for all n < (cgcy/2¢)?.
It follows from (15.5) and (15.6) that for every ¢ > 0 there exists a
constant A such that

(co —e)v/n+1log A < logp(n) < cov/n

for all positive integers n, and so log p(n) ~ co/n. This completes the proof
of the theorem. O

Exercises

1. Prove that the recursion formula (15.3) is equivalent to

np(n) = Z o(v)p(n —v).

v=1
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15.4 Notes

In 1918 Hardy and Ramanujan [59, 58] published the asymptotic formula
for the partition function. Uspensky [146] obtained the same result indepen-
dently in 1920. Both papers used complex variables and modular functions
to deduce the asymptotic estimate p(n) ~ (4ny/3)~'e®@V™. In their 1918
paper, Hardy and Ramanujan wrote,

it is equally possible to prove [log p(n) ~ cygy/n] by reasoning of
a more elementary, though more special character; we have a
proof, for example, based on the identity

np(n) = 3" o ()p(n — v), (15.7)

v=1

where o(v) is the sum of the divisors of v, and a process of
induction.

Many years later, however, Hardy wrote in his book Ramanujan [52, p.
114],

It is actually true that log p(n) ~ m4/(2n/3) ..., but we cannot
prove this very simply.

Hardy and Ramanujan clearly had no elementary proof of the asymptotic
formula (15.1); in their 1918 paper they wrote that

we are at present unable to obtain, by any method which does
not depend upon Cauchy’s theorem, a result as precise as [p(n) ~
eV /(44/3)n], a result, that is to say, which is “vraiment asymp-
totique.”

Erdés’s proof of the asymptotic formula for p(n), published in 1942 in [32],
is a tour de force of elementary methods in number theory. This proof is
not as famous nor as controversial as the elementary proof of the prime
number theorem, but it is impressive in its depth and technical difficulty.
It shows that the asymptotic formula for p(n) is simply a consequence of
the elementary recursion formula (15.7), and is independent of any deep
analytic properties of modular functions.

Knessl and Keller [80] develop Erdés’s method and apply the recursion
formula for the partition function to derive formal asymptotic expansions.

Grosswald [42] and Hua [68] have presented Erdés’s elementary proof
of (15.2). There is a different elementary proof of the upper bound log p(n) <
m4/2n/3 in unpublished lectures of Siegel on analytic number theory; Siegel’s
proof appears in Knopp [81, pp. 88-90]. Analytic proofs of (15.1) can be
found in Apostol [4], Knopp [81], and Rademacher [119].

The standard proof of Theorem 15.2 uses the partial fraction decomposi-
tion of a generating function. The proof in this book is due to Nathanson [107].
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Let Py(n) = pr(n) — pr—1(n) denote the number of partitions of n into
exactly k parts. Erdds [33] proved that for fixed n, the maximum value of
Py.(n) occurs for ko ~ c; 'n'/?log n. This had been conjectured by Auluck,
Chowla, and Gupta [6]. Using hard analysis, Szekeres [137, 138] proved that
for sufficiently large n, the finite sequence Pg(n) is unimodal in the sense
that there exists an integer ko such that Pr_1(n) < Pg(n) for 1 < k < kg
and Py_1(n) > Py(n) for kg +1 < k < n. It would be very interesting
to have an elementary proof of the unimodality of the partition function
Pk (n)

Rademacher [117, 118] obtained a convergent series for p(n) of the form

: T 2
1 & d Slnh( 7= §)
= —_— E kl/QA _——
p(n) ™2 et k() dn An

After studying the original paper of Hardy and Ramanujan, Selberg (un-
published) independently proved the same formula. Many years later he
wrote [130], “I am inclined to believe that Rademacher and I were the only
ones to have studied this paper thoroughly since the time it was written.”
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An Inverse Theorem for Partitions

16.1 Density Determines Asymptotics

Let A be a set of integers, and let A(x) denote the number of positive
elements of A that do not exceed z. Recall that A(x) is called the counting
function of A. Then 0 < A(z) < z, and so 0 < A(z)/x <1 for all z. The
set A has asymptotic density a if
A
lim (z) =

r—oo I

For example, the set of all positive integers has density 1, and every finite
set has density 0. The set of even integers has density 1/2. By Chebyshev’s
theorem (Theorem 8.2), the set of prime numbers has density 0.

If A has density «, then for every € > 0 there exists a number z(g) such
that for all x > x(e),

—«

A o) <.

or, equivalently,
(a—e)r < A(z) < (e +¢€)z. (16.1)

There exists an integer ko(e) such that if ay € A and k > ko(e), then
ar > zo(e). Setting = = ay, in inequality (16.1), we obtain

(a —e)ag < k < (a4 ¢)ag,

and so

<ag < .
a+e o —€
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In Chapter 15 we proved that logp(n) ~ cgy/n. In this section we shall
prove that if A is any set of integers of density a > 0 and ged(A) = 1, then

logpa(n) ~ coy/an. (16.2)

In Section 16.2 we prove the converse: If A is any set of positive integers
whose partition function p(n) satisfies (16.2) for some a > 0, then A has
asymptotic density o.

A set of positive integers is cofinite if it contains all but finitely many
positive integers. We begin with a simple result about partition functions
of cofinite sets.

Lemma 16.1 Let A be a cofinite set of positive integers. Then

logpa(n) ~ cov/n.

Proof. If A is cofinite, then A contains all sufficiently large integers.
Choose a positive integer £ > 1 such that A contains all integers greater
than ¢, that is,

B={n>(+1} CA

Then
pe(n) < pa(n) < p(n).

Since log p(n) ~ coy/n, it suffices to prove that logpg(n) ~ cov/n.

Consider the finite set F' = {1,2,...,¢}. Since ged(F') = 1, Theorem 15.2
implies that there exists a constant ¢ > 1 such that pg(n) < en®~! for all
positive integers n. Each part of an unrestricted partition of n belongs to F’
or to B, and so every partition of n is uniquely of the form n = (n—m)+m,
where n — m is a sum of elements of F' and m is a sum of elements of B.
By Exercise 4, the partition function pg(n) is increasing for n > 1, and so

n

p) = 3 pr(n—m)ps(m)

m=0
n
< ey pg(m)
m=0
< 2cnépB(n)
< 2en’p(n).

Taking logarithms and dividing by cg+/n, we have

log p(n) < log 2c + {logn n log pp(n)
CO\/H - CO\/’E CO\/E
log2c+ (¢ —1)logn . log p(n)
- cov/n cov/n
Letting n go to infinity, we obtain log pp(n) ~ c¢o/n. This completes the
proof.
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Theorem 16.1 Let A be a set of positive integers. If A has density a > 0
and ged(A) = 1, then the partition function pa(n) satisfies the asymptotic
equation

logpa(n) ~ cov/an.

Proof. Let A = {a;}$2,, where a3 < az < ---. Let 0 < € < . Since
d(A) = a and ged(A) = 1, there exists an integer £y = fo(¢) such that
ged{ag : 1 <k </{} =1 and

a (16.3)
a+e o —€

for all & > /.
We begin by deriving the upper bound

1
lim sup ogpa(n) <1.

n—oo Cov an -

Let F = {a1,a9,...,a4,} and B = {a, € A : k > £y + 1}. Let m be a
positive integer, m < n, and let

m=ag, +ag, +- -+ ag

T

be a partition of m with parts in B. To this partition of m we associate
the partition
n =k +ko+--+Fk.

By (16.3) we have k; < (a + €)ay,, and so

!’

n' < (a+e)ag, + (a+e)ag, + -+ (a+¢)ay,
(a+¢e)m
< (a+e)n.

This establishes a one-to-one mapping from partitions of m with parts in
B to partitions of integers n’ less than (« + €)n. Since the unrestricted
partition function p(n) is increasing, we have

pp(m) < > p()

1<n’<(a+e)n
(a+e)np([(a+e)n))
< 2np([(a+¢€)n]).

IN

Recall that A = F U B, where F' consists of ¢y relatively prime positive
integers. By Theorem 15.2, there exists a constant ¢ such that
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for every positive integer n. Every partition of n with parts in A decomposes
uniquely into a partition of m with parts in B and a partition of n — m
with parts in F' for some nonnegative integer m < n. Then

pa(n) = Y pr(n—m)ps(m)
m=0
< enfot z": pa(m)
m=0
< en®7' Y omp([(a +€)n))

m=0

< den®p([(a + €)n)).

Since log p(n) ~ coy/n, it follows that for every € > 0 there exists an integer
no(e) such that

logp([(a + €)n]) < (14 €)eo/[(a + €)n]
for n > ng(e). Therefore,

logpa(n) < logde+ (€y + 1)logn + logp([(a + €)n))
< logde+ (o + 1)logn + (1 4+ €)cor/ (o + €)n

for n > £y(e). Dividing by cgv/an, we obtain
logpa(n) _ logdc+ kologn €
< 1 14+ =
cov/Jan cor/an +(L+e)y T+ o’

1
lim sup ogpa(n) <(1+4e)y/1+ °
a

n—oo Covan

This inequality is true for all € > 0, and so

and so

1
lim sup oepatn) (n)

<1.
n—oo Cov an -

Next we obtain the lower bound

lim inf log pa(n) > 1.

n—oo  Cpoy/an

Since ged(A) = 1, Theorem 1.16 implies that p4(n) > 1 for all sufficiently
large n. For 0 < € < «, there exists a positive integer £y = ¢o(g) such that
ged{a : 1 <k </{y} =1and

k
— <ap <
a+e a—e¢
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for all & > /.
Let p’(n) denote the number of partitions of n into parts greater than
ly. To every partition

n==ky+---+k, Wlthklzsz>€0,
we associate the partition

m=ag, +---+ag,.

Inequality (16.3) implies that

n

m < .
o — &

This is a one-to-one mapping from partitions of n with parts greater than
£y to partitions of integers m < n/(a — €) with parts in A. Therefore,

p(n) < > pa(m)

m<a’25
n
< max{pA(m) :m < }
a—¢ a—¢
< npA(un)7
a—¢

where, by Exercise 7 of Section 15.1, u,, is an integer in the bounded interval

—a; < U, < .
a—¢€ a—c¢

The sequence {u,}52 is not necessarily increasing, but

lim u,, = co.
n—oo

Let d be the unique positive integer such that
0<(a—¢e)a; <d< (a—e)ag + 1.

For every i,5 > 1,

o — &

= —a12(j—1)a1.

(i+j)d ) id jd
Cay) -
o — & o — &

U(it+j)d — Wid > (

It follows that w(;411)q > i, and so the sequence {u;q}{2; is strictly in-
creasing. Similarly,

i1+ 37)d id id . ]
U(i+5)d — Wid < ( j) —( —(l1> = ]74-(11 < (j-i-l)(h—l—i.
o — € o — € o — € o —¢€
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Choose Ny such that pa(n) > Ny for all n > Ny. Let ig be the unique
integer such that

% +1<14 < % + 2.
aq ay
Then
Uid — U(i—ig)a > (io — 1)a1 > No
for all ¢ > ig. For every integer n > igd there exists an integer ¢ > ig such
that
Uid <N < Ugi41)d-

Then —
. i
N = UGi—ig)d < U(i+1)d — U(i—ig)d < (fo +2)d + . —
and
N = U(i—ig)d = Wid — U(i—ig)d > No-
Therefore,

pa(n — ugi—ipya) > 1.
By Exercise 6 of Section 15.1,

(o= )p! (i —io)d)
(i—i)d

pa(n) > pa(ug—ipa) >

Since i+ 1)d
1+
, <
n < UG4+1)d < o_c

it follows that
(i —idg)d > (a—¢e)n — (ip + 1)d

and

(@ —e)p'((e —e)n = (io + 1)d)

(i —io)d '
Since p’(n) is the partition function of a cofinite subset of the positive
integers, Lemma 16.1 implies that for n sufficiently large,

pa(n) >

logpa(n) > logp!((a — e)n — (io + 1)d)) + log(a — €) — log(i — io)d
> (1 —¢)eoy/(a—e)n — (ig + 1)d + log(a — €) — log(i — ig)d.

Dividing by cgy/an, we obtain

. logpa(n)
1 22002 > (1 —¢e)y/1— .
minf = = (19 e/a
This inequality holds for 0 < £ < «, and so
1
lim inf 20epalnt) pa(n)

> 1.
n—oo  Ccoy/an

This completes the proof.
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Ezercises

1. Prove that the set {2* : k > 0} has density 0. Prove that the set
{2k3% : k, ¢ > 0} has density 0.

2. Let A be a set of positive integers, and let B = N \ A be the set of
positive integers not in A. Prove that if d(A) = «, then d(B) = 1—a.

3. In this exercise we construct a set A that does not have a density.
We denote by (z,y| the set of integers n such that x < n < y. Let
N; < N3y < N3 < --- be a strictly increasing sequence of positive
integers such that lim, . N,t1/N, = 0o, and let

(@

A= (N2r71aN2r]~
r=1
Prove that AN
tim 20%) _
r—00 o
and
A(N2r41)

lim

=0.
r—00 N2T+1

Since limsup,_, o A(x)/z =1 and liminf, ,, A(z)/x =0, the set A
does not have an asymptotic density.

Hint: Show that A(NZT-) Z NQT - Ngr_l and A(N2r+1) S NQT.

4. We say that a partition a; + as + - - - + a, has a unique largest part if
a1 > asy > -+ > a,. Let ng be a positive integer, and let A be the set
of all integers greater than or equal to ng. Show that pa(n) = 1 for
ng < n < 2ng. Let n > ng. To every partition 7 of n we can associate
a partition of n 4+ 1 by adding 1 to the largest part of . Show that
this map is a bijection between partitions of n and partitions of n+ 1
with a unique largest part. Deduce that p4(n) is increasing for n > 1,
and strictly increasing for sufficiently large n.

5. Let aq,...,ar, and m be integers such that
1< < - <ar<m

and
(a1y...,ap,m) =1

Let A be the set of all positive integers a such that a = a; (mod m)
for some i = 1,...,£. Prove that

In
logpa(n) ~ co\/ —.
m
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6. Prove that if the set A of positive integers has positive density, then

d(A) = lim (bgpA(”)f

n—oo \ logp(n)

7. Let A be a set of positive integers. The upper asymptotic density of

Ais A
dy (A) = limsup ﬂ

n—oo n

Prove that if gcd(A) =1 and dy(A) < a, then

1o
Jimn sup gpa(n )<\f

n— 00 0\/>

8. Let A be a set of positive integers. The lower asymptotic density of

Ais n
dr,(A) = lim inf (n)

n—o0 n

Prove that if gcd(A) =1 and d(A) > «, then

log pa(n)
liminf =22 > /o
vn

n— 00 Co

9. Let A be a set of positive integers with gcd(A) = 1. Prove that if
d(A) = 0, then logpa(n) = o(y/n).

16.2 Asymptotics Determine Density

The goal of this section is an inverse theorem for partitions. We shall prove
that the asymptotics of the partition function p4(n) determines the density
of the set A.

We begin with some remarks about generating functions. If a is a positive
integer and || < 1, then the geometric progression

(1_1@)71:1+xa+x2a+w3a+.”

converges absolutely. If A is a finite set of positive integers, then

H(l—l‘a)_l — H(1+ma+x2a+x3a+”.)

a€A acA

S pan)er,

n=0

where p4(n) is the partition function for A.
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If A is an infinite set of positive integers and |z| < 1, then the infinite

product
H (1 - ma)fl
acA

converges absolutely, since

Zw«Zmu <o

a€cA

and

f(m):Hl—ac ZPA

a€A

This function is called the generating function for the partition function
pa(n).

Theorem 16.2 Let A be a set of positive integers with gecd(A) = 1. Let
pa(n) denote the number of partitions of n with parts in A. If there exists
a number a > 0 such that

logpa(n) ~ covan,
then the set A has density o.

Proof. The proof uses an Abelian theorem (Theorem 16.3) and a Taube-
rian theorem (Theorem 16.4) that we prove in the next section. The gen-
erating function

2) =3 patm)a” = [[(1 -2

acA

converges for |z| < 1. Since

logpa(n) ~ copv/an =2

Theorem 16.3 immediately implies that
o

log f() ~ ———.
g f(x) 6(1 —2x)
Applying the Taylor series

k

=
—log(l —z) = Z?
k=1
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for |x| < 1, we have

o0

log f(x Zlogl—x szk anx

acA a€A k=1

where

1 a
b, = - = —>0
n ;k ;n_

n=ak aln

By Theorem 16.4,

n<x

We define the remainder function r(x) by

ax
S(r) = 001 4+ r(2))
The function Sp(z) is an increasing, nonnegative function such that
Sp(x) =0 for z < 1 and

S = Y35

n<x a€A
n=ak

= Z;Zl

k<z acA
= ak<w

- X(p)
k<z

where A(z) is the counting function of the set A. By Mobius inversion
(Exercise 7 in Section 6.3), we have

=3 s ().

For every e > 0 there exists a number xy = z((¢) such that the remainder
function r(z) satisfies the inequality |r(z)| < ¢ for all x > xg. If k < 2/,
then z/k > zo and |r(x/k)| < e. If & > x/x0, then z/k < o and 0 <
Sp(z/k) < Sp(zo). Therefore,

- S 0G)) £ ()

k<z/zo z/xo<k<z
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_ Tmroax w(k 7r04x /L
- 6 k;2 Z ()

k<z/zo k<z/xo
p(k) (g)
+ Y 55 (1)
z/xo<k<z
We estimate these three terms separately. By Theorem 6.17,
k) 6 wk) 6w
o )
2 w2 2 w2 + x
k<z/zo k>xz/xo
and so ) L
Teax M()zax—i—O(:vo).
k<z/zo
Similarly,
mlax w(k) sz mlaex
6 er(E)_ 2 k2_ Ofex).
k<z/zo k<z/xo

The third term is bounded independently of x, since

k 1
S s < s S5
z/ro<k<x z/ro<k<wz
< 25p(xo)log g

Therefore,
A(z) = ax + O(ex) + O(xp) ~ ax.

This completes the proof.

FEzercises

485

We can use the Taylor series for the generating function for the unre-
stricted partition function p(n) to obtain a simple proof of the upper bound

logp(n) < cov/n.

1. ForO <z <1, let

f(x)znlffv Zp

Prove that

oo
logp(n) + nlogx < log f(x Zkl—xk
k=1
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2. Prove that if 0 < x < 1, then
1—a% > kb1 —z)

and

2
log f(z) < ﬁ

3. Prove that if 0 < x < 1, then

x
—loge < ——,
x

and so

i n(l —x)

6(1—35)Jr x

log p(n) <

4. Prove that logp(n) < coy/n.
Hint: Choose z € (0, 1) such that

6(1—x) x

i n(l —x)

16.3 Abelian and Tauberian Theorems

In this section we derive the two results about power series with nonnegative
coefficients that were used to deduce Theorem 16.2. The proofs require only
advanced calculus. To the sequence B = {b,,}22, of real numbers we can
associate the power series f(z) = Y. b,a™. We shall assume that the
power series converges for |z| < 1. We think of the function f(z) as a kind
of average over the sequence B. In rough language, an Abelian theorem
asserts that if the sequence B has some property, then the function f(x)
has some related property. Conversely, a Tauberian theorem asserts that if
the function f(x) has some property, then the sequence B has a related
property.
The following result is an Abelian theorem.

Theorem 16.3 Let B = {b,}22, be a sequence of nonnegative numbers
such that the power series f(xz) =Y .~ by,a™ converges for |x| < 1. If

log b, ~ 2+/an as n — oo, (16.4)
then

log f(z) ~ % asx — 17. (16.5)
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Proof. Let 0 < & < 1. The asymptotic formula (16.4) implies that there
exists a positive integer Ny = Ny(e) such that

e2(1—e)van b, < e2(+e)van g1 a1l > Ny.

The series f(x) converges for || < 1 (by the root test), but diverges for
x=1TFor0<x<1weletz=e"t wheret=t(z) = —logz > 0, and ¢
decreases to 0 as x increases to 1.

First, we derive the lower bound

limirlf(l —x)log f(x) > a.

For n > Ny,
boa™ > 62(175)\/an67tn _ 62(175)\/an7tn
n = .

Completing the square in the exponent, we obtain

2(1—6)\/0%—tn:(1_255)20[—t<f—(1_5)\/a>27

and so

1-o2%a _; _(-9)va)?
b >e Tt e (‘/ﬁ t )

Choose ty > 0 such that

(=

to

and let xg = et € (0,1). Let zp <z < 1. If z = e”! then 0 < t < ty. Let

[e=2]

O (N R (Y

t

Then

and

(1-e)va

a—awa_1<¢<a—awa
t

2
. : )—1<\/nz<

It follows that

2
1—
( o (W5> -1,
t
and so
(1-92a2

1-92a2 _4( mo_O-o)va)?
bp,a"* >e e (v ) > e
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Since b,x™ > 0 for all n > 0, we have

oo
(1—2)2a
flx) = an:c" > by, " >e et

n=0

Therefore,
1— 2
_ (-9
t

log f(z) —t

and
tlog f(x) > (1 —¢)*a — 2.

By Exercise 1,

t=—logx~1—2 asx— 17,
and so
liminf(1 — z)log f(x) = liminftlog f(x)
rz—1— r—1—
> liminf ((1 —¢)%a — ¢
> liminf (1 —¢)’a — 1)
= (1-¢)a

This is true for 0 < ¢ < 1, and so

liminf(1 — z) log f(x) > «.
r—1—

Next we derive the upper bound

limsup(1l — z)log f(x) < a.

x—1—
We have
flx) = anx"
n=0
No—]. (o]
< Z boa™ + Z G2(1+e)Van—tn
n=0 n=~Np
D20 e _y(ym Qteva)?
< Cl(€)+6(1+t) Z e t(f t ) ,
n:No
where
No—1 No—1
0< Z bz < Z by, = c1(e).
n=0 n=0
Let 16
«
Ny = Ni(t) = {tz}
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Then

4 t(Ny +1
£<(14+)

If n > Ny, then

Jh > 4;/& - 2(1 +t€)\/a

and

It follows that

&)va )2 n ) 2 n
eit(\/ﬁi(lﬂ) ) < eit(é) = eftT’
and so, as t — 01,
o0 . = 2 o0
DN D DI
n=Ni+1 n=N1+1
e—t(N1+1)/4
= 1 —et/4
_ 67404/75
1—e—t/4
867404/15
<
t
= o(1),
since 1 —t/4 < e t/* <1 —1t/8 for 0 <t < 1. Also,
Ny
_ o (e ve 16
Z t(vn-GHE) N, < TQa
TL:NO
Consequently,
a+2)%a [ 16c
f@) < e+ (o)
14-¢ 2a
3 02(6)6( +o)
< P
Therefore,
1 2
tog () < LETE 4 1o 200
and
ca(e)

tlog f(z) < (1 +¢)*a +tlog

12

489
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Then

limsup(1 — z)log f(x) = limsup tlog f(x) < (1 +¢)%a.
z—1- t—0+

This is true for every € > 0, and so

limsup(1l — z)log f(x) < a.
r—1—
This completes the proof.
Next we prove a Tauberian theorem about power series with real, non-
negative coefficients.

Theorem 16.4 Let B = {b,}32, be a sequence of nonnegative real num-
bers. If the power series

flx) = Z bpa™
n=0
converges for |xz| < 1 and if
1
fl&) ~ —— asxz— 17,

then

Proof. We begin by showing that for every polynomial p(x) we have

lim (1 —x) Z bpz"p(z™) = /0 p(z)dx. (16.6)

r—1— "0
Since both sides are linear in p(z), it suffices to prove this for p(z) = x*.
We have

(1—-x) Z bpz"p(z™) = (1—2x) Z bzt
n=0 n=0

= ) Y bl
— X
n=0

1

= —————— (1 =" by (2",
l+z+---+2x o

and so

lim (1-2) 3 bua"p(a”
lim w); z"p(a")
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1 = n
= lim —————— lim (1 -2 b, ("
Jm e Jim (1=t D b ()

1 /1 .
— = " dx.
k+1 0

This proves (16.6).

Next we use the Weierstrass approximation theorem: If f(x) is a con-
tinuous function on the interval [0,1] and if € > 0, then there exists a
polynomial p(z) such that

n=0

|f(z) —p(z)] <e forall ze[0,1].
Let f*(z) = f(x) +&/2, and let p*(z) be a polynomial such that
|fT(z) —pT(x)| <e/2 forallzel0,1].

Then
f(z) <pT(z) < f(x) +& forall z € [0,1]
and

/o1 flw)de < /017’+<$)d$ < /01 f(a)de +e.

Similarly, there exists a polynomial p~(x) such that
f@)—e<p (z) < f(z) forall ze|0,1]

and

/01 flx)dr —e < /Olp_(x)dx < /01 fz)dz.

Consider the function

o) = {
/Olg(x)dacz/:lile.

The function g(z) is continuous for all x € [0, 1] except for z = e~!, where
it has a jump discontinuity, and so we cannot apply Weierstrass’s theorem
directly to approximate g(z) from above and below by polynomials. We
circumvent this difficulty in the following way. Let 0 < & < e~!. Define the
function fT(z) as follows:

for0 <z <e ™,
fore ! <z <1.

8= O

Then

for0<z<el—g¢g,
T(x) foret—e<az<e
+5 foret <z <1,

fHa) =

]| NIm
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where £+ (z) is the straight line with end points (e=! —¢,£/2) and (e~ !, e+
£/2). Then f*(z) is a continuous function on the interval [0, 1], and so
there exists a polynomial p*(x) such that

€
g(@) < fH(@) <p™(@) < fT@) + 5
for all 2 € [0, 1]. Then
€ for0<z<e!—g¢g,
0<ph(x)<{ et+e forel—e<az<el,
lie fore! <<,

and so

—1 -1 1

p+(x)dx+/e p+(a:)dm+/ pt(x)dx

e l—¢ e 1

A\

bS]
g
o
Y

)

< elet—e)+(ete)e+1l+e(l—e)

= 14+ (e+1)e.
Similarly, we define the function f~(x) as follows:
= for0 <z <e !
@)= ¢ (z) foret<z<el+e
1 forel+e<a<l,

where £~ () is the straight line with end points (e~!, —¢/2) and (e™! +
g,1/(e1 —¢/2). Then f~(z) is a continuous function on the interval [0, 1],
and there exists a polynomial p~(z) such that

J7@) =5 <p (@) < (@) < glo)

for all z € [0,1]. It follows that

/01 g(x)dx
> /Olp(:c)dz

e_1+6 1 1
/ (—e)dz +/ ( - 6) dx
0 e~l4e \ T

—elet4e)—logle &) —e(l—e ! —¢)
= 1—¢e—1log(l+ee)
> 1—(e+1)e.

1

\%
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The inequality p~(z) < g(z) < p*(z) implies that for 0 < z < 1,

(1—ux) Z bpz"p~(2") < (1—=x) Z bz g(z™)
n=0 n=0

By (16.6),

1—(e+1)e <

IN

IN

IN

<

< (1—-2x) Z byx™pt(2™).
n=0

/O 1 p(t)dt

lim (1 — b2 (2"
lim x)ﬂ; a"p~ (z")

liminf(1 — z) Z bpa"g(z™)

o
= n=0

limsup(1 — x) Z bz g(z™)

rx—1— n=0

lim (1 —x) Z b,x"pt(x™)

rx—1—

/0 pt(x)dx
1+ (e+1)e.

n=0

These inequalities hold for all sufficiently small e, and so

r—1—

Let

Then 0 < z < 1, and

lim (1 —x) Zbkxkg(xk) =1

k=0

x=e V"

e l<ab=e /<

if and only if

k=0,1,...,n.

It follows from the definition of the function g(x) that

Z bkxkg(ask)
k=0

= Z bkxkg(xk) = Z b,
k=0 k=0
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and so
n
li _ —1/n —
Jim (1—e )Z b =1,
k=0
that is,

n
1
by ~ ———.
2: — 1
prt 1—e-1/n

From the inequality

2

1—m<e_””<1—ac+%

with 2 = 1/n, we obtain

and so

as n — o0o. Therefore,

This completes the proof.

Ezxercises

1. Prove that

—logx~1—2 asxz—1".

2. Let B = {b,}72, be a sequence of real, nonnegative numbers such

that the power series f(z) = > 2 b,z" converges for |z| < 1. Prove
that if

. . .logh,
>

it S Ve
then

liminf(1 — z)log f(z) > «a.

r—1-
Let B = {b,}52, be a sequence of real, nonnegative numbers such
that the power series f(z) = > °  b,z™ converges for |z| < 1. Prove

that if

log b,
lim sup <,
msup g m S

then
limsup(1 — z)log f(x) < a.

r—1—
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16.4 Notes

Theorem 16.1 and Theorem 16.2 show that a set A with gcd(A) = 1 has
positive density « if and only if logpa(n) ~ co\/an. Erdés states these
results, with a sketch of a proof, in his paper [32], where Theorem 16.3 is
also stated and applied. The proofs in this book appear in Nathanson [105,
106].

Theorem 16.4 is a famous Tauberian theorem of Hardy and Littlewood [53];
the proof in this book is due to Karamata [77]. Titchmarsh [142, Chapter
7] discusses this and many related results.

Using hard analytic machinery, Freiman [36], Kohlbecker [84], and Yang [158]
have obtained other inverse theorems for partitions.

We know the asymptotics of partition functions for certain sets of integers
of zero density. For example, Hardy and Ramanujan [57] proved that if A%)
is the set of kth powers of positive integers, then

1 1 1 k/(k+1)
logpau (n) ~ (k+1) {kr (k - 1) ¢ (k + 1) } pl/ (k1)

where I'(s) is the gamma function and ((s) is the Riemann zeta function.
This gives (15.2) in the special case k = 1. In the same paper, they also
proved that if P is the set of prime numbers, then

n
1 ~ 2
ozpp(n) ~ 2m [

and if P(®) is the set of kth powers of primes, then

1 1 k/(k+1) n 1/(k+1)
log ppw (n) ~ (k+1) {F (k+2) ¢ <k+1>} {(logn)k} .
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of finite order, 359
of order h, 359
stable, 359

binary operation, 10

binary quadratic form, 108, 405
binomial coefficient, 8, 268
binomial polynomial, 357

Carmichael number, 76
Catalan conjecture, 186
Catalan equation, 184, 186
Catalan—Dickson problem, 244
Cauchy-Schwarz inequality, 139
ceiling function, xi
character, 126
additive character, 325
complex character, 326
Dirichlet character, 326
even character, 326
induced, 328
multiplicative character, 326
odd character, 326
primitive, 328
principal character, 326
real character, 326
character group, 127
character table, 131
Chebyshev functions, 267
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Chebyshev’s theorem, 271

ciphertext, 76

classical Gauss sum, 153

cofinite, 476

common divisor, 12

common multiple, 28

commutative group, 10

commutative ring, 48

comparative prime number
theory, 351

complete set of residues, 46

completely additive, 27

completely multiplicative, 226

complex character, 326

composite number, 25

congruence abc conjecture, 191

congruence class, 46

congruent, 45

congruent polynomials, 90

conjugate divisor, 25, 405

continued fraction, 19

convergent, 23

convolution, 139

coset, 69

counting function, 256, 359, 475

cryptanalysis, 77

cryptography, 76

cusp form, 453

cyclic group, 70

deficient number, 241
degree of polynomial, 84
density, 256, 475
asymptotic, 360
Shnirel’'man, 359
derivation, 175, 203
derivative, 116
diagonalizable operator, 146
difference operator, 357
difference set, 361
diophantine equation, 37
direct product of groups, 124
direct sum, 121
Dirichlet L-function, 330
Dirichlet character, 325, 326

Dirichlet convolution, 201
Dirichlet polynomial, 337
Dirichlet series, 337
Dirichlet’s divisor problem, 233
Dirichlet’s theorem, 347
discrete logarithm, 88
discriminant, 108

division algorithm, 3

divisor, 3

divisor function, 231, 405, 431
double coset, 73

double dual, 129

dual group, 127

eigenvalue, 146

eigenvector, 146

Eisenstein series, 453

equivalent polynomials, 73

Euclid’s lemma, 26

Euclid’s theorem, 33

FEuclidean algorithm, 18
length, 18

Euler phi function, 54, 57, 227

Euler product, 330

Euler’s constant, 213

Euler’s theorem, 67

evaluation map, 85

even character, 326

even function, 401

eventually coincide, 397

exactly divide, 27

exponent, 83

exponential congruence, 97

factorization, 234

Fermat prime, 36, 107
Fermat’s last theorem, 183, 185
Fermat’s little theorem, 68
Fermat’s theorem, 407
Fibonacci numbers, 23
field, 49

floor function, xi

formal power series, 205
Fourier transform, 135, 160
fractional part, 29, 206



Frobenius problem, 39
fundamental theorem of
arithmetic, 26

Gauss sum, 152
classical, 153
Gauss’s lemma, 103
Gaussian integer, 453
Gaussian set, 103
generalized von Mangoldt
function, 290
generating function, 483
generator, 70
greatest common divisor, 12
polynomial, 91
group, 10
group character, 126
group of units, 49

Haar measure, 134
Heisenberg group, 16
Hensel’s lemma, 116
homomorphism
group, 13
ring, 48
Hypothesis H, 288

ideal, 90, 171

image, 16

incongruent, 45

integer part, xi, 28, 206

integer-valued polynomial, 356,
357

integral domain, 174

integral operator, 146

invertible class, 55

involution, 403

isomorphism, 13

Jacobi symbol, 114
Jacobi’s theorem, 431

k-abundant number, 260
kernel, 16
Kneser’s theorem, 397
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L-function, 330

f-function, 275

Lagrange’s theorem, 69, 355

Lamé’s theorem, 25

lattice point, 233

Laurent polynomial, 181

leading coefficient, 84

least common multiple, 28

least nonnegative residue, 46

Legendre symbol, 101, 153

Leibniz formula, 119

lexicographic order, 9

linear diophantine equation, 39

Liouville’s formulae, 402, 419,
420

Liouville’s function, 226

Ljunggren equation, 42

localization, 180

logarithmic derivative, 177

logarithmic integral, 298

lower asymptotic density, 256,
360, 482

m-adic representation, 5

mathematical induction, xii, 5

mean value, 206

Mersenne prime, 36, 107, 242

Mertens’s formula, 279

Mertens’s theorem, 276

middle binomial coefficient, 268

minimum principle, 3

multiple, 3

multiplicative character, 326

multiplicative function, 58, 217,
224, 430

multiplicatively closed, 179

Mobius function, 217

Mobius inversion, 218

nilpotent, 56, 172
norm

L2, 134

L, 137
NSE, 367, 376

odd character, 326
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odd function, 401
order, 68
group, 69
group element, 70
lexicographic, 9
partial, 10
total, 10
order modulo m, 83
order of magnitude, xii, 273
orthogonality relations, 129, 130,
327

p-adic value, 27
p-group, 121
pairing, 129
pairwise relatively prime, 13
partial fractions, 462
partial order, 10
partial quotients, 19
partial summation, 211
partition, 455
partition function, 455
perfect number, 241
plaintext, 76
pointwise product, 201
pointwise sum, 201
polynomial, 84

congruent, 90

degree, 84

derivative, 116

monic, 84

root, 85

zero, 85
power, 189
power residue, 98
powerful number, 32, 187
prime ideal, 171
prime number, 25
prime number race, 351
prime number theorem, 274, 289
primitive abundant number, 260
primitive root, 84
primitive set, 255
principal character, 151, 326
principal ideal, 171

principal ring, 171

product ideal, 175

projective space, 15
pseudoprime, 75

public key cryptosystem, 76, 78

quadratic form, 108, 404
quadratic nonresidue, 98, 101
quadratic reciprocity law, 109
quadratic residue, 98, 100
quotient, 4

quotient field, 176, 180
quotient group, 73

radical, 30, 172, 218

of a polynomial, 173

of an integer, 172
radical ideal, 172
Ramanujan-Nagell equation, 42
real character, 326
reduced set of residues, 54
reflexive relation, 9
relatively prime, 13
remainder, 4
representation function, 367
residue class, 46
Riemann hypothesis, 323, 351
Riemann zeta function, 221, 335
ring, 48
ring of formal power series, 205
ring of fractions, 180
root of unity, 11
RSA cryptosystem, 79

secret key cryptosystem, 77
Selberg’s formula, 293, 294
set of multiples, 255
Shnirel’'man density, 359
Shnirel’man’s addition theorem,
363
sieve of Eratosthenes, 34
simple continued fraction, 19
spectrum, 171
square-free integer, 32, 217
stable basis, 359
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standard factorization, 27
subgroup, 11

sum function, 206
sumset, 121, 361

support, 137, 291

tauberian theorem, 486
Taylor’s formula, 119
ternary quadratic form, 405
theta function, 453

total order, 10

totient function, 54

trace of a matrix, 144
transitive relation, 10
translation invariant, 134
translation operator, 139, 146
twin primes, 31, 287

unimodal, 206, 268, 474

unit, 48

upper asymptotic density, 256,
482

von Mangoldt function, 223, 276
generalized, 290

Waring’s problem, 355
for polynomials, 356
weight function, 375
weighted set, 375
Wieferich prime, 187
Wieferich’s theorem, 355
Wilson’s theorem, 53

zero set, 173
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