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Preface

This book is an outgrowth of a course which we have given almost pe-
riodically over the last eight years. It is addressed to beginning graduate
students of mathematics, engineering, and the physical sciences. Thus, we
have attempted to present it while presupposing a minimal background: the
reader is assumed to have some prior acquaintance with the concepts of “lin-
ear” and “continuous” and also to believe L? is complete. An undergraduate
mathematics training through Lebesgue integration is an ideal background
but we dare not assume it without turning away many of our best students.
The formal prerequisite consists of a good advanced calculus course and a
motivation to study partial differential equations.

A problem is called well-posed if for each set of data there exists exactly
one solution and this dependence of the solution on the data is continuous.
To make this precise we must indicate the space from which the solution
is obtained, the space from which the data may come, and the correspond-
ing notion of continuity. Our goal in this book is to show that various
types of problems are well-posed. These include boundary value problems
for (stationary) elliptic partial differential equations and initial-boundary
value problems for (time-dependent) equations of parabolic, hyperbolic, and
pseudo-parabolic types. Also, we consider some nonlinear elliptic boundary
value problems, variational or uni-lateral problems, and some methods of
numerical approximation of solutions.

We briefly describe the contents of the various chapters. Chapter I
presents all the elementary Hilbert space theory that is needed for the book.
The first half of Chapter I is presented in a rather brief fashion and is in-
tended both as a review for some readers and as a study guide for others.
Non-standard items to note here are the spaces C™(G), V*, and V'. The
first consists of restrictions to the closure of G of functions on R” and the
last two consist of conjugate-linear functionals.

Chapter II is an introduction to distributions and Sobolev spaces. The
latter are the Hilbert spaces in which we shall show various problems are
well-posed. We use a primitive (and non-standard) notion of distribution
which is adequate for our purposes. Our distributions are conjugate-linear
and have the pedagogical advantage of being independent of any discussion
of topological vector space theory.

Chapter III is an exposition of the theory of linear elliptic boundary
value problems in variational form. (The meaning of “variational form” is



ii

explained in Chapter VII.) We present an abstract Green’s theorem which
permits the separation of the abstract problem into a partial differential
equation on the region and a condition on the boundary. This approach has
the pedagogical advantage of making optional the discussion of regularity
theorems. (We construct an operator d which is an extension of the normal
derivative on the boundary, whereas the normal derivative makes sense only
for appropriately regular functions.)

Chapter IV is an exposition of the generation theory of linear semigroups
of contractions and its applications to solve initial-boundary value problems
for partial differential equations. Chapters V and VI provide the immediate
extensions to cover evolution equations of second order and of implicit type.
In addition to the classical heat and wave equations with standard bound-
ary conditions, the applications in these chapters include a multitude of
non-standard problems such as equations of pseudo-parabolic, Sobolev, vis-
coelasticity, degenerate or mixed type; boundary conditions of periodic or
non-local type or with time-derivatives; and certain interface or even global
constraints on solutions. We hope this variety of applications may arouse
the interests even of experts.

Chapter VII begins with some reflections on Chapter IIT and develops
into an elementary alternative treatment of certain elliptic boundary value
problems by the classical Dirichlet principle. Then we briefly discuss certain
unilateral boundary value problems, optimal control problems, and numer-
ical approximation methods. This chapter can be read immediately after
Chapter III and it serves as a natural place to begin work on nonlinear
problems.

There are a variety of ways this book can be used as a text. In a year
course for a well-prepared class, one may complete the entire book and sup-
plement it with some related topics from nonlinear functional analysis. In a
semester course for a class with varied backgrounds, one may cover Chap-
ters I, I, ITI, and VII. Similarly, with that same class one could cover in
one semester the first four chapters. In any abbreviated treatment one could
omit 1.6, IT.4, I1.5, IT1.6, the last three sections of IV, V, and VI, and VII.4.
We have included over 40 examples in the exposition and there are about
200 exercises. The exercises are placed at the ends of the chapters and each
is numbered so as to indicate the section for which it is appropriate.

Some suggestions for further study are arranged by chapter and precede
the Bibliography. If the reader develops the interest to pursue some topic in
one of these references, then this book will have served its purpose.



R. E. Showalter
Austin, Texas
January, 1977
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Chapter I

Elements of Hilbert Space

1 Linear Algebra

We begin with some notation. A function F' with domain dom(F) = A
and range Rg(F) a subset of B is denoted by F' : A — B. That a point
x € A is mapped by F to a point F(z) € B is indicated by = — F(x). If
S is a subset of A then the image of S by F is F(S) = {F(z) : z € S}.
Thus Rg(F) = F(A). The pre-image or inverse image of a set T C B is
FYT)={x € A: F(x) € T}. A function is called injective if it is one-to-
one, surjective if it is onto, and bijective if it is both injective and surjective.
Then it is called, respectively, an injection, surjection, or bijection.

K will denote the field of scalars for our vector spaces and is always one
of R (real number system) or C (complex numbers). The choice in most
situations will be clear from the context or immaterial, so we usually avoid
mention of it.

The “strong inclusion” K CC G between subsets of Euclidean space
R" means K is compact, G is open, and K C G. If A and B are sets,
their Cartesian product is given by A x B = {[a,b] : a« € A, b € B}. If
A and B are subsets of K" (or any other vector space) their set sum is
A+B={a+b:a€ A, be B}

1.1

A linear space over the field K is a non-empty set V' of vectors with a binary
operation addition +: V xV — V and a scalar multiplication - : KxV —V

1



2 CHAPTER I. ELEMENTS OF HILBERT SPACE

such that (V,+) is an Abelian group, i.e.,

(z+y)+z=z+@W+2), z,y,2 €V,
thereisazerod eV :z+0=x, eV,
ifzeV,thereis —z€V:zx+(—z) =0, and
r+y=y+w, z,yeV,

and we have

(a+pf) z=a-z+f-z,a (z+y)=a-zta-y,
a-(B-z)=(apf) -z, l-s=2, z,yeV , a,fEK.

We shall suppress the symbol for scalar multiplication since there is no need
for it.

Examples. (a) The set K" of n-tuples of scalars is a linear space over K.
Addition and scalar multiplication are defined coordinatewise:

(xlaan"'axn)+(yl,yZa"'ayn) = (x1+ylax2+y23"'axn+yn)
a1, 22, .,Tn) = (Qx1, a2, ..., axy) .

(b) The set KX of functions f : X — K is a linear space, where X is a
non-empty set, and we define (f; + f2)(z) = fi(z) + f2(z), (af)(z) = af(z),
reX.

(c) Let G C R™ be open. The above pointwise definitions of linear operations
give a linear space structure on the set C(G,K) of continuous f : G — K
We normally shorten this to C(G).

(d) For each n-tuple a = (a1, ag, . . ., ) of non-negative integers, we denote
by D% the partial derivative

ol

Iz 0xg? -+ Orpn

of order || = a1 + a2 + -+ + ay. The sets C"(G) = {f € C(G) : D*f €
C(G) for all a, |a] < m}, m > 0, and C*G = (,,>;1 C™(G) are linear
spaces with the operations defined above. We let DY be the identity, where
0 = (0,0,...,0), so C°(G) = C(G).

(e) For f € C(G), the support of f is the closure in G of the set {z €
G : f(x) # 0} and we denote it by supp(f). Co(G) is the subset of those
functions in C(G) with compact support. Similarly, we define C*(G) =
C™(G)NCy(G), m > 1 and C{°(G) = C®(G) N Cy(G).
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(f) If f: A— B and C C A, we denote f|¢ the restriction of f to C. We
obtain useful linear spaces of functions on the closure G as follows:

C™(G) ={flg: fECT®)} , C%(G)={fla:f€CF®")}.

These spaces play a central role in our work below.

1.2

A subset M of the linear space V' is a subspace of V if it is closed under the
linear operations. That is, x +y € M whenever z,y € M and az € M for
each a € K and x € M. We denote that M is a subspace of V by M < V.
It follows that M is then (and only then) a linear space with addition and
scalar multiplication inherited from V.

Examples. We have three chains of subspaces given by

C/(G) < CF(G) < K9,
CI(G) < C*G), and
{0} < C{(G) < CEG), 0<k<j<oo.

Moreover, for each k as above, we can identify ¢ € CF(G) with that ® €
C* (@) obtained by defining ® to be equal to ¢ on G and zero on dG, the
boundary of G. Likewise we can identify each ® € C*(G) with ®|¢ € CK(G).
These identifications are “compatible” and we have C§(G) < CF(G) <
Ck(@).

1.3

We let M be a subspace of V' and construct a corresponding quotient space.
Foreachz € V, definea coset t ={y e V:y—z e M} ={x+m:me M}.
The set V/M = {Z : x € V'} is the quotient set. Any y € I is a representative
of the coset & and we clearly have y € # if and only if z € ¢ if and only if
Z = . We shall define addition of cosets by adding a corresponding pair of
representatives and similarly define scalar multiplication. It is necessary to
first verify that this definition is unambiguous.

Lemma Ifzy,z9 € %, y1,y2 € 4, and a € K, then (z1 +y1) = (72 + y2)
and (azy) = (axs).
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The proof follows easily, since M is closed under addition and scalar multipli-
cation, and we can define & + § = (z + y) and ai = (ax). These operations
make V/M a linear space.

Examples. (a) Let V = R? and M = {(0,73) : 2o € R}. Then V/M is
the set of parallel translates of the zs-axis, M, and addition of two cosets is
easily obtained by adding their (unique) representatives on the x-axis.

(b) Take V = C(G). Let xy € G and M = {p € C(G) : p(zg) = 0}. Write
each ¢ € V in the form ¢(x) = (p(z) — ¢(z0)) + @(xp). This representation
can be used to show that V/M is essentially equivalent (isomorphic) to K.

(c) Let V. = C(G) and M = Cy(G). We can describe V/M as a space of
“boundary values.” To do this, begin by noting that for each K CC G there
isay € Cy(G) with ¢y =1 on K. (Cf. Section II.1.1.) Then write a given
¢ € C(G) in the form

= (o) + (1 =),

where the first term belongs to M and the second equals ¢ in a neighborhood
of 0G.

1.4

Let V and W be linear spaces over K. A function T': V' — W is linear if
T(ax + Py) =oT(z) +BT(y), aBEK, zyeV .

That is, linear functions are those which preserve the linear operations. An
isomorphism is a linear bijection. The set {x € V : Tz = 0} is called the
kernel of the (not necessarily linear) function 7': V' — W and we denote it
by K(T).

Lemma IfT:V — W is linear, then K(T) is a subspace of V, Rg(T) is
a subspace of W, and K(T) = {0} if and only if T is an injection.

Examples. (a) Let M be a subspace of V. The identity ips : M — V is a
linear injection z — x and its range is M.

(b) The quotient map qpr =V — V/M, z — Z, is a linear surjection with
kernel K (qn) = M.

(¢) Let G be the open interval (a, b) in R and consider D = d/dz: V — C(G),
where V is a subspace of C1(G). If V = C'(G), then D is a linear surjection
with K (D) consisting of constant functions on G. If V = {p € CY(G) :
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¢(a) = 0}, then D is an isomorphism. Finally, if V={peCYQ): ¢(a) =
p(b) = 0}, then Rg(D) = {p € C(GQ) : [, ¢ = 0}.

Our next result shows how each linear function can be factored into the
product of a linear injection and an appropriate quotient map.

Theorem 1.1 Let T : V. — W be linear and M be a subspace of K(T).

Then there is exactly one function T: V/M — W for which Tqu T,

and T is linear with Rg(T ) Rg(T). Finally, T is injective if and only if
M = K(T).

Proof: Ifzy,x9 € &, thenz;—x2 € M C K(T), s0o T(z1) = T'(z2). Thus we
can define a function as desired by the formula T'(z) = T'(z). The uniqueness
and linearity of T follow since qur is surjective and linear. The equality of
the ranges follows, since gy is surjective, and the last statement follows from
the observation that K(T) C M if and only if v € V and T/(2) = 0 imply
&= 0.

An immediate corollary is that each linear function T': V' — W can be
factored intoAa product of a surjection, an isomorphism, and an injection:
T = irgr) © T © qr(T)-

A function T : V — W is called conjugate linear if

T(ax + fBy) =aT(z)+T(y), «LBeEK, z,yeV .

Results similar to those above hold for such functions.

1.5

Let V and W be linear spaces over K and consider the set L(V, W) of linear
functions from V to W. The set W of all functions from V to W is a linear
space under the pointwise definitions of addition and scalar multiplication
(cf. Example 1.1(b)), and L(V, W) is a subspace.

We define V* to be the linear space of all conjugate linear functionals
from V — K. V* is called the algebraic dual of V. Note that there is
a bijection f > f of L(V,K) onto V*, where f is the functional defined
by f(z) = f(z) for z €V and is called the conjugate of the functional
f:V — K. Such spaces provide a useful means of constructing large linear
spaces containing a given class of functions. We illustrate this technique in
a simple situation.
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Example. Let G be open in R" and 9 € G. We shall imbed the space
C(QG) in the algebraic dual of Cy(G). For each f € C(G), define Ty € Cp(G)*
by

T} (i) =/Gf<,a, v € Co(G) .

Since f¢ € Cy(G), the Riemann integral is adequate here. An easy exercise
shows that the function f — Ty : C(G) — Co(G)* is a linear injection, so we
may thus identify C'(G) with a subspace of Cy(G)*. This linear injection is
not surjective; we can exhibit functionals on Cy(G) which are not identified
with functions in C(G). In particular, the Dirac functional 0, defined by

5$0(‘P)ZM7 QOECO(G) ’

cannot be obtained as T for any f € C(G). That is, Ty = d,, implies that
f(x) =0 for all x € G, x # ¢, and thus f = 0, a contradiction.

2 Convergence and Continuity

The absolute value function on R and modulus function on C are denoted
by | - |, and each gives a notion of length or distance in the corresponding
space and permits the discussion of convergence of sequences in that space
or continuity of functions on that space. We shall extend these concepts to
a general linear space.

2.1

A seminorm on the linear space V is a function p : V — R for which
plaz) = |alp(z) and p(z +y) < p(z) +p(y) for all @ € K and z,y € V. The
pair V,p is called a seminormed space.

Lemma 2.1 If V,p is a seminormed space, then
() lp(z) —py)| <plz—y), =zYeV,

(b) p(z) >0, x eV, and

(c) the kernel K(p) is a subspace of V.

(d) If T € LIW,V), thenpoT : W — R is a seminorm on W.
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(e) If pj is a seminorm on V and aj > 0, 1 < j < n, then 335 a;pj is a
seminorm on V.

Proof:  We have p(z) = p(z—y+y) < p(z—y)+p(y) so p(z)—p(y) < p(z—y).
Similarly, p(y) — p(z) < p(y — ) = p(x — y), so the result follows. Setting
y =0 in (a) and noting p(0) =0, we obtain (b). The result (c) follows
directly from the definitions, and (d) and (e) are straightforward exercises.

If p is a seminorm with the property that p(z) > 0 for each z # 0, we
call it a norm.

Examples. (a) For 1 < k < n we define seminorms on K" by pi(z) =
S Jogl, ai(z) = (S [o3?)12, and ry(z) = max{|a;] : 1 < j < k}. Fach
of py,, q, and r, is a norm.

(b) If J C X and f € KX, we define p;(f) = sup{|f(z)| : € J}. Then
for each finite J C X, py is a seminorm on KX .

(c) For each K CC G, pg is a seminorm on C(G). Also, pm =pg is a
norm on C(G).

(d) For each j, 0 < j <k, and K CC G we can define a seminorm on
C*(@) by pj.k(f) = sup{|Df(z)| : = € K, |a| < j}. Each such p;¢ is a
norm on C*(G).

2.2

Seminorms permit a discussion of convergence. We say the sequence {z,}
in V' converges to z € V if limy, o0 p(zy, — ) = 0; that is, if {p(z, — z)} is
a sequence in R converging to 0. Formally, this means that for every ¢ > 0
there is an integer N > 0 such that p(z, — z) < ¢ for all n > N. We denote
this by z, — x in V,p and suppress the mention of p when it is clear what
is meant.

Let S C V. The closure of S in V,p is the set S ={z €V : 1, — z in
V,p for some sequence {z,} in S}, and S is called closed if S =S. The
closure S of S is the smallest closed set containing S : S C S, S = S, and if
SCK =K then SCK.

Lemma Let V,p be a seminormed space and M be a subspace of V.. Then
M is a subspace of V.

Proof: Let z,y € M. Then there are sequences x,,y, € M such that
zn, = zandy, - yinV,p. But p((z+y)—(2zn+yn)) < p(e—2zn)+p(y—yn) =
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0 which shows that (z,, +y,) — = +y. Since z, +y, € M, all n, this implies
that z+y € M. Similarly, for & € K we have p(az—ax,) = |a|p(z—z,) — 0,
so ax € M.

2.3

Let V,p and W, g be seminormed spaces and T : V' — W (not necessarily
linear). Then T is called continuous at x € V if for every ¢ > 0 there is a
d > 0 for which y € V and p(z —y) < ¢ implies ¢(T'(z) — T'(y)) < e. T is
continuous if it is continuous at every z € V.

Theorem 2.2 T is continuous at x if and only if ©, — x in V,p implies
Tx, — Tx in W,q.

Proof: Let T be continuous at x and ¢ > 0. Choose § > 0 as in the defini-
tion above and then N such that n > N implies p(z,, — z) < ¢, where z,, — z
in V,pis given. Thenn > N implies ¢(T'z, — Tx) < €,s0 Tz, = Tz in W, q.

Conversely, if T' is not continuous at x, then there is an € > 0 such that for
every n > 1 there is an z,, € V with p(z, —z) < 1/n and ¢(Tx, — Tz) > €.
That is, z, — x in V,p but {T'z,,} does not converge to Tz in W, q.

We record the facts that our algebraic operations and seminorm are al-
ways continuous.

Lemma IfV,p is a seminormed space, the functions (a, ) — az : KXV —
V,(z,y) —mz+y: VXV =V, and p: V = R are all continuous.

Proof: The estimate p(az — apz,) < |a — ay|p(z) + |an|p(z — z,) implies
the continuity of scalar multiplication. Continuity of addition follows from
an estimate in the preceding Lemma, and continuity of p follows from the
Lemma, of 2.1.

Suppose p and ¢ are seminorms on the linear space V. We say p is
stronger than ¢ (or g is weaker than p) if for any sequence {z,} in V,
p(zn) — 0 implies g(z,) — 0.

Theorem 2.3 The following are equivalent:

(a) p is stronger than q,
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(b) the identity I : V,p — V,q is continuous, and

(c) there is a constant K > 0 such that

q(z) < Kp(z) , eV .

Proof: By Theorem 2.2, (a) is equivalent to having the identity I : V,p — V, ¢
continuous at 0, so (b) implies (a). If (¢) holds, then ¢(z — y) < Kp(x — y),
z,y € V, so (b) is true.

We claim now that (a) implies (c¢). If (c) is false, then for every in-
teger n > 1 there is an z, € V for which ¢(z,) > np(z,). Setting y, =
(1/q(zp))zyn, n > 1, we have obtained a sequence for which ¢(y,) =1 and
p(yn) — 0, thereby contradicting (a).

Theorem 2.4 Let V,p and W, q be seminormed spaces and T € L(V,W).
The following are equivalent:

(a) T is continuous at 0 €'V,

(b) T is continuous, and

(c) there is a constant K > 0 such that

q(T(z)) < Kp(x) , eV .

Proof: By Theorem 2.3, each of these is equivalent to requiring that the
seminorm p be stronger than the seminorm go 7 on V.

2.4

If V,p and W, q are seminormed spaces, we denote by L(V,W) the set of
continuous linear functions from V to W. This is a subspace of L(V, W)
whose elements are frequently called the bounded operators from V to W
(because of Theorem 2.4).

Let T € L(V,W) and consider

A= suplg(T(z) s €V, pa) <1},
p=inf{K >0:q(T(z)) < Kp(zx) forall ze€V}.
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If K belongs to the set defining p, then for every z € V : p(z) < 1 we
have ¢(T'(z)) < K, hence A < K. This holds for all such K, so A < p. If
xz € V with p(z) > 0, then y = (1/p(z))x satisfies p(y) =1, so ¢(T'(y)) < A.
That is ¢(T'(z)) < Ap(z) whenever p(z) > 0. But by Theorem 2.4(c) this
last inequality is trivially satisfied when p(z) = 0, so we have y < . These
remarks prove the first part of the following result; the remaining parts are
straightforward.

Theorem 2.5 Let V,p and W,q be seminormed spaces. For each T €
L(V,W) we define a real number by |T|, , = sup{q(T(z)) : z € V, p(x) < 1}.
Then we have |T|p 4, = sup{q(T(z)) : z € V, p(z) = 1} = inf{K > 0 :
q(T'(z)) < Kp(z) forallz € V} and |- |, 4 is a seminorm on L(V,W). Fur-
thermore, q(T(x)) < |T|pq-p(x), z €V, and |- |, 4 is a norm whenever q is
a norm.

Definitions. The dual of the seminormed space V,p is the linear space
V' ={f € V*: f is continuous} with the norm

[fllv: = sup{|f(z)[: 2 €V, p(z) <1} .

If V,p and W, q are seminormed spaces, then T € L(V,W) is called a con-
traction if |T|p 4, <1, and T is called an isometry if |T|,, = 1.

3 Completeness

3.1

A sequence {z,} in a seminormed space V, p is called Cauchy if limy, 500 p(2m,
— x,) = 0, that is, if for every € > 0 there is an integer N such that
p(xm — xp) < € for all m,n > N. Every convergent sequence is Cauchy.
We call V,p complete if every Cauchy sequence is convergent. A complete
normed linear space is a Banach space.

Examples. Each of the seminormed spaces of Examples 2.1(a-d) is com-
plete.

(e) Let G = (0,1) C R! and consider C(G) with the norm p(z) =
Jo Jz(t)] dt. Let 0 < ¢ < 1 and for each n with 0 < ¢ — 1/n define z,, € C(G)
by

1, c<t<1
() =4 n(t—c)+1, c—1/n<t<c
0, 0<t<c—1/n
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For m > n we have p(z,, —z,) < 1/n, so {zy,} is Cauchy. If z € C(G), then

c—1/n
pan=)z [ ol [ swldw

This shows that if {z,} converges to z then z(t) = 0 for 0 < ¢ < ¢ and
z(t) = 1 for ¢ <t < 1, a contradiction. Hence C(G), p is not complete.

3.2
We consider the problem of extending a given function to a larger domain.

Lemma Let T : D — W be given, where D is a subset of the seminormed
space V,p and W, q is a normed linear space. There is at most one continuous
T:D — W for which T|p =T.

Proof: Suppose T; and T, are continuous functions from D to W which
agree with 7" on D. Let x € D. Then there are z,, € D with =, — = in
V,p. Continuity of 17 and Ty shows Tix, — Tiz and Tox, — Thz. But
Tiz, = Toxy, for all n, so Tixz = Thz by the uniqueness of limits in the
normed space W, q.

Theorem 3.1 Let T € L(D, W), where D is a subspace of the seminormed
space V,p and W,q is a Banach space. Then there exists a unique T €
L(D,W) such that T|p =T, and |T|pq = |T|p.q-

Proof: Uniqueness follows from the preceding lemma. Let z € D. If
zn € D and x,, — z in V,p, then {z,} is Cauchy and the estimate

q(T(zm) — T(zn)) < Kp(¥m — zn)

shows {T'(z,)} is Cauchy in W,q, hence, convergent to some y € W. If
z! € D and z!, — x in V,p, then Tz, — y, so we can define T : D — W by
T(z) = y. The linearity of T on D and the continuity of addition and scalar
multiplication imply that T is linear. Finally, the continuity of seminorms
and the estimates

q(T(zn)) < |Tlp,qp(zn)

show T is continuous on |T|,, = |T|p.q-
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3.3

A completion of the seminormed space V,p is a complete seminormed space
W, q and a linear injection 7" : V' — W for which Rg(T) is dense in W and T’
preserves seminorms: ¢(7T'(z)) = p(z) for all x € V. By identifying V, p with
Rg(T), q, we may visualize V' as being dense and contained in a correspond-
ing space that is complete. The completion of a normed space is a Banach
space and linear injection as above. If two Banach spaces are completions
of a given normed space, then we can use Theorem 3.1 to construct a lin-
ear norm-preserving bijection between them, so the completion of a normed
space is essentially unique.

We first construct a completion of a given seminormed space V,p. Let
W be the set of all Cauchy sequences in V,p. From the estimate |p(z,) —
p(zm)| < p(z, — xy) it follows that p({z,}) = lim, o p(z,) defines a
function p : W — R and it easily follows that p is a seminorm on W. For
each z € V, let Tz = {x,z,z,...}, the indicated constant sequence. Then
T :V,p — W,pis a linear seminorm-preserving injection. If {z,} € W,
then for any € > 0 there is an integer N such that p(z, — zn) < /2 for
n > N, and we have p({z,} — T(zn)) < /2 < e. Thus, Rg(T) is dense in
W. Finally, we verify that W, p is complete. Let {Z, } be a Cauchy sequence
in W, p and for each n > 1 pick z, € V with p(Z, — T'(z,)) < 1/n. Define
zo = {x1,x9,x9,...}. From the estimate

p(zm — xp) = p(Txp, — Txy) < 1/m+ p(Zy, — ZTn) + 1/n

it follows that o € W, and from

i1l

(T, — Z0) < p(Tp — Txp) +p(Txy, — 7o) < 1/n+ nlgnwp(zn — )
we deduce that z, — z¢ in W, p. Thus, we have proved the following.

Theorem 3.2 Fuvery seminormed space has a completion.

3.4

In order to obtain from a normed space a corresponding normed completion,
we shall identify those elements of W which have the same limit by factoring
W by the kernel of p. Before describing this quotient space, we consider
quotients in a seminormed space.
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Theorem 3.3 Let V,p be a seminormed space, M a subspace of V and
define

p(z) = inf{p(y) : y € &}, zeV/M .

(a) V/M,p is a seminormed space and the quotient map q : V — V/M has
(p, p)-seminorm = 1.

(b) If D is dense in V, then D = {i : x € D} is dense in V/M.
(c) p is a norm if and only if M is closed.

(d) If V,p is complete, then V/M,p is complete.

Proof: We leave (a) and (b) as exercises. Part (c) follows from the obser-
vation that p(#) = 0 if and only if z € M.

To prove (d), we recall that a Cauchy sequence converges if it has a
convergent subsequence so we need only consider a sequence {Z,} in V/M
for which p(Zy41 — &) < 1/2", n > 1. For each n > 1 we pick y,, € Z,, with
P(Yn+1 — yn) < 1/2". For m > n we obtain

m—1-n >

P(Ym — yn) < Z P(Yn+1+k — Yntk) < Z g~ (ntk) = gl=n .
k=0 k=0

Thus {y,} is Cauchy in V,p and part (a) shows Z,, — & in V/M, where z is
the limit of {y,} in V,p.

Given V,p and the completion W,p constructed for Theorem 3.2, we
consider the quotient space W/K and its corresponding seminorm p, where
K is the kernel of p. The continuity of p : W — R implies that K is closed,
so p is a norm on W/K. W,p is complete, so W/K, p is a Banach space.
The quotient map ¢ : W — W/K satisfies p(q(z)) = p(z) = p(y) for all
y € q(x), so q preserves the seminorms. Since Rg(T') is dense in W it follows
that the linear map go T : V' — W/K has a dense range in W/K. We have
p((qoT)z) = p(Tz) = p(z) for z € V, hence K(qoT) < K(p). If p is a norm
this shows that ¢ o T' is injective and proves the following.

Theorem 3.4 Fvery normed space has a completion.
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3.5
We briefly consider the vector space L(V, W).

Theorem 3.5 If V,p is a seminormed space and W,q is a Banach space,
then L(V,W) is a Banach space. In particular, the dual V' of a seminormed
space is complete.

Proof: Let {T,} be a Cauchy sequence in L(V,W). For each x € V, the
estimate
q(Tnz — Thz) < |Tin — Thlp(z)

shows that {7z} is Cauchy, hence convergent to a unique 7'(z) € W. This
defines T': V — W and the continuity of addition and scalar multiplication
in W will imply that T' € L(V,W). We have

q(To(2)) < [Tolp(z) ,  zeV,

and {|T},|} is Cauchy, hence, bounded in R, so the continuity of ¢ shows that
T € L(V,W) with |T| < K = sup{|T},| : n > 1}.

To show T, — T in L(V,W), let ¢ > 0 and choose N so large that
m,n > N implies |T,,, — T,,| < ¢. Hence, for m,n > N, we have

Q(Tm(x) - Tn(x)) < Ep(J?) ) reV.
Letting m — oo shows that for n > N we have
q(T(z) = To(z)) <ep(z) , z€V,

so [T —T,| <e.

4 Hilbert Space

4.1

A scalar product on the vector space V' is a function V' x V' — K whose value
at x,y is denoted by (x,y) and which satisfies (a) z — (z,y) : V — K is
linear for every y € V, (b) (z,y) = (y,z), z,v € V, and (c) (z,z) > 0 for
each z # 0. From (a) and (b) it follows that for each x € V, the function
y — (x,y) is conjugate-linear, i.e., (z,ay) = a(z,y). The pair V,(-,-) is
called a scalar product space.
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Theorem 4.1 IfV,(-,) is a scalar product space, then

(a‘) |($,y)|2§($,$)(y,y) ) r,yeVv,
(b) ||z|| = (z,z)"/? defines a norm || -|| on V for which
lz +yl” + llz —yI? =2(lel® +lyI*) . zyeV, and

(c) the scalar product is continuous from V x V to K.

Proof: Part (a) follows from the computation

0 < (az + By, az + By) = B(B(y,y) — |af?)

for the scalars « = —(z,y) and 8 = (z,x). To prove (b), we use (a) to verify
2
Iz +ylI” < ll=[* + 2[(z, ) + lyl* < (=]l + ly])” -

The remaining norm axioms are easy and the indicated identity is easily
verified. Part (c) follows from the estimate

[(2,y) = (@n, yn)| < Nzl ly = ynll + [lynll 12 = zn

applied to a pair of sequences, z, — z and y, — y in V | - ||.

A Hilbert space is a scalar product space for which the corresponding
normed space is complete.

Examples. (a) Let V = K with vectors z = (71,%2,...,zy) and define
(z,y) = E;VZI z;y;. Then V,(-,-) is a Hilbert space (with the norm |z| =
(E;-V:l |2;12)'/?) which we refer to as Euclidean space.

(b) We define C(G) a scalar product by

(p,9) = /Gsm,l?

where G is open in R” and the Riemann integral is used. This scalar product
space is not complete.

(c) On the space L?(G) of (equivalence classes of) Lebesgue square-
summable K-valued functions we define the scalar product as in (b) but
with the Lebesgue integral. This gives a Hilbert space in which Cy(G) is a
dense subspace.
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Suppose V, (+,+) is a scalar product space and let B,| - || denote the
completion of V || - ||. For each y € V, the function z — (z,y) is linear,
hence has a unique extension to B, thereby extending the definition of (z,y)
to B x V. It is easy to verify that for each = € B, the function y — (z,y) is
in V' and we can similarly extend it to define (z,y) on B x B. By checking
that (the extended) function (-,-) is a scalar product on B, we have proved
the following result.

Theorem 4.2 FEvery scalar product space has a (unique) completion which
is a Hilbert space and whose scalar product is the extension by continuity of
the given scalar product.

Example. L%(G) is the completion of Cy(G) with the scalar product given
above.

4.2

The scalar product gives us a notion of angles between vectors. (In partic-
ular, recall the formula (z,y) = ||z|| ||ly|| cos(f) in Example (a) above.) We
call the vectors z,y orthogonal if (z,y) = 0. For a given subset M of the
scalar product space V, we define the orthogonal complement of M to be
the set

M+ ={zeV:(z,y) =0 forall ye M} .

Lemma MY is a closed subspace of V and M N M+ = {0}.

Proof: For each y € M, the set {x € V : (z,y) = 0} is a closed subspace
and so then is the intersection of all these for y € M. The only vector
orthogonal to itself is the zero vector, so the second statement follows.

A set K in the vector space V is convex if for z,y € K and 0 < a < 1,
we have ax + (1 —a)y € K. That is, if a pair of vectors is in K, then so also
is the line segment joining them.

Theorem 4.3 A non-empty closed convex subset K of the Hilbert space H
has an element of minimal norm.

Proof: Setting d = inf{||z|| : © € K}, we can find a sequence z,, € K
for which ||z,|| — d. Since K is convex we have (1/2)(z, + z,,) € K for
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m,n > 1, hence ||z, + z||*> > 4d?. From Theorem 4.1(b) we obtain the
estimate ||z, — zm||? < 2(||znl|? + ||zm||?) — 4d?. The right side of this
inequality converges to 0, so {z,} is Cauchy, hence, convergent to some
x € H. K is closed, so z € K, and the continuity of the norm shows that
Joll = limy, 2] = d.

We note that the element with minimal norm is unique, for if y € K with
llyll = d, then (1/2)(z + y) € K and Theorem 4.1(b) give us, respectively,
4d? < ||z + y||? = 4d? — ||z — y||*>. That is, ||z — y|| = 0.

Theorem 4.4 Let M be a closed subspace of the Hilbert space H. Then for
every © € H we have x = m +n, where m € M and n € M+ are uniquely
determined by x.

Proof: The uniqueness follows easily, since if z = mq + nq with m; € M,
ny € M+, then my —m =n—n; € MNM* = {#}. To establish the
existence of such a pair, define K = {x +y : y € M} and use Theorem 4.3
to find n € K with |[n[| = inf{|lz + y|| : y € M}. Thenset m =z —mn. It
is clear that m € M and we need only to verify that n € M+. Let y € M.
For each a € K, we have n — ay € K, hence ||n — ay||?> > ||n||?. Setting
a = B(n,y), B >0, gives us |(n,y)|*(B]lyl|*> — 2) > 0, and this can hold for
all 8> 0 only if (n,y) = 0.

4.3

From Theorem 4.4 it follows that for each closed subspace M of a Hilbert
space H we can define a function Py; : H - M by Py : x = m+n +— m,
where m € M and n € M as above. The linearity of Py is immediate and
the computation

1Py < |Pagal® + [Inll* = [Py + ) = [|=]®

shows Py € L(H, H) with ||Pys|| < 1. Also, Pyyz = x exactly when z € M,
so Py; o Pyy = Pyy. The operator Py is called the projection on M.

If P € L(B, B) satisfies P o P = P, then P is called a projection on the
Banach space B. The result of Theorem 4.4 is a guarantee of a rich supply
of projections in a Hilbert space.
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4.4

We recall that the (continuous) dual of a seminormed space is a Banach
space. We shall show there is a natural correspondence between a Hilbert
space H and its dual H'. Consider for each fixed z € H the function f,
defined by the scalar product: f,(y) = (z,y), y € H. Tt is easy to check
that f, € H and || f;||p» = ||z||. Furthermore, the map z + f, : H — H' is
linear:

fw+z:fw+fza :L‘,ZEH,
foz = afs , a€K,z€eH.

Finally, the function z — f, : H — H' is a norm preserving and linear
injection. The above also holds in any scalar product space, but for Hilbert
spaces this function is also surjective. This follows from the next result.

Theorem 4.5 Let H be a Hilbert space and f € H'. Then there is an
element © € H (and only one) for which

fly) = (z,9) , yeH.

Proof: We need only verify the existence of x € H. If f = 0 we take x = 0,
so assume f # 0 in H'. Then the kernel of f, K ={z € H : f(z) =0} is a
closed subspace of H with K+ # {6}. Let n € K* be chosen with ||n| = 1.
For each z € K it follows that f(n)z — f(z)n € KN K = {A}, 50 z is a
scalar multiple of n. (That is, K is one-dimensional.) Thus, each y € H is
of the form y = Pk (y) + An where (y,n) = A(n,n) = X\. But we also have

f(y) = Af(n), since Pk (y) € K, and thus f(y) = (f(n)n,y) for ally € H.

The function z — f, from H to H' will occur frequently in our later
discussions and it is called the Riesz map and is denoted by Ry. Note that
it depends on the scalar product as well as the space. In particular, Ry is
an isometry of H onto H' defined by

Ry (z)(y) = (z,9)m , z,y € H .
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5 Dual Operators; Identifications

5.1

Suppose V and W are linear spaces and T' € L(V,W). Then we define the
dual operator T' € L(W*,V*) by

T'(f)=foT, feW",

Theorem 5.1 If V is a linear space, W, q is a seminorm space, and T €
L(V,W) has dense range, then T' is injective on W'. If V.p and W, q are
seminorm spaces and T € L(V,W), then the restriction of the dual T' to W'
belongs to LIW', V') and it satisfies

Tl zowr vy < T lpyg -

Proof: The first part follows from Section 3.2. The second is obtained from
the estimate

T f ()] < 1 fllw|T

pg P(T) few zeV.

We give two basic examples. Let V' be a subspace of the seminorm space
W,q and let i : V. — W be the identity. Then i'(f) = f o is the restriction
of f to the subspace V; 7’ is injective on W' if (and only if) V is dense in
W. In such cases we may actually identify ' (W') with W’  and we denote
this identification by W' < V*.

Consider the quotient map ¢ : W — W/V where V and W, q are given
as above. It is clear that if g € (W/V)* and f = ¢/(g9), i.e., f = goq, then
feWwW*andV < K(f). Conversely, if f € W* and V < K(f), then Theorem
1.1 shows there is a g € (W/V)* for which ¢'(g) = f. These remarks show
that Rg(¢') = {f €e W* : V < K(f)}. Finally, we note by Theorem 3.3 that
lqlq.q = 1, so it follows that g € (W, V)" if and only if ¢'(g) € W.

5.2

Let V and W be Hilbert spaces and T' € L(V, W). We define the adjoint of
T as follows: if u € W, then the functional v — (u,Tv)y belongs to V', so
Theorem 4.5 shows that there is a unique T*u € V such that

(T*u,v)y = (u, Tv)w , ueW , ,veV.
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Theorem 5.2 If V and W are Hilbert spaces and T € L(V,W), then T* €
LW, V), Rg(T)*+ = K(T*) and Rg(T*)*+ = K(T). If T is an isomorphism
with T~ € L(W, V), then T* is an isomorphism and (T*)"' = (T1)*.

We leave the proof as an exercise and proceed to show that dual opera-
tors are essentially equivalent to the corresponding adjoint. Let V and W be
Hilbert spaces and denote by Ry and Ry the corresponding Riesz maps (Sec-
tion 4.4) onto their respective dual spaces. Let T' € L(V, W) and consider its
dual T" € L(W', V') and its adjoint T* € L(W,V). Foru € W and v € V we
have Ry oT*(u)(v) = (T*u,v)y = (u,Tv)w = Rw (u)(Tv) = (T"o Rwu)(v).
This shows that Ry oT* = T" o Ry, so the Riesz maps permit us to study ei-
ther the dual or the adjoint and deduce information on both. As an example
of this we have the following.

Corollary 5.3 If V and W are Hilbert spaces, and T € L(V,W), then
Rg(T) is dense in W if and only if T is injective, and T is injective if and
only if Rg(T") is dense in V'. If T is an isomorphism with T~' € L(W,V),
then T € LIW', V") is an isomorphism with continuous inverse.

5.3

It is extremely useful to make certain identifications between various lin-
ear spaces and we shall discuss a number of examples which will appear
frequently in the following.

First, consider the linear space Cy(G) and the Hilbert space L?(G). Ele-
ments of Cy(G) are functions while elements of L?(G) are equivalence classes
of functions. Since each f € Cy(G) is square-summable on G, it belongs to
exactly one such equivalence class, say i(f) € L?(G). This defines a lin-
ear injection i : Cy(G) — L?(G) whose range is dense in L?(G). The dual
i' : L?(G) — Cy(G)* is then a linear injection which is just restriction to
Co(G).

The Riesz map R of L?(G) (with the usual scalar product) onto L?(G)’
is defined as in Section 4.4. Finally, we have a linear injection T : Cy(G) —
Co(G)* given in Section 1.5 by

(Tf)() = /G f@)@@)ds, o€ Co(G) .
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Both R and T are possible identifications of (equivalence classes of) functions
with conjugate-linear functionals. Moreover we have the important identity

T=ioRoi.

This shows that all four injections may be used simultaneously to identify
the various pairs as subspaces. That is, we identify

Co(G) < L*(G) = L*(G)' < Co(G)”

and thereby reduce each of 4, R, and T to the identity function from a
subspace to the whole space. Moreover, once we identify Co(G) < L%(G),
L*(G)" < Co(G)*, and Co(G) < Co(G)*, by means of i,4’, and T, respec-
tively, then it follows that the identification of L?(G) with L?(G)" through
the Riesz map R is possible (i.e., compatible with the three preceding) only
if the R corresponds to the standard scalar product on L?(G). For example,
suppose R is defined through the (equivalent) scalar-product

(BN0) = [ a@f@y@dz . fgelG).

where a(-) € L*(G) and a(z) > ¢ > 0, z € G. Then, with the three
identifications above, R corresponds to multiplication by the function a(-).
Other examples will be given later.

5.4

We shall find the concept of a sesquilinear form is as important to us as that
of a linear operator. The theory of sesquilinear forms is analogous to that
of linear operators and we discuss it briefly.

Let V be a linear space over the field K. A sesquilinear form on V is a K-
valued function a(-,-) on the product V' x V such that z — a(z,y) is linear
for every y € V and y — a(z,y) is conjugate linear for every x € V. Thus,
each sesquilinear form a(-,-) on V corresponds to a unique A € L(V,V*)
given by

a(z,y) = Az(y) , z,yeV. (5.1)

Conversely, if A € L£(V, V™) is given, then Equation (5.1) defines a sesquilin-
ear form on V.
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Theorem 5.4 Let V,p be a normed linear space and a(-,-) a sesquilinear
form on V. The following are equivalent:

(a) a(-,-) is continuous at (0,0),
(b) a(-,-) is continuous on V x V,

(c) there is a constant K > 0 such that
la(z,y)| < Kp(z)ply) ,  =y€V, (5.2)

(d) Ae L(v,vV').

Proof: Tt is clear that (c) and (d) are equivalent, (c) implies (b), and (b)
implies (a). We shall show that (a) implies (¢). The continuity of a(-,-) at
(0,0) implies that there is a § > 0 such that p(z) < ¢ and p(y) < § imply
la(z,y)| < 1. Thus, if z # 0 and y # 0 we obtain Equation (5.2) with
K =1/6.

When we consider real spaces (i.e., K = R) there is no distinction between
linear and conjugate-linear functions. Then a sesquilinear form is linear in
both variables and we call it bilinear.

6 Uniform Boundedness; Weak Compactness

A sequence {z,} in the Hilbert space H is called weakly convergent to z € H
if lim, o0 (zpn,v)g = (z,v)g for every v € H. The weak limit x is clearly
unique. Similarly, {z,} is weakly bounded if |(x,,v)m| is bounded for every
veH.

Our first result is a simple form of the principle of uniform boundedness.

Theorem 6.1 A sequence {z,} is weakly bounded if and only if it is bounded.

Proof: Let {x,} be weakly bounded. We first show that on some sphere,
s(z,r) ={y € H : |ly—=z| < r}, {z,} is uniformly bounded: thereisa K >0
with [(zy,y)r| < K for all y € s(z,r). Suppose not. Then there is an integer
ny and y1 € s(0,1): |(zp,,y1)m| > 1. Since y — (x,,,y)m is continuous,
there is an r; < 1 such that |(zn,,y)m| > 1 for y € s(y1,r1). Similarly,
there is an integer ny > ny and s(y2,m2) C s(y1,71) such that ry < 1/2
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and |(zn,,y)u| > 2 for y € s(y2,72). We inductively define s(y;,r;) C
8(yj—1,mj-1) with r; < 1/j and |(wn;,y)u| > j for y € s(y;,r;). Since
|lYm — ynll < 1/m if m > n and H is complete, {y,} converges to some
y € H. But then y € s(yj,7;), hence |(z,,,y)g| > j for all j > 1, a
contradiction.

Thus {z,,} is uniformly bounded on some sphere s(y, ) : |(zn, y+72)g| <
K for all z with ||z|| < 1. If ||z]| < 1, then

|((I,'n,Z)H| = (1/7")|xn,y+rz)H - (xnay)H| < 2K/Ir )
s0 ||zn|| < 2K/r for all n.

We next show that bounded sequences have weakly convergent subse-
quences.

Lemma If {z,} is bounded in H and D is a dense subset of H, then
limy, o0 (zn,v)g = (x,v)mg for all v € D (if and) only if {z,} converges
weakly to x.

Proof: Let e >0 and v € H. There is a z € D with |[[v — z|]| < € and we
obtain

[(@n =2, 0)u| < (&0, 0 = 2)u| + (2,20 — 2)u| + (2,0 = 2) |
< ellznll + [(z, 20 — #)u| +ll] -

Hence, for all n sufficiently large (depending on z), we have |(z, — z,v)g| <
2e sup{||z|| : m > 1}. Since € > 0 is arbitrary, the result follows.

Theorem 6.2 Let the Hilbert space H have a countable dense subset D =
{yn}. If {zn} is a bounded sequence in H, then it has a weakly convergent
subsequence.

Proof: Since {(zy,y1)m} is bounded in K, there is a subsequence {z;,}
of {zy} such that {(z1,,y1)m} converges. Similarly, for each j > 2 there
is a subsequence {z;,} of {z;_1,} such that {(z;n,yr)r} converges in K
for 1 < k < j. It follows that {z,,} is a subsequence of {z,} for which
{(@nn,yk)u} converges for every k > 1.

From the preceding remarks, it suffices to show that if {(zy,y)m} con-
verges in K for every y € D, then {x;} has a weak limit. So, we define
fly) = limpsoo(@n,y)m, y € (D), where (D) is the subspace of all linear
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combinations of elements of D. Clearly f is linear; f is continuous, since
{z,,} is bounded, and has by Theorem 3.1 a unique extension f € H'. But
then there is by Theorem 4.5 an x € H such that f(y) = (z,y)y, y € H.
The Lemma above shows that z is the weak limit of {x,}.

Any seminormed space which has a countable and dense subset is called
separable. Theorem 6.2 states that any bounded set in a separable Hilbert
space is relatively sequentially weakly compact. This result holds in any
reflexive Banach space, but all the function spaces which we shall consider
are separable Hilbert spaces, so Theorem 6.2 will suffice for our needs.

7 Expansion in Eigenfunctions

7.1

We consider the Fourier series of a vector in the scalar product space H with
respect to a given set of orthogonal vectors. The sequence {v;} of vectors in
H is called orthogonal if (v;,v;)g = 0 for each pair 4,j with i # j. Let {v;}
be such a sequence of non-zero vectors and let u € H. For each j we define
the Fourier coefficient of u with respect to v; by ¢; = (u,v;)u/(vj,vj)u. For
each n > 1 it follows that Z?Zl c;v; is the projection of u on the subspace
M, spanned by {vi,v9,...,v,}. This follows from Theorem 4.4 by noting
that u— E?Zl c;jv;j is orthogonal to each v;, 1 < j < n, hence belongs to M.
We call the sequence of vectors orthonormal if they are orthogonal and if
(vj,vj)g =1 for each j > 1.

Theorem 7.1 Let {v;} be an orthonormal sequence in the scalar product
space H and let w € H. The Fourier coefficients of u are given by c; =
(u,vj)m and satisfy

o
> leil” < lull® - (7.1)
j=1

Also we have u = 3232 cjv; if and only if equality holds in (7.1).

Proof: Let u, = 2?21 cjvj, n > 1. Then u — u, L u, so we obtain
lull® = llu = wnl® + Junl®,  n>1. (7.2)

But [|lun[|* = 37, |¢;|? follows since the set {v;,...,v,} is orthonormal, so
we obtain 37, |¢;? < [lul|? for all n, hence (7.1) holds. Tt follows from (7.2)

that lim,,_,~ |[|u — up|| — 0 if and only if equality holds in (7.1).
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The inequality (7.1) is Bessel’s inequality and the corresponding equality
is called Parseval’s equation. The series 372 cjv; above is the Fourier series
of u with respect to the orthonormal sequence {v;}.

Theorem 7.2 Let {v;} be an orthonormal sequence in the scalar product
space H. Then every element of H equals the sum of its Fourier series if
and only if {v;} is a basis for H, that is, its linear span is dense in H.

Proof: Suppose {v;} is a basis and let u € H be given. For any € > 0, there
is an n > 1 for which the linear span M of the set {v1, v, ...,v,} contains an
element which approximates u within e. That is, inf{|lu —w| : w € M} <e.
If u, is given as in the proof of Theorem 7.1, then we have v — u, € M*.
Hence, for any w € M we have

lu = wnll* = (u = tn, u — w)gr < |lu—un|| Ju—w||
since u, —w € M. Taking the infimum over all w € M then gives
llu — up|| < inf{|lu —w| :we M} <e. (7.3)

Thus, lim,, _,~ 4, = u. The converse is clear.

7.2

Let T € L(H). A non-zero vector v € H is called an eigenvector of T if
T(v) = Av for some A € K. The number X is the eigenvalue of T corre-
sponding to v. We shall show that certain operators possess a rich supply
of eigenvectors. These eigenvectors form an orthonormal sequence to which
we can apply the preceding Fourier series expansion techniques.

An operator T' € L(H) is called self-adjoint if (Tu,v)yg = (u,Tv)y for
all u,v € H. A self-adjoint T is called non-negative if (Tu,u)y > 0 for all
u € H.

Lemma 7.3 If T € L(H) is non-negative self-adjoint, then ||Tu| <
IT||"/2(Tu,u)})?, u € H.

Proof: The sesquilinear form [u,v] = (T'u,v) g satisfies the first two scalar-
product axioms and this is sufficient to obtain

|[u,v]|2 < [w, u][v,v] , u,v € H . (7.4)
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(If either factor on the right side is strictly positive, this follows from the
proof of Theorem 4.1. Otherwise, 0 < [u + tv, u + tv] = 2t[u, v] for all t € R,
hence, both sides of (7.4) are zero.) The desired result follows by setting
v="T(u)in (7.4).

The operators we shall consider are the compact operators. If V. W are
seminormed spaces, then T' € L(V, W) is called compact if for any bounded
sequence {u,} in V' its image {Tu, } has a subsequence which converges in
W. The essential fact we need is the following.

Lemma 7.4 If T € L(H) is self-adjoint and compact, then there exists a
vector v with ||v|| =1 and T'(v) = pv, where |p| = |T|| £y > 0.

Proof: If A is defined to be || Tz, it follows from Theorem 2.5 that
there is a sequence u, in H with ||u,| = 1 and lim,_, || Tu,|| = A. Then
(A2 = THup, up) g = A2 — ||Tuy||? converges to zero. The operator A\? — T
is non-negative self-adjoint so Lemma 7.3 implies {(A\* —T?)u,} converges to
zero. Since T' is compact we may replace {u,, } by an appropriate subsequence
for which {Tu,} converges to some vector w € H. Since T is continuous
there follows limy, o0 (A21y,) = limy, 00 T?uy, = Tw, $0 w = limy, o0 T, =
A72T2(w). Note that |jw|| = A and T?(w) = A2w. Thus, either (A +T)w # 0
and we can choose v = (A +T)w/||(A + T)w||, or (A 4+ T)w = 0, and we can
then choose v = w/||w||. Either way, the desired result follows.

Theorem 7.5 Let H be a scalar product space and let T € L(H) be self-
adjoint and compact. Then there is an orthonormal sequence {v;j} of eigen-
vectors of T' for which the corresponding sequence of eigenvalues {\;} con-
verges to zero and the eigenvectors are a basis for Rg(T).

Proof: By Lemma 7.4 it follows that there is a vector vy with ||v1|| = 1 and
T(Ul) = )\11)1 with |>\1| = “THE(H) Set H1 = {’Ul}L and note T{Hl} C Hl.
Thus, the restriction T'| 7, is self-adjoint and compact so Lemma 7.4 implies
the existence of an eigenvector vy of T' of unit length in H; with eigenvalue
A2 satisfying [Ao| = ||T'|| () < |A1]- Set Hy = {v1,v9}* and continue this
procedure to obtain an orthonormal sequence {v;} in H and sequence {\;}
in R such that T'(v;) = Ajv; and |Aj4q] < |Aj] for j > 1.

Suppose the sequence {)\;} is eventually zero; let n be the first integer
for which A, = 0. Then H,_; C K(T), since T'(vj) = 0 for j > n. Also we
see v; € Rg(T) for j < n, so Rg(T)* C {v1,v2,...,vp_1}" = H,_1 and from
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Theorem 5.2 follows K (T) = Rg(T)* C H,_;. Therefore K(T) = H,_; and
Rg(T') equals the linear span of {vy,ve,...,vp_1}.

Consider hereafter the case where each \; is different from zero. We
claim that lim; ,,(\j) = 0. Otherwise, since |);| is decreasing we would
have all |\;| > € for some € > 0. But then

1T (vs) = T () I* = IIXivi = Xjosll* = [INivill* + [IAz05]1* > 2¢

for all 4 # 7, so {T'(v;)} has no convergent subsequence, a contradiction. We
shall show {v;} is a basis for Rg(T"). Let w € Rg(T') and }_ bjv; the Fourier
series of w. Then there is a v € H with T'(u) = w and we let }_ ¢jv; be the
Fourier series of u. The coefficients are related by

bj = (w,vj)g = (Tu,vj) g = (u,Tvj)g = Njc;j ,

so there follows T'(cjv;) = bjvj, hence,

n n
w—ijvj:T(u—chvj) , n>1. (7.5)
7=1 7=1

Since T is bounded by |A;11| on Hy, and since [[u — 377, cjv;]| < [lu| by
(7.2), we obtain from (7.5) the estimate

w = bju;

=1

<Pagal-ull,  m>1. (7.6)

. . _ oo g .
Since lim; 00 Aj = 0, we have w = 3772 bjv; as desired.

Exercises

1.1. Explain what “compatible” means in the Examples of Section 1.2.
1.2. Prove the Lemmas of Sections 1.3 and 1.4.

1.3. In Example (1.3.b), show V/M is isomorphic to K.

14. Let V. = C(G) and M = {p € C(G) : plag = 0}. Show V/M is
isomorphic to {¢|se : ¢ € C(G)}, the space of “boundary values” of
functions in V.
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1.5.

1.6.

1.7.

1.8.

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

3.1.

3.2.

3.3.
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In Example (1.3.c), show ¢1 = (o if and only if ¢ equals 2 on a
neighborhood of OG. Find a space of functions isomorphic to V/M.

In Example (1.4.c), find K(D) and Rg(D) when V = {p € C(QG) :
p(a) = p(b)}.

Verify the last sentence in the Example of Section 1.5.

Let M, <V for each a € A; show N{M, :a€ A} <V.

Prove parts (d) and (e) of Lemma 2.1.

If V1, p1 and V;, po are seminormed spaces, show p(z) = p1(z1) + p2(z2)
is a seminorm on the product V; x V5.

Let V,p be a seminormed space. Show limits are unique if and only if
p is a norm.

Verify all Examples in Section 2.1.
Show NpeaSa = NuecaSa. Verify S = smallest closed set containing S.

Show T": V,p — W, q is continuous if and only if S closed in W, q implies
T(S) closed in V,p. If T € L(V,W), then T continuous if and only if
K(T) is closed.

The composition of continuous functions is continuous; T' € L(V, W),
SeLU,V)=ToS e LU W)and |ToS|<|T|S|.

Finish proof of Theorem 2.5.

Show V' is isomorphic to £(V,K); they are equal only if K = R.

Show that a closed subspace of a seminormed space is complete.
Show that a complete subspace of a normed space is closed.

Show that a Cauchy sequence is convergent if and only if it has a con-
vergent subsequence.
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3.4.

3.5.

3.6.

4.1.

4.2.

4.3.

4.4.

5.1
5.2
5.3.
5.4.

7.1.

7.2.
7.3.

Let V,p be a seminormed space and W,q a Banach space. Let the
sequence T, € L(V, W) be given uniformly bounded: |T,|,, < K for all
n > 1. Suppose that D is a dense subset of V' and {7},(z)} converges in
W for each x € D. Then show {T},(z)} converges in W for each z € V'
and T(z) = lim T, (z) defines T' € L(V,W). Show that completeness
of W is necessary above.

Let V,p and W, q be as given above. Show L(V,W) is isomorphic to
L(V/Ker(p), W).

Prove the remark in Section 3.3 on uniqueness of a completion.

Show that the norms ps and 79 of Section 2.1 are not obtained from
scalar products.

Let M be a subspace of the scalar product space V(-,-). Then the
following are equivalent: M is dense in V, M+ = {6}, and ||f||y» =
sup{|(f,v)v|:v € M} for every f € V'

Show limz,, = zinV, (-,-) ifand only if lim ||z, | = ||z|| and lim f(z,) =
f(z) for all f eV’

If V is a scalar product space, show V' is a Hilbert space. Show that
the Riesz map of V into V' is surjective only if V' is complete.

Prove Theorem 5.2.
Prove Corollary 5.3.
Verify T'=4' o R o4 in Section 5.3.

In the situation of Theorem 5.2, prove the following are equivalent:
Rg(T) is closed, Rg(T™) is closed, Rg(T) = K(T*)*, and Rg(T*) =
K(T)*.

Let G = (0,1) and H = L?(G). Show that the sequence v,(z) =
2sin(nmz), n > 1 is orthonormal in H.
In Theorem 7.1, show that {u,} is a Cauchy sequence.

Show that the eigenvalues of a non-negative self-adjoint operator are all
non-negative.
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7.4. In the situation of Theorem 7.5, show K (T') is the orthogonal comple-
ment of the linear span of {v1,vo,vs,...}.



Chapter 11

Distributions and Sobolev
Spaces

1 Distributions

1.1

We shall begin with some elementary results concerning the approximation
of functions by very smooth functions. For each € > 0, let . € C§°(R") be
given with the properties

P20, supplp) Clo e sfal<e} L [p=1.

Such functions are called mollifiers and can be constructed, for example, by
taking an appropriate multiple of

be(z) = {exp(|$|2 _52)71 ) |(L‘| <e,

0, |z| > €.

Let f € L'(G), where G is open in R”, and suppose that the support of f
satisfies supp(f) CC G. Then the distance from supp(f) to G is a positive
number J. We extend f as zero on the complement of G and denote the
extension in L'(R") also by f. Define for each € > 0 the mollified function

L@ =] fe-vewdy, aer (1.1)

Lemma 1.1 For each € > 0, supp(f:) C supp(f) + {y : |ly| < &} and
fe € C®°(R").

31
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Proof: The second result follows from Leibnitz’ rule and the representation

fe(z) = /f(s)gog(x—s)ds.

The first follows from the observation that f.(z) # 0 only if z € supp(f)+
{y : ly| < e}. Since supp(f) is closed and {y : |y| < e} is compact, it follows
that the indicated set sum is closed and, hence, contains supp(f.).

Lemma 1.2 If f € Cy(Q), then f- — f uniformly on G. If f € LP(QG),
1 <p < oo, then || fellLray < I fllzr(q) and fo — f in LP(G).

Proof: The first result follows from the estimate

1:0) = $@)| < [ 1fa =) = f@lew) dy
< sup{| (@ —y) = f(&)| sz € supp(1) , |yl < &)

and the uniform continuity of f on its support. For the case p = 1 we obtain

£l < [ [ 15 = plecw)dyda = [o.- [ 11

by Fubini’s theorem, since [|f(z — y)|dx = [|f]| for each y € R" and this
gives the desired estimate. If p = 2 we have for each ¢ € Cy(Q)

| [ f@w@da| < [ [ 11 - pe@ldo o) dy

< /||f||L2(G)||1/)HL2(G)905(?J) dy = ||f||L2(G)||1/)HL2(G)

by computations similar to the above, and the result follows since Cy(G)
is dense in L?(G). (We shall not use the result for p # 1 or 2, but the
corresponding result is proved as above but using the Holder inequality in
place of Cauchy-Schwarz.)

Finally we verify the claim of convergence in LP(G). If n > 0 we have a
g € Cyp(G) with ||f — gllzr < n/3. The above shows ||f: — g:|lr» < n/3 and
we obtain

1fe = fller < Ife = gellee +119e — gllee +1lg — fllze
< 2/3+ llge —gliLv -
For e sufficiently small, the support of g. — g is bounded (uniformly) and

g: — ¢ uniformly, so the last term converges to zero as € — 0.
The preceding results imply the following.



1. DISTRIBUTIONS 33

Theorem 1.3 C§°(G) is dense in LP(G).

Theorem 1.4 For every K CC G there is a ¢ € C{°(G) such that 0 <
o(z) <1,z € G, and p(x) =1 for all x in some neighborhood of K.

Proof: Let § be the distance from K to 0G and 0 < ¢ < e + ¢’ < §. Let
f(z) =1 if dist(z, K) < & and f(z) = 0 otherwise. Then f. has its support
within {z : dist(z, K) < e+ ¢’} and it equals 1 on {z : dist(z, K) <&’ — ¢},
so the result follows if € < &'

1.2

A distribution on G is defined to be a conjugate-linear functional on C§°(G).
That is, C§°(G)* is the linear space of distributions on G, and we also denote
it by D*(QG).

Example. The space Li (G) = N{L(K) : K CC G} of locally integrable
functions on G can be identified with a subspace of distributions on G as
in the Example of I1.1.5. That is, f € L. (G) is assigned the distribution

loc
Ty € C§°(G)* defined by

Ti(o) = [ fo.  vECE(E), (1.2

where the Lebesgue integral (over the support of ¢) is used. Theorem 1.3
shows that T : LL (G) — C§°(G)* is an injection. In particular, the (equiv-

alence classes of) functions in either of L'(G) or L?(G) will be identified
with a subspace of D*(G).

1.3

We shall define the derivative of a distribution in such a way that it agrees

with the usual notion of derivative on those distributions which arise from

continuously differentiable functions. That is, we want to define 0% : D*(G) —
D*(G) so that

8a(Tf) = TDaf R |a| <m , fE€ Cm(G) .
But a computation with integration-by-parts gives

Tpef(p) = (D) TH(DY) , @€ CP(G),
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and this identity suggests the following.

Definition. The o* partial derivative of the distribution 7 is the distribu-
tion 0*T defined by

0°T(p) = (-1)IT(D%) , e CF(G). (1.3)

Since D* € L(C§°(Q),C§°(G)), it follows that 0*T is linear. Every distri-
bution has derivatives of all orders and so also then does every function, e.g.,
in L\ .(G), when it is identified as a distribution. Furthermore, by the very
definition of the derivative ¢ it is clear that 0% and D% are compatible with
the identification of C*°(G) in D*(G).

1.4

We give some examples of distributions on R. Since we do not distinguish
the function f € L] _(R) from the functional T, we have the identity

o) = [ t@p@da,  peCE®
(a) If f € C1(R), then

01(p) =~1(Dg) =~ [ 1(Dp) = [(DP@=Dil),  (14)

where the third equality follows by an integration-by-parts and all others
are definitions. Thus, df = D f, which is no surprise since the definition of
derivative of distributions was rigged to make this so.

(b) Let the ramp and Heaviside functions be given respectively by

z, >0 1, z>0
T(x):{o z <0 H("’”):{o <0.

Then we have
ort) =~ [ " aDpla)ds = [~ H@pw)da=H(g),  p€CF(G).

so we have dr = H, although Dr(0) does not exist.
(c) The derivative of the non-continuous H is given by

OH (i) = —/0°° DE=3(0)=dp), peCE(G);
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that is, 0H = ¢, the Dirac functional. Also, it follows directly from the
definition of derivative that

") = (=1)"(D™p)(0) ,  m=1.

(d) Letting A(z) = |z| and I(z) = z, z € R, we observe that A =2r — I
and then from above obtain by linearity

OA=2H -1 , 0°A=26. (1.5)

Of course, these could be computed directly from definitions.
(e) For our final example, let f : R — K satisfy fl|p- € C*®(—00,0],
flr+ € C°[0,00), and denote the jump in the various derivatives at 0 by

om(f) =D™f(0T) —=D™f(07), m>0.

Then we obtain
o0 =~ [ 1A - [ 1D (1.6

= [(0ps+ 1020 + [ (D5)p- F07e0
= Df(p) +oo(f)le), ¢ C5o(G).

That is, 0f = Df + o¢(f)d, and the derivatives of higher order can be
computed from this formula, e.g.,

O*f = D*f + o1(f)0 + 0o(f)06 ,
Of = D*f + 02(f)8 + o1(f)95 + oo(f)0°5 .

For example, we have

O(H -sin) = H - cos ,
O(H -cos) = —H -sin+4 ,

so H -sin is a solution (generalized) of the ordinary differential equation

(> +1)y=90.
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1.5

Before discussing further the interplay between 0 and D we remark that to
claim a distribution 7" is “constant” on R, means that there is a number
¢ € K such that T' = T, i.e., T arises from the locally integrable function
whose value everywhere is c:

T(so)zc/Rsﬁ, € CER) .

Hence a distribution is constant if and only if it depends only on the mean
value of each ¢. This observation is the key to the proof of our next result.

Theorem 1.5 (a) If S is a distribution on R, then there exists another
distribution T such that 0T = S.

(b) If Ty and Ty are distributions on R with 0T} = 0Ty, then Ty — T; is
constant.

Proof: First note that 9T = S if and only if

T)=-5@t), ¢eCFR).

This suggests we consider H = {¢' : ¢p € C§°(R)}. H is a subspace of
C3°(R). Furthermore, if ( € C{°(R), it follows that ( € H if and only if
[ ¢ =0. In that case we have { = 1), where

@b(x):/mooc, rER.

Thus H = {¢ € C§°(R) : /¢ = 0} and this equality shows H is the kernel of
the functional ¢ — [ ¢ on C§°(R). (This implies H is a hyperplane, but we
shall prove this directly.)

Choose ¢y € C§°(R) with mean value unity:

/<P0=1-
R

We shall show C§°(R) = H @ K-y, that is, each ¢ can be written in exactly
one way as the sum of a {( € H and a constant multiple of ¢y. To check
the uniqueness of such a sum, let {1 + c1ppg = (o + copp with the (1,{s € H.
Integrating both sides gives ¢; = ¢o and, hence, {(; = (3. To verify the
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existence of such a representation, for each ¢ € C§°(G) choose ¢ = [ ¢ and
define { = ¢ — cpg. Then ( € H follows easily and we are done.

To finish the proof of (a), it suffices by our remark above to define T' on
H, for then we can extend it to all of C§°(R) by linearity after choosing, e.g.,
Typo = 0. But for ( € H we can define

()= -5w), v = .

since ¢ € C§°(R) when ( € H.
Finally, (b) follows by linearity and the observation that 97" = 0 if and
only if T vanishes on H. But then we have

T() = T(epo + ) = T(po)e = T(wo) [ @

and this says 7T is the constant T'(yg) € K.

Theorem 1.6 If f : R — R is absolutely continuous, then g = Df defines
g(z) for almost every x € R, g € L (R), and of = g in D*(R). Conversely,

if T is a distribution on R with 0T € L] (R), then T(= Ty) = f for some
absolutely continuous f, and 0T = Df.

Proof: With f and g as indicated, we have f(z) = [;"g + f(0). Then an
integration by parts shows that

[10a == [ge.  pecr®,

so df = g. (This is a trivial extension of (1.4).) Conversely, let ¢ = 9T €
Ll .(R) and define h(z) = [y’ g, # € R. Then h is absolutely continuous and
from the above we have 0h = ¢g. But (T — h) = 0, so Theorem 1.5 implies
that T" = h + ¢ for some constant ¢ € K, and we have the desired result with

f(z) =h(z)+c,zeR

1.6

Finally, we give some examples of distributions on R" and their derivatives.
(a) If f € C™(R") and |a| < m, we have

o fle)= (0 [ 1= [ Drp=(0Dle),  peCEmY).
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(The first and last equalities follow from definitions, and the middle one is a
computation.) Thus 90%f = D*f essentially because of our definition of 9*.
(b) Let
r1T9... Ty, ifallz; >0,
o) = { j

0, otherwise.
Then
or(p) = —r(Dip) = / / n)Dipdzy ... .dx,
:/ / Ty...xp o(x)dey ... do,
0 0
Similarly,
62(917" / / x3 . )d )
and
o01r(p) = [ H(@)pla)do = H(g)
Rn

where H is the Heaviside function (= functional)

1, ifallz; >0,

16 ={ o

otherwise.

(c) The derivatives of the Heaviside functional will appear as distribu-
tions given by integrals over subspaces of R”. In particular, we have

O H (¢) / /D1<,0 d:L“—/ /goOxz,...,xn)dxz...d:pn,

a distribution whose value is determined by the restriction of ¢ to {0} x R* 1,

0201 H (¢ / / ?(0,0,z3,...,2,)dzs . ..dL, ,

a distribution whose value is determined by the restriction of ¢ to {0} x
{0} x R"2, and, similarly,

oD H () = (0) = d(p)

where ¢ is the Dirac functional which evaluates at the origin.

(d) Let S be an (n — 1)-dimensional C'! manifold (cf. Section 2.3) in R”
and suppose f € C®(R" ~ S) with f having at each point of S a limit from
each side of S. For each j, 1 < j <n, we denote by o;(f) the jump in f at
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the surface S in the direction of increasing z;. (Note that o;(f) is then a
function on S.) Then we have

O f(p) = —f(D1p) = /f z)Dip(x

- /n(le dx—i—/ /01 o(s)dxs ... dzy

where s = s(z2,...,z,) is the point on S which (locally) projects onto
(0,z2,...,x,). Recall that a surface integral over S is given by

/Fds:/F-sec(Hl)dA
S A

when S projects (injectively) onto a region A in {0} x R*~! and 6 is the
angle between the xj-axis and the unit normal v to S. Thus we can write
the above as

f (@) = Dif(g) + /S o1(f) cos(61)@ dS .

However, in this representation it is clear that the integral is independent of
the direction in which S is crossed, since both o1 (f) and cos(;) change sign
when the direction is reversed. We need only to check that o(f) is evalu-
ated in the same direction as the normal v = (cos(61), cos(#s),. .., cos(0,)).
Finally, our assumption on f shows that o1(f) = o2(f) = -+ = o,(f), and
we denote this common value by o(f) in the formulas

9;f(p) = / )cos(8;)@dS .

These generalize the formula (1.6).

(e) Suppose G is an open, bounded and connected set in R"” whose bound-
ary 0G is a C! manifold of dimension n — 1. At each point s € OG there
is a unit normal vector v = (v1,vs,...,v,) whose components are direction
cosines, i.e., v; = cos(f;), where 6; is the angle between v and the z; axis.
Suppose f € C®(Q) is given. Extend f to R* by setting f(z) = 0 for x ¢ G.
In C§°(R™)* we have by Green’s second identity (cf. Exercise 1.6)

(jéaf-f)(w) = /Gf(jf::lD?@) :/ f:l(pf.f)@

op _Of o /mn
+8G<$ 8y>d8 v e C°(R")
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so the indicated distribution differs from the pointwise derivative by the

functional 5
o / < (’0 f) ds
ov

where gf = Vf-v is the indicated (directional) normal derivative and V f =
(01f,02f,...,0nf) denotes the gradient of f. Hereafter we shall also let

denote the Laplace differential operator in D*(R™).

2 Sobolev Spaces

2.1

Let G be an open set in R® and m > 0 an integer. Recall that C™(G) is
the linear space of restrictions to G of functions in CJ*(R"). On C™(G) we
define a scalar product by

(fs9) um@) = Z{/G D®f-Dog: |a| < m}

and denote the corresponding norm by || f || zm (-

Define H™(G) to be the completion of the linear space C"™(G) with the
norm || - [|gm (). H™(G) is a Hilbert space which is important for much of
our following work on boundary value problems. We note that the H°(G)
norm and L?(G) norm coincide on C(G), and that we have the inclusions

Co(G) Cc C(G) C L?*(Q) .

Since we have identified L?(G) as the completion of Co(G) it follows that
we must likewise identify HY(G) with L?(G). Thus f € H°(G) if and only if
there is a sequence {f,} in C(G) (or Cy(G)) which is Cauchy in the L?(G)
norm and f, — f in that norm.

Let m > 1 and f € H™(G). Then there is a sequence {f,} in C™(G)
such that f, — f in H™(G), hence {D“f,} is Cauchy in L?(G) for each
multi-index « of order < m. For each such «, there is a unique g, € L?(G)
such that D®f, — g, in L?(G). As indicated above, f is the limit of f,,
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so, f =g, @ =(0,0,...,0) € R”. Furthermore, if || < m we have from an
integration-by-parts

(D fr, )12y = (1) (fn, D) 12y, v € CF°(G) .
Taking the limit as n — oo, we obtain
(gaa(to)LQ(G) = (_1)‘a|(f7 Da(P)LZ(G) ’ wE CSO(G) ’

S0 go = 0%f. That is, each g, € L%*(G) is uniquely determined as the a!?
partial derivative of f in the sense of distribution on G. These remarks prove
the following characterization.

Theorem 2.1 Let G be open in R and m > 0. Then f € H™(G) if and
only if there is a sequence {f,} in C™(Q) such that, for each o with || < m,
the sequence {D®f,} is L?>(G)-Cauchy and f, — f in L*(G). In that case

we have D®f, — 0°f in L*(@).

Corollary H™(G) c H¥(G) c L*(G) when m >k >0, and if f € H™(G)
then 0%f € L?(Q) for all a with |a| < m.

We shall later find that f € H™(G) if 9% f € L?*(G) for all a with |a| < m
(cf. Section 5.1).

2.2

We define Hj"(G) to be the closure in H™(G) of C§°(G). Generally, Hj"(G)
is a proper subspace of H™(G). Note that for any f € H™(G) we have

(aaf, LP)L2(G) = (_1)|a‘(fa Da(p)L2(G) ’ |a| <m, g€ C[(]xj(G) :

We can extend this result by continuity to obtain the generalized integration-
by-parts formula

(0*f,9) 12 = (DI}, 0°9) 12y, fE€H™G), g€ H(G), |a| <m.

This formula suggests that HJ"(G) consists of functions in H™(G) which
vanish on 0G together with their derivatives through order m — 1. We shall
make this precise in the following (cf. Theorem 3.4).

Since C§°(@G) is dense in HJ"(G), each element of HJ'(G)" determines
(by restriction to C§°(G)) a distribution on G and this correspondence is an
injection. Thus we can identify HJ"(G)" with a space of distributions on G,
and those distributions are characterized as follows.
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Theorem 2.2 H"(G) is (identified with) the space of distributions on G
which are the linear span of the set

{0°f :la| <m, feL¥G)}.

Proof: 1If f € L?(G) and |a| < m, then

0°F () < Ifllexelellap @, € Cr(G),

so 0°f has a (unique) continuous extension to HJ"(G). Conversely, if T' €
H"(G)', there is an h € HJ*(G) such that

T((p) = (ha (P)Hm(G) ’ pE CSO(G) :

But this implies T = E|
since each 0%h € L%(G).

(—=1)l9%(9*h) and, hence, the desired result,

al<m

We shall have occasion to use the two following results, each of which
suggests further that H{"(G) is distinguished from H™(G) by boundary
values.

Theorem 2.3 HJ*(R") = H™(R"). (Note that the boundary of R" is empty.)

Proof: Let 7 € C§°(R") with 7(z) = 1 when |z| < 1, 7(z) = 0 when
|z| > 2, and 0 < 7(z) < 1 for all z € R". For each integer k > 1, define
() = 7(z/k), z € R". Then for any v € H™(R") we have 75, -u € H™(R")
and (exercise) 74 - u — u in H™(R") as k — oo. Thus we may assume
u has compact support. Letting G denote a sphere in R” which contains
the support of v, we have from Lemma 1.2 of Section 1.1 that the mollified
functions u. — w in L?(G) and that (D%). = D%(u.) — 0% in L?(G) for
each o with |o| < m. That is, u. € C§°(R") and u, — w in H™(R").

Theorem 2.4 Suppose G is an open set in R" with sup{|z1]| : (z1,z2,...,2n)
€ G} =K < oo. Then

lellrze < 2K(010ll2c) »  w € Hy(G) -



2. SOBOLEV SPACES 43

Proof: We may assume ¢ € C5°(G), since this set is dense in H{(G). Then
integrating the identity

Di(z1 - |o(@)?) = le(@)]” + 21 - Di(le(2) )

over G by the divergence theorem gives

L1e@) == [ 21(Dip@) - 2(@) + ol@) - Dip(a) do
G G

The right side is bounded by 2K||D1¢l|1>()ll¢llr2(a), and this gives the
result.

2.3

We describe a technique by which certain properties of H™(G) can be
deduced from the corresponding property for H§*(G) or H™ (R} ), where
R? = {(z/,zn) € R*"' xR : z, > 0} has a considerably simpler bound-
ary. This technique is appropriate when, e.g., G is open and bounded in R”
and lies (locally) on one side of its boundary 0G which we assume is a C""-
manifold of dimension n — 1. Letting @ = {y € R" : |y;| <1, 1 <j < n},
Qo={y€eQ:y, =0}, and Q+ = {y € Q : y, > 0}, we can formulate this
last condition as follows:

There is a collection {G; : 1 < j < N} of open bounded sets in R" for
which 0G C U{G; : 1 < j < N} and a corresponding collection of functions
p; € C™(Q,G;) with positive Jacobian J(p;), 1 < j < N, and ¢; is a
bijection of ), @4+ and Qp onto Gj, G; NG, and G; N OG, respectively. For
each 7, the pair (¢;,G;) is a coordinate patch for the boundary.

Given the collection {(¢;,G;) : 1 < j < N} of coordinate patches as
above, we construct a corresponding collection of open sets F; in R" for
which each F; C G and U{Fj : 1 < j < N} D 0G. Define Gy = G and
Fy :GNU{FJ- :1<j <N}, so Fy C Gy Note also that G C GUU{F;:
1<j<N})and G CU{F;:0<j <N} Foreachj, 0<j <N, let
a; € C§°(R") be chosen so that 0 < «j(x) < 1 for all z € R*, supp(«;) C G,
and aj(z) = 1 for z € F;. Let o € C§°(R™) be chosen with 0 < a(z) <1
for all z € R", supp(a) C GUU{F; : 1 <j < N}, and a(z) =1 for z € G.
Finally, for each j, 0 < j < N, we define §3;(z) = o;(z)a(z)/ S h_o ax(x) for
z €U{F;:0<j<N}and Bj(z) =0forz € R" ~U{F; :1<j <N}
Then we have 3; € C§°(R"), f; has support in G, Bj(z) > 0, z € R and



44 CHAPTER II. DISTRIBUTIONS AND SOBOLEV SPACES

S{Bj(z) : 0 < j < N} =1for each z € G. That is, {3 : 0 < j < N} is
a partition-of-unity subordinate to the open cover {G; : 0 < j < N} of G
and {#; : 1 <j < N} is a partition-of-unity subordinate to the open cover
{G;:1<j <N} of 0G.

Suppose we are given a u € H™(G). Then we have u = E;V:O{,Bju} on
G and we can show that each pointwise product gju is in H™(G N G;) with
support in G;. This defines a function H™(G) — HJ*(G) x [[{H™(GNG)) :
1 <j < N}, where u — (Bou, f1u,...,Bnyuw). This function is clearly linear,
and from ) 3; = 1 it follows that it is an injection. Also, since each Sju
belongs to H™(G N G;) with support in G; for each 1 < j < N, it follows
that the composite function (8ju) o ¢; belongs to H™(Q") with support in
. Thus, we have defined a linear injection

A H™G) — HPMG) x [H™(QM)]Y,
u — (Bou, (Bru) o @1,..., (Byu) o pn) -

Moreover, we can show that the product norm on Aw is equivalent to the
norm of u in H™(G), so A is a continuous linear injection of H™(G) onto a
closed subspace of the indicated product, and its inverse in continuous.

In a similar manner we can localize the discussion of functions on the
boundary. In particular, C™(0G), the space of m times continuously dif-
ferentiable functions on 9G, is the set of all functions f : 0G — R such
that (8;f) o p; € C™(Qy) for each j, 1 < j < N. The manifold 0G has an
intrinsic measure denoted by “ds” for which integrals are given by

N N
[ pas= ]Zl (B f) ds = jZI/QO(ﬁjf) o 0, (y') T () dy

8GﬁGj

where J(p;) is the indicated Jacobian and dy’ denotes the usual (Lebesgue)
measure on Qg C R"!. Thus, we obtain a norm on C(9G) = C°(9G) given
by [[fllz20a) = (Jaq ||?ds)*/?, and the completion is the Hilbert space
L?(0G) with the obvious scalar-product. We have a linear injection

X: L2(0G) — [LX(Qo)]Y
f— ((Bif)opi,....(BNf) o en)

onto a closed subspace of the product, and both A and its inverse are con-
tinuous.
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3 Trace

We shall describe the sense in which functions in H™(G) have “boundary
values” on G when m > 1. Note that this is impossible in L?(G) since 0G
is a set of measure zero in R". First, we consider the situation where G is
the half-space R} = {(z1,%2,...,%n) : T, > 0}, for then 0G = {(2',0) : &' €
R™~!'} is the simplest possible (without being trivial). Also, the general case
can be localized as in Section 2.3 to this case, and we shall use this in our
final discussion of this section.

3.1

We shall define the (first) trace operator 79 when G = R = {z = (', z,) :
' € R*1 z, > 0}, where we let 2’ denote the (n—1)-tuple (21,72, ...,Tn_1)
For any ¢ € C'(G) and 7’ € R"~! we have

oo
[ela’ O == [~ Dallp(@',20) ) do,
Integrating this identity over R* ! gives

I 0 zansy < [ [(Dug- @+ Dupu )] do

Rn

+
< 2 Dol e any el e -

The inequality 2ab < a? + b? then gives us the estimate
o5 017 n1y < Nl gny + 1 Dneplli2(en) -

Since C'(R?) is dense in H'(R? ), we have proved the essential part of the
following result.

Theorem 3.1 The trace function vy : C1(G) — C°(0G) defined by
Yo(p)(z") = @(a",0) , e CYQG), «' €0a ,

(where G = R ) has a unique extension to a continuous linear operator
Y € LIHY(@Q), L?(0G)) whose range is dense in L?(0G), and it satisfies

Yo(B - u) =v0(B) - yo(u) , BeCY (@), ueH(G).
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Proof: The first part follows from the preceding inequality and Theorem
[.3.1. If¢p € C§°(R* 1) and 7 is the truncation function defined in the proof
of Theorem 2.3, then

(,0((1)) = @/)(III,)T((L‘n) ) r = ((L‘,,xn) € ]R:L_

defines ¢ € C1(G) and () = 1. Thus the range of v contains C§°(R*~1).
The last identity follows by the continuity of 7y and the observation that it
holds for u € C*(G).

Theorem 3.2 Let u € H'(R}). Then u € H}(R?) if and only if vo(u) = 0.

Proof: 1If {u,} is a sequence in C§°(R’}) converging to u in H'(R? ), then
vo(u) = lim yy(uy,) = 0 by Theorem 3.1.

Let u € HY(R?) with you = 0. If {r; : j > 1} denotes the sequence of
truncating functions defined in the proof of Theorem 2.3, then 7;u — u in
H'(R?) and we have vo(ju) = vo(7;)70(u) = 0, so we may assume that u
has compact support in R".

Let ; € C'(R}) be chosen such that 0;(s) =0if 0 < s < 1/4, 0;(s) =1
if s > 2/j, and 0 < 0(s) < 27 if (1/7) < s < (2/7). Then the extension of
z — 0;(zn)u(z’,z,) to all of R* as 0 on R is a function in H'(R") with
support in {x : z, > 1/}, and (the proof of) Theorem 2.3 shows we may
approximate such a function from C§°(R’}). Hence, we need only to show
that 0ju — u in H'(R?).

It is an easy consequence of the Lebesgue dominated convergence theorem
that ju — w in L*(R?) and for each k, 1 < k < n — 1, that 9x(0;u) =
0;(Oku) — Ogu in L*(R) as j — oo. Similarly, 8;(8,u) — 0,u and we have
On(0ju) = 0;(Onu) + 8u, so we need only to show that 6ju — 0 in L*(R7)
as j — oo.

Since yo(u) = 0 we have u(z',s) = [; Opu(z',t)dt for 2’ € R*~! and
s > 0. From this follows the estimate

S
(e, 5)[2 < s/ Ou(a’, 0)|? dt .
0

Thus, we obtain for each z/ € R*~!

o0 2/
/ 165 (s)u(z’, )| ds </ (25)? / Oz, t)|? dt ds
0

<8_]/ /|8ux t)|2dtds .
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Interchanging the order of integration gives

. 20 12/
/ 10/ (s)u(z’, )| ds < 8j/ / Opu(a’, 1) ds dt
0 0 t

2/j
16/ Opu(a’, )| dt .
0

IN

Integration of this inequality over R*~! gives us

||9§U||%2(R1) <16 | |Onul? da

R"—1x[0,2/5

and this last term converges to zero as j — oo since d,u is square-summable.

3.2

We can extend the preceding results to the case where G is a sufficiently
smooth region in R”. Suppose G is given as in Section 2.3 and denote by
{G;:0<j <N} {pj:1<j<N} and {#; : 0 <j < N} the open cover,
corresponding local maps, and the partition-of-unity, respectively. Recalling
the linear injections A and A constructed in Section 2.3, we are led to consider
function 7y : H'(G) — L?(0G) defined by

I
WE

() = Y- (10((Bju) o @))) 007!

<
Il
-

I
WE

7(8;) - (vo(w o )@; ')

<
Il
-

where the equality follows from Theorem 3.1. This formula is precisely what
is necessary in order that the following diagram commutes.

H'(G) 2 HY(G) x HY(QT) x---x H(Q")

I l b

L*(0G) — L*(Q%) x -+ x L*(Q°)

Also, if u € C1(G) we see that yp(u) is the restriction of u to dG. These
remarks and Theorems 3.1 and 3.2 provide a proof of the following result.
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Theorem 3.3 Let G be a bounded open set in R" which lies on one side of
its boundary, 0G, which we assume is a C'-manifold. Then there exists a
unique continuous and linear function vy : H'(G) — L?(0G) such that for
each u € CY(Q), vo(u) is the restriction of u to OG. The kernel of vy is
H{(G) and its range is dense in L?(0G).

This result is a special case of the trace theorem which we briefly discuss.

For a function u € C™(G) we define the various traces of normal derivatives
given by

j
=28 o<j<mot.
oG
Here v denotes the unit outward normal on the boundary of G. When
G =R} (or G is localized as above), these are given by 0u/0v = —0, s, —o.

Each «; can be extended by continuity to all of H™(G) and we obtain the
following.

Theorem 3.4 Let G be an open bounded set in R™ which lies on one side
of its boundary, 0G, which we assume is a C™-manifold. Then there is a
unique continuous linear function vy from H™(G) into H?:_Ol H™ 171 (0G)
such that

7(“’) = ('YOU, YU, - ame—l('U/)) , u € Om(G) .
The kernel of v is Hy*(G) and its range is dense in the indicated product.

The Sobolev spaces over G which appear in Theorem 3.4 can be defined
locally. The range of the trace operator can be characterized by Sobolev
spaces of fractional order and then one obtains a space of boundary values
which is isomorphic to the quotient space H™(G)/H{"(G). Such characteri-
zations are particularly useful when considering non-homogeneous boundary
value problems and certain applications, but the preceding results will be
sufficient for our needs.

4 Sobolev’s Lemma and Imbedding

We obtained the spaces H™(G) by completing a class of functions with
continuous derivatives. Our objective here is to show that each element of
H™(@G) is (represented by) a function with continuous derivatives up to a
certain order which depends on m.
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Let G be bounded and open in R". We say G satisfies a cone condition if
there is a p > 0 and v > 0 such that each point y € G is the vertex of a cone
K (y) of radius p and volume p™ with K(y) C G. Thus, v is a measure of
the angle of the cone. To be precise, a ball of radius p has volume wy,p"/n,
where w,, is the volume of the unit ball in R, and the angle of the cone
K(y) is the ratio of these volumes given by yn/wy,.

We shall derive an estimate on the value of a smooth function at a point
y € G in terms of the norm of H™(G) for some m > 0. Let g € C§°(R)
satisfy ¢ > 0, g(t) = 1 for |[t| < 1/2, and g(¢t) = 0 for |¢| > 1. Define
7(t) = g(t/p) and note that there are constants Ay > 0 such that

ik Ay

Let u € C™(G) and assume 2m > n. If y € G and K(y) is the indicated
cone, we integrate along these points x € K(y) on a given ray from the
vertex y and obtain

[ Drtrryu@) dr = ~uty) |

where r = |z — y| for each such z. Thus, we obtain an integral over K(y) in
spherical coordinates given by

[ [ Deeryute) drdo = —utw) [ do = ~uty)in/w,

where w is spherical angle and Q = yn/w, is the total angle of the cone
K (y). We integrate by parts m — 1 times and thereby obtain

_ (_l)mwn P m m—
u(y) = m/ﬁ/{) D™ (ru)r™ ! dr dw .

Changing this to Euclidean coordinates with volume element dz = r"~! dr dw

gives
Wn,

lu(y)| / D™ (ru)r™ " da
K(y)

The Cauchy-Schwartz inequality gives the estimate

Wn 2 m m—n
) < () [ PP [ 2
: K(y) K(y)

yn(m —

- yn(m — 1)!
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and we use spherical coordinates to evaluate the last term as follows:

P 2m—n
/ p2(m=n) qp — / / 2=l e dw = AL .
K(y) aJo wn(2m —n)

Thus we have

|u(y)|2 < O(m,n)me_n /K( ) |D;n(7—u)|2 dx (4.2)
Yy

where C(,, ,,) is a constant depending only on m and n. From the estimate
(4.1) and the formulas for derivatives of a product we obtain

m
D (ru)| = [ 3 (Z) Dp~kr . Dkl

k=0
hence,
- 1 k, 12
DI < '3 gy DAl
=0
This gives with (4.2) the estimate
m
lu(y)]” < C(m,n)C" Y p* " /K( ) |DFu)? d (4.3)
k=0 y

By the chain rule we have

IDful <C" Y |Du(z)]?
|| <k

so by extending the integral in (4.3) to all of G we obtain

sup |u(y)| < Cllullm, - (4.4)
yelG@

This proves the following.

Theorem 4.1 Let G be a bounded open set in R" and assume G satisfies

the cone condition. Then for every u € C™(G) with m > n/2 the estimate
(4.4) holds.
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The inequality (4.4) gives us an imbedding theorem. We let C,(G) denote
the linear space of all uniformly continuous functions on G. Then

[ulloc,0 = sup{|u(z)| : z € G}
is a norm on C(G) for which it is a Banach space, i.e., complete. Similarly,
[t]loo,k = sup{|D%u(z)| : z € G, |of <k}

is a norm on the linear space CX(G) = {u € C,(G) : D* € Cyu(G) for
|a] <k} and the resulting normed linear space is complete.

Theorem 4.2 Let G be a bounded open set in R" and assume G satisfies
the cone condition. Then H™(G) C C¥(G) where m and k are integers with
m >k +n/2. That is, each u € H™(G) is equal a.e. to a unique function
in C¥(G) and this identification is continuous.

Proof: By applying (4.4) to D%u for |a| < k we obtain

ullooe < Cllullm ,  uweC™(G). (4.5)

Thus, the identity is continuous from the dense subset C™(G) of H™(G)
into the Banach space C¥(G). The desired result follows from Theorem I1.3.1
and the identification of H™(G) in L?(G) (cf. Theorem 2.1).

5 Density and Compactness

The complementary results on Sobolev spaces that we obtain below will be
used in later sections. We first show that if 9°f € L?(G) for all a with
|| < m, and if OG is sufficiently smooth, then f € H™(G). The second
result is that the injection H™*!(G) — H™(G) is a compact mapping.

5.1

We first consider the set H™(G) of all f € L?(G) for which 0°f € L?(G) for
all a with |a| < m. It follows easily that H"*(G) is a Hilbert space with the
scalar product and norm as defined on H™(G) and that H™(G) < H™(G).
Our plan is to show equality holds when G has a smooth boundary. The
case of empty OG is easy.
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Lemma 5.1 C§°(R") is dense in H™(R™).

The proof of this is similar to that of Theorem 2.3 and we leave it as
an exercise. Next we obtain our desired result for the case of 0G being a
hyperplane.

Lemma 5.2 H™(R} ) = H™(R} ).

Proof: We need to show each u € H™(R’.) can be approximated from
C™RL). Let ¢ > 0 and define u.(z) = u(a',z, +¢) for z = (2/,2,),
' € R"' z, > —e. We have u. — u in H™(R?) as ¢ — 0, so it suffices to
show u. € H™(R?} ). Let # € C*°(R) be monotone with #(z) =0 for z < —¢
and #(z) = 1 for x > 0. Then the function fu. given by 0(x,)u.(z) for
2y > —e and by 0 for z,, < —¢, belongs to H™(R") and clearly fu. = u. on
R’ . Now use Lemma 5.1 to obtain a sequence {¢, } from C§°(R") converging
to Qu. in H™(R"). The restrictions {¢p[rn } belong to C>°(R?} ) and converge

to Qu. in H™(RY ).

Lemma 5.3 There exists an operator P € L(H™ (R} ), H™(R")) such that
(Pu)(z) = u(z) for a.e. x € RY.

Proof: By Lemma 5.2 it suffices to define such a P on C™(R".). Let the
numbers A, Ao, ..., Ay, be the solution of the system

ALt A+ + A =1

(=)™ LN+ A2 N /mm ) =1

For each u € C™(R"} ) we define

u(zx) , Tp >0
Pu(zr) = { Tn Tn

Mu(z', —xn) + dou (:1:', —7> + - A (:1:', ——> , Tp<O0.
m

The equations (5.1) are precisely the conditions that 6% (Pu) is continuous
at z, = 0 for j = 0,1,...,m — 1. From this follows Pu € H™(R"); P is
clearly linear and continuous.
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Theorem 5.4 Let G be a bounded open set in R" which lies on one side of
its boundary, 0G, which is o C"™-manifold. Then there exists an operator
Pa € LIH™(G),H™(R™)) such that (Pgu)|g = u for every u € H™(G).

Proof: Let {(¢x,Gk) : 1 < k < N} be coordinate patches on 0G and
let {fr : 0 < k < N} be the partition-of-unity constructed in Section 2.3.
Thus for each v € H™(G) we have u = E;V:O(ﬂju). The first term [yu
has a trivial extension to an element of H™(R"). Let 1 < k < N and
consider Bru. The coordinate map ¢ : Q — G induces an isomorphism
op : H™(Gr N G) = H™(Q4+) by ¢f(v) = vo ¢ The support of ¢} (Gru)
is inside () so we can extend it as zero in R} ~ () to obtain an element of
H™(R}). By Lemma 5.3 this can be extended to an element P (¢ (Bru))
of H™(R™) with support in Q. (Check the proof of Lemma 5.3 for this last
claim.) The desired extension of Bu is given by P (¢} (Bru)) o ¢), - extended
as zero off of Gy. Thus we have the desired operator given by

N
Pau = Bou+ Y (P(Bru) o k) o @; "
k=1
where each term is extended as zero as indicated above.
Theorem 5.5 Let G be given as in Theorem 5.4. Then H™(G) = H™(G).

Proof: Let u € H™(G). Then Pgu € H™(R") and Lemma 5.1 gives a
sequence {¢,} in C§°(R"™) which converges to Pgu. Thus, {¢n|c} converges
to u in H™(G).

5.2

We recall from Section 1.7 that a linear function 7" from one Hilbert space to
another is called compact if it is continuous and if the image of any bounded
set contains a convergent sequence. The following results will be used in
Section II1.6 and Theorem III.7.7.

Lemma 5.6 Let Q be a cube in R* with edges of length d > 0. Ifu € C'(Q),
then

2 n
Jul22 ) < d™ </Q u> + (nd?/2) 3" IDsulla ) - (5.2)
=1
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Proof: For z,y € (Q we have

U(ZE) - U(y) = Z D]U’(ylv e Yi—1 8 Tj1y e e axn) ds .
=17

Square this identity and use Theorem 1.4.1(a) to obtain
2 2 ok 2
u ($)+U (y)—ZU(x)u(y) < ’I’Ldz / (D]U’) (yla s Yi—1,8, T4, axn) ds
j=174j

where Q = {z : a; < z; < b;} and by —a; = d for each k = 1,2,...,n.
Integrate the preceding inequality with respect to z1,...,Z,, y1,...,Yn, and
we have
2 n
j=1
The desired estimate (5.2) follows.

Theorem 5.7 Let G be bounded in R". If the sequence {uy} in H(G) is

bounded, then there is a subsequence which converges in L*(G). That is, the
injection HY(G) — L*(G) is compact.

Proof: We may assume each uy € C§°(G); set M = SUP{“Uk“H(}}- Enclose
G in a cube @Q); we may assume the edges of () are of unit length. Extend
each uy as zero on ) ~ G, so each uy € C§°(Q) with ““k“H(}(Q) <M.

Let ¢ > 0. Choose integer N so large that 2nM?/N? < . Decompose Q
into equal cubes Q;, j = 1,2,..., N", with edges of length 1/N. Since {uy} is
bounded in L?(Q), it follows from Theorem I1.6.2 that there is a subsequence
(denoted hereafter by {uy}) which is weakly convergent in L?(Q). Thus,
there is an integer K such that

2
‘/ (uk—ug)‘ <g/2N*",  j=1,2,...,N"; k,{>K .
Qj
If we apply (5.2) on each @; with u = uj, —uy and sum over all j’s, we obtain

for k,/ > K

NTL
luk — well 7o) < N™ (Z 5/2N2”> + (n/2N%)(2M?) < ¢ .
j=1
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Thus, {ux} is a Cauchy sequence in L?(Q).

Corollary Let G be bounded in R™ and let m > 1. Then the injection
HG) — HPY(G) is compact.

Theorem 5.8 Let G be given as in Theorem 5.4 and let m > 1. Then the
injection H™(G) — H™ Y(G) is compact.

Proof: Let {uy} be bounded in H™(G). Then the sequence of extensions
{Pc(ug)} is bounded in H'(R"). Let € C§°(R") with # = 1 on G and let
Q be an open bounded set in R" containing the support of . The sequence
{60-Pc(ug)} is bounded in Hj"(2), hence, has a subsequence (denoted by {6-
Pe(up)}) which is convergent in ' *(€2). The corresponding subsequence
of restrictions to G is just {up} and is convergent in H™ 1(G).

Exercises

1.1. Evaluate (0 — \)(H (z)e*) and (8% + A\2) (A" H () sin(A\z)) for A # 0.

1.2. Find all distributions of the form F(t) = H(t)f(t) where f € C?*(R)
such that

(0% +4)F = ¢10 + ¢206 .

1.3. Let K be the square in R* with corners at (1,1), (2,0), (3,1), (2,2), and
let T be the function equal to 1 on K and 0 elsewhere. Evaluate
(07 — 93)Tk.

1.4. Obtain the results of Section 1.6(e) from those of Section 1.6(d).
1.5. Evaluate A, (1/]z|"?).

1.6. (a) Let G be given as in Section 1.6(e). Show that for each function
f € CY(G) the identity

/Gajf(x)dx:/aGf(s)l/j(s)ds, 1<j<n,

follows from the fundamental theorem of calculus.
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(b) Show that Green’s first identity

/ (Vu - Vo + (Ayu)v)de = / %vds
a oG Ov

follows from above for u € C?(G) and v € C'(G). Hint: Take
fj = (0ju)v and add.

(c) Obtain Green’s second identity from above.

2.1. In the Hilbert space H'(G) show the orthogonal complement of H}(G)
is the subspace of those ¢ € H'(G) for which A,p = ¢. Find a basis
for H}(G)* in each of the three cases G = (0,1), G = (0,00), G = R.

2.2. If G = (0,1), show H'(G) C C(G).

2.3. Show that H}(G) is a Hilbert space with the scalar product
(f.9) = /G Vi(z) - Vg(a)da .

If F e L*(G), show T(v) = (F,v)2(q) defines T € H;(G)'. Use the
second part of the proof of Theorem 2.2 to show that there is a unique
u € H}(G) with Ayu=F.

2.4. If Gy C Gy, show H["(G1) is naturally identified with a closed subspace

2.5. If u € H™(G), then 8 € C*®(G) implies Bu € H™(G), and B € C§°(Q)
implies fu € H"(G).

2.6. In the situation of Section 2.3, show that |lu|gm(g) is equivalent to
N . .
(X =0 “Bj“”%{m(GmGj))l/Q and that |lul|z2(sq) is equivalent to

(5 1BjullF 2 0gna; ) -

3.1. In the proof of Theorem 3.2, explain why vy(u) = 0 implies u(z', s) =
[y Onu(z',t) dt for ae. 2’ € RP1.

3.2. Provide all remaining details in the proof of Theorem 3.3.

3.3. Extend the first and second Green’s identities to pairs of functions from
appropriate Sobolev spaces. (Cf. Section 1.6(e) and Exercise 1.6).
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4.1. Show that G satisfies the cone condition if G is a Cl-manifold of
dimension n — 1.

4.2. Show that G satisfies the cone condition if it is convex.

4.3. Show H™(G) C C*(G) for any open set in R” so long as m > k + n/2.
If 2y € G, show that d(p) = p(z¢) defines 6 € H™(G)' for m > n/2.

4.4. Let T" be a subset of G in the situation of Theorem 3.3. Show that
¢ — [rg(s)p(s)ds defines an element of H'(G)' for each g € L*(T").
Repeat the above for an (n — 1)-dimensional C''-manifold in G, not
necessarily in 0G.

5.1. Verify that H™(G) is a Hilbert space.

5.2. Prove Lemma 5.1.
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Chapter III

Boundary Value Problems

1 Introduction

We shall recall two classical boundary value problems and show that an
appropriate generalized or abstract formulation of each of these is a well-
posed problem. This provides a weak global solution to each problem and
motivates much of our latter discussion.

1.1

Suppose we are given a subset G of R” and a function F' : G — K. We
consider two boundary value problems for the partial differential equation

—Apu(z) +u(z) = F(x) , zeG. (1.1)

The Dirichlet problem is to find a solution of (1.1) for which v = 0 on 9G.
The Neumann problem is to find a solution of (1.1) for which (Ju/0dv) =0
on 0G. In order to formulate these problems in a meaningful way, we recall
the first formula of Green

/ ((Apu)v + Vu - Vu) = / @v = / YU - Yo (1.2)
G oG Ov oG

which holds if G is sufficiently smooth and if u € H?(G), v € H'(G). Thus,
if u is a solution of the Dirichlet problem and if u € H?(G), then we have
u € H}(G) (since you = 0) and (from (1.1) and (1.2))

(u, )@y = (F,v) 2 v € Hy(G) . (1.3)

99
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Note that the identity (1.3) holds in general only for those v € H'(G) for
which v = 0. If we drop the requirement that v vanish on 0G, then
there would be a contribution from (1.2) in the form of a boundary integral.
Similarly, if u is a solution of the Neumann problem and v € H?(G), then
(since yyu = 0) we obtain from (1.1) and (1.2) the identity (1.3) for all
v € H'(G). That is, u € H?(G) and (1.3) holds for all v € H*(G).

Conversely, suppose u € H?(G) N H}(G) and (1.3) holds for all v €
H}(G). Then (1.3) holds for all v € C§°(G), so (1.1) is satisfied in the sense
of distributions on G, and yyu = 0 is a boundary condition. Thus, u is a
solution of a Dirichlet problem. Similarly, if w € H2(G) and (1.3) holds for
all v € HY(G), then C§°(G) C H'(G) shows (1.1) is satisfied as before, and
substituting (1.1) into (1.3) gives us

/ yiw - yov =0, ve HYG) .
oG

Since the range of 7 is dense in L?(0G), this implies that yiu = 0, so u is
a solution of a Neumann problem.

1.2

The preceding remarks suggest a weak formulation of the Dirichlet problem
as follows:

Given F € L*(G), find u € H}(G) such that (1.3) holds for all
u € H} (G).

In particular, the condition that v € H?(G) is not necessary for this formu-
lation to make sense. A similar formulation of the Neumann problem would
be the following:

Given F € L?*(G), find u € H'(G) such that (1.3) holds for all
v e HY(G).

This formulation does not require that u € H?(G), so we do not necessarily
have y1u € L?(0G). However, we can either extend the operator v, so (1.2)
holds on a larger class of functions, or we may prove a regularity result to the
effect that a solution of the Neumann problem is necessarily in H?(G). We
shall achieve both of these in the following, but for the present we consider
the following abstract problem:
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Given a Hilbert space V and f € V', find v € V such that for all
vevV

(u,v)v = f(v) .

By taking V = H}(G) or V. = H'(G) and defining f to be the functional
f(w) = (F,v)12(q) of V', we recover the weak formulations of the Dirichlet
or Neumann problems, respectively. But Theorem [.4.5 shows that this
problem is well-posed.

Theorem 1.1 For each f € V', there exists exactly one u € V such that
(u,v)y = f(v) for allv € V, and we have ||ully = || f]lv-.

Corollary If u1 and ug are the solutions corresponding to fi and fs, then

lur —wally = [|f1 — follvr -

Finally, we note that if V = H}(G) or HY(G), and if F € L?(G) then
1 fllv: < ||F[lz2(q) where we identify L?(G) C V' as indicated.

2 Forms, Operators and Green’s Formula

2.1

We begin with a generalization of the weak Dirichlet problem and of the
weak Neumann problem of Section 1:

Given a Hilbert space V', a continuous sesquilinear form a(-,-) on
V,and f € V', find u € V such that

a(u,v) = f(v), veV. (2.1)

The sesquilinear form a(-,-) determines a pair of operators «, 5 € L(V)
by the identities

a(u,v) = (a(u),v)y = (u, )y , u,v €V . (2.2)

Theorem 1.4.5 is used to construct o and ( from a(-,-), and a(-,-) is clearly
determined by either of o or # through (2.2). Theorem 1.4.5 also defines the
bijection J € L(V', V') for which

fo) =)o)y, feV , veV.
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In fact, J is just the inverse of Ry. It is clear that u is a solution of the
“weak” problem associated with (2.1) if and only if a(u) = J(f). Since .J is
a bijection, the solvability of this functional equation in V' depends on the
invertibility of the operator . A useful sufficient condition for « to be a
bijection is given in the following.

Definition. The sesquilinear form a(-,-) on the Hilbert space V is V-
coercive if there is a ¢ > 0 such that

la(v,v)| > c||v||%, , veV. (2.3)

We show that the weak problem associated with a V-coercive form is
well-posed.

Theorem 2.1 Leta(-,-) be a V-coercive continuous sesquilinear form. Then,
for every f € V', there is a unique u € V for which (2.1) is satisfied. Fur-
thermore, [lully < (1/c)||fllv-.

Proof: The estimate (2.3) implies that both o and (3 are injective, and we
also obtain
la()llv = clvllv, veV.

This estimate implies that the range of « is closed. But £ is the adjoint of « in
V, so the range of o, Rg(«), satisfies the orthogonality condition Rg(a)* =
K(B) = {0}. Hence, Rg(«) is dense in V, and this shows Rg(a) = V. Since
J is norm-preserving the stated results follow easily.

2.2

We proceed now to construct some operators which characterize solutions of
problem (2.1) as solutions of boundary value problems for certain choices of
a(-,-) and V. First, define A € L(V, V') by

a(u,v) = Au(v) , u,v €V . (2.4)

There is a one-to-one correspondence between continuous sesquilinear forms
on V and linear operators from V to V', and it is given by the identity (2.4).
In particular, u is a solution of the weak problem (2.1) if and only if u € V
and Au = f, so the problem is determined by A when f € V' is regarded



2. FORMS, OPERATORS AND GREEN’S FORMULA 63

as data. We would like to know that the identity Au = f implies that u
satisfies a partial differential equation. It will not be possible in all of our
examples to identify V' with a space of distributions on a domain G in R".
(For example, we are thinking of V = H'(G) in a Neumann problem as in
(1.1). The difficulty is that the space C§°(G) is not dense in V.)

There are two “natural” ways around this difficulty. First, we assume
there is a Hilbert space H such that V is dense and continuously imbedded
in H (hence, we may identify H' C V') and such that H is identified with
H' through the Riesz map. Thus we have the inclusions

Ve H=H <V
and the identity
f(v):(fav)Ha fEHaUEV' (25)

We call H the pivot space when we identify H = H' as above. (For example,
in the Neumann problem of Section 1, we choose H = L?(G), and for this
choice of H, the Riesz map is the identification of functions with functionals
which is compatible with the identification of L?(G) as a space of distribu-
tions on G; cf., Section 1.5.3.) We define D = {u € V : Au € H}. In the
examples, Au = f, u € D, will imply that a partial differential equation is
satisfied, since C§°(G) will be dense in H. Note that u € D if and only if
u € V and there is a K > 0 such that

la(u,v)| < K|jv|lg, veEV.
(This follows from Theorem 1.4.5.) Finally, we obtain the following result.

Theorem 2.2 If a(-,-) is V-coercive, then D is dense in V, hence, dense
i H.

Proof: Let w € V with (u,w)y = 0 for all w € D. Then the operator g
from (2.2) being surjective implies w = [(v) for some v € V. Hence, we
obtain 0 = (u,B(v))y = Au(v) = (Au,v)g by (2.5), since u € D. But A
maps D onto H, so v = 0, hence, w = 0.

A second means of obtaining a partial differential equation from the
continuous sesquilinear form a(-,-) on V' is to consider a closed subspace Vj
of V., let i : Vy < V denote the identity and p =i’ : V' — Vj the restriction
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to Vp of functionals on V, and define A = pA : V — V. The operator
A € L(V, V) defined by

a(u,v) = Au(v) , ueV,vel

is called the formal operator determined by a(-,-), V and Vj. In examples,
Vo will be the closure in V' of C§°(G), so Vj is a space of distributions on G.
Thus, Au = f € V§ will imply that a partial differential equation is satisfied.

2.3

We shall compare the operators A4 and A. Assume Vj is a closed subspace
of V, H is a Hilbert space identified with its dual, the injection V — H
is continuous, and Vj is dense in H. Let D be given as above and define
Dy ={u €V : Au € H}, where we identify H C V. Note that u € Dy if
and only if w € V and there is a K > 0 such that

la(u,0) < Klollar,  veW,

so D C Dy. It is on Dy that we compare A and A. So, let u € Dy be fixed
in the following and consider the functional

o(v) = Au(v) — (Au,v) g veV. (2.6)

Then we have ¢ € V' and ¢|y, = 0. But these are precisely the conditions
that characterize those ¢ € V' which are in the range of ¢’ : (V/Vp) — V',
the dual of the quotient map ¢ : V' — V/Vj. That is, there is a unique
F € (V/Vy)' such that ¢/(F) = F oq = ¢. Thus, (2.6) determines an
F € (V/V,) such that F(g(v)) = ¢(v), v € V. In order to characterize
(V/Vb), let Vi be the kernel of a linear surjection v : V' — B and denote
by 4 the quotient map which is a bijection of V/V{ onto B. Define a norm
on B by [|5(2)llB = ||Z/lv/v;, so ¥ is bicontinuous. Then the dual operator
¥+ B" — (V/Vp)' is a bijection. Given the functional F above, there is a
unique 9 € B’ such that F = 4/(d). That is, F = d o 4. We summarize the
preceding discussion in the following result.

Theorem 2.3 LetV and H be Hilbert spaces with V' dense and continuously
imbedded in H. Let H be identified with its dual H' so (2.5) holds. Suppose
is a linear surjection of V. onto a Hilbert space B such that the quotient map
5 : V/Voy — B is norm-preserving, where Vy, the kernel of -y, is dense in H.
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Thus, we have Vj — H — V. Let A € L(V,V') and define A € L(V,V})
by A = pA, where p: V' — Vj is restriction to Vy, the dual of the injection
Vo = V. Let Dy ={u €V : Au € H}. Then, for every u € Dy, there is a
unique O(u) € B" such that

Au(v) — (Au,v)g = d(u)(y(v)) , veV. (2.7)
The mapping 0 : Dy — B’ is linear.

When Vj is a space of distributions, it is the formal operator A that
determines a partial differential equation. When + is a trace function and
Vo consists of those elements of V' which vanish on a boundary, the quotient
V/ Vi represents boundary values of elements of V. Thus B is a realization of
these abstract boundary values as a function space and (2.7) is an abstract
Green’s formula. We shall call 0 the abstract Green’s operator.

Example. Let V = H'(G) and v : H(G) — L%(0G) be the trace map
constructed in Theorem I1.3.1. Then H}(G) = Vj is the kernel of vy and
we denote by B the range of . Since 4 is norm-preserving, the injection
B < L?(0G) is continuous and, by duality, L?(0G) C B', where we identify
L?(0G) with its dual space. In particular, B consists of functions on G and
L?(0G) is a subspace of B'. Continuing this example, we choose H = L?(G)
and a(u,v) = (u,v)g1(q), 0 Au = —Apu+u and Dy = {u € H'(G) :
Apu € L*(G)}. By comparing (2.7) with (1.2) we find that when G is
smooth d : Dy — B’ is an extension of 9/0v = vy, : H*(G) — L?(9G).

3 Abstract Boundary Value Problems

3.1

We begin by considering an abstract “weak” problem (2.1) motivated by
certain carefully chosen formulations of the Dirichlet and Neumann problems
for the Laplace differential operator. The sesquilinear form a(-,-) led to two
operators: A, which is equivalent to a(-,-), and the formal operator A, which
is determined by the action of A restricted to a subspace Vj of V. Tt is A that
will be a partial differential operator in our applications, and its domain will
be determined by the space V' and the difference of A and A as characterized
by the Green’s operator 0 in Theorem 2.3. If V is prescribed by boundary
conditions, then these same boundary conditions will be forced on a solution
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u of (2.1). Such boundary conditions are called stable or forced boundary
conditions. A second set of constraints may arise from Theorem 2.3 and
these are called unstable or variational boundary conditions. The complete
set of both stable and unstable boundary conditions will be part of the
characterization of the domain of the operator A.

We shall elaborate on these remarks by using Theorem 2.3 to characterize
solutions of (2.1) in a setting with more structure than assumed before. This
additional structure consists essentially of splitting the form a(-,-) into the
sum of a spatial part which determines the partial differential equation in
the region and a second part which contributes only boundary terms. The
functional f is split similarly into a spatial part and a boundary part.

3.2

We assume that we have a Hilbert space V' and a linear surjectiony: V — B
with kernel V) and that B is a Hilbert space isomorphic to V/Vj. Let V be
continuously imbedded in a Hilbert space H which is the pivot space iden-
tified with its dual, and let V) be dense in H. Thus we have the continuous
injections Vy — H < Vj and V < H < V' and the identity (2.5). Let
a1 :V xV — Kand ay : B X B — K be continuous sesquilinear forms and
define

a(u,v) = a1 (u,v) + ag(yu,yv) , uveV.
Similarly, let F' € H, g € B’, and define
f)=(Fv)u +gyw), wveV.

The problem (2.1) is the following: find u € V' such that
a1(u,v) + az(yu, yv) = (F,0)g +g(yv) ,  veV. (3.1)

We shall use Theorem 2.3 to show that (3.1) is equivalent to an abstract
boundary value problem.

Theorem 3.1 Assume we are given the Hilbert spaces, sesquilinear forms
and functionals as above. Let Ay : B — B’ be given by

Arp(¥) = ar(p,9h) , @ €B,
and A:V — Vy by

Au(v) = a1 (u,v) , veV,vel.
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Let Dy ={u €V : Au € H} and 0, € L(Dy, B") be given by (Theorem 2.3)
at(u,v) — (Au,v)yg = Oru(yv) , wu€Dy, veEV. (3.2)
Then, u is a solution of (3.1) if and only if
weV, Au=F, Owu+Ayu)=g. (3.3)
Proof: Since as(yu,yv) = 0 for all v € Vp, it follows that the formal oper-
ator A and space Dy (determined above by aq(-,-)) are equal, respectively,
to the operator and domain determined by a(-,-) in Section 2.3. Suppose u
is a solution of (3.1). Then u € V, and the identity (3.1) for v € Vj and V)
being dense in H imply that Au = F € H. This shows u € Dy and using
(3.2) in (3.1) gives

oru(yv) + az(yu,yv) = g(yv) , veV.

Since 7 is a surjection, this implies the remaining equation in (3.3). Similarly,
(3.3) implies (3.1).

Corollary 3.2 Let D be the space of those u € V such that for some F € H
a(u,v) = (F,v)g , veV.

Then u € D if and only if u is a solution of (3.3) with g = 0.

Proof: Since Vj is dense in H, the functional f € V' defined above is in H

if and only if g = 0.

4 Examples

We shall illustrate some applications of our preceding results in a variety of

examples of boundary value problems. Our intention is to indicate the types
of problems which can be described by Theorem 3.1.
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4.1

Let there be given a set of (coefficient) functions
a; € LX(G), 1<i,j<n; a;€L™G), 0<j<n,

where G is open and connected in R”, and define

n

a(u,v) = / { Z aij(z)Ou(x)d;v(z) + zn:aj(x)aju(x)v(w) }dw ,

1,7=1 7=0

u,v € HY(G) , (4.1)

where dyu = u. Let F € L?(G) = H be given and define f(v) = (F,v)y.
Let I" be a closed subset of G and define

V={ve H(G) : y()(s) =0, ae scT}.

V is a closed subspace of H'(G), hence a Hilbert space. We let Vo = H{ (G)
so the formal operator A : V — Vj C D*(G) is given by

Au = — Z aj(aijaiu) + Zajaju .
7=0

,j=1

Let v be the restriction to V of the trace map H'(G) — L?(0G), where
we assume 0G is appropriately smooth, and let B be the range of -y, hence
B — L*(0G ~ T) < B'. If all the a;; € C'(G), then we have from the
classical Green’s theorem

ou

a(u,v)—(Au,v)H:/ — - yo(v)ds , uwe H*(G),veV
aG~T Ova
where

S () Y o) o)

o 2 u(s jZIaU s)vj(s

denotes the (weighted) normal derivative on dG ~ T'. Thus, the operator 0
is an extension of 9/0v4 from H?(G) to the domain Dy = {u € V : Au €
L?(@)}. Theorem 3.1 now asserts that u is a solution of the problem (2.1)
if and only if u € H(G), you =0 on I, u = 0 on G ~ I', and Au = F.
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That is, u is a generalized solution of the mized Dirichlet-Neumann boundary
value problem

US):O, SEF, (42)

=0, seEIG ~T .

If ' = OG, this is called the Dirichlet problem or the boundary value problem
of first type. If ' = (), it is called the Neumann problem or boundary value
problem of second type.

4.2

We shall simplify the partial differential equation but introduce boundary
integrals. Define H = L?(G), Vo = H}(G), and

ay(u,v) = /G Vu - Vo u,v eV (4.3)

where V is a subspace of H!(G) to be chosen below. The corresponding
distribution-valued operator is given by A = —A,, and 0; is an extension of
the standard normal derivative given by

ou
5 =Vu-v.
Suppose we are given F € L%(G), g € L?(0G), and o € L®(9G). We define

wle) = [ als)els)i(s)ds, oy € L2(00)
flv) = (F,v)g + (ga’Yov)m(aG) ) veV,

and then use Theorem 3.1 to characterize a solution u of (2.1) for different
choices of V.
If V = H'(G), then u is a generalized solution of the boundary value
problem
—Ayu(x) = F(z) , req,

4.4
ag(j) +a(s)u(s) = g(z) , s € OG . 4

The boundary condition is said to be of third type at those points s € G
where «(s) # 0.
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For an example of non-local boundary conditions, choose V = {v €
H(Q) : y(v) is constant}. Let g(s) = go and a(s) = ag be constants, and
define as(-,-) and f as above. Then u is a solution of the boundary value
problem of fourth type

—Apu(z) = F(z) , reG,
u(s) = up (constant) , s € 0G (4.5)

([, 520 )

Note that B = K in this example and wug is not prescribed as data. Also,
periodic boundary conditions are obtained when G is an interval.

4.3

We consider a problem with a prescribed derivative on the boundary in a
direction which is not necessarily normal. For simplicity we assume n = 2,
let ¢ € R, and define

a(u, v) = /G (01u(D10 + 0 ) + Dyu(Dap — 01D )} (4.6)

for u, v € V = HY(G). Taking Vy = H}(G) gives A = —A and the classical
Green’s theorem shows that for v € H%(G) and v € H'(G) we have

ou  Ou\ _
a(u,v) — (Au,v)2(q) = /BG (5 + CE> vds

where

@:VU'T

or

is the derivative in the direction of the tangent vector 7 = (v2, —v1) on 9G.
Thus 0 is an extension of the oblique derivative in the direction v+ c7 on the
boundary. If f is chosen as in (4.2), then Theorem 3.1 shows that problem
(2.1) is equivalent to a weak form of the boundary value problem

—Aou(z) = F(x) , r€eq,

ou ou
g—i-cg—g(s), s €0G .
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4.4

Let G1 and G5 be disjoint open connected sets with smooth boundaries 0G4
and 0G5 which intersect in a C' manifold ¥ of dimension n — 1. If v, and
vy denote the unit outward normals on 0G; and 0Gq, then v4(s) = —1s(s)
for s € . Let GG be the interior of the closure of G; U G, so that

0G = 8G1 U 0G ~ (% ~ 9%) .

For k = 1,2, let 7§ be the trace map H'(G},) — L?(0G},). Define V = H'(Q)
and note that yiui(s) = Y3ua(s) for a.e. s € ¥ when u € H'(G) and uy, is
the restriction of u to G, kK = 1,2. Thus we have a natural trace map

v:HY(G) — L*(0G) x L*(%)
U — (70“37(%“”2) 3

where you(s) = yEug(s) for s € Gy ~ X, k = 1,2, and its kernel is given by
Vo = Hy(G1) x Hy(Go). )
Let a; € C1(G1), ag € C*(G2) and define

a(u,v):/ a1 Vu -V + aoVu - Vv , u,v €V .
Gl G2

The operator A takes values in D*(G; U G2) and is given by

n

=2 (@ (z)dju(@)) , =G,
Au(z) = =

n

= 9j(aa(2)dju(x)) . @ €Gs .
i=1
The classical Green’s formula applied to G; and G gives
our _ ouy
a(u,v) — (Au,v :/ a — ¥y + a o
(o) = (Auipe = [ agt ot [ ag

for u € H?(G) and v € H(G). It follows that the restriction of the operator
0 to the space H?(G) is given by du = (9yu, 01u) € L?(0G) x L*(X), where

dou(s) = ak(s)agky(s) ,ae. SENGL~Y, k=12,
k
ouq(s) Ous(s)

ou(s) = ar(s) + as(s SEX.

(91/1 ( ) (91/2
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Let f be given as in Section 4.2. Then a solution of u of (2.1) is characterized
by Theorem 3.1 as a weak solution of the boundary value problem

uleH , Zaal )Ojui(z) = F(z), z€Gy,
UQEH , Zaag )Ojus(z) = F(z), z€ Gy,
Ooui(s)
{ a1 (s) or =g(s), s€ oG ~X,
Ous (s
az(s) 32V(2) =g(s), s€0Gy ~ X,
ur(s) = ua(s) ,
Ou(s) Jus(s)
= 3.
\al( s) o + az(s) B 0, 5 €
Since v; = —1p on X, this last condition implies that the normal derivative

has a prescribed jump on X which is determined by the ratio of ai(s) to
az(s). The pair of equations on the interface ¥ are known as transition
conditions.

4.5

Let the sets G1, G5 and G be given as in Section 4.4. Suppose ¥y is an
open subset of the interface > which is also contained in the hyperplane
{z = (¢',2,) : z, = 0} and define V = {v € H}(G) : vuily, € HY(Zp)}-
With the scalar product

(U,U)V = (uav)Hé(G) + (’Y&%’Y&”)Hl(zo) ) u,v eV,

V is a Hilbert space. Let v(u) = 7{ (u)|s be the corresponding trace operator
V — L3(%), so K(y) = H}(G1) x H}(G3) contains C§°(G1 U G2) as a dense
subspace. Let o € L>°(%() and define the sesquilinear form

a(u,v) = /GVU Vo + /20 aV'(yu) - V'(yv) | u,v eV . (4.7)

Where V' denotes the gradient in the first n—1 coordinates. Then A = —A,,
in D*(G1 U G3) and the classical Green’s formula shows that du is given by

(O, Oy, / '3
8u(v)—/2<aylv+8V20>+/2004V(7(u))VU
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for u € H?(@) and v € B. Since the range of v is dense in L?(X ~ ), it
follows that if Ou = 0 then

ouy(s) N dusa(s)

=0, EX~Y.
(91/1 (91/2 s 0

But 1 = —vy on X, so the normal derivative of u is continuous across
¥ ~ ¥y. Since the range of v contains C§°(%y), it follows that if du = 0
then we obtain the identity

oul ——  Oug——
L) + 22wy =0,  weV,

\v4 \v4 +
/E v () V') o

£o OV1
and this shows that yul|y, satisfies the abstract boundary value

_ OJus(s) B Ouy(s)

~Bea)(s) = 2 20l e
(yu)(s) =0, s € 0XyNOG
o) _ 5 € 0% ~ 0G|

81/0

where vg is the unit normal on 9%, the (n — 2)-dimensional boundary of
3o.

Let F € L*(G) and f(v) = (F,v)12(q) for v € V. Then from Corollary
3.2 it follows that (3.3) is a generalized boundary value problem given by

)

—Apu(z) = F(z) , z € G UGy,
u(s) =0, s € 0G
Jui(s)  Oua(s)

= us(s) , - L sET~ Y,

wa(s) = ua(s) o o ° ’ (4.8)
_ Oug(s)  Oui(s)
—Ap_1u(s) = o om0 ° € X,
ouls) _ g 5 € 0%y ~ G, .
87/0 J

Nonhomogeneous terms could be added as in previous examples and similar
problems could be solved on interfaces which are not necessarily flat.
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5 Coercivity; Elliptic Forms

5.1

Let G be an open set in R” and suppose we are given a collection of functions
aij, 1 <1, 5 <nja;, 0<j <n,in L>(G). Define the sesquilinear form

n

o) = [ {3 a0 DICEDE W@ }de (51

i,j=1
on H'(G). We saw in Section 4.1 that such forms lead to partial differential

equations of second order on G.

Definition. The sesquilinear form (5.1) is called strongly elliptic if there is
a constant cg > 0 such that

Re Y aij(2)&5 > co > 1§17, £=(&,...,&) €K, z€G. (52)
ij=1 j=1

We shall show that a strongly elliptic form can be made coercive over (any
subspace of) H'(G) by adding a sufficiently large multiple of the identity to
it.

Theorem 5.1 Let (5.1) be strongly elliptic. Then there is a A\g € R such
that for every A > Ao, the form

a(u,v) + A/Gu(x)i_)(x) dzx
is HY(G)-coercive.

Proof: Let K1 = max{|laj|z~(q : 1 <j <n} and Ko = essinf{Reap(z) :
x € G}. Then, for 1 < j <n and each € > 0 we have
[(aj0ju, u)r2 ()| < KillOjullzqy - lull2a)
< (K1/2) (ellogullize + (1/) lulfg)) -

We also have Re(aou,u)r2q) > K0||u||%2(G), so using these with (5.2) in
(5.1) gives
Rea(u,u) > (cp — 6K1/2)||VU“%2(G)

(5.3)
+(Ko — nK1/26)||u||%2(G) , u€ HY(G).
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We choose € > 0 so that Kie = ¢g. This gives us the desired result with
)\0 = (HK%/2CO) — K()-

Corollary 5.2 For every A > Ao, the boundary value problem (4.2) is well-
posed, where

Au = — Z 8j(aijaiu) + Z ajaju + (ap + Nu .

ij=1 j=1

Thus, for every F € L*(G), there is a unique u € D such that (4.2) holds,
and we have the estimate

(A = Xo)ullr2 ) < N1Fllp2a) - (5.4)

Proof: The space D was defined in Section 2.2 and Corollary 3.2, so we
need only to verify (5.4). For v € D and A > )¢ we have from (5.3)

(A — AU)H““%?(G) < a(u,u) + Au,u)r2(q) = (Au,u)r2(@)

IN

lAull 2y - lullz2 (@)

and the estimate (5.4) now follows.

5.2

We indicate how coercivity may be obtained from the addition of boundary
integrals to strongly elliptic forms.

Theorem 5.3 Let G be open in R" and suppose 0 < z, < K for all x =
(z',2,) € G. Let 0G be a C'-manifold with G on one side of OG. Let
v(s) = (r1(s),...,vp(s)) be the unit outward normal on OG and define

Y ={s€0G:v,(s) >0} .

Then for all u € H'(G) we have

/ uf? < 2K/ |'ygu(s)|2ds—|—4K2/ Oul? .
G b G
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Proof: For u € C'(G), the Gauss Theorem gives

2ds = 2
/6GV"(8)3”|“(3)| ds = /GDn(acn|U(:Jc)| ) da

= [ 1+ [ onDalfute)) do
G G
Thus, we obtain from the inequality

|a|2 2
2la||b] < — +2K|b|* , ,be C,

the estimate
/ uf? < / Unsn|u(s)[2 ds + (1/2)/ ul? + 2K2/ Dyul? .
G el G G
Since vy, (s)s, < 0 for s € 0G ~ 3, the desired result follows.

Corollary 5.4 If (5.1) is strongly elliptic, a;j =0 for 1 < j <n, Reag(z) >
0, z € G, and if ¥ C T, then the mized Dirichlet-Neumann problem (4.2) is
well-posed.

Corollary 5.5 If a € L*(0G) satisfies
Rea(z) >0, z€0G, Realz)>c>0, ze€X,

then the third boundary value problem (4.4) is well-posed. The fourth bound-
ary value problem (4.5) is well-posed if Re(ag) > 0.

Similar results can be obtained for the example of Section 4.3. Note that
the form (4.6) satisfies

Re a(u, u) :/G{|31u|2+|82u|2}, we HY(@),

so coercivity can be obtained over appropriate subspaces of H!(G) (as in
Corollary 5.4) or by adding a positive multiple of the identity on G or bound-
ary integrals (as in Corollary 5.5). Modification of (4.6) by restricting V,
e.g., to consist of functions which vanish on a sufficiently large part of 9G,
or by adding forms, e.g., that are coercive over L?(G) or L?(0G), will result
in a well-posed problem.

Finally, we note that the first term in the form (4.7) is coercive over
H}(GQ) and, hence, over L?(X). Thus, if Rea(z) > ¢ > 0, x € %9, then (4.7)
is V-coercive and the problem (4.8) is well-posed.
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5.3

In order to verify that the sesquilinear forms above were coercive over certain
subspaces of H'(G), we found it convenient to verify that they satisfied the
following stronger condition.

Definition. The sesquilinear form a(-, -) on the Hilbert space V is V -elliptic
if there is a ¢ > 0 such that

Rea(v,v) > c||lv]|} , veV. (5.5)

Such forms will occur frequently in our following discussions.

6 Regularity

We begin this section with a consideration of the Dirichlet and Neumann
problems for a simple elliptic equation. The original problems were to find
solutions in H?(G) but we found that it was appropriate to seek weak so-
lutions in H'(G). Our objective here is to show that those weak solutions
are in H?(G) when the domain G and data in the equation are sufficiently
smooth. In particular, this shows that the solution of the Neumann problem
satisfies the boundary condition in L?(G) and not just in the sense of the
abstract Green’s operator constructed in Theorem 2.3, i.e., in B’. (See the
Example in Section 2.3.)

6.1
We begin with the Neumann problem; other cases will follow similarly.

Theorem 6.1 Let G be bounded and open in R" and suppose its boundary
is a C*-manifold of dimension n —1. Let a;; € C*(G), 1 < i, j <n, and
aj € CY(G), 0 < j < n, all have bounded derivatives and assume that the
sesquilinear form defined by

o) = [ {Zaijaisoaj—wzajam/?}dx, op € H'(G) (6.1)
§=0

ig=1
is strongly elliptic. Let F € L*(G) and suppose u € H'(G) satisfies
a(u,v) = / Fodz , ve HY(G) . (6.2)
G

Then u € H*(G).
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Proof: Let {(¢x,Gk) : 1 < k < N} be coordinate patches on 0G and
{Br : 0 < k < N} the partition-of-unity construction in Section I1.2.3. Let
By, denote the support of G, 0 < k < N. Since u = Y (fxu) in G and each
By, is compact in R”, it is sufficient to show the following:

(a) U|Bka € H2(Bk N G), 1<k<N,and
(b) Bou € H?(By).

The first case (a) will be proved below, and the second case (b) will follow
from a straightforward modification of the first.

6.2

We fix k, 1 < k < N, and note that the coordinate map ¢, : Q — Gy
induces an isomorphism ¢} : H™(Gy, N G) — H™(Q4) for m = 0,1,2 by
¢} (v) = v o . Thus we define a continuous sesquilinear form on H(Q)
by

n

ak (pr(w), pr(v)) = /(:ka{ Z aijajw@—i- Zajajwv} dx . (6.3)

1,j=1 7=0

By making the appropriate change-of-variable in (6.3) and setting wy =
i (w), vy, = ¢ (v), we obtain

a* (wy,vp) = /Q+{

The resulting form (6.4) is strongly-elliptic on Q)4 (exercise).

S ab 0;(we)dj(og) + 3 a;?aj(wk)uk} dy.  (6.4)

1,j=1 7=0
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Let u be the solution of (6.2) and let v € H'(G N G},) vanish in a neigh-
borhood of dG. (That is, the support of v is contained in Gj.) Then the
extension of v to all of G as zero on G' ~ G, belongs to H'(G) and we obtain
from (6.4) and (6.2)

a* (pj(w), i (v) = alu,v) =/ Frpp(v) dy
Q+

where Fj, = @i (F) - J(pr) € L?>(Q+). Letting V denote the space of those
v € H'(Q+) which vanish in a neighborhood of 9Q, and uj, = ¢} (u), we
have shown that uj, € H'(Q,) satisfies

a® (ug, vp) = /Q Frop dy | v €V (6.5)
+

where a*(-,-) is strongly elliptic with continuously differentiable coefficients
with bounded derivatives and Fy € L%(Q.). We shall show that the restric-
tion of uy to the compact subset K = @,QI(B,C) of Q belongs to H?(Q, NK).
The first case (a) above will then follow.

6.3

Hereafter we drop the subscript “k” in (6.5). Thus, we have u € H'(Q),
F e L?(Q.) and

a(u,v) = 0 Fu veV. (6.6)
+

Since K CC @, there is by Lemma II.1.1 a ¢ € C§°(Q) such that 0 < p(z) <
1 for z € Q and ¢(z) =1 for z € K. We shall first consider ¢ - u.

Let w be a function defined on the half-space R’}. For each h € R we
define a translate of w by

(thw) (1,22, xn) = w(x1 + h, T2, ..., Ty)
and a difference of w by
Viw = (taw — w)/h
if h # 0.

Lemma 6.2 If w,v € L?(Q.) and the distance § of the support of w to OQ
is positive, then

(Thw, )2 (@) = (W, T-hV) L2(Qy)
for all h € R with |h| < 6.
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Proof: This follows by the obvious change of variable and the observation
that each of the above integrands is non-zero only on a compact subset of

Q-
Corollary |m,wllz2(g,) = lwlz2(q,)-
Lemma 6.3 If w € V, then
IVrwllz2g,) < 01wllr2g,) 0<|h|<d.
Proof: It follows from the preceding Corollary that it is sufficient to con-

sider the case where w € C'(G) N'V. Assuming this, and denoting the
support of w by supp(w), we have

xr1+h
Viww(z) = h_l/ w(t, zo,...,xy)dt w € supp(w) .
z1

The Cauchy-Schwartz inequality gives
r1+

V()| < b=/ ( [

1

h 1/2
|81w(t7$27"'7$n)|2dt> ) YIS Supp(w) )

and this leads to

x1+h
||Vhw||%2(Q+) < hil/ ( )/ |Ovw(t, z2, ..., 2,)| dt do
supp(w) Jx

1

h
= h_l/ / |O1w(t + 21,29, .., 2,)|* dt dz
Q+ 70
h
:h_l// 1w (t + z1,. .., x,)|> de dt
0 JQ+
h
:hfl// |Ovw(z1,. .., o,)|% do dt
0 JQ+
= [[O1wl| 20, -

Corollary limy,_,o(V,w) = 01w in L?(Q4).

Proof: {V}, :0 < |h| < ¢} is a family of uniformly bounded operators on
L?*(Q,), so it suffices to show the result holds on a dense subset.
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We shall consider the forms

n

ap(w,v) = /Q+{ > (Vhaij) dwdjv + zn:(vhaj)ajwv}

ij=1 =0

for w,v € V and |h| < 4, ¢ being given as in Lemma 6.2. Since the coefficients
in (6.5) have bounded derivatives, the mean-value theorem shows

|an(w,v)| < Cllwllurqy) - vl gy (6.7)

where the constant is independent of w,v and h. Finally, we note that for
w,v and h as above

a(Vyw,v) + a(w, V_pv) = —a_p(T_pw,v) . (6.8)

This follows from a computation starting with the first term above and
Lemma 6.2.

After this lengthy preparation we continue with the proof of Theorem
6.1. From (6.6) we have the identity

a(Vi(eu),v) = {a(Vi(eu),v) +a(pu, V_pv)} (6.9)
+{a(u, pV_pv) —a(pu, V_pv)} — (F,oV_pv)r2(g,)

for v € V and 0 < |h| < 6, 0 being the distance from K to 0Q. The first
term can be bounded appropriately by using (6.7) and (6.8). The third is
similarly bounded and so we consider the second term in (6.9). An easy
computation gives

a’(ua ‘PV—hv) - a’((Pu7 V—hv)
n

= { Z a;j(O;u0;pV _pv — OjpuV _p(0;v)) — Zajajgou(v_hv)} .

@+ =1

j=1
Thus, we obtain the estimate
a(Vi(pu),0)| < Cllvllmgyy , veV, 0<[|h] <4, (6.10)

in which the constant C' is independent of h and v. Since a(-,-) is strongly-
elliptic we may assume it is coercive (Exercise 6.2), so setting v = Vj(pu)
in (6.10) gives

AIValow) 2 o, < CIVAeW g,y »  0<Ihl<d,  (6.11)
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hence, {V(¢u) : |h| < 6} is bounded in the Hilbert space H'(Q). By
Theorem 1.6.2 there is a sequence h, — 0 for which V,, (pu) converges
weakly to some w € H'(Qy). But Vj, (¢u) converges weakly in L'(Q,) to
01 (pu), so the uniqueness of weak limits implies that d; (ou) = w € H'(Q).
It follows that 07(pu) € L?*(Q4), and the same argument shows that each
of the tangential derivatives 07u, O3u, ...,02_,u belongs to L?(K). (Recall
¢ = lon K.) This information together with the partial differential equation
resulting from (6.6) implies that a,, - 92(u) € L?(K). The strong ellipticity
implies a,;, has a positive lower bound on K, so d2u € L?*(K). Since n
and all of its derivatives through second order are in L?(K), it follows from
Theorem I1.5.5 that u € H?(K).

The preceding proves the case (a) above. The case (b) follows by using
the differencing technique directly on FGyu. In particular, we can compute
differences on Syu in any direction. The details are an easy modification of
those of this section and we leave them as an exercise.

6.4

We discuss some extensions of Theorem 6.1. First, we note that the result
and proof of Theorem 6.1 also hold if we replace H!(G) by H(G). This
results from the observation that the subspace H{ (Q) is invariant under mul-
tiplication by smooth functions and translations and differences in tangential
directions along the boundary of G. Thus we obtain a regularity result for
the Dirichlet problem.

Theorem 6.4 Let u € H}(G) satisfy
a(u,v) :/ Fv v € HY(G)
G

where the set G C R™ and sesquilinear form a(-,-) are given as in Theorem
6.1, and F € L*(G). Then u € H?*(G).

When the data in the problem is smoother yet, one expects the same to
be true of the solution. The following describes the situation which is typical
of second-order elliptic boundary value problems.

Definition. Let V be a closed subspace of H'(G) with H}(G) <V, and let
a(-,-) be a continuous sesquilinear form on V. Then a(-,-) is called k-regular
on V if for every F' € H*(G) with 0 < s < k and every solution u € V' of

a’(uav) = (Fav)LQ(G) ) veV
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we have u € H2*(G).

Theorems 6.1 and 6.4 give sufficient conditions for the form a(-,-) given
by (6.1) to be O-regular over H'(G) and H}(G), respectively. Moreover, we
have the following.

Theorem 6.5 The form a(-,-) given by (6.1) is k-regular over H'(G) and
H&(G)_z’f OG is a C?*T*-manifold and the coefficients {a;j,a;} all belong to
Cl—l—k(g)_

7 Closed operators, adjoints and eigenfunction ex-
pansions

7.1

We were led in Section 2 to consider a linear map A : D — H whose
domain D is a subspace of the Hilbert space H. We shall call such a map
an (unbounded) operator on the Hilbert space H. Although an operator is
frequently not continuous (with respect to the H-norm on D) it may have
the property we now consider. The graph of A is the subspace

G(A) = {[z,Ax] : x € D}

of the product H x H. (This product is a Hilbert space with the scalar
product

([z1, 2], [y1, v ) mxm = (z1,91)m + (T2,92) 1 -

The addition and scalar multiplication are defined componentwise.) The
operator A on H is called closed if G(A) is a closed subset of H x H. That
is, A is closed if for any sequence z,, € D such that =, — = and Az, — y in
H, we have z € D and Ax = y.

Lemma 7.1 If A is closed and continuous (i.e., ||Ax||g < K||z||g, © € H)
then D is closed.

Proof: 1If z,, € D and z, — = € H, then {z,,} and, hence, {Az,} are
Cauchy sequences. H is complete, so Az, — y € H and G(A) being closed
implies z € D.

When D is dense in H we define the adjoint of A as follows. The domain
of the operator A* is the subspace D* of all y € H such that the map
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x+— (Az,y)g : D — K is continuous. Since D is dense in H, Theorem 1.4.5
asserts that for each such y € D* there is a unique A*y € H such that

(Az,y) = (z,A%y) , zeD,yeD". (7.1)

Then the function A* : D* — H is clearly linear and is called the adjoint of
A. The following is immediate from (7.1).

Lemma 7.2 A* is closed.

Lemma 7.3 If D = H, then A* is continuous, hence, D* is closed.

Proof: If A* is not continuous there is a sequence z, € D* such that
|zn|| = 1 and ||A*z,|| — co. From (7.1) it follows that for each z € H,
((z, Azn) | = [(Az, 2n) 1| < [|Axlm

so the sequence {A*z,} is weakly bounded. But Theorem 1.6.1 implies that
it is bounded, a contradiction.

Lemma 7.4 If A is closed, then D* is dense in H.

Proof: Lety € H,y # 0. Then [0,y] ¢ G(A) and G(A) closed in H x H
imply there is an f € (H x H)' such that f[G(A)] = {0} and f(0,y) # 0. In
particular, let P : H x H — G(A)* be the projection onto the orthogonal
complement of G(A) in H x H, define [u,v] = P[0,y], and set

f($17$2) = (uaxl)H + (UaxZ)H ) T1,T2 S H.
Then we have
0= f(x,Ax) = (u,2)g + (v, Az)y , z €D

sov € D*, and 0 # £(0,y) = (v,y)g. The above shows (D*)* = {0}, so D*
is dense in H.

The following result is known as the closed-graph theorem.

Theorem 7.5 Let A be an operator on H with domain D. Then A is closed
and D = H if and only if A € L(H).
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Proof: 1If A is closed and D = H, then Lemma 7.3 and Lemma, 7.4 imply
A* € L(H). Then Theorem 1.5.2 shows (A*)* € L(H). But (7.1) shows
A= (A*)* so A€ L(H). The converse in immediate.

The operators with which we are most often concerned are adjoints of
another operator. The preceding discussion shows that the domain of such an
operator, i.e., an adjoint, is all of H if and only if the operator is continuous.
Thus, we shall most often encounter unbounded operators which are closed
and densely defined.

We give some examples in H = L?(G), G = (0,1).

7.2

Let D = H}(G) and A = 0. If [u,, Au,] € G(A) converges to [u,v] in
H x H, then in the identity

1 1
/ Aunpdr = —i/ u, Dpdx v € C3°(G)
0 0

we let n — oo and thereby obtain

1 1
/ vgodx:—i/ uDpdz , v € C§°(G) .
0 0

This means v = i0u = Au and u, — u in H'(G). Hence u € H{(G), and
we have shown A is closed.
To compute the adjoint, we note that

1 1
/ Am_)dx:/ uf dz u € HY(Q)
0 0

for some pair v, f € L?(G) if and only if v € H'(G) and f = i0v. Thus
D* = H'(G@) and A* = i is a proper extension of A.

7.3

We consider the operator A* above: on its domain D* = H'(G) it is given by
A* =40. Since A* is an adjoint it is closed. We shall compute A™* = (A*)*,
the second adjoint of A. We first note that the pair [u, f] € H x H is in the
graph of A** if and only if

1 1
/ A*m]dx:/ vfdz, ve HYG) .
0 0
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This holds for all v € C§°(G), so we obtain idu = f. Substituting this into
the above and using Theorem II.1.6, we obtain

1 1 -
2/0 o(vu)dr = /0 [(zav)ﬂ - v(z@u)] dr =0,

hence, v(1)a(1) — v(0)u%(0) = 0 for all v € H'(G). But this implies u(0) =
u(1) = 0, hence, u € H}(G). From the above it follows that A** = A.

7.4
Consider the operator B = id on L?(G) with domain D(B) = {u € H*(G) :
u(0) = cu(1)} where ¢ € C is given. If v, f € L?(G), then B*v = f if and
only if
1 1
/iau-z_)dac:/ufdac, ueD.
0 0

But C§°(G) < D implies v € H'(G) and idv = f. We substitute this
identity in the above and obtain

1
0= z/ O(uv ) dz = iu(D[5(1) — ev(0)] ,  uweD.
0

The preceding shows that v € D(B*) only if v € H'(0,1) and v(1) =
cv(0). It is easy to show that every such v belongs to D(B*), so we have
shown that D(B*) = {v € HY(G) : v(1) = ¢v(0)} and B* = id.

7.5

We return to the situation of Section 2.2. Let a(-, -) be a continuous sesquilin-
ear form on the Hilbert space V' which is dense and continuously imbedded
in the Hilbert space H. We let D be the set of all 4 € V such that the map
v — a(u,v) is continuous on V' with the norm of H. For such a u € D, there
is a unique Au € H such that

a(u,v) = (Au,v)g , vueD,veV. (7.2)

This defines a linear operator A on H with domain D.

Consider the (adjoint) sesquilinear form on V' defined by b(u,v) = a(v,u),
u,v € V. This gives another operator B on H with domain D(B) determined
as before by

b(u,v) = (Bu,v)y , wueEDB),veV.
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Theorem 7.6 Assume there is a A > 0 and ¢ > 0 such that
Re a(u,u) + Mul|% > c|lul)? , ueV . (7.3)

Then D is dense in H, A is closed, and A* = B, hence, D* = D(B).

Proof: Theorem 2.2 shows D is dense in H. If we prove A* = B, then by
symmetry we obtain B* = A, hence A is closed by Lemma 7.2.

Suppose v € D(B). Then for all u € D(A) we have (Au,v)y = a(u,v) =
b(v,u) = (Bv,u) , hence, (Au,v)g = (u, Bv)g. Thisshows D(B) < D* and
A*[p(gy = B. We need only to verify that D(B) = D*. Let u € D*. Since
B + X is surjective, there is a ug € D(B) such that (B + X)ug = (A" + \)u.
Then for all v € D we have

(A4 Nv,u)g = (v, (B + Nug)g = a(v,ug) + Mo, uo) g
= ((A+ Nv,up)g -

But A+ X is a surjection, so this implies u = ug € D(B). Hence, D* = D(B).
For those operators as above which arise from a symmetric sesquilinear

form on a space V which is compactly imbedded in H, we can apply the

eigenfunction expansion theory for self-adjoint compact operators.

Theorem 7.7 LetV and H be Hilbert spaces with V dense in H and assume
the injection V. — H 1is compact. Let A : D — H be the linear operator
determined as above by a continuous sesquilinear form a(-,-) on V which we
assume is V -elliptic and symmetric:

a(u,v) = a(v,u) , u,v €V .
Then there is a sequence {v;} of eigenfunctions of A with
Avj=Xjvj il =1,
(vi,vj)g =0, 1£7, (7.4)
O< A< <~ <A, > 40 asn— +o0,
and {vj} is a basis for H.

Proof: From Theorem 7.6 it follows that A = A* and, hence, A~! € L(H)
is self-adjoint. The V-elliptic condition (5.5) shows that A=! € L(H,V).
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Since the injection V' < H is compact, it follows that A~ : H -V — H is
compact. We apply Theorem 1.7.5 to obtain a sequence {v;} of eigenfunc-
tions of A~! which are orthonormal in H and form a basis for D = Rg(A™1).
If their corresponding eigenvalues are denoted by {x;}, then the symmetry
of a(-,-) and (5.5) shows that each p; is positive. We obtain (7.4) by setting
Aj =1/pj for j > 1 and noting that lim;_, p; = 0.

It remains to show {v;} is a basis for H. (We only know that it is a basis
for D.) Let f € H and v € D with Au = f. Let }_ bjv; be the Fourier series
for f, > cjv; the Fourier series for u, and denote their respective partial
sums by

n n
Uy = Z cvj ,  fu= Z bjvj; .

We know limy, ;o0 u, = u and lim, o fr, = foo exists in H (cf. Exercise
1.7.2). For each j > 1 we have

bj = (Au,vj) g = (u, Avj)g = Ajcj ,
so Auy, = f, for all n > 1. Since A is closed, it follows Au = f., hence,
f =1lim,_, f, as was desired.
If we replace A by A 4+ X in the proof of Theorem 7.7, we observe that
ellipticity of a(-, -) is not necessary but only that a(-,-)+A(+,-) g be V-elliptic
for some A\ € R.

Corollary 7.8 Let V and H be given as in Theorem 7.7, let a(-,-) be con-
tinuous, sesquilinear, and symmetric. Assume also that

a(v,v) + Aofg 2 cllollf, ,  veV

for some A € R and ¢ > 0. Then there is an orthonormal sequence of
eigenfunctions of A which is a basis for H and the corresponding eigenvalues
satisfy =A< A <A <--- < A\, = 400 as n — +00.

We give some examples in H = L?(G), G = (0,1). These eigenvalue
problems are known as Sturm-Liouville problems. Additional examples are
described in the exercises.

7.6

Let V = H}(G) and define a(u,v) = f01 Oudv dz. The compactness of V —
H follows from Theorem IL.5.7 and Theorem 5.3 shows a(-,-) is H{(G)-
elliptic. Thus Theorem 7.7 holds; it is a straightforward exercise to compute
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the eigenfunctions and corresponding eigenvalues for the operator A = —9?
with domain D(A) = H}(G) N H?(Q):

vi(z) = 2sin(jrz) , A= (jm)?, §=1,2,3,....

Since {v;} is a basis for L?(G), each F € L?(G) has a Fourier sine-series
expansion. Similar results hold in higher dimension for, e.g., the eigenvalue

problem
{ —Apv(z) =Mv(z), z€qG,

v(s) =0, s €0G

but the actual computation of the eigenfunctions and eigenvalues is difficult
except for very special regions G C R”.

7.7

Let V = H'(G) and choose a(-,-) as above. The compactness follows from
Theorem I1.5.8 so Corollary 7.8 applies for any A > 0 to give a basis of
eigenfunctions for A = —§? with domain D(A) = {v € H?(G) : v'(0) =
v'(1) =0}

vo(x) =1, wj(x)=2cos(jnz),j>1,

Aj = (jm)*, i>0.

As before, similar results hold for the Laplacean with boundary conditions
of second type in higher dimensions.

7.8

Let a(-,-) be given as above but set V = {v € H'(G) : v(0) = v(1)}. Then
we can apply Corollary 7.8 to the periodic eigenvalue problem (cf. (4.5))

—0%v(z) = Mv(z) 0<z<l,
v(0) = v(1), '(0)=12'(1).
The eigenfunction expansion is just the standard Fourier series.

Exercises

1.1. Use Theorem 1.1 to show the problem —A,u = F in G, u = 0 on 9G is
well-posed. Hint: Use Theorem I1.2.4 to obtain an appropriate norm
on H}(G).
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1.2. Use Theorem 1.1 to solve (1.1) with the boundary condition du/dv+u =
0 on OG. Hint: Use (u,v)y = (u,v) gi(q) + (Yu,70) 12 (sg) on HY(G).

2.1. Give the details of the construction of «, 5 in (2.2).
2.2. Verify the remark on H = L?(G) following (2.5) (cf. Section 1.5.3).

2.3. Use Theorem I.1.1 to construct the F' which appears after (2.6). Check
that it is continuous.

2.4. Show that a(u,v) = f01 Ou(x)ov(z)dz, V = {u € H'(0,1) : u(0) = 0},
and f(v) = v(1/2) are admissible data in Theorem 2.1. Find a formula
for the unique solution of the problem.

2.5. In Theorem 2.1 the continuous dependence of the solution u on the data
f follows from the estimate made in the theorem. Consider the two ab-
stract boundary value problems A;u; = f and Asus = f where f € V',
and Aj, Ay € L(V,V') are coercive with constants ¢, ¢, respectively.
Show that the following estimates holds:

lur —ual| < (1/c1)||(A2 — Ar)ual| ,
|ur —ual] < (1/cie2)l| A2 — Arll | ] -

Explain how these estimates show that the solution of (2.1) depends
continuously on the form a(-,-) or operator A.

3.1. Show (3.3) implies (3.1) in Theorem 3.1.

3.2. (Non-homogeneous Boundary Conditions.) In the situation of Theorem
3.1, assume we have a closed subspace V; with Vjy C Vi C V and
ug € V. Consider the problem to find

weV, u—ueVy, alu,v)=f(v), veV.

(a) Show this problem is well-posed if a(-,-) is Vj-coercive.

(b) Characterize the solution by u — ug € Vi, u € Dy, Au = F, and
ou(v) + az(yu,yv) = g(yv), v € V1.

(c) Construct an example of the above with Vo = H} (G), V = HY(G),
Vi={v eV :vp =0}, where I' C OG is given.
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4.1.

4.2.

4.3.

4.4.

5.1.

5.2.

5.3.

0.4.

6.1.

6.2.

6.3.
6.4.
6.5.
6.6.

7.1.

7.2.

Verify that the formal operator and Green’s theorem are as indicated
in Section 4.1.

Characterize the boundary value problem resulting from the choice of
V ={v € HY(G) : v = const. on Gy} in Section 4.2, where Gy C G is
given.

When G is a cube in R”, show (4.5) is related to a problem on R" with
periodic solutions.

Choose V' in Section 4.2 so that the solution u : R* — K is periodic in
each coordinate direction.

Formulate and solve the problem (4.8) with non-homogeneous data pre-
scribed on 0G and X.

Find choices for V in Section 4.3 which lead to well-posed problems.
Characterize the solution by a boundary value problem.

Prove Corollary 5.4.

Discuss coercivity of the form (4.6). Hint: Re([; %ﬂ ds) = 0.

Show (6.4) is strongly-elliptic on Q.

Show that the result of Theorem 6.1 holds for a(-,-) if and only if it
holds for a(-,-) + A(+,")2(@)- Hence, one may infer coercivity from
strong ellipticity without loss of generality.

If u € H'(G), show Vj(u) converges weakly in L(G) to 01 (u).

Prove the case (b) in Theorem 6.1.

Prove Theorem 6.5.

Give sufficient conditions for the solution of (6.2) to be a classical solu-
tion in C2(G).

Prove Lemma 7.2 of Section 7.1.

Compute the adjoint of 9 : {v € H'(G) : v(0) = 0} — L*(G), G =
(0,1).
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7.3. Let D < H%(G), G = (0,1), a1(-),a2(-) € C(Q), and define L : D —
L?(G@) by Lu = 0?u + a10u + asu. The formal adjoint of L is defined
by

L*v(p) = /UIU(I)L(,O(:E) dz v e L*G), € CP Q) .

(a) Show L*v = 0%v — d(av) + asv in D*(G).

(b) If u,v € H?(G), then fol(LuT) —ul*v)dz = J(u, v)|x 0, Where
J(u,v) = 90u — udv + a1ud.

(¢) D(L*) = {v € H*(Q) : J(u, v)|m o =0, all w € D} determines the
domain of the L?(G)-adjoint.

(d) Compute D(L*) when L = 3% + 1 and each of the following:
(i) D= {u:u(0) =(0) =0},
(ii) D = {u: u(0) = u(1) = 0},
(iii) D = {u:u(0) = u(1), v'(0) =u'(1)}.
7.4. Let A be determined by {a(-,-),V,H} as in (7.2) and Ay by {a(-,-) +
Ay )m,V,H}. Show D(Ay) = D(A) and Ay = A+ Al

7.5. Let H;,V; be Hilbert spaces with V; continuously embedded in H; for
j = 1,2. Show that if T € L(Hy,Hy) and if T} = Ty, € L(V1,Va),
then Ty € L(V1, V5).

7.6. In the situation of Section 6.4, let a(-,) be O-regular on V and assume
a(+,-) is also V-elliptic. Let A be determined by {a(-,-),V, L*(G)} as
n (7.2).
(a) Show A~! e L(L*(G),V).
(b) Show A~ ! € L(L*(GR), H*(@G)).
(c) If a(-,-) is k-regular, show AP € L(L*(G), H***(G)) if p is suffi-
ciently large.
7.7. Let A be self-adjoint on the complex Hilbert space H. That is, A = A*.
(a) Show that if Im(X) # 0, then A— A is invertible and | Im(\)| ||z ||z <
(A — A)z||g for all z € D(A).
(b) Rg(A— A) is dense in H.
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(c) Show (A — A)' € L(H) and ||(A — A) ]| < |Im(N)| L.

7.8. Show Theorem 7.7 applies to the mixed Dirichlet-Neumann eigenvalue
problem

—0%v = v(z) , 0<z<1l,00)=2(1)=0.
Compute the eigenfunctions.

7.9. Show Corollary 7.8 applies to the eigenvalue problem with boundary
conditions of third type

—0%v(z) = \v(z) , 0<z<l1l,
ov(0) —hv(0) =0 , Ov(l)+hv(l) =0,
where h > 0. Compute the eigenfunctions.
7.10. Take c¢ = 1 in Section 7.4 and discuss the eigenvalue problem Bv = Av.

7.11. In the proof of Theorem 7.7, deduce that {v;} is a basis for H directly
from the fact that D = H.
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Chapter IV

First Order Evolution
Equations

1 Introduction

We consider first an initial-boundary value problem for the equation of heat
conduction. That is, we seek a function u : [0, 7] X [0, 00] — R which satisfies
the partial differential equation

Ut = Ugg » O<zx<m,t>0 (1.1)
with the boundary conditions
u(0,t) =0, wu(mt)=0, t>0 (1.2)
and the initial condition
u(z,0) = up(z) , O<z<m. (1.3)

A standard technique for solving this problem is the method of separation of
variables. One begins by looking for non-identically-zero solutions of (1.1)
of the form

u(z,t) = v(x)T(t)

and is led to consider the pair of ordinary differential equations
V' + =0, T'+XT=0

95
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and the boundary conditions v(0) = v(w) = 0. This is an eigenvalue problem
for v(x) and the solutions are given by v,(x) = sin(nx) with corresponding
eigenvalues \, = n? for integer n > 1 (cf. Section IL.7.6).

The second of the pair of equations has corresponding solutions

To(t) =e ™"
and we thus obtain a countable set
up(z,t) = efn%sin(nw)
of functions which satisfy (1.1) and (1.2). The solution of (1.1), (1.2) and

(1.3) is then obtained as the series

Zu e ™!sin (nz) (1.4)

where the {u{} are the Fourier coefficients

™
uy = ;/0 wo(x) sin(nz) dz | n>1,

of the initial function ug(z).

We can regard the representation (1.4) of the solution as a function
t +— S(t) from the non-negative reals Rf to the bounded linear operators on
L?[0, 7). We define S(t) to be the operator given by

S(t)up(z) = u(x,t) ,

so S(t) assigns to each function ug € L%[0, 7] that function u(-,t) € L?[0, 7]
given by (1.4). If t;,to € R, then we obtain for each uy € L?[0, ] the
equalities

o0
S(t1)uo(x Z o tl ) sin(nx)

S(t2)S(tr)ug(z) = 3 (ufe ™ ") sin(na)e ™"

n=1
e 2
= Z ug sin(nz)e " (t1+2)

= S(t1 + t2)up(z) .
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Since ug is arbitrary, this shows that
S(t1) - S(te) = Sty +t2),  t1,ta>0.

This is the semigroup identity. We can also show that S(0) = I, the identity
operator, and that for each ug, S(t)ug — ug in L2[0, 7] as t — 0F. Finally,
we find that each S(t) has norm < e ! in £(L?[0,7]). The properties of
{S(t) : t > 0} that we have obtained here will go into the definition of
contraction semigroups. We shall find that each contraction semigroup is
characterized by a representation for the solution of a corresponding Cauchy
problem.

Finally we show how the semigroup {S(¢) : t > 0} leads to a representa-
tion of the solution of the non-homogeneous partial differential equation

up = Ugy + f(2,1) O<z<m,t>0 (1.5)

with the boundary conditions (1.2) and initial condition (1.3). Suppose that
for each t > 0, f(-,t) € L?[0,n] and, hence, has the eigenfunction expansion

2 ™
Z fut)sinne) , fut) == [T f(&Dsinme) de . (LO)
We look for the solution in the form u(z,t) = Y 77 u,(t) sin(nz) and find
from (1.5) and (1.3) that the coefficients must satisfy
up (t) + nPup(t) = fu(t) , t >0,
un(0) = ud | n>1.

Hence we have

t
un(t) = ue ™ 4 [N () dr

0
and the solution is given by

u(z,t) = S(t)up(x +/ / { Ze*” (t=7) sin(nz) sm(nf)}f(f,T) dédr .
But from (1.6) it follows that we have the representation

t
ul(,t) = S(t)uo(-) +/0 S(t = 7)f(-,7) dr (L.7)

for the solution of (1.5), (1.2), (1.3). The preceding computations will be
made precise in this chapter and (1.7) will be used to prove existence and
uniqueness of a solution.
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2 The Cauchy Problem

Let H be a Hilbert space, D(A) a subspace of H, and A € L(D(A), H). We
shall consider the evolution equation

u'(t) + Au(t) =0 . (2.1)

The Cauchy problem is to find a function u € C([0, 0o}, H)NC*((0, 00), H)
such that, for ¢ > 0, u(t) € D(A) and (2.1) holds, and u(0) = ug, where the
initial value ug € H is prescribed.

Assume that for every ug € D(A) there exists a unique solution of the
Cauchy problem. Define S(t)ug = u(t) for t > 0, ug € D(A), where u(-)
denotes that solution of (2.1) with u(0) = wo. If ug,v9 € D(A) and if
a,b € R, then the function ¢ — aS(t)ug + bS(t)vp is a solution of (2.1), since
A is linear, and the uniqueness of solutions then implies

S(t)(auy + bvg) = aS(t)ug + bS(t)vy .

Thus, S(t) € L(D(A)) for all ¢ > 0. If uyp € D(A) and 7 > 0, then the
function ¢ — S(t + 7)ug satisfies (2.1) and takes the initial value S(7)uo.
The uniqueness of solutions implies that

S(t+ 1)ug = S(t)S(1)uyp , ug € D(A) .

Clearly, S(0) =I.
We define the operator A to be accretive if

Re(Az,x)y >0, z € D(A) .
If A is accretive and if u is a solution of the Cauchy problem for (2.1), then
Dy(lu(t)|”) = 2Re(u'(t), u(t) H
= —2Re(Au(t),u(t))y <0, t>0,
so it follows that ||u(t)|| < ||u(0)||, ¢ > 0. This shows that
[S@)uoll < |luoll ,  wo € D(A), t>0,

so each S(t) is a contraction in the H-norm and hence has a unique extension
to the closure of D(A). When D(A) is dense, we thereby obtain a contraction
semigroup on H.
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Definition. A contraction semigroup on H is a set {S(t) : t > 0} of linear
operators on H which are contractions and satisfy

St+71)=8t)-S(r), SO)=1I,t,7>0, (2.2)
S(-)xr € C([0,00),H) , reH. (2.3)

The generator of the contraction semigroup {S(¢) : ¢ > 0} is the operator
with domain
D(B)={z € H: lim h™"(S(h) - D)z = D*(S(0)z) exists in H }
h—0+
and value Bz = limy,_,o+ h~'(S(h) — I)z = DT(S(0)z). Note that Bz is the
right-derivative at 0 of S(t)z.

The equation (2.2) is the semigroup identity. The definition of solution
for the Cauchy problem shows that (2.3) holds for z € D(A), and an elemen-
tary argument using the uniform boundedness of the (contraction) operators
{S(t) : t > 0} shows that (2.3) holds for all z € H. The property (2.3) is
the strong continuity of the semigroup.

Theorem 2.1 Let A € L(D(A),H) be accretive with D(A) dense in H.
Suppose that for every ug € D(A) there is a unique solution u € C*([0,00), H)
of (2.1) with u(0) = ug. Then the family of operators {S(t) : t > 0} defined
as above is a contraction semigroup on H whose generator is an extension
of —A.

Proof: Note that uniqueness of solutions is implied by A being accretive,
so the semigroup is defined as above. We need only to verify that —A is a
restriction of the generator. Let B denote the generator of {S(¢) : ¢ > 0}
and ug € D(A). Since the corresponding solution u(t) = S(t)ug is right-
differentiable at 0, we have

h h
S(h)uo—u0:/ u’(t)dt:—/ Au(tydt,  h>0.
0 0

Hence, we have DT (S(0)ug) = —Aug, so ug € D(B) and Buy = — Aug.

We shall see later that if —A is the generator of a contraction semigroup,
then A is accretive, D(A) is dense, and for every ug € D(A) there is a unique
solution u € C*([0, 00), H) of (2.1) with u(0) = up. But first, we consider a
simple example.
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Theorem 2.2 For each B € L(H), the series > oo (B™/n!) converges in
L(H); denote its sum by exp(B). The function t — exp(tB) : R — L(H) is
infinitely differentiable and satisfies

Dlexp(tB)] = B - exp(tB) = exp(tB) - B , teER. (2.4)
If B1,B;y € E(H) and if By - Bo = Bs - By, then

exp(By + B2) = exp(By) - exp(Bs) . (2.5)

Proof: The convergence of the series in L(H) follows from that of
Yoo ]|B||’£L(H)/n! = exp(||B||) in R. To verify the differentiability of exp(tB)
at t = 0, we note that

[(exp(tB) - I)/t] —B=(1/¢t) i(tB)”/n! . t#£0,

n=2

and this gives the estimate
|[(exp(tB) — D)/t] = B < (1/1t]) [exp(lt] - 1B]) — 1 = [#] | B]]] -

Since ¢ — exp(t||B]|) is (right) differentiable at 0 with (right) derivative ||B]],
it follows that (2.4) holds at ¢ = 0. The semigroup property shows that (2.4)
holds at every ¢t € R. (We leave (2.5) as an exercise.)

3 Generation of Semigroups

Our objective here is to characterize those operators which generate contrac-
tion semigroups.

To first obtain necessary conditions, we assume that B : D(B) — H
is the generator of a contraction semigroup {S(¢) : ¢t > 0}. If ¢ > 0 and
x € D(B), then the last term in the identity

R (S(t+h)z—S(t)z) = h~H(S(h)—I)S(t)z = h~'S(t)(S(h)z—=z), h>0,
has a limit as A — 0T, hence, so also does each term and we obtain

D*S(t)z = BS(t)z = S(t)Bzx , reD(B),t>0.
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Similarly, using the uniform boundedness of the semigroup we may take the
limit as A~ — 07 in the identity

RN (S(t)r — S(t —h)x) = S(t —h)h " (S(h)x —z), O0<h<t,

to obtain
D™ S(t)x = S(t)Bz , x€D(B),t>0.

We summarize the above.

Lemma For each x € D(B), S(-)x € CY(Ry, H), S(t)z € D(B), and

S(t):l?—I:/OtBS(S)IBdSZ/OtS(S)BIEd:E, t>0. (3.1)

Corollary B is closed.

Proof: Let z, € D(B) with z, — x and Bz, — y in H. For each h > 0
we have from (3.1)

h
(S (h)zy — zp) = h_l/ S(s)Bxy ds n>1.
0

Letting n — oo and then h — 0T gives DT S(0)z = y, hence, Bz = y.

Lemma D(B) is dense in H; for each t > 0 and € H, [} S(s)zds €
D(B) and

t
S(t):z:—x:B/ S(s)eds, xe€H,t>0. (3.2)
0

Proof: Define z; = [} S(s)x ds. Then for h > 0
t t
hY(S(h)zy — x;) = hl{/ S(h+ s)xds — / S(s)x ds}
0 0

= hl{/ht-i_h S(s)xds — /OtS(s)wds} .

Adding and subtracting fth S(s)xz ds gives the equation

t+h h
hY(S(h)zy — x;) = hl/tJr S(s)xzds —h*I/O S(s)xds ,
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and letting h — 0 shows that z; € D(B) and Bxz; = S(t)xz — z. Finally, from
tlz; — x ast — 0T, it follows that D(B) is dense in H.

Let A > 0. Then it is easy to check that {e=*S(t) : ¢ > 0} is a contraction
semigroup whose generator is B—\ with domain D(B). From (3.1) and (3.2)
applied to this semigroup we obtain

t
eﬂwmm—x:/eﬁ%@ﬂB—»mﬁ, z€D(B),t>0,
0
t
e MS(ty —y = (B—)\)/ e MS(s)yds , yeH, t>0.
0

Letting ¢ — oo (and using the fact that B is closed to evaluate the limit of
the last term) we find that

x:/ e MS(s)(A— B)zds,  wzcD(B),
0
y = ()\—B)/ e S (s)yds yeH .

0

These identities show that A\ — B is injective and surjective, respectively,
with
-1 s -1
I =Byl < [ e dslyl =AMyl weH .

This proves the necessity part of the following fundamental result.

Theorem 3.1 Necessary and sufficient conditions that the operator
B : D(B) — H be the generator of a contraction semigroup on H are that

D(B) is dense in H and A — B : D(B) — H is a bijection with ||[A(A —
B) Mgy <1 for all X > 0.

Proof: (Continued) It remains to show that the indicated conditions on B
imply that it is the generator of a semigroup. We shall achieve this as follows:
(a) approximate B by bounded operators, B), (b) obtain corresponding
semigroups {S\(¢) : ¢ > 0} by exponentiating Bj, then (c) show that S(t) =
lim)y_, 0 S)(t) exists and is the desired semigroup.

Since A — B : D(B) — H is a bijection for each A > 0, we may define
By =AB(A—B)~' X >0.

Lemma For each A >0, By € L(H) and satisfies

By=-A+X\A-B)!. (3.3)
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For z € D(B), ||Bx(z)|| < ||Bz| and limy_, Bx(z) = Bz.

Proof: Equation (3.3) follows from (By+\)(A—B)z = A2z, 2 € D(B). The
estimate is obtained from By = A(A — B) !B and the fact that A(A\ — B) !
is a contraction. Finally, we have from (3.3)

IMNX=B) e —al = AT Baal <X7THBzll,  A>0, z€D(B),

hence, A\(A—B)~'z + z for all x € D(B). But D(B) dense and {\(A\—B)~'}
uniformly bounded imply A(A — B) "'z — = for all z € H, and this shows
Byz = AM(A — B)"!'Bz — Bz for x € D(B).

Since B, is bounded for each A > 0, we may define by Theorem 2.2

S,\(t):exp(tB)\) R A>0,t>0.

Lemma For each A > 0, {S\(t) : t > 0} is a contraction semigroup on H
with generator By. For each x € D(B), {S\(t)z} converges in H as A — oo,
and the convergence is uniform for t € [0,T], T > 0.

Proof: The first statement follows from
IS\ = e exp(AZ(\ = B) 1) < e MeM =1,

and D(S\(t)) = B)S\(t). Furthermore,
S\(t) — S,(t) = /Ot DS, (t — 5)Sx(s) ds

- /Ot Su(t — )Sa(5)(Br — By ds,  mA>0,
in L(H), so we obtain
|SA(t)z — Su(t)s|| < t||Bxx — Buz|| , Ap>0,t>0, z€ D(B).
This shows {Sy(t)z} is uniformly Cauchy for ¢ on bounded intervals, so the

Lemma follows.

Since each S)(t) is a contraction and D(B) is dense, the indicated limit
holds for all € H, and uniformly on bounded intervals. We define S(t)z =
limy o Sx(t)x, * € H, t > 0, and it is clear that each S(t) is a linear
contraction. The uniform convergence on bounded intervals implies ¢ —
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S(t)x is continuous for each x € H and the semigroup identity is easily
verified. Thus {S(¢) : t > 0} is a contraction semigroup on H. If x € D(B)
the functions Sy (-) Bz converge uniformly to S(-)Bz and, hence, for h > 0
we may take the limit in the identity

h
Sa(h)a — o = / S\(H) Bz dt
0
to obtain
h
S(h)x—x:/ S(t)Bx dt , x€D(B), h>0.
0
This implies that DT (S(0)xz) = Bz for z € D(B). If C denotes the generator
of {S(t) : t > 0}, we have shown that D(B) C D(C) and Bz = Cxz for all
x € D(B). That is, C is an extension of B. But I — B is surjective and
I — C is injective, so it follows that D(B) = D(C).
Corollary 3.2 If —A is the generator of a contraction semigroup, then for

each ug € D(A) there is a unique solution u € C([0,00), H) of (2.1) with
u(0) = ug.

Proof: This follows immediately from (3.1).

Theorem 3.3 If —A is the generator of a contraction semigroup, then for
each uy € D(A) and each f € C1([0,00), H) there is a unique u € C'*([0, 00), H)
such that u(0) = ug, u(t) € D(A) for t >0, and

u'(t) + Au(t) = f(t) t>0. (3.4)
Proof: It suffices to show that the function

o) = [ G-, 20,

satisfies (3.4) and to note that g(0) = 0. Letting z = ¢t — 7 we have
t
(g(t +h) —g(t))/h = /0 SE)(f(t+h—z) = f(t—2)h " dz

t+h
+h71/t S(z)f(t+h—2z)dz
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so it follows that ¢'(t) exists and

/s Pt 2)dz + S(0) 1 (0) .

Furthermore we have

(g(t +h) — g(£)) /B = h_l{/0t+h8(t+h—7 dT—/ S(t—r)f dT}
t
— (S(h) — I)h—l/o S(t—1)f(r)dr

A /t St h— 1) f(rydr (3.5)

Since ¢'(t) exists and since the last term in (3.5) has a limit as h — 0T, it
follows from (3.5) that

and that g satisfies (3.4).

4 Accretive Operators; two examples

We shall characterize the generators of contraction semigroups among the
negatives of accretive operators. In our applications to boundary value prob-
lems, the conditions of this characterization will be more easily verified than
those of Theorem 3.1. These applications will be illustrated by two examples;
the first contains a first order partial differential equation and the second is
the second order equation of heat conduction in one dimension. Much more
general examples of the latter type will be given in Section 7.

The two following results are elementary and will be used below and
later.

Lemma 4.1 Let B € L(H) with ||B|| < 1. Then (I — B)"' € L(H) and is
given by the power series Y oo o B™ in L(H).

Lemma 4.2 Let A € L(D(A), H) where D(A) < H, and assume (u — A)~!
L(H), with € C. Then (A — A)~' € L(H) for X\ € C, if and only if
[I—(u—N)(n—A)~Y"t € L(H), and in that case we have

A=) === (=N -7



106 CHAPTER IV. FIRST ORDER EVOLUTION EQUATIONS

Proof: Let B=T— (n—\)(u— A)~! and assume B! € L(H). Then we
have

A=Ap-A"" B =[A=p)+p-A)p-4)""'B""
[(A=p)(p—-A) " +1B =1,

and

(W= A) "B (A= 4) = (u—A)" B (A= 1) + (u — A)
— (u-A)'BB(u—A)] =1, on D(4).

The converse is proved similarly.

Suppose now that —A generates a contraction semigroup on H. From
Theorem 3.1 it follows that

A+ Azl > Allz],  A>0, z€D(4), (4.1)
and this is equivalent to
2Re(Az, )y > —||Az||*/X , A>0, zeD(A).

But this shows A is accretive and, hence, that Theorem 3.1 implies the
necessity part of the following.

Theorem 4.3 The linear operator —A : D(A) — H is the generator of a
contraction semigroup on H if and only if D(A) is dense in H, A is accretive,
and A + A is surjective for some A > 0.

Proof: (Continued) It remains to verify that the above conditions on the
operator A imply that —A satisfies the conditions of Theorem 3.1. Since A
is accretive, the estimate (4.1) follows, and it remains to show that A+ A is
surjective for every A > 0.

We are given (1 + A)~! € L(H) for some p > 0 and ||u(p+ A)71 < 1.
For any A € C we have ||[(A — u)(u + A)7'| < |\ — p|/p, hence Lemma 4.1
shows that I — (A — u)(A + A)~! has an inverse which belongs to L(H) if
A\ — | < p. But then Lemma 4.2 implies that (A + A)~' € L(H). Thus,
(n+ A)~' € L(H) with p > 0 implies that (A + A)~' € L(H) for all A > 0
such that |\ —p| < u, i.e., 0 < A < 2u. The result then follows by induction.
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Example 1. Let H = L?(0,1), ¢ € C, D(A) = {u € H'(0,1) : u(0) =
cu(1)}, and A = 9. Then we have for u € H'(0,1)

1 I
2 Re(Au, u) s :/0 (Ou-a+3a-u) = [u) = [u(0)]? .

Thus, A is accretive if (and only if) |¢| < 1, and we assume this hereafter.
Theorem 4.3 implies that —A generates a contraction semigroup on L?(0, 1)
if (and only if) I + A is surjective. But this follows from the solvability of
the problem

u+ou=f, u(0) = cu(1)

for each f € L?(0,1); the solution is given by

u(z) = /01 G(z,s)f(s)ds ,

[e/(e—c)e %) | 0<s<z<1,
G(z,s) =
[c/(e—c)e @) 0<z<s<1.
Since — A generates a contraction semigroup, the initial boundary value prob-
lem
Owu(x,t) + Ozu(z,t) =0, 0<z<l1l,t>0 (4.2)
u(0,t) = cu(l,t) (4.3)

u(z,0) = up(z)

has a unique solution for each uy € D(A). This can be verified directly.
Since any solution of (4.2) is locally of the form

u(z,t) = F(z —t)
for some function F'; the equation (4.4) shows
u(z,t) = uo(z — 1), 0<t<z<1.
Then (4.3) gives u(0,t) = cug(l —t), 0 <t < 1, so (4.2) then implies
u(z,t) = cug(l +z —t) , r<t<z+1.
An easy induction gives the representation

u(z,t) = c"up(n + = —t) , n—1l+z<t<n+1,n>1.
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The representation of the solution of (4.2)—(4.4) gives some additional
information on the solution. First, the Cauchy problem can be solved only if
ug € D(A), because u(-,t) € D(A) implies u(-,t) is (absolutely) continuous
and this is possible only if ug satisfies the boundary condition (4.3). Second,
the solution satisfies u(-,#) € H'(0,1) for every ¢+ > 1 but will not belong
to H%(0,1) unless duy € D(A). That is, we do not in general have u(-,t) €
H?(0,1), no matter how smooth the initial function uy may be. Finally, the
representation above defines a solution of (4.2)-(4.4) on —oco < ¢t < 00 by
allowing n to be any integer. Thus, the problem can be solved backwards
in time as well as forward. This is related to the fact that —A generates a
group of operators and we shall develop this notion in Section 5. Also see
Section V.3 and Chapter VI.

Example 2. For our second example, we take H = L2(0,1) and let A =
—0? on D(A) = H}(0,1) N H%(0,1). An integration-by-parts gives
1
(Au,u)py :/ |ou|? , u € D(A),
0
so A is accretive, and the solvability of the boundary value problem
u—0%u=f, u(0) =0, u(l) =0, (4.5)

for f € L?(0,1) shows that I + A is surjective. (We may either solve (4.5)
directly by the classical variation-of-parameters method, thereby obtaining
the representation

1
u(zx) :/0 G(z,s)f(s)ds ,

sinh(1 — z) sinh(s)

< <1
(o, 5) sinh(1 » Oss<ws
z,s) =
sinh(1 — s) sinh(z)
0< <1
sinh(1)  USTSSS

or observe that it is a special case of the boundary value problem of Chap-
ter ITL.) Since —A generates a contraction semigroup on L?(0,1), it follows
from Corollary 3.2 that there is a unique solution of the initial-boundary
value problem

o — 0*u =0, 0<z<1l,t>0

u(0,t) =0, wu(l,t)=0, (4.6)

u(z,0) = uo(x)
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for each initial function uy € D(A).
A representation of the solution of (4.6) can be obtained by the method
of separation-of-variables. This representation is the Fourier series (cf. (1.4))

1 o )
u(z,t) = 2/0 Z ug(s) sin(ns) sin(nz)e ™ ds (4.7)
n=0

and it gives information that is not available from Corollary 3.2. First, (4.7)
defines a solution of the Cauchy problem for every ug € L%(0, 1), not just for
those in D(A). Because of the factor e="** in the series (4.7), every derivative
of the sequence of partial sums is convergent in L?(0, 1) whenever ¢ > 0, and
one can thereby show that the solution is infinitely differentiable in the open
cylinder (0, 1) x (0, 00). Finally, the series will in general not converge if ¢ < 0.
This occurs because of the exponential terms, and severe conditions must
be placed on the initial data ug in order to obtain convergence at a point
where ¢ < 0. Even when a solution exists on an interval [—T,0] for some
T > 0, it will not depend continuously on the initial data (cf., Exercise 1.3).
The preceding situation is typical of Cauchy problems which are resolved
by analytic semigroups. Such Cauchy problems are (appropriately) called
parabolic and we shall discuss these notions in Sections 6 and 7 and again in
Chapters V and VI.

5 Generation of Groups; a wave equation

We are concerned here with a situation in which the evolution equation can
be solved on the whole real line R, not just on the half-line R*. This is the
case when —A generates a group of operators on H.

Definition. A wunitary group on H is a set {G(t) : t € R} of linear operators
on H which satisfy

Git+7)=GHt)-G(r), GO =1, tr€eR, (5.1)
G()re C(R H), =z€H, (5.2)
IGM) ey =1, teR. (5.3)

The generator of this unitary group is the operator B with domain

D(B) ={z € H: lim h™"(G(h) — )z _exists in H |
h—0
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with values given by Bz = limj,_,oh ' (G(h) — INz = D(G(0)z), the (two-
sided) derivative at 0 of G(t)z.

Equation (5.1) is the group condition, (5.2) is the condition of strong
continuity of the group, and (5.3) shows that each operator G(t), t € R, is
an isometry. Note that (5.1) implies

Gt)-G(—t)=1, teR,

G 't)=G(-t), tER.

If Be€ L(H), then (5.1) and (5.2) are satisfied by G(t) = exp(tB), t € R
(cf., Theorem 2.2). Also, it follows from (2.4) that B is the generator of
{G(t) : t € R} and

D(|G(t)z]?) = 2Re(BG(t)z,G()z)y, w€H,teR,

hence, (5.3) is satisfied if and only if Re(Bz,z)y = 0 for all z € H. These
remarks lead to the following.

Theorem 5.1 The linear operator B : D(B) — H is the generator of a
unitary group on H if and only if D(B) is dense in H and A\ — B is a
bijection with [|A(X — B) | gy < 1 for all X € R, X #0.

Proof: If B is the generator of the unitary group {G(¢) : ¢ € R}, then
B is the generator of the contraction semigroup {G(¢) : ¢ > 0} and —B is
the generator of the contraction semigroup {G(—t) : ¢ > 0}. Thus, both B
and —B satisfy the necessary conditions of Theorem 3.1, and this implies the
stated conditions on B. Conversely, if B generates the contraction semigroup
{S4(t) : t > 0} and — B generates the contraction semigroup {S_(¢) : ¢ > 0},
then these operators commute. For each 2y € D(B) we have

D[S, (t)S_(=t)zo] =0, t>0,
so S;(t)S_(—t) =1, t > 0. This shows that the family of operators defined

by
G {S+(t) , t>0
S (=t), t<0
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satisfies (5.1). The condition (5.2) is easy to check and (5.3) follows from
L=|G@#)-G(=D) < [|GO[ - [G(=D) < NGH < L.

Finally, it suffices to check that B is the generator of {G(t) : t € R} and
then the result follows.

Corollary 5.2 The operator A is the generator of a unitary group on H if
and only if for each ug € D(A) there is a unique solution u € C*(R, H) of
(2.1) with u(0) = up and ||u(t)|| = |luoll, t € R.

Proof: This is immediate from the proof of Theorem 5.1 and the results of
Theorem 2.1 and Corollary 3.2.

Corollary 5.3 If A generates a unitary group on H, then for each ug €
D(A) and each f € CY(R,H) there is a unique solution u € CY(R,H) of
(3.3) and u(0) = ug. This solution is given by

t
u(t) :G(t)u0+/0 Gt—1)f(r)dr, teR.

Finally, we obtain an analogue of Theorem 4.3 by noting that both +A
and —A are accretive exactly when A satisfies the following.

Definition. The linear operator A € L(D(A), H) is said to be conservative
if

Re(Az,z)g =0, z € D(A) .

Corollary 5.4 The linear operator A : D(A) — H is the generator of a
unitary group on H if and only if D(A) is dense in H, A is conservative,
and A + A is surjective for some A > 0 and for some A < 0.

Example. Take H = L?(0,1) x L?(0,1), D(A) = H}(0,1) x H*(0,1), and
define

Alu,v] = [—i0v,i0u] , [u,v] € D(A) .
Then we have
1
(Alu, o], [u, )i = 1/0 (@v-a—0u-5), [uo] DA
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and an integration-by-parts gives

=1
=0, (54)

2Re(Alu,v], [u,v]))g = i(u(z)v(z) — u(z)v(z)) o

since u(0) = u(1) = 0. Thus, A is a conservative operator. If X # 0 and
[f1, f2] € H, then

Au, v] + Alu,v] = [f1, fo] , [u,v] € D(A)
is equivalent to the system
—0%u 4+ Nu = \fy —idfs , u € H(0,1), (5.5)
—iou+ v = fo, ve  HY0,1) . (5.6)

But (5.5) has a unique solution u € H}(0,1) by Theorem I11.2.2 since \f; —
i0fy € (H})" from Theorem I1.2.2. Then (5.6) has a solution v € L?(0,1)
and it follows from (5.6) that

(iN)Ov = Af1 — Nu € L*(0,1) ,

sov € H'(0,1). Thus X + A is surjective for A # 0.
Corollaries 5.3 and 5.4 imply that the Cauchy problem
Du(t) + Au(t) = [0, f(1)],  teR,
(5.7)
u(0) = [ug, vo]

is well-posed for ug € H(0,1), vo € H'(0,1), and f € C*(R, H). Denoting
by u(t), v(t), the components of u(t), i.e., u(t) = [u(t), v(¢)], it follows that
u € C%(R, L?(0,1)) satisfies the wave equation
Otu(z,t) — 02u(z,t) = f(z,t), 0<z<l,teRr,
and the initial-boundary conditions
u(0,t) = u(1,t) =0
u(z,0) = uo(x) , Owu(z,0) = —ivg(z) .

See Section VI.5 for additional examples of this type.
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6 Analytic Semigroups

We shall consider the Cauchy problem for the equation (2.1) in the spe-
cial case in which A is a model of an elliptic boundary value problem (cf.
Corollary 3.2). Then (2.1) is a corresponding abstract parabolic equation
for which Example 2 of Section IV.4 was typical. We shall first extend the
definition of (A + A)~! to a sector properly containing the right half of the
complex plane C and then obtain an integral representation for an analytic
continuation of the semigroup generated by —A.

Theorem 6.1 LetV and H be Hilbert spaces for which the identity V — H
18 continuous. Let a : V xV — C be continuous, sesquilinear, and V -elliptic.
In particular

la(u,0)] < Kllu| llol ,  wveV,
Rea(u,u) > c|ul|? , uwevV,
where 0 < ¢ < K. Define
D(A) = {u € V : a(u,v)]| < Kufoly , veEV},
where K,, depends on u, and let A € L(D(A), H) be given by
a(u,v) = (Au,v) g , ueD(A),veV.

Then D(A) is dense in H and there is a 6y, 0 < 0y < w/4, such that for each
A€ S(m/2+46y) = {z € C:|arg(z)| < 7/2+6p} we have (A\+ A)~ € L(H).
For each 0, 0 < 0 < 0y, there is an My such that

A+ A) o <My, AeS@O+7/2) (6.1)
Proof: Suppose A € C with A = ¢ + 47, 0 > 0. Since the form u, v —
a(u,v) 4+ \(u,v) gy is V-elliptic it follows that A+ A : D(A) — H is surjective.

(This follows directly from the discussion in Section III1.2.2; note that A is
the restriction of A to D(A) = D.) Furthermore we have the estimate

olulfy < Re{a(u,u) + Au,u)u} < [(A+ Nulululn ,  we D(A),
so it follows that

loA+A4) <1, ReN)=0>0. (6.2)
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From the triangle inequality we obtain
7| lulfy — Kllull} < |Im((A + A)w,w)m|,  u€ D(A), (6.3)
where 7 = Im(\). We show that this implies that either
[T ((A + A)yu, w)mr| > (I71/2)|uff (6.4)

or that
Re((A+ Ay, w)g > (e/2K)|7] [ul} (6.5)

If (6.4) does not hold, then substitution of its negation into (6.3) gives
(i71/2)ul% < Kllul};. But we have

Re((A + A)u,u) g > cllullf,
so (6.5) follows. Since one of (6.4) or (6.5) holds, it follows that
(A + Au,w)g| > (¢/2K)|7|lulfy ,  we D(A),
and this gives the estimate
IrA+ A Y <2K/c, A=o+ir,0>0. (6.6)
Now let A = o + i1 € C with 7 # 0 and set ; = i7. From (6.6) we have
(s +A) 7 < 2K/clul
so Lemma 4.1 shows that
I = A = ) (e + A7 < L= X = pl2K elul]

whenever |o|/|7| = (A — p)/|u] < ¢/2K.
From Lemma 4.2 we then obtain (A + A)~! € L(H) and

IXX+A) M < @K/o)(lol/Ir| +1)(1 = 2K]o| /el 7,
A=o+ir, |o|/|T] <c¢/2K . (6.7)

Theorem 6.1 now follows from (6.2) and (6.7) with §p = tan!(c/2K).

From (6.2) it is clear that the operator —A is the generator of a contrac-
tion semigroup {S(t) : t > 0} on H. We shall obtain an analytic extension
of this semigroup.
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Theorem 6.2 Let A € L(D(A), H) be the operator of Theorem 6.1. Then
there is a family of operators {T'(t) : t € S(6p)} satisfying
(a) T(t+7)=T(t)-T(7) , t,7 € S(by) ,

and for z,y € H, the function t — (T (t)z,y)g is analytic on S(6p);
(b) forte S(by), T(t) € L(H,D(A)) and

dr(t) '
= A-T(t)e L(H) ;

(c) if 0 < e < By, then for some constant C(e),
IT(#) < Ce)RAT@)| < Cle),  t€ SO —¢),
and forx € H, T(t) >z ast — 0, t € S(6p — ¢).
Proof: Let 6 be chosen with 6y/2 < 6 < 6y and let C be the path consisting
of the two rays |arg(z)| = m/2 + 0, |z| > 1, and the semi-circle {e’ : |t| <

0 + 7/2} oriented so as to run from oo - e~H™/240) o oo - HT/2H0),
If t € S(26 — 6p), then we have

|arg(At)| > |arg M| — |argt| > 7/2+ (6p — 0) , AeC, A >1,
so we obtain the estimate
Re(At) < —sin(fy — 0)|At] , te S(20 —0y) .

This shows that the (improper) integral
1
T(t) = —,/ NMA+A) TN, te S(20—6) (6.8)
2mi Jo
exists and is absolutely convergent in L(H). If z,y € H then

1

(T O.9)n = 5 [ O+ D) wy) A
2w Jo

is analytic in ¢. If C' is a curve obtained by translating C' to the right, then

from Cauchy’s theorem we obtain

(T(t)z,y)g = = /C, e)"t(()\' + A) Lz y) g dX .

2
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Hence, we have

T(t) = i/ NN+ A)LdN

2mi

since x,y are arbitrary and the integral is absolutely convergent in L(H).
The semigroup identity follows from the calculation

1
21

_ (2%)2 V,eA’T(XJrA)1{/Ce”(A—X)1dA} dN'
_/Ce/\t()\+A)1{/16)‘17()\—)\')1d>\'}d>\]
1

= [P0 A =T+ ),
21 Jo

TH)T(r) = ( )2/,LeA'T+At(A’+A)1(>\+A)1d>\d>\’

where we have used Fubini’s theorem and the identities
A+ATT N+ ==XV +ATT -+ AT,

/ MA=N)"td =0 |, / NT(A = N) LN = —2mie’T |
C !

Since 0 € (0y/2,6)) is arbitrary, (a) follows from above.
Similarly, we may differentiate (6.8) and obtain
dT(t) 1

_ L AL 1
- /C M+ A) L dA (6.9)

1 At 1
= I—A A
27m'/ce | A+ 4)7]dA
-1 Y’ -1
= 271_2,/06 AN+ A) “dX.

Since A is closed, this implies that for ¢ € S(26 — 6y), 0y/2 < 0 < 6y, we

have
dT(t) _
a3 = AT(t) € L(H)

so (b) follows.
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We next consider (c). Letting 6 = 0y — /2, we obtain from (6.1) and
(6.8) the estimate

1 B
17| < g/cle”l IO AT A

< %/ eRe)\tM .
- 27 Jo |\l

Since Re At < —sin(e/2) - |At| in this integral, the last quantity depends only
on ¢. The second estimate in (c) follows similarly.

To study the behavior of T'(¢) for ¢t € S(6y — €) close to 0, we first note
that if x € D(A)

T(t)r —z = i/ AN+ A= A"Hzdr
21t Jo

-1
_ —/ MO+ A) Az dr/A
2w Jo
and, hence, we obtain the estimate

My i d|tA|
The — ol < 111 Mo sin(e/2)| M| _} Azl
1Tt —all <1152 [ ¢ el
Thus, T'(t)x — = as t — 0 with ¢ € S(6p — ¢). Since D(A) is dense and
{T'(t) : t € S(6p — ¢)} is uniformly bounded, this proves (c).

Definition. A family of operators {T'(t) : t € S(6y) U {0}} which satisfies
the properties of Theorem 6.2 and T'(0) = I is called an analytic semigroup.

Theorem 6.3 Let A be the operator of Theorem 6.1, {T'(t) : t € S(6p)} be
given by (6.8), and T'(0) = I. Then the collection of operators {T(t) : t > 0}
is the contraction semigroup generated by —A.

Proof: Let ug € H and define u(t) = T(t)ug, ¢ > 0. Theorem 6.2 shows
that u is a solution of the Cauchy problem (2.1) with u(0) = ug. Theorem
2.1 implies that {T'(¢) : ¢t > 0} is a contraction semigroup whose generator
is an extension of —A. But I + A is surjective, so the result follows.

Corollary 6.4 If A is the operator of Theorem 6.1, then for every ug € H
there is a unique solution u € C([0,00), H) N C*((0,00), H) of (2.1) with
u(0) = ug. For each t >0, u(t) € D(AP) for every p > 1.
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There are some important differences between Corollary 6.4 and its coun-
terpart, Corollary 3.2. In particular we note that Corollary 6.4 solves the
Cauchy problem for all initial data in H, while Corollary 3.2 is appropriate
only for initial data in D(A). Also, the infinite differentiability of the so-
lution from Corollary 6.4 and the consequential inclusion in the domain of
every power of A at each ¢ > 0 are properties not generally true in the sit-
uation of Corollary 3.2. These regularity properties are typical of parabolic
problems (cf., Section 7).

Theorem 6.5 If A is the operator of Theorem 6.1, then for each uy € H
and each Holder continuous f : [0,00) — H:

If@) —fOI<KE-7)*, 0<7<t,

where K and « are constant, 0 < a < 1, there is a unique u € C([0,00), H)N
C((0,00), H) such that u(0) = ug, u(t) € D(A) fort >0, and

u'(t) + Au(t) = f(t), t>0.
Proof: It suffices to show that the function

t
o) = [ Tt-n)f(rydr, >0,
0
is a solution of the above with ug = 0. Note first that for ¢ > 0
t t
ot) = [ T =)0~ FO) dr+ [ T r)dr- £()
0 0
from Theorem 6.2(c) and the Holder continuity of f we have
IA-T(t—7)(f(r) = fFE)I < C(0o) K|t — 7|7,
and since A is closed we have g(t) € D(A) and
t
Ag(t) :A/O T(t—=7)(f(r) = f@) dr + (I =T(#)) - f(2) .

The result now follows from the computation (3.5) in the proof of Theorem
3.3.
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7 Parabolic Equations

We were led to consider the abstract Cauchy problem in a Hilbert space H
u'(t) + Au(t) = f(t) , t>0; u(0) =wug (7.1)

by an initial-boundary value problem for the parabolic partial differential
equation of heat conduction. Some examples of (7.1) will be given in which
A is an operator constructed from an abstract boundary value problem.
In these examples A will be a linear unbounded operator in the Hilbert
space L?(G) of equivalence classes of functions on the domain G, so the
construction of a representative U (-, %) of u(t) is non-trivial. In particular,
if such a representative is chosen arbitrarily, the functions ¢ — U(x,t) need
not even be measurable for a given x € G.

We begin by constructing a measurable representative U (-, -) of a solution
u(+) of (7.1) and then make precise the correspondence between the vector-
valued derivative u/(t) and the partial derivative 9,U (-, t).

Theorem 7.1 Let I = [a,b], a closed interval in R and G be an open (or
measurable) set in R".

(a) If u € C(I,L?*(Q)), then there is a measurable function U : I — R such
that
u(t) =U(-1t) , tel. (7.2)

(b) Ifu € CY(I,L%(G)), U and V are measurable real-valued functions on
G x I for which (7.2) holds for a.e. t € I and

u'(t) =V (1), ae tel,
then V.= 0,U in D*(G x I).
Proof: (a) For each t € I, let Uy(+,t) be a representative of u(t). For each

integer n > 1, let a =ty < t; < --- < t, = b be the uniform partition of 1
and define
UO($7tk)7 tk§t<tk+17k:0717"'7n_1
Un(xat) =
Up(z,t), t=tp.
Then U, : G x I — R is measurable and

m ([T (- 8) —u(t)ll 22 =0,

n— 00
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uniformly for ¢ € I. This implies

lim // Uy — Up|? da dit = 0
mmn—oo 1 Ja

and the completeness of L2(G x I) gives a U € L?(G x I) for which

lim// U —U,|>dzdt =0 .

It follows from the above (and the triangle inequality)

[ lut) = U )y dt =0
I

so u(t) = U(-,t) for a.e. t € I. The desired result follows by changing u(t)
to Up(+,t) on a set in I of zero measure.

(b) Let ® € C§°(G x I). Then ¢(t) = ®(-,t) defines ¢ € C§(I, L*(Q)).
But for any ¢ € C§°(I, L?(G)) and u as given

— [@®). ¢ )2y dt = [ @ 0ot 2 dt

I

and thus we obtain

—/I/GU(x,t)DtQ(x,t)d:pdt:/I/GV(m,t)@(x,t)dxdt.

This holds for all ® € C§°(G x I), so the stated result holds.

We next consider the construction of the operator A appearing in (7.1)
from the abstract boundary value problem of Section II1.3. Assume we are
given Hilbert spaces V C H, and B with a linear surjection v : V. — B
with kernel V. Assume «y factors into an isomorphism of V/Vj onto B, the
injection V' — H is continuous, and Vj is dense in H, and H is identified
with H'. (Thus, we obtain the continuous injections Vj — H < V{ and
V — H — V'.) (Cf. Section III.2.3 for a typical example.)

Suppose we are given a continuous sesquilinear form a; : V XV — K and
define the formal operator 4; € L(V, V) by

Aru(v) = ay(u,v) , veV,velp.

Let Dyp ={u €V : Ai(u) € H} and denote by 9, € L(Dy, B") the abstract
Green’s operator constructed in Theorem II1.2.3. Thus

ay(u,v) — (Aru,v) g = O1u(y(v)) , u€Dy,veV.
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Suppose we are also given a continuous sesquilinear form ay : B x B — K
and define Ay € L(B, B') by

Aou(v) = as(u,v) , u,v € B .
Then we define a continuous sesquilinear form on V' by
a(u,v) = a1(u,v) +az(y(u),y(v)) ,  wveV.

Consider the triple {a(-,-),V, H} above. From these we construct as in
Section 6 an unbounded operator on H whose domain D(A) is the set of all
u € V such that there is an F' € H for which

a(u,v) = (F,v)g , veV.

Then define A € L(D(A),H) by Au = F. (Thus, A is the operator in
Theorem 6.1.) From Corollary II1.3.2 we can obtain the following result.

Theorem 7.2 Let the spaces, forms and operators be as given above. Then
D(A) C Dy, A = Ai|pay, and u € D(A) if and only if u € V, Aju € H,
and O1u + Az(y(u)) =0 in B'.

(We leave a direct proof as an exercise.) We obtain the existence of a weak so-
lution of a mixed initial-boundary value problem for a large class of parabolic
boundary value problems from Theorems 6.5, 7.1 and 7.2.

Theorem 7.3 Suppose we are given an abstract boundary value problem
as above (i.e., Hilbert spaces V, H, B, continuous sesquilinear forms ai(-,-),
as(+,-), and operators vy, 1, Ay and Az) and that H = L*(G) where G is an
open set in R". Assume that for some ¢ >0

Re {a1(v,v) + ax(y(v), 7)) } > e[}, weV.

Let Uy € L*(G) and a measurable F : G x [0,T] — K be given for which
F(-,t) € L*(G) for all t € [0,T] and for some K € L*(G) and a, 0 < a < 1,
we have

|F(z,t) — F(z,7)| < K(z)[t—7|*, ae z€G,tel0,T].
Then there exists a U € L*(G x [0,T)) such that for all t > 0
U('at) eV, atU('at) +A1U('7t) = F('at) in LQ(G) 7} (7 3)
and OU(-,t) + Ao (yU(-)) =0 in B, '
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and
lim/ U (,t) — Up(w) 2 dz =0 .
G

t—0

We shall give some examples which illustrate particular cases of Theorem
7.3. Each of the following corresponds to an elliptic boundary value problem
in Section II1.4, and we refer to that section for details on the computations.

7.1

Let the open set G in R", coefficients a;;, a; € L*>°(G), and sesquilinear
form a(-,) = ai(-,-), and spaces H and B be given as in Section II1.4.1.
Let Uy € L%(G) be given together with a function F : G x [0,T] — K as in
Theorem 7.3. If we choose

V={ve HY(G) : yv(s) =0, ae. scTl}

where T' is a prescribed subset of G, then a solution U of (7.3) satisfies

\

oU — Z 8j(aij8iU) + ZajajU =F in LZ(G X [U,T]) ,
ij=1 =0
U(s,t) =0, t>0, ae. sel', and (7.4)
Mzﬂ, t>0, ae. s€0G~T,
(91/,4 J

where . .

ou

= Z U (Z az-jyj>
denotes the derivative in the direction determined by {a;;} and the unit
outward normal v on 0G. The second equation in (7.4) is called the boundary
condition of first type and the third equation is known as the boundary
condition of second type.

7.2

Let V be a closed subspace of H'(G) to be chosen below, H = L*(G),
Vo = H}(G) and define

al(u,v):/GVu-W, u,v €V .
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Then Ay = —A,, and 0 is an extension of the normal derivative /v on
0G. Let a € L (0G) and define

a(p ) = [ a@e@FE s, g€ 106)

(Note that B C L?(0G) C B' and Asp = a - ¢.) Let Uy € L?(G) and F be
given as in Theorem 7.3. Then (exercise) Theorem 7.3 asserts the existence
of a solution of (7.3). If we choose V = H'(G), this solution satisfies

U — AU =F in L*(Gx[0,7T)),

(7.5)
WwLa(s)U(s,t) =0, t>0, ae scdG

If we choose V = {v € HY(G) : yv = constant}, then U satisfies

oU — AU =F in L*G x[0,T)),
U(s,t) = up(t) , t>0, ae s€IG,
oU (s, t)

/ ———ds + a(s)ds-up(t) =0, t>0.
oa  Ov oG

(7.6)

The boundary conditions in (7.5) and (7.6) are known as the third type and
fourth type, respectively. Other types of problems can be solved similarly,
and we leave these as exercises. In particular, each of the examples from
Section IT1.4 has a counterpart here.

Our final objective of this chapter is to demonstrate that the weak solu-
tions of certain of the preceding mixed initial-boundary value problems are
necessarily strong or classical solutions. Specifically, we shall show that the
weak solution is smooth for problems with smooth or regular data.

Consider the problem (7.4) above with F' = 0. The solution u(-) of the
abstract problem is given by the semigroup constructed in Theorem 6.2 as
u(t) = T(t)up. (We are assuming that a(-,-) is V-elliptic.) Since T'(t) €
L(H,D(A)) and AT(t) € L(H) for all ¢ > 0, we obtain from the identity
(T'(t/m))™ = T(t) that T'(t) € L(H,D(A™)) for integer m > 1. This is an
abstract regularity result; generally, for parabolic problems D(A™) consists
of increasingly smooth functions as m gets large. Assume also that a(:,-) is
k-regular over V (cf. Section 6.4) for some integer £ > 0. Then A~! maps
H*(G) into H?*%(G) for 0 < s < k, so D(A™) C H*** whenever 2m > 2+k.
Thus, we have the spatial regularity result that u(t) € H?>T*(G) for all t > 0
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when a(-,-) is V-elliptic and k-regular. One can clearly use the imbedding
results of Section I1.4 to show U(-,t) € CP(G) when 2(2 + k) > 2p + n.

We consider the regularity in time of the solution of the abstract problem
corresponding to (7.4). First note that A™ : D(A™) — H defines a scalar
product on D(A™) for which D(A™) is a Hilbert space. Fix ¢ > 7 > 0 and
consider the identity

(1/h)(u(t +h) —u(t)) = A7"[(L/W)(T({E +h —7) = T(t = 7)) A™u(t)]

for 0 < |h| < t —7. Since A™u(r) € H, the term in brackets converges in
H, hence u'(t) € D(A™) for all ¢ > 0 and integer m. This is an abstract
temporal regularity result. Assume now that a(-,:) is k-regular over V.
The preceding remarks show that the above difference quotients converge to
u'(t) = Q,U(-,t) in the space H2t*(G). The convergence holds in CE(G) if
2(2+ k) > 2p + n as before, and the solution U is a classical solution for
p > 2. Thus, (7.4) has a classical solution when the above hypotheses hold
for some k > n/2.

Exercises

1.1. Supply all details in Section 1.

1.2. Develop analogous series representations for the solution of (1.5) and
(1.3) with the boundary conditions

(a) uz(0,t) = uz(m,t) = 0 of Neumann type (cf. Section I11.7.7),

(b) w(0,t) = u(m,t), ug(0,t) = uy(m, t) of periodic type (cf. Section
I11.7.8).

1.3. Find the solution of the backward heat equation
Ut + Ugpy =0, O<z<m,t>0

subject to u(0,t) = u(m,t) = 0 and u(z,0) = sin(nz)/n. Discuss the
dependence of the solution on the initial data u(z,0).

2.1. If A is given as in Section II1.7.C, obtain the eigenfunction series rep-
resentation for the solution of (2.1).
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2.2.

2.3.
2.4.

3.1.

3.2.

3.3.
3.4.

4.1.
4.2.

4.3.

4.4.

4.5.
4.6.

5.1.

5.2.
9.3.

Show that if u,v € C'((0,T), H), then

Dy(u(t), ot = (), 0(®) i + (w(t), o' () . 0<t<T.
Show (2.3) holds for all 2z € H.
Verify (2.5).

If {S(t)} is a contraction semigroup with generator B, show that {e=*S(t)}

is a contraction semigroup for A > 0 and that its generator is B — .

Verify the limits as ¢ — oo in the two identities leading up to Theorem
3.1.

Show B(A — B)~! = (A — B)~!B for B as in Theorem 3.1.

Show that Theorem 3.3 holds if we replace the given hypothesis on f
by f: Rt — D(A) and Af(-) € C([0,00), H).

Prove Lemma 4.1.

Show that the hypothesis in Theorem 4.3 that D(A) is dense in H is
unnecessary. Hint: If z € D(A)*, then z = (A\+A)z for some z € D(A)
and z = 6.

Show that (4.1) follows from A being accretive.

For the operator A in Example 4(a), find the kernel and range of A + A
for each A > 0 and ¢ with |¢| < 1.

Solve (4.5) by the methods of Chapter III.

Solve (4.5) and (4.6) when the Dirichlet conditions are replaced by Neu-
mann conditions. Repeat for other boundary conditions.

Show that operators {S; (¢)} and {S_(¢)} commute in the proof of The-
orem 5.1.

Verify all details in the Example of Section 5.

If A is self-adjoint on the complex Hilbert space H, show 1A generates
a unitary group. Discuss the Cauchy problem for the Schrodinger
equation u; = t1A,u on R” X R.
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5.4.

6.1.

6.2.

6.3.

6.4.

7.1.

7.2.

7.3.

7.4.

7.5.

7.6.

7.7.

CHAPTER IV. FIRST ORDER EVOLUTION EQUATIONS

Formulate and discuss some well-posed problems for the equation d,u +
dMBu=0for0<z<1andt>0.

Verify all the estimates which lead to the convergence of the integral
(6.8).

Finish the proof of Theorem 6.5.

Show that f(t) = [j F(s)ds is Holder continuous if F(-) € LP(0,T; H)
for some p > 1.

Show that for 0 < € < 0y and integer n > 1, there is a constant c , for
which [|t" AT (t)|| < c.,, for t € S(6y — €) in the situation of Theorem
6.2.

In the proof of Theorem 7.1(a), verify lim,_, o ||Un (-, ) —u(t)|| = 0. For
Theorem 7.1(b), show ¢ € C§°(I, L3(Q)).

Give a proof of Theorem 7.2 without appealing to the results of Corol-
lary I11.3.2.

Show that the change of variable u(t) = e*wv(t) in (7.1) gives a cor-
responding equation with A replaced by A + A. Verify that (7.4) is
well-posed if a1(+,) is strongly elliptic.

Show that (7.3) is equivalent to (7.5) for an appropriate choice of V.
Show how to solve (7.5) with a non-homogeneous boundary condition.

Show that (7.3) is equivalent to (7.6) for an appropriate choice of V.
Show how to solve (7.6) with a non-homogeneous boundary condition.
If G is an interval, show periodic boundary conditions are obtained.

Solve initial-boundary value problems corresponding to each of exam-
ples in Sections 4.3, 4.4, and 4.5 of Chapter III.

Show that u(t) = T'(t)up converges to uy in D(A™) if and only if uy €
D(A™). Discuss the corresponding limit lim; g+ U(-, %) in (7.4).



Chapter V

Implicit Evolution Equations

1 Introduction

We shall be concerned with evolution equations in which the time-derivative
of the solution is not given explicitly. This occurs, for example, in problems
containing the pseudoparabolic equation

Oyu(z,t) — ad20u(z, t) — O2u(z,t) = f(z,t) (L.1)

where the constant a is non-zero. However, (1.1) can be reduced to the stan-
dard evolution equation (3.4) in an appropriate space because the operator
I — ad? which acts on Gyu(r,t) can be inverted. Thus, (1.1) is an example
of a regular equation; we study such problems in Section 2. Section 3 is
concerned with those regular equations of a special form suggested by (1.1).

Another example which motivates some of our discussion is the partial
differential equation

m(z)dpu(x,t) — O2u(z,t) = f(x,1) (1.2)

where the coefficient is non-negative at each point. The equation (1.2) is
parabolic at those points where m(z) > 0 and elliptic where m(z) = 0.
For such an equation of mized type some care must be taken in order to
prescribe a well posed problem. If m(z) > 0 almost everywhere, then (1.2)
is a model of a regular evolution equation. Otherwise, it is a model of a
degenerate equation. We study the Cauchy problem for degenerate equations
in Section 4 and in Section 5 give more examples of this type.

127
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2 Regular Equations

Let V,,, be a Hilbert space with scalar-product (-,-),, and denote the corre-
sponding Riesz map from V,,, onto the dual V;, by M. That is,

M‘,I:(y) = (x’ y)m ) ‘,I;’y E Vm .

Let D be a subspace of V,,, and L : D — V! a linear map. If ug € V,,
and f € C((0,00), V) are given, we consider the problem of finding u €
C([0,00), Vi) N C((0, 00), V;) such that

M (t) + Lu(t) = f(t) , t>0, (2.1)

and u(0) = uyp.

Note that (2.1) is a generalization of the evolution equation IV(2.1). If
we identify V,,, with V,), by the Riesz map M (i.e., take M = I) then (2.1)
reduces to IV(2.1). In the general situation we shall solve (2.1) by reducing
it to a Cauchy problem equivalent to IV(2.1).

We first obtain our a-priori estimate for a solution w(-) of (2.1), with
f = 0 for simplicity. For such a solution we have

Dy(u(t), u(t))m = —2Re Lu(t) (u(t))

and this suggests consideration of the following.

Definition. The linear operator L : D — V! with D <V}, is monotone (or
non-negative) if
Re Lz(z) >0, z€eD.

We call L strictly monotone (or positive) if
ReLz(z) >0, xe€D,x#0.

Our computation above shows there is at most one solution of the Cauchy
problem for (2.1) whenever L is monotone, and it suggests that V,, is the
correct space in which to seek well-posedness results for (2.1).

To obtain an (explicit) evolution equation in V;, which is equivalent to
(2.1), we need only operate on (2.1) with the inverse of the isomorphism M,
and this gives

u'(t) + M Lo Lu(t)y = M1f(t), t>0. (2.2)
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This suggests we define A = M ~!o L with domain D(A) = D, for then (2.2)
is equivalent to IV(2.1). Furthermore, since M is the Riesz map determined
by the scalar-product (-, ), we have

(A:E,y)m = Lx(y) ) €D, yeVy,. (2'3)

This shows that L is monotone if and only if A is accretive. Thus, it follows
from Theorem IV.4.3 that —A generates a contraction semigroup on V,, if
and only if L is monotone and I+ A is surjective. Since M(I+A) = M+ L,
we obtain the following result from Theorem IV.3.3.

Theorem 2.1 Let M be the Riesz map of the Hilbert space V,, with scalar
product (-,+)m and let L be linear from the subspace D of Vp, into V,),. As-
sume that L is monotone and M + L : D — V! is surjective. Then, for
every f € C1([0,00), V") and ug € D there is a unique solution u(-) of (2.1)
with u(0) = uyg.

In order to obtain an analogue of the situation in Section I'V.6, we suppose
L is obtained from a continuous sesquilinear form. In particular, let V' be
a Hilbert space for which V is a dense subset of V,,, and the injection is
continuous; hence, we can identify V,, C V'. Let £(,-) be continuous and
sesquilinear on V' and define the corresponding linear map £: V — V' by

La(y) = L(z,y),  wy€eV.
Define D={x €V : Lz €V} and L = L|p. Then (2.3) shows that
Uz,y) = (Az,y)m , TED,yevV,

so it follows that A is the operator determined by the triple {£(-,-),V,V,}
as in Theorem IV.6.1. Thus, from Theorems IV.6.3 and IV.6.5 we obtain
the following.

Theorem 2.2 Let M be the Riesz map of the Hilbert space V,, with scalar-
product (+,-)m. Let £(-,-) be a continuous, sesquilinear and elliptic form on
the Hilbert space V', which is assumed dense and continuously imbedded in
Vin, and denote the corresponding isomorphism of V. onto V' by L. Then
for every Holder continuous f :[0,00) — V! and ug € V,, there is a unique
u € C([0,00), Vi) N CL((0,00), Vi) such that u(0) = ug, Lu(t) € V! for
t>0, and

M (t) + Lu(t) = f(t) , t>0. (2.4)
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We give four elementary examples to suggest the types of initial-boundary
value problems to which the above results can be applied. In the first three
of these examples we let V;,, = H}(0,1) with the scalar-product

1
(Uy V) = / (ud + adudv ) ,
0

where a > 0.

2.1

Let D = {u € H?(0,1) N H}(0,1) : 4/(0) = cu’(1)} where |¢| < 1, and define
LU = —3%u. Then we have Lu(p) = (0%u,dy) for ¢ € H}(0,1), and (cf.,
Section 1V.4)

2Re Lu(u) = |u'(1)|* = [4/(0)]* > 0, ueD.
Thus, Theorem 2.1 shows that the initial-boundary value problem
(0 — ad20,)U (z,t) — U (x,t) =0, 0<z<1,t>0,
U,t)=U(1,t) =0, 09,U(0,t) =co,U(1,t) , t>0,
U(z,0) = Up(z)

has a unique solution whenever Uy € D.

2.2
Let V = HZ(0,1) and define

1
E(u,v):/ ?u - 0%0 u,v eV .
0

Then D = H(0,1) N H3(0,1) and Lu = 0%, u € D. Theorem 2.2 then
asserts the existence and uniqueness of a solution of the problem

(0 — ad20y)U (x,t) + OpU (x,1) = 0 , 0<z<1l,t>0,
U0,1) = U(1,1) = 3,U(0,8) = ,U(1L,1) =0, >0,
U(z,0) =Up(z) , 0<z<l1,

for each Uy € H{(0,1).
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2.3
Let V = H}(0,1) and define

1
E(u,v):/ oudv u,v €V .
0

Then D =V =1V, and Lu = —0%u, u € D. From either Theorem 2.1 or 2.2
we obtain existence and uniqueness for the problem

(0p — ad?0)U (z,t) — O*U(x,t) =0 , 0<z<1l,t>0,
U(,t)=U(1,t) =0, t>0,
U(z,0) =Up(z) , 0<z<l,

whenever Uy € D = V,,,.

24

For our last example we let V;,, be the completion of C§°(G) with the scalar-
product

(Uy V) = /Gm(ac)u(ac)mdx .

We assume G is open in R" and m € L*°(G) is given with m(z) > 0 for
a.e. x € G. (Thus, V,, is the set of measurable functions u on G for which
m'?u € I2(G).) Let V = H}(G) and define

é(u,v):/Vu-Vf), u,veV .
G

Then Theorem 2.2 implies the existence and uniqueness of a solution of the
problem

m(x)oU (z,t) — A U(z,t) =0, zeG,t>0,
U(s,t) =0, s€0G, t>0,
U(z,0) = Uy(z) , req .

Note that the initial condition is attained in the sense that

lim [ m(z)|U(z,t) — Uy(x)|*dz =0 .

t—0t J@
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The first two of the preceding examples illustrate the use of Theorems
2.1 and 2.2 when M and L are both differential operators with the order
of L strictly higher than the order of M. The equation in (2.2) is called
metaparabolic and arises in special models of diffusion or fluid flow. The
equation in (2.3) arises similarly and is called pseudoparabolic. We shall
discuss this class of problems in Section 3. The last example (2.4) contains
a weakly degenerate parabolic equation. We shall study such problems in
Section 4 where we shall assume only that m(z) > 0, z € G. This allows the
equation to be of mized type: parabolic where m(z) > 0 and elliptic where
m(xz) = 0. Such examples will be given in Section 5.

3 Pseudoparabolic Equations

We shall consider some evolution equations which generalize the example
(2.3). Two types of solutions will be discussed, and we shall show how these
two types differ essentially by the boundary conditions they satisfy.

Theorem 3.1 Let V' be a Hilbert space, suppose m(-,-) and £(-,-) are con-
tinuous sesquilinear forms on V', and denote by M and L the corresponding
operators in L(V,V'). (That is, Mz(y) = m(x,y) and Lx(y) = l(z,y) for
xz,y € V.) Assume that m(-,-) is V-coercive. Then for every ug € V and
f € C(R, V"), there is a unique u € C*(R, V) for which (2.4) holds for all
t € R and u(0) = up.

Proof: The coerciveness assumption shows that M is an isomorphism of
V onto V', so the operator A = M~! o L belongs to £(V). We can define
exp(—tA) € L(V) as in Theorem IV.2.1 and then define

u(t) = exp(—tA) - up + /Ot exp(A(r —t)) o Mflf(T) dr , t>0. (3.1)

Since the integrand is continuous and appropriately bounded, it follows that
(3.1) is a solution of (2.2), hence of (2.1). We leave the proof of uniqueness
as an exercise.

We call the solution u(-) given by Theorem 3.1 a weak solution of (2.1).
Suppose we are given a Hilbert space H in which V is a dense subset, contin-
uously imbedded. Thus H C V' and we can define D(M) ={v eV : Mv €
H}, D(L) ={v €V : Lv € H} and corresponding operators M = M|p(r)
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and L = L|p(y in H. A solution u(-) of (2.1) for which each term in (2.1)
belongs to C'(R, H) (instead of C(R, V")) is called a strong solution. Such a
function satisfies

Mu'(t) + Lu(t) = f(t) , teER. (3.2)

Theorem 3.2 Let the Hilbert space V and operators M, L € L(V,V') be
given as in Theorem 3.1. Let the Hilbert space H be given as above and define
the domains D(M) and D(L) and operators M and L as above. Assume
D(M) C D(L). Then for every ug € D(M) and f € C(R,H) there is a
(unique) strong solution u(-) of (3.2) with u(0) = up.

Proof: By making the change-of-variable v(t) = e~ Mu(t) for some A > 0
sufficiently large, we may assume without loss of generality that D(M) =
D(L) and £(-,-) is V-coercive. Then L is a bijection onto H so we can define a
norm on D(L) by |[v|pzy = || Lv|[x, v € D(L), which makes D(L) a Banach
space. (Clearly, D(L) is also a Hilbert space.) Since £(-,-) is V-coercive, it
follows that for some ¢ > 0

clolli < ILvllmllolle . veD(L),

and the continuity of the injection V' — H shows then that the injection
D(L) < V is continuous. The operator A = M~'L € L(V) leaves invariant
the subspace D(L). This implies that the restriction of A to D(L) is a
closed operator in the D(L)-norm. To see this, note that if v, € D(L) and
if |on — uollp(zy = 0, [Avn —vollp(z) — 0, then

|lvo — Auglly < |lvo — Avpllv + || A(vn — uwo)|lv
< lvo — Avllv + [[All vy lvn — wollv

so the continuity of D(L) < V implies that each of these terms converges
to zero. Hence, vy = Auy.

Since A|p(z) is closed and defined everywhere on D(L), it follows from
Theorem III.7.5 that it is continuous on D(L). Therefore, the restrictions
of the operators exp(—tA), t € R, are continuous on D(L), and the formula
(3.1) in D(L) gives a strong solution as desired.

Corollary 3.3 In the situation of Theorem 3.2, the weak solution u(-) is a
strong solution if and only if ug € D(M).
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3.1

We consider now an abstract pseudoparabolic initial-boundary value prob-
lem. Suppose we are given the Hilbert spaces, forms and operators as in
Theorem IV.7.2. Let € > 0 and define

m(u,v) = (u,v)g + ea(u,v)
L(u,v) = alu,v) , u,v €V .

Thus, D(M) = D(L) = D(A). Let f € C(R,H). If u(-) is a strong solution
of (3.2), then we have

u'(t) + eArd(t) + Arult) = f(2)

u(t) € V., and (3.3)
Oru(t) + Agy(u(t)) =0, teER.
Suppose instead that F € C(R,H) and g € C(R, B"). If we define
fW) ) = (F),v)n +9B)(y(v), veV,teR.

then a weak solution u(-) of (2.4) can be shown by a computation similar to
the proof of Theorem II1.3.1 to satisfy

u'(t) + eAru (t) + Ayu(t) = F(t)
u(t) eV, and (3.4)
o1 (ew (t) + u(t)) + Azx(y(ew' (t) +u(t))) =g(t), teR.

Note that (3.3) implies more than (3.4) with ¢ = 0. By taking suitable
choices of the operators above, we could obtain examples of initial-boundary
value problems from (3.3) and (3.4) as in Theorem IV.7.3.

3.2

For our second example we let G be open in R* and choose V = {v € H'(G) :
v(s) = 0. a.e. s € '}, where I' is a closed subset of 0G. We define

m(u,v) = /GVU(:L“) -Vo(z)dz u,v €V

and assume m(-,-) is V-elliptic. (Sufficient conditions for this situation are
given in Corollary I11.5.4.) Choose H = L%(G) and Vi = H}(G); the cor-
responding partial differential operator M : V' — Vj < D*(G) is given by
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Mu = —Aju, the Laplacian (cf. Section I11.2.2). Thus, from Corollary
I11.3.2 it follows that D(M) = {u € V : Ayu € L*(G), Ou = 0} where 9
is the normal derivative d, on G ~ I" whenever 0G is sufficiently smooth.
(Cf. Section II1.2.3.) Define a second form on V' by

l(u,v) = /Ga(x)(?nu(x)v(x) dx , u,v €V,

and note that L = £ : V. — H < V' is given by Lu = a(z)(0u/dz,),
where a(-) € L>®(G) is given. Assume that for each ¢ € R we are given
F(-,t) € L*(G) and that the map t — F(-,t) : R — L?(G) is continuous.
Let g(-,t) € L?(0G) be given similarly, and define f € C(R, V') by

f(t)(v):/GF(x,t)mdﬁ/aGg(s,t)@ds, teER,vEV.

If ug € V, then Theorem 3.1 gives a unique weak solution u(-) of (2.4) with
u(0) = ug. That is

m(u'(t),v) + L(u(t),v) = f(t)(v), vEV ,tER,
and this is equivalent to

Mu'(t) + Lu(t) = F(-,t) , teR
W) €V, BOu(t) = g(-1)

From Theorem IV.7.1 we thereby obtain a generalized solution U(+, ) of the
initial-boundary value problem

—N U (2,t) + a(z)0,U(x,t) = F(x,t) , reG,teER,
U(s,t) =0, sel,
t
0,U(s,t) = 0,Up(s) +/ g(s,7)dr s€0G ~T
0
U(z,0) = Uy(zx) , req .

Finally, we note that f € C(R, H) if and only if g = 0, and then 9,U (s,t) =
0y Uy(s) for s € 0G ~ T, t € R; thus, U(-,t) € D(M) if and only if Uy €
D(M). This agrees with Corollary 3.3.
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4 Degenerate Equations

We shall consider the evolution equation (2.1) in the situation where M is
permitted to degenerate, i.e., it may vanish on non-zero vectors. Although it
is not possible to rewrite it in the form (2.2), we shall essentially factor the
equation (2.1) by the kernel of M and thereby obtain an equivalent problem
which is regular.

Let V' be a linear space and m(-,-) a sesquilinear form on V that is
symmetric and non-negative:

m(ﬂj’y) = m(ﬂj’y) Y $7y 6 V 7
0

\Y

m(x, ) , zeV.

Then it follows that
|m($7y)|2 < m(IE,IE) : m(yay) ) T,y € 4 ) (41)

and that z — m(z,z)"/? = ||z||,, is a seminorm on V. Let V,, denote this
seminorm space whose dual V! is a Hilbert space (cf. Theorem 1.3.5). The
identity

Mazx(y) = m(z,y) , rz,yeV
defines M € L(V,,,V,!) and it is just such an operator which we shall place
in the leading term in our evolution equation. Let D <V, L € L(D,V,),

f € C((0,00),V!) and g9 € V.. We consider the problem of finding a
function u(-) : [0,00) — V such that

Mu(-) € O([0,00), V) N CH((0,00), Vi) s (Mu)(0) = g0 ,
and u(t) € D with
(Mu)'(t) + Lu(t) = f(t) , t>0. (4.2)

(Note that when m(-,-) is a scalar product on V;,, and V;,, is complete then
M is the Riesz map and (4.2) is equivalent to (2.1).)

Let K be the kernel of the linear map M and denote the corresponding
quotient space by V/K. If ¢ : V' — V/K is the canonical surjection, then we
define by

mo(q(z),q(y)) =m(z,y), =xyeV
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a scalar product myg(-,-) on V/K. The completion of V/K, my(-,-) is a
Hilbert space W whose scalar product is also denoted by mg(-,). (Cf. The-
orem 1.4.2.) We regard ¢ as a map of V,,, into W; thus, it is norm-preserving
and has a dense range, so its dual ¢’ : W’ — V! is a norm-preserving iso-
morphism (Corollary 1.5.3) defined by

d(f)@)=fla=), feW K z€Vn.

If M, denotes the Riesz map of W with the scalar product myg(-,-), then we

have
q' Mog(z)(y) = Mog(z)(q(y)) = molq(z),q(y))
= Maz(y) ,
hence,
¢ Mog=M . (4.3)

From the linear map L : D — V!, we want to construct a linear map Lo
on the image ¢[D] of D < V,,, by ¢ so that it satisfies

qdLoyg=1L. (4.4)

This is possible if (and, in general, only if ) KN D is a subspace of the kernel
of L, K(L) by Theorem I.1.1, and we shall assume this is so.

Let f(-) and gy be given as above and consider the problem of finding a
function v(+) € C([0,00), W) N C1((0,00), W) such that v(0) = (¢’ My) ‘go
and

Mov'(t) + Lov(t) = (¢) L f(t), t>0. (4.5)

Since the domain of Ly is ¢[D], if v(-) is a solution of (4.5) then for each
t > 0 we can find a u(t) € D for which v(t) = q(u(t)). But ¢ My : W — V!,
is an isomorphism and so from (4.3), (4.4) and (4.5) it follows that u(-) is a
solution of (4.2) with Mu(0) = go. This leads to the following results.

Theorem 4.1 Let V, be a seminorm space obtained from a symmetric and
non-negative sesquilinear form m(-,-), and let M € L(Vn, V) be the cor-
responding linear operator given by Mz(y) = m(z,y), =,y € V. Let D
be a subspace of Vi, and L : D — V! be linear and monotone. (a) If
KM)NnD < K(L) and if M+ L : D — V] is a surjection, then for
every f € C1([0,00), V) and ug € D there exists a solution of (4.2) with

(Mu)(0) = Muy. (b) If K(M) N K(L) = {0}, then there is at most one

solution.



138 CHAPTER V. IMPLICIT EVOLUTION EQUATIONS

Proof: The existence of a solution will follow from Theorem 2.1 applied to
(4.5) if we show Ly : q[D] — W' is monotone and My + Ly is onto. But
(4.5) shows Ly is monotone, and the identity

¢ (Mo+ Lo)g(z) = M+ L)(z), z€D,

implies that Mg + Lg is surjective whenever M + L is surjective.
To establish the uniqueness result, let u(-) be a solution of (4.2) with
f =0 and Mu(0) = 0; define v(t) = qu(t), t > 0. Then

Dymo(v(t),v(t)) = 2Re(Mov'(8))(v(t)) ,  ¢t>0,
and this implies by (4.3) that

Dym(u(t), u(t))

2 Re(Mu)' (t)(u(t))
= —2Re Lu(t)(u(t)) , t>0.

Since L is monotone, this shows Mu(t) = 0, t > 0, and (4.2) implies
Lu(t) =0, t > 0. Thus u(t) € K(M)NK(L), t > 0, and the desired result
follows.

We leave the proof of the following analogue of Theorem 2.2 as an exer-
cise.

Theorem 4.2 Let V, be a seminorm space obtained from a symmetric and
non-negative sesquilinear form m(-,-), and let M € L(Vy,, V) denote the
corresponding operator. Let V' be a Hilbert space which is dense and contin-
uously imbedded in Vy,. Let £(-,-) be a continuous, sesquilinear and elliptic
form on V, and denote the corresponding isomorphism of V onto V' by
L. Let D ={u €V : Lu € V.}. Then, for every Hélder continuous
f:[0,00) = V! and every ug € Vi, there exists a unique solution of (4.2)
with (Mu)(0) = Muyp.

5 Examples

We shall illustrate the applications of Theorems 4.1 and 4.2 by solving some
initial-boundary value problems with partial differential equations of mixed

type.
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5.1
Let Vi, = L%(0,1),0 < a<b< 1, and

b -
m(u,v) :/a u(z)v(z) dx , veE V.

Then V;!, = L?(a,b), which we identify as that subspace of L?(0,1) whose
elements are zero a.e. on (0,a)U (b, 1), and M becomes multiplication by the
characteristic function of the interval (a,b). Let L = 0 with domain D =
{u e H*(0,1) : u(0) = cu(1), du € V!, € L?*(0,1)}. We assume |¢| < 1, so L
is monotone (cf. Section IV.4(a)). Note that each function in D is constant on
(0,a)U(b,1). Thus, K(M)ND = {0} and K(M)ND < K (L) follows. Also,
note that K (L) is either {0} or consists of the constant functions, depending
on whether or not ¢ # 1, respectively. Thus, K(M) N K(L) = {0}. If u is
the solution of (cf. Section IV.4(a))

u(z) + du(z) = f(z) , a<z<b, ula)=cu(b)

and is extended to (0,1) by being constant on each of the intervals, [0, a]
and [b,1], then (M + L)u = f € V.. Hence M + L maps onto V! and
Theorem 4.1 asserts the existence and uniqueness of a generalized solution
of the problem

U (z,t) + 0,U(z,t) = F(z,t) , a<zr<b,t>0,
0, U(z,t) =0, z € (0,a) U (b,a) , (5.1)
U(0,t) =cU(1,t) , U(z,0) =Uy(x) , a<z<b,

for appropriate F(-,-) and Uy. This example is trivial (i.e., equivalent to
Section IV.4(a) on the interval (a,b)) but motivates the proof-techniques of
Section 4.

5.2

We consider some problems with a partial differential equation of mixed
elliptic-parabolic type. Let mg(:) € L°(G) with mg(z) > 0, a.e. z € G, an
open subset of R” whose boundary G is a C'-manifold with G on one side
of OG. Let V,, = L?(G) and

m(u,v) = /Gmg(ac)u(x)m dx , u,v € Vi .
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Then M is multiplication by mg(-) and maps L?(G) into V!, = {\/mq - g :
g € L?(G)} C L?(G). Let T be a closed subset of G and define V = {v €
H'(G) : yov = 0 on T'} as in Section 1IT.4.1. Let

£(u,v) :/ Vu-Vodz , u,v €V (5.2)
G

and assume Y = {s € G : vp(s) > 0} C I". Thus, Theorem II1.5.3 implies
¢(-,-) is V-elliptic, so M + £ maps onto V', hence, onto V! . Theorem 4.2
shows that if Uy € L?(G) and if F is given as in Theorem IV.7.3, then there
is a unique generalized solution of the problem

O (mo(x)U(z,t)) — ApU(z,t) = mo(x)F(x,t) , relG,)

U(s,t) =0, sel,

U1 o yeag~r w0, [
ov ’ ’ ’

mo(z)(U(z,0) — Up(z)) =0 . )

The partial differential equation in (5.3) is parabolic at those z € G for which
mo(z) > 0 and elliptic where mg(xz) = 0. The boundary conditions are of
mixed Dirichlet-Neumann type (cf. Section 111.4.1) and the initial value of
U(z,0) is prescribed only at those points of G at which the equation is
parabolic.

Boundary conditions of the third type may be introduced by modifying
(-,-) as in Section II1.4.2. Similarly, by choosing

lu,v) = /GVu-Wd:B + (you) (yov)

on V = {u € H'(GQ) : yu is constant}, we obtain a unique generalized
solution of the initial-boundary value problem of fourth type (cf., Section
111.4.2)

O(mo(x)U(z,t)) — ApU(z,t) = mo(x)F(x,t) , zeqG, )
U(s,t) = h(t) , s € 0G

U (s, t) B > (5.4)
(AG—EJ—@/AG®>+Mw_0, t>0,

The data F(-,-) and Uy are specified as before; h(-) is unknown and part of
the problem.
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5.3

Problems with a partial differential equation of mixed pseudoparabolic-parabolic
type can be similarly handled. Let m(-) be given as above and define

m(u,v) = /G(u(w)v(x) + mo(z)Vu(z) - Vo (1)) dz | u,v € Vi,

with V,, = H'(G). Then V,, < L?(G) is continuous so we can identify
L?*(G) < V!'. Define £(-,-) by (5.2) where V is a subspace of H!(G) which
contains C§°(G) and is to be prescribed. Then K (M) = {0} and m(-,-) +
{(-,-) is V-coercive, so Theorem 4.2 will apply. In particular, if Uy € L?(G)
and F' as in Theorem IV.7.3 are given, then there is a unique solution of the
equation

(9,5(U((L‘,t)—zn: 0j(mo(z)0;U (z,1)))—ApU(z,t) = F(z,t), reG,t>0,
j=1

with the initial condition
U(:E,O):Uo(flf) ) r€G,

and boundary conditions which depend on our choice of V.

5.4

We consider a problem with a time derivative and possibly a partial differen-
tial equation on a boundary. Let G be as in (5.2) and assume for simplicity
that G intersects the hyperplane R*~! x {0} in a set with relative interior
S. Let an(-) and b(-) be given nonnegative, real-valued functions in L*(S).
We define V,,, = H'(G) and

m(u,v) = /Gu(x)mdx + /Sa(s)u(s)@ds , u,v € Vi,

where we suppress the notation for the trace operator, i.e., u(s) = (you)(s)

for s € 0G. Define V to be the completion of C*°(G) with the norm given
by

n—1
ol = [0l ) + ([, 56) X Dol ds )
j=1
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Thus, V consists of these v € H'(G) for which b'/2 - 9;(yov) € L?(S) for
1 <j<n-—1;itis a Hilbert space. We define

O, v) = /Gvu(gg).vmczg;Jr/Sz)(s)(71211 aju(s)aj@> ds, wveV.
=

Then K(M) = {0} and m(-,-)+£(-, ) is V-coercive. If Uy € L?(G) and F(-,")
is given as above, then Theorem 4.2 asserts the existence and uniqueness of
the solution U(-,-) of the initial-boundary value problem

U (z,t) — Ay, U(:Jct):F(:Jct) reG,t>0,
6U
O (a(s)U(s,t)) + Z 0j(b(s)0;U(s,t)), s€S,
Wist) s€IG ~S
ov
oU (s,t)
b(s) s =0, s€eos,
U(IE,O):UO(I) ) req,
( a(s)(U(s,0) — Un(s)) =0, SES.

Similar problems with a partial differential equation of mixed type or other
combinations of boundary conditions can be handled by the same technique.
Also, the (n —1)-dimensional surface S can occur inside the region G as well
as on the boundary. (Cf., Section II1.4.5.)

Exercises

1.1. Use the separation-of-variables technique to obtain a series representa-
tion for the solution of (1.1) with »(0,%) = u(m,t) = 0 and u(z,0) =
up(x), 0 < z < m. Compare the rate of convergence of this series with
that of Section IV.1.

2.1. Provide all details in support of the claim that Theorem 2.1 follows
from Theorem IV.3.3. Show that Theorem 2.2 follows from Theorems
IV.6.3 and IV.6.5.

2.2. Show that Theorem 2.2 remains true if we replace the hypothesis that
L is V-elliptic by AM + L is V-elliptic for some A € R.
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2.3.

2.4.

3.1

3.2.

3.3.

4.1.

4.2.

5.1

5.2

5.3.

0.4.

Characterize V! in each of the examples (2.1)-(2.3). Construct appro-
priate terms for f(¢) in Theorems 2.1 and 2.2. Write out the corre-
sponding initial-boundary value problems that are solved.

Show V!, = {m'/?v : v € L?(0,1)} in (2.4). Describe appropriate non-
homogeneous terms for the partial differential equation in (2.4).

Verify that (3.1) is a solution of (2.2) in the situation of Theorem 3.1.

Prove uniqueness holds in Theorem 3.1. [Hint: Show o(t) = |lu(t)||?
satisfies |0'(t)] < Ko(t), t € R, where u is a solution of the homoge-
neous equation, then show that o(t) < exp(K]|t|) - 0(0).]

Verify that (3.4) characterizes the solution of (2.4) in the case of Section
3.1. Discuss the regularity of the solution when a(-,-) is k-regular.

Prove (4.1).

Prove Theorem 4.2. [Hint: Compare with Theorem 2.2.]

Give sufficient conditions on the data F, uy in (5.1) in order to apply
Theorem 4.1.

Extend the discussion in Section 5.2 to include boundary conditions of
the third type.

Characterize V,,, in Section 5.3. Write out the initial-boundary value
problem solved in Section 5.3 for several choices of V.

Write out the problem solved in Section 5.4 when S is an interface as
in Section II1.4.5.
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Chapter VI

Second Order Evolution
Equations

1 Introduction

We shall find well-posed problems for evolution equations which contain the
second order time derivative of the solution. These arise, for example, when
we attempt to use the techniques of the preceding chapters to solve a Cauchy
problem for the wave equation

Otu(z,t) — Apu(z,t) = F(x,t) . (1.1)

The corresponding abstract problem will contain the second order evolution
equation

u”(t) + Au(t) = f(t) , (1.2)

where A is an operator which contains —A,, in some sense. Wave equations
with damping or friction occur in practice, e.g., the telegraphists equation

Otu(z,t) + R - Ou(z,t) — Ayu(z,t) = F(z,t) ,

so we shall add terms to (1.2) of the form Bu/'(t). Finally, certain models in
fluid mechanics lead to equations, for example,

O} (Anu(z,t)) + 02u(x,t) =0, = (T1,...,%pn) , (1.3)

which contain spatial derivatives in the terms with highest (= second) order
time derivatives. These motivate us to consider abstract evolution equations

145
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of the form
Cu"(t) + Bu/(t) + Au(t) = f(t) , t>0. (1.4)

We consider in Section 2 equations of the form (1.4) in which C is in-
vertible; this situation is similar to that of Section V.2, so we call (1.4) a
reqular equation then. The equation (1.3) is known as Sobolev’s equation,
so we call (1.4) a Sobolev equation when C is invertible and both C~'B and
C ' A are continuous. This situation is studied in Section 3 and is the ana-
logue of (first-order) pseudoparabolic problems. Section 4 will be concerned
with (1.4) when C is degenerate in the sense of Section V.4. Such equations
arise, for example from a system described by appropriately coupled wave
and heat equations

Otu(z,t) — Ayu(z,t) =0, z ey,
ou(z,t) — Apu(z,t) =0, z € Gy .

Here the operator C is multiplication by the characteristic function of G
and B is multiplication by the characteristic function of G. G and G are
disjoint open sets whose closures intersect in an (n—1)-dimensional manifold
or interface. Additional examples will be given in Section 5.

2 Regular Equations

Let V and W be Hilbert spaces with V' a dense subspace of W for which
the injection is continuous. Thus, we identify W’ < V' by duality. Let
A€ LV, V') and C € L(W,W') be given. Suppose D(B) < V and B :
D(B) — V' is linear. Ifuy € V, vy € W and f € C((0,00), W') are
given, we consider the problem of finding u € C([0, 00), V)N C((0,00), V)N
C([0,00), W) N C%((0,00), W) such that u(0) = ug, u’'(0) = u;, and

Cu"(t) + Bu'(t) + Au(t) = f(t) (2.1)

for all ¢ > 0. Note that for any such solution of (2.1) we have u'(t) € D(B)
and Bu'(t) + Au(t) € W' for all t > 0.

We shall solve (2.1) by reducing it to a first order equation on a product
space and then applying the results of Section V.2. The idea is to write (2.1)

() () (5 ()= ()

in the form
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Define V,,, = V x W, the product Hilbert space with scalar-product given by

([z1, 2], [y1, v2])v,, = (21, 1)V + (22, 92)w [z1, 2], [y1, 2] €V X W .

We have then V! = V' x W'  and we define M € L(V,,,, V) by
M([x1,x2]) = [Az1,Cxs] , [X1,22] € Vi .
Define D = {[z1,22] € V x D(B) : Az1 + Bzy € W'} and L € L(D,V}})) by
L([z1, z2]) = [~ Aze, Az1 + Bxs] , [x1,22] € D .

If u(-) is a solution of (2.1), then the function defined by w(t) = [u(t), u'(¢)],
t > 0, satisfies the following: w € C([0,00), Vi) N CL((0,0), Vi), w(0) =
[ug, u1] € Vip, and

Mu'(t) + Lw(t) = [0, f(#)],  t>0. (2.2)

This is precisely the situation of Section V.2, so we need only to find con-
ditions on the data in (2.1) so that Theorems 2.1 or 2.2 of Chapter V are
applicable. This leads to the following.

Theorem 2.1 LetV and W be Hilbert spaces with V' dense and continuously
imbedded in W. Assume A € L(V,V') and C € LW, W') are the Riesz maps
of V. and W, respectively, and let B be linear from the subspace D(B) of V
into V'. Assume that B is monotone and that A+ B +C : D(B) — V' is
surjective. Then for every f € C1([0,00), W') and ug € V, uy € D(B) with
Aug + Buy € W', there exists a unique solution u(t) of (2.1) (on t > 0) with
u(0) = ug and u'(0) = uy.

Proof: Since A and C are Riesz maps of their corresponding spaces, we
have

M([w1, z2])([y1,y2]) = Az1(y1) + Cza(y2)
= (z1,91)v + (T2, y2)w
= ([z1, 72|, [y1, y2Dvin, [z1, 22], [Y1,y2] € Vin

so M is the Riesz map of V. Also we have for [z1,22] € D

L([z1, m2])([y1,y2]) = —Az2(y1) + (Az1 + Bz2)(y2) , [y1,92] € Vin ,



148 CHAPTER VI. SECOND ORDER EVOLUTION EQUATIONS

hence, L([z1, z2])([z1, x2]) = —Az1(22) + Az (z2) + Bxa(z2) since A is sym-
metric. From this we obtain

Re L([z1,z2])([z1, z2]) = Re Bza(x2) , [x1,22] € D,

so B being monotone implies L is monotone. Finally, if fi € V' and fy €
W', then we can find zo € D(B) such that (A + B + C)zo = fo — f1.
Setting 27 = w3 + A" ' f1 € V, we have a pair [x1, 73] € D for which (M +
L)[z1,x2] = [f1, f2]- (Note that Axz; + Bxy = fo — Cxo € W' as required.)
Thus M + L is a surjection of D onto V,!,. Theorem 2.1 of Chapter V
asserts the existence of a solution w(t) = [u(t),v(t)] of (2.2). Since A is a
norm-preserving isomorphism, v(¢) = «'(¢) and the result follows.

A special case of Theorem 2.1 that occurs frequently in applications is
that D(B) =V and B = B € L(V, V). Then one needs only to verify that B
is monotone, for then A+ B+C is V-coercive, hence surjective. Furthermore,
in this case we may define £ € £(V, V) and V; =V x V by

L([z1,z2]) ([y1, y2]) = —Aza(y1)+(Az1+Bz2)(y2) , [z1,72], [y1,y2] € Ve

Thus, Theorem 2.2 of Chapter V applies if we can show that L£(-)() is V-
elliptic. Of course we need only to verify that (AM + L£)(-)(+) is Vp-elliptic
for some A > 0 (Exercise V.2.3), and this leads us to the following.

Theorem 2.2 Let A and C be the Riesz maps of the Hilbert spaces V and
W, respectively, where V is dense and continuously imbedded in W. Let
B e L(V,V') and assume B + XC is V-elliptic for some X > 0. Then for
every Holder continuous f : [0,00) = W', ug € V and uy € W, there is a
unique solution u(t) of (2.1) on t > 0 with u(0) = up and u'(0) = u.

Theorem 2.2 applies to evolution equations of second order which are
parabolic, i.e., those which can be solved for more general data ug, u; and
f(-), and whose solutions are smooth for all ¢ > 0. Such problems occur
when energy is strongly dissipated; we give examples below. The situation
in which energy is conserved is described in the following result. We leave
its proof as an exercise, as it is a direct consequence of either Theorem 2.2
above or Section IV.5.

Theorem 2.3 In addition to the hypotheses of Theorem 2.1, assume that
Re Bz(x) = 0 for all x € D(B) and that both A+ B+ C and A— B +C are
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surjections of D(B) onto V'. Then for every f € CY(R,W') and ug € V,
u1 € D(B) with Aug + Buy € W', there exists a unique solution of (2.1) on
R with u(0) = ug and u'(0) = uy.

We shall describe how Theorems 2.1 and 2.3 apply to an abstract wave
equation. Examples will be given afterward. Assume we are given Hilbert
spaces V < H, and B, and a linear surjection v : V — B with kernel Vj such
that ~ factors into an isomorphism of V/V{ onto B, the injection V' — H
is continuous, Vj is dense in H, and H is identified with its dual H' by the
Riesz map. We thereby obtain continuous injections Vy — H — Vj and
VeH<=V.

Let a1 : VXV — Kand ay : B x B — K be continuous symmetric
sesquilinear forms and define ¢ : V x V — K by

a(u,v) = a1 (u,v) + az(y(u),v(v)) , u,v €V . (2.3)

Assume af(-,-) is V-elliptic. Then a(-,-) is a scalar-product on V' which gives
an equivalent norm on V', so we hereafter consider V' with this scalar-product,
ie., (u,v)y = a(u,v) for u,v € V. The form (2.3) will be used to prescribe
an abstract boundary value problem as in Section III.3. Thus, we define
A:V = Vy by

Au(v) = a1 (u,v) , ueV , ,vel

and Dy = {u € V : Au € H}. Then Theorem III.2.3 gives the abstract
boundary operator 9; € L(Dy, B') for which

a1 (u,v) — (Au,v)g = du(yv) , u€Dy,veV.
We define D = {u € V : Au € H}, where A is the Riesz map of V' given by
Au(v) = a(u,v) , u,v €V,
and Ay : B — B’ is given by
Axp() = az2(e,9) , @b EB.

Then, we recall from Corollary IT1.3.2 that u € D if and only if u € Dy and
ou + Az(yu) = 0.

Let (-, -)w be a scalar-product on H whose corresponding norm is equiva-
lent to that of (-, -) 7, and let W denote the Hilbert space consisting of H with
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the scalar-product (-,-)y. Then the Riesz map C of W satisfies C € L(H)
(and C~' € L(H)). Suppose we are also given an operator B € L(V, H)
which is monotone (since H < V).

Theorem 2.4 Assume we are given the Hilbert spaces V., H, B, Vo, W
and linear operators vy, 01, Az, A, A, B and C as above. Then for every
f € CY[0,00),H), up € D and uy € V, there is a unique solution u(-) of
(2.1), and it satisfies

Cu"(t) + Bu/(t) + Au(t) = f(¢) , t>0,
u(t) eV, du(t) + Asy(u(t)) =0, t>0, (2.4)

u(0) =up , u'(0)=wuy,

Proof: Since A+ B+C € L(V,V') is V-elliptic, it is surjective so Theorem
2.1 (with B = B) asserts the existence of a unique solution. Also, since each
of the terms Cu" (), Bu/(t) and f(t) of the equation (2.1) are in H, it follows
that Au(t) € H and, hence, u(t) € D. This gives the middle line in (2.4).

In each of our examples below, the first line in (2.4) will imply an ab-
stract wave equation, possibly with damping, and the second line will imply
boundary conditions.

2.1

Let G be open in R” and take H = L?(G). Let p € L®(G) satisfy p(z) >
¢ > 0 for x € G, and define

(u,v)w = /Gp(w)u(w)v(x) dx , u,v € H .

Then C is just multiplication by p(-).

Suppose further that G is a C'! manifold and I' is a closed subset of dG.
We define V = {v € H'(GQ) : 9(v)(s) =0, a.e., s € T'}, v = Y|y and, hence,
Vo = H}(G) and B is the range of v. Note that B < L?(0G ~T) — B'.
We define

al(u,v):/GVu-VT)dx, u,v €V,

and it follows that A = —A,, and 9; is the normal derivative

— =Vu-v

ov



2. REGULAR EQUATIONS 151

on 9G. Let a € L*®(0G) satisfy a(s) > 0, a.e. s € dG, and define

)= [ a@pldlds,  ppeDB.

oG~T

Then A is multiplication by «(-).

Assume that for each t € [0,T] we are given F(-,t) € L?*(G), that
Oy F (z,t) is continuous in t for almost every x € G, and |0, F (z,t)| < g(z)
for some g € L%(G). It follows that the map ¢ — F(-,t) = f(t) belongs to
CY([0,T], L*(@)). Finally, let Uy(-) € D (see below) and U;(-) € V be given.
Then, if u(-) denotes the solution of (2.4) it follows from Theorem IV.7.1
that we can construct a function U € L?(G x [0,T]) such that U(-, ) = u(t)
in L?(G) for each t € [0, T] and this function satisfies the partial differential
equation

p(x)0*U (z,t) — AU (z,t) = F(z,t) , re€G,0<t<T (2.5)
and the initial conditions
U(z,0) =Uy(z), OU(z,0)=Ui(z), ae z€G.

Finally, from the inclusion u(t) € D we obtain the boundary conditions for
t>0

U(s,t) =0, a.e. sl and
(2.6)
aUa(j’ Dy a(s)U(st) =0, ae s€IG~T.

The first equation in (2.6) is the boundary condition of first type. The second
is the boundary condition of second type where a(s) = 0 and of third type
where a(s) > 0. (Note that Uy necessarily satisfies the conditions of (2.6)
with ¢ = 0 and that U, satisfies the first condition in (2.6). If F'(-,¢) is given
as above but for each t € [-T,T], then Theorem 2.3 (and Theorem III.7.5)
give a solution of (2.5) on G x [-T,T].

2.2

In addition to all the data above, suppose we are given R(-) € L>°(G) and
a vector field p(z) = (u1(x), ..., pun(z)), z € G, with each u; € C'(G). We
define B € L(V, H) (where V < HY(G) and H = L?*(G)) by

Bu(v) = /G (R(x)u(x) + 81(;5;%)) v(z) dz (2.7)
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the indicated directional derivative being given by

From the Divergence Theorem we obtain

ame [ P9 uGao | (jgijlajuj(m)m(mx: [ )l ds

where p - v = 370 pj(s)vj(s) is the indicated euclidean scalar-product.
Thus, B is monotone if

— () X 9jj(a) + Re{R(z)} 20,  z€G
j=1
wu(s)-v(s) >0, s€0G ~T .

The first equation represents friction or energy dissipation distributed through-
out G and the second is friction distributed over dG. Note that these are
determined by the divergence of 4 and the normal component of u, respec-
tively. If u(-) is a solution of (2.4) and the corresponding U(-,-) is obtained
as before from Theorem IV.7.1, then U(:,-) is a generalized solution of the
initial-boundary value problem

p(z)02U (z,t) + R(z)0,U (2,t) + Bt%z’t) — A U(z,t) = F(z,t)
z€G,t>0
U(s,t) =0, ae sel,
aUa(j’ ) + a(s)U(s,t) =0, a.e. s€0G~T
LU(z,0) =Up(z) , 0U(z,0) =U(z)

One could similarly solve problems with the fourth boundary condition,
oblique derivatives, transition conditions on an interface, etc., as in Section
II1.4. We leave the details as exercises.

We now describe how Theorem 2.2 applies to an abstract viscoelasticity
equation.
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Theorem 2.5 Assume we are given the Hilbert spaces V., H, B, Vo, W and
linear operators vy, v, As, A, A, B and C as in Theorem 2.4. Then for
every f :[0,00) — H which is Holder continuous, ug € V and uy € H, there
is a unique solution u(t) of (2.1) with B = B+¢A and ¢ > 0. This solution
satisfies

Cu'"(t) + (B +eA)u/'(t) + Au(t) = f(t) , t>0,
ult) eV, t>0,

(2.8)
01 (eu! (t) + u(t)) + Agy(eu'(t) + u(t)) =0, t>0,

u(0) =ug, u(0)=1wuy .

Proof: This follows immediately from
Re Bz(z) > eAx(z) = ¢||z||3 , zeV,

(since B is monotone) and the observation that eu’(t) + u(t) € D for t > 0.

2.3

Let all spaces and operators be chosen just as in Section 2.1 above. Suppose
UyeV,U, € Hand f(t) = F(t,-),t > 0, where F'(-,-) is given as in Theorem
IV.7.3. Then we obtain a generalized solution of the initial-boundary value
problem

p(2)0%U (z,t) — e AU (2,t) — AU (2,t) = F(x,t) )
ae.zeG,t>0,
U(s,t) =0, ae sel, t>0,
0 (2.9)
5(68,5U(S,t) +U(s,t)) + a(s)(edU(s,t) + U(s,t)) =0,
ae. s€dG@~T,t>0,
U((II,O) = U()(ZE) ) atU(an) = Ul(x) ) r€G. )

In certain applications the coefficient £ > 0 corresponds to wviscosity in the
model and it distinguishes the preceding parabolic problem from the corre-
sponding hyperbolic problem in Section 2.1. Problems with viscosity result
in very strong damping effects on solutions. Dissipation terms of lower or-
der like (2.7) could easily be added to the system (2.9), and other types of
boundary conditions could be obtained.
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3 Sobolev Equations

We shall give sufficient conditions for a certain type of evolution equation
to have either a weak solution or a strong solution, a situation similar to
that for pseudoparabolic equations. The problems we consider here have the
strongest operator as the coefficient of the term in the equation with the
second order derivative.

Theorem 3.1 Let V be a Hilbert space and A,B,C € L(V,V'). Assume
that the sesquilinear form corresponding to C is V -elliptic. Then for every
ug,u1 €V and f € C(R, V) there is a unique u € C*(R, V') such that

Cu"(t) + Bu'(t) + Au(t) = f(t) , teR, (3.1)

and u(0) = ug, u'(0) = uy.

Proof: The change of variable v(t) = e Mu(t) gives an equivalent problem
with A replaced by A4 AB+ A2C, and this last operator is V-coercive if X is
chosen sufficiently large. Hence, we may assume A is V-elliptic. If we define
M and L as in Section 2.2, then M is V x V = Vj,-elliptic, and Theorem
V.3.1 then applies to give a solution of (2.2). The desired result then follows.
A solution u € C?(R, V) of (3.1) is called a weak solution. If we are given
a Hilbert space H in which V is continuously imbedded and dense, we define
D(C) ={veV:CveH} and C = C|p(). The corresponding restrictions
of B and A to H are denoted similarly. A (weak) solution u of (3.1) for
which each term belongs to H at each ¢ € R is called a strong solution, and
it satisfies
Cu"(t) + Bu'(t) + Au(t) = f(t) , teER. (3.2)

Theorem 3.2 Let the Hilbert space V' and operators A, B, C be given as in
Theorem 3.1. Let the Hilbert space H and corresponding operators A, B, C
be defined as above, and assume D(C) C D(A)ND(B). Then for every pair
ug € D(A), uy € D(C), and f € C(R, H), there is a unique strong solution
u(+) of (3.2) with u(0) = ug, u'(0) = u;.

Proof: We define M[z1,zs] = [Az1,Cx2] on D(A) x D(C) = D(M) and
L[zy,x9] = [—Azg, Az1 + Bxs] on D(A) x D(A)ND(B) and apply Theorem
V.3.2.
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Corollary 3.3 In the situation of Theorem 3.2, the weak solution u(-) is
strong if and only if, for some ty € R, u(to) € D(A) and u'(ty) € D(C).

We give an example which includes the classical Sobolev equation from
fluid mechanics and an evolution equation of the type used to describe certain
vibration problems. Let G be open in R* and suppose that 0G is a C*
manifold and that T' is a closed subset of G. Let V = {v € HYG) :
yu(s) =0, a.e. s € '} and

Cu(v) = (u,v)g1(q) u,v €V .

Suppose a;(-) € L*(G) for j =1,2,...,n, and define
n _
= Z/ aj(x)0ju(zr)djv(z) dx | u,v €V .
j=17¢

Let the functions ¢t — F(-,t) : R — L?(G) and t ~ g(-,t) : R — L*(0G) be
continuous and define f € C(R, V') by

/Fwt d:l:—i—/ (s,t)yv(s)ds veV.

Then for each pair Uy, U; € V, we obtain from Theorems 3.1 and IV.7.1 a
unique generalized solution of the problem

MU (z,t) — A OPU =Y 0j(a;(x)0;U(x,t)) = F(x,t) ,W
7j=1
re€G,t>0,
U(s,t) =0, sel, (3.3)
0,0}U Z (s)0jU(s,t) = g(s,t) , se€dG ~T,
j=1
U(z,0) =Uy(z), 0U(z,0) =Ui(z) . J

In the special case of a;j =0, 1 < j < n —1, and a,(z) = 1, the partial
differential equation in (3.3) is Sobolev’s equation which describes inertial
waves in rotating fluids. Terms due to temperature gradients will give (3.3)
with aj(z) =a > 0,1 <j<n-—1,and ay(z) = 1. Finally, if aj(z) =a > 0,
1 < j < n, then the partial differential equation in (3.3) is Love’s equation
for longitudinal vibrations with lateral inertia.
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Suppose now that g = 0 in the above, hence, f € C(R, H), where H =
L?*(@). If we assume I' = G, hence, V = H}(G), then D(C) = H}(G) N
H?(G@) C D(A), so Theorem 3.2 gives a smoother solution of (3.3) whenever
Uo, Ui € D(C). If instead we assume aj(z) = a, 1 < j < n, then D(C) =
D(A), and Theorem 3.2 gives a smoother solution of (3.3) whenever Uy, U; €
D(C).

Similar problems containing dissipation effects can easily be added, and
we leave these to the exercises. In particular, there is motivation to consider
problems like (3.3) with viscosity.

4 Degenerate Equations

We shall consider evolution equations of the form (2.1) wherein the leading
operator C may not necessarily be the Riesz map of a Hilbert space. In
particular, certain applications lead to (2.1) with C being symmetric and
monotone. Our plan is to first solve a first order system like (2.2) by using
one of Theorems V.4.1 or V.4.2. Then the first and second components will
be solutions (of appropriate modifications) of (2.1). Also we shall obtain
well-posed problems for a first order evolution equation in which the leading
operator is not necessarily symmetric. (The results of Section V.4 do not
apply to such a situation.)

4.1

Let A be the Riesz map of a Hilbert space V to its dual V'. Let C € L(V, V")
and suppose its sesquilinear form is symmetric and non-negative on V. Then
it follows (cf., Section V.4) that z — Cz(z)'/? is a seminorm on V; let W
denote the corresponding seminorm space. Finally, suppose D(B) <V and
B € L(D(B),V') are given. Now we define V,,, to be the product V' x W
with the seminorm induced by the symmetric and non-negative sesquilinear
form
m(z,y) = Azi(y1) +Cr2(y2) , T,y €V =V xW.

The identity Mz (y) = m(z,y), z,y € Vi, defines M € L(V,,,V,)). Finally
we define D = {[z1,22] € V X D(B) : Az1 + Bzy € W'} and the linear map
L:D— V! by

L{z1,z9] = [~ Aza, Ax1 + Bxo] .

We shall apply Theorem V.4.1 to obtain the following result.
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Theorem 4.1 Let A be the Riesz map of the Hilbert space V and let W be
the seminorm space obtained from a symmetric and monotone C € L(V,V').
Let D(B) <V and B € L(D(B), V') be monotone. Assume B+C is strictly
monotone and A+B+C : D(B) — V' is a surjection. Let f € C'([0,00), W')
and g € C1([0,00),V"). If Vyi, and D are the spaces denoted above, then for
every pair [ug,u1] € D there exists a unique function w(-) : [0,00) = D such

that Mw(-) € C'([0,00), V), Mw(0) = M[ug,u1], and

(Mw)'(t) + Lw(t) = [—g(t), f(®)] ,  t>0. (4.1)

Proof: We need to verify that the hypotheses of Theorem V.4.1 are valid in
this situation. First note that K (M)ND = {[0,z2] : o € D(B), Bzy € W,
Czo = 0}. But if y € D(B) with By € W', then there is a K > 0 such that

|By(z)| < K[Cx(2)|'?,  weV,
hence, |By(y)| < K|Cy(y)|*/? = 0 if Cy = 0. Thus, we have shown that
Re(B + C)za(z2) =0, z=1[0,z5) € KIM)ND ,

so B +C being strictly monotone implies that K (M)ND = {[0,0]}. Finally,
just as in the proof of Theorem 2.1, it follows from A+ B +C being surjective
that M + L is surjective, so all the hypotheses of Theorem V.4.1 are true.

Let w(-) be the solution of (4.1) from Theorem 4.1 and set w(t) =
[u(t),v(t)] for each ¢ > 0. If we set ¢ = 0 and eliminate v(-) from the
system (4.1), then we obtain an equivalent second order evolution equation
which u(-) satisfies and, thereby, the following result.

Corollary 4.2 Let the spaces and operators be given as in Theorem 4.1.
For every f € C([0,00),W') and every pair ug € V, uy € D(B) with
Aug+Buy € W there exists a unique u(-) € C1([0,00), V) such that Cu'(-) €
C([0,00), W), u(0) = ug, Cu'(0) = Cuy, and for each t > 0, u'(t) € D(B),
Au(t) + Bu'(t) € W', and

(Cu'(t)) + Bu'(t) + Au(t) = f(t) . (4.2)

Similarly, the function v(-) obtained from a solution of (4.1) satisfies a
second order equation.
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Corollary 4.3 Let the spaces and operators be given as in Theorem 4.1.
If F € C([0,00),W"), g € C}[0,00),V"), uy € D(B) and Uy € W', then
there exists a unique v(-) : [0,00) — D(B) such that Cv(-) € C*(]0,00), W'),
(Cv) + Bu() € C(]0,00), V"), Cv(0) = Cuy, (Cv' + Bv)(0) = Uy + Buy, and
for each t > 0,

((Cv)'(t) + Bu(t)) + Av(t) = F(t) + g(t) . (4.3)

Proof: Given F(-) as above, define f(-) € C'([0,00), W’) by f(t) = [i F.
With w1 and U; as above, there is a unique ug € V for which Aug = —Bu; —
Us,. Thus, Aug+ Bu; € W' so Theorem 4.1 gives a unique w(+) as indicated.
Letting w(t) = [u(t),v(t)] for ¢ > 0, we have immediately v(t) € D(B) for
t >0, Cv € C'([0,00), W') and Cv(0) = Cuy. The second line of (4.1) shows

(Cv)' 4+ Bv = f — Au € C*([0,0), V")

and the choice of uy above gives (Cv)'(0)+Bwv(0) = U+ Bu;. Eliminating u(-)
from (4.1) gives (4.3). This establishes the existence of v(-). The uniqueness
result follows by defining u(-) by the second line of (4.1) and then noting
that the function defined by w(t) = [u(t),v(t)] is a solution of (4.1).

Finally, we record the important special case of Corollary 4.3 that occurs
when C = 0. This leads to a well-posed problem for a first order equation
whose leading operator is not necessarily symmetric.

Corollary 4.4 Let the spaces V., D(B) and operators B, A be given as
in Theorem 4.1 but with C = 0, hence, W' = {0}. Then for every g €
C([0,00), V") and uy € D(B), there ezists a unique v : [0,00) — D(B) such
that Bv(-) € C*(]0,00), V"), Bv(0) = Buy, and for each t >0,

(Bv)'(t) + Av(t) = g(t) . (4.4)

4.2

Each of the preceding results has a parabolic analogue. We begin with the
following.

Theorem 4.5 Let A be the Riesz map of the Hilbert space V and let W be
the seminorm space obtained from a symmetric and monotone C € L(V,V').
Let B € L(V, V') be monotone and assume that B+ \C is V -elliptic for some
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A > 0. Then for every pair of Hélder continuous functions f : [0,00) — W',
g : [0,00) = V' and each pair ug € V, Uy € W', there exists a unique
function w : [0,00) — Vi, such that Mw(-) € C([0,00), V! )NC((0,00), V"),
Muw(0) = [Aug, U1], and for all t > 0,

(Mw)'(t) + Lw(t) = [—g(t), f(1)] ,

where L € LIV x V,V' x V') is defined by L[z, 23] = [~ Az, Az, + Bzs),
and M is given as in Theorem /4.1.

Proof: By introducing a change-of-variable, if necessary, we may replace £
by AM + L. Since for © = [z1,22] € V x V we have

Re(AM + L)z(z) = Mz (z1) + (B + AC)xa(x2) ,

we may assume L is V' x V-elliptic. The desired result follows from Theorem
V.4.2.

Corollary 4.6 Let the spaces and operators be given as in Theorem 4.5.
For every Holder continuous f : [0,00) — W', up € V and Uy € W',
there exists a unique u(-) € C([0,00),V) N C((0,00),V) such that Cu'(-) €
C((0,00), W N CH(0,00), W), u(0) = ug, Cu'(0) = Uy, and

(Cu' (1)) + Bu'(t) + Au(t) = f(t) , t>0. (4.5)

Corollary 4.7 Let the spaces and operators be given as in Theorem 4.5.
Suppose F : (0,00) — W' is continuous at all but a finite number of points
and for some p > 1 we have fOT |E(t)|[5y dt < oo for all T > 0. If
g : [0,00) — V' is Hélder continuous, u; € V and Uy € V', then there
is a unique function v(-) : [0,00) = V such that Cv € C([0,00),W') N
C*((0,00), W"), (Cv)' +Bv € C([0,00), V") and is continuously differentiable
at all but a finite number of points, Cv(0) = Cuy, (Cv' + Bv)(0) = Uy + Buy,
and

((Cv)'(t) + Bu(t)) + Av(t) = F(t) + g(t) (4.6)

at those points at which the derivative exists.

Proof: Almost everything follows as in Corollary 4.3. The only difference is
that we need to note that with F'(-) as given above, the function f(¢) = fg F
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satisfies

t t 1/p
150 = @l < [ 18w < =10 [ 1)

T 1/p
§|t—T|1/q</ HFH”,> , 0<7<t<T,
0

where 1/¢ =1—1/p > 0. Hence, f is Hélder continuous.

5 Examples

We shall illustrate some applications of our preceding results by various
examples of initial-boundary value problems. In each such example below,
the operator A will correspond to one of the elliptic boundary value problems
described in Section II1.4, and we refer to that section for the computations
as well as occasional notations. Our emphasis here will be on the types of
operators that can be chosen for the remaining coefficients in either of (4.2)
or (4.3).

We begin by constructing the operator A from the abstract boundary
value problem of Section III.3. Let V, H and B be Hilbert spaces and
v :V — B a linear surjection with kernel V4, and assume 7 factors into a
norm-preserving isomorphism of V/Vj onto B. Assume the injection V' — H
is continuous, Vj is dense in H, and H is identified with H'. Then we obtain
the continuous injections Vo — H < Vi and V — H — V' and

(f,v)u = f(v), feH,veV.

Let a1 : V xV — K and a2 : B X B — K be continuous, sesquilinear and
symmetric forms and define

a(u,v) = a1 (u,v) + as(yu,yv) , u,v €V . (5.1)

We shall assume af(-,-) is V-elliptic; thus, a(-,-) is a scalar-product on V
whose norm is equivalent to the original one on V. Hereafter, we shall take
a(-,-) as the scalar-product on V; the corresponding Riesz map A € L(V, V")
is given by

Au(v) = a(u,v) , u,v €V .

Similarly, we define A € L(V, V) by
Au(v) = a1 (u,v) , vweV,vely, (5.2)
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Let Dy = {u € V : Au € H}, and denote by 90 € L(Dy, B") the abstract
Green’s operator constructed in Theorem II1.2.3 and characterized by the
identity

a1 (u,v) — (Au,v) g = u(y(v)) , w€EDy,veEV. (5.3)
Finally, we denote by As € L(B, B') the operator given by

AQ()O(@[)) = a?((pad)) ) (:0’11[) €B.
It follows from (5.1), (5.2) and (5.3) that

Au(v) — (Au,v)g = (Ou + Az(yu))(yv) , u€EDy,veEV, (5.4)

and this identity will be used to characterize the weak or variational bound-
ary conditions below.

Let ¢: H x H — K be continuous, non-negative, sesquilinear and sym-
metric; define the monotone C € L(H) by

where Cu € H follows from H' = H. Note that the inclusion W' C H follows
from the continuity of the injection H <— W, where W is the space H with
seminorm induced by ¢(-,-). Finally let B € £L(V, H) be a given monotone

operator
Re Bu(v) >0, ueV , ,veH,

and assume C + B is strictly monotone:
(C+ B)u(u) =0 onlyif u=0.

Theorem 5.1 Let the Hilbert spaces and operators be given as above. For
every f € CY([0,00), W') and every pair ug,u; € V with Aug + Buy € W',
there exists a unique u € C1([0,00),V) such that Cu' € C'([0,00), W'),
u(0) = ug, Cu'(0) = Cuy, and for each t >0,

(Cu'(t)) + Bu/(t) + Au(t) = f(t) , (5.5)
w(t) e Dy CV ,  Ou(t) + Axy(u(t)) =0 . (5.6)

Proof: The existence and uniqueness of u(-) follows from Corollary 4.2.
With C and B as above (4.2) shows that Au(t) € H for all ¢ > 0, so (5.6)
follows from Corollary I11.3.2. (Cf. (5.4).) To be sure, the pair of equations
(5.5), (5.6), is equivalent to (4.2).

We illustrate Theorem 5.1 in the examples following in Sections 5.1 and
5.2.
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5.1

Let G be openin R?, H = L?(G),T C G and V = {v € HY(G) : v (v)(s) =
0, a.e. s € I'}. Let p € L*°(G) with p(z) > 0, z € G, and define

c(u,v) = /Gp(x)u(x)v(w) dz | u,v € H . (5.7)

Then C is multiplication by p and W’ = {p"/?v : v € L*(G)}. Let R €
L*(G) and the real vector field u(x) = (pu1(z),...,pn(z)) be given with
each u; € C'(G); assume

n
~ (1) X 0mie) + Re{R(@)} >0,  2€G,
j=1
(%)M(s)'V(S)EO, s€dG ~T .
Then B € L(V, H) given by (2.7) is monotone. Furthermore, we shall assume

p(z) — (%) 3 9juj(x) + Re{R(z)} >0, z€G,
j=1

and this implies C + B is strictly-monotone.
Let ag, aij € L*(G), 1 < i,j < n, and assume ag(z) > 0, a;j(z) = aji(x),
z € G, and that

n

o(w0) = [ {3 a1i(@)u()0,06) + ao(o)u(il@ b (58)

1,j=1

is V-coercive (cf. Section IT1.5). Then (5.8) is a scalar product on V' whose
norm is equivalent to that of H'(G) on V.

Let F(-,t) € L?(G) be given for each ¢ > 0 such that ¢ — F(-,t) belongs
to C1(]0,00), L2(G)) (cf. Section 2.1). Then f(t) = p'/?F(-,t) defines f €
C([0,00), W'). Finally, let Uy, U; € V satisfy AUy + BU; € W'. (This
can be translated into an elliptic boundary value problem.) Using Theorem
IV.7.1, we can obtain a (measurable) function U(-,-) on G X [0, 00) which is
a solution of the initial-boundary value problem

Ou(p()OU (2, 1)) + R(x)OU (z, 1) + %@U(x,t» (5.9)
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— Z Bjaij ()U (z,t) + ao(z)U (z,t)
j=1

=p2(x)F(z,t), €G,t>0;
U(s,t) =0, sel,
5.10

W g seaG~T; (5:10)

vy
U(z,0) =Up(z) ,

(z,0) = Up(z) } (5.11)
p(2)0U(z,0) = p(z)Ui(z) , r€G.

We refer to Section I11.4.1 for notation and computations involving the op-
erators associated with the form (5.8).

The partial differential equation (5.9) is of mixed hyperbolic-parabolic
type. Note that the initial conditions (5.11) imposed on the solution at
x € G depend on whether p(z) > 0 or p(z) = 0. Also, the equation (5.9) is
satisfied at ¢ = 0, thereby imposing a compatibility condition on the initial
data Uy, U;. Finally, we observe that (5.10) contains the boundary condition
of first type along I' and the boundary condition of second type on 0G ~ T'.

5.2

Let H and C be given as in Section 5.1; let V = H'(G) and define B by (2.7)
with 4 = 0 and assume

Re{R(z)} >0,  p(z) >0,
p(z) + Re{R(z)} > 0, reqd,
as before. Define
ai(u,v) = [ Vu- Vo u,veV,
az(p, ) = Joga(s)p(s)p(x)ds ,  p,¢ € L*(9G)

where o € L*(0G), a(s) > 0, a.e. s € dG. Then Ay is multiplication by
a. We assume that a(-,-) given by (5.1) is V-coercive (cf. Corollary I11.5.5).
With F(-,-), Uy, and U; as above, we obtain a unique generalized solution
of the problem

O (p(2)0U (z, 1)) + R(2),U (z,1) — AUz, 1) (5.12)
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=p'?(2)F(z,t), €G,t>0,

oU (s,t)
ov

+ a(s)U(s,t) =0, s€edG,t>0, (5.13)

and (5.11). We note that at those x € G where p(z) > 0, (5.12) is a (hy-
perbolic) wave equation and (5.11) specifies initially U and 0,U, whereas
at those z € G where p(z) = 0, (5.12) is a homogeneous (parabolic) diffu-
sion equation and only U is specified initially. The condition (5.13) is the
boundary condition of third type.

If we choose V = {v € H'(G) : yo(v) is constant} as in Section IT1.4.2
and prescribe everything else as above, then we obtain a solution of (5.12),
(5.11) and the boundary condition of fourth type

Ul(s,t) = h(t) , s €0G

/Mds—i— als)ds - h(t) =0 . (514
ac  Ov aG

Note that A(-) is an unknown in the problem. Boundary value problems with
periodic boundary conditions can be put in the form of (5.14).

5.3

Let H = L*(G), V = H'(Q), and define A as in Section 5.2. Set B =0 and
define

c(u,v) = / p(x)u(z)v(z) de + o(s)u(s)v(s)ds , u,v €V
G oG
when p € L*®(G) and o € L*®(9G) satisfy p(z) > 0, z € G, and o(s) > 0,
s € 0G. Let t — F(-,t) be given in Cl([O,oo),LQ( )) and t — g(-,t) be
given in C'([0, 00), L?(0Q)); then define f € C'([0,00), W') by

f#)(v) = / p'?(@)F (a,t)o(z) do+ | o'?(s)g(s, t)o(s)ds, veV,t>0.
a oG

Let Uy, Uy € V with AUy € W’. (This last inclusion is equivalent to requiring

AUy = pY/2H for some H € L*(G) and 0,Uy + aly = ol/?h for some

h € L?(0G).) Then Corollary 4.2 applies to give a unique solution u of (4.2)
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with initial conditions. From this we obtain a solution U of the problem

(0(p(2)0,U (2,1)) — ApU(a,t) = p'/* (@) F(z,1) ,

re€G,t>0,
O (a(s)0U(s,t)) + 0 U(s,t) + a(s)U(s,t) = 01/2(s)g(s,t) ,
sedG,t>0,

L U(z,0) = Uy(z) , 0U(x,0) =Ui(x) .

The boundary condition is obtained formally since we do not know A, U(-,t) €
L?(G) for all t > 0; hence, (5.3) is not directly applicable. Such boundary
conditions arise in models of vibrating membranes (or strings) with bound-
aries (or ends) loaded with a mass distribution, thereby introducing an in-
ertia term. Such problems could also contain mass distributions (or point
loads) on internal regions. Similarly, internal or boundary damping can be
included by appropriate choices of B, and we illustrate this in the following
example.

5.4

Let H, V, A and C be given as in Section 5.3. Assume R € L*(G), r €
L*(0G) and that Re{R(z)} >0, z € G, Re{r(s)} > 0, s € G. We define
Be L(V,V') by

Bu(v) = /C;R(:B)u(x)@dx + 3G7‘(s)u(s)v(s) ds , u,veV.

We need only to assume p(z) + Re{R(z)} > 0 for x € G; then Corol-
lary 4.3 is applicable. Let t — Fy(-,t) in C(]0,00), L%(G)), t — G1(:,t) in
C*([0,00), L?(0Q)), and t — G5(t) in C*(]0,00), L?(G)) be given. We then
define F € C([0,00), W') and g € C*([0,0), V") by

F(t) = pl/ZFI('at) 5
g(t)(v) = / o 12(5) G (s, £)0(s) ds +/ Golz, )o@ dz, veEV.
oG G
If Uy € V and Vi € L%(G), and V5 € L?(0G), then Uy € W' is defined by

Uav) = [ Vi@ do+ [ o PVasullds . veV,
G oG
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and Corollary 4.3 gives a generalized solution of the following problem:

(07 (p(2)U (2,1)) + O(R(2)U (x,1)) — ApU (2, 1)

= p!/2(z)Fy (z,t) + Go(z,t) , r€eqG,
0F (o (s)U(s,1)) + u(r(s)U (s, 1)) + OU(s,) + (s)U(s,1)

_UI/Q(S)Gl(S,t), se€edG, t>0,
p(xev ) ( )Ul (II),

)U( (

o(s)U(s,0) = o(s)Ur(s) , s € 0G

0 (p(2)U (,0)) + R(2)U (2,0) = p'*(2)Vi(2) ,
0(a(5)U (5,0)) +7(s)U(s,0) = o'/ (5)Va(s) -

The right side of the partial differential equation could contain singularities
in z as well. When Re{R(z)} > 0 in G, the preceding problem with p =0
and o = 0 is solved by Corollary 4.4.

Similarly one can obtain generalized solutions to boundary value prob-

lems containing partial differential equations of the type (3.3); that is, equa-
tions of the form (5.9) plus the fourth-order term —0;(A,0.U(z,t)). Finally,
we record an abstract parabolic boundary value problem which is solved
by using Corollary 4.6. Such problems arise in classical models of linear
viscoelasticity (cf. (2.9)).

Theorem 5.2 Let the Hilbert spaces and operators be given as in Theorem
5.1, except we do not assume B + C is strictly monotone. If ¢ > 0, f :
[0,00) = W' is Holder continuous, ug € V and Uy € W', there exists a
unique u € C([0,00),V) N CL([0,00),V) such that Cu' € C(]0,00), W') N
CH((0,00), W"), u(0) = uy, Cu'(0) = Uy, and (5.5), (5.6) hold for each
t>0.

Exercises

1.1. Use the separation-of-variables technique to obtain a series representa-
tion for the solution u of (1.1) with u(0,t) = u(m,t) = 0, u(z,0) =
uo(z) and dru(z,0) = uy(z).

1.2. Repeat the above for the viscoelasticity equation

6t2u — e Apu — Apu = F(x,t) , e>0.
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1.3.

2.1.

2.2.

2.3.

2.4.

2.5.

2.6.

2.7.

2.8.

3.1.

3.2.

4.1.

4.2.

Compare the convergence rates of the two series solutions obtained
above.

Explain the identification V), = V' x W' in Section 2.1.

Use Theorem 2.1 to prove Theorem 2.3.

Use the techniques of Section 2 to deduce Theorem 2.3 from IV.5.
Verify that the function f in Section 2.1 belongs to C([0,T], L?(G)).

Use Theorem 2.1 to construct a solution of (2.5) satisfying the fourth
boundary condition. Repeat for each of the examples in Section III.4.

Add the term [;. r(s)u(s)v(s) ds to (2.7) and find the initial-boundary
value problem that results.

Show that Theorem 2.1 applies to appropriate problems for the equation

Otu(x,t) + 020z, t) — 2u(z,t) = F(z,t) .

Find some well-posed problems for the equation

Otu(z,t) + Oju(z,t) = F(x,t) .

Complete the proofs of Theorem 3.2 and Corollary 3.3.

Verify that (3.3) is the characterization of (3.1) with the given data.

Use Corollary 4.4 to solve the problem
O10u(z,t) — O%u(z,t) = F(x,t)
u(0,t) = cu(l,1)
U((II, 0) = UO(ZE)
for |¢] <1,c# 1.

For each of the Corollaries of Section 4, give an example which illustrates
a problem solved by that Corollary only.
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5.1. In the proof of Theorem 5.1, verify that (4.2) is equivalent to the pair
(5.5), (5.6).

5.2. In Section 5.1, show C + B is strictly monotone, give sufficient conditions
for (5.8) to be V-elliptic, and characterize the condition AUy + BU; €
W' as requiring that Up satisfy an elliptic boundary value problem (cf.
Section 5.3).

5.3. In Section 5.2, give sufficient conditions for a(-,-) to be V-elliptic.

5.4. Show the following problem with periodic boundary conditions is well-
posed: O2u — 0?u = F(z,t), u(z,0) = uo(z), du(x,0) = uy(x,0),
uw(0,t) = u(1,t), 0pu(0,t) = dyu(l,t). Generalize this to higher dimen-
sions.

5.5. A vibrating string loaded with a point mass m at z = % leads to the
following problem: 92u = 0%u, u(0,t) = u(1,t) = 0, u(x,0) = ug(x),
atu(ac,O) = ul(x)v u((%)ivt) = u((%)Jrvt)v matZU(%at) = 8:vu((%)+at) -
dyu((3)7,t). Use the methods of Section 5.3 to show this problem is
well-posed.



Chapter VII

Optimization and
Approximation Topics

1 Dirichlet’s Principle

When we considered elliptic boundary value problems in Chapter III we
found it useful to pose them in a weak form. For example, the Dirichlet
problem

~Apu(z) = F(z), z€G } (1.1)

u(s) =0, s € 0G

on a bounded open set G in R” was posed (and solved) in the form
u € H(G) ; / Vu-Vudr = / F(z)v(x)dx , ve HIG). (1.2
G G

In the process of formulating certain problems of mathematical physics as
boundary value problems of the type (1.1), integrals of the form appearing
in (1.2) arise naturally. Specifically, in describing the displacement u(z) at
a point z € G of a stretched string (n = 1) or membrane (n = 2) resulting
from a unit tension and distributed external force F'(x), we find the potential
energy is given by

B(u) = (%)/G|Vu(x)|2dx—/GF(x)u(x) dz . (1.3)

Dirichlet’s principle is the statement that the solution u of (1.2) is that
function in H}(G) at which the functional E(-) attains its minimum. That

169
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is, u is the solution of
uw€ H(G): E(u) < E(w), wveHG). (1.4)

To prove that (1.4) characterizes u, we need only to note that for each
v € H}(G)

B(u+v) — E(u) :/

(Vu - Vv — Fv)dx + (%)/ |VU|2dI
G G

and the first term vanishes because of (1.2). Thus E(u + v) > E(u) and
equality holds only if v = 0.

The preceding remarks suggest an alternate proof of the existence of a
solution of (1.2), hence, of (1.1). Namely, we seek the element u of H}(G)
at which the energy function E(-) attains its minimum, then show that u
is the solution of (1.2). This program is carried out in Section 2 where
we minimize functions more general than (1.3) over closed convex subsets
of Hilbert space. These more general functions permit us to solve some
nonlinear elliptic boundary value problems.

By considering convex sets instead of subspaces we obtain some elemen-
tary results on unilateral boundary value problems. These arise in applica-
tions where the solution is subjected to a one-sided constraint, e.g., u(x) > 0,
and their solutions are characterized by variational inequalities. These top-
ics are presented in Section 3, and in Section 4 we give a brief discussion of
some optimal control problems for elliptic boundary value problems.

Finally, Dirichlet’s principle provides a means of numerically approxi-
mating the solution of (1.2). We pick a convenient finite-dimensional sub-
space of H}(G) and minimize E(-) over this subspace. This is the Rayleigh-
Ritz method and leads to an approximate algebraic problem for (1.2). This
method is described in Section 5, and in Section 6 we shall obtain related
approximation procedures for evolution equations of first or second order.

2 Minimization of Convex Functions

Suppose F' is a real-valued function defined on a closed interval K (possibly
infinite). If F is continuous and if either K is bounded or F(z) — +o0 as
|z| — 400, then F attains its minimum value at some point of K. This
result will be extended to certain real-valued functions on Hilbert space
and the notions developed will be extremely useful in the remainder of this
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chapter. An essential point is to characterize the minimum by the derivative
of F'. Throughout this section V is a real separable Hilbert space, K is a
non-empty subset of V and F': K — R is a function.

2.1

We recall from Section 1.6 that the space V' is weakly (sequentially) compact.
It is worthwhile to consider subsets of V' which inherit this property. Thus, K
is called weakly (sequentially) closed if the limit of every weakly convergent
sequence from K is contained in K. Since convergence (in norm) implies
weak convergence, a weakly closed set is necessarily closed.

Lemma 2.1 If K is closed and convex (cf. Section 1.4.2), then it is weakly
closed.

Proof: Let z be a vector not in K. From Theorem 1.4.3 there is an zy € K
which is closest to 2. By translation, if necessary, we may suppose (z¢ +
z)/2 = 0, ie.,, x = —xp. Clearly (z,z9) < 0 so we need to show that
(z,20) > 0 for all z € K; from this the desired result follows easily. Since K
is convex, the function ¢ : [0, 1] — R given by

et) =1 —t)wo+tz—zl|}, 0<t<1,

has its minimum at ¢ = 0. Hence, the right-derivative ¢ (0) is non-negative,
ie.,
(xg —x, 2 —x09) >0 .

Since x = —xy, this gives (zg,2) > [|zo]|? > 0.

The preceding result and Theorem 1.6.2 show that each closed, convex
and bounded subset of V is weakly sequentially compact. We shall need to
consider situations in which K is not bounded (e.g., K = V'); the following
is then appropriate.

Definition. The function F' has the growth property at © € K if, for some
R >0,y € K and ||y — || > R implies F(y) > F(x).

The continuity requirement that is adequate for our purposes is the fol-
lowing.

Definition. The function F' : K — R is weakly lower-semi-continuous at
x € K if for every sequence {z,} in K which weakly converges to z € K
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we have F(z) < liminf F(z,). [Recall that for any sequence {a,} in R,
liminf(an) = supy>o(infn>k(an)).]

Theorem 2.2 Let K be closed and convex and F' : K — R be weakly lower-
semi-continuous at every point of K. If (a) K is bounded or if (b) F has the
growth property at some point in K, then there exists an To € K such that
F(zo) < F(x) for all x € K. That is, F' attains its minimum on K.

Proof: Let m = inf{F(x) : x € K} and {z,} a sequence in K for which
m = lim F(x,). If (a) holds, then by weak sequential compactness there is
a subsequence of {z,} denoted by {x, } which converges weakly to z¢ € V;
Lemma 2.1 shows zg € K. The weak lower-semi-continuity of F' shows
F(zy) < liminf F(z,/) = m, hence, F(zy) = m and the result follows. For
the case of (b), let F' have the growth property at z € K and let R > 0
be such that F(z) > F(z) whenever ||z — z|| > R and z € K. Then set
B ={z €V :|z-z| < R} and apply (a) to the closed, convex and
bounded set B N K. The result follows from the observation inf{F'(z) :
z€ K} =inf{F(z):2 € BNK}.

We note that if K is bounded then F' has the growth property at ev-
ery point of K; thus the case (b) of Theorem 2.2 includes (a) as a special
case. Nevertheless, we prefer to leave Theorem 2.2 in its (possibly) more
instructive form as given.

2.2

The condition that a function be weakly lower-semi-continuous is in general
difficult to verify. However for those functions which are convex (see below),
the lower-semi-continuity is the same for the weak and strong notions; this
can be proved directly from Lemma 2.1. We shall consider a class of func-
tions for which convexity and lower semicontinuity are easy to check and,
furthermore, this class contains all examples of interest to us here.

Definition. The function F' : K — R is convez if its domain K is convex
and for all z,y € K and t € [0, 1] we have

Fltz + (1 —t)y) <tF(z) + (1 - ) F(y) . (2.1)
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Definition. The function F' : K — R is G-differentiable at © € K if K is
convex and if there is a F'(z) € V' such that

lim ~[F(z +t(y —2)) = F(2)] = F'(«)(y — )

t—0+ t

for all y € K. F'(x) is called the G-differential of F' at z. If F is G-
differentiable at every point in K, then F' : K — V' is the gradient of F on
K and F is the potential of the function F’.

The G-differential F'(z) is precisely the directional derivative of F' at the
point z in the direction toward y. The following shows how it characterizes
convexity of F'.

Theorem 2.3 Let F : K — R be G-differentiable on the convex set K. The
following are equivalent: (a) F is convex, (b) For each pair z,y € K we have

F(a)y — o) < Fly) — F(a) (22)
(c) For each pair z,y € K we have

(F'(z) = F'(y) (@ —y) > 0. (2.3)

Proof: If F is convex, then F(z + t(y —x)) < F(z) + t(F(y) — F(z)) for
z,y € K and t € [0,1], so (2.2) follows. Thus (a) implies (b). If (b) holds,
we obtain F'(y)(z —y) < F(z) — F(y) and F(z) — F(y) < F'(z)(z — y), so
(c) follows.

Finally, we show (c) implies (a). Let z,y € K and define ¢ : [0,1] — R
by

o(t) = Fltz + (1 —=t)y) = Fly+tlz—y)), te€[01].

Then ¢'(t) = F'(y + t(x — y))(z — y) and we have for 0 < s < t < 1 the

estimate

(' () =@ ()t —s) = (F'(y+tlz—y) = F'(y+s(z—)((t—s)(z—y)) >0
from (c), so ¢’ is non-decreasing. The Mean-Value Theorem implies that

p(1) — p(t) > p(t) — ¢(0)

t<1.
1—t t—0 ’ 0<it<

Hence, ¢(t) < tp(l) + (1 — t)¢(0), and this is just (2.1).
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Corollary 2.4 Let F be G-differentiable and convexr. Then F is weakly
lower-semi-continuous on K.

Proof: Let the sequence {z,} C K converge weakly to z € K. Since
F'(z) € V', we have lim F'(z)(z,) = F'(z)(z), so from (2.2) we obtain

liminf(F(x,) — F(z)) > liminf F'(z)(z, —3) =0 .
This shows F' is weakly lower-semi-continuous at z € K.

Corollary 2.5 In the situation of Corollary 2.4, for each pair x,y € K the
function
t— Flz+tly—2))(y—=z), t €[0,1]

18 continuous.

Proof: We need only observe that in the proof of Theorem 2.3 the function
¢’ is a monotone derivative and thereby must be continuous.

2.3

Our goal is to consider the special case of Theorem 2.2 that results when F
is a convex potential function. It will be convenient in the applications to
have the hypothesis on F stated in terms of its gradient F’.

Lemma 2.6 Let F be G-differentiable and convex. Suppose also we have

F'(z)(x)

1m _—
lel=+o0 ||z

=400, rEeEK .

Then lim)|z) 00 F(z) = 400, so F has the growth property at every point in

Proof: We may assume 6 € K. For each z € K we obtain from Corol-
lary 2.5

F(z) — F(8) = /0 ' P (t) () dt

= [[(F2) - @) @)t + PO
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With (2.3) this implies
1
F(z)—F(0) > /1/2(F'(t$) — F'(0))(x)dt + F'(0)(z) . (2.4)

From the Mean-Value Theorem it follows that for some s = s(z) € [3,1]

F(z) = F(6) > (3) (F'(s2)(w) + F'(60) ()

> (3) el {E020E gy}

]

Since [|sz|| > ()2 for all z € K, the result follows.

Definitions. Let D be a non-empty subset of V and T : D — V' be a
function. Then T is monotone if

(T'(z) =T (z-y) >0, zyeD,

and strictly monotone if equality holds only when = y. We call T' coercive
if
T
lim ( (9:)(9:)> = +o0
20 \ [l

After the preceding remarks on potential functions, we have the following
fundamental results.

Theorem 2.7 Let K be a non-empty closed, convex subset of the real sep-
arable Hilbert space V', and let the function F : K — R be G-differentiable
on K. Assume the gradient F' is monotone and either (a) K is bounded or
(b) F' is coercive. Then the set M = {x € K : F(z) < F(y) for ally € K}
is mon-empty, closed and convex, and x € M if and only if

reK: F'(z)(y—2z)>0, ye K. (2.5)

Proof: That M is non-empty follows from Theorems 2.2 and 2.3, Corollary
2.4 and Lemma 2.6. Each of the sets M, = {z € K : F(z) < F(y)} is closed
and convex so their intersection, M, is closed and convex. If z € M then
(2.5) follows from the definition of F'(z); conversely, (2.2) shows that (2.5)
implies x € M.
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24

We close with a sufficient condition for uniqueness of the minimum point.

Definition. The function F' : K — R is strictly convez if its domain is
convex and for 2,y € K,  # y, and ¢t € (0,1) we have

F(tr+ (1 —t)y) <tF(z)+ (1 —t)F(y) .

Theorem 2.8 A strictly convez function F': K — R has at most one point
at which the minimum s attained.

Proof: Suppose z1,z9 € K with F(z;) = F(z9) = inf{F(y) : y € K} and
1 # xy. Since %(xl + x9) € K, the strict convexity of F' gives

F ((%)(:rl + $2)) < (%) (F(z1) + F(22)) =inf{F(y) :y € K} ,
and this is a contradiction.

The third part of the proof of Theorem 2.3 gives the following.

Theorem 2.9 Let F be G-differentiable on K. If the gradient F' is strictly
monotone, then F is strictly convez.

3 Variational Inequalities

The characterization (2.5) of the minimum point u of F' on K is an example
of a variational inequality. It expresses the fact that from the minimum point
the function does not decrease in any direction into the set K. Moreover, if
the minimum point is an interior point of K, then we obtain the “variational
equality” F'(u) = 0, a functional equation for the (gradient) operator F”.

3.1

We shall write out the special form of the preceding results which occur
when F is a quadratic function. Thus, V is a real Hilbert space, f € V', and
a(-,-) : V. xV — R is continuous, bilinear and symmetric. Define F' : V — R
by

F(v) = (%) a(v,v) — f(v) veV. (3.1)
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From the symmetry of a(-,-) we find the G-differential of F' is given by
F'(u)(v —u) = alu,v —u) — flv—u), u,v €V .

If A:V — V'is the operator characterizing the form a(-,-), cf. Section 1.5.4,
then we obtain

F'(u) = Au— f, uevV. (3.2)
To check the convexity of F' by the monotonicity of its gradient, we compute
(F'u — F'v)(u —v) = a(u —v,u —v) = Alu —v)(u —v) .

Thus, F’ is monotone (strictly monotone) exactly when a(-, ) is non-negative
(respectively, positive), and this is equivalent to A being monotone (respec-
tively, positive) (cf. Section V.1). The growth of F' is implied by the state-

it (a(v’v)> - e (3:3)

o]

ment

Since F(v) > (3)a(v,v) —||f||-||v]|, from the identity (3.2) we find that (3.3)
is equivalent to F' being coercive.
The preceding remarks show that Theorems 2.7 and 2.8 give the follow-

ing.

Theorem 3.1 Let a(-,-) : V. x V — R be continuous, bilinear, symmetric
and non-negative. Suppose f € V' and K is a closed convex subset of V.
Assume either (a) K is bounded or (b) a(-,-) is V -coercive. Then there exists
a solution of

ve K: a(u,v—u)>fv—u), ve K. (3.4)

There is exactly one such u in the case of (b); there is exactly one in case
(a) if we further assume a(-,-) is positive.

Finally we note that when K is the whole space V', then (3.4) is equivalent
to
vweV: a(u,v)=f(v), veV, (3.5)

the generalized boundary value problem studied in Chapter III. For this
reason, when (3.5) is equivalent to a boundary value problem, (3.5) is called
the variational form of that problem and such problems are called variational
boundary value problems.

We shall illustrate some very simple variational inequalities by examples
in which we characterize the solution by other means.
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3.2 Projection

Given the Hilbert space V', the closed convex subset K, and the point ug € V,
we define

a(u,v) = (u,v)y , f(v) = (ug,v)v , u,v eV .
Then (3.1) gives the function
F() = (3) {luo —v|® = [uwol?} ,  wveV,
so u € K is the minimum of ' on K if and only if
lluo — ul] < |lug — vl , ve K .

That is, u is that (unique) point of K which is closest to ug. The existence
and uniqueness follows from Theorem 3.1; in this case we have the equivalent
of Theorem 1.4.3. The computation

F'(u)(v —u) = (u —vp,v — u)y
shows that u is characterized by the variational inequality
vweK: (u—up,v—u)y >0, ve K,

and the geometric meaning of this inequality is that the angle between u—wuyg
and v — u is between —m/2 and 7/2 for each v € K. If K is a subspace of
V, this is equivalent to (3.5) which says u — ug is orthogonal to K. That is,
u is the projection of ug on the space K, cf. Section 1.4.3.

3.3 Dirichlet’s Principle

Let G be a bounded open set in R® and V = H}(G). Let F € L?(2) and
define

a(u,v):/GVu-Vde, f(’U)Z/GF(IE)U(I)d:E, u,v eV .

Thus, the function to be minimized is

E(U):(%)/sz::l|3jv|2dx—/Gdex, veV.

In the applications this is a measure of the “energy” in the system. Take K
to be the whole space: K = V. The point u at which E attains its minimum
is characterized by (3.5). Thus, the solution is characterized by the Dirichlet
problem (1.1), cf. Chapter III.
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3.4 Free Boundary Problem

We take the space V, the form a(-,-) and functional f as above. Let g €
H} () and define

K ={ve H}(G):v(z) >g(z) ae z€G}.

Since a(-,-) is V-coercive, there exists a unique solution u of (3.4). This
solution is characterized by the following:

u>ginG, u=0o0ndG,

—Apu—F >0in G, and (3.6)

(u—g)(—Apu—F)=0inG .
The first follows from u € K and the second is obtained from (3.4) by setting
v =u+p for any p € C§°(G) with ¢ > 0. Given the first two lines of (3.6),
the third line follows by setting v = ¢ in (3.4). One can show, conversely,

that any u € H'(G) satisfying (3.6) is the solution of (3.4). Note that the
region G is partitioned into two parts

Go={z:ule) = g@)} . Gi={r:ulz)>g()}

and —A,u = F in G4. That is, in Gy (G4) the first (respectively, second)
inequality in (3.6) is replaced by the corresponding equation. There is a free
boundary at the interface between Gy and G ; locating this free boundary
is equivalent to reducing (3.6) to a Dirichlet problem.

3.5 Unilateral Boundary Condition

Choose V = H'(G) and K = {v € V : v > g; on G}, where g; € H'(G) is
given. Let F(-) € L*(G), g2 € L?(0G) and define f € V' by

f(v):/dex+ gavds veV
G oG

where we suppress the trace operator in the above and hereafter. Set
a(u,v) = (4,v)g1(g). Theorem 3.1 shows there exists a unique solution
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u € K of (3.4). This solution is characterized by the following:

-Apu+u=FinG, )
u > ¢gp on 0G ,
Gu > go on G, and ( (3.7)
ov
<%—gg> (u—g1) =0 on IG .
ov J

We shall show that the solution of (3.4) satisfies (3.7); the converse is left to
an exercise. The first inequality in (3.7) follows from v € K. If ¢ € C§°(G),
then setting v = u + ¢, then v = u — ¢ in (3.4) we obtain the partial
differential equation in (3.7). Inserting this equation in (3.4) and using the
abstract Green’s formula (Theorem III1.2.3), we obtain

/ @(v—u)dsz/ g2lv—u), veEK. (3.8)
F) oG

G Ov
If w € H'(G) satisfies w > 0 on 0G, we may set v = u + w in (3.8); this
gives the second inequality in (3.7). Setting v = g1 in (3.8) yields the last
equation in (3.7). Note that there is a region I'y in G on which u = g, and
Ou/0v = g2 on 0G ~ I'y. Thus, finding u is equivalent to finding I'y, so we
may think of (3.7) as another free boundary problem.

4 Optimal Control of Boundary Value Problems

4.1

Various optimal control problems are naturally formulated as minimization
problems like those of Section 2. We illustrate the situation with a model
problem which we discuss in this section.

Example. Let G be a bounded open set in R” whose boundary 9G is a
C'-manifold with G on one side. Let F € L?(G) and g € L?(0G) be given.
Then for each control v € L?(0G) there is a corresponding state y € H'(Q)
obtained as the unique solution of the system

—Apy+y=F in G }

—=g+v on 0G (4.1)
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and we denote the dependence of y on v by y = y(v). Assume that we
may observe the state y only on G and that our objective is to choose v
so as to place the observation y(v)|se closest to a given desired observation
w € L?(0G). Each control v is exerted at some cost, so the optimal control
problem is to minimize the “error plus cost”

T(v) = /8G|y(v) —w|2d$+c/8G|v|2d:1: (4.2)

over some given set of admissible controls in L?(0G). An admissible control
u at which J attains its minimum is called an optimal control. We shall
briefly consider problems of existence or uniqueness of optimal controls and
alternate characterizations of them, and then apply these general results to
our model problem.

We shall formulate the model problem (4.1), (4.2) in an abstract setting
suggested by Chapter III. Thus, let V and H be real Hilbert spaces with
V dense and continuously imbedded in H; identify the pivot space H with
its dual and thereby obtain the inclusions V' — H < V'. Let a(-,-) be
a continuous, bilinear and coercive form on V for which the corresponding
operator A : V — V' given by

a(u,v) = Au(v) , u,v eV

is necessarily a continuous bijection with continuous inverse. Finally, let
f € V' be given. (The system (4.1) with v = 0 can be obtained as the
operator equation Ay = f for appropriate choices of the preceding data; cf.
Section I11.4.2 and below.)

To obtain a control problem we specify in addition to the state space
V and data space V' a Hilbert space U of controls and an operator B €
L(U,V"). Then for each control v € U, the corresponding state y = y(v) is
the solution of the system (cf. (4.1))

Ay = f+ Bv , y=1y(v) . (4.3)

We are given a Hilbert space W of observations and an operator C € L(V, W).
For each state y € V there is a corresponding observation Cy € W which
we want to force close to a given desired observation w € W. The cost
of applying the control v € U is given by Nv(v) where N € L(U,U’) is
symmetric and monotone. Thus, to each control v € U there is the “error
plus cost” given by

J(v) = |ICy(v) — wlliy + No(v) . (4.4)
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The optimal control problem is to minimize (4.4) over a given non-empty
closed convex subset U,q of admissible controls in U. An optimal control is
a solution of

U € Upq : J(u) < J(v) forall v & Uy . (4.5)
4.2

Our objectives are to give sufficient conditions for the existence (and possible
uniqueness) of optimal controls and to characterize them in a form which
gives more information.

We shall use Theorem 2.7 to attain these objectives. In order to compute
the G-differential of J we first obtain from (4.3) the identity

Cy(v) —w=CA 'Bo+CA f —w
which we use to write (4.4) in the form
J(v) = [[CA Bulffy + No(v) +2(CA ' Bo,CA™' f —w)w +||CA™ f—wlffy .

Having expressed J as the sum of quadratic, linear and constant terms, we
easily obtain the G-differential

T (v)(p) = 2{(CA_IBU,CA_IB¢)W (4.6)
+Nv(p) + (CA ' Bp,CA L f — w)W}
= 2{(Cy(v) = w,CA™' Bo)w + Nu(p)} .
Thus, we find that the gradient J' is monotone and
(3) 7)) > No(v) ~ (const.)|jo]lr ,
so J' is coercive if N is coercive, i.e., if
No@) 2 cllolfy, v €U, (4.7)
for some ¢ > 0. Thus, we obtain from Theorem 2.7 the following.

Theorem 4.1 Let the optimal control problem be given as in Section 4.1.
That is, we are to minimize (4.4) subject to (4.3) over the non-empty closed
convex set Upq. Then if either (a) Uaq is bounded or (b) N is coercive over
Ua.d, then the set of optimal controls is non-empty, closed and convex.
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Corollary 4.2 In case (b) there is a unique optimal control.

Proof: This follows from Theorem 2.9 since (4.7) implies J' is strictly mono-
tone.

4.3

We shall characterize the optimal controls by variational inequalities. Thus,
1 is an optimal control if and only if

UEUad:JI(u)(U_u)ZOa v € Usq ; (4.8)

this is just (2.5). This variational inequality is given by (4.6), of course, but
the resulting form is difficult to interpret. The difficulty is that it compares
elements of the observation space W with those of the control space U;
we shall obtain an equivalent characterization which contains a variational
inequality only in the control space U. In order to convert the first term on
the right side of (4.6) into a more convenient form, we shall use the Riesz
map Ry of W onto W' given by (cf. Section 1.4.3)

RW(x)(y) = (xay)W ) T,y € W
and the dual C' € L(W', V') of C given by (cf. Section 1.5.1)
C(f)(@)=f(C), feW zeV.
Then from (4.6) we obtain
(3) /' (w)(v) = (Cy(w) —w,CA ' Bo)w + Nu(v)

= Ry (Cy(u) — w)(CA™'Bv) + Nu(v)
= C'Rw (Cy(u) — w)(A™ Bv) + Nu(v) , u,veU .

To continue we shall need the dual operator A’ € L(V, V') given by
Az(y) = Ay(z) ,  zyeV,

where V" is naturally identified with V. Since A’ arises from the bilinear
form adjoint to a(-,-), A’ is an isomorphism. Thus, for each control v € U we
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can define the corresponding adjoint state p = p(v) as the unique solution
of the system

A'p=CRw(Cy(v) —w),  p=pv). (4.9)
From above we then have
(3) 7' (w)(v) = A'p(u)(A~'Bv) + Nu(v)
= Bo(p(u)) + Nu(v)
= B'p(u)(v) + Nu(v)
where B € L(V,U’) is the indicated dual operator. These computations lead

to a formulation of (4.8) which we summarize as follows.

Theorem 4.3 Let the optimal control problem be given as in (4.1). Then
a necessary and sufficient condition for u to be an optimal control is that it
satisfy the following system:
u € Uy, Ay(u)=f+ Bu,
A'p(u) = C'Rw (Cy(u) —w) , (4.10)
(B'p(u) + Nu)(v —u) >0, all v €Uy .
The system (4.10) is called the optimality system for the control problem.

We leave it as an exercise to show that a solution of the optimality system
satisfies (4.8).

4.4

We shall recover the Example of Section 4.1 from the abstract situation
above. Thus, we choose V = H'(G), a(u,v) = (u,v) @), U= L?(0G) and
define

flw) = /GF(:I?)U(I) dz —l—/aGg(s)v(s) ds , veV,
Bu(v):/aGu(s)v(s)ds, vwelU,veV.

The state y(u) of the system determined by the control u is given by (4.3),
ie.,
-Apy+y=F in G,

(4.11)
9y =g+4+u on 0G.
ov
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Choose W = L?(0G), w € W, and define

Nu(v) = c/aGu(s)v(s)ds , uw,veW , (c>0)
Cu(v)E/aGu(s)U(s)ds, veV,veW.

The adjoint state equation (4.9) becomes

—App+p=0in G
Ap (4.12)

5, —Y - won oG

and the variational inequality is given by
uEUad:/ (p+cu)(v—u)ds >0, v € Uyq - (4.13)
oG

From Theorem 4.1 we obtain the existence of an optimal control if U,q is
bounded or if ¢ > 0. Note that

T(v) = /QG ly(v) —w|2d5+c/aG|v|2ds (4.14)

is strictly convex in either case, so uniqueness follows in both situations.
Theorem 4.3 shows the unique optimal control u is characterized by the
optimality system (4.11), (4.12), (4.13). We illustrate the use of this system
in two cases.

4.5 Uy = L2(9G)

This is the case of no constraints on the control. Existence of an optimal
control follows if ¢ > 0. Then (4.13) is equivalent to p + cu = 0. The
optimality system is equivalent to

—Ay+y=F, —App+p=0 inG
dy 1 dp
8V_g—<c>p, 5y YW on oG

and the optimal control is given by u = —(1/¢)p.
Consider the preceding case with ¢ = 0. We show that an optimal control
might not exist. First show inf{J(v) : v € U} = 0. Pick a sequence {wy,} of
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very smooth functions on G such that w,, — w in L?(0G). Define y,, by

—AnYm +Ym = F in G

Ym = Wy on 0G
and set vy, = (Oym/0v) — g, m > 1. Then v, € L?(0G) and J(vy,) =
lwp, — w||%2(3G) — 0. Second, note that if u is an optimal control, then
J(u) = 0 and the corresponding state y satisfies

—Apy+y=F in G

y=w on 0G .

Then we have (formally) u = (9y/0v) —g. However, if w € L?(0G) one does

not in general have (Jy/0v) € L?(0G). Thus u might not be in L?(0G) in
which case there is no optimal control (in L?(9G)).

4.6

Ug = {v € L?(0G) : 0 < v(s) < M a.e.}. Since the set of admissible
controls is bounded, there exists a unique optimal control u characterized
by the optimality system (4.10). Thus, u is characterized by (4.11), (4.12)
and

if 0<u< M, then p+cu=20
if u=0, then p>0, and (4.15)
if u=M, then p+cu<0.

We need only to check that (4.13) and (4.15) are equivalent. The boundary
is partitioned into the three regions determined by the three respective cases
in (4.15). This is analogous to the free boundary problems encountered in
Sections 3.3 and 3.4.

We specialize the above to the case of “free control,” i.e., ¢ = 0. One
may search for an optimal control in the following manner. Motivated by
(4.11) and (4.14), we consider the solution Y of the Dirichlet problem

-A)Y4+Y =F in G,
Y =w on 0G.
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If it happens that

Y
Oga——gSM on 0G , (4.16)
ov
then the optimal control is given by (4.11) as
A
YT

Note that u € Uyq and J(u) = 0.

We consider the contrary situation in which (4.16) does not hold. Specif-
ically we shall show that (when all aspects of the problem are regular) the
set I' = {s € 0G : 0 < u(s) < M, p(s) = 0} is empty. This implies that the
control takes on only its extreme values 0, M; this is a result of “bang-bang”
type.

Partition I' into the three parts I'y = {s € T' : y(s) = w(s)}, 'y =
{seT :y(s) >w(s)} and - ={s € T : y(s) < w(s)}. On any interval
in I’y we have p = 0 (by definition of ') and % = 0 from (4.12). From
the uniqueness of the Cauchy problem for the elliptic equation in (4.12), we
obtain p = 0 in G, hence, y = w on 0G. But this implies y = Y, hence
(4.16) holds. This contradiction shows I'y is empty. On any interval in '}
we have p = 0 and % > 0. Thus, p < 0 in some neighborhood (in G)
of that interval. But Ap < 0 in the neighborhood follows from (4.12), so
a maximum principle implies % < 0 on that interval. This contradiction
shows I'y is empty. A similar argument holds for I'_ and the desired result

follows.

5 Approximation of Elliptic Problems

We shall discuss the Rayleigh-Ritz-Galerkin procedure for approximating
the solution of an elliptic boundary value problem. This procedure can
be motivated by the situation of Section 3.1 where the abstract boundary
value problem (3.5) is known to be equivalent to minimizing a quadratic
function (3.1) over the Hilbert space V. The procedure is to pick a closed
subspace S of V and minimize the quadratic function over S. This is the
Rayleigh-Ritz method. The resulting solution is close to the original solution
if S closely approximates V. The approximate solution is characterized
by the abstract boundary vlaue problem obtained by replacing V' with S
this gives the (equivalent) Galerkin method of obtaining an approximate
solution. The very important finite-element method consists of the above
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procedure applied with a space S of piecewise polynomial functions which
approximates the whole space V. The resulting finite-dimensional problem
can be solved efficiently by computers. Our objectives are to describe the
Rayleigh-Ritz-Galerkin procedure, obtain estimates on the error that results
from the approximation, and then to give some typical convergence rates that
result from standard finite-element or spline approximations of the space.
We shall also construct some of these approximating subspaces and prove
the error estimates as an application of the minimization theory of Section 2.

5.1

Suppose we are given an abstract boundary value problem: V is a Hilbert
space, a(+,-) : V. x V — K is continuous and sesquilinear, and f € V'. The
problem is to find u satisfying

uw €V :alu,v) = f(v), veV. (5.1)

Let S be a subspace of V. Then we may consider the related problem of
determining ug satisfying

us € S a(us,v) = f(v), veS. (5.2)

We shall show that the error us — u is small if S approximates V sufficiently
well.

Theorem 5.1 Let a(-,-) be a V-coercive continuous sesquilinear form and
f eV Let S be a closed subspace of V.. Then (5.1) has a unique solution
u and (5.2) has a unique solution us. Furthermore we have the estimate

|lus — ul|| < (K/c¢)inf{||u —v|| : v € S}, (5.3)

where K is the bound on a(-,-) (cf. the inequality 1.(5.2)) and c is the coer-
civity constant (cf. the inequality 111.(2.3)).

Proof: The existence and uniqueness of the solutions u and us of (5.1) and
(5.2) follow immediately from Theorem III.2.1 or Theorem 3.1, so we need
only to verify the estimate (5.3). By subtracting (5.1) from (5.2) we obtain

a(us —u,v) =0, veS. (5.4)
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Thus for any w € S we have
a(us — u,us —u) = a(us — u,w —u) + alus — u, us —w) .
Since us —w =wv € S it follows that the last term is zero, so we obtain
cllus —ull* < Kllus —ull lw —ull,  weS.

This gives the desired result.

Consider for the moment the case of V being separable. Thus, there is a
sequence {v1,v9,v3,...} in V which is a basis for V. For each integer m > 1,
the set {vi,v9,...,vn} is linearly independent and its linear span will be
denoted by V,,,. If P, is the projection of V into V,,, then lim,,, .o P,v = v
for all v € V. The problem (5.2) with S =V}, is equivalent to

Um € Vi = a(um,vj) = f(vj) , 1<ji<m.

There is exactly one such wu,, for each integer m > 1 and we have the
estimates ||uy, — ul| < (K/¢)||lu — Ppul|. Hence, limy, o0 4y, = w in V' and
the rate of convergence is determined by that of {P,u} to the solution u
of (5.1). Thus we are led to consider an approximating finite-dimensional
problem. Specifically u,, is determined by the point z = (x1,z9,...,2m,) €
K™ through the identity u,, = Y i~ z;v;, and (5.2) is equivalent to the m xm
system of linear equations

m

Za(vi,vj)xi = f(v)) , 1<ji<m. (5.5)
=1

Since a(-, ) is V-coercive, the m xm coefficient matrix (a(v;,v;)) is invertible
and the linear system (5.5) can be solved for . The dimension of the system
is frequently of the order m = 10? or 103, so the actual computation of
the solution may be a non-trivial consideration. It is helpful to choose the
basis functions so that most of the coefficients are zero. Thus, the matrix
is sparse and various special techniques are available for efficiently solving
the large linear system. This sparseness of the coefficient matrix is one of
the computational advantages of using finite-element spaces. A very special
example will be given in Section 5.4 below.
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5.2

The fundamental estimate (5.3) is a bound on the error in the norm of the
Hilbert space V. In applications to elliptic boundary value problems this
corresponds to an energy estimate. We shall estimate the error in the norm
of a pivot space H. Since this norm is weaker we expect an improvement on
the rate of convergence with respect to the approximation of V' by S.

Theorem 5.2 Let a(-,-) be a continuous, sesquilinear and coercive form on
the Hilbert space V , and let H be a Hilbert space identified with its dual and
in which V is dense, and continuously imbedded. Thus, V — H — V',
Let A* : D* — H be the operator on H which is determined by the adjoint
sesquilinear form, i.e.,

a(v,w) = (A*w,v)pg , weD"  veV

(cf. Section II1.7.5). Let S be a closed subspace of V' and e*(S) a corre-
sponding constant for which we have

inf{||lw —v|| : v € S} <e*(5)|Aw|xg , w € D* . (5.6)
Then the solutions u of (5.1) and us of (5.2) satisfy the estimate

lu — ug|gr < (K?/c)inf{|lu —v| : v € S}e*(9) . (5.7)

Proof: We may assume u # usg; define g = (u — us)/|u — us| g and choose
w € D* so that A*w = ¢g. That is,

a(v,w) = (v,9)m , veV,
and this implies that
a(u —us,w) = (u—us,9) g = |u — us|m -
From this identity and (5.4) we obtain for any v € S
=yl = (a1, w—) < Klu—gl| 1 —o]] < Kllu—uyle*(S)|A"wlr

Since |A*w|g = |g|lg = 1, the estimate (5.7) follows from (5.3).
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Corollary 5.3 Let A: D — H be the operator on H determined by a(-,-),
V, H, ie.,
a(w,v) = (Aw,v) g , weED,veV.

Let e(S) be a constant for which
inf{||lw —v|| : v € S} <e(S)|Aw|x , weD.
Then the solutions of (5.1) and (5.2) satisfy the estimate
0= sl < (K fe)e(S)e" (S)] Aulr (53)

The estimate (5.7) will provide the rate of convergence of the error that
is faster than that of (5.3). The added factor e*(S) arising in (5.6) will
depend on how well S approximates the subspace D* of “smoother” or “more
regular” elements of V.

5.3

We shall combine the estimates (5.3) and (5.7) with approximation results
that are typical of finite-element or spline function subspaces of H'(G). This
will result in rate of convergence estimates in terms of a parameter h > 0
related to mesh size in the approximation scheme. The approximation as-
sumption that we make is as follows: Suppose H is a set of positive numbers,
M and k > 0 are integers, and S = {S}, : h € H} is a collection of closed
subspaces of V C H'(G) such that

inf{[lw —vllg(g) v € Sp} < th_IH’U)“Hj(G) (5.9)

forallh € H,1 < j <k+2,and w € H/(G)NV. The integer k -+ 1 is called
the degree of S.

Theorem 5.4 Let V be a closed subspace of H'(G) with HY(G) C V and
let a(-,-) : V. xV — K be continuous, sesquilinear and V -coercive. Let S
be a collection of closed subspaces of V' satisfying (5.9) for some k >0, and
assume a(-,-) is k-reqular on V. Let F € H*(Q) and define f € V' by
f(v) = (F,v)g, v € V, where H = L*(G). Let u be the solution of (5.1)
and, for each h € H, uy, be the solution of (5.2) with S = Sy. Then for some
constant ¢; we have

Ju—upllgr@y < b, hen. (5.10)
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If in addition the sesquilinear form adjoint to a(-,-) is O-regular, then for
some constant co we have

||’LL - uh“Lz(G) S CQhk+2 ; h eEH. (511)

Proof: Since F € H*(G) and a(-, -) is k-regular it follows that v € H**2(G).
Hence we combine (5.3) with (5.9) to obtain (5.10). If the adjoint form
is O-regular, then in Theorem 5.2 we have D* C H?(G) and lwll g2y <
(const.)||A*wl|z2(). Hence (5.9) with j = 2 gives (5.6) with e*(Sy) =
(const.)h. Thus (5.11) follows from (5.7).

Sufficient conditions for a(-,-) to be k-regular were given in Section III.6.
Note that this permits all the hypotheses in Theorem 5.4 to be placed on the
data in the problem (5.1) being solved. For problems for which appropriate
regularity results are not available, one may of course assume the appropriate
smoothness of the solution.

5.4

Let G be the interval (0,1) and V a closed subspace of H'(G). Any function
f €V can be approximated by a piecewise-linear fo € V; we need only to
choose fj so that it agrees with f at the endpoints of the intervals on which
fo is affine. This is a simple Lagrange interpolation of f by the linear finite-
element function fy, and it leads to a family of approximating subspaces of
degree 1. We shall describe the spaces and prove the estimates (5.9) for this
example.

Let P={0=129p <21 < -+ <2y < zny41 = 1} be a partition of G
and denote by p(P) the mesh of P : u(P) = max{z;4; —z;:0<j < N}
The closed convex set K = {v € V : v(z;) =0, 0 < j < N+ 1} is
basic to our construction. Let f € V be given and consider the function
F(v) = (3)|0(v — f)|% on V, where H = L?(G). The G-differential is given
by

F'(w)(v) = (0(u — f),00)q , u,v eV .

We easily check that F’ is strictly monotone on K; this follows from Theorem
I1.2.4. Similarly the estimate

F'(v)(v) = |80[fy — (8f,00)n > |00lly — |0f|n|ovlm ,  weV,

shows F' is coercive on K. It follows from Theorems 2.7 and 2.9 that there
is a unique uy € K at which F' takes its minimal value on K, and it is
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characterized in (2.5) by
up e K: (O(up—f),0v)g =0, veK .

This shows that for each f € V, there exists exactly one fy € V which
satisfies
fo—feEK, (8f0,8’0)H:0, vE K . (5.12)

(They are clearly related by fo = f —uy.) The second part of (5.12) states
that —0?f; = 0 in each subinterval of the partition so fy is affine on each
subinterval. The first part of (5.12) determines the value of f at each of the
points of the partition, so it follows that fy is that function in V' which is
affine in the intervals of P and equals f at the points of P. This fj is the
linear finite-element interpolant of f.

To compute the error in this interpolation procedure, we first note that

0fo|% +10(fo — )% = 10f|%

follows from setting v = fo — f in (5.12). Thus we obtain the estimate

10(fo — )l < [0f|u -
If g = fo — f, then from Theorem II1.2.4 we have

Tj41 Tj41
[l de <au(Py? [ ogP e, 0<i <N
T

J Zj

and summing these up gives

|f = folm < 2u(P)|O(fo — f)lu - (5.13)

This proves the first two estimates in the following.

Theorem 5.5 For each f € V' and partition P as above, the linear finite-
element interpolant fo of f with respect to P is characterized by (5.12) and
it satisfies

10(fo = H)lu < |0f|u (5.14)
and
\fo — flu < 2u(P)|0f|u - (5.15)
If also f € H*(G), then we have
0(fo — f)lm < 2u(P)|0” f|m (5.16)

\fo— flu < 4u(P)*|0*f|u - (5.17)
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Proof: We need only to verify (5.16) and (5.17). Since (f — fo)(z;) =0 for
0 <j < N + 1, we obtain for each f € H}(G)NV

Zj+1

(=0*(fo — ) (fo— f)dz = (*f, fo— flu

and thereby the estimate

0(fo — )z < 1fo = fluld*flu -

With (5.13) this gives (5.16) after dividing the factor |9(fo — f)|m. Finally,
(5.17) follows from (5.13) and (5.16).

Corollary 5.6 For each h with 0 < h < 1 let P, be a partition of G with
mesh (Pp) < h, and define Ly, to be the space of all linear finite-element
function in H'(G) corresponding to the partition Py. Then L = {L, :0 <
h < 1} satisfies the approzimation assumption (5.9) with k = 0. The degree
of L is 1.

Finally we briefly consider the computations that are involved in imple-
menting the Galerkin procedure (5.2) for one of the spaces L; above. Let
Py = {zo,21,...,2n4+1} be the corresponding partition and define ¢; to be
the unique function in L; which satisfies

(1 ifi=j, o
6](:1:2)—{0 i 0<i,j<N+1. (5.18)

For each f € H'(G), the interpolant f, is given by

We use the basis (5.18) to write the problem in the form (5.5), and we must
then invert the matrix (a(¢;,¢;)). Since a(:,-) consists of integrals over G
of products of ¢; and ¢; and their derivatives, and since any such product
is identically zero when |i — j| > 2, it follows that the coefficient matrix is
tridiagonal. It is also symmetric and positive-definite. There are efficient
methods for inverting such matrices.
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6 Approximation of Evolution Equations

We present here the Faedo-Galerkin procedure for approximating the solu-
tion of evolution equations of the types considered in Chapters IV, V and V1.
As in the preceding section, the idea is to project a weak form of the problem
onto a finite-dimensional subspace. We obtain thereby a system of ordinary
differential equations whose solution approximates the solution of the orig-
inal problem. In the applications to initial-boundary-value problems, this
corresponds to a discretization of the space variable by a finite-element or
spline approximation. We shall describe these semi-discrete approximation
procedures, obtain estimates on the error that results from the approxima-
tion, and give the convergence rates that result from standard finite-element
or spline approximations in the space variable. This program is carried out
for first-order evolution equations and also for second-order evolution equa-
tions.

6.1

We first consider some first-order equations of the implicit type discussed
in Section V.2. Let M be the Riesz map of the Hilbert space V,, with
scalar-product (-,-),,. Let V be a Hilbert space dense and continuously
imbedded in V,, and let £ € L(V,V’). For a given f € C((0,00),V,)
and ug € Vi, we consider the problem of approximating a solution u €
C([0,00), Vi) N C((0,00), Vi) of

M (t) + Lu(t) = f(t) , t>0, (6.1)
with ©(0) = up. Since M is symmetric, such a solution satisfies
Di(u(t), u(t))m + 20(u(t), u(t)) = 2f(H)(u(t)) , >0, (6.2)

where £(-,-) : V x V' — R is the bilinear form associated with £. This gives
the identity

t t

I +2 [ o), u(s)) ds = uall +2 [ (s ds 630,
(6.3)
involving the V,,, norm || - ||, of the solution. Since the right side of (6.2) is
bounded by T||f||%% + T Yul]?, for any given T > 0, we obtain from (6.2)

Dyl llu(®)7,) + e T 20(u(t), u(t)) < Te T F DI},
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and from this follows the a-priori estimate

lu(®) 2, +2/ O(u(s), u(s)) ds < ellug| +Te/ 1f()1Z ds, 0<t<T.
(6.4)
In the situations we consider below, £ is monotone, hence, (6.4) gives an
upper bound on the V;,, norm of the solution.
In order to motivate the Faedo-Galerkin approximation, we note that a
solution u of (6.1) satisfies

(u' (), 0)m + L(u(t),v) = f(t)(v) , veV,t>0. (6.5)

Since V is dense in V;,, (6.5) is actually equivalent to (6.1). Let S be
a subspace of V. Then we consider the related problem of determining
us € C(]0,00),85) N C((0,00),S) which satisfies

(Ul (t), v)m + L(us(t),v) = f(t)(v) veS,t>0 (6.6)

and an initial condition to be specified.
Consider the case of S being a finite-dimensional subspace of V; let
{v1,v2,...,vn} be a basis for S. Then the solution of (6.6) is of the form

m

us(t) = Z x; (t)v;

=1

where z(t) = (21(t), 22(t), ..., zm(t)) is in C([0,00), R™) N C1((0,0), R™),
and (6.6) is equivalent to the system of ordinary differential equations

m m

> (Wi v))mai(t) + D L(vi, v)zi(t) = f()(v;) . 1<j<m.  (6.7)

=1 =1

The linear system (6.7) has a unique solution z(¢) with the initial condition
z(0) determined by us(0) = >, z;(0)v;. (Note that the matrix coefficient
of '(t) in (6.7) is symmetric and positive-definite, hence, nonsingular.) As
in the preceding section, it is helpful to choose the basis functions so that
most of the coefficients in (6.7) are zero. Special efficient computational
techniques are then available for the resulting sparse system.
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6.2

We now develop estimates on the error, u(t) —us(t), in the situation of Theo-
rem V.2.2. This covers the case of parabolic and pseudoparabolic equations.
It will be shown that the error in the Faedo-Galerkin procedure for (6.1) is
bounded by the error in the corresponding Rayleigh-Ritz-Galerkin procedure
for the elliptic problem determined by the operator £. Thus, we consider
for each ¢ > 0 the L-projection of u(t) defined by

up(t) € S L(ug(t),v) = L(u(t),v) , veS. (6.8)

Theorem 6.1 Let the real Hilbert spaces V' and V,,, operators M and L,
and data uy and f be given as in Theorem V.2.2, and let S be a closed
subspace of V.. Then there exists a unique solution u of (6.1) with u(0) = g
and there exists a unique solution us of (6.6) for any prescribed initial value
us(0) € S. Assume u € C([0,00),V) and choose us(0) = wuy(0), the L-
projection (6.8) of u(0). Then we have the error estimate

[u(t) = us (D) l[m < fJu() —W(t)ller/Ot lu'(s) = wg(s)llmds . £>0. (6.9)

Proof: The existence-uniqueness results are immediate from Theorem V.2.2,
so we need only to verify (6.9). Note that u(0) = ug necessarily belongs to
V, so (6.8) defines uy(0) = us(0). For any v € S we obtain from (6.5) and
(6.6)

(W' (t) — (), v)m + £(u(t) — us(t),v) =0,

so (6.8) gives the identity
(' () = wy(t), v)m = (uf(t) — wp(£), v)m + Llus(t) — ue(t),v) -
Setting v = u4(t) — ug(t) and noting that £ is monotone, we obtain
Dyllus(t) = ue(®) i < 2l (£) = wp(®) llmllws (£) — we(t)lm -

The function ¢ — ||ug(t) — ue(t)||m is absolutely continuous, hence differen-
tiable almost everywhere, and satisfies

Dyllus () = ue(t)|l, = 2lluws (£) = we(®) llm Dellus (£) — ue(t) m -

Let Z = {t > 0: [Jus(t) — ug(t)||m = 0}. Clearly, for any ¢ ¢ Z we have from
above
Dlus(t) = we(t)llm < [lu'(£) — wg(t)l|m - (6.10)
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At an accumulation point of Z, the estimate (6.10) holds, since the left side
is zero at such a point. Since Z has at most a countable number of isolated
points, this shows that (6.10) holds at almost every ¢ > 0. Integrating (6.10)
gives the estimate

) = el < [ ) =), #20,

from which (6.9) follows by the triangle inequality.

The fundamental estimate (6.9) shows that the error in the approxima-
tion procedure is determined by the error in the £-projection (6.8) which is
just the Rayleigh-Ritz-Galerkin procedure of Section 5. Specifically, when
u € C1((0,00),V) we differentiate (6.8) with respect to ¢ and deduce that
uy(t) € S'is the L-projection of u'(t). This regularity of the solution u holds
in both parabolic and pseudoparabolic cases.

We shall illustrate the use of the estimate (6.9) by applying it to a second
order parabolic equation which is approximated by using a set of finite-
element subspaces of degree one. Thus, suppose S = {S, : h € H} is a
collection of closed subspaces of the closed subspace V of H'(G) and S is of
degree 1; cf. Section 5.3. Let the continuous bilinear form a(-,-) be V-elliptic
and O-regular; cf. Section I11.6.4. Set H = L?(G) = H', so M is the identity,
let f =0, and let 4(-,-) = a(-,-). If u is the solution of (6.1) and wy, is the
solution of (6.6) with S = S}, then the differentiability in ¢ > 0 of these
functions is given by Corollary IV.6.4 and their convergence at ¢t = 0" is
given by Exercise IV.7.8. We assume the form adjoint to a(:,-) is O-regular
and obtain from (5.11) the estimates

lu(t) = ue®)lr2 () < bl Au(®)llr2(6) (6.11)
lu'(t) = up(t) L2y < 2h?|APu®)ll2@y .,  t>0.
The a-priori estimate obtained from (6.3) shows that |u(t)| is non-increasing

and it follows similarly that |Au(t)|m is non-increasing for ¢ > 0. Thus, if
up € D(A?) we obtain from (6.9), and (6.11) the error estimate

Ju(t) — un(t)llr2(q) < cah®{|Auollr2 () + LA uoll L2} - (6.12)

Although (6.12) gives the correct rate of convergence, it is far from optimal in
the hypotheses assumed. For example, one can use estimates from Theorem
IV.6.2 to play off the factors ¢ and || Aw'(¢)|| 7 in the second term of (6.12) and
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thereby relax the assumption ug € D(A2). Also, corresponding estimates can
be obtained for the non-homogeneous equation and faster convergence rates
can be obtained if approximating subspaces of higher degree are used.

6.3

We turn now to consider the approximation of second-order evolution equa-
tions of the type discussed in Section VI.2. Thus, we let A and C be the
respective Riesz maps of the Hilbert spaces V' and W, where V is dense
and continuously embedded in W, hence, W' is identified with a subspace
of V. Let B€ L(V,V'), up € V, us € W and f € C((0,00), W'). We shall
approximate the solution u € C([0,00), V)N C*((0, 00), V)NC([0,00), W)N
C%((0,00), W) of

Cu" () + Bu/(t) + Au(t) = f(t) , t>0, (6.13)

with the initial conditions u(0) = ug, u'(0) = u1. Equations of this form were
solved in Section VI.2 by reduction to an equivalent first-order system of the
form (6.1) on appropriate product spaces. We recall here the construction,
since it will be used for the approximation procedure. Define V,, =V x W
with the scalar product

(w1, 2], [y, 92]) = (@, 90)v + (@2, 2)w . [z, 2] [y, ] €V X W,
so V! = V' x W'; the Riesz map M of V, onto V! is given by
M([x1,x2]) = [Az1,Cxs] , [X1,22] € Vi .
Define V; =V x V and L € L(V,,V]) by
L([z1,z2]) = [—Axg, Axy + By , [z1,22) € Vp .

Then Theorem VI.2.1 applies if B is monotone to give existence and unique-
ness of a solution w € C'*([0,0), V) of

M (#) + Lw(t) = [0, f(#)],  t>0 (6.14)

with w(0) = [ug,u1] and f € C*([0,00), W') given so that ug,u; € V with
Aug + Buy € W'. The solution is given by w(t) = [u(t),u'(t)], ¢ > 0;
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from the inclusion [u,u'] € C*([0,00),V x W) and (6.14) we obtain [u,u'] €
C*([0,00),V x V). From (6.4) follows the a-priori estimate

t
lu(@)II + [l @1 + 2/0 Bu/(s)(u'(s)) ds
t
< e[luoll¥ + [lurllfy) + Te/o If()lfds,  0<t<T,

on a solution w(t) = [u(t),u'(t)] of (6.14).

The Faedo-Galerkin approximation procedure for the second-order equa-
tion is just the corresponding procedure for (6.14) as given in Section 6.1.
Thus, if S is a finite-dimensional subspace of V', then we let w; be the solu-
tion in C''([0,00), S x ) of the equation

(Wh(t),0)m + L(w(t),v) = [0, fB)](v), wveESXS,t>0, (6.15)

with an initial value w,(0) € S x S to be prescribed below. If we look at the
components of ws(t) we find from (6.15) that we(t) = [us(t), ul(t)] for t > 0
where us € C?([0, 00),9) is the soluton of

(uls,(t)vv)W + b(uls(t)vv) + (us(t)vv)V = f(t)(v) y VE S ; t>0. (616)

Here b(-,-) denotes the bilinear form on V corresponding to B. As in Sec-
tion 6.1, we can choose a basis for S and use it to write (6.16) as a system of
m ordinary differential equations of second order. Of course this system is
equivalent to a system of 2m equations of first order as given by (6.15), and
this latter system may be the easier one in which to do the computation.

6.4

Error estimates for the approximation of (6.13) by the related (6.16) will be
obtained in a special case by applying Theorem 6.1 directly to the situation
described in Section 6.3. Note that in the derivation of (6.9) we needed only
that £ is monotone. Since B is monotone, the estimate (6.9) holds in the
present situation. This gives an error bound in terms of the L-projection
wy(t) € S x S of the solution w(t) of (6.14) as defined by

L(wy(t),v) = L(w(t),v) , veSxS. (6.17)

The bilinear form £(-, -) is not coercive over V; so we might not expect wy(t)—
w(t) to be small. However, in the special case of B = €A for some £ > 0 we
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find that (6.17) is equivalent to a pair of similar identities in the component
spaces. That is, if e(t) = w(t) — wy(t) denotes the error in the L-projection,
and if e(t) = [e1(t), e2(t)], then (6.17) is equivalent to

(ej(t),v)y =0, veS,j=12. (6.18)

Thus, if we write wy(t) = [up(t),v(t)], we see that uy(t) is the V-projection
of u(t) on S and v,(t) = w)(t) is the projection of v'(t) on S. It follows from
these remarks that we have

[u(t) —ue(®)lly < inf{fju(t) —vllv :v € S} (6.19)

and corresponding estimates on u'(¢) — uy(t) and u” (t) — wj(t). Our approx-
imation results for (6.13) can be summarized as follows.

Theorem 6.2 Let the Hilbert spaces V. and W, operators A and C, and
data ug, uy and f be given as in Theorem VI.2.1. Suppose furthermore that
B = ¢e¢A for some € > 0 and that S is a finite-dimensional subspace of V.
Then there exists a unique solution u € C([0,00),V) N C?([0,00), W) of
(6.13) with u(0) = ug and u'(0) = wy; and there exists a unique solution

us € C2([0,00), S) of (6.16) with initial data determined by
(us(0) — ug,v)y = (ul(0) —uy,v)y =0, vES.
We have the error estimate

(lu(t) = us @7 + llu'(t) = ()IIF) "2

< (lult) = ue(®) I+ lu'(8) = wf(O)][7)"/ (6.20)
t
+/0 (Il (s) = wg() I} + 1" (5) = wf ()|5) 2 ds >0

where ug(t) € S is the V -projection of u(t) defined by
(’U,g(t),’l))v = (U(t),’l))v ) vES .
Thus (6.19) holds and provides a bound on (6.20).

Finally we indicate how the estimate (6.20) is applied with finite-element
or spline function spaces. Suppose S = {S}, : h € H} is a collection of finite-
dimensional subspaces of the closed subspace V of H'(G). Let k + 1 be the
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degree of S which satisfies the approximation assumption (5.9). The scalar-
product on V is equivalent to the H'(G) scalar-product and we assume it
is k-regular on V. For each h € H let uy, be the solution of (6.16) described
above with S = S}, and suppose that the solution u satisfies the regular-
ity assumptions u,u’ € L>®([0,T], H**?(G)) and u" € L'([0,T), H**2(G)).
Then there is a constant ¢y such that

(lu(t) = un@F + ' (2) = uf (D7)

< eohFtt | heH,0<t<T. (6.21)

The preceding results apply to wave equations (cf. Section VI.2.1), vis-
coelasticity equations such as VI.(2.9), and Sobolev equations (cf. Section
VL3).

Exercises

1.1. Show that a solution of the Neumann problem —A,u = F' in G, u/dv =
0 on 9G is a u € H'(G) at which the functional (1.3) attains its mini-
mum value.

2.1. Show that F : K — R is weakly lower-semi-continuous at each x € K
if and only if {z € V : F(z) < a} is weakly closed for every a € R.

2.2. In the proof of Theorem 2.3, show that ¢'(t) = F'(y + t(z — y))(z — y).
2.3. In the proof of Theorem 2.7, verify that M is closed and convex.
2.4. Prove Theorem 2.9.

2.5. Let F be G-differentiable on K. If F’ is strictly monotone, prove directly
that (2.5) has at most one solution.

2.6. Let G be bounded and open in R” and let F' : G x R — R satisfy the
following: F'(-,u) is measurable for each v € R, F(z,-) is absolutely
continuous for almost every z € GG, and the estimates

|F(z,u0)] < a(@) +bluf® ,  |0uF(z,u)| < c(z) + blul

hold for all w € R and a.e. x € G, where a(-) € L'(G) and ¢(-) € L*(G).
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(a) Define E(u) = [, F(z,u(z))dz, u € L*(G), and show
:/GauF(m,u(x))v(x) de,  woveIXG).

(b) Show E’ is monotone if 9, F(x,-) is non-decreasing for a.e. z € G.

(c) Show E’ is coercive if for some k > 0 and c(-) € L?(G) we have
OuF (x,u) -u > klu|® — co(z)|ul ,
for u € R and a.e. z € G.
(d) State and prove some existence theorems and uniqueness theorems
for boundary value problems containing the semi-linear equation

—Apu+ f(z,u(z)) =0 .

2.7. Let G be bounded and open in R". Suppose the function F' : G x
R"*! — R satisfies the following: F(-,4) is measurable for & € R**!,
F(z,-) : R*™! — R is (continuously) differentiable for a.e. z € G, and
the estimates

|F(2,4)] < a(z +bZ|uJ| . |ORF (x,0)] < c(z +bZ|uJ|

as above for every k, 0 < k < n, where 0y = 8%;9‘

(a) Define E(u) = [, F(z,u(z), Vu(z)) dz, u € H'(G), and show
E'(u)(v) /Z@quVu)av( )dx u,v € H'(G) .
7=0

(b) Show E’ is monotone if

n
Z(BjF(:B,UU,ul, ooy ty) — 0 F (2, 00,01, ... ,0,))(uj —vj) >0
j=0
for all 4,9 € R**! and a.e. z € G.
(¢) Show E' is coercive if for some k > 0 and co(-) € L(G)

n n n
S 0iF(z i)uj > kY Juj|* —co(x) Y Juy]
7=0 7=0 7=0

for 4 € R**! and a.e. x € R".
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(d) State and prove an existence theorem and a uniqueness theorem
for a boundary value problem containing the nonlinear equation

Zaij(x,u, Vu) = f(x) .
7=0

3.1. Prove directly that (3.4) has at most one solution when a(-, -) is (strictly)
positive.

3.2. Give an example of a stretched membrane (or string) problem described
in the form (3.6). Specifically, what does g represent in this applica-
tion?

4.1. Show the following optimal control problem is described by the abstract
setting of Section 4.1: find an admissible control u € Uyq C L?*(G)
which minimizes the function

T(u) = / () — w|? dz + c/ luf? dz
G G
subject to the state equations
—Apy=F+u inG,
{ y=20 on 0G .

Specifically, identify all the spaces and operators in the abstract for-
mulation.

4.2. Give sufficient conditions on the data above for existence of an optimal
control. Write out the optimality system (4.10) for cases analogous to
Sections 4.5 and 4.6.

5.1. Write out the special cases of Theorems 5.1 and 5.2 as they apply to
the boundary value problem

{ —9(p(z)0u(z)) +q()u(z) = f(z) , 0<z<1,
u(0) =u(l) =0.

Give the algebraic problem (5.5) and error estimates that occur when
the piecewise-linear functions of Section 5.4 are used.
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5.2. Repeat the above for the boundary value problem
—0(p(x)du(z)) + q(z)u(z) = f(z) ,
{u’(()) =u'(1)=0.
(Note that the set K and subspaces are not exactly as above.)

5.3. We describe an Hermite interpolation by piecewise-cubics. Let the in-
terval G and partition P be given as in Section 5.4. Let V < H?(Q)
and define

K={wveV:v(z;)=v(z;)=0, 0<j<N+1}.
1

(a) Let f € V and define F(v) = (5)[0*(v — F)li2(@)- Show there is a
unique uy € K : (0%(uy — f),aZQ))LZ(G) =0,veK.
(b) Show there exists a unique fy € H?(G) for which fy is a cubic

polynomial on each [z, z;11], fo(z;) = f(2;) and fi(z;) = f'(z)
fory=0,1,...,N + 1.

(c) Construct a corresponding family of subspaces as in Theorem 5.4
and show it is of degree 3.

(d) Repeat exercise 5.1 using this family of approximating subspaces.
5.4. Repeat exercise 5.3 but with V = H3(G) and
K={veV:u(z;)=0, 0<j<N+1}.
Show that the corresponding Spline interpolant is a piecewise-cubic,
fo(zj) = f(z;) for 0 <j < N + 1, and fo is in C*(G).
6.1. Describe the results of Sections 6.1 and 6.2 as they apply to the problem
dyu(@,t) — 0x(p(z)0pu(2,t)) = F(z,1) ,
u(0,t) =u(l,t) =0,
u(z,0) = ug(z) .
Use the piecewise-linear approximating subspaces of Section 5.4.

6.2. Describe the results of Sections 6.3 and 6.4 as they apply to the problem
dfu(x,t) — 0y (p(2)dpu(z, t)) = F(z,t) ,
u(0,t) = u(l,t) =0,
u(z,0) =up(z) , u(r,0)=ui(x) .
Use the subspaces of Section 5.4.
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Chapter VIII

Suggested Readings

Chapter 1
This material is covered in almost every text on functional analysis. We
mention specifically references [22], [25], [47].

Chapter I1

Our definition of distribution in Section 1 is inadequate for many pur-
poses. For the standard results see any one of [8], [24], [25]. For additional
information on Sobolev spaces we refer to [1], [3], [19], [33], [36].

Chapter III

Linear elliptic boundary value problems are discussed in the references
2], [3], [19], [33], [35], [36] by methods closely related to ours. See [22], [24],
[43], [47] for other approaches. For basic work on nonlinear problems we
refer to [5], [8], [32], [41].

Chapter IV

We have only touched on the theory of semigroups; see [6], [19], [21],
[23], [27], [47] for additional material. Refer to [8], [19], [28], [30] for hyper-
bolic problems and [8], [26], [29], [35] for hyperbolic systems. Corresponding
results for nonlinear problems are given in [4], [5], [8], [32], [34], [41], [47].

207
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Chapter V and VI
The standard reference for implicit evolution equations is [9]. Also see
[30] and [32], [41] for related linear and nonlinear results, respectively.

Chapter VII

For extensions and applications of the basic material of Section 2 see [§],
[10], [17], [39], [45]. Applications and theory of variational inequalities are
presented in [16], [18], [32]; their numerical approximation is given in [20].
See [31] for additional topics in optimal control. The theory of approximation
of partial differential equations is given in references [3], [11], [37], [40], [42];
also see [10], [14].

Additional Topics

We have painfully rejected the temptation to pursue many interesting
topics; each of them deserves attention. A few of these topics are improperly
posed problems [7], [38], function-theoretic methods [12], bifurcation [15],
fundamental solutions [24], [43], scattering theory [29], the transposition
method [33], non-autonomous evolution equations [5], [8], [9], [19], [27], [30],
[34], [47], and singular problems [9].

Classical treatments of partial differential equations of elliptic and hyper-
bolic type are given in the treatise [13] and the canonical parabolic equation
is discussed in [46]. These topics are similarly presented in [44] together with
derivations of many initial and boundary value problems and their applica-
tions.
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