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Chapter 1

Introduction to the Calculus of
Variations

Minimum principles have been invoked throughout the history of Physics to explain the
behavior of light and particles. In one of its earliest form, Heron of Alexandria (ca. 75
AD) stated that light travels in a straight line and that light follows a path of shortest
distance when it is reflected by a mirror. In 1657, Pierre de Fermat (1601-1665) stated
the Principle of Least Time, whereby light travels between two points along a path that
minimizes the travel time, to explain Snell’s Law (Willebrord Snell, 1591-1626) associated
with light refraction in a stratified medium.

The mathematical foundation of the Principle of Least Time was later developed by
Joseph-Louis Lagrange (1736-1813) and Leonhard Euler (1707-1783), who developed the
mathematical method known as the Calculus of Variations for finding curves that minimize
(or maximize) certain integrals. For example, the curve that maximizes the area enclosed
by a contour of fixed length is the circle (e.g., a circle encloses an area 4/7 times larger
than the area enclosed by a square of equal perimeter length). The purpose of the present
Chapter is to introduce the Calculus of Variations by means of applications of Fermat’s
Principle of Least Time.

1.1 Fermat’s Principle of Least Time

According to Heron of Alexandria, light travels in a straight line when it propagates in a
uniform medium. Using the index of refraction ng > 1 of the uniform medium, the speed of
light in the medium is expressed as vo = ¢/ng < ¢, where c is the speed of light in vacuum.
This straight path is not only a path of shortest distance but also a path of least time.

According to Fermat’s Principle (Pierre de Fermat, 1601-1665), light propagates in a
nonuniform medium by travelling along a path that minimizes the travel time between an

1
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Figure 1.1: Light path in a nonuniform medium

initial point A (where a light ray is launched) and a final point B (where the light ray is
received). Hence, the time taken by a light ray following a path « from point A to point
B (parametrized by o) is
T, = / cn(x) do = ¢ 'L, (1.1)
8!
where L. represents the length of the optical path taken by light. In Sections 1 and 2 of

the present Chapter, we consider ray propagation in two dimensions and return to general
properties of ray propagation in Section 3.

For ray propagation in two dimensions (labeled = and y) in a medium with nonuniform
refractive index n(y), an arbitrary point (x, y = y(x)) along the light path v is parametrized
by the z-coordinate [i.e., 0 = x in Eq. (1.1)], which starts at point A = (a,y,) and ends at
point B = (b, y,) (see Figure 1.1). Note that the path  is now represented by the mapping

y : x — y(z). Along the path ~, the infinitesimal length element is ds = (/1 + (y')? dx
along the path y(z) and the optical length

ol = [ ) 15 WP ds (1.2

is now a functional of y (i.e., changing y changes the value of the integral L[y]).
For the sake of convenience, we introduce the function

Fy,ysx) = n(y) 1+ (y)? (1.3)

to denote the integrand of Eq. (1.2); here, we indicate an explicit dependence on z of
F(y,y; x) for generality.
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Figure 1.2: Virtual displacement

1.1.1 Euler’s First Equation

We are interested in finding the curve y(z) that minimizes the optical-path integral (1.2).
The method of Calculus of Variations will transform the problem of minimizing an integral
of the form ff F(y,y’; ) dr into the solution of a differential equation expressed in terms
of derivatives of the integrand F'(y,1/'; x).

To determine the path of least time, we introduce the functional derivative 0 L[y] defined
as

oLly] = (iL[ereéy]) :

de
e=0
where dy(x) is an arbitrary smooth variation of the path y(x) subject to the boundary
conditions dy(a) = 0 = dy(b). Hence, the end points of the path are not affected by the

variation (see Figure 1.2). Using the expression for L[y] in terms of the function F'(y,y'; ),
we find

+ 0y'(x)

b oF oF
sy = | [@(x) o o ] i,

where §y' = (dy)’, which when integrated by parts becomes
b OF d (OF 1 oF oF
Ly = S e - Y ey (25 .
i /5‘”[ oy da (8@/’)]0& T léyb <8y’>b " (8@/’)@]

Here, since the variation dy(z) vanishes at the integration boundaries (dy, = 0 = dy,),

we obtain , oF i {oF
5L[y] = ‘/a 6'3/ l a—y — % (a—y/> ] dl’ (14)
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The condition that the path + takes the least time, corresponding to the variational principle
dL[y] = 0, yields Euler’s First equation

d (OF oF
?(%) = oy (15)

This ordinary differential equation for y(z) yields a solution that gives the desired path of
least time.

We now apply the variational principle dL[y] = 0 for the case where F is given by
Eq. (1.3), for which we find

a_F/’ _ n(y)y and a_F — n/(y) 1+(y/)2’
dy 1+ (y')2 dy

so that Euler’s First Equation (1.5) becomes

n(y)y" = n'y) [1+ ). (1.6)

Although the solution of this (nonlinear) second-order ordinary differential equation is
difficult to obtain for general functions n(y), we can nonetheless obtain a qualitative picture
of its solution by noting that y” has the same sign as n/(y). Hence, when n/(y) = 0 (i.e., the
medium is spatially uniform), the solution y” = 0 yields the straight line y(x; ¢o) = tan ¢y x,
where ¢y denotes the initial launch angle (as measured from the horizontal axis). The case
where n/(y) > 0 (or n’(y) < 0), on the other hand, yields a light path which is concave
upwards (or downwards) as will be shown below.

We should point out that Euler’s First Equation (1.5) results from the extremum condi-
tion 0 L[y] = 0, which does not necessarily imply that the Euler path y(x) actually minimizes
the optical length L[y]. To show that the path y(z) minimizes the optical length L|y], we
must evaluate the second functional derivative

0’Lly] = (;d—;L[ereéy])

e=0

By following steps similar to the derivation of Eq. (1.4), we find

s L[PF  d [ &F L O°F
Il = {5y l% - %<ayay'>] O B }

The necessary and sufficient condition for a minimum is 62L > 0 and, thus, the sufficient
conditions for a minimal optical length are

0*F d ( 0*F

a—yz — % —ayay/> > 0 and
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for all smooth variations dy(z). Using Egs. (1.3) and (1.6), we find

IPE n -
0y)? — [1+ (y)]?2
and 92 52
F / /
5 = n" 1+ (y)? and - = L
dy dy Oy 14 (/)2
so that

82_F o d PPF\ n_2 d*lnn
oy? de \oydy' )]  F dy?

Hence, the sufficient condition for a minimal optical length for light traveling in a nonuni-
form refractive medium is d? Inn/dy? > 0.

1.1.2 Euler’s Second Equation

Under certain conditions, we may obtain a partial solution to Euler’s First Equation (1.6)
for a light path y(z) in a nonuniform medium. This partial solution is provided by Euler’s
Second equation, which is derived as follows.

First, we write the exact derivative dF'/dx for F(y,y’;z) as
dF OF , OF Ly oF

aw ~ o Yy TV oy
and substitute Eq. (1.5) to combine the last two terms so that we obtain Euler’s Second

equation

d OF oF

—(F — =) = Z— 1.7

dx ( 4 oy’ ) ox (17)
In the present case, the function F'(y,v’; x), given by Eq. (1.3), is explicitly independent of
x (i.e., 0F/0z = 0), and we find

oOF
-y = = ) = constant,
dy 1+ (y)2
and thus the partial solution of Eq. (1.6) is
n(y) = a1+(y)? (1.8)

where « is a constant determined from the initial conditions of the light ray; note that,
since the right side of Eq. (1.8) is always greater than «, we find that n(y) > «. This is
indeed a partial solution (in some sense), since we have reduced the derivative order from
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second-order derivative in Eq. (1.6) to first-order derivative in Eq. (1.8): y"(x) — ¥/(x) on
the solution y(x).

Euler’s Second Equation has, thus, produced an equation of the form G(y,y’;x) = 0,
which can normally be integrated by quadrature. Here, Eq. (1.8) can be integrated by
quadrature to give the integral solution

x(y) = /Oy @ iy (1.9)

JInm)? — o

subject to the condition z(y = 0) = 0. From the explicit dependence of the index of
refraction n(y), one may be able to perform the integration in Eq. (1.9) to obtain z(y) and,
thus, obtain an explicit solution y(z) by inverting x(y).

For example, let us consider the path associated with the index of refraction n(y) = H/y,
where the height H is a constant and 0 < y < H a~! to ensure that, according to Eq. (1.8),
n(y) > a. The integral (1.9) can then be easily integrated to yield

Yy d 2
:E(?/):/ 99— Ha |1 - 1—(%> .
0 \JH? — (an)? H
Hence, the light path simply forms a semi-circle of radius R = a~! H centered at (z,y) =
(R,0):
(R—2)+y*> = R* — ylx) = \/Jz(2R —2).
The light path is indeed concave downward since n'(y) < 0.

Returning to Eq. (1.8), we note that it states that as a light ray enters a region of
increased (decreased) refractive index, the slope of its path also increases (decreases). In
particular, by substituting Eq. (1.6) into Eq. (1.8), we find

and, hence, the path of a light ray is concave upward (downward) where n'(y) is positive
(negative), as previously discussed.

1.1.3 Snell’s Law

Let us now consider a light ray travelling in two dimensions from (z,y) = (0,0) at an angle
¢o (measured from the x-axis) so that y'(0) = tan ¢ is the slope at z = 0, assuming that
y(0) = 0. The constant « is then simply determined from initial conditions as

a = ng COos P,
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where ng = n(0) is the refractive index at y(0) = 0. Next, let y/(x) = tan ¢(z) be the slope
of the light ray at (z, y(x)), then /1 + (y')?> = sec ¢ and Eq. (1.8) becomes n(y) cos¢ =

ng cos ¢p, which, when we substitute the complementary angle § = /2 — ¢, finally yields
the standard form of Snell’s Law:

nly(x)] sinf(x) = ng sinby, (1.10)

properly generalized to include a light path in a nonuniform refractive medium. Note that
Snell’s Law does not tell us anything about the actual light path y(x); this solution must
come from solving Eq. (1.9).

1.1.4 Application of Fermat’s Principle

As an application of the Principle of Least Time, we consider the propagation of a light
ray in a medium with refractive index n(y) = ng (1 — fy) exhibiting a constant gradient

n'(y) = —no 8.
Once again with o = ng cos ¢p and y'(0) = tan ¢y, Eq. (1.8) becomes
1 — By = cosgo /14 (y)2.

By separating dy and dx we obtain

dz = cos éo dy . (1.11)
V(1= By)? = cos? gy
We now use the trigonometric substitution
1 — By = cos¢pg sech, (1.12)
with 0 = ¢g at y = 0, to find
dy = — €08 o secf tan 6 df
and
\/(1 — By)? —cos?pg = cos @y tanb,
so that Eq. (1.11) becomes
dx = — cosﬁgbo sec db. (1.13)
The solution to this equation, with = 0 when 6 = ¢, is
Ccos ¢y secf + tan 6
= — 1 . 1.14
* I} n(secgbo—l—tan%) ( )
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If we can now solve for secf as a function of z from Eq. (1.14), we can substitute this
solution into Eq. (1.12) to obtain an expression for the light path y(x). For this purpose,
we define

Bz

v = oot In(sec ¢o + tan ¢p),

so that Eq. (1.14) becomes
secl + Vsec2 — 1 = e,

which can be solved for secf as

Bx

cos (g

secl = coshy = cosh[ — ln(secgbo%—tangbo)].

Substituting this equation into Eq. (1.12), we find the light path

. B l B oS ¢g Bx
o = |- O [ 2

Note that, using the identities

— In(sec ¢p + tan gbo)] : (1.15)

cosh [In(sec ¢ + tan ¢g)] = secdg
}, (1.16)

sinh [In(sec ¢p + tan ¢g)] = tan ¢y

we can check that, in the uniform case (3 = 0), we recover the expected result

éiil% y(z;3) = (tan o) z.

Next, we observe that y(z; 3) exhibits a single maximum located at x = Z([3). Solving
for T(F) from y/(T; 3) = 0, we obtain

tanh( bz ) = sin ¢y,

coSs Qg
or
z(B) = cosﬁgbo In(sec ¢g + tan ¢p), (1.17)
and hence
a1 cosdy .
i) = 5 = o | o).

and (6) = y(T; B) = (1 — cos ¢g) /(. Figure 1.3 shows a graph of the normalized solution
y(z; 8)/7(B) as a function of the normalized coordinate x/Z(3) for ¢ = .
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Figure 1.3: Light-path solution for a linear nonuniform medium

1.2 Geometric Formulation of Ray Optics

1.2.1 Frenet-Serret Curvature of Light Path

We now return to the general formulation for light-ray propagation based on the time
integral (1.1), where the integrand is

dx
F <X, %> = n(x)

where light rays are now allowed to travel in three-dimensional space and the index of
refraction n(x) is a general function of position. Euler’s First equation in this case is

d_x
do

Y

d oF oF
== )} = = 1.1
do <8(dx/da)> ox’ (1.18)
where 9F g 9F
n dx
Bdxjde) ~ xdo M4 5 TAVE
with
N A R A R C A
- |do| do do do ]~

Euler’s First Equation (1.18), therefore, becomes
d <n dx
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Euler’s Second Equation, on the other hand, states that

dx or

T o daxjde)

is a constant of motion.

By choosing the ray parametrization do = ds (so that A = 1), we find that the ray
velocity dx/ds = k is a unit vector which defines the direction of the wave vector k. With
this parametrization, Euler’s equation (1.19) is now replaced with

d dx d*x dx dx
— — | = — = — X |Vlnnx —|. 1.20

ds (n ds) v ds? ds ( e ds) (1.20)
Eq. (1.20) shows that the Frenet-Serret curvature of the light path is [V Inn X k| (and its
radius of curvature is |V Inn X k|™) while the path has zero torsion since it is planar.

Eq. (1.20) can also be written in geometric form by introducing the metric relation
ds* = gijda'da?, where g;; = e;-e; denotes the metric tensor defined in terms of the
contravariant-basis vectors (e, e, €3), so that

dx dxt

o

Using the definition for the Christoffel symbol

L 4 (0gi; | Ogik  Ogjk
FZ _ i 1) Z' _ J'
gk 29 <8zk * oI ozt )’

where g% denotes a component of the inverse metric (i.e., ¥ g = d°;), we find the relations

dej . dl’k
o B e
ds ik ds ©
and , , . .
Bx e (o wt
ds2  ds? " ds ds  \ ds? Ik ds ds )"

By combining these relations, Eq. (1.20) becomes
d*x’ . da? da” s dat dx\ dlnn
T = (47 —

SRS | il =) == 1.21
ds? LR ds ds ds ds ) O0xi’ (1.21)

Looking at Figure 1.4, we see that the light ray bends towards regions of higher index
of refraction. Note that, if we introduce the unit vector n = Vn/(|Vn|) pointing in the
direction of increasing index of refraction, we find the equation

d (ﬁx dx) = i(ﬁXnR) = ?Xnﬁ,

ds n% ds s
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Figure 1.4: Light curvature

where we have used Eq. (1.20) to obtain

. dx A B
n><£<n£> = nxVn = 0.

Hence, if the direction A is constant along the path of a light ray (i.e., di/ds = 0), then the
quantity n X n k is a constant. In addition, when a light ray progagates in two dimensions,
this conservation law implies that the quantity |n X n R| = n sin# is also a constant, which
is none other than Snell’s Law (1.10).

1.2.2 Light Propagation in Spherical Geometry

By using the general ray-orbit equation (1.20), we can also show that for a spherically-
symmetric nonuniform medium with index of refraction n(r), the light-ray orbit r(s) sat-
isfies the conservation law

d dr
— X — 1 = 0. 1.22
i (rxnt ) (1.22)
Here, we use the fact that the ray-orbit path is planar and, thus, we write
d
r X d_z = rsing z, (1.23)

where ¢ denotes the angle between the position vector r and the tangent vector dr/ds (see
Figure 1.5). The conservation law (1.22) for ray orbits in a spherically-symmetric medium
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Figure 1.5: Light path in a nonuniform medium with spherical symmetry

can, therefore, be expressed as
n(r)r sing(r) = Na,

where N and a are constants (determined from initial conditions); note that the condition
n(r)r > N a must be satisfied.

An explicit expression for the ray orbit r(6) is obtained as follows. First, since dr/ds is
a unit vector, we find

ds ds

dr ﬁ( 74 d_r?> _ b+ (dr/d@)r)
df r2 + (dr/df)?

so that
df 1

ds —\fr2 4 (dr/dg)?

and Eq. (1.23) yields

dr , do r Na

FX—:TSin¢2:T—Z — sinQS: -

ds ds \/Tz + (dr/d)? nr’

Next, integration by quadrature yields

dr r

— = — /n(r)?2r2—=N?a®>2 — 0(r) = Na/ ,
db Na o p \/nz(p) p2 — N2 g2
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where 6(rg) = 0. Lastly, a change of integration variable n = Na/p yields

Na/rg
/a/r \/ﬁ

(1.24)

where 71(n) = n(Na/n).

Consider, for example, the spherically-symmetric refractive index

72 B N2
o) =2 = g = ) = a2 - 20,

where ny = n(R) denotes the refractive index at » = R and ¢ = a/R is a dimensionless
parameter. Hence, Eq. (1.24) becomes

Na/r \/Qng 772 _ n3N2€2 _ 774 N (Na/r)2 \/n e2 — 0- —-n )

Na/rg d 1 (Na/ro)? d
o(r) :/ nan 4

where e = /1 — N2¢2/n (assuming that ng > N ¢). Using the trigonometric substitution
o =nZ(1+e cosy), we find

r2 (1 +e)
0 — 2 9) = 0
1) = 3x0) = o) = TR
which represents an ellipse of major radius and minor radius

. = R1+¢e)"? and ry = R(1—e)¥/?

respectively. The angle ¢(6) defined from the conservation law (1.22) is now expressed as

1 + e cos20
V1+e2+2ecos26’

sinp(f) =

so that ¢ = 7 at 6 = 0 and 7, as expected for an ellipse.

1.2.3 Geodesic Representation of Light Propagation

We now investigate the geodesic properties of light propagation in a nonuniform refractive
medium. For this purpose, let us consider a path AB in space from point A to point B
parametrized by the continuous parameter o, i.e., x(¢) such that x(A) = x4 and x(B) =
xp. The time taken by light in propagating from A to B is

B dt B p det dad\ ?
T = [ g = [0 (g, N 12
AB A do do A C (gj do da) do (1.25)
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Figure 1.6: Light elliptical path

where dt = nds/c denotes the infinitesimal time interval taken by light in moving an
infinitesimal distance ds in a medium with refractive index n and the space metric is

denoted by g;;.
We now define the medium-modified space metric g;; = n? gij as
Adt? = n®ds® = n?g;; da'da? = Gij dz® da?

and apply the Principle of Least Time by considering geodesic motion associated with the
medium-modified space metric g,;;. The variation in time 074p is given (to first order in
dz') as

Tap = — 19y,
OTap 2¢2 Ja dt/do | Ox* Y o do T 29y do do

1 gt [ 09y da' da? dox’ da?
- L 9g, L g
2c2/ [ T R R Tl

1 B do [8@5 , dat dad _ @E]

ta

By integrating by parts the second term we obtain

ts [ d ([ di? 1 0g; dad da* ;dt

s = = |, [a(fhv%) o @t @ |0 e
- - ["]s @l (09 L 0gp) dad dat ) ot
N ta Yii “qe2 oxk 2 Ozxt ) dt dt 2

We now note that the second term can be written as

<a§iﬁ' 1 agjk) da’ dz* 1 <a§ij + 9Gi, _ 8§jk> E da*

ork 2 9xi ) dat dat ~ 2\ ozk T ox x| dt dt
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—  d2? da*®
Wk ar e
using the definition of the Christoffel symbol
_ _ i (07 Oa. o7,
L R 9_ gzg 9ik _ g]k
Fie = 9" Lage = 75 (aa;k T B aa;i>’

where g = n=? g denotes components of the inverse metric (i.e., g9 g; = 0°;), and its
symmetry property with respect to interchange of its two covariant indices (7 <= k). Hence,
the variation 0745 can be expressed as

tp
0Tap = /
t

A

Prt i di? dat , dt
- . — |7 —. 1.26
[ TERERE LTI ]g“ 5 (1.26)

We, therefore, find that the light path x(¢) is a solution of the geodesic equation
>zt o dad dxt
el P 1.27
az T ’ (1.27)
which is also the path of least time for which 0745 = 0.

1.2.4 Eikonal Representation

Lastly, the index of refraction itself (for an isotropic medium) can be written as

n = |VS| = ck or VS:nd—X = é, (1.28)
w ds w
where S is called the eikonal function and the phase speed of a light wave is w/k; note that
the surface S(x,y, z) = constant represents a wave-front, which is complementary to the
ray picture used so far. To show that this definition is consistent with Eq. (1.20), we easily
check that

d ( dx) dvs dx vS

1 2

This definition, therefore, implies that V X k = 0 (since V X VS = 0), where we used the
fact that the frequency of a wave is unchanged by refraction.

1.3 Brachistochrone Problem

The brachistochrone problem is another least-time problem and was first solved in 1696 by
Johann Bernoulli (1667-1748). The problem can be stated as follows. A bead is released
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0 Ve
0 | y

=]

Figure 1.7: Brachistrochrone problem

from rest and slides down a frictionless wire that connects the origin to a given point (z, yy);
see Figure 1.7. The question posed by the brachistochrone problem is to determine the
shape y(z) of the wire for which the descent of the bead under gravity takes the shortest
amount of time. Using the (z, y)-coordinates shown above, the speed of the bead after it has
fallen a vertical distance x along the wire is v = /2g x (where g denotes the gravitational
acceleration) and, thus, the time integral

/ q /0 F(y,y', ) dr, (1.29)

is a functional of the path y(z). Since the integrand of Eq. (1.29) is independent of the
y-coordinate (OF /0y = 0), the Euler’s First Equation (1.5) simply yields

i (a_F> =0 — a—F = y/
4 \ oy o~ \Jgr 1+ WP

:OZ,

where « is a constant, which leads to

WP o
1+ (y)? a

Y

where a = (2a%g)~! is a scale length for the problem. Integration by quadrature yields the

integral solution
v n
) = / / dn,
o \a—n
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Figure 1.8: Brachistochrone solution

subject to the initial condition y(x = 0) = 0. Using the trigonometric substitution
n = 2asin’*(0/2) = a (1l — cosh),
we obtain the parametric solution
z(0) = a (1l — cosf) and y(f) = a (6 — sind). (1.30)

This solution yields a parametric representation of the cycloid (Figure 1.8) where the bead
is placed on a rolling hoop of radius a. Lastly, the time integral (1.29) for the cycloid
solution (1.30) is

cycl ozd

/ V(dz/do)> + (dy/d0)> do 9\/5

\/an (1 — cos@) B

In particular, the time needed to reach the bottom of the cycloid (© = 7) is m4/a/g.
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1.4 Problems

Problem 1

According to the Calculus of Variations, the straight line y(z) = ma between the two
points (0,0) and (1,m) on the (x,y)-plane yields a minimum value for the length integral

L) = [ I+ WP

since the path y(x) = max satisfies the Euler equation

d / "
N G O
dz \ /1 + (y)? [1+ (y)?]*/2
By choosing the path variation € dy(x) = e x(x — 1), which vanishes at z = 0 and 1, we find
1 tan—! (m+e)

1
Lly+edy] = /0 \/1 + 2ex+ (m—¢€)?de = —/t sec® 6 df.

2¢ Jtan=1(m—e)

Evaluate L]y + € dy| explicitly as a function of m and € and show that it has a minimum in
e at e =0.

Problem 2
Prove the identities (1.16).

Problem 3

A light ray travels in a medium with refractive index

n(y) = no exp(=Fy),

where ng is the refractive index at y = 0 and [ is a positive constant.

(a) Use the results of the Principle of Least Time contained in the Notes distributed in
class to show that the path of the light ray is expressed as

cos(Bx — ¢yp) ]

o (1.31)

1
y(o;6) = - In l
(z; 3) 3
where the light ray is initially travelling upwards from (x,y) = (0,0) at an angle ¢y.

(b) Using the appropriate mathematical techniques, show that we recover the expected
result

éiir(l] y(z; 8) = (tan¢y)
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from Eq. (1.31).

(c) The light ray reaches a maximum height 7 at = = T(8), where ¢/(z;3) = 0. Find
expressions for T and y(3) = y(T; 7).
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Chapter 2

Lagrangian Mechanics

2.1 Maupertuis-Jacobi Principle of Least Action

The publication of Fermat’s Principle of Least Time in 1657 generated an intense contro-
versy between Fermat and disciples of René Descartes (1596-1650) involving whether light
travels slower (Fermat) or faster (Descartes) in a dense medium as compared to free space.

In 1740, Pierre Louis Moreau de Maupertuis (1698-1759) stated (without proof) that,
in analogy with Fermat’s Principle of Least Time for light, a particle of mass m under
the influence of a force F moves along a path which satisfies the Principle of Least Action:
0S = 0, where the action integral is defined as

S = / prdx = /mvds, (2.1)

where v = ds/dt denotes the magnitude of particle velocity, which can also be expressed as

v = \/%(E — U), with the particle’s kinetic energy K written in terms of its total energy

FE and its potential energy U.

In 1744, Euler proved the Principle of Least Action ¢ [ mwvds = 0 for particle motion
in the (z,y)-plane as follows. For this purpose, we use the Frenet-Serret curvature formula
for the path y(x); here, we define the tangent unit vector v and the principal normal unit
vector n as
dx X+ vy

re o
— = and n = Yx Y (2.2)

y
ds 1+ ()2 L+ (y)?

where ' = dy/dx and ds = dx \/1+ (y)?. The Frenet-Serret formula for the curvature of

a two-dimensional curve is

o~

v yn
ds — [1+(y)P?

21
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Figure 2.1: Frenet-Serret frame

where the instantaneous radius of curvature p is defined as p = k! (see Figure 2.1). First,
by using Newton’s Second Law of Motion and the Energy conservation law, we find the
relation

F = mv (d—”v + v@> = V(V:-VK) + mv’kn = VK (2.3)

between the unit vectors Vv and n associated with the path, the Frenet-Serret curvature
k, and the kinetic energy K = %mvz(z,y) of the particle. Note that Eq. (2.3) can be
re-written as

dv

ds
which hightlights a deep connection with Eq. (1.20) derived from Fermat’s Principle of
Least Time, where the index of refraction n is now replaced by v = \/%(E —U). Lastly,
we point out that the type of dissipationless forces considered in Eq. (2.3) involves active
forces (defined as forces that do work), as opposed to passive forces (defined as forces that
do no work, such as constraint forces).

= VX (Vinv X V), (2.4)

Next, the action integral (2.1) is expressed as

S = /mv(x,y) 1+ (y)2de = /F(y,y’;z) dr, (2.5)

so that the Euler’s First Equation (1.5) corresponding to Maupertuis’ action integral (2.5),
with

oF ! OF 0

dy 1+ (y)2 dy dy

yields the Maupertuis-Euler equation

my v m 1" ov
L TR L 1 n2 22
1+ (y)2 0x  [1+ @) ) Ay
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Using the relation F = VK and the Frenet-Serret formulas (2.2), the Maupertuis-Euler
equation (2.6) becomes

mv? k = F-0,
from which we recover Newton’s Second Law (2.3).

Carl Gustav Jacobi (1804-1851) emphasized the connection between Fermat’s Principle
of Least Time (1.1) and Maupertuis’ Principle of Least Action (2.1) by introducing a
different form of the Principle of Least Action S = 0, where Jacobi’s action integral is

S = / J2m (E—U)ds = 2 /Kdt, (2.7)

where particle momentum is written as p = 1/2m (E — U). To obtain the second expression
of Jacobi’s action integral (2.7), Jacobi made use of the fact that, by introducing a path
parameter 7 such that v = ds/dt = s'/t' (where a prime here denotes a 7-derivative), we
find

= E - U,

2Kt = s y/2m (E—U),

and the second form of Jacobi’s action integral results. Jacobi used the Principle of Least
Action (2.7) to establish the geometric foundations of particle mechanics. Here, the Euler-
Jacobi equation resulting from Jacobi’s Principle of Least Action is expressed as

%(VE—UZ—?) = VWE-U,

so that

which is identical in form to the light-curvature equation (1.20).

2.2 Principle of Least Action of Euler and Lagrange

2.2.1 Generalized Coordinates in Configuration Space

The configuration of a mechanical system with constraints evolving in n-dimensional space,
with spatial coordinates x = (z!, 22, ..., "), can sometimes be described in terms of general-
ized coordinates q = (¢%, ¢, ..., ¢%) in a k-dimensional configuration space, with k < n. For
example, for a mechanical system composed of two particles (see Figure 2.2), with masses
(mq,m2) and three-dimensional coordinate positions (xi,Xs2), tied together with a mass-
less rod (so that the distance |x; — x3| is constant), the configuration of this two-particle
system can be described in terms of the coordinates xopn = (Mg x1 + mo X2)/(my + ma)
of the center-of-mass (CM) in the Laboratory frame (O) and the orientation of the rod in
the CM frame (O’) expressed in terms of the two angles (6, ). Hence, as a result of the
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CM |
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Figure 2.2: Configuration space

existence of a single constraint, the generalized coordinates for this system are (xcps; 6, )
and we have reduced the number of coordinates needed to describe the state of the system
from six to five.

2.2.2 Constrained Motion on a Surface

The general problem associated with the motion of a particle constrained to move on a
surface described by the relation F'(z,y,z) = 0 is described as follows. First, since the
velocity dx/dt of the particle along its trajectory must be perpendicular to the gradient
VF, we find that dx-VF = 0. Next, any point x on the surface F'(x,y,z) = 0 may be
parametrized by two surface coordinates (u,v) such that

ox ox
%(U,U)'VF 0 = %(U,U)'VF.
Hence, we may write
ox ox ox  0x
dX:%du—l—%dv and %X%—jVF,

where the function J depends on the surface coordinates (u,v). It is, thus, quite clear that
the surface coordinates (u,v) are the generalized coordinates for this constrained motion.

For example, we consider the motion of a particle constrained to move on the surface
of a cone of apex angle . Here, the constraint is expressed as F(z,y,z) =r — z tana = 0
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with VF = 7 —tan « Z. The surface coordinates can be chosen to be the polar angle  and

the function
s(z,y,2) = J2? +y* + 2%,

which measures the distance from the apex of the cone (defining the origin), so that

ox é\ 5% F d 0x . ~ + ~ ~
_— = g _— = 1n T g
50 r rz X7 an s sin o cosq z s,
with 5 5
X X
el Ia
50 X s r cosa 'V

and J = r cosa. Lastly, the velocity of the particle is x = § §+76 7] and, thus, it satisfies
x+ VF = 0. We shall return to this example in Sec. 2.4.4.

2.2.3 Euler-Lagrange Equations

The Principle of Least Action (also known as Hamilton’s principle as it is formulated here)
is expressed in terms of a function L(q,q; t) known as the Lagrangian, which appears in
the action integral

Sla] = /ttf L(q, q; t) di, (2.8)

where the action integral is a functional of the vector function q(t), which provides a path
from the initial point q; = q(¢;) to the final point q; = q(t;). The variational principle

d ty oL d (0L

where the variation dq is assumed to vanish at the integration boundaries (0q; = 0 = dqy),
yields the Euler-Lagrange equation for the generalized coordinate ¢ (j =1, ..., k)

L L
dt \ 0¢’ g’
The Lagrangian also satisfies the second Euler equation
d oL oL
— L —g=") = == 2.10
dt ( 4 aq) ot’ (2:10)
and thus, for time-independent Lagrangian systems (0L/0t = 0), we find that L—q 0L/0q
is a conserved quantity whose interpretation will be discussed shortly.

The form of the Lagrangian function L(r,r;t) is dictated by our requirement that
Newton’s Second Law m ¥ = — VU(r, t), which describes the motion of a particle of mass
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m in a nonuniform (possibly time-dependent) potential U(r,t), be written in the Euler-
Lagrange form (2.9). One easily obtains the form

Liri 1) = 2 [i* = Ulr.), (2.11)
for the Lagrangian of a particle of mass m, which is simply the kinetic energy of the
particle minus its potential energy. The minus sign in Eq. (2.11) is important; not only
does this form give us the correct equations of motion but, without the minus sign, energy
would not be conserved. In fact, we note that Jacobi’s action integral (2.7) can also be
written as A = [[(K — U) + E]dt, using the Energy conservation law £ = K + U; hence,
Energy conservation is the important connection between the Principles of Least Action of
Maupertuis-Jacobi and Euler-Lagrange.

For a simple mechanical system, the Lagrangian function is obtained by computing the
kinetic energy of the system and its potential energy and then construct Eq. (2.11). The
construction of a Lagrangian function for a system of N particles proceeds in three steps
as follows.

e Step I. Define k generalized coordinates {q'(t), ..., ¢"(t)} that represent the instanta-
neous configuration of the mechanical system of N particles at time ¢.

e Step II. For each particle, construct the position vector r,(q; t) in Cartesian coordinates
and its associated velocity

. or, ko or,
vala, 1) = 5+ 2; ¥ 5
J:

fora=1,...,N.
e Step III. Construct the kinetic energy

. Mg, .
K(q,qt) = Y > Va(a, &;t)|°

a

and the potential energy
Ulait) = > Ulra(ait), t)

for the system and combine them to obtain the Lagrangian

L(q,q;t) = K(q,q;t) — U(q;t).

From this Lagrangian L(q, q;t), the Euler-Lagrange equations (2.9) are derived for each
generalized coordinate ¢7:

d (9ra ava ara
dfora ) AL VAT 2.12
2 g (aqj m”) 2 (m Va'sgd T Og VU) (2.12)

a

where we have used the identity dv,/9¢’ = dr,/0q’.
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N

Figure 2.3: Generalized coordinates for the pendulum problem
2.3 Lagrangian Mechanics in Configuration Space

In this Section, we explore the Lagrangian formulation of several mechanical systems listed
here in order of increasing complexity. As we proceed with our examples, we should realize
how the Lagrangian formulation maintains its relative simplicity compared to the applica-
tion of the more familiar Newton’s method (Isaac Newton, 1643-1727) associated with the
composition of forces.

2.3.1 Example I: Pendulum

As a first example, we consider a pendulum composed of an object of mass m and a massless
string of constant length ¢ in a constant gravitational field with acceleration g. Although
the motion of the pendulum is two-dimensional, a single generalized coordinate is needed
to describe the configuration of the pendulum: the angle 6 measured from the negative
y-axis (see Figure 2.3). Here, the position of the object is given as

x(0) = £sinf and y(f#) = —{ cosb,
with associated velocity components
i(0,0) = (0 cos® and §(0,0) = (0 sin.
Hence, the kinetic energy of the pendulum is

_ M. 2\ Moo
K = 2(17 + %) = 5 O,
and choosing the zero potential energy point when 6 = 0 (see Figure above), the gravita-

tional potential energy is
U = mgl (1 —cos?).
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b

Figure 2.4: Generalized coordinates for the bead-on-a-rotating-hoop problem

The Lagrangian L = K — U is, therefore, written as
L(6,6) = %fzéz — mgl (1 — cos?),

and the Euler-Lagrange equation for 6 is

8_L = mf* — 4 (9_L = ml*é
00 dt \ 06
g—g = —mgl sinf

or

0 + % sinf = 0

The pendulum problem is solved in the next Chapter through the use of the Energy method
(a simplified version of the Hamiltonian method). Note that, whereas the tension in the
pendulum string must be considered explicitly in the Newtonian method, the string tension
is replaced by the constraint ¢ = constant in the Lagrangian method.

2.3.2 Example II: Bead on a Rotating Hoop

As a second example, we consider a bead of mass m sliding freely on a hoop of radius R
rotating with angular velocity {2 in a constant gravitational field with acceleration g. Here,
since the bead of the rotating hoop moves on the surface of a sphere of radius R, we use
the generalized coordinates given by the two angles § (measured from the negative z-axis)
and ¢ (measured from the positive z-axis), where ¢ = 2. The position of the bead is given
as

x(0,t) = Rsinf cos(pg+ Qt),
y(0,t) = R sinf sin(pg + Qt),

z2(0,t) = — R cosb,
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where ¢(t) = o + Q2 t, and its associated velocity components are

i(6,0:t) = R(Q cosf cosp — Q sind singp),
y(0,0:t) = R(Q cosf sinp + 2 sinf cosgp),
2(0,0;t) = RO sin,

so that the kinetic energy of the bead is

. m m R?
K.0) = D pvp = ™

(92 + Q2% sin® 9).
The gravitational potential energy is

Ul) = mgR(1 — cosb),

29

where we chose the zero potential energy point at § = 0 (see Figure 2.4). The Lagrangian

L = K — U is, therefore, written as

m R?

L(9,0) =

and the Euler-Lagrange equation for 0 is

L . .

a—. = mR*# i 8_L = mR*#

00 dt \ 00
oL .
2 - mgR sin@

+ mR*Q? cos# sin b

or

0 + sin@(% - 0? cos9> =0

(92 + Q7 sin? 9) — mgR (1 —cos#),

Note that the support force provided by the hoop (necessary in the Newtonian method)
is now replaced by the constraint R = constant in the Lagrangian method. Furthermore,
although the motion intrinsically takes place on the surface of a sphere of radius R, the
azimuthal motion is completely determined by the equation ¢(t) = ¢ + €2t and, thus, the

motion of the bead takes place in one dimension.

Lastly, we note that this equation displays bifurcation behavior which is investigated in
Chapter 8. For Q% < ¢g/R, the equilibrium point # = 0 is stable while, for Q% > g/R, the
equilibrium point § = 0 is now unstable and the new equilibrium point § = arccos(g/Q*R)

is stable.
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Figure 2.5: Generalized coordinates for the rotating-pendulum problem

2.3.3 Example III: Rotating Pendulum

As a third example, we consider a pendulum of mass m and length b attached to the edge
of a disk of radius a rotating at angular velocity w in a constant gravitational field with
acceleration g. Placing the origin at the center of the disk, the coordinates of the pendulum
mass are

T = —asinwt + bcosl

y = acoswt + bsinf
so that the velocity components are

= —aw coswt — bl sinf

= —awsinwt + b cosb

and the squared velocity is

v? = d®w? + V20 + 2abwd sin(f — wt).
Setting the zero potential energy at x = 0, the gravitational potential energy is

U = —mgx = mgasinwt — mgb cosb.
The Lagrangian L = K — U is, therefore, written as

L(6,0;t) = % [azwz + b26% + 2abwi sin(@—wt)}
— mga sinwt + mgb cos b, (2.13)

and the Euler-Lagrange equation for 6 is
oL
B
d (OL
it (5

= mb*0 4+ mabw sin(0 —wt) —

) = mb*0 + mabw () —w) cos(f — wt)
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and
oL

90

= mabwb cos(d —wt) — mgb sinb

or

0 + % sinf — %wz cos(f —wt) = 0

We recover the standard equation of motion for the pendulum when a or w vanish.

Note that the terms
m

5 a’w? — mga sinwt

in the Lagrangian (2.13) play no role in determining the dynamics of the system. In fact,
as can easily be shown, a Lagrangian L is always defined up to an exact time derivative,
i.e., the Lagrangians L and L' = L — df /dt, where f(q,t) is an arbitrary function, lead to
the same Euler-Lagrange equations (see Section 2.4). In the present case,

f@) = [(m/2) a*w?t+ (mga/w) coswt

and thus this term can be omitted from the Lagrangian (2.13) without changing the equa-
tions of motion.

2.3.4 Example IV: Compound Atwood Machine

As a fourth (and penultimate) example, we consider a compound Atwood machine com-
posed three masses (labeled my, ms, and m3) attached by two massless ropes through two
massless pulleys in a constant gravitational field with acceleration g.

The two generalized coordinates for this system (see Figure 2.6) are the distance z of
mass m, from the top of the first pulley and the distance y of mass ms from the top of the
second pulley; here, the lengths ¢/, and /¢, are constants. The coordinates and velocities of
the three masses my, ms, and mgs are

r1 =T — vV = T,
:Enga—a?+y—>212=?)—fb,
r3 = by —x + by, —y — vy = —1T—1,

respectively, so that the total kinetic energy is

ms

> (-2 + 5 (@+i)".

. mo
K = —i? + —
7 U

Placing the zero potential energy at the top of the first pulley, the total gravitational
potential energy, on the other hand, can be written as

U= —gz (m—ma—m3) — gy (ma —ms3),
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Figure 2.6: Generalized coordinates for the compound-Atwood problem

where constant terms were omitted. The Lagrangian L = K — U is, therefore, written as

. . my . mo . . ms
Lz, &, y,y) = 7372 + 5 (& —9)° + o>

+ gz (my —mg—m3) + gy (me—mg).

(& +9)°

The Euler-Lagrange equation for z is

oL ) .
i (m1+ma+m3) &+ (Mg —ma)y —
d (0L . .
i\ ) = (m1 +mg +mg) &+ (Mg —ma)§
oL
9 =9 (my — mg — m3)
while the Euler-Lagrange equation for y is
oL ) .
8_g) = (mg—mo)Z + (Mma+m3)y —
d (OL . .
pr 8_y = (m3—mo)& + (ma+m3)y
oL

o g (ma —ms).

We combine these two Euler-Lagrange equations

(ml—l—m2+m3)i+(m3—m2)?j = g(ml—mg—mg), (214)

(m3 —mo)@ + (mo+m3)y = g (me—m3), (2.15)
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to describe the dynamical evolution of the Compound Atwood Machine. This set of equa-
tions can, in fact, be solved explicitly as

mimy — (mi —m?2) . 2 mqm_
T = 5 5 and § = ¢ 5~ |
mimy T (m = m?) )

mims + (m3 —m?2
where m4 = mgy + m3. Note also that it can be shown that the position z of the center of
mass of the mechanical system (as measured from the top of the first pulley) satisfies the
relation

Mg(z—=) = =i? + 2 (1—2) + 5 (&+9)°, (2.16)

2 2
where M = (mj + ms + mg3) denotes the total mass of the system and we have assumed
that the system starts from rest (with its center of mass located at zp). This important
relation tells us that, as the masses start to move, the center of mass must fall.

At this point, we introduce a convenient technique (henceforth known as Freezing De-
grees of Freedom) for checking on the physical accuracy of any set of coupled Euler-Lagrange
equations. Hence, for the Euler-Lagrange equation (2.14), we may freeze the degree of free-
dom associated with the y-coordinate (i.e., we set y = 0 = g or m_ = 0) to obtain

. <m1 - m+>
i=g|—)
mp + my

in agreement with the analysis of a simple Atwood machine composed of a mass m; on
one side and a mass my = my + mg on the other side. Likewise, for the Euler-Lagrange
equation (2.15), we may freeze the degree of freedom associated with the z-coordinate (i.e.,
we set & = 0 = & or mymy = m2 —m?) to obtain § = g (m_/m,), again in agreement
with the analysis of a simple Atwood machine.

2.3.5 Example V: Pendulum with Oscillating Fulcrum

As a fifth and final example, we consider the case of a pendulum of mass m and length
¢ attached to a massless block which is attached to a fixed wall by a massless spring of
constant k; of course, we assume that the massless block moves without friction on a set of
rails. Here, we use the two generalized coordinates x and 6 shown in Figure 2.7 and write
the Cartesian coordinates (y, z) of the pendulum mass as y = x4+ ¢ sinf and z = — ¢ cos 6,
with its associated velocity components v, = & + 0 cos@ and v, = ¢ sinf. The kinetic
energy of the pendulum is thus
K = %(vi + vg) = %(172 + 20 + 20 cos@:bé).

The potential energy U = Uy, + U, has two terms: one term U, = %k::cz associated with
displacement of the spring away from its equilibrium position and one term U, = mgz
associated with gravity. Hence, the Lagrangian for this system is

L(x,0,4,0) = %(172 + 020% + 24 cost 179) — gzzz + mgl cosd.
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Figure 2.7: Generalized coordinates for the oscillating-pendulum problem

The Euler-Lagrange equation for z is

% :m(x‘—l—fcoseé) —

a (or
dt \ Ot
8_L
ox

) = miai + mf(é cosf — 62 sin@)

= —kz

while the Euler-Lagrange equation for 6 is

% = mf(f@ + icos@) —

d (OLY 9 . LA
o <%> = ml* 0 + mf(a? cos — z6 sm@)

OL LA :
0 = —mlif sinf — mgl sinf
or
mzx + kx = mf(éz sinf — 6 COSQ), (2.17)
0 + (g/0) sinf = — (¥/0) cos. (2.18)

Here, we recover the dynamical equation for a block-and-spring harmonic oscillator from
Eq. (2.17) by freezing the degree of freedom associated with the 6-coordinate (i.e., by setting
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0 = 0 = 6) and the dynamical equation for the pendulum from Eq. (2.18) by freezing the
degree of freedom associated with the z-coordinate (i.e., by setting © = 0 = &). It is
easy to see from this last example how powerful and yet simple the Lagrangian method is
compared to the Newtonian method.

2.4 Symmetries and Conservation Laws

We are sometimes faced with a Lagrangian function which is either independent of time,
independent of a linear spatial coordinate, or independent of an angular spatial coordinate.
The Noether theorem (Amalie Emmy Noether, 1882-1935) states that for each symmetry of
the Lagrangian there corresponds a conservation law (and vice versa). When the Lagrangian
L is invariant under a time translation, a space translation, or a spatial rotation, the
conservation law involves energy, linear momentum, or angular momentum, respectively.

We begin our discussion with a general expression for the variation d L of the Lagrangian

L(q,q,1):
oL d (0L d oL
oL = oq- lﬁ—q B %(a_qﬂ * %(5(1'%)’

obtained after re-arranging the term dq-JdL/Jq. Next, we make use of the Euler-Lagrange

equations for q (which enables us to drop the term dq-[---]) and we find
d OL
oL = & (6q-22).
dt ( 4 aq)

Lastly, the variation 0L can only be generated by a time translation dt, since

/[<6L + 5t%—f)dt n Ldét]

_ /[5L—5t<0;—f— g—f”dt

dL oL
oL = ot (E B a>>
dL oL d oL
o (E - a) = u (5‘1'@’ (2.19)

which we, henceforth, refer to as the Noether equation for finite-dimensional mechanical
systems [see Eq. (9.10) in Chapter 9 for the infinite-dimensional case].

o:a/Ldt

so that

and, hence, we find
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2.4.1 Energy Conservation Law

We now apply the Noether equation (2.19) to investigate Noether’s Theorem. First, we
consider time translations, ¢t — ¢ 4+ dt and dq = qdt, so that the Noether equation (2.19)

becomes
oL _df oL
ot — at \1 8q '

Noether’s Theorem states that if the Lagrangian is invariant under time translations, i.e.,
OL/0t = 0, then energy is conserved, dE'/dt = 0, where

E:q-g—g—L

defines the energy invariant.

2.4.2 Momentum Conservation Law

Next, we consider invariance under spatial translations, q — q+ € (where dq = € denotes a
constant infinitesimal displacement), so that the Noether equation (2.19) yields the linear

momentum conservation law
AN
dt\oq)  dt’

where P denotes the total linear momentum of the mechanical system. On the other
hand, when the Lagrangian is invariant under spatial rotations, q — q + (d¢ X q) (where
d¢p = 0p ¢ denotes a constant infinitesimal rotation about an axis along the ¢-direction),
the Noether equation (2.19) yields the angular momentum conservation law

—aw\Yeq) T ar

where L = q X P denotes the total angular momentum of the mechanical system.

2.4.3 Invariance Properties

Lastly, an important invariance property of the Lagrangian is related to the fact that the
Euler-Lagrange equations themselves are invariant under the transformation L — L+dF'/dt
on the Lagrangian itself, where F'(q,t) is an arbitrary function. We call L' = L + dF/dt
the new Lagrangian and L the old Lagrangian. The Euler-Lagrange equations for the new

Lagrangian are
d(ory _ o
dt \o¢i) — 0¢'’
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where
dF(q,t)  OF i OF
@ ot ' zj: T Bqi
Let us begin with
oL 0 oF - OF oL oOF
o aq‘z( T T 8qﬂ) o T ag’
so that
iaL’ _d (oL +82F+Z,k O*F
at \og ) ~ dt \og atog =1 agag
Next, we find
oL 0 oF . OF oL O*F - O?F
- = - | L — P — | = - . ) —.
oF ~ og ( T T ij q 8qﬂ) o¢ | agor T ij T ogog
Using the symmetry properties
O*F - O?F 0*F O*F

J — 4 —
Y ogoa ~ C agog ™ Gog T agor

d (oL oL’ d (0L 8L_0

dt \ 0¢* dqi  dt \9¢ oqt
and thus since L and L' = L + dF'/dt lead to the same Euler-Lagrange equations, they are
said to be equivalent.

we easily verify

Using this invariance property, we note that the Galilean invariance of the Lagrangian
L(r,v) associated with velocity translations, v — v + €, yields the Lagrangian variation

oL
L = e e
) € (V 82;2)’

which, using the kinetic identity OL/0v? = m/2, can be written as an exact time derivative

d /e df
5L—a(§'”““> =

and, thus, can be eliminated from the system Lagrangian.
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Figure 2.8: Motion on the surface of a cone

2.4.4 Lagrangian Mechanics with Symmetries

As an example of Lagrangian mechanics with symmetries, we return to the motion of a
particle of mass m constrained to move on the surface of a cone of apex angle a (such that
r = z tan «) in the presence of a gravitational field (see Figure 2.8 and Sec. 2.2.2). The
Lagrangian for this constrained mechanical system is expressed in terms of the generalized
coordinates (s, 0), where s denotes the distance from the cone’s apex (labeled O in Figure
2.8) and 0 is the standard polar angle in the (z,y)-plane. Hence, by combining the kinetic
energy K = %m(é2 + 5% 6? sin® ) with the potential energy U = mgz = mgs cosa, we
construct the Lagrangian

L(s,0;5,0) = §m($2 + 5% 0% sin? a) — mgs cosa. (2.20)

Since the Lagrangian is independent of the polar angle 6, the canonical angular momentum

oL 9 . o
= — = ms 6 sin"« 2.21
Do a0 ( )
is a constant of the motion (as predicted by Noether’s Theorem). The Euler-Lagrange
equation for s, on the other hand, is expressed as

62

_— 2.22
m?2 s3sin?a’ ( )

§ + g cosa = s6? sin®a =

where g cos a denotes the component of the gravitational acceleration parallel to the surface
of the cone and ¢ = py denotes the constant value of the angular momentum. The right
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v

U
e

Figure 2.9: Particle orbits on the surface of a cone

side of Eq. (2.22) involves s only after using § = ¢/(m s®sin® o), which follows from the
conservation of angular momentum.

Figure 2.9 shows the results of the numerical integration of the Euler-Lagrange equations
(2.21)-(2.22) for 0(t) and s(t). The top figure in Figure 2.9 shows a projection of the path of
the particle on the (x, z)-plane (side view), which clearly shows that the motion is periodic
as the s-coordinate oscillates between two finite values of s. The bottom figure in Figure
2.9 shows a projection of the path of the particle on the (x,y)-plane (top view), which
shows the slow precession motion in the #-coordinate. In the next Chapter, we will show
that the doubly-periodic motion of the particle is a result of the conservation law of angular
momentum and energy (since the Lagrangian system is also independent of time).

2.4.5 Routh’s Procedure for Eliminating Ignorable Coordinates

Edward John Routh (1831-1907) introduced a simple procedure for eliminating ignorable
degrees of freedom while introducing their corresponding conserved momenta. Consider,
for example, two-dimensional motion on the (x,y)-plane represented by the Lagrangian
L(r; 7, 9), where r and 6 are the polar coordinates. Since the Lagrangian under consid-
eration is independent of the angle 6, the canonical momentum py = 0L/ 96 is conserved.
Routh’s procedure for deriving a reduced Lagrangian involves the construction of the Routh-
Lagrange function R(r,7; py) defined as

where 6 is expressed as a function of r and py.
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For example, for the constrained motion of a particle on the surface of a cone in the

presence of gravity, the Lagrangian (2.20) can be reduced to the Routh-Lagrange function

) 1 . > 1 .
R(s,$;p9) = §m52 - (mgs cosa + m) = §m52 — V{(s), (2.24)

and the equation of motion (2.22) can be expressed in Euler-Lagrange form

d (OR OR . /
%(%) =5, — md= - V'(s),
in terms of the effective potential
62

V(s) = mgs cosa + P sk o

2.5 Lagrangian Mechanics in the Center-of-Mass Frame

An important frame of reference associated with the dynamical description of the motion of
several interacting particles is provided by the center-of-mass (CM) frame. The following
discussion focuses on the Lagrangian for an isolated two-particle system expressed as

my . mo .

L = —[tn]> + 2 |i2f* = Ury —ra),

2 2

where r; and ry represent the positions of the particles of mass m; and mes, respectively,
and U(ry, ro) = U(r; —rg) is the potential energy for an isolated two-particle system (see

Figure below).
Let us now define the position R of the center of mass

mir] + Mmoo
R — 11T 722
mi + Mma

and define the inter-particle vector r = r; — ry, so that the particle positions can be
expressed as
my

m
rlzR—l—Mzr and rng—ﬁr,

where M = mj + my is the total mass of the two-particle system (see Figure 2.10). The
Lagrangian of the isolated two-particle system thus becomes

M .
L= SIRP + SIif - UG),
where
m1 Mo ( 1 1 >_1
M = — = JR— _I_ I
m1 + Mme mi meo
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m,

CM Frame

LAB Frame

Figure 2.10: Center-of-Mass frame

denotes the reduced mass of the two-particle system. We note that the angular momentum
of the two-particle system is expressed as

L= r,Xp, = RXP + rxp, (2.25)

where the canonical momentum of the center-of-mass P and the canonical momentum p
of the two-particle system in the CM frame are defined, respectively, as

OL . oL
P=— = MR and = — = ur.
OR P= o — 7
For an isolated system, the canonical momentum P of the center-of-mass is a constant of
the motion. The CM reference frame is defined by the condition R = 0, i.e., we move the

origin of our coordinate system to the CM position.

In the CM frame, the Lagrangian for an isolated two-particle system in the CM reference

frame
Lir, ) = SJ? - U, (2.26)
describes the motion of a fictitious particle of mass p at position r, where the positions of
the two real particles of masses m; and msy are
mo mq

rn= T and 1y = — Tt (2.27)

Hence, once the Euler-Lagrange equation for r

d (0L oL .
a<a> = 5y — M= —VU(r)
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is solved, the motion of the two particles is determined through Egs. (2.27). The angular
momentum L = pr X r in the CM frame satisfies the evolution equation

dL

- = r X ut = —rXxXVU(r). (2.28)

Here, using spherical coordinates (r, 0, ¢), we find

L _ [ cot 6 (cos pX +sinpy) — Z| ou + (sinpX — cos¢y) ou

i @ 0y 9 @ #Y) 5o

Hence, if motion is originally taking place on the (z,y)-plane (i.e., at § = 7/2) and the
potential U(r, ¢) is independent of the polar angle 6, then the angular momentum vector
is L = /Z and its magnitude ¢ satisfies the evolution equation

@ _ o
dt  0p
Hence, for motion in a potential U(r) that depends only on the radial position r, the

angular momentum L = ¢ Z represents an additional constant of motion. Motion in such
potentials is refered to as motion in a central-force potential and will be studied in Chap. 4.
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2.6 Problems

Problem 1

A particle of mass m is constrained to slide down a curve y = V(z) under the action of
gravity without friction. Show that the Euler-Lagrange equation for this system yields the
equation

= -V (g + V) ,

where V =2V'and V = (V) — iV 4+ 2V,

Problem 2

A cart of mass M is placed on rails and attached to a wall with the help of a massless
spring with constant k (as shown in the Figure below); the spring is in its equilibrium state
when the cart is at a distance xg from the wall. A pendulum of mass m and length ¢ is
attached to the cart (as shown).

(a) Write the Lagrangian L(z, &, 6,6) for the cart-pendulum system, where z denotes the
position of the cart (as measured from a suitable origin) and 6 denotes the angular position
of the pendulum.

(b) From your Lagrangian, write the Euler-Lagrange equations for the generalized coordi-
nates x and 6.
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Problem 3

An Atwood machine is composed of two masses m and M attached by means of a
massless rope into which a massless spring (with constant k) is inserted (as shown in the
Figure below). When the spring is in a relaxed state, the spring-rope length is /.

i =}

M

m

(a) Find suitable generalized coordinates to describe the motion of the two masses (allowing
for elongation or compression of the spring).

(b) Using these generalized coordinates, construct the Lagrangian and derive the appropri-
ate Euler-Lagrange equations.



Chapter 3

Hamiltonian Mechanics

3.1 Canonical Hamilton’s Equations

In the previous Chapter, the Lagrangian method was introduced as a powerful alternative to
the Newtonian method for deriving equations of motion for complex mechanical systems.
In the present Chapter, a complementary approach to the Lagrangian method, known
as the Hamiltonian method, is presented. Although much of the Hamiltonian method is
outside the scope of this course (e.g., the Hamiltonian formulation of Quantum Mechanics),
a simplified version (the Energy method) is presented as a powerful method for solving the
Euler-Lagrange equations.

The k second-order Euler-Lagrange equations on configuration space q = (¢!, ..., ¢%)
d (0L oL
dt \ 0¢’ g’

can be written as 2k first-order differential equations, known as Hamilton’s equations
(William Rowan Hamilton, 1805-1865), on a 2k-dimensional phase space z = (q; p) as

dq 0OH dp 0OH
oA 77 =X - == 2
dt op and dt oq’ (32)
where oL
pi(a, q;t) = afq.j(q, a;t) (3.3)

defines the j*"-component of the canonical momentum. Here, the Hamiltonian function
H(q, p;t) is defined from the Lagrangian function L(q, ¢;t) by the Legendre transformation
(Adrien-Marie Legendre, 1752-1833)

H(q,p;t) = p-dala,p,t) — Ll[q,4q(q,p1),t]. (3.4)

45
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We note that the converse of the Legendre transformation (3.4),
L(z,z;t) = p-q— H(z1t),

can be used in the variational principle

5/L(q,p;t)dt = /lép- (q — g—g) — 0q- (p + g%)] dt = 0

to obtain Hamilton’s equations (3.2) in the 2k-dimensional phase space with coordinates
z=(q,p)

3.2 Legendre Transformation

Before proceeding with the Hamiltonian formulation of particle dynamics, we investigate
the conditions under which the Legendre transformation (3.4) is possible. Once again,
the Legendre transformation allows the transformation from a Lagrangian description of a
dynamical system in terms of a Lagrangian function L(r,,¢) to a Hamiltonian description
of the same dynamical system in terms of a Hamiltonian function H(r,p,t), where the
canonical momentum p is defined as p; = 0L/0i".

It turns out that the condition under which the Legendre transformation can be used is
associated with the condition under which the inversion of the relation p(r,r,t) — ¥(r, p, )
is possible. To simplify our discussion, we focus on motion in two dimensions (labeled x
and y). The general expression of the kinetic energy term of a Lagrangian with two degrees
of freedom L(x, %, y,9) = K(x, &, y,9) — U(x,y) is

1
K(w,@, y,9) = 5 + Baj + 2 9° = S - M- i,
2 2 2
where 77 = (4,9) and the mass matrix M is
a f
M =
]

Here, the coefficients «, 3, and 7 may be function of  and/or y. The canonical momentum
vector (3.3) is thus defined as

oL Pz a f3 T

p = —_ g M . r —_— g .
or .
Py By Y

or
Pr = QT + ﬁy
(3.5)
py, = Bt + vy
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The Lagrangian is said to be regular if the matrix M is invertible, i.e., if its determinant
A =ay - (% #0.
In the case of a regular Lagrangian, we readily invert (3.5) to obtain
T 1 8 - ﬁ Pz
i(r,p,t) = M7 - p — = = :
Y -p « Py

i = (yps — Bpy)/A }

y = (apy — Bp.)/A
and the kinetic energy term becomes

or

(3.6)

1

K(z,ps; y,py) = 5P - M7" - p.
Lastly, under the Legendre transformation, we find
1
H = pl . (M*'. _(_T.M—l. —U)
p" - ( p) 5 P p
L 7 -1

Hence, we clearly see that the Legendre transformation is applicable only if the mass matrix
M is invertible.

Lastly, we note that the Legendre transformation is also used in Thermodynamics.
Indeed, we begin with the First Law of Thermodynamics dU (S, V) =T dS— P dV expressed
in terms of the internal energy function U(S,V’), where entropy S and volume V are
the independent variables while temperature 7'(S,V) = 0U/dS and pressure P(S,V) =
—0U/OV are dependent variables. It is possible, however, to choose other independent
variables by defining new thermodynamic functions as shown in the Table below.

‘ ‘ Pressure P ‘ Volume V/ ‘ Temperature T’ ‘ Entropy S ‘
Pressure P N/A ) G=H-TS|H=U+PV
Volume V/ o N/A F=U-TS U

Temperature T’ | G = H-TS |F = U-TS N/A o
Entropy S H=U+PV U ° N/A

For example, if we choose volume V and temperature 7' as independent variables, we
introduce the Legendre transformation from the internal energy U(S, V') to the Helmholtz
free energy F'(V,T) = U — T S, such that the First Law of Thermodynamics now becomes

dF(V,T) = dU — TdS — SdT = — PdV — SdT,
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where pressure P(V,T) = — 0F/0V and entropy S(V,T) = — 0F/JT are dependent vari-
ables. Likewise, enthalpy H(P,S) = U + PV and Gibbs free energy G(T,P) = H — TS
are introduced by Legendre transformations whenever one chooses (P, S) and (T, P), re-
spectively, as independent variables.

3.3 Hamiltonian Optics and Wave-Particle Duality*

Historically, the Hamiltonian method was first introduced as a formulation of the dynamics
of light rays. Consider the following phase integral

to

Oz] = / (k-x — w(x, k:t)]dt, (3.7)
t1

where ©|z] is a functional of the path z(t) = (x(t), k(t)) in ray phase space, expressed in

terms of the instantaneous position x(t) of a light ray and its associated instantaneous wave

vector k(t); here, the dispersion relation w(x,k;?) is obtained as a root of the dispersion

equation det D(x,t; k,w) = 0, and a dot denotes a total time derivative: x = dx/dt.

Assuming that the phase integral O[z] acquires a minimal value for a physical ray orbit
z(t), henceforth called the Principle of Phase Stationarity 60 = 0, we can show that Euler’s
First Equation lead to Hamilton’s ray equations

dx Ow dk

E = % and E = —V(U. (38)

The first ray equation states that a ray travels at the group velocity while the second ray
equation states that the wave vector k is refracted as the ray propagates in a non-uniform
medium (see Chapter 1). Hence, the frequency function w(x,k;t) is the Hamiltonian of
ray dynamics in a nonuniform medium.

It was Prince Louis Victor Pierre Raymond de Broglie (1892-1987) who noted (as a
graduate student well versed in Classical Mechanics) the similarities between Hamilton’s
equations (3.2) and (3.8), on the one hand, and the Maupertuis-Jacobi (2.1) and Euler-
Lagrange (2.8) Principles of Least Action and Fermat’s Principle of Least Time (1.1) and
Principle of Phase Stationarity (3.7), on the other hand. By using the quantum of action
h = h/27 defined in terms of Planck’s constant h and Planck’s energy hypothesis F = hw,
de Broglie suggested that a particle’s momentum p be related to its wavevector k according
to de Broglie’s formula p = Ak and introduced the wave-particle synthesis based on the
identity S|z] = h ©[z] involving the action integral S|z| and the phase integral O[z]:

| | Particle | Wave |
phase space z=(q,p) z = (x,k)
Hamiltonian H(z) w(z)
Variational Principle I | Maupertuis — Jacobi Fermat
Variational Principle Il | Euler — Lagrange | Phase — Stationarity
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The final synthesis came with Richard Philips Feynman (1918-1988) who provided a
derivation of Schroedinger’s equation by associating the probability that a particle follow
a particular path with the expression

exp (% S[z])

where S[z] denotes the action integral for the path (see Appendix A).

3.4 Particle Motion in an Electromagnetic Field*

Single-particle motion in an electromagnetic field represents the paradigm to illustrate the
connection between Lagrangian and Hamiltonian mechanics.

3.4.1 Euler-Lagrange Equations

The equations of motion for a charged particle of mass m and charge e moving in an
electromagnetic field represented by the electric field E and magnetic field B are

dx

dv e dx B
— = —_|E —x = 1
dt m < * dt X c) ’ (3.10)

where x denotes the position of the particle and v its velocity.

By treating the coordinates (x,v) as generalized coordinates (i.e., Jv is independent
of dx), we now show that the equations of motion (3.9) and (3.10) can be obtained as
Euler-Lagrange equations from the Lagrangian

L(x,%, v,v; t) = (mv + EA(x,t)> ‘X — (e@(x,t) + % |V|2>, (3.11)

where ® and A are the electromagnetic potentials in terms of which electric and magnetic
fields are defined

1 0A
E=-V® - - — and B = VXxA. (3.12)
c Ot
Note that these expressions for E and B satisfy Faraday’s law VX E = —c¢ 1 9,B and

Gauss’ law V-B = 0.

First, we look at the Euler-Lagrange equation for x:
oL e d (0L e [OA
gro_ A 2=} = v+ - [ 4 x.VA
ox "V TG _)dt<8x> mv+c<8t+xv>
oL

9Z_ SYA.-x — eVO,
ox c
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which yields Eq. (3.10), since
1 0A e

mV:—e<V<I>—|———>—I——XXVXA:eE—I—EXXB, (3.13)
c Ot c c

where the definitions (3.12) were used.

Next, we look at the Euler-Lagrange equation for v:

oL 0 d<8L>:0:8L

ov 0 dr\okx v

which yields Eq. (3.9). Because 0L/0v = 0, we note that we could use Eq. (3.9) as a
constraint which could be imposed a priori on the Lagrangian (3.11) to give

= mX — mv,

L(x,%; t) = % %% + SA(x,t)-)’c — ed(x,1). (3.14)

The Euler-Lagrange equation in this case is identical to Eq. (3.13) with v = x.

3.4.2 Energy Conservation Law

We now show that the second Euler equation (i.e., the energy conservation law), expressed
as
d I . 0L . 0L 0L
J— — Xe— — Ve+— = @ —
dt ox ov ot’
is satisfied exactly by the Lagrangian (3.11) and the equations of motion (3.9) and (3.10).
First, from the Lagrangian (3.11), we find

oL _eoA oo
o cot T "o
. 0L . 0L e :
L—x-a—x—v-a—v—L—<mv—|—2A>-x
= —(%|v|2—l—e<1>>.
Next, we find
d . 0L . 0L . 0P )
%<L—x-a—x—v-a—v> ——mv-v—e<a—l—x-v<b>.

Using Eq. (3.9), we readily find mv-v = eE-v and thus

0o : e OA . 0o
—eE-v — 6<E + X-V@) = EEX — ea,

which is shown to be satisfied exactly by substituting the definition for E.
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3.4.3 Gauge Invariance

The electric and magnetic fields defined in (3.12) are invariant under the gauge transfor-

mation 19
<1>—><1>——a—’t<andA—>A+vx, (3.15)
C

where y(x,t) is an arbitrary scalar field.

Although the equations of motion (3.9) and (3.10) are manifestly gauge invariant, the
Lagrangian (3.11) is not manifestly gauge invariant since the electromagnetic potentials ®
and A appear explicitly. Under a gauge transformation, however, we find

1 dx

d
L — L+EVX-X—6<———>:L+E X
& C

c Ot dt

Asis generally known, since Lagrangians can only be defined up to the exact time derivative
of a time-dependent function on configuration space (i.e., equivalent Lagrangians yield the
same Euler-Lagrange equations), we find that a gauge transformation keeps the Lagrangian
within the same equivalence class.

3.4.4 Canonical Hamilton’s Equationss

The canonical momentum p for a particle of mass m and charge e in an electromagnetic
field is defined as
oL

p(x,v,t) = % =Y + ZA(x,t). (3.16)

The canonical Hamiltonian function H(x,p,t) is now constructed through the Legendre
transformation

H(X? p? t) = p.x(x? p? t) - L[X? X(X? p? t)?t]

2

1 e
= ed — - -A 1
cOMxt) + 3= b~ AR (3.17)

where v(x, p,t) was obtained by inverting p(x,v,t) from Eq. (3.16). Using the canonical
Hamiltonian function (3.17), we immediately find

-_@_H_i(_2>
X_8p_mp c ’
o0H

p = —2- = —eVd — SVA-x,
0x c

from which we recover the equations of motion (3.9) and (3.10) once we use the definition
(3.16) for the canonical momentum.
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U(x)

Figure 3.1: Bounded and unbounded orbits
3.5 Omne-degree-of-freedom Hamiltonian Dynamics

The one degree-of-freedom Hamiltonian dynamics of a particle of mass m is based on the

Hamiltonian )
p

H = — U 3.18

(0.0) = 2=+ U) (319)

where p = mu is the particle’s momentum and U (x) is the potential energy. The Hamilton’s
equations (3.2) for this Hamiltonian are
dx P dp dU(x)

e p p _ , 1
L d (3.19)

Since the Hamiltonian (and Lagrangian) is time independent, the energy conservation law
states that H(z,p) = E. In turn, this conservation law implies that the particle’s velocity
2 can be expressed as

2

i(e, E) = £\ = [E=Ul)), (3.20)

where the sign of # is determined from the initial conditions.

It is immediately clear that physical motion is possible only if £ > U(x); points where
E = U(x) are known as turning points. In Figure 3.1, each horizontal line corresponds to
a constant energy value (called an energy level). For the top energy level, only one turning
point (labeled a in Figure 3.1) exists and a particle coming from the right will be reflected
at point a and return to large values of z; the motion in this case is said to be unbounded.
As the energy value is lowered, two turning points (labeled b and f) exist and motion
can either be bounded (between points b and f) or unbounded (if the initial position is to
the right of point f); this energy level is known as the separatriz level since bounded and
unbounded motions share one turning point. As energy is lowered below the separatrix
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level, three turning points (labeled ¢, e, and ¢) exist and, once again, motion can either
be bounded (between points ¢ and e) or unbounded (if the initial position is to the right of
point g).! Lastly, we note that point d in Figure 3.1 is actually an equilibrium point (as is
point f); only unbounded motion is allowed as energy is lowered below point d.

The dynamical solution z(¢; E') of the Hamilton’s equations (3.19) is first expressed an
integration by quadrature as

(3.21)

t(z; E) = \/? /m: 7%%,

where xq is the particle’s initial position is between turning z; < xs (allowing xs — 00)
and we assume that ©(0) > 0. Next, inversion of the relation (3.21) yields the solution
z(t; E).

For bounded motion in one dimension, the particle bounces back and forth between
the two turning points z; and zy > z7, and the period of oscillation T'(F) is a function of
energy alone

(3.22)

1) =2 7 s = Vo [ FLU@)

3.5.1 Simple Harmonic Oscillator

As a first example, we consider the case of a particle of mass m attached to a spring of

constant k, for which the potential energy is U(z) = %k‘:ﬂz. The motion of a particle with

total energy F is always bounded, with turning points
T12 = £4/2E/k = *a.

We start with the solution ¢(z; E') for the case of z(0; E) = +a, so that @(t; E) < 0 for

t >0, and
m [a ds m x
t(l’, E) = E ‘/m m = E arccos (a) . (323)

Inversion of this relation yields the well-known solution z(t; ) = a cos(wot), where wy =
\/k/m. Using Eq. (3.22), we find the period of oscillation

2T

4 a dx
T(E) = _/ e
(E) wo Jo Va2 — x2 wo'

which turns out to be independent of energy FE.

'Note: Quantum tunneling involves a connection between the bounded and unbounded solutions.
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3.5.2 Pendulum

Our second example involves the case of the pendulum of length ¢ and mass m in a gravi-
tational field g. The Hamiltonian in this case is

1 .
H = §m€292 + mgl (1 — cos0).

The total energy of the pendulum is determined from its initial conditions (6, 90):

1 .
E = 5 me> 05 + mgl (1 — cosby),
and thus solutions of the pendulum problem are divided into three classes depending on
the value of the total energy of the pendulum: Class I (rotation) £ > 2mgl, Class II
(separatrix) E = 2mgl, and Class III (libration) £ < 2mg/.

In the rotation class (£ > 2mg/{), the kinetic energy can never vanish and the pendulum
keeps rotating either clockwise or counter-clockwise depending on the sign of 6y. In the
libration class (£ < 2mgf), on the other hand, the kinetic energy vanishes at turning
points easily determined by initial conditions if the pendulum starts from rest — in this
case, the turning points are + 6y, where

E
0y = arccos (1 — —)
mgl

In the separatrix class (£ = 2mgf), the turning points are & 7. The numerical solution
of the normalized pendulum equation € + sinf = 0 subject to the initial condition 8y and
Oy = i—\/Q (e — 1+ cosb) yields the following curves. Here, the three classes I, II, and III

are easily seen (with e = 1 — cosfy and 90 = 0 for classes I and II and € > 1 — cos#, for
class III). Note that for rotations (class III), the pendulum slows down as it approaches
0 = £ 7 (the top part of the circle) and speeds up as it approaches 6 = 0 (the bottom part
of the circle). In fact, since # = m and § = —x represent the same point in space, the lines
AB and A’'B’ in Figure 3.2 should be viewed as being identical (i.e., they should be glued
together) and the geometry of the phase space for the pendulum problem is actually that
of a cylinder.

We now look at an explicit solution for pendulum librations (class I), where the angular
velocity @ is

0(6; E) = two \/2 (cos @ — cosby) = =+ 2wy \/sin2(90/2) — sin?(0/2), (3.24)

where wy = y/g/¢ denotes the characteristic angular frequency and, thus, + 6, are the
turning points for this problem. By making the substitution sinf/2 = k sin ¢, where

K(E) = sin[6y(E)/2] = %gg <1
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Figure 3.2: Phase space of the pendulum

and ¢ = +7/2 when 0 = £ 6,, the libration solution of the pendulum problem is thus

/2

wo t(@, E) =

d
L4 , (3.25)
OB:E) /1 — k2 sin® ¢
where O(6; E) = arcsin(k~!sin#/2). The inversion of this relation yields 6(¢; E) expressed
in terms of elliptic functions, while the period of oscillation is defined as

w/2 d w/2 2
w T(E) = 4/ S0'2 :4/ dgp<1+Esinzgp—l—--->,
0 /1—=Fk?sin®y 0
2

= 27 <1 + kz + ) = 4 K(k?), (3.26)
where K (k?) denotes the complete elliptic integral of the first kind (see Figure 3.3). We
note here that if & < 1 (or 6y < 1 rad) the libration period of a pendulum is nearly
independent of energy, T" ~ 27 /wy. However, we also note that as £ — 2mgl (k — 1
or 6y — 7 rad), the libration period of the pendulum becomes infinitely large (see Figure
above), i.e., T'— oo as k — 1.

In this separatrix limit (fy — 7), the pendulum equation (3.24) yields the separatrix
equation ¢ = wy cosp, where ¢ = /2. The separatrix solution is expressed in terms of
the transcendental equation

sec p(t) = cosh(wot + ),

where coshy = sec ¢y represents the initial condition. We again note that ¢ — 7/2 (or
0 — m) only as t — co. Separatrices are quite common in periodic dynamical systems as
will be shown in Sec. 3.6 and Sec. 7.2.3.
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K ()

a5

1.5

Figure 3.3: Pendulum period as a function of energy

3.5.3 Constrained Motion on the Surface of a Cone

The constrained motion of a particle of mass m on a cone in the presence of gravity was
shown in Sec. 2.4.4 to be doubly periodic in the generalized coordinates s and 6. The fact
that the Lagrangian (2.20) is independent of time leads to the conservation law of energy

m . 2 m .
E = 532 + (m + mgcosas) = 532 + Vi(s), (3.27)

where we have taken into account the conservation law of angular momentum ¢ = ms?sin” o 6.
The effective potential V(s) has a single minimum Vg = 2 mgs cosa at

——

€2
S0 = 2 )
m=g S~ & COoSs

and the only type of motion is bounded when £ > V{. The turning points for this problem
are solutions of the cubic equation

3 1

5 € = 952 + o,
where € = E/Vy and 0 = s/sp. Figure 3.4 shows the evolution of the three roots of this
equation as the normalized energy parameter € is varied. The three roots (o, 01, 02) satisfy
the relations ogo10y = —%, og+01+09 = % €, and 01_1 +02_1 = — 00_1. We see that one root
(labeled o) remains negative for all normalized energies €; this root is unphysical since s
must be positive (by definition). On the other hand, the other two roots (o1, 02), which are
complex for € < 1 (i.e., for energies below the minumum of the effective potential energy
Vo), become real at € = 1, where 01 = 0y, and separate (o, < o) for larger values of € (in
the limit € > 1, we find 0y ~ 3 e and 07! ~ — 0! ~ /3¢). Lastly, the period of oscillation
is determined by the definite integral

o d
T(E) — 9 So /2 o aoc ’
gcosa Jo, /3eo?2 — 1 — 203
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Figure 3.4: Roots of a cubic equation

whose solution is expressed in terms of elliptic integrals.

3.6 Charged Spherical Pendulum in a Magnetic Field*

A spherical pendulum of length ¢ and mass m carries a positive charge e and moves under
the action of a constant gravitational field (with acceleration g) and a constant magnetic
field B (see Figure 3.5). The position vector of the pendulum is

x = {[sinf (cospZ +sinpy) — cosfz ],
and thus its velocity v = x is
v = (6 [cosf (cospZ +singy) + sinfz] + £sinf ¢ (— sinpZ + cos ),
and the kinetic energy of the pendulum is

K:mfz

(92 + sin*6 gbz) .

3.6.1 Lagrangian

Because the charged pendulum moves in a magnetic field B = — B Z, we must include the
magnetic term v-eA/c in the Lagrangian [see Eq. (3.11)]. Here, the vector potential A
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Figure 3.5: Charged pendulum in a magnetic field

must be evaluated at the position of the pendulum and is thus expressed as

Bl
A= — 5 sinf (— sinp T 4 cos py),
and, hence, we find
B2
c 2

Lastly, the charged pendulum is under the influence of two potential energy terms: gravi-
tational potential energy mgf (1 — cos#) and magnetic potential energy (—u-B = u, B),

where

< (xxv)
= — (X XV
K 2me

denotes the magnetic moment of a charge e moving about a magnetic field line. Here, it is
easy to find

B
1w B = — 2 2sin20 ¢
2c
and by combining the various terms, the Lagrangian for the system is

2

. ‘2 -
L(0,6, ¢) = mt? l% + sin? 6 (% — we gb) ] — mgl (1 — cos @), (3.28)

where the cyclotron frequency w, is defined as w. = eB/mec.
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3.6.2 Euler-Lagrange equations

The Euler-Lagrange equation for 6 is

a_[f — mli2) = i<a—L> = ml*0

o0 dt \ 96
8_L = —mgl sinf + me? (gb2—2w gb) sinf cos @
a0 ‘

or

6 + % sinf = (gbz—chgb) sinf cos @

The Euler-Lagrange equation for ¢ immediately leads to a constant of the motion for the
system since the Lagrangian (3.28) is independent of the azimuthal angle ¢ and hence

oL

2 o2 .
P = — = ml°sin®f (P —w.)

P agp
is a constant of the motion, i.e., the Euler-Lagrange equation for ¢ states that p, = 0.

Since p,, is a constant of the motion, we can use it the rewrite ¢ in the Euler-Lagrange
equation for 0 as

. Do
o= me? sin® @’
and thus )
e m (Y
14 We ¥ me2 sin’ 6 We
so that
i + 7 sind = sind cosd Po ) (3.29)
? S111 = SIn o CoSs W (.UC . .

Not surprisingly the integration of the second-order differential equation for 6 is complex
(see below). It turns out, however, that the Hamiltonian formalism allows us glimpses
into the gobal structure of general solutions of this equation. Lastly, we note that the
Routh-Lagrange function R(6,6; p,) for this problem is

: . OL me* .,
R(0.0;p,) = L — Spa—g.p = 79 — V(0;py,),
where )
: _ 2 2
V(0;p,) = mgl (1 —cosf) + Il 2 d (pgo + ml w. sin 9) (3.30)

represents an effective potential under which the charged spherical pendulum moves, so
that the Euler-Lagrange equation (3.29) may be written as

d (R _OR a5 _ OV
dt\oo) 06 0
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3.6.3 Hamiltonian

The Hamiltonian for the system is obtained through the Legendre transformation

- OL oL
26 7 op
2 1 | )
fogz oml? sin2 0 (pgo + mlPw, sin? 9) + mgl (1 —cosf). (3.31)

The Hamilton’s equations for (6, py) are

o — 9H _ b
B Ipe - mp
, OH . . ’
Py = ~ 25 = —mgl sinf + me* siné cos@[(ﬁ) - %2]>

while the Hamilton’s equations for (¢, p,) are

0OH D
o= H! = — L :
7 le, H} Ip., msn?g Y
0OH
o = H = - 25—,
pgo {pQW } agp 0

It is readily checked that these Hamilton equations lead to the same equations as the
Euler-Lagrange equations for 6 and .

So what have we gained? It turns out that a most useful application of the Hamiltonian
formalism resides in the use of the constants of the motion to plot Hamiltonian orbits in
phase space. Indeed, for the problem considered here, a Hamiltonian orbit is expressed
in the form py(0; E,p,), i.e., each orbit is labeled by values of the two constants of mo-
tion £ (the total energy) and py the azimuthal canonical momentum (actually an angular
momentum):

Py = j:\/2m£2 (E — mgl + mgl cosf) — (pgo + me? sinzewc)z.

sin? 4
Hence, for charged pendulum of given mass m and charge e with a given cyclotron frequency
w. (and g), we can completely determine the motion of the system once initial conditions
are known (from which E and p, can be calculated).

By using the following dimensionless parameters @ = w./w, and o = p,/ (mlPw,), we
may write the effective potential (3.30) in dimensionless form V' (6) = V (0)/(mgl) as

Vo) = 1 9+1(i+9'9)2
= COS 5 Sine Sin .
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Upper Well

Lower Well

Figure 3.6: Effective potential of the charged pendulum in a magnetic field

Figure 3.6 shows the dimensionless effective potential V(6) for o = 1 and several values
of the dimensionless parameter €. When €2 is below the threshold value €2, = 1.94204...
(for @ = 1), the effective potential has a single local minimum (point a’ in Figure 3.6).
At threshold (2 = €,), an inflection point develops at point &'. Above this threshold
(Q > Qu), a local maximum (at point b) and two local minima (at points a and ¢) appear.
Note that the local maximum at point b implies the existence of a separatrix solution,
which separates the bounded motion in the lower well and the upper well.

The normalized Euler-Lagrange equations are

/ « 7 . . 042 2
¢ = Q + 270 and 60" + sinf = sin6 cos0 49—Q

sin sin

where 7 = w,t denotes the dimensionless time parameter and the dimensionless parameters
are defined in terms of physical constants.

Figures 3.7 below show three-dimensional spherical projections (first row) and (x,y)-
plane projections (second row) for three cases above threshold (2 > €2,): motion in the
lower well (left column), separatrix motion (center column), and motion in the upper
well (right column). Figure 3.8 shows the (x, z)-plane projections for these three cases
combined on the same graph. These Figures clearly show that a separatrix solution exists
which separates motion in either the upper well or the lower well.

The equation for ¢’ does not change sign if @ > — €, while its sign can change if
a < —Q (or p, < —ml?w,.). Figures 3.9 show the effect of changing & — — « by showing
the graphs 6 versus ¢ (first row), the (z,y)-plane projections (second row), and the (z, z)-
plane projections (third row). One can clearly observe the wonderfully complex dynamics
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Figure 3.7: Orbits of the charged pendulum

Figure 3.8: Orbit projections
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Figure 3.9: Retrograde motion

63
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of the charged pendulum in a uniform magnetic field, which is explicitly characterized by
the effective potential V() given by Eq. (3.30).
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3.7 Problems

Problem 1

A particle of mass m and total energy E moves periodically in a one-dimensional po-
tential given as
Fz (x>0)
U(z) = Flz| =
—Fz (r<0)

where [ is a positive constant.
(a) Find the turning points for this potential.

(b) Find the dynamical solution x(¢; ) for this potential by choosing a suitable initial
condition.

(c) Find the period T'(E) for the motion.

Problem 2

A block of mass m rests on the inclined plane (with angle #) of a triangular block of
mass M as shown in the Figure below. Here, we consider the case where both blocks slide
without friction (i.e., m slides on the inclined plane without friction and M slides without
friction on the horizontal plane).

(a) Using the generalized coordinates (x,y) shown in the Figure above, construct the La-
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grangian L(x, T, y,7).
(b) Derive the Euler-Lagrange equations for x and .

(c) Calculate the canonical momenta

oL oL
T 7‘7 7. = 3. d 7‘7 7‘ = A
po(eiyd) = 57 and py(edvd) = o

and invert these expressions to find the functions #(z, p,, v, py) and y(x, pz, v, py)-

(d) Calculate the Hamiltonian H(x, p,, y,p,) for this system by using the Legendre trans-
formation
H(x,pe, y,py) = Pod + pyy — Lz, 2, y,9),

where the functions @(x, p,, v, py) and y(x, ps, y,p,) are used.

(e) Find which of the two momenta found in Part (c¢) is a constant of the motion and
discuss why it is so. If the two blocks start from rest, what is the value of this constant of
motion?
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Motion in a Central-Force Field

4.1 Motion in a Central-Force Field

A particle moves under the influence of a central-force field F(r) = F'(r) t if the force on the
particle is independent of the angular position of the particle about the center of force and
depends only on its distance r from the center of force. Here, the magnitude F'(r) (which is
positive for a repulsive force and negative for an attractive force) is defined in terms of the
central potential U(r) as F'(r) = —U’(r). Note that for a central-force potential U(r), the
angular momentum L in the CM frame is a constant of the motion since r X VU(r) = 0.

4.1.1 Lagrangian Formalism

The motion of two particles in an isolated system takes place on a two-dimensional plane;
we, henceforth, this plane to be the (x, y)-plane for which the angular momentum is L = (Z.
When these particles move in a central-force field, the Lagrangian is simply

L = g (7 + r26%) — U(), (4.1)
where polar coordinates (r, #) are most conveniently used, with x = r cos @ and y = r sin6.

Since the potential U is independent of 6, the canonical angular momentum

OL :
P= s = pr*d = ¢ (4.2)

is a constant of motion (here, labeled ¢). The Euler-Lagrange equation for r, therefore,
becomes the radial force equation

,u(f — 7,9‘2) = pui — — = F(r). (4.3)
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In this description, the planar orbit is parametrized by time, i.e., once r(t) and 6(t) are
obtained, a path r(6) onto the plane is defined.

Since 6 does not change sign on its path along the orbit, we may replace 7 and # with
r’'(0) and () as follows. First, we begin with

, ST X e S ,
=0 = urr p(;) = — (/n) &,

where we use the conservation of angular momentum and define the new dependent variable
s(0) = 1/r(0). Next, we write ¥ = — (£/u)0s" = — (£/u)? s*s”, so that the radial force
equation (4.3) becomes

i
"+ s = ~ g F(1/s) = — (4.4)
where U(s) = (u/¢?)U(1/s) denotes the normalized central potential expressed as a func-
tion of s.

Note that the form of the potential U(r) can be calculated from the solution s(6) =
1/r(0). For example, consider the particle trajectory described in terms of the solution
r(0) = ro sec(af), where g and o > 1 are constants. The radial equation (4.4) then

becomes
dU(s)
" _ — 2 — 1 —_ —
s + s (a ) S ds

and thus

7 Loy 2 & 2
U(s)—§(a —1)3 — U(T):Zurz(a —1).
We note here that, as expected, the central potential is either repulsive for a > 1 or
attractive for @ < 1 (see Figure 4.1). Note also that the function 6(¢) is determined from
the relation

;o l _ M v,
b= g t(@)—Z/O () do.

Returning to our example, we find

N L N O p alt)’
= — = — — — 1 -
t(6) I ¢ do , tan(ad) r(t) o + (Mﬁ%)

and the total energy
o (2

E=2"
2urd’

is determined from the initial conditions r(0) = 7y and 7(0) = 0.
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Figure 4.1: Repulsive and attractive orbits
4.1.2 Hamiltonian Formalism

The Hamiltonian for the central-force problem is

2 2

p

H ="
2,u+2,u7’2

+ U(r),

where p, = pr is the radial canonical momentum and ¢ is the conserved angular momentum.
Since energy is also conserved, we solve

-9 2
ot
b= 2 + 2 1172 + U,
as
= i\/%[E — v, (4.5)
where
e 16
Vi) = gy + UG) (4.6)

is known as the effective potential and the sign + depends on initial conditions. First, we
note that this equation yields the integral solution

tr) = + / dr . (4.7)
V(@/p) [E= V()
This equation can also be used with Eq. (4.2) to yield
= = L0 & : (4.8)
Hr e \/E—QU(S) — 52
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where € = 2 E /(% or

s'(0) = + \/E—QU(S) — 82, (4.9)

We readily check that this equation is a proper solution of the radial force equation (4.4)
since

o s [dU/ds+s]  dU

\/E—QU(S) 2 ds

is indeed identical to Eq. (4.4). Hence, for a given central-force potential U(r), we can
solve for r(f) = 1/s(6) by integrating

os) = — | o , (4.10)
50 \/6—2U(0’) — o2
where so defines 0(sgp) = 0, and performing the inversion 0(s) — s(0).
4.1.3 Turning Points
Eq. (4.9) yields the following energy equation
_ Moo & _ & "2 2 77
E—gr +W+U(T)_ﬂ[(8) + s +2U(S)},
where ' = — ur /¢ = —p,./pg. Turning points are those special values of r,, (or s,) (n =
1,2, ...) for which
2 A - s>
E = n = n = 5
U(T)_I_Q,UT?L M[U(s)—l— 2]

i.e., 7 (or §') vanishes at these points. If two non-vanishing turning points ro < 13 < 00
(or 0 < s; < s2) exist, the motion is said to be bounded in the interval ro < r < r; (or
s1 < § < Sg), otherwise the motion is unbounded. If the motion is bounded, the angular
period A# is defined as

Ab(s

(4.11)

52 ds
) =2 /31 \/E—QU(S) — s

Here, the bounded orbit is closed only if Af is a rational multiple of 2.

4.2 Homogeneous Central Potentials*

An important class of central potentials is provided by homogeneous potentials that satisfy
the condition U(Ar) = A" U(r), where A denotes a rescaling parameter and n denotes the
order of the homogeneous potential.
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4.2.1 The Virial Theorem

The Virial Theorem is an important theorem in Celestial Mechanics and Astrophysics. We
begin with the time derivative of the quantity Q) = >, p; - r;:

P Z (dpl T + Pir %) ) (4.12)

where the summation is over all particles in a mechanical system under the influence of a
self-interaction potential
= = Z Ulr

e
We note, however, that since () itself can be written as a time derivative

Q—Em%'“—ﬂé;m'“') =S a

where Z denotes the moment of inertia of the system and that, using Hamilton’s equations

dri  pi dp;
i om and prl ;VU r;),

Eq. (4.12) can also be written as

m —
v J#i i, j#i

1?7 Z
2 de Z(|p| Tt 2 VUW) = 2K — ) 1;-ViUy, (4.13)

where K denotes the kinetic energy of the mechanical system. Next, using Newton’s Third
Law, we write

Z Fi'ViUij = 3 Z VU( )>
i, j#i i i
and, for a homogeneous central potential of order n, we find rVU(r) = n U(r), so that
—Z )+ VU(r; —r;) = nU.
e
Hence, Eq. (4.13) becomes the virial of Clausius (Rudolph Clausius, 1822-1888)
1 d*T
- — = 2K — : .
5 72 n U (4.14)

If we now assume that the mechanical system under consideration is periodic in time, then
the time average (denoted (---)) of Eq. (4.14) yields the Virial Theorem

(K) = 2), (4.15)
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so that the time-average of the total energy of the mechanical system, £ = K + U, is
expressed as
(1+n/2) (U)
E =
(1+2/n) (K)

since (F) = E.
4.2.2 General Properties of Homogeneous Potentials
We now investigate the dynamical properties of orbits in homogeneous central potentials

of the form U(r) = (k/n)r™ (n # —2), where k denotes a positive constant. First, the
effective potential (4.6) has an extremum at a distance 1o = 1/sq defined as

0 ku 88—1—2'

It is simple to show that this extremum is a maximum if n < —2 or a minimum if n > —2;
we shall, henceforth, focus our attention on the latter case, where the minimum in the
effective potential is

n\ k n
Vo= veo = (L 55 = (1 5)

In the vicinity of this minimum, we can certainly find periodic orbits with turning points
(ro = 1/s9 <11 = 1/s1) that satisfy the condition £ =V (r).

Next, the radial equation (4.4) is written in terms of the potential U(s) = (u/¢?) U(1/s)

as 77 +2
n
s// + s = — d_U — SO

ds sntl’

where sy = 1/7¢ and its solution is given as

52 do
0(s) = ,
/S \/e—(Q/n) sat?/on — o2

where so denotes the upper turning point in the s-coordinate. The solution (4.16) can be
expressed in terms of closed analytic expressions obtained by trigonometric substitution
only for n = —1 or n = 2 (when € # 0), which we now study in detail.

(4.16)

4.3 Kepler Problem

In this Section, we solve the Kepler problem where the central potential U(r) = —k/r is
homogeneous with order n = —1 and k is a positive constant. The Virial Theorem (4.15),
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therefore, implies that periodic solutions of the Kepler problem have negative total energies
E = —(K) = (1/2){U).

We now turn to the general solution of the Kepler problem

whose orbits are either periodic or aperiodic (see Figure 4.2). To obtain an analytic solution
r(0) for the Kepler problem, as expressed by the radial force equation (4.4), we use the
normalized central potential U(s) = — sgs, where so = uk/¢?, and Eq. (4.4) becomes
s 4+ s = so. Next, the turning points for the Kepler problem are solutions of the quadratic
equation

s2 — 2505 — e = 0,

which can be written as s = 5o + /83 + €

s1 = so(l—e) and sy = so(1+e),

e = \/1+e€/s3 = \/1 + 2 EC?/uk?.

We clearly see from the Figure 4.2 that the effective potential
? k

where

vir) = 2r? r

for the Kepler problem has a single minimum at ro = ¢2/(ku) and that Vo = — k/(2ry). We
note that motion is bounded (i.e., orbits are periodic) in regions I and II (see Figure 4.2),
where Vo < E <0 (0 <e < 1), and the motion is unbounded (i.e., orbits are aperiodic) in
regions III and IV (see Figure 4.2), where £ >0 (e > 1).

4.3.1 Bounded Keplerian Orbits

We will now look at the bounded case (e < 0 or e < 1). We define 6(s3) = 0, so that for
the Kepler problem, Eq. (4.10) becomes

5 do

w00+ \[53e — (o — so)?

0(s) = —

, (4.17)

which can easily be integrated by using the identity
—dx

—— =d [arccos (zﬂ ,
a? — x? a

0(s) = arccos (S — SO) ,
Sp €

so that Eq. (4.17) yields
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Figure 4.2: Effective potential for the Kepler problem

and we easily verify that A6 = 27, i.e., the bounded orbits of the Kepler problem are
closed. This equation can easily be inverted to yield

s(0) = so (1 + e cosb), (4.18)

where we can readily check that this solution also satisfies the radial force equation (4.4).

Kepler’s First Law

The solution for r(6) is now trivially obtained from s(f) as
To

) = ——— 4.19
r®) 1 + ecosf’ (4.19)
where 79 = 1/s¢ denotes the position of the minimum of the effective potential V'(rq) = 0.

Eq. (4.19) generates an ellipse of semi-major axis a = r9/(1 — €?) = /k/(2|E|) and semi-
minor axis b = a/1 —e? =/¢%?/(2u|E|) and, therefore, yields Kepler’s First Law.

When we plot the positions of the two objects (of mass m; and my, respectively) by
using Kepler’s first law (4.19), with the positions r; and ry determined by Egs. (2.27), we
obtain the following figures:

Kepler’s Second Law

Using Eq. (4.2), we find
2
dt = 2r2ap = 2L aa),
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Figure 4.3: Elliptical orbit for the Kepler problem

= 1,
1111..--"'1112 =4
m, "=
m,
1111..--"'111I =1
e=0.2
m,

Figure 4.4: Kepler two-body problem
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where dA(0) = ([ r dr)df = 5 [r(0)]* df denotes an infinitesimal area swept by df at radius
r(0). When integrated, this relation yields Kepler’s Second law

At = 27“ AA, (4.20)

i.e., equal areas are swept in equal times since p and ¢ are constants.

Kepler’s Third Law

The orbital period T of a bound system is defined as
2 2 2 2
T= | d—.ezﬁ/ rdg = 24 = THgp
o 0 ¢ Jo l

where A = mab denotes the area of an ellipse with semi-major axis a and semi-minor axis
b; here, we used the identity

/27r do B 2
0 (1+ecosh)?  (1—e2)3/2

Using the expressions for a and b found above, we find

2 2
PR S IR T
e 2[El N 2plE] (21E])

If we now substitute the expression for a = k/2|E| and square both sides of this equation,
we obtain Kepler’s Third Law

2

SN (4.21)
k

Note that in Newtonian gravitational theory, where k/u = G (m; + msy), we find that,

although Kepler’s Third Law states that 7%/a® is a constant for all planets in the solar

system, this is only an approximation that holds for m; > mgy (which holds for all planets).

T° =

4.3.2 Unbounded Keplerian Orbits

We now look at the case where the total energy is positive or zero (i.e., e > 1). Eq. (4.19)
yields r (1 4+ e cos#) = 1 or

e2 —1 e2 — 1’

2
(\/62—11’ — €T ) — y2 — 7’(2]

For e = 1, the particle orbit is a parabola z = (r2 — y?)/2ry, with distance of closest
approach at x(0) = ro/2, while for e > 1, the particle orbit is a hyperbola.
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4.3.3 Laplace-Runge-Lenz Vector*

Since the orientation of the unperturbed Keplerian ellipse is constant (i.e., it does not
precess), it turns out there exists a third constant of the motion for the Kepler problem
(in addition to energy and angular momentum); we note, however, that only two of these
three invariants are independent.

Let us now investigate this additional constant of the motion for the Kepler problem.
First, we consider the time derivative of the vector p X L, where the linear momentum p
and angular momentum L are

p = u(f?+ 7’95) and L = 0% = pur?f z.

The time derivative of the linear momentum is p = — VU(r) = — U’(r) 7 while the angular
momentum L = r X p is itself a constant of the motion so that

d dp

—(pxL) = —xL =1U -

7 (PxL) 7 (r)(rp — prr)

= —ur-VUr + pur-VUr.

By re-arranging some terms, we find

d d .
E(pXL) = —a(,uUr) + pu(r-VU + U)r,

or

dA

dt
where the vector A = p X L+ pU(r) r defines the Laplace-Runge-Lenz (LRL) vector. We
immediately note that the LRL vector A is a constant of the motion if the potential U(r)
satisfies the condition

= pu(r-VU + U)r, (4.22)

r-VU(r) + U(r) = d(ZTU) ~ 0
For the Kepler problem, with central potential U(r) = —k/r, the Laplace-Runge-Lenz
(LRL) vector
A:pr—km:@—ku)f—ewé (4.23)
is, therefore, a constant of the motion since r- VU = — U.

Since the vector A is constant in both magnitude and direction, where
2£2E> e

[k?
we choose its direction to be along the z-axis and its amplitude is determined at the distance
of closest approach 7,;, = ro/(1 + €). We can easily show that A -7 = |A| cos leads to
the Kepler solution

2
|A]? = 2u0? (g_,u + U) + K = Kl (1 +

To

r(0) = 1+ecosh’
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where 79 = (2 /kp and the orbit’s eccentricity is e = |A|/kpu.

Note that if the Keplerian orbital motion is perturbed by the introduction of an addi-
tional potential term 0U(r), we can show that (to lowest order in the perturbation dU)

dA

% = (6U + F'V6U) P,

and, thus using Eq. (4.23)

A
Axdd—t = (0U + r-VoU) (p* + pU) L,

where U = — k/r is the unperturbed Kepler potential. Next, using the expression for the
unperturbed total energy

2
P k
F = =— - _
2/ U 2a’
we define the precession frequency
A dA 14
e A- _ P — —= . 2E J—
wp(6) z AP 7 (0U + r-VoU) (ko) w( U)
l 1 1
— (U + r-VoU) —— k:(— - —>.
(O + r ) (uke)? FEAF a
Hence, using a = ro/(1 — €?), the precession frequency is
1 -1
wp(f) = 7 (1 + e cos@) (06U + r-VoU).

and the net precession shift 66 of the Keplerian orbit over one unperturbed period is

o do 2r (14 e ! cosf d (rou
56 —/0 wp(0) 5 —/0 (W) lT§< k Hr:r(e) "

For example, if 6U = — ¢/r?, then r d(réU/k)/dr = €/kr and the net precession shift is

56 = < /0% (1+e cost) db = 2x ki

k"f’o To

Figure 4.5 shows the numerical solution of the perturbed Kepler problem for the case where
€ ~ kry/16.

4.4 Isotropic Simple Harmonic Oscillator

As a second example of a central potential with closed bounded orbits, we now investigate
the case when the central potential is of the form

ko o

Ur) = =r* — U(s) = ik

202 s2°

(4.24)
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% Orbital Precession

Figure 4.5: Perturbed Kepler problem

The turning points for this problem are expressed as

B (1—e>i N S (1+e>i 1
T = To 1+e —81 an Te = T 1_e _52

Y

where 1oy = (£2/pk)'/* = 1/s, is the radial position at which the effective potential has a
minimum, i.e., V'(ro) = 0 and Vy = V(ro) = kr3 and

B k:r%z_ Vo2
e = 1‘(?) =1~ (%)

Here, we see from Figure 4.6 that orbits are always bounded for £ > V4 (and thus
0 <e < 1). Next, using the change of coordinate ¢ = s* in Eq. (4.10), we obtain

—1 g d
o = —/ q , (4.25)
2 e \Jeqg — @ - ¢
where o = (14¢) /2 and gy = s2. We now substitute q(¢) = (1+e cos ) £/2 in Eq. (4.25)
to obtain
1 1 /24
f = — arccos —(——1)],
2 e\ ¢

and we easily verify that A§ = 7 and bounded orbits are closed. This equation can now
be inverted to give

ro (1— €)1/

0) = S———_
() V14 e cos260

(4.26)
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V(1)

Turnmg Pomts

|

v Energy Minmnmm
0r -—
1 1 L 1‘
1‘1 1‘0 1‘2

Figure 4.6: Effective potential for the isotropic simple harmonic oscillator problem

which describes the ellipse x?/b? + y?/a® = 1, with semi-major axis a = ry and semi-minor
axis b= ry.

The area of the ellipse A = 7ab = 712 while the physical period is

[ d 2uA \/E
T(E,E)_/O 7= =

note that the radial period is T'/2 since A0 = w. We, therefore, find that the period of an
isotropic simple harmonic oscillator is independent of the constants of the motion £ and
¢, in analogy with the one-dimensional case.

4.5 Internal Reflection inside a Well

As a last example of bounded motion associated with a central-force potential, we consider
the following central potential

— Uy (T’<R)
Ur) =
0 (r > R)

where Uj is a constant and R denotes the radius of a circle. The effective potential V (r) =
0% /(2ur*) + U(r) associated with this potential is shown in Figure 4.7. For energy values

2 s

Vmin = ——-Uy < F < Vmax = 3 9
ouR2 2uR?
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Vi(r)

Veas
max E \ T
UU

Vinin

Figure 4.7: Effective potential for the internal hard sphere

Figure 4.7 that bounded motion is possible, with turning points at

£2
n =nrn = mandm—}%

When E = Vi, the left turning Qoint reaches its maximum value r, = R while it reaches
its minimum r,/R = (1 + Up/E)~2 < 1 when E = Vjax.

Assuming that the particle starts at » = r; at # = 0, the particle orbit is found by
integration by quadrature as

St do
os) = | Nt

where s; = 1/ry, which is easily integrated to yield

0(s) = arccos (i> —  1r(0) = ry secl (for 6 <0O),

St

where the maximum angle © defines the angle at which the particle hits the turning point

Y Y /r( )

Subsequent motion of the particle involves an infinite sequence of internal reflections
as shown in Figure 4.8. The case where E > ¢*/2uR? involves a single turning point and
is discussed in Sec. 5.6.2.
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Figure 4.8: Internal reflections inside a hard sphere
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4.6 Problems

Problem 1

Consider a comet moving in a parabolic orbit in the plane of the Earth’s orbit. If the
distance of closest approach of the comet to the sun is G rg, where rg is the radius of the
Earth’s (assumed) circular orbit and where 8 < 1, show that the time the comet spends

within the orbit of the Earth is given by /2 (1 — ) (1 +23) x 1year/(3m).

Comet

1‘(.9

Earth Oxrbat

Problem 2

Find the force law for a central-force field that allows a particle to move in a spiral orbit
given by r = k6%, where k is a constant.

Problem 3
Consider the perturbed Kepler problem in which a particle of mass m, energy £ < 0,
and angular momentum ¢ is moving in the central-force potential
k o
Ulr) = — — —
M =-"+5
where the perturbation potential a//r? is considered small in the sense that the dimension-
less parameter € = 2ma/¢* < 1 is small.

(a) Show that the energy equation for this problem can be written using s = 1/r as
62
om
where sg = mk/f? and 72 =1 +e.

E = [(s’)z—l—vzsz—Qsos ,
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(b) Show that the turning points are

S0 S0
s;=—(1—e) and sy =— (1+e),
1 ,}/2 ( ) 2 ,}/2 ( )
where e = \/1 +2202E /mk2.
(c) By solving the integral
o(s) = — /S do
52 \/(QmE/fz) + 2500 — 72 o2
where 6(s3) = 0, show that
7 1o
r(0) =

1 + e cos(v8)’

where 79 = 1/s0.

Problem 4
A Keplerian elliptical orbit, described by the relation r(6) = r¢/(1+e cos @), undergoes

a precession motion when perturbed by the perturbation potential 60U (r), with precession
frequency

A A 1
wp(f) = E-d— = — - (1 + ! cos@) (0U + r-VéU)

i AP i

where A = p X L— kT denotes the Laplace-Runge-Lenz vector for the unperturbed Kepler
problem.

Show that the net precession shift 06 of the Keplerian orbit over one unperturbed period
is

2m do o
00 = [ wpl0) S = —6m
0 wp(0) 0 i krd
if the perturbation potential is U (r) = — a/r3, where « is a constant.

Problem 5
Calculate the net precession shift 06 of the Keplerian orbit over one unperturbed period
27 dé
00 = [ wp6)
0 0

if the perturbation potential is dU(r) = — a/73.



Chapter 5

Collisions and Scattering Theory

In the previous Chapter, we investigated two types of orbits for two-particle systems evolv-
ing under the influence of a central potential. In the present Chapter, we focus our attention
on unbounded orbits within the context of elastic collision theory. In this context, a colli-
sion between two interacting particles involves a three-step process: Step I — two particles
are initially infinitely far apart (in which case, the energy of each particle is assumed to
be strictly kinetic); Step II — as the two particles approach each other, their interacting
potential (repulsive or attractive) causes them to reach a distance of closest approach; and
Step III — the two particles then move progressively farther apart (eventually reaching a
point where the energy of each particle is once again strictly kinetic).

These three steps form the foundations of Collision Kinematics and Collision Dynamics.
The topic of Collision Kinematics, which describes the collision in terms of the conservation
laws of momentum and energy, deals with Steps I and III; here, the incoming particles
define the initial state of the two-particle system while the outgoing particles define the
final state. The topic of Collision Dynamics, on the other hand, deals with Step II, in
which the particular nature of the interaction is taken into account.

5.1 Two-Particle Collisions in the LAB Frame

Consider the collision of two particles (labeled 1 and 2) of masses m; and mq, respectively.
Let us denote the velocities of particles 1 and 2 before the collision as u; and us, respectively,
while the velocities after the collision are denoted vy and vs. Furthermore, the particle
momenta before and after the collision are denoted p and q, respectively.

To simplify the analysis, we define the laboratory (LAB) frame to correspond to the
reference frame in which my is at rest (i.e., uz = 0); in this collision scenario, m; acts as
the projectile particle and ms is the target particle. We now write the velocities uy, vy, and

85
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Figure 5.1: Collision kinematics in the LAB frame

Vo as
W = uX
vi = v (cosf X + sinfy) », (5.1)
vy = vy (cospX — sinpy)

where the deflection angle 6 and the recoil angle ¢ are defined in Figure 5.1. The conser-
vation laws of momentum and energy
1 9 mq 2
—ut = — |v
2 y il
can be written in terms of the mass ratio a = my/my of the projectile mass to the target
mass as

miu; = mvy + move and

a(u — vy cosl) = vy cosp, (5.2)
awvy sinf = vy sinp, (5.3)
a(u? — v?) = vl (5.4)

Since the three equations (5.2)-(5.4) are expressed in terms of four unknown quantities
(v1,0, va, ), for given incident velocity u and mass ratio «, we must choose one post-
collision coordinate as an independent variable. Here, we choose the recoil angle ¢ of
the target particle, and proceed with finding expressions for vi(u, ¢; @), ve(u, p; @) and

0(u, p; ).
First, using the square of the mometum components (5.2) and (5.3), we obtain

o?vi = o*u? — 2auwy cosp + Vs (5.5)

Next, using the energy equation (5.4), we find
?v? = a (au2 - vg) = o’u® — avs, (5.6)

so that these two equations combine to give

a
va(u, ;) = 2(1+a>u Cos . (5.7)




5.2. TWO-PARTICLE COLLISIONS IN THE CM FRAME 87

Once va(u, ¢; @) is known and after substituting Eq. (5.7) into Eq. (5.6), we find

vi(u, ;) = u \/1 — 4 % cos? @ | (5.8)

where /M = «/(1 + «)? is the ratio of the reduced mass p and the total mass M.

Lastly, we take the ratio of the momentum components (5.2) and (5.3) in order to
eliminate the unknown v; and find

Vg SIn
tanf = 2 14

QU — Uy COSY

If we substitute Eq. (5.7), we easily obtain

2 sin g cos ¢
tanf = )
1 4+ a — 2cos?p
or
sin 2¢p
0(y; = t —_ . 5.9
(p; ) arctan (a — cos2g0> (5.9)

In the limit @ = 1 (i.e., a collision involving identical particles), we find vy = u cosy and
v; = u sing from Egs. (5.7) and (5.8), respectively, and
T

tanf = coty — g0:§—9,

from Eq. (5.9) so that the angular sum 6 + ¢ for like-particle collisions is always 90° (for
¢ #0).

We summarize by stating that after the collision, the momenta q; and qy in the LAB
frame (where my is initially at rest) are

la 1/2
q = p |1l - mcoszgp (cosf x + sinfy)
2
Q@ = POy (cosp X — singy)
1+a

where p; = pX is the initial momentum of particle 1. We note that these expressions for
the particle momenta after the collision satisfy the law of conservation of (kinetic) energy
in addition to the law of conservation of momentum.

5.2 Two-Particle Collisions in the CM Frame

In the center-of-mass (CM) frame, the elastic collision between particles 1 and 2 is described
quite simply; the CM velocities and momenta are, henceforth, denoted with a prime. Before
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Figure 5.2: Collision kinematics in the CM frame

the collision, the momenta of particles 1 and 2 are equal in magnitude but with opposite
directions

Py = puX = — pj,
where (1 is the reduced mass of the two-particle system. After the collision (see Figure 5.2),
conservation of energy-momentum dictates that

q) = pu (cosOX + sin@y) = — qb,

where O is the scattering angle in the CM frame and pu = p/(1 + «). Thus the particle
velocities after the collision in the CM frame are
N u s L OO , _ 9 /
= — = cosOX + sin® and v, = — = —aVvy.
Vi my I+a ( + y) 2 o 1

It is quite clear, thus, that the initial and final kinematic states lie on the same circle in
CM momentum space and the single variable defining the outgoing two-particle state is
represented by the CM scattering angle ©.

5.3 Connection between the CM and LAB Frames

We now establish the connection between the momenta q; and q in the LAB frame and
the momenta q) and g in the CM frame. First, we denote the velocity of the CM as
miu; + Mo Ua au

W = = X
mi -+ ma 14+«

Y
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Figure 5.3: CM collision geometry

so that w = |w| = au/(1 4+ «) and |V = w = a|v]].

The connection between v| and v; is expressed as

vy cos0 = w(l+a! cosO)
Vi =V — W —
vy sinf = wa™ ! sin®
so that O
sin
tanf = ——— 5.10
a a+cos®’ (5.10)
and

v = v} V1 + a2 + 2« cosO,

where v] = u/(1 + «). Likewise, the connection between v} and v, is expressed as

vy cosp = w(l—cosO)
Vo = Vo — W —
vy singy = w sin©®
so that )
; sin © t@ 1( o)
ang = ——— = cot— — = —(m —
14 1—cos® 2 14 2 ’
and
vy = 20 sinE,

where v = au/(1 + a) = w.
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\,u u

Figure 5.4: Scattering geometry
5.4 Scattering Cross Sections

In the previous Section, we investigated the connection between the initial and final kine-
matic states of an elastic collision described by Steps I and III, respectively, introduced
earlier. In the present Section, we shall investigate Step II, namely, how the distance of
closest approach influences the deflection angles (6, ¢) in the LAB frame and © in the CM
frame.

5.4.1 Definitions

First, we consider for simplicity the case of a projectile particle of mass m being deflected
by a repulsive central-force potential U(r) > 0 whose center is a rest at the origin (or
a = 0). As the projectile particle approaches from the right (at r = co and = 0) moving
with speed u, it is progressively deflected until it reaches a minimum radius p at 6 = x
after which the projectile particle moves away from the repulsion center until it reaches
r = oo at a deflection angle §# = © and again moving with speed u. From Figure 5.4, we
can see that the scattering process is symmetric about the line of closest approach (i.e.,
2x = m — O, where © is the CM deflection angle). The angle of closest approach

1
X =3 (m—0) (5.11)
is a function of the distance of closest approach p, the total energy E, and the angular

momentum /. The distance p is, of course, a turning point (7 = 0) and is the only root of
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the equation
62

E = _
Ulp) + 2m 72

(5.12)

where E = mu?/2 is the total initial energy of the projectile particle.

The path of the projectile particle in Figure 5.4 is labeled by the impact parameter b (the
distance of closest approach in the non-interacting case: U = 0) and a simple calculation
(using r X v = buZz) shows that the angular momentum is

¢ = mub = V2mEb. (5.13)

It is thus quite clear that p is a function of E/, m, and b. Hence, the angle x is defined in
terms of the standard integral

y - /poo (¢/r?) dr dx

b/p
= . 5.14
V2m[E—U(r)] — (©2/r?) /o V1 — a2 — Ub/2)/E (514

Once an expression O(b) is obtained from Eq. (5.14), we may invert it to obtain b(0).

5.4.2 Scattering Cross Sections in CM and LAB Frames

We are now ready to discuss the likelyhood of the outcome of a collision by introducing the
concept of differential cross section ¢’(©) in the CM frame. The infinitesimal cross section
do’ in the CM frame is defined in terms of b(©) as do’(©) = wdb*(0). Using Egs. (5.11)
and (5.14), the differential cross section in the CM frame is defined as

o'(0) =

do'  b(©) |db(@) (5.15)

271 sin®dO  sin® | dO

and the total cross section is, thus, defined as
or = 2w / 0'(©) sin© do.
0

We note that, in Eq. (5.15), the quantity db/d© is often negative and, thus, we must take
its absolute value to ensure that ¢/(0) is positive.

The differential cross section can also be written in the LAB frame in terms of the
deflection angle 6 as

o) = (5.16)

2w sinf df  sinf | dO

Since the infinitesimal cross section do = do’ is the same in both frames (i.e., the likelyhood
of a collision should not depend on the choice of a frame of reference), we find

do b(o) db(9)|

o(0) sinfdf = o'(©) sin©do,
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from which we obtain

,, .. sin® dO
o(f) = d'(0) “nd a0 (5.17)

. sinf do
a'(©) = a(0) 0 40" (5.18)

Eq. (5.17) yields an expression for the differential cross section in the LAB frame o (6) once
the differential cross section in the CM frame ¢/(©) and an explicit formula for ©(0) are
known. Eq. (5.18) represents the inverse transformation o(f) — ¢’(©). We point out that,
whereas the CM differential cross section ¢’(0) is naturally associated with theoretical cal-
culations, the LAB differential cross section ¢(#) is naturally associated with experimental
measurements. Hence, the transformation (5.17) is used to translate a theoretical predic-
tion into an observable experimental cross section, while the transformation (5.18) is used
to translate experimental measurements into a format suitable for theoretical analysis.

We note that these transformations rely on finding relations between the LAB deflection
angle 0 and the CM deflection angle © given by Eq. (5.10), which can be converted into

sin(@ —6) = « sin6. (5.19)
For example, using these relations, we now show how to obtain an expression for Eq. (5.17)
by using Egs. (5.10) and (5.19). First, we use Eq. (5.19) to obtain
doe a cosf + cos(© —0)

a0 cos(© — 0) ’ (5:20)

where

cos(© —0) = \/1 — a?sin?6 .
Next, using Eq. (5.10), we show that

= « sinf

—_——~
sin®  a+cos©®  a + [cos(© —0) cost — sin(O© —0) sin0]
sinf cos 6 cos 0
1 — sin? —
— ({1 —sin") + cos(® —6) cosf = acosf + \/1 — a?sin?6 . (5.21)
cos 0
Thus by combining Egs. (5.20) and (5.21), we find
sin® dO [ cosf + V1 — a2 sin®0)? 1+ a? cos26

- = = 2« cosf + , 5.22
sinf df v1 — a2 sin?é 1 — a2sin’d ( )

which is valid for @ < 1. Lastly, noting from Eq. (5.19), that the CM deflection angle is
defined as

O(f) = 0 + arcsin(a sinf),

the transformation ¢’(©) — o(f) is now complete. Similar manipulations yield the trans-
formation o(f) — ¢'(©). We note that the LAB-frame cross section o(f) are generally
difficult to obtain for arbitrary mass ratio o = my/mso.
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5.5 Rutherford Scattering

As an explicit example of the scattering formalism developed in this Chapter, we investigate
the scattering of a charged particle of mass m, and charge ¢; by another charged particle
of mass my > my and charge ¢ such that ¢; ¢ > 0 and p ~ m;. This situation leads to
the two particles experiencing a repulsive central force with potential

k

U = —

==,

where k = q1q2/(4mgp) > 0.
The turning-point equation in this case is

b k
E — E —2 —l— )
P P

whose solution is the distance of closest approach
p =19+ \Jrd+b = b(e+ \/1—|—€2), (5.23)

where 2rg = k/E is the distance of closest approach for a head-on collision (for which the

impact parameter b is zero) and € = ry/b; note, here, that the second solution ro — /73 + b?
to the turning-point equation is negative and, therefore, is not allowed. The problem of
the electrostatic repulsive interaction between a positively-charged alpha particle (i.e., the
nucleus of a helium atom) and positively-charged nucleus of a gold atom was first studied
by Rutherford and the scattering cross section for this problem is known as the Rutherford
cross section.

The angle x at which the distance of closest approach is reached is calculated from
Eq. (5.14) as

b/ d b/ d
X = = = / - , (5.24)
0 V1 — 122 — 2ex 0 \/(1+e2) — (z+e)?
where ; .
P e+V1+e?
Making use of the trigonometric substitution z = — e + /1 + €2 cos, we find that
‘ t
= arccos — € = coty,
X 11 e X
which becomes b
— = tany. (5.25)

To
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Figure 5.5: Rutherford scattering cross-section

Using the relation (5.11), we now find

b(®) = 1o COt%, (5.26)
and thus db(0)/dO = — (ro/2) csc?(©/2). The CM Rutherford cross section is
oy bO) 1db(O)) s
°(0) = sin © | dO | 4 sin*(©/2)’

or

o k ’
7(®) = <4E sin2(9/2)> ‘

Note that the Rutherford scattering cross section (5.27) does not depend on the sign of
k and is thus valid for both repulsive and attractive interactions. Moreover, we note (see
Figure 5.5) that the Rutherford scattering cross section becomes very large in the forward

direction © — 0 (where ¢/ — ©~*) while the differential cross section as © — 7 behaves
as o/ — (k/4E)%.

(5.27)

5.6 Hard-Sphere and Soft-Sphere Scattering

Explicit calculations of differential cross sections tend to be very complex for general central
potentials and, therefore, prove unsuitable for an undergraduate introductory course in
Classical Mechanics. In the present Section, we consider two simple central potentials
associated with a uniform central potential U(r) # 0 confined to a spherical region (r < R).
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Figure 5.6: Hard-sphere scattering geometry

5.6.1 Hard-Sphere Scattering

We begin by considering the collision of a point-like particle of mass m; with a hard sphere
of mass my and radius R. In this particular case, the central potential for the hard sphere
is
oo (for 7 < R)
Ur) =
0 (for r> R)

and the collision is shown in Figure 5.6. From Figure 5.6, we see that the impact parameter
is

b = R siny, (5.28)

where x is the angle of incidence. The angle of reflection 7 is different from the angle of
incidence y for the case of arbitrary mass ratio a = mj/ms. To show this, we decompose
the velocities in terms of components perpendicular and tangential to the surface of the
sphere at the point of impact, i.e., we respectively find

QU CosYy = Vg — (xvUp COST)

ausiny = auvp singn.
From these expressions we obtain

; au siny
anny = ———.
Vg — QU COSX
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From Figure 5.6, we also find the deflection angle § = 7 — (y + 1) and the recoil angle
¢ = x and thus, according to Chap. 5,

()
v —_=
2 T+a U COSs Y,

and thus
+ «

1
tann = (1 )tan X- (5.29)
We, therefore, easily see that n = x (the standard form of the Law of Reflection) only if
a =0 (i.e., the target particle is infinitely massive).

In the CM frame, the collision is symmetric with a deflection angle x = 3 (7 — ©), so
that

b = Rsiny = R COSQ.

2
The scattering cross section in the CM frame is
, _ Db(©) |db(©®)]  Rcos(0/2) R . R
“©) = e | 6|~ smo T2 SmG2 = (530)
and the total cross section is
or = 27 /7r 0'(0)sin® do = 7 R?, (5.31)
0

i.e., the total cross section for the problem of hard-sphere collision is equal to the effective
area of the sphere.

The scattering cross section in the LAB frame can also be obtained for the case a < 1
using Eqs. (5.17) and (5.22) as

R? 14 a? cos 20
0(@) = — | 2a cosf + 5.32
=7 ( m) (532)

for a = my/my < 1. The integration of this formula must yield the total cross section
or = 2w / o(0) sinf db,
0

where 0,4, = 7™ for a < 1.

5.6.2 Soft-Sphere Scattering

We now consider the scattering of a particle subjected to the attractive potential considered

in Sec. 4.5
— Uy (for r < R)
(5.33)
0 (for r > R
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Figure 5.7: Soft-sphere scattering geometry

where the constant Uy denotes the depth of the attractive potential well and E > (2 /2uR?
involves a single turning point. We denote 3 the angle at which the incoming particle enters
the soft-sphere potential (see Figure 5.7), and thus the impact parameter b of the incoming
particle is b = R sin 3. The particle enters the soft-sphere potential region (r < R) and
reaches a distance of closest approach p, defined from the turning-point condition

b b R
E=-U+E= — p=-——8 = = sing,
p? J14+U/E 71

where n = /1 4 Uy/E denotes the index of refraction of the soft-sphere potential region.
From Figure 5.7, we note that an optical analogy helps us determine that, through Snell’s
law, we find

sinf = n sin (ﬁ — %), (5.34)

where the transmission angle « is given in terms of the incident angle § and the CM
scattering angle —© as © = 2(08 — «).

The distance of closest approach is reached at an angle x is determined as

R bdr
NP

n2r2 — ph2

b
np
—_——

= [ 4+ arccos LA arccos
B nRk
0
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1

= [ + arccos (%) =3 (m+ ©), (5.35)

and, thus, the impact parameter b(©) can be expressed as

S)

b(O) = nR sin (ﬁ(b) _ 5) )

_ nR sin(©/2)
\/1 +n?—2n cos(@/Q)’

(5.36)

and its derivative with respect to © yields
db nR [ncos(©/2) —1] [n — cos(0/2)]
do 2 [1+n2—2n cos(©/2)]3/2
and the scattering cross section in the CM frame is
b(©) |db(@)| _ n?R? |[n cos(0/2) — 1] [n — cos(0/2)]|
sin® | dO 4 cos(©/2)[1 +n?—2n cos(0/2)]>

Note that, on the one hand, when § = 0, we find x = 7/2 and ©,,;, = 0, while on the other
hand, when § = 7/2, we find b = R and

. (W @max>
1 = nsin|—-—
2 2

Moreover, when © = O,.x, we find that db/d© vanishes and, therefore, the differential
cross section vanishes ¢/(Oyax) = 0, while at © = 0, we find ¢/(0) = [n/(n — 1)]* (R?/4).

o(©) =

= n co8(Omax/2) — Opmax = 2 arccos (n_l).

Figure 5.8 shows the soft-sphere scattering cross section 7(0) (normalized to the hard-
sphere cross section R?/4) as a function of © for four cases: n = (1.1, 1.15) in the soft-sphere
limit (n — 1) and n = (50,1000) in the hard-sphere limit (n — 00). We clearly see the
strong forward-scattering behavior as n — 1 (or Uy — 0) in the soft-sphere limit and the
hard-sphere limit @ — 1 as n — co. We note that the total scattering cross section (using
the substitution x = n cos ©/2)

n(z—1)(n?—z)dz
(1 + n? — 2x)?

is independent of the index of refraction n and equals the hard-sphere total cross section
(5.31).

= 1 R?

®maX
or = 27r/ d'(0) sin®de = 27TR2/
0 1

The opposite case of a repulsive soft-sphere potential, where — U is replaced with Uy in
Eq. (5.33), is treated by replacing n = (1 + Uy/E)? with n = (1 —Uy/E)"2 and Eq. (5.36)
is replaced with
B R sin(©/2)

\/1 +n?—2n cos(@/Q)’

(5.37)

b(O) = n~' R sin (ﬁ(b) + %) ~ b(e)

while Snell’s law (5.34) is replaced with

sin (ﬁ + %) = n sinf.
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Figure 5.8: Soft-sphere scattering cross-section

5.7 Problems

Problem 1

(a) Using the conservation laws of energy and momentum, solve for vi(u,#;3), where
ﬁ = mg/ml and

~

W = uXx
vi = v; (cosfX + sinfy)
vy = vy (cospX — sinpy)

(b) Discuss the number of physical solutions for vy (u, 8; 3) for § < 1 and g > 1.
(c) For 8 < 1, show that physical solutions for v;(u, #; 3) exist for 6 < arcsin(8) = Oqs-
Problem 2

Show that the momentum transfer Ap} = q} — p/ of the projectile particle in the CM
frame has a magnitude

0
[ApY| = 2pu sin

where u, u, and © are the reduced mass, initial projectile LAB speed, and CM scattering
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angle, respectively.

Problem 3

Show that the differential cross section ¢’(0) for the elastic scattering of a particle of
mass m from the repulsive central-force potential U(r) = k/r* with a fixed force-center at
r =0 (or an infinitely massive target particle) is

212 k (mr—0)

7(®) = mu? [0 (27 — 0)]2 sin®’

where u is the speed of the incoming projectile particle at r = cc.

— 2
Hint :  Show that b(©) = %, where 15 = 1{52‘
TO — mu

Problem 4

By using the relations tanf = sin®/(a + cos©) and/or sin(© — ) = « sinf, where
a = my /ms, show that the relation between the differential cross section in the CM frame,
0'(0), and the differential cross section in the LAB frame, o(#), is

14+ o cos©

o(0) = a(6) - (142 cos® + a2)3/2

Problem 5

Consider the scattering of a particle of mass m by the localized attractive central po-
tential
—kr?/2 r <R
U(r) =
0 r > R

where the radius R denotes the range of the interaction.

(a) Show that for a particle of energy E > 0 moving towards the center of attraction with
impact parameter b = R sin 3, the distance of closest approach p for this problem is

E 2 kb?
p = E(e—l), where e = /1 + Z
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(b) Show that the angle x at closest approach is

(b/r
X = / /)
\/1—62/7’2+k7’2/2E
1 23 -1
= [ + - arccos <7sm b )
2 e

(c) Using the relation x = 3 (7 + ©) between x and the CM scattering angle ©, show that

cos 2
=
© cos(20 — O) =
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Chapter 6

Motion in a Non-Inertial Frame

A reference frame is said to be an inertial frame if the motion of particles in that frame is
subject only to physical forces (i.e., forces are derivable from a physical potential U such
that mx = — VU). The Principle of Galilean Relativity states that the laws of physics are
the same in all inertial frames and that all reference frames moving at constant velocity
with respect to an inertial frame are also inertial frames. Hence, physical accelerations are
identical in all inertial frames.

In contrast, a reference frame is said to be a non-inertial frame if the motion of particles
in that frame of reference violates the Principle of Galilean Relativity. Such non-inertial
frames include all rotating frames and accelerated reference frames.

6.1 Time Derivatives in Fixed and Rotating Frames

To investigate the relationship between inertial and non-inertial frames, we consider the
time derivative of an arbitrary vector A in two reference frames. The first reference frame
is called the fized (inertial) frame and is expressed in terms of the Cartesian coordinates
r' = (2/,y/,2"). The second reference frame is called the rotating (non-inertial) frame and
is expressed in terms of the Cartesian coordinates r = (z,y, z). In Figure 6.1, the rotating
frame shares the same origin as the fixed frame and the rotation angular velocity w of the

rotating frame (with respect to the fixed frame) has components (w,, wy,w,).

Since observations can also be made in a rotating frame of reference, we decompose the
vector A in terms of components A; in the rotating frame (with unit vectors x'). Thus,
A = A; X' (using the summation rule) and the time derivative of A as observed in the fixed
frame is

dA  dA, . a5
@A o+ A2 1
dt a - Ty (6.1)

The interpretation of the first term is that of the time derivative of A as observed in the

103
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Figure 6.1: Rotating and fixed frames

rotating frame (where the unit vectors X are constant) while the second term involves the
time-dependence of the relation between the fixed and rotating frames. We now express
dx'/dt as a vector in the rotating frame as

dxt

dt
where R represents the rotation matrix associated with the rotating frame of reference;
this rotation matrix is anti-symmetric (R¥ = — R’*) and can be written in terms of the
anti-symmetric tensor €% (defined in terms of the vector product A X B = A;B; €7k 3, for
two arbitrary vectors A and B) as RY = €“*wy,, where w; denotes the components of the
angular velocity w in the rotating frame. Hence, the second term in Eq. (6.1) becomes

— RY ?j = Eijkwk ?j, (62)

dx' T
AZE = AiEJ W X5 = w X A. (63)
The time derivative of an arbitrary rotating-frame vector A in a fixed frame is, therefore,
expressed as
dA dA
— | = |— X A 6.4
(), = () ~exr 64

where (d/dt); denotes the time derivative as observed in the fixed (f) frame while (d/dt),
denotes the time derivative as observed in the rotating (r) frame. An important application
of this formula relates to the time derivative of the rotation angular velocity w itself. One

can easily see that
do) ([
), \dt)’
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Ol

Figure 6.2: General rotating frame

since the second term in Eq. (6.4) vanishes for A = w; the time derivative of w is, therefore,
the same in both frames of reference and is denoted w in what follows.

6.2 Accelerations in Rotating Frames

We now consider the general case of a rotating frame and fixed frame being related by
translation and rotation. In Figure 77?7, the position of a point P according to the fixed
frame of reference is labeled r’, while the position of the same point according to the
rotating frame of reference is labeled r, and

r = R +r, (6.5)

where R denotes the position of the origin of the rotating frame according to the fixed
frame. Since the velocity of the point P involves the rate of change of position, we must
now be careful in defining which time-derivative operator, (d/dt); or (d/dt),, is used.

The velocities of point P as observed in the fixed and rotating frames are defined as

dr’ dr
\ <E>f and v, = <E>T’ (6.6)

respectively. Using Eq. (6.4), the relation between the fixed-frame and rotating-frame
velocities is expressed as

dR dr
= R — —_— = r R 67
vy <dt>f+<dt>f V+ v, + wXr (6.7)
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where V. = (dR/dt); denotes the translation velocity of the rotating-frame origin (as
observed in the fixed frame).

Using Eq. (6.7), we are now in a position to evaluate expressions for the acceleration of
point P as observed in the fixed and rotating frames of reference

de dVT
ar = (W)f and a, = (dt )T, (68)

respectively. Hence, using Eq. (6.7), we find

g = (D) 4 () 4 () g owx (&
= \a ), at ), dtfr i)

= A+ (a, + wXV) + wXr + wX (v, + wXr),

or
af = A+a +2wXVv, + wXr + wX (wxr), (6.9)

where A = (dV/dt); denotes the translational acceleration of the rotating-frame origin
(as observed in the fixed frame of reference). We can now write an expression for the
acceleration of point P as observed in the rotating frame as

a =a — A - wX (WXr) — 2wXV, — wXr, (6.10)

which represents the sum of the net inertial acceleration (ay — A), the centrifugal accel-
eration —w X (w X r) and the Coriolis acceleration — 2w X v, (see Figures 6.3) and an
angular acceleration term — w X r which depends explicitly on the time dependence of the
rotation angular velocity w.

The centrifugal acceleration (which is directed outwardly from the rotation axis) rep-
resents a familiar non-inertial effect in physics. A less familiar non-inertial effect is the
Coriolis acceleration discovered in 1831 by Gaspard-Gustave Coriolis (1792-1843). Figure
6.3 shows that an object falling inwardly also experiences an eastward acceleration.

6.3 Lagrangian Formulation of Non-Inertial Motion

We can recover the expression (6.10) for the acceleration in a rotating (non-inertial) frame
from a Lagrangian formulation as follows. The Lagrangian for a particle of mass m moving
in a non-inertial rotating frame (with its origin coinciding with the fixed-frame origin) in
the presence of the potential U(r) is expressed as

L(r,i) = %If +wxr - Ur), (6.11)
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Figure 6.3: Centrifugal and Coriolis accelerations
where w is the angular velocity vector and we use the formula
o+ wxrf = [\ + 2w (0xE) + [0 — (wer)].

Using the Lagrangian (6.11), we now derive the general Euler-Lagrange equation for r.
First, we derive an expression for the canonical momentum

oL

p:E:m(r%—er), (6.12)

and
d (oL (f + wXr + wXr)
— | =] = m(r .
dt \ or

Next, we derive the partial derivative

Z_L = —VU(r) - mwxt + wX (wxr)],
r

so that the Fuler-Lagrange equations are
mit¥ = —VU(r) — m[wXr + 2wXr + wX (wXr)]. (6.13)

Here, the potential energy term generates the fixed-frame acceleration, — VU = may, and
thus the Euler-Lagrange equation (6.13) yields Eq. (6.10).
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Figure 6.4: Earth frame

6.4 Motion Relative to Earth

We can now apply these non-inertial expressions to the important case of the fixed frame of
reference having its origin at the center of Earth (point O’ in Figure 6.4) and the rotating
frame of reference having its origin at latitude A and longitude ¢ (point O in Figure 6.4).
We note that the rotation of the Earth is now represented as ¢ = w and that w = 0.

We arrange the (x,y, z) axis of the rotating frame so that the z-axis is a continuation
of the position vector R of the rotating-frame origin, i.e., R = RZ in the rotating frame
(where R = 6378 km is the radius of a spherical Earth). When expressed in terms of the
fixed-frame latitude angle A and the azimuthal angle ¢, the unit vector Z is

Z = cos\ (cosyX + sinyy') + sinAZ,

i.e., Z points upward. Likewise, we choose the x-axis to be tangent to a great circle passing
through the North and South poles, so that

X = sin\ (cosyX + sinyy') — cosAZ,
i.e., X points southward. Lastly, the y-axis is chosen such that
Yy =2ZXX = —sinyX + cosy ¥,
i.e., y points eastward.

We now consider the acceleration of a point P as observed in the rotating frame O by
writing Eq. (6.10) as

d*r

dt?

:go—Rf—wx(er)—2wx%. (6.14)
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The first term represents the pure gravitational acceleration due to the graviational pull of
the Earth on point P (as observed in the fixed frame located at Earth’s center)

GM
= ———=Tr
go |r/|3 )

where r' = R + r is the position of point P in the fixed frame and r is the location of
P in the rotating frame. When expressed in terms of rotating-frame spherical coordinates

(r.0,¢):
r = r[sinf (cosp X + sinpy) + cosfzZ],

the fixed-frame position r’ is written as

/

r' = (R+rcosf)z + rsinf (cospXx+sinpy),
and thus 5o
']® = (R2 + 2 Rr cosf + 7’2) .

The pure gravitational acceleration is, therefore, expressed in the rotating frame of the
Earth as

(1+ecosh)z + esinf (cosp X+ sinpy)
= — 6.15
80 g0 [ (1+2€cos + €2)3/2 ’ (6.15)
where go = GM/R? = 9.789 m/s?> and e = r/R < 1.
The angular velocity in the fixed frame is w = wZ’, where
2
w = m rad = 7.27 x 107° rad/s
24 x 3600 sec
is the rotation speed of Earth about its axis. In the rotating frame, we find
w = w (SinA\Z — cosAX). (6.16)

Because the position vector R rotates with the origin of the rotating frame, its time deriva-
tives yield

R; = wXxR = (WR cos)) ¥,
R = wXxR; = wX (WXxR) = —w?RcosA (cosAZ + sinAX),

and thus the centrifugal acceleration due to R is
R = —wX (WxR) = agy cosA(cosAZ + sinAX), (6.17)

where w? R = 0.0337 m/s? can be expressed in terms of the pure gravitational acceleration
go as Ww*R = «agy, where a = 3.4 x 1072. We now define the physical gravitational
acceleration as

g = g — wX [wX(R+r)]
= 90[— (1 — acosz)\)i + (o cos A sin \) ?}, (6.18)



110 CHAPTER 6. MOTION IN A NON-INERTIAL FRAME

where terms of order € have been neglected. For example, a plumb line experiences a small
angular deviation §(A) (southward) from the true vertical given as

Gz « sin 2\
tano(\) = = :
ano(}) |9 (2—a)+ a cos2\
This function exhibits a maximum at a latitude X defined as cos 2\ = — a/(2 — a), so that
a sin 2\

- a
tand = — = ~ 1.7 x 10_3,
(2— ) +a cos2\ 2V1—-a

or
d ~ 5.86 arcmin at A\ =~ (% + %) rad = 45.05°.
We now return to Eq. (6.14), which is written to lowest order in € and « as

d’r dr

— = —9Z — 2w X — 6.19
where P
w X d_I; = w[(Zsin\ + Z2cosA)y — ¥ (SinAX + cosAZ) .
Thus, we find the three components of Eq. (6.19) written explicitly as
T = 2wsin\y
J = —2w(sinA® + cosAz) ;. (6.20)
Z = —g + 2wcosA\y

A first integration of Eq. (6.20) yields

T = 2wsiniy + C,
y = —2w(sinAz 4+ cosAz) + C, 7, (6.21)
2 = —gt + 2wcoshy + C,

where (C,, Cy, C,) are constants defined from initial conditions (zo, Yo, 20) and (Zo, Yo, 20):

C, = Tp — 2w sin yg
Cy = 9 + 2w(sinAzg + cosA zp) . (6.22)
C, = %29 — 2w cos Ay

A second integration of Eq. (6.21) yields
t
x(t) = z9 + Cpt + 2w sin A / y dt,
0
t t
y(t) = yo + Cyt — 2w sin)\/ xdt — 2w cos)\/ zdt,
0 0

1 t
2(t) = zo + C.t — §gt2 + 2w cos)\/ y dt,
0
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which can also be rewritten as

xz(t) = xo + Cpt + 0z(t)
y(t) = wyo + Cyt + dy(t) , (6.23)
2(t) = 20 + C.t — 59t + 02(t)
where the Coriolis drifts are
1 t
dx(t) = 2w sinA(yOt + 3 Cyt* + / 5ydt> (6.24)
0
1 t
dy(t) = — 2w sin A (:Eot + = Ct* + / 5zdt>
2 0
—Qchos)\(zt—l—lCtz—1 t3+/t52dt> (6.25)
0 2 6g 0 '
1 t
0z(t) = 2w cos)\(yot + 3 Cyt* + / 6ydt>. (6.26)
0

Note that each Coriolis drift can be expressed as an infinite series in powers of w and that
all Coriolis effects vanish when w = 0.

6.4.1 Free-Fall Problem Revisited
As an example of the importance of Coriolis effects in describing motion relative to Earth,
we consider the simple free-fall problem, where
(0, Yo, 20) = (0,0,h) and (&0, 0, %0) = (0,0,0),
so that the constants (6.22) are
C, =0=20C, and Cy = 2wh cosA.

Substituting these constants into Eqgs. (6.23) and keeping only terms up to first order in w,
we find

z(t) = 0, (6.27)
y(t) = % gt*w cos A, (6.28)
2(t) = h — %gtz. (6.29)

Hence, a free-falling object starting from rest touches the ground z(7') = 0 after a time
T = \/2h/g after which time the object has drifted eastward by a distance of

1 A [8h3
y(T) = ggT?’w COSA = wc?())s e

At a height of 100 m and latitude 45°, we find an eastward drift of 1.55 cm.




112 CHAPTER 6. MOTION IN A NON-INERTIAL FRAME

Figure 6.5: Foucault pendulum

6.4.2 Foucault Pendulum

In 1851, Jean Bernard Léon Foucault (1819-1868) was able to demonstrate the role played
by Coriolis effects in his investigations of the motion of a pendulum (of length ¢ and mass
m) in the rotating frame of the Earth. His analysis showed that, because of the Coriolis
acceleration associated with the rotation of the Earth, the motion of the pendulum exhibits
a precession motion whose period depends on the latitude at which the pendulum is located.

The equation of motion for the pendulum is given as
I = af — 2w X, (6.30)

where ay = g+ T /m is the net fixed-frame acceleration of the pendulum expressed in terms
of the gravitational acceleration g and the string tension T (see Figure 6.5). Note that
the vectors g and T span a plane Il in which the pendulum moves in the absence of the
Coriolis acceleration — 2w X 1. Using spherical coordinates (r, 0, ¢) in the rotating frame
and placing the origin O of the pendulum system at its pivot point (see Figure 6.5), the
position of the pendulum bob is

r = { [sinf(sinpX + cospy) — cosfzZ]| = (7(0,9). (6.31)
From this definition, we construct the unit vectors 6 and P as
= oF  OF 00
= a—g, é = sinfp, and 70 = cosfp. (6.32)

Note that, whereas the unit vectors 7 and 6 lie on the plane II, the unit vector ¢ is
perpendicular to it and, thus, the equation of motion of the pendulum perpendicular to the
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plane II is
Fr-g = —2 (WXT) . (6.33)

The pendulum velocity is obtained from Eq. (6.31) as
= (00 + ¢sing @), (6.34)
so that the azimuthal component of the Coriolis acceleration is
—2 (WXT)+@ = 2lwh(sin ) cosf + cosA sinf sin).

If the length ¢ of the pendulum is large, the angular deviation 6 of the pendulum can be
small enough that sinf < 1 and cosf ~ 1 and, thus, the azimuthal component of the
Coriolis acceleration is approximately

—2 (wXr) - ~ 20(wsin)) 6. (6.35)
Next, the azimuthal component of the pendulum acceleration is
r-p = E(gb sinf + 20¢ cos@),
which for small angular deviations yields
g~ 20(p) 0. (6.36)

By combining these expressions into Eq. (6.33), we obtain an expression for the precession
angular frequency of the Foucault pendulum

Y = w sin A (6.37)

as a function of latitude \. As expected, the precession motion is clockwise in the Northern
Hemisphere and reaches a maximum at the North Pole (A = 90°). Note that the precession
period of the Foucault pendulum is (1 day/sin\) so that the period is 1.41 days at a
latitude of 45° or 2 days at a latitude of 30°.

The more traditional approach to describing the precession motion of the Foucault pen-
dulum makes use of Cartesian coordinates (z,y, z). The motion of the Foucault pendulum
in the (z,y)-plane is described in terms of Egs. (6.30) as

.. 2 _ . .
T+ wfjr = 2wsin)y }’ (6.38)

U+ wjy = —2wsinAz

where w? = T/ml ~ g/l and z ~ 0 if £ is very large. Figure 6.6 shows the numerical
solution of Egs. (6.38) for the Foucault pendulum starting from rest at (zo,y0) = (0, 1)
with 2 (w/wp) sin A = 0.05 at A = 45°. The left figure in Figure 6.6 shows the short time
behavior (note the different = and y scales) while the right figure in Figure 6.6 shows the
complete Foucault precession. Figure 6.7 shows that, over a finite period of time, the
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Figure 6.7: Projection of Foucault pendulum
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pendulum motion progressively moves from the East-West axis to the North-South axis.
We now define the complex-valued function

g =y+ix = {sinf e, (6.39)
so that Eq. (6.38) becomes
G+ wiq — 2iwsin\g = 0.

Next, we now insert the eigenfunction ¢(t) = p exp(i€)t) into this equation and find that
the solution for the eigenfrequency (2 is

Q = wsin\ + \/w2 sin? A + wg,

so that the eigenfunction is

q = pe™ ™M gin (\/w2 sin? A 4+ w2 t).

By comparing this solution with Eq. (6.39), we finally find

p sin (\/w2 sin? A + w2 t) = ( sinf ~ £0(t),

and
p(t) = (wsinA) t,

from which we recover the Foucault pendulum precession frequency (6.37).
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6.5 Problems

Problem 1

(a) Consider the case involving motion on the (x,y)-plane perpendicular to the angular
velocity vector w = wZ with the potential energy

Ur) = %k‘(a:z + yz).

Using the Euler-Lagrange equations (6.13), derive the equations of motion for x and y.

(b) By using the equations of motion derived in Part (a), show that the canonical angular
momentum ¢ = Z- (r X p) is a constant of the motion.

Problem 2

If a particle is projected vertically upward to a height h above a point on the Earth’s
surface at a northern latitude A\, show that it strikes the ground at a point

4w & h3
— COS A (/| —
3 V g

to the west. (Neglect air resistance, and consider only small vertical heights.)



Chapter 7

Rigid Body Motion

7.1 Inertia Tensor

7.1.1 Discrete Particle Distribution

We begin our description of rigid body motion by considering the case of a rigid discrete
particle distribution in which the inter-particle distances are constant. The position of each
particle o as measured from a fized laboratory (LAB) frame is

/
r, = R + r,,

where R is the position of the center of mass (CM) in the LAB and r,, is the position of
the particle in the CM frame. The velocity of particle o in the LAB frame is

v, =V + wXr,, (7.1)

where w is the angular velocity vector associated with the rotation of the particle distribu-
tion about an axis of rotation which passes through the CM and V is the CM velocity in
the LAB frame. The total linear momentum in the LAB frame is equal to the momentum
of the center of mass since

P = Z mavh, = MV + w X <Zmara> = MV,
where we have used the definition of the total mass of the particle distribution

M = Zma and Z mare = 0. (7.2)

Hence, the total momentum of a rigid body in its CM frame is zero. The total angular
momentum in the LAB frame, however, is expressed as

L' =Y mar,Xv, = MRXV + > mary X (wXr,), (7.3)

117
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Figure 7.1: Discrete distribution of mass

where we have used the identities (7.2).

The kinetic energy of particle a (with mass m,,) in the LAB frame is

KL= T = M (VP 2 Vewxn, + o),

and thus, using the identities (7.2), the total kinetic energy K’ = >, K/ of the particle
distribution is

M 1
K = Y V|? + §{w2 (Z mari> - Ww (Z marara> } (7.4)
Looking at Egs. (7.3) and (7.4), we now introduce the inertia tensor of the particle

distribution
I-= Z Me (ril — 1, ra), (7.5)

where 1 denotes the unit tensor (i.e., in Cartesian coordinates, 1 = XX + yy + zZ). The
inertia tensor can also be represented as a matrix

Yo Ma (Y +22) = Xa Ma(Tala)  — Xa Ma(Ta?a)
I = — Yo Ma (YaTa) 2o Ma (fi + Zi) — Yo Ma (Yaza) |, (7.6)
— Yo Ma (2aTa) — Yo Ma (2aYa) Yo Ma (fi + yi)

where the symmetry property of the inertia tensor (I7* = /) is readily apparent. In terms
of the inertia tensor (7.5), the angular momentum of a rigid body in the CM frame and its
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Figure 7.2: Parallel-axes theorem

rotational kinetic energy are

L=1w and K, = ~w-1-w. (7.7)

7.1.2 Parallel-Axes Theorem

A translation of the origin from which the inertia tensor is calculated leads to a different
inertia tensor. Let Q, denote the position of particle « in a new frame of reference (with
its origin located at point P in Figure 7.2) and let p = r, — Q,, is the displacement from
point C'M to point P. The new inertia tensor

J =3 m(Q:1 - Q.Qu)

can be expressed as

Since M =", mq and >, mars = 0, we find
J=M(p*1 - pp) + Ieu. (7.8)

Hence, once the inertia tensor Icy, is calculated in the CM frame, it can be calculated
anywhere else. Eq. (7.8) is known as the Parallel-Axes Theorem.
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Figure 7.3: Continuous distribution of mass

7.1.3 Continuous Particle Distribution

For a continuous particle distribution the inertia tensor (7.5) becomes

I = / dm (7’21 — rr), (7.9)

where dm(r) = p(r) d®r is the infinitesimal mass element at point r, with mass density
p(r).

Consider, for example, the case of a uniform cube of mass M and volume b3, with
dm = (M/b*) dx dy dz. The inertia tensor (7.9) in the LAB frame (with the origin placed
at one of its corners) has the components

M b b b 2
gl — 5_3/0 dz/o dy/o ds - (y2—|—22) _ §sz — J2 = J®  (7.10)

M b b b 1
le:——/dz/dy/dz-a:y:——M62:J23:J31 (7.11)

b Jo 0 0 4

and thus the inertia matrix for the cube is
8 -3 -3
M b?

= — — . 12
J 1 3 8 3 (7.12)

-3 -3 8
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Figure 7.4: Cube

On the other hand, the inertia tensor calculated in the CM frame has the components

M b/2 b/2 b/2 1
Mmoo _/ d / d / dz - (2 +22) = =~ MW = 12 = [3(7.13
b Job2 . — b2 4 —b/2 : (y Tz ) 6 (7.13)

M b/2 b/2 b/2

and thus the CM inertia matrix for the cube is

1 0 0
M2
T — 6b 0o 1 o] (7.15)
0 0 1

The displacement vector p from the CM point to the corner O is given as

Mv?
4

M (p*1 — pp) = -1 2 -1

—1 —1 2

when added to the CM inertia tensor (7.15), yields the inertia tensor (7.12)
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7.1.4 Principal Axes of Inertia

In general, the CM inertia tensor I can be made into a diagonal tensor with components
given by the eigenvalues I, I5, and I3 of the inertia tensor. These components (known as
principal moments of inertia) are the three roots of the cubic polynomial

P — Te(I) I + Ad(T) I — Det(I) = 0, (7.16)
obtained from Det(I — I 1) = 0, with coefficients

TI'(I) — Ill + 122 + 133’
Ad(I) = ady + adyp + adss,

Det(I) = Ill ad11 — Ilzadlg + Ilgadlg,

where ad;; is the determinant of the two-by-two matrix obtained from I by removing the

it"-row and j*-column from the inertia matrix I.

Each principal moment of inertia I; represents the moment of inertia calculated about
the principal axis of inertia with unit vector €. The unit vectors (€, €s,€3) form a new
frame of reference known as the Body frame. The unit vectors (€, €;,€3) are related by a
sequence of rotations to the Cartesian CM unit vectors (X', %?,x3) by the relation

& = R, ¥, (7.17)

where R;; are components of the rotation matrix R. By denoting as I' the diagonal inertia
tensor calculated in the body frame of reference (along the principal axes), we find

I, 00
I' =RI.R' =0 L, 0 [, (7.18)
0 0 Iy

where RT denotes the transpose of R, i.e., (RT);; = Rj;. In the body frame, the inertia
tensor is, therefore, expressed in dyadic form as

I/ = Il /él/él + Ig /ég/ég + Ig /ég/ég, (719)

and the rotational kinetic energy (7.7) is

1 1
Ky =gwlw=g(hof+ L+ L), (7.20)

Note that general rotation matrices have the form

R.(a) = nh + cosa(l — nn) — sinan X1, (7.21)
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Figure 7.5: Dumbbell

where the unit vector n defines the axis of rotation about which an angular rotation of
angle « is performed according to the right-hand-rule.

A rigid body can be classified according to three categories. First, a rigid body is said
to be a spherical top if its three principal moments of inertia are equal (I} = I, = I3),
i.e., the three roots of the cubic polynomial (7.16) are triply degenerate. Next, a rigid
body is said to be a symmetric top if two of its principal moments of inertia are equal
(I = I, # 1I3), i.e., I3 is a single root and I; = I, are doubly-degenerate roots of the cubic
polynomial (7.16). Lastly, when the three roots (I; # I # I3) are all single roots of the
cubic polynomial (7.16), a rigid body is said to be an asymmetric top.

Before proceeding further, we consider the example of a dumbbell composed of two
equal point masses m placed at the ends of a massless rod of total length 2b and rotating
about the z-axis with angular frequency w. Here, the positions of the two masses are
expressed as

ry = +b[sinf(cospX + singy) + cosfz],

so that the CM inertia tensor is

1 — cos? p sin? @ — cosp sing sin?  — cosp cosf sind
I = 2mb* | — cosyp siny sin? @ 1 — sin? ¢ sin? 0 — sing cosf sinf | . (7.22)
— cos p cosf sin @ — siny cosf sinf 1 —cos?6

After some tedious algebra, we find Tr(I) = 4mb? Ad(I) = (2mb?)?, and Det(I) = 0,
and thus the cubic polynomial (7.16) has the single root I3 = 0 and the double root
I, = I, = 2mb?, which makes the dumbbell a symmetric top.
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The root I3 = 0 clearly indicates that one of the three principal axes is the axis of
symmetry of the dumbbell (63 = 7). The other two principal axes are located on the
plane perpendicular to the symmetry axis (i.e., €, = 6 and €&, = @). From these choices,

we easily recover the rotation matrix

cosp cosf sinp cosf — sind
R = Ro(—0) - Rs(p) = [ —sinp Cos 01,
cosp sinfl  siny sinf cos 6

so that, using the spherical coordinates (r, 6, ¢), we find

8 = cosf (cospX+singy) — sinfz = 6,
€ = — sinpX + cospy = @,
€3 = sinf (cospX+singy) + cosfz = 7.

Indeed, the principal moment of inertia about the r-axis is zero, while the principal moments
of inertia about the perpendicular 6- and @-axes are equally given as 2mb?.

7.2 Angular Momentum

7.2.1 Euler Equations

The time derivative of the angular momentum L = I w in the fixed (LAB) frame is given

* dL dL
=) = (= L =N
(), = (&), roxr-n

where N represents the external torque applied to the system and (dL/dt), denotes the
rate of change of L in the rotating frame. By choosing the body frame as the rotating
frame, we find

dL . A N N
<E> =l-w = (Lhw)er + (laun)& + (I3ws)es, (7.23)
while
wXL = —/él{(UQ(U3 (12—13)} - §2{w3w1 (13_11)} - §3{w1w2 (11_12)}'
(7.24)

Thus the time evolution of the angular momentum in the body frame of reference is de-

scribed in terms of .
Il W1 — WaWws (Ig — Ig) = N1

IQ L{Jg — W3 w1 (Ig—]l) = N2 5 (725)
I3ws — wiwy (11—12) = N3
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which are known as the Euler equations. Lastly, we note that the rate of change of the
rotational kinetic energy (7.7) is expressed as

dK rot
dt

= w'l'w =w:(—wxL + N) = N-w. (7.26)

We note that in the absence of external torque (N = 0), not only is kinetic energy conserved
but also L? = 32 | (Ijw;)?, as can be verified from Eq. (7.25). Note that, for a general
function F'(L) of angular momentum and in the absence of external torque, we find

dF I or 0K.p  OF

T A ) T

and thus any function of |L| is a constant of the motion for rigid body dynamics.
7.2.2 FEuler Equations for a Force-Free Symmetric Top
As an application of the Euler equations (7.25) we consider the case of the dynamics of

a force-free symmetric top, for which N = 0 and Iy = I, # I3. Accordingly, the Euler
equations (7.25) become

Il d)l = W2 Wws (11—13)
Il d)g = W3w1 (Ig — Il) s (727)
Isws = 0

The last Euler equation states that if I3 # 0, we have w3 = 0 or that w3 is a constant of
motion. Next, after defining the precession frequency

Wy = ws (— — 1) , (7.28)
which may be positive (I3 > I;) or negative (I3 < I;), the first two Euler equations yield
wi(t) = —wpwa(t) and Wo(t) = wp wil(t). (7.29)
The general solutions for wy(t) and wy(t) are
wi(t) = wo cos(wpt + o) and wo(t) = wp sin(wpt + ¢o), (7.30)

where wy is a constant and ¢ is an initial phase associated with initial conditions for w ()
and wy(t). Since w3 and wg = w?(t) +w3(t) are constant, then the magnitude of the angular

velocity w,
w = \w?+wi+ws,

is also a constant. Thus the angle o between w and €3 is constant, with

w3 = wcosa and Jw?+wi = wy = w sina.
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Figure 7.6: Body cone

Since the magnitude of w is also constant, the w-dynamics simply involves a constant
rotation with frequency ws and a precession motion of w about the €s-axis with a precession
frequency w,; as a result of precession, the vector w spans the body cone with w, > 0 if
Is > I (for a pancake-shaped or oblate symmetric top) or w, < 0 if I3 < I; (for a cigar-
shaped or prolate symmetric top).

For example, to a good approximation, Earth is an oblate spheroid with
I = 1M(a2+c2) —hoand Iy = 2Md® > L
1 5 2 3 5 )

where 2 ¢ = 12,714 km is the Pole-to-Pole distance and 2a = 12, 756 km is the equatorial
diameter, so that
2 _ 2

L) T2 003208 — e

Il a2 + 02
The precession frequency (7.28) of the rotation axis of Earth is, therefore, w, = € w3, where
wy = 27 rad/day is the rotation frequency of the Earth, so that the precession motion
repeats itself every e~ ! days or 303 days; the actual period is 430 days and the difference is
partially due to the non-rigidity of Earth and the fact that the Earth is not a pure oblate
spheroid. A slower precession motion of approximately 26,000 years is introduced by the
combined gravitational effect of the Sun and the Moon on one hand, and the fact that
the Earth’s rotation axis is at an angle 23.5° to the Ecliptic plane (on which most planets
move).

The fact that the symmetric top is force-free implies that its rotational kinetic energy
is constant [see Eq. (7.26)] and, hence, L - w is constant while w X L -€; = 0 according to
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Eq. (7.24). Since L itself is constant in magnitude and direction in the LAB (or fixed)
frame, we may choose the z-axis to be along L (i.e., L = £Z). If at a given instant, w; = 0,
then wy = wy = w sina and w3 = w cos a.. Likewise, we may write L; = I; w; = 0, and

L2 = Ig(dg = Ilw sina = /¢ sin@,

Ly = I3ws = 3w cosa = [ cosb,

where L -w = fw cos6, with 6 represents the space-cone angle. From these equations, we
find the relation between the body-cone angle o and the space-cone angle 6 to be

1
tanf = (—1> tan a, (7.31)
I3

which shows that 8 > « for I3 < I; and 0 < « for I3 > 1.

7.2.3 Euler Equations for a Force-Free Asymmetric Top

We now consider the general case of an asymmetric top moving under force-free conditions.
To facilitate our discussion, we assume that [; > I, > I3 and thus Euler’s equations (7.25)
for a force-free asymmetric top are

Il d)l = WaWs (12—13)
IQ d)g = — W3wz (Il — Ig) . (732)
Ig d)g = W1 Wwsq (11—12)

As previously mentioned, the Euler equations (7.32) have two constants of the motion:
kinetic energy

1
K = (hw! + hw) + Iwj), (7.33)

and the squared magnitude of the angular momentum

I = W+ LBw + I3 Wi (7.34)

Figure 7.7 shows the numerical solution of the Euler equations (7.32) subject to the
initial condition (wig,wao, wso) = (2,0, 1) for different values of the ratios I;/I5 and I/1;.
Note that in the limit I; = I (corresponding to a symmetric top), the top evolves solely
on the (w1, ws)-plane at constant ws. As [y increases from I, the asymmetric top exhibits
doubly-periodic behavior in the full (wy, wsy, ws)-space until the motion becomes restricted to
the (wg,ws)-plane in the limit I; > I. One also clearly notes the existence of a separatrix
which appears as I; reaches the critical value

I I3 w30\ 2
L. = 52 + \/Zz + 13(12—13)(ﬂ> )

w10
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Svinmetiic Top

Figure 7.7: Orbits of an asymmetric top



7.2. ANGULAR MOMENTUM 129

at constant I and I3 and given initial conditions (wjg, wag, ws3o)-

We note that the existence of two constants of the motion, Eqgs. (7.33) and (7.34), for
the three Euler equations (7.32) means that we may express the Euler equations in terms
of a single equation. For this purpose, we introduce the constants

o =2LK — L? and p = L — 2 3K,

from which we obtain expressions for w; (taken here to be negative) and w3 in terms of ws:

P — 12(12—13)(4)% g — 12(11—12)(4)%
w = — and w3 = ) 7.35
! \J L (I — 1) ’ I3 (I — I3) (7.35)

When we substitute these expressions in the Euler equation for wy, we easily obtain

Oy = a /(9 — wB) (9 — W), (7.36)

where « is a positive dimensionless constant defined as

B )

while the constant frequencies {2; and 23 are defined as

2L K — L*
(L — 1)

L? — 2 3K

Q2 = —_.
' I(I> — I5)

and QF =

We immediately note that the evolution of wy is characterized by the two frequencies €2y
and 3, which also represent the turning points at which ws vanishes. Next, by introducing
a dimensionless frequency u = wq /€ (here, we assume that ; > €23) and a dimensionless
time 7 = af); t, the Euler equation (7.36) can now be integrated to yield

u ds O(u) de
T:/o \/ 2 2 o2 :/ — k2 sin?
(1—s2)(1—k2s2) 0 1 — k2 sin“@

(7.37)

where k* = Q2/Q2 > 1, ©(u) = arcsinu, and we assume that ws(t = 0) = 0; compare
Eq. (7.37) with Eq. (3.25).

Lastly, the turning points for wy are now represented in terms of turning points for u
aswy =0 — w=1and wy = Q3 — u =kt =Q3/0 <1 Lastly, note that
the separatrix solution of the force-free asymmetric top (see Figure 7.7) corresponding to
I, = I, is associated with k=1 (i.e., ; = 3).



130 CHAPTER 7. RIGID BODY MOTION

Figure 7.8: Euler angles

7.3 Symmetric Top with One Fixed Point

7.3.1 Eulerian Angles as generalized Lagrangian Coordinates

To describe the physical state of a rotating object with principal moments of inertia
(I1, I, I3), we need the three Eulerian angles (¢, 0,) in the body frame of reference (see
Figure 7.8). The Eulerian angle ¢ is associated with the rotation of the fixed-frame unit
vectors (X,Y,Z) about the z-axis. We thus obtain the new unit vectors (X',y’,7’) defined as

= R3(¢)
X cosp sing 0 X
y | = | —sing cosp 0 y (7.38)
7 0 0 1 z

The rotation matrix R3(¢) has the following properties associated with a general rotation
matrix R;(a), where a rotation of axes about the z-axis is performed through an arbitrary
angle . First, the matrix R;(— «) is the inverse matrix of R;(«a), i.e.,

Ri(—a) -Ri(a) = 1 = Ri(a) - Ri(— a).
Next, the determinant of R;(«) is
Det[R;(a)] = +1.
Lastly, the eigenvalues of R;(«) are + 1, €', and e~ .

The Eulerian angle 6 is associated with the rotation of the unit vectors (X',y’,Z’) about
the z'-axis. We thus obtain the new unit vectors (X”,y”,Z") defined as

=Ry ()
X! 1 0 0 X
v 1 =10 cosf sinf | - |y (7.39)
z’ 0 — sinf cosf Z
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The Eulerian angle 1) is associated with the rotation of the unit vectors (x”,y”,Z"”) about
the z”-axis. We thus obtain the body-frame unit vectors (€;, €z, €3) defined as

= R3(¢)
€ costy  siny 0 X’
& | = | —siny cosyp 0| - | Yy (7.40)
€3 0 0 1 7"

Hence, the relation between the fixed-frame unit vectors (X,y,Z) and the body-frame
unit vectors (€, €, €3) involves the matrix R = R3(¢) - R1(0) - R3(¢), such that & = R;; ¥/,
or R
€& = costy L + sint(cos@ ¢ + sinf z)

&, = —sine L + cost(cosf G+sinfz) ¢, (7.41)

€ = —sinf ¢ + cosfz

where ¢ = — sin g X + cos ¢ y and I:cosgpi—l—singpy:@xi.

7.3.2 Angular Velocity in terms of Eulerian Angles

The angular velocity w represented in the three Figures above is expressed as
w=¢7Z+ 0% + &,

The unit vectors Z and X' are written in terms of the body-frame unit vectors (€;, €, €3) as

Z = sinf (sinyé; + cosyey) + cosb e,
X = X' = cosy e — sinye,.

The angular velocity can, therefore, be written exclusively in the body frame of reference
in terms of the Euler basis vectors (7.41) as

W = W /él + wo /éz + ws @3, (742)
where the body-frame angular frequencies are

wi = ¢ sinfsing + 0 cosy
wa ¢ sinf cosyp — ¢ sing o (7.43)
w3 = ¥ + ¢ cosl

Note that all three frequencies are independent of ¢ (i.e., dw;/dp = 0), while derivatives
with respect to ¢ and 1) are

%—w %——w and%—o
oy U oy T oy
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and
&ul &ug &ug
— = 0 = — 0l 5
O O O

The relations (7.43) can be inverted to yield
¢ = cscl(sinvw; + costhws),

f = coswy — sinyY wsy,
Y = ws — cotf(sinpw; + costhws).

7.3.3 Rotational Kinetic Energy of a Symmetric Top

The rotational kinetic energy (7.7) for a symmetric top can be written as
1
Krot - 5 {I3w§ + Il (w% + w%) }7

or explicitly in terms of the Eulerian angles (i, 6, 1) and their time derivatives (¢, 6, 1)) as

1 . 2 .
K = { I (6 + ¢ cost)” + L (0 + & sin’0) } . (7.44)
We now briefly return to the case of the force-free symmetric top for which the Lagrangian
is simply L(0,0; ¢,1) = K,. Since ¢ and 1 are ignorable coordinates, i.e., the force-free

Lagrangian (7.44) is independent of ¢ and ), their canonical angular momenta

P = g—fp = I3(¢+ ¢ cosh) cos® + I sin6 o, (7.45)
oL —_—
Py = % = I3 (Y + ¢ cost) = Lzws (7.46)

are constants of the motion. By inverting these relations, we obtain

. Pp — py cosb ; (pp — py cosB) cosb
=~ 5, and ¥ = wy — 7.47
4 I, sin®6 and ¢ w3 I, sin®6 ’ ( )
and the rotational kinetic energy (7.44) becomes
1 ‘ (py — py cos 0)?
Kot = =3 10° + 3w} = : 7.48
' 2 { ! ey I, sin%6 ( )

The motion of a force-free symmetric top can now be described in terms of solutions of the
Euler-Lagrange equation for the Eulerian angle 6:

d [(OL . oL
dt(ae) 10 50 psinf (I; cosf ¢ Py)
(pp — py cosB) (py — p, cosb)
pr— _— . -4
I, sinf sin® 0 (7.49)
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Figure 7.9: Symmetric top with one fixed point

Once 6(t) is solved for given values of the principal moments of inertia I = Iy and I3
and the invariant canonical angular momenta p, and py, the functions ¢(t) and ¢ (t) are
determined from the time integration of Eqs. (7.47).

7.3.4 Lagrangian Dynamics of a Symmetric Top with One Fixed
Point

We now consider the case of a spinning symmetric top of mass M and principal moments of
inertia (I; = Iy # I5) with one fixed point O moving in a gravitational field with constant
acceleration g. The rotational kinetic energy of the symmetric top is given by Eq. (7.44)
while the potential energy for the case of a symmetric top with one fixed point is

U() = Mgh cos?, (7.50)

where h is the distance from the fixed point O and the center of mass (CM) of the symmetric
top. The Lagrangian for the symmetric top with one fixed point is

. . 1 . .
10,6 ,0) = 5 {13 (6 + ¢ cosh)’ + L (6 + & sin®6) } — Mgh cosb. (7.51)

A normalized form of the Euler equations for the symmetric top with one fixed point (also
known as the heavy symmetric top) is expressed as
b — cosf 1—0b 0)(b — cosf
o = (b~ cosb) , CQOS ) and 0" = asinf + ( COS, g( cos ),
sin® 0 sin” 6

(7.52)
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Figure 7.10: Orbits of heavy top — Case 1

where time has been rescaled such that (---)" = (I1/py) (---) " and the two parameters a
and b are defined as

The normalized heavy-top equations (7.52) have been integrated for the initial con-
ditions (6o, 0; wo) = (1.0,0.0;0.0). The three Figures shown below correspond to three
different cases (I, II, and III) for fixed value of a (here, a = 0.1), which exhibit the pos-
sibility of azimuthal reversal when ¢’ changes sign for different values of b = p,/py; the
azimuthal precession motion is called nutation.

The Figures on the left show the normalized heavy-top solutions in the (¢, 0)-plane
while the Figures on the right show the spherical projection of the normalized heavy-top
solutions (0,¢) — (sinf cosyp, sinf sinp, cosf), where the initial condition is denoted
by a dot (e). In Case I (b > cosfy), the azimuthal velocity ¢’ never changes sign and
azimuthal precession occurs monotonically. In Case II (b = cosfp), the azimuthal velocity
¢’ vanishes at 6 = 0 (where 0’ also vanishes) and the heavy symmetric top exhibits a cusp
at 0 = 0y. In Case III (b < cosby), the azimuthal velocity ¢’ vanishes for § > 6, and the
heavy symmetric top exhibits a phase of retrograde motion. Since the Lagrangian (7.51)
is independent of the Eulerian angles ¢ and %, the canonical angular momenta p, and py,
respectively, are constants of the motion. The solution for 6(t) is then most easily obtained
by considering the energy equation

1 . - 0)?
E = -0 1L60 + Igw§ + (P pg; EOS ) + Mgh cosf, (7.53)
2 I sin“ 6

where p, and py, = I3ws are constants of the motion. Since the total energy £ is itself a

constant of the motion, we may define a new energy constant

1
E =FE — 513%%,
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Figure 7.11: Orbits of heavy top — Case II

| Retrograde Motion |

Figure 7.12: Orbits of heavy top — Case 111
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and an effective potential energy

(py — py cosB)?
21, sin®#

V() = + Mgh cos b, (7.54)

so that Eq. (7.53) becomes
1.
E = 5D 0*(t) + V(0), (7.55)

which can be formally solved as

(7.56)

do
o == Je/)[E -V (6)]

Note that turning points 60y, are again defined as roots of the equation E' = V().

A simpler formulation for this problem is obtained as follows. First, we define the
following quantities
2 Mgh 2F £ Do

02 — _ _ = Lo and p = L2 7.57
L ST nor T Mg “ T no WA= g (7.57)

so that Eq. (7.56) becomes
du

du
T(u) = %+ = + , (7.58)
() /¢<1 —u2)(e — u) — (@ — Bu)? /¢<1—u2>[e—w<u>]
where 7(u) = Qt(u), u = cosf, and the energy equation (7.55) becomes
1 du\’ 9 o1 [du ?

where the effective potential is

(o — Bu)?

We note that the effective potential W (u) is infinite at © = £1 and has a single minimum
at u = ug (or 0 = 0y) defined by the quartic equation

Wlug) = 1 + 2ug (Lﬁ“(}) — 23 (LM) — 0. (7.60)

2 2

This equation has four roots: two roots are complex roots, a third root is always greater
than one for @ > 0 and [ > 0 (which is unphysical since u = cosf < 1), while the fourth
root is less than one for @« > 0 and # > 0; hence, this root is the only physical root
corresponding to a single minimum for the effective potential W (u) (see Figure 7.13). Note
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1.8 “f(u) s “f(“)
6,>ml2| |
st [g.<nf2
\¢“9 L | — u
W .25 0.5 0.75 -0.5 llln 0.5 1
a=01and =05 a=2.0and 8=1.0

Figure 7.13: Effective potential for the heavy top

how the linear gravitational-potential term u is apparent at low values of a and (.

We first investigate the motion of the symmetric top at the minimum angle 6, for which
e = W(up) and u(ug) = 0. For this purpose, we note that when the dimensionless azimuthal
frequency

dr 1 —u?

is inserted in Eq. (7.60), we obtain the quadratic equation 1 + 2ugvg — 2615 = 0, which
has two solutions for vy = v(up):

v(ug) = 2%1)(1 + /1 — %)

Here, we further note that these solutions require that the radicand be positive, i.e.,

P ()

62 > 2ug or Isws > Q) V2,

if ug > 0 (or 0y < 7/2); no conditions are applied to ws for the case up < 0 (or 8y > 7/2)
since the radicand is strictly positive in this case.

Hence, the precession frequency ¢g = v(ug) ) at = 6 has a slow component and a
fast component

I IQN\?
(Sb(])slow == 370}3 1 — \ll — 2(11 ) COSQO s

2 Il COS 90 3W3
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u
Figure 7.14: Turning-point roots
. Ig(dg IlQ )2
ast = ———— |1 1 -2 0
(0) fas 21; cosfy * \J (Igwg cosvo

We note that for 8, < 7/2 (or cos €y > 0) the two precession frequencies () siow and (¢o) fast
have the same sign while for 6y > 7/2 (or cosfy < 0) the two precession frequencies have
opposite signs (Po)siow < 0 and (@o) fast > 0.

Next, we investigate the case with two turning points u; < ug and uy > u; (or 6y > 65)
where € = W (u) (see Figure 7.14), where the 6-dynamics oscillates between ¢, and 3. The
turning points u; and us are roots of the function

Flu)=(1—-u*)[e—W()] = v* - (e+pH)u*> — (1-2aB)u + (e—a?). (7.61)
Although a third root ug exists for F'(u) = 0, it is unphysical since uz > 1.
Since the azimuthal frequencies at the turning points are expressed as

dpy _ a— Bu and dps _ a— Buy
dr 1—u? dr 1—ud’

where a—(u; > a— [ us, we can study the three cases for nutation numerically investigated
below Egs. (7.52); here, we assume that both @« = b3 and 3 are positive. In Case I
(o > [uy), the precession frequency dy/dr is strictly positive for u; < u < uy and
nutation proceeds monotonically. In Case II (o = S uz), the precession frequency dy/dr is
positive for u; < u < up and vanishes at u = uo; nutation in this Case exhibits a cusp at 6,.
In Case III (o < [us), the precession frequency dp/dr reverses its sign at u, = a/3 = b
or 6y < 0, = arccos(b) < 6.
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7.3.5 Stability of the Sleeping Top

Let us consider the case where a symmetric top with one fixed point is launched with
initial conditions 6y # 0 and 0y = o = 0, with ¢)g # 0. In this case, the invariant canonical
momenta are .

py = I3y and p, = py costy.

These initial conditions (ug = «/3, 1y = 0), therefore, imply from Eq. (7.59) that € = uy
and that the energy equation (7.59) now becomes

(Z—ﬁ) = (=) = B (up—u) | (uo— u). (7.62)

Next, we consider the case of the sleeping top for which an additional initial condition
is 0o = 0 (and ug = 1). Thus Eq. (7.62) becomes

(%) = (1 +u— @) (1-w2 (7.63)

The sleeping top has the following equilibrium points (where @ = 0): u; = 1 and up = $2—1.
We now investigate the stability of the equilibrium point u; = 1 by writing u = 1—9 (with
d < 1) so that Eq. (7.63) becomes

dé i

- = (2-87)° o

The solution of this equation is exponential (and, therefore, u; is unstable) if 5% < 2
or oscillatory (and, therefore, u; is stable) if 32 > 2. Note that in the latter case, the
condition 3% > 2 implies that the second equilibrium point u; = 2 — 1 > 1 is unphysical.
We, therefore, see that stability of the sleeping top requires a large spinning frequency ws;
in the presence of friction, the spinning frequency slows down and ultimately the sleeping
top becomes unstable.



140 CHAPTER 7. RIGID BODY MOTION
7.4 Problems

Problem 1

Consider a thin homogeneous rectangular plate of mass M and area ab that lies on the
(x,y)-plane.

e

(a) Show that the inertia tensor (calculated in the reference frame with its origin at point
O in the Figure above) takes the form

A —C 0
I=|-C B 0 ,
0 0 A+B

and find suitable expressions for A, B, and C' in terms of M, a, and b.

(b) Show that by performing a rotation of the coordinate axes about the z-axis through an
angle 0, the new inertia tensor is

A —C 0
') = RO-I-RY(9) = | —C" B 0 ,
0 0 A+B

where
A = Acos’h + Bsin?0 — C sin26
B' = Asin?0 + B cos’0 + C sin26
1
C' = Ccos20 — 3 (B — A) sin26.
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(c) When

6 = L arct (LC)
= g arctan { m— ),

the off-diagonal component C” vanishes and the 2’— and y’—axes become principal axes.
Calculate expressions for A" and B’ in terms of M, a, and b for this particular angle.

(d) Calculate the inertia tensor I-ps in the CM frame by using the Parallel-Axis Theorem
and show that

- My, M a? . M o, 9

Problem 2

(a) The Euler equation for an asymmetric top (I; > I > I3) with L? = 2 LK is

where

Solve for wy(t) with the initial condition wy(0) = 0.

(b) Use the solution ws(t) found in Part (a) to find the solutions w;(¢) and ws(t) given by
Egs. (7.35).

Problem 3

(a) Consider a circular cone of height H and base radius R = H tan o with uniform mass



142 CHAPTER 7. RIGID BODY MOTION

density p =3 M/(m HR?).

'}J’

Show that the non-vanishing components of the inertia tensor I calculated from the
vertex O of the cone are

R? 3
Ly = I, = §M<H2 - Z) and I,, = EMR2

(b) Show that the principal moments of inertia calculated in the CM frame (located at a
height h = 3H/4 on the symmetry axis) are

3 H? 3
L =1, = %M<R2 + T) and I3 = EMR2

Problem 4

Show that the Euler basis vectors (€;, €2, €3) are expressed as shown in Eq. (7.41).



Chapter 8

Normal-Mode Analysis

8.1 Stability of Equilibrium Points

A nonlinear force equation m# = f(z) has equilibrium points (labeled xy) when f(x¢)
vanishes. The stability of the equilibrium point ¢ is determined by the sign of f'(z): the
equilibrium point zg is stable if f'(x¢) < 0 or it is unstable if f'(z) > 0. Since f(x) is also
derived from a potential V(x) as f(z) = —V’(x), we say that the equilibrium point xg is
stable (or unstable) if V" (xy) is positive (or negative).

8.1.1 Bead on a Rotating Hoop

In Chap. 2, we considered the problem of a bead of mass m sliding freely on a hoop of
radius r rotating with angular velocity wp in a constant gravitational field with acceleration
g. The Lagrangian for this system is

L(0,6) = m 242 + M 20,2 Gin2g + mgr cosf) = — 26> — V(0),
2 2 0

where V' (0) denotes the effective potential, and the Euler-Lagrange equation for  is
mr?f = —V'(0) = — mriw? sinf (v — cos#h), (8.1)

where v = g/(r wi). The equilibrium points of Eq. (8.1) are § = 0 (for all values of v) and
0 = arccos(v) if v < 1. The stability of the equilibrium point § = 6, is determined by the
sign of

V"(0y) = mriwy [1/ coslp — (2 cos? 6y — 1) } .

Hence,
V'(0) = mriwi (v — 1) (8.2)

143
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/2 4

— /2

Figure 8.1: Bifurcation tree for the bead on a rotating-hoop problem

is positive (i.e., § = 0 is stable) if v > 1 or negative (i.e., § = 0 is unstable) if v < 1. In
the latter case, when v < 1 and the second equilibrium point 6y = arccos(v) is possible, we
find

V"(00) = mriwy [1/2 - (21/2 —1)} = mriw] (1 —1/2) > 0, (8.3)

and thus the equilibrium point 6, = arccos(v) is stable when v < 1. The stability of the
bead on a rotating hoop is displayed on the bifurcation diagram (see Figure 7.14) which
shows the stable regime bifurcates at v = 1.

8.1.2 Circular Orbits in Central-Force Fields

The radial force equation

. r? k
BT = W T —V'(r),
studied in Chap. 4 for a central-force field F(r) = —kr~™ (here, p is the reduced mass

of the system, the azimuthal angular momentum /¢ is a constant of the motion, and % is a
constant), has the equilibrium point at » = p defined by the relation

pn—3 — ﬁ
pk

The second derivative of the effective potential is

p & k
V (’f’) = W <3 — nezrn_?)),

(8.4)
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which becomes P
V(o) = (3-n). (8.5
[p
Hence, V" (p) is positive if n < 3, and thus circular orbits are stable in central-force fields
F(r)y=—kr™ifn <3.

8.2 Small Oscillations about Stable Equilibria

Once an equilibrium point ¢ is shown to be stable, i.e., f'(z¢) < 0 or V" (xo) > 0, we may
expand x = x¢+ dx about the equilibrium point (with dz < z¢) to find the linearized force
equation

mér = — V"(xg) o, (8.6)

which has oscillatory behavior with frequency

\vald (1.0)
m .

w(To) =

We first look at the problem of a bead on a rotating hoop, where the frequency of small
oscillations w(fy) is either given in Eq. (8.2) as

w(0) = ) = wyVr—1

mr?

for §p = 0 and v > 1, or is given in Eq. (8.3) as

w(bo) = V'8 _ wo V1 —v?

mr?

for 6y = arccos(v) and v < 1.

Next, we look at the frequency of small oscillations about the stable circular orbit in a
central-force field F'(r) = —kr™" (with n < 3). Here, from Eq. (8.5), we find

=

where (2 = uk p>~™ was used. We note that for the Kepler problem (n = 2), the period of
small oscillations 7' = 27 /w is expressed as

(27m)% p 3

= =

which is precisely the statement of Kepler’s Third Law for circular orbits. Hence, a small
perturbation of a stable Keplerian circular orbit does not change its orbital period.
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m m

Figure 8.2: Coupled masses and springs

8.3 Coupled Oscillations and Normal-Mode Analysis

8.3.1 Coupled Simple Harmonic Oscillators

We begin our study of linearily-coupled oscillators by considering the following coupled
system comprised of two block-and-spring systems (with identical mass m and identical
spring constant k) coupled by means of a spring of constant K. The coupled equations are

mi; = —(k+K)xy + Koy and miy = —(k+ K)zy + Kax. (8.7)

The solutions for x;(t) and x2(t) by following a method known as the normal-mode analysis.
First, we write x;(¢) and x2(t) in the normal-mode representation

71(t) = Tre ™ and () = Toe ™, (8.8)

where 7 and T, are constants and the eigenfrequency w is to be solved in terms of the system
parameters (m, k, K). Next, substituting the normal-mode representation into Eq. (8.7),
we obtain the following normal-mode matrix equation

w?m — (k+ K) K T\
< K wzm—(k+K)><T2> =0 (8.9)

To obtain a non-trivial solution Ty # 0 # T», the determinant of the matrix in Eq. (8.9) is
required to vanish, which yields the characteristic polynomial

[Wm—(k+K)* — K* = 0,

whose solutions are the eigenfrequencies
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If we insert w? = (k + 2K)/m into the matrix equation (8.9), we find
+

(kR3] -

which implies that Zo = — 7T, and thus the eigenfrequency w, is associated with an anti-
symmetric coupled motion. If we insert w? = k/m into the matrix equation (8.9), we
find

[ S)(3) =0

which implies that To = 71, and thus the eigenfrequency w_ is associated with a symmetric
coupled motion.

Lastly, we construct the normal coordinates 7, and n_, which satisfy the condition
fj+ = —w? n+. From the discussion above, we find

n_(t) = z1(t) +x2(t) and ny(t) = x1(t) — 2a(t). (8.10)
The solutions 7. (t) are of the form
ne = Ax cos(wat + pi),

where A1 and @4 are constants (determined from initial conditions). The general solution
of Egs. (8.7) can, therefore, be written explicitly in terms of the normal coordinates 7+ as
follows

(28 ) = % cos(w_t+p_) % cos(wit + o).

8.3.2 Nonlinear Coupled Oscillators

We now consider the following system composed of two pendula of identical length ¢ but
different masses m; and ms coupled by means of a spring of constant £ in the presence of
a gravitational field of constant acceleration g. (The distance D between the two points
of attach of the pendula is equal to the length of the spring in its relaxed state and we
assume, for simplicity, that the masses always stay on the same horizontal line.) Using the
generalized coordinates (61, 02) defined in the Figure above, the Lagrangian for this system
is

€2

L = 9 (m1 9%+m2 93) — gl {my (1 —cosbi)+my(l—cosby) }
2
- %(sin@l—sineg)z,

and the nonlinear coupled equations of motion are

m 0, = —m wj sinfl; — k (sinf, — sinfy) cos by,

ma by = —my wj sinfly + k (sin@, — sinfy) cos by,
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Figure 8.3: Coupled pendula

where w] = g/(.

It is quite clear that the equilibrium point is #; = 0 = 6, and expansion of the coupled
equations about this equilibrium yields the coupled linear equations

miG = —miw; g — k(g —q),

my Gy = —maw; ga + k(¢ — @),

where #; = ¢ < 1 and #; = ¢o < 1. The normal-mode matrix associated with these
coupled linear equations is

(wz_wg)ml—k‘ k o5l — 0
k (wz—wg)mg—k: @ |

and the characteristic polynomial is
M [(wz—wg),u — k:] (wz—wg) = 0,

where p = mymso/M is the reduced mass for the system and M = m; + my is the total
mass. The eigenfrequencies are thus

2 2 2 _
w? = wy and wi = w

The normal coordinates 7+ are expressed in terms of (g1, g2) as N+ = a+ q1 +b+ ¢o, where
ay and by are constant coefficients determined from the condition 7z = — w2 ne. From
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this condition we find

mq a+ Mo ma by my
For the eigenfrequency w? = wg, we find b_/a_ = my/my, and thus we may choose
_m i ma
n- = Wi a1 M qz,

which represents the center of mass position for the system. For the eigenfrequency wi =
wy + k/p, we find by /ay = — 1, and thus we may choose

n+ = @1 — qo2.

Lastly, we may solve for ¢; and ¢, as
mo ma
@ =7n-+ 570 and @ =n- — o,

where 7 = Ay cos(wyt + ¢4 ) are general solutions of the normal-mode equations 7j; =
2
— Wy T+
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8.4 Problems

Problem 1

The following compound pendulum is composed of two identical masses m attached
by massless rods of identical length ¢ to a ring of mass M, which is allowed to slide up
and down along a vertical axis in a gravitational field with constant g. The entire system
rotates about the vertical axis with an azimuthal angular frequency w,,.

m i

(a) Show that the Lagrangian for the system can be written as
L(6,0) = (*0* (m +2M sin® 9) + ml? Wl sin®0 + 2(m+ M)gl cosd

(b) Identify the equilibrium points for the system and investigate their stability.

(c) Determine the frequency of small oscillations about each stable equilibrium point found
in Part (b).
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Problem 2

Consider the same problem as in Sec. (8.3.1) but now with different masses (my # my).

Calculate the eigenfrequencies and eigenvectors (normal coordinates) for this system.

Problem 3

Find the eigenfrequencies associated with small oscillations of the system shown below.

Problem 4

Two blocks of identical mass m are attached by massless springs (with identical spring
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constant k) as shown in the Figure below.

—{W\— m {W\ m

The Lagrangian for this system is

Lz, @5 y.9) = = (i* + ) — 5 [2* + (y—2)°],

k
2 2

where x and y denote departures from equilibrium.
(a) Derive the Euler-Lagrange equations for z and y.

(b) Show that the eigenfrequencies for small oscillations for this system are
2
2 _ Yk
Wi = (3+V5),

where w? = k/m.

(c) Show that the eigenvectors associated with the eigenfrequencies wy are represented by

the relations .
Ve = 5 ( L F \/g)fi

where (T4, 7) represent the normal-mode amplitudes.

Problem 5

An infinite sheet with surface mass density ¢ has a hole of radius R cut into it. A
particle of mass m sits (in equilibrium) at the center of the circle. Assuming that the
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sheet lies on the (x,y)-plane (with the hole centered at the origin) and that the particle
is displaced by a small amount z < R along the z-axis, calculate the frequency of small
oscillations.

Problem 6

Two identical masses are connected by two identical massless springs and are con-
strained to move on a circle (see Figure below). Of course, the two masses are in equilibrium
when they are diametrically opposite points on the circle.

Solve for the normal modes of the system.
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Chapter 9

Continuous Lagrangian Systems

9.1 Waves on a Stretched String

9.1.1 Wave Equation

The equation describing waves propagating on a stretched string of constant linear mass
density p under constant tension 7' is
O?u(x,t)

0?u(x,t)
P L e (5.1)

where u(x,t) denotes the amplitude of the wave at position x along the string at time ¢.

General solutions to this equation involve arbitrary functions g(xz + vt), where v = /T'/p
represents the speed of waves propagating on the string. Indeed, we find

pOig(x £vt) = pv?g = Tg = T gz £vt).
t T

The interpretation of the two different signs is that g(z —v ) represents a wave propagating
to the right while g(z + v t) represents a wave propagating to the left. The general solution
of the wave equation (9.1) is

u(z,t) = A_ gz —vt) + AL glx +vt),

where A4 are arbitrary constants.

9.1.2 Lagrangian Formalism
The question we now ask is whether the wave equation (9.1) can be derived from a varia-
tional principle

5/ L(u, O, Opu; x,t) dedt = 0, (9.2)
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where the Lagrangian density L(u,Owu, d,u; z,t) is a function of the dynamical variable
u(x,t) and its space-time derivatives. Here, the variation of the Lagrangian density L is
expressed as

oL oL oL
0L = du — + 00U = + 0,0u ———,
“au T 5w T B
where du(z,t) is a general variation of u(x,t) subject to the condition that it vanishes at
the integration boundaries in Eq. (9.2). By re-arranging terms, the variation of £ can be

written as
o= 5“{(2—5 B %(aéfm) - (a(%fu)>}
+ %((M a(?‘)i)) + % <5u 8(88520) (9.3)
When we insert this expression for 0L into the variational principle (9.2), we obtain
[ deat 5u{g—§ - %(aéfm) - % (aéfm)} ~ 0, (9.4)

where the last two terms in Eq. (9.3) cancel out because du vanishes on the integration
boundaries. Since the variational principle (9.4) is true for general variations du, we obtain
the Euler-Lagrange equation for the dynamical field u(z,t):

o ( oc o ( oc or
ot (8(8tu)> e (8(8mu)> = o (9.5)

9.1.3 Lagrangian Description for Waves on a Stretched String

The question we posed earlier now focuses on deciding what form the Lagrangian density
must take. Here, the answer is surprisingly simple: the kinetic energy density of the wave
is p (O;u)?/2, while the potential energy density is T (9,u)?/2, and thus the Lagrangian
density for waves on a stretched string is

2 2
ey = P[0y T (Ou

L(u, O, Opu; x,t) = 5 <6t> 5 (8:5) : (9.6)
Since 0L/0u = 0, we find

oL\ _ o oy _ o

ot \o(w)) — at\"at) T o

0 oL 9, du 0?u

%(a@mu)) = %(‘T£> = o

and Eq. (9.1) is indeed represented as an Euler-Lagrange equation (9.5) in terms of the
Lagrangian density (9.6).
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9.2 General Variational Principle for Field Theory

The simple example of waves on a stretched string allows us to view the Euler-Lagrange
equation (9.5) as a generalization of the Euler-Lagrange equations

d (0L\ 0L
dt \og )  0¢’
in terms of the generalized coordinates ¢’. We now spend some time investigating the

Lagrangian description of continuous systems, in which the dynamical variables are fields
1 (x,t) instead of spatial coordinates x.

9.2.1 Action Functional

Classical and quantum field theories rely on variational principles based on the existence
of action functionals. The typical action functional is of the form

_ / d'z L(v, 9,0), (9.7)

where the wave function ¢ (x,t) represents the state of the system at position x and time
t while the entire physical content of the theory is carried by the Lagrangian density L.

The variational principle is based on the stationarity of the action functional
SA) = Al +0v] — AW] = [ 6L, B) d'a

where 9, = (¢71d;, V) and the metric tensor is defined as g = diag(—1,+1,+1,+1).!
Here, the variation of the Lagrangian density is

oL
oL = 0 + 0,0
1/) () "
oL 0 oL oA
= |5 o ()| < 5 o
where oc oL o
—— 0,0 = ———-ViY + 061,
a0 "~ avn) V  Baw) M
and the exact space-time divergence d,A* is obtained by rearranging terms, with
oL OAH 0 oL oL
/J == _— = —_— [
v g e G = 5 (0 gan) Y ()

'For two four-vectors A" = (A, A) and B* = (B, B), we have A- B = A, B* = A-B — A" BY, where
Ay = — AC.
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The variational principle 6.4[¢)] = 0 then yields

|0t 0 (o
0= /d“wlaw Br (a(am)ﬂ’

where the exact divergence 9, A" drops out under the assumption that the variation d1 van-
ish on the integration boundaries. Following the standard rules of Calculus of Variations,
the Euler-Lagrange equation for the wave function v is

9 oL o ( oL or or
Dt (6(&@)) N E(@(M)) Vv (W) = o (9.9)

9.2.2 Noether Method and Conservation Laws

Since the Euler-Lagrange equations (9.9) hold true for arbitrary field variations 01, the
variation of the Lagrangian density £ is now expressed as the Noether equation

0 oL
5 [‘W 500 ] ‘

5L = O\ = (9.10)

which associates symmetries with conservation laws d, J* = 0, where the index a denotes
the possibility of conserved four-vector quantities (see below).

Energy-Momentum Conservation Law

The conservation of energy-momentum (a four-vector quantity!) involves symmetry of the
Lagrangian with respect to constant space-time translations (z¥ — z¥ + 0x"). Here, the
variation 01 is no longer arbitrary but is required to be of the form

oYy = — dz” 0 (9.11)
while the variation 0L is of the form
oL = =82 [0.L — (0,L),], (9.12)

where (0,L) , denotes a explicit space-time derivative of £ at constant ¢. The Noether
equation (9.10) can now be written as

0 oL oL
3 (4 = g 20) = (32),

If the Lagrangian is explicitly independent of the space-time coordinates, i.e., (0,L) » =0,
the energy-momentum conservation law 9, 7", = 0 is written in terms of the energy-
momentum tensor

oL

9(0u9)

™ = Lg", — o). (9.13)
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We note that the derivation of the energy-momentum conservation law is the same for
classical and quantum fields. A similar procedure would lead to the conservation of angular
momentum but this derivation is beyond the scope of the present Notes and we move on
instead to an important conservation in wave dynamics.

Wave-Action Conservation Law

Waves are known to exist on a great variety of media. When waves are supported by a
spatially nonuniform or time-dependent medium, the conservation law of energy or momen-
tum no longer apply and instead energy or momentum is transfered between the medium
and the waves. There is however one conservation law which still applies and the quantity
being conserved is known as wave action.

The derivation of a wave-action conservation law differs for classical fields and quan-
tum fields. The difference is related to the fact that whereas classical fields are generally
represented by real-valued wave functions (i.e., ¥* = 1), the wave functions of quantum
field theories are generally complex-valued (i.e., ¥* # ).

The first step in deriving a wave-action conservation law in classical field theory involves
transforming the real-valued wave function v into a complex-valued wave function . Next,
variations of 1) and its complex conjugate * are of the form

0y = iev and 0" = —ie”, (9.14)

Lastly, we transform the classical Lagrangian density £ into a real-valued Lagrangian den-
sity Lr(1,1*) such that §Lg = 0. The wave-action conservation law is, therefore,
expressed in the form 9, J* = 0, where the wave-action four-density is

OLr ] : (9.15)

V= QIm[wW
“w

where Im][- - -] denotes the imaginary part.

9.3 Variational Principle for Schroedinger Equation

A simple yet important example for a quantum field theory is provided by the Schroedinger
equation for a spinless particle of mass m subjected to a real-valued potential energy
function V(x,t). The Lagrangian density for the Schroedinger equation is given as

o 5 Gh ([ ,O0Y oP* 2
ﬁR——%WW +E<w§_ at>—V|¢|- (9.16)
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The Schroedinger equation for v is derived as an Euler-Lagrange equation (9.9) in terms
of ¥*, where

Obw 0[O\ _ how
o(0pp*) 2 ot \o(ow*) ) 2 ot’
OLR h? OLR o,
= - — — . - — V
I(Vy¥) 2m vy v (8(V¢*)> 2m ¥,
OLr  ih OY
o 2 Ot Vi,
so that the Euler-Lagrange equation (9.9) for the Schroedinger Lagrangian (9.16) becomes
L O o,
- - 2 1
ih 5 2mV P+ Vi, (9.17)

where the Schroedinger equation for ¢* is as an Euler-Lagrange equation (9.9) in terms of
1, which yields
o™ h?

= — — V¥* + V¥, 9.18
5 5 VU VY (9.18)

which is simply the complex-conjugate equation of Eq. (9.17).

—ih

The energy-momentum conservation law is now derived by Noether method. Because
the potential V' (x,t) is spatially nonuniform and time dependent, the energy-momentum
contained in the wave field is not conserved and energy-momentum is exchanged between
the wave field and the potential V. For example, the energy transfer equation is of the
form

o€ ov

- .S = 27 9.19
Vs = P (9.19)
where the energy density £ and energy density flux S are given explicitly as
B th (, Ov o™
&= ~tat 2<w o Y at>
RE (oY _ ., O
S = —%<va + T Vzﬂ).
The momentum transfer equation, on the other hand, is
oP
P VT =~ (9.20)

where the momentum density P and momentum density tensor T are given explicitly as

h
P = (Ve — ¢ V)
2

T = LgrI| + h—(Vw*Vzp + Vy V).
2m
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Note that Egs. (9.19) and (9.20) are exact equations.

Whereas energy-momentum is transfered between the wave field ¥ and potential V', the
amount of wave-action contained in the wave field is conserved. Indeed the wave-action
conservation law is

oJ
J=0 9.21
5 TV , (9.21)
where the wave-action density J and wave-action density flux J are
ih?
J = hP and I = (4 Ve — 47 VY) (9.22)

Thus wave-action conservation law is none other than the law of conservation of probability
associated with the normalization condition

[ lPd =1

for bounds states or the conservation of the number of quanta in a scattering problem.

9.4 Variational Principle for Maxwell’s Equations™

The Lagrangian density for the evolution of electromagnetic fields in the presence of a
charged-particle distribution is

L= 8%{ Ex,1]* - Bx, 1)} + %A(x,t)-.](x,t) — B(x,t) p(x,t),  (9.23)

where p(x,t) and J(x,t) are the charge and current densities. The electric field E and
magnetic field B are expressed in terms of the electromagnetic potentials ® and A as

E:—Vé—laa—? and B = VX A. (9.24)
c

Note that as a result of the definitions (9.24), the electric and magnetic fields satisfy the
conditions

1 0B
c Ot’
which represent Gauss’ Law for magnetic fields and Faraday’s Law, respectively.

V:B =0 and VXE = — (9.25)

9.4.1 Maxwell’s Equations as Euler-Lagrange Equations

The remaining Maxwell equations (Gauss’s Law for electric fields — or Poisson’s equation —
and Ampere’s Law) are derived as Euler-Lagrange equations for & and A as follows. The
Euler-Lagrange equation for & is

0 oL oL oL
E{ 50,0) } v { Vo) } "o " (920
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Here, 0L/0(0;®) =0, 0L/0P = — p, and

E

-

- 8

oL ) 1
I(Vd) (Vo) { 8

Hence, the Euler-Lagrange equation (9.26) becomes Gauss’s Law for electric fields

V-E

Py =0 (9.27)
The Euler-Lagrange equation for A, is
E{M} +V'{a(w1m)} ~ g =0 (9.28)
Here, a‘c/aAm = Jm/c’
oc 0 1 . - ) } B
20 As) a(&Am){sw (Ve +c0AF =V xAP) § = = —,
and
oL 0 1 B
00, 4,)  0(0.Ay) { o (Ve + e aAP — |V xAP) } =0,
oL B 0 1 » ) ) B
2(0,A,)  9(0,A,) { o (|V<I>+c A" — |V X Al ) } =
oL B 0 1 » ) ) B B
0(0,4,) — 0(0.A,) { [y (|V‘I>—|—C Al — |V X Al ) } = -
where

B = [V XA]? = (9,4: = 0:4,)" + (0:4; — 0eA)* + (0 — 0, A0)"

Hence, the Euler-Lagrange equation (9.28) becomes

1 OFE* 1 (0B oBY J*
dy 0z

- — — - — =0.

dme Ot + dm c
By combining the Euler-Lagrange equations for all three components of the vector potential
A, we thus obtain Maxwell’s generalization of Ampere’s Law

1 OE V X B J
S 2
dre Ot + 47 c 0 (9-29)
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9.4.2 Energy Conservation Law for Electromagnetic Fields

We now derive The Noether equation for this Lagrangian density can be written as

0 (0A-E 00 E /A X B
55__§<47Tc>_v.<47r+ 47 )

Use the Noether equation with 0® = — 0t 0;®, 0A = — §t O,A = it (E + VP), and

se — —ot] 95 (9% :
ot Ot ) g o

where (0,L)¢ a denotes the explicit time dependence of the Lagrangian density (at constant
® and A), and the Euler-Lagrange equations derived in Part (a) to obtain the energy
conservation law in the form

OE
= .S =—E-J
o TV :

- — Ez‘l— B2 ——CE B

denote the energy density and the energy-density flux, respectively.
Using d® = — 0t 0;P, A = cit (E+ VP), and

sc— —atd 95— (O£ :
ot Ot ) g o

the Noether equation becomes

oL oL 0 E E B
where

<ac> AT o
A

ot c ot ot

By re-arranging terms, we find

o [|E? 1 ) ) 1 E
2B (g - BP) - — A o o
8t{47r 87T(|| ||) c J+ep+V 4
c 0 E cB A 0 ap
A ExB - —— 2 Px-—\ = 2.2 4 ot
+V {47r X ot 47r_|_V X47T} c 8t+ ot’
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or

1, 1 (0A 0J 0P dp
E ('E'”B')]‘2(@”‘“5)*(&“%)

1 (0% OF 96 E 00 V-E
Tr(VE B+ V- E>+V-(4WEXB>—<VEE+E—4W>

B A 0 ap
V X <C<I>47T> —EV B] = - EJFQE‘

9
ot
_l_

+ V.

By defining the energy density and the energy-density flux
&= (IEF + [BP) and S — -~ ExB
8 47 ’

respectively, and performing some cancellations, we now obtain

& V<I> OE 0P V- -E

Lastly, by substituting Egs. (9.27) and (9.29), we obtain

o€
a%—VS E-J.

The Noether method can also be used to derive an electromagnetic momentum conservation
law and an electromagnetic wave action conservation law.



Appendix A

Notes on Feynman’s Quantum
Mechanics

A.1 Feynman postulates and quantum wave function

Feynman! makes use of the Principle of Least Action to derive the Schroedinger equation
by, first, introducing the following postulates.

Postulate I. Consider the initial and final states a and b of a quantum system and
the set M of all paths connecting the two states. The conditional probability amplitude
K(bla) of finding the system in the final state b if the system was initially in state a is
expressed as

K(bla) = Z o[ X], (A.1)
M

where the summation is over all paths X (¢) from a to b and the partial conditional proba-
bility amplitude associated with path X (¢) is
1

$1X] o exp (ﬁ S[X]), (A.2)

with S[X] corresponding to the classical action for this path. If we take the two states

to be infinitesimally close to each other, i.e., whenever the points a = z, (at time t,) and
b= x,+ Az (at time t, + At) are infinitesimally close, Egs. (A.1)-(A.2) yield

1 l

A 2
K (%4 + Az, ty + At|zg, t,) = _eXp_[m( x)

2At

277 9

Az At
Lo —AtU(xa+—t+—>],(A.3)

I'The material presented in this Appendix is adapted from the book Quantum Mechanics and Path
Integrals by R.P. Feynman and A.R. Hibbs (McGraw-Hill, New York, 1965).
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where A is a normalization constant and the classical action integral

tatAt | m [ de\ 2 m(Ax)? Ax At
Slx] = /ta [5 (E) — U(:E,t)]dt = oAr U<Ia+7,ta+7> At

is a function of Az and At as well as the initial space-time point (z,,t,); here, the potential
energy U is evaluated at the mid-point between x, and z} at a time ¢, + At/2.

Postulate I provides the appropriate explanation for the mystery behind the Principle
of Least Action (“act locally, think globally”). Indeed, in the classical limit (A — 0), we
find that the variations d X around the paths X (¢) which are far away from the physical
path x(t) yield changes .S for which §.5/h is large. Consequently, such contributions tend
to average out to zero because of the corresponding wild oscillations in ¢[X]. On the other
hand, for variations § X near the physical path z(t), we get S ~ 0 (to first order) and,
consequently, paths X (t) for which S[X] is within & of S, will contribute strongly. The
resulting effect is that only paths in the neighborhood of the physical path z(¢) have a
nonvanishing probability amplitude. In the strict limit 7~ — 0, the only such path with a
nonvanishing probability amplitude is the physical path.

Postulate II: The quantum wave function ¢ (x,t) is defined as the probability ampli-
tude for the particle to be at the location x at time t, i.e., ¥(x,t) = K(x,t|e), where we
are not interested in the previous history of the particle (its previous location is denoted
by e) but only on its future time evolution. The Second Postulate states that the integral
equation relating the wave function ¥ (x2,t3) to the wave function ¢ (z1,t;) is given as

w(l’g,tg) = /OO dl’l K(l’g,t2|l’1,t1) ’w(l’l,tl). (A4)

—0o0

If we set in Eq. (A.4): t; =t and ty =t + €, ©9 = x and z; = x + 7, then for small enough
values of €, the conditional probability amplitude (A.3) can be used in (A.4) to yield

Yz, t+e) = /_oo dn K(x,t+¢e|lx +n,t) v(x +n,t) (A.5)

= /OO d_77 expl%(ﬂ;—zz — 6U($+77/2,t+€/2)>]w(f‘l’nat)a

where a time-dependent potential U(x,t) is considered.

A.2 Derivation of the Schroedinger equation

We will now derive the Schroedinger equation by expanding both sides of Eq. (A.5), up to
first order in € (and neglect all higher powers). First, on the left side of Eq. (A.5), we have

Oy (x,1)
ot

Y(x,t+e€) = P(x,t) + € ) (A.6)
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Next, on the right side of Eq. (A.5), we note that the exponential

~ 2
im\ n
| ()
oscillates wildly as € — 0 for all values of 1 except those for which mn?/(2ke) ~ 1. We,
therefore, conclude that the contribution from the integral in Eq. (A.5) will come from

values = O(e'/?) and, consequently, we may expand the remaining functions appearing
on the right side of Eq. (A.5) up to n%. Thus, we may write

0 2 0°
Patnt) = gt + g S0 T IVGD,

while , ,
exp[—%U(z+n/Q,t+e/2)] =1 - %U(ZB,t).

Expanding the right side of Eq. (A.5) to first order in €, therefore, yields

[1 — %U(z,t)]w(z,t) + (%) ng’t) + (21—;() 732125;,@’ (A7)

where A = I and
00 m
b= [ e, o=
0o ne “4 2ihe

with Iy = \/7/a, I =0, and Iy = 1/2a = (ih/m)e.

Lastly, we find that the terms of first order in € in Egs. (A.6) and (A.7) must be equal,
and we obtain

o(z,t) i ih 0%Y(x,t)

o - T RUENYED o e
or

L OU(a,t) Rt 9(a,t)

This equation is known as the Schroedinger equation and it describes the time evolution
of the wave function ¢ (x,t).



