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PREFACE TO DOVER EDITION 

A SECOND edition published in the United States of America 
provides an opportunity for including many new series with an 
increase of more than 50 per cent over the original number. It 
has also been possible to rearrange the series in a more reasonable 
form. 

Some corrections have been received from readers, and useful 
suggestions have been made by them for the present arrangement. 
These are gratefully acknowledged, and it will be of great assist- 
ance for future editions if readers will communicate their ideas 
for further expansion. 

In using this collection himself, the author has experienced 
difficulty in tracing certain series, and there does not seem any 
solution excepting a complete search through all the series given. 
For example, certain series including inverse products appear in 
different parts of the book, and, if a search is to be avoided, a 
complete rearrangement combined with excessive duplication 
would be necessary. It does not seem possible, as in the case of 
a collection of integrals, to arrange them in a completely rational 
manner. Any suggestion in this direction wouId be specially 
welcome. 

Among the new series included are some of those developed 
by Glaisher in many publications, notably the Quarterly Journal 
of Mathematics. Basing his series on Bernoulli functions, 
Glaisher evolved a number of coefficients which apparently 
simplify the appearance of the series. In this present collection, 
only a few are given, and the original articles should be consulted 
if the reader wishes to investigate them further. 

The author wishes to acknowledge permission by the London 
Scientific Computing Service to publish tables from the Index of 
Mathematical Tables by Fletcher, Miller, and Rosenhead-an 
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vi PREFACE TO DOVER EDITION 

exceedingly useful book for any engaged in work on applied 
mathematics; and also to thank Mrs. H. M. Cooper for her 
excellent work in typing a difficult manuscript. 

L. B. W. JOLLEY 

623 Upper Richmond Road West, 
Richmond, Surrey, 1960 



PREFACE TO FIRST EDITION 

FOR a long time past there has been a need for a collection of 
series into one small volume for easy reference together with a 
bibliography indicating at least one of the textbooks to which 
reference could be made in case of doubt as to accuracy or to the 
method by which the series was arrived at. 

The 700-odd series in this collection (with the exception of a 
few which have been specially prepared) are not new, and repre- 
sent only the labour of extracting the material from the many 
textbooks on algebra, trigonometry, calculus and the like. Yet 
such a collection will, it is felt, be of considerable benefit to those 
engaged in the solution of technical problems, and will save a 
great deal of time in searching for the required result. 

Criticism may be offered on the grounds that the inclusion of 
easy algebraical summations is unnecessary, but they have been 
inserted for a very definite purpose. For example, a series of 
inverse products may have for its sum an expression which is 
simple to find; but on the other hand, the solution may entail a 
complicated expression involving the integration or differentiation 
of other series. For this reason the arrangement of the series has 
been difficult, and overlapping is unavoidable in certain instances. 
To overcome this dficulty, the series have been set forth in as 
pictorial a manner as possible, so that the form of the individual 
terms can be readily seen. 

On this account also, the inclusion of such series as are evolved 
for elliptic integrals, Bessel functions and the like has been 
restricted, perhaps to too great an extent; but reference to standard 
works is usually essential in such cases, and practically only such 
references are included. 

The final column refers to the bibliography at the beginning of 
the book, and here again it has been quite impossible for obvious 
reasons to provide for all the references. 
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VII1 PREFACE TO FIRST EDITION 

One of the most useful works, if it is desired to pursue any 
one particular problem further, is the Smithsonian Tables. 

The scope of many of the series can be greatly enlarged by 
differentiation or integration of some of the forms given, and in 
the case of an integrated series, the constant of integration must 
be obtained by suitable methods. Infinite products are often of 
value in obtaining new series by taking logarithms and by 
differentiating or integrating subsequently. 

In many cases it has been impossible in this small volume to 
comment on the limits or assumptions made in any particular 
summation; particularly is this the case with oscillating series: 
and in case of doubt it is always safer to refer to a textbook, and 
to bear in mind that this collection is supplementary to, and not 
in place of, the usual mathematical books. 

Special attention is drawn in cases of difficult summations to 
the General and Special Forms (pages 216-225). 

In all cases logh denotes the logarithm to the Napierian base, 
in accordance with modern practice. 

Finally, any additions or corrections would be welcomed for 
embodiment in subsequent editions. 

L. B. W. JOLLEY 

Fairdene, Sheen Road, 
Richmond, Surrey, 1925 
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Series No. 

SUMMATION OF SERIES 

I. Arithmetical Progression 

(1) a + (a + d) + (a + 24 + . . . n terms 

II. Geometrical Progression 

(2) a + ur + ur2 + . . . n terms 

(3) a + ar + ar2 + . . . co 

(4) 1 + ax + a2x2 + ~3x3 + . . . co 

III. Arithmetical and Geometrical Progression 

(5) a + (a + d)r + (a + 2d)r2 + . . . n terms 

(6) a + (a + d)r + (a + 2d)r2 + . . . co 

(7) 1 + 2x + 3x2 f 4x3 + . . . co 

(8) 1 4 7 + 5 + 52 + g+... 53 n terms 

2 3 
(9) l + 2 + F + 23 ff_+... n terms 

3 5 7 
(10) 1 -I- 2 + 3 + g + . . . co 

(11) 1+3x+6x2+10x3+...co 

t See footnote to Bibliography. 



ARITHMETICAL, GEOMETRICAL PROGRESSION 3 

Referencet 

= g (2a + (n - l)d} = ; (a + I) where I = last term F. 29 

= p - 1) 
r-1 

a = - where r < 1 
l-r 

1 = - where ax < 1 
I - ax 

a 
=rr+ 

dr(1 - P-l) _ {a + (n - l)d)P 
(1 - r)* 1 -r 

1 
= (1 - x)2 where x < 1 

=g 12n+7 
16 --igqi=i 

1 
=4-~* -- 

2nEl 

=6 

1 = - where x < 1 
(1 - x)’ 

F. 39 

F. 40 

F. 158 

F. 44 

F. 44 

F. 44 

F. 45 

F. 45 

F. 45 

F. 45 
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Series No. 

SUMMATION OF SERIES 

(12) x(x + y) + x*(x* + y*) + x3(x3 + ~3) + . . . n terms 

2 3 2 3 2 
(13) 3 + p + jj + jyi + jj +. . . co 

(14) 7” - ; +; - ;4 +... co 

32 52 72 
(15) 12+Z+22+Zj+...nterms 

(16) 1 + 3x + 5x2 + . . . + (2n - 1)x”-’ 

IV. Powers of Natural Numbers 

(18) 1 + 2 + 3 f 4 +. . . n 

(19) 12 + 22 -t 32 + 42 + . . . n* 

(20) 13 + 23 + 33 + 43 + . . . n3 

(21) 14 + 24 + 34 + 44 + . . . n4 



POWERS OF NATURAL NUMBERS 

xyx2n - 1) = 
x2 - 1 

+ X.Y(X”y” - 1) 
xy - 1 

9 =- 
8 

23 =- 
48 

5 

Reference 

F. 46 

F. 46 

F. 46 

= 34 - (4n2 + 12n + 17)& 

= 1 + x - (2n + 1)X” + (2n - 1)x”+’ 
(1 - x)2 

nP+l =- 
p+l 

1 P 
+is 5 0 

B3nn-5 -. . . where ’ 
0 

are the binomial coefficients n 
and B, are Bernoulli numbers, see No. (1129). The series 
ends with the term in n if p is even, and with the term in n2 if 
p is odd. T. 27 

= n(n + 1) 
2 

= n(n + 1)(2n + 1) 
6 

= (““: Y2 
= & n(n + 1)(2n + 1)(3n2 + 3n - 

F. 50 

F. 50 

F. 51 

1) F. 256 
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Series No. 

SUMMATION OF SERIES 

(22) 15 + 25 + 3’ + 4’ + . . . .s 

(23) 16 + 26 + 36 + 46 + . . . n6 

(24) 1’ + 27 + 37 + 47 + . . . n’ 

(25) 12 + 32 + 52 + 72 + . . . n terms 

(26) 13 + 33 + 53 + 73 + . . . n terms 

(27) 13 i- (1.5)3 + 23 + (2.5)3 + . . . 

(28) 22 + 42 + 62 + 82 -t- . . . n terms 

(29) 12.21 + 22.22 + 32.23 +. . . n.terms 

(30) 1.22 + 2-32 + 3.42 -t . . . n terms 

(31) (n2 - 12) + 2(n2 - 22) + 3(n2 - 32) + . . . n terms 

(32) 2 (2n - 1)2 
1 

(33) 2 (2n - I)3 
I 



POWERS OF NATURAL NUMBERS 

f n(4n2 - 1) 

n2(2n2 - 1) 

1 (n + l)(n + 2) 2 1 
s 1 > 

-- 
2 8 

2n(n + 1)(2n + 1) 
3 

2”{2n2 - 4n + 6) - 6 

j!j n(n + l)(n + 2)(3n + 5) 

+ n2(n2 - 1) 

f n(2n - 1)(2n + 1) 

n2(2n2 - 1) 

xyx2n - 1) = - x2 - 1 i n(n + 1)(2n + 1) 

= x2(x& - 1) _ Y2(Y2” - 1) 
x2 - 1 y2 - 1 

7 

Reference 

F. 337 

F. 338 

F. 338 

F. 256 

F. 256 

F. 256 

F. 323 

= GYP - 1Mv)“+ + 1) _ 
{(;)” - I){Q+l + 1); 

(XY)“(XY - 1) 
u(l - 9 
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Series No. 

SUMMATION OF SERIES 

(38) 2 (a,,~ + qw-1 + . . . a,) 
I 
See No. (17) 

V. Products of Natural Numbers 

(42) To find the sum of n terms of a series, each term of which 
is composed of r factors in arithmetical progression, the 
first factors of the several terms being in the same arith- 
metical progression: Write down the nth term, affix the 
next factor at the end, divide by the number of factors thus 
increased, and by the common difference, and add a 
constant. 

(43) 1.3.5 + 3.5.7 + 5.7.9 +. . . n terms 

(44) 1.2+2.3+3.4...nterms 

(45) 2.5 + 5.8 + 8.11 +... nterms 

(46) 2.2 + 4.4 + 7.8 + 11.16 + 16.32 . . . n terms 

(47) 1.2.3 + 2.3.4 + 3.4.5 . . . n terms 

(48) 1.2.3.4 + 2.3.4.5 +. . . n terms 



PRODUCTS OF NATURAL 

x2(1 - X”) Y2(1 - Y9 
= (x - Y)U - xl - (x - Y)(l - Y) 

= {ul$, + qb,-1 + . . . + upz} 
b,= lr+21+3r+...nr 

=ex where x c 1 

NUMBERS 9 

Reference 

= (1 _” x)2 
where x < 1 

1 - X” n(n + 3)x 
= (1 - 2(1 - x)2 

+ n(n + 1)x”+’ 
2(1 - x)2 

F. 314 

= @J - l)@ + 1m + 3)(2n + 5) + y 
4.2 

= n(2n3 + 8122 + 7n - 2) 

= n(n + l)(n + 2) 
3 

= n(3n2 + 6n + 1) 

= (n2 - n + 4)2” - 4 

= f n(n + l)(n + 2)(n + 3) 

= 5 n(n + l)(n + 2)(n + 3)(n + 4) 

F. 315 

F. 52 

F. 318 

F. 333 

F. 322 

F. 322 
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Series No. 

SUMMATION OF SERIES 

(49) 1.4.7 + 4.7.10 + 7.10.13 +. . . n terms 

(50) 1.4.7 + 2.5.8 + 3.6.9 +. . . n terms 

(51) 1.5.9 + 2.6~10 + 3.7.11 +. . . n terms 

(52) 6.9 + 12.21 + 20.37 + 30.57 + . . . n terms 
nth term is (n + l)(n + 2)(2n* + 6n + 1) 

(53) 2.2 + 6.4 + 12.8 + 20.16 + 30.32 + . . . n terms 
nth term is n(n + 1)2n 

(54) 1.3.22 + 2.4.32 + 3.5.42 + . . . n terms 

(55) 

(56) 

i: (P - 4(q - 4 
1 

n m(m+l)...(m+n- 1) 
c tZ! I 

(57) 
n b(b + I)@ + 2)...(6 + n - 1) c l a(a + I)(u + 2). . .(a + n - 1) 

(58) 
12.X 2*.x* 
m + n . . . n terms 

This series is integrable if x = 4. 

(59) 

n 

c 
n24n 

l (n + l)(n + 2) 



PRODUCTS OF NATURAL NUMBERS I1 

Reference 

= ; (3n - 2)(3n + 1)(3n + 4)(3n + 7) + ; F. 322 

= &(n + l)(n + 6)(n + 7) F. 322 

= $n(n + l)(n + 8)(n + 9) F. 322 

= g ncn + l>(n + 2)(n + 3)(n + 4) 

+ ; (n + l)(n + 2)(n + 3) - 2 

= ($ - n + 2)2n+’ - 4 

= h n(n + l)(n + 2)(n + 3)(2n + 3) 

F. 331 

F. 332 

F. 323 

=“(n6+l){(2n+ l)-3(p+q)}+npq 

= (m + l)(m + 2). . . (m + 1 + n - 1) _ 1 
n! 

c. 200 

=(m+nY-l 
m! n! 

b(b + l)(b + 2). . .(b + n) b 
= (b + 1 - u)a(u + l)(a + 2). . .(a + n - 1) - b + 1 - a 

T. 28 

qn+’ n - 1 2 = -.- 
3 n+2+5 

W. 58 

w. 58 



12 SUMMATION OF SERIES 

Series No. 

VI. Figurate and Polygonal Numbers 

(60) F&rate numbers- 

1 1 1 1 1 1 .,. 
123 4 5 6 .*. 
1 3 6 10 15 21 . . . 
1 4 10 20 35 56.. . 
1 5 15 35 70 126 . . . 

The sum to n terms of the rth order 

(61) Method of Differences+ d LX & K@w-~& k~.- ~?rclikZ 

One Series is 12 40 90 168 280 432 . . . 
1st Diff. 28 50 78 112 152 . . . 
2nd Diff. 22 28 34 40 . . . 
3rd Diff. 6 6 6 . . . 
4th Diff. 0 0 

The nth term is The sum 

(62) 4 + 14 + 30 + 52 + 80 + 114 + . . . n terms 

(63) 8 + 26 + 54 + 92 + 140 + 198 + . . . II terms 

(64) 9 + 16 + 29 + 54 + . . . n terms 

(65) 4 + 13 + 35 + 94 + 262 + . . . n terms 

(66) 2 + 12 + 36 + 80 + 150 + 252 + . . . II terms 



FIGURATE AND POLYGONAL NUMBERS 13 

Reference 

= 6(2n - 1) + ; n(n + 5) F. 333 

= ; (3n - 1) + ; n(n + l)(n + 5) - n F. 333 

= ; n(n + l)(n + 2)(3n + 1) F. 332 
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Series No. 

SUMMATION OF SERIES 

(67) 30 + 144 + 420 + 960 + 1890 + . . . n terms 

(68) 2 + 5 + 13 + 35 + . . . n terms 

(69) 2 + 7x + 25x2 + 91x3 + . . . n terms 

VII. Inverse Natural Numbers 

” 1 
(70)&=C+loghn+&&) 

1 

- 
n(n+ $(n + 2) -*** 

Also 1 + ; + . . . + t 

1 1 1 1 
(71) 1 - 2 + 3 - 3 + 5 - . . . co 

1 1 1 1 
(72) 1 - z - 5 + s + 3 - . . . a~ 

(73) (1 - ; - ;) + (; - ‘6 - ;) + (4 - & - A) +. . .a3 

(74) -- 5 + 14 1.2.3 4.5.6 +*-* O” 

(75) 2( 1 - ; + f - $ + ; - . . . 00 

1 1 1 
= --- + + 1.2.3 5.6.7 9.10.11 +“-O” 



INVERSE NATURAL NUMBERS 

= & n(n + l>(n + 2)(n + 3)(4n + 21) 

15 

Reference 

F. 332 

= ; (311 - 1) + 2n - I 

1 - 4X” 1 - 3”X” 
= 1-4x + I-3x 

F. 272 

F. 272 

where C = Euler’s constant, see No. (1132), 

1 1 19 9 
u2 = E a3 = fi a4 = 120 a5 = To 

x(1 - x)(2 - x). . .(k - 1 T. 27 

= 7.48547 where n = 1000 

= 14.39273 where n = 106 

= logh 2 zz l-06 ‘L -L IA 52 

1 = 0.43882 = E - logh.2 - 
4 2 

= ; logh 2 

m 
c 

9n - 4 = 
, (3n - 2)(3n - 1)(3n) = logh 3 

A. 325 

F. 195 

H. 475 

C. 252 

C. 253 

C. 252 



16 SUMMATION OF SERIES 

Series No. 

(76) 1 + 1 - 1 - 1 + 1 + 1 - . . . a 5 3 5 p n 

(77) 1 - 1 + 1 - 1 + 1 - . . . co j 3 5 g 

1 1 1 

= 1 -2 [ c5+r9+ll.13+“‘a 3 

(78) 1 -;+;-&+A-... 00 

(79) 1 - ; + ; - & + . . . a3 

(80) 1 1 z - 5 + 1 - 1 + . . . co 8 i-i 

(81) 1 - 1 2 + 1 4-;++-;+... a 

(82) 1 - ; + ; - h + . . . co 

(83) I-;-;+;+A-;-~+...ocI 

(84) 1 - ; + f - h + h - h + . . . 00 

(85) 1 -;++$f-... co 

1 1.2 1.2.3 
(86) 1 - 3 + n - 3*5*7 +... aJ 



INVERSE NATURAL NUMBERS 17 

Reference 

5\\07c!Yo735 c. 335 

= f (1 + 2/2) 0,4cl8oLsYqc1y~ M.132 

1 
=3 ( 22 43 + logh2 0,%3~.6c1 E3w3 A. 189 

6,373 55022..77 A. 189 

=& 0, &oq sqqyag(-J 27 p- 281 

= +2 [m +2 logh (d/2 + 1)] o,%ddq=q=‘Y A. 190 

= 5 logh (2 + 1/3) 6,7(;>0%5% t AB. 166 

\ 

= logh (1 + 1/2) 

= $logh(y) 

A. 528 

Y. 90 

Y. 90 

= ; (C + logh n) + logh 2 + sz - (23;n!)Bz + . . . 

For C see No. (I 132) and for B,, see No. (1129) A. 325 
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Series No. 

SUMMATION OF SERIES 

2x2 
1+x+1+x2+ 

4x4 (88) A- - - 1 + X4 -*- a3 

(89) s?- A m?!- 1 _ X2 + 1 _ X4 + 1 _ Xl? + * * * n mms 

(90) x L - x4 
l-x2+l-x4+l--x8 +“*O” 

(91) J-- + -& + -& . . . co x+1 

(92) 1 ‘;yx2 + 1”“,“;‘:4 + 14~3x;~;8 +... GQ 

(93) l [Jj - 

(94) f $2 - ; $4 + f l&j - . . . co 

(95) ;.(k2) +&j(j+)l+&(&)5+... * 

(96) 2 2x {-$ E-’ - & SE} 
1 

A=-;; B=- 
(n T21)2 

c= -9 

VIII. Exponential and Logarithmic Se&s 

(97) 1 + ax + fg + fg + . . . co . 

(98) 1 + x logh a + (x 1’;: u)2 + . . . co 

(99) x - 5 + $ - . . . co =x(1 - x) + +x2(1 - x2) + . ..a3 



EXPONENTIAL AND LOGARITHMIC SERIES 19 

Reference 
X 

= yx where (x2 c 1) T. 118 
1 

1 1 
=--zn l-x 

A. 24 

= ex where x2 < 1, and 

1 = -- 
x-l 

where x > 1 T. 118 

= -& where x2 > 1 T. 118 

1 + 2x 
=1+x+x2 

where x < 1 Y. 54 

1 1 
x(x + 1) + x(x + 1)(x + 2) + * . . c0 

A. 102 

7rlogh2 =- 8 where s2,, 
1 1 1 

= 1+2+3+...+5 
A. 192 

= x where 1x1 < 1 Q. 132 

AB. 167 

=P 

F. 188 

=logh(l +x) wherex< 1 F. 191 

F. 188 



20 SUMMATION OF SERIES 

Series No. 

(loo) -x-T-g-... a3 

(101) 1 + 23 + ; + ; + $ + . . . al 
. . . 

3 

(102) ‘2 - A2 + & - A4 + . . . m 

(103) 2 
1 

;+;+;+...m 
. . . > 

(lo4) 5n(4nz1- 1)2 
1 

(105) (x - 1) - f (x - 1)2 + f (x - 1)3 - . . . co 

2 3 
(106) i + g + . ;+;+y 18 +... a3 . . 

(107) c (1 + x + 4 x2 + 4 x3 + g x4 + . . . m) 

(108) 1 +2~+7,2.~.;+... co 

(110) 2641 +;)*3+;(1 +;++4- . . . co} 

(111) 2~+;(;+++:(1 +;++‘+ . . . co} 

(112)d+(l-;+f)~l-f+t-;+;)f+ . ..a 

_- y 

(lls)*~+(l-f+~)~+(l-~+~-;+~)~+ . ..a 



EXPONENTIAL AND LOGARITHMIC SERIES 21 

Reference 

= logh (1 - x) where x < 1 F. 191 

= 15c F. 339 

= logh 3 - logh 2 F. 195 

=C -1 F. 196 

3 =-- 
2 

2 logh 2 C. 253 

= logh x where 0 < x < 2 

= 3(c - 1) =7 

= & 

= (1 + X)@ F. 338 

= ,x - logh (1 + x) F. 338 

= {logh (1 + x)}* where x < 1 F. 191 

= [logh (1 - x)12 A. 191 

= - logh(l + x).logh(l - x) A. 191 

= $ (tan-l x) logh E A. 191 



22 SUMMATION OF SERIES 

Series No. 
- (114) e-m + e-gn + &SW + . . . Co 

(116) 1 -;(l+;)+f(l+f+;)-...m 

017) s-& 
1 

(118) zz 

(119) 25 
1 - 

(120) Zn(n-, 1) 
J 

(12l)x+(l+;)x2+(l+;+f)x3+...m 

w (n 
(122) l&n + ;;;; 

(123) $‘l’ + 23 +,‘!’ +. . . n3) x” 

I 

$ 
f/7m && 

(125) ~(-w& 
I 



EXPONENTIAL AND LOGARITHMIC SERIES 23 
Reference 

= v4 - W(b) 
21 l/4,3/4 

r (4) = 3.6256 T. 144 

= l A where A = c* and a,,+l 

= 
( 

a, + an-l + . . . 

=- 7; - ; (logh 2>* 0, S022LtO5UJ 

Y. 111 

A. 520 

= logh s H. 460 

= logh+* where x < 1 

= kx logh Gx where x < 1 

= ((x2 - 3x + 3)e - 3x2 - 3) 
X2 

( 7 = l x + j x* + 2x3 + ; x4 
1 

77 l n-= + z-- 1 = -. -- 
2x @Lx - E-nx 2x* 

77 1 1 = -. -- 
x @Ix - E-“x zx2 

F. 338 

C. 236 

C. 235 

T. 135 

T. 135 



24 

Series No. 

SUMMATION OF SERIES 

(126) & + & + k2 + ...A +& 

-~(+2-$)+&j($&i)-j&(&$) 
+&$&-J-J+...20 

(127) f logh n + logh (n + 1) + . . . +logh (m - 1) 

+ $ logh m - &(:-g+&($-;) 

-&&-$--g+...m 

(128) 2 [n logh (2#) - l] 
I 

(129)x++~x~+... co 

(130) 1 + (x0) + $ (XC-y + $(XP)’ + $(xc-)4 + . . . co 

= 1 + 2 cn “,t’“-’ (xe-x)” 
I 

x3 x5 x7 
(131) m + c5 + c7 +. . . 00 (if convergent) 

(132)t 1 - 2(2 - lp, ; + 2(23 - 1)~~ $ 

X6 
- 2(25 - l)B,g +. . . co 

(133)t1+2ux+(2C7)+2(~+x)+;B,}+yB2(;+x) 

+qgE4(k+x) 4B2}+... 00 

t For values of B,,(x), see No. (1146). 



EXPONENTIAL AND LOGARITHMIC SERIES 25 

Reference 

= logh t where m and n integers x. 141 

= m logh !f - n logh : where m and n integers 

= ; (1 - logh 2) 

logh {x + 2/l + x2} where 1x1 Q 1 

x. 141 

A. 526 

A. 197 

= ,p Y. 456 

1Z. 165 

2x = 
l -x - c-x AE. 12 

24&x =- 
e - c-0 AE. 14 



26 SUMMATION OF SERIES 

Series No. 

(134H ;+a(;) +$?&) +&(;) +... ol) 

(135)t f + 3xB2 (;) + y BJ (f) + y B4 (;) + . . . 00 

(136)+ ;+6xB+)+yB3(;)+... co 

(137) x - (1 + $9 + (1 +; + +3 

- 
( 

1 1 1 
1+j+j+a ++...co 

) 

(138) 
1 x3 I.3 x5 -.- - x-2’y+2.4 5 . . . co 

(139) logh2 + &;x2- &&x4+ Xx6-... 00 
. . . . . 

(140) 1 x2 x3 -+---**. 
12 24 a = 

s 
: (1 - x)’ dt 

x3 2 x5 2-4 x7 -.-- (l41)x+5-3*T+3*5 7 +** 00 

2 2.4 
(142)x--x3+-x5+... co 

3 3.5 

(143) x’ - ?.x’ + 21_4 x” + 
2 3 4 3.5’6 *-* cQ 

W) 
x“ x5 x6 x’ $3 

(145) $ + y + y + . . . co 

t For values of B&c), see No. (1146). 



EXPONENTIAL AND LOGARITHMIC SERIES 27 

Reference 
1 

=m 
AE. 30 

1 
= 1 + ex + 22x 

AE. 35 

1 
=1+ rx + 62X + c3x f l 4X + ,5x 

= logh (1 + xl 
1+x 

R. 425 

= logh(x+ w) where-l dx< 1 L. 78 

= logh (1 + m) where x2 < 1 

AE. 43 

X 
= 

logh + 
-x 

= 2/l + x2 logh {x + 1/l + x2} 

A. 190 

A. 191 

T. 123 

logh {x + w} where x < 1 

= ; {logh (x + -)I2 

A. 197 

L. 77 

= logh (1 - x -t x2) L. 79 

= ex + logh (1 - x) where x c 1 F. 197 



28 

Series No. 

SUMMATION OF SERIES 

(146) logh 2 + ; + ; - $ - . . . 00 

(147)f ; - Bl(22 - 1)s - x2 I$(24 - 1,; 

X6 
- B3(26- ‘)a -... a 

(148)t 2(8,(22 - 1) 5 - &(24 - 1) $+ Bj(26 - 1) $ - . . . m] 

x2 x3 
(149) e2 + m + r4 + . . . 00 

x5 x9 
(150) x + 3 + gj + . . . 00 

(151)j logh 2 + logh 3 + . . . logh (n - 1) + ; logh n 

(This series is not convergent.) 

BI* B3* W (152)# 1 - ; + 2! x2 - 4! x4 + 6! x6 + . . . co 

1 1 
(153) 1 +q-Tzx2+Bx3 -goti+... 00 

(154) 1 + g - -& + g7 +. . . 00 = 
c0 xy- l)n-1 

‘+&2tZ+1) 

(155) x3+++;+... 00 
. ‘I 

c+ p-4 CyGL? 

(156) 5 - $‘I&, + .+,P,& -... a 

t For &, Bz, etc., see No. (1129). 
$ For values of B1 and Bl*, etc., see No. (1129). 



EXPONENTIAL AND LOGARITHMIC SERIES 29 

Reference 

= logh (1 + cx) H. 498 

A 
=- 

l x + 1 

l x - 1 =- 
l x + 1 

= 1 + *logh(l - x) 
x 

= d (ex - e-x - j& + j&x) where j = 4-1 

+-- 
/&=;logh(2n)+nloghn-n s<b 

4 4 (- l)l-1Br -a- 
+ 1.2.n 3.4.n3 +**.+ (2r - 1).2pn2r-1 *. 

X 
=- 

ex - I 

= logh (; + x) Q . 

= i tan-l x + i logh (1 + x2) 

= logh (1 + X3@) 

= [lo& (1 + XII’ 
r. I where ,Pk is the sum of all products k at a time, 

of the first r natural numbers Y.80 

N. 1543 

N. 1544 

F. 338 

F. 338 

1P. 612 

22.123 

W.243 

. 
Y.80 



30 

Series No. 

SUMMATION OF SERIES 

x2 x4 
(157) ; - z;i + m. -. . . 00 

(158) x + ; + ; + $ - 7 + f + . . . 00 

(159) Reversion of Series. 
Y = x - blX2 - bgc3 - bp? -. . . ccl 

cm become 

x = Y + GY2 + c2y3 + c3y4 + . . . 09 

if 

Cl 

c2 

c3 

c4 

c5 

c6 

c7 

See Van Orstrand (Phil. Msg. 19: 366.1910) for co- 
efficients up to C,,. 

(la) ’ - 2(n: 1) - 2.3(n1+ 1)2 - 3$+ 1)3 -“- O” 

(161) 1 + ; + ; + $ + . . . co . . . 

(162) $ + & + k6 + . . . co 

(163) ; + $2 + k3 + . . . 00 



EXPONENTIAL AND LOGARITHMIC SERIES 31 

Reference 

= logh 3 Y. 107 

= logh (1 + x + x2 + x3 + x4) Y. 107 

T. 116 

= 61 

= b2 + 26,* 

= 63 + %I& + 561~ 

= 64 + 66163 + 3622 + 21b1*62 + 14614 

= 65 + 7(blb4 + b263) + 28(61*63 + blb2*) + 8461362 + 4261’ 

= b6 + 4(2b,b5 + 2b2b4 + b3*) + 12(3b,*b4 + 6b,b2b3 + b23 
+ 60(2b13b3 + 3b1*b2*) + 330b,4b2 + 132b16 

= b, + 9(blb6 + b2b5 + b,bc,) 
+ 45(bt2b5 + b,b3* + b2*b3 + 2b,b2b4) 
+ 165(b13b4 + b,b23 + 3b1*b2b3) 
+ 495(6,4b, + 2b13b2*) + 1287b,5b2 + 4296,’ 

= logh 5 

F. 197 

F. 197 

F. 197 

C. 368 



32 

Series No. 

(164) 

SUMMATION OF SERIES 

IX. Binomials. See also No. (1102). 

(165) X” + np-‘a + !ipp-2n2 + 
. . . + @ 

(166) 1 +;xz+;x4+... 00 

(167) 2 + &, + $ + E + . . . 00 
. . * . 

(168) 1 -f.;+~4.&~.&+... CQ . . 

(169) 1 + ; + g + -&&$ + . . . co . . 

1 1.3 (170) 1 +2x-r4 1.305 
x2--x3+&g&4+... co 

2.4.6 

(171) 1 -~x-~4x2+~~3+fix4-... co 
. . . 

(The above two series are useful in forming certain 
trigonometrical series.) 

(172) f x + g 22x2 + g 32x3 + . . . 00 . . 

(173) 1 - x + x2 - x3 +. . . co 

(174) 1 - 2x + 3x2 - 4x3 + . . . OS 

(175) 1 +zx-r4x2+y-J-Jx3 1 1.1 l-1.3 1.1.3.5 --x4+... UJ 

(176) 1 - 1 + c4x2 1.3 - -x3 l-3.5 zx 2.406 + -x4 1.3.5.7 - 2.4.6.8 *** co 



= logh {logh (1 + x)1/x} 

= (x + a)” 

=&2 
= 32/3 

= q3 

= z/8 

= -+x 
J 1 + x* 

x(x + 3) 
= 9(1 - x)7/3 

= (1 + x)-l 

= (1 + x)-2 

=diTi 

BINOMIALS 33 

Y. 107 

H. 468 

F. 167 

F. 168 

F. 168 

T. 117 

T. 117 

T. 117 

T. 117 



34 SUMMATION OF SERIES 

Series No. 
(177) 1 + 1 1.2.5.8 

jx 
- =x2 1.2 + -x3 1.2.5 - 

3.6.9 3.(j.g.12x4 +-” * 

(178) 1 I - 5x + 1.4 x2 c6 - 1.4.7 x3 mg + 1.4.7.10x4 _ 3.6.9.12 ‘*’ O” 

3 3.1 3.1.1 3.1.1.3 
(179) 1 +zx+~4x~-~x~+-x4-... co 

2.4.6.8 

3 3.5 3.5.7 
(180) 1 -zx+c4x2-mx3+... co 

1 3 7 77 
(181) 1 +4x-32x2+128x3-2o48x4+... co 

(182) 1 -4x+Bx2-128x~+ 1 5 15 =x4 195 -... co 

(183) 1 +;x-&x~+&~x~-$~x~+... co 

(184) 1 - ; x + & x2 - g5 x3 + -$ x4 - . . . co 

(185) 1 + 1 
gx 

- %x2 5 +-x3 55 
1296 

-- 311o4x4 935 + . . . co 

(186) 1 - ; x + &x2 - g6 x3 + g4 x4 - . . . co 

(187) 1 + n f + w(f)’ 
0 

+ n(n - 4)(n - 5) x 3 
3! 0 

2 +... co 

n2 
(188) 1 +p2+ 41 

nqn2 - 22) x4 + nyn2 - 22)(n2 - 42) xa+ 
6! 

. . . 

+;x+ 
n(n2 - 12) 

3! x3+ 
n(n2 - 12)(n2 - 32) 

5! 
x5 +... co 



BINOMIALS 

= (1 + x)1/3 

= (1 + x)-1/3 

= (1 + ,)3’Z 

= (1 + x)-3/2 

= (1 + x)1/4 

35 

Reference 

T. 117 

T. 117 

T. 117 

T. 117 

T. 117 

= (1 + x)-l/4 T. 117 

= (1 + x)1/5 T. 118 

= (1 + x)-l/S T. 118 

= (1 + x)1/6 T. 118 

= (1 + x)-1/6 T. 118 

= & (1 + 2/l + x>” where x2 c 1 and n is any real number 

T. 118 

= {x + 41 + ~2)” where x2 < 1 T. 118 



36 SUMMATION OF SERIES 

Series No. 
(189) c = m(m - *m - a...@ -n + 1) 

m ” n! 

(190) 1 + mCpx + . . . mCnxm + . . . ,c&P 

(191) n&” + rnlG~rn& + m,Cz*m,G-2 + “,,C” 

(192) 1 + ,c1 + ,c, + . . . ,c, + . . . 

(193) 1 - ,Cl + ,c, . . . (-l)n& +... 

(194) l-&1 + 2.,C2x + . . . ne,C,xm-l + . . . 

(195) m(m - 1) + m(m - :{(m - 2, + . . . 

+ m(m - 1). . .(m - r + 1) + 
(r-2)! *-* 

(1g6) 1 + m + m”,: 1) +. . . + m(m + *).,tm + r - 1) 

(197) 2n 
{ 

X” + fi2 x”-y + 
n(n - 3) 

2!24 
xn-4y4 + . . . 

+ n(n - r - l)(n - r - 2). . . (n - 2r + 1) x~-2ry2,+ 
r!22r 

. . . 
1 

(198) 2$x2 + yz)llz 

x 
1 

xn-’ + 
n-2 
w x”-3y2 + 

(n - 3(n - 4) x”-5y4 + 
2!24 

. . . 

+ (n - r - *)(n - r - 2). . .(n - 24 xn-2r-1y2r + 
r!22r 

. . . 

(199) 1 - ,Cl + ,c, - . . .( - l)n,C, 

(200) &1 -;*c2 + +-... 



BINOMIALS 

= (1 + x)m 

= ml+q C n 

= 2m where m > - 1 

= 0 where m is positive 

= m(1 + x)m-l 

= m(m - 1)2m-2 where m 4: 1 

= Cm + r>! 
m!r! where r is a positive integer 

37 

Reference 

c. 186 

c. 186 

C. 189 

c. 191 

c. 191 

c. 197 

c. 200 

c. 200 

= (x + dx2 + ~2)” + {x - z/x2 + y2>” where n is a positive 
integer C. 204 

= {x + mp - {x - 4x2 + y2>” where n is a positive 
integer c. 205 

= (- lp,,,-,C,, where n is a positive integer c. 210 

=1+;+...: c. 212 



38 SUMMATION OF SERIES 

Series No. 

X. Simple Inverse Products 

(201)t To find the sum of IZ terms of a series, each term of 
which is composed of the reciprocal of the product of r 
factors in arithmetical progression, the first factors of the 
several terms being in the same arithmetical progression: 
Write down the nth term, strike off a factor from the 
beginning, divide by the number of factors so diminished, 
and by the common difference change the sign and add a 
constant. 

1 1 - - 
(202) 1.2.3.4 + 2.3.4.5 +“’ nterms 

(203) --- 3 + 4 + 3.4.6+...nterms 5 
1.2.4 2.3.5 

1 1 1 
(204)r2+c3+r4+....nterms 

+ co . . . 

1 1 1 
(205) m + n + r7 + . . . n terms 

1 
t206) m + 3.4 2.2 + ;5.22 +... n terms . 

2 3 -- (207) 1a3e4 -t 2.4e5 +... n terms 

1 1 1 
(208) r4 + c7 + no +- . . . n terms 

m 
+ . . . co = c , (3n - 2;(3n + 1) 

t In some cases the nth term can by partial fractions be resolved into the 
standard form when this rule can apply. 



SIMPLE INVERSE PRODUCTS 39 

Reference 

F. 316 

1 1 =-- 
18 3(n + l)(n + 2)(n + 3) 

F. 317 

29 1 3 4 --- 
=% n+3 2(n+2)(n+3)-3(n+I)(n+2)(n+3) F*317 

n =- 
n+l 

F. 322 

= 1 

2n 1 =--- 
n+2 2 

17 6n2 + 21n + 17 
= % - 6(n + l)(n + 2 

3(” 
+ 3) 

; 
n =- 

3n + 1 
1 =- 
3 

---o K@j&,$& = L] F-322 

\ 



40 

Series No. 

SUMMATION OF SERIES 

(*w 1 1 1 -- 
1.3.5 

+ 
3.5.7 

+ 5a7.9 +... n terms 

+ . . . co 

1 1 
(210) -L - - 1.4.7 + 4.7.10 + 7-10.13 +*** n terms 

+ m . . . 

(211) A- + -L + -L +“’ nterms 1.2.3 2.3.4 3.4.5 

+ . . . a 

(*l*) --- 1 + 2 + 3 +*-’ nterms 3.4.5 4.5.6 5.6.7 

+ . . . ca 

(213) -!- + 3 + -? +“- nterms 1.2.3 2.3.4 3.4.5 

+ . . . 00 

(*14) 31 + -.- 41 + -.- 51 +... nterms r2.2 2.3 22 3.4 23 

(215) Jf-.4+ g4.42 + $43 +. . . n terms 2.3 . . 

(216) 1 + 2 3 m m + 1.3.5.7 +*-. n terms 
l-2 2-22 3.23 

(217) 3! + 4! + 5! + . . . n terms 

(218) 1.2 2.3 
3+ 3’4+... Co 2+ 33 

(219) +*.f f c3.; + ;4.$ +. . . n terms 



SIMPLE INVERSE PRODUCTS 

1 1 
= i2 - 4(2n + 1)(2n + 3) 

1 =T2 

41 

Reference 

F. 322 

1 1 
= % - 6(3n + 1)(3n + 4) 

1 =zl F. 322 

5 2n+5 
= 5 - 2(n + l)(n + 2) 

5 =- 
4 

1 
= 6 - 23 + (n + 32x, + 4) 

1 =- 
6 

3 2 1 
= s - n+2 + 2(n + l)(n + 2) 

3 =- 
4 

n - lb+’ 2 =-.-+- 
n+2 3 3 

1 1 1 --- 
= 2 2 1.3-5.7.. .(2n + 1) 

= l-&y 

9 =- 
4 

=1--L.!. 
n+l3n 

F. 322 

F. 322 

F. 322 

F. 333 

F. 333 

F. 333 

F. 333 

F. 332 

F. 331 



42 

Series No. 

SUMMATION OF SERIES 

(220) 

W) 

(222) 

(223) 

;+A+&+... n terms . . 

1 & + g4 + +j +... - 
n(n + 2) 

n 
c 

1 
* (1 + nx)(l + n + lx) 

1 
(x + 1)(x + 2) + (x + 1)(x :! 2)(x + 3) 

+ (x + 1)(x + 2’,;x + 3)(x + 4) + - * * co 

(224) 

(225) 

co 
c 1 (x + n)(xl+ n + 1) jtg 

c, w 
;+-‘- X2 

u(u + 1) + u(u + l)(fz + 2) + * - * O” 

a(u + 1) a(u + I>(u + 2) 
(226) ii + b(b + I) x + b(b + l)(b + 2) x2 + * * * O” 

(227) 1 + 1 .- 1 l-3 1 
2n + 2 5 2n + 4 

+ 
m’2n + 6 

1.3-5 1 
+ 5i7j.m +“’ C0 

u(u + 1) a(u + l>(u + 2) 
(228) l + t!t + b(b + 1) + b(b + l)(b + 2) + - - * co 

. 



SIMPLE INVERSE PRODUCTS 43 

1 1 1 = --- 
2 2 3.7.11.. .(4n - 1) 

36 + 5n 
= 4(n + I)(n + 2) 

- 3Lj 
- / 

Reference 

F. 331 

w. 57 

= (1 + x)(1 1 n + lx} 

1 =- 
x+1 

Iz f- pij/MQ.)” & 
3-j A 

= (a - l)! x4 {6x - zs} whereaispositive T. 118 

positive and a < b; 

efficients 

, etc., are binomial co- 

T. 118 

2.4.6.. .2n = 3.5.7.. .(2tl + 1) 1Z. 267 

b-l =b-a-l where b - l>a>O A. 48 



44 

Series No. 

SUMMATION OF SERIES 

(230) -!- 
x(x+ l)+ 

1 
x(x + 1)(x + 2) 

1.2 
+ x(x + 1)(x + 2)(x + 3) + * * . Oc) 

(231) (1 + x)il + 2x) + (1 + 2x:(1 + 3x) + * * * n terms 

1 
(232) (1 + x)(1 + ax) + (1 + ax;;1 + &X) + * * * n terms 

XI. Other Inverse Products 

A + & + . . . uz 

1 1 1 1 
+ r4 + r6 + n + . . . co 

1 1 1 
m + r4 - c5 + . . . ~0 

1 1 - - 

I 
+ 3.4.5 + 5.6.7 +*-a O” 

(237) 1 - -!- ’ 
l-2.3 3.4.5 + m - *** * 

I 
< 

(238) 1.3.5 + 1 5.7.9 + - 1 +*-* O” 9.11.13 ,r I 

(23g) - 1 1.3.5 + - 1 3.5.7 + - 1 +**- co 5.7.9 

(240) --- 1 1 + 1 1.3.5 m 3.5.7 -*a* a3 

(241) (&)2 + (&J2 + (A)1 + - - - O” 



OTHER INVERSE PRODUCTS 

a(b - 1) 
= (b - (I _ l)(b _ a _ 2) where b - 2 ’ fJ ’ 0 

1 =- 
x2 

n 
= (1 + x)(1 + x.n + 1) 

1 1 an =---- 
l-u ( 1+x 1 + U”X 1 

45 

Reference 

A. 48 

F. 313 

F. 313 

T. 143 

E. 158 

-1 = logh t &lsBHw- O,sg6%5! q 36 w- 252 
= logh 2 - ; = 0.193147lBPd F. 338 

* = 0.153426 = ;(l - logh2) B, I 53Li2b ‘-@q-7 H. 476 

1 =- 
12 

1 _ =pj 

79 39 =--- 
4 16 

L 

cJ,& 

0, osq3@574P 50 C. 372 

0.370 
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Series No. 

SUMMATION OF SERI&S 

(242) - 1 1.2.3.4 + - 1 + 1 +-” O” 5.6.7.8 9.10.11.12 

(243) 1 1.3.5.7 + 1 + 1 +“’ 9.11.13.15 17.19.21.23 * 

(244) - 1 2.3.4 - - 1 + -- 1 “’ 4.5.6 6.7.8 * 

5 3 9 7 13 11 -- (24% 1a2 ~+~4-~5+~6-~+“‘nterms 

(246) 2 - 32 jYj 4 + -- 8 - 16 + m 7.17 17.31 m -se* n terms 

1 1.3 1.3.5 - - (248) r4 + 2.4.6 + 2e4e6a8 +... n teI-mS 

(249) --- 1 + 1 + 1 2.3.4 4.5.6 6.7.8 +“’ C0 

(250) --- 1 + 1 + 1 1.2.3 4.5.6 7.8.9 +“* O” 

(251) -- 1 + 1 2.3.4 6.7.8 + 1 10.11.12 +“- C0 

(252) - 1 + - 1 1 1.2.3.4 4i5.6.7 + 7.8.9.10 +“’ C0 

(253) --- 1 + 1 + 1 +“* 1.2.3 5.6.7 9.10.11 O” 

(254) 1 - 12 + F4 - E + . . . co 

(255) ’ + 1 - 1.1 + -- l-1.3 - 1.1.3.5 2 c4 2.4.6 2.4.6.8 + “’ C0 



OTHER INVERSE PRODUCTS 

=;I,,,,-; 0, oq 23871a 3 

47 

Reference 

0.371 

= 96(2 +” d2) qmY58ltW I7Y 0.371 

= + - 3) o,,yZV8/63+‘~ A. 190 

=3-2+(-l>” 
n+l F. 339 

=- ; l-?- 
-I 

(- 1y+1 
2n+1 + (- ‘)“+I > 

F. 339 

79 - 8 =- 
16 

O,I\ 695O/Lz53 

1 
= 2 - 

1*3.5...@2 + 1) 
2.4.6.. .(2n + 2) F. 333 

3 =-- 
4 

logh 2 
W~~~5u3wio T. 144 

1 ‘IT -- 
=4 43 ( -l”gh3) 0,\7%Z4 (367&&j@ T. 144 

+z ’ logh 2 0, ~~612s4ql5~ T. 144 

=$(l+&-; logh 3 ~J@+f3~635cf P-i0 T. 144 

= ; logh 2 o, \73’S%7 qst c. 252 

= 1/2 



48 

Series No. 

SUMMATION OF SERIES 

(256) 1 j + 2 r5 + -- 3 + 4 3.5.7 3.5.7.9 +-*. * 

(257) 1 + 3 2 + -- 3 + 4 +... nterms c5 3.5.7 3.5.7.9 

(258) 1 + 5+ =+ 3e5e7 1 1.2 1.2.3 +... 00 

(259) 1 + 1 + 1.2 + 1.2.3 + . . . 00 5 c5 m 

= l 
2 1 2.4 1 2.4.6 1 

+ 3.2 + -.- + -.- +--- 3.5 22 3.5.7 23 

(260) ’ + 1 + -- 1.3 + 1.3.5 +*‘* O” m 2.4.5 2.4.6.7 

(261) 1 + 1 1 + -.- 1.2 1 + -.- 1.2.3 1 + - - - 00 3.2 3.5 22 3.5.7 23 

(262) 1 + 2 1.3 1 + -.- 1.3.5 1 +. . . a ~~‘2 2.4.6 3 

(263) 1 m + -- 1 + 1 8.11 14.17 +... al 

(264) l-f+;-&+&-... a 

1 1 1 
(265) r5 + m + r9 + . . . co 

(266) 1 c5 + --- 1 + 1 + 1 9.13 17.21 25.29 +‘*’ O” 

(267) 1 - 2 1 + 2.4 -.- 1 - 2.4.6 -.- 1 3.2 3e5 22 3e5e7 23 + -. . a~ 

(268) $(f+n-l)(t:n)(l+n+ 1) 



OTHER INVERSE PRODUCTS 

1 =- 
2 

= z” 
=- 2” 

2v =- 343 1,2@l wi57g 

= 2 logh 2 1,386tq’i%~3 

1 ?r 
=9 --- ( d3 logh2 1 0, wf5\b%Fc 

= ; (1 + d2) 0,9Y805q’lv q 

= f - ;logh2 qY~67%7h$~- 

49 

Reference 

c. 225 

A. 431 

Y. 505 

A. 197 

A. 184 

Y. 505 

1Z. 136 

1z. 164 

IZ. 165 

1Z. 165 

= ?j& + lo&(3 + 2x4 0,2167~%.~~ $ 1Z. 165 

= -$Ioghy A. 197 

1 =- 
t(t + 1) A. 52 

T&5-q Lb Yl .s / 



I 

50 SUMMATION OF SERIES 

Series No. 

(269) 2 ( 
3 

, t + n - l)(t + n)(t + n + 1)(t + 12 + 2) 

(270);+&+ 1’3 2.4.5.25 +‘*’ * 

1 1 1 
-- 

(271) 1.22.3 + 5.62.7 + 9.102.11 +**’ Cx3 

1 1 1 
(273) 1 - m + m 

-- 
7.33 +**- * 

I (274) 1 + (;)’ + (A), + (+&)’ + (&)’ +. . . 00 / 

t (275) 1 +f(;) +g(f)‘+g(;)‘+... co 

1 
3 3.6 3.6.9 

(278) 1+~+~o+6~lo~14+-~~ I 
I 
I 

(279) -L - - 
X2 

1.2.3 + 2.i.4 + 3.4.5 +**- O” l 

(280) 1 - - 
X2 

1.2.3 + 3.z.5 + 5.6.7 +‘-- O” 

I 
/ 

(281) ’ 
X2 

--&5+m-***o3 1.2.3 

I 

I 
! 
I 
/ , 



OTHER INVERSE PRODUCTS 

4 - 6 =- 
6 

2* 
=31/3 

4 =- 
8 

4 =- 
9 

4?r 
=32/3 

3 1 (1 - x)2 -- 
= zi 2x2 + 2x3 

- logh +x where x2 c 1 

51 

Reference 

A. 52 

H. 468 

D. 495 

C. 372 

H. 476 

A. 190 

L. 236 

L. 237 

L. 237 

L. 237 

T. 125 

1 + d/x =loghl -dX+210gh(1 -x)-2 where 

Ocx<l T. 125 

- logh (1 + x) - - where 0 < x Q 1 

T. 125 



52 SUMMATION OF SERIES 

Series No. 

XII. Simple Factorials 

(282) +, + ; + g + . . . n terms 
. . 

(283) 

(284) 

(285) 

(286) 

(287) 

(288) 

(289) 

(290) 

(291) 

(292) 

(293) 

O! l! 
F!+(n+l)!+(n:!2)!+*--m 

- - 

c0 (2n)! 1 
c 

-.- 
0 

22w!n! x + n 

m (-l)Q(u - I)(a - 2). . .(a - n) 
c 

1 .- 
iZ! n=O x+n 

co 

c 
I 

1 n 1 n(n - 1) 1 ---- 
m l!m+l+2!‘--“’ m+2 

++n-1 
(n + 2)! 

XIII. Other Power Series (BenrouUi’s and Euler’s Numbers) 

22 32 -+- - n2 
n3 + 23 + p$3 + 33 + * * * + n3 + n3 1 

“Lf, n+l C l + l 1 
-+- n+2 n+3 +...+A 1 



OTHER POWER SERIES 

1 n+l 
=z-(n+2)! 

=5a+2 

= (n - 2)in - I)! 

= (n - l)in - l)! 

= (n + l)! - 1 

= (n + l)(!?k>):).!.(n + m) \ 

1 1 
\ 

= 2 - (n + 2)(n!) 
k 

h ’ 
w cQ/t 

= flogh2 

= logh 2 

53 

Reference 

F. 333 

F. 334 

F. 338 

AC. 63 l 

Q. 259 

Q. 260 

c. 211 

1Z. 324 

1Z. 326 



54 

Series No. 

(2g4) .k”, 

SUMMATION OF SERIES 

(2g5) “L’, [ 
1 1 &q2 + 1/&T-22 + 3m + *-- 

+ -\/2nz1 - n2 I 

(2g6) Lt 

n=* [ 

(n -nW3 + 02n ;nmYi3 + G2n ;nW’3 + . . . 

+ (n3 - rn)li3 
n2 I 

(297) Lt 
It=* I- dn-1+1/2n-I+dK7+ %Gl~ 

n 2n 3n ‘* ’ + n2 I 
(2g8) “F’, [ dza2; - 1 + d&j& + *** +1/zn2;2 - 1 1 
(2gg) &I (n2 :q2)3,2 + (n2 +?22),/2 + ’ ’ * 

+ {n2 + (nn: 1 1)2)3/2 

(300) Lt 
tl=CO 

(301) J-- + & + ;;b”T-r + . . . a3 n+l 



OTHER POWER SERIES 

= 5 

3 =- 
2 

= 2 

d2 =- 
a 

=- 
A 

= 2 

1 
= 1 where InI > 1 

n- 
A. 66 

= 1 
A. 52 

55 

Reference 

1Z. 326 

1Z. 326 

IZ. 326 

1Z. 326 

1Z. 326 

1Z. 326 

1z. 354 



56 

Series No. 

SUMMATION OF SERIES 

(303) (n+;)loghn-n+;logh(2rr)+&&-...Oo 

(304) nn+l/2 z/j&-n 
1 

1 + kn - 1 
1 

3(jon3 + m - * * - * 
> 

n large 

On the series Nos. (305) to (330), see No. (1130) for 
values of a, /3, etc. ; see No. (330) for general note covering 
Nos. (305) through (329). 

(305) 1 + ; + $ + -& +. . . co 

(306) 1 - ; + ; - ; + . . . co 

(307) 1 + $ + ; + + + ; +. . . 00 

(308)t 1 - $ + ; - $ + & - . . . co 

(309) 1+&t;+;+;+;+... co 

(310) 1 1 
-$+$-;+F-8” L+... al 

(311) 1 +&-;-;+++;-... ccl 

ts = T 
uz = 0.91596 56.. . 
Q = 0.98894 455. . . 
us = 0.99868 522. 

A table of n from 1 to 38 to 18 decimal place-s is given by Glaisher, Messenger 
of Mathematics, 42; 49, 1913. 



= logh (n!) 

OTHER POWER SERIES 57 

Reference 

G. 140 

-rl” = n!=d2m ; 0 

= Jr”, $22n = yy n . 

=S S2n 
.rr=v% =- “9 2*(2n)! 

= U”, u,, = 2% 
4.(2n)! 

n 2n+1 

0 2 
J%* 

= U”, uzn+1 = 2(2n) ! 

= j,, 2/3j2n+l = (3n)2”+1Jn 
(2n)! 

AC. 42 

G. 140 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

T. 140 



58 SUMMATION OF SERIES 

Series 0. 
7 

(312) 1 - $ - ; + 4 +&;-... al 

(313) 1 + ; + $ + kn + A + & +. . . al 

(314) 1 - 1 + 1 - 1 + 1 - 1 +. . . 3;; 7;; m nn 17. 00 

(315) 1 +;-;-&-+&+$-... co 

(316) 1 -&-;+&+&-A-... 00 

(317) 1 +&g+;+&... m 

(318) 1 -$-;+;+&-A-... co 

1 1 
(319) l + 22” + 32” + . . . co 

1 1 -- (320) 1 - 22” + 32n A+... al 

1 1 --- 
(321) l - yizi + 42n+1 

1 
52n+1 + * * - c0 

1 
(322) 1 + 22” -&+&+&-&+...co 

(323) 1 + 1 
22n+l 

- - 1 1 - 
42n+1 52”+’ +.-* O” 

(324) 1 - & + & - & + . . . co 



OTHER POWER SERIES 

= h,, d3h2,+1 = (‘y;;;” 

= r,, r2n+l = *(&42n+1J3n 
(*n)! 

= t n, 1/jt,, = 6(M2”K 
(2n - l)! 

= Pm n 
p2 +, = 1/*&~2n+1pn 

(*n)! 

= an 
d*&PQ. 

q2n = (2n - 1) ! 

_ @7dZn B 

2(2n)! n 

=~(l-&)B” 

(- 1 
= 

l)n+1&)2n+1 
~3(2n)! B2 n +1 0 5 

= (-- ue7P A2 1 
(2n - ” l)! 0 5 

= e P+1Gw2n+1 B2,+l 1 

2/3(2d ! 0 5 

= (- l)n+12%~+1 * 1 
cw! 2n+1 0 5 

+l+1 

= 22”‘qh)! &I* 

59 

Reference 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AC. 42 

AE. 3 

AE. 26 

AE. 34 

AL 34 

AE. 40 

AE. 30 

AE. 30 



60 

Series No. 

SUMMATION OF SERIES 

(325) 1 - 1 22” 4”1 + --- 1 1 + . . 62n 82rr . ~0 

4 \ 
--i 

0 
(326) 1 + & - & - 1 72n+l + & + . . . 00 

(327) 1 - & - &+&+A-... 00 

(328) 1 + & - & - & +. . - 00 

(329) 1 - &” -$+&+... co 

(330) General note on Nos. (305) through (329): 

(a) The values of Bernoulli’s and Euler’s numbers are 
given in Nos. (1129) and (1131). 

(b) The values of B,(x) and A,(x), etc., are given in Nos. 
(1134) to (1146). 

(c) The coefficients Is, etc., in Nos. (305) to (312) are given 
in No. (1130). See also No. (1101). 

(d) The values of p zn+l, qh, r2n+l, and t2,, are given in the 
table opposite for values of n = 0 to 4. 

(e) The summation of No. (305) to 16 places of decimals 
is given in No. (1133). 

(f) Some of these series are derived from No. (546), etc., 
giving 0 appropriate values. 

(g) Between Nos. (305) to (318) and (319) to (329) there 
is some duplication, as the series are collected from 
different sources, but the results are compatible. 



OTHER POWER SERIES 

= $g$+2.(;) + ,-1,-q} 

= P2n+I 

= 42n 

= rh+l 

= f2n 

61 

Reference 

AE. 30 

AE. 59 

AE. 64 

AE. 69 

AE. 74 

n P2n+1 92n r2n+l t2n 

0 2;2 - - 5 - 

Id 572 
63 2.343 

2 - 197r5 - lid - 5.61~5 23d 
d2.212 3d2.28 27.36 24*341/3 

3 3077r7 192. ~6 61.547~’ 412d 
5q2.21’ 3. 52/2.214 210.39.5 28.36+52/3 

4 24611~8 11~13~1801~~ - - 
219.32.5.12/2 211.39.5.71/3 

Ref. : AE. 63 AE. 66 AE. 73 



62 

Series No. 

SUMMATION OF SERIES 

(331) (- l)n+1(2++1 
2.(2n)! @2n+l(;) - j&j B2,+1 ($} 

(332) (- w-‘(274~ 
2(2n - l)! b-(i) - &-424} 

(333) (- 1)“+1(27p+1 
2*(2n)! (B2n+l(3 + &i B2n+l($) 

(334) (- l)“-‘(27+2n 
2(2n - l)! k&(A) - &A&)) 

In the above four series see also No. (1146) for an 
amplification of the coefficients A,, B,, etc. 

Generally 

The dash sign indicates that only those values of n 
(greater than p) which are prime to 2.3.4. . .p occur in 
the summation 

1 1 (336) 1 + 21 + B + $ +...a 

(337) 1 - $ + $ - -& + . . . 00 

(338) 1 + $ + & + & + . . . cg 



OTHER POWER SERIES 63 

Reference 

= +p2.+1 AE. 59 

= $p*n AE. 64 

1 =- 
2 rZn+l 

1/3 E--f 
2 2n 

= C(s) 2, 3, 5. . .p-are prime numbers in order 

= &)(l - 2-q 

= [(s>(l - 2-*)(l - 3-q 

= &s)(l - 2-q.. .(l - p-q 

772 =- 
6 

79 
E- 

12 

79 
L=- 

9 

AE. 73 

AE. 74 

Q. 272 

E. 154 

E. 158 

27 P. 281 



64 SUMMATION OF SERIES 

Series No. 
1 

(339) 1 + jj + 

(340) 1 + 1 
p 

m-m- 1 1 + L 
53 73 93 

+... 00 

(341) 1 - $ + J- - L +. . . 
53 73 

co 

(343) 1 + 1 24 + &+... co 

1 
(344) 1 -p-g+74 g-... aJ 

1 L+ 1 

1 1 
(345) 1 - 3 + - - r +... co 

55 75 

1 
(346) 9 + & + k2 +... ca 

(347) 1 5 - 2 + --- 3 4 + . . . a p 42 52 

1 
(348) r2 + 

1 
-L +... co 

m + 32.4 

(349) 1 
37 

+ 1+2 + 1+2+3+ 
54 74 

1+2+3+4+ 
94 

. . . o. 

(350) 12 - ; + $ - g + . . . co 

(351) (f - & + & +. .,. 00 ) 

+ f-A+&-... a9) 



OTHER POWER SERIES 

39 =- 
8 

3d2/2 
=-FE 

973 

=x2 
m4 

=a 
ST4 

=x-l 

1 lm4~2 

=-is- 

579 
=1536 

7r2(2 - 43) = 
36 

4 =- 
12 - logh 2 

-2 - 6 =- 
6 

25 =- 
54 

77 
=- 

4 

65 

Reference 

E. 155 

A. 364 

Y. 501 

E. 155 

E. 154 

A. 364 

Y. 501 

A. 528 

E. 158 

F. 332 

H. 462 



66 SUMMATION OF SERIES 

Series No. 
1 1 

(352) 1 - F + F - & +... co 

* (353) 1 - $ + $ - & +. . . co 

(354) 1 1 1 - -@ + 1 -@ - -$ +. . . 00 

(355) 1 1 1 - 9 + 1 33 - 9 + . . . 00 

(356) 2; 
I 

\ 1 1 
(358) 1 + JI + F + . . . n terms 

00 can be summed in five cases only: . . I 

x2 x3 
(360) ; + zz + F + 

co 

(a)x=l, 25 
1 

(b) x= -1, 23 
I 



OTHER POWER SERIES 

4 =- 
5 

67 

Reference 

T. 144 

9 =- 10 T. 144 

16 =- 17 T. 144 

25 =- 26 T. 144 

9 b, =---- b2 
6 n + 1 (n + l)(n + 2) - (n + l)(n “: 2)(n + 3) - * * * 

where bk = (k i I)! T. 27 

=K- c2 

(n + l)(n + 2) - (n + l)(n : 2)(n + 3) - * * ’ 

where K = 1.2020569 = O3 1 
c 

@9 see (I 133), 

andC,Jk-lY 1 
k ( 

1’ 1 1 
i+2+j+*.‘k-l 

1 
T. 27 

=1.07*7-L 1 
L 

1 - 
16 n+~+2(n+~) 

1 1 
+ 6(n + +)3 ’ 3O(n + 4)s + ’ * ’ 1 AC. 63 

(Glaisher 1876) 

= logh 2 

79 =- 
6 

79 =- 
12 



68 SUMMATION OF SERIES 

Series No. 

(c) x = ;, 2 5 

1 
co 

(d) x = 2 sin 2, c X” 
10 2 1 

(e) x = (2 sin $)“, 2 5 
1 

(362) 2 5.; = 1; lo& (i) 2+ 

(363) i (1 + $)’ 
1 

(365) 2 n;-;‘;)2 = 
1 s 

; logh x logh (1 + x.)dx 

(366) 2 (- w1 & 
1 

I= (367 m 1 (2n + :)2 - 1 

WI- 2 (-W-l 1 c2n + :,2 _ 1 

2 



OTHER POWER SERIES 69 

Reference 

= g - ; (logh ;)’ 

372 =-- 
10 

logh 2 sin 

VT2 =- 
15 

22.286 

= Is, $1 = Q $2 = 2c $3 = 5E $4 = 15E 
& = 52~ & = 2036 8, = 877~ & = 41406 A. 197 

= $ - ; (logh 2)2 A. 520 

= II + 2(1 - x-n) + 1 - x-2n 
x-l x2 - 1 

1 =- 
8 

A. 52 

+ 
2 logh 2 - iz A. 496 



70 SUMMATION OF SERIES 

Series No. 

(370) 2 
1 

& 

(371) 2 &I 
2 

(372) 2 (1 - x$ - 
I 

xn+l) 

-3 L 
h 

(373) 2 (4n2 ! 1)1 
I 

B 

$- C3T4) 2 n,,‘- 1) 
d 1 

k 
(375) 2 n(g$l- 1) 

I 

=s (376) 2 - 1 n(36nf 1) 

c l(377) 1 + x2 - ;+gx4-;x5... co 

(378) y [(3n ! 1)4 + (3n : ?l=l 1 1)4 

(379) -J-- 
1 1 

n+l + 2(n + 1)2 + 3(n + 1y +. ** c0 

(380) 1 _ 7 + nZc;: -2 12) _ n2(n2 y2 !;;y2 - Z2) 

. . . to n + 1 terms 
l-4 

(381) ; + c6 23.x2 + L!z33.x3 +.*. a) 
3-6-9 



OTHER POWER SERIES 71 

Reference 

= - x-a ;+;+... z + logh (1 - x) 
> 

where x < 1 

3 1 1 
=5-z--- 

= (1: x)2 
where 1x1 < 1 

1 
= x(1 - x)2 

where 1x1 > 1 

= 8 

774 + 307r2 - s 4 = 384 
768 

= 2 logh 2 - I 

= ; (logh 3 - 1) 

= -3+;logh3+2logh2 

.y 
= (1 + x)x - 

=-- 

C. 246 

Q. 59 

T. 141 

T. 142 

T. 142 

T. 142 

Y. 107 

E. 190 

F. 197 

F. 338 



72 SUMMATION OF SERIES 

Series No. 
n=m 

(382) c {(2@2 - ;2fn - 1)2}2 n-1 
n=m 

(383) c ((2n - ,J- (2m)2}2 n-1 

(384) ,,:: 2n 
(~)p+(~)p+(~)p+...2nterms 

(l+k)‘+ (i+&)‘+...nterms 

(385) 2 { 
l-3*5...& - 1 2 1 

1 2.4.6.. .2n > 2n+r 

$0 = 2logh2 - -4w2 77 

$1 = i f.9 - 1 

*2=‘-f 
Tr 
1 1 

$3 = -(2w2 + 1) - - 2w 3 

$ =!!-1 
4 9?r 4 

$5 = kr(18w2 + 13) - i 

178 1 --- 
& = 22% 6 

$,=&5b2+43)-; 

D 

co 
! w2 c C-W-’ (2 : 112 

OI 11 =l-?,+F-F+...m 5 

= 0.9159656 -3 C@TQMd 
When r is a negative integer the value of n = r/2 is to be 
excluded in the summation. 



OTHER POWER 

4 1 
= - 16(2m - l)= 2(2m - 1)4 

79 
=m 

$-1 = I-2 
?l 

s-2 = +gh2 +; - &(2w2 f 1) 

1 10 
8-s = j - G 

Jr_,=&gh2+~8 - & (18~2 

I 178 
S-5 = 5 - y& 

SERIES 73 

Reference 

c. 373 

c. 373 

J. 74 

T. 142 
* 

+ 13) 

71 
8-6 = g logh 2 + - 

1536 
- &(50q + 43) 



14 SUMMATION OF SERIES 

Series No. 
- t3*@ *n l-3*5...% 1 = 

2.4.6.. .h 

(387) 2 An & 
1 

(391) 2 (- l)n+l*n3 (zn Tl,tzll + 2j 
1 

(392) 2 (- l)“An3(4n + 1) 
1 

(3g3) 2 *It4 (h _“,;2,’ + 2) 
1 

WV 2 A2 

n=l 

(395) 7 E* 

(396) 2 =$ 

2 

(397) Z& 

1 

OD 12&--l 
(3g8) 2 n(4n2 - 1)2 

1 



OTHER POWER SERIES 75 

Reference 
(2n - I)! 

= 22+z!(n - I)! 
T. 143 

=I-$ 

7r 
=-- 

2 l 

= logh (1 + 1/2) - 1 

1 =- 
2 

2 1 =- -- 
72 2 

2 1 =-- 
7r 

1 4 =--- 
2 772 

=-- 4i2 where m is an integer and n = m omitted A. 67 

= -& where n is even and n = m omitted A. 67 

= 1 T. 143 

1 =- 
2 

T. 141 

I 32 
= 2 logh 2 4 /2 jl T. 143 



I  

76 SUMMATION OF SERIES 

Series No. 
1 1 1 (399) 1 - 5 + F - F - . . . 00 

(4w 2 (n2 ! 1)2 = &ji + 
[ &)2 +& + *** O” 1 

ww 2 (n2 - 92 

cz (-1)n 

2 

(402)7 x + a&(x) + $ B3(X) + g B4(x) + . . . a3 

(403)T 1 + .(x - ;) + aQz(x) + &4,(x) + . . . m 

I 
/ (404) -&+;+$B’*- n(n - ‘)tn - 2> B3* + .  .  .  o. 

I  

4! 
This series may be used to evaluate B,,* by putting 
n = 2, 4, 6, etc. 

(405)~(~2)+~(~2~+~(~)5+...m 

(406) 2 J4 5 

1 

(407) 2 (- lP-I$” f 
I 

n2x2 n(n2 - 12) n2(n2 - 22) 
WV l+nx+~+ 3! x3+ 4! X4 

+& 
n(n2 - 12)(n2 - 32) x5 + o. 

5! . . . 

! (409) 1 +$(f)‘+&&-J2+... 00 

(410) 1 + $12 + $G)z + t(z)’ +. . . w 

t For values of An(x) and B&(x), see No. (1146). 



4 =- 
5 

7r2 11 
=fi -- 16 

79 5 =--- 
24 16 

OTHER POWER SERIES 77 

Reference 

T. 144 

te - 1 
= - E” - 1 where x is a positive integer 

acx =- 
@- 1 

= 1 

AE. 6 

AE. 20 

Y. 109 

=x where1 >x> -1 Y. 459 
1 =- where x > 1 x 

=~x@(x3+8x2+ 14x+4) whereJ3,= 13+23+33+...$ 

A. 197 

= 0 where & = 13 + 23 + 33 + . . . n3 A. 197 

= (x -I- dl + x2)” ‘L Y. 107 

L-4 IZ. 360 n 

= T IZ. 360 



78 

Series No. 

SUMMATION OF SERIES 

(411) $12 + h(i)2 + qg)‘+... co 

x(a + x) (412) a - xyu + x)2 
a3 

4 xyu + x)’ + 
+ 7-3 & -*a 

+ (- I>,-1 (2n - 211 x*@ + x>” + 
n!(n - l)! *2n-1 *-* * 

(413) 1 - ax(1 - x) + -x2(1 - x)2 

- a@ - 4)(a - 5) x3(l _ x)3 + 
3! . . . 

(416) biy ex - ?-ma- ?- 
1-x3+ 1 - x5 +-** O” 

XIV. Trigonometrical Summations 

(417) sin 0 + sin 28 + sin 38 + to n terms 

(418) cos 0 + cos 28 + cos 38 + to n terms 

(419) sin 0 + sin 38 + sin 58 + . . . + sin (zn - l)e 

(420) ~0s 8 + cos 38 + cos 58 + . . . + cos (h - i)e 

(421) cos B + sin 38 + cos 58 + . . . + sin (4n - l)e 



=m- 3 

=X 

TRIGONOMETRICAL SUMMATIONS 79 

Reference 

1z. 360 

= (1 - x)0 where 1x(1 - x)1 < $ 

= ;logh2 

“N -!- logh $- 1 --x -x 

7r 1 
z 3.1-x 

A. 199 

A. 199 

A. 201 

A. 201 

A. 201 

= sin 1 (n + l)e sin !f cosec !j 
2 

E. 283 

e = cosi(n +‘1)8sin~cosec- 
2 

E. 283 

= sin* nd.cosec 8 E. 283 

=- : sin 2ne-coxc e E. 287 

= sin 2dJ {COS 2ne + sin 2d) x (COS 0 + sin e} cose~ 28 E. 288 



80 

Series No. 

SUMMATION OF SERIES 

(422) cosec 8 + cosec 20 + cosec 4d + . . . n terms 

(423) cos 1 + cos 28 + cos 2 + 2 2 
. . . n terms 

(424) cos & + cos & + . . . n terms 

(425) 1 - 2 cos 8 + 3 cos 28 - 4 cos 38 + . . . n terms 

(426) 3 sin B + 5 sin 28 + 7 sin 38 + . . . n terms 

n-l 

(427) 2 k sin kB 
I 

(428) 2 k cos ke 
I 

(429) 2 (- l)k cos ke 
1 

(430) 2 sin (UC - i)e 
I 

(431) 2 (- lp-l sin (2k - l)e 
I 

(432)tanB+tan(B+E)+tan(e+$)+...nterms 



TRIGONOMETRICAL SUMMATIONS 81 

Reference 
e 

cot - - cot 2”-‘8 2 
E. 125 

cos t (3n - i)e sin 7 cosec 7 E. 287 

1 
z 

E. 288 

cos e + (- I)“-l{(n + 1) cos (n - I)e f n cos ne> 
2(1 + cos e) 

E. 117 

sin e + (2n + 3) sin ne - (2n -t 1) sin (n + i)e 
31 - cos e) 

E. 117 

sin no -- 
4 sin2 i 2 sin i 

l- cos ne - 
2 sing 4 sin2 i 

T. 82 

T. 82 

T. 82 

sin2 ne 
=sine T. 82 

sin (2n + 2)e = C-l)” 2cose 

= -ncOte+ne) 

T. 82 

E. 73 



82 SUMMATION OF SERIES 

Series No. 

(433)cotB+cot(B+~)+cot(B+~)+...nterms 

n-l 
2mk2 

(434) 2 c0s-y 
0 

n-l 

(435) 2 sin y 
1 

n-1 

(436) 2 sin 2 
1 

(437) i: sin2 k0 
I 

(438) -$ COG k6 
0 

(439) -L + 7 + . . . + 
1 1 

sm2 0 sm2 20 n- sin2 --$ 0 

(440)-1+7+...+ 1 1 
sin2 8 sin2 28 ?Z- sin2 -$8 

(441) L--- + Y + . . . + 1 1 
sin2 e sin2 38 sin2 (n - 2)8 

(442) -A + - + . . . + 
1 1 

sin2 0 sin2 38 sin2 (n - l)d 
n-1 

+ . . . n terms 

(445)tan26+tan2 0+? 
( ) 

+ . . . n terms n 



TRIGONOMETRICAL SUMMATIONS 83 

Reference 

= n cot ne E. 73 

=$ ( 1 +cosT + sin y 
1 

=.q 
( 

1 +cosT nn - sin - 2 1 

= cot& 

T. 83 

T. 83 

T. 83 

= ;- cos (n + I)0 sin n0 
2 sin 0 

T. 82 

n+2 =-+ cos (n + l)e sin ne 
2 2 sin e 

T. 82 

n* - 1 = - where n is odd 6 
A. 210 

n* - 4 = - 6 where n is even A. 210 

n* - 1 = - 2 
where n is odd 

n* =- 
2 where n is even 

A. 211 

A. 211 

= !j (n* - 1) where n is odd A. 223 

= n* cosec* n0 where n is odd 

where n is even E. 73 

E. 73 



84 

Series No. 

SUMMATION OF SERIES 

(446) sin3 0 + sin3 28 + sin3 38 + . . . n terms 

(447) COG 0 + COG 28 + cos3 38 + . . . n terms 

(448) sin4 0 + sin4 28 + sin4 38 + . . . n terms 

(449) cos4 e + cos4 28 + ~0~4 38 + . . . n terms 

n-l 

(450) 2 tan4 (F) 
1 

(451) cot2 g + COP; +... 
(n - + cot2 2n 1)~ 

(452) cot4 2 + cot4 2 + . . . + cot“ (’ inl)lr 

(453) I + u cos 8 + ~2 cos 28 + . . . + CI”-1 cos (n - i)e 
n-l 

(454) 2 ak cos k0 
0 

Nos. (453) and (454) are equal. 

n-1 
(455) 2 ak sin kB 

I 



TRIGONOMETRICAL SUMMATIONS 85 

Reference 
3 = ,-sin~(n + 1)0sin ne e i 3 3d 38 -cosec- - 2 2 -sin-(n 4 2 + l)esin-cosec- 

2 2 

3 1 
=- cos - (n + 

ne 8 
4 2 i)e sin - cosec - 2 2 

+ cos 2 ’ 5 2 (n + i)e sin Zf cosec 2 2 2 

= i [3n - 4 cos (n + i)e sin ne cosec e 

+ cos 2(n + i)e sin 2nB cosec 281 

= f [3n + 4 cos (n + i)e sin ne cosec e 

+ cos 2(n + i)e sin 2ne cosec 201 

= $(n - I)(?22 + n - 3) where n is odd +A. 223 

= i (n - l)(n - 2) where n is odd 

= & (n - l)(n - 2)(n2 + 3n - 13) where n is odd 

I- = Q cos e + an+1 cos (TV - i)e - u” cos ne 
1 - 2u cos e + fz2 

= (1 - a cos e)(l - an cos ne) + an+1 sin e sin ne 
1 - 2 u cos e + ~2 

= a sin et1 - U" cos ne) - (1 - u cos ep sin ne 
i -2ac0se+d 

E. 288 

E. 285 

E. 288 

E. 288 

0.349 

0.349 

T. 82 

T. 82 



86 

Series No. 

SUMMATION OF SERIES 

(456) Q sin 0 + 2~2 sin 28 + 3~3 sin 38 + . . . n terms 

1 1 
(457) COG e - 3 cos3 38 + z$ 

1 
~0~3 328 + gs ~0~3 338 + . . . t0 

n terms 

(458) cos; + co+ +...+ COS(~; lb 

(459) 2 & tan i 

(460) t (& seci)’ 
I 

(461) 2 (2n sin* i)* 
1 

(465) sin 0 + sin (0 + /3) + sin (0 + 2s) + . . . n terms 

(466) cos e + cos (e + p) + cos (e -t 2s) + . . . n terms 

(467) sin 0 - sin (6 + j?) + sin (0 + 2s) - . . . n terms 

(468) cos 0 - cos (tJ + j3) + cos (0 + 2s) - . . . 2n terms 



TRIGONOMETRICAL SUMMATIONS 87 

Reference 

= [a sin 13 - a3 sin 0 - (n + l)an+l sin (n + 1)B 
+ 2(n + l)u”+2 sin n0 - (n + l)P+3 sin (n - l)e 
+ nun+2 sin (n + 218 - 2nun+3 sin (n + i)e 
+ nun+4 sin ney(i - 2~ cos e + ~92 D. 502 

=$(3c0se+ (-f)n-lCos34j} E. 126 

=- 1 

= $0tg - 2c0t2e 

= c0sec20 - (~cos~c~) 

= (2nsing)2 - sin*0 

22n+2 _ 1 i e 
= 3.22”-I + 4C0t22e - F-C0t5 

n2 - 1 
=--@- where n is odd 

1 =- 
2 

where r is odd and n is even 

= sin 
-I 

e + i (n - 118) sin f$ cosec g 

= cos 
1 

e + i (n - 1)/I 
1 

4 B sin 9 cosec z 

=sin e+ 
1 

!f+-! (/? + 7r)} sin w set g 

= sin+ + (n - &I}sinn/?secg 

T. 83 

T. 82 

T. 82 

T. 83 

A. 218 

A. 218 

E. 282 

E. 283 

E. 285 

E. 288 



88 

Series No. 

SUMMATION OF SERIES 

(469) sin 8. sin 28 + sin 28. sin 38 + . . . n terms 

(470) cos 8. sin 28 + sin 28. cos 38 + . . . 2n terms 

(471) sin 0. sin 38 + sin 20.sin 48 + . . . n terms 

(472) cos 0 sin p + cos 38 sin 2j3 + cos 58 sin 38 + . . . n terms 

(473) 2 f sin (+ + fe) 
I 

(474) -6sin(u+b)-5sin(2u+b)-... 
+ (n - 7) sin (nu + b) 

(475)t sin e + a sin (e + /3) + ~22 sin (e + 2s) + . . . n terms 

(476) tan 0 tan (0 -t 8) + tan (0 + j3) tan (0 + 2s) + . . . n terms 

(477) cosec 8 cosec 28 + cosec 28 cosec 38 + . . . n terms 

(478) set 0 set 28 + set 28 set 38 + . . . n terms 

(479) 2 sin (e + kp) 
0 

sin 8 - 0 sin (19 - 8) 
tSumtointinity= 1 -2amB+az 

where = < , 
. 



TRIGONOMETRICAL SUMMATIONS 89 

Reference 

= i {(n + 1) sin 26 - sin 2(n + I)e} cosec 0 E. 288 

1 =- 
2 sin 2(n + l)e. sin 2d cosec e E. 288 

= 5 cos 28 - i cos (n + 318. sin t2e. cosec e E. 288 

= i sin {ne + i (n + 1)/I} sin 5 (28 + p) cosec f (28 + p) 

- i sin 
1 

t2e - t (n + 118) sin i (28 - p) cosec i (28 - p) 

E. 286 

= (n + 1) sin (4 + ne) - sin+ - nsin(+ + n + ie) 
20 - cos e) 

sin lZ+m na + b - - 
= (n - 7) sin (na + 6) + (n - 8) 2 

2 sin al2 

sin {na + b - (a + w)} _ 7 sin (a + b) - 6 sin b 

2( sin ~/2)~ (2 sin ~/2)~ 

= sin~-asin(~-j3)-u~sin(~+nj3)+u~+lsin{B+(n- 1)/I} 
1 - 2ucosp + a* 

E. 117 

= tan (8 + 43 -tanB-ntan/3 
bnP 

= COW e(mt 8 - cot tn + i)e) 

E. 124 

E. 125 

= cosec e{tan (n + 1) e - tan ej E. 125 

= sin(B+ $)sin(!f+)/3cosec~ T. 82 



90 

Series No. 

SUMMATION OF SERIES 

(480) 2 cos (0 + I$) 
0 

(481) 1 - !?.$! sin2 0 + (n2 - ‘2y2 - 32) sin4 0 + . . . 

+ (- l)(n-U/22n-l sip-1 0 

(482) n sin 0 - 
n(n2 - 12) 

3! 
sin3 0 + dn2 - ’ 2)(n2 - 32) sins e + 

5! 
. . . 

+ (- 1)+1)/22rl sip fj 

(482a) 1 - !?f$-!f cos2 (I + (n2 - '!y2 - 32) cos4 e 

_ (n2 - 12)(n2 - 32)(n2 - 52) cos6 e + 
6! 

. . . 

+ (- ip-1)/2 (2 cos ey-1 

(482b) n cos 8 - 
n(n2 - 22) 

3! 
~0~3 e 

+ n(n2 - 22)(n2 - 42) toss e _ 
5! 

. . . 

+ (- p/2+1(2 cos ep-1 

(482~) n cos 0 - n(n23; 12) cos' fI 

+ n(n2 - 12Mn2 - 32> cos5 e _ 
5! 

. . . 

+ (- l)b1-1)/22~-1 cosn e 

n2 
(482d) 1 -Bcos20+ 

n2(n2 - 22) 
4! ~0~4 e 

_ n2(n2 - z2)(n2 - 42) cos6 e + 
6! 

. . . + (- i)n/22n-1 COS” 8 



TRIGONOMETRICAL SUMMATIONS 91 

cos no = - where n is odd cos n 

= sin n0 where n is odd 

= (- l)h-u/2 !g where n is odd 

= (- Qd2+1 g where n is even 

= (- l)(n-1)/2 cos no where n is odd 

= (- I)“‘2 cos n8 where n is even 

Reference 

T. 82 

A. 204 

A. 205 

E. 65 
A. 204 

E. 68 
A. 204 



92 SUMMATION OF SERIES 

Series No. 

(483) n sin 0 - 
n(n2 - 22) 

3! 
sin3 0 

+ 
n(n2 - 22)(n2 - 42) sin5 e + 

5! 
. . . 

+ (- l)n12+l(2 sin Op-l 

n2 
(484)t 1 -gsin2e+ 

n2(n2 - 22) 
4! sin4 8 + . . . 

+ (- l)nl22n-l sin” 8 
n-l 

(485) 5 (cot (e + ru) + cot (0 - ru)) 
I 

n-l 
-T- 

(486) 2 (cosec2 (e + TU) + cosec2 (e - ru)} 
I 

(487) sin 
e 2 sin 28 22 sin 228 

2 cos e I + - 2 cos 28 - i + 2 cos 228 - i + **- 
n terms 

(488) tan-1 1 1 
1 

5 + tan-l 
7 

+ tan-l - 
13 

+ tan-1 1 + 
21 

. . . 

1 
+ tan-l 

1 + n(n + 1) 

n-1 2r7r 
x - acos- 

(4go) 2 $ *2 _ 2ax cos 2r:: 
y + a2 

t This summation can be carried to infinity, the sum being cos i m, where 

the value of n is unrestricted, and B = I. 



TRIGONOMETRICAL SUMMATIONS 

sin 120 
=cose where n is even 

= cos nd where n is even 

= n cot n0 - cot 8 where na = m 

= n2 cosecz no - cosecz 0 where na = w 

2n sin 2ne sin e 
= 2n cos 2ne + i - 2 cos e + i 

= tan-1 A 
n+2 

nxn-l 1 1 
= - - - - - xn - an where n is even 

x-a x+a 

nxn-l 1 =--- 
.v - an where n is odd x-a 

93 

Reference 

A. 205 

A. 204 

A. 217 

A. 217 

D. 330 

E. 126 

Y. 55 

Y. 55 

A. 207 



94 

Series No. 

(491) 

SUMMATION OF SERIES 

set t + set z + . . . + set 

(492) 2 tan-l (set & sinh 8) 
1 

(493) (2 cos by-1 - (n - 2)(2 cos e)n-3 

f cn - 3)(n - 4, (2 cos qv-5 + 
2! 

. . . + (- lp-I)/2 

. . . + (- iy-1 (TV cos e) 

(494) (2 cos ep - n(2 cos ep-2 + n(n2; 3, (2 cos e)n-4 + 

. . . + (- l)(n-l)l% cos 0 (n is odd) 

. . . + 2(- 1p (n is even) 

(495) ’ c0se + c0s3e + cos 38 i cos 58 + - - * 
n terms 

sin2k 2 2n + sin2k g+... 

(497) I--y -xc0se+x4c0s28--4c0s38+... 001 

(498) Lim [x sin e - x4 sin 28 + x9 sin 38 - . . . CD] 
x-+1 

(499) f$ an sin f2e 
I 

(500) 2 an cos d 

(501) cos 8 + II cos 38 + ~2 cos 58 + . . . u” cos (2n + l)e + 
. . . co 



TRIGONOMETRICAL SUMMATIONS 95 

= i logh tan where n > 6 > T 
2 

Reference 

IZ. 355 

= tan-1 sinh n0 
cash (n + I)0 where n is even A. 528 

= sin n$.cosec 0 where n is odd 
= sin &.cosec 0 where n is even E. 61 

= 2cosnO E. 63 

= f cosec 0{tan (n + i)e - tan ej E. 125 

.I = (UC - 1)(2k - 3). . 
2k(2k - 2). . .2 where k is a positive integer IZ. 326 

1 =- 2 A. 276 

= i tan g A. 276 

a sin e = 1 - 2ac0se + a2 where a2 -e 1 T. 139 

1 - acose = 1 - 242 cos e + a2 where a2 -c 1 T. 139 

= (1 -a)cose 
1 - 2a cos 28 + a2 where Ia/ c 1 A. 223 



96 SUMMATION OF SERIES 

Series No. 

(502)tanB+tan(e+~)+tan(e+~)+...tan(e+~) 

(503) cos e + ; cos 28 + f cos 38 + . . . co 

(504) cos e - $0s2e +fcos3e+...c0 

(505) cos e + f cos 38 + i cos 58 + . . . m 

(506) c0se-- fc0s3e + icos5e +... m 

(507) c0s2e + &ode + fc0s6e +... a 

(508) sin 0 + i sin 20 + f sin 38 + . . . CO 

(509) sin e - i sin 28 + f sin 38 + . . . 00 

(510) sin e + f sin 38 + 5 sin 58 + . . . CO 

(511) sin 8 - f sin 38 + i sin 58 - . . . CO 

(512) sin 28 + i sin 48 + f sin 68 + . . . CO 
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= 5 tan 58 

= -1ogh2sini where0 < 0 < 2n 

=logh2cosi where-r<d<m 

= ; logh cot ; where 0 < 0 c n 

where R < 8 < 2~ 

7c where - z < t? < z =- 
4 2 2 

= -logh(2sine) where0 < 0 <w 

= $7 - 0) where 0 c 0 < 2a 

e =- 2 where --rr < 0 < w 

= 
: where 0 < 8 < w 

=- 
T where n < B < 2~ 

= k logh (set 0 + tan 8) where - 5 c e < 5 

= - 28) where 0 < 0 < m 

Reference 

E. 191 

A. 356 

A. 356 

A. 356 

A. 356 

A. 359 

A. 356 

A. 356 

A. 356 

A. 356 

A. 356 

A. 359 

A. 356 



98 SUMMATION OF SERIES 

Series No. 

(513)cosg+fcos~+~cos~+~cos~+... co 

(514) tan 0 - f tad 0 + $ tan5 0 - . . . co 

(515) - 1 sin 2 13 - - 2 sin 28 + to sin 38 5 - $ sin 48 + . . . co 

1 (516) cos e + p cos 28 + 32 Los38 +... 00 

(517) cos 8 - - 1 c0s2e + p0s3e 1 22 -... CO 

1 1 
(518) c0se + p0s3e + $cos5e +... CO 

(519) sine - $ sin 38 + iz sin 58 - . . . 00 

1 1 
(521) sin 0 + z sin 28 + zi sin 38 + . . . co 

(522) sin ; - $ sin $8 + $ sin i 0 + . . . co 

(523) sin* 8 - $ sin2 20 + f sin2 38 - . . . a3 

(524) sin 28 + i sin 38 + f sin 48 + . . . co 
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Reference 

= ; (2d3 Iogh (2 + d/3) - W} E. 123 

=e where$>B> -$ E. 107 

r sinh 0 
=2sinh u. 42 

= i (0 - ~)2 - h 4 where 0 < B < 2~ A. 360 

9 e2 
=--- 12 4 where-P<e<m A. 360 

= p - 28) where 0 < 0 < w 

= i (T + 28) where - n < 0 d 0 

1 =- - z z 4 d where 2 6 0 6 2 

= ; h - 0) where s Q 8 f 2 

= i ecrr - 0) where 0 < 0 d m 

= i {+I1 - 02) where - w < 0 Q s 

4 sin e 
= 5 - 4c0se 

me =- 8 

= k logh set 0 

= + f (W - 0) cos 8 

A. 360 

A. 360 

A. 360 

A. 360 

Q. 163 

Q. 163 

E. 117 

J. 311 

c. 334 
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Series No. 

SUMMATION OF SERIES 

(525) sin 0 1 + 1 p sin 28 + 3 sin 30 + . . . 00 

(526) sin 0 1 - 23 sin 28 + 1 F sin 38 - . . . co 

(527) sin B 1 + 1 3 sin 38 + 3J sin 50 + . . . CD 

(528) 1 cos B - p c0s3e +p0~5e-... 1 00 

(529) cos B + r 
1 

24 cos 28 + F cos 38 + . . . 00 

1 1 (530) cos e - s cos 28 + p cos 38 - . . . CO 

1 1 (531) cos e + p cos 38 + p cos 58 + . . . 00 

1 (532) sin 8 - F 1 sin 38 + g sin 58 - . . . co 

1 1 (533) sin e + p sin 28 + B sin 38 + . . . co 

(534) 2 =; 
--m 

(535) 2 E 
--oo 

a* a3 (536) ac0s8 + p0s2e + Tc0s3e +... CO 

(537) a cos e + f$ cos 38 + 
a5 Tc0s5e +... 00 



TRIGONOMETRICAL SUMMATIONS 101 

Reference 

= A{(tl - 793 - $8 + ~3) where 0 < 13 < 2~ A. 362 

= & (7A.l - e3) where - w < 0 < n A. 362 

where 0 Q 0 < w 

= t (de + ,e2) where - n 
2 

< 0 < 2 
2 

A. 362 

where - i < 0 < 5 A. 362 

= & {2,2(e - ,q - (e - r)4} - gi where 0 < 0 < 2~ 

A. 363 

’ e4 
1 

- 2de2 + 
7 

=z3 Ed 
> 

where -r < 0 < 71 A. 363 

= & {de3 - 6,s + ~3) where 0 < 0 < w A. 363 

=${3+-4482} where-;<B<g A. 363 

de n2e3 rre4 es z--y 
90 36 +48-m where 0 < 0 c 2~ T. 138 

= -rrCoSu(T-8) whereO<0<2v 
sin m A. 370 

= T sin a(~ - e) 
sin a7r where 0 < 0 c 21~ A. 370 

= - ilogh(1 - 2acose + &) where& < land0 # 2m 

22.302 

+ogh i +2ac0se+d 
i -2ac0se+s where IuI < 1 E. 122 
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Series No. 

(538)logh&-2 ~cosB+~2cos28+~cos38+... a) 

(539) u cos 6 - G cos 38 + $ cos 58 - . . . a0 

(540) a sin e + $ sin 28 + a3 7 sin 38 + . . . 00 

(541) (97 - e) - (L sin 8 + & sin 28 + & sin 38 + . . . CD) 

(542) a sin 0 - T sin 28 + g sin 38 - . . . co 

(543) a sin e + $ sin 38 + f sin 58 + . . . co 

(544) a sin e - f sin 38 + f sin 58 - . . . 00 

(545) &0se + -&0s2e + -&0s3e +... c0 

(546) 2 & sin (2n - i)e 

1 

(547) 2 (-- 1),-l& cos (2n - l)e 

1 

(548) 2a sin 0 + 4a2 sin 28 + 6a3 sin 38 + . . . 00 
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Reference 

= logh (1 - 2u cos B + a*) where a* > 1 22.302 

2ucose = i tan-1 1 where Ial < 1 E. 122 

= tan-l a sin 0 1 - acose where u* 1 < 22.302 

= tan-l a sin 0 1 - a cos e where u* > 1 22.302 

= tan-l a sin 0 
1 + a cos e where Ial < 1, 0 # (2n + 1)~ E. 122 

= 5 2u sin e tan-1 1 where Ial < 1, 0 # rm E. 122 

= ; logh 1 + 2 u sin e + U* 1 - 2 u sin e + U* where Ial 1 < E. 122 

ac0se - i 
= 

1 - 20 cos e + U* 
where u* > 1 22.302 

where u* < 1 T. 139 

where u2 c 1 

2a(l - a*) sin e 
= (1 - h cos 8 + u2)2 where u2 < l 

=loghcoti where0 < 0 <v 

T. 140 

22.303 

A. 392 

97. 
=- 

2 where 0 c 0 < ?T A. 392 

= T  where 0 < 8 c 21~ A. 371 
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Series No. 

SUMMATION OF SERIES 

(554) 2zs 

(555) 7s 

(556) $ E 

(557) 2 (-p-1 p$ 
I 

(558) a 2 (- I>,-1 s 
1 

(561) 2 (- l)n-1 s 
1 

(562) us (-lp$=$ 
I 
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Reference 

= --cot?ra where0 < B < 27r A. 371 

sin m8 where 0 < 9 c 2~ and m is 

a positive integer (omit m = n) A. 371 

sin m0 = (T - 0) cos mll - - 2m where 0 c 8 < 2~ and m is a 

positive integer (omit m = n) A. 371 

= 97 sin a(* - e) 
4a cos ha 

where 0 c 8 < rr and n is odd (a unrestricted) 

A. 371 

= m~~~~(+ - e) 
4 cos *a 

where 0 < 6 < v and n is odd (a unrestricted) 

A. 371 

Q. 191 37 sin ae 
=-sin where -W < B < ?I 

d0Sae I = m - - 
2 sin 7ra 2a 

where - w < B < rr 

= Tcosh4T - e, ’ where0 < 0 < 2~ -- 
sinh vu a 

= = sinh ‘CT - e, 
sinh Ta 

where 0 < (J < 2 97 

rr sinh a6 
= 2 sinh ~a 

where - rr c 8 < 7r 

7rcos.h a0 1 = 
+ 2 sinh wa 

-- 
2a where - m<e<n 

Q. 191 

A. 393 
AE. 5 

{ 
A. 393 
AE. 4 

22.717 

22.717 

= 1+~-2e2-2c0s2e-2esin2e--~c0s48 
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Series No. 

m sin 2nrrB 

(564) i 2 + 

See’ No. (572) 

00 COS2nne 
(565) z 2 n2u 

See ho. (573) 

(566) i sin B + 3 sin3 i + 32 sin3 $ + . . . co 

(567) sin* 0 + 22 sin4 i + 24 sin4 t2 + 26 sin4 $ + . . . CO 

(568) cos 28 - ; cos 40 + f cos 68 - ; cos 88 

+ i cos 108 + . . . CO 

(569) 1 - itan* + itan - &tan628 +... 00 

3 31 (570) 1 - 8 tan* 28 + 128 tan4 28 - g4tan628 +... co 

11 431 (571) 1 - ?z tan* 28 + 2048 tan4 28 - . . . co 

m WW 2 2 sin 2nme 
2nrr 

1 

m (573)f 2 2 cos 2nd 
1 (2nrr>2 

& are Bernoulli numbers. 
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Reference 
1 =- 
2 

a-8 whereOc@<a 

2 

- ff where 0 < 8 < a 
12 . . 

=- ie 
= 02 

C. 336 

C. 336 

= logh 2 + logh cos 0 where - w < 6 <: m 22.302 
2 tan e =- tan 28 0.383 

_ 2 sin e 
tan 28 0.383 

4sini 
=- tan 28 0.383 

= f - +,(e) = i 0 - where 0 < e < 1 i A. 370 
AE. 2 

= A {4,(e) + B,) = i (82 e + i 1 where 
- 

0 < 0 < 1 1 
A. 370 
AE. 2 

= c2iD!:)! &2k-1(8) where k > 1 and 0 < 8 < 1 A. 370 

(- l)k-1 = o! {+2k(e) + (- I)k-lBk} where 0 < 0 -Z 1 A. 370 
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Series No. 

SUMMATION OF SERIES 

sin 4x9 (576)t sin 2aB + - sin 6~70 - 22&l + 32”+1 + *** c0 

cos 47re (577)T cos 27d + - cos 67~9 - 
22~1 + 32” + ** * * 

(578) 2 tan-1 $ 
1 

(579) 2 (- 1),-l tan-1 $ 
1 

(580) tan-l & - tan-l & + tan-1 & - . . . 00 

I e 1 (581) 2 tan j -t 3 tan &+$ 
e tan F + . . . 00 

181 el e 
(582) -sec2T + Fsec2s + ,-,sec223 +... co 

(583) ; - 76 4 
T Ts 

} sin 8 - gsin28 + {$f - $}sin28 

- $ sin 48 + . . . CO 

(584) (I; - $} sin e - {g - $} sin 28 

+G-$}sin30- . . . 00 

(585) i (1 + 4 sin e + 5 (1 - e) sin 28 + 6 (1 + l *) sin 38 

+ $1 - em) sin 40 - . . . 00 

WI g - ;} c0se-~c0s2e+~-~}cos3e 

4 
-pc0s4~+{$~}c0s5e-...41 

t For values of B,,(B), see No. (1142). 
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(- lP-+’ 
22nr2n+1 

Reference 

= (&)! B2n+l(63) where 0 < 0 < 1 AE. 3 

22n-lm2n 

= c-v1 (Zn _ I)! where 0 < 8 < 1 

AE. 3 
= $ - tan-1 Z!$$! 

7r 
= - 2 + tan-l ZJ$ 

A. 314 

A. 314 

= tan-1 
sinh 5 

cos e 
4 

1 =-- 
8 cot e 

A. 314 

Y. 54 

= cosec2 e - A Y. 54 

me2 =- 
2 u. 41 

Te3 
=- 

2 u. 41 

7rC =- 
2 U. 42 

u. 45 
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Series No. 

SUMMATION OF SERIES 

(587) ~acos6 - f ,30 cos 36 + - 1 650 co.5 58 - 
5 

. . . co 

(58% 

(590) 

(591) 

(592) 

(593) 

(594) 

(595) 

(596) 

m 
c I e2 (1 + (- l)“-le=} sin n6 

1 + a* + 4u cos e + 2uy3 - a*) cos 28 

+ 2a3(4 - 2&)cos 38 +... 

+ 2un{n(l - a*) + (1 + a*)} cos ne + . . . 00 

a* + 1 + 4a cos e + 2(3=1; l) cos 28 + . . . 

+ 2+@* - 1) + (a2 + l)l cos nfj + 
. . . 

ao 

an 

co 
c ’ 1 2( l?i*)3 

[n(l - a*) + (1 + a*)] sin 0 

m 

c 1 2(/-- 1)3@+l 
-L [n(u* - 1) + (a* + l)] sin no 

Memorandum : Consult Edwards Integral Calculus, Vol. 
II, for extension to these series. 

l -@ sin B 
1 + 

e-248 sin 28 cm399 sin 38 
2 + 3 +...oo 

C-q cos e c*~~cos2e ,-3@COS 38 
l + 2 + 3 +... al 

4 1 + (-1)” 
3 sin 28 + F5 sin 48 + . . . + n2 _ 1 n sin n0 +. . . co 
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Reference 

= - 2 tan-l (cos 0 cosech a) E. 123 

= a - 0 where 6 is positive, 101 < a 
J. 309 

= u + 0 where 8 is negative, 101 < a 

= 5 ,@ where 0 < 0 c r u. 42 

(1 - a*)3 
= (1 - 2~ cos e + u*)* where u* < 1 

(a* - 1)3 
= (1 - 2~ cos e + a*)* where u* > I 

sin 8 
= (1 - h cos (j + $)3 where u2 < ’ 

sin e 
= (1 - ‘& cos 0 + $)3 where ‘* ’ ’ 

= tan-l 
sin e 

670 - cos e where q is positive 

22.303 

22.304 

22.305 

22.305 

22. 194 

= - logh 1/l - 2c-40 cos 0 + e-W where q is positive 
22. 194 

TcOse = - where 0 < 0 < 71 
2 
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Series No. 

SUMMATION OF SERIES 

(597) ;(I + cash m) sin 0 + $ (1 - cash n) sin 28 

+ 6 (1 + cash r) sin 38 + . . . 00 

(598) J-k-C sin If + ;51’;:: sin $ 
a* + 7~2 a 

+ 3(1 + c, sir 3rre I 
a* + 9~2 I . . . 00 

a 

m sin(2n+2)8 
@03) c n(n + 1) 1 

sin 28 sin 38 m (604) m+ 2.4 +a.. 00 = c sin ne 

2 

m 

02 

(@5) -- cos 28 + ~0s 38 +... c 
cos n8 1.3 2.4 00 = * n2 

cos 28 -- cos 48 m cos cos ww +.-- co c y nt7 

1.3 3.5 

= - 

2 
n* 1 - 
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Reference 

m cash 8 =- 
2 U. 42 

= f! where 0 c 0 < a 
277 u. 51 

where - a Q tl Q a T. 139 

1 ~7 sin 0 
=2-s where 0 < 0 < g T. 139 

1 2 = 
T where-n Q 0 < --rr 

3 3 AB. 243 

= l (W - 0) where i 71 6 0 Q v 

sin 20 + sin2 8 logh (4 sin2 0) 

where 0 < 0 Q m T. 139 

= sin 28 - (W - 28) sin2 0 - sin 8 cos 0 logh (4 sin2 0) 
where 0 Z$ 0 d rr T. 139 

=- : sin 0 - sin 0 logh where’ 0 < 0 < 2~ A. 368 

= i + i cos 8 - a (m - 0) sin 0 where 0 < 8 < 2~ A. 368 

%0se-- =- 
4 2 
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Series No. 

SUMMATION OF SERIES 

2 sin 28 4 sin 48 
Q) cos y n sin n9 

(607)r-T+... co= -2 
n* - 1 

2 

cos 28 cos 38 
(608)n-m+... co= + 

m (- ip cos ne 
c n* - 1 

2 
1 cos 28 cos 48 cos 68 

ew~-~-~-~-...co 

cos 38 
m sin* !E cos nfI 

(6Wm+F+... rn=z n22- 1 
2 

sin 38 sin 58 
03 sin f? sin nf3 

(612)x-T+...co= -2 n;-l 

2 

sin 38 sin 5e 
~3 sin* E sin ne 

(613) -- + +*** c 2 
2.4 4.6 

CQ = 
n2 _ 1 

2 

rm 
- 

(614) 3 cos 38 5 cos 58 
00 sin 

2 
n cos nB 

T 
- 

Tz-- 
+ **-c0=- c 

n* - 1 
2 

2 cos 28 
(615) T + F +... co = 2s 

2 

O” (-lpcosne 

(616) T (n + I)(n + 2) 

1 1.3 1.3.5 
(617) 2 sin 8 + c4 sin 28 + 2a4e6 sin 38 + . . . 00 
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Reference 

1 1 --- =2 4c0se-2 1. ll sin 0 

7r sin 8 =- 
4 

= 5 cT - e) sin 0 where 0 Q 0 Q r 

= f cn - e) sin 0 where m < 0 < 2n 

= - ‘2 cm + e) sin 0 where - v Q 0 Q 0 

1 =- 
4 cos e - a sin e + i e sin e 

T. 139 

Q. 166 

= $ sin 0 - a sin 0 logh (2 sin 0) 

1 1 
= ---- 2 4 cos e - cos 8 logh 

= (COS 8 + cos 28) l0gh 

. w e - 
sin - 4 

+ f 8(sin 28 + sin e) - cos 8 

Q. 190 

E. 116 
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Series No. 

SUMMATION OF SERIES 

(618) 1 + 1 2 cos e + 1.3 c4 cos 28 + . . . co 

’ - sin 38 

m 

(619) - sin 28 +*” c 
sin ne 

1.2.3 2.334 O” = 2 (n - I)n(n + 1) 

(620) COS e + 1 z .- cos 38 1.3 .- code 3 +c4 5 +... 00 

(621) sin 8 + !j sin 38 + F4 . sin 58 + . . . 00 

1 1 1.3 
(622) 1 + 2cos28-c4cos48+ 2s4.6cos6t’-... OI 

(623) ‘$! _ E - E - . . . co = _ 
00 

2 
sin ne 

, n(n2 - 4) 

2 2,4 2.4~6 
(625) sine + jsin3e + msinse + 3.5S7sin7e +... 00 

(626) %f + g; + G + . . . co 
1.2.3 

cos 38 cos 58 cos 78 --- 
(627) 1.3.5 3.5.7 + m9 -*** * 

1 sin2e 
(628)~ 

1 .3 sin4 e 1.3.5sinee .- -- 2 +2.4 4 +m~+*-* 00 

(629) 1 + 2 sin2 e + 2.4 sin4 e + 2.4.6 sin6 e + . . . 3 r5 w7 a~ 

22 22.42 22.42.62 
= 1 +3!sin2e+5!sin4e+ sin6 7! 8 + . . . 00 

(630) a2 a3 sine+acose-Bsine-Rcose+... 00 

(631) I + aces e + 2! 50s2e + $0s3e + . ..co 
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Reference 
T-8 cos - 

4 
E. 116 

3 =- 
4 

sin 8 - i (7~ - 0) + l (n - 0) cos e 

= 1 co+ (1 - 2 sin e) 

= dcos O(l + cos 0) where - g < e < ; 

71 sin2 0 =- 
8 

where n is odd 

= e cot e 

= e set e 

= &0se - &OS28 

m =- 
8 

co9 e - A 
3 

cos 0 where - ; < 0 < z 
2 

e 
= logh sec2 z 

28 
TEZd 

= sin (e + a) 

= c ~0s 0 cos (a sin e) 

c. 334 

E. 117 

E. 118 

x. 54 

Y. 86 

Y. 505 

C. 421 

A. 369 

H. 498 

L. 78 

Y. 84 

X. 72 
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Series No. 

SUMMATION OF SERIES 

(632) a sin 0 + $ sin 28 + $ sin 38 + . . . co 

(633) 1 + ‘+ + ‘+ + . . . co 

u* sin 20 
(634) 2, + ‘+ + . . . oz 

m u~cos 2ne (635) c (2n)! 
0 

(636) 2 
~*n+l cos (2n + l)e 

0 
(2n + I)! 

(637) 2 
u*n+l sin (2n + i)e 

0 
(2n + I)! 

* u*n sin 2ni3 (638) c (2n)! I 

(639) 1 --sine+7+ 02 cos 28 2283 sin 38 - 3384 cos 48 3, 4, -...a 

(640) ecose+-- e* sin 28 2283 cos 38 3384 sin 48 
2! 3! - 4! +-** aJ 

(641) resin 4 + F sin 24 + g sin 395 + . . . co 

( r=dFTF, 

(642) 1 + sin e + (I + :i sin2 e + (I + ‘Jj sin3 e + . . . co 

(643) 1 + ~~/*cos:L~ + ~*/*cos$~ + ~~/*cos$: +...a 

00 
nn f+ = 

c 
0 

2n/* cos -J- * 2 

(644) cos e + n cos 38 + 
n(n - 1) 
- cos 58 + . . . CO 2! 
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Reference 

= l a CoS d sin (a sin 8) X. 72 

= i cos (a sin O){ l cos 89 + e-a cos 0 
1 E. 118 

= jj sin (a sin O){e cos f3 - E-* cos a9 > E. 118 

= cash (a cos 0) cos (a sin 0) where 02 < 1 T. 127 

= sinh (a cos 0) cos (a sin 0) where a2 < 1 T. 127 

= cash (a cos 0) sin (a sin 0) where a2 < 1 T. 127 

= sinh (a cos 0) sin (a sin 0) where a2 < I T. 127 

= cos e 

I 

where 101 < i 

= sin 6 

b 
4 = tan-1 a = Cue sin 68 

8 
=- 

cos e 

= 8 cos e 

A. 312 

E. 131 

L. 79 

Y. 84 

X. 72 = 2nc0snec0s(n + i)e 
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Series No. 

SUMMATION OF SERIES 

(645) sin 19 + n sin 30 + 2r ‘(’ - ‘) sin 50 + . . . co 

(646) I+L 
2 a+2 COS~~+(~$;~~~)COS~~+... co 

(647) ~0s" 0 - n(n - ') cos-2 8 sin2 e 
2! 

+ n(n - ‘)cn - 2)(n - 3, cosn-4 e sin4 0 _ . . . zero 
4! 

(648) 

(649) 

n cos-1 e sin e - ‘@ - *im - 2, COS-3 e sin3 e + . . . zero 

n(n - 1) 

(650) 

c0st2e + ~COS(~ - 2)e + T cos (n - 4)8 + . . . 

If n is odd there is an even number of terms so that the 
last term contains cos e. 

n(n - 1) 
cos ne - n cos cn - 2)e + T cos (n - 4)e + . . . 

1 n. I + -(-l)n/2- 
2 2 

(651) sin ne - n sin (n - 2)e + ‘w sin (n - 4)e + . . . 

In the series Nos. (652) through (659) .C, are the binomial 
coefficients. 

(652) 

c = n(n - l)(n - 2). . :(n - r + 1) 
n I r ! 

cos 2f2e + 2n~l cos (2n - 218 + 2n~2 cos (2n - 4)e + . . . 

+ ; 2nG 

(653) cos (2n + I)e + 2n+l~1 cos (2n - i)e + . . . + 2n+,~n cos e 
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Reference 

= 2” co9 0 sin (n + I)0 X. 72 

20-l (r(4 + 1)) 
= 

r(a + 1) 
cos 49 where a is positive but not 

necessarily an integer and - 5 < 0 < z Q. 263 

= cOsne 

= sin ne 

= 2”-1 cosn e 

= 2”-1( - l)nD sin” 0 where n is even E. 57 

= 2n-1( - I)+1)/2 sinn 0 where n is odd E. 58 

= 22n-1 co+ 0 where n is even 

= 22n cos2n+1 0 

E. 33 

E. 33 

E. 55 

C. 278 

C. 278 
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Series No. 

SUMMATION OF SERIES 

(654) cos 2ne - 2,G cos (2n - 2)e + 2,,c2 cos (2~ - 4)e + . . . 

+ (-I>” ;.&-, 

(655) sin (2n + l)e - 2n+lC1 sin (2n - I)0 
+ 2n+lC2 sin (21 - 3)e + . . . +( - I)n2n+lCn sin e 

(656) 1 + .cl cos 28 + .c, cos 48 + .c, cos 68 + . . . + cos 2ne 

(657) .C1 sin 28 + ,,C, sin 48 + ,,C) sin 60 + . . . + sin be 

(658) 1 - $1 cos 20 + .C, cos 48 - ,,c, cos 66’ + . . . - cos 2ne 

.CI sin 28 - .C2 sin 40 + .C3 sin 60 - . . . - sin 2n0 

(659) .C1 sin 20 - ,,C2 sin 40 + ,,CJ sin 60 - . . . + sin 2nB 

1 - .C, cos 20 + .C2 cos 48 - .c, cos 68 + . . . + cos 2nf3 

(660) 1 - ab, sin be - ‘(’ 5, 2b) e2 cos 268 

+ ‘@ - 3b)2 83 sin 3be + 
3! 

. . . a3 

(661) f + j$$ cos 28 + gz ; $E J :i cos 48 + . . . CO 

(662) sin20 + ?j.i sin40 + c.1 sin60 +. . . co 
3.5 3 

(663) c0se-~c0~3e+~.~c0~5e-~.~.~5cos7e+ . . . co 

4 n/2 
where h = - 

7r s cos3’2 e de 0 

(664) General case of (663) 

cos e - & cos 38 + 2.e cos 58 

- &--f-J&!++$+0~7e +... m 

When n is odd. this series terminates. 
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Reference 

= 22”-1( - 1)” sin2n 19 C. 278 

= 22”(- l)n sin2n+l 0 

= 2”-cos nf3 cos” 0 where n can be odd or even 

= 2n COP 0 sin n0 where n can be odd or even 

= (- 1)+1)/22n sin” 0 sin n0 where 12 is odd 
= (- l)(n+2)/22n sinn 0 sin no where n is even 

= (- l)(n-l)/22n sinn 0 cos n0 where n is odd 

= (- l)n/22n sin” 0 cos n0 where n is even 

C. 278 

= cos ae Y. 511 

TT 1.3.5.. .(2n - 1) 
= -. 4 2.4.6.. .(2n 2) , cos2”-Vj where n is an integer Q. 191 

- 

= 02 Q. 130 

1 =- h COS~/~ e 

= 1.113 X. 56 

1 
=c COP 0 

where n is any value X. 63 
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Series No. 

SUMMATION OF SERIES 

1)2 sin24 + . . . co 

(666) 1 + F4 sin2 0 + +$j$ sin4 e 

+ 3.r;4f8.t;.8 sin60 +. . . co 

(667) ;cos2B - f(1 + +sh3 

(667a) ;cos2e - f 

sin e 
w3) 7 

&n cos 1177) sin ne 

(670) 
&n cos nrr - 1 

cos ne 
I 

r=tl-I x - a COS ?!e! 

(671) 2 

r=O x2 - 2ax cos ‘+ + a2 

(672) tan-l x + (h sin 0) sin 0 - v sin 20 + . . . 00 
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=- ; 
e2 

logh 2 COG z 
I 

where 

Reference 

c. 335 

L. 79 

Ti-<e-c?7 c. 252 - 

1 
=- logh 4 COG 

82 
z I 

e2 
- 8 s where - n < 0 < r A. 529 

82 
=sin 

= & where 0 < 0 < m 

n~q~n - an cos e) 
= x2n - 2xflan cos 0 + a2n 

= tan-l (x + h) where x = cot 0 

gd-‘6’ 
=sin 

L. 82 

Y. 55 

Y. 108 

Y. 505 
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Series No. 

(674) 1 - n(n2y ‘) tan* 0 

+ fl(n - l)(n - 2)(n - 3) tan4 0 + 
4! 

. . . m 

(675) 2 {tan-l --& - i} 
-02 

(676) x (- 1)” (tan-l -& - c} 
-co 

(677) cos B cos a + ;cos28cos2a+ ~cos3Bcos3a 

(678)cos~cosa - ;cos2~cos2a +~~0~38cos3a 

(679) sin 0 sin Q + f sin 28 sin 2a + 5 sin 319 sin 2a + 

(680) sin e sin a - i sin 28 sin 2a + i sin 38 sin 3a - 

+ co . . . 

- . . . al 

. . . co 

. . . al 

(681) cosdcosa + ~COS~~COS~O +~cos38cos3a +... 00 
22 32 

(682) c0sec0s~-1-c0s2ec0s2a+ Los3ecos30-... co 
22 32 

(683) sin 0 sin a + +z sin 20 sin 2a + :2 sin 30 sin 3a + . . . co 
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Reference 

cos ne 
=cos” 

where n is a positive integer 

tan-1 If + tan-l ___ 
tanh ny 

=- omit y = x 
x tan 7rx 

= - tan-l 2 + tan-l y 
sinh cry 
sm 7rx 

omit y = x X 

D. 330 

A. 314 

A. 314 

=-- d logh [~(COS 0 - cos a)21 where 0 # 2nn + a A. 358 

= i logh [~(COS 19 + cos a)21 where 0 # (2~ + 1)~ f a A. 358 

= $ logh 
sin2 $(0 + a) 
sin2 +(0 - a) 

where 0 # 2n~ + a A. 358 

= ; logh 
cos2 +(O - a) 

where 0 # (2~ + 1)~ f a A. 358 ~0~2 ge + U) 

= d 02 + d (a - n)2 - h ,2 where 0 G 0 G a A. 361 

= t u2 + d (0 - a)2 - A ,2 where a G 6’ < T A. 361 

1 = - 79 
12 

- f (a2 + 02) where -(n - a) < 0 6 (V - a) A. 361 

.- = k ,2 - t {ta - 42 + (e - +: where (n 

= 1 e(, - a) where - a i 0 < a 

U) G e G CT + a) 
A. 361 

A. 362 

zz- : a(= - 0) where a 6 0 < (277 - a) A. 362 
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Series No. 

SUMMATION OF SERIES 

(684) sinecosa + isin2Ocos2a + isin38cos3a+... 00 

cos 19 sin a + i cos 2~9 sin 2a + f cos 38 sin 3a + . . . cc 

(685) cos e + u cos (e + pj + ~2 ~0~ (e + 2s) + . . . co 

(686) sin e + a sin (e + 8) + ~2 sin (e + 2p) + . . . CO 

(687) cos (e + a) + f cos 2(e + a) + f cos 3(e + a) + . . . co 

e z 2nrr + u 

(688) cos (e - U) + ‘2 cos 2(e - u) + f cos 3(e - a) +... co 
e # 2n7r f a 

(689) sin (0 + a) + i sin 2(8 + U) + f sin 3(8 + U) + . . . 00 

(690) sin (0 - a) + k sin 2(t9 - a) + i sin 3(8 - a) - . . . co 

(691) sin 0 + a sin (0 + ,@ + $ sin (e + 28) + . . . o. 
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Reference 

= f(e) wheref(0) = - k 0 

g(8) = ; (7r - a) 
i 

if0<8<a 

= g(e) wheref(e) = i (n - e) 

g(0) = - f a 
1 

ifa-cecr 

f(a) = t (w - 2a) = g (a) A. 358 

= cos e - a cos (0 - p) 
1 -2acosj3+a* 

= sin e - a sin (e - 8) 
1 -2acos/?+a2 

E. 131 

E. 117 

= - i logh 4 sin* f (0 + a) 1 A. 358 

= - ‘2 logh 4 sin* i (0 - a) 
I 

A. 358 

= k {TT - (0 + a)} w ere h 0 < a < r and 0 < (0 + a) < 2n 

A, 358 

= f iT - (e - u)j whereO<a<r and 0<(0-a)<27r; 

when 0 < a the sum is diminished by n A. 358 

= l a cos 0 sin (e + a sin 8) E. 121 
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Series No. 

SUMMATION OF SERIES 

(692) cos 6’ + a cos (0 + ,8) + $ cos (0 + 2rs> + . . . co 

~0~2 e ~0~3 e 
(693) 1 -cosecos/3+2!cos2~- 3! cos 3p + . . . co 

(694) sin 0 - $ sin (0 + 2p) + -$ sin (0 + 4j3) - . . . CO 

(695) cos 8 - & cos (e + 2s) + $ cos (e + 4s) - . . . CO 

(696) u cos e - ff cos (e + 2~) + $ cos (e + 4~) + . . . m 

(697) 2 $ sin ntl sin na cos n/l 
1 

(698) sin 0 cos 0 + sin2 0 cos 28 + . . . co 

(699) 2 t sin 2nO sin2 n+ 
I 

(7fm 2 f sin2 n0 sin* n# 
I 
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Reference 

= E= =OS B cos (0 + a sin b) E. 121 

= ccos e cos @ cos (cos 0 sin j3) E. 121 

= sin 0 cos (cos j3) cash (sin ,3) - cos 0 sin (cos j3) sinh (sin j?) 
E. 121 

= sin (cos /I) cash (sin j?) cos (0 - /I) 
- cos (cos /3) sinh (sin /I) sin (0 - ,!I) E. 122 

24zcos~ 1 = i cos (0 - j3) tan-l 1 - z sin (0 - ,C3) tank-1 - 2a sin /I 
1 + fi* 

E. 122 

where 0 < /3 < a < 5 

= i e(n - a) where 0 < 0 < (U - ,6) 

= i r(8 + a - p) - i d where (U - p) < e < (a + p) 

= i a(~ - 0) where (a + p) < 0 c ,, A. 390 

sin e (COS 8 - sin e) 
= 1 - sin 28 + sin* e where fI # + T E. 117 

1 c-m 
4 where ’ < 2e < r 

e-+<+--ee) A. 391 

1 =- 
4 ne A. 391 
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Series No. 

SUMMATION OF SERIES 

(701) 2 -$ sin4 n0 sin* n+ 
1 

(702) 2 -$ sin4 n0 sin* ny5 
1 

(703) cos 0 sin 0 + i co.+ 0 sin 28 + f cos3 e sin 38 + . . . co 

(704) set* e - f tan* e set* e + i tan4 e set* e + . . . CO 

(705) cot e cosec* 0 - cot 38 cosec* 313 
+ cot 58 cosec* 58 + . . . n terms 

(706) 0 + cos B sin 0 + y sin 20 + $-f sin 30 + . . . a~ 

(707) z+;g+;se+... 00 
(708) loghsinB+acotB-gcosec*e+Tg-... o. 

(709) f + a 2 k tan f cos 2 m7d 
t?l=l 

(710) f + 47v1z m-l sin 5 m7r cos 2m7d 
t?l=l 
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Reference 

1 =- 
8 

To9 A. 391 

1 =- 
6 

43 A. 391 

7r 
=- - 

2 
0 where 0 -c 0 < i E. 121 

e = 
sin 0 Co.5 0 

22.246 

= 2n3 A. 223 

= 
f 

Y. 108 

7r =- L. 81 
2 

= logh sin (0 + a) L. 71 

= (- 1)s if 0 is not a multiple of i 

= 0 if e is a multiple integer of i 

I 
0 is a real variable between 0 and 1 
n is an odd integer 2 3 
s is the greatest integer in n0 

=l whenO<e<~and~c0< 1 

= -1 whenice<; 

Q. 191 

Q. 191 
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Series No. 

XV. Hyperbolic Summations 

(711) 1 +coshe+y+y+... co 

sinh 28 (712) sinh 0 + - sinh 38 - 2! + 3! +**. co 

(713) 1 - isinh2B + gsinh4B -... 03 

(714) I + a cash 8 + u2 cash 28 + . . . an-1 cash (n - i)e 

(715) asinhe+&sinh28+... CO 

(716) sinhe - isinh28 + fsinh38 -... CO 

(717) sinh2 0 - 22 sinh4 i - 24 sinha $ - 26 sinh4 $ - . . . co 

(718) tanh 0 + 5 tanh3 0 + f tanhs 0 + . . . CC 

(719) coth2 B - n 1 
c 22” tanh* i 

I 

tanh 8 2 
+, 

(72w i 2 

n sin22r T 
2n 

tanh2 0 r=O I+ 

tan2 2r + l 
2nrr 

2 tanh 8 

t 
“sinz 2 sinh 29 

I + tanh 29 p = n{cosh 20 - cos 2/&r} 
tan2 R?r 



HYPERBOLIC SUMMATIONS 

= ecosh B cash (sinh 0) 

= <cash 8 sinh (sinh 0) 

e 
= sinh f3 cash 0 

1 - a cash 8 - an cash n0 + a”+’ cash - = (n 1)0 
1 - 2a cash 0 + U* 

a sinh 0 
= 1 - 2a cash e + a2 

8 =- 
2 

= 82 
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Reference 

E. 122 

E. I22 

A. 198 

E. 117 

E. 117 

E. 122 

c. 336 

=tanB-itanJB+itanstI-... co where 0 is between f ;I” 

E. 123 
1 

= 22” coth2 1 220 c. 315 

= tanh nt3 where n is even 
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Series No. 

(721)t t (tanh 0 + coth 0) + ’ 

(722) t 
tanh 19 
-+ n 

(723)t F + 

-1 

2 tanh 0 - r7r 
n sin2 n 

1 + tanh2 8 

tan2 F 

n-3 
I=z 

2 r=O 

2 tanh 13 - 
n sin2 e 

n 
1 + tanh2 0 

tan2 a 

,+ 1 

PW ; 2 
1 

2r + 1 r=~ sin2-7r 
2n 

sinh 13 + i tanh i 

2 tanh 0 

t 
nsin2 2 sinh 28 

* + tanh* e = n(cosh 28 - cos 2Rm) 
tan* Rn 

*sin* Rn ’ 
2 sinh 0 

e = COSh o - COS 2Rn 
sinh + i tanh z 
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Reference 

= coth no where n is even 

= tanh no where n is odd 

= coth no where n is odd 

= tanh q where n is even 



SUMMATION OF SERIES 

Series No. +, 
2 coth 19 + 1 

1 

r=l sin2 p 
Y-& + ktanhi 

(7X9$ ; 

1 

sin2 ?A-! T 
2n 

sinh 6 + k tanh t 

&!A 

coth f + 
2 

1 
W’)$ ; 

2 
1 

r=l sin2!2 

4 + itanhi smh 0 

(728);+2nsg2 
1 

(729) 2 2 s 
1 

(730) ; + 2az (-d;pJ;2”e 
1 

(731) 2 2 (-- ;;-:2 no 

1 

XVI. Trigonometrical Expansions 

e2 e4 m 

(732) 1 - 2? + 4? - . . . co = c I 
(-w& 

83 85 00 
(733) e - r + 5! - . . . CO = 

2 0 
(- l)n (2,82;t11,! 

’ sin2 Rn 
1 2 sinh tl 

0 = cash 0 - cos ZRT 
m + i tanh 2 
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Reference 

n8 = coth - 2 where n is even 

= tanh q where n is odd 

= coth !f where n is odd 

cash a(~ - 0) =77 sinh m where 0 Q B < 2~ 

=71 sinh (ZT - 0)~ 
sinh am 

where 0 c 0 < 2~ 

cash a0 = T. where-rr<e<rr smh arr 

sinh a0 = 
=sinh where - w < 0 < w 

= cos tl where 0 < CQ 

A. 393 

A. 393 

A. 368 

A. 368 

= sin 0 where 0 < co 
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Series No. 

(734) e-;+;-... m=$(-lyg$ 
0 

In the following series Nos. (735) through (763), see 
No. (1130) for values of the coefficients. 

co 
02 e4 

(735)1-B,2!-B24?-...oo=1- c I 
Bq& 

(736) a1 4 + a2 $ + . . . CO = 2 an E 
I 

e2 84 
(737) 1+81~+82~+...a=l+ c O” Bn& 

1 

(32 84 
m 

(738)1+E2~+E4~+...oOC1+ c 1 
E+! 

e2 e4 
m 

(739) 2 + 6, rg + 82 g + . . . co = 2 + c 1 

e 
(740) 51 z + 52 qj e3 + 53 g + . . . 

m 
Co= 

. c 
1 

I-5 

e2 e4 
co 

(741) IO + Zl g + 12 g + . . . co = IO + 2 , L& 

co 
82 

(742) HO + HI 5 + H24! B’+... co=Ho+ - c 1 Hn (E;! 

8 
(743) Yl z + Y2 4! 8’+ y3g +... 

co e2n-i 
CO= . c I yn (2n)! 
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Reference 

= tan-l 0 where 192 < 1 E. 107 

e = -cot! 
2 2 

= tan i 

= 0 cosec e 

= set e 

38 cos ; 
=- 

sin g e 

e 
sin - 

2 =- 
cos zf 

2 

3 sin i 
=- 

2 sin 2 
2 

3 cos ; 

=2 
2 

3 sin 1 sin e 
= 

2si12-B 
2 

AC. 41 

AC..41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 
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Series No. 

e e3 es 
m 

(744)8,2?+e,q?+e3g+... co= c 
I 

82 e4 
(745) 1 - “15 - 62 g - . . . co=l- 

83 es 
m 

(746) T# + T2 3 + T3 r! i- . . . 0~) = c 1 

e2 e4 
(747) Jo + J, g + J2 a + . . . 

e2 84 co 
(748) So + S1 2! + S2 4? + . . . 00 = So + c 

1 

e e3 es 
co 

c 

ezn-i 

(749h157+?247++3~++.. aI= 
I 

%a (2n) 

e2 84 
(750) R3+Rq+R2g+... co= .,,=&.& 

1 

e2 
(751) pO + plB + p24! !fT +... 

83 85 
02 

(752) e1e + Q2z + Q3a +... 00 = c 
I 

Qn (;z1-;) ! 

83 es 
(754)e+~~~+~~~+... OC, 

(755) logh 0 + 2 n.c2n)! n 
m (22n-1 - 1)22n B e2n 

I 

(756) be2 + B2 m 23 84 + B3& e6+... CO 
* . 
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e 
Reference 

sin 0 Cos - 
2 = 

2 cos zf 
AC. 41 

2 
38 cos 28 

= sin 38 

sin 28 =- 
2 cos 38 

3 sin 28 
=sin38 

cos 28 =- 
cos 38 

3 sin* e 
=2 

~0~2 e 
=- 

cos 38 

cos e 
=- 

cos 28 

sin e =- 
cos 28 

= set e i- tan e 

= logh (set B + tan e) = gd-le 

= logh tan 0 where 82 < G 

sin e = - logh e 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

AC. 41 

Y. 500 

Y. 500 

T. 123 

B. 245 
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Series No. 

(757) 2 logh { 1 - (2n yJzr2} = - 2 ‘“;;&; 1) B,,IP 
I I 

(758) logh 0 + 2 1 o gh 1 { 1 - --&} =loghS-~~B,,B” 

(759) 

(760) - 2 2n+l cos y 
1 

$ (&, 
. . 

(76’) 1 + e + Le3 3 3 3.5! +... 00 

=- m 2(22n+l - 1) 
bc (2n+2)! 

B,+le2”+’ 
0 

I 8 83 1 (762) e - j - a - . . . co = e - 
* 22” 

c 
1 (2n)! B,,e2”-’ 

0 + 83 O” (763) - 7 + 285 + . . . co = c 22”(22n 1) B 15 
(2n)! n 

e2n-1 
I 

- 482 e 

(765) 2 - n - 28 - 2 2 2 + - T + 28 +3- n - 28 3T f 28 - - O” 

(766)22 2vle2n2Me2 
I- 

( 1 2 

1 OD 28 =-- 
e c nW - e2 

1 

(768) e/f-- - 4 + 4 4 - n - 28 - 37~ + 28 5KB 7m + 20 + * - - O” 
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Reference 

= logh cos 0 where 02 < T B. 237 

= logh sin 0 where 02 < ~2 

e = logh- 
2 sin i 

B. 237 

A. 315 

= logh c0sh e - cos e 
e* A. 315 

= cosec 0 where 02 < d T. 121 

= cot 0 where 02 < & T. 121 

= tan 0 where 02 < G T. 121 

= tan 0 where 0 # m A. 296 

= tan 0 @ where 0 # l lb c. 360 

= tan 8 B. 237 

= cot 8 where 0 # m 

=secB+tan8 wherei>B> -I 

c. 360 

Y. 501 
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Series No. 

(769) f + he - $e - &-* + ke + . . . oa 

=;+2*s (--w1 
1 n27r* - O* 

(770) --L + A* - A* - & - . . . al ?r - 28 

= co (-I)“-’ 2n(y2’JT 

c 
I 

( 1 2 7r*- e* 

(771) --!- - 3 5 
TT i 482 32n2 _ 482 + 52,2 - 492 - . . * * 

1 1 1 
(772) g5 - 02 _ *2 + 02 _ 22,2 - * * * co 

(773) (77 ‘292 + (T :2q* + (377 ! 28)2 + (3p : 2ey + * * + O” 

(774) i + 28 + 282 + y + y + . . . co 

1 e3 1.3 es al 
c 

(2n)! 
(775) *+2.3+~4-3+...u3 = 

2*“(n!)*(2n + 1) 
92n+1 

a 

e* 1484 (776) 1 + r + 6! + . . . co 

(777) 1 - 82 + 2; - F + . . . co 

2 ~94 2.4 06 Q) 
c 

22n(n !)* 
(778) *2+j-T+?TS.T+ . . . to= o (2n+ l)!(n+ lf*n+* 

1 1.3 e* 
(779) 1 + r4 * + m2 g + . . . co 

’ + C (2n + 1)4” ‘iI 
m 1.3...(2n - 1) 8n = 

1 

1 e* 1.2e3 

c 
m (n-l)! On 

(780) 8 + T-Z + 35 -j- + . . . co= 0 + 
3.5.. .2n - 1 i 

2 
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Reference 

= cosec 0 where 0 # m 

= set 0 
2n + 1 where 0 # L ,, 

2 

set e 
=- 

47r 

1 + e cosec e = 
282 

sec2 e =- 
4 

= tan a + e 
{ > 

= sin-1 0 = i - cos-1 8 where 02 < 1 

8 
=sin 

= ~0~2 e 

= (sin-l 0)2 where 1021 < 1 

vers-1 e 

=z/Te 

= (vers-1 e)2 

2 

C. 361 

C. 361 

E. 158 

E. 158 

E. 159 

H. 498 

T. 121 

H. 498 

H. 498 

T. 122 

Y. 505 

Y. 505 
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Series No. 

(781) - es - - 97 + 
99 

- 1.3.5 3.5.7 5.7-9 -*-* * 

(782) 02 - 64 + 286 - . T 45 . . co 

(783) 0 + 22 03 + 3 

(784) 0 - - 2 - 2.487 ---... co 
83 es 
5 5-s 3.5 7 

(785) 
e3 es e7 

- + - . . . co m 35 c7 

(787) ‘+“+T 283 --M--P-*** 2285 2386 2387 
51 6! 71 

a) 

e2 7e4 1786 
(788) 7 + 9. +=+ . . . 00 

(789) 28 + ?f e3 + 4 es + . . . co 

(790) e - g +’ 5 - z + X - . . . CO 

e2 13 
(791) - 7 + B e4 - AL,6 + 

5.7.92 ‘:’ 03 

(793)te2- fe4 +-$es-... CO 

e2 
(794) - 3 - gg 7 e4- ‘6286~... 00 

2835 

(795) e - T + 7 -. . . CO 

e2 e4 86 
(796) z + E + 43 +. . . co 

t No. (792) has been omitted because it duplicates a previous series.-Ed. 
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= te2 + II2 tan-’ (j _ 583 + 38 
8 24 

= sin2 0 D. 336 

sin-l e 
= dj--z@ 

where 101 < 1 

= 1/l - e2 sin-l 8 

= i (1 + e2) tan-l 8 - $8 

A. 191 

H. 475 

= ee cos e H. 497 

= 8 sine H. 497 

tan e 
= logh, 

= logh tan 

= logh (1 + sin e) 

= lo& tan-’ e 
e 

= logh (1 + e sin e) 

= i0gh e cot e Y. 80 

= logh (1 + tan e) 
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Reference 

1z. 135 

L. 78 

L. 80 

H. 498 

H. 498 

Y. 80 

Y. 106 

L. 79 

= logh set e H. 497 
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Series No. 
82 04 85 e6 

(797) 1 + e -t -z - 8 - E + 240 - . . . 00 

(798) e { 1 - 5 + ; - 7 + . . . 03) 

1 1 
(799) 1 + e2 + j e4 + 120 e6 + . . . a 

e2 
(801) 1+e+n+ 3! . 28-‘+ g+... 00 

e2 83 lie4 es 
(802) 1 + e + 3 - 5 - 24 - 3 - . . . 00 

83 e6 
(803) 1 +z+a+g! fY +... aI 

84 
(804)e+4?+7! 

8’+ 

(805) ; - ; + & - & + &., - . . . 00 
00 

= ;- 
c 

0 

1 1 1 
co 

(W! 
(806) ;-B-mej-... CO= ;- 

c o 22”(n!)pJ + l)e-h-l 

e2 984 e’, 3785 
(807) 1+e+2+ 3! 4!+~+.JJ 

(808) i + e + f - 5 + g - . . . 00 

(809) i +e+$+y+... c0 

28 28 28 - - - 
t810) 12 _ 02 + 32 _ 82 + 52 _ 02 + * * * c0 
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= ,pin 0 

= pse 

= & sin 0 

= logh cos 0 

sin-l 0 =CZ 

151 

Reference 

L. 73 

T. 126 

Y. 80 

Y. 107 

T. 126 

L. 79 

E. 190 

E. 190 

= tan-l 0 where 02 > 1 T. 122 

= WC-~ 0 = i - cosec-18 where 8 > 1 T. 122 

= qtan e 
T. 126 

=P tan-1 e 
T. 126 

= t-e set e 
Y. 107 

= f tan q 
0 

A. 225 
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Series No. 

8 
(812) sin-l 0 + d&2 + (1 _ e2)3,2 g 

+ (11fe;;,2.g +... 00 

(813) set-1 0 + 
h 202 - 1 h2 

~ - ede2 - i e2(e2 - 1)3/2’3 + - - * c0 

(814) e -f 223n 112 ( 02 )n 
l+@ o (2n + I)! i + e2 

(815) ;+&&=; 1 +&t&2 
-53 

(816) --!-- - - 
1 1 1 

n2 - 1 33n2 - 3 + 53,,2 - 5 - 73n2 _ 7 + * - * O” 

(817) 1 _ $ + ““;:. 22 I) - n2(n2 T2 .:“11;“2 - 22) + . . . ~0 

(818) (l+f)-~(l-;)+~(l+j)-~(l-;)+...m 

(819) ;[(l + 3) - (32 + 3); + . . . 

+ (- 1)“{32” + 3) & + . . . 00 1 
(820);-(l+f)$+(l+f+j);-...a 

(821)&{;+;(1 +;)}; 

+{;+$(l+f)+;(l+f+j)}~-...m 

(822) +z & = ; OD e2 + n2 

--co 
+ 2 C (e2 - n2)2 , 
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Reference 

= tan-l (I? + h) L. 71 

= sin-l (0 + h) 

= set-l (0 + h) 

= tan-l 0 where 82 < co 

= r cot r8 (n = 0 excluded) 

= $(sec& - 1) 

sin n7r =- 
n7r 

= cos e + E!!$!! 

= ~0~3 e 

= i (tan-l e)* where 1x1 < 1 

= (tan-l 0)3 
3! 

= ,*co~~c*~~ 

L. 71 

L. 71 

T. 122 

A. 217 

A. 225 

C. 421 

A. 389 

Y. 79 

A. 191 

Y. 89 

A. 218 
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Series No. 

SUMMATION OF SERIES 

(823) +z &jj = & 
OD ep + 3d) 

+ 2 c (632 - n2)3 
--co 

, 

(824) +f &r, = ; 
OD 04 + 68W -t rr’ 

+ 2 C , (es - t22)4 -m 

(825) 
14 - (12 - e2y 34 - (32 - tP)2 

(12 _ e2)2 + (12~ e2)2(32 - e2)2 + -** c0 

1 1 1 
(826) p + j + jj fP + 189 Lea+... CO 

(827) +s (0 -\iuee n) 
--co 

(828) 1 - $ + nc5; ;, 2, 84 + . . . a . . . 

(829) :{(33 - 3) g + . . . (- i)n ~~-~-1~ e2n-1 - . . . 00 

(830) 
1 1 1 1 

I + -- + + -- e-4+e+4+--*co 3 8 _ 2 e + 2 

(831) - (A + A) - (A + A) -. . . co 

(833) 1 + a0 + (u2 ‘; ,12je2 + a(u2 ;, 22)e3 + . . . co 

2 2.4 
(834) 8 + j 83 + j-J es + . . . co 

(835) mn 
2 m2 

m2 + n2 l+3*-+ $+(A2), +... co} 
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Reference 

= 79 cot dl cosec2 7~9 A. 225 

=7T 4 cosec4 970 - 2 3 
cosec2 7~0 A. 225 

= tan2 q C. 421 

= cosec2 8 A. 222 

= T (cot me - cot Tu) A. 225 

sin0 n = 
t-1 e H. 498 

= sin3 e Y. 79 

?T ne 
= - cot - 2 2 A. 225 

=- 1 tan f A. 225 

= 5 (sin-1 ey where - ?f < 8 < z 2 2 A. 223 

Qca sin-1 0 
=2/m L. 79 

= d&2 sin-l 8 where 101 < 1 A. 197 

= tan-1 T A. 196 
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Series No. 

SUMMATION OF SERIES 

(83(j) q1 + (92) - ;.e3t1 ; e2)3 + ; e5(1 ; e2)s 

8.9.10 eyi + e2y + - -. 
1.2.3 7 

. . . 
co 

(837) 1 - @$ + n(n - l)(n - 2)(n - 3) _ , . . o. 
4! 

(838) (22 - 1) $ B,P + ; (24 - 1); B2B4 

1 25 
+ j (26 - 1) gj B386 + . . . co 

(839) 1 + ae + F + “‘,t ‘) 83 

+ u2(u2 + 22) e‘$ + a(u2 + l)(a2 + 32) e5 + 
4! 5! 

. . . 
o. 

(840) 2 (1 - ;2m2)2 
tI=l 

(841) me - m(m - ‘)crn - 2, 83 
3! 

+ m(m - l)(m - 2)(m - 3)(m - 4) es + 
5! 

. . . o. 

(842) 1 - m(m2; ‘1 02 + m(m - 1xmq; 2)(m - 3) 84 + . . . * 

(843) 1 + ae + f.y e2 + da2 ;, 3b2) e3 

+ 
a4 - 6a2b2 + b4 e4 + . . . 

+ (a2 + b ) / 
n. I 

‘!.2e~+tt~d) +... 00 

(844) me - 
““‘,I 12) e3 + 

m(m2 - ‘i!trn2 - 32) 05 - . . . m 
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Reference 

= tan-l 8 where ld(l + &)I2 < $ 

= 2nJ2 cos $ where n is positive 

A. 199 

A. 311 

= - logh cos 8 where 82 c f 

= Ea sin-’ B 

79 
= 4mz cosec2 m II. + -&cot; -; 

= sin (m tan-l e)(i + ey2 L. 81 

= cam (m tan-l e)(l + e*)mlz L. 81 

= e cos be 

= sin (m sin-l e) 

B. 245 

L. 77 

A. 217 
A. 218 

L. 73 

L. 76 
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Series No. 

SUMMATION OF SERIES 

(845) 1 - %$ + m2(m;i- 22) 84 

m*(m* - - ;/(m2 - 42) 96 + . . . co 

(846) 2 (Iogh (1 + ;) - ;} 
-co 

(847) 2 (-l)+ogh(l + ;) - ;} 

(848):*:(1-;+;);+(l-;+f-;+;)?+...a 

(8‘+-&;+$6$-... Co 

1 1 1 
IS;, = 1 + 2 + 3 + . . . 5 

(850) 2 (-l)n (& + ;) 
--03 

(851) 2 {n + x +l(-lp-‘y - i} 

In Series Nos. (852) to (854), see No. (1134) for values of 
A,(x) and B,(x). 

(852) 2a 
1 

( ) x - - (W 
2 

- y BJ(X) + qr BS(X) - . . . 03 

(853) -(2a)*B2(x) + 6 B4(x) - q &j(x) + . . . 00 

(854) 1 - @J)*,~~(x) + T A4(x) - I,‘& + . . . Co 

C8S5) 2 (-- lP-* (& - &?-;2n - I)]! 1 
See No. (841). 
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Reference 

= cos (m sin-l 0) 

= logh sin ~3 - logh ~0 where n # 0 

= logh tan q - logh q where n # 0 

1+e = i tan-1 B logh - 
i-e 

= i tan-l 8 lo& (1 + es) 

= T cosec cme) - i omit n = 0 

7r cos ?rx 1 = -- 
sin ?rx - sin my omit n = 0 x - y 

= a sin u(2x - 1) 
sin a 

= acosa(2x - 1) - acosa 
sin a 

= a cos u(2x - 1) 
sin a 

= (1 + ey2 sin (r tan-l e) 

L. 76 

A. 314 

A. 314 

A. 191 

A. 191 

A. 225 

AE. 25 

AE. 25 

AE. 25 

L. 81 
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Series No. 

See No. (842). 

WV z&‘, 

-m 

(858) +f (n + *;2 + y2 
-co 

(859) 2 (p - .-&g)4 + +34} 
1 

In Series Nos. (860) to (862), see No. (1134) for values of 

(860) :i:;(x) - q A3(x) + y A,(x) + . . . 

(861) 2+,(X) - 241(s)} - q +3(X) - 23A~(;)} 

+Y 

AS(X) - 25AS ; 

( 1) 

- . . . 

(862) (2~7)~(A~(x) - 22A2(;)} -4b p4(x) - rA,+(;)} 

I w’ 

5! -t 

As(x) - 26As ; 

( I> 

- . . . 

In series Nos. (863) to (873), see No. (330), etc. for values 
of p, q, r, and t. 

(863) p1 + q2a + p3a2 + q4u3 + . . . 

(864) rl + t2a + r3u2 + t4d + . . . 
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Reference 

= (1 + &)1j2 cos (r tan-’ 0) - 1 L. 81 

sinh dl/2 + sin ~042 
cash &d/2 - cos m&//2 

71 sinh 27~~ 
= jkosh 27ry - cos 2,7.x 

1 1 = 
21~02 

-- 
(cash 0 - cos 0) 2d4 

= a sin (2x - 1)a 
sin a 

= a cos (2x - 1)a 
cos a 

= a sin (2x - 1)a 
cos a 

7r 1 =- 

6 
sin 

( na ) 
IT-- 
6 4 

A. 313 

A. 314 

Q. 135 

AE. 93 

AE. 93 

AE. 93 

AE. 80 

AE. 80 
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Series No. 

SUMMATION OF SERIES 

(865) p1a + q& + p@ + q&4 + . . . 

(866) r1u + t*u* + r3u3 + t&l4 + . . . 

(867) pla + p3u3 + p5u5 + . . . 

(868) rlu + r3u3 + r& + . . . 

(869) t2u* + t4u“ + t6u6 +. . . 

(870) q2u2 + q&Z4 + q6U6 +... 

XVII. Hyperbolic Expansions 

e* e4 O2 (j2n 

(871) 1 + B + a +. . . ~0 = o o! c 

OD 
83 es 

c 
92n+1 

(87W+3?+5!+... CD= o (2n+1)! 



HYPERBOLIC EXPANSIONS 

7ra =- 
2 

cos “a 
2 

2ra =i- 
3 

2cosy - 1 

7ra 
cos - 

7ra 6 =- 
3 

2cosy - 1 

sin Zf 
6 

sin 5 
= e2 4 

cos Ilff 
2 

= cash 0 where 02 < co 

= sinh e where e* < co 
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Reference 

AE. 80 

AE. 80 

AE. 81 

AE. 81 

AE. 81 

AE. 81 

E. 84 

E. 84 
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Series No. 

SUMMATION OF SERIES 

(873)t 0 83 285 1787 - 5 + 15 - 315 . . . co 
co 

= 
c 

(- 1),-l 2W” - 1) B &-I 

1 
(2n)! n 

m2 
(874) 1 + F + m2(m2 + 12) + m2(m2 + 12)(m2 + 32) + 

12.32 12.32.52 . . . 
co 

(875) 0 + f + ; + . . . 00 

(876) +s (-‘),-l &pn+z 4n;+ 1 --m 
(878)$ 1 + 2 (- 1),-l s = 

1 

i +f--$+&e6-... CO 

(879)t 1 + 2 5 (- I>” (22n-1(;;,)Bne2n 
1 

=l-x+36o e2 784 -- 15120 3186 + ’ - ’ O3 

(880) i - 28 (A2 - l 1 
&z+e2+9,2+*-..** ) 

3 5 
- - 4 + 482 9d + 482 + 25d + 482 - - - co 

(882) ; + 20 (-& + ’ 1 
4~2 + 02 + 9n2 + 02 + ’ * ’ 

(883) 2 (3n - 3)fn y (- l)n) en 

1 

(884) 2 (3n + ‘“,‘,T (- l)n> en 

I 
t For values of &, see No. (1129). 
$ No. (877) has been omitted because it duplicates a previous series.-Ed. 
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Reference 

= tanh 0 where 02 < $ 

= cash mvr 

= tanh-1 8 where 101 < 1 

7d3 = ~42 cash - sech rrd3 - 
4 2 

= ~9 coth 0 

= 19 cosech B where 82 < T* 

= cosech 0 

= sech e 

= coth e 

= sinh3 0 

= cash-r e Y. 80 

H. 498 

C. 421 

H. 475 

A. 314 

c. 343 

c. 343 

Q. 136 

Q. 136 

Q. 136 

Y. 80 



166 SUMMATION OF SERIES 

Series No. 

(885) b - 
uz + b2 (2$+ b2 + (3a)p+ b2 - ” * co 

sin be de = 
l ae + 1 

(886) -A-. 
a2 + b2 + (2n)26+ b2 + (3a)zb+ b2 + ’ ’ ’ m 

s 
O” sin bf3 de = 

0 l - 1 

(887) 1 - ; + $f -. . . 00 

(888) T - 2 
( 

e - f + !f! - . . . 
3 5 ) 

(889) 1 + v sin2 e + Q2 -I- ‘?\I2 -I- 32) sin4 e +. . . o. 

(890) y sin e + Cl2 + 22) sink e 
3! 

+ Cl2 + 22)(12 + 49 sins e + 
5! . . . aI 

(891) 1 + ; - g + . . . 00 

(892) e - ; - f -. . . oc) 

(893) I - 7 + G - . . . co 

(894) g - 7 + g - . . . ~0 

(895) e + g - y - T+ 2; +. . . 00 

(896) 0 - $$ - 7 + y+ . . . 00 
. 



HYPERBOLIC EXPANSIONS 

1 1 
= 5 ii - a sin; nb [ 1 a 

n 1 =- 
a &nbla - 1 1 

e 
=sinh 

= cos-1 (tanh logh 0) 

cash 0 
=cos 

sinh 0 =- 
cos e 

= cash (S cos 8) 

= sinh (13 cos 0) 

= c0sh e . cos 8 

= 2sinhe. sine 

= cash 0. sin 8 

= sinhe. case 
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Reference 

A. 501 

A. 501 

H. 498 

L. 80 

L. 81 

L. 81 

L. 80 

L. 80 

H. 497 

T. 127 

H. 497 

H. 497 



168 SUMMATION OF SERIES 

Series No. 

e2 5 61 
m 

(897) 1 -5+Be4-72086+,.. co= 1 + c 
nE,*e2n 

I 
(-l) (2n)! 

For En* see No. (1131). 

(898) =$ (- l)n 22n(n,;;; + 1) eh+l 
0 

OD 
= logh 28 + c 

&)! e-2* 
0 (- lP 22”(n!)22n 

(899) logh 28 - 2 2’!(($2n 8-b 
0 

=logh2e-;.$&+-&... co 

~3 2 (- 1~ 22ncn $!!i + 1, e-1 
0 

=B-;.&+g-j.&-... 1 a3 

(901) 
e* 

2 
84 e6 

3 + 3-5 + 2.4 -. n-T . . al 

For values of the coefficients in Nos. (902) through (938), 
see No. (1142). 

(902) 24x - ;) + q A&) + $$ A&x) + . . . co 

(903) (242B2(x) + F B4($ + q &&) + . . . 00 

(904) 1 + (242,42(x) + y A4(X) + q l&(X) + . . . a 

(905) (2u)2B2(;) + y B4(;) + . . . co 
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Reference 

= sech 0 where 02 < f T. 127 

where 02 < 1 

= sinh-10 where 02 > 1 

= cash-1 0 where 82 > 1 

1 = sink-1 e = cosech-1 t3 where 02 > 1 

= (sinh-1 0)2 
2! 

= a sinh u(2x - 1) 
sinh a 

= acosh a(2x - 1) - acosha 
sinh u 

= a cash u(2x - 1) 
sinh a 

- 2u sinh aa sinh $a = 
sinh a 

T. 128 

T. 128 

T. 128 

Y. 90 

AE. 19 

AE. 6 

AE. 19 

AE. 33 



170 SUMMATION OF SERIES 

Series No. 

(906) -fa+~B3(f)+~B5(;)+... co 

(907) 1 + (24%42 
0 

; f q $) + . . . co 

(908) a - q B,(i) - y B5(;) - . . . co 

(909) ;a-qB,(;) -FB5(;) -... a, 

(910) 2a - $$f B3(;) - $$5 BI(a) -. . . co 

(911) F - q b,(i) - & B3(f)} 

-q+5(;) -&B5(f)}-... co 

(912) a - yB3(;) - yB5(f) -... co 

(913) Ho +2)2+~(2+... co 

(914) 2 - $(B)Bj(;) - 43B3(;)} 

- $85B5(;) - 45B5(a) -... co 

(915) 1 + (2a)2A2(;) + $L4(;) + . . . co 

(916) 5 + (2 - 1)(3 - l)BI ; - (23 - 1)(33 - 1)B2 $ 

+ (25 - I)(35 - 1)B3 ;; + . . . 

(917) f - 2(3 - l)B1 $ + 23(33 - l)B1. $ 

- 25(35 - 1)B3 $ + . . . 



HYPERBOLIC EXPANSIONS 

a sinh +a =- 
sinh a 

a 
= 2 sinh +a 

a 
=cosh 

3a sinh +a 
= 2 sinh $a 

= 3a sinh 2a 
sinh 3a 

3a cash &a 
= 3 cash j-a 

3a sinh a 
= sinh 3a 

3 cash a 

= 2 cash 3a 

2 cash a =- 
cash 2a 

= 
; 

cosech 4 

acosh2a 
= sinh 3a 

a cash a 
=sinh 
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Reference 

AE. 35 

AE. 33 

AE. 32 

AE. 51 

AE. 43 

AE. 51 

AE. 35 

AE. 49 

AE. 60 

AE. 33 

AE. 47 

AE. 47 
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Series No. 

(918) 1 + (2~)~A2(;) + q A,(;) + T A6(;) +. . . 

(919) a - y B3(i) - y B5(i) - . . . 

(920) (2a)2B2(i) + y B4(i) + y Be(k) + . . . 

(921) 1 + B1 ; - B2 $ + B3 $ - . . . 

I I 13 (922) Io-$a2+-$a‘+-aa6+... 

(923) (8a)2B2( i) + ?$ B4(i) + . . . 

(924) ia - yB3(i) - yB5(i) -... 

(925) i a - $(63B6( i) - 33B3(f)} 

- $+B5(;) - 35%(f)} -... co 

(926) (12a)2B2 
0 
i + 7 B4(5) + y B6($ +. . . co 

(927) - (12a)B2 5 
0 

_ @$ B4 ; - i!?$ B6 ; _. . . ~0 
0 0 

(928) fa - q B3(i) - y B5(i) -. . . 03 

(929) f a - F B,(f) - y B5(f) -. . . co 

(930) ia-TB3(i) -yBS(k) -... co 

(931) (2a)2B2( f) + ?$ B4(f) + . . . cu 



HYPERBOLIC EXPANSIONS 

= a cosech a 

= a sech a 

= - atanh!a 2 

1 1 =- 
2 a coth - a 2 

= 3(sinh 2a - sinh a) 
2 sinh 3a 

8a sinh a sinh 3a =-- 
sinh 4a 

3a 
= 2(1 + 2 cash a) 

3a 
2(2 cash a - 1) 

- 12a sinh a sinh 5a 
sinh 6a 

sinh 5a 
2(cosh a + cash 3a + cash 5a) 

a sinh 4a 
sinh a 

3a sinh +a 
2 sink& 

= a sinh $a 
sinh a 

=- 2a sinh +a sinh +a 
sinh a 
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Reference 

AE. 30 

AE. 32 

AE. 30 

AE. 47 

AE. 45 

AE. 33 

AE. 37 

AE. 48 

AE. 46 

AE. 46 

AE. 60 

AE. 48 

AE. 60 

AE. 40 
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Series No. 

(932) -;u+FB3(;) +yBg)+... 00 

(933) - $2 +?$B,(f)+ yes+... CO 
. 

(934)T tg.3 - t&z4 + t&a6 - . . . co 

(935) (,,(;) + yB4($) +... 00 

(936) 2u + q A3(x) + F A,(x) + . . . 00 
. 

(937) 1 + (2&42(x) + qp44(x) + y ,&j(X) + . . . m 
. 

(938)t plu - p3u3 + psd - . . . co 

(939) logh ; - z 22$$!2ti t% 

2 1e2 = loghe - z.-2 1.3 94 --*--... a3 2.4 4 

(940) logh ; + 2 (- l)n 22$?$h 02~ 
0 

2 i e2 1.3 e4 = loghe + z.z - c4.T . . . 00 

(941) ZE=;+&+&+... a, 
0 

(942) 5 pwn+l) 
0 

t For values of p and t, see No. (330). 
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=-- a sinh *a 
sinh a 

=- a sinh +a 
sinh a 

ma sinh - 
= y3 6 

2coshy - 1 

=- 2a sinh ia sinh +a 
sinh a 

= a sinh a(& - 1) 
sinh a 

= a cash a(2x - 1) 
sinh a 

?rl2 cash -;i- 
.- 

= $5 cash 7ra 
-2- 

= cash-1 f = sech-10 where R2 < 1 

= sinh-1 i = cosech-1 0 where 82 < 1 

= tanh-1 j = coth-10 where 02 > 1 

1 
=2 

Reference 

AE. 43 

AE. 35 

AE. 75 

AE. 33 

AE. 19 

AE. 19 

AE. 60 

T. 128 

T. 128 

T. 128 

T. 129 



176 SUMMATION OF SERIES 

Series No. 

(943) 3 (- l)ne-~(2n+l) 
0 

# 

cg4Q 2 {(2m - $2 + e2 + (2m + $2 + 02} 
1 

/- (947) 1 + & + 2 1 + 22 + - 1 + 2 32 + -- - c0 

/ 
i (948) 1 + & + & + & +. . . 00 

(g4g) - 1 22 + 12 + - 1 - 1 22 + 32 + 22 + 52 + * - - c0 

(950) -J- 1 + 12 + - 1 1 + 32 + - 1 1 + 52 + ” * ao 

(g52) 2 (n + 6J;2 + y2 -03 

(953) 5 - go +. . . co 

24.64 26.06 = B .22-e2 -- - 
’ 2*2! 

-- 
k* 4.4! + B5*6.6! *** a3 

(954) i + $ + n(3n4; 2, e4 + . . . 00 

(956)t e - 5 83 + g es - . . . 

t No. (955) has been omitted because it duplicates a previous series.-Ed. 
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Reference 
1 

=2 T. 129 

= ;(tanhe - 1) T. 129 

= - i logh tanh i T. 129 

1 sinh 0 
= -. 28 cash e - cos a a2 + e* A. 314 

= ?rCOthP ( 

-- :1”(1+~L*j--i) 

- Y. 55 

=- ; coth ; 

= itanha 

= $tanhq 

= ; coth e 

?I sinh 2?ry 
= y cash 2ny - cos 2me 

Y. 55 

Y. 55 

Y. 55 

Y. 55 

A. 314 

sinh B = logh e 

= coshn 8 Y. 80 

sinh-1 0 =- 
d/lTme* 

Y. 109 

Y. 90 
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Series No. 

SUMMATION OF SERIES 

XVIII. Taylor’s and Maclaurin’s Theorem 

X2 

X2 

XIX. Bessel Functions 

(959) 

Pm 

(961) 

(962) 

(963) 

(9W 

(965) 

(966) 

(967) 

(968) 

m (- l)rp+zr c r=O 2n+%! (n + r) ! 

X X3 XS ----+-- x7 

2 22.4 22.42.6 22.42.62.8 + - * - a3 

X2 X4 

22*1*(n+ 1)+24.1.2(n+ l>(n+2)-“‘O” 

co 
c 

(- 1)rxn+2r 

r=O 2n+2rr!F(n + r + 1) 

J-C 
22 
71 

1-g+&&-... 00 . . . 1 

2 l/2 

( ) 
- cos x 
7TX 

xnent/l-xa 

d/2?m(l - x2)1/4(1 + d1-p 

XX. Elliptic Functions 

;[1+ (yG+ (gyP+... a] 

;[1- (gy- (gy-... co] 



ELLIPTIC FUNCTIONS 

= qqu + x) 

= d(x) 

= JA.4 

= Jo(x) 

= Jdx) 

= J,(x) 

= J,(x) when n is any general value 

sin x = Jlj2(x) 

= J-1,2(~) 

z J,,(m) when n is large and 0 c x < I 

s 

9712 de = 
5/l - k2 sin2 0 

where 0 < k -c 1 
o 

= 
s 

R/2 1/l - k2 sin2 0 de where 0 < k < 1 
0 
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Reference 

H. 481 

H. 480 

Q. 355 

Q. 355 

Q. j55 

Q. 355 

Q. 359 

Q. 364 

Q. 364 

Q. 369 

A. 190 

A. 190 



180 SUMMATION OF SERIES 

Series No. 

XXI. Various Integrals 

(969) 
n-ln-3 17r 
y 

*- n-2 . . . -*- 22 

1 
(970) xlogh2+Z 

sin 2x sin 4x sin 6x 
--- + + l2 22 32 +... co 

1 
(971) xlogh2 - 2 

-i 

sin 2x -- l2 
sin 4x sin 6x - - 

22 + 32 + *a* al 1 
(9723 

sin 2x 
12 + 

sin 6x 
32 + 

sin 10x 
52 

+... co 

1 x5 x7 
(973) x--x3+--- 

3 5.2! 

(974) x5 x-m+ A!.. - & +. . . 00 
9.4! . 

co 
= 

c 
(-Ok 

o (2/t)! (4k + 1) x4k+1 

(975) ; - ---& + -& - A-- + . . . co 
a + 3b 

(976) ;(l - 2! + 3! -... co) = 
0.4036526 

c 

(977) logh x + $ + f$ + & + . . . co 

(978) c-ah Fogh (b + x) + w + u2(“2 e;,x)2 + . . . m] 

fv lnnh n\2 
(979) logh x + x logh a + 

- -. 

(980) s - G + n(n(;g;;--2 + . . . 

+ n(n - l)(n - 2). . . 2.1.P 
(logh a)“+’ 



VARIOUS INTEGRALS 

n/2 742 
= 

s 
cos” 0 d6’ = 

s 
sin” 0 d6’ where n is even 

0 0 

=- 
s 

xloghsinxdx where0 < x < r 
0 

=- 
s 

xloghcosxdx where-icx-cz 
0 =- s xloghtanxdx 
0 

where0 c x < i 

= E -2 dx where x2 < co 

s 

x 
= cos(x2) dx where x2 < co 

0 

s 

1 xl-ldx = 
0 l+xb 

s 

m e-t 
= 

1 
t dt = 

s =h 
0 Y 

e= dx = 
s- X 

s 

tax dx 
= b+x 

ax dx = 
s- .X 

181 

Reference 

J. 48 

X. 142 

X. 142 

X. 142 

1 T. 133 
See also 
A. 336 
T. 134 

T. 134 

A. 336 



182 SUMMATION OF SERIES 

Series No. 
X3 

(981) x + 33! + 
1x5 

3*5*5! + 
31x7 

3*7*7! + 
127x9 --- 

3.5.91 +*** c0 

(982) 1 + 5 + $ + ; + . . . co 

x X2 
(983) --A-- - - 

1 + 12 + 1 + 22 + 1 + 32 + *** O” 

e* 
P-W lo& 6 + 0 + m + +g +... co . . 

n-ln-3 2 
(986) n.n . . . 3 

83 es e7 
W’) e - m + --- 

5*5! 7.7! +-** c0 

e* 84 
(988) logh 0 - m + - - . . . 00 

4*4! 

(989) ;logh2 = 22 (-I>.-‘; 
1 

(990) 2 2 (;--;;)* 
0 

(991) ; - 2 [(l + up + $ (1 + 3a)c-3a 

1 
+ v (1 + 5u)c-5a + . . . 00 1 

(992) 
1 x3 

- C - logh 1x1 + x - ;.; + j.F - f.; + . . . co 

C = Euler’s constaut; see No, (1132). 

t No. (984) has been omitted because it duplicates a previous series.-Ed. 



VARIOUS INTEGRALS 

s 

xdx = 
sin 

d5 wherep > 0 

= 
s 

gde 

s 

342 

s 

ml2 
= COS” 6 de = sinn 8 de where n is odd 

0 0 

= 
s 

= 
s 

y &I 

s 

n/2 
= e cot e de 

0 

s 

42 e de = 
Osine See also No. (308). 

183 

Reference 

AA. 204 

A. 294 
(1907) 

A. 294 
(1907) 

K. 305 

IZ. 226 

K.305 

K. 305 

22. 187 

22.246 

= tan-l (sinh a sin e)de = 
s 

a z 
o slnh 0 where a is positive 

s 

03 
= < dt 

x t 

A. 517 

A. 334 



184 

Series No. 

SUMMATION OF SERIES 

(993) 1 1 1 1 
x 

- 
i-! 

+ .---- 1 1 1 
x + 1 2? x + 2 3!x+3+“‘O” 

Y.3 2n-1 
(994) c 2%. .2n ‘(2n : 1)2 

0 

(995) -f (-- l)n (2n : 1)2 See also No. (308). 
0 

x* x3 x4 
(996) c2 - r3 + r4 -. . . co 

(998) 2 (- 1),-l 3 
I 

(999) 2 2 (*Ix:-;)* 
I 

(lcmo)1-L+L- 00 a a+1 a+2 “* 

fp-I - n(n - 2)n-1 

+ qJ(n - 4)n-1 +...I 

The number of terms in the brackets is +n or +(n + 1). 

i-=ll 

(1003) <@ 2 (- 1)1 & &-r2-(r+l)/* sin (B - @+-@} 

r=O 



VARiOUS INTEGRALS 

s 

1 
= e-~-l dt where x > 1 

0 

= 

s . 

’ +dx where 1x1 < 1 
0 

s 

1 tan-l x = - dx where 1x1 < I 
0 x 

= 

s 
x logh (1 + x) dx where 1x1 < 1 

0 

= 
s 

x logh (1 - 
0 

x) $ where 0 -c x < 1 

= 

s 
x logh (1 + x) $ where 0 < x < 1 

0 

= 
s 

l+xdx “logh-.- 
l-x x where 0 < x < 1 

0 

= - dx where a > 0 

s 

1 
= v”x dv 

0 

s 
n/2 = e-sin 20 cos 13 de 

0 

185 

Reference 

Q. 260 

AB. 165 

AB. 165 

AB. 166 

AB. 166 

AB. 166 

AB. 166 

A. 189 

A. 518 

1z. 135 

1z. 135 

1Z. 638 



186 SUMMATION OF SERIES 

Series No. 

(1005) 12+(~)2+(;)2+(;)2+...ao 

a3 a5 a7 
- 1.4.3 + 1.3.5 + 3.5.7 + 5.7.9 +.*- 

- - - - 
co 1 

. . . n terms 1 
XXII. Beta and Gamma Functions. See also (1101). 

WW 

ww 

(1010) 

(1011) 

s 0 1 
$-‘(I - x)-l dx 

s 

co 
r--~-l dx 

0 

W, 4 

r(n + 1) 

03 
c 2n! x+n 1 

0 22”02 

co 

c (-l)n 
a(a- I)(a-2)...(a-n) 1 

n. I 
0 

x+n 

Pxx-9241/2 1 + & + - 1 
288x2 



BETA AND GAMMA FUNCTIONS 187 

Reference 

2 = =- 
s 

e* cos f3 cos* (sin 0) d3 - 1 22.296 
n 0 

s 

n 

= sin 28 logh (1 - 2a cos 19 + a*) de where a* < 1 22. 308 
0 

s 

m 

‘OS rx 
= 

dx 
0 (a2 + x*yJ 

= B(Z, m) (Beta function) 

= r(n) (Gamma function) 

= nr(n> = n! where n is a positive integer 

= (24WV2 n-112 

= ~(~~)(~*)cn-l,/*~l/*-nx 

r(0) = 00 

= r(x)r(u + 1) 
r(x + U) 

where a is positive 

22.227 

22.62 

22.94 

22.59 

Q. 259 

Q. 260 

= r(x) Q. 253 



188 SUMMATION OF SERIES 

Series No. 
1 12 1 .~ - (1012) ; + 7 x(x + 1) + 

12.32 1 
4.8 x(x+ 1)(x+2)+- O” 

_ (a - l)(a - 2)(a - 3) + 
3!(x+ 3) *** al 

(1014) 1 + i(x) + ;g +’ ;; x2 + $1 ;g 1;; x3 + . . . co 

(1015) If in No. (1014), b = 1 

1 + ax + a(‘~ I) x2 + . . . co 

XXIII. Infinite Products 

(1016) (1 - ;)(I - &)( 1 - &) . . . co 

(1017) (1 - F)(l - g$)( 1 - g) . . . 00 

(1018) 2”-’ 

n-2 

‘=T 

(1019) 17 (x2 - 2xcos y 7r + 1) 
r=O 

.2!! 

(1020) (x + 1) fi {x2 - 2x cos 2+ 7r + l} 
r=O 

(1021) 2(n-l)i2 sin 2 sin 2 . . . sin y 71 



INFINITE PRODUCTS 

where x is positive 

189 

Reference 

A. 524 

mN4 
= r(x + a) 

where x and a are positive A. 524 

W4 1 p-1(; - t)b-a-l 

= F(a)F(b - a) s ,, 1 - Xl dt where b > a > 0 tgy7; 

= (1 - x)-a 

= sin 8 

= cos e 

= cash n+ - cos no 

= P + 1 where n is even 

= xn + 1 where n is odd 

= l/n where n is even 

A. 213 

A. 214 

E. 143 

E. 143 

E. 143 

E. 144 



190 SUMMATION OF SERIES 

Series No. 
n-l 

(1022) 2(n-1)/2 cos z cos 2 . . . cos 7 Tr 

(1023) cos 6 cos 0 + n ( 2n) . . . cos(8 + (n - I);} 

(1024) sinesin(B + $) . . . sin@ + (n - l);} 

(1025) tan i tan % . . . tan ‘@ i lb 

(1026) 2”-1 cos 0 - 
( 

cosz 
377 

2n 
I( 

~~S~-COS- 2n . . . 

( 
c0se - c02$$) 

(1027) 2(n--1)/2 sin & sin g . . . sin G r 

27r 47r n-l = 2+-1)12 cos 27; cos z . . . cos -g- 71 

(1028) (1 - x)(1 + $)(l - fx)(l + ix) . . . m 

(1029) (1 - x)(1 + fx)(l - +x)(1 +$x) . . . co 

(1030) m(l + ;)(1 + ;)(1 + ;)(1 - ;) 

x (1 + ;)(1 + ;)(I + ;)(1 - ;) . . . 

(1031) fi (.“i$l - L)} 
-co 



INFINITE PRODUCTS 

= 1 where 12 is odd 

= & cos ne where n is odd 

= & [(- l>nl* - cos no] where n is even 

= (- l)(n-I)/* & sin n0 where n is odd 

= (-1)./2&l - cos ne) where n is even 

= l/n where n is odd 

= cos ne 

= 1 where n is odd 

= cos”x _ sin?? 
4 4 

= ex *0*3 sin 7a 

sin e = - omitting n = 0 8 

191 

Reference 

E. 144 

E. 73 

E. 73 

E. 145 

E. 145 

E. 145 

A. 115 

A. 224 

AG.40 

A. 215 



192 SUMMATION OF SERIES 

Series No. 

(1032) “n {( 1 - ;)+( 1 + $)e-@/na) 

(1033) fi {.ZB/(2n+l)r( 1 - (2n ‘+” l)J} 
--m 

(1034) fj $$ 

(1035) fi ( 1 I+;* 
1 1+; 

(1036) .!(x - ;)!(x - ;)! . . . (x - n+)! 

(1037) ((1 + ;)‘}{I + (g$} 

(1 + (%A$}{1 + (i&)3(1 + (&$}*- O” 
8 8 e 

(1038) cos2~cospos~ . . . 00 

(1039) e(1 - i)( I - &)( 1 + i)(l - $) 

x (1 - $)(l + ;) -... al 

(1040) (1 - gq)( 1 - %@). . .( 1 - sin2$2j 1)/J 

n=l 

(1041) 2n-1 n sin (0 + ru) 
0 

[ 
tan nn 

Z-tang.. .- 
lln 

(1042) L’, tan 2n 2n 1 



INFINITE PRODUCTS 

sin 13 =- 
e 

= cos 6 A. 216 

2 =- 
3 

= x! AD. 10 

(27r)“-1 (n * x) ! = 
J 

-- 
n nnx 

cash k - cos 8 = 
1 - cos 8 

sin 8 =- 
8 

= e-Wn) lob 2 sin 0 Q. 35 

= cos h4 (n even) p = & 

= sin no where 0 < B c a A. 211 

= 1 

193 

Reference 

Q. 137 

AD. 18 

Q. 137 

A. 114 

A. 211 

1z. 355 



194 SUMMATION OF SERIES 

Series No. 

(1046) 2.-lsin(B + f-)sin(B + g)... sin(e + VT) 

(1047) 2n-1 cos e cos e + n cos ( “) (e+;)...(e++) 

2n - 1 
(1048) 2n-9 cos & cos g cos 2. . . cos 2n v 

(1049) 2”-1 sin 
37r 

25 sin - 
. 2n-1 

2n 2n ’ * * 
sm 7 7r 

(1050) cos 5 cos $ . . . cos Tr 

uw (1 - J(l + Aa)( 1 - *a) 

9 
ST7 ‘*’ O” 

(1053) fj (1 + &} 

0 

(1054) fj (1 - A} 

0 



INFINITE PRODUCTS 

= Cn2/12 

= sin m(x + c) 
sin 7rc 

= sin n0 

= cos ne E. 145 

= (- l)nlz sin n0 where n is even 

= (- l)(n-1)/2 cos nB where n is odd 

= c0.q n” 
2 

= 1 E. 146 

=(-W-l 
22n-1 

195 

Reference 

1z. 355 

A. 224 

E. 145 

E. 145 

E. 146 

E. 146 

= sin (a - e) 

sin a E. 159 

= sin (a + e) 
sin a 

when r is a positive or negative integer or zero 
E. 159 

cos (U + e) = 
cos a 

when r is an odd integer, positive or negative 

E. 159 
= cos (U - e) 

cos a 
when r is an odd integer, positive or negative 

E. 159 



196 SUMMATION OF SERIES 

Series No. 

(1055) (1 - (gq}{l - (&J}{l - (&7x} 

x (1 - (g-J}... CQ 

(1056) (1 - $)(I - (&u)2}{1 - (&)2}. . * co 

(1057) (1 - ;)(I - g-&J1 + $-J 

x 1+& 
( )( 

-$ (1058) ($f++&)(v)... co 

O3 n(n + a + b) uo61) n (n + u)(n + b) 1 
(1062) 4cos2;{1 + ($-r}{l + (-&)3... CXJ 

(1063) (1 + A)(1 + &)(l + h)... co 

(1064) mfl (1 - A2} 
??I=1 

(1065) (1 + ;)(I - ;)(I + ;)(l -;)... co 



= cos 8 + cos a 
1 + cos a 

cos e - cos a 
= 1 - cos a 

sin a - sin 0 = 
sin a 

VW4 =- 
16~2 

INFINITE PRODUCTS 

whent=i(-1 +id3) 

or t3 = 1 

= Ql + u)r(l + b) 
q1 + Q + b) 

= 2 cash 13 + 2 cosa 

1 =- sinh v iT 

=&j&2 
sin {d/a2 + x2} 

sin 7ra 

197 

Reference 

E. 159 

E. 159 

E. 160 

Q. 259 

A. 106 

A. 313 

A. 115 

E. 160 

E. 160 

E. 161 

= I A. 108 



8 
8 I 

c- 8 
3 
+ 

8 8 

52 
+ 8 z$ 

I 

G - 
- I% 

I 

z 
52 

3 
+ 

s F 
0 



INFINITE PRODUCTS 

=CO 

= 0 

1 =- 
2 

= 0 

7r 
=- 

2 

= Cm + E-n 

= 0 

sin n0 
=sins 

where n is odd 

sin ne 
= sin e cos e 

where n is even 

cos ne = a where n is odd 

= cos ne where n is even 

= cos ne - cos n/3 

199 

Reference 

A. 106 

c. 159 

A. 106 

E. 155 

A. 213 

E. 190 

A. 111 

A. 210 

A. 210 

A. 211 

A. 211 

T. 84 



200 SUMMATION OF SERIES 

Series No. 

(1077) fi {a2 - 
0 

2abcos(B + y) + b2} 

(1078) 8 fi (1 + -&) 
1 

(1079) fi (1 + (h 5z1Iz) 
0 

(1080) fp cm; 
1 

(1081) fi(1 + x2”) 

(1082) ; [l - A21 
-co 

(1083) fir [l - (nlp:‘x)2] 

(1084) ; b(l - A)] 
-co 

XXIV. Fourier’s Series 

(1085) f’c24 - .f’(‘) _ f”(2r) 
n2 

- f”(O) + 

n4 ‘*’ * 

(1086) if(O) +r($) +f(?) +. . . + i.f(Zlr) 

(1087) ; {;f(O) + f(;) + . . . + ;j-(2n)} 

_ 2 .f’(W - f’(O) z-f2 
‘a + 2 f”(W -f”(O) 7r4 

n2 n4 ‘90 *** O” 



FOURIER’S SERIES 

=a 2n - 2unbn cos n6 + b2” 

= sinh 19 

= cash 0 

sin 0 =- 
e 

1 =- 
1 

where x2 < 1 
-x 

sin2 77x 
=1--y 

sm* WC 

T. 84 

T. 130 

T. 130 

T. 130 

T. 130 

A. 224 

sin 3x =-. A. 224 
sin x 

sin e =- 
e n = 0 omitted A. 215 

= I *“.fw cos nt dt if all differential coefficients are finite and 
0 the series is convergent x. 140 

n 
=- 2n 

s 
02’f(t) dt + n Jzsj-(t) cos nt dr 

37 0 

+n 
s 

*“f(t) cos 2nt dt + . . . co x. 140 
= 0 

73 1 1 
= s :“f (0 dt where 6 = 1 + s + 32 +. . . co 

7r4 and = 1 + 1 1 90 5 + F + . . . co, etc. x. 140 



202 

Series No. 

(1088) h 

SUMMATION OF SERIES 

+f(h) +j-(2h) + . . . ;j-(nh)} 

- & Lf’W) - fW + & u-3(nh) - f3(W 

- & mn4 - .Pm + jg U7(n4 - f7(W 

- g {f9(nh) -p(o)} + . . . co 

Series to be convergent 

(1089) h -;.j-(x) + j-(x + h) + j-(x + 24 + . . .} + gJ1(x~ 
1 

- &f3(x) + gp(x) - &7o + - * * az3 

Series to be convergent 

XXV. Hypergeometric Functions 

(1090) 1 + g x + @&yJb; 1) x2 

+ a@ + w + W@ + I)@ + 2) x3 + 
3 !c(c + l)(c + 2) . . . co 

(1091) wm - a - b) 
qc - u)I+(c - b) 

(1092) &I, 1; c, x) 

(m + 2)(m + 4). . .(m + 2n) 
+ (l - x2)P1’2 (m + l)(m + 3). . .(m + 2n - 1) 

X 
s 

x tm+2n(l _ t2) _ f dt 
0 



= 

s 
“f(t) dt 

0 
x. 140 

= 
s 

xwfW dt x. 141 

HYPERGEOMETRIC FUNCTIONS 203 

Reference 

= F(u, b; c,x) where 1x1 < 1 

= F(u, b; c, 1) 

=GxF C- A,l;C& 

Q. 281 

Q. 282 

Q. 286 

x = (1 - x2)-1/2 

s 
P(1 - t*)-I/* dt where x and 1 - x are not 

0 

negative real numbers Q. 109 



204 

Series No. 

SUMMATION OF SERIES 

XXVI. Relations between Products and Series 

(1094) (1 + x2)(1 + XJZ). . .(I + x2=12) 

(1095) logh ((1 - x)(1 - x2)(1 - x’). . . co} 

(1096) fi (1 + ;) 
1 ” 

(1097) fi (1 + X”Z) 
1 

(1098) fi(l + X”Z) 
1 

(1099) In the following relations between series and products, all 
p are prime and may be related to the p,,, qn, r,,, and t,, 
of series Nos. (315) to (318). 

Series (315) 1 + $ - + - $ + & . . . =r, 

Series (316) 1 - $ - $ + & + & . . . = t, 

Series (317) 1 + 4 - $ - $ + & . . . = pn 

Series(318) 1 -$-&++-A... =q,, 



PRODUCTS AND SERIES 205 

Reference 

m (1 - x29( 1 - x2m-2). . . (1 - x2m-2n+2)x+ = l+c II=1 (1 - x2)(1 - x4). . .(l - x2n) 
c 344 

* 

= - QJ f(n) f c where 1x1 < 1 and f(n) denotes the sum of all 
1 

the divisors of the positive integer n; for example, 
f(4) = 1 + 2 + 4 c. 345 

O” x(x + Pl)(x + P2)’ “(x + P,-l) = 
l+c 

if the 
PlP2P3 **- Pn 

product 
1 

converges to a definite limit C. 420 

= 
l + c 

ml (1 - xq1 - xm-1). . . (1 - xm-n+l) x{m(n+l)),2 z” 

1 (1 -x)(1 - x2)...(1 -X”) 
c. 340 

~G(n+lHl2p 
= 

l + I2 (1 - x)(1 - x2). . .(l - X”) where 1x1 < 1 c. 341 
1 

AE. 87 

=(l-;)(l+~)(l:$.)(l-& 

= (1 + &)(I + +)(ll- &)(I - jg *** 

= (1 - J.)(l + $0 + $-)(l -A;;) . . . omittingnon-primes 

= (1 + +-)(1 + -$l - +-)(I + +-) . . . omittingnon-primes 



206 

Series No. 

SUMMATION OF SERIES 

(1lW fi (1 + %I) 
1 

XXVII. Special Functions 

r’(x) (1101) #(x) = m = -&ogh r(x) 

C = Euler’s constant; see No. (1132). 

$qx) = - ; - --& - -!- -. . . 
x+2 

- & + #(x + n + 1) 
m 

C( 
1 1 --- 

0 
X+n n+l 

m 

CC 

1 1 --- 
o y+n x+n 1 

ml 1 C( --- 
n x+n 1 ) 

m (-l)n c o x+n 

4(x+ l)=;++(x) 

qJ(1 - x) = #(x) + n cot 7rx 

q%(O) = - Co 



SPECIAL FUNCTIONS 207 

Reference 

= where% = 1 
u, 1 + 241 + 242 + . . . 24,-l T. 131 

I 
and the series is convergent 

s 1 1 - p-1 = --c+ - dt 
0 l-t 

where x is a real and positive integer 

22.97-142 
T. 132 

=-c+!x-l 1 x-l .- 1 x +-*;x+n- 1”‘m 

= - c - (cl(x) 

= #(x) + c + 1 X 

d(k) = - C - 2 logh 2 

*H 2 3 = 2 - C - 2 logh 2 

*(@ = ; - C - 2 logh 2 

22.99 

T. 133 

A. 522 

22. loo 
T. 132 

T. 133 

A. 523 

22.98 

A. 522 



208 SUMMATION OF SERIES 

Series No. 
*cl) = - c 

#(2) = 1 - c 

#(3) = ; - c 

#(4)=( 1+2+3 -c l ‘) 

j?(x) + p(1 - x) = z 
sm 7m 

,8(l) = logh 2 

B(2) = 1 - logh 2 

j3(3) = - ; + logh 2 

1 1 
p(4) = 5 + z - logh 2 

P(f) = ; P(f) = logh 2 + f q/3 

P(g) = - logh 2 + ; y/3 

j?(g) = ; - 2 + ; 

If g logh r(x) = p(x) 
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Reference 

22. 136 

1 4-I = 
3 - C- ;logh3 

2 43 = 
3 - C- ;logh3 

+ 2j3 

p(;)=;-c-3log2 

$) = - ; - c - 3 log2 

co 
= c o (x : n)* 

22. 136 
A. 522 

T. 133 

A. 523 

22.98 



1 
210 SUMMATION OF SERIES 

Series No. 

iw) 

$(;)=4(;+&+&+...) 

1 1 1 
f(1) = p + a + 3 + . . . 

$)=4(;+&+...) 

1 1 1 
f(2) = I$ + 3 + ;yz + . . . 

I $)=4(&f;+...) 

/ 1 1 1 
#y3)=-j5+++ji+... 

#YaJ> 

I 
! (1102) If a! 

b!(u - b)!’ = 
I 

_I 

/ 

/ 
! 

r-l 

I 

/ 
/ 

1 - (1) + (;) -... (-l$) 

1 + (;T+ (‘I)‘+...(;) 

/ 

I 



SPECIAL FUNCTIONS 

=03 

4 
=- 

2 

P2 
=- 

6 

72 =-- 
2 4 

=2 1 =-- 
6 

79 5 =--- 
6 4 

= 0 

= a(u - l)(a - 2). . .(a - b + 1) 

b! 

=& p ( ) 
r - p 2r-2p 

= (r-i- 1)2,-Zp-’ 

= 2fl 

= 0 T. 19 

2n = ( ) n 

211 

Reference 
22. loo 

T. 19 

T. 19 

T. 19 
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Series No. 

(;)+(“y)+(y”)+...(;) 

1 - @) f (I) -... (-l,$) 

See also No. (189), etc. 

Table of Binomial Coejicients 7 = nC1 = n 
0 

(7) (3 (4) (3 (2) (3 (3 (3 (3 (3 cl) (2 

1 
2 1 
3 3 1 
4 6 4 1 
5 10 10 5 1 
6 15 20 15 6 1 
7 21 35 35 21 7 1 
8 28 56 70 56 28 8 1 
9 36 84 126 126 84 36 9 1 

10 45 120 210 252 210 120 45 10 1 
11 55 165 330 462 462 330 165 55 11 1 
12 66 220 495 792 924 792 495 220 66 12 1 

XXVIII. Zeta Functions 

(1103) $&y 
n=O 

Ifs is a negative integer = -m 

5(--24 



ZETA FUNCTIONS 

n-i-1 
= k-i-1 ( 1 
= (-1f; 1) 

= 5(4 4 

1 =- 
qs) s 

co xs-lc-ax dx 
0 1 - c--x 

= 0 

= (--1Ptn 
2m 

where m = 1,2, 3, etc. 

213 

Reference 

T. 19 

T. 19 

T. 20 

Q. 266 

Q. 268 

1 
= -- 

2 
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Series No. 

SUMMATION OF SERIES 

XXIX. Legendre Polynomials 

(1104) If PO(X) + /P,(x) + mJ2(x) + . . . 

where PO(x) = 1, PI(x) = x, P2(x) = 1(3x2 - 1) 

&(x) = ; (5x3 - 3x), P4(x) = f (35x4 - 30x2 + 3) 

P,(x) = f (63x5 - 70x3 + 15x) 

and 
(2n) ! 

P,,(x) = 2n(n!)2 X” - 
n(n - 1) x”-2 
2(2n - 1) 

then 

- - - 
+ n(n I)@ 2)(n 3) 2.4(2n - 1)(2n - 3) x,*-4 ” * 1 

m 

c (- 1)’ 
(2n - 2r)! 

r=O 
2v!(n - r)!(n - 2r)! p-2r 

Also 
P,(l) = 1 P,( - 1) = (- 1)n &+1(O) = 0 

P2n(0) = (- lY 
1.3.. .(2n - I) 

2.4 . . . (2n) 

Finally, P,,(x) = w is a solution of 

P,,(x) = F 
1 1 

n + 1, --n; l;z - zx = P-,-,(x) 

XXX. Special Products 

(1105) Ifq, = fi(1 - 42”) 
1 

41 = fi (1 + q29 
1 

I’ 



SPECIAL PRODUCTS 

= (1 - 2xh + /12)-l/* where 12x/1 - h*[ < 1 

. 

= P,,(X) 
n-l 

where m = ; or 2 whichever is an integer 

(1 - 22) g - do 2x dx + n(n + 1)~ = 0 

215 

Reference 

Q. 302 

Q. 304 

Q) (n + l)(n + 2). . .(n + r)(-n)(l - n). . .(r - 1 - n) 

r=O (r!)* 

Q. 312 

Then qoq3 = fi (1 - qn) where 141 < 1 A. 116 
1 

qlq2 = n (I + qn) where n = 1,2, 3, etc. 
I 
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Series No. 

q* = fi (1 + q2”-1) 
I 

q3 = fi (1 - q+1) 
I 

The four products qo, ql, q2, and q3 are absolutely con- 
vergent. 

For example, 
(1 - q)(l - qJi(l - 45). . . co 

qoq22 = 1 + 2q + 2q4 + 2q9 + . . . co 

qoq12 = 1 + q2 + q6 + q’2 + . . . qn(n+l) + . . . co 

fk’ = 1 - 2q2 + 2q8 - 2q’8 + 24 . . . + 2q + . . . co 
41 

qoq3 = 1 - (q + 42) + (45 + q’) - (4’2 + 415) + . . . co 

qz8 = a* + 16qq18 

403 = 1 - 3q2 + 5q6 - 7q12 + 9q20 . . . 

XxX1. General Forms 

(1106) S(n + a)(nYy.(n + k) 1 
If the degree of C(n) is less than that of the denominator, 
resolve into partial fractions and use 02 
c X” 

- = - x-u 
, a+n 

;+;+... + z + logh (1 - x) 
> 

See also No. (370). 
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Reference 

= (1 + q)(l + qZ)(l + q3) . . . aJ 

40432 = 1 - 2q + 2q4 - 2qg + . . . 00 

q(+ = 1 - 3q2 + 5q6 - 7q12 + 9q20 - . . . co 

40 = 1 + q + q3 + q6 + q’0 + . . . 
q3 

+ qbn(m+l)w+ . . . a 

indices being alternately of the form i n(3n & 1) 

This can always be summed if convergent. C. 246 
a, 6, . . . k are positive or negative, unequal integers and d(n) is 
an integral function of n. 

If degree of 4(n) is greater than that of the denominator, it may 
be written 

‘(n)x” + (n + a)@ ?g:. . (n + k) 

where the degree of x(n) is less than that of the denominator and 

2 $wxn 

may be found by partial fractions and (370) 
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Series No. 

SUMMATION OF SERIES 

U107) I2 (n + u)(n 2;. . .(n + k) 
1 

If in No. (1106) x = 1, the series is not convergent 
unless the degree of 4(n) is less than the degree of 
(n + a). . .(n + k). 

(1108) 

(11@9 

co 
c I (-lP1 (n + u)(n :t,‘. . .(n + k) 
If absolutely convergent, Sum J, 

If semi-convergent, Sum & 

In the above two, the series is absolutely convergent if 
the degree of 4(n) is less than (n + a). . .(n + k) by two 
units, and semi-convergent if it is less than (n + a). . . 
(n + k) by one unit. 
co 

c +,(n) x can be summed 
n! 

0 

The identity can be established 

h(n) 

m Then c 
M&n 

n. 1 
0 
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=- c N-4 {i 
o. b. c. . . . k 

(b - a)(c - a). . . (k - a) 

219 

Reference 

C. 248 

where c means the summation with respect to 
o,b,c . . . k 

a, 6, c... k,anda,b... k are positive and unequal integers, 
and +(n) is an integral function of n 

a,b... k are all positive integers and 4(n) is an integral function 
of n. C. 253 

= 
a. b, c k 

+(-a){: - --& +...(-l).-If 

(b - a)(c - a). . . (k - a) 

if b,(n) is an integral function of n of the rth degree C. 234 
(and see Part I, p. 107) 

= Ao + A,n + A&z - 1) + . . . A&n - 1). . .(n - r + 1) 

= A,$~+A,~ 
0 . 

m 
+ A,x’ c 

p-r 
- 

, (x-r)! 

= (A0 + A~x + Aix2 + . . . Alxr)ex 
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SUMMATION OF SERIES 

To determine the constants AO, etc., 
divide 4&z) by n 

divide &-&) by II - 1 

0 

The identity can be established as in (1109) 

A(4 

Then the general term in the series is 

A(4 ,G xn + A omCn~n+ A+,C,xn+... 
+ A,n(n - l)...(n - r + l),C,xn 

Therefore 

2 A(n) ,A’, xn = AO 2 ,,$A xn 
0 0 

+ mA,x 2 m-lCn-l ~“-1 + . . . 
I 

+ m(m - I). . . (m - r + l)A~r 5 ,-,C,, x”-’ 
r 

The constants Ao, etc., may be evaluated as in No. (1109). 

(1111) ( n + $4$);Cn; + k) an . ..n 

This can in general be reduced to 03 
c tin) n+kCm+k Xnik 

(m + l)(m + 2). . .(m + k)xk 
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= h-1w + A0 

= 4,-2Mn - 1) + Al 

= A,@ - r) + A,-1 

221 

Reference 

where +&I) is any integral function of n of the rth degree c. 195 

= A@ + A+ + A& - 1) + . . . + A,n(n - 1). . .(n - r + 1) 

= A0 ,C, P + mAlx m-lC,,-l xn-1 

+ m(m - 1)A2x2 m-2C,,-2 xn-2 + . . . 

+ m(m - 1). . .(m - r + l)A,xr - C - xn-r mr nr 

= Ad1 + x)m + mAlx(l + x)m-1 + . . . 

+ m(m - 1). . . (m - r + l)A,xr(l + x)m-r 

m(m - 1)A2x2 
(1 + x)2 +**. 

+ m(m - 1). . .(m - r + 1) (lAci)r 
l 

(1 + x)nt 

where a, 6.. . k are unequal positive integers in ascending order 
of magnitude. 

where #(PI) is an integral function of n viz. 4,(n) multiplied by all 
the factors which are not absorbed by C m+k n+k* 

C. 196 
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Series No. 

(1112) ~~WX) 

The series within the brackets stops at the nth difference 
of 4(x), supposing d(x) to be of the nth degree. 

C+(X) is rational and integral 

(1113) Sum of a series whose nth term is P times an integral 
function of n of the gth degree, such as 

2 {aon” + wl”-1 + . . . a,}m 
Multiply by (1 - r)s+l. For example, 

(1 - r)3 2 (l*r + 2*r2 + . . . n*rn) 
I 

whence by addition 

C( l*r + 2*r2 + . . . n*r) 

(1 I 14)7 c u, (Approximate summation) 

The constant K is to be determined in each case by 
substituting a known value of x. 

(1115) If the sum f(r) of a finite or infinite series 

f(r) = a0 + ulr + u2rz + . . . is known, then 

uocosx + u,rcos(x +y) + u2r2cos(x + 2y)... 

a0 sin x + u,r sin (x + y) + u2r2 sin (x + 2y). . . 

t For values of &*, see No. (I 129). 



GENERAL FORMS 

= c + a&i 1 4(x) - -& 4(x) 

+ (a “‘1)2d2+(x) - (a “‘I)3 ~3w* * * > 

where d+(x) = 4(x + h) - 4(x) 

= 12r + 22r2 + 3W + . . . n2rn 
- 3r2 - 3.22r3 . . . 

+ 3.12r3 +... 
- 12r4 . . . - n2P+3 

= r + r2 - (n + l)*P+l + (2n2 + 2n - l)m+J - n2r~+3 
(1 - r)3 

= K+$u,dx- ;ux 

+ Bl* du, B3* dh, B,* dsuX me-- 
2! dx 4! dx3 +mdx’+... co 

= i {eixf(reiY) + e-ixf(re-iy)} 

= - i {@f(&) - e-ixf(re-iY)> 

223 

Reference 

w. 53 

22.117 

T. 81 
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SUMMATION OF SERIES 

(1116) Euler’s Summation Formula 

&fcx> =f(l) +fca + * * * +fO 

When f(x) is a rational algebraic fraction or a trans- 
cendental function, this cannot necessarily be used, and 
the right-hand side becomes an infinite series which may 
not converge. (See Bromwich, Chap. XII, for a number 
of applications of this summation.) 

(1117) If I, 1,’ I,“, etc., are the magnitudes of the differences of 
the discontinuities of the function and its various differential 
coefficients at point a, and similarly for points b, then 

2 -- Z, sin na - f 2 I,’ cos na + $2 I,” sin na 

+~~ I,” cos na - . . . co 

;2 I,cosna - -$zI.‘sinna - -$~I~ncosna 

+$x I,” sin na + . . . co 

XXXII. Double and Treble Series 

(1118) 2 2 ($$ (5)“” 
0 0 

(1119) 2 2 2 (m -+,n”,+, 
. . . 0 0 0 

p)l(,),+n+p 
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Reference 

= Jf(x) dx + ;j-(x) + ; &i-‘(x) - & B2fm(x) + . . . A. 304 

wheref(x) is a polynomial and there is no term on the right-hand 
side (in its final form) which is not divisible by x. 

= Tru,, 

(Fourier’s nth harmonic amplitudes) 

= h, x. 57 

where a, = - l 2”fo) f 
cos nt dt and 6, = !. 

= 0 
~ 

f 
,:” /(t) sin nt dt 

andf(c)=~+alcost+a2cos2t+a,cos3t+... 

+bl sin t + b2 sin 2t + b3 sin 3r + . . . 

1 = - where - 2 < x < 1 l-x A. 194 

= Gx where - 3 c x c 1 A. 194 
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SUMMATION OF SERIES 

u121) rL s. (4s -lip+’ 

(1122) ,z zj (4s ! 2)2r 

u123) ,z sz &jr 

(1124) ,l sz (4s ! 1p 

u125) FE [ J, 2,(x - m;(x - n) 
I 

cos 2m7rx’ cos 2nlr y 
m2 - n2 I 

(‘12’) mz, .z, (m2 + a&z2 + b2) 

XXXIII. Bernoulli’s Functions 

(1128) Bernoulli Functions. 

Values of &n(x) 

ASX) 

See also No. (1129). 

t See No. (1128) for values of h(y). 



1 =- 
P+l 
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Reference 

A. 194 

7r 
=- 

8 
- ; logh 2 

77 
=- 

8 

= logh 2 A. 194 

= ; logh 2 A. 194 

= - ,2 all values m = n are excluded A. 225 

A. 194 

A. 194 

= G [i,(y) - +2(x)} + i (y - $1 omit m = n A. 391 

=o if x =y whereO<y<x$i 

= 2 coth na coth nb Q. 136 

=xn7!!xx-l+~ n(n - 1) 4n - lb - 2D - _ 2 2! B,Xn-2 4! 3)B2x”-4 

A. 300 
terminating either in x or x2. 
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Series No. 

Therefore 

MN = x 

#2(x) = x2 - x 

3 43(x) = x3 - 2x2 + Ax 
2 

$4(x) = x4 - 2x3 + x2 

5 5 1 
&(x) = x5 - - x4 + - x3 - - x 

2 3 6 
5 1 de(x) = x6 - 3x5 + -x4 - -x2 

$6,(x + 1) - 4,(x) =',,-I 
2 

42(x + 1) = x2 + x 
etc. 

This function is related to that in No. (1135) by 
cl(x) = A(x). 

(1129) Bernoulli’s numbers can be calculated from the expression 

2(2n)! 1 1 1 
W-t v + 22” + 32” + . -. co > 

A similar confusion arises in the case of Euler’s numbers, 
No. (1131). Some authorities, for the same value of n, 
quote the values of B,,, and others B,-,. In the tables 
following and in this book B,, values are used. 

For example, in AC. 42, A. 297, C. 231 and AE. 3, etc. 

whereas in Y. 503, etc. 

* where B, = B2,-1 . 
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Reference 

d,(x) is the coefficient of tJn! in the expansion oft $+ A. 300 

2(2n)! 
/-)= [l - ($)*q(2?T)*n 1 

& + & + kn + . . . m 
1 

)= B,, = B%-,* 

\ 

C. 231 
C.363 
A. 297 
Y.503 
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Extract from British Association Report, 1877 (Adams) 

Table of Bernoulli’s Numbers expressed in Vulgar Fractions 

Numerator &=-1 Denominator No, 

L 

861 

770 

257 

26315 27155 

2 92999 

2 61082 71849 

15 20097 64391 

278 33269 57930 

5964 51111 59391 

560 94033 68997 8 1768 

1 

8 

2363 

85 

37494 

58412 

93210 

76878 

30534 

39138 

64491 

80708 

10242 

21632 

6249 1 

1 6 

1 30 

1 42 

1 30 

5 66 

691 2730 

7 6 

3617 510 

43867 798 

74611 330 

54513 138 

64091 2730 

53103 6 

61029 870 

76005 14322 

41217 510 

58367 6 

77373 1919190 

41559 6 

2205 1 13530 

0269 1 1806 

35023 690 

77961 282 

27547 46410 

49 50572 05241 07964 82124 77525 66 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 
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Table of Bernoulli’s Numbers expressed in Integers and Repeating 
Decimals 

NO. 

I 1 0.16 

1 2 c- 0.03 

b 3 0.02380 95 

I 4 - 0.03 

% : - ::::1135 

k- I 8 _ 7.@215 1.16 68627 45098 03 

p 54.97117 19448 62155 3884 

jL 10 / 529.124 

.%y’ 
6192.1~318840579710144927536 

12 _ 86580.2bll 35 

I.13 1425517.16 

/2-8 ‘4 - 27298231.0678160919540229885057471264~ 

5615 6015 80873.9&6423683 84303 86817 48359 167714 

(6 ‘6 - 151163 l5767.C+215 68627 45098 03 

17 

,k 18 

429614643061.16 

_ 1371 1655205088.3~2772159087948 5616 

4 I9 48833 2318973593.16 

IS 20 - 19296579341940068.14863266814 

“( ?a 84169304 75736 82615.06055 37098 56035 43743 07862 67995 57032 I 1517 165 

t.22 40338 07185 40594 15942 02898 55072 55413.07681 463 

$ 23 21 15074863808199160560.1453900709 21985 8156028368 7943262411347517730496 

24 1208 66265 22296 52593 46027.31193 70825 25317 81943 54664 94290 02370 17884 07670 7606 

fj- 25 75008 66746 07696 43668 55720.033 

In the “Report of the British Association for the Advancement 
of Science, 1877,” page 10, etc., Bernoulli’s numbers are calcu- 
lated up to n = 62. Further, the method by which they are 
calculated is also described. 
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SUMMATION OF SERIES 

Values of Constants used in Series Nos. (305) to (318) 

(1130) 

-- 
0 

-1 
0 
1 
0 
2 

-1 
0 
0 
0 

-I 
1 
1* 
1 
1 
l/2 
312 
2 
0 
1 
0 

1 3 4 5 2 

116 l/42 l/3( 5166 
1 3 17 155 
l/3 31121 127/l! 2555133 
1 13 164 3355 
1 121/7 109315 49205/l 1 
1 3751/7 13881 l/5 251 43755/l 1 
1 363 18581 15 25355 
1 403 20828 17 14405 
1 273 13940 1144055 
1 2 5 16 
1* 61* 1385* 50521* 
7 33367 68 15585 22374 23527 
5 22265 45 44185 1491632525 
l/3 7 80919 1847 
3 903 46113 37 84503 

1013 910 4 1582619 37 86350 
1 .1681 2 57543 676 37281 
3 2763 2 50737 365 81523 
1 361 24611 28 73041 

l/3(1 
1 
7115 
2 

13/5 
9115 
13 
14 
10 
1 
5* 

105 
105 

1 
33 
34 
23 
57 
11 

For the theory of Bernoulli polynomials, etc., including 
very many practically useful recurrence formulae, see 
Glaisher 1898a, c, and Lehmer 1935, 1936. 

The numbers B,, I,,, T,,, P,, and Q, are fundamental 
and are not expressible simply in terms of the others. It 
is to be noted that the odd Eulerian numbers are not 
calculable directly and are fundamental. See Edwards 
Dlrerential Calculus, p. 502. 

See No. (1131) for explanation of E,, and E,,*. 
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Reference 

AC. 42 
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Series No. 

%I 

A 

SUMMATION OF SERIES 

Q, 
See No. (330) for q,,. 

t For a connection between Bzn + 1 i , etc., see No. (1142). 0 



= 2(22n - l)Bn 

= (22n - 2)B, 

= ; (32n - l)Bn 
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Reference 

AC. 41,42, and 48 

= (32” - 3)Bn 

= ; (22n - 2)(32” - 3)B,, 

= ; (22n - 2)(32n - l)B,, 

= f(22n - 1)(32” - 3)B, 

= $ (22” - 1)(32” - l)B,, 

= (22n+’ + l)Zn 

= 2p + 1)1, 

= H,, + I,, 

= (- l)n+1‘t2n+1B2n+, (;) + AE. 51 

= (- l~++WB2n+I(;) - 32n+1B2n+,(;)} AE. 51 

1 
= (- l)n+132f1+1g~+~ 5 0 

AE. 51 

=( - l)“+‘6’n+‘B2,,1(~) AE. 51 

= 22nE,* - (2t~)~22n-2E~-~*. . .( - 1)“-1(2~1)~2~E~* + (- l)“E,,* 

= i[( - l)n+182n+*B2n+I (i) - Ed*] . AE. 62 

= F2 (2n - I)! ! 
0 

2n 71 AE. 64 
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& 

SUMMATION OF SERIES 

T” 

(1131) Euler’s Numbers are calculated from the equation 

2(2n)! I'"" 
0 { 

&L+&...m 32n+~ ) 

= 2(2n)! (,),,,l (1 + &)(l - &)(l + &) *** 

In the list below of Euler’s numbers odd values of En 
have been included for completeness. These have some- 
times been called “Prepared Bernoulli Numbers,” and 
have been omitted from many lists, and only the even 
numbers included. This has led to confusion because 
in some cases the even numbers were then called “Euler’s 
Numbers En.” 

In 22.243 and Y. 501 Eulers’ numbers are as shown in 
the long list below; but in AE., AC. 42, T. 141, and 
C. 342 and 365, the numbers are shown as En* where 
E,,* = E2" 

n=O123 4 5 
E,,* = 1 1 5 61 1385 50521 etc. 

and throughout this collection E,, and En* have been used 
to distinguish between them. 
El = 1 E2 = 1 Es = 2 E,, = 5 Es = 16 
Es = 61 E,= 272 Es = 1385 Es = 7936 E,,, = 50521 

(1132) Euler’s Constant 

C = 0.57721 566490153286060... 



EULER’S NUMBERS 

= ;(3 2.+1 + l)E,* 

= f(32. + l)E,* 

3s" = 2R, + E,,* 

= &.(2" - 1)!(;)2n 

239 
Reference 

AC. 50 

AC. 50 

AE. 75 

C. 342 
c. 365 
Y.502 

=E*=E 
” 2n 

E,2 = 2702765 El4 = 1993 60981 El6 = 193915 12145 

El8 = 24048796 75441 Ezo = 37037 1188237525 
22.245 

22.87 
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(I 133) Sum of Power Series 

Values of & to sixteen places of decimals are given in the 
table. 

n g,, to sixteen places of decimals 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

0.57721 56649 01532~log co (Euler’s Const. + co) 
1.64493 40668 48226 4 
1.20205 69031 59594 3 
1.08232 32337 11138 2 
1.03692 7755143370 0 
1.01734 30619 84449 1 
1 JO834 92773 8 1922 7 
1.00407 73561 97944 3 
1.00200 83928 26082 2 
1.00099 4575127818 0 
1.00049 41886 04119 4 
1.00024 60865 53308 0 
1.00012 27133 47578 5 
1.00006 12481 35058 7 
1.00003 05882 36307 0 
1.00001 52822 59408 6 
l.OOOOO 76371 97637 9 
1 .OOOOO 38 172 93265 0 
l.OOOOO 19082 12716 6 
1 .OOOOO 09539 62033 9 
l.OOOOO 04769 32986 8 
1 .OOOOO 02384 50502 7 
l.OOOOO 01192 19926 0 
l.OOOOO 00596 08189 1 
l.OOOOO 00298 03503 5 
l.OOOOO 00149 01554 8 
l.OOOOO 00074 50711 8 

The sixteenth decimal place is 
not always the sixteenth occur- 
ring, but the nearest in consider- 
ation of terms to follow, e.g. C 
has for its 16th, 17th, etc.. . . 
figures 8606. . . . 

Log, 10 = 2.30258 50929 
940456840... 

Euler’s Conk = C = 0.57721 
56649015328606... 

p = 0.43429 44819.. . 
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Reference 

22.144 
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Series No. 

SUMMATION OF SERIES 

n 

28 1 .OOOOO 00037 25334 0 
29 l.OOOOO 00018 62659 7 
30 l.OOOOO 00009 31327 4 
31 1.OOOOO 00004 65662 9 
32 1.OOOOO 00002 328312 
33 1.OOOOo oooo116415 5 
34 1 .OOOOO 00000 58207 7 
35 1.OOOOO 00000 29103 8 

&, to sixteen places of decimals 

Relations between Bernoulli’s Numbers 

(1134) l”-’ + 2”--’ + 3”-’ + . . . (X - 1),-l 

(1135) f - ; ~“-1 + f+ Bg-2 

- cn - I>@ - 2)(n - 3, B2xn-., + 
4! 

. . . 

The last term is 

The last term is 

(1136) &,,+dl - 4 

%(l - -Q 

M-0 

40) 

(1137) B,,(x) - (n - l)xB,&x) + (n - 1)2x*B,,-2(x) 
+ . . . (- l)n-2x~-2B2(x) + (- 1)~‘x” 

(n), = 
n(n - l)(n - 2). . .(n - r + 1) 

r. I 

(1138) 12” + 22” + 32” + . . . (2~)~ 

I”1 + 32” + . . . (2x - 1)2” 

22” + 4h + . ..+ (2x)z”. 
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Reference 

= B,,(x) where x is a positive integer AE. 8 

= B,(x) 

(- l)nl2 !$ B,/2-1x2 where n is even 

(- l)(n-1)~2B~,-1,,2x where n is odd 

= - B2n+1(4 

= B2sW 

= 0 

= 0 

= - Bn(- 4 

= B2,+,(2x + 1) 
= &,&2x + 1) - 22nB2n+l(~ + 1) 
= ~“Bz,,+~(x + 1) 

A. 304 

AE. 7 

AE. 4 

AG. 11 

AE. 15 
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Series No. 

(1139) nA,(x) 

A2nCG 

40 - 4 
A2n+1@) 

A2n@) 

(1140) k is a positive integer 

(1141) Bn(;) + Bn(;) + . . . Bn(k+) 

(1142) B24 5) 

1 

B2n 0 2 
1 

B2n 0 2 

B2n+l(;) - B2n+1(;) 
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Reference 

= xfl - k m-1 + (n)pBlxn-2 - (n)&x”-4, etc., the series being 

continued so long as the exponents are not negative AE. 19 

= B*n(X) + (-1y-1; AE. 18 and 20 . 

= (- lP&(x) 
= &+1(l) = 0 

Bn = A,,(l) = (- l)n-2 2;; 

= & B,,(kx) where n is odd AE. 9 

= & B,(kx) + ( - l)nlZ - - kn - 1 B,,,2 
kfl-1 n where n is even 

= 0 where n is odd 

= (- 1)“~ ‘s + where n is even 

=(-1).{1+&+&-I)s, 62n-1 4n 

AE. 9 

AE. 43 

AE. 31 

32” - 1 B, 
= (-I)“-& AE. 36 

22” - 1 B = (-1)“7 ;;1 

= ;(I + $,) ,,+I(;) + &B24) 

= & B2n+1 ; 0 

AE. 26 

AE. 74 

AE. 63 



1 
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Series No. 

- 32”+lB2,+, 0 f 

1 
B2n+1 0 

3 

1 
B2,+1 0 

j 

AZ.(~) + A24 4 

A24) + AZ,(;) 

1 
A2n 0 

5 

1 

A2n 0 
3 

1 
A2n 0 

3 

1 
A2n 0 

2 

(2n + 1)d2"+'B2,,+, ; 
0 
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= (- l)n+lH, 

1 = A2n+1 3 
0 

1 = A2,,+1 - = - 
0 3 

(-l),+l I 
32n+1 n 

I = A2,,+1 z = 0 
0 

=- B ’ 2n+1 3 
0 

= & An(;) 

= &42n 
0 

; 

= C-l,.{& - &}z - A24 

22n-1 - 1 B,, 
= (-l)n 22” n 

247 

Reference 

AE.52 

AE. 51 

AE. 31 

AE. 35 

AE. 26 

AE. 63 

AE. 77 

AE. 66 

AE. 42 

AE. 31 

AE. 36 

AE. 26 

AE. 57 
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Series No. 

(2n + 1)62n+rB2n+1 ; 
0 

The derivation of some of these numbers is from such 

series as No. (576) and No. (577) by putting 0 = $9 $ $ 

etc. ; but the original article in AE. should be consulted for 
a full description of the derivation. 

(l143)~~~-$z~+$z4-... m} 

(1144) i Z, - @&I,-, + (2n)4Z,-2 + . . . 

+ (- l)q2&Zi + (- l)“Zs 

(1145) E,,* - (2r~)~E,-~* + (2t~)~E,-,* + . . . 

+ (- 1)“-‘(2n)&i* + (- 1)nZ&* 

In No. (1142), see No. (1130) for values of Z, E*, and ZZ. 
n, is the binomial coefficient 

n(n - 1). . .(n - r + 1) 
r. I 

(1146) 22B2 ; = - ‘2 
0 

26B6 ; = - ; 0 
28B ! = ?! 

‘2 24 0 
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Reference 

= - 1 + (2n + 1)262 AE. 51 

- (2n + 1),64( 1 ;) Bz - 

+ . ..+ (-I)“-‘(2n + 1)6’“(1 - &)Bn 

1 
= 1 -l- ea + e-u 

= 0 

= 0 

0 1 1 
22A2 z = -i5 

1 

0 

7 
24A4 z = co 

26A62 0 1 =-E6 31 

0 1 127 
2’4 2 = E. 

AE. 37 

AE. 37 

AE. 37 

AE. 26 
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Series No. 

j2& f = - 1 
0 

34B4 f = 1 
0 

36B 1 = - 12 
63 0 3 

38B8 5 = 41 
0 

42B2 ; = - ; 
0 

44B4 ; = ; 
0 

46B I = - 33 
64 0 2 

0 

1 I 
Bq =@ 

0 

1 119 
Bs8 =-8’ 
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Reference 

0 1 I AE. 36 
32A2j =-5 

1 13 
34A4 0 

5 =2 

36A6 3 = --g$ 
0 1 121 

38A8(;) = T 

AE. 31 

1 7 
44A44 0 =yjj 

#A63 = --E6 
0 1 31 

1 127 
4”A8 0 

-4 =E~ 

AE. 61 

AE. 61 
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A CATALOGUE OF SELECTED DOVER BOOKS 

IN ALL FIELDS OF INTEREST 

WHAT Is SCIENCE?, N. Campbell 
The role of experiment and measurement, the function of mathematics, the 
nature of scientific laws, the difference between laws and theories, the limita- 
tions of science, and many similarly provocative topics are treated clearly and 
without technicalities by an eminent scientist. “Still an excellent introduction 
to scientific pliilosophy,” H. Margenau in Pltrsics Today. “A first-rate primer 
. . . deserves a wide audience,” Scientific American. lg2pp. 5s/s x 8. 

60043-2 Paperbound $I .25 

THE NATURE OF LIGHT AND C:~I.O~R IS THE OI~E& AIR, M. Minnaert 
Why are shadows sometimes blue, sometimes green, or other colors depending 
on the light and surroundings? What causes mirages? Why do multiple suns 
and moons appear in the sky? Professor Minnaert explains these unusual 
phenomena and hundreds of others in simple, easy-to-understand terms based 
on optical laws and the properties of light, and color. No mathematics is 
required but artists, scientists, students, and everyone fascinated by these 
“tricks” of nature will find thousands of useful and amazing pieces of informa- 
tion. Hundreds of observational experiments are suggested which require no 
special equipment. 200 illustrations; 42 photos. xvi + 362~~. 5sh x 8. 

20196-l Paperbound $2.00 

THE S~‘RA~~(;E STORY OF -I’HE (LuAN-ruh~, AN ACCOUNT FOR THE GENERAL 
READER OF THIC GROWTH OF IDEAS UNDERLYING OUR PRESENT ATO~II~ 
KNOWLED(;R, n. Hoflmann 

Presents lucidly and expertly, with barest amount of mathematics, the prob- 
lems and theories which led to modern quantum physics. Dr. Hoffmann begins 
with the closing years of the 19th century, when certain trifling discrepancies 
were noticed, and with illuminating analogies and examples takes you through 
the brilliant concepts of Planck, Einstein, Pauli, Broglie, Bohr, Schroedinger, 
Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition inchldes a new, 
long postscript carrying the story through 1958. “Of the books attempting an 
account of the history and contents of our modern atomic physics which have 
come to my attention, this is the best,” H. Margenau, Yale IJniversity(in 
Awerican .\olrrtln/ of Physics. 32 tables and line illustrations. Index. 2731’. 
5s/8 x 8. 20518-5 Paperbound Sz.& 

GREAT IDEAS OF MOUERX MAYHF,~I~II~S: THF.IK NATURF. AND USE, 
Jugjit Singh 

Reader with only high school math will understand main mathematical ideas 
of modern physics, astronomy, genetics, psychology, evohltion, etc. better than 
many who use them as tools, but comprehend little of their basic structure. 
.4uthor uses his wide knowledge of non-mathematical fields in brilliant ex- 
position of differential equations, matrices, group theory, logic, statistics, 
problems of mathematical foundations, imaginary numbers, vectors, etc. 
Original publication. 2 appendixes. 2 indexes. 65 ills. 322~~. 5vs x 8. 

LO58i.8 Paperbound $2.25 



CATALOGUE OF DOVER BOOKS 

THE MUSIC OF THE SPHERES: THE MATERIAL UNIVERSE-FROM ATOM 
TO QUASAR, SIMPLY EXPLAINED, Guy Murchie 

Vast compendium of fact, modern concept and theory, observed and calculated 
data, historical background guides intelligent layman through the material 
universe. Brilliant exposition of earth’s construction, explanations for moon’s 
craters, atmospheric components of Venus and Mars (with data from recent 
fly-by’s), sun spots, sequences of star birth and death, neighboring galaxies, 
contributions of Galileo, Tycho Brahe, Kepler, etc.; and (Vol. z) construction 
of the atom (describing newly discovered sigma and xi subatomic particles), 
theories of sound, color and light, space and time, including relativity theory, 
quantum theory, wave theory, probability theory, work of Newton, Maxwell, 
Faraday, Einstein, de Broglie, etc. “Best presentation yet offered to the in- 
telligent general reader,” Saturday Review. Revised (1967). Index. 319 illus- 
trations by the author. Total of xx + 644~~. 5s/8 x 81/2. 

21809-0,21810-4 Two volume set, paperhound $5.00 

FOUR LECTURES ON RELATIVITY AND SPACE, Charles Proteus Steinmetz 
Lecture series, given by great mathematician and electrical engineer, generally 
considered one of the best popular-level expositions of special and general 
relativity theories and related questions. Steinmetz translates complex mathe- 
matical reasoning into language accessible to laymen through analogy, example 
and comparison. Among topics covered are relativity of motion, location, time; 
of mass; acceleration; 4-dimensional time-space; geometry of the gravitational 
field; curvature and bending of space; non-Euclidean geometry. Index. 40 
illustrations. x + 149~~. 5s/8 x 81/2. 61771-8 Paperbound $1.35 

How TO KNOW THE WILD FLOWERS, Mrs. William Starr Dana 
Classic nature book that has introduced thousands to wonders of American 
wild flowers. Color-season principle of organization is easy to use, even by 
those with no botanical training, and the genial, refreshing discussions of 
history, folklore, uses of over 1,000 native and escape flowers, foliage plants 
are informative as well as fun to read. Over 170 full-page plates, collected from 
several editions, may be colored in to make permanent records of finds. Revised 
to conform with 1950 edition of Gray’s Manual of Botany. xlii + 438~~. 
5% x 8’/,. 20332-S Paperbound $2.50 

MANUAL OF THE TREES OF NORTH AMERICA, Charles Sprague Sargent 
Still unsurpassed as most comprehensive, reliable study of North American 
tree characteristics, precise locations and distribution. By dean of American 
dendrologists. Every tree native to U.S., Canada, Alaska: 185 genera, 717 species, 
described in detail-leaves, flowers, fruit, winterbuds, bark, wood, growth 
habits, etc. plus discussion of varieties and local variants, immaturity variations. 
Over 100 keys, including unusual LI-page analytical key to genera, aid in 
identification. 783 clear illustrations of flowers, fruit, leaves. An unmatched 
permanent reference work for all nature lovers. Second enlarged (1926) edition. 
Synopsis of families. Analytical key to genera. Glossary of technical terms. 
Index. 783 illustrations, 1 map. Total of g8zpp. 5% x 8. 

20277-1,20278-X Two volume set, paperbound $6.00 
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THREE SCIENCE FICTION NOVELS, 
John Taine 

Acknowledged by many as the best SF writer of the lgzo’s, Taine (under the 
name Eric Temple Bell) was also a Professor of Mathematics of considerable 
renown. Reprinted here are The Time Stream, generally considered Taine’s 
best, The Greatest Game, a biological-fiction novel, and The Purple Sapphire, 
involving a supercivilization of the past. Taine’s stories tie fantastic narratives 
to frameworks of original and logical scientific concepts. Speculation is often 
profound on such questions as the nature of time, concept of entropy, cyclical 
universes, etc. 4 contemporary illustrations. v + 532pp. 5s/s x 83/s. 

21180-o Paperbound $a.50 

SEVEN SCIENCE FICTION NOVELS, 
H. G. Wells 

Full unabridged texts of 7 science-fiction novels of the master. Ranging from 
biology, physics, chemistry, astronomy, to sociology and other studies, Mr. 
Wells extrapolates whole worlds of strange and intriguing character. “One 
will have to go far to match this for entertainment, excitement, and sheer 
pleasure . . . “New York Times. Contents: The Time Machine, The Island of 
Dr. Moreau, The First Men in the Moon, The Invisible Man, The War of the 
Worlds, The Food of the Gods, In The Days of the Comet. 1015~~. 53/s x 8. 

20264-X Clothbound $5.00 

28 SCIENCE FICTION STORIES OF H. G. WELLS. 
Two full, unabridged novels, Men Like Gods and Star Begotten, plus 26 short 
stories by the master science-fiction writer of all time! Stories of space, time, 
invention, exploration, futuristic adventure. Partial contents: The Country of 
the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work Miracles, 
A Story of Days to Come, The Empire of the Ants, The Magic Shop, The 
Valley of the Spiders, A Story of the Stone Age, Under the Knife, Sea Raiders, 
etc. An indispensable collection for the library of anyon: interested in science 
fiction adventure. gr8pp. 5% x 8. 20265-8 Clothbound $5.00 

THREE MARTIAN NOVELS, 

Edgar Rice Burroughs 
Complete, unabridged reprinting, in one volume, of Thuvia, Maid of Mars; 
Chessmen of Mars; The Master Mind of Mars. Hours of science-fiction adven- 
ture by a modern master storyteller. Reset in large clear type for easy reading. 
16 illustrations by J. Allen St. John. vi + 4gopp. 5s/s x SI/~. 

20039-6 Paperbound $2.50 

AN INTELLECTUAL AND CULTURAL HISTORY OF THE WESTERN WORLD, 
Harry Elmer Barnes 

Monumental S-volume survey of intellectual development of Europe from 
primitive cultures to the present day. Every significant product of human 
intellect traced through history: art, literature, mathematics, physical sciences, 
medicine, music, technology, social sciences, religions, jurisprudence, education, 
etc. Presentation is lucid and specific, analyzing in detail specific discoveries, 
theories, literary works, and so on. Revised (1965) by recognized scholars in 
specialized fields under the direction of Prof. Barnes. Revised bibliography. 
Indexes. 24 illustrations. Total of xxix + 13~8~~. 

21275-0,21276-g, 21277-7 Three volume set, paperbound $8.25 



CATALOGUE OF DOVER BOOKS 

THE METHQDS OF ETHICS, Henry Sidgwick 
Propounding no organized system of its own, study subjects every major 
methodological approach to ethics to rigorous, objective analysis. Study dis- 
cusses and relates ethical thought of Plato, Aristotle, Bentham, Clarke, Butler, 
Hobbes, Hume, Mill, Spencer, Kant, and dozens of others. Sidgwick retains 
conclusions from each system which follow from ethical premises, rejecting 
the faulty. Considered by many in the field to be among the most important 
treatises on ethical philosophy. Appendix. Index. xlvii + 5aSpp. 5sh x Et/. 

21608-X Paperbound $2.50 

TEUTONIC MYTHOLOGY, Jakob Grimm 
A milestone in Western culture; the work which established on a modern 
basis the study of history of religions and comparative religions. 4-volume 
work assembles and interprets everything available on religious and folk- 
loristic beliefs of Germanic people (including Scandinavians, Anglo-Saxons, 
etc.). Assembling material from such sources as Tacitus, surviving Old Norse 
and Icelandic texts, archeological remains, folktales, surviving superstitions, 
comparative traditions, linguistic analysis, etc. Grimm explores pagan deities, 
heroes, folklore of nature, religious practices, and every other area of pagan 
German belief. To this day, the unrivaled, definitive, exhaustive study. Trans- 
lated by J. S. Stallybrass from 4th (1883) German edition. Indexes. Total of 
lxxvii + 1887~~. 53/s x 81/2. 

21602-0,21603-9,21604-7,21605-5 Four volume set, paperhound $11.00 

THE I CHING, translated by James Legge 
Called “The Book of Changes” in English, this is one of the Five Classics 
edited by Confucius, basic and central to Chinese thought. Explains perhaps 
the most complex system of divination known, founded on the theory that all 
things happening at any one time have characteristic features which can be 
isolated and related. Significant in Oriental studies, in history of religions and 
philosophy, and also:to Jungian psychoanalysis and other areas of modern 
European thought. Index. Appendixes. 6 plates. xxi + 448~~. 5vs x 81/2. 

21662-6 Paperbound $2.75 

HISTORY OF ANCIENT PHILOSOPHY, W. Windelband 
One of the clearest, most accurate comprehensive surveys of Greek and Roman 
philosophy. Discusses ancient philosophy in general, intellectual life in Greece 
in the 7th and 6th centuries B.C., Thales, Anaximander, Anaximenes, Herac- 
litus, the Eleatics, Empedocles, Anaxagoras, Leucippus, the Pythagoreans, the 
Sophists, Socrates, Democritus (20 pages), Plato (50 pages), Aristotle (70 pages), 
the Peripatetics, Stoics, Epicureans, Sceptics, Neo-platonists, Christian Apolo- 
gists, etc. and German edition translated by H. E. Cushman. xv + 3g3pp. 
5% x 8. 20357-3 Paperbound $2.25 

THE PALACE OF PLEASURF., William Painter 
Elizabethan versions of Italian and French novels from The Decameron, 
Cinthio, Straparola, Queen Margaret of Navarre, and other continental sources 
- the very work that provided Shakespeare and dozens of his contemporaries 
with many of their plots and sub-plots and, therefore, justly considered one of 
the most influential books in all English literature. It is also a book that any 
reader will still enjoy. Total of cviii + 1,224~~. 

21691~8,21692-6,21693-4 Three volume set, paperbound $6.75 
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HEAR ME TALKIN’ TO YA, edited by Nat Shapiro and Nat Hento@ 
In their own words, Louis Armstrong, King Oliver, Fletcher Henderson, Bunk 
Johnson, Bix Beiderbecke, Billy Holiday, Fats Waller, Jelly Roll Morton, 
Duke Ellington, and many others comment on the origins of jazz in New 
Orleans and its growth in Chicago’s South Side, Kansas City’s jam sessions, 
Depression Harlem, and the modernism of the West Coast schools. Taken 
from taped conversations, letters, magazine articles, other first-hand sources. 
Editors’ introduction. xvi + 42gpp. 5vs x 8%. 21726-4 Paperbound $2.00 

THE JOURNAL OF HENRY D. THOREAU 
A n5-year record by the great American observer and critic, as complete a 
record of a great man’s inner life as is anywhere available. Thoreau’s Journals 
served him as raw material for his formal pieces, as a place where he could 
develop his ideas, as an outlet for his interests in wild life and plants, in 
writing as an art, in classics of literature, Walt Whitman and other con- 
temporaries, in politics, slavery, individual’s relation to the State, etc. The 
Journals present a portrait of a remarkable man, and are an observant social 
history. Unabridged republication of 19o6 edition, Bradford Torrey and 
Francis H. Allen, editors. Illustrations. Total of 1888~~. 85/s x 121/4. 

20312-3,20313-l ‘I‘wo volume set. clothhound Jlgo.00 

A SHAKESPEARIAN GRAMMAR, E. A. Abbott 
Basic reference to Shakespeare and his contemporaries, explaining through 
thousands of quotations from Shakespeare, Jonson, Beaumont and Fletcher, 
North’s Plutarch and other sources the grammatical usage differing from the 
modern. First published in 1870 and written by a scholar who spent much of 
his life isolating principles of Elizabethan language, the book is unlikely ever 
to be superseded. Indexes. xxiv + 51 ‘pp. 5s/s x 81/,. 21582-2 Paperbound $3.00 

FOLK-LORE OF SHAKESPEARE, T. F. Thistelton Dyer 
Cl&sic stu.dy, drawing from Shakespeare a large body of references to super- 
natural beliefs, terminology of falconry and hunting, games and sports, good 
luck charms, marriage customs, folk medicines, superstitions about plants, 
animals, birds, argot of the underworld, sexual slang of London, proverbs, 
drinking customs, weather lore, and much else. From full compilation comes 
a mirror of the I7th-century popular mind. Index. ix + 526~~. 5sh x 81/~. 

21614-4 Paperbound $2.75 

THE NEW VARIORUM SHAKESPEARE, edited by H. H. Furness 
By far the richest editions of the plays ever produced in any country or 
language. Each volume contains complete text (usually First Folio) of the 
play, all variants in Quart0 and other Folio texts, editorial changes by every 
major editor to Furness’s own time (~goo), footnotes to obscure references or 
language, extensive quotes from literature of Shakespearian criticism, essays 
on plot sources (often reprinting sources in full), and much more. 

HAMLET, edited by H. H. Furness 
Total of xxvi + 9o5pp. 5s/s x 81/z. 

21604%, 21665-7 ‘T‘wo volume set, paperbound $1325 

TWELFTH NIGHT, edited by H. H. Furness 
Index. xxii + 434~~. 5s/s x al/,. 21189-4 Paperbound $2.75 
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LA BOHEME BY GIACOMO PUCCINI, 
translated and introduced by Ellen H. Bleiler 

Complete handbook for the operagoer, with everything needed for full enjoy- 
ment except the musical score itself. Complete Italian libretto, with new, 
modern English line-by-line translation-the only libretto printing all repeats; 
biography of Puccini; the librettists; background to the opera, Murger’s La 
Boheme, etc.; circumstances of composition and performances; plot summary; 
and pictorial section of 73 illustrations showing Puccini, famous singers and 
performances, etc. Large clear type for easy reading. 1r4pp. 5!$s x 8%. 

20404-g Paperbound $I .25 

ANTONIO STRADIVARI: HIS LIFE AND WORK (1644-1737), 
W. Henry Hill, Arthur F. Hill, and Alfred E. Hill 

Still the only book that really delves into life and art of the incomparable 
Italian craftsman, maker of the finest musical instruments in the world today. 
The authors, expert violin-makers themselves, discuss Stradivari’s ancestry, his 
construction and finishing techniques, distinguished characteristics of many 
of his instruments and their locations. Included, too, is story of introduction 
of his instruments into France, England, first revelation of their supreme 
merit, and information on his labels, number of instruments made, prices, 
mystery of ingredients of his varnish, tone of pre-1684 Stradivari violin and 
changes between 1684 and 1690. An extremely interesting, informative account 
for all music lovers, from craftsman to concert-goer. Republication of original 
(1902) edition. New introduction by Sydney Beck, Head of Rare Book and 
Manuscript Collections, Music Division, New York Public Library. Analytical 
index by Rembert Wurlitzer. Appendixes. 68 illustrations. 30 full-page plates. 
4 in color. xxvi + 315~~. 53/s x 81/& 20425-I Paperbound $2.25 

MUSICAL AUTOGRAPHS FROM MONTEVERDI TO HINDEMITH, 
Emanuel Winternitz 

For beauty, for intrinsic interest, for perspective on. the composer’s personality, 
for subtleties of phrasing, shading, emphasis indicated in the autograph but 
suppressed in the printed score, the mss. of musical composition are fascinattng 
documents which repay close study in many different ways. This a-volume 
work reprints facsimiles of mss. by virtually every major composer, and many 
minor figures-196 examples in all. A full text points out what can be learned 
from mss., analyzes each sample. Index. Bibliography. 18 figures. 196 plates. 
Total of 170~~. of text. 77/g x ~os& 

21312-9,21313-7 Two volume set paperbound $5.00 

J. S. BACH, 
Albert Schweitzer 

One of the few great full-length studies of Bach’s life and work, and the 
study upon which Schweitzer’s renown as a musicologist rests. On first appear- 
ance (lg11), revolutionized Bach performance. The only writer on Bach to 
be musicologist, performing musician, and student of history, theology and 
philosophy, Schweitzer contributes particularly full sections on history of Ger- 
man Protestant church music, theories on motivic pictorial representations 
in vocal music, and practical suggestions for performance. Translated by 
Ernest Newman. Indexes. 5 illustrations. 650 musical examples. Total of xix 
+ W$p. 5% x 8%. 21631-4,21632-2 Two volume set, paperbound f4.30 
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THE PRINCIPLES OF P~.Y~H~L~GY, 
William James 

The full long-course, unabridged, of one of the great classics of Western 
literature and science. Wonderfully lucid descriptions of human mental 
activity, the stream of thought, consciousness, time perception, memory, imag- 
ination, emotions, reason, abnormal phenomena, and similar topics. Original 
contributions are integrated with the work of such men as Berkeley, Binet, 
Mills, Darwin, Hume, Kant, Royce, Schopenhauer, Spinoza, Locke, Descartes, 
Galton, Wundt, Lotze, Herbart, Fechner, and scores of others. All contrasting 
interpretations of mental phenomena are examined in detail-introspective 
analysis, philosophical interpretation, and experimental research. “A classic,” 
Journal of Consulting Psychology. “The main lines are as valid as ever,” 
Psychoanalytical Quarterly. “Standard reading.. , a classic of interpretation,” 
Psychiatric Quarterly. g4 illustrations. 1408~~. 5s/s x 8. 

20381-6,20382-4 l’wo volume set, paperbound $6.00 

VISUAL ILLUSIONS: THEIR CAUSES, CHARACTERISTICS AND APPLICATIONS, 
M. Luckiesh 

“Seeing is deceiving,” asserts the author of this introduction to virtually every 
type of optical illusion known. The text both describes and explains the 
principles involved in color illusions, figure-ground, distance illusions, etc. 
100 photographs, drawings and diagrams prove how easy it is to fool the sense: 
circles that aren’t round, parallel lines that seem to bend, stationary figures that 
seem to move as you stare at them - illustration after illustration strains our 
credulity at what we sec. Fascinating book from many points of view, from 
applications for artists, in camouflage, etc. to the psychology of vision. New 
introduction by William Ittleson, Dept. of Psychology, Queens College. Index. 
Bibliography. xxi + 252~~. 59/8 x Sl/,. 21530-X Paperbound $1.50 

FADS AND FALLACIES IN THE NAME OF SCIENCE, 
Martin Gardner 

This is the standard account of various cults, quack systems, and delusions 
which have masqueraded as science: hollow earth fanatics. Reich and orgone 
sex energy, dianetics, Atlantis, multiple moons, Forteanism, flying saucers, 
medical fallacies like iridiagnosis, zone therapy, etc. A new chapter has been 
added on Bridey Murphy, psionics, and other recent manifestations in this 
field. This is a fair, reasoned appraisal of eccentric theory which provides 
excellent inoculation against cleverly masked nonsense. “Should be read by 
everyone, scientist and non-scientist alike,” R. T. Birge, Prof. Emeritus of 
Physics, Univ. of California; Former President, American Physical Society. 
Index. x + 365~~. 53/s x 8. 20394-8 Paperbound fzsm 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, 
D. H. Rawcliffe 

Holds up to rational examination hundreds of persistent delusions including 
crystal gazing, automatic writing, table turning, mediumistic trances, mental 
healing, stigmata, lycanthropy, live burial, the Indian Rope Trick, spiritualism, 
dowsing, telepathy, clairvoyance, ghosts, ESP, etc. The author explains and 
exposes the mental and physical deceptions involved, making this not only 
an expose of supernatural phenomena, but a valuable exposition of char- 
acteristic types of abnormal psychology. Originally titled “The Psychology of 
the Occult.” 14 illustrations. Index. 551~~. 53/S x 8.20503-7 Paperbound $3.50 
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FAIRY TALE COLLECTIONS, edited by Andrew Lang 
Andrew Lang’s fairy tale collections make up the richest shelf-full of traditional 
children’s stories anywhere available. Lang supervised the translation of stories 
from all over the world-familiar European tales collected by Grimm, animal 
stories from Negro Africa, myths of primitive Australia, stories from Russia, 
Hungary, Iceland, Japan, and many other countries. Lang’s selection of trans- 
lations are unusually high; many authorities consider that the most familiar 
tales find their best versions in these volumes. All collections are richly deco- 
rated and illustrated by H. J. Ford and other artists. 

THE BLUE FAIRY BOOK. 37 stories. 138 illustrations. ix + 3gopp. 59/s x Sr/,. 
21437-O Paperbound $1.95 

THE GREEN FAIRY BOOK. 42 stories. 100 illustrations. xiii + 366~~. 5% 
x 8t/2. 21439-7 Paperbound $1.75 

THE BROWN FAIRY BOOK. 32 stories. 50 illustrations, 8 in color. xii + 
350~~. 5% x 8% 214389 Paperbound $1.95 

THE BEST TALES OF HOFFMANN, edited by E. F. B,leiler 
10 stories by E. T. A. Hoffmann, one of the greatest of all writers of fantasy. 
The tales include “The Golden Flower Pot,” “Automata,” “A New Year’s Eve 
Adventure,” ‘* Nutcracker and the King of Mice,” “Sand-Man,” and others. 
Vigorous characterizations of highly eccentric personalities, remarkably imagi- 
native situations, and intensely fast pacing has made these tales popular all 
over the world for 150 years. Editor’s introduction. 7 drawings by Hoffmann. 
xxxiii + 4rgpp. 5sh x St/2. %1793-O Paperbound $2.25 

GHOST AND HORROR STORIES OF AhrBRosE BIERCE; 
edited by E. F. Bleilm 

Morbid, eerie, horrifying tales of possessed poets, shabby aristocrats, revived 
corpses, and haunted malefactors. Widely acknowledged as the best of their 
kind between Poe and the moderns, reflecting their author’s inner torment 
and bitter view of life. Includes “Damned Thing,” “The Middle Toe of the 
Right Foot,” “ The Eyes of the Panther,” “Visions of the Night,” “Moxon’s 
Master,” and over a dozen others. Editor’s introduction. xxii + rggpp. 5sh 
x St/*. 20767-6 Paperbound $I .50 

THREE GOTHIC NOVELS, edited by E. F. Bleiler 
Originators of the still popular Gothic novel form, influential in ushering in 
early rgth-century Romanticism. Horace Walpole’s Castle of Otranto, William 
Beckford’s Vathek, John Polidori’s The Vampyyre, and a Fragment by Lord 
Byron are enjoyable as exciting reading or as documents in the history of 
English literature. Editor’s introduction. xi + 2grpp. 5vs x Sr/,. 

21232-7 Paperbound $2.00 

BEST GHOST STORIES OF LEFANU, edited by E.F.Bleiler 
Though admired by such critics as V. S. Pritchett, Charles Dickens and Henry 
James, ghost stories by the Irish novelist Joseph Sheridan LeFanu have 
never become as widely known as his detective fiction. About half of the 16 
stories in this collection have never before been available in America. Collec- 
tion includes “Carmilla” (perhaps the best vampire story ever written), “The 
Haunted Baronet,” “The Fortunes of Sir Robert Ardagh,” and the classic 
“Green Tea.” Editor’s introduction. 7 contemporary illustrations. Portrait of 
LeFanu. xii + 467~~. 5sA x 8. 20415-4 Paperbound $2.50 
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EASY-TO-DO ENTERTAINMENTS AND DIVERSIONS WITH COINS, CARDS, 
STRING, PAPER AND MATCHES, R. M. Abraham 

Over 300 tricks, games and puzzles will provide young readers with absorbing 
fun. Sections on card games; paper-folding; tricks with coins, matches and 
pieces of string; games for the agile; toy-making from common household 
objects; mathematical recreations; and 50 miscellaneous pastimes. Anyone in 
charge of groups of,youngsters, including hard-pressed parents, and in need of 
suggestions on how to keep children sensibly amused and quietly content 
will find this book indispensable. Clear, simple text, copious number of delight- 
ful line drawings and illustrative diagrams. Originally titled “Winter Nights’ 
Entertainments.” Introduction by Lord Baden Powell. 329 illustrations. v + 
186~~. 5sh x 81/z. 20921-o Paperbound .$l.oo 

AN INTRODUCTION TO CHESS MOVES AND TACTICS SIMPLY EXPLAINED, 
Leonard Burden 

Beginner’s introduction to the royal game. Names, possible moves of the 
pieces, definitions of essential terms, how games are won, etc. explained in 
go-odd pages. With this background you’ll be able to sit right down and play. 
Balance of book teaches strategy -openings, middle game, typical endgame 
play, and suggestions for improving your game. A sample game is fully 
analyzed. True middle-level introduction, teaching you all the essentials with- 
out oversimplifying or losing you in a maze of detail. 58 figures. 1oapp. 
5sy” x 81/& 21210-6 Paperbound $1.25 

LASKER’S MANUAL OF CHESS, Dr. Emanuel Lasker 
i’robably the greatest chess player of modern times, Dr. Emanuel Lasker held 
the world championship 28 years, independent of passing schools or fashions. 
This unmatched study of the game, chiefly for intermediate to skilled players, 
analyzes basic methods, combinations, position play, the aesthetics of chess, 
dozens of different openings, etc., with constant reference to great modern 
games. Contains a brilliant exposition of Steinitz’s important theories. Intro- 
duction by Fred Reinfeld. Tables of Lasker’s tournament record. 3 indices. 
308 diagrams. I photograph. xxx + 34gpp. 5sh x 8.20640-SPaperbound $2.50 

COMBINATIONS: THE HEART OF CHESS, Zrving Chernev 
Step-by-step from simple combinations to complex, this book, by a well- 
known chess writer, shows you the intricacies of pins, counter-pins, knight 
forks, and smothered mates. Other chapters show alternate lines of play to 
those taken in actual championship games; boomerang combinations; classic 
examples of brilliant combination play by Nimzovich, Rubinstein, Tarrasch, 
Botvinnik, Alekhine and Capablanca. Index. 356 diagrams. ix + 245~~. 
5s/S x 8194. 21744-2 Paperbound $2.00 

How TO SOLVE CHESS PROBLEMS, K. S. Howard 
Full of practical suggestions for the fan or the beginner - who knows only the 
moves of the chessmen. Contains preliminary section and 58 two-move, 46 
three-move, and 8 four-move problems composed by 27 outstanding American 
problem creators in the last 30 years. Explanation of all terms and exhaustive 
index. “ Just what is wanted for the student,” Brian Harley. 112 problems, 
solutions. vi + 171~~. 5s/s x 8. 20748-X Paperbound $1.50 
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SOCIAL THOUGHT FROM LORE TO SCIENCE, 

H. E. Barnes and H. Becker 
An immense survey of sociological thought and ways of viewing, studying, 
planning, and reforming society from earliest times to the present. Includes 
thought on society of preliterate peoples, ancient non-Western cultures, and 
every great movement in Europe, America, and modern Japan. Analyzes hun- 
dreds of great thinkers: Plato, Augustine, Bodin, Vito, Montesquieu, Herder, 
Comte, Marx, etc..Weighs the contributions of utopians, sophists, fascists and 
communists; economists, jurists,’ philosophers, ecclesiastics, and every 19th 
and 20th century school of scientific sociology, anthropology, and social psy- 
chology throughout the world. Combines topical, chronological, and regional 
approaches, treating the evolution of social thought as a process rather than 
as a series of mere topics. “Impressive accuracy, competence, and discrimina- 
tion . . . easily the best single survey,” Nation. Thoroughly revised, with new 
material up to 1960. 2 indexes. Over 2200 bibliographical notes. Three volume 
set. Total of 1586~~: 5sh x 8. 

20901-6,20902-4,20903-2 l‘hree volume set, paperhound $9.00 

A HISTORY OF HISTORICAL WRITING, Harry Elmer Barnes 
Virtually the only adequate survey of the whole course of historical writing 
in a single volume. Surveys developments from the beginnings of historiog- 
raphy in the ancient Near East and the Classical World, up through the 
Cold War. Covers major historians in detail, shows interrelationship with 
cultural background, makes clear individual contributions, evaluates and 
estimates importance; also enormously rich upon minor authors and thinkers 
who are usually passed over. Packed with scholarship and learning, clear, easily 
written. Indispensable to every student of history. Revised and enlarged up 
to 1961. Index and bibliography. xv + 44app. 53/s x 8%. 

20104-X Paperbound $2.75 

JOHANN SEBASTIAN BACII, Phi&p Spitta 
The complete and unabridged text of the definitive study of Bach. Written 
some 70 years ago, it is still unsurpassed for its coverage of nearly all aspects 
of Bach’s life and work. There could hardly be a finer non-technical introduc- 
tion to Bach’s music than the detailed, lucid analyses which Spitta provides 
for hundreds of individual pieces. 26 solid pages are devoted to the B minor 
mass, for example, and So pages to the glorious St. Matthew Passion. This 
monumental set also includes a major analysis of the music of the 18th century: 
Buxtehude, Pachelbel, etc. “Unchallenged as the last word on one of the 
supreme geniuses of music,” John Barkham, Saturday Review Syndicate. Total 
of t8tgpp. Heavy cloth binding. 5s/s x 8. 

22278-0,22279-g Two volume set, clothbound $15.00 

BEETHOVEN AND HIS NINE SYMPHONIES, George Grove 
In this modern middle-level classic of musicology Grove not only analyzes all 
nine of Beethoven’s symphonies very thoroughly in terms of their musical 
structure, but also discusses the circumstances under which they were written, 
Beethoven’s stylistic development, and much other background material. This 
is an extremely rich book, yet very easily followed; it is highly recommended 
to anyone seriously interested in music. Over 250 musical passages. Index. 
viii + 407~~. 53/s x 8. 20334-4 Paperbound $2.25 
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IT’S FUN TO MAKE THINGS FROM SCRAP MATERIALS, 
Evelyn Glantr Hershoff 

What use are empty spools, tin cans, bottle tops? What can be made from 
rubber bands, clothes pins, paper clips, and buttons? This book provides 
simply worded instructions and large diagrams showing you how to make 
cookie cutters, toy trucks, paper turkeys, Halloween masks, telephone sets, 
aprons, linoleum block- and spatter prints - in all 399 projects! Many are easy 
enough for young children to figure out for themselves; some challenging 
enough to entertain adults; all are remarkably ingenious ways to make things 
from materials that cost pennies or less! Formerly “Scrap Fun for Everyone.” 
Index. 214 illustrations. 37.3~~. 5vs x 81/2. 212513 Paperbound $I .75 

SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll 
“Symbolic Logic” is not concerned with modern symbolic logic, but is instead 
a collection of over 380 problems posed with charm and imagination, using 
the syllogism and a fascinating diagrammatic method of drawing conclusions. 
In “The Game of Logic” Carroll’s whimsical imagination devises a logical game 
played with a diagrams and counters (included) to manipulate hundreds of 
tricky syllogisms. The final section, “Hit or Miss” is a lagniappe of rot addi- 
tional puzzles in the delightful Carroll manner. Until this reprint edition, 
both of these books were rarities costing up to $15 each. Symbolic Logic: 
Index. xxxi + rggpp. The Game of Logic: g6pp. a ~01s. bound as one. 5sh x 8. 

20492-8 Paperbound $2.50 

MATHEMATICAL PUZZLES OF SAM LOYD, P’ART I 
selected and edited by M. Gardner 

Choice puzzles by the greatest American puzzle creator and innovator. Selected 
from his famous collection, “Cyclopedia of Puzzles,” they retain the unique 
style and historical flavor of the originals. ‘There are posers based on arithmetic, 
algebra, probability, game theory, route tracing, topology, counter and sliding 
block, operations research, geometrical dissection. Includes the famous “14-15” 
puzzle which was a national craze, and his “Horse of a Different Color” which 
sold millions of copies. “7 of his most ingenious puzzles in all. 120 line 
drawings and diagrams. Solutions. Selected references. xx + 167~~. 59/s x 8. 

20498-7 Paperbound $ t .35 

STRING FIGURES AND How TO MAKE THEM, Caroline Furness Jayne 
107 string figures plus variations selected from the best primitive and modern 
examples developed by Navajo, Apache, pygmies of Africa, Eskimo, in Europe, 
Australia, China, etc. The most readily understandable, easy-to-follow book in 
English on perennially popular recreation. Crystal-clear exposition; step-by- 
step diagrams. Everyone from kindergarten children to adults looking for 
unusual diversion will be endlessly amused. Index. Bibliography. Introduction 
by A. C. Haddon. 17 full-page plates, g6o illustrations. xxiii + 401~~. 5vs x 81/n. 

20152-X Paperbound 52.25 

PAPER FOLDING FOR BEGINNERS, W. D. Murray and F. J. Rigney 
A delightful introduction to the varied and entertaining Japanese art of 
origami (paper folding), with a full, crystal-clear text that anticipates every 
difficulty; over 275 clearly labeled diagrams of all important stages in creation. 
You get results at each stage, since complex figures are logically developed 
from simpler ones. 43 ditierent pieces are explained: sailboats, frogs, roosters, 
etc. 6 photographic plates. 279 diagrams. g5pp. 55/s x 88/s. 

20713-7 Paperbound $r.no 
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PRINCIPLES OF ART HISTORY, 
H. W6lflin 

Analyzing such terms as “baroque,” “classic,” “neoclassic,” “primitive,” 
“picturesque,” and 164 different works by artists like Botticelli, van Clevc, 
Diirer, Hobbema, Holbein, Hals, Rembrandt, Titian, Brueghel, Vermeer, and 
many others, the author establishes the classifications of art history and style 
on a firm, concrete basis. This classic of art criticism shows what really 
occurred between the 14th.century primitives and the sophistication of the 
18th century in terms of basic attitudes and philosophies. “.4 remarkable 
lesson in the art of seeing,” Sat. Rev. of Literature. Translated from the 7th 
German edition. 150 illustrations. 254~~. Sl/, x g1/4. 20276-S Paperbound’$z.25 

PRIMITIVE ART, 
Fran% Boas 

This authoritative and exhaustive work by a great American anthropologist 
covers the entire gamut of primitive art. Pottery, leatherwork, metal work, 
stone work, wood, basketry, are treated in detail. Theories of primitive art, 
historical depth in art history, technical virtuosity, unconscious levels of pat- 
terning, symbolism, styles, literature, music, dance, etc. A must book for the 
interested layman, the anthropologist, artist, handicrafter (hundreds of un- 
usual motifs), and the historian. Over 900 illustrations (50 ceramic vessels, 
12 totem poles, etc.). 376~~. 5s&, x 8. 20025-6 Paperbound $2.50 

THE GENTLEMAN AND CABINET MAKER’S DIRECTOR, 
Thomas Chippendale 

.4 reprint of the 1762 catalogue of furniture designs that went on to influence 
generations of English and Colonial and Early Republic American furniture 
makers. The 200 plates, most of them full-page sized, show Chippendale’s 
designs for French (Louis XV), Gothic, and Chinese-manner chairs, sofas, 
canopy and dome beds, cornices, chamber organs, cabinets, shaving tables, 
commodes, picture frames, frets, candle stands, chimney pieces, decorations, etc. 
The drawings are all elegant and highly detailed; many include construction 
diagrams and elevations. A supplement of 24 photographs shows surviving 
pieces of original and Chippendale-style pieces of furniture. Brief biography 
of Chippendale by N. I. Bienenstock, editor of Furniture World. Reproduced 
from the 1762 edition. 200 plates, ~111s 19 photographic plates. vi + adgpp. 

91% x I2’54. 21601-2 Paperbound $3.50 

AMERICAN ANTIQUE FURNITURE: A BOOK FOR A~IATFSJRS, 
Edgar G. Miller, Jr. 

Standard introduction and practical guide to identification of valuable 
American antique furniture. 2115 illustrations, mostly photographs taken by 
the author in 148 private homes, are arranged in chronological order in exten- 
sive chapters on chairs, sofas, chests, desks, bedsteads, mirrors, tables, clocks, 
and other articles. Focus is on furniture accessible to the collector, including 
simpler pieces and a larger than usual coverage of Empire style. Introductory 
chapters identify structural elements, characteristics of various styles, how to 
avoid fakes, etc. “We are frequently asked to name some hook on American 
furniture that will meet the requirements of the novice collector, the begin- 
ning dealer, and . . . the general public. . We believe Mr. Miller’s two 
volumes more completely satisfy this specification than any other work,” 
Antiques. .Ippendix. Index. Total of vi + 1106~~. 7’1/8 x IO:%. 

21599-7,21600-d I‘wo volume set. paperbound w.50 
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THE BAD CHILD’S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, 
and A MORAL .%LPHARFT, H. Relloc 

Hardly and anthology of humorons verse has appeared in the last 50 years 
without at least a couple of these famous nonsense verses. But one must see 
the entire volumes - with all the delightful original illustrations by Sir Basil 
Blackwood - to appreciate fully Belloc’s charming and witty verses that play 
so subacidly 011 the platitudes of life and morals that beset his day -and ours. 
A great humor classic. Three books in one. Total of 157~~. 5% x 8. 

20749-8 Paperbound $~.oo 

THE DEVIL’S DICTIONARY, Ambrose Bierce 
Sardonic and irreverent barbs puncturing the pomposities and absurdities of 
.4merican politics, business, religion, literature, and arts, by the country’s 
greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing as 
Swift, American as Mark Twain, Will Rogers, and Fred Allen, Bierce will 
always remain the favorite of a small coterie of enthusiasts, and of writers 
and speakers whom he supplies with “some of the most gorgeous witticisms 
of the English language” (H. L. Mencken). Over 1000 entries in alphabetical 
order. 144~~. 5s/s x 8. 26487-l Paperbound $I .oo 

THE COMPLETE NONSENSE OF EDWARD LEAR. 
This is the only complete edition of this master of gentle madness available 
at a popular price. A Book of Nonsense, Nonsense Songs, More Nonsense 
Songs and Stories in their entirety with all the old favorites that have delighted 
children and adults for years. The Dong With A Luminous Nose, The Jumblies, 
The Owl and the Pussycat, and hundreds of other bits of wonderful nonsense: 
x14 limericks, S sets of Nonsense Botany, 5 Nonsense Alphabets, 546 drawings 
by Lear himself, and much more. Szopp. 5s/8 x 8. 20167-8 Paperbound $1.75 

THE WIT AND HUMOR OF OSCAR WILDE, ed. by Alvin Redman 
Wilde at his most brilliant, in 1000 epigrams exposing weaknesses and 
hypocrisies of “civilized” society. Divided into 4g categories-sin, wealth, women, 
America, etc.-to aid writers, speakers. Includes excerpts from his trials, books, 
plays, criticism. Formerly “The Epigrams of Oscar Wilde.” Introduction by 
Vyvyan Holland, Wilde’s only living son. Introductory essay by editor. a6opp. 
5% x 8. 20662-5 Paperbound $I .50 

A CHILD’S PRIMER OF NATURAL HISTORY, Oliver Herford 
Scarcely an anthology of whimsy and humor has appeared in the last 50 years 
without a contribution from Oliver Herford. Yet the works from which these 
examples are drawn have been almost impossible to obtain! Here at last are 
Herford’s improbable definitions of a menagerie of familiar and weird animals, 
each verse illustrated by the author’s own drawings. 24 drawings in 2 colors; 
24 additional drawings. vii + g5pp. 61/s x 6. 21647-O Paperbound $1.00 

THE BROWNIES: THEIR BOOK, Palmer Cox 
The book that made the Brownies a household word. Generations of readers 
have enjoyed the antics, predicaments and adventures of these jovial sprites, 
who emerge from the forest at night to play or to come to the aid of a deserving 
human. Delightful illustrations by the author decorate nearly every page. 
24 short verSe tales with a66 illustrations. 155~~. 65/8 x g1k. 

21265-3 Paperbound $1.50 
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THE WONDERFUL WIZARD OF Oz, L. F. Baum 
All the original W. W. Denslow illustrations in full color-as much a part of 
“The Wizard” as Tenniel’s drawings are of “Alice in Wonderland.” “The 
Wizard” is still America’s best-loved fairy tale, in which, as the author expresses 
it, “The wonderment and joy are retained and the heartaches and nightmares 
left out.” Now today’s young readers can enjoy every word and wonderful pic- 
ture of the original book. New introduction by Martin Gardner. .4 Baum 
bibliography. ng full-page color plates. viii + 268~~. 5vs x 8. 

20691-P Paperbound $1.95 

THE MARVELOUS LAND OF Oz, L. F. Baum 
This is the equally enchanting sequel to the “Wizard,” continuing the adven- 
tures of the Scarecrow and the Tin Woodman. The hero this time is a little 
boy named Tip, and all the delightful Oz magic is still present. This is the 
Oz book with the Animated Saw-Horse, the Woggle-Bug, and Jack Pumpkin- 
head. All the original John R. Neil1 illustrations, 10 in full color. 287~~. 
55/S x 8. 20692-o Paperbound $1.75 

ALICE’S ADVENTURES UNDER GROUND, Lewis Carroll 
The original Alice in Wonderland, hand-lettered and illustrated by Carroll 
himself, and originally presented as a Christmas gift to a child-friend. Adults 
as well as children will enjoy this charming volume, reproduced faithfully 
in this Dover edition. While the story is essentially the same, there are slight 
changes, and Carroll’s spritely drawings present an intriguing alternative to 
the famous Tenniel illustrations. One of the most popular books in Dover’s 
catalogue. Introduction by Martin Gardner. 38 illustrations. t28pp. 53/s x 81/~. 

21482-6 Paperbound $r.oo 

THE NURSERY “ALICE,” Lewis Carroll 
While most of us consider -4Iice in Wonderland a story for children of all 
ages, Carroll himself felt it was beyond younger children. He therefore pro- 
vided this simplified version, illustrated with the famous Tenniel drawings 
enlarged and colored in delicate tints, for children aged “from Nought to 
Five.” Dover’s edition of this now rare classic is a faithful copy of the 1889 
printing, including so illustrations by Tenniel, and front and back covers 
reproduced in full color. Introduction by Martin Gardner. xxiii + 67pp. 
WI x 9%. 21610-l Paperbound $1.75 

THE STORY OF KINK ARTHUR AND HIS KNIGHTS, Howard Pyle 
A fast-paced, exciting retelling of the best known Arthurian legends for young 
readers by one of America’s best story tellers and illustrators. The sword 
Excalibur, wooing of Guinevere, Merlin and his downfall, adventures of Sir 
Pellias and Gawaine, and others. The pen and ink illustrations. are vividly 
imagined and wonderfully drawn. 41 illustrations. xviii + 8t8pp. 61/, x 9th. 

21445-1 Paperbound $2.00 

Prices subject to change without notice. 

.4vailable at your book dealer or write for free catalogue to Dept. Adsci, 
Dover Publications, Inc., 180 Varick St., N.Y., N.Y. 10014. Dover publishes more 
than 150 books each year on science, elementary and advanced mathematics, 
biology, music, art, literary history, social sciences and other areas. 


