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The  geometric  algebra,
initially discovered by Hermann
Grassmann  (1809-1877)  was
reformulated by William Kingdon
Clifford (1845-1879) through the
synthesis of the Grassmann’s
extension  theory and  the
quaternions of Sir William Rowan
Hamilton (1805-1865). In this way
the bases of the geometric algebra
were established in the XIX
century. Notwithstanding, due to
the premature death of Clifford, the
vector analysis —a remake of the
quaternions by Josiah Willard
Gibbs (1839-1903) and Oliver
Heaviside (1850-1925)— became,
after a long controversy, the
geometric language of the XX century; the same vector analysis whose beauty attracted the
attention of the author in a course on electromagnetism and led him -being still
undergraduate- to read the Hamilton’s Elements of Quaternions. Maxwell himself already
applied the quaternions to the electromagnetic field. However the equations are not written
so nicely as with vector analysis. In 1986 Ramon contacted Josep Manel Parra i Serra,
teacher of theoretical physics at the Universitat de Barcelona, who acquainted him with the
Clifford algebra. In the framework of the summer courses on geometric algebra which they
have taught for graduates and teachers since 1994, the plan of writing some books on this
subject appeared in a very natural manner, the first sample being the Tractat de geometria
plana mitjancant I’algebra geométrica (1996) now out of print. The good reception of the
readers has encouraged the author to write the Treatise of plane geometry through
geometric algebra (a very enlarged translation of the Tractat) and publish it at the Internet
site http://campus.uab.es/~PC00018, writing it not only for mathematics students but also
for any person interested in geometry. The plane geometry is a basic and easy step to enter
into the Clifford-Grassmann geometric algebra, which will become the geometric language
of the XXI century.

Dr. Ramon Gonzalez Calvet (1964) is high school teacher of mathematics since 1987,
fellow of the Societat Catalana de Matematiques (http:/www-ma2.upc.es/~sxd/scma.htm)
and also of the Societat Catalana de Gnomonica (http://www.gnomonica.org).
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PROLOGUE

The book I am so pleased to present represents a true innovation in the field of the
mathematical didactics and, specifically, in the field of geometry. Based on the long
neglected discoveries made by Grassmann, Hamilton and Clifford in the nineteenth
century, it presents the geometry -the elementary geometry of the plane, the space, the
spacetime- using the best algebraic tools designed specifically for this task, thus making
the subject democratically available outside the narrow circle of individuals with the
high visual imagination capabilities and the true mathematical insight which were
required in the abandoned classical Euclidean tradition. The material exposed in the
book offers a wide repertory of geometrical contents on which to base powerful,
reasonable and up-to-date reintroductions of geometry to present-day high school
students. This longed-for reintroductions may (or better should) take advantage of a
combined use of symbolic computer programs and the cross disciplinary relationships
with the physical sciences.

The proposed introduction of the geometric Clifford-Grassmann algebra in high
school (or even before) follows rightly from a pedagogical principle exposed by
William Kingdon Clifford (1845-1879) in his project of teaching geometry, in the
University College of London, as a practical and empirical science as opposed to
Cambridge Euclidean axiomatics: “ ... for geometry, you know, is the gate of science,
and the gate is so low and small that one can only enter it as a little child”. Fellow of the
Royal Society at the age of 29, Clifford also gave a set of Lectures on Geometry to a
Class of Ladies at South Kengsinton and was deeply concerned in developing with
MacMillan Company a series of inexpensive “very good elementary schoolbook of
arithmetic, geometry, animals, plants, physics ...”. Not foreign to this proposal are Felix
Klein lectures to teachers collected in his book Elementary mathematics from an
advanced standpoint' and the advice of Alfred North Whitehead saying that “the hardest
task in mathematics is the study of the elements of algebra, and yet this stage must
precede the comparative simplicity of the differential calculus” and that “the
postponement of difficulty mis no safe clue for the maze of educational practice” 2,

Clearly enough, when the fate of pseudo-democratic educational reforms,
disguised as a back to basic leitmotifs, has been answered by such an acute analysis by
R. Noss and P. Dowling under the title Mathematics in the National Curriculum: The
Empty Set?®, the time may be ripen for a reappraisal of true pedagogical reforms based
on a real knowledge, of substantive contents, relevant for each individual worldview
construction. We believe that the introduction of the vital or experiential plane, space
and space-time geometries along with its proper algebraic structures will be a
substantial part of a successful (high) school scientific curricula. Knowing, telling,
learning why the sign rule, or the complex numbers, or matrices are mathematical
structures correlated to the human representation of the real world are worthy objectives
in mass education projects. And this is possible today if we learn to stand upon the
shoulders of giants such as Leibniz, Hamilton, Grassmann, Clifford, Einstein,
Minkowski, etc. To this aim this book, offered and opened to suggestions to the whole
world of concerned people, may be a modest but most valuable step towards these very
good schoolbooks that constituted one of the cheerful Clifford's aims.

" Felix Klein, Elementary mathematics from an advanced standpoint. Dover (N. Y., 1924).

> AN. Whitehead, The aims of education. MacMillan Company (1929), Mentor Books (N.Y.,
1949).

3 P. Dowling, R. Noss, eds., Mathematics versus the National Curriculum: The Empty Set?. The
Falmer Press (London, 1990).
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Finally, some words borrowed from Whitehead and Russell, that [ am sure
convey some of the deepest feelings, thoughts and critical concerns that Dr. Ramon
Gonzélez has had in mind while writing the book, and that fully justify a work that
appears to be quite removed from today high school teaching, at least in Catalunya, our
country.

“Where attainable knowledge could have changed the issue, ignorance has
the guilt of vice™.

“The uncritical application of the principle of necessary antecedence of
some subjects to others has, in the hands of dull people with a turn for
organisation, produced in education the dryness of the Sahara™.

“When one considers in its length and in its breadth the importance of this
question of the education of a nation's young, the broken lives, the defeated
hopes, the national failures, which result from the frivolous inertia with
which it is treated, it is difficult to restrain within oneself a savage rage”2 .
“A taste for mathematics, like a taste for music, can be generated in some
people, but not in others. ... But I think that these could be much fewer than
bad instruction makes them seem. Pupils who have not an unusually strong
natural bent towards mathematics are led to hate the subject by two
shortcomings on the part of their teachers. The first is that mathematics is
not exhibited as the basis of all our scientific knowledge, both theoretical
and practical: the pupil is convincingly shown that what we can understand
of the world, and what we can do with machines, we can understand and do
in virtue of mathematics. The second defect is that the difficulties are not
approached gradually, as they should be, and are not minimised by being
connected with easily apprehended central principles, so that the edifice of
mathematics is made to look like a collection of detached hovels rather than
a single temple embodying a unitary plan. It is especially in regard to this
second defect that Clifford's book (Common Sense of the Exact Sciences) is

valuable.(Russell)” *.

An appreciation that Clifford himself had formulated, in his fundamental paper upon
which the present book relies, relative to the Ausdehnungslehre of Grassmann,
expressing “my conviction that its principles will exercise a vast influence upon the
future of mathematical science”.

Josep Manel Parra i Serra, June 2001

Departament de Fisica Fonamental
Universitat de Barcelona

* W. K. Clifford, Common Sense of the Exact Sciences. Alfred A. Knopf (1946), Dover (N.Y.,
1955).
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« On demande en second lieu, laquelle des deux qualités doit étre préférée
dans des éléemens, de la facilité, ou de la rigour exacte. Je réponds que cette
question suppose una chose fausse; elle suppose que la rigour exacte puisse
exister sans la facilit¢ & c’est le contraire; plus une déduction est
rigoureause, plus elle est facile a entendre: car la rigueur consiste a reduire
tout aux principes les plus simples. D’ou il s’ensuit encore que la rigueur
proprement dit entraine nécessairement la méthode la plus naturelle & la
plus directe. Plus les principles seront disposés dans 1’ordre convenable,
plus la déduction sera rigourease; ce n’est pas qu’absolument elle ne put
I’étre si on suivonit une méthode plus composée, com a fait Euclide dans ses
élémens: mais alors I’embarras de la marche feroit aisément sentir que cette
rigueur précaire & forcée ne seroit qu’improprement telle. »°

[“Secondly, one requests which of the two following qualities must be
preferred within the elements, whether the easiness or the exact rigour. |
answer that this question implies a falsehood; it implies that the exact rigour
can exist without the easiness and it is the other way around; the more
rigorous a deduction will be, the more easily it will be understood: because
the rigour consists of reducing everything to the simplest principles.
Whence follows that the properly called rigour implies necessarily the most
natural and direct method. The more the principles will be arranged in the
convenient order, the more rigorous the deduction will be; it does not mean
that it cannot be rigorous at all if one follows a more composite method as
Euclid made in his elements: but then the difficulty of the march will make
us to feel that this precarious and forced rigour will only be an improper
one.”]

Jean le Rond D'Alembert (1717-1783)

5 «Elémens des sciencesy in Encyclopédie, ou dictionaire raisonné des sciences, des arts et des
meétiers (Paris, 1755).



PREFACE TO THE FIRST ENGLISH EDITION

The first edition of the Treatise of Plane Geometry through Geometric Algebra
is a very enlarged translation of the first Catalan edition published in 1996. The good
reception of the book (now out of print) encouraged me to translate it to the English
language rewriting some chapters in order to make easier the reading, enlarging the
others and adding those devoted to the non-Euclidean geometry.

The geometric algebra is the tool which allows to study and solve geometric
problems through a simpler and more direct way than a purely geometric reasoning, that
is, by means of the algebra of geometric quantities instead of synthetic geometry. In
fact, the geometric algebra is the Clifford algebra generated by the Grassmann's outer
product in a vector space, although for me, the geometric algebra is also the art of
stating and solving geometric equations, which correspond to geometric problems, by
isolating the unknown geometric quantity using the algebraic rules of the vectors
operat(i’ons (such as the associative, distributive and permutative properties). Following
Peano:

“The geometric Calculus differs from the Cartesian Geometry in that
whereas the latter operates analytically with coordinates, the former
operates directly on the geometric entities”.

Initially proposed by Leibniz’ (characteristica geometrica) with the aim of
finding an intrinsic language of the geometry, the geometric algebra was discovered and
developed by Grassmann®, Hamilton and Clifford during the XIX century. However, it
did not become usual in the XX century ought to many circumstances but the vector
analysis -a recasting of the Hamilton quaternions by Gibbs and Heaviside- was
gradually accepted in physics. On the other hand, the geometry followed its own way
aside from the vector analysis as Gibbs’ pointed out:

“And the growth in this century of the so-called synthetic as opposed to
analytical geometry seems due to the fact that by the ordinary analysis
geometers could not easily express, except in a cumbersome and unnatural
manner, the sort of relations in which they were particularly interested”

% Giuseppe Peano, «Saggio di Calcolo geometrico». Translated in Selected works of Giuseppe
Peano, 169 (see the bibliography).

7 C. I. Gerhardt, G. W. Leibniz. Mathematical Schriften V, 141 and Der Briefwechsel von
Gottfried Wilhelm Leibniz mit Mathematiker, 570.

¥ In 1844 a prize (45 gold ducats for 1846) was offered by the Fiirstlich Jablonowski'schen
Gessellschaft in Leipzig to whom was capable to develop the characteristica geometrica of
Leibniz. Grassmann won this prize with the memoir Geometric Analysis, published by this
society in 1847 with a foreword by August Ferdinand Mobius. Its contents are essentially those
of Die Ausdehnungslehre (1844).

? Josiah Willard Gibbs, «On Multiple Algebra», reproduced in Scientific papers of J.W. Gibbs,
11, 98.
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The work of revision of the history and the sources (see J. M. Parra'®) has
allowed us to synthesise the contributions of the different authors and completely
rebuild the evolution of the geometric algebra, removing the conceptual mistakes which
led to the vector analysis. This preface has not enough extension to explain all the
history'!, but one must remember something usually forgotten: during the XIX century
several points of view over what should become the geometric algebra came into
competition. The Gibbs' vector analysis was one of these being not the better. In fact,
the geometric algebra is a field of knowledge where different formulations are possible
as Peano showed:

“Indeed these various methods of geometric calculus do not at all
contradict one another. They are various parts of the same science, or rather
various ways of presenting the same subject by several authors, each
studying it independently of the others.

It follows that geometric calculus, like any other method, is not a
system of conventions but a system of truth. In the same way, the methods
of indivisibles (Cavalieri), of infinitesimals (Leibniz) and of fluxions
(Newton) are the same science, more or less perfected, explained under
different forms.”'?

The geometric algebra owns some fundamental geometric facts which cannot be
ignored at all and will be recognised to it, as Grassmann hoped:

“For I remain completely confident that the labour which I have
expanded on the science presented here and which has demanded a
significant part of my life as well as the most strenuous application of my
powers will not be lost. It is true that [ am aware that the form which I have
given the science is imperfect and must be imperfect. But [ know and feel
obliged to state (though I run the risk of seeming arrogant) that even if this
work should again remained unused for another seventeen years or even
longer, without entering into the actual development of science, still the
time will come when it will be brought forth from the dust of oblivion, and
when ideas now dormant will bring forth fruit. I know that if I also fail to
gather around me in a position (which I have up to now desired in vain) a
circle of scholars, whom I could fructify with these ideas, and whom I could
stimulate to develop and enrich further these ideas, nevertheless there will
come a time when these ideas, perhaps in a new form, will arise anew and
will enter into living communication with contemporary developments. For
truth is eternal and divine, and no phase in the development of truth,
however small may be the region encompassed, can pass on without leaving

1 Josep Manel Parra i Serra, «Geometric algebra versus numerical Cartesianism. The historical
trend behind Clifford’s algebray», in Brackx et al. ed., Clifford Algebras and their Applications
in Mathematical Physics, 307-316, .

" A very complete reference is Michael J. Crowe, A History of Vector Analysis. The Evolution
of the Idea of a Vectorial System.

2 Giuseppe Peano, op. cit., 168.
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a trace; truth remains, even though the garment in which poor mortals clothe
it may fall to dust.”"?

As any other aspect of the human life, the history of the geometric algebra was
conditioned by many fortuitous events. While Grassmann deduced the extension theory
from philosophic concepts unintelligible for authors such as Mdbius and Gibbs,
Hamilton identified vectors and bivectors -the starting point of the great tangle of vector
analysis- using a heavy notation'*. Clifford had found the correct algebraic structure'
which integrated the systems of Hamilton and Grassmann. However due to the
premature death of Clifford in 1879, his opinion was not taken into account'® and a long
epistolary war was carried out by the quaternionists (specially Tait) against the
defenders of the vector analysis, created by Gibbs'’, who did not recognise to be
influenced by Grassmann and Hamilton:

“At all events, I saw that the methods which I was using, while
nearly those of Hamilton, were almost exactly those of Grassmann. |
procured the two Ed. of the Ausdehnungslehre but I cannot say that I found
them easy reading. In fact I have never had the perseverance to get through
with either of them, and have perhaps got more ideas from his
miscellaneous memoirs than from those works.

I am not however conscious that Grassmann's writings exerted any
particular influence on my Vector Analysis, although I was glad enough in
the introductory paragraph to shelter myself behind one or two distinguished
names [Grassmann and Clifford] in making changes of notation which I felt
would be distasteful to quaternionists. In fact if you read that pamphlet
carefully you will see that it all follows with the inexorable logic of algebra
from the problem which I had set myself long before my acquaintance with
Grassmann.

I have no doubt that you consider, as I do, the methods of Grassmann
to be superior to those of Hamilton. It thus seemed to me that it might [be]
interesting to you to know how commencing with some knowledge of
Hamilton's method and influenced simply by a desire to obtain the simplest
algebra for the expression of the relations of Geom. Phys. etc. I was led
essentially to Grassmann's algebra of vectors, independently of any
influence from him or any one else.”'®

" Hermann Gunther Grassmann. Preface to the second edition of Die Ausdehnungslehre (1861).
The first edition was published on 1844, hence the "seventeen years". Translated in Crowe, op.
cit. p. 89.

' The Lectures on Quaternions was published in 1853, and the Elements of Quaternions
posthumously in 1866.

" William Kingdon Clifford left us his synthesis in «Applications of Grassmann's Extensive
Algebray.

' See «On the Classification of Geometric Algebrasy, unfinished paper whose abstract was
communicated to the London Mathematical Society on March 10™, 1876.

' The first Vector Analysis was a private edition of 1881.

'8 Draft of a letter sent by Josiah Willard Gibbs to Victor Schlegel (1888). Reproduced by
Crowe, op. cit. p. 153.
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Before its beginning the controversy was already superfluous'’. Notwithstanding
the epistolary war continued for twelve years.

The vector analysis is a provisional solution™ (which spent all the XX century!)
adopted by everybody ought to its easiness and practical notation but having many
troubles when being applied to three-dimensional geometry and unable to be
generalised to the Minkowski’s four-dimensional space. On the other hand, the
geometric algebra is, by its own nature, valid in any dimension and it offers the
necessary resources for the study and research in geometry as I show in this book.

The reader will see that the theoretical explanations have been completed with
problems in each chapter, although this splitting is somewhat fictitious because the
problems are demonstrations of geometric facts, being one of the most interesting
aspects of the geometric algebra and a proof of its power. The usual numeric problems,
which our pupils like, can be easily outlined by the teacher, because the geometric
algebra always yields an immediate expression with coordinates.

I'm indebted to professor Josep Manel Parra for encouraging me to write this
book, for the dialectic interchange of ideas and for the bibliographic support. In the
framework of the summer courses on geometric algebra for teachers that we taught
during the years 1994-1997 in the Escola d’estiu de secundaria organised by the
Collegi Oficial de Doctors i Llicenciats en Filosofia i Lletres i en Ciencies de
Catalunya, the project of some books on this subject appeared in a natural manner. The
first book devoted to two dimensions already lies on your hands and will probably be
followed by other books on the algebra and geometry of the three and four dimensions.

Finally I also acknowledge the suggestions received from some readers.

Ramon Gonzalez Calvet

Cerdanyola del Vallés, June 2001

1 See Alfred M. Bork «“Vectors versus quaternions”—The letters in Nature.

* The vector analysis bases on the duality of the geometric algebra of the three-dimensional
space: the fact that the orientation of lines and planes is determined by three numeric
components in both cases. However in the four-dimensional time-space the same orientations
are respectively determined by four and six numbers.

IX



CONTENTS

First Part: The vector plane and the complex numbers

1. The vectors and their operations. (June 24™ 2000, updated March 17" 2002)
Vector addition, 1.- Product of a vector and a real number, 2.- Product of two vectors,
2.- Product of three vectors: associative property, 5. Product of four vectors, 7.- Inverse
and quotient of two vectors, 7.- Hierarchy of algebraic operations, 8.- Geometric algebra
of the vector plane, 8.- Exercises, 9.

2. A base of vectors for the plane. (June 24" 2000)
Linear combination of two vectors, 10.- Base and components, 10.- Orthonormal bases,
11.- Applications of the formulae for the products, 11.- Exercises, 12.

3. The complex numbers. (August 1% 2000, updated July 21* 2002)

Subalgebra of the complex numbers, 13.- Binomial, polar and trigonometric form of a
complex number, 13.- Algebraic operations with complex numbers, 14.- Permutation of
complex numbers and vectors, 17.- The complex plane, 18.- Complex analytic
functions, 19.- The fundamental theorem of algebra, 24.- Exercises, 26.

4. Transformations of vectors. (August 4™ 2000, updated July 21 2002)
Rotations, 27.- Reflections, 28.- Inversions, 29.- Dilatations, 30.- Exercises, 30

Second Part: The geometry of the Euclidean plane

5. Points and straight lines. (August 19™ 2000, updated September 29" 2000)
Translations, 31.- Coordinate systems, 31.- Barycentric coordinates, 33.- Distance
between two points and area, 33.- Condition of alignment of three points, 35.- Cartesian
coordinates, 36.- Vectorial and parametric equations of a line, 36.- Algebraic equation
and distance from a point to a line, 37.- Slope and intercept equations of a line, 40.-
Polar equation of a line, 40.- Intersection of two lines and pencil of lines, 41.- Dual
coordinates, 43.- The Desargues theorem, 47.- Exercises, 50.

6. Angles and elemental trigonometry. (August 24™ 2000, updated July 21% 2002)
Sum of the angles of a polygon, 53.- Definition of trigonometric functions and
fundamental identities, 54.- Angle inscribed in a circle and double angle identities, 55.-
Addition of vectors and sum of trigonometric functions, 56.- Product of vectors and
addition identities, 57.- Rotations and De Moivre's identity, 58.- Inverse trigonometric
functions, 59.- Exercises, 60.

7. Similarities and single ratio. (August 26™ 2000, updated July 21* 2002)
Direct similarity, 61.- Opposite similarity, 62.- The theorem of Menelaus, 63.- The
theorem of Ceva, 64.- Homothety and single ratio, 65.- Exercises, 67.

8. Properties of the triangles. (September 3™ 2000, updated July 21* 2002)

Area of a triangle, 68.- Medians and centroid, 69.- Perpendicular bisectors and
circumcentre, 70.- Angle bisectors and incentre, 72.- Altitudes and orthocentre, 73.-
Euler's line, 76.- The Fermat's theorem, 77.- Exercises, 78.

X



9. Circles. (October 8" 2000, updated July 16" 2002)

Algebraic and Cartesian equations, 80.- Intersections of a line with a circle, 80.- Power
of a point with respect to a circle, 82.- Polar equation, 82.- Inversion with respect to a
circle, 83.- The nine-point circle, 85.- Cyclic and circumscribed quadrilaterals, 87.-
Angle between circles, 89.- Radical axis of two circles, 89.- Exercises, 91.

10. Cross ratios and related transformations. (October 18" 2000, updated July 21*
2002)

Complex cross ratio, 92.- Harmonic characteristic and ranges, 94.- The homography
(M0bius transformation), 96.- Projective cross ratio, 99.- The points at the infinity and
homogeneous coordinates, 102.- Perspectivity and projectivity, 103.- The projectivity as
a tool for theorems demonstration, 108.- The homology, 110.- Exercises, 115.

11. Conics (November 12™ 2000, updated July 21 2002)

Conic sections, 117.- Two foci and two directrices, 120.- Vectorial equation, 121.- The
Chasles' theorem, 122.- Tangent and perpendicular to a conic, 124.- Central equations
for the ellipse and hyperbola, 126.- Diameters and Apollonius' theorem, 128.- Conic
passing through five points, 131.- Conic equations in barycentric coordinates and
tangential conic, 132.- Polarities, 134.- Reduction of the conic matrix to a diagonal
form, 136.- Using a base of points on the conic, 137.- Exercises, 137.

Third Part: Pseudo-Euclidean geometry

12. Matrix representation and hyperbolic numbers. (November 22™ 2000, updated
May 31% 2002)

Rotations and the representation of complex numbers, 139.- The subalgebra of the
hyperbolic numbers, 140.- Hyperbolic trigonometry, 141.- Hyperbolic exponential and
logarithm, 143.- Polar form, powers and roots of hyperbolic numbers, 144.- Hyperbolic
analytic functions, 147.- Analyticity and square of convergence of the power series,
150.- About the isomorphism of Clifford algebras, 152.- Exercises, 153.

13. The hyperbolic or pseudo-Euclidean plane (January 1% 2001, updated July 21*
2002)

Hyperbolic vectors, 154.- Inner and outer products of hyperbolic vectors, 155.- Angles
between hyperbolic vectors, 156.- Congruence of segments and angles, 158.-
Isometries, 158.- Theorems about angles, 160.- Distance between points, 160.- Area on
the hyperbolic plane, 161.- Diameters of the hyperbola and Apollonius' theorem, 163.-
The law of sines and cosines, 164.- Hyperbolic similarity, 167.- Power of a point with
respect to a hyperbola with constant radius, 168.- Exercises, 169.

Fourth Part: Plane projections of tridimensional spaces

14. Spherical geometry in the Euclidean space. (March 3™ 2001, updated August 25"
2001)

The geometric algebra of the Euclidean space, 170.- Spherical trigonometry, 172.- The
dual spherical triangle, 175.- Right spherical triangles and Napier’s rule, 176.- Area of a
spherical triangle, 176.- Properties of the projections of the spherical surface, 177.- The

XI



central or gnomonic projection, 177.- Stereographic projection, 180.- Orthographic
projection, 181.- Spherical coordinates and cylindrical equidistant (Plate Carré)
projection, 182.- Mercator's projection, 183.- Peter's projection, 184.- Conic projections,
184.- Exercises, 185.

15. Hyperboloidal geometry in the pseudo-Euclidean space (Lobachevsky's
geometry). (April 13" 2001, updated August 21* 2001)

The geometric algebra of the pseudo-Euclidean space, 188.- The hyperboloid of two
sheets, 190.- The central projection (Beltrami disk), 191.- Hyperboloidal
(Lobachevskian) trigonometry, 196.- Stereographic projection (Poincaré disk), 198.-
Azimuthal equivalent projection, 200.- Weierstrass coordinates and cylindrical
equidistant projection, 201.- Cylindrical conformal projection, 202.- Cylindrical
equivalent projection, 203.- Conic projections, 203.- On the congruence of geodesic
triangles, 205.- Comment about the names of the non-Euclidean geometry, 205.-
Exercises, 205.

16. Solutions of the proposed exercises. (April 28™ 2001 and May 27™ 2001, updated
July 20™ 2002)

1. The vectors and their operations, 207.- 2. A base of vectors for the plane, 208.- 3. The
complex numbers, 209.- 4. Transformations of vectors, 213.- 5. Points and straight
lines, 214.- 6. Angles and elemental trigonometry, 223.- 7. Similarities and single ratio,
226.- 8. Properties of the triangles, 228.- 9. Circles, 236.- 10. Cross ratios and related
transformations, 240.- 11. Conics, 245.- 12. Matrix representation and hyperbolic
numbers, 250.- 13. The hyperbolic or pseudo-Euclidean plane, 251.- 14. Spherical
geometry in the Euclidean space, 254.- 15. Hyperboloidal geometry in the pseudo-
Euclidean space (Lobachevsky's geometry), 260.

Bibliography, 266.
Index, 270.

Chronology, 275.

XII



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 1

FIRST PART: THE VECTOR PLANE AND THE COMPLEX NUMBERS

Points and vectors are the main elements of the plane geometry. A point is
conceived (but not defined) as a geometric element without extension, infinitely small,
that has position and is located at a certain place on the plane. A vector is defined as an
oriented segment, that is, a piece of a straight line having length and direction. A vector
has no position and can be translated anywhere. Usually it is called a free vector. If we
place the end of a vector at a point, then its head determines another point, so that a
vector represents the translation from the first point to the second one.

Taking into account the distinction between points and vectors, the part of the
book devoted to the Euclidean geometry has been divided in two parts. In the first one
the vectors and their algebraic properties are studied, which is enough for many
scientific and engineering branches. In the second part the points are introduced and
then the affine geometry is studied.

All the elements of the geometric algebra (scalars, vectors, bivectors, complex
numbers) are denoted with lowercase Latin characters and the angles with Greek
characters. The capital Latin characters will denote points on the plane. As you will see,
the geometric product is not commutative, so that fractions can only be written for real
and complex numbers. Since the geometric product is associative, the inverse of a
certain element at the left and at the right is the same, that is, there is a unique inverse
for each element of the algebra, which is indicated by the superscript 1. Also due to the
associative property, all the factors in a product are written without parenthesis. In order
to make easy the reading I have not numerated theorems, corollaries nor equations.
When a definition is introduced, the definite element is marked with italic characters,
which allows to direct attention and helps to find again the definition.

1. THE VECTORS AND THEIR OPERATIONS

A vector is an oriented segment, having length and direction but no position, that
is, it can be placed anywhere without changing its orientation. The vectors can represent
many physical magnitudes such as a force, a celerity, and also geometric magnitudes
such as a translation.

Two algebraic operations for vectors are defined, the addition and the product,
that generalise the addition and product of the real numbers.

Vector addition

The addition of two vectors u + v
is defined as the vector going from the
end of the vector u to the head of v when
the head of u contacts the end of v (upper
triangle in the figure 1.1 ). Making the
construction for v + u, that is, placing the
end of u at the head of v (lower triangle
in the figure 1.1) we see that the addition
vector is the same. Therefore, the vector
addition has the commutative property:

Figure 1.1
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utv=v+tu

and the parallelogram rule follows: the addition of two vectors is the diagonal of the
parallelogram formed by both vectors.
The associative property follows from
this definition because (u+v)+w or
u+(v+tw) is the vector closing the
polygon formed by the three vectors as
shown in the figure 1.2.

The neutral element of the
vector addition is the null vector, which
has zero length. Hence the opposite
vector of u is defined as the vector —u
with the same orientation but opposite
direction, which added to the initial Figure 1.2
vector gives the null vector:

u+(-u)=0

Product of a vector and a real number

One defines the product of a vector and a real number (or scalar) k, as a vector
with the same direction but with a length increased k times (figure 1.3). If the real
number is negative, then the direction is the opposite. The geometric definition implies
the commutative property:

ku=uk Figure 1.3
Two vectors u, v with the same

direction are proportional because there

is always a real number k& such that v =

k u , that is, k is the quotient of both

vectors:
-1 -1
k=u"v=vu / ku

Two vectors with different
directions are said to be [linearly
independent.

Product of two vectors

The product of two vectors will be called the geometric product in order to be
distinguished from other vector products currently used. Nevertheless I hope that these
other products will play a secondary role when the geometric product becomes the most
used, a near event which this book will forward. At that time, the adjective «geometric»
will not be necessary.

The following properties are demanded to the geometric product of two vectors:
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1) To be distributive with regard to the vector addition:
u(vtw)=uvtuw

2) The square of a vector must be equal to the square of its length. By
definition, the length (or modulus) of a vector is a positive number and it is
noted by | u |:

2,2
u'=lul

3) The mixed associative property must exist between the product of vectors
and the product of a vector and a real number.

k(uv)=(ku)v=rkuv
k(lu)y=(kl)u= klu
where £, [ are real numbers and u, v vectors. Therefore, parenthesis are not
needed.
These properties allows us to deduce the product. Let us suppose that ¢ is the
addition of two vectors a, b and calculate its square applying the distributive property:
c=a+b
2_ 2_ _ 2 2
c=(a+b)y=(a+b)(a+tb)=a+ab+ba+b
We have to preserve the order of the factors because we do not know whether the

product is commutative or not.
If @ and b are orthogonal vectors, the Pythagorean theorem applies and then:

alb = =+ = ab+ba=0 = ab=-ba

That is, the product of two perpendicular vectors is anticommutative.
If @ and b are proportional vectors then:

allb = b=ka, kreal = ab=aka=kaa=ba

because of the commutative and mixed associative properties of the product of a vector
and a real number. Therefore the product of two proportional vectors is commutative. If
c 1s the addition of two vectors a, b with the same direction, we have:

lcl=lal+|b]

F=d*+b+2al|b]

ab=lal|b| angle(a, b) =0
But if the vectors have opposite directions:

[cl=lal-1b]
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A=a*+b*-2al|b]
ab=—|al|b| angle(a, b)=mn

How is the product of two vectors with any directions? Due to the distributive
property the product is resolved into one product by the proportional component b and
another by the orthogonal component b, :

ab=a(b”+bi)=abu+abl

The product of one vector by the proportional component of the other is called
the inner product (also scalar product) and noted by a point - (figure 1.4). Taking into
account that the projection of b onto a is proportional to the cosine of the angle between
both vectors, one finds:

a-b=abj=|al|b|cosa
Figure 1.4
The inner product is always a real
number. For example, the work made by a
force acting on a body is the inner product of
the force and the walked space. Since the b
commutative property has been deduced for
the product of vectors with the same
direction, it follows also for the inner
product: b,

N
o

N

a-b=b-a

The product of one vector by the orthogonal component of the other is called the
outer product (also exterior product) and it is noted with the symbol A :

anb=ab,

The outer product represents the area of the parallelogram formed by both vectors
(figure 1.5):

|a/\b|=|abl|:|a||b||sma| Figure 1.5

Since the outer product is a product of
orthogonal vectors, it is anticommutative:

anb=—bnaa

Some  example of  physical MNe
magnitudes which are outer products are the
angular momentum, the torque, etc.

When two vectors are permuted, the
sign of the oriented angle is changed. Then the cosine remains equal while the sine
changes the sign. Because of this, the inner product is commutative while the outer
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product is anticommutative. Now, we can rewrite the geometric product as the sum of
both products:

ab=a-b+anb

. Figure 1.6
From here, the inner and outer &
products can be written using the geometric
product: a
b
ab+ba
a-b= —
a > bl
ab-ba
anb=——
2

In conclusion, the geometric product of two proportional vectors is commutative
whereas that of two orthogonal vectors is anticommutative, just for the pure cases of
outer and inner products. The outer, inner and geometric products of two vectors only
depend upon the moduli of the vectors and the angle between them. When both vectors
are rotated preserving the angle that they form, the products are also preserved (figure
1.6).

How is the absolute value of the product of two vectors? Since the inner and
outer product are linearly independent and orthogonal magnitudes, the modulus of the
geometric product must be calculated through a generalisation of the Pythagorean
theorem:

ab=a-b+anb = |ab|2=|a~b|2+|a/\b|2
|ab |2= | a |2 | b |2(cos2a+sin2a)= | a |2 | b |2

That is, the modulus of the geometric product is the product of the modulus of
each vector:

labl=lallb]

Product of three vectors: associative property

It is demanded as the fourth property that the product of three vectors be
associative:

4) u(vw)=(uv)w=uvw

Hence we can remove parenthesis in multiple products and with the foregoing
properties we can deduce how the product operates upon vectors.

We wish to multiply a vector a by a product of two vectors b, ¢c. We ignore the
result of the product of three vectors with different orientations except when two
adjacent factors are proportional. We have seen that the product of two vectors depends
only on the angle between them. Therefore the parallelogram formed by b and ¢ can be
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rotated until b has, in the new orientation, the same direction as a. If ' and ¢’ are the
vectors b and ¢ with the new orientation (figure 1.7) then:

bec=b'c'
a(bc)=a(b'c') Figure 1.7
a(bc)

and by the associative property:

a(bc)=(ab')c' -

. c b ’\/ c /

Since a and b’ have the same N o .
direction, ¢ b' = |al||b| is a real a ’ b - a

number and the triple product is a
vector with the direction of ¢’ whose
length is increased by this amount:

a(be)=lallbl e

It follows that the modulus of the product of three vectors is the product of their
moduli:

|abc| = |a| |b| |C|

On the other hand, a can be
firstly multiplied by b, and after this we
can rotate the parallelogram formed by oy
both vectors until » has, in the new
orientation, the same direction as c b
(figure 1.8). Then: ' g

c?“\ b?____f___v ¢
(ab)e=a"( b"c)=a"|b|]c]| -

Although the geometric
construction differs from the foregoing
one, the figures clearly show that the
triple product yields the same vector, as expected from the associative property.

Figure 1.8 ,'3 (ab)c

(ab)c =a" |b| |c| = |c| |b| a"=cb"a"=c(ba)

That is, the triple product has the property:

abc=cbha
which I call the permutative property: every vector can be permuted with a vector
located two positions farther in a product, although it does not commute with the

neighbouring vectors. The permutative property implies that any pair of vectors in a
product separated by an odd number of vectors can be permuted. For example:

abcd=adcb=cdab=cbad
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The permutative property is characteristic of the plane and it is also valid for the
space whenever the three vectors are coplanar. This property is related with the fact that
the product of complex numbers is commutative.

Product of four vectors

The product of four vectors can be deduced from the former reasoning. In order
to multiply two pair of vectors, rotate the parallelogram formed by a and b until 5’ has
the direction of c¢. Then the product is the parallelogram formed by a’ and d but
increased by the modulus of » and c:

abcd=a'b'cd=a’ | b| | c| d= |b| | c| a'd

Now let us see the special case when a = ¢ and b = d. If both vectors @, b have the same
direction, the square of their product is a

positive real number: ~
b’
allb (ab) =a*b*>0 §
If both vectors are perpendicular, we must a
rotate the parallelogram through m/2 until b’
has the same direction as a (figure 1.9). Then b a

™~
~

a' and b are proportional but having opposite
signs. Therefore, the square of a product of

t rthogonal tors is al negative: .
wo orthogonal vectors is always negative Figure 1.9

alb (abY =a'bab=a'lb||alb=-a®b*<0

Likewise, the square of an outer product of any two vectors is also negative.

Inverse and quotient of two vectors

The inverse of a vector a is that vector whose multiplication by a gives the unity.
Only the vectors which are proportional have a real product. Hence the inverse vector
has the same direction and inverse modulus:

a l=a|a|_2 = atla=aal=1

The quotient of vectors is a product for an inverse vector, which depends on the
order of the factors because the product is not commutative:

a'bzba
Obviously the quotient of proportional vectors with the same direction and sense

is equal to the quotient of their moduli. When the vectors have different directions, their
quotient can be represented by a parallelogram, which allows to extend the concept of
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vector proportionality. We say that a is proportional to ¢ as b is to d when their moduli
are proportional and the angle between a and ¢ is equal to the angle between b and d':

ac'=bd" = lallcl?=]b]]a]™ and a(a, c) = ab, d)

Then the parallelogram formed by a and b is similar to that formed by ¢ and d,
being a(a, c) the angle of rotation from the first to the second one.

The inverse of a product of several vectors is the product of the inverses with the
exchanged order, as can be easily seen from the associative property:

(abce)'=c'bpta!

Hierarchy of algebraic operations

Like the algebra of real numbers, and in order to simplify the algebraic notation,
I shall use the following hierarchy for the vector operations explained above:

1) The parenthesis, whose content will be firstly operated.

2) The power with any exponent (square, inverse, etc.).

3) The outer and inner product, which have the same hierarchy level but must

be operated before the geometric product.
4) The geometric product.
5) The addition.

As an example, some algebraic expressions are given with the simplified
expression at the left hand and its meaning using parenthesis at the right hand:

anbend=(anb)(cnrd)
Abrc+3=((d)(brc))+3

atrb-cde=a+((b-c)de)

Geometric algebra of the vectorial plane

The set of all the vectors on the plane together with the operations of vector
addition and product of vectors by real numbers is a two-dimensional space usually
called the vector plane V,. The geometric product generates new elements (the complex
numbers) not included in the vector plane. So, the geometric (or Clifford) algebra of a
vectorial space is defined as the set of all the elements generated by products of vectors,
for which the geometric product is an inner operation. The geometric algebra of the
Euclidean vector plane is usually noted as ChLo(R) or simply as ClL. Making a
parallelism with probability, the sample space is the set of elemental results of a certain

" William Rowan Hamilton defined the quaternions as quotients of two vectors in the way that
similar parallelograms located at the same plane in the space represent the same quaternion
(Elements of Quaternions, posthumously edited in 1866, Chelsea Publishers 1969, vol I, see p.
113 and fig. 34). In the vectorial plane a quaternion is reduced to a complex number. The
quaternions were discovered by Hamilton (October 16", 1843) before the geometric product by
Clifford (1878).
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random experiment. From the sample space €, the union U and intersection M generate
the Boole algebra 4(Q2), which includes all the possible events. In the same manner, the
addition and geometric product generate the geometric algebra of the vectorial space.
Then both sample and vectorial space play similar roles as generators of the Boole and
geometric (Clifford) algebras respectively.

Exercises

1.1 Prove that the sum of the squares of the diagonals of any parallelogram is equal to
the sum of the squares of the four sides. Think about the sides as vectors.

1.2 Prove the following identity:

(a-b)Y—(anb) =d* b
1.3 Prove that: anbend=a-(bcrnd)=(anbc)-d
1.4 Prove that: anbendtancdabrandbnrc=0

1.5 Prove the permutative property resolving » and ¢ into the components which are
proportional and orthogonal to the vector a.

1.6 Prove the Heron’s formula for the area of the triangle:

Az\/S(s—|a|)(s—|b|)(s—|c|)
where a, b and c are the sides and s the semiperimeter:

_lals]pl+lc]
2
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2. A BASE OF VECTORS FOR THE PLANE

Linear combination of two vectors

Every vector w on the plane is always a linear combination of two independent
vectors u and v:

w=au+bv a, b real
Because of this, the plane has dimension equal to 2. In order to calculate the coefficients

of linear combination a and b, we multiply w by u and v at both sides and subtract the
results:

uw=au*+buv and wu=av*+bvu = uw-wu=b(uv-vu)
vw=avu+bv and wv=auv+bvV = wv-vw=a(uv-vu)
to obtain:

WAV

unw
a= =

b

uny uny

The resolution of a vector as a linear combination of two independent vectors is a
very frequent operation and also the foundation of the coordinates method.
Base and components

Any set of two independent vectors {e; , e} can be taken as a base of the vector
plane. Every vector u can be written as linear combination of the base vectors:

Uu=uie tue

The coefficients of this linear combination u;, u, are the components of the vector in this
base. Then a vector will be represented as a pair of components:

u=(u,u)
The components depend on the base, so that a change of base leads to a change of the

components of the given vector.
We must only add components to add vectors:

v=_(v,»)
utv=_u+v,uy+wm)

The expression of the geometric product with components is obtained by means of
the distributive property:
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2 2
uv=(metwe)(viettve)=uvie twne tuineertwvee
= 24 24 + eyt
uv=wv e[ twmwn|el H(uvntwmv)e -e+t(uyn—wmvi)e re
Hence the expression of the square of the vector modulus written in components is:

|u|2=u2=u12|e1|2+u22|ez|2+2u1u261-ez

Orthonormal bases

Any base is valid to describe vectors using

components, although the orthonormal bases, for Figure 2.1

which both e; and e, are unitary and perpendicular

(such as the canonical base shown in the figure 2.1),

are the more convenient and suitable: ey
erle |€1|:|€2|:1 e

For every orthonormal base :
2_ 2_ -
el —62—1 el er=—6e;

The product e; e, represents a square of unity area. The square power of this product is
equal to —1:

2 _ _ _
(61 62) =e ererey=—e e €2€2——1

For an orthonormal base, the geometric product of two vectors becomes:
uv=wvituwwnt(mva—uv)e e

Note that the first and second summands are real while the third is an area. Therefore it
follows that they are respectively the inner and outer products:

Uuv=u1vi+tunm uAv=_(uva—umpvi)e e
Also, the modulus of a vector is calculated from the self inner product:

|u|2=u12+u22

Applications of the formulae for the products
The first application is the calculation of the angle between two vectors:

u,v, +u,v . u,v, —u,v
1V1 2V2 sing, = ——2 2V

cosoL =
Jullv] Juflv]
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The values of sine and cosine determine a unique angle o in the range 0<a<2m.
The angle between two vectors is a sensed magnitude having positive sign if it is
counterclockwise and negative sign if it is clockwise. Thus this angle depends on the
order of the vectors in the outer (and geometric) product. For example, let us consider the
vectors (figure 2.2) u and v:

u=(-2,2) |ul=22 v=(4,3) |v|=5

cosat(u,v)=cosou(v,u)=— sina(u,v)=—sina(v,u)= -

1 7
5v2 5v2
o (u, v)=4.5705... a(v,u)=1.7127...

Also we may take the angle o( u, v ) =4.5705...—2n =—1.7127... The angle so obtained is
always that going from the first to the second vector, being unique within a period.

Other application of the outer product is the calculus of areas. Using the
expression with components, the area
(considered as a positive real number) Figura 2.2
of the parallelogram formed by u and v
is:

A=|u/\v|=|u1vz—u2v1|=14 u

When calculating the area of
any triangle we must only divide the — N _/‘
outer product of any two sides by 2.

Exercises

2.1 Let (u1, u) and (vi, v;) be the

components of the vectors u and v in

the canonical base. Prove geometrically that the area of the parallelogram formed by both
vectors is the modulus of the outer product | UAVY | =UiVo—Up V.

2.2 Calculate the area of the triangle whose sides are the vectors (3, 5), (-2, —3) and their
addition (1, 2).

2.3 Prove the permutative property using components: a b ¢ =c b a.

2.4 Calculate the angle between the vectors u =2 e;+3 e, and v=-3¢; +4 e, inthe
canonical base.

2.5 Consider a base where e; has modulus 1, e, has modulus 2 and the angle between both
vectors is 11/3. Calculate the angle between u=2e;+3 e, and v=-3 ¢, +4e;.

2.6 In the canonical base v = (3, —5). Calculate the components of this vector in a new
base { uy, up } ifu; = (2, -1) and u = (5, -3).
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3. THE COMPLEX NUMBERS
Subalgebra of the complex numbers

If {e1, e2} is the canonical base of the vector plane V5, its geometric algebra is
defined as the vector space generated by the elements {1, e;, e, eje;} together with the
geometric product, so that the geometric algebra C/, has dimension four. The unitary area
eje; is usually noted as ej>. Due to the associative character of the geometric product, the
geometric algebra is an associative algebra with identity. The complete table for the
geometric product is the following:

1 el e en
1 i 1 e e e
el i el 1 en 1)
e I e —epn 1 —e;
en | e -e e -1

Note that the subset of elements containing only real numbers and areas is closed
for the product:

1 (3]
1 | 1 el
en | € -1

This is the subalgebra of complex numbers. ey, , the imaginary unity, is usually noted as i.
They are called complex numbers because their product is commutative like for the real
numbers.

Binomial, polar and trigonometric form of a complex number

Every complex number z written in the binomial form is:

z=a+bep a, b real
where a and b are the real and imaginary components respectively. The modulus of a
complex number is calculated in the same way as the modulus of any element of the
geometric algebra by means of the Pythagorean theorem:

|Z|2: | a+b€12|2:a2+b2

Since every complex number can be written as a product of two vectors u and v
forming a certain angle a:
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z=uv=lul |v| (cos a+eppsin a) Figure 3.1

we may represent a complex number as
a parallelogram with sides being the
vectors u and v. But there are infinite
pairs of vectors u’ and v’ whose product
is the complex z provided that:

!

lul vl =lul]v| and a=«a
All the parallelograms having

the same area and obliquity represent a

given complex (they are equivalent) independently of the length and orientation of one

side.(figure 3.1). The trigonometric and polar forms of a complex number z specifies its
modulus |z|and argument « :

z= |z| (cosatepsina)= |Z| o

A complex number can be written using the exponential function, but firstly we
must prove the Euler’s identity:

exp(a ejy) =cos a+ep; sin a real

The exponential of an imaginary number is
defined in the same manner as for a real Figure 3.2
number:

explae,)= lim (1 + aijn

n— o n
v (1+e,,a/5)

As shown in the figure 3.2 (for n = 5), the limit
is a power of n rotations with angle a,/n or
equivalently a rotation of angle c.

Now a complex number written in
exponential form is:

z= |z| exp(aer)

Algebraic operations with complex numbers

Each algebraic operation is more easily calculated in a form than in another
according to the following scheme:

addition / subtraction © binomial form
product / quotient © binomial or polar form
powers / roots © polar form



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 15

The binomial form is suitable for the addition because both real components must
be added and also the imaginary ones, e.g.:

z=3+4 e t=2-5ep;
z+t=3+4dep+t2-5epn=5—¢en

If the complex numbers are written in another form, they must be converted to the
binomial form, e.g.

Z2=231/4 t=4/6

3n . 3m o . T
z+t=2 +4 , =2|cos—+e, sin— |+4|cos—+e,, sin—
3z/4 /6 ( 4 12 4) ( 6 12 6)

V22 V3ol
:2(—7+e12 7)+4(7+e12Ejz—ﬁ+2\/§+e12(\/§+2)

In order to write the result in polar form, the modulus must be calculated:
| 241 ]2=(=v2 +23 P+ (V2 +2)Y=20+4(/2-6)

| z4¢ ] =2y5+2 =6 =3.9823..

and also the argument from the cosine and sine obtained as quotient of the real and
imaginary components respectively divided by the modulus:

—\/5+2\/§ . \/§+2

cosq=——— smeg=——— a =1.0301...

25442 -6 25+~2 -6

z+1=3.9823, 5,

When multiplying complex numbers in binomial form, we apply the distributive
property taken into account that the square of the imaginary unity is —1, e.g.:

(2+5en)(3-depn)=—6+8en+15e,-20(en ) =-6+20+23en=14+23 e
The exponential of an addition of arguments (real or complex) is equal to the

product of exponential functions of each argument. Applying this characteristic property
to the product of complex numbers in exponential form, we have:

zt=|z| exp(aen) | 1| exp( Bern)=|z] |t] exp[ (a+ B)en]

from where the product of complex numbers in polar form is obtained by multiplying
both moduli and adding both arguments.:
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|zl [elg=1z] Tel o

One may subtract 2m to the v
resulting argument in order to keep it u
between 0 and 2m. The product of v
two complex numbers z and ¢ is the w
geometric operation consisting in the v u
rotation of the parallelogram w
representing the first complex
number until it touches the Figure 3.3
parallelogram representing the second
complex number. When they contact
in a unitary vector v (figure 3.3), the parallelogram formed by the other two vectors is the
product of both complex numbers:

z=uv t=vw V=1

ZI=UvVvw=uw

This geometric construction is always possible because a parallelogram can be
lengthened or widened maintaining the area so that one side has unity length.

The conjugate of a complex number (symbolised with an asterisk) is that number
whose imaginary part has opposite sign:

z=a-+bep zZ¥=a—-bep

The geometric meaning of the

conjugation is a permutation of the v
1 *
vectors whose product is the complex z C"Z z / -
7 > '>
u u

number (figure 3.4). In this case, the
inner product is preserved while the
outer product changes the sign. The
product of a complex number and its
conjugate is the square of the modulus: Figure 3.4

zZ¥=uvvu=u’= |z|2

The quotient of complex numbers is defined as the product by the inverse. The
inverse of a complex number is equal to the conjugate divided by the square of the
modulus:

L z*¥ a-be,

zZ = =
2 2 2
|Z| a”+b

Then, let us see an example of quotient of complex numbers:

—2+5e, (-2+5e,)3+4e,) —26+7e,

3-4e, 3 4+ (—4) 25
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With the polar form, the quotient is obtained by dividing moduli and subtracting
arguments:

]

4]
el el

The best way to calculate the power of a complex number with natural exponent is
through the polar form, although for low exponents the binomial form and the Newton
formula is often used, e.g.:

(2-3en)y=2"-3-2epn+3-2ep’—en’=8-12ep—-6+epn=2—-11ep
From the characteristic property of the exponential function it follows that the

modulus of a power of a complex number is the power of its modulus, and the argument
of this power is the argument of the complex number multiplied by the exponent:

(],) ==

This is a very useful rule for large exponents, e.g.:

n
na

(2+2e) ™ =(2 V2 Y1000 _ (2 2 Y1000}, (0 = 21500 — 51500

When the argument exceeds 2n, divide by this value and take the remainder, in order to
have the argument within the period 0<a <2m.

Since a root is the inverse operation of a power, its value is obtained by extracting
the root of the modulus and dividing the argument by the index n. But a complex number
of argument & may be also represented by the arguments o +2 m k. Their division by the
index n yields n different arguments within a period, corresponding to » different roots:

%2‘/7' (a+ 2nk)/n k=0,..n-1

For example, the cubic roots of 8 are 3/ 8, ={2,.,2,.,5,2,,5 - In the complex plane, the

n-th roots of every complex number are located at the n vertices of a regular polygon.

Permutation of complex numbers and vectors

The permutative property of the vectors is intimately related with the commutative
property of the product of complex numbers. Let z and ¢ be complex numbers and a, b, ¢
and d vectors fulfilling:

z=ab t=cd

Then the following equalities are equivalent:

zt=tz = abcd=cdab



18 RAMON GONZALEZ CALVET

A complex number z and a vector ¢ do not commute, but they can be permuted by
conjugating the complex number:

zc=abc=cba=cz*

Every real number commute with any vector. However every imaginary number
anticommute with any vector, because the imaginary unity e, anticommute with e; as
well as with e;:

zc=—-cz z imaginary

The complex plane

In the complex plane, the complex numbers are represented taking the real
component as the abscissa and the imaginary component as the ordinate. The vectorial
plane differs from the complex plane in the fact that the vectorial plane is a plane of
absolute directions whereas the complex plane is a plane of relative directions with
respect to the real axis, to which we may assign any direction. As explained in more detail
in the following chapter, the unitary complex numbers are rotation operators applied to
vectors. The following equality shows the ambivalence of the Cartesian coordinates in the
Euclidean plane:

€ (x+y612):xel tye,

Due to a careless use, often the complex numbers have been improperly thought as
vectors on the plane, furnishing the confusion between the complex and vector planes to
our pupils. It will be argued that this has been very fruitful, but this argument cannot
satisfy geometers, who search the fundamentals of the geometry. On the other hand, some
physical magnitudes of a clearly vectorial kind have been taken improperly as complex
numbers, specially in quantum mechanics. Because of this, I’m astonished when seeing
how the inner and outer products transform in a special commutative and anti-
commutative products of complex numbers. The relation between vectors and complex
numbers is stated in the following way: If u is a fixed unitary vector, then every vector a
is mapped to a unique complex z fulfilling:

a=uz with w*=1

Also other vector b is mapped to a complex number #:
b=ut

The outer and inner products of the vectors a and b can be written now using the
complex numbers z and #:

1 1 1,
b= — b->b = _ t—ut = _ *p— otk =
an 2(a a) 2(uzu utuz) 2u(z z)
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(z¥t—tFz)=(zrti—z11R ) €2

N | —

a~b=%(alﬂ-ba):%(uzut-i-uzut):% (z¥t+t*z)=zrtr+tz1 4

where zg, tr, z1, ; are the real and imaginary components of z and ¢. These products have
been called improperly scalar and exterior products of complexes. So, I repeat again that
complex quantities must be distinguished from vectorial quantities, and relative directions
(complex numbers) from absolute directions (vectors). A guide for doing this is the
reversion, under which the vectors are reversed while the complex number are not'.

Complex analytic functions

The complex numbers are a commutative algebra where we can study functions as
for the real numbers. A function f{x) is said to be analytical if its complex derivative
exists:

S lim f2)-f(z,)

z—>>z, z-z

f(z) analytical atzy, <
0

This means that the derivative measured in any direction must give the same result. If fx)
=a+bepandz=x+y e, the derivatives following the abscissa and ordinate directions
must be equal:

Oa 0b Oa ob
fle)="+en=—"—ep+—
ox Ox oy oy

whence the Cauchy-Riemann conditions are obtained:

Oa 0Ob oa ob
—=— and —=-—
ox oy oy ox

Due to its linearity, now the derivative in any direction are also equal. A consequence of
these conditions is the fact that the sum of both second derivatives (the Laplacian)
vanishes, that is, both components are harmonic functions:

0’a 0*a 0°b 0°b
+ = + =0
ox* oyt oax’ oy’

" A physical example is the alternating current. The voltage ¥ and intensity / in an electric circuit
are continuously rotating vectors. The energy E dissipated by the circuit is the inner product of
both vectors, £ = V - I. The impedance Z of the circuit is of course a complex number (it is
invariant under a reversion). The intensity vector can be calculated as the geometric product of the
voltage vector multiplied by the inverse of the impedance / = ¥ Z' . If we take as reference a
continuously rotating direction, then V" and [ are replaced by pseudo complex numbers, but
properly they are vectors.
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The values of a harmonic function (therefore the value of f{z)) within a region are
determined by those values at the boundary of this region. We will return to this matter
later. The typical example of analytic function is the complex exponential:

exp(x +ye, ) = exp(x)(cosy + e, sin y)

which is analytic in all the plane. The logarithm function is defined as the inverse function
of the exponential. Since z = E1 exp(erx @) where @ is the argument of the complex, the
principal branch of the logarithm is defined as:

logz:log|z|+e,2q) 0<p<2rm

Also @ + 27nk (k integer) are valid arguments for z yielding another branches of the
logarithm?. In Cartesian coordinates:

[.2 2 X
— <
log(x+yelz)—10g X +y +€12 arccos B y2 0_§0<TE

2 2 X
— <
10g(x+ ve,)=log\x> +° +e, {arccos Yy +nj T <@p<2n

At the positive real half axis, this logarithm is not analytic because it is not continuous.
Now let us see the Cauchy’s theorem: if a function is analytic in a simply

connected domain on the complex plane, then its integral following a closed way C

within this domain is zero. If the analytic function is f(z) = @ + be,, then the integral is:

§f(z)dz=§(a +he,)(dx+dye,)= §(adx bdy)+ elzﬁ(adyandx)

C C C

Since C is a closed way, we may apply the Green theorem to write:

—_”(@+6—“dedy+eu”( ——dedy 0

oy

where D is the region bounded by the closed way C. Since f{(z) fulfils the analyticity
conditions everywhere within D, the integral vanishes.

From here the following theorem is deduced: if f{z) is an analytic function in a
simply connected domain D and z; and z, are two points of D, then the definite integral
between these points has a unique value independently of the integration trajectory,
which is equal to the difference of the values of the primitive F(z) at both points:

dF(z)
dz

[ reere)-r) )

? The logarithm is said to be multi-valued. This is also the case of the roots V; .
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If f{(z) is an analytic function (with a unique value) inside the region D bounded by
the closed path C, then the Cauchy integral formula is fulfilled for a counterclockwise
path orientation:

- SE) 4o p(e,)

2ne, vz 2z,

Obviously, the integral does not vanish because the integrand is not analytic at z .
However, it is analytic at the other points of the region D, so that the integration path from
its beginning to its end passes always through an analyticity region, and by the former
theorem the definite integral must have a constant value, independently of the fact that
both extremes coincide. Now we integrate following a circular path z =z, + rexp(elzgo),

where the radius r is a real constant and the angle ¢ is a real variable. The evaluation of
the integral gives f(zo):

2

S [y rexplenp) dp=1(z,)

0

because we can take any radius and also the limit » — 0. The consequence of this theorem
is immediate: the values of f{z) at a closed path C determine its value at any z, inside the
region bounded by C. This is a characteristic property of the harmonic functions, already
commented above.

Let us rewrite the Cauchy integral formula in a more suitable form:

;§&dt = 1(z)

2ne, (t—z

The first and successive derivative with respect to z are:

1 /() di= f(z) n! § 0] = f"(2)

2ney, L (t-z) 2ne, C(z— )

For z=0 we have:

;§&dt:f(0)

§ Vl )
n+l
2re, v 1 2ney, ¢

Now we see that these integrals always exist if f{z) is analytic, that is, all the derivatives
exist at the points where the function is analytic. In other words, the existence of the first
derivative (analyticity) implies the existence of those with higher order.

The Cauchy integral formula may be converted into a power series of z:

_ 10 L U3
f(Z) 27[312£t z 2ﬂ612§t1 Z/t znelzi ;( j

C

Rewriting this expression we find the Taylor series:
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>~

)= iz"&jlﬂ?dti;fk(.o)z

2me, i ¢ k!

The only assumption made in the deduction is the analyticity of f{z). So this series is
convergent within the largest circle centred at the origin where the function is analytic
(that is, the convergence circle touches the closest singular point). The Taylor series is
unique for any analytic function. On the other hand, every analytic function has a Taylor
series.

Instead of the origin we can take a series centred at another point z. In this case,
following the same way as above, one arrives to the MacLaurin series:

fe)=3 LGy

i k!

For instance, the Taylor series (zo = 0) of the exponential, taking into account the fact that
all the derivatives are equal to the exponential and exp(0) = 1, is:

2 3

z z
exp(z)=1+z+2—!+§+...

The exponential has not any singular point. Then the radius of convergence is infinite.

In order to find a convergent series for a function which is analytic in an annulus
although not at its centre (for 7 <|Z - 2o | < r, as shown in figure 3.5), we must add
powers with negative exponents, obtaining the Lauren series:

flz)= iak (z—z,) Figure 3.5
k=-o0

The Lauren series is unique, and coincident

with the McLaurin series if the function has

not any singularity at the central region. The ‘
coefficients are obtained in the same way as

above:

1 ¢ f(t)ar

k+1
2ne, vt

a, =

where the path C encloses the central circle. When f{x) is not analytic at some point of this
central circle (e.g. zy), the powers of negative exponent appear in the Laurent series. The
coefficient a_ is called the residue of f. The Lauren series is the addition of a series of
powers with negative exponent and the McLaurin series:

0 -1 0

f(Z): Zak(z—zo)k = Zak(z—zo)k +Zak(z—zo)k

k=—0 k=—0 k=0
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and is convergent only when both series are convergent, so that the annulus goes from the
radius of convergence of the first series (#}) to the radius of convergence of the McLaurin
series (7).

Let us review singular points, the points where an analytic function is not defined.
An isolated singular point may be a removable singularity, an essential singularity or a
pole. A point z is a removable singularity if the limit of the function at this point exists
and, therefore, we may remove the singularity taking the limit as the value of the function
at zp. A point zg is a pole of a function f{z) if it is a zero of the function 1/£(z). Finally, z is
an essential singularity if both limits of f{z) and 1/f{(z) at zy do not exist.

The Lauren series centred at a removable singularity has not powers with negative
exponent. The series centred at a pole has a finite number of powers with negative
exponent, and that centred at an essential singularity has an infinite number of powers
with negative exponent. Let us see some examples. The function sin z / z has a removable
singularity at z = 0:

sin z z2 ozt 2zt

z 31 5 7

So the series has only positive exponents.

The function exp(1/z) has an essential singularity at z = 0 . From the series of
exp(z), we obtain a Lauren series with an infinite number of powers with negative
exponent by changing z for 1/z. Also the radius of convergence is infinite:

[1j 1 1 1
exp| — |[=1+—+ +

z z 21z2 317°

Finally, the function 1/ z* (z —1) has a pole at z= 0 . Its Lauren series:

1 2 30 oo L oo
zz(z—l)_ 22(1+Z+Z +z +z...)— R l—z—2z"...

is convergent for 0< | 2| <1 since the function has another poleatz=1.
To see the importance of the residue, let us calculate the integral of a function
through an annular way from its Lauren series:

&f(z)dz=kiak§(z—zo)kdz

For £>0 the integral is zero because (z — zo)" is analytic in the whole domain enclosed by
C. For k<=2 the integral is also zero because the path is inside a region where the powers
are analytic:

feozfaze ™ {@} ~o

v zZ, >z, k-1

21
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However k = —1 is a special case. Taking the circular path z = rexp(elzgo) (n<r<mn)
we have:

2n
§ & =é€n J.d(D =2me,
0

vZ—2Z,

So that the residue theorem is obtained:

§f(z)dz =2ne,a,,

where a_; is the coefficient of the Lauren series centred at the pole. If the path C encloses
some poles, then the integral is proportional to the sum of the residues:

§f(z)dz =2me, Zresidues
C

Let us see the case of the last example. If C is a path enclosing z = 0 and z = 1 then the
residue for the first pole is 1 and that for the second pole —1 (for a counterclockwise path)
so that the integral vanishes:

dz 1 1 1 dz dz
= ————ldz= —-¢—=0
§zz(z—1) i{z—l z sz ‘ ifz—l z

C C

The fundamental theorem of algebra

Firstly let us prove the Liouville’s theorem: if f(x) is analytic and bounded in the
whole complex plane then it is a constant. If f{x) is bounded we have:

) | <M

The derivative of f{x) is always given by:

U I G

2ne, C(t—z)

Following the circular path ¢ —z = rexp(elz(p) we have:

f(Z): 271 p J-f(”exp(elz(o)) exp(— elz(/’)d(P

Using the inequality ‘ [ £(2)dz ‘ < [|/(2)]dz. we find:

SLj‘I rexp(e (p))| a’(pSLTMa?gozi
2nr " 2nr 2nr
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Since the function is analytic in the entire plane, we may take the radius 7 as large as we
wish. In consequence, the derivative must be null and the function constant, which is the
proof of the theorem.

A main consequence of the Liouville’s theorem is the fundamental theorem of
algebra: any polynomial of degree n has always n zeros (not necessarily different):

PR =ataztat+.. +a,2'=0 = Iz ief{l,.,n} piz)=0

where ao, a1, as, ... a, are complex coefficients. For real coefficients, the zeros are whether
real or pairs of conjugate complex numbers. The proof is by supposing that p(z) has not
any zero. In this case f{z) = 1/p(z) is analytic and bounded (because p(z)— 0 for ’z ’ —> 0)
in the whole plane. From the Liouville’s theorem f{z) and p(z) should be constant
becoming in contradiction with the fact that p(z) is a polynomial. In conclusion p(z) has at
least one zero.

According to the division algorithm, the division of the polynomial p(z) by z — b
decreases the degree of the quotient g(z) by a unity, and yields a complex number 7 as
remainder:

p@)=(z=-b)q(z)+r
The substitution of z by b gives:
pb)y=r

That is, the remainder of the division of a polynomial by z — b is equal to its numerical
value for z= b . On the other hand, if b is a zero z;, the remainder vanishes and we have an
exact division:

p2)=(z~2z)q(2)

Again ¢(z) has at least one zero. In each division, we find a new zero and a new factor, so
that the polynomial completely factorises with as many zeros and factors as the degree of
the polynomial, which ends the proof:

p(2)=a,[](z-2) n = degree of p(z)
i=1

For example, let us calculate the zeros of the polynomial z° — 5 2+ 8 z — 6. By the
Ruffini method we find the zero z = 3:

I 1 -5 8 -6

3| 3 6 6
L

1 ) 2 | o

The zeros of the quotient polynomial 2> =2z -2 are obtained through the formula
of the equation of second degree:
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+./4-4.1.
Z:2_ 4 412=1i ,_—1211612

2-1
yielding a pair of conjugate zeros. Then the factorisation of the polynomial is:

2-52482z-6=(z-3)(z—[l+en])(z-[l-en])

Exercises

3.1 Multiply the complex numbers z = 1 + 3 ¢ and 1 = -2 + 2 ej,. Draw the geometric
figure of their product and check the result found.

3.2 Prove that the modulus of a complex number is the square root of the product of this
number by its conjugate.

3.3 Solve the equation x* —1 = 0. Being of fourth degree, you must obtain four complex
solutions.

3.4 For which natural values of # is fulfilled the following equation?
(I+en)' +(l-en)'=0

3.5 Find the cubic roots of -3 +3 ¢y .

3.6 Solve the equation:
2+ (-3+2ep)z+5-e=0

3.7 Find the analytical extension of the real functions sin x and cos x.

3.8 Find the Taylor series of log(1 + exp(- z)).

3.9 Calculate the Lauren series of 2; in the annulus 1< | z—2 | <4,
z°+2z-8

3.10 Find the radius of convergence of the series Z - — and its analytic function.

=47 (z+1)
sin z

2
z

3.11Calculate the Lauren series of and the annulus of convergence.

3.12 Prove that if f{z) is analytic and does not vanish then it is a conformal mapping.
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4. TRANSFORMATIONS OF VECTORS

The transformations of vectors are mappings from the vector plane to itself. Those
transformations preserving the modulus of vectors, such as rotations and reflections, are
called isometries and those which preserve angles between vectors are said to be
conformal. Besides rotations and reflections, the inversions and dilatations are also
conformal transformations.

Rotations Figure 4.1

A rotation through an angle « is the
geometric operation consisting in turning a
vector until it forms an angle o with the
previous orientation. The positive direction of
angles is counterclockwise (figure 4.1). Under
rotations the modulus of any vector is
preserved. According to the definition of
geometric product, the multiplication of a v
vector v by a unitary complex number with
argument « produces a vector v’ rotated
through an angle o with regard to v.

vi=vl,=v(cosa+epnsina)

This algebraic expression for rotations, when applied to a real or complex number
instead of vector, modifies its value. However, real numbers are invariant under rotations
and the parallelograms can be turned without changing the complex number which they
represent. Therefore this expression for rotations, although being useful for vectors, is not
valid for complex numbers. In order to remodel it, we factorise the unitary complex
number into a product of two complex numbers with half argument. According to the
permutative property, we can permute the vector and the first complex number whenever
writing the conjugate:

a . a .
ViEvlg=vimlgn=1_gp vigp=(cos ——epsin — )v(cos — +eppsin —)
2 2 2 2
The algebraic expression for rotations now found preserves complex numbers:

2=l zlep=z

Let us calculate the rotation of the vector 4 e; through 2t/ 3 by multiplying it by the
unitary complex with this argument:

2 2
Vvi=4e, (cosTnJrelz sinTnj=4el (—lnteu ?j:—2el +2\/§e2

2

On the other hand, using the half angle /3 we have:
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2 2 2

=(l—elz £J4el (lJre12 ?J=—2el +2\/§e2

With the expression of half angle, it is not necessary that the complex number has unity
modulus because:

-1 -1
z=|z|1a/2 z =l_gp |Z|
Then, the rotation through an angle « can be written as:
1

vVi=z vz

The composition of two successive rotations implies the product of both complex
numbers, whose argument is the addition of the angles of both rotations.

Vv'=1_p2V' 1g2=1 21 _g2vilanlgin=1_(a+p)y2v]1(a+p)2

Reflections

Figure 4.2

A reflection of a vector in a direction is
the geometric transformation which preserves
the component having this direction and
changes the sign of the perpendicular
component (figure 4.2). The product of
proportional vectors is commutative and that
of orthogonal vectors is anti-commutative.
Because of this, the reflected vector v’ may be
obtained as the multiplication of the vector v
by the unitary vector u of the reflection axis at
the left and right hand sides:

. 2
ViFuvu=u(vytvi)u=uvyutuviu=v—vy with u” =1

where v| and v, are the components of v proportional and perpendicular to u respectively.

Instead of the unitary vector u, any vector d having the axis direction can be
introduced in the expression for reflections whenever we write its inverse at the left side
of the vector:

v’zmzd%vd

|a]f
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Although the reflection does not change the absolute value of the angle between
vectors, it changes its sign. Under reflections, real numbers remain invariant but the
complex numbers become conjugate because a reflection generates a symmetric
parallelogram (figure 4.3) and changes the sign of the imaginary part:

z=a-+bep a, b real

d(a+be,)d

Figure 4.3

!

For example, let us calculate the reflection
of the vector 3 e; + 2 e, with regard to the

direction e; — e;. The resulting vector will
be:

1 1
V':5(61—62)(3el+2ez)(€1—€2):5 (ei—ex)(1-5ep)=-2¢ -3 &

Inversions

The inversion of radius r is the geometric transformation which maps every vector
von v, thatis, on a vector having the same direction but with a modulus equal to )/
lv]:

lv| =r

vi=ry rreal Figure 4.4

This operation is a generalisation of
the inverse of a vector in the geometric
algebra (radius » = 1). It is called inversion
of radius r, because all the vectors with
modulus », whose heads lie on a
circumference with this radius, remain
invariant (figure 4.4). The vectors whose
heads are placed inside the circle of radius »
transform into vectors having the head
outside and reciprocally.

The inversion transforms complex
numbers into proportional complex numbers with the same argument (figure 4.5):

=y w=rwl z=yw

b A4 -1 -1 _ 4 2 —2_ Iz
zZ'=viw'=rv w =rvwy “w "= P
K
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Dilatations

The dilatation is  that
geometric  transformation ~ which
enlarges or shortens a vector, that is,
it increases (or decreases) k times the
modulus of any vector preserving its
orientation. The dilatation is simply
the product by a real number &

vi=kv k real

The most transformations of
vectors that will be used in this book
are combinations of these four
elementary transformations. Many

physical laws are invariant under some of these transformations. In geometry, from the
vector transformations we define the transformations of points on the plane, indispensable

for solving geometric problems.

Exercises

4.1 Calculate with geometric algebra what is the composition of a reflection with a

rotation.

4.2 Prove that the composite of two reflections in different directions is a rotation.

4.3 Consider the transformation in which every vector v multiplied by its transformed v’ is
equal to a constant complex z°. Resolve it into elementary transformations.

4.4 Apply a rotation of 27t/3 to the vector —3 e; + 2 e; and find the resulting vector.

Figure 4.5

4.5 Find the reflection of the former vector in the direction e; + e; .
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SECOND PART: THE GEOMETRY OF THE EUCLIDEAN PLANE

A complete description of the Euclidean plane needs not only directions (given by
vectors) but also positions. Points represent locations on the plane. Then, the plane R is
the set of all the points we may draw on a fictitious sheet of infinite extension.

Recall that points are noted with capital Latin letters, vectors and complex
numbers with lowercase Latin letters, and angles with Greek letters. A vector going from
the point P to the point O will be symbolised by PQ and the line passing through both

points will be distinguished as PQ .

Translations

A translation v is the geometric operation which moves a point P in the direction
and length of the vector v to give the point Q:

+:Rx V>R
P,v) 5> Q0=P+v

Then the vector v is the oriented segment going from P to Q. The set of points together
with vectors corresponding to translations is called the affine plane' (R* , V», +). From this
equality a vector is defined as a subtraction of two points, usually noted as PQ :

v=0-P=PQ

The sign of addition is suitable for translations, because the composition of translations
results in an addition of their vectors:

O=P+v R=0+w R=(P+v)+w=P+(v+tw)

5. POINTS AND STRAIGHT LINES
Coordinate systems Figure 5.1

Given an origin of coordinates O,
every point P on the plane is described by the
position vector OP traced from the origin. The
coordinates (ci1, c¢2) of a point are the
components of the postion vector in the chosen
vector base {ej, e2}:

OP=ciei+c e

Then every point is given by means of a pair of

" The affine plane does not imply a priori an Euclidean or pseudo-Euclidean character.



32 RAMON GONZALEZ CALVET

coordinates:
P=(c1, )
For example, the position vector shown in the figure 5.1 is:
OP=2¢+3e

and hence the coordinates of P are (2, 3).

A coordinate system is the set {O; e1, e»}, that is, the origin of coordinates O
together with the base of vectors. The coordinates of a point depend on the coordinate
system to which they belong. If the origin or any base vector is changed, the coordinates
of a point are also modified. For example, let us calculate the coordinates of the points P
and Q in the figure 5.2. Both coordinate systems have the same vector base but the origin
is different:

§=1{0; e, e2} S'={0"% e, e}
Since OP=2¢;+3 e and OP=2e¢e;,

the coordinates of the point P in the
coordinate systems S and S’ are

respectively: oo P
P=(2,3)s=(0,2)s .Q | | | o |
Analogously: ,"’ , . — / . .
OQ=—-4e+e; and O'Q=-6¢ / /
0= (-4, 1)s= (=6, 0)s Figure 5.2

The coordinate axes are the straight lines passing through the origin and having
the direction of the base vectors. All the points lying on a coordinate axis have the other
coordinate equal to zero.

If a point Q is obtained from a point P by the translation v then:

O=P+v o 0Q=0P+v

that is, we must add the components of the translation vector v to the coordinates of the
point P in order to obtain the coordinates of the point O:

(q1,42) = (p1, p2) + (v1,12)
For example, let us apply the translation v =3 e; — 5 e to the point P = (-6, 7):
Q:P+V:(_6a 7)+(35 _5):(_35 2)

On the other hand, given two points, the translation vector having these points as
extremes is found by subtracting their coordinates. For instance, the vector from P = (2, 5)



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 33

to O=(-3,4)is:
PO=0Q0-P=(-3,4)-(2,5=(5,-1)=-Se1—e

Remember the general rule for operations between points and vectors:
coordinates = coordinates + components

components = coordinates — coordinates

Barycentric coordinates

Why is the plane described by complicated concepts such as translations and the
coordinate system instead of using points as fundamental elements? This question was
studied and answered by Mobius in Der Barycentrische Calculus (1827) and Grassmann
in Die Ausdehnungslehre (1844). From the figure 5.3 it follows that:

OR=ciei+cex=c OP+6‘20Q
When writing all vectors as difference of

points and isolating the generic point R,
we obtain:

R=(1—C1—Cz)0+clp+02Q /

That is, a_coordinate system is a set of Figure 5.3
WMMLLM] e 1l : ; :

i ition i ity. The coefficients (1 — ¢1 — c2, c1, ¢2) are
usually called barycentric coordinates, although they only differ from the usual
coordinates in a third dependent coordinate.

Distance between two points and area

The distance between two points is the modulus of the vector going from one
point to the other:

dP,0)= |PO| = [0-P|
The distance has the following properties:

1) The distance from a point to itself is zero: d(P, P) = | PP| = 0 and the reverse
assertion: if the distance between two points is null then both points are coincident:

dP,0)=0 = |PO|=0 = Q-P=0 = P=0Q

2) The distance has the symmetrical property:
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d(P, Q)= |PQ| = |OP| = d(Q, P)

3) The distance fulfils the triangular o\«
inequality: the addition of the lengths of any QR
two sides of a triangle is always higher than
or equal to the length of the third side (figure PQ
5.4).

d(P, Q) +d(Q, R) > d(P, R) o PR
that is: .
Figure 5.4

|PO| +|OR| = | PR| = | PO +OR|

The proof of the triangular inequality is based on the fact that the product of the
modulus of two vectors is always higher than or equal to the inner product:

|PO[ |OR| >PQ - OR=|PQO||OR| cos «
Adding the square of both vectors to the left and right hand sides, one has:
PO’ +OR*+2 |PO| |OR| > PO* + OR* +2 PO OR
(|PO| +[OR[) =(PO+OR)
|PO| + | OR| > [ PO+ OR|

For any kind of coordinate system the distance is calculated through the inner
product:

d’(P, Q)= PO’ =PQ - PQ

The oriented area of a parallelogram is the outer product of both non parallel sides.
If P, Q and R are three consecutive vertices of the parallelogram, the area is:

A=PO A OR

Then, the area of the triangle with these vertices is the half of the parallelogram area.
1
A= 5 PO A OR

If the coordinates are given in the system formed by three non-linear points {O, X,

P:(I—XP—YP)O+XPX+yPY

O=(1-x0-yp)O+xpX+yoY
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R:( 1 —XR—yR)0+XRX+yRY
it is easy to prove that:

=X, =yp Xp Yy
PQ/\QR: 1_xQ_yQ Xo Yo OX A OY

l=Xxp—yr Xz Vi

Then the absolute value of the area of the triangle POR is equal to the product of the
absolute value of the determinant of the coordinates and the area of the triangle formed by
the three base points:

l=xp=yp Xp Y |0X/\OY|
A1~ 115 30 r|] 22

l=Xxp=yp Xz Vi

Condition of alignment of three points

Three points P, O, R are said to be aligned, that is, they lie on a line, if the vectors
PQ and PR are proportional, and therefore commute.

P, O, R aligned o PR=kPQ = POAPR=0 <
POPR-PRPQO=0 < POPR=PRPQ <« PR=PQ'PRPQ
The first equation yields a proportionality between components of vectors:

Yo = Jp _Yr™JVp
Xo=Xp Xp—Xp

The second equation means that the area of the triangle POR must be zero:

=X, =yp Xp Yy
l—xQ—yQ Xo Yol =0

l=xp=yr Xz i

that is, the barycentric coordinates of the three points are linearly dependent. According to
the previous chapter, the last equality means that the vector PR remains unchanged after a
reflection in the direction PQ. Obviously, this is only feasible when PR is proportional to
PQ, that is, when the three points are aligned.
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Cartesian coordinates

The coordinates (x, y) of any system having an orthonormal base of vectors are
called Cartesian coordinates from Descartes’. The horizontal coordinate x is called
abscissa and the vertical coordinate y ordinate. In this kind of bases, the square of a vector
is equal to the sum of the squares of both components, leading to the following formula
for the distance between two points:

P = (xp, yp) 0= (xg y0)
d(P,Q)z \/(XQ _xP)Z +(yQ _yP)Z

For example, the triangle with vertices P = (2, 5), Q = (3, 2) and R = (-4, 1) have
the following sides:

PO=0-P=(3,2)-(25)=(1,-3)=e1-3 e |PO| =10
OR=R-0=(-4,1)-(3,2)=(-7,-1)=-Te1—e> |OR| = /50

RP=P_R=(2,5)—(-4,1)=(6,4)=6ei+4e; |PR| =40
The area of the triangle is the half of the outer product of any pair of sides:

1 1
= POAOR= (e-3e)n(-Te—e)=-llen |4|=11

Vectorial and parametric equations of a line

The condition of alignment of three points is the starting point to deduce the
equations of a straight line. A line is determined whether by two points or by a point and a
direction defined by its direction vector, which is not unique because any other

proportional vector will also be a direction vector for this line. Known the direction vector
v and a point P on the line, the vectorial equation gives the generic point R on the line:

ri{v, P} P=(xp, yp) R=(x,)
PR=kv

Separating coordinates, the parametric equation of the line is obtained:
(6, ) = (e, yp) + K (v1, v2)

Here the position of a point on the line depends on the real parameter £, usually identified

* If the x-axis is horizontal and the y-axis vertical, an orthonormal base of vectors is called
canonical.
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with the time in physics.
Knowing two points P, O on the line, a direction vector v can be obtained by
subtraction of both points:

r: {P, O} v=0_-P
In this case, the vectorial and parametric equations become:
PR=kPQO < R=P+k(Q-P)=P(l1-k)+kQ

The parameter k£ indicates in which
proportion the point R is closer to P than to
Q. For example, the midpoint of the k<O O<k<1 1<k
segment PQ can be calculated with k= 1/2.
The figure 5.5 shows where the point R is
located on the line PQ as a function of the
parameter k. In this way, all the points of k
the line are mapped to the real numbers
incorporating the order relation and the
topologic properties of this set to the line’.

T o
P

Figure 5.5

Algebraic equation and distance
from a point to a line

If the point R belongs to the line, the vector PR and the direction vector v are
proportional and commute:

PRv=vPR & PRv_vPR=0 &
PRAv=0 <« PR =v'PRv

The last equation is the algebraic equation and
shows that the vector PR remains invariant
under a reflection in the direction of the line.
That is, the point R only belongs to the line
when it coincides with the point reflected in
this line. Separating components, the two-point

. X Figure 5.6
equation of the line arises:

X—szy—yp - X—Xp — Y=Jp

Yy V) Xo=Xp Vo~ JVp

* In the book Geometria Axiomatica (Institut d'Estudis Catalans, Barcelona, 1993), Agusti
Reventos defines a bijection between the points of a line and the real numbers preserving the order

relation as a simplifying axiom of the foundations of geometry. I use implicitly this axiom in this
book.
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where v=(vi, ).

If the point R does not belong to the line, the reflected point R’ differs from R. This
allows to calculate the distance from R to the line as the half of the distance between R
and R’ (figure 5.6). The vector going from R to R'is equal to PR'— PR .

1 1 1
d(R,r)=7 |[R"-R | = 3 |PR’_PR|=5 | v:! PRv_PR |

We will obtain an easier expression for the distance by extracting the direction vector as
common factor:

|PR/\v|

[v]

1 1
d(R,r)= |lv' (PRv—-vPR)] =5 |lv="| |PRv—vPR|=

In this formula, the distance from R to the

line » is the height of the parallelogram

formed by the direction vector and (figure R
5.7).

Similar line equations can also be
deduced using the normal (perpendicular)
vector n. Like for the direction vector, the
normal vector is not unique because any v
other proportional vector may also be a
normal vector. The normal vector
anticommutes with the direction vector of
the line, and therefore with the vector PR,

P being a given point and R a general point on the line:

d(R,r)

0

> r

Figure 5.7

nPR=-PRn < nPR+PRn=0 < n*PR=0 < PR=_n""PRn

The last equation is also called the algebraic equation and shows that the vector
PR is reversed under a reflection in the perpendicular of the line. Taking components, the
general equation of the line is obtained:

nm(x—-xp)+m(y-yr)=0 = mx+nmy+c=0

where n = (n, n2) and ¢ is a real constant.

When the point R does not lie on the
line, the point R’ reflected of R in the
perpendicular does not belong to the line. Let
PR be the reversed of PR’, or equivalently
R" be the symmetric point of R with regard to
P (figure 5.8). Then, the distance from R to
the line 7 is the half of the distance from R to
R"

Figure 5.8

1
d(R,r)= | PR" — PR |
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_1 _l 3 _|PR'n|
|-n'PRn_PR |= 5 |-n~'(PRn+nPR) |——|n|

N |~

This expression is the modulus of the projection of the vector PR upon the perpendicular
direction. Both formulas of the distance are equivalent because the normal and direction
vectors anticommute:

nv=—vn P nv+tven=0 o nv=0
Written with components:

mvi+tmv=0

From each vector the other one is easily obtained by exchanging components and altering
a sign:

n=(n,m)=(v2,—v)

As an application, let us calculate the equation of the line  passing through the
points (2, 3) and (7, 6). A direction vector is the segment having as extremes both points:

v=(7,6)-(2,3)=(5,3)

and an equation for this line is:

From the direction vector we calculate the perpendicular vector » and the general equation
of the line:

n=(3,-5) 3(x—2)—5@r—3)=0 o 3x-5y+9=0

Now, let us calculate the distance from the point R = (-2, 1) to the line . We choose the
point (2, 3) as the point P on the line:

PR=R_P=(-2,1)—(2,3)=(-4,-2)

|PRAv| | PR 1 _|—4-3+(—2)-(—5)|_\/7
T O T e

d((-2,1),r)=

For another point R = (-3, 0 ), we will find a null distance indicating that this point lies on
r.
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Slope and intercept equations of a line

If the ordinate is written as a function of the abscissa, the equation so obtained is
the slope-intercept equation:

y=mx+b
Note that this expression cannot describe the vertical lines whose equation is x = constant.
The coefficient m is called the slope because it is a measure of the inclination of the line.
For any two points P and Q on the line we have:

yp=mxp+b

yo=mxo+b

Subtracting both equations:

Yo —yp=m (Xo—Xp)

we see that the slope is the quotient of ,'(P Xg

ordinate increment divided by the abscissa
increment (figure 5.9):
Figure 5.9
Yo = Vp
m=————
Xp = Xp

This quotient is also the trigonometric tangent of the oriented angle between the line and
the positive abscissa semiaxis. For angles larger than 5/2 the slope becomes negative.

b is the ordinate intercepted at the origin, the y-intercept:

x=0 = y=>b
If we know the slope and a point on a line, the point-slope equation may be used:

y—yp=m(x —xp)

Also, one may write for the intercept equation of a line:
X
—+ X =1
a b
where a and b are the x-intercept and y-intercept of the line with each coordinate axis.

Polar equation of a line

In this equation, the distance from a fixed point F'to the generic point P on the line
is a function of the angle ¢ with regard to the perpendicular direction (figure 5.10). If d is
the distance from F to the line, then:
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d
|FP|-
cosa Figure 5.10

This equation allows to relate easily the P

straight line with the circle and other conic

sections. d

oL

F

Intersection of two lines and pencil of
lines

The calculation of the intersection
of two lines is a very usual problem. Let us
suppose that the first line is given by the point P and the direction vector u# and the second
one by the point Q and the direction vector v. Denoting by R the intersection point, which
belongs to both lines, we have:

R=P+ku=Q+Iv = ku—lv=0Q-P=PQ

In order to find the coefficients & and /, the vector PQ must be resolved into a linear
combination of u and v, what results in:

k=POAv@uav)™ I=—unPQav)"

The intersection point is also obtained by directly solving the system of the
general equations of both lines:

{n1x+n2y+c=0
n'x+n,y+c'=0

The pencil of lines passing through this point is the set of lines whose equations
are linear combinations of the equations of both given lines:

(I-p)[mx+tmy+cl+p[nix+nry+c']=0

where p is a real parameter and

—o0< p<o Each line of the pencil <0 p=0
determines a unique value of p, P
independently of the fact that the O<p=1
geperal equation for a line is not p=1
unique
If the equation system has a 1
<p

unique point as solution, all the lines
of the pencil are concurrent at this
point. But in the case of an
incompatible system, all the lines of Figure 5.11 p=oo
the pencil are parallel, that is, they
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intersect in a point at infinity, which gives generality to the concept of pencil of lines.
If the common point R is known or given, then the equation of the pencil is written
as:

[(I-p)m+pni](x—xp)+[(1-p)mtpn2](y-yr)=0

For 0<p<l1, the normal and direction vectors of the p-line are respectively comprised
between the normal and direction vectors of both given lines®. In the other case the vectors
are out of this region (figure 5.11)

For example, calculate the equation of the line passing through the point (3, 4) and
the intersection of the lines 3 x +2 y+4 =0 and 2 x — y + 3 = 0. The equation of the
pencil of lines is:

(1-p)(3x+2y+4)+p(2x-y+3)=0
The line of this pencil to which the point (3, 4) belongs must fulfil:
(1-p)(3-3+2.4+4)+p(2.3-4+3)=0
yielding p = 21/16 and the line:
27x-31y+43=0

Which is the meaning of the coefficient of linear combination p? Let us write the
pencil of lines P determined by the lines R and S as:

P=(1-p)R+pS

which implies the same relation for the normal vectors:
np =(1—p) g +p Ny

Taking outer products we obtain:

n,Al, p np AN
npAng  p-1 nP/\(nR_nS)

These equalities are also valid for direction vectors whenever they have the same modulus
than the normal vectors. When the modulus of the normal vectors of the lines R and S are
equal we can simplify:

p __sin (RP)
1-p sin (PS)

In this case, the value p = 1/2 corresponds to the bisector line of R and S. We see from this
expression and the foregoing ones that each value of p corresponds to a unique line.

* This statement requires that the angle from the direction vector to the normal vector be a positive
right angle.
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Dual coordinates

The duality principle states that any theorem relating incidence of lines and points
implies a dual counterpart where points and lines have been exchanged. The phrase «two
points determine a unique line passing through these points» has the dual statement «two
lines determine a unique point, intersection of these lines». All the geometric facts have an
algebraic counterpart, and the duality is not an exception. With the barycentric coordinates
every point R on the plane can be written as linear combination of three non aligned points
O, Pand Q:

R=(l-p-q)O+pP+q0=(,q)

where p and ¢ are the coordinates and O the origin.
These three points determine three non parallel lines 4, B, and C in the following
way:

A=PQO B=00 C=0P

Then the direction vectors v4 = PQ, vg = OP, vc = QO are related by:

vV, tvy,+v.=0

Note that vz and —v¢ are the base of the vectorial plane.
Any line D on the plane can be written as linear combination of these lines:

D=(1-b-c)A+bB+cC

This means that the general equation (with point coordinates) of D is a linear combination
of the general equations of the lines 4, B and C. I call b and c the dual coordinates of the
line D. In order to distinguish them from point coordinates, I shall write D = [b, c]. The
choice of the equation for each line must be unambiguous and therefore the normal vector
in the implicit equations for A, B and C will be obtained by turning the direction vector
over 1/2 counterclockwise.

Let us see some special cases. If the dual coordinate b is zero we have:

D=(l_c)Ad+cC

which is the equation of the pencil of lines passing through the intersection of the lines A4
and C, that is, the point P. Then P = [0, c] (for every c). Analogously, ¢ = 0 determines the
pencil of lines passing through the intersection of the lines 4 and B, which is the point O,
and then Q = [b, 0] (for every b). The origin of coordinates is the intersection of the lines
B and C and then O = [b, 1 — b] (for every b). Compare the dual coordinates of these
points:

O=1b, 1-b] P=[0,¢c] O=[b,0] v b,c

with the point coordinates of the lines 4, B and C:
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A:(ps 1_p) B:(OaQ) C:(pao) vp:q

Let us see an example: calculate the dual Cartesian coordinates of the line 2x + 3y
+ 4 = 0. The points of the Cartesian base are O = (0, 0), P = (1, 0) and Q = (0, 1). Then the
lines of the Cartesian base are 4: —x — y +1=0, B: x =0, C: y=0. We must solve the
identity:

2x+3y+d4=a'(—x—y+1)+db'x+c'y Vx,y

x(2+a'=b")ty(3+ta'-c')+4-a'=0
whose solution is:

a'=4 b'=6 c'=7

Dividing by the sum of the coefficients we obtain:

M:i(_x—_ +1)+£X+l
17 17 Y 17 7Y

from where the dual coordinates of this line are obtained as [b, c] = [6/17, 7/17]. Let us

see their meaning. The linear combination of both coordinates axes is a line of the pencil
of lines passing through the origin:

7
—x+—y=0 or 6x+7y=0

This line intersects the third base line —x —y + 1 = 0 at the point (7, —6), whose pencil of
lines is described by:

6 7
-x-y+D)+(l-a)| —x+—y |=0
a(=x=y+1)+( )(13 13yj

Then 2 x + 3 y + 4 = 0 is the line of this pencil determined by a = 4/17.

On the other hand, how may we know whether three lines are concurrent and
belong to the same pencil or not? The answer is that the determinant of the dual
coordinates must be zero:

D=(1-b-c)A+bB+cC

E=(1-b'-c"YA+b'B+c'C

F=(1-b"—c")A+b"B+c"C

D, E and F concurrent o 1-b'—=c" b c'|=0
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When it happens, we will say that the lines are linearly dependent, and we can write
anyone of them as linear combination of the others:

F=(1-k)D+kE
We can express a point with an equation for dual coordinates in the same manner

as we express a line with an equation for point coordinates. For example, the point (5, 3)
is the intersection of the lines x = 5, y = 3 whose dual coordinates we calculate now:

x—SEa’(l—x—y)+b’x+c'y = a'=-5 b=_4 (=25

From where a = 5/14, b = 4/14 and ¢ = 5/14. The dual coordinates of x = 5 are [4/14,
5/14]. Analogously:

y—3Ea’(1—x—y)+b'x+c’y = a'=-3 b'=_3 (=2
From where @ = b = 3/8, ¢ = 2/8. The dual coordinates of y = 3 are [3/8, 2/8]. The linear

combinations of both lines are the pencil of the point (5, 3), which is described by the
parametric equation:

bﬂﬂzu—k)E%’%l+k{%§}

By removing the parameter £, the general equation is obtained:

b-4/14 c—5/14
5 —6

o  12b+10c-7=0

That is, the dual direction vector of the point (5, 3) is [5, —6] and the dual normal vector is
[6, 5]. In the dual plane, an algebra of dual vectors can be defined. A dual direction vector
for a point may be obtained as the difference between the dual coordinates of two lines
whose intersection be the point. Then, there exist dual translations of lines:

dual+: LxW — L L ={plane lines} W = {dual vectors}
A,w)>B=A+w

That is, we add a fixed dual vector w to the line 4 in order to obtain another line B.

Let us prove the following theorem: all the points whose dual direction vectors are
onal liened with ‘d of { i

The proof begins from the dual continuous equation for a point P:

b-b, c-c,

Vi vV,

which can be written in a parametric form:
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P: [b,c]= (1 —k)[bo,co]+ k[b0 +'v,, ¢y + vz]

This equation means that P is the intersection point of the lines with dual coordinates [bo,
co] and [bo +vy, co +v2]. Then P must be obtained by solving the system of equations of
each line for the point coordinates p, ¢ (x, y if Cartesian):

(1-b, —c,)A+b,B+c,C=0
(l—b0 —Ccy—V —vz)A+(bO +vl)B+(c0 +v2)C=0

By subtraction of both equations, we find an equivalent system:

(1-by —c,)A+b,B+c,C=0
—(v, +v,)A+v,B+v,C=0

Now, if we consider a set of points with the same (or proportional) dual direction vector,
the first equation changes but the second equation remains constant (or proportional). That
is, the first line changes but the second line remains constant. Therefore all points will be
aligned and lying on the second line:

—(v, +v,)4+v,B+v,C=0

However in which matter do two points differ whether having or not a proportional dual
direction vector? We cannot say that two points are aligned, because we need three points
at least. Let us search the third point X, rewriting the foregoing equality:

Vi V)

(B—4)+

C-4)=0
v, +V, v1+v2( )

Now the variation of the components of the dual vector generates the pencil of the lines B
— A and C — A. That is, the intersection of both lines is the point X searched:

B-4=0
C-4=0

Then, two points have a proportional dual direction vector if they are aligned with the
point X, intersection of the lines B — 4 and C — 4. However, note that the addition of
coefficients of each line is zero instead of one, so that one dual coordinate of each line is
infinite:

B—A=[w,c] C—A=b, »]

I call X the point at the dual infinity or simply the dual infinity point. The dual infinity
point has finite coordinates and a very well defined position. Then the points with
proportional dual vector are always aligned with the dual infinity point, and I shall say
that they are parallel points in a dual sense, of course. In order to precise which point is X
let us take in mind that the lines B — 4 and C — 4 are the medians of the triangle OPQ (the
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point base). Hence the dual infinity point is the centroid of the base triangle OPQ. With
Cartesian coordinates O = (0, 0), P = (1, 0), O = (0, 1) and X = (1/3, 1/3). This ends the
proof.

Summarising, we can say that two parallel points are aligned with the dual infinity
point, which is the dual statement of the fact that two parallel lines meet at the infinity,
that is, there is a line at the infinity, in the usual sense. This is the novelty of the projective
geometry in comparison with the Euclidean geometry. In fact, the problem arises because
the point coordinates take infinite values, but the line L at the infinity is a well defined line
with finite dual coordinates [1/3, 1/3]:

[l l}_A+B+C
3’3 3

This means that the line L at the infinity belongs to the pencil of the lines (4 + B) /2 and C
. But both lines are parallel because their direction vectors are proportional:

VA+VB:—VC

That is, the lines (4 + B ) /2 and C meet at a point located at an infinite distance from the
origin of coordinates. Since any other parallel line meets them also at the infinity, this
argument does not suffice. However we can understand that the line L also belongs to the
pencil of the lines 4 and (B + C') /2, which are also parallel with another direction, that is,
they meet at another point of the infinity. Any other pencil we take has always its point of
intersection located at the infinity. Then L only has points located at the infinity and
because of this it is called the line at the infinity. Summarising we can say that the line at
the infinity is the centroid of the three base lines in spite of the incompatibility of its
equation:

_A+B+C
3

(—x—y+1)+x+y 1
-0 ~ =0
3 =3

L

Moreover, we may interpret the parallel lines as those lines aligned (in a dual sense) with
the line at the infinity:

E= [bE, CE] F= [bF, CF]

b, -b, b,-1/3
E| F =
| < ¢p—cp cp—1/3

This is a useful equality because it allows us to know whether two lines are parallel from
their dual coordinates.

Many of the incidence theorems (and also their dual theorems) can be solved by
means of line equations or dual coordinates. A proper example is the proof of the
Desargues theorem.

The Desargues theorem
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Given two triangles ABC and A'B'C’, let P be the intersection of the prolongation
of the side AB with the side A'B’, Q the intersection of BC with B'C’, and R the intersection
of CA4 with C'4". The points P, Q and R are aligned if and only if the lines 44’, BB' and
CC' meet at the same point.

Proof = The hypothesis states that the lines A4', BB’ and CC' intersect at the same

point O (figure 5.12): ~Q

O=aA+(1-a)A’ - ’5
_ |/ ™
O=bB+(1-b)B TP
\ KT T
\". ) - B - ""B, -,
with @, b and ¢ being real. Equating A «\ __
the first and second equations we ‘ h
obtain:
TCimw~r & 1N

aA+(l—-a)A'=bB+(1-b)B'
which can be rearranged as:
aA-bB=—(1-a)A'+(1-b)B'

Dividing by a — b the sum of the coefficients becomes the unity, and then the equation
represents the intersection of the lines 4B and A'B’, which is the point P:

po_4 4 b B_a—lA,_ b-1

= B’
a->b a->b a->b a->b

By equating the second and third equations for the point O, and the third and first ones,
analogous equations for O and R are obtained:

0= b p__¢ Czb_lB'—c_lC'
b-c b-c b-c b-c

R— c c- a A:c—lc,_a—lA,
c—a c—a c—a c—a

Now we must prove that P, O and R are aligned, that is, fulfil the equation:
R=dP+(1-d)Q with d real

With the substitution of the former equations into the last one we have:

C oo g 4P pli(1—a)-2B-C c
[ <=0 |

c—a c—a a->b b—a b-c b-c
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Arranging all the terms at the left hand side, the expression obtained must be identical to
zero because 4, B and C are non aligned points:

{_ da  a }A+[ db _b(l—d)}B_{cc +c(l—d)}CEO

a-b c—a a->b b-c —-a b-c

This implies that the three coefficients must be null simultaneously yielding a unique
value for d,

fact which proves the alignment of P, O and R, and gives the relation for the distances
between points:

ORQOP™'=(4'0 447 —B'O BB )(4'0 44" —C'O c'Cc™")!

Proof < We will prove the Desargues theorem in the other direction following the
same algebraic way but applying the duality, that is, I shall only change the words. O, 4,
B, C, P, Q and R will be now lines (figure 5.13).

The hypothesis states that the
points AA’, BB" and CC' belong to the
same line O, that is, O belongs to the
pencil of the lines 4 and A’, but also
to the pencil of the lines BB'and CC":

3 T

O=ad+(1—a)d’

O=bB+(1_b)B
P Figure 5.13
O=cC+(1_c)C

with a, b and c¢ being real
coefficients. Equating the first and
second equations we obtain:

aA+(l—-a)A'=bB+(1-b)B’
which can be rearranged as:
aA-bB=—(1-a)A'+(1-b)B'

Dividing by a — b the sum of the coefficients becomes the unity, and then the equation
represents the line passing through the points AB and 4B’ (belonging to both pencils),
which is the line P:

a_, b a—lA,_ b—-1

P: — =
a->b a-b a->b a->b

Bl
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By equating the second and third equations for the line O, and the third and first ones,
analogous equations for O and R are obtained:

b c b

0- B_ C— _IB' c—1

_ C'
b-c b-c b-c b-c
R— c c- a A=C_1C'—a_1A'
c—a c—a c—a c—a

Now we must prove that the lines P, QO and R belong to the same pencil, that is, fulfil the
equation:

R=dP+(1-d)Q with d real

With the substitution of the former equations into the last one we have:

< c--° Azd[ @ 40 B}L(l—d){ b p__¢ c}

c—a c—a a->b b—a b-c b-c

Arranging all the terms at the left hand side, the expression obtained must be identical to
zero because 4, B and C are independent lines (not belonging to the same pencil):

[_ da  a }A{ db _b(l—d)}BJ{cc +c(l—d)}czo

a-b c—a a->b b-c —-a b-c

This implies that the three coefficients must be null simultaneously yielding a unique
value for d,

fact which proves that P, Q and R are lines of the same pencil.
Exercises

5.1 Let 4 = (2, 4), B= (4, -3) and C = (2, -5) be three consecutive vertices of a
parallelogram. Calculate the fourth vertex D and the area of the parallelogram.

52 Prove the Euler’s theorem: for any four points 4, B, C and D the product AD BC +
BD CA + CD AB vanishes if and only if 4, B and C are aligned.

53  Consider a coordinate system with vectors { e;, e2 } where |e;|=1, |e2|=1 and
the angle formed by both vectors is 7/3.
a) Calculate the area of the triangle ABC being 4 = (2, 2), B=(4,4), C= (4, 2).
b) Calculate the distance between 4 and B, B and C, C and 4.

54  Construct a trapezoid whose sides |4B|, | BC|, |CD| and | DA | are known and

b



5.5

5.6

5.7

5.8
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AB is parallel to CD. Study for which values of the sides does the trapezoid exist.

Given any coordinate system with points {O, P, O} and any point R with
coordinates (p, g) in this system, show that:

- peg— Area RPQ _ Area ORQ _ Area OPR

Pma= Y rea 0PO P = Yrea 0PO 1= 4rea PO
Let the points 4 = (2, 3), B = (5, 4), C = (1, 6) be given. Calculate the distance
from C to the line 4B and the angle between the lines AB and AC.

Given any barycentric coordinate system defined by the points {O, P, O} and the
non aligned transformed points {O', P’, Q'}, an affinity (or an affine
transformation) is defined as that geometric transformation which maps each point
D to D'in the following way:

D=(1-x-y)O+xP+y(Q0— D'=(1-x-y)O'+xP'+yQ’

Prove that:

a) An affinity maps lines onto lines.

b) An affinity is equivalent to a linear mapping of the coordinates, that is, the
coordinates of any transformed point are linear functions of the coordinates of the
original point.

¢) An affinity preserves the coordinates expressed in any other set of independent
points different of the given base:

D=(1-b—-c)A+bB+cC— D'=(1-b-c)A'"+bB'+c ('

d) An affinity maps a parallelogram to another parallelogram, and hence, parallel
lines to parallel lines.

e) An affinity preserves the ratio DE DF ~ for any three aligned points D, E and
F.

If {4, B, C} is a base of lines and {4', B, C'} their transformed lines -the lines of
each set being independent-, consider the geometric transformation which maps
each line D to D'in the following way:

D=(l—b_c)d+bB+cC— D'=(l—b_c)A'+bB'+cC

a) Prove that every pencil of lines is mapped to another pencil of lines.

b) The dual coordinates of D' are linear functions of the dual coordinates of D.

¢) This transformation preserves the coefficients which express a line as a linear
combination of any three non concurrent lines, that is, in the foregoing mapping
{4, B, C} have not to be necessarily the dual coordinate base and can be any other
set of independent lines.

d) Parallel points are mapped to parallel points.

e) For any three concurrent lines P, Q and R, the single ratio of the dual vectors
PO PR is preserved.

f) Using the formula of the cross ratio of a pencil of any four lines (4BCD) as a



52 RAMON GONZALEZ CALVET

function of their direction vectors:

VAV Vy AV

(ABCD) =

VyNANVp Vg AV

show that it is preserved.

59 Calculate the dual coordinates of the lines x —y+1=0 and x—y+3=0. See
that they are aligned in the dual plane with the line at the infinity, whose dual
coordinates are [1/3, 1/3], and therefore are parallel.

5.10 Calculate the dual equations of the points (2, 1) and (-3, —1) and their direction
vectors. See that they are parallel points. Hence prove that they are aligned with
the dual infinity point, the centroid of the coordinate system (1/3, 1/3).

> This formula is deduced in the chapter devoted to the cross ratio.
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6. ANGLES AND ELEMENTAL TRIGONOMETRY

Here, the basic identities of the elemental trigonometry are deduced in close
connection with basic geometric facts, a very useful point of view for our pupils.

Sum of the angles of a polygon
Firstly let us see the special case
of a triangle. For any triangle ABC the
following identity holds:

CAAB'"ABBC'BCCA'=1

Let o B and y be the exterior angles
between the sides CA and AB, AB and Y

BC, BC and CA respectively (figure 6.1). Figure 6.1
Applying the definition of geometric

quotient, the modulus of all the sides are

simplified and only the exponentials of the arguments remain:

exp(a € )exp(ﬁ e, )exp(;/ 912)2 eXp[ (a +pB+ 7/)312]2 1

The three angles have the same orientation, which we suppose positive, and are
lesser than 7. Hence, since the exponential is equal to the unity, the addition of the three
angles must be equal to 27:

a+pf+y=2n

The interior angles, those formed by AB and AC, BC and CA, CA and CB are
supplementary of ¢, f3, y(figure 6.1). Therefore the sum of the angles of a triangle is equal
to rt:

(n —a)+(n - p)+(z—y)=n

This result is generalised to any polygon from the following identity:

ABBC™'BC ..YZ7'YZ747' 74 4B~ =1

Let ¢, B y... wbe the exterior angles formed by the sides Z4 and AB, AB and BC,
BC and CD, ..., YZ and ZA, respectively. After the simplification of the modulus of all
vectors, we have:

exp[(a+B+y+..+0)e,]|=1

Let us suppose that the orientation defined by the vertices 4, B, C ... Z is
counterclockwise, although the exterior angles be not necessarily all positive'. Translating

" That is, it is not needed that the polygon be convex.
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them to a common vertex, each angle is placed close each other following the order of the
perimeter and summing one turn:

a+pf+y+..+o=2n

The interior angles formed by the sides AB and ZA4, BC and BA, CD and CB,... ZA and ZY
are supplementary of ¢, f3, 7 ... . Therefore the sum of the angles of a polygon is:

(m-a)+(n-pB)+(n—y)+..+(n—w)=nn -2n=(n-2)n

n being the number of sides of the polygon. The deduction for the clockwise orientation of
the polygon is analogous with the only difference that the result is negative.

Definition of trigonometric functions and fundamental identities

Let us consider a circle with radius » (figure 6.2). The extreme of the radius is a
point on the circumference with coordinates (x, y). The arc between the positive X
semiaxis and this point (x, y) has an oriented length s, positive if counterclockwise and
otherwise negative. Also, the X-axis,
the arc of circumference and the
radius delimit a sector with an

oriented area 4. An oriented angle Figure 6.2
« 1s defined as the quotient of the arc
length divided by the radius™: y (x.y)
o= ﬁ r ﬁ S
r o A

Since the area of the sector is
proportional to the arc length and the
area of the circle is 2xr, it follows
that:

The trigonometric functions3, sine, cosine and tangent of the angle ¢, are respectively
defined as the ratios:

. y X
smao == cosa =— tga =

r

Y

=N

and the cosecant, secant and cotangent as their inverse fractions:

* With this definition it is said that the angle is given in radians, although an angle is a quotient of
lengths and therefore a number without dimensions.

? Also called circular functions due to obvious reasons, to be distinguished from the Ayperbolic
functions.
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r 1 1 X
csCa =—=—; seca=—= cotag=—=—-
y smma X cosa y tga
being r related with x and y by the Pythagorean theorem:
R=it+ P
Then the radius vector v is:
v=xe tye=r(cosg e +sing e)
From these definitions the fundamental identities follow:
sin o .
tga = sina +cos’ a =1 1+tg’a= 5 =sec’ «
cosa cos” a

If we take the opposite angle —¢ instead of ¢, the sign of y is changed while x and r are
preserved, so we obtain the parity relations:

sin(- )= —sin & cos(— a)=cosa tg(—a)=-tga

The sine and tangent are odd functions while the cosine is an even function.

Look at the figure 6.2: = n/2—q is the complementary angle of ¢ . If ¢ is higher
than /2, the angle pbecomes negative. On the other hand, if the angle ¢ is negative then
p 1s higher than r/2. The trigonometric ratios for g give the complementary angle
identities:

. X
sin f=—=cosa cos =
r

N =

=sina ‘[g,B:ﬁsL
y tga

Angle inscribed in a circle and double angle identities

Let us draw any diameter PQ and any
radius OA4 (figure 6.3) in a circle with centre O. Figure 6.3
Since OP is also a radius, the triangle POA is
isosceles and the angles OPA and PAO, which
will be denoted as ¢, are equal. Because the
addition of the three angles is equal to 7, the
angle AOP is 1 — 2¢ . The angle QOA is
supplementary of AOP, and therefore is equal to
2a, the double of the angle APQ. Let us draw
from A a segment perpendicular to the diameter
and touching it at the point N. By the definition of
sine we have:
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|NA|_|NA||PA|

sin 2a = =
|04| | P4| |0A4]

The first quotient is sing for the triangle PNA. If M is the midpoint of the segment
PA, then |PA| =2 |MA| and the second quotient is equal to 2 cos¢ for the triangle
MOA:
| MA]

sin2a=2sina——=2sina cosa

|04]

Through an analogous way we obtain cos 2« :

[oN|_(|PN|-|PO])| P4
|0A| | PA| |04|

2 2 =2
cos2a = =2cos"a—1=cos” a—sin“«a

Also this result may be obtained from the second fundamental identity. In order to obtain
the tangent of the double angle we make use of the first fundamental identity:

_sin2a _ 2sina cosa _ 2tga

2

tg2a = > — =
cos2a cosa-sin‘a 1-tg°«a

Finally, let us draw any other segment PB (figure 6.3). The angle BPQ will be
denoted as p. By the same arguments as above the angle BOQ is 2 5. While the angle BPA
is o + p, the angle BOA is 2¢ +23: an angle inscribed in a circumference is equal to the
half of the central angle (angle whose vertex is the centre of the circumference) which
intercepts the same arc of circle. Consequently, all the angles inscribed in the same circle
and intercepting the same arc are equal independently of the position of the vertex on the
circle.

Addition of vectors and sum of trigonometric functions

Let us consider two unitary vectors forming the angles ¢ and B with the e
direction (figure 6.4):

u=e cosa + e, sina v=e cosf+e,sinf

u+v=e, (cosa+cos f8)+e, (sina +sin j)

Figure 6.4

The addition of both vectors, u + v, is the
diagonal of the rhombus which they form, whence
it follows that the long diagonal is the bisector of
the angle ¢ — g between both vectors. The short
diagonal cuts the long diagonal perpendicularly
forming four right triangles. Then the modulus of
u + v is equal to the double of the cosine of the
half of this angle:

u+tv
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a-p
2

|u+v|:200s

Moreover, the addition vector forms an angle (¢ + ) /2 with the e; direction:

u+v=2cosa;’8(elcosa;ﬂ+e2sina;'gj

By identifying this expression for u + v with that obtained above, we arrive at two
identities, one for each component:

cosa +cos f=2cos

a+ﬂcosa—ﬂ
2 2
a+pf a—pf

sin & + sinff = 2 sin 5 cos 5

In a similar manner, but using a subtraction of unitary vectors, the other pair of
identities are obtained:

a+ﬁsina_ﬂ
2

a+ﬂsina—ﬂ

2 2

cosa —cos f =-2sin

sin @ —sin =2 cos

The addition and subtraction of tangents are obtained through the common
denominator:

sin o 4 sinf} _ sina cos B+ cosasin B sin(a+ f)

tgattgfp= + =
g ep cosa cosf cosa cos ff cosa cosf

Product of vectors and addition identities
Let us see at the figure 6.4, but now we calculate the product of both vectors:
vu=_e cosf+e,sinpB)(e cosa+e,sina)=

=cosacos S +sinasin S +e, (sin o cos ff —cosa sin ,B)

Since u and v are unitary vectors, their product is a complex number with unitary
modulus and argument equal to the oriented angle between them:

v u=cos(a — B)+e,, sin(a - )

The identification of both equations gives the trigonometric functions of the angles
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difference:

sin(e — 8)=sina cos - cosa sin 8

cos(a - ﬂ)E cosacos f +sina sin

Taking into account that the sine and the cosine are odd and even functions respectively,
one obtains the identities for the angles addition:

sin(a + f8) =sina cos 8 + cosa sin 8

cos(a + f8)=cosacos § —sina sin B

Rotations and De Moivre’s identity
If v'is the result of turning the vector v over an angle ¢ then:
v =v(cosa + e, sina)
To repeat a rotation of angle ¢ by 7 times is the same thing as to turn over an angle n¢ :

v'=v(cosa + e, sina)’ =v(cosna +e,, sinna)
= cosna +e,, sinna =(cosa + e, sina)’

This is the De Moivre’s identity4, which allows to calculate the trigonometric
functions of multiplies of a certain angle through the binomial theorem. For example, for »
=3 we have:

cos3a + e, sin3a =(cosa + e, sin a)3
=cos’ @ —3cosa sin‘a +e,, (3cos2 asina - sin3a)
Splitting the real and imaginary parts one obtains:
cos3a =cos’ @ —3cosa sin’a sin3a = 3cos’a sina —sin’a
And dividing both identities one arrives at:

_ 3
tg3a53tga t;g a
1-3tg"

* With the Euler’s identity, the De Moivre’s identity is:

exp( nae, ) = [exp(a €n )]n
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Inverse trigonometric functions

The arcsine, arccosine and arctangent are defined as the inverse functions of the
sine, cosine and tangent. They are multivalued functions and the principal values are taken
in the following intervals:

y =arcsin x = x=siny and —%Syé%
Y =arccos x < x=cosy and 0<y<nm
y =arctgx = x=tgy and —%<y<%
y = arccot x = x=coty and O0<y<m

From the definitions the parity of the inverse functions follow immediately:

arcsin x = —arcsin(- x) arccos x = arccos(— x)
arctgx =— arctg(— x)

Through the fundamental identities for the circular functions one obtains the
following identities’ for the inverse functions:

. X
arcsin x = [arccos VI-x* ]E arctg ——
2
-x

—

) N1 = x?
arccos x = [arcsmVl —x? ]E arctg ——
X

arctg x = arcsin

2 2

= |:aI‘CCOS

1+x 1+x

where the brackets indicate that the identity only holds for positive values.
From the complementary angles identities we have:

. T b
arcsinx = — — arccos x arctgx = 5 —arccotx

> The only inverse circular function predefined in the language Basic is the arctangent ATN(X), so
these identities allows us to program the arcsine and arccosine.
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Exercises

6.1 Prove the law of sines, cosines and tangents: if @, b and c are the sides of a triangle
respectively opposite to the angles ¢, 4 and y then:

la| _ |2 _ ]

sinag sinf siny

(law of sines)

F=a"+b -2 |al| |b] cos y (law of cosines)

a+pf
|a|+]b] 5

|a|-[b] L a-B
tg )

(law of tangents)

Hint: use the inner and outer products of sides.
6.2 Prove the following trigonometric identities:

a_ﬂcosﬂ_ycosy_a—l
2 2

cos(a — B)+cos(f — y)+cos(y —a)=4cos

a-p sinﬂ_7 siny_a

sin(a - ﬁ) + sin(ﬂ - ;/)+ sin(y - a) =—4sin 5 5

6.3 Express the trigonometric functions of 4¢ as a polynomial of the trigonometric
functions of ¢ .

6.4 Let P be a point on a circle arc whose extremes are the points 4 and B. Prove that the
sum of the chords AP and PB is maximal when P is the midpoint of the arc 4B.

6.5 Prove the Mollweide’s formulas for a triangle:

a+]b] lal=[p] "5
] ) sin% K ) cosg
6.6 Deduce also the projection formulas:
|a|=|b|cosy+|c|cos[)’ |b|=|c|cosa+|a|0057 |c|=|a|cosﬂ+|b|cosa

6.7 Prove the half angle identities:

. a 1-cosa a 1+ cosa o l-cosa 1-cosa sina
sm—=%+,/—— cos—=% |—— tg—== =— =
2 2 2 2 2 1+cosa sina 1+cosa
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7. SIMILARITIES AND SINGLE RATIO

Two geometric figures are similar if they have the same shape. If the orientation of both
figures is the same, they are said to be directly similar. For example, the dials of clocks are
directly similar. On the other hand, two figures can have the same shape but different
orientation. Then they are said to be oppositely similar. For example our hands are oppositely
similar. However these intuitive concepts are insufficient and the similarity must be defined
with more precision.

Direct similarity (similitude)

If two vectors u and v on the plane
form the same angle as the angle between the _
vectors w and ¢, and they have proportional VV Figure 7.1
lengths  (figure 7.1), then they are u
geometrically proportional:

)= 1)
|“|_M = uv' =wt

vl Tl

that is, the geometric quotient of u and v is equal to the quotient of w and ¢, which is a complex
number. This definition of a geometric quotient is also valid for vectors in the space provided
that the four vectors lie on the same plane. In this case, the geometric quotient is a quaternion, as
Hamilton showed.

The geometric proportionality for vectors allows to define the similarity of triangles.
Two triangles ABC and A'B'C" are said to be directly similar and their vertices and sides denoted
with the same letters are homologous if:

ABBC'=AB'B'C'"

that is, if the geometric quotient of two sides of the first triangle is equal to the quotient of the
homologous sides of the second triangle. Arranging the vectors of this equation one obtains the
equality of the quotients of the homologous sides:

AB' A'B'=BC'B'C’

One can prove easily that the third quotient of homologous sides also coincides with the
other quotients:

AB™ A'B'=BC™ B'C'=CA™ C'A'=r
The similarity ratio r is defined as the quotient of every pair of homologous sides, which

is a complex constant. The modulus of the similarity ratio is the size ratio and the argument is
the angle of rotation of the triangle 4'B'C’ with respect to the triangle ABC.
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A B' B .
= | s |exp[a(AB, AVB.)eu] Figure 7.2
A ¢

The definition of similarity is
generalised to any pair of polygons in the

following way. Let the polygons ABC...Z and c D D'
A'B'C'..Z" be. They are said to be directly
similar with similarity ratio » and the sides A
denoted with the same letters to be homologous
if:

r=AB™ A'B'=BC™'B'C'=CD™' C'D'=..=YZ"' YZ'=747" 7'4'

One of these equalities depends on the others and we do not need to know whether it is
fulfilled. Here also, the modulus of 7 is the size ratio of both polygons and the argument is the
angle of rotation. The fact that the homologous exterior and interior angles are equal for directly
similar polygons (figure 7.2) is trivial because:

B'A'B'C' ' =BABC™ —  angle A'B'C' =angle ABC
CB'CD''=cBCcD™ = angle B'C'D'=angle BCD etc.

The direct similarity is an equivalence relation since it has the reflexive, symmetric and
transitive properties. This means that there are classes of equivalence with directly similar
figures.

A similitude with |r | =1 is called a displacement, since both polygons have the same
size and orientation.

Opposite similarity

Two triangles ABC and A'B'C’' are B
oppositely similar and the sides denoted with
the same letters are homologous if:

ABBC™ =(A'B'B'C' " y*=B'C'" 4'B’ o
The former equality cannot be arranged in a
quotient of a pair of homologous sides as we
have made before. Because of this, the D B'
similarity ratio cannot be defined for the
opposite similarity but only the size ratio,
which is the quotient of the lengths of any two
homologous sides. An opposite similarity is always the composition of a reflection in any line
and a direct similarity.

C A

Figure 7.3
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ABBC'=v1'4B'BC'v & BC'v'BC=4B'v'4B o
BC(v'BC'v)=4aB (v'AB T v)=r

where r is the ratio of a direct similarity whose argument is not defined but depends on the
direction vector v of the reflection axis. Notwithstanding, this expression allows to define the
opposite similarity of two polygons. So two polygons ABC...Z and A'B'C"...Z" are oppositely
similar and the sides denoted with the same letters are homologous if for any vector v the
following equalities are fulfilled:

ABT'(v7'AB' 'v)= BCT (v BClv)=..= ZAT (v Z4'v)

that is, if after a reflection one polygon is directly similar to the other. The opposite similarity is
not reflexive nor transitive: if a figure is oppositely similar to another, and this is oppositely
similar to a third figure, then the first and third figures are directly similar. Then there are not
classes of oppositely similar figures.

An opposite similarity with |r|=1 is called a reversal, since both polygons have the
same size both opposite orientations.

The theorem of Menelaus

For every triangle ABC (figure 7.4), A Figure 7.4
three points D, E and F lying respectively on -
the sides BC, CA and AB or their prolongations
are aligned if and only if:

AFFB'BDDC ' CEEA™"'=_1

Proof = Let us suppose that D, E and F are
aligned on a crossing straight line. Let us
denote by p, g and r the vectors with origin at
the wvertices A, B and C and going
perpendicularly to the crossing line. Then every pair of right angle triangles having the
hypotenuses on a common side of the triangle ABC are similar so that we have:

Multiplying the three equalities one obtains:
AE"' CECD™'BDBF~' AF=1

Taking the complex conjugate expression and changing the sign of BF, CD and AE, the theorem
is proved in this direction:

AFFB'BDDC'CEEA™"=_1
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Proof « Being F a point on the line AB, D a point on the line BC and E a point on the line CA
we have:

F=aA+(1-a)B D=bB+(1-b)C E=cC+(1-c)A4
with a, b and c real. Then:
AF=(1-a)AB FB=a AB BD=(1-b)BC
DC=bBC CE=(1-¢)C4 EA=cCA

That the product of these segments is equal to —1 implies that:

(1-a)1-b)1-c¢) » (1-a)(1-b)

= c=
abc l—a-5

The substitution of ¢ in the expression for E gives:

_(l—a)(l—b)c_ ab
" l-a-b l-a-b

A

179 ji_p)crpB]-

=T — [aA+(1-a)B]

_ l—a D- b
l—a-5b l-a-5b

That is, the point £ belongs to the line FD, in other words, the point D, E and F are
aligned, which is the prove:

E=dD+(1-d)F ith d =——*
(1-d) b l-a-b
The theorem of Ceva Fionre 7 &
M
Given a generic triangle ABC, we draw A
three segments AD, BE and CF from each vertex
to a point of the opposite side (figure 7.5). The N A
three segments meet in a unique point if and F
only if:
Cc
BDDC™' CEEA™ AFFB™' =1 -

In order to prove the theorem, we



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 65

enlarge the segments BE and CF to touch the line which is parallel to the side BC and passes
through 4. Let us denote the intersection points by M and N respectively. Then the triangle BDO
is directly similar to the triangle MAO, and the triangle CDO is also directly similar to the
triangle NAO. Therefore:

BDDO™' =MA 40"

DODC™' =40 AN™!
The multiplication of both equalities gives:

BD DC™' = MA AN™'

Analogously, the triangles MEA and CEB are similar as soon as NF4 and BFC. Hence:

CEEA™' =BCAM™ AF FB™' = ANBC™'
The product of the three equalities yields:

BDDC™ CEEA™ AFFB™' =MA AN~ BCAM ™ ANBC™' =1
The sufficiency of this condition is proved in the following way: let O be the point of
intersection of BE and CF, and D' the point of intersection of the line 40 with the side BC. Let
us suppose that the former equality is fulfilled. Then:

BD'D'C™'=BD DC™!

Since both D and D' lie on the line BC, it follows that D = D',

Homothety and single ratio

A homothety with centre O and ratio k is the geometric transformation which dilates the
distance from O to any point A4 in a factor £:

Figure 7.6

OA'=0A k

O is the unique invariant point of the
homothety. If £ is real number, the homothety is
said to be simple (figure 7.6), otherwise is called
composite. If k is a complex number, it may always
be factorised in a product of the modulus and a
unitary complex number:

k= |k| z with |z| =1

The modulus of £ is the ratio of a simple homothety with centre O, and z indicates an
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additional rotation with the same centre. Then, a composite homothety is equivalent to a simple
homothety followed by a rotation. Direct similarities and homotheties are different names for
the same transformations (exercise 7.5). Also homotheties with |k|=1 and displacements are
equivalent.

The single ratio of three points A, B, and C is defined as:

(A B C)=ABAC™'

The single ratio is a real number when the three points are aligned, and a complex
number in the other case. Under a homothety, the single ratio of any three points remains
invariant. Let us prove this. Because any vector is dilated and rotated by a factor &, we have:

AB'=0B'—OA'=0Bk—0OAk= ABk
A'C'=AC k — AC'=k'ac™!
(A" B' C'")=ABkk™ AC"=ABAC™"=(4 B C)

If the single ratio is invariant for a geometric transformation, then it transforms triangles
into directly similar triangles and hence also polygons into similar polygons:

(A B C)=(A4'"B' C") — ABAC'=AB'AC'™' = AC'A'C'=4B' A'B’

Therefore, the homothety always transforms triangles into directly similar triangles as
shown in the figure 7.6. It follows immediately that the homothety preserves the angles between
lines. It is the simplest case of conformal transformations, the geometric transformations which
preserve the angles between lines. Since a line
may also be transformed into a curve, and for
the general case a curve into a curve, the
conformal transformations are those which
preserve the angle between any pair of curves,
that is, the angle between the tangent lines to
both curves at the intersection point. A
transformation is directly or oppositely
conformal whether it preserves or changes the
sense of the angle between two curves (figure
7.7). This condition is equivalent to the
conservation of the single ratio of any three
points at the limit of accumulation:

Figure 7.7

lim (4BC)= lim (4'B'C’)  directly conformal
B,C—> 4 B, C'—> A’

lim (4BC)= lim (4'B'C")* oppositely conformal
B,C > A4 B,C'— A
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Exercises

7.1 Let T be the triangle with vertices (0, 0), (2, 0), (0, 1) and 7" that with vertices (2,0), (5, 1)
and (4, 2). Find which vertices are homologous and calculate the similarity ratio. Which is
the size ratio? Which is the angle of rotation of the triangle 7"’ with respect to 77

7.2 The altitude perpendicular to the hypotenuse divides a right triangle in two smaller right
triangles. Show that they are similar and deduce the Pythagorean theorem.

7.3 Every triangle ABC with not vanishing area has a circumscribed circle. The line tangent to
this circle at the point B cuts the line AC at the point M. Prove that:

MAMC™" =4B*BC™

7.4 Let ABC be an equilateral triangle inscribed inside a circle. If P is any point on the arc BC,
show that |PA| = |PB| + | PC|.

7.5 Given two directly similar triangles 4BC and A'B'C’, show that the centre O of the
homothety that transform one triangle into another is equal to:

O=A—AA'(1-AB~ A'B")”!

7.6 Draw any line passing through a fixed point P which cuts a given circle. Let Q and Q' be the
intersection points of the line and the circle. Show that the product PO PQ’ is constant for
any line belonging to the pencil of lines of P.

7.7 Let a triangle have sides a, b and c. The bisector of the angle formed by the sides a and b
divides the side ¢ in two parts m and n. If m is adjacent to a and n to b respectively, prove
that the following proportion is fulfilled:

[m| _|n]

a
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8. PROPERTIES OF TRIANGLES
Area of a triangle

Since the area of a parallelogram is obtained as the outer product of two
consecutive sides (taken as vectors, of course), the area of a triangle is the half of the outer
product of any two of its three sides:

1 1 1
apQRZEPQ/\PRZEQR/\QPZ ERP/\RQ

If the vertices P, Q and R are counterclockwise oriented, the area is a positive
imaginary number. Otherwise, the area is a
negative imaginary number. Note that the
fundamental concept in geometry is the
oriented area’. The modulus of the area
may be useful in the current life but is
insufficient for geometry. From now on I
shall only regard oriented areas.

Writing the segments of the former
equation as differences of points we arrive
to:

Q

1
apor = E(PAQ+Q/\R+R/\P)

which is a symmetric expression under cyclic permutation of the vertices. The position
vector P goes from an arbitrary origin of coordinates to the point P. Then, P A Q is the
double of the area of the triangle OPQ. Analogously O A R is the double of the area of the
triangle OQOR and R A P is the double of the area of the triangle ORP. Therefore the
former expression is equal to (figure 8.1):

apor = aopp t aopr + aorp
For the arrangement of points shown in the figure 8.1 the area of OPQ is positive,

and the areas of OQOR and ORP are negative, that is, the areas of ORQ and OPR are
positive. Therefore, one would intuitively write, taking all the areas positive, that:

apor = Adopg — AORQ — AOPR

When one considers oriented areas, the equalities are wholly general and
independent of the arrangement of the pointsz.

" The integral of a function is also the oriented area of the region enclosed by the curve and the X-
axis.

% About this topic, see A. M. Lopshitz, Cdlculo de las dreas de figuras orientadas, Rubifios-1860
(1994).
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Medians and centroid
The medians are the segments going from each vertex to the midpoint of the

opposite side. Let us prove that the three medians meet in a unique point G called the
centroid (figure 8.2). Since G is a point on the median passing through P and (Q + R)/2:

G:kP+@—kﬁZ§§ k real

G lies also on the median passing through Q and (P + R) / 2:

P+R

G=mQ+(1-m)

m real

Equating both expressions we find:

kP+@—mQ;R=mQ+0—mf”R

A linear combination of independent points can vanish only if every coefficients are null,
a condition which leads to the following p
system of equations:

Figure 8.2

i—Llim_o P+Q

2 2
Lk 2o
2 2

k m
——+—=0

2 2 a

Q+R R

The solution of this system of
equations is & =1/3 and m =1/3, indicating
that the intersection of both medians are

located at 1/3 distance from the midpoints. The substitution into the expression of G
gives:

_P+QO+R
3

G

This expression for the centroid is symmetric under permutation of the vertices. Therefore
the three medians meet at the same point G, the centroid’.

* The medians are a special case of cevian lines (lines passing through a vertex and not
coinciding with the sides) and this statement is also proved by means of Ceva’s theorem.
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Perpendicular bisectors and circumcentre

The three perpendicular bisectors of the sides of a triangle meet in a unique point
called the circumcentre, the centre of the circumscribed circle. Every point on the
perpendicular bisector of PQ is equidistant from P and Q. Analogously every point on the
perpendicular bisector of PR is equidistant from P and R. The intersection O of both
perpendicular bisectors is simultaneously equidistant from P, Q and R. Therefore O also
belongs to the perpendicular bisector of QR and the three bisectors meet at a unique point.
Since O is equally distant from the three vertices, it is the centre of the circumscribed
circle. Let us use this condition in order to

calculate the equation of the circumcentre: .
Figure 8.3 o]

OP’=0Q"=0R'=d’ (‘

where d is the radius of the circumscribed
circle. Using the position vectors of each
point we have: R

(P-0F=(Q-0F = (R-0OF ' P
The first equality yields:
P_2P-0+0°=0"-20-0+0"
By simplifying and arranging the terms containing O at the left hand side, we have:
2(0-P) - 0=0"-P
2PQ-0=0Q-F
From the second equality we find an analogous result:
20R-0=R_(O’
Now we introduce the geometric product instead of the inner product in these equations:
PO O+0PO=0"_P
ORO+OQR=R -

By subtraction of the second equation multiplied on the right by PQ minus the first
equation multiplied on the left by OR, we obtain:

PO OR O—OPQ OR=PQ R°—PQ (- O° OR+P* OR

By using the permutative property on the left hand side and simplifying the right hand
side, we have:
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PO OR O - QR PO O=P> QR+ Q° RP+ R* PQ
2(POAOR)O=P QR+ (O RP +R* PO
Finally, the multiplication by the inverse of the outer product on the left gives:
O=(2POAOR)™" (PPOR+Q*RP+R*PQ)
= (P OR+Q'RP+R PQ)(2POAQR)™

a formula able to calculate the coordinates of the circumcentre. For example, let us
calculate the centre of the circle passing through the points:

P=(2,2) 0=(3,1) R=(4,-2)
P=3 0'=10 R*=20
OR=R_-Q=e—3es RP=P_R=_2e¢,+4ey PO=0Q-_P=e —e

2POAQOR=—4epn
e
O=_(8(e1-3e)+10(2e1+4e )+20(e1_e2))f

=_e1—2e=(-1,-2)
In order to deduce the radius of the circle, we take the vector OP:
OP=P_0=P+(P"OR+Q*RP+R*PO)(2POAOR)™

and extract the inverse of the area as a common factor:

OP=(2P POANOR+P*OR+Q*RP +R*PO)(2PO AOR) ' =
=[2P(PAQ+OAR+RAP)+P OR+Q°RP+R° PO (2POAOR) ™ =
=[P(PO-QP+QR-RQ+RP_PR)+P(R-0)+Q*(P-R)+

+R(Q-P)] (2PQAQR)™

The simplification gives:

OP=(POR-PROQ+PRP_PQOP+Q°P_Q°R+R°O—-R*P)(2POAOR)™"

=_(Q-P)(R-Q)(P-R)(2POAQR)'=—PQ OR RP(2PQOAQR)™
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Analogously:
O0=_0R RP PO(2POAQR)" OR=_RP PO QOR(2POAQOR)"

The radius of the circumscribed circle is the length of any of these vectors:

|OP|=|PQIIQRIIRP|= PO _ |or| _|RP|
2|POAQR|  2sinQRP 2sinRPQ  2sin POR

where we find the law of sines.

Angle bisectors and incentre

The three bisector lines of the angles of a Figure 8.4
triangle meet in a unique point called the incentre.
Every point on the bisector of the angle with
vertex P is equidistant from the sides PQ and PR
(figure 8.4). Also every point on the angle
bisector of Q is equidistant from the sides OR and
QOP. Hence its intersection / is simultaneously
equidistant from the three sides, that is, / is unique
and is the centre of the circle inscribed into the
triangle.

In order to calculate the equation of the
angle bisector passing through P, we take the sum
of the unitary vectors of both adjacent sides:

uotQ , PR yo 2P | OR
|PO| | PR| 0P| |OR|

The incentre / is the intersection of the angle bisector passing through P, whose
direction vector is u, and that passing through Q, with direction vector v:

I=P+ku=Q+mv k, m real

Arranging terms we find PQ as a linear combination of u and v:
ku—mv=0Q—-P=PQ

The coefficient £ is:

L _POAY_ | PO||RP|PQO AOR
" unv  POAOR|RP|+QRARP|PQ|+RP A PQ|OR|

Since all outer products are equal because they are the double of triangle area, this
expression is simplified:
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__|Pol|rP|
| RP[+[PO|+| OR|

Then, the centre of the circumscribed circle is:

| PO||RP| (PQ PRJ

I=P+ku=P+ +
| PO[+|OR|+[RP[\| PO| | PR

By taking common denominator and simplifying, we arrive at:

:P|QR|+Q|RP|+R|PQ|
|OR[+|RP[+[ PO

For example, let us calculate the centre of the circle inscribed inside the triangle with
vertices:

P=(0,00 0=(0,3) R=(40)
POl =3 |OR[=5 [RP|=4

1_5(0,0)+4(o,3)+3(4,o)_(12,12)_(1 )
- 5+4+3 12

In order to find the radius, firstly we must obtain the segment /P:

_QP|RP|+RP|PQ|
|OR|+| RP|+| PO

The radius of the inscribed circle is the distance from [ to the side PQ:

|tPAPO|  |RPAPQ)|
PO =501 = Tho[+|oR| | RP]

whence the ratio of radius follows:

radius of circumscribed circle _ 1 | PO | | OR | | RP|
radius of inscribed circle 2 | PO | +| OR | +| RP|

Altitudes and orthocentre

The altitude of a side is the segment perpendicular to this side (also called base)
which passes through the opposite vertex. The three altitudes of a triangle intersect on a
unique point called the orthocentre. Let us prove this statement calculating the
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intersection H of two altitudes. Since H belongs to the altitude passing through the vertex
P and perpendicular to the base OR (figure 8.5), its equation is:

H=P+zQOR z imaginary
because the product by an imaginary Figure 8.5
number turns the vector QR over 7/2, that
is, z PQ has the direction of the altitude. H
also belongs to the altitude passing through
0 and perpendicular to the base RP. Then
its equation is:

H=Q+tRP ¢t imaginary

By equating both expressions:
P+zQR=Q+tRP

we arrive at a vector written as a linear combination of two vectors but with imaginary
coefficients:

zQR —tRP=PQ
In this equation we must resolve PQ into components with directions perpendicular to the
vectors OR and RP. The algebraic resolution follows the same way as for the case of real
linear combination. Let us multiply on the right by RP:

zOR RP —t RP> = PO RP
and on the left:

RPz QR —RPtRP=RP PQ

The imaginary numbers anticommute with vectors:

—zRP OR+¢RP*=RP PQ

By adding both equalities we arrive at:

z(ORRP —RP OR)=PQ RP + RP PQ

__PORP+RPPQ _ PQ-RP
ORRP-RPOR ORARP

Analogously one finds #

. PO-OR
" ORARP
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Both expressions differ from the coefficients of real linear combination in the fact
that the numerator is an inner product. The substitution in any of the first equations gives:

H=P+zQR=P+(PORP+RPPQ)(ORRP_-RPOR)™" OR=
The vector QR anticommutes with the outer product, an imaginary number:
H=P_(PORP+RPPQO)OR(ORRP_RPQR) ' =
Extracting the area as common factor, we obtain:
H=[P(ORRP_RPQOR)—(PORP+RPPQO)OR](ORRP_-RPOR)™'
By using the fact that PO = Q — P, etc., we arrive at:
H=(PQORRP_QRPOR—-PPQOQOR+RPOOR)(ORRP_RPOR)"
=(PPOR+Q*RP+R*PO+PQORP+QRPQO+RPOR)(ORRP_RPQR)"'
=(PP-QR+0Q Q-RP+R R-PQO)(ORARP)™

This formula is invariant under cyclic permutation of the vertices. Therefore all the
altitudes intersect on a unique point,
the orthocentre. A

The equation of the orthocentre Figure 8.6
resembles that of the circumcentre. In
order to see the relationship between
both, let us draw a line passing through R a
P and parallel to the opposite side OR, H
another one passing through O and
parallel to RP, and a third line passing
through R and parallel to PQ (figure
8.6). Let A be the intersection of the
line passing through Q and that passing
through R, B be the intersection of the
lines passing through R and P respectively, and C be the intersection of the lines passing
through P and Q respectively. The triangle ABC is directly similar to the triangle POR
with ratio —2:

1 1 1
PO=——A4B R=——BC RP=——CA
Q 2 0 2 2

and P, Q and R are the midpoints of the sides of the triangle ABC:

=B+C Q=C+A R:A+B
2 2 2

P

Therefore the altitudes of the triangle POR are the perpendicular bisectors of the
sides of the triangle ABC, and the orthocentre of the triangle POR is the circumcentre of
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ABC. In order to prove with algebra this obvious geometric fact, we must only deduce
from the former relations the following equalities and substitute them into the orthocentre
equation:

B*-BC*+CB -C’

P P-OR= .
c’-cA4+4c*-4°
RP =
090 S
RR-PQ—As_A B*+B A4° - B’
8

By adding the three terms, the cubic powers vanish. On the other hand, the area of
the triangle POR is four times smaller than the area of the triangle ABC:

R P = BCACA

H=(-BC+CB —CA*+AC —AB*+BA*)(2BCACA)" =
= _(A*BC+B*CA+C*AB)(2BCACA)™

This is just the equation of the circumcentre of the triangle ABC.

Euler's line

The centroid G, the circumcentre O and the orthocentre H of a triangle are always
aligned on the Euler's line. To prove this fact, observe that the circumcentre and
orthocentre equations have the triangle area as a "denominator", while the centroid
equation does not, but we can introduce it:

_P+O+R

: =(P+Q+R)ORARP(30RARP)"

G

Introducing the equality:

PO-QP+QOR-RQO+RP-PR

QR/\RPZP/\Q+Q/\R+R/\P: B

the centroid becomes:
G=(P+Q+R)(PO-QOP+QR-RQO+RP_PR)(60ORARP)™
=(PPQ-PQP+PRP_PPR+QPQ-QQP+QQR-QRO+
ROR—RRQO+RRP_RPR)(60QRARP)™

=(—P°OR+PQORP_Q*RP+QRPQ—-R*PO+RPOR)(6ORARP)™
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from where the relation between the three points G, H and O follows immediately:

_H+20
3

G

Hence the centroid is located between the orthocentre and the circumcentre, and its
distance from the orthocentre is double of its distance from the circumcentre.

The Fermat's theorem

The geometric algebra allows to prove through a very easy and intuitive way the
Fermat's theorem.

Over every side of a triangle ABC we draw an equilateral triangle (figure 8.7). Let
T, U and S be the vertices of the

) ) . Figure 8.7
equilateral triangles respectively
opposite to 4, B and C. Then the U c
segments AT, BU and CS have the same T

length, form angles of 27t/3 and intersect

on a unique point F, called the Fermat's

point. Moreover, the addition of the A

three distances from any point P to each

vertex is minimal when P is the Fermat's

point, provided that any of the interior

angles of the triangle ABC be higher

than 27/3. S
Firstly, we must demonstrate that

BU is obtained from AT by means of a rotation of 27/3, which will be represented by the

complex number #:

21 . 2m
t=cos—+e;, Sin—
3 3

ATt=(AC+CT)t=ACt+CTt

By construction, the vector AC turned over 27/3 is the vector CU, and CT turned over
27/3 is BC, so:

ATt=CU+BC=BU

Analogously, one finds CB=BUt and AT = CS t . That is, the vectors CS, BU and AT
have the same length and each one is obtained from each other by successive rotations of
27/3.

Let us see that the sum of the distances from P to the three vertices 4, B and C is
minimal when P is the Fermat’s point. We must prove firstly that the vectorial sum of PA
turned 47/3, PB turned 27t/3 and PC is constant independently of the point P. (figure 8.8).
That is, for any two points P and P’ it is always true that:
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PAFf+PBt+PC=PAr+PBt+PC

fact which is proved by arranging all the terms in one side of the equation:
PP (£ +t+1)=0

This product is always zero since 7 +t+1=0. Hence, there is a unique point Q such
that:

PAf+PBt+PC=0C

Figure 8.8

For any point P, the three segments form a
broken line as that shown in figure 8.8.
Therefore, by the triangular inequality we
have:

|P4| + |PB| + |PC| > | OC|

When P is the Fermat’s point F, these
segments form a straight line. Then, the
addition of the distances from F to the three
vertices 1s minimal provided that no angle of
the triangle be higher than 27/3:

|FA| + |FB| + |FC| = |0C| < |PA| + | PB| + | PC|
In the other case, someone of the vectors FA £, FB t or FC has a sense opposite to the
others, so that its length is subtracted from the others and their sum is not minimal.
Exercises
8.1 The Napoleon’s theorem. Over each side of a generic triangle draw an equilateral
triangle. Prove that the centres of the three equilateral triangles also form an

equilateral triangle.

8.2 Prove the Leibniz’s theorem. Let P be any point on the plane and G the centroid of a
triangle ABC. Then the following equality holds:

1
3 PG* = PA*+ PB* + PC* — 5(A32+BCZ+CA2)

8.3 Let 4, B and C be three given points on the plane. Then any point G on the plane can
be expressed as a linear combination of these three points (G is also considered as the
centre of masses located at A, B and C with weights a, b and ¢ 4 ).

* See August Ferdinand Mébius, Der Barycentrische Calcul, Leipzig, 1827, p. 17 (facsimile
edition of Georg Olms Verlag, Hildesheim,1976).
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G=aA+bB+cC with a+b+c=1

Prove that:

a) a, b, ¢ are the fractions of the area of the triangle ABC occupied by the
triangles GBC, GCA and GAB respectively.

b) the geometric locus of the points P on the plane such that:

aPA+bPB +cPC =k
is a circle with centre G (Apollonius’ lost theorem).

8.4 Over every side of a convex quadrilateral ABCD, we draw the equilateral triangles
ABP, BCQ, CDR and DAS. Prove that:
a)If |AC| = | BD| then PR is perpendicular to OS.
b) If | PR| = | 0S| then AC is perpendicular to BD.

8.5 Show that the length of a median of a triangle ABC passing through 4 can be
calculated from the sides as:
, AB*+4C* BC?
my, = —
2 4

8.6 In a triangle ABC we draw the bisectors of the angles 4 and B. Through the vertex C
we draw the lines parallel to each angle bisector. Let us denote the intersections of
each parallel line with the other bisector by D and E. Prove that if the line DE is
parallel to the side AB then the triangle ABC is isosceles.

8.7 The bisection of a triangle (proposed by Cristobal Sanchez Rubio). Let P and Q be
two points on different sides of a triangle such that the segment PQ divides the
triangle in two parts with the same area. Calculate the segment PQ in the following
cases:

a) PQ is perpendicular to a given direction.
b) PQ has minimum length.
¢) PQ passes through a given point inside the triangle.
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9. CIRCLES
Algebraic and Cartesian equations

A circle with radius 7 and centre F is the locus of the points located at a distance r
from F, so its equation is:

dF,P)=|FP|=r & FP=¢
which can be written as:
(P_FyY=/F = P _2P-F+F_/=0

By introducing the coordinates of P = (x, y) and F = (a, b) one obtains the analytic
equation of the circle:

x2+y2—2ax—2by+a2+b2—r2=0
For example, the circle whose equation is:

2.2 _

X+y +4x-6y+9=0

has the centre F'= (-2, 3) and radius 2.

There always exists a unique circle passing through any three non aligned points.
In order to obtain this circle, one may substitute the coordinates of the points on the
Cartesian equation of the circle, arriving at a system of three linear equations of three
unknown quantities a, b and c:

x’+y  +ax, +by, +c=0

X, +y, +ax,+by, +c=0
2 2

X, +yy +ax;+by,+¢c=0

This is the classic way to find the equation of the circle, and from here the centre of the
circle.

However, a more direct way is the calculation of the circumcentre of the triangle
whose vertices are the three given points (see the previous chapter). Then the radius is the
distance from the centre to any vertex.

Intersections of a line with a circle

The coordinates of the intersection of a line with a circle are usually calculated by
substitution of the line equation into the circle equation, which leads to a second degree
equation. Let us now follow an algebraic way. Let F' be the centre of the circle with radius
r, and R and R’ the intersections of the line passing through two given points P and O
(figure 9.1):
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Figure 9.1

FR* =12
R=P+kPQ

From the first equality we obtain:
(R—-FY=R _2R-F+F=/¢

The substitution of R given by the second
equality yields:

(P+kPOY —2(P+kPQ) F+F =/
PP+2kP-PO+IPPQ*—2P-F_2kPQ-F+F _/*=0
By arranging the powers of &k one obtains:
K PO*+2k(P-PO —F-PO)+P _2F-P+F _/*=0
Taking into account that PF'= F — P one finds:
K PO*_2kPF-PQO+PF _r*=0
This equation has solution whenever the discriminant be positive:
4(PF-PQY —4PQ*(PFF—#*)>0
Introducing the identity (PF - PQ )2 —(PFAPQ Y = PQ2 PF the discriminant becomes:
4(PFAPQ)Y +4P0* >0

The solution of the second degree equation for £ is:

k=PF-PQ" J_r\/rzPQ‘2 +(PF/\PQ‘1)2

When r= | PF A PQ|/| PQ|, the line is tangent to the circle. In this case the height of the
parallelogram formed by the vectors PF and PQ is equal to the radius of the circle.
If u denote the unitary direction vector of the line PQ (figure 9.1):
P
u= ro
| PO|

then both intersection points are written as:
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R=P+kPQ=P+u(PF U —r? +(PF/\u)2j

R’=P+k'PQ=P+u(PF TSNS +(PF/\u)2J

Power of a point with respect to a circle

Both intersection points R and R’ have the following property: the product of the
vectors going from a given point P to the intersections R and R’ of any line passing
through P with a given circle is constant:

PRPR'=(PF-uY — *—(PFau)’ Figure 9.2
=PF _ /=PI

where T is the contact point of the tangent

line passing through P (figure 9.2). The F P
product PR PR’, which is independent of

the direction u of the line and only

depends on the point P, is called the

power of the point P with respect to the

given circle. The power of a point may be

calculated through the substitution of its coordinates into the circle equation. If its centre
is F=(a, b) and P = (x, ), then:

FP2—rz=(x—a)2+(y_b)2—r2=x2er2_2ax—2by+azerz—r2

The power is equal to zero when P belongs to the circle, positive when P lies outside the
circle, and negative when P lies inside the circle.

Polar equation

We wish to describe the distance
from a point P to the points R and R’ on the
circle as a function of the angle ¢ between
the line PR and the diameter (figure 9.3).
The vectors PR and PR’ are:

PRzu(PF cu—qr? —|PF/\u|2)
PR’=u(PF U+ +|PF/\u|2j Figure 9.3

We arrive at the polar equation by taking the modulus of PR and PR’, which is the
distance to the circle:
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| PR | =| PF|cosa —~r? = PF%sin’a
| PR’ | = | PF |cosa +4/r? = PF?sin’a

Figure 9.4

If P is a point on the circle then |PF| = r
(figure 9.4) and the equation is simplified:

|PR| =2rcos ¢

Inversion with respect to a circle

The point P’ is the inverse point of P
with respect to a circle of centre F’ and radius r if the vector FP’ is the inverse vector of
FP with radius £:

FP'=K FP™ N FP FP'=F

Obviously, the product of the '
vectors FP and FP' is only real and Figure 9.5
positive when the points P and P’ are T

aligned with the centre F and are located
at the same side of . The circle of centre
F and radius k is called the inversion
circle because its points remain invariant
under this inversion. The inversion
transforms points located inside the
inversion circle into outside points and
reciprocally.

To obtain geometrically the
inverse of an inside point P, draw firstly
(figure 9.5) the diameter passing through P; after this draw the perpendicular to this
diameter from P which will cut the circle in the point 7; finally draw the tangent with
contact point 7. The intersection P’ of this tangent with the prolongation of the diameter is
the inverse point of P. Note that the right triangles FPT and F'TP' are oppositely similar:

FPFT'=FP'FT — FP'FP=FT =¥

To obtain the inverse of an outside point, make the same construction but in the
opposite sense. Draw the tangent to the circle passing through the point (P’ in the figure
9.5) and then draw the perpendicular to the diameter FP' passing through the contact point
T of the tangent. The intersection P of the perpendicular with the diameter is the searched
inverse point of P".

Every line not containing the centre of inversion is transformed into a circle
passing through the centre (figure 9.6) and reciprocally. To prove this statement let us take
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the polar equation of a straight line:

d

| FP|=—— Figure 9.6

Then the inverse of P with centre F has the
equation:

k’ B k* cosa

| FP| d

Al
>

P

which is the polar equation of a circle passing
through F and with diameter K/d.q is the angle
between FP and FD, the direction perpendicular to
the line; therefore, the centre O of the circle is located on FD.

Let us prove that an inversion transforms a circle not passing through its centre
into another circle also not passing through its centre. Consider a circle of centre /" and
radius » which will be transformed under an inversion of centre P and radius k. Then any
point R on the circle is mapped into another point .S according to:

k* k2
| |_|PR|_|PF|cosai\/r2—PFzsin2a

where the polar equation of the circle is used. The multiplication by the conjugate of the
denominator gives:

k2(| PF |cosa FAr? — PFsin’a )

PF? —7?

|PS|=
which is the polar equation of a circle with centre G and radius s:
| PS | = | PG |cosa F+s® — PG’sina

K*|PF| k*|PF S k*
where |PG|:PF|2—r|2: Isz | SZPFZfrZZPTI;

PF* —#* = PT" is the power of the point P with respect to the circle of centre F.
Then we see that the distance from the centre of inversion to the centre of the circle and
the radius of this circle changes in the ratio of the square of the radius of inversion divided
by the power of the centre of inversion with respect to the given circle.

What is the power of the centre of inversion P with respect to the new circle?:

K (PF? -r) K
PT* - Pr?

PU* = PG* —5* =

That is, the product of the powers of the centre of inversion with respect to any circle and
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its transformed is constant and equal to the fourth power of the radius of inversion:
PT° PU* = k'

In the equation of the transformed circle the symbol + appears instead of + . It
means that the sense of the arc from R to R'is opposite to the sense of the arc from S'to §".

The nine-point circle

The Euler’s theorem states that the midpoints of the sides of any triangle, the feet
of the altitudes and the midpoints from each vertex to the orthocentre lie on a circle called
the nine-point circle.

Let any triangle POR whose orthocentre is H be. Now we evaluate the expression:

(P-H+Q-R) -(P-H-Q+R) =4P-H)-(Q-R)=0

which vanishes because the segment PH lying on the altitude passing through P is
perpendicular to the base OR. Analogously:

(P-H+Q-R) -(P+H-0Q-R) =4(Q-H)-(P-R)=0
e (P+H-Q—-R) —(P-H-Q+R) =4R-H)-(Q-P)=0
Hence: (P+Q-R-H) =(P-Q+R-H) =(P-Q-R+HY

Since the sign may be opposite inside the square we have:
(P+Q-R-H)Y =(P-Q+R-H) =(P-Q-R+HY) =
=(-P-Q+R+H) =(-P+Q0-R+H) =(-P+Q+R-HY)

Now we introduce the point N= (P + Q + R + H )/4 to obtain:

(N_R+Hj2 :(N_Q+_Hj2 :(N_QJerz :(N_PJrQT Z(N_P+Rj2 :(N_P+H)2
2 2 2 2 2 2

That is, N is the centre of a circle (figure 9.7) passing through the three midpoints of the
sides (P + Q)/2, (O + R)/2 and (R + P)/2 and the three midpoints of the vertices and the
orthocentre (P + H)/2, (Q + H)/2 and (R + H)/2.

Since we can write:
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N=l(P+Hj+l(Q+RJ
20 2 20 2

it follows that (P+H)/2 and (Q+R)/2 are P+H P
opposite extremes of the same diameter. 2 Figure 9.7
Then the vectors J—(P+H)/2 and
J—(Q+R)/2, which are orthogonal: L
P+Q
(J_P+H)(J_Q+Rj=0 >
2 2
are the sides of a right angle which
intercepts a half circumference of the nine Q / J Q+R R
point circle. Therefore, this angle is Q+H 2
inscribed and its vertex J also lies on the T2

nine-point circle. Also, we may go
through the algebraic way to arrive at the
same conclusion. Developing the former inner product:

O+R P+H_J+P+H.Q+R_
2 2 2 2

JP=J 0

Introducing the centre N of the nine-point circle, we have:

2
J2—2J~N+2N~Q;R —[Q;R) =0

and after adding and subtracting N’ we arrive at:
o+R Y
(J-N) —(T—NJ =0

which shows that the length of JN is the radius of the nine-point circle.
From the formulas for the centroid and orthocentre one obtains the centre N of the
nine-point circle:

_3G+H
4

N =(PORP+Q RPQ+R PO R)(4PQ AQR)"

. . : . Fi 9.8
that is, the point N also lies on the Euler’s line. The 1Bure

relative distances between the circumcentre O, the e
centroid G, the nine-point circle centre N and the o G N H
orthocentre H are shown in the figure 9.8.
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Cyclic and circumscribed quadrilaterals
First, let us see a statement valid for every quadrilateral: the area of a quadrilateral
ABCD is the outer product of the diagonals AC and BD. The prove is written in one line.

Since we can divide the quadrilateral in two triangles we have:

1 1 Figure 9.9
Area = EAB/\BC+ EACA CD

1
= S (C ABC+AC A CD)

AC A BD

N — N~

| AC| | BD|sin(AC, BD) e

The quadrilaterals inscribed in a circle are called cyclic quadrilaterals. They fulfil
the Ptolemy’s theorem: the product of the lengths of both diagonals is equal to the
addition of the products of the lengths of opposite sides (figure 9.9):

| AC||BD|=| 4B||CD|+|BC|| DA|

A Dbeautiful demonstration makes use of the cross ratio and it is proposed in the first
exercise of the next chapter.

For the cyclic quadrilaterals, the sum of opposite angles is equal to i, because they
are inscribed in the circle and intercept opposite arcs. Another interesting property is the
Brahmagupta formula for the area. If the lengths of the sides are denoted by a, b, ¢ and d
and the semiperimeter by s then:

| Area|=/(s—a) (s=b) (s—c) (s—d) S=a+b-;c+d

With this notation, the proof is written more briefly. The law of cosines applied to each
triangle of quadrilateral gives:

AC*=a’> +b*> —2abcos A
AC? =c* +d* —2cdcos(n — 1)

Equating both equations taking into account that the cosines of supplementary angles have
opposite sign, we have:

a’*+b*—2abcosi=c’>+d*+2cdcosA

a’>+b* —c* —d*=2(ab+cd )cos A
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a’+b*—c*-d?

=cos A
2(ab+cd) oos

The area of the quadrilateral is the sum of the areas of the triangles ABC and CDA:
b . d .
|Area|=%sml+%sm(n - 1)

Both sines are equal; then we have:

2
Area’ =Msin2 A=

(ab+cd) 1_(c12+b2—02—a'2)2
4 4(ab+cd)
2

:4(ab+cd)2—(1a62+b2—c2—d2) (s~ a)(s - B)(s (s —d)

Another type of quadrilaterals are those Figure 9.10 B
where a circle can be inscribed, also called
circumscribed  quadrilaterals. For  these
quadrilaterals the bisectors of all the angles
meet in the centre / of the inscribed circle,
because it is equidistant from all the sides.
When tracing the radii going to the tangency
points, the quadrilateral is divided into pairs of
opposite triangles (figure 9.10), and hence one
deduces that the sums of the lengths of
opposite sides are equal:

|AB|+|CD|=x+y+z+t=y+z+t+x=|BC|+|DA|

If a quadrilateral has inscribed and circumscribed circle, then we may substitute this
condition (a + ¢ = b + d) in the Brahmagupta formula to find:

|Area|=\Jabcd =,|| 4B|| BC||CD|| DA]

Since the sum of the angles of any quadrilateral is 2 and either of the four small
quadrilaterals of a circumscribed quadrilateral has two right angles (figure 9.10), it
follows that the central angles are supplementary of the vertices:

CBA=UBT ==n -TIU ADC =WDV =n =VIW

If the quadrilateral is also cyclic then the angles CBA and ADC are inscribed and intercept
opposite arcs of the outer circle, so that the segments joining opposite tangency points are
orthogonal:
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CBA+ ADC =n = TIU +VIW =mn = viow

Angle between circles

Let us calculate the angle between a circle centred at O with radius » and another
one centred at O’ with radius #". If | 0" — O| < r + 7' then they intersect. The points of
intersection P must fulfil the equations for both circles:

{(P—O)Z

(P-o07)

P2 P*-2P-0'+0"* ="

P P*-2P-0+0%=/*
=

Adding both equations we obtain:
2P -2P-(0+0)+0° +0" =r* +r"

It is trivial that the angle of intersection is the supplementary of the angle between both
radius, its cosines being equal:

_oP-oP P -P-(0+0')+0-0'
|op||oP'| rr

The substitution of the first equality into the second gives:

PP’ —(0- O')2

2rr'

cosa =

The cosine of a right angle is zero; therefore two circles are orthogonal if and only if:
rrrt = (O - O’)2

which is the Pythagorean theorem.

Radical axis of two circles

The radical axis of two circles is the locus of the points which have the same
power with respect to both circles:

OP> —r* =0'P* —r"”

Let X be the intersection of the radical axis with the line joining both centres of the circles.
Then:
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OX* -r’=0%X*>-r" =  0X’-0X’=r’-r"

(OX +0X)-(0X —0X)=r> — 1"

2(){—0;0)-00':#—#

Since OX and O'X are proportional to OO', the inner and geometric products are
equivalent and we may isolate X

_ O0+0'+ (r2 —}"2)00"1
2

X

Now let us search which kind of geometric figure is the radical axis. Arranging as before
the terms, we have:

2(P—OJ;OJ-OO’=r2—r'2

Introducing the point X we arrive at:
2(P-X)-00'=0

That is, the radical axis is a line passing through X and perpendicular to the line joining
both centres. If the circles intersect, then the radical axis is the straight line passing
through the intersection points.

The radical centre of three circles is the intersection of their radical axis. Let O, O'
and O" be the centre of three circles with radii 7, ' and ". Let us denote with X (as above)
the intersections of the radical axis of the first and second circles with the line OO’, and
with Y the intersection of the radical axis of the second and third circles with the line
joining its centres O'O". The radical centre P must fulfil the former equation for both
radical axis:

12 2 2 a2
{(P—X).OO'ZO P-00'=x-00'=2 02” a

oY s 1208 = "2 _ 2 12 2
(P-Y)-00"=0 P00 v 000 0+ -

2

Now we have encountered the coefficients of linear combination of an imaginary
decomposition. This process is explained in page 74 for the calculation of the orthocentre.
However there is a difference: we wish not to resolve the vector into orthogonal
components but from the known coefficients we wish to reconstruct the vector P. Then:

! 7014

00" A0'0" 00" AO0'0"

P-0'0" P-00’
00
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The substitution of the known values of the coefficients results in the following formula
for the radical centre which is invariant under cyclic permutation of the circles:

P=200' ~00") (0" - )00 + (0% - r*)0'0" + (0 - ) 0"0)

Exercises

9.1 Let 4, B, C be the vertices of any triangle. The point M moves according to the
equation:

MA* + MB*+ MC* =k

Which geometric locus does the point M describe as a function of the values of the real
parameter k?

9.2 Prove that the geometric locus of the points P such that the ratio of distances from P to
two distinct points 4 and B is a constant & is a circle. Calculate the centre and the radius of
this circle.

9.3 Prove the Simson’s theorem: the feet of the perpendiculars from a point D upon the
sides of a triangle ABC are aligned if and only if D lies on the circumscribed circle.

9.4 The Bretschneider's theorem: let a, b, ¢ and d be the successive sides of a
quadrilateral, m and n its diagonals and ¢ and y two opposite angles. Show that the
following law of cosines for a quadrilateral is fulfilled:

m*n* =a*c* + b*d* —2|a||b||c||d|cos(a+;/)

9.5 Draw three circles passing through each vertex of a triangle and the midpoints of the
concurrent sides. Then join the centre of each circle and the midpoint of the opposite side.
Show that the three segments obtained in this way intersect in a unique point.

9.6 Prove that the inversion is an opposite conformal transformation, that is, it preserves
the angles between curves, but changes their sign.
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10. CROSS RATIOS AND RELATED TRANSFORMATIONS
Complex cross ratio

The complex cross ratio of any four points A, B, C and D on the plane is defined
as the quotient of the following two single ratios:

(ABCD)=(ACD)(BCD)'=4CAD™' BDBC™

If the four points are aligned, then the cross ratio is a real number, otherwise it is a
complex number. Denoting the angles CAD and CBD as ¢ and g respectively, the cross
ratio is written as:

AC AD BD BC
4D || BC|

(ABCD)=

Figure 10.1

| AC||BD |
|AD||BC|eXp[(a ﬁ)elz]
If the four points are located in this order
on a circle (figure 10.1), the cross ratio is a
positive real number, because the inscribed angles
a and g intercept the same arc CD and hence are
equal, so:

| AC||BD |
(ABCD)=——
| AD|| BC |

But if one of the points C or D is located between 4 and B (figure 10.2), then ¢ and B
have distinct arcs CD with opposite orientation. Since ¢ and f3 are the half of these arcs, it
follows that ¢ — = n and the cross ratio is a

negative real number: Figure 10.2

_JACHBD|
| AD || BC |

(ABCD)= D

Analogously, if the four points are aligned
and C or D is located between 4 and B, the cross
ratio is negativel.

Other definitions of the cross ratio differ
from this one given here only in the order in
which the vectors are taken. This question is
equivalent to study how the value of the cross ratio changes under permutations of the
points. For four points, there are 24 possible permutations, but only six different values for
the cross ratio. The calculations are somewhat laborious and I shall only show one case.

" A straight line is a circle with infinite radius.
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The reader may prove any other case as an exercise. I also indicate whether the
permutations are even or odd, that is, whether they are obtained by an even or an odd
number of exchanges of any two points from the initial definition (4 B C D ):

(1) (ABCD)=(BADC)=(CDAB)=(DCBA)=r even
@) (BACD)=(ABDC)=(DCAB)=(CDBA)=% odd
(3) (ACBD)=(BDAC)=(CADB)=(DBCA)=1_r odd

) (CABD)=(DBAC)=(ACDB)=(BDCA)=i even
) (BCAD)=(ADBC)=(DACB)=(CBDA)=FT_l even
6) (CBAD)z(DABC):(ADCB)z(BCDA):ﬁ odd

Let us prove, for example the equalities (3):
(3) (ACBD)=ABAD™' CDCB™'=(AC+CB)AD™' (CB+BD)CB™' =
=ACAD™ CBCB™'+4CAD"' BD CB™' + CBAD™ CBCB™'+ CBAD™' BD CB™'

In the last term, under the reflection in the direction CB, the complex number 4D ~' BD
becomes conjugate, that is, these vectors are exchanged:

=ACAD™'+A4CAD™ BD CB™' + CBAD™" + BD AD™
=(AC+CB+BD)YAD™"' —ACAD'BDBC'=ADAD™ _r=1_r
Let us see that this value is the same for all the cross ratios of the case (3):
(BDAC)=BABC' DCDA™'=4ABCB™ CDAD™'=4B 4D~ CD CB™
=(ACBD)

where in the third step the permutative property has been applied. Also by using this
property one obtains:

(CADB)=CDCB™' ABAD'=CDAD™" ABCB™'=4B 4D~ CD CB™'
=(ACBD)
(DBCA)=DCDA™ BABC'=BADA™ DCBC™'=4B AD™" CD CB™'

=(ACBD)
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Harmonic characteristic and ranges

From the cross ratio, one can find a quantity independent of the symbols of the
points and only dependent on their locations. I call this quantity the harmonic
characteristic -because of the obvious reasons that follow now- denoting it as [4 B C D].
The simplest way to calculate it (but not the unique) is through the alternated addition of
all the permutations of the cross ratio, condensed in the alternated sum of the six different
values:

(ABCD)—(BACD)—(ACBD)+(CABD)+(BCAD)-(CBAD)=

Qr-1)(r+1)(r-2)
r(l—r)

When two points are permuted, this sum still changes the sign. The square of this
sum is invariant under every permutation of the points, and is the suitable definition of the
harmonic characteristic:

[ABCD]=[(ABCD)—~(BACD)~(ACBD)+(C ABD)+(BC AD)—(ABC D)[

Qr-1)(r+1) (r-2)

ABCD]=
[ : r2(1—r)2

The first notable property of the harmonic characteristic is the fact that it vanishes for a
harmonic range of points, that is, when the cross ratio (4 B C D) takes the values 1/2, —1
or —2 dependent on the denominations of the points. The second notable property is the
fact that the harmonic characteristic of a degenerate range of points (two or more
coincident points) is infinite.

Perhaps, the reader believes that other harmonic characteristics may be obtained in
many other ways, that is, by using other combinations of the permutations of the cross
ratio. However, other attempts lead whether to the same function of » (or a linear
dependence) or to constant values. For example, we can take the sum of all the squares,
which is also invariant under any permutation of the points to find:

(ABCD)*+(BACDY +(4CBD) +(CABD) +(BCAD) +(CBADY

2 2
:r2+_%+(1_”2+ 1 2+(r—21) LT 2=[AB(?D]+21
r (1-7r) r (r-1) 2

On the other hand, M. Berger (vol. I, p. 127) has used a function that is also
linearly dependent on the harmonic characteristic:
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4(r =r+1) | [4BCD]

277 (1=r) 27

Other useless possibilities are the sum of all the values of the permutations of the cross
ratio, which is identical to zero, or their product giving always a unity result.

Four points 4, B, C and D so ordered on a line are said to be a harmonic range if
the segments AB, AC and AD are in harmonic progression, that is, the inverse vectors
AB™', AC ™" and AD " are in arithmetic progression:

AB'_Ac'=4c'_aD™! e  ACAD'BDBC'=2

The cross ratio of a harmonic range is 2, but if this order is altered then it can be —1 or 1/2.
Note that this definition also includes harmonic ranges of points on a circle. On the other
hand, all the points of a harmonic range always lie on a line or a circle.

In order to construct the fourth point D forming a harmonic range with any three
given points 4, B and C (ordered in this way on a line) one must follow these steps (figure
10.3):

1) Draw the line passing through 4, B and C. Trace two any distinct lines R and S also
different from ABC and passing through A.

2) Draw any line passing through B. This

line will cut the line R in the point P and the Figure 10.3
line S in the point X.

3) Draw the line passing through C and X.
The intersection of this line with R will be
denoted by Q. Draw also the line passing

through C and P. This line intersects the A
line S in the point Y.

4) Now trace the line passing through Y and
O, which will cut the line ABC in the
searched point D, which completes the D
harmonic range.

For a clearer displaying I have
drawn some segments instead of lines, although the construction is completely general
only for lines.

If A, B and C are not aligned, the point D which completes the harmonic range lies
on a circle passing through the three given points (figure 10.4). In order to determine D
one must make an inversion (which preserves the cross ratio if this is real, as shown
below) with centre on the circle ABC, which transforms this circle into a line. In this line
we determine the point D’ forming a harmonic range with 4°, B’, C’ and then, by means
of the same inversion, the point D is obtained. In the drawing method the radius and the
exact position of the centre of inversion do not play any role whenever it lie on the circle
ABC. Then we shall draw any line outside the circle, project 4, B and C into this line,
make the former construction and obtain D by projecting D’ upon the circle.

The cross ratio becomes conjugated under circular inversion. In order to prove this
statement, let us see firstly how the single ratio is transformed. If A4’, B', C' and D' are the
transformed points of 4, B, C and D under an inversion with centre O and any radius, we
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have:

A'C'A'D'™ =(0C'— 04"y (OD' -~ 04") "' =(0C™ 047y (OD™ — 047"~
=0C™' (04-0C)o4' oD (04-0D)o4™" 1!
=oc'c4047'[oD'Da04A 1" =0C" c4 047 04 DA OD
=0c™'4c4D" oD

Analogously we have: Figure 10.4

BD'B'C''=0D'BDBC™' OC

The product of both expressions is the cross
ratio:

(A'B'C'D')=A'C'A'D'""' B'D'BC""
=0C™' 4CcAD™' BD BC™' OC
=0C"'(ABCD)OC=(ABCD)*

So, the cross ratio of four points on a line or a circle, which is real, is preserved, otherwise

it becomes conjugated.

Finally let us see that the single ratio is the limit of the cross ratio for one point at
infinity:
(0oBCD)= lim ACAD'BDBC'=BDBC'=(BDC)
A—> ©

Analogously (A0 CD)=(ACD),etc.

The homography (Mdbius transformation)

The homography is defined as the geometric transformation that preserves the
complex cross ratio of four points on the plane. In order to specify a homography one
must gives only the images A, B’ and C’ of three points 4, B, and C because the fourth
image D'1s determined by the conservation of their cross ratio:

(A'B'C'D'")Y=(ABCD)

A'C'A'D'' B'D'B'C'""' =AC AD™' BD BC™
Arranging vectors we write:

AD'" ' BD'=4'C'' ACAD ' BDBC ' B'C'=4'C'' AC BC' B'C'AD' BD

After conjugation we find:
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B'D'A'D'"'=BD AD™' B'C'BC™ AC A'C"”!

BD'A'D'"'=BDAD™'z where z=BC™' B'C'A'C'™" AC

DB'D'A™"'=DBDA™'z =  (D'B'A')=(DBA):z
Hence the homography multiplies the single ratio by a complex number z. The modulus of
the single ratio increases proportionally to the modulus of z and the angle BDA is
increased in the argument of z:

zZ= |Z| eXp[aelz]

[ DB _
ez

| DB
| D4

=

angle B'D'A’'=angle BDA + ¢
Then a homography can also be determined by specifying the images A" and B’ of two
points 4 and B, and a complex number z. The image D’ of D is calculated by isolation in
the former equation:

(DA'+AB'YD'A'" =DBDA™' z

AB'D'A™ = DBDA™ z 1

D'A'=(zDBDA™ —1)™"' 4'B'

D'=A'"+(1— zDBDA™' )™ 4B’

The homography preserves the complex cross ratio of any four points.
Analogously to the former equality, we find for any three points P, O, R :

P'=A'"+ (1-zPBPA™ ) 4'B’
Q'=A"+ (1-z0BQ4" ) 4B
R'=A'"+ (1- zRBRA™)' 4'B’
D'O'=[(1=z0BOA™' )" — (1= zDBDA™")"14B'=
=z(-DBDA™ +QBQOA™ ) (1-zDBDA" )" (1-z0BQ4~" )" A'B’
DR'=z(-DBDA' +RBRA™")(1-zDBDA™" )" (1-zRBRA™" )" 4'B’

P'Q'=z(-PBPA™' +0BQA™" )(1-zPBPA™ ) (1-20B047" ) 4B’
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PR'=z(—PBPA'+RBRA™")(1—zPBPA™" )" (1-zRBRA™" )" 4'B'
In the cross ratio, many factors are simplified:
D'O'DR™" PR PO =(_DBDA"' +0B0OA™")(-DBDA™ +RBRA™" )™
(—PBPA™' +RBRA™")(—PBPA™' + 0B 047" )™
Writing the first factor as product of factors we obtain:

_DBDA™' + OB QA" '=_(DA+AB)DA™ +(QA+AB)04™" =

—ABDA™" + AB QA" = AB DA™ (—DA QA*> + DA> Q4) Q4> =

ABDA > DA(—QA+DA) QA QA
=ABDA™ 0D 047!

In the same way each of the other three factors can be written as product of factors:
_DBDA™' +RBRA"'=ABDA RDRA™
_PBPA"'+RBRA™"'=4BPA' RPRA™'

_PBPA™'+ OB QA" ' =4ABPA~' QP 04"

Then the cross ratio will be:

D'O'DR'™ PR PO =(ABDA™ OD Q4™ ) (RARA™" DA AB™")

(ABPA"' RPRA™") (04 QP PA4B™")

where the brackets are not needed but only show the factors they come from. Applying the
permutative property and simplifying, we arrive at:

D'O'D'R"™ PR'P'Q'""'=DO DR PR PO

This proves that the cross ratio of every set of four point is preserved under a
homography. Four points lying on a line or a circle have a real cross ratio. Then the
homography is a circular transformation since it transforms circles into circles in a general
sense (taking the lines as circles with infinite radius).

The product of two circular inversions is always a homography because the cross
ratio becomes conjugate under inversion and thus it is preserved under an even number of
inversions. Let us calculate the homography resulting from a composition of two
inversions. Let 4 be any point, 4’ be the transformed point under a first inversion with
centre O and radius r, and 4" be the transformed point of 4" under a second inversion with
centre P and radius s, which is consequently the transformed point of 4 under the
homography:
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0A4'=r 047" PA"=5"P4""
From where it follows that:

s PA" =PA'=04'-OP=7 04" - OP

PA" ' =57 (047 — OP)

PA"=5" (P 047 —0oP) ' =8 [(F —OP04) 0471 =5 04 (* ~OP 04)™'
This equation allows to determine the image A" of any point 4 having the centre O and P
and the radius » and s as data. For instance, let us calculate the homography corresponding
to:

0=(0,0) r=2 P=(3,0) s=3

OP =3¢

In order to specify the homography we determine the images of three points:

A=(0,2) B=(1,1) C=(L0)
O4=2e OB=e +e OC=e¢e
OP O4A=6en OPOB=3+3en OPOC=3
PA”=_2761 +18e, PB”=_9el +18e, PC'= 9,
13 5
12 18 6 18
A" = -, — B'" = -, — "_
(13 13) [5 5) ¢"=012,.0

Projective cross ratio

The projective cross ratio of four Figure 10.5
points 4, B, C and D with respect to a
point X is defined as the cross ratio of
the pencil of lines X4, XB, XC and XD,
which is the cross ratio of the
intersection points of these lines with
any crossing line (figure 10.5). As it will
be shown, the projective cross ratio is
independent of the crossing line The
intersection points A’, B’, C’ and D’ are
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the projections with centre X of the points 4, B, C and D upon the crossing line. Due to the
alignment of these projections, the projective cross ratio is always a real number:

{X,ABCD}=(A'B'C'D")=A'C'A'D'""' BD'B'C'"'

The projected points A, B', C" and D' are dependent on the crossing line and this
expression is not suitable for calculations. Note that the segment 4'C" is the base of the
triangle X4'C’, B'D'" is the base of the triangle XB'D’, etc. Since the altitudes of all these
triangles are the distance from X to the crossing line, their bases are proportional to their
areas, SO we can write:

XA'ANA'C' XB' A B'D'

{(X,ABCD}=
XA' A A'D' XB' A B'C’

The area of a triangle is the half of the outer product of any two sides. For example
for the triangle X4'C’ we have:

XA'ANA'C'=XA"A (A'X+XC")=XA"A XC'
Then, the cross ratio becomes:

XA"'A XC'" XB' A XD'

{(X,ABCD}=
XA' A XD' XB' A XC'

The simplification of the modulus gives:

sin A'XC' sin B'’XD' B sin AXC sin BXD

{X,ABCD}=— - =— :
sin A’XD'sin B'’XC' sin AXD sin BXC

because the angles 4’XC'" and AXC are identical, B'’XD' and BXD are also identical, etc.
Now it is obvious that the projective cross ratio does not depend on the crossing line, but
only on the angles between the lines of the pencil. If we introduce the modulus of X4, XB,
etc., we find the outer products of these vectors:

XA A XC XB A XD
XA AN XD XB A XC

{X,ABCD}=

Now, the arbitrary crossing line of the pencil has disappeared in the formula, which has
become suitable for calculations with Cartesian coordinates”. When the points 4, B, C and
D are aligned, the complex and projective cross ratios have the same value independently
of the point X, because the segments AC, BD, AD and BC have the same direction, which
can be taken as the crossing line:

* The reader will find an application of this formula for the projective cross ratio to the error
calculus in the electronic article "Estimation of the error committed in determining the place from
where a photograph was taken", Ramon Gonzalez, Josep Homs, Jordi Solsona (1999)

http://www.terra.es/personal/rgonzall (translation of the paper published in the Butlleti de la
Societat Catalana de Matematiques 12 [1997] 51-71).
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{(XABCD}=(ABCD)

If A4, B, C and D lie on a circle, the complex cross ratio is equal to the projective
cross ratio taken from any point X on that circle. To prove this statement, make an
inversion with centre X. Since the circle ABCDX passes through the centre of inversion, it
is transformed into a line, where the points A’, B', C' and D’ (transformed of 4, B, C and D
by the inversion) lie with the same cross ratio. Now observe that X, 4 and A’ are aligned,
also X, B and B’, etc. So the projective cross ratio is equal to the complex cross ratio.

From the arguments given above, it follows that the cross ratio of a pencil of lines
is the quotient of the outer products of their direction (or normal) vectors independently of
their modulus:

v NV v NV n AN n AN
{X,ABCD}Z X4 XC " XB XD _ "X4 XC " XB XD

VXA A VXD VXB A VXC nXA A nXD nXB A nXC

Instead of X4, XB, XC and XD, I shall denote by A4, B, C and D the pencil of lines
passing through X. Then the projective cross ratio {X, ABCD} is written as (ABCD). Let
us suppose that these lines have the following dual coordinates expressed in the lines base
{0, P, Oj:

A= [x4,y4] B =[xz, ys] C=[xc,yc] D =[xp, yp]
Then the direction vector of the line 4 is:

v, =(1—xA —yA)vo +X, Vet V4V
But the direction vectors of the base fulfil:

Vo tVp tV, = 0
Hence:

v, =(—1+2xA +yA)vP +(—1+xA +2yA)vQ
and analogously:

Vg =(—1+2x3 +yB)vP +(—1+x3 +2y3)vQ

ve =(=142x0 +y.)vp + (=14 x, +2yc)vQ

Vp =(—1+2xD +yD)vP +(—l+xD +2yD)vQ

The outer product of v4 and v¢ is:
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VyNVe :(xc —Xy _(yc _yA)+3(xA Ye —Xc¢ yA))VP ANVg

which leads to the fact that the cross ratio only depends on the dual coordinates:

(ABCD):VA/\VCVB/\VD:

VyAVy Vg AV

(xc — Xy _(yc _yA)+3(xA Yec —Xc yA)) (xD —Xp _(yD —y3)+3(x3 Yp —Xp J’B))
(xD —Xy _(yD _yA)+3(xA Yp = ¥p J’A)) (xc —Xp _(yc —y3)+3(x3 Ye —Xc yB))

(x,=1/3,y, —-1/3)A(xp =1/3,y. =1/3) (x, —1/3,y, =1/3)A(x, =1/3,y, —1/3)
(x; =1/3,y, =1/3)A(xp =1/3,y. =1/3) (x, =1/3,y, =1/3)A(x, =1/3,y, —1/3)

(xA — Xy —yc)/\(xc—l/3,yc—l/3) (xB —Xp,Vp —yD)/\(xD -1/3,y, —1/3)
(xB—xC,yB —yC)/\(xC—l/3,yC—1/3) (xA—xD,yA—yD)/\(xD—l/S,yD—l/3)

And taking into account the fact that the dual points corresponding to the lines of the
pencil are aligned in the dual plane, it follows that:

(ABCD):(XA —Xcs V4 _yC)(xB —Xc5 )V _J"c)_l(xB ~—Xp>Vp _)"D)(XA —Xp>Vy _)’D)_1

=ACBC™" BD AD™' = AC AD™" BD BC™'

where the four dual vectors are proportional. That is: the projective cross ratio of a pencil
of lines is the cross ratio of the corresponding dual points. Obviously, by means of the
uahty pr1n01ple the dual proposmon must also hold Lhc_QLst_tan.o_Qﬂfo_ur_ahgn.ed_pmms

The points at the infinity and homogeneous coordinates

The points at the infinity play the same role as the points with finite coordinates in
the projective geometry. Under a projectivity they can be mapped mutually without
special distinction. In order to avoid the algebraic inconsistencies of the infinity, the
homogeneous coordinates are defined as proportional to the barycentric coordinates with
a no fixed homogeneous constant. The following expressions are equivalent and represent
the same point:

(X, y):(l _x_y7 X, y):k(l _x_ya X, y)
Then for instance:

(2,3)=(-4,2,3)=(-20, 10, 15)
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A point has finite coordinates if and only if the sum of the homogeneous
coordinates are different from zero. In this case we can normalise the coordinates
dividing by this sum in order to obtain the barycentric coordinates, and hence the
Cartesian coordinates by omitting the first coordinate. On the other hand, the sum of the
homogeneous coordinates sometimes vanishes and then they cannot be normalised (the
normalisation implies a division by zero yielding infinite values). In this case, we are
regarding a point at the infinity, whose algebraic operations should be performed with
the finite values of the homogeneous coordinates’. For example:

(2,-1,-1)=(2 o0, —00, —0) = (00, )

This is the point at the infinity in the direction of the bisector of the first quadrant. On the
other hand, points at the infinity are equivalent to directions and hence to vectors. For
example:

v=20_P_0=_0P-00=-2¢1-2 e

Every vector proportional to v also represents this direction and the point at the infinity
given above.

Perspectivity and projectivity

A perspectivity is a central projection of a range of points on a line upon another
line. Since the cross ratio of a pencil of lines is independent of the crossing line, it follows
from the construction (figure 10.6) that a
perspectivity preserves the projective cross
ratio:

o]

{0,ABCD}=1{0,4'B'C'D"

The composition of two perspectivities with
different centres also maps ranges4 of points
to other ranges preserving their cross ratio.
This is the most general transformation
which preserves alignment and the projective
cross ratio. A projectivity (also projective
transformation) is defined as the geometric transformation which maps aligned points to
aligned points preserving their cross ratio. A theorem of projective geometry states that
any projectivity is expressible as the sequence of not more than three perspectivities. If the
projectivity relates ranges on two distinct lines, two perspectivities suffice.

Al B c D’

Figure 10.6

* In fact, the calculations are equally feasible with o if we understand it strictly as a number.
Then the equality 200 = oo should be wrong. We could simplify by oo, €.g.: (2 00, —00, 1) = (2, —1,
0) is a finite point and (2 oo, —o0, —00) = (2, —1, —1) a point at the infinity.

* A range of points is defined as a set of aligned points.
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A projectivity is determined by giving three aligned points and their corresponding
images, which must be also aligned. On the other hand, a projectivity is determined by
giving four points no three of which are collinear (a quadrilateral) and their non-aligned
images (another quadrilateral). Since the projectivity preserves the alignment and the
incidence, we must take a linear transformation of the coordinates. However, the affinity
is already a linear transformation of coordinates but only of the independent coordinates.
The more general linear transformation must account for all the three barycentric
coordinates. Thus the projectivity is given by a 3x3 matrix:

l-x"—)' hoy  hoy hoy \(1=x—y
x' =k|h, h, h, X with det /;; % 0
y' hy  hy hy Y

The coefficients 4;; being given, the product of the matrices on the right hand side
does not warrantee a set of coordinates with sum equal to 1. This means that the matrix 4;
of a perspectivity is defined except by the proportionality constant £ (which depends on
the coordinates), and the transformed point is obtained with homogeneous coordinates
instead of barycentric ones. Nevertheless, this matrix maps collinear points to collinear
points. This follows immediately from the matrices equalities:

k(l_xA’_yA') Z(I_XB'_)’B’) m(l_xc’_J’C') ho  hyy  hy,
kx, lxy mx,' =\hy, h, h,
ky, Ly my: hy hy  hy
l-x,-y, l1=xp-yz l=xc-yc

X 4 Xp Xc

YV Y Ye

A set of points are collinear if the determinant of the barycentric coordinates vanishes.
Since det 4;; = 0, the implication of the alignment is bi-directional:

l=x,/=y, 1=-x'=y;" 1=x"=p| l=x,-y, 1-x3-y; l-xc-yc

kim X, Xy Xc = X, Xy Xc deth,

Y4 Vs Ve Ya Vg Yc

As an example, let us transform the origin of coordinates under the following
projectivity:

2 : 1 21 11
2 3 1(/0]|=|2 0,0 ===, = |=|=,=

- 00 020=(3.54)-(535]
I 2 0){0 1

Analogously the transformed point of (1, 0) is:
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1 -1
2

-1

N (1,0)—>(—1,3,2):G,%J

S = N
S = O
Il

3
2

Also we may transform the point (0, o) at the infinity, which has the homogeneous
coordinates (-1, 0, 1):

1 -1 2)(-1) (1
2 3 1|jol=[-1| =  (0,0)>(1,-1,-1)=(1,1)
1 2 o)1) (-1

This case exemplifies how points at the infinity can be mapped under a projectivity to
points with finite coordinates and vice versa. As a comparison, the affinity always maps
points at the infinity to points at the infinity (although it does not leave them invariant).
That is, the affinity always maps parallel lines to parallel lines, while under a projectivity
parallel lines can be mapped to concurrent lines and vice versa’. Parallel lines are
concurrent in a point at the infinity, which does not play any special role in the
projectivity.

Let us see that four non collinear points (a quadrilateral) and their non collinear
images (another quadrilateral) determine a unique projectivity. Let us suppose that the
images of the points (0, 0), (0, 1), (1, 0) and (1, 1) are (a1, a2), (b1, b2), (c1, ¢2) and (d1, d>)
where no three of which are collinear. The barycentric coordinates of these points are:

(0,0)=(1,0,0) (1,00=(0, 1,0) 0,1)=(0,0, 1)
(a1, a2) = (a0, a1, a2) with  ap=1-a1—a etc.

The substitution into the matrix equality produces a system of three equations with three
unknowns £, [ and m:

d, ka, b, mc,)\(—1
d|=|ka, [b mc || 1
d, ka, b, mc,)\ 1

Since the points (0, 0), (1, 0) and (0, 1) are not collinear, the matrix is regular and the
system has a unique solution, which proves that a projectivity is determined by the image
of the base quadrilateral. If the vertices of the initial quadrilateral are not the base points,
the matrix is calculated as the product of the inverse matrix of the projectivity which maps
the base quadrilateral to the initial quadrilateral multiplied by the matrix of the projectivity
which maps the point base to the final quadrilateral.

Let us calculate the projectivity which maps the quadrilateral with vertices (1, 1)-
(2, 3)-(3, 1)-(1, 0) to the quadrilateral (4, 1)-(6, 0)-(4, 0)-(6, 1). The projectivity which

> Of course, the affinity is a special kind of projectivity.
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maps the base quadrilateral (0, 0)-(1, 0)-(0, 1)-(1/3, 1/3) to the first quadrilateral is given
by:

0 -k 41 -3m)\(1
L= & 21 3m ||1
0 k31 m 1
WNnoS€E solution 1S: 5 4

Taking the values k=5, /= -2 m =1, we find the matrix:

-5 8 -3 . 7 5 6
5 -4 3 | whoseinverse matrixis —| 5 5 O
5 -6 1 -5 5 -10

The projectivity which maps the base quadrilateral to the final quadrilateral is:

-6 -4k =51 -3m)\(1
6 (=] 4k 6/ 4m ||1
1 k 0 0 1

whose solution is: k=1, /=1, m = —1 and the square matrix:

—4 -5 3
4 6 -4
1 0 0

Then, the projectivity which maps the initial quadrilateral to the final one is the product:

-4 -5 3 7 5 6 -68 -30 -54
4 6 —-4||5 5 0 |=|78 30 o4
1 0 0 /){-55 -10 7 5 6

For example, the point (2, 5/3) is transformed into:

—68 —30 —54)(—8 94 .,
78 30 64 || 6 |=|-124 {6_ __J

137 13
7 5 6 |5 4

A projectivity may be also defined in an alternative way: let ABCD be a
quadrilateral and 4'B'C’'D' another quadrilateral. Then the mapping:
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D=aA+bB+cC - D'=a'A"+b'B'+c'C’
is a projectivity if the coefficients a’, b’, ¢’ are homogeneous linear functions of a, b, c. For
example in the foregoing example the quadrilateral (1, 1)-(2, 3)-(3, 1)-(1, 0) is mapped to
the quadrilateral (4, 1)-(6, 0)-(4, 0)-(6, 1). Then we have:

>

(1L0)=(-b=c)(LD)+b 23 +cBGl) = be-s =l goi-poc=

1
2 4

6, H)=(1-b"-c")4,1)+b'(6,0)+c'(4,0) = b'=1 c¢'=-1 a'=1-b"-c"=1
Taking into account that fora=1,5=0,¢c=0 — a'=1, b’ =0, ¢'= 0 and analogously for

each of the first three points, the linear mapping of coefficients is a diagonal matrix which
can be written simply:

a’=%a b'=-2b c'=—-4c

If we wish to calculate the transformed point of (2, 5/3) we calculate firstly a, b and c:

Pz(z,gjz(l—b—c)(l,l)+b(2,3)+c(3,1) N b:% c=% a%
4 2
r— brz__ r—_
= Y75 R

Normalising the coefficients, we find the transformed point P":

4 10 20 62 2
P'=——(4,1)+—(6,0)+=—(4,0)=| =, - =
26(’)+26(’ )+26(’ ) (13’ 13]

This example shows the normalisation. In general, we say that the following
transformation is a projectivity:

D=(1-x-y)O+xP+yQ0 —» D'=(1-x'-y")O'+x'P'+y'Q'

, [ x , my

xzk(l—x—y)+lx+my y:k(l—x—y)+lx+my

Let us prove that a projectivity defined in this algebraic way leaves invariant the
projective cross ratio (as evident by construction from perspectivities). Under a
projectivity, four collinear points 4, B, C and D are transformed into another four collinear
points A, B', C' and D' . Their cross ratio is the quotient of differences of any coordinate
(it is not needed that x and y are Cartesian coordinates) because these differences for x are
proportional to the differences for y due to the alignment:
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x . —x' = l[k(xC_xA)+(k_m)(xAyC_'nyA)]
‘ ! [k(l_xC_yC)+GC+myC][k(1_xA_yA)+le+myA]

Let us suppose that the collinear points 4, B, C and D lie on the line having the equation y
= s x + t, where the constants s and ¢ play the role of a “slope” and “ordinate intercept”
although the x-axis and the y-axis be not orthogonal:

xl _xr — l(xC_xA)[k_(k_m)t]
‘ ! [k(l_xc_J’c)""lxc+myc][k(1_xA_J’A)+le+myA]

Now we see that a projectivity changes every single ratio due to the denominators, but the
cross ratio is preserved because these denominators are cancelled in this case:

11y _(XCI_XA') (XD'_XBI) (xC_xA) ('XD_'XB)_
(A pep )—(xD'_xA’) (xC,_xB') ('xD _'xA) (xc _xB)_(ABCD)

The projectivity as a tool for theorems demonstration

One of the most interesting applications of the projectivity is the demonstration of
theorems of projective nature owing to the fact that the projectivity preserves alignment
and incidence. For example, in the figure 10.3 I have displayed without proof the method
of construction of the fourth point which

completes a harmonic range from the other v x

three. Now let us apply to this figure a s
projectivity which maps the point 4 to the P'MQ' R’
infinity. In this case the lines ABCD, R and S
become parallel (figure 10.7) and the cross ratio
becomes a single ratio: o B C D
(ABCD)=(oB'C'D")=——-=2
B'C' )
Figure 10.7
By similarity of triangles one sees that B'D' =2
B'C’, so that the cross ratio is 2 and ]
proves that the points 4, B, C and Figure 10.8 A c

D in the figure 10.3 are a harmonic

range. R’
Another example is the

proof of the Pappus’ theorem: the

lines joining points with distinct

letters belonging to two distinct c'

ranges ABC and A'B'C’ intersect in A B C

R

three collinear points L, M and N
(figure 10.8). Applying a
perspectivity to make both ranges N
parallel, now we see that the R'

triangles ABL and A'B'L are
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similar so that:

_ a4
“[aB|+[aB] " " [aB|+|aB]

L laml o |ag
|4B| +|4'B |4B| +|4'B/|

’

and also

We may gather both equations obtaining an expression more adequate to our purposes
which is function of the midpoints:

|4 A+B |4B|  4'+ B’
|4B|+|4B| 2 |4B|+|4B] 2

Analogously for M and N we obtain:

o ACl arc  Aq a+c
laq+jac) 2 lac+|ac] 2

N |B'C B+C | IBC|  B'+C
|BC|+|B'C| 2 |BC|+|BC| 2

These expressions fulfil the following equality what implies that the three points are
aligned:

_MM+MB1_+BQ+qu

lac)+|ac) T |ac)+|aC

To prove this, begin from

(l4ci+|ac)a =(|aB+ |48 )L+ (Bl +[BCI )N =
|4'C'|(4+C)+|AC| (4" + C")=|A'B'| (4+ B)+|4B| (4" + B")+|B'C’| (B + C)+|BC| (B' + C")

Arranging A, B and C on the left hand side and A’, B'and C' on the right hand side
and taking into account that | AC|=|4B|+|BC| and |A'C’'|=|4'B'|+|B'C’'| we obtain
the following vector equality:

—|B'C'| AB +|A'B'| BC =—|4B| B'C' + |BC| A'B’

which is an identity taking into account that the lines ABC and A'B'C" are parallel and all
vectors have the same direction and sense.

The linear relation between L, M and N is very useful to calculate the cross ratio
(LMNR). In fact the coefficients of the midpoints are the relative altitudes of the point with
respect to both parallel lines. Since this cross ratio is also the quotient of the relative
altitudes, we have:
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( B'C| B |4'B| J —|4c]|
(LMNR) = |BC|+|B'C’| |4B|+|4'B'| |AC|+|A’C’|=|AC|:(OABC)
— |48 |B'C’| ~ |4'C |4B|
|4B|+|4'B|\ |BC|+|B'C'| |4C|+|A'C

The single ratio is the cross ratio corresponding to O = 0. This identity of cross ratios is
preserved under a projectivity and it is also valid for the upper scheme on the figure 10.8
when O is a point with finite coordinates. Analogously:

|B'C| |4'B’

(LMNR')= [

|4'C
|BC|+|B'C|  |4B|+|4'B'| )|AC|+[4'C] |4'C|

= (0A'B'C")

jac

|4'B'| |B'C|
|4B|+|4'B/|

The homology

|BC|+|B'C|  |AC|+|a'C’

J_IA'B'I

The points A', B’ are homologous of the points A and B with respect to the centre
O and the axis of homology given by the point F and the vector v (figure 10.9) if:

1) The centre O does not lie on the axis.

2) Every pair of homologous points and the homology centre are aligned, that is,

0, A and A’ are aligned and also O, B and B'.

3) Every pair of homologous lines 4B and A'B’ intersects in a point on the

homology axis.

A homology6 is determined by an axis, a
centre O and a pair of homologous points 4 and
A’". To obtain the homologous of any point B, we
draw the line 4B, whose intersection with the
homology axis will be denoted as Z. Then we
draw the line 4'Z and the intersection with the
line OB is the homologous point B’ By
construction, the homology axis and the lines
AB, A'B’ and OZ are concurrent in Z. The
projective cross ratio of this pencil of lines is
independent of the crossing line where it is
measured. Let G and H be the intersections of
the homology axis with the lines O4 and OB
respectively. Then we have:

{Z,0AGA'Y={Z, OBHB'}

0o Figure 10.9

® The word homology is used by H. Eves (4 Survey of Geometry, p. 105) with a different
meaning. He names as homology a composite homothety, that is, a single homothety followed

by a rotation.
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Since the four points of each set are collinear, their projective cross ratio is identical to
their complex cross ratio:

(0AGA')=(OBHB")

That is, the cross ratio of the four points O, B, H and B’ is a real constant » for any point B
and is called homology ratio. Hence we can write:

(OBHB')=0OHOB''BB'BH'=r£1,0

This equation leads to a simpler definition of the homology: B’ is the homologous point of
B with respect a given axis and centre O (outside the axis) with ratio » if O, B and B’ are
aligned and the cross ratio ( O B H B") is equal to r, being H the intersection point of the
line OB with the homology axis. Hence, a homology is determined by giving a centre O,
an axis and the homology ratio. If the homology ratio is the unity we have two degenerate
cases: whether B lies on O and B’ is any point, or B'lies on H (on the homology axis) and
B is any point, that is, there is not one to one mapping, a not useful transformation. Then
we must impose a ratio distinct of the .

unity. On the other hand, a null Figure 10.10
homology ratio implies that BB’ = 0 and
the homology becomes the identity.

In the special case » = 2 (when L/
the points 4 and A’ are harmonic
conjugates with respect O and H) the
transformation is called a harmonic
homology. homology axis H/

The first limit line is defined as
the set of points L on the plane having as A’
homologous points those at infinity
(figure 10.10): ®

limit
lines A

(OLHw)=0HOx ' Lo LH ' =r
The limit of the quotient of both distances tending to the infinity is the unity:

On' Lo= Iim OX'LX=1
X >

Then: OHLH '=r —~  LHOH '=¢"!

Because all the points H lie on the homology axis, all the points L form a line, the limit
line.

The second limit line is defined as the points that are homologous of those at
infinity:

(OwHL')=0OHOL' " L' H ™' =r
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OHOL' ' =r -~  OL'OH'=1"
Therefore the distance from the second limit line to the homology axis is equal to the
distance from the first limit line to the homology centre (figure 10.10), and both lines are
located whether between or outside both elements according to the value of 7:

OL'=LH=r"' OH

Let us calculate the homologous point B’ for every point B on the plane. Since H is
a changing point on the homology axis, we write it as a function of a fixed point F also on
the axis and its direction vector v (figure 10.9). At one time, the point H is the intersection
of the line OB and the homology axis:

H=0+bOB=F+kv k, b real

bOB_—kv=OF —  b=O0FAv(OBAv)™

H=0+OF Av(OBAv)™" OB
Now we may calculate the segments OH and BH:

OH=OF nv(OB Av)™ OB

BH=BO+OF Av(OBAv) " OB=[OF A\v(OBAv)" —1]10B=

=(OF Av—OBAV)(OBAvV) ' OB=BF Av(OBAv)" OB

By substitution in the cross ratio we obtain:

OHOB'™' BB'BH'=OHBH ' BB'OB'"' =OF nv(BF nv)™ BB'OB' ' =r

BB'OB'' =rv ABF(vAOF)™

and isolating OB’ as a function of OB and other known data:

(—OB+ OB )YOB''=rvABF(vAOF) ' OBOB"'=rvABF(vAOF)" —1

OB'=0B ' [1-rvABF(vAOF) " ' 1=0B™ (VAOF—rvaABF)(vAOF)"
Inverting the vectors we find:

OB'=OBvAOF (vAOF —rvABF) ' '=0B(1-rvaABF(vAOF) )™
This equation allows to calculate the homologous point B’ of any point B using the data of
the homology: the centre O, the ratio 7, and a direction vector v and a point F of the axis.

The homology preserves the projective cross ratio of any set of points. Let A', B’,
C’, D' and E'be the transformed points of 4, B, C, D and E under the homology. Then:
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{E,ABCD}={E,A'B'C'D"}
Let us prove this statement. Being 4’ and £’ homologous points of 4 and £ we have:
OA'=0A(1—rvaAF (v AOF)™)™
OE'=0E(1—rvaAEF(vAOF)™")™
Thus the segment £'4" is:
E'A'=0A4' - OF'
E'A'=0A(1-rvaAF(vAOF) ") —OE(1-rvaEF(vAOF) ") =
=[OA(1=rvAEF(vAOF) " Y—OE(1-rvaAF (vAOF)™")]
[1—rvAdF(vAOF) 1 [1—rvAEF(vAOF) '] "=
=[EA+r(—OAv NEF+OEv A AF) (v A OF )]
[1—rvAdAFE(VAOF)Y 17 [1—rvAEF(vAOF) '] =
=[EA(1-r)+r(OAvAOE—-OEvAOA4)(vAOF)™"]
[1—rvAdF(vAOF) ' 1 [1—rvAEF(vAOF) "] =
=[EA(1—r)+rvOAAOE(vAOF)™"]
[1—rvAdAFE(VAOF)Y 17 [1=rvAEF(vAOF) 1"
For the other vectors analogous expressions are obtained:
EB'=[EB(1-r)+rvOBAOE(vAOF)™]
[1—rvABF(vAOF) "1 [1—rvAEF(vAOF) ']
E'C'=[EC(1-r)+rvOCAOE(vAOF)™]
[1—rvACF(vAOF) 17 [1=rvAEF(vAOF) ]
ED'=[ED(1-r)+rvOD A OE (v AOF)™]
[1—rvADF(vAOF) 1 [1—rvAEF(vAOF)" ]

Let us calculate the outer product E’A’ A E'C":
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EA'NEC'=[EANEC(1=1)Y+(EAAvOCAOE+vANECOAAOE)r(1—r)
(VAOF) " 1[1=rvAAF(vAOF) ' 1 [1=rvACF(vAOF) ]!
[1—rvAEF(vAOF)" 7

By substitution of the following identity, which may be proved by means of the geometric
algebra (see exercise 1.4):

EAAVOCAOE+vAECOANOE=FEAAVvECAOE+v AECEAAOFE=
EAANEC vAOE
EA'NE'C'=[EANEC(1=r)Y+EANECVAOEr(1—r)(vAaOF)™"]
[l—rvAAF (W AOF) " 1" [1=rvACF(vAOF) 17 [1=rvAEF (vAOF) 17
Extracting common factor:
E'A'ANE'C'=EAAEC[(1=rY+vAOEr(l—r)(vaOF)™"]
[l—rvAAF W AOF) ' 1 [1=rvACF(vAOF) ' 1 [I=rvAEF(vAOF)™" 17
In the projective cross ratio, all the factors are simplified except the first outer product:

E'A'ANE'C'E'B'ANE'D'"  EAANECEBAED

E'A"AE'D'E'B'"AE'C'" EAANEDEBAEC

This proves that the projective cross ratio of any four points 4, B, C and D with respect to
a centre of projection E is equal to the projective cross ratio of the homologous points 4’
B', C"and D' with respect to the homologous centre of projection E’. It means that the
homology is a special kind of projectivity where a line is preserved, the axis of homology.
When the centre of projection is a point A on the homology axis, H and H' are coincident
and we find in the former equality the initial condition of the homology again:

H=H' {H,A'B'C'D'}={H,ABCD}

The following chapter is devoted to the conics and the Chasles’ theorem, which
states that the locus of the points from where the projective cross ratio of any four points
is constant is a conic passing through these four points. Since the homology preserves the
projective cross ratio, it transform conics into conics. Hence, a conic may be drawn as the
homologous curve of a circle. Depending on the position of this circle there are three
cases:

1) The circle does not cut the limit line L (whose homologous is the line at
infinity). In this case the homologous curve is an ellipse, because very next points on the
circle have also very next homologous points and therefore the homologous curve must be
closed.

2) The circle touches the limit line L. Then its homologous curve is the parabola,
because the homologous of the contact point is a point at infinity. The symmetry axis of
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the parabola has the direction of the line passing through the centre of homology and the
contact point.

3) The circle cuts the limit line L. Then the homologous curve is the hyperbola
because the homologous points of both intersections are two points at infinity. The lines
passing through the centre of homology and both intersection points have the direction of
the asymptotes.

Exercises

10.1 Prove the Ptolemy’s theorem: For a quadrilateral inscribed in a circle, the product of
the lengths of both diagonals is equal to the sum of the products of the lengths of the pairs
of opposite sides.

10.2 Find that the point D forming a harmonic range with A, B and C is given by the
equation:

D=A+AB(1-2A4C" BC)™

10.3 Show that the homography is a directly conformal transformation, that is, it preserves
angles and their orientations.

10.4 Prove that if A’, B', C' and D' are the homologous of 4, B, C and D, and H is a point
on the homology axis, then the equality { H,A’'B"C' D'} = { H,A B C D } holds. That is,
show directly that:

HA'AHC"HB'AHD'  HAAHC HB A HD

HA"AHD"HB'AHC' HAANHD HBAHC

10.5 A special conformal transformation of centre O and translation v is defined as the
geometric operation which, given any point P, consists in the inversion of the vector OP,
the addition of the translation v and the inversion of the resulting vector again.

orP~'=(oP " +v)"

Prove the following properties of this transformation:

a) It is an additive operation with respect to the translations: the result of
applying firstly a transformation with centre O and translation v, and later a
transformation with the same centre and translation w is identical to the result
of applying a unique transformation with translation v + w.

b) It preserves the complex cross ratio and thus it is a special case of
homography.

10.6 Prove that if a homography keeps invariant three or more points on the plane, then it
is the identity.
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10.7 An antigraphy is defined as that transformation which conjugates the complex cross
ratio of any four points:

(ABCD)=(A'B'C'D")*

Then an antigraphy is completely specified by giving the images 4’, B’, C’ of any three
points 4, B, C. Prove that:
a) The antigraphy is an opposite conformal transformation, that is, it changes the
orientation of the angles but preserving their absolute values.
b) The composition of two antigraphies is a homography.
¢) A product of three inversions is an antigraphy.
d) If an antigraphy has three invariant points, then it is a circular inversion.

10.8 Let 4, B, C and A’ B', C' be two sets of independent points. A projectivity has
been defined as the mapping;:

D=aA+bB+cC - D'=a'A"+b'B'+c'C’

where the coefficients a’, b', ¢’ are homogeneous linear functions of a, b, c. Prove that
collinear points are mapped to collinear points.

10.9 Prove the following theorem: let the sides of a hexagon ABCDEF pass alternatively
through the points P and Q. Then the lines AD, BE and CF joining opposite vertices meet
in a unique point. Hint: draw the hexagon in the dual plane.
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11. CONICS
Conic sections

The conic sections (or conics) are the intersections of a conic surface with any
transversal plane (figure 11.1). The proper conics are the curves obtained with a plane not
passing through the vertex of the cone. If the plane contains the vertex we have improper
conics, which reduce to a pair of straight lines or a point. In general, I shall regard only
proper conics, taking into account that the other case can be usually obtained as a limit
case.

Let us consider the two spheres inscribed in the cone which are tangent to the

Figure 11.1

AN

plane of the conic. The spheres touch this plane at the points F and F”, the foci of the conic
section. On the other hand, both spheres touch the cone surface at two tangency circles
lying in planes perpendicular to the cone axis. The directrices of the conic are defined as
the intersections of these planes with the plane of the conic.

Let P be a point on the conic. Since it lies on the plane of the conic, the segment
going from P to the focus F'is tangent to the sphere. Since it belongs to the cone surface,
the generatrix passing through P is also tangent to the sphere. PF and PS are tangent to the
same sphere so that their lengths are equal: | PF|=|PS|. Also PF’ and PS’ are tangent to
the other sphere so that their lengths are also equal: | PF'|=|PS’|. On the other hand the
segment SS’ of any directrix has constant length, what implies that the addition of
distances from any point P on the conic to both foci is constant:
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|PF|+ |PF'|=|PS| +|PS’| =|SS"| = constant

This discussion slightly changes for a plane which intercepts the upper and lower cones.
In this case, the distances from P to the upper sphere and to the upper branch of the curve
must be considered negativel. If the plane is parallel to a generatrix of the cone these
distances become infinite. This unified point of view for all conics using negative or
infinite distances when needed will be the guide of this chapter. I shall not separate
equations but only specify cases for distinct conics.

A lateral view of figure 11.1 is given in the figure 11.2. In this figure the point P
has been drawn in both extremes of the conic (and S and S’ also twice), although we must
consider any point on the conic section. As indicated previously | PF|=|PS|. But |PS|
is proportional to the distance from P to the upper plane containing S and this distance is
also proportional to the distance from P to the directrix » (figure 11.2):

sing

|PF|=|PS|==—d(P,r)

sino
The quotient of the sines of both angles is called the eccentricity e of the conic:

sina
c=

—>0 Figure 11.2
sind

o

Then a conic can be also defined as
the geometric locus of the points P P
whose distance from the focus F' is
proportional to the distance from the
directrix 7 (figure 11.3). p

277

| FP|=ed(P,r) r
1 \

| FP| is called the focal radius. Let T
be the point of the directrix closest to
the focus (figure 11.3). Then the main
axis of symmetry of the conic is the line
which is perpendicular to the directrix and
passes through the focus. Under a
reflection with respect the main axis of
symmetry, the conic is preserved. The
oriented distance from any point P to the
directrix r is expressed, using the vector =~  ------&£L---3%--+ T

FT, as:
Figure 11.3

" To consider sensed distances is not a trouble but an advantage. For example, the distance from
a point to a line can be also taken as an oriented distance, whose sign indicates the half-plane
where the point lies.
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FT-PT
d(P,I”)ZW

Defined in this way, the distance from P to r is positive when P is placed on the half-plane
that contains the focus of both in which the directrix divides the plane, and negative when
P lies on the other half-plane. The equation of the conic becomes:

FT-PT
e—

[F7]
|FP| |FT|=¢ FT-PT =¢ FT -(FT - FP)=¢ (FT* - FT - FP)

|FP|=ed(P,r)=

Let us denote by Bthe angle between the main axis /7 and the focal vector FP:

|FP| |FT|=¢(FT* -|FT]| |FP|cos B)
|FP| [FT|(1+e cos B)=e FT?

From here one obtains the polar equation of a conic:

1

|FP|=
I+e cosfB

According to the value of the eccentricity there are three types of proper conics:

1) For 0 <e < 1, the inclination ¢ of the plane of the conic is lower than the
inclination § of the cone generatrix and the denominator is always positive.
Then the focal radius is always positive and the points P form a closed curve
on the focal half-plane, an ellipse.

2) Fore=1, ¢ = §, the plane of the conic is parallel to a cone generatrix. Since
the denominator vanishes for g =r, the points P form an open curve called
parabola. Except for this value of f, the radius is always positive and the
curve lies on the focal half-plane.

3) Fore>1, o >§, the plane of the conic intercepts both upper and lower cones.
The denominator vanishes twice so that it is an open curve with two branches

called hyperbola (figure
11.4). The lowest positive
angle that makes the
denominator zero is the
asymptote angle 3, :

B, = arccos(— l)
e

The maximum eccentricity of the
hyperbolas as cone sections is obtained
with g =n/2:

Figure 11.4 .
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1
l<e<——
sind

The focal radius is positive (P lies on the focal branch) for the ranges of 3
O<ﬁ<ﬂd and 21‘c—ﬂa<ﬁ<2n
and negative (P lies on the non focal branch) for the range:

o< <2 fi

A negative focal radius means that we must take the sense opposite that determined by the
angle (figure 11.4). For example, a radius —2 with an angle 77/6 is equivalent to a radius 2
with an angle of 71/6. So the vertex 7" of the non focal branch has an angle 5 (not zero as it
would appear) and a negative focal radius.

Two foci and two directrices Figure 11.5

There are usually two spheres
touching the cone surface and the conic
plane, and hence there are also two foci. For
the case of the ellipse, both tangent spheres -1
are located in the same cone. For the case of
the hyperbola, each sphere is placed in each
cone so that each focus is placed next to
each branch. In the case of the parabola,
one sphere and the corresponding focus is
placed at the infinity. For the improper
conics, the tangent spheres have null radius
and the foci are coincident with the vertex of
the cone, which is the crossing point of both
lines.

Figure 11.6

As the figure 11.1 shows for a proper
conic, both directrices » and ' are parallel, and
both foci F' and F’ are located on the axis of
symmetry of the conic. Above we have already
seen that the addition of oriented distances
from both foci to any point P is constant. Let
us see the relation with the distance between
the directrices. If P is any point on the conic
then:

| FP|+|F'P|=ed(P,r)+ed(P,r")=ed(r,r)

The sum of the oriented distances from any point P to any two parallel lines (the
directrices in our case) is constant’. Then the addition of both focal radii of any point P

* Note that this statement is only right for oriented distances but not for positive distances.
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on the conic is the product of the eccentricity multiplied by the oriented distance between
both directrices. P can be any point, for example Q, the extreme of the conic:
| FP+|FP|=|FO|+[FO|=|FQ'|+[F

whence it follows that the addition of both focal radii is

Specifying:

1) For the case of the ellipse (figure 11.5), both focal radii are positive and also
the major diameter.

2) For the case of the parabola, one directrix is the line at the infinity and one
focus is a point at the infinity on the main axis of symmetry. Hence the major
diameter has an infinite value.

3) For the case of the hyperbola (figure 11.6), the focal radius of a point on the
non focal branch is negative, its absolute value being higher than the other
focal radius, which is positive, yielding a negative major diameter.

, the major diameter.

Vectorial equation

The polar equation of a conic may be written having as parameter the focal
distance | FQ| instead of the distance from the focus to the directrix | FT|:

l1+e

|Fp|-
l+e cosf

| FO|
Let Q' be the vertex of the conic closest to the focus /. The distance from the focus F to
Q'is found for g= r:

l1+e

| FO'|=1—|FO|

For the ellipse | FQ'| is a positive distance; for the hyperbola it is a negative distance and
for the parabola Q'is at infinity. Then the distance between both foci is:

[FF|=|FQ'|-| FQ'|=|FO'| ~|Fo| = | FO|

On the other hand the major diameter is:

1001 -|ro| +|For|- 212

By dividing both equations, an alternative definition of the eccentricity is obtained:

o FF
oo
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The eccentricity is the ratio of the distance between both foci divided by the major
diameter. For the case of ellipse, both distances are positive. For the case of the hyperbola,
both distances are negative, so the eccentricity is always positive. When e = 0 both foci
are coincident in the centre of a circle. Note that the circle is obtained when we cut the
cone with a horizontal plane. In this case, the directrices are the line at the infinity.

The vectorial equation of a conic is obtained from the polar equation and contains
the radius vector FP. Since FP forms with FQ an angle g (figure 11.3), F/P is obtained
from the unitary vector of F'Q via multiplication by the exponential with argument 4 and
by the modulus of FP yielding:

Fpo_ 1te
l1+ecosf

FQ (cos B +e,, sinf3)

On the other hand, from the directrix property, one easily finds the following
equation for a conic:

FP*FT*=¢&*(FT' —FT- FP )
F, T and e are parameters of the conic, and P = (x, ) is the mobile point. Therefore from
this equation we will also obtain a Cartesian equation of second degree. For example, let
us calculate the Cartesian equation of an ellipse with eccentricity 2 and focus at the point
(3, 4) and vertex at (4,5):

e=1/2 F=(3,4) 0=(4,5) P=(x,y)

1+e
FTzTFQ:3e1+3e2 T=F+FT=(6,7)

FP=(x-3)et(y-4)e

Then the equation of the conic is:

[(x=3)+(y-4)118=—[18-(3(x=3)+3(y-4))T

N

After simplification:

7x —2xy+7) —22x-38y+31=0 A

The Chasles’ theorem

According to this theorem’, the
projective cross ratio of any four given
points A, B, C and D on a conic with X' X
respect to a point X also on this conic is
constant independently of the choice of Figure 11.7

? Michel Chasles, Traité des sections coniques, Gauthier-Villars, Paris, 1865, p. 3.
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the point X (figure 11.7):
{X,ABCD}={X,ABCD}

To prove this theorem, let us take into Figure 11.8

account that the points 4, B, C, D and X must

fulfil the vectorial equation of the conic. Let

us also suppose, without loss of generality,

the main axis of symmetry having the

direction e; (this supposition simplifies the a
calculations):
FO=[FQ| e

Now on ¢, 3, 5 &and y will be the angles
which the focal radii FA, FB, FC, FD and
FX form with the main axis with direction
vector FQ (figure 11.8). Then:

XA:FA—FX:|FQ|(1+6)[61 cosa +e, sina e cosy+e, sin;(}

l+ecosa l+ecosy

Introducing a common denominator, we find:

1+¢)le, (cosar —cos y)+ e, (sina —siny + e sinacos y —e cosasiny)]
(1+ecosa)(l+ecos y)

XA:|FQ|(

From X4 and the analogous expression for XC, and after simplification we obtain:

2/ . . . . . .
5 € (1 + e) (siny cos @ — sine cos y + siny cos y —siny cos y + sina cos y —siny cos )

XAANXC=F
A © (1+ecosa)(l+ecosy)l+ecosy)

(1+e)*[sin(y —a)+sin(y —y)+sin(a - )]
(1+ecosa)(l+ecosy)(l+ecos y)

=FQ*

)

Using the trigonometric identities of the half-angles, the sum is converted into a product

of sines (exercise 6.2):
(1+e) sin(}/_ajsin(l_yjsin(a_lj
5 2 2 2

(1+ecosa)(1+ecos7/)(1+ecosz)

XAAXC=-4FQ

12

In the same way the other outer products are obtained. The projective cross ratio is their
quotient, where the factors containing the eccentricity or the angle y are simplified:
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—a . 5-p . AFC . BFD

.y :
{X ABCD}_)(A/\XC XB/\XD_SIHTSIH 5 _sm S
’ XAAXD XBAXC . 6-a . y—fB . AFD . BFC
Sin Sin Sin S ——
2 2 2
since y —q is the angle AFC, etc. Therefore th.e_pLOJ_G_CDALG_QtQSS_IaIIQ_QﬁfOJJLp_OlnlS_A,_B,

q ) , which do
not depend on X, but only on the posmons of A, B C and D fact Wthh proves the
Chasles’ theorem. This statement is trivial for the case of the circumference, because the
inscribed angles are the half of the central angles. However the inscribed angles on a conic
vary with the position of the point X and they differ from the half focal angles. In spite of
this, it is a notable result that the quotient of the sines of the inscribed angles (projective
cross ratio) is equal to the quotient of the half focal angles. For the case of the hyperbola I
remind you that the focal radius of a point on the non focal branch is oriented with the
opposite sense and the focal angle is measured with respect this orientation.

Tangent and perpendicular to a conic

The vectorial equation of a conic with the

major diameter oriented in the direction e; (figure Figure 11.9
11.9)is:

l+e)|F P

FP= M( e, cosa + e, sina)
l+ecosa
Q B @
F e
F

The derivation with respect the angle ¢ gives:

dFP 1+e|FQ|

ina + +
T (1+ecosa) —e, sina +e,(e+cosa) ]

This derivative has the direction of the line tangent to the conic at the point P, its unitary
vector ¢ being:

e sina + e, (e + cos)

\/1+e2 +2e cosa

The unitary normal vector # is orthogonal to the tangent vector:

e, (e+cosa)+e, sina

\/1+e2 +2e cosa

In the same way,  and 7 are obtained as functions of the angle g (figure 11.9) from the
vectorial equation for the focus F":
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FP:(I—e)|FQ|(

e, cos B + e, sinf3)
1-ecosf

;o8 sinf? + e, (—e + cos )
\/1+ez—2e cos Figure 11.10

e, (—e+cosB)+e,sing
\/1+e2 —~2e cos

n=

Let us see now that the normal F F
vector has the direction of the bisector of
the angle between both focal radii (figure w
11.10). In order to prove this statement, let
us consider an infinitesimal displacement
of a point P on the conic (figure 11.11).

The sum of the focal radii of any conic is constant, whence it follows that the addition of
their differentials are null:

|FP| + |F'P| =constant =  0=d|FP| +d|FP|

The differential of the focal
radius® is obtained by differentiating the Figure 11.11
square of the focal vector:

dFP*=2FP-dFP=2 |FP| d|FP| conic dFP=dFp P
a|pp|-- LD / FP
| FP| d IFPI
d IF'PI

Summing the differentials of both F'p
moduli we obtain:
0=d|Fp|+d|pp|=-9EL I _dFPEP__,pp | FP P
| FP| | F'P| |FP| | FP|

since the differentials of the focal vectors are equal: dP = d FP = d F'P. In conclusion the
differential vector (or the tangent vector) is orthogonal to the bisector of both focal
vectors. The figure 11.11 clearly shows that both right triangles are opposite because they
share the same hypotenuse d FP, and the legs d | FP| and d| F'P| have the same length.
The reflection axis of both triangles, which is the shorter diagonal of the rhombus, is the
bisector line of both focal vectors.

In the case of the parabola (figure 11.12), the focus F" is located at the infinity and
F'P is parallel to the main axis of symmetry. In the case of the hyperbola (figure 11.13)
we must take into account that the radius of a point on the non focal branch is negative, so

* Note that it differs from the modulus of the differential of the focal vector: d |FP|«|dFP].
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it has the sense from P to the focus F’. The normal direction is the bisector of both
oriented focal vectors.

These geometric features are the widely known optic reflection properties of the
conics: parallel beams reflected by a parabola are concurrent at the focus. Also the beams
emitted by a focus of an ellipse and reflected in its perimeter are concurrent in the other
focus.

Figure 11.12 Figure 11.13

~
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Central equations for the ellipse and hyperbola

We search a polar equation to describe a conic using its centre as the origin of the
radius. Above we have seen that the eccentricity is the ratio of the distance between both
foci and the major diameter:

| FF'|
=T oA
00" .
P
If O is the centre of the conic then it is the
midpoint of both foci: T
Q'
' o F Q
0=F+F
2
OF Fi
e=u 1—6=M Figure 11.14
|00| |00|

For the case of the ellipse all the quantities are positive. For the case of the
hyperbola both | OF | and | OQ| are negative with | FO| positive. Let the angle QOP be
y(figure 11.14). Then:

|oP| sin y= | FP| sin ¢

|oP| cos y= |OF| + | FP| cos ¢
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For the ellipse all the moduli are positive whereas for the hyperbola | OP| and
| OF | are always negative (the centre is placed between both branches). For the parabola
they become infinite. By substitution of the polar equation into these equalities we have:

(1 —e? )sina

l+ecosa

0P siny - | ro| LxEsne _ 50

l+ecosa

|0P|cos;/:|OF|+

l+ecosa l+ecosa

|FQ1|-£1+e)cosa:|0Q|{e+ (l—eZ)cosa}:|0Q| €+ cosa
ecosa

Summing the squares of both former equalities we find:

09|

- 2

[sin’y 5
+cos

1-¢? 4

The direction of OP with respect to OQ is given by the angle y and we may add it
multiplying by the unitary complex with argument y to obtain the central vectorial
equation:

2

)
OPZ(ISlrl Y 4 cos? yJ:OQ2 — |0P|=

0Q (cosy + e,siny)
n’y

2

OP =

+cos’y
1-e

Let R be the point P for y=n/2. Then OR lies on the secondary axis of symmetry
of the conic, which is perpendicular to OQ, the main axis of symmetry. | OR | is the minor
half-axis. The eccentricity relates both:

OR*=(1-¢") 00’
|OR|=+1-¢* |0Q|
OR=+1-¢’0Q e,

Using the minor half-axis, the equation of the ellipse becomes:

1 siny
OP = OQ cosy + OR ——
-n27 2 [ Vl_ezj
——+cos"y
l1-e
Hence it follows:
2 2
sin’y + cos’y=1
or T 00 4
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Taking OP and OQ as the coordinates axis and O the origin of coordinates, we have the
canonical equation of a conic:

x=|0P|cos7/ y=|0P|sin7/

2 2
x2+y2:1
0Q° OR

This equation of a conic is specific of this coordinate system and has a limited
usefulness. If another system of coordinates is used (the general case) the equation is
always of second degree but not so beautiful. For the ellipse both half-axis are positive
real numbers. However for the hyperbola, the minor half-axis | OQ]| is imaginary and
00*<0 converting the sum of the squares in the former equation in a difference of real
positive quantities.

Diameters and Apollonius’ theorem

If e<1 (ellipse) we may introduce the angle ¢ in the following way:

cosy Figure 11.15

cosf =
1’12}/

2
o +cos” y

Then the central equation of an ellipse
becomes’:

OP=0Qcos0 + OR sin @

The angle @ has a direct geometric
interpretation if we look at a section of a
cylinder (figure 11.15):

Cosy cos ¢

cosf =

\/sinzj/ +cos” ycos” ¢

From where it follows the relationship between the inclination of the cylindrical section
and the eccentricity:

cosp=+1-¢’

> G. Peano (Gli elementi di calcolo geometrico [1891] in Opere Scelte, vol. 111, Edizioni Cremone,
[Roma, 1959], p.59) gives this central equation for the ellipse as function of the angle 4. He also
used the parametric equations of the parabola, hyperbola, cycloid, epicycloid and the spiral of
Archimedes.
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Then @is an angle between axial planes of the cylinder.
The equation of the ellipse may be written using another pair of axis turned by a
cylindrical angle y (figure 11.16):

0Q'=0Q0cos y + OR siny OR'=-0Q sin y + OR siny

Each pair of OQ" and OR' obtained in this way are conjugate central radii and
twice them are conjugate diameters. They are intersections of the plane of the ellipse with
two axial planes of the cylinder that form
a right angle. From the definition it is
obvious that: R p

0Q'*+OR' *= 00" + OR*

The inverse relation between the
conjugate radii are:

0Q=0Q'cosy —OR'siny

OR =0Q'sin y + OR'cos y Figure 11.16

Then, the central radius of any point P is:
OP=(0Q'cos y—OR'sin y) cos g +( OQ'sin y+ OR'cos y)sin §
=0Q'cos( @—y )+ OR'sin( —y)

Changing the sign of the cylindrical angle we obtain another point P’ on the ellipse owing
to the parity of trigonometric functions:

OP'=0Q'"cos(§—y ) — OR'sin(@—y ) = OQ"cos(y —0) + OR'sin(y —0)
Then the chord PP’ is parallel to the radius OR' (figure 11.16):
PP'=OP'—OP= -2 OR'sin( 09— y)

Now, let us mention the Apollonius theorem: a diameter of a conic is formed by
all the midpoints of the chords parallel to its conjugate diameter. To prove this statement,
see that the central radius of the midpoint has the direction OQ"

% =0Q'cos(0 - 7)

The properties of the conjugate diameters are also applicable to the hyperbola, but
taking into account that OR* = a1- ez) OQ2 < 0, that is, the minor half-axis | OR| is an
imaginary number. In this case OR has the same direction than OQ:
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OR =+1-¢’ 0Q e, =/e’ =100

And also the angle @is an imaginary number, and the trigonometric functions are turned
into hyperbolic functions of the real argument ¥ =60 /e, :

cos
n’y
1-¢?

cosf = =coshy >1 e>1

+cos’ ¥

Taking into account the relations between trigonometric and hyperbolic functions:

. sinh
coslzcoshy/ sin 2 = SV
612 e]2 e12

the relation of the hyperbolic angle y with the Cartesian coordinates is:

coshl//:@ sinhl//:ﬁe12

OP =+(0Q coshy + OR e,, sinhy )= i(OQ coshy + /e’ —1sinhy OQ elz)

Let us define OS, which 1s taken

usually as the minor half-axis of the N Figure 11.17 4
hyperbola although this definition is N 5
not exact, as (figure 11.17): I~ S &8 7

0S =+’ -100e¢, g

e /O\ ~
Then the equation of the hyperbola is: L7 N A
OP =0Q coshi + OS sinhy /,’/ \\\
7 )

When the hyperbolic angle tends to
infinity we find the asymptotes:

W — 0 OP —> =+ % expy

00 -0S§
W—>— o OP%iQT exp(-y)

Two radii are conjugate if they are turned through the same hyperbolic angle ¢ (figure
11.17):

0Q'=0Q coshp + OS sinhg
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OS'=0Q sinhg + OS cosh ¢

Then the equality OQ' % — 0S’ > = 0Q° — OS* holds and the central radius of any point of
the hyperbola is:

OP = +(0Q' cosh(y — @)+ OS' sinh(y — @))

Also it is verified that the diameter is formed by the midpoints of the chords parallels to
the conjugate diameter.

A complete understanding of the central equation of the hyperbola is found in the
hyperbolic prism in a pseudo-Euclidean space. The equality OQ’ 2_08'*=00"-0S8is
the condition of hyperbolic prism of constant radius. Then the hyperbolas are planar
section of this hyperbolic prism.

Conic passing through five points

Five non collinear points determine a conic. Since every conic has a Cartesian
second degree equation:

ax*+by*+cxy+dx+ey+f=0

where there are five independent parameters, the substitution of the coordinates of five
points leads to a linear system with five equation, with a hard solving. A briefer way to
obtain the Cartesian equation of the conic passing through these points is through the
Chasles’ theorem. Let us see an example:

A=(,1) B=(2,3) C=(1,-1) D=(0,0) E=(-1,3)
EA=(2,-2) EB=(3,0) EC=(Q2,-4) ED=(1,-3)
The projective cross ratio of the four points 4, B, C and D on the conic is:

EANEC EBAED  —4(-9)
EAAED EBAEC —4(-12)

r={E,ABCD}= _%

If the point X = (x, y) then:

XA =(1=x, 1-y) XB=(2-x,3-y) XC=(1=x,-1-y) XD = (=x, —p)

According to the Chasles’ theorem, the projective cross ratio is constant for any point X
on the conic:

3 XAAXC XBAXD  (2x-2)(3x-2y)

i = 0=12x -3y —~xy-9
4 XANXD XBAXC (x-y)(dx—y-5) X =3y —xy-9x+y

Another way closest to geometric algebra is as follows. Let us take 4, B and C as a
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point base of the plane and express D and X in this base
D=d,A+d,B+d.C with d,+d, +d.=1
X=x,A+x,B+x.C with X, +x,+x.=1

The projective cross ratio is the quotient of the areas of the triangles XAC, XBD,
XAD and XBC:

_XAAXCXBAXD |0 0 1||d, d, de| x,(x,dc-x.d,)

r= =
XAANXD XBAXC |x, x5 xc|lx, x5 xo| (xpde—x.dy)x,

which yields the following equation:

O=rx.x, dB+(1—r)xA Xpdo—Xxpx.d,

The fifth point £ also lying on the conic fulfils this equation:

O=re.e,d, +(1-r)e,e,d. —e,e.d,

which results in a simplified expression for the cross ratio:

dy_de
pofa o
dy _dc
e, e

The substitution of the cross ratio » in the equation of the conic gives:

d,e, xzxc (dB ec—d, eB)+dB €p Xc X (dc e,—d, ec)"'dc €c X,y Xp (dA ey —d, eA):

d,e, dye, d.ec
d,x, dyx, d.x.|=0

e, X, epXp e X,

Conic equations in barycentric coordinates and tangential conic
The Cartesian equation of a conic:

ax*+by’+cxy+dx+ey+ f=0



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 133

is written in barycentric coordinates as a bilinear mapping:

d e
oo S Sif
p 2 621 l-x—y
(l-x-y x y) 5+f a+d+f %+f X =0
§+f %-‘r—f b+e+ f 4

Let us calculate now the dual conic of a given conic. This is defined as the locus of
the points which are dual of the lines tangent to the conic. Then the conic is the envelope
of the tangents. Let us differentiate the Cartesian equation:

§x(2ax+cy+d)+§y(2by+cx+e)=0

where §indicates the ordinary differential in order to avoid confusion with the coefficient
d. The equation of the line touching the conic at (xo, )0) is:

Qax,+cy,+d)(x—x,)+Q2by, +cx,+e)(y—y,)=0
(2ax0+cy0+d)x+(2by0+cxo+e)y—2ax§—2by§—2cx0 Vo—dx,—ey,=0
Qax,+cy,+d)x+Q2by,+cx,+e)y+dx,+ey, +2f=0

(dx,+ey, +2f)1—-x-y)+(2a+d)x, +(c+e)y, +d+2 f)x+
+(2b+e)yy +lct+d)x, +e+2f)y=0

If we denote by ¢, u and v the dual coordinates, the dual homogeneous coordinates ¢', u'
and v' are linear functions of the barycentric point coordinates:

t' 2 f d+2f e+2 f 1-xy =y,
u'|=|d+2f 2a+2d+2f c+d+e+2f X,
v e+2f cH+d+e+2f 2b+2e+2f Yo

Now we see that this is twice the matrix of the conic equation (the matrix of a conic is
defined except by a common factor). Let M be the matrix of the conic, X the matrix of the
point coordinates, and U the matrix of the dual (homogeneous or normalised) coordinates.

U=MX
M'U=X
XT=u" M

because like M, the inverse matrix M ' is also symmetric and does not change under
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transposition. The substitution in the equation of the conic X' MX=0 gives:
UM U=0

That is, tl ix_of the dual . ion is the i il ix_of .

conic. Every tangent line of the conic is mapped onto a point of the dual conic and vice
versa. Let us consider for instance the ellipse:

16 16 16\(1-x—y

2 2
Gj +@J - o (I-x-y x y)|16 15 16 x |=0
16 16 12 y

The inverse matrix is:

1

16 16 16\ -19/16 1 1/4
16 15 16| = 1 -1 0
16 16 12 1/4 0 -1/4

So the equation of the dual conic is:

-19 16 4)\[t
[t u v]] 16 —-16 0 ||u|=0
4 0 —-4)v

where we can substitute indistinctly homogeneous or normalised coordinates. If we take ¢
=1 — u — v then we obtain the Cartesian equation:

—67u* =31v*=78uv+70u+46v—-19=0

A concrete case is the tangent line at (0, 2) with equation y = 2. The dual coordinates of
this line are obtained as follows:

y=2=t'(l-x—y)+u'x+v'y = [t w v']=[—2,—2,—1]=|:§,§}

Let us check that this dual point lies on the dual conic:

~-19 16 4\[2
2 2 1] 16 -16 0 |[2|=0
4 0 -4)|1

Polarities

A correlation is defined as the geometric transformation which maps collinear



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 135

points onto a pencil of lines, in other words, a linear mapping of points to lines (dual
points), which may be represented with a matrix M:

a' l-x—-y
b'|=M X
cl

where a’, b'and ¢’ are homogeneous dual coordinates.

A polarity is a correlation whose square is the identity. This means that by
applying it twice, a point is mapped onto itself and a line is mapped onto itself. Let us
consider the line [a, b, c]:

l-x—-y a'
[a b c] x =0 = [a b M |b'|=0
y ¢’
On the other hand:
l-x"—y' a
[a" b ¢'] x' =0 . [a" b ¢'IM|b|=0
Y’ c

since [ a” b" ¢"]=k[a b c]wherekisahomogeneous constant. Whence it follows
that the matrix M is symmetric for a polarity.

Under a polarity a point is mapped to its polar line. This point is also called the
pole of the line. The polarity transforms the pole into the polar and the polar into the pole.
In general the polar does not include the pole, except by a certain subset of points on the
plane. The set of points belonging to their own polar line (self-conjugate points) fulfil the
equation:

This is just the equation of a point conic. The set of lines passing through their own poles

(self-conjugate lines) fulfil the equation:
Figure 11.18

pole

which is just the equation of its dual
(tangential) conic. Then, a polarity has an
associated point and tangential conics, and
every conic defines a polarity. However

conic



136 RAMON GONZALEZ CALVET

depending on the eigenvalues of the matrix, there are polarities that do not have any
associated conic.

The polar of a point outside its associated conic is the line passing through the
points of contact of the tangents drawn from the point (figure 11.18). The reason is the
following: the polarity maps the tangent lines of the associated conic to the tangency
points, so its intersection (the pole) must be transformed into the line passing through the
tangency points.

Reduction of the conic matrix to a diagonal form

Since the matrix of a polarity is symmetric, we can reduce it to a diagonal form.
Let D be the diagonal matrix and B the exchange base matrix. Then:

M=B'DB
d 0 0
D=0 d, 0
0 0 d,

There exist three eigenvectors of the conic matrix. These eigenvectors are also
characteristic vectors of the dual conic matrix with inverse eigenvalues:

M'=B'D'B

1
— 0 0
dl
p'=[0 = o V=MV, o M'V-_vy,
d, d,
R
d3

The eigenvectors are three points (equal for both punctual and dual planes) that I will call
the eigenpoints of the polarity. Let X be a point on the conic given in Cartesian
coordinates. Then:

X'MX=X"B'DBX=V'DV

where V = B X are the coordinates of the point in the base of eigenpoints. If we name with
t, u, v the eigencoordinates, then the equation of the conic is simply:

d t*+d,u” +d, v’ =0

The eigenpoints of a polarity do not never belong to the associated conic since they have
the eigencoordinates (1,0,0), (0,1,0) and (0,0,1) and d; # 0. On the other hand, the conic
only exist if the eigenvalues have different signs (one positive and two negative or one
negative and two positive). This fact classifies the polarities in two classes: those having
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an associated conic, and those not having an associated conic. In fact, if we state a level, a
certain value of the matrix product, there can be a conic or not. That is, there is a family of
conics for different levels and there is a threshold value, from where the conic does not
exist.

Using a base of points on the conic

If instead of Cartesian coordinates we use the coordinates of a base of three points
A, B and C lying on the conic, the coefficients on the matrix diagonal vanish. Then the
equation of the conic is:

1 0 ¢, cy)(x,

(xA Xp xc) Cn 0 ey || Xp |=Cp Xp XoH 0y Xe Xy 0y X, x5=0

c; €y 0 ) xe

With the same base, the equation of the conic passing through D and whose projective
cross ratio {X, A B C D} is ris:

O=rx.x, d3+(1—r)xA Xpdo—xpx.d,

From where we have:

0 (1-rd. rdg\(x,
(XA Xp xc) (I-r)d. 0 —d, || x; [=0
rdg -d 0 Xe

This conic matrix is not constant, and has the determinant:

det=—2r(1-r)d, d, d,
so the matrix with constant coefficients is:

| 0 (1-r)yd, rd,
C= 1-r)d. 0 —-d,
rdg -d, 0

Exercises

11.1 Prove that the projective cross ratio of any four points on a conic is equal to the ratio
of the sines of the cylindrical half-angles. That is, if:

04 =0Q cos g+ OR sin ¢ OB =0Q cos g+ ORsin f3, etc.
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sin? —% sinL —p

Then {X,ABCD}=
S-a, 7P
2 2

sin

11.2 Prove that an affinity transforms a circle into an ellipse, and using this fact prove
the Newton’s theorem: Given two directions, the ratio of the product of distances from
any point on the plane to both intersections with an ellipse along the first direction and
the same product of distances along the other direction is independent of the location of
this point on the plane.

11.3 Prove that a line touching an ellipse is parallel to the conjugate diameter of the
diameter whose end-point is the tangency point. Prove also that the parallelogram
circumscribed around an ellipse has constant area (Apollonius’ theorem).

11.4 Prove the former theorem applied to a hyperbola: the parallelogram formed by two
conjugate diameters has constant area.

11.5 Given a pole, trace a line passing through the pole and cutting the conic. Prove that
the pole, and the intersections of this line with the conic and with the polar form a
harmonic range.

11.6 Calculate the equation of the point and tangential conic passing through the points
(1, 1),(2,3), (1,4), (0, 2) and (2, 5).

11.7 The Pascal’s theorem: Let 4, B, C, D, E and F be six distinct points on a proper
conic, Let P be the intersection of the line AF with the line BF, O the intersection of the
line AD with CF, and R the intersection of the line BD with CE. Show that P, O and R are
collinear.

11.8 The Brianchon’s theorem. Prove that the diagonals joining opposite vertices of a
hexagon circumscribed around a proper conic are concurrent. Hint: take the dual plane.
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THIRD PART: PSEUDO-EUCLIDEAN GEOMETRY

This part is devoted to the hyperbolic plane, where vectors and numbers have a
pseudo Euclidean modulus, that is, a modulus of a Minkowski space. The bidimensional
geometric algebra already includes the Euclidean and pseudo Euclidean planes. In fact,
the geometric algebra does not make any special distinction between both kinds of
planes. On the other hand, the plane geometric algebra can be represented by real 2x2
matrices, which helps us to define some concepts with more precision.

12. MATRIX REPRESENTATION AND HYPERBOLIC NUMBERS

All the associative algebras with neutral elements for the addition and product
can be represented with matrices. The representations can have different dimensions,
but the most interesting is the minimal representation which is an isomorphism.

Rotations and the representation of complex numbers

We have seen that a rotation of a vector v over an angle « is written in geometric
algebra as:

v'=v(cos a+epsina)
Separating the components:

vi'=vicosa —v,sin o

w'=v;sin ¢+ v, cos

and writing them in matrix form, we have:

(VI' vz')z (v1 vz)( cosa smaj

—sina cosa
Identifying this equation with the first one:

. cosa sina
cosa + e, sina = ]
—sina cosa

we obtain the matrix representation for the complex numbers:

1 0 0 1 a b
1= e, = z=a+be, =
0 1 -1 0 -b a

Now we wish to obtain also the matrix representation for vectors. Note that the
matrix form of the rotation of a vector gives us the first row of the vector representation,
which may be completed with a suitable second row:
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’ [ b
(vl v, J_(vl v, J( cosa s1naj
! ! :
v, -, v, —v J\~sina cosa

from where we arrive to the matrix representation for vectors:

1 0 01 v,V
e = e, = v=v,e +Vv,e, =
0 -1 1 0 v, =V,

These four matrices are a basis of the real matrix space Mj.»(R) and therefore the
geometric algebra of the vectorial plane V is isomorphic to this matrix space:

Cl(Vz ) = Clz,o =M,,, (R)

The moduli of a complex number and a vector are related with the determinant of the
matrix:

|Z|2=a2+b2=det(a bj |v|2=vlz+vz2=—det(vl sz
-b a v, =V,

Let us think about a heterogeneous element being a sum of a complex and a
vector. Its geometric meaning is unknown for us but we can write it with a matrix:

a+v, b+v2j

z+v=a+be,+v, e +v,e, =
-b+v, a-v,

The determinant of this matrix

det(z +v)=a® +b> —v,> —=v,’

reminds us the Pythagorean theorem in a pseudo Euclidean plane.

The subalgebra of the hyperbolic numbers

In the matrix representation of the geometric algebra, we can see that the
diagonal matrices are a subalgebra:

a+b 0
a+be = ) 5
a—

The product of elements of this kind is commutative (and also associative). Because of
this, we may talk about «numbers»:

(a+be)(ctde)=ac+bd+(ad+bc)e



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 141

Using the Hamilton's notation of pairs of real numbers, we write:
(a,b)(c,d)=(ac+bd,ad+bc)

From the determinant we may define their pseudo Euclidean modulus FIE
det(a+be )=a®> - b’ :|a+bel|2

The numbers having constant modulus lie on a hyperbola. Because of this, they are
called hyperbolic numbers. Due to the fact that e; cannot be a privileged direction on the
plane, any other set of elements having the form:

a+ku

with a and & real, and u being a fixed unitary vector, is also a set of hyperbolic numbers.
By defining the conjugate of a hyperbolic number as that number with the
opposite vector component:

(a+tbe)*=a-be

we see that the square of the modulus of a hyperbolic number is equal to the product of
this number by its conjugate:

|z|2=zz*

Hence the inverse of a hyperbolic number follows:

-1 z*

z = 2
K

Since the modulus is the square root of the determinant, and the determinant of a matrix
product is equal to the product of determinants, it follows that the modulus of a product
of hyperbolic numbers is equal to the product of moduli:

|z¢]=]=] [ 1]

The elements (1 +e,)/2and (1—e,)/2, which are idempotents, and their multiples have

a null modulus and no inverse. They form two ideals, that is, the product of any
hyperbolic number by a multiple of an idempotent (or any other multiple) yields also a
multiple of the idempotent.

Hyperbolic trigonometry
Let us consider the locus of the points (hyperbolic numbers) located at a constant

distance r from the origin (hyperbolic numbers with constant determinant equal to 17),
which lie on the hyperbola x* — y* = #* (figure 12.1). I shall call » the hyperbolic radius



142 RAMON GONZALEZ CALVET

following the analogy with the circle. The extreme of the radius is a point on the
hyperbola with coordinates (x, y). The arc between the positive X half axis and this point
(x, y) has an oriented length s. On the other hand, the radius, the hyperbola and the X-axis
delimit a sector with an oriented area 4. The hyperbolic angle (or argument)  is defined
as the quotient of the arc length divided by the radius':

!//=£ Figure 12.1
r

It follows from this definition that
the oriented area 4 is’:

The hyperbolic sine, cosine and
tangent are defined as the
following quotients:

sinh iy =

coshy =

SRR NS

tgh[// = l
X

These definitions yield the three fundamental identities of the hyperbolic trigonometry:

tghy = sinh i

cosh” y —sinh’y =1 1-tgh’ 1/15;2
coshy cosh” w

Now we search an explicit expression of the hyperbolic functions in terms of elemental
functions such as polynomials, exponential, logarithm, etc. The differential of the arc
length (being real) is related with the differentials of the coordinates by the pseudo
Pythagorean theorem:

ds® =dy® —dx’ = 1:(MJ2 _(MJZ
dy dy

That is, we have the following system with one differential equation:

' Note that x*> — y* = 7 > 0 while s> < 0. However I overcome this trouble taking in these
definitions r and s and also the area A as real numbers but being oriented, that is, with sign.

? The formula of the sector area is obtained by an analogous argument from Archimedes: the
total area is the addition of areas of the infinitesimal triangles with altitude equal to » and base
equal to ds . r being constant, the area of the hyperbola sector is 4 = r s / 2 . Obviously the
radius is orthogonal to each infinitesimal piece of arc of the hyperbola. This question and the
concept and calculus of areas are studied with more detail in the following chapter.
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1=cosh” i —sinh’y
1=(sinh’ )’ —(cosh'y )’

whose solution, according to the initial conditions given by the geometric definition
(sinh 0 =0 and cosh 0 = 1), is:

expy —exp(-y) coshy = PV * exp(-y)

sinhy =
v 2 2

Hyperbolic exponential and logarithm

Within the hyperbolic numbers one can define and study functions and develop a
hyperbolic analysis, with the aid of matrix functions. In the matrix algebra, the
exponential function of a matrix 4 is defined as:

The matrices which represent the hyperbolic numbers (e; direction) are diagonal. Then
their exponential matrix has the exponential of each element in the diagonal:

exp(x+y€1)=eXp(x;y 0 J:(exp()wy) 0 J

x-y 0 exp(x - y)
By extracting the common factor and introducing the hyperbolic functions we arrive at:

cosh y +sinh y 0
0 cosh y —sinh y

explr + v e,)= exp(x)(
which is the analogous of the Euler's identity:
exp(x + y e, )=exp(x)(cosh y + e, sinh y)

From this exponential identity, we can find the logarithm function:

10g(x+ye1)=%log(x2 —y2)+ e, argtgh(%j:%log(x2 —y2)+ %10g(_ii;J

for -x < y < x . This condition is the set of hyperbolic numbers with positive
determinant, which is called a sector’. The two ideals generated by the idempotents

(1+el)/\/§ and (1—e1)/ﬁ separate two sectors of hyperbolic numbers, one with

? According to the relativity theory, the region of the space-time accessible to our knowledge
must fulfil the inequality ¢* # — x* > 0, being x the space coordinate, # the time and c the light
celerity.
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positive determinant and real modulus and another with negative determinant and
imaginary modulus.
The characteristic property of the exponential function is:

exp(z+t)=exp(z)exp(t)

z, t being hyperbolic numbers. Taking exponentials with unity determinant:
expl((y + 7)e,)=exp(y e,) exp(z e,)

and splitting the real and vectorial parts, we obtain the addition identities:
cosh(y + ;() = coshy cosh y + sinh y sinh ¥
sinh (l// + Z) =sinh i cosh y + coshy sinh y

Also through the equality:
exp(ny e)=(exply e,))’

the analogous of Moivre’s identity is found:
cosh(ny )+ e, sinh (ny)=(coshy + e, sinhy )’

For example, for n = 3 it becomes:

cosh 3y = cosh® y + 3coshy sinh® i

sinh 3y = 3cosh’ i sinhy + sinh® i

Polar form, powers and roots of hyperbolic numbers

The exponential allows us to write any hyperbolic number in polar form. For
example:

z=13+5e z|=413* =5* =12 argz=argtgh£=logE
: 5 2

z=12exp| ¢, logi =12 cosh[loggj + e, sinh (logij =12 |
2 2 2 log

The product of hyperbolic numbers, like that of complex numbers, is found by the
multiplication of the moduli and the addition of the arguments, while the division is
obtained as the quotient of moduli and difference of arguments. The division is not
possible when the denominator is a multiple of an idempotent (modulus zero).
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The power of a hyperbolic number has modulus equal to the power of the
modulus, and argument the addition of arguments. Here the periodicity is absent, and
distinct arguments always correspond to distinct numbers. The roots must be viewed
with more detail. For example, there are four square roots of 13 + 12 e;:

13+12¢,=(3+2¢,) =(2+3¢,) =(-3-2¢,) =(-2-3¢,)’

that is, the equation of second degree z* —13 —12 ¢, = 0 has four solutions. Recently G.
Casanova® has proved that n* is the maximum number of hyperbolic solutions
(including real values) of an algebraic equation of n™ degree. In the case of the equation
of second degree we can use the classical formula whenever we know to solve the
square roots. For example, let us consider the equation:

2’ —5z+5+e =0

whose solutions, according to the second degree formula, are:

5%25-4:1-(5+¢,) 5+ 5-4¢

2-1 2

z

Now, we must calculate all the square roots of the number 5 — 4 ¢; . In order to find
them we obtain its modulus and argument:

|5 _4€1| =457 — (— 4)2 =3 arg(S -4 el):argtgh%: —log3
The square root has half argument and the square root of the modulus:

m = ﬁ,% =3 lcosh(— log\/g)Jr e sinh(— log\/g)Jz 2-e
There are four square roots of this number:

2—e,-24¢,1-2¢,—-1+2¢,

and so four solutions of the initial equation:

5+42-¢ T-e¢ 5-2+e 3+e
2 2 2 2
5+1-2 5-1+2
5, =283, =2 0 0,
2

Let us study the second degree equation with real coefficients using the matrix
representation:

* Gaston Casanova, Advances in Applied Clifford Algebras 9, 2 (1999) 215-219.
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az’ +bz+c=0 a, b and c real andz=x+ey

Dividing the second degree equation by a we obtain the equivalent equation:

b c
22 +=z+—=0
a a

which is fulfilled by the number z, but also by its matrix representation. So, according to
the Hamilton-Cayley theorem, it is the characteristic polynomial of the matrix of z,
whose eigenvalues are the elements on the diagonal x + y, x — y (whenever they are
distinct, that is, z is not real). Since b is the opposite of the sum of eigenvalues, and c is
their product, we have:

22 =2xz+x—y* =0
which gives the equalities:

x——i E—xz— 2 = =
2a a Y Y 4q°

and the solutions:

—bte b’ -4ac

2a

z=

The two real solutions must be added to these values, obtaining the four expected.
Anyway, the equation has only solutions if the discriminant is positive. Let us see an
example:

z24+32z+42=0

- . -3 —3_
z, = 3+1=—1 22=L=—2 Z3=i 242—61

2 2 2 2

On the other hand, we may calculate for instance the cubic root of 14—13 e;. The
modulus and argument of this number are:

|14-13¢|=+14> -13% =427 arg(14 —13 ¢, )=argtgh(— g) =—log27
From where it follows that the unique cubic root is:

Ml4—13e =3 w7 =3, 5=2-¢
1 3 g 1

In order to study with more generality the number of roots, let us consider again
the matrix representation of a hyperbolic number:
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a+b 0
a+be = 0 b
a—

Now, it is obvious that there is only a unique root with odd index, which always exists
for every hyperbolic number:

”,/a+b61:[ ath 0 J n odd

0 Na-b

On the other hand, if a + b > 0 and a — b > 0 (first half-sector) there are four roots with
even index, one on each half-sector (I follow the anticlockwise order as usually):

n even
a+b 0 e 1* half-sector a+b 0 2™ half-sector
0 Na-b 0 —Ya-b

—RXa+b 0

—RXa+b 0
0 Na-b

0 —Ya-b

j €3 half-sector ( j 4™ half-sector

If the number belongs to a half-sector different from the first, some of the elements on
the diagonal is negative and there is not any even root. This shows a panorama of the
hyperbolic algebra far from that of the complex numbers.

Hyperbolic analytic functions

Which conditions must fulfil a hyperbolic function f{z) of a hyperbolic variable z
to be analytic? We wish that the derivative be well defined:

i 4 22)- /()
f(Z)_ilz’fo Az

that is, this limit must be independent of the direction of Az. If fz) = a + b e; and the
variable z = x + y e;, then the derivative calculated in the direction Az = Ax is:

oa ob
=—+e —
ox Oox

while the derivative calculated in the direction Az = e; Ay becomes:

aa, o

f’(z):e] oy + oy
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Both expressions must be equal, which results in the conditions of hyperbolic
analyticity:

da_ab
ox Oy

Oa 0Ob
and —=—
oy Ox
Note that the exponential and logarithm fulfil these conditions and therefore they are
hyperbolic analytic functions. More exactly, the exponential is analytic in all the plane
while the logarithm is analytic for the sector of hyperbolic numbers with positive
determinant.

By derivation of both identities one finds that the analytic functions satisfy the

hyperbolic partial differential equation (also called wave equation):

0*a 0*a 0*b 0°b
2 A2 A2 a2 =0
ox°~ oy° oOx° Oy

Now, we must state the main integral theorem for hyperbolic analytic functions:
if a hyperbolic function is analytic in a certain domain on the hyperbolic plane, then its
integral following a closed way C within this domain is zero. If the hyperbolic function
is f(z)=a+be, then the integral is:

§f(z)dz=§(a +be1)(dx+dyel)=§(adx+bdy)+ e,§(ady+bdx)

c

Since C'is a closed path, we may apply the Green theorem to write:

= j(a—b—a—ajdx/\derel”(a—a—a—bjdX/\dy=0
S\ 0x Oy 5\ 0x 0y

where D is the region bounded by the closed way C. Since f(z) fulfils the analyticity
conditions everywhere within D, the integral vanishes.

From here other theorems follow like for the complex analysis, e. g.: if f{z) is a
hyperbolic analytic function in a domain D simply connected and z; and z, are two
points on D then the definite integral:

J.: f(z)d=

between these points has a unique value independently of the integration path.

Let us see an example. Consider the function f{z) =1/ (z— 1 ). The function is
only defined if the inverse of z — 1 exists, which implies |z - 1]20. Of course, this
function is not analytic at z = 1, but neither for the points:

|Z—1|2=0 & (x—l)z—y2=0 & (x+y-1D(x-y-1)=0

The lines x + y = 1 and x — y = 1 break the analyticity domain into two sectors. Let us
calculate the integral:
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7 dz

53 %

through two different trajectories within a sector. The first one is a straight path given
by the parametric equation z =15 + ¢ e; (figure 12.2):

e, =
z—=1 “Zd+te

R t(4—te)dt
I_J. 16 —1¢° “ 31

(5.-3) 5

2..
Ought to symmetry the integral of the odd \1
function is zero:

¢ 4dt 4+4|7 7
_I € ellg s =e, log7 7
,16 - t* 4-1] |, 34
The second path (figure 12.2) is the hyperbola
going from the point (5, -3) to (5, 3): Figure 12.2

O gz Y (z*-1)dz _(5’3) (z*-1)dz

o z—1 B oy 2=1)(z*-1) _(SL) det(z)-2Re(z)+1

Introducing the parametric equation of this path, z =4 ( cosh ¢ + ¢; sinh ¢) we have:

¢ (4cosht —de, sinhz —1)(4sinhz + 4 ¢, sinh¢) 22 ¢ (4 —cosht)—4sinhz i

= j dt = 4j
16 —8coshr+1 17 —8cosht

—log2 —log2

Due to symmetry, the integral of the hyperbolic sine (an odd function) divided by the
denominator (an even function) is zero. Then we split the integral in two integrals and
find its value:

log2

2 2

—log2

5 e +e log2=e log7
-1

log2 log2
_15 J- dt e, J- dt e {10 —8exp(t)+2 }
ogz17—8005ht —86xp(t)+ 32

—log2

Now we see that the integral following both paths gives the same result, as indicated by
the theorem. In fact, the analytical functions can be integrated directly by using the
indefinite integral:

(5,3)

6 dz sy _|1 ( 2 2) y
j _1=[log(z—1)](5,73)= Elog(x—l) -y |+ e argtgh ;

(5.-3) % (5,-3)
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Analyticity and square of convergence of the power series

A matrix function f{4) can be developed as a Taylor series of powers of the
matrix A:

e ameeres" )
n=0

0 xX—y

The series is convergent when all the eigenvalues of the matrix A are located within the
radius 7 of convergence of the complex series:

< for lz|<r

0
n
S,z
n=0

which leads us to the following conditions:
|x+y|<r and |x-y|<r
Therefore, the region of convergence of a Taylor series of hyperbolic variable is a

square centred at the origin of coordinates with vertices (», 0)-(0, »)-(—r, 0)-(0, —r). Note
that from both conditions we obtain:

|det(x+yel)|=‘x2 -y’ ‘<r2.

which is a condition similar to that for complex numbers, that is, the modulus must be
lower than the radius of convergence. However this condition is not enough to ensure
the convergence of the series. Let us see, for example, the function f{z) = 1/(1 — 2):

fz)=-— —Z

l—z_,,

The radius of convergence of the complex series is » = 1, so that the square of the

convergence of the hyperbolic series is (1, 0)-(0, 1)-(—1,0)-(0,—1). Otherwise, we have

formerly seen that 1/(z —1) (and hence f{z) ) is not analytic at the lines x + y —1 = 0 and x

— y — 1= 0 belonging to the boundary of the square of convergence. Now we find a

phenomenon which also happens within the complex numbers: at some point on the

boundary of the region of convergence of the Taylor series, the function is not analytic.
Another example is the Riemann’s function:

éx(z)zi lz Zzw:e—zlogn

n=1 1 n=1

Now, we take z instead of real being a hyperbolic number:

0

C(x+ye )= Ze’“"g” (cosh(ylogn)— e, sinh(ylogn))

n=1
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=in”‘ n’+n’ n'-n” 3 =i J— 1—-e, R l+e,
et 2 2 2 2

n=1
The series is convergent only if —x +y <—1 and —x —y < -1 or:
l-x<y<x-1

which is the positive half-sector beginning at (x, y) = (1, 0). You can see that it is an
analytic function within this domain. We can rewrite the Riemann’s function in the
form:

1+e, 1-e,

S(x+ye)= Sx+y)+—LL(x-y)

and then define the Riemann’s zeta function extended to the other sector taking into
account the complex analytic continuation when needed for {(x + y) or {(x — »):

-1

dt  0<Re(z)<l

2 Tz |
f(1-z2)= Gy £()T(E)eos™2 and g(z)zr(z) gei_l

Now a very interesting theorem arises: every analytic function f{z) can be always
written in the following form:

l1+e

Fltye) = plx p)+ o2 f(x-)

Let us prove this statement calculating the partial derivatives of each part a and b of the
analytic function:

da_1[df(x+y) df(x~y)] b _1[df(x+y) dflx—y)]
Ox 2_d(x+y) d(x—y)_ ox 2_d(x+y) d(x—y)_
da _1[df(x+y) df(x-y)] ob_1[df(x+y) dflx—y)]
oy 20dx+y) dx-y)] y 20 dx+y)  dx-y)]

These derivatives fulfil the analyticity condition provided that the derivatives of the real
function at x + y and x — y exist. On the other hand, this expression is a method to get
the analytical continuation of any real function. For example, let us construct the
analytical continuation of f{x) = cos x :

+e —€

cos(x + y)+ cos(x - y)

cos(x+yel)= !
1 €
:E[cos(x+y)+ cos(x—y)]+?[cos(x+y)—COS(x—)’)]

=C0SX COSy—e, sinxsiny
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The other consequence of this way of analytic continuation is the fact that if f{z)
loses analyticity for the real value x then it is neither analytic at the lines with slope 1
and —1 passing through (xp, 0). Since we have supposed that the function is analytic
except for a certain real value, the former equality holds although the analyticity is lost
at this point. But then the function cannot be analytic at (xo +¢ —¢)nor (xo — ¢, t)
because:

Pl =)= g +20)+ 52 1 (x,)

+e,

1—e,

5 f(xo _2t)

Flrg —t+1e) =220 px,)+

For example, look at the function f{z) = 1/z, which is not analytic for the real value x =
0. Then it will not be analytic at the lines y = x and y = —x. We can see it through the
decomposition of the function:

1 :x—yel_1+e1 1 +1—e1 1

_x+yel x® -y’ 2 x4y 2 x-y

1
z

Now we may return to the question of the convergence of the Taylor series. A
function can be only developed in a power series in the neighbourhood of a point where
it is analytic. The series is convergent till where the function breaks the analyticity, so
that the lines y = x — xp and y = —x + xj (being x, the real value for which f{x) is not
analytic) are boundaries of the convergence domain. On the other hand, due to the
symmetry of the powers of z, the convergence domain forms a square around the centre
of development. This implies that there are not multiply connected domains. The
Gruyere cheese picture of a complex domain is not possible within the hyperbolic
numbers, because if the function is not analytic at a certain point, then it is not analytic
for all the points lying on a cross which passes through this point. The hyperbolic
domains are multiply separated, in other words, formed by disjoined rectangular regions
without holes.

About the isomorphism of Clifford algebras
Until now, I have only used the geometric algebra generated by the Euclidean
plane vectors (usually noted as Cl(R)). This algebra already contains the hyperbolic

numbers and hyperbolic vectors. However an isomorphic algebra C/; ;(R) generated by
hyperbolic vectors (time-space) is more used in relativity:

2 2
e, =1 e =-1 e, e =—¢, e, (e, e,) =1

The isomorphism is:
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Clz,o(R) v d Clu(R)

1 > 1

e <> €01

(<) <> €y
—€1p > el

A hyperbolic number has the expression z = x + y eg; and a hyperbolic vector v = vy ¢y +
Vi €q.

This description perhaps could be satisfactory for a mathematician or a physicist,
but not for me. I think that in fact both algebras only differ in the notation but not in
their nature, so that they are the same algebra. Moreover, they are equal to the matrix
algebra, which is the expected algebra for a space of multiple quantities (usually said
vectors). The plane geometric algebra is the algebra of the 2x2 real matrices’.

Cho(R) = CI,1(R) = M2.2(R)
This distinct notation only expresses the fact that the plane geometric algebra is equally
generated (in the Grassmann’s sense) by Euclidean vectors or hyperbolic vectors. The
vector plane (Euclidean or hyperbolic) is the quotient space of the geometric algebra
divided by an even subalgebra (complex or hyperbolic numbers). Just this is the matter
of the next chapter.

Exercises

12.1 Calculate the square roots of 5 + 4 ¢;.

12.2 Solve the following equation: 2z* +3z-17+3¢, =0

12.3 Solve directly the equation: 22 —62z+5=0
12.4 Find the analytical continuation of the function f{x) =sin x .

12.5 Find cosh 4y and sinh 4y as functions of coshy and sinh .

12.6 Construct the analytical continuation of the real logarithm and see that it is
identical to the logarithm found from the hyperbolic exponential function.

12.7 Calculate the integral j z” dz following a straight path z =¢ e, and a circular path z

=cos t + e sin ¢, and see that the result is identical to the integration via the primitive.

12.8 Prove that if f{z) is a hyperbolic analytic function and does not vanish then it is a
hyperbolic conformal mapping.

> In comparison, the 2x2 complex matrices (Pauli matrices) are a representation of the algebra
of the tridimensional space.
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13. THE HYPERBOLIC OR PSEUDO-EUCLIDEAN PLANE
Hyperbolic vectors

The elements not belonging to the subalgebra of the hyperbolic numbers form a
quotient space', but not an algebra:

0 V) =V
V=Ve, £V, €, =
v, + v, 0

In other words, their linear combinations are in the space, but the products are
hyperbolic numbers. These elements play the same role as the Euclidean vectors with
respect to the complex numbers. Because of this, they are called hyperbolic vectors.
Like the hyperbolic numbers, the hyperbolic vectors have also a pseudo-Euclidean
determinant:

det(v2 €, TV, €y )= V212 - sz
Following the analogy with Euclidean vectors:
det(w] e, +w, ez): —(w1 e, +w,e, )2 = —| w|2
the determinant of the hyperbolic vectors is also equal to its square with opposite sign:
det(vz €, TVy €y )= _(Vz €, Ty €y )2 = _| v |2
whence the modulus of a hyperbolic vector can be defined:

_ [ 2
|V|_ V) =V

Like for Euclidean vectors, the inverse of a hyperbolic vector is equal to this vector
divided by its square (or square of the modulus):

As before, there is not any privileged direction in the plane. Then every subspace
whose elements have the form:

" Every Euclidean vector is obtained from e; through a rotation and dilation given by the
complex number with the same components: v; e; + v, e; = ¢; (v; + v, 13 ) so that the complex
and vector planes are equivalent. This statement also holds in hyperbolic geometry: every
hyperbolic vector is obtained from e, through a rotation and dilation given by the hyperbolic
number with the same components: v, e, + vo1 €21 = €; (V2 + V1 €1 ) or in relativistic notation: v,
egt+ vy e = e (vo + vy egr ) so that both hyperbolic planes are equivalent. That reader accustomed
to the relativistic notation should remember the isomorphism: ey <> e, , € <> €21, eg <> ey .
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Vw W+ V1 €21

where w is a unitary Euclidean vector perpendicular to the unitary Euclidean vector u, is
also a subspace of hyperbolic vectors complementary of the hyperbolic numbers with
the direction of u.
The hyperbolic vectors have the following properties, which you may prove:
1) The product of two hyperbolic vectors is always a hyperbolic number. This
fact is shown by the following table, where the products of all the elements
of the geometric algebra are summarised:

x hyp. numbers hyp. vectors
hyp. numbers hyp. numbers hyp. vectors
hyp. vectors hyp. vectors hyp. numbers

2) The conjugate of a product of two hyperbolic vectors x and y is equal to the
product with these vectors exchanged:

(xy)*=yx

3) The product of three hyperbolic vectors x, y and z fulfils the permutative
property:

Xyz=zyx

When a hyperbolic number n and a hyperbolic vector x are exchanged, the
hyperbolic number becomes conjugated according to the permutative
property:

nx=xn*

4) The modulus of a product of hyperbolic vectors is equal to the product of
moduli:

[vw|=[v][w]

This property follows immediately from the fact that the determinant of a
product of matrices is equal to the product of determinants of each matrix.

Inner and outer products of hyperbolic vectors
For any two hyperbolic vectors » and s such as:
F=re, T 1€y S=8, e, +5; €y

their inner and outer products are defined by means of the geometric (or matrix) product
in the following way:

_rs+sr
2

r-s =18, =1 Sy
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rs—Sr
r/\s=—2 =(r, 85—y, 5,)¢€

Then the product of two vectors can be written as the addition of both products:

rs=r-sS+rnas

If the outer product of two hyperbolic vectors vanishes, they are proportional:
ras=0 & = & r|ls

Two hyperbolic vectors are said to be orthogonal if their inner product vanishes:

r, oS
rls < r-s=0 = PSS, =1 S, =0 & 2 =22
S

When the last condition is fulfilled, we see both vectors being symmetric with respect to
any quadrant bisector. When the ratio of components is equal to £1 (directions of
quadrant bisectors), the vectors have null modulus and are self-orthogonal. For ratios
differing from =#1, one vector has negative determinant and the other positive
determinant, so that they belong to different sectors. That is, there is not any pair of
orthogonal vectors within the same sector.

Angles between hyperbolic vectors

The oriented angle a between two Euclidean vectors u and v (of the form x e; +
¥ ey) is obtained from the complex exponential function:

u-v
CoSax =
v lul|v| ~ Ve,
exp(aelz)—|u||v| & Sina_L]’\ﬁez'l & a=arcig—— +(me,)
ullv

Then, the oriented hyperbolic angle  between two hyperbolic vectors u and v (of the
form x e; + y e;)) is defined as:

cosh uy

o) o P Tullv]
1 |u||v| sinh(//—T/\|re|l

ullv

v
W:argtgh w +(Tc elz):llog w +(n elZ)
u-v 2 u-v—unve,
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The parenthesis for m e), indicates that this angle is added to the arctangent or not
depending on the quadrant (Euclidean plane) or half sector (hyperbolic plane).

Let us analyse whether these expressions are suitable. The hyperbolic cosine is
always greater or equal to 1. It cannot describe the angle between two vectors belonging
to opposite half sectors, which have a negative inner product. So we must keep the
complex analytic continuation of the hyperbolic sine and cosine:

sinh(x +e,, y)=sinhxcosy + e, coshxsiny
cosh(x + e, y)=coshxcosy+e, sinhxsin y

to get sinh(t// +e,m ) =—sinhy  and cosh((,// +e,m )E —coshy  with w real.
Therefore opposite hyperbolic vectors form a circular angle of 7 radians”.

Let us consider the angle between vectors lying on different sectors. The
modulus of one vector is real while that of the other is imaginary what implies that the
hyperbolic sine and cosine of the angle are imaginary. Using again the complex analytic
continuation of the hyperbolic sine and cosine we find these imaginary values:

sinh(l// te, %) =t+e, coshy v real

cosh(l,// te, %) =te, sinhy

Then, which is the angle between two orthogonal vectors? Since they have a null
inner product while their outer product
equals in real value the product of both
moduli and the hyperbolic cosine is *ej; , y;+?ie1_2_
they form an angle of & e, /2 or 3w ey /2, 2
that is, orthogonal hyperbolic vectors form a
circular right angle: 4

Yyime,,

1
v, :EIOg(_ 1)"'(” elz)zgelz "'(7t 612)

¥+ X80
The analytic continuations of the
hyperbolic trigonometric functions must be |
consistent with their definitions given in the Figure 13.1
page 142. For example, in the lowest half

? The so called “antimatter” is not really any special kind of particles, but matter with the
energy-momentum vector (£, p) lying on the negative half sector instead of the positive one
(usual matter). Also we may wonder whether matter having (£, p) on the imaginary sector exists
since, from a geometric point of view, there is not any obstacle. It is known that the particle
dynamics for ¢<FV<ow is completely symmetric to the dynamics for 0<FV<c, but with an
imaginary mass. In this case, the head of the energy-momentum vector is always located on the
hyperbola having the y-axis (p axis) as principal axis of symmetry. According to Einstein’s
formula, for V' = o we have £ = 0 and p = m ¢, that is, the particle has a null energy! The
technical question is how can a particle trespass the light barrier?
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sector, the modulus of the hyperbolic radius is imaginary. The abscissa x and ordinate y
divided by r, the modulus of the radius vector, is also imaginary so the angle is a real
quantity plus a right angle and the hyperbolic sine and cosine are exchanged. The values
of the angles consistent with the analytic continuation are displayed in the figure 13.1.

Congruence of segments and angles

Two segments (vectors) are congruent (have equal length) if their determinants
are equal, in other words, when one segment can be obtained from the other through an
isometry. Segments having equal length always lie on the same sector.

Two hyperbolic angles are said to be congruent (or equal) if they have the same
moduli, that is, if they intercept arcs of hyperbola with the same hyperbolic length.

A triangle is said to be isosceles if it has two congruent sides. In colloquial
language we talk about “sides with equal length”, even “equal sides”. Let us see the
isosceles triangle theorem: the angles adjacent to the base of an isosceles triangle are
equal. The proof uses the outer product. The triangle area is the half of the outer product
of any two sides, as proved below in the section on the area. Suppose that the sides a
and b have the same modulus. Then:

|al || |sinh g|=[] e[ [sinha| = [Bl=]e]

Isometries

In the Euclidean plane, an isometry is a geometric transformation that preserves
the modulus of vectors and complex numbers. Now I give a more general definition: a
geometric transformation is an isometry if it preserves the determinant of every element
of the geometric algebra. In fact, the isometries are the inner automorphism of matrices:

A'=B'AB =  detA'=detA

When B represents a Euclidean vector, the
isometry is a reflection in the direction of B. If
a complex number of argument « is v
represented by B, the transformation is a
rotation of angle 2«x .

We wish now to obtain the isometries
for hyperbolic vectors. The hyperbolic rotation
of a hyperbolic vector (figure 13.2) is obtained
through the product by an exponential having
unity determinant:

_ Figure 13.2
vie, +v', e, =(v,e, +v, e, )(coshy +sinhy e, )

Writing the components, we have:

{v'z =v, coshy +v,, sinhy
v’y =V, sinhy + v, coshy
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which is the Lorentz transformation® of the relativity. When a vector is turned through a
positive angle w, its extreme follows the hyperbola in the direction shown by the
arrowheads in the figure 13.2, as is deduced from the components. So, they indicate the
geometric positive sense of hyperbolic angles (a not trivial question). Since the points of
intersections with the axis corresponds to w = 0 plus multiples of © e, /2, the signs of
the hyperbolic angles are determined: positive in the first and third quadrant, and
negative in the second and fourth quadrant.

We can also write the hyperbolic rotation as an inner automorphism of matrices
by using the half argument identity for hyperbolic trigonometric functions:

2
coshy + e, sinhy = (cosh% + e, sinh %)
and the permutative property:
vie, +v', e, = (cosh% - sinh% e, j (v,e, +v,,€,)) (cosh% + sinh%e1 J

If z = exp(e; i /2), then the rotation is written as:

vi=z vz

Now it is not needed that z be unitary and can have any modulus. Also, we see that the
hyperbolic rotation leaves the hyperbolic numbers invariant.

Analogously to reflections in the Euclidean plane, the hyperbolic reflection of a
hyperbolic vector v with respect to a direction given by the vector u is:

r__ -1

-1
visu vu=u (vitv)u=v—vy

because the proportional vectors commute and those which are orthogonal anticommute
(also in the hyperbolic case,

because the inner product is Figure 13.3 u,

zero). Every pair of orthogonal
directions (for example u and u;
in figure 13.3) are always seen
by us as having symmetry with
respect to the quadrant bisectors.
Since  the determinant is
preserved, a vector and its
reflection always belong to the
same sector, the hyperbolic angle
between each vector and the
direction of reflection being
equal with opposite sign.

* The hyperbolic vector in the space-time is ct ey + x e; where x is the space coordinate, ¢ the
time and c the light celerity. The argument of the hyperbolic rotation i is related with the
relative velocity V of both frames of reference through = arg tgh Vic.
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Finally, note that the extremes of a vector and its transformed vector under a
hyperbolic reflection (or any isometry) lie on an equilateral hyperbola.

Theorems about angles

The sum of the oriented angles of a hyperbolic triangle is minus two right
circular angles. To prove this theorem, draw a line parallel to a side and apply the Z-
theorem (figure 13.4): they will form
an angle between opposite directions,
which has the value —r e;,. The minus
sign is caused by the fact that,
following the positive orientation of
angles, a right angle is subtracted each
time an asymptote is trespassed.

Look at the figure 13.5 where
an angle inscribed in an equilateral
hyperbola is drawn. A diameter
divides the inscribed angle into the
angles « and fB. Then we draw two
radius from the origin to both extremes of the angle. All the radius have the same
length, so that the upper and lowest triangle are isosceles and have two equal angles.
Since the sum of the angles of each hyperbolic triangle is —m e, the third angle is
-mep—2a and —w e;p—20 respectively. So the supplementary angles are 2 and 24,
and hence the theorem follows: the
inscribed angle on a hyperbola x* — y* =
/> is the half of the central angle
(intercepted arc) so that it is constant o
and independent of the location of its
vertex. < _x e, —2a

For example, take the points (5,

B 2
3) and (5, -3) as extremes of an —Te4p>2 28
inscribed angle with the vertex placed
at the negative branch, for example at 8
(-4, 0) or (-5, —3). Even you can take

the vertex at the positive branch, e. g. at Figure 13.5

(4, 0). Anyway its value is log 2. Now

calculate the central angle or

intercepted arc (with vertex at the origin) and see that its value is log 4, twice the
inscribed angle.

Figure 13.4

Distance between points

The distance between two points on the hyperbolic plane is defined as the
modulus of the vector going from one point to the another:

d(P.0)=| PO| = (xy —x, ] ~(vo -, ]
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In the hyperbolic plane, the distance is a real or imaginary positive number (depending
on the sector), which has the following properties:

1 d(P,0)=d(0.P)
2) If the vectors PO, OR and PR lie on the positive half sector then they fulfil
the triangular inequality:
d(P,R)>d(P,0)+d(0Q,R)
The prove is obtained by means of the inner product:
PR? =(PQ +QR)* = PQ* + OR* +2 PQ - OR
=PQ* + OR* +2| PO|| OR | coshy = PO* + OR* + 2| PO|| OR|
The extraction of the square root yields the triangular inequality:
| PR|2| PO|+| OR|

So the sum of two sides of a triangle is smaller than the third side whenever they are
taken in the positive half sector. For example, let us apply this statement to the triangle
with vertices 4 = (5, 3), B = (1, 0) and C = (10, 1). Taking the modulus of the sides
positive, we have:

| BC|=~/80 | BA|=~7 | AC| =21

| BC|>|BA|+| AC| = 8027 +421

This result must be commented with more detail. Firstly, we see that the straight
path has the highest length among the possible paths between two given points. In the
Minkowski’s space-time this fact causes the twin paradox. Since the pseudo-Euclidean
length of the path is the proper time for each person, the brother who followed the
straight path -going in an inertial frame- has aged more than the brother who followed
another path -subjected to accelerations-.

Area on the hyperbolic plane

Now I give a general geometric definition of area valid for both Euclidean and
hyperbolic planes. If a parallelogram has orthogonal sides, then the modulus of its area
is equal to the product of the lengths of the orthogonal sides. In Euclidean geometry a
parallelogram with orthogonal sides is called a rectangle. In the hyperbolic plane, two
sides are orthogonal if their directions are seen by us as symmetric with respect to the
direction of the quadrant bisector. So, I have preferred to avoid the word rectangle in
this case, while the term parallelogram is still valid within this context.
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Which is the suitable algebraic expression to calculate the area of any
parallelogram? Suppose that it is the outer product. If a and b are the sides of the
parallelogram then:

| A|=|a nb|=|a||b]||sinhy(a,b)|

Let us see the consistence of this expression. First at all, recall that the angle
between orthogonal hyperbolic vectors is a right circular angle:

T
v, =i5612

so that the area of a parallelogram with orthogonal sides is the product of their lengths

as expected:
. T
sinh| +—e
( 2 j

For any parallelogram not having orthogonal sides, the area is the product of the
base (one side) for the altitude (the projection of the other side onto the direction
orthogonal to the base) and this product is only given by the outer product because its
anticommutativity removes the proportional projection:

| 4]=|all5]

. T
=[a|b]sin=-=[a]|?]

|A|:|a/\b|=‘(au+aL)/\b‘=|ai||b|

The expression for the area in Cartesian
components is equal to that for the
Euclidean plane. It means that we can
calculate areas graphically in the usual way,
fact that has allowed till now to define the
hyperbolic trigonometric functions from the
area scanned by the hyperbola radius in the
Euclidean plane, in spite of not being their

proper plane. However, as | have explained
in the footnote at the page 142, we must Figure 13.6

perceive the pseudo-Euclidean nature of the

area in the hyperbolic plane. The figure 13.6

displays how are the radii perpendicular to the hyperbola because the bisector of the
radius and the tangent vector is parallel to the quadrant bisector. Also it may be proved

analytically by means of differentiation of the equation x> — y* = r*:

2xdx-2ydy=0 & r-dr=0

showing that the radius vector and its differential are orthogonal for the hyperbola with
constant radius. On the other hand, observe that the triangles drawn in the figure 13.6
are isosceles and have two equal angles approaching the right angle value at the limit of
null area.
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Diameters of the hyperbola and Apollonius’ theorem

At the page 129, I postponed an interpretation of the central equation for the
hyperbola analogous to the cylindrical angles for the ellipse because it is properly of
pseudo-Euclidean nature. Here I develop this interpretation.

If P is any point on a hyperbola with major and minor half-axis OQ and OS
(figure 11.17 reproduced below) then its central equation is:

inh
0Q cosh y + OS sz £
OP=+ e 1 AN
sinh® y N 7%
cosh® y — N 9
\/ X ez -1 \\\ 8 g’ -
i Pl
Since OQ and OS are orthogonal, the square N/A g
of this equation fulfils: O
2 2 P2 . 2 ’,/ \\\\
0’ cosh ;(+0S2 sinh” y =1 /- Figure 11.17 \\\

a A

Both half-axis are related with the
eccentricity through:

05> =(1-¢*)0Q>

Note that 0S°<0 since it is the square of an ordinate on the hyperbolic plane.
Introducing the hyperbolic angle  in the following way:

_ cosh y
coshy = — Figure 13.7
) sinh” y
\/cosh - L
e? 1 \_//
W

now the equation of the hyperbola

becomes: / p
rl

OP = i(OQ coshy + OS sinh 1//)

Observe in the figure 13.7 that
any hyperbola can be obtained as an
intersection of a transverse plane with the
equilateral hyperbolic prism. The plane 1
of the acute hyperbola (with 1<e< 2 )
forms an angle ¢ with respect to the horizontal, and hence:

cosh y cos ¢

coshy =

\/cosh2 g cos’ ¢ —sinh’ y
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So the eccentricity e of the hyperbola is related with the obliquity ¢ of the transverse
plane through the relationship:

cosp=+/e’ —1 with l<e<2

The Apollonius’ conjugate diameters of any hyperbola are the intersections of
the transverse plane with a pair of orthogonal axial planes; in other words, two radii are
conjugate (figure 11.17) if their projections onto the horizontal plane are turned through
the same hyperbolic angle ¢ :

0Q'=0Q cosh @ + OS sinhg
0S'=0Q sinhg + OS cosh ¢

Our Euclidean eyes see the horizontal projections as symmetric lines with respect to the
quadrant bisector. However, they are actually orthogonal because:

00Q'? - 08" =00 - OS>

and, therefore, can be taken as a new system of orthogonal coordinates. Even we can
draw a new picture with the new diameters on the Cartesian axis.
The central equation of the hyperbola using the rotated axis is:

OP = +(0Q’ cosh(y — @)+ OS' sinh(y — @)

which shows that a hyperbolic rotation of the coordinate axis has been made with respect
to the principal diameter of the hyperbola.

The law of sines and cosines

Since the modulus of the area is identical on the Euclidean and hyperbolic
planes, a parallelogram is divided by its diagonal in two triangles of equal area. This
statement is somewhat subtle since the Euclidean congruence of triangles is not valid in
the hyperbolic plane. I shall return to this question later. Now we only need to know
that the area of a hyperbolic triangle is the half of the outer product of any two sides.

Following the perimeter of a triangle, let a, b, and ¢ be its sides respectively
opposite to the angles «, £ and y. Then the angles formed by the oriented sides are
supplementary of the angles of the triangle and:

anb=bnrc=cra = —|a||b|sinhy:—|b||c|sinha:—|c||a|sinhﬂ

o] _ 18] _ |¢]
sinha sinh f sinhy

which is the law of sines.
From a + b+ ¢ =0, we have:
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a’=(=b—c) =b*+c*+2b-c
which is the law of cosines. And also:

b*=a’ +c* -2|al|c|cosh B

¢’ =a’+b> —2|al|b|coshy

When applying both theorems, we must
take care with the sides having
imaginary length and the signs of the
angles and trigonometric functions.

As an application of the law of
sines and cosines, consider the
hyperbolic triangle with vertices 4=(5,
3), B=(1, 0), C=(10, 1), whose sides
belong to the real sector (figure 13.8):

AB=B—-A=-4e, -3e,,
BC=C-B=9e, +e,

CA=A-C=-5¢,+2e,,

= a2=b2+c2—2|b||c|cosha

Figure 13.8

| 4B|=y(-4) =(=3)" =47
| BC|=+9> -1 =480

|Ca|=4(=5) =22 =21

BC2=CA2+ABZ—2|CA||AB|cosha cosha:—ﬁ
743

33

CA* = AB* + BC* -2| AB|| BC h hpf=——
+ | || |cos Jij cosh 8 4\/5

AB® =BC® +C4* —2| BC || CA| coshy coshy =1
44105

From where it follows that:

a=-1.3966...— 1 e S=0.8614... y=0.5352...

I have obtained their signs from the definition of the angles o= BAC, f= CBA, y= ACB
and the geometric plot (figure 13.8). Note that ¢ + S+ y= —n e, and they fulfil the law

of sines:

|BC| |C4| | 4B|
sinha sinh 3 - sinh y
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because sinha = sinh(—1.3966+ me;,) = —sinh(—1.3966) = sinh 1.3966.
Consider now another triangle 4 = (2, 4), B = (1,0) and C = (6, 1), having sides

on real and imaginary sectors (figure 13.9):

AB=B—-A=-e, —4e,

48| =1 — () =5 e,

BC=C—-B=5e, +e,
| BC|=v5* -1 =24

CA=A-C=—4e, +3e,
|CA|=(-4)-3" =7

BC* =CA® + AB* —2| CA|| AB|cosha
CA* = AB* + BC* —2| AB|| BC |cosh B

AB* =BC* +CA* 2| BC||CA|coshy

Figura 13.9

16e
cosha = 12
V105
—e
cosh f=—2%
610
coshy = 23
2442

From the last hyperbolic cosine, which is real, we find the hyperbolic sine for ¥, which

is a positive angle as shown by the plot:

sinh y :i

242

which we may use in the law of sines:

i i ATe,

sinhar sinh - 19/242

Recalling that for y real:
. T
s1nh[1// te, Ej =te,, coshy

the angles o, fand y follow:

19e, . 19e,
- sinh f=———=
J105 6710

cosh(t// te, %] =te, sinhy
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a=—1.2284...—%eu ﬁ=0.0527...—%e12 y=1.1757

Observe that the addition of the three angles is —m e;», as expected. According to the
definition o = BAC, = CBA, y= ACB, let you see the consistence with the geometric
plot. The angle y has positive sign as shown by the figure 13.9. The bisector of «
parallel to the quadrant bisector divides it in two angles, one real and the other complex
(with imaginary part 1 e, /2). The algebraic addition of both angles is ¢.. Taking into
account that the second has opposite orientation and must be subtracted and
predominates over the first, the negative value of « is explained.

Hyperbolic similarity

Two triangles ABC and A'B'C' are said to be directly similar* and their vertices
and sides denoted with the same letters are homologous if:

ABBC'=AB'B'C' =  AB'A'B'=BC'B'C’

One can prove easily that the third quotient of homologous sides also coincides
with the other quotients:

AB" AB'=BC™' B'C'=CA™ CA'=r

The similarity ratio r is defined as the quotient of every pair of homologous
sides, which is a hyperbolic number. The modulus of the similarity ratio is the size ratio
and the argument is the angle of rotation of the triangle 4'B'C’ with respect to the
triangle ABC.

expla(4B, 4'B)e, |

The definition of similarity is generalised to any pair of polygons in the
following way. The polygons ABC...Z and A'B'C"...Z' are said to be directly similar with
similarity ratio » and the sides denoted with the same letters to be homologous if:

r=AB™ A'B'=BC' B'C'=CD ™' C'D'=..=YZ'YZ'=747' Z'4'

Here also, the modulus of 7 is the size ratio of both polygons and the argument is
the angle of rotation. The fact that the homologous exterior and interior angles are equal
for directly similar polygons is trivial because:

B'A'B'C' '=BABC™ =  angle A'B'C’' =angle ABC

CB'C'D''=CBCD™ = angle B'C'D'=angle BCD etc.

* A direct similarity is also called a similitude and an opposite similarity sometimes an
antisimilitude.
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The direct similarity is an equivalence relation since it has the reflexive,
symmetric and transitive properties. This means that there are classes of equivalence
with directly similar figures.

A similitude with |r|=1is a displacement, since both polygons have the same
size and orientation.

Two triangles ABC and A'B'C" are oppositely similar and the sides denoted with
the same letters are homologous if:

ABBC™'=(AB'B'C' " )*=B'C'""' A'B'

where the asterisk denotes the hyperbolic conjugate. The former equality cannot be
arranged into quotients of pairs of homologous sides as done before. Because of this,
the similarity ratio cannot be defined for the opposite similarity but only the size ratio,
which is the quotient of the lengths of any two homologous sides. An opposite
similarity is always the composition of a reflection in any line and a direct similarity.

ABBC'=v'4B'BC''v & BC'v'BC=4B'v'A4B =N
BC'(v'BC'v)=AB (v'AB T v)=r

where 7 is the ratio of a direct similarity whose argument is not defined but depends on
the direction vector v of the reflection axis. Notwithstanding, this expression allows to
define the opposite similarity of two polygons. So two polygons ABC...Z and A'B'C"...Z'
are oppositely similar and the sides denoted with the same letters are homologous if for
any hyperbolic vector v the following equalities are fulfilled:

AB'(v7'AB' 'v)y=BC ' (v'BC'v)=..=724" (v Z4'v)

that is, if after a reflection one polygon is directly similar to the other. The opposite
similarity is not reflexive nor transitive and there are not classes of oppositely similar
figures.

An opposite similarity with |7|=11is called a reversal, since both polygons have
the same size but opposite orientations.

Obviously the plot of similar figures on the hyperbolic plane breaks our
Euclidean intuition about figures with the same form. The algebraic definition is very
rigorous and clear, but we must change our visual illusions. So I recommend the
exercise 13.6.

This chapter is necessarily unfinished because the geometry of the hyperbolic
plane can be developed and studied with the same extension and profundity as for the
Euclidean plane. Then, it is obvious that many theorems should follow in the same way
as Euclidean geometry. As a last example [ will define the power of a point with respect
to a hyperbola.

Power of a point with respect to a hyperbola with constant radius

The locus of the points placed at a fixed distance » from a given point O is an
equilateral hyperbola centred at this point with equation:



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 169

joP|=r (xr=xo) =(y=yo) ="

The power of a point with respect to this -
hyperbola is the product of both oriented Figure 13.10
distances from P to the intersections R and R’
of a line passing through P with the hyperbola.
The power of a point is constant for every line
of the pencil of lines of P. In the proof the
inscribed angle theorem is used (figure 13.10):
the angles S'RR' and S'SR’ are equal so the
triangles SPR’ and RPS' are oppositely similar.
Then:

PR'PS' =PR'PS" = PRPR'=PS'PS

Developing the product of distances on the line
passing through the centre of the hyperbola we find:

PS PS'=(PO+0S)(PO+0S")=P0O* +0SOS'=(x, —x,) = (v, — o) 1"

that is, the power of a point is obtained by substitution of the coordinates of P on the
hyperbola equation.

Exercises

13.1 Let 4 = (2, 2), B=(1, 0) and C = (5, 3) be the vertices of a hyperbolic triangle.
Calculate all the sides and angles and also the area.

13.2 Turn the vector 2 e; + ey; through an angle w = log 2. Do a reflection in the
direction 3 e; — e, . Make also an inversion with radius 3.

13.3 Find the direction and normal vectors of the line y = 2 x + 1 and calculate the
perpendicular line passing through the point (3, 1).

13.4 Calculate the power of the point P = (=7, 3) with respect to the hyperbola Xt - y2 =
16 using the intersections of the lines y = 3, y = —3x —18 and that passing through the
centre of the hyperbola y = —3x / 7. See that in all cases the power of P is equal to the
value found by substitution in the Cartesian equation.

13.5 In this chapter I have deduced the law of sines and cosines. Therefore a law of
tangents should be expected. Find and prove it.

13.6 Check that the triangle 4 = (0, 0), B = (5, 0) and C = (5, 3) is directly similar to the
triangle 4’ = (0, 0), B'= (25, —15), C'= (16, 0). Find the similarity ratio and the rotation
and dilation of the corresponding homothety. Draw the triangles and you will astonish.
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FOURTH PART: PLANE PROJECTIONS OF TRIDIMENSIONAL SPACES

The complete study of the geometric algebra of the tridimensional spaces falls
out the scope of this book. However, due to the importance of the Earth charts and of
the Lobachevsky’s geometry, the first one being more practical and the second one
more theoretical, I have written this last section. In order to make the explanations
clearer, the tridimensional geometric algebra has been reduced to the minimal concepts,
enhancing the plane projections.

The geometric quality of being Euclidean or pseudo-Euclidean is not the
signature + or — of a coordinate, but the fact that two coordinates have the same or
different signature, in other words, it is a characteristic of a plane. For instance, a plane
with signatures + + is equivalent, from a geometric point of view, to another with — — .
Therefore, only two kinds of three-dimensional spaces exist: the room space where all
the planes are Euclidean (signatures + + + or — — —), and the pseudo-Euclidean space,
which has one Euclidean plane and two orthogonal pseudo-Euclidean planes (signatures
+——or++-).

14. SPHERICAL GEOMETRY IN THE EUCLIDEAN SPACE

The geometric algebra of the Euclidean space

A vector of the Euclidean space is an oriented segment in this space with
direction and sense, although it can represent other physical magnitudes such as forces,
velocities, etc. The set of all the segments (geometric vectors) together with their
addition (parallelogram rule) and the product by real numbers (dilation of vectors) has a
structure of vector space, symbolised with V3. Every vector in V3 is of the form:

v=y e +Vv,e, +V,e,
where e; are three unitary perpendicular vectors, which form the base of the space. If we

define an associative product (geometric or Clifford product) being a generalisation of
that defined for the plane in the first chapter of this book, we will arrive to:

2 _ _ o
e; =1 and e, e, =—e; e fori#j

In general, the square of a vector is the square of its modulus and perpendicular vectors
anticommute whereas proportional vectors commute.

From the base vectors one deduces that the geometric algebra generated by the
space V3 has eight components:

Cl(Vs ): Cl3,o = <1a €,€,,€63,€53,€3,€), elz3>

Let us see with more detail the product of two vectors:

VW=(V1 e +v,e, tv, 83)(W1 e +w,e, +w, 83)2\/1 W, +V, W, +V; W,

+(Vz W3 = V3 Wz)ezs +(V3 W =V W3)631 +(V1 W, =V, Wl)elz
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The product (or quotient) of two vectors is said a quaternion'. The quaternions are the
even subalgebra of Cl5 ( that generalise the complex numbers to the space. Splitting a
quaternion in the real and bivector parts, we obtain the inner (or scalar) product and the
outer (or exterior) product respectively:

VEWs=V W v, W, vy wy
V/\WZ(Vz W3 =V Wz)eza +(V3 Wy =V W3)e31 +("1 W, =V, Wl)elz

The bivectors are oriented plane surfaces and indicate the direction of planes in the
space. Who be acquainted with the vector analysis will say that both vectors and
bivectors are the same thing. This confusion was originated by Hamilton? himself, and
continued by the founders of vector analysis, Gibbs and Heaviside. However, vectors
and bivectors are different things just as physicists have experienced and know long
time ago. The proper vectors are called usually “polar vectors” while the pseudo-vectors
that actually are bivectors are usually called “axial vectors”. The following magnitudes
are vectors: of course a geometric segment, but also a velocity, an electric field, the
momentum, etc. On the other hand, the oriented area is, of course, a bivector, but also
the angular momentum, the angular velocity and the magnetic field. As a criterion to
distinguish both kind of magnitudes one uses the reversal of coordinates, which changes
the sense of vectors while leaves bivectors invariant.

The product of two bivectors yields a real number plus a bivector. Both parts can
be separated as the symmetric and antisymmetric product. The symmetric product is a
real number and its negative value will be denoted here with the symbol e while the
antisymmetric product is also a bivector and will be noted here with the symbol x :

1
vow=—5(vw+wv)zv23 Woy +Vy Wy TV, W),

VXWZ—E(VW—WV)

:(Vzl Wi =V W31)ez3 + (Vlz Wi = Va3 W12)€31 + (V23 Wi — V3 W23)612

VW=—VeWw—yXWw

Let us see what happens with the outer product of three vectors. According to
the extension theory of Grassmann, the product # A v A w is the oriented volume
generated by the surface represented by the bivector u A v when it is translated
parallelly along the segment w:

! Hamilton discovered the quaternions in October 16™ 1843 and defined them as quotients of
two vectors. From this definition he deduced the properties of the product of quaternions. I
recommend you the reading of the initial chapters of the Elements of Quaternions because of its
pedagogic importance.

* This confusion is due to the fact that vectors and bivectors are dual spaces of the algebra Cls .
However, this duality does not exist at higher dimensions, although there is also duality among
other spaces.
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u \4 w

X X X
UANVAWS=|U, V, W ey

u v w

z z z

Finally, let us see how is the product of three vectors u, v and w. The vector v
can be resolved into a component coplanar with # and v and another component
perpendicular to the plane u-v:

MVWZMVHW-FMVLW

Now let us analyse the permutative property. In the plane we foundu vw —wvu=0. In
the space the permutative property becomes®:

uvw—wvu=uv, w—wv, u=v, (~uw+wu)
=2V UAW==2VAUAW=2UAVAW

I take the same algebraic hierarchies as in chapter 1: all the abridged products
must be operated before the geometric product, convention which is coherent with the
fact that in many algebraic situations, the abridged products must be developed in sums
of geometric products.

Spherical trigonometry

In this section the relations for the sides and angles of the spherical triangles are
deduced. I will take for convenience the sphere having unity radius, although the
trigonometric identities are equally valid for a sphere of any radius.

Let us consider any three points A4,
B and C on the sphere with unity radius
centred at the origin (figure 14.1). Then

|A|:|B|:|C|:1.The angles formed by

each pair of sides will be denoted by «, S
and y, and the sides respectively opposite
to these angles will be symbolised by a, b
and c respectively. Then a is the arc of the
great circle passing through the points B
and C, that is, the angle between these
vectors:

Figure 14.1

sina=|BAC|

? From this result it follows that u Av Aw=(uvw—-uwv+vwu—vuw+wuv-wvu)/6.
In other words, the outer product is a fully antisymmetric product. However although being
beautiful, it is not so useful for geometric algebra as the permutative property u AvAw=(uvw
-wvu)2.
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Note that in this equality the sine is positive and therefore a<m. So, the spherical
trigonometry is deduced for strict triangles, those having a, b, c<m.

Also, « is the angle between the sides b and ¢ of the triangle, that is, the angle
between the planes passing through the origin, 4 and B, and the origin, 4 and C. Since
the direction of a plane is given by its bivector, which can be obtained through the outer
product, we have:

[(AAB)x(4AC)|
|A/\B||AAC|

sina =

Now we write the products of the numerator using the geometric product:

|-(4B-BA)(AC-CA)+(AC-C A)(4B-B 4)|
8| AAB||AAC|

sino =

‘—ABAC+ABCA+BA2C—BACA+ACAB—ACBA—CA2B+CABA

sin g =
8| AAB||AAC|

We extract the vector 4 as common factor at the left, but without writing it because
|A|=1:

‘—BAC+BCA+ABC—A”BACA+CAB—CBA—ACB+A*CABA

sina =
8| AAB|| ANC|

Applying the permutative property to the suitable pairs of products, we have:

|6 ANBAC+24" ANBACA| | ANBAC]

sina = =
8| AAB|| ANC| | AAB|| AnC|

since the volume A4 A B A C'is a pseudoscalar, which commutes with all the elements of
the algebra. Now the law of sines for spherical triangles follows:

sina _sinf_siny |A/\B/\C|
sina  sinb _sinc_|A/\B||B/\C||C/\A|

)

Let us see the law of cosines. Since e;, =e3, =e;, =—1 then:

(AAB)o(AAC) (AAB)e(AAC)
|A/\B||A/\C|_ sin ¢ sin b

cosa =

sinbsinccosa:—%[(AB—BA)(AC—CA)+(AC—CA)(AB—BA)]
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:—%(ABAC—ABCA—BAZ C+BACA+ACAB-ACBA-C A> B+C AB A)

Now taking into account that:
44-BA-C=(AB+BA)(AC+CA)=ABAC+ABCA+BA*C+BACA

But also:
44-BA-C=(AC+CA)(AB+BA)=ACAB+ACBA+CA* B+CABA

and adding the needed terms, we find:
sinbsinccosa:—%(SA-BA-C—ZABCA—ZBA2 C-2A4CBA-2C 4> B)
Extracting common factors and using 4> = B> =1, we may write:
sinbsinccosa=—§(8A‘BA‘C—2A(B C+CB)A-2(BC+CB)=-4-BA-C+B-C

sin b sin ¢ cos & = —cos ¢ cos b+cos a
cos a =cos b cos c+sinbsin ¢ cos (I

which is the law of cosines for sides. The substitution of cos ¢ by means of the law of
cosines gives:

cosa = cosh (cos a cos b + sin a sin b cos )+ sin b sin ¢ cos
cosa (1 —cos’ b): cos bsinasinbcos y + sin b sin ¢ cosa
and the simplification of sin b:
cosa sin b =cos b sina cos y +sin ¢ cosa
The substitution of sin ¢ = sin a sin y/ sin  yields:

sin a sin y cos &

cosasinb=cosbsinacosy + -
sina

Dividing by sin a :

cotasinb=cos b cosy +siny cota (11)
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The dual spherical triangle

The perpendicular to the plane containing each side of a spherical triangle cuts
the spherical surface in a point. The three points A’, B’ and C’ obtained in this geometric
way form the dual triangle. The algebraic way to calculate them is the duality operation,
which maps bivectors into the perpendicular vectors. The dual of any element is
obtained as the product by the pseudoscalar unity —ej,3, which commutes with all the
elements of the algebra:

‘ee, BAC . CnA \__, AnB
A'= 6123|B/\C| B 6123|CAA| C 6123|AAB|

The inner product of two vectors yields:

(C/\A)O(A/\B)_ (A/\B)O(A/\C)

B/,Cr: = —
|CAA||AnB|  |AAB||AAC]

= cosa’'=—cosa

which shows that the angle a’ and o are supplementary, and so also the other angles:
ad=n-«a b'=n-p c'=mn—y
It is trivial that the dual of the dual triangle is the first triangle, and hence:

a'=m—-a p'=n—->b y=mn-c

We may apply the laws of sines and cosines to the dual triangle. The law of sines
is self-dual and may be written in a more symmetric form:

sina_sinf_siny |AABAC]

W)

sinag  sinb sinc _|A’/\B’/\C’|
On the other hand, the law of cosines yields a new result when applying duality:
—cosa' =cos ) cos ' —sin B'sin ' cos a’

Removing the marks, since this law must be valid for any spherical triangle, we find the
law of cosines for angles:

cosa =—cos y cos f+sin fsiny cosa Iv)
Also, applying the equality (III) to the dual triangle we find:
cota sin f=—cos fcosc +sinccota V)

The five Bessel’s equalities (I to V) allow to solve every spherical triangle knowing any
three of its six elements.



176 RAMON GONZALEZ CALVET

Right spherical triangles and Napier’s rule

For the case of a right angle spherical triangle, the five Bessel’s formulas are
reduced to a simpler form, and then they may be remembered with the help of the
Napier’s pentagon rule (figure 14.2). Draw the angles and the sides of the triangle
following the order of the
perimeter removing the right
angle and writing instead of
the legs (the sides adjacent to
the  right angle) the
complementary arcs. Then
follow the Pentagon rules:

1) The cosine of every
element is equal to the
product of the cotangents b
of the adjacent elements.

2) The cosine of every
element is equal to the product of the sines of the nonadjacent elements.

For example:

Figure 14.2

cosa = sin(E — bj sin[E — cj =cosbcosc
2 2

T T :
also: COS(E - b] =coty cot(; - cj = sinb=cotytgc

This rule is applied to the right side triangles in the same way: remove the right side and
write the complementary of the adjacent angles.

Area of a spherical triangle

A lune is a two-sided polygon on the sphere defined by two great circles. The
area of a lune is proportional to the angle «
between both great circles. For an angle n/2 —
its area is 7, therefore the area of a lune with
angle o is 2a. Now let us consider in the
sphere shown by figure 14.3 the three lunes
having the angles «, fand y: Then:

L/

s+t=2a 7
s+u'=2p
stv=2y Figure 14.3

where u' is the area of the antipodal triangle
of u. Both triangles u# and u' have the same angles and area and the system can be
rewritten:
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s+t=2a
s+u=2p
s+v=2y

Adding the three equations, we find:
3s+t+u+v=2(a+p+y)
The four triangles s, ¢, u and v fill an hemisphere:

S+t+u+v=2mw

so the area of the triangle s is the spherical excess, that is, the addition of the three
angles minus

s=a+pf+y—-n

Properties of the projections of the spherical surface

No chart of the spherical surface preserving the scale of distances everywhere
exists, that is, we cannot depict any map with distances proportional to those measured
on the sphere. The distortion is the variation of the scale and the angles. Usually there is
a line of zero distortion, where the scale is constant.

Since the scale of distances is never preserved for all the points, projections with
other interesting properties have been searched in cartography. A projection is said to be
conformal if it preserves in the map the angles between great circles on the sphere. A
projection is said to be equivalent if it preserves the area, that is if the figures on the
sphere are projected into figures on the map having the same area. A projection is said
to be equidistant if the scale of distances is preserved, not everywhere but on the line
perpendicular to the line of zero distortion, or radially outwards from a point of zero
distortion.

The more general concept of projection is any one-to-one mapping of any point
(x, ¥, z) on the sphere into a point (u, v) on the plane, although the main types of
projections are azimuthal, cylindrical and conic. An azimuthal projection is a standard
projection into a plane, which may be considered touching the sphere. In the tangency
point there is zero distortion and the bearings or azimuths from this point are correctly
shown. A cylindrical projection is a projection into a cylindrical surface around the
sphere that will be unrolled. A conic projection is a projection into a conical surface
tangent to the sphere that will also be unrolled.

Now, I review the main and more used projections beginning with the azimuthal
projections.

The central or gnomonic projection

Let us consider the sphere with unity radius (figure 14.4) centred at the origin.
Any point on the sphere has the coordinates (x, y, z) fulfilling:
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Py =1

Every point on the upper \Y
hemisphere is projected into
another point on the plane z = 1
using as centre of projection the
centre of the sphere. Let u and v \
be the Cartesian coordinates on

the projection plane. Taking

similar triangles the following

relations are found: X

SIS

Figure 14.4

from where we obtain:

u % 1
X=———— y:— z=

Nur +vi +1 Nu? +v +1 Nu? +vi +1

The differential of the arc length is obtained through the differentiation of the above
relationships:

ds=dxe +dye, +dze,

(l+vz)a’u2 —2uvdudv+(1+u2)dv2

(1+u2 +v2)2

ds* =dx*> +dy’> +dz* =

The geodesics of the sphere are the great circles, which are the intersections with planes
passing through its centre. These planes cut the projection plane in straight lines, which
are the projections of the geodesics. In other words, any great circle is projected into a
line on the projection plane. Taking as equation of the line:

v=ku+Il

with k and / constant, the substitution in ds gives:

2 2
ds = VI+k* +1

= du
Wl +k2)+ 2k lu+1+12

By integration we arrive to the following primitive:

w(l+k?)+ ki

VI+k*+17

s = arctg + const
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The arc length between two points on this great circle is the difference of this
primitive between both points. However it is more advantageous to write it using
cosines instead of tangents by means of the trigonometric identity:

1+tgs, tgs,
\/1+tgzsA\/l+tg2sB

cos(s, —s,)=

After removing k and / using the equation of the line, we arrive to:

l+u,u, +v, v,

_\/1 2 2\/1 2 2
+MA +VA +MB +VB

cos(s, —s,)

(“A e tv,e +es)'(”3 € tvge, +63)

lu e, +v, e, +e| |uze +vye, +e |

a trivial result because the arc length is the angle between the position vectors of both

points, and also of the proportional vectors going to the projection plane. However, the

interest of this result is its analogy with the result found for the hyperboloidal surface.
From this value of the cosine, we may obtain the sine of the arc:

\/(”A Vp —Up VA)2 +(“A _VA)2 +(”B _VB)2

2 2 2 2
\/1+uA +v, \/1+u3 + v,

sin(s, —s,)=+1-cos(s, —s,) =

_|(uA e +v,e, +e3)/\(uB e +vye, +e3)|

lu e, +v, e, +es| |uge +vye, +e |

which is also a trivial result, since the sine of the angle is proportional to the modulus of
the outer product.

Let us see the area function. The differential of the area is easily obtained taking
into account that it is a bivector and using the outer product of the differentials of the
coordinates:

du A dv

l+u’>+v ’
( ’)

dA = \/(dx Ady) +(dy ndz)’ +(dz ndx) =

/2

This result shows that the central projection is not equivalent and the distortion
increases with the distance to the origin.

Let us consider a plane passing through the centre of the sphere, which cuts its
surface in the great circle determined by the equation system:

x4yt +zi =1
ax+by+z=0 a,b real

Then the angle between two great circles is the angle between both central planes:
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oS (ae23 +be,, Jrelz)O(a'e23 +b'e; +e12)_ aa'+bb' +1
|a€23 the, +e, | |a'ez3 +b'ey +e, | \/az +b? -i-lx/a'2 +b"% +1

The sides of a spherical triangle are great circles; therefore the central projection
of a spherical triangle is a triangle whose sides are straight lines.

Stereographic projection
In the stereographic projection the point of view is placed on the spherical

surface. As before, every point (x, y, z) on the sphere with unity radius centred at the
origin fulfils the equation:

z
x*+yP+z7 =1
We project the spherical surface into \
the plane z = 0 locating the centre of PSRN VR B S
projection at the pole (0, 0, —1) (figure Rt N '/-\
14.5). The wupper hemisphere is Y, v
projected inside the circle of unity | i
radius while the lowest hemisphere is >
projected outside. If u and v are the w
Cartesian coordinates on the projection X u
plane, we have by similar triangles:
Figure 14.5
Toz41 Yozt
u 1
Using the equation of the sphere one arrives to:
2u 2v 2 |
X=—"F"""F = zZ = —
1+u® +v° 4 1+u® +v? 1+u® +v°

from where the differential of the arc length is obtained:

2 2
ds®> =dx* +dy* +dz* :4(du—+dvz)
(1 +u’+ vz)
Now we see that this projection is not equidistant and the distortion increases with the
distance to the origin. The factor 4 indicates that the lengths at the origin of coordinates
on the plane are the half of the lengths on the sphere. Taking instead of the plane z = 0,
the plane z = 1 this factor becomes 1. Then, we can state correctly the scale of the chart
(for example, a polar chart).

The geodesic lines (great circles) are intersection of the sphere surface with
planes passing through the origin, which have the equation:

z=ax+by
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The substitution by the stereographic coordinates yields:

Figure 14.6

(u+a) +(v+b) =a®+b* +1

which is the equation of a circle centred at (—a,

—b) with radius » =+/a® + b* +1. Observe that
this radius is the hypotenuse of a right angle
triangle having as legs the distance to the
origin and the unity. That is, the great circles
on the sphere are shown in the stereographic
projection as circles that intersect the circle x>+
y2 =1 in extremes of diameters (figure 14.6).
Usually only the projection of the upper
hemisphere is used, so that the great circles are represented as circle arcs inside the
circle x* + y> <1. The angle a between two of these circles, as explained in the page

89, is obtained from their radii » and 7" and centres O and O’ through:

rP+r?-(0-07) aa'+bb'+1
2rr! Ja’ +b> +1Na’> +b" +1

cosa =

Just this is the angle between the planesax +by—z=0and a’'x + b'y —z =0, that is,
the angle between the two great circles represented by the projected circles. Therefore,
the stereographic projection is a conformal projection of the spherical surface.

If we calculate the differential of area we find:

4 du A dv

dA=———
(1+M2 +v2)2

Now we see that this projection is not equivalent since distortion of areas increases with
the distance from the origin (as commented above, the factor 4 becomes 1 projecting
into the plane z =1).

Orthographic projection
The orthographic projection of the sphere is a parallel projection (the point of

view is placed at the infinity). If we make a projection parallel to the z-axis upon the
plane z = 0, the Cartesian coordinates on the map are identical to x, y and we have:

2:1}1—)(2—)}2 dZ:_M
’1_x2_y2

dx® +dy* +2x ydxdy

ds®> =dx* +dy* +dz* = o >
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2 2
A= P AY g gy
I-x" -y
Introducing the distance r to the origin of coordinates and the angle ¢ with respect to the

x-axis, we have:

X =rcose y=rsing

_dr’ +r’de’ +2rdrde

1-7r2

ds*

An example of orthographic projection is the Earth image that appears in many TV
news.

Spherical coordinates and cylindrical equidistant (Plate Carrée) projection

For a sphere with unity radius, the spherical coordinates® are related with the
Cartesian coordinates by means of:

x =sin 6 cos @
y =sin @ sin @
z=cosf
Then the differential of arc length is:
ds = (cos 6 cosp df —sinfd sing dgo) e + (cos 0 sing d@ +sind cosp d(p) e, —sind df e,

Introducing the unitary vectors e, and e v Z

as:

e, =cos@ cosp e, +cosl sing e, —sinf e, o,

e, =-singe, +cosge, N S I

the differential of arc length in spherical LR O 0t (R Y
coordinates becomes:

ds=dbe, +sinfdpe, X

ds* =d6* +sin’0do’ Figure 14.7

* For geographical coordinates, @ is the colatitude and ¢ the longitude.
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Note that e, and e, are orthogonal vectors, since their inner product is zero. At 6= 0,

ds depends only on d@ and there is a pole. Then @ is the arc length from the pole to the
given point (figure 14.7), while ¢ is the arc length over the equator (6= m/2, sind= 1).
The meridians (¢ = constant) are geodesics, but the parallels (6= constant) are not.
Exceptionally, the equator is also a geodesic.

In the Plate Carrée projection u = @ and v=mn/2 -6 (latitude) so that the
meridians and parallels are shown in a squared graticule. This projection is equidistant
for any meridian whereas the distortion in the parallels increases, as well as for every
cylindrical projection, as we separate from the equator. Let us see the area:

dA=sin@dO ndep =cosvdu ndv

The ratio of the real area with respect to the represented area on the chart is equal to the
cosine of the latitude and therefore the projection is not equivalent.

Mercator's projection

The Mercator's projection’ is defined as the cylindrical conformal projection. If
we wish to preserve the angles between curves, we must enlarge the meridians by the
same amount as the parallels are enlarged in a cylindrical projection, that is, by the
factor 1/sin € (the secant of the geographical latitude):

dv—_de = v=—logt Q
sind gg2

The differential of arc length is:

4exp(2v)

ds® = d6* +sin’0 dp* =sin’6 (du® + dv* )=
S Sin () Sin (u V) (exp(zv)+1)2

(du2 + dvz)

ds = —2 exp(v) Ndu® +dv?

- exp(2v)+1

where the distances are increased in an amount independent of the direction and
proportional to the inverse of the sine of 6. The differential of area is:

4exp(2v)

dA=sinfd0 ndp = (exp(2v)+ 1)2 du A dv

> The difference between the U.T.M. (Universal Transverse Mercator) projection and the
Mercator planisphere is not geometric but geographic: in the U.T.M. the cylinder of projection
is tangent to a meridian instead of the equator. All the Earth has been divided in zones of 6° of
longitude, where the cylinder of projection is tangent to the central meridian (3°, 9°, 15° ...).



184 RAMON GONZALEZ CALVET

Peters’ projection

The Peters’ projection is the cylindrical equivalent projection. If we wish to
preserve area, we must shorten the meridians in the same amount as the parallels are
enlarged in the cylindrical projection, what

yields:
dv =—sin 0 d6 =  v=cosf e
2
ds* =d0” +sin’0 do> =(1-v?)du’ + ldv e [ -
-V
dA=sin0dO ndp =du Adv
which displays clearly the equivalence of the
projection. Observe that v=cosfd means the
sphere is projected following planes
perpendicular to the cylinder of projection
fi 14.8). T
(hgure 145) S —
Figure 14.8

Conic projections

These projections are made into a cone surface tangent to the sphere (figure
14.9). Because the cone surface unrolled is a plane circular sector, they are often used to
display middle latitudes, while the azimuthal projections are mainly used for poles. In a
conic projection a small circle (a parallel) is shown as a circle with zero distortion. The
characteristic parameter of a conic projection is the constant of the cone n = cos &,
being 6, the angle of inclination of the generatrix of the cone and also the angle from
the axis of the cone to any point of tangency with the sphere. Since the graticule of the
conic projections is radial, to use the radius » and the angle y is more convenient:

dr=f(0)do dy=ndg

The differentials of arc length and area for a conic projection are:

2 s 2
ds* =d0? +sin*0 dp* =9 S0 4
lrex  »
. sin@
dA=sin8dO ndp =——7-=dr ndy
n f(6)

Let us see as before the three special cases: equidistant, conformal and
equivalent projections. The differential of area for polar coordinates r, y is
dA=rdr ndy . If the projection is equivalent, we must identify both d4 to find :
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d | sinf 1 o 2 o
2 = f(e = 0)=——cos— and r=—sin—
dg{nf(g)} 10) 17(0)=—eos sin
) 1_r24n
2 2 242
ds | n e dr + n ridy Figure 14.9
4

If the projection is equidistant, the meridians
have zero distortion so d@ = dr/nand:

ds* = iz(drz + sinz[Lj d;(ZJ
n n

If the projection is conformal then
ds* cdr® +r’dy? so:

: 2
ds’ =%(dr2 +r? d;(z)
nr

Solving the differential equation:

40 = sin@ dr

nr

with the boundary condition tgé, =7, as shown by the figure 14.9 we find the
Lambert’s conformal projection:

n

tg Q
r=tgo, 2
tg 9—0
2
Exercises

14.1 We have seen the gnomonic projection of great circles being always straight lines.
Then, why does the shadow of a gnomon of a sundial follow a hyperbola on a plane
surface instead of a line during a day? Why does this hyperbola become a straight line
the March 21 and September 23?

14.2 Three points on the sphere are projected by means of the stereographic projection
into a circle of unity radius with the coordinates 4 = (—0.5, 0.5), B = (0, —2/3) and C =
(2/3, 0). Calculate the sides, angles and area of the triangle which they form.

14.3 Built at Belfast, the Titanic begun its first and last travel in Southampton the April
10™ 1912. After visiting Cherbourg the Titanic weighed anchor in the Cork harbour
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with bearing New York the 1" April. Calculate the length of the shortest trajectory

from Fastnet (Ireland) at 51°30°N 9°35°W to Sandy Hook (New York) at 40°30°N
74°W. From January 15™ to July 15" the ships had to follow the orthodrome (great
circle) from Fastnet to the point 42°30°’N 47°W and from this point to Sandy Hook
passing at twenty miles from the floating lighthouse of Nantucket. Calculate the length
of the route the Titanic should have followed. Take as an averaged radius of the Earth
6366 km. The Titanic sank the 15™ April at the position 41°46°N 50°14’W. Is this point
on the obliged track?

Figure 14.10 Fastnet
51°30'N 9°35'W
Sandy Hook

40°30°'N 74°W  42°30'N 47°W

14.4 The figure 14.11 is a photograph of the Hale-Bopp comet. The orientation of the
camera is unknown, but the W of Cassiopeia constellation appears in the photograph.
The declination D of a star is the angular distance from the celestial equator to the star
(measured on the great circle passing through the celestial pole and the star). The right
ascension A is the arc of celestial equator measured eastward from the vernal equinox
(one of the intersections of the celestial equator with the ecliptic, also called Aries
point) to the foot of the great circle passing through the star and the pole. The right
ascension and declination of the stars are constant while those of the comets, planets,
the Sun and the Moon are variable. The data of Cassiopeia constellation are:

star Magnitude A D
a Cassiopeia (Schedir) 2.2 Oh 40min 6.4s=10.0267° | 56°29° 57” N
p Cassiopeia (Caph) 2.3 Oh 8min48.1s= 2.2004° | 59° 6’ 40” N
y Cassiopeia (Tsih) 24 Oh 56min 16.9s = 14.0704° | 60°40° 44” N
o Cassiopeia (Ruchbah) 2.7 1h 25min 21.2s =21.3383° | 60° 11’ 57” N

In your system of coordinates, take the x-axis as the Aries point and the z-axis as the

north pole. Then D = n/2—@and 4=¢ .

a) Calculate the focal distance of the photograph, that is, the distance from the point of
view to the plane of the photograph. Knowing that the negative was universal
(24x36 mm), calculate the focal distance of the camera.

b) Calculate the orientation (right ascension and declination) of the photographic
camera.

c) Calculate the coordinates of the Hale-Bopp comet.
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Hale-Bopp

Photograph taken by Jestis M Monge Lopez

Figure 14.11
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15. HYPERBOLOIDAL GEOMETRY IN THE PSEUDO-EUCLIDEAN SPACE
(LOBACHEVSKY’S GEOMETRY)

The geometric algebra of the pseudo-Euclidean space

A vector of the pseudo-Euclidean space is an oriented segment in this space with
direction and sense. The set of all segments (vectors) together with their addition
(parallelogram rule) and the product by real numbers (dilation of vectors) has a structure
of vector space, symbolised here with 3. Every vector in W3 is of the form:

V=Y, € +V2 e, +V3 €3

where e; are three unitary perpendicular vectors, which constitute the base of the space.
The modulus of a vector is:

2 2 2 2
|v| ==V, =V, +V;

It determines the geometric properties of the space, very different from the Euclidean
space. Now we define an associative product (geometric or Clifford product) being a
generalisation of those defined for the Euclidean and hyperbolic planes. Imposing the
condition that the square of the modulus be equal to the square of the vector, we find:

2
2 _ 2 _ _ 2 _ _ .,
e, =-1 e, =—1 e; =1 and e e, =—¢; ¢ fori#j

From the base vectors one deduces that the geometric algebra generated by the
space W3 has eight components:

CI(W3)= a, :< e, e, e;, ey, e5,e,,ep >

Let us see with more detail the product of two vectors:

vw=(v, e, +v, e, +vye)(w e +w, e, +wyey)=—v, W, —v, w, + v, W,
+(V2 Wi =V, Wz)ez3 +(V3 W =" W3)e31 +(V1 Wy =V, W])eIZ

I shall call the product (or quotient) of two vectors a fetranion. The tetranions are the
even subalgebra of C/ , that generalises the complex and hyperbolic numbers to the
pseudo-Euclidean space. Splitting a tetranion in the real and bivector parts, we obtain
the inner (or scalar) product and the outer (or exterior) product respectively:

VW=V, W, =V, Wy, VW,

V/\WZ(V2 W3 = V3 Wz)ez3 +(V3 w, =V, Wa)esl +(V1 W, =V, W])el2



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 189

Here also, the bivectors are oriented plane surfaces indicating the direction of planes in
the pseudo-Euclidean space. As before, vectors and bivectors are different things. This
fact has been experienced also by physicists: in the Minkowski’s space, the
electromagnetic field is a bivector while the tetrapotential is a vector. On the other hand,
the oriented area is, of course, a bivector. As a criterion to distinguish both kind of
magnitudes one also uses the reversal of coordinates, which changes the sense of
vectors while leaves bivectors invariant.
Two vectors are said to be orthogonal if their inner product vanishes:

viw < v-w=0

So the outer product is the product by the orthogonal component and the inner product
is the product by the proportional component:

V‘WZVWH VAW=VW,

The product of two bivectors yields a tetranion. The real and bivector parts can
be separated as the symmetric and antisymmetric product. Since:

2 2 2 _
e, =e; =1 and e, =—1

the symmetric product is a real number whose negative value will be denoted here with
the symbol e, whereas the antisymmetric product, denoted here with the symbol x, is
also a bivector:

v.WZ—E(VW-i-WV)Z—V23 Wy — Vi Wy +V12 Wy,

vxw=—%(vw—wv)

Z_(V31 Wi =V Wsl)ezz _(Vlz Wiy = Va3 W12)631 +(V23 Wi — V3 W23)612

VW=—VeWw—yvXWw

The outer product of three vectors has the same expression as for Euclidean
geometry and this is a natural outcome of the extension theory: the product u A v A w is
the oriented volume generated by the surface represented by the bivector u A v when it
is translated parallelly along the segment w:

u v w

X X X

UAVAWS|U, vV, W ey
u, v, w

z z z

Finally, let us see how the product of three vectors u, v and w is. The vector v
can be resolved into a component coplanar with u# and v and another component
perpendicular to the plane u-v:



190 RAMON GONZALEZ CALVET

MVW:MVHW-FMVLW

Now let us analyse the permutative property. In both Euclidean and hyperbolic planes
we found u v w — w v u = 0. In the pseudo-Euclidean space the permutative property
becomes:

uvw—wvu=uv, w—wv, u=v, (~uw+wu)
=2V UAW==2VAUAW=2UAVAW

I take the same algebraic hierarchies as in the former chapter: all the abridged
products must be operated before the geometric product, convention adequate to the fact
that in many algebraic situations, the abridged products must be developed in sums of
geometric products.

The hyperboloid of two sheets

According to Hilbert (Grundlagen der Geometrie, Anhang V) the complete
Lobachevsky’s “plane” cannot be represented by a smooth surface with constant
curvature as proposed by Beltrami. But this
result only concerns surfaces in the Euclidean
space. The surface whose points are placed at a
fixed distance from the origin in a pseudo-
Euclidean space (the two-sheeted hyperboloid) is
the surface searched by Hilbert which realises
the Lobachevsky’s geometry'. It is known that it
has a characteristic distance like the radius of the >y
sphere. Since all the spheres are similar, we need
only study the unitary sphere. Likewise, all the
hyperboloidal surfaces z—x’—)* = #* are similar
and the hyperboloid with unity radius (figure
15.1):

Figure 15.1

22—x2—y2:l

where (x, y, z) are Cartesian although not Euclidean® coordinates, suffices to study the
whole Lobachesky’s geometry.

" The reader will find a complete study of the hyperboloidal surface in Faber, Foundations of
Euclidean and Non-Euclidean Geometry, chap. VII. “The Weierstrass model”.

? For me, Cartesian coordinates are orthogonal coordinates in a flat space (with null curvature),
independently of the Euclidean or pseudo-Euclidean nature of the space. Lines and planes
(linear relations between Cartesian coordinates) can always be drawn in both spaces, although
the pseudo-Euclidean orthogonality is not shown as a right angle, and the pseudo-Euclidean
distance is not the viewed length. The incompleteness of Cartesian coordinates was already
criticised by Leibniz in a letter to Huygens in 1679 proposing a new geometric calculus: «Car
premierement je puis exprimer parfaitement par ce calcul toute la nature ou définition de la
figure (ce que ’algébre ne fait jamais, car disant que x* + )* aeq. a* est I’equation du cercle, il
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The fact that the hyperboloidal surface owns the Lobachevsky’s geometry will
be evident through the different projections here reviewed. If we followed the same
order as in the former chapter, we should firstly deal with the Lobachevskian
trigonometry. However, the concept of arc length on the hyperboloid is much less
intuitive than on the sphere. Therefore we must see the concept and determination of the
arc length before studying the hyperboloidal trigonometry.

The central projection (Beltrami disk)

In this projection the centre of the hyperboloid is the centre of projection. Thus,
we project every point on the upper sheet of the hyperboloid z>—x*—)* = 1 into another
point on the plane z = 1 taking the origin x = 0, y = 0, z = 0 as centre of projection
(figure 15.1). Let u and v be Cartesian coordinates on the plane z =1, which touches the
hyperboloid in the vertex. By similar triangles’:

X
U=— y==
z 4
From where we obtain:
u % 1
X=——— y:— z =
1—u? —v? 1—u? —v? 1—u? —v?

The differential of the arc length upon the hyperboloid is:

ds=dxe +dye, +dze,

(1—v2)du2 +2uva’ua7v+(1—uz)dv2
(l—u2 —v2)2

ds® =—dx* —dy* +dz* =—

which is the negative value of the usual metric of the Lobachevsky’s surface in the
Beltrami disk. The negative sign indicates that the arc length is comparable with lengths
in the x-y plane. The whole upper sheet of the hyperboloid is projected inside the
Beltrami’s circle u” +v* <1 with unity radius. However, if we project the one-sheeted
hyperboloid z* — x> —y® =—1 into the plane z = 1 we find the same metric but
positive, what indicates the lengths being comparable to those measured on the z-axis.
All the upper half of the one-sheeted hyperboloid is projected outside the circle of unity
radius, giving rise to a new geometry not studied up till now.

faut expliquer par la figure ce que c’est x et y.» (Josep Manel Parra, “Geometric Algebra versus
numerical cartesianism” in F. Brackx, R. Delanghe, H. Serras, Clifford Algebras and Their
Applications in Mathematical Physics).

> Now to consider that the legs of both right angle triangles are horizontal and vertical, and
therefore perpendicular is enough for the deduction. Notwithstanding, in a pseudo-Euclidean
space one must use the algebraic definition of similitude: a triangle with sides a and b is directly
similar to a triangle with sides ¢ and d if and only if a ¢ ™' = b d ™. This condition implies that
both quotients of the modulus are equal and both arguments also.
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Let us consider a plane passing through the origin of coordinates (central plane).
Its intersection with the two-sheeted hyperboloid is the hyperbola determined by the
equations system:

Zz_xz_y2:1
z=ax+by a,b real

We search the Frenet's trihedron. By differentiation we find a linear differential
equations system :

zdz=xdx+ ydy
dz=adx+bdy

where dx and dy can be isolated:

y—bz i dy = az—x

dx: =
ay—-bx ay—-bx

dz

Then the differential of the arc length of this hyperbola is:

-b -
ds=dxe +dye, +dze, = i e + ==z e, +e, |dz
ay—-bx ay—-bx
. 2 2 2 , _1=da’=b*
and its square: ds =—dx" —dy” +dz" =———-dz
(ay-bx)

Now we obtain the unitary vector ¢ tangent to the hyperbola:

dx dy dz (y—bz)e, +(az—x)e, +(ay—bx)e,

t=—e +—e, +—e; =
1 2 d 3 ’—1_a2_b2

ds ds
Observe that ¢ and ds have imaginary components since a plane only cuts the two-
sheeted hyperboloid if a*+ b*> 1. Anyway, the geometric vector can be taken with real
components, although then its modulus is —1.
The derivative of the tangent vector with respect to the arc length is not only
proportional but equal to the normal vector n of the hyperbola:

dt
nzd—z—(xel+ye2+ze3) = K=
s

because the position vector of every point on the two sheet hyperboloid has unitary
modulus. Hence the curvature x of the hyperbola is constant and equal to 1. All the
hyperbolas being intersections of the hyperboloid with planes passing through the origin
and a given point on the hyperboloid have the same radius of curvature 7:
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&)
r=|—| =—(xe +ye,+ze,)

Two consequences are deduced from this fact: firstly their common radius of curvature
is perpendicular to the surface, and secondly, these hyperbolas are geodesics of the
hyperboloid. Because all the hyperbolas lie on planes passing through the origin, their
central projections are straight lines. In other words, every geodesic hyperbola is
projected into a segment on the Beltrami disk. Taking as equation of the line:

v=ku+Il

with k and [ constant, the substitution in ds gives’:

ds NIEY S A

du
ey —ut(l+k)-2klu+1-12
By integration we arrive at the following primitive:

+k1+V1+k2—F

S arg tghM + const = l10g 14k + const
€3 Vi+k? =1 2 u+k1—\/1+k2—lz
1+k°

The line v = k u + [ cuts the Beltrami’s circle u* +v> =1 at the points 4 and D
whose coordinates are the solution of the system of the equations:

{v=ku+l k114K -1 kI -

= u,=

u’ +v? =1 k* +1 ° k* +1
Thus the primitive may be rewritten: Figure 15.2 D
s 1 u—u,
—=—log + const

Then, the arc length between two points B and C on this
geodesic hyperbola is the difference of this primitive
between both points:

Sc =S,

:llog(uc _uA)(uD _uB):%IOg(ABCD)

€123 2 (”D _”A)(uc _”B)

* As said before, the arc length s on the two-sheeted hyperboloid has imaginary values. I'm
sorry by the inconvenience of that reader accustomed to take real values. However the
coherence of all the geometric algebra force to take account of the imaginary unity ej»;. This
also explains why Lobachevsky found the hyperboloidal trigonometry by choosing imaginary
values for the sides in the spherical trigonometry.
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that is, the half of the logarithm of the cross ratio of the four points (figure 15.2) on the
Beltrami disk.

However it is more advantageous to write it using cosines instead of tangents by
means of the trigonometric identity:

S S
1 —tgh 2 tgh ~<
cosh Sc =S _ €123 €123

€ 1-tgh’ S i tgh’ Je
€123 €13

After removing k and / using the equation of the line in the primitive, we arrive at:

Sy l—ugu.—vy v,

Se =
cosh—< = - - - -
e — — - -

123 \/1 Up — Vg \/1 Us" —ve

where the expression is real for all the points on the hyperboloid, whose projections lie
on the Beltrami disk »”+ v* < 1. This expression is equivalent to write:

COShSC_SB= (“361+V362+e3)'(ucel+Vcez+e3)
€123 |(”B € +Vg €2+es)| |(uCel+VCe2+€3)|

Since the vector u, e, + v, e, + e, is proportional to the position vector, we have:

Sc—Sg

cosh = cos(s, —5,)= (xpe +yse+z5e) (xce +yce, +20e)

€123 |(x361+y332+23 e3)| |(xcel+ycez+zc e3)|
which is the expected expression to calculate angles between vectors in the pseudo-
Euclidean space. This result must be commented in more detail. Note that every pair of
vectors going from the origin to the two-sheeted hyperboloid always lie on a central
plane having hyperbolic nature, since it cuts the cone z> — x> — y* =0 of vectors with
zero length. Because of this, the angle measured on this plane is hyperbolic.

A hyperboloidal triangle is the region of the hyperboloid bounded by three
geodesic hyperbolas. The length of a side of the triangle can be calculated by integration
of the arc length of the hyperbola according to the last result. On the other hand, the
angle of a vertex of a hyperboloidal triangle is the angle between the tangent vectors of
the hyperbolas of each side at the vertex:

~(y-bz)(y-b'z)-(az—x)(a'z=x)+(ay-bx)(a' y—b'x)
\/l—a2 -b’ \/l—a’2 -b"”

cosa=t-t'=

_ l—-aa —bb’
\/l—a2 -b? \/l—a’2 —b'"?
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Note that every pair of tangent vectors lie on a plane of Euclidean nature, a plane
parallel to a central plane not cutting the cone of zero length. So the angles measured on
this plane are circular. We arrive at the same conclusion by proving that the absolute
value of the cosine (and also its square) is lesser than the unity:

(1-aa'-bb')

1
(—a -t ) (—a? -]

The denominator is positive (although both squares are negative because a’ + 5> >1)
and it can pass to the right hand side of the inequality without changing the sense.
Removing the denominator and after simplification:

~2aa'-2bb'+2aa'bb'<-a’ -b*—a? -b"* +a’ b +a” b’
and arranging terms we find an equivalent inequality:

a’+a” -2aa' +b* +b* -2bb'<a’ b +a* b* -2aa'bb’

(@a-a') +(b-0') <(@ab'-ba')
Just this is the condition for the existence of the intersection point where two central
planes and the hyperboloid meet as I shall show now. The planes with equations a x + b
y=zand a'x + b'y =z are projected into the linesau+bv=1anda’'u+b'v=1on

the Beltrami disk. Then the point of intersection of both planes and the hyperboloidal
surface is projected into the point on the Beltrami disk given by the system of equations:

au+bv=1
a'u+b'v=1
ion i b'-b —a'+a
whose solution is: U=——— p=— 7
ab'—a'b ab'—a'b

This point lies inside the Beltrami circle (and the point of intersection of the
hyperboloid and both planes exists) if and only if:

) ) (a—a')2 +(b—b’)2

+v° = <1
e (ab'-ba')

which is the condition above obtained.
Note that the expression for the angle between geodesic hyperbolas coincides
with the angle between the bivectors of the planes containing these hyperbolas:

coS QL = (aey +hey +ep)ela’ ey +b'ey +ep,)

! ’
|aez3+be31+e12 | |a €,y +b e31+elz|
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It is not a surprising result, because it happens likewise for the sphere: the angle
between two maximum circles is the angle between the central planes containing them.

The planes passing through the origin only cut the two-sheeted hyperboloid if a*
+ b* >1. These planes also cut the cone of zero length z* — x* — y* = 0 so they are
hyperbolic and the angles measured on them are hyperbolic arguments. On the other
hand, the planes with a* + b* <1 do not cut the hyperboloid neither the cone and have
Euclidean nature. In the Lobachevskian trigonometry, the planes containing the sides of
a hyperboloidal triangle are always hyperbolic, while the planes touching the
hyperboloid and containing the angles between sides are always Euclidean, and hence
the angles are circular. Resuming, real modulus of a bivector (0<—a” —b* +1) indicates
an Euclidean plane and imaginary modulus (0>—a*-b*+1) a hyperbolic plane.

Now we already have all the formulas to deduce the hyperboloidal trigonometry.

Hyperboloidal (Lobachevskian) trigonometry

The Lobachevskian trigonometry is the study of the trigonometric relations for
the sides and angles of geodesic triangles on two-sheeted hyperboloids in the pseudo-
Euclidean space. We will take for
convenience the hyperboloid with
unity  radius 2P —x* =y’ =1,
although the trigonometric identities
are equally valid for a hyperboloid
with any radius.

Consider three points 4, B and
C on the unitary hyperboloid (figure
15.3). Then |A4|=|B|=|C|=1. The
angles formed by each pair of sides
will be denoted by «, £ and y, and the
real value of the sides respectively
opposite to these angles will be
symbolised by a, b and ¢ respectively.
Then a is the real value of the arc of
the geodesic hyperbola passing
through the points B and C, that is, the hyperbolic angle between these vectors:

Figure 15.3

As said above, the planes intersecting the hyperboloid have imaginary modulus. So we
must divide by the pseudoscalar imaginary unity, which is also the volume element. In
this equality the hyperbolic sine is taken positive and also a.

«a is the circular angle between the sides b and ¢ of the triangle, that is, the angle
between the planes passing through the origin, 4 and B, and the origin, 4 and C
respectively. Since the direction of a plane is given by its bivector, which can be
obtained through the outer product, we have:
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[(AAB)x(4AC)|

sina =—
|AAB||AAC]

where the minus sign is due to the imaginary modulus of the outer products of the
denominators. Now we write the products of the numerator using the geometric product:

|~ (AB-BA)(AC-CA)+(AC-C A)(4B-B 4)|
8| AnB||anC

sina =—

‘—ABAC+ABCA+BA2C—BACA+ACAB—ACBA—CA2B+CABA

sina =—
8| AnB||AnC|

We extract the vector 4 as common factor at the left, but without writing it because
|4|=1:

‘—BAC+BCA+ABC—A”BACA+CAB—CBA—ACB+A*CABA

sina =
8| ANB|| ANC|

Applying the permutative property to the suitable pairs of products, we have:

|6 ANBAC+247 ANBAC 4 | AABAC]
8| AnB||AAC] ~ [4nB|[4rC

sina = —

since the volume 4 A B A C is a pseudoscalar, which commutes with all the elements of
the algebra. Now the law of sines for hyperboloidal triangles follows:

sina_sinf8_ siny |A~ABAC|
sinha sinhb sinhce |AAB|[BAC||CAdlep,,

@

Let us see the law of cosines. Since e, =e;, =—e;, =1 then:

(A/\B)O(A/\C) (A/\B)O(A/\C)
cosa = =—
|A/\B||A/\C| sinh ¢ sinh b

ﬁﬂMﬁMuwma:é«AB—BAXAC—CAM{AC—CAXAB—BA»

:é@BAC—ABCA—BAZC+BACA+ACAB—ACBA—CA2B+CABA)

Now taking into account that:
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44-BA-C=(AB+BA)(AC+CA)=ABAC+ABCA+BA*C+BAC A
But also:
44-BA-C=(AC+CA)(AB+BA)=ACAB+ACBA+CA*B+CABA

and adding the needed terms, we find:
sinhbsinhccosa:%(SA-BA-C—2ABCA—ZBA2 C-2ACBA-2C 4* B)

Extracting common factors and using 4> = B*=1, we may write:

sinhbsinhccosazé(i&A-BA-C—2A(B C+CB)A-2(BC+CB))=A4-BA-C-B-C

sinh b sinh ¢ cos a = cosh ¢ cosh b —cosh a
cosh a = cosh b cosh ¢ —sinh b sinh ¢ cos « (1)

which is the law of cosines for sides. The substitution of cosh ¢ by means of the law of
cosines gives:

cosha = cosh b (cosh @ cosh b — sinh a sinh b cos y ) — sinh b sinh ¢ cos &
cosha (1 —cosh’ b): —cosh b sinh a sinh b cos y — sinh b sinh ¢ cos &
and the simplification of —sinh b:
cosh a sinh b = cosh b sinh a cos y + sinh ¢ cos &
The substitution of sinh ¢ = sinh a sin y/ sin « yields:

sinh ¢ sin y cosa

cosh a sinh b =cosh b sinh a cos y + .
sin @

Dividing by sinh a :
cotha sinh b =cosh b cos y +siny cota  (II)

Figure 15.4

/ vy

We project the hyperboloidal surface into the f
plane z = 0 (figure 15.4) taking as centre of

projection the lower pole (0, 0, —1). The upper sheet

is projected inside the circle of unity radius while the X,
lower sheet is projected outside. Let ©# and v be the

Stereographic projection (Poincaré disk)

N
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Cartesian coordinates of the projection plane. By similar triangles we have:

| R

u v

where (x, y, z) are the coordinates of a point on the hyperboloid. Using its equation
z> —x*> —y? =1, one arrives at:

2u 2v 2
X=— = _—
1—u?—v? Y 1—u? —v? 1—u? —v?

from where the differential of the arc length is obtained:

The geodesic hyperbolas are intersection of the hyperboloid with central planes having
the equation:

z=ax+by Figure 15.5

The substitution by the stereographic coordinates
yields:

(u—a) +(v-b) =a®> +b* -1

which is the equation of a circle centred at (a, b)

with radius »=+a® + b*> —1. That is, the geodesic
hyperbolas on the hyperboloid are shown as circles
in the stereographic projection (figure 15.5). The
central planes cutting the two-sheeted hyperboloid

fulfil a® + > >1, so that the radius is real and the centres of these circles are always
placed outside the Poincaré disk.
The angle a between two circles is obtained through:

r2+r’2—(0—0')2_ aa'+bb' -1
2rr Vo +b —1a” 207 1

cosSa =

Just this is the angle between two geodesic hyperbolas (between the tangent vectors ¢
and ¢’) found above. Therefore, the stereographic projection (Poincaré disk) is a
conformal projection of the hyperboloidal surface.

On the other hand, the geodesic circles are always orthogonal to the Poincaré's

circle u> +v> =1 (#'=1, 0'=(0, 0) ) because:

r+1-0° _

7

cosa = 0
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The differential of area is easily obtained through the modulus of the differential
bivector:

4 du A dv

dA = \/(dx AdyY —(dy ndz)’ —(dz ndx) = —
(1 —u’ -’ )

When doing an inversion of the
Poincaré disk centred at a point lying on
the limit circle, another projection of the Figure 15.6
Lobachevsky's geometry is obtained: the
Poincaré’s half plane. Here the geodesics
are semicircles orthogonal to the base line
of the half plane. Since the inversion is a
conformal transformation, the upper half
plane is also a conformal projection of the
hyperboloid. The figure 15.6 displays the

projection of a hyperboloidal triangle and
its sides in the Poincaré’s upper half plane.
Azimuthal equivalent projection
This projection preserves the area and is similar to the azimuthal equivalent
projection of the sphere usually used in the polar maps of the Earth.

The differential of the area in the pseudo-Euclidean space is a bivector whose
square is:

dA* =(dx ndy) —(dy ndz)’ —(dz ndx)
The substitution of the hyperboloid equation:

22 —x -y’ =1 = dz=£dx+ldy
z z

€

2
z

yields: dA* =—(dx A dy)’

Every azimuthal projection has plane coordinates u and v proportional to x and y,
being the proportionality constant only function of z:

u=xf(z) v=yfz)

Then by differentiation of these equalities and substitution of dz, which is a linear
combination of dx and dy we arrive at:

2
z

z

WAWZ@Q+ ”fwaA@
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Identifying both area differentials we find the following differential equation:

i+

Rewriting the equation with differentials, we arrive at an exact differential:

z2 -1

(zg—1)dz+

2_
dg=0 < d(zz 1g—zj:O

2(z+ t /2( + ti
g(z): (Z . cons ) N f(Z): zZ i cons
z- -1 z- -1

Next to the pole x and u are coincident and also y and v. Then f{1)=1, which implies the
integration constant be —1 and then’:

_2(2—1)_\/2 ]2 ]2
f(Z)_\/Z2—1 Vz+l - v z+1 ey z+1

Weierstrass coordinates and cylindrical equidistant projection

These are a set of coordinates similar to
the spherical coordinates, but on the
hyperboloid surface in the pseudo-Euclidean
space.

For a hyperboloid with unity radius, the
Weierstrass coordinates are:

Figure 15.7

x =sinhy cos @

y =sinh y sin ¢

z =coshy

Then the differential of arc length is:

> As a comparison in the central projection f{z) = 1/z while for the stereographic projection f{z) =
1/(z+1).



202 RAMON GONZALEZ CALVET

ds = (COShl// cos @ dy —sinhy sing d(p) e + (COShl// sin@ dy + sinhy cose dgo) e, +sinhy dy e,
Introducing the unitary vectors e, and e, as:
e, =coshy cosg e, +coshy sing e, +sinhy e,

e,=-singe, +cosy e,

the differential of arc length in hyperboloidal coordinates becomes:
ds=dy e, +sinhy dpe, ds’ =—(dy? +sinh’y dp?)

Note that ¢, and e, are orthogonal vectors, since their inner product is zero. At =0,

ds only depends on d, so that there is a pole. Then  is the arc length from the pole to
the given point on the hyperboloid surface (figure 15.7), while ¢ is the arc length over
the equator, the parallel determined by sinhyy=1 and = 10g(1+\/5 ). The meridians (¢
= constant) are geodesics, while the parallels (7 = constant) including the equator are
not geodesics because their planes do not pass through the origin of coordinates.

In the cylindrical projections, the hyperboloid is projected onto a cylinder
passing through its equator, whose axis is the z axis. The chart is the Euclidean map
obtained unrolling the cylinder’. Using @ and i as the coordinates u and v of the chart,
the hyperboloid surface is projected into a rectangle with 27w width and infinite height.
The area on this chart is:

dA =sinhy dop Ady =sinhvdu A dv
This projection is equidistant for the meridians (¢ = constant) and for the equator (=
log(1++/2)).

Cylindrical conformal projection

If we wish to preserve the angles between curves, we must enlarge the meridians

by the same amount as the parallels are enlarged in a cylindrical projection, that is by a
factor 1/sinh y-

dv = dy

7
= = v=Ilogtgh—
sinhy £'8 2

The differential of arc length and area are:

S Every plane tangent to the two-sheeted hyperboloid has Euclidean nature. So the
Lobachevsky’s surface can be only projected onto a Euclidean chart, and the cylinder of
projection is not hyperbolic and does not belong properly to the pseudo-Euclidean space.
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ds’ =—(dy/2 +sinh’y d(pz)z—sinhZV/ (alu2 +dv2)=

dA=sinhy dop ndy =

Cylindrical equivalent projection

4 exp(2 v)

(1 -exp(2v))

—4exp(2v)

—(1 - exp(2 v) )2 (du2 + dvz)

5 du A dv

If we wish to preserve area, we must shorten the meridians in the same amount
as the parallels are enlarged in the cylindrical projection, what yields:

dv =sinhy dy = v =coshy

ds’ =—(d1//2 +sinh’y d¢2)=—(v2 —1)a’u2 -

dA=sinhy do Ady =du A dv

which clearly displays the equivalence
of the projection. Observe that v =
cosh  means the hyperboloid is
projected following planes
perpendicular to the cylinder of
projection (figure 15.8).

Conic projections

These projections are made
into a cone surface tangent to the
hyperboloid. Here to take the cone

z> —x>—y* =0 is the most natural
choice, although as before, the cone of

dv?

vi—1

Figure 15.8

]
\\___-___——_______/

projection has Euclidean nature and does not belong properly to the pseudo-Euclidean
space, where it should be the cone of zero length. The cone surface unrolled is a circular
sector. In a conic projection a parallel is shown as a circle with zero distortion. The
characteristic parameter of a conic projection is the constant of the cone n = cos &,
being &) the Euclidean angle of inclination of the generatrix of the cone. The relation
with the hyperbolic angle g of the parallel touching the cone (which is represented
without distortion in the projection) and 6 is:

1

J1+tgh’w,

n=cosf, =
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Since the graticule of the conic projections is radial, is more convenient to use
the radius » and the angle y :

dr=fly)dy dy =ndp

The differentials of arc length and area for a conic projection are:

2 : 2
dSZ :_(dl//Z_'_Slnth//dwz):_( dr Slnh Wd ZJ

G

sinh i

nf(y)

Let us see as before the three special cases: equidistant, conformal and
equivalent projections. The differential of area for polar coordinates r, y is
dA=rdr Andy . If the projection is equivalent, we must identify both d4 to find:

dA =sinhy dp Andy = dr ndy

d sinhyj} 1 v 2 .y
_—=f(‘//) = f(t//)=—c0sh— and r=——=sinh—
dv/{nf(w) Jn 2 NP
2
1+nr
ds® =— dar’ + ridy’
nr n
1+ —
4

If the projection is equidistant, the meridians have zero distortion so dy = dr/n and:

ds® = —Lz(a’r2 + sinhz(ij d;(zj
n n

If the projection is conformal then ds® oc dr® + r’dy” so:

. 2
ds’ :_sm2h Zl// (dr2 +r? d;(z)
nr

Then we solve the differential equation:

sinhy

dy = dr

nr

with the boundary condition tghy, =, to find the conformal projection:
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n

tghZ

r=tghy,

¥V
tgh —
8 2

On the congruence of geodesic triangles

Two geodesic triangles on the hyperboloid having the same angles also have the
same sides and are said to be congruent. This follows immediately from the rotations in
the pseudo-Euclidean space, which are expressed by means of tetranions in the same
way as quaternions are used in the rotations of Euclidean space. However, this falls out
of the scope of this book and will not be treated. The reader must perceive, in spite of
his Euclidean eyes’, that all the points on the hyperboloid are equivalent because the
curvature is always the unity and the surface is always perpendicular to the radius. So
the pole (vertex of the hyperboloid) is not any special point, and any other point may be
chosen as a new pole provided that the new axis are obtained from the old ones through
a rotation.

Comment about the names of the non-Euclidean geometry

Finally it is apparent that the different kinds of non-Euclidean geometry have
been often misnamed. The Lobachevskian surface was improperly called the
“hyperbolic plane” in contradiction with the fact that it has constant curvature and
therefore is not flat. Certainly, in the Lobachevsky’s geometry the hyperbolic functions
are widely used, but in the same way as the circular functions work in the spherical
trigonometry, as Lobachevsky himself showed. In the pseudo-Euclidean plane the
geometry of the hyperbola is properly realised, the hyperbolic functions being also
defined there. Thus the pseudo-Euclidean plane should be named properly the
hyperbolic plane, while the Lobachevsky’s geometry might be alternatively called
hyperboloidal geometry. The plane models of the Lobachevsky’s geometry (Beltrami
disk, Poincaré disk and half plane, etc.) must be understood as plane projections of the
hyperboloid in the pseudo-Euclidean space, which is its proper space, and then the
Lobachevskian trigonometry may be called hyperboloidal trigonometry.

On the other hand, the space-time was the first physical discovery of a pseudo-
Euclidean plane, but one no needs to appeal to relativity because, as the lector has
viewed in this book, both signatures of the metrics (Euclidean and pseudo-Euclidean)
are included in the plane geometric algebra and also in the algebras of higher
dimensions.

Exercises

15.1. According to the Lobachevsky’s axiom of parallelism, at least two parallel lines
pass through an exterior point of a given line. The two lines approaching a given line at

7 In fact, eyes are not Euclidean but a very perfect camera where images are projected on a
spherical surface. The principles of projection are likewise applicable to the pseudo-Euclidean
space. Our mind accustomed to the ordinary space (we learn its Euclidean properties in the first
years of our life) deceives us when we wish perceive the pseudo-Euclidean space.
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the infinity are called «parallel lines» while those not cutting and not approaching it are
called «ultraparallel» or «divergent linesy.
Lobachevsky defined the angle of parallelism TI(s)
as the angle which forms the line parallel to a given
line with its perpendicular, which is a function of
the distance s between the intersections on the >\
perpendicular. Prove that Tl(s) = 2 arctg(exp(—s))
using the stereographic projection.

15.2. Find the equivalent of the Pythagorean
theorem in the Lobachevskian geometry by taking a

right angle triangle. Figure 15.9

15.3. A circle is defined as the curve which is the intersection of the hyperboloid with a
plane not passing through the origin with a slope less than the unity. Show that:

a) The curve obtained is an ellipse.

b) The distance from a point that we call the centre to every point of this ellipse
is constant, and may be called the radius of the circle.

c) This ellipse is projected as a circle in the stereographic projection.

15.4. A horocycle is the intersection of the hyperboloid and a plane with unity slope
(a* +b* =1). Show that the horocycles are projected as circles touching the limit circle
x* + y* =1 in the stereographic projection. Find the centre of a horocycle.

15.5 a) Show that the differential of area in the Beltrami projection is:

du A dv

dd = (1—u2 _vz)s/z

b) By integrating dA4 prove that
the area between two lines
forming an angle ¢ and the
common “parallel” line (figure
15.10-a) is equal to T — @.

c) Prove that the area of every
triangle (figure 15.10-b) is equal
to its angular defect 1 — o — -
V.

Figure 15.10

15.6 Use the azimuthal conformal projection to show that the area of a circle
(hyperboloidal segment) with radius w is equal to 2 m (cosh w — 1). This result is
analogous to the area of a spherical segment 2 7t (1 — cos ).
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16. SOLUTIONS OF THE PROPOSED EXERCISES

1. The vectors and their operations
1.1 Let a, b be the different sides of the parallelogram and ¢, d both diagonals. Then:
c=a+b d=a-b
Frd=(a+b)Y+(a-b)Y=d"+2a-b+b+d*—2a-b+b =
=24 +21

which are the sum of the squares of the four sides of the parallelogram.

y :(ab+ba)2 +(ab—ba)2

b) - b
12 (a-b) —(an 7 2

_abab+baba+ab2a+ba2b_abab+baba—ab2a—ba2b
4 4

=a’ b’
1.3 Letusprovethat anb cand=(anb c)-d:
danbcad=(ab-ba)(cd-dc)=abcd-abdc—-bacd+badc=
=abcd—-dbac—bacd+dabc=(abc-bac)d+d(abc—-bac)=
=2(abc—bac)-d=4(anbc)-d
In the same way the identitya A b c ad=a- (b ¢ A d) is proved.
1.4 Using the identity of the previous exercise we have:

anrbeadtancdabtrand bac=

a(b c/\d)-i-a'(c d/\b)"’d'(d b/\C):

a(becad+rcdab+dbac)=

a(bcd-bdc+cdb-cbd+dbc-dcb)=a-0=0

where the summands are simplified taking into account the permutative property.

207

1.5 Let us denote the components proportional and perpendicular to the vector a with ||
and | . Then using the fact that orthogonal vectors anticommute and those with the same

direction commute, we have:
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abc=a(b+b)(cte)=(b-br)a(etec)=(b-b)(¢—cr)a=
=(bjcy— bjciL =bcytbici)a=(cbj+tc bj+cb +tc b )a=
=(¢tc)(byj+tb)a=cbha

1.6 Let a, b, ¢ be the sides of a triangle and /4 the altitude corresponding to the base b.

Then the altitude divides the triangle in two right triangles where the Pythagorean theorem
may be applied:

|b|=va? —h* +4c? —
Isolating the altitude as function of the sides we obtain:

2
PR (az +b° —cz)
4b*
Then the square of the area of the triangle is:

. bR 4ah—(a> +b> =) —at —b' —c' +2a7D +2a%¢7 +2b°C

A =
4 16 16

1
Introducing the semiperimeter s =5 (la|+|b|+]|c|) we find:

A= s(s=|a])(s=|b])(s—|c])

2. A base of vectors for the plane
2.1 Draw, for example, two vectors of the first quadrant and mark u;, u2, vi and v, on the
Cartesian axis. Then calculate the area of the parallelogram from the areas of the
rectangles:

A=(ui+vi)(w+v2)—urur—viva—2Vviur=ui vz — Uz vi

2.2 The area of a triangle is the half of the area of the parallelogram formed by any two
sides. Therefore:

A=(3ei+t5Se)a(2e1-3e)=(-9+10)en=cn2 = |A|=1
2.3 abc=(aeitame)(biesthex)(ciertcrer)
=slaibhitarbyten(aib—axbh1)](ciertcaer)

=e1(a1b1cl+a2b2c1+a1szz—azbch)+ez(a1b102+a2b2cZ—a1bzcl+a2blcl)
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=(ciettce)[biaitbraxten(biar— bhar)]=
=(certce)(beithe)(amet+tarer)=cba
24 uv=(2e1+3e)(-3etde)=6+17en2

| uv | =/325 olu, v) =1.2315=70°33'36"
2.5 For this base we have:
eirex=|el||ex|cosn/3=1 |e1/\e2|=|e1||ez||sinn/3|=\/g
Applying the original definitions of the modulus of a vector one finds:
P=(2ea+3e )Y =de’+9e’+12e - e=4+36+12=5 =  |u|=+52
V=(Betde)=9e +16e_2dei-e=9+64-24=49 = |v|=+49
uv=(2e1+3er)(Bei+der)=—6e’+12e’ +8er1er-9erer =

—4_e-er+1Tel ner=4l+1Terpner =  |uv|=+2548

wv 4l _ lunv] 1743
cosqg=——-= sina ==+ =

luv| V2548 " uv| 2548

olu, v) =0.6228=35° 41" 5" oriented with the sense from e; to e .

When e; and e; are not perpendicular, e; e> # — e2 e1 and er> has not the meaning of a pure
area but the outer product e; A e; with an area of V3. Also observe that | uv | = | u | | v | .

2.6 In order to find the components of v for the new base {ui, u»}, we must resolve the
vector v into a linear combination of u; and u> .

vV=ciurtcouw

Cl:v/\u2 :3(_3)_(_5)5:—16 ¢, = _ _
u, N, -1 U, AN, -1

so in the new base v=(-16, 7).

3. The complex numbers

3.1 ZZ=(1+3e]z)(—2+2€12)=—2—6+(2—6)€12=—8—4612



210 RAMON GONZALEZ CALVET

3.2 Every complex number z can be written as product of two vectors a and b, its modulus
being the product of the moduli of both vectors:

z=ab = |z|=|a||b] - |z|?=d’ b =abba=zz*
3.3 The equation x'—1=0is solved by extraction of the fourth roots:

2_ _ _

x =1 = X1—1,X2——1

2

X=-1 = x3=en, xa=-en

3.4 Passing to the polar form we have:

(B ) =7 )
\/2—",,,1/4:—\/2_”7”/4 = \/Z—nnnm :\/2—nfn1[/4+1[

Therefore the arguments must be equal except for & times 27:

%z_%+n+2kn = %:n+2kn = n=2+4k

3.5 The three cubic roots of =3 + 3 e, are i/ﬁm , mlln/lz , %/ﬁm /2.

3.6 Using the formula of the equation of second degree we find: z; =2-3 e12, zo = 1+ern.
3.7 We suppose that the complex analytic extension f has a real part a of the form:

a = sinx K(y) with K(0) =1
Applying the first Cauchy-Riemann condition, we find the imaginary part b of f":

a—azcosxK(y)zﬁ = bzcosij(y)dy
0x oy

Applying the second Cauchy-Riemann condition:

da ob
—=sinxK'(y)=——=sinx| K(y)d
5y (1) ==——=sinx[K(»)dy
we arrive at a differential equation for K(y) whose solution is the hyperbolic cosine:

K'(»)=[K(y) dy} Ko cosh »

K(0)=1

Hence the analytical extension of the sine is:
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sin(x + ej2 y) = sin x cosh y + ej2 cos x sinh y

The analytical extensions of the trigonometric functions may be also obtained from the
exponential function. In the case of the cosine, we have:

exp(ey, z) + exp(—e, z) exp(— y)(cosx + e,,sin x)+ exp(y)(cos x — e,,sin x)
2 - 2

COSz =

cosz =cosxcosh y —e,sinxsinh y

3.8 Let us calculate some derivatives at z = 0:

f(z)=log(1+exp(-2)) f0)=log?2
el e ro--3
76 r0)=4
AR cee = o=
O T Y T ey O

Hence the Taylor series is:
2 4

f(z)=10g2—§+%—§+...

Observe that f(e,,m)=10g(0) is divergent. This is the singularity nearest the origin.
Therefore the radius of convergence of the series is 7.

3.9 Separating fractions:

1 1 1
f(Z)zzz+2z—8:6(z—2)_6(z+4)

and developing the second fraction:
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1
1 1 6 1, z-2 (z=2\ (z-2Y
= = ==|1- + = o
z44 6+z-2 [, z-2 6 6 6 6
e

0 2 n
z 6n+2)

n=0

we find: flz)=

This Lauren series is convergent in the annulus 0 <|z — 2|< 6, which contains the
required annulus 1 <|z—2|<4.

3.10 Taking into account that (1 —x) '=1+x+x*+ ..., the function defined by the series

1S:
i 1 e 1
n:14nZ+1 1_ 1 4Z+3
4(z+1)

Now we see that at z = —3/4 the function has a pole. Therefore the radius of convergence
of this series (centred at z = —1) is | =3/4 —(-1) | =1/4.

3.11 From the successive derivatives of the sines calculated at z = 0, one obtains the
Taylor series for sin z:

so the Lauren series for the given function is:

£ 2}’1—1 1 3

sin z z z
Z 2n+1) PR

z

Since the pole z = 0 is the unique singularity (see that the analytical extension of the real
sine in the exercise 3.7 has no singularities), the annulus of convergence is 0< |z | <o0.

3.12 If f(z) is analytic then the derivative at each point is unique and we can write for two
different directions dz; and dz»:

dfi = dz1 f(2) dfr = dz f(2)

According to the relationship between the complex and vectorial planes, we can multiply
by e; at the left in order to turn the complex differentials into vectors:
e, €

df =da+dbe, — df=dae +dbe, dz=dx+dye, — dz=dxe +dye,

Now let us calculate the geometric product of the vector differentials:

dfi dfs = der () dea ') = dz1 dea [P @1 1) =1 /2)| > oy



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 213

Since | f(z) | * is real, both geometric products have the same argument, o{dfi, df2) = odz1,
dz,), and hence the transformation is conformal.

4. Transformations of vectors

4.1 If d is the direction vector of the reflection, the vector v’ reflected of v with respect to
this direction is given by:

vi=d'vd

If v" is obtained from v’ by a rotation through an angle ¢, and z is a unitary complex
number with argument ¢ /2 then:

Vi=z vz z—cosg+e sing
- - 12
2 2

Joining both equations:
vi=zl'd vdz=c"ve

That is, one obtains a reflection with respect another direction with vector ¢ = d z, the
product of the direction vector of the initial reflection and the complex number with half
argument.

4.2 Let w"” be the transformed vector of w by two consecutive reflections with respect
different directions u and v:

" _—_ .,—

1 1 -1
w'=v_ wv=v_ u wuv
Then we can write:
[ — —1 — :
w'=z"wz Z=uv z being a complex number

so that it is equivalent to a rotation with an angle equal to the double of that formed by
both direction vectors.

4.3 If the product of each transformed vector v' by the initial vector v is equal to a
complex number z (v"and v always form a constant angle) then:

1

_ -l 2 e - I | 2 -1
vV=y z=z*Vv z=12z |z| v

z=|z|2(z_lvz)_1

which represents an inversion with radius | z |2 followed by a rotation with an angle equal
to the double of the argument of z. As the algebra shows, both elemental transformations
commute.
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5. Points and straight lines

5.1 1If A4, B, C and D are located following this order on the perimeter of the parallelogram,
then AB=DC:

AB=DC — B_A=C-D —~ D=C-B+4
D=(2,-5)—(4,-3)+(2,4)=(0,2)

Theareais: |ABABC|=|(2ei-Tex)a(-2¢e1-2¢)|=|-18¢enn| =18

5.2 The Euler’s theorem:

ADBC+BD CA+CDAB=(D-A)(C-B)+(D-B)(A-C)+(D-C)(B-A4)
=CA-AC+AB_-BA+BC_CB=2(CAA+AAB+BAC)=
=2(B-A)A(C=B)=2A4B A BC

This product only vanishes if 4, B and C are collinear. On the other hand we see that the
product is the oriented area of the triangle ABC.

5.3 a) The area of the triangle ABC is the outer product of two sides:
AB=B_-A=(4,4)-(2,2)=2e1+2 e AC=C-4=(4,2)-(2,2)=2e
ABANAC=(2e1+2e)n2e1=4exnel

=443

| ABAAC|=4]e, /\e1|=4|e2||el|‘sin60°

b) The distance from 4 to B is the length of the vector 4B, etc:
AB =(2ei+2e )Y =d4e’+4e’+8e - er=4+16+ 16 cos /3 =28
AC=(2e1 ) =4 BC'=(2e)=4e’=16
d(A,B):\AB|=m d(B,C)=|BC|=4 d(C,A)=|CA| =2
5.4 A side of the trapezoid is a vectorial sum of the other three sides:
AD=AB+ BC+ CD
AD” = (AB +BC+CD )’ = AB* +BC> +CD* +2 AB- BC+2 AB - CD + 2 BC - CD
=AB*+BC*+ CD*+2 AB-BC -2|4B| |CD|+2BC- CD

where the fact that 4B and CD be vectors with the same direction and contrary sense has



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 215
been taken into account. Arranging terms:
AD* —AB* _BC* —CD*+2 |AB| |CD| =2 4B-BC+2BC- CD
AD* —AB* _BC* _CD*+2 |AB| |CD| =2BC-(4B+CD)
Without loss of generality we will suppose that |4B|>|CD]:
|AB+CD| = |4B|-|CD|

Since the angle ABC is the supplement of the angle formed by the vectors AB and BC, we
have:

AD* _AB* _BC* _CD*+2 |4B| |CD| =-2 | BC| ( |AB|-|CD]| ) cos ABC
whence we obtain the angle ABC:

— AD* + AB* + BC* +CD* —2| 4B||CD|

cos ABC =
2[5C[([4B]-[CD])

The trapezoid can only exist for the range —1< cos ABC <1, that is:
2 |BC| (|4B|-|CD|)>-4D*+ AB*+ BC*+ CD* -2 | AB| |CD| >
>-2 | BC| (|4B|-|cD])

55 R=(1-p—-q)O+pP+qQ =  RP=(1-p—-q)OP+qQP

= RPAPO=(1-p-q)OPAPQ
whence it follows that: Area RPQ = (1 —p — q ) Area OPQ
5.6 The direction vector of the straight line r is AB:
AB=B-A4=(5,4)-(2,3)=3e1te AC=C-A4=(1,6)-(2,3)=-e1*+3 e
The distance from the point C to the line 7 is:

|AC/\AB| |(—e1+3ez)/\(3e,+ez)|
d\C,r)= = =10
cn= - Jio

The angle between the vectors 4B and AC is deduced by means of the sine and cosine:

AB- AC . AB A AC
cosa=—""—=0 e, s =——————=¢,
| AB|| AC|

Therefore, ¢ = /2. The angle between two lines is always comprised from —x/2 to 7/2
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because a rotation of 25 around the intersection point does not alter the lines. When the
angle exceeds these boundaries, you may add or subtract 7.

5.7 a) Three points D, E, F are aligned if they are linearly dependent, that is, if the
determinant of the coordinates vanishes.

D=(1-x,-y,)0+x,P+y,0
E=(1-x,-y;)O+x,P+y,0
F=(1-x,-y,)0+x,P+y,0
l=xp=yp xp ¥p

l-x,—yy x; yp|=0

l=Xxp—yp Xz Yr

where the barycentric coordinate system is given by the origin O and points P, Q (for
example the Cartesian system is determined by O = (0, 0), P = (1, 0) and Q = (0, 1)). The
transformed points D', £’ and F’ have the same coordinates expressed for the base O', P’
and Q" Then the determinant is exactly the same, so that it vanishes and the transformed
points are aligned. Therefore any straight line is transformed into another straight line.

b) Let O, P'and Q' be the transformed points of O, P and Q by the given affinity:

0'=(0,,0,) P'=(p.,p,) 0'=(9,-4.)
and consider any point R with coordinates ( x, y ):

R=(x,y)=(1-x-y)O+xP+yQ
Then R’, the transformed point of R, is:
R'=(1-x-y)O0'+xP'+yQ'=(l-x-y)(o1,00)+x(p1,p2)+y(q1,92)=

=(x(pr-o)*ty(@-or)tor, x(p2-02)+ty(q2-02)+02)=(x')")
where we see that the coordinates x" and ' of R' are linear functions of the coordinates of
R:

x'=x(pr—o1)ty(qi-o1)+o

y'=x(p2-02)+y(gq2-02)+o02

In matrix form:

V' Py =0, (G, =0, )\Y 0,

Because every linear (and non degenerate) mapping of coordinates can be written in this
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regular matrix form, now we see that it is always an affinity.
c) Let us consider any three non aligned points 4, B, C and their coordinates:
A=(1—xA —yA)O+xAP+yAQ
B=(1=x, = ;) O+x,P+y,0
C=(1-xc~yc)O+x.P+y.0
In matrix form:

A l-x,-y, x4 y,)(0
Bl=|1l-x3-y, x5 yp||lP
C l=xc=ye xc ye)\Q

A certain point D is expressed with coordinates whether for { O, P, O } or { 4, B, C }:

D=(-b-c)A+bB+cC=(1-x,-y,)0+x, P+y,0

In matrix form:

@) 4
D=(1-x,-y, x, y,)|P|=(1-b=c b ¢)|B
0 C

l=x,-y, x, »y,
(l—xD—yD Xp yD)z(l—b—c b c) =X, -y, Xz Vg

l=xc=-ye Xe Ye

which leads to the following system of equations:

{xD (1-b—c)x, +bx, +cx,
Vb =(l—b—c) Yitbyz+cyc

An affinity does not change the coordinates x, y of 4, B, C and D, but only the point base -
{0, P, Q"} instead of {O, P, Q}-. Therefore the solution of the system of equations for b
and c is the same. Then we can write:

D'=(1-b—c)A'"+bB'+cC'

d) If the points D, E, F and G are the consecutive vertices in a parallelogram then:

DE=GF = G=D-E+F
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The affinity preserves the coordinates expressed in any base {D, E, F}. Then the
transformed points form also a parallelogram:

G'=D'-E'+F' = DE'=GF'
e) For any three aligned points D, E, F the single ratio 7 is:

DEDF ™' =r —~ DE=rDF = E=(l1—r)D+rF
The ratio 7 is a coordinate within the straight line DF and it is not changed by the affinity:

E'=(1-r)D'+rF' = DEDF '=r
5.8 This exercise is the dual of the problem 2. Then I have copied and pasted it changing
the words for a correct understanding.
a) Three lines D, E, F are concurrent if they are linearly dependent, that is, if the
determinant of the dual coordinates vanishes:

D=(1-x,~y,)O+x, P+y,0

E=(1-x;-y;)O+x, P+y,Q

F=(1-x; =y;)O+x; P+, 0

l=x,=yp, x5 ¥y

l—x, —yy x; yp|=0

l=Xxp—yp Xz Yr

where the dual coordinate system is given by the lines O, P and Q. For example, the
Cartesian system is determined by O = [0, 0] (line —x —y +1=0), P =[1, 0] (line x = 0) and
0 =10, 1] (line y = 0). The transformed lines D', £’ and F' have the same coordinates
expressed for the base O', P’ and Q" Then the determinant also vanishes and the
transformed lines are concurrent. Therefore any pencil of lines is transformed into another
pencil of lines.

b) Let O, P"and Q' be the transformed lines of O, P and Q by the given transformation:

0'=[o,,0,] P'=[p,.p,] 0'=lq:,4.]
and consider any line R with dual coordinates [x, y]:
R=[x,y]=(1=x-y)O+xP+yQ
Then R’, the transformed line of R, is:
R'=(1-x-y)O0'+xP'+yQ'=(l1-x-y)[or,0]+x[pr.p2]+y[q1.q]=

=[x(pr—o1)*ty(qi-o1)*to1, x(p2-02)+ty(q2—02)+02]=[x,y"]
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where we see that the coordinates x" and y' of R' are linear functions of the coordinates of
R:

x'=x(pi—o1)ty(qi—o1)+o

y'=Ex(p2—02)+y(gq2-02)+ 02

In matrix form:

»' Pr =0y 4, =0, 1) 0,
Because any linear mapping (non degenerate) of dual coordinates can be written in this
regular matrix form, now we see that it is always an affinity.

c¢) Let us consider any three non concurrent lines 4, B, C and their coordinates:
A=(1-x,-y,)O+x,P+y,0
B=(1-x,-y,)0O+x,P+y,0
C=(1-x.-y.)O+x.P+y.0

In matrix form:

A l=x,-y, x4 Y,||0
Bl={1-x3-y; x5 Y|l P
C l=xc=ye xc yc|l©

A certain line D is expressed with dual coordinates whether for {O, P, O } or {4, B, C }:

D=(1-b-c)A+bB+cC=(1-x,-y,)0+x, P+y,0

In matrix form:

@) A
D=[1-x,-y, x, y,]|P|=[l-b=c b ¢||B
0 C

l=-x,-y, x, y,
[1_xD_yD Xp yD]:[l_b_c b C] l_xB_yB X Vs

l=xc—-ye Xc Ye



220 RAMON GONZALEZ CALVET
which leads to the following system of equations:

{xD =(1—b—c)xA +bx, +cx,
vo=(=b=c)y, +by, +cye

An affinity does not change the
coordinates x, y of 4, B, C and D,
but only the lines base -{O’, P', Q'}
instead of {O, P, O}-. Therefore the
solution of the system of equations
for b and c is the same. Then we can
write:

Figure 16.1

D'=(1-b—c)A'+bB' +cC’

d) The affinity maps parallel points BRI
into parallel points (points aligned X=(1/3, 1 13)
with the point (1/3, 1/3), point at the

infinity in the dual plane). If the

lines D, E, F and G are the

consecutive vertices in a dual

parallelogram (figure 16.1) then:

DE=GF = G=D-E+F
Where DE is the dual vector of the intersection point of the lines D and £, and GF the
dual vector of the intersection point of G and F. Obviously, the points EF and DG are also
parallel because from the former equality it follows:

EF=DG

The affinity preserves the coordinates expressed in any base {D, E, F}. Then the
transformed lines form also a dual parallelogram:

G'=D'-E'+F' = DE'=G'F’
e) For any three concurrent lines D, E, F'the single dual ratio  is:
DEDF ™ =r —~ DE=rDF = E=(l1—r)D+rF

The ratio r is a coordinate within the pencil of lines DF and it is not changed by the
affinity:

E'=(1-r)D'+rF' — DEDF '=r

f) Let us consider four concurrent lines 4, B, C and D with the following dual coordinates
expressed in the lines base {O, P, O}:

A=[x4,y4] B =[xz, ys] C=[xc,yc] D = [xp, yp]
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Then the direction vector of the line A4 is:
Va4 :(l_xA _yA)Vo tX,Vvp+ Y,V
But the direction vectors of the base fulfils:
Vo +Vpt+v,=0

Then:
vA=(—1+2xA+yA)vP+(—1+xA+2yA)vQ

And analogously:
vy =(=142x, +y, v, + (- 1+, 42y, )y,
ve=(=1+2x; +y)vp + (= 1+x0 + 2y )v,
vy =(=1+2x, +y,)vp +(=1+x, +2y,)v,
The outer product is:
vinve =(xe —x,=(ve =y, ) 4300, ye —xc v )ve Avg

Then the cross ratio only depends on the dual coordinates but not on the direction of the
base vectors (see chapter 10):

(ABCD):VAAVC Vs AVp _

VyNVp Vg ANV

(xC —Xy _(yc _yA)+3(xA Ye —Xc yA)) (xD —Xp _(yD _y3)+3(x3 Yp = Xp yB))
(xD —Xy _(yD _J’A)+3(XA Yp =Xp yA)) (xc —Xp _(yc _yB)+3('xB Ye —Xc yB))

Hence it remains invariant under an affinity. Each outer product can be written as an outer
product of dual vectors obtained by subtraction of the coordinates of each line and the
infinite line:

VAV =3[xA —%,yA —%}/{xc —%,yc —%}=3LA/\LC

where LA = A — L is the dual vector going from the line L at the infinity to the line 4, etc.
Then we can write this useful formula for the cross ratio of four lines:
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LAANLC LBALD

(4BCD)=
LAALD LB A LC

This exercise links with the section Projective cross ratio in the chapter 10.
5.9 To obtain the dual coordinates of the first line, solve the identity:

x—y—l=a'(-x—y+1)+b'x+c'y = a'=-1 b'=0 ('=2

2
N a=— b=0 CZE = [0, 2/3]

x—y +3=a'(—-x—y+1)+b'x+c'y = a'=3 b'=4 '=2
a—é b—i c—g 4/9,2/9
= 9 9 9 = [4/9, 2/9]

Both lines are aligned in the dual plane with the line at the infinity (whose dual
coordinates are [1/3, 1/3]) since the determinant of the coordinates vanishes:

/3 0 2/3
2/9 4/9 2/9|=0
1/3 1/3 1/3

Therefore they are parallel (this is also trivial from the general equations).

5.10 The point (2, 1) is the intersection of the lines x —2 = 0 and y — 1 = 0, whose dual
coordinates are:

x-2=0 = [1/5, 2/5]
y=1=0 = [1/2, 0]

The difference of dual coordinates gives a dual direction vector for the point:
v=[1/2,0]-[1/5,2/5] =[3/10,—4/10]

and hence we obtain the dual continuous and general equations for the point:

b-1/2 ¢
= 4b+3c=2
3 -4 <

The point (-3, —1) is the intersection of the lines x + 3 = 0 and y + 1 = 0, whose dual
coordinates are:
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x+3=0 = [4/10, 3/10]
y+1=0 = [1/4,2/4]
The difference of dual coordinates gives a dual direction vector for the point:
w=[1/4,2/4]—[4/10, 3/10] = [-3/20, 4/20]
and hence we obtain the dual continuous and general equations for the point:

b-1/4 c—2/4
-3 4

o  8b+6c=5

Note that both dual direction vectors v and w are proportional and the points are parallel in
a dual sense. Hence the points are aligned with the centroid (1/3, 1/3) of the coordinate
system.

6. Angles and elemental trigonometry
6.1 Let a, b and ¢ be the sides of a triangle taken anticlockwise. Then:

atb+c=0 = c=—a-b = c2=(a+b)2=a2+b2+2a-b

C=a"+b+2 |a| |b] cos(n_7)=a2+b2_2 la| |b] cos y (law of
cosines)

The area s of a triangle is the half of the outer product of any pair of sides:
2s=aanb=barc=caa
|a| |b| sin(r — y) enn = |b| |c| sin(t — ) en2= |c| |a| sin(r — ) e

siny _ sina _ sinf?
el [al 0]

(law of sines)

From here one quickly obtains:

|a|+|b|:sina+sinﬂ |a|—|b|:sina—sinﬂ

|a| sina |b| sinf

By dividing both equations and introducing the identities for the addition and subtraction
of sines we arrive at:
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. (Z+ﬂ a_ﬂ
|"|+|b|zsina+sinﬁ=2$m 5 s
|a|—|b| sing —sinf 2cosa+ﬂsina;ﬂ
o+

|al+|b] ' 5

|a|_|b|:t a-p (law of tangents)
s 2

6.2 Let us substitute the first cosine by the half angle identity and convert the addition of
the two last cosines into a product:
a-p
2

- -2
p aCOS,B 2;/+a

cos(a — f3)+cos(B —y)+cos(y —a)=2 cos’ —1+cos
Let us extract common factor and convert the addition of cosines into a product:

=2cos + cos

a—ﬂ(cosa—ﬁ a—2;/+/3j_1
2 2 2

a_ﬂcosa_ycosy_ﬁ—l
2 2

=2cos

a_ﬂcosﬂ_ycosy_a—l
2 2 2

=2cos

The identity for the sines is proved in a similar way.
6.3 Using the De Moivre’s identity:

. . 4
cosda + e, sinda =(cosa + e,, sina)

After developing the right hand side we find:
. 3. . 3 4 ) . 4
sindg =4 cos ¢ sing —4 cosg Sin” ¢ cosdg=cos g —6cos ¢ sin“ g+ sin ¢

dtga—4tg’ a
1-6tg’ a+tg' a

And dividing both identities: tg4o =

6.4 Let ¢, pand ybe the angles of the triangle PAB with vertices 4, B and P respectively.
The angle y embracing the arc 4B is constant for any point P on the arc 4B. By the law of
sines we have:

|PA|_|PB|_|PC|

sina  sinf}  siny
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The sum of both chords is:

|PA|+|PB|:|PC|Sma.+Sin’B
siny

Converting the sum of sines into a product we find:

T-y a-p

2sina+ﬂcosa_’3 2sin——*cos
| PA|+| PB|=|PC| 2z 2 =|pC| 2 .
siny siny

Since y is constant, the maximum is attained for cos(¢ /2 — f/2)=1, that is, when the
triangle PAB is isosceles and P is the midpoint of the arc 4B.

6.5 From the sine theorem we have:

. a+p a—-p a—-pf
|a|+|b|:sina+sinﬂ:25m 5 cos > cos

2
2 sinZ cosZ sinZ
2 2

| c| siny

Following the same way, we also have:

a+p . a-p . a+f
|a|_|b|=Sina—sinﬂzzcos 2 sm ) 25111 5
|C| siny ZSianosZ COSZ

6.6 Take a as the base of the triangle and draw the altitude. It divides a in two segments
which are the projections of the sides b and c on a:

|a|=|b|cosy+|c|sinﬂ and so forth.
6.7 From the double angle identities we have:

a ., ., o
cosa=cos’ ——sin* —=1-2sin* ==2cos’ = —1
2 2 2 2

From the last two expressions the half-angle identities follow:

singsi 1-cosa cosgsi 1+ cosa
2 \ 2 2 \ 2

Making the quotient:
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[1-cosa _1—-cosa sina
tg oa=* = - =
1+ cosa sino 1+ cosx

7. Similarities and single ratio

7.1 First at all draw the triangle and see that the homologous vertices are:

P=(0,0) P'=(4,2)

0=(2,0) 0'=(2,0)

R=(0,1) R'=(5,1)

PO=2e OR=_2e+e RP=_e;
P'Q'=—2€1+262 Q' '=3 e te RP'=_eite

r=P'O' PO =OR'OR'=RP'RP" =_1—en= 252/
The size ratio is || = V2 and the angle between the directions of homologous sides is

Sn/4.

7.2 Let ABC be a right triangle being C the right angle. The altitude CD cutting the base
AB in D splits ABC in two right angle triangles: ADC and BDC. In order to simplify |
introduce the following notation:

AB=c¢ BC=a CA=bH AD=x DB=c—x

The triangles CBA and DCA are oppositely similar because the angle CAD is common and
the other one is a right angle. Hence:

bx_1=(cb_l)*=b_lc = b =cx

The triangles DBC and CBA are also oppositely similar, because the angle DBC is
common and the other one is a right angle. Hence:

a(c—x)71=(ca71)*=aflc = a2=c(c—x)

Summing both results the Pythagorean theorem is obtained:

c12+1)2=c(c—)c)+cx=c2
7.3 First at all we must see that the triangles ABM and BCM are oppositely similar. Firstly,
they share the angle BMC. Secondly, the angles MBC and BAM are equal because they
embrace the same arc BC. In fact, the limiting case of the angle BAC when 4 moves to B
is the angle MBA. Finally the angle BCM is equal to the angle ABM because the sum of

the angles of a triangle is 5. The opposite similarity implies:

MAAB~'=BC™' MB —~  MA=BC ' MBAB
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MBAB'=BC' MC —~  MC'=4BMB ' BC™
Multiplying both expressions we obtain:
MAMC™"=BC™' MB AB* MB~' BC™' = 4B* BC*

7.4 Let QO be the intersection point of the segments P4 and BC. The triangle POC is
directly similar to the triangle PBA4 and oppositely similar to the triangle BOA:

BAPA'=QCPC™" = QC=BAPA™'PC = |QOC|=|B4]| |P4|™" |PC|
BOBA'=PA7'PB — BQO=PA"'PBBA = |BQ|=|P4|~" |PB| |BA4]|
Summing both expressions: |BC| = |BQ| + |0C| = |B4| ( |PB| + |PC| ) | PA| -
The three sides of the triangle are equal; therefore: |PA4| = | PB| + | PC|

7.5 Let us firstly calculate the homothety ratio k, which is the quotient of homologous
sides and the similarity ratio of both triangles:

AB~ A'B'=k
Secondly we calculate the centre of the homothety by isolation from:
0OA'=04k
OA'-04A=0A4(1-k)
AA'(1-k) =04
Since the segment 44" is known, this equation allows us to calculate the centre O :
O=A—AA'(1—k)'=4-A44'(1-4AB~' 4'B")™
7.6 Draw the line passing through P and the centre

of the circle. This extended diameter cuts the circle Figure 16.2
in the points R and R'". See that the angles R'RQ and

QQ'R' are supplementary because they intercept Q Q
opposite arcs of the circle. Then the angles PRQ
and R'Q'P are equal. Therefore the triangle ORP =

and R'Q'P are oppositely similar and we have: R R’

PR™'PQ=PR'PQ'"" = PQPQ'=PRPR

Since PR and PR' are determined by P and the
circle, the product PQ PQ'’ (the power of P) is constant independently of the line POQ".

7.7 The bisector d of the angle ab divides the triangle abc in two triangles, which are
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obviously not similar! However we may apply the law of sines to both triangles to find:

[m| _ 4] =] _ o]

sinad sindm

sindb _ sinnd

The angles nd and dm are supplementary and sin nd = sin dm. On the other hand, the
angles ad and db are equal because of the angle bisector. Therefore it follows that:

[m|_|n]

al - [b]

8. Properties of the triangles

8.1 Let 4, B and C be the vertices of the given triangle with anticlockwise position. Let S,
T and U be the vertices of the three equilateral triangles drawn over the sides AB, BC and
CA respectively. Let P, O and R be the centres of the triangles ABS, BCT and CAU
respectively. The side CU is obtained from AC through a rotation of 27/3:

) 21 . 2n
CU=ACt with =1, 5 :cosT+e12 smT

CR is 2/3 of the altitude of the equilateral triangles ACU ; therefore is 1/3 of the
diagonal of the parallelogram formed by CA and CU:

_CA+CU _CA(1-1)
33

CR

The same argument applies to the other equilateral triangles:

_Bc(i-1) poAB(1-1)

B
Q 3 3

From where P, O and R as functions of 4, B and C are obtained:

P:A_{_M Q=B+M — -~ 7
3 3 3

Let us calculate the vector PQ:

(C-B-B+4)(1-1)

3
_A+B+C
3

PQ=0-P=B-A+

Introducing the centroid: G

PO=AB+BG(1-t)=AG-BGt

Analogously:
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OR=BG-CGt RP=CG-AG:z
Now we apply a rotation of 25t/3 to PQ in order to obtain QR:
PQt=(AG-BGt)t=AGt—BGt
Since ¢ is a third root of the unity (1 + ¢+ r= 0) then:
POt=AGt+BG+BGt=AGt+BGt+CGt+BG-CGt
=3GG+BG-CGt=BG-CGt=QR
Through the same way we find:

OR t=RP RPt=PQ

229

Therefore P, O and R form an equilateral triangle with centre in G, the centroid of the

triangle ABC:

P+Q+R_A+B+C+AB+BC+CA(

1-1)=G
3 3 3

8.2 The substitution of the centroid G of the triangle ABC gives:

A+B+C A+B+C)

2
3PG2:3{P— } :3P2—2P-(A+B+C)+(

A* +B*+C*+2A-B+2B-C+2C- 4
3

=3P> -2P-(A+B+C)+

Z[(A_P)z+(B—P)2+(C—P)2]+2(_A2—32—C2+A'B+B‘C+C-A)

3
(B—4) +(C-B) +(4-cC)
3
AB? + BC* + CA?
3

= PA* + PB* + PC? -

= PA* + PB* + PC* -

8.3 a) Let us calculate the area of the triangle GBC:
GBABC=[-aA+(1-b)B—-cC]aABC=[-aA+(a+c)B-—cC]ABC=

_GBABC

= =+ = a=
(aAB+c¢CB)ABC=aAB n BC - "B ABC

The proof is analogous for the triangles GCA and GAB.

b) Let us develop PG’ following the same way as in the exercise 8.2:
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PG'=[P—(aA+bB+cC)=P —2P-(aAd+bB+cC)+(aAd+bB+cC)
=(a+b+c)P —2aP-A—2bP-B_2¢P-C+a A"+’ B+ C*+
+2abA-B+2bcB-C+2caC-4
=a(A-PY+b(B—P)Y+c(C-PY+a(a-1)A>+b(b-1)B
+c(c-1)C+2abA-B+2bcB-C+2caC-4
=aPA+bPB+cPC—a(b+c)A*—b(c+a)B —c(a+b)C?
+2abA-B+2bcB-C+2caC-4
=aPA"+bPB+cPC—ab(B-AY —bc(C—-BY —ca(A-CY
=aPA*+bPB +cPC —abAB —bc¢BC —ca CA

The Leibniz’s theorem is a particular case of the Apollonius’ lost theorem fora =b=c =
1/3.

8.4 Let us consider the vertices 4, B, C and D ordered clockwise on the perimeter. Since
AP is AB turned 1/3, BQ is BC turned 7/3, etc, we have:

z=cos /3 + ez sin /3

AP=ABz BO=BCz CR=CDz DS=DAz
PR-OS=(PA+AC+CR)-(QB+BD+DS)

=[(CD-AB)z+AC]|-[(DA-BC)z+BD]

=[(=AC+BD)z+AC]-[(-AC-BD)z+BD]=

=[(-AC+BD)z]-[(-AC-BD)z]+[(-AC+BD)z]-BD

+AC-[(-AC—-BD)z+BD]
The inner product of two vectors turned the same angle is equal to that of these

vectors before the rotation. We use this fact for the first product. Also we must develop
the other products in geometric products and permute vectors and the complex number z:

. Z+z*
PR~QSI(—AC+BD)-(—AC—BD)+(—ACBD—BDAC—ACZ+BD ) 5

AC? — BD*

+AC-BD =
2

Therefore |AC| = |BD| « PR- QS =0. The statement b) is proved through an
analogous way.
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8.5 The median is the segment going from a vertex to the midpoint of the opposite side:

2 _(B+C_A)2_(£+ACJ2_AB2 L AC?  AB-AC
! 2 2 2 4 4 2

AB® AC’ 24B-AC—AB*—AC* _AB* AC* BC’
2 2 4 2 2 4

8.6 If £ is the intersection point of the bisector of B with the line parallel to the bisector of
A, then the following equality holds:

E=B+b ﬂ+B—C =C+a £+£
|B4| | BC| | AB| | AC|

where a, b are real. Arranging terms we obtain a vectorial equality:

_a( 4B AC}_b[ B4 BC j:BC

| AB| | AC| |BA| | BC|

The linear decomposition yields after simplification:

_|BC||c4]
~ |4B|+|BC|+|c4|

a

In the same way, if D is the intersection of the bisector of 4 with the line parallel to the
bisector of B we have:

D=A+c £+£ =C+d ﬂJrB—C
| AB| | AC| |B4| | BC|

where ¢ and d are real. Arranging terms:

. AB+AC i d BA+BC iy
| AB| | AC| |BA| | BC|

After simplification we obtain:

_|BC]|c4|
| 4B|+|BC|+|c4|

Now we calculate the vector ED:
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EDZD_E=(2AB BC ACJ | BC| |CA|

- +
|AB| |BC| |AC| )| AB|+|BC|+|CA|

Then the direction of the line £D is given by the vector v:
yo248 BC . AC _pl 2 1 dipe|l- L1
|4B| |BC| |AC| | 4B| | AC| |BC| | 4C|

AC| = | BC|

When the vector v has the direction 4B, the second summand vanishes,
and the triangle becomes isosceles.

8.7 Let us indicate the sides of the triangle ABC with a, b and ¢ in the following form:
a=BC b=CA4 c=AB

Suppose without loss of generality that P lies on the side BC and Q on the side AC .
Hence:

P=kB+(1-k)C O=l4+1-1)C
CP=kCB=—ka CO=1CA=1b

where k and / are real and 0 <k, / < 1. Now the segment PQ is obtained:
PO=ka+1b

Since the area of the triangle CPQ must be the half of the area of the triangle ABC, it
follows that:

CP/\CQ:%CB/\CA - (—ka)/\(lb)z—%a/\b -~ kl==

[\

The substitution into PQ gives:

1
PO=ka+—b
Q=kat

a) If u is the vector of the given direction, PQ is perpendicular when PQ - u = 0 which
results in:

(ka +Lbj “u
2k

whence one obtains:

0
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b- b- .

k= |- —2" PO=a |- 4+p |- LY

2a-u 2a-u 2b-u

In this case the solutions only exist when a - u and b - u have different signs. However we
can also choose the point P (or Q) lying on the another side ¢, what gives an analogous
solution containing the inner product ¢ - u . Note that if a - u and b - u have the same sign,
then ¢ - u have the opposite sign because:

at+tb+c=0 = ccu=—a-u-b-u
what warrants there is always a solution.

b) Let us calculate the square of PQ:
PO’ =k’a’ + b>+a-b

k2
By equating the derivative to zero, one obtains the value of & for which PQ2 is minimum:

2]

2|a|

Then we obtain the segment PQ and its length:

po—a 12l oy Lol 1P| =Tallb]+a b
2|a|\2|0]

¢) Every point may be written as linear combination of the three vertices of the triangle
the sum of the coefficients being equal to the unity:

R=xA+yB+(1-x-y)C - CR=xCA+yCB

where all the coefficients are comprised between 0 and 1:

_CR/\CB _CA/\CR

< v < X=— -
O<xyl-x-y<l CA~CB ING

Now the point R must lie on the segment PQ, that is, P, O and R must be aligned. Then
the determinant of their coordinates will vanish:

0 k 1-k 0 k 1-k
1 1
det(P,Q,R)=|1 0 1-1 |=|— 0 1-— [=0
2k 2k
x y l=-x-y
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1+, 1-8xy
k=——— and I=—

2xk> —k+y=0 S LA
4 = 4x 2k 4y

There is only solution for a positive discriminant:
1>8xy

The limiting curve is an equilateral hyperbola on the plane x-y. Since the triangle may be
obtained through an affinity, the limiting curve for the triangle is also a hyperbola
although not equilateral.

If the extremes P and Q could move along the prolongations of the sides of the
triangle without limitations, this would be the unique condition. However in this problem
the point P must lie between C and B, and Q must lie between C and A. It means the
additional condition:

1 1+£41-8xy
E<—<1

1 1
—<k<l —<l<l1
2 < 2 < 4x

From the first solution (root with sign +) we have:

2x-1<1-8xy<4x-1

only existing for x >1/4. For 1/4 < x < 1/2 the left hand side is negative so that the unique
restriction is the right hand side. By squaring it we obtain:

1-8xy<(@x—1P —  0<2x+y-1 for  g<x<s

For x >1/2 the right hand side is higher than 1 so that the unique restriction is the left hand
side:

(2x—1)2<1—8xy = x+2y—-1<0 for xX>—

For the second solution (root with sign —) we have:

2x—-1<—1-8xy<d4x-1

only existing for x < 1/2. For 1/4 < x < 1/2 the right hand side is positive so that the
unique restriction is the left hand side:

2x-17>1-8xy —  x+2y-1>0 for < —<x<—

For x < 1/4 both members are negative and after squaring we have:
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2 2 1
2x-17>1-8xy>(4x-1) —~  x+2y-1>0>2x+y-1 for x <7

All these conditions are plotted in the figure 16.3.

y
\“ Figure 16.3
IR 18xy=1

1/2)
13—~
vVal--—--- B
I
0 — N S = %
0 /413 172 R 1 ¥roy-1=0

2xty-1=0

It is easily proved that the limiting lines touch the hyperbola at the points (1/4, 1/2)
and (1/2, 1/4). For both triangles painted with light grey there is a unique solution. In the
region painted with dark grey there are two solutions, that is, there are two segments
passing through the point R and dividing the triangle in two parts with equal area. By
means of an affinity the plot in the figure 16.3 is transformed into any triangle (figure
16.4). The affinity is a linear transformation of the coordinates, which converts the
limiting lines into the medians of the triangle intersecting at the centroid and the
hyperbola into another non equilateral hyperbola:

B b,

Figure 16.4

Observe that the medians divide the triangle ABC in six triangles. If a point R lies outside
the shadowed triangles, we can always support the extremes of the segment PQ passing
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through R in another pair of sides. This means that the division of the triangle is always
possible provided of the suitable choice of the sides. On the other hand, if we consider all
the possibilities, the points neighbouring the centroid admit three segments.

9. Circles
91 (A-MY+(B-M)Y+(C-MY=k

3M _2M-(A+B+C)+A*+B+C=k
Introducing the centroid G=(A+ B+ C)/3:

MZ—ZM-G+G2:E_2(A2+Bz+C2+A-B+B-C+C-A)
3 9

(M -G) _k_(B-4) +(C-B) +(4-C)
3 9

_k_AB*+BC* A _ ,
3 9

GM?

M runs on a circumference with radius » centred at the centroid of the triangle when £ is
higher than the arithmetic mean of the squares of the three sides:

AB* + BC* + CA®
3

k>

9.2 Let 4 and B be the fixed points and P any point on the searched geometric locus. If the
ratio of distances from P to 4 and B is constant it holds that:

|PA| =k | PB| o PA*=1I7 PB*  with k being a real positive number
A—24-P+P=I* (B -2B-P+P)
(1-K)YP_2(A-KB)-P=KB -4

pr _2P(A-K'B) KB -4’
1-k° 1-k°

A-k*B

e Adding O’ to both members we obtain:

We indicate by O the expression: O =

op? KB =4 (4-k"B)
O E (k)
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opr KB =24-B+4) k4B’

(1-%) (1-%)

Therefore, the points P form a circumference centred at O, which is a point of the line 4B,
with radius:

- bisector
9.3 Let us draw the circumference R P ) ’ B
circumscribed to the triangle ABC A
(figure 16.5) and let D be any point -
on this circumference. Let P, O and R Q,-
be the orthogonal projections of P on .
the sides AB, BC and CA Q!
respectively. Note that the triangles %
ADP and CDR are similar because of
DAB = g—-BCD = DCR . The D
similarity of both triangles is written
as:

A0

Figure 16.5
DCDA™'=DRDP

The triangles ADQ and BDR are also similar because of the equality of the inscribed
angles CAD = CBD:

DB DA™ =DRDQ™

Since the angles RDC = PDA and RDB = QDA, the bisector of the angle BDQ is
also bisector of the angle CDP and RDA, being its direction vector:

DA DR DB DQ DC DP
v= - = + = -
|D4|[DR| [DB| [DQ| [DC| [DP|

Let P’, Q" and R’ be the reflected points of P, Q and R with respect to the bisector:
DR'=v™' DRv
Multiplying by DA we have:
DR'DA=v"'DRvDA= |DR| |DA|
which is an expected result since the reflection of R with respect the bisector of the angle
RDA yields always a point R aligned with D and 4. Analogously for B and C we find that
the points D, B and Q' are aligned and also the points D, C and P":

DQ'DB=v~'DOvDRDQ ™" DA=v"'DRvDA= |DR| |DA|
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DP'DC=v~'DPvDRDP™ DA=v"'DRvDA= |DR| | DA|

Now we see that the points R', Q" and P’ are the transformed of 4, B and C under
an inversion with centre D:

DR'DA=DQ'DB=DP'DC
Since D lies on the circumference passing through 4, B and C, the inversion transforms

them into aligned points and the reflection preserves this alignment so that P, O and R are
aligned.

9.4 If m=a+ b and n=b +c then:
m’n® =(a+b)*(b+c) =(a2 +ab+ba+bz)(b2 +bc+cb+cz)
=a’b’ +a’bc+a’ch+a’c® +ab’ +ab’c+abcb+abc’ +
+bab>+babc+bacb+bac® +b* +b’c+b*ch+b’c’
Taking into account that d = —(a + b + ¢) then:
d*=(a+b+c) =a*+b>+c’ +ab+ba+bc+chb+ca+ac
so we may rewrite the former equality:
m’n® =a’c’ +b’d’> +a*bc+a’cb+abcb+abc’ +babc+bac’

We apply the permutative property to some terms:

m*n® =a*c* +b*d* +a*bc+abca+abcb+abc* +babc+cabce

in order to arrive at a fully symmetric expression:
m’n® =a’*c* +b*d* —dabc—abcd

Now we express the product of each pair of vectors using the exponential function of their
angle:

m*n® =a’*c* +b*d? —|a ||b||c||d|(exp((2n —y—a)e,)+exp((2n — f-5)e,))

Adding the arguments of the exponential, simplifying and taking into account that o + g+
yto=m.

m*n® =a’c* +b*d? —2|a||b||c||d|cos(a+7)
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9.5 Let 4, B and C be the midpoints of the sides of any triangle POR :

4_2*R p_R+P c-P+0
2 2 2

The centre of the circumferences RAB, PBC and QCA will be denoted as D, E and F
respectively. The circumference PBC is obtained from the circumscribed circumference
POR by means of a homothety with centre P. Then if O is the circumcentre of the triangle
POQOR, the centre of the circumference PBC is located at half distance from R:

E=P+0 F=Q+0
2 2

pa=F2  OR rp=_FQ OR gr =2
2 2 2 2 2

Let Z be the intersection of EA4 with FB. Then:

Z=aA+(1-a)E=bB+(1-b)F

Arranging terms we find:

a EA-b FB=EF

The linear decomposition gives:

_EFnFB _,_ EAREF
EANFB EANFB
,_EFAFB FANFB . A E_P+Q+R+0
EAAFB  EAAFB 2 2 4

which is invariant under cyclic permutation of the vertices P, O and R. Then the lines £4,
FB and DC intersect in a unique point Z. On the other

hand, the point Z lies on the Euler’s line (figure 9.8): Figure 9.8
3 I + + + + t |
7 G4+ 0] o G N H

9.6 We must prove that the inversion changes the single ratio of three very close points by
its conjugate value, because the orientation of the angles is changed. Let us consider an
inversion with centre O and radius 7 and let the points A’, B', C’ be the transformed of A4,
B, C under this inversion. Then:

04'=r> 04" OB'=r OB™' oC'=r 0C™

A'B'=0B' - 0A4'=r* (OB —04™")= ¥* 047 (04 - 0B) OB™!
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=_ 047" 4BOB™!

In the same way: A'C'= _r o4 acoc™
Let us calculate the single ratio of the transformed points:

(A",B,C")Y=AB'A'C'""' =047 ABOB™ 0C AC™" 04 =
=0OB' ABAC™ OC=(0A+AB)™" ABAC™ (04 + AC)

When B and C come near 4, AB and AC tend to zero and the single ratio for the inverse
points becomes the conjugate value of that for the initial points:

lim (A",B',C')=0A"AB AC™' OA=AC "' 4B =(4,B,C)*
B,C—> A4

10. Cross ratios and related transformations

10.1 Let ABCD be a quadrilateral inscribed in a circle. We must prove the following
equality:

|BC| |4D| + |4B| | CD|=|BD| |AC]|
which is equivalent to:

|BC|[4D| | 4B|[CD] _
|BD||AC| |BD||AC|

Now we identify these quotients with cross ratios of four points 4, B, C and D on a circle:
(BACD)+(BCAD)=1
equality that always holds because if (4 B C D ) = r then:

l+r_1=1
roor

When the points do not lie on a circle, the cross ratio is not the quotient of moduli
but a complex number:

| BC|| 4D |
|BD|| AC|

| 4B||CD|

eXp[€12 (CBD — CAD)] + W

exple,, (4BD — ACD)|=1

According to the triangular inequality, the modulus of the sum of two complex
numbers is lower than or equal to the sum of both moduli:
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|BCHAD|+|ABHCD|
|BD||AC| |BD||4C

21 BC||AD|+|AB||CD|=|BD|| AC
= |BC||4D|+|4B[|CD|z|BD|| AC]|

10.2 If 4, B, C and D form a harmonic range their cross ratio is 2:
ACAD™' BDBC™' =2

In order to isolate D we must write BD as addition of BA and AD:
ACAD™ (BA+AD)BC™ =2
ACAD™' BABC™'=2_4CBC™
AD'=A4C™' (2-ACBC™)BCBA™'=(24C"'BC-1)BA™
AD=AB(1-24C~' BC)™!

10.3 The homography preserves the cross ratio:
A'C'A'D'"' B'D'B'C'' =4C AD~' BD BC™'

which may be rewritten as:

A'C'A'D'" (BA'+AD") (BA'+A'C"Y ' =4CAD™ (BA+AD)(BA+AC)™

When C and D approach to A4, the vectors AC, AD, A'C' and A'D' tend to zero. So the
single ratio of three very close points remains constant:

lim  A'C' AD''=  lim  AC AD
C,D—> 4 C,D— A4

and therefore the angle between tangent vectors of curves. So the homography is a
directly conformal transformation.

10.4 If F'is a point on the homology axis we must prove that:
{F,ABCD }={F,A'B'C'D"}
As we have seen, a point 4" homologous of 4 is obtained through the equation:
OA'=0A[1—rvAFA(vAFO)™!' ]!

where O is the centre of homology, F a point on the axis, v the direction vector of the axis
and r the homology ratio. Then the vector F/A'is:

FA'=FO+O0A'=FO+OA[1—rvAFA(vAFO)™" 1"
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=[FO(1=rvAFA(vAFO) "' ) +O0A4][1=rvAFA(vAFO)™" ]
=[FA—rFOvAFA(vAFO) ' 1[1=rvAaFA(vAFO)' ]

Analogously:

FB'=[FB—rFOvAFB(vAFO) ' 1[1=rvAFB(vAFO)" ]
FC'=[FC—rFOvAFC(vAFO) ' 1[1=rvAFC(vAFO)" ]!
FD'=[FD—-rFOvAFD(vAFO) ' 1[1=rvAaFD(vAFO)" ]

The product of two outer products is a real number so that we must only pay attention to
the order of the first loose vectors F4 and FO, etc:

FA'ANFC'=[FANFC—r(FAANFOVAFC+FOANFCvAFA)(vAFO)™]
[1—rvAFA(vAFO) 17 [1—rvAFC(vAFO) ']
Using the identity of the exercise 1.4, we have:
FA’/\FC’=[FA/\FC_rFA/\FCv/\FO(v/\FO)fl]
[1—rvAFA(VAFO) ' 17 [1—rvAFC(vAFO)' ]!
—FANFC(1—r)[1—rvAFA(VAFO) 1 [1—rvAFC(vAFO) ]
In the projective cross ratio all the factors except the first outer product are simplified:

FA'"ANFC'"FB'AFD'"  FAANFC FBAFD

FA'"AFD'FB'AFC' FAANFD FBAFC

10.5 a) Let us prove that the special conformal transformation is additive:
oP'=(OP"'+v)" = OP'=0P"'+y
OP"=(OP" +w) "' =(OP " +v+w)~
b) Let us extract the factor OP from OP"
OP'=(1+vOP)OP" =  OP'=0P(1+vOP)”’
Then we have:
OA'=04(1+v04)~" OB'=0B(1+vOB)™

oC'=0C(1+voC)™ OD'=0D(1+vOD)™"
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A'C'=0C"—=04'=0C(1+vOC) ™" —04(1+v04)™" =
—[OC(1+vO04)—04(1+vOC)](1+vOC)" (1+v04)”
=AC(1+vOC)™ (1+v0d)™
Analogously:
BD'=BD(1+vOB)™ (1+vOD)™
AD'=AD (1+v04)~ (1+vOD)™
B'C'=BC(1+vOB)~ (1+vOC)~

From where it follows that the complex cross ratio is preserved and it is a special case of
homography:

A'C'AD' ' BD'BC'™"'=4C(1+vOC)™ (1+vOD)4D™
BD(1+vOD)" (1+vOC)"' BC'=4C 4D BD BC™

10.6 If the points A, B and C are invariant under a certain homography, then for any other
point D' the following equality is fulfilled:

(ABCD)=(ABCD")
ACAD™' BDBC™'=4C AD'"' BD'BC™
The simplification of factors yields:
AD'BD=AD'""'BD' — AD'(BA+AD)=AD'"'(BA+AD') —
— AD'BA=AD'"'BA =  AD'=4D'""' = D=D’
10.7. a) From the definition of antigraphy we have:
A'C'A'D'™' B'D'B'C'"' =(ACAD™ BDBC™' y*=BC™' BD AD™" AC
If C and D approach 4, then BC, BD — BA:

lim AC' AD ™" = lim AD™'AC
C,D'—> 4 C,D— 4

So the antigraphy is an opposite conformal transformation.

b) The composition of two antigraphies is always a homography because twice the
conjugation of a complex number is the identity, so that the complex cross ratio is
preserved.

¢) The inversion conjugates the cross ratio. Consequently an odd number of inversions is
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always an antigraphy.

d) If an antigraphy has three invariant points, then all the points lying on the
circumference passing through these points are invariant. Let us prove this statement: if 4,
B and C are the invariant points and D belongs to the circumference passing through these
points, then the cross ratio is real:

(ABCD)=(ABCD)*=(ABCD")

from where D = D' as proved in the exercise 10.6. If D does not belong to this
circumference, D' = D and the cross ratio ( A B C D ) becomes conjugate. A geometric
transformation that preserves a circumference and conjugates the cross ratio can only be
an inversion because there is a unique point D’ for each point D fulfilling this condition.
The centre and radius of inversion are those for the circumference ABC.

10.8 Consider the projectivity:
D=aA+bB+cC - D'=a'A"+b'B"+c'C’

If A, B" and C' are the images of 4, B and C then the coefficients a’, b’ ¢’ must be
proportional to a, b, c:

ka b mc

! ! !

:ka+lb+mc “ka+lb+me C:ka+lb+mc

where the values are already normalised. Three points are collinear if the determinant of
the barycentric coordinates is zero, what only happens if the initial points are also
collinear:

a, b, ¢

Y klm|a, a, a,
a c

,D ’D D aF aF aF O
a'y, a'y a'y|= =
g g Bl (kap,+1b,+me,)(ka, +1b, +mey\ka, +1b, +mc,)

' ' ’
aF aF aF

10.9 In the dual plane the six sides of the hexagon are six points. Since the sides AB, CD
and EF (or their prolongations) pass through P and BC, DE and FA pass through Q, this
means that the dual points are alternatively aligned in two dual lines P and Q. By the
Pappus’ theorem the dual points AD, BE and CF lie on a dual line X, that is, these lines
joining opposite vertices of the hexagon are concurrent in the point X. Moreover, as
proved for the Pappus’ theorem the cross ratios fulfil the equalities in the left hand side:

(BEAD FCP)=(POABFECD) <« {X,BAFP}={P,0AFC}
(BEADFC Q)=(PODECBFA) <« {X,BAFQ}=1{0,PDCF}

Since the cross ratio of a pencil of lines is equal to the cross ratio of the dual points, the
equalities in the right hand side follow immediately.



TREATISE OF PLANE GEOMETRY THROUGH GEOMETRIC ALGEBRA 245

11. Conics
11.1 The starting point is the central equation of a conic:
04 =0Q cos ¢ + OR sin ¢ OB =0Qcos g +ORsin g
OC=0Qsin y + OR sin y OD =0Q cos § + OR sin §
OX=0Qcos y + ORsin y
XA =04-0X=0Q (cos g —cos y)+OR(sin g—sin y)
XC=0C-04=0Q (cos y —cos y)+OR(siny —sin y)
XA ANXC=0Q AOR [ (cos y—cos y) (sin g—sin y) —(cos g —cos y ) (sin y—sin y)]
=0Q A OR [ cos ysin g —COS ySin y —€os y Sin ¢ — €os ¢ sin y
+Cos g sin y+cos ysin y]

=00 AOR[sin( g—y)+sin(y —y)+sin( y —a)]

:—4OQ/\ORsina_7siny_lsinz_a
2 2 2

From where it follows that:

.a—-y . -0
XAAXCXBAXD ST, ST

XAANXDXBAXC . a—08 . B-y
SIn Sin 2

11.2 The central equation of an ellipse of centre O with semiaxis OQ and OR is:
OP=0Q cos g + OR sin @ = P=0(1-cos@ —sin @)+ Qcos §+ Rsin g
There is always an affinity transforming an ellipse into a circle:

0'=(0,0) 0'=(1,0) R'=(0,1)

P'=0"(1-cos @—sin @)+ Q'cos @ + R'sin § =(cos @, sin @)
Let us now consider any point £ and a circle. A line passing through £ cuts the circle in
the points 4 and B; another line passing also through £ but with different direction cuts

the ellipse in the points C and D. Since the power of a point £ with respect to the circle is
constant we have:
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EA EB=ECED EAEB™ |EB|*=ECED™"|ED|?
The affinity preserves the single ratio of three aligned points:

EAEB™' =E'A'E'B"™ ECED™' =E'C'ED"™
Then:

EA'EB|EB|*=E'C'ED' |ED|?

EA'EB _|EB'||ED[

E!CIE!D! |EB|2 |ED,|2

and this quotient is constant for two given directions because the preservation of the single
ratio implies that the distances in each direction are enlarged by a constant ratio:

| EA| _|EB|

|E4'| |E'B'|

11.3 If a diameter is formed by the midpoints of the chords parallel to the conjugate
diameter, then it is obvious that the tangent to the point where the length of the chord
vanishes is also parallel to the conjugate diameter. This evidence may be proved by
derivation of the central equation:

OP=0Q cos § + OR sin @

d OP

=—-0Q sin@ + OR cos 0
do

That is, OP and dOP / d@ (having the direction of the tangent to P) are conjugate radius.
The area a of the parallelogram circumscribed to the ellipse is the outer product of both
conjugate diameters, which is independent of g

a=4(0Q cos@ + ORsin@) A (-OQ sing + OR cos@) =4 O0 A OR

11.4 The area of a parallelogram formed by two conjugate diameters of the hyperbola is
also independent of .

a=4(0Q cosh y + OR sinh y ) A (OQ sinh y + OR cosh y) =4 O0 A OR

11.5 Let us prove the statement for a circle. The intersections R and R’ of a circumference
with a line passing through P are given by (fig. 9.3):

PR|=| PF |cosa —\r* — PF’sin’«a
| PR|=| PF | v
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| PR’ | =|PF | cosa +r’ — PF’sin’a

The point M located between R and R’ forming harmonic range with P, R and R’ fulfils the
condition:

|PM||RR'|
(PRMR')={——"1—— =

|PR ||RM|
2| PR|| PR'|
Then: |y =2
|PR|+|PR’|

The numerator is the power of P (constant for any line passing through P) and after
operations we obtain the polar equation of the geometric locus of the points M:

PT?

|PM | = —————
| PF |cosa

which is the polar line. When ¢ is the angle TPF (figure 9.2) we have | PM| = | PT|, that

is, the polar passes through the points 7" of tangency to the circumference.

Now, by means of any projectivity (e.g. a homology) the circle is transformed into
any conic. Since it preserves the projective cross ratio, the points M also form an aligned
harmonic range in the conic, so the polar also passes through the touching points of the
tangents drawn from P.

11.6 Let the points be denoted by:
A=(1,1) B=(2,3) C=(1,4) D=(0,2) E=(2,5)
Then: EAAEC=-3 EBAED=-4 EANED=-5  EBAEC=-2

The cross ratio is:

EA/\ECEB/\ED_6

{(E,ABC D} = ==
EANEDEBAEC 5

Now a generic point of the conic will be X = (x, y):

XAANXC=-3x+3 XBAXD=x-2y+4
XANXD=—x—-y+2 XBAXC=—x—-y+5

Applying the Chasles’ theorem we find the equation of the conic:
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XANXCXBXD  (-3x+3)(x-2y+4) 6

XAANXDXBAXC (-x—y+2)(-x—y+5) 5
After simplifying we arrive at the point equation:
Tx*+2y° —6xy+x—-4y=0

which may be written in the form:

0 1/2 -2 \(l=x-y
(l-x-y x y)|1/2 8 -9/2 x |=0
-2 -9/2 -2 y

The inverse matrix of the conic is:

1

0 1/2 -2\ 145 -40 -55
1/2 8 -9/2 =$ -40 16 4
-2 -9/2 =2 -55 4 1

So the equation of the tangential conic is:

145 —40 -55\[1—u—v
N-u-v u v]|-40 16 4 u =0
-55 4 1 v

241u* +256 v +488uv—370u—400v +145=0

11.7 If we take 4, B and C as the base of the points, the coordinates in this base of every
point X will be expressed as:

X:(xA,xB,xC) X, +xp+x.=1

If P is the intersection point of the lines AE and BF, then 4, P and E are aligned and also
B, P and F, conditions which we may express in coordinates:

= e ,e ,e

Py Py Pc|=0 |py Py Pc|=0 = (pA,pB,pC)—_ cJA>"BJC7CJC
€c fA €p fc €c fc

€, €p ec fA fB fC + +

If O is the intersection point of the lines AD and CF, then 4, Q and D are aligned and also
C, QO and F, conditions which we may express in coordinates:
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1 0 O 0 0 1 (d fod, f,.d f)
9, 45 94c |=0 9, 495 9c¢|=0 = (CIA’qBan): Bt sl d
d d. d £ f f d, f,+d, f,+d. f,

4 Gp d¢ v Js Je

If R is the intersection point of the lines BD and CE, then B, R and D are aligned and also
C, R and E, conditions which we may express in coordinates:

0 1 0 0 0 1 )
T L B A L B e e e

d,e,+d, e, +d.e,
dA dB dc e, ez éc

The points P, Q and R will be aligned if and only if the determinant of their coordinates
vanishes. Setting aside the denominators, we have the first step:

Jioes || L 1L

Py P Pc ecfs esfe ecfe ;C €c d flc elc dlc
9, 95 94 |<|dpfy dpfs defp|* = 1 Sle|— — —
S dy, fs ez dy

ry g Tc de, d; dce, . % d, 111
e, d, f, e, d,

In the second step each row has been divided by a product of two coordinates. In the third
step each column has been divided by a coordinate. And finally, after transposition and
exchange of the first and third columns (turning the elements 90° in the matrix) and
multiplying each column by a product of three coordinates we obtain:

Py Pp Pc
94 498 Y9c |*

de, dze, d.e.
oc\d, f, dpfs dofe|=0
e . esfs ecfec

:hQ‘|>—a:£§ |>—at\|>—a

Q’Q‘|>—a°§h |>—a:\|>—d
QQ.|__‘(_§Q |>—AQ\\|>—*

The last determinant is zero if and only if the point F lies on the conic passing through A4,
B, C, D and E because then it fulfils the conic equation:

de, dgey dcec
d,x, dyx, d.x.|=0

€4Xy €EpXp €cXc

11.8 The Brianchon’s theorem is the dual of the Pascal’s theorem. In the dual plane, the
point conic is represented by the tangential conic, the lines tangent to the point conic are
represented by points lying on the tangential conic and the diagonals of the circumscribed
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hexagon are represented by the points of intersection P, O and R of the former exercise.
So the algebraic deduction is the same but in the dual plane.

12. Matrix representation and hyperbolic numbers
12.1 Let us calculate the modulus and argument:

|5+4e1|=\/52—42 =3 arg(5+4e1):%argtgh%:log3
Then:

Jo+4e :\/510753 :\/g(cosh(log\/g)+ e, sinh(logx/g)):2+e1

The four square roots are:

2+e 1+2e -2-e —1-2e,

, ~3%+,9-4-2-(-17+3e¢,)
122 2z°+3z-174+3¢, =0 — 7=

2:2
We must calculate the square root of the discriminant:
J145 =24 ¢, =143 10e11/13) =12 — ¢,
2
So the four solutions are:
9-e —-15+e -1-6e
z, = 41 Zzle Z3:Tl z,=—143¢,

12.3 Let us apply the new formula for the second degree equation:

__6£436-4-1.5_6x4

> —6z+5=0
= 21 2 and
Z_6ie,\/36—4-1-5_6i4e,
- 2.1 2
. l+e . I-e .
12.4 sin(x + y e, )= sin(x + y)+ sin(x — y)

=sin xcos y + e, cosx sin y

12.5 From the analogous of Moivre’s identity we have:
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(COShl// + e, sinh 1//)4 =cosh4y + e, sinh 4y
cosh4y =cosh* y + 6cosh® i sinh*y + sinh*y
sinh 4y =4 cosh’ y sinhy + 4 coshy sinh’y

12.6 The analytical continuation of the real logarithm is:

l+e, l-e,

log(x +y e1)= log(x + y)+ log(x - y)
:—log(x2 —y2)+e—110g Ty
2 -y

It may be rewritten in the form:
=log+/x’ —y* +e, argtghZ
X

12.7 For the straight path z=¢e; we have:

1 3!
2
IzdeZeljtzdtze, Ll -z4a
e 3], 3

-

For the circular path z=cos?+e;sint we have:

ey w/2

Izzdzz I(cost+e1 sin )’ (—sint + e, cost)dt
—e /2
/2
2 2.0\ 2e,
=|COSf+—COS [ +e¢|smnf——sIn’¢ =—
3 3 -n/2

Using the indefinite integral, we find also the same result:
T z2dz = i ' = Zi
> 3], 3

12.8 The proof is analogous to the exercise 3.12: turn the hyperbolic numbers df, dz into
hyperbolic vectors by multiplying them at the left by e.

13. The hyperbolic or pseudo-Euclidean plane
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13.1 If the vertices of the triangle are 4 = (2, 2), B= (1, 0) and C = (5, 3) then:
AB = (-1,-2) BC=(4,3) CA=(-3,-1)
| AB|=3 e, | BC|=+7 |C4|=+8

From the cosine theorem we have:

AB* =BC? +CA’ —=2|BC||CA|coshy = coshy =—— y 20.6264

f—
2414
taking into account that y = ACB is a positive angle. From the sine theorem we have:

|BC| _ |c4] _ |48 V7 _ B _Be,
sinha sinh f sinhy = sinha sinh g 5

2414

whence the angles ¢ and g follow:

sinha = —% N a=-0.2027 - %elz
S5e i
sinhf = -——2 ~-04236——¢
ﬂ \/ﬂ = ﬂ 7 12

The plot helps to choose the right sign of the angles. Anyway a wrong choice would be
revealed by the cosine theorem:

BC* =CA® + AB* —2| CA|| AB|cosha
CA® = AB*> + BC* —=2| AB|| BC | cosh 8

13.2 The rotation of the vector is obtained with the multiplication by a hyperbolic
number:

v'=vz, =(2e, +e, )(coshlog2 + e, sinhlog2)=(2e, +e21)(§+%e1}

13 11

=—e, +—e
2 21
4

4

The reflection is obtained by multiplying on the right and on the left by the direction
vector of the reflection and its inverse respectively:

13e, —1le,,

_ _ 1
v'=d 1Vd:(?’ez _eZI) 1 (262 +ezl)(3€2 _621):§(362 _621)(7_561): 4

The inversion with radius » = 3 is:
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2 -1

Vi=r'v!' =9(2e, +e, ) =3(2e, +e,)=6e, +3e,,

13.3 The two-point equation of the line y =2 x + 1 is:

x+1_l
1 2

which gives us the direction vector:

v=e +2e,

The direction vector is the normal vector of the perpendicular line. The general equation
of a line in the hyperbolic plane is:

B PR=0 S mle-x)-m (3o ,)=0

Note the minus sign since this line lies on the hyperbolic plane. The substitution of the
components of the direction vector of the first line and the coordinates of the point R =
(3, 1) through which the line passes results in the equation:

1-(x-3)-2-(y-1)=0 =  x-2y-1=0

The fact that both lines and the first quadrant bisector intersect in a unique point is
circumstantial. Only it is required that the bisectors of both lines be parallel to the
quadrant bisectors.

13.4 The line y =3 intersects the hyperbola x> — y* = 16 in the points R = (=5, 3) and R’ =
(5, 3). Then the power of P = (-7, 3) is:

PRPR'=2e¢, 12¢,=24

The line y = — 3 x — 18 cuts the hyperbola in the points 7'= (-5, —=3) and 7" = (-17/2,
15/2). Then the power of P is:

3e, 9
PT PT'=(2e, —6e21)-(— 262 +%}=—3+27:24

The line y =—3 x / 7 cuts the hyperbola in the points:

o[- HBA) gy, _200)

5 75 57 5

The power is:

o
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Also the substitution of the coordinates gives 24:
X, —yr—16=49-9-16=24
13.5 From the law of sines we find:

|| _sinha |a|+|b| sinha +sinhp
|a|—|b|_sinha—sinh,8

|b| sinhp

Introducing the identity for the addition and subtraction of sines we arrive at the law of
tangents:

13.6 The first triangle has the vertices 4 = (0, 0), B = (5, 0), C = (5, 3) and the sides:
AB=5ez BC:3621 CA=—562—3621

The second triangle has the vertices 4" = (0, 0), B' = (25, —15), C' = (16, 0) and the
sides:

A'B'=25e— 15 ex B'C'=-9e+15en C'A'=—-16 e
Both triangles are directly similar since:

AB' A'B'=BC'B'C'=CA™' C'A'=5-3e1=r
which is the similarity ratio 7. The size ratio is the modulus of the similarity ratio:

|r|=+5*-3% =4

that is, the second triangle is four times larger than the first. The angle of rotation
between both figures is the argument of the similarity ratio:

v = arg(S —3e, )= arg tgh(— %] =—log2=-0.6931...

Now plot the vertices of each triangle in the hyperbolic plane and break your Euclidean
illusions about figures with the same shape.

14. Spherical geometry in the Euclidean space
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14.1 The shadow of a gnomon follows a hyperbola on a plane (a quadrant) because the
Sun describes approximately a parallel around the North pole during a day. The altitude
of this parallel from the celestial equator is the declination, which changes slowly from
one day to another. The March 21 and September 23 are the equinoxes when the Sun
follows the equator. Since it is a great circle, its central projection is a straight line
named the equinoctial line.

14.2 From the stereographic coordinates we find the Cartesian coordinates of the points:

12 5 12
A=——e1+ze2+le3 A A C=—el+ie3
3 3 3 13 13 13 13

Their outer products are equal to the cosines of the sides:

cosazB-ng a=1.4223
169
19
cosb=C-4=—— b=2.0797
39
cosc=A~B=—E c=2.0797
39

Now we calculate the bivectors of the planes containing the sides:

1160

22 ey, +10e,, +24 ¢,

39 39
5o —60en +60e; +14de;, |B/\C|:\/27936

169 169
CAA:—10e23—2329e31+24e12 |CAA|:\/131960

The cosines of the angles between planes are obtained through the analogous of scalar
product for bivectors:
(CArd)-(4nB) 136

- =- =1.6882
|CAd||AnB| 1160 “

cCosa =

(AnB)-(BAC) 2736 £ =20721

COsﬂ:_|AAB||BAC|__\/1160-27936
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cosy = (BAC)-(CA4) 2736 /20721

[BAC||CAA| 279361160

The area of the triangle is the spherical excess:

area=o+ f+y—-n =2.6908

14.3 Let us calculate the Cartesian coordinates of Fastnet (point F), the point in the
middle Atlantic (point 4) and Sandy Hook (point S). Identifying the geographical
longitude with the angle ¢ and the colatitude with the angle g we have:

X =sinf cos@ y =sind sing z=cosf

F=(0=3830",p=-9°35)=0.6138 ¢, —0.1036 ¢, + 0.7826 ¢,

A

(0=47°30", p = —47°)=0.5028 ¢, — 0.5392 ¢, +0.6756 ¢,
S =(0=49°30", 0 = —74°)=0.2096 ¢, — 0.7309 e, + 0.6494 ¢,

The length of the arcs is obtained from the inner products of the position vectors:

cosFS=F-§5=0.7126 FS =44°33'=4950 km
cosFA=F-A4=0.8932 FA=26°43"=2969 km
cosAS =4-5=0.9382 AS =20°14'=2250 km

Now we see that the track is 269 km longer than the shortest path between Fastnet and
Sandy Hook.

Let us investigate whether the Titanic followed the obliged track, that is whether
the point 7" where the tragedy happened lies on the line AS, by calculating the
determinant of the three points:

T =(0=4814",p =-50°14')=0.4771 ¢, = 0.5733 ¢, + 0.6661 e,

0.5028 04771  0.2096
ANT AS=|-05392 —0.5733 —0.7309 e, =—0.0050 €,
0.6756  0.6661  0.6494

The negative sign indicates that the

orientation of the three points is = A
clockwise (figure 16.6). In other words, § “QV
the Titanic was shipping at the South of

the obliged track. We can calculate the T

distance from 7 to the track AS taking the Figure 16.6
right angle triangle. By the Napier’s rule we have:
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|[AAT AS| 0.0050

= =0.0144 d =49'=92 km
|[AAS| 03461

sind =sino sin ST =

14.4 After removing the margins and subtracting the coordinates of the centre of the
photograph in the bitmap file, I have obtained a pair of coordinates u" and v' in pixels,
which are proportional to # and v:

star u' v
o Cassiopeia 173 -139
3 Cassiopeia 349 -135

y Cassiopeia 199 24

o Cassiopeia 89 93
Hale-Bopp comet -240 =320

On the other hand, the right ascension 4 and declination D of these stars are
known data. From the spherical coordinates and taking @ = 90° — D and ¢ = 4 one
obtains their Cartesian equatorial coordinates in the following way:

x=cosDcos 4 y=cosDsin 4 z=sinD

The Aries point has the equatorial coordinates (1,0,0). Using these formulas I have
found the coordinates:

star X y z
o Cassiopeia 0.543519 0.096098 0.833878
3 Cassiopeia 0.512996 0.019711 0.858216
y Cassiopeia 0.475011 0.119054 0.871889
o Cassiopeia 0.462917 0.180840 0.867759

A photograph is a central projection. So the arch s between two stars 4 and B is related
with their coordinates (u, v) on the projection plane by:

Itu,u, +v, v,

\/1 2 2\/1 2 2
+MA +VA +uB +VB

COSS ,p =

The focal distance f is the distance between the projection plane (the photograph) and
the centre of projection. When the focal distance is unknown we only can measure
proportional coordinates u’' and v’ instead of u# and v, and the foregoing formula
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becomes:

2 2 ' ’ ’
foruu'y+v V',

\/f2 +u',42 +V,A2 \/fZ +M,32+V'32

COSS ,p =

which is a second degree equation on f° %
(f2 +u' ] +v'A2)(f2 +u'y’ +v’32)cos2 S 4z =(f2 +u' u'y +v', v'B)2
Ozf‘l(l—cos2 sAB)+f2[2(u’A u'y +v', v’B)—(u’A2 +v' P ru,’ +v’32)cos2 SAB]
w(u uy v v,) —(u’A2 +v’Az)(u’B2 +v'32)cos2 S 1

All the coefficients of the equation are known, because cos sup = A - B is calculated
from the Cartesian equatorial coordinates obtained from the right ascension and
declination of both stars. The focal distances so obtained are:

star f

a -p Cassiopeia 2012.7
a -y Cassiopeia 2010.6
a -6 Cassiopeia 2017.2
-y Cassiopeia 2003.0
-6 Cassiopeia 2019.1
y-o Cassiopeia 2049.1

mean value 2018.6

The width of the photograph is 750 pixels and the height 1166. If 750 pixels
corresponds to 24 mm and 1166 to 36 mm, we find a focal distance of the camera equal
to 64.6 mm and 62.3 mm respectively. However the author of the photograph indicated
me that his camera has a focal distance of 58 mm, what implies that the original image
was cut a 7 % in the photographic laboratory. This is a customary usage in photography,
so we do not know the enlargement proportion of a paper copy and we must calculate
the focal distance directly from the photograph, which is always somewhat higher than
that calculated from the focal distance of the camera. On the other hand, the calculus of
the focal distance is very sensitive to the errors and truncation of decimals. The best
performance is to write a program to calculate the mean focal distance from the original
data or to make us the paper copies without cutting the image. Known the focal
distance, we are able to calculate the normalised coordinates u and v:

star u v

a Cassiopeia 0.085703 —0.068860
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3 Cassiopeia 0.172892 —0.066878
y Cassiopeia 0.098583 0.011889
o Cassiopeia 0.044090 0.046072
Hale-Bopp comet —0.118894 —0.158526

and from here the inner product between stars and the comet:

I+u,u, +v,vy,

cosl4,H )=
( ) \/1+uj+vj\/1+u,2{+v12,

I+uy, u, +vy vy,

cos(B,H)z
\/1+u§ +v§\/1+u§, +vi,

The unknown equatorial coordinates of the comet H are calculated from a system of
three equations:

B-H =cos )

H2

A-H =cos(4,H)
B,H
1

Let us introduce the Clifford product instead of the inner product and multiply the first
equation by B and the second one by 4 on the right:

w:cos(A,H) = AHB;HABZCOS(A,H)B
BHAHE ooy = BEATHBA s )
H? =1

Using the permutative property (in the space uvw —wvu=2u A v A w), the
difference of both equations is equal to:

A/\H/\B+HA/\Bzcos(A,H)B—cos(B,H)A

or equivalently: ~HAAANB+H AAB=cos(4,H)B —cos(B,H) A

The outer product by H is the geometric product by its perpendicular component H, , so
we have:

H, AAB=cos(4,H)B~cos(B,H) 4
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where we can isolate the coplanar component:

H, =(cos(4,H)B —cos(B,H) A)(A A B)"

Observe that this result can be only obtained and expressed through the
geometric product, and not through the more usual inner and outer products. The
component perpendicular to the plane AB is proportional to the dual vector of the outer
product of this vectors. Known the coplanar component we may now fix the modulus of
the perpendicular component because H=1:

e.. ANB
e

There are two solutions, but according to the statement of the problem only one
of them is valid. Since each pair of stars gives two values of H (the position vector of
the comet), we may distinguish the true solution because it has proper values for
different pairs of stars. The mean value with the standard deviation so obtained is:

=(0.661606 + 0.000741) e, +(0.236258 £ 0.001298) e, + (0.711659 + 0.000302) e,

from where the following equatorial coordinates of the Hale-Bopp comet are obtained:

» =1h 18min 36s D, =45°22"12"

In the ephemeris (http://www.xtec.es/recursos/astronom/hb/ephjan97.txt) for the comet

we find:

Date Right ascension (4) | Declination (D)
1997 March 28 | 01h 09min 18.03s | +45° 36’ 30.6”
1997 March 29 | 01h 19min 06.07s | +45°25° 15.6”
1997 March 30 | O1h 28min 44.92s | +45°10° 51.9”

So I conclude that this photograph was taken the March 29 of 1997.
On the other hand, I have also calculated the orientation O of the camera (of the
line passing through the centre of the photograph):

0 =(0.513505 +0.000673) e, +(0.201570 + 0.000471) e, + (0.834075 % 0.000360) e,

A, =1h 25min 44s D, =56°3111"

15. Hyperboloidal geometry in the pseudo-
Euclidean space (Lobachevsky’s geometry)

15.1 The circle being projection of a parallel line (geodesic
hyperbola) shown in the figure 15.9 passes through the P >\
point (1, 0) which implies the equation:
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(-1 +(v-b) =b

According to this equation, the intersection of this line with the v-axis has the

coordinates |0,b—+b* —1 ) (the other intersection point falls outside the Poincaré
disk). The inverse of the slope at this point with opposite sign is the tangent of the angle
of parallelism: Figure 15.9

tgH(S)=—(Z—u] =b* -1 - cosH(S):l
V). b

Now let us calculate the distance s from the origin to this point. Its hyperbolic cosine is
the inner product of the unitary position vectors of the origin and the point of
intersection:

coshs=e [{ b-~b 1 J b er b

J’_
S iabdo 1) Aol

h+1 b—1 [I-cosIi(s) = Ti(s)
=1 —s)= = =t
s =logy;— exp(-s) \/b+1 \/1+cosH(s) £

so we find the Lobachevsky’s formula for the angle of parallelism:

H(s) =2 arctg(exp(— s))
15.2 The law of cosines in hyperboloidal trigonometry is:

cosha = coshb coshc —sinhb sinhc¢ cosa

For a right angle triangle o= 1/2 :

cosha = coshb coshe

In the limit of small arcs it becomes the Pythagorean theorem:

2 2 2

1+%+O(a4)=(1+b7+0(b4)j(1+%+0(‘34)J

a’ +0(a4)=b2 +c? +0(b202,b4,c4)

15.3 A «circley is given by the equation system:
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2 ox? o=l
ax+by+c=z

a) The intersection of a quadric (hyperboloid) with a plane is always a conic. Since the
curve is closed, it must be an ellipse (for horizontal planes it is a circle).

b) We hope that the centre of the ellipse be the intersection of the plane with its
perpendicular line passing through the origin (this occurs also in spherical geometry).
The plane has a bivector:

aey+be, —e,

The vector perpendicular, the dual vector is:

ae +be, +e,

because the product of the vector and bivector is equal to a pure volume element:
(a e,, +bey —elz)(a e +be, +e3)=(a2 +b? —l)e123

The axis of a circle is the line passing through the origin and perpendicular to the plane
containing this circle. The centre of the circle is the intersection point of the plane and
axis of this circle, given by the equation system:

ax+by+c=z
X y z = Xx=

—_—= = _2_2
P l—a” -b

ac bc c
= —-————,m—_—— Z:—
Y l1-a® -b’ 1-a* -b’

The distance from any point of the circle to its centre is constant:

2 2
i) ) )
1—a®-b* l—a®-b* l—a®-b*

B 2¢? Jrcz(l—az—bz)_l_ c?
1—a® - b (1_az_b2)2_ 1-a® - b

Since ¢>1 and a” +b° <1 this value is always negative, what means that the radius is
a distance comparable with distances on the Euclidean plane x-y. Taking the real value,
the radius of a circle is:

2
| ¢
r=,—F-7-7-1
1-a* -b’

However this is not the radius measured on the hyperboloid and obtained from its
projections. The intersection of the axis with the hyperboloid gives its hyperboloidal
centre:
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22 —x?—y? =1 . , .
X z X=—— =7 g=— -
2.2 = —a-p 7 1—a b 1—a’ — b
a b 1

The hyperboloidal radius is the arc length on the hyperboloid from any point of the
circle to its hyperboloidal centre, which should be constant. Making the inner product of
the position vectors of a point on the circle and its centre, we find:

a b z
coshy =(xe, +ye, +ze,) e t————e, + S |=
1-a”-b l-a”-b

—ax—-by+z c
l1-a®>-b* 1-a’-b°

So the hyperboloidal radius is: <

w =argcosh FEpEae

The figure 16.7 shows a lateral view of a
plane with @ = 0 and equation b x + ¢ = z.
The points P and P’ lie on the circle. O is
the centre of the circle on its plane and H
is the centre on the hyperboloid. Then OH
is the axis of the circle, which is Figure 16.7
perpendicular (in a pseudo-Euclidean way)

to the circle plane, that is, their bisector has a unity slope. Note that according to a
known property of the hyperbola, O must be the midpoint of the chord PP'. The plane
radius is the distance PO or P'O, while the hyperboloidal radius is the arc length PH or
P'H.

¢) The coordinates of the stereographic projection are:

2u 2v 1+u® +v?
x:— y:— ="
1—u® =2 1—u® =2 1—u® =2

Let us make the substitution of these coordinates in the equation of the circle plane:

2au+2bv 1+u® +v?
+c=

2 2 - 2 2
l—u”—v l—u”—v

After simplification we arrive to an equation of a circle:

( a jz ( b Jz a’*+b*+c* -1
u— +|v— =
c+1 c+1 (c+1)2

154 A horocycle is a circle having a’ +b* =1. Therefore its equation in the
stereographic projection is:
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2 2 2
c a b
=|u-— +|v—
(c+1) ( c+1j ( c+1j

Let us search the intersection points (if they exist) with the limit circle u® +v?: =1,
Then we solve the system of both equations and find that it has a unique solution:

u=a v=>b

Since they meet in a unique point and a’+b> =1 the horocycle projection is tangent
to the limit circle. The centre of the horocycle is the intersection of the hyperboloid with
its axis. However this axis has unity slope, so the intersection lies at the infinity.

15.5 By differentiation of the coordinates in the Beltrami projection we find:

(1—v2)du+uvdv (l—uz)dv+uvdu

= (l—uz—v2)3/2 = (l—uz—V2)3/2
udu+vdv
dzz(l_uz _vz)z/z

The differential of area is a bivector and we search its modulus:

du ndv

(1—u2 _v2)3/2
Note the outer products of the differentials

of coordinates so dxAdy=-dy Adx,

Now we must integrate the differential of

area of a doubly asymptotic triangle with ‘
angle ¢ (figure 15.10a). We change to ‘
polar coordinates » and @ in the Beltrami

disk: \

v
r=u’+v* tgd =—
u

cos(p/2)
cosd

dA = \/(dx Ady) —(dy ndz)’ —(dz ndx) =

Figure 15.10

Since the equation of the line is 7 = the integral becomes:

cos(p/2) cos(p/2)

cosf @l2 cos@ @/2 @/2
e i rdr/\cz’i: I { a0="| cos® a0 Jao-
0 —(/1/2(1_ ol N1=7? /2 \/l_cosz(l’_sinze -p/2
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@/2

. sin
=| arcsin -6 =T—@
sin
-p/2
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This expression is applied to each asymptotic triangle surrounding the central
triangle (figure 15.10b). Since the area of a triangle having the three vertices in the limit

circle is 3g—27 = 1, the area of the central triangle follows:

A=n-a-pF-y
15.6 In the azimuthal projection, the radius 7 of a circle centred at the origin is:

2 e 2
z+1 Y z+1

u==x r2=u2+v2=2(z—1)

Since the projection is equivalent, we can evaluate the area directly in the plane:

A=nr’=2n(z-1)=2n(coshy —1)

where y/is the Weierstrass coordinate, that is, the radius of the circle on the

hyperboloid.
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A
addition identities, 57
affine plane, 31
affinity, 51
algebra
fundamental theorem, 24
geometric, of the
Euclidean space, 170
pseudo-Euclidean space, 188
algebraic equation of a line, 37
algebraic equations of a circle, 80
alignment of three points, 35
altitudes of a triangle, 73
analytic
continuation, 151
complex functions, 19
hyperbolic functions, 147
analyticity conditions
complex, 19
hyperbolic, 148
angle
between circles, 89
between Euclidean vectors, 12
between hyperbolic vectors, 156
of parallelism, 206, 260 (15.1)
inscribed in a circle, 55
antigraphy, 116
Apollonius' theorem
theorem for the ellipse, 128
theorem for the hyperbola, 163
lost theorem, 79, 229 (8.3)
area, 33
of a parallelogram, 4
of a triangle, 35, 68
of a spherical triangle, 176
of Lobachevskian triangle, 206,
263 (15.6)
on the hyperbolic plane, 161
alignment of three points, 35
analytic functions, 19
angle inscribed in a circle, 55
associative property, 5
azimuthal equivalent projection of the
hyperboloid, 200

B

base of vectors for the plane, 10
barycentric coordinates, 33

Beltrami’s disk, 191

binomial form of a complex number, 15

bisectors,

of the sides, 70

of the angles, 72
Bretschneider’s theorem 91, 238 (9.4)
Brianchon’s theorem, 138, 248, (11.8)

C
Cartesian equation of a circle, 80
Cauchy-Riemann conditions, 19
Cauchy’s
theorem, 20
integral formula, 21
central
equation for conics, 126
projection
of the sphere, 177
of the hyperboloid, 191
centroid, 69
Ceva’s theorem, 64
cevian lines, 69
Chasles' theorem, 122
circle
of the nine points, 85
inscribed in a triangle, 72, 73
circumscribed to a triangle, 70, 73
circles, 80, 236
radical axis, 89
radical centre, 90
circular functions, 54
circumcentre, 70
circumscribed quadrilateral, 88
Clifford, vi, viii, 8
Clifford algebras
isomorphism of, 152
complex analytic functions, 19
complex numbers, 13
binomial form, 13
polar and trigonometric form, 13
matrix representation of, 139
algebraic operations, 14
complex plane, 18
conformal
cylindrical projection, 202
transformations, 66
congruence
of hyperbolic segments, 158
congruence of Lobachevskian triangles,
205
conic sections, 117
central equations, 126
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in barycentric coordinates, 132

directrices, 120
foci, 120
matrix of, 136

passing through five points, 131

perpendicular to

tangent to, 124

tangential conic, 132

vectorial equation, 121
conical projections

of the sphere, 184

of the hyperboloid, 203
conjugate

diameters, 129, 163

of a complex number, 16

of a hyperbolic number, 141
convergence

of complex powers series, 23
of hyperbolic powers series, 150

radius of, 22

square of, 150
coordinate systems, 31
coordinates

barycentric, 33

Cartesian, 36

dual, 43

homogeneous, 102
correlation, 134
cosines law

Euclidean, 60, 223 (6.1)

hyperbolic, 164

hyperboloidal, 198

spherical, 174, 175
cross ratio

complex, 92

projective, 99
cylindrical projections

of the sphere, 182

of the hyperboloid, 201
cyclic quadrilaterals, 87

D
De Moivre's identity, 58
Desargues’ theorem, 47
diameters
of the ellipse, 128
of the hyperbola, 163
dilatations, 30
direct similarity, 61
distance between two points
on the Euclidean plane, 33
on the hyperbolic plane, 160
distance from a point to a line, 37

distortion, 177

double angle identities, 55
dual coordinates, 43

dual spherical triangle, 175
duality principle, 43

E
eccentricity, 118
ellipse,
central equation, 126
Apollonius’ diameters, 128
equations
of a circle, 80
of a line, 36-40
of conics, 119, 121, 126
equivalent cylindrical projection
of the sphere, 184
of the hyperboloid, 203
Euler's line, 76
Euclidean space, 170
excess, spherical, 177
exponential
complex, 14
hyperbolic, 143
exterior product, 4

F
Fermat's theorem, 77
focal distance

of a conic, 121
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of a photograph, 186, 258 (14.4)

foci of a conic, 120
function of Riemann, 150

G
geometric algebra
of the vectorial plane, 8

of the pseudo-Euclidean space, 188

Gibbs, vi, viii
gnomonic projection, 177
Grassmann, vii,viii

H
Hamilton, viii, 8, 171
harmonic
characteristic, 94
ranges, 94
Heron’s formula, 9, 208 (1.6)
hierarchy of algebraic operations, 8§
Hilbert, 190
homogeneous coordinates, 102
homography, 96
homologous sides, 61
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homology, 110
homothety, 65
horocycle, 206, 263 (15.4)
hyperbola
central equation, 126
hyperbolic
analyticity, 150
analytic functions, 147
cosine, 142
exponential and logarithm, 143
numbers, 140
polar form, 144
powers and roots, 144
plane
distance between points
160
areaon, 161
sector, 142
similarity, 167
sine, 142
tangent, 142
trigonometry, 141
vectors, 154
hyperboloid of two sheets, 190
hyperboloidal
arc, 193
defect, 206, 263 (15.5)
triangle, 196
trigonometry, 196

I
imaginary unity, 13
incentre, 72
infinity, points at, 102
inner product

of hyperbolic vectors, 155
intercept equation of a line, 40
intersection

of a line with a circle, 80

of two lines, 41
inverse

of a vector, 7

trigonometric functions, 59
inversions of vectors, 29
inversion with respect to a circle, 83
isometries

hyperbolic, 158
isomorphism of Clifford algebras, 152
isosceles triangle theorem, 158

L

Lauren series, 22
Leibniz, vi, 190

line at the infinity, 47

lines on the Euclidean plane, 31
linear combination of two vectors, 10
Liouville’s theorem, 24
Lobachevskian

geometry, 188

trigonometry, 196
logarithm

complex, 20

hyperbolic, 143

M
McLaurin series, 22
matrix representation, 139
medians, 69
Menelaus’ theorem, 63
Mercator's projection, 183
Mbobius, viii, 33, 78
transformation, 96
modulus
of a complex number, 13
of a hyperbolic number, 141
Mollweide’s formulas, 60

N

Napier’s rule, 176
Napoleon’s theorem, 78
Newton’s theorem, 138
nine-point circle, 85
non-Euclidean geometry, 205

(@)
opposite similarity, 62
orthocentre, 73
orthogonal hyperbolic vectors, 157
orthographic projection of the sphere, 181
orthonormal bases, 11
outer product
of Euclidean vectors, 4
of hyperbolic vectors, 155

P
parametric equations of a line, 36
Pascal’s theorem, 138, 248, (11.7)
Pauli’s matrices, 153
Peano, vi, vii, 128
pencil of lines, 41
permutation of complex and vector, 17
permutative property
of Euclidean vectors, 6, 9, 207 (1.5)
of hyperbolic vectors, 155
perspectivity, 103
Peter's projection, 184
Plate Carré projection, 182
Poincaré’s
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disk, 198
half-plane, 200
points, 31
alignment, 31
at the infinity, 102
on the Euclidean plane, 214
polar equation of a line, 40
polar equation of a circle, 82
polar form of a complex number, 14
polarities, 134
poles, 23
polygon
sum of the angles, 53
power of a point
with respect to a circle, 82
with respect to a hyperbola, 168
product
of a vector and a real number, 2
of two vectors, 2
of three vectors, 5
of four vectors, 7

inner
of hyperbolic vectors, 155
outer
of hyperbolic vectors, 155
projection

of the spherical surface
central or gnomonic, 177
conical, 184
Mercator’s, 183
Peter's projection, 184
Plate Carré’s, 182
orthographic, 181
stereographic, 180
of the hyperboloid
central (Beltrami’s), 191
conical, 203
stereographic, 198
azimuthal equivalent, 200
cylindrical equidistant, 201
cylindrical conformal, 202
cylindrical equivalent, 203
projective cross ratio, 99
projectivity, 103
pseudo-Euclidean
plane, 154
space, 188
Ptomely’s theorem, 115, 240, (10.1)

Q

quadrilaterals
cyclic, 87
circumscribed, 88

quaternions, 8, 171
quotient
of two vectors, 7
of complex numbers, 16

R
radical axis of two circles, 89
radical centre of three circles, 90
ratio
complex cross, 92
of similarity, 61
projective cross, 99
single, 65
reflections of vectors, 28
residue theorem, 24
reversal, 168
Riemann’s function, 150
rotations of vectors, 27, 139

S
sector of a hyperbola, 142
series
Lauren, 22
McLaurin, 22
Taylor, 21
similarity
direct, 61

opposite, 62
hyperbolic, 167
Simson’s theorem, 91, 237, (9.3)
sines law
Euclidean, 60, 223 (6.1)
hyperbolic, 164
hyperboloidal, 197
spherical, 173
single ratio, 65
singularities, 23
slope-intercept equation of a line, 40
space
Euclidean, 170
pseudo-Euclidean, 188
spherical triangle
excess of, 177
dual, 175
area of, 176
spherical trigonometry, 172
spherical coordinates, 182
stereographic projection
of the sphere, 180
of the hyperboloid, 198
strict triangles, 173
sum of the angles
of a polygon, 53
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of a hyperbolic triangle, 160
sum of trigonometric functions, 56

T
tangents law 60, 169, 254 (13.5)
tangent to a conic, 124
Taylor series, 22
tetranions, 188
theorem
of the algebra, fundamental, 24
of Apollonius, 128, 138, 163,
(11.3)
lost, 78, 229, (8.3)
of Brianchon, 138, 248, (11.8)
of Cauchy, 20
of Ceva, 64
of Chasles, 122
of Desargues, 47
of Fermat, 77
of Liouville, 24
of Menelaus, 63
of Napoleon, 78
of Newton, 138
of Pascal, 138, 248, (11.7)
of Ptolemy, 115, 240, (10.1)
of Simson, 91, 237, (9.3)
of the residue, 24
of the isosceles triangle, 158
theorems
projective demonstration, 108
about hyperbolic angles, 160
transformations
of vectors, 213
special conformal, 115, 242, (10.5)
translations, 31
triangle
dual spherical, 175
triangular inequality, 34
trigonometric
addition identities, 57
double angle identities, 55
form of a complex number, 14
functions, 54
fundamental identities, 54
inverse functions, 59
sum of functions, 56
product of vectors
trigonometry
circular, 53
hyperbolic, 141
hyperboloidal (Lobachevskian),
196

spherical, 172

A%
vector
addition, 1
product, 2
transformations, 213
vectorial equation of a line, 36

A\

Weierstrass’
coordinates, 201
model, 190
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CHRONOLOGY OF THE GEOMETRIC ALGEBRA

1679 Letters of Leibniz to Huygens on the characteristica geometrica.

1799 Publication of Om Directionens analytiske Betegning by Caspar Wessel with scarce
diffusion.

1805 Birth of William Rowan Hamilton at Dublin.

1806 Publication of Essai sur une maniére de représenter les quantités imaginaires dans les
constructions géométriques by Jean Robert Argand.

1809 Birth of Hermann Giinther Grassmann at Stettin.

1818 Death of Wessel

1822 Death of Argand.

1827 Publication of Der barycentrische Calcul by Mdobius at Leipzig.

1831 Birth of James Clerk Maxwell at Edinburgh.

1831 Birth of Peter Guthrie Tait.

1839 Birth of Josiah Willard Gibbs at New Haven.

1843 Discovery of the quaternions by Hamilton.

1844 Publication of Die Lineale Ausdehnungslehre (first edition), where Grassmann presents the
anticommutative product of geometric unities (outer product).

1845 Birth of William Kingdon Clifford at Exeter.

1847 Publication of Geometric Analysis with a foreword by Mobius, memoir with which
Grassmann won the prize to whom developed the Leibniz’s characteristica geometrica.

1850 Birth of Oliver Heaviside at London.

1853 Publication of Lectures on Quaternions where Hamilton introduces the nabla operator
(gradient).

1862 Publication of the second edition of Die Ausdehnungslehre.

1864 Publication of A dynamical theory of the electromagnetic field by Maxwell, where he defines
the divergence and the curl.

1865 Death of Hamilton.

1866 Posthumous publication of Hamilton’s Elements of Quaternions.

1867 Publication of Elementary Treatise on Quaternions by Tait.

1873 Publication of Introduction to Quaternions by Kelland and Tait.

1873 Maxwell publishes the Treatise on Electricity and Magnetism where he writes the equations
of electromagnetism with quaternions.

1877 Publication of the Grassmann’s paper «Der Ort der Hamilton’schen Quaternionen in der
Ausdehnungslehrey.

1877 Death of Grassmann.

1878 Publication of the paper «Applications of Grassmann's Extensive Algebra» by Clifford where
he makes the synthesis of the systems of Grassmann and Hamilton.

1879 Death of Maxwell.

1879 Death of Clifford.

1880 Publication of Lipschitz’ Principes d un calcul algebraic.

1881 Private printing of Elements of Vector Analysis by Gibbs.

1886 Publication of Lipschitz’ Untersuchungen uber die Summen von Quadraten.

1886 Publication of the Gibbs’ paper «On multiple algebray.

1888 Publication of Peano’s Calcolo geometrico secondo I’Ausdehnungslehre di H. Grassmann
preceduto dalle operazione della logica deduttiva.

1891 Oliver Heaviside publishes «The elements of vectorial algebra and analysis» in The
Electrician Series.

1895 Publication of Peano’s «Saggio di Calcolo Geometricoy.

1901 Death of Tait.

1901 Wilson publishes the Gibbs’ lessons in Vector Analysis.

1903 Death of Gibbs.
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1925 Death of Heaviside.

1926 Wolfgang Pauli introduces his matrices to explain the electronic spin.

1928 Publication of the paper «The Quantum Theory of Electron», where Paul A. M. Dirac defines
a set of 4x4 anticommutative matrices built from the Pauli’s matrices.

This comparative diagram of the life and works of the authors of (or related with)
the geometric algebra visualises and summarises the chronology. The XIX century may be
properly called the century of the geometric algebra. Note the premature death of Clifford,
which caused the delay in the development of the geometric algebra along the XX
century.

1800 1820 1840 1860 1880 1900
| | | | | |

Wessel**kkkkkkkkkkkk
Argand*************************

Hamilton e e e e e e ek g ek ek ek ke ke ek ke ok

Grassmann hdkdkhkdkkhkdkkkdkdkdkkdkhkdkkdkhkdkkkkhk

Maxwell e e e ko ok ok ok ko

Tait dhkkkdkkhkkkdkhkkkhkhkkkhkdkhkhkhhkhkhkhkkkhk

Gibbs dkkdkhkdkdkdkkdkkkdkdkdkdkdkkkkdkdkdkdhdkdkhhhkhkk

Clifford hkkkkhkkhhkhkhhkkhhkkhk

Heaviside B T T T T e

Essai sur ...

Der barycentrische Calcul

Die Ausdehnungslehre

Lectures on Quaternions |

Elements on Quaternions |
Elementary Treatise on Quaternions |
Treatise on Electricity and Magnetism |
Applications of Grassmann's Extensive Algebra |
Elements of Vector Analysis |
The Electrician Series

Vector Analysis |



