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Introduction

The following pages are the notes from a seminar that I gave during the
spring and some portion of the summer of 1993 at the Mathematics Institute
of Oslo University. The aim of the seminars was to give a rapid but rigorous
introduction for the graduate students to Analysis on Wiener space, a subject
which has grown up very quickly these recent years under the impulse of the
Stochastic Calculus of Variations of Paul Malliavin (cf. [12]).

Although some concepts are in the preliminaries, I assumed that the students
had already acquired the notions of stochastic calculus with semimartingales,
Brownian motion and some rudiments of the theory of Markov processes. A
small portion of the material exposed is our own research, in particular, with
Moshe Zakai. The rest has been taken from the works listed in the bibliography.

The first chapter deals with the definition of the (so-called) Gross-Sobolev
derivative and the Ornstein-Uhlenbeck operator which are indispensable tools of
the analysis on Wiener space. In the second chapter we begin the proof of the
Meyer inequalities, for which the hypercontractivity property of the Ornstein-
Uhlenbeck semigroup is needed. We expose this last topic in the third chapter,
then come back to Meyer inequalities, and complete their proof in chapter IV.
Different applications are given in next two chapters. In the seventh chapter we
study the independence of some Wiener functionals with the previously devel-
oped tools. The chapter VIII is devoted to some series of moment inequalities
which are important for applications like large deviations, stochastic differential
equations, etc. In the last chapter we expose the contractive version of Ramer’s
theorem as another example of the applications of moment inequalities developed
in the preceding chapter.

During my visit to Oslo, I had the chance of having an ideal environment for
working and a very attentive audience in the seminars. These notes have partic-
ularly profited from the serious criticism of my colleagues and friends Bernt
QOksendal, Tom Lindstrgm, Ya-Zhong Hu, and the graduate students of the
Mathematics department. It remains for me to express my gratitude also to
Nina Haraldsson for her careful typing, and, last but not least, to Laurent De-
creusefond for correcting so many errors .

Ali Siileyman Ustiinel
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Preliminaries

This chapter is devoted to the basic results about the Wiener measure, Brownian
motion, construction of the Ito stochastic integral and the chaos decomposition
associated to 1t.

1 The Brownian Motion and the Wiener Mea-
sure

1) Let W = Co([0,1])), w € W, t € [0, 1], define W;(w) = w(t) (the coordinate
functional). If we note by B; = o{W,;s < t}, then there is one and only one
measure g on W such that

i) p{Wo(w) =0} =1,
i) Vf € C°(R), the stochastic process process

1 t
(t.0) = FOV) — 3 [ 1" (We))ds
0
is a (B, p)-martingale. g is called the Wiener measure.

2) From the construction we see that for ¢ > s,
E,[expia(W; — W,)|B,] = exp —a®(t — s),
hence (t,w) — W;(w) is a continuous additive process (i.e.,a process with inde-
pendent increments) and (Wy;t € [0, 1]) is also a continous martingale.
3) Stochastic Integration
Let K : W x [0,1] — R be a step process :

Kiw) =Y ai(w) 1 ei(®),  ai(w) € L¥(By,).

i=1

Define .
I(K):/ K dW,(w)
0
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Zai(w) ' (Wt.‘+1(w) - Wti(“)))'
i=1

E [(/OIK,dWs)z] = E/Oleds,

i.e. I is an isometry from the adapted step processes into L?(u), hence it has a
unique extension as an isometry from

Then we have

L*([0,1] x W, A, dt x du) < L*(u)

where A denotes the sigma algebra on [0, 1] x W generated by the adapted, left
(or right) continuous processes. I(K) is called the stochastic integral of K and

it is denoted as fol K,dW,. If we define

t
L(K) = / K,dw,
0

1
/ 1j0,0)(s) K+ dW,
0

it is easy to see that the stochastic process ¢ — I(K) is a continuous, square
integrable martingale. With some localization techniques using stopping times,
I can be extended to any adapted process K such that fol K2(w)ds < oo as.
In this case the process ¢t +— I;(K) becomes a local martingale, i.e., there exists
a sequence of stopping times increasing to one, say (T,,,n € N) such that the
process t — Iz, (K) is a (square integrable) martingale.

Application: Ito formula We have following important applications of the
stochastic integration:
a) If f € C*(R) and M; = [, K,dW,, then

f(Mt):f(O)+/0 f’(M,)K,dW,+%/O f'(M,)Kds.
b)
E(I(h)) = exp(/0 hydW, — %/0 hids)

is a martingale for any h € L?[0,1].
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4) Alternative constructions of the Brownian motion and the Wiener
measure

A) Let (vi;¢ € N) be an independent sequence of N;(0,1) Gaussian random
variables. Let (g;) be a complete, orthonormal basis of L2[0, 1]. Then W; defined
by

oo t
Witw) = Yoo« [ ato)ds
i=1
is a Brownian motion.

Remark: If (g;;i € N) is a complete, orthonormal basis of L?([0,1]), then
(fo gi(s)ds;i € N) is a complete orthonormal basis of H([0,1]) (i. e., the first

order Sobolev functionals on [0, 1]).

B) Let (2, F,P) be any abstract probability space and let H be any separable
Hilbert space. If L : H — L*(Q, F,P) is a linear operator such that for any
h € H, ElexpiL(h)} = exp —|h|%, then there exists a Banach space with dense

injection H L w dense, hence W* L. H is also dense and a probability measure
p# on W such that

[ et o)) = exp =} 1576 s
and
LG (w)(w) = (w*,w)
almost surely. (W, H, ) is called an Abstract Wiener space and p is the Wiener

measure. If H([0,1]) = {h : h(t) = [, h(s)ds, |h|g = |h|Lap,1)} then p is the
classical Wiener measure and W can be taken as Cp([0, 1}).

Remark: In the case of the classical Wiener space, any element A of W* is a
signed measure on [0, 1], and its image in H = H([0, 1]) can be represented as
7A@ = fot A([s, 1})ds. In fact, we have for any h € H

(77(A),h) = <A j(h) >
/Oh(s),\(ds)

R(D)A([0, 1]) - /0 ([0, s])h(s)ds
= [ 00,1 - 20, Diia)es

0
1 A([s, 1])h(s)ds.
0
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5) Let us come back to the classical Wiener space:

1) It follows from the martingale convergence theorem and the monotone class
theorem that the set of random variables

{f(Wy,... ., W)t €[0,1], f € S(R™);n € N}

is dense in L2(u), where S(R™) denotes the space of infinitely differentiable,
rapidly decreasing functions on R".

ii) It follows from (i), via the Fourier transform that the linear span of the

set {exp fol h,dW, - 1 01 h2ds; h € L%([0,1])} is dense in L%(y).

iii) Because of the analyticity of the characteristic function of the Wiener mea-
sure, the elements of the set in (ii) can be approached by the polynomials,
hence the polynomials are dense in L2(u).

5.1 Cameron-Martin Theorem:

For any bounded Borel measurable function F', h € L%[0, 1], we have
. 1 l 1
E,,[F(w+/ h,ds) -exp[—/ hydW, — 5/ hids]] = E,[F).
0 0 0

This means that the process W;(w)+ fot hsds is again a Brownian motion under
the new probability measure

1 1
exp(—/ h,dW, — %/ hids)dp.
0 0

Proof: It is sufficient to show that the new probability has the same charac-
teristic function as u: if z* € W*, then z* is a measure on [0, 1] and

we(z® Wy = /0 W, ()" (ds)

1
0

W)= (.0, - [ " (0.0)aWi(w)

1
Wiz* ([0, 1])-/0 2* ([0, 4]).dW,

/0 1 z*(Jt, 1])dW; .
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Consequently
1 ]
E[expi/ z"([t,l])dW,(w+/ hyds) - E(—~I(h))]
0 0
1 1 1 1t
- E[expi]:c‘([t,l])dW,+i/x*([t,l])h,dt—-/ hedW, _5/ h2dt]
0 0 0 0
1 1 1 1
= E[expi/ (iz‘([t,l])—ht)dW,.expi/ z*([t, 1]))h.dt — 5/ hid)
0 0 0
1 1 1 1 1
- exp-/(iz*([t,1])—h,)2dt+i/ 2*([t, 1])hedt — -/ h2dt
2 Jo 0 2 Jo
1 ! * 2
= exp—z | (2"([t,1]))*dt
2 Jo

| N
= e i) i .

QED

Corollary (Paul Lévy’s Theorem ) Suppose that (M;) is a continuous
martingale such that My = 0, M? —t is again a martingale. Then (M) is a
Brownian motion.
Proof: We have the Ito formula
1 1 t
f(My) =f(0)+/ f’(M,)-dM,+§/ f'(M,) -ds.
0 0
Hence the law of {M, :t € [0,1}} is p. QED

5.2 The Ito Representation Theorem:
Any ¢ € L?(p) can be represented as

1
o = Elp] + / K,dW,
0
where K € L%([0,1] x W), adapted.

Proof: Since the Wick exponentials

1 1
E(I(h)) = exp / h,dW, — 1/2 / hds
[ 0

can be represented as claimed, the proof follows by density. QED
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5.3 Wiener chaos representation

Let K; = fol hydW,, h € L?([0,1]). Then, from the Ito formula, we can write

1 1
K? = p/ KP~h,dW, + ——”“’2 ) / K?~?h2ds
0 ]

1 t t
L p—1(p-1 Yoo
=p/0 [(p— 1) i K™% hy,dW,, + =Uep-1) )2( )/0 KP=2hZ dty|dWy,

iterating this procedure we end up on one hand with K,OP = 1, on the other hand
with the multiple integrals of deterministic integrands of the type

— i ip
J, = / hishy . e, WD AW,
0<t, <ty 1 <<t <1

i; =0 or 1 with dW? = dt and dW} = dW,.
Let now ¢ € L?(u), then we have from the Ito representation theorem

1
¢ = Efy] +/ K,dW,
0

by iterating the same procedure for the integrand of the above stochastic integral:

1 1 121
¢ = E[g]+ /0 E[K,)dW, + /0 /0 E[K})% )dW,,dW;, +

1 pty pt2
+ /0 /0 /0 KLDS AW, dWe,dWr, .

After N iterations we end up with

N
Y= Z Jp(K?) + pN+1
0

and each element of the sum is orthogonal to the other one. Hence (pn; N €

N) is bounded in L?(u). Let (¢n,) be a weakly convergent subsequence and

Poo = klim ©N,.. Then it is easy from the first part that ¢, is orthogonal to
— 00

N
the polynomials, therefore ¢, = 0 and w — Nlim >~ Jp(K,) exists, moreover

N ) ~
sup 3 ||Jp(Kp)l|3 < oo, hence ¥~ J,(K,) converges in L?(u). Let now K, be an
N T 1

element of L2[0, 1]? (i.e. symmetric), defined as IA{,, =KponCp={ti <---<
tp}. We define I,(K,) = p!J,(K,) in such a way that

E[]I,,(I?,,)V]:(p!f/c K2dt; ...dt, = p! / IR, dty ...dt, .
’ [0.1]

Let ¢, = %"- , then we have
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(o<}
o = Elp] + Z I{¢p){ (Wiener chaos decomposition)
1







Chapter I

Gross-Sobolev Derivative,
Divergence and

Ornstein-Uhlenbeck
Operator

Motivations

Let W = Co([0, 1], R%) be the classical Wiener space equipped with p the Wiener
measure. We want to construct on W a Sobolev type analysis in such a way that
we can apply it to the random variables that we encounter in the applications.
Mainly we want to construct a differentiation operator and to be able to apply
it to practical examples. The Fréchet derivative is not satisfactory. In fact
the most frequently encountered Wiener functionals, as the multiple (or single)
Wiener integrals or the solutions of stochastic differential equations with smooth
coefficients are not even continuous with respect to the Fréchet norm of the
Wiener space. Therefore, what we need is in fact to define a derivative on
the LP(u)-spaces of random variables, but in general, to be able to do this, we
need the following property which is essential: if F,G € LP(u), and if we want
to define their directional derivative, in the direction, say @& € W, we write
2 F(w+10)|i=0 and £ G(w + td)|i=0. If F = G p-as., it is natural to ask that
their derivatives are also equal a.s. For this, the only way is to choose W in some
specific subspace of W, namely, the Cameron-Martin space H:

H= {h :[0,1] — R4/h(2) = /0' h(s)ds,  |h%4 = /01 |h(s)|2ds}.

In fact, the theorem of Cameron-Martin says that for any F € LP(u), p > 1,
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he H .
Eu[F(w -+ h) exp|~ / h(s) - dW, — L1hi3 ) = EL[F],

or equivalently
l »
E [F(w+ h)) = E[F(w)- exp/ h, - dW, — 1hiy ).
0

That is to say, if F = G a.s., then F(-+ h) = G(-+ h) as. forallhe€ H.

1 The Construction of V and its properties
If F: W — R is a function of the following type (called cylindrical ):
F(w) = f(Wy,(w),... . Wi, (w)), fEeESR?),

we define, for h € H,

d
V;,F(w) = aF(w + /\h)|A=0 .

Noting that W;(w + h) = Wy (w) + h(t), we obtain
VaF(w) = 3 8 f(Wa(w), .., We, (w))h(t:),
i=1

in particular

¢ 1 .
Vth(w) =h(t) = /0 h(s)ds = /0 1[0',](8) h(s)ds.

If we denote by U, the element of H defined as Uy(s) = f; 1l{o,qq(r)dr, we have
VaWi(w) = (Uy, h)g. Looking at the linear map h v+ Vj, F(w) we see that it
defines a random element with values in H, i.e. VF is an H-valued random
variable. Now we can prove:

Prop. 1.1: V is a closable operator on any L?(u) (p > 1).

Proof: This means that if {(F,, : n € N) are cylindrical functions on W, such
that F;, — 0 in LP(u) and if (VF,;n € N) is Cauchy in LP(u, H), then its limit
is zero. Hence suppose that VF, — £ in LP(u; H).

To prove £ = 0 p-a.s., we use the Cameron-Martin theorem: Let ¢ be any
cylindrical function. Since such ¢’s are dense in L?(y), it is sufficient to prove
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that E[(&, k) - ¢) = 0 a.s. for any h € H. But we have

EI(V Fu, W)g] = 5 BlFa(w+ ) - ¢llaco

d ' Aot
= = B[Fa(w)p(w = Ah) exp(A /0 ()W, — 5 /O I [2d3)]|rzo
1 .
= BlFu(u)(~ () + p(w) [ A(dW)] =20
by the fact that F;, — 0 in LP(u). QED

This result tells us that we can define LP-domain of V, denoted by Dom,(V)
as

Definition: F € Dom,(V) if and only if there exists a sequence(Fy,;n € N) of
cylindrical functions such that F,, — F in L? and (VF,) is Cauchy in LP(u, H).
Then we define

VF = nlirglo VF,.

The extended operator V is called Gross-Sobolev derivative .

We will denote by D, ; the linear space Domy(V) equipped with the norm
FNlpr = IFllp + IV FllLou,a)-

Remarks: 1) If X is a separable Hilbert space we can define D, () exactly
in the same way as before, the only difference is that we take Sy instead of S,
i.e., the rapidly decreasing functions with values in X. Then the same closability
result holds (exercise!).

2) Hence we can define D, ;. by iteration:

i) We say that F € Dy 4 if VF € D, (H), then write V2F = V(VF).
ii) F € Dy if VF-1F € D, ;(H®*-1).

3) Note that, for F € D, x, VFF is in fact with values H®* (i.e. symmetric
tensor product).

4) From the proof we have that if F € D, 1, h € H;, and ¢ is cylindrical, we
have
E[ViF - ¢) = —E[F -Vppl+ E[I(h) - F - o],

where I(h) is the first order Wiener integral of the (Lebesgue) density of h. If
¢ € Dy1 (g7 +p~! = 1), by alimiting argument, the same relation holds again.
Let us note that this limiting procedure shows in fact that if VF' € LP(u, H)
then F.I(h) € LP(p), i.e., F is more than p-integrable. This observation gives
rise to the logarithmic Sobolev inequality.
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1.1 Relations with the stochastic integration

Let ¢ = f(Wy,,... , W), t; <t, f smooth. Then we have
Vap(w) =Y 0if(Wi,, .., Wi )h(ts),
il

hence Vi is again a random variable which is B;-measurable. In fact this prop-
erty is satisfied by a larger class of Wiener functionals:

Proposition II.1 Let ¢ € D, 1, p > | and suppose that ¢ is Bi-measurable
for a given t > 0. Then Vo is also By-measurable and furthermore, for any

h € Hy, whose support is in [t,1], Vae = (Ve,h)y =0 as.

Proof: Let (¢,) be a sequence of cylindrical random variable converging to

pin Dy 1. If @, is of the form f(W,,,..., W), it is easy to see that, even if
©n is not B,-measurable, E[p,|B;] is another cylindrical random variable, say
0 (Wi nty. .., Wiar). In fact, suppose that £ > t and t1,...,t,—; < t. We
have

E(f(We, ... Wi )IB] = E[f(W., ..., Wi, Wi, — Wi + WL)|BY]

/ f th,... ,Wtk_l,W,+x)p,k_,(x)d:c
- H(Wt“ .. ’Wtk—l’ Wt) 3

and 0 € S if f € S(R¥), where p, denotes the heat kernel. Hence we can choose
a sequence (yp,) converging to ¢ in D, such that Ve, is B;-measurable for
each n € N. Hence Vo is also B;-measurable.

If h € H; has its support in [t, 1], then, for each n, we have Vyp, = 0 as,,
because Vi, has its support in [0, ] as one can see from the explicit calculation
for V. Taking an a.s. convergent subsequence, we see that V¢ = 0 a.s. also.

QED.

Let now K be a step process:

Ki(w Z W)t 10421 (2)

where a; € D, ; and By,-measurable for any i. Then we have

1
/ K, dW, =Y ai(Wh,,, - Wi,)
0 i

and

1 n
v,,/ KW, =3 Vaai(Wiy, — Wa,) + ai(h(tien) = h{ts))
o 1

1 1
Vi K,dW, +/ K h(s)ds.
0 0
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Hence

2 1 2 1
52{'/ VK,dW, +/ |K,|2ds}
H 0 H 0

()
+ /0 1 |K,|2ds>p/2] :

Using the Burkholder-Davis-Gundy inequality for the Hilbert space valued mar-
tingales, the above quantity is majorized by

9¢,E ([(/01 |v1{,|§,ds)p/2] VE [(/01 |1<,|2d5)p/2]>

= & IVRIE g + 1Koy, where 1{'_:/0 K.dr.

|v/01 K,dW,

s\(v [

and

Thanks to this majoration, we have proved:

Proposition IL2 Let K € D, (H) such that K, = d—{(h@ be B;-measurable
for almost all {. Then we have

1 1
V/ K,dW, :/ V.K;dW, + K as.
0 0

Corollary 1: If ¢ = I,(f,), fa € L*([0,1]"), then we have, for h € Hj,

Vila(fa) =n / fty, . t)dWe,, ... dW,,_, h(t,).dts .
[o1]"

Proof: Apply the above proposition n-times to the case in which, first f, is
C*([0,1]"), then pass to the limit in L2(y). QED

The following result will be extended in the sequel to much larger classes of
random variables:

Corollary 2: Let ¢ : W — R be analytic in H-direction. Then we have
E[v™
o= E[¢]+Zl ( [ ‘p]) :

i.e., the kernel ¢, € i,z[O, 1]* of the Wiener chaos decomposition of y is equal

to
E[V"y]
n!
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Proof: We have, on one hand, for any h € H,

Elp(w+ h)] = E[(p.exp/()l hydW, — 1 /01 hfds] = E[p.£(I(h))].

On the other hand, from Taylor’s formula:

Blel + ZE [(V p(w), h@ﬂ)]

Elg) + Z n—!(E[V"so], h®") gen

E[¢]+i 1 E[L,(E[V"¢]).-1n (h®")]

n! n!

+ZE [ Bl e) 1ot

Elp(w + h)]

i

n!

hence, from the symmetry, we have

In(pn) = %IH(E[VHSO]L
where we have used the notation I (k) = I(h) = [ h,dW, and

0" pn
In(pn) = / T, “’ gt t)dWe AW,
o1}

QED

Definition IL.1: Let £ : W — H be a random variable. We say that £ €
Dom, (6), if for any ¢ € D, (¢7! + p~! = 1), we have

E[(Ve,E)n] < cp,¢(&)-llelly
and in this case we define 6£ by

E[8¢.¢] = E[(§, Vo)n],

i.e., 6 = V* with respect to the measure p, it is called the divergence operator
(for the emergence of this operator cf. [10] and [7] the references there). Let us
give some properties of it:

1.) Let a : W — R be “smooth”, £ € Dom,(8). Then we have, for any
¥ € Dq,l s

E[é(af)p] = E[(a€, V)]
E[(¢,aVyp)]
E[(¢,V(ap) - ¢.Va)]
E[é€.ap — p.(Va,£)],

i\

i
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hence
8(a€) = abt — (Va,§).
2.) Let h € Hq, then we pretend that

1-
5h = / h(s)dW,.
0

To see this, it is sufficient to test this relation on the exponential martingales:
if £ € Hy, we have

E[6h.exp-/l ko dW, — %/lkfds] =

= E[(h, VE(I(k))n,)]

= E[(h, k).£(I(k))]

= (h,k)y, .
On the other hand, supposing first h € W*,

EUM)EU®)] = BU(h)w+ k)

E[I1(h)] + (h, k)n,
= (h,k)m, .

Hence in particular, if we denote by i[,,,] the element of H such that i[,,,](r) =
for 1f,,1(w)du, we have that

(s(i[_,’t]) = Wz - W, .

3.) Let now K be a step process

n

Ki(v) = Zai(w)'l[ia,i.‘ﬂ[(t) )

1
where a; € D, and By,-measurable for each i. Let K be J; Ksds. Then from
the property 1, we have

n

6k = 6(zai'i[ti»ti+1[) = Z {ai‘s(i[tg,t;+1[) —_ (Va,-, i[t.’,t.’+1[)} .
1 1

From the property 2., we have 6(1[“,,‘“[) = Wi,,, — Wi, , furthermore, from the
proposition II.1, the support of Va; is in [0,¢;], consequently, we obtain

n 1
§K =Y ai(Wy,,, — W) = / K, dw, .
0

i=1

Hence we have the important result which says, with some abuse of notation
that
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Theorem II.1: Dom,(é) (p > 1) contains the adapted stochastic processes
(in fact their primitives) such that

B( [ K1) <oc

and on this class é coincides with the Ito stochastic integral.

Remark: To be translated as: the stochastic integral of K is being equal to
the divergence of K!
We will come back to the notion of divergence later.

2 The Ornstein-Uhlenbeck Operator

For a nice function f on W, t > 0, we define
P.f(z) =/ fle'z + V1 —e 2 y)u(dy),
w

this expression for P, is called Mehler’s formula. Since u(dz)p(dy) is invari-
ant under the rotations of W x W, i.e., (¢ x p)(dz,dy) is invariant under the
transformation

Tz(l’,y) = (xe—t + y(l _ 6—22)1/2’1,(1 _ e—?t)1/2 _ ye—t)’

we have obviously

N

IPS @y < [ [ 1070 DT )P dz)u(ay)
[ [ 8@ putdzn@
J1s@pua),

for any p > 1, ||Peflle» < [|f]lL» ; hence also for p = oo by duality. A straight-
forward calculation gives that, for any h € H N W* (= W),

P(E(I(h)) = E(e'I(h)
= -nt I" h®n
= 2_;)6 —%——)

Hence, by homogeneity, we have
Py(In(h®")) = e " In(h®")
and by density, we obtain

PtIn(fn) = e—ntln(fn) )
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for any f, € L*([0,1]"). Consequently P, o P; = Py4¢, ie., (P) is a measure
preserving Markov semi-group. Its infinitesimal generator is denoted by —L and
is £ is called the Ornstein-Uhlenbeck or the number operator. Evidently, we
have LI,(fs) = nJa(fa); ie., the Wiener chaos are its eigenspace. From the
definition, it follows directly that (for a; being F;,-measurable)

P()ai(Wir — W) = €7 Y (Peai)(War = W),

that is to say
1

1
Pt/Hde, :C—t/PtH‘,dW,,
0 0
and by differentiation

1 1
L/H,dW, = /(I+£)H,dW,.

0 0

Also we have
VPp=e¢"'PVop.

Lemma: We have § o V = £, where § is the divergence operator (sometimes
it is also called Hitsuda-Ramer-Skorohod integral).

Proof: Let ¢ = £(I(h)), then

(6oV)p = 8(hEUI(H)))
(I(h) = [RP)E(I(R))

LE(I(h))

QED

Let us define for the smooth functions ¢, a semi-norm

Belly k= 117 + L) *llogu) -
At first glance, these semi-norms (in fact norms), seem different from the one

k .
define by [|l¢llp.x = 3 IV @llLr(u,meiy. We will show that they are equivalent.
0

Before that we need

Proposition We have the following identity:

6oV="CL.
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Proof: It is sufficient to prove, for the moment that result, on the exponential
martingales; if h € H,,

CE(I(R)) = _%s(z(h))

It:O

d —t
= —E(e I(h))l

t=0
= (e7'I(h)) — e *|hlf,)E(e7* I(h))
= (I(h) — |h)EU(R)).

t=0

On the other hand:
VEI(h) = h-E(I(h))

and

§(VE(I(R)))

6(h - E(1(h)))
6h - E(I(R)) — (VE(I(R)), h)
SRE(I(R)) — |h2E(I(R)).

QED



Chapter II

Meyer Inequalities

Meyer Inequalities and Distributions

Meyer inequalities are essential to control the Sobolev norms defined with the
Sobolev derivative with the norms defined via the Ornstein-Uhlenbeck operator.
They can be summarized as the equivalence of the two norms defined on the
(real-valued) Wiener functionals as

k
Nglllpe = > NV Bl Lo, ree),

i=0

and

l8llp.e = 1 + £)*"*BllLr(),

for any p > 1 and k € N. The key point is the continuity property of the Riesz
transform on L?([0,27],dz), i.e., from a totally analytic origin, although the
original proof of P. A. Meyer was probabilistic (cf. [13]). Here we develop the
proof suggested by [6].

1 Some Preparations

Let f be a function on [0,27], extended to the whole R by periodicity. We

denote by f(z) the function defined by

e+ -fe-1,

f(z) = —pv Stant)2 (principal value).
0

then the famous theorem of M. Riesz, cf. [33], asserts that, for any f € L?[0, 27,
f € LP([0,27]), for 1 < p < oo with

1£llp < Apli£llp
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where A, is a constant depending only on p. Most of the classical functional
analysis of the 20-th century has been devoted to extend this result to the case
where the function f was taking its values in more abstract spaces than the real
line. We will show that our problem also can be reduced to this one.

In fact, the main result that we are going to show will be that

IV +£)7 20l = llelly

by rewriting V(I + £)~'/? as an L?(u, H)-valued Riesz transform. For this we
need first, the following elementary

Lemma 1: Let K be any function on [0, 27] such that
K(8) — § cot § € L®([0,7]),
then the operator f — Tk f defined by

Tk f(z) = %—p.v. /Ow(f(:r +t) — f(z —t))K(t)dt

is again a bounded operator on L?([0, 2]) with
ITx fllp < Byliflly for any p € (1,00)

where B, depends only on p.

Proof: In fact we have

Tef=1ie) < 5 [+ = fa - O1IKO = Jeot $ia
0

< dlflles [IK — 3 cot Gl

Hence
Tk fllp < (cllK — 3 cot §[lLe + Ap)IIfllp-

QED

Remark: If for some a # 0, aK(f) — 3 cot & € L*=([0,27]), then we have

1 1 - i -
T fllp = —=laTefll, € =llaTk f— fllp + —llIf
” IP |a|” ”P |a|” “P 'a'” “P
< Lllak = Leot &l [Ifllp + 2211£1
= Ja| 2 2L ? T T P
< ellfly

with another constant c,.



21

Corollary: Let K be a function on [0, 7] such that X = 0 on [%,w] and

K—1cotfelL® ([0,—;— ) Then Tk defined by
x/2

Tk f(z) = / (f(z +1) - f(z — ) K(t)dt
1]

is continuous from LP([0, 2]) into itself for any p € [1,00[.

Proof: We have ) 0
cK(0)1p0,5) - 3 cot 3 € L*([0, 7))

since on the interval [%,w], sin% € [%2, 1], then the result follows from the
Lemma. QED

2  V({ + £)"'/? as the Riesz Transform
Let us denote by Ry(z,y) the rotation on W x W defined by

Ry(z,y) = (xcosf +ysinf, —zsind + ycosf).

Note that Rg o Ry = Rg4s . We have also, putting e™* = cos 6,
Pf(z) = / fle~'z + /1= e y)u(dy)
w
= / (f ® D)(Ro(z, ))i(dy) = P-rogecns S(2)
w

Let us now calculate (I 4+ £)~1/2

~—

o using this transformation:

(I+L)"Y2%p(z)= [t~/ Pyp(z)dt

x/2

= /(—-logcos 0)~1/2 cos 6 ~/(<p® 1)(Ro(z, y))p(dy) tan 640

w
x/2

0
/u(dy)[ /(—logcosﬂ)'l/zsin0(<p® 1)(Ro(z,y))db] .
w 0
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On the other hand, we have, for h € H (even in C§°([0, 1]))
Vi Pp(z)

d
= BKPNP(I + Ah)|a=o

- ;X/“’(e—t(” +Ah) + V1 = e=2 y)u(dy)|r=o

- i/so etr 4 1_6—2t(y+__./}£_—_t__h) p(dy)|a=
d) Vi-e ™ A=

= :;% /<P(e_tl' +vV1—-e 2 y)g(-—l—/-\\/__f_—-:—g:;t'l(h)) (y)p(dy)l)\zo

et ‘
= S [pe e+ VI e 2 y)sh(y) pldy) .
V- -%/
€ w
Therefore

Va(I+ L) 2p(z)
= /t_l/ze"Vthgp(:c)dt

0
00

_ e~ 2 _
/‘ 1n‘T/‘S"l(y)w(e "z + V1 — e~ y)u(dy)dt
0 w

A=

/2

/(—logcos 9)—1/2%’;%0 tan 0/ 5h(y)(p @ 1)(Re(z, y))u(dy)do

1)
/2

= /(—logcos0)'1/2cos€/6h(y)~(<p® D)(Re(z, y))p(dy)dé
0 w

1l

Since p(dy) is invariant under the transformation y — —y, we have

[ 5w ® D(Ra(a,y))ud) = - [ shtue ® D(R-s(z, (),
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therefore:

Vol +£)" V()
x/2

/(— log cos §)~1/2.
i

/6h(y) (90 ® 1)(Ra(.’l), y)) _2(30 ® 1)(R—9(I) y))p(dy)dﬁ
x/2

J o) [ K@ (e D(Re(z,9) - (0 ® D(R-s(2,1)) Ot
w 0

where K(6) = 1 cos 6(—log cos 6)~1/2,
Lemma 2: We have

2K (6) — cotg € L=(0, g]).

Proof: The only problem is when § — 0. To see this let us put e~ = cos¥,
then
cota = 1+e ~1
2 Vi—et! Vi
and ,
e” 1
K#)=—=~—
(9) v/
hence
. 0 T
2K(0) — cot 3 € L= (][0, 5])
QED

Using Lemma 1, the remark following it and the corollary, we see that the
x/2
map f — pv. [ (f(z +6) — f(z — 6))K(0)d6 is a bounded map from LP[0, ]
0

into itself. Moreover
Lemma 3: Let F: W x W — R be a measurable, bounded function. Define
TF(z,y) as
xf2
TF(z,y) = p.v. /(F o Ro(z,y) — F o R_g(z,y)) K (8)db .
0

Then, for any p > 1, there exists some ¢, > 0 such that

”TF”L”(IJX;A) < CPHF”L'(pxu) .
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Proof: We have
x/2
(TF)(Rs(z,y)) = p-v. /(F(R/Ho(f,y)) — F(Rg-o(z,y)))K(0)d0,

0
this is the Riesz transform for fixed (z,y) € W x W, hence we have

x/2 x

[ 1 Rate )8 < o [1# sz 0Pas,
0 0

taking the expectation with respect to g x p, which is invariant under Rz, we
have

Buxs [ ITF(Ro(2,0)P A3 = By / TF(z, y)Pd8
0 1]

- —;[E[lTFI”]

< GF / |F(Rs(z, )P dB
4]

= wc, E[|FF]. QED
We have

Theorem 1: Vo (I+£)~Y2: [P(u) — LP(u, H) is continuous for any p > 1.

Proof: With the notations of Lemma 3, we have

V(I + L) = / 5h(y) T(p ® 1)(2, y)u(dy) .
w

From Schwarz inequality:

V(I + L) V2l < / IT(¢ ® 1)(z, v)|*u(dy)
w

hence, for p > 2,

E[IV(I+ L)™' ?lf]

IN

E[( [ mee e olue)"]
w

IA

E / IT(o ® 1)(z, y)P u(dy)
w

IN

J[ 1@ i v atdntdz) = ol -
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For the case 1 < q¢ < 2, let ¢ and ¢ be smooth (i.e., cylindrical), since
60V =L, we have, for p! + ¢~! =1 (hence p > 2!):

Elpy] =
E((V(I(+£)" 2, V(I + £)"'/*9)]
+ E[(I+0) Y20 (I+L£) 2y,

hence
E[(V(I+ L)~ 20, V(I + L) *¢)u) = E[py) - E[(I + L) p.9].
Since (I + £)~! is continuous on L?(u) (it is a contraction), we have

e 1BV + L)~ 2o, V(I + L) 29)a]l < ellvlly,
Pllp S

hence [|V(I +£)~/29|l; < &llvll, - QED

Corollary 1: We have

I+ £)~128¢ |, < epliéllp

for any € € LP(u; H) for p €)1, 00].
Proof: Just take the adjoint of V(I + £)~1/2. QED

Corollary 2: We have
i) [IVelly < cll(1+ L)l
i) (1 4+ £)2¢lly < E(llelly + IVellp)-

Proof:
) IVell, = IV + L)L+ £)¢llp < eplI(I+ £)!2¢llp
i) 17+ £)"2ellp = I+ £)72(1 + L)pllp
=11+ £)7 (I + 8V )pllp

< I+ L)Yl + |I(T + L)~V ¢,
< lellp + collVellp,

where the last inequality follows from the Corollary 1. QED
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Hypercontractivity

Hypercontractivity

We know that the semi-group of Ornstein-Uhlenbeck is a bounded operator on
L?(p), for any p € [1,00]. In fact for p €]1,00[, it is more than bounded. It
increases the degree of integrability, this property is called hypercontractivity
and it is used to show the continuity of linear operators on L”(u)-spaces de-
fined via the Wiener chaos decomposition or the spectral decomposition of the
Ornstein-Uhlenbeck operator. We shall use it in the next chapter to complete
the proof of the Meyer inequalities. Hypercontractivity has been first discovered
by E. Nelson, here we follow the proof given by [14].

In the sequel we shall show that this result can be proved using the Ito for-
mula. Let (£2, A, P) be a probability space with (B;;t € R} ) being a filtration.
We take two Brownian motions (X,;¢t > 0) and (Y3;¢ > 0) which are not nec-
essarily independent, i.e., X and Y are two continuous, real martingales such
that (X? —t) and (Y;> —t) are again martingales (with respect to (B;)) and that
X: — X, and Y; — Y, are independent of B,, for { > s. Moreover there exists
(pe;t € Ry), progressively measurable with values in {1, 1] such that

]

(XY, —/p,ds,t >0)

0

is again a (B;)-martingale. Let us denote by
Ay =0(Xs;5<t), =0(Y,;8<1)

i. e., the correponding filtrations of X and Y and by X and by Y their respective
supremum.

Lemma 1: 1) For any ¢ € L!'(Q, X, P), t > 0, we have
Elp|B:] = E[p|X:] as.
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2) Forany 9 € L}(Q,Y,P),t > 0, we have
E[y|By] = E[¢¥|Y] as.

Proof: 1) From Lévy’s theorem, we have also that (X;) is an (X})-Brownian
motion. Hence

p= E[w]-}-/H,dX,
0

where H is (X;)-adapted process. Hence

Elo|B] = Elg] + / H,dX, = Elo|¥].
0 QED

Let us look at the operator T : L}(Q,X,P) — L'(Q,Y, P) which is the
restriction of E[-|Y] to the space L1($2, X, P). We know that T : LP(X) — LP(Y)
is a contraction for any p > 1. In fact, if we impose some conditions to p, then
we have more:

Proposition 1: If |p(w)| < r (dt x dP a.s.) for some r € [0,1], then T :
LP(X) — L1(Y) is a bounded operator, where

p—127%(¢-1).

Proof: p = 1 is already known. So suppose p,q €]1,00[. Since L*®(X) is
dense in LP(X), it is enough to prove that ||TF||, < ||F||, for any F € L*®(X).
Moreover, since T is a positive operator, we have |T(F)| < T(|F|), hence we can
work as well with F' € LP(X).

From the duality between LP-spaces, we have to show that

1 1
BI(PGI S IFIBIGHy (4 =1),

for any F € LP(X), G € LL(Y). Moreover, we can suppose without loss of
generality that F,G € [a,b] a.s. where 0 < a < b < oo (since such random
variables are total in all L% -spaces, i.e., they separate L% for any p > 1).
Let
Mt = E[F”[Xt]
Ny = E[G" V).

Then, from the Ito representation theorem we have

t
M, = My +/¢sts
0
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1
Nt = NO+/1/"des
0

where ¢ is X-adapted, ¢ is Y-adapted, My = E[F?], No = E[Gq']. From the Ito
formula, we have

i 1
MXNP = MgNE 4+ /aM;’“NfdM, +ﬂ/M:Nf-‘dN, +
Q 4]

t
+ %/M,"NfA,ds
0

where

Ar = afa - 1)(%)2 + %ﬂ% ;f,-’tpt +B(8 - 1)(-]‘/%)2

and o = i; , B = ;17 .
[To see this we have
t o
ME = Mg+a/M;’-1¢,dX, + ————a(a; )/M;'-2¢fds
o 0

N, ,'B =
hence

M7 N{ ~ M§ Ny

t t t
/ M2dN? + / NSAM? + af / ME=INF=16,,puds
0] 0 0

t
/ Me(pNE-tp,dy, + 2EZD) 5 U Np-2y2ds)
0

t
~1
+ / NB(aM&1¢,dX, + ala=1)

0

M2~ 2¢%ds)

t
+af / ME=INB-1 4, puds
0

then put together all terms with “ds”.]



30 Hypercontractivity

As everything is square integrable, we have

EIMENS] = E[EIX*|X.]" - E[Y" Vo)’

= E[X-Y]

/ E[NP M2 A))dt + EMZN{
0

| =

= E[X?P)°E[Y?]® + % / E[MZNP A )dt.
0

Hence

e o]
/ E[MXNF A,)dt
0

EXY] -1 X[pliY 1l =

- et

Now look at A; as a polynomial of second degree with respect to {}- . Then
$ = a?f%p} —a(a—1)B(B —1). If § <0, then the sign of A, is same as the sign
of a(a—1) < 0, e, if pf < L2=20=1) (1 - %) (1 - %) =(p-1)(¢—-1)as.,
then we obtain

E[XY] = E[T(X)Y] < IX]lp (1Y llg: - QED

Lemma Let (w,2) = W x W be independent Brownian paths. For p € [0, 1],

define £ = pw + /1 — p? z, X, the o-algebra associated to the paths z. Then
we have

E[F(w)|Xs] = /F(px + V1 =72 2)pu(dz).

w
Proof: For any G € L®(X.,), we have
E[F(w)-G(2)] = E[F(w)Glpw+ 1-p2)]
E[F(pw + /1 - p? 2)G(w)]
[ Fos+ VI=F 96(@) - wtaoputas)
BG() [ Flos +VT=72) - u(d2)

where w, Z represent the dummy variables of integration. QED

Corollary 1: Under the hypothesis of the above lemma, we have

|| »[ F(ps + V=2 ()|, < IFll

for any (p—1) > p*(¢ - 1).



Chapter IV

LP-Multipliers Theorem,
Meyer Inequalities and
Distributions

1 LP-Multipliers Theorem

LP-Multipliers Theorem gives us a tool to perform some sort of symbolic calculus
to study the continuity of the operators defined via the Wiener chaos decompo-
sition of the Wiener functionals. With the help of this calculus we will complete
the proof of the Meyer’s inequalities.

Almost all of these results have been discovered by P. A. Meyer (cf. [13])
and they are consequences of the Nelson’s hypercontractivity theorem.

First let us give first the following simple and important result:

Theorem 1: Let F € LP(p) and F = Y, I,(Fy) its Wiener chaos develop-
ment. Then the map F — I,,(F,) is continuous on LP ().

Proof: Suppose first p > 2. Let ¢ be such that p = €' + 1, then we have
1P Flp < NIFl2-

Moreover
WP Ln(F)llp < 1 In(Fa)llz < (IFll2 < HiFllp

but P I,(Fn) = e " I,(F,), hence

Hn (Fa)llp < ™ [IFlp -
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For 1 < p < 2 we use the duality: let F — I,(F,) = Jo(F). Then
Wn(F)l, = sup |G, Ja(F))

IGlla<1

sup |(Jn(G), F)|

sup [{JnG, J, F)|

sup e”'[|G|lq[|Fll,

e || Flp -

A

QED
Proposition 1: Multiplier’s theorem
Let the function h be defined as

o0

h(z) = Z apzt

k=0

k
be an analytic function around the origin with Y, |ax| (n%) < 400 for n > nyg,
for some ng € N. Let ¢(z) = h(z~) and define Ty on LP(u) as

ToF = ¢(n)Ia(Fn).

n=0

Then the operator to Ty is bounded on L?(y) for any p > 1.

Proof: Suppose first a = 1. Let Ty = T1 + 1> where
NQ—I
T\F = ) ¢(n)In(F,), ToF =(I-T)F.
=0

From the hypercontractivity, F ~ T1 F is continuous on LP(u). Let

o]
An F = Y I(Fy).

Since .
(I_Ano)(F) = Z I,,(F,,),
n=0

Ay, @ LP — LP is continuous, hence P;A,, : LP — LP is also continuous.
Applying Riesz-Thorin interpolation theorem, which says that if P,A,,, is LY —
L9 and L? — L? then it is L? — LP for any p such that % is in the interval

[%, %], we obtain

) - -8
1P:Bnsllp.p < 1P AR12,2 [1PrAnoll3 5 < I1PeARNIG 2 1Anll55



where % = £+ 128 9 €]0,1[. Choose ¢ large enough such that 6 =~
necessary). Hence we have
1Pt Anollp.p < e YK, K = K(no,0).
Similar argument holds for p €]1,2[ by duality.
We have
I(F) = Z $(n)In(Fr) =
n>ng
17k
- (Sald) e
n>ng k
= La) (;) In(Fn)
= Eak Z [: k]
n>ng
= Zakﬁ EALLF .
k
We also have
o0 o0
-1 _ o [ —nost . Nl
LT AR Fll, = P,A,.Oth <K [e [Fllpdt < K
P nof
0
A FlL = < i Il
2 AneFll, = | / [ Peestsagpacas| < k-2
0 D
1
kAL F < —_—
1 AnFlly < KNPl
Therefore

. | , 1
IT2(F)lls < ) KN\Fllp =z = > KIIFl—
. ng ng

by the hypothesis (take ng + 1 instead of ng if necessary).
For the case « €]0, 1], let 050')(ds) be the measure on Ry, defined by

/e-*seg")(ds) =e .
Ry
Define -
QEF =) e ™t (Fy) = /P,F@S“’(ds).
0

33
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Then
107 8nFll, < 1Py [ €0 ()
0
= Pl
the rest of the proof goes as in the case a = 1. QED

Examples of application:

1) Let

om = (L) sel-mnd

(R): o= ()

Then Ty : LP — LP is bounded. Moreover ¢~ '(n) = = = h—l(\ﬁ).

$(n) —
h~Y(z) = ﬁ is also analytic near the origin, hence Ty-: : LP — LP is also
a bounded operator.

2) Let ¢(n) = JJ;ETL: then h(z) = 5’;% satisfies also the above hypothesis.

3) As an application of (2), look at
(T + £)2Vpll,

V(21 + £)?¢llp

< W+ 0@+ 0P,
= @I+ L)Y+ £) |,
= |ITo(I +£)7*(1 + £)*¢llp
< ol +L)ellp -

Continuing this way we can show that
IVEQl Lo mory < cprllellp(= NI+ L)Y 0llp)
< Grlllelly +IV*@llLogu,mory)

and this completes the proof of the Meyer inequalities for the scalar-valued
Wiener functionals. If X is a separable Hilbert space, we denote with Dy, (X)
the completion of the X'-valued polynomials with respect to the norm

llellp, ey = 11+ L)/ Logu ) -

We define as in the case X = R, the Sobolev derivative V, the divergence 6, etc.
All we have said for the real case extend trivially to the vector case, including
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the Meyer inequalities. In fact, in the proof of these inequalities the main step
is the Riesz inequality for the Hilbert transform. However this inequality is also
true for any Hilbert space (in fact it holds also for a class of Banach spaces which
contains Hilbert spaces, called UMD spaces). The rest is almost the transcription
of the real case combined with the Khintchine inequalities. We leave hence this
passage to the reader. QED

Corollary For every p > 1, k € R, V has a continuous extension as a map
Dy — Dy ec(H).

Proof: We have

IVellpe = I(T+L)**Vellp

IV @I+ £)* ¢l

epll(1+ £)/3(21 + £)* ¢,
(T + L) F+D 2,
llellp,k+1 -

R IN

QED
Corollary & =V*: D, (H) — Dp -1 is continuous Vp > 1 and k € R.

Proof: The proof follows from the duality. QED

In particular:

Corollary

o
V :(\Dpr =D — D(H) =) Dpr(H)
p.k p.k

is continuous and extends continuously as a map

V:D = UDp,k — D'(H) = UDp,k(H):
p,k ka

the elements of the space D' are called Meyer-Watanabe distributions.

§:(\Dpr(H)=D(H)— D
is continuous and has a continuous extension

§:D'(H)— D
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Proof: Everything follows from the dualities
(D) =D, (D(H)) = D'(H).
QED

Definition: For n > 1, we define 6" as (V*)* with respect to p.

Proposition 2 For ¢ € L%(y), we have

o= Elgl+ Y. 6 (EV"6)).
n>1

Proof: First suppose that h — @(w + h) is analytic for almost all w. Then we
have

w) + Z (VPp(w), h®") yon .

n!

p(w+h) =

n>1
Take the expectations:

Elp(w+h)] = Elp- s(ah)]

Elp] + Z E [5‘—“‘75—"])5(5@] .

n>1
Since the finite linear combinations of the elements of the set {£(8h);h € H} is
dense in any LP(u), we obtain the identity
L(E[V*e
p(w) = Elp] + Y ETTA).
n>1 ’

Let ¢ € D, then we have (with E[¢] = 0),
(p,¥) = Z E[In(pn)In(¥n)] =

n>1

- 2,,: E [ﬂgfﬂ) . zn(¢n)] -

Y (EIV"¢) ¥n) =

n

S S (EIV"e), E[V"Y)

n

S = BIEV"e], V7))

n

= Y BBV - v]

n



37

hence we obtain that I
— n n
n

in particular 6" E[V"p] = I,(E[V"¢]). QED
Let us give another result important for the applications:

Proposition 3 Let F be in some LP(u) with p > 1 and suppose that the
distributional derivative VF of F, is in some L"(u, H), (1 < r). Then F belongs
to Dr/\p,l-

Proof: Without loss of generality, we can assume that r < p. Let (e;;i € N)
be a complete, orthonormal basis of the Cameron-Martin space H. Denote by V,,
the sigma-field generated by ey, ..., de,, and by 7, the ortohogonal projection
of H onto the subspace spanned by e;,... ,e,, n € N. Let us define F,; by

Fn = E[Py o FIV3],

where P, is the Ornstein-Uhlenbeck semigroup at t = 1/n. Then F,, belongs
to D, for any k € N and converges to F in L"(p). Moreover, from Doob’s
lemma, F}, is of the form

Fo(w) = a(bey, ..., ben),

with a being a Borel function on R”, which is in the intersection of the Sobolev
spaces Ny W, (R", un) defined with the Ornstein-Uhlenbeck operator L, =
—A + -V on R Since L, is elliptic, the Weyl lemma implies that « can
be chosen as a C*®°-function. Consequently, VF,, is again V,-measurable and
we find , using the very definition of conditional expectation and the Mehler
formula, that
VF, = Ele™/"n, P/, VF|V,].

Consequently, from the martingale convergence theorem and from the fact that
mn — Iy in the operators’ norm topology, it follows that

VF, — VF,
in L"(p, H), consequently F belongs to D, ;. Q.E.D.

Appendix: Passing from the classical Wiener space to the
AWS (or vice-versa):

Let (W, H, 1) be an abstract Wiener space. Since, & priori, there is no notion of
time, it seems that we can not define the notion of anticipation, non-anticipation,
ete.

This difficulty can be overcome in the following way:

Let {(pa; A € £), ¥ C R, be a resolution of identity on the separable Hilbert
space H, i.e., each p, is an orthogonal projection, increasing to Iy, in the sense
that A +— (pxh, h) is an increasing function. Let us denote by Hy = pA(H)



38 Multipliers and inequalities

Definition 1: We will denote by F, the o-algebra generated by the real poly-
nomials ¢ on W such that Vo € Hy u-almost surely.

Lemma 1: We have
\/ Fr=BW)
AED

up to u-negligeable sets.

Proof: We have already \/ F» C B(W). Conversely, if h € H, then Véh = h.
Since (J Hy is dense in H, there exists (h,) C |J Hx such that h, — hin H.
x

A€EZ
Hence éh, — 6h in LP(u), Vp > 1. Since each 8k, is \/ Fi-measurable, so does
Sh. Since B(W) is generated by {6h; h € H} the proof is completed. QED

Definition 2: A random variable £ : W — H is called a simple, adapted vector
field if it can be written as

£ = Z Fi(paiyhi — paihi)

1< 400

where h; € H, F; are F),-measurable (and smooth for the time being!) random
variables.

Proposition 4 For each adapted simple vector field we have

l) 6 = . 2 Fié(P,\i+xhi -PA,-hi)
1 <400

ii) E[(6¢)’] = E[I¢[3).
Proof: i) We have
6[Fi(p)\.'+; - p)\,-)hi] = F,'(S[(p)‘,-“ - p/\i)hi] - (VFi, (pf\i+1 - pf\-)hi) .
Since VF; € H), the second term is null.

(i1} is well-known. QED

Remark: If we note IF; 1jx; x,,,)(A)h: by é(A), we have the following nota-
tions:

=5 [EN)dps with [6€I2 = E [ dén.més) = WellEsgm
z z

which are significantly analogous to the things that we have seen before as the
Ito stochastic integral.

Now the Ito representation theorem holds in this setting also: suppose (px; A €
¥} is continuous, then:
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Theorem 2 Let us denote with D ,(H) the completion of adapted simple
vector fields with respect to the L?(u, H)-norm. Then we have

Ly(p) =R+ {6 : £ € D3 o(H)},
i.e., any ¢ € Lo(p) can be written as

¢ = Elp] + 6¢

for some £ € D3 ,(H). Moreover such £ is unique up to L?(p, H)-equivalence
classes.

The following result explains the reason of the existence of the Brownian
motion (cf. also [26)]):

Theorem 3 Suppose that there exists some g € H such that the set {paQo;
A € L} has a dense span in H (i.e. the linear combinations from it is a dense
set). Then the real-valued (Fy)-martingale defined by

by = 6pado

is a Brownian motion with a deterministic time change and (Fx; A € X) is its
canonical filtration completed with the negligeable sets.

Example: Let H = Hy([0,1]), define A as the operator defined by Ah(t) =
t

fsil(s)ds. Then A is a self-adjoint operator on H with a continuous spectrum
0
which is equal to [0, 1]. Moreover we have

t

(pah)(1) = / ox(s)h(s)ds

0

t
and Qo(t) = [ 1j0,1)(s)ds satisfies the hypothesis of the above theorem. (g is
0

called the vacuum vector (in physics).

This is the main example, since all the (separable) Hilbert spaces are isomor-
phic, we can carry this time structure to any abstract Hilbert-Wiener space as
long as we do not need any particular structure of time.






Chapter V

Some applications of the
distributions

Introduction

In this chapter we give some applications of the extended versions of the deriva-
tive and the divergence operators. First we give an extension of the Ito-Clark
formula to the space of the scalar distributions. We refer the reader to [2] and [17]
for the developments of this formula in the case of Sobolev differentiable Wiener
functionals . Let us briefly explain the problem: although, we know from the Ito
representation theorem, that each square integrable Wiener functional can be
represented as the stochastic integral of an adapted process, without the use of
the distributions, we can not calculate this process, since any square integrable
random variable is not neccessarily in D, 1, hence it is not Sobolev differen-
tiable in the ordinary sense. As it will explained, this problem is completely
solved using the differentiation in the sense of distributions. Afterwards we give
a straightforward application of this result to prove a 0 — 1 law for the Wiener
measure. At the second section we construct the composition of the tempered
distributions with nondegenerate Wiener functionals as Meyer-Watanabe dis-
tributions. This construction carries also the information that the probability
density of a nondegenerate random variable is not only infinitely differentiable
but also it is rapidly decreasing. The same idea is then applied to prove the
regularity of the solutions of the Zakai equation for the filtering of non-linear
diffusions.
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1 Extension of the Ito-Clark formula

Let F be any integrable random variable. Then we know that F' can be repre-
sented as

1
F = E[F] +/H,dw, ,
0

where (H,;s € [0,1]) is an adapted process such that, it is unique and

1
/Hfds < 400 a.s.
0

Moreover, if ' € LP (p > 1), then we also have

£l f i) ] <o

One question is how to calculate the process H. In fact, below we will extend
the Ito representation and answer to the above question for any F € D' (i.e,
the Meyer-Watanabe distributions).

We begin with:

t .

Lemma 1 Let £ € D(H), then 7€ defined by n{(t) = [ E[,|F,]ds belongs
i)

again to D(H), i.e. m : D(H) — D(H) is continuous.

Proof: We have Lxf = nL£, hence

I1€llp ke

E|( / (I + L)/ ELE, |f,]|2ds)”’ 2] -

1

= B|( / IE[(1+ﬁ)"”éslfaWdS)P/z]

0
< o8| / @+ e 2as) ] ()
0

where the last inequality follows from the convexity inequalities of the dual
predictable projections (c.f. Dellacherie-Meyer, Vol. 2). QED

Lemma 2: w: D(H) — D(H) extends as a continuous mapping to D'(H) —
D'(H).
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Proof: Let £ € D(H), then we have, for k > 0,

l7€llp,—x = NI+ E)-kﬂ”f”p
lm(I + £)"*2€|lp < epll(T + L£)742%¢|l,
cplléllp,—x

IN

then the proof follows since D(H) is dense in D'(H).
QED
Before going further let us give a notation: if F is in some Dp ; then its Gross-
Sobolev derivative VF gives an H-valued random variable. Hence t — VF(t) is
absolutely continuous with respect to the Lebesgue measure on [0, 1], we denote
by D, F its Radon-Nikodym derivative with respect to the Lebesgue measure.
Note that it is ds x du-almost everywhere well-defined.

Lemma 3: Let ¢ € D, then we have

1

E[SO] +/E[Ds¢|fs]dws
E[p] + 67V

AN
I

Moreover #Vy € D(H).

b4
Proof: Let U be an element of L?(u, H) such that u(t) = [ 4,ds with (¢,;t €
0

[0,1]) being an adapted and bounded process. Then we have, from the Girsanov
theorem,

Elp(w + /\u(w)).exp(—)\/d,dW, - % uyds)] = E[p).

o

Differentiating both sides at A = 0, we obtain:

E[(Vo(w),u)— ¢ / i, dW,] = 0,

i.e.,

E[(Ve,u)] = E[p / i, dW,].
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Furthermore

E[ /1 D,mz,ds]
0

E[ / E[D,gplf,]it,ds]

= E[(7Vy,u)n]

E[(/E[D,golf,]dw,)(b/li;,dW,)].

0

1
Since the set { [ &,dW,, 1 as above} is dense in Li(p) = L?(p) — (L*(p), 1}, we
0

see that .
¢~ Elgl= [ BIDAZIW, = 57V,
0
The rest is obvious from the Lemma 1. QED

Theorem 1: For any T € D', we have
T = (T, 1) + 6xVT.

Proof: Let (p,) C D such that ¢, — T in D’. Then we have
T = li'{n ©n
= lim{Elp] + 57p,]
= liﬂm Elp,] + li'En&rVgon
= lim(1, pn) +lim 7V,
= (L,T) 4 6x9T
since V: D' — D'(H), n: D'(H) — D'(H) and § : D'(H) — D’ are all linear,

continuous mappings. QED
Here is a nontrivial application of the Theorem 1:

Theorem 2: (0-1law) Let A € B(W) such that A+ H = A. Then p(A4) =0
or 1.

Proof: A+ H = A implies that
lA(w + /\h) = IA(w) a.s.

hence V1,4 = 0. Consequently, Theorem 1 implies that
La = (1a,1) = p(A) > p(A)? = p(A). QED
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2 Lifting of S'(R?) with random variables

Let f: R — R be a C}-function, F € D. Then we know that
V(f(F)) = f(F)VF.

Now suppose that |V F|5* € () LP(u), then

(VUF), VE)n
IVFI

f(Fy=

Even if f is not C!, the right hand side of this equality has a sense if we look at
V(f(F)) as an element of D'. In the following we will develop this idea:

Definition: Let F : W — RY be a random variable such that F; € D, Vi =
1,...,d, and that
[det(VF, VF)]™ € () L7 (w).
p>1
Then we say that F' is a non-degenerate random variable.

Lemma 1 Let us denote by oy; = (VF;, VF};) and by v = o~ ! (as a matrix).
Then 7 € D(R? @ RY).

Proof: Formally, we have, using the relation o -y = Id,
Vrii = 3 %Yt Vou -
k.

To justify this we define first of; = oi; + gbij, € > 0. Then we can write
7 = fij(0°), where f : R“@R? — R*®R* is a smooth function of polynomial
growth. Hence 7{; € D. Then from the dominated convergence theorem we have

75 — ¥ij in LP as well as V¥, L, Vlyi; (this follows again from ¥ - o¢ = Id).
QED

Lemma 2 Let G € D. Then we have, Yf € S(R?)
i) E[6:f(F).G] = E[f(F).L(G)]
where G — [;{G) is linear and for any 1 < r < g < o0,

sup ||L(G)||r < +00.
IGllq,1<1
it) Similarly
E[8i, i,f o F.G] = E[f(F) L, i.(G)]
and

sup Illy..i0 (Gl < oo
G ll4.1 <1
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Proof: We have

V(fo F)= L3 f(F)VF; = (V(f o F),VF;) = Z0;;0; f(F).
Since ¢ is invertible, we obtain:

Bf(F) =Y 7;(V(fo F),VF).

J

Then

E[8:f(F).G]

I

> Elis(V(f o F),VF;).G)
J

ZE[fo F8{VF;G}],

hence we see that §;(G) = 3_; 6{VF;7;G}. We have

WG) = =Y (V(3;G), VF) - %;GLF)]
J
= =Y (VG YF) = S 1l Vor, V)G - 7, GLF) .
j k1
Bence

iGN <Y {Z kvl Vol [VFHGE + 1 IV EHVG]+
7 k!
+ il IGHLE).
Choose p such that 1 = :—) + % and apply Holder’s inequality:

d

@M < 3 [ UG VorlatiV Filull, +
k1l

i=1

5519 E NV Gy + s £ F Gl

4
< MGllga | 32 Wrarsu VPl O F il +

j=t
+ %3 1V Filllp + 1195 £ Fily]
ity For 7> 1 we iterate this procedure. QED

Now remember that S(R?) can be written as the intersection (i.e., pro-
Jective limit) of the following Banach spaces:

Let A =1-A+|z[% ||fll2e = |A*flloc (the uniform norm) and Sp =
completion of S(R?) with respect to the norm || - |jzz .
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Theorem 1 Let F € D(R?) be a non-degenerate random variable. Then we
have for f € S(RY):
If o Fllp, -2 < cpilifll-2 -

Proof: Let v = A¥f € S(RY). For G € D, we know that there exists some
72:(G) € D (G — 12¢(G) is linear) from the Lemma 2, such that

E[A¥Y o F.G] = E[¢ o F.nax(G)],

ie.,

E[f o F.G) = E[(A™*[)(F).n2k(G)].
Hence

|ELf o F.G)| < |A™* flloolIm2k(G)l| 1
and

sup |E[foFG)l < ||A*fllo  sup [Ina(G)lx
Gllq,2x <1 Gllg,2x<1
= K| fll-2x-

Hence ||f o Fllp,—2x < K[| fll-2% - QED

Corollary 1: The map f — foF from S(R‘i) ~+ D has a continuous extension
to S'(R4) — D'.

Some applications

If F: W — R?is a non-degenerate random variable, then we have seen that the
map f — foF from S(R?) — D has a continuous extension to S'(R%) — D',
denoted by T— T o F.

For f € S(RY), let us look at the following Pettis integral:

[ f@teds,
J

where &, denotes the Dirac measure at z € R¢. We have, for any g € S(Rd),

([1@tede,ay = [ts@)ee,a)is

Il Il
. k\
—~ ~~
8 8
g =
OlRE
Al ~
Y
2
| 8
<
s

Hence we have proven:
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Lemma 1: The following representation holds in S(R?):

f= /R f(@)eeds.

From Lemma 1 we have

Lemma 2: We have
J&r). 0160 = Bl),

for any ¢ € D, where (-, ) denotes the bilinear form of duality between D’ and
D.

Proof: Let pe be a mollifier. Then &, * p. — &, in S’ on the other hand

/ (& PO = [ pF+1).Swdy =

/ pe(0)f(y + F)dy =5 f(F).

On the other hand, for ¢ € D,
lim [ <@+ pd(F)o> fdy = [ lim < (& «p)(F) v > S0)dy

= / < &(F), ¢ > f(y)dy

= < f(F),¢>
E[f(F)yp]. QED

Corollary: We have
d(r*
(E(F) 1) = L2 @) = pie(a),

moreover pp € S(R?) (i.e., the probability density of F' is not only C* but it is
also a rapidly decreasing function).

Proof: We know that the map T — E[T(F).¢] is continuous on $’'(R?) hence
there exists some pr,, € S(R?) such that

E[T(F).pl = s{Pry,T)s .

Let pr1 = pr, then it follows from the Lemma 2 that

EU(F) = [(&(F) 11wy QED
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Remark: From the disintegration of measures, we have
[Blir =l = BU(P)4)
JECTAGRr™

hence

Elp|F = z] = (£:(F), ¢)
dz-almost surely. In fact the right hand side is an everywhere defined version of
this conditional probability.

Remark: Let (z:) be the solution of the following stochastic differential equa-
tion:

dzy(w) = bi(z(w))dt + a;(z,(w))dwg

zg = z given,

where b : R — R? and o; : R? — R? are smooth vector fields with bounded
derivatives. Let us denote by

. 0
XO_ZbOaz’ XJ':ZO{E

where

H(e) = () ~ 5 3 duol(2)o (@)
k,a

If the Lie algebra of vector fields generated by { X, X1,...,X4} has dimension
equal to d at any z € R4, then z;(w) is non-degenerate cf. [32]. In fact it is also
uniformly non-degenerate in the following sense:

1
E/]Det(wi,vz{)rwr <oc, VO0<s<t V¥Vp>1.

As a corollary of this result, combined with the lifting of S’ to D', we can
show the following:
For any T € §'(RY), one has the following:

T(zy) — T(zs) = /AT(z,)ds + / oij(z,) -BjT(x,)dW:,

where the Lebesgue integral is a Bochner integral, the stochastic integral is
as defined at the first section of this chapter and we have used the following
notation:

. 1 9? .
A:Zb'8;+§Za;j(z)m, a(z) = (¢0*)ij, o = [o1,-..,04]-
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Applications to the filtering of the diffusions

1
Suppose that y; = [ h(z,)ds + B, where h € C°(R%) ® R?, B is another
0

Brownian motion independent of w above. (y;t € [0,1]) is called an (noisy)
observation of (z;). Let Y; = o{y,;s € [0,1]} be the observed data till £. The
filtering problem consists of calculating the random measure f - E[f(2:){V4]-
Let PO be the probability defined by

dP° = Z;7'dP

1 t

where 7, = expfh(z,).dy,—% f |h(z,)|?ds. Then for any bounded, Y;-measurable
0 0

random variable Y;, we have:

E{f(z))Y] = E[?

E°[E[Z f(2:)|)] - Vi) =

f(zy) Yt] = E°(Z,f(z.)Y})

= E[WEO[Z,f(x,){y,] ]
hence
ﬂﬂnmw=5%%§%%ﬂ.

If we want to study the smoothness of the measure f — FE[f(z;)|):], then
from the above formula, we see that it is sufficient to study the smoothness of
f — E°[Z,f(x:)|¥:]. The reason for the use of P° is that w and (y;t € [0,1])
are two independent Brownian motions under P? (this follows directly from Paul
Lévy’s theorem of the characterization of the Brownian motion).

After this preliminaries, we can prove the following

Theorem Suppose that the map f — f(z;) from S(R?) into D has a continu-
ous extension as a map from S’'(R?) into D’. Then the measure f +— E[f(z:)|)]
has a density in S(R?).

Proof: As explained above, it is sufficient to prove that the (random) measure
[ E%Z, f(x:)| V] has a density in S(RY).

Let £, be the Ornstein-Uhlenbeck operator on the space of the Brownian
motion (y;;t € [0,1]). Then we have

1 t
1
tyze=zi( - [badn + 5 [In@rds) e 0
a 0 P

It is also easy to see that
Lz eI

P
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o Hence Z,(w,y) € D(w,y), where D(w,y) denotes the space of test func-
tions defined on the product Wiener space with respect to the laws of w
and y.

e The second point is that the operator E°[e]|};] is a continuous mapping
from Dg'k(w,y) into Dgyk(y) since £, commutes with E°[e|}}] (for any
p>1,keZ).

e Hence the map
T — E°[T(2:)Z,| V]

is continuous from §'(R?) — D'(y). In particular, for fixed T € &', Ip > 1
and k € N such that T'(z;) € D, _(w). Since Z; € D(w, y),

Z:T(24) € Dy, —x(w,y)

and
T(z.).(I 4 Ly)¥%Z, € Dp_1(w,y).
Hence
E°[T(z:) - (14 Ly)¥ %24\ V1) € Dy —i(y).
e Hence

(I+ L) BT (@) + £y) 20V = E°IT(20)Z:|¥)
belongs to LP(y). Therefore we see that:

T — E°[T(2:)Z:|)]

defines a linear, continuous (use the closed graph theorem for instance)
map from §’'(R¥) into LP(y). Since §'(R?) is a nuclear space, the map

A E°[T(x:)Z;|):] is a nuclear operator, hence by definition it has a
representation:

0= Z Aifi @ a;
i=1

where (X;) € I, (fi) C S(R?) and (a;) C LP(y) are bounded sequences.
Define

k(2,9) = 3 Mfi@)aly) € SR)B (W)

where ®; denotes the projective tensor product topology. It is easy now
to see that, for g € S(RY)

/ o(@)ki(z, y)dz = E%g(ze) - ZJV].

d
R QED






Chapter VI

Positive distributions and
applications

Positive Meyer-Watanabe distributions

If § is a positive distribution on R4, then a well-known theorem says that 6
is a positive measure, finite on the compact sets. We will prove an analogous
result for the Meyer-Watanabe distributions in this section, show that they are
absolutely continuous with respect to the capacities defined with respect to the
scale of the Sobolev spaces on the Wiener space and give an application to
the construction of the local time of the Wiener process. We end the chapter
by making some remarks about the Sobolev spaces constructed by the second
quantization of an elliptic operator on the Cameron-Martin space.

We will work on the classical Wiener space Co([0,1]) = W. First we have
the following:

Proposition: Suppose (T,) C D’ and each T}, is also a probability on W. If
T, — T in D', then T is also a probability and T, — 7' in the weak topology of
measures (on W).

Proof: It is sufficient to prove that the set of probability measures (v,,) asso-
ciated to (T,), is tight. In fact, let S = DN Cy(W). If the tightness holds, then
we will have, for v = w = limy,,,

v(p) =T(p) onS.

Since S is weakly dense in Cy(W) the proof will be completed (remember
elww™) wr e W, belongs to S').
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Let G(w) be defined as

11

|w(t)
w= [ [ |t—s|3 o Erian

00

Then, it is not difficult to show that G € D and Ay = {G(w) < A} is a
compact subset of W (cf.[1]).

Moreover, we have |J Ax = W almost surely. Let ¢ € C*°(R) such that
A0

0<p<1;p(z)=1forz>0, <p(:c)-0forx<—1 Let pa(z) = oz — A).
We have

va(43) < /W o(G(w)) va(dw)

We claim that

/ o2(G)dvn = (p2(G), Th).
w

To see this, for ¢ > 0, write

_ [ @ vl
Ge(w)“ml/]2 (E+|t—s|) dsdt.

Then ¢A(Ge) € S (but not (G), since G is not continuous on W!') Since
or(Ge) € S = Gy(W) N D, we have

/SOA(Ge)an = <$0A(Gz)aTn)-
But ¢ (G:) — 9a(G) in D, hence

lgiﬂ)l(?)(Ge,Tn) = (‘p/\(G)’Tﬂ) :

From the dominated convergence theorem, we have also

slirr(l)/go,\(GE)du,. = /go,\(G)dun.

This proves our claim. Now, since T;, — T in D', exists some k > 0 and p > 1
such that 7;, — T in D, _x. Therefore

(PA(G), Ta) = ((I+L)"%x(G),(I+£)7*/°Ty)
(I + L) 205 (G, “sup (I + £)=*2T,|l, .

IA

From the Meyer inequalities, we see that

lim |1+ £)*2x(@)l, = 0,
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in fact, it is sufficient to see that Vi(p(G)) — 0 in L? for all i < [k] + 1, but
this is obvious from the choice of p,.
Therefore we have proven that

lim sup pa(AS) < sup [|(T + £)7*Tullp lim [|(I+ L) @r(G)llp = 0,
A—o00 g n A—00
which is the definition of tightness. QED

Corollary: Let T € D’ such that (T, ¢) > 0, for all positive p € D. Then T
is a Radon measure on W.

Proof: Let (h;) C H be a complete, orthonormal basis of H. Let V,, =
o{6hy,... ,6h,}. Define T, as T, = E[Py;nT|V,] where Py, is the Ornstein-
Uhlenbeck semi-group on W. Then 7, > 0 and it is a random variable in
some LP(p). Therefore it defines a measure on W (even absolutely continuous
with respect to p!). Moreover T, -~ T in D', hence the proof follows from the
proposition. QED

1 Capacities and positive Wiener functionals

If p€ [1,00[, 0 C W is an open set and k > 0, we define the (p, k)-capacity of
O as

o Cpi(0) = inf{llgll, : ¢ € Dyps, ¢ > 1 p-ae. on O).
ee If A C W is any subset, define its (p, k)-capacity as
Cp i (A) = inf{C} £(0); O is open O D A}.
e We say that some property takes place (p, k)-quasi everywhere if the set on
which it does not hold has (p, k)-capacity zero.
¢ Wesay N is a slim set if Cp x(N)=0,Vp>1, k> 0.

o A function is called (p, k)-quasi continuvous if Ve > 0, 3 open set O, such that
Cp 1(O¢) < € and the function is continuous on Of.

e It is called co-quasi continuous if it is (p, k)-quasi continuous V(p, k). The
following results are proved by Fukushima & Kanako:

Lemma 1:

i) If F € Dy, then there exists a (p, k)-quasi continuous function F such
that F = F p-ae. and F is (p,k):qua.gi everywhere defined, i.e. if G is
another such function, then C, x({F # G})) = 0.
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i) If A C W is arbitrary, then

Coi(A) =inf{llollpr : 9 € Dy, ¢>1(p,r)—q.e.on A}

iii) There exists a unique element Uy € D, x such that Us > 1 (p, k)-quasi
everywhere on A with Cp (A) = ||Ua||p,k, and U > 0 (p, k)-quasi every-
where. Uy is called the (p, k)-equilibrium potential of A.

Theorem 1: Let T € D’ be a positive distribution and suppose that T' € D, _;
for some ¢ > 1, k > 0. Then, if we denote by vr the measure associated to T,

we have
r(A) < [ITllg,-£(Cp(A))7,
for any set A C W, where ip denotes the outer measure with respect to vr. In

particular vy does not charge the slim sets.

Proof: Let V be an open set in W and let Uy be its equilibrium potential of
order (p, k). We have

I

(Pl/nT’ UV) /Pl/nT Uvd[l

v

[ PuaT v
v

/Pl/anll
| %
= VP,/,,T(V)~

v

Since V is open, we have, from the fact that VP, T = VT weakly,
li’lrgg}fupl/"T(V) >vr(V).
On the other hand

nlLl’ng(Pu,,T, Uv) = (T, Uv)

T lg,—£l1Uv ||,k
”T“q.-ka,k(V)l/p-

IA

il

QED

An application

1) Let f: R? — R be a function from §’(R%) and suppose that (X:) is a
hypoelliptic diffusion on R?. Then X, is a nondegenerate random variable in
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the sense of the second section of the fifth chapter (cf.[32]). Consequently we
have the extension of the Ito formula
t t

F(X0) = F(X) = / Lf(X,)ds + / 015 (X)0: (X, )dW |

with the obvious notations. Note that, since we did not make any differentiability
hypothesis about f, the above integrals are to be interpreted as the elements of
D’. Suppose that Lf is a bounded measure on R4, from our result about the
positive distributions, we see that f: Lf(X,)ds is a measure on W which does

not charge the slim sets. By difference, so does the term f: 0ij(X:)0:i (X, ydWi.

2) Apply thistod =1, L = 1A (i.e. ¢ = 1), f(z) = |z|. Then we have
t

t
1 d
Wil =Wl = 5 [ AlelWods + [ Zlel(W)aw,.
As d%-ll'l = sign(z), we have
t d t
/Elxl(W,)dWS = /sign(W,)dW, = MY

is a measure absolutely continuous with respect to u. Since lirr}) M = N, exists
u—

in all L?, so does

1
lim / Alz|(W,)ds
u~0

u

t
in L? for any p > 1. Consequently [ Alz|(W,)ds is absolutely continuous with
0
respect to p, i.e., it is a random variable. It is easy to see that
Alz|(W,) = 260(W;)
1.e., we obtain
t 1
/QSO(W,)ds = /AI:L'KW,)ds
0 0
= 21?

which is the local time of Tanaka. Note that, although £ (W,) is singular with
respect to u, its Pettis integral is absolutely continuous with respect to pu.

2) If F : W — R4 is a non-degenerate random variable, then for any S € S'(R9)
with $ > 0 on 84 (R?), S(F) € D' is a positive distribution, hence it is a positive
Radon measure on W. In particular £;(F') is a positive Radon measure.
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Distributions associated to I'(A)

For a “tentative” generality we suppose that (W, H,u) is an abstract Wiener
space. Let A be a selfadjoint operator on H, we suppose that its spectrum lies
in ]1, 0o[, hence A~! is bounded and ||A~!|| < 1. Let

Hy = ﬂ Dom(A™),

hence H is dense in H and a — (A%h,h) is increasing. Denote by H, the
completion of H, with respect to the norm |h|2 = (A%h, h); @ € R. Evidently
H! = H_, (isomorphism). If ¢ : W — R is a nice Wiener functional with

(e
@ =Y I,{(¢n), define the second quantization of A
n=0

T(A)p = Elgl + Y I.(A%"¢n).

n=1

Definition: For p > 1, k € Z, a € R, we define Dy, as the completion of
polynomials (based on H,,) with respect to the norm:

||‘P||p,k;a = ||(I+ C)k/ZF(AI/Z)SDHLP(u) )

where p(w) = polynomial(éhy,...,8hy), hi € He .
If X 1s a separable Hilbert space, Dy, (X) is defined likewise.

Remark: i) If ¢ = exp(6h — }|h|?) then we have
T(A)p = exp §(Ah) — 1| ARJ?.

ii) Dy, is decreasing with respect to a,p and k.

Theorem 1: Let (W<, H,, pto) be the abstract Wiener space corresponding

to the Cameron-Martin space H,. Let us denote by Df,f’k) the Sobolev space on
W defined by

||<P||D£a3 = |[(T + L)l Lo (e, we)
Then D}(:k) and Dy, are isomorphic.

Remark: This isomorphism is not algebraic, i.e., it does not commute with
the pointwise multiplication.

Proof: We have
2
E'[ew(“‘anh)] = exp %|A"'/2h|2 = exp -————-Ih2|°’

which is the characteristic function of y, on W¢. QED
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Theorem 2: i) For p > 2, a € R, k € Z, there exists some 8 > 3 such that
o <
ez, < llellpe,

pk —

consequently (| D3, = () Dgy .
ak £

a,p,
i1) Moreover, for some 8 > « we have

lelips, < llellps -

Proof: i) We have

1Y 0+ n) 21, (A% o)

lelps,

=
" D (14 n)F e e [ ((A%?)®" pn)
From the hypercontractivity of P,, we can choose ¢ such that p = ¢?* + 1 then

" 31+ n)H 2 ')",, < | S+ ) et .)“2 .
Choose 8 > 0 such that [|[A~P|| < e, hence

” Z(l +n)¥/ 2™ (.. )”2

| 3o+ mrera)ea=2)e L4725 )|
DA+ L (AP o)l

Il psase

Lr’

IN

IA

ii) If we choose ||A~?|| < e~ then the difference suffices to absorb the action of
the multiplicator (1 + n)*/2 which is of polynomial growth and the former gives
an exponential decrease. QED

Corollary 1: We have similar relations for the any separable Hilbert space
valued functionals.

Proof: Use the Khintchine inequality.
As another corollary we have

Corollary 2: i) V:® — ®(Hy) =()®(Hs) and é : ®(Hs) — ® are con-

a
tinuous. Consequently V and é§ have continuous extensions as linear operators
P — ®'(H_o) and O'(H_oo) — &'

ii) @ is an algebra.

iii) For any T € @', there exists some ( € ®'(H_o) such that T = (T, 1) + éC.
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Proof: i} Follows from Theorem 1 and 2.

it) It is sufficient to show that ¢? € @ if ¢ € ®. This follows from the mul-
tiplication formula of the multiple Wiener integrals. (left to the reader).

i) If T € @', then there exists some o > 0 such that T € Dy, ie., T
under the isomorphism of Theorem 1 is in L2(po, W) on which we have Ito
representation (cf. Appendix to the Chapter 1V).

Proposition: Suppose that A~! is p-nuclear, i.e., 3p > 1 such that A7" is
nuclear. Then ® is a nuclear Fréchet space.

Proof: This goes as in the white noise case, except that the eigenvectors of
[(A') are of the form Hz(6ha,, ... ,6h,) with hy, are the eigenvectors of A.
QED

Applications to positive distributions

Let T € &’ be a positive distribution. Then there exists some D;fk such that
T eD,?, and (T,p) 2 0 for any p € D7, ¢ > 0. Hence io(T) is a positive
functional on Dgak) (i.e., the Sobolev space on We). Therefore i,(T) is a Radon

measure on W™, Hence we find that, in fact the support of T"is W~* which is
much smaller than H_ .

Open question: Is there a smallest W~=%7 If yes, can one characterize it?



Chapter VII

Characterization of
independence of some
Wiener functionals

1 Independence of Wiener functionals

In probability theory, one of the most important and difficult properties is the
independence of random variables. In fact, even in the elementary probability,
the tests required to verify the independence of three or more random variables
get very quickly quite difficult. Hence it is very tempting to try to characterize
the independence of random variables via the local operators that we have seen
in the preceeding chapters.

Let us begin with two random variables: let F,G € D, for some p > 1.
They are independent if and only if

E[eiaF‘eiﬁG] — E[eiaF]E[eiﬂG]
for any «, 8 € R, which is equivalent to
Ela(F)b(G)] = Ela(F)E[b(G)]

for any a,b € Cy(R).
Let us denote by a(F) = a(F) — E[a(F)], then we have:
F and G are independent if and only if

E[@(F)-b(G)] =0, Va,beCy(R).

Since €'*® can be approximated pointwise with smooth functions, we can suppose
as well that a,b € C}(R) (or C(R)). Since L is invertible on the centered
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random variables, we have

E[a(F)bG)) E[LLTa(F) - 5(G)]

E[6VL™'a(F) - b(G)]

E[(VL™'a(F), V(b(G)))H]

E[((I+ £)~'Va(F), V(b(Q)))]

E[(I + L)~ Ya'(F)VF),b'(G)VG)H]
EB'(G)-((I+ L) Yd'(F)VF),VG)H]

E[Y'(G) - E[(I+ £)""(a'(F)VF,VG)glo(G)]].

it

It

it

il

In particular choosing a = €*** we find that

Proposition 1: F and G (in D, ) are independent if and only if
E[((I+ L)~ Ye**F VF),VG)g|o(G)] =0 as.

However this result is not very useful, this is because of the non-localness
property of the operator £~!. Let us however look at the case of multiple
Wiener integrals:

First recall the following multiplication formula of the multiple Wiener inte-
grals:

Lemma 1: Let f € L%([0,1}?), g € L2([0,1]?). Then we have

PAg

B 1) = 3 e - @n9),

m=0

where f ®, g denotes the contraction of order m of the tensor f ® g (i.e., the
partial scalar product of f and g in L2[0,1]™).
By the help of this lemma we will prove:

Theorem 1: I,(f) and I,(g) are independent if and only if

f® g=0 as on[0,1]P+92,

Proof: (=>): By independence, we have

E[R217] = pllifIIPqtllgl1® = pla!l| f ® g
On the other hand

PAg

L(NI(g) = > mICPCY Lyg-am(f Om 9),
0
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hence

E[(L(f)14(9))*]

PAg

= 3 (mICPCM2(p+ g — 2m)!(|f®mgll’
0

v

(p+ Q)Y|If®g||*> (dropping the terms with m > 1).

We have, by definition:

. 2
”f®g”2 = ” (P + q Z f a(l)y - )ta(p))g(ta(p+l): oo ato(p+q))”
o€Sp4
A
ik Z o
p+ q) 0, T€ESpiq

where Sy, denotes the group of permutations of order p + ¢ and

/\a,r = / f(ta(l), cee )ta(p))g(ta(p+l)1 s 1t0(P+<l)) :
[0,1]p+e

f(t,,(l), e ,t,(p))g(t,(p_{.l), R ,t,(p_,_q))dtl codtpy .
Without loss of generality, we may suppose that p < ¢. Suppose now that

(o(1),...,0(p)) and (7(1),...,7(p)) has k > 0 elements in common. If we use
the block notations, then

(to1)s- - - »to(e)) = (Ak, A)
(topa1) - Lotpse)) = B
(1), - s ta(p)) = (A, C)
(txpt1)s -+ o baiptg)) = D

where A; is the subblock containing elements common to (tx(1), - - ,tx(p)) and
(ts(1), - -+ »to(p))- Then we have

Aox = / f(Ak,/i)g(B) -f(Ak,é')g(D)dtl codtpyg .

[0,1}p+e
Note that AkU/iUB AkUC'UD.-{tI, . ytpq}, ANC = 0. Hence we have

AUB=CUD. Since ANC =0, we haveCC B and A C D. From the fact
that (4, B) and (C, D) are the partitions of the same set, we have D\A = B\C.
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Hence we can write, with the obvious notations:
/\a,vr =

= / f(Ax, A)g(C, B\C) - f(Ax,C)g(A, D\A)dt, .. .dtyy,

[0, 1]r+e

f(Ax, A)g(C, B\C) f(Ak,C)g(A, B\C)dArdAdCd(B\C)

[0,1]p+s

(f @p=r 9)(Ax, B\C)(f ®pk 9)(Ax, B\C) - dAzd(B\C)

[o,1)s= 742+

”f ®Qp—tk g”%:([o,uq—wu)

where we have used the relation D\A = B\C in the second line of the above
equalities. Note that for k¥ = p we have A, » = ||f ® g||2.. Hence we have

E[I3(£)13(9)]
= PSP - qlllgll?

1
> (p+9) W[;/\o,r(k :p)+;/\a,r(k #P))]] .

The number of A, » with (k = p) is exactly (p:q) (p")?%(¢")?, hence we have

p—1

PlFIPNGN® 2 PINIF @ gl + Y cillf @pmk llF2(p0.1j0-s42)
k=0

with ¢; > 0. For this relation to hold we should have
If ®-kgll =0, k=0,...,p—1
in particular for ¥ = p — 1, we have
If ®1 gl =0.
(«): From the Proposition 1, we see that it is sufficient to prove
((T+ L) e *FUF,VI(9) =0 as.

with F = I,(f), under the hypothesis f ®; g = 0 a.s.: Let us write e**/»(f) =
z: Ik(hk), then
k

eIV (f) P ZIk(hlc) lp-1(f)
k

kA(p-1)

r Z Z ap krdlp_14k—20(hi @ f).

k r=0
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Hence
kn(p-1)
(I+L) e fVF=p. Z Z (A4+p+k—1-2r) " L 1ykar(he ® f).
k r=0

When we take the scalar product with VI;(g), we will have terms of the type:
(Ip—14k—2r (bt ®r f), Lg-1(9))e =

= Z Ip_14k—2r(he ®r f(ei))Ig-1(g(ei)).

i=1

If we use the multiplication formula to calculate each term, we find the terms as

Z/(h,c ®r fe))(tr, - tprk-2r-1)9(e)(t1, . .. tg—1)dtrdts . ..

=//(h,c & FO)t1, - tyrsozre1)9(B 1, ... tg—1)dBdty ...
=0

From the hypothesis we have

1
/f0t1 g(f,s1...,)d0 =0 as.,
0

hence the Fubini theorem completes the proof. QED

Corollary 1: Let f and g be symmetric L2-kernels respectively on [0, 1] and
[0,1]9. Let
Sy = span{f @p-1 h: h € LX([0,1)""}

and
Sy = span{g @1 k;k € L2(J0,1]7")}.

Then the following are equivalent:
i) I,(f) and I,(g) are independent
i) Sy LS;in H

iii) The Gaussian-generated o-fields o{1(k); k € Sy} and a{I1(I);l € Sy} are
independent.
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Proof: (i=ii): (i) implies thatf ®; ¢ = 0 as. If a € Sy, b € S, then a =
f ®p-1 hand b= g ®,-, k (rather finite sums of these kind of vectors). Then

((1, b) = (f ®p—1 h,g ®q—l k‘) = (f ®1 9, h® k)(L2)®p+q—2 (Fublm)
= 0.

(ii=>i) If (f®19,h®k) =0Vh e L2([0,1]P~1),k € L?([0,1]9"!), then f®,9 =10
a.s. since finite combinations of h ® k are dense in L2([0, 1}7+9-2).

(iiexiii) Is obvious. QED

Proposition: Suppose that I,(f) is independent of I,(g) and I,(f) is inde-
pendent of I,(h). Then I,(f) is independent of {I,(g), I(h)}.

Proof: We have f®; ¢ = f®; h = 0 a.s. This implies the independence of
I,(f) and {I,(g), I;(h)} from the calculations similar to those of the proof of
sufficiency of the theorem. QED

In a similar way we have

Proposition: Let {I, (fs);a € J} and I, (gp); 3 € K} be two arbitrary
families of multiple Wiener integrals. The two families are independent if and
only if I, (fa) is independent of I,,(gg) for all (o, 8) € J x K.

Corollary: If I,(f) and I,(g) are independent, so are also I,(f)(w + k) and
I(g)(w + k) for any h, k€ H.

Proof: Let us denote, respectively, by A and k the Lebesgue densities of h and
k. We have then

4 i
1=0

P
L+ B = Y (2) tpes), 8
Let us define f[h®'] € L?[0,1)?~% by
Ip—i(f[h@]) = (Ip—i(f), h®i)'
If f ®1 g = 0 then it is easy to see that
fh®) @1 g[k®] =0,

hence the corollary follows from Theorem 1.
QED

From the corollary it follows
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Corollary: I,(f) and I,(g) are independent if and only if the germ o-fields
o{L(f), VI, (f),.... V" ()}

and
o{l,(g),.- ., Vq_l]q(y)}

are independent.

Corollary: Let X,Y € L¥p), Y =3 I.(gn). If
0
VX® ¢g.=0 as.Vn,
then X and Y are independent.
Proof: This follows from Prop. 1 QED

Corollary: In particular, ifh e H, then V;p = 0 a.s. implies that ¢ and
I1(h) = 6h are independent.






Chapter VIII

Moment inequalities for
Wiener functionals

In several applications, as limit theorems, large deviations, degree theory of
Wiener maps, calculation of the Radon-Nikodym densities, etc., it is important
to control the (exponential) moments of Wiener functionals by those of their
derivatives. In this chapter we will give two results on this subject. The first one
concerns the tail probabilities of the Wiener functionals with essentially bounded
Gross-Sobolev derivatives. This result is a straightforward generalization of the
celebrated Fernique’s lemma which says that the square of the supremum of the
Brownian path on any bounded interval has an exponential moment provided
that it is multiplied with a sufficiently small, positive constant. The second
inequality says that for a Wiener functional F € D, ;, we have

By x E[U(F(w) = F(2))] € By x E:[U(5h(VFW)(z)],

where w and z represent two independent Wiener paths, E,, and F, are the
corresponding expectations, and I (VF(w))(z) is the first order Wiener inte-
gral with respect to z of VF(w) and U is any lower bounded, convex function
on R. Then combining these two inequalities we will obtain some interesting
majorations.

The last inequality is an interpolation inequality which says that the Sobolev
norm of first order can be majorated by the multiplication of the Sobolev norm
of second order and of order zero.

1 Exponential tightness

First we will show the following result which is a consequence of the Doob
inequality:
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Theorem 1: Let ¢ € D, ; for some p > 1. Suppose that Vo € L*®(u, H).
Then we have

(c = Elp])®

—— for any ¢ > 0.
VO ot

p{lel > ¢} < 2exp -

Proof: Suppose that E[p] = 0. Let (¢;) C H be a complete, orthonormal
basis of H. Define V,, = g{ée1,...,be,} and let ¢, = E[Py1/n¢|Vy], where P,
denotes the Ornstein- Uhlenbeck semigroup on W. Then, from Doob’s Lemma,

Pn = fn(éely v ,66,,).

Note that, since f, € [} W, x(R", ) = fn is C® on R" from the Sobolev
p.k
injection theorem. Let (By;t € [0, 1]) be an R"-valued Brownian motion. Then

P{|fa(B1)| > ¢}
P{tzgp” |E[fa(B1)|B]| > ¢}

P{ sup |Qi-tfna(B:)| > c},
tef0,1]

#len| > c}

IN

where P is the canonical Wiener measure on C([0,1],R") and @, is the heat
kernel associated to (B;), i.e.

Qu(z, A) =P{B: +z € A}.

From the Ito formula, we have

t

Qi-i1f2(Be) = Qufn(Bo) + / (D@12 fa(B,),dB,) .

0

By definition

Q1/+(Bo)

Q1/a(0) = / Faly) - @100, dy) =

L dy
= /fn(y)e ? (212
= E[E[Py/aplVa]]
E[Pl/n<P]

Ely]
0.

Moreover we have DQ.f = @Q:Df, hence

t
Qiotfu(By) = / (Qu_sDfn(B.),dB,) = M}
0
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The Doob-Meyer process (M™, M™); of the martingale M" can be controlled as

t
(M°, M), = /uthu&Wus
0
t
< /wwma@=ﬂwnmn=mvnmqh>s
0
< Vel ey ary -

Hence from the exponential Doob inequality, we obtain

2

c
P{sup |Qi_tfn(B:)|>c} <2exp——e——r.
{tE[O,l]l 1=/ (BAl > o) 2[[Vell%

Hence
(el > } < 2exp ot
pion| > cp <2eXp m——-
" 2Vl oo mry
Since ¢, — ¢ in probability the proof is completed. QED

Corollary 1 Under the hypothesis of the theorem, for any A < 3 pr —, we
have
Elexp Mp|?] < oco.

Proof: The first part follows from the fact that, for ' > 0 a.s.,
E[F) = /P{F > t})dt.
0

The second part follows from the fact that |V|jw||[# < 1. QED

Remark: In the next section we will give a precise estimation for E[exp AF2].

In the applications, we encounter random variables F satisfying
|F(w+ h) — F(w)] < clhla,

almost surely, for any h in the Cameron-Martin space H and a fixed constant ¢ >
0, without any hypothesis of integrability. For example, F(w) = sup[o 1 {w(t)|,
defined on Cy[0,1] is such a functional. In fact the above hypothesis contains
the integrability and Sobolev differentiability of F'. We begin first by proving
that under the integrability hypothesis, such a functional is in the domain of V:
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Lemma 1 Suppose that F : W +— R is a measurable random variable in
Up>1LP(p), satisfying

|F(w+ h) — F(w)| < clhln,
almost surely, for any h € H, where ¢ > 0 is a fixed constant. Then F belongs
to D, 1 for any p > 1.

Remark: We call such a functional H-Lipschitz.

Proof: Since, for some pg > 1, F € LP°, the distributional derivative of F,
VF exists . We have V. F € D’ for any k € H. Moreover, for ¢ € D, from the
integration by parts formula

E[ViF ¢] —E[F Vi) + E[F6k ¢]
—d%l,:oE[F é(w + tk)] + E[F 6k ¢)

d
_Elt:OE[F(UJ —tk) pe(ték)) + E[Fok )
F{w—tk) — F(w)
t

where £(6k) = exp 8k — 1/2}k|?. Consequently,

|E[VeF @]l < clklaEl¢l]
< clklnllglly,

for any ¢ > 1, i.e., VF belongs to LP(u, H) for any p > 1. Let now (e;;i € N)

be a complete, orthonormal basis of H, denote by V,, the sigma-field generated

by éey,...,6e,, n € N and let 7, be the orthogonal projection onto the the

subspace of H spanned by e1,...,e,. Let us define

Fo = E[Py o F|V,),

where Py, is the Ornstein-Uhlenbeck semigroup at the instant ¢ = 1/n. Then
Fn € Nk Dy, x and it is immediate, from the martingale convergence theorem and
from the fact that =, tends to the identity operator of H in the norm-topology,
that

¢],

= lim-F][
t—0

VF, = Ele/*n, P/, VF|Vs] = VF,
in LP(u, H), for any p > 1, as n tends to infinity. Since, by construction,
(Fn;n € N) converges also to F in LP(u), F belongs to Dp, 1. Hence we can

apply the Corollary 1.
Q.E.D.

Lemma 2 Suppose that F': W — R is a measurable random variable satisfy-
ing

|F(w+ h) — F(w)] < clhin,
almost surely, for any h € H, where ¢ > 0 is a fixed constant. Then F belongs
to Dy for any p > 1.
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Proof: Let F, = |F|An, n € N. A simple calculation shows that
[Fa(w + h) — Fa(w)| < clhln,

hence F, € D, for any p > 1 and |VF;| < ¢ almost surely from the Lemma 1.
We have from the Ito-Clark formula (cf. Chapter V),

1
Fn = E[F,))+ / E[D, Fo|F,)dwW,.
0

From the definition of the stochastic integral, we have

E [/1 |E[D,F,.|f,]|2ds]

o[[ s

E(IVFa?)

E [( /0 1 E[D,Fnlf,]dW,)z]

IA

< &

Since F, converges to |F| in probability, and the stochastic integral is bounded
in L%(p), by taking the difference, we see that (E[F,],n € N) is a sequence of
(degenerate) random variables bounded in the space of random variables un-
der the topology of convergence in probability, denoted by L°(u). Therefore
sup, p{E[F,] > ¢} — 0 as ¢ — co. Hence lim, E[F,;] = E[|F|] is finite. Now we
apply the dominated convergence theorem to obtain that F € L?(u). Since the
distributional derivative of F is a square integrable random variable, F' € Dy ;.

We can now apply the Lemma 1 which implies that F' € D, ; for any p.
Q.E.D.

Remark: Although we have used the classical Wiener space structure in the
proof, the case of the Abstract Wiener space can be reduced to this case using
the method explained in the appendix of Chapter IV.

Corollary (Fernique’s Lemma): 2 For any A < % , we have
Efexp MJwl|fy] < oo,
where ||w|| is the norm of the Wiener path w € W.

We will see another application of this result later.

2 Coupling inequalities

We begin with the following elementary lemma (cf. [18]):
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Lemma:3 Let X be a Gaussian r.v. on R%. Then for any convex function U
on R and C!-function V : R? — R, we have the following inequality:

EW(V(X) - V() < B[v(3(V(X), V)re)],

where Y is an independent copy of X and E is the expectation with respect to
the product measure.

Proof: Let Xy = Xsinf + Y cosf. Then
/2
d
VX)-V(Y) = H@V(XG)CM
0
x/2
= [V X ds
0
x/2
= 3 [ X0 Xp)na di

0

where df = :—/92 . Since U is convex, we have

n/2
T, =
v -V s [ (G0, xp)d.
0
Moreover Xy and X, are two independent Gaussian random variables with the
same law as the one of X. Hence
/2
T, ., =
B -vo) < [ E[u(Sv(x),))]ds

0
s

E{U(g(v’(X),Y))]. 0D

Now we will extend this result to the Wiener space:

Theorem 2 Suppose that ¢ € D, ;, for some p > 1 and U is a lower bounded,
convex function (hence lower semi-continuous) on R. We have

EU(p(w) - p(2)] < E[U (3 1(Vew)(2))]

where E is taken with respect to y(dw) x p(dz) on W x W and on the classical
Wiener space, we have

(Ve = [ V(w0
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Proof: Suppose first that

o= f(6hy(w),...,6h,(w))
with f smooth on R", h; € H, (hi, hj) = &;;. We have

L(Vew))(z) = L (Z 8 f(6hy (w), . .. ,5h,,(w))h,~)
i=1

Y 8if(6ha(w), ..., 6ha(w)) 1 (hi)(2)
i=1

= (f(X), V)

where X = (§hi(w),...,0h,(w)) and Y = (6h((z),...,6ha(2)). Hence the
inequality is trivially true in this case.
For general ¢, let (h;) be a complete, orthonormal basis in H,

Vo = o{6hy,... 6hn}

and let
en = E[Pi/np|Va],
where Py, is the Ornstein-Uhlenbeck semigroup on W.
We have then

EU(gn(w) - pa(2)] < B[V (F1(Ten(w))(2)]-
Let 7, be the orthogonal projection from H onto span {hi,...,hs}. We have
5 (Ven(w))(2) L(VuEu[PrnelVa])(2)
L(Bule™ " Py ynma Vel Val)(2)
= L(mEuw[e " P Vel Val)(2)
= B[ (Bu[e™/" P, VelVa))|Va]

where Vj, is the copy of V,, on the second Wiener space. Then

E[U(ZL(Ven())(2)))]

< E U(EII(E [e“I/"Pl/,.WIVn])(Z))]

= B (GeBuli(PnVe(w)()IVal)]
< Blu(Ge 1P Vo))

= B[ (5 Py (Vo))

< E[U(Zemn(vew))]

= E[U(ZPM(Tew)()]

< EU(—;[I (Ve(w)(2))]
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Now Fatou’s lemma completes the proof. QED

Let us give some consequences of this result:

Theorem 3 The following Poincaré inequalities are valid:
i) Elexp(p — Elg])] < E[exp %IW’I%J,
i) Elle - Elgll] < ZE[IVeln].

i) Ellp - Blel™) < (1) GBIV, k e N.

Remark: Let us note that the result of (ii) can not be obtained with the clas-
sical methods, such as the Ito-Clark representation theorem, since the optional
projection is not a continuous map in L!-setting. Moreover, using the Holder
inequality and the Stirling formula, we deduce the following set of inequalities:

iy
lle = Ele]llp < P'Q‘”VSO”LP(;‘,H)*

for any p > 1 . To compare this result with those already known, let us re-
call that using first the Ito-Clark formula, then the Burkholder-Davis-Gundy
inequality combined with the convexity inequalities for the dual projections and
some duality techniques, we obtain, only for p > 1 the inequality

le = Elellly < Kp*?||VollLogum),

where K is some positive constant.

Proof: Replacing the function U of Theorem 2 by the exponential function,
we have

Elexp(p - Elp])] < Ey x E;[exp(p(w) = ¢(2))] <
< B [E o0 2L(Tpw)()]
= Elexp ZIVe(w)l}].
(i1) and (iii) are similar with U(z) = |z|*. k € N. QED

Theorem 4: Let ¢ € D, , for some p > 1 and that V|Vy|y € L®(y, H) (in
particular, this is satisfied if VZp € L (u, H®2H)). Then there exists some
A > 0 such that

Elexp Alpl|] < o0
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Proof: From Theorem 3, (i), we know that

|Vel?

A2x?
Elexp My - Elp]l] < 2E [ exp =
. Hence it is sufficient to prove that
Elexp A%|Vyp|?] < o0

for some A > 0. However Theorem 1 applies since V|Vy| € L®(pu, H).
QED

Corollary 3 Let F € D, for some p > 1 such that [VF|g € L™(p). We
then have

’

ElexpAF? < E { AB(FT? )

1
—————Xp | —
/ )dr’IVF|H (l - TIVFlz

for any A > 0 such that |||VF|H||L°°(,,) ‘<1

Proof: Ley Y be an auxiliary, real-valued Gaussian random variable, living on
a separate probability space (Q2,U, P) with variance one and zero expectation.
We have, using Corollary 2 :

ElexpAF?] = E® Eplexp V2AFY]
A 2
< E®Ep [exp{\/Q_AE[F]Y + |VF|2Y2-:—}]

2
- exp( /\f'[zF]VF 2) )
\/1 Ar2 |VF|H |VF|

where Ep denotes the expectation with respect to the probability P.

Q.E.D.

3 An interpolation inequality

Another useful inequality for the Wiener functionals * is the following interpola-
tion inequality which helps to control the LP- norm of VF with the help of the
LP-norms of F and V?F.

*This result has been proven as an answer to a question posed by D. W. Stroock, cf. also

(4]
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Theorem 5: For any p > 1, there exists a constant Cp, such that, for any
F € Dy 2, one has

IVFll < G [IFllp +IFHAIV2FI2]

The theorem, will be proven, thanks to the Meyer inequalities, if we can prove
the following

Theorem 6: For any p > 1, we have

(T + L) 2F ), < WFHN(T + L)F /2.

F(1/?)

Proof: Denote by G the functional (I + £)F. Then we have F = (I + £)~!G.
Therefore it suffices to show that

I(Z+ L)~ NGl + L)~ GlIA2.

"6l < a7z
We have

(I+L£)~Y%G = / t™12e~tP,Gdt,
0

I(1/2)
where P; denotes the semigroup of Ornstein-Uhlenbeck. For any a > 0, we can
write

(I+0) VG = V2 /at‘l/ze"PtGdt+/wt‘l/ze“P,Gdt].
F(l/2) 0 a

Let us denote the two terms at the right hand side of the above equality, respec-
tively, by I, and II,. We have

\/—
el + 17211

The first term at the right hand side can be majorated as

Ll < A t=1/2Gllydt
= 2alGl).

I+ £)7%Glly < 5

Let g = (I + £)~'G. Then

/ t=12e-tp,Gdt

/ t™12%7t P14 L)1+ £)"'Gdt

a

= / t_l/Qe_tPt(1+£)gdt

= / t"l/?(%(e“'Pt)dt

a

oo
= —a'l/ze““Pag+%/ t"3/28_’P,gdt,
a
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where the third equality follows from the integration by parts formula. Therefore

M Zallp

IA

1 [ _ -
a e Puglly +5 [ e Pl

a

1 = 3/2
gl + 5 [ gl

a

IA

2a”'2)jg},
2a 2T+ £)7 Gl

Finally we have

2
T(1/2)

This expression attains its minimum when we take

1T+ £)"2Gl, < [a"/2|Gllp + a™ 2T + £)7 G}p).

L la+ oG,
IGT,

Q.E.D.
Combining this theorem with Meyer inequalities, we have

Corollary 4 Suppose that (F,,,n € N) converges tozeroin D, x, p > 1,k € Z,
and that it is bounded in D, 342. Then the convergence takes place also in
Dp,k+1-






Chapter IX

Introduction to the
theorem of Ramer

The Girsanov theorem tells us that if v : W — H is a Wiener functional such
that % = u(t) is an adapted process such that

1 1
E[e)(p—/0 u(s)dW, — %/0 la(s)|2ds] = 1,

then under the new probability Ldu, where

1 1
L =exp-— / u(s)dW, — 1 / |i(s)|*ds,
0 2 Jo

w+u(w) is a Brownian motion. The theorem of Ramer studies the same problem
without hypothesis of adaptedness of the process ©. This problem has been
initiated by Cameron and Martin. Their work has extended by Gross and others.
It was Ramer [19] who gave a main impulse to the problem by realizing that
the ordinary determinant can be replaced by the modified Carleman-Fredholm
determinant via defining a Gaussian divergence instead of the ordinary Lebesgue
divergence. The problem has been further studied by Kusuoka [11] and the final
solution in the case of (locally) differentiable shifts in the Cameron-Martin space
direction has been given by Ustiinel and Zakai [31]. In this chapter we will give
a partial ( however indispensable for the proof of the general ) result.

To understand the problem, let us consider first the finite dimensional case:
let W = R" and let u, be the standard Gauss measure on R™. If u : R" — R"
is a differentiable mapping such that I + u is a diffeomorphism of R", then the
theorem of Jacobi tells us that, for any smooth function F on R", we have

1

/ F(z+u(2))] det(] + 0u(z))] exp{— < u(z), z > ~5 |ul*}ua(d)

= [ F(z)pn(dz),

R
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where Ju denotes the derivative of u. The natural idea now is to pass to the
infinite dimension. For this, note that, if we define dety(I + 9 u) by

det2(I + Ou(x))

det(I + Ju(z))exp —trace § u(x)
= H(l + Ai) exp — A,

2

where ();) are the eigenvalues of 9 u(z) counted with respect to their multiplicity,
then the density of the left hand side can be written as

1
A = |deto(I + du(z))|exp — < u(z),z > +trace du(z) — §|u|2
and let us remark that
< u(z),z > —trace Ju(z) = du(z),

where 6 is the adjoint of the @ with respect to the Gaussian measure g,,. Hence,
we can express the density A as

u(z)[®
o

As remarked first by Ramer, cf.[19], this expression has two advantages: first
dety(7 + Ou), called Carleman-Fredholm determinant, can be defined for the
mappings u such that du(z) is with values in the space of Hilbert-Schmidt oper-
ators rather than nuclear operators (the latter is a smaller class than the former),
secondly, as we have already seen, §u is well-defined for a large class of mappings
meanwhile < u(z),z > is a highly singular object in the Wiener space.

After all these remarks, we can announce the main result of this chapter,
using our standard notations, as

A = |dety(I + Ju(z))|exp —du(z) —

Theorem: Suppose that v : W + H is a measurable map belonging to
D, 1(H) for some p > 1. Assume that there are constants ¢ and d with ¢ < 1
such that for almost all w € W,

IVull <c <1
and
[|Vul|s < d < o0,
where || - || denotes the operator norm and || - ||; denotes the Hilbert-Schmidt

norm for the linear operators on H. Then:

¢ Almost surely w — T(w) = w+u(w) is bijective. The inverse of T', denoted
by S is of the form S(w) = w + v(w), where v belongs to D, 1(H) for any
p > 1, moreover
c d

<
T and ||Vvl); < o

IVo]] <

p-almost surely.



83

e For all bounded and measurable F', we have
E[F(w)] = E[F(T(w)) - |Au(w)l]

and in particular
ElA,| =1,

where !
Ay = |deto(I + Vu)|exp —bu — §]u]§,,

and dety(I + Vu) denotes the Carleman-Fredholm determinant of I + Vu.

¢ The measures p, T*p and S*p are mutually absolutely continuous, where
T*p (respectively S*p) denotes the image of u under T (respectively S).

We have
dS*p
= Ay ’
0 [Aul
TE =
du v

where A, is defined similarly.

Remark As it has been remarked in [15], if || Vul] < 1 instead of ||Vu|| < ¢ < 1,
then taking u. = (1 — €)u we see that the hypothesis of the theorem are satisfied
for u.. Hence using the Fatou lemma, we obtain

E[F o T |Au]) < E[F)

for any positive F' € C(W). Consequently, if A, # 0 almost surely, then T"u is
absolutely continuous with respect to u.

The proof of the theorem will be done in several steps. As we have indicated
above, the main idea is to pass to the limit from finite to infinite dimensions.
The key point in this procedure will be the use of the Theorem 1 of the preced-
ing chapter which will imply the uniform integrability of the finite dimensional
densities. We shall first prove the same theorem in the cylindrical case:

Lemma 1 Let £ : W — H be a shift of the following form:
Ew) =) ai(bhy, ..., 8ha)hi,
i=1

with o; € C°(R") with bounded first derivative, h; € W* are orthonormal*
in H. Suppose furthermore that ||[VE]| < ¢ < 1 and that ||V€]||2 < d as above.
Then we have

*In fact h; € W* should be distinguished from its image in H, denoted by j(h). For
notational simplicity, we denote both by h,, as long as there is no ambiguity.
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e Almost surely w — U(w) = w + &(w) is bijective.
o The measures p and U*p are mutually absolutely continuous.
o For all bounded and measurable F, we have
E[F(w)] = E[F(U(w)) - [A¢(w)]
for all bounded and measurable F' and in particular
EllAdl = 1,
where

1
A = |dety(I + V&) exp —6€ — S [El;-

o The inverse of U, denoted by V is of the form V(w) = w + n{w), where

n(w) =Y Bi(8hy, ..., 8ha)hs,
i=1

such that ||Vp|| < +& and {|Vp||2 < 2

l-c l-c¢”

Proof: Note first that due to the Corollary 1 of the Chapter VIII, E[exp A|¢]?] <
oo for any A < % We shall construct the inverse of U by imitating the fixed
point techniques: let

mo(w) = 0
M+i(w) = —&(w+ na(w)).
We have

cln(w) = - 1(w)|n

[Pns1(w) — m(w)|lg <
< lE(w)la.

Therefore n(w) = lim, e 7,(w) exists and it is majorated by 11c|£(w)|. By
the triangle inequality

[nt1(w + ) — nayi(w)] < J(w+ b+ nu(w + k) ~E(w + na(w))]
< clh+ clnpa(w + h) = na(w)].

Hence passing to the limit, we find
¢
In(w + k) — n(w)| < i—_c’hl'
We also have

Ulw+n(w) = w+nw)+Ew+n(w))
w + n(w) — n(w)

= w,
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hence U o (Iw + 1) = Iw, i.e., U is an onto map. If U(w) = U(w'), then

[€(w) = &(w) l§(w" + £(w') = €(w)) — ()]

clé(w) - £,

which implies that U is also injective. To show the Girsanov identity, let us com-
plete the sequence (h;;i < n) to a complete orthonormal basis whose elements

are chosen from W*. From a theorem of Ito-Nisio [8], we can express the Wiener
path w as

A

w = io: 5h,~(w)h,~,
i=1

where the sum converges almost surely in the norm topology of W. Let F be a
nice function on W, denote by u, the image of the Wiener measure g under the
map w — Y ., 0hi(w)h; and by v the image of p under w — 3", 6hi(w)h;.
Evidently g = p,, x v. Therefore

EFoUIAD = [ BF(w+ (e +auler... 2)h)lAclunn(d2)
R" i<n
= E[F],
where pugrns(dz) denotes the standard Gaussian measure on R™ and the equality
follows from the Fubini theorem. In fact by changing the order of integrals, we

reduce the problem to a finite dimensional one and then the result is immediate
from the theorem of Jacobi as explained above. From the construction of V, it

is trivial to see that
n(w) =Y Bi(6ha, ..., 8ha)hi,
i<n
for some vector field (81, . . , B,) which is a C* mapping from R” into itself due
to the finite dimensional inverse mapping theorem. Now it is routine to verify
that
Vnp=—(I+Vn)*VEoV,

hence
1+ Vll[[VEo Vil
L+ ([ValDlIVEe V2
(14 ——)d
1-c¢
d

1—c¢’

IVl

IA A A

i

Q.E.D.

Lemma 2 With the notations and hypothesis of Lemma 1, we have
s6 o0V = —bn— |n|4 + trace(VEo V) - Vi,

almost surely.
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Proof: We have -
8¢ =) (€ e)dei — Ve, (€ e0),
i=1
where the sum converges in L? and the result is independent of the choice of the
orthonormal basis (e;; ¢ € N). Therefore we can choose as basis hy, ..., h, that

we have already used in Lemma 1, completed with the elements of W* to form
an orthonormal basis of H, denoted by {h;; ¢ € N). Hence

86 =" (& hi)6hi — Vi (€ hi).
i=1

From the Lemma 1, we have £ o V = —7 and since, h; are originating from W*,
it is immediate to see that éh; oV = éh; + (h;, n). Moreover, from the preceding
lemma we know that V(€ o V) = (I 4+ Vn)*VE o V. Consequently, applying all
this, we obtain

n

§6oV = Z(&oV,hi)(éhi+(hi,77))—(vh-(f»hi))°v
1

= (EoVim+8(EoV)+ ) Va(EoV,hi)=Vi(& hi)oV
1

= —[n*=én+ ) (VEoV [h], Vn[hi)
1
= —|n|® — én+ trace(VEo V - Vp),

where V£ [h] denotes the Hilbert-Schmidt operator V¢ applied to the vector
heH. Q.E.D.

Remark Since £ and 5 are symmetric, we have 5o U = —£ and consequently

dnolU = —6€ — [€|% + trace(VnoU) - VE.

Corollary 1 For any cylindrical function F on W, we have
E[FoV] = E[F|A¢].
E[FoU] = E[F|A).

Proof: The first part follows from the identity

E[FlAfl] = E[FOVOUlAfl]
E[FoV].
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To see the second part, we have

1
E _— A
[FOU|AEIOVOU| gl]

1
E|\F————}.
[ IA€|°V]

E[FoU]=

From the lemma, it follows that

1 _ 1 ,
AoV ldet2(1+vg)ov|exp(5f+ 1/2[1%) o V
1
= deto(I +VE)ov] P —bn— 1/2|n* + trace((VEo V) - V)
= |A'}|:

since, for general Hilbert-Schmidt maps A and B, we have
deto(I + A) - deto(I + B) = exp trace(AB) - deto((I + A)(I + B)),

(in fact this identity follows from the multiplicative property of the ordinary
determinants and from the formula (e) given in [5], page 1106, Lemma 22) and
in our case (I + VE€o V) -(I+ Vp) =1 Q.E.D.

Proof of the theorem: Let (h;;i € N) C W* be a complete orthonormal
basis of H. For n € N, let V,, be the sigma algebra on W generated by

{éhy,...,8h,}, m, be the orthogonal projection of H onto the subspace spanned
by {hi1,...,h,}. Define

én=E [7|'n Pl/nulvn] )

where P/, is the Ornstein-Uhlenbeck semigroup on W with ¢ = 1/n. Then
& — €in D, 1 (H) for any p > 1 (cf., Lemma 1 of Chapter VIII). Moreover &,
has the following form:

€= alf(bhy,... 6hn)hs,
i=1

where af are C*°-functions as explained in the Proposition 3 of Chapter IV. We
have
Vén = E [mn @ mne™ V" Pyp VulVa)

hence
IVéall < e P E [Pyynl|VullIVa)

and the same inequality holds also with the Hilbert-Schmidt norm. Conse-
quently, we have
”V&l“ <ec, “anllz < d$
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p-almost surely and hence, each &, satisfies the hypothesis of Lemma 1. Let
us denote by 7, the shift corresponding to the inverse of U, = I 4+ £, and let
Vo = I+ n,. Denote by A,, and L, the densities corresponding, respectively, to
&, and 7, i.e., with the old notations

An =Ag, and L, = Ay,
We will prove that the sequences of densities
{A, :n €N} and {L, : n € N}

are uniformly integrable. In fact we will do this only for the first sequence since
the proof for the second is very similar to the proof of the first case. To prove
the uniform integrability, from the lemma of de la Vallé-Poussin, it suffices to
show
sup E [|[A,||logAn]] < oo,
n

which amounts to show, from the Corollary 1, that

sup E [[log A, o V,]] < 0.

Hence we have to control
E [[logdeto(I + V&, 0 V)| 4168 0 V| + 1/2[€n 0 Vi |*] .
From the Lemma 2, we have

66 0V, = —bn, — [nnﬁ., + trace(Vé, o V,) - Vi,

hence
Ell6€n o Vall < 116mnllLa(uy + Ellnal*] + E[lIVEn © Vall2 |V n]l2)
< Amnlleagumy + 1l agu iy + WV 0all L2 o H) + 1 _26
< lgagony + nalm + U2

where the second inequality follows from
167112200y S VY L2gu,mom) + 1Yl 2 (0, 1)
From the Corollary 1 of Chapter VIII, we have

sup Elexp a|na]?] < oo,
n

- 2
for any o < le—j,-)-, hence

sup E[|na]%] < o .
n
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We have a well-known inequality (cf.,[5], page 1106), which says that
1
(deta(1 + A)] < exp 3 1Al

for any Hilbert-Schmidt operator A on H, applying this to our case, we obtain

d2
sup |logdeta(I + V&, 0 V)| < 1

and this proves the uniform integrability.
Since the sequence (A,; n € N) is uniformly integrable, it converges to A,
in L'(p), hence we have
E[F oT |AJJ} = E[F),

for any F € Cy(W), where T(w) = w + u(w).
To show the convergence of the inverse flow we have:
I —m| < noVa—EmoVal+émoVa —&m oVl
< lfn oVp—Emo Vn’ +C'17,, - nmlv
since ¢ < 1, we obtain:
(1 - C)Iﬂn - nm' < |£n oVy—&mo an
Consequently, for any K > 0,
p{lnn ~nm| > K} < p{lno Vi —€mnoVy| > (1—¢)K}
= E[lAallfjea-tni>-0x)] = 0,

as n and m go to infinity, by the uniform integrability of (A,;n € N) and by
the convergence in probability of (£,;n € N). As the sequence (n,; n € N)
is bounded in all L? spaces, this result implies the existence of an H-valued
random variable, say v which is the limit of (,; n € N) in probability. By
uniform integrability, the convergence takes place in LP(u, H) for any p > 1
and since the sequence (Vn,; n € N) is bounded in L*{(p, H @ H), also the
convergence takes place in D, 1 (H) for any p > 1. Consequently, we have

E[F(w + v(w)) |Au]] = E[F],
and

E[F(w+v(w))] = E[F A},
for any F € Cy(W).

Let us show that S : W — W, defined by S(w) = w + v(w) is the inverse of
T : let a > 0 be any number, then
WIIT o S(w) = wllw >a} = w{lIT oS ~UnoSlw >a/2}
+u{llUn 0 S = Un o Vallw > a/2}
= EllAulgr-valiw>a/2)]

+p{[€n(w + v(w)) = &a(w + n(w))| > a/2}
ElAullju-gar>ar2]

a
+oflo—ml> o2} =0,

IA
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as n tends to infinity, hence g-almost surely T o S(w) = w. Moreover

p{llS o T(w) — wllw > a} p{l|SoT — SolUnllw > a/2}

+u{l|So Uy = Vi o Un|lw > a/2}
a(l —¢c)

pllu—&n| > 5 }

+E(|Ap | 1{jo=nai>as23] = 0,

iN

by the uniform integrability of (A, ; n € N), therefore y-almost surely, we have
SoT(w)=w. Q.E.D.
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