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ABSTRACT

Boolean algebra (logical operations) is the backbone of computer software and hardware systems.
Investigating new relationships between logical operations may help designing new computer algorithms.
In this paper we propose to investigate the inverse relationships between the Exclusive-OR and
Equivalence functions for three, four and five- variable functions. In addition, we propose to investigate the
inverse relationships between the Inhibition and Implication functions for three and four-variable
functions.
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1. INTRODUCTION

Boolean algebra is the backbone of computer software and hardware systems. Such a
phenomenon may be exploited for the purpose of developing new computer applications.

In this paper several inverse relationships between logic operations will be investigated, namely,
the inverse relationships between the exclusive-OR and the equivalence, and between the
inhibition and the implication.

The previous work investigated the exclusive-OR for two, three and four variables, and the
relationships between the exclusive-OR and the equivalence only for two variables [1-20]. In this
paper, we propose to investigate the relationships between the exclusive-OR and the equivalence
for three, four and five variables. In addition, the previous work investigated the inverse between
the inhibition and the implication only for two variables [4, 5, 8, 10, 16]. In this paper, we
propose to investigate the inverse between the inhibition and the implication for three and four
variables. Also, in this paper, we conclude some useful valid implications.

2. RELATED WORK

In this section, we describe the previous work related to our paper.
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2.1. The Exclusive-OR and Equivalence Functions
2.1.1. The Exclusive-OR and Equivalence Functions for Two Variables

The Exclusive-OR and the equivalence functions are both commutative and associative and are
the complements of each other for two-variable functions [1-6, 15-17] as follows:

_ /
The exclusive-OR (EXOR): ¥ & ¥ = X'y + xy

The complement: (x@® y)/ =(x/y+xy/y
= x+y/) (x/ +y)
=x/y/ + Xy
—v=xv 4
The equivalence: ¥ = Y =4V T

Therefore, the complement of EXOR is equal to the equivalence for two-variable functions.
Furthermore, the EXOR is an odd function (is equal to one when the total number of 1’s in the
input variables is odd) [4, 5], and the equivalence is an even functions for two variables (is equal
to one when the total number of 1’s in the input variables is even), as described in Table 1.

Table 1. EXOR and Equivalence for two variables

X y x®@y X=y
0 0 0 1
0 1 1 0
1 0 1 0
1 1 0 1

2.1.2. The Exclusive-OR Function for Three Variables

Fl =

(x@® y:l@z=[x’ry+xy’rJ®z= [x’ry+1y’r}(2+[x’ry+xy") z

= [I'Ir_}’f +5(}’J Z+I'Ir_}-’Z"‘ +5(}’fo

i

i

=x'yz+xz+x'yz' + vz
=M1y + My + iy + P
=3 11,2,47) in sum of min. terms form [4, 5, 17].
2.1.3. The exclusive-OR Function for Four Variables
F=wex)®(y®z)= (M/x+W)/)@(y/z+yZ/)
VRSN (S Y S W)
Y N N e ) Y W ) S

=Wy 24w yd w2t wayd +w/ 2 oW ayzewid 2 v wd yz
=my+ny +nmy+my+ng+m+ny3+nyy
=>(1,24,738111314) [4,5]
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2.2. The Inhibition and Implication Functions for Two Variables

The inhibition and implication functions are neither commutative nor associative and are the
complements of each other for two-variable functions [4, 5, 8, 10, 16] as described below:

_ /
The inhibition: /Y = *-
The complement of inhibition: (x Iy ) =y | =x +y
_
The implication: * = Y =% +y

Therefore, the complement of inhibition is equal to the implication for two-variable functions.
Table 2, describes the Inhibition and Implication for two variables. In this paper, we propose to
investigate the relationships between the complement of inhibition and the implication for three
and four variable functions.

Table 2. Inhibition and Implication for two variables

X y x/y XDy
0 0 0 1
0 1 0 1
1 0 1 0
1 1 0 1

3. OUR WORK

3.1 The Exclusive-OR and Equivalence Functions
3.1.1 The Exclusive-OR and Equivalence Functions for Three Variables

Fl=x®@y)®z=X(1,2,4,7), as described in section 2.1.2

F2 =

(r=y)=z=(y +xy )=z= &y + )/ + [y + 1) 2
z(x/y+xy/) 7+ X'y 7+ xyz
=x'yz' +xy'7 + %'y 72+ xyz
=m, +m,+m, +m, = 2(1,2,4,7)

The truth table for these functions is described in Table 3.

Table 3. EXOR and equivalence for three variables

X y z x®ydz XEY=Z
0 0 0 0 0
0 0 1 1 1
0 1 0 1 1
0 1 1 0 0
1 0 0 1 1
1 0 1 0 0
1 1 0 0 0
1 1 1 1 1
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From Table 3, we conclude that the EXOR and equivalence are equal for three-variable functions,
and they are odd functions.

3.1.2 The Exclusive-OR and Equivalence Functions for Four Variables

Fl=(w®x)®(y®z)=X(1,2,4,7,8, 11, 13, 14), as described in section 2.1.3
F :(wzx)z(y EZ)Z (w/x/ + WX)E (y/z/ + yz)
=(w/x/ +wxy(y/z/ +yzy +(w/x/ +wx) (y z +yz)

= (w/x+ wx/) (y/z+ yz/)+ (w/x/ + wx) (y/zl + yZ)

=wxy' 2wy’ +wxly 2 wx yl WXy e w X vz w2 wayz
=mgy +mz +msg +mg +mg +myy +mp +m;g
=% (0.3.569,10,12,15)

Fy =Y (12,4,78111314)

Therefore, the complement of the equivalence is equal to the EXOR for 4-variable functions as
described in Table 4, and the EXOR (F;) is an odd function, but equivalence (F,) is an even
function.

Table 4. EXOR and equivalence for four variables

w X y z wOx®ydz W=EX=y =2
0 0 0 0 0 1
0 0 0 1 1 0
0 0 1 0 1 0
0 0 1 1 0 1
0 1 0 0 1 0
0 1 0 1 0 1
0 1 1 0 0 1
0 1 1 1 1 0
1 0 0 0 1 0
1 0 0 1 0 1
1 0 1 0 0 1
1 0 1 1 1 0
1 1 0 0 0 1
1 1 0 1 1 0
1 1 1 0 1 0
1 1 1 1 0 1

3.1.3 The Exclusive-OR and Equivalence Functions for Five Variables

F=vOw®x®y®z

where, W@ X@y®@2=3(12478111314)

Therefore,
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B =v@®(my +my +my +my g +my  +my3+my)
=V +my +my +my +mg g +my 3 +myg)) +V/ (o +my +my +my g+ + 3+ )
/
=V{rmg + 3+ 15 11+ +y -+ gy )+ (g + iy g g g i+ 1y 3 4y
=(my 6+t g +1my ) + iy +1my5 + 1Mo 1 )+ (g 1+ g g gy 3+ )

=> (124781 11314161921222526283])
Where,

_ A
vim, = vwx' y'z =my

And

Y A B B S
vVim =vwxyz=m,

FzszwExEyEZ
Where,
w=x=y=z=>(035,6,9,10,2,15)
Therefore,
F, =v =(my+m,+mgs+ms+my+m,,+m, +m,)
/
=/ (my+m, +mg+mg+my+my,+my, +my) +v (my+m, +mg+mg+my+m,+m,+m;)
=v/ (m, +m,+m, +m, +mg+m, +m +m,)+v (m,+m,+m,+m,+my+m,+m,+m,;)
:(m1+m2+m4+m7+m8+mll+m13+ml4)+(m16+m19+m21+m22+m25+m26+m28+m31)
22(1,2,4,7,8,11,13,14,16,19,21,22,25,26,28,31)

Since F1 equals F2, we conclude that the EXOR and equivalence are equal for five-variable
functions, and they are odd functions, as described in Table 5.

Table 5. EXOR and equivalence for five variables

v \id X y Z VOwOx@y®z |[VEW=XZy =7
0 0 0 0 0 0 0
0 0 0 0 1 1 1
0 0 0 1 0 1 1
0 0 0 1 1 0 0
0 0 1 0 0 1 1
0 0 1 0 1 0 0
0 0 1 1 0 0 0
0 0 1 1 1 1 1
0 1 0 0 0 1 1
0 1 0 0 1 0 0
0 1 0 1 0 0 0
0 1 0 1 1 1 1
0 1 1 0 0 0 0
0 1 1 0 1 1 1
0 1 1 1 0 1 1
0 1 1 1 1 0 0
1 0 0 0 0 1 1
1 0 0 0 1 0 0
1 0 0 1 0 0 0
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1 0 0 1 1 1 1
1 0 1 0 0 0 0
1 0 1 0 1 1 1
1 0 1 1 0 1 1
1 0 1 1 1 0 0
1 1 0 0 0 0 0
1 1 0 0 1 1 1
1 1 0 1 0 1 1
1 1 0 1 1 0 0
1 1 1 0 0 1 1
1 1 1 0 1 0 0
1 1 1 1 0 0 0
1 1 1 1 1 1 1

3.2 The Inhibition and Implication Functions

3.2.1 The Inhibition and Implication Functions for Three Variables

The inhibition:
(x/y)lz= (xy’ )/z =xy'7
The complement of inhibition:
(xy/zly :x/+y+z
The implication:

(xoy)oz=(W+y)oz=(+y)+z=0'+2
Therefore, the complement of inhibition and the implication are not equal for three variables.

3.2.2 The Inhibition and Implication Functions for Four Variables

(wix)/(ylz)= (wx/)/(yz/)= (wx/) (yz/y

/) /

:(wx (y/ +z)= wx/y/ +wx'z

The complement of inhibition:
(wx/y/+wx/zy :(w/ +x+y) (W/ +x+Z/)

=w +wx+w +wx+x+x +wy+xy+y7
:W/(l+x)+w/Z/+x(l+zl)+wly+xy+yzl
=w +w +x+wy+xy+ v
:w/(1+zl)+x(l+y)+w/y+yz/
=w/+x+w/y+yz/:w/(1+y)+x+yz/
=w +x+ yZ/

The implication:(w>x)> (y> z)=(w’ +x):> (y’ +z)

:(w/+x)/+(y/+z)

=wx' +y' +z
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Therefore, the complement of inhibition and the implication are not equal for four variables, and
thus we conclude that the inhibition and implication functions are the complements of each other
only for two variables.

3.3 SOME VALID IMPLICATIONS

The EXOR, equivalence, and inhibition operations have the following relationships:

3.3.1 EXOR

Table 6. Valid implications for EXOR

x y x®y X+y xTy
0 0 0 0 1
0 1 1 1 1
1 0 1 1 1
1 1 0 1 0

From Table 6, we conclude that (x@y) D (x+y),and (x®y) D (xTy)arevalid.

3.3.2 Equivalence
Table 7. Valid implications for Equivalence
X y X=y XDy yOX
0 0 1 1 1
0 1 0 1 0
1 0 0 0 1
1 1 1 1 1

From Table 7, we conclude that (x=y) D (xDy)and (x=y) D (y>Dx ) are valid.

3.3.3 Inhibition (x/y)

Table 8. Valid implications for Inhibition ( x /'y )

X y x/y X x®y |[x+y y' yox [xTy
0 0 0 0 0 0 1 1 1
0 1 0 0 1 1 0 0 1
1 0 1 1 1 1 1 1 1
1 1 0 1 0 1 0 1 0

From Table 8, we conclude that the following are valid:

(x/y) ox
(x/y) D(x®y)
(x/y) o (x+y)
(x/y)y>y
(x/y) > (y>x)
(x/y) > (xTy)
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3.3.4 Inhibition (y/x)

Table 9. Valid implications for Inhibition (y / x)

X y y/x |y x®@y X+y X' XDy xTy
0 0 0 0 0 0 1 1 1
0 1 1 1 1 1 1 1 1
1 0 0 0 1 1 0 0 1
1 1 0 1 0 1 0 1 0

From Table 9, we conclude that the following are valid:

(y/x) Dy
(y/x) 2(x®y)
(y/x) D (x+y)
(y/x) o x
(y/x) > (xDy)
(y/x)> (xTy)

4. CONCLUSIONS AND FUTURE WORK

In this paper we investigated the inverse relationships between the Exclusive-OR and
Equivalence functions for three, four and five-variable functions. In addition, we investigated the
inverse relationships between the Inhibition and Implication functions for three and four-variable
functions. The results from our work showed that the EXOR and equivalence functions are the
complements of each other when the number of variables in the function is even (two and four in
this paper). The EXOR and equivalence functions are equals when the number of variables in the
function is odd (three, and five in this paper). The EXOR is an odd function for five variables,
and the equivalence is an even function for four variables and odd for three and five variables. In
addition, the results from our work showed that the inhibition and implication functions are not
the complements of each other for three and four-variable functions. In this paper, some useful
valid implications are concluded. For EXOR, We concluded that (x@y) D (x+y),and (x ®
y) D (x T y ) are valid. For equivalence we concluded that (x= y) D (xDy)and (x=y)
D (y>x ) are valid. For Inhibition ( x / y ), we concluded that the following relations are valid :

(x/y) ox
(x/y) D(x®y)
(x/y) D (x+y)
(x/y)y>y
(x/y) o (y>x)
(x/y) > (xTy),

And for Inhibition (y / x ), we concluded the following relations are valid:

(y/x) Dy
(y/x) 2(x®y)
(y/x) D (x+y)
(y/x) ox
(y/x) > (xDy)
(y/x) > (xTy)
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In future, we propose to investigate the relationships between the EXOR and the equivalence and
the relationships between the Implication and Inhibition for more than five-variable functions.
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