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ABSTRACT 

 

Boolean algebra (logical operations) is the backbone of computer software and hardware systems. 

Investigating new relationships between logical operations may help designing new computer algorithms. 

In this paper we propose to investigate the inverse relationships between the Exclusive-OR and 

Equivalence functions for three, four and five- variable functions. In addition, we propose to investigate the 

inverse relationships between the Inhibition and Implication functions for three and four-variable 

functions. 
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1. INTRODUCTION 
 

Boolean algebra is the backbone of computer software and hardware systems. Such a 

phenomenon may be exploited for the purpose of developing new computer applications. 

 

In this paper several inverse relationships between logic operations will be investigated, namely, 

the inverse relationships between the exclusive-OR and the equivalence, and between the 

inhibition and the implication.  

 

The previous work investigated the exclusive-OR for two, three and four variables, and the 

relationships between the exclusive-OR and the equivalence only for two variables [1-20]. In this 

paper, we propose to investigate the relationships between the exclusive-OR and the equivalence 

for three, four and five variables. In addition, the previous work investigated the inverse between 

the inhibition and the implication only for two variables [4, 5, 8, 10, 16]. In this paper, we 

propose to investigate the inverse between the inhibition and the implication for three and four 

variables. Also, in this paper, we conclude some useful valid implications. 

 

2.  RELATED WORK                      
 

In this section, we describe the previous work related to our paper. 
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2.1. The Exclusive-OR and Equivalence Functions 
 

2.1.1. The Exclusive-OR and Equivalence Functions for Two Variables 
 

The Exclusive-OR and the equivalence functions are both commutative and associative and are 

the complements of each other for two-variable functions [1-6, 15-17] as follows: 

The exclusive-OR (EXOR): 
//

xyyxyx +=⊕
 

( ) ( )
( ) ( )

xyyx

yxyx

xyyxyx

+=

++=

+=⊕

//

//

////
:complementThe

 

The equivalence: xyyxyx +=≡ //

 

 

Therefore, the complement of EXOR is equal to the equivalence for two-variable functions. 

Furthermore, the EXOR is an odd function (is equal to one when the total number of 1’s in the 

input variables is odd) [4, 5], and the equivalence is an even functions for two variables (is equal 

to one when the total number of 1’s in the input variables is even), as described in Table 1. 

 
                    Table 1. EXOR and Equivalence for two variables 

x y x ⊕⊕⊕⊕ y x ≡ y 

0 0 0 1 

0 1 1 0 

1 0 1 0 

1 1 0 1 

 
2.1.2. The Exclusive-OR Function for Three Variables 

 
F1 = 

 
2.1.3. The exclusive-OR Function for Four Variables  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) [ ]5,414,13,11,8,7,4,2,1

14131187421

////////////////

////////

//////////

////
1

∑=

+++++++=

+++++++=

+++++=

+++++=

+⊕+=⊕⊕⊕=

mmmmmmmm

yzwxzywxxyzwzxywwxyzzwxyyzxwzyxw

yzzywxxwyzzywxxw

yzzywxxwyzzywxxw

yzzywxxwzyxwF
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2.2. The Inhibition and Implication Functions for Two Variables 
 

The inhibition and implication functions are neither commutative nor associative and are the 

complements of each other for two-variable functions [4, 5, 8, 10, 16] as described below: 

The inhibition: 
/./ yxyx =  

The complement of inhibition: 
( ) ( ) yxyxyx +== ////

./  

The implication: yxyx +=⊃ /

 

 

Therefore, the complement of inhibition is equal to the implication for two-variable functions. 

Table 2, describes the Inhibition and Implication for two variables. In this paper, we propose to 

investigate the relationships between the complement of inhibition and the implication for three 

and four variable functions. 

 

                              Table 2. Inhibition and Implication for two variables        

x y x / y x ⊃ y 

0 0 0 1 

0 1 0 1 

1 0 1 0 

1 1 0 1 

 

3.  OUR WORK 
 

3.1 The Exclusive-OR and Equivalence Functions 
 

3.1.1 The Exclusive-OR and Equivalence Functions for Three Variables  
 

F1 = (x ⊕ y) ⊕ z = Σ (1, 2, 4, 7), as described in section 2.1.2 

F2 =  

 

( ) ( ) ( ) ( )
( )

( )∑=+++=

+++=

+++=

+++=≡+=≡≡

7,4,2,17421

//////

/////

////////

mmmm

xyzzyxzxyyzx

xyzzyxzxyyx

zxyyxzxyyxzxyyxzyx

 
 

The truth table for these functions is described in Table 3. 

 

                                  Table 3. EXOR and equivalence for three variables 

x y z zyx ⊕⊕  
zyx ≡≡

 
0 0 0 0 0 

0 0 1 1 1 

0 1 0 1 1 

0 1 1 0 0 

1 0 0 1 1 

1 0 1 0 0 

1 1 0 0 0 

1 1 1 1 1 
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From Table 3, we conclude that the EXOR and equivalence are equal for three-variable functions, 

and they are odd functions. 

 
3.1.2 The Exclusive-OR and Equivalence Functions for Four Variables 
 

F1 = (w ⊕ x) ⊕ (y ⊕ z) = Σ (1, 2, 4, 7, 8, 11, 13, 14), as described in section 2.1.3 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )

( )∑

∑

=

=

+++++++=

+++++++=

+++++=

+++++=

+≡+=≡≡≡=

14,13,11,8,7,4,2,1

15,12,10,9,6,5,3,0

/
2

15121096530

////////////////

////////

//////////

////
2

F

mmmmmmmm

wxyzzwxyyzxwzyxwyzwxzywxxyzwzxyw

yzzywxxwyzzywxxw

yzzywxxwyzzywxxw

yzzywxxwzyxwF

 
 

Therefore, the complement of the equivalence is equal to the EXOR for 4-variable functions as 

described in Table 4, and the EXOR (F1) is an odd function, but equivalence (F2) is an even 

function. 

                       Table 4. EXOR and equivalence for four variables 

w x y z w ⊕ x ⊕ y ⊕ z w ≡ x ≡ y  ≡ z 

0 0 0 0 0 1 

0 0 0 1 1 0 

0 0 1 0 1 0 

0 0 1 1 0 1 

0 1 0 0 1 0 

0 1 0 1 0 1 

0 1 1 0 0 1 

0 1 1 1 1 0 

1 0 0 0 1 0 

1 0 0 1 0 1 

1 0 1 0 0 1 

1 0 1 1 1 0 

1 1 0 0 0 1 

1 1 0 1 1 0 

1 1 1 0 1 0 

1 1 1 1 0 1 

 

3.1.3 The Exclusive-OR and Equivalence Functions for Five Variables 

 

zyxwvF ⊕⊕⊕⊕=1  

Where, 
( )∑=⊕⊕⊕ 14,13,11,8,7,4,2,1zyxw

 

 

Therefore, 
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( )

( ) ( )

( ) ( )
( ) ( )

( )∑=

+++++++++++++++=

+++++++++++++++=

+++++++++++++++=

+++++++⊕=

31,28,26,25,22,21,19,16,14,13,11,8,7,4,2,1

141311874213128262522211916

14131187421
/

15121096530

14131187421
//

14131187421

141311874211

mmmmmmmmmmmmmmmm

mmmmmmmmvmmmmmmmmv

mmmmmmmmvmmmmmmmmv

mmmmmmmmvF

 
Where, 

16

////

0 mzyxvwvm ==
 

  And  

1

////

1

/
mzyxwvmv ==  

zyxwvF ≡≡≡≡=2  
 Where,  

( )∑=≡≡≡ 15,12,10,9,6,5,3,0zyxw
 

Therefore, 

 

 

 

 

Since F1 equals F2, we conclude that the EXOR and equivalence are equal for five-variable 

functions, and they are odd functions, as described in Table 5. 

 

                       Table 5. EXOR and equivalence for five variables 

v w x y z v ⊕ w ⊕ x ⊕ y ⊕ z v ≡ w ≡ x ≡ y  ≡ z 

0 0 0 0 0 0 0 

0 0 0 0 1 1 1 

0 0 0 1 0 1 1 

0 0 0 1 1 0 0 

0 0 1 0 0 1 1 

0 0 1 0 1 0 0 

0 0 1 1 0 0 0 

0 0 1 1 1 1 1 

0 1 0 0 0 1 1 

0 1 0 0 1 0 0 

0 1 0 1 0 0 0 

0 1 0 1 1 1 1 

0 1 1 0 0 0 0 

0 1 1 0 1 1 1 

0 1 1 1 0 1 1 

0 1 1 1 1 0 0 

1 0 0 0 0 1 1 

1 0 0 0 1 0 0 

1 0 0 1 0 0 0 

( )

( ) ( )
( ) ( )

( )

2 0 3 5 6 9 10 12 15

//

0 3 5 6 9 10 12 15 0 3 5 6 9 10 12 15

/

1 2 4 7 8 11 13 14 0 3 5 6 9 10 12 15

1 2 4 7 8 11 13 14 16 19 21 22 25 26 2

F v m m m m m m m m

v m m m m m m m m v m m m m m m m m

v m m m m m m m m v m m m m m m m m

m m m m m m m m m m m m m m m

= ≡ + + + + + + +

= + + + + + + + + + + + + + + +

= + + + + + + + + + + + + + + +

= + + + + + + + + + + + + + +( )
( )

8 31

1,2,4,7,8,11,13,14,16,19,21,22,25,26,28,31

m+

=∑
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1 0 0 1 1 1 1 

1 0 1 0 0 0 0 

1 0 1 0 1 1 1 

1 0 1 1 0 1 1 

1 0 1 1 1 0 0 

1 1 0 0 0 0 0 

1 1 0 0 1 1 1 

1 1 0 1 0 1 1 

1 1 0 1 1 0 0 

1 1 1 0 0 1 1 

1 1 1 0 1 0 0 

1 1 1 1 0 0 0 

1 1 1 1 1 1 1 

 

3.2 The Inhibition and Implication Functions 

 
3.2.1 The Inhibition and Implication Functions for Three Variables 

 
The inhibition:  

( ) ( ) /// /// zxyzxyzyx ==  
The complement of inhibition:  

( ) zyxzxy ++= ////

 
The implication: 

( ) ( ) ( ) zxyzyxzyxzyx +=++=⊃+=⊃⊃ ////

 
 

Therefore, the complement of inhibition and the implication are not equal for three variables. 

 

3.2.2 The Inhibition and Implication Functions for Four Variables 

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) zwxywxzywx

yzwxyzwxzyxw

/////

///// ////
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The complement of inhibition: 
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/////

////

/////

//////

////////

///////

1

11

11

yzxw

yzxywyzywxw

yzywyxzw

yzxyywxzww

yzxyywzxzwxw

yzxyywxzxxwzwxww

zxwyxwzwxywx

++=

+++=+++=

+++++=

+++++=

+++++++=

++++++++=

++++=+

 

( ) ( ) ( ) ( )
( ) ( )

zywx

zyxw

zyxwzyxw

++=

+++=

+⊃+=⊃⊃⊃

//

///

//:nimplicatioThe

 



International Journal of VLSI design & Communication Systems (VLSICS) Vol.4, No.2, April 2013 

7 

Therefore, the complement of inhibition and the implication are not equal for four variables, and 

thus we conclude that the inhibition and implication functions are the complements of each other 

only for two variables. 

 

3.3 SOME VALID IMPLICATIONS 
 

The EXOR, equivalence, and inhibition operations have the following relationships:   

 

3.3.1 EXOR 

 
Table 6. Valid implications for EXOR 

 

x y x ⊕⊕⊕⊕ y x + y x ↑↑↑↑ y 

0 0 0 0 1 

0 1 1 1 1 

1 0 1 1 1 

1 1 0 1 0 

 

From Table 6,  we conclude that ( x ⊕ y )  ⊃  ( x + y ), and ( x ⊕ y )  ⊃  ( x ↑ y ) are valid.  

 

3.3.2 Equivalence 

 

Table 7. Valid implications for Equivalence 

 

x y x ≡ y x ⊃⊃⊃⊃ y y ⊃⊃⊃⊃ x 

0 0 1 1 1 

0 1 0 1 0 

1 0 0 0 1 

1 1 1 1 1 

 

From Table 7,  we conclude that ( x ≡  y )  ⊃  ( x ⊃ y ) and  ( x ≡  y )  ⊃  ( y ⊃ x  ) are valid. 

 

3.3.3 Inhibition ( x / y ) 
 

Table 8. Valid implications for Inhibition ( x / y ) 

 

x y x / y x x ⊕⊕⊕⊕ y x + y y′ y ⊃⊃⊃⊃ x x ↑↑↑↑ y 

0 0 0 0 0 0 1 1 1 

0 1 0 0 1 1 0 0 1 

1 0 1 1 1 1 1 1 1 

1 1 0 1 0 1 0 1 0 

 

From Table 8, we conclude that the following are valid:   

 

( x / y )  ⊃ x   

( x / y )  ⊃ ( x ⊕ y )   

( x / y )  ⊃  ( x + y )  

( x / y )  ⊃  y′   

( x / y )  ⊃  ( y ⊃ x )  

( x / y )  ⊃  ( x ↑ y )  
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3.3.4 Inhibition ( y / x ) 
 

Table 9. Valid implications for Inhibition ( y / x) 

 

x y y / x y x ⊕ y x + y x′ x ⊃ y x ↑ y 

0 0 0 0 0 0 1 1 1 

0 1 1 1 1 1 1 1 1 

1 0 0 0 1 1 0 0 1 

1 1 0 1 0 1 0 1 0 

 

From Table 9, we conclude that the following are valid: 

 

( y / x )  ⊃ y   

( y / x )  ⊃ ( x ⊕ y )   

( y / x )  ⊃  ( x + y )  

( y / x )  ⊃  x′   

( y / x )  ⊃  ( x ⊃ y )  

( y / x )  ⊃  ( x ↑ y )   

 

4. CONCLUSIONS AND FUTURE WORK 

 
In this paper we investigated the inverse relationships between the Exclusive-OR and 

Equivalence functions for three, four and five-variable functions. In addition, we investigated the 

inverse relationships between the Inhibition and Implication functions for three and four-variable 

functions. The results from our work showed that the EXOR and equivalence functions are the 

complements of each other when the number of variables in the function is even (two and four in 

this paper). The EXOR and equivalence functions are equals when the number of variables in the 

function is odd (three, and five in this paper). The EXOR is an odd function for five variables, 

and the equivalence is an even function for four variables and odd for three and five variables. In 

addition, the results from our work showed that the inhibition and implication functions are not 

the complements of each other for three and four-variable functions. In this paper, some useful 

valid implications are concluded. For EXOR, We concluded that  ( x ⊕ y )  ⊃  ( x + y ), and ( x ⊕ 

y )  ⊃  ( x ↑ y ) are valid. For equivalence we concluded that ( x ≡  y )  ⊃  ( x ⊃ y ) and  ( x ≡  y )  

⊃  ( y ⊃ x  ) are valid. For Inhibition ( x / y ), we concluded that the following relations are valid :  

 

( x / y )  ⊃ x   

( x / y )  ⊃ ( x ⊕ y )   

( x / y )  ⊃  ( x + y )  

( x / y )  ⊃  y′   

( x / y )  ⊃  ( y ⊃ x )  

( x / y )  ⊃  ( x ↑ y ) , 

 

And for Inhibition ( y / x ), we concluded the following relations are valid: 

 

( y / x )  ⊃ y   

( y / x )  ⊃ ( x ⊕ y )   

( y / x )  ⊃  ( x + y )  

( y / x )  ⊃  x′   

( y / x )  ⊃  ( x ⊃ y )  

( y / x )  ⊃  ( x ↑ y )   
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In future, we propose to investigate the relationships between the EXOR and the equivalence and 

the relationships between the Implication and Inhibition for more than five-variable functions. 
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