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إلى قارئ ھذا الكتاب  ،تحية طيبة وبعد ...
لقد أصبحنا نعيش في عالم يعج باألبحاث والكتب والمعلومات ،وأصبح العلم معياراً حقيقيا ً
لتفاضل األمم والدول والمؤسسات واألشخاص على ح ﱟد سواء ،وقد أمسى بدوره حالً شبه
وحي ٍد ألكثر مشاكل العالم حدة وخطورة ،فالبيئة تبحث عن حلول ،وصحة اإلنسان تبحث عن
حلول ،والموارد التي تشكل حاجة أساسية لإلنسان تبحث عن حلول كذلك ،والطاقة والغذاء
والماء جميعھا تحديات يقف العلم في وجھھا اآلن ويحاول أن يجد الحلول لھا .فأين نحن من
ھذا العلم ؟ وأين ھو منا؟
نسعى في موقع عالم اإللكترون  www.4electron.comألن نوفر بين أيدي كل من حمل
على عاتقه مسيرة درب تملؤه التحديات ما نستطيع من أدوات تساعده في ھذا الدرب ،من
مواضيع علمية ،ومراجع أجنبية بأحدث إصداراتھا ،وساحات لتبادل اآلراء واألفكار العلمية
وشروح ألھم برمجيات الحاسب التي تتداخل مع تطبيقات الحياة
والمرتبطة بحياتنا الھندسية،
ٍ
األكاديمية والعملية ،ولكننا نتوقع في نفس الوقت أن نجد بين الطالب والمھندسين والباحثين
مجتمع يساھم
من يسعى مثلنا لتحقيق النفع والفائدة للجميع ،ويحلم أن يكون عضواً في
ٍ
بتحقيق بيئة خصبة للمواھب واإلبداعات والتألق ،فھل تحلم بذلك ؟
حاول أن تساھم بفكرة ،بومضة من خواطر تفكيرك العلمي ،بفائدة رأيتھا في إحدى المواضيع
العلمية ،بجانب مضيء لمحته خلف ثنايا مفھوم ھندسي ما .تأكد بأنك ستلتمس الفائدة في كل
خطوة تخطوھا ،وترى غيرك يخطوھا معك ...
أخي القارئ ،نرجو أن يكون ھذا الكتاب مقدمة لمشاركتك في عالمنا العلمي التعاوني،
وسيكون موقعكم عالم اإللكترون  ww.4electron.comبكل اإلمكانيات المتوفرة لديه جاھزاً
على الدوام ألن يحقق البيئة والواقع الذي يبحث عنه كل باحث أو طالب في علوم الھندسة،
ساع  ،فأھالً وسھالً بكم .
ويسعى فيه لإلفادة كل
ٍ
مع تحيات إدارة الموقع وفريق عمله
www.4electron.com
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Preface

Because of rapid developments in computer technology and computational techniques, advances in a
wide spectrum of technologies, and other advances coupled with cross-disciplinary pursuits between
technology and its applications to human body processes, the field of biomechanics continues to evolve.
Many areas of significant progress can be noted. These include dynamics of musculoskeletal systems,
mechanics of hard and soft tissues, mechanics of bone remodeling, mechanics of implant-tissue interfaces,
cardiovascular and respiratory biomechanics, mechanics of blood and air flow, flow-prosthesis interfaces,
mechanics of impact, dynamics of man–machine interaction, and more.
Needless to say, the great breadth and significance of the field on the international scene require several
volumes for an adequate treatment. This is the second in a set of four volumes, and it treats the area of
cardiovascular techniques.
The four volumes constitute an integrated set that can nevertheless be utilized as individual volumes.
The titles for each volume are
Computer Techniques and Computational Methods in Biomechanics
Cardiovascular Techniques
Musculoskeletal Models and Techniques
Biofluid Methods in Vascular and Pulmonary Systems
The contributions to this volume clearly reveal the effectiveness and significance of the techniques
available and, with further development, the essential role that they will play in the future. I hope that
students, research workers, practitioners, computer scientists, and others on the international scene will
find this set of volumes to be a unique and significant reference source for years to come.
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The Editor

Cornelius T. Leondes, B.S., M.S., Ph.D., Emeritus Professor, School of Engineering and Applied Science,
University of California, Los Angeles has served as a member or consultant on numerous national
technical and scientific advisory boards. Dr. Leondes served as a consultant for numerous Fortune 500
companies and international corporations. He has published over 200 technical journal articles and has
edited and/or co-authored more than 120 books. Dr. Leondes is a Guggenheim Fellow, Fulbright Research
Scholar, and IEEE Fellow as well as a recipient of the IEEE Baker Prize award and the Barry Carlton
Award of the IEEE.
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1.1 Introduction
Complications from cardiovascular diseases are the chief cause of death in the western world. In this
chapter, a description of vascular diseases (i.e., atherosclerosis, hyperplasia, and thrombosis) affected by
abnormal hemodynamic factors is provided, as well as correlations between hypotheses regarding hemodynamic variables and the onset of these diseases. Indicators of abnormal blood flow patterns, also labeled
nonuniform particle-hemodynamics or “disturbed flow,” include flow separation and reattachment forming recirculation zones, vortical flows, prolonged particle residence times, extreme wall shear stress levels,
sustained peak wall shear stress gradients, hypertension and large radial pressure gradients, as well as
high wall stress and strain levels. Such disturbed flow phenomena may occur in bends and bifurcations
of medium to large arteries leading to locally dysfunctional endothelium, particle wall deposition, and
elevated wall permeabilities. Thus, clinical observations, experimental findings, and computer simulation
results imply that the onset/progression of the disease processes in certain blood vessel geometries
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FIGURE 1.1
ease.

Schematic showing “trigger-and-effect” interactions between hemodynamic factors and arterial dis-

subjected to particular flow input waveforms are strongly linked to non-uniform particle-hemodynamics.
However, it is important to note that atherosclerosis, hyperplasia, and thrombosis all have different cell
biological origins and all are affected by non-uniform hemodynamics in different ways.
As indicated, the arterial disease processes considered include atherosclerotic plaque developments
(i.e., fatty lesions and cell proliferation inside the arterial wall), neointimal hyperplasia (i.e., excessive
tissue overgrowth after bypass surgery), and thrombogenesis (i.e., blood clot formation). The schematic
two-way interactions between hemodynamic factors representing disturbed flow and the three arterial
disease processes are depicted in Fig. 1.1. Additional hemodynamic hypotheses and supporting research
papers regarding these arterial diseases are listed in Table 1.1. Earlier reviews of computational hemodynamics, arterial stenotic developments, and thrombosis may be found elsewhere [1–5].
The experimental and computational model for the onset of atherosclerotic lesions is the rabbit aortoceliac junction. Susceptible sites for neo-intimal hyperplasia and possible renewed atheroma after bypass
surgery are identified from computer simulations and compared to clinical findings for the distal end
femoral graft-to-artery anastomosis. Conditions for thrombi formation are analyzed with two stenosed
artery segments. Each system features its representative flow input waveform.
Clearly, links of various abnormal hemodynamic factors with the biological processes listed in Fig. 1.1
are “trigger-and-effect” hypotheses rather than cause-and-effect statements, i.e., in the presence of one
or several risk factors for the disease, fluid dynamics may tip the balance toward accelerated disease
progression.

1.2 Background Information
Proper blood circulation is very crucial for human life in supplying oxygen and nutrients to tissues and
organs in order to sustain cell metabolism. Recent U.S. statistics show that cardiovascular diseases are
www.4electron.com
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TABLE 1.1 Hemodynamic Hypotheses Regarding Localization of Atherogenesis, Intimal Hyperplasia and
Thrombosis
Hypotheses

For Atherogenesis

For Intimal Hyperplasia

Subtle Injury Model
High Shear Stress

Nerem [6]
Fry [7]

Davies et al. [19]
Steinman et al. [20]

Low Shear Stress

Caro et al. [8]

Painter [21]

Low and Oscillatory Shear
Safe-τw-Bandwidth

Ku et al. [9]
Kleinstreuer et al.
[10]
Friedman & Fry
[11] DePaola et
al. [12] Lei et al.
[13]
Liepsch [14]
Karino &
Goldsmith [15]
Fung & Liu [16]
Oka [17],
Thubrikar et al.
[18]

White et al. [22]
Lei et al. [23]

Temporal and Spatial Wall Shear Stress
Gradients

Disturbed Flow Patterns

Wall Stress and Strain Model

Compliance Mismatch

For Thrombosis
Markou et al.
[32]
Bluestein et al.
[33]

Ohja [24] Yamaguchi &
Kohtoh [25]
Kleinstreuer et al. [26]
Crawshaw et al. [27]
Hughes & How [28]

Wurzinger &
SchmidSchnbein [5]

Schwartz et al. [29]

Miwa et al. [30] Tyrell et
al. [31]

responsible for nearly half (i.e., 47%) of all mortalities [34]. Among these diseases, atherosclerosis in
conjunction with thrombosis is the number-one killer, chiefly because of strokes or heart attacks [35].
As atherosclerotic lesions and cell proliferation progress over decades, the blood flow changes due to
intimal thickening that may partially occlude the vessel lumen. The likelihood of thrombi formation
appears to be most prevalent in moderately stenotic vessels with a high content of lipid and macrophages
[36]. At one point, surgical intervention, e.g., endarterectomy, balloon angioplasty, laser ablation, stenting, and/or graft bypass, may become necessary. However, for any surgical reconstruction, there is a
probability of the development of thrombi, micro-emboli, or vascular spasm within hours or neo-intimal
hyperplasia within months and renewed atheroma within years — all degenerative events leading to
ischemea.
A detailed understanding of the conditions, onset, and progression of these diseases is necessary in
order to find improved solutions via drug treatment or optimal surgical reconstructions [37].

Atherosclerosis
Atherogenesis is a complicated, very slow pathological process affected by a variety of potential risk
factors, such as physiological, biochemical, genetic, diet, life-style, as well as hemodynamic ones. Many
hypotheses regarding the mechanism of atherogenesis have been put forward. Among all the hypotheses,
it is widely accepted that hemodynamic factors are involved in the regulation of vascular biology, and
they control the localization of atherosclerosis. Hypercholesterolemia is often regarded as one of the
major risk factors for atherosclerosis [38–41]. However, experimental evidence shows that lipid deposition
and intimal thickening can also be induced by altering blood flow [42]. Weinbaum and Chien [43] also
observed that the localization of increased permeability sites or cellular leakage sites is a preexisting
condition that is not associated with LDL levels in the plasma. Bends, curves, and bifurcations in largeand medium-size arteries are especially common sites of atherosclerotic lesions.
The normal arterial wall can be divided histologically into three layers. The innermost layer is called
intima, which is lined by a monolayer of endothelial cells separating the flowing blood from the wall.
Beneath the endothelium is a subendothelium consisting of proteoglycan and collagen. This region is
www.4electron.com
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FIGURE 1.2

Components and morphology of the atherosclerotic lesion.
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largely acellular in normal vessels and ranges in thickness from 0.5 to 1 µm in rats and rabbits to 50–100
µm in larger mammals and humans. In large elastic arteries the intima rests on a fenestrated layer of
elastin known as the internal eleastic lamina. The internal eleastic lamina may serve as a transport barrier
[44]. The middle layer is called media, which consists almost entirely of smooth muscle cells and
extracellular matrix including some elastic lamellae. The outer layer of the wall is called adventitia, which
is composed of fibrous tissue containing elastic fibers and fibroblasts, as well as occasional nutrient vessels
(vasa vasorum).
Atherosclerosis is associated with lipid deposition in the subendothelial space, intimal thickening,
smooth muscle cell (SMC) proliferation, and “plaque” formation. Figure 1.2 shows the components and
morphology of common atherosclerotic lesions. Although the exact mechanism remains to be elucidated,
the atherogenic process is believed to be an inflammatory response of the artery wall to injury resulting
from fluid dynamics, local oxidation of lipoproteins, or toxins (e.g., carbon monoxide) (cf. Table 1.1).
Detailed descriptions about the process of atherogenesis can be found in references [3, 45–49]. According
to these descriptions, the whole atherogenic process can be divided into several phases. The first observable events of atherogenesis are the increased accumulation of lipid and lipoprotein particles underneath
the endothelium made possible by locally enhanced wall permeabilities. Oxidation of lipoproteins within
the intima leads to activation of endothelial cells and expression of receptors for monocytes and lymphocytes. Next, monocytes migrate across the endothelium. This process itself is not pathological and is
important to the immune response of the body [50]. Monocytes are activated to become macrophages.
Via scavenger receptors for oxidized forms of LDL, macrophages accumulate the modified lipoprotein
particles in an unregulated fashion and become foam cells. In the presence of elevated plasma cholesterol
and high levels of LDL oxidation within the intima, the formation of foam cells and their continued
accumulation in the intima lead to the first ubiquitous lesion of atherosclerosis, the fatty streak. If the
offending agent (such as hypercholesterolemia, endothelial cell injury, abnormal hemodynamics, etc.)
continues, the inflammatory response will also continue. This may lead to an expanded, intermediate or
fibro-fatty lesion that may contain mutiple layers of smooth muscle, connective tissue, macrophages, and
T-lymphocytes. Finally, if the conditions that induce the response continue for a long period of time,
remodeling of the lesion may occur with the formation of a fibrous cap (advanced lesion). The cap (or
plaque) covers the numerous, proliferated smooth muscle cells and macrophages, together with varying
amounts of necrotic cell debris, intracellular and extracellular lipid, and potentially massive amounts of
new connective tissue. Figure 1.3 shows the postulated sequence of events in the pathogenesis of atherosclerosis. More detailed information about the components and morphological changes of atherosclerotic
lesions in their different stages of development may be found in [51–54]. In general, the diseased areas
of the vessels are characterized by enhanced wall permeability, intimal thickening, excessive monocyte
concentration, calcification, and necrosis. The plaque usually protrudes eccentrically into the lumen,
producing a stenosis. At a later stage of the disease, these changes may lead to severe local occlusions
and/or ulcerations. Rupture of advanced fibrous plaque may also induce thrombi, i.e., particle fragments
breaking off and obstructing smaller arteries or capillaries downstream, which may lead to myocardial
infarction, stroke, or gangrene, or which itself can organize and lead to further lesion progression and
compromise the blood flow at the local site. Plaque rupture appears to be the critical event producing
clinical symptoms such as angina, myocardial infarction, or stroke [36].
Figure 1.4 shows the atherosclerotic lesion distribution patterns in the arterial system. Atherosclerotic
lesions do not occur randomly; they are often found predominantly at bends and junctions of arteries
where disturbed flows can be observed. The most common sites for plaque formation are the lower
descending aorta and its major branches (iliac and femoral arteries), followed by the coronary arteries,
the arteries of the lower extremities, the carotid arteries, and the visceral arterial branches of the abdominal aorta (celiac, superior, mesenteric, and renal arteries) [48, 55]. For a long time it has been believed
that hemodynamic factors play an important role in atherogenesis, cf. [8, 56–58]. The primary evidence
is the highly focal nature of this disease. Additional evidence has been documented in more recent studies
(cf. [11, 59–64]). The close correlations between local “disturbed” flow patterns, e.g., flow separation,
reattachment, recirculation zones, high and low shear stress regions, stagnation flows, and secondary
www.4electron.com
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FIGURE 1.3 Postulated sequence of events in the pathogenesis of atherosclerosis: (A) normal vessel wall; (B) subtle
endothelial injury leads to attachment of monocytes and platelets; (C) monocytes infiltrate the intima and accumulate
lipids; SMCs proliferate in response to growth factors secreted by platelets, endothelium, and macrophages; (D)
SMCs migrate into subendothelial space and some of them accumulate lipid droplets; (E) foam cell population
consisting of lipid-containing macrophages and SMCs continues to build up; additional lipid accumulates extracellularly as cholesterol crystals (from [46] with permission).

flows, and these disease processes suggest that some critical hemodynamic parameters may actually
describe the triggering factor in the cascade of these abnormal biological events in blood vessels.
Effect of Flow on Monocyte–Endothelial Cell Interaction
In vivo, arterial fluid dynamics may explain the localization of monocytes to specific arterial regions
during atherogenesis. In mice that are fed a high-cholesterol diet, monocytes and macrophages accumulate in low shear stress regions of the aortic valve leaflet and the sinuses of Valsalva [65]. In rabbits fed
a hypercholesterolemic diet, monocyte densities are greater near intercostal orifices [66] and monocytes
often colocalize with fatty streaks. However, regions of monocyte and macrophage accumulation are not
always associated with lipid deposits. These observations suggest that hemodynamic factors and alterwww.4electron.com
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FIGURE 1.4 Atherosclerotic lesion distribution pattern in the artery system — predominant sites (shown in black)
in four major arterial beds: (I) the coronary arterial bed, (II) the major branches of the aortic arch, including the
carotid arteries, (III) the visceral arterial branches of the abdominal aorta, including the celiac junction, (IV) the
terminal abdominal aorta and its major branches including the iliac and the femoral arteries (from [55], with
permission).

ations to the vessel wall, induced by lipoproteins, influence where monocytes attach to the arterial
endothelium.
In vivo, monocyte adhesion is affected by local fluid dynamics. Surgical manipulation of rabbit common carotid arteries to reduce the shear stress to 3.3 dyn/cm2 resulted in increased vascular cell adhesion
molecule-1 (VCAM-1) expression and decreased intercellular adhesion molecule-1 (ICAM-1) levels [67].
In low shear stress regions, 65% of the adherent monocytes attached to endothelium that stained for
VCAM-1. Additionally, a shear stress of 30.5 dyn/cm2 increased VCAM-1 and ICAM-1 expression but
not monocyte adhesion. Elsewhere, monocytes are found to adhere preferentially to normal and thrombin-treated canine endothelial cell (EC) organ cultures from the distal aorta rather than the proximal
aorta [68]. In total, these differences may represent hemodynamic modulation of adhesion receptors.
In vitro, exposure of endothelium to steady laminar shear stresses causes a transient increase in ICAM1 expression [69–72], may cause a possible depression in VCAM-1 expression [73], and does not affect
E-selectin1 levels [69, 70, 72]. In comparing these results, we see that only ICAM-1 possesses the shear
stress responsive element believed to be important in promoting protein expression following exposure
to shear stress [72]. Turbulent flow does not increase ICAM-1 expression [69], but pulsatile flow (0 ± 5

1Selectins are transmembrane, carohydrate-recognizing glycoproteins that are the active adhesion molecules on
neutrophils.
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dyn/cm2) causes a significant increase in VCAM-1 and ICAM-1 levels [74]. Exposure of endothelial cells
to flow following exposure to IL-1β2 did not affect ICAM-1 but did produce a dramatic decrease in
VCAM-1 levels [74]. However, lipopolysaccharide treatment and exposure to shear acted synergistically
to increase ICAM-1 levels [70]. Interestingly, NF-kB3 levels are stimulated by exposure to 12 dyn/cm2 for
as little as 30 min [75]. Results indicate that fluid shear stress affects adhesion receptor expression in a
complex manner.
In the absence of biological interactions between monocytes and the surface, the U9374 rolling velocity
is proportional to the local shear stress [76], regardless of whether the flow was fully developed with
parallel streamlines, accelerating, or undergoing separation. In accelerating flows induced by geometry,
U937 cells do not adhere for shear stresses greater than 0.4 dyn/cm2. With a recirculation zone, adhesion
is a minimum at the reattachment point with two relative maxima adjacent to the reattachment point.
Similar results were observed for platelet attachment to collagen-coated surfaces in an annular sudden
expansion [77]. This pattern of adhesion is probably due to curved streamlines near a stagnation point
and the particle inertia [76, 77]. The pattern of U937 cell attachment is altered by the release of chemotactic peptides within the recirculation zone [76]. In the presence of red blood cells, the number density
of platelets deposited in a sudden annular expansion is significantly increased, and the difference in
platelet density between the separation point and site of highest shear stress is reduced [77]. Platelet
transport to the surface is enhanced by collisions with red cells, which increases cell-wall collisions and
convective transport along curved streamlines [77]. Similarly, red cells increased the likelihood that Tlymphocytes would contact and roll on TNFα-activated endothelium in vitro [78]. These results demonstrate that the local fluid dynamics, red blood cells, and release of chemotactic agents from the vessel
wall influence the patterns of cell attachment.
Biophysics of Leukocyte Rolling and Adhesion
Flow studies have proven very useful in elucidating the paradigm of primary and secondary cell adhesion
to activated endothelium (cf. previous section). Rolling occurs only with E- and P-selectin [79, 80] and
in some cases with VCAM-1 [81]. Other ligands such as ICAM-1 [79] and IgE [82] are involved only in
firm adhesion. ICAM-1 requires the presence of selectin-mediated rolling. VCAM-1 appears unique in
that it can produce rolling and firm adhesion [81]. These different behaviors may be due to differences
in the kinetics of bond formation and dissociation [83, 84], mechanical properties of the bond [85],
location of ligands on the cell, and activation of ICAM-1 [79]. At E- and P-selectin densities of 1 – 15
molecules/cm2 or low fluid velocities, neutrophils exhibit short periods of arrest followed by motion at
the hydrodynamic velocity [79, 80, 83]. Arrest lifetime is a first-order process, suggesting that rolling is
limited by bond dissociation and a single bond is broken [83, 84]. At ligand densities greater than 15
molecules/cm2, cell dissociation is biphasic, suggesting that multiple bonds are broken [84] and reassociation may occur [83]. As the shear stress is increased, the bond is stressed, increasing the likelihood of
dissociation. For neutrophils binding to P-selectin [84], anti-P-selectin, or anti-CD18 antibodies, the
bond dissociation constant increases as the applied shear stress increases according to the model proposed
by Bell [86]. For P-selectin, the dissociation constant increased threefold as the force on the bond increased
by a factor of two. The characteristic distance over which the bond is stressed was 0.49 ± 0.08 Å [84],
which corresponds to hydrogen bond lengths. Thus, the P-selectin bond exhibits a high tensile strength,
which may explain how it can promote rolling.
At higher ligand densities, rolling is continuous, although the velocity shows considerable variability
[87]. Rolling velocities on E-selectin are less than those on P-selectin at the same ligand density. Further,
rolling velocities on E-selectin exhibited much less variability than rolling velocities on P-selectin [79,
80]. These observations are consistent with the slower rate of E-selectin dissociation from its receptor
(kr = 0.5 sec-1 [83]) relative to P-selectin-receptor dissociation (kr = 0.95 sec-1 [84]).
2

A soluable endothelial acrtivating signal, Interleukin-1β.
Necrosis factor, an immune mediator.
4A monocyte-like, histiocytic human lymphoma cell.
3
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One alternate interpretation of rolling and detachment is that receptors are extracted from the cell
membrane. The force to extract receptors from the membrane is about 10 – 20 pN [88], whereas rolling
cells may experience hydrodynamic forces well in excess of this value. Following activation neutrophils
and monocytes may shed L-selectin [89], which could affect cell rolling. With inactivated cells, selectinmediated rolling depends on an intact cytoskeleton [90], suggesting that selectins interact with the
cytoskeleton, reducing the likelihood of receptor extraction. In support of this, deletion of the cytoplasmic
tail of a4 or treatment with cytochalasin B reduced the number of attached transfected cells on VCAM1 [91]. Cytochalasin B treatment led to reduced rolling velocities on VCAM-1 [91], which may be due
to higher mobility which could increase the likelihood of bond formation [92].
Attachment depends on the rate of association between receptor and ligand. Attachment of RBL cells
via anti-DNP-IgG/IgE with high and low association constants (kf ) was supported at higher shear stresses
with the high kf system [82]. Attachment data were correlated with the dimensionless group [82]:

k=

kf

(1.1)

γ̇

where kf is a pseudo-first order association constant (sec-1) and γ̇ is the shear rate. The quantity kf is the
product of the intrinsic first order rate (kf ') constant times the ligand density (N1). k represents the ratio
of the time for the fluid to transport the cell to the time for a bond to form. For a given association
constant and ligand density, the higher the shear rate, the less attachment will occur. Attachment of cells
to E-selectin [81], P-selectin [76], and IgG [82] are consistent with this result. Further, comparison of
attachment to different ligands at the same shear rate and ligand densities that are limiting for adhesion
permits an assessment of the relative value of the association constants. These studies are consistent with
the hypothesis that selectins mediate rolling because of high association and dissociation constants [76].
Additional data are still needed to verify that integrin binding involves slower association.
Mathematical models are able to predict rolling velocities [85, 93] and variations in the instantaneous
velocity [85]. The most sophisticated model [85] includes mechanical properties for bonds, stressdependent association and dissociation rate constants, probabilistic binding and detachment, and a
random distribution of receptors on the cell surface. An important result from these models is that rolling
is a stochastic process due to the formation of a small number of bonds, and bond dissociation is
dependent on the strain applied to the bond. Heterogeneity in the distribution of receptors among the
cells may account for some of the variation in the velocity [94] and, in fact, expression of adhesion
molecules on activated endothelium is quite variable [95]. Although these models can help aid the analysis
and design of experiments, they are limited by the large number of parameters, many of which cannot
be directly measured.
Hemodynamic Aspects of Atherogenesis
The fluid mechanical forces that act directly on the endothelium are the blood pressure (p) and the wall
shear stress (τw). Although some investigations have shown that the wall permeabilities or the severity
of atherosclerosis may be enhanced by increasing the blood pressure [38, 62 - 64], the role of pressure
in atherogenesis is poorly understood. While hypertension is a risk factor for coronary artery atherosclerosis, a simple elevation of blood pressure without any general metabolic disorder does not cause
atherosclerosis [38]. Unlike atherosclerosis, hypertension produces medial thickening [99]. However,
hypertension produces many other changes to the vessel wall which are similar to those seen with
atherosclerosis [99], including impaired endothelium-dependent vessel relaxation, macrophage accumulation, and altered permeability. Local elevation of pressure leads to activation of endothelium and
adhesion of monocytes [100]. Thubrikar and Robicsek [101] point out that arteries are pressure vessels
with wall stress concentrations at branches, experiencing wall fatigue due to a pulsatile (pressure) load.
In their view, pressure-induced high stress (and accompanying stretch) is related to the sites of atherosclerotic plaque. The extent of atherosclerosis in hypercholesterolemic rabbits was reduced by inhibiting
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stress on arteries with an external support [102]. Oka’s study [17] showed that the arterial lesion did not
directly correlate with intravascular pressure, but was closely related to the elevation of circumferential
wall tension caused by hypertension. According to Glagov et al. [103], wall tension is related to the change
of arterial wall thickness, whereas wall shear stress determines the diameter of the artery.
Attempts to separately alter fluid shear stress and pressure in vivo are difficult. For example, creation
of stenosis alters the flow field and the pressure field. Cell culture studies permit easy manipulation of
fluid shear stress, strain, and pressure. There are numerous in vivo and in vitro studies showing that when
exposed to a certain level of shear stress, the endothelial cells experience a series of structural and
functional changes, such as cell elongation and alignment in the direction of flow [59, 104, 105], increase
in wall permeability [106, 107], secretion of physiologically active biochemicals [108,109], higher cell
turnover [6, 110], interface “cracking” or “cleft” [96, 111], and altered gene expression [112, 113], etc.
Likewise, studies indicate that endothelial cells and smooth muscle cells respond to cyclical mechanical
strain. Endothelial cells align perpendicular to the axis of strain [114]. Strain increases prostacylcin
production, monocyte chemotactic protein-1 expression [115], and expression of constitutive nitric oxide
synthase [116]. Strain and shear stress together produce increased elongation and orientation [94]. Cyclic
strain of smooth muscle cells leads to increased levels of smooth muscle myosin [117] and increased
release of fibroblast growth factor [118]. To date, no studies have shown a direct effect of pressure on
endothelial cell function. Therefore, the effects exerted by pressure are transmitted by changes in mechanical strain. Although this article focuses on fluid shear stress, pressure-induced mechanical strain may
influence atherogenesis. A limitation of analysis of arterial strain is that the mechanical properties of the
arterial wall are poorly understood [119].
Among all the hypotheses, there are two well-known but somewhat controversial theories: Fry's high
shear stress theory and Caro's low shear stress theory. The high shear stress theory suggests that acute
shearing stress may cause endothelial damage; hence, it may be responsible for local plaque formation
[7, 56, 120, 121]. It should be noted that Fry’s original 1968 article [56] points out that only morphological, structural changes occur in the endothelial layer at high shear stresses and not actual “damage.”
In contrast, the low shear stress theory argues that early atheroma occurs in the low shear regions, not
in regions of high shear stress [8, 97, 122].
Both theories have problems. The high shear stress theory regards the mechanism of atherogenesis as
a damage-and-repair process of the endothelium and it ignores the fact that many atherosclerotic lesions
occur in the regions of low shear stress. Also, it cannot explain why some expected high shear stress
regions in vivo are spared of atherosclerotic lesions [8, 110]. In addition, according to some investigators
[97, 123], the critical wall shear stress (τc) causing endothelium structural change, which is about 400
dyn/cm2, is not likely to occur in the aorta under normal physiological conditions in vivo. Similarly, the
low shear stress theory is not able to explain why the cross-wall mass transfer is enhanced in the low
shear stress region. McIntire [109] argued that in the low shear regions the secretion of endothelin is
expected to be high, which leads to increased local smooth muscle cell proliferation. Caro et al. [8]
suggested, based on their precursor-limited shear-dependent diffusion model, that cholesterol accumulates in the low shear region because its local diffusional efflux from wall to blood is inhibited by the
reduced wall-blood concentration gradient. They treated the arterial wall as a pure mechanical device
and ignored the active response of the endothelium. According to the in vitro experimental data of Nerem
et al. [124], there is no obvious correlation between the wall uptake of albumin and the magnitude of
τw when τw is low. When *w is high, the wall uptake of albumin increases as τw increases; the higher the
shear stress, the stronger the correlation. Yamaguchi's experimental results showed also that there was
no correlation between the mass transfer and the wall shear stess level in the separated flow region [125].
Additionally, Friedman et al. [126] found that the intima was thicker at sites exposed to higher shear
rates when the thickness was less than about 400 µm. More and more people now believe that atherosclerotic lesions can be initiated in both low and high shear stress regions [20, 42, 110, 126, 127]. Nerem
[6] pointed out that endothelial cells in both low and high shear regions experience structural and
functional abnormalities (not necessarily physical injuries) that may have different forms of presentation
due to the difference of their hemodynamic environments. In fact, fluid mechanics is complicated at
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branching sites; high and low shear regions can exist in very close proximity, especially in consideration
of the pulsatility of blood flow [5, 106]. Both theories failed to give a convincing explanation about this
fact.
Kleinstreuer and his group combined aspects of the high and low shear stress theories [23, 128 - 131].
They postulated that very low, oscillating wall shear initiates atherosclerotic lesions and that both low
and high shear stresses contribute to the growth of plaque formation. Consequently, they set up a safe
bandwidth of the wall shear stress with a lower limit τmin and a higher limit τmax. When τw falls outside
the safe band, there is plaque formation, and the magnitude of τw beyond the band limits determines
the growth rate of the plaque. They applied this idea to several aortic and carotid artery bifurcations and
graft-bypass configurations and successfully determined the sites and growth patterns of atherosclerotic
lesions and intimal hyperplasia, respectively. There is a study showing that anastomotic hyperplasia
seemed to occur when flow was unusually slow or rapid [132], which provided support for the safe-τwbandwidth concept. However, this model failed when applied to flow in bifurcations with a physiological
input pulse that contained a portion of reverse flow.
The limited success of the high and low shear theories was probably due to the fact that the actual
endothelium responses to environmental changes were safely ignored in some cases. Studies show that
the structural and functional changes of ECs can occur at all shear stress levels without any real damage
[48]. At present, the most popular hypothesis regarding the initial cause of atherosclerosis is that of
"endothelial dysfunction," i.e., some agent has interacted with the endothelium to alter its function.
According to this theory, when the endothelium is “altered,” which may be caused mechanically, chemically, and/or immunologically and may not be denuded locally, it may respond by expressing receptors
for leukocytes and leukocyte adhesion, expression of tissue factor, and other alterations in the thrombotic
balance (cf. earlier discussion). As a result, there may be no visible change to the endothelium, but its
function may change dramatically. Other examples include inflammatory cytokines and a variety of
growth factors, which may lead to increased monocyte adhesion and platelet aggregation, followed by
formation of activated macrophages, lipid uptake and modification, smooth muscle cell proliferation,
intimal thickening, and so on [6,46,48,133,134]. The original definition of this as "injury," i.e., the socalled “subtle”- injury model, is obviously expanded beyond its previous meaning. Any structural and
functional changes (or more accurately, abnormalities) can be labeled an injury. This subtle injury model
is relatively easy to explain but hard to use since it does not provide information on the source of injury.
In addition, the response of the vessel wall to injury is part of its normal healing process, which does
not necessarily lead to atherosclerosis. Only when the normal process goes wrong does the lesion develop.
The subtle-injury model cannot tell us why a pathological process occurs and what causes it. The current
understanding of vascular biology provides very precise information about changes that occur in arteries
after endothelial cell dysfunction. However, these mechanisms need experimental verification in vivo. In
studying factors that actually initiate atherosclerosis, one needs to maintain a broad perspective, but in
examining the literature, we see that focus returns again and again to the shear stress models.
Hypotheses based on the magnitude of the wall shear stress seem to be troublesome. Hence, some
people turned their attention to the variation of the shear stress in both time and space. The oscillatory
nature of shear stress received much more attention due to the pulsatile feature of blood flow as described
by Ku et al. [9], as well as others. Adopting the low shear stress theory, Ku et al. [9] put forward an
oscillatory shear index (OSI) model. They measured the fluid velocities in a scale model of the human
carotid bifurcation under pulsatile flow conditions and compared the calculated wall shear stress and
OSI with intimal plaque thickness at corresponding locations in carotid bifurcations obtained from
cadavers. The correlation between the OSI and the intimal thickness is plotted in Fig. 1.5. Based on the
correlation, they concluded that low and oscillating shear stress may be the critical factor in the development and localization of atherosclerotic plaques. Helmlinger et al. [135] studied the effects of pulsatile
flow on cultured bovine aortic endothelial cell (BAEC) morphology. They found that under oscillatory
flow conditions, the endothelial cell shape remained polygonal as in static culture, which implied large
permeability. Now, the low and oscillating shear stress model has become one of the most popular
hypotheses (cf. [1, 6, 136, 137]). Friedman and Fry [11] also suggested a correlation between the arterial
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FIGURE 1.5

Correlation between OSI and intimal thickness at the carotid bifurcation (data from Table 1 of [9]).

permeability and the temporal variation of wall shear stress. They emphasized the change of wall shear
in both direction and magnitude to be important. They suggested using terms such as “stable shear sites”
or “changeable shear” sites, “strongly shear-sensitive” sites and “fast response” sites instead of “high shear”
or “low shear” sites. Yamaguchi and Kohtoh [25] suggested the possible correlation between the atherosclerotic lesions and the spatial and temporal variations of the wall shear stress. Steinman et al. [20]
noticed the correlation between the spatial variation of wall shear stress and the sites of intimal thickening
through numerical simulation. Davies et al. [110] suggested that in atherosclerotic lesion-prone regions
of the vascular system, unsteady blood-flow characteristics, rather than the magnitude of wall shear stress
per se, may be the major determinant of hemodynamically induced endothelial cell turnover. DePaola
et al. [12] and Satcher et al. [138] investigated the influence of spatial wall shear stress gradient on the
endothelium through in vitro cell culture experiment and computational analysis, respectively. They
observed that large wall shear stress gradient induced morphological and functional changes in the
endothelium. These changes might contribute to the formation of atherosclerotic lesions.
At present, the mechanism of atherogenesis is still not well understood. In addition to the shear stress
models mentioned here, theories about the flow patterns based on flow visualizations are also popular
because of their correlations with the focal nature of lesions, including flow separation and reattachment,
stagnation point flow, long particle residence time, secondary flow, and so on (cf. [6, 105, 131, 136, 139,
140]). In addition, the blood rheology and wall mechanics are also considered in the atherogenic models
(cf. [6, 16, 17, 126, 141, 142]). The turbulent flow effects have been investigated by Davies et al. [110].
However, no matter what leading hypothesis may emerge, the function of wall shear stress must be
considered.

Intimal Hyperplasia
There are several important distinctions between intimal hyperplasia and atherosclerosis. First, the injury
event in intimal hyperplasia is often mechanical, leading to loss of endothelium or loss of endothelial
integrity. Examples of such mechanical injury include vessel collapse, de-endotheliazation by balloon
catheters, and damage to endothelium at anastomosis sites due to abrasion, local incision to the arterial
wall, and suturing. Such injuries often expose the subendothelium to blood, leading to platelet adhesion
and thrombus formation. Adherent platelets release growth factors that stimulate smooth muscle cell
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FIGURE 1.6 (a) Typical arterial graft bypass in the femoral artery region; (b) intimal hyperplasia distribution
pattern around the distal anastomosis.

migration and growth. According to Clowes [143], a steady state is reached after three months, and the
intima is 20% smooth muscle cell and 80% extracellular matrix. Smooth muscle cell migration and
proliferation is a more significant component of intimal hyperplasia than of atherosclerosis. For large
areas of endothelial removal, the endothelial cells do not completely regrow to cover the surface. Smooth
muscle cells and fibroblasts may also infiltrate synthetic vascular grafts producing hyperplasia. Smooth
muscle cell proliferation is not usually seen during the early stages of diet induced atherosclerosis [144].
Further, loss of endothelium is not seen during the early stages of atherosclerosis. In the presence of risk
factors for atherosclerosis, the regrowing endothelium may contain macrophages and foam cells.
With our focus on bypass graft-to-artery anastomosis, hyperplasia can be viewed as a kind of tissue
overgrowth, similar to scar tissue. Arterial graft-bypass at present is a routine and effective reconstructive
vascular surgery treating occlusive arterial diseases.5 According to Callow [145], approximately 350,000
vascular prostheses and 200,000 autologous vein grafts had been implanted annually in the U.S. alone
by 1980. For example, one of the pioneers in vascular surgery, Dr. M. E. DeBakey, treated 13,827 patients
for surgical treatment of atherosclerotic occlusive disease within 35 years [55]. Significant improvement
on the therapy of occlusive arterial diseases has been achieved through graft-bypass surgery. Figure 1.6a
shows a typical graft-bypass in the femoral artery region. The graft is usually saphenous vein or made
from synthetic materials (e.g., PTFE, ePTFE, Dacron). However, despite the success of surgery, restenosis
and late graft failure happen often. The failure rate varies from about 15 to 60% on average for vein
grafts within three years (postoperative) and for synthetic grafts within one year depending on the surgical
operation and anastomotic location [145-149]. The peak incidence of graft failure is 4 to 12 months after
operation (70% of the failures within 12 months, 80% within 18 months) [4]. The major cause of late
graft failure is attributed to intimal hyperplasia caused by abnormal continued proliferation and overgrowth of smooth muscle cells in response to endothelial injury at anastomotic sites and/or within the

5

Other mechanical (surgical) procedures, such as endarterectomy, patch angioplasty, balloon angioplasty, laser
ablation, intravascular stents, etc., are not discussed here; however, the present results are of relevance to the analysis
of these (alternative) arterial “reconstructions.”
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graft (vein grafts). Postoperative complications in the bypass grafts associated with intimal hyperplasia,
or tissue overgrowth, include platelet adherence and accumulation at sites of injured endothelium, EC
and SMC proliferation, lipid deposition in areas of endothelial regrowth, excessive intimal thickening
(leading to luminal narrowing and reduction of blood flow), plaque formation, and thrombosis, etc. [21,
132, 151-153]. In general, major components of intimal hyperplasia include disorderly proliferated
smooth muscle cells, dense connective tissue elements, and foam cells [21, 154–156]. For vein grafts,
they may undergo additional changes including ulceration, calcification, dilatation, and aneurysm formation [157]. Neo-intimal hyperplasia exhibits features similar to atherogenesis: lesions developing in
vein grafts are similar to atherosclerotic lesions [156]; the regions of intimal hyperplasia are found in
arteries at sites that are prone to develop atherosclerosis [157]. Figure 1.6b shows the distribution pattern
of the distal anastomotic intimal hyperplasia. It is often found at the heel and toe, on the floor of the
host artery (arterial bed), and along the suture lines [132, 155, 158]. More information about intimal
hyperplasia and graft failures can be found in the articles of Archie and Green [159], Archie [160], Davies
et al. [19], DeBakey et al. [55], Geary et al. [161], Adams and Schoen [51], Phifer and Hwang [162], and
others.
Like atherogenesis but with different physico-biochemical processes, the development of intimal hyperplasia is also believed to be under the influence of hemodynamic factors, such as wall shear stresses,
sudden changes in wall shear, arterial wall stress and strain, compliance mismatch, as well as interaction
between components of the vessel wall and particles of circulating blood. Therefore, hemodynamics
studies are important for understanding the mechanism of intimal hyperplasia development and reducing
late graft failure rate after vascular graft-bypass surgery.
Hemodynamic Aspects of Hyperplasia Developments
Generally speaking, the proposed hypotheses regarding atherogenesis should be useful in explaining or
at least locating the development of intimal hyperplasia. Typical intimal hyperplasia resembles atherosclerotic lesions in some aspects although hyperplasia is mainly due to scar tissue, whereas atherosclerotic
lesions involve foam cells and fatty streaks. An additional difference between hyperplasia and atherosclerosis is that physical injury is always associated with anastomotic hyperplasia. Furthermore, the compliance mismatch is an issue for vascular graft bypass. Special problems arise due to size and material
mismatch resulting in uneven wall tension and deformation around the suture line. Hence, more physical
factors should be considered in formulating hypotheses of intimal hyperplasia development.
For the intimal hyperplasia associated with graft anastomoses, the “injury model” is easy to understand
because physical injuries are always present. The initial response of the endothelium to injury and the
subsequent smooth muscle cell proliferation at the anastomotic site are regarded as part of the normal
healing process of the arterial wall. According to Painter [21] and Chervu and Moore [132], smooth
muscle cells proliferate when the arterial wall is injured by balloon catheter, which results in the denudation of endothelial cells. The degree of SMC proliferation depends on the degree of initial injury. The
SMC proliferation generally ceases when the endothelial layer is established again. However, due to their
ability to regulate their own growth to some extent, proliferation might stop even without endothelial
generation and might continue once the endothelium has covered the intima. Studies show that after
bypass-graft surgery, endothelium and SMCs form new intima along the luminal surface of the graft by
migration and proliferation from the anastomoses ends [132, 153]. Both endothelial cells and smooth
muscle cells keep proliferating from both proximal and distal ends of the graft until the entire surface
of the synthetic graft is covered by endothelial cells. For a normal healing process, when endothelialization
in the graft is completed, the cell proliferation stops. According to Schwartz [163], SMC proliferation
does not occur when the endothelial wound is very small because the endothelium is able to regenerate
rapidly enough to obviate any exposure of the subendothelium. However, ECs and SMCs continue to
proliferate in the region of anastomoses even after the leading edge of endothelium has healed the rest
of the graft, which suggests recurring or continued endothelial injury and loss possibly without frank
denudation at the anastomoses [153]. Chervu and Moore [132] pointed out that it is the abnormal,
continued proliferation and overgrowth of smooth muscle cells in response to endothelial injury at
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anastomotic sites that leads to intimal hyperplasia. Therefore, like atherogenesis, obvious denudation of
endothelial cells is not a necessary condition for intimal hyperplasia [19,132]. Thus, a “subtle injury”
properly describes this model.
In addition to the injury model, all other hypotheses mentioned previously regarding atherogenesis
have also been applied to the formation of hyperplasia, such as high shear stress theory, low and oscillatory
shear theory, disturbed flow pattern, etc. The high and low shear theories are included because high
shear causes endothelial injury [132] while low shear is correlated with intimal thickening [21]. Bassiouny
et al. [158] identified two different types of anastomotic intimal thickening: one is the suture-line intimal
thickening and the other is the arterial-floor intimal thickening. They concluded that suture line intimal
thickening represents vascular healing and may be caused by compliance mismatch for prosthetic grafts
whereas the arterial-floor intimal thickening correlates to low shear and oscillating flow. Crawshaw et al.
[27] did flow visualization in a distal end-to-side anastomosis model under steady and pulsatile flow
conditions. They suggested that flow disturbance and boundary-layer separation contribute to anastomotic hyperplasia. The flow visualization study of Hughes and How [28] in a proximal side-to-end
anastomosis emphasized the effects of secondary flow and velocity fluctuation, while the similar study
of White et al. [22] favored the low and oscillating shear stress theory. Steinman et al. [20] conducted a
numerical simulation of flow in a two-dimensional end-to-side anastomosis model. They suggested that
high shear stress or high shear stress gradient can be the initiating factors leading to the development of
intimal hyperplasia. Ojha [24, 164] experimentally determined both temporal and spatial variations of
wall shear stress in a distal-end anastomosis model from measured velocity profiles. He found for his
particular junction geometry and input flow waveform that the sites of intimal hyperplasia are well
correlated with low wall shear stresses at the heel and toe, but with the sharp temporal variations of the
magnitude and spatial gradient of the wall shear stress on the bed across from the junction. His emphasis
was on the temporal variations of the shear stress and its gradient. However, the experimental results of
Okadome et al. [165] obtained in transplanted autologous vein grafts show that intimal hyperplasia is
significant with high flow rate but small temporal variation of wall shear stress, and the result is reversed
when the flow rate is low but shear stress variation is relatively high. This agrees with the previous clinical
observations of the same group [166]. In order to examine the effect of shear stress upon neo-intima
formation on synthetic vascular grafts, Kraiss et al. [167] implanted 5-mm-diameter e-PTFE grafts in
the aorta and aorto-iliac regions of male baboons where the local hemodynamics dictated that the aortic
grafts had higher shear stresses than the aorto-iliac grafts. Neo-intimal thickness and smooth muscle cell
proliferation was greater in the aorto-iliac grafts.
Dobrin et al. [168] investigated the correlation of principal wall stresses and deformations with intimal
hyperplasia in autogenous vein grafts through animal studies. They concluded that intimal hyperplasia
is best associated with low flow velocity while medial thickening is best associated with increased deformation of the vein wall in the circumferential direction. A wall tension model was proposed by Schwartz
et al. [29] based on animal studies. They examined the relative contributions of intraluminal pressure,
blood flow, wall tension, and shear stress to the development of myointimal thickening in experimental
vein grafts and concluded that the major stimulus for vein graft myointimal thickening was the increased
wall tension that causes deformation of the vessel wall. For synthetic grafts, the compliance mismatch is
of great concern. Some people regard the compliance mismatch as an important factor in the production
of anastomotic hyperplasia [21, 30, 31, 146, 149]. However, others think the compliance mismatch is
important only to end-to-end anastomoses; for side-to-end anastomoses, it is only a secondary factor
[162, 169, 170]. Recent studies on the coupling of the flow field with wall motion have shown only
secondary effects on the velocity fields and shear stress contours, with the overall trends similar [171].
However, studies of the mechanical stress within end-to-side anastomoses show the compliance mismatch
causing significant stress concentrations in the artery section, particulary at suture points [172]. As further
discussed in the next section, every hypothesis has its strong points; however, the quest for a generalized
indicator/predictor of susceptible sites is still under debate [301].
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Thrombosis
Thrombogenesis describes the conditions for the onset, formation, and transport of blood clots, which
may be hemostatic plugs or thrombi. Subsequent portions that break free from the thrombus and lodge
downstream are known as emboli. Thrombi consist mainly of platelets but also of fibrin, leukocytes,
and/or red blood cells. Platelets, also known as thrombocytes, contribute to vascular integrity and control
hemorrhaging after injury, e.g., surgical incisions, endarterectomy, rupture of the atherosclerotic plaque,
or local breakdown of the endothelium lining the arterial wall. In any case, when subendothelial structures
are exposed, a layer of platelets adheres to the thrombogenic surface area while the subsequent growth
of a hemostatic plug is caused by platelet (and fibrin) aggregation. While, in general, hemodynamic forces
are dispersive, “disturbed flow,” i.e., localized shear-dependent phenomena, may greatly influence thrombi
formation [cf. 32, 50, 173-175]. Specifically, high shear forces may activate platelet surface receptors,
cause endothelial cells to secrete prothrombotic agents, generate changes in adhesive proteins (e.g., von
Willebrand factor) and receptors that bind platelets and leukocytes irreversibly to the altered vessel
surface, or contribute to the rupture of atherosclerotic lesions, exposing procoagulant compounds.
Depending on the local flow patterns, excessive blood particles may be transported to the wall for adhesion
and aggregation, or they may coagulate, forming micro emboli in low shear regions. Data now indicate
that thrombotic events in coronary arteries likely arise from plaque rupture [36]. Plaques most prone to
rupture are only moderately stenotic (about 50% area reduction) and have a high content of lipids and
macrophages.
For example, Badimon and Badimon [176] analyzed local vascular factors with a perfusion chamber
and concluded that an abnormal blood rheology and altered flow geometry due to atherosclerotic plaque
rupture and changing stenoses have a profound effect on thrombi formation. Markou et al. [32] were
more specific. For severely stenosed blood vessels, such as the coronary and carotid arteries, they showed
with 50 to 90% stenosed, collagen-coated tubes placed in baboons that thrombus formation increased
as the levels of shear rate went up. Hence, vessel occlusion stems from platelet deposition at the highest
shearing region, i.e., the throat of the tube, as opposed to the low shear regions of the recirculation zone.
This was also shown in Badimon and Badimon [177]. Slack et al. [173] pointed out that exposure of
platelets to a low shear environment (1-50 dyn/cm2) causes reversible platelet aggregation while higher
shear stress levels (>100 dyn/cm2) induce irreversible platelet aggregation formation. Ruggeri [174]
reviewed hemodynamic forces and biochemical events leading to thrombi formation in a two-phase
process: first, platelet adhesion to altered vessel surface and second, local platelet aggregation because of
platelet-platelet interactions. Cho et al. [178] analyzed experimentally the importance of the von Willebrand factor (vWf), a binding plasma protein, in the formation of platelet-fibrin thrombi on e-PTFE
graft material. Indeed, in the presence of vWf, platelet and fibrin deposition occurred especially at high
shear rates. They stated that platelet adhesion begins rapidly and occurs only where protein cofactors
such as fibrinogen and gamma globulin are present. Bluestein et al. [33] analyzed steady laminar and
turbulent velocity fields and platelet deposition in a model stenosis with Reynolds numbers varying from
300 to 3600. The activation potential of platelets was enhanced in regions where the platelets were exposed
to high shear stresses. Once activated, actual platelet deposition on the wall was dependent on the wall
shear stress level, increasing in regions of flow recirculation, reattachment, and vortex shedding [179].
These data confirm the theoretical predictions of Wurzinger and Schmid-Schönbein [5]. Differences in
the results of Markou et al. [32] and Bluestein et al. [33] are partially attributable to material differences.
Further studies by Schoephoerster’s group [180] have shown higher local platelet deposition in collagencoated straight tubes when compared to Lexan. The same study showed peaks on the proximal side of
a stenosis due to a collagen coating, explaining the previous differences. However, other regions show
themselves to be shear rate dependent, namely in the recirculation zone and at the reattachment point.
Another important point about thrombosis is that thrombus growth is limited by fluid shear stresses.
They tend to form in low flow vessels where flow recirculation exists.
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Hemodynamics Simulations
The close correlation between arterial blood-flow patterns and the sites of atherosclerotic lesions motivated much research work toward the hemodynamic aspects of this degenerative disease. In summary of
the past research works, there are basically two approaches:
1. The focus on pure hemodynamic investigations to find correlations between critical flow patterns
and the sites of plaque formation, including both experimental studies [9, 14, 15, 24, 170, 181,
182] and numerical simulations [10, 18, 26, 65, 130, 142, 183-185].
2. The focus on interactions between blood flow and the arterial wall to find how hemodynamic
factors, such as extreme wall shear stresses and pressures, influence the physiological and pathological processes of the arterial wall, especially the endothelium, which is believed to be a key
mediator of any hemodynamic effect, including in vitro cell culture experiments [12, 59, 61, 63,
104, 107, 188] and in vivo studies [64, 155, 161, 168, 189-193].
Disturbed Flow: Correlation Approach
The variety of theories proposed regarding the cause of atherosclerosis was outlined earlier. Most experts,
including physicians, believe that in addition to complex biochemical processes, hemodynamic factors
play an important role in atherogenesis. But how the hemodynamic factors exactly influence the biological
processes leading to the disease is not well understood. It is obvious that these local "disturbed" flow
patterns are related to the atherogenic process. Therefore, detailed studies of the flow phenomena occuring
at bends and bifurcations may contribute to a better understanding of the role of hemodynamic factors
in the process of atherosclerosis.
The human blood circulation system consists of many anatomically different arterial branches with
various branching angles. Most of them can be classified into two categories: Y-shaped and end-to-side.
Examples for the former are the carotid and iliac bifurcations as well as most coronary and cerebral
branches; examples for the latter are the celiac and renal arteries, most aortic and femoral branches, and
many other arterial branches. The arterial graft-bypasses generally belong to the second category. Up to
now, most studies were focused on the first category [2]. For example, van Steenhoven and his colleagues
investigated both experimentally and numerically the flow pattern around the carotid bifurcation in both
two- and three-dimensional models, rigid and distensible walls, and steady and unsteady flows [181,183].
Ku and Giddens [194] and Ku et al. [9] measured the velocity profiles by using laser Doppler anemometer
(LDA) in a model carotid bifurcation under physiological flow conditions. They correlated the intimal
thickness with the low and oscillating shear stress (cf. Fig. 1.5). Kleinstreuer and his group studied
numerically the transient stenotic developments in two-dimensional aortic as well as carotid bifurcations
and correlated the plaque formations with the extremely low and/or high wall shear stresses [10, 130,
131]. Lou and Yang [195] investigated numerically and Anayiotos et al. [196] studied experimentally the
flexible wall effect on the flow pattern and wall shear stress. Kuban and Friedman [197] investigated the
pulsatile flow effects on the wall shear in a compliant cast of a human aortic bifurcation. The nonNewtonian effects have been studied by Perktold et al.[186, 198] and Xu et al. [142]. Perktold and Resch
[199] studied also the effects of geometrical variations of the carotid artery bifurcation. Other examples
are Bramley and Sloan [200] and Wong et al. [201] for numerical simulations; Deters et al. [201] for
LDA measurement; and Walburn et al. [202] and Fukushima et al. [204] for flow visualizations. The
review article of Lou and Yang [2] may provide further information.
For end-to-side branches, most works have been done experimentally. For example, Liepsch and his
co-workers have performed detailed LDA measurements of steady and pulsatile flows in a plane Tbifurcation (α = 90°) model for Newtonian fluid [205, 206]. They investigated also the non-Newtonian
fluid and wall flexibility effects on the flow pattern in three-dimensional T-bifurcations [141, 207]. Karino
et al. [15, 182] studied in detail the three-dimensional steady flow patterns in glass model end-to-side
bifurcations with branching angles from 30° to 150° and those in a natural dog descending aorta model
by means of flow visualization and cinemicrographic techniques. Keynton et al. [208] studied also the
effects of branching angle and flow rate upon hemodynamics in distal graft anastomoses using LDA
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measurement and hydrogen bubble-flow visualization under steady flow conditions. Rieu et al. [209]
investigated the flow repartition into a stenotic artery and its graft-bypass under physiological flow
conditions by means of ultrasound Doppler velocimetry. Tamura et al. [210] and Rittgers and Bhambhani
[211] used also ultrasound color Doppler technique to get quantitative flow velocity information in
several distal anastomosis models. The measurement of wall shear stress has not received enough attention
in these early studies. Only recently, Yamaguchi and Kohtoh [25] measured the wall shear stress variations
in a 45° branch model by using an electrochemical method and flow visualization. Ojha [24, 162] and
Ojha et al. [212] measured the spatial and temporal variations of wall shear stress in a 45° rigid distal
anastomosis model using photochromic tracer technique. Friedman et al. [126] and Friedman [170]
investigated the relationship between the intimal thickening and wall shear stress as well as the effects of
model compliance and fluid rheology on the results. In addition, flow visualization studies on the flow
pattern around end-to-side vascular graft anastomoses under different flow and geometric conditions
have been conducted by White et al. [22], Hughes and How [28], Figueras et al. [213], and Crawshaw
et al. [27]. Staalsen et al. [214] investigated the effect of graft angle on the flow fields around end-to-side
anastomoses in vivo by using a color-flow Doppler ultrasound system.
Numerical simulation is very important, for it is able to give the full picture of the flow field quantitatively and calculate wall shear stresses quite easily, especially for complicated geometries under pulsatile
flow conditions. In the past, most of the works done were two-dimensional. However, with larger,
powerful computers becoming more accessible, three-dimensional simulations are becoming common.
For example, Pietrabissa et al. [215] conducted numerical flow simulation in a two-dimensional model
of a stenosed coronary artery with an aorta-coronary bypass. They investigated the influence of bypass
geometrical parameters on the steady flow field around the distal anastomosis. Nazemi [216] studied 2D steady and pulsatile flows at several end-to-side anastomoses with branching angles of 15° and 30°.
Steinman et al. [20] and Steinman and Ethier [184] calculated the wall shear stress distributions in a
two-dimensional 45° end-to-side anastomosis with both rigid and flexible walls under physiological flow
conditions. For three-dimensional numerical simulations, the results for a 90° T-junction are available
[217, 218]. Transient three-dimensional simulation results are available for femoral branches and graft
bypass configurations from several groups [219-224]. Fei et al. [185] investigated the three-dimensional
flow pattern and wall shear stress variation in a distal graft anastomosis with different branching angles.
However, they did that under steady flow conditions and with a graft-to-artery diameter ratio of 1:1.
Loth [225] presents a comprehensive set of experimental measurements in a model graft-artery junction
for both steady and pulsatile flow. Correlation with measured wall shear stress and intimal thickening is
also presented [226]. According to Lou and Yang [2], transient analysis is critical and steady flow
simulation will cause substantial errors. It is worth noting that almost all the numerical analyses are done
by using the finite element method (FEM) except by Collins et al. [142, 217] and Kleinstreuer et al. [13,
23, 26, 187, 220, 221] who used the finite volume method (FVM).
In summary, the preceding studies, based on numerical calculations and in vitro experiments combined
with some clinic observations, did not provide any solid biological explanation about the mechanisms
of the arterial wall responding to hemodynamic forces; rather, they provided only information about the
high and low shear stress regions and disturbed information about the high/low shear stress regions and
disturbed flow patterns at different places of the arterial tree. The conclusion is that atherosclerotic lesions
are associated with disturbed flow regions, which can be characterized by separating flows, flows around
a stagnation or reattachment point including slow recirculation zones, secondary flows at bends or
bifurcations, oscillatory flows, long particle residence time, as well as turbulent flows in some instances.
Until now, the only quantitative correlation between hemodynamic factors and atherosclerotic lesions
has been an experimental correlation by Ku et al. [9] between the oscillatory shear index (OSI) and the
intimal thickness in a carotid artery model. The correlations did show statistical significance, but were
limited to one geometry and input pulse. Some systematic transient three-dimensional numerical analysis
of the influences of the branching angle, the branch (graft)-to-artery diameter ratio, the surface curvature
of the junction, the suture-line position (graft bypass), as well as the flow rate ratio and the form of
input pulses are available at present [217]. However, further studies on these topics incorporating reliable
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atherogenic models are not only necessary but also important, especially for the optimal design of vascular
grafts and their clinical implementations [37].
Vascular Wall: Interaction Approach
The correlation approach alone cannot solve the problems of atherosclerosis and intimal hyperplasia. In
order to understand the mechanisms of atherogenesis and plaque formation, one needs to know how
the arterial wall, especially the endothelium, responds to nonuniform hemodynamic factors and how
other bloodborne particles interact with it. The interaction approach is a way to investigate the behavior
of endothelial cells under the influence of blood flow based mainly on in vitro cell culture experiments
and animal studies. It is relatively new, developed little more than a decade ago, but quickly has become
the mainstream approach of current research. It provides new evidence of the hemodynamic influence
on the structural and functional changes of the endothelial cells, intimal thickening, monocyte recruitment, LDL uptake, and cell deposition as well as other arterial wall activities. Now we know that the
endothelial cell will elongate under shear forces and align in the flow direction and that the elongation
of the cell is proportional to the magnitude of the shear stress [56, 60, 104, 105, 135, 188]. Winston et
al. [107] found the time-dependent changes in intracellular calcium cencentration in ECs in culture
induced by mechanical stimulation. Davies et al. [110] investigated the turbulent shear stress-induced
EC turnover in vitro. Franke et al. [227] observed the EC stress fiber changes under fluid shear stress.
Sterpetti et al. [228, 229] investigated the growth factor release and proliferation rate of smooth muscle
cells under the influence of hemodynamic factors. In summary, hemodynamic forces can cause EC
structure and function alterations and enhanced DNA synthesis.
Although our knowledge about atherosclerosis and intimal hyperplasia has been greatly expanded in
the past decade through advances in in vitro cell culture techniques and animal studies, there are still
many unanswered questions relating to the mechanisms and processes involved in the onset and development of these arterial diseases. The next two sections provide the theory and results of hemodynamic
simulations and indicator performances for some branching blood vessels.

1.3 Theory
While laboratory experiments will always be needed and are still indispensible in certain fluid mechanics
areas such as turbulence, two-phase flow, and fluid-structure interactions, computational biofluid dynamics has found increased acceptance as a study and design tool because of its relatively low cost and fast
turnaround time.
For a given blood vessel geometry with its flow input waveform and outflow conditions, the key
demands on a computer model include an accurate simulation of the particle-hemodynamics, bloodwall interactions, realistic evaluation of the disease indicators/predictors, and sufficient flexibility to carry
out parametric sensitivity analyses as well as geometric design improvements. The goal is to accurately
simulate the actual physiological system and to obtain fundamental as well as applied results that can be
validated via clinical observations and/or laboratory measurements.
In our laboratories, the arterial systems of interest are the rabbit’s aorto-celiac junction to test hypotheses for atherosclerosis, the femoral graft-to-artery anastomosis to identify critical regions for the onset
of intimal hyperplasia, and two stenosed artery segments to analyze hemodynamic factors in thrombogenesis. The transport equations and results of these simulation studies are presented after a brief review
of physico-biological aspects of critical hemodynamic factors that may trigger intimal thickening and
micro-emboli.

Physico-Biological Aspects
There are many hypotheses regarding the onset and progressive development of atherosclerosis and
intimal hyperlasia. Whatever the hypothesis, of interest are the key hemodynamic factors that trigger/aggravate the endothelial dysfunction and set the degenerate disease process in motion (cf. Fig. 1.1).
www.4electron.com

9047_ch01 Page 20 Friday, November 10, 2000 4:33 PM

According to prevailing hypotheses, the answer is the wall shear stress (WSS), specifically the magnitude
of the shear stress. Considering present in vitro cell culture studies, it is evident that most of these
experiments did not create the same shear stress environment as in vivo. Often, researchers used parallel
plate flows [59, 104, 230], and cone-plate devices [110, 188, 227] in which constant and uniformly
distributed wall shear stress was expected. As we know from the in vivo results, the atherosclerotic lesions
occur in the “disturbed flow” regions where the wall shear stress changes rapidly and the endothelial cells
are often polygonal or in a round shape [98, 231-233]; in contrast, regions where the wall shear stress is
distributed uniformly and ECs are in an enlongated shape are spared of lesions. That is to say that the
correlation between the shear stress level and the cell elongation and alignment does not provide an
explanation for the onset of atherosclerotic lesions in disturbed flow regions where the morphological
changes of the endothelial cells are the same regardless of whether the wall shear stress, within certain
bounds, is high or low. While the endothelial cells have a tendency to align their major axis along the
streamlines [105], the alignment itself is independent of the shear stress level, but the speed of alignment
depends on the magnitude of shear stress [59, 104, 188, 230]. Therefore, considering the fact that the
sites of atherosclerosis coincide well with the disturbed flow regions, we can conclude that the excessive
cross-wall mass transfer of LDL and monocytes leading to atherosclerotic plaque formation is hardly
related to the magnitude of τw but the magnitude of change in “disturbances”. The in vivo and in vitro
experimental results of Nerem et al. [124] show only a weak shear dependency of the transendothelial
transport of albumin, i.e.,

ṁ
= k τ wn
c0

(1.2)

where ṁ is the mass flux per unit area [kg/cm2 s]; c0 is a reference concentration [kg/cm3]; so /c0 has a
unit of cm/s. Using dyn/cm2 for τw, the coefficient k varies from 0.98 × 10-7 to 5.0 × 10-7 for in vitro
studies and the exponent n varies from 0.38 to 0.5 depending on the flow condition. It has to be noted
that the in vitro result of wall uptake is an order of magnitude lower than the in vivo result. This is very
likely due to the elimination of disturbed flow conditions in the in vitro experiments. The close relationship between the local disturbed flow and the lesion site reveals that the real mechanism of atherogenesis
must lie in the description of the disturbed flow. The hemodynamic parameter that can be used to
describe “disturbed flow” quantitatively is the main factor potentially initiating atherosclerosis.
At present, the disturbed flow in vivo is usually described as a high shear stress region or low shear
stress region. This is not correct because every part of the arterial system may experience both high and
low shear stresses, even reverse flow as the flow rate changes due to the pulsatility of blood flow. We
cannot even determine the critical values of shear stress for the definition of high and low shear stress
regions. The previous safe-τw-bandwidth concept of Kleinstreuer et al. [26, 128-131] was successful
because the definition of high and low shear stress regions matched the disturbed flow regions for
particular cases (i.e., input pulse and geometry). Davies et al. [110] speculated that the endothelial cell
turnover may not be caused by the magnitude of shear stress alone. Nerem [6] agreed, denoting that a
localized region of the vasculature as low shear does not mean that low shear itself is the “culprit” in the
disease process. Some other characteristics of the flow may be important, such as the oscillatory nature
and prolonged particle residence time associated with flow separation and secondary flows, etc. Indeed,
there are many influencing factors. But if we look carefully at the features of the disturbed flow, we will
find that the lesion-prone regions, whether characterized by high shear or low shear, experience high
shear stress gradients, mainly spatial gradients. This suggests that one parameter which can be used to
describe “disturbed flow” quantitatively should be the wall shear stress gradient (WSSG) since it matches
closely the focal nature of this disease. The larger the wall shear stress gradient, the higher the intensity
of the disturbed flow.
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Wall Shear Stress Gradient Hypothesis
The endothelial cell reaction to the wall shear stress is an adaptive response. According to Kamiya and
Togawa [234] and Kamiya et al. [235], the optimal design of the arterial tree requires a constant wall
shear stress distribution, i.e., reducing or eliminating shear stress gradient. Their results show that under
normal flow conditions, arteries stabilize at a diameter that yields a mean wall shear stress in the relatively
narrow range of 10-20 dyn/cm2. Other studies also demonstrate that when subjected to chronically
elevated (or decreased) flow rate, the arteries increase (or decrease) their diameters until the estimated
mean wall shear stress reaches a normal value [236, 237]. It is believed that the adaptation is mediated
by endothelial cells responding to wall shear stress changes [238, 239]. There is other evidence of vascular
response to the wall shear stress outlined earlier. According to Satcher and Dewey [240], for a given
protrusion (microroughness) of the cells, elongated shape provides the most uniform force field. The
study of Barbee et al. [63] shows a significant reduction in the mean height-to-length ratio of the ECs
and the microscopic shear stress gradient on the cell surface when the cells are elongated and aligned in
the direction of the shear stress. Quantitatively, the magnitude of the variation in shear stress on the cells
remains nearly constant with increasing mean shear because of a compensating increase in cell elongation.
Uniform shear stress distribution generates fewer stresses at cell-cell attachment. When there is a shear
stress gradient, the imposed flow field yields large stresses at cell-cell attachment regions, which is expected
to disrupt cell-cell attachment. The larger the gradient, the larger the stresses. Furthermore, according
to Satcher et al. [138], in aligned cells, stress fibers are parallel to the direction of flow and appear to
attach to the apical membrane. These stress fibers may prevent endothelium from hydrodynamic injury
and/or detachment by tethering the apical membrane and stabilizing intercellular junctions. They act as
the primary load-bearing structure in the cell, thereby reducing stresses at the attachment regions [240].
In contrast, in nonaligned cell regions, stress fibers are normally arranged in random directions. In this
case, the actual tearing forces that act on the cell are very large. Therefore, the goal of cell elongation
and alignment is obviously to reduce both the WSS and WSSG levels. In the disturbed flow region, which
is associated with abnormal geometries and/or possible pathological processes, the elongation and alignment of cells are difficult to achieve due to high shear stress gradients. Hence, the tearing forces at the
cell-cell attachment will build up, cell turnover rate will increase, and the intercellular space will be
widened, which in turn leads to enhanced cross-wall mass transfer. In general, the endothelium cannot
cope with the high shear stress gradient environment. Wherever the WSSG is high, the atherosclerotic
lesion grows.
The wall shear stress in the blood vessels is a function of time and space, i.e., τw = τw(t,s). The temporal
variation of the wall shear stress is defined as ∂τw/∂t with fixed spatial locations, whereas the spatial wall
shear stress variation is defined as ∂τw/∂s at fixed time levels. Ojha [24] experimentally measured the
temporal variations of τw at several locations in a distal end-to-side anastomosis model and found a large
value of ∂τw/∂t in the moving stagnation point region. However, in the constantly low or high shear stress
regions, the temporal shear stress variation is either small or proportional to the time variation of pulsatile
blood flow. Based on our discussion above, it is hypothesized that the spatial WSSG is a very suitable
parameter for describing local disturbed flows, which correlates with the localization of stenotic development due to atherosclerotic lesions and intimal hyperplasia. Furthermore, it is the spatial gradient of
the wall shear stress that may cause enhanced mass transfer, leading to atherosclerotic lesion formation,
and also trigger a cascade of biochemical events fostering myointimal hyperplasia followed by atheroma.
Experimental Evidence of Atherosclerosis
There is in vitro and in vivo experimental evidence showing that the spatial gradient of the wall shear
stress is well correlated to the enhanced permeability and lesion development sites. DePaola et al. [12]
in their in vitro cell culture experiment recreated the large gradients in wall shear stress found near arterial
branches in vivo. They found that increased cell DNA synthesis, cell turnover, and migration resulted in
the regions of high shear gradients. Barbee et al. [63] studied the shear stress-induced reorganization of
the microscopic surface topography of living endothelial cells. They found that the surface waviness of
the endothelium due to the presence of endothelial cells introduces gradients in wall shear stress at least
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FIGURE 1.7 Schematic drawing of vesicles on the endothelial cell membrane (vesicle fusion suggested by SchmidSchönbein et al. [242]).

an order of magnitude greater than that obtained in models of macroscopically disturbed flow. Their
conclusion is that endothelial cells respond not only to the magnitude of shear stress, but also to the
temporal and spatial gradients of shear stress. Zand et al. [62, 64] found that in the stenotic aorta of
hypercholesterolemic rats, lipid deposits mainly in the proximal and distal areas of the stenosis where
wall shear stress increases or decreases rapidly; while in the throat of the stenosis where the shear stress
is uniformly high, the intima is almost completely free of lipid. Correspondingly, the cell shape is mainly
polygonal in the proximal and distal areas but more elongated in the throat, comparing to the cells in
the normal aortic section. Similar lipid deposition patterns were obtained by Bell et al. [193] in hypercholesterolemic rabbits and by Nerem et al. [233] in a canine aorta. According to Zand et al. [62], all
three cell shapes (normal, significantly elongated, and polygonal) occur in both high and low shear
regions. Davies et al. [110] investigated the effects of turbulence on the endothelial cell turnover. They
postulated that the turbulence creates spatial gradients in shear and causes differential forces between
the individual cells, thereby triggering cell division.
As we know, the inner surface of the entire cardiovascular system is lined by a monolayer of endothelial
cells. The integrity of the endothelium is very crucial to the arterial function. It regulates the mass
transport between the bloodstream and the arterial wall by providing a selective permeable barrier to
the passage of macromolecules. It is also a perfect nonthrombogenic surface protecting the formation of
thrombosis in the arterial system. Usually, there are two pathways for the transport of macromolecules.
One is through the transendothelial diffusion of plasmalemmal vesicles (cf. Fig. 1.7); the other one is
the filtration and diffusion through the intercellular clefts between adjacent endothelial cells [96]. Electron
microscopic tracer studies have shown that the largest molecules that can effectively pass through the
intercellular clefts between healthy adjacent endothelial cells are approximately 20-40 Å, much smaller
than an LDL cholesterol-carrying molecule, which is of the order of 150-200 Å [111]. Thus, macromolecules of the size larger than 40 Å are transported across the endothelial cell monolayer mainly by
plasmalemmal vesicles. This means that for an intact endothelium, the cross-wall mass transfer is mainly
through active transport, i.e., it is controlled by the endothelium, depending on the need of the wall for
different substances. However, when the endothelium gets injured or there is cell turnover, the intercellular space may be substantially widened. This makes it possible for free diffusion of macromolecules
through intercellular space. Weinbaum and Chien's [43] leaky junction-cell turnover hypothesis suggests
that the large pores in arterial endothelium provide the primary transendothelial pathway for LDL
transport. These pores are associated with widely scattered, leaky junctions of cells in turnover whose
interendothelial cleft and surface fiber layer are temporarily disrupted. They found that the greatest
density of cellular leakages is around the aortic ostia, especially distal to the ostia, where large WSSGs
are expected. According to DePoala et al. [12], high cell turnover and migration occur in regions of high
shear stress gradient. Satcher and Dewey [240] pointed out that the disruption of cell-cell contact regions
is an initiating factor for cell division in monolayers. Their hypothesis is that mechanical disruption of
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FIGURE 1.8
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Peeling mechanism of WSSG (redrawn from [240]).

intercellular attachments occurs by an unzippering mechanism whereby a large WSSG causes bond
rupture (cf. Fig. 1.8).
Experimental Evidence of Intimal Hyperplasia
Loss of endothelial cell integrity is also responsible for the abnormal SMC proliferation, leading to intimal
thickening and hyperplasia [19, 29, 132]. According to Panter [21], smooth muscle cells proliferate when
the arterial wall is denuded and stop proliferating when the endothelial layer is reestablished. If there is
no continued injury that breaks the integrity of the endothelium, intimal thickening and hyperplasia will
probably not occur. Therefore, preserving the integrity of the endothelium is critical not only for the
monolayer to serve its function as a selectively permeable barrier between the blood and arterial wall,
but also for the prevention of atherogenesis and hyperplasia development. The goal of all endothelial cell
responses is to keep the integrity of intercellular junctions and prevent endothelial cells from hydrodynamic injury and/or detachment.
In the case of major injuries to the arterial wall, for example, because of endarterectomy or bypass
surgery, a rapid wound-healing process is initiated. Both endothelial cells and smooth muscle cells
proliferate, repairing the damage until the area is completely re-endothelialized. However, cell aggravations caused by disturbed flow, tissue overgrowth, and atherosclerotic lesions may occur. Specifically, in
vivo observations show that after the anastomosis area and bypass graft are fully covered by endothelium,
intimal SMCs continue to proliferate only at the proximal and distal anastomoses [153] and in the bed
region [241], where large WSSGs are expected. Therefore, it is not the initial acute injury that causes
intimal hyperplasia; it is the subsequent continued “subtle injury” caused by factors such as the WSSG
that causes intimal hyperplasia. For this reason, the “subtle-injury” model should be used instead of the
obvious-injury model. The way large sustained WSSGs trigger atherosclerosis or hyperplasia is a kind of
“subtle injury.”

System Schematics and Blood Rheology Models
System Schematics
The pairings of particular flow input waveforms and blood vessel geometries of interest are depicted in
Fig. 1.9a-d. They are representative models for the analysis of the onset of atherosclerosis (Fig. 1.9a),
intimal hyperplasia and renewed atheroma (Fig. 1.9b and d), and thrombosis (Fig 1.9c and d). Characteristics of the input pulses and geometric data of the blood vessels are provided in subsequent sections.
Blood Rheology Models
The Newtonian model is the long-accepted standard for most fluids and in this sense blood is no
exception. For shear rates γ̇ > 100 sec-1, the rheology of blood can arguably be best described as the
laminar incompressible flow of a fluid with a constant effective viscosity.
However, blood in the human body is confined to a tubular network of vessels, veins, and arteries and
it is highly pulsatile. These facts require us to consider a wider range of shear rates, i.e., 10-1 ≤ γ̇ ≤ 105
sec-1. Below shear rates of γ̇ ~ 100 sec-1, which occurs at the centerline of tubes, the nadir of the cardiac
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FIGURE 1.9

Test input pulses and blood vessel geometries.

cycle and in recirculation zones generated by complexities or disturbances in the geometry, the blood
has a decidedly non-Newtonian behavior (cf. [243]). This behavior has been attributed to the multiple
complex proteins in blood ([244] et al.) in addition to cell motion, deformation, and aggregation.
Attempts to encapsulate the deviations from Newtonian rheology can be grouped into three categories:
(i) multiparameter models that attempt to improve the Newtonian model;
(ii) time-dependent viscoelastic models;
(iii) microcontinuum models that attempt to incorporate the structure and particles present in blood.
Only multiparameter models are reviewed, while discussions and examples of (ii) and (iii) may be
found in [245].
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The most general way to express the behavior of a fluid flow field is through the conservation of mass
for an incompressible fluid:

r
∇⋅ v = 0

(1.3)

r
rr r
Dv
= −∇p + ∇⋅ τ + f
Dt

(1.4)

and the conservation of linear momentum:

ρ

The Newtonian model is the simplest and its limitations for application to blood were discussed previously. Following Stokes' hypothesis, the stress tensor may be simplified to (cf. [246])

rr
rr
r
r
τ = µ N ∇v + ∇v tr = µ N γ˙

(

)

(1.5)

where µN is a constant for a given temperature and concentration. The distinct advantage to using the
Newtonian fluid model is the abundance of tested flow solvers that exist, able to handle the complex
geometries inherent in situations of physiological significance.
The simplest modification of the Newtonian fluid model is to define an apparent viscosity, η, to replace
the Newtonian viscosity. The history of the applications to general suspensions and blood is covered in
Charm and Kurland [247].
A generalization of the Newtonian model is the power-law model. In the powerlaw model, the Newtonian viscosity, µN, is replaced by a functional non-Newtonian viscosity, η. This viscosity is dependent
tr
on components of the rate-of-deformation tensor, γ̇ = ∇v + ( ∇v ) , viz:

rr
rr
rr
η = m γ˙ n −1 so that τ = ηγ˙ = m γ˙ n −1 γ˙

(1.6)

Blood is shear thinning, which implies that n < 1. Specific values for m and n can be found in Walburn
and Schneck [243] (based on hematocrit levels) and in Liepsch and Moravec [141]. The major disadvantage of the power-law model for blood-flow simulations is its limited range of accuracy in terms of
γ̇ . For example, the Liepsch and Moravec [141] model only applies for ranges of 1 < γ̇ < 100 sec-1 . Also,
for γ̇ > 100 sec-1, power-law models do not converge to the limiting Newtonian viscosity. Both of these
weaknesses are exemplified in the extreme blunting of the transient velocity profiles in Rodkiewicz et al.
[248].
The Casson model [249] expands the range of accuracy and converges to the Newtonian limiting
viscosity, thereby attempting to overcome both of the weaknesses of the power-law model. Initially
developed for paint pigment rheology that “formed chain-like groups” [249], it was quickly applied to
blood by Scott Blair [250] and extensively studied by Merrill [244] and Charm and Kurland [247].
Applications of Casson's fluid through stenosed arteries [251], double stenoses [252], the carotid artery
[186], and end-to-side anastomoses [219] have shown qualitative similarity to Newtonian fluids, but
significant differences in wall shear values. Applying the Casson model to blood is done using the
constitutive equations:
12

( )

τ1 2 = k11 2 + k2 γ˙

for τ > k1

(1.7)

and
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τ = 0 for τ < k1
where k1 is equivalent to the yield stress and for blood k11/2 << (k2 γ̇ )1/2 , so core sizes are negligible for
most physiological systems considered. The problems with the Casson model are discussed in Merrill
[244]. A decision must be made to approximate either the lower shear ranges effectively ( γ̇ < 20 sec-1)
or the limiting Newtonian viscosity ( γ̇ > 100 sec-1). To get the two values to match accurately to measured
data, a function must be roughly fitted to match both limiting shear rate cases. Another issue is the
approximate value of the "threshold" stress, k1. The formulation for the Casson model can also be recast
in the form of an apparent viscosity, which is also the most computationally convenient way:

ηCasson

(k+
=

k2 γ˙

1

2

)

(1.8)

γ˙

Certain modifications of the apparent viscosity must be made to apply multiparameter models in more
then one-dimension. This involves a substitution of the second scalar invariant of the rate-of-deformation
tensor. The details of this process are outlined in several places [245].
An improvement on the Casson model was proposed by Quemada [253] based on a combination of
physical insight and empiricism. Recalling the observations of Barbee and Cokelet [254] and Whitmore
[255], this model incorporates the local concentration of RBC (as hematocrit, H) in defining the apparent
viscosity as

ηQuemada =

ηp
 1  k + k γ˙ 1 2  
0
∞ r
H
1 − 
12 
 2  1 + γ˙ r  

(1.9)

2

where ηp is the plasma viscosity, and γ̇ r is a relative shear rate γ̇ / γ̇ c, where γ̇ c is defined by a “phenomenologica kinetic model” [253]. The Quemada model can also be cast in a modified Casson form as


τ0 
ηQuemada =  η∞ +


λ + γ˙ 


2

(1.10)

which was suggested in Popel and Enden [256] and outlined in Buchanan [245]. Easthope and Brooks
[257] tested various rheological models and their goodness of fit with variations in hematocrit. They
found that the four-parameter power-law model of Walburn and Schneck [243] gave the best fit for
variations in hematocrit, but for fixed hematocrits the Quemada model performed the best. An assumption in this analysis will be that blood can be characterized by a fixed hematocrit level, bypassing the
need for an additional conservation equation in terms of H( x ,t). In a computational model, the Quemada
model has an obvious advantage over the Casson model in that the apparent viscosity exists as γ̇ → 0.
Other phenomena-based kinetics models have recently been proposed by Williams et al. [258] and another
one has been investigated by Riha et al. [259]. Popel and Enden [256] recently derived an analytic solution
for the Quemada model and also studied plasma skimming in venular bifurcations utilizing the Quemada
model for the core flow with a Newtonian peripheral layer [260]. For their Quemada model, they use
values derived by Cokelet [261] which include hematocrit dependence. Additional multiparameter models
exist in the literature (e.g. Cross, Carreau, Powell-Eyring) and have been applied to blood. Values for
these models can be found in the literature [262, 263].
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TABLE 1.2

FIGURE 1.10

Model Parameter Values

Newtonian

µn = 0.0309 dyn s cm2

Power law
Casson
Quemada Eq. (1.9)
Quemada Eq. (1.10)

m = 0.1101 dyn sn /cm2, n = 0.7073
k1 = 0.0281 dyn/cm2, k2 = 0.0309 dyn s/cm2
k0 = 4.586, k∞ = 1.292, ηp = 0.014 dyn s/cm2, γ̇ c = 2.361 1/s
η∞= 0.0265 dyn s/cm2, τ0 = 0.432 dyn/cm2 λ = 0.0218 1/s

Comparison of multiparameter viscosity models.

The models and their parameter values used in this review are listed in Table 1.2; a comparison of ηγ̇
for a hematocrit of 40% is shown in Figure 1.10. The model coefficients were generated using a leastsquares regression to fit the experimental measurements taken from Merrill [244]. It has to be noted that
the Casson and Quemada models are very similar for shear rates greater then 10 sec-1 and that both reach
a Newtonian limiting viscosity. However, the major difference between the two appear in the important
lower shear rate ranges. The Casson model reaches an infinite viscosity at low shear rates as a result of
a yield stress in its formulation. In contrast, the Quemada model reaches a lower limiting viscosity
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(around γ̇ ~ 10-2). Of these models, the Quemada is the most accurate in relation to the experimental
data. This is to be expected since it has the most parameters. Differences in the constitutive equations
and their effects are covered in Buchanan [245].

Transport Equations and Auxiliary Conditions
Based on the principle of mass and momentum conservation, laminar incompressible blood flow is
described by the continuity (Eq. 1.3) and momentum (Eq. 1.4) equations, while blood-particle transport
can be simulated with the extended mass transfer equation for fluid element like particles and Newton’s
second law of motion for large particle trajectories. Deterministic-probabilistic approaches employing
kinetic theory (cf. [264, 265]) for fluid-particle simulation are not considered.
Auxiliary conditions include closure of the governing equations in terms of an appropriate blood
rheology model, drift flux expression, and particle forces. In addition, realistic initial, inlet, boundary,
and outlet conditions have to be provided. They can be stated as

r
v = 0 at the wall
r r
v = v x, y, z , t

(

)

(1.11)
(1.12)

at the inlet

allowing for transient, fully developed, or developing/swirling inlet conditions. Furthermore, the pressure
or traction free condition is specified at the outlet:

r
n̂ ⋅∇v = 0

(1.13)

and

r
r
nˆ ⋅∇v = 0, nˆ ⋅ v = 0

at symmetry planes

(1.14)

The blood particles of interest here include platelets, cells (e.g., monocytes), and their aggregated clusters,
assuming pseudo-spherical shapes. Specifically, platelets (ρpl = 1.03 g/cm3 and dpl = 2 – 4 µm) are treated
as a diffusive species employing the mass transfer equation augmented by a modified drift flux term
because of the larger dispersive motion and interaction with red blood cells (cf. [266, 267]).

DYpl
Dt

(

)

= D pl∇2Ypl + ∇⋅ Φ′ Ypl ± S pl

(1.15)

where Ypl is the platelet mass fraction, Dpl the diffusion coefficient, Φ′Ypl is the drift flux, and Φpl is the
drift flux potential. Data sets and sample problem solutions may be found in Buchanan [245], Eckstein
and Belgacem [266], and Yeh and Eckstein [268], as well as in the open literature. In contrast to the
dispersive platelets, simulation of “large” particle trajectories (ρp ≈ 1.06 g/cm3 and dp ≈ 7 – 22 µm for
monocytes and dp ≈ 100 µm for micro-aggregates), near-wall residence times, and likelihood of surface
deposition require the solution of Newton’s second law (cf. [130, 269-272]). Thus, ignoring rotation, the
force balance on the particle is

ˆr k r
r
r
r
r
r
dv
p
= f gravity − f virtual mass − fdrag − finteraction − f Basset + f pressure
ˆdt

(1.16)

where k labels the individual particles with known, upstream starting positions and velocities and v p is
the particle velocity. In Eq. (1.16), d̂ / d̂t  ∂/∂t + v p ⋅ ∇ is a time derivative following the moving particle.
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Scale analysis and computer simulations will determine if the Basset (integral history) term and the net
pressure force are significant or not. Particle transport is complicated due to interactions with mainly
red cells expressed in terms of the hematocrit (Hct). Red blood cell collisions give rise to random yet
directed motion. Random motion is treated as a diffusion process. Such forces can be economically
calculated only for two or three body interactions, and approximations can be made for dilute suspensions. For suspensions such as blood, empirical correlations are often involved. In addition, a lateral force
exists due to the presence of the vessel wall. This lateral force is treated as an impulse force in the current
model. Based on these arguments, the deterministic interaction force is assumed to be proportional to
the difference in velocity between the particle and the red blood cell suspension. Essentially, this force
accounts for differences in the inertial forces of red cells and the particles of interest. The interaction
force also gives rise to lateral motion of particles toward the arterial wall. Specifically,

r
r r
r r
1
finteraction = C I v p − v blood v p − v blood
2L

(1.17)

r
C I = C I Hct, η, ∆v , etc.

(1.18)

(

)

where

(

)

The correct form of CI will be determined by dimensional analysis and computer experiments. The
accuracy of Eq. (1.16) with three force terms has been checked by comparison with experiments. When
particles contact the surface, they may roll, adhere, bounce, and/or detach.

Indicator/Predictor Equations
State-of-the-art research results indicate that significant radial pressure gradients (RPG), extreme wall
shear stress (WSS) levels, sufficient OSI-values, high sustained wall shear stress gradients (WSSG), as
well as particle entrainment in disturbed flow zones and possible wall deposition, encapsulated as PED
(particle entrainment/deposition) are selectively suitable indicators/predictors for the onset of thrombosis
(i.e., WSS and PED), atherosclerotic lesions (i.e., WSSG, OSI, and PED), and/or myointimal hyperplasia
(i.e., WSSG). Blood pressure changes cause local stress and strain peaks inside the arterial wall. Lumen
areas associated with these elevated wall stress values have also been correlated with atherogenic sites.
The nine-component stress tensor as it appears in the equation of motion, or in the blood rheology
equation, reduces at the wall to a two-component shear stress vector, i.e.,

r r
r
1
τ ⇒ τ w = τ w , m , τ w , n ; τ w = τ w ; WSS =
T

(

)

T

∫

r
τ w dt

(1.19)

0

where τw, m acts in the temporal mean direction of τ w and τw, n is perpendicular to τw, m, while τw is the
magnitude of the local instantaneous wall shear stress in N/m2 or dyn/cm2. The OSI after He and Ku
[273] is defined as



1
OSI = 1 −
2





r
τ w dt 

0

T

r
τ w dt 

0

T

∫

(1.20)

∫
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where T is the period of the input pulse and τ w is the wall shear stress vector. OSI values vary between
0 and 0.5 with OSI = 0.5 indicating strong sustained oscillatory wall shear effects (and also the timeaveraged location of separation and reattachment).
The WSSG captures the aggrevating impact of temporal and/or spatial changes in the shear stress on
the lumen surface. Specifically,
1

 ∂τ  2  ∂τ  2  2
WSSG =  w , m  +  w , n  
 ∂m   ∂n  



(1.21)

and

WSSG
nd

=

1
T WSSG0

T

∫ WSSG dt

(1.22)

0

where the assumed reference value is WSSG0 = τ0 / d0 with τ0 being the Poiseuille wall shear stress at the
maximum flow rate and d0 being the effective inlet diameter. Physicobiological aspects of Eqs. (1.20) and
(1.21) are discussed by Lei [219] in detail and could be summarized as follows. The WSSG ~∆τw is an
asymmetric tensor of which four components are of interest, acting with time in different directions on
curved surfaces. Clearly, a number of assumptions had to be made in order to propose a parameter that
is both an accurate and consistent indicator of stenotic developments as well as a convenient predictor
for optimal design of branching blood vessels. Specifically, physical aspects of the WSSG equations can
be interpreted as follows:
(i) the absolute value of the WSSG is taken because both positive and negative gradients contribute
to the onset and development of restenosis;
(ii) integration of |WSSG| over the input cycle filters out minor temporal changes and yields sustained
spatial WSSG distributions;
(iii) the two components of the wall shear stress vector employed are the ones contributing most
strongly to the cell turnover, gap widening, and/or bond rupture between endothelial cells or cell
clusters, and ultimately to the smooth muscle cell proliferation referenced earlier.
Severity Parameters
The wealth of information from computational particle hemodynamic analyses in terms of disturbed
flow indicators and potential predictors of arterial diseases can be put into compact form with so-called
severity parameters, S. They combine indicators, such as the WSS, OSI, WSSG, RPG, PED, etc., with
affected lumen surface areas. For example, thrombi formation may depend on high WSS and near-zero
WSS areas as well as prolonged particle entrainment. So, for the shear stress,

SWSS =

 Aτ , H τ w , H

∑ 

A0 τ0

+κ

Aτ ≈ 0 

A0 

(1.23)

where Aτ, H is the area of high wall shear stress, τw, H is the high shear stress area, A0 is a reference area,
τ0 is the Poiseuille shear stress at the mean Reynolds number in the inlet tube, Aτ≈0 is the area of nearzero wall shear stress, and κ is a weighing factor. The reference area, A0, is typically comprised of the
entire bifurcation surface area or disturbed flow area. For the particle entrainment,
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SPED =

Apd

∑[PED ] A

where PEDn =

n

(PED

extended

+ PEDtemporary

100

0

)

(1.24)

where the particle entrainment and deposition index, 0 ≤ PEDn ≤ 1, represents the fraction (percentage)
of particles entrained in disturbed flow regions over several input cycles, and Apd is the area of likely
particle deposition. For an axisymmetric case, critical radii can be defined, rc,e(z) and rc,t(z), which
demarcate regions of extended and temporary particle entrainment, respectively. Particles are released
staggered across the radial cross section and their trajectories, computed over several input pulses,
determine the radii. Particles experiencing temporary entrainment are closer to the core of the flow and
experience one or two loops in their trajectories. Particles entrained for a longer period of time are
generally closer to the wall and are considered entrained for an extended period. Assuming a uniform
cross-sectional distribution, the temporary and extended particle entrainment can be computed from
[272]:

(

 π r2 − r 2
0
c ,e
PEDextended = 
 πr02


)  ⋅ 100%



(1.25)

and

(

 π r 2 − r2
c ,e
c ,t
PEDtemporary = 
2

πr0


)  ⋅ 100%



(1.26)

The susceptibility of a particle to be entrainment can be viewed as annular areas of the inlet. This
methodology provides with a few particle trajectory calculations conservative estimates of prolonged
particle entrainment zones as well as surface areas where particles may deposit. Combining Eqs. (1.23)
and (1.24) yields the severity parameter for thrombosis:

Sthromb = SWSS + SPED

(1.27)

In contrast, susceptible sites of atherosclerotic lesions and/or neo-intimal hyperplasia can be predicted
with one or a combination of several factors, i.e.,

SOSI =

AOSI

∑[OSI] A

(1.28)

0

and

SWSSG =

∑ WSSG

nd

AWSSG
A0

(1.29)

and

SRPG =

(∆p)
(∇p)

max
ref

∆r

( )

where ∇p

ref

≈

pin − pout
l

(1.30)
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For example, atherosclerotic lesions in the cartotid artery and indicators of restenosis in partially occluded
arteries as well as branching blood vessels have been predicted with combinations of Eqs. (1.23)-(1.27)
by Wells et al. [187], Buchanan and Kleinstreuer [267], and Hyun et al. [272]. When PED-values are not
available and the flow geometry exhibits (sudden) expansions or contractions, it is suggested that

Sstenosis = SWSSG + SRPG

(1.31)

Sstenosis = SWSSG + SPED

(1.32)

otherwise,

The physico-biological aspect of Eqs. (1.31) and (1.32) is that it encapsulates lumen surface aggravation
with prolonged near-wall residence or possible deposition of critical blood particles.

1.4 Numerical Method and Model Validation
Numerical Method
The commercial software CFX release 4.x from AEA Technology follows the general control volume
method of Patankar [274] with specifics of the algorithm given in the user’s guide [275]. All equations
solved will have the same general conservative form

( ) + ∇⋅ (ρvr φ) − ∇⋅ (Γ ∇φ) = S

∂ ρφ
∂t

(1.33)

which is then integrated over each individual control volume to form the integral form of the equation
relating the behavior of the variable φ at the center of the control volume to its neighboring control
volumes:

∫

( ) dV +

∂ ρφ
∂t

r

ˆ − Γ ∇φ ⋅ ndA
∫ ρφ v ⋅ ndA
∫ ˆ = ∫ SdV

(1.34)

All of the terms are discretized using second-order accurate central differences with the exception of
the advection terms and the convection terms specific to the momentum forms of Eqs. (1.33) and (1.34),
where φ v . The advection terms are discretized using the hybrid differencing scheme, which is utilized
to enhance stability. This method is either first-order accurate when the mesh Peclet number6 is greater
than 2 and upwind differencing is used, or second-order accurate when the mesh Peclet number is less
than 2 and central differencing is used. With the convective terms in the momentum equations, particular
problems arise in determining the convection coefficients from the node-centered velocity when it is
actually required on the node faces. To overcome this problem, a Rhie-Chow [276] interpolation scheme
is implemented in the code to deal with the mass source residuals (i.e., satisfying continuity) and the
velocity-pressure coupling. The velocity-pressure coupling is handled using the SIMPLEC algorithm with
Eq. (1.34) entered as a source term. Temporal discretization is implemented through a fully implicit
backward difference time-stepping procedure, which establishes a discrete steady-state set of equations
for each time step. The set of equations for steady-state or an individual time step can be presented in
matrix form as

6

PeL (uL/Γ) ~ convection/diffusion.
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Ap φ p −

∑A

nb

φnb = SU

(1.35)

nb

where nb represents the contributions of the neighboring control volumes and p is the control volume
whose variables are being solved for. Ap is the coefficient of the diagonal term of the matrix and is given as

Ap =

∑A

nb

nb

− SP + CU − CD + C N − CS + C E − CW +

ρV
∆t

(1.36)

where SP is a source term enhancing the diagonal dominance of the matrix (i.e., it is non-positive), the
C-terms represent the convective contributions from the six surrounding control volumes, and the final
term is the storage term attributable to transient effects. The complete matrix is then solved either using
Stone's method (cf. [277], pp. 302-308; [278] for details) or an algebraic multigrid method [279]. The
iterations involved in the solution procedure take place on two levels — the outer and inner iterations.
The inner iteration involves the solution of the non-linear, spatial coupling between the variables and
the outer iteration solves for the coupling between variables involved in the simulation (e.g., the pressurevelocity coupling, shear rate dependent viscosity).
The final issue to address in the solution of the problem is the specification of convergence criteria.
The entire idea of discrete methods is not to solve the equations exactly, but instead to solve the equations
approximately, with a reasonable degree of accuracy. The measure of convergence in the iterative solution
procedure is based on how well the solution satisfies continuity, i.e., the mass residual. Generally, the
required numerical accuracy is on the order of 10-6 for studies done in the kg–m–s system of units. Using
the cgs basis, the accuracy will be on the order of 10-3. The two can be approximately related as
accuracy ≈ mass residual/mass flow rate. Since, in general, the mass flow rate varies with time, the solution
will be considered converged to sufficient accuracy when the mass residual in the outer iteration is less
than the product of the average mass flow rate and the desired accuracy.

Grid Generation
A grid is constructed through reading in a point file defining the bounds of the geometry and then
constructing three-dimensional blocks from these points. Next, surfaces of the blocks are selected as
patches to be used to define boundary conditions in the solver. The blocks are then discretized (either
algebraically or elliptically) to define the physical domain. Finally, a formatted data file is written defining
the body-fitted coordinate system and the control volumes’ geometry, which interfaces with the solver.
CFX release 4.x solver is built on structured meshes. This is a limitation overcome in the new release
(5.x); however, not all of the necessary flow physics have been ported to the latest version. While not
really an issue for relatively simple geometries (e.g., occlusions), in bifurcating geometries, thought needs
to be put into the block structure ahead of time for proper resolution of important areas. Block structures
for various geometries are shown in Fig. 1.10.
The final mesh for each case is selected after experimenting at higher and lower grid densities with
final values specified after the velocity field and wall shear stress are “grid independent,” i.e., there was
less than 1% difference in results within numerical error bounds. Sample meshes for the various geometries are displayed in Fig. 1.11. A few more comments must be made regarding the final meshes. All the
meshes have similar control volume sizes on either side of interblock boundaries to reduce computational
errors. Since the wall shear stress and subsequent manipulations are focal points of the analysis here,
particular attention must be paid to the accuracy of the velocity field as it approaches the wall: the more
accurate the velocity field, the more accurate the values derived from the velocity field. This translates
generally into more discretizations at the wall than in the center of the flow fields. Also, with the block
structure, a minimization of mesh element distortion leads to a reduction of computational errors. Thus,
more recent simulations by our group have involved a “butterfly” block structure with algebraic grid
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FIGURE 1.11

Block structures for various geometric configurations.

generation (cf. Fig. 1.11a) as opposed to elliptically generated grids (cf. Fig. 1.11b). The advantages of
the “butterfly” meshes are that it allows for consistent wall surface patch placement topologically and
more uniform mesh structure approaching the wall.

Model Validation
As with any computer simulation model constructed to mimic a physical system, the question of how
well the mathematical solution corresponds to the physical phenomena must be answered. Often experimental measurements do not exist for the exact geometry being studied, so the computational technique
must be validated on certain model geometries for which experimental measurements do exist. For our
bifurcating geometries, the computational results are validated elsewhere in this volume [37]. For our
occluded geometries, the computational results will be compared to Ojha [280] and Ojha et al. [281] for
fluid flow, and the particle trajectories will be compared to Karino and Goldsmith [282].
Ojha [280] measured transient velocity profiles using an improved photochromic tracer method. The
strength of this method is that it provides directly measurable profiles at multiple points within a flow
field at an instant in time and does not rely on the ensemble averaging techniques used in LDV methods.
Velocity profiles are directly measured from photographs. Rather than a cosine profile, the 45% stenosis
has a trapezoidal profile. Therefore, some care has to be taken in generating a proper mesh that will
resolve the sharp angles associated with the stenosis. Rather than using three blocks, the mesh mimicking
the Ojha geometry uses four, with an additional interblock boundary defined at the rear edge of the
throat to clearly demarcate that point and to better resolve the rear face (cf. Fig. 1.12).
The inlet pulse was a sinusoidal pulse with a mean Reynolds number of 575 and modulation Reynolds
number of 360 (cf. Fig. 1.13a). The Womersley number for this pulse was 7.5, corresponding to a time
period of 345 ms for a tube diameter of 0.5 cm and fluid properties of kerosine (ρ = 0.755 g/cm3, µ =
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FIGURE 1.12

Computational meshes for various geometric configurations.

0.0143 g/cm/s). The pulse was discretized into 69 time steps for the validation runs and computations
were carried out for at least four pulses to eliminate any startup effects. Validation of the computational
code for a transient case is done by comparing centerline velocities versus time and velocity profiles at
measured axial locations. The centerline variations are taken from Ohja's dissertation (Figs. 4.7 and 4.11),
but due to the poor quality of reproduction on microfiche, the velocity profiles are taken from the journal
article Ojha et al. [281] (Fig. 4.4b).
Figure 1.13 compares the centerline variations versus time. The computational pulse is taken from the
values quoted in Ojha [280] and Ojha et al. [281] for Reynolds number and Womersley parameter. As
can be seen in the top portion of the figure, the inlet centerline velocities are similar throughout the
pulse except near the zenith of the pulse. It appears that the mechanical apparatus constructed to mimic
a sinusoidal pulse has a slight deviation in this region. This additional acceleration will cause discrepancies; evidence of this is shown in Figure 1.13b. While matching the early portion of the pulse, the greater
throughput in Ojha's input combines with the jetting action of the stenosis to create the differences in
the models.
Comparison between the computed and measured velocity profiles are favorable (Fig. 1.14). For the
decelerating portion of the flow T1, both models indicate a separation zone at the wall for all of the axial
locations. Near the lowest flow rate T2 , the profiles again correspond well. Near the peak flow rate T3 ,
the discrepancies already noted in Figure 1.13 arise again. At the first axial location, z = 1, the computed
centerline velocity is less than the measured one. However, the computations correctly predict the
separation region and match the other axial locations well at z = 2.5 and z = 4.3.
Karino and Goldsmith have published a wealth of experimental particle trajectory data for various
geometries (e.g., [139]). Specifically, the comparison here for model validation of the particle trajectory
will be with their data published in 1977 [282] for the transient particle trajectories in a sudden expansion.
The geometry was constructed of precision bore glass tubes with diameters of 151 and 504 µm, respectively. The input pulse was a steady flow superimposed on an oscillatory flow with a mean Reynolds
number of 23.3, a volume displacement per half-cycle of 0.5 µL, and a frequency of 1.5 Hz (cf. Fig. 1.15a).
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FIGURE 1.13

Computational mesh for validation runs.

The particle used for the experiment was a hardened, human red blood cell with a mean diameter of 7.5
µm and a density of 1.13 g/ml flowing in water at 22°C. Details of the trajectory computation can be
found in Hyun et al. [272].
The results for the particle trajectory are shown in Fig. 1.15. The particle is released just after the
maximum expansion of the transient vortex and is subsequently entrained in the contracting vortex
during the acceleration of the flow. As can be seen, the precessional and recessional motion of the particle
in the transient vortex is mimicked in the computational model.

1.5 Results and Discussion
Computer simulation results of the particle-hemodynamics and disturbed flow indicators are discussed
for a natural and a manmade bifurcation as well as for two partially occluded arteries. The aorto-celiac
junction of a New Zealand rabbit is used as a representative atherosclerotic model to show possible
correlations between disturbed flow parameters (i.e., WSS, OSI, and WSSG) and early signs of atherosclerotic lesions, i.e., locally enhanced wall permeability and elevated uptake of LDL and WBC.
The hemodynamics of different distal-end femoral graft-artery bypass configurations are analyzed to
show potential links between disturbed flow, as represented by the wall shear stress gradient, and restenosis, i.e., intimal hyperplasia and renewed atheroma.
Conditions for microemboli formation and thrombi formation are illustrated with model stenoses in
two straight artery segments. The first shows time-averaged indicator distributions as well as platelet
concentration contours and monocyte trajectories around a smooth cosine-shaped stenosis to speculate
on secondary stenosis developments and emboli formation. The second model is an endarterectomized
common carotid artery for which a new methodology to estimate zone boundaries and percentages of
particle entrainment/deposition has been developed based on particle trajectory calculations

Onset of Atherosclerosis in Aorto-Celiac Junction
The aorto-celiac (A-C) junction in the lower descending aorta is a common site for the development of
atherosclerotic lesions in the arterial system [48, 55]. Here, the A-C junction from a New Zealand white
rabbit is considered as a model system to investigate the influence of local hemodynamics on the early
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FIGURE 1.14

Model validation with Ojha [280]: (a) input velocity waveform and (b) centerline velocities.

onset of atherosclerosis. Several studies examine the early onset of lesions in this region [192, 283, 284],
and our group has previously investigated the mass transfer in this region [191, 192, 285] related to
atherogenesis. More recent results have involved examining the flow field in three dimensions and
investigating various indicator function distributions in the A-C junction. The junction considered here
is based on a representative casting done by Malinauskas [286]. The bifurcation angle is 100°; the aorta
diameters are 0.438 cm proximal and 0.404 cm distal to the junction, and the celiac diameter is 0.267
cm. The geometry locally tapers near the branch and is generally noncircular in the junction region. The
input pulse [286, 287] is characterized by its relatively high frequency and backflow portion (cf. Fig.
1.16a). The flow rate ratio is held at a constant 70:30 (distal aorta to celiac branch) throughout the pulse.
The mesenteric branch and renal orifices of the abdominal aorta have been ignored for the present study.
The approach taken here in comparing computational work with animal studies is to choose a
representative geometry (as specified above) and examine the results from the animal studies and put
the computational results in a similar form. First, segmental averages of artery segments will be investigated. This form of the results gives good information on general trends; however, in both animal studies
and computational work, this technique smears out local details. So, spatial results will also be compared
where the surface of the artery is projected onto a flat surface.
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FIGURE 1.15

Model validation with Ojha et al. [281]: velocity profiles.

Three indicators are compared in Fig. 1.17. This figure presents segmental averages of the nondimensionalized magnitudes of the WSS, WSSG, and OSI. The segmental averages are computed by areaaveraging and normalizing the indicator functions over the regions shown in the inset in Fig. 1.18. They
were selected to correspond to aortic sections (excluding the celiac branch) taken in the study by
Malinauskas et al. [284]. The results show that both the WSS and WSSG have focal natures around the
celiac junction, while the OSI mildly increases toward the junction. Although the WSS and WSSG show
similar trends, it should be noted that the baseline of the WSS segmental averages is elevated, so the
magnitude of the WSS elevation is not as significant as the WSSG. As introduced in Lei et al. [285], a
time-averaged permeability function can be constructed, viz.

P=

k
T

T

∫
0

 WSSG 

nd 


n

(1.37)

where the permeability has units of (cm3/cm2 s ) and k = 2.31 × 10-8 cm/s and n = 0.52 based on in vivo
data points [192, 219, 285]. This is then segmentally averaged and compared to the spatial uptake pattern
of WBC data from Malinauskas et al. [284]. From Fig. 1.18, it can be seen that the WSSG-based
permeability matches the experimental results well in terms of the distribution pattern. The discrepancy
that appears downstream from the celiac junction can be attributed to not having included the renal
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FIGURE 1.16 Comparison of computed particle trajectories with the experimental results of Karino & Goldsmith
[282]: (a) input pulse and time of particle release; (b) experimental particle trajectories (from [282]); (c) computed
particle trajectories.

orifices and superior mesenteric branch in our computational analysis. Had we included the branches,
we would have expected more significant disturbed flow regions downstream and thus elevated WSSGvalues in that region.
What is lost in the segmental averaging is spatial information. It has been noted in Zeindler et al. [283]
that early lesion development initially occurs lateral to the junction and then continues to grow proximal
to the junction. Malinauskas [286] also noted elevated WBC permeability laterally and proximally to the
celiac junction. Figure 1.19 shows a comparison of the spatial distribution of the indicator functions with
the data of Herrmann et al. [192] (Fig. 1.19d) and Zeindler et al. [283] (Fig. 1.19e). Distributions of the
indicator functions around the junction are also shown on the three-dimensional surface in Fig. 1.20.
Lateral to the junction orifice, there are noticeable areas of low WSS and elevated WSSG and OSI values.
The low WSS values are spread down the lateral side of the juction. This is due to the local taper in the
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Comparison of segmentally averaged indicator functions: (a) WSS; (b) WSSG; (c) OSI.

junction combined with the transient flow — the region regularly sees low shear stress due to the flow
division and separation due to the pulse wave form. The OSI picks up this regular separation with an
elevated value and also has an elevated value on the bed due to the regular separation and reattachment
that occur there. However, no studies note early lesion development on the bed of the aorta opposite the
celiac junction. In relation to the findings of Ku et al. [9], the region of low shear stress and high oscillatory
index does signify locations of early lesion development along the lateral walls. The WSSG again displays
its focal nature along the crescent shape of the flow divider (Fig. 1.20). Malinauskas [286] noted a
significant increase in WBC density in the celiac region and a significantly higher density within the flow
divider region when compared to the celiac nondivider and nonbranch regions. Also, in relation to Fig.
1.19d, no area of the flow divider region is devoid of WBC. This concurs with the observations of Zeindler
et al. [283] for later stages of lesion growth (Fig. 13 from [283]). They note that the earliest stages of
lateral lesion growth occur just distal to the tip of the crescent-shaped fold that forms the flow divider
and distal lesion growth occurs just downstream of the center of the flow divider with the divider itself
often spared of lesions [283]. Thus, in terms of the indicator functions, the earliest lateral lesions appear
where there are low WSS and elevated OSI and WSSG. Distal to the celiac opening, the WSSG and WSS
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FIGURE 1.18 Comparison of the segmentally averaged wall permeability function with the in vivo intimal WBC
density data of Malinauskas et al. [284].

values are elevated. As hypothesized by Yamaguchi [288], the role of elevated WSS in this region may
actually be protective. So, regions distal to the celiac opening where the WSSG is still elevated but the
WSS-values have decreased may be regions susceptible to early lesion growth [283] and WBC accumulation [286].

Intimal Hyperplasia Developments in Graft-Artery Anastomoses
The motivation for studying the flow dynamics in end-to-side graft-artery anastomoses is that new
surgical techniques geometrically and structurally modifying the graft-artery junction have shown a
marked increase in patency rates [30, 149]. Conventional 30° distal anastomoses are commonly seen in
vascular bypass surgeries, and one with a 1:1 diameter ratio and a standard flow rate ratio Qg:Qa:Qu =
100:80:20 (cf. Fig. 1.9b) will constitute our base case. The base case is compared to a “Taylor patch”
connector [149]. The basic idea is to use a vein patch connecting the synthetic graft and the artery so
that the compliance mismatch between the graft and the artery can be mitigated and a smaller branching
angle can be used. Since the shape and diameter ratio of the Taylor patch vary from surgery to surgery
(depending on the location, the size of the artery, and the surgeon’s personal experience), the case
presented here is based on the sketch and description in Taylor et al. [149]. The graft-to-artery diameter
ratio is 1:1; the branch angle is reduced to 10°; the flow input waveform and flow rate ratio are consistent
with the base case; and for simplicity, the geometry is assumed rigid. A sample computational mesh of
this geometry is shown in Fig. 1.12b.
The reason for contrasting these two geometries is that data exist [149] comparing the patency of
these two geometries in vivo. The rates of success for the typical base case junction (n = 310) and the
Taylor patch connector (n = 256) are shown in Fig. 1.21. Comparisons of the WSS contours (Figs. 1.22a
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FIGURE 1.19 Comparison of the spatial distribution of indicators (a) WSS, (b) WSSG, (c) OSI with spatial
distribution of (d) intimal WBC from Herrmann et al. [192] and (e) lesion growth data from Zeindler et al. [283].

and b) show that the increase in the graft diameter, extension of the hood length, and streamlining of
the connector reduce the strong jetting action of the connector. The overall magnitude of the WSS has
been reduced, particularly in the bed region. This also translates into overall lower WSSG-values in the
Taylor patch connector (Fig. 1.23b). Whereas the base case connector had significant sustained WSSG
throughout the region, the Taylor patch removed most of the WSSG with the exception of the regions
near the toe and the heel. The particular differences can be noted in regions where intimal hyperplasia
has been documented to form [157]. In the bed region, the Taylor patch connector has mitigated the
impact of the jet to eliminate most of the high WSSG-values in that region. At the toe and heel, the
WSSG is still significant, but the overall magnitude has been significantly reduced — by approximately
a magnitude of four. While it is not clear physiologically what implications a decrease in the magnitude
of the WSSG has, it has been hypothesized that it is a very suitable predictor of sites susceptible to
myointimal hyperplasia plus atheroma [219, 289].

Formation of Thrombi in Stenosed Artery Segments
The axisymmetric stenosed artery segments are representative two-dimensional models to study the
transport of suspended elements in blood. While the true physiologic significance is questionable due to
the assumed symmetry, the main purpose of these geometries is to serve as a test bed for transport models
to perform scale analysis, etc. The streamlined stenosis (Fig. 1.9c) is representative of the abdominal
aorta and distal arterial regions (femoral, etc.). The sudden expansion (Fig. 1.9d) is representative of an
endarterectomized common carotid artery.
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FIGURE 1.20

Three-dimensional surface contours of indicator functions: (a) WSS; (b) WSSG; and (c) OSI.

Streamlined Stenosis
The hemodynamic simulations in this stenosis geometry will examine the effect of Womersley number
on fluid and particle transport. Several input pulses and rheological models were examined in [245], but
only sinusoidal wave form and two rheologic models (i.e., Newtonian and Quemada) are explored here.
The shape of the streamlined stenosis is defined by a cosine function

 δ
 πx  
1 − 1 + cos  
R x =  2 
 x0  
1


()

if x ≤ x0

(1.38)

if x > x0
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FIGURE 1.21 Cumulative primary patency rate of Taylor patch in comparison with conventional PTFE graft bypass
techniques (average). Data from [149].

FIGURE 1.22

WSS contours for (a) the base case 30°, 1:1 anastomosis; (b) the Taylor patch type connector.

Here, R(x) = r/r0, δ = 1/4D (corresponding to a 75% reduction in cross-sectional area), and the half
length x0 = 2D. The axial length is nondimensionalized by the tube diameter, i.e., Z = x/D, where the
origin is located at the stenosis throat on the centerline. The input wave form varies between Reynolds
number of 0 and 400 with a mean value of 200 (cf. Fig. 1.9c). The Reynolds number is defined based
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FIGURE 1.23

WSSG contours for (a) base case; (b) Taylor patch.

on an equivalent flow rate of a Newtonian fluid (i.e., Re = UD/ν, where U is the time- and area-average
of u(r,t) at the inlet and ν is the kinematic viscosity based on the limiting Newtonian viscosity). The
Womersley number is defined similarly (i.e., Wo = R(ω/ν)1/2). To study the effect of inertia on the flow
field, computational experiments were performed at both low (Wo = 4.0) and high (Wo = 12.5) Womersley numbers.
Velocity fields for a Quemada fluid with superimposed streamlines are presented in Fig. 1.24 for a Wo
= 4.0 and Fig. 1.25 for a Wo = 12.5. The positions during the input pulse are indicated in Fig. 1.9c. The
velocity fields correspond to the peak flow rate (T1), the mean flow rate during deceleration (T2), the
zero net flow rate (T3), and the mean flow rate during acceleration (T4). Figure 1.24 presents a rather
traditional picture of transient flow through a stenosis. The jet contracts during deceleration, expanding
the recirculation zone behind the stenosis (T1 - T2), and this annular vortex grows to a maximum at zero
net flow (T3). The flow then accelerates, expanding the jet and limiting the disturbance to the region
immediately distal to the stenosis (T4). The increase in inertia significantly changes flow field as evidenced
in Fig. 1.25. At the first time level (T1), the acceleration has dramatically shortened the recirculation
region to the immediate area near the stenosis. Jumping ahead to time level T4, the jet expansion due to
the acceleration actually clears the recirculation zone briefly from the distal side of the occlusion. A
particularly interesting flow field characteristic develops at the intermediate time levels during the deceleration of the flow: two co-rotating vortices appear (cf. time levels T2 and T3). By looking at additional
time levels (cf. [245, 271]) or the shear stress contour versus time and axial direction (Fig. 1.26), it appears
that the growth of the second vortex forms as a consequence of the first. As the flow begins to decelerate,
the vortex attached to the distal side of the stenosis grows and effectively increases the size, i.e., especially
the length of the recirculation zone, which acts like an enlarged flow constriction. This growth of the
first vortex then strengthens the second vortex, which is really a remnant of the vortex behind the stenosis
from the previous pulse. As the flow completes its deceleration, the annular effect reverses the flow at
the wall, further reenforcing the second vortex, and the vortices are subsequently convected downstream
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FIGURE 1.24

Velocity vector fields with superimposed streamlines, Wo = 4.0.

during the acceleration phase. As seen at time level T4, the larger vortex has been reduced and moved
radially by the jet. The remnant of this primary vortex is seen at time level T1 as a deflection in the
streamlines at x ~ 15. This is also evidenced by the persistent disturbance that shows up in the wall shear
stress profile (Fig. 1.26). Elsewhere in the literature, this phenomenon is referred to as a“vortex street.”
Experimentally noted in Sobey [290], this flow structure has also been recently studied by Tutty et al.
[291] and Rosenfeld [292].
The shear stress surface, a space-and-time profile, shows positive peak wall shear str ess values (nondimensionalized by twice the dynamic pressure,ρU2) in the throat during the accelerating high flow rate
phase and indicates reverse flow regions for the decelerating pulse phase (cf. Fig. 1.26). It is also evident
that a “disturbance” remains at the wall through the accelerating portion of the flow cycle, as can be
noticed by the decrease in the shear stress at Z ~ 5. When the flow inertia changes direction, this
“disturbance” is what initiates the second vortex (cf. Fig. 1.25).
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FIGURE 1.25

Velocity vector fields with superimposed streamlines, Wo = 12.5.

The hemodynamic indicator functions also show the effect of the second vortex at the higher Womersley number. In the time-averaged wall shear stress (Fig 1.27a), the second vortex has the effect of
producing a second slight decrease in the region 2 < Z < 5, and slightly decreasing the average length of
the recirculation zone. Likewise, the OSI (Fig. 1.27c) and WSSG show differences. The OSI has its two
characteristic peaks (OSImax = 0.5) at the time-averaged separation and reattachment points, but also has
an elevated value in the region where the second vortex exists. Viewing this second co-rotating vortex as
a product of a shear layer instability, the decrease in average recirculation zone length makes physical
sense. Local, higher-frequency instabilities (i.e., the vortices) will cause reattachment earlier than the lowfrequency inertial waves of the input pulse. Figure 1.27b shows two major WSSG peaks for the axisymmetric stenosis that are independent of Womersley number. Distal to the stenosis, the second vortex
locally elevates the WSSG. The location of the primary WSSG peaks agree well with in vivo observations
of elevated mass transfer in stenoses [64], i.e., mass transfer occurs on the fore and aft sides of the
occlusion and not the throat. This tertiary WSSG-peak and elevated OSI in the region of the second
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FIGURE 1.26

Nondimensional shear stress surface over time and space for Wo = 12.5.

vortex could explain the formation of double stenoses observed in clinical practice [55]. With this
sustained disturbance further downstream, cell turnover could be stimulated, leading to lesion growth
away from the primary geometric disturbance and leading to a series of partial occlusions as shown in
femoralpopliteal arteriograms [55].
One of the basic phenomena that the drift flux model is trying to capture in the platelet distributions
is elevated concentrations in the recirculation regions as noted ex vivo by Parmentier et al. [293]. From
Figs. 1.28 and 1.29, it appears that our current model can reproduce the effect in unsteady flow. As
expected, the flow patterns associated with the Womersley number variations significantly affect the
platelet transport. For the lower Womersley number (Fig. 1.28), the elevated platelet concentration near
the wall is concentrated near the throat of the stenosis during the peak flow rate (T1). The subsequent
growth of the vortex during the deceleration (cf. Fig. 1.24) transports a portion of this elevated concentration near the center of the vortex (T2 – T3 ). This local elevation diffuses as the vortex is convected
and dissipated downstream. For the higher Womersley number (Fig. 1.29), the expansion of the jet (T4)
advects a high concentration of platelets from the area behind the stenosis. The subsequent growth of
the primary vortex then pushes this elevated platelet suspension to the core region of the flow where it
is then convected downstream. If experimentally confirmed, this is a particularly interesting result in that
it suggests a possible mechanism for microemboli to form. Due to the severe occlusion and relatively
high Womersley number, platelet-rich zones enter the core of the flow where they are likely to be mixed
with thrombin and ADP complexes activated by the high shear stresses in the throat (cf. Fig. 1.26). The
low shear rates near the center of the artery are amiable to this, thus providing an opportunity for finite
rate kinetic mechanisms to occur. At a Wo = 4.0, this transport mechanism is not seen: the region of
elevated platelets is advected toward the wall and thus toward higher shear rates, which enhances the
dispersion of the platelet-rich zones.
These results do not clarify the differences in platelet deposition on the wall noted in the literature.
For example, using collagen coated e-PTFE grafts, Markou et al. [32] observed maximum platelet
deposition at the throat with “markedly lower” platelet deposition proximal and distal to the throat.
However, in Lexan geometries, Schoephoerster’s group [33, 179] shows a decrease in normalized platelet
count at the throat and increases in the proximal and distal regions. These contradictory findings are
attributed to the various surface adhesion molecules expressed by the platelets depending on the surface
they interact with [179]; recent experiments confirm this [180]. What is shown with the drift flux model
is that all these areas are subjected to elevated platelet concentrations (cf. Figs. 1.28 and 1.29). In certain
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FIGURE 1.27 Time-averaged hemodynamic indicator functions for Wo = 4.0 and Wo = 12.5: (a) wall shear stress;
(b) wall shear stress gradient; (c) oscillatory shear index.

cases then, the adhesion kinetics are of primary importance. For example, the adhesion of platelets to
collagen-coated surfaces most likely occurs through a fast, strongly bonding reaction mechanism, whereas
the interaction with other, artificial surfaces occurs through slower pathways and leads to deposition in
regions of disturbed flow (cf. [294]).
Particle pathlines and streamlines coincide exactly for the case of steady laminar flow; however, they
may differ greatly in the case of transient flow. In transient flow, the differences in their respective nature
are emphasized: streamlines display a snapshot of the entire flow field at an instant in time, whereas
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FIGURE 1.28

Transient platelet concentration contours, Wo = 4.0.

pathlines trace the history of a particular fluid element from a position. Of interest are spherical monocytes that stay in a recirculation zone or can be assumed to “stick” when they come in contact with the
wall. The nonuniform fluid mechanics, i.e., the disturbed flow in Figs. 1.24 and 1.25, leads to the unusual
pathlines in Figs. 1.30 and 1.31. The particle pathlines presented are for a Newtonian fluid. Investigation
of the non-Newtonian effects are studied in Buchanan and Kleinstreuer [267]. The time level indicated
in the figures represents the time that the particle is released during the input pulse at an axial position
x = -7. For a Wo = 4.0, the recirculation region has little effect on the core region of the flow. For all
time levels, the pathlines along the core of the flow remain mostly undisturbed. Also, the particles starting
closest to the artery wall collide with the proximal face of the stenosis. For time levels T3 and T4, the
particle pathlines look very similar to the steady case with minor transient effects showing up due to the
annular effect downstream (x ~ 16). At time levels T1 and T2, some temporary particle entrainment is
observed. Contrasting this is the significant extended entrainment seen at Wo = 12.5 at all time levels
(Fig. 1.31). At T1, the particle captured in the region immediately distal to the stenosis would seem to
contrast the results of Elrich and Friedman [295], which found no extended particle entrainment in
transient separation regions in a two-dimensional Y-bifurcation. For cases of severe occlusion and relatively high Womersley number, “perpetual” stasis may occur. However, they did not consider severe
conditions of the disease and were investigating possible mechanisms for atherogenesis. Their conclusion
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FIGURE 1.29

Transient platelet concentration contours, Wo = 12.5.

that stasis has little effect on the origins of the disease process appears to be correct, and here the conjecture
can be made that it is far more important in the final stages of the disease. It would also appear that the
particle residence time of Kunov et al. [296] will increase significantly with stenosis severity and the
relatively high frequency of the pulse.
In terms of critical conditions related to the entrainment of particles, it appears that the time when
cells exit the throat region in relation to the time level of the pulse seems to affect entrainment most
strongly. For both Womersley numbers, cells exiting the throat during the decelerating portion of the
flow will tend to be washed downstream as the growth of the near-wall vortex pushes them out into the
core of the flow. Cells leaving the throat during the acceleration phase will ride the jet expansion to
become entrained in vortices and remain there for several pulses. Thus, the degree of particle entrainment
in conjunction with the strengths and near-wall residence times of the vortices are strong indicators of
susceptible sites of secondary stenoses. Also the possibility of formation of a second stenosis is displayed
with the time-averaged indicator functions.
The work presented provides several theoretical results relating particle-hemodynamics and the arterial
disease process in its later stages. From the computed transient flow fields, three indicator functions are
presented, i.e., the WSS, OSI, and WSSG. The goal of indicator functions is to point out areas of disturbed
flow and, by extension, regions of lesion growth, increased wall permeability, blood-particle deposition,
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FIGURE 1.30

Transient particle pathlines, Wo = 4.0.
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FIGURE 1.31

Transient particle pathlines, Wo = 12.5.
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FIGURE 1.32
permission).

Outlines of the areas of lipid deposition around an artificially induced stenosis (from [64] with

and wall uptake, etc. As outlined by Kleinstreuer et al. [26], sustained nonzero WSSGs indicate sites
susceptible to intimal thickening. Autopsy and arteriogram results have shown that stenoses develop in
series [55], so one use of the indicators is to explain the distal propagation of secondary stenoses. The
results of Ku et al. [9] for the carotid artery bifurcation would point to lesion growth at a location where
the OSI is elevated and the WSS is low; thus the secondary lesion would be hypothesized to form at the
reattachment point and the surrounding region. This would agree with the in vitro 3H-7-cholesterol
uptake data of Deng et al. [297], which noted significantly higher cholesterol uptake at reattachment
points. The WSSG, on the other hand, does not exhibit significant values at the reattachment point
because of the somewhat uniform magnitude in the shear stress. Instead, the WSSG has two primary
peaks on either side of the stenosis and a tertiary peak distal to the stenosis. This distribution would
agree with the in vivo observations of Zand et al. [64]. Figure 6 of Zand et al. [64], which is included
here (Fig. 1.32), shows areas of lipid distributions on the proximal and distal side of a stenosis with larger
and longer deposits on the distal side and a marked absence at the throat. Both of these experimental
observations point to regions where elevated uptake into the artery wall would lead to secondary stenosis
formation. Similarly, the indicator functions point out regions of disturbed flow that appear to correspond
to the areas of elevated uptake. It has to be noted that the OSI, WSS, and WSSG do not contradict each
other in their means of indicating regions of disturbed flow on the wall; instead they complement each
other — both pointing to different areas where perhaps different physico-biological mechanisms occur
to govern the local behavior of the endothelial layer and artery wall.
The unique fluid mechanics associated with a severe occlusion and a high Womersley number have
been presented to elucidate possible mechanisms leading to thrombosis. The drift flux model predicts a
local excess of platelets in the stenosis throat and on the distal face of the stenosis. These elevated platelet
concentrations are seen for both high (Wo = 12.5) and low (Wo = 4.0) Womersley numbers and for
steady flow [245]. However, the interaction with the primary vortex to transport the elevated platelet
concentrations into the core of the flow is only seen at the higher Womersley number. The drift flux
model was developed based on “freeze-capture” experiments (e.g., [268]); perhaps experiments of the
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kind on a stenotic tube segment could check these predictions and perhaps provide a more general
modeling option. Of particular interest is the particle boundary condition, i.e., how significantly would
the platelet contours presented be affected by impermeable walls (e.g., [266]), known platelet deposition
rates (e.g., [33]), or a kinetic mechanism governing the deposition? It also may be possible to extend the
drift flux approach to red blood cells, and hence the interactions between red blood cells and platelets
could be handled in a compact manner.
Leukocytes have also been noted to have increased concentrations near the tube wall [298]; however,
a Lagrangian approach, as opposed to a drift flux methodology, has been adopted because our interest
involves the fate of individual particles or particle clusters. An important result is that when particles are
entrained in vortices or enter disturbed flow regions seems to be more important than geometric location,
especially in regions with large-scale flow disturbances. Additionally, particle entrainment increases as a
function of Womersley number. It has been shown that at high Womersley numbers, particles starting
near the wall are transported to the core of the flow as often as they are entrained. A similar observation
can be made about particles starting in the core of the flow. However, for lower Womersley numbers,
very little entrainment is seen and, of what is, it can be classified as “temporary” and not necessarily
“extended.” Along these lines, the chaotic nature of this flow needs to be more fully characterized to
explore the “permanent” entrainment seen here.
Sudden Expansion
The sudden expansion-step geometry models endarterectomized common carotid arteries probing for
links between the hemodynamic environment and acute postoperative pathology — specifically, the
implications to thrombosis and restenosis. The input pulse (cf. Fig. 1.9d) is a standard carotid input
wave form taken from Bharadvaj et al. [299]. An axisymmetric “plaque layer” of thickness h = 2 mm has
been removed downstream, widening the lumen to d1 = 9 mm. Results from the 2-mm step height will
be compared to results for a 1-mm step height for comparison purposes. Additional investigation into
the effects of geometry can be found in Hyun et al. [272].
The velocity vector fields are shown for the two time steps indicated in the inset of Fig. 1.33. For the
peak flow rate, jet-like flow can be observed in the core of the flow with the region downstream of the
step experiencing separated flow. For the second time step indicated, the flow is still reversed distal to
the step, but the deceleration has induced an annular effect proximal to the expansion. Characterizing
the velocity field, the core of the flow maintains a net positive flow with the jet expanding during the
accelerating portion of the systolic phase and contracting during the decelerating portion. Throughout
the pulse, the recirculation zone never detaches from the distal face of the expansion.
This persistent separation can also be seen in the time-averaged indicator functions (Fig. 1.34). The
shear stress (Fig. 1.34a) shows a strongly positive value7 along the distal expansion face (i.e., stations s2
– s3) and maintains values near zero along the original surface of the artery. The average reattachment
point can be seen at s ~ 175 mm (or 28h from the expansion) in both the WSS and OSI (Fig. 1.34b).
Elsewhere, the OSI maintains low values proximal to the expansion due to the annular effect induced by
the carotid wave form. After some fluctuations along the expansion surface, the OSI reaches a local
minimum near the corner, monotonically increases to the reattachment point, and decreases after as the
flow develops. The WSSG distribution (Fig. 1.34c) is saturated by the expansion singularity but also
maintains nonzero values through the recirculation zone from 125 ≤ s ≤ 160 mm.
The particle trajectories are computed reducing Eq. (1.16) so that only the virtual mass and viscous
drag terms are included (cf. [272]). Fifteen particles are released at time t1 above the expansion corner
with four complete cycles being sufficient to generate the particle information. This time step for initiating
the particle trajectories was determined heuristically, representing a “worst-case” scenario. The trial
trajectories map out three distinct zones, i.e., no particle entrainment for starting positions 0 ≤ r ≤ rc,t
(cf. solid squares in Fig. 1.35), temporary particle entrainment for rc,t ≤ r ≤ rc,e (cf. particles exhibiting
7It is convenient to represent the reverse flow regions with a positive value of the wall shear, i.e., the force per unit
area opposing the flow.
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FIGURE 1.33

Representative velocity vector fields for a 2-mm step size.

one or two loops before moving downstream), and extended particle entrainment for rc,e ≤ r ≤ r0 (cf.
particles that remain in a confined region). The temporary and extended particle entrainment zones are
significantly smaller for the lower step height (Fig. 1.35a vs. 1.35b). Because of the small difference in
inertia between a representative particle and a fluid element, the trajectories are determined by the
transient flow field. Specifically, the motion of temporarily entrained particles is governed by the jet
expansion, which is dominant during the acceleration phase of the input pulse, followed by the jet
contraction and shear layer instabilities during the decelerating portion of the systolic phase, and finally
the stable jet formation during the diastolic phase advecting the particles downstream, preventing deposition on the wall. Particles experiencing prolonged entrainment have similar characteristics to the
temporarily entrained particles, but having started closer to the wall in the flow field, they are more likely
to have trajectories nearer the wall and deeper into the secondary motions of the flow (cf. bullets, circles,
and open triangles pointing to the right in Fig. 1.35).
Extended and temporary particle entrainment and/or deposition (PED) values are listed in Table 1.1
together with the severity parameters [Eqs. (1.23) through (1.32)]. The PED-values indicate an intuitive
result: that an increase in step height increases the amount of particle entrainment. However, what is
not intuitively obvious is the amount. For a 2-mm step height, more than four fifths of the particles
exiting the occluded artery segment are entrained for some period of time (i.e. they experience a longer
residence time), whereas for a 1-mm step height only one third of the particles are experiencing an
elevation in residence time. Also significant are the number of particles experiencing an extended entrainment — four times more for the 2-mm vs. the 1-mm step height.
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FIGURE 1.34
WSSG.

Time-averaged hemodynamic indicator functions for a 2-mm step size: (a) WSS; (b) OSI; and (c)

Several severity parameters were outlined earlier and in this geometry, thrombosis and restenosis
parameters are most pertinent. The indicators evaluating the severity for thrombosis are the WSS combined with the radial pressure gradient and particle entrainment and/or deposition, SWSS + RPG and
SWSS + PED, respectively. For restenosis, the SOSI is evaluated and compared to SWSSG + PED. As can be seen
from Table 1.3 and Fig. 1.36, the lower step height geometry exhibits smaller values of the severity
parameters. While not surprising results, it does point to the use of severity parameters for the comparison
of geometric effects. This is in conjunction with other studies that have used severity parameters for
evaluation of both geometric and pulse wave form effects (cf. [37, 219, 245]).
Over the last two decades, it has been well documented that nonuniform hemodynamics play a
significant role in the onset and progression of abnormal biological events in large arteries with geometries
that produce complex flow fields. A sudden expansion produced as the result of a carotid endarterectomy
(CEA) is the first source of flow disturbances in reconstructed carotid artery bifurcations. Recurrent
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FIGURE 1.35

Particle trajectories for different step sizes: (a) 1-mm step size; (b) 2-mm step size.
TABLE 1.3 Summary of Particle Entrainment and/or Deposition Values and
Severity Parameters for an Axisymmetric Step Expansion
Step
Height

1 mm

2 mm

PEDtemporary
PEDextended
SWSS + PED
SWSS + RPG
SOSI
SWSSG + PED

23.2%
10.1%
0.693
0.798
0.249
0.343

40.7 %
40.7%
1.604
1.488
0.569
0.656

arterial diseases are generally localized over the expansion surfaces and the adjacent endarterectomized
wall denuded of endothelial cells. What is clear is that this source of disturbed flow should be minimized
in surgical procedures to avoid downstream disturbances in the natural or reconstructed carotid artery
bifurcation.
For expansions in the common carotid artery (CCA), persistent recirculation zones exist distal to the
step exposing the denuded artery and step face to thrombogenic conditions by most proposed theories
[5, 32, 33]. The time-averaged indicators of nonuniform hemodynamics, i.e., the WSS, OSI, and WSSG,
connote the severity of each geometric configuration and locally disturbed flow patterns in different
ways. Smaller expansions are better than larger expansions because of the decreased near-zero WSS areas.
However, all nonuniform hemodynamic indicators spike at the expansion edge and along the expansion
wall, and recent surgical techniques have been proposed to avoid this [300]. Downstream of the expansion,
elevated OSI values and small WSS magnitudes would point to areas susceptible to restenosis. Additionally, the WSSG is nonzero in the region of the primary vortex. However, the CEA step is often only 1 to
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FIGURE 1.36

Severity parameters vs. step height: (a) thrombogenesis; (b) restenosis.

2 CCA diameters proximal to the bulb expansion and 4 to 5 CCA diameters proximal to the bifurcation
divider wall, so disturbed flow in this area will be modified by the overall bifurcation geometry. Future
work involves studying the influence of this endarterectomy step on the overall carotid artery bifurcation
flow field.
More critical in the immediate area after the step is acute thrombosis and long-term restenosis. The
present severity parameters for thrombosis, SWSS + RPG and SWSS + PED, reflect areas with very low wall shear
stresses, measurable radial pressure gradients, and prolonged particle entrainment — all probably contributions to thrombus formation. It should also be noted that a significant portion of the artery distal
to the sudden expansion is denuded where a thrombus will form as a natural byproduct of the healing
process. The severity parameters for restenosis based on the RPG, OSI, WSSG, and PEDextended all seem
intuitively correct and further investigation is ongoing to further differentiate the physico-biological
implications of the different severity parameters. Elsewhere [245], an argument has been made for the
applicability of the OSI for thrombosis based on a scaling of local to global fluid and kinetic time scales.
This is pointed out because all the severity parameters provide similar information and therefore are
somewhat ambiguous. The particle behavior clearly points to the region near the expansion wall as a
susceptible place for extended particle entrainment and aggregation and possibly particle deposition.
Substantial particle motion is caused by the secondary flow such as progressive and retrograde periodic
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movements observed during the flow cycles. However, no stasis and very little deposition are observed,
partially due to the limitations in the modeling (e.g., the number of particles and flow cycles).
Based on these simulation results, implications to thrombosis and restenosis can be summarized as
follows:
• The near-zero WSS region of the sudden expansion wall and corner are surfaces where blood
particles can easily adhere and aggregate.
• The OSI indicates that the expansion wall and the downstream area are susceptible to various
pathological situations.
• The WSSG indicates the step expansion area as the most severe location to the exclusion of other
regions.
• The severity parameters can be used for the comparison of geometric effects on a system scale
with respect to possible thrombosis and restenosis.
• PED-values indicate significant differences in particle entrainment phenomena for different step
heights.

1.6 Future Work
Although convincing evidence exists linking nonuniform hemodynamics and other physico-biological
phenomena with vascular diseases, there is still a multitude of open questions regarding the details of
how and why pathological processes start and develop. Linking hemodynamics and vascular biology is a
complex and demanding undertaking because of the huge number of variable unknowns inherent in
biological systems. Few, if any, convincing correlative studies have been done, but this is exactly what is
needed — quantitative, reliable correlation studies in various geometries and under realistic conditions.
The more quality data that are put forward, the more information scientists and engineers have to work
with to sort out the many factors that lie at the root of vascular diseases. Evaluation of the accuracy and
efficacy of indicators must be done. The purpose of this is twofold. One is that an indicator function
with predictive qualities implies a better understanding of the interrelation and feedback between hemodynamics and biology. The second is that the more accurate the indicator functions, the more effective
the severity parameters will become in suggesting significantly improved surgical reconstruction procedures (cf. [37]). All of these may have profound effects in the clinical setting with better diagnostics,
drug treatment, and medical device design.
With that said, one of the goals of this group (i.e., NIH-sponsored joint NCSU and Duke project) is
to examine the links between hemodynamics and cell biology in rabbits. On the modeling side, this
involves getting closer to the physico-biological situation in examining and including more geometric
complexity. This involves introducing the additional branches in the abdominal aorta through the aortoiliac bifurcation and including the effects of nonplanarity. In linking the hemodynamics to the biology,
several indicator functions will be examined past those currently included here and, as suggested by the
construction of the severity parameters, combinations to examine if they interrelate. Many unanswered
questions still surround how the hemodynamic millieu relates to intimal hyperplasia [301], although
correlative procedures are beginning to show results. Again, the key in modeling is to remain as close to
the physico-biological system as possible.
It is for this reason that relatively simple two-dimensional axisymmetric geometries such as the smooth
stenosis will appear sporadically in the literature for years to come: it serves a very useful purpose in
preliminary studies of sophisticated modeling options before being applied to more realistic geometries
such as the abdominal aortic system, femoral bypass configurations, the carotid artery bifurcation, or
the coronary arteries. In this one geometry, many input waveforms may be applied for scale analysis. In
studying particle-hemodynamics, further examination of the equation of particle motion (i.e., Newton’s
second law) must be done to evaluate which forces are important in large arteries with their associated
waveforms. Also, if possible, the role of red blood cell interaction with suspended cells must be further
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elucidated. On a macroscopic scale, the viability of the two-fluid model as well as the drift flux term
merit further investigation, specifically with views to expand it as a more generalized model and study
the effects of more realistic boundary conditions. Alternatively, probabilistic microstructural analysis
methods for blood particle suspensions, such as the lattice Boltzmann approach, will be considered in
the near future.
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Introduction

Human Cardiovascular System
The human cardiovascular system is essentially a pair of pulsatile pumps synchronized to act simultaneously in order to circulate blood throughout the human body. Within this complex system, the natural
human heart valve serves as a unidirectional valve that maintains the flow in its proper direction. These
natural valves are made of thin, flexible membrane. They flap open and close easily in response to the
blood pumped by the heart, something that happens 40 million times a year. The proper function of
these valves can be drastically altered or completely destroyed as a result of congenital malformation or
acquired diseases. Once this occurs, the circulatory system will be thrown into disarray, either when the
valve stops functioning or when it is functioning at a lower capacity. Then the valve must be replaced.

Heart Valve Replacement
The introduction of manmade heart valve alternatives for valve replacement in humans has been a routine
clinical practice for almost three decades. During that time, there have been numerous developments
both in prosthetic valve design and surgical techniques. Presently, five basic configurations of heart valve
replacements are produced commercially. Three of these are mechanical prostheses: the caged ball, the
tilting disk, and the hinged bileaflet valves; the remaining two, the porcine and bovine pericardial valves,
are frame-mounted bioprotheses (Fig. 2.1). However, all the valves mentioned still suffer from flow-
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FIGURE 2.1

Prosthetic heart valves: (a) porcine tissue bioprosthesis, (b) tilting disc, (c) caged ball, (d) bileaflet.

induced problems such as energy losses, hemolysis and thromboembolism, and bio-material incompatibility problems such as calcification. Despite the numerous advancements that have been made, no ideal
valvular prosthesis has yet been developed. An engineer’s view of prosthetic heart valve performance can
be found in Roschke (1973) and Hwang et al. (1992).
When considering flow-induced problems, it is important to understand the flow patterns associated
with each valve as given in Fig. 2.2. Three major criteria must be considered when assessing the hemodynamic performance or flow effectiveness of a particular valve design. The valve
1. should function efficiently and present the minimum load to the heart,
2. should be durable and maintain its efficiency for the life span of the patient,
3. should not cause damage to cellular blood components or stimulate thrombus formation (Black
et al., 1991).
A valve with less-than-perfect hemodynamic function will cause energy dissipation, resulting in
decreased efficiency and an increased workload for the heart. Obstructions in the flow pathway and flow
disturbances or backflow during valve closure (closing regurgitation) and through the closed valve
(leakage regurgitation) all contribute to energy losses. The magnitude of energy losses is dependent on
valve design, with the size and shape of the occluder mechanism and supporting struts all having a
significant effect on valve performance. In addition, flow abnormalities may result in damage to blood
components, a major cause of hemolysis and thromboembolism associated with prosthetic valves (Black
et al., 1991; Brami, 1992).

Heart Valve Testing
Early valves were usually a result of surgical innovation with little or no engineering analysis in the valve
design. With the advent of new measurement techniques, valve manufacturers were able to make use of
laboratory test facilities that enable them to undertake both in vitro hydrodynamic and long-term wear
assessments of new valve designs. This has resulted in a full range of measurements being performed on
the prosthetic valve in order to assess its performance and reliability. There are essentially two ways to
approach the problem of studying the dynamics of fluid flow through either the natural human or
prosthetic heart valve:
1. a theoretical or mathematical approach that employs the methods of theoretical hydrodynamics;
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FIGURE 2.2 Flow patterns for different types of prosthetic valves: (a) normal aortic valve, (b) porcine valve, (c)
caged-ball valve, (d) tilting-disc valve.

2. experimental investigations that employ methods of similitude and model design.
In order to carry out a mathematical analysis, equations of motion of the blood, continuity equations,
boundary equations, and equations of motion of the surrounding vessel (artery or vein) must first be
obtained. The validity of any mathematical description of the cardiovascular system will depend on how
realistically the original model was conceived and how the systems of equations were arbitrarily simplified
into mathematical solvable forms. The nature of these simplifications employed by different investigators
has varied widely.
In order to carry out experimental investigations that use methods of similitude and model design,
two different approaches have been taken for observing the fluid flow patterns associated with heart valves:
1. two-dimensional scale models constructed to simulate the shape of the heart valves in order to
simplify visualization of the fluid flow;
2. actual heart valves (natural or artificial) mounted in transparent chambers and quantitative and
qualitative flow patterns observed by various techniques.
Two types of laboratory testing yield information on the flow effectiveness of a particular valve for
both the cardiac surgeon and the valve designer:
1. steady flow testing, as a first indication of acceptability and for comparative studies;
2. pulsatile flow testing, as reference for clinical situations.
Many problems and complications associated with valve prostheses are related to the dynamic behavior
of the valves and the unsteady flow patterns. In order to evaluate and compare the hydrodynamic
properties of various prosthetic heart valves and to assess expected clinical performance, a list of measurements should cover the following aspects (Reul, 1983):
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1.
2.
3.
4.
5.

pressure drop in steady flow as a first indication of acceptability;
pressure drop in pulsatile flow under various conditions as reference for clinical situations;
closure and leakage volumes as a measure for hemodynamic competence;
energy losses as a measure of the additional work load for the heart and potential blood damage;
detailed evaluation of the downstream velocity field for the assessment of stases and recirculation
areas in context with potential thrombus deposition;
6. laminar and turbulent shear stresses as parameters for potential blood damage and platelet activation.

The range of pressures in the cardiovascular system may vary from 150 mm Hg in the left ventricle
to practically zero (atmospheric pressure) in the capillary beds. The periodic, pulsatile pressure waves
have the same basic frequency as that of the heart. The basic requirement in cardiovascular pressure
measurements is to register faithfully the pressure variations. This process usually involves a transducer
that is in direct contact with the fluid and is capable of converting the mechanical (pressure) variations
into electrical signals.
In order to evaluate the energy losses, measurements of the flow past the prosthetic valves are carried
out to determine
1. the volumetric flow rate through a particular prosthetic valve (say, in liters per minute),
2. the velocity of the fluid flow at a particular point downstream of the prosthetic valve, and
3. the fluctuations of the fluid velocity at a certain point in the flow. (The high-frequency fluctuations
are sometimes called “turbulence” in the flow.)
In most of the relevant experiments, special instruments are designed for each of the measurements.
The techniques involved in each measurement may also be different. Presently, the measurement techniques for velocity fields fall into three categories: hot film anemometry (HFA); laser Doppler anemometry (LDA); and particle image velocimetry (PIV). Flow visualization techniques have also been employed
to obtain qualitative information of the flow past prosthetic heart valves. Each of these measurement
techniques will be reviewed here.

2.2

Laboratory Testing

Two types of in vitro laboratory testing yield information on the hydrodynamic performance of a
prosthetic valve — steady flow testing and pulsatile flow testing. Relative performance may be obtained
from these in vitro testings, but the clinical significance of such tests is not always evident due to the
limitations in simulating real environments (e.g., physiological environment, thrombus formation) and
the lack of a well-defined standard. However, the skillful exploitation of in vitro testing methods can be
used to reveal design flaws and deficiencies in performance for a particular valve and can also be used
to compare the relative performance of different valves.

Steady Flow Testing
Steady flow testing is the simplest method of obtaining first-hand information on the performance of a
prosthetic valve, as well as a basic of comparison of various valve types and design characteristics. Pressure
measurements in terms of pressure drop and pressure recovery across the valve are required for a range
of flow rates. The pressure loss can be computed from the Carnot equation. For steady flow model studies,
the elasticity of the vessel walls can be neglected, and the governing similarity parameters are the Reynolds
number, the Euler number, and the shape factor.

Re =

v A DA
ν

(2.1)
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Eu =

∆P
ρv A2

(2.2)

λ=

l
DA

(2.3)

where vA is the aortic mean velocity, DA is the mean aortic diameter, ρ is the density of the fluid, ν is the
kinematic viscosity of the fluid, and ∆P is the pressure drop across the valve.
The Reynolds number expresses the ratio between the inertia and viscosity forces. The Euler number
describes the relationship between the static and dynamic pressures in a fluid. In hydrodynamics, the
loss factor, ξ, is usually defined as

ζ=

∆P
ρv A2
2

(2.4)

instead of the Euler number, and this dimensionless representation has the advantage that the pressure
losses can be converted to geometrically similar configurations and arbitrary liquids by means of the
appropriate modelling laws. The only premise is a Newtonian model fluid, which is fulfilled for blood
in large vessels. The shape factor characterizes the geometry of the system.
The viscous property of blood, as a fluid, has been studied by many investigators. Although experimental results conclusively indicate that blood is Newtonian at high flow rates, it becomes quite nonNewtonian as its flow rate decreases and approaches zero. One of the peculiar characteristics of blood is
that the resistance force to flow decreases, not to zero, but to a finite value as the flow rate becomes zero.
This residual force is due to a reversible aggregation of red cells promoted by the nonactivated fibrinogen.
The non-Newtonian characteristics impose severe restrictions on conventional methods of measuring
the viscous property of blood. It is generally agreed that for a large portion of the cardiovascular system,
blood may be treated as a homogenous, Newtonian fluid (Hwang, 1977). The absolute viscosity of whole
blood (40–50% hematocrit at 37°C) is approximately 0.04 poise. Wieting (1969) has described a very
useful system for visualizing the flow of a blood analog fluid consisting of a mixture of glycerine (36.7%
by volume) and distilled water. This mixture is clear and has a viscosity and specific gravity that are
comparable to those of human blood. In addition, the index of refraction of the fluid is close to that of
the acrylic (used as the valve chamber), resulting in minimal optical distortion of the flow patterns.
It should be noted here that the method of valve mounting and the geometric configurations of the
flow passages have a strong influence on a valve’s performance (Bellhouse et al., 1969). The test valve
should be inserted entirely into the test line (inclusive of the sewing ring, which also contributes to the
pressure loss). The mounting arrangement should not in any way obstruct the valve opening and closing
mechanisms. The geometry of the flow section, i.e., the aortic root with its sinuses of valsava, should
approximate the cardiovascular anatomy. The choice of pressure sites is also important because of the
varying pressure recoveries experienced by different valves. Downstream pressure should also be measured at a suitable distance from the valve since flow irregularities directly behind the valve may falsify
the measurements and result in higher total pressure losses. Pressure recovery is usually completed at
about 3–4 diameters downstream from the valve mounting ring (Chew et al., 1993).
In order to achieve a laminar flow profile in the flow passages, it is necessary to provide sufficient
entrance length to the flow test section. Pipe flow is laminar up to a Reynolds number of 2300. Thus,
the development of a laminar flow profile requires an entrance length of (Reul, 1983; Reul et al., 1984)

x L = 0.03 Re DA

(2.5)
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FIGURE 2.3 Aachen steady flow system. (1) Flow inlet diffuser, (2) honeycomb, (3) inlet tube, (4) heart valve
mounting ring, (5) model aortic root, (6) downstream measuring system, (7) bifurcation with optical observation
window, (8) viewport allowing observation and recording of valve opening characteristics, (9) rotameter, (10) fluid
reservoir, (11) centrifugal pump, and (12) throttle valve. (From Reul, H., Design and flow characteristics, Replacement
Cardiac Valves, McGraw-Hill, 1991, chap. 1. With permission.)

The steady flow testing apparatus for replacement aortic valve testing used in the Helmhotz Institute
at Aachen (Reul and Black, 1984) is depicted in Fig. 2.3. The investigated valve was inserted into a glass
model of the natural aortic root (manufactured according to the data of Swanson and Clark, 1974). The
model aortic root has three symmetrically spaced (120°) sinuses. Idealized versions of the aortic root
with axisymmetric sinuses have also been used to eliminate the optical distortion resulting from the
sinuses. The pressure measurement sites were located one diameter upstream of the valve mounting ring
and one to five diameters (in steps of one diameter) downstream. This arrangement facilitates the
measurement of the pressure recovery downstream of the valve. However, the pressure loss can be
determined more accurately if there are more densely spaced upstream and downstream pressure measurement sites over a long distance such that both upstream and downstream linear pressure drop
gradients can be determined (Chew et al., 1993). The model fluid was a water–glycerol mixture with a
dynamic viscosity of 3.6 cP at room temperature. The flow rate was adjusted over a range from 0–30
l/min and measured by two rotameters in parallel, one for low flow rates and one for high flow rates.
Pressure measurements were obtained from liquid-filled columns, coupled to measuring taps. This
method has a good resolution since a single 1-mm fluid column corresponds to 0.08 mm Hg. Slight
oscillations of the fluid columns, caused by the pump, may be eliminated by inserting damping elements
into the measuring tubes.
The test quantities described in the following two subsections are commonly used as criteria for
hydrodynamic heart valve performance under steady flow conditions.
Pressure Measurements
From the steady flow measurements, obstructive properties of the prosthetic valve such as the pressure
drop across the valve, effective orifice area, and pressure recovery at different flow rates may be determined. These parameters characterize the resistance of the prosthetic valve to flow. From an engineering
point of view, however, it is more meaningful to compare valves of different sizes using the mean flow
velocity in the valve orifice (based on the valve orifice diameter) as an independent variable. This follows
because the pressure drop across a valve depends on the square of the orifice velocity, which is cardiac
output, or flow rate, divided by the orifice area. Thus, the effect of size (orifice area) is partially eliminated
by the use of orifice velocity.
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Sauvage et al. (1968) have proposed the following semiempirical relation for estimating pressure drop
across prosthetic valves:

∆P = C1Q + C2

dQ
+ C3Q2
dt

(2.6)

where Q is the average flow rate or cardiac output, and C1, C1, and C3 are coefficients to be determined
experimentally. The three terms in Eq. 2.6 are analogous to terms that appear in the equations of motion.
The first term accounts for viscous losses, the second term accounts for flow acceleration losses (which
is absent in steady flow), and the third term arises from changes in kinetic energy (sometimes called
velocity head). The third term is generally dominant in the range of flow rates of interest (5–35 l/min);
in fact, the curves of ∆P vs. Q for different valves have a slope of approximately 2 when plotted on a
logarithm scale. This suggests the use of the simple form

1

∆P = C3Q2 or ∆P = C  ρ v A2 
2


(2.7)

where vA is the aortic mean velocity, ∆P is the steady pressure drop, and ρ is the density of the fluid. The
coefficient C is a lumped factor that incorporates all flow losses associated with the valve: entrance losses,
frictional losses, exit losses, form drag losses, and turbulence losses. Coefficient C is not a constant and
may vary with the Reynolds number. Equation (2.7) is a common engineering expression used to estimate
losses in steady turbulent flow, but is not appropriate for pulsatile flow.
A more sensitive method of displaying pressure drop data for prosthetic valves is to plot the dimensionless pressure drop, which is sometimes called the Euler number as a function of orifice Reynolds
number. The pressure losses are normalized by the mean dynamic pressure at the aortic cross-section as
shown in Eq. (2.4) and its advantages are discussed back in the section entitled “Steady-Flow Testing.”
Velocity and Reynolds Stress Measurements
Quantitative flow measurements, either from LDA, PIV, or HFA techniques, provide us with detailed
data on flow velocities and turbulence intensities. This allows the estimation of shear rates and turbulent
shear stresses, which in turn allow us to determine the likelihood of damage to blood cells or tissue.
The development and influence of turbulence in pulsatile flows are complex phenomena. Turbulence
is associated with random, three-dimensional fluctuations in velocity and is accompanied by a lateral
transport of fluid mass, momentum, and heat perpendicular to the time–mean velocity vector. Persistence
of turbulence is related to its rates of production and dissipation. Fully developed turbulence is not likely
to occur in the cardiovascular system, but short-time intervals of disturbed flow resembling turbulence
may occur, especially in the late stages of systole. This appears likely in the case of flow through prosthetic
valves. Intermittent turbulence generated by prosthetic valves may contribute significantly to energy losses
incurred by the valves, but other effects of turbulence, e.g., vascular wall damage and hemolysis, may be
equally as important.
In general, two-dimensional flow velocities are measured in the axial and transverse directions. Measurements of three-dimensional flow velocities have been attempted using hot film anemometers, but
are cumbersome. Flow velocity is a vector, and its measurement consists of determining the magnitude
and direction of the velocity, both as a function of spatial space and time. Measuring the velocity field
by visual inspection or recording of flow images basically consists of marking portions of the fluid with
a foreign material and then drawing conclusions from the motion of this observable foreign material. In
the case of tracking the velocity of a single foreign particle added to a flowing fluid, we assume that
1. concentration of particles in the fluid is low so that we can distinguish the movements of the
particles,
2. movement of particle and fluid are identical.
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From Hinze (1975), the momentary value of the velocity is written as

U =U +u

(2.8)

where U is the mean velocity and u is the instantaneous velocity fluctuation. The turbulence intensities
for both velocity components are given by

u′ =

2

(U − U )

and v ′ =

2

(V − V )

or

u′ = u2 and v ′ = v 2

(2.9)

where u′ and v′ are the axial and transverse turbulence intensities, which are measures of the degree of
disturbance in the flow field.
According to numerous in vitro investigations reviewed by Sutera (1977), the shear field generated by
the valve prosthesis due to unphysiological flow conditions is believed to be a primary factor for traumatization of blood components. Leonard (1962) similarly stated that the primary cause of mechanical
degradation appears to be shear forces exerted on a particle where the fluid velocity gradient is high. A
high-velocity gradient exerts a strain rate across a particle. Thus, the magnitude of the fluid velocity is
not as important as how rapidly the magnitude changes with position, i.e., the velocity gradient. Shear
stress is related to the rate of change of velocity with distance, by Newton’s law of viscosity:

τ=µ

∂u
= µγ
∂r

(2.10)

where µ is the dynamic viscosity and ∂u/∂r is the velocity gradient in the r-direction, often called the
shear or strain rate. Merrill and Pelletier (1967) have shown that the equation is valid for whole human
blood above shear rates of 100 sec–1. When considering hemolysis caused by shear stress, only elevated
shear stresses are significant. Therefore, Eq. (2.10) can be used for correlating shear stress with known
velocity gradients.
From Hinze (1975), turbulent fluid motion is defined as “an irregular condition of flow in which
various quantities such as velocity and pressure show a random variation with time and space, so that
statistically distinct average values can be discerned.” The equations of motion for the average values in
turbulent flow were derived from the Navier–Stokes equations by Osborne Reynolds (Hinze, 1975). From
the momentum equation, the total mean stresses Tij in a turbulent flow may be written as

 ∂U ∂U 
j
− ρ ui u j
Tij = − P δ ij + µ  i +
 ∂x j ∂xi 



(2.11)

where
δij
µ
ρ

P = hydrodynamic pressure,
= the Kronecker delta, which is equal to 1 if i = j and 0 otherwise,
= the dynamic viscosity,
= the fluid density,
U i and U j = the two orthogonal mean velocity components, and
ui and uj
= the two orthogonal instantaneous velocity fluctuations.
The turbulence term ρu i u j can be interpreted as stresses on an element of the fluid in addition to the
stresses determined by the pressure P and the viscous stresses µ(∂ U i/∂xj + ∂ U j/∂xi). Since Reynolds
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derived the equations for turbulent flow, the turbulence terms ρu i u j are commonly known as the Reynolds
stresses, and they have normal and tangential components.
The most relevant parameter for evaluating the mechanical load on the fluid components is the
Reynolds shear stress (or turbulent shear stress), computed as

τ xy = ρuv

(2.12)

where u and v are the instantaneous velocity fluctuations acting normal to each other in the x- and ydirections. The stress acting normally on an element of fluid is called the Reynolds normal stress and is
defined as
2

( )

τ xx = ρuu − ρ u′

(2.13)

whereas the Reynolds tangential stress is computed as
2

( )

τ yy = ρvv = ρ v ′

(2.14)

In the disturbed flow field with high Reynolds number, e.g., downstream of artificial heart valves, the
turbulent stresses are an order of magnitude higher than the viscous shear stresses (Tennekes and Lumley,
1972). This was verified by Hasenkam et al. (1987) in a steady flow model. Thus, in considering flowinduced damage of red blood cell, the measurement of Reynolds shear stress is sufficient. Reynolds shear
stresses can be measured in vitro using a two-component laser Doppler anemometer (LDA) system, but
is so far impossible to measure in vivo, because at least two orthogonal turbulent velocity components
have to be measured simultaneously. The Reynolds normal stresses can be calculated based on a single
velocity component, which can be measured using hot film anemometer in vivo. Attempts have been
made to estimate the Reynolds shear stresses from the normal stresses, by correlating the τxy and τxx:

τ xy = C τ xx

(2.15)

Tennekes and Lumley estimated a correlation factor of 0.4 based on theoretical considerations of steady
two-dimensional, homogeneous, turbulent shear flow. In complex pulsatile flow, Nygaard et al. (1990)
estimated a correlation factor of 0.5 between the maximum stresses. However, accurate determination
of the maximum shear stresses still requires the simultaneous measurement of at least two velocity
components, since the locations of maximum normal and shear stresses do not necessarily coincide.

Pulsatile Flow Testing
Information obtained from steady flow studies does not consider the dynamic operation of the prosthetic
valve or allow for the assessment of valvular regurgitation. Thus, these results cannot be readily extrapolated to clinical situations. In order to investigate valve performance in greater depth, it is necessary to
employ pulsatile flow testing at different rate-stroke volume combinations. The development of a mock
circulatory system for pulsatile flow studies is a more difficult task. Many different pulse duplicators have
been developed over the past 30 years (Wieting, 1969; Gabbay et al., 1978; Martin et al., 1978; Yoganathan
et al., 1979a; Walker et al., 1980; Swanson et al., 1982; Bruss et al., 1983; Chandran, 1985; Simenauer,
1986). In each case, the design inevitably involves a compromise between the need to simulate the behavior
and flow characteristics of the natural human heart valve in vivo and the requirement of a system that
is practicable for routine laboratory use (Black et al., 1991).
The governing criterion for the model is again the observance of the physical similarity laws. The flow
of a non-Newtonian fluid in an elastic tube system such as the arterial tree can be approximately described
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FIGURE 2.4 Schematic diagram of the Yoganathan-FDA facility for pulsatile flow testing. The system is shown
with the flow meter in place for aortic valve tests. (From Yoganathan, A., Design and flow characteristics, Replacement
Cardiac Valves, McGraw-Hill, 1991, chap. 1. With permission.)

by dimensionless similarity parameters such as Reynolds number, Strouhal number, Euler number, and
relative flow resistance. Expressed generally and qualitatively, for model studies we need (Reul, 1983)
1. similarity of the unsteady flow processes, such as those influenced by geometrical factors, volume
pulse, heart rate, and compliance of the perfused parts,
2. geometrical similarity,
3. similarity of forces.
The unsteady flow phenomena are strictly correlated to the input and output impedances of the
circulatory system, which can be defined as the ratio of oscillatory pressure to oscillatory flow over the
intersecting frequency range. The basic concept of such a model is described in detail by Reul (1984).
The concept of physical similarity also requires the simulation of the physiological flow waveforms
through the heart valves at different heart rates. The relevant data in literature are available and described
by Reul (1983). The requirement of geometrical similarity can be fulfilled by the introduction of properly
shaped models of the left ventricle, the left atrium, and the aortic root. The third postulation of similarity
of forces can be fulfilled in a straight approach. Because of the geometry is on a 1:1 scale, the model fluid
must have the same viscosity as blood. The non-Newtonian properties of blood can be neglected for the
pertinent problem in the flow through large arteries and heart chambers. Thus, the usual 36% aqueous–glycerol mixture with a viscosity of 3.6 cP at room temperature can be used.
Figure 2.4 depicts schematically the pulse duplicator that forms the basis of the Food and Drug
Administration (FDA) heart valve testing facility (Simenauer, 1986), developed by Yoganathan. It has a
linear configuration, and only the geometries of both the mitral and aortic flow chambers are simulated
to that of the left heart. A rubber bulb, contained inside a sealed plastic cylinder, which is air pressurized
by means of electronically controlled solenoid valves, provides the pumping action. Thumbwheel switches
are used to select the timing parameters, and solenoid valves regulate the volume flow.
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FIGURE 2.5 Schematic diagram of the Aachen pulse duplicator. (1) Aortic valve, (2) elastic aortic root, (3)
electromagnetic flow probe, (4) characteristic resistance, (5) adjustable compliance, (6) peripheral resistance, (7)
adjusting mechanism, (8) fluid reservoir, (9) adjusting throttle, (10) atrial reservoir, (11) left atrium (the atrial housing
has a central slit in order to provide a free laser beam path), (12) mitral tilting disc-type valve, (13) elastic ventricular
sac, (14) rigid Plexiglass housing, (15) hydraulic pumps, (15a) low-pressure piston, (15b) high-pressure piston, (15c)
electromagnetic servovalve, (15d) displacement transducer, (16) He–Ne laser, (17) transmitting optics, (18) receiving
optics, and (19) photomultiplier. (From Reul, H., Design and flow characteristics, Replacement Cardiac Valves,
McGraw-Hill, 1991, chap. 1. With permission.)

The geometric configuration of the pulsatile flow system used in Reul’s laboratory in Aachen (Fig. 2.5)
approximates the cardiac anatomy more closely. In this case, the heart and connecting tubes are arranged
vertically while the valves are mounted in their correct anatomical positions in a molded flexible ventricle.
An electrohydraulic piston drive unit drives the flow that compresses the ventricle to simulate the systolic
stroke.
The design of the configuration used in Black’s laboratory in Sheffield (Fig. 2.6) lies somewhere between
that of Yoganathan and that of Reul. It was designed for rapid testing of a range of valve sizes, in both
mitral and aortic positions, over a range of rate-stroke volume combinations (40–140 cycles per minute,
20–150 ml). The mitral valve is mounted in a chamber-to-chamber configuration and the aortic valve
in a chamber-to-tube (with sinuses) configuration. Flow is driven in a rigid cylindrical ventricular
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FIGURE 2.6 Schematic diagrams of the Sheffield pulse duplicator. The diagram shows the system configured for
aortic testing. (R) Fluid reservoir, (S) flow straighteners, (At) model atrium, (MV) mitral valve mounting, (V) model
ventricle, (EMF) electromagnetic flow meter, (In) aortic inflow section, (AV) aortic valve mounting, (Vp) ventricle
pressure transducer, (Ap) aortic pressure transducer, (A) model aorta, (SA) model systemic circulation, (FCV) flow
control valve, (D/A) digital-to-analog converter, (Pc) position control signal, (A/D) analog-to-digital converter, (Vp)
ventricular pressure signal, (Ap) aortic pressure signal, and (F) flow signal. (From Black, M.M., Design and flow
characteristics, Replacement Cardiac Valves, McGraw-Hill, 1991, chap. 1. With permission.)

chamber by a piston mounted on a ball screw. The piston is driven by a DC motor and servo amplifier.
The complete system, including drive, data collection, and analysis, is controlled by a microcomputer.
Ventricular flow patterns are generated automatically by the software once a rate, stroke volume, or
cardiac output combination has been selected. Figure 2.7 depicts a schematic diagram of the Vivitro
model left heart (Vivitro Systems Inc.) currently used by these authors in heart flow studies. The model
simulates the left heart and systemic load. The schematic diagram shows the system configured for aortic
testing. The mitral valve is mounted between the simulated left atrium and left ventricle, while the aortic
valve is mounted between the left ventricle and the aorta (with sinuses). The pulsatile flow is provided
by a pump system consisting of a piston-in-cylinder pump head driven by a low-inertia electric motor.
A linear actuator converts rotary motion of the motor to linear displacement of the piston using a lead
screw. The motor is driven by a power amplifier. The desired oscillatory flows are generated by input of
the appropriate waveform to the power amplifier.
Testing conditions for pulsatile flow studies are set according to an international FDA laboratory
comparison protocol (Simenauer, 1986) with the following experimental conditions:
cardiac outputs: 3.0, 4.5, 6.5, and 8.0 l/min,
fixed frequency: 70 beats/min,
systolic duration: 300 ms,
mean aortic pressure: 100 mm Hg,
mean atrial pressure: 10 mm Hg.
The FDA guidelines refer to the ISO standard for information on the requirements for the pulse
duplicator and the test methods to be employed. The ISO specifies detailed characteristics of pulse
duplicator performance, measuring-equipment accuracy, test fluid, test method, and test report. For
www.4electron.com

FIGURE 2.7 Schematic diagram of the Vivitro model left heart. The diagram shows the system configured for aortic
testing. The pulse duplicator includes a dial gauge for monitoring aortic pressure, and accommodation for mitral
and aortic flow transducers, aortic, aortic outflow, left ventricle, and left atrium pressure transducers.

forward flow, root mean-square volume flow is specified. Regurgitant volume is divided into closing
volume and leakage volume. Data are required on three samples of each size as well as a reference valve.
Pressure signals are recorded within the left atrium, in the apex of the ventricle, and in the ascending
aorta. Additional pressure differences across the aortic and mitral valves may be recorded. Ventricular
volume is recorded by a displacement transducer coupled to the driving piston, while the flow is recorded
by electromagnetic flow meters.
Parameters for characteristic phases of aortic valve function are depicted in Fig. 2.8 (Knott et al., 1988).
The systolic time interval (TSys) defines the forward flow phase through the valve and includes the peak
flow phase (TPc), when flow reaches its maximum level. The closing interval (TCl) includes the characteristic backflow peak and is defined by the time needed to move the occluder from the open to the
closed position. The leakage interval (TL) covers the rest of the cycle when the valve is in the closed
position.
The hydrodynamic performance of prosthetic heart valves are analyzed for three characteristic phases.
During forward flow, (TSys), the stenotic effect of each individual valve correlates with the directly
measured systolic pressure difference. Reflux volumes are calculated by numerical integration of the aortic
flow signal for the closing phase (TCl) and for the closed phase (TL). Corresponding values for the energy
losses are calculated for each of these phases (Knot et al., 1988).
The test quantities described in the following for subsections are commonly used as criteria for
hydrodynamic heart valve performance under pulsatile flow conditions.
Pressure and Flow Measurements
From the pressure drop and flow curves of pulsatile flow studies, one may obtain the work or energy
loss parameters, which are divided into systolic (or diastolic), closure, and leakage energy losses. These
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FIGURE 2.8
to text.

Definitions of time intervals during the cardiac cycle ECG, (electrocardiogram). For symbols, refer

parameters represent the work done during the different phases of the cardiac cycle. Pressure drop is
usually given as a function of the average flow rate or cardiac output. According to the FDA test protocol,
the mean systolic pressure difference in pulsatile flow studies is calculated from the static systolic pressures
in the left ventricle and in the aorta. The mean systolic pressure difference is defined as

∆PSys =

1
TSys

∫ (P

Lv

)

− PA dt

(2.16)

TSys

where PLv is the static systolic pressure in the left ventricle, PA is the static systolic pressure in the aorta,
and TSys is the systolic time interval.
From the energy equation

PLv +

ρVLv2
ρV 2
= PA + A + PL
2
2

(2.17)

where PL is the pressure loss, VA is the systolic velocity in the aorta, and VLv is the systolic velocity in the
ventricle. The term ρV2Lv/2 is negligible at systole. Thus, we obtain

ρVA2
2 = PL
ρVA2
ρVA2
2
2

PLv − PA −

(2.18)
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The pressure loss coefficient is defined by the pressure loss for the peak systolic phase (pressure
difference minus dynamic pressure) across the heart valve normalized with the dynamic pressure in the
aorta,

ζ=

PLv − PA
−1
ρVA2
2

(2.19)

Regurgitation
In pulsatile flow studies, the parameters most commonly used to characterize valve performance are
pressure drop and regurgitation. Regurgitation consists of the backflow through the valve as it closes and
of the leakage. The backflow or closure volume, VCl, is defined as that part of the regurgitant volume that
flows back through the valve during the time interval of valve closing and is given by

VCl =

∫ Q dt
A

(2.20)

TCl

where QA is the aortic flow.
The leakage volume, VL, is defined as that part of the regurgitant volume that passes during the closed
state of the valve through the gap between the occluder and valve ring and is given by

∫

VL = QA dt

(2.21)

TL

The effect of valvular regurgitation (back leakage) is very important from a physiological point of view
because the heart muscle produce an increased flow output (cardiac output) to offset the reverse flow
(Sauvage et al., 1968). Such large increases in cardiac output may not be possible for a diseased heart to
achieve. The percent backflow (regurgitation) of a prosthetic valve can be computed from the pulsatile
aortic flow vs. time curves, by using the equation

BF =

A2
⋅ 100%
A1

(2.22)

where BF is the percent backflow through the valve, A2 is the backflow, or area under the negative flow
curve, and A1 the forward flow, or area under the positive flow curve.
Energy Losses
Four different factors contribute to the loss in mechanical energy that results when fluid flows across the
various valves. The first factor is the frictional losses associated with the viscous shear stresses of the
walls, which is negligible. The energy losses in flow through the orifice of the various valves is a second
contributing factor. Energy is lost in the formation of turbulent eddies caused by separation of the flow
as fluid flows through the orifice and downstream discharge configuration (aorta), which are not optimal.
This energy loss cannot be calculated by standard orifice equations, which are based on applying the
standard steady flow energy equation that is valid only for steady flow conditions. Calculations are also
complicated by the presence of the various valve prostheses (etc., caged ball, tilting disc) immediately
downstream from the orifice. The third factor contributing to the energy loss is the “minor loss” due to
a sudden change in the flow cross-sectional area at the exit of an aortic valve. This region, the aortic
outflow tract, should be streamlined to reduce the losses that would otherwise result from a flow
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FIGURE 2.9

Energy balance for the left ventricle (LV). LA: left atrium. For symbols, see text.

expansion. These losses can be calculated for steady flow of a Newtonian fluid through a sudden expansion
if the amount of contraction of the jet is known. The losses associated with the aortic valve, however,
involve the unsteady flow of a non-Newtonian fluid (blood) through a sudden expansion with an occluder
mechanism complicating the vena contracta dimensions distal to the expansion; therefore, standard
methods of calculating the losses due to a sudden expansion cannot be applied to the losses in the aortic
outflow tract. The fourth, and final, source of energy loss associated with prosthetic valves is the loss in
mechanical energy due to separation of the flow layer and the resulting wake distal to occluder mechanism.
The calculation of this energy loss is also complicated by the unsteady nature of the flow, the surrounding
complex geometry of the aortic outflow tract, the non-Newtonian properties of blood, and other factors
such as varying Reynolds numbers. Thus, it is difficult to employ standard empirical and theoretical
equations to calculate the energy losses associated with the various prosthetic valves.
The transvalvular energy loss combines flow and pressure loss terms into a single hydrodynamic
quantity, which is the measure of the additional work load of the heart resulting from the specific valve
design (Mohnhaupt et al., 1975; Scotten et al., 1983). According to Bluestein and Mockros (1979), the
energy loss also gives a global indication for potential blood damage, especially in the leakage phase when
local shear stresses are high. The energy level for the left circulatory system, based on the model of Knott
et al. (1988) is depicted in Fig. 2.9. The total amount of energy supplied by the left ventricle (ETot)
represents the amount of energy generated by the ventricle per stroke, which also includes the energy
losses due to the heart valves. ETot is divided into three portions:
1. the effective energy (EEff ) supplied to the circulatory system. This represents the amount of energy
available to perfuse the left side of the circulatory system. This quantity is defined by the cardiac
output and mean aortic and atrial pressure levels according to the adjusted operating conditions
and, therefore, is independent of the tested valves. Thus, the effective energy is subsequently used
to normalize the energy losses of the prosthetic heart valves, as proposed by Swanson (1976).
2. the energy dissipated by the aortic valve, consisting of the systolic, closing reflux, and leakage
energy losses (∆EAo). These energy losses are normalized by the effective energy and thus show
the amount of additional work caused by the valve as a percentage of the circulatory energy supply.
3. the energy dissipated by the mitral valve, including diastolic, closing reflux, and leakage energy
losses (∆EMi). These energy losses are calculated similar to those of the aortic valve.
Thus, the energy balance can be written as follows:

ETot = E Eff + ∆E Ao + ∆E Mi

(2.23)
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where the total ventricular energy is

∫

ETot = PLv dV

(2.24)

v

and the effective energy is

E Eff =

∫ P Q dt − ∫ P Q
A

A

At

TTot

At

dt +

TTot

ρ
2

3
A

∫ ∫V

dAA dt

(2.25)

A A TTot

or

E Eff =

∫ (P Q
A

A

)

− PAtQAt dt +

TTot

ρ
2 AA2

3
A

∫ Q dt

(2.26)

TTot

with

QA
AA

VA =

(2.27)

where PA is the aortic pressure, PLv is the left ventricular pressure, PAt is the atrial pressure, QA is the aortic
flow, QAt is the atrial flow, and VA is the aortic flow velocity. Systolic energy loss is

∆ESys =



∫ (P

Lv

ρ 
 QA dt
2VA2 

(2.28)

)

(2.29)

)

(2.30)

)

− PA −

TSys

Closure energy loss is

∆ECl =

∫ (P

Lv

− PA QA dt

∫ (P

Lv

− PA QA dt

TCl

Leakage energy loss is

∆E L =

TL

To obtain an energetic quantity, including unsteady effects, which is independent of the actual flow
through the valve, an energy loss coefficient, similar to the “energetic resistance” as suggested by Clark
(1979), has been defined for the systolic phase. The energy loss coefficient is defined by the systolic energy
loss normalized by the integral kinetic energy passing the aorta during systole and is given by

θSys =

∆ESys
ρ
2 AA2

(2.31)
3
A

∫ Q dt

TSys
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Velocity and Reynolds Stress Measurements
The velocity and Reynolds stresses defined earlier in steady flow testing are measured under pulsatile
flow testing as well. However, the velocity or stress parameters obtained in steady flow testing are
characteristic of the peak systolic phase of the cardiac cycle (when the valve is fully open). In pulsatile
flow studies, these parameters are measured with regard to the dynamic behavior of the valve. Thus, the
extent of blood cell damage by flow-induced shear forces can be better examined under pulsatile flow
conditions.
Blood damage and thrombus formation are generally caused by blood contact with bio-incompatible
artificial surfaces and by shear of blood particles in the region of prosthetic valves (Hellums and Brown,
1975; Hung et al., 1976). However, the extent of blood cell damage has been established as a function of
both the shear stress field and the duration of exposure of the blood cell to this stress field (Wurzinger
et al., 1986).
In order to quantify the influences of exposure time and shear stresses acting on blood corpuscles, the
mechanisms of red blood cell damage and the effects of shear stresses on blood corpuscles have been
investigated by Wurzinger et al. (1985, 1986) at the Aerodynamics Institute of the RWTH Aachen.
Wurzinger et al. experimentally measured the cytoplasm enzyme (LDH) released by platelets and the
hemoglobin (Hb) released by red blood cells as a function of shear stress, τxy, and the exposure time, texp.
Giersiepen et al. (1990) incorporated the above data by Wurzinger et al. (1985, 1986) into a mathematical
correlation, which serves as a basic model for the estimation of blood damage. This method for the
estimation of shear stress-related blood damage is in most cases in good agreement with clinical results
(Giersiepen et al., 1990). The following mathematical models were established by Giersiepen et al. (1990).
For LDH-release by platelets:

∆LDH
0.77 3.075
% = 3.31 × 10−6 t exp
τ xy = LPL
LDH

( )

(2.32)

and for Hb-release by red blood cells:

∆Hb
0.785 2.416
% = 3.62 × 10 −5 t exp
τ xy = LRBC
Hb

( )

(2.33)

In these equations, texp (exposure time) has the dimension of second (s) and τxy (shear stress) of N/m2.
The relative deviation of the mathematical model for erythrocyte lysis is less than 5% for texp < 0.1 s and
τxy < 255 N/m2. Outside this range, the deviation is still below 12%. The mathematical approximation
provides a description of lysis rates for exposure time below 7 ms.
It should be noted that in the above model, the length scale effect of turbulence and Reynolds normal
stresses are not considered. The Reynolds normal stresses may be accounted for indirectly in Eqs. (2.32)
and (2.33) since they are directly related to the Reynolds shear stress. However, the length scale effect of
turbulence is more complicated since it is a function of how the turbulence is generated by different
prosthetic valves. The length scale effect of turbulence is related to the size of turbulent eddies and thus
the frequency spectrum of turbulence. It is obvious that turbulence of much larger length scale than that
of platelets and red blood cells will not be as detrimental as turbulence of comparable length scale. To
date, to the best of the authors’ knowledge, there is no published work in this area. There is also a lack
of information on single-cell wall behavior and its failure under different rate of stress, strain, and fatigue.
These are important and yet unexplored areas of research that can lead to a better understanding of the
fundamental mechanism of hemolysis.
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FIGURE 2.10

2.3

Schematic diagram of flow visualization technique.

Flow Measurement Techniques

Flow Visualization
A wide variety of flow visualization techniques have been developed over the past few decades. They
involve several means of generating streaklines, pathlines, and timeline patterns. In a review article, Werle
(1973) discussed the importance of flow visualization studies in understanding fluid flow phenomena
and in unsteady flows. By suspending tracer particles in the test fluid, it is possible to visualize regions
of flow separation, stasis, and turbulence as well as other fluid dynamic phenomena. Quantitative
information such as particle velocities have been measured from filmed records of flow past prosthetic
valves (Wieiting, 1969). A review on the techniques of fluid velocity measurement by particle tracking
and information on various tracers used in water and in air can be found in Somerscales (1974).
Somerscales (1974) also discussed the forces that prevent tracer particles from moving with the same
velocity as the fluid. The importance of matching the density of the tracer particles with that of the test
fluid, especially for liquid flow velocities below 30 cm/sec, has been discussed by Merzkirch (1987).
In flow visualization, the seeded flow is illuminated by a light source and the resulting flow images
are captured on photographic plates/negatives or video frame sequences. Photographic plates offer a
much higher resolution than video images. However, video images allow us to obtain a time history of
the fluid flow, enabling us to study the evolution of fluid variables over time. Thus far, two-dimensional
images of the flow past prosthetic valves have been obtained. A light sheet generated from a laser source
is used to illuminate the flow at the section immediately downstream of the valve, namely the aortic root
(Fig. 2.10). A simple glass rod or cylindrical lenses may be used to generate the light sheet, generally less
than 1 mm in thickness. The length of the particle streaklines is controlled by the shuttle speed of the
www.4electron.com

FIGURE 2.11 Flow visualization under steady flow through (a) St. Vincents Porcine Tissue bioprosthesis, (b)
Bjork–Shiley Convexo-Concave tilting disc valve, and (c) Starr–Edwards Silastic Ball and Cage valve.

camera. A high shuttle speed, i.e., a shorter exposure time, will result in a shorter particle streakline. The
selection of the proper shuttle speed will depend on the velocity of the particles moving in the flow.
In steady flow studies, flow visualization techniques are employed to produce images of heart valve
flow patterns at varying flowrates. Figure 2.11 depicts flow visualization of a few prosthetic heart valves
under steady flow conditions obtained by the authors. These flow images provide a qualitative picture
of the flow patterns, allowing us to identify regions of stagnation, recirculation, or turbulence, where
hemolysis or thrombosis may occur. However, they generally lack great detail, mainly due to the small
size of the valves and the high velocity of the fluid. Flow visualization can also be employed in pulsatile
flow studies. However, it is necessary to record the dynamic flow patterns using high-speed cine or video
(Fig. 2.12). Flow images caught on video may be used to study the valve closing and opening action and
the flow patterns generated from the valve’s closure (which cannot be obtained from steady flow studies).
Vortices and eddies observed by flow visualization of the pulsatile flow through the prosthetic valves are
often cited as evidence of turbulence. Caution is required in this regard because stable, nonturbulent
vortices can exist in laminar flows. Classic examples are the starting vortices associated with bodies started
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FIGURE 2.12 Flow visualization under pulsatile flow through a Bjork–Shiley tilting-disc valve. (A) 40 msec after
aortic valve opening (a.v.o.); (B) 80 msec after a.v.o.; (C) 120 msec after a.v.o.; (D) 160 msec after a.v.o.; (E) 200
msec after a.v.o.; (F) 240 msec after a.v.o.

from rest in low-speed viscous flows and the so-called Karman vortex street, a stable system of vortices
shed periodically from cylinders at low Reynolds numbers.

Hot Film Anemometer
Principle of Operation
Hot film anemometry is an indirect measuring method, based on relating the scalar velocity to heat loss
from the heated element to the fluid, and thus it requires the calibration of the probes. The instrument
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FIGURE 2.13

Schematic diagram of a hot film probe.

consists basically of a heat–velocity transducer and the supporting electronics. The transducer is a
microscopic sensor strip that is made of metal (i.e., Ni or Pt) with a high thermal resistivity coefficient
(Fig. 2.13) and quartz coated to provide electrical insulation. The metal strip is maintained at a preset
constant temperature above that of the ambient environment by passing an electrical current through
the sensor film in a Wheatstone bridge. Any fluid motion in the immediate vicinity of the film increases
the heat flux from the film by forced convection. The heating current varies with the flux to maintain a
constant temperature (thus constant electrical resistivity) in the sensor. The product of the sensor
resistivity and fluctuating heating current produces a fluctuating voltage, Eb. The voltage squared E2b is
proportional to the electrical power and is calibrated against the fluid flow velocity. Wall shear stress can
be measured using hot film anemometers as well, where the probe is mounted flush with the wall and
heated to a temperature higher than the surrounding fluid. The relationship between the voltage and the
wall shear stress τw was established theoretically by Ludwieg (1949) under simplifying assumptions:

E b2 = A + Bτ w1 3

(2.34)

The constants A and B have to be determined by calibration.
Advantages and Disadvantages of HFA
The hot film anemometer (HFA) offers a reasonably fast dynamic response to the high-frequency velocity
fluctuations in the disturbed flows generally associated with heart valves. It also offers a continuous signal
with a high signal-to-noise ratio from which good temporal information and frequency spectrum of
turbulence can be extracted. However, the presence of flow probes in the flow field introduces an
additional structure that may distort the flow patterns of the heart valves. Measurements are also restricted
to a small volume at a single measuring location. Therefore, the measurements at each location and for
each instant of the cardiac cycle have to be averaged over a sufficient number of subsequent cycles in
order to reassemble the velocity field. This discrete measuring technique cannot provide spatial information on short-term flow field fluctuations. The flow probes also need to be calibrated, which is
cumbersome. Furthermore, HFA records only the scalar quantity of the velocity. Hence, the direction of
flow is unknown, rendering it unsuitable for measurements in separated or recirculating flow regions
unless a multiple-sensor probe is used. Specially designed probes allow signals to be separated into velocity
components in axial and radial directions, suitable for measuring the Reynolds shear stresses. The hot
film probe is also a very delicate instrument, and breakage due to improper handling or burnout (a
situation where the overheat ratio is too high) is common. Deposition of impurities in the flow on the
sensor can also dramatically alter the calibration characteristic and reduce the frequency response. A
major disadvantage of HFA is that measurements near the wall are highly inaccurate due to heat loss to
the surrounding walls. This has been examined by Chew et al. (1994, 1995) and Khoo et al. (1995, 1996,
1997).
HFA in Heart Valve Flow Studies
The hot film anemometer (HFA) has been utilized effectively in both in vitro studies (Chandran et al.,
1985) and in vivo studies (Paulsen and Hasenkam, 1983). Hasenkam et al. (1988) measured in vitro stresses
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FIGURE 2.14 A diagram of the hot film probe supporting and positioning system; (1) valve housing; (2) glass
aortic root with three sinuses; (3) the catheter-mounted hot film probe; (4) radially positioning pin; (5) pointer for
rotational orientation of the hot film probe. On the right, the distribution of the measuring points is indicated.
(From Nygaard, H. et al., J. Biomech., Pergamon Press, 1992. With permission.)

of mechanical aortic valves in steady flow. Tillmann et al. (1984) employed hot film anemometry with
flush-mounted wall shear probes to measure wall shear stresses in vitro in a pulsatile flow mock system.
Figure 2.14 depicts the schematic representation of a hot film anemometer probe in a valve housing,
used by Nygaard et al. (1992). For fluid velocity measurements, a catheter-mounted hot film anemometer
probe (TSI type 1465, 1.2 mm in diameter) was operated by a constant-temperature anemometer bridge
(DISA Electronic 55M01 Main Unit and 55M10 Standard Bridge) with an overheat temperature of 5°C.
Calibration procedure and principle of measurement were described by Paulsen (1980). Linearization of
the hot film anemometer signal was performed using a microcomputer extended with an A/D–D/A
converter. With the aid of a special supporting system, the catheter-mounted probe was positioned
manually over evenly distributed measuring points.
In recent heart valve flow studies, hot film anemometry was used to obtain cross-sectional velocity
measurements and Reynolds normal stresses (Nygaard et al., 1990, 1992). Figure 2.15 depicts the threedimensional visualization of the velocity profile obtained by Nygaard et al. (1992).

Laser Doppler Anemometer
Principle of Operation
The laser Doppler anemometer (LDA) system measures the frequency changes involved in wave propagation that is a result of the movement of the seeds in the fluid flow. It is a primary device that requires
no calibration and measures both the magnitude and direction of velocity vectors. An LDA system is
generally made up of two independent parts, the optics and the signal processor. Figure 2.16 depicts a
schematic diagram of a typical forward-scatter LDA system, with dual Bragg cells in operation. A single
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FIGURE 2.15 Dynamic three-dimensional visualization of the velocity profile at six instances during the heart
cycle, as indicated by the small velocity curve at each velocity profile downstream of a Hancock Porcine (HAPO)
valve. (From Nygaard, H. et al., J. Biomech., Pergamon Press, 1992. With permission.)

FIGURE 2.16

Schematic diagram of a typical laser Doppler system with fixed frequency shift.

laser light source is split into two beams by a beam splitter. A single Bragg cell introduces a frequency
shift difference, which serves to discriminate the directions of flow. The interference pattern or fringe
pattern is formed in the crossover region of the two equal intensity-focused, coherent, monochromatic
beams, which intersect at an angle θ. Tracer particles moving past the fringes scatters light, at both
Doppler shift fD and frequency shift ∆f. The frequency of the signal is independent of the direction of
observation. The frequency of the signal received and converted by the photodetector is given as
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f = ∆f + f D

(2.35)

where

2 sin
fD =

λ

θ
2u

(2.36)

where λ is the laser wavelength and u is the velocity of the tracer particle. Both fD and ∆f are frequency
differences.
Advantages and Disadvantages of LDA
The laser Doppler anemometer does not require the physical presence of the flow probe in the flow field.
Thus, this eliminates any flow disturbances that may arise from the presence of the flow probe. It also
exhibits a higher-frequency response to the changes in flow velocities as compared to PIV techniques.
This is particularly suited for turbulence intensity and Reynolds stress measurements. The direction of
the flow is also known. Calibration of the system is not required as it is practically unaffected by the
temperature, density, or other physical properties of the medium.
However, LDA has its physical limitations. It suffers from poor signal-to-noise ratio; thus, measurements near wall boundaries where the reflection of stray laser light is strong and tracer particles tend to
migrate away from the wall (e.g., valve surfaces) are difficult, if not impossible. LDA also exhibits signal
dropout, which results in a loss of temporal information of turbulence. Being an optical-based system,
it can be used only in a transparent fluid medium. In addition, one has to consider the prohibitive cost
of a conventional commercial two-component laser Doppler system. It is also tedious to chart velocity
and turbulence fields point by point.
Compensation for Refractive Index Variations in LDA Studies
Since refraction effects due to the aortic-root sinuses affect the beam paths, a mathematical correlation
between the displacement of the transmitting optics and the displacement of the sample volume within
the fluid must be established in order to obtain accurate location of the measuring volume when the
transmitting optics are traversed in the radial direction. In the sinus region, the longitudinal curvature
effect of the valve chamber wall has to be compensated (Chew et al., 1993).
In a dual-beam mode LDA operation, the fringe spacing df in the measuring volume formed by the
interference of two coherent light beams is given by

df =

λ
2ηsin φ

(2.37)

where λ is the wavelength of the incident laser beam in a vacuum, η is the refractive index of the material
in which the measuring volume is located, and φ is the half angle of the incident laser beams.
When the laser beam passes through two media of different refractive index, the beam path changes
according to the Snell’s law:

η1 sin θ1 = η2 sin θ2

(2.38)

where ηi is the refractive index of medium i and θi is the angle between the normal to the interface and
laser beam in medium i.
When the laser beams enter the sinus of the aortic root through the longitudinal diametrical plane,
the transverse curvature effect is absent as the plane of light is normal to the transverse curvature. Thus,
only the longitudinal curvature of the aortic root as shown in Fig. 2.17 needs to be considered. Simple
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FIGURE 2.17

Calculation of sample volume position for LDA studies.

optical-path geometry using Snell’s law shows that the half-angle of a laser beam in a glycerine–water
mixture, φ1, is given by
1

  η 2
2
  a  sin2 φa 
  ηl 

φ1 = tan−1 

2
  ηa 

2
 1 −  η  sin φa 
  l


(2.39)

where φa is the half-angle of laser beams in air, ηa is the refractive index of air, η1 is the refractive index
of glycerine–water, and the ratio of distance traversed by laser beams in the radial direction in glycerine–water, ∆y1, to that in air, ∆ya, along the diametrical plane is given by
1

 η 2
2
2
l
   − sin φa 

∆y1   ηa 
=

2
∆ya  1 − sin φa 





(2.40)

Equation (2.39) was used to calculate the half-angle in glycerine–water in order to determine the
correct fringe spacing df in Eq. (2.37). The external traverse of laser beams in air along the radial ydirection is also translated to internal traverse of measuring volume in glycerine–water using Eq. (2.40)
in order to determine the correct location of the measuring volume.
When the velocity measurements are made in the valve chamber region, the internal longitudinal
curvature of the sinus as shown in Fig. 2.17 produces a significant effect on the path of the laser beam.
By considering the path of one of the laser beams as shown in Fig. 2.17 and following the general idea
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of Kehoe and Desai (1987), the following equations can be obtained through application of simple
trigonometry and Snell’s law for a measuring volume located at P(x,y) within the glycerine–water mixture.

x
y

(2.41)

y
cosβ

(2.42)

β = tan−1

Rp =

(

 Rp sin β − φ1
α 3 = sin−1 
RA


) 

(2.43)



 η sin α 
3
α 2 = sin−1  1

 η p 

(2.44)

α1 = φ1 + α 3 − α 2

(2.45)

 η sin α1 
φa = sin−1  p

 ηa 

(2.46)

(

AC = RD − RA cos φ1 + α 3

(

)

(2.47)

)

BD = RA sin φ1 + α 3 + AC tan α1

(2.48)

where
Rp, RA, RD = distances OP, OA, OD, respectively, and O is the center of curvature of the sinus,
α1, α2, α3 = angles between the normals at the interfaces and the laser beam,
ηa, ηp, ηl = refractive indices of air, perspex, and glycerine–water, respectively,
φa = half-angle of laser beams in air, and
φl = pseudo–half-angle of laser beams in glycerine–water.
For a given point P with certain values of x and y, β and Rp can be calculated from Eqs. (2.41) and (2.42).
A value of φl can then be assumed and iterated through Eqs. (2.43)–(2.46) until the φa obtained is agreeable
to the known value of φa within a certain tolerance. BD can then be calculated from Eqs. (2.47) and
(2.48). Thus, BD, which is easily measurable, is mapped onto φ1 and a point P along the locus AF given by

x = y tan φ l +

RA sin α 3
cos φ l

(2.49)

Using the same approach for the other laser beam, one can obtain an equation similar to Eq. (2.49).
The intersection of these two equations will uniquely determine the location of P and the two
pseudo–half-angles φl through external measurements of BD. It should be noted that the two pseudoangles are not equal, because each of the laser beams passes through a different geometry of perspex.
The bisector of the intersection angle is thus not along the y-axis and the measured velocity vector is
slightly oblique to the x-axis. However, the component of velocity along the x-direction can easily be
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resolved since the skew angle can be obtained from the two pseudo–half-angles. Besides using the above
correction method to account for the variation of refractive index and curvature effect, the problem can
also be resolved if a fluid of identical refractive index to that of perspex can be used.
Particle Seed Selection
The tracer particles used as seeding for LDA studies should meet two basic requirements: high visibility
and ability to follow the high-frequency fluctuating velocity of fluid flow. Both of these requirements are
contradictory as the visibility (signal-to-noise ratio) of the particle increases with its size, whereas the
particle follows the flow better the smaller its size. The second requirement is easily satisfied when the
particle is neutrally buoyant. The particles should also be monodispersed so that the results are not
aggravated by agglomerations of particles. The particle size should be as uniform as possible and chosen
to match the fringe spacing, as any mismatch of size will produce a poor signal-to-noise ratio.
The sedimentation velocity of a spherical particle of diameter dp and material density ρp, in a fluid of
density ρf and kinematic viscosity νf, assuming that Stoke’s law applies, is given by

 gd 2   ρ

vs =  p   p − 1

 18νf   ρf

(2.50)

A particle is neutrally buoyant if vs = 0. Since the condition ρp/ρf = 1 cannot always be fulfilled, neutral
buoyancy can only be approached by using extremely small (micron-sized) particles. If one requires the
particle to sediment during the time period of an experiment, ∆texp, by not more than one particle
diameter, then the appropriate size of the particle is determined by

dp ≤

18νf
 ρ  
g∆t exp  p  − 1
 ρf  

(2.51)

The required particle diameter is inversely proportional to the intended time of observation. Matching
the density of the tracer material with that of a liquid fluid can be achieved by the proper selection of
the two materials.
The preceding theoretical considerations cannot provide information on what tracer particles do in a
turbulent flow. The fundamental question is, Up to what frequency can the particle follow fluctuations
of a fluid element?
The behavior of a swarm of discrete particles in a turbulent fluid depends largely on
1. the concentration of the particles,
2. the size of the particles with respect to the scale of turbulence of the fluid, and
3. the density of the particle with respect to the density of the fluid.
Studies on the particle response to accelerating flows have been presented by Hinze (1972), Brown
and Hutchinson (1979), Maxey and Riley (1983), and Simo and Lienhard (1991). The adequate form of
the equation of motion for investigating this case is the Bassett–Boussinesq–Oseen (BBO) equation.
Turbulent flow contains a continuum of length and time scales from the large-scale eddies down to the
Kolmogorov microscales. Following the development of Hinze (1972), equations governing the particle
response to the macroscales of turbulence and Kolmogorov microscales were given by Bachalo and Rudoff
(1992). The equation governing the particle response to the macroscales of turbulence is given as
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 u ′Λ  ρ p

=
+ β 

Λ  v f  ρf
 


dp

−1

2

(2.52)

where dp is the particle diameter, ρp is the density of the particle, ρf is the density of the fluid, νf is the
kinematic viscosity of the fluid, Λ is the macroscale of turbulence, u′ is the rms of the velocity fluctuations,
and β is given by

β = 1+

ρf
2ρp

(2.53)

The equation governing the particle response to the Kolmogorov microscales is given as
2
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where x is the distance from the jet exit, D is the diameter of the jet, ReD is the jet exit Reynolds number,
and τk is the Kolmogorov time scale. For insignificant slip between the particle and the surrounding fluid,

τ
1
τk

(2.55)

This value was set as 1 by Bachalo and Rudoff (1992) as a first approximation to provide the maximum
allowable particle size to respond to the range of turbulence scales in the flow. They subsequently proved
experimentally that this value represents the actual flow velocity to within 2%. The above treatment of
particle selection for flow seeding is also applicable in PIV studies.
LDA in Heart Valve Flow Studies
The laser Doppler anemometer (LDA) is one of the favorite tools for the measurement of velocity field
in the vicinity of prosthetic heart valves (Figliola, 1979; Phillips et al., 1980; Walburn et al., 1981; Stein
et al., 1982; Chandran et al., 1983a–c, 1984; Bruss et al., 1983; Yoganathan et al., 1978, 1979b, 1982,
1983a,b; 1984; Hanle, 1984; Giersiepen et al., 1986, 1989; Nygaard et al., 1990; Einav et al., 1991; Chew
et al., 1993). These investigators employed two-beam LDA systems to study the flow fields in the vicinity
of prosthetic heart valves, which can measure only one velocity component at a given time at a given
point. Three-beam LDA systems have also been employed to obtain the two orthogonal velocity components (Yoganathan et al., 1986), and the resulting turbulent shear stresses.
Figure 2.18 depicts a schematic diagram of a conventional laser Doppler system employed on a steady
flow system by Chew et al. (1993). In this typical setup, velocity measurements were determined using
a Dantec 55x FOLDA (Fibre Optic Laser Doppler Anemometer) system with a 5-mW He–Ne laser source
in a forward scattering mode. One of the beams was frequency-shifted by 40 MHz using a Bragg’s cell
in order to measure the reversed velocity. Alumina particles, of 3-micron diameter and suspended well
in the water–glycerine mixture, were used as seeding particles. The scattered light received by the photomultiplier was analyzed by a Dantec Type 55L96 LDA counter that was linked to a microcomputer via
a programmable I/O card with 48 I/O lines and 3 independent 16-bit counters for data processing. The
probe of FOLDA and the photomultiplier were mounted on an optical bench that sat on a precision
compound table.
Figure 2.19 depicts a schematic representation of the model aortic root, valve position, and measurement axis orientation for LDA studies. Figure 2.20 depicts the LDA-measured velocity profiles on a
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FIGURE 2.18

Schematic diagram of a conventional laser Doppler system employed on a steady flow system.

FIGURE 2.19 Schematic representation of the model aortic root, valve position, and measurement axis orientation
for LDA studies.

modified loop for pulsatile flow studies of Bruss et al. (1983). In pulsatile flow studies, flow velocity is a
function of both space and time. LDA measures the velocity at any one point in the general flow field.
In order to obtain the velocity profiles, a precision transversal frame is usually used to carry the whole
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FIGURE 2.20 Schematic representation of the velocity profiles at t = 180 ms after start of systole, based on LDA
measured velocity profiles. (From Bruss, K.H. et al., Life Supp. Syst., 1:3–22, 1983. With permission from ESAD.)

optics from one point to the next. Thus, the velocity at any particular phase of the cardiac cycle can be
obtained from the ensemble-average of significant numbers of cycles at the desired point. The dynamic
velocity profile obtained from the different cycles is meaningful only if the quasi-steady flow conditions
could be established (Wang et al., 1990). For measurements with a conventional LDA system, a relative
mechanical frame between the LDA optics and the flow field must be provided to obtain space information
of the flow field. Mechanical scanning LDA techniques have been reported by Gartrell and Rhodes (1980)
and Hino et al. (1987). These techniques usually involve moving parts in the optical system, which give
rise to mechanical vibrations. This in effect restricts the quantity and quality of the measured data.
Attempts have been made to minimize or eliminate the mechanical vibrations. Wang et al. (1988)
developed a primary acousto-optic scanning LDA system for the measurement of pulsatile flow in tubes,
and corresponding flow measurements have been performed by Guo et al. (1990).
Numerous new laser measurement techniques have been developed in recent years to overcome the
limitations of the conventional LDA system. A description of these techniques is given in Wang and
Hwang (1992). These techniques include the optic-electro-hybrid feedback LDA (OEHF-LDA), which
utilizes the controlled frequency shift to achieve a significantly higher signal-to-noise ratio. This in effect
allows measurements at solid, opaque boundaries (e.g., measurements of regurgitation flow at a distance
of a few hundred micrometers from the moving surface of heart valve leaflet).
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Particle Image Velocimetry
The invention and development of techniques for the measurement of whole, instantaneous field of
scalars and vectors have become an integral part of modern experimental fluid mechanics. These techniques include tomographic interferometry (Hesselink, 1988) and planar laser-induced fluorescence for
scalars (Hassa et al., 1987), and nuclear-magnetic-resonance imaging (Lee et al., 1987), laser speckle
velocimetry, particle tracking velocimetry, molecular tracking velocimetry (Miles et al., 1989), and particle
image velocimetry for velocity fields. Reviews of these methods can be found in articles by Lauterborn
and Vogel (1984), Adrian (1986, 1991), Hesselink (1988), and Duddedar et al. (1988), and books written
by Merzkirch (1987) and edited by Chiang and Reid (1988) and Gad-el-Hak (1989). A technique that
uses particles and their images falls into the category commonly known as particle image velocimetry,
or PIV, which is the principal subject of the measurement technique developed in our laboratory for
flow studies past prosthetic heart valves.
Principle and Method of Operation
Experimental information in the form of flow visualization images is an integral part of fluid mechanics.
This is particularly so in unsteady and turbulent flows, where flow properties change rapidly in space
and time. An image provides spatial information on the instantaneous behavior of some fluid variables
and, in the case of video films, the evolution of these variables in time. Images of flow can be obtained
by seeding the flow with tracers illuminated by a sheet of laser. The images are captured on video or
photographic film to obtain a time sequence of tracer locations. If a tracer can be identified in successive
frames, then the velocity can be reconstructed with a time base equal to the framing period. The method
returns to the fundamental definition of velocity and estimates the local velocity, u, from

( )

u x, t =

( )

∆x x , t
∆t

(2.56)

where ∆x is the displacement of a marker/particle, located at x at time t, over a short time interval ∆t
separate observations of the marker/particle images. The difficulty of manually following individual
particle trajectories from a series of video frames has led to the development of various particle image
tracking routines.
Particle image velocimetry measures the flow vectors at many points in a large planar flow region
where the full field motion of tracers in a fluid flow field is obtained. The flow is seeded with tracers
illuminated with a laser sheet and recorded by a video camera. The recorded images are then digitized.
Image enhancement is used to separate the tracers from the contrasting background. Special algorithms
are developed to follow the tracers from frame to frame and to compute the velocity vectors along the
particle trajectories. These algorithms take into account the particle size, the direction of motion, and
the average length the particles travel. From the instantaneous flow field, the velocity data can be further
processed to obtain the mean velocities, turbulence intensities, Reynolds stresses, spatial correlations,
and length scales.
Image Processing System
Figure 2.21 shows one of the image processing systems in our laboratory. The system consists of a
videocassette recorder, display monitor, frame grabbers, and computer. The seeded flow was recorded
on S-VHS format at a standard video framing rate of 25 frames per second. The video images were
captured, digitized, and stored as a lattice of 512 × 512 pixels with 256 intensity levels by a DT2851
installed with the DT-IRIS subroutine library and the Microsoft Fortran compiler. The images are played
back on an S-VHS videocassette recorded with frame-by-frame editing functions. Frame-by-frame jogging function is important when one needs to capture a sequence of consecutive frames. Difficulty was
encountered in obtaining stable images on the display monitor screen when the video recorder was in
the “pause mode” before the images were captured into the computer. This is due to the monitor image
www.4electron.com

FIGURE 2.21

Image processing system.

scanning system, which is synchronized to the video system frequency only when it is in continuousplay mode. This can be resolved by using video recorders with frame counters such that pausing the
image on the video recorder will not be required. The image grabber will capture the images randomly
with their frame numbers tagged to their images. By running through the tape a few times, we will be
able to obtain all the images required. Another method is to obtain images through digital frame playback
mode in the jog and shuttle function of video recorders. This playback mode plays the tape continuously
to the desired frame location.
Image Analysis
The raw images are subsequently captured on the computer’s hard disk storage system by a frame grabber.
The stored images may then be sent to the storage buffers and subsequently displayed on the display
monitored linked to the computer. There are a variety of ways of analyzing the digital image. The following
describes one approach among the several we adopted. From the display, the images are subjected to a
process called image enhancement to eliminate undesirable elements from the images and to prepare the
images for particle tracking routines. The images are interlaced to obtain the odd and even fields of the
video image. A low-pass filter may be used to eliminate the high-frequency noise. The image frames are
then digitally enhanced such that the image is segmented into two disjoint sets of pixels, belonging either
to the background or to the particles. In principle, the distinction is established for each pixel in terms
of a brightness-level threshold. The processed images are finally stored in image files. The segmented
image after thresholding is represented as a bitmap where 0s represent points that had failed the threshold
test (the background) and 1s represent points that had passed the test (the particle).
To locate the centroid of the particles, all particle clusters are subjected to edge thinning, whereby only
the thin line of pixels that defined the outer boundary of the segmented region is obtained. From the
boundary pixels, the size of the region is obtained as a check of its validity as a tracer. The edge-thinning
method may be achieved using a contour-following procedure based on a modified T-algorithm. The
coordinates of the contour are averaged, and the values given the position of the centroid of the particle.
After the centroid position has been stored, the scanning is then resumed until the next cluster of
bright pixels is found or the whole matrix has been examined. Since the particle images have a typical
size, the algorithm discards any contour exceeding a given number of points, thus removing from the
scene extraneous features (e.g., reflections from the test rig) that might exist within the field of vision.
Particle Image Tracking
In flow past artificial heart valves, a wide velocity range is observed within a small volume. The range of
velocities varies from very low velocities at stagnation points, recirculating region, and near the aortic
wall to high velocities in the jet flow. Furthermore, this wide range in velocity occurs in a small volume,
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FIGURE 2.22

Single- and multiple-frame method for dynamic range extension.

resulting in sharp velocity gradients and sudden flow changes. The size constraint of the valves also limits
the amount of magnification that can be achieved by a zoom lens in the low-velocity regions. In order
to obtain an instantaneous flow field with the wide velocity range in the flow past artificial heart valves,
a method that extends the dynamic range of PIV had to be used (Lim et al., 1994a). This method
(Fig. 2.22) incorporates both the single-frame, high-velocity capability and the multiframe, low-velocity
capability. The method involves measuring the high-velocity components in a single frame and the lowvelocity components in a sequence of predetermined frames. The 5-W Argon ion laser light source is
pulsed using a chopper to generate a sequence of pulses in a single image. It was found that three pulses
of unequal time interval are sufficient to pair the particles and determine the particle direction. By our
analyzing the pulse sequence, the high-velocity flow region can be measured.
Due to the timing sequence of the synchronization between the chopper and the camera framing rate,
two types of image characteristics are evident. The first type is where the odd fields of the image frames
were found to contain the double spots while the even fields contain single spots. The second type is
where one of the fields contains three spots while the other field contains none. By tracking the appropriate
single-spot even fields of the first type, the overlapping spots of the low-velocity region is segregated (see
Fig. 2.22). Choosing the appropriate video fields with a predetermined time interval between fields (for
example, fields 1, 3, and 4 provides a 2:1 pulse period ratio), a multiframe tracking routine could be
performed to provide low-velocity measurements. It essentially overcomes the problem of small displacement ∆x in a single frame by magnifying ∆x over a longer time interval from several frames.
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Figure 2.22 shows a simplified flow diagram of the method. The algorithm separates the low- and
high-velocity regions by analyzing the pulse sequences in a single frame first and removing the paired
high-velocity vectors from the images. These images are then processed through a series of frames to
obtain the low-velocity vectors. The frame spacing can be chosen to provide desirable spatial resolution
of the particle in order to suit the magnitude of velocity. This method provides an instantaneous velocity
field for the entire dynamic range and was verified by Lim et al. (1994a).
Data Processing
From a single frame, one can attempt to reconstruct the major features of the entire flow field subject
to the resolution constraints of the measurement (Adamcyzk and Rimai, 1988). The reconstruction of
the major features of the flow vectors will also give a good visualization of the instantaneous flow field
(Adrian, 1991). However, highly complex flow may not be truly represented unless actual flow vectors
are present at that particular location. To perform the reconstruction accurately, one should strictly
invoke the conservation equations in two dimensions with the appropriate boundary conditions, which
can then yield intermediate velocity values at an instant in time. For our PIV system, the conservation
equations were not used, but the work of Koga (1986), who used a multivariate spatial filter to interpolate
the velocity data set to intermediate locations, was followed. This was also practiced by Adamcyzk and
Rimai (1988). The interpolation procedure is given below.
From the instantaneous velocity field in a single frame, the major features of the entire flow field was
constructed. The velocity at the wall surface was assumed to be parallel to the wall. To perform this
analysis, the following N × N equations from the original N velocity vectors and their location were
solved to produce the interpolating coefficients Ci. From Koga (1986),

[ A][C] = [F ]
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For minimum errors and computational efficiency, Koga (1986) chose a value of –0.5 for n and 0.1 for R.
Once the velocity vector fields are obtained, the corresponding turbulence intensity and shear stress
distribution may be generated.
Advantages and Disadvantages of PIV
As successful as the LDA method is, it has the disadvantage of measuring velocity at one particular
location at a time. Many point measurements must be made to measure a velocity profile or field. If
these measurements are not performed simultaneously, any information on coherent structures in the
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flow cannot be determined unless certain assumptions are made. In artificial heart valves, these elements
play an important role due to the turbulent and periodic nature of the flow. In addition, measurements
at the sinus of valsalva with LDA have been hindered by the physical profile of the sinus, which introduces
optical distortion to any quantity measured. Usually measurements are conducted in an idealized sinus
chamber with an axisymmetric cross section. Flow visualization permits an overview of the flow and has
been used in heart valve flow studies. However, results obtained have so far lacked great detail due to the
small size of the valve, the physical profile of the sinus, and the wide dynamic range of the velocity field
of the flow.
The PIV method renders an overview of the flow and permits quantification of the flow field as well.
However, the accuracy of the PIV technique depends on the quality of the images obtained for any flow
field. Compared to LDA measurements, PIV lacks the accuracy of a high sampling rate in point measurement techniques. At a low sampling rate, rapidly varying processes cannot be resolved in time.
Sampling at a low frequency over a long period of time biases the statistics toward a measure of the lowfrequency phenomena. In that event, PIV is unable to determine the spectrum. However, PIV essentially
allows us to determine the nature of the flow over a large spatial extent. This is particularly important
in the study of the role turbulent stresses play in the occurrence of thromboembolic complications, as
the extent of blood damage is not only a function of the level of stress at a particular zone in the flow
field downstream of a valve but also of the exposure time of the blood components to these stress levels.
As the blood components are continuously moving along this spatial extent, a more accurate picture of
the stress levels experienced by the blood component can only be drawn from the stress mappings over
the aortic root region at a different instant in time, which PIV can provide to a certain degree of accuracy.
Although the PIV measurements may lack the accuracy of single-point measuring systems, the overall
view of the flow in the aortic root region compensates for the shortcoming.
Refractive Index Matching
Similar to LDA studies, where the refraction effects due to the aortic root sinuses affect the beam paths,
a correlation between the displacement of the recorded particle image and the displacement of the tracer
particle within the fluid must be established. In flow visualization studies and optical-based measurement
method, optical distortion is an important factor because the measured particle movement has to be
corrected to eliminate this effect. The optical distortion in the sinus of valsalva is particularly severe
because of the complex three-dimensional curvature of the three inner lobes. This is illustrated in Figure
2.23b, where a grid map is viewed through an empty sinus of valsalva. The optical distortion caused by
the three-dimensional curvature cannot be corrected analytically, although such correction was done for
the simpler axisymmetrical aorta root as described in the section entitled “Compensation for Refractive
Index Variations in LDA Studies” (Chew et al., 1993). In order to eliminate the optical distortion, attempts
have been made to match the refractive index of the valve chamber to the recirculating fluid in the heart
valve experimental setup at room temperature. Besides being transparent and nontoxic, the fluid chosen
has to be as close as possible to blood in terms of viscosity and nonreactive with the artificial heart valves
and the acrylic valve chamber.
A water–glycerine mixture with different compositions has been used to match the refractive index of
the chamber. It was found that at 92% (by volume) glycerine solution in water, the chamber was free of
any optical distortion at room temperature of 20°C. However, at that mixture proportion, the resultant
viscosity is much higher than that of blood — by a factor of 100 (400 cp). To maintain the same dynamic
similitude that is governed by the Reynolds number (Re), at a fixed-valve diameter and with a scale
viscosity of 100:1, a velocity increment of 100:1 is needed. This is physically impossible to simulate in
liquid and to track, considering the velocity range required is from 0 to about 200 m/s. An alternative
to this is to increase the valve diameter by 100:1, but the complexity created outweighs its advantages.
Thus, a final solution of 36% (by volume) glycerine solution in water (Fig. 2.23c), which has a dynamic
viscosity of 3.6 cp, close to that of blood (4 cp), and a density of 1.01 g/cm3 is recommended. Although
the optical distortion is not eliminated completely due to partial matching of the refractive index, it is
much reduced. The glycerine–water mixture has also been proven to perform well in heart valve enviwww.4electron.com

FIGURE 2.23

Refractive index correction of the aortic root (sinus of valsalva).

ronment by Weiting (1969) and Shaffer et al. (1992). The reduced optical distortion is then amenable to
further correction using a calibration procedure. The procedure involves the use of a calibration correction map algorithm that interpolates the optically distorted particle positions to their actual positions in
the valve chamber. The calibration correction map algorithm involves capturing an image of a grid map
(with 1 mm × 1 mm squares) in the valve chamber (Fig. 2.23c) and digitizing the four corners of the
distorted “squares.” Particles that fall within a distorted “square” are identified and their position interwww.4electron.com

polated to a corresponding undistorted square using the standard four-node quadrilateral interpolation
algorithm (Grandin, 1986).
Tracer Particle Selection
The selection of particles for seeding the flow in PIV studies is similar to that in LDA studies and has
been dealt with in detail in the section entitled “Particle Seed Selection”. However, since the tracer particles
have to be recorded on an image medium, there is a tradeoff between the size of the tracer particles and
the volume/area of measurement. In order to capture a large area of measurement, the spatial resolution
of the particles will be lost if smaller particles are used. In addition, the signal-to-noise dropout will be
higher when using smaller particles in a large area of measurement. Difficulty will be encountered when
attempting to differentiate the foreign particles present in the fluid medium from the tracer particles. In
order to increase spatial resolution, one will have to analyze a smaller area of measurement. This can be
performed with zoom and magnification lenses. However, when zooming in on a smaller area of measurement, information is lost in other areas of the flow. In general, the entire flow field in the aortic root
is captured and analyzed for a first overview of the general flow behavior. Areas of interest to the researcher,
such as the flow near the valve prosthesis or in the sinuses, will be subsequently magnified and analyzed
to obtain more detailed flow data.
PIV in Heart Valve Flow Studies
With the advent of image processing, methods that combine the high spatial resolution of LDA with the
overall view of flow visualization have been employed in various fluid flow studies. In the study of flow
past artificial heart valves, Affeld et al. (1992) used a circulation model enlarged 10 times with a likewise
enlarged model of the valve and an idealized axisymmetric cross section of the sinus of valsalva. This
was to overcome the physical limitations of recording the images of the flow field due to the small size
of the valve and the optical distortion caused by the sinus of valsalva walls. They subsequently employed
image processing techniques to obtain the flow field. However, the method does not allow testing of
existing valves because the manufacture of these valves at such dimensions will be both costly and difficult.
In work done by Shaffer et al. (1992) and Woodard et al. (1992), fluorescent image tracking velocimetry
techniques (FITV) were employed to measure the flow fields near biomaterial surfaces. FITV is a multipleexposure, optical imaging technique to track the motion of small, neutrally buoyant particles in a fluid
flow field. Shaffer et al. (1992) applied the technique to the Novacor left ventricular assist device and
obtained flow field mappings close to biomaterial surfaces. In their studies, they addressed the problem
of low signal-to-noise ratio at flow boundaries by the application of an excitation filter in the image
recording system to filter the light scattered by the flow boundary. This is a vital aspect in hemodynamic
studies of prosthetic heart valves as the undesirable activation of the hemostatic system is largely at the
contact surface between the flow (blood) and the valves. Lim et al. (1994b) described the setting up of
a PIV system specifically for heart valve flow studies. In work done by Lim et al. (1997), special PIV
routines were developed to obtain the flow field and Reynold stresses of a bioprosthetic heart valve.
Figure 2.24 depicts the velocity vector fields of various prosthetic heart valves under steady flow testing
conditions obtained by the authors. From the velocity vector fields, an overall picture of the flow may
be obtained. Regions of flow recirculation, major jet flow, and flow stagnation can be identified and
compared with flow visualization images. Figure 2.25 depicts the Reynolds stresses distribution associated
with the Bjork–Shiley Convexo-Concave tilting disk valve under steady flow conditions. The overall view
of the velocity and stress mappings help to identify regions of flow disturbances, which otherwise may
be lost with single-point measuring systems.
The advantages of the PIV technique are clearly demonstrated in pulsatile flow measurements. Conventional methods of obtaining velocity profiles, such as LDA or HFA, only provide flow information at
a point in space over a cardiac cycle. It is laborious to construct the stress and velocity field in space and
time. Thus, when the blood cells travel through the aortic root, one can only deduce the magnitude of
stresses experienced by the blood cells at a fixed point at an instant in time, with no knowledge of the
duration the blood cells are exposed to the shear field. Blood flowing through a prosthetic heart valve
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FIGURE 2.24 Velocity vector fields of various prosthetic heart valves under steady flow testing conditions obtained
by the authors.

can be damaged by flow-induced shear forces. Blood damage and thrombus formation are generally
caused by blood contact with artificial surfaces and by shear of blood particles in the region of prosthetic
valves (Hellums and Brown, 1975; Hung et al., 1976). However, the extent of blood cell damage has been
established as a function of both the shear stress field and the duration of exposure of the blood cell to
this stress field (Wurzinger et al., 1986). Thus, knowledge of the position and velocity of individual blood
cells as they move through the aortic root allows us to determine the duration of the exposure to the
stress field, thereby giving a more complete picture of stress-related blood damage if the variation of
stress in space and time is known. This ability to record the trajectories of blood cells (in this case, fluid
elements in terms of particles) makes particle tracking more versatile than point-oriented anemometry
techniques, with an added advantage that data for the whole shear field in space are gathered simultaneously. By ensemble-averaging the stress field obtained from several frames over many physiological
unsteady flow cycles, a statistically stationary mean stress field in space at any instant in time of a
physiological unsteady flow cycle can be obtained. If this is repeated at another instant in time, the
variation in mean stress field in space and time can be determined. By following the trajectories of fluid
particles (which can be inferred from their respective velocity fields) along the shear stress mappings at
the respective instances in time, we are able to chart a time-history of the stress levels fluid particles
experience as they move across the aortic root. This allows us to obtain a Lagrangian description of the
stresses blood cells experience. With the magnitude of shear stress field and duration of exposure
www.4electron.com

FIGURE 2.25

Reynolds stresses distribution associated with the Bjork–Shiley Convexo-Concave tilting disc valve.
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FIGURE 2.26 Time-history of a particle crossing the peak stress zone at 120 msec after valve opening (corresponding
to peak systole) for a St. Vincent Porcine Tissue valve.

experienced by blood cells known, the extent of blood cell damage caused by turbulence stresses can be
more realistically determined by using the empirical relation proposed by Wurzinger et al. (1986).
Figure 2.26 depicts the Reynolds stress time-history obtained by the authors of a particle crossing the
peak stress zone at 120 msec after valve opening (corresponding to peak systole) for a St. Vincent Porcine
Tissue valve.
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Comparative Evaluation of Measurement Techniques
Cost — HFA systems are relatively cheaper than LDA and PIV systems. However, at the rate of
technological innovation in image processing systems and computers, where the costs of these components are always decreasing, PIV systems may become relatively inexpensive in the future.
Frequency response — A standard hot wire probe operated at constant temperature at optimum
conditions has a flat frequency response from 0 to 20–50 kHz in air. Measurements can also be obtained
for up to several hundred kHz in high-speed flow. The hot film response in liquid is much lower, but it
is sufficient to resolve the turbulence spectral when the frequency of interest occurs at much lower ranges
in liquid. LDA systems are normally restricted to a lower frequency response and depend on the quality
of the signal and the presence of noise. In contrast, PIV systems are restricted to the recording system
frame rate. For commercially available video cameras, at a frame rate of 25 frame per second, rapidly
varying processes (those occurring faster than 0.02 seconds) cannot be resolved in time. Higher sampling
rates can be achieved by high-speed video cameras that provide up to 1000 frames per second, but these
cameras usually require higher levels of illumination and are a great deal more expensive than conventional cameras.
Spatial resolution — For a typical cylindrical hot film probe, the active element is about 25–70 µm
in diameter and 1–2 mm long. A typical LDA measuring volume is 50 µm × 0.25 mm. For PIV studies,
the spatial resolution depends on the recording medium exposure time and frame rate.
Velocity measurements — HFA with more than one sensor allows measurement of multiple components of the velocity vector at a specified point in the flow field. Multibeam LDA systems also enable the
measurement of these velocity components. In PIV systems, two- and three-dimensional measurements
are also available. HFA, being a scalar, secondary device, requires calibration and cannot be used in
reverse flow regions. LDA and PIV are primary vector measuring instruments that can provide both the
magnitude and direction of velocity without the requirement of calibration.
Accuracy — Both HFA and LDA can give similar, very accurate results (0.1–0.2%) in carefully
controlled experiments. In practical experiments, an average accuracy of 1% is common. For PIV, the
accuracy varies and is highly dependent on the quality of the flow images and the accuracy of the particle
tracking algorithm used. In general, PIV lacks the high accuracy of both the HFA and LDA systems.
Signal-to-noise ratio — HFA has the highest signal-to-noise ratio, with very low noise levels, and a
resolution of one part in 10,000 is easily accomplished. In LDA, one part in 1000 can be achieved. In
PIV, the signal-to-noise ratio is again dependent on the quality of the images obtained for the flow.
Probe disturbance — Placing a HFA probe in the flow will modify the local flow field, especially in
the near-wall region. Thus, measurements of flow separation, recirculating regions cannot be accomplished with HFA. Both LDA and PIV do not require the physical presence of the flow probe in the flow
field.
Signal analysis — The signal obtained from an HFA system is a continuous analog signal. Thus, both
conventionally and conditionally sampled time-domain and frequency-domain analysis can be performed. In contrast, the signal obtained from a LDA system suffers from signal dropout, particularly in
the high-frequency range and near-wall region. The signal obtained from a PIV system is noncontinuous
and intermittent due to the low sampling rate of the recording medium, Thus, turbulence spectral
information cannot be obtained.
Spatial information — The application of more than one spatially separated flow probe enables the
measurement of spatial temporal correlations of turbulent fluctuations. However, the application of both
HFA and LDA in this application is cumbersome and tedious. Since PIV is essentially a multipoint
measurement system, a large spatial extent can be determined and the overall nature of the flow can be
obtained.
Optical distortion — As both LDA and PIV are essentially optical methods of measurement, the
effects of optical distortion cannot be neglected. This is particularly vital in the aortic sinus region. Optical
correction techniques such as refractive index matching or mathematical formulation to rectify the optical

www.4electron.com

distortion created by the valve chamber need to be applied. In contrast, optical distortion does not pose
a problem in HFA.
Particle seeding — Both LDA and PIV measure the flow trajectories of particle seeds in the flow. This,
in turn, creates the necessity of identifying particle seeds that will follow the fluid flow. Furthermore, the
presence of these particle seeds creates a flow disturbance in itself. Careful selection of the particle seed
size, density, and material needs to be considered. In HFA, particle seeding is not required.
Summary
In an ideal condition, PIV should be employed to obtain a first overview of the flow. The flow field
mappings obtained from pulsatile flow studies are vital in assessing the different flow characteristics
associated with a particular valve. This will show the evolution of the flow vectors in both space and
time, which cannot be easily obtained from single-point measurements. Once the different components
of the flow field are identified, LDA can be subsequently employed on specific regions of the flow to
obtain more accurate data of the flow turbulence, such as the extent of turbulence and the Reynolds
stresses.

2.4

Future Trends

At present, the two most commonly used parameters in defining the flow effectiveness of prosthetic valves
are the pressure drop and regurgitation. Apart from these two parameters, concepts of energy loss and
performance indices have been introduced in an attempt to obtain a single parameter to aid comparison
of the various prosthetic valves. However, these parameters are usually presented in a form that is not
easily assimilated by the surgeon. Thus, valve evaluation techniques have to be standardized in order to
ensure that proper valve comparisons are made. The information obtained from these evaluations needs
to be effectively communicated to those who use them, namely designers, manufacturers, and clinicians.
At this stage, it is still unclear how these parameters relate to overall valve performance in vivo,
particularly when biological phenomena such as hemolysis and thromboembolism are considered. However, they do give a measure of the work required from the heart to overcome losses if any particular
valve is implanted. As the in vivo performance of a valve ultimately depends on both physical and
biological parameters, it is unlikely that a single parameter that can adequately predict long-term in vivo
performance will be found.
At present, initial assessment of the likely hemodynamic performance of a prosthetic heart valve is
performed in pulse duplicators. Laboratory testing using rigid-walled test chambers with no vessel
compliance is bound to limit the validity of in vitro models, particularly in relation to pulsatile flow
conditions. In addition, the use of inflexible valve frames, particularly in the plane of the orifice, needs
to be assessed in vitro.
The techniques described so far can be enhanced by the use of computerized studies of both the
hemodynamics and mechanical behavior of the myocardium and major blood vessels (McQueen and
Peskin, 1983; Mazumdar and Thalassoudis, 1983). However, these studies are limited by being in only
two dimensions and also by ignoring the deformability of the myocardium. A number of researchers
have performed stress analysis of the myocardium in general (Yettram et al., 1979) and tissue valve leaflet
in particular (Black et al., 1988). Little work has been done by way of combining these two aspects as an
aid to valve design (Black et al., 1991). However, it is till not clear how significant the simulated computer
studies of the hemodynamics associated with heart valve design are in relation to the clinical performance
of the valves.
As yet there is no ideal replacement valve, and all those currently implanted are a compromise between
the optimum hemodynamics and cardiac function. This can be achieved by measuring and comparing
the valve performance parameters. As there are no standard test systems for measuring these parameters,
numerous experimental equipment has been designed by individual researchers. As a result, it is difficult
to compare the results of one investigator with those of another. In addition, in vitro studies can only
attempt to simulate the in vivo situation. Thus, care must be taken when extrapolating laboratory results
www.4electron.com

to clinical situations. Nevertheless, laboratory investigations in determining the flow effectiveness of
prosthetic heart valves are of considerable value when comparing hydrodynamic performances of various
valve configurations.
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Introduction

Artificial valve prostheses have been used for the replacement of diseased heart valves for more than three
decades, with the introduction of cardiopulmonary bypass and cold potassium cardioplegic techniques
in the 1950s. Numerous designs of heart valve prostheses made of artificial material (mechanical valves)
or of biological tissue (tissue-valve prostheses) have been attempted, and some designs have proven to
be popular and commonly used in this treatment modality. The implanted prosthesis must mimic the
function of the natural valve in the patient, and the patient must be afforded a relatively “normal” life
throughout his or her life. Before a prosthetic valve is deemed to be satisfactory for implantation in a
patient, the functional characteristics must be evaluated and compared with those of the native human
heart valves, as well as those that are already available commercially for use as implants. An “ideal” valve
prosthesis should be able to have flow dynamic characteristics similar to those of native human valves,
without interfering with the surrounding anatomical structures (1-6). The primary requirements for the
biomaterial used in these long-term implants are biocompatibility, nontoxicity, and durability. The
material should be nonirritating to the tissue, should resist thrombus deposition, and should not degrade
in the physiological environment. The material should not absorb blood components nor release foreign
material into the circulation (2). It should be inexpensive, readily available, easily machinable, and
sterilizable and should have a long storage life. The material should be strong enough and should not
fail under fatigue stress as it opens and closes on an average of once every second for several million
cycles in the lifetime of the implant in a patient. With the advent of sophisticated measurement techniques
and detailed computational techniques, our understanding of the complex dynamics of the valvular
function is increasing and can be effectively employed in improving the functional characteristics of the
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FIGURE 3.1 A schematic diagram of the four chambers of the heart, the position of the four heart valves, and the
direction of blood flow into the pulmonic and systemic circulation. AV: aortic (trileaflet) valve; LA: left atrium; LV:
left ventricle; MV: mitral (bicuspid) valve; PV: pulmonic (trileaflet) valve; RV: right ventricle; and TV: tricuspid valve.

valves. In this chapter, we will discuss the functional characteristics of the native human heart valves and
measurement techniques employed in the analysis of the flow characteristics in understanding the same.
We will also review the development of the mechanical valvular prostheses and techniques used in the
analysis of the dynamic behavior of mechanical valve prostheses.

3.2 Natural Heart Valves
The human heart consists of two pumps in series, the right and left heart, generating pressure and
pumping the blood into the pulmonic and systemic circulation, respectively. There are four heart valves,
which ensure that the blood flows in one direction and play a vital role in maintaining the normal cardiac
output and perfusion pressures throughout the cardiovascular system. A schematic of the four chambers
of the heart, with the position of the four valves and the direction of blood flow, is indicated in Fig. 3.1.
In the right heart, the tricuspid valve is located between the atrium and the ventricle, and the pulmonic
valve is located between the right ventricle and the main pulmonary artery. In the left heart, the mitral
(bicuspid) valve is located between the left atrium and the ventricle, while the aortic valve is located
between the left ventricle and the aorta, the main artery feeding blood into the systemic circulation.
Valvular heart diseases and hence valve replacement predominantly occur in the high-pressure left side
of the heart (1, 7). We will review studies that have been reported on the aortic and mitral valve dynamics
in this section.

Anatomy and Valvular Function
The aortic valve consists of three crescent-shaped leaflets (hence called a semilunar valve) of about 0.1mm thickness. In the closed position, the central margins of the aortic valve leaflets coapt along the three
radii 120˚ apart and seal the aortic orifice. The leaflets are attached to a fibrous ring that separates the
www.4electron.com

aorta from the left ventricle. The side of the leaflet adjacent to the aorta is termed the fibrosa and consists
of collagen fibrous layer lined with endothelial cells. The ventricular side of the leaflet consists of collagen
and elastin and presents a smooth surface to the flow of blood when the valve is in the open position.
The central portion of the valve, referred to as spongiosa, contains loose connective tissue and proteins.
The collagen fibers on either side of the leaflets are unorganized in the unstressed state and become
oriented along the circumferential direction when a load is applied (7-9). In the fully open position, the
leaflets are aligned to the axis of the aorta, and behind each of the leaflets is a bulge at the root of the
aorta, called the sinus of Valsalva or the aortic sinus. Two of the sinuses have ostia, giving rise to the
coronary arteries providing blood supply to the heart muscles. The sinuses of Valsalva have a useful fluid
dynamic purpose in addition to a possible role in the efficient closing of the valve during diastole, as will
be further discussed below. If the sinuses were not present, the valve leaflets would come in contact with
the coronary ostia and the flow into the coronary artery would decrease along with the pressure in the
coronary arterial bed. Due to the high pressure differential, the leaflets would seal against the ostia and
fail to close during the subsequent ventricular relaxation (10). The anatomy of the pulmonic valve is
similar to that of the aortic valve, with the sinuses being smaller than those of the aorta and the annulus
being slightly larger than for the aortic valve.
The mitral (bicuspid) and the atrio-ventricular (tricuspid) valves on the right side are also anatomically
and functionally similar except for a more dominant third cusp in the tricuspid valve. The mitral annulus
is elliptical in shape, consisting of dense collagenous tissue. The total surface area of the leaflets is about
twice the annular area, resulting in a large area of coaptation. The leaflet consists of collagenous fibers
and endothelium, with striated muscle cells, nonmyelinated nerve fibers, and blood vessels also present
in the leaflets (7, 11). The posterior leaflet, on the side of the ventricular free wall, encircles roughly
two thirds of the mitral annulus and is quadrangular in shape. The anterior leaflet, near the ventricular
outflow tract, is roughly triangular and is slightly larger than the posterior leaflet. Collagenous fibers
from the annulus extend through the leaflets and form the chordae tendinae at the free edge of the leaflets
that are connected to the papillary muscles. The annulus, the leaflets, the chordea, and the papillary
muscles act together in the opening and closing functions of the valves. In the fully open position, the
upper portion of the mitral valve resembles that of a funnel feeding blood from the left atrium into the
left ventricle.

Flow Dynamics
The typical pressure curves in the left atrial and ventricular chambers as well as in the aorta are shown
in Fig. 3.2. During the isovolumic contraction of the left ventricle (when both the aortic and mitral valves
are closed), the ventricular pressure rapidly rises. The aortic valve opens when the ventricular pressure
exceeds that of the aorta by a few mm Hg (approximately 1 to 2 mm Hg). The systolic phase in which
the aortic valve is open and the blood is ejected from the left ventricle into the aorta — the major blood
vessel feeding blood into the systemic circulation — lasts about one third of the cardiac cycle. At the end
of systole, the valve leaflets close very efficiently in a normal aortic valve with minimal blood flowing
back into the ventricle during the closing phase of the aortic leaflets. The aortic leaflets move toward
closure when the ventricle relaxes and the ventricular pressure rapidly drops to very low magnitudes, as
shown in Fig. 3.2. During diastole, which lasts for about two thirds of the cardiac cycle, the aortic valve
remains closed and the leaflets are subjected to a pressure gradient of about 80 mm Hg or higher (10,
12). The flow dynamics across the aortic valve have been the subject of numerous in vitro and in vivo
studies. Bellhouse and Talbot (13) describe steady and pulsatile flow studies in a model aortic flow
chamber including the sinuses, and the results show the presence of vortical flow between the sinuses
and the leaflets in the fully open position. Under steady flow conditions, the leaflets bulged into the
sinuses by about 1 mm with the vortex occupying the entire sinus. In pulsatile flow simulation, it was
observed that the cardiac cycle can be divided into four phases:
1. The opening phase in which the leaflets move into the fully open position rapidly in about 15%
of the systolic phase (approximately in 30 msec);
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FIGURE 3.2

A schematic of the pressure traces in the left atrium, ventricle, and the aorta in a cardiac cycle.

FIGURE 3.3

Illustration of the presence of vortical flow behind the aortic valve in the sinus cavity.

2. the quasi-steady forward-flow phase in which the leaflets remain in the fully open position,
occupying about 55% of systole;
3. the deceleration phase for about 30% of systole in which the ventricle relaxes and the leaflets move
toward closure due to pressure gradient across the leaflet (the vortices in the sinuses expand with
additional flow into the sinuses during this phase);
4. a small reversed flow phase in which the leaflets move to the fully closed position with minimal
regurgitation of fluid across the valve into the left ventricular chamber.
The presence of vortex with the fully opened leaflet position in steady flow is illustrated in Fig. 3.3.
However, the importance of the presence of the vortices in the aortic sinuses on the valve-closing
mechanics has been disputed by others (14–16). Reul and Talukder (14) point out that there is no evidence
of the leaflets projecting into the sinuses in the fully open position in vivo as suggested by Bellhouse and
Talbot (13) in order to form the vortices behind the leaflets. Roentgenographic studies in patients with
normal aortic valves have shown that, under resting conditions, the valve opens only to 40% of its
masimum opening area — even during exercise, it opens only to about 66% (17). These studies suggest
that the valve opens to a triangular orifice under testing condistions and moves toward a circular orifice
under exercise conditions (14). Thus, the leaflets do not project into the aortic sinuses in the fully open
position. The adverse pressure gradient present during the deceleration phase move the leaflets toward
closure, and the leaflets close completely at the end of the deceleration phase when the forward flow has
ceased. A number of studies have been reported in vitro (18) and in vivo (19-26) to measure the velocity
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FIGURE 3.4 Cross-sectional velocity profile distal to the native aortic valve in vivo during peak flow obtained using
hot film velocimetry technique. The peak velocity is approximately 100 cm/s. (Courtesy of Dr. P.K. Paulsen, Skejby
Sygehus Universitetshospital, Arrhus, Denmark.)

profiles distal to the valve leaflet in the forward flow phase of the aortic valve. In vitro flow visualization
studies with a native human aortic valve have shown that the flow past the valve is relatively flat, with
vortices being generated behind the leaflets in the sinus region. Velocity profile measurements in vivo,
using hot film anemometry, distal to the aortic valve have demonstrated a relatively flat velocity profile
with a slight skewing toward the inner wall of curvature of the aorta (19-22), possibly due to the
orientation of the aortic orifice with respect to the axis of the aorta as well as the nature of the flow
development at the entrance to the curved geometry of the aortic arch (27). A typical velocity profile
across the cross-section in the ascending aorta distal to a native human aortic valve is shown in Fig. 3.4.
Point velocity measurements distal to the aortic valves have shown that the flow past the valve is disturbed
during the peak ejection phase of systole with healthy valves, whereas disturbed flow is present throughout
the forward-flow phase distal to the diseased valves (23). Doppler ultrasound measurements (24, 25) and
magnetic resonance imaging studies have confirmed the slightly skewed and relatively flat velocity profile
development distal to the aortic valves in the ascending aorta (26).
At the end of systole, the ventricular relaxation results in rapid fall of the ventricular chamber pressure,
and the aortic valve closes, preventing regurgitation of blood from the aorta back into the left ventricle.
When the left atrial pressure exceeds the ventricular pressure, the mitral valve opens and blood flows
from the left atrium into the left ventricle. The mitral flow curve during the early filling shows a peak
referred to as the E-wave. When the left ventricle distends, the mitral valve leaflets are pulled toward
each other by the chordae tendineae of the stretched papillary muscles (7). The blood flow into the
ventricle decelerates after the E-wave and the mitral leaflets undergo partial closure. However, the leaflets
open once again due to the atrial contraction and a second peak, referred to as the A-wave, is observed
in the late filling period of the left ventricle in diastole. The flow into the left ventricle, indicating the
two peaks corresponding to the E- and A-waves are also shown in Fig. 3.2. During the ventricular filling,
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FIGURE 3.5 A typical MRI velocity mapping of flow past the mitral valve in diastole demonstrating the vortical
flow in the ventricular cavity. LV: left ventricle; RV: right ventricle; AV: aortic valve; LA: left atrium. (Courtesy of
Dr. Ajit Yoganathan, Georgia Institute of Technology, Atlanta, Georgia.)

the presence of vortices in the chamber has been demonstrated both in vitro (14, 28) and also with
magnetic resonance imaging in vivo (29). Once again, the importance of the presence of vortical flow
in the ventricular chamber on the efficient closing of the mitral valve leaflets has been debated. The
partial valve closure following the early filling period may be due to a combination of factors: the pulling
of the leaflets toward each other by the chordae tendineae due to ventricular distension (7); the ventricular
vortices and the effect of vortices on the leaflet motion (14, 28); and adverse pressure gradient in middiastole with the ventricular pressure exceeding the atrial pressure (30, 31). However, Reul and Talukder
(14) point out that the ventricular contraction immediately follows atrial contraction, and hence a
significant adverse pressure gradient becomes the dominating factor for the valve leaflets to move toward
closure after the late ventricular filling. Animal studies have shown that the chordal tension, flow deceleration, and the ventricular vortices all play a role in the mitral valve closure dynamics (32). Doppler
echocardiography (33) and magnetic resonance imaging (29) have been employed to study the flow across
the mitral valve in animal models as well as normal human subjects. These studies have shown that the
velocity profile across the mitral valve is skewed toward the posterior leaflet, and the presence of vortical
flow in the ventricular cavity during diastole in normal human subjects has been demonstrated (7, 29).
A typical MRI image of the flow in the left ventricular chamber of a normal human subject indicating
the vortical flow in diastole is shown in Fig. 3.5. A brief review of our knowledge on the flow dynamics
of the native aortic and mitral valves indicates that the valves are designed for the most efficient performance. The functional characteristics of the native valves can be summarized as follows: the valves open
with minimal transvalvular pressure gradient; the leaflets open rapidly to the fully open position to
provide a centralized flow of blood across the valve orifice with minimal flow disturbance and fluid
mechanically induced stresses; and the leaflets move toward closure during the deceleration of forward
flow and close efficiently with a minimal amount of backflow of blood across the valve (minimal
regurgitation). Hence, from a fluid mechanical point of view, the energy loss due to flow across the valve
orifice is minimal with the native valves. The fluid mechanical stresses are also minimal and do not
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induce damage to the formed elements in blood under the functioning of the normal healthy human
heart valves.

Valvular Diseases and Replacement
The natural valves may become diseased and malfunction due to various reasons. Valvular diseases include
stenosis of the leaflets and valvular incompetence. Stenosis of the leaflets results from calcification of the
leaflets, rendering the leaflets stiffer and resulting in the left ventricle generating higher pressures to open
the leaflets. The causes for aortic valve stenosis include premature calcification of congenital bicuspid
valve, significant obstruction to left ventricular outflow soon after birth (congenital aortic valve stenosis),
or valvular stenosis resulting from rheumatic fever (34). Aortic sclerosis may also become sufficiently
advanced to produce valvular stenosis in some older patients. Mitral valve stenosis may result from pure
commissural fusion in younger subjects, and cusp fibrosis resulting in calcification. Valvular incompetence results in incomplete closure of the valve and increased regurgitation. The valve leaflets may become
perforated from bacterial endocarditis, or the leaflet’s area may be reduced due to rheumatic disease.
Other causes for increased aortic regurgitation include aortic root distortion or dilatation, as well as loss
of commissural support. The causes for mitral regurgitation include the floppy mitral valve (increase in
the valve cusp area) and rupture of chordeae due to rheumatic disease, chordal rupture and leaflet
perforation due to bacterial endocarditis, and papillary muscle abnormality (34).
In the case of valvular stenosis, the stiffer leaflets result in a higher pressure gradient to force the valve
to open and the orifice area in the fully open position for a stenosed valve may be significantly reduced.
The valvular orifice area is computed using the Gorlin equation (35, 1) which requires measuring the
pressure gradient across the valve and the flow rate across the valve during the forward-flow phase.
Replacement of a stenosed mitral valve is recommended when the orifice area is computed to be less
than 1.0 cm2/m2 of body surface area and the corresponding value for the aortic valve is 0.4 cm2/m2 (36).
The timing for replacement due to valvular regurgitation is not very precisely defined.
With the advent of cardiopulmonary bypass techniques and cold potassium cardioplegia to arrest the
heart to perform open heart surgery, replacement of diseased valves with artificial valves has become a
common treatment modality today. The first mechanical valve replacement was performed over 30 years
ago (37, 38), and a number of valve designs have been attempted, with a few designs becoming successful.
Patients with prosthetic valves lead a relatively normal life. However, significant problems still exist with
implanted valves, with thrombus deposition and ensuing problems with emboli in the case of mechanical
valves and fatigue failure of leaflets in the case of biological tissue valves as detailed ahead. In this chapter
we will concentrate on the evaluation of the dynamics of mechanical heart valves in order to delineate
the causes for the problem with thrombus initiation and to improve the design of the valves toward an
“ideal” valve prosthesis.

3.3

Artificial Heart Valves

An Ideal Artificial Valve
An ideal artificial heart valve should mimic the function of the native human valve as closely as possible
and should not result in other complications resulting from the implantation. The native valves open
with minimal pressure drop across the valve during the forward-flow phase. The valves are hydrodynamically efficient with central flow across the orifice with minimal flow disturbance and fluid mechanically
induced stresses on the formed elements of blood during the peak forward-flow phase. The leaflets move
toward closure at the end of the forward-flow phase and rapidly close with minimal regurgitation. Hence,
the total energy loss due to flow across the valve is minimal with the native valves in the normal state.
The ideal valve replacement must strive to achieve these flow characteristics so that the patient with an
implanted artificial valve is able to lead a normal life. In addition to the preferred hydrodnamic characteristics, the material used in making the prosthesis must be durable, nontoxic, nonthrombogenic, and
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biocompatible. The valve should be easily manufactured, sterilizable, readily available, and inexpensive.
The valve should be surgically implantable with ease and should not interfere with other anatomical
structures. The valve should be radiographically visible so that its function can be monitored in vivo after
implantation. The geometrical design of the valve should minimize the presence of stagnation zones and
regions of relative stasis and flow separation as the blood flows across the valves. The surfaces of the
valvular structures should be smooth to minimize thrombus formation. An ideal replacement for a
diseased valve would be a homograft, a transplant of a heart valve from a cadaver freshly harvested soon
after death. Such harvested valves were preserved by sterilization of various means, freeze-drying, or
stored in antibiotic solutions and implanted without special structural support. Unfortunately, the longterm success of these valves was limited, with cusp rupture reported at 37% by 6 years and 50% by 8
years (39–41). Furthermore, homograft replacement is restricted to large trauma centers due to lack of
donor availability and hence is not a popular option for valvular replacement. The alternative to
homografts includes use of heterografts, valves made of biological tissue or made of artificial material,
with the above-mentioned design criteria governing the principles of design and manufacture of the
replacement valves.

Biological Tissue Valves
In the absence of success and lack of availability with homografts as valvular replacement, use of biological
tissue to make valve prostheses has become a viable alternative in the last 20 years. Biological tissue valves
made of harvested porcine aortic valve, bovine pericardial tissue, fascia lata, and human duramater tissue
have been tried as valve replacement. The leaflets of freshly harvested porcine valves were suitably treated
to overcome the problem of rejection and mounted on a frame or stent in order to provide support for
the leaflets. The valve is incorporated with a sewing ring made of soft fabric that is then sewn to the
patient's valve annulus. Initial attempts at using formaldehyde for treatment of harvested valves resulted
in failure of implants in a short time due to problems with durability. Carpentier determined that the
durability of the tissue cross-links was important in maintaining the structural integrity of the leaflets
and proposed the use of gluteraldehyde as the treatment fluid (42). Even though porcine aortic valves
are anatomically similar to the human counterpart, the right coronary leaflet of the porcine valve is part
of the septal sheath and is stiffer than the other leaflets. The manufacturers employ various techniques
to compensate for this difference. The valves are harvested from 7- to 12-month-old pigs, attached to
supporting stents, and preserved. The stents were initially made of metal, and subsequently, flexible stents
were introduced. The flexible propylene stents allowed easy assembling of the valves and reduced stresses
at the leaflet and stent attachment points, resulting in increased durability and coaptation area (43, 44).
Fixed bovine pericardial tissue is also used to construct heart valves mimicking the geometry of the native
aortic valves. In this design, the characteristics such as the valve height, orifice area, and degree of
coaptation can be specified and controlled. Due to the low profile design and increased orifice area
compared to the porcine valves of the same sewing ring diameter, these valves are less stenotic, especially
in smaller sizes (45). In the currently available prostheses, the stents are constructed from polypropylene,
Acetol homopolymer or copolymer, Elgiloy wire, or titanium. A stainless-steel radiopaque marker is also
introduced to visualize the valve in vivo. Typical porcine and pericardial bioprostheses are shown in
Fig. 3.6.
Bioprostheses made out of fascia lata as well as human duramater tissue have been attempted. Fascia
lata tissue was prone to deterioration and hence unsuitable for bioprosthetic application, while the human
duramater tissue suffered from lack of availability for commercial manufacture. Bioprostheses have a
very low thrombogenicity, and hence most patients with these implants are not in long-term anticoagulant
therapy. However, tissue valves are prone to calcification and leaflet tear with an average lifetime of about
10 years before replacement becomes necessary. Valve deterioration is, however, a gradual process and
the patient can be monitored noninvasively to determine the necessity of valve replacement. Numerous
studies have linked the mechanical stresses on the leaflets with calcification, focal thinning, and leaflet
failure (46, 47); design improvements to minimize the stresses on the leaflets have also been proposed
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FIGURE 3.6 Photographs of typical porcine (top) and pericardial (middle) bioprostheses (courtesy of Baxter
Healthcare Corporation, Edwards CVS Division, Irvine, California). A pericardial valve (bottom) with photo-fix
preservation technique currently under testing is also shown (courtesy of CarboMedics, Austin, Texas).

(48). Detailed studies on the effect of fixation on the leaflet viability have also been reported (39), and
improvements on fixation techniques to increase the durability are being attempted. A photograph of a
pericardial bioprosthesis preserved using a photo-fixation technique undergoing tests at present is also
included in Fig. 3.6.

Mechanical Valves
The early history of mechanical valve development can be found in several monographs (2, 49). The
initial designs of mechanical valves were of centrally occluding caged ball or caged disk type with a caged
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FIGURE 3.7 Typical caged ball (top: courtesy of of Baxter Healthcare Corporation, Edwards CVS Division, Irvine,
California), tilting disc (middle: courtesy of Medtronic Inc., Minneapolis, Minnesota), and bileaflet (bottom: courtesy
of CarboMedics, Austin, Texas) valve prostheses.

ball valve successfully implanted in the early 1960s. The caged ball prosthesis is made of a polished CoCr
alloy cage and a silicone rubber ball that contains 2% by weight barium sulfate for radiopacity (Fig. 3.7).
The sewing rings contain silicone rubber insert under knitted composite polytetrafluoroethylene (PTFE:
Teflon) and polypropylene cloth. The relatively large profile design of the centrally occluding valves
increases the possibility of interference with the anatomical structures after implantation. The low profile
tilting disc valve design was successfully introduced in the late 1960s. The initial design consisted of a
Delrin (polyecetal) disc with a Teflon sewing ring. Even though Delrin exhibited excellent wear resistance
and mechanical strength with satisfactory performance after more than 20 years of implantation, swelling
when exposed to a humid environment such as sterilizing resulted in design and manufacturing difficulties. Delrin was soon replaced by a pyrolytic carbon disc, which has become the preferred material
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for mechanical valve components to date. Pyrolytic carbon is formed in a fluidized bed by pyrolysis of
a gaseous hydrocarbon in the range of 1000–2400˚C. For biomedical applications, carbon is deposited
onto preformed polycrystalline graphite substrate at temperatures below 1500˚C (low-temperature isotropic pyrolytic carbon). Increase in strength and wear resistance are obtained by co-depositing silicone
(up to 10% by weight) with carbon for heart valve applications. Pyrolytic carbon exhibits excellent wear
resistance and blood compatibility. The guiding struts for the tilting disc valves are made of titanium or
CoCr alloy. A tilting disc valve made of ultra-high molecular weight polyethylene is currently commercially available in India, and a leaflet made of a carbon–Delrin composite is also being tested in a tilting
disc valve in Europe. In the late 1970s mechanical valves with two leaflets (bileaflet valve) were introduced;
at present several models of bileaflet valves are available. The leaflets and the valve housing of the bileaflet
valves are made of pyrolytic carbon, and the bileaflet valves show improved forward-flow characteristics
compared to the tilting disc valves, especially in smaller sizes. Photographs of typical caged ball, tilting
disc, and bileaflet valves are included in Fig. 3.7. In spite of the improvements in biomaterials and in
design to provide superior hydrodynamic characteristics with the mechanical valve prostheses, problems
with thromboembolic complications are still significant in clinical practice. Patients with implanted
mechanical valves have to be under long-term anticoagulant therapy. The mechanical stresses induced
due to the flow characteristics across the valve have been linked to the lysis and activation of formed
elements in blood, resulting in thrombus deposition. In vitro and in vivo experimental studies as well as
theoretical analysis have been employed in analyzing the details of the mechanics of the valve function
and are described ahead. Experimental studies are of importance in comparing the function of new
prototypes with existing valves.

3.4

In Vitro Evaluation

Functional evaluation of the prosthetic valves is performed to compare the characteristics in comparison
to the normal native valves and also to compare the performance with valves of various designs. Such
evaluations can be used to improve the valve designs in order to minimize problems with the implanted
valves and to ensure that the patients with implanted valves lead a relatively normal life. The details of
the techniques used in the dynamic behavior analysis of mechanical heart valve prostheses are given ahead.

Accelerated Fatigue Testing
When implanted in patients, the valves will open and close approximately once every second for several
million cycles through their lifetime. During the opening and closing phases, the valve components are
subjected to relatively high mechanical stresses and the material must be capable of enduring these stresses
to prevent incidences of structural failure. In order to test the fatigue limits of a valve after about 30
years of operation, it is not practical to perform in vitro tests for the same period of time. Accelerated
fatigue testing, in which the valves are made to open and close at a rate approximately 30 times that of
the normal human heart rate, is commonly performed to evaluate the predicted life of the valve in
operation. Multiple valves are mounted in an accelerated fatigue tester and the valves are opened and
closed at a rate of approximately 2100 beats per minute (bpm). Typical designs of fatigue testers, using
a rotating shaft (50, 51) or a rotating disc (52) design, are shown in Fig. 3.8. A system involving two
reservoirs with fluid pumped between reservoirs across a valve is among other designs reported in the
literature (53). A comparison of the wear characteristics on the pyrolytic carbon discs of a tilting disc
valve in an accelerated fatigue tester with that from explanted valves with a comparable number of cycles
has demonstrated a good correlation on the location and depth of wear (52). Broom (54) studied the
effect of rate of cyclic loading on the load deformation characteristics of biological tissue used in valve
leaflet construction and determined that the mechanical behavior of the tissue was independent of the
rate of loading. Such studies confirm that in vitro accelerated fatigue tests can be used to estimate the
expected life of the prostheses after implantation. Accelerated fatigue testing is also important in the
testing of the design and manufacture of valve components to prevent catastrophic failure of the valve
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FIGURE 3.8

Schematic of accelerated fatigue testing devices: rotary shaft design (top); rotating disc design (bottom).

after implantation. Wear depth as a function of number of cycles of operation in a fatigue tester for
various material employed in prosthetic valve components is shown in Fig. 3.9. Pyrolytic carbon has the
lowest wear of all the material compared in this study and is currently the most popular material for the
occluders and housing of mechanical valves.
Pulsatile Functional Testing
An ideal prosthesis must mimic the hydrodynamic characteristics of the native human aortic valve. These
characteristics include the development of minimal pressure gradient due to flow across the valve and
the efficient closure of the valve to yield minimal reverse flow or regurgitation (1-5). The flow dynamics
across the valves should also result in central flow characteristics with minimal flow-induced stresses.
Such comparisons can be made effectively with in vitro experiments in which the valves are mounted in
flow chambers simulating steady or physiological pulsatile flows. Pulse duplicators have been employed
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FIGURE 3.9 Wear depth as a function of cycles of operation for common biomaterials used for valve prostheses.
(Redrawn from (52) with permission from Association for the Advancement of Medical Instrumentation, Arlington,
VA.)

FIGURE 3.10 Schematic of a typical pulse duplicator simulating physiological pulsatile flow for functional testing
of valve prostheses.

to test the valves in simulated physiological flow of the left heart for over 40 years; one of the typical
pulse duplicators with a pneumatic drive (55) is illustrated in Fig. 3.10. Numerous other variations in
drive mechanisms, flow chamber geometries, and types of controls have been used over the years in the
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testing of heart valves. Basically, the pulse duplicator consists of a pneumatic pump with a compressed
air source that is connected to a flexible diaphragm. The fluid in a closed loop is driven by the diaphragm,
which is pushed in and out by alternately applying compressed air at high pressure and vacuum by the
pulse duplicator. The pulse duplicator can be adjusted for heart rates varying to about 200 beats per
minute (bpm). The closed-loop flow system consists of two valve chambers (one for the aortic and the
other for the mitral valve, ensuring that the flow is in one direction), a flexible left atrium, a rotameter
to measure the mean flow rate through the system, an electromagnetic flow probe to measure the
instantaneous flow rate during a cardiac cycle, simulated systemic resistance and compliance, and a fluid
reservoir. Although whole blood could be used as the test fluid to provide the appropriate flow properties,
these systems require large volumes of blood. Problems with availability, diseases transmitted by blood,
clotting, and cleaning the system after each use have precluded the use of blood as a test fluid except in
very few experiments. The blood analog fluid, used to test the flow characteristics of the valves, must
have the same rheological properties of whole human blood. Even though blood exhibits non-Newtonian
behavior, the viscosity approaches a constant value at shear rates larger than about 50 s-1 (1). Since the
shear rates in the heart and large vessels are generally larger, use of a Newtonian fluid in these tests
provides reasonably accurate results. The most common blood analog fluid used in testing the mechanical
valves is a glycerol solution (30–40% glycerine by weight in distilled water) with a viscosity coefficient
of about 3.5 centiPoise (cP) and a density of 1.1 gm/cc, which are representative of the corresponding
magnitudes for whole human blood at a body temperature of 37˚C. A constant-temperature circuit
incorporated in the pulse duplicator will ensure that the tests are obtained at the same temperature.
Even though the human atrium, ventricle, and aorta are of complex three-dimensional geometries
and distensible, tests have generally been conducted in rigid, axisymmetric flow chambers with the effects
of distensibility simulated in the lumped systemic compliance chamber. Rigid chambers are easily made
to the specified dimensions and for several experimental measurement techniques, a rigid transparent
test chamber is preferred. Typical aortic and mitral valve flow chambers machined out of plexiglass are
shown in Fig. 3.11. The cross-sections of the flow chambers on both sides of the valve are specified from
typical measurements of cross-sections of the corresponding chambers of a typical human heart (55).
Distal to the aortic valve, an axisymmetric sinus of Valsalva with dimensions obtained from a typical
human aortic root is also included. The mechanical valves to be tested in actual sizes with the suture
rings are usually sutured onto valve holders of appropriate size and incorporated in the middle of the
valve chambers. Pressure taps are drilled on both sides of the valve to insert pressure transducers used
in the measurement. Electromagnetic flow probes are inserted immediately distal to the valve chambers
in order to measure the flow rate across the valve as a function of time. The pressure drop due to flow
across the valve, measured in the axisymmetric flow chamber, as well as flow rate and reverse flow
measured with the valves in the axisymmetric flow chamber compare favorably with those measured
with the implanted valves in patients; hence measurements in axisymmetric valve chambers are reasonably
accurate for comparison of the performance characteristics of various types of valve prostheses. In order
to assess the flow dynamics across the valves, either qualitative flow visualization or quantitative velocity
measurements have been employed. It can be anticipated that the flow characteristics close to the valve
will also be affected by the complex three-dimensional geometry of the human left ventricle and the
aorta. Even though several studies have been reported on the measurements of velocity profiles distal to
the valves in axisymmetric flow chambers, such measurements have also been made with ventricular and
aortic flow chambers resembling the human organs. Castings of the actual geometry of the ventricle or
the aorta are obtained by injecting silicone rubber into cadavers at the mean arterial pressure and making
acrylic models through a complicated process (56). Typical flow chambers replicating the human left
ventricle and the aorta, employed in measurements of flow dynamics of valve prostheses in pulse duplicators, are shown in Fig. 3.12.
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FIGURE 3.11 Typical rigid, axisymmetric (a) mitral and (b) aortic valve chambers used in the mechanical testing
of valve prostheses. The dimensions of the cross-sections on both sides of the aortic and mitral valves are obtained
from measurements from a typical human heart and aorta (55). An axisymmetric sinus of Valsalva is present distal
to the aortic valve. Pressure taps on both sides of the valve for insertion of pressure transducers are also seen in the
photographs.
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FIGURE 3.12 Typical aortic (left) and left ventricular (right) chambers used in the pulse duplicators. The actual
three-dimensional geometry of the chambers are obtained through casting of the organs from human cadavers.

Pressure Drop and Regurgitation
Assuming that the flow across an aortic valve is one-dimensional, the momentum equation for pressure
drop across the valve orifice can be written as (1, 57, 58)

∆p = A dQ/dT + BQ2 + CQ

(3.1)

where Q is the flow rate across the orifice, p is the pressure, and A, B, and C are constants. In this
equation, the first term represents the temporal acceleration, the second term represents the convective
acceleration, and the third term represents the viscous dissipation. Applying this equation to flow across
the valves, the inertial or temporal acceleration term can be eliminated by computing either the mean
pressure drop during the forward-flow phase or the pressure drop during the peak flow when dQ/dt will
be zero. Performing a dimensional analysis of the remaining two terms can show that the viscous
dissipation is very small compared to the convective acceleration term and can be neglected, as had been
pointed out earlier (59-62). Hence the expression for the pressure drop will reduce to the form

∆pm =

ρ /2 (Q2rms/Cd2Ao2)

(3.2)

for the mean pressure drop and

∆ pp = ρ /2 (Qp2 /Cd2Ao2)

(3.3)

for the pressure drop at the peak flow rate. In these equations, the subscript m refers to the mean value,
p the pressure drop during the peak flow rate, and rms to the root mean square value. Equation 3.2 is
similar to the Gorlin equation (35), where Qrms is replaced by Qm and employed to calculate the effective
orifice area of native human heart valves. These relationships show that the pressure drop across the
valves is directly proportional to the square of the flow rate across the valve. It has also been shown that
it is possible to predict the mean pressure drop across the valves by measuring the pressure drop employing
steady flow across the valves (63). The quadratic relationship between the pressure drop and flow rate
is due to fully developed turbulent flow, and for prosthetic valves, Swanson (64) has pointed out that
the exponent for the flow rate will be between 1.5 and 2.0 depending on the degree of generated
turbulence. Furthermore, the measured pressure drop will also be highly dependent on the shape and
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dimensions of the valve chamber and the points at which pressure is measured in both the upstream and
downstream segments. Fisher and Wheatley (65) measured the downstream pressures at distance from
the valve seat at 25-mm intervals and observed that pressure recovery could be measured up to a distance
of 150 mm. However, their measurements showed that pressure recovery was very small after about 50
mm from the valve seat, and they recommended that the downstream pressure tap be placed at least 50
mm from the valve seat.
High-fidelity pressure transducers are used in the upstream and downstream positions to measure the
pressure signals which are then digitized and stored in a computer for data analysis. It is a common
practice to obtain the ensemble average of at least 25 consecutive cardiac cycles for the pressure and flow
rate signals. In pulse duplicators, the system can be tuned by adjusting the volume of the fluid, as well
as the applied pressure, compliance, and resistance in order to get pressure and flow rate signals similar
to those in a human heart. Typical ensemble-averaged ventricular and aortic pressure signals in a pulse
duplicator are shown in Fig. 3.13. The large pressure transient in the aortic pressure signal after the
closure of the valve is due to the rigidity of the aortic flow chamber. The difference between the
instantaneous aortic and ventricular pressure is shown below the pressure signals. The peak pressure
drop and the mean pressure drop during the opening phase of the valve can be computed from these
signals. Typical data for pressure drop as a function of flow rate for a caged ball valve (Starr Edwards:
SE) and a tilting disc valve (Björk–Shiley: BS) are compared to porcine (Hancock: HK; Carpentier–Edwards: CE) and pericardial (Ionsecu–Shiley: IS) valves in Fig. 3.14 (66). A nonlinear relationship
between the pressure drop and flow rate is demonstrated with a pressure drop increasing with increasing
flow rate. The centrally occluding mechanical valve (SE) as well as porcine tissue valves (HK and CE)
have a larger pressure drop compared to the tilting disc (BS) and pericardial (IS) valves. The data shown
in this figure are for larger-sized valves (29- or 30-mm tissue annulus diameter), and the pressure drops
will be larger with smaller-sized valves. Typical mean pressure drop data for the common mechanical
valve geometries are included in Table 3.1. In larger sizes, the bileaflet and tilting disc valves have pressure
drop of the same magnitude, which is smaller compared to the centrally occluding caged ball valve. In
smaller sizes, the pressure drop with bileaflet valves are smaller than those of the tilting disc valves.
Typical ensemble averaged flow rate curves obtained using an electromagnetic flow probe distal to the
aortic and mitral valves are shown in Fig. 3.15. During the opening phase of the aortic valve, the fluid
initially accelerates, attains a peak flow rate and then there is a monotonic decrease in flow until the valve
closes. During the closing of the leaflets, there is a rapid decrease in forward flow rate and a large transient
reverse flow due to the motion of the leaflets towards closing. The area under this rapid reverse flow is
termed the closing leakage. After the valve comes to rest in the fully closed position during the rest of
diastole, there is leakage of flow through the clearance region between the leaflets and the valve housing.
Such a clearance is introduced in the tilting disc and bileaflet valves in order for fluid motion in the area
during the period when the valve is closed in order to provide a washout and minimize thrombus
deposition in this region. The leakage flow during the period when the valve is fully closed is termed the
static leakage. The area under the flow rate curve in a cycle can be computed and will yield the stroke
volume. The cardiac output is computed by multiplying the stroke volume with the heart rate. The ratio
of the area under the reversed flow over the forward flow, expressed as a percentage, is termed the percent
regurgitation. The percent regurgitation computed with the various mechanical valves tested in pulse
duplicators are also included in Table 3.1. As can be observed, the smallest percent regurgitation is
observed with caged ball valves with the magnitudes slightly larger with tilting disc and bileaflet valves.
The percent regurgitation will also vary with valve size, flow rate, and heart rate. Maximum regurgitation
is measured at low flow rates and high heart rates (67).
From the pressure drop measurements described earlier, the mean pressure drop as well as pressure
drop during peak flow can be computed during the opening phase of the mechanical valve (systole for
aortic and diastole for mitral valves). The mean flow rate during the opening phase can also be measured
from the flow rate curve. Using these data and applying the Gorlin equation,

Ao = (Qm/k) √ (1/∆ p)

(3.4)
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FIGURE 3.13 Typical ensemble-averaged ventricular and aortic pressure signals obtained in a pulse duplicator. The
difference between the instantaneous aortic and ventricular pressure is plotted in the bottom.

the effective valve orifice area of a valve prosthesis can be calculated. In this equation, Qm (cc/s) is the
mean flow rate when the valve is open, and ∆pm (mm Hg) is the mean pressure drop at the corresponding
time. Assuming discharge coefficients close to unity for mechanical valves and with the given units for
flow rate and pressure drop, the constant K of 44.5 and 31.0 is employed to compute the effective orifice
areas of mechanical valves in the aortic and mitral positions respectively. The Gorlin equation was derived
from hydraulic principles applied for steady inviscid flow across an orifice and was originally applied to
compute the effective orifice area of the native human heart valves. In spite of the fact that the mechanical
valve geometry do not resemble a circular orifice, Gorlin equation has been employed to compute the
effective orifice area of mechanical valves in order to compare valves of various designs. A performance
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FIGURE 3.14 Mean pressure drop as a function of flow rate for mechanical and bioprosthetic valves of 29-mm
tissue annulus diameter (30 mm for SE). HK: Hancock porcine; SE: Starr Edwards caged ball; CE: Carpentier Edwards
porcine; IS: Ionescu–Shiley pericardial; and BS: Björk–Shiley tilting disc (redrawn from (66) with permission from
Mosby-Yearbook Inc., Chicago).
TABLE 3.1 Pressure Drop, Percent Regurgitation, Performance Index, and Maximum
Turbulent Shear Stresses Distal to the Mechanical Valve Prostheses
Valve Type

Mean Pressure
Drop (mm Hg)

Percent
Regurgitation

Performance
Index

Bulk Turbulent Shear Stress
(dynes/cm2)

Caged ball
Tilting disc
Bileaflet

10
6-8
6

3-7
10-13
10

—
0.44-0.48
0.51

1800
1500
1500

The data included are for larger sized valves (tissue annulus diameter of 27 or 29 mm) with a
cardiac output of about 6 lpm (Data from Refs. 61, 67, 79, 84).

index for prosthetic valves has also been employed (60) defined as the ratio of the effective valve orifice
area and the sewing ring area. The performance index computed for the mechanical valves are also shown
in Table 3.1. The energy loss due to flow across a prosthetic valve over a cardiac cycle can also be
computed using the relationship,
τ

E =1 τ

∫ ∆p(t)Q(t)dt

(3.5)

o

The energy loss computed during the forward and reverse flow phases are often expressed as a percent
of the input energy (68, 69).
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FIGURE 3.15 Typical ensemble-averaged flow rate curve distal to (a) aortic and (b) mitral valves measured with
an electromagnetic flow meter in a pulse duplicator.

Velocity Profiles and Turbulent Stresses
As pointed out earlier, significant problems with thrombus deposition and ensuing complications with
emboli in the blood stream still exist with implanted mechanical valves and the patients with mechanical
valves are under long term anticoagulant therapy. Over the past 25 years, numerous studies have been
reported in the literature on a correlation between the flow dynamics across the valve during the opening
phase and sites of thrombus deposition with implanted valves (70, 71). It is hypothesized that the relatively
large bulk turbulent shear stresses generated distal to the valve prostheses during the forward flow phase
will induce hemolysis and platelet destruction and the resulting debris get deposited on the valvular
structures in regions of relative stasis and flow reversal. The studies on forward flow dynamics past
mechanical valves have included qualitative flow visualization studies and also quantitative measurements
of velocity profiles and turbulent shear stresses using contemporary measurement techniques.
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Flow visualization studies are performed by suspending neutrally buoyant particles (typically resin
beads) of about 100 to 200 µ in diameter in the blood analog fluid in the pulse duplicator. A sheet of
high intensity light (from a light source or with the aid of a laser beam passing through a spherical lens
to provide a planar sheet of light) is aimed in a plane of the flow chamber distal the valve where the
suspended particles are illuminated. The reflection from the particles are recorded either using a still
camera, high speed camera or, high speed video camera. The analysis of the recorded images are used
to delineate regions of flow separation, regions of large velocity gradients, or disturbed flow qualitatively.
Such studies have been performed with valves mounted in axisymmetric flow chambers (55) as well as
in flow chambers resembling the human aorta and ventricles (72-75). Typical photographs of flow past
mechanical valves in a model human ventricle and aorta are shown in Fig. 3.16. Such studies in geometries
resembling the aorta or the ventricle can be used to study the effect of orientation of the valve in the
orifice on the flow development in the distal chambers.
Detailed measurements of velocity profiles and turbulent shear stresses distal to the prosthetic valves
using hot-film and laser anemometry, and more recently particle image velocimetry have been reported
in the literature. Figliola and Mueller (76) studied the velocity profiles distal to mechanical valves using
hot-wire anemometry with air as the blood analog fluid. Since then, numerous studies on the detailed
velocity profile and turbulent stress measurements distal to valve prostheses have been reported employing
laser Doppler velocimetry (LDV). LDV has several advantages over the hot film anemometry technique
that makes it suitable to study the flow dynamics with valve prostheses. Since no probe needs to be
inserted into the flow chamber, LDV technique does not disturb the flow field. With the frequencyshifting technique, the direction of flow can be delineated with this technique and is especially useful in
the identification of regions of flow reversal and separation near the valvular structures. There is also no
need for calibration of the probe, and the measurement is independent of the fluid properties. Yoganathan (77) measured the velocity profiles and turbulent intensity levels distal to mechanical valve
prostheses in an axisymmetric flow chamber under steady flow conditions using LDV. In steady flow
measurements, the velocity profiles distal to the valves will resemble the velocity profiles during the peak
forward flow period. However, details of the flow development during the acceleration and deceleration
phases and when the valve is closed cannot be delineated using a steady flow experimental setup.
Chandran et al. reported on velocity profiles distal to mechanical valves under pulsatile flow using hot
film (78) and laser Doppler anemometry (79). Typical velocity profiles measured using laser Doppler
anemometry distal to the caged ball, tilting disc, and bileaflet valves during the peak forward flow are
illustrated in Fig. 3.17. Distal to the caged ball valve, jetlike flow occurs around the peripheral region
with flow separation and turbulent flow distal to the caged ball; this region of flow separation appears
to correlate with thrombus deposition at the top of the cage. With the tilting disc valves, a two-peaked
velocity profile is observed with two jets in the minor and major orifice regions and flow reversal along
the peripheral region is also observed. Bileaflet valves provide a three-peaked profile corresponding to
the central and two peripheral orifices, and once again flow reversal is observed in the peripheral region.
With a single-channel laser Doppler system, only one component of mean velocity and the corresponding fluctuating component can be measured, and thus such a system was used to measure the
turbulent normal stress. However, since the turbulent shear stresses have been reported to induce hemolysis and activation of platelets (80, 81), it is more important to measure the turbulent shear stresses.
Hence, more recent studies have employed a two-channel laser Doppler system to measure the bulk
turbulent shear stresses under pulsatile flow conditions (82-84). The details of measurement of turbulent
shear stresses, including the number of velocity realizations required for accurate statistical estimate of
the fluctuating velocity component correlations, are discussed in (84, 85, 1). Typical magnitudes of
turbulent shear stresses measured distal to the mechanical valves are also listed in Table 3.1. The magnitudes of turbulent stresses measured distal to all the mechanical valves exceed the levels predicted for
destruction of red cells and platelets (80, 81) and hence, the relatively high turbulent stresses as well as
regions of flow reversal and separation are believed to be the causative factors for thrombus deposition
observed with implanted mechanical valves. The LDV technique uses a point velocity measurement
technique in which the velocity is measured in the measuring volume at a point where the laser beams
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FIGURE 3.16 Typical flow visualization photographs of flow development distal to a mechanical valve in (a) a
model human left ventricular flow chamber (90); and (b) a model human aortic flow chamber.
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FIGURE 3.17 Velocity profiles measured distal to mechanical valves in an axisymmetric aortic valve flow chamber
using laser Doppler velocimetry with caged ball, tilting disc, and bileaflet valves.

are focused within the chamber. In order to map the velocity profiles and turbulent stresses at any crosssection distal to the valve prosthesis, the measuring volume needs to be traversed over the cross-section
and the measurements repeated resulting in a tedious process. More recently, particle image velocimetry
(PIV) has been employed to visualize the particle streak lines and also to use the technique to compute
the velocity field in flow past mechanical valve prostheses (86). The technique involves illuminating a
flow field in which particles are suspended in the fluid and illuminated with a flat sheet of light. The
reflected images are recorded on film or video; by measuring the particle displacement over a time
interval, the velocity field is determined.
Most of the studies described above have employed an axisymmetric flow chamber distal to the valve
prostheses in which the velocity profiles and turbulent shear stresses were measured. However, as
described in the previous qualitative flow visualization studies, the velocity profiles and developed
turbulent stresses will be highly dependent on the actual three-dimensional geometry of the aorta or
ventricle as well as the orientation of the mechanical valves in the valve orifice. Quantitative velocity
profile and turbulent stress measurements in a model of the human aorta (87-89) as well as in a model
of the human left ventricle (90) have also been reported. Such studies can be used to suggest the optimal
orientation of the mechanical valves during implantation in order to obtain the preferred flow distal to
the valves with minimal flow-induced stresses.
Due to obvious practical difficulties, very few attempts have been made in measuring the velocity
profiles distal to the mechanical valves in vivo. Paulsen and co-workers (91) have reported on such
measurements in patients with implanted mechanical valves in the aortic position using a hot film
anemometry probe. The three-dimensional velocity profiles distal to a caged ball valve and a bileaflet
valve are qualitatively similar to those observed in vitro in pulse duplicators. In this study, it was also
found that the turbulent energy content was higher with mechanical valves compared to those distal to
the native aortic valves. Typical three-dimensional velocity profiles distal to the bileaflet and caged ball
valve in vivo during the peak forward-flow phase are shown in Fig. 3.18.

Computational Analysis
Mathematical models and computational fluid mechanical analysis can also be exploited in the analysis
of the dynamic behavior of mechanical valves, especially with the advent of supercomputers with computing power and memory. Peskin and Colleagues (92-94) employed a computational model of the left
atrium and the ventricle in order to study the fluid dynamics of natural or prosthetic valves in the mitral
position. In a two-dimensional model, they assumed that the blood, valves, heart muscle, and external
fluid all have the same constant density. In such an analysis, the valves and heart muscle appear as special
regions of space where extra forces are applied to an otherwise homogeneous fluid. Such an analysis was
used to study the effect of various design parameters of tilting disc and bileaflet prosthetic valves in the
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FIGURE 3.18 Three-dimensional velocity profile distal to mechanical valves implanted in the aortic position in
vivo in humans with (a) a bileaflet valve and (b) a caged ball valve. (Courtesy of Dr. P. K. Paulsen, Skejby Sygehus
Universitetshospital, Arhus, Denmark.)

mitral position on the leaflet motion. The analysis was restricted to Reynolds number, which was reduced
by a factor of 25 from physiological values. Two-dimensional steady turbulent flow models, of flow past
tilting disc valves with the leaflets in the fully open position, have also been reported in the literature
(95-97). A number of simplified two-dimensional models for the leaflet motion during the opening
phase (98-100) have also been reported in the literature. The models for the opening phase have included
the fluttering of the leaflet after it has moved into the fully open position in order to assess the effect of
fluttering on blood damage. A flow model with an irrotational, inviscid algorithm of vortex ring elements
simulating the leaflets and source/sink elements for the aortic root coupled with a boundary layer model
has been presented to describe the internal flow dynamics of bileaflet mechanical heart valves (101, 102).
Such models have been suggested as useful tools for evaluating design changes for optimal dynamic flow
characteristics past mechanical valves. A three-dimensional computational flow dynamic analysis of
systolic flow past a bileaflet valve geometry has also been recently presented (103). This model included
the geometry of the ventricle, valve, and sinuses, and the aorta employs a Newtonian laminar flow
dynamic analysis for the time-dependent flow field during the forward-flow phase.
In the analysis of the closing phase of the leaflets, the impact force of the leaflet with the guiding strut
as well as the effect of the fluid being squeezed between the leaflet and the seat stop at the instant of
valve closure have been analyzed and correlated with experimental data (104-107). Computational models
have also been employed to determine the wall shear stress and pressure distribution between the edge
of the leaflet and the valve housing during the flow through the clearance at the instant of valve closure
(108, 109). Further details of the dynamics of the valve during the closing phase are included in the next
section.
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Valve Closure Dynamics
In the previous section, details of the evaluation of the dynamics of the valve function during the opening
phase were discussed. These evaluations included the pressure drop across the valve, the percent regurgitation, and the velocity profiles and bulk turbulent stresses distal to the valve during the forward-flow
phase. It was also pointed out that the turbulent stresses are thought to activate the platelets and that
thrombus deposition occurs in the region of relative stasis near the valve structures. However, the bulk
turbulent stresses occur in fluid that is flowing away from the valves and may not be the dominant factor
in the thrombus deposition experienced with all implanted mechanical valves. Even with valves of similar
design and flow dynamics during forward-flow phase, incidences of thrombus deposition are known to
be significantly different. Thus, factors other than relatively high bulk turbulent stresses may play a
significant role in the initiation of thrombi and need to be investigated.
Except for accelerated fatigue testing, valve closure dynamics was not investigated in detail until
recently. Several reports have recently appeared in the literature on structural failure of valve components
as well as pitting and erosion on the surfaces of leaflets and valve housing. Such failures were not indicated
in accelerated fatigue testing of the same valves. Structural failure with mechanical valves has included
leaflet fracture (110), fracture of pivot components and housing (110-113), and fracture of the outflow
metal strut (114, 115). Pitting and erosion have also been reported from explanted valves (110, 116),
from valves used in total artificial hearts (117), and from in vitro studies (118, 119). Even though such
structural failure occurs in only a very small fraction of the implanted mechanical valves, unusual
incidences of failure with certain types of mechanical valves have attracted the investigators to study the
valve closing dynamics in detail. The mechanical stresses developed during the valve closure have also
been suggested as responsible for the presence of thrombus with mechanical valves.
In order to understand the mechanism for abnormal outlet strut loading as a cause for outlet strut
fracture with Bjork–Shiley convexo-concave (BSCC) valves, pressure measurements very close to the
leaflets at the instant of valve closure were measured in a pulse duplicator (120). The impact force on
the outlet struts was also measured with strain gages mounted on the struts. These studies showed the
presence of an asymmetric pressure distribution on the leaflets that may tend to overrotate the disc and
impart abnormal loads on the outlet struts. The outlet strut loads were also observed to be asymmetric
correlating with the finding of single leg separation preceding outlet strut fracture in the failed BSCC
valves. Large negative-pressure transients were observed to be present near the upstream side of the leaflet
in the major orifice region. This study provides an example of the importance of our understanding of
the valve closing dynamics, since the forward-flow dynamics of the BSCC valve was observed to be
superior to the Bjork–Shiley radiospherical valves (121).
Pitting and erosion of the pyrolytic carbon surface observed in some of the explanted valves were
typical of damage induced by the collapse of the cavitation bubbles (118). Cavitation is the rapid
formation of vapor bubbles caused by a transient reduction in the local pressure field (122). The collapse
of the cavitation bubbles, subsequent to pressure recovery, generates high-speed water jets with considerable energy, resulting in damage to the material in its vicinity. Suspecting cavitation damage with
mechanical valves implanted in artificial hearts, Leuer (117) measured the pressure transients at about
2 mm from the inflow surface of the leaflet of a tilting disc valve mounted in the mitral position of an
in vitro flow chamber. The results showed negative-pressure transients close to the vapor pressure of the
fluid being present for a very short duration at the instant of valve closure. Since then, a number of in
vitro studies in which cavitation bubbles have been visualized on the inflow surface of mechanical valves
have been reported (123-132). Reul and co-workers (123-125) visualized cavitation bubbles near the
inflow surface of mechanical valves in the mitral position in a pulse duplicator. They correlated the
threshold for cavitation incipience with peak left ventricular dp/dt, but such a correlation may not be
valid since the peak dp/dt occurs only after the valve is fully closed during the isovolumic contraction
period. A ring of cavitation bubbles was observed on the major orifice region of the disc with Medtronic
Hall valves mounted in the inflow orifice of a Penn State Electrical Ventricular Assist Device (126, 127).
The area of cavitation was found to decrease with increased atrial pressures at constant aortic pressures,
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FIGURE 3.19 Typical cavitation bubble visualization and corresponding pressure transients near the inflow suface
of the leaflets for a tilting disc and a bileaflet valve from in vitro experiments.

and Newtonian fluid induced most cavitation bubbles compared to non-Newtonian fluids in these studies.
In the bubble visualization studies described above, no attempt was made to measure the pressure
transients close to the leaflet or the velocity of the leaflet at the instant of valve closure. Wu et al. (128)
measured the leaflet closing velocity and described three phases of leaflet closing motion: approaching
phase; deceleration phase; and rebound phase. Their studies suggested that leaflet closing behavior
depends on the leaflet and hinge design and that the closing behavior of the leaflet and the fluid being
squeezed between the leaflet and seat stop creates an environment that favors microcavitation inception.
Chandran and co-workers performed cavitation bubble visualization along with detailed measurements
of pressure transients close to the surface of the leaflets in the same experimental setup (129-131). The
experimental setup used by Leuer (117) was modified to simulate a single closing event of the leaflet of
mechanical valves. They also defined the loading rate at valve closure (dp/dtCL) during the time in which
the leaflet moves from the open to the fully closed position (approximately 30 msec) and compared the
cavitation dynamics of various mechanical valves (130). Their studies suggested a correlation between
regions of large negative-pressure transients near the inflow surface of the mechanical valves in the mitral
position and the presence of cavitation bubbles that lasted for about 500 ms. The cavitation bubbles
visualized with a single closing event in these experiments were similar to those observed with the same
mechanical valves in pulse duplicators and ventricular assist devices. Their study also strongly indicated
that the squeeze flow mechanism between the leaflet and seat stop is an important factor in cavitation
initiation. Typical results of cavitation bubbles visualized with tilting disc and bileaflet valves along with
pressure transients recorded at a distance of 2 mm from the inflow surface of the leaflet in the same
region are shown in Fig. 3.19. The pressure transients can be observed to reach values lower than -700
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mm Hg for a very short duration at the instant of valve closure in the peripheral region of the valve
where the linear velocity of the leaflet will be the maximum before impacting with the seat stop. The
vapor pressure of glycerol solution is about -743 mm Hg (133), and for blood it is -713 mm Hg (134).
These studies also demonstrated that the negative-pressure transients did not reach magnitudes close to
the vapor pressure of the blood analog fluid in tilting disc valves with a flexible polyethylene occluder
and no cavitation bubbles were also observed with those valves with other experimental conditions being
the same. In order to simulate the flexibility of the sewing ring and the valve orifice tissue, the experiments
were repeated with valve holders made of flexible material, and it was demonstrated that the flexibility
of the valve holder did not affect the pressure transients during the initial impact (132) or the velocity
of the leaflet at the instant of valve closure (135).
More recently, Chandran and Aluri (136) measured the velocity of the leaflets as well as the pressure
transients at the instant of valve closure using the same experimental setup where the cavitation bubbles
were visualized. Their study demonstrated that the leaflet velocity at the instant of valve closure was the
same for valves with rigid and flexible leaflets, yet the pressure transients were larger for the valves with
rigid leaflets. Furthermore, even though the velocity and pressure transients were similar for similar valve
designs (e.g., bileaflet), the cavitation bubbles were present only in the valves with a seat stop interacting
with the leaflet, suggesting the importance of a squeeze flow mechanism in cavitation inception. The
turbulent flow induced by the regurgitant jets with mechanical valves in a ventricular assist device (137)
and the effect of the turbulent stresses on hemolysis (138) have also been experimentally demonstrated.
These studies further demonstrate the importance of understanding the closing dynamics of mechanical
valves and its relationship with hemolysis and thrombus deposition observed with implanted mechanical
valves.
A number of computational models for squeeze flow have been reported (105-107) and these results
suggest that relatively large-velocity magnitudes are present in the region of squeeze flow, which might
result in further reduction in local pressure, inducing cavitation bubbles. The pressure transient measurements described above also demonstrated large pressure transients on both sides of the leaflets
(positive near the outflow side and negative near the inflow side) for a short duration at the instant of
valve closure. Such a large pressure gradient may force the fluid through the clearance region, inducing
local pressure drops and large wall shear stresses near the edge of the leaflets. This phenomenon was
modeled using a two-dimensional computational model (108, 109) and the results suggested the possibility of cavitation inception in the clearance region also. Kafesjian et al. (118) have pointed out that the
regions in which pitting and erosion are observed in explanted valves correspond to the area in which
cavitation bubbles are visualized in vitro. Such correlations provide strong evidence that under certain
conditions, cavitation bubbles may be present in vivo. Structural damage, possibly due to the collapse of
cavitation bubbles, have been detected in only a very small percentage of mechanical valves. However, if
the collapse of cavitation bubbles can result in structural damage, it is easy to visualize that cavitation
may also induce hemolysis and the activation of platelets. Since cavitation bubbles have been shown to
occur near the peripheral region of the valves, where relative stasis and flow reversal are often observed,
the damage to formed elements in blood due to the presence of cavitation may be a strong possibility.

3.5

Summary

In this chapter, the dynamic functional characteristics of the native human heart valves have been briefly
reviewed. The important functional characteristics of the normal human heart valves are opening of the
valve with minimal pressure gradient, centralized flow dynamics across the valves with minimal fluid
dynamically induced stresses, and efficient closing with minimal regurgitation. The native valve leaflets
are subject to relatively large stresses during the opening and closing phases for millions of cycles.
Congenital abnormalities, rheumatic fever, or aging may result in the malfunction of the native valves,
and the replacement of diseased human heart valves with artificial valves has become a common treatment
modality today. The artificial valves can be broadly classified as valves made of biological tissue and
mechanical valves (made of artificial material). The design of the valve prosthesis must be such that the
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prosthesis mimics the native valve function when implanted. The dynamics of the opening and closing
phases of the mechanical valves currently available for implantation were discussed in detail along with
the experimental and analytical techniques used to evaluate the mechanical valve dynamics. Such evaluations are important to compare the relative merits of the various valve designs with the functional
characteristics of the native human heart valves and also in making improvements in the design in order
to improve the performance of the replacement valves. Significant problems with thrombus deposition
and ensuing embolic complications are still significant with the currently available mechanical valves,
and an ideal valve replacement has yet to be designed. A review of the current status of our understanding
of the mechanical valve dynamics reveals that the dynamics of the valve closing phase and the mechanical
stresses induced during the closing may be significant factors in the thrombus initiation. Further investigations to delineate the causes for thrombus initiation with mechanical valves may result in design
improvements to minimize the problems with thrombus deposition toward the ultimate goal of the
design of an ideal valve prosthesis.
Several pertinent references were selected for citation in the text in order to refer interested readers to
more details of the experimental or analytical techniques used in the evaluation of valve dynamics.
However, the reference list was not intended to be comprehensive, and additional references can be found
in the reference articles and monographs cited in this chapter. I apologize to those investigators whose
significant contributions to this important research area may not have been included in the brief list of
references cited in this chapter.
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Conclusions

The presence of turbulence in the cardiovascular system is generally an indication of some type of
abnormality. Most cardiologists agree that turbulence near a valve indicates either valvular stenosis or
regurgitation, depending on the phase of its occurrence during the cardiac cycle. As no satisfying analytical
solutions of the stability of turbulent pulsatile flow exist, accurate, unbiased flow stability criteria are
needed for the identification of turbulence initiation. The traditional approach (Nerem et al., 1972) uses
a stability diagram based on the stability of a plane Stokes layer where α (the Womersley parameter) is
defined by the fundamental heart rate. A modified stability approach (Bluestein and Einav, 1994) involves
the decomposition of α into its frequency components, where α is derived from the preferred modes
induced on the flow by interaction between flow pulsation and the valve. The modified stability approach
was applied to the study of transition to turbulence in pulsatile flow through heart valves. The study was
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conducted in a pulse duplicator system using three polymer aortic valve models — a normal aortic valve,
a 65% stenosed valve, and a 90% severely stenosed valve — and two mitral valve models — a normal
mitral valve and a 65% stenosed valve. Valve characteristics were closely simulated to mimic the conditions
that alter flow stability and initiate turbulent flow conditions. Valvular velocity waveforms were measured
by laser Doppler anemometry (LDA). Spectral analysis was performed on velocity signals at selected
spatial and temporal points to produce the power density spectra, in which the preferred frequency modes
were identified. The spectra obtained during the rapid closure stage of the valves was found to be governed
by the stenosis geometry. A shift toward higher dominant frequencies was correlated with the severity
of the stenosis. According to the modified approach, stability of the flow is represented by a cluster of
points, each corresponding to a specific dominant mode apparent in the flow. In order to compare our
results with those obtained by the traditional approach, the cluster of points was averaged to collapse
into a single point that represents the flow stability. The comparison demonstrates the bias of the
traditional stability diagram that leads to unreliable stability criteria. Our approach derives the stability
information from measured flow phenomena known to initiate flow instabilities. It differentiates between
stabilizing and destabilizing modes and depicts an unbiased and explicit stability diagram of the flow,
thus offering a more reliable stability criteria.

Nomenclature
bpm: beats per minute (heart rate)
C(f): power spectra coefficients
d,D: diameter
E*: normalized spectral energy
f: frequency
FFT: fast Fourier transform
Hz: Hertz frequency unit (1/s)
LDA: laser Doppler anemometry
P: pressure
r: radial coordinate
rms: turbulence level
PSD: power spectral density
Re: Reynolds number
Rem: mean Reynolds number
Reω: oscillatory Reynolds number
Rδ: Stokes layer Reynolds number
Rδcr: critical Stokes layer Reynolds number for transition
s: second
St: Strouhal number
StD: Strouhal number based on diameter
t: time
u: axial velocity
U: bulk velocity
x: axial coordinate
α: unsteadiness (Womersley) parameter
β: Falkner–Skan parameter
β: r/R — radial location
λ: Stokes parameter
δs: Stokes layer thickness
µ: dynamic viscosity
ν: kinematic viscosity
ω: 2 π f cyclic frequency
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FIGURE 4.1

4.1

Schematic anatomy of the aorta during systole.

Introduction and Theoretical Background

Sources of Instabilities in Flow through Heart Valves
The aorta (Fig. 4.1) is the main artery of the cardiovascular system. It is fed with oxygenated blood from
the left ventricle of the heart through the aortic valve, and it distributes it to the different body tissues.
At its origin (the aortic root) it is directed toward the upper extremities (ascending aorta), but within
about three diameters it arches through 180o, with major branches leaving it at 90o, and runs along the
spine toward the abdomen (the descending aorta). It is tapered, with an initial diameter measuring about
1 in.
The analysis of flow in the cardiovascular system presents a number of fluid dynamical problems since
the flow is pulsatile, commonly with a reversing phase, and passes through vessels of complex geometry.
Each ventricular contraction produces a period of forward flow (systole) characterized by rapid acceleration to velocities of 100-200 cm/s followed by deceleration. The strong deceleration phase of the systole
generates sudden flow disturbances. The aortic valve closure marks the onset of diastole, which is later
associated with a period of flow reversal (regurgitant flow through the closed valve). The nature of the
flow through the aortic valve is such that the valve's leaflets vibrate during the valve's closure (late systole
and early diastole), especially in stenosed valves where the flow pattern tends to be of turbulent nature.
These leaflet’s vibrations are superimposed on the flow disturbances generated by the decelerating flow.
The periodic flow is said to be unstable if the disturbance undergoes a net growth in each period, stable
if it decays continuously, and transiently stable if it grows for part of the cycle before decay. In pulsatile
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flow the basic state may change so quickly that a disturbance does not have sufficient time to grow to
large amplitudes.
When Seed and Wood (1971) measured flow in the ascending aorta of human patients undergoing
diagnostic catheterization, using a catheter-tip hot film anemometer, all except one patient with very low
cardiac output exhibited disturbed flow characteristics. In spite of large flow disturbances, none of the
patients exhibited any detectable murmurs. It seems possible that these flow disturbances are present in
many normal situations in the cardiovascular system, to the extent that there is some advantage (as yet
unknown) in operating so that the conditions in the aorta are very near to those that divide stable from
unstable flows. One possible explanation for operating at this range of transition between laminar and
turbulent flow conditions may lie in the fact that at this range the transport of nutrients to the body is
most efficient, while the pulsatility tends to stabilize the flow by suppressing turbulence production, thus
diminishing the risk of pathological phenomena induced by turbulence.
Bellhouse (1970) found that a vortex is formed in the ventricle during filling from the atrium as a
result of the flow through the mitral valve. This is likely to persist into the ventricular contraction phase,
with a corresponding influence on the aortic entrance flow. High-frequency disturbances coming from
the heart itself, or propagated disturbances triggered in the boundary layer by the lower-frequency
disturbances associated with flow close to the heart, were detected in vivo in the ascending aorta of dogs
(Nerem, Seed, and Wood 1972; Nerem and Rumberger 1976). All data showed a general trend whereby
increasing Re and/or decreasing α (the Womersley parameter) led to a more disturbed or highly disturbed
flow conditions. Nerem et al (1972) offered a possible explanation for the appearance of these disturbances
immediately after peak systole, suggesting that these disturbances, while convected along the aorta,
cascade into smaller eddies associated with higher frequencies.
The aortic valve is an obvious source of flow disturbances. The valve leaflets interact with the flow,
and in cases of severe stenosis the flow disturbances created by the stiffened leaflets and distorted stenosis
geometry are most apparent. Sabbah and Stein (1979) found clear indications that turbulence resulting
from the formation of eddies at the free margins of semilunar cusps of a porcine aortic valve act as
projections into flow. This led them to surmise that the valve cusps were the source of instability. The
role of the leaflets in originating flow instabilities in normal and stenotic valves has not yet been
investigated experimentally. Examination of the role of the flexible valve leaflets in generating fluctuations
raises the question of how the spectral energy contents of dominant frequencies that are produced by
the leaflets' vibrations affect stability. Since the leaflets' role is of the dipole variety, the question is whether
jet velocity fluctuations excite leaflet vibrations such that the leaflet motion itself generates the flow
instabilities. And, what happens when the valve leaflets stiffen and their available flexible length shortens
as a result of a stenosis?

Stability and Instability Mechanisms in Related Flows
The mechanism responsible for the formation of vortices distal to heart valves involves several fluid
mechanics phenomena investigated thoroughly in related flows like shear layers, jets, periodic pipe flow,
and periodic shear flow (see, for example, Hussain and Zaman 1975; Hussain 1983, 1986). There is almost
no turbulence production in the core region of the jetlike flow through a stenosed valve, and the
fluctuations are caused by the passage of large scale structures in the mixing layer. According to Fjørtoft's
theorem, a shear layer must have a vorticity maximum in order to become unstable. A transfer of a fluid
element with vorticity across the vorticity maximum may generate a fluid acceleration, thereby producing
inviscid instability. The inviscid instability of a shear layer is associated with its roll up into discrete
vortices, which then may undergo secondary instability and become turbulent; the discrete vortices may
also pair up due to subharmonic resonance. As the flow passes through the valve leaflets and accelerates
through the orifice, eddy rings periodically roll up into vortex trains and tear away from the edge.
Downstream these vortex trains undergo transition through secondary instability and become turbulent
(Hussain 1983, 1986).
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A study of the near flow field of a circular jet under controlled excitation was conducted by Hussain
and Zaman (1975), with possible relevance to flow through a stenosed heart valve. The Strouhal numbers
that produced the maximum growth were found to be St = 0.3 and 0.4. They indicated that the wide
range of D, U, and f in the cardiovascular system may combine to produce similar Strouhal numbers
values. The stenosed opening is typically noncircular; in such cases an equivalent diameter like the
hydraulic diameter can be used (Hussain 1975). Discrepancies in St values can stem from variations of
the peaks in the time-averaged spectrum (Hussain 1986). Strouhal numbers of preferred modes found
experimentally vary in a wide range (Hussain and Zaman 1981). Even in simple jets, estimates of the
passage frequency of the large-scale structures vary according to the estimation method employed
(Petersen 1978).
An instability mechanism characteristic of confined jets arises when the jet attempts to attach to the
downstream walls (Yellin 1966). The emerging jet forms a vortex sheet at the interface between the jet
and the surrounding fluid. This is accompanied by an entrainment process where, in the case of the
bounded jet, the fluid must come from the downstream region. As the jet expands toward this region,
it attaches and breaks from the walls, causing the surrounding fluid to oscillate back and forth. These
fluctuations, in turn, influence the character of the vortex sheet.
An early investigation (Sergeev 1966) of an oscillating pipe flow showed that with damped oscillations,
the transition from laminar to turbulent regimen is delayed. Periodic forcing might reasonably be
expected to suppress the larger scale of background turbulence, as big eddies would tend to become
locked in the forcing frequency (Crow and Champagne 1971). Imposed oscillations tend to attenuate
eddy scales larger than that corresponding to the oscillation frequency, this energy being transferred to
larger wavenumbers as distance from the wall increases (Ramaprian and Tu 1983). For a given Re at
which pulsatile pipe flow is otherwise unstable, modulation can stabilize the flow if the modulation is
within a certain bandwidth or the modulation amplitude is within a certain range (Stettler and Hussain
1986).
Linear stability theory shows purely oscillatory pipe flow to be completely stable, although in experiments such flows exhibit a kind of intermittent transition between laminar and turbulent flow (Hino
et al., 1976). In wall-bounded flows, including pipe Poiseuille flow, two-dimensional, finite-amplitude
waves were shown to be (exponentially) unstable to infinitesimal three-dimensional disturbances (Orszag
and Patera 1983). A feature of the secondary instability reminiscent of actual turbulent shear flows is the
longitudinal vortical structure near the region of excitation. The secondary instability seems to be the
prototype of transitional instability in these flows in that it has the characteristic (convective) timescales
observed in the typical transitions. The wall modes of oscillatory pipe flows are more affected by the
flow oscillation, because their low frequency places them closer to the oscillatory vorticity field, which
is confined effectively within the Stokes layer (Tozzi and von-Kerczek 1986). Secondary instability provides
a plausible mechanism to account for the abrupt nature of transition to turbulence in a wide variety of
shear flows, including plane shear layers, plane Poiseuille flow, pipe and plane Couette flows, and
boundary layer flow (Akhavan, Kamm, and Shapiro 1991).
To date no attempt has been made to analyze the frequency peaks in the velocity spectrum in terms
of preferred modes induced by the interaction between the pulsating flow and the valve protrusive
geometry. Also, the effect of the vibrating leaflets and the stenosis geometry on the development of these
peaks has not been investigated. Previous in vitro and in vivo experiments either lacked the frequency
resolution to detect the frequency peaks or did not provide the geometry essential for the formation of
coherent structures. Consequently, energy peaks related to leaflets vibrations and vortex formation could
not be detected or were overlooked. There were reports, however, that the flow field was dominated by
large-scale structures convected in the downstream direction, evidenced by peaks in the velocity spectra
(Abdallah and Hwang 1988). Flow distal to a constriction clearly demonstrated fluctuations of a coherent
nature during portions of the cycle. The coherent oscillations in velocity were well above those of any
underlying trend in the waveform. The frequency of discrete frequency activity clearly appeared in velocity
spectra (Lieber and Giddens 1988). It was also shown that preferred modes of oscillations like shed
vortices tend to coalesce to produce narrow band spikes of the spectrum (Lieber 1990).
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Although our type of flow involves a more complicated geometry (i.e., a jet flowing through a trileaflet
valve and confined by a wall) than simple jets or pipe flows, accumulating experimental evidence points
to the universality of the underlying mechanism of the transition process. Secondary instability provides
a plausible mechanism for transition in a wide variety of shear flows, manifested by longitudinal (streamwise) vortical structures located near the region of excitation and near the wall. According to the modified
stability approach, the effect of these modes of instability, as well as other modes apparent in the energy
spectra, should be incorporated into the stability diagram of the flow.

Some Basic Fluid Mechanics Phenomena and Concepts Related to Stability
and Transition to Turbulence
The Vorticity Equation
By taking curl (∇ × U) of a modified form of the Navier–Stokes (N.S.) equation, one can get the Stokes
vorticity equation.
For incompressible flow and in gravitational field, the N.S. equations get the form

ρ

Du
= ρg − ∇p + µ∇2 u
Dt

(4.1)

where D/Dt is the material derivative, associated with a particle that is at x, at time t.
Taking p to represent pressure in excess of hydrostatic pressure, we get

Du
1
= − ∇p + ν∇2 u
ρ
Dt

(4.2)

Taking curl of this equation, we get the equation for the vorticity ζ

Dζ
= ζ ⋅∇ u + ν∇ 2ζ
Dt

( )

ζ = ∇⋅ u

(4.3)

The first term on the right-hand side represents both vortex stretching and tilting due to velocity gradients.
Vortex stretching occurs in the presence of longitudinal (axial) velocity gradient (common in pulsatile
flows) so that as the vortex filament is stretched, its angular velocity (locally vorticity is twice the angular
velocity) increases due to angular momentum conservation (a principle taken advantage of by ice-skating
dancers). Vortex tilting occurs in the presence of a traverse velocity gradient. The second term on the
right-hand side is a gradient of the vorticity (its physical interpretation–viscous diffusion). Turbulent
flow field is a field of three-dimensional random vorticity that is constantly generated through vortex
stretching. Vortex stretching and tilting are schematically illustrated in Fig. 4.2.
Transition Process to Turbulence Described through Vorticity Dynamics
Taking a closer look at the vorticity equation, i.e.,

∂ζ i
∂ζ
∂u
∂2 ζ
+ u j i = ζ j i + ν 2i
∂t
∂x j
∂x j
∂x j

(4.4)

∂u
ζ j -------i

where ∂x j is the vorticity- and velocity-gradient interaction term. As we saw earlier, the vortex lines
are tilted and stretched by this term. We also saw that the vortex line will conserve its angular momentum
as its cross-sectional area decreases under the influence of axial stretching; therefore, its vorticity (angular
velocity) will increase. If viscous diffusion (the second-order term) is small (high Reynolds number), the
www.4electron.com
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FIGURE 4.2 Physical interpretations of vortex stretching and tilting: (a) vortex stretching resulting from flow
acceleeration; (b) vortex tilting resulting from a velocity gradient.

FIGURE 4.3

Vorticity/velocity-gradient interaction leading to three-dimensionality and turbulence.

vorticity- and velocity-gradient interaction term can change an initially simple flow pattern into a very
complicated, three-dimensional distribution of vorticity and velocity, leading to turbulence (Fig. 4.3).
Three-dimensionality is essential to the genesis and maintenance of turbulence. In a two-dimensional
shear flow, the velocity vector is parallel to a plane. The vorticity vector is normal to this plane, and
initially there is no interaction between the vorticity and the velocity gradient, i.e.,

ζi

∂ui
=0
∂x j

(4.5)

This situation changes quickly when even a minute disturbance is introduced to the flow field. In amplified
disturbances of sufficient amplitudes, which can be regarded as packets of vortex lines with spanwise
axes, a small kink in an otherwise straight vortex line is distorted and enlarged, and if viscous diffusion
www.4electron.com
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FIGURE 4.4

Schematics of a characteristic spectral energy distribution in the transition range.

is small enough (high Reynolds number), this distortion will go on and on. Such an amplified disturbance
can be described as a wave with a corresponding wavelength travelling downstream. Once such a disturbance reaches a sufficient amplitude, it rapidly becomes unstable because of stretching and tilting.
The wave description of the packets of vortex lines lends itself to spectral analysis. The frequency
spectrum is defined as the one-dimensional Fourier transform of the autocorrelation

( ) (

ui x , t u j x , t + ∆t

)

(4.6)

that can be estimated by performing fast Fourier transform (FFT) on u(t). A schematic rough drawing
of spectral density distribution in a flow field characterized by vortical motion and/or unsteady flow in
the transition range is shown in Fig. 4.4. Flow that may produce a similar spectral distribution is the
flow field in a wake of a cylinder. The wake of shedded vortices (von Karman vortex street) is characterized
by a process of vortex pairing, where two relatively small vortices coalesce to produce a larger vortex.
Such a process is characterized by transferring the energy from a fundamental frequency to its subharmonic. However, energy is transferred to higher harmonics through vortex stretching and tilting. It can
be shown that the unsteadiness of the first harmonic (twice the frequency of the fundamental) will be
roughly twice as large, and so on, for higher harmonics. As we saw in the case of a wake behind a cylinder,
the subharmonic, if created, is indicative of the vortex pairing process that halves the frequency of the
fundamental. In many shear flows the transition process is characterized by vortex pairing, where energy
is transferred from the fundamental to the subharmonic to the extent that the subharmonic becomes
the dominant mode of the spectrum.
Because of the nonlinearity of the interaction of different packets of vortex lines, sum-and-difference
wavenumbers appear, eventually leading to a continuous wavenumber spectrum. This process is of
random nature, obeying laws of the theorem of random walk, which states that a particle subjected to
random impulses will, on the average, increase its distance from its starting point. In the case of vortex
line in a flow field subjected to random perturbation, the distance between two particles lying at the
ends of a given element will increase. Consequently, the vorticity will increase as a result of the stretching,
and the diameter of the vortex line will decrease. A limit to the decrease of the vortex-line diameter by
stretching is set when viscous stress gradients diffuse vorticity away from the axis as stretching reduces
the diameter. In terms of angular momentum and kinetic energy,
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angular momentum ∝ ω r 2

kinetic energy ∝ ω 2 r 2

(4.7)

the stretching mechanism increases the kinetic energy of the vortex line. Hence, if the angular momentum
is conserved while r decreases, the kinetic energy necessarily increases. This energy comes from the
velocity field that induces the stretching, and so this energy is transferred from the mean flow (if a mean
strain is present, as is the case with all shear flow) down through vortex motions of smaller and smaller
scales until it is converted into thermal energy via work done against viscous stresses.
This process is known as the energy cascade, and is independent of viscosity except in the final stages,
when it dissipates. This process can be summarized as follows:
1. the growth of disturbances with periodic fluctuations of vorticity;
2. their secondary instability to infinitesimal three-dimensional disturbances;
3. the growth of three dimensionality and higher harmonics of the disturbance, leading to spectral
broadening by vortex-line interaction;
4. the onset of the random-walk mechanism, leading to general transfer of energy across the spectrum
to smaller and smaller scales.
Some Basic Stability Concepts
The initiation of the growth of flow disturbances that lead to random fluctuations in the flow is called
instability. It precedes the occurrence of turbulence.
When a disturbance is introduced to a flow field (system), its amplitude can decrease in time, remain
constant, or increase. Correspondingly, the basic state is said to be stable, neutrally stable, or unstable to
the disturbance (Fig. 4.5). This type of instability is called temporal instability (in contrast with spatial
instability). The system response depends on the frequency (or wavenumber) of the disturbance; typically
it is unstable to a band of frequencies but stable to the others. Thus the system initially behaves as a
bandpass amplifier. One of the main goals of the hydrodynamic stability theory is to try to predict the
unstable bandwidth of each flow configuration.
There are three main approaches to the stability theory: linear (inviscid and viscous), nonlinear, and
energy theories. According to the linear theory, the Navier–Stokes equations are linearized (introducing
infinitesimal disturbances) so that they are rendered linear (the Orr–Sommerfeld equations) and with a
choice of a simple geometry, e.g., parallel flow, an analytical solution can be derived. By defining the
wavelength of the disturbance as λ = 2π/α (α is a nondimensional wavenumber), a stability diagram can
be constructed (Fig. 4.6).
The shortcoming of the linear theory is that it can predict only the initial growth of a disturbance but
not its eventual evolution; if unstable, the theory predicts exponential growth without limit. After the
disturbance has grown from the initial infinitesimal amplitude to a finite amplitude, the linear theory is

FIGURE 4.5

Hydrodynamic stability of a flow disturbance.
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Inviscid and viscous instability curves; α-nondimensional wavenumber

FIGURE 4.6

Stability diagram according to the Orr–Somerfeld linear stability analysis.

no longer valid. The nonlinear approach deals with the interaction between different modes of instability.
The energy methods ignore the detailed characteristics of specific disturbances and provide a global
criterion under which the total kinetic energy of the disturbance will not increase in time. It typically
provides a conservative value of critical Re below which stability is guaranteed.
There are various kinds of instability, e.g., Kelvin–Helmholtz (shear layers), Tollmien–Schlichting
(boundary layers), Gortler instability (curved pipes), Taylor instability (centrifugal), etc. Typically, each
case of instability results from a lack of balance between two counterbalancing forces acting on a fluid
element, one force trying to destabilize the basic state and the other trying to restore it. Instability (growth
of the disturbance) results when a destabilizing force overpowers a stabilizing force. In each case a critical
nondimensional number is defined as the ratio (stability parameter) of the destabilizing and stabilizing
forces. If the critical value of this stability parameter is being exceeded, the flow will become unstable.
In Taylor instability, for example, this happens when the destabilizing centrifugal force exceeds the
stabilizing viscous force.
In steady flows, a typical example of interest is the stability of boundary layers. Tollmein, Schlichting,
and others showed in boundary layers that above a certain Reynolds number Reδ based on displacement
thickness
∞


u 
δ = 1 −
 dy
U

∞
∗

∫

(4.8)

0

disturbances in a certain band of frequencies will tend to grow in time (commonly referred to as the T–S
instability). This value can then be used to predict transition to turbulence in boundary layers.
The Rayleigh theorem suggests that a necessary, but not sufficient, condition for instability is that the
velocity profile should include an inflection point. The other condition is that in order for a shear layer
to become unstable, it should include a vorticity maximum (Fjørtoft's theorem). Only (a) in Fig. 4.7
fulfills both instability criteria. Such velocity profiles are found in unsteady biological flows downstream
from bifurcations, distal to heart valves, etc.
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FIGURE 4.7

Velocity and vorticity profiles in different shear flows and their relation to the inviscid stability criteria.

Unsteady Viscous Layers and Pulsatile Flow Solutions
Rayleigh Layer
Consider a stationary fluid over semi-infinite plate, which is suddenly given a velocity U at t = 0 and
maintained constant thereafter. Because the flow is parallel ν= 0 and w = 0, and because P is assumed
constant, all its derivatives are zero. Thus, the governing equation merely represents a balance between
local acceleration and the viscous term in the N.S. equation:

∂u
∂ 2u
= ν 2 with the following boundary conditions:
∂t
∂y
(4.9)

( )
( )

u 0, t = U 
u y , t = 0, t ≥ 0, and
t ≥0
u ∞, t = 0 


( )

y
fluid
x
u(0,t) = U at t ≥ 0 →

Because the problem has no characteristic dimension, we can assume a similarity solution where the
similarity variable is η = y/L, L being an appropriate length scale. Since the only variable besides y and
t in the equation is ν, from dimensional analysis it can be shown that L = 2√(νt). Thus, η = y/2√(νt).
Substituting these and using the boundary conditions, one can show that the solution is the error function,
i.e.,
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u
= 1 − erf η
U

()

(4.10)

If the fluid is suddenly accelerated, rather than the plate, the solution (obtained by separation of variables)
takes the form:

u
= erf η
U

()

(4.11)

As the vorticity is defined by ζ= ∇ × u,

ζ=−

∂u
=
∂y

U

e−η

2

(4.12)

νπ t

This example illustrates the central character of the viscous (unsteady) boundary layer flows. The jump
in the plate velocity at t = 0 produces a concentrated vorticity spread in a thin layer adjacent to the wall
(Fig. 4.8), of thickness δR = √(νt) (Rayleigh layer thickness).
Stokes Layer

y
fluid
x
← Uw = U cos ωt →

The same plate from the previous problem now moves in a periodic motion with frequency ω. We have
the same governing equation

∂u
∂ 2u
=ν 2
∂t
∂y

(4.13)

with similar boundary conditions (except u(0, t)):

( )
u(0, t ) = U cos ωt 
 t ≥0
u(∞, t ) = 0

u y, t = 0 t ≤ 0

If the motion is set up from rest, the velocity consists of “transients” before becoming a harmonic
function of t. The time scale is clearly ω -1, so that, similarly to the Rayleigh layer problem, the length
scale is L = √(νt) = √(ν/ω).
The solution, obtained again by separation of variables, is

u
= e − η cos ωt − η
U

(

)

where η =

y

(4.14)

2ν
ω
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FIGURE 4.8

Velocity and vorticity profiles of the Rayleigh layer.
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velocity profiles
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Stokes layer velocity profiles: (b) oscillating wall; (c) oscillating fluid.

(the factor 2 in η is used for convenience, to make the solution look simpler). The resulting velocity
profile (Fig. 4.9) can be described as that due to a shear “wave” of wavelength (2 πL) = 2π(2ν/ω)1/2,
“propagating” in the y-direction. The damping in the y direction is such that the velocity falls off as e–η.
The decay in the velocity over one wavelength is

u/U = e-2π ≈ 0.002

(4.15)

so that the motion is effectively confined to a thin layer near the wall of thickness √(ν/ω), called the
Stokes layer thickness, δs.
Pulsatile Flow in Arteries (Womersley 1955)
Starting with the Navier–Stokes equations in cylindrical coordinates,

∂U r ur ∂uz
+ +
=0
∂r
r
∂z

(continuity )

(4.16)
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 ∂2U 1 ∂uz ∂2uz 
∂uz
∂u
∂u
1 ∂P
+ ur z + uz z = Fz −
+ ν 2z +
+ 2
∂t
∂r
∂z
ρ ∂z
r ∂r
∂z 
 ∂r

(4.17)

 ∂2ur 1 ∂ur ur ∂2ur 
∂U r
∂u
∂u
1 ∂P
+ ur r + uz r = Fr −
+ ν
+
− +
∂t
∂r
∂z
ρ ∂r
r ∂r r 2 ∂z 2 
 ∂r

(4.18)

Equations (4.17) and (4.18) are the momentum equations.
For a circular tube of length -l and radius -r, pressure gradient = P1-P2 (per unit length: (P1P2)/l), and
a Newtonian fluid

ν=

µ
∂
, u = u r only, ⇒
= 0, ur = 0
ρ
∂z

()

(4.19)

The solution is obtained by variable separation, where u(r) is multiplied by an oscillating component:

( ) ()

W = W r , t = u r ⋅ eiω t

(4.20)

Non-Pulsatile Case

∂
= 0, W ≡ u r
∂t

( ) (no pulsatile component e )
iω t

adding Eqs. (4.2) and (4.3),

d 2W 1 dW p1 − p2
+
+
=0
4µl
dr 2 r dr

(4.21)

the solution is

W=


p1 − p2 2 2 p1 − p2 2
r
R −r =
R 1− y2 y = 
4µl
4µl
R


(

)

(

)

(4.22)

We get the familiar Poiseuille solution:

u=−

1 dp 2 2
R −r
4µ dl

(

)

(4.23)

Pulsatile Solution
In this case ∂/∂t ≠ 0. We assume a pressure gradient composed from sines and cosines:


P1 − P2
ω
= Ae iω t  frequency of such pressure is

2π 
l


(4.24)

whose solution is of the form
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( ) ()

W = W r , t = u r e i ωt

(4.25)

A
∂2W 1 ∂W 1 ∂W
+
−
= − e i ωt
2
r ∂r ν ∂t
µ
∂r

(4.26)

A
d 2u 1 du iω
u=−
+
−
2
r
dr
ν
µ
dr

(4.27)

A
d 2u 1 du i 3ω
u=−
+
+
2
r dr
ν
µ
dr

(4.28)


 ω 3 2 
 J0  r
i 
 ν

A 1 
−
u=
1


ρ iω 

ω 3 2 
 J 0  R ν i  



(4.29)

The equation for W is

and the equation for u is

We get a Bessel equation of the form

whose solution is

where α = R√ω/ν is the Womersley parameter. Accordingly,

(
(

) e
) 

3 2

A 1  J 0 αyi
W=
1 −
ρ iω 
j0 αi 3 2


i ωt

where y =

r
R

(4.30)

An Experimental Study of Pulsatile Pipe Flow in Transition Range
The study of a pulsatile pipe flow with a superimposed mean flow is of relevance and interest in blood
flows in arteries and veins. Simple dimensional analysis of the problem results in three dimensionless
groups that are sufficient to describe the flow condition of each system. These groups are
(a) mean Reynolds number Rem = (UmD)/ ν, where Um is the cross-sectional mean velocity, D is the
diameter of the pipe, and ν is the kinematic viscosity,
(b) oscillating Reynolds number Reω = (UωD)/ν where Uω is the cross-sectional mean amplitude of
the pulsatile velocity component,
(c) Stokes parameter λ = (D/2)/δ, where δ is the Stokes layer given by δ = (2ν/ω)1/2 and ω is the
angular velocity.
Transition to turbulence in an oscillating pipe flow has been investigated by Hino et al. (1976) by
measuring centerline velocity. Regions of distorted laminar, weakly turbulent, and conditional turbulent
flow were defined and mapped. Yellin (1966) introduced the concept of relaxation time to point out that
slowly oscillating flow with large amplitudes can destroy turbulence downstream. A Reynolds number
based on the Stokes layer thickness is used by many researchers to specify transition conditions. However,
www.4electron.com

9047_ch04 Page 16 Saturday, November 11, 2000 12:47 PM

the critical value varies between 150 to 800 by different investigators. A detailed literature survey will not
be repeated here but can be found in Hino et al. (1976), Gerrard (1971), and Shemer et al. (1985).
Intuitively one would expect that the effects of the unsteadiness on the flow field would be stronger
in the transition range than on flows at large Reynolds numbers. Several experimental studies (Ramparian
and Tu, 1980; Ohmi et al., 1982; Shemer et al., 1985; Stein and Sabbah, 1989) suggest the following
classification of pulsatile flows:
(a) laminar flow in which the flow remains undisturbed throughout the flow cycle;
(b) transitionally or conditionally turbulent flow in which the transition process is sensitive to the
strong acceleration and deceleration in the time varying flow. During the deceleration phase, highfrequency velocity fluctuations are noticeable in the velocity profile. These fluctuations decay and
dissipate as the flow relaminarizes during the accelerating phase. The structure of the Stokes layer
near the wall is also affected.
(c) fully turbulent flow where high-frequency velocity fluctuations are present throughout the flow
cycle.
In the transition range, experiments show (Hino et al., 1976; Ohmi et al., 1982) that pulsatile pipe
flows are more stable than unidirectional steady flows. These experiments were conducted for mean
Reynolds numbers from 200 to 100,000, unsteadiness parameters from 2 and 100, and oscillation frequencies from 0.17 to 130 Hz. Turbulent flow can be considered quasi-steady if the ratio of the time
scale of the turbulent velocity fluctuations, T1 (T1 = D/u', where u' is the turbulent intensity), to the
period of pulsation, T, is less than 1.
While using a hot film anemometer to monitor blood velocities in the aorta of anesthetized dogs,
Nerem et al. (1972) noted that conditionally turbulent flow could be subdivided into what they termed
disturbed and highly disturbed flow. Disturbed flow was characterized by low-amplitude, high-frequency
velocity fluctuations that appeared at the beginning of the decelerating portion of the flow cycle, but
were quickly damped as the flow continued to decelerate. Highly disturbed flow was characterized by
high-amplitude, high-frequency velocity fluctuations that persisted throughout the deceleration of the
flow. They also noted that the differences between the two types of flows were well defined, i.e., there
was not a gradual change in the character of the velocity fluctuations, but rather a sharp and sudden
transition between the two types. Later studies using water or air in circular tubes, where experimental
conditions could be better controlled, noted essentially the same characteristics of the velocity fluctuations.
Velocity profiles were measured in oscillating pipe flow with a superimposed mean velocity. The
experimental setup consisted of a 60-ft long, 1-in. internal diameter plexiglass pipe that was positioned
horizontally to allow water flow between a constant head tank and the atmospheric pressure (Fig. 4.10).
The oscillating flow component was provided by a 1-in. cylinder and piston arrangement whose amplitude and frequency were controlled individually and independently. The steady flow component was
provided by a constant head chamber. A cam was mounted on the flywheel of the oscillating pump,
which activated a microswitch and created a triggering electrical pulse. This pulse was used to monitor
a reference phase of the oscillating pump as well as to measure its angular velocity. By adjusting the
resistance valve, the steady flow components could be set, and thereby Rem. Variation in Reω and λ was
achieved by adjusting the crank amplitude and/or rpm. These parameters were somewhat coupled since
variation in the angular velocity of the oscillating pump will vary both λ and the oscillating flow
component, and hence Reω.
Axial velocity measurements were taken with hot film anemometry at several axial locations around
8.2 m from the entrance after the entrance length for the highest Reynolds number had been established
at 5.3 m. At each axial location, axial velocities were measured at eight radial locations. At least 60
realizations at each point were digitally recorded and ensembled. Since the probe was insensitive to flow
direction in the place of tip, flow reversal was then detected and corrected digitally. Flow reversal occurred
when Rem ≤ Reω and the region near the wall more susceptible to it.
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Experimental setup for the study of pulsatile pipe flow in the transition range.

Since each radial measurement was individually taken, instantaneous (phase) velocity distribution was
obtained by combining the velocity on the same phase from the various axial velocities. Fig. 4.11 depicts
phase velocities for Rem = 550 and Fig. 4.12 depicts Rem = 1500. It is clearly observable that as Reω
increases the region of flow reverse increases. For Rem = 550, flow reversal is observable at Re = 464,
while for Rem = 1500, reversal is indicated at Re = 1385. In Figs. 4.11(c and d), flow reverse is indicated
in the whole radial plane.
Figures 4.11 and 4.12 exhibit a characteristic behavior that appears in all other flow conditions (not
shown). For small Rω (Figs. 4.11(a and b), 4.12(a-c)), the phase velocity profiles resemble a laminar
parabolic profile with a varying phase-dependent amplitude. As soon as Rem ≥ Reω (Figs. 4.11(c and d)
and 4.12(d)), these profiles change their nature and resemble more the fully turbulent flat profile in spite
of the fact that the flow is still laminar. These pseudo-turbulent profiles are probably due to a kind of
velocity development phenomenon. For Rem > Reω, the oscillating part of the pressure gradient is not
large enough to overcome the inertia associated with the mean flow and therefore is capable of changing
only the amplitude of the phase velocity profile but not the shape of it. On the other hand, when Rem <
Reω, the phase variations in the flow-driving pressure gradient are large enough to cause the flow field
to momentarily adjust itself to the new flow conditions. Therefore, locally, at every cross section, these
adjustments take place in a way similar to an entry-length region.
Since it was expected that the transition boundaries for the flow would change their nature from
laminar to turbulent — should be around Rem = 2000 — measurements were concentrated at this region.
At four different Rem (1700, 1950, 2200, 2450), 40 different combinations of Reω and λ were recorded.
Each experiment consisted of 60 realizations to allow a relatively large sample size.
Turbulence is always associated with the appearance of three-dimensional structures. However, since
only axial measurements were made, the determination of turbulence could not be totally objective.
Furthermore, the intermittency function used by turbulent researchers always has a certain degree of
subjectiveness since it stems from a comparison between what is thought of as laminar and turbulent
flow. For these reasons, velocity tracings at the output of the hot film anemometer were visualized on
the monitor screen. Based on the monitor tracings, visual determination on the nature of the flow was
determined. Figure 4.13 shows typical tracings of the velocity curve for the transition range (Fig. 4.13a)
and the turbulent range (Fig. 4.13b). Figure 4.13(a) depicts the velocity curve for Rem = 1700 and Reω
= 1385, which belongs to the transition region, while Fig. 4.13(b) depicts the same for Rem = 2450 and
Reω = 2300, which belongs to the turbulent region (β = r/R - radial location). For both regions the
acceleration phase exhibits laminar behavior. The deceleration phase exhibits amplitude perturbations.
In the transition region, the amplitude perturbations are weak (Fig. 4.13(a)) and do not occur over the
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FIGURE 4.11

Phase velocity profiles for Rem = 560 and several values of reω and λ.

FIGURE 4.12

Phase velocity profiles for Rem = 1500 and several values of Reω and λ.
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FIGURE 4.13 Typical oscillographic velocity tracings with time for transitional range (a) and turbulent range (b)
β = r/R is the dimensionless radial location.

entire deceleration phase. In the turbulent region, however, the amplitude fluctuations are of a higher
frequency (Fig. 4.13(b)) and are observed over the entire deceleration phase. The realizations were played
back on a computer terminal and attention was paid to the degree of repeatability of the individual
realization as well as to “high”-frequency oscillation. Since the sampling frequency of the raw data was
such that each period was described by 2000 data points, “high frequencies” were considered to be of
the order of 50/T, where T is the time period. The first deviation from laminar flow is noticeable in the
acceleration phase. As Reω increases, the parabolic shape velocity profiles are becoming distorted (Figs.
4.12(a and b)). Further increase of the Reω (Figs. 4.12(c and d)) results in the appearance of “high”frequency oscillations in the visualized velocity tracings. The flow is becoming conditionally turbulent,
in which the high-frequency oscillations are noticeable in the deceleration phase but disappear in the
reversal acceleration phase. Figure 4.14 depicts the boundaries of the transition range. In light of the
above discussion, the figure should be viewed as a trend only. Generally speaking, the higher Rem is, the
lower Rem is required for transition, while higher λ is more stable. The last point is due to the fact that
the lower λ is, the larger the Stokes layer becomes.
It was shown that depending on the Reω:Rem ratio, phase velocity profiles undergo changes from
parabolic-like profiles to pseudo-turbulent. When Reω/Rem, reverse flow occurs where the near-wall region
is most susceptible. Laminar to turbulent transition depends on Rem and Rew, where an increase of Rem
and a decrease of Reω provide transition.
The transitional range is quite important in the process of flow disturbances in pulsatile regions. It
was observed that turbulence occurs in the form of periodic bursts and can be created during the
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9047_ch04 Page 20 Saturday, November 11, 2000 12:47 PM

FIGURE 4.14

The boundaries of the transition curve.

deceleration phase of a pulsatile flow in a tube. As the flow decelerates to a minimum, the eddies die
away because the free stream cannot feed them. The relaminarization is completed during the acceleration
phase. One can therefore postulate that the sudden deceleration of the flow to zero values may result in
instabilities associated with the inflectional nature of the velocity profile. Such flows may be interpreted
in terms of “stopping” flow: the turbulence being created and destroyed each cycle so it can be considered
separately from the others. Also, one can conclude that increasing the frequency parameter at a given Re
number acts to stabilize the flow. As the frequency parameter is increased, the turbulence occurs over a
shorter period of the cycle. The exact scale of the observed turbulence was variable and dependent on
the disturbances that exist in the flow prior to transition.

4.2

Transition to Turbulence in the Aorta — The Traditional
Stability Approach

Formulation of the Stability Approach
Nerem, Seed, and Wood (1973) studied experimentally the transition to turbulence in the canine aorta
and formulated a stability criterion for transition to turbulence in cardiovascular flows. They examined
the morphology of aortic velocity waveforms and suggested that the waveforms should be qualitatively
divided into three types, which are shown in Fig. 4.15. Those with negligible high frequency components
(Fig. 4.15(a)) are termed "undisturbed" and are representative of laminar flow. Those with high-frequency
components present only at the peak systolic velocity (Fig. 4.15(b)) are termed "disturbed" and are
thought to represent a transitional condition. Those with high-frequency components persisting throughout the deceleration phase of systole are termed "highly disturbed" and are thought to be representative
of turbulence (Fig. 4.15(c)). A common feature of all aortic waveforms is that the disturbances are
confined to systole and are damped out during diastole. The fact that they appear again on the following
beat indicates that they are generated anew each beat. Nerem et al. (1973) also conducted a coarse spectral
analysis that indicated that as the velocity waveforms become more disturbed, more energy is transferred
to higher frequencies, at the 100–150 Hz range. Their analysis indicated that unlike steady flow, the
appearance of disturbed or turbulent waveforms could not be explained solely on the basis of peak
Reynolds number. The heart rate appeared to be implicated.
The heart rate was incorporated through the Womersley parameter, α, defined as
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Maximum Reynolds number

FIGURE 4.15 Velocity wave forms recorded in descending thoracic aorta, (a) undisturbed, (b) disturbed, (c) highly
disturbed from Nerem et al. (1972). Reproduced with permission.
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FIGURE 4.16 Reynolds number and frequency parameter α for the ascending aorta.  = laminar flow,  =
transitional flow,  = conditionally turbulent flow, — Recr = 150α. From Nerem et al. (1972). Reprinted with the
permission of Cambridge University Press.

d  ω
α=  
2 ν

12

(4.31)

where d is the diameter of the aorta, ω is the fundamental frequency of the flow oscillation (heart rate),
and ν is the kinematic viscosity of blood. They then established a line that defined a boundary between
stable and unstable flows by plotting points corresponding to waveforms measured in the ascending and
descending aorta of dogs on a Re. vs. α plane, according to their Reynolds number (based on the peak
velocity of the waveform) and their α (Womersley parameter) value (Fig. 4.16). By setting apart the
points according to the waveforms they represented, i.e., undisturbed, disturbed, or highly disturbed
waveforms, they established a demarcation line, which approximated the relation Recr = 150α (for the
ascending aorta data), that separated highly disturbed waveforms from the other waveforms.
A crude justification for the Recr line ensued by applying boundary layer stability theory to the aortic
wall boundary layer. This was done by considering the forward flow in systole to be comparable to that
associated with the instantaneous acceleration of flow over a flat plate. As the Stokes layer gets thinner
in a pipe flow, it can be argued that the effects of curvature decrease and the stability of the layer becomes
approximately that of a plane Stokes layer. The velocity profile approximates that of a steady flat-plate
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boundary layer, and the critical Reynolds number criteria for a flat plate based on the boundary layer
thickness may be applied as a first approximation, i.e.,

 Uδ 
Recr =   ≈ 1000
 ν

(4.32)

Estimation of the boundary layer thickness was obtained by applying Stokes' first problem of an
instantaneously accelerated flat plate and taking t ≈ 1/4 ω-1 as the approximate duration of systole; then,
upon substitution, the dependence of the aortic wall boundary layer thickness on α was predicted to be

δ 2
≈
R α

(4.33)

Combining Eq. (4.32) with an equation of the form of Eq. (4.33) showed that the dependence of the
critical Reynolds number on α was

Recr = constant ⋅ α

(4.34)

with the constant of proportionality ranging from 250 to 1000, depending on the value of the constants
used in Eq. (4.3). The correlation Recr = 150 α approximately compares to the lower end of range estimated
by Eq. (4.4) from boundary layer theory. This was expected since disturbances are generally observed to
occur during flow deceleration in systole, and decelerating flows exhibit inflection points in their velocity
profiles and are more unstable than accelerating or steady flows.
Due to the apparent limitations of measuring velocity waveforms in vivo at that time, Nerem et al.
(1973) carried out their measurements in the inviscid core of the aortic flow and not in the boundary
layer. However, they assumed that disturbances in the boundary layer may be transmitted to the inviscid
core, primarily by sound waves and the associated pressure fluctuations. Additional disturbances were
assumed to be convected along the aorta from the heart. Data from velocity waveforms measured in the
descending aorta clearly indicated that a basic flow instability is present in the flow such that it was
regenerated on each beat. This was concluded from the fact that the blood observed by the probe in the
descending aorta had already undergone a quiescent diastolic period.
Several critical Reynolds numbers based on the Stokes layer thickness were defined and established as
criteria for laminar to conditionally turbulent flow transition, for flows that range between purely
oscillatory flows in circular tubes to flows under physiological conditions. The Stokes layer thickness, δ
and the Stokes layer Reynolds number, Rδ are defined by

 2ν 
δ= 
ω

12

and Rδ =

Uδ
ν

(4.35)

hence,

Rδ =

R 
⋅ e
2 α

1

Thus, a stability diagram of the Re vs. α can be constructed, where Rδcr lines define the boundary that
divides stable and unstable flows. Experimental values of Rδcr for oscillating flow in a circular tube
determined by several investigators range from 400 to 575 and appear to depend on the individual
experimental system (Yellin 1966; Hino et al. 1976; Ohmi et al. 1982; Winter and Nerem 1984). Transition
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FIGURE 4.17 Stability diagram of Reynolds number, Re, vs. unsteadiness parameter, α.  = laminar flow,  =
transitional flow,  = conditionally turbulent flow, x = high-frequency ventilation experiment. Adapted from Ohmi
et al. (1982). Critical Rδ taken from the following references: Rδ = 150, Nerem et al. (1972b); Rδ = 400, Merkli and
Thomann (1975); and Rδ = 550, Hino et al. (1976). From Winter and Nerem (1984). Reproduced with permission.

Reynolds numbers were determined for purely oscillating flow in a straight circular tube by Hino et al.
(1976) (Rδcr= 550) and Merkli and Thomann (1975) (Rδcr= 400) and for blood flow in the aorta of dogs
by Nerem et al. (1972a,b, 1976) (Rδcr= 150). In a comparative study, Winter and Nerem (1984) included
the results of several of the above-mentioned researchers in a stability diagram (Fig. 4.17). They also
concluded that the sudden damping of the velocity fluctuations by the onset of flow acceleration is
characteristic of all purely oscillatory flows reported in the literature, including Rδ up to 3200, the highest
value reported.

Comparison to Falkner–Skan Stability
Nerem et al. (1973) also examined the stability of the aortic wall boundary layer by considering the
velocity profile inflection during the systolic deceleration. This was done by examining the stability
characteristics of the Falkner–Scan velocity profiles (Schlichting, 1968). Each of the profiles in this family
of solutions is characterized by a pressure gradient or acceleration parameter β such that for β > 0, the
pressure gradient is favorable, corresponding to flow acceleration; for β = 0, the pressure gradient
corresponds to the flat-plate solution; and for β < 0, the pressure gradient is adverse, corresponding to
flow deceleration. In this last case there will be an inflection in the velocity profile, the strength of which
will increase as β decreases. In Fig. 4.18 Nerem et al. (1973) compared their experimental data with
Falkner–Skan neutral stability curves taken from Obremski et al. (1969). They chose 125 Hz as a
representative value for a disturbance frequency (for the wavenumber K computation) and calculated
the displacement thickness δ* according to Stokes' first problem. The region outside the neutral stability
curve corresponds to stable flow, while amplification of disturbances take place inside the curve. The
trend in going from the undisturbed data points to the disturbed and highly disturbed points is toward
decreased stability. In comparing these data points with the neutral stability curve for β = 0, the flatplate case, it was clear that even the highly disturbed points lay well into the stable region. However, the
highly disturbed data points did follow the neutral stability curve for β = 0.10 and lower very closely,
and their corresponding amplification rate was of the same order of magnitude.
Results of Womersley's analysis for α = 5 and α = 10 (Fig. 4.19) suggest that the velocity profiles for
a pulsatile flow in the aorta are similar to those of the Falkner–Skan family. The Falkner–Skan profiles
for β = 0, -0.14, -0.199 were compared with velocity profiles for the case of sinusoidal flow in a rigid
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FIGURE 4.18 Comparison of experimental observations with Falkner–Skan neutral stability curves (from Obremski
et al. 1969).  = laminar flow,  = transitional flow,  = conditionally turbulent flow. From Nerem et al. (1972).
Reprinted with the permission of Cambridge University Press.

FIGURE 4.19 Comparison of pulsatile velocity profiles (Womersley 1958). ---, α = 5, ωt = 1/2π; –-– ωt = 3/4π;
–, Falkner–Skan velocity profiles (Schlichting 1968) for selected values of β. From Nerem et al. (1972). Reprinted
with the permission of Cambridge University Press.

tube with α = 5. In the β = -0.199 case, the nondimensional velocity is shown for two different times;
ωt = π/2 corresponds to peak forward flow (i.e., the equivalent of peak systole) and ωt = 3/4π corresponds
to a time during the deceleration phase later in the cycle. Disturbances normally appear immediately
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after peak systole; comparison of the profiles in Fig. 4.19 suggests that the velocity profile at this time
would correspond approximately to a Falkner–Skan profile with β in the range of -0.05 to -0.10.

4.3 The Modified Stability Approach
Rationale of the Approach
Turbulent flows cannot be accounted for by the classical laminar unsteady-flow theory of employing
parameters such as Strouhal number and Stokes number. Tu and Ramparian (1983) urged finding
alternative ways to characterize unsteady turbulent flow. Specifically, they pointed at the incongruity of
using the Stokes parameter for describing turbulent flow, because the unsteadiness in periodic turbulent
flow spreads over a distance that can be several orders of magnitude than the thickness (2ω/ν)1/2 of the
conventional Stokes layer. They defined an analogous parameter termed "turbulent Stokes number" as
ωD/U* that can be used to study the interaction between the imposed oscillation and the bursting
phenomena, characteristic of the transition process. They also indicated that because spectral measurements show that turbulent frequencies smaller than the oscillation frequency will be attenuated, the
integral time scale will be smaller in an unsteady than in a steady flow.
A single set of parameters, e.g., the Reynolds number and Womersley parameter, is not sufficient to
characterize the local flow dynamics without a detailed geometrical description of the lumen and specification of the flow variation during the cardiac cycle. The typical value of α in the ascending [Eq. (4.28)]
fails to depict complete and accurate flow conditions in terms of stability. Instabilities apparent in flow
through valves leave their imprint on the velocity spectral components. Based on the fundamental heart
rate, the traditional approach is incapable of differentiating the effects of the dominant frequencies that
characterize the transitional flow patterns produced by different degrees of valve stenosis. Moreover, it
is the fundamental heart rate per se that actually restabilizes the flow during the acceleration phase. The
traditional stability analysis does not take into account this effect, although it was shown to be the
characteristic feature of all purely oscillatory (pulsatile) flows.
The location of the points in the traditional stability diagram (represented by its corresponding Re vs.
α conjunction value) is therefore inherently biased; being almost always the lowest frequency present in
flow, the heart rate α-value is biased toward the less stable region of the stability diagram. Based on the
peak velocity of the pulsatile cycle rather than on the velocity where flow instabilities occur, the Re-values
are drawn toward the less stable region of the stability diagram as well.
According to Gutmark and Ho (1983), a minute amount of spatially coherent perturbation in a jet is
enough to affect the initial instability frequency and the downstream evolution of its subharmonics.
Consequently, the preferred modes and spreading rates are different because of the modified initial
conditions. In their experiment, the development of the initial shear layer at the nozzle lip was controlled
by an instability that was susceptible to spatially coherent perturbations: acoustical, vortical, or both.
Such a spatially coherent perturbation and its subharmonics can alter the frequency of the prevailing
waves, and in turn the merging location of the coherent structures, similar to an artificially excited jet.
Thus, the values of the preferred modes depend on the initial conditions.
Although the flow through heart valves is much more complicated, it is reasonable to assume that the
interaction of the valve leaflets with the pulsating flow will create similar perturbations — coherent both
spatially and temporally. As pulsatile flow tends to lose its stability during the deceleration phase, these
evolving disturbances will become more eminent during this stage. These modes of instability are evident
in the measured velocity spectra and correspond to certain Strouhal number values with almost the same
magnitude of those known to initiate flow instabilities in related flows. It is most likely that these modes
diminish the flow stability as pathological conditions develop in valvular diseases.
The modified stability approach incorporates these modes in the construction of the stability diagram
by decomposing α into its preferred frequency components. The dominant modes are identified by
measuring the velocity spectra and plotting them against the Strouhal number. All apparent dominant
modes are then introduced to the stability diagram by plotting them according to their respective α−
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and Re-values. If one uses the Rδcr values (Rδcr= 150/550) as the transition zone that defines the boundary
dividing stable and unstable flow conditions, the stability of the flow is depicted by a cluster of points,
each corresponding to a certain dominant mode. With this kind of presentation, dominant modes that
appear under stenotic flow conditions markedly alter the location of the points in the stability diagram.
While the traditional stability approach offers only one degree of freedom for the description of stenotic
flow conditions (namely, Re is increased with decreasing lumen of the stenosis, while α remains the
same), the modified stability approach offers two degrees of freedom (namely, both α and Re change as
the stenotic conditions evolve).
In order to better identify dominant modes in the spectrum, a distinct spectral presentation may be
used. While the routine power spectral density (PSD) presentation might make the relative contribution
of different frequencies to the total energy indistinctive, the "energy spectrum presentation" (ESP)
facilitates better identification of dominant frequencies in the velocity spectra. The spectral distribution
of the energy E may be presented in the following form:
∞

∞

∫()

∫ c( f ) ⋅ f d(log f )

E = c f df =
0

(4.36)

−∞

where c(f) is the spectral coefficient, i.e., u'2(f).
Thus, when the differential of log f is used for the integration rather than that of f, the contribution
to the total energy at the frequency f is proportional to f × c(f). The energy spectrum is then plotted
against log f, with the logarithm of the product f × c(f) given on the ordinate. The characteristic shape
of the velocity spectra distal to heart valves slightly decreases in the 10–100 Hz range and then decreases
rapidly above the 100 Hz range, not unlike turbulent velocity spectra. The above presentation emphasizes
the contribution of the energy contained in the 10–100 Hz frequency range associated with the induced
vortices created by the flow passage over the moving and vibrating leaflets.
The first step in constructing the stability diagrams involves identification of the preferred modes. The
spectra are plotted vs. their respective Strouhal number values. Representation of the spectral data in
Strouhal number orientation is carried out by normalizing the spectral energy and plotting it with the
following coordinates (Khalifa and Giddens 1978; Tu and Ramaprian 1983):

Uj

E∗ = F ⋅

vs. St =

d

fd
Uj

(4.37)

where F is the normalized spectrum,

E f
( ) u(′ )

F f =

2

E(f) is the energy content per unit frequency,
∞
2

∫()

u′ = E f df
0

and Uj is the jet velocity of the stenosis.
As preferred modes for instability were not studied in this work in terms of decay/growth rates, each
pronounced peak in the normalized energy spectra deemed pertinent (energy level of the amplified
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frequency at least twice higher than that of the adjacent frequencies) was recorded according to its
corresponding Strouhal number and Re-values. The relation between St and is straightforward:

α = St

Uj
2

2π
νf

(4.38)

Once the St-values are extracted, the values corresponding to the preferred modes can be plotted on the
stability diagram vs. their respective Re-values.

4.4 Experimental Results Using the Modified Stability Analysis
Experimental Methods
Spectral analysis was performed on velocity data measured with a laser Doppler anemometer (LDA). A
TSI Argon-Ion 2W laser Doppler system with a TSI 1990 counter processor was interfaced to a computer
through a Zech electronics 1400 LDA interface Data Acquisition Card. Measurements were conducted
in a modified Caltech pulse duplicator type system distal to trileaflet prosthetic heart valves manufactured
from polyurethane by the Abiomed Company, installed at both the aortic and mitral positions. A
description of the Caltech pulse duplicator appears elsewhere (Yoganathan et al. 1979; Bluestein and
Einav 1993, 1995). The goal of the modification was to achieve a better simulation of the physiological
flow conditions through heart valves. The system was constructed to avoid unnecessary obstacles to the
flow, and all connections were smooth in order to avoid reflections. The left ventricle compartment (Fig.
4.20a) was designed to facilitate LDA measurements inside the ventricle distal to the mitral valve, as well
as to simulate the contraction features of the left ventricle as the driving force of pulsatile blood flow in
the left heart circulation. The left ventricle compartment was installed on a computer-controlled, threecoordinate stepper motor mechanism and was displaced during measurements relative to the fixed LDA
measuring volume. Shear stress values are fairly high in the vicinity of heart valves and increase in the
vicinity of stenotic valves; blood under these conditions behaves as a Newtonian fluid, and non-Newtonian effects are negligible. Water was selected as the working fluid for simulation of the desired flow
conditions in our loop. The LDA signal-to-noise ratio was improved by seeding the flow with particles
(spherical Latex particles with an average diameter of 3.143 µ, LB30, SIGMA Chemical Company).
A pulsatile pump (Harvard Apparatus Dual Phase Control Model 55-305 pulsatile pump, Harvard
Company) generated quasi-physiological volume time curves that drove the bladder of the left ventricle
(Fig. 4.20a). Under characteristic operating conditions (simulated heart rate = 72 bpm, systole:diastole
ratio = 40%), the pulse duplicator system produced a volumetric discharge of 5.8 l/min and left ventricular
pressure of 120/5 mm Hg. Measurements distal to the aortic valve were carried out along the symmetry
axis of an 80-mm-long, rigid lucite conduit (18.5 mm I.D.) connected to the valve stent (Fig. 4.20b).
Three sinuses were carved in the valve's lucite seat, in which a trileaflet Abiomed prosthetic heart valve
complete with molded sinuses was installed. This closely simulated the geometry of the aortic root and
its three sinuses of Valsalva. Measurements were carried out at several axial locations and at two radial
locations: along the centerline (2r/d = 0) and at the middle of the shear layer (2r/d = 1) (coordinates are
defined in Fig. 4.1; d = the hydraulic diameter of the valve’s fully open area or the stenosis lumen). The
mid-shear layer was chosen because it is well established that the maximum turbulence intensities, flow
fluctuations, and coherent structure advection take place in this region (Abdallah and Hwang 1988; Lu,
Hui, and Hwang 1983).
A normal aortic valve and two different stenosis configurations were examined; 65% stenosis was
simulated by a partial coating and adhesion of the valve`s convex side with flexible silicone rubber (RTV).
This created the mass and flap inertia that simulated stenosis geometry and kinetics, and mimicked the
tissue overgrowth caused by the fibrosis and thrombus formation that commonly occurs in valvular
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Pulse duplicator components.

stenosis. Severe aortic stenosis with heavy calcification of the leaflets was simulated by coating the leaflets
with Araldite epoxy adhesive, which stiffened them and produced a fixed 90% stenosis. The severity of
the stenosis was determined by the size of the opening during peak systole, which was measured with a
caliper.
Since instabilities first appear immediately after the peak systolic velocity, and occur mainly in the
deceleration phase of the pulsatile cycle, spectral analysis focused on the rapid closure phase of the valve
leaflet motion. The amplitude and slope of the left ventricle pressure waveform were processed for the
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FIGURE 4.21

Schematic drawing of a velocity waveform with time window selected for spectral analysis.

selection of the time-window duration. A pressure signal was measured by a pressure transducer (Data
Instruments model SA) located in the left ventricle; this signal was processed by a pressure signal processor
(custom-built in our lab) that inhibited LDA data acquisition when the time window was closed, and
allowed simultaneous acquisition of LDA data and phase angle information when the time window was
open. Spectral analysis during this stage typically lasted 120 ms (Fig. 4.21).
Taking into consideration the discrete and random nature of the LDA bursts, we applied spectral
analysis to the sampled data by performing direct Fourier transform of short blocks of data, as suggested
by Roberts and Gaster (1978, 1980). Typically, some 2000 Doppler bursts per second were processed,
yielding a frequency resolution better than 1 Hz. The sampling rate was limited by the amount of seeding
that could be used before the flow became opaque. During the rapid closure of the valve (when the time
window was open), each spectrum was ensemble-averaged for 20 cycles of the pulsatile flow. The averaging
procedure yielded results that were reproducible from one data set to another. The sampling rate and
the short block duration satisfied the criteria of Roberts and Gaster for establishing stable spectral
estimates under our experimental conditions (Bluestein and Einav 1993).

Spectral Analysis
Dominant peaks appearing in the energy spectra were considered according to two descriptive categories:
the "geometry" peaks and the "excitation" peaks. The first category refers to peaks that may be attributed
to the vortices formed by a vortex shedding process of fluid flowing through the protrusive geometry of
the valve in the presence of a periodic pulsation. The second category refers to peaks that may be attributed
to the effect of the vibrations of the leaflets on the flow toward closure. One must be aware that such a
distinction between the two categories may lead to ambiguity, since a frequency populating the higher
"excitation" frequency range might arise from a higher harmonic of a “geometry” peak. Moreover, in
contrast to a shear layer excited with a certain known frequency that will appear clearly throughout the
flow field spectra, each leaflet of a trileaflet valve, especially when stenosed, vibrates at its own natural
frequency, leading to a nonlinear interaction among the natural frequency and other modes apparent in
the flow. As there is no unambiguous way to distinguish between the two categories, they should be
treated as being of a general descriptive nature; they are used here mainly for convenience.
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FIGURE 4.22

Comparative spectra of a normal and a 65% stenosed aortic valve.

Figures 4.22(a and c) show typical velocity energy spectra during the rapid closure phase, measured
at centerline (2r/d = 0, d is the hydraulic diameter of the valve orifice) and at mid-shear layer (2r/d =
1), respectively, 25 mm distal to a normal aortic valve (the solid line). Both spectra exhibit pronounced
peaks, which imply a wave motion in a preferred frequency range. The two dominant peaks in the
centerline spectrum, at 9 and 18 Hz, may be regarded as geometry peaks, as the already established 9 Hz
subharmonic of the 18 Hz peak is evidence of a coalescence process between shedded vortices. Higherfrequency peaks — 24 Hz, 28 Hz, and 36 Hz at the centerline — may be regarded as excitation peaks.
(The 36-Hz peak corresponds to the lower natural frequency of the closed cusps of a porcine bioprosthetic
trileaflet valve (39 Hz), as numerically calculated by Hamid, Sabbah, and Stein, 1987.) In the shear layer
region (Fig. 4.22c), there is evidence of a nonlinear interaction process between the excited vortices which
forms multiple peaks in the range of 22–48 Hz.
Further downstream along the centerline, 45 mm distal to the valve, the lower-frequency peak of 18
Hz almost disappears, merging into a broadened peak centered around 9 Hz (Fig. 4.22b), but maintaining
some energy in the shear layer region (Fig. 4.22d). This is a clear indication of a coalescence process,
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whereby the subharmonic wave is being reinforced through a nonlinear interaction with the fundamental
wave. The shear layer spectrum (Fig. 4.22c and d) is characterized by two pronounced peaks, at 22 and
36 Hz, which probably stem from excitations induced on the shear layer by the leaflets' vibrations.
The evolution of the spectra distal to the valve is exhibited by the downstream three-dimensional
perspective view of the power spectra, along the centerline and the mid-shear layer (Fig. 4.23). Moving
along the centerline, the 9-Hz peak (the geometry subharmonic peak) becomes more distinctive, while
the fundamental frequency loses its energy. A distinct excitation peak (≈ 23 Hz) (at x/D = 1.42, 2.12, and
2.73) gains power, reaches a maximum at x/D = 3.33, and maintains its power at x/D = 3.94 (65 mm
distal to the valve). At x/D = 3.33, the frequency peak emanating from the vibrating valve leaflets and
exciting the flow may qualify as a preferred mode of instability. This pattern is repeated at the shear layer,
with the exception that the geometry peak predominates the spectrum until x/D = 3.94, at which the
excitation peak contains more power than the former. The gradual decrease of the peak frequency downstream is the result of the large-scale structure length scale that increases almost linearly downstream. (The
x/D notation refers to D = 16.5 mm, the hydraulic diameter of the fully open orifice of a normal aortic
valve, and x is the axial coordinate. This diameter (16.5 mm) will also be used for the axial distance
normalization distal to stenosed valves for the purpose of comparative studies at the same axial distance.)
The slower evolution of the excitation peak may lead to speculation that, while vortices created in the
core region by the valve's protrusive nature (vortex shedding) and the resultant pairing are immediately
evident in the flow field, the instabilities induced by leaflet vibrations need time and space to evolve and
manifest themselves throughout the flow field. Nevertheless, the instability of the shear layer clearly plays
a critical role in transition to turbulence, since the mixing region is the main source of turbulence
production. Leaflet vibrations speed up the destabilizing process of the shear layer, which, for pulsatile
flow, is a superposition of the deceleration destabilization process and the shear layer excitation process.
Figures 4.22(a–d) also demonstrate the effect of a typical stenosis on the spectra. The dashed line
represents axial velocity energy spectra during the rapid closure phase, measured at centerline and at
mid-shear layer distal to an aortic valve with 65% stenosis. Along the centerline, 25 mm distal to the
valve (Fig. 4.22a), the spectra of the flow through the new geometry are characterized by an energy
accumulation in the lower-frequency range (3-10 Hz) in the form of a crest, with a peak at 5 Hz. The
evolution of the centerline velocity spectra 45 mm distal to the stenosed valve (Fig. 422b) reveals that
this peak is a subharmonic of a 10-Hz geometry peak. Hussain and Zaman (1975) found a similar
phenomenon in a circular jet under controlled excitation, where the subharmonic dominated the fundamental in the jet's near field (x/D < 2). Higher harmonics appeared further downstream in their jet,
while in our system higher harmonics appeared at both axial locations (25 mm and 45 mm downstream)
at the centerline as well as at the shear layer. It seems that although the leaflets of the stenosed valve have
more inertia (due to the added mass of the RTV coating), the shortened vibrating length produced higher
natural vibration frequencies, induced on the flow as excitations. These are evidenced throughout the
20 to 100 Hz frequency range and beyond as multiple peaks both at the centerline and at the shear layer
that gain energy as they move downstream.
Further downstream along the centerline, 45 mm distal to the 65% stenosed valve (Fig. 4.22b), a peak
of 24 Hz dominates the multiple peaks that populated the 15 to 30 Hz frequency range 25 mm distal to
the valve. The 30 to 50 Hz range gains energy as well. The shear layer spectra (Figs. 4.22c and d) exhibit a
pronounced geometry peak at 14 Hz, with a 7 Hz subharmonic peak. The 18 to 55 Hz range is now
populated with multiple excitation peaks, and their energy is twice that at the 25-mm axial location. As the
overall energy level of the shear layer spectra is much higher than that of the centerline, it is clear that with
the 65% stenosis configuration, most of the preferred modes of instabilities are produced in the shear layer.
Comparison with a normal aortic valve (Figs. 22a–d) shows that, excluding the subharmonic peaks discussed
above, there is a clear trend of energy shift toward higher-frequency peaks for the 65% stenosed valve. This
trend is more pronounced in the shear layer spectra, indicating a nonlinear saturation process leading to
a widening of the spectral content toward randomization, i.e., the onset of transition to turbulence.
The typical evolution of the spectra distal for a normal aortic valve is shown in the three-dimensional
perspective view of Fig. 4.23.
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FIGURE 4.23

Evolution of spectra at centerline and shear layer distal to a normal aortic valve.

The typical evolution of the spectra distal to a 90% stiff stenosis is shown in the three-dimension
perspective view of the power spectra downstream, along the centerline and the mid-shear layer (Fig.
4.24). This stenosis configuration stabilizes a strong subharmonic at 6 Hz, with its fundamental geometry
peak shifted to 12 Hz, as compared to 10 Hz of the normal valve (comparison not shown). Since the
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FIGURE 4.24

Evolution of spectra at centerline and shear layer distal to a 90% severely stenosed aortic valve.

stiff-stenosis configuration cannot produce leaflet vibrations, peaks populating the higher frequency
range are geometric, implying higher geometry peaks and possible harmonics that are not apparent in
the natural aortic valve spectra. Moving downstream along the centerline, the effect of the stenosis is
expressed by a multiple-peak cascade that develops from x/D = 2.73 into a characteristic -5/3 turbulent
spectrum slope. The evolution of the shear layer velocity spectra distal to the stent exhibits geometric
peak harmonics that reach a maximum at x/D = 2.12 and gradually fade. The fundamental geometric
peak maintains its power downstream, indicating the existence of a large-scale structure dominating the
flow field distal to the 90% stiff stenosis. This structure was visible in a visualization experiment (not
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FIGURE 4.25

Strouhal number spectral energy distribution distal to a normal aortic valve.

recorded) as a large horizontal vortex that emanated from the shear layer as the jet issued from the
stenosis; it scaled rapidly on the valve's conduit inner diameter and was swept spinning downstream.

Preferred Modes Interpreted Through their Strouhal Number Values
Figure 4.25 shows a typical normalized energy spectrum plotted against the Strouhal number at the
centerline and at the shear layer, 25 mm distal to a normal aortic valve. The amplified frequencies give
rise to several dominant Strouhal numbers. For the normal aortic valve, the highest-frequency peak at
the centerline corresponds to St = 0.082, probably a strong subharmonic peak of the adjacent St = 0.16
peak. Another pronounced peak corresponds to St = 0.32. At the shear layer these values repeat, with an
additional peak corresponding to St = 0.23. The existence of the St = 0.32 peak — a value similar to that
found in numerous studies on jets (Crow and Champagne 1971; Hassan and Zaman 1975; Petersen 1978;
Gutmark and Ho 1983) — indicates that the type of jet created by the valve orifice has a similar "latent"
orderly structure. The appearance of lower St-values that correspond to subharmonic formation, vortex
shedding, etc., may be attributed to the specific geometry of the trileaflet valve, which departs widely
from that of a simple jet nozzle. It also demonstrates how background perturbations, which are always
present in a pulse duplicator and under in vivo conditions (disturbances propagated from the left
ventricle), initiate the instability waves (Gutmark and Ho 1983).

The Stability Diagram According to the Modified Approach
Figure 4.26 depicts the stability diagram of the flow through three aortic valve configurations: a normal
valve, a 65% stenosed valve, and a 90% stiff stenosed value. The curved dashed line represents a lower
boundary experimentally determined by Hino et al. (1976) below which no turbulence will exist. The
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FIGURE 4.26

Stability diagram of three aortic valve configurations.

Rδ = 150 line was established for blood flow in the aorta of dogs (a deviation from the circular-tube
boundary condition, and a nonsinusoidal pulsatile flow that is probably less stable than a purely sinusoidal
flow; Nerem et al. 1972); and the Rδ = 400 and 550 lines were established for purely sinusoidal oscillating
flow in circular tubes (Merkli and Thomann 1975 and Hino et al. 1976, respectively). Our data, obtained
in a pulsatile flow loop that simulates the physiological pressure waveform and geometry, should fall
between these boundaries. The scattered points, each of which represents an α-value of a certain dominant
mode plotted against its Re-value, were derived from the rapid closure velocity spectra at the centerline
and at the shear layer, at several locations distal to the valves. In general, the normal aortic valve data
are scattered below Rδ = 150 and between Rδ = 150 and Rδ = 400, most of it within the transitional flow
regime. The most unstable state for the normal valve is represented by the one point lying in the
conditionally turbulent regime, which corresponds to the fundamental heart rate. This point representing
the traditional stability approach is clearly unrealistic in its strictness.
The same inclination can be seen in the 65%-stenosed aortic valve data points. All the points that
indicate the most unstable conditions stem from lower α-values defined by the fundamental heart rate;
most of the other points lie in the transitional flow regime, with a few points in the laminar flow regime.
For the 90% stiff stenosis, most of the points lie in the conditionally turbulent flow regime, and the rest
in the transitional flow regime. Again, the lower α-values that stem from the fundamental heart rate lie
deep in the conditionally turbulent flow regime.
The new approach allows us to correlate the severity of the stenosis to the stability of the flow. Clearly,
the flow loses its stability as the stenosis becomes more severe. Moreover, part of the preferred modes
has a stabilizing effect on the flow, in accordance with findings of Settler and Hussain (1986).
Figure 4.27 shows the stability diagram of flow through two mitral valve configurations: a normal one
and one with 65% stenosis. The lower α-values correspond to the fundamental heart rate and again
represent a biased stability criterion. The effect of the stenosis on the stability is seen clearly: data points
lie between the laminar flow regime and the transitional flow regime for the normal mitral valve and lie
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FIGURE 4.27

Stability diagram of two mitral valve configurations.

in the transitional flow regime, with a few points crossing into the conditionally turbulent flow regime,
for the stenosed mitral valve. The flow through the mitral valve appears to be somewhat less stable than
that through the aortic valve. This could be because flow through the mitral valve is an unbounded jet,
which is less stable than the bounded jet-type flow through the aortic valve.

A Comparison between the Traditional and the Modified Stability Diagrams
In order to compare our results with those achieved by the traditional approach, the cluster of points
was weight-averaged to collapse into a single point that represents the flow stability. The averaging
procedure follows; the energy contained in the lower-frequencies region of the spectrum is higher than
that contained in the higher-frequencies region; the same is true of the available time for the corresponding fluid dynamics phenomenon. In order to diminish this bias, α and Re will be weight-averaged
according to each dominant mode reciprocal of the frequency, i.e., the residence time:
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e
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(4.39)

The fundamental heart rate is taken into account in the weighted average.
Figure 4.28 illustrates the comparison between the traditional stability analysis and our analysis,
performed on various heart valve configurations under the same flow conditions. The predicted as well
as sampled velocity waveforms in our flow loop indicate that, according to the traditional stability analysis
(where α is based on the fundamental heartbeat frequency), the Re vs. α values are biased toward the
less stable region of the stability diagram. Even under normal conditions, both the aortic valve and the
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FIGURE 4.28

Comparison between the modified and the tradional stability analysis.

mitral valve exhibit conditionally turbulent flow conditions. The bias is most significant in the αcoordinate, indicating the importance of the α-decomposition process. The sensitivity to Re variations
seems to be less pronounced.
The modified stability approach achieves a more realistic description of the flow in terms of stability.
As expected, flow through the normal aortic valve model lies on the line that divides stable and unstable
flows (Rδ = 150). As stenosis progresses, the point of stability is shifted to the transitional flow zone (65%
stenosis); and only under the most severe stenotic conditions (90% stiff stenosis) does the point lie in
the conditionally turbulent flow zone. Although a bit less stable than the aortic valve, the mitral valve
follows the same pattern, with the points in both the normal and the 65% stenosed valve model lying
in the transitional flow zone.

4.5

Conclusions

Comparative studies of normal and stenosed valves were conducted in an effort to single out the geometric
and dynamic effects of stenosis on the velocity spectra distal to the valves. The spectra obtained during
the rapid closure stage of the valves were found to be governed by the stenosis geometry. A shift toward
higher dominant frequencies was correlated with the severity of the stenosis. The postulated preferred
modes were apparent in the velocity spectra, corresponding to Strouhal number values of preferred
modes in related flows.
The modified stability analysis of pulsatile flow through heart valves showed a clear correlation between
the degree of the stenosis and the flow stability. As the stenosis progressed, the stability of the flow
deteriorated; under the most severe stenotic condition (90% stiff stenosis), the stability diagram indicated
that the flow was past the transition phase with the corresponding stability point lying in the conditionally
turbulent zone.
The modified stability approach was compared to the traditional stability approach. The latter failed
to produce an accurate flow stability criterion for the pulsatile flow distal to heart valves, as it is biased
toward exaggerated unstable flow conditions. The modified stability approach showed that only under
severe stenotic conditions does the flow become conditionally turbulent. The comparison between the
two analyses clearly demonstrated the bias of the traditional approach, where all the corresponding points
www.4electron.com

9047_ch04 Page 38 Saturday, November 11, 2000 12:47 PM

were significantly shifted toward the unstable region of the stability diagram. Derived from internal flow
mechanisms rather than from the forcing pulsation alone, the modified stability approach represents a
more realistic description of the stability of flow through heart valves.
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5.1 Introduction
The human aorta is the largest blood vessel in the human circulation and is the receptacle receiving blood
from the left ventricle during the contraction of the heart. The blood from the aorta flows to the visceral
organs and to the peripheral regions in the systemic circulation. The aorta has a complex, three-dimensional curved geometry with multiplanar curvature (1, 2). A photograph of a casting of the human aorta
including the major branches and the bifurcation in the descending aorta is shown in Fig. 5.1.
During the systole lasting for one third of a cardiac cycle, as the heart contracts and the ventricular
pressure rises above that of the aorta, the blood from the left ventricle is accelerated past the open aortic
valve into the aorta. Under resting conditions, the blood flow rate through the aorta (cardiac output) is
approximately 5–6 liters per minute (lpm). During the peak forward-flow phase, the flow rate across the
valve is about 20 lpm. The aortic valve consists of three crescent-shaped leaflets (hence called the
semilunar valve) of about 0.1-mm thickness. In the closed position, the central margins of the aortic
valve leaflets coapt along the three radii 120˚ apart and seal the aortic orifice. As the ventricular pressure
exceeds that of the aorta, the valve leaflets move rapidly to the fully open position during the first 15%
of systole. The leaflets remain in the fully open position during the quasi-steady forward-flow phase
lasting about 55% of systole. During the deceleration phase, the ventricle relaxes and leaflets move toward
closure due to the adverse pressure gradient across the leaflets. The leaflets rapidly move to the fully
closed position in a small reverse flow phase (3, 4).
At the root of the aorta, three sinuses (sinuses of Valsalva) are present corresponding to the three aortic
valve leaflets, and coronary arteries providing blood supply to the heart muscles arise out of two of the
sinuses. As the ascending aorta rises superiorly from the root of the aorta, its primary plane of curvature
allows the aorta to arch over the left pulmonary vessels and the left bronchus. In addition, a shallow
secondary curvature is superimposed as the aorta gently curves around the esophagus and the trachea
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FIGURE 5.1
aorta.

A photograph of a human aortic cast showing the major branches and bifurcations in the descending

in the mid-arch region. A third plane of curvature is present in the ascending aorta, as the aorta curves
around the left atrium as it rises from the aortic root. The radius-to-radius of curvature ratio of the
primary, secondary, and tertiary curvatures of the human aorta are about 3.8, 7.25, and 7.5, respectively
(5, 6). In the region of the mid-arch of the aorta, three major arterial branches originate. The descending
aorta, lying close to the vertebral bodies and passing through the diaphragm, gives rise to more major
branches that feed blood to the visceral organs. The descending aorta is divided into the thoracic (above
the diaphragm) and the abdominal segments (below the diaphragm). The abdominal aorta bifurcates
into the two common iliac arteries at the level of the fourth lumbar vertebra (1, 2, 5-9).
The cross-section of the aorta is approximately elliptical, with the lumen diameter being slightly larger
in the anterior–posterior plane compared to that in the lateral plane. The lumen of the vessel tapers such
that the cross-sectional area at the beginning of the descending aorta is approximately 50% of the
magnitude at the root of the aorta. Li (10) has expressed the cross-sectional area changes in the aorta in
an exponential form given by the relationship

A(z) = A0 e-kz/r

(5.1)
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where k is the taper factor, r is the radius, z is the axial distance of the vessel from the aortic root, and
A0 is the area at the aortic root. In addition, the vessel wall is also made of visco-elastic material, and the
aortic diameter distends and contracts during the systolic and diastolic phases of the cardiac cycle,
respectively. Thus, the flow development into the aorta is unsteady, passing through a vessel with an
elliptical cross-section that tapers, with a moving arterial wall boundary, curvature in multiple planes,
and major branches in the mid-arch region as well as in the descending aorta. The subject of complicated
flow development in the aortic arch and the descending aorta has attracted the attention of numerous
medical scientists and engineers.
An additional impetus to the study of the nature of flow development in the human aorta is the
presence of atherosclerotic plaques in the aorta and other arterial sites with curvature and regions of
vessel branches and bifurcations. In the aorta, atherosclerotic plaques are observed at the inner wall of
curvature of the aorta (11) and in the region of branch vessels and bifurcations in the aortic arch and
the descending aorta (11, 12).
The preferential location of atherosclerotic plaques in the regions of curvature and arterial bifurcations
(and branches) has led to numerous hemodynamic theories of atherogenesis (13-16). These theories have
sought to explain the effect of fluid mechanically induced stresses on the endothelial cells, the innermost
layer of the vascular intima, as causative factors in the initiation of atherogenic process at these preferential
sites.
The structure of the normal arterial wall consists of three morphologically distinct layers (17): the
intima, the media, and the adventitia. The intima, the innermost layer, consists of a single continuous
layer of endothelial cells bounded by a fenestrated sheet of elastic fibers, the internal elastic lamina. The
media, the middle layer of the muscular artery, consists of diagonally oriented smooth muscle cells
surrounded by collagen, elastic fibers, and proteoglycans. The adventitia, the outermost layer of the artery,
consists of fibroblasts intermixed with smooth muscle cells loosely arranged between bundles of collagen
surrounded by proteoglycans. The pathogenesis of atherosclerosis has been described in numerous
articles, e.g., (17-19). In the experimental animals, the focal site of predilection of atherosclerosis is the
presence of lesion-prone areas with an increased endothelial permeability and intimal accumulation of
plasma proteins including albumin, fibrinogen, and low-density lipoprotein. In addition, the endothelial
cells in the lesion-prone areas have a more polyhedral cobblestone appearance compared to the nonlesionprone areas (18). Fatty streaks appear in lesion-prone areas and are characterized by the presence of
macrophage foam cells surrounded by proteoglycans. The fatty streaks are present commonly in young
persons and are present in the aorta of virtually every child by the age of 10 years (17). Atherosclerotic
plaques do not develop from all fatty streaks, but depend on the elevated levels of low-density lipoproteins
in blood. With lesion progression, cellular necrosis with the release of foam cell lipids to the interstitium
and proliferation of myointimal cells occur with subsequent synthesis of collagen, elastin, and proteoglycans. The formation of fibrous atherosclerotic plaque results in the narrowing of the intima, medial
thinning, and the presence of lymphocytes in the intima and the adventitia (18). Mural thrombosis plays
an important role in the growth of the atherosclerotic plaque. The changes in the appearance of the
endothelial cells in the lesion-prone areas suggest that the role of fluid dynamic stresses may be an
important factor in the initiation of the plaques in the intima of the vessels.
One of the earliest suggested links between the blood flow dynamics and atherogenesis is by Texon
(20-22) who proposed that cell damage resulted from the suction forces in the low-pressure regions at
arterial curvature and bifurcation sites. However, radial pressure gradients in the arterial cross-sections
at these sites will not reduce the pressures significantly to induce considerable suction forces. On the
other hand, it has been demonstrated that gross elevation in the transmural pressure can distort the
geometry of the vascular segments, resulting in further changes in blood flow dynamics (23). Fry (24)
performed in vivo experiments in canine arteries where the endothelial cell response to artificially induced
high wall shear stresses were analyzed. He demonstrated that wall shear stresses of the order of 400
dynes/cm2 resulted in deformation, swelling, and erosion of the endothelial cells. The cell membrane
showed an increase in permeability to albumin, a plasma protein, when exposed to high shear stresses
(25). Even though sites prone to atherosclerotic lesions exhibit increased permeability to low-density
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lipoproteins (LDL), the wall shear stresses in the vasculature under normal physiological conditions range
to about 30 dynes/cm2, significantly smaller than the range of shear stresses that the endothelial cells
were subjected to in the above experiments. Caro and co-workers (14, 26) have suggested that atherogenesis occurs in regions where the wall shear stresses can be relatively low in which excessive lipids are
deposited to the luminal surface. Further studies on such a shear-dependent mass transport mechanism
for atherogenesis have also been reported (27, 28).
At sites of curvature and bifurcations in vascular segments with a complex geometry and unsteady
flow dynamics, the flow can be expected to be highly asymmetric with a complex distribution of wall
shear stresses in the region. At sites of curvature, high shear stresses have been observed along the outer
wall of curvature and relatively low shear stresses and flow reversal during the diastolic phase along the
inner wall of curvature. The flow can be generally treated as laminar with localized flow disturbances
during the peak forward-flow period. Along the flow dividers at sites of bifurcations and branch points,
a stagnation point is present at the apex of the flow divider and elevated shear stresses further downstream
along the flow divider walls. On the walls opposite the flow divider in the branch vessels of a bifurcation
or in the branch vessel and in the parent vessel in the case of a branch vessel, flow separation and low
shear regions may exist even though flow separation has not been conclusively demonstrated in vivo. In
addition to the effect on mass transport of lipids near the wall with varying wall shear stress distribution,
the effect of wall shear stress on the endothelial cells is also an important factor in this complex disease
process. In vitro cell culture studies of endothelial cell responses to flow and cyclic stretch include shape
and orientation, cytoskeletal localization, proliferation, mechanical stiffness, synthesis and secretion,
endocytosis, and intracellular signaling (29). Over the past two or three decades, there has been a burst
of activity in the delineation of the complex flow dynamics in the arterial curvature and bifurcation sites
as well as on the response of the endothelial cells and vascular reactivity to the complex flow dynamics
(16, 29). Correlations between the fluid dynamic variables and intimal thickness indicate that atherosclerotic plaques localize in regions of low and oscillating shear stress. In addition, the blood vessels adapt
the lumen cross-section to maintain the wall shear stresses to relatively constant levels. Intimal thickening
occurs at the sites of low wall shear stress, and the intimal thickening can develop into atherosclerotic
plaques if excessive low-density lipoprotein concentrations are present (16). Hence, an understanding of
the wall shear stress pattern in the vasculature under varying conditions is of importance for the further
understanding of the development of atherosclerosis. In this chapter, we will detail the techniques
employed in describing the complex flow dynamics in the human aorta, the major blood vessel feeding
blood to the systemic circulation.

5.2 Flow Past the Aortic Valve
During the isovolumic contraction phase of the left ventricle, both the aortic and mitral valves are closed
and the ventricular pressure rises rapidly from the diastolic value to the peak systolic pressure. The peak
rate of pressure rise (dp/dt) for the ventricle under normal conditions is about 1500 mm Hg/s (30). As
the ventricular pressure exceeds that of the aorta by approximately 1-2 mm Hg, the aortic valve opens
and the blood is accelerated into the ascending aorta. In the fully open position, the leaflets are aligned
to the axis of the aorta and behind each leaflet is a bulge at the root of the aorta, called the sinus of
Valsalva or the aortic sinus. Two of the sinuses have ostia, giving rise to the coronary arteries, which
provide blood supply to the heart muscles. The sinuses have a useful fluid dynamic purpose in addition
to the possible role in the efficient closing of the valve during the diastolic phase. If the sinuses were not
present, the valve leaflets would come in contact with the coronary ostia and the flow into the coronary
arteries would be blocked resulting in reduced pressure in the coronary arterial bed. Due to the high
pressure differential between the aorta and the coronary arteries, the leaflets would seal against the ostia
and fail to close during the subsequent diastolic phase (31). The systolic phase in which the blood is
pumped into the aorta lasts for about one third of the cardiac cycle. At the end of systole, the valve leaflets
move toward closure and rapidly close as the ventricle relaxes at the beginning of diastole. The flow
dynamics across the native aortic valve has been the subject of numerous experimental and mathematical
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analyses. Bellhouse and Talbot (32) describe steady and pulsatile flow studies in a model aortic flow
chamber including the sinuses; the results showed the presence of vortical flow between the sinuses and
the leaflets in the fully open position. Under steady flow conditions, the leaflets were observed to bulge
into the sinuses by about 1 mm with the vortex occupying the entire sinus. Bellhouse and Talbot (32)
suggest that the pressure differential between that in the sinuses and that in the valve core region between
the leaflets moves the leaflets toward closure at the end of the systolic forward-flow phase. At the beginning
of diastole, the reverse pressure gradient rapidly moves the leaflets to the fully closed position and hence
a minimal amount of blood flows back into the left ventricle. However, the importance of the presence
of the vortices in the aortic sinuses on the valve closing mechanics has been disputed by others (33-35).
Roentgenographic studies in patients with normal aortic valves have shown that, under resting conditions,
the valve opens only to 40% of its maximum opening area and even during exercise, it opens only to
about 66% (36). These studies suggest that the valve opens to a triangular orifice under resting conditions
and moves toward a circular orifice under exercise conditions (33). Hence the leaflets do not project into
the sinuses in the fully open position, and the adverse pressure gradient present during the deceleration
phase moves the leaflets toward closure. The leaflets close completely when the forward flow has ceased,
with minimal regurgitation of blood back into the left ventricle.
The nature of flow development distal to the aortic leaflets is essential for a detailed understanding of
the flow dynamics in the complex geometry of the aortic arch and the descending aorta. Models generally
assume that the accelerated flow through the ventricular outflow tract is relatively uniform, and the flow
distal to the aortic valve is also relatively uniform with vortical flow behind the leaflets in the sinuses.
Wieting (37) performed flow visualization studies with native human aortic valves mounted in an
axisymmetric aortic valve flow chamber and observed relatively flat velocity profiles both proximal and
distal to the valve. Studies on models of the human aorta have also been employed in order to qualitatively
analyze the nature of the flow development in the blood vessel. Timm (38), in a classical study, employed
a flow visualization of dye filaments in a model of the human aorta under steady flow conditions. Further
details of the flow development in the human aorta, including in vivo measurements and experimental
studies with models, will be considered later.
A number of attempts on the measurement of velocity profiles distal to the aortic valve both in animals
and humans have been reported. These studies have included point velocity measurements employing
hot film and Doppler velocimetry techniques, and more recently magnetic resonance phase velocity
mapping. The application of heated film velocity and shear probes for arterial velocity measurements
has been reported (39, 40). In this technique, a miniature probe is inserted through the wall of the vessel
segment in which the velocity measurements need to be made; hence this technique is invasive because
the blood vessel needs to be exposed and the probe inserted into the lumen of the vessel. Especially in
smaller vessels, the probe introduced into the lumen will create additional flow disturbances. The probe
function depends on the heat transfer characteristics as the fluid flows across the metallic film and thus
depends on the fluid properties. The probe needs to be calibrated in the same fluid before and after each
experiment for accuracy of the technique (40). The measurement technique is not sensitive to the
direction of flow across the probe; hence, the technique cannot distinguish between the forward and
retrograde flow that may be present in the pulsatile flow of blood in circulation. Furthermore, accurate
velocity measurements in points closer than 0.5 mm from the wall are not possible with the hot film
probes. The large velocity gradients near the wall cause errors in the calibration of the sensor, and the
accurate positioning of the sensor near the wall becomes critical. The positioning of the probe near the
wall is also difficult due to the radial motion of the wall. Hence, the axial velocity near the wall is usually
determined by measuring the velocity gradient on the wall by surface-mounted hot film probes (40).
Pedley (41) describes the fluid mechanics in the vicinity of the hot film probe and its applicability in
measuring unsteady flows. Hot film probe has been employed in the measurement of velocity profiles
distal to the native aortic valves in the ascending aorta as well as further downstream in the aorta (4249). Velocity profiles obtained in the ascending aorta about 3 cm from the aortic valve in the posterioranterior direction in dogs show a relatively flat profile with a skewing toward the anterior wall (43, 45).
Point velocity measurements immediately distal to the aortic valve in horses were characterized as highly
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FIGURE 5.2 A three-dimensional velocity profile obtained in vivo distal to the native human aortic valve using hot
film anemometry. The peak velocity is approximately 100 cm/s. (Courtesy of Dr. P. K. Paulsen, Skejby Sygehus
Universitetshospital, Arhus, Denmark.)

disturbed (46), whereas they were characterized as laminar under baseline conditions about 4 cm distal
to the aortic valve in dogs (44). Under normal cardiac output in patients with a normal aortic valve,
disturbed flow was observed distal to the aortic valve (47). Detailed three-dimensional velocity profiles
distal to the aortic valve in the ascending aorta in dogs (48) and in humans (49) have been reported. In
these studies, point velocity measurements were obtained using hot film probes positioned at approximately 40 sites in the lumen cross-section of the ascending aorta. Measurements in a plane about 5 cm
from the aortic annulus in humans showed that the cross-sectional velocity profiles were relatively flat
with a skewing that varied with time in systole. A typical three-dimensional velocity profile distal to the
native human aortic valve obtained in vivo is shown in Fig. 5.2. These studies confirm that the velocity
profiles of blood passing through the aortic valve during systole is relatively uniform. The skewness
exhibited by the velocity profiles in the ascending aorta is probably due to the tertiary curvature of the
ascending aorta, as will be discussed later.
It is also possible to measure the velocity profiles by using an ultrasound pulsed Doppler technique,
which presents several advantages over the hot film technique described above. In this technique, ultrasound waves in the frequency range of 1-40 MHz are transmitted across the vessel wall and the Dopplershifted frequency of the waves reflected off the moving red blood cells is detected; the velocity of the
blood cells, and hence the velocity of the blood, is computed. This technique can be operated in
continuous-wave mode in order to detect the mean velocity over the cross-section of the lumen or in
the pulsed-wave mode for point velocity measurements (50, 51). In comparison with the hot film velocity
technique, the ultrasound probe need not be inserted into the vessel for the velocity measurement and
hence does not disturb the flow during measurement. Since the measurement technique is independent
of the fluid properties, calibration of the instrument is not required before each study. Velocity profile
measurements in the aortic annulus in patients with normal aortic valves using two-dimensional ultrasound mapping showed that the velocity profiles were flat with a slight skewing, with the highest velocities
toward the septum (52). Doppler velocity measurements with intraluminal probes in the ascending aorta
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distal to the aortic valve have also been reported (53, 54). Measurements about 2 cm above the aortic
valves in dogs showed a slightly skewed velocity profile with maximum velocities toward the posterior
wall (inner wall of the primary curvature of the aorta). Measurements 6 to 7 cm from the aortic valves
in humans (54) also showed a relatively flat velocity profile with skewing toward the inner wall of
curvature. Moreover, in late systole and early diastole, velocity vectors in the reverse direction (flow
toward the aortic valve) were observed along the inner wall of curvature, while forward-flow velocities
were observed along the outer wall of curvature. Measurements in the ascending aorta of dogs employing
a transluminal probe (55) also showed similar skewing of the velocity toward the inner wall of curvature
and flow reversal along the inner wall in late systole and early diastole.

5.3

Flow in Curved Tubes

In order to measure and interpret the flow dynamics in the complex geometry of the human aortic
arch, it is important to understand the effect of curvature on the flow development. In a classical set of
experiments, Eustice (56, 57) visualized the dye filaments in laminar flow of fluid in curved tubes with
a range of radius-to-radius of curvature ratios and demonstrated the existence of secondary flows with
the fluid moving from the outer bend to the inner bend along the walls of the tube. Dean (58, 59)
developed analytical solutions for fully developed, steady viscous flow in a curved tube of circular crosssection and demonstrated that the degree of influence of curvature on steady streamlined flow can be
expressed by a nondimensional parameter:

D=

a
U2 R
= Re  
2
3
 R
ν a

(5.2)

D is referred to as the Dean number, U is the cross-sectional averaged velocity, a is the tube radius, R is
the radius of curvature, ν is the kinematic viscosity, and Re is the Reynolds number. D is the ratio of the
centrifugal inertial forces and the viscous forces analogous to the definition of the Reynolds number. As
the flow moves around the curved tube, an imbalance between the radially outward centrifugal forces
and the radially inward pressure gradient results in the secondary motion of the fluid. The fluid moves
toward the outer wall along the diametrical plane and returns toward the inner wall along the wall of
the tube. As the result of the secondary motion, the axial velocity is skewed with the maximum axial
velocity magnitudes found more toward the outer wall with increasing Dean number. The development
of the secondary flow and the skewed axial velocity profile are schematically shown in Fig. 5.3. Dean's
analytical solutions were restricted to small radius-to-radius of curvature ratios and hence to Dean
numbers less than 96. Subsequently, numerical analysis techniques with the aid of digital computers have
been employed to extend the solution for fully developed viscous flow to Dean numbers up to 5000 (6067). With an increasing Dean number, a secondary boundary layer begins to develop along the wall with
fluid entering the boundary layer along the outer wall and exiting the same along the inner wall. A further
increase in the Dean number results in more fluid being drawn into the boundary layer along the outer
wall and thus thinning of the boundary layer in this region. There is a corresponding increase in the
boundary layer thickness along the inner wall of curvature to a point where separation has been observed
in this region (60).
Flow development in curved tubes with uniform entry flow is of more interest in physiological flows
since a fully developed flow situation rarely occurs in human circulation due to the presence of numerous
branching and bifurcations in the arterial system. Numerous experimental and analytical studies describing the nature of steady entry flow in a curved tube have appeared in the literature (68-75). As the fluid
enters the curved tube, the viscous effects are confined to a thin layer adjacent to the tube walls. The
fluid in the core region can be treated as inviscid, where the centrifugal forces are balanced by the radial
pressure gradient and the axial velocity profile is skewed toward the inner wall of curvature. The secondary
motion is confined to the thin boundary layer with an azimuthal flow from the outer wall toward the
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FIGURE 5.3 Schematic depiction of the secondary flow with fully developed laminar viscous flow in a curved
tube: (a) skewing of the axial velocity profile with the maximum velocity toward the outer wall of curvature; (b) a
pair of Dean vortices in the cross-section. The secondary flow superposed with the axial flow results in bihelical flow
in the curved tube.

inner wall of curvature. Singh (70) reported on an analytical solution for steady entry flow in a curved
tube restricted to an entry length of O(a) in which the effects of curvature are of second order. He
predicted the presence of several pairs of secondary vortices in the entry region and the crossover of the
maximum axial wall shear from the inner bend to the outer bend as the flow moved downstream. Such
results were verified experimentally by Choi et al. (71) employing electro-chemical wall shear measurements. Yao and Berger (72) analytically extended the solution and predicted that the entrance length in
a curved tube, before the flow becomes fully developed, is shorter than that for a straight tube. Agrawal
et al. (73) measured the axial and transverse components of the velocity profiles for entry flow in a curved
pipe using laser anemometry. Their results showed that the boundary layer along the outer wall becomes
thin, whereas the boundary layer along the inner wall thickens. They also pointed out several discrepancies
between their experimental results and those predicted by the analytical study of Yao and Berger (72).
Scarton et al. (74) have reported on an experimental study in a curved tube whose radius-to-radius of
curvature ratio is more representative of the human aortic arch. Employing dye filament studies, they
were able to visualize the development of the boundary layer along the outer and inner walls of curvature
of the curved tube from an inviscid core region. Their results show that, at the entrance of the tube, the
initially flat velocity profile behaves inviscidly and the axial velocity profile is skewed toward the inner
wall of the tube. They suggest that the thin boundary layer along the outer wall contains a strong
centripetally directed secondary flow that draws the slower moving fluid from the outer wall to the inner
wall. At the inner wall, the fluid is trapped. When a typical streamline, which is moving axially in the
direction of the tube centerline, comes in contact with the growing inner wall boundary layer, it decelerates
axially and accelerates circumferentially along the wall toward the inner wall of curvature, as schematically
depicted in Fig. 5.4. They believe that upon reaching the inner wall, the fluid attempts to re-inject into
the high-speed potential core. However, the fluid lacks sufficient momentum in the radial direction and
hence is trapped along the inner wall as counterrotating Dean vortices. The behavior of the secondary
motion of the fluid near the inner wall is still not clearly understood and is the subject of discussion (75).
The oscillatory flow in curved tubes has also been the subject of both theoretical and experimental
analyses (76-80) and is another step closer to the periodic pulsatile flow in the human aorta. Lyne (76)
and Zalosh and Nelson (77) have presented analysis of oscillatory flow in curved tubes. In unsteady flow
development, the nature of secondary flow is governed by the unsteady Reynolds number, Rs, given by
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FIGURE 5.4 Schematic diagram showing the twin Dean vortices of steady entry flow into a curved tube, trapped
in the boundary of the inner wall.

Rs =

W 2a
Rων

(5.3)

where W is a typical velocity along the axial direction, ω is the frequency of the oscillatory pressure
gradient, and ν is the kinematic viscosity. Lyne divided the flow into two regions: a core region in which
the flow is essentially inviscid and exhibits a secondary flow that is opposite in a sense to that predicted
for steady fully developed flow; and a boundary region, where viscous effects dominate and exhibit
secondary flow in the same sense as that in steady flow in curved tubes. Lyne (76) describes that the
secondary flow generated by the centrifugal forces are confined to the thin Stokes layer. The fluid in this
boundary layer moves from the outer wall toward the inner wall along the wall and returns to the outer
wall at the edge of the boundary layer. The boundary layer secondary flow drags the fluid in the core
region with it resulting in a secondary flow in the core region in the opposite direction. Hence in
oscillatory flow along a curved tube, the axial velocity profiles are skewed toward the inner wall of the
curve. Chandran et al. (78) simulated oscillatory flow in curved elastic tubes simulating flow in the
arterial curvature sites with flexible walls. A perturbation technique was employed on a solution for
oscillatory viscous flow through thin-walled straight elastic tubes (79). This analysis suggested that the
secondary flow in a cross-section changed directions at various times during the period of oscillation
and confirmed the results of Lyne (76) that the maximum axial wall shear stress was present along the
inner wall of curvature. Munson (80) qualitatively verified the flow dynamics predicted by the above
theoretical analyses. He employed dye filament studies for oscillatory flow of various frequencies along
a clear plastic tube formed in a hoop and, for large frequencies, was able to demonstrate two distinct
flow regions predicted by the theoretical analyses. Smith (81) and Chandran et al. (82) have analyzed
the flow development of pulsatile flow (unsteady flow with nonzero mean) in curved tubes. A pulsatile
pressure trace was decomposed into the steady and first six oscillatory flow components in simulating
the physiological pulsatile flow (82). Their results showed that the wall shear stresses for the steady flow
component resulted in higher magnitudes along the outer wall of curvature. However, superposition of
the first six oscillatory component on the steady flow component resulted in wall shear stresses an order
of magnitude higher than the steady flow magnitudes with higher magnitudes along the inner wall of
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curvature. Mullin and Greated (83, 84) have also reported on oscillatory developing and fully developed
flow in a curved tube by using both experimental and numerical techniques.
Pedley (85) and Singh et al. (86) have reported on the analysis of unsteady entry flow in curved tubes.
Singh et al. (86) examined the development of pulsatile entry flow (sinusoidal flow with a nonzero mean)
in a rigid curved tube with a radius-to-radius of curvature ratio of 0.1. Their study showed that the axial
velocity profile initially would be skewed toward the inner wall of curvature. As the flow develops, the
effect of curvature will increase the secondary flow in the boundary layer, drawing fluid azimuthally from
the outer wall to the inner wall. Hence, the boundary layer along the inner wall will thicken, whereas it
will be thinner along the outer wall. They also predicted a gradual development of reverse flow along
the inner wall during the deceleration phase of the pulsatile flow cycle due to the effect of the adverse
pressure gradient on the slower moving fluid. Quantitative experimental studies on pulsatile entry flow
in curved tubes using flow visualization and hot film anemometry techniques were reported by Chandran
et al. (87) and Chandran and Yearwood (88). A similar experimental study employing a laser Doppler
anemometry technique has been reported by Talbot and Gong (89). Lin and Tarbell (90) reported on
numerical and experimental analyses of periodic flow in a curved pipe. Chandran and Yearwood (88)
simulated physiological pulsatile flow in a curved pipe with a uniform entry as would be expected with
flow past the aortic valve in the human circulation. Their study demonstrated that reversed flow was
present along the inner wall of curvature during the diastolic phase of the flow cycle. The maximum
axial velocity was observed near the outer wall of curvature at the entrance region, shifted toward the
inner wall as the flow progressed downstream into the curved pipe, and once again, shifted toward the
outer wall further downstream. Typical axial velocity profiles at various cross-sections in the curved tube
during the systolic and diastolic phases are shown in Fig. 5.5. More extensive results by Talbot and Gong
(89) were in agreement with the results of Chandran and Yearwood (88). A comprehensive review of the
theoretical and experimental studies on flow in a curved tube is presented by Berger et al. (75); interested
readers are referred to that work for further details on the flow development in curved tubes. It should
be pointed out that the skewed velocity profiles measured distal to the aortic valves in the ascending
aorta discussed earlier are consistent with the skewing of the velocity reported at the entrance to the
curved tubes as discussed above.

5.4

Flow in the Aortic Arch

Even though the studies described above on the flow development in curved tubes provide excellent
insight on the nature of the secondary flow and the resulting skewing of the axial velocity profiles, the
nature of flow development in the human aorta is further complicated by the noncircular cross-sectional
geometry, secondary and tertiary curvatures, tapering, distensibility of the wall, and branch vessels
emanating from the mid-arch region. Qualitative flow visualization and quantitative velocity measurement techniques as well as limited in vivo measurements have been obtained in an attempt to delineate
the details of the complex flow development in the human aorta. Even though curved tubes with radiusto-radius of curvature ratio close to that of the human aorta have been used in some of the studies
reported in the previous section, regular circular cross-section of the tubes and absence of branches are
notable restrictions in those studies.
Timm (38) employed a dye filament visualization technique to analyze steady flow development
through a three-dimensional glass model of the human aorta. He believed that the flow disturbances he
observed from this technique were the result of turbulence, while Scarton et al. (74) point out that the
disturbances he observed may have been the result of the complicated secondary flows in the aorta. Caro
et al. (26) also employed a three-dimensional glass model of the human aorta to examine the nature of
wall shear stress distribution in the aorta. They used air as the fluid medium, with steady uniform entry
into the model carrying a trace of nitrous oxide for flow visualization; their results showed that the outer
wall of curvature experienced higher levels of shear stress, whereas the lower levels were observed along
the inner wall. Since atherosclerotic lesions are observed along the inner wall of curvature, these findings
led them to propose the shear-dependent mass transfer mechanism for atherogenesis. Rodkiewicz (11)
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FIGURE 5.5 Axial velocity profiles at various diametrical traverses in a curved tube with physiological pulsatile
entry flow: (a) during peak forward-flow phase; (b) during the diastolic flow phase. L is the axial distance along the
curved tube and a is the radius of the tube cross-section. (From Reference 8, with permission.)

analyzed pulsatile flow in a two-dimensional channel simulating the geometry of the aortic arch with
the three major arterial branches in the mid-arch region. His results in the two-dimensional model
suggested that five regions of flow stagnation and four regions of boundary layer separation occur within
the aortic arch under pulsatile conditions. Studies on an atherosclerotic rabbit model correlated the
region of boundary layer separation along the inner wall of curvature with sites of atherosclerotic plaque
development in the rabbit aorta. The experimental technique used a qualitative flow visualization technique, and hence quantitative wall shear stress measurements were not available in this study. Furthermore, no analysis of secondary motion of fluid was possible since the study was restricted to a twodimensional model. Wright and Temple (91) also have reported on a three-dimensional model of the
human aorta in order to conduct flow visualization studies in the ascending aorta to analyze the effect
of prosthetic valves in the aortic root. Roach (92) experimentally analyzed steady flow through a threedimensional model of the human aorta using flow visualization of dye filaments. Their studies also
showed that the fluid near the outer wall of curvature was trapped in the boundary layer and moved
along the wall toward the inner wall similar to those described by Scarton et al. (74). Fluid along the
inner wall remained trapped in the boundary layer, lacking enough radial momentum for it to be reinjected into the potential core.
In order to perform experimental measurements in the realistic geometry of the aorta, a model flow
chamber replicating the human aortic geometry is essential. Yearwood (5-7) has described a process
involving several steps of making such a model from a casting obtained from a cadaveric human aorta.
Briefly, room temperature vulcanizing (RTV) silicone rubber is injected at physiological pressure (about
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FIGURE 5.6 Acrylic models of the human aortic arch made from cadaveric in situ casting: (a) model without the
branches in the mid-arch region; (b) model including the branches. The multiplanar curvature is clearly observed
in the models.

100 mm Hg) into the previously prepared aorta in the cadaver so that the rubber filled the aorta as well
as the branch vessels coming off the aorta. The silicone rubber is allowed to cure overnight and the aorta
is dissected out of the cadaver. The human tissue of the aorta is dissolved by immersing it in a 10%
potassium hydroxide solution and the silicone rubber casting is coated with petroleum jelly and halfimbedded in a slab of plaster to get one half of a mold. The process is repeated to obtain two halves of
plaster molds to accurately reflect the aortic geometry in three dimensions. A duplicate RTV silicone
casting is obtained from the plaster mold so that a working mold made of a durable commercially available
dental stone can be made. The dental stone mold inner surface is polished with a jeweler's rouge to
provide a smooth flow surface. Another RTV silicone rubber casting is made from the dental stone mold
and a new RTV silicone rubber mold is obtained as described above. The new rubber mold is used to
produce a dental stone casting of the aorta. The dental stone casting is once again polished on a buffing
wheel with jeweler's rouge. Clear methylmethacrylate (Plexiglass) is poured around the cast under a
pressurized nitrogen atmosphere (91). The dental stone is slowly dissolved out of the acrylic block by a
concentrated solution of sodium citrate. The final form of the aortic flow chamber is machined out of
this block including the appropriate connections for the inflow and outflow sections. Figure 5.6a shows
an acrylic aortic arch flow chamber made by employing such a process without incorporating the branches
in the mid-arch region. A second flow chamber including the branches using a similar process employed
in additional flow studies (93-99) is shown in Fig. 5.6b.
The experimental analysis of flow development in the model human aorta without the branches (57) included both qualitative flow visualization and quantitative velocity profile measurements using the
hot film anemometry technique in two orthogonal diametric traverses, under steady and physiological
pulsatile flow conditions. The velocity profile at the inlet cross-section was uniform in these studies. The
results of these studies when compared to those reported in a curved tube geometry of circular crosssection showed several similarities and differences. The results showed the development of strong secondary motion with fluid being trapped along the inner wall of curvature. During the diastolic phase of
the pulsatile flow cycle, a reversed flow was observed along the inner wall even though the reverse flow
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FIGURE 5.7 Typical flow visualization during peak forward-flow (a: systole) and reverse-flow (b: diastole) phases
of a cardiac cycle along the primary curvature of a human aortic arch model without the branches at the mid-arch
region. The aortic root is to the left of the figure.

was not well defined and more diffuse than those found in curved tube geometry (87, 88). The reason
for the same is believed to be the additional complexities introduced by the secondary curvature in the
mid-arch region. At the beginning of the descending aorta, trapped vortices were observed along the
inner wall of curvature; further into systole, the vortical motion was observed to occupy the entire crosssection. Typical flow visualization pictures of the flow in the aortic arch during the systolic and diastolic
durations are shown in Fig. 5.7. In systole, streamlined motion along the primary curvature of the aortic
arch is observed with secondary flow along the inner wall of curvature in the beginning of the descending
aorta. This secondary vortical flow along the inner wall is clearly visualized in the cross-sectional view
of the descending aorta shown in Fig. 5.8 during systole. At the beginning of diastole, reversed flow is
observed along the inner wall in the descending and ascending aorta with slight forward flow persisting
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FIGURE 5.8 Flow visualization indicating the nature of the secondary flow in the aortic arch model: (a) at the
cross-sections of the ascending (right) and descending (left) aorta; (b) at the cross-section in the mid-arch region.

along the outer wall of the arch. The cross-sectional view of the ascending aorta, seen in Fig. 5.8, also
shows the secondary motion of the fluid rather than pure axial flow. The cross-sectional view of the midarch region also clearly shows the vortical flow asymmetrically located near the inner and lower walls
due to the effect of secondary curvature. Axial velocity profiles, measured with hot film anemometry
from the inner wall to the outer wall of curvature of the arch from the ascending aorta to the beginning
of the descending aorta, confirm the qualitative observation from the flow visualization photographs (7).
The fluctuations were also observed in the axial velocity profiles observed near the inner wall in the midarch and descending aorta and are the result of trapped vortical motions along the inner wall observed
in the flow visualization pictures described above. Axial wall shear stresses computed from the measured
velocity profiles also reveal higher magnitudes along the inner wall in the mid-arch region with shear
stress changing directions during a cardiac cycle. It is interesting to note that pathological lesions normally
appear along the inner and lower walls of the aortic arch in the human aorta (100) and in rabbit models
(11) where flow reversal and fluctuating shear stresses are predicted in the model studies. In spite of the
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FIGURE 5.9 Flow visualization in the model human aorta during the peak forward-flow phase with various valve
prostheses at the aortic root: (a) tissue valve during the early diastole; (b) tilting disc valve with the major orifice
toward the outer wall of curvature in systole; and (c) bileaflet valve in systole.

fact that the experiments described above were conducted in a rigid model of the aortic arch without
including the branches that arise in the mid-arch region, this study — which included both qualitative
flow visualization and detailed quantitative velocity measurements — provided a picture of the influence
of secondary motion on the flow dynamics in the human aorta. Chandran and co-workers (93-99)
employed the three-dimensional model of the human aorta including the major branch vessels in the
aortic arch in order to perform qualitative flow visualization and quantitative laser Doppler anemometer
studies on steady and pulsatile flow development past various valve prostheses in the aortic annulus. As
would be expected, the flow development in the ascending aorta was highly dependent on the valve
design as well as on orientation of the valve with respect to the aortic root. Even in the mid-arch region,
the velocity profiles exhibited variations depending on the valve at the root of the aorta. Typical flow
visualization pictures during the peak forward-flow phase with a tissue valve at the root of the aorta as
well as a tilting disc valve in two different orientations are shown in Fig. 5.9. Velocity measurements
obtained using laser Doppler anemometry techniques at various planes in the aortic arch with a tilting
disc mechanical valve and a porcine tissue valve are shown in Fig. 5.10. Even though the model human
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FIGURE 5.10 Velocity profiles measured in the various cross-sections in the model of the human aortic arch by
laser Doppler anemometry technique with (a) a porcine tissue valve; and (b) a mechanical tilting disc valve (courtesy
of References 92, 95, and 96).

aorta retained the complex three-dimensional geometry of the human aorta, including the major
branches at the mid-arch region, the distensibility of the aorta was not taken into account in the studies
described above. Rieu et al. (101) have described the results of velocity measurements with a caged ball
valve at the root of the aorta in a compliant (clear polyurethane) model of the human aorta including
the aortic arch and the iliac bifurcation. A pulsed Doppler velocimetry technique was used in this study
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to measure the velocity profiles in the elastic arch model. The measured velocity profiles during systole
were found to be qualitatively similar to the previously described results in the rigid model of the aorta
even though the elasticity of the arch was suggested to dampen the postvalvular disturbances.
Even though detailed evaluation of flow dynamics is possible with models of the human aorta with
in vitro experiments, one cannot extrapolate the results from in vitro experiments to describe the flow
dynamics in the human aorta in vivo. Limited experimental data have been available from in vivo
measurements both in animal models as well as in the human aorta, and those results can be used to
qualitatively compare the results described above employing in vitro experiments. As described earlier,
hot film and Doppler anemometry techniques were used earlier to measure the velocity profiles distal to
the aortic valve in the ascending aorta (43-54) and the results showed a skewed velocity profile with
skewness toward the inner wall of curvature. These results are qualitatively similar to those described
above in the laboratory studies. Farthing and Peronneau (55) employed the Doppler velocimetry technique to measure the velocity profile in vivo in the aorta of dogs during a cardiac cycle. During systole,
the velocity profiles were skewed toward the inner wall of curvature (posterior wall) in the ascending
aorta and in the mid-arch region, whereas the velocity profiles in the descending aorta were relatively
flat. At the beginning of diastole, flow reversal was observed along the inner wall of curvature throughout
the arch. The diastolic flow reversal demonstrated probably for the first time in vivo in this study was
qualitatively similar to the flow reversal along the same region described in the in vitro studies. The
velocity vector plots in this in vivo experiment also indicated a significant transverse velocity component
indicative of strong secondary flows through most of the cardiac cycle. A qualitative comparison of the
axial velocity profiles from in vivo measurements in dogs and in vitro measurements in the model human
aorta in the mid-arch region is shown in Fig. 5.11. The similarity between the two profiles is clearly
observed. Doppler measurements in the ascending aorta in late systole and early diastole in humans have
also demonstrated the existence of bidirectional flow with flow reversal along the left posterior wall (inner
wall of curvature) and forward flow along the right anterior wall (outer wall of curvature) similar to
those described in the laboratory studies. The point velocimetry techniques applied to in vivo measurements will result in a limited amount of data due to practical limitations on the invasiveness of the
technique and limits on the sites at which such data can be obtained. Moreover, a detailed description
of the secondary flow development in the aorta is not possible with such techniques.
More recently, with the advent of transesophageal echocardiography (TEE) and magnetic resonance
phase velocity mapping techniques, rotational flow in the human aorta has been demonstrated in vivo.
Frazin et al. (102) employed TEE and color Doppler imaging to obtain cross-sectional flow imaging in
the descending aorta in humans. Data were obtained in patients at the retroventricular level and 5 and
10 cm above that level with aortic cross-sections as circular as possible to ensure that the effect of axial
velocity component on the Doppler images will be minimized. The images revealed red and blue hemicircles indicative of strong rotational flow in the cross-sections in the descending aorta. Such rotational
flows in the aortic arch were also confirmed by repeating the color Doppler studies in a model of the
human aorta in vitro. A schematic of the rotational flow in the aorta depicted from color Doppler
measurements at various cross-sections in the model human aortic arch as well as measurements in
patients is depicted in Fig. 5.12. Stonebridge and Brophy (103) examined the blood flow patterns during
infra-inguinal reconstruction using fiber-optic angiography and demonstrated ribbing and spiral folds
at the endoluminal surfaces of the arteries in a majority of the subjects. They suggested that spiral flow
patterns in the arteries may be more efficient in flow perfusion of branch vessels in the descending aorta.
A magnetic resonance phase velocity mapping technique has been used noninvasively to obtain the threedimensional flow field in the internal organs such as the left ventricle and the human aorta (104, 105).
Velocity mapping in the human aorta in vivo with this technique (105) has also demonstrated the existence
of a right-handed clockwise rotation of the blood as it flows downstream in the human aorta, and an
anticlockwise motion in the diastolic phase. With further advances in the noninvasive imaging modalities,
noninvasive quantitative determination of the complex three-dimensional, time-dependent flow patterns
in the human heart and in major vessels should be possible in the near future. Information obtained
from such imaging modalities along with developments in computational flow dynamic analysis in
www.4electron.com
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FIGURE 5.11 Comparison of axial velocity profiles in the mid-arch region during the forward-flow phase: (a) in
vitro laser Doppler measurements with a pericardial valve at the aortic root (redrawn from Yearwood and Chandran,
6); (b) in vivo Doppler velocimetry data in the aorta of a dog. (Top, from Reference 8, with permission; bottom,
from Reference 55 with permission.)

complex geometries will enable us to delineate the flow dynamics and the distribution of fluid dynamic
stresses in the various segments of the human circulation (106). The nature of the secondary flow
development in the ascending aorta, as well as in the mid-arch region, has also been shown to depend
on the nature of the entry flow at the aortic root. With diseased valves as well as valve prostheses of
various designs at the aortic root, the nature of flow development in the arch as well as in the branches
arising at the arch will change (94-99) and the long-term effects of such changes have yet to be investigated.

5.5 Flow in the Descending Aorta
Flow dynamics in the descending aorta (including the thoracic and abdominal aorta) has been the subject
of numerous experimental and computational studies. Particularly in the abdominal aorta below the
diaphragm, the flow dynamics is further complicated by major arterial branches. A schematic of the
major branch vessels in the abdominal aorta including the aortic bifurcation is shown in Fig. 5.13. These
include the celiac, superior mesenteric, and the right and left renal arteries below the diaphragm, and
the inferior mesenteric artery and the iliac bifurcation in the distal end. This region is also the site of
prevalent atherosclerotic disease (12) along with the regions of branch vessels in the aortic arch (11) and
carotid artery bifurcation (16). Flow dividers and arterial branches are characterized by the angle of
branching as well as the branch-to-main vessel area ratio, and the geometry at these sites varies signifiwww.4electron.com
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FIGURE 5.12 Schematic of rotational flow in the aorta depicted from color Doppler cross-sectional imaging in the
model human aorta as well as measurements in patients using transesophageal echocardiography. A: A clockwise
rotation along the direction of blood flow in the transverse arch in systole and diastole; B: A retrograde helical flow
in the proximal descending aorta observed in the model as well as in most of the patients studied; and C: A forwardflowing helix observed in the descending aorta in systole in most patients studied. (From Reference 102, with
permission.)

FIGURE 5.13 A schematic of the major branch vessels in the abdominal aorta and the aortic bifurcation (Courtesy
of T. Shipkowitz, Ph.D., St. Jude Medical, Inc.)
www.4electron.com
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cantly in the human cardiovascular system. Numerous experimental and computational studies have
been reported on steady and pulsatile flow development in sites of arterial branches and bifurcations
(107) and will not be described in detail in this chapter. However, we will briefly discuss the studies
reported on the flow dynamics in the abdominal aorta and its branches as well as the effect of rotational
flow on the flow abdominal aortic flow dynamics.
The flow visualization technique has been employed to analyze the flow dynamics in a model of the
abdominal aorta and the renal arterial branches (108-110). The results predicted flow separation in the
renal arteries during various times in the cardiac cycle; such behavior was highly dependent on the flow
ratios employed in the experiments. A separation zone was also observed in the aorta near the flow
divider region, and since low shear rates are generally present in the separation zones, these sites were
suggested as preferential location for atheroma. Detailed steady and pulsatile flow experiments have been
reported more recently in physiologically realistic models of the abdominal aorta (111-117). These
experimental models simulated the anterio–posterior curvature present in this vessel segment as well as
most of the major branches present in this region. The experimental techniques have included qualitative
flow visualization and quantitative velocity measurements including magnetic resonance imaging velocimetry employing phase-velocity encoding. Steady flow visualization demonstrated large recirculation
and stagnation regions in the aorta opposite the mesenteric arteries and additional counter-rotating
vortices in the infrarenal region (111, 114). These studies also demonstrated the dependence of velocity
patterns in the abdominal aorta on the flow division ratios, which may vary depending on the different
physiological states. In pulsatile flow, the flow in the infrarenal region was more disorderly with the
presence of vortices and separation regions. The velocity profiles were skewed toward the anterior wall
and oscillations and retrograde flow were observed along the posterior wall. Under exercise conditions,
simulated by modified flow specifications at the inlet cross-section, the vortices and flow separation
regions were significantly reduced, suggesting that exercise will be beneficial in reducing the rate of
progression of atherosclerosis at these sites. The velocity profiles measured near the renal arteries in these
models were in agreement with the velocity profile measurement in the abdominal aorta of anesthetized
dogs (118).
As was pointed out earlier, recent in vivo measurements in the descending aorta employing magnetic
resonance imaging employing phase-velocity encoding and transesophageal echocardiography using
color Doppler imaging have clearly demonstrated the presence of significant secondary flow in the
descending aorta, even in the region of renal arteries (102, 105). It can be anticipated that the secondary
flow, which is present at the entrance region to the descending aorta and which continues to be present
even in the abdominal aorta, will have a significant effect on the flow dynamics in the main vessel as
well as in the branches in the region of the abdominal aorta. A computational flow dynamics analysis
has recently been reported on the effect of rotational flow in the abdominal aortic flow dynamics as well
as in the renal arteries and the iliac bifurcation (119-121). This study involved a steady flow simulation
in a computational model of the abdominal aorta with averaged anatomical dimensions. The model
included the left and right renal arteries as well as the iliac bifurcation, but did not include the other
major branch vessels. The model with the appropriate dimensions and the three-dimensional computational mesh is shown in Fig. 5.14. Initially, the model was exercised with axial velocity at the inlet with
a uniform entry as well as fully developed parabolic velocity profile. Subsequently, secondary flow
simulation at the inlet cross-section was specified from the in vivo magnetic resonance imaging data of
the abdominal aorta. The main interest in this study was the effect of rotational flow on the axial wall
shear stress in the renal arterial branches and the iliac bifurcations. Typical results of the axial shear stress
distribution in the renal and iliac arteries with and without the rotational flow at the inlet cross-section
are shown in Fig. 5.15. These results demonstrated that the flow rate ratios and wall shear stress magnitudes in the branches were affected by the presence of rotational velocity components and also were
dependent on the parabolic or uniform axial velocity at the inlet cross-section. The addition of the
secondary flow component affected the magnitudes of the shear stresses in the axial and transverse
directions, but did not change the overall shape of the distribution in the renal or iliac arteries. The
helical flow redistributed the shear stress between the branches with a decreased difference in shear
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FIGURE 5.14 Schematic of the computational model of the abdominal aorta including the renal arteries and the
iliac bifurcation. The details of the three-dimensional computational mesh of the renal arteries branch and the iliac
bufurcation sections are shown in the bottom of the figure (Courtesy of T. Shipkowitz, Ph.D., St. Jude Medical, Inc.)

stresses between the inner and outer walls in the iliac arteries and the suppression of reversed-flow regions
compared to that computed in the absence of the rotational flow component. These studies emphasize
the importance of including the secondary flow developing as the blood flows through the complex
geometry of the human aorta on the flow dynamics in the branch arteries. The differences may be more
significant under the phyiological pulsatile flow and has yet to be investigated.

5.6 Summary
The human aorta is the major blood vessel receiving blood from the left ventricle and feeding the same
to the systemic circulation. The aorta has a complex, three-dimensional geometry including a multiplanar
curvature, tapering, distensible walls, and with major arterial branches in the mid-arch region as well as
in the descending aorta. The flow development in this vessel under physiological pulsatile flow past the
trileaflet aortic valve is complex, involving significant secondary flow development, and flow reversal.
The detailed flow dynamics is of further interest in determining the time-dependent wall shear stress
distribution along the inner surface of the aortic lumen and also in the entrance region of branch arteries
and in the aortic bifurcation. Accurate determination of the wall shear stress distribution will aid in the
correlation of shear stress and formation of atherosclerotic plaques and improve our understanding of
the initiation and development of the complex disease process. As described in this chapter, computational
analysis of models, experimental measurements in models, and limited in vivo measurements in animals
and humans have improved our understanding of the flow dynamics in the human aorta. Our understanding of the flow development in the human aorta has been further aided by detailed studies in curved
tube geometry. In this chapter, we have reviewed the pertinent works on the measurement and analysis
of flow past the aortic valve at the root of the aorta, steady and unsteady flow development in curved
tubes, and flow dynamic analysis in the human aortic arch as well as in the descending aorta and the
aortic bifurcation. Further developments in the noninvasive imaging technology, in accurate velocity and
www.4electron.com
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FIGURE 5.15 Comparison of the axial wall shear stress distribution with parabolic inlet velocity profile and with
the inclusion of the rotational velocity component; top left: along the superior wall of the left renal artery; top right:
along the inferior wall of the left renal artery; bottom left: along the outer wall of the left iliac artery; bottom right:
along the inner wall of the left iliac artery. The axial distance Z along the wall is normalized with the diameter, D,
at the inlet cross-section of the abdominal aorta. (Courtesy of T. Shipkowitz, Ph.D., St. Jude Medical, Inc.)

wall shear measurement techniques, and in the computational flow dynamic analysis will aid in our
further understanding of the complex flow dynamics in the human circulation and its implication in the
development of the arterial disease processes.
Several pertinent references were selected for citation in the text in order to refer the interested readers
to more details of the experimental or analytical techniques used in the evaluation of flow dynamics in
curved tubes and in the human aorta. However, the reference list was not intended to be comprehensive,
and additional references can be found in the reference articles and monographs cited in this chapter. I
apologize to those investigators whose significant contributions to this important research area may not
have been included in the brief list of references cited in this chapter.
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6.1 Introduction
The mechanical properties of the arterial wall are very important because they influence arterial physiology and the development and progression of arterial diseases via effects on blood flow and arterial
mass transport. Furthermore, stresses and strains in the arterial wall are extremely important factors in
the understanding of the pathophysiology and mechanics of the cardiovascular system. Stresses and
strains cannot be analyzed without exact knowledge of the mechanical properties of the wall. In this
chapter, the authors review the methodologies for the determination of the elastic properties of arterial
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FIGURE 6.1 Dumbbell-shape, helically strip, and ring specimens for uniaxial tensile testing.

walls, their basic characteristics and constitutive laws, the distribution of stress and strain in the arterial
wall, and the effects of age and diseases on arterial structure and wall elasticity.

6.2 Measurement of Arterial Elasticity
Uniaxial and Biaxial Tensile Testing
One of the simplest methods for the determination of the mechanical properties of solid materials is
uniaxial tensile testing, in which uniaxial force is applied to flat strip or long cylindrical specimens, and
the force and specimen deformation are measured. Although many conventional tensile testers are
commercially available for engineering metals, plastics, and elastomeric polymers, most of these testers
are equipped with heavy-duty machine frames and load cells of large capacity. For the testing of vascular
walls, we should select testers having the capacity of, say less than 500 N, or use custom-made testers.
Tensile tests are most commonly used in pharmacological studies, in particular for the evaluation of
vaso-acting substances.
Uniaxial load testing is simple but, nevertheless, provides us with basic and useful information on the
mechanical properties of arterial walls. This test is usually done using dumbbell-shape specimens, helically
stripped specimens, and ring specimens cut out from vascular walls (Fig. 6.1). These tests are classified
into three categories: uniaxial tensile tests, creep tests, and relaxation tests. In uniaxial tests, an increasing
force is steadily applied to the longitudinal direction of a specimen, and the resulting specimen deformation is measured, which gives relations between stress (force divided by specimen cross-sectional area)
and strain (specimen elongation divided by reference specimen length). Creep and relaxation tests are
used for the evaluation of the viscoelasticity or inelastic properties of materials. In the creep test, specimen
elongation is measured while a constant static or cyclic force is applied to a specimen, whereas in the
relaxation test stress reduction is observed while a specimen is elongated to a constant length and
maintained at that length. Among these tests, uniaxial tensile testing is the simplest and most fundamental
method for the determination of the elastic properties of materials, which are evaluated primarily on the
basis of stress-strain relations.
www.4electron.com
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FIGURE 6.2 Biaxial tensile test of a flat specimen.

In these tests, careful specimen preparation is necessary, because specimen cutting affects the results
obtained. For example, we should pay attention to the orientation of specimens, because biological tissues
are mostly anisotropic, and their mechanical properties depend on direction. In particular, when we use
helical strip specimens, we have to consider the direction of the force applied in relation to the orientation
of connective tissues and smooth muscle cells. In addition, it is important to ensure that the force and
deformation applied to the specimens are within a physiologically meaningful range.
Under in vivo conditions, arteries are tethered to or constrained by perivascular connective tissues and
side branches, and pressurized by blood from inside. These forces develop multiaxial stresses in vascular
walls. For the determination of the mechanical characteristics of arteries under multiaxial conditions,
biaxial tensile tests can be utilized to simultaneously apply forces in the circumferential and longitudinal
directions in the manner shown in Fig. 6.2. However, it should be noted that the effect of wall radial
stress is ignored in this case.

In Vitro Pressure-Diameter Testing
Although uniaxial and biaxial tests on flat, strip, and ring specimens are often performed to determine
the mechanical properties of arterial walls, pressure-diameter data obtained from the tubular segments
of blood vessels are more important and realistic. Arteries are extended in the axial direction inside the
body by the tether due to perivascular tissues and side branches and, therefore, they retract in length
when they are excised. The magnitude of longitudinal retraction is up to approximately 50% (1-8).
Therefore, when we mimic the in vivo condition for in vitro experiments, excised vessels have to be
extended to their in vivo length. For this purpose, we put small marks on the outer surface of vessels
before resection and measure the distances between the marks. During in vitro experiments, the in vivo
axial length of the vascular segments is restored by referring to these distances. Relatively simple test
devices are used to obtain pressure-diameter data, one of which is shown in Fig. 6.3 as an example (5).
With this device, the axial extension of blood vessels cannot be changed during pressure-diameter testing.
However, useful pressure-diameter data may be obtained with this experimental set-up, because it is well
known that arterial length changes very little in vivo during the cardiac cycle (9). If measurements of
axial force are required in order to obtain pressure-diameter-axial force relations for the purpose of
determining multiaxial constitutive laws (see Section 6.4), a load cell may be attached to one end of the
vessel. To keep arterial specimens alive, we immerse them in an appropriate solution such as Krebs-Ringer
solution maintained at a temperature of 37°C while being aerated with a mixture of 95% oxygen and
5% carbon dioxide. Humphrey et al. (10) have recently designed a more comprehensive test system by
which finite extension, inflation, and torsion can be combined under software control and closed-loop
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FIGURE 6.3 A typical experimental setup for the pressure-diameter-axial force test of a tubular specimen. For
pressure-diameter test, the load cell for axial force is not used. A TV camera is used for the measurement of specimen
diameter by means of a video dimension analyzer. (From Ref. 5, with permission from Elsevier Science.)

operation. Vorp et al. (11) have developed a device for the application of intravascular pressure, axial
extension, and cyclic twist to perfused vascular segments.
Intravascular pressure is measured with fluid-filled pressure transducers, semiconductor pressure
sensors, catheter-tip micropressure transducers, etc. For the in vitro measurement of wall diameter during
pressure diameter tests, a great variety of devices have been used. These include still or movie cameras
(4, 12), video dimension analyzers and similar devices (5, 10, 13-17), photocells combined with light
emitting diodes or scanning lasers (11, 18-20), radiographic methods (21), sonomicrometers (22-27),
differential transformers (28-30), wire-strain gauge-pasted cantilevers or calipers (31-35), and electrolytic
transducers (36). Several of these methods have also been applied to in vivo animal experiments. The
first four methods are advantageous because they do not require contact with the vessel wall and,
therefore, there is no possibility of specimen deformation due to sensor-induced force. In recent years,
video dimension analyzers have been widely used because of their high accuracy and easy handling. With
a video-based particle tracking method, it is possible to measure the axial deformation and twist of vessels
by monitoring the movement of small markers affixed to the specimen surface (10,11).

In Vivo Invasive Methods
It is widely recognized that the mechanical properties of blood vessels are insensitive to storage at
approximately 4°C for up to 48 hours (37-39). However, it is more realistic and informative to obtain
data from in vivo experiments under in situ conditions. As a result of recent progress in ultrasonic
techniques, arterial diameter and even arterial wall thickness may be measured noninvasively with good
precision. These methods are being used not only for in vivo animal experiments but also for clinical
diagnosis of vascular diseases. An overview of noninvasive techniques is given in the following section.
On the one hand, it is true that the data obtained from these experimental and clinical cases are very
useful and provide important information concerning arterial mechanics. On the other hand, it is also
true that many factors considerably affect the results obtained. These include physiological reactions to
momentary changes in body and ambient conditions as well as the effects of anesthesia and respiration.
In addition, since there has been some difficulty in applying the methods to small-diameter blood vessels,
www.4electron.com
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FIGURE 6.4 A sonomicrometer sensor attached to the adventitial surface of a blood vessel. (From Ref. 27, with
permission from Gordon and Breach.)

accurate measurements of vascular diameter and wall thickness with current techniques have been mostly
limited to the thoracic and abdominal aortas and large peripheral arteries.
Before these noninvasive ultrasonic techniques were developed, in vivo measurements of vascular
diameter were invasively performed following surgical exposure of blood vessels, using strain gaugemounted cantilevers (32, 35), strain gauge-pasted calipers (31, 33, 34), and sonomicrometers (22-27).
For example, Patel et al. (31) measured the diameter and length of the canine descending thoracic aorta
exposed under anesthesia, using two electrical recording calipers to which strain gauges were attached.
The legs of the caliper had eyelets that were closely sutured to the vessel wall. Hayashi and Nakamura
(27) used a pair of miniature ultrasonic sensors for the measurement of the outer diameter of a blood
vessel. In each sensor, a small piece (2-mm diameter) of 6-MHz lead zirconate titanate plate was bonded
on both sides to fine and flexible stainless-steel electrical wires and, then, coated with epoxy resin for
insulation (Fig. 6.4). The epoxy resin also works as an acoustic lens, making the ultrasonic beam more
directional. The sensor was attached to a small patch of Dacron velour backing. A pair of sensors were
sutured to the adventitial surface of a blood vessel using the Dacron patch so as to face each other across
the vascular diameter. Ultrasonic pulses originating from one of the two sensors (transmitter) transmitted
through the diameter of the vessel and was received by the second. The vascular diameter was calculated
from the transit time of the pulses between the two sensors. Similar sonomicrometers have been used
for the measurement of the diameter of calf and canine coronary arteries (23, 24), canine descending
thoracic aortas (26), etc., not only in anesthetized but also in conscious animals. Pagani et al. (22) and
Vatner et al. (25) performed multiple, simultaneous, instantaneous, and continuous measurements of
the external diameters of the ascending thoracic aorta, descending thoracic aorta, abdominal aorta, and
iliac artery in conscious animals using implanted sonomicrometers.
As mentioned above, in vivo animal experiments provide realistic and useful information of vascular
behavior under quasi-physiological condition. However, when we want to obtain detailed and accurate
mechanical properties of arterial walls, we should perform in vitro tests on excised segments. In particular,
this is true when data are used for the assessment of constitutive laws of arterial walls; for this purpose,
we need three-dimensional force-displacement data.
Noninvasive Measurement of Wall Elastic Properties in Peripheral Arteries
The noninvasive measurement of the elastic properties of arteries offers several significant advantages
over invasive techniques. First, the nontraumatic character of the measurement guarantees a physiological
state of the arterial wall, whereas in certain invasive measurement techniques key functional elements of
the wall (i.e., endothelium and smooth muscle) might be affected. Second, it is of great clinical interest
www.4electron.com
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because it allows the monitoring of large population groups on an outpatient basis and, therefore, it is
well adapted for epidemiological or cross-sectional studies.
The elastic properties of the arterial wall that can be measured noninvasively are, for example, the
arterial wall compliance, Cv, and the incremental elastic modulus, Einc or Hθθ (see Section 6.4). The
compliance requires the instantaneous measurement of diameter and pressure (see Eq. [6] ahead),
whereas the incremental elastic modulus requires the additional simultaneous measurement of wall
thickness (Eqs. [11] and [12]). The details of the compliance and incremental elastic modulus are
described in Section 6.4.
Noninvasive Pressure Measurement Techniques
Two techniques are most commonly used for noninvasive measurement of pressure pulse in peripheral
arteries: the photoplethysmographic method, first described by Penaz (40), and applanation tonometry
(41). A widely accepted, commercially available photoplethysmograph is the Finapres™ device (Ohmeda,
Denver). This apparatus performs noninvasive continuous recording of the pressure at the finger level
with a resolution of 0.25 kPa (2 mm Hg). With a maximal rate of pressure rise of more than 488 kPa/s
(3600 mm Hg/s), it accurately reproduces the pressure variations. Clinical tests have shown that photoplethysmographic measurements agree well with intra-arterial pressure recordings (43). At present this
technique is applicable to finger arteries only and, given the strong dependence of the pressure waveform
on arterial location, the general utility of the photoplethysmographic method is very limited.
Applanation tonometry is a transcutaneous pulse pressure-sensing technique first described by Pressman and Newgard (44). A pressure sensing device is pressed against the skin directly above a superficial
artery. The part of the arterial wall directly under the pressure-sensing probe is flattened, eliminating the
bending moments in the wall and thus allowing direct pressure pulse transmission through the wall and
the surrounding tissue (41). In principle, tonometry requires an adequately sized, superficial artery
supported by a bony structure. The radial artery is an ideal location in the human, although many other
superficial arteries satisfy the above criteria (e.g., ulnar and temporal arteries). There exist in the literature
reports in which applanation tonometry has been applied successfully to peripheral arteries with no rigid
support (i.e., carotid and femoral arteries). In some of these studies, however, it was necessary to correct
a baseline drift to the measured pressure wave using characteristic pressure values (i.e., diastolic or mean
pressure) measured with standard techniques such as brachial arm sphygmomanometry. Therefore, in
comparison to the photoplethysmographic methods, tonometry has the disadvantage of needing in
certain cases a secondary calibration but offers the significant advantage of being applicable to several
superficial peripheral arteries.

Noninvasive Diameter and Thickness Measurement Techniques
Noninvasive measurement of the arterial diameter can be done with ultrasonic echo-tracking techniques.
Arndt et al. (45) first reported completely noninvasive measurement of arterial diameter by means of a
pulsed ultrasound technique. The echoes backscattered by the arterial walls were tracked by a gated
threshold-detector. Later, Hokanson et al. (46) developed a phase-locked tracking device that permitted
the selection and tracking of a particular zero-crossing within the vessel wall echoes. Recent improvements
of the original technique have been proposed: digital tracking (47), prior inverse filtering (48), coupling
with B-mode imaging (e.g., 49). Hoeks et al. (50) reported a different approach that consists of selecting
and memorizing a TM-line perpendicular to the vessel from a B-mode, two-dimensional image. Then,
performing offline Doppler processing in selected data windows coinciding with the vessel walls, it permits
the sample volumes to track the vessel walls based on the assessed displacement.
One of the most advanced and accurate ultrasonic echo-tracking device is the NIUSTM system (Omega
Electronics, Bienne, Switzerland), developed by Asulab (Marin, Switzerland) in collaboration with the
Biomedical Engineering Laboratory of the Swiss Federal Institute of Technology, Lausanne. The principle
of operation is as follows. Short ultrasonic pulses of 10-MHz center frequency are generated and detected
by means of a strongly focused piezoelectric transducer (6-mm diameter, 11-mm focal length). The -10www.4electron.com
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FIGURE 6.5 Typical RF echo signal from the wall of a human radial artery (a), and signal after processing (b) clearly
showing the anterior wall thickness (distance between interfaces 2 and 3) and internal diameter (distance between
interfaces 1 and 2) (from Tardy (51)).

dB beam width is 0.3 mm at the focus, and the depth of field at -10 dB is 5 mm. A stereotaxic arm with
micrometric screws allows accurate positioning of the transducer perpendicularly to the vessel. The
ultrasonic echoes reflected by the interfaces between the surrounding tissue and arterial wall as well as
between blood and both anterior and posterior arterial inner walls are identified on an rf-mode display
(Fig. 6.5 (a)). Signal processing clears up the echoes and makes the interfaces more identifiable for
automatic tracking (Fig. 6.5 (b)). A time-interval averaging technique is used to enhance the initial
resolution defined by a 75-MHz clock (corresponding to a spatial depth of 10 mm). Averaging is
performed over a number of time of flight measurements, acquired at a 5-kHz rate. Provided this
frequency is asynchronous to the instrument clock, the resolution of the measurement increases with
the square root of the number of independent time intervals acquired. The theoretical resolution of the
diameter and thickness variations is thus 2.5 µm. This has been confirmed on reference targets in the
laboratory.
The reproducibility of the measurement of the radial artery diameter has been assessed by Mooser et
al. (52). These authors have carried out 7 separate determinations of the arterial diameter in 10 subjects
over a 4-h period, repositioning the transducer before each reading. In a given individual, the standard
error from the mean diastolic diameter varies between 30 and 200 µm. These variations include both
the actual fluctuations in arterial diameter during the day and the potential positioning error.
Figure 6.6 shows a typical example of simultaneous recordings of internal diameter, thickness at the
radial artery (NIUSTM), and pressure at the digital artery level (FinapresTM). Note the fine dynamical
tracing of both the diameter and thickness signal, which exhibit a systolic-diastolic excursion of 70 and
14 µm, respectively. Diameter (d) follows the pressure signal, whereas the thickness signal moves in an
antisymmetric fashion, as dictated by the incompressibility condition (see Section 6.3):

dh + h2 = const. ,

(6.1)

which is perfectly satisfied.
Since pressure is measured at the finger level, whereas diameter is typically measured in the radial or
brachial artery, there is a phase lag between these two signals, which is expressed by a significant hysteresis
loop in a diameter-pressure graph. The phase lag corresponds to the time it takes for the pressure pulse
to propagate from the diameter measurement location (brachial or radial artery) to the pressure measurement location (finger). The resulting hysteresis is far greater than the hysteresis due to viscoelasticity,
which is assumed negligible. Tardy et al. (53) eliminated the phase lag using the following approximate
and iterative scheme. First, using the finger pressure signal, the pressure-dependent wave speed, c(P), is
calculated using
www.4electron.com
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FIGURE 6.6 Schematic representation of the experimental setup used for noninvasive, simultaneous in vivo measurement of arterial diameter, wall thickness, and pressure in human arm arteries (top), and simultaneous measurement of human radial artery diameter, wall thickness, and finger pressure (bottom). Diameter and thickness are
measured with NIUSTM ultrasonic echo-tracking device and pressure with Finapresª photoplethysmographic device
(from Tardy (51)).

c(P) = (A∆P/ ρ∆A)1/2,

(6.2)

where ρ is the blood density and A = πd2/4 the cross-sectional area. Assuming that the distance between
the two arterial sites is ∆z, the time lag, ∆t, can be estimated at each pressure level (second step) as ∆t
= ∆z/c(P). The above calculated negative delay is applied to the finger pressure waveform to obtain a
corrected pressure waveform, P′(t) = P(t + ∆t). The tacit assumption here is that the pressure pulse is
modified only in shape (due to pressure-dependent wave speed), but not in magnitude. Based on the
corrected pressure waveform, a new pressure-diameter curve can be obtained and, through successive
www.4electron.com
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FIGURE 6.7 Pressure dependence of compliance as derived noninvasively from a single heart beat recordings of
pressure and diameter in the human radial and brachial artery (a), and pressure dependence of incremental elastic
modulus of the human radial artery (b).

iterations, the most optimal pressure waveform is obtained. This technique has been tested by Tardy et
al. (53) and proved effective in suppressing the hysteresis loop.
Once the hysteresis has been eliminated and a reliable estimate of the local pressure is obtained, one
can use the pressure-diameter relation to calculate, with considerable accuracy, the local area compliance
(∆A/∆P). The compliance-pressure and incremental elastic modulus-diameter curves measured on the
brachial and radial arteries of a young healthy male subject are shown in Fig. 6.7. The curves shown are
derived from a single-pulse data (1 heart cycle). It is evident that compliance reduces with increasing
pressure, with the reduction being more pronounced in the brachial artery. It is also evident that the
brachial artery is significantly more compliant than the radial artery. The difference, however, tends to
diminish at higher pressures.

Noninvasive Measurement of Wall Elastic Properties in Large Central Arteries
There exist no direct ways to measure pressure noninvasively in large central arteries such as the aorta.
Thus, despite the advancement of ultrasonic and magnetic resonance imaging (MRI) techniques, which
allow for noninvasive measurement of diameter and velocity pulsations, mechanical properties such as
compliance and incremental elastic modulus cannot be derived from first principles. This limitation has
led several investigators to search for indirect ways of obtaining, noninvasively, estimates of the mechanical
properties. Most methods proposed so far in the literature rely on estimating the pulse wave velocity, c
(see Section 6.4), often by means of flow waveform measurements, either with ultrasonic Doppler
techniques (54) or with MRI (55, 56) at two distinct points along the vessel. The wave speed is estimated
from the time delay between the foot of the wave at the two locations, under the implicit assumption
that the foot of the wave is free of reflections. An alternative approach is the three-point method, which
in principle works even in the presence of reflections and requires measurements of pressure, diameter,
or flow at three locations (57). The three-point method as well as subsequent variations of this technique
(58) suffer from high sensitivity to errors in pressure, flow, or diameter.
www.4electron.com
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Urchuk and Plewes (59) proposed a method for estimating vascular compliance using MRI velocity
imaging. Their technique combines MRI flow measurements and the one-dimensional theory of wave
propagation including both the continuity and momentum equations to derive compliance from a
correlation of second-order spatial and temporal velocity derivatives. This technique uses data of the
entire heart cycle and offers the advantage that it works equally well in the presence of strong reflections.
A major drawback of the above-mentioned indirect techniques is the fact that they yield a single value
for the wave velocity, c. Because of the nonlinear elastic properties of the arterial wall, however, compliance
is a strong function of the distending pressure. Therefore, the determination of a single value or a typical
value of the compliance from the estimated true phase velocity does not provide a full description of the
mechanical properties of the arterial wall. Taking into account that compliance variations can reach up
to 400% within a cardiac cycle (60), and acknowledging the difficulty in assigning the determined
compliance value to a specific pressure, the utility of a single characteristic value of compliance derived
from the true phase velocity becomes questionable. To overcome this problem and to derive pressuredependent compliance estimates, Tardy (51) and Stergiopulos et al. (61, 62) proposed nonlinear variations
of the two-point method by Milnor and Nichols (63). These nonlinear methods require measurement
of diameter and flow at one location and a third simultaneous measurement of either diameter or flow
at a second location. The above methods are based on the one-dimensional flow equations, which describe
the wave transmission between the two measuring points. Conceptually, two of the measurements (one
at each location) are used as boundary conditions, and the third measurement is used to derive the
pressure-dependent wave velocity. These methods are superior to the method of Milnor and Nichols not
only because they require measurement of three quantities instead of four, but also because they yield
the wave velocity variation over the heart cycle rather than a single value given by the Milnor and Nichols
method. The drawback of these nonlinear methods is the extreme sensitivity to measurement errors and
rather poor performance in sections with strong tapering.
A novel, approximate but robust technique for obtaining the pressure-dependent wave velocity from
measurements of pressure and flow (or equivalently diameter and flow) at two locations has been
proposed by Stergiopulos et al. (64). Pressure and flow at each location are used to split the waves into
their forward and backward running components using linear (65) or nonlinear techniques (66, 67). The
method is based on the identification of the time delay between the proximal and distal forward running
wave components. The tacit assumption made here is that there is a weak interaction with the backward
running waves, so that the forward running waves travel as single-existing, unidirectional waves. Because
it is not easy to identify the correspondence of all points of the two forward running pulses, only
characteristic points of each cycle, which are easily identified, are used (i.e., peak, trough, diacrotic notch,
etc.) (Fig. 6.8 (a)). The pulse wave velocity of each particular point (peak, notch, and trough) is then
calculated as c = ∆z/∆t, where ∆z is the distance between two arterial sites and ∆t is the time delay. Even
at the rough time scale, the differences in the time delay between the three points are evident. The values
of the pulse wave velocity obtained for the three characteristic points are sufficient to obtain a first
approximation to the pulse wave velocity-pressure curve (Fig. 6.8 (b)). Overall, a fair agreement is
obtained between the two curves, with the relative error ranging from 16% at the diastolic pressure level
to 1.2% at the systolic pressure level.

6.3 Basic Characteristics of the Arterial Wall
Histological Structure
The arterial system consists of a tree-like structure of cylindrical tubes that become smaller in diameter
and more numerous with increasing distance from the heart. In concert with this reduction in size, their
structure, chemical composition, and relative wall thickness gradually change in a way that leads to a
progressive increase both in stiffness and in their ability to change their inside diameter in response to
a variety of chemical and neurological control signals. Figure 6.9 summarizes their relative dimensions
www.4electron.com
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FIGURE 6.8 Schematic description of the time-domain method for the derivation of the pressure-dependent pulse
wave velocity (a), where the time delay, ∆t, between an easily identifiable point of the forward-running wave
components is measured (peak, notch, and trough), and calculated pulse wave velocity (circles) compared to the
theoretical one (solid line) based on measured nonlinear elastic properties (b) (from Stergiopulos et al. (64)).

in humans and shows schematically the proportions of the major structural components excluding water,
which typically comprises 70% by weight of vascular tissue.
In spite of these regional differences in structure, composition, and mechanical properties, in all arteries
the wall may be divided into three concentric layers or tunicae, which, in order from the lumen, are
termed the intima, media, and adventitia. The relative thickness and composition of the three layers vary
from species to species and from site to site within a particular specie.
Intima
The tunica intima has been defined as “the region of the arterial wall from and including the endothelial
surface at the lumen to the luminal margin of the media” (69). The inner boundary of the intima between
the lumen and the vessel wall, endothelium, is lined with a continuous layer of elongated, polygonal
endothelial cells. In addition to maintaining a nonthrombogenic interface between the blood and the
vessel wall, their principle functions include (70) the control of wall permeability to macromolecules
such as fats and proteins, and to white blood cells associated with the processes of inflammation and
repair; and thromboresistance. In the last 20 years, vascular endothelial cells have been shown to be
closely associated with the regulation of vascular smooth muscle activity, a process that is mediated by
changes in shear stress due to alterations in blood flow velocity. The mechanisms by which shear strain
is detected and transduced into a signal that may be detected by the vascular smooth muscle cell (VSMC)
are not yet fully understood. Current findings and opinions have been thoroughly reviewed by Davies
(70). What is clear is that:
1. intact endothelium is necessary to maintain a basal level of vasomotor tone and compliance (71)
www.4electron.com
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FIGURE 6.9 Radius (r in cm), wall thickness-radius ratio (h/r), and composition of human arteries and veins from
different sites. The right halves of sections 2, 3, 5, and 6 represent dimensions with active smooth muscle. E, elastin;
C, collagen; VSM, vascular smooth muscle. (Redrawn from Burton (68), with permission.)

2. there is a short-term response resulting in an association between alterations in flow and changes
in vessel diameter and synthetic activity (e.g., 72-74)
3. a longer-term effect that leads to alignment of the endothelial cells with the predominant direction
of flow (75) and remodeling of the entire vessel due to increased VSM activity (76).
The endothelial cells are interlinked by numerous junctions that are thought to provide mechanical and
electrochemical connections between each other and between endothelial cells and VSMCs (77, 78).
The intima itself may be subdivided into two layers (69). The inner layer contains a mesh-like structure
of proteoglycan (79), isolated smooth muscle cells of the contractile type, and occasional macrophages.
Moving toward the media, the muscle cells become more numerous and take on a layered arrangement.
Elastic fibers, collagen fibrils, fibronectin, laminin, and reticulin (80) are also seen in the extracellular
matrix (81). Since this layer contains significant amounts of muscle and scleroprotein, it may contribute
to the elastic properties of the wall, although no measurements of this layer in isolation from the media
have been described. For a summary of the elastic properties of the major components, see Table 6.1.
The thickness of the intima is variable. At its thinnest, the intimal layer in healthy arteries consists of
little more than the endothelial lining and a collagenous basement membrane. However, thicker areas
are found in apparently healthy vessels (82). Although it is generally agreed that intimal thickening is a
pathological response to vessel damage resulting from proliferation and migration of VSMC from the
media to the intima (83, 84), it is also believed that some types of intimal thickening are adaptive in
nature (85), being found in macroscopically healthy vessels (86). Glagov et al. (87) have argued that the
driving force for this adaptation is maintenance of “normal” levels of shear stress in response to changes
in flow velocity or diameter, or normal levels of circumferential stress in the arterial wall in response to
changes in transmural pressure. Since intimal thickening is found at sites where atherosclerosis is known
to occur (although also in areas free from disease) and is more common in populations with a high
incidence of coronary heart disease (88), it is not yet possible to assert with confidence that intimal
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TABLE 6.1

Elastic Properties of Structural Components of Arterial Wall

Material
Collagen
Elastin
Muscle
Endothelium
Matrix

Type

Physical characteristics

Modulus (MPa)

Protein
Protein
Cellular
Cellular
Muco-polysaccharide

Nylon
Rubber
Active
Wet kleenex
Marmalade

~10
~3.0
~0.1-2.0a
~0
Viscous

(89)
(89)
(90)
(91)b
(92)

a

First figure is estimated value for relaxed smooth muscle cell.
Endothelial cells may resist tensile stress by means of adhesions to the underlying membrane (70).

b

thickening in the absence of overt vascular degenerative disease is a physiological rather than a pathological process.
Media
The second structural layer shared by all arteries is termed the media and, like the intima, is composed
of variable amounts of protein, vascular smooth muscle, and amorphous gel-like matrix material consisting of proteoglycan and frequently termed ground substance. The elastic properties of these components is summarized in Table 6.1.
Two variants of the vascular smooth muscle cell are found in the vascular wall. The first, which
predominates in the outer layers of the intima and the media (69), contains many myofilaments, has a
predominantly contractile function, and is responsive to mediators of vascular tone (94). The second
type of VSMC, which contains few contractile elements, is rich in rough endoplasmic reticulum and has,
therefore, a synthetic role, secreting scleroprotein and ground substance (94). It predominates toward
the inner margin of the proliferating intima (69) and is thought to derive originally from contractile
VSMCs that have migrated from the media and undergone a transformation to the synthetic phenotype
in response to changes in circumferential stress (95) (see (69) for a more detailed discussion of these
processes). There is also evidence that VSMCs are involved in the scavenging of lipid molecules (96).
Elastin is synthesised within the VSMC, is excreted in a soluble form tropoelastin, and polymerizes
via several intermediates into its final form (97). Its high extensibility and low elastic modulus are thought
to be due to a network of randomly oriented chains within the elastic fibers like that in a typical rubber
(98).
Collagen, like elastin, is synthesized by the VSMC and possibly by vascular endothelial cells (99). The
term “collagen” embraces several distinct molecular species (100). In arteries, the most abundant form
is type I (approximately 66%) (101). It aggregates laterally into fibrils that appear cross-striated under
electron microscopy due to the staggered arrangement of the individual collagen molecules and is thought
to be the stiffest variety. Type III, found predominantly in the media as sheaths surrounding elastic fibers,
is thought to be more distensible (100). Type IV, which aggregates as an open mesh, occurs in basement
membrane, and type V is found surrounding VSMCs.
The arrangement of these components is complex and varies according to location within the arterial
tree and proximity to junctions. In arteries, as shown in Fig. 6.9, the ratio of elastin to collagen falls with
increasing distance from the heart while the number of VSMCs per unit volume increases (102-104). In
transverse sections of large arteries, a layered structure is evident, consisting of what appear to be
concentric rings of elastin (lamellae), between which are found smooth muscle cells and surrounding
which are collagen fibers, the whole being imbued with a matrix of ground substance (Fig. 6.10). The
innermost lamella, which is the most clearly visible in most arteries (although not always continuous),
defines the boundary between the intima and media. In the intracranial arteries of the rat and humans,
the internal elastic lamina consists of a double layer associated with a honeycomb-like network of fine
elastic fibers (105). This arrangement of an elastic lamella, its associated smooth muscle cells, and collagen
fibers has been termed the "lamellar unit" (106). The lamellar unit appears to have evolved at an early
stage of vertebrate development, being found in fish, reptiles, amphibia, and birds (107, 108), as well as
in mammals, in spite of wide variations in mean and pulse pressure among the different vertebrate orders.
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FIGURE 6.10 Transverse sections of rabbit arteries (thickness ≈ 5 µm) fixed in situ at a transmural pressure of 100
mm Hg. (A) Descending thoracic aorta, (B) mid-abdominal aorta, (C) common iliac artery, and (D) femoral artery.
Sections in the left-hand half of each lettered panel were treated with Masson’s trichrome stain to visualize smooth
muscle cell nuclei. In these monochrome images, the nuclei are dark gray and collagen appears as a gray background.
Sections in the right-hand halves of each panel were treated with Miller’s elastic stain in which elastin appears dark.
The aorta in this rabbit had been subjected to balloon denudation two weeks before the animal was killed in order
to induce intimal hyperplasia, clearly seen in the elastic stained sections (I indicates intima; M, media and A,
adventitia.): The number of smooth muscle cells per unit area and collagen content (revealed by increased staining
intensity in the left-hand panels) increase with distance from the heart. There is a corresponding fall in the elastin
content and the number of elastic lamellae. At the same time, the lamellae become thinner and more fragmented.
Scale bar is 50 µm in length and applies to all panels.

In mammals, at least, the thickness of the lamellar unit is remarkably constant in species of different
sizes. Consequently, there is a linear relationship between vessel wall thickness and the number of lamellar
units, not only within a particular animal but between species of greatly differing sizes (109). This suggests
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FIGURE 6.11 Diagrammatic representation of a muscular elastic fascicle in an elastic artery (111). C lies in the
transverse plane of the vessel and L, in the axial plane. Each fascicle consists of a group of VSMC sharing a common
orientation (Ce) surrounded by a fine mat of collagen fibrils (M), which in turn is coated with a layer of elastic fibers.
Between the elastic fibers, which appear as continuous lamellae in transverse section, are sinuous bundles of collagen
fibers (C) (from Clark and Glagov (111), with permission).

that the lamellar unit is the basic functional component of the arterial media and that its dimensions
and elastic properties were fixed at an early stage in vertebrate evolution given the "availability" of its
constituent proteins, elastin and collagen.
More recent investigations using light microscopy, transmission electron microscopy on thin sections,
and scanning electron microscopy on freeze-fractured specimens have revealed more details of lamellar
unit structure (110) and have made it necessary to question some commonly held assumptions about
the relationship between blood vessel structure and elastic properties. Careful attention to specimen
preparation has shown that the lamellar unit may be resolved into “muscular-elastic fascicles” consisting
of several commonly orientated VSMCs surrounded by elastic fibers lying predominantly parallel to the
long axes of the cells and surrounded by a fine mesh of collagen fibrils (Fig. 6.11) (110-112). When
viewed in transverse section through a plane perpendicular to the long axis of the vessel, the cell groups
appeared sandwiched between larger elastic fibers giving the familiar layered appearance seen in Fig. 6.10
(a). Treatment of specimens to remove cells and collagen, and examination by scanning electron microscopy following freeze fracture, revealed that the elastin consisted of more or less parallel strap-like fibers
between 5 and 10 µm wide and approximately 1 mm thick (Fig. 6.12) rather than concentric fenestrated
cylinders like rolled tubes of Gruyère cheese as had been described in numerous previous studies (e.g.,
113, 114). Between the cell layers were seen wavy bundles of collagen fibers, which did not appear to be
straightened even in hyperdistended specimens. A similar arrangement was found in vessels farther from
the heart, although the fascicles were thicker in the radial direction and the elastic straps were more
sparsely distributed, reflecting the increased cellularity and reduced elastin content in these more distal
muscular arteries.
In the central portion of the media at sites remote from junctions, the orientation of the fascicles was
primarily circumferential, although toward the intimal and adventitial margins axial orientation predominated. This pattern has also been described in human cerebral arteries (115). Near junctions, the
orientation of the fascicles was variable. If it is supposed that the form of blood vessels is influenced by
the forces they are subjected to (116), then it is plausible, as has been suggested by Clarke and Glagov
(110), that the axial orientation of the outer fascicles is related to longitudinal stresses due to movement
and tethering and that of the inner units is related to shear stress from the flowing blood transmitted
into the inner layers of the media.
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FIGURE 6.12 Scanning electron micrograph of medial elastic fibers from the pig thoracic aorta, following treatment
to remove collagen and VSMC and tangential fracture of the frozen specimen. Adjacent layers are marked E1, E2,
and E3. Bar is 15 µm (from Clark and Glagov (111), with permission).

The presence of the two scleroproteins with disparate elastic properties has been the basis of a number
of models relating vessel structure to elastic properties. The most widely held view described in the 1950s
by Burton (68) and Roach and Burton (117) and elaborated by Wolinsky and Glagov (106, 118) assumes
that elastin and collagen are arranged in a parallel fashion. At low strains, the collagen fibers are folded
and do not contribute to the elastic properties of the vessel. As strain increases, the elastin fibers are
progressively stretched, the collagen fibers unfold, and as they become straight, they start to bear stress
and the measured elastic modulus of the vessel progressively increases. Vascular smooth muscle was
assumed to act in parallel or series-parallel (104) (see below) with the elastin layers and to confer
viscoelastic properties to the vessel wall. It is known that vasoconstriction in elastic arteries, produced,
for instance, by topical application of norepinephrine (in order to avoid changes in mean pressure caused
by constriction of muscular arteries), can lead both to increases or decreases in stiffness according to the
way that elastic modulus is defined in a particular study and also to the mean level of circumferential
strain obtained before the administration of the drug (39, 119-121). It is generally agreed that, when
measured at a particular level of total strain, vasoconstriction results in an increase in static elastic
modulus value (114), and it follows from this observation that smooth muscle can generate and sustain
an active tension comparable to that due to in vivo transmural pressure. In spite of many functional
studies, no detailed description of the structural relationship between vasoconstriction or vasodilation
and changes in the quasi-static elastic modulus has yet been described, probably because the nature of
the interconnections between the VSMC and the surrounding scleroproteins is not yet clearly understood.
However, at least two types of connection between the VSMC and elastin have been identified (111). The
first consists of direct connections between "dense body attachment ridges" on the VSMC and elastic
fibers and are thought to be stronger than cell-to-cell contacts. Second, cells are also bound to each other
and the surrounding protein matrix by a complex mesh of collagen fibers entangling the cells and their
adjacent elastic layers. As the vessel distends, these bindings are drawn tighter. Although there is some
morphological evidence of connections between collagen and elastin fibers or collagen fiber and VSMC
(122-124), the existence of such connections remains unproved. If indeed do not exist, it must be assumed
that the nature of the binding is frictional.
Apart from the histological observations, additional evidence for models of medial structure, in which
elastin, collagen, and presumably muscle cells bear stress in parallel, is not plentiful. Selective removal
of collagen and elastin in vitro has shown that elastin bears circumferential tension both at low and at
high strains, whereas collagen bears tension only at high strains (117, 125). Feeding rabbits with elastase
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is associated with a reduction in elastic modulus at physiological pressures (126). Similarly, inhibition
of collagen cross linkage by administration of beta amino proprionitrile during growth in the rat results
in lower than normal static elastic modulus values when measured at high strains, but in little change
at low degrees of distension (127)1.
On the basis of elasticity measurements in the aorta of the dog (130) and the rat (131) and the
determination of elastin and collagen content on the same vessels, it has been estimated that, at physiological pressure levels, less than 8% of collagen fibers bear stress. However, it should be emphasized
that these figures are based on the a priori assumption that elastin and collagen bear stress in parallel
and do not therefore provide any direct evidence that this is so.
Finally, a number of histological studies have shown that medial collagen fibers become less sinuous
(68, 111, 118, 132) and that their orientation becomes more circumferential and less variable as the vessel
distends (111, 115, 133, 134). Furthermore, the undulations remain in the collagen fibers of elastic arteries
at least up to pressures in excess of 240 mm Hg. On the other hand, Roveri et al. (135), using an X-ray
diffraction technique on rings of human, bovine, and porcine aorta, reported no change in the alignment
of collagen fibers as the rings were stretched. Canham et al. (136), in contradiction to their later study,
found that the orientation of collagen fibers in coronary and cerebral arteries was predominantly circumferential at low strains and, consequently, changed little with further distension, although it is not
clear that their specimens were stretched to their in situ length. The observation that collagen fibers
remain in a wavy state even at high total strains appears to be inconsistent with the orientation results.
With the exception of the X-ray diffraction study, the orientation measurements were made at a lower
magnification than those in which undulations were reported. It is likely, therefore, that the measured
fiber angles yielded mean orientation data without revealing the wavy nature of the fibers.
This evidence suggests that the model of arterial elasticity in which stress is transferred gradually to
an increasing number of collagen fibers as they become unkinked, although frequently described during
the last 40 years, does not account for the observed elastic nonlinearity. Moreover, Brown et al. (137)
pointed out that if collagen fibers are arranged in parallel with elastin and are not under tension until
they become unkinked, then as a single collagen fiber becomes taught, either the observed elastic modulus
would rapidly increase from a value characteristic of elastin to that of collagen or the fiber would rupture.
One possible explanation for the gradual increase in modulus with increasing strain offered in their paper
involves a large number of elastin/collagen parallel elements, which in turn are connected in series.
However, there seems to be no morphological evidence for such structures in the vascular system. The
authors favor a model in which straightening of the undulations in collagen is resisted by the nonlinear
force-length properties of the surrounding ground substance undergoing shear stress in combination
with the known properties of the two scleroproteins. A similar model has been described by Comninou
and Yannas (138).
In the absence of any quantitative support, this explanation must remain tentative. At present, perhaps
the most convincing model is that described by Ling and Chow (92) in which the elastic behavior of a
sinusoidal collagen fiber is derived analytically and found to compare favorably with that of a corrugated
steel spring determined experimentally. In this analysis, the increasing stiffness with increasing extension
ratio follows from the bending moment of the spring and assumes only minimal stretching. The results
were found to be consistent both with measurements on real arteries and with a simple physical model
in which the corrugated collagen fibers were simulated by nylon fibers from a stocking embedded in
multiple layers of latex to represent elastin (139).
The existence of stress gradients in the walls of large arteries has been acknowledged for almost 25
years (140) and described extensively by Fung and co-workers (e.g., 141, 142). Measurements in animals
(141, 143) showed that residual stresses were to be found in arteries, and calculations based on these
observations have shown that they serve to reduce, although not entirely to eliminate, the magnitude of
1

It is worth noting that treatment of hypertensive animals with this compound leads to a reduction of blood
pressure while leaving normotensive controls unaffected (128, 129), suggesting a direct connection between changes
in elasticity and the control of blood pressure perhaps mediated by alterations in the sensitivity of baroreceptors.
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the stress gradient that would exist in their absence. As yet few workers have sought morphological
evidence for the existence of this gradient. Feldman and Glagov (144) described a decrease in medial
elastin concentration with increasing distance from the intima and a corresponding decrease in collagen
content in the aortae of young adults; a similar pattern has been found in the bovine carotid artery (145).
In humans, these gradients were found to reverse with age. Measurements of elastic lamellae show that
they are thicker and more closely spaced toward the intimal side of the media (146), providing additional
evidence for the existence of a radial gradient in circumferential stress. Similarly, hypertrophy in response
to experimentally induced hypertension occurs largely at the intimal side of the media (147). It remains
to be seen whether the regional elastic properties of the media reflect the radial stress gradient, but there
is also some evidence that the intimal side of the media is more compliant than the adventitia (35, 148),
although more detailed measurements of radial variations in rheological properties are required to
confirm these observations (see below).
Adventitia
The outermost of the three layers common to all arteries, the tunica adventitia, is composed primarily
of collagen together with some elastin and occasional fibroblasts (149). Its boundary with the media is
usually clearly defined by the external elastic lamina. In large muscular arteries such as the renal,
mesenteric, and coronary arteries, the collagen and elastin are organized in a layered structure, although
this is easily distinguishable from the media by the lack of VSMC and the prominence of collagen. In
the thoracic aorta, on the other hand, the adventitia consists of little more than a loose mesh of collagen
fibers that merges imperceptibly with the surrounding connective tissue. It is commonly held that the
function of the adventitia is to anchor blood vessels to the surrounding tissues, although there is some
evidence that removal of the adventitia leads to a reduction in the elastic modulus of the remaining vessel
wall (35). The adventitia also contains nerves involved with the control of VSMC function (149), and
vasa vasora, the small arteries that originate at the luminal surface of large vessel branches, pass through
the media, and loop back into the parent vessel. The vasa vasora provide nutrition for vessels that are
too thick to be nourished by diffusion from the lumen (those that contain more than 29 lamellar units
(109)). Their removal from the peri-aortic fat in dogs leads to an acute decrease in aortic distensibility
followed by necrosis fibrosis and thinning of the elastic lamellae in the outer part of the aorta (150).

Nonlinear Large Deformation
Like most soft biological tissues, arteries undergo large deformations when they are subjected to physiological loading. This fact becomes apparent when the in vivo dimensions of an artery are compared to
those before the vessel was excised from the body and all acting loads were removed. Compared to the
dimensions in the unloaded state, arteries are extended up to 120-140% in the circumferential and up
to 150% in the longitudinal directions under physiological conditions when they are subjected to mean
arterial pressure and axial forces due to surrounding tissues. As for the response of arteries to pulsatile
pressure, the deformation is much smaller. Under normal conditions, arteries undergo additional pulsatile
deformation of an amplitude in the order of up to several percent due to pulsatile pressure superposed
on the deformation caused by mean pressure. Practically no additional longitudinal deformation is caused
by the pulsatile pressure.
When a strip or a segment of an artery is subjected to cyclically varying tensile force, the stress-strain
response shows a hysteresis loop, as shown in Fig. 6.13. The loop decreases with succeeding cycles, tending
toward a steady state after a few loadings and unloadings (151). The term “preconditioning” introduced
by Fung refers to the preliminary experimental procedure of applying variable force to the tested specimen
in order to obtain a repeatable mechanical behavior afterward. It is reasonable to speculate that the
preconditioned state corresponds to the homeostatic state in the living organism when all processes are
steady.
From the qualitative analysis of the tension-extension curves, the following conclusions can be drawn:
the mechanical response of arterial tissue is essentially nonlinear both geometrically and physically; and
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FIGURE 6.13 Stress-extension ratio hysteresis loops of a canine carotid artery. (From Ref. 151, with permission from
Springer-Verlag.)

the curves representing loading and unloading are almost independent of strain rate and close to each
other. Hence, it seems reasonable to accept the idealization that arteries are made macroscopically of a
nonlinear elastic material. With account for the mechanical response illustrated in Fig. 6.13, a more
precise consideration assumes that the arterial tissue behaves as one elastic material in loading and another
elastic material in unloading, as Fung suggested.
Experiments show that the physical nonlinearity of arterial material is characterized by an increasing
stiffness as strain increases. The origin of this behavior is found to be in the mechanical properties of
the basic structural components of the artery — elastin and collagen — as well as in the architecture of
the arterial wall as explained above.
Weizsaecker and Pinto (152) have studied the elastic properties of rat carotid arteries, simultaneously
applying internal pressure and axial force to tubular segments. It was found that when the arterial
specimen was extended to its in situ length and internal pressure varied in the vicinity of mean physiological pressure, the applied axial force was practically constant. This mechanical response, which has
definite physiological significance, is also a manifestation of the nonlinear mechanical properties of
vascular tissue.

Viscoelasticity
The hysteresis loop shown in Fig. 6.13 indicates that the stress state is not uniquely determined by current
strain, but depends also on the history of deformation. This means that arterial tissue has to be considered
not as an elastic but rather as a viscoelastic solid. Experiments have shown that the hysteresis loop is
practically insensitive to strain rate within a large range (153). Besides the hysteresis, viscoelastic properties of arteries are also apparent in other mechanical phenomena. For example, Tanaka and Fung (154)
studied the time course of tensile stress in strips of the canine aorta after a step increase in strain. The
stress decayed asymptotically to a steady value, which indicates that the arterial tissue manifests stress
relaxation. It appears that the relaxation is associated mainly with the mechanical response of smooth
muscle cells and that it is less affected by collagen and elastin. The amount of stress relaxation and the
characteristics of the relaxation curve vary along the arterial tree and with the orientation of the arterial
strips. The variation of viscoelastic properties is due mainly to changes in the amount of smooth muscle
cells in the arterial wall.
Another manifestation of the viscoelastic behavior is creep developed under constant load. The experimental results of Tanaka and Fung (154) have shown that the creep of canine carotid arteries is very
small compared to the instantaneous elastic deformation. Viscoelastic properties appear also when arterial
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segments are exposed to variable loading around a given deformed state. Patel and Vaishnav (155) studied
the mechanical response of canine middle descending thoracic aortas that were held at constant in vivo
length and subjected to a constant pressure and, then, small sinusoidal variations of pressure or small
variations of the length were superposed at frequencies from 0.5 to 5 Hz by means of a special test
technique (156). The phase lag between the amplitude of midwall radius and the amplitude of pressure
showed that aortic tissue exhibited not only elastic but also viscoelastic characteristics. Bergel (157)
reported pressure-diameter relationships of canine thoracic and abdominal aortas and femoral and
carotid arteries subjected to small sinusoidal pressure variations of amplitude 5-10 mm Hg at frequencies
of 2-18 Hz around the physiologically deformed state. Similar experiments were performed on human
aortas and carotid, iliac, and femoral arteries to study the effects of aging on viscoelastic properties (158),
and on rabbit carotid arteries to study the effects of smooth muscle activity (159). Experiments on canine
femoral arteries were performed to evaluate postmortem changes in mechanical properties with respect
to the properties detected in vivo (160).
Although it appears that stress-strain curves are not sensitive to the rate of change of deformation,
this is not true for the ultimate strength of vascular tissue. Mohan and Melvin (161) performed uniaxial
tensile tests on human thoracic aortas at quasi-static strain rates in the range of 0.01-0.07 s-1 and at
dynamic strain rates in the range of 80-100 s-1 to determine the effects of strain rate and direction of
loading on the strength of the vascular tissue. The results obtained showed that in dynamic tests the
ultimate stresses in the circumferential direction were significantly greater than those in the axial direction
by a mean factor of 1.54. At low strain rates, however, there were no significant differences between the
two directions. The authors found that the ultimate stresses at the dynamic strain rates were about twice
as large as those at the quasi-static strain rates in both directions. The same authors performed biaxial
inflation tests on the same tissue at quasi-static (0.01 s-1) and dynamic (20 s-1) strain rates (162). The
tissue consistently failed in the direction perpendicular to the long axis of the aorta, and pressure values
at failure are greater by a factor of 2 in dynamic tests than those in the quasi-static tests. Ultimate stretch
ratio and load seem to be independent of strain rate in the human bridging vein as well as in the ferret
carotid artery and jugular vein (163,164).

Nonhomogeneity
The arterial wall is a nonhomogeneous structure. The intimal layer normally consists of a thin monolayer
of endothelial cells. The media and adventitia, which are the main load-bearing structures and the main
determinants of the mechanical properties of the wall, are distinctly different. In vessels close to the heart,
the media consists of elastin and collagen fibers and a few smooth muscle cells, the whole being surrounded by ground substance as described earlier. The proportion of smooth muscle cells increases for
peripheral vessels. The adventitia has more collagen fibers surrounded by connective tissue, cells, and
ground substance. In addition to the structural differences between the media and adventitia, these two
layers may be themselves histologically nonhomogeneous. Depending on the artery type, the elastin,
collagen, and smooth muscle cell may in some cases be uniformly distributed and in others may show
marked gradients from the inner to the outer margins of the media (165, 166).
Although nonlinearity and anisotropy (167, 168) of the wall properties have been well recognized,
most studies treat the wall as a homogeneous material. Given the possible nonhomogeneous distribution
of the wall constituents, one may question the applicability of a single-strain energy function (see Section
6.4) throughout the arterial wall. Von Maltzahn et al. (169) applied a two-layer cylindrical model to fit
the properties of the canine carotid artery (170). An isotropic strain energy function was used for the
media and an anisotropic strain energy function for the adventitial layer. In a later study, Von Maltzahn
et al. (35) dissected the medial and adventitial layers of the bovine aorta, studied them separately, and
derived their properties and stress distributions under different pressures. They concluded that the media
is much stiffer than the adventitia and is subject to higher stresses. A similar approach was followed by
Demiray and Vito (171), but as in Von Maltzahn et al. (35) the wall was assumed to be at zero stress
when all loads were removed and thus the effect of prestress (see Section 6.5) was totally neglected.
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FIGURE 6.14 Cylindrical coordinate system for vascular mechanics.

Anisotropy
Anisotropy is a local property of a solid, which characterizes the dependence of the mechanical response
in an arbitrary point on the direction of the principal strains at that point. Arterial wall tissue is not
isotropic, i.e., it does not have identical mechanical behavior in all directions at a given point. This fact
becomes apparent when strips of arterial wall excised in the axial and circumferential directions are
subjected to equivalent load. They deform differently. The different mechanical properties are caused by
the specific structure and architecture of arterial tissue. The structural and histological consideration
suggests the existence of some mechanical symmetry in the arterial wall. An artery could be considered
as a curvilinear orthotropic solid with respect to a cylindrical coordinate system, as shown in Fig. 6.14.
This means that the arterial tissue manifests identical mechanical properties and symmetry of the
mechanical response with respect to the planes perpendicular to the coordinate basis corresponding to
R-, θ-, and Z-axes. An evidence of curvilinear orthotropy is the fact that, provided the directions of
principal stresses coincide with the axes of orthotropy (R, θ, and Z), those of the principal strains also
coincide with these axes. This means that when internal pressure and axial force are applied to an arterial
segment, the segment inflates and elongates but does not twist. An elegant in vitro experiment performed
by Patel and Fry (167) showed this mechanical response. Tubular segments of the canine descending
thoracic aorta were extended to their in vivo length by hanging weights and were inflated, applying
internal pressure in steps from 7 to 270 cm H2O. The radius and length as well as the angular rotation
between two ends of the segment were measured. Using unstretched segment dimensions, the components of Green strain tensor (see Section 6.4) were calculated. The results showed that the shear strain
associated with torsion was at least an order of magnitude smaller than the corresponding circumferential
and longitudinal strains, which confirms that the arterial wall is cylindrically orthotropic.
The identification of the class of mechanical symmetry is of importance when the vascular rheology
is described in terms of constitutive equations. Curvilinear orthotropy restricts the class of possible
constitutive laws and determines the number and type of independent experimental tests needed for
identifying these laws.
The anisotropic elastic properties of arterial vessels can be quantified in several manners. The most
general approach is to compare the values of the material constants associated with different strains in
the constitutive equations describing the mechanical properties. The inherent orthotropy of the vascular
wall can also be revealed by comparing the stress-strain laws or strain-stress curves in the circumferential
direction with those in the axial direction while keeping the remaining strains at equivalent values.
When mechanical properties are evaluated by means of linearized measures such as incremental elastic
modulus (see Section 6.4), they have to be compared at equivalent strains. In the case that the incremental
modulus refers to the linearized mechanical properties around the physiologically deformed state, it is
necessary to remember that at this state the artery undergoes different deformation in the circumferential,
axial, and radial directions. Due to physical nonlinearity, the material has different incremental moduli
in these directions even if it is mechanically isotropic, since the linearization is performed around different
strains. Thus, the apparent orthotropy expressed in terms of incremental moduli in the circumferential,
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axial, and radial directions calculated for the physiologically deformed state includes the effect of inherent
orthotropy as well as the effect of different prestress in the principal directions of orthotropy.
It has been experimentally shown that the incremental elastic modulus is greater in the circumferential
direction than in the longitudinal direction under conditions of physiological pressure and in situ length
(2, 30, 172-174). However, several authors have reported opposite results (26, 175). This discrepancy is
due to the differences in the animal species, arterial sites, experimental methodologies, as well as in the
strains at which the moduli were determined.

Incompressibility
When a solid is subjected to load, it deforms and changes its shape and volume. Several materials such
as rubber undergo deformation with a predominant change in shape. These materials could be considered
as incompressible solids. Except for Tickner and Sacks (176), who reported significant reduction of wall
volume during inflation of human and canine arteries, all other studies have shown that vascular tissue
is practically incompressible when arteries deform from an unloaded state to a physiological state. The
experimental results of Carew at al. (177) showed changes of 0.165% of the arterial volume when an
arterial segment was inflated by a pressure of 181 mm Hg at in vivo length. A volume decrease of 0.13%
was observed when arterial strips were elongated to a stretch ratio of 1.66. These changes in volume are
due to the expulsion of water from the arterial tissue. From the study on the compressive properties of
the rabbit thoracic artery by applying uniaxial compressive force in the radial direction, Chuong and
Fung (178) showed a decrease of wall volume due to water expulsion within the range of 0.50-1.26% of
the undeformed tissue volume by radial compressive stress of 10 kPa. At compressive stress higher than
30 kPa, the percentage of fluid expelled per unit compressive stress decreased. These findings show that
although the recorded volume changes in radial compression experiments are greater than the changes
observed under conditions of inflation or tension, the arterial wall tissue is slightly compressible but
again can be considered as a practically incompressible material.
The fact that each differential element preserves its volume implies, in terms of continuum mechanics,
that the components of strain tensor are not independent but among them there exists a relationship.
This imposes a certain general restriction and simplification on the constitutive equations that describe
the mechanical properties of the arterial wall (see Section 6.4).

Smooth Muscle Contraction and Vasomotion
Muscular arteries possess the ability to alter their geometry and apparent mechanical properties by
changing the degree of muscular tone. Arterial muscular-tone alterations may result from external stimuli
(i.e., neural and humoral factors, changes in pressure and flow, etc.), but spontaneous oscillations in
muscular tone, in the absence of variations in external stimuli, are also observed. These are usually
manifested by low-frequency, high-amplitude oscillations in the arterial diameter that, by analogy to
small arteries and arterioles, can be termed “arterial vasomotion”.
Arterial and Smooth Muscle Mechanics
The mechanical properties of arterial smooth muscle are, for most purposes, adequately described in
terms of a Hill’s “Maxwell” type model (Fig. 6.15 (a)). This simple phenomenological model allows us
to relate primary and easily measured mechanical parameters, such as stress (force), strain (length),
displacement (diameter), and velocity of displacement, to its three global components: parallel elastic
component (PEC), series elastic component (SEC), and contractile component (CC). Sometimes, a fourth
component, called parallel viscous component (PVC), is added in parallel to PEC to account for internal
viscous dissipation effects (179). Although the Maxwell model was originally proposed to describe the
properties of striated or smooth muscle, such a model is often extended to describe the behavior of the
whole vessel (180).
The parallel elastic component describes the response of the muscle/vessel in the absence of muscular
tone. In vascular tissues, the relationship between stress and stretch (or between pressure and diameter)
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FIGURE 6.15 (a) Schematic representation of a Maxwell model, with the parallel elastic component (PEC) arranged
in parallel to a series combination of the contractile component (CC) and the series elastic component (SEC). (b)
Qualitative drawing of active (solid line), passive (dashed line), and total (dotted line) stress-extension ratio curves.
(c) Qualitative drawing of muscle length (vessel radius) shortening velocity vs. stress (pressure) curve. (From Ref
160, with permission.)

is nonlinear, with the material becoming increasingly stiffer at higher strains. This passive response of
an unstimulated muscle/muscular artery is represented by the dashed line in Fig. 6.15 (b).
The series elastic element couples the contractile mechanism with the intracellular and extracellular
structures. Its existence is justified by the additional elasticity observed when the contractile mechanism
is engaged. The effect of SEC is best seen at lower strains, below the point of engagement of the PEC
(181). The SEC is characterized by exponential stress-strain curves, which appear to be very compliant
in vascular tissues. This is quite important because it suggests that under isometric contractions the CC
will experience significant shortening (181).
When stimulated, the contractile component develops force and/or shortens its length. The static
properties of the CC are usually described by the active stress-stretch ratio curves developed under
maximum stimulation and under isometric conditions. As schematically shown in Fig. 6.15 (b), active
stress (solid line) is calculated by subtracting passive stress from total stress (dotted line). Active stress
shows a clear biphasic dependence on length (stretch ratio), reaching a maximum at a certain optimal
length. The bell-shaped curve is asymmetric, with a steeper descent beyond the maximum point. This
particular shape is thought to be a consequence of the sliding filament theory (181, 182). The dynamic
properties of the CC are characterized by velocity of shortening-stress (pressure) curves. These appear
to be approximately hyperbolic, as shown in Fig. 6.15 (c).
The contractile activity of the smooth muscle depends on the level of intracellular free calcium
concentration, [Ca2+]i. Calcium elicits the phosphorylation of myosin light chains leading to the formation of cross bridges between actin and myosin with potential stress development or shortening of muscle
length. At equilibrium, the dependence of the degree of phosphorylation on calcium appears to be a
sigmoidal one (183). For a given smooth muscle length, the developed stress depends on the actual
number of cross bridges formed. [Ca2+]i plays a major role in smooth muscle contraction and vasomotion.
The mechanisms for [Ca2+]i regulation are
1. transmembranal flux through voltage-dependent channels, receptor-operated channels, stretchactivated ion channels, and leakage,
2. release or uptake from intracellular or membrane-bound stores, and
3. extrusion of calcium by the ATP-driven calcium pumps and the Na/Ca-exchange mechanism (184).
Origin of Vasomotion
The exact underlying mechanisms that cause and control vasomotion are unknown. Folkow (185)
hypothesized that rhythmic contractions originate at specialized groups of smooth muscle cells (pacemaker cells), which have a surprisingly low and unstable membrane potential and which possess the
ability to gradually build up the potential and subsequently depolarize completely, spreading the excitawww.4electron.com
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tion and contraction to neighboring cells. The frequency of the pacemaker activity is determined by the
rate of membrane depolarization which, in turn, is positively correlated to the degree of distension. Thus,
there is a close link between vasomotion and the myogenic response (185, 186). As a consequence, at
higher pressures (higher hoop stresses) the frequency of spontaneous contractions increases.
The existence of vascular pacemakers was confirmed by Hermsmeyer (187). Colantuoni et al. (188)
suggested that vasomotion originates in pacemaker cells located in the vicinity of bifurcations and spreads
in the upstream and downstream direction. Thus, vasomotion at a given vessel is the combined effect of
vasomotion waves originating at upstream and downstream bifurcations. The frequency of oscillations
increases toward more peripheral vessels.
A popular theory for the origin of vasomotion is based on the dynamics of transmembranal Ca2+ and
K+ ion flux, and specifically on the interaction between voltage-dependent Ca2+ channels and voltagecalcium-dependent K+ channels (184). Calcium influx induces depolarization of the cell membrane and
elicits the opening of the K+ channels. Potassium outflux tends to repolarize the membrane. Any inherent
delays between the Ca2+ and K+ flux control mechanisms could lead to oscillations. This theory is
supported by observations showing that oscillations are abolished by calcium and potassium blockers
and enhanced by calcium agonists (189).
Influence of Vasomotion on the Apparent Mechanical Properties
Hayoz et al. (190) and Porret et al. (191) performed noninvasive measurements of the arterial diameter
and wall thickness in the arteries of the human arm using the high-precision ultrasonic echo-tracking
device (NIUSTM 2, Omega Electronics, Bienne, Switzerland), which is described in Section 6.2. Arm
arteries, and especially the radial and ulnar arteries, are ideal for this study because they are muscular
arteries and sufficiently superficial to facilitate ultrasonic measurements. Pressure was measured simultaneously with a photoplethysmographic device (FinapresTM, Ohmeda, Denver, Colorado) in the nearby
digital artery, and flow was measured by means of a continuous Doppler system (Doptek, France). A
schematic drawing of the experimental setup is shown in Fig. 6.6. With such an experiment, we can have
a complete, long-term record of the diameter as well as the pressure and wall hoop stress. Thus, we can
not only study vasomotion, but also compute, on a cycle-per-cycle basis, the influence of vasomotion on
the apparent mechanical properties of the artery.
Figure 6.16 shows the influence of vasomotion on the compliance-pressure curves of a human radial
artery measured in vivo. The compliance-pressure curves 1, 2, and 3 in Fig. 6.16 (b) were obtained using
the diameter-pressure curves of corresponding heart cycles 1, 2, and 3, shown in Fig. 6.16 (a). Heart
cycle, in the trough of the vasomotion wave (point 1), yields a diameter-pressure curve representative of
an artery at a relatively constricted state, which results in a less distensible artery (curve 1 in Fig. 6.16
(b)). Likewise, at the peak of the vasomotion wave (point 3 in Fig. 6.16 (a)), the artery is relatively relaxed
and this results in a more distensible artery, as curve 3 in Fig. 6.16 (b) shows. The influence of spontaneous
changes in muscular tone on the compliance can be significant. In Fig. 6.16, for example, the variation
in the vascular compliance at 90 mm Hg was 70% within the vasomotion wave (trough to peak). The
significance of the results presented in Fig. 6.16 is clear: the apparent mechanical properties of muscular
arteries, even under resting conditions, can be quite strongly influenced by spontaneous changes in
muscular tone. Thus, an important, and often overlooked, limitation to the assessment of the mechanical
properties of muscular arteries in vivo arises from the lack of reference point with regard to the contractile
state of the arterial smooth muscle.

6.4

Mathematical Description of Arterial Elasticity

Uniaxial Characteristics
There are many tensile test data from arterial walls in humans and animals (192). As an example, Fig.
6.17 (a) shows stress-extension ratio curves of ring specimens from calves' arteries, where T is Lagrangian
stress defined by F/A0 (F, force; A0, cross-sectional area of an undeformed specimen), and λ is the extension
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FIGURE 6.16 Effect of vasomotion on the compliance-pressure curves of a human radial artery measured in vivo.
Curves 1, 2, and 3 shown in (b) are calculated using diameter and pressure signals of corresponding cardiac cycles
shown in (a). (From Ref. 160, with permission.)

ratio defined by the ratio of the current length of a specimen (L) to its initial length (L0) (193). Arterial
walls exhibit nonlinear force-deformation or stress-strain behavior, having higher distensibility in the
low-force or stress range and losing it at higher force or stress. If we plot these curves as the slope of a
stress-extension ratio curve versus stress, we can see that each relation is composed of two straight lines
(Fig. 6.17 (b)). Each line is described by

dT/dλ = BT+C,

(6.3)

where B and C are constants. This is also expressed by:

T = A[expB(λ-1)-1],

(6.4)

where A is equal to C/B.
This type of exponential formulation is applicable to the description of the elastic behavior of many
other biological soft tissues (194-196). Tanaka and Fung (154) reported that the straight-line approximation with the same equation was possible only for T > 20 kPa in the canine aorta. Under normal in
vivo conditions, mean hoop stresses developed in the aortic wall and pulmonary artery by physiological
pressure are estimated to be less than 100 kPa and 40 kPa, respectively, if we calculate them from the law
of Laplace (197).
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FIGURE 6.17 Stress (T)-extension ratio (λ) curves (a) and modulus (dT/dλ)-stress relations (b) of calves' arteries
obtained from uniaxial tensile tests. (From Ref. 193, with permission.)

Pressure-Diameter Relations
For practical purposes, when measuring the elastic properties of arterial walls, it is convenient to use a
single parameter that expresses the arterial elasticity under living conditions rather than to use such
perfect, but complicated, formulations such as the constitutive equations mentioned below in detail (198,
199). In particular, for noninvasive diagnosis in practical medicine, material characterization should be
simple, yet quantitative. For this purpose, several parameters have been proposed and often utilized.
These include "pressure-strain elastic modulus, Ep” (200) and “vascular compliance, Cv” (201). “Pulse
wave velocity (PWC), c” is also used because it is a function of the elastic modulus of the arterial wall
(202-204). These parameters are described by:
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Ep = ∆P/(∆Do/Do),

(6.5)

Cv = (∆V/V)/∆P,

(6.6)

c2 = (S/ρ)(∆P/∆S)=(V/ρ)(∆P/∆V),

(6.7)

and

where Do, V, and S are the outer diameter, volume, and luminal area of a blood vessel at pressure P,
respectively, and ∆Do, ∆V, and ∆S are their increments for the pressure increment, ∆P. ρ is the density
of the blood.
To calculate these parameters, we do not need to measure the wall thickness; for Ep and Cv, we need
to know only pressure-diameter and pressure-volume data, respectively, at a specific pressure level.
However, we should remember that these parameters express the stiffness or distensibility of a blood
vessel, therefore, are structural parameters, and do not rigorously represent the inherent elastic properties
of the wall material; in this sense, they are different from the elastic modulus, which is explained below
(28, 199). In addition, these parameters are defined at specific pressures and give different values at
different pressure levels because the pressure-diameter relations of arteries are nonlinear.
To overcome this shortcoming, several functions have been proposed to mathematically describe
pressure-diameter, pressure-volume, and pressure-luminal area data (205-212), and one or several parameters included in these equations have been used for the expression of the functional characteristics of
arteries. Among these functions, the following equation is one of the simplest and most reliable for the
description of pressure-diameter relations of arteries in the physiological pressure range (28):

ln(P/Ps) = β(Do/Ds-1),

(6.8)

where Ps is a standard pressure and Ds is the wall diameter at pressure Ps. A physiologically normal blood
pressure like 100 mm Hg is recommended for the standard pressure, Ps. As an example, Fig. 6.18 shows
the pressure-diameter relationship of a human femoral artery and the relation between pressure ratio,
P/Ps, and distension ratio, Do/Ds. The left figure demonstrates nonlinear behavior of the artery, while the
right one shows the close fit of the data to Eq. (6.8) over a rather wide pressure range. The coefficient
b, called the stiffness parameter, represents the structural stiffness of a vascular wall. This parameter has
been used for the evaluation of the stiffness of arteries not only in basic investigations, but also in clinical
studies (126, 212-219). Figure 6.19 shows β-values of coronary arteries and several extracranial and
intracranial arteries obtained at autopsy from human subjects over 45 years of age (215). The stiffness
parameter is greatest in the coronary arteries, lower in the intracranial cerebral arteries, and lowest in
the extracranial cerebral arteries and large conduit arteries.
As stated above, one of the most important advantages of the stiffness parameter is that it does not
depend on pressure in the physiologically normal pressure range, say between 60 and 160 mm Hg. At
the standard pressure, Ps, the parameters described by Eqs. (6.5) through (6.7) are converted into the
stiffness parameter, β, as follows (126, 215):

β = Ep/Ps=2/(CvPs)=2ρc2/Ps.

(6.9)

However, Eq. (6.8) cannot always describe the pressure-diameter relations of arteries below and above
the physiological pressure range even under passive condition, the relations of smooth muscle-activated,
contracted arteries, and those of several arteries from animals (7, 126, 219). In these cases, the following
modified stiffness parameter, β", has been proposed (126):

β" = (∆P/P)/(∆Do/Ds).

(6.10)
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FIGURE 6.18 Pressure-diameter and pressure ratio-distension ratio relations of a human femoral artery.

FIGURE 6.19 Regional variation of stiffness parameter, β, of coronary, extracranial, and intracranial arteries obtained
from human subjects over 45 years of age, shown with standard errors. (From Ref. 215, with permission.)

Since this equation is derived from Eq. (6.8) by differentiation, the modified stiffness parameter, β", is
equal to the stiffness parameter, β, in the pressure range where Eq. (6.8) can be applied. In that pressure
range, β" is constant and independent of pressure. The modified stiffness parameter, β", corresponds to
the normalized tangential slope of a pressure-diameter curve and is essentially similar to the abovementioned pressure-strain elastic modulus, Ep.
To express the elastic properties of wall material, it is necessary to use a material parameter such as
elastic modulus or Young's modulus, which is the slope of a linear stress-strain relation. For arterial walls,
which have nonlinear stress-strain relations, the incremental elastic modulus has been used for this
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purpose. Bergel (1) first used the following incremental elastic modulus derived from classical linear
theory:

Einc = 1.5Di2Do(∆P/∆Do)/(Do2-Di2),

(6.11)

where Di is the internal diameter of a vessel. This modulus was derived using the classical Lame equation
for the inflation of a long, thick-walled tube made of an idealized linear elastic, isotropic, and incompressive material. Actually, none of these assumptions is valid for blood vessels (220, 221). Later, Hudetz
(220) modified the formulation and proposed a more reasonable incremental elastic modulus for an
orthotropic cylindrical vessel having a nonlinear stress-strain relation, which is described by

Hθθ = 2Di2Do(∆P/∆Do)/(Do2-Di2)+2PDo2/(Do2-Di2).

(6.12)

To calculate these moduli, it is necessary to know the thickness or internal diameter of a vessel. In in
vitro experiments, we can calculate them from Do, the internal and external diameters under no-load
conditions measured after pressure-diameter testing, the in vivo axial extension ratio, and assuming the
incompressibility of wall material (5,177,178). Noninvasive measurement of wall thickness or internal
diameter on intact vessels has been rather difficult compared with the measurement of external diameter.
However, it is now possible with high-accuracy ultrasonic echo systems (see Section 6.2).

Constitutive Laws
Mathematical modeling of the mechanical properties of vascular tissue aims to determine constitutive
equations (or potential functions from which these equations follow) which relate quantities describing
the strain and stress state. The investigations are motivated and influenced by the following needs:
1. The quantification of arterial wall stresses is important because of their involvement in biological
and pathological processes. Under the assumption of incompressibility of vascular material, the
strain field in the arterial wall can be experimentally measured. To quantify arterial wall stresses,
however, it is necessary to have reliable constitutive equations that relate stresses to strains.
2. No boundary-value problem for which arterial deformability is significant can be formulated and
solved unless the constitutive equations for the vascular material are specified. Typical examples
are the propagation of pulse wave through arteries and the regulation of peripheral circulation.
3. There exists a strong correlation between the mechanical properties of arteries and arterial diseases
such as atherosclerosis. Constitutive equations that describe the mechanical properties can be used
for diagnostic purposes provided they can be identified nontraumatically.
4. For vascular surgery as well as for the design of vascular grafts, knowledge of arterial deformability,
or the constitutive equation, is required.
Constitutive equations are determined experimentally. In general, the procedure for the determination
of the constitutive equations of a solid consists of the following stages:
1. The categories of the mechanical behavior (elastic, plastic, viscoelastic, incompressible, orthotropic, etc.) of the material under study are determined on the basis of appropriate preliminary tests.
This information is required to design the appropriate experiments and to specify theoretical
models in the framework of which constitutive equations are to be sought.
2. Mechanical experiments are performed applying a controlled load to a specimen and recording
changes in its geometrical dimensions.
3. The experimental procedure is modeled by the solution of the appropriate boundary-value problem. Using this solution, experimentally recorded lengths and forces are transformed into measures
of strains, stresses, and eventually their time derivatives.
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The best analytical approximation of the relation between strain and stress measures is sought based
on the hypothetical mechanical characteristics and on the basis the general principles of continuum
mechanics. Two main constraints are posed: (1) the analytical form of the constitutive equations should
not be too complex a function; and (2) the number of material constants involved in the equations should
be reasonably small but sufficient to describe changes in mechanical properties due to different factors
by varying the values of the material constants only. In the case of arteries, such factors could be aging,
localization, or pathological states.
This procedure, common for all branches of solid mechanics, has some specific features when applied
to living tissues and to arteries in particular. The mechanical properties of biological materials in living
conditions (in vivo) are often different from those determined out of organisms (in vitro). For example,
arteries change their geometrical configuration (constriction or dilatation) and mechanical properties as
a result of specific stimulation of smooth muscle cells. Thus, the mechanical properties of the arterial
wall should be described separately for their active and passive states considering the contribution of
smooth muscle cells.
Constitutive Laws for Passive Mechanical Properties
One-Dimensional Laws
As stated above, tensile force is applied to strip or ring specimens, and the force and the resulting changes
in the specimen dimension in the direction of loading are measured. When strips are excised along the
axes of orthotropy, the applied tensile force produces elongation but no shear. The following measures
for strain can be introduced: stretch ratio, λ = L/L0; engineering or classical strain, ε = λ - 1; Green strain,
e = (λ2 - 1)/2; natural strain, η = lnλ.
The stress state can be characterized by Lagrangian stress T or Cauchy stress σ defined by T = F/A0
or σ = F/A , where F is applied force and A0 and A are the cross-sectional areas of the undeformed and
deformed specimen, respectively. Due to the material incompressibility (see Section 6.3), A = A0/λ.
Under the assumption of purely elastic mechanical behavior of the wall material, any analytical
relationship between a strain and stress measure plays the role of a one-dimensional constitutive law.
Fung (222) proposed the following relationship:

T = (T*+A )exp[B(λ-λ*)]-A,

(6.13)

where A and B are material constants, and λ* and T* are the stretch ratio and Lagrangian stress, respectively,
of a point on the stress-strain curve. Since by definition T = 0 when λ = 1, when this point is chosen as
a known point, the constitutive equation [Eq. (6.13)] takes the form

T = Aexp[B(λ-1)] - 1.

(6.14)

This equation is the same as Eq. (6.4).
Tanaka and Fung (154) proposed the following one-dimensional constitutive equations:

σ1 = γ1λ1(λ1-1)k1 and σ2 = γ2λ2(λ2-1)k2.,

(6.15)

where the subscripts 1 and 2 denote that the stress and strain refer to the longitudinal and circumferential
directions, respectively. The values of the material constants γ1, γ2, k1 and k2 were determined for different
type of canine arteries. Since γ1 ≠ γ2 and k1 ≠ k2, the results obtained demonstrate the mechanical orthotropy of the vascular tissue.
One-dimensional laws derived from experiments on strips and rings are useful for the assessment of
the mechanical orthotropy and changes in mechanical properties due to localization along the arterial
tree, aging, and pathological states. They are not suitable to describe the mechanical behavior of the
artery under physiological load condition. Moreover, when strips or rings are excised from an artery, this
may distort the structure of the arterial wall. To solve these shortcomings and more realistically describe
the mechanical properties in terms of one-dimensional constitutive equations, the data obtained from
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the experiments of inflating the vessel while keeping it at in situ length have to be used. The vessel is
considered to be a thin membrane, which allows one to assume uniform distribution of axial and
circumferential stresses across the wall and to use the ratio between mid-wall radii of the deformed and
undeformed states as a measure of strain. Thus determined one-dimensional equations were proposed
by Doyle and Dobrin (223) as follows:

σ1= Bexp(Cλ23) , σ2= Aλ2 (1-λ0/λ2)exp(kλ2),

(6.16)

where A, B, C, and k are material constants determined from the inflation tests under different longitudinal stretch ratios; and λ0 is the circumferential stretch ratio at zero pressure.
Three- and Two-Dimensional Constitutive Equations
The closer to in vivo the testing conditions are, the more realistic the derived constitutive equations are.
Under in vivo condition, arteries are subjected to both internal pressure and axial tensile force. In
experiments, these forces and arterial dimensions (length, internal or external radius, and wall thickness)
are recorded as mentioned in Section 6.2.
For an elastic solid model, the constitutive equations have the form of stress-strain relations, which
can be derived from a potential function called the strain energy function. For the general case of a threedimensional orthotropic incompressible solid, the strain energy function has the form:

W = W(e11, e22, e33, e122, e132, e232),

(6.17)

where eij (i, j = 1, 2, 3) are the components of Green strain tensor with respect to the coordinate system
whose axes coincide with the axes of orthotropy. When the artery is loaded axisymetrically like in vivo
condition, the principal strains and stresses coincide with the axes of orthotropy. Then, the strain energy
function becomes

W = W( eR, eθ, eZ),

(6.18)

and the constitutive equations take the form

σ i = λ2i

∂W
+ p i = R, θ, Z ,
∂ei

(

)

(6.19)

where σi are the principal Cauchy’s stresses; λi are the principal stretch ratios; ei = (λ2 - 1)/2 are the
principal Green strains; and p is an unknown scalar function that has to be determined on the basis of
the equilibrium conditions and boundary conditions. The strain and stress components are referred to
a cylindrical coordinate system with axis Z located in the center of cross section and directed along the
length of the vessel (see Fig. 6.14). Due to material incompressibility, the stretch ratios are not independent
but satisfy the relation λRλθ λZ = 1. If this relation is used to exclude the strain eR from the strain energy
function W, then the stress-strain relations [Eq. (6.19)] can be presented in the alternative form

σ αR = q, σ a = λ2α

∂W
+ q α = θ, Z ,
∂eα

(

)

(6.20)

where W = W (eθ, eZ) and q are generally different functions from W(eR, eθ, eZ) and p.
Thus, the problem of determining constitutive equations is reduced to the determination of a strain
energy function. It is of importance to note that for an elastic solid the existence of a strain energy
function requires strain measures, to be defined with respect to the state for which all stresses vanish
elsewhere in the solid. Configurations of arterial cross-section that satisfy this requirement are discussed
in Section 6.5.
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In general, both Eqs. (6.19) and (6.20) are three-dimensional constitutive equations. To calculate the
radial, circumferential, and axial stresses from recorded geometrical dimensions and magnitude of applied
load, it is necessary to use the solution for a finite inflation and extension of a thick-walled tube made
of cylindrically orthotropic, elastic incompressible material (224). After having chosen the analytical
expression of a strain energy function, the material constants involved have to be determined by applying
an approximation procedure for minimizing the discrepancy between theoretically predicted arterial
response to applied load and experimentally obtained data.
Chuong and Fung (141) proposed the following exponential form of the strain energy function:

c
W = exp b1eθ2 + b2e Z2 + b3e R2 + b4eθe Z + b5e Reθ + b6e Z e R ,
2

(

)

(6.21)

where c and b1…b6 are material constants. When eR is excluded from Eq. (6.21) using the condition of
incompressibility, the strain energy function becomes

W=

c′
exp b1′eθ2 + b2′e 2Z + 2b3′eθe Z .
2

(

)

(6.22)

The material constants in Eqs. (6.21) and (6.22) were determined for a rabbit thoracic aorta (141, 225).
A strain energy function that represents the sum of a quadratic function and an exponential function
similar to Eq. (6.22) was proposed by Fung et al. (226). The constitutive equations that follow from this
function are physically linear at low strains but the exponential stress-strain law works at moderate and
high strains.
Takamizawa and Hayashi (5) proposed a logarithmic form of strain energy function

 a

a
W = −C ln 1 − θθ eθ2 − ZZ e Z2 − aθZ eθe Z  ,
2
2



(6.23)

where C, aθθ, aZZ, and aθZ are material constants. They determined the material constants for canine
common carotid, femoral, and coronary arteries (5,6).
Three-dimensional constitutive equations can be used for calculating stress distributions in the arterial
wall. In some cases, however, it is sufficient to characterize the stress and strain state in the wall in terms
of average measures such as mean strains and mean stresses. Then, the arterial wall is assumed to be an
elastic membrane and the circumferential stress σθ and axial stress σZ are considered to be uniformly
distributed across the wall thickness. The radial stress σR is assumed to be zero everywhere in the wall.
Then, the inherent mechanical properties are described by two-dimensional constitutive equations

σ α = λ2a

∂Wm
∂e α

(α = θ, Z ),

(6.24)

where Wm = Wm(eθ, eZ) is a membrane strain energy function including only mean circumferential and
axial strains. Simplified consideration of an artery as an elastic membrane holds asymptotically true from
the general three-dimensional approach when the ratio of the deformed mid-wall radius to wall thickness
increases. This condition is better satisfied in large arteries.
Similarly to general three-dimensional cases, membrane strain energy functions are determined on
the basis of experimental data of simultaneous inflation and axial extension of tubular arterial segments.
Strains are calculated from changes in the length and radius of the mid-wall surface due to the deformation from the zero-stress state to the deformed state. The membrane stresses are calculated from the
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overall free-body diagrams. The expression arising from the equilibrium in the radial direction is known
as the law of Laplace.
It follows from the equilibrium equations that when all loads are removed, the artery is in the zerostress state. Therefore, the membrane assumption excludes the existence of residual strains and stresses
in the arterial wall in the unloaded arterial segment. Residual strains in arteries and their physiological
significance are discussed in Section 6.5.
Two-dimensional strain energy functions have been proposed by many investigators. For example,
Vaishnav et al. (227) proposed a polynomial function

W = Aeθ2 + BeθeZ+ CeZ2 + Deθ3 + Eeθ2eZ + FeθeZ2 + GeZ3 ,

(6.25)

where A…G are material constants. However, most investigators preferred the exponential form of strain
energy functions (18, 228-232). Various stress-strain laws and strain energy functions proposed so far,
as well as the information about arteries, testing methods, and experimental conditions used for formulation, are given in (192).
The assumption that arterial tissue be considered as an elastic solid offers another approach to the
formulation and determination of constitutive equations. For an elastic solid, besides the strain energy
function, there exists another potential function, called the complementary energy function. The complementary energy function is a function of stress components and can be used to derive strain-stress
laws. Provided the strain energy function is an analytical function of a certain class, the complementary
energy function can be derived from the strain energy function by applying an appropriate inversion
procedure (233). The existence of the complementary energy function in the case when an artery is
considered as a membrane was exploited by Rachev and Kasyanov (234). The study was motivated by
the facts that there are no a priori arguments that demand for analytical simplicity of the constitutive
equations, and that a reasonably small number of material constants can be met only when the experimental data are processed to determine a strain energy function. Based on experimental data for human
carotid arteries subjected to internal pressure and axial force, a relatively simple analytical form of a
complementary energy function and the strain-stress relationships corresponding to it were determined
(234).
All strain energy functions considered here in reference to the case where the constitutive laws derived
from them relate stresses to strains in the arterial wall exposed to an axisymmetric load; this is the
physiological case. To describe the mechanical properties of the vascular material under other loading
conditions, more general constitutive equations are needed. Considering the artery to be a thin membrane, Kasyanov and Rachev (235) found the following general form of the strain energy function:
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) ]

2
2
2
2
W = α1 exp α 2e ZZ
+ α 3e ZZeθθ + α 4eθθ
+ α 5e ZZ
eθθ + α 6e ZZeθθ
−1

[

(

)

]

(6.26)

+ α 7eθθ exp α 8eθθ + α 9e ZZ + α10 eθ2Z ,
where eθZ is shear strain. Material constants αi ( i = 1-10 ) were determined from tubular specimens of
human carotid arteries which were simultaneously subjected to inflation, extension, and torsion.
Viscoelasticity
It was shown in Section 6.3 that arteries have not only elastic but also viscoelastic properties, the latter
of which are exhibited by stress relaxation under constant deformation, creep under constant load, and
a phase difference between the amplitudes of stress and strain varying cyclically around the deformed
state. Following the general methodology for the determination of constitutive equations described above,
the mathematical description of viscoelasticiy includes specification of the theoretical model in the
framework where the recorded experimental data are to be processed. In contrast to the unique model
of elastic solid, there exist many mathematical models describing the viscoelastic mechanical properties.
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When an arterial segment undergoes small dynamic deformation superposed on a finite static elastic
deformation, it is reasonable to describe the viscoelastic properties in terms of linear viscoelastic models.
Similarly to the case where the tissue is considered as an elastic material, the concept of incremental
moduli is often used, and additional parameters are introduced to describe the internal viscous damping.
In general, the moduli as well as damping characteristics depend on the frequency of oscillations. The
existence of different linear viscoelastic models in continuum mechanics offers a variety of interpretations
of experimental data. Most investigators (2, 157, 201, 236, 237) have preferred to use the two-parameter
Voigt model, which has a mechanical analogy to a mechanical system consisting of a spring and a dashpot
in parallel. So-called dynamic modulus has been introduced by the expression

Edyn =

σ
ε

cos ϕ ,

(6.27)

where σ and ε are the amplitude values of the sinusoidal stress and strain, respectively, and ϕ is the phase
angle by which stress leads strain. Results have shown that Edyn does not change greatly at frequencies of
above 2 Hz and that the ratio between Edyn and Estatic , the latter of which is obtained from static tests, is
independent of mean stress (2, 157, 237). Results for the damping characteristics of arterial tissue have
been reported in (2, 157, 201, 236-238).
Patel and Vaishnav (155) proposed two-dimensional constitutive equations for linearized viscoelastic
properties of the canine thoracic aorta. The vessel was considered as a thin membrane made of an
incompressible material. Using the recorded mean values and sinusoidal variations of specimen dimensions and applied forces, the static and time-dependent sinusoidal circumferential, axial and radial stresses
and strains were calculated. The coefficients of the constitutive equations were interpreted in terms of
spring stiffness constants and dashpot viscosity constants of Voigt models in the radial, circumferential,
and axial directions. The results showed that the aorta was mechanically orthotropic with respect to both
elastic and viscous properties.
More general is the nonlinear approach, which imposes no restriction on the magnitude of deformation. Fung (153) proposed a theory for a nonlinear viscoelastic solid, introducing a special hypothesis.
Limiting to a one-dimensional case, a specimen was considered to be subjected to tensile load and to
undergo a step increase of deformation from the undeformed state to a state characterized by a stretch
ratio λ. The history of stress response was described by a relaxation function K(λ, t), which was assumed
to take the following form:

K(λ, t) = G(t) T(e)(λ), G(0) = 1,

(6.28)

T(e)(λ) represents the pure elastic instantaneous response, which is a function of the stretch ratio only,
and G(t) is a so-called reduced relaxation function. When the function K(λ, t) is known, the onedimensional constitutive equation that relates the Lagrangian stress T at time t and the history of stretch
ratio λ in the interval [-∞,t] can be written as follows:
t

( ) ∫ G(t − τ)

T t =

−∞

∂T

(e ) λ t

[ ( )] ∂λ(τ) dτ.

∂λ

∂τ

(6.29)

The concrete form of the constitutive function T(e)(λ) is determined using the experimental data from
a tensile experiment at a sufficiently high rate of loading. The constitutive function G(t) is identified by
matching the theoretical predictions of the relaxation curves or response to sinusoidal oscillations to
experimental data. Tanaka and Fung (154) determined the reduced relaxation function G(t) for the canine
aorta.
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6.5 Stress Distribution and Residual Stress in Arterial Wall
Arterial wall stress is thought to be a major determinant of vascular remodeling both during normal
growth and throughout the development of several vascular diseases. The stress distribution in the arterial
wall can be calculated on the basis of the configuration at zero-stress state, the magnitude of applied
load, and constitutive equations describing the mechanical properties of the wall material. Evidently, the
stress distribution can be determined only when the artery is considered as a three-dimensional solid.
Using the solution for a finite inflation and extension of a cylindrical tube made of an elastic orthotropic
incompressible material, Chuong and Fung (141) calculated the stress distribution in the rabbit thoracic
aorta under physiological load condition: 120 mm Hg internal pressure and 1.691 longitudinal stretch
ratio. They showed that the circumferential stress at the inner margin of the wall was 6.5 times greater
than the value averaged through the wall thickness. Such a great degree of cross-sectional variation of
the circumferential stress suggested a revision of the assumption that the unloaded artery is stress-free.
As has been demonstrated in several studies (143, 225, 239, 240), arteries possess residual strains and
stresses when all loads have been removed. This fact becomes apparent when an unloaded ring segment
is cut radially. The artery springs open and the cross section takes a form close to a circular sector (Fig.
6.20). This phenomenon was first reported by Vaishnav and Vossoughi (143). The degree of opening has
been characterized by the opening angle α. The opening phenomenon indicates that, in the unloaded
state (Fig. 6.20, center), there existed a compressive circumferential residual stress at the inner part of
the arterial wall while the residual stress at the portion of the cross section close to the outer surface was
tensile. Assuming that a single radial cut released all residual strains in the arterial wall, the opened-up
configuration indicates that the wall is free of stresses. As stated above, this is the only configuration that
can be used as a reference state for strain measures, in order to describe mechanical properties by threedimensional strain energy functions.
Equivalent to the assumption of the existence of the residual strains in the unloaded arterial segment
is the hypothesis introduced by Takamizawa and Hayashi (5, 6). It states that circumferential strains are
constant across the arterial wall under physiological loading condition (Fig. 6.20, left). It is well known
that when a thick-walled tube made of a homogeneous incompressible material is inflated by internal
pressure, circumferential strains become nonuniformly distributed across the wall thickness. The largest
strain exists at the inner margin of the arterial cross section. The uniform strain hypothesis implies that
residual strains should exist in the state of no load, which "corrects" the nonuniform strain distribution
caused by loading.
It has been shown that the consequence of the existence of residual stress in the unloaded state is that
the calculated stress distribution varies more uniformly across the arterial wall and that the circumferential stress gradient is less (5, 6, 225, 240). Figures 6.21 and 6.22, respectively, show the stress distributions
of the circumferential stress through the arterial wall thickness of a canine common carotid artery
calculated at different pressures for the cases when the unloaded vessel is assumed to be free from stress
and when the uniform strain hypothesis is applied (5). Although for an incompressible material uniform
strain distribution does not imply uniform stress distribution, it is seen that the existence of residual
strains significantly reduces the steep gradient of circumferential stress in the arterial wall at the physiological state.
Assuming that the arterial cross section in the zero stress state, i.e., opened-up ring specimen, takes
the form of a sector (Fig. 6.20, right), residual strain depends on the magnitude of the opening angle
and on the ratio between wall thickness and mid-wall radius of curvature. The opening angle seems to
be a very sensitive parameter, and many investigations have been devoted to its experimental recording
to study the residual strains and stresses in the arterial wall. The opening angle varies with the location
along the arterial tree. For instance, in an early study of residual strain in the rat aorta, Liu and Fung
(241) showed that the opening angle approached 180° in the ascending thoracic aorta, fell to a value
close to zero near the boundary of the thoracic and abdominal segments, and increased again more
distally. It is difficult to relate this pattern of change to any known structural or compositional factors,
although in the abdominal aorta of the rat at least a strong correlation between the opening angle and
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FIGURE 6.20 Schematic diagram of arterial cross-section at three states.

FIGURE 6.21 Cross-sectional distribution of stresses calculated assuming zero initial stress (no residual stress). (From
Reference 6, with permission.)

wall thickness relative to lumen radius has been reported (242). In contrast, a small increase in opening
angle with increasing distance from the heart was seen in the human aorta (243).
Other factors that appear to determine the magnitude of opening angle include age, sex, and blood
pressure. For instance, both in the rat (242) and in humans (243), the opening angle increases with age
along the entire length of the aorta. In the rat, the combined effect of opening angle and dimensional
changes serves to maintain a nearly constant stress distribution as the vessel ages and adapts to a gradual
increase in mean blood pressure (244). In men between the ages of 3 months and 87 years, the opening
angle increased with age, and at all ages within this range the opening angle was greater in males than
in females (243), even when allowance was made for the greater incidence of atheroma in males. No such
sex difference was observed in the rat. The reason for this sex difference is not known, but it may be
related to the general observation that men have higher mean blood pressure than women, and that the
effect of chronic changes in circumferential stress due to changes in transmural pressure leads to adaptive
remodeling of the vessel wall and consequent changes in residual stress.
Animal studies have shown that the change in opening angle in response to experimentally induced
hypertension depends on the way in which the increase in pressure was produced. Thus, Fung and Liu
(245) showed that an acute increase in aortic pressure following partial occlusion of the abdominal aorta
led to a rapid increase in opening angle (in advance of any detectable morphological changes) followed
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FIGURE 6.22 Cross-sectional distribution of stresses calculated on the basis of uniform strain hypothesis. (From
Reference 6, with permission.)

by a fall and then a gradual return toward a normal value. A broadly similar pattern of behavior was
seen in the main pulmonary artery following the induction of pulmonary hypertension by hypoxia (246).
In this study, it was suggested that the initial short-term increase in opening angle is associated with
equally short-term change in wall thickness due to edema and intimal hyperplasia, giving rise to compressive force at the inner wall and that the longer-term change is related to remodeling of the outer part
of the wall, providing a counterbalancing effect. In a longer-term study on rats made hypertensive by
unilateral renal artery clipping and measured 8 weeks later, Matsumoto and Hayashi (147) reported a
clear positive correlation between systolic pressure and opening angle. This was found to occur in concert
with increased medial thickness and, again, was explained in terms of compressive forces developing
toward the inner part of the wall due to greater hypertrophy in this part of the vessel when compared
to its outer layers.
Species dependence of the opening angle of the aorta has been studied in pigs and rats (247). Experimental results about the effects of muscular contraction or relaxation on the opening angle are contradictory. Some authors have reported that the opening angle is not affected by the contraction of smooth
muscle cells (247), but others have reported opposite results (248). A theoretical consideration of the
effect of smooth muscle activity on the arterial zero-stress configuration and on the opening angle in
particular was done by Rachev (249); the result was consistent with the experimental data obtained by
Matsumoto et al. (248), namely that smooth muscle contraction leads to a reduction in opening angle.
All these observations provide evidence for the proposition that residual strain (as shown by opening
angle) is a sensitive indicator of changes in the structure and properties of the aorta not only as it develops
normally during growth and aging but also as it is remodeled in response to pathological changes in
pressure and flow.
The relationship between the structure of the vascular wall and the distribution of stress within it has
been the subject of several investigations dealing with different aspects of the problem. Von Maltzahn et
al. (35) considered the artery as a two-layered, thick-walled tube in which the inner layer represented
the media and the outer represented the adventitia, and the corresponding strain energy functions were
experimentally determined. The calculated stress distribution was found to be quite different than those
predicted by homogeneous models. Unfortunately, this study was performed without consideration of
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residual strains. Vossoughi et al. (250) showed that a single radial cut is not sufficient to reveal the true
zero-stress state. They demonstrated the existence of circumferential residual strains in the bovine aorta
which were not released unless the sector opened by a radial cut was divided into two layers by a
subsequent circumferential cut. Both layers opened and the measured opening angles differed from the
opening angle measured after the first radial cut. Furthermore, a rectangular strip cut out along the
longitudinal axis of the bovine aorta curved out, which indicates the existence of longitudinal residual
strain and stress in the unloaded state of arterial specimens (251).
In a recent experimental study, an attempt has been made to approach a clearer description of the
conditions required to achieve the true zero-stress state, and by doing so to determine the distribution
of the residual strains among different structural components of the artery wall (252, 253). Xie et al.
(254) considered both prestresses and inhomogeneity of the arterial wall to study both the stress distribution and the elastic properties of the medial and adventitial layers of the rat aorta. Being skeptical
about the effect of dissection, they did not separate the layers but extracted the properties of the two
layers by means of bending tests around the zero-stress state configuration. They found that Young’s
modulus of the internal layer (intima-media) was 3 to 4 times higher than that of the adventitia. The
residual stress distribution was shown to be discontinuous at the interface between the two layers, and
the differences with the model assuming homogeneous wall were up to 50%.
Physically removing the inner or outer layers by machining frozen specimens confirmed the findings
of Vossoughi (250) that residual strains in the artery wall were concentrated in the inner layers. Stergiopulos et al. (255) used the freezing-lathing technique proposed earlier by Greenwald et al. (256) to remove
the internal or external half of the medial layers of porcine aortas. The purpose of the study was to
examine whether the media, which as mentioned earlier is the most important structural layer for
physiological pressure, can be assumed to be a homogeneous body. Specifically, the following questions
were addressed:
1. Is the zero stress state, as evidenced by opening angle, similar in the two medial sublayers?
2. Do the two medial sublayers have similar elastic properties?
3. What is the stress distribution at physiological load?
The opening angle of the internal half of the pig aorta was found always to be consistently larger than
that of the entire artery and that of the external half consistently smaller. This means that the distribution
of prestresses along the wall thickness cannot be correctly described by a single opening angle, and one
needs to use a two-layer or even a multi-layer (256) description of the zero-stress state in the arterial wall.
A typical set of pressure-radius curves measured on one whole media and on its remaining internal
half as well as on another whole media and on its remaining external half is shown in Fig. 6.23. The
pressure-radius curves for the two whole media layers were very similar, suggesting that the elastic
properties are also similar. The pressure-radius curves of the internal and external parts, however, were
markedly different. The internal layer is significantly stiffer as clearly seen by the steeper slope of the
pressure-radius curve. This is in qualitative agreement with the findings of von Maltzahn et al. (35) and
Xie et al. (254), although their results refer to differences between the medial and adventitial layers. Here,
it was clearly shown that within the medial layer the elastic properties might vary significantly in the
radial direction.
Figure 6.24 (a) shows the circumferential stress distribution calculated using the two-layer model for
different levels of physiological pressures and considering residual stresses estimated from opening angles.
We note that the level of stress is significantly higher in the inner half (media). We note also that, despite
the different levels of stresses, their distributions are fairly even in each layer, which is a manifestation
of the difference in the opening angle of each layer. Figure 6.24 (b) shows a comparison of the stress
distributions at P = 16 kPa predicted by the two-layer and a single-layer (homogeneous) models. The
opening angle was used in the homogeneous model. The difference in the predicted stress was quite
significant (up to 25% for this particular case). The results agree with the findings of Xie et al. (254),
who showed that the inner layer was subjected to higher stresses and that significant errors arose when
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FIGURE 6.23 Pressure-radius curves measured on the entire artery and on the remaining half after ablation with
the freezing-lathing technique.

FIGURE 6.24 Predicted circumferential stress distribution for different levels of pressure taking into account the
properties and opening angles of the two layers (a), and comparison between the circumferential stress distribution
at P = 16 kPa for a two-layer model and a homogeneous model (b).
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FIGURE 6.25 Pressure-radius curves measured in vitro on pig carotid arteries in the normal and inverted configuration (a), and comparison between the measured and predicted pressure-radius curves for an inverted pig carotid
artery (b).

the wall was assumed as homogeneous. Thus, for arteries with a clearly multilayered structure, the correct
description of wall stress requires the knowledge of the zero-stress state and elastic properties of each layer.
Pannatier et al. (257) proposed a simple method to assess the elastic nonhomogeneity of the arterial
wall. Inspired by the method of Xie et al. (254), they assumed that different layers of the arterial wall
were subjected to different strains. This is achieved by performing two types of inflation/extension tests:
one in the normal configuration and one on the inverted artery, where the inverted artery means that
the artery is turned inside out with the intimal surface becoming the external wall surface. By fitting the
experimental pressure-diameter (P-D) curves of the normal inflation tests and assuming the wall is
homogeneous, the strain energy function was determined. Then the experimental P-D curves of the
inverted artery were compared with the theoretical ones obtained using the determined strain energy
function. If the two curves coincide, this indicates that the artery may be considered elastically homogeneous; if not, it is, in a mechanical sense, nonhomogeneous.
Figure 6.25 (a) shows a typical set of measured pressure-radius curves from excised pig carotid arteries.
Inflation and deflation cycles for the arteries in the normal and inverted configurations are shown. The
differences between the two curves result from the fact that the prestresses in the inverted artery are
much more pronounced. The inner part of the media had become the external layer and been already
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significantly extended at zero load, which limited the final inflation of the artery at high pressures. Figure
6.25 (b) shows the comparison between the experimentally determined pressure-radius relationship of
the inverted segment (points) and the calculated one (line) for a pig carotid artery. The strain energy
function used for the calculation was determined using the experimental data from the noninverted
artery. The good prediction obtained here suggests that the pig carotid artery is elastically homogeneous.
Similar experiments were done for the pig aorta. The comparison between predicted and measured
pressure-radius curves for the pig aorta were not good, suggesting that for this type of artery a single
strain energy function is not adequate and, therefore, in a purely mechanical sense, it is elastically
nonhomogeneous.
Enzymatic removal of elastin resulted in opening angles falling to zero, whereas digestion of collagen
or destruction of vascular smooth muscle by snap freezing had little effect, implying that the residual
strains reside primarily in the elastic tissue (253). Taken together, the machining and chemical results
suggest that residual stress itself has a radial distribution being greatest at the inner, more elastic layers
of the media.

6.6 Changes in Arterial Structure and Elasticity During Growth
and Aging
Changes in the morphology and composition of the vascular system start before birth, continue through
childhood, and are maintained into old age. Although it has been said that “arterial aging begins in
childhood” (258, 259), it is important to separate the alterations in structure and function that occur
during growth, which may be termed developmental, from those that occur in adulthood, some of which
may be associated with disease. Lipid deposits are found in the coronary arteries of children less than 3
years old (260) and macroscopically observable fatty streaks are seen in the aortas of adolescents (261),
but it is not yet known if these deposits are the precursors of atherosclerotic disease. Occlusive vascular
disease, although common in the aged, especially those living in Western countries, spares many and
should therefore be distinguished from the steady alterations in structure, composition, and mechanical
properties that occur with the passage of time and spare nobody. These issues have been addressed by
Nichols and O’Rourke (259) and reviewed by Kissane (262).
In early life, elastic arteries, large muscular arteries, and conduit veins increase in length, diameter,
and wall thickness in concert with the changes in body weight and length associated with growth and
development. The dimensions of arterioles and venules as well as capillaries are determined by the
rheological properties of blood and the chemistry of hemoglobin (263) and do not change with age,
merely becoming more numerous as the volume of the organs they supply increases. Since arteries
continue to increase in diameter, length, and wall thickness in adulthood (264), after which the dimensions of the body as a whole change little, it is clear that these changes must be distinguished from those
due to normal growth and development (see below).

Morphological Changes
The dimensional changes described above may be resolved at the microscopic level into thickening of
both the intima and media. The intima becomes thicker due to the migration and proliferation of vascular
smooth muscle cells (VSMCs) followed by synthesis of scleroprotein and extracellular matrix (85). This
newly synthesized material may be organized into layers, in which case it resembles the media in structure.
However, electron microscopic observations of monkey aortas have revealed that the orientation of the
elastic fibers is predominantly axial rather than circumferential as in the media, suggesting a synthetic
response to shear stress (265, 266). It should be emphasised that the intimal thickening is often localized,
frequently occurring on one side of the vessel lumen while sparing the other. It has been observed in the
fetal circulation (267), in children, and in healthy animals (268) and is thought to be adaptive in nature,
often occurring near junctions where shear stresses are changing during growth (85, 110). In later life,
VSMCs continue to migrate toward the intima, where they proliferate and synthesize scleroprotein to
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produce a more widely distributed intimal thickening (83). It has been argued that this process may also
be adaptive in nature, compensating for changes in lumen diameter due to medial remodeling (269) and
driven by the requirement to maintain shear stress at an optimum value (87). Under these conditions
the intimal structure resembles that of the media, containing regular layers of smooth muscle cells and
elastic laminae (270) and may well contribute to the ability of the vessel to withstand circumferential
stress (271). If the shear stress is not normalized, due for instance to the presence of an occlusion
downstream, the proliferation continues, resulting in a progressive reduction in lumen diameter. The
intimal proliferation occurring under these circumstances has a much less ordered structure (271). This
hypothesis could perhaps be tested in an animal model by observing and quantifying the intimal changes
proximal and distal to an experimentally induced occlusion.
During growth and development, the elastic laminae of the media become thicker although their
number appears to be fixed at birth (110, 146), collagen content increases, as does the number of
myofilaments and extracellular fibers, which gradually replace cellular junctions with a mesh of extracellular binding fibers (111). At the same time, isolated deposits of apparently amorphous elastin develop
into more continuous membranous structures between VSMCs. As growth continues, VSMCs become
more elongated and the elastin membranes coalesce to form continuous fibers closely associated with
the cells (143).
In later life, elastic laminae become thinner and more fragmented (272), while collagen, ground
substance, and areas of calcification become more prominent (273). The number of projections seen on
VSMC membranes, which are thought to be points of attachment to elastin fibers, is increased and the
VSMCs become less rounded in cross section and more irregularly shaped (274, 275).

Chemical Composition
Age-related changes in the chemical composition of arteries are, in general, consistent with those observed
in their microscopic structure. Of the numerous studies in the literature, the great majority are confined
to the aorta and pulmonary artery, and it has frequently been assumed that similar changes are found
in smaller conduit arteries. Results from the few investigations on smaller conduit arteries are contradictory. With few exceptions (276), most investigators agree that, in the aorta, the pulmonary artery, and
the carotid artery, both in humans and other mammals, collagen content relative to the wet weight of
the vessel increases with age, while elastin content and the number of VSMCs are reduced (277-282). In
more muscular vessels such as the intracranial arteries, the amount of both scleroproteins relative to the
dry weight has been found to increase with age, with elastin increasing more rapidly. This resulted in a
net increase in the ratio of elastin to collagen (28, 281). However, there have been few detailed sequential
studies of the changes in scleroprotein content throughout life and fewer still on human material. For a
representative list of reviews, see (259).
In summary, the growth and the development of the aorta may be divided into three stages. First,
during fetal life the basic structure of elastic lamellar units is formed (283). The second stage, during
childhood, involves a decrease in cellularity accompanied by an increase in elastic tissue formation, during
which both the thickness of the lamellar units and the amount of interlamellar elastin increase (111, 284,
285). Finally, in adult life, there is little change in cellularity, a small increase in relative collagen content,
and a corresponding reduction in elastin (286). During this period, the scleroprotein molecules acquire
progressively more cross-links, and their fibers therefore become stiffer (287-291).

Elasticity
Until recent improvements in the sensitivity and resolution of pulsed ultrasonic equipment, most noninvasive elasticity measurements on human subjects were derived from determinations of the apparent
propagation velocity of the flow or pressure wave (PWV, c) from which vascular compliance (Cv) or
pressure-strain elastic modulus (EP) may be estimated. It should be emphasised that, since elastic modulus
and therefore PWV are strongly dependent on mean pressure, investigations of the effect of age on
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elasticity should take into account the known increase of mean and pulse pressure with age. Early
measurements of PWV have been reviewed by Haynes et el. (292), more recent studies performed by
Hickler (293), and then briefly summarized by Nichols and O’Rourke (259). As with the measurements
of arterial composition, most of these studies have been confined to the aorta or the aorta and iliac artery
together. In general, almost all investigations have shown that vascular compliance decreases with age in
the rat (286, 294-296), dog (130, 294), sheep (22), and humans (297-299), a result that is in keeping
with the increased collagen content, reduction in elastin, and increased stiffness of the scleroproteins
themselves. Similar decreases of compliance with age have been observed in the carotid and pulmonary
arteries (300-303). However, others have found an increase in compliance in early childhood followed
by a subsequent fall with age (299,304-306). These observations, too, are consistent with increasing elastin
content during childhood, although in measurements on 480 Chinese subjects aged from 2 to 85 years,
Avolio and his co-workers (297) did not observe this fall in PWV during childhood.
Investigations into the effect of age on the elasticity of more peripheral arteries have yielded contradictory results. A number of large-scale studies have shown that the velocity of the flow pulse wave in
the upper and lower leg determined by Doppler ultrasound decreases with age although less rapidly than
aortic values (297, 298, 304). On the other hand, measurements of compliance and the ratio of relative
diameter changes to the pulse pressure (∆D/D/∆P), at specific sites using pulsed ultrasound, have revealed
that, at any given pressure, the femoral artery does not get significantly stiffer with age (216, 307, 308)
and that the brachial and radial arteries may actually become more distensible (216, 308-310).
A number of earlier small-scale investigations have hinted at similar regional differences in the agerelated changes in elasticity. For instance, Butcher and Newton (306) in a postmortem study showed that
the volume distensibility of the iliac arteries increased with age, and Learoyd and Taylor (2) observed a
small increase in iliac distensibility (implying a decrease in PWV) in 6 subjects more than 35 years old
and a large increase in the femoral, when compared with 6 subjects less than this age. A similar reduction
in PWV on going from the abdominal aorta to the iliac artery was also observed by Latham et al. (311),
while Laogun and Gosling (299) found that PWV in the iliac artery was independent of age.
It is possible that these contradictory results for the more distal conduit arteries are due to alterations
in smooth muscle tone, causing greater changes in vascular compliance within a given subject than are
seen between subjects (216). It has also been suggested that a fall with age in the ratio of wall thickness
to radius would result in increased compliance given no change in the material properties of the wall
(308). Finally, there remains the possibility that the material properties themselves may change with age
in such a way as to reduce the structural stiffness of the vessel wall (as measured by the circumferential
incremental elastic modulus, Einc). The evidence for this is limited although Laurent et al. (312) have
found that Einc measured at 100 mm Hg in the brachial artery of patients with essential hypertension is
lower than normal. Similarly, Einc values of small arteries in the spontaneously hypertensive rat are lower
than those of their normotensive counterparts (313, 314), and cerebral arteries in humans (although not
the arterioles (315)) become less stiff with increasing age (281, 316, 317). It is also worth noting that the
healthy saphenous vein in humans has been found to become more distensible with age (318, 319) along
with a simultaneous increase in the ratio of elastin to collagen. It remains to be seen whether elasticity
changes in the brachial and femoral arteries in humans are correlated with alterations in chemical
composition.
In the large elastic arteries, hypertension, like aging, is associated with increased collagen content and
concomitant increases in relative wall thickness (259), both of which tend to cause a reduction in
distensibility. Until recently, it has been assumed that increased relative wall thickness in more distal
vessels such as the radial, brachial, and femoral arteries would lead to similar decreases in distensibility
and elastic modulus. However, there is now an increasing body of evidence to show that, when compared
at a given pressure or total strain, the compliance of these vessels in patients with untreated essential
hypertension is in fact lower than those in normotensives (307, 308, 320, 321) and that this reduction
may be due to changes in the properties of the wall material itself (312). Thus, the regional differences
in the response of the arterial system to hypertension echo those seen with aging and lend support to
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the idea that, in the context of vascular structure and function, hypertension may be thought of as
accelerated aging (259, 322).
The response to aging of vessels from different sites has interesting consequences with respect to the
formation of wave reflections and, therefore, the local hydraulic impedance in distal conduit arteries.
Assuming that the reflection occurs at a single point and that the reflection coefficient (r) is real, then
the coefficient for an equibifurcation is given by:

r = (1-λ)/(1+λ), λ = VR/AR,

(6.30)

where VR, velocity ratio, is the ratio of the PWV in the upstream vessel to that in the downstream vessels,
and AR is the ratio of the cross-sectional area of the upstream vessel to the combined area of the
downstream vessels. There is evidence obtained from postmortem radiographic studies that the area ratio
of the aorto-iliac bifurcation falls with age (323-325). However, if the velocity ratio increases sufficiently
to offset this, it follows that λ will become greater than 1 and the reflection coefficient will become
negative. In a postmortem study, it has been observed that r falls from a value of approximately 0.3 at
the age of 2 months to -0.3 at the age of 88 years, being close to zero in the age range 20 to 60 (325).
These observations are not inconsistent with reports by O’Rourke and co-workers (301, 326) that
amplification of the pressure pulse wave as it travels away from the heart decreases with age, although
they argue that this is due to changes in peripheral vascular reflection rather than in a reduction of
regional elasticity differences.
What are the causes of the morphological and chemical changes that lead to increased stiffness and
the consequent hemodynamic changes that impose an increased pulsatile load on the heart? There is
much evidence that remodeling of the vascular wall occurs in response to alterations in the magnitude
and rate of change of circumferential stress (and hence strain) borne by the vascular smooth muscle cell
(327). The primary response of VSMC to increased cyclic strain is the synthesis of collagen (328, 329),
although there is evidence from animal studies that a period of experimentally induced hypertension in
early life is associated with increased elastin synthesis (296). However, in adult life, the rate of elastin
synthesis is extremely slow and its half life in the body is thought to be at least 40 years (97, 330). Nichols
and O’Rourke (259) have suggested that the arterial wall, being subjected to continual cyclic stress,
undergoes material fatigue and, although this will affect all components, it is only the elastin that cannot
be resynthesized. The end result of this process is a gradual replacement of elastin with collagen, leading
to a progressive increase in the elastic modulus of the wall material with age. It is worth noting that since
large conduit arteries contain more elastin in early life than smaller muscular vessels, this may account
for the greater reduction in stiffness with age seen in the large elastic arteries. Once the conduit arteries
start to become stiffer, their characteristic impedance and hence the pulse pressure for a given mean
pressure will increase. This, in turn, leads to increased circumferential stress which, assuming no change
in distensibility, will result in increased circumferential strain and a tendency to synthesize more collagen,
leading to further increases in elastic modulus. At present, there is little direct evidence for this hypothesis.
However, it is known that abnormal pressure or flow in early life can have profound and lasting effects
on the structure and mechanical properties of conduit arteries. For instance, in a postmortem study on
adolescents who had been born with a single umbilical artery (where all the placental flow passes along
one common iliac artery rather than being divided equally between the two), it was found that the
common iliac artery that had been exposed to high flow had a normal lamellar structure, whereas the
contralateral vessel was depleted in elastin and had a thin muscular wall (331). Similarly, the pulse wave
velocity in a similar group of children aged 13 to 15 was found to be 3 times higher on one side when
compared to the other, although it was not known which side had been exposed to the full placental flow
(332). These intriguing observations may be explicable in terms of a disturbance in the formation of
elastic tissue which is known to reach a maximum in the perinatal period (283) and to be associated
with changes in transmural pressure (285, 333). Furthermore, there is good evidence that intrauterine
growth retardation is linked both to hypertension (334) and to decreased aortic and ilio-femoral compliance in middle age (335). It has been suggested (C. N. Martyn, personal communication) that if
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elastogenesis is disturbed during the critical intrauterine period, for instance by poor nutrition, the
conduit arteries will be stiffer than normal and the feedback loop between collagen synthesis and cyclic
circumferential strain described above will be established, leading to a permanent increase in elastic
modulus and mean pressure. Measurements of soft tissue elastin content and elasticity in normal and
growth retarded infants may provide evidence for this hypothesis.

6.7 Mechanical Properties of Diseased Arteries
Hypertension
Hypertension — clinically defined as systolic blood pressure higher than 160 mm Hg or diastolic pressure
higher than 95 mm Hg for systemic arteries (WHO) — is a well-recognized risk factor for many
cardiovascular diseases, including atherosclerosis and cerebral hemorrhage. Elevated blood pressure exerts
influence on the synthetic activity of vascular smooth muscle cells and is believed to induce changes in
structure and morphology of the arterial wall, its mechanical properties, and vascular contractility (9).
It is therefore very important to understand arterial mechanics in hypertension. However, results from
the extensive literature concerning the mechanical properties of hypertensive arteries are contradictory
and inconclusive (336).
By means of tensile tests on aortic ring specimens harvested from rabbits in which hypertension was
experimentally induced and endured for up to 4 weeks, Aars (337) and Sharma and Hollis (338) showed
that the Young's modulus or the slope of the stress-strain curve was increased in hypertensive animals
when compared to normotensive controls. More physiologically, several other studies were performed
to determine the pressure-diameter or pressure-volume relationships of aortas and arteries in hypertensive animals and humans (36, 217, 339-344). For example, Greenwald and Berry (341) showed that, at
a given pressure, the aortas from the rats exposed to induced hypertension for 6 and 20 weeks were
structurally stiffer than those from normotensive animals. Essentially similar results were obtained from
the brachial artery in living, intact, and unanesthetized hypertensive humans (340).
More recently, Matsumoto and Hayashi (344) performed a more detailed study on the effects of induced
hypertension on the pressure-diameter relationship (Fig. 6.26) and elastic modulus of the rat thoracic
aorta. Comparison of hypertensive animals to normotensive controls showed that at 100 mm Hg pressure
and also at the working pressure of each group, the pressure-strain elastic modulus, EP, was greater in
hypertensives than in normals, whereas at 200 mm Hg the EP values in the hypertensive animals were
slightly lower than those of the normals. This result did not depend upon the duration of hypertension
in the range 2 to 16 weeks. Feigl et al. (339) determined the same pressure-strain elastic modulus of the
canine femoral artery under in situ conditions and showed that the modulus measured at in vivo blood
pressure was much higher in 4-week hypertensive animals than that in normotensive ones. On the other
hand, Michelini and Krieger (36) chronically implanted electrolytic strain gauges and measured aortic
distensibility (inverse of Ep) in freely moving hypertensive rats for the period of 5 days. They observed
a marked increase in the distensibility on the second day of hypertension, followed by its restoration to
normal value on the third day and thereafter. Moreover, Vaishnav et al. (343) reported that the aortas
from dogs in which hypertension had been induced for 2 and 4 weeks were slightly more distensible than
normotensive aortas at comparable intravascular pressures. When we analyze these data, we should
remember that the values of such parameters as Ep and Cv are dependent on pressure. Without this
consideration, comparison between the results from different studies has little meaning.
With regard to the inherent elastic modulus of wall material calculated from pressure-diameter data,
Greenwald and Berry (341) reported that, at physiological levels of pressure and above, the incremental
elastic modulus of the aorta was lower in hypertensive rats than in normotensive ones when compared
at a given pressure or level of circumferential stretch ratio. Even if compared at in vivo systolic blood
pressure levels, the incremental elastic modulus (Einc) was lower in hypertensive rats than in normotensive
animals. They ascribed the result to the relatively higher content of elastin and lower content of collagen
in hypertensive animals than in normotensive ones. It should be pointed out that in this study hyperwww.4electron.com
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FIGURE 6.26 Pressure-distension ratio curves of the thoracic aorta in hypertensive and normotensive control rats,
where the distension ratio is the ratio of the diameter at each pressure to that at zero pressure. Psys is the systolic
blood pressure before sacrifice. (From Reference 344, with permission.)

tension was induced in animals aged only four weeks and that the response of the young vessel to an
increased pressure may differ from that of its mature counterpart. Likewise, Cox and Bagshaw (342)
reported that the incremental elastic modulus at 100 mm Hg of the saphenous artery in the dogs exposed
to induced hypertension for 3 months was significantly lower than that in normotensive animals. However, they showed that hypertension did not change the modulus of the carotid and femoral arteries and
that the modulus of the coronary artery was significantly higher in hypertensive dogs than in normotensive animals. In addition, they observed that collagen content in the hypertensive arteries were significantly or slightly lower than that in normotensive animals, whereas there were essentially no changes
in the content of elastin.
Vaishnav et al. (343) observed that the stress-extension ratio relationship of the thoracic aorta determined from pressure-diameter-axial force-length data was very similar in the circumferential direction
in hypertensive and normotensive dogs; however, the hypertensive aorta had a higher slope than its
normotensive counterpart in the longitudinal direction. More recently, Matsumoto and Hayashi (344)
analyzed the data shown in Fig. 6.26 and showed that the incremental elastic modulus (Hθθ) at systolic
blood pressure level had significant correlations with the blood pressure until 8 weeks after induction of
hypertension; at 16 weeks, however, the correlation disappeared and the elastic modulus tended to the
same level as that in control, normotensive rats (Fig. 6.27). Based on these results, they concluded that
the aortic wall in hypertensive rats restored the in vivo elastic properties to a normal level in 16 weeks
due to the functional adaptation or remodeling of the wall. They also observed no significant differences
in the incremental elastic modulus at 100 mm Hg regardless of the period of hypertension. Spontaneous
hypertension seems to give essentially similar results to induced hypertension (340, 341), although the
results may depend upon the degree of blood pressure elevation.
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FIGURE 6.27 Relation between the systolic blood pressure before sacrifice and the incremental elastic modulus at
this pressure of the thoracic aorta in hypertension-induced and nontreated control rats. (From Reference 344, with
permission.)

As mentioned above, the effects of hypertension on arterial mechanics are inconclusive and seem to
depend upon differences in the animal species studied, methods of inducing hypertension, vessels used,
duration of hypertension, methods of analysis, etc. More thorough and detailed studies are warranted.
In connection with the mechanical properties of wall, Wolinsky (345), Greenwald and Berry (341),
Vaishnav et al. (343), and Matsumoto and Hayashi (344) showed that the arterial wall was thickened by
hypertension, while Feigl et al. (339) and Cox and Bagshaw (342) observed no changes. Wall thickness
depends critically on pressure level and, therefore, we have to pay attention to the pressure for the
thickness measurement when we interpret the results. Only Matsumoto and Hayashi (344) determined
the thickness of wall at the in vivo blood pressure level. They used the wall thickness to calculate in vivo
wall stress in the circumferential direction and observed that the stress was independent of the degree
of hypertension and was always maintained at a control, normal level even at 2 weeks after the induction
of hypertension. Wolinsky (345) also reported that when measured at systolic pressure there was no
difference in aortic circumferential stress between hypertensive rats and age-matched control animals at
20 weeks after the induction of hypertension. Matsumoto and Hayashi (147, 327, 344) and Hayashi and
Matsumoto (346) ascribed this phenomenon to a functional adaptation and remodeling of the arterial
wall.

Atherosclerosis
The effects of flow dynamics and shear stress at the vessel wall on the initiation and development of
atherosclerosis have been studied extensively (347-349). However, less attention has been paid to the
mechanical properties of atherosclerotic wall tissues. Furthermore, the results obtained are conflicting
and rather inconclusive (7, 199, 336). One of the reasons for this is that the structural stiffness of the
arterial wall and the elasticity of wall material have been confusingly used for the expression of the elastic
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FIGURE 6.28 Vascular compliance, Cv, of human aortas with different degrees of arteriosclerosis. (Redrawn from
Richter and Mittermayer (351), with permission.)

properties of atherosclerotic walls. As discussed later, atherosclerotic plaques and lipid might be stiffer
or softer than normal arterial walls, the combination of which may also yield inconclusive results.
Several studies have shown that arterial walls are stiffened by the development of atherosclerosis. For
example, Bailey (350) showed that the structural stiffness of the thoracic aorta increased in rabbits having
over 50% visible involvement of the aortic surface by atherosclerotic plaques, although there appeared
no change in more moderately diseased animals. Richter and Mittermayer (351) reported that the vascular
compliance, Cv, of autopsied human aortas was lower in the more advanced stage of atherosclerosis,
although the compliance at around 100 mm Hg increased at an early stage of the disease with minimal
lesions (Fig. 6.28). In addition, Cox and Detweiler (352) observed that there were almost no differences
in the incremental elastic modulus (Einc) between dietary atherosclerotic and control greyhounds below
120 mm Hg in the iliac artery and below 240 mm Hg in the carotid artery. They also reported that the
arterial wall thickness was increased by atherosclerosis, which implies increased structural stiffness of the
wall. From a series of studies on the mechanical properties and morphology of the aortas and carotid
arteries in cholesterol-fed monkeys, Farrar et al. (353-356) stated that the structural stiffness of the wall
increased and decreased with the progression and the regression of atherosclerosis, respectively. However,
there was no significant difference in the elastic modulus of the wall material between atherosclerotic
and normal vessels. They ascribed the structural stiffening in the atherosclerotic walls to increased wall
thickness. Band et al. (357) and Pynadath and Mukherjee (358) showed that the dynamic Young's modulus
of the rabbit aorta was markedly increased by cholesterol diet.
On the other hand, several studies have presented opposing results. According to Newman et al. (21),
the feeding of an atherogenic diet to cockerels decreased both the structural stiffness and wall elasticity
of the abdominal aorta except for the severely atherosclerotic vessels whose structural stiffness was
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FIGURE 6.29 Incremental elastic modulus, Einc, and vascular compliance, Cv, of human cerebral arteries with and
without fibrosclerosis. (Redrawn from Hudetz et al. (360), with permission.)

relatively higher than that of the control ones. Mark et al. (359) and Hudetz et al. (360) demonstrated
that there were no differences in the stiffness of human cerebral arteries between those with fibrosclerotic
walls and normal ones, although the incremental elastic modulus was lower in the fibrosclerotic walls
(Fig. 6.29). Nichol (361) observed in hypercholesterolemic rabbits that atherosclerosis reduced the aortic
stiffness at pressures below 70 mm Hg due to the reduction of elastic tissues, although this was not the
case above this pressure because of the proliferation of collagenous tissue. Nakashima and Tanikawa (362)
showed that the structural stiffness of human aortas increased gradually with age, regardless of the degree
of atherosclerosis. Butcher and Newton (306) observed a similar phenomenon in human aortas and iliac
arteries that were not extensively calcified.
More recently, Hayashi et al. (7) performed a detailed study on the mechanical properties and morphology of atherosclerotic aortas in the rabbit (Fig. 6.30). They applied two methods to induce atherosclerosis: the feeding of cholesterol diet and/or the denudation of endothelial cells in the thoracic aorta.
This study indicated that the changes in the stiffness of the wall (β") and the elastic modulus of wall
material (Hθθ) were not always correlated with the progression time of atherosclerosis up to 32 weeks in
either treatment. The denudation of endothelial cells thickened the aortic walls, but induced no significant
changes in the stiffness nor the incremental elastic modulus. In the animals fed cholesterol diet after the
endothelial cells of the aortas were denuded, β", Hθθ, and the ratio of thickness to wall radius increased
significantly while, with a few exceptions, those in the cholesterol-fed animals showed no significant
changes. Averaged percent fraction of the luminal surface area stained with Sudan IV (As) in the thoracic
aorta was around 50% in the cholesterol-fed rabbits and 100% in the endothelial cell denuded and
cholesterol-fed ones at 32 weeks. Even if As was over 80% in the latter animals, only 50% of the aortas
gave significantly higher β"-, and Hθθ-values at 100 mm Hg than the others. Significantly increased
calcification and intimal hyperplasia were observed in the walls with high β"- and Hθθ-values. From these
results, they concluded that the progression of atherosclerosis induces wall thickening, followed by wall
stiffening. However, even if atherosclerosis is greatly advanced, there are essentially no changes in the
elastic modulus of the wall material unless considerable calcification in the wall occurs. Calcified aortas
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FIGURE 6.30 Elastic parameters and wall dimension at 100 mm Hg of the control and atherosclerotic thoracic aortas
in rabbits. A, control animals; C, endothelial cell (EC)-denuded animals; B0, cholesterol-fed animals with As < 80%;
B2, cholesterol-fed animals with As > 80%; D0, EC-denuded and cholesterol-fed animals with As < 80%; D1, ECdenuded and cholesterol-fed animals with As > 80% and β" < 10; D2, EC-denuded and cholesterol-fed animals with
As > 80% and β" > 10, where As is the percent fraction of the luminal surface area stained with Sudan IV. (From
Hayashi etl al. (7), with permission.)

have high elastic modulus. At the most advanced stage of atherosclerosis, calcification is accompanied
by wall hypertrophy, resulting in large increases in wall stiffness.
From this survey of the data on the mechanical properties of atherosclerotic walls, we may be able to
say that the structural stiffness of the wall is increased by atherosclerosis, and that this may be due to
wall thickening (199). However, the elastic modulus of wall increases, decreases, or remains unchanged
depending on the degree and stage of atherosclerosis. More thorough and systematic studies considering
wall morphology and histology are required for a proper analysis of the changes in arterial mechanics
associated with atherosclerosis. It is clearly necessary to carefully distinguish between the structural
stiffness of wall and the elasticity of wall material.
In connection with this subject, we need knowledge of the mechanical properties of atherosclerotic
lesions and plaques. However, there have been only a few studies, and the results reported are also
conflicting and inconclusive. Using a servo-controlled mechanical spectrometer, Lee et al. (363) measured
dynamic compressive (radial) stiffness of fibrous caps obtained from human abdominal aortas, and
related the data to their histological structure. They found that hypocellular fibrous caps were approximately 1 to 2 times, and calcified caps were 4 to 5 times, stiffer than cellular caps. Subsequently, they
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determined static compression stiffness of atheroma caps obtained from human abdominal aortas, and
compared them with intravascular ultrasound images of the lesions (364). They showed that the stiffness
of fibrous caps seemed to be slightly higher than that of nonfibrous ones, although there was no significant
difference between them. However, calcified specimens had significantly higher stiffness than nonfibrous
caps.
More recently, Loree et al. (365) studied the circumferential tensile stress strain characteristics of
intimal plaques (gauge length, 8.1 mm; width, 4.8 mm) obtained from abdominal and thoracic aortas
of autopsied patients. The results obtained indicated that there were no significant differences in the
tangent modulus at a physiologic stress of 25 kPa between cellular, hypocellular, and calcified specimens.
However, they observed that the stress-strain curves of hypocellular plaques tended to have a shorter toe
region than for either cellular or calcified plaques. From these results, they concluded that there was no
difference in stiffness between plaques and normal media, which is in marked contrast to the abovementioned radial compressive characteristics of plaques. Moreover, stiffness in the tangential direction
was considerably higher than that in the radial direction regardless of histological structure. They also
showed that the fracture stress of the plaque specimens ranged from 149 to 701 kPa, with a mean of 484
± 216 kPa, although these data were obtained from only a limited number of specimens.
Born and Richardson (366) also studied the tensile properties of human atherosclerotic plaques
(specimen size, 0.5 × 4 mm) using a micro tensile tester. They showed that the plaques elongated markedly
at low stress level, followed by a steep rise of stress, although their stress-strain data varied considerably
between specimens and gave no clear conclusion. Most of the samples used for this study were taken
with their major axis in the longitudinal direction of vessels. Probably using the same tensile tester,
Lendon et al. (367) studied the stress-strain relationships of the human aortic specimens (size, 1.5 × 7
mm) of nonulcerated plaque caps (n = 2), ulcerated caps (n = 2), and areas of adjacent intima. The
stress-strain data were again considerably variable; 2 nonulcerated caps and an ulcerated cap had higher
stiffness than their adjacent intima, while another ulcerated cap had markedly lower stiffness. Separately,
Lendon et al. (368) reported that the mean fracture stress of the atherosclerotic plaques formed in human
coronary arteries was about 600 kPa for non-ulcerated plaques and approximately 200 kPa for ulcerated
plaques. Using a unique microindentation technique, Castle and Gow (369) observed that the region
immediately distal to the intercostal ostium of the thoracic aorta in cholesterol-fed rabbits was significantly softer than surrounding areas, and they concluded that early atheromatous changes are accompanied by softening of the aortic intimal surface.
The data on the stiffness and strength of atherosclerotic plaques reported in the literature are variable
and inconclusive, possibly due to different methods of testing, different species and variations in the
microscopic structure of plaques, anisotropy, etc. For a more precise and detailed study of the mechanical
properties of atherosclerotic plaques, Hayashi and Imai (370) designed a micro tensile tester incorporating
a video dimension analyzer for strain measurement. They applied it to a statistically meaningful number
of specimens (length, 10 mm; width, 1.5 mm; thickness, less than 0.5 mm). The stress-strain curves of
the plaques and wall media of the thoracic aortas obtained from endothelial cells-denuded and cholesterol-fed rabbits showed nonlinear stress-strain relations and large deformation (Fig. 6.31). The plaques
had relatively smaller slopes than the wall media, a result essentially similar to those obtained by Castle
and Gow (369). The tensile strength of the plaques was 131 kPa on average, and this strength was much
lower than the other results mentioned above. The data shown in Fig. 6.31 were successfully used for the
finite element analysis of the cross-sectional distributions of stresses in modeled atherosclerotic walls
(370).
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FIGURE 6.31 Stress-extension ratio relations of wall media and atherosclerotic plaques obtained from the thoracic
aorta of atherosclerotic rabbits. (From Reference 7, with permission.)
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7.1 Introduction
Routine methods for noninvasive arterial pressure evaluation are based on a simple idea, which has
remained almost unchanged in its essence for more than one century: an arterial vessel, usually placed
in a limb, is compressed by an external load, which causes the artery to rhythmically collapse or reopen
at each heart beat. Some effects of the arterial collapse (either alterations in pressure pulse amplitude,
blood volume changes, blood velocity perturbations, or audio-frequency sounds) are then detected by
means of an external noninvasive transducer. The belief is that artery obliteration and the consequent
phenomena measured by the transducer are closely related to the incoming arterial pressure waveform,
particularly to the diastolic, mean, and systolic arterial pressure values.
The first applications of these methods to achieve quantitative evaluation of arterial pulse pressure
can be dated back to the second half of the 19th century.1,2 Particularly, Marey2 enclosed the arm in a
fluid-filled chamber to apply a uniform pressure to the brachial artery. He first observed that pressure
in the chamber fluctuates with the heart beat and that the amplitude of these fluctuations depends on
mean pressure in the chamber. If pressure in the chamber is increased, pressure oscillations reach a
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FIGURE 7.1 Flow chart describing the chain of events at the basis of the oscillometric (or auscultatory) techniques
for indirect blood pressure evaluation.

maximum and then progressively fall. The fluid-filled chamber used by Marey was subsequently replaced
by a cuff containing a distensible elastic bladder, which is wrapped around the upper arm and inflated
with air.3
At present, the phenomenon described by Marey is still at the basis of the oscillometric method for
indirect arterial pressure measurement, and many authors in recent years have explored the possibility
of measuring arterial pressure from information on cuff pressure pulsatility. It has been suggested that
a maximum in cuff pressure oscillations occurs when cuff pressure is approximately equal to the mean
arterial pressure4 and that cuff pressure pulse amplitude at systole and diastole are a fixed ratio of the
maximum cuff oscillation amplitude.5 It is important to stress that alterations in cuff pressure pulsatility,
detected by the oscillometric technique, depend primarily on blood volume changes in the arterial
segment under the cuff, transmitted to the occluding cuff through the interposed elastic tissue of the
arm. Hence, the cuff is used essentially as a volume sensor. Blood volume changes, in turn, depend on
arterial compliance, which is a complex function of the local transmural pressure level. A flow chart that
summarizes the chain of events at the basis of the oscillometric technique can be found in Fig. 7.1.
Technical variations of the oscillometric technique may consist of the direct measurement of the pulsating
blood volume in the arm, through a pletismographic technique6 or of the measurement of local arterial
compliance (perhaps through a measurement of wave propagation in the arterial segment, as suggested
by Drzewiecki7), or in the evaluation of the derivative of cuff pressure oscillation amplitude (differential
oscillometry7,8).
An alternative technique for noninvasive arterial pressure measurement was suggested by Korotkoff
in 19059. He discovered that audio-frequency sounds are generated distally to the occluding cuff when
the collapsed artery is forced to reopen by an incoming arterial pressure wave. The detection of Korotkoff
sounds by means of a stethoscope placed under the cuff now represents the basis of the auscultatory
technique, which is the method most frequently used in the current clinical medicine for the determination
of systolic and diastolic arterial pressure. Despite the great number of experimental and theoretical studies
that appeared on Korotkoff sounds in past years (most summarized in Drzewiecki et al.10), the exact
origin of this phenomenon is still a matter of debate among scientists. It is probable that both a dynamical
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instability of the arterial wall and disturbances in blood flow can contribute to the genesis of audiofrequency waves during collapse of the brachial artery.
Although the genesis of Korotkoff sounds is based on a phenomenon essentially different from blood
volume oscillations, the auscultatory and the oscillometric methods share many important biomechanical
premises, and common events take place in both techniques (see Fig. 7.1). These events are briefly
summarized as follows:
1. The occluding cuff is inflated around a limb (usually the upper arm). As a consequence, a given
pressure is applied at the arm's outer surface.
2. This pressure is transmitted from the outer surface of the limb through the interposed elastic
tissue down to the artery (in the case of the upper arm, this is the brachial artery). As a consequence,
the arterial transmural pressure is altered.
3. Depending on the value of transmural pressure (which is equal to intravascular pressure minus
the outer pressure of the artery), the arterial segment under the cuff may be in one of three possible
states: open, with circular uniform cross-section and "normal" compliance; collapsing, with high
compliance and large local variations in cross-sectional area and blood volume; completely collapsed, with negligible compliance and very high local resistance to blood flow. The noninvasive
methods for blood pressure estimation exploit the fact that if pressure in the cuff is appropriately
set (generally between systolic and diastolic), the artery suddenly fluctuates between the collapsed
and open states, as a consequence of the incoming arterial pulse pressure.
In the ideal case, one expects that the arterial vessel starts to collapse as soon as cuff pressure exceeds
the diastolic pressure, that the portion of the cardiac cycle during which the artery is collapsed increases
with pressure in the cuff and, finally, that the arterial segment remains constantly collapsed if cuff pressure
is increased above the systolic level. However, this ideal case can be true only if the cuff can impose
uniform pressure on the outer surface of the limb, if the interposed soft tissue is able to transmit pressure
perfectly to the arterial wall and, above all, if the artery collapses instantaneously as soon as its transmural
pressure falls to zero. None of these conditions is entirely true in the real case. As a matter of fact, the
cuff, the soft tissue of the arm, and the arterial mechanics may all introduce significant causes of error
in the indirect determination of arterial pressure. In the case of the auscultatory method, additional
causes of error may arise from the insufficient knowledge of the mechanisms originating Korotkoff
sounds, and of their relations with the artery collapse.
There are two ways to validate noninvasive blood pressure estimation techniques and to improve their
performance. The first consists of comparing the values provided by the indirect technique with those
obtained simultaneously by a catheter inserted into an artery. A large number of papers comparing
indirect and direct pressure measurements have been published in the past decades, but with controversial
or contradictory results. An exhaustive analysis of these papers is beyond the aim of this work. The most
important results, however, can be summarized as follows. The auscultatory method seems to underestimate systolic blood pressure by 5-20 mm Hg, while it overestimates diastolic blood pressure by 12-20
mm Hg.7,11 In particular subjects, however, such as in the elderly, in individuals with increased vascular
rigidity (such as in advanced atherosclerosis), or in individuals with large arms (such as in the obese),
the auscultatory method may overestimate the intra-arterial pressure (a phenomenon often called pseudohypertension12). Just a few experimental results on the oscillometry technique can be found in the
literature. Geddes et al.5 used the value of cuff pressure pulse amplitude, normalized to the maximum,
to estimate systolic and diastolic pressure. Comparison with intra-arterial pressure in the dog suggests
that these ratios are quite imprecise, ranging from 0.45 to 0.57 for the systolic, and from 0.75 to 0.86 for
the diastolic.
In conclusion, errors as great as 20-30 mm Hg may occur frequently with both the auscultatory and
the oscillometric techniques. The presence of such errors may have serious implications for the diagnosis
and the therapy of many groups of patients, especially in the treatment of hypertension and the prevention
of cardiovascular diseases.
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An alternative way to test the accuracy of indirect blood pressure estimation techniques, to point out
their main limitations, and to suggest lines for future improvements consists of the use of mathematical
models. The ambition of such models is to describe the different phenomena involved in the measurement
in accurate quantitative terms, in order to estimate and correct the errors introduced at each stage. Several
such models have been proposed in the past decades, becoming gradually more complex and accurate
with time.7,13-17 An exhaustive review of them is far beyond the purpose of this work.
Basically, two main classes of models can be distinguished: the lumped parameter models, which
neglect wave propagation phenomena along the artery and provide a compartmental description of tissue
and artery segments (i.e., they do not consider a spatial coordinate explicitly); and the distributed
parameter models, which consider the spatial coordinates (i.e., the longitudinal coordinate of the artery
and of the arm and, in some instances, the arm radial coordinate, too). Both models exhibit some
advantages and shortcomings.
In the following, we present some of the mathematical models we developed in recent years for the
analysis of noninvasive blood pressure measurement.18-22 According to the functional components
involved in the measurement (Fig. 7.1), a modular approach will be followed.
1. First we provide a simple biomechanical description of the cuff wrapped around the arm: in this
case a lumped parameter model may be sufficient to account for the main biomechanical properties
of the cuff + air system.
2. Subsequently, we shall move to the analysis of pressure transmission across the arm elastic tissue.
In the case of an ideal cuff, this can be studied as the classic two-dimensional problem in cylindrical
coordinates, when stress distribution is symmetrical about an axis. Hence, the analytical solution
can be written independently of the axial coordinate. With suitable simplifications, the distributed
parameter model is then simplified into a lumped parameter one. Moreover, a more complex
model for stress propagation in the tissue is presented, to account for the cases when pressure
load is not uniformly distributed around the arm. However, in this event analytical solutions are
not available and, thus, a finite-element numerical method is adopted. The effect on the measurement of changes in cuff dimension is analyzed with the finite-element model of the arm, together
with the effect of alterations in the arm tissue elastic parameters (Young's modulus and Poisson's
ratio).
3. The last portion of our mathematical analysis concerns the description of the collapsing artery
under the cuff. Most emphasis is given to a lumped parameter description of brachial hemodynamics. A monodimensional, distributed parameter model of brachial hemodynamics is also
presented for the sake of completeness, without entering in specific mathematical details.
As a last step of this work, the lumped parameter models of the cuff, of arm tissue propagation, and
of brachial hemodynamic are linked together, to achieve a comprehensive model able to account for the
main functional components involved in noninvasive pressure measurements. Several examples of computer simulations are given to illustrate how this model can be used to analyze possible causes of error
in the oscillometric technique. A possible mechanism at the basis of Korotkoff sound is also analyzed
with the same model.

7.2 Modeling the Occlusive Cuff Mechanics
The first element to be described when modeling noninvasive pressure measurement is the occlusive cuff.
This is composed of an elastic bladder that can be filled with air and is enclosed within a cloth material.
The cuff is then wrapped around the arm and fixed with a velcro fastener.
From a modeling point of view, two main properties of the cuff may be of functional relevance: its
pressure-volume relationships (i.e., its compliance) and its ability to transmit a uniform pressure on the
arm's outer surface. While the first property can be described quite simply by means of a lumped
parameter model, without considering geometrical details on the cuff, the second requires knowledge of
www.4electron.com
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FIGURE 7.2 Transverse section of the cuff-arm system (upper panel) and electric analog describing cuff mechanics
(lower panel). Ve: volume enclosed by the cuff external wall; Vi: volume enclosed by the cuff internal wall, equal to
arm volume under the cuff; Vc: volume of air inside the cuff; pc: cuff pressure; pb: pressure at the arm’s outer surface.

cuff shape and dimension compared with the dimension of the arm, and it demands the use of distributed
parameter models.
In the following, we shall focus attention solely on the first of these properties. The second will be
considered later when developing a finite-element model of the arm.

A Lumped Parameter Model of the Cuff
As illustrated in Fig. 7.2, the overall pressure-volume characteristic of the cuff depends on the elasticity
of the internal wall, of the air enclosed in the bladder, and of the external wall. By assuming that cuff
thickness is negligible, one can write (Fig. 7.2):

Ve = Vc + Vi

(7.1)

where Ve denotes the volume enclosed within the cuff external wall, Vc is the air volume inside the cuff,
and Vi is the volume enclosed within the cuff internal wall. Of course, when the cuff is wrapped around
the arm, the latter volume is approximately equal to the arm volume.
In the following we shall denote by pc the pressure of air inside the cuff and by pb the outer pressure
acting on the cuff internal wall (Fig. 7.2), both evaluated with respect to the atmosphere. During the
measurement, when the cuff is wrapped around the upper arm, pb is equal to pressure transmitted from
the cuff to the arm's outer surface. Moreover, pressure acting on the cuff external wall is constant and
equal to the atmospheric pressure.
A lumped-parameter model of the cuff consists in a relationship linking the cuff volume, Vc, with the
pressures pc and pb. By denoting with Ce the compliance of the cuff external wall, and with Ci the
compliance of the internal wall, we have
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dVe
dp
= Ce pc ⋅ c
dt
dt

(7.2)

 dp
dVi
dp 
= Ci pc − pb ⋅  b − c 
dt
dt
dt 


(7.3)

( )

(

)

where, in writing Eqs. (7.2) and (7.3), we assumed that both compliances are non-linear functions of
the transmural pressure. Finally, by deriving Eq. (7.1), we can write

 dp
dVc dVe dVi
dp
dp 
=
−
= Ce pc ⋅ c − Ci pc − pb ⋅  b − c 
dt
dt
dt
dt
dt
dt 


( )

(

)

(7.4)

Equation (7.4) characterizes the pressure-volume behavior of the occluding cuff provided expressions
for the internal and external wall compliances are available. Such expressions can be easily obtained for
a given cuff by means of the following experimental procedure.
In order to achieve an expression for the compliance of the cuff external wall, the cuff can be wrapped
around a rigid cylinder having a suitable diameter and progressively inflated with air. Since the inner
radius does not change in this condition, we have dVi/dt = 0, and so the pressure-volume curve only
reflects the elasticity of the external wall, i.e.,

dVc dVe
dp
dV
=
= Ce pc ⋅ c → Ce pc = c
dt
dt
dt
dpc

( )

( )

(7.5)

Similarly, in order to characterize the compliance of the cuff internal wall, the cuff can be enclosed within
a rigid cage, which prevents any outer expansion, while the internal cuff is free to expand against the
atmospheric pressure. This means that dVe/dt = 0 in Eq. (7.4) and, moreover, pb = 0. Hence, we can write

dVc dVi
dp
dV
dVc
=
= Ci pc − pb ⋅ c → Ci pc − pb = c =
dt
dt
dt
dpc d pc − pb

(

)

(

)

(

)

(7.6)

We remark that, since pb = 0 in these trials, the transmural pressure pc - pb in Eq. (7.6) is simply equal
to cuff pressure pc.
Equations (7.5) and (7.6) simply state that the compliances Ce and Ci are equal to the slope of the cuff
pressure-volume relationships measured during the two trials. Pressure in the cuff, pc, can be measured
by means of the manometer inserted in all commercially devices. In order to measure the air volume,
Vc, one can inflate the cuff by means of a syringe, so that the amount of air injected at each step is known
and controlled. A three-way stopcock can be used to insulate the syringe from the cuff and refill it with
air in between pumping.
An expression for air volume within the cuff can then be obtained, as a function of cuff pressure and
of the air injected into the cuff, thinking that air behaves as isentropic gas that obeys the ideal gas law.
Hence:

(p

atm

)

+ pc ⋅ Vc1.4 = q

(7.7)

where q is a quantity proportional to the amount of air in the cuff, patm is atmospheric pressure, and the
exponent 1.4 has been chosen to simulate an adiabatic process.14 By denoting with Vs the volume of the
syringe, and considering that the syringe is refilled with air at the atmospheric pressure, the increment
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FIGURE 7.3 Pressure-volume relationships measured in two commercial cuffs (o: cuff 1; *: cuff 2). The curves in
the left panel have been obtained by enclosing the cuffs within a rigid cage, which prevents any outer expansion,
while the internal wall expands against the atmospheric pressure. The curves in the right panel were obtained by
wrapping the cuffs around a rigid cylinder, which prevents the expansion of the internal wall, while the external wall
expands freely against the atmospheric pressure. It is worth noting the low compliance of the external wall compared
with that of the internal wall. The continuous lines have been obtained through a best fitting of Eqs. (7.9) and (7.10)
to the data measured on of the first cuff (βi: 0.0164 cm-3; pi0: 9.10 × 10-4 mmHg; βe: 5.88 × 10-3 cm-3; pe0: 72.188
mmHg). The dotted lines have been obtained through a best fitting to the data of the second cuff (βi: 0.015 cm-3;
pi0: 4.41 × 10-3 mmHg; βe: 6.0 × 10-3 cm-3; pe0: 54.60 mm Hg).

in the variable q at each step becomes ∆q = patm• Vs1.4. Hence, supposing the cuff is initially empty, and
the temperature of the air does not change during the trial, the following pressure-volume relationship
holds after n runnings of the syringe:

(p

atm

)

+ pc ⋅ Vc1.4 = n ⋅ ∆q = n ⋅ patm ⋅ Vs1.4

(7.8)

Two examples of pressure–volume relationships measured with the method described above are reported
in Fig. 7.3. Some considerations arise from observation of this figure. First, the external wall is much
more rigid than the internal one (in fact, the external compliance Ce is, on average, as low as 1.4 ml/mm
Hg, whereas the internal compliance Ci can be as great as 125 ml/mm Hg). This result was well expected
since the compliance of the external wall mainly reflects that of the cloth material, which is quite rigid,
whereas the internal compliance depends only on the elastic bladder. The second point is that the
pressure–volume relationships are nonlinear, and the compliance decreases with pressure. This means
that the material becomes progressively more rigid with stretching.
In order to reproduce the latter behavior, one can assume that a simple monoexponential relationship
links volume to transmural pressure for both the internal and external walls. Hence,

[ (

) ]

pc = pe 0 ⋅ exp βe ⋅ Ve − 1

[ (

) ]

pc − pb = pi 0 ⋅ exp βi ⋅ Vi − 1

(7.9)
(7.10)

where pi0, pe0, βi, and βe are constant parameters. By calculating the derivatives of Eqs. (7.9) and (7.10),
expressions for the internal and external compliances are then reached:

Ce =

1
βe ⋅ pc + pe 0

(

)

(7.11)
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Ci =

1
βi ⋅ pc − pb + pi 0

(

(7.12)

)

A value for the parameters in Eqs. (7.11) and (7.12) can be assigned by performing a best fitting between
the theoretical expressions [Eqs. (7.9) and (7.10)] and those measured by means of the experimental
protocol described above. The results of the best fitting for the two cuffs are shown in Fig. 7.3. The
parameter values that warrant the fitting (see the legend of Fig. 7.3) were obtained by minimizing a leastsquare criterion function of the difference between the experimental and the theoretical curves. The
minimization was achieved by using the Nelder–Mead algorithm,23 which does not require the use of
derivatives.
Finally, by computing the derivative of Eq. (7.7), and making use of Eqs. (7.4), (7.11), and (7.12), a
general differential equation that relates the amount of air in the cuff, the pressure in the arm's outer
surface, and air pressure inside the cuff is obtained:

10
⋅ pc + patm
14

(

)

−10 14

⋅ q −4 14 ⋅

dq 10
−
⋅ pc + patm
dt 14

(

)

−24 14

⋅ q 10/14 ⋅

dpc
dt
(7.13)

 dp
dp
dp 
1
1
=
⋅ c −
⋅ b − c
dt 
β e pc + pe 0 dt
β i pc − pb + pi0  dt

(

)

(

)

7.3 Modeling Pressure Propagation Across the Arm
Equation (7.13) represents a relationship linking the amount of air injected into the cuff, which is an
input for the present model, with cuff pressure and with pressure in the arm's outer surface. In order to
solve this equation, one needs additional information concerning where the cuff is wrapped. This provides
a further relationship between pc and pb. In particular, when the cuff is wrapped around the upper arm,
this new relationship is given by a geometrical and elastic model of the arm tissue. This is the subject of
the present paragraph.
Moreover, modeling the arm is also important to have information on how pressure propagates from
the cuff down to the brachial artery, and how blood volume changes are transmitted from the artery up
to the cuff. During oscillometry, in fact, the cuff is used as a volume sensor (see Section 7.1).
In the following, we shall first present an idealized model of the arm, which exhibits analytical solutions
and leads to a lumped parameter description. A more complete model, based on finite elements, will be
the subject of the section entitled “A Finite-Element Model of the Arm”.

Analytical Model of the Arm
As a first approximation, we assume that the upper arm can be mimicked as the series arrangement of
several contiguous longitudinal tissue zones. Each zone (Fig. 7.4) is characterized by a uniform pressure
load (say po) on its outer surface. We also assume that each zone has a cylindrical axisymmetric shape
with outer radius re and with a cylindrical rigid inclusion of radius ri simulating the bone. Various loading
configurations for the arm can be represented by including a different number of longitudinal zones,
each with its own external load, po.
We can start building the model by examining the behavior of a single tissue zone. For the sake of
simplicity, in the following we shall temporarily neglect the subscript j in equation quantities.
Analytical expressions for stresses and displacements in the tissue, in cylindrical coordinates (r, z, θ),
can be written if the longitudinal dimension is long compared with the radial dimension. In this
condition, in fact, the stress function depends on r only, and one can use the well-known solution for
the two-dimensional problem when stress distribution is symmetrical about an axis:24
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FIGURE 7.4 Geometrical configuration of a single arm tissue segment subjected to a uniform external pressure
load (upper panel) and its corresponding three-gate electric analog (lower panel). po: external pressure load; pe:
pressure acting on the external wall of the brachial artery (extravascular pressure); re: arm outer radius; ri: radius of
the bone; σz: tissue longitudinal normal stress; l: segment length; Vb: tissue blood volume per unit length.

()

ur r = A ⋅ r + B r

(7.14)

()

(7.15)

uz z = ε z ⋅ z

()

(

)

(7.16)

()

(

)

(7.17)

σr r = 2 ⋅ λ + G ⋅ A + λ ⋅ ε z − 2 ⋅G ⋅ B r 2
σθ r = 2 ⋅ λ + G ⋅ A + λ ⋅ ε z + 2 ⋅G ⋅ B r 2

()

(

)

σ z r = 2 ⋅ λ ⋅ A + λ + 2G ⋅ ε z

(7.18)

where ur and uz are tissue displacements in radial and longitudinal direction, σr, σθ, and σz are the normal
stresses, G and λ are the Lamé constants (defined in terms of tissue Young's modulus and Poisson's ratio,
see the Appendix), εz = ∂uz/∂z is arm tissue strain in longitudinal direction, and A and B are quantities
dependent on boundary conditions.
It is worth noting that the radius of the human upper arm is not negligible compared with the cuff
length; hence Eqs. (7.14) through (7.18) provide only approximate values for the actual stresses and
strains in the tissue. These equations become gradually less accurate the smaller the longitudinal length.
When the errors associated with Eqs. (7.14) through (7.18) become too high (for instance, when working
with a low cuff width-to-arm circumference ratio) one can use a more complex three-dimensional
analysis.25 For the sake of brevity, this theory will not be developed here. The interested reader can find
more details in Timoshenko.24
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In Eqs. (7.14) through (7.18) two constant quantities, A and B, are present. In order to find expressions
for these quantities, one needs two additional pieces of information. During the measurement, when the
upper arm is compressed by the occlusive cuff, the useful information is represented by the external
pressure, po, acting on the arm's outer surface, and by changes in blood volume per unit length, ∆Vb,
mainly imputable to alterations in the brachial artery cross-sectional area.
The first piece of information can be easily included in the model by means of the following boundary
condition:

()

σ r re = − po

(7.19)

By contrast, introduction of the second piece of information requires a more drastic simplification. In
fact, Eqs.(7.14) through (7.18) can be used only if the cylindrical symmetry of the problem is preserved,
whereas the brachial artery is located eccentrically in the arm. In order to preserve a cylindrical symmetry,
in the following we shall presume that all blood volume changes are concentrated near the internal surface
of the arm, close to the bone (i.e., at r = ri ). Of course, this is a strong simplification of the biological
reality; however, it offers the advantage of maintaining simple approximate analytical solutions. According
to the latter assumption we can now write

∆Vb = 2π ri ⋅ ∆ri

(7.20)

and so

()

ur ri ≅ ∆ri = ∆Vb 2π ri

(7.21)

Finally, by making use of boundary conditions [Eqs. (7.19) and (7.21)] and observing that, according to
Eq. (7.18), we have

εz =

σ z − 2λ A
λ + 2G

(7.22)

one arrives at the following expressions for A and B:

po
λσ z
G
−
+ 2
⋅ ∆Vb
D
λ + 2G ⋅ D πre ⋅ D

(7.23)

λri 2
ri 2
Dr 2 − 2Gr 2
⋅ po +
⋅ σ z + e 2 i ⋅ ∆Vb
D
2 πre ⋅ D
λ + 2G ⋅ D

(7.24)

A=−

B=

(

(

)

)

 r2
D = 2G ⋅ 1 + i 2  + 4λG λ + 2G
 re 

(

)

(7.25)

Equations (7.14) through (7.17) and Eqs. (7.22) through (7.25) allow approximate values for normal
stresses and displacements in the arm tissue to be derived as a function of three external inputs, i.e., po,
∆Vb, and σz.
Once expressions for stresses in the tissue are available, it is possible to evaluate the “extravascular
pressure”, i.e., the force per unit surface acting perpendicularly on the brachial artery external wall. This
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is a quantity of the greatest importance in modeling noninvasive pressure measurement, since it causes
the vessel to collapse.
At this point, it is important to emphasize that the choice of a suitable expression for extravascular
pressure, as a function of normal stresses, is quite a delicate problem, which is still far from being entirely
solved. The main aspects of this problem have been carefully examined in previous works 18,21, hence they
will be only briefly summarized herein after.
In an important paper published in 1977, Alexander et al.25 suggested that “since the brachial artery
is not strongly attached to adjacent structures, it appears reasonable to assume that the cuff pressure is
transferred to the artery wall via the hydrostatic pressure”. Hence, the following expression was adopted
by the authors for extravascular pressure:

(

)

pe′ = − σ z + σ r + σ ϑ 3

(7.26)

where the minus sign has been used since all stresses are compressive in nature.
However, there are two major objections that dissuade from the use of Eq. (7.26). First, this equation
furnishes values of extravascular pressure significantly lower than pressure in the cuff: differences between
Eq. (7.26) and cuff pressure can be as great as -20 to -30% if physiological values of arm tissue elastic
parameters are used in mathematical models.18, 25 This implies that, in order to compress the brachial
artery, cuff pressure should be raised to a value significantly higher than intravascular pressure. Consequently, noninvasive pressure measurements would give systematic excess estimations of systolic, mean,
and diastolic arterial pressure. Nevertheless, such a systematic error was not observed by authors who
performed comparative direct and indirect pressure measurements in humans.
A second important concern ensues from the works by Guyton et al.26 and Brace and Guyton.27 These
authors pointed out the existence of significant differences between the “interstitial fluid pressure” and
the so-called tissue pressure. In particular, they noticed that both fluid and nonfluid elements can
independently generate and transmit pressure in the tissue: while the hydrostatic pressure is probably a
good representation of pressure in the interstitial fluid, total tissue pressure involves a more complex
combination of pressure in the fluid and of pressure transmitted by solid elements.
At present, we are not aware of any expression based on clear physiological considerations able to
represent extravascular pressure carefully. Among the other problems, evaluation of this expression
requires knowledge of the degree of attachment of the brachial artery to the adjacent solid tissue zones.
Reliable expressions for extravascular pressure should include a linear combination of the hydrostatic
pressure [Eq. (7.26)] and of a term responsible for solid tissue elements. In a previous work18 we computed
an expression for extravascular pressure based on trigonometric considerations, assuming that tissue
behaves like a solid material strictly connected to the artery. We obtained

pe′′= −

4 σr + σ ϑ
⋅
π
2

(7.27)

The latter expression significantly overestimates pressure in the cuff.
Finally, assuming that, according to Guyton et al.,26 both solid and fluid elements transmit pressure
to the arterial wall, one can write

pe′′′ = c1 ⋅ pe′ + c2 ⋅ pe′′

(7.28)

where the parameters c1 and c2 (with 0 < ci < 1 and c1 + c2 = 1) depend on the percentage distribution
of fluid and solid elements. For instance, taking c1 = c2 = 0.5 , one has

pe′′′ = −

σr + σ ϑ + σ z σr + σ ϑ
−
= −0.166 σ z − 0.485 σ r + σ ϑ
π
6

(

)

(7.29)
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FIGURE 7.5 Geometrical configuration of the upper arm subjected to a uniform external pressure applied at its
central segment (upper panel). The three segments interact through the longitudinal tensions (σzj). rej and lj are the
external radius and the segment length, respectively. The electric analog of the overall upper arm is shown in the
lower panel, where the three-gate description of Fig. 7.4 is used for the arm tissue segments and the electric analog
of Fig. 7.2 is used for the cuff.

The latter expression provides a slight overestimation of pressure in the cuff.
In previous works,18,19,21 lacking more complete experimental data, we used the following expression
for extravascular pressure:

(

pe = − σ r + σ ϑ

)

2

(7.30)

Since in the model the longitudinal normal stress, σz, turns out negligible compared with radial and
tangential normal stresses, Eq. (7.30) provides values very close to those of Eq. (7.29). However, we intend
to emphasize that Eqs. (7.26) through (7.30) are just tentative expressions for extravascular pressure,
which ought to be replaced by improved expressions as soon as more experimental data become available.
In particular, as a consequence of the assumption (7.30), extravascular pressure in the present model is
always very close to pressure in the arm's outer surface .
A comparison between the values of extravascular pressure furnished by expressions (7.26), (7.27),
(7.29), and (7.30), obtained using a complete arm tissue model (see description below and Fig. 7.5) is
shown in Table 7.1.
Equations (7.14) through (7.17), (7.22) through (7.25) and (7.30) represent a two-dimensional distributed parameter model in the spatial variables r and z, for the representation of the elastic behavior
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TABLE 7.1 Values of Extravascular Pressure Computed with the Model of Fig. 7.5, Using
Different Combinations of Normal Stresses in the Tissue
pe': hydrostatic pressure [Eq. (7.26)]:
pe'': solid tissue pressure [Eq. (7.27)]:
pe''': combination of hydrostatic and solid pressure [Eq. (7.29)]:
pe: average of radial and tangential normal stresses [Eq. (7.30)]:

76.27 mmHg
125. 39 mmHg
100.81 mmHg
98.48 mmHg

Note: The applied load in the cuff was 100 mm Hg. All other parameters in the model were
as in Table 7.2

of a single tissue segment. In order to study the interactions between various adjacent segments, it is
now convenient to reduce the distributed parameter model to a lumped parameter description. In the
following, the subscript j will be used to denote a jth segment of the arm. Moreover, we shall focus
attention only on two geometrical quantities, lj, which is the overall length of the tissue segment, and rej,
which is its outer radius. From Eqs. (7.14), (7.15) and (7.30), we can write

()

(7.31)

∆re j = ur re j = A j ⋅ re j + B j re j

(7.32)

∆pe j = − ∆σ rj 2 − ∆σ ϑj 2

(7.33)

∆l j = uz l j = ε z ⋅ l j

( )

where ∆ denotes the changes in the given quantity with respect to the “unstressed” condition, and we
distinguish between different zones by means of subscript j.
Finally, from Eqs. (7.31) through (7.33), and by making use of Eqs. (7.16), (7.17), and (7.22) through
(7.25), the following system of differential equations linking pressures and deformations (or volumes)
in a lumped parameter form can be obtained:

−

dre j
dt

dl j
dt
dpe j
dt

( j ) dpoj + H ( j ) ⋅ dVbj + H ( j ) ⋅ dσ zj
rV
rσ

= H rp ⋅

dt

dt

dt

(7.34)

( j ) dpoj + H ( j ) ⋅ dVbj + H ( j ) ⋅ dσ zj
lV
lσ

(7.35)

( j ) dpoj + H ( j ) ⋅ dVbj + H ( j ) ⋅ dσ zj
pV
pσ

(7.36)

= H lp ⋅

= H pp ⋅

dt

dt

dt

dt

dt

dt

The minus sign in the left-hand member of Eq. (7.34) has been introduced to recall that the external
radius decreases with the applied load. It is worth noting that, due to the assumption of small tissue
displacements, coefficients H(j)lm are constant. Expressions for these coefficients, as a function of the arm
tissue elastic and geometrical parameters in the unstressed status, are reported in the Appendix. If one
removes the hypothesis of small displacements, equations similar to (7.34) through (7.36) can still be
obtained, but in this case the coefficients are not constant, having a more complex expression, and the
model is not linear in nature. In the following, the hypothesis of linearity for Eqs. (7.34) through (7.36)
will be always maintained.
A convenient graphic representation of the model is provided by the electric analog in the lower panel
of Fig. 7.4. In this figure, a single segment of arm tissue is described by means of a circuit with three
gates, while Eqs. (7.34) through (7.36) are the hybrid matrix modelling of the circuit. Gate 1 represents
the interaction occurring between the tissue and its external load at the outer surface; here pressure po
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is applied against the changes in external radius, re. Gate 2 represents the inner surface close to the vessel
wall, where the extravascular pressure pe is applied against the blood volume changes ∆Vb. Gate 3
represents the lateral surfaces, where the longitudinal stress, σz, causes a change, dl, in the longitudinal
length. At each gate the stress (or pressure) represents the forcing quantity, analogous to tension in an
electric circuit, while volume changes per unit time are analogous to electric currents. The product of
pressure and volume rate of change represents power entering the gate. However, it is worth noting that,
in Fig. 7.4 and Eqs. (7.34) through (7.36), we preferred to use displacements, dl and dre, instead of volume
changes (as it would be more correct in the electric analogy) due to the more evident geometrical meaning
of these quantities.
Using the model developed above, several different configurations for the cuff + arm system can be
simulated, by connecting a few circuits of the type shown in Fig. 7.4.
In the following we shall consider the configuration reported in Fig. 7.5, which incorporates three
adjacent tissue zones. The central one (j = 2) is subjected to pressure applied by the occluding cuff, while
the peripheral zones (j = 1,3) are subjected to the atmospheric pressure.
Using the configuration of Fig. 7.5, one obtains a system of nine differential equations [Eqs. (7.34)
through (7.36) with j = 1, 2, 3)] in 18 unknown quantities. The other nine equations necessary to solve
the problem can be written by imposing some mechanical and geometrical constraints between adjacent
zones. With reference to the particular configuration of Fig. 7.5, the following nine constraints among
quantities must be verified.
• Pressure at the outer surface of zones 1 and 3 is equal to atmospheric pressure. Hence,

p01 = 0

(7.37)

p03 = 0

(7.38)

• Pressure at the outer surface of the central segment is equal to pressure applied by the cuff on the
arm outer surface. By using the same notation as in Eq. (7.13),

p02 = pb

(7.39)

• The effect of blood volume changes in segments 1 and 3 can be neglected. In fact, the brachial
artery does not collapse in these segments due to the absence of an external load. Hence,

dVb1 dt ≅ 0

(7.40)

dVb3 dt ≅ 0

(7.41)

By contrast, blood volume changes in segment 2, where the artery collapses under the effect of the
occluding cuff, are provided by the model of brachial hemodynamics presented below (Section 7.4).
• Under the hypothesis of small tissue displacements, the longitudinal area of the three tissue
segments is almost equal. Hence, the equilibrium of forces in longitudinal direction implies the
equilibrium of longitudinal stresses:

(7.42)

σ z1 = σ z 2 = σ z 3 = σ z
It is worth noting that Eqs. (7.42) represent two independent constraints.
• The whole length of the upper arm does not change during the measurement. Hence,
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TABLE 7.2

Parameters of the Occluding Cuff and of the Arm Soft Tissue

βe = 0.006 cm-3
pi0 = 4.409 ⋅ 10-3 mm Hg
l20 = 14 cm
Et0 = 1.1 ⋅ 106 dyn/cm2

pe0 = 54.60 mm Hg
re0 = 5.4 cm
l30 = 7 cm
νt = 0.45

βi = 0.0149 cm-3
l10 = 7 cm
ri = 1.2 cm

Note: The subscript 0 is used to denote a quantity in the unstressed condition
(i.e., when the cuff is deflated).

dl1 dl2 dl3
+
+
=0
dt dt dt

(7.43)

• During the measurement, the cuff internal wall is in contact with the arm’s external surface.
Consequently, we must have Vi = πr2e2 l20, where l20 denotes the cuff length, assumed equal to the
length of segment 2 in the initial, unstressed condition. By computing the time derivative of Vi,
and using Eqs. (7.3) and (7.12), we obtain

 dp
dr
dp 
1
⋅  b − c  = 2πre 2 ⋅ e 2 ⋅ l20
dt 
dt
βi ⋅ pc − pb + pi 0  dt

(

)

(7.44)

Equations (7.34) through (7.36) (j = 1, 2, 3) with the constraints (7.37) through (7.44) constitutes a set
of 18 equations in 18 unknown quantities. The electric analog of the overall model for the arm and the
cuff, including the three tissue segments and their mutual interactions, is represented in the lower panel
of Fig. 7.5. The input quantities for this model are the cuff inflation rate (dq/dt) and the rate of change
of blood volume under the cuff (dVb2/dt). However, in order to solve the previous equations by a numerical
algorithm on a computer, one must avoid the existence of the so-called algebraic loops between quantities.
These details on model implementation are not reported here for the sake of brevity, but can be found
in a previous work,21 together with considerations on the numerical values of model parameters. The
values used in the subsequent simulations are reported in Table 7.2.

A Finite-Element Model of the Arm
The model for pressure transmission across the arm presented in the previous section exhibits both
advantages and limitations. The main advantage is that this model leads to a single differential relationship
between cuff pressure, extravascular pressure, and blood volume changes, which may be useful in many
simulation studies (for instance, in the simulation of oscillometry; see Section 7.5). The main shortcoming
of this model is that Eqs. (7.14) through (7.18) can be considered good approximations of the real stress
and strain distribution in the tissue only if pressure is applied on the arm's outer surface for a sufficient
length in longitudinal direction. This is not always true in real clinical conditions. Actually, one of the
main factors known to affect the accuracy of indirect blood pressure estimation is the cuff width-to-arm
circumference ratio. A cuff that is too small has been shown to result in falsely high blood pressure
estimation, probably due to an insufficient pressure transmission in the arm, whereas a cuff that is too
wide often underestimates pressure.28 The use of cuffs of different size and correction factors has been
suggested to reduce these errors.29 Of course, this problem cannot be analyzed by using Eqs. (7.34)
through (7.36), which hold only for a wide cuff, but requires the use of more complex models.
In order to analyze pressure transmission across the arm in various conditions close to the real ones,
in this section we present the results obtained by using a finite element model of the arm.20, 22 The aim
of this study is to evaluate the range of validity of the previous approximate model and to provide a
systematic investigation of the causes of errors that actually occur when a real cuff is applied around the
arm in normal or abnormal conditions.
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FIGURE 7.6 Schematic representation of the FE model. l: length of the arm section; re: arm external radius; ri: bone
radius; po: applied pressure; w: width of the applied load. The grid represents the soft tissue elements simulated with
the FE model. The bone was simulated as a rigid inclusion.

The finite element (FE) method consists of discretizing the considered structure by means of a finite
number of volume elements, connected through a discrete number of nodal points. The computation
program solves the equilibrium equations by using the nodal displacements as the basic unknown
parameters of the problem. Once the displacements are known, strains and stresses can be computed
throughout the elements.
In this application, the geometry of the upper arm has been considered axisymmetrical. We have
chosen 1360 four-node axisymmetric solid elements to describe the soft tissue. The bone has been
considered indefinitely stiff, due to its higher-elastic modulus in respect to that of the soft tissue, and
then substituted by a set of constraints. The overall view of the model is shown in Fig. 7.6. For the
development and simulation of the model, the general-purpose program ANSYS (Swanson Analysis
System, Inc., Houston, PA) has been used.
The analysis has been performed in a linear field, because the material structural behavior can be
approximately considered as linear in the examined range of pressures. The load was applied directly on
the external surface without using a cuff. The geometrical and elastic parameters of the arm were 56 mm
for the arm radius, 14 mm for the bone radius, 0.15 MPa for Young's modulus of the soft tissue, and
0.49 for Poisson's ratio. For each simulation, the distributions of the radial, tangential, and longitudinal
stresses in the tissue segment were computed. From this estimation the extravascular pressure distribution
in the soft tissue of the arm at different depths was determined as the average between the radial and
the tangential stresses in the arm [this is the equivalent of Eq. (7.30)]. In particular, depths of 21 mm
and 30 mm have been tested because this is the estimated range in which the brachial artery is positioned
inside the arm.
A first simulation was performed to test the accuracy of the lumped parameter model presented in
the previous section. To this end, stresses and strains were calculated in the tissue under an external
pressure load equal to 100 mmHg, first by using the analytical solution of the two-dimensional problem
(see the section entitled “Analytical Model of the Arm”) and then the three-dimensional FE model. In
the FE model the same geometrical and elastic parameters as in Table 7.2 were given, while the pressure
load was applied uniformly over 70 mm of the arm outer surface, which corresponds to a cuff widthto-arm circumference ratio (CW/AC) as great as 0.21. The results, shown in Fig. 7.7, indicate that the
solution of the two-dimensional problem can describe pressure transmission across the arm at the central
point under the cuff rather well, provided the cuff is sufficiently wide and the depth in the tissue does
not exceed about 20 - 25 mm.
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FIGURE 7.7 Comparison between the patterns of radial stress, tangential stress, extravascular pressure, and radial
displacement at different depth in the arm tissue, computed with the analytical two-dimensional model (continuous
lines) and with the FE model (dashed lines). In both cases a uniform 100 mm Hg axysimmetric load was applied. r
= 5.4 cm represents the arm’s outer surface, while r = 1.2 cm is the surface close to the bone. The cuff width-to-arm
circumference ratio in the FE model was approximately 0.21, and all quantities were evaluated at the central point
under the cuff. Three different curves for extravascular pressure are presented, corresponding to Eq. (7.26) (curve
I: hydrostatic pressure), to Eq. (7.17) (curve II: mean value of radial and tangential normal stresses) and to Eq. (7.27)
(curve III: tissue that behaves as a solid material).

The subsequent point to be investigated with the FE model is the effect of a decrease in the cuff widthto-arm circumference ratio. To this end, a 100-mm Hg pressure load was distributed over different lengths
along the axis of the arm in order to simulate the effect of cuffs with various widths. In particular, the
load was applied over 120 mm, 96 mm, 80 mm, and 60 mm, obtaining CW/AC equal to 0.34, 0.27, 0.22,
and 0.17, respectively. The results, shown in Fig. 7.8, indicate that pressure is transmitted correctly (or
even moderately increased) from the cuff to the tissue until CW/AC is greater than about 0.20 - 0.25. By
contrast, if the cuff is insufficiently wide, pressure transmission becomes poor [and so Eqs. (7.34) through
(7.36) are no longer adequate]. The pressure difference between the cuff and the tissue may become as
great as 10% if evaluated at a depth of 30 mm and pressure is distributed only over 60 mm (CW/AC =
0.17).
Let us now consider a further cause of error, which may affect pressure transmission across the tissue.
In the simulations of Figs. 7.7 and 7.8 the axisymmetric load was uniformly distributed over a certain
portion of the arm surface. However, pressure applied by a real cuff on the arm's outer surface is not
exactly uniform, but some “leakage” does occur close to the extremities. In order to investigate this
problem, and obtain a more precise characterization of the real pressure distribution on the arm surface
produced by the inflation of a clinical cuff, we performed a series of measurements using force sensors.22
During these trials, we measured the pressure applied by a normal clinical cuff (V-lok by Baumanometer
12 cm in width) both on rigid cylinders of different circumferences simulating the arms and on real
human arms.
The sensors used were Force-Sensing Resistors (FSR) (Interlink Electronics Europe, Echternach, Luxembourg). These are thin, conductive polymer sensors that show a decrease in resistance with increasing
force. The sensor has a circular shape 15 mm in diameter. The relationship between force and resistance
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FIGURE 7.8 Extravascular pressure [Eq. (7.30)] computed at the central point under the cuff with the FE model
after application of a 100 mm Hg axysimmetric pressure load distributed over different widths. Two depths in the
tissue (21 mm and 30 mm) have been tested, as representative of the brachial artery position.

is nonlinear, and the performance of these sensors was found to be nonrepeatable. For this reason
calibration was required before each measurement. This was done by applying a uniform, known pressure
on the surface of the sensor by means of a column of water. A simple voltage-divider circuit was used to
convert resistance to voltage, thus obtaining a relation between the pressure applied and the voltage
measured.
The first measurements were performed by placing the FSR between the external surface of a rigid
cylinder with the cuff placed snugly against the cylinder. The sensor was placed in different positions
from the center to the periphery of the cuff. For each measurement the cuff was rapidly inflated and
then slowly deflated; the sensor output was observed during the deflation phase. The same measurement
protocol was repeated using cylinders with different circumferences in order to simulate different widthto-circumference ratios and finally putting the sensor over real arms.
The results showed that the pressure distribution at the interface between the cuff and the physical
model of the arm was not uniform, and there was a decrease in the pressure values as one moves from
the center to the periphery of the cuff. This decrease may vary from 10 to 25% of the value applied at
the center of the cuff. Also in real arms we found a decrease of 13 ± 3 mmHg at the periphery from the
value measured at the center of the cuff. An example of the results is shown in Fig. 7.9. In this case, one
can observe that pressure declines almost linearly from the center to the periphery and that pressure is
15% smaller close to the cuff margin compared with pressure at the central point.
Based on these results, the pressure input to the FE model has been modified to take the case of
nonuniform load into account. We compared the effect of 120-mm, 96-mm, 80-mm, and 60-mm pressure
loads applied on the arm's outer surface, first in the case of a uniform pressure distribution (the same
results as in Fig. 7.8), then assuming a 15% pressure decrease from the center of the cuff to the periphery
(as in Fig. 7.9), and finally assuming a 25% nonuniformity.
Some of the results are summarized in Fig. 7.10 with reference to a 21-mm depth. Taking into account
the pressure profile, the FE model showed a further difference between the pressure applied and the
pressure transmitted inside the soft tissue. With a nonuniformity of 15% from the center to the periphery
and a load width of only 60 mm, it is possible to have a difference of 10% between the pressure applied
in the cuff and the pressure transmitted inside the soft tissue (Fig. 7.10). This difference increases with
increasing load nonuniformity and depth: for example, with a nonuniformity of 25% from the center
to the periphery, differences of 15 mm Hg at a depth of 21 mm (Fig. 7.10) and of 18 mm Hg at a depth
of 30 mm have been calculated.
The American Heart Association (A.H.A.) gave some correction factors for blood pressure readings
in individual patients.29 These can be compared with the differences obtained from the present simulation
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FIGURE 7.9 Pressure distribution at different longitudinal positions under the cuff, measured at the cuff-arm
interface by means of calibrated force sensor resistors. The cuff width was 120 mm. Pressure decrease by 15% from
the cuff center to the periphery.

FIGURE 7.10 Extravascular pressure [Eq. (7.30)]computed with the FE model at a depth of 21 mm in the central
point under the cuff, by using different values of the cuff width-to-arm circumference ratio. The pressure applied at
the cuff center was 100 mm Hg; both uniform and nonuniform (15% and 25% non-uniformity from the center to
the periphery) pressure loads were used. The values presented by the American Heart Association are also shown by
way of comparison.

(Fig. 7.10). The errors obtained with the FE model are smaller with respect to the values from the A.H.A.,
but the trend is the same. These discrepancies can be explained thinking that, in the previous simulations,
only the behavior of the cuff was taken into account, while in actual measurements there are other factors
that can increase the observed differences, such as arm position and elevation, cuff deflation rate,
characteristics of the examined artery (for instance, the rigidity; see next section), peripheral microcirculation, and mechanical characteristics of the soft tissue.
As discussed in previous studies18, 20 an important cause of error may be related to the elastic parameters
of the soft tissue, mainly Poisson's ratio. In all the simulations shown above, a constant Poisson's ratio
of 0.49 was used, which means considering that the arm tissue is almost incompressible. In order to study
the effect of alterations in this parameter, some of the previous simulations were repeated by using
different values of Poisson's ratio (from a maximum of 0.49 down to a minimum of 0.2). As shown in
Fig. 7.11, decreasing Poisson’s ratio will cause a further decrease in extravascular pressure computed with
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FIGURE 7.11 Extravascular pressure [Eq. (7.30)]computed with the FE model at a depth of 21 mm in the central
point under the cuff using different values of tissue Poisson's ratio and different load distributions (uniform, 15%
and 25% nonuniformity from the center to the periphery). The pressure applied at the cuff centre was 100 mm Hg,
while the cuff width was 96 mm.

the FE method. The errors may become as great as 5 to 7% if the arm tissue is quite compressible, even
when using a cuff of sufficient width (CW/AC = 0.27 in these simulations).

7.4 Brachial Hemodynamics
The models presented in the previous sections were aimed at studying how pressure is transmitted from
the occluding cuff to the brachial artery and how blood volume changes are propagated back to the
bladder, causing cuff pressure pulsation. The problem now is to analyze the hemodynamics of the brachial
artery under the effect of extravascular pressure changes.

A Lumped Parameter Model of Brachial Hemodynamics
In this section we present a lumped parameter model that aspires to reproduce the main aspects of
brachial hemodynamics both when the vessel is open, with approximately a circular cross section, and
when the vessel collapses. The collapse must induce a sharp increase in compliance and great blood
volume changes (oscillometry) together with audio-frequency components in wall and fluid motion
(Korotkoff sounds).
When using a lumped parameter description, we assume that all blood volume changes under the cuff
are concentrated at a single section of the artery, conceived as representative of the overall segment.
The geometrical description of the model is shown in Fig. 7.12 upper panel, where the corresponding
electric analog is presented in the lower panel of Fig. 7.12. In the following, Au and vu will denote crosssectional area and mean velocity immediately upstream of the collapse, p' and v' are intravascular pressure
and mean velocity in the initial portion of the collapsed segment, p'' and v'' intravascular pressure and
mean velocity in the terminal portion of the segment. Moreover, we assume that when the vessel collapses,
most of the reduction in cross sectional area occurs at the entrance into the segment under the cuff: the
rest of the segment is treated as having approximately a uniform cross-sectional area A (see Fig. 7.12).
At the entrance into the segment, a certain amount of intravascular pressure is converted into kinetic
energy due to the caliber reduction. By applying the momentum and mass preservation equations, we
can write

νu ⋅ Au = ν′ ⋅ A

(7.45)

1
1
pa + ρνu2 = p′ + ρν ′2
2
2

(7.46)
www.4electron.com

9047_ch07 Page 21 Saturday, November 11, 2000 2:10 PM

FIGURE 7.12 Geometrical description of the compressed brachial artery under the cuff (upper panel) and corresponding electric analog (lower panel). p, A, and v denote intravascular pressure, cross-sectional area, and average
blood velocity at different sections of the brachial artery, respectively. The meaning of subscripts and superscripts is
u: upstream of the collapse; ': first portion of the collapsed segment; ": last portion of the collapsed segment; d:
downstream of the collapse; c: capillary circulation; v: venous circulation. pa, pe and pcv are systemic arterial, extravascular and central venous pressure, respectively. R, C and L in the electric analog are hydraulic resistances, compliances,
and inertances.

where pa is the arterial pressure and ρ is blood density. Moreover, by denoting with A0 the cross-sectional
area of the artery at zero transmural pressure, we can use the following expression for the upstream
section Au:

 A
Au = 
 A0

if A > A0
if A < A0

(open vessel )
(collapsing vessel )

(7.47)

It is worth noting that, according to Eq. (7.47), pressure losses at the entrance into the segment [Eq.
(7.46)] occur only when the vessel collapses at negative transmural pressure.
In the segment under the cuff, pressure variations take place due to blood viscosity and inertia. By
denoting with l the length of the segment, equal to the cuff length (i.e., l = l20), with α ⋅ l and (1-α) ⋅ l
the length upstream and downstream of the representative section, respectively, (with 0 < α < 1), we
can write

p′ − pi = kv ⋅

pi − p′′ = kv ⋅

dv ′
8πµαl
v ′ + ku ⋅ ραl ⋅
A
dt

(

(7.48)

) v ′′ + k ⋅ ρ(1 − α)l ⋅ dv ′′

8πµ 1 − α l
A

u

dt

(7.49)

where pi is intravascular pressure at the representative section, µ is blood viscosity, and kv and ku are two
corrective factors that, according to Young30 account for the presence of unsteady flow. In this model,
the coefficient ku is maintained constant and equal to the value obtained by Young and Tsai31 from an
in vitro model of stenosis. By contrast, kv depends on cross-sectional area according to the following
equation:
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1
kv = 
 A0 A

if A > A0
if A < A0

(7.50)

According to Eqs. (7.48) through (7.50), when the vessel is open the viscous energy losses are equal to
those predicted in the low-frequency range by Womersley's analytical model valuable for a cylindrical
tube;32 by contrast, when the vessel collapses (A < A0), the viscous pressure drop increases sharply.17
A further relationship between blood velocities, v' and v'', and cross-sectional area can be written by
imposing the mass preservation at the representative section, i.e.,

(v ′ − v ′′) ⋅ A = l dA
dt

(7.51)

It is to be stressed that Eqs. (7.48) through (7.51) are just a lumped parameter approximation of the
actual brachial hemodynamics. Indeed, a more rigorous description can be attained assuming that both
cross-sectional area and mean blood velocity depend continuously on the longitudinal coordinate [i.e.,
A = A(z) and v = v(z), with 0 < z < l], and using partial derivatives in Eqs. (7.48) and (7.51). Some
aspects of distributed parameter models applied to brachial hemodynamics will be summarized in the
next section.
Finally, downstream of the cuff margin, where the vessel reopens, some additional expansion losses
occur due to the development of a separated, probably turbulent fluid jet.17 An expression frequently
used to describe these pressure losses is30

p′′ − pd =

kt
2

2

A

⋅  u − 1 ⋅ vd ⋅ vd
 A


(7.52)

where pd and vd denote intravascular pressure and mean blood velocity downstream of the cuff margin,
and kt is a constant parameter whose value, according to Pedley17 and Young and Tsai,31 was set at 1.
Moreover, in writing Eq. (7.52), we assumed that the cross-sectional area of the downstream open vessel
is approximately equal to cross-sectional area, Au, upstream of the collapse.
An expression for vd is provided by the mass preservation applied downstream of the cuff, i.e.,

v ′′ ⋅ A = vd ⋅ Au

(7.53)

Finally, we need equations to describe the load of the brachial artery. This is imputable to the capillary
and venous circulation, partly compressed by the occluding cuff. According to Fig. 7.12, the load in our
model is described by a hydraulic resistance, Rc, imputable to capillaries, arranged in series with a windkessel model (Rv, Cv) describing the venous circulation. This corresponds to writing the following
equations:

Au ⋅ vd =

Cv ⋅

pd − pv
Rc

dpv
p − pcv
= Au ⋅ vd − v
dt
Rv

(7.54)

(7.55)

where pv and pcv are brachial and the central venous pressures, respectively.
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Equations (7.45) through (7.55) represent a system of 11 equations in the 4 state variables v', v", A,
and pv, and in the 8 auxiliary quantities: Au, vu, p', pi, kv, p", pd, and vd. To solve this system we need a
twelfth equation, linking cross-sectional area, A, and perchance its time derivative, Ȧ , at the representative
section, to transmural pressure, pi - pe; i.e.,

(

pi − pe = Ψ A, A˙

)

(7.56)

The slope of this relationship in steady-state conditions represents the compliance per unit length of the
collapsing segment. A possible model for this relationship will be presented in the next section.
The input variables for the brachial hemodynamics model are the central venous pressure, pcv, the
arterial pressure, pa, and the extravascular pressure, pe. When simulating noninvasive pressure estimation
measurements, the latter quantity can be obtained through the model of arm tissue transmission presented earlier.

A Model for Vessel Compliance
As shown in the previous section, in order to solve the equations describing brachial hemodynamics,
one has to know the relationship linking transmural pressure to cross-sectional area. We shall devote the
entire section to the mathematical analysis of this relationship, since it plays a major role in all noninvasive
blood pressure estimation techniques.
An important point is that two distinct equations must be used, depending on whether the vessel is
open, is at positive transmural pressure, or is collapsing.
The open vessel — We assume that when the transmural pressure pi - pe is positive, and so the crosssectional area is greater than its unstressed value, A0, the vessel remains open and exhibits approximately
a circular cross section. In this condition, we can apply the well-known Laplace law, which establishes
the equilibrium of tangential forces in the vessel wall. In the case of a thin-walled cylindrical tube, with
thickness h and inner radius r, one can write

(p − p ) ⋅ r = σ
i

e

tot

(

)

⋅ h = σe + σ v ⋅ h

(7.57)

when σtot represents the total tangential wall stress. This is the sum of two main contributions, i.e., the
elastic stress, σe, and the viscous stress, σv. For the sake of simplicity, in this model we shall neglect the
possible contribution of active stress, imputable to smooth muscular contraction.
Elastic stress is a nonlinear function of the circumferential wall strain, depending on the different
behavior of elastine and collagen fibers in the wall. The circumferential strain can be written as follows:

ε=

r − r0
=
r0

A − A0

(7.58)

A0

where r 0 = A 0 /π denotes the inner radius in the unstressed condition. A satisfactory reproduction of
the elasticity of large arterial vessels, in the entire range of physiological strains, can be achieved by using
a bi-exponential relationship between elastic stress and strain (see, Ursino and Cristalli21 for more data).
Hence,

( )

σe A =

E0
exp β′a ⋅ ε + exp β′′a ⋅ ε 2 − 2
Ba′

[

(

)

(

) ]

(7.59)

where E0 represents the wall Young's modulus in the unstressed condition (i.e., when A = A0) and βa'
and βa'' are constant parameters.
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An expression for wall thickness in Eq. (7.57) can be written under the usual assumption that the
vessel wall is incompressible, and so its volume remains constant. Since the longitudinal strain is negligible, the constancy of total wall volume implies

h = − r + r 2 + 2r0h0 + h02 = −

A
A
+
+ 2r0h0 + h02
π
π

(7.60)

where h0 is wall thickness in the unstressed condition.
As observed by Bergel33 and Learoyd and Taylor,34 viscous stress [σv in Eq. (7.57)] is a complex
dynamical function of strain, which cannot be reproduced by a simple rational differential equation. In
particular, viscosity seems to decrease with frequency, so that the phase shift between stress and strain
remains constant in the high-frequency range.
In this model, for the sake of simplicity, we shall consider a very simple first-order differential equation
linking viscous stress to elastic strain, i.e.,

σv = η⋅

η dA dt
dε η dr
= ⋅ =
⋅
dt r0 dt 2πr0
A π

(7.61)

However, it is worth noting that Eq. (7.61), with a suitable value for wall viscosity, η, can be considered
an acceptable reproduction of viscous energy losses only in the low-frequency range (typically below 0.1
to 0.2 Hz) whereas it significantly overestimates the high-frequency viscous drop.
Finally, by substituting Eqs. (7.59) and (7.61) in Eq. (7.57), we obtain

(

)

dA 2 ⋅ pi − pe ⋅ A ⋅ r0 2 ⋅ E0 ⋅ r0 ⋅ Aπ
2
=
−
⋅ exp βa′ ⋅ ε + exp β′′⋅
a ε −2
η⋅h
η ⋅ βa′
dt

[

(

)

(

) ]

(7.62)

where h(A) is provided by Eq. (7.60) and ε(A) by Eq. (7.58). Equation (7.62) represents the dynamics
of cross-sectional area vs. transmural pressure in the case of open vessel (i.e., only when A > A0).
The collapsing vessel — When transmural pressure becomes lower than zero (and consequently A <
A0), the vessel starts to collapse and loses its circular cross-section. In this condition, Eq. (7.57) does not
hold, and computation of the equilibrium of forces in the wall becomes more difficult.
A typical expression linking cross-sectional area to transmural pressure in a collapsing tube is the socalled tube law or similarity law.35 In steady state condition, this can be written as follows

(

1 − A A0

)

−1.5

(

= pi − pe

)

kp

(7.63)

where kp is a constant parameter with the dimension of pressure. If pi = pe, then Eq. (7.63) provides the
value A = A0, i.e., we do not have any discontinuity at zero transmural pressure between the value predicted
by the tube law and that predicted by the Laplace law [Eqs. (7.57) through (7.59)].
Equation (7.63) describes the relationship between transmural pressure and cross-sectional area in
steady-state conditions. In order to express the same relationship in dynamical conditions, we consider
that any difference between the left and the right members of Eq. (7.63) causes the cross-sectional area
to vary. A plausible assumption is that the rate of change is roughly proportional to this difference, i.e.,
we can write
−1.5
p − p
 A  
dA

= k ⋅  i e − 1+   
dt
 A0  
 k p


(7.64)
www.4electron.com

9047_ch07 Page 25 Saturday, November 11, 2000 2:10 PM

FIGURE 7.13 Left panel. Time pattern of cross-sectional area simulated with the model [Eqs. (7.62) and (7.65)]by
using small-amplitude sinusoidal intravascular pressure waves (mean value: 100 mm Hg; peak-to-peak amplitude:
10 mm Hg; frequency: 1 Hz) and varying extravascular pressure from 50 to 190 mm Hg in a ramp-like fashion. Right
panel: Compliance per unit length plotted vs. transmural pressure. Compliance was computed as the ratio of the
amplitude of cross-sectional area sinusoids to the amplitude of transmural pressure sinusoids. It is worth noting the
increase in compliance when transmural pressure is close to zero.

where k is a proportionality factor. An expression for this parameter can be obtained by imposing that
the rate of change of cross-sectional area, dA/dt, does not exhibit any discontinuity at A = A0. This
condition is verified by taking k = 2 ⋅ k p ⋅ A 0 ⋅ r 0 ⁄ ( η ⋅ h ) . As a consequence, Eq. (7.64) becomes

(

)

dA 2 pi − pe ⋅ A0 ⋅ r0 2k p ⋅ A0 ⋅ r0
=
−
η⋅ h
η⋅h
dt

   −1.5 
A
⋅ 1 −   
  A0  



(7.65)

Finally, we assume that during collapse, the wall thickness does not change significantly; i.e., h = h0.
An important feature of this model consists of its capability to reproduce the dramatic increase in
vessel compliance, hence in blood volume changes and wall movement, which become evident during
collapse (i.e., when the transmural pressure approaches zero or is moderately negative). This phenomenon
is at the basis of the oscillometric technique and may significantly participate to the production of
Korotkoff sounds.
In order to test the behavior of the vessel during collapse, we simulated Eqs. (7.66) by using a smallamplitude sinusoidal intravascular pressure, pi (mean value: 100 mm Hg; amplitude: 10 mm Hg peakto-peak; frequency: 1 Hz), and computed the pulsating changes in cross-sectional area at different
transmural pressure levels. To this end, extravascular pressure was varied in a ramp-like fashion (starting
level: 50 mm Hg; final level: 190 mm Hg; rate: 2 mm Hg/s). The simulation results, plotted in Fig. 7.13,
confirm the dramatic increase in pulsatility that occurs at small negative values of transmural pressure
and the corresponding sharp increase in compliance per unit length. The latter was approximately
evaluated as the ratio of the amplitude of cross-sectional area sinusoids to the amplitude of transmural
pressure sinusoids.
The basal values of parameters describing brachial hemodynamics can be found in Table 7.3. For a
justification of these values, the reader can consult the papers by Ursino and Cristalli.19, 21
TABLE 7.3

Parameters of the Brachial Artery

ρ = 1.05 g/cm3
ku = 1.2
h0 = 0.0575 cm
Cv = 13.33 cm3/mmHg
Rv = 23.8 mmHg⋅s/cm3
β'a = 5

A0 = 0.166 cm2
α = 0.5
kt = 1
pcv = 4 mmHg
η = 3 mmHg⋅s
β"a = 21.5

µ = 0.04 poise
l = 14 cm
Rc = 47.6 mmHg⋅s/cm3
ra0 = 0.23 cm
E0 = 3⋅105 dyn/cm2
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Distributed Parameter Models
Lumped parameter models, as that presented above, exhibit several advantages but also significant
shortcomings, which researchers have to recognize and that can be overcome by using distributed
parameter models.
A first limitation of the lumped parameter model is that attention is focused merely on a section of
the vessel, the behavior of which is considered representative of the entire segment under the cuff. This
choice may seriously affect the results. Indeed, collapse starts close to the downstream end of the
compressed segment, where intravascular pressure is lower and only subsequently, with a further increase
in extravascular pressure, becomes approximately uniform along the segment.
A second limitation is that lumped parameter models cannot account for some important fluidodynamic phenomena, which may participate to the genesis of Korotkoff sounds: first of all, wavespeed
limitation and choking.17 This occurs when fluid velocity at some axial site in the tube, averaged over
the cross-section, becomes equal to wavespeed. Wavespeed is defined as the velocity at which smallamplitude pressure waves would propagate upstream and downstream in the absence of flow. At a site
where wavespeed becomes equal to fluid velocity, the waves do not propagate retrogradely, and a pressure
pulse steepening, or shockwave, occurs. The latter might be able to produce audio-frequency sounds.36
Finally, in the lumped parameter model at the beginning of Section 7.4, only a single value for
extravascular pressure was used. Since distributed models explicitly include the axial coordinate, z, they
are able to incorporate more realistic extravascular pressure profiles, as those simulated with the FE model
of the section entitled "A Finte-Element Model of the Arm". The effect of longitudinal pressure profile
on the accuracy of the noninvasive arterial pressure measurement is a crucial problem, with important
clinical implications in the choice of the correct cuff dimensions.
In this section we shall present just the main theoretical bases of one-dimensional distributed models
for prediction of collapsible-tube dynamics. The reader interested in more details can consult the wide
bibliography on the subject (see, among others, References 17, 35, 37, 38, 39, and 40).
In the distributed one-dimensional model, the cross-sectional area, A, intravascular pressure, pi, and
cross-sectional averaged velocity, v, are functions not only of time, t, but also of the longitudinal coordinate, z. As in the lumped parameter model, the basic laws are the mass preservation and the momentum
equation. However, these equations now hold at each longitudinal section of the collapsed segment.
Mass preservation provides the following partial derivative relationship:

( )

∂A ∂ νA
=0
+
∂z
∂t

(7.66)

Equation (7.66) simply states that, if blood flow, vA, decreases along the axial coordinate, the crosssectional area must be increasing with time, and vice versa. This is the same behavior considered at the
representative section of the lumped parameter model [Eq. (7.51)].
The momentum equation, which expresses Newton's second law of mechanics, gives

ρ⋅

∂p
∂ν
∂ν
+ ρ⋅ ν⋅
= − i − F A, v , t ⋅ ν
∂t
∂z
∂z

(

)

(7.67)

where ρ is blood density, and F is related with the resistance per unit length, hence with viscous energy
losses. Different expressions for this term can be used, depending on whether one considers the possibility
of turbulence and flow separation downstream of the collapsed segment. In the case of laminar flow, the
following steady-state estimate for F is frequently used:39, 40

8πµ A
F =
2
8πµA0 A

if A > A0
if A < A0

(circular cross section )
(collapsing cross section )

(7.68)
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where µ is blood viscosity. It is worth noting that Eq. (7.68) is equivalent to the viscous drop in the
lumped parameter model [Eqs. (7.48) through (7.50)]. More complex expressions for F should be used
if one needs to consider turbulence and/or flow separation.
Equations (7.66) and (7.67) include three unknown quantities: A, pi, and v. Hence, as in the case of
the lumped parameter model, one needs a further equation to solve the problem. This is the “tube law”
relating transmural pressure, pi - pe, to cross-sectional area. Of course, as in the first subsection of Section
7.4, extravascular pressure, pe, acts as an input quantity.
The same model presented in the preceding subsection [i.e., Eqs. (7.62) and 7.65)] could be used
herein after to characterize the vessel wall. In this model, the arterial wall behaves as a viscoelastic material,
and so Eq. (7.66) involves the partial derivative of A with respect to time.
The solution of Eqs. (7.62) through (7.65), (7.67), and (7.68) may constitute quite a complex numerical
problem. For this reason, a much simpler expression for the "tube law" is usually adopted by authors
working with one-dimensional distributed models. A quite common expression17, 40 is:

(

)

k1 ⋅ A A0 − 1

pi − pe =  
k2 ⋅ 1 − A A0


(

if A > A0

)

−1.5




(7.69)

if A < A0

where k1 and k2 are constant parameters. Since compliance in the collapsing vessel is significantly higher
than in the open vessel, one must have k1 >> k2.
The main difference between Eq. (7.69) and Eqs. (7.62) through (7.65) consists of the use of a linear
relationship to describe the open vessel and in the absence of wall viscosity. The last simplification is
particularly important. In fact, in virtue of it, the relationship between pi - pe and A becomes purely
algebraic. It is then easy to write an expression for the velocity, c, of small-amplitude propagating waves.
We have

c2 =

(

A d pi − pe
⋅
dA
ρ

)

(7.70)

By using Eq. (7.70), the quantity pi can be eliminated from Eq. (7.67), thus obtaining

ρ⋅

∂ν
∂ν
c 2 ∂A ∂pe
+ ρ⋅ ν⋅
= −ρ ⋅ ⋅
−
− F A, ν, t ⋅ ν
∂t
∂z
∂z
A ∂z

(

)

(7.71)

Equations (7.66) and (7.71) are two partial derivative equations in the unknown quantities A and v,
which ought to be solved by means of numerical integration methods.
Using these equations, we can now cast a glance to the problem of choking. We shall substantially
follow the analysis presented by Pedley17 (pp. 364-365) valid in steady-state conditions. The aim of this
analysis is to demonstrate that if the collapsing segment is long enough, abrupt steepening of the pressure
pulse may occur, leading to the formation of a shockwave.
In the following, we shall presume that the collapsing tube is in steady-state (or equilibrium) condition,
i.e., that all time derivatives in Eqs. (7.66) and (7.71) are zero. With this simplification, one easily obtains
the following steady-state relationship linking flow velocity, wavespeed velocity, and cross-sectional area:

( )

( )

F A, z ⋅ ν + ∂pe ∂z
F A, z ⋅ ν
ρ ∂A
⋅
=−
≅− 2
2
2
A ∂z
c −ν
c − ν2

(7.72)

where, for the sake of simplicity, we assumed that changes in extravascular pressure with z are negligible
(the interested reader can find a more general case in Shapiro38).
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Let us now assume that flow is subcritical at its entrance into the collapsing segment, i.e. v(0) < c(0).
Since pressure losses, F, are always positive, Eq. (7.72) implies that A(z) is a decreasing function of z. As
a consequence, in steady-state conditions flow velocity v must be an increasing function of z [Eq. 7.66)].
It can be demonstrated that, when the tube law [Eq. (7.69)] holds with A < A0 (collapsing vessel), wave
velocity c does also increase with the longitudinal coordinate, but not as rapidly as v. Therefore, if the
collapsing segment is long enough and/or the cross-sectional area is sharply reducing under the effect
of the extravascular load, a section can be reached (say z0) where v(z0) = c(z0). After this point, the flow
becomes supercritical. Most important, at z = z0, Eq. (7.72) would predict:

( )

∂A z 0 ∂z = ∞

(7.73)

Equation (7.73) has some important consequences. First, this equation can never be verified in reality.
Hence, the steady flow cannot be maintained and the equilibrium must become unstable, producing selfexcited pressure and flow oscillations. Second, pressure pulse steepening occurs close to the critical section
[in fact, a large ∂A/∂z implies a large ∂pi/∂z, according to Eq. 7.69)] leading to the formation of a
shockwave. Shockwaves and self-excited oscillations are assumed to contribute to the generation of audiofrequency sounds, at least during certain phases of the cardiac cycle.6, 17, 36,41
The previous analysis was performed in steady-state conditions, i.e., it neglects the presence of the
cardiac pulsatility. The actual phenomena that may occur in pulsatile regimen can be better investigated
by numerically solving Eqs. (7.66) and (7.71), using appropriate expressions for input quantities, initial
conditions, and boundary conditions. In particular, the following quantities must be specified:
1. the longitudinal dependence of extravascular pressure, pe(z, t), caused by the presence of the
occluding cuff;
2. the starting configuration of the vessel, i.e., the values of flow velocity and cross-sectional area
throughout the collapsing segment at the simulation starting time: that is, v(z, 0) and A(z,0);
3. two independent boundary conditions at the ends of the collapsing segment. These are naturally
assigned starting from knowledge of pressure at the inlet of the vessel, and imposing a load
condition at the outlet. Of course, cross-sectional area at the inlet section is obtained from pressure
by inverting the elastic tube law.

7.5

The Lumped Parameter Model: Simulation Results

In this section we present some simulation results obtained by using the lumped parameter models
presented thus far. The aim of these simulations is
1. to reproduce the main features of the oscillometric technique
2. to examine how alterations in some biomechanical factors may affect the accuracy of the measurement
3. to analyze the main differences between traditional and derivative oscillometry
4. to study whether some aspects of Korotkoff sound generation can be explained by looking at the
power spectrum of outflow pressure.
The connection among the different lumped parameter models is quite simple and is illustrated in
the electric analog of Fig. 7.5 and also in the block diagram of Fig. 7.14. The cuff model receives the air
inflation or deflation rate and the arm volume change as inputs, and furnishes pressure at the arm's outer
surface (required by the arm tissue model). The arm tissue model receives blood volume changes per
unit length and pressure in the outer surface as input quantities, and provides the value of extravascular
pressure (required by brachial hemodynamics) and the value of arm volume change (required by the
cuff model). Finally, the model of brachial hemodynamics receives the value of extravascular pressure as
input quantity, and provides, among others, also the value of blood volume changes per unit length (∆Vb
= ∆A) required by the tissue model.
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FIGURE 7.14 Block diagram illustrating how the models at the beginning of Sections 7.2 (cuff), 7.3 (arm tissue),
and 7.4 (brachial hemodynamics) can be connected to provide a complete lumped parameter model of oscillometry.
∆Vb: blood volume changes per unit length under the cuff; pb: pressure at the arm’s outer surface under the cuff; pe:
extravascular pressure; ∆Vi: arm volume changes under the cuff; dq/dt: air inflation rate into the cuff.

The set of ordinary differential equations has been numerically integrated on a 486 MS-DOS personal
computer, using the fourth Runge-Kutta method with adjustable step length. For model implementation
we used the facilities included in the software package Simnon/PCW 2.0 (SSPA Maritime Consulting AB,
S-400 22 Göteborg, Sweden), devoted to the simulation of nonlinear differential equations.
In the following, three different kinds of simulation will be presented. They concern the traditional
oscillometry, the derivative oscillometry and, finally, a possible mechanism contributing to the genesis
of Korotkoff sounds.
The Traditional Oscillometry
In the traditional oscillometry, pulsating pressure in the occluding cuff is measured continuously during
the deflation maneuver. The amplitude of pressure oscillations is then used to derive information on
diastolic, mean, and systolic arterial pressure. Recently, Geddes et al.5 proposed that diastolic and systolic
pressure can be identified in correspondence with specific values of the "characteristic ratio". The latter
is defined as the amplitude of pressure oscillations in the cuff normalized to the maximum oscillation.
Through comparisons with intra-arterial measurement in the dog and with the auscultatory measurement
in humans, the authors suggested that the characteristic ratio is approximately 0.55 at systole and
approximately 0.80 at diastole. Fixed characteristic ratios are frequently used today by automated devices
for arterial pressure measurement; however, these ratios vary as a consequence of arm hemodynamics
alterations, and how these changes may affect the accuracy of the measurement is still largely unknown.
An example of model simulation is shown in Fig. 7.15. In this simulation, all parameters characterizing
the cuff, arm tissue and brachial hemodynamics were set at the basal value specified above (Tables 7.2
and 7.3). By acting on model input quantity dq/dt [Eq. (7.13)], the cuff was inflated up to a value a little
higher than systolic pressure, then slowly deflated below diastolic pressure. Figure 7.15a shows the
simulated time pattern of cuff pressure during the deflation phase, with the presence of small pulses
superimposed on pressure mean value. In order to extract information on cuff pressure pulsatility, the
time pattern of Fig 7.15a has been numerically high-pass filtered. The results, shown in Fig. 7.15b, confirm
that pressure pulsatility progressively increases while deflating the cuff, reaches a maximum, and then
decreases slowly. In Fig. 7.15c the value of the cuff pressure pulse amplitude is plotted against the cuff
pressure mean value in order to permit evaluation of the characteristic ratios. The vertical dotted lines
in the figure represent the diastolic, mean, and systolic arterial pressure used during the trial (70, 84,
and 130 mm Hg, respectively; heart rate: 1.2 Hz). From the data in Fig. 7.15c, the characteristic ratios
at diastole, mean, and systolic pressure have been computed. The values so obtained (0.70, 0.98, and
0.52, respectively) agree with those found by Geddes et al.5 pretty well. Finally, Fig. 7.15d shows the
pattern of cross-sectional area pulse amplitude (that is, blood volume changes per unit length) plotted
against the cuff pressure mean value. This pattern constitutes alternative information, which may be
obtained noninvasively by means of impedance pletismography and might be exploited to improve the
measurement.6 The characteristic ratios, computed using data in Fig. 7.15d instead of 7.15c, turn out as
great as 0.79, 0.99, and 0.47 for the diastolic, mean, and systolic pressure, respectively.
www.4electron.com

9047_ch07 Page 30 Saturday, November 11, 2000 2:10 PM

FIGURE 7.15 Time pattern of pressure in the cuff (Fig. 7.15a) and of cuff pressure pulsatility (Fig. 7.15b) during
a cuff deflation maneuver, simulated with the lumped parameter model. The curve in Fig. 15b was obtained by highpass filtering the data in Fig. 7.15a. Cuff pressure pulse amplitude and pulse amplitude of cross-sectional area are
shown in Figs. 7.15c and 7.15d vs. the cuff pressure mean value. The dotted lines denote the values of diastolic, mean,
and systolic arterial pressure used in the trials. Heart rate was 1.2 Hz.

As specified above, several automated devices for arterial pressure measurement make use of algorithms
that assume constant characteristic ratios at diastole and systole. A practical application of the present
mathematical model may thus consist in studying the effect that alterations in biomechanical factors
(such as arterial rigidity, pressure pulse amplitude, heart rate, etc.) may have on these ratios, hence on
the accuracy of pressure estimates. A thorough sensitivity analysis of the main biomechanical factors
affecting oscillometry is reported in a previous work.21 In the following, only the most important results
will be summarized again.
Figure 7.16 shows the percentage errors in the evaluation of systolic, mean, and diastolic arterial
pressure predicted with the model by using the fixed characteristic ratios obtained in basal condition
(i.e., 0.70, 0.98, and 0.52) but assuming different values for the arterial pressure pulse amplitude and for
the unstressed wall elastic modulus [E0 in Eq. 7.65)]. Model simulations suggest that changes in arterial
pressure pulse amplitude (Fig. 7.16, upper panel) may affect the measurement considerably, leading to
little underestimation (-5%) of diastolic pressure when arterial pulsatility is depressed, and to a significant
overestimation (+10 - 15%) when the arterial pressure pulse amplitude increases. However, the error on
systolic pressure is less important. Furthermore, Fig. 7.16's lower panel shows that changes in vessel wall
elastic modulus have dramatic effects on the estimation of systolic pressure, with errors as great as -10
to -15% when the vessel is very elastic, and errors as great as +20% when the vessel becomes too rigid.
The effects of changes in heart rate and wall viscosity are presented in Fig. 7.17. An increase in wall
viscosity leads to underestimation of both systolic and diastolic pressure, whereas changes in heart rate
seem to have less important effects on the measurement.
A further important result that arises from examination of Figs. 7.16 and 7.17 is that mean arterial
pressure cannot be estimated carefully using a fixed characteristic ratio (0.98 in our simulations). The
reason is that, according to Fig. 7.15c, the oscillometric curve exhibits quite a large plateau. The intersection of this plateau with the y-axis value corresponding to the ratio 0.98 is extremely sensitive to noise,
and so even modest perturbations may induce wide errors in mean arterial pressure estimation. The
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FIGURE 7.16 Percentage errors in the evaluation of diastolic, mean, and systolic arterial pressure evaluated using
different values for the arterial pressure pulse amplitude (upper panel) and for wall Young's modulus in unstressed
condition (lower panel). The arterial pressure values were estimated from model simulation results using the characteristic ratios (0.70, 0.98, and 0.52 for the diastolic, mean, and systolic pressure) previously obtained in basal
conditions. The estimates were then compared with the actual arterial pressure values, to calculate the percentage
errors.

previous results, together with a look at Fig. 7.15c, suggests that mean arterial pressure should be better
estimated as the minimum cuff pressure value at which the oscillometric curve flattens. This consideration
introduces the derivative oscillometry, which has been recently proposed to overcome some drawbacks
of traditional oscillometric methods.
The Derivative Oscillometry
As stated in the introduction, this technique makes use of the derivative of the oscillation amplitude
curve to infer information on the diastolic, mean, and systolic pressure levels. When the derivative is
plotted against mean cuff pressure, the curve first exhibits a maximum positive value, then decreases to
a minimum negative value, and finally rises again. It is generally thought that diastolic arterial pressure
can be identified as the x-axis value corresponding to the positive maximum of the derivative curve,
while systolic pressure is located at the negative minimum. Furthermore, mean arterial pressure would
correspond to the point where the derivative becomes equal to zero. The latter statement agrees with the
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FIGURE 7.17 Percentage errors in the evaluation of diastolic, mean, and systolic arterial pressure evaluated using
different values for heart rate (upper panel) and for wall viscosity (lower panel). The arterial pressure values were
estimated from model simulation results using the characteristic ratios (0.70, 0.98, and 0.52 for the diastolic, mean,
and systolic pressure) previously obtained in basal conditions. The estimates were then compared with the actual
arterial pressure values, to calculate the percentage errors.

observation of Fig. 7.15c, according to which mean arterial pressure is very close to the cuff pressure at
which the oscillometric curve starts to level off.
We simulated the derivative oscillometry with our model by computing the incremental ratio from
the data in Fig. 7.15c. The incremental ratios were considered as a rough approximation of the derivative
at the corresponding central point. The results are presented in Fig. 7.18. As can be seen from this figure,
the positive maximum of the differential curve can be found almost exactly at the diastolic pressure,
while the negative minimum only slightly underestimates systolic pressure (the error is about -5 mm Hg
in this example). Finally, the point of zero derivative turns out just a little higher than mean arterial
pressure (error +2 to 3 mm Hg). The previous results indicate that derivative oscillometry may provide
rather accurate estimations of pressure levels, at least when the model is simulated with the basal value
of its parameters.
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FIGURE 7.18 Pattern of differential oscillations (i.e., the derivative of cuff pressure oscillation amplitude) plotted
vs. cuff pressure mean value. Derivatives have been estimated by computing the incremental ratios from data in Fig.
7.15c. The values of diastolic, mean, and systolic arterial pressure used during the simulations are shown by vertical
dashed lines. The positive maximum and negative minimum of the curve are located close to the diastolic and systolic
arterial pressure, while the point of zero derivative is close to mean arterial pressure.

On the Generation of Korotkoff Sounds
The lumped parameter model described above can also be used to investigate some putative mechanisms
at the basis of Korotkoff sound generation. However, we must recognize that the genesis of Korotkoff
sounds is a complex phenomenon, which probably cannot be explained in terms of a single mechanism,
and requires the use of more elaborate models that involve partial derivatives, turbulence, flow limitation,
and choking (see the brief analysis in the last subsection of Section 7.4). Hence, the following study
should be considered only as a tentative one. Nevertheless, we shall try to demonstrate that certain features
of the auscultatory method can be reproduced, although in simplified terms, by the previous lumped
parameter description, too.
In particular, we shall follow the theory proposed by Drzewiecki et al.10 in a recent work. By using a
simple lumped parameter mathematical model, these authors suggested that a cause of sound generation
might reside in the nonlinear pressure-flow relationship of the collapsing vessel. Due to the arterial
collapse, in fact, the brachial pressure pulse distal to the cuff is distorted compared with the proximal
pulse. As a consequence, the distal pressure pulse becomes steeper, and part of the energy contained in
the normal pulse is transferred into the audible frequency range.
In order to verify this hypothesis with our model, and compare the obtained results with the results
by Drzewiecki et al., we simulated the time pattern of intravascular pressure downstream of the cuff [i.e.,
pressure pd in Eqs. (7.52) and (7.54)] during a slow cuff deflation maneuver (Fig. 7.19). In this simulation,
as in the previous ones, the diastolic and systolic pressures were set at 70 mm Hg and 130 mm Hg,
respectively. The dramatic increase in intravascular pressure pulse amplitude downstream of the cuff is
evident in Fig. 7.19, for cuff pressure values comprised between the systolic and the diastolic levels.
From the simulated data in Fig. 7.19, we then estimated the power spectral density at different levels
of mean cuff pressure. The data were stored at a sampling frequency of 200 Hz to avoid aliasing, windowed
through a 2.5-s time window (which contains three cardiac cycles), and zero-padded up to 10 s to improve
the spectrum resolution. The power density was computed by using Welch's averaged periodogram.42
The results, shown in Fig. 7.20, indicate that energy in the audio-frequency range (i.e., above 10-20 Hz)
is quite negligible when the brachial artery is almost completely collapsed, i.e., at cuff pressure values
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FIGURE 7.19 Pattern of intravascular pressure in the section of the brachial artery immediately downstream of
the cuff, plotted vs. mean cuff pressure. The curves were obtained by simulating a cuff deflation maneuver with the
lumped parameter model. The values of diastolic, mean, and systolic arterial pressure used during the simulations
are shown by vertical dashed lines. It is worth noting the pressure pulse steepening caused by vessel collapse.

higher or close to the systolic arterial pressure (pc ~ 131 mm Hg in the figure). By decreasing cuff pressure,
a certain power appears in the audio-frequency range, reaching its maximum when the cuff pressure is
close to the mean value (pc ~ 85 mm Hg). Power in the audible range then decreases again when
approaching the diastolic level. These results substantially agree with those found by Drzewiecki et al.10
Of course, it is not easy to directly associate the spectra in Fig. 7.20 with the different phases of
Korotkoff sounds as described in clinical textbooks, even though some attractive analogies might be
found. For that purpose, one must be able to relate intravascular pressure downstream of the cuff (from
which the spectra have been computed) with pressure at the arm's outer surface (where the stethoscope
is located), then filter the latter quantity with the transducer properties of the microphone or the ear to
obtain the actual intensity of sound. More details on these topics can be found in the mentioned work
by Drzewiecki et al.10

7.6 Concluding Remarks
The main results emerging from the present work are that several simultaneous causes of error may affect
the noninvasive arterial pressure measurement and that these can be assessed with the use of mathematical
models. Moreover, these errors may be introduced at any level of the measurement chain. In particular:
1. the main causes of error introduced at the cuff level are associated with the cuff width-to-arm
circumference ratio and with the shape of the cuff. The latter aspect concerns the ability of the
cuff to apply a uniform pressure load, with limited leakage at the boundary.
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FIGURE 7.20 Power spectra of intravascular pressure downstream of the cuff margin, evaluated in the audiofrequency range at different cuff pressure levels. The spectra were obtained by applying Welch's periodogram to the
data in Fig. 7.19. The y-axis units have been normalized.

2. the most influential biomechanical parameter of the arm is Poisson's ratio, which is a measure of
the compressibility of the soft tissue. A compressible arm (i.e., one having a low Poisson's ratio)
may result in insufficient pressure transmission from the cuff to the brachial artery. Another
fundamental problem, which is usually ignored in the literature, concerns the choice of a realistic
expression for extravascular pressure, in terms of tissue normal stresses. As pointed out by Guyton
et al.,26 pressure in the tissue depends on the percentage of solid and fluid elements that are
independently able to transmit force. While theoretical expressions for pressure in the fluid elements (that is, hydrostatic pressure) and for pressure in solid elements can be formulated (see,
for instance, Ursino and Cristalli18), their combination in the tissue requires knowledge of the
relative proportion of the two components. A more accurate expression for extravascular pressure
can be formulated based on a new experimental measurement in the tissue, possibly close to the
brachial artery.
3. various hemodynamic factors may seriously affect pressure measurements. According to our
analysis, the most important among them are the visco-elasticity of the arterial wall and the arterial
pressure pulse amplitude. Both substantially affect the dynamic relationship between the pulsating
transmural pressure and the instants of the cardiac cycle when the vessel is forced to collapse and
to re-open.
Given the large number of factors affecting the pressure measurements simultaneously, one may
wonder why indirect techniques usually provide quite reliable estimations of arterial pressure. There are
various aspects to be taken in mind. Not all the causes of errors mentioned above are actually present
in normal or even in pathological subjects. For instance, the cuffs adopted in the clinical practice
ordinarily fulfill the requirements for a high cuff width-to-arm circumference ratio (i.e., one larger than
approximately 0.25; see Fig. 7.10). According to a previous experimental study,18 the arm tissue Poisson's
ratio is normally above the critical value of 0.4 in young, healthy subjects. Arterial pressure pulse
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amplitude and wall viscoelastic parameters are significantly altered only in specific pathological conditions
(such as with atherosclerosis), in the elderly, or in stressed situations (for instance, during emotional or
fatigue stress). Moreover, even when various causes of error are present together, they may sometimes
produce opposing effects on the accuracy of pressure estimates. While some factors may induce erroneous
arterial pressure overestimation (this is the case of an increase in the arterial wall Young's modulus, a
decrease in Poisson's ratio, or working with a cuff scarcely able to transmit uniform pressure), others
may produce the impression of erroneously low pressure values [this is the case of a low Young's modulus,
or a tissue dominated by solid elements with respect to fluid elements; see Eq. (7.28)]. Hence, it is possible
that, in many cases, these errors partially compensate each other, giving a reliable pressure estimation.
Nevertheless, due to the great number of factors that may affect the measurement, the variance of the
error may be extremely high when evaluated on a large patient population; this hazard should be
considered, especially if serious therapeutic maneuvers are to be initiated as a consequence of an indirect
pressure estimation.
As a matter of fact, the present study emphasizes the existence of some classes of patients that may be
particularly at risk of incorrect arterial pressure overestimation. These include obese patients (whose cuff
width-to-arm circumference ratio and tissue Poisson's ratio might be abnormally low), atherosclerotic
subjects (having a high elastic modulus of the arterial wall and, frequently, an increase in pressure pulse
amplitude, too), and old subjects (for whom many of the previous factors may be simultaneously present).
In these groups of patients, several error causes conspire, all contributing to arterial pressure overestimation. For instance, looking at the results of Sections 7.2 through 7.5, and assuming a subject with a
Young's modulus threefold the normal (Fig. 7.16, lower panel), an 80 mm Hg arterial pressure pulse
amplitude (Fig. 7.16, upper panel), and a significant reduction in the arm tissue Poisson's ratio (ν = 0.3)
with 15% nonuniform load (Fig. 7.11), we obtain a 15 to 20% overestimation of arterial pressure
parameters. This consideration may explain the phenomenon of "pseudo-hypertension", sometimes
noticed in old patients.12, 43
In this work, a wide variety of different models have been introduced to study the accuracy of indirect
pressure measurements: they include nonlinear lumped parameter models with ordinary differential
equations; linear distributed analytical models; non-linear, one-dimensional models; and linear FE models. The reason for this variety is that the structure of the models, their mathematical complexity, and
the underlying simplifying assumptions are not unique, but rather strictly depend on the purpose the
model is devoted to. It is a researcher's responsibility to chose the model that fulfills the specific theoretical
or clinical problem being worked on.
Of course, the present general overview about mathematical modeling of noninvasive pressure evaluation does not aspire to be exhaustive, and several problems are still open requiring future works,
extension, and improvements. For instance, it would be useful to provide better connection among the
various models presented in this work. This synthesis should oblige to a compromise between the
requisites of simplicity, easiness, accuracy, and completeness. An integrated FE model of the cuff + the
arm tissue + the brachial hemodynamics might be too complex for clinical purposes and may not provide
clear final evidence. On the contrary, an entirely lumped parameter model, as the one used in Section
7.5, fails to grasp some important aspects related with wave limitation, with choking, and with the effect
of the cuff width.
A second aspect, deserving much study, concerns the comparison between model predictions and real
clinical and/or experimental results, i.e., the validation of the models at each level of the measurement
chain. This might involve the use of pressure transducers and strain sensors, both at the cuff-arm
interface22 and directly in the tissue close to the brachial artery, and simultaneous measurements of
different hemodynamical parameters, such as blood volume changes at various sections of the arm
through pletismographic techniques, Doppler flow velocity upstream and downstream of the collapsing
segments,6 etc. Integration of mathematical modeling techniques with multiple noninvasive measurements may be a practicable way to improve the reliability of indirect pressure estimations in the next
future.
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7.7 Appendix
In the following, expressions for coefficients Hlm in Eqs. (7.34) through (7.36) are presented as a function
of the arm tissue elastic and geometrical parameters. G and λ denote the Lamé coefficients. These are
related to tissue Young's modulus, Et, and Poisson's ratio, νt, through the following well-known relationships:24
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