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Preface

A lot of efforts have been devoted in the last five-ten years to the growth of organic
crystalline layered structures (including organic quantum wells and superlattices).
Improvement in the technique of molecular beam deposition has led to a variety of
good quality organic thin films, multilayered structures and heterostructures based
on molecular solids, as well as combinations of organic and inorganic semicon-
ductors. The possibility of growing tailor-made systems incorporating different
organic crystalline materials with even more flexibility than for multiple quan-
tum wells based on inorganic semiconductors alone, opens a promising field of
research from the point of view of fundamental as well as applied physics. The
advent of such a new class of organic crystalline materials prompted scientists to
investigate their nonlinear and electro-optical properties, in order to understand
their possible advantages in comparison with the usual organic or inorganic ma-
terials.

This volume, written by recognized experts in the field, is the first book devoted
to a systematic discussion of the properties of organic crystalline multilayers and
organic based nano- and multilayer heterostructures. It has been demonstrated that
for such structures we can expect many new interesting optical effects and phe-
nomena which can be important also for applications. Some of these predictions
have already prompted experimental investigations (see, for example, Chapter 8§,
devoted to the observation of a strong Frenkel exciton-cavity photon coupling
and giant Rabi splitting for Frenkel excitons in microcavities) and, no doubt, in
the nearest future the experimental study of effects described in the book will
continue.

We hope that this volume will come into use not only among physicists but also
chemists and biologists. To help the nonspecialist reader we have included in the
book three chapters (Chapters 1, 2, 3) which contain a tutorial introduction to the
physics of electronic excitations in organic and inorganic solids.

All the chapters in the book are self-contained, and each concerns a specific
aspect of the up-dated developments in the field. The list of contents will provide
the reader with a detailed account of all the material included in the present book,
in the following we limit ourselves to a few general remarks.

The optical and electro-optical effects are discussed in two classes of materials:
(a) multilayer organic structures, (b) organic based heterostructures in the region
of excitonic resonances.

xi



xii PREFACE

Multilayer structures are systems with “condensed” interfaces, and under this
conditions the specific surface and quasi two-dimensional effects at interfaces
may play an important role in determining the sample properties. This contribu-
tion is particularly important in the cases where new excited states arise along the
interfaces. In the study of nonlinear dynamics of interfaces we show in Chapter 4
that intermolecular anharmonicity across the interface produces new states: “the
Fermi Resonance Interface modes”, and leads to bistability and multistability in
the energy transmission through the interface.

In Chapter 5 we describe the electronic excitations in quasi one-dimensional
organic crystals with strong orbital overlap between neighboring molecules. In
such crystals, the energy difference between the lowest Frenkel exciton and the
nearest-neighbor charge-transfer excitons becomes small and their strong mix-
ing determines the nature of the lowest energy states. The theory is used for un-
derstanding the optical properties of crystalline thin films of PTCDA(3,4,9,10-
perylenetetra-carboxylic dianhydride) and MePTCDI(N-N"-dimethylperylene-
3,4,9,10-dicarbiximide). We discuss also the new surface exciton states which
arise due to mixing of Frenkel and charge-transfer excitons. These states can be
important for the investigation of quantum confinement of exciton states in very
thin layers of quasi-one-dimensional organic crystals. Since the synthetic tailor-
ing of new organic compounds has endless possibilities because the growth of
organic multilayer structures is not limited by lattice matching restrictions, such
systems are expected to demonstrate a variety of potentially useful properties.

In the case of donor-acceptor multilayer structures described in Chapter 6,
the peculiar resonant optical nonlinearities and the photo-voltaic effect associ-
ated with the interface charge-transfer excitons characteristic of such systems at
moderate excitation densities are discussed. We also consider, at higher excita-
tion densities, the ionization instability leading to photoconductivity even at low
temperature (cold photoconductivity).

We consider the properties of electronic excitations in hetero-nano-structures
based on combinations of organic materials and inorganic semiconductors, having
respectively Frenkel excitons and Wannier—Mott excitons with nearly equal ener-
gies. We show that in this case the resonant coupling between them in quantum
wells (or wires or dots) may lead to novel striking effects, such as a splitting of the
excitonic spectrum and an enhancement of the resonant optical nonlinearities. We
describe the properties of hybrid Frenkel-Wannier—Mott excitons, which appear
when the energy splitting of the excitonic spectrum is large compared to the width
of the exciton resonances (Chapter 7, the strong resonant coupling). Such peculiar
excitations share at the same time the properties of the Wannier excitons (e.g., the
large radius) and of the Frenkel excitons (e.g., the large oscillator strength). For
this reason hybrid excitons are expected to have resonant optical nonlinearities
significantly enhanced with respect to traditional inorganic or organic systems.
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The structures mentioned above depend on the technologically challenging
problem of growing high quality organic-inorganic heterojunctions only a few
nanometers apart. A simpler way of realizing a hybrid exciton system is to cou-
ple Frenkel and Wannier excitons through a microcavity (MC) electromagnetic
field. Strong exciton-radiation interactions are observed in microcavities, because
the hybridization is not due to the Coulomb short-range interaction, but to strong
long-range interaction stemming from cavity photons. For cavity embedded quan-
tum wells, the fabrication would be much easier as their separation can be of the
order of an optical wavelength. This situation is qualitatively equivalent to that of
two coupled microcavities for which the growth conditions could be separately
optimized for the organic and inorganic well. Planar microcavity structures pro-
vide a versatile mean to control the optical properties of semiconductors and to
enhance the performance of opto-electronic devices. In Chapter 8, following the
main results of the theory of polaritons in planar microcavity given in the intro-
ductory Chapter 3, and in Chapter 7, we describe experiments which demonstrate
the giant Rabi splitting of Frenkel excitons. This giant Rabi splitting (which can
be of the order of 100 meV) opens a new channels of cavity polariton relaxation
and strongly affects absorption, transmission and photoluminescence. The results
of these experiments represent a further step towards new exciton controlled de-
vices.

In Chapter 9 the case of weak resonant coupling between Frenkel excitons in or-
ganics and Wannier—Mott excitons in inorganic semiconductors is considered. For
this case the Foerster mechanism of energy transfer from an inorganic quantum
well to an organic overlayer is of great interest. Such an effect may be especially
useful for applications: the electrical pumping of excitons in the semiconductor
quantum well can be used to efficiently turn on the organic material luminescence.
Using this effect we propose a new concept for light emitting devices.

The strategy of combining organic and inorganic materials in the same nano-
structures, as shown by the above examples, may lead to many novel devices
which take advantage of the good properties of both classes of materials, over-
coming the basic limitations of each individual class.

In the concluding Chapter 10 the electronic energy transfer in a microcavity is
discussed. It is well known that the retarded interaction, along with the Coulomb
interaction, contributes to the energy transfer between donors and acceptors. In a
planar microcavity, whose thickness is of the order of the light wavelength, we
can expect the retarded interaction to be enhanced due to the cavity photon con-
tribution. The cavity enhancement of the energy transfer is expected to stimulate
experimental investigations of energy transfer in microcavity. In this chapter a mi-
crocavity whose optical properties may be modified by the presence of absorbing
acceptors (the donors are assumed not to affect the optical properties strongly) is
considered. It is shown that different situations may be realized depending on the
acceptor absorption: in the case of strong and broad absorption the cavity mode
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is practically destroyed; in the regime of weak absorption, the cavity mode is still
well defined and just acquires some additional broadening. We also consider the
strong coupling regime, when the acceptor absorption has the shape of a strong
and narrow peak and two polariton branches appear due to coherent mixing of
the acceptor excitations and the cavity mode. For all these cases the retarded in-
teraction is responsible for the energy transfer. The role of different dissipative
processes which may compete with the energy transfer, is also analyzed in detail.
The comparison of the theory with the results of recent experiments is given.

In organising the material presented in this book we greatly enjoyed the col-
laboration with the authors of the various chapters and with other experts in this
field. To all of them we wish to express our thanks.

VLADIMIR AGRANOVICH
FRANCO BASSANI
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1. Introduction

Excitons are electronic excitations of dielectric solids and clusters that play a
crucial rule in the optical response of these materials. They represent bound
electron—hole pairs, that may be generated by absorption of light or by relax-
ation of free electrons and holes after optical or electrical pumping. Among the
optical properties of exciton systems that have aroused much interest, are coop-
erative spontaneous emission [1,2] (including application in light-emitting diodes
[3] and lasers [4]), strong optical nonlinearities [5—7], and optical bistability [8].
Also the possibility to optically create Bose—Einstein condensates of (pairs of)
excitons has attracted much attention [9,10].

Being electron—hole pairs, excitons carry no charge, which means that they do
not contribute to electrical conduction. They do carry excitation energy, however,
and their mobility therefore is responsible for energy transport processes. This
transport not only is of much interest in solids, like semiconductors and insu-
lating organic crystals, but also in mesoscopic and nanoscopic systems, such as
the molecular cyanine aggregates that are responsible for light sensitization of

1
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2 J. KNOESTER AND V.M. AGRANOVICH

silver-halide crystals in color photography [11,12] and molecular light-harvesting
complexes in the photosynthetic systems of bacteria and higher plants [13].

Excitons are usually distinguished in two classes: Frenkel excitons and
Wannier—Mott excitons [14]. The distinction lies in the typical separation be-
tween electron and hole. For Frenkel excitons, this separation is essentially zero
(electron and hole occur on the same molecule or atom) and their binding en-
ergy is large (~1 eV). For the Wannier—Mott exciton the electron—hole separation
is much larger than a single molecule or atom and the binding energy is small
(~1 meV). Physically, the distinction originates from the competition between
two energy scales: the electron—hole coupling and the rates for electron and hole
hopping between different molecules or atoms [15]. The hopping rates allow the
electrons and holes to move individually between different molecules in the solid
or aggregate. This charge hopping arises from the overlap between the electron
and hole orbitals on neighboring molecules. If the Coulomb coupling between
electrons and holes can be neglected, this leads to freely moving electrons and
holes, that may conduct electricity. The Coulomb interaction between electron
and hole competes with their possibility to move independently through the sys-
tem and if the interaction is strong enough it gives rise to bound electron—hole
states, which appear as discrete levels below the continuum of “ionized” states in
which electron and hole are essentially free. In fact, if the Coulomb attraction by
far exceeds the hopping rates, the binding between electron and hole becomes too
strong for them to separate and they always occupy the same molecule or atom.
This is the Frenkel exciton limit, in which the exciton essentially is a molecular
(or atomic) excitation, with an electron in the lowest unoccupied molecular or-
bital (LUMO) and a hole in the highest occupied molecular orbital (HOMO), that
propagates through the crystal driven by electrostatic interactions.

From the above, it is clear that systems in which the charge overlap between
neighboring molecules or atoms is small, typically carry Frenkel excitons. Exam-
ples are Van der Waals solids (molecular crystals and their self-assembled meso-
scopic analogues, molecular aggregates), but also alkali-halide crystals and noble-
gas crystals, such as argon. It should be noted that in general only the lowest mole-
cular singlet excited state gives rise to real Frenkel excitons; higher excited states
in general have sufficient charge overlap to allow for a finite electron-hole separa-
tion. Although the electron and hole in a Frenkel exciton reside on the same mole-
cule, they do have the ability to move through the crystal as a pair. This center-
of-mass motion of the pair arises from electrostatic interactions between the elec-
trons on different molecules. Generally the strongest contribution to this propaga-
tion derives from the interactions between the transition dipoles of the individual
molecular transitions. This gives rise to a long-range (1/73) excitation transfer
interaction between molecules, which in turn is responsible for the formation of
an exciton band. We stress that this interaction does not involve charge overlap.
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In systems with a stronger charge overlap between neighboring molecules or
atoms, the relative motion of electron and hole introduces extra degrees of free-
dom. For Wannier—Mott excitons, the electron—hole separation is of the order of
hundreds to thousands of Angstroms, so that one may regard the underlying sys-
tem essentially as a continuum characterized by a dielectric constant. This gives
rise to a series of hydrogen-like states for the relative motion of electron and hole.
The smallness of the binding energy and the appreciable size of the radius of these
orbitals as opposed to the real hydrogen orbitals, originates from the small effec-
tive mass of the electron and hole in semiconductors and the typically large value
of the dielectric constant.

While the names Frenkel and Wannier—Mott excitons refer to two extreme cases
with regards to the length scale of relative electron—hole motion (the internal exci-
ton structure), this scale in practice does allow for all the intermediate cases. The
intermediate case that has acquired a special status is the charge-transfer exciton
(CTE), which in its lowest-energy variation has an electron—hole separation of one
molecule. Thus, the hole is located at one molecule and the electron on the neigh-
boring one. This is often referred to as a “donor—acceptor (D-A) complex”. CTEs
may occur in systems with an alternating structure of two types of molecules [16],
but also in crystals with just one type of molecule (such as anthracene, naphtha-
lene, and many others). In the latter case, any molecule in the crystal can play the
role of donor or acceptor. CTEs currently are considered important intermediate
states in the photo-conductivity of organic crystals [17]. In this process, they are
essential in the creation of free carriers from photo-generated Frenkel excitons.

In organic crystals and aggregates, we typically deal with Frenkel and charge-
transfer excitons as the important optically accessible excitations. In some cases,
for example, in quasi-one-dimensional organic solids with very small intermole-
cular distances within the stacks, the mixing of these two types of excitations is
important (see the chapter by M. Hoffmann in this book). It is worth mentioning
here that the low-temperature spectroscopy of organic molecular crystals grew out
of classical experiments carried out in the late 1920s by Pringsheim and Kronen-
berger [18], and Obreimov and de Haas [19,20]. At that time only the Bloch band
scheme for electronic states in crystals was known. This concept predicted very
broad absorption bands, in contradiction to the narrow lines observed in the cited
experiments. It is known that I.V. Obreimov attracted the attention of Ya.l. Frenkel
to this problem and in the first 1931 paper of Frenkel [21], where the concept of
excitons in a molecular crystal was formulated for the first time, the reader may
find the corresponding acknowledgment. The name “exciton” was introduced by
Frenkel in 1936 [22]. After these first steps, a growing list of important exper-
imental observations have been reported by Obreimov and Prikhotko [23] and
many others. A classical review of experiments on excitons in organic crystals
is the book by Broude, Rashba, and Sheka [24]. More recently, Frenkel excitons
and their associated optical and energy transport properties have attracted much
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attention in mesoscopic and nanoscopic organic systems, such as (bio-)molecular
aggregates [13,25].

In this chapter, we give an introduction into the properties of electronic exci-
tations in organic solids, with an emphasis on Frenkel excitons. We explain the
basic theory and discuss its implication for and relation to experiments. A similar
introduction into the properties of Wannier—Mott excitons, which are typical for
inorganic semiconductors, will be given in the chapter by G.C. La Rocca in this
book. Both chapters together serve as basis for the following chapters, which are
concerned with the photo-physics of organic multi-layers and hetero- and nano-
structures involving organic components.

The outline of this chapter is as follows. In Section 2, we describe in some
detail the microscopic theory of excitons in molecular systems. We start by con-
sidering the tutorial example of the molecular dimer, then introduce a second-
quantized notation, and make the step to multi-molecular systems. After the ba-
sic properties of the corresponding Hamiltonian have been studied, we special-
ize to crystal structures, for which we deal with the topics of Davydov splitting,
microscopic calculation of the dielectric function, exciton-polaritons, nonlinear
optics, and exciton—phonon interaction. In Section 3, we describe the dielectric
theory of Frenkel excitons and demonstrate that this microscopic classical the-
ory of excitons in many respects is very powerful and easier to deal with than a
fully quantum mechanical microscopic theory. The diffusive motion of Frenkel
excitons in molecular crystals is dealt with in Section 4, with special distinction
between coherent and incoherent excitons. Related to the topic of exciton mo-
tion is exciton self-trapping, which occurs in the case of strong exciton—phonon
interaction. This phenomenon is discussed in Section 5. In Section 6, we briefly
address charge-transfer excitons. Most of the material in Sections 2—6 deals ex-
plicitly with bulk crystals. In Section 7 we consider special properties of exci-
tons in lower-dimensional structure, with particular attention to the recently much
studied examples of one-dimensional aggregates of organic molecules. Here the
role of disorder will get special attention. The most recent applications of Frenkel
exciton theory to bio-molecular aggregates, such as those that occur in photosyn-
thetic antenna complexes, will be the topic of Section 8. Finally, we conclude in
Section 9.

2. Microscopic Theory of Frenkel Excitons

2.1. SINGLE MOLECULE: EIGENSTATES AND TWO-LEVEL APPROXIMATION

As Frenkel excitons are essentially molecular excitations, the best way to intro-
duce them is by starting out from a single molecule in the gas phase. The mole-
cule is described by a Hamiltonian Hp,o), which contains the kinetic energy of all
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electrons and nuclei and all Coulomb couplings between these charged particles.
We will assume that the (adiabatic) eigenstates are known. In particular, we will
assume that the ground state is nondegenerate; it is denoted |g) and has energy
hw,. The excited states will be denoted | f), with energy Aw r. We will be particu-
larly interested in the vibrationally relaxed electronic states, although the exciton
theory which we are about to describe is also valid for vibronic states (i.e., an
electronic excitation which is strongly coupled to a local vibrational mode). The
coupling of the electronic states to phonons in general will be discussed at a later
stage (Section 2.9).

The linear optical (electromagnetic) response of the molecule has contributions
from all possible transitions between the ground state and the excited states. The
strength of each contribution is determined by the oscillator strength (basically
the squared transition dipole element) of the transition and the detuning (wy —
wg) — w, where w is the frequency of the exciting light pulse. If one of these
transitions, say the one from |g) to the particular state |e), dominates the others,
it is useful to restrict all considerations just to the pair of states |g) and |e). We
will make this reduction to a “two-level molecule” in most of the microscopic
theory in this chapter, as this suffices to explain the essential properties of Frenkel
excitons. The effects of going beyond this approximation will be addressed in
Sections 2.5.4 and 3.4.

On the subspace of the two selected levels, the Hamiltonian may now be writ-
ten:

Hol = hag|g) (8] + hwele) (e] = hwg + hayle) (], ey

where wg = w. — wyg, the transition frequency. Within the same subspace, we may
write the dipole operator fi of the molecule as

o= p(le)(gl+1g)(el) + mglg) (gl + rcle)el. @)

Here, p is the transition dipole between both states, i.e., the matrix element
(elft|g). Throughout this chapter, we will assume that the molecular wave func-
tions are real, so that also this matrix element is real. For nondegenerate excited
states (in particular for singlet states), this choice may always be made. Further-
more, p, and g, are the permanent dipoles in the ground and excited states,
respectively. Note that for molecules with inversion symmetry, such permanent
dipoles vanish.

The optical absorption spectrum of this two-level molecule, which may be cal-
culated using Fermi’s golden rule, is a delta peak at w = wy with a total area
proportional to 2, the so-called (oscillator) strength of the transition. In practice,
this delta-peak will be broadened for two reasons [26]. First, the optical transition
is homogeneously broadened due to the finite lifetime of the excited level and due
to dephasing processes resulting from interactions with a heat bath. Second, one
usually measures on an inhomogeneous ensemble of molecules, i.e., an ensemble
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in which the value of wg varies from molecule to molecule. In the gas phase, such
inhomogeneity may be due to different Doppler shifts of the absorption lines,
arising from the fact that the velocities of the molecules differ from each other.
In condensed phases (solutions or disordered solids) inhomogeneity derives from
the fact that each molecule has a (slightly) different environment, leading to ran-
dom shifts of the molecular transition frequencies. The probability distribution
of molecular frequencies is referred to as the inhomogeneous distribution and is
often taken to be Gaussian. The resulting total absorption lineshape is the convo-
lution of the homogeneous lineshape and the inhomogeneous distribution.

2.2. DIMER OF TWO-LEVEL MOLECULES

We now turn to a dimer of two identical molecules. The molecules are close
enough to allow the electrons and nuclei to interact with each other, but at the
same time, we will assume that the separation is large enough to neglect overlap
of the electronic orbitals of interest. As mentioned already in the Introduction, in
molecular crystals this generally holds to a good approximation for the ground
state and the lowest (few) excited state(s). Excitons in crystals with strong or-
bital overlap will be considered in the chapter by M. Hoffman in this book. The
Hamiltonian of the dimer now reads:

Heim = Hmot.1 + Hmot.2 + f/\l,z, 3)

where I/-I\mol,n denotes the Hamiltonian for molecule n (compare previous sec-
tion), containing the kinetic energy of electrons and nuclei within molecule n
(=1,2) and all Coulomb interactions between these electrons and nuclei. The
operator /\71,2 contains all Coulomb interactions between pairs of charged parti-
cles of which one belongs to molecule 1 and the other to molecule 2. Note that
this distinction of terms can only be made if it is clear to which molecule a given
electron belongs, which means that charge transfer effects (orbital overlap) should
be negligible.

We will restrict ourselves again to the two-level picture of the molecules. For
the dimer, this yields a basis of four states: |g]g2) in which both molecules reside
in their ground state, |ejg2), in which molecule 1 is in the excited state |e) and
molecule 2 is in its ground state; |gje2) (vice versa), and finally |eje3), in which
both molecules are in their respective excited states. On this basis, the Hamil-
tonian reads:

Haim =) Hyolu)(vl, )
u,v

with H, , = (u|ﬁdim|v) and |u) and |v) running over the four basis states. Of the
16 matrix elements only 10 are independent. We will not calculate all of these
matrix elements explicitly, but limit ourselves to those that conserve the number
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of excitation quanta within the dimer. Thus, we will neglect at this moment the
coupling between |g1g2) and the singly and doubly excited states, etc. The reason
is that such states differ by an energy of the order of a molecular transition energy
(typically 10,000-30,000 cm ™), while for molecular systems the coupling matrix
elements are typically of the order of 100—1000 cm™" for singlet excitations and
even smaller for triplet ones. Thus, the mixing between states with a different
number of excitation quanta will be very small. We will come back to this in
the context of the Heitler—-London approximation (Section 2.4.4) and nonlinear
optical response (Section 2.8).
The Hamiltonian of the dimer may now be written:

Hgim = Qhog + Vg g0)
+ (hawo + Di2)le1g2)(e182] + (hwo + D2,1)[g1€2)(g1€2]
+ J12(le1g2)(grea] + |g1ea) (e182])
+ (2hwo + D')|e1e2) (e1e2]. ®)

Here, the first line represents the energy of the dimer’s ground state, which in
the current approximation is simply the state |g1g>). Its energy consists of twice
the molecular ground state energy plus the electromagnetic interactions between
the molecules in each of their ground states: Vge o0 = (g182/V1,2/18182). To low-
est order in the inverse intermolecular distance, this is the interaction between
the permanent ground state dipoles of each of the molecules. For centrosymmet-
ric molecules this matrix element is determined by quadrupolar and higher-order
interactions.

The second and third lines in Eq. (5) describe the Hamiltonian in the sub-
space of singly excited states (the so-called one-exciton space). The second line
contains the single-molecule terms, whose energies above the ground state are
shifted away from Awg. For molecule 1, this shift is D15 = (e182|V1,2]e182) —
(g1821V1.21g182), which is the difference in the Coulomb interaction between the
ground state molecule 2 and the excited and unexcited molecule 1, respectively.
Dy 1 has a similar meaning, with the role of molecules 1 and 2 interchanged. In
molecular crystals, these shifts are referred to as the gas-condensed matter shifts.
For centrosymmetric molecules, the lowest-order contributions to this shift are of
quadrupolar nature. The third line is the crucial one for Frenkel exciton systems:
it describes the transfer of the excitation from one molecule to the other due to
the Coulomb interactions (Figure 1). The corresponding matrix element is defined
through Ji 2 = (e182|V12|1g1€2) = (g1e2|V1,2|e182), where the equality holds, be-
cause we assume the wave functions to be real. This term is also often referred to
as the “resonant” interaction. For dipole allowed transitions it is dominated by the
interaction between the molecular transition dipoles,

Jﬁig = (1 - m)Iei2® =3y - v12) (B - 112)) /Ir12) (6)
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(b)

Fig. 1. Resonant (excitation transfer) interactions (a) and off-resonant interactions (b) within a dimer
of two-level molecules. |g) is the molecular ground state, |e) the excited state.

where rj; is the position vector between molecules 1 and 2, and u,, denotes the
transition dipole of molecule #.

Finally, the fourth line of Eq. (5) describes the two-exciton subspace, which
for a dimer only contains one basis state. Naturally, its energy above the overall
ground state energy is twice the molecular excitation energy plus a contribution
due to the difference between the Coulomb interactions in the doubly excited state
and the dimer’s ground state: D' = (elezlf/\],zlewz) — (glgzlf/\],ﬂglgz). Again,
for centrosymmetric molecules, this shift depends on quadrupolar and higher-
order interactions.

To end this section, we consider the one-exciton subspace in more detail. These
singly excited states are the ones that are traditionally understood to be the Frenkel
excitons. To get the actual exciton states for the dimer, we have to diagonalize
the second and third lines of Eq. (5). Let us assume that the molecules are po-
sitioned in such a symmetric way that D; » = D 1 = D. Then the one-exciton
eigenstates are the symmetric and antisymmetric combinations of the molecular
excited states:

1£) = (le1g2) £ g1€2)) /2, (7)

with energies (relative to the overall ground state)

Ei=hwyo+ D £ Ji 2, (8)

i.e., the originally degenerate pair of molecular excited states mixes and splits
into a pair of states delocalized over the dimer with an energy splitting 2|J; 2|.
The transition dipoles are given by

o= (R = ) /2. ©)

As both molecules are identical, their transition dipoles may only differ in orienta-
tion, from which it is easily derived that u_, and u_ are oriented perpendicular to
each other. We thus find that the coupling V of both molecules in the dimer gives
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(a) (b)
Fig. 2. (a) Transition dipoles of the individual molecules 1 and 2 in a dimer and of the dimer eigen-
states |+) and |—). (b) One-exciton level diagram of a homogeneous dimer before (left) and after

(right) taking the intermolecular interactions into account.

rise to an absorption spectrum in which the molecular peak at fiwg is split into
two perpendicularly polarized absorption bands, with strength | +|2 and |pn_|?,
centered around fiwp + D and separated by 2|J1 2| (Figure 2). This splitting is the
dimer analog of the Davydov splitting in a bulk crystal which we will encounter
in Section 2.5.3.

2.3. SECOND QUANTIZATION

So far, we have used state vectors, like |g1g2), |e1£2), etc., to describe the states
and the interaction operators, like Eq. (5). For a system consisting of many mole-
cules and with possibly many excitations, such a notation is not very convenient.
Instead, it is easier to work with creation and annihilation operators (second quan-
tization). At a fundamental level, the operators of interest to describe the elec-
tronic states, are the electron creation and annihilation operators, which add or
take away an electron from a certain electronic orbital (single-electron state) in
a particular molecule. As electrons are fermions, these operators obey Fermi an-
ticommutation relations. Since in most of this chapter, we will be dealing with
two-level molecules and we will neglect the possibility of charge transfer between
molecules, we can work with a simpler set of operators, however. Each molecule
can be in only two states: the ground state |g) and the excited state |e). Within a
single-electron picture (Hartree—Fock approximation) the excited state is formed
by annihilating an electron from a particular one of the electron orbitals that is
occupied in the ground state and creating an electron in a particular unoccupied
orbital. Thus, the excitation of a molecule is a product of an annihilation and a cre-
ation of an electron [27,28] (of course, many different occupied and unoccupied
orbitals could be combined like this, but remember that we assumed a situation
where we can limit ourselves to one dominant molecular transition). Neglecting
intermolecular charge transfer, implies that we do not need to account for exci-
tations in which after annihilation an electron is created in an excited orbital of
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n

Fig. 3. Action of Pauli creation (B,j ) and annihilation (Bj,) operators in a two-level molecule.

a different molecule. As mentioned in the Introduction, this type of excitation,
in which the ground state hole and the excited state electron are always on the
same molecule, is called the Frenkel exciton [21]. From the point of view of book
keeping, it is a simple excitation, as we only need one coordinate to describe it
(position of electron and hole are the same). In the case of possible charge transfer
(like in charge transfer excitons or in Wannier excitons), the position of electron
and hole should be considered as two separate degrees of freedom, complicat-
ing the description, as the exciton acquires internal degrees of freedom through
the relative motion of electron and hole. In the Introduction, we have already de-
scribed the physics underlying the distinction between Frenkel and Wannier—Mott
excitons.

The creation and annihilation of an excitation on a two-level molecule are de-
scribed by so-called Pauli creation and annihilation operators B; and B,, respec-
tively (see Figure 3) [27,28]. Here, n labels the molecule (for instance, n = 1 or
n =2 if we deal with a dimer). The operator B; changes the state of molecule
n from the ground state to its excited state, while B, does the reverse. The name
Pauli operator comes from the algebra of spin 1/2 operators; our two-level mole-
cule (or in fact any two-level system) is formally equivalent to a spin 1/2 [29,30].
When working in second quantization, it is important that we define the commu-
tation relations of the various operators. For our Pauli operators, the rules are that
any two operators working on different molecules commute:

[Br. B),]=0. [By,Bul=0 (n#m). (10)

In plain words this means that the operation of B; and B, only depends on the
state of molecule n and not on the state of any of the other molecules. However,
the operators working on one and the same molecule, behave like Fermi operators,
i.e., they obey anti-commutation relations. This means that

BB, +B,B =1, BB =B,B,=0. (11)

These relations reflect the fact that a two-level molecule can at most hold one ex-
citation. Trying to double excite it gives zero; similarly, trying to take two excita-
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tions away from a two-level molecule is impossible. This exclusion of the double
excitation of a molecule is also referred to as the Pauli exclusion for the Frenkel
exciton; it is important in the description of nonlinear optical response, where one
in fact deals with multiple excitations of the system (Section 2.8). For later use,
we note that the first relation in Eq. (11) may also be written as the commutation
relation:

[B., B]=1-2N,, (12)

where ﬁn = B; B,, is the operator for the number of excitations on molecule r.
From Egs. (10) and (12), we observe that excitons almost behave like bosons, if
in some sense the term Zﬁ,, may be considered small. We will come back to this
in Section 2.4.3.

From now on, we will use the Pauli operators to denote all states and operators
in a system of in interacting two-level molecules. For the states, this is simply
done by operating with the creation operators on the overall ground state an ap-
propriate number of times. If we go back to the example of the dimer, then the
one-exciton state |ej g») may be written Bf|g1g2), while |ejez) = BIB2T|g1g2) =
B; BlT |g1g2). Important examples of operators are the internal energy operator of

an isolated molecule n above its ground state, which reads fwg B;{ B;,. The generic
operator describing the excitation transfer interaction from molecule n to m is
Jnm B,; B,,, where J,,;, is the strength of the interaction.

Using this language, the dimer Hamiltonian, Eq. (5), is written

Hyim= Y (hwo + D) B By + J12(B] B> + B} By)
n=1,2

+U12B} B ByB, (13)

where/yve introduced D = D1, Dy = Dz)]/,\arld Uip= D’ —P])z — Dy =
(er1e2|V12le1en) + (g182|V1,21g182) — (e1821V1,2]e182) — (g1e2|V1,2]g1€2). The
resulting expression is very compact, not only because we omitted the overall
ground state energy (which will be set to zero from here on), but also because part
of the two-exciton term in Eq. (5) is now automatically included in the first term
of Eq. (13). As a consequence, terms that may really be considered two-exciton
terms, namely those in which two excitations are annihilated and two are created,
stand out very clearly in the current notation. Such interactions, of which the last
term in Eq. (13) is a simple example, are also known as dynamic exciton—exciton
interactions, in contrast to the kinematic interactions that derive from the Pauli
exclusion (also see Section 2.4). We note that within the dipole approximation,
the dynamic exciton—exciton interaction vanishes, unless the molecular excited
states have permanent dipoles (or more accurately: the permanent dipoles of the
molecular ground and excited states differ).
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2.4. GENERAL N MOLECULE SYSTEM
2.4.1. Hamiltonian

It is now a simple matter to generalize the foregoing to a system of N two-level
molecules. As before, we will neglect overlap between the relevant electronic
orbitals of the different molecules. Because in this section we will be interested
in general aspects of such a multi-molecule Frenkel exciton system, we will not
impose any particular symmetry in their spatial arrangement. We will specialize
to the case of crystalline arrangements in Section 2.5.

In second quantization, the N-molecule Frenkel exciton Hamiltonian reads (cf.
Eq. (13)):

ﬁex = Z(hwo + Dn)B;Bn + Z Jum B;Bm
n n,m

1 -
+5 > UwnB) B} ByB. (14)
n,m
As before, we have restricted ourselves to terms that conserve the total number
of molecular excitations. Furthermore, we have defined the gas-condensed matter
shifts as D, =) ,, Dpp, with

Dy = (€ngm|Vimengm) — (gngm|Vam|gngm))- (15)

Here, /Vnm (n # m) denotes the total Coulomb interaction between the constituents
of molecule n and m (cf. f/\l,z above), and the notation of states follows a straight-
forward generalization of the dimer basis states. We emphasize that, since we
are only dealing with pair interactions, there is no need to explicitly describe the
states of all the other molecules (£ n, m) in the above matrix elements, as these
state are not affected by Vnm.

Returning to Eq. (14), the other two relevant coupling parameters are defined
by:

Jum = <engm|vnm|gnem> = <gnem|vnm|engm> (16)

for the excitation transfer interaction and
Um = ((enem|vnm|enem> + <gngm|vnm|gngm>) —{engm|Vamlengm)

- (gnem|‘7n,m|gnem> (17)

for the dynamic exciton—exciton interaction. It should be stressed that in organic
materials, which often contain large molecules at relatively short distances, the
point-dipole approximation (Eq. (6)) generally does not suffice to calculate the
above interaction matrix elements. For the transfer interactions, a good alterna-
tive to a further multipole expansion is to use extended dipoles, i.e., the dipole
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is replaced by a pair of charges at a finite distance [31]. A yet better approach
is to use the full electronic charge distributions of the molecular states, which
should be calculated using first-principles methods [32]. For the exciton—exciton
interactions, the dipole approximation often fails even qualitatively, as the per-
manent dipoles in the ground and the excited states vanish for centrosymmetric
molecules.

2.4.2. Multi-Exciton Bands

The Hamiltonian equation (14) describes the excitons in the 2V dimensional
Hilbert space spanned by the N two-level molecules. Hence, a full diagonaliza-
tion in principle requires a 2"V x 2V matrix to be diagonalized. The complexity
is reduced, however, as all interactions that we consider conserve the number of
excitations, so that the eigenstates may be classified with respect to this number
(cf. Figure 4). Thus, the overall ground state, denoted |g), is the state in which
all molecules are in their ground state (the zero-exciton state). It should be real-
ized that this is only true, because the typical interaction matrix elements |J,,|
and |Up | are small compared to the single-molecule excitation energy fiwp (vide

two-exciton band

one-exciton band

ground state

Fig. 4. Schematic energy level diagram of a system consisting of interacting two-level molecules.
The excited states occur in bands, classified according to the number of excitation quanta shared by
the molecules. Only transitions between adjacent exciton bands are dipole-allowed (indicated by the
arrows). As a consequence, the one-exciton states suffice to describe the linear optics of the system,
while its nonlinear optical response involves multi-exciton bands. Exciton—exciton interactions may
give rise to bound bi-exciton states that split off below or above the continuous two-exciton band that
exists for infinite systems.
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infra), the same circumstance that allows us to neglect interactions that do not
conserve the number of excitations.
The lowest set of excited states are linear combinations of singly excited states:

l0) = ¢onBylg). (18)

These states are found by diagonalizing the N x N one-exciton Hamiltonian ma-
trix Hyym = (hwo 4+ Dy)Snm + Jum and in the above notation, ¢4, is the nth com-
ponent of the (normalized) oth eigenvector. The corresponding eigenvalue 72,
gives the energy of state |o). Obviously, the one-exciton states are not affected by
the exciton—exciton interactions |Up,, |. In general, the one-exciton band contains
N states, spread in energy over a range (the band width) of the order of the typical
transfer interaction |J| and centered around the energy fiwg. In thermal equilib-
rium, the one-exciton states suffice to calculate the linear absorption spectrum.
We will consider this observable more explicitly in the situation of bulk crystals
and J-aggregates.

The next higher set of excited states are the two-excitons states, in which the
N molecules share two molecular excitation quanta. These eigenstates require
an N(N — 1)/2 x N(N — 1)/2 matrix to be diagonalized, which also contains
the exciton—exciton interactions. This band is centered around twice the typi-
cal molecular excitation energy. Two-exciton states cannot be excited from the
ground state through one interaction with electromagnetic fields and therefore are
not visible in the linear absorption spectrum. They can be excited from the one-
exciton band and, hence, they play an important role in nonlinear optical experi-
ments (Sections 2.8 and 7.3). It should be realized that even in the absence of dy-
namic exciton—exciton interactions, it is in general not possible to simply express
the two-exciton eigenstates in terms of the eigenvectors of the one-exciton sub-
space ¢, obtained above. The reason is the Pauli nature of the excitons, which
does not allow them to share the same site. This leads to an effective exciton—
exciton interaction which is also known as the “kinematic” interaction. On the
level of two-exciton states, these kinematic interactions may be dealt with by
simply considering the excitons bosons and invoking a hard-core exciton—exciton
repulsion, i.e., an infinitely strong repulsion for two excitations to share the same
site. As the scattering matrix of such a hard-core potential can be calculated an-
alytically, this allows one to express the two-exciton Green functions in terms
of one-exciton eigenfunctions and energies [33,34]. Traditionally, approximating
excitons as bosons has been common practice when dealing with Frenkel excitons
in bulk crystals [27,28,35,36] and we will therefore address this approach in more
detail in the next section. We note that, alternatively, for one-dimensional sys-
tems in the absence of dynamic exciton—exciton interactions, the Jordan—Wigner
transformation to noninteracting fermions is very useful [37-39] (Section 7.3).
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Above the two-exciton states, yet higher bands occur: three-excitons, four-
excitons, etc. The actual calculation of these states gets increasingly more com-
plicated, as they require larger and larger matrices to be diagonalized. The clas-
sification in terms of the multi-exciton bands is depicted in Figure 4. In practice,
there will be a limitation to its use, as under normal conditions higher multi-
exciton states (for which the average excitation density per molecule is high),
will inevitably be strongly mixed with the high density of high lying molecu-
lar excited states that we neglected in our two-level picture. However, the exis-
tence of (bound) two-exciton states in semiconductor crystals [40] and molecular
J-aggregates [41] has clearly been demonstrated.

2.4.3. Bosonization

In Section 2.3 we have seen that the Pauli operators obey the commutation rela-
tions:

[Bu, Bi] =8um(1—2Ns),  [Bu, Bul=0. (19)

We note that the only difference with bosons is the term —23,,, ﬁn. For excitations
spread over many molecules, as is appropriate for crystals and strongly coupled
aggregates of molecules, the deviation from bosonic behavior is thus expected to
be proportional to the expectation value of the excitation density of the molecules,
which will generally be low if low-intensity light sources are used. In particular,
one expects this to hold in the regime of linear optics. This circumstance moti-
vates the traditional treatment of excitons as bosons [27,28,35,36]. We can make
this argument more rigorous by transforming the Pauli operators from the site
representation to a delocalized representation:

Bl = ¢onB] (20)
n

where ¢, denote the eigenvector components also introduced in Section 2.4.2.
From Eq. (19), the commutation relations for these new operators are found to be

[BU’BTT]Z‘SUT —ZZ(P;nfﬂmﬁm [BO'7B‘L']:O' (21)
n

As we have seen, the ¢, denote the excitation amplitude of the oth one-exciton.
If the excitations are spread over all N molecules, as is the case in highly sym-
metric systems such as perfect crystals, the typical amplitude scales like 1/+/N
(normalization) and we thus find that for the new operators the correction to Bose
behavior is of the order ), N, /N, which is the average density of excitations
in the system. This confirms our above expectation that at low excitation density,
excitons may be treated as bosons. Similar arguments can be made in less sym-
metric systems, where the excitons are not spread over all molecules, but rather
over a certain delocalization range Nge].
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After the transformation to the o basis, the Hamiltonian equation (14) reads

~ N 1 T
Ho=) h%B]Bs+5 ) Usorrr By B{ By By, (22)
[

o,0/,t,7

where U, ./, represents the dynamic exciton—exciton interaction in the o basis,
which is easily expressed in terms of the U,,,,, and the transformation coefficients
@on- Let us now first assume that dynamic interactions are absent:

Hex = 1% B} B,. (23)
o

which is the situation considered in many traditional texts on Frenkel excitons.
The Hamiltonian then looks like it is already in diagonal form. Generally speak-
ing, however, this is not the case, as the kinematic interactions hidden in the
general commutation relations spoil this simple picture. Only at sufficiently low
excitation density we may neglect these interactions and treat the excitons as
bosons. Then, indeed, Eq. (23) is in diagonal form and the multi-excitons of
interest are simply described by giving the occupation number of each boson
state o. The explicit expression for such multi-boson states in the site repre-
sentation is obtained by operating with the corresponding Bose creation opera-
tors an appropriate number of times on the ground state |g) and transforming
these operators back to site representation. For instance, for a one-boson state we
have |o) = B;l 8) =2, Pon B; |g). This is exactly the one-exciton state equa-
tion (18); this exact agreement stems from the fact that for one-exciton states
the commutation relations are irrelevant, in other words the kinematic inter-
actions do not play a role. As second example, consider the two-boson state
lo, ) = Bf, BZ|8) = Zn,m PonPrm B; By |g). It is immediately clear that this will
not yield the exact two-exciton state, as this expression inevitably gives contribu-
tions where a single molecule is doubly excited. As long as the number of excited
bosons per molecule is low, however, these unphysical contributions will have a
small amplitude and the generated two-boson state is expected to look very much
like the actual two-exciton state.

It is to be noted that for many applications, it is not necessary to go back to the
explicit state representation, because most observables may be expressed in terms
of correlation functions of the exciton creation and annihilation operators. For in-
stance, the linear absorption spectrum may be expressed as a two-time correlation
function of the total dipole operator [42,43], which may be re-expressed in terms
of two-point correlation functions of the creation and annihilation operators. If
these operators are considered Bose operators and the Hamiltonian is quadratic,
the evaluation of these correlators (Green functions) is simple. Nonlinear spec-
troscopies require multi-time correlation functions [43] (which will vanish if the
excitons are treated as bosons and the Hamiltonian contains no dynamic interac-
tions). At this level of treatment, one takes full advantage of the power of second
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quantization and the machinery of Green functions, as the transformation back to
explicit states is totally avoided.

In the general situation of Eq. (22), where dynamic interactions are present, it
is, apart from exceptional cases, not possible to diagonalize the Hamiltonian, even
if one considers the excitons to be bosons. One then has to resort to approximate
techniques known from general solid state theory to treat particle—particle inter-
actions. The most familiar technique is the mean-field approximation, of which
the well-known local-field approximation of optics is an example. In this approx-
imation, one factorizes the quartic term into forms like (B; B(,/)B;r B/, where the
brackets denote the expectation value (other factorization contributions are pos-
sible). The Hamiltonian is now quadratic again and may always be diagonalized.
As it contains some operator expectation value as parameter, the solution of the
ground and excited states gives rise to a self-consistency condition containing
this expectation value. This condition may be nonlinear, leading to nontrivial so-
lutions, in which, e.g., the ground state expectation value (B; B,') is nonzero, i.e.,
a finite density of excitons has condensed into the ground state. This may happen
only if the relevant coupling constant (the dynamic interaction matrix element) is
large enough, which explains why in the introduction of Section 2.4.2 we stressed
that the typical U,,, should be sufficiently small in order for the ground state to
contain no excitations. We finally note that at the level of Green functions, similar
results are obtained by factorizing, for instance, a four-point correlator into two
two-point ones.

Thus, the treatment of Hamiltonians like Eq. (22) is a well-known problem in
solid-state physics as long as the B operators are considered Bose operators (or
fermions). As we have seen, however, the approximation of excitons by bosons
leads to unphysical contributions which, no matter how small, make the ad hoc
approximation hard to control. As was shown by Agranovich and Toschich [44],
however, a rigorous transformation exists from the Pauli operators Bj, to Bose op-
erators 1§;. This transformation, which has also been used for investigating mag-
netic systems [45], can be written in various forms, the most compact of which
reads:

, . .~ 1/2
B =B (Z av B};VB;> , (24)

where a, = (—2)"/(1 + v)!. Invoking this transformation and its hermitian con-
jugate into Eq. (22), gives to lowest order in powers of E;vg,‘{ exactly the same
Hamiltonian with the Pauli operators replaced by Bose operators, which is the ad
hoc Bose approximation considered above. The advantage of the rigorous trans-
formation, however, is that corrections terms to this approximation can be gen-
erated in a systematic way. For instance, the first, quadratic, term in Eq. (22)
will give rise to quartic correction terms in the Hamiltonian for the bosons,
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which reflect the kinematic interaction at the two-particle level. It has been shown
that this correction may be used to rigorously justify the hard-core boson ap-
proach for dealing with two-exciton states in the third-order nonlinear optical
response functions [34]. At the same time, both the quadratic and quartic terms
in Eq. (22) generate 6-boson interactions, 8-boson interactions, etc. In practice,
these many-boson interactions considerably complicate working with the trans-
formation equation (24); like any many-particle term, they can only be treated
approximately, for instance in a mean-field approximation. Thus, while the trans-
formation is formally exact, it unfortunately does not allow for exact solutions of
the multi-exciton states or Green functions. !

As mentioned already, for one-dimensional systems an alternative to bosoniza-
tion is to transform to fermions by using the Jordan—Wigner approximation. We
will return to this in Section 7.

2.4.4. Beyond the Heitler—London Approximation

Thus far, we have only considered terms in the Hamiltonian that conserve the
number of excitations. The justification of this approximation has been discussed
in Section 2.2. Nevertheless, for systems of two-level molecules one type of con-
tribution that does not obey this conservation rule is often included in the Hamil-
tonian. This is the contribution deriving from the two-molecule matrix elements
<enem|/‘7nm|8ngm> = (gngm|/‘7nm|enem) = Jum. The first equality holds because
the molecular wave functions are assumed to be real, while the equality to the
transfer matrix equation (16) element holds strictly in the absence of charge trans-
fer between molecules m and n. Neglecting this type of matrix elements, as we
have done so far, is referred to as the Heitler—London approximation. Relaxing
this approximation, the Hamiltonian in second quantization reads:

~ 1 +
Hox =) (hwo+ D) BBy + = 3 Jun (B + Ba) (B, + Bu)
n n,m

1
+5 ;n: Unm B B! B, By (25)

The new terms describe the double excitation or de-excitation of a pair of mole-
cules caused by their Coulomb interaction (Figure 1(b)). As is seen, incorporat-
ing these extra terms can be done in a very compact way, due to the fact that
their coupling constants are identical to those for the transfer interactions. This

1A generalization of the Agranovich-Toschich transformation and a constraint free bosonic repre-
sentation for a system of truncated oscillators was given by A.V. Ilinskaia and K.N. Ilinski, J. Phys. A
29 (1996) L23.
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does not mean, however, that their effect is equally large. While the transfer inter-
actions couple states that are degenerate, the new terms couple states that differ
by the order of twice an optical transition energy, 2fiwq, as they mix states that
differ by two excitation quanta. For most molecular systems %wq/ Jum is small
(order 0.01-0.1) and the mixing of the multi-exciton bands may be treated pertur-
batively. Yet, it should be realized that with these extra interactions, the ground
state has a finite density of molecular excitations, due to the fact that two-exciton
states, four-exciton states, etc. mix into the ground state. This renders finding the
eigenstates, even if we neglect dynamic exciton—exciton interactions, a very hard
task. Only for one-dimensional systems without dynamic exciton—exciton inter-
actions and with transfer interactions of the nearest-neighbor form, have exact
results been obtained for ground state energies and first- and third-order optical
response functions [46]. This was done by using techniques borrowed from spin
chains, particularly the Jordan—Wigner transformation from paulions to fermions,
followed by a Bogoliubov—Tyablikov transformation. The latter is a canonical
transformation that mixes creation and annihilation operators,

a, = Z(unm By + vam B),), (26)

m

and which is such that double-annihilation (a,a;,) and double-excitation (a,fajn)
terms do not occur in the Hamiltonian after the transformation. The reader is
referred to the literature for details [30].

In higher-dimensional systems, exact results when relaxing the Heitler-London
approximation are not known. The generic approach used in the literature is to ap-
ply the Bose approximation, which, in case dynamic exciton—exciton interactions
are neglected, gives rise to a Hamiltonian that is quadratic in the Bose opera-
tors. This may always be diagonalized by using a Bogoliubov—Tyablikov trans-
formation [27,28,35,36]. For a low density of excitations (in particular in the limit
where the optical response is linear), the Bose approximation is expected to be a
good approximation (cf. Section 2.4.3). We will give some explicit results in Sec-
tion 2.5.2. At the same time, it should be realized that the Bose approximation
does not give exact expressions for the exciton eigenstates, not even those with a
few excitation quanta [46].

To end this section, we make two remarks. The first calls for caution: in restrict-
ing ourselves to one molecular transition (two-level molecule), we have neglected
off-resonant contributions in the Hamiltonian. By relaxing the Heitler—London ap-
proximation, we do incorporate certain off-resonant contributions, namely many-
particle ones. This may be considered inconsistent. The interest in relaxing the
Heitler-London approximation in two-level molecules therefore must generally
be seen in the light of calculating typical corrections due to off-resonant terms.
Only if the transition dipole of the selected molecular transition by far exceeds all
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other molecular transition dipoles, should one expect the results to have quantita-
tive significance as well.

Finally, the physical meaning of including double (de-)excitation terms is worth
mentioning. Let is assume that J,,,, is given by the interaction between the transi-
tion dipoles of molecules m and n (cf. Eq. (6)), then the correction to the ground
state energy of a pair of molecules derives from a virtual double excitation of the
pair from its ground state due to the dipolar interactions, followed by its falling
back to the ground state. This is the origin of the Van der Waals interaction. In-
deed, in second-order perturbation theory, the correction to the ground state en-
ergy thus obtained is —J2, /2hwo, which has the correct attractive and 1/rS,
nature and is also seen to scale as uz/ hwy, i.e., as the molecular polarizability.

2.5. FRENKEL EXCITONS IN A BULK CRYSTAL
2.5.1. General Hamiltonian and One-Exciton States

We now turn to the special case of excitons in a molecular crystal, occupying an
arbitrary Bravais lattice. Each unit cell of the crystal contains S molecules. In
practice, these molecules often are chemically identical and only differ in their
orientations within the crystal. This is for instance the case for aromatic crystals,
such as napthalene and anthracene. We will focus on linear optics and one-exciton
states, and therefore neglect exciton—exciton interactions. The Hamiltonian equa-
tion (14) then reduces to

Hex = (hws + Dy)ByBas + Y Jyy@m—m)Bl By, (27)
n,s n,m,s,s’
Here n (m) labels the unit cell by giving its position, while s, s’ =1, ..., § label

the molecules within each unit cell. Molecules with the same label s are trans-
lationally equivalent. We have used the lattice symmetry by setting the transition
frequencies and dispersion shifts equal for all translationally equivalent molecules
and by recognizing that the transfer interactions only depend on the separation
n — m of the two unit cells involved. Similarly, the molecular transition dipole
only depends on the label s:

Hns = K.

Diagonalizing the Hamiltonian, i.e., bringing it in the form of Eq. (23), is
greatly simplified by the lattice symmetry. We first make the transformation to
the intermediate set of operators

Bl =N7'2% "exp(ik -m)B] (28)

ns’
n

with N the number of unit cells in the quantization volume on which periodic
boundary conditions are imposed and k one of the N allowed wave vectors in
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the first Brillouin zone. This unitary transformation brings the Hamiltonian in the
form

Hex =" Hyy(k)B] Biy, (29)
Kk,s,s’
with
4 .
Hyy (K) = (hws + D)8y + ) Joy (M) exp(—ik - m). (30)
n

The last term will also be denoted J;y(k), and the prime on its summation ex-
cludes the situation with n = 0 and simultaneously s = s’. The resulting Hamil-
tonian equation (29) is already diagonal in k space. Getting a totally diagonal
form only requires the S x § matrix H,y (K) to be diagonalized. Denoting the sth
component of the oth normalized eigenvector of this matrix by ¢ys(k) and the
corresponding eigenvector by Ek, we arrive at

Hex =Y Exa Bl Bra. (31)
k.o
with
Bl, = as(®By =N ¢y (k) exp(ik - m) B, (32)
s n,s

When operating on the ground state of the crystal, the operator Blza cre-
ates a one-exciton eigenstate with amplitude on the molecule (n,s) given by
N~12¢,sexp(ik - n) and with energy Ey,. The eigenenergies lie on S different
dispersion curves, labeled by o and known as exciton or Davydov bands. In the
next two sections, we will discuss explicitly the dispersion curves for the cases
of one and two molecules per unit cell. If the molecular operators B;S are ap-
proximated by Bose operators, the exciton operators Bli », have Bose commutation
relations as well. For one-exciton states, this is exact (within the Heitler—London
approximation).

2.5.2. One Molecule per Unit Cell

In case we have only one molecule per unit cell (frequency wyp), the labels s and
a are suppressed and the transformation equation (28) already diagonalizes the
one-exciton subspace. The only problem in determining the exciton band structure
then lies in performing the lattice sum of the dipole—dipole interaction occurring
in Eq. (30), J(k) = Zn;ﬂ, J (n) exp(—ik - n). For three-dimensional lattices, this
is not a simple task, due to the long-range nature of the interaction. This holds
in particular for small wave vectors k, which is the region that is of most interest
for the optical absorption (see Section 2.6). A large body of literature consists
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Fig. 5. Dispersion curves for the two exciton branches of the 0-0 component of the 3800 A transi-
tion in anthracene crystals for k normal to the faces (001), (010), and (100). (Figure reprinted from
Ref. [51] with permission from the American Institute of Physics.)

concerning this problem [47-50], the overview of which lies outside the scope
of this chapter. An important property of these dipole sums is their nonanalytical
dependence of J (k) on k at small |Kk|. In particular, J (k) then strongly depends
on the direction of k and only weakly on |k| (see Figure 5). Once the result for
the summation is known, the energy of the exciton with wave vector Kk is simply
given by Ex = wo + D + J (k).

Before turning our attention to the case of two molecules per unit cell, we
briefly comment on generalizing the dispersion relation to include the non-
Heitler—London terms ), J (n)(B,Tl Bf, + Bp By) of the dipole—dipole interactions.
Within the Bose approximation, this is easy to do by replacing the transformation
equation (28) by a Bogoliubov—Tyablikov transformation that allows for the mix-
ing of creation and annihilation operators. Requiring this transformation to be
canonical and to bring the Hamiltonian in diagonal form, one arrives at the dis-
persion relation [28,35]

1/2

Ex = [(hwo + D + J (1)’ — J*®)] (33)

If J(k) < wo, as is typically the case, the correction relative to the Heitler—
London approximation is of the order J?(k)/(wo + D), as we already anticipated
in Section 2.4.4. We stress again that Eq. (33) is not an exact result, as it relies
on the Bose approximation. Moreover, the exciton amplitude on each molecule is,
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even in this approximation, not easy to calculate, as the ground state no longer is
the state with all molecules of the crystal in their ground state.

2.5.3. Two Molecules per Unit Cell: Davydov Splitting

We consider a crystal with two molecules per unit cell. We will assume that they
are chemically identical, implying that they have identical transition frequencies
wo and dispersion shifts D. The transition dipoles are given by u; and u,, for
the two types of molecules s = 1 and 2, respectively. They only differ in ori-
entation and have equal magnitude u. As mentioned earlier, this simple situa-
tion is relevant to aromatic crystals. To attain maximal simplicity, we will as-
sume that the symmetry of the situation is such that Ji 1(k) = J22(k) and that
J1,2(k) = J2,1(k). For the aromatic crystals, this only holds for certain important
directions of k, like those perpendicular or parallel to the plane of symmetry of
the crystal [35, p. 43]. The diagonalization of the two-dimensional matrix H (K)
is easily performed in this case and leads to

Ex+ =hwo+ D+ J1,1(k) £ |J; 2(K)

; (34)

with eigenvector components ¢+ ¢ = (£1)**!/4/2. Here the band label o has
been replaced by + and —. Clearly, the interaction J; »(k) between the two types
of molecules causes the exciton band of the individual sublattices for s = 1 and
s =2 to mix and split by the amount 2|J; 2(k)|. The mixing is very strong, as
the bands for the sublattices have been taken degenerate. As we will see in Sec-
tion 2.6, the absorption spectrum of the exciton system peaks at fiw = Exxg,q-
This implies that the absorption spectrum of the system described here has two
absorption bands, that are separated by 2|J; 2(k ~ 0)|. This splitting is referred
to as the Davydov splitting. In the + band, the molecules within each unit cell
are excited exactly in phase, a collective state that is associated with a dipole per
unit cell given by (jt; + f,)/+/2. In the — state, the molecules are excited in an-
tiphase and the associated dipole per unit cell is (st; — ,)/~/2. Note that these
two linear combinations are oriented perpendicular to each other, which implies
that the two Davydov components in the absorption spectrum of aromatic type
crystals have mutually perpendicular polarization. We draw attention to the fact
that the above results are completely analogous to what we have seen for a simple
dimer of molecules in Section 2.2. This is a natural consequence of the fact that
after the transformation equation (28) to k space, we have in fact a dimer (2 x 2
problem) for each wave vector.

2.5.4. Multi-Level Molecules

Thus far, we have limited ourselves to the inclusion of only one excited state
per molecule. If various molecular excited states have similar energies or if one
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considers nonlinear optical response in a situation where the multiple of a cer-
tain transition frequency is close to one of the other transition frequencies, this
restriction is not justified.

The above microscopic theory can be generalized to allow for more molecular
levels. The new effect that will occur, is mixing of molecular configurations: due
to the excitation transfer interaction between a level | f) of molecule (n, s) and
level |e) of molecule (m, s"), a mixing of the exciton bands associated with the in-
dividual molecular levels occurs [52,28]. This mixing will only be important if the
corresponding transfer interaction is of the same order as or larger than the energy
difference between the molecular states considered. Mixing gives rise to transfer
of oscillator strength from one state to the other. Examples where the mixing plays
an important role are the weak transition at 3200 A in napthalene [53], the polar-
ization ratios in the vibronic components of the p band in anthracene [54], and
the Davydov splittings in various aromatic crystals [55]. The formal set-up of the
theory in second quantization, as well as consequences for the oscillator strength
and the dielectric tensor, have been derived by Agranovich [28]. For the spe-
cial situation of three-level molecules, several explicit results have been obtained
within the context of Frenkel excitons in molecular aggregates. Thus, Knoester
and Spano [56] have studied the interference of various molecular transitions in
the nonlinear optical response of one-dimensional aggregates. Mukamel and co-
workers [57] have reformulated the theory of excitons in three-level molecules in
terms of the scattering of excitons on anharmonic potentials, which account for
the energy difference between the molecular transitions considered. Juzeliiinas
and Reineker [58] have calculated nonlinear spectra for a continuous density of
higher excited states. Here, these results will not be described in more detail. We
will come back to some important consequences of configuration mixing in the
context of the dielectric theory described in Section 3.

2.6. DIELECTRIC RESPONSE OF MOLECULAR CRYSTALS

In this section, we will address the microscopic calculation of the linear dielectric
response of a molecular crystal. This may be done by calculating the crystal’s
electric susceptibility and (or) dielectric tensor. Consider an electromagnetic wave
in the crystal, with macroscopic (Maxwell) electric field given by

E(n,t) =Ek, w)explik-n—iwt] +c.c., 35)

where k and w are the wave vector and the angular frequency of the wave, respec-
tively, and c.c. denotes the complex conjugate. We used the position of the unit
cell to indicate the position in space. The error that we make in doing so is very
small, as we are typically interested in optical fields, which vary over distances of
hundreds to thousands of lattice constants, allowing us to discard variations of the
field inside crystal unit cells.
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The electric field polarizes the crystal. As long as the response is linear, the
polarization field (dipole per unit volume) takes the form

P(n, ) =Pk, w)explik-n —iwt] + c.c. (36)

The electric susceptibility tensor, x (k, @), of the crystal is now defined through

Pk, w) = x(k, w) - E(k, w). 37

Similarly, the dielectric tensor is defined through

Dk, w) =¢(k, w) - E(k, w), (38)

where D = E + 4P is the displacement field in the crystal. Thus, e(k, w) =
1 +4mx(k, w).

In principle, the dielectric tensor contains all information about the linear opti-
cal response of the crystal. Its real part is related to the index of refraction, while
the absorption spectrum is basically proportional to its imaginary part (see Sec-
tion 3.2).

Above, we related the polarization and the displacement to the total Maxwell
electric field. Alternatively, one may choose to relate these quantities to only
the transverse part of this field, which in Fourier space is given by El(k, 0) =
E(k, ») — El(k, w) = (1 — kK) - E(k, ®), where k is the unit vector in the di-
rection of k. In isotropic crystals E1 is usually associated with electromag-
netic waves, while the longitudinal part, E!, is associated with intermolecu-
lar Coulomb interactions. One now defines the transverse susceptibility through
Pk, w) = Xl(k, o) - EL(k, w) and the transverse dielectric function through
Dk, w) = et (k, ) - E+ (k, w). Again, the latter may be expressed in terms of the
former. To this end, we should realize that the displacement in a system without
external charges is a transverse field (V - D = 0), so that D = DL =E!l +4xPL.
Using this, one arrives at e (k, w) = 1 + 47 x~(k, w) — 47kk - x 1 (k, »). In this
section, we will calculate the transverse susceptibility, which has as advantage
that the local-field problem need not be addressed. We come back to the local
field in Section 3.1.

To calculate the electric susceptibility from microscopic principles, we need
the interaction ﬁim between the electromagnetic field and the crystal. One may
then use standard expressions from linear response theory (time-dependent first-
order perturbation theory in ﬁim), which give the susceptibility x (k, w) in terms
of sums over crystal eigenstates (excitons). In the Heitler—London approximation,
only the one-exciton states can be reached using one interaction with the fields,
so that only these states need to be calculated. The sum-over-states approach is
carried out in the Schrodinger picture. An alternative method, which is very direct
and elegant for our case, works via the Heisenberg picture. We will follow this



26 J. KNOESTER AND V.M. AGRANOVICH

approach. First, we define the interaction

Hiw=— s -E-,1)(Bj, + Bns), (39)
n,s

which is of the so-called multipolar form [59,60] and just sums the potential en-
ergies of the individual dipoles in the electric field. This form may be used for
molecular systems, in which the electrons can be associated with a particular
molecule. We have discarded the interaction with the possible permanent dipoles
of the molecules, as these do not give rise to a response at optical frequencies.

We now need to calculate the polarization field in the presence of the electric
field. Its definition as the dipole moment per unit volume allows us to write it in
terms of the expectation value for the molecular dipole operators

1 .
P, 0= — 3 s ((Bas () + {Bas))), (40)

where v, is the volume of a unit cell. Using the inverse of the transformation
equation (32), we also have

1

P(n, 1) = —=

> sk, (k) exp[—ik - n](B/ (1) +c.c. (41)

K,s,a

The expectation values <BIZ05 (1)) may be calculated by first considering the
Heisenberg equation of motion for the Blia (1),

d i~ -~ X
ZBka (t) = E[Hex + Him(t)v Bka (t)] (42)
If we treat the excitons as bosons, we have [ Bk, (1), BE, B(t)] = dkk'dap and all
other commutators vanish. Using this, Egs. (31) and (39), we arrive at

d i : .
T B () = 5 Exa By () = 3 VN i - Bk, 0) s (K0!
N

— Y VNp Bk, 0)¢s (—k)e . 43)

This is a linear equation, owing to the fact that we made the Bose approximation.
By taking expectation values to the left and the right, we find a linear equation
for (B;i o (1)) in terms of the driving field. The first driving term in this equation
(~ expliwt]) may result in a resonance, because the eigenfrequency FEy, iS pos-
itive. The second driving term is associated with a negative frequency and is so
far off-resonant that we may safely neglect it. This is referred to as the rotating
wave approximation [26]. After this step, straightforward solution for (Blia ®),
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substitution into Eq. (41), and use of Eq. (37) gives

1 L, (K) (K)
1 o o
kK, w)=—— E _— 44
x (k@) Ve how — Exq +ihy’ “44)
o

where y is a small positive damping constant (which may be thought of to reflect
the finite lifetime of the excitons), p, (k) = s MsPqs (K), and the vector product
in the denominator is a dyadic product.

This result is identical to the one that we would have obtained by using the
sum-over-states expression of standard linear response theory, independent of the
Bose approximation. The Bose approximation is exact in this case, because we
work in the Heitler-London approximation, where the ground state is the real
vacuum state, without excitons. A similar approach may be used to account for
the non-Heitler-London terms (though the Bose approximation is then no longer
exact) and for more molecular levels [27,35]. We will return to some aspects of
these problems in Section 3, in the context of the dielectric theory of excitons.
We will there calculate the dielectric function of the crystal by starting from the
linear polarizability of a single molecule and taking into account the local fields
that the dipoles of the molecules in a crystal exert on each other. For linear op-
tical response that approach is exact, as long as we work in the Heitler—London
approximation.

To end this section we make a few observations concerning Eq. (44). First,
as expected, we see that the transverse susceptibility has resonances at the fre-
quencies of the excitons with the same wave vector as the exciting field. If we
have § different exciton bands, this implies S different resonances, which will be
reflected as S peaks in the absorption spectrum of the crystal. The fact that the res-
onance frequencies are k-dependent is referred to as spatial dispersion. It should
be realized that the structure of the dispersion curves Ek, occurs on the scale of

K| ~ (A)_1 , which is much larger than the scale of an optical wave vector. It is for
this reason that in practice one may often neglect the spatial dispersion and simply
take the exciton frequencies Ex—g  as the resonances. This is referred to as the
k = 0 selection rule, which we used when introducing the Davydov splitting in
Section 2.5.3. We note that accounting for spatial dispersion in the wave propa-
gation, reflection, and absorption of crystals in general is a complicated problem,
whose careful discussion requires more space than is available here [61].

2.7. EXCITON-POLARITONS

The translational symmetry of a perfect bulk crystal implies that excitons of wave
vector k can only couple to electromagnetic waves of the same wave vector. This
is the reason why the field equation (35) in linear response only gives rise to
polarization fields with the same wave vector. Rigorously speaking, an exciton can
couple to all field components whose wave vectors differ from the exciton’s by a
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Fig. 6. Schematic dispersion diagram of exciton-polaritons in bulk crystals. The spatial dispersion
of the excitons has been neglected, as has been the change of the background index of refraction
when going from low to high frequencies. The frequency region between wex and w) is the stopgap,
in which no electromagnetic waves propagate in the crystal. In reality, the slope of the photon-like
exciton-polaritons at small k is smaller than at high &, due to the larger value of the background index
of refraction at small frequencies.

reciprocal lattice vector, but these additional field components have frequencies in
the X-ray region and beyond, which makes it energetically impossible to couple
efficiently. Hence, these Umklapp processes are usually neglected.

Let us now consider the situation where we have one exciton branch, in inter-
action with the electromagnetic field in the crystal. Quantum mechanically, the
field may be considered a collection of harmonic oscillators, with a dispersion
relation wk = |k|c, with ¢ the velocity of light. If we apply the Bose approxima-
tion, also the excitons may be considered harmonic oscillators, with dispersion
relation Ex. Both dispersion diagrams are depicted in Figure 6, where we ne-
glected the spatial dispersion of the excitons Ex = fiwex = const. The coupling
of the electromagnetic field and the excitons may thus be viewed as the cou-
pling of two harmonic oscillators at each wave vector k. This leads to two new
harmonic oscillators that are mixed exciton—photon states, or in a more classi-
cal language, mixed polarization-radiation field waves. These quasi-particles are
known as exciton-polaritons, in analogy to the polaritons that arise as the mixed
states of optical phonons and the electromagnetic field in ionic crystals [47,62].
The microscopic theory of exciton-polaritons has been formulated independently
by Hopfield [63] and Agranovich [27], and involves the mixing of exciton cre-
ation and annihilation operators and photon creation and annihilation operators
into new polariton operators.

The coupling of excitons and photons leads to an avoided band crossing in
the dispersion diagram, giving rise to two polariton branches (Figure 6). On the
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lower one, the polaritons behave like photons at small wave vector and gradu-
ally become more exciton like with increasing wave vector. For the upper branch,
the situation is reversed. At the crossing point kK = wex/c, the polaritons have
equal amount of exciton and photon character and they are then quasi-particles
with a very high group velocity (in the order of ¢). The separation between both
branches at the crossing point is determined by the coupling between the exci-
tons and the radiation field, which occurs through the dipoles of the individual
molecules. More precisely, the resonant splitting is proportional to the density of
oscillator strength in the crystal [64]. It should also be kept in mind that the cou-
pling is only sensitive to the projection of the dipole on the direction of the electric
field. This makes the resonant splitting dependent on the direction of propagation
of the polaritons through the crystal. For atomic crystals, where the excited state
is three-fold degenerate with polarization in the three lattice directions, the situa-
tion is much more symmetric, though even there the crystal structure breaks the
spherical symmetry.

Probably the most characteristic property of the polariton dispersion diagram
is the polariton stopgap. The splitting between upper and lower branches leads to
a finite splitting between the frequency w of the upper branch at k = 0 and wex.
As a consequence, no polariton modes exist in the interval wex < @ < w). As po-
laritons are just the quanta of electromagnetic waves dressed with the polarization
field of the crystals, this implies that in this frequency region no electromagnetic
waves can propagate in the crystal. Light with a frequency within this region that
is incident on the crystal will be totally reflected. This explains the name “stop-
gap”. The stopgap is indeed observed in reflection experiments [65]. In practice
the reflection is not 100% throughout the stopgap region, because (i) the exci-
ton dispersion curves have a finite width and (ii) spatial dispersion, causing the
exciton dispersion to curve upward for large wave vectors, may close the stopgap.

In classical dielectric theory, the stopgap region corresponds to the frequency
interval in which the dielectric function is negative. This makes the wave number
|k| = wy/el(w)/c of the associated plane wave complex, leading to a damped
wave that carries no energy into the crystal. In fact, the dispersion diagram of
exciton-polaritons is easily obtained in a classical way by setting

k|?c? = w?et (w) (45)

and using for &1 (w) the generic form found in the previous section, i.e., with a
pole at the exciton frequency.

Obviously, wex, the lower boundary of the stopgap, is the frequency at which
the dielectric function has a singularity. On the other hand, the upper boundary
of the stopgap, |, gives the frequency at which the dielectric function vanishes,
g(w)) = 0. It can be shown quite generally that this condition defines longitudinal
waves [61].
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It is noteworthy that the occurrence of stopgaps has recently resurfaced in the
context of photonic crystals, where stopgaps may actually be created in the trans-
parency region of a crystal that exists of a three-dimensional packing of dielectric
units (for instance spheres) with a periodicity of the order of the wavelength of
visible light. In these materials, the Umklapp processes may not be neglected
and the multiple scattering involving the radiation field in various Brillouin zones
gives rise to the opening of a stopgap [66].

An other interesting aspect of polaritons in infinite crystals is that they do not
decay through spontaneous emission of photons, because they already fully ac-
count for the interaction between the excitons and the electromagnetic field. In
large but finite crystals, polaritons decay spontaneously through emission at the
crystal boundaries, in other words, the size of the crystal becomes an important
factor in the spontaneous emission rate [67,68].

We finally note that, though the microscopic treatment of polaritons is based on
perfect and infinite crystals, the classical definition of electromagnetic modes in a
dielectric medium also allows for their introduction in quantum wells, on surfaces,
and in amorphous media and liquids [69]. Their occurrence in nanostructures is
discussed in the chapter by F. Bassani of this book.

2.8. NONLINEAR SPECTROSCOPY

In Section 2.6, we have considered the linear optical response of a bulk crystal.
This is the response that arises when the intensity of the exciting fields is low
enough to neglect situations where two or more excitations influence each other.
Then the polarization field is linear in the amplitude of the electric field. Upon
increasing the intensity of the light, nonlinear components may arise, and the
polarization field may be expanded in terms of the electric field as [70]

P=X(1),E+X(2);EE+X(3)EEEE+-~-, (46)

where x ™ is the nth order optical susceptibility, which depends on the frequen-
cies and wave vectors of the exciting fields. x ™ is a tensor of rank n + 1. Famil-
iar nonlinear optical phenomena are second harmonic generation and nonlinear
absorption. In the former, an electric field of frequency w generates a polariza-
tion of frequency 2w. This second-order nonlinear effect is described by x ® and
may only occur in crystals without inversion symmetry. Nonlinear absorption is a
third-order (x ) effect and refers to the change of the absorption spectrum with
increasing intensity, more specifically the change that is linear in the laser inten-
sity. Nonlinear effects are interesting from a fundamental point of view, as they
allow for a large variety of spectroscopic tools [71]. They are also of interest from
a technological point of view, as they provide a means to manipulate light pulses
by other light pulses (optical switching and computation [8]).
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The calculation of the susceptibilities x ™ for the case of a general (multi-level)
single molecule in an electric field follows standard time-dependent perturbation
theory in the field—molecule interaction [70,71], also known as nonlinear response
theory. This leads to sum-over-states expressions, where for the single molecule
this sum runs over all molecular excited states. A well-known approach to calcu-
late from these molecular susceptibilities the susceptibilities of the crystal, is the
local-field method. In this approach one solves in a self-consistent way the polar-
ization field in the system by allowing the individual molecular dipoles to respond
to both the exciting external field and the local fields created by the surrounding
dipoles [70]. This approach will be used in Section 3 to consider the linear opti-
cal response of crystals. As we mentioned in Section 2.6, the local-field approach
is exact in the linear optical regime, provided we work in the Heitler—London
approximation. In the nonlinear regime, however, this approach fails if multiple
resonances with (multi-)exciton levels occur, i.e., when the collective excitations
created by the intermolecular interactions are crucial [72-74].

In order to go beyond the local-field approximation, one should apply nonlinear
response theory directly to the exciton system, i.e., use the (multi-)exciton states
as basis to perform the time-dependent perturbation theory. Within the Heitler—
London approximation the one-exciton states then suffice to calculate the linear
response, while the one- and two-exciton states together suffice to calculate y
and x ®. As a consequence, to correctly describe the second- and third-order non-
linear optical response of crystals, exciton—exciton interactions should be taken
into account. Here, two main types of interactions can be distinguished: dynamic
and kinematic ones. Dynamic interactions are terms in the Hamiltonian in which
a product of three or more exciton creation and (or) annihilation operators occurs.
A simple example is the last term in Eq. (14). Even in the absence of dynamic
interactions, the kinematic interactions resulting from the Pauli nature of the ex-
citons gives rise to an intrinsic nonlinearity. Within the Heitler—London approx-
imation it can be taken into account by making the transformation equation (24)
from Pauli to Bose operators [44] and keeping the resulting effective interaction
terms up to the order of interest. To describe third-order optical effects, we only
need to keep terms of the form BZ B; B, B, and their hermitian conjugates [34].
These terms give rise to scattering of excitons on each other, just like the dynamic
interactions do. The kinematic interactions have been studied in much detail in
one-dimensional J-aggregates (Section 7), where they give rise to an energy shift
of the two-exciton band-edge state relative to twice the one-exciton band-edge
energy. This shift shows up as a dispersive feature in the nonlinear absorption
spectrum and the pump-probe spectrum and contains information about the exci-
ton delocalization size [38,41,75].

Dynamic exciton—exciton interactions of the form that appears in Eq. (14) are of
much interest, as they may give rise to the formation of bound two-exciton states,
so-called biexcitons. This only happens if the dynamic coupling Uy, in Eq. (14) is
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large enough compared to the exciton band width [76,77]. Bi-excitons will show
up in the nonlinear spectra as resonances at frequencies below (in the case of
attraction) or above (for repulsion) twice the frequency of the linear absorption
band [78-80]. Bi-exciton resonances are well-known in semiconductor crystals
[40,81]. We note that in crystals with several molecules per unit cell, the kinematic
interaction may also give rise to the formation of bi-excitons [82]. Finally, in
charge-transfer crystals, so-called exciton strings may occur, in which a train of n
excitons forms a collective bound state [83].

Other types of dynamic interaction terms that are of interest for nonlinear opti-
cal response are exciton fusion and fission terms. Such terms arise from interac-
tions involving more than one molecular transition. For instance, consider mole-
cules with two relevant excited states, labeled |e) and | f), respectively. Then, in-
termolecular Coulomb interactions may give rise to terms of the form B; BeBie,
which takes away two excitations of type |e) and recreates one of type | f). Earlier
we neglected such interactions, as they do not conserve the number of excitations.
It is clear, however, that if the energy of state | f) is close to twice the energy of
state |e), these exciton fusion terms may become important and have a noticeable
effect on the nonlinear optical response. The complex conjugate of the above in-
teraction term would be an exciton fission term in which one exciton splits up in
two lower-energy ones. For one-dimensional J-aggregates, it has been shown that
these type of terms give rise to three fundamentally different types of nonlinear
absorption spectra, depending on the values of the parameters involved (frequency
detuning between first and second molecular transition and the ratio of their tran-
sition dipoles) [56]. It should also be mentioned that exciton fusion terms are an
important gateway in the process of exciton—exciton annihilation. The physics
underlying this is that the higher exciton state | f) in practice often suffers from
fast decay into the state |e) due to internal conversion, thereby effectively loosing
one excitation quantum [84—86]. This energy loss process is an important limiting
factor for the efficiency of opto-electronic devices [87]. A related loss process is
the fission of the lowest singlet exciton in tetracene, which decays with a lifetime
of 2- 10719 5 into two singlet excitons with an energy of 1.25 eV [88].

As an alternative to the calculation of the nonlinear susceptibilities through
the sum-over-states expressions of standard nonlinear response theory, one may
also apply equation of motion techniques, in analogy to the one we used to cal-
culate the linear susceptibility in Section 2.6. In the case of nonlinear optics,
one should explicitly include the quartic terms deriving from the kinematic and
dynamic exciton—exciton interactions, as well as possible cubic exciton fusion
and fission terms. In the right-hand side of Eq. (43), the quartic interactions give
rise to additional contributions of the form BE o Bl:,a,Bk//a//. When taking the ex-
pectation value of the resulting equation to extract the equation of motion for
(Blia (1)), these nonlinear terms should be factorized in a certain way to close
the set of equations of motion. Various factorization schemes exist, for instance
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(B liot B lé’a’ )
glects pure dephasing contributions, (BEQ)(BIT(, o Brar) [60], which does include
these dephasing processes, but does not properly treat the two-exciton resonances,
and (BEQ)(BE/ o) (Bkrar) [60], which is equivalent to the local-field approxima-
tion. The advantages of the first two factorization schemes can be combined into
an equation of motion approach, known as the nonlinear exciton equations [90],
that only neglects certain relaxation terms in variables like (B:I a BE/Q,Bkuau) and
leads to an accurate description of the third-order response.

To end this section, it should be noted that the proper formulation of nonlinear
optical response of bulk crystals is complicated by the strong coupling between
the polarization and the electromagnetic field that exists, owing to the transla-
tional symmetry. As a result of this strong coupling, the electromagnetic field
really should be considered an intrinsic part of the system and not an external
influence that weakly perturbs the exciton system. In other words, in order to de-
scribe nonlinear response of pure bulk crystals, one should account for the polari-
ton modes. The classical way to include polaritons in the description of the non-
linear response, is to calculate the nonlinear susceptibilities and to substitute the
polarization field equation (46) into the Maxwell equations. This automatically
takes into account the proper coupling between the polarization and the electro-
magnetic field. The microscopic approach to take into account polariton effects
re-expresses the exciton—exciton interactions in terms of polariton—polariton in-
teractions by using the transformation between excitons and polaritons [60,91].
The nonlinear response is then described as scattering of polaritons on each other.
For instance, exciton fusion terms translate into polariton fusion terms. In this
approach, nonlinear optical processes in a bulk crystal are characterized by the
excitation of polariton states at the boundary of the crystal and the possible mix-
ing of these polaritons through their mutual interaction [60,91]. The advantage of
the microscopic treatment over the classical one, is that in the former the scatter-
ing rates of the polaritons on imperfections and phonons may be calculated from
first principles, while in the classical approach they have to be incorporated in
an ad hoc fashion. In Section 4.5, we will discuss an example of the observation
of polariton effects, namely the high diffusion coefficient measured in anthracene
crystals using low-temperature transient grating experiments (a third-order tech-
nique). This diffusion coefficient arises from the fact that not excitons but rather
polaritons (with a much higher group velocity) diffuse in the crystal.

Y(Bxro) [89], which stresses the role of the two-exciton states, but ne-

2.9. EXCITON—PHONON INTERACTION

Thus far, we have only considered electronic excitations. Of course, lattice ex-
citations in the form of vibrations or phonons may occur as well. Even if these
excitations are not directly excited by electromagnetic fields of optical frequen-
cies, they often do play an important role in exciton systems, as they couple to the



34 J. KNOESTER AND V.M. AGRANOVICH

excitons and thereby change their optical response and dynamics considerably.
A simple example is the formation of exciton side bands in the optical spectra,
arising from the fact that the light may excite an exciton state dressed with sev-
eral phonon quanta. In the case of a large collection of low-frequency phonons,
this effect is seen as (homogeneous) broadening of the exciton absorption bands.
The scattering of the excitons on the phonons is of crucial importance in relax-
ation and transport processes. We will expand upon this topic in Section 4. The
effect on transport may lead to an extreme situation where the excitons, due to
strong coupling to the lattice, loose their mobility. This self-trapping, also known
as exciton-polaron formation, will be the topic of Section 5.

Here, we only briefly indicate what type of interaction terms may occur. The
coupling of excitons and phonons arises from the fact that the various matrix
elements, D, Jum,, and Uy, in the generic Hamiltonian equation (14) depend
on the distances between the molecules. As the presence of phonons alter these
distances, this leads to exciton—phonon coupling. The coupling induced by the
position dependence of the two-exciton interaction, Uy, is usually not consid-
ered. The other two gives rise to what is known, respectively, as the on-site and
intermolecular exciton—phonon coupling [35]. They may be written in more ex-
plicit form by expanding the matrix elements to first order in the displacements
of the molecules from their equilibrium positions. Expressing the displacements
in terms of phonon creation and annihilation operators, this gives rise to the fol-
lowing generic form of the exciton—phonon coupling in bulk crystals [35]

Hex—ph =y _ F(k —q; k; qr)B_ Bkb}, +hec., 47)
k.q,r

where b;, denotes the creation operator for a phonon of wave vector q in the
branch labeled r. The coupling constant F (k — q; K; qr) is different for the on-site
and the intermolecular mechanism of coupling. It contains the first-order deriv-
atives of the D, or the J,,, with respect to the molecular positions [35]. The
form of the interaction equation (47) reflects the conservation of quasi-momentum
in the crystal, as is clear from the combinations of the wave vectors that oc-
cur. We finally notice that for certain applications it may not suffice to consider
only the first-order contribution in the displacements. The next order gives the
quadratic exciton—phonon coupling, which is important to describe pure dephas-
ing processes [92].

3. Dielectric Theory of Frenkel Excitons

3.1. GENERALIZED LORENTZ LOCAL FIELD

The most general approach to the study of the optical properties of condensed
media is the macroscopic electrodynamics approach making use of the concept of
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the dielectric tensor ¢;; (K, w), introduced in Section 2.6. Here, i and j label the
Cartesian components of the tensor. Using this tensor we can calculate the refrac-
tive indexes of the normal waves. The poles of the refractive index determine the
positions of absorption lines and for propagation directions for which the normal
wave is transverse, these poles coincide with the poles of the dielectric tensor. The
poles of the refractive index that corresponds to other (not transverse) waves can
be found from the equation:

> eij(k, w)kikj =0. (48)

ij
It is known [61] that all mentioned poles corresponding to transverse and other
normal waves coincide with the frequencies of so-called Coulomb excitons. These
excitons are the solutions of the coupled equations for matter (polarization) and
electromagnetic fields in the limit ¢ — oo. In the language of microscopic theory
we can say that in this approximation the retarded interaction is neglected and only
the non-retarded Coulomb interaction is taken into account. It is important to note
that this approximation is the basis of the microscopic theory of excitons (see,
for example, [35] and [93]). The finite velocity of light and retardation effects
only need to be included in the microscopic theory when polariton effects are
important.

Calculating the dielectric tensor for a specific medium is a problem of micro-
scopic theory and for the exciton region of the spectrum is based on the various
types of exciton states of the crystal (Coulomb or mechanical excitons, see [61]),
which are treated as zero-order states when applying standard linear response
theory. We have used this procedure in Section 2.6 to calculate 81# (k, w) for a
crystal of two-level molecules. However, it should be stressed that we need not
always know the exciton states in order to calculate the dielectric tensor of a crys-
tal. We shall expand on this below, by considering the spectra of Frenkel singlet
excited states (no charge transfer). The intermolecular interaction in this case is
determined by dipoles, quadrupoles, and higher-order multipoles. It changes the
frequencies of optical resonances and results in the mixing of molecular configu-
rations.

Numerous theoretical and experimental studies have been carried out in this
field, so that a whole branch of molecular optics — the optics of molecular crystals
and molecular liquids — has been established. Even before Frenkel put forward
his exciton concept, researchers in this branch of optics had developed a vari-
ety of exact and approximate methods for the theoretical description of optical
phenomena. However, after the discovery of excitons the use of these methods
became increasingly rare and many of the results obtained with them have not
been sufficiently understood in the framework of exciton theory. Therefore, fur-
ther development and generalization of these methods were impeded. On the other
hand, since the results of pre-excitonic molecular optics were underestimated, the
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optical properties of crystals were treated in terms of only the exciton theory,
even in those cases where this could be done much easier by using the earlier,
simpler, and equally or even more clear physical concepts. The resulting situa-
tion is discussed by Agranovich [94] (also see [36, Chapter 3]). It was shown in
Ref. [94] that many important results of Frenkel exciton theory, such as the Davy-
dov splitting and the dependence of the absorption intensity on polarization, can
be obtained (even in more general form) by using the local-field approach dating
back to Lorentz, who used it to derive the well-known formula for the optical
refractive index in isotropic media (the Lorentz—Lorenz formula).

Let us recall the derivation of this formula. According to Lorentz, the electric
field E’ acting on a molecule in an isotropic medium and causing its polarization,
is not equal to the mean (macroscopic) field E that satisfies the phenomenological
Maxwell equations, but rather is determined by

47 e+2

E=E+ —P=
+ 3 3

Here, P is the polarization field (cf. Section 2.6) and ¢ is the dielectric constant
of the medium. The factor (¢ + 2)/3 is known as the Lorentz factor. On the other
hand, if we denote the polarizability of the molecule by a and the number of mole-
cules per unit volume by Ny, we also have P = NoaE'. Hence, the displacement
vector D may be written

E. (49)

4
D=E+47P= |:1+§Noa(8+2):|E. (50)

Since by definition the relation D = ¢E holds as well, Eq. (50) immediately gives
the Lorentz—Lorenz formula,
e—1 A4m
s 2= 3 Noa. (51)
It should be noted that this formula, which expresses the dielectric constant
of the medium in terms of the polarizability of an individual molecule, is only
an approximation, even for cubic crystals. For instance, the formula does not
take into account spatial dispersion. Moreover, it does not account for the con-
tributions of higher-order multipoles to the intermolecular interactions. These ad-
ditional contributions were identified in Section 2.2 as the ones responsible for
the gas-condensed matter shifts D,, of the molecular levels. It has been shown,
however, that the Lorentz—Lorenz formula can be generalized to include these
effects [94]. Following Ref. [94], we will in this section employ the local-field
method to discuss the effect of mixing of molecular configurations and the spec-
tra of impurities. In addition, we will apply it to calculate the dielectric tensor of
anisotropic molecular crystals of complex structure.
Consider a crystal of which the unit cell contains S identical molecules, labeled
s=1,2,...,S. The only difference between the S molecules is their orientation
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with respect to the crystallographic axes. According to Born and Huang [47, Sec-
tion 30], when a plane electromagnetic wave of amplitude E(k, @) propagates in
the crystal, the electric field E acting on a molecule of type s is not equal to the
mean field E, but has Cartesian components given by:

El=E+)Y 0Ky (52)
s’
Here, u; is the ith Cartesian component of the amplitude of the dipole moment
induced in the molecules of type s and the coefficients Qf;/ (K) (the local-field ten-
sor) are determined by the lattice structure only and are analytical functions of k.
For simplicity, we will assume that the molecules have no static dipole moments.
If afj denotes the polarizability tensor of the molecules of type s, we have

ui=>Yy ajEs. (53)
j

At the same time, of course, the molecules may have higher-order static mul-
tipole moments. Generally speaking, these moments are different in the ground
and in the excited states, which causes the interactions between the molecule and
its environment to depend on the state it is in. This leads to the gas-condensed
phase shifts, D,,, of the molecular transitions, which we already introduced in
Section 2.2 for the special case of two-level molecules. We shall assume below
that the only difference between the tensor a;; (w) and the respective tensor for a
molecule in vacuum is determined by this frequency shift. Substitution of Eq. (53)
into Eq. (52) yields:

Ef=Ei+ Y 0% KajE}. (54)
jik,s’

This equation allows one to solve for the local fields E* in terms of the mean
(Maxwell) field E:

Bk w) =) A}k o)E;k ), (55)
j’S/
where the tensor Aff?/ is the inverse of the tensor 8y/8;j — Y f,i/(k)a,i}. Using
the fact that the polarization is given by

1
Pi=—3 u, (56)
)

with v, the volume of the unit cell, the dielectric tensor may be expressed in terms
of the tensor Af]‘ s

47T /
eij = 8ij + — > ai Ay (57)

¢
k,s,s’
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3.2. CUBIC CRYSTALS WITH ONE MOLECULE PER UNIT CELL

If we ignore spatial dispersion, the tensor Q737 " for cubic crystals with one mole-
cule per unit cell (S = 1) reduces to the scalar [47]

4
Qij = 3 ~3ij- (58)

c

Here, the indices s and s’ have been dropped, because S = 1. If we also assume
that the response of the molecules is isotropic, i.e., a;; = ad;j, we find A;; = Ad;j,
with A =[1 — 471a/3vc]’1. Substituting this result into Eq. (57), we obtain ¢;; =
83,'.1' , with

-1
8=1+4—na<1—4—na) , 59)
Ve 3,
which implies that A = (¢ + 2)/3. Eq. (59) directly yields the Lorentz—Lorenz
relation equation (51), with Ny replaced by 1/v,.

Let us now consider the frequency dispersion of ¢ by taking into account only
one of the resonances of the molecular polarizability. In this approximation we
have:

F

w% —w?

a(w) = (60)
with F| = ZM%wl/h = (¢?/m) fi. Here, w1, i1, and f| are the frequency, the
dipole, and the oscillator strength, respectively, of the selected transition of the
isolated molecule. Substituting Eq. (60) into Eq. (59) or the Lorentz—Lorenz rela-
tion yields:

s@a=1+ggﬂﬁgg 61)
(,()L—Cl)

where w | ~ w1 — (4 /3v.h) ,u% denotes the frequency of the transverse exciton.
Eq. (61) shows that if we take into account the local-field correction, i.e., the fact
that A # 1, the oscillator strength for the transition is not changed and only the
resonance frequency is shifted. Explicitly, the resonance of e(w) is red-shifted
compared to the transition of an isolated molecule over the amount
dr 5
T
Dissipation can be taken into account by adding the imaginary term iy to the
frequency w in the denominator of Eq. (60). Since ¢ = (n + i )2, with n and «
the real and imaginary parts of the refractive index, respectively, we obtain for
y — 40

Aw

(62)

oo 27‘[2F1
/ 2n(w)x (w)dw = . (63)
—00 Ve
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In this case we have for the absorption spectrum of the crystal,

1 Qm/ve) Fry (w)
n(w) (wi — )2+ y2(w)

K(w) = (64)
Here, y(w) is given by 2wy. The main difference between Eqs. (64) and (44)
obtained through microscopic derivation, is the inclusion of antiresonant contri-
butions, as is seen in the combination a)i — P =(w] —o)(w + o) appearing
in the denominator above.

3.3. LoCcAL-FIELD CORRECTIONS FOR IMPURITIES

Let us now consider the same crystal with a certain number of substitutional im-
purity molecules (the treatment can be readily modified for the case of interstitial
impurities). Now the local field depends on the spatial distribution of the impuri-
ties. If we ignore fluctuations of this distribution and replace the local field by its
mean value, we obtain

e+2
3

where a(w) is the polarizability of the impurity molecules, Ny = 1/v, (as before),
and N is the concentration of impurity molecules. At small impurity concentra-
tion (p = Njv. K 1), the difference e between the dielectric function of the
crystal with impurities and the pure crystal is found from Eq. (65) to be

e(w) =1 +4nNoa(a))83L2 +4nNi[d(@) —a()] (65)

go+2

-1
_4”"’0“) 4n N1 (@~ a) =5 (66)

Se(w) = <1

where &g denotes the dielectric function for the pure crystal. Using the relation
(1— 47tN0a/3)’1 = (e9(w) 4+ 2)/3 (cf. Section 3.1), we thus arrive at

2\ 2
£(w) = £0(w) + 47 Ny (a—a)(g(’;r ) : (67)
which using the Lorentz—Lorenz relation may be rewritten as
+2 _(e0+2)
8(0)):80(50)—,0803 (80—1)+47IN1a(803 ) . (68)

In analogy to Eq. (60) we write the polarizability of the impurity molecules as,

i) il
alw)= ————,
c?)%—a)z—i)?(w)

(69)

where we took into account dissipation and F = 2/1%6) 1/h. Assuming that the im-
purity resonance frequency @; is in the region of transparency of the host medium,
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we obtain for the frequencies w >~ @y:

2\? 01y [k
2n(w)k (@) = 87 N (80(‘”) + ) p— wiy/h (70)
3 [@} — 2] + 72
Hence, integration in the region of the impurity absorption band yields:
2\ 2 2
/Zn(w)/c(a)) do = 472N, (%) % (71)

Thus, we have found that the absorption coefficient of light due to impurities in
a medium with dielectric constant go(w), as well as the integral on the left-hand
side of Eq. (71) (known as the Kravets integral), are proportional to the squared
Lorentz factor. This reflects a change of the observed oscillator strength of the
impurities. The influence of the medium is to replace the dipole moment (i of
the impurity’s transition by the effective dipole moment fiefr = i1 (go(@1) +2)/3.
The same enhancement factor occurs in the spontaneous emission constant of the
impurity molecules [95].

If the impurity’s resonance frequency @; is close to the crystal’s resonance
frequency wp and go(@1) > 1, the integrated intensity / of absorption by the im-
purities as a function of @; increases as (& — wp) 2. If we properly take into
account the dependence of the exciton frequency on the wave vector, wy = wo(Kk),
we obtain, as shown by Rashba [96], that I ~ (& — a)o)*3/ 2. A similar effect
takes place, for instance, for excitons localized at the impurity. Since the experi-
mentally measured quantity in Eq. (71) is its left-hand side, a correct introduction
of the local-field correction (the Lorentz factor in this case) makes it possible to
find the oscillator strength for the isolated molecule from measuring the disper-
sion and absorption for the molecules in solution. Of course, this can be done only
if no chemical bonds arise between the molecules of the solute and the solvent,
no aggregates of the impurity molecules are formed, and so on.

3.4. IMPURITY-FREE CRYSTALS: MIXING OF MOLECULAR
CONFIGURATIONS

Now let us return to the impurity-free crystal and assume that the molecules of
the crystal have the polarizability,

a(w) =ag +ai(w), (72)

where the function aj(w) is given by Eq. (60), while ag reflects the contributions
to the molecular polarizability from transitions far from the resonance w1, which
can be assumed to be independent of w in the frequency range w >~ w1. Substitut-
ing Eq. (72) into Eq. (59), we obtain

(4 /ve) Fil(ep +2) /317

2 _ .2 ’
w w

e(w) = &p + (73)
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where

4 4 -1
ep=1+—ao|ll—z—ao | , (74)
Ve RIS
which may be considered the background dielectric constant of the crystal far
from resonance (calculated under the assumption that the resonance part of mole-
cular polarizability a1 (w) = 0)). The resonance frequency w is given by

2n F 2
0L = o — ki ep+ . (75)
vewp 3

If we introduce a weak dissipation into Eq. (72), then Eq. (63) is replaced by

2 2
/Zn(a))/c(w) do = 2”—Fl<w) . (76)

Vew | 3

Egs. (75) and (76) demonstrate how the mixing of molecular configurations due to
intermolecular (resonance dipole—dipole) interactions, leading to &, > 1, affects
the frequencies and oscillator strengths of the dipole transitions.

It is important to note the difference between these equations and similar rela-
tionships, like Eq. (71), for impurity molecules in a solution or a matrix. When
we consider impurity molecules in a solution the Lorentz factor on the right-hand
side of Eq. (71) contains the dielectric constant of the solvent at the transition
frequency of the impurity. For the impurity-free crystal and in the region of the
exciton resonance, we see from Eq. (76) that this quantity in the Lorentz factor
is replaced by the background dielectric constant, which is not at all equal to the
squared index of refraction of light in the crystal at the resonance frequency.

Within the framework of microscopic theory, the mixing of molecular config-
urations of Frenkel excitons arises only if we go beyond the two-level model for
the molecules. Within the two-level model this effect is absent. In this case g = 1
and then Eq. (73) is transformed into Eq. (59), and Eq. (76) into Eq. (63).

In an alternative approach [97], it has been proposed that the background di-
electric constant in the microscopic theory of Frenkel excitons can be taken into
account by dividing the intermolecular resonance interaction by ¢,. This may be
considered a renormalization of the molecular transition dipole moment and os-
cillator strength u; — p1/./ép and F1 — Fy/ep. However, this approach does
not even correctly account for the local-field corrections due to the long-range
dipole—dipole interactions (see [36, Section 3.6]). For example, Eq. (75) shows
that the shift of the frequency w, of the transverse Frenkel exciton relative to
the molecular frequency, is affected by ¢;, through the Lorentz factor (¢p + 2)/3,
which increases with ¢p. In the renormalization approach, this shift would de-
crease with &5, as the effective interaction decreases. The frequency of the longi-



42 J. KNOESTER AND V.M. AGRANOVICH

tudinal Frenkel exciton, which obeys &(w)) = 0, reads

2nF ep+2  27F <eb+2)2’ o

3vew; 3 Vew1Ep 3

and depends on ¢; in an even more complicated way.

3.5. ANISOTROPIC CRYSTALS: ABSORPTION INTENSITIES AND DAVYDOV
SPLITTING

We finally consider crystals with several molecules in the unit cell. We will show
how the dielectric theory allows us to calculate the dielectric tensor of anisotropic
crystals and to recover the results of the Frenkel exciton theory for the exciton
energies and polarization intensity relations obtained in Section 2.5.3.

Let’s consider a molecular crystal with S > 1 molecules in the unit cell. If we
are interested in the optical properties of the crystal in the frequency range @ =~ w;
where w is the nondegenerate frequency of one of the dipole transitions of the
isolated molecule, then its polarizability tensor can be written as

Fil;l
aijj () = m (78)
1

where /; is the ith Cartesian component of the unit vector (I) parallel to the mole-
cular transition dipole moment. Since the different molecules in the unit cell have
different orientations, their polarizability tensors are

F]lislj
aisj () = W’ (79)

with s =1,2,..., S. Using Eqgs. (52), (53), and (79), we obtain the following set
of equations for the quantities E* -1, i.e., the projections of the local fields on the
directions of the molecular transition dipoles

EP - Mk, oE 1 =E.P, (80)
S/
with
Mk o) = ——— 3 0t aonts (81)
ss/ (K, —w%_wz 7 ij ity

Let us apply these general equations to crystals with the symmetry of the an-
thracene crystal, containing two molecules per unit cell. The optical properties of
molecular crystals of this type were the subject of many experimental studies. For
such crystals symmetry operations exist that transform molecules with s = 1 into
molecules with s = 2. As a result, when k = 0 or even when k # 0 provided that
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the wave vector is parallel or perpendicular to the monoclinic axis of the crystal,
we have

M (k, w) = Mxn(k, ), Mir(k, w) = Mo (K, w) (82)

which makes the solution of Eq. (80) less cumbersome. It can be easily seen that
in this case we have

1 LT
ES.lSZ_ J
2[1 — M1k, w) — Mia(k, o)
(=D°L7
_ J Ej, (83)
1— Mk, w)+ Mk, o)

with
LT =1'+1% (84)

In analogy to Eq. (57), this solution leads to the dielectric tensor

o1k, ) = 8 + L0 [ L ] } (85)
S T QA —e? Q2 -t ]
where
QL) =] - F Y (0] W11} — 0F®IT3), (86)
ivj
QX (k) =of — Fi Y_(QF W — 0F WIF)). (87)
ivj

Since the quantities ijs/ (k) are analytic functions of k, the same is true for the

frequencies in (k). This is not surprising because the resonance frequencies of
the tensor ¢;; (K, w) are the frequencies of the so-called mechanical excitons [61],
which are analytic functions of k, regardless of the model being used.

As the vectors L' and L? are orthogonal, their directions may be chosen as
the x and y axes directions, respectively. In this coordinate system, the tensor
¢ij(k, w) obtains a diagonal form with the non-zero components:

2 Flxx 2 Fi,yy

ex(@K=1+"——5—""— ¢ (0k=1+"——5—2
xx( ) Ve Qi(k)—a)z yy( ) Ve Qz_(k)—a)z

ez(w, k) =1, (83)

with
2 2
Fl,xx - Fl |L+ s s

Fiyy=Fi|L”

(89)
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so that
Fixx/Fi.yy = cot*(/2), (90)

where 6 is the angle between the direction of the two molecular dipoles, 1' and I2.
These relationships show that the absorption of light propagating along the z-axis
and with the electric vector E parallel to L™ (™) has a resonance at the fre-
quency Q4 (k) (2_(k)). Thus, though we assumed that the transition of the iso-
lated molecule at the frequency w; is nondegenerate, the absorption spectrum
of a crystal with two molecules per unit cell should have two absorption lines,
which have mutually perpendicular polarizations. The results obtained here co-
incide with those obtained in Section 2.5.3 within the framework of microscopic
exciton theory.

The effect of mixing of molecular configurations can be considered along the
same lines as was done in Section 3.4 for cubic crystals. One adds a frequency
independent tensor (ap);; to the resonant part of the molecular polarizability equa-
tion (78). Mixing effects are particularly important for excitonic transitions with
a small oscillator strength and also for the calculation of intensity ratios, such as
the above ratio F1 xx/F1,yy [53].

If we know the tensor ¢;;(k, w) we can find the position of the absorption line
for arbitrary polarizations and directions of propagation of the light and also take
into account spatial dispersion effects in molecular crystals of arbitrary shape. As
we demonstrated, to calculate this tensor we need to know the local-field tensor
o} ; '(k), which depends only on the lattice structure, and the polarizability tensor
of a single molecule. Our calculations only accounted for the dipolar terms in
the local-field tensor. It is noteworthy that taking into account the higher-order
multipoles only leads to changes of the resonance frequencies in the dielectric
tensor [94].

The importance of the local-field method presented in this section lies in its
simplicity and the possibility to generalize it to include effects of mixing of mole-
cular configurations. Thus, while the Davydov splitting has been studied for many
different crystals and was first analyzed by extending the microscopic Frenkel ex-
citon theory to include several molecules per unit cell [35], the phenomenon can
be well-understood and described in terms of a local-field analysis. It should be
stressed that excitonic spectra in semiconductors cannot be understood on the ba-
sis of simple local-field arguments. The large-radius excitons in these systems,
require a microscopic treatment that starts from electron band structure theory
(see, for example, [93,98]).

The above should not be considered a depreciation of the microscopic theory of
small-radius (Frenkel) excitons. Only within the framework of a microscopic the-
ory can we calculate the exciton energies over the entire range of allowable values
of the wave vector and consistently study effects of exciton—phonon and exciton—
exciton interaction and scattering of excitons in crystals with static disorder. This
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is exactly what makes it possible, within the scope of small-radius exciton the-
ory, to understand such phenomena as transfer of electronic excitation energy in
crystals, the optical properties of molecular crystals with high excitation levels,
nonlinear optical effects, fine-structure in absorption and luminescence spectra,
and many other optical phenomena.

4. Diffusion of Frenkel Excitons

4.1. EXCITON MOTION AND DIFFUSION

The transfer interaction J,,, in Eq. (14) causes an excitation to migrate between
different molecules. As mobility of excitons causes transport of the excitation
energy through the system, this mobility has been in the focus of interest for many
years. This interest concerns excitation energy transport in bulk crystals, but also
in smaller molecular aggregates, such as the chlorophyll aggregates that occur in
the photosynthetic systems of bacteria and higher plants [13].

If a molecular system is excited in one of its exciton eigenstates and no in-
teractions occur with other degrees of freedom, the only evolution in the system
will be a periodic phase change of the exciton wave function as a whole, which
is not associated with spatial motion. In a more realistic situation, certainly if one
deals with large systems (crystals), one excites a wave packet of excitons, which
will propagate through the crystal with the group velocity. The wave packet (with
some mean value of the wave vector) will scatter on static disorder (e.g., in the
gas-crystal shifts D), on lattice vibrations, and on other excitons. At low exci-
tation densities, we may neglect the latter scattering event. The scattering leads
to a finite exciton mean free path. If the scattering is weak, the mean free path
may be very large compared to the lattice constant and a description in terms of
weakly perturbed wave packets is appropriate. This situation is referred to as the
case of coherent excitons and may be described using the Boltzmann equation. In
the other extreme case, the scattering is so strong and the coherence length is so
short that basically the exciton loses it phase information already when propagat-
ing from one molecule to the next. This situation is referred to as the incoherent
case (Forster energy transfer [99]) and is mostly described using a set of coupled
rate equations for the excitation probabilities of the individual molecules.

Various methods have been developed that interpolate between the coherent and
incoherent regimes (for reviews see, e.g., [100-102]). Well-known approaches
use the stochastic Liouville equation, of which the Haken—Strobl-Reineker [100]
model is an example, and the generalized master equation [101]. A powerful
technique, which in principle deals with all aspects of the problem, uses the
reduced density matrix of the exciton subsystem, which is obtained by project-
ing out all other degrees of freedom (the bath) from the total statistical opera-
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tor [103]. This reduced density operator obeys a closed non-Markovian (integro-
differential) equation with a memory kernel that includes the effects of (multiple)
interactions between the excitons and the bath. In practice, one is often forced to
truncate this kernel at the level of two interactions. In the Markov approximation,
the resulting description is known as Redfield theory [104].

It should be realized that, independent of whether the system is in the coher-
ent, incoherent, or intermediate regime, the motion at distances larger than the
mean free path is always diffusive. Alternatively stated, on time scales large com-
pared to the typical scattering time, the exciton motion is described by a diffusion
equation. In this section, we will restrict ourselves to this diffusive regime, which
presumes that the exciton life time is long compared to the scattering time, so that
enough scattering events may occur before the exciton decays through sponta-
neous emission, internal conversion, trapping by an impurity, or any other decay
channel.

In the diffusive regime, the quantity of interest is the exciton concentration
c(r, t) as a function of position r and time . It obeys the diffusion equation

dc 2 1 —KZ

— =DVc— —c+ Ip(t)ke **, ©on

ot 70
where D is the exciton diffusion coefficient (considered isotropic here), tg denotes
the exciton life time, /o(¢) is the intensity of the pumping light incident on the
sample, and « is the absorption coefficient in the crystal. Thus, the last term in
Eq. (91) gives the number of excitons generated by the external radiation per unit
volume and per unit time. We assume here that the sample is a parallel-sided slab
with boundaries at z = 0 and z = d and that the incident radiation propagates
from the region z < 0 along the normal to the plane z = 0. The slab thickness d
should be large compared to the exciton mean free path in order for the diffusion
equation to be of any use. To solve the diffusion equation we must define boundary
conditions. In the steady state, the number of excitons that arrive at the boundary
surface per second and per unit area is given by D[dc/dz];=¢. In the steady state,
this should equal the rate of surface annihilation, which we may write v,c(z = 0),
with v, a characteristic surface annihilation velocity. The boundary condition at
z =0 is then written

dc
D| — = v4¢(0), (92)
dz z=0

which may also be formulated as [dc/dz];=0 = ¢(0)/ o, with [y = v,/ D. It should
be kept in mind that this boundary condition only determines the asymptotic be-
havior of the exciton concentration, i.e., for z large compared to the exciton mean
free path. The parameters D, 19, k, and v may be taken from experiments or cal-
culated in the framework of some microscopic theory (see, for example, Refs. [36,
102)).
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A useful measure for exciton migration is the diffusion length L = (D1)'/2.
Experimental data show that for Frenkel excitons in molecular crystals at room
temperature the diffusion coefficient D & 103 ¢cm?/s and the lifetime of sin-
glet excitons 79 ~ 10~8 s. This gives a typical diffusion length L ~ 10~¢ c¢m (for
anthracene crystals L ~ 5.107% cm). For triplet excitons, the lifetime may be ap-
preciably longer (1073-10~* s) and the diffusion length may be larger than for
singlet excitons by more than two orders of magnitude.

In the remainder of this section, we will focus on various ways to calculate the
diffusion constant from microscopic principles. We will start by considering the
formal definition for quantum particles, first given by Kubo (Section 4.2). We will
then consider the actual calculation in more detail for the case of coherent excitons
(Section 4.3) and incoherent ones (Section 4.4). Finally, we briefly address the
measurement of exciton transport properties and the effect of exciton-polariton
formation on transport in molecular crystals (Section 4.5).

4.2. THE DIFFUSION TENSOR

According to Kubo [105], the general quantum mechanical expression for the
diffusion tensor is

+00 B
D;; = é/o dt e_”’/() dMDi (—ihA)D; (1)), (93)

where 8 = 1/kpT, n denotes an infinitesimal positive constant, v; (¢) is the ith
component of the velocity operator of the migrating particle in the Heisenberg
representation, and the brackets (- - -) denote taking the statistical equilibrium av-
erage. For classical particles ( = 0) in an isotropic medium and using a relaxation
time approximation, v; (t) = v;(0) exp(—t/t), Eq. (93) leads to the well-known
expression D;j = %(vzr)éij.

Let us consider the Kubo expression in somewhat more detail for the case of
excitons in a molecular crystal. We will restrict ourselves to the presence of one
exciton. The position of its “center of gravity” then reads

R=) R,B B, (94)
n

where n labels the molecules. In a crystal, n is short for (n, s), the position of
the unit cell and the index of the molecule within the unit cell. Furthermore, R,
denotes the position of the nth molecule. The velocity operator of the exciton may
now be defined through

V=

[H,R], (95)



48 J. KNOESTER AND V.M. AGRANOVICH

where H is the system’s total Hamiltonian, including the interactions with
phonons and disorder. As we deal with one exciton only, we may neglect exciton—
exciton interactions, and we have

H=Y H,B/By+Y TunBiBn+ )Y w,blb,. (96)
n n,m K

Here, b; and b, are the creation and annihilation operators, respectively, for
phonons in mode ¢ = (q, r), where q denotes the wave vector of the phonon
and r is the branch label. The energy of these phonon modes is given by ;. Fur-
thermore, the single-molecule Hamiltonian as well as the intermolecular transfer
interaction are still considered to be operators in the phonon space. The physics
of the dependence of the molecular transition energy and the interactions on the
phonon coordinates was introduced in Section 2.9 already, where also the lin-
earization of these operators in the phonon coordinates was discussed.
From Egs. (94)—(96), the velocity operator is found to be

. ~
= E Z an nm Bn Bm P (97)
n,m

with R, = R, — R,,. In Eq. (97) we shall ignore the dependence of j:,m on
the phonon operators. If the exciton—phonon interaction is weak, it is sufficient to
include the dependence on the phonon operators only in the propagatlon of the co-
herences B By, through the phonon dependencies in the operator H,. Accounting
for the phonon dependence of the Jum in Eq. (97) only yields small corrections to
the expression for D;;. Thus, in Eq. (97) we shall replace the operator Tnm by the
scalar J,;,. Then, integration of Eq. (93) over ¢ and A yields [106]

1
Dij = ﬁ Z Rom)i Jnm (Rn/m’)j-]n’m/

n,m,n’,m’

+00
X / dt(B] (t) By (t)B;, (0) By (0)). (98)
—00

As can be seen from Eq. (98), the calculation of the tensor D;; reduces to the
calculation of two-particle correlation functions. The lack of sufficiently detailed
data on the exciton band structure and the exciton—phonon coupling constants
considerably complicates the accurate calculation of the exciton diffusion coef-
ficients in molecular crystals. However, the temperature dependence of this co-
efficient differs significantly for coherent and incoherent excitons (see below).
Therefore, studying the temperature dependence of diffusion has always been an
important tool to analyze the character of the energy transfer in molecular crys-
tals. In the remainder of this section, we will focus on the main characteristics of
the diffusion constant and its temperature dependence.
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4.3. WEAK EXCITON-PHONON COUPLING: COHERENT EXCITONS
4.3.1. General Expressions

If the exciton—phonon coupling is sufficiently weak, the solution of the equation
for the correlation function (B; (t)By, (t)BZ, (0) B,y (0)) is equivalent to the solu-
tion of the Boltzmann equation [106]. In this coherent limit, the exciton states of
the ideal lattice serve as good zeroth-order states. In other words, the wave vector
still proves to be a good quantum number and the notion of excitons propagating
in between scattering events as wave packets with a well-defined group velocity
is useful. The kinetics of such coherent excitons under the influence of the weak
exciton—phonon coupling is described by the Boltzmann equation. One may show
that this equation reduces to the diffusion equation (91), if the exciton concentra-
tion changes little over lengths of the order of magnitude of the exciton mean free
path.

In this case the exciton—phonon interaction can be taken into account perturba-
tively. The influence of this interaction on the shape and the position of the exciton
band(s) is insignificant and usually can be ignored. Then, the only remaining ef-
fect of the interaction is the scattering of the excitons, as is, for instance, clear
from Eq. (47). This scattering results in a change of the wave vector and the en-
ergy of the excitons. Therefore, if §Ek is the width of the energy level of the
exciton with the wave vector k determined by the exciton—phonon interaction, the
related uncertainty 5k of the wave vector is given by

SEx =hv(k) - 5k (99)

where v = (1//)(d E /dK) is the exciton group velocity. The uncertainty §k indi-
cates that the exciton state in the crystal is realized as a wave packet rather than a
plane wave. The dimensions of the wave packet, §x, §y, and §z can be estimated
from the uncertainty relations §x8k, >~ 1, etc.

The motion of the exciton wave packet causes the transport of energy. In order
to find the appropriate energy diffusion coefficient we must estimate the mean free
path and the mean free time of the wave packets. This situation is quite similar to
that of phonon heat conductivity (see, for example, Ref. [107]).

In analogy to the mobility of electrons and holes in crystals, the diffusion coef-
ficient for coherent excitons is determined by the relaxation time 7. According to
Frohlich [108], we have

LU > M[Wé‘(qr) + W!‘(qr)}, (100)

’ q.r k.

where k is the exciton wave vector before the collision, Ak, (qr) is the change
of the exciton wave vector in the z-direction due to the collision with the phonon
qr, and W)f (qr) and Wg‘ (qr) are the probability per unit time of absorption and
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emission, respectively, of the phonon qr by the exciton system. After absorption
or emission, the new exciton wave vectors, accurate to an integral reciprocal lat-
tice vector, are K’ = Kk + q. According to Eq. (100), we can write

1/t =1/t +1/7°, (101)

where 1/t and 1/7°P are the scattering rates of the excitons on acoustic and
optical phonons, respectively. As is the case for electrons in semiconductors, t is
approximately equal to the mean free time of the excitons with respect to colli-
sions with phonons. Typically, a few collisions are sufficient to reach a thermo-
dynamic equilibrium between phonons and band excitons. Thus, if the exciton
lifetime 7¢ is considerably longer than the relaxation time t, as is typically the
case at elevated temperatures, we can assume that the excitons are in thermo-
dynamic equilibrium with the lattice prior to their decay. The exciton diffusion
coefficient is then related to the relaxation time by

D= l(tvz)%

3 (T)(v?), (102)

1
3
where (v?) is the (equilibrium) mean squared group velocity of the excitons, and
(t) is the mean relaxation time. Strictly speaking, explicit expressions for wave
packets should be used when calculating the quantities in Eq. (100). However,
usually the absorption and emission rates vary only slightly with the exciton wave
vector over the k interval spanned by the wave packet. Therefore, the transition
probabilities can be calculated by using exciton wave functions in the form of
plane waves both before and after the scattering process. We will not discuss the
details of such calculations, but rather address some typical and frequently used
results.

4.3.2. Isotropic Exciton Effective Mass and Scattering by Acoustic Phonons

Using the Fermi golden rule, the probabilities of absorption and emission of a
phonon by the exciton system read

2
We(qr) = %\F(k—q; k; qr)’
x (ngr + DS[E(K) — E(k — q) — o (q)], (103)
K 2n 2
Wi (ar) = —|F &+ q: K )| ngr8[E(K) — Ek+ ) + o (@], (104)

where ng, = [exp % — 177! is the thermal occupation of the phonon mode qr

and F'(k & q; k; qr) is the exciton—phonon coupling constant.
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At sufficiently low temperatures, when the thermal energy kp T is much smaller
than the exciton band width, most excitons at thermodynamic equilibrium are con-
centrated in the vicinity of the exciton band minimum in the wave vector space. If
this minimum corresponds to k = 0 and we assume for simplicity that the excitons
have an isotropic effective mass m, we have

Ey = Eo + h°K?/2m. (105)

Moreover, under these conditions the relation |k|a << 1 (a is the lattice constant)
is satisfied for the overwhelming majority of the excitons.

The conservation of energy for the absorption and emission processes can now
be written

m2k|?/2m + ho, (q) = B (k £ q)%/2m. (106)

Since we are dealing with relatively low temperatures, let us focus on the case
of acoustic phonons. We then have w,(q) = volq| (r = 1, 2, 3), where vy is the
sound velocity. For the sake of simplicity we ignore the dependence of vg on the
polarization r and the direction of q. Using Eq. (106), we obtain

q = F2kcos® £ 2muy/h, (107)

where ¢ is the angle between the vectors k and q. From the Boltzmann statistics
h2(|k|2)/2m = %kB T, we obtain for the typical value of |Kk| at a given tempera-
ture T':

1
(k%) = ~13mks T2, (108)
Hence, we can ignore the second right-hand side term in Eq. (107) relative to the
first if

1
kpT > gmvg. (109)

This criterion defines the temperature region where the scattering of excitons by
phonons is almost elastic. We may make this estimate more quantitative by using
vo &~ 10° cm/s as typical velocity of sound for solids, leading to

0.025m

mo

T>

K, (110)

with mq the electron mass in vacuum.

Below we shall assume that the criterion equation (110) is satisfied and, there-
fore, we shall neglect the phonon energy in the argument of the delta functions
in Egs. (103) and (104), and, likewise, we shall neglect the second term on the
right-hand side of Eq. (107).

Now we observe from Eq. (107) that in our model for a given value of |K| the
exciton can interact to first approximation with the phonons with wave vectors in
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the range 0 < |q| < 2|k|, implying that, like |k|, the phonon wave vector is small:
|qla <« 1. Using the smallness of |Kk| and |q|, we can expand | F'(k + q, k; qr)|2 in
powers of these wave vectors. Keeping only the lowest-order nonzero contribu-
tion, | F(k+ q, k; qr)|? is then a linear function of |q| for acoustic phonons [109].
Moreover, if we ignore the generally weak dependence of this quantity on the
directions of the vectors q and k and neglect the dependence of the phonon fre-
quency on the direction of ¢ and the phonon polarization, we obtain

|F(k+q,k; qr)|* ~ |F|alql, (111)

where F is a constant. Using Eq. (111), we find that (in a three-dimensional
medium) the relaxation time for the exciton with wave vector k due to the scatter-
ing by acoustic phonons is given by

1 3IFXPa*m (kpT\> (£ , e *—¢

— = / X dx, (112)
T8¢ Agp3kPP \hvo ) Jo T (¥ —1D(e* —1)

with & = 2|k|Avy/kpT.

4.3.3. Temperature Dependence of the Diffusion Constant

If £ < 1, the integrand in Eq. (112) can be replaced with its value for small x.
Using Eq. (108) for the typical value for |k|, this condition translates into

T > To=12mv3/kp. (113)
If we now replace |k| with its mean value (|k|?)1/2
Eq. (112) using the small-x expansion, we obtain

1 Fac 2 4 knT
L _EgFatm (kgT (k)2 (114)
rac 7'[}"'13 hUo

and perform the integration in

Thus, for T > Ty, we find 77¢ ~ 1/T3/2 which using Eq. (102) for the diffusion
constant leads to

D~1/T'2. (115)

This relationship for Frenkel excitons was derived by Agranovich and Konobeev
[109]; it can be seen from its derivation that it is independent of the model and,
therefore, is valid also for ground state large-radius excitons as well as for elec-
trons and holes in semiconductors.

In the region of very low temperatures when & >> 1, that is, when the condition
opposite to Eq. (113) is satisfied but the inequality (109) still holds, the main con-
tribution to the integral in Eq. (112) comes from large x. Replacing the integrand
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with its asymptotic large-x value and performing the integration then yields

ac(2 4

L _ 2Ry g (116)

T Smh
which implies (Eq. (102)) that the diffusion coefficient due to scattering by
acoustic phonons ceases to be temperature dependent in the region of low temper-
atures. Thus, with decreasing temperature the relationship D ~ 1/+/T for the dif-
fusion coefficient reduces to D = const. The exciton scattering by optical phonons
becomes important only at sufficiently high temperatures. The discussion of the
influence of such processes on the diffusion constant can be found in Refs. [36]
and [102].

To end this section, we make a few remarks. First it should be noted that the ap-
plicability of the above D(T') relationships is limited by the condition of applica-
bility of the Boltzmann equation. This condition reads / 3> A where / = (v)t and
A is the thermal de-Broglie wavelength of the excitons. Therefore, we should ex-
pect that this condition may be satisfied only for sufficiently low temperatures. Of
course, the size of the corresponding temperature range depends on the exciton—
phonon interaction constants and can be found only from experimental data.

The second remark concerns the role of crystal anisotropy. The majority of the
well-studied molecular crystals, such as anthracene, naphthalene, pyrene, etc., are
not cubic, but very anisotropic. It is therefore natural to consider to what extent the
above qualitative results for the temperature dependence of the exciton diffusion
coefficient in cubic crystals are valid for anisotropic crystals. It is clear, of course,
that in anisotropic crystals the exciton diffusion coefficient can exhibit anisotropy
owing, for instance, to anisotropy of the exciton’s effective mass. However, as
long as the effective masses in various directions are of the same order of magni-
tude (which seems to be just the case for naphthalene crystals), the temperature
dependence of the diffusion coefficient maintains the same D ~ 1/+/T charac-
ter (with the exclusion of the region of low temperatures). More interesting are
the class of anisotropic crystals in which the lowest exciton band corresponds to
high oscillator strengths. Then the exciton energy Ek is known to be a nonana-
lytic function of k for small |k| values and this has to be taken into account when
calculating the diffusion tensor. Katalnikov [110] calculated the exciton diffusion
tensor in uniaxial crystals taking into account the nonanalytic energy term and
found, as could be expected, that in those crystals different components of the
diffusion tensor have different temperature dependence. Strong anisotropy of D;;
in molecular crystals can lead to one- or two-dimensional exciton motion [111].

4.4. STRONG EXCITON-PHONON COUPLING: INCOHERENT EXCITONS

If the exciton—phonon coupling is strong, it results in the localization of the ex-
citon at a lattice site, so that the exciton behaves as a classical particle that can
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hop from cell to cell. The hopping particle is in fact a self-trapped exciton, which,
due to interactions with the phonon bath, looses its phase memory on a time scale
short compared to the time it takes to hop between unit cells (see Section 5.2).
The resulting hopping process is known as incoherent energy transfer and, if the
relevant excitation transfer interaction J,,, is of the dipole—dipole type, it is often
referred to as Forster energy transfer. To lowest order in the excitation transfer
interaction, the exciton motion is then a series of uncorrelated hops (forming a
Markov process), described by a random walk over the lattice sites. If P(m, ¢) is
the probability that an exciton is at the lattice site m at the moment #, then the
random-walk equation for P (m, ¢) has the form

dP(m,1)

= 2 [Wmm) Pm) — Wm.m) Pm)]. (117)

where W (n, m) is the probability of hopping from the site n to the site m per unit
time. In the next order of approximation the hopping process is not Markovian.
We then have the following integro-differential equation for P (m, t)

dP(m, 1)

t ~
o =/O [Wn,m, t)P(n,t — 1)

—W(m,n,t)P(m, 1 —1)]dr, (118)

i.e., the hopping process acquires a “memory”’. For molecular crystals, this prob-
lem has been discussed by Kenkre and Knox [112,101]. The excellent review by
Silbey [102] deals with the problem in a more general way, including exciton scat-
tering by impurities, dispersive transport, and the Haken—Strobl-Reineker model
of exciton—phonon scattering [113,100]. We also point out the recent book on
transport by May and Kiihn, where the problem of memory kernels is addressed
in detail [103].

If we assume that the variation of the function P(m, t) over distances of the
order of the lattice constant is small, then Eq. (117) reduces to the diffusion equa-
tion. Indeed, assuming that the vector m varies continuously, we obtain

P =P+ 3 0 — m), 2L
d*P
+ - Z(n m); (n—m),; S—— (;m) (119)

If W(m, n) = W(n, m) (which holds if there is no static disorder in the crystal),
substitution of the above expression into Eq. (117) yields
dP(r,1) 32P(r, 1)

= D;; , 120
at Y Bx;dx; (120)
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where the diffusion coefficient tensor is
1
Djj = E;m—m)i(n—m)jW(n, m). (121)

For crystals with several molecules (labeled by s) per unit cell, which have sym-
metry operations exchanging molecules with different s values, as holds for an-
thracene crystals, a similar procedure yields

1
Dij = 3 Z(rm — Tmy)i (Fng — Imy) j W (ns, ms’). (122)

m,s’

Thus, under the given conditions, the calculation of the diffusion tensor reduces
to determination of the hopping rates W (ns, ms’).

For singlet excitons the probability W (ns, ms’) can be estimated using the
results of strong exciton—phonon coupling theory, as has been done by Trli-
faj [114]. The intermolecular dipole—dipole interaction leads to W (ns, ms’) ~
1/|rns — Tmy'|®, as is characteristic for Forster energy transfer [99], and in the
summation equation (121) it suffices to take into account only nearest neighbors.
The temperature dependence of this probability may be presented by the relation

D;j(T) ~ D}; exp(—Ua/k5T). (123)

where U, is the activation energy for hopping, T is a constant for 7 < Tp (Tp is
the Debye temperature), and T = T for T > Tp. It follows from these qualitative
considerations that in the strong coupling regime the exciton diffusion constant,
in contrast to the case of weak exciton—phonon coupling, increases with growing
temperature.

In some molecular crystals a crossover from coherent excitons (exciton mean
free path / >> A) to incoherent ones (I ~ A, loffe—Regel criterion) takes place with
increasing temperature. We then expect that upon increasing the temperature from
very low values, at some threshold temperature the decreasing behavior of the
diffusion constant for coherent excitons goes over into an increasing behavior.

A similar crossover phenomenon may be observed in heavily doped isotopi-
cally mixed crystals at low temperatures. In such crystals the impurity molecules
are responsible for the scattering of excitons and at low temperature this scattering
is almost elastic. When increasing the impurity concentration, a crossover occurs
between so-called weak (at / > A) and strong (at [ = 1) Anderson localization.
This crossover is analogous to the change of the electron mobility in metals upon
increasing the impurity concentration and should be expected to have a strong in-
fluence on the exciton transport. A different situation arises when the electronic
excitation energy of the isotopic impurity is lower than the energy of the exciton
in the crystalline host. The isotopic impurities enter the lattice substitutionally
and they are randomly distributed in the matrix. The electronic excitation energy
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transfer from one impurity to another when decreasing the impurity concentration
may be used to investigate the transition from impurity band to impurity hopping
transfer. Such a transition is similar to the Anderson conductor—insulator transi-
tion in semiconductors.

An extensive discussion of experiments on exciton transport in isotopically dis-
ordered crystals and numerical simulations of this phenomenon in the framework
of a percolation model, may be found in the review paper by Kopelman [115].
A more recent review of this field, including the discussion of the Anderson
model, may be found in the book by Pope and Swenberg [17].

4.5. TRANSPORT MEASUREMENTS AND DIFFUSION OF POLARITONS

Many papers have been devoted to the experimental determination of the exciton
diffusion constant D. In most of these studies, D was determined by observing
how the diffusion of excitons results in their capture by impurities (sensitized flu-
orescence) or in bimolecular quenching of excitons (reviews of these experiments
may be found in Refs. [36,17]). The interpretation of such experiments requires
that not only the diffusion of the excitons to the acceptor is taken into account, but
also the character of the exciton interaction with the acceptor (i.e., with the im-
purity molecule or with another exciton). An alternative experimental technique
that does not suffer from these problems, is the picosecond transient grating (TG)
method. This third-order nonlinear optical technique has been used abundantly
for the study of various kinetic parameters of condensed media (liquids, semi-
conductors, etc.). Fayer and collaborators were the first to propose the use of TG
experiments for the study of exciton transport in molecular crystals [116]. They
applied the method to anthracene thin films [117,118].

In order to determine the exciton diffusion constant, one studies the decay ki-
netics of excitonic gratings, i.e., a spatially periodic variation in the exciton den-
sity, formed in a molecular crystal as a result of the interference of two coherent
picosecond laser pulses. The periodic spatial distribution of the excitons, as well
as its evolution, can be investigated by observing the diffraction of a short probe
pulse sent into the crystal some delay time ¢ after creating the grating. As a result
of the finite exciton lifetime and exciton diffusion, the grating amplitude decreases
in time, so that the intensity S(¢) of the diffracted signal decreases with growing ¢.
Thus, measuring S(¢) allows one to obtain information on the diffusion coefficient
D and the exciton lifetime 7¢. In fact, it is easy to show that

S(t) = S0)e X, (124)

with

1
K:2<—+DA§. (125)
70
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Fig. 7. The decay rate of the transient grating signal versus 62 (6 the angle between the pump
pulses) for anthracene crystals at 10 and 20 K [117]. The magnitude of the slope is proportional to the
diffusion constant of the excitations in the crystal. With increasing temperature, the diffusion constant
decreases. The average diffusion constant obtained from these data is about 10 times larger than the
value expected for incoherent exciton motion [119]. (Figure reprinted from Ref. [117] with permission
from Elsevier.)

Here, A =2r /L, where L is the fringe spacing of the grating, which is given
by L = A./(2nsin[6/2]) (n is the crystal’s refractive index, A, the wavelength
of the two excitation pulses, and 6 the angle between them). By measuring the
diffracted-signal decay for various values of 6 and plotting the observed value
of K versus A2, the diffusion constant D can be obtained from the slope, while
the A =0 intercept is 2/1p. As the life time 79 can also be found from other
experiments (for example, from photoluminescence measurements) this provides
a rigorous test of the assumption of diffusive propagation of the excitons as well.

In the above-mentioned TG experiments by the Fayer group [117,118], it was
found that the diffusion constant D in anthracene films at low temperature (7 =
1.8, 10, 20 K) can reach values of the order of 1-10 cm?/s (Figure 7). Such
very large values of the diffusion constant too strongly contradicted the typical
room temperature value of D ~ 1073 cm?/s and attracted the attention of many
investigators. It was argued [119,120] that in the interpretation of the experiments
on anthracene it is necessary to take into account the fact that the lowest electronic
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transition in anthracene has a rather large oscillator strength, leading to a strong
exciton-polariton formation. As a consequence, polaritons rather than excitons are
the lowest-energy elementary excitations at low temperatures and the theoretical
analysis of the decay time of the excitonic gratings should be associated with
diffusion of polaritons rather than excitons.

At low temperature the polaritons are concentrated in the “bottle neck” region.
Their diffusion constant in this case can be estimated as D ~ _%v plp, where v
is the group velocity of the polaritons in this region and [, is their mean free
path. Since [, = ¢/(wk), where « is the imaginary part of the refractive index
(Qw/c)k ~ 10*-10° cm™ 1), and vy A 10° c¢m/s, one obtains for the diffusion
constant D > 1 cm?/s, which agrees by the order of magnitude with the value
obtained in the TG experiments. The discussion of the influence of bimolecular
quenching and reabsorption of exciton fluorescence on the decay of the exciton
gratings in organic crystals may be found in Ref. [120]. The microscopic formu-
lation of TG and four-wave mixing experiments in molecular crystals in terms of
polaritons may be found in Ref. [60].

5. Self-Trapping of Excitons: Spectra and Transport

5.1. INTRODUCTORY REMARKS

In Section 4 we have seen that the interaction of excitons with phonons gov-
erns the nature of the exciton motion. Coherent motion occurs for weak exciton—
phonon coupling, while incoherent transport takes place for strong coupling. In
the limit of strong interaction, the phonons not only affect the motion of the ex-
citons, but they may also alter the exciton state itself considerably, to a so-called
self-trapped exciton. The self-trapping (ST) of excitons is analogous to the ST of
electrons and holes in ionic crystals, which also arises from the interaction of the
quasi-particles with the lattice vibrations. For electrons in ionic crystals the possi-
bility of ST was first pointed out by Landau in 1933 [121]. He showed that due to
the electron—ion interaction the states of the electron “trapped by the lattice” (i.e.,
the states in which the lattice around an electron is strongly deformed) have an
energy smaller than that of the Bloch band states in the regular lattice. The word
“polaron” was later introduced by Pekar to denote such trapped states; he also de-
veloped the first consistent theoretical treatment of the self-trapped electron state
by considering the model of a large-radius local state [122].

The physics of exciton ST has many features in common with electron (hole)
ST. Therefore, the methods and results of the theory of electron ST have been
widely used in the development of the theory of exciton ST. The effects of strong
exciton—phonon coupling in organic crystals and the possibility of exciton ST
were discussed in the papers by Peierls [123], Frenkel [22], and Davydov [124].
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More recent discussions of exciton ST and the synthesis of almost all available ap-
proaches may be found in the reviews published as Refs. [125—128]. The reader is
referred to this literature for a detailed account of exciton ST. In this section, we
will restrict ourselves to a qualitative description of the most general and charac-
teristic features of this phenomenon.

5.2. SELF-TRAPPING OF FRENKEL EXCITONS

First of all, let us explain why the ST of Frenkel excitons, which in contrast to
electrons (holes) have no charge, may arise. It is useful to start from the limit
of a narrow exciton band and strong exciton—phonon coupling. If A denotes the
exciton band width in the regular lattice, then 71 ~ i/ A is the time scale for the
transfer of the excitation from one molecule to another. The second relevant time
scale is 747, which denotes the time necessary for molecules to be displaced to
new equilibrium positions upon a change in the electronic state. Such changes
into a new, locally deformed, lattice configuration arise from the fact that the
intermolecular interactions (like the Van der Waals interaction) are changed upon
excitation of one of the molecules. In the limit of a narrow exciton band and
strong exciton-lattice interaction, we have 71 > 4. If E; is the energy of the local
deformation (the analog of the polaron energy shift), then 7y =~ fi/E,. It is also
clear that 7,4 is longer than the characteristic period of a lattice vibration 27 /w,,
where w, is a typical phonon frequency (in organic solids, w, ~ 100 cm™!). We
thus have in the limit considered the condition t; > 74 > 27 /w,. It follows that
in this limit (A < fiw,) the phonons (displacements) are relatively fast, which
allows them to follow the slowly moving excitons.

Thus, in the limit of narrow exciton bandwidth, the local deformation travels
through the crystal following the molecular excitation. In other words, as has been
metaphorically described by Frenkel, the exciton while moving through the lat-
tice “drags with itself the entire load of atomic displacements”. Thus, the already
narrow exciton band is transformed into an even narrower band of “dressed” ex-
citons. However, since the dissipative width of such states in most cases is large
compared to the narrow band width, the wave vector cannot be consider a “good”
quantum number. The band picture of “dressed” excitons is destroyed and lo-
calized molecular excited states (dressed with a deformation) propagate by hops
from one molecule to another. It is clear that here we meet the case of incoherent
excitons, with energies that, in contrast to the case of coherent excitons, do not de-
pend on the wave vector. The diffusion constant of such excitons was addressed
already in Section 4.4 [114]. It is useful to note that triplet excitons in organic
solids have a rather small band width (of the order of 10 cm™"), implying that the
occurrence of low-energy ST triplet states is very likely.

We now turn to crystals with a wide exciton band, A >> fiw,. Under this condi-
tion, the exciton system is fast and, thus, the usual adiabatic approximation may



60 J. KNOESTER AND V.M. AGRANOVICH

be used in the ST theory. This situation was first analyzed by Deigen and Pekar
[129], who showed that in this case ST states of small radius Rst & a may be
formed (a is the lattice constant). For localization on a scale Ax ~ a, the un-
certainty of the wave vector is Ak ~ 1/a, which is of the order of magnitude of
the Brillouin zone. This means that when localizing, the energy of the exciton
becomes of the order of the exciton band width A. Thus, if the localization (de-
formation) energy E; > A (strong exciton—phonon coupling), a ST state will be
formed and its energy will lie below the bottom of exciton band. On the other
hand, if E; < A, the excitons in the lowest-energy states remain coherent and ST
states (if they arise at all) may appear only in the region of higher energies. More
information on ST of wide-band excitons may be found in the review paper by
Rashba [125].

5.3. SELF-TRAPPING BARRIER

In his seminal paper on self-trapping [121], Landau already noticed that to make
the transition from the coherent (free) state to the ST state, the particle has to
overcome a barrier. In the case of small-radius excitons (Frenkel excitons) the
existence of a barrier in crystals composed of large molecules may be stipulated
by purely spatial limitations. The excited molecule tries to pass into a ST state
with lower energy, but the surrounding molecules, having no “wish” to be dis-
placed or change their orientation, may prevent such passage. Thus, the coherent
states are protected by a barrier, which makes them meta-stable and gives them
the opportunity to exist during a finite time, even if the passage into the ST state
is accompanied by a considerable energy gain. One then speaks of the coexis-
tence of coherent and ST excitons. It should be stressed that this coexistence is
not a general phenomenon and occurs only for three-dimensional (3D) systems.
As was shown by Rashba [125], no barrier exists for excitons in 1D systems. In
this case after initial excitation of a coherent exciton, a monotonous lowering of
the total energy takes place towards the energy of the ST state. Thus, the coherent
exciton states are absolutely unstable and the creation of ST states occurs without
any restrictions. For polarons in 3D ionic crystals, the same physical picture was
found earlier by Pekar [122].

5.4. SELF-TRAPPING OF CHARGE-TRANSFER EXCITONS

As a brief intermezzo, we mention some peculiarities of ST of charge-transfer
excitons. The electron-hole interaction energy in a charge-transfer exciton is of
the order of ¢?/a, where a is the distance between electron and hole. This energy
may be a few eV. The change of this energy under the influence of lattice vibra-
tions may compete with the interaction of the free electron and hole with phonons
and may even be the dominant mechanism of exciton—phonon interaction. Such
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a situation is expected to take place for many organic crystals (see Ref. [16] and
the chapter by M. Hoffman in this book). The theory of ST of charge-transfer
excitons in such crystals can be found in Refs. [16,130].

Another interesting situation arises in the ST of excitons in which the electron
and hole are spatially separated and are localized on different filaments (polymers
or quantum wires) or on different planes (or quantum wells). In such structures
the electron—hole Coulomb interaction changes when these filaments or planes are
deformed. As a result a strong exciton—phonon interaction may exist, even if the
individual quasi-particles (electron and hole) have very small interaction with the
phonons. The theory of ST of this type of excitations may be found in Ref. [131].

5.5. SPECTRA AND MOBILITY OF ST EXCITONS

We return to the ST of Frenkel excitons in 3D organic structures. As a result of
the Franck—Condon principle, photo-exciting a crystal from its ground state, with
aregular lattice, leads to the initial creation of a coherent exciton. In order to pass
into a ST state, the latter has to overcome a barrier (in a 3D lattice), which may
be done either by thermoactivated tunneling or by a thermoactivated transition.
A review of the relevant theory is given in Ref. [132]. It was shown that the rate
of ST of thermalized excitons can be represented as

W(T) = w, B(T) exp[—S(T)], (126)

where w, is the characteristic phonon frequency, the pre-exponential factor B(T")
is always large in comparison with unity, and S(7') is the temperature-dependent
Hamiltonian action. At temperatures with kpT > fiw,, we have
S(T) = L, (127)
kgT
where U is the height of the barrier. Thus, as could be expected, the ST rate then
follows an Arrhenius law.

The experimental investigations of ST in organic crystals mainly concern op-
tical spectra, in particular time-resolved spectra. Good examples are the experi-
ments by Matsui and co-workers reported in Ref. [133]. To discuss these spectra,
let us consider the energy E.(n) of the crystal in its ground and excited states as
functions of the coordinate n that undergoes a strong displacement upon ST. We
assume that the ground state energy has its minimum at n = 0 and that this also
represents the local minimum in the excited state. As is shown in Figure 8, when
the exciton—phonon interaction is taken into account, n = 0 indeed only represents
a local minimum. The absolute minimum corresponds to the ST state, so that the
dependence of the total energy on 7 is described by an asymmetric double-well
potential. As mentioned above, the coherent states are protected by a barrier; their
optical spectra have to be analogous to the spectra in a regular crystal with weak



62 J. KNOESTER AND V.M. AGRANOVICH

\ hot excitons /

v

—

|
n=0 n

Fig. 8. Ground state potential and asymmetric double-well potential associated with the phenomenon
of exciton self-trapping, as a function of the coordinate » that undergoes a strong displacement upon
self-trapping. F is the bottom of the free-exciton band, in which the lattice is not distorted (n = 0),
S denotes the lowest self-trapped exciton state, and U is the barrier height. The luminescence from
the self-trapped state is red-shifted relative to the free-exciton luminescence. Upon photo-excitation of
the system, two pathways towards the self-trapped state occur. The first possibility is that the created
excitons first relax towards the bottom of the free-exciton well, after which they may further relax to
the self-trapped state through tunneling or a thermoactivated process. This pathway is indicated by the
filled arrows. The second possibility is that high-energy (hot) excitons relax directly to the self-trapped
state, as indicated by the open arrow.

exciton—phonon coupling. We then expect the existence of narrow zero-phonon
lines in the absorption and fluorescence spectra and a Davydov splitting may be
observed. The existence of ST states leads to the appearance of additional broad
and red shifted bands in the fluorescence spectra. As discussed already in Sec-
tion 4.4, upon ST the movement of wave packets is replaced by hops. At high
temperature these hops are thermoactivated leading to the Arrhenius law equa-
tion (123) for the diffusion constant. At low temperature quantum tunneling oc-
curs, in analogy to quantum diffusion of impurities in solids (see Ref. [134] for a
review).

Numerous picosecond experiments have been performed on exciton ST in or-
ganic crystals [133]. Such experiments give the possibility to study the dynamics
of the ST process and allow one to determine the height of the ST barrier and the
rate of the transient free-exciton luminescence. For some crystals these investiga-
tions also gave the possibility to trace the pathways of self-trapping (cf. Figure 8).
An example is pyrene, which is a crystal with a rather strong exciton—phonon
interaction and a barrier height U ~ 262 cm™!. It was demonstrated that upon
photo-generation of excitons in this crystal, even at low temperature, the process
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of self-trapping not always requires relaxation to the bottom of free exciton band
(with k = 0; black arrows in Figure 8), but sometimes takes place directly from
the states with large k (hot excitons) avoiding the ST barrier, as is shown by the
open arrow in Figure 8.

6. Charge-Transfer Excitons in Organic Solids

6.1. GENERAL CONSIDERATIONS

As we have discussed in Section 1, excitons are distinguished in two main groups:
small-radius Frenkel excitons, which basically are delocalized molecular excita-
tions, and large-radius Wannier—Mott excitons, in which electron and hole have
a hydrogen-like relative motion with a radius much larger than a lattice constant.
The charge-transfer exciton (CTE) occupies an intermediate place in this classifi-
cation [36,135,136]. The lowest-energy CTE usually extends over two nearest-
neighbor molecules and creates a so-called “donor—acceptor (D-A) complex”.
This is currently considered as an important intermediate state in the creation
of free carriers in the photoconductivity of organic crystals, a process in which
the first step is the photo-generation of a Frenkel exciton. In a CTE, the electron
is localized on the acceptor and the hole on the donor. In organic crystals, such
CTE localization over nearest-neighbor molecules is usually stable, because the
electron—hole attraction energy is large compared to the widths of the conduction
and valence bands. The localization is further stabilized by the strong tendency
of the CTE to undergo self-trapping [130]. Nevertheless, such an ionic pair as a
whole can be mobile; the corresponding band theory of CTEs has been discussed
in many papers (see, e.g., Refs. [16,130]).

Due to the electron—hole separation in a CTE, the static dipole moment created
by the positive and negative ions can assume values as large as 10-25 D. This is re-
sponsible for some of the most characteristic properties of the CTE. For example,
due to its large dipole moment, the CTE contributes a large second-order nonlin-
ear polarizability x® [137]. It has also been shown that the same feature can be
responsible for a new type of photovoltaic effect in organic asymmetric D-A su-
perlattices [138], for unusual intensity dependencies of nonlinear polarizabilities
of D-A superlattices [139], and also for phase transitions to conducting states in a
system of two-dimensional interacting CTEs [140] (see Chapter 5 below for more
details). In all of these cases, it was assumed that CTEs at D-A interfaces be-
tween alternating layers of donors and acceptors are the lowest-energy electronic
excited states of such an organic multi-layer structure. These states are usually
populated after lattice relaxation from higher-energy Frenkel-type electronic or
vibronic states.

To explain in the simplest way the structure and excitation energy of CTEs it
suffices to consider a donor—acceptor pair of molecules that are neutral in their



64 J. KNOESTER AND V.M. AGRANOVICH

ground states. When exciting a CTE, an electron leaves the donor and transfers to
the acceptor. The energy of this excited state can be estimated from the relation
E=1—-—A+C+ P,where I, A, C, and P are the donor’s ionization energy, the
acceptor’s electron affinity, the electrostatic Coulomb attraction between the elec-
tron and hole, and the polarization energy of the crystal by an infinitely separated
positive and negative ion pair.

An excellent review of the optical and photoconductive properties of organic
solids composed of different donor and acceptor molecules arranged in an alter-
nating way in quasi-one-dimensional arrays, has been published by Haarer and
Philpott [16]. They discussed molecular crystals with neutral ground states and
with rather small ionization potentials (/ < 7 eV) and large electron affinities
(A > 2 eV). In such crystals the CTEs are the lowest-energy electronic excita-
tions. As a rule these excitations are self-trapped, have very broad absorption
bands, and their optical properties can be understood in the framework of a local
picture, ignoring the dispersion of states in a CT exciton band. Typical examples
of such crystals are anthracene-PMDA, which has the crystal structure of a mixed
stack of different molecules (D-A-D-A-), and the crystal of TTF-TCNQ, which
has the structure of segregated stacks of identical molecules, A-A-A-A- and D-D-
D-D-.

The situation is different for molecular crystals composed of identical mole-
cules. An excellent review of the state of the art in this field has recently been
published by Petelenz [141]. Usually, the energy of CTE states in such crys-
tals is larger than the energy of the lowest Frenkel exciton sate. However, for
some quasi-one-dimensional crystals with a small distance between the nearest-
neighbor molecules, like the crystal of 3,4,9,10-perylenetetracarboxylic dianhy-
dride (PTCDA), the energy separation between the lowest-energy Frenkel and
CTE states can be very small. For such crystals the nature of the lowest-energy
electronic excitations is determined by the mixing of Frenkel exciton and CTE
states and strongly depends on the orbital overlap between the molecules (see the
chapter by M. Hoffmann in this book). This mixing occurs due to the possible
virtual transformation of a Frenkel exciton into a CTE and vice versa. More ex-
plicitly, the Frenkel exciton localized at molecule n can dissociate by electron
transfer to molecule m to give the CT state nTm™ or by hole transfer to give
n~m™. The CT state can recombine by subsequent hole or electron transfer to
give a Frenkel exciton located on molecule n or m.

6.2. STARK EFFECT AND ELECTRO-ABSORPTION OF CTES

An externally applied static electric field F shifts the exciton levels and these
shifts are reflected in the absorption spectra. In the case of CTEs the shift is linear
in the field:

ES'=1-A+C+P—p,-F, (128)
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where p , is the static dipole moment of the CTE. If the crystal has inversion sym-
metry, a CTE state with opposite direction of g, exists as well and this exciton
acquires the energy

ES"=I-A+C+P+p,F (129)

In these expressions we neglected the corrections quadratic in the field F. For the
Frenkel exciton, which has no permanent dipole moment, such quadratic contri-
butions are the lowest-order ones and the energy reads

E(F) = E(0) + : > aijFF (130)
_ z a;i FiF;,
2 LT
i,j
where a;; = afl?‘c — alg. is the excess polarizability tensor, i.e., the difference of the
molecular excited state and ground state static polarizability tensors.

The dielectric constant in the frequency region of the CT transition can be ex-
pressed by the formula

A A

+ o :

e(w,F)=¢0,0+ -
—w—iy

(131)
EET —w—1iy

where A is a constant proportional to the oscillator strength and y is the dissipa-
tive width. It follows from this relation that up to second order in the field
e(w,F) =¢(w,0) + d¢(w, F), (132)
with
,d*e(w,0)
dw?
Thus, for CTEs the leading effect of a static electric field on £(w) is seen to be

quadratic in the field and proportional to the second derivative of ¢(w, 0).
In the frequency region of the Frenkel exciton, we have

1
de(w,F) = E[[Lp -F] (133)

A
8(0),F)=8Q0+ m:e(a), 0)+88((1),F), (134)
with
1 de(w, 0)
Se(w, F) = —EzaijﬂFjT. (135)
LJ

Thus, §¢(w, F) is proportional to Zi) jaij FiF; and to the first derivative of
&(w,0).

For the interpretation of experiments it is important to know the corrections to
the real and imaginary parts of the refractive index, n and «, respectively, where
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x measured as a function of frequency gives the absorption spectrum. These cor-
rections can be found easily from the relation & = (n 4§ «)2. Thus, the corrections
to n and «, which we denote as dn and d«, read

_ n0(88)" — Ko(de)

Sk = 136
2(n6 + KOZ) (136)
and
5 " 8 /
én = w (137)
2(ng +K)

where (8¢)" and (8s)” are the real and imaginary parts of 8¢, respectively (8¢ =
(8)' +i(8¢)"), while ng(w) and ko(w) are the real and imaginary parts, respec-
tively, of the refractive index in the absence of the static electric field.

If in the spectral region under consideration the absorption is not very strong,
so that ng(w) > ko(w), the expressions for §x and én are reduced to

Sic — 88)” Sn — 8e)

2ng T 2ng (138)
The formula for §x forms the basis of electro-absorption spectroscopy, which
is an experimental technique in which one measures the change of the absorp-
tion spectrum induced by a slowly varying external electric field. (Using a slowly
varying field, as opposed to a static field, makes it experimentally simpler to ex-
tract the change of the absorption spectrum by focusing on the component of
the spectrum that varies in time according to the applied slow frequency.) As we
demonstrated, for Frenkel excitons the change of the absorption spectrum is pro-
portional to the first-derivative signal, which is an antisymmetric function of w
relative to the resonance frequency. On the other hand, a second-derivative signal,
which is symmetric around the resonance frequency, is commonly associated with
CTE:s (see, for example, [142—144]). This may be made explicit by considering
the simple generic form for ¢’ (w, 0) close to a resonance frequency wo:

8

i
)=—
e .0 (0 — wp)? + y2

(139)

Using this expression and Egs. (135) and (138), we find for a Frenkel exciton
resonance

(140)

1 2g(w — wy)
de(w,F) = 3 ZaijFiFj [(@— wo)2 + y2 2
i]

which indeed is seen to be an antisymmetric function relative to the resonance
frequency. On the other hand, if wg is a CTE resonance, we find from Eqs. (133)



FRENKEL AND CHARGE-TRANSFER EXCITONS IN ORGANIC SOLIDS 67

and (138)

28 4g(w — wp)?

[(@—w0)? + 21> [(w—wo)? +y?]?
which is symmetric relative to the resonance frequency.

It should be noted that the above classification of the electro-absorption spec-
trum is valid only approximately, because first of all Eq. (138) is correct only
in the case of weak absorption and, second, the Frenkel and CT exciton states
usually mix. We finally mention that the change of the refractive index dn is of
the same order as §«; new experimental techniques are required to measure this
change, however. Good candidates for such methods have been proposed by War-
man and coworkers [145]. The success of such measurements could be the basis of
electro-refraction spectroscopy, complimentary to the existing electro-absorption
spectroscopy.

SK(a),F):%[;Lp'F]Z[ } (141)

7. Molecular Aggregates: Low-Dimensional Exciton Systems

7.1. INTRODUCTORY REMARKS

In 1936, Jelley [146] and Scheibe [147] independently discovered that upon in-
creasing the concentration of a solution of the dye pseudo-isocyanine (PIC, Fig-
ure 9), the absorption spectrum strongly changed. The relatively broad absorp-
tion band of PIC monomers at 525 nm disappeared and was replaced by a much
narrower absorption band around 570 nm. It was soon realized that this narrow
band, which is now generally known as the J (Jelley) band (sometimes also as
the S (Scheibe) band), was a manifestation of Frenkel exciton states that ex-
isted on large groups of aggregated PIC molecules [148]. Polarized experiments
in streaming solutions, performed by Scheibe, suggested that these aggregates
have a thread-like structure [149]. Ever since these initial discoveries, a strong
interest in the optical properties of molecular aggregates of these and other so-
called polymethine cyanine dyes has persisted. The class of molecular aggregates
with a red-shifted absorption band are referred to as J-aggregates. The narrow
absorption band with a large intensity (oscillator strength) is the most charac-
teristic property of these systems. A good example of the growing of the ag-
gregate J band at the expense of the single-molecule absorption band is given
in Figure 10 for the dye 5,5',6,6'-tetrachloro-1,1’-diethyl-3,3’-di(4-sulfobutyl)-
benzimidazolocarbocyanine (TDBC).

One of the driving forces to study cyanine dyes and their aggregates, is their
abundant application as photosensitizers in photographic emulsions. Even to date,
this remains a topic of much study [12]. However, also on a more fundamental
level, J-aggregates have aroused much interest. In particular the collective optical
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Fig. 9. Three examples of cyanine dyes that are known to form quasi-one-dimensional
molecular J-aggregates. Shown are (a) 1,1’-diethyl-2,2'-cyanine (PIC), (b) 5,5,6,6'-tetrachlo-
ro-1,1’-diethyl-3,3’-di(4-sulfobutyl)-benzimidazolo-carbocyanine (TDBC), and (c) 3,3’-bis(sulfo-
propyl)-5,5’ -dichloro-9-ethylthiacarbocyanine (THIATS).

and nonlinear optical response of the molecules that form the aggregate, caused
by the delocalized Frenkel excitons, has been the key word in this research. The
above mentioned red-shift of the absorption spectrum and the narrowness of the
J-band are examples of such collective properties. The narrowness is ascribed to
exchange narrowing (or motional narrowing) of disorder by the delocalized exci-
ton states [150,151]. Other collective properties that have attracted attention more
recently are the ultrafast cooperative spontaneous emission (“exciton superradi-
ance”) [1,2,152] and the possibility of size-enhanced nonlinear optical response
[6,7,153—-157]. During the past 15 years, these optical properties have been stud-
ied with a growing number of optical techniques, including fluorescence excita-
tion, hole burning, photon-echoes, and pump-probe experiments (see, e.g., [25,
41]). The motivation in performing these experiments is the intrinsic interest in
the collective properties and the interest in unraveling the static and dynamic prop-
erties of the exciton states underlying them. Finally, the field of molecular aggre-
gates recently has received a renewed interest, following the discovery that the
photosynthetic systems of bacteria and higher plants often contain highly orga-
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Fig. 10. Changing of the absorption spectrum of a solution of TDBC molecules (Figure 9(b)) upon
increasing the solute concentration (from curve 1 to 6). Clearly is demonstrated that the absorp-
tion peak changes from the broad monomeric absorption peak at about 520 nm to the narrow and
red-shifted J-band resulting from aggregated molecules. (Figure reprinted from Ref. [11] with permis-
sion from Elsevier.)

nized light-harvesting (LH) systems that are basically aggregates of chlorophyll
molecules [13]. We will address these types of aggregates in Section 8.

Molecular aggregates differ from bulk crystals in several respects. Most im-
portant is the difference in structure. Aggregates generally do not have a three-
dimensional structure, but instead the electrostatic forces that favor their self-
assembly may lead to one-dimensional geometries (molecular chains or bundles),
two-dimensional ones (molecular monolayers, such as may be formed using the
Langmuir-Boldgett technique or by adsorption on silver-halide microcrystals in
photographic applications), or even more complex, curved, geometries, such as
rings or cylinders. The latter in particular occur as natural LH complexes, but
may also be produced synthetically. Sometimes, the finite dimensions of these
aggregates, such as the diameter of rings or cylinders, plays an important role.
Finally, aggregates often occur in strongly disordered host media, such as liquid
solutions, glasses, or protein scaffolds. The configurational randomness in this en-
vironment leads to disorder in the electronic Hamiltonian of the aggregate, which
causes localization of the exciton states and has important consequences for the
optical properties of the aggregates.
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It is of interest to note that bulk crystals and aggregates traditionally belong to
different communities. Crystal properties are part of condensed matter physics,
in which delocalized electronic states are the rule and a limitation of the extent
of these states, due to disorder, is referred to as localization. On the other hand,
the field of molecular aggregates has developed within the physical chemistry of
dye molecules, where one takes a different point of view, emphasizing the delo-
calizing effect of the intermolecular interactions on the electronic states. Thus,
the simultaneous occurrence of the terms localization length and delocalization
length is explained from the fact that two different fields meet.

In this section, we will address the optical and nonlinear optical response of
Frenkel excitons in molecular aggregates. The role of disorder and multi-exciton
states (see Figure 4) will be stressed. For explicitness, we will mostly restrict
ourselves to one-dimensional aggregates. There is abundant evidence that upon
self-assembly in solution, many cyanine J-aggregates, in particular those of PIC,
are indeed (quasi-)linear [149,158,159]. As a consequence most of the theory has
been developed using one-dimensional models. It has appeared that these models
suffice to understand the salient optical properties the aggregates.

7.2. LINEAR OPTICS OF ONE-DIMENSIONAL J-AGGREGATES
7.2.1. Homogeneous Aggregates

We consider a linear aggregate, i.e., a chain of N equidistant two-level molecules,
with their transition dipoles of magnitude p all oriented parallel to each other
(Figure 11). Now the Frenkel exciton Hamiltonian in the Heitler—London approx-
imation takes the form (cf. Eq. (14))

N N
H=Y"wB{Bs+ Y JumB}Bn. (142)
n=1

n,m=1

where we have included the gas-condensed phase shift in the molecular transition
frequency w, (this also includes all interactions with the host molecules) and we

/ / / o o / /

n=1 n=N
Fig. 11. Schematic picture of a linear aggregate of N equidistant two-level molecules with parallel
transition dipoles of magnitude 1. The angle between the dipoles and the chain is B. For g < 54.7°,

the intermolecular dipole—dipole interaction is negative and the aggregate is a J-aggregate. Otherwise
it is an H-aggregate.
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have neglected dynamic exciton—exciton interactions. The latter may safely be
done, as such interactions do not influence the linear optical response. We will
impose open boundary conditions on the chain.

We will assume that the total aggregate is short compared to an optical wave-
length. This is not necessarily true for cyanine J-aggregates, but the relevant opti-
cal length scale, imposed by the localization length of the excitons, usually does
obey this condition. We may then write the (transition) dipole operator of the
aggregate as

M=puY (B} +By). (143)

where p is the transition dipole of the individual molecules. From the form of this
dipole operator, it is clear that in linear optics one can only probe properties of
one-exciton states (cf. Section 2.4.2).

It is useful to start our discussion of collective linear optical properties by con-
sidering homogeneous aggregates, in which all transition frequencies are taken
equal, w, = wp, and the transfer interaction J,, is just a function of the dis-
tance between the molecules n and m. To maximize the simplicity, we will first
assume that we only have transfer interactions between neighboring molecules
and we will denote the interaction strength by J. In one-dimensional systems,
approximating the long-range dipole—dipole interaction equation (6) by a nearest-
neighbor one is not too bad an approximation, certainly if one is mostly interested
in the essential physics. For quantitative fits to experiment, the long-range nature
may even in linear systems be of importance [160].

Keeping only the nearest-neighbor interactions, one finds for the one-exciton

eigenstates:
k) =/ ———sin( ) B ) (144)
= sin ,
N+l M\ Nx1)on'8

Q +2J 7k (145)
= W COS .
k 0 N + 1

with the energy

Here, k=1,2,..., N denotes the quantum number of the state. Clearly, all states
are delocalized standing waves of excitation on the chain, with the kth state having
k — 1 nodes. For N = 2, the above solution reduces to the states |+) of the dimer,
separated by 2|J|. With growing N, the one-exciton band obtains a width 4|/,
centered around the molecular frequency wy. The oscillator strength between the
ground state and the one-exciton k state is given by [161]

> I—(=DF 2> ,  mk
= cot .
2 N+1 2(N+1)

Wi g =|(kMg)] (146)
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Analysis of this result shows that almost the entire oscillator strength between the
ground state and the one-exciton band resides in the transition to the k = 1 state:
/,L%:l’g =081(N+ 1);12 for N > 1, which is 81% of the total. This is not strange,
as the k = 1 state is the only state in which the wave function contains no nodes,
so that the dipoles of the individual molecules oscillate maximally in phase in this
state. All states with kK = even have no oscillator strength, as their wave functions
are odd with respect to the chain center. The k = 3 state contains, for N > 1, 9%
of the oscillator strength to the one-exciton band. The oscillator strength of the
k =1 state, being of the order of N2, is generally referred to as a “giant” oscil-
lator strength. States having giant oscillator strengths, proportional to the volume,
also occur in other exciton systems with dimensions small compared to an optical
wavelength, e.g., in semiconductor microcrystallites [153,162]. Obviously, such
states dominate the optical response.

Thus, the absorption spectrum of the ordered chain is dominated by a peak at
the position of the k = 1 state, which for N >> 1 occurs to a good approximation
at wo +2J. For J > 0, one thus expects that the absorption spectrum of the aggre-
gate is blue-shifted relative to the monomer absorption spectrum, while for J < 0
we expect a red-shift. The former case is referred to as an H-aggregate, while
the latter case is called a J-aggregate. The optical properties of H-aggregates are
often harder to describe, as the state with most oscillator strength lies at the top
of the exciton band, allowing for very fast relaxation to lower exciton states after
its excitation. This makes the H absorption bands very broad and exciton—phonon
coupling is an essential ingredient in the proper description of its properties [163].
By contrast, the absorption of J-aggregates occurs at the bottom of the band, giv-
ing sharp absorption peaks (also see Section 7.2.2), that allow for a more detailed
study and description. We will be mostly interested in J-aggregates, i.e., J < 0.
The sharp absorption band of J-aggregates is known as the J-band.

The frequency shift 2J of the J-band relative to the monomer absorption spec-
trum (in the same solution), gives the magnitude J of the transfer interaction.
For J-aggregates of cyanine dyes, this interaction strength is typically of the order

~ —1000 cm™~!. Some caution is in place here, as this way of estimating J does
not account for the gas-condensed phase shifts induced by the surrounding aggre-
gate molecules. Still, independent calculation of the transfer interactions, using
extended dipole models, confirms the typical magnitude of the interactions for
cyanine dyes to be of the order quoted above [164].

Next, we address the radiative emission of J-aggregates. It turns out that this
process can be considerably faster than the single-molecule spontaneous emis-
sion [2,152]. From the above, the explanation is clear. In a typical fluorescence
experiment, used to measure the radiative emission, one excites off-resonantly in
the blue wing of the J-band. If the excitation rapidly relaxes to the lowest (k = 1)
one-exciton state, the spontaneous emission will occur with a rate that is of the
order of N times the single-molecule spontaneous emission rate. This is due to
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Fig. 12. Temperature dependence of the inverse fluorescence lifetime of PIC J-aggregates for the red
absorption site (solid symbols) and the blue site (open symbols). The straight lines are guides to the
eye, not theoretical fits. (Figure reprinted from Ref. [152] with permission from Elsevier.)

the fact that the oscillator strength of the k = 1 state according to Eq. (146) is of
the order of N times the oscillator strength of a single molecule. For this reason,
the k = 1 state is often called a superradiant state and the process of fast emis-
sion is also referred to as “exciton superradiance” or “cooperative spontaneous
emission”. Physically, the effect results from the fact that the k£ = 1 state has the
dipoles of the individual molecules oscillating almost perfectly in phase.

The cooperative spontaneous emission is only observed at low temperatures.
With increasing temperature, excitons will not necessarily all relax to the bottom
of the band, leading to an, on the average, lower oscillator strength per excited
state [165,166]. This lowers the observed emission rate, as is indeed seen in ex-
periment [152,165,167] (Figure 12). It should be stressed that, even at low temper-
atures, the interpretation of fluorescence experiments in terms of a superradiant
rate generally is more complicated than sketched above, due to the fact that the
kinetics of the populations of the various k states depends sensitively on the com-
petition between the relaxation and emission processes [168]. It also is of interest
to note that the superradiant enhancement of the oscillator strength of the k = 1
state starts to break down when the chain length approaches the relevant optical
wavelength X, simply due to the fact that the dipole approximation for the entire
aggregate breaks down. For perfectly ordered chains that are very large compared
to the wavelength, we have to introduce the polariton concept, which for this one-
dimensional case reveals one radiatively stable branch and one branch that decays
very fast, with a rate of the order A/a times the single-molecule emission rate
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(a the lattice constant) [169]. In practice, however, J-aggregates suffer from too
much disorder to enter this regime.

Finally, we briefly address the effect of going beyond the nearest-neighbor ap-
proximation for the transfer interactions. If we assume point-dipole interactions,
we have J,,,, = J/|n —m|3, where J still parametrizes the nearest-neighbor inter-
actions. Obviously, the existence of long-range interactions tends to delocalize the
one-exciton states even more. It turns out, however, that for chains with N > 1,
the wave functions of these one-exciton states are still very well described by
Eq. (144), thus preserving the essential features, like the existence of the domi-
nant k = 1 state. This has been found using numerical simulations [160] as well as
analytical estimates [170]. The oscillator strength of the dominant state increases
even somewhat (to 83% of the total). The long-range interactions cause the total
exciton band to take an asymmetric position around wy. In particular, the bottom
of the band, i.e., the frequency of the k = 1 state, moves to wg + 2.4J, while the
top lies at wy — 1.8J (remember that J < 0).

7.2.2. Disordered Aggregates: Exchange Narrowing and Localization

As stated already, disorder, induced by, for instance, configurational randomness
in the host medium has important effects on the electronic states of the aggregate.
A frequently used method to include such effects, uses in Eq. (142) w, = wy +
dwy, where the dw, are taken randomly and without correlation from the Gaussian

distribution
(bw)?
exp(— ) (147)

This is referred to as static diagonal or frequency disorder. The parameter o is
a measure of the strength of this disorder. The effect of intermolecular correla-
tions in the disorder can also be included, but we will not address this problem
here [151,171-173]. Also, we will not discuss the effect of off-diagonal disorder
(interaction disorder) [160,174].

The addition of the disorder contribution, Hgis = Zn Swy B; B,, leads to shifts
of the homogeneous exciton states found in Section 7.2.1. In addition, the disorder
will mix those states. To lowest order in the disorder, the shifts are given by

P(Sw) =

2mo

8 = (k| Hgislk) = E in’ 1) (148)
k dis N 1 - N ] n

Using the Gaussian and uncorrelated nature of the §w,, one finds that each of
these shifts is a Gaussian random variable as well, with a standard deviation, i.e.,
a typical value, given by [151,175,171]

/ 3
Okk = 0O m (149)
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In this result, we see reflected the effect of “exchange narrowing”: the delocalized
exciton states average over N uncorrelated Gaussian variables, which reduces the
fluctuations in their energy by a factor of the order of +/N. The disorder-induced
coupling between the different k states, (k| Hgis|k’), can be calculated in a similar
way [171,175]. It turns out that its typical magnitude is also exchange narrowed

and is given by (k # k):
: (150)
Ok = —_—.
=Y NF I

As long as the mixing of the exciton states due to their disorder-induced
coupling is negligible, it is easy to account for the disorder. This is the case
if the typical size of the coupling is small compared to the energy difference
between the homogeneous states. Using Eq. (150) and the fact that the small-
est energy separation occurs at the bottom of the exciton band and is given by
Qieo — Q=1 ~372%|J|/N? (Eq. (145) with N >> 1), this yields the criterion

o K 372J|/N? (151)

which clearly is seen to strongly depend on the size of the chain. This limit, in
which the exciton states all maintain their delocalized homogeneous wave func-
tion, is referred to as the exchange narrowing (or motional narrowing) limit. In
this limit of weak disorder, the absorption spectrum of an ensemble of aggregates
is dominated by a Gaussian peak centered at ;=1 and with a standard deviation

o,/ m Thus, the tendency of the delocalized exciton states to average over

the disorder offsets of the individual molecules, leads to the narrow absorption
lines of J-aggregates observed in experiment.

From Eq. (151), we see that the size of the chain plays in important role
when neglecting mixing between the homogeneous exciton states. In fact, as
J-aggregates of cyanine dyes may be thousands of molecules long, Eq. (151)
should never be expected to hold for these systems (the typical value of o is
in the order of 10°s to 100’s of cm~! while J is in the order of 1000 cm™!). Thus,
the excitons are expected to strongly mix and this mixing leads to new eigenstates
that are localized on a relatively small part of the chain. This effect of localiza-
tion of one-particle states in a disordered system is well-known in the field of
disordered conductors (Anderson localization [176]) and is particularly strong in
one-dimensional systems. The typical localization length depends on the energy
of the state (stronger localization at the exciton band edges) and on the ratioo /| J |:
J tends to delocalize the excitons, while o tends to localize them.

If the excitons are localized, one cannot expect the absorption line width to
scale like o/+/N anymore, and similarly, one cannot expect the low-temperature
spontaneous emission rate to scale proportional to N. Instead, one should expect
N in these expressions to be replaced by the typical exciton delocalization length
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Nge at the bottom of the exciton band (where the optically dominant states reside).
The reason is that only Nge] molecules are coherently coupled and have dipoles
that can oscillate in phase. The effective replacement of N by Nge| was noted by
Knapp already in his seminal paper on exchange narrowing [151].

It has turned out that in the case of weak localization (N >3>> Ngel > 1), it is
possible to understand the low-lying exciton states, i.e., the ones that dominate
the optical response, from a simple self-consistent picture [175]. The idea is that
the chain segment on which an exciton state is localized, may be considered a
weakly disordered chain of effective length Nge1, on which the effect of disorder
on the exciton state may be treated as in the exchange narrowing limit. Using this
picture in a self-consistent way, leads to a simple derivation of various scaling
relations [175,170,177,178], as we will demonstrate in the following.

Consider a segment with effective chain length Ngej, which is determined by
the disorder and is as yet unknown. On this segment, the typical disorder-induced
coupling between the effective exciton states scales like oy = 0 /+/Ngel + 1. The
typical energy difference between the effective states at the bottom of the band, is
given by A = 372|J|/(Nge1 + 1)2. If the coupling is larger than the energy separa-
tion, the states will mix and the delocalization length will further decrease. Thus,
in order for the segment length to be self-consistent, Nge should be determined
by equating oy = A. This leads to the scaling relation

—2/3 Y
Nde1+1=(3n’2)2/3(|07|> %9.6<|67|> . (152)

Similarly, the half-width at half maximum W of the absorption line (the J-band)
is given by the effective exchange narrowed value

W=0c 4 (153)
\ 2(Neet + 1)

Substituting Eq. (152) into Eq. (153), leads to

w= /21 (= 4/3~04|J| AN (154)
V2@ BTy, T )

This scaling relation for W is in fact well-known and may be derived by various
other methods [179,180]. It has also been confirmed by numerical simulations
[160,179,181]. The power 4/3 is not affected by adding long-range dipole—dipole
interactions, while even the prefactor 0.4 is only slightly changed [160] (note that
we use the half-width for W, where some other authors use the full width).

The scaling relation equation (152) is less well-known. As the low-temperature
spontaneous emission rate is expected to scale proportional to Nge + 1, this rela-
tion should describe the scaling of this rate with o /|J| [175]. Indeed, the power
—2/3 and even the prefactor 9.6 agrees rather well with numerical simulations of
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this quantity [160]. It turns out that this prefactor is sensitive to the inclusion of
long-range interactions [160], implying that a quantitative fit to experiment does
require such interactions to be considered.

The fact that the scaling relations, obtained using the above self-consistent ar-
guments, agree well with those obtained by other techniques, means that the pic-
ture of effective chain segments of length Nge works well for the low-energy
exciton states. Indeed, it has been confirmed by numerical simulations that the
lowest exciton states of a disordered chain have a structure that resembles the
homogeneous states on small segments of the chain [170,178]. It should be kept
in mind, however, that the thus obtained segment length Ny is a typical value,
which in practice undergoes rather big fluctuations [178].

The above scaling relations may and have been used to extract information
concerning the exciton delocalization length and (or) the disorder strength from
experimental observables. For instance, the low-temperature spontaneous emis-
sion rate, NgelYmol, With Ymol the single-molecule emission rate, has been used
by Wiersma and co-workers to find Nge1 & 50 for the case of PIC aggregates in a
1.5 K glassy host [152,158,165]. It should be noted that application of this method
requires an accurate measurement of the fluorescence quantum yield [182] and
also requires that the vibration assisted intraband exciton relaxation is fast com-
pared to the superradiant emission rate [168].

The second observable that has been used to measure the delocalization length,
is the absorption line width, in combination with the exchange narrowing relation
equation (153). A problem with this method is that, generally, one does not have
independent information on the microscopic parameter o. By lack of better in-
formation, one then takes this parameter from the inhomogeneous width of dilute
solutions, in which aggregation does not occur. This is a crude procedure, as a
molecule in a chain has quite a different environment than an isolated molecule
in solution. For PIC aggregates at cryogenic temperatures, this approach yields
values of Ngel of hundreds of molecules, up to 1600 [2], which is a big overesti-
mation of the above quoted (and now generally accepted as correct) value of 50.

If one chooses to use W to estimate Ny, it is better to do this without relying
on o. The self-consistent arguments given above allow one to extract Nge] from W
if J is known. This may be done by using Egs. (154) and (152), or alternatively, by
directly equating W to the splitting 372|J|/(Nge1 + 1)2. Both methods in principle
work well [177]. Although also the experimental determination of J meets with
some uncertainties (Section 7.2.1), it is generally better known than o, making
these methods more reliable.

So far, we have only discussed the emission rate and the absorption line width.
Of course, the absorption spectrum contains more information, in particular its
detailed shape and position. In order to determine these aspects, more extensive
calculations are necessary. Approximate semi-analytical techniques may and have
been used to calculate the absorption spectrum in detail. An example is the co-
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Fig. 13.  Measured (solid) and simulated (dashed) absorption spectrum of the 570 nm J-band of PIC
aggregates at 1.5 K. All dipole—dipole interactions are included in the simulations and the energy
is measured relative to the monomer energy (. The bars give the positions and oscillator strengths
for a homogeneous aggregate of the same length (250 molecules) with the same interactions. (Figure
courtesy of H. Fidder, also cf. Ref. [184].)

herent potential approximation [180]. The most popular technique, however, is
straightforward numerical simulation of the line shape [179,160], in which the
N x N one-exciton Hamiltonian is numerically diagonalized for many random
realizations of the disorder (both diagonal and off-diagonal disorder may be con-
sidered [160]). In practice, the length of the chain should be much larger than the
typical exciton delocalization length in order for the results to be reliable.

As an example, we show in Figure 13 the simulation of the J-band shape of
PIC aggregates at T = 1.5 K, using 500 chains of 250 molecules with long-range
dipole—dipole interactions. The solid line is the experiment, the dotted line the
numerical fit. The only fitting parameter is o/|J|, which was obtained to be 0.11
from these simulations. The value of J for PIC is —600 cm™!, implying a value
of o ~ 65 cm™!. The typical delocalization length at the position of the top of
the J-band, calculated using the participation ratio [179,160], is in the order of 50
molecules, which agrees with the observed enhancement of the spontaneous emis-
sion rate. The calculated line shape is seen to nicely fit the observed one. In par-
ticular the asymmetry of having a more pronounced high-energy than low-energy
tail, which is characteristic for J-aggregates, is well-reproduced. This asymme-
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try can be understood in a perturbative picture from the fact that higher k states
obtain oscillator strength as a consequence of their disorder-induced mixing with
the superradiant k = 1 state. Such mixing does not occur at the low-energy side
of the k = 1 state, as this is the lowest state in the homogeneous chain.

We observe that, although the simulated spectrum obviously fits the observed
one well, it is still quite noisy. This may be improved by simulating more disorder
realizations, which is a time-consuming solution. A better way to considerably
improve the statistics of the simulated spectra, is to use a rigorous smoothing
technique, in which one performs the average over the mean value of the mole-
cular frequencies within each chain analytically [183]. Since fluctuations in this
average value for the simulated (finite) chains are the main source of noise, this
smoothing technique is very powerful.

7.3. NONLINEAR OPTICS OF ONE-DIMENSIONAL J-AGGREGATES
7.3.1. Interest

The nonlinear optical response of J-aggregates has drawn considerable attention
since the late 1980s. Initially, most interest was aroused by the fact that the
occurrence of superradiant transitions could give rise to strong, so-called size-
enhanced, nonlinear optical susceptibilities. This would be of great interest for
the creation of nonlinear optical devices, like all-optical switches. To understand
the effect of size-enhancement, let us consider the nonlinear absorption spectrum,
which is the imaginary part of the third-order susceptibility x® (w; @, ®, —w)
[70,71]. Any third-order response function contains a product of four transition
dipoles, three to account for the interactions with the exciting fields and one to
generate the signal. In the case of exciton systems, these dipoles either connect
the ground state with the one-exciton band, or the one-exciton band with the two-
exciton band. We have seen already that one transition from the ground state to
the one-exciton band exists (the k = 1 transition) which has a dipole squared of
the order of N u? where p is the single-molecule transition dipole and N the num-
ber of molecules in the chain. Thus, the contribution to X(3) where all transitions
occur between the ground state and the kK = 1 one-exciton state, has a magnitude
that scales proportional to N2, which is factor of N stronger than the nonlinear
response of N noninteracting molecules. This contribution — which comes with
a minus sign — reflects the saturation of the one-exciton absorption. In addition,
positive two-photon absorption contributions to the two-exciton band exist that in-
volve two transition dipoles between the ground state and the one-exciton band as
well as two between the one-exciton band and the two-exciton band. Also among
the latter dipoles, superradiant ones occur (see Section 7.3.2), so that these con-
tributions also scale proportional to N2.

There are a number of limitations to the applicability of this size-enhanced scal-
ing. First, it is a purely resonant phenomenon. Out of resonance with the J-band
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(i.e., the absorption band), x® simply scales propertional to N [154,74]. Sec-
ond, as in the case of exchange narrowing and spontaneous emission, one does
not expect these size scaling relations to be valid under realistic conditions, as the
exciton delocalization size will generally be limited by disorder, in stead of by the
system size. Handwaving replacement of N by Nge] would yield an enhancement
by a factor Ngel' Numerical simulations have shown that the peak value of the
absorption saturation per molecule in the sample, scales like N gel, with § =2.36
[156]. Thus, the delocalization may indeed lead to strong nonlinear response. Ex-
periments on PIC J-aggregates have confirmed that they do exhibit large nonlinear
absorption coefficients [6,7,157]. A direct check of the size scaling has recently
been performed by creating cyanine dyes with different substituents and in differ-
ent solutions, which enables one to vary the disorder, and thus the delocalization
length, in a controlled way [185].

In addition to the application driven interest of size-enhancement, the nonlin-
ear optical response of J-aggregates also has aroused much interest as spectro-
scopic technique for studying the dynamics of the exciton states and for prob-
ing two-exciton (and higher) states. The latter may, for instance, be done using
the two-photon contribution to the nonlinear absorption mentioned above or the
pump-probe (transient absorption) spectrum. In general, any third-order optical
technique is sensitive to the two-exciton states. In the remainder of this section,
we will address the calculation of the two-exciton states in our aggregate model,
their role in the pump-probe spectrum, and the possibility which probing the two-
exciton states gives to determine the exciton delocalization length.

7.3.2. Incorporating the Two-Exciton States

Calculating the two-exciton states in general requires the diagonalization of the
Hamiltonian in the two-exciton subspace, which is a matrix of size N(N —1)/2 x
N (N —1)/2.In the case of disorder, where one has to consider many random real-
izations, this is almost prohibitively time-consuming for any realistic value of N.
It should be realized that the problem in calculating the multi-exciton states for the
Frenkel exciton Hamiltonian in the absence of dynamic exciton—exciton interac-
tions, like Eq. (142), resides in properly accounting for the Pauli exclusion (kine-
matic interaction — cf. Section 2.4.2), which forbids two excitations to occupy the
same molecule. Although in general dynamic exciton—exciton interactions affect
the two-exciton Hamiltonian and may lead to the formation of bi-excitons, such
bound states have thus far not been unambiguously observed in J-aggregates. This
motivates us to focus on the kinematic interactions only.

Two methods exist to account for this interaction without diagonalizing such
big matrices. The first method is the hard-core boson approach [33,34,44], which
has already been explained in Sections 2.4.2 and 2.4.3. It may be used for sys-
tems of any dimension and with arbitrary long-range excitation transfer interac-
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tions. It is limited to the inclusion of two-exciton states and relies on the Heitler—
London approximation. In fact, this method does not directly calculate these
states, but rather calculates the Green’s function of the scattering of two bosonic
one-excitons on an imposed hard-core potential that mimics the Pauli exclusion.
Third-order optical observables can be formulated in terms of this Green’s func-
tion, whose calculation requires the diagonalization and inversion of N x N ma-
trices. For more detail on this method, we refer to the literature [33,34].

The second method relies on the so-called Jordan—Wigner transformation
[37-39], which only works for one-dimensional systems, but has the advantage
that it allows for the calculation of all 2 multi-exciton states (even if one re-
laxes the Heitler-London approximation [46]). Another advantage is that it gives
simple expressions for these states, which allows for direct physical insight. This
method has been used in many simulations [39,74,75,156], and we will briefly
explain it below.

The Jordan—Wigner transformation transforms the Pauli excitations to non-
interacting fermions. This works for one-dimensional systems, if only nearest-
neighbor interactions are included. Adding long-range interactions, gives rise to
weakly interacting fermions. For excitons, the transformation was first used by
Chesnut and Suna [37]. It reads

n—1 n—1
CZ = B; exp(—m' Z B;Bm), Ccp = exp(ni Z B;Bm>Bn. (155)
m=1 m=1

It can be checked in a straightforward way that the new creation and annihilation
operators indeed obey Fermi anti-commutation relations. Moreover, it follows that
the Frenkel exciton Hamiltonian equation (142) (keeping only nearest-neighbor
interactions J), transforms to:

N N-1 N
H= anchn +J Z (CZC,,_H + c;Hc,,) = ZAnchcm. (156)

n=1 n=1 n=1
The advantage of the new Hamiltonian is not so much the nearest-neighbor in-
teraction, that we have restricted ourselves to, but rather the fact that it reflects
a system of non-interacting fermions, as is recognized from the fact that only
terms that are quadratic in the operators occur. All multi-fermion states can now
be obtained by diagonalizing the tridiagonal N x N matrix A implicitly defined
in Eq. (156). Let the eigenvalues of this matrix be denoted €2, and the normalized

eigenvectors ¢,,, then the diagonalized Hamiltonian reads

N
H=>"Q,mnn,. (157)
p=1

where the new fermion eigen-operators are given by n; =Y, bpn Ch.-
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An arbitrary v-exciton state may now be created by operating on the ground
state |g) (still the state with all molecules in the ground state), with v n; operators.
As the latter are Fermi operators, each mode p only can be excited once. Thus the
energy of a v-exciton state is given by the sum of v different one-fermion (or sim-

ply: one-exciton) energies €2 ,. The wave function in the molecular representatmn

is obtained by translating the n; operators, via the cn back to the operators B,,.

This yields Slater determinants of the eigenvectors ¢, as the expansion coeffi-
cients in the molecular representation [39]. It should be stressed that all this holds
in the presence of arbitrary disorder in the molecular energies (and the nearest-
neighbor interactions).

The N x N matrix A which is to be diagonalized, is identical to the one-exciton
Hamiltonian in the molecular representation. Thus, one immediately finds that the
one-exciton states calculated via the Jordan—Wigner transformation are identical
to the ones obtained directly within the paulion picture. The advantage lies in the
fact that the same diagonalization now suffices to also obtain all multi-exciton
states.

It is useful to briefly consider the special case of the homogeneous chain. Then,
the eigenvalues of the matrix A are the one-exciton frequencies 2 given in
Eq. (145) (the fermion label p is now replaced by k) and the ¢y, are given by
the sin(wkn/(N + 1)) one-exciton eigenfunctions. Using these results, we find
that the dominant transition from the superradiant k = 1 one-exciton state to the
two-exciton band occurs to the state nz: | 17}::2| g), in which the fermion states of
quantum label k = 1 and k = 2 are occupied. This transition is superradiant as
well, with an oscillator strength equal to 1.27(N + 1)u? (which is 70% of the
total oscillator strength from the k = 1 state to the two-exciton band) [74]. Thus,
for third-order experiments carried out resonantly with the J-band, one expects an
effective three-level picture, in which one only accounts for the ground state |g),
the one-exciton state ”11:1 |g), and the two-exciton state ”11:1 ’711:2 |g), to describe
the essential results.

7.3.3. Pump-Probe Spectrum of J-Aggregates

In the pump-probe technique, one measures the linear absorption spectrum of a
weak probe beam after the system has been optically excited by a pump-pulse.
The pump-probe spectrum is defined as the difference of this absorption spec-
trum and the normal linear absorption spectrum, obtained without pumping the
system [71].

For molecular aggregates, the pump pulse (if weak enough) can only excite the
system into one of its one-exciton states. Three different effects now contribute to
the pump-probe spectrum. (i) After pumping, less aggregates reside in the ground
state, causing the probe absorption into the one-exciton states to diminish. This
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effect, known as bleaching, gives negative contributions to the pump-probe spec-
trum at all allowed one-exciton frequencies. (ii) The probe pulse will lead to stim-
ulated emission of the one-exciton state excited by the pump-pulse. This, too,
gives a negative contribution. (iii) The probe pulse gives rise to extra absorption
contributions from the excited one-exciton state into the two-exciton band. These
so-called induced absorption contributions are positive and their spectral posi-
tions reflect the frequencies of dipole-allowed transitions between the pumped
one-exciton state and the two-exciton band.

Based on the effective three-level picture found at the end of Section 7.3.2
for the third-order response, one expects that for homogeneous aggregates only
two transitions dominate if the experiment is performed in resonance with the
center of the J-band. The k = 1 one-exciton state dominates the bleaching and
the stimulated emission. On the other hand, the two-exciton state that dominates
the induced absorption from the k£ = 1 state, is the state 17,:: 1771::2| g). Thus, the
dominant negative peak in the pump-probe spectrum is expected to occur at w =
Qk=1, while the dominant positive peak occurs at w = Qk=; (here @ denotes the
frequency of the probe pulse). As was first pointed out by Juzeliiinas [38], within
the fermion picture for the excitons one finds that the positive contribution is
shifted relative to the negative one over a frequency difference

32y
(N + 1?2’

which follows from Eq. (145) with N > 1. For J-aggregates (J < 0), Aw is
positive, i.e., the induced absorption is blue shifted compared to the one-exciton
bleaching and stimulated emission dip (see Figure 14). This shift is simply a con-
sequence of the Pauli exclusion of the double excitation of a single molecule and
may be referred to as the Pauli exclusion gap. In simple terms, the second exciton
effectively has less space than the first one, as it may not reside on the same mole-

Aw= Q) — Q=1 & (158)

N
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Fig. 14. Schematic picture of the pump-probe spectrum for a J-aggregate pumped in the center of
the J-band, with w the frequency of the probe beam. The negative peak reflects the bleaching and
stimulated emission of the dominant one-exciton transition, while the positive peak is the induced
absorption resulting from the dominant one- to two-exciton transition.
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cule. For J-aggregates, this forces the second exciton into a higher-energy state
than the first exciton. Although the transformation to non-interacting fermions
can only be made in one dimension, the above rationale holds in all dimensions,
and one generally expects for J-aggregates the induced absorption peak to be blue
shifted relative to the bleaching and stimulated emission dip.

The blue-shifted induced absorption peak has been seen in many types of
J-aggregates [41,186-190], including also the ring-shaped aggregates of chloro-
phyll molecules occurring in bacterial light-harvesting systems [191]. It seems
to be an almost generic feature for J-aggregates, implying that often the Pauli
exclusion shift dominates the nonlinear effects. The first strong evidence that in-
deed the unbound two-exciton state may be observed in J-aggregates, was found
for PIC aggregates at 1.5 K [41]. The experiment clearly yielded a blue-shifted
induced absorption and the theoretical description of the spectrum based on the
Pauli exclusion effect, perfectly agreed with the experimental data, without using
free parameters (Figure 15).

Mostly, the pump-probe spectrum has been used not so much to confirm the
existence of the two-exciton state, but rather to extract information on the delo-
calization length [172,188-191]. From Eq. (158) we see that the blue shift Aw
in the pump-probe spectrum is related to the size N of the chain. As before, it is
not reasonable to expect that the physical chain size will show up in the optical
spectra. Rather, one expects Eq. (158) to hold with N replaced by the typical de-
localization length at the position of the J-band, Nge]. In other words, one expects
the length scale obtained from the pump-probe spectrum through

NP 32| J|
del — Aw

to be a good measure of the actual exciton delocalization length. This expecta-
tion is supported by the hidden structure of the exciton states mentioned in Sec-
tion 7.2.2 [170,178]. Knoester and Bakalis have assessed the validity of this ex-
pectation by performing numerical simulations of pump-probe spectra for chains
of 250 molecules over a range of the degree of disorder o/|J| [75]. This study
showed that as long as static disorder dominates the line width, an almost per-
fect linear scaling exists between N, gg and the delocalization length Nge obtained
from the participation ratio at the center of the J-band: N gg = 1.3Nge + 1.7 (Fig-
ure 16). This confirms that at low temperature, the pump-probe spectrum indeed
serves as a useful tool to measure the exciton delocalization length. The scal-
ing breaks down when the homogeneous linewidth of the exciton transitions ap-
proaches the detuning Aw [75,192], as is also demonstrated in Figure 16.

It is quite remarkable that the simple Hamiltonian equation (142), without dy-
namic exciton—exciton interactions and accounting for only one molecular ex-
cited state, has been so successful in describing the pump-probe spectrum of J-
aggregates. Theoretical work on the inclusion of dynamic interactions in linear

—1 (159)
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Fig. 15. Measured pump-probe spectrum (solid line) of PIC aggregates in an ethylene glycol/water
glass at 1.5 K after pumping at 576 nm. The dotted line is the theoretical curve, based on the effec-
tive three-level picture discussed at the end of Section 7.3.2. Apart from the vertical scale, no free
parameters were used in the theory; all parameters were taken from linear optical experiments. The
insert shows the linear absorption spectrum. (Figure reprinted from Ref. [41] with permission from
the American Institute of Physics.)

aggregates and the associated possible formation of bound bi-exciton states has
been reported in Refs. [77,80,58]. Yet, we know of very few experimental reports
where such bound states have been suggested in J-aggregates [157,193]. Spano
has shown that only for a small range of exciton—exciton coupling strengths, the
pump-probe spectrum in the frequency region of the J-band is appreciably af-
fected by the extra interaction [80]. These coupling strengths may in practice
rarely be realized. Also the inclusion of a second molecular excited state | f),
dipole-allowed from the first exited state |e), has been studied theoretically in the
context of linear aggregates. A most interesting phenomenon in this model, which
includes a fusion interaction of the form B;f Bie By, 1s the possible interference
between single-molecule and collective nonlinear optical response, with the ap-
pearance and disappearance of two-photon absorption (or induced absorption)
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Fig. 16. The exciton delocalization length as obtained from the simulated pump-probe spectrum
through Eq. (159), in comparison with the real delocalization length as calculated from the partici-
pation ratio at the center of the simulated J-band. In the simulations, chains of N = 250 molecules
were used, with a diagonal disorder strength varying between ¢ = 0.001]J| and 0.3]J|. Data points
represent homogeneous line widths of 0 (), 5 x 10_4|J| (4), and 8 x 10_4|]| (). The solid line
is the best fit through the data with vanishing homogeneous line width and has a slope of 1.3. (Figure
reprinted from Ref. [75] with permission from the American Chemical Society.)

peaks as a function of the detuning and the relative dipole strengths of the two
intra-molecular levels [56]. The same three-level model has been used to model
exciton—exciton annihilation [85], an effect that plays a crucial role in molecular
aggregates at high laser intensities, limiting the effective exciton life time [194,
195] and affecting the nonlinear optical response [196].

7.4. AGGREGATES OF OTHER GEOMETRIES

Above, we have considered the optical properties of linear J-aggregates. Two-
dimensional cyanine aggregates are also well-known. They are formed by ad-
sorption on silver-halide microcrystals in photographic emulsions [11,12]. The
properties of such aggregates have been studied with similar techniques and mod-
els as we used above for the one-dimensional case. In general, the J-band is
broader than for the one-dimensional J-aggregates formed in solution (see, e.g.,
Refs. [197,198]). This also holds for two-dimensional cyanine aggregates formed
via the Langmuir—Blodgett technique [199-201]. In such two-dimensional aggre-
gates the nearest-neighbor approximation for the excitation transfer interactions
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can generally not be made and often the point-dipole approximation is very poor
as well. Better results may be obtained by using extended dipoles [31,198]. Fi-
nally, the end-surface of a molecular crystal may be considered a two-dimensional
aggregate, because the frequency of the molecules in this layer is detuned from
the inner layers, as a result of different gas-condensed phase shifts for molecules
on the surface layer [202]. Observing the fluorescence from the end-surface of
anthracene crystals, this has allowed for the first observation of superradiance of
two-dimensional exciton-polaritons [203].

Recently, the Daehne group has succeeded in preparing self-assembled cyna-
nine aggregates with interesting geometries, by making use of the special interac-
tions between amphiphilic side groups and the solvent. This has for instance re-
sulted in the preparation of cylindrical cyanine aggregates [204], which mimic the
cylindrical light-harvesting systems that occur in green bacteria [205,206] (Sec-
tion 8). As a result of the circular geometry, a mono-wall cylindrical aggregate
has three superradiant transitions, two of which are degenerate [207,208]. As has
been confirmed by experiment [209], this leads to the formation of two perpendic-
ularly polarized absorption bands, as opposed to the single J-band observed for
linear J-aggregates. Finally, an interesting class of aggregates are the columnar
H-aggregates prepared from discotic molecules, with an absorption peak that is
blue-shifted relative to the monomer transition [210].

8. Excitons in Biological Systems

Molecular electronic excitations play an important role in the photosynthetic sys-
tems of bacteria and higher plants. In such organisms, light-harvesting (LH) sys-
tems occur, whose task it is to absorb the light of the sun and to transport the
excitation energy to the photosynthetic reaction center [13]. Chlorophyll mole-
cules are the main building blocks of these LH systems. They play the role of
both absorber and transport medium. Various types of (bacterio)chlorophyll mole-
cules exist, which may absorb in different parts of the electromagnetic spectrum.
The efficiency of these systems is extremely high: more than 90% of the excita-
tions created by the sun light lead to a charge separation in the reaction center.
As chlorophyll molecules have a spontaneous emission time of the order of 1 ns,
this implies that the transport has to take less than 100 ps. Over the past decades,
much work has been devoted to understanding the mechanism of this efficient
transport. Here the main question is whether the transport should be described as
incoherent, i.e., Forster transport from molecule to molecule, or whether coherent
excitons, delocalized over several or many molecules play a role (cf. Section 4).
As biological systems generally have a complicated and not very regular config-
uration, one might expect that coherence plays only a minor role. It is of interest,
however, that during the past decade the structure of several LH systems has been
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Fig. 17. Side and top views of the pigment structure of the light-harvesting complex LH2 of the
purple bacterium Rhodopseudomonas acidophola. Two rings of bacteriochlorophyll molecules exist.
The upper one contains 18 molecules, the lower one 9. The linear molecules are carotenoids. (Figure
courtesy of R.J. Cogdell.)

unraveled in detail and that some of these systems, especially those occurring in
bacteria, exhibit a surprising amount of symmetry.

Probably best known are the circular light-harvesting systems LH1 and LH2 of
purple bacteria, which are systems with a 16-fold and 8- or 9-fold symmetry, re-
spectively [211,212]. For Rhodopseudomonas acidophila, LH2 has a 9-fold sym-
metry (Figure 17). It contains two rings stacked on top of each other, both with a
diameter of about 5 nm, one of which (the B80O ring, absorbing at about 800 nm)
contains 9 bacteriochlorophyll molecules and the other (the B850 ring, absorbing
at about 850 nm) contains 18 [211]. The transition dipoles of all molecules lie (al-
most) in the plane of the rings and rotate around the ring with the position of the
molecule. If the rings have no electronic disorder, this situation would give rise to
Frenkel exciton states of the Bloch form, with only the states with wavenumber
427 /N (N the number of molecules in the ring) being dipole allowed [213-215].
The random conformations of the surrounding protein scaffold, however, breaks
the electronic symmetry and may lead to localization. It is generally accepted that
the transfer interactions between the molecules in the B80O ring are too weak to
overcome the disorder strength and to delocalize the excitations in it. This has
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indeed nicely been demonstrated by fluorescence excitation experiments carried
out on single LH2 complexes [216]. For the B850 ring, the situation is different,
as the intermolecular distances between neighboring molecules are small (about
9 A), leading to interactions of the order of a few hundred wave numbers. Similar
single-complex experiments have indicated that the absorption spectrum of each
of these rings is typically dominated by two perpendicularly polarized transitions,
which are separated by about 100 cm™! [215]. These transitions may be under-
stood as originating from the 2 /N transitions, with the splitting being caused
by disorder and (or) a deformation of the ring [215,217]. This strongly suggests
that the primary excitations, created immediately after the absorption of light, are
strongly delocalized (over almost the entire ring). At the same time, pump-probe
[191] and superradiant emission [218] experiments indicate that the excitations
after vibronic relaxation extend over only a few molecules. Much work has also
been done on the energy transfer from the B800 ring to the B850 ring [219,220],
which occurs through rather weak interactions and may be understood in terms of
incoherent hopping transport. It has been demonstrated by Sumi and coworkers
that the involvement of many molecules requires an adaption of the usual Forster
method to calculate the relevant transfer rate [221,222].

A second type of highly symmetric LH system are the rod elements in the
chlorosomes of green bacteria [205]. For Chloroflexus aurantiacus, these are
cylindrical aggregates of bacteriochlorophyll molecules, with a diameter of about
5 nm and a length of up to a few hundred nm [206]. These aggregates may be
thought of as 6 helices of chlorophyll molecules intertwined on the cylinder sur-
face. In the limit of long homogeneous cylinders, such aggregates exhibit three
superradiant states, two of which are degenerate [208,223]. These transitions are
too broad to separate in ensemble absorption experiments. Additional informa-
tion may be obtained using polarized spectroscopic techniques, such as linear and
circular dichroism. It is of interest that such helical molecular aggregates con-
tain a circular dichroism (CD) signal, even if the individual molecules have no
rotational activity [208,223]. This is yet another interesting example of collective
optical response in molecular aggregates. For the possible development of bio-
mimicking synthetic complexes, it is of much interest that cylindrical aggregates
have also been prepared synthetically, through self-assembly from TDBC cyanine
dyes with amphiphilic substituents [204] (cf. Section 7.4). As cyanine dyes have
stronger transition dipoles than chlorophyll molecules, such synthetic complexes
may at some time surpass the natural ones in performance.

We finally note that other LH complexes in bacteria (for instance, the FMO
protein [224]) and higher plants (photosystems I and II [225,226]) have a much
lower degree of symmetry. Although the exciton delocalization is not very strong
in these systems, effects of several molecules participating in the excitation can
still be observed in some of these systems [227].
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9. Concluding Remarks

In this chapter we have described the basic theory and several key experiments
of Frenkel and charge-transfer excitons in organic solids. While in some respects,
this field may be considered classical in the sense that it has gone through a his-
tory of almost three-quarters of a century, it still constitutes an extremely impor-
tant field to date. Most of the optical properties as well as the energy transport
properties in molecular solids result from the static and dynamic properties of
these neutral excitations. Moreover, the scope of this field has undergone a strong
development from the study of three-dimensional organic bulk solids, such as
the classical aromatic crystals, to include nanoscale systems, such as molecular
J-aggregates and biological light-harvesting systems. The increasing interest in
energy transport, storage, and manipulation on molecular length scales, both in
synthetic and in natural systems, should be expected to further strengthen this
development.
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1. Introduction

In this second introductory chapter, the concept of Wannier—Mott exciton in bulk
and low-dimensional semiconductors will be reviewed, including non-linear ef-
fects in quantum wells, with all the emphasis on a physically motivated discussion
rather than on formal derivations. With no pretense of completeness, the presen-
tation is tailored to the needs of readers not already familiar with semiconductor
physics [1] and the choice of material has a bias towards the general topic of
this volume. The impressive achievements in inorganic semiconductor quantum
confined structures [2], and in exciton based optoelectronics in particular, are an
omen of success for the rapidly developing field of optically active organic based
low-dimensional structures.

The low temperature optical properties of pure semiconductor crystals and of
their heterostructures are dominated, just below the band edge, by exciton absorp-
tion lines typically arranged in a hydrogenic series. The excitons in semiconduc-
tors have a Bohr radius ag, related to the relative motion of electron and hole,
which is much larger than the lattice constant. Thus, they are well described as
Wannier—Mott, or weak binding, excitons [3], as opposed to tightly bound Frenkel
excitons [4]. Apart from a small reduced mass, the electron-hole attraction is
screened by the large dielectric constant ¢ &~ 10 and the exciton binding energy
Ey, i.e., the difference between the 1.5 exciton line and the electronic band struc-
ture gap, is only a tiny fraction of the Rydberg, not more than a few tens of meV.

The envelope function approach is well suited to describe Wannier—Mott exci-
tons, as discussed in Section 2 for the bulk and in Section 3 for quantum confined
structures [5]. In the most relevant case of a quantum well thickness L of the order
of the Bohr radius, the motion of the electron and of the hole along the growth

97
THIN FILMS AND NANOSTRUCTURES, Vol. 31 Copyright © 2003 by Elsevier Inc.

ISSN 1079-4050 All rights reserved
DOI 10.1016/S1079-4050(03)31002-6



98 G.C.LA Rocca

direction are separately quantized and the binding energy and oscillator strength
of the quantum well exciton are significantly increased compared to the bulk.

At high excitation density, non-linear effects come into play and the picture of
excitons as ideal bosons is to be abandoned [6]. In Section 4, the most simple
and basic considerations are discussed in the complex and still rapidly developing
field of many-body and correlation effects in semiconductor optics [7]. In the in-
termediate density regime where the excitonic resonances still persist, the nonlin-
earities scale as n/ng where n is the two-dimensional exciton density and ng the
corresponding saturation density ng ~ 1/ (na%D), being a>p the two-dimensional
exciton radius. Moreover, for appropriate conditions, biexcitons, i.e., molecular
states of two excitons bound together, may form and affect the optical proper-
ties [8]. Finally, the possibility of Bose—Einstein condensation of excitons will be
considered [9].

2. Wannier—Mott Excitons in Bulk Semiconductors

2.1. BAND STRUCTURE OF DIRECT GAP SEMICONDUCTORS

The electronic states of inorganic semiconductor crystals are well described by a
band structure calculated assuming an appropriate crystal potential V' in a rigid
lattice in the one-electron approximation, i.e., including electron—electron inter-
actions only on average with no correlation effects. The corresponding single par-
ticle Hamiltonian is
et
=-—+ V() ey
2my

where my is the electron mass, p the momentum operator, and V the mean field
potential having the full symmetry of the crystal, in particular the translational
symmetry.

The single particle eigenstates have energies E,x and are Bloch states charac-
terized by a wavevector k within the first Brillouin zone and by a band index n

\/iﬁ T Ui (), 2)
where u,k(r) is periodic on the unit cell of volume 2 and the total volume of
the crystal is V = NQ. As an example, the band structure of GaAs is shown in
Figure 1. The highest occupied valence band and the lowest empty conduction
band have each large bandwidths and small effective masses, corresponding to
well delocalized electronic states.

The energy band gap E, between the bottom of the conduction band and the
top of the valence band falls in the visible or near infrared spectral region. As
the wavevector of light 277 /A is much smaller than the size of the Brillouin zone

wnk (I‘) =
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Fig. 1. The band structure of GaAs (from J.R. Chelikowsky and M.L. Cohen, Phys. Rev. B lil (1976)
556). The top of the valence band (I'g) and the bottom of the conduction band (I'g) occur at k = 0 (I
point).

/1, being [ the lattice constant, only “vertical” transitions are allowed between
electronic states having the same k. A direct gap semiconductor has the top of
the valence band and the bottom of the conduction band at the same point of
the Brillouin zone (typically the I point at k = 0), and, if the symmetry of the
Bloch functions correspond to an allowed transition, it exhibits a well pronounced
absorption edge at the band gap, becoming opaque at frequencies /iw > E, with
an absorption coefficient « &~ 10* cm™!. As an example, the absorption edge of
InSb is shown in Figure 2 [10].

2.2. INTERBAND TRANSITIONS AND OPTICAL CONSTANTS

The quantum mechanical transition probability from an initial valence band state
to a final conduction band state under an electromagnetic field described by the
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Fig. 2. The absorption edge of InSb (from G.W. Gobeli, H.Y. Fan, in: Semiconductor Research,
Purdue University, 1956).

vector potential A = Apé(e™® 4 c.c)is given by the Fermi Golden rule

2

2w | eAop R
(Vekle - plyk)| S(Eck — Evk — ho). 3)

P= A |moc
In the above expression, contrary to the case of localized molecular excita-
tions [4], the electromagnetic field responsible for the interband transition is just
the macroscopic Maxwell field, because for the case of delocalized electronic
states local field effects are negligible. The same holds true for the large radius
Wannier—Mott excitons discussed later on.



WANNIER-MOTT EXCITONS IN SEMICONDUCTORS 101

The imaginary part £2(w) of the optical dielectric constant can be directly cal-
culated summing on all possible transitions from an occupied to an empty state
(then, via Kramers—Kronig analysis € (@), and all other optical constants can be
obtained) [3]

2 2dk
exwr=(’m> }:f( |6 Mey®)*8(Eck — Evk — hw),  (4)

mow 27)3

where the integral is over the Brillouin zone and a factor 2 for spin has been
included; the transition matrix element is

M,y (K) = (Yek [Pl Yuk) = <'ﬂck| [H r]|Yk)

img

= _(Eck vk)<¢ck|r|1/ka>

J@@rvmww ©)

and the corresponding dimensionless oscillator strength f is

- M. 6)

f:

mohw

For a direct gap semiconductor with an allowed transition at the absorption
edge, it is a good approximation for Zw ~ E, to consider the transition dipole
matrix element M as a constant. Then, the integral in Eq. (4) reduces to the joint
density of states (JDOS) which vanishes for iw < E, and for hw 2 E, can be
evaluated near the absorption edge assuming a parabolic dispersion of the con-
duction and valence band states

JDOS(w) = éd; 8(Eex — Eyk — hw) o \/hiw — Eg. 7

This result correctly describes the gross features of the absorption edge for al-
lowed interband transitions in bulk semiconductors.

2.3. ELECTRON-HOLE CORRELATION

The discussion above neglects the attractive interaction between the electron pro-
moted into the conduction band and the hole left behind in the valence band.
However, their motion is correlated and, in particular, they can be bound into
Wannier—Mott excitonic states with an energy below that of the single particle en-
ergy gap. The exciton radius ag is large and the binding energy correspondingly
small, therefore the exciton absorption lines are typically prominent only at low
temperatures, as shown for example in Figure 3.
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Fig. 3. Excitonic absorption in bulk GaAs: at room temperature (open circles) the 1S exciton peak
is no longer observed (from M.D. Sturge, Phys. Rev. 127 (1962) 768).

The basic exciton physics can be discussed considering the case of non-degen-
erate conduction and valence bands with extrema at k = 0 and a dipole allowed
interband transition matrix element. Spin degrees of freedom will be neglected,
for the time being, and the exciton state written as

V dk N
|®jqQ) = o)’ AjK) e, Q/m Ve—myQ/m1G)s )

where |G) is the semiconductor ground state, ¢t creates an electron in the con-
duction band while v destructs one in the valence band. The exciton center of
mass wavevector Q for resonantly generated excitons is given by the wavevector
of light, and even in other cases is typically much smaller than the size of the Bril-
louin zone. The function A ; (k) describes the correlated relative motion, labelled
by j (e.g., j =15,25,2P...); A;(Kk) has a range around k = 0 of the order of
7 /ap, much smaller than the size of the Brillouin zone. Thus, in the above equa-
tion the parabolic approximation is used for the electron and hole dispersion, with
effective masses, respectively, m, and my,, being M = m, + m, the total mass of
the exciton.

2.4. EFFECTIVE MASS APPROXIMATION

Using the hole representation for the valence band, the exciton state can also be
described by a two particle wavefunction ®(r, ry)

Q 0.
P Qre, 1) =\ < Fj (Ko — 1) ! G ORTAMINICEID y o 1y (1), (9)
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where the cell periodic functions u are approximated by those at k = 0. The en-
velope function Fj(r =r, — ry,) of the relative motion is

dk iy
Fj(r) = W/ o e®T A (K), (10)
and, within the effective mass approximation [3], it satisfies the hydrogen-like
Schrodinger equation

( AR

2
) __) Fur(r) =E, F,(r), (11)
W er

where the reduced mass given by u = (m,mp)/(m, + my,) is usually only a frac-
tion of mo, and the dielectric constant ¢ screening the electron—-hole Coulomb
attraction is typically large (¢ & 10), its choice being discussed below.

On the basis of the above equation, the Wannier—Mott exciton turns out to be a
“rescaled hydrogen atom” with binding energies depending only on the principal
quantum number 1

* 4 2 2
En=- R'= L= hzz S (12)
n 262h*  2uaj  2eao

the effective Rydberg R* being typically of the order of 10 meV and the exciton
Bohr radius ap larger than 1 nm, which justifies a posteriori the effective mass
approximation. The exciton energy levels are given by

”'12 Q2 R*
E:1Q=Eg+W—n—2§ (13)
and, e.g., the lowest bound state n» = 1 has the 1§ envelope function
Fis(r) = e/, (14)

3
TTag

2.5. EFFECTIVE SCREENING

As for the dielectric constant ¢ screening the electron—hole attraction, it takes
into account both the background contribution of electronic origin and the lattice
contribution. The latter, however, is fully effective only when the binding energy
is smaller than the longitudinal optical phonon energy (and, correspondingly, the
exciton radius larger than the polaron radius); in this case, that applies for instance
to weakly polar semiconductors as GaAs, the static dielectric constant should be
used, together with effective masses and band gap values including the electron—
phonon interaction, i.e., the experimentally measured ones.

In other cases, for instance, for ionic semiconductors with comparatively small
radius excitons like ZnSe, a potential interpolating from the full static screening
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at large electron-hole distances to the high frequency electronic screening only
at small distances could be used [11], or the phonons and the electron—phonon
interaction should be explicitly included in the dynamics.

2.6. ELECTRON-HOLE EXCHANGE INTERACTION

So far, spin degrees of freedom have been ignored. In the case of negligible spin
orbit coupling, it is convenient to consider separately spin triplet and spin singlet
excitons, only the latter being optically active. Then, for spin singlet excitons only,
the electron—hole exchange interaction is also present and adds to the effective
mass Hamiltonian of Eq. (11) for the envelope function a term of the form

(J2n, + I (D)) 8(x): (15)

the exchange interaction comprises an analytical part (independent of Q) that
gives the tiny splitting between the singlet and triplet excitons, and a non-analyt-
ical part. In isotropic media, such as most semiconductors of interest, the latter
contribution splits the longitudinal from the transverse excitons [3], having polar-
ization along 0 or perpendicular to it, respectively. This contribution to the energy
of a longitudinal Wannier-Mott S excitons is J 5} [ Frs (r = 0) |2 ~ d?/(nap)?, be-
ing d the interband transition electric dipole, and is much smaller than that of the
electron—hole Coulomb attraction. Moreover, the non-analytical part of the ex-
change interaction corresponds to the long range unretarded dipole—dipole inter-
action, and should not be included in the exciton energy appearing in the dielectric

function given below (Eq. (17)) [12].

2.7. OSCILLATOR STRENGTH

Optical transitions are only allowed to Q =~ 0 spin singlet excitons, and, when the
interband dipole matrix element at the band edge does not vanish, only to S states.
The dimensionless oscillator strength is obtained as
fo = 2——[(®s.0m0lé - PIG)
n = mohw nS,Q=0 |Y

V dk
f s Ans(k)

P :

2 .
=2———|(¥e0lé - pl¥roo)
mohw

2 . 2 2
=2——[(¥eole - plYwo)| V| Fas(r=0)|", (16)
mohw

the factor | F,,s (r = 0)|? tells that the transition rate is proportional to the probabil-
ity to find electron and hole in the same place, in particular f o (//ag)?, and the
oscillator strength per unit volume scales as f;,/V ~ (nag) 3 (e.g., f2/f1=1/8).
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In Eq. (16) the factor 2 appropriate for pure singlet states in the absence of spin—
orbit interaction is included. In the presence of spin orbit coupling, the appropriate
factor is twice the spin singlet component in the exciton state (and the same factor
should also appear in the exchange interaction of Eq. (15)) [15].

The bound state optical resonances can be described by the following complex
dielectric constant

47 e? fn
= , 17
e(w)=¢ep+ oV Z Eraco/P? — 2 —iyne (17)

n

where E, Q=0 is the energy of the transverse exciton, &, is a background dielec-
tric constant and y;, a phenomenological linewidth due, e.g., to phonon scattering.
Such dielectric constant can be used in Maxwell equations to obtain the corre-
sponding polaritons [13].

2.8. SOMMERFELD ENHANCEMENT

Apart from the hydrogenic series of lines appearing below the band gap energy
and corresponding to the optical transitions to the nS bound exciton states, the
electron—hole Coulomb attraction also modifies the absorption band for energies
just above the absorption edge as also unbound electron—hole pairs are not uncor-
related. Such effect leads to an enhanced value of &2 () for iw 2 E, given by the
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—
-
—— -

— -
-

-

ABSORPTION COEFFICIENT

'
/

A\ —

»

EqR3p Eg E

- /“‘
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Fig. 4. Sketch of excitonic effects on the absorption edge, the dashed line showing the uncorrelated
interband absorption.
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Sommerfeld factor [3]

X R*
x(w)= |——, (18)

S(w)=—F——,
sinh(7rx) ho — Eg

as sketched in Figure 4.

2.9. VALENCE BAND DEGENERACY

The description of the bulk exciton properties given above is based on the effec-
tive mass equation of Eq. (11), appropriate for non-degenerate valence and con-
duction bands. In most semiconductors of interest, the uppermost valence band is
degenerate (as described by the Luttinger matrix [1]) and the exciton wavefunc-
tion is a linear superposition containing the various degenerate bands, as a con-
sequence the kinetic energy term becomes a matrix and the single equation (11)
a set of coupled equations [3]. Yet, due to the smallness of the reduced mass the
diagonal terms are dominant and the resulting exciton spectrum is again nearly
hydrogenic [14].

3. Quantum Confined Wannier—Mott Excitons

The Wannier—-Mott exciton resonances in an intrinsic bulk semiconductor have
properties determined by the electronic band structure as discussed above, and
thus they can only be changed with stringent limitations by choosing a different
material. Starting from the seminal work of Esaki and Tsu around 1970, however,
the possibility of tailoring the electronic properties of man-made layered mate-
rials has led to the impressive development of the field of semiconductor nanos-
tructures [2]. Band structure engineering allows to change with great flexibility
the electronic and optical properties of quantum confined semiconductor systems.

3.1. QUANTUM WELL CONFINEMENT

The basic example of an artificial low-dimensional structure is an epitaxially
grown quantum well in which a central semiconductor layer (the well) is sand-
wiched between semiconductors having a larger band gap (the barriers) in such a
way that the profile of the bottom of the conduction band along the growth direc-
tion confines the electrons within the well layer, and similarly for the holes in the
valence band (i.e., a type I quantum well). If the coherence length of the electrons
(and holes) is larger than the quantum well thickness L., the regime of quantum
confinement is realized in which their motion along the growth axis is discretized,
while the one along the well plane remains free, giving rise to a two-dimensional
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Fig. 5. Schematic quantum well band profile and confined wavefunctions.

subband structure as sketched in Figure 5. As the size of a quantum well is typi-
cally much larger than the lattice constant /, an effective mass description of the
quantum confined electronic states is valid, taking into account the appropriate
boundary conditions at the well/barrier interfaces [3].

The confined electron wave function is written as

Vet (1,2 = <= e () VT ), (19)
D

where m is the subband index, z is along the growth direction and rj = (x, y)

along the quantum well plane, k| is the wavevector of the two-dimensional free

motion, Nap the number of unit cells along the plane and F, , (z) the quantum

confinement envelope function. Assuming infinite barriers, the confinement ener-

gies and envelope functions are

K R2 am\? 2 mmz
Ec,mk” = —” + —(_> , Fc,m(Z) = L_ Sil’l( 2 ), (20)

Zme Zme Lw w w

and similarly for hole states. Thus, for m, >~ 0.1 mg and L,, >~ 5 nm, the scale of
the confinement energy is Ey—i k=0 =~ 140 meV.
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In the realistic case of finite barriers, the envelope function leaks out of the well
into the barrier region and can be obtained matching at the interfaces the values of
F(z) and e ] @ 9z ) F (z), where the discontinuity of the effective mass is accounted
for and probablllty current conservation ensured [3]. At least one bound state is
always obtained, and for sufficiently wide or deep wells the lowest bound states

are qualitatively similar to the infinite barrier ones of Eq. (20).

3.2. INTERSUBBAND TRANSITIONS

In such a quantum well, undoped and made of a semiconductor with an optically
allowed direct gap Ey, the absorption edge (disregarding excitonic effects) corre-
sponds to the promotion of an electron from the highest confined valence subband
to the lowest confined conduction subband at an energy given by

h2 2
E ~F — 1, 21
¢2D +2M< ) 21

being p the reduced mass in the well.

In the case of a single quantum well for light propagating along the growth
direction, the quantity of direct physical meaning to describe the optical properties
is the dimensionless absorption probability [15] defined as

absorbed energy per unit time and unit surface

w(w) = — — . ) (22)
incident energy per unit time and unit surface

which, similarly to Eq. (4), is calculated summing over all possible transitions

(27‘[6’) 2dk|| N 2
LU((U) nmoa)c Z / (27_[)2 |€ . Mcv,m(kl\)| S(Ec,mk” - Ev,mk” - hw)
(23)

where n is the index of refraction, the integral is over the two-dimensional Bril-
louin zone, and the transition matrix element is

Mey,m = (Ye,mk; IPI1Vv,mk)

c,v,m

:/ druy(r) puy(r) /dZFzm(Z) Fym(2)
Q

N imoEgop

T eh
approximately independent of k; in the above equations, the selection rule
Am = 0 appropriate for the infinite barrier case has been taken into account. Then,
at the two-dimensional absorption edge given by Eq. (21) (and similarly at each
higher subband edge corresponding to m > 1) the integral in Eq. (23) reduces to
the two-dimensional joint density of states which vanishes for iw < Egop and for
hw > Egop is a constant, i.e., it is a step function as sketched in Figure 6.

dey, (24)
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Fig. 6. Sketch of a quantum well absorption edge, the dashed line showing the uncorrelated inter-
subband absorption.

3.3. QUANTUM WELL EXCITON STATES

When excitonic effects are considered, two different regimes may be realized.
In very large quantum wells (L, >> ap), the single particle confinement energies
(Eq. (20)) are small compared to the effective Rydberg R* (Eq. (12)), the electron
and hole relative motion is unchanged with respect to the bulk case, while the
exciton center of mass motion itself is confined along the growth direction. In
narrow wells (L, < ap), the electron and hole motion along the growth direction
is separately quantized (Eq. (20)) with a confinement energy large compared to
R*, and mainly the dynamics along the quantum well plane is affected by the
electron hole attraction giving rise to quasi two-dimensional excitons.

The latter case is more interesting as quantum confinement can be used to tailor
the exciton properties, and in particular to enhance its binding energy and oscil-
lator strength. The lowest optically active quantum well exciton can be described
by the two particle wavefunction

2
2D
®j(re, 1p) = T Fio(xe = thy) Fe1(ze) Fy y(zn) uco(re) uyo(rn), (25)
where F2P is the two-dimensional exciton envelope function, the quantum num-

ber j refers to the in plane relative motion and only the lowest pair (i.e., m = 1 in
Eq. (20)) of electron and hole subbands has been included.
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F2D

The effective mass equation [5] satisfied by can be written as

h?v? 2
(_—__/ / |Fc1(Ze)Fv](Zh)| )FnL(I')ZEnFnL(r)s

(26)
the electron and hole confinement along z tending to increase their attraction with
respect to the bulk case.

In the strictly two-dimensional limit (i.e., for infinite barriers with L,, — 0, and
| Fe,1 (z)|2 =|Fy,1 (z)|2 = 46(z)), the effective mass equation satisfied by F?D can
be solved exactly [16] giving

R*
2D _

the binding energy of the lowest exciton in the strictly two-dimensional limit is
therefore Ri"D =4 R* (see also discussion below). The exciton energy levels, in-
cluding also the in plane center of mass translational energy, are given by

QR
2M (n—1/2)%’
and, e.g., the lowest bound state n = 1 has the 1§ envelope function
— 2\/5 e72r/a0
ap /T ’

where the two-dimensional exciton radius is asp = ap/2.

EnQ” = EgZD + (28)

FiP(r) = (29)

3.4. QUANTUM WELL EXCITON ABSORPTION

The dimensionless oscillator strength is obtained from Eq. (25) as

fnZD— moh ’e M.y, 1’ (NZDZZ)’FZD(I'—

(30)

where My =1 is given in Eq. (24) and, in the strictly two- dimensional limit, the
oscillator strength per unit area scales as fZD/(Nlez) ~(n— 1/2) 2

Also for quantum wells, the electron—hole interaction leads to an enhancement
of the absorption probability even for unbound electron—hole pairs at energies
hw 2 Egqop, by an amount given by the two-dimensional Sommerfeld factor [16]

(@) = —= =& 31)
= T e M e B

as sketched in Figure 6.
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The dimensionless absorption probability of Eq. (22) integrated over a quan-
tum well exciton line is directly related to the oscillator strength per unit area of
Eq. (30)

27'[262 fZD
do = 1 32
/w(a)) @ nmoc Nopl? (32)

and, for a multiple quantum well system of period L,, 4+ L, being L; the barrier
width, the absorption coefficient is a(w) = w(w)/(Ly + Lp).

A single quantum well, because of the broken translational symmetry along
the growth axis, should in general be described by a non-local dielectric re-
sponse [15], it is however useful the introduction of an effective complex dielec-
tric constant for a quantum well exciton resonance given by

4 e? £
mo Nop 12 L (EnQy=0/1)* — 0 — iyyo’

en(w) =€p+ (33)
where the characteristic length L is the well thickness L,, (for a multiple quan-
tum well, instead, d = L,, + Lp), €» the background dielectric constant and
¥, the quantum well exciton phenomenological linewidth discussed below. The
above expression can replace the non-local theory provided that the width of
the structure L is small compared to the wavelength inside the structure (i.e.,
JVen(w)(w/c) L « 1), condition that reduces to [20]

2
»( Lo
|en (@) — €| (—) <1, (34)
2mc
which is usually satisfied even near resonance for typical thicknesses L and broad-
enings y. The expression given by Eq. (33) is useful, for instance, to calculate the
normal incidence reflection and transmission coefficients of a multilayered struc-
ture via a standard transfer matrix approach in which each layer is considered as
a homogeneous medium. In the case of oblique incidence, due account of the po-
larization dependence should also be taken (the effective medium being uniaxial).

3.5. EXCITON LINEWIDTH

Differently than for the bulk case, the linewidth of a quantum well exciton is sig-
nificantly affected by inhomogeneous broadening due to structural imperfections,
in particular well width fluctuations, which are more severe in narrow wells, the
contribution yinhom Of thickness fluctuations scaling as L;3. The disorder is the
dominant broadening mechanism at low temperatures, and much care has been
devoted to the growth of high quality quantum narrow wells in which the residual
inhomogeneous broadening is of the order of 1 meV or less.
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With increasing temperature, the linewidth is affected by phonon scattering
according to

b

ehwro/(KgT) _ 1’ (35)

Yphon(T) =a T +

where both the acoustic and longitudinal optic phonon scattering are included,
typical values for GaAs, e.g., beinga >~ 5 peV/K and » ~ 10 meV, the LO phonon
scattering (iwLo = 36 meV) being the dominant source of broadening at room
temperature [21].

3.6. THEORETICAL REFINEMENTS

For a more detailed and realistic description of quantum well excitons a number of
additional effects should be considered. First of all, the valence band degeneracy
of typical semiconductors such as GaAs is split by the confinement potential giv-
ing rise to two sets of hole states, the “heavy” hole and “light” hole states [2,5],
corresponding to larger and smaller effective masses for the motion along the
growth direction, respectively. In a first approximation, they may be separately
considered, the heavy hole ones having a lower confinement energy and being
typically the lowest available hole states. From the symmetry of the electronic
bands, it follows that the heavy hole states have a transition dipole matrix element
polarized in the quantum well plane, whereas light hole states are optically active
also for a polarization along the growth direction.

The second important effect is barrier penetration because the confining poten-
tial is not infinitely high: electron and hole wavefunctions extend into the barrier
regions and, thus, the strictly two-dimensional limit is only approximately real-
ized. As a consequence, both the exciton binding energy and oscillator strength
depend on the quantum well thickness. For narrow wells, they tend to increase
with decreasing well thickness until barrier penetration becomes large and they
decrease again. In Figure 7 the dependence of the binding energy on well thick-
ness for a GaAs quantum well is shown, in which case the optimal thickness is
around 5 nm [17].

An extreme case that goes beyond the validity of the usual envelope function
description of quantum confinement is that of excitons bound to a monolayer
impurity plane (e.g., InAs in GaAs) [18]; such two-dimensional excitons have a
large oscillator strength.

More refined calculations [19] for quantum well excitons also consider the ef-
fects of valence band mixing (i.e., between heavy and light holes), Coulomb cou-
pling among different subbands and dielectric constant discontinuities; the ob-
tained binding energies may even exceed 4 R* and the oscillator strength per unit
area is typically fnZD/(NZD %) ~5-102 nm~2, as shown in Figure 8. In general,
quantum confinement strengthens the effects of the electron—hole attraction and
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Fig. 7. Well thickness dependence of the 1§ exciton binding energy in a GaAs/Al,Gaj_, As quan-
tum well (from Ref. [17]).

the excitonic features in quantum wells are more prominent than in the bulk, and
clearly visible even at room temperature as shown in Figure 9.

3.7. QUANTUM WIRES AND DOTS

Quantum confined structures with lower dimensionality than quantum wells, i.e.,
one-dimensional quantum wires [22] and zero-dimensional quantum dots [23]
have also been realized. In the latter case, atomic like spectra are obtained which
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Fig. 8. Well thickness dependence of the lowest heavy hole and light hole exciton oscillator strength
in a GaAs/AlyGaj_, As quantum well (from Ref. [19]).

do depend on the electron-hole interaction; however, the exciton concept as a
travelling excitation is no longer applicable.

In the case of quantum wires, there still is one degree of translational motion
and quasi-one-dimensional excitons play a significant role. For their analysis, it is
important a realistic description of the wire transversal dimensions as the strictly
one-dimensional limit (differently from the two-dimensional one) is unphysical
as it predicts an infinitely bound fundamental exciton state.

Both for the case of quantum dots and quantum wires, the effects of structural
imperfections are very severe and give rise to a typically large inhomogeneous
linewidth for the optical excitations of ensembles of wires or dots. In view of
the study of organic multilayers and heterostructures, the case of quantum well
excitons is more relevant and we will concentrate here on two-dimensional con-
finement.
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Fig. 9. Multiple quantum well exciton lines at room temperature, at the first intersubband edge
(n = 1) both heavy and light hole 1§ excitons are resolved (from Ref. [6]).

4. Quantum Well Exciton Optical Nonlinearities

At low excitation densities, the optical response of Wannier—-Mott excitons is
linear, as considered above, and they can be approximately described as ideal
bosons. At very high excitation densities, the exciton gas gives way to an electron—
hole plasma showing a different phenomenology, such as band gap renormaliza-
tion and gain [24]. In the present section, we discuss the intermediate density
regime in which excitonic resonances are still dominating the near edge optical
response, but nonlinear effects play a significant role. The most relevant case of
two-dimensional excitons will be considered in the density regime n < ng, the
saturation density being ng &~ 1/ (na%D).

4.1. REAL AND VIRTUAL EXCITATIONS

A useful distinction among different nonlinear optical regimes can be made ac-
cording to the excitation energy [6,21], in a typical pump and probe configuration.

For a pump laser frequency well below the exciton line, i.e., in the transparency
region, only virtual excitations can be driven by the laser field; the corresponding
nonlinearities are comparatively weak, but very fast as the induced excitation di-
rectly follows the laser pulse. In such a case, excitons are totally coherent having
a well defined wavevector and phase.
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For the opposite case of a pump laser frequency well above the exciton line
in the electron—hole continuum, large excitonic nonlinearities turn on after the
generated electrons and holes have relaxed via inelastic scattering dissipating the
excess energy and have reached the bottom of their bands, this process taking
typically a few hundred femtoseconds, to eventually form incoherent excitons.

In the case in which the excitons are resonantly pumped, the initial coherence
is lost after the exciton dephasing time, which at low temperatures and low ex-
citon densities is of the order of a picosecond, and the exciton nonlinearities are
then due to an incoherent population of excitons with a lifetime of the order of a
nanosecond.

The excitonic nonlinearities will be discussed in the following on the basis of
the semiconductor Bloch equations [25] with a phenomenological dephasing rate,
while the ultrafast dynamics during which coherence is destroyed is very involved
and would require a quantum kinetic approach [7,26].

4.2. EXCITON STATISTICS

Strictly speaking, excitons are not bosons, they are composite objects made of
two fermionic particles: one electron and one hole. For the sake of simplicity, we
neglect for the time being spin degrees of freedom and consider only 1S excitons
with a vanishing center of mass wavevector. Then, similarly to Eq. (8), the two-
dimensional exciton creation operator can be written as

B'=>" A®) ¢l T, with Z|A2D(k)|2 =1, (36)
k k

where the hole creation operator is introduced (hi“k = vk) and the summation is
over the Nyp wavevectors within the two-dimensional Brillouin zone (here, and in
the following, all wave vectors are two-dimensional and only the lowest confined
subbands are considered).

Similarly to Eq. (10), the function A?P (k) is given according to Eq. (29) by

dao 2

I VN
2D 2D
s (@)=

1 —ik-r
/Nop 12 [1+ (aok/2)?13/

Thus, from the fermionic commutation rules of the electron and hole operators it
follows

AP (k) = (37)

¥ 2 N N
[, BT] =D |A?°®)|"(1 = fie (&) — Ain(=K)), (38)
k
where the electron and hole number operators are 7. (k) = ¢ (k)c(k) and 71, (k) =
ht(k)h(k) = 1 — vT(—=Kk)v(—k). Evaluating on a state containing N excitons the
expectation values of the operators appearing in Eq. (38), it follows to the lowest
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orderin N

T 2D 1y |4 87 ,
[B,BT]=1 ZNXk:]A M[ =1-"ajn, (39)
where 7 is the two-dimensional exciton density n = N /(Napl?).

The equation above shows how the commutation rules for excitons depart from
the bosonic ones with an increasing exciton density, and it should be compared
with the analogous results for Frenkel excitons given by Eq. (21) of the chapter
by J. Knoester and V.M. Agranovich in this book; in the case of Wannier—Mott
excitons, as soon as the density n is of the order of the saturation density ng =
1/ (na%D) the ideal boson approximation fails completely.

4.3. COULOMB INTERACTION AND FERMIONIC HAMILTONIAN

The density dependent modification of the bosonic commutation rules described
by Eq. (39) is only due to the composite nature of the excitons and to the under-
lying fermionic statistics of electrons and holes. Such “kinematic” nonlinearities
correspond to the phase space filling effects common to atom-like two-level sys-
tems, however exciton nonlinearities are also due to dynamical effects stemming
from the Coulomb interaction.

A theoretical description of both kinds of nonlinearities can be given in terms
of electron and hole fermionic operators starting from the Hamiltonian

Hrt = Hsp + Hcou + Hi, (40)

where the single particle Hamiltonian describing parabolic electron and hole sub-
bands is

h2q2 N h2q2 N
T CaCat > mhq hq. (41)
q

Hgsp = Egop + Z
q

The Coulomb interaction, i.e., electron—electron and hole-hole repulsion plus
electron—hole attraction, is given by

1

Hcoul = = Z V‘l(cl;:qcl_(bchklck + h;_thtiqhk/hk
q£0,k,k’
- 2c;§+thj,_ qhk/ck), (42)
with
2me? 1
Vg= — 43)

&q Nopi?’
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being ¢ the static dielectric constant. Finally, the interaction of the interband po-
larization with the laser electric field is written as

Hy=—(E() - de) > crhty +he. (44)
q

4.4. MEAN FIELD OPTICAL RESPONSE

On the basis of the Hamiltonian of Eq. (40), the Heisenberg equations of mo-
tion of the electron and hole populations (n.(k) = (cT(k)c(k)) and nj (k) =
(hT(k)h(Kk))) and of the interband polarization (P(q) = (h(—q)c(q))) are eas-
ily written, however they do not form a closed system because the Coulomb in-
teraction couples them to those of four-particle terms and the hierarchy of such
equations must be somehow truncated [25]. In the first approximation, all expec-
tation values of four-particle operators are factorized and expressed as products of
population and polarization terms (“random phase” approximation), the resulting
equations of motion corresponding to a Hartree—Fock treatment.

Screening and correlation effects are here neglected as they are less important
in the two-dimensional case [6], and excitation induced dephasing, as discussed
later on, will be included along with electron—phonon scattering in the phenom-
enological linewidth.

The optical response will be obtained from the interband polarization, which in
this meanfield approximation obeys the equation of motion

3
ih-P(k. 1) = HoP(k. 1) + Hi P(k. 1)

— (1 = ne®) — np(=K)E®) - dey, (45)
with
n2Kk?
HoP(k, 1) = <Eg2D + H)P(k, n—Y ViwP(K.1), (46)
K’k
and

H Pk 1)==PK 1) Y Vicw(ne(K)+ny(-K))
k' £k

+ (ne () + 1 (—K) Y View P(K, 7). (47)

K'#k
Equations of motion for the populations can be similarly derived and together
with Eq. (45) amount to the so-called semiconductor Bloch equations: their nu-

merical solutions describe well a variety of nonlinear effects, including wave mix-
ing [25,7].
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In the totally coherent case of virtual excitations, the population and po-
larization values satisfy the relations n.(k) = n,(—k) = n(k) and |P(K)|? =
n(k)(1 —n(k)).

However, we here assume that electron and hole populations are given parame-
ters, whereas the driving electric field appearing in Eq. (45) is that of the probe
laser. In particular, we consider present a given density n of incoherent 1S exci-
tons at the bottom of their band (“cold” excitons), for which case one has [6]

ne(k) =y (—k) = n| AP (K) [ Nap/?, (48)

which corresponds to an occupation of the fermionic electron and hole states given
by their weight in the exciton wavefunction of Eq. (36).

The interband polarization equation of motion comprises the homogeneous
terms Hy P, the linear one which corresponds to the strictly two-dimensional limit
of the exciton effective mass equation (Eq. (26)) written in k space, and H; P, the
nonlinear one proportional to the excitation density n, plus the inhomogeneous
driving term diminished by Pauli blocking.

We will solve Eq. (45) perturbatively to the lowest order in the excitation den-
sity, expanding the solution of the inhomogeneous equation in terms of those of
the homogeneous one [7], i.e., the bound and unbound exciton.

Assuming a monochromatic probe laser £(t) = Ee™'“' 4 c.c. nearly resonant
with the lowest exciton state, one can simply write the solution in terms of the 1§
exciton wavefunction given by Eq. (37) slightly perturbed by H;

Pk, 1) = P(k)e " ~a(A™ (k) +8A%P(k)) e 7. (49)

Before analysing the nonlinear perturbative effects, we recall that the optical
susceptibility x (w) is related to the driven Maxwell polarization

1 *
P@) =57 ; d%, P(K), (50)

simply by P;(w) = xij(w)E;. In the linear regime, projecting the equation of
motion Eq. (45) on the 1S exciton state, it follows

dcv ‘E 2D dcv ‘E 2D
=— ) APK* = ——VNpI2F{J(0)", 51
o Els_ﬁﬂ); )" = p——e VN I FS(0) (51)
thus, in the isotropic case, including the phenomenological linewidth y, the linear
susceptibility is
IFIZOF  Jdel?

L Eis —ho —ihy’
which agrees with Eq. (33) for iw =~ E5 = E1Q =0 and gives the same oscillator

x0(w) = (52)

strength flzD of the 1S two-dimensional exciton.
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4.5. EXCITONIC OPTICAL NONLINEARITIES

The nonlinear changes of resonant frequency and oscillator strength can be eval-
uated from Eqgs. (45), (48) to first order in the excitation density n as follows [6].

The correction to the 1S exciton energy is simply the expectation value of H
(Eq. (47)) on the zeroth order wavefunction AP (k) (Eq. (37)) which gives

SE1s >~ 1.93 m(ao/2)*(4R*)n, (53)

this blue-shift is a manifestation of the short range hard-core repulsion among
excitons (in the three-dimensional case, it is compensated by screening and cor-
relation effects).

The correction to the oscillator strength comprises two contributions: the first
from the Pauli blocking in the inhomogeneous term of the driving electric field
(last term in Eq. (45)), the second from the first order perturbation of the exci-
ton wavefunction § A2P. As a matter of fact, the corrected oscillator strength is
proportional to

SfE° oy (AP (@) +847P(q)
q

x 3 (1= ne (k) = (—K)) (A2° (k) +64%P (K))", (54)
k

and to first order in the excitation density n, it follows

SFE° Y me(®) —np(—k)APPK)* (3, 8AZP(K)
DT > AP () (ZkAzD(lo +°'°">’ G
with
§A%P (k) = (nlF11S) 1op , 56
(k) n;SEls—En”() (56)

where the sum is over all zeroth order bound and unbound exciton states, i.e.,
the eigenstates of Hp, with wavefunctions A%D and energies E,. Finally, using
Eq. (48), the correction of the oscillator strength is [6,27]

2D

3fi n 2

= s —(2.29 + 1.70)7 (ag/2)*n; (57)
1 ns

the corresponding saturation density at which exciton bleaching takes place be-
ing ng ~ 1/ (rm%D), as anticipated (the first term 2.29 is the contribution of the
Pauli blocking). In fact, the above perturbative results substantiate the intuitive
picture of “hard disc” excitons, the Coulomb interaction contribution being of the
same order as that of phase space filling [28]. Of course, the numerical factors
appearing in Egs. (53) and (57) are only a rough estimate because the strictly
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Fig. 10. Quantum well exciton blue shift and bleaching with increasing excitation density (from
Ref. [29]).

two-dimensional limit has been used to describe the quantum well confinement
and no account has been taken of the spin degrees of freedom and of the exciton
fine structure (e.g., heavy hole excitons in III-V quantum wells have four nearly
degenerate states, of which only two are optically active) [21].

The exciton blue-shift and the reduction of the oscillator strength with increas-
ing excitation density as determined experimentally are in good agreement with
the theoretical predictions scaling as n a% [6]. As an example [29], the 1S heavy
hole exciton absorption in a narrow GaAs quantum well as a function of increas-
ing excitation density is shown in Figure 10, while Figure 11 illustrates the pre-
dicted behaviour (§E15/E15) = C 4 flzD / flzD, the proportionality constant from
the simple estimates above being C >~ 0.5.

Considering the excitonic optical resonance described by Eq. (52), an addi-
tional, important, nonlinear effect concerns the increase of the linewidth y with
growing excitation density n, i.e., collisional broadening. Its theoretical descrip-
tion goes beyond the unscreened Hartree—Fock meanfield formalism described
above and calls for a higher order truncation scheme of the infinite hierarchy of
many-body equations of motion. The following simple expression to lowest or-
der in n has been found to describe well the experimental observations [30,31] as
shown in Figure 12

y (1) = yo + 0.487 (ag/2)*(4R*)n. (58)

Significantly larger values of such excitation induced dephasing have also been
reported [32]. In any case, this broadening can be seen as an imaginary self-energy
contribution accompanying the energy shift of Eq. (53) and being of the same
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Fig. 12. Density dependence of the homogeneous linewidth of quantum well excitons due to colli-

sional broadening (from Ref. [30]).

order of magnitude. Such a simple description of excitation induced dephasing
has limitations, especially in the context of coherent optical processes [7].
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4.6. BIEXCITONS

In this section so far, spin degrees of freedom have been ignored: when they are
included, in most semiconductors of interest, it is useful to make a distinction be-
tween optically active excitons generated by right and by left circularly polarized
light. While the interaction between excitons having the same polarization is re-
pulsive, that between excitons of opposite polarization is attractive and may lead
to the formation of bound states of two excitons (i.e., biexcitons) [8], in analogy
to the formation of hydrogen molecules. In a simple adiabatic picture, the internal
structure of each exciton is not modified, but only their relative motion is corre-
lated and described by a molecular wavefunction having typically a radius a,, a
few times larger than the exciton one ag. The energy of a biexciton formed by two
excitons each of energy E, is written as E,, = 2 E, — B*, where the biexciton
binding energy B* is small compared to the exciton one R*. However, their ratio
is significantly enhanced in the quantum well case with respect to the bulk: vari-
ational calculations predict a value of (B3, /R3,) ~ 0.2, in good agreement with
experiments [8,33-35].

Biexcitons are involved in three basic optical processes [36]: two-photon ab-
sorption from the ground state (one-photon absorption from the ground state be-
ing forbidden), one-photon absorption induced by the presence of excitons and
radiative decay into one-photon plus one exciton. All of them are enhanced by
the so-called giant oscillator strength of the exciton—biexciton transition which,
in the two-dimensional case, is proportional to a,zn. In the two-photon transition
the sum of the energies of the two absorbed photons must equal the biexciton en-
ergy E, and the transition rate is resonantly enhanced when the energy of one
photon matches the exciton energy E,. The induced absorption and the biexciton
luminescence are reverse processes of each other, in which the photon absorbed
or emitted, respectively, has an energy equal to Ex, — Ex = E, — B*, i.e., lower
than the exciton energy by an amount corresponding to the biexciton binding en-
ergy [24].

From the theoretical standpoint of Eq. (40), the description of biexciton related
nonlinearities would require a proper treatment of higher order correlations in-
cluding at least the four-particle terms [7]. Many experiments have proved the im-
portance of biexcitonic contributions in coherent nonlinear optical processes [21],
a particularly striking example being the observation of exciton—biexciton oscilla-
tions in pump and probe or four-wave-mixing experiments with a beating period
corresponding to the biexciton binding energy, as shown in Figure 13.

4.7. BOSE-EINSTEIN CONDENSATION AND INDIRECT EXCITONS

As discussed above, at densities well below the saturation regime excitons (and
similarly biexcitons) behave as weakly interacting bosons, the question therefore
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Fig. 13. Transient differential transmission signal for pump and probe of opposite circular polariza-
tions showing beatings corresponding to the quantum well biexciton binding energy (from S. Bar-Ad,
1. Bar-Joseph, Phys. Rev. Lett. 68 (1992) 349).
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Fig. 14. Potential profile and confined wavefunctions in a coupled quantum well under an electric
field, the indirect exciton corresponds to the e/ transition (from Ref. [43]).
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Fig. 15. Spectrally and spatially resolved luminescence from indirect excitons condensed in a trap
and temperature dependence of the size of the exciton cloud and of the peak intensity of its lumines-
cence (from Ref. [44]).

arises of their quantum statistical properties and, in particular, the possibility of
their Bose—Einstein condensation (BEC) [8,37,38,9]. A short lifetime is detrimen-
tal to the realization of large concentrations and low temperatures, thus long-lived
forbidden exciton states like the “yellow” paraexciton of Cu;O have been consid-
ered as good candidates for BEC [39,40].

As for quantum well excitons, a very interesting configuration is that of two
coupled wells in which electrons and holes are spatially separated under the action
of an external static electric field along the growth direction (quantum confined
Stark effect [41]). This system is very promising for achieving quantum degener-
acy and, possibly, a phase transition to a macroscopically coherent state [42—45].
The main advantage in using such “indirect” excitons is the fact that the electron—
hole separation (see Figure 14) leads to a suppressed oscillator strength and, thus,
an enhanced lifetime by a few orders of magnitude; moreover, the cooling of
excitons due to acoustic phonon emission is also enhanced by a few orders of
magnitude compared to the bulk case due to the relaxation of the momentum
conservation law along the growth direction. The indirect excitons may in addi-
tion be confined laterally in the potential fluctuations due, e.g., to variations of
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the quantum well thickness; in such traps a large concentration of excitons can
indeed be collected as shown by spatially resolved luminescence measurements
(see Figure 15) [44].

Indirect excitons are also characterized by a repulsive interaction due to their
static electric dipoles all oriented along the growth direction: at low densities this
repulsion is beneficial to BEC, while at higher densities gives rise to a strong blue-
shift and a screening of the external static electric field [46]. Such a blue shift is
analogous to the one experienced by charge transfer excitons at a donor—acceptor
interface [47]. As indirect excitons have a low oscillator strength, their large den-
sity dependent blue-shift does not lead directly to large all-optical nonlinearities;
however, more complicated schemes of coupled inorganic quantum wells are con-
ceivable [48] in which direct and indirect excitons are hybridized to take advan-
tage of the charge transfer character of the indirect ones and of the large oscillator
strength of the direct ones, in analogy to the case of hybrid Frenkel-Wannier—Mott
excitons in organic-inorganic heterostructures [49].
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We review the theory of polaritons, referring in particular to excitonic polaritons,
and also mention some experimental evidence. The semiclassical theory, which
makes use of a model dielectric function incorporated in Maxwell’s equations, is
developed and compared with the full quantum theory, which implies the quanti-
zation of the electromagnetic field and of the polarization field.

The polariton concept is extended to the case of surfaces and interfaces, where
localized exciton modes are present.

The case of reduced dimensionality nanostructures, such as Quantum Wells
(Q.W.) and Quantum Well Wires (Q.W.W.), is also considered, and resonant and
surface-like polariton modes are described.

The extension of the polariton concept to the case of microcavities is finally
discussed.

1. Introduction and General Concepts

We consider the electronic excitation in solids, due to the electron bound to its

hole and forming an exciton, as described in the chapter by G.C. La Rocca. The

electron—hole interaction is responsible for the relative motion and produces states

characterized by their binding energies. In addition, since the total momentum of

the excitation fikex is a good quantum number, the exciton energies also depend on
129
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hlzex. We recall that in the case of inorganic semiconductors one obtains Wannier—
Mott excitons, characterized by a large effective Bohr radius (compared with the
lattice constant), while in the case of organic materials or large gap insulators one
obtains Frenkel-Peierls excitons, characterized by a small Bohr radius [1].

The excitons always carry a transition dipole moment fiex, related to the dy-
namic polarization of the medium, so that we can have longitudinal excitons
(fex |l E ) and transverse excitons (flex L E ), always separated in cubic crystals.
We recall that the energy separation between longitudinal and transverse modes at
kex = 0 (A7) is related to the oscillator strength per unit volume fex/V by [1,2]

)

where ¢ is the value of the dielectric function for w > wr, and the oscillator
strength is related to the transition dipole moment jiex by

Jex | 2mor
V — eln
The transition dipole moment fiex, expressed in terms of the conduction and va-
lence band extrema Bloch functions u, and u, and of the exciton radius ag, is in
the case of Wannier—-Mott excitons

| ttex|?. 2)

1/2
fex = (Vex|er|0) = (uv|e?|uc>’Fex(O)‘ = ﬂvc(%) ) (3)
wag
where | Fex (0)] is the value of the envelope function at null distance between elec-
tron and hole. The last expression (3) holds also for Frenkel excitons, with the
lattice constant d instead of the Bohr radius ag, so that the ratio of the oscillator
strengths fg,’(v M. feli is generally of order 1072,

The dependence of the exciton energy on kex is quite different for Wannier—
Mott excitons and for Frenkel-Peierls excitons. In the former case it is mostly
given by the exciton center of mass motion, and is about the same for longitu-
dinal and transverse excitons, while in the latter case a relevant contribution is
given by the long range electron—hole exchange term, which in cubic crystals in
the dipole approximation has positive (negative) sign for transverse (longitudi-
nal) excitons [2]. The higher multipoles in some crystals may also significantly
contribute to the dependence of the exciton energy on %ex.

The polaritonic concept originates from considering the electromagnetic radia-
tion of frequency close to that of a transverse exciton. In a medium the radiation is
associated to a pseudomomentum hTwn where n = /¢ is the refractive index. The
total momentum is defined modulus fi/ s h being a reciprocal lattice vector, but in
the case of the optical properties the relevant momentum is confined to the first
Brillouin Zone in correspondence to h =0 [3]. Since in proximity of an exciton
mode the index of refraction has a strong dependence on frequency, one can see
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immediately that frequency and wave vector are not linearly related, but an anom-
alous dispersion occurs, which produces radiation modes strongly influenced by
the excitonic polarization modes.

Such dressed electromagnetic modes can be obtained directly by including the
polarization P(a) k) in Maxwell equations, with D=¢E=E+ 47 P, and solv-
ing the eigenvalue equations. For the transverse modes (polaritons) we have

C -
wr (k) = ———|k], @)
ve(or, k) d
while for the longitudinal modes the eigenvalue equation is
e(wr, k) =0. &)

The polariton modes have then a mixed character because they contain a polar-
ization and an electric field contribution. They were first introduced by K. Huang
and K.B. Tolpygo [4] to account for the polarization associated to the optical vi-
brational modes in dipolar lattices.

In the late fifties U. Fano [6], J.J. Hopfield [7], and V.M. Agranovich [8] demon-
strated that the polariton modes can be expressed as quantum field particles in
crystal media, analogous to the photons of the electromagnetic field in vacuum.
The name “polaritons” was introduced by Hopfield and Agranovich to stress their
polarization origin (optical phonons or excitons), and is commonly used to de-
note such mixed modes and the related field particles. Hopfield and Agranovich
also proved that the eigenvalue equation obtained from the quantum theory is the
same as that obtained from the classical theory with the appropriate expression
for e(w, 0). Such proof was later extended to include spatial dispersion [9], and
the quantum mechanical exact eigenfunctions were also obtained [10].

In the sixties, the polariton idea has become basic in linear and nonlinear op-
tics [5]. Experimental evidence of the “polariton” concept described above is
abundant [11], and also the prediction of an “additional optical wave”, intro-
duced by Pekar [12] as a consequence of spatial dispersion, has been amply con-
firmed [11].

The polariton concept has been extended to the specific optical modes bound to
surfaces and interfaces [13]. In this case the polariton modes are travelling waves
depending on the wave vector in the direction parallel to the surface plane l;” ,and
are evanescent waves in the direction perpendicular to the surface.

The recent study of the optical properties of reduced dimension nanostructures
has required the introduction of polaritons in quantum wells (Q.W.) and in quan-
tum well wires (Q.W.W.), with the derivation of resonant modes and surface-like
modes as functions of the appropriate in-plane wave vector l;” or of the linear
wave vector k [14,15].

The recent developments with semiconductor microcavities have also led to the
introduction of specific polariton modes appropriate to microcavities [16]. In this
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case one can consider the specific nature of the relevant material contained in the
microcavities.

In the following sections we will present the concepts described above, giving
the general theory and referring to some relevant experiments.

2. Classical Theory of Polaritons

To obtain the transverse optical modes in a medium we must solve Eq. (4), with
an appropriate expression for the dielectric function &(w, k) in the vicinity of an
excitonic transverse resonance frequency wex. Using the expression obtained with
the Lorentz oscillator model, which is, for a cubic crystal, in terms of the plasma
frequency w, and of the oscillator strength fex

w%} Sex

a)gX (k) — w? —iwyex

ek, ) = €0 + (6)

where e is a constant, we obtain the following equation for the polariton disper-
sion modes

c2i? wlzyfex
— =fs +

v S . (7)
wéy (k) — w0 — iwyex
In the above equations the plasma frequency is expressed in terms of the elec-

. 2 >, .
tron density N/V as w, = 4’; ¢ % wex (k) is the exciton transverse mode fre-

quency, fex is the oscillator strength, e, is the background dielectric constant
corresponding to @ 3> wex, and yex (w) is a damping frequency which accounts
for dissipation, mostly due to exciton—phonon interaction and to disorder, with a
small contribution due to electron—hole recombination.

The solution of Eq. (7) gives two modes for every k value, a lower polariton
branch (L.P.) and an upper polariton branch (U.P.). The upper polariton starts at
a frequency which coincides with the longitudinal exciton value wy, at k =0, and
at high frequency goes asymptotically to the linear optical behavior w = \/%Ok.
The value of the longitudinal mode at kK = O can be obtained immediately from
Egs. (5) and (6) with w = wr., Wy = wex (k = 0) and yex =0,
w%} Sex ) 172

wp = a)o(l +—
W5Ec0

)

The lower polariton branch frequency goes asymptotically to wex(l_é) for large k
values, and linearly to zero as kK — 0, with velocity
c

—

3, fex

[€00 + 15—
@
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o
0 1 3
ki
Fig. 1. Schematic dispersive behavior of excitons and related L. and U. polaritons, neglecting spatial

dispersion. The dashed lines give the independent dispersion of electromagnetic waves and excitons.
The value kq corresponds to their crossing point. Only transverse excitons interact with the radiation
field.

The polariton modes so defined are analogous to the electromagnetic modes
in vacuum, but the presence of the electronic excitations in the medium changes
their dispersive behavior. They contain both crystal polarization and crystal elec-
tromagnetic waves. Their schematic behavior is displayed in Figure 1 when the k
dependence in w (k) is not considered, and in Figure 2 in the case of Wannier—Mott
excitons with k dependence. In the case of Frenkel-Peierls excitons the dispersive
behavior is usually less pronounced because of the larger values of the effective
mass and is rather different for lower polariton and longitudinal exciton because
of the larger value of the electron-hole exchange [9].

. . . . 212
In the former case the strong dispersive behavior of the exciton energy (%)
makes the lower polariton branch bend strongly upwards so that for @ > @y an
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Fig. 2. Schematic dispersive behavior of Upper and Lower Polaritons from Wannier—-Mott excitons,
2
including spatial dispersion. The T—L splitting is Ay 7 = 4”; X(%n % (from Ref. [9]).

additional propagating wave must exist, as first pointed out by Pekar [17]. The
simultaneous propagation of two waves at the same frequency poses a problem
about their relative amplitudes because Maxwell boundary conditions are not suf-
ficient, and the problem of additional boundary conditions (A.B.C.) arises.

In the case of those Frenkel excitons, where one can consider the total mass
to be infinite (M ~ 00), the wave vector dependence is much less important. It
can be obtained in the dipole approximation from the long range electron—hole
exchange contribution, and it has opposite sign for transverse and longitudinal
excitons; it was computed by Heller and Marcus [18] for cubic crystals and by
L. Pirozzi et al. [2] for anisotropic materials. In layered molecular crystals with
strong exciton dipole moment the exciton band width can be rather large. In these
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cases the approximation of infinite exciton effective mass is not fulfilled at least
in layer directions where the distance between molecules is small and where the
resonance intermolecular interaction is large [19].

3. Quantum Theory of Polaritons

It has been shown that the polariton modes can be interpreted as quantum parti-
cles of the electromagnetic fields, analogous to the “photons” in vacuum [6—10].
This is obtained from the quantum treatment of radiation and excitons. The radi-
ation can be expressed in terms of creation (a,j') and destruction operators (ai)
of photons of energy Avk (with v = c¢/,/ex in the medium). Also the excitons,
as shown by G. La Rocca in Chapter 2 of this book, can be expressed in terms
of creation (b,j) and destruction (by) operators for excitation particles (electron—
hole pairs), which obey the boson commutation rules for small exciton densities.
Their mutual interaction can be expressed in terms of the dipole matrix elements
from the ground to the exciton states (3) or, equivalently, in terms of the oscillator
strength (2), through the parameter

w2

B = fex 4—172 .
T Wiy
The resulting Hamiltonian consists of free photons and free excitons, and of the

photon—exciton interaction. For cubic crystals it is [9]:

1 1
H = Z[hvk(a;—ak + 5) + howy <b2’bk + 5)
k

+ > [iCr(a +a—x)(bx — bFy)

k
# Do+ o)+ )] ©a)
where the coupling constants are:
1/2
e :hm(”ﬂ‘”") , (%)
vkeno
and
Dy = hao P2, (%)
vkeoso

The first interaction term originates from the contribution — micg - p and the sec-
2
ond from the £

Fc? A - A interaction. If we neglect spatial dispersion (wx =~ wp) in

the exciton frequencies, they are related because Dy = C,% /hao. In general Dy and
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Cy are much smaller than fiwg for large values of k, but they diverge as k — 0
(infrared divergence of quantum electrodynamics). This makes it impossible to
treat the interaction perturbatively when k < Bwq/v.

The above Hamiltonian (9) is quadratic and it couples only photons and exci-
tons of momentum k and —k, so that it can be made diagonal by a Bogoliubov—
Tyablikov-like linear transformation, introducing new creation a,jl, a,jz, and de-
struction operators oy, , 0k, , linearly related to the previous ones. The new diago-
nal Hamiltonian for the two polariton modes i = 1, 2 becomes [9]

H=Y" oo, (10)
k,i

and €2 turns out to be given by the same equation (7) as in the classical case,
with yex = 0. The explicit expressions of the transformations are obtained from
the Bose commutation rules of the « operators and from

loki, H] =hQupayi, i=1,2. (11)
They turn out to be [7,9,11]:

(073 Wi X1 " Z ak
al’“ yl: zz W;: XI aj{k ’
@y, Yy z; Wy X53JdLbT,
with
W — X — (@f — Q) (Vk + Qi)
1=42= 202 — O2 12 i) 12
20k Q1) 2 {(2 — Q2)% + 41 BwlwR [eno)
—2iCrvk/h
X1=W= 1,
(wr — Q1) (vk + Q1y)
Qi — vk
YW=2,=—"W,
Qi + vk
wr — L1k
Z1=Y)=—— 13
== e (13)

The fact that the quantum theory gives the same results for the ;4 as the classi-
cal theory is not surprising, but the quantum theory describes the polariton modes
as particles, so that polariton statistics can be made and polariton squeezing ob-
tained [20]. The quantum theory is also appropriate for all values of k, even out-
side the first Brillouin Zone, which is important for investigating linear and non-
linear dynamical processes.

With the quantum theory one can also find the eigenfunctions, provided the
new vacuum is determined, because the ground state of Hamiltonian (10) with
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interaction does not coincide with the ground state of the Hamiltonian without
interaction (zero photons and excitons). The new vacuum of the polaritons |0’} is
defined from

ai [0') =0, (14)
and turns out to be given by [10,11]:
1 1
|0/>:]_[Vkexp[52c;,~,j(k)ai+ka;k}w), (15a)
k i,j

with
Qi + Qo — wp — vk

Gk =Gnk) =— ,
11(k) 22(k) it o — o T 0k

ke \ /2
Gmm=cmm=—<lﬂ%) Gk, (15b)
Bwy

and the normalization constant

NZ =W > +1X11%, (15¢)

with W1 and X; given by (13).

The polariton vacuum |0') is quite different from the independent particle vac-
uum |0). The polariton states are obtained by applying to the polariton vacuum
|0’y powers of the operator otl.“;, which create a number of polariton states. Even in
a one-polariton state any number of photons and excitons are contained. The lin-
ear combination of a one-photon and one-exciton state often used is a very crude
approximation, which is valid only for large values of k. As an example we report
in Figure 3 the one-photon and one-exciton component, the two-photon and one-
exciton component, and the three-photon components for the lower polariton of
CuCl

4. Real Space Density Matrix Approach

Polariton states and the excitation spectra can be also discussed when more ex-
citon states are involved and may influence one another, and when coherence
effects between the electric field and electron and hole need to be taken into ac-
count. In these cases an alternative approach to the one described above can be
used, particularly appropriate for studying the dynamics of polaritons and nonlin-
ear properties. It consists in extending the density matrix method and the Bloch
equations of atomic physics to solid state problems. This approach has been de-
veloped by Stahl and Baslev [21], who consider the Heisenberg equation for the
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Fig. 3. Components of the lower polariton state, computed for the 1s exciton-polariton of CuCl (from
Ref. [10]): (a) one-photon (— - — - — - —) and one-exciton (— — ——) components; (b) two-photon and
one-exciton component; (c) three-photon component.
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density matrix

ap ap
ih— =[H, il —1] , 16

oy = LH.pl+ (3I>m. (16)
with inclusion of an irreversible decay contribution, due to electron—electron and
electron—phonon interaction. In the case of two bands this leads to a Schrodinger-
like equation for a coherent wave function Y (¥, R), which gives the probability
amplitude of an electron—hole pair, including the coupling to the electric field, and
a broadening value I to account for irreversible decay processes, i.e.,

By —ho—iT— gz g2 + V@) Y (7, R)=M(F)E(R), (17)
& 2M 2u " ’ ’

where 7 is the relative coordinate and R the center of mass coordinate; E denotes
the electric field and V (r) the electron-hole attraction. This couples the exciton to
the electric field E(R) through the transition dipole density M () (Fourier trans-
form of the dipole matrix element between Bloch functions at the same k). When
more bands are considered coupled equations of type (17) result. The polarization
is obtained from the coherent wave function as

P(R):/d?M(?)Y(F, R). (18)

This can be computed from the simultaneous resolution of (17) and of Maxwell
equations to obtain the electric field. In this approach the polariton spectrum is
obtained from the peaks in the imaginary part of the susceptibility. As an example,
the results of such calculations are given in Figure 4 for GaAs, where we have
separated Heavy Hole and Light Hole exciton states [21,22].
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Fig. 4. Calculated dispersive behavior of polaritons in GaAs (from Ref. [22]).
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An essentially equivalent procedure is given by K. Cho in terms of the current
densities [21].

5. Experiments on Polaritons

Experimental investigation of the “polaritons” described above is abundant. As an
example we give in Figure 5 the lowest excitation of CuCl, with the dispersive be-
havior obtained from nonlinear optical experiments (two-photon absorption and
hyper-Raman scattering) [23]. As a further indication of the polariton nature of
the excitation in CuCl we can find the dispersive behavior of Longitudinal exciton
and of the Lower and Upper Polariton in CuCl, from the two-photon transition to
biexciton states [23]. In Figure 6 we show the reabsorption dips in the biexciton
luminescence produced by resonant two-photon absorption from the ground state
to the biexcitonic state with an external laser. We also plot the intensity minima

c
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% R .k 180° =~ up
o ’ 2
® a Nazoe > 3210 o £
c =g
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Fig. 5.
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Polariton dispersion of the 1s exciton-polaritons in CuCl for small values of &, as obtained
from (a) two-photon absorption at different angles and (b) hyper-Raman scattering (from Ref. [23]).
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Fig. 6. Resonant two-photon transitions to biexciton states in CuCl (from Pribram et al. [23]):

(a) dips in the luminescence from biexciton states due to the reabsorption in the presence of laser
light; (b) plot of the two-photon absorption with respect to laser energy.

with respect to laser energy, which give the dispersion of the three intermediate
states, L.P., longitudinal exciton, and U.P. We also report in Figure 7 the polariton
dispersive behavior of the lowest exciton in GaAs, as obtained from the reflec-
tivity of a thin slab (6000 A) grown by molecular beam epitaxy (M.B.E.), where
the additional wave due to the k-dispersion of the polaritons produces additional
interference dips [24]. We also present in Figure 8 the comparison of the experi-
mental reflectance spectrum with that calculated [25] using the Stahl and Baslev
real-space density matrix approach described above [21]. In Figure 9 we finally
show the direct observation of the additional wave in CdS obtained by Lebedev
et al. [26]. Other experimental evidence is reviewed in Ref. [11]. The polariton
concept is therefore amply demonstrated in bulk crystals and thin films.

6. Surface Polaritons

The crystal boundaries lead to surface states in the spectra of all excitations, and
therefore also surface excitons interacting with photons must result in surface
polaritons [13]. These are mixed modes, localized at the surface, with frequencies
in the region between wr and wy,, where no bulk polaritons exist in the absence
of spatial dispersion. They do not couple directly to free electromagnetic waves
because in their frequency range it is not possible to satisfy simultaneously the
energy and momentum conservation laws, as is generally true for independent
eigenmodes.
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Fig. 7. (a) Reflectance of a thin film (6000 A) of GaAs, with evidence of the dips produced by
lower polariton interference (capital letters), and those with the additional waves (from Ref. [24]).
(b) Corresponding dispersive behavior of exciton polaritons in GaAs. Observe the double L.P. curves
due to the heavy and light hole mass (from Ref. [24]).
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Fig. 8. Comparison of (a) theoretical and (b) experimental reflectance spectra in a GaAs thin film of
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Fig. 9. (a) Dispersion of the real part of the index of refraction in a CdS crystal with the electric field

polarized in the laser plane. (b) Real part of the index of refraction and transmitted intensities of the
LP(I1) and UP( 7). From Ref. [26].
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To understand in a simple way how all this happens one can use the phenom-
enological classical approach, as described in Section 2 for bulk polaritons.
One considers the dielectric function near an exciton state in the form

2 2
e(w,k):soo(l+ CLTOT ) (19)
w7

which includes spatial dispersion (o =~ fiwr /M for Wannier excitons), and damp-
ing (y #0).

The concept of surface polaritons can be presented in the simplest way by ne-
glecting spatial dispersion and damping [27]. Considering the surface plane x—y,
where periodic translation symmetry is preserved, the good quantum number is
the two-dimensional wave vector G (qx, ¢y) in the surface plane. Let us direct g
along the x-axis (gy, 0), and consider the Maxwell equation for the y component
of the magnetic field (T.M. mode). We obtain

92H caw?
(e

which gives a z-dependence which decays exponentially away from the surface,

forz <0 as
2
koz 2 w
e =exp| /95 — ¢ |
P( qx 2

and for z > 0, in vacuum, as

2
—k1z _ _ 2_0)_
e K _exp< z,qu C2>.

Such a z-dependence also holds for the electric field. The electric field is in the

xz-plane, and for z > 0 (in vacuum), we obtain EZ(D = i,(ile)((]), while for z < 0
(in the medium) we obtain E Z@ = %q‘E )((2).

The eigenvalue dispersive equation for the surface polaritons is obtained by im-
(@) )

posing the boundary conditions at the surface (E )(Cl) =F )(62) and E;lz)o =¢E_,
which gives

g Tigxe
2 2
- -

The above equation gives the dispersion relation of surface polaritons

L e@) +1
w = cqy @ (22)

1)
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Fig. 10. Schematic behavior of the surface polariton dispersion @(gy) when spatial dispersion and
damping are neglected. The dash-dotted line gives the surface state as a function of gy . The continuous
lines denote upper and lower bulk polaritons.

From Eq. (21) it follows that the only acceptable solutions require ¢(w) to be
negative, which implies, from expression (19), that @ be in the interval between
o1 and wr, where no bulk solutions exist in the absence of spatial dispersion.
Substituting expression (19) into (22) we obtain the surface polariton dispersion
dependence. This gives for @ a monotonically increasing function of g,, which
is schematically shown in Figure 10 in the limit y — 0, o — 0. The frequency
range of the surface polariton wg is above wr (the lowest state is in correspon-
dence to e(w) = —o00) and below w;, (the highest state is in correspondence to
g(w)=—1).

The surface polariton is therefore incompatible with all polariton modes of the
crystal or of the vacuum, and consequently cannot decay into them. All surface
polaritons are therefore nonradiative, and cannot be excited by shining light into
the surface. A similar situation occurs in the case of an interface, with the di-
electric constant 1 used instead of 1 in expressions (21) and (22). When &1 ap-
proaches €40, ws — WL .

To consider spatial dispersion in the dielectric function, o # 0 in Eq. (19),
makes the calculation of surface polaritons more complicated; in this case the
usual boundary conditions are not sufficient to determine eigenvalues analogous
to (22) because of the additional ray. Consequently additional boundary condi-
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Fig. 11.  Schematic behavior of surface polariton modes with consideration of spatial dispersion
(from Ref. [27]). Symbols as in Figure 10.

tions (A.B.C.) are required, as shown by Agranovich in a specific chapter of the
book dedicated to surface polaritons [28]. The surface polariton modes have a be-
havior which is schematically indicated in Figure 11. In this case Maradudin and
Mills [29] have shown that the admixture of bulk modes and surface modes of the
same energy but different g values results in an additional damping mechanism.

To observe surface exciton polaritons is an experimentally difficult task even in
the case when spatial dispersion is considered, because, though their energy can
overlap that of bulk polaritons or vacuum photons, the corresponding in-plane
wave vector g is always larger. One must use techniques which generate suffi-
ciently large wave vectors parallel to the surface. We can mention the method of
attenuated total reflection (A.T.R.), the use of periodic surface structures (grat-
ings), or inelastic scattering of light or electrons.

The most effective technique is A.T.R., which is obtained when light is totally
reflected inside a prism of larger index of refraction n,, applied to the surface. If
« is the angle of incidence, larger than the angle of total reflection, an evanescent
wave with wave vector

npw .
q =kj=——sina (23)

c
enters the crystal. If the prism is close to the surface, and the value given by (23)
is sufficiently large, this evanescent wave can couple to the surface mode and ex-
cite it. This effect decreases the reflectance in correspondence to the appropriate
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Fig. 12.  Schematic view of the experimental set-up for observing A.T.R. The top scheme shows the
experimental setup. The bottom scheme indicates the condition for exciting the surface polaritons.
From Ref. [27].

value of w and ¢, and produces a dip in the reflected intensity at the appropriate
frequency and angle. The scheme is shown in Figure 12, and experimental results
for the Z3 exciton of CuCl (1s exciton of Figures 5 and 6) at 77 K are reported in
Figure 13 [30]. One can notice the dip in the reflected intensity for light polarized
parallel to the plane of incidence at a frequency between wr and wy, and ob-
serve how its energy increases with increasing angle of incidence, thus allowing
to measure the dispersion of surface polaritons.

7. Quantum Well Polaritons

The polariton concept also applies to electromagnetic waves and electronic excita-
tions in nanostructures, provided the translational symmetry is preserved in some
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continuous line to parallel polarization. The surface polariton dip is clearly visible.

directions. We show in Figure 14 the scheme of how this can be obtained. The
simplest of such nanostructures is the Quantum Well (Q.W.), consisting of a layer
which contains a number of planes of a material, confined by a different material
chosen to have a larger energy gap. As the surface, it has a two-dimensional trans-
lational symmetry, but is limited by potential barriers in both directions, which
produces discrete localized states, with a two-dimensional subband associated to
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Fig. 14. Schematic view of bulk material, Q.W. with two-dimensional translational symmetry,
Q.W.W. with one-dimensional symmetry. The different densities of states are also indicated.

each of them. The electron—hole interaction produces excitons associated to each
couple of subbands [31].

The typical material for inorganic Q.W. is GaAs in Ga;_, Al As, because GaAs
and AlAs have different energy gaps (1.42 eV and 2.4 eV, respectively, at room
temperature), and they have the same lattice parameter so that internal strains are
not produced. The aluminium concentration fixes the value of the gap in the mixed
crystal and hence the value of the potential barriers. Other types of inorganic
Q.W. have been obtained, including the nitrates GaN/Gaj_,Al,N, which have
excitons in the ultraviolet spectral region. Organic Quantum Wells have also been
produced [32]. Typical are the T.C.N.Q., but all organic materials can be grown
to form nanostructures, with the advantage that lattice matching is not required
because the molecular binding in this case is long range, being mostly due to van
der Waals interaction.
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Table I. Symmetry classification of excitons in Q.W. (groups D,;). We consider only the lowest
exciton states originating from the lowest H.H., L.H., or from the split off (S.0O.) valence subbands.
Other states can be found in Ref. [33]

VB CB 'y e Exciton One photon g factor
Iy

HH1 CB1 g IS Iy
21"5 X,y 1
I'3

LH1 CB1 Iy IS Iy b4 4/3
2rs X,y 1/3
I3

SO1 CB1 Iy T I's z 2/3
2rs X,y 2/3

The excitons in Q.W. have a larger binding energy than in the bulk because the
electron—hole attraction has a stronger effect (the purely two-dimensional binding
energy of the lowest exciton is 4 Ry*) [31]. However, the excitation energy is
larger than in the bulk because the confinement lowers the valence subbands and
increases the energy of the conduction subbands. The reduced symmetry splits the
top valence band (Fé4) in zincblend material), into two bands I'¢ and I'7, called
for convenience Heavy Hole and Light Hole bands. Consequently the excitons are
subdivided into Heavy Hole (H.H.) and Light Hole (L.H.) excitons, and so are the
polaritons. .

The calculations of the exciton energies and wave functions with their k-
dependence, as functions of the materials and of the Q.W. thickness have been
carried out in great detail and are described in the chapter by G.L. La Rocca of
this book. The reduced symmetry produces an internal structure of the exciton,
depending on the direction of the dipole moment with respect to the growth axis.
One has a longitudinal exciton (L.) and a transverse exciton (T.) with dipoles in
the plane, and a Z exciton with dipole moment oriented in the growth axis. The
exciton symmetries are reported in Table I, where it can be observed that the T
and Z excitons can be excited in the case of the L.H. lowest exciton, while only
the T excitons are excited in the case of the H.H. lowest exciton [33].

We wish here to show how the mixing of the electromagnetic waves produces
also in this case exciton polaritons, as we have seen for surface polaritons. How-
ever, in this case, as first pointed out by V. Agranovich and O. Dubovsky for
the purely two-dimensional limiting case [34], all possible values of 12”, includ-
ing zero, are allowed, and for all values with |l;||| < %’c = ko, the polaritons are
degenerate with the photons in the barrier and can decay into them. Only the po-
laritons with |kj| > ko behave as surface-like waves outside the Q.W., due to the
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conservation of the parallel component of k on the border, which gives outside

the well
7] = ko = /12 + 12, 24)

i.e., evanescent waves in the z direction for kj > ko. This explains the fact that
excitons in Q.W. are excited by the impinging radiation, and photoluminescence is
observed in Q.W. polaritons, while it is absent for surface polaritons. In the above
mentioned paper [34], also the 1D case (quantum wire) has been considered. It
was shown that in 1D the lifetime 7 is of the order of (2ra/)\)7g, where 1 is the
molecular lifetime and a the lattice constant (for Wannier—Mott excitons it would
correspond to the Bohr radius), while in 2D, t =~ (2ra /2)? 10 In 1D the effect is
weaker, in the 2D case the “superradiant” decay has been observed for the first
time in anthracene [35].

7.1. ELECTRON-HOLE EXCHANGE EFFECTS

We first wish to consider the electron—hole exchange contribution, which is gen-
erally neglected in the calculation of Q.W. excitons, but is essential to compute
the internal structure of the excitons. Since the electron-hole exchange origi-
nates from the Coulomb interaction between electrons, this corresponds to solving
Maxwell equation with electron—electron interaction but in the limit of ¢ — oo,
i.e., without retardation.
The k-dependent electron—hole exchange term appearing in the effective mass
equation is
- ez
J (k) = g(T) (Yrek, Yok, | E“/kav Vek, )s (25)
where k = I;C — l;v = 12; — l;; and g(I") is a numerical factor which gives the
singlet component in every specific symmetry determined state (g = 4/3 for 'y
valence band excitons, and g = 2/3 for the I'7 split off valence band). Expanding
the term 1/r12 of Eq. (25) we can separate J (k) into a short range contribution,
which is independent of k,anda long range contribution, which depends on k.The
short range contribution gives the oscillator strength and the 7' — L splitting, while
the long range contribution gives a spatial dispersive behavior which amounts to
the total k dependence in the case of Frenkel excitons with total mass M) — oo.
In the case of Q.W. the symmetry is D>, and the values of g(I") can be obtained
for all exciton states (see Table I). A separation occurs between the transverse
excitons with dipole on the plane (T excitons) and those with dipole along the
growth axis (Z excitons). One can observe in Table I relevant exciton symmetries
and selection rules for the point groups Dy4, appropriate to Q.W. originating from
materials with cubic symmetry, when one neglects the lack of inversion of the
zincblend symmetry on the well plane.
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Fig. 15. Internal structure of the LH-CB exciton of a Q.W. of GaAs/AlGaAs (60 A wide), computed
from the calculation of the electron-hole exchange (from Ref. [36]).

All the above considerations are implemented by carrying out the calculations
of the exchange contribution (25) in Q.W.s of different thicknesses. In this case
one can use the expansions at the band extrema in terms of the bulk Bloch func-
tions u. () and u, (), with envelope confining functions c(z) and v(z). For the
conduction subband we have

_ VA
I/fc(ku,?):(%) 1Py (0,7)c(2), (26)

where V' denotes the volume and S the surface. A similar expression holds for
the valence subband. The resulting contributions from Eq. (25) give a short range
exchange and a long range exchange greatly increased with respect to those of
the bulk, due to the larger exciton envelope function value at the origin Fex(0)
and to the large overlap of the confining functions in the z direction [36]. The
short range exchange gives a local field correction, while the long range contribu-
tion is obtained by screening the electron—hole interaction with the &, dielectric
constant [37].

We report in Figure 15 the computed splittings of the T, L, and Z modes in the
L.H. exciton of a GaAs/GaAlAs Q.W, as a function of k. The computed value

of the splitting at iél\ = 0 between the Z exciton and the T exciton is 1.2 meV,
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Fig. 16. Experimental absorption on the Q.W. polariton for an angle of incidence of 66°, with polar-
ization parallel and perpendicular to the plane of incidence. The shift of the parallel polarized peak is
observed for L H excitons as expected (from Ref. [38] and private communication by D. Frolich).

in agreement with the experimental observation obtained by Frohlich et al. [38],
who measured the transparency for perpendicular and for oblique impinging light,
polarized in the plane of incidence. Their experimental results are reported in
Figure 16, and show for oblique impinging light, with polarization parallel to the
plane of incidence, the presence of the Z Light-Hole exciton peak, displaced by
about 1.2 meV with respect to the T Light-Hole exciton peak. This occurs only for
L.H. exciton polaritons, where the Z polariton is optically active, and not in the
H.H. exciton polariton case, where the Z polariton is not coupled to the radiation,

as can be seen in Table 1.

7.2. RETARDATION EFFECTS AND Q.W. POLARITONS

To obtain the polaritons one can use the quantum picture of Section 3 or the semi-
classical approach of Section 2. We follow the latter scheme and solve Maxwell
equations including retardation [36,39]. The susceptibility near any exciton reso-

nance is non-local and can be expressed as follows

xow. (ky, @, 2,2') = xow.(@. &) p()p(2)
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2
= %!Fg'w'(O)\zp(z)p(z’)

1 1
< [ _ T } @7
wex (k) —w+is  —wex (k) —w+ie

where p = c(z)v*(z) is the product of the confinement functions of electron and
hole. We observe that wex (l;”) does not include the long range exchange described
above because its effects appear in the solution of Maxwell equations, while the
short range exchange appears in the form of a local field effect, as shown by
Cho [37].

The susceptibility (27), substituted into Maxwell equations, originates the fol-
lowing integro-differential equation for the electric field E(w, k|, z):

2
V/\V/\E—Z)—z[eooE(w,kn,Z)-i-“?T/

—00

+o00 R .
dz'x (a), ky, z, Z/)E(a), ky, Z/):|

=0. (28)

The solutions of the above equation (28) in the inhomogeneous system are ob-
tained by matching at the boundaries the solutions inside the Q.W. with the free
electromagnetic waves in the barriers. As mentioned before, two types of so-
lutions can be found: the resonant polaritons when kj < ko = Z./éx and the
surface-like polaritons when k| > ko = %@ .

To find the resonances, we look for the general solutions for k| < ko, consider-
ing the scattering of waves by the Q.W. and expressing the scattering coefficients
in the Breit—Wigner form

i
= jk,L), 29
e ek L) (29)

w—0—

where the condition w = c?)(l_é”, w) gives the values of the resonances of the optical
modes and the corresponding I'(k|, w) gives the linewidths. We obtain for the
three optically active modes [36,39]:

4 2, | Fex (0)

ar (K, 0) = o (k) — ~ kg P (k). (30)
o 2 2 Fex 0 212 kz k2

FT(k”,a))z ”Mcu| 8(h)| o ( )k_()’ 31)

_ 7 - Ampl | Fx(0)

o (k, ©) = (k) = ——=———k P(ko), (32)
- 2 2 FCX 0 212 kZ kz

ry Gy, @) = 20l Fex QPO Kk -

Eoohi
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- ~ 4wl |Fex(0)]?
o2 (f. @) = o(fy) + M([ dz p*(2) —kﬁP(kg) (34)

Eooh

2
2 2, | Fex (0)1* Q2 (ko) K
Eooh ke

Tz(kj, ») = (35)

In the above expressions

L2
0k) = / p(2) cos(k.2) dz. (36)
L2
and

+L/2 +L/2 1
P(kz):_/ dz/ dz’ﬁsin(kz]z—z'])p(z)p(z/). (37)

—L/2 —L)2 z

For iéll > ko surface-like modes are found by matching at the boundaries the
evanescent waves of the barriers with the solutions inside the Q.W. The surface-
like modes are stationary, with zero radiative linewidths, and propagate only in
the quantum well plane. They are given by the same expressions (30), (32), and
(34) of the previous case, with [' = 0, provided the quantity P (k) is replaced by
P (k;), obtained by using the imaginary wave vector i k., instead of k, i.e.,

+L/2 +L/2
Pho= [ ar [ de s k(= )]p@nl).  GY
L/2 L/2

The modes described above are the polaritons in the quantum wells, totally
analogous to bulk polaritons and surface polaritons, except for their radiative
linewidths for 12” < ko. For the purpose of illustration we show in Figure 17 the
dispersion of polaritons, computed for a typical quantum well GaAs/GaAlAs. In
Figure 18 we show the computed dispersive behavior and the lifetime broadening
of the Z3 exciton polariton in a Q.W. CuCl/Ca;F for small values of the in plane k
vector, and in Figure 19 the computed dispersive behavior as k| greatly increases.

A more extended discussion of Q.W. polaritons can be found in a recent review
article by L.C. Andreani [40].

7.3. Q.W. POLARITON LIFETIMES

While in bulk material polaritons would have an infinite radiative lifetime in an
unlimited crystal, in confined structures we have seen that polaritons have a ra-
diative broadening when k| < ko. When light impinges on a Q.W. only resonant
modes are produced because this condition holds (the radiation is close to normal
incidence because of the large refractive index of the barrier material). Photolumi-
nescence therefore results, with the decay lifetime 1/ " given above in Egs. (31),
(33), (35). As pointed out by Agranovich and Dubovsky for the two-dimensional
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Fig. 17. Polariton modes for a Q.W. of GaAs/AlGaAs (from Ref. [39]).

limit [34] such a lifetime at kj = 0 is orders of magnitude smaller than in bulk
crystals.

An equivalent alternative way of considering lifetimes is to compute the decay
rates of the quantum well polaritons into the photons of the barrier with the same
12” and all possible values of k,, characterized by the one-dimensional density of
states

2
- V (n hw
p(ky, ) = —| - ) —=—==0o — k), (39)
S\ fic 212
ks —k
0 I
where 6 (x) is the step function (0 for x < 0, 1 for x > 0), and n the refractive in-

dex. From Fermi’s golden rule one obtains the decay rates. They can be expressed
for any polarization direction € in terms of the exciton oscillator strengths per unit
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(a) Dispersive behavior of polaritons in the lowest exciton resonance (Z3) of CuCl/CayF
Q.W. (from Ref. [39]). The lower curves (b) give the computed radiative linewidths for k|| < k.
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Fig. 19. Dispersive behavior of CuCl/CayF Q.W. polaritons for large values of the in-plane wave
vector k (from Ref. [39]).

area
1 2 - o 2
fe=73 [(Wolg - Plex)| ", (40)
S mohawo
and for k| =0, one obtains [41]
21\ €?
To= (—)—fs. 41)
n ) moc

For the H.H. polaritons the L and T modes have the same decay rates and the
Z-mode does not decay because f, =0, as shown in Table I. For L.H. polaritons
fz =4 fxy and also the Z-mode decays. An estimate has been obtained for Q.W.
of the type GaAs/AlGaAs of about 100 A width. From a computed oscillator
strength fy, = 5-10~* A=2 a radiative lifetime 7o of about 12 picoseconds has
been obtained [15,41].

The experimental data usually give a larger lifetime, with a linear temperature
dependence at low temperature [42]. This is due to the fast thermalization of the
polariton modes produced by inelastic scattering with the acoustic phonons, with
only a fraction of the polaritons occupying the sates with k < kg, which can decay
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Fig. 20. PL. decay times as functions of temperature for GaAs/AlGaAs L.H. polaritons in Q.W.
of various thicknesses (from Ref. [42]). Observe the linear dependence and the increase with Q.W.
thickness.

radiatively with lifetime tp. Such a thermalization gives for the lifetime of the
H.H. exciton polariton [41]

—5—5—10, (42)

in fair agreement with experimental results [42], as shown in Figure 20.

Experimentally, one can also distinguish between the “fast” lifetimes for k < ko
[43] at very low temperatures, and the “slow” lifetimes, linear with T for thermal-
ized polaritons, according to Eq. (42) [42].

Another evidence of the radiative lifetime is obtained from its influence on the
normal-incidence reflectivity, which has been computed with the procedure sug-
gested by K. Cho [44], using linear response theory with the appropriate nonlocal
susceptibility. For a Q.W. with a barrier of infinite length on one side and a barrier
of thickness D on the side where one measures the reflectivity, one finds [41]:

n—1\2
R(w):<n+1)

8n(n—1) (y +To)coskol 4+ (wo — w) sinkpl
(n+1)? (w0 — ®)? + (v +T0)?
where £ = L+ 2D, wy is the resonance frequency and y is the nonradiative width.

We observe that the correction to the background reflectivity strongly depends on
the radiative decay width I'¢.

Io, (43)
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Fig. 21. (a) Absorption of an A.Q.W. at normal incidence (continuous line) and polarized along the
z axis (dashed line). In the inset the electron and hole confining potentials. (b) Dispersion curves of
the L.H. polaritons for the A.Q.W. of (a) (from Ref. [46]).
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7.4. ASYMMETRIC AND DOUBLE QUANTUM WELLS

Polariton states can be computed also in more complicated two-dimensional struc-
tures, such as Asymmetric Quantum Wells (A.Q.W.) or Double Quantum Wells
(D.Q.W.), with a confining potential of different depth in different parts of the well
or two coupled wells of different thicknesses respectively. In this case it is conve-
nient to use a simplified procedure suggested by V.M. Agranovich [45], based on
the fact that the wavelength of the radiation is large compared to the width of the
well, and consequently one can use for all fields inside the Q.W. the expansion

JIF
F()=F0)+ <—> z, (44)
0z

0

and

F(F,1) = Fx)efPemion, (45)
The phase conservation imposes a constant k| at all the boundaries, and all other
boundary conditions give eigenvalue equations for the parallel and perpendicu-
lar components of the fields in terms of the perpendicular and parallel dielectric
functions &1 and ¢, and of the background dielectric function &, [46]. The re-
flected and transmitted fields can be found in terms of the incident ones, and the
reflection coefficients Rg and Rp for polarization perpendicular and parallel to
the plane of incidence can be computed when the material parameters are known.
The complex poles of Rg and Rp give the values and the dispersions of the polari-
ton states and their radiative linewidths. Also in this case the results for k| > ko
are obtained from those at k|| < ko by replacing k, with ik, the linewidths being
equal to zero [46,47]. We give in Figure 21 the computed absorption spectra of
an A.Q.W. of GaAs/GaAlAs and the computed dispersion curves of the polariton
states.

7.5. DETECTION OF Q.W. AND A.Q.W. POLARITONS

While the resonant Q.W. polaritons (k| < ko) can be observed from the peaks in
the absorption and in the reflectivity, as shown by Frohlich et al. [23] and by Berz
et al. [47], the surface-like Q.W. polaritons can be excited only by producing high
values of k| with surface gratings or with total reflection as shown in Figure 12.
As in the case of surface polaritons, one expects dips corresponding to attenuated
total reflections, an example of which is shown in Figure 22, based on a detailed
calculation on a CuCl Q.W. polariton [48].

8. Quantum Wire Polaritons

The exciton polariton concept can be extended to the Quantum Well Wires
(Q-W.W.), where the translational symmetry is preserved only in one direction.
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Fig. 22. Attenuated total reflectivity of a Q.W. of CuCl at nearly grazing incidence, with light po-
larized in the plane of incidence (— — — Rp), and perpendicular to it (— Rj). One can observe the
appearence of the L.H. polariton in the former case. From Ref. [48].

This of course is also true for those organic crystals (like polyacetylene) that are
linear molecular chains, so separated one from another that one can neglect the
interaction among them. In this case the k vector is also one-dimensional, and one
obtains one-dimensional polariton modes.

As in the Q.W. case, we can find the polariton modes by solving Maxwell equa-
tions with the appropriate boundary conditions and with the appropriate nonlocal
susceptibility. One starts with the exciton energies and wave functions, which are
computed by introducing a confining potential in two directions and the Coulom-
bic electron—hole attraction in three dimensions (or an effective attraction in one
dimension, since the Coulombic attraction in one dimension would give a diver-
gent binding energy) [49]. Also in this case the cylindrical symmetry separates
the degeneracy of the valence band, so that one can use a two-band model, and a
trial envelope function of the form
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w]?f(/‘l:/[.e,Mh (,5(3, iahs Xe, -xh)

= Fre ek j2(Pes %) Fup My k2000 X FES 0 4 g, (e — Xn), - (46)
Me,Ne
where f, denote the wire confinement functions and M the angular momenta
(total momentum M = M, + Mp,). The trial wave function F® (x, — x;,) requires
a rather complicated calculation [50], but in the approximation of an infinitely
large confining potential the confinement functions in (46) take the simple form

Fami(p,x) = NeM®e* 1y (¢, 0)0 (R — p), (47)

where N is the normalization, R is the wire radius and «,, = po, /R, po, being the
nth zero of the Bessel function. The oscillator strength of the optical transition
(per unit length) is

2

fo 2may
= 21 | dpedxe Yexmt (Pe = Py xe = x1)| (48)

L T he Mue

so that only M = 0 excitons are allowed in the dipole approximation because the
others have null exciton wave function at the origin of the relative coordinates.
Other selection rules can be obtained from symmetry, as in the case of quantum
wells. An enhancement of the binding energy and of the oscillator strength with
respect to the case of quantum wells of comparable widths arises because con-
finement is increased and electrons and holes are forced to stay closer.

The nonlocal susceptibility of the Q.W.W. can be expressed in a form analogous
to (27) as

1 1 1
wskva ) ' =T 2 +
X( p '0) h ;M‘”[wex,n—w+i8 —Wexn — W+ i€

X fox () fox (0')| Fex O], (49)

where fox(p) is the product of the confinement functions of electron and hole
Sfex (0e) fex (pr) in the wire, and Fex (0) is the relative motion envelop wave func-
tion at the origin. This can be inserted into Maxwell equations, as in the case of
quantum wells, and an analogous integro-differential equation of the Fredholm
type is obtained, whose solutions inside the wire can be matched at the border
with the travelling waves in the barrier, using for the ratio of outgoing to incom-
ing waves the scattering coefficients of the Breit—Wigner form (29). As shown by
Tassone and Bassani [50], one can take advantage of the cylindrical symmetry by
expressing the electromagnetic fields in terms of the angular momentum M and
the wave vector in the wire direction k as

E(k,x) = Ep(k, p)e'M9ei*> (50)
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and solving the coupled integral equations for the components inside the wire.
Only electromagnetic waves of angular momentum O or £1 are optically active,
i.e., have nonvanishing polarization.

For M = 0 the excitonic polarization lies along the wire axis and the cor-
responding mode is longitudinal (L), while for M = £1 the excitonic polar-
ization lies in the orthogonal plane and the two degenerate modes are trans-
verse (W modes). Also in this case one obtains for M = 0 resonant modes for
k < ko = % ./ep, and surface-like modes for k > ko = < ,/e. We give the expres-

c
sions for the longitudinal mode for the case k < ko:

_ 12, | Fex (02 2

or (k, w) = wex (k) — 4 P, (51)
Eooh
and its radiative broadening
2 2,2 For (O 2 2k2
FL: T lu‘cv| ex( )l Q , (52)
Eoohi
where
P= / / dpdp’ pp’ G(p. p") fex(p) fex (') (53)
and
0= / pdp Jo(kp) fex(p), (54)

the Green function being expressed in terms of the regular Bessel function Jp and
of the singular Bessel function Y as:

, —/2Jo(kps), for p. =min(p, p);
Glo-r) = { —/2o(kp=), for p- =max(p, o). &)
In the case of k > kg the expressions (51) are the same, but the Bessel functions Jy
and Yy in the Green’s function (55) are replaced by the modified Bessel functions
and I';, = 0 because asymptotically decaying fields in the barrier must be matched
to the solutions inside the wires.
For the M = +£1 case the same approach gives [50]:

2 2, | Fex (0) k3 — Py
Eoohi

ww (k, @) = wex (k) — , (56)

and

722 | Fex (0) 2 Q% (k + k)
Eoohi

Ty (kj, ) = , (57)
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Fig. 23. Polariton dispersion curves in a cylindrical Q. W.W. of 40 A in GaAs/GaAlAs. The broken
line indicates the photon dispersion w = vk. The difference between the longitudinal and the wire
mode is due to the radiative correction with retardation (from Ref. [50]).

where

hr= f / po'dpdp'(Gy' —iGy)) fex (p) fex ()

—— [ pdp f2(p). (58)
ko
where the last term produces a resonance shift. The broadening in this case never
vanishes and the mode can decay for all values of k.
The dispersion character of W and L polariton modes of a typical Q.W.W. is
exemplified in Figure 23.

8.1. Q.W.W. POLARITON LIFETIMES

The radiative lifetimes of quantum wire polaritons can be inferred from the broad-
enings (52) and (57). They can also be computed, as in the case of quantum
wells, from the transition probability rate of one-dimensional excitons to the two-
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dimensional photons of the barrier with the same k and with all possible l_ép in
the plane perpendicular to the wire direction. Considering the higher value of the
oscillator strength in quantum wire excitons compared to quantum well excitons
one would expect a shorter radiative lifetime, but the photon density of states
is also different, so that the lifetime is usually larger in quantum wires. Also,
the temperature-dependence due to thermalization is in this case proportional to
VT [51].

An additional effect to be considered in the study of lifetimes is the loss of co-
herence, when scattering by phonons and disorder reduces the coherence length
£, with a spread in wavevectors §k =~ Z;] and an additional homogeneous broad-
ening [51]. A full discussion of radiative lifetimes can be found in the review
articles by L.C. Andreani [15,40].

9. Exciton-Polaritons in Microcavities

In recent years a new type of heterostructure has been considered, which appears
very promising for enhancing optical effects through increased coupling between
excitons and photons. It is the microcavity, typically constituted by a material of
length comparable to the wavelength of light in the medium, with totally reflecting
barriers in specific directions [16]. The scheme is shown in Figure 24, where
the optical barriers on two sides of the cavity are indicated as Distributed Bragg
Reflectors (D.B.R.), multiple repeats of alternating layers of high and low index of
refraction, each of thickness A /4, where A = Ayacyum/7 is the chosen wavelength

Bragg mirrors  gupstrate

EAEN

Fully closed bulk miecrocavity

Fig. 24. Scheme of a planar microcavity, where the light is confined by Distributed Bragg Reflectors
(D.B.R.).
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Fig. 25. Schematic behavior of the resonant modes in a planar cavity (from Ref. [52]).

of the layer material. Such D.B.R. are preferred to metal coated surfaces mainly
because surface quality allows coherence to be better preserved in the reflections.
A comparison of the properties of cavities with metallic mirrors and with D.B.R.
is given by V. Savona [52].

The cavity resonant modes, in the ideal situation of perfectly reflecting mirrors,
are obtained from the Fabry—Perot condition

(59)

where ¢ is the constant dielectric function of the medium and k| is the in-plane
wave vector. A schematic behavior of the lowest Fabry—Perot cavity modes is
shown in Figure 25. We can observe that such modes, which are free propagating

272
waves in the plane, can exist only for w® > CSA, otherwise k; is imaginary and in
the z direction we have evanescent waves.

In realistic situations the reflectance of the D.B.R. and the cavity resonant
modes are not the ideal ones; they must be found from the solutions of Maxwell
equations with the appropriate boundary conditions. In our case we can express
the space-dependence of monochromatic fields as

E"H (5.2) =¢y Ukl\sw(z)eikn-ﬁ’ (60)

which gives for the mode function Uy, ,(z)
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dz?

In each layer with constant ¢ the above equation gives two waves propagating in

d?U, o 2
P (Lo 1) vhur=0 )

. . . . 2
opposite directions, with k, = (%8 - kﬁ)l/z,

Uk (2) = Ee(ky)e™ % + E, (ke (62)

Their complex amplitudes have to be determined by imposing the boundary con-
ditions at each interface. This task is made very simple, also for complicated sys-
tems, by the transfer matrix approach [53], which consists in connecting the two
amplitudes of incoming waves to those of outgoing waves with a matrix of order
two, whose elements are determined from the Maxwell boundary conditions at
each interface, and considering the products of such matrices at each layer. One
obtains in this way the reflectivity of the D.B.R. and the values of the electric field
in the microcavity (M.C.) spacer and out of it. Typical of the D.B.R. is a stop band
of nearly total reflectance centered around the frequency ws = vko, where v is the
light velocity in the medium and k¢ the vacuum wave vector of light. At normal
incidence the reflectance R = |r|? is about constant in the stop band; and for N
layer pairs is given by [52]

4 2N
R:l—@<n—2> (n2 <ny), (63)
Ncav \ N1
with the phase given by
L
& =" (0 — ), (64)

where wg is the frequency at the center of the stop band, and

A niny
Lppgr= =

_ 65
2 neav(ng —na) (63)

is an effective penetration thickness (% = layer thickness). For the purpose of
exemplification we show in Figure 26 the computed reflectivity of a D.B.R. of 20
layer pairs.

The penetration length (65) and the subsequent phase (64) modify the cavity
mode frequency w,, with respect to the Fabry—Perot frequency w, of Eq. (59) in
the following way [49]:

w0 = Leoc+ LDBRCUS. 66)

L¢+ Lppr
This means that when the cavity is designed in a way that wg = w,, the cavity
mode coincides with the Fabry—Perot condition (59) and its frequency is at the
center of the stop band. For the purpose of exemplification we show in Figure 27
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Fig. 26. Reflectivity at normal incidence of a D.B.R. of 20 layer pairs with ny = 3.6 and ny = 3.
One can observe the oscillating behavior about the stop band (from Ref. [52]).
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Fig. 27. Reflectivity of a A M.C. with the cavity resonance mode at the center of the stop band (from

Ref. [52]).
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the reflectance of a microcavity, with the dip due to the cavity resonance at v =
w¢. The width of the cavity mode has also been computed and, for R close to 1,
is given by [54]

. (d=R)

" ne(Le+ Lppr)
The calculations can be performed for all values of &, and the linewidth can

be made much smaller than for metallic reflectors, which gives a good value for
the finess (ratio of the separation between cavity modes and linewidths).

(67)

Ve

9.1. POLARITONS IN Q.W. IMPLANTED M.C.

The material inside the cavity spacer contains excitons and, if the optical mode
frequency of the cavity is tuned to an exciton resonance frequency (n = 1 exci-
ton in particular) the two states interact. The splitting at resonance, in analogy
with the case of atoms in a microwave cavity, is called the Rabi splitting. When
the Rabi splitting is large in comparison to the natural linewidths of the cavity
mode and of the exciton, the strong coupling regime holds and two separate
modes are produced. In the opposite case of weak coupling regime the damp-
ing prevails over the light-matter interaction, so that only the radiative decay rates
are modified. A detailed experimental and theoretical study of the strong cou-
pling regime can be found in the review article by Skolnick, Fisher and Whit-
taker [55], and a general analysis of cavity polaritons is in the review article of
Savona et al. [16].

The simplest way to consider the coupling between the cavity mode and the
excitonic state to obtain the cavity polaritons is to vary the separation between the
two frequencies and obtain the two modes as a mixture of cavity mode and exci-
ton. A simple Hamiltonian treatment can be made at k| = 0, with a coupling char-
acterized by an energy which gives the vacuum Rabi splitting €2 at resonance.
This is related to the oscillator strength, and in the case of a Q.W. embedded in
the M.C. is given by [54]

2 1/2
Q~ 2(271 ¢ Jor ) : (68)
ecme(Le + Lppr)
The matrix Hamiltonian is
E, 2
H= 2, 69
e g (69)
and its eigenvalues give the energies of upper and lower cavity polaritons:
E.+E 1
s= = E V(B — B2+ (1) (70)
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The Hamiltonian treatment cannot consider the linewidths. To take this into ac-
count the master equation for the density matrix, with an irreversible contribution,
must be considered, using Eq. (16) of Section 4. Close to resonance one can sim-
plify the procedure by modifying the Hamiltonian (69), with the addition of an
imaginary contribution —i%y to E, and E. in order to account for the linewidths
of exciton and cavity modes, the latter given by (67). At resonance one obtains:

4 i 1 N 5
w zwex_E(Vex+V:n)i5 Q% — (Yex — Ym)* (71)

which shows that the condition for strong coupling is |2| > |Vex — ¥m|. One can
visualize in Figure 28 the dependence of the frequency and linewidth of the po-
lariton microcavity at resonance on the reflectance of the D.B.R. The weak and

2.0 T T T T

T2 (meV)

1 L L 1

0.0 0.2 04 0.6 0.8 1.0

Fig. 28. Microcavity polariton frequencies and linewidths at resonance, in the weak and strong cou-
pling regimes, as functions of the reflectance. The upper and lower polariton modes separate in strong
coupling, while the linewidths decrease. In strong coupling at resonance the linewidths of U.P. and
L.P. coincide (from Ref. [54]).
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Fig. 29. Calculated polariton dispersion as function of k. The broken curves show the uncoupled
exciton and photon dispersion curves (taken to be degenerate at k| = 0). The broken vertical line
separates resonant and surface-like polaritons (from Ref. [55]).

strong coupling regimes are indicated, and the vacuum Rabi splitting corresponds
to R =1, in which case the broadening is given by the exciton linewidth.

In a similar way one can compute the cavity polariton dispersion, taking into
account the fact that the cavity modes and the exciton modes interact only for
the same value of the in-plane wave vector 12” [56,57]. Since the dispersions of
excitons and photons are very different, the coupling decreases as k| increases
and the upper polariton becomes more photon-like while the lower polariton is
more exciton-like, as in the case of bulk polaritons. An example of such Q.W.
exciton-cavity polaritons has been computed in the strong coupling regime and
is shown in Figure 29 [55,56]. Such calculations have been extended to the case
when more Q.W. are present in one cavity or more cavities are coupled [58].

The polariton dispersion described above can be measured in angle tuning ex-
periments, as in the case of surface polaritons, by observing the dips in total re-
flectance. As an example, we show in Figure 30 the results of experimental data
of Baxter et al. [59]. One can notice the strong shift of the cavity mode with k|
and a large Rabi splitting, corresponding to an anticrossing at k| 4 - 105 m~1.
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Fig. 30. Energy positions of reflectivity dips for a quantum well embedded microcavity as a function
of the angle of incidence (or of k||) (from Ref. [59]). The symbols denote experimental points.
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9.2. BULK MICROCAVITY POLARITONS

The problem of calculating exciton-polaritons in bulk microcavities can be better
handled in linear response theory by the transfer matrix model [60]. At the border
of each layer of thickness £; the transfer matrix is simply given by the classical
optics expression:

cos(2n ;) —n'—']_ sin(gnj) a2)
—injsin(Zn;l;) cos(Zn ;)

Inside the microcavity, close to the exciton resonance, we use n = /¢ and the
dielectric function in k-space

2
e(@, k) = e0o + Ampey (73)
P —¢o0 > k2 5 A s
wO+M§X —w°—1iyw

where M¢, is the total exciton mass, to obtain the electric fields E(z) and the
polarization fields

Ploy= Y (ES o 4y o), 74

where 712 = ‘i—ﬁé — €00, and & denotes the two different k vectors for each fre-
quency. Using the Pekar A.B.C. condition (P =0 at |z| = L./2), one finds re-
lations between the four field amplitude variables E(f and obtains the transfer
matrix for the microcavity. The total transfer matrix M can be obtained as the
product of the individual matrices of the microcavity spacer and of the layers of
the D.B.R. mirrors [60]. The total reflectivity and the related optical properties

can be calculated in the usual way [53] to obtain:

.o M1 + nsuwMp» — Mii — naunM12
Mz + nsupMa + M1y + nsunMi2’

ngub being the refractive index of the substrate which supports the microstructure
on one side.

The confinement by D.B.R. can be on one side only (open cavity) or on both
sides (closed cavity). The D.B.R. can produce a null phase shift on reflection (r )
or a w phase shift () according to the relative magnitude of the first and second
layer of the D.B.R. This can be used to control the exciton—photon interaction,
which is more relevant for the r* type M.C. [60], as can be intuitively understood
by the greater average field intensities in this case.

The observation of bulk exciton polaritons in microcavities also reveals the
existence of a satellite structure due to the quantization of the center of mass

(75)
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Fig. 31. Reflectivity of M.C.s in the frequency region near the bulk exciton. The thickness L. de-
creases from top to bottom (the seventh curve corresponds to degeneracy). The satellite structure due
to exciton confinement is clearly visible when one approaches resonance (from Ref. [62]).

motion of the exciton in the growth direction:

n?h2n?

E,=hwy + ——.
T Mg 12

(76)
This quantization has been theoretically predicted by D’ Andrea and Del Sole [61]
and experimentally observed in thin layers of GaAs [60]. In the case of fully
closed microcavities the strong coupling between bulk excitons and photons pro-
duces the two cavity polaritons described above with a very large Rabi splitting, as
in the Q.W. implanted M.C., but with a satellite structure due to the exciton con-
fined motion (76). We show in Figure 31 the experimental evidence of the above
described effects in the reflectivity of a /2 GaAs/AlGaAs M.C., with the satellite
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structure clearly observed when the two polariton modes are strongly mixed [62].
Also the increase of the interaction with r reflecting mirrors has been observed.

Another observation to be made concerns the larger value of the polariton
splitting at the cross point in microcavities, compared to the usual longitudinal-
transverse splitting in bulk material, due to the increased electron-photon cou-
pling. A comparison of the Rabi polariton splittings of Q.W. implanted and bulk
microcavities can also be made. They depend on the exciton oscillator strengths,
which favors the former, but also on the active layer thickness, which favors the
latter.

The analysis described above has been extended by Vladimirova et al. [56] to
study the in-plane spatial dispersion of the two-dimensional exciton-polaritons,
as in the case of Q.W. implanted cavities. Polariton waves having electric field
components normal to the interface (Z or L polaritons described in the case of
Q.W.) can be excited only with oblique incidence geometry and polarization in
the plane of incidence. This also allows the determination of spatial dependence
by varying the angle of incidence, as shown for surface and Q.W. polaritons.

9.3. QUANTUM THEORY OF POLARITONS IN M.C.

As shown in detail for the case of bulk polaritons, also in the case of M.C. polari-
tons one can develop a full quantum theory by considering the electromagnetic
radiation in the cavity and the exciton states as field particles with interaction
only between states with the same |1€” |. The interacting Hamiltonian can be made
diagonal recovering the results of the semiclassical approach and obtaining the
appropriate wave functions. Such a program has been carried out by Savona et
al. [63,64]. It has the advantage, as in the general case of the quantum theory of
light, of allowing calculations of the statistical properties of the radiation and of
the luminescence spectrum. For a general analysis we recommend the lectures by
A. Quattropani [65].

As an example we show the simple case of the interaction of an exciton with the
cavity mode, with the Hamiltonian expressed in terms of creation and destruction
operators for the exciton (b", b) and for the cavity mode (a', a) as

H = hwab b + howata+hC (b —b)(a™ +a)+hD(at +a)>, (77)

with C and D coupling constants analogous to (9b) and (9c) for the case of the
bulk. Introducing the polariton operators:

ai =Wia+ Xib+ Yia® + Z;b*, (78)
with i = 1, 2 for lower and upper polariton, and requiring

[i ] =4, (79)
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we can reduce the Hamiltonian to the diagonal form:
Hgiag. = hQ1 o a1 + 10 a5 a2, (80)
where the eigenfrequencies €21 and 2, can be determined from the condition
[ai, H] = [, Haiag ] = A2, (81)
which gives for Q2 the compatibility equation
(w2 — Q%) (w? — Q%) +4Dw(wl — Q*) — 4C*wexw. = 0. (82)

This, for 2 close to w, and wex, and with D = C? /wex as in the bulk case, gives
for the upper and lower polariton the approximate solutions

_wc+0)ex
2

in agreement with expression (70) of the semiclassical approach.

This does not include the linewidth effects, which can be considered by using
the Stahl-Baslev approach or the Cho approach described in Section 4.

One can also consider the quantum mechanical treatment of the coupling of
the polariton cavity modes with the continuum of the radiation modes outside
the cavity, thus obtaining the radiative broadening, as in the case of Q.W., and
the microcavity polariton luminescence. For this and other related problems we
recommend Ref. [16] and more specifically [64].

1
Q* + V(e - wex)? + C2, (83)

9.4. APPLICATIONS

The field of semiconductor microcavities is of interest also for new photonic ap-
plications related to the specific nature of the exciton polaritons described above.
In this case, particularly appropriate are three-dimensional microcavities, where
lateral confinement is obtained by cutting the M.C. along the plane to form a cylin-
der (pillar microcavities). For this development we refer to a recent review paper
by L.C. Andreani [65]. One must also consider the relevance of spatial disorder in
localizing the microcavity polaritons, for which the reader can consult Ref. [66].

As examples of possible applications one can consider the optical bistability,
the enhancement of photoluminescence, and polariton M.C. lasers.

It has been demonstrated that the large increase in the radiation intensities in
microcavity produces saturation effects which decrease the oscillator strength,
with a behavior of the type

___Jfo
l+n/ng’

where ng is a saturation density which reduces the oscillator strength to half its
original value. This consequently bleaches the Rabi splitting, and this is expected

S (84)
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Fig. 32. Computed transmitted power of a M.C. with a GaAs Q.W. as a function of the radiation
intensity (referred to saturation) for two values of the polariton linewidth (from Ref. [67]).

to produce an optical bistability when the optical constants of the microcavity are
computed as functions of the light intensity. We report in Figure 32 the results
of detailed calculations of the transmitted power as a function of the incoming
power, performed on the basis of rate equations related to the oscillator strengths
(84). We can see a clear evidence of a bistability effect in the transmitted power
with a relatively small light intensity [67].

Another interesting possibility is to greatly enhance the photoluminescence by
inserting in bulk or in Q.W. implanted M.C. some organic material to which the
excitation can be transferred by Forster effect (dipole—dipole interaction at close
distance) or by radiation coupling. The organic material can be in the form of or-
dered bulk material or of a Q.W., in which case cavity polaritons result as shown
above, or in the form of disordered organic semiconductors, for which the lower
polariton branch only exists for small values of the k-vector (A, >> mean distance
between molecules) [68]. In both cases a very large Rabi splitting occurs in M.C.
containing organic material as a result of the large oscillator strength of Frenkel
excitons. The energy of Q.W. or bulk cavity polaritons can then be transferred to
the upper polariton branch of the organic polariton and from this decay by fast
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Fig. 33. Energy loss of a M.C. containing an organic material as acceptor and a Q.W. as donor (from
Ref. [69]). The large decay is due to energy transfer. Comparison of DBR and silver reflectors is also
shown.

phonon emission to the lower incoherent branch and produce a strong photolu-
minescence typical of the organic material. To show that the presence of organic
material increases the optical energy loss of the cavity we report in Figure 33 the
result of a specific calculation on an organic implanted microcavity [69].
Another feature of microcavity polaritons which is attracting great interest is
the possibility of obtaining a very large density of polaritons at k; = 0, the mini-
mum energy state, due to their boson-like nature. This has suggested the enticing
possibility of Bose—Einstein condensation of polaritons in microcavities. A very
promising feature related to large density polaritons in microcavities is the pos-
sibility of polariton lasers. In this case the amplification of light is not related to
population inversion, but to “stimulated scattering” by which pairs of polaritons
collide with one another and produce a minimum energy and momentum polari-
ton and a higher energy and momentum polariton, as shown in Figure 34. Since
the scattering rate is proportional to the number of initial and final states the exis-
tence of a reservoir of final states at k| = 0 exponentially increases their number
and consequently the photoluminescence normal to the planes. This is a microde-
vice which converts pump photons into the output beams of different frequency
as an optical parametric oscillator [70]. The efficiency of the process is of course
dependent on the density at which polaritons are destroyed, and promising results
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Fig. 34. (a) Experimental apparatus for stimulated photoemission from a microcavity. (b) Polariton
collision which produces an excited polariton at large k| and a polariton at k| = 0. Gain in lumines-
cence occurs when the pump laser enters the sample at an angle of 17°. From Ref. [70].

have been obtained [70]. Very recently, possible evidence for cavity polariton
Bose—Einstein condensation has been inferred from the second-order coherence
of the emitted light [71].
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1. Introduction

Recent advances in molecular beam deposition methods allowed one to prepare
molecular multilayered structures analogous to inorganic superlattices and quan-
tum well structure. These molecular structures are held together by weak van der
Waals forces rather than the valence or ionic forces, giving greater freedom and
flexibility in preparing structures of high optical quality. In contrast to bulk mate-
rials, one can tailor these nanoscale structures in order to change physical parame-
ters of interest. These novel engineered materials open up a new field of research,
which is very promising from the technological as well as scientific point of view.
In particular, superlattices are of great interest for the study of phenomena
which arise at interfaces between different media. These artificial layered crys-
tals may be considered as systems with “condensed” interfaces since the total
area of their interfaces is proportional to the volume of the system. Under these
conditions some specific surface and quasi-two-dimensional effects must make an
important contribution into the bulk crystal optics. For example, their macroscopic
electrodynamics corresponds to uniaxial rather than isotropic crystal optics.
Different interactions taking place at the interfaces are of great importance and
can be responsible for the appearance of new linear and nonlinear optical effects.
Thus, it can be shown that in such crystalline layered molecular structures ex-
citations can be concentrated near interfaces between different layers. Various
types of Fermi resonances can be used as a universal mean for achieving optical
185
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bi-stability and multi-stability. New states, Fermi resonance interface modes and
Fermi resonance interface solitons were also predicted.

In this chapter we shall present elementary treatment of some effects mentioned
above.

2. Dielectric Constant Tensor of Long Period Organic
Superlattices with Isotropic Layers

First we shall consider the simplest case of superlattice formed by two types of
alternating layers with thicknesses /1 and [, whose electromagnetic properties are
characterized by isotropic dielectric constants €1 and &, respectively. This means
that /1 and [, are greater than the crystal lattice constants so that macroscopic
electrodynamics can be applied to such layers. If the superlattice interacts with
electromagnetic wave with wavelength A = 2w /k much greater than /1 and [,
then its electromagnetic properties can also be described by some averaged di-
electric constant tensor which components can be expressed in terms of €1, &
and /1, [» [1]. To this end, we use the relation

DV =g (@EY, D? =g (wE?, (1)

and the boundary conditions which read that tangential component E; of E and
normal component D, of D are continuous at the interfaces [2]. Let us take tan-
gential components of (1) and average them over period of the superlattice,

1 1
Li+0h Lh+h
Since E; is continuous at the interfaces and variation of E; inside each layer at

l1,1l> < X can be neglected, then E;l) = Efz) = E,, where E; is the value of the
electric field strength averaged over the superlattice. Hence we obtain

D; = (llDfl) + lth(Z)) = (1181 (w)Ez(]) + 1282(‘0)Et(2))'

D; =¢1 (0K, 2)
where
Ler(w) + her(w)

el(lw)=—F""—. 3
1(w) LTl 3)

In a similar way, averaging of normal components of Eqgs. (1) gives

1 1 l b
E,=——(LED + LEP?) = D" + D ),
=i OB R = (o ™

and since D, is continuous at the interfaces and change little inside the layers, we
obtain

o
e

Dy, “4)
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where

1 N I
A@=7=7 (a(w) * sz(w)>' ®)

This means that the dielectric constant tensor of the superlattice consisting of
optically isotropic layers has the form characteristic for uniaxial crystal. If the
layers are parallel to the (x, y) plane and normal to the axis z, then the dielectric
tensor of the superlattice has the components

&ij = €ibij, (6)
where

ey =&y =¢1(w), &, =¢|(w). @)

Let us consider several simple problems typical for optics of superlattices.

2.1. PLANE WAVE IN THE BULK

First let us find plane wave solution in the bulk of the superlattice. For monochro-
matic wave with frequency w the Maxwell equations take the form [2]

ioH=c¢(V xE), ioD=—c(V xH), (8)

and since in the plane wave all quantities are proportional to exp(iKr), these equa-
tions reduce to

oH=c(k xE), wD = —c(k x H). )

Exclusion of H from these equations gives
(0?/c*)D = k*(E — K(KE)/k?). (10)
In our uniaxial case we may assume that the wavevector k lies in the (x, z) plane,
k = (ksin6,0, kcos®), (11

where 6 is the angle between k and the z axis. By definition of ¢;; (Egs. (6), (7))
we have

D,=¢ | Ey, Dy=¢Ey, D, =¢\E,. (12)
Hence, the y-component of Eq. (10) gives the dispersion relation
k2=(0)2/02)8l (13)

for ordinary wave with polarization E = (0, £y, 0), and x- and z-components give
the system for E, and E; which has a nontrivial solution, if

cos2 0 n sin @ . w? _ 1 (14)
el & k2 n?’
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where n is the refraction index for the extraordinary wave with vector E lying
in the same plane as the wavevector k and the optical axis of the superlattice
“crystal”.

2.2. SURFACE WAVE PROPAGATING ALONG SUPERLATTICE LAYERS

Now let semi-space z > 0 be occupied by a superlattice with effective optical axis
directed along z, and semi-space z < 0 is occupied by isotropic medium with di-
electric constant ¢ = —|¢| < 0. We shall look for the solution for electromagnetic
wave localized near the interface between the two media and propagating along
the x axis with magnetic field H = (0, H, 0) directed along the y axis. Then from
the second equation (8) we have
icdH icdH
Dy=——— D, =0, D,=——

w 3z’ w ox’

and hence at z > 0 (medium /) the electric field components are equal to
, ic dH' , , ic oH!
E,=——— E, =0, E =—

) = - 15
wel 0z Y Y wep dx (15)

Substitution of these formulas into the first equation (8) with taking into account
that all field variables do not depend on y yields the equation for H':

19*H" 1 0*H! o

. 2

— =——H" 16
gl ax2 ey 972 c (16)

In a similar way we obtain for the medium /7 (z < 0)

1 321‘111 321‘111 (,()2 I
Tz )Tt 17)

c2
We look for the solution of these equations in the localized near interface form

&

Hoexp(ikx —k1z), z>0,

Hoexp(ikx +«k22), z<0, (18)

H(x,z)z{

where continuity of Hy at the interface is already taken into account. Substitution
of Eq. (18) into (16) gives expressions for k1 and k»:

2 2
el =R+ (19)
8” C C

One more boundary condition of continuity of E, at the interface between media
lTand /1,

1 oH" 19H"
el 9z & 0z

(20)
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yields the equation

K K
L= @1
el &
It is clear that for existence of such surface mode either £ or & must be negative
and we supposed above that ¢ = —|g| < 0. Now substitution of (19) into (21) and
simple transformations give the dispersion relation for this surface wave:
@ leley(lel +e1)

= — e T T 22
c? |8|2—8l8” (22)

If e, =¢) =¢1, &€ = &, then we return to the well-known formula

o® el

K =—

- (23)

lea] — &1
for surface wave at the interface between two media with homogeneous dielectric
properties.

Now let lower media have a dielectric constant equal to that of one of the layers,
say, € = £7. Then with the use of Egs. (3) and (5), Eq. (22) transforms again to the
form (23), but the value of the parameter «; which determines decay of the surface
wave in the upper superlattice (see (19)) differs from that for the homogeneous
medium.

2.3. SURFACE WAVE ALONG INTERFACE PERPENDICULAR TO LAYERS

Now let the interface between the superlattice and homogeneous medium with
dielectric constant ¢ be situated at the (y, z) plane and z axis be directed perpen-
dicular to the layers. We suppose that the surface wave propagates along z axis
and H is directed along y axis:

H= (0, H(x,2),0); (24)

then from the Maxwell equations we find that in the superlattice x < O the electric
field has components

gl _ (i€ daH! 0 ic 3H' 25)

wE€ | 0z ’ 70)8” 0x ’

and in the homogeneous medium x > 0O it has components
E!! — _i_cBH” 0 i_caH” (26)

we 9z we 9x )

Looking for the solution in the form

Hpexp(ikz —k1x), x>0,

Hpexp(ikz + k2x), x <0, @7

H(x,z)z{
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and satisfying the condition of continuity of E, at x =0,

1 9H! 1aH!!
—_— = - , (28)
€|l dx x=0 ¢ dx x=0
we arrive at the dispersion relation
2
0] eler(lel +¢
@@ lelelelten) 29,
c le|? —eLg
If ¢ = &3, then this formula reduces to
2
1) eale e
= _lealer  er (30)

2 ea| — ey 8”'

3. Dielectric Constant Tensor of Long Period Organic
Superlattices with Anisotropic Layers

3.1. DIELECTRIC TENSOR OF A SUPERLATTICE

The formulas (3) and (5) can be generalized to the case of anisotropic dielectric
constants in the layers [3].

Let us assume that dielectric properties of the layers are determined by tensors
8,’.‘1. (w), w is the layer number, u = 1, 2, ..., o, o being the number of the layers in
a unit cell; the lattice period is L = > 1« L 18 the thickness of the juth layer. Again
we assume that the layers are parallel to the (x, y) plane and perpendicular to the
z axis. As before, at interfaces of the layers the field components E{', EY, DY
are continuous, and therefore it is convenient to express the field components Di‘ s

Dg , Eé‘ in terms of E f s E; , Dg . To this end we write anisotropic generalization
of Egs. (1):

T Ty T Ty Ty Ty
Dy =& Ey +&,Ey +¢3E5,
T Ty T Ty Ty Ty
Dy =&y Ey + e, Ey +53E7, (31
T Ty T Ty Ty Ty
D3y =e3, By +ep By +e33E7,

and from the last equation obtain

w1y 851 © 8?2 ©
EY = —Df — =1E' — =2EY. (32)
e e €
3 33 33

Then substitution of this equation into the first two equations (31) gives

TN TN I
elle elle e
sz(sﬁ _ ]3M31)Ef+<s§‘2— ]3u32)E§+ Lng’
€ e e
33 33 33
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853‘9?1 853852 853

w_ . n no w w

D; = (821 7 )El + (822 7 )Ez + - D3 (33)
€33 €33 €33

Egs. (32) and (33) provide a starting point for averaging procedure similar to one
used above. With the accuracy of order ~ L/A <« 1 the fields E# and D* inside
the layers can be considered as constant and due to continuity of E{’, E5', D} we
have
E\=E}, EY, D3=D§, pn=1.2,...0. (34)
Then averaging over the superlattice period according to the rules
1 © 1 ©
E,-:ZZEZ.IM, D,~=ZZD1.IM (35)
® I

yields at once
Dy =anEy +annEx+a3Ds3,
Dy =ax E1 +axnEr+ axnDs, (36)

E3 =b31E1 + b32Es + b33 D3,

where
1 sf sk
3831 _
an =, Z(S’ﬂ L = (e11 — €13831/€33),
w 33
app = (e12 — €13€32/€33), a13 = (€13/£33), 37)

ax) = (621 — €23€32/€33), a2 = (€22 — €23632/€33), a3 = (€23/€33),

b31 = —(e31/€33), b3 =—(e3n/e33), b3z =(1/e33).

The angle brackets denote an arithmetic average over the superlattice period. It is
clear that this average is equivalent to averaging of the fields over the thickness
d < A, whered > L.

Thus we find that

D; =St E;, (38)

where the superlattice dielectric tensor is determined as follows:

ek = (e11 — e13631/633) + (e13/€33) (€31/€33) /(1 /€33),

eiF = (e12 — e13832/633) + (623/€33) (31/€33) /(1 /€33),

Sk = (e13/e33)/(1/€33),
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e31 = (e11 — £23831/€33) + (e23/€33) (€31 /£33) /(1 /€33),

g3y = (€2 — £23832/€33) + (€23 /€33) (£32/£33) /(1 /€33),
e3y = (e23/e33)/(1/633),

ety = (e31/e33)/(1/e33), €35 = (e32/e33)/(1/e33),

et = (1/e33) " (39)

SL

It follows from the above relations that the tensor ¢~ is symmetric with respect

ij

to interchange of the indices i and j only if the tensors el’f are symmetric (i.e., in
the absence of the external magnetic field). Moreover, these relations allow one
to investigate the decrease of symmetry of the tensor siSjL that can occur in some
cases.

In a previously studied case with S;L- = e4;;, the tensor 8I.S.L acquires the sym-
metry of a uniaxial crystal (see relations (6), (7)). However, no decrease in sym-
metry occurs if the layers have a uniaxial crystal symmetry with the optical axis
perpendicular to the interfaces of the layers. If in at least one of the layers the op-
tical axis is directed in a different way, the superlattice symmetry decreases. Thus
if this axis in one of the layers is parallel to the interface of the layers, the super-
lattice has an orthorhombic symmetry. Egs. (39) can also be used for treatment of
other cases.

3.2. MAGNETOOPTICAL EFFECTS IN SUPERLATTICES

Let us discuss the influence of a static magnetic field assuming that the dielectric
constant in the layers is a scalar sg . In the presence of a static magnetic field and
up to terms linear in this field the dielectric constant in the layers is

I u 1oy
&j =805,’j +lyilel s (40)
where HY is the static magnetic field, and the pseudotensor yl.’;l can be written as

Vi = r"eiji, 41)
e;j; being the totally antisymmetric tensor of the third rank. It is clear that the
dielectric tensor of a superlattice in the approximation linear in the field H® must
have the form:
L L . L
et = e 8ij +iciymym HY, (42)
where the gyration tensor ymSlL is yet unknown. In a uniaxial crystal we have y,,; =
1) = =yt =yl hat the problem is that of finding th
YmmOml, Y11 = Y22 =Y, y33 =y, so that the problem 1s that o g the
quantities y and y!l. In order to find these quantities it is sufficient to consider
two particular cases of orientation of the magnetic field H:
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(1) Assume that the magnetic field H? is directed along the z axis. Then the

nondiagonal nonzero elements of the tensor efj. are

o [N 2 (U
g1, =—& =iy "H",
so that according to (39) we obtain

8,']' =& 3ii+lJ/”eij3H s
where

el=eSl =l =(e), SF=el=(1/e)", (43)

and
1
Yl=2d lt =) (44)
"

(2) If the magnetic field is parallel to the interfaces of layers and is directed, for
example, along the y axis, then the only nondiagonal nonzero components of the
tensor are:

sgl = —8’1L3 =iy*HO.
In this case, according to (39), the tensor slqul‘ is determined by the relation
Sr=eptei +iyte i HO, (45)
where
y=(y/e)/{1/e). (46)

It is clear that at arbitrary orientation
SL _ _SL .
gij =& 3ij +ieijigi, (47)
where the gyration vector g is determined by the relation

g =yuH). (48)

3.3. INFLUENCE OF STATIC ELECTRIC FIELD

In derivation of (39) we assumed that the medium was nonmagnetic. Only in
this case one can consider the field HY to be independent of 1 and thus having the
same value in all layers of the superlattice. In the case of applied electric field such
approximation cannot be justified. Therefore, in the presence of a static electric
field instead of (40) we have to use the following relation:

0
ef; =0 8ij + X1 E;" (49)
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where x;;; is the tensor of the third rank symmetric with respect to interchange of
indices i and j. Let us assume that the superlattice is formed by layers with cubic
crystal symmetry, so that the components of the tensor x;;; can be written in the
form

Xil;‘l = x"leijl, (50)

where x* is some constant and |e;j;| is the absolute value of the component of

the totally antisymmetric tensor e;;;. Since nondiagonal components of the tensor

sl’j are linear in the field E°#, according to (39) all diagonal tensor components

acquire only quadratic in the field E® corrections which in our approximation

have to be neglected. For nondiagonal components of the tensor SS]L in linear in

the field E® approximation we find from (39)
ely =exr = (X E3),
eiy =e3p =(xE3/e)/(1/e). 51)
exs = ey = (XEV/e)/(1/e).

Since for a static electric field we may take for any u that £ O _ =Ey, 0 E, O _ =E), 9
EO“ =(1 /8“)8“ EO where EV is the static field averaged over the superlattice

erlod and e"* = (a) 0), we find that the tensor SSL can be written as
p ij

gt =el8i + X EY. (52)

where the tensor Xi‘le is determined as follows:
SL SL
Xiji = leijil x;; s

XiE = = x/e)/(1/e),  x3x ={x/e)/(1/e). (53)

The above relations can turn useful in all situations when the influence of an ex-
ternal electric field static field on the dielectric tensor has to be taken into account,
e.g., in the theory of Raman scattering by polaritons.

4. Optical Nonlinearities in Organic Multilayers

Let us turn now to nonlinear optical properties of superlattices. We shall use the
method of the preceding sections which reproduces very simply the results of
Ref. [4] under natural assumption of smallness of nonlinear effects.

Now each layer is described by dielectric tensor €, (which is taken for simplic-
ity scalar) and by the nonlinear susceptibility. For example, in case of the third
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order (Kerr) nonlinearity we have for the layer u
Dy, =euEy + % |EuEy, (54)

where again we suppose that the bulk nonlinear susceptibility x,(f) corresponds to
isotropic medium.

Itis easy to see that the nonlinear properties of the superlattice depend crucially
on the direction of polarization of the light wave. Since the nonlinear expression
(54) cannot be split into tangential and normal components, we shall consider
these two cases separately.

The problem is very simple for the case of tangential polarization, when the
electric field E;, is polarized in the plane of the layers and the wave vector can
be directed as perpendicular to the layers, so along them. Due to continuity of
tangential components of E,, at interfaces we have E;, = E and averaging of (54)
yields at once

D=¢,E, + x”|E/E, (55)
where ¢ is given by the usual expression
1
=7 > luen (56)
I
and
X = Z L. (57)

Thus, for this polarization the nonlinear susceptibility is averaged in the same way
as linear one.

The situation changes drastically for the case of normal polarization of E,
when the electric field vector is directed perpendicular to the layers and wave
vector is directed along them. In this case D, is continuous at interfaces so that
D, =D. Now averaging of Eq. (54) yields

E——Zlu M_S—”D——Zlu - |E ’E,, (58)
"
where

Z”—_Z (59)

is the usual linear expression for this component of the averaged dielectric tensor.
Since nonlinear effects are small compared with linear ones, we can consider
the second term in (58) as a small correction and replace here E,, by D, /e, =
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D/e, = (¢)/&,)E so that (58) takes the form

3
D=¢E+x |ELE, (60)

where
1 e\t
3 _ § : I 3)
XN =7 l“(e,) X (1
w

Note that effective nonlinear susceptibility le) can be enhanced in the multilay-
ered structure compared with its bulk value [4]. To show this, let us consider a
simple example of superlattice with two kinds of layers (i« = 1, 2) in elementary
cell where only one layer (i = 1) is nonlinear. Then Eq. (61) takes the form

4 3
® _ L‘(ﬂ) ® L 3 (62)
T\ ) T = je

The depending on /; factor has maximum at

L ¢
I = !

= — <L
3 & —¢

for &5 > 4¢1/3 equal to

3)
<x|_> _l e (3_) 63)
X1(3) max 3 €2—¢€1\4 e

which is greater than unity and grows fast with increase of the ratio (3e2/4¢1) > 1.
This enhancement of nonlinear susceptibility in layered structures was confirmed
experimentally [5].

In the case of quadratic nonlinearity we shall consider simple example of in-
teraction of two waves with frequencies w and 2w, so that in each layer there are
two material relations

Dy 2w) = £, 20) Ep Q) + £ 2 (Ep (@)’ o
Dy (@) = £, (@) E(@) + %, En ) Ejy (o),

where all field variables have the same direction. Again for the case of tangen-
tial polarization we obtain simple average of the nonlinear susceptibility for both
frequencies,

2y |1 2
X|\()=zzluxﬁ)' (65)
w
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For normal polarization of fields a calculation similar to the considered above for
the third order nonlinearity case yields

D(2w) = £ Qw) EQw) + x> (E(@))’,

(66)
D(@) = (@) E (@) + 1" EQu)E* (),
where
»_1 8||(2w)<8||(w))2 @
i LXM:IMSM(%)) eu(w) Ko 7

This formula was obtained in [4] by a different method.

5. Dielectric Tensor for Short Period Organic Superlattices

The above treatment assumes that electromagnetic properties of each layer can
be described by macroscopic dielectric tensor ¢;;. Comparison with experiment
shows that this approach is accurate enough even for layers thickness about a
few lattice constants. However, for such layers the microscopic approach is also
of considerable interest and it becomes inevitable for superlattices consisting of
monolayers. In this approach molecules are assumed to be characterized by an ef-
fective polarizability appropriate to the crystal environment which could in prin-
ciple be calculated quantum mechanically but in practice is deduced from experi-
mental quantities and used to interrelate them.

From microscopic point of view, it is necessary to treat the variation of electric
field on an atomic scale and to recognize that the field responsible for polarizing a
molecule is neither the applied field nor the macroscopic field but rather the local
field given by the sum of the applied field and the field due to the surrounding
polarized molecules. Since the polarization of the molecules depends on the lo-
cal field, we have to calculate the local field in a self-consistent manner. In our
treatment we shall follow [6].

Let the superlattice consist of molecular multilayers and each multilayer consist
of monolayers labelled w, where p ranges from 1 to the number of layers N in
the repeating unit of the superlattice. The layers are assumed to be subjected to
a uniform applied field E°, which could be of an electromagnetic wave provided
its wavelength greatly exceeds the thickness of the repeating unit. Then the local
polarizing electric field at a molecule in monolayer p is

EXU=E"+ ty - py- (68)
M/
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Here t,,,/ is the sum of dipole tensors

1
t,. =Zvv;

n,n’

(69)

r=run —rﬂ/n/

between a molecule in layer u and all molecules in layer u’, which is defined to
be zero for u, n = ', n’, where n, n’ label locations of molecules in layers u and
w', respectively. Here p, is the induced dipole moment of molecules in layers 1.
If it is assumed that interactions between adjacent layers are negligible, then

tup = tudp (70)

with t,, the dipole sum within layer u.
Experimental observables are related to the macroscopic electric field E which
in layer u in case of plane geometry of superlattice structure may be defined by [6]

E, =E’ —47n(n-P,), (71)

where P, is the layer polarization p, /v, with v, the volume per molecule in
layer u, and n is the unit vector normal to the layers. This definition agrees
with the usual condition of continuity of tangential component EL of E, at an
interface. Indeed, EL is the difference between E;, and the normal component
nmn-E,),ie.,

E,=E,—nn-E,). (72)
Then substitution for E;, from Eq. (71) yields
E/, =E’ —47n(n-E) (73)

which is the tangential component of E? and is a constant, independent of 1. The
electric displacement is defined by

D, =E, +47P,. (74)

Its normal component Dﬁ isn(n-D,), which on substitution from Eq. (71) yields
D’ =n(n-E°). (75)

This is the normal component of E®, which is the normal component of the elec-
tric displacement outside the superlattice and is constant independent of . Thus
Eq. (71) agrees with the condition that the normal component of the electric dis-
placement is constant across an interface.

In what follows we shall confine ourselves to the case (70), that is assume that
interactions between adjacent layers are negligible. Then from Eqs. (68) and (71)
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we find that the local field is related to the macroscopic field by
local 1 6
E, :EM+U—LM-pM. (76)
"
Here L, is the layer Lorentz-factor tensor
L, =v,t, + 47 nn. (77)
The induced dipole moment is related to the local field by
pu = - EX (78)
where o, is the polarizability tensor for molecules in layer p. Substitution in

Eq. (76) yields

1
Elocal E,u‘i‘ MLM a, ’E}Scal’ (79)

and this equation at once gives

1 —1
Elocal (1 _ v_L“ O‘M) EM = du 'EM’ (80)
"

where d, is the local-field tensor. From Eq. (78) we have
P, —a,-d.E,. 81)
so that the linear susceptibility x ,S]) defined via
P, =x""E, (82)
is obtained as
X\ =y -dy. (83)

Now we can relate the macroscopic fields to the applied fields. From Egs. (82)
and (71) we obtain

E,=E’—4r(n-x\VE,). (84)
This relation can be inverted to give

4rmn-(n- X(l)) :|

E'=S, E. (85)
1+47n- X(l) a

EM=[1—

To obtain the total polarization, we have to sum over monolayers u,

1
= Yk (86)
w
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where [, is the thickness of the layer © and L =}, 1, is the thickness of the
repeating assembly of monolayers. Substitution for P,, from (82) yields

Z Lix D By, (87)
and hence from Eq. (85) the total polarlzatlon is related to the applied field by

Zzﬂxm S,E°. (88)

To obtain the multilayer susceptibility, we need the average macroscopic field
over N layers defined by

1
= Y (89)
w

whence

1
E:ZXM:ZMSM-EMES-EO. (90)

The multilayer susceptibility X,(Ll) relates P to E according to

P=x".E. 91)
Comparison of Egs. (88) and (90) then yields
[ _
X(I)ZZZMX/(L])'SM'S I (92)
"

Thus the multilayers susceptibility is a sum of the individual layers susceptibil-
ities weighted by two factors. The first /,,/L gives the layer contribution to the
polarization, and the second S, - S—! gives the layer contribution to the macro-
scopic field. When susceptibility x ") is known, the dielectric tensor can be found
from the relation

e=14+4my. (93)

Let us show that for macroscopic layers these formulas reduce to those derived
in the preceding section. To return to index notation, we assume that n has com-
ponents (0, 0, 1) in a Cartesian system, where axes 1 and 2 lie in the layers and 3
is the direction of the normal to them. Then from Egs. (85) and (93) we find

1 0 O
S, = ( ) (94)
_8%)/8(#) _823)/8(M) ]/S(u)
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(n) - .. . . .
where ¢;; is the ij component of the dielectric tensor for layer u. Averaging of

S, according to Eq. (85) and inversion of the result gives

1 0 0
S I= 0 1 0 . 95)
(e13/€33)  (e23/€33) 1
(1/€33) (1/€33) (1/€33)

At last, Eq. (92) yields for averaged dielectric tensor the equation

! - -
e=) ;e 8, 8T =(e85).87 (96)
"

Performing the averages and matrix multiplication yields expressions for the com-
ponents of ¢ equivalent to Egs. (39).

The present treatment is capable in principle of treating variations in the di-
electric response in the interface region. However, the assumption that interac-
tions between layers are negligible (see Eq. (70)) precludes any discrimination
between the dielectric response in the bulk and interface regions, and moreover
gives only an approximation to the bulk dielectric tensor. Only in this way can
the macroscopic and microscopic treatments be compared. Microscopic approach
admits also extension to interacting layers [6,7].

6. Gas-Condensed Matter Shift and Possibility to Govern Spectra
of Frenkel Excitons

Now we turn to discussion of properties of excitons in layered structures. Su-
perlattices are systems with “condensed” interfaces, since in these artificial lay-
ered crystals the total area of interfaces is proportional to the volume. In these
conditions the specific surface and quasi-two-dimensional effects must make an
important contribution to the bulk crystal properties [8].

First we consider the properties and the role of interfaces with the boundary
of anthracene crystal with vacuum. Of course, it is a particular case of boundary.
However, this case has been investigated in many experiments and therefore can
be considered as some kind of experimental foundation of the approach we will
use.

It can be considered now as well-established that 2D exciton state—the lowest
electronic excitation of external monolayer of anthracene crystal—is blue shifted
by 204 cm™! with respect to the bottom of exciton band in the bulk. The elec-
tronic transition of the first monolayer lies between the bulk value and the iso-
lated molecule value which is blue shifted by 2000 cm™~! with respect to the bulk.
The excited electronic state of the surface molecular monolayer is clearly seen in
emission at low temperature. The monolayer next to the surface is blue shifted
by 10 cm™! and the following one by 2 cm™!. The nature of these blue shifts is
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-t
Gas External Bulk
phase manolayer

Fig. 1. The levels near the boundary of a molecular crystal.

now well understood and is related with the absence of neighbors for molecules
in the external monolayer from vacuum side. Therefore, for these molecules the
gas-condensed matter (G-CM) shift of electronic transition frequency is smaller
than the G-CM shift in the bulk (see Figure 1; we assume that the surface cor-
responds to (a, b) plane of anthracene crystal). For temperatures low compared
with the blue shift, the surface layer acts as an isolated monolayer and is an ideal
system for investigation of two-dimensional excitons. Such excitons at weak de-
phasing should exhibit a superradiant radiative decay [9]. This ultrafast decay of
anthracene films was first observed in picosecond measurements conducted by
Aaviksoo et al. [10]. Relative quantum yield measurements of the bulk and the
surface emission indicate that the decay of the monolayer is purely radiative with
a very small contribution of relaxation to the bulk. The picosecond timescales ob-
served in these experiments were a first, and a beautiful example of superradiance
in two-dimensional excitons.

After these short remarks let us return again to the first monolayers of the an-
thracene crystal. As the width of the exciton band in this crystal for wave vectors
directed along axis C’ (i.e., along the normal to the (a, b) plane) is very small
(~5 cm™!), we can state that on the exciton’s approaching the surface its en-
ergy increases (Figure 2), interaction of exciton with surface is repulsive and we
have here some type of dead layer for bulk exciton. To go ahead it is necessary to
recollect how the gas-condensed matter shift can be calculated. It is known from
the theory of molecular (Frenkel) excitons1 [11] that this shift appears due to the
difference between the energies of interaction of the excited molecule (molecu-
lar state f) and the unexcited molecule (molecular ground state 0) with all other
molecules of the crystals in ground state:

pAA — Z pAA 97)

nm
m
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Fig. 2. The dependence E(z) at the boundary with vacuum.

12 3 4

where

DAL = (3] 07| Vi | 1 * 994) — (404 BOA | Vi | 904 624),

» (r =0A, fA) denotes the wave functions of molecule A in ground (0A) and
in excited (f A) state, V,;, is the operator of the Coulomb interaction between the
molecules n and m determined by the coordinates of their electrons and nuclei
m =m = (m1, my, m3); usually the values D,;, < 0 are negative for molecules
with inversion symmetry (anthracene, naphthalene, etc.). For molecules n lying on
the boundary with vacuum (to which corresponds, for example, space m3 < 0) the
summation over molecules m with m3 < 0 is excluded. Therefore, the respective
value D = DgA (S denotes a surface, A a molecule, 0 a vacuum) can be written
as

pOA — Z pAA (98)

nm
m3>0
where n = (0, 0, 1) (here, for simplicity, we consider crystals with one molecule
per unit cell), | Ds| < |D| and we obtain the case represented in Figures 1, 2. In
this particular case the blue shift value is equal to

AD=D{* —D=- )" DA >0. (99)
m3<0

Now let us consider what will occur if the crystal under consideration has a bound-
ary with another molecular crystal B. Obviously, the value of G-CM shift will
change. The shift in this case can be written as

Ds=D* =" DA+ DA (100)

m3>0 b3<0
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>
Ze”

Fig. 3. The dependence E(z) in the case Sp > S4.

where

A A
Dot = (01 60 [ Vi |91 807 ) = (60007 |V |0 85 ).
Therefore, the shift of level for molecules in the first monolayer in comparison to
the bulk value is equal to
AD = DBA — pAA = Z(DAB—DAA). (101)

nm nm
m3<0

Although each of the values DAA and D;\B for the lowest electronic molecu-
lar excitations is negative, as a rule, we no longer have the possibility to do the
definite statement with respect to the sign of the molecular level shift AD: this
shift can be for different pairs of molecules A and B either positive or negative.
Thus, if the molecules B possess in ground state relatively small static multipoles
(let us denote their value conditionally by Sp) the shift A D should be positive,
as happens for anthracene at the boundary with vacuum (by definition S > Sp)
(Figures 1, 2). If we have the opposite case and respective multipoles of type B
molecules are large enough (Sp > S4) the shift AD can become negative. In
this case instead of the situation expressed in Figure 2 we obtain attraction of
excitons to the surface (Figure 3). Let us recall now that we are interested in or-
ganic superlattices and assume that we have under discussion the superlattice of
type B A B A B. Then we have the case shown in Figure 4 for the exciton energy
E(z) at S4 > Sp and for the case S4 < Sp the dependence E(z) is different (see
Figure 5; for definiteness Figures 4 and 5 correspond to five lattice constants in
A-layer).

Let us stress an important circumstance now. The molecule and crystal of an-
thracene which we have used above as a well-investigated example, possess an
inversion center. The dipole moment operator for such molecules can have only
nondiagonal nonzero matrix elements so that the quantities D,,;,, depend only on
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Fig. 4. The dependence E(z) for A layer in the case S4 > Sp.
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Fig. 5. The dependence E(z) for A layer in the case Sp > S4.

the quadrupole moment and higher moments. Therefore, the quantities Dy, in
this case containing only diagonal matrix elements of the operator of intermolec-
ular interaction decrease rapidly with increasing n — m and it proves sufficient to
take into account the interaction between nearest neighbors in order to calculate
their contribution to the exciton energy. That is why the shift of molecular levels
in comparison to the bulk value for anthracene molecules is important only for
the first and probably for the second external monolayers in anthracene crystal.

For the crystals without an inversion center the long-range dipole—dipole in-
teraction becomes very important, while the special role of external monolayers
(together with the dependence of exciton spectra on the layer thickness) becomes
weaker.

Let us consider now the conditions under which the dependencies of the type
expressed in Figures 4, 5 have physical sense. It is useful here to return again to the
case of anthracene crystal in the vacuum-crystal contact region. The homogeneous
width y of the lowest exciton transition in anthracene crystal at low temperature
is, as was mentioned, of the order of 1020 cm™!, i.e., of the order of the width of
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exciton band A (for wave vectors k which are parallel to the axis C”). Therefore,
in layers of anthracene type in which the inequalities

|[AD|> vy, A,

are fulfilled, the curvature of the bottom of exciton zone like shown in Figures 4, 5
can be very important and it is necessary to take it into account in the discussion of
optical or electro-optical processes in organic multilayer structures. In this case
we have a system with large inhomogeneous broadening and this effect can be
important even in the cases where the homogeneous width is of the order of the
inhomogeneous width. Clearly, in the crystals to which Figure 4 corresponds the
excitons created as a result of absorption of the high energy photons (fiw > E(z))
should be concentrated after energy relaxation in the region of the minimum of
the function E (z), that is in one of the middle monolayers (the monolayer m3 =3
in Figure 4). In the structures of another type to which Figure 5 corresponds the
excitons should be concentrated in the interface region.

Let us now consider organic multilayer systems in which molecules possess in
their stationary states the static dipole moments. If in this case the dipole—dipole
interaction dominates, the relations for G-CM shift take a more definite form. In
this case the quantity Df,f can be written in the following way:

Dt = (p] " = PPt 0. m) (p°).

where p/4 and p%4 are static dipole moments of molecule A in the ground (0)
and excited (f) state, p°? the static dipole moment of molecule B in the ground
state, #;; (n, m) the tensor determining the interaction of dipoles situated at points
n and m. Therefore, according to Eq. (101) we obtain

A(0, B(O
AD= Y w Mm@, (102)
m,m3<0
where
AQO.f) _( fA 0A BO) _ ( 0B 0A
wi D=l =P = (03 = P,

Thus, in this case the shift A D is equal to the energy of interaction of the differ-
ence dipole moment 14/ at the site n with the set of dipoles 12 located on
the lattice sites m with negative component m3. Note again that in dependence on
the directions of 4@ ) and O the shift AD can be either positive or nega-
tive. Let MA(O’f )~ MB(O) =~ 5 Debye, lattice constant a >~ 5 A, then equation for
A D gives an order-of-magnitude estimate A D ~ 1000 cm™!. This very crude es-
timation indicates nevertheless that for molecules without inverse symmetry the
shifts A D will be determined by dipole—dipole interaction.
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7. Fermi Resonance Interface Modes in Organic Superlattices

7.1. FERMI RESONANCE IN MOLECULES

Fermi resonance is a phenomenon which takes place in vibrational or electronic
spectra of molecules. For example, let a molecule have two vibrational modes
with frequencies w, and wy,. If the second order resonance condition 2w, >~ wp, is
fulfilled, then the 4w, transition in infrared spectrum can be split into two lines
of comparable intensity and the second line cannot be explained as a result of
interaction of light with the vibrational a mode because the transitions with exci-
tation of two fiw, quanta are forbidden due to well-known n — n £ 1 selection
rule for harmonic oscillator. E. Fermi explained [12] this experimental observa-
tion as a result of nonlinear resonance interaction of two vibrational modes with
each other. Since that time the notion of Fermi resonance has been generalized to
the processes with participation of different types of quanta (e.g., w1 + w2 >~ w3,
W] + wy >~ w3 — w4, and so on) and to electronic types of excitations as well.
Further generalizations were suggested for Fermi resonance interactions of col-
lective modes in molecular crystals and other macroscopic systems, so that Fermi
resonance phenomenon became part of not only molecular physics but solid state
physics also. In case of multilayer crystalline organic structures their spectrum
is created by the “overlapping” of the spectra of different crystalline compounds
and new Fermi resonances arise due to the anharmonicity across the interface,
which may be quite interesting from various point of view. For example, one may
suppose that Fermi resonance interaction between different molecules composing
the layered structure can play an important role in its optical properties.

At first, we shall consider the Fermi resonance theory in molecules from classi-
cal mechanics point of view. Let g, and g;, be two normal coordinates correspond-
ing to the vibrational degrees of freedom of the molecule with eigenfrequencies
w, and wp (we neglect all other degrees of freedom of the molecule). Then the
Lagrangian of the vibrational motion can be written as follows,

Maq'f + Mbqg
2 2

where the overdot stands for the derivative with respect to time ¢, M, and M)
are “mass” coefficients, and the potential energy U (q,, g») can be expanded into
series with respect to powers of variables g, and ¢y,

L=

U(qa,qp) = U2(qa, qp) +Us(qa, qp) +--- . (104)

Since g, and g; are normal coordinates, in harmonic approximation we have a
diagonal form of the potential energy:

M, w? Mba)2
Ur(qas qp) = —=—2¢ bt

. 105
5 b (105)



208 V.M. AGRANOVICH AND A.M. KAMCHATNOV

The next nonlinear term in (104) corresponds to the third degrees of g’s:

Us(qa-q0) = Y Cundy'qh (106)
m+n=3

(the sum over cubic terms a03q2 + alzqaqg + --+). It is clear that not all terms in
the sum (106) are equally important under the Fermi resonance condition

2wq >~ wp. (107)

Indeed, in the equations of motion

My (Ga + w2qa) = —8U3/d9a = —3a3042 — 20219496 — 21247, (108)

My (G + wl%%) = —3U3/dqp = —@219% — 20124aqb — 320397,

the different terms on the right-hand side have different physical sense. For exam-
ple, the terms

—3a30q3 and —3a03q§

describe a weak nonlinearity of separate eigenmodes and are not responsible for
their interaction at all; hence we can omit them from the sum (106). The other
terms differ from each other by their time dependence. In harmonic approximation
we have

Ga=qlcos(@at +¢a),  qp=qp cos(wpt + ¢p), (109)

and the potential (106) is a small perturbation leading to slow variation of qg and
ql?. Substitution of (109) into the right-hand sides of (108) leads to resonant and
non-resonant terms. For example, in the first equation (108) the left-hand side
oscillates with approximately harmonic frequency w, whereas the term

qg o cos? wpt = (1 + cos2wpt)/2

does not contain such a harmonic and describes a non-resonant interaction of
modes g, and g,. Hence we must hold in this equation only the term

qaqb X €08 w, COS Wy = [cos(wp + wa )t + cos(wp — wy)t]/2

which according to the condition (107) contains the resonant “force” oscillating
with frequency wp — w, =~ w,. Analogously, in the second equation (108) we
must hold only the term a2 qZ which contains the resonant “force” oscillating ap-
proximately with the frequency 2w, >~ w;, of the mode ¢g;. Both these terms arise
from the potential energy o2 ngb, which includes in addition some non-resonant
terms which must be removed in the so-called rotating wave approximation we
use here. To this end, it is convenient to introduce into the classical equations of
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motion
. 2 . . 2 2
Ma(Ga + @7qa) + 20219095 =0,  Mj(Gp + wpqs) + o21g; =0, (110)

where we took into account the relevant o ngb interaction term only, the com-
plex variables

a

A=

.. My ..
(®aqa +1qa), B =_| —(wpqp +igp), (111)
2w, 2wy

and their complex conjugate A* and B*, so that
1 1

=—— (A+ A%, =———(B+ BY), 112
da 2Maa)a( + ) v ZMba)b( + ) (112)

o @wa T
Ga=1i 2Ma(A A), =i 2Mb(B B). (113)

Simple transformation yields the following equations for complex amplitudes A
and B:

. i
A=—iw,A—2 . ——————— (A + A*)(B+ B* 114
'@a 2M,w, 2Mba)b( + )( + )7 (114

. . o1l 2
B=—iopB— ————F——(A+A")". (115)
2M wa2Mpwp
In harmonic approximation the last terms in these equations can be omitted, so in
this case we get

A(t) = A(0) exp(—iwgt), B(t) = B(0) exp(—iwpt). (116)

As we stressed above, the rotating wave approximation consists of taking into ac-
count only the terms varying with time with approximately the same frequencies,
that is, according to the resonance condition (107) we neglect in Eq. (114) all in-
teraction terms except A*B o exp[—i (wp — w,)t] and in Eq. (115) all interaction
terms except A2 o exp(—2iw,t). As a result, we arrive at the following simple
system of equations

iA=w,A+2IA*B, iB=wyB+TA?, (117)

where the notation for the interaction constant
)]

= —.->" (118)
2M wa 2 Mpwp

is introduced.
Egs. (117) arise in various physical contexts. In particular, they describe the
process of second harmonic generation in nonlinear optics (see, e.g., [13]). In
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fact, they can be applied to any process in which two classical oscillating modes
(waves) transform one into the other under the resonance condition 2w, >~ wp.
It is important that Egs. (117) can be derived from the Lagrangian

L= %(A*A — A*A+ B*B— B*B) + w,A*A + w, B*B

+T(A™B + A’B¥), (119)

where A, A*, B, B* are considered as independent variables. Then the Lagrange
equations

d oL oL d oL oL

dr 9A*  9A*  dtgB* 09B*

reproduce Eq. (117). The classical Hamiltonian has the form

H=w,A*A+ wp B*B + T (A*B* + A*B), (120)

where pairs of canonically conjugate variables are A, A* and B, B*, respectively.
Then the Hamiltonian form of the equations of motion is as follows:

iA=0H/)A", iA*=—90H/0A,
. . (121)
iB=03H/)B*, iB*=—3H/)B.

Having the Hamiltonian treatment, it is easy to proceed to quantum mechanical
formulation of the Fermi resonance problem. The classical variables (111) and
their complex conjugates correspond to the “annihilation” and “creation” opera-
tors of quantum oscillator:

A—h'%a, A*— w28, B—w'2h, B*— Y2, (122)

where “dagger” denotes the Hermitian conjugation and the operators 4, a', and
b, b" obey the usual commutation relations

[a,a"]=1, [b,b']=1, [a b]=][a", b']=0. (123)

The classical Hamiltonian (120) converts into quantum mechanical one in the
following way

H = haed'a + hapb b + 1T (a%h" +a™b), (124)
where the product of non-commuting variables is replaced by their mean value:
Bofisn  aan N
A*A — E(aTa +aa') = h(aTa + %)

and zero oscillation terms are dropped.
Now we are ready to discuss the energy splitting of molecular Fermi resonance
states. From classical point of view, the stationary states correspond to a purely
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periodic dependence of the amplitudes A and B on time:
iQ .
A=A exp(—;t), B = Byexp(—iQt). (125)

So we seek the solution of Egs. (117) in the form (125) which leads to the system

(wa —2/2)Ao + 2T A% By =0,

(126)
(wp — Q)By+ A3 =0.
We multiply the first equation by Ao, introduce the “intensity” of vibration
I=|A0l, (127)

analogous to the number of quanta, and eliminate A% and By from this system,
which gives the equation

(@a — 2/2)(wp — Q) = 2I'2] (128)

for calculation of the frequency 2. This equation has two roots

Ql,2=wa+wb/2i\/(wa — wp/2)2 + 4121, (129)

We see that our classical system has two “eigenfrequencies” depending on inten-
sity I of A-mode. In quantum terms, the intensity / is proportional to the number
of a quanta, n, = ata=1/n,np= b'h= 1/(2h), which in the classical limit are
much greater than unity, n, = 2n; > 1. However in usual infrared experiments
the lines observed correspond to the excitation of the state with n, =2, np = 1.
Let us try to apply our classical formula (129) to this quantum region, i.e., we sub-
stitute in it / = A*A = 2h (two a-quanta). As a result we obtain that the energies
of these two states are equal to

E12=hQ 2= hw + hop/2 + \/(ha)a — hap/2)2 +8R3T2.  (130)

It is interesting that this semiclassical formula almost reproduces the exact
quantum result. Indeed, the interaction term in quantum Hamiltonian (124) cou-
ples the states

[¥1) =12405) and  [¥2) =1[0415), (131)

where |ngmp) = |n),|m)yp is the oscillators’ state with n a-quanta and m b-quanta.
Using the well-known relations

alnyg =nln—1)a, @' nyg =~n+ 1n+ 1),

. (132)
blm)y = /m|m — 1), b'm)p=~vm+1|m+ 1)p,
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we obtain the matrix elements of the Hamiltonian in the basis (131):

e 2Qhw, 2R
V2 R32T haw, ‘

The eigenstates’ energies are determined by the secular equation
(Qhwy — E)(hwp — E) = 2k°T?

and differs by factor 2 from the semiclassical result (128) with I = 2A. Thus,
we see that such a molecule has two energy levels E > each connected with the
ground state by one-quantum transition due to large b-component in both eigen-
functions. This leads to the observed splitting of the infrared and Raman spectra
lines. Just such splitting of the Raman spectra was explained by E. Fermi in his
pioneering article [12].

(133)

7.2. FERMI-RESONANCE WAVE IN A TWO-LAYER SYSTEM

The next natural step is discussion of Fermi resonance effects in molecular crys-
tals. Let molecules having Fermi resonance between intramolecular vibrations
form a molecular crystal due to weak (van der Waals) forces. Then the individual
molecular vibrational excitations discussed above become coupled to each other
and form collective Fermi resonance bands. We shall consider here a simple two-
layer 1D model with intermolecular interaction between only nearest neighbors
(see Figure 6).
The quantum mechanical Hamiltonian can be written in the form

A = [hesudyim + howb] b + 1T (@25, +ai2b)]
m

+ D [WVa(@), s am +ayamsr) + 1Vi(B)y o + by bmgr) ] (134)
m

V. Vi
* ® K{f/ @ @ " 8 @
o ] I
oo —(b) (v) (5)— =+ -«
oy oy
m—1 m m4 1

Fig. 6. Two-layer one-dimensional model of a crystal with one molecule in elementary cell of each
layer. Vibrational modes in a and b molecules satisfy the Fermi resonance condition 2w, > @), and
interact with excitations in neighboring cells with constants V, and Vj,, respectively. Constant I de-
scribes the nonlinear interaction between molecules in adjacent layers.
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where m is the index of the lattice site, the first sum represents molecular Hamil-
tonians in each site (see Eq. (124)), and the second sum corresponds to the inter-

molecular interaction of vibrations—the term hVa&; +1€1m describes a transition

of one a-quantum from the site m to the site m + 1, and analogous interpretation
have the other terms. In classical approximation we obtain the Hamiltonian

H =Y [04A},An + oy B} Bn + T (A, B + A}7 By)]
m
+ ) [Va(Af 1 Am + Al A1)
m

+Vb(B;';,+1Bm+B;;Bm+1)]: (135)
and the following equations of motion for complex amplitudes A,, and By,:

i0A,/0t =0H/0AY, = waAm + Vo (Am—1 4+ Amt1) + 20 A¥ By,
(136)
i0By/0t =0H /3B = wpBy + Vi (Bu—1 + Bus1) + TAZ.

Let us look for the solution in the form of plane wave
A = Aexp[—i(Qt — Km)/2], By = Bexp[—i(Qt — Km)] (137)

(we assume that the lattice constant is equal to unity). Then the infinite system
reduces to a simple system of two algebraic equations

(wa — /24 2V, cos(K/2))A+2IA*B =0,
(138)
(wp — 2 +2Vpcos K)B +TA%> =0,

which actually coincides with the system (126). If there were no Fermi resonance
interaction (I' = 0), then we would have two linear modes with well-known dis-
persion laws

Q1 (K) =2wa +4V,cos(K/2),  Q0(K)=wp +2Vpcos K. (139)

Fermi resonance coupling between molecular vibrations leads to interaction of
these linear modes with each other which gives rise to mixed waves. To obtain
their dispersion law, we again introduce the intensity

I=1A)
and reduce the system to the equation
(a)a - Q/242V, cos(K/Z))(wb —Q+2Vpcos K) =2T%1 (140)
with the solutions
Q2K)=ws+wp/2+2V,cos(K/2) 4+ Vpcos K

+ [(wa — @p/2 +2Vacos(K /2) — Vycos K)* +8T21]'"2,
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These expressions define the dispersion laws of normal modes arising from linear
plane waves due to nonlinear Fermi resonance interaction. It is important that the
nonlinearity leads to the dependence of the dispersion laws on the intensity / of
vibrations. Such a dependence gives rise to the soliton solutions discussed in the
following sections.

The relations (140) can be considered as a good enough approximation only in
the limit of large intensity

1> h. (141)

Nevertheless, as we saw in the preceding section, semiclassical formulas give
exact enough results even in the quantum region I > 4. More exact relations can
be easily derived by means of quantum mechanical treatment [14-16].

7.3. FERMI RESONANCE INTERFACE WAVES

Now we shall consider the case when one interface separates two simple cubic
2D crystals composed of different molecules of a and b types interacting across
the interface. In two dimensions with line interface (3D generalization is straight-
forward) the equations of motion for the amplitudes A,,, and B, read (compare
with Egs. (136))

n=2: iAZ,m = a)aAZ,m +Va(A2,m—l + A2,m+1 + Al,m + A3,m)a

n=1:iA1m=waAtm +Va(Alm—1 + At ms1 + Azm) + 2T AT, Bom,

n=0: iBO,m = biO,m + Vi (Bo,m—1+ Bo,m+1 + B—],m) + FA%’m,

n=—1:iB_im=wpB _1m+ Vo(B-1m—1 + Bt ms+1 + B—2m + Bom),

(142)

where the equations with n > 2 and n < —1 have the same structure as at n = 2
and n = —1, respectively. They describe the propagation of excitations in bulk
a and b crystals above and below the interface. New interface (“surface”) modes
arise due to Fermi resonance interaction across the interface [17-19]. We look for
the solution in the form

Apm = AeKan=1) exp[—i(Qt - Km)/Z], forn > 1,
(143)
Bym = Be" exp[—i(Q2t — Km)], forn<0,

where the amplitudes of vibrations exponentially decay as we go away from the
interface. Then Egs. (142) with n > 2 and n < —1 are solved by these functions
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provided

Q/2=w,+2V,cos(K/2)+ 2V, coshkg,
(144)
Q=wp +2Vycos K + 2V, coshkyp.

These equations give us the values of «, and k;, as functions of K and 2. Then
Eqgs. (142) reduce to

Vaexp(ka)A =2 A*B, (145)
Vjexp(kp) B =T A% (146)
We multiply (145) by A and introduce the intensity of vibrations
I1=1A (147)
so that Egs. (145), (146) give
V, Vyexp(kq + kp) = 2I"21. (148)

Elimination of Ve« and Vj,e*? from this equation can be done with the use of
Egs. (144), and yields the relation defining implicitly the dependence of 2 on K,
i.e., the dispersion laws of the Fermi resonance modes

{Q/Z —wy —2V,cos(K/2) + sgn(Q/Z —wg — 2V, cos(K/Z))

x \/(9/2 — wy — 2V cos(K /2))% — 4V }

X {Q —wp —2Vpcos K +sgn(2 — wp — 2V, cos K)

x\/(Q—wb—ZVbcosK)2—4Vbz} = 8121, (149)

We see that they are modified compared to the case of Fermi resonance waves
(140), (141) in infinite 1D cubic crystal. At I =0 (or ' = 0), when interaction
across the interface disappears, Eq. (149) reproduces two dispersion relations for
surface waves in half-infinite crystals.

Note that addition of a new dimension to 1D cubic crystal with “point” interface
leads to the replacements

K
wa—>wa+2VacosE, wp —> wp +2Vpcos K, (150)

which are a result of translational invariance along the interface following from
the interaction terms in the Hamiltonian (we omit index » numbering sites along
the axis perpendicular to the interface)

> [Va(ajam—1+a),_am) + Vo(bhbm—1 + b} _1bm)].

m
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If we add the third dimension (labelled by index /) along the interface, we can
take it into account by means of the following replacements in the formulas for
1D case

K

K
wag —> wg +2V, cosT—i—cos— ,

2 (151)

wp — wp +2Vp(cos K, + cos Kj),

K,, and K; being the wave vectors along m and [ axes, respectively. Thus, we
conclude that in calculations of dispersion laws of waves propagating in super-
lattices with plane interfaces, it is sufficient to consider first the one-dimensional
models with the axis directed perpendicular to the interfaces. Then the general
formulas for dispersion laws can be obtained by means of replacements (150) or
(151). So we reduce 2D or 3D problems to 1D problem with only one coordinate
directed perpendicular to interfaces.

7.4. BISTABLE ENERGY TRANSMISSION THROUGH THE INTERFACE WITH
FERMI RESONANCE INTERACTION

Interesting phenomena can take place in systems with Fermi resonance under in-
fluence of external electromagnetic field. Here we consider one example of such
behavior—bistable energy transmission through the interface with Fermi reso-
nance interaction [18]. To make calculations easier, we shall consider the follow-
ing simplified model. Let monomolecular layer of a molecules be deposited on
the plane surface of a crystal made of » molecules. For 1D case such a system is
shown in Figure 7.
Let a molecules interact with electromagnetic field

EW=E+E", E = Epexp(—iwrt). (152)

in resonance with w, vibrations, w; ~ w, >~ wp/2, so that we can neglect the
direct pumping of w; excitations. We take the dipole moment of a molecules to
be linear in their coordinates g, so that the electromagnetic interaction term in
Lagrangian is proportional to (see Egs. (112))

1
qul(t) = ——=(A+ A*)(E+ E*) ~

————(AE* 4+ A*E),
2M,wq 2Maa)a( + )

E(t)

\®__®vb@vb® o
A B

o/
B, B>

Fig. 7. The sketch of 1D interface structure under influence of electromagnetic field.
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where we have omitted the fast oscillating terms AE o exp(—2iwrt) and A*E* «
exp(2iwrt) according to our rotating wave approximation. Thus we have

Lini=pu(AE* + A*E), (153)

where p up to a constant factor is the dipole moment of a molecules. Correspond-
ingly, the equation of motion of @ molecule in our 1D model reads

i0A)0t = waA+ 2T A*B + LE (). (154)

The b molecules do not interact with electromagnetic field and their equations
of motion have usual form

idB/dt = wp B+ T A% + V, By,

i0B1/0t =wpB1 + Vp(B + Ba), ... . (155)

Now we have driving force E(¢t) = Egexp(—iwyt) so that the a molecule oscil-
lates with this laser field frequency w; and due to Fermi resonance interaction
across the interface this leads to oscillations of b molecules with frequency 2wy .
As a result, we obtain an algebraic system for amplitudes A, B, By, ...

(wg — w1)A+ 2T A*B + wEy =0,

(wp —2w1)B+T A%+ VB =0,

(wp —2w1)B1 + Vp(B + B2) =0, .... (156)
Equations for amplitudes By, By, ... are linear and solved by
B, =explipn)B,_1, Bi=exp(ip)B, (157)

where the wave vector p is determined by the equation
2w = wp + 2V cos p. (158)
Then we get from the first two equations of the system (156)
ip)[" A2
5 _ SXP(P)
Vi

2 A2
= , (159)

2w — wp +sgnCwr, — a)b)\/(Za)L —wp)? — 4Vb2

and

4T2|A)? }

A |:a)L —wy —
201, — op + sg0Qer, — 0p)y/ QoL — wp)? — 4V}
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Now we introduce the “pumping” intensity
Ipump = |WE|*/ (04 — w1)? (161)
and arrive at the following equation
I(1 = DI)? = Lpymp (162)
which determines implicitly the intensity of vibrations
1=|AP? (163)
as a function of the pumping intensity Ipump, Where

412
D= . (164)

(0L — wa) |:250L — wp +sgnRwy — wb)\/(ZwL —wp)? — 4V,,2}

The cubic equation (162) can have three roots which indicates on bistability—
two values of I correspond to one pumping intensity (third root corresponds to an
unstable state). The plot of the function I (/pump) is shown in Figure 8, where one
can see the bistability region 0 < Ipump < 0.151 (with [, =1/D =1).

0,035 0.1 0,15 0.z IpMp

Fig. 8. Dependence of intensity / of a vibrations on pumping intensity: (a) without damping;
(b) with damping.
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More details can be found in [18]. Here we note only that there exists nonzero
solution of (162) even at vanishing pumping:

I=1/D, (165)

i.e., when the oscillation frequency of b molecules 2 satisfies the following equa-

tion
(Q/2 = 00)[ 2 = 05 + 5gn(@ — )/ (@ — )2 — 4V | =4T21. (166)

This vibrational state existing without pumping is just the Fermi resonance inter-
face state.

In conclusion we note that interfaces introduce many new phenomena in
physics of multilayer structures which can find numerous applications to science
and technology.
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1. Introduction

For opto-electronic applications of organic semiconductors, a microscopic under-
standing of the lowest excited states is essential for further developments. This
chapter reviews a minimum set of phenomena that are relevant for one particular
class of organic semiconductors: quasi-one-dimensional molecular crystals. It is
based on the concepts of exciton theory for molecular crystals and it therefore
excludes polymers and amorphous molecular solids.

Within a one-dimensional theory, the major effects of Frenkel exciton trans-
fer, mixing of Frenkel and charge-transfer (CT) excitons and coupling to one in-
tramolecular vibrational mode are described within a common framework. This
framework was developed to model the exciton states of PTCDA (3,4,9,10-
perylenetetracarboxylic dianhydride, see Figure 1) and related perylene pigment
dyes.

MePTCDI molecular axes PTCDA

IaOatat SO aE
ol S S e L T

e X O
o 0 o o]

Fig. 1. Chemical structures of the investigated molecules and definition of the molecular axes.
MePTCDI = N—N’-dimethylperylene—3,4,9,lO—dica.rboximide, PTCDA = 3,4,9,10-perylenetetracar-
boxylic dianhydride.
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To understand the optical properties of a semiconductor crystal, one can use two
different approaches: One approach is to start from the viewpoint of one-particle
states for charge carriers (valence and conduction bands) and then to refine this
picture by introducing correlation effect. The correlated many-particle states (e.g.,
Wannier—Mott excitons) are called large-radius excitons. This approach is useful
if the exciton formation is a small energetic effect compared to the formation of
the one-particle bands. For example, in GaAs, the one-particle bandwidths are in
the order of 2 eV, whereas the binding energy of the Wannier—Mott exciton is only
4.2 meV (cf., e.g., [1]).

The alternative approach starts from the correlated many-particle states of iso-
lated molecules and then introduces intermolecular interactions (small radius ex-
citon theories). This approach is useful if the exciton binding energy is large com-
pared to the one-particle bandwidths and the optical spectra are more closely re-
lated to the molecular states than to one-particle crystal states. Such a situation
is typical for molecular crystals, which are characterized by small Van der Waals
interactions between the molecules. Even for crystals with coplanar stacking and
relatively strong interactions, e.g., PTCDA, the binding energy of the lowest ex-
citons is on the order of 1 eV,! compared to estimated one-particle bandwidths on
the order of 0.2 eV (see Section 4.1).

The most basic small radius exciton theory considers only Frenkel excitons,
i.e., crystal states are described as superpositions of neutral molecular states. That
means, all states in which electrons would be transferred from one molecule to
another one are excluded, and the exciton radius defined as the mean separation
between the excited electron and the remaining hole is necessarily smaller than
one lattice constant. Frenkel exciton theory is now a standard tool described in
many reviews and monographs (e.g., [3-5]). It was extensively applied in the
third quarter of the 20th century to describe optical properties of naphthalene and
anthracene crystals. In its mature versions, it tries to include as many interactions
as possible to obtain quantitative predictions, in particular for the well defined
phenomenon of Davydov splitting (see, e.g., [6]).

Current interest in molecular crystals concentrates on materials with promis-
ing properties for opto-electronics. Especially the demand for reasonably high
charge-carrier mobilities leads to materials with strong intermolecular interac-
tions. In connection with the demand for exciton energies in the visible range,
this draws attention to aromatic dyes in which the molecules form stacks with
a close coplanar arrangement of the aromatic system. Prominent examples are
derivatives of the perylene tetracarboxylic acid or phthalocyanines. We will use
two perylene derivatives as model compounds for this situation: MePTCDI (N-N'-

lBinding energy of the lowest CT state in PTCDA from Ref. [2]. The lowest Frenkel exciton lies
even 0.1 eV below, see Section 4.1.
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FLEs

(010):

\
\

Fig. 2. Crystal structure of MePTCDI from data of Ref. [85]. We show the projections of 2 x 2 unit
cells onto the b—c-plane (100), the a—b-plane (001) and onto the a—c-plane (010). The crystal struc-
ture is monoclinic, space group P21/c, Z =2 molecules per unit cell, a = 3.874 A, b=15580 A,
c=14.597 A, g =97.65°.

dimethylperylene-3,4,9,10-dicarboximide) and PTCDA (3.,4,9,10-perylenetetra-
carboxylic dianhydride, see Figure 1).

PTCDA has become a paradigm because it readily forms highly ordered films
[7,8], while related perylene derivatives have solar cells applications [9-11]. Sev-
eral works have sought to understand the PTCDA absorption spectrum and re-
lated properties of its electronic excitations [12—18]. A whole class of PTCDA-
derivatives is provided by various substituents in place of the methyl group in
MePTCDI. The crystal structures of such PTCDA-derivatives are always charac-
terized by molecular stacks, as shown for MePTCDI in Figure 2. The geomet-
rical arrangement suggests that the interactions within the stacks will be much
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stronger than inter-stack interactions. Therefore, we call such materials quasi-
one-dimensional. An experimental evidence of the quasi-one-dimensional nature
is given by the value of the Davydov splitting, which characterizes the inter-stack
interaction between the translationally non-equivalent molecules of the unit cell.
In MePTCDI, this Davydov splitting was observed, and it is indeed much smaller
than the effects related to interactions within the stacks [16].

A major advantage of PTCDA-derivatives is simple and accessible molecular
behavior. The lowest electronic excitation is a dipole allowed 7w—n* transition
with a strong transition dipole along the long molecular axis (e.g., [19,20]). It
couples predominantly to one effective vibrational mode of the carbon-backbone
(cf. Section 3.1), which causes the vibronic progression seen in the absorption
spectrum in Figure 3(a) between 2.2 and 3.3 eV. The next higher allowed elec-
tronic transition is the small feature at 3.4 eV in Figure 3(a), which is related to
an M-axis polarized transition [19,20].

Since the optical spectra of the isolated molecule are determined by the con-
jugated system they are almost independent of the outer substituents [21]. How-
ever, the changes upon crystal formation depend sensitively on the actual crystal
structure. Klebe et al. [21] discuss empirically the relation between the crystal
absorption spectra and the crystal geometry for a large set of PTCDA-derivatives.
Because of the quasi-one-dimensional nature of the crystals, and because of the
nearly constant distance between the molecular planes in the stacks, the crucial
parameter is the lateral displacement of neighboring molecules. We illustrate this
dependence for our two model compounds MePTCDI and PTCDA in Figures 3(b)
and 3(c).

On a very rough scale, the crystal spectra in Figures 3(b) and 3(c) still show
similarities with the monomer spectrum, which corresponds to the nature of a
molecular crystal and motivates the approach by small radius exciton theories.
However, on the scale of the vibronic progression (0.17 eV), the differences be-
tween the monomer and the crystal spectrum are pronounced. This effect of the
intermolecular interactions is much stronger than for the lowest transition in the
early model compound anthracene. These strong interactions require the inclusion
of charge-transfer states in the small radius exciton description.

This chapter will present the basic models that are needed to describe the low-
est exciton states in such quasi-one-dimensional systems. In Section 2, we de-
scribe the purely electronic problem for a small radius exciton theory in a one-
dimensional molecular crystal. We emphasize the relation between the general
Merrifield Hamiltonian and minimum models involving just Frenkel and nearest-
neighbor charge-transfer states. In Section 3, the tools for the inclusion of inter-
nal phonons are discussed. Section 4 demonstrates the path to quantitative ap-
plications of these models. In Section 4.1, it is shown that the electronic Hamil-
tonian for Frenkel and CT excitons, together with coupling to internal phonons,
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Fig. 3. Absorption and emission spectra of the monomer unit compared to crystal spectra. (a) cw
spectra of MePTCDI dissolved in chloroform at room temperature, absorption spectrum (at concen-
tration 0.5 pM) from [16], emission spectrum at concentration 0.3 uM. (b) and (c): absorption spectra
of thin polycrystalline films at 10 K, from [16], emission spectra of small single crystals, MePTCDI
from [106], PTCDA from [88]. The insets in (b) and (c) show the arrangement of nearest stack neigh-
bors projected onto the molecular planes.
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can give a realistic description of absorption spectra of the model compounds. In
Section 4.2, the implications of such models for finite systems are discussed.

2. Electronic Frenkel and Charge-Transfer Excitons in Rigid
One-Dimensional Crystals

2.1. LOCALIZED BASIS STATES IN REAL AND MOMENTUM SPACE

Let us first consider the purely electronic states of a one-dimensional molecular
crystal. That means, we presume that the positions of all nuclei are fixed in space.
In a molecular crystal the constituting molecules retain their individuality to a
high degree. This molecular structure provides the basis for small radius exciton
theories, in which the changes of the electronic structure relative to a reference
system of non-interacting molecules are considered.

In many cases, the problem can be conveniently posed in form of empirical
model Hamiltonians. That means, one defines the system by introducing a basis
set of localized excited states and by choosing the matrix elements between them.
Then, the properties of the model can be studied and compared to experiments.
On this level, an explicit microscopic definition of the basis states and matrix
elements is not necessary.

Let |<p,{ ) denote such an excited basis state localized at the lattice position n
in the one-dimensional crystal. In simple cases, this might be a localized neutral
excitation (Frenkel exciton) or an ionized molecule (charge carrier). Generally, it
might be a state with an arbitrary internal structure, which has to be specified by
further variables (e.g., the radius of a charge-transfer state). This set of internal
variables shall be denoted by f. These states are assumed to form an orthonormal
basis:

(05| @] ) = Smndes- (1)

We denote the electronic ground state of the crystal by |o) and introduce creation
and annihilation operators as

X, lo) = loi), @)

Xurloil) = 10). 3)

The Hamiltonian in the representation of these localized basis states consists of
on-site energies

ey =loi | Hlol) 4)
and transfer integrals

Tnfme =05 H|@l)  (nm). (5)
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Because of the translational symmetry in the crystal, the on-site energies do not
depend on the site-index n and the transfer integrals only depend on the distance
between the site indices:

Jnf.mg = Jn—m) f,0g- (6)

In second quantization, the Hamiltonian can be written as

t ' t
H=erY XpXof+ > Jnfmg X} Xmg- 7
nf nf

The prime at the summation symbol indicates that the terms for n = m are to be
omitted. In this notation, the transfer terms can be visualized as a transfer of the
exciton of type g at site m into an exciton of type f atsite n (“mg = nf”).

The translational symmetry of the crystal can be readily used to split the com-
plete Hilbert space of basis states |¢, ) into nonmixing subspaces of definite total
momentum. We assume a periodicity length of N and transform all operators into
their momentum space representation:

1 .
Xpp=——=Y e *ny, .. (8)
f \/ﬁ Xn: nf
Here, the coordinate k of the quasi-momentum takes the values

21 N N
k=—1I ithi=...,—1,0,+1,...and — — <I<+—
N Wi + an 2< +2

©))

The back-transformation is given by

1 .
Xnp = —Zelknxkf. (10)
VN 7

In this momentum space representation, operators with different k£ do not mix
anymore:

x,ika/g = S X p X g (11)

This can be proven by inserting the momentum space representation (8) into (11)

o+ 1 H 1,7

i _ i(kn—k'n’") T

XipXirg = De X\ Xorg
nn’

and introducing a new summation index m = n’ — n. Because of the trans-
lational symmetry and the periodic boundary conditions, we can substitute
anX(ner)g = XOmeg and obtain

Xk’g _ Z efl(k kK n Z e*lkm XT
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Using the identity

Y e kKM = N§y forall k, k' from Eq. (9), (12)
n

Eq. (11) is obtained.

Now, the back-transformation (10) can be inserted into the real space represen-
tation of H from Eq. (7). If the relation (11) as well as the arguments for its proof
are used, the Hamiltonian takes the form:2

H:ZHk, (13)
k

t 8yt
Hi=Y e X Xep + ) Li* X[ Xig. (14)
f I

Here, the symbol L,{ # is used to abbreviate the lattice sum

LI =" e o g (15)
m##0

Eq. (14) describes the mixing of the various momentum space basis states (8)
within the subspace of a given total momentum k. The dimension of this k-
subspaces is determined by the number F of localized basis states at a fixed posi-
tion. The aim of an empirical small-radius exciton model is the identification of a
small number of relevant basis states.

2.2. MODEL HAMILTONIANS FOR FRENKEL AND CHARGE-TRANSFER
STATES

One of the simplest examples is the following Frenkel exciton Hamiltonian. As
localized basis states one considers states |z) in which molecule number 7 is in
the first excited state whereas all other molecules are in the electronic ground
state. A nearest-neighbor hopping model for Frenkel excitons can now be written
as

HﬁgzepEZaian +12(a;§an+1 +a;+lan). (16)
n n
Here, ¢pg denotes the on-site energy of a localized Frenkel exciton and J the

nearest-neighbor exciton transfer integral (hopping integral). If introduced as an
empirical model, Hamiltonian (16) reflects no more than heuristic assumptions

2Cf. Ref. [4, p. 123] or [22] for the case of Frenkel excitons.
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about the physical situation. One assumes that only one excited state of the mole-
cule is important, one assumes that localized basis states can be introduced cor-
responding to this excited molecular state and one assumes that only the nearest-
neighbor matrix elements are important. A strict microscopic justification and
a derivation of the precise meaning of the model parameters is another task on
which we will not focus here.

In the case of the Frenkel exciton Hamiltonian (16), the connection to micro-
scopic theory is well established (a widely available review is given in Ref. [4]).
In this case, the localized functions |n) are strictly identified with the eigenfunc-
tions of the noninteracting case, and their orthogonality has to be introduced as an
approximation. From the analysis of the Schrodinger equation with the complete
interaction Hamiltonian, the model parameters can be related to exact expressions
using molecular wave functions. For example, it is seen that the on-site energy gg
deviates from the excitation energy of the noninteracting molecule by a solvent
shift term. Furthermore, the nature of the involved approximations becomes clear.
In this case, one is working in the Heitler—London approximation, which is valid
only for |J| < €FE.

Using the representation in momentum space, k-states according to Eq. (8) can
be introduced:

1 —ikn
ap = —— e g, (17)
VRO
Then, the Frenkel exciton Hamiltonian (16) takes the diagonal form

NN_ZHk, (18)

= (g4 +2J cosk)a] ax. (19)

Thus, the momentum space Frenkel excitons aZlo) are already eigenstates of the
Hamiltonian H§§ They form an energy band

E(k)y=¢r+2Jcosk, kel0,m]. (20)

The Frenkel exciton model from Eq. (16) can be directly extended to the case
of a three-dimensional crystal with inclusion of arbitrary exciton transfer integrals
Jn.m. Then, it reads

3]:) —SFEZQ an + Z Jn mdy am (21)

Here, the site indices n, m are three-dimensional vectors. The second sum runs
over all pairs n, m with n ## m, which is symbolized by the prime at the sum-
mation index. Such a type of exciton model was already suggested by Frenkel in
1931 [23,24] and first applied to molecular crystals by Davydov in 1948 [25].
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One way to extend the two-level model (21) is to include higher excited states of
the molecule. For the one-dimensional crystal, this leads to model Hamiltonians
of the form

- / -
H=Y efa ans+ Y Jnfmgy mg, (22)
nf ;}lj;

where aZ ¢ NOW creates a localized Frenkel exciton in level f at molecule n with
on-site energy ey and Jyf,me denotes the hopping integrals between the various
localized states. The prime at the summation excludes the terms with n = m.

The interaction of various molecular excited states (mixing of molecular con-
figurations) as in Eq. (22) was extensively investigated. It was first considered
by Craig [26] to explain the experimentally observed polarization ratios of the
Davydov components in anthracene crystals. A general treatment in second quan-
tization was given by Agranovich [27]. Reviews are available in Refs. [4,5,28].

Another extension of the two-level model (21) is the inclusion of charge-
transfer (CT) states. In the one-dimensional crystal, a localized CT state can be
written as

n, f)=c} ;lo), (23)

meaning that an electron is transferred from molecule n, where it leaves a hole, to
molecule n + f. If arbitrary electron—hole distances f are allowed, the complete
set of the CT basis states |n, f) can describe not only bound CT states but also
unbound states corresponding to free charge carriers.

CT states are the lowest electronic excitations in so-called charge-transfer crys-
tals, which are mixed crystals containing donor and acceptor type molecules.
Prominent example are anthracene-PMDA (anthracene as donor and pyromel-
litic dianhydride as acceptor) or TTF-TCNQ (tetrathiafulvalene as donor and
tetracyano-p-quinodimethane as acceptor). The fundamental optical properties of
such crystals are reviewed, e.g., in Ref. [29], and electronic model Hamiltonians
in second quantization are reviewed, e.g., in Ref. [30]. In such charge-transfer
crystals, the lowest electronic excitations are pure CT states and Frenkel excitons
can be neglected. We are interested, however, in one-component molecular crys-
tals. In this case, CT excitons are expected to lie energetically above—but maybe
close—to the lowest Frenkel excitons. Then, both types of states have to be in-
cluded in model Hamiltonians, and the true eigenstates can be of mixed character.
The possibility of such mixed states was first pointed out in 1957 by Lyons [31].
A detailed theoretical investigation of this general case was presented 1961 in the
work of Merrifield [32]. This model was extended for a description of absorption
by Hernandez and Choi [33] and for the inclusion of several Frenkel excitons by
Pollans and Choi [34]. In anthracene crystals, CT states are essential to describe
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electro-absorption spectra [35-39] and charge-generation mechanisms [40]. How-
ever, their effect on the low energy optical absorption and emission spectra is still
very small. In quasi-one-dimensional crystals with close coplanar arrangement of
the molecules, Frenkel and CT states are considered to be strongly mixed even in
the lowest energy region [15—-17,41] and thus this mixing is an essential feature
even for the description of the linear absorption spectra.

The general one-dimensional Merrifield model for Frenkel-CT mixing [32]
considers one electron (position ) and one hole (position ny,), which can perform
nearest neighbor hops independently of each other. The corresponding transfer
integrals are f. and #,, respectively. Electron—hole correlation is introduced by
a Coulombic attraction potential V (n. — ny). The special situation n. = ny, is
considered as a Frenkel exciton with an on-site energy egg. This Frenkel exciton
can perform arbitrary hops with hopping integrals J, , as in the Frenkel exciton
Hamiltonian (22).

In Merrifield’s work, the localized basis states are expressed by electron and
hole positions and the Frenkel exciton occurs just as a special position. Now,
we will write down his Hamiltonian in our notation of Frenkel and CT excitons.
For Merrifield’s general case, our notation becomes much less convenient but it
reveals the path towards simplified small radius exciton Hamiltonians. First, we
explicitly split the Merrifield Hamiltonian into a Frenkel part HFE, a CT part HCT

and a term that mixes Frenkel and CT states HFE—CT:
FE CT FE—CT
Hweri = Hyjepyi + Hyjersi + HMerri . (24)

The Frenkel part corresponds to the Frenkel exciton Hamiltonian (22) with just
one molecular configuration:

- /
Hyjorri = 6FE ) ajan + Y Jnmajan. (25)
n nm

The CT part treats the nearest-neighbor hopping of electrons and holes, which
always means the transfer of a CT state with separation f into a CT state with
separation f £ 1. Since f can be arbitrarily large, these CT basis states can also
describe the motion of an unbound (free) electron—hole pair. However, all Frenkel
states (which correspond to an electron—hole separation f = 0) have to be ex-
cluded now, which we denote by primes at the summation symbols:

/ o
Hyjoi =Y V(f)ey sen s
nf

/ -
+ Z [th Cpt1, f—1Cn.f +t C;L])fﬂcn,f +h.c.]
nf

h h
n—n+1 n—n—1
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/ 2
+Z [te CZ,f+1C",f + 1. cr'l!f_lcn,f +h.c.]. (26)
nf

n+f~e>n+f+] n+f~e>n+ffl

The first sum in this notation covers the on-site energies of the CT states, which
only depend on the separation f. The second sum includes all nearest-neighbor

hops of a hole (“n LG 1), and the third sum the corresponding hops of an
electron (“n + f S+ fE17).

Finally, the Frenkel-CT mixing part in Merrifield’s Hamiltonian can be ex-
pressed as:

FE—CT $
Hy\fei = E :[fe ajcn 11+ tedlcn—1+ h.c.]
~—— ——

n
(&) (&)
n+l—n n—1—n

+Z[zha;cnﬂ,_l+rha;c,,_1,+1+h.c.]. 27)
" —_——— ——
n+1—h>n n—l—h>n
Here, the first sum describes the processes in which a nearest neighbor CT state
(separation | f| = 1) is transferred into a Frenkel exciton by a hop of the electron

to the position of the hole (“n £ 1 s n”"). The reverse transfer of a Frenkel into a
CT state is included in the Hermitian conjugated part. The second sum describes

the analogous process for the jump of the hole (“n £ 1 LY n”).
At this stage, the separation of the charge hopping processes into Hl\c,lzm and

H&E;FT seems like an unnecessary complication. However, this separation makes

an important point obvious: The charge hops in Hﬁzm and in HIE[E;ICT are not
identical, since they connect different kinds of states. Only in an uncorrelated one-
particle picture, it would not make a difference for the hopping integrals whether
the final position is neutral or occupied by an opposite charge. Strictly speaking,
even the hopping integrals that connect the various CT states in Hﬁzm might be
different from each other. Using one value for all one-particle hopping integrals is
a clearly definable approximation in the model. An explicit distinction of the var-
ious hops becomes more important with the rising availability of computational
methods that allow microscopic calculations of both dissociation integrals and
one-particle hopping integrals on highly correlated levels.

As a second important point, the separation into Hﬁzm and H&EEFT allows the
approximate separation of low-lying small radius excitons. Let us first consider
Hl\c/l;rm. The basis states that are mixed by this CT Hamiltonian have on-site en-
ergies V (f). In the simplest approximation, which was also used by Merrifield,
the on-site energies follow Coulomb’s law V (f) = Vi/| f|. Then, the separation
between the lowest CT states (| f| = 1) and the second lowest ones (| f| = 2) is

V1 /2. In our model compound PTCDA, the lowest CT states lie at approximately
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2.3 eV (cf. Section 4.1) giving a separation of 1.2 eV. Detailed microscopic mod-
els predict a separation of 0.5 eV [2].

The mixing of this states with the higher states is determined by the charge
carrier hopping integrals . In molecular crystals, these hopping integrals are small
and even for quasi-one-dimensional materials such as PTCDA, values on the order
of 0.05 eV are typically discussed (cf. Section 4.1). These values are much smaller
than the separation from higher CT states. Thus, the lowest CT states will mix
only weakly with the higher CT states. In contrast, the separation of the higher
CT states becomes smaller and tends to zero for f — oo. Thus, these higher
states will strongly mix with each other.

From this discussion we can derive the qualitative structure of the eigenstates
of Hﬁzm. The lowest eigenstates will be dominated by the two lowest CT basis
states (f = —1, +1). In the momentum space representation, the CT Hamiltonian
for the lowest states becomes

Hl\%m(k) = V(l)(cli,flckfl + C£,+1ck,+1)’ (28)

Thus, the two lowest CT basis states |k, +1) and |k, —1) are two degenerate eigen-
states. However, these states do not yet represent the symmetry of the Hamiltonian
for inversion about any site n. Therefore, one can introduce symmetry adapted ba-
sis states

lk, +1) & |k, —1)
V2

These symmetry adapted states are the simplest version of small radius CT states
in a crystal with translational and inversion symmetry. The mixing of such states
with Frenkel excitons will be the main topic of the following sections.

For the higher CT states, the matrix elements between CT states with different
separation f will be in the same order or larger than their decreasing energetic
separation. Therefore, it is not possible anymore to isolate weakly interacting sub-
spaces in the Hamiltonian that correspond to CT states of a certain radius f. In
Merrifield’s analytical solution [32], this situation is treated exactly. Qualitatively,
the situation now becomes similar to a Wannier—Mott exciton since for large ex-
citon radii the discrete lattice structure of the molecular crystal can be replaced
by a continuum model with effective masses for the charge carriers.?

Now, we will consider the situation that only the lowest CT states |k, £1) can
mix with the Frenkel states |k, 0). If we neglect all higher CT states in the Mer-
rifield Hamiltonian (24), we arrive at a much simpler Hamiltonian that includes

3The equivalence between both models can be directly seen in the difference equations (18) of
Ref. [32] for the expansion coefficients «(n). For large radii n, (¢(n — 1) +«(n+ 1)) /2 can be approx-
imated by the second derivative 92a / 9n? and the difference equation transforms into the Schrodinger
equation for the relative coordinate of an electron—hole pair in a Coulomb potential.
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only nearest-neighbor CT states and mixing of these states with Frenkel excitons
at the site of either the electron or the hole. If, as a further simplification, we also
reduce the Frenkel exciton hopping to nearest neighbors, we arrive at a nearest-
neighbor Hamiltonian of the form

Hyn = H\N + B + H (29)

HER = ere Za:lan +J Z(a:lan—H + a;+lan)a
n n

cT _ i
H\N = éct Z CnfCnf s
nf

FE—CT ¥ ¥ ¥
HyN = E {te(a,;Cn,Jr] +a:lcn,4 ) + fh(a,;cn+l,fl +a;'1cn71,+1) + h'C'}'
- —_—— —— —_— ———
n+l—c>n n—15n n+lgn nflgn

In this nearest-neighbor version of the Merrifield Hamiltonian, the FE-CT mixing
term is identical with the original equation (27).

After Fourier transformation a,, — a; and ¢, — ¢ according to Eq. (8), the
Hamiltonian becomes:

Hyx =Y (HER () + HS () + Hyy T (6)). (30)
k

an]i(k) = (epg + 2J cos k)a;(rak,
CT _ T F
H\N(k) = ect(cp ¢k +1 + ¢ _ik—1),
HEECT (k) = a] [ (fe + me ™) 41 + (e + me*)cr, 1] +hec.

Now, the Frenkel-CT mixing part in Hﬁg‘CT(k) can be further simplified by
introducing symmetry adapted CT operators with even or odd symmetry with
respect to change of the direction of the charge-transfer:*

1 . .
Gr = —[(te + e M) e 11 % (te + me®)er 1], (31)
el e e & o+ e ]
where
k k
tkz\/tf_ 00525+t3 sin2§ (32)

45k+ is directly chosen as the term [...] multiplied with an—at first unknown—normalization con-

stant. The normalization constant 1/(+/2f) is then obtained by demanding the correct expression of
HG (k) in Eq. (34).
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with
ty =te . (33)
The Hamiltonian for the CT states then simplifies to:
HG (k) = ecr{é] Gt +&_é-}, (34)
HEE T (k) = V2 1ka) &y 4 hic. (35)

Now, the odd operator ¢x— does not mix with the Frenkel operators g anymore.
The odd CT state 52_ lo) = |k, 1)— is a nonmixing eigenstate of HI\CHTI(k) and
thereby of the complete Frenkel-CT Hamiltonian (30). It lies at the energy ect of
the localized CT states.

The remaining even part of the k-dependent Hamiltonian can be represented by
the two even basis states |k, 0) = aZlo) and |k, 1) = E,Llo). In this representa-
tion, it has the form of a 2 x 2 matrix:

erg + 2J cosk 21
H k) = . 36
Hyny (k) ( Nt T (36)
The two eigenstates |W;(k)) (j = 1, 2) of this problem are linear combinations
|W; (k) = upg; (k) |k, 0) + uct; (k) |k, 1) 4. (37)

The composition of the states is characterized by the squared coefficients |u|? in
terms of a Frenkel exciton character

Fre; (k) = |ure; (0 |° = [(¥; (k) ]a]]0)

and a CT character

Ferj () = Juct; 0] = [(%; 01, o) (39)

From the matrix representation (36), one can directly see that the off-diagonal
term between Frenkel and CT states is entirely given by f. This term depends in
a characteristically k-dependent way on the combination of the electron and hole
transfer integrals. In particular, one has at the boundaries of the Brillouin zone:

? (38)

| 2

thk=0 =ty =le + Iy,
th=g =1_ =1 — Iy.

If one looks, e.g., only at absorption spectra (k = 0), the two parameters #. and
are reduced to one effective parameter ¢, .

For illustration, we show several concrete exciton band structures of this Hamil-
tonian in Figures 4 and 5. Since an additive constant in the on-site energies has no
physical meaning in this model, we always take epg = 0. An example without FE—
CT mixing is shown in Figure 4(a) (f. = t, = 0). All other pictures demonstrate
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Fig. 4. Exciton bands for increasing charge-transfer parameters fe, f, and constant €gg, ecT, J. The
FE character Fgg; of each band is indicated by the upper stripe, the CT character Fcr; by the lower
one (cf. Egs. (38), (39)). (a) With fe =0 and #, = 0, all interactions between the FE and CT states are
turned off. The pure CT excitons form a dispersionless band at ecT, the Frenkel excitons form a pure
FE band with bandwidth 4J. (b) With one charge-transfer integral (t¢) nonzero, FE and CT excitons
can mix. Both bands have a mixed character and their crossing is avoided. The composition of the
bands varies with k. For #, > 0 and 7 = 0, the picture would be the same. (c) Now, both CT integrals
are nonzero, which increases the overall mixing and repulsion of the bands. In the shown special case
fe = ty, the bands are not mixed at k = .

the situation for various mixing situations, as explained in the figure captions. The
characters of the bands (FE or CT) are always indicated by the upper and lower
stripes. The vertical height of each stripe is always proportional to the character
F (k).

The visualization scheme of Figures 4 and 5 easily allows to realize the two
main features that determine the exciton band structure. The first important feature
is the overall dispersion of the contributing Frenkel exciton. The pure Frenkel
exciton band is a simple cosine function as seen in Figure 4(a). If this band is
mixed with other bands, also the FE character is distributed over all mixed bands.
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Fig. 5. Exciton bands for varying CT on-site energy ecT and constant €gg, J, fe = ty. The FE
character Fpg; of each band is indicated by the upper stripe, the CT character Fcr; by the lower one
(cf. Egs. (38), (39)). Because of # = 1},, the FE band and the CT band mix strongly at k = 0 but do
not mix at k = (cf. Figure 4). (a) With ecT = —0.1 eV, the CT state is energetically well below
the FE band at k = 0 (cf. Figure 4(a)) and strong mixing occurs only for intermediate k. (b) With
ect = 0.1 eV, both bands are strongly mixed at k = 0. (¢) With ecT = 0.3 eV, the CT band lies above
the pure FE band and both states are weakly mixed.

However, the center of mass of the FE character

Erg(k) =) Fre () E; (k) (40)
J

exactly follows the dispersion of the pure FE band:
Erg(k) = epg + 2J cosk. 41)

The same holds for the center of mass of the CT character:

Ecr(k) =) Ferj (0 Ej(k), 42)
J
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and

Ecr(k) = ecr. (43)

Both identities (41) and (43) follow directly from the theory of unitary trans-
formations: If‘ U = (u;j) is the transformation matrix that diagonalizes H by
diag(E;) =U'"HU, then

> ujEj = Hi. (44)
J

The physical meaning of Eqs. (41) and (43) is very intuitive: No matter in which
way the FE and CT states mix, the original dispersion of these states remains as
a center of mass dispersion of the corresponding characters. Therefore, the upper
stripes of the FE character will always disperse to lower energies and thus keep
on average their original dispersion. This average dispersion can easily be tracked
by the eye. By the same token, the average position of the lower stripes represents

the dispersion-less band of the pure CT state.

2.3. CHARACTERS AND TRANSITION DIPOLES OF THE EIGENSTATES

With knowledge of the eigenstates (37) of our considered Frenkel-CT Hamil-

tonian (29), we can investigate the transition dipoles of these states. Let P be
the total transition dipole operator, which is a one-electron operator acting on all
electrons in the system:

P=Y e (45)
i

First, we decompose the transition dipole into a Frenkel and CT component by
means of Eq. (37):

Bj = (W; (k)| Plo)

— ug; (k) (k, 0| P|o) + uct; (k) (k, 1| Plo) . (46)

=Pre; =Per;
The FE component ﬁpE j becomes
> 1 . 5
Peej = upgj(k)— Y _e*" (n,0|P|o)
=m0 7 2 0
=PFE
1 .
= upg,; (k) prE—= Y e = upg; (k)8 0v/'N Pre. 47)
J W Xn: J

——
12
(:)N‘Sk,o
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Here, we have introduced the transition dipole pgg of a localized Frenkel exciton
basis state:

Pre = (n, 0| Plo). (48)

This local Frenkel exciton transition dipole represents the transition from the
ground state of the crystal to a localized Frenkel excitation at any position 7.
It corresponds to the transition dipole of an isolated molecule, although it is not
strictly identical with it due to the formal difference between the localized crystal
functions and the wave functions of an isolated molecule.

The CT component in Eq. (46) becomes by means of Eq. (31)

Perj = ucrj () ——{ (fe + ) (k. +1] Plo) + (te + e %) (k. —1| Plo) )

fk
1
- k te + the'f " (n, +1 P
= ety () {(e h fZ (n, +1|Plo)
=pcr/V2
+ (fe + e ™) Ze‘k” (n, —1|P|o)} (49)
=per/V2
pcr ik —ik
= uct;(k)sk.ov/'N == fe + the™®) + (fe + the
) P Tl e+ e )
=+/2 for k=0
= uct;j (k)8k,0v/'N per. (50)

In analogy to Eq. (48), we have used the transition dipole of a localized CT basis
state, which will be discussed again in Eq. (71):

per/vV2 = (n,+11Plo) = (n, —1|Plo). 51)

Both in Eq. (47) for the Frenkel transition dipole and in Eq. (50) for the CT transi-
tion dipole, the k selection rule follows mathematically from identity (12). Com-
bination of Egs. (47) and (50) in Eq. (46) gives the final expression

Pj = 8 ov/N[ugg; (k) pre + uct; (k) per)- (52)
The oscillator strength f; of a transition |o) — |W;) with transition dipole I3j
is defined as

2mEj =
fi= 2

(53)
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with m being the free electron mass and E the transition energy. In simple cases,
e.g., for molecules in vacuum, f; directly determines the peak area in an absorp-
tion spectrum.

Typically, the CT transition dipole is very small compared to the Frenkel tran-
sition dipole. If we neglect the CT transition dipole, the FE part of the oscillator
strength becomes:

2mE J -2

JrEj = WNPFE x Frg;j(0). 54)
In our case, we are always interested in a group of transitions that span an en-
ergy region given by the order of magnitude of the interaction parameters and
by the variation in the on-site energies. This relevant energy region is typically
small compared to the total on-site energies epg and ect. Furthermore, an arbi-
trary offset in the on-site energies would only appear as an additive constant in
our model Hamiltonians. Therefore, the factor £; in Eq. (54) can be seen as a
mere proportionality constant and the relation simplifies to

frEj o FFg;(0). (55)

In this way, the Frenkel character introduced in Eq. (38) as the FE contents in the
eigenstate obtains an additional meaning: The FE character at k = 0 directly gives
the FE part of the oscillator strength of the corresponding state. This statement is
very obvious for the case of purely electronic states, but it remains valid and be-
comes more valuable for vibronic states (exciton—phonon mixtures) in Section 3.

If Frenkel and CT basis-states are strongly mixed, both resulting eigenstates can
have a significant Frenkel character (see, e.g., Figures 4 and 5). This redistribution
of the oscillator strength from the Frenkel state to all eigenstates is depicted by
the notion that the CT states borrow oscillator strength from the Frenkel states.

If the CT transition dipole has a significant size, it can contribute to the total
transition dipole (52) of the Frenkel-CT mixed eigenstates. Since the coefficients
uctj (k) vary for the different eigenstates, not only the size but even the direction
of the total transition dipole can be different for the different eigenstates. The pure
CT contribution to the oscillator strength is proportional to the CT character:

2m E j -2
ferj = WNPCT x Fer;j(0). (56)

Typically, this CT contribution cannot be directly observed since it is masked
by the much stronger Frenkel contribution. But if pcr M PrE, this CT oscillator
strength could be directly probed by light with polarization perpendicular to pg.

As for the Frenkel part, the CT part of the oscillator strength is essentially given
by the CT character at k = 0:

ferj o Ferj(0). (57)
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Because of the proportionality of the oscillator strengths to the corresponding
character, the characters are also named spectral weights.

2.4. DIRECTION OF CHARGE-TRANSFER TRANSITION DIPOLES

Let us now discuss the small CT transition dipole pcr from Eq. (51) in more
detail. For this, we consider as the simplest model system a dimer of two iden-
tical closed-shell molecules A and B. Let us assume that the molecules them-
selves have inversion symmetry and that there is an additional center of inversion
between the molecules, which always holds if the dimer corresponds to trans-
lationally equivalent nearest-neighbor molecules from a crystal with inversion
symmetry. The inversion symmetry is fulfilled in many typical examples of one-
component molecular crystals, and it simplifies the situation considerably.

Let us further assume that the electronic structure of the isolated molecules
can be represented by just two molecular orbitals, the HOMO (highest occupied
molecular orbital) and the LUMO (lowest unoccupied molecular orbital). Thus,
we have a one-particle basis set of four monomer orbitals (Ha, Hg, La, Lg) and
we can construct many-particle configurations by distributing the four electrons
on these orbitals. Note that this monomer orbital set is not completely orthogonal
since (Ha|Hg) and (La|Lg) can be nonzero. We only have

(HAlLA) = (Hp|Lp) =0 (58)

since the orbitals from each molecule are orthogonal by definition. Furthermore,
from the inversion symmetry and the orthogonality (58), one can show that

(Ha|Lg) = (Hg|LA) =0. (59)

From the monomer orbitals Ha/g, La,B, we can directly construct the follow-
ing localized basis states:’

IMEA) = [Ha — La)
_ 1
V2

IMEg) = |Hg — L)
_ 1
V2

|CTa—B) =|Ha — L)

{|LaHaHpHp) ™ + |HALAHpHp) "}, (60)
{’HAF]ALBHB>(_) + ‘HAHAHBZB)(_)}, (61)

1 _ - (= - — (=
— —{|LpArHpHp) " + |HaLp Hp ) "), (62)

V2

SWe use a quantum chemical notation for spin orbitals as, e.g., in Ref. [42].
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IME,) IME ) ICT ass) IC T4
‘HA—>LA> ’HB—>LB> ‘HA—>LB> ’HB —)LA>
La Ly La Ly La Ly La Ly

— — —® —
R = g o R = 2 R o g
Ha Hg Ha Hp Ha Hp Ha Hp

Fig. 6. Scheme of the localized configurations for an idealized dimer with four monomer orbitals.
All configurations represent excited singlet states and therefore no spin is indicated for the electrons.

|CTg—A) =|Hp — La)

= L{|[’]A['_]ALAI:I]3>(7)—i— |HA['_]AHBI:A>(7)}. (63)
7

The two molecular excitations [ME4 /g) represent excited states of the isolated
molecules. Furthermore, there are two charge-transfer excitations |CTa_,g) and
|CTB— a), which represent the transfer of an electron to the other molecule. These
configurations are depicted in Figure 6. They are all strictly orthogonal to the
ground state, which is obvious for the molecular excitations and which also fol-
lows from Eq. (59) for the CT excitations.

However, there is no strict orthogonality between the molecular and the CT ex-
citations, since the scalar products (ME4 |CTa_g) and (MEg|CTg—4) include
the overlap (La|Lp). This means, the CT states |CTa_p) and [CTg_A) con-
structed from orbitals of isolated molecules are only approximations for the CT
basis states needed in the crystal Hamiltonian Ann in Egs. (29). For a strict mi-
croscopic description of the CT crystal basis states, a further orthogonalization
of either the molecular orbitals (leading to Wannier orbitals) or of the localized
many-electron configurations would be necessary.

For a qualitative discussion of the CT transition dipole, we will now ignore
the difference between the true orthogonal crystal basis and the localized basis
states derived from monomer orbitals. Then, the transition dipole of the CT state

6In order to calculate the overlap (_)(HA[-_IAHB Hp|CTa_, ) of the localized CT state with the
ground state, one has to represent the CT state in an orthogonal orbital basis, since for the nonorthog-
onal basis Hp B, LA B the standard rules for Slater determinants cannot be applied. A suitable orthog-
onalized orbital basis is given by symmetric and antisymmetric linear combinations of the monomer
orbitals.
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PBa = (CTg_, Alﬁlo) can be related to the molecular monomer orbitals. This
problem was already discussed in detail by Mulliken [43], and we can use his
expression’

PB—A = —e(LA|F|Hp). (64)

Thus far, this result is very intuitive: The CT transition dipole is given as the
dipole moment of the transition density

0aB(F) = La(¥)Hg(F) (65)
by

PBoA = —e/d3r7 x 0AB(F). (66)

The structure of the transition density cloud pag(7), however, cannot be easily
predicted for complicated molecules.

Mulliken and Person [44, pp. 23ff] give a qualitative discussion for the case of a
o -type overlap between atomic orbitals. In this case, the transition density forms
a small cloud without nodes and is localized between the two molecules. Then,
[d 3r Foap can be approximated by

fd3r FOAB ~ ﬁAB/dSV 0AB = RABSAB, (67)

where Sap is the overlap (La|Hp) and ﬁAB is the average position of the tran-
sition density cloud. Based on this approximation, the CT transition dipole in a
donor-acceptor complex is derived as®

SAB

J1+ 835

This result is very intuitive: The CT transition dipole can be visualized as the
transfer of an electron from the donor (position ﬁB) to the overlap region be-
tween donor and acceptor (position Rag). The direction of pg_, A is along the
connection line between donor and acceptor.

We want to emphasize that this intuitive picture completely breaks down in
our case of a dimer with inversion symmetry. All effects included in Eq. (68)

PBoA = —ev2 (]_éAB — EB). (68)

"Mulliken actually considered a dimer of an electron donor B and a chemically different acceptor
A, without inversion symmetry. Then, Eq. (59) does not hold and Mulliken had to consider the mixing
with the ground state as well as terms arising from the overlap (LA |Hg). Eq. (64) is accordingly a
simplified version for his expression for g .

8See [43], Egs. (18) and (19). We give only the leading term for strong CT character of the excited
state.
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result from the nonzero overlap Sap between the donor HOMO and the accep-
tor LUMO, and they vanish for the symmetric dimer. The next nonzero term
(Eq. (66)) in the symmetric dimer results not from the average position Rap of
the transition density cloud pag (¥) but from its internal structure.

As another consequence of the inversion symmetry, the true eigenstates within
the CT manifold will also obey the symmetry. These symmetry adapted CT states
are:

|CTA—B) £ |CTp-A)

ICT+) = (69)
V2
The transition dipoles of these symmetry-adapted CT states are
R PB>A £ PAB
T+ = —F—— (70)
V2

The two CT-transition dipoles pg_, o and pa_.g in Eq. (70) are equal because of
the inversion symmetry, which can also be seen from Eq. (64):

PB—A = Pa—B = per/V2. (71)

Thus, Eq. (70) becomes:
PCT+ = PCT, (72)
per- =0. (73)

In the case of coplanar stacked aromatic molecules, the structure of the tran-
sition density cloud cannot be easily approximated. pap is formed by two com-
plicated 7 orbitals, which overlap in the region between the molecules. There
it forms a flat, quasi-two-dimensional cloud with dimensions of the molecular
size. Furthermore, like the contributing monomer orbitals, it has a complicated
nodal structure with lobes of alternating sign. Therefore, it can be expected that
the transition dipole pg_. o will lie approximately in the plane of this quasi-two-
dimensional transition density cloud, i.e., parallel to the molecular planes. If there
are no additional symmetries, the actual direction cannot be estimated. As an il-
lustration, we show the monomer orbitals L and Hp and the resulting transition
density for a MePTCDI dimer in Figure 7. There, it is clearly visible how the
transition density is formed in the plane between the molecules. In conclusion,
the direction the CT transition dipole and the underlying leading terms are very
different for a symmetric dimer compared to the classical donor—acceptor com-
plexes studied by Mulliken [43].
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(a) LA(F)

(b) Hp(r)

-

Fig. 7. Formation of the transition density cloud in a dimer of MePTCDI molecules. (a) LUMO
La. (b) HOMO Hg. (c) lllustration of the transition density oag = H(F) x L (F). The molecular
structure corresponds to nearest-neighbors along the stacking direction (a-axis) from the experimen-
tal crystal structure [85], see Figure 2. The molecular orbitals were calculated with the ZINDO/S
method as implemented by HyperChem [107], the transition density was calculated from these or-
bitals. Its precise structure is not very accurate since the orthogonality relations are not exact in the
ZINDOV/S scheme, but the location between the molecules can be illustrated. Calculations and pictures
by K. Schmidt.

(©) paB(F)

3. Strong Coupling of the Electronic Excitations with Internal
Phonon Modes

3.1. EXCITON—PHONON COUPLING IN THE ISOLATED MOLECULE

In Section 2, we have considered exciton states in a rigid lattice, which is a
purely electronic problem. Now, we want to include exciton—phonon coupling,
i.e., coupling of the electronic states to lattice vibrations. In this work, we consider
only one type of exciton—phonon coupling, namely coupling to internal phonon
modes (vibrations along intramolecular nuclear coordinates). These vibrations oc-
cur already in the isolated molecule, and their effect is usually demonstrated by a
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Franck—Condon picture as in Figure 8. If the exciton—phonon coupling constant
(see below) is on the order of one, the internal exciton—phonon coupling leads to
a pronounced “vibronic progression” in the absorption and emission spectra of
the isolated molecules. Such a progression is very conspicuous in the monomer
spectra of our model compounds MePTCDI and PTCDA, as can be seen in Fig-
ure 3(a). In this section, we summarize the notation for exciton—phonon coupling
in the isolated molecule, and in Sections 3.2-3.8 we deal with exciton—phonon
coupling in one-dimensional systems.

Let us for simplicity assume that the isolated molecule has just one nuclear co-
ordinate ¢. In Born—Oppenheimer approximation, the molecular wave functions
can be split into an electronic and a vibrational part:

Viv(E q) =5 (F.q) x xr0(q), (74)

Fig. 8. Schematic energy diagram for the vibrational potentials of ground (Vj) and excited (Vi)
state along the dimensionless coordinate A. The excited state potential is displaced on the A-axis by
the exciton—phonon coupling constant g, which corresponds to a vibrational reorganization energy
Epc = hwgz‘ The vibrational wave functions x (1) are shown for the lowest three levels. The oper-
ators b create phonons in the ground state potential, the displaced operators (b — g)Jr create phonons
in the excited state potential.
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where f numbers the electronic and v the vibrational levels; ¢ ¢ (T, q) is the elec-
tronic wave function, which depends explicitly on all electron coordinates r and
parametrically on the nuclear coordinate g; x r,(¢q) are the vibrational wave func-
tions in the electronic state f and vibrational level v. They depend only on the nu-
clear coordinate g. In Born—Oppenheimer approximation, the Schrédinger equa-
tion for the molecule separates into an electronic problem at a fixed nuclear coor-
dinate ¢ and a vibrational problem for the nuclear coordinate ¢ .

From the electronic problem, the total energy of the molecule in electronic state
fis given as a function V¢ (q) of the nuclear coordinate. Therefore, the vibrational
Hamiltonian in state f becomes:

. K2
H®=—— V21 V(). 75

i 2Meff + f(Q) ( )
For small elongations from the equilibrium position, the vibrational potential be-
comes a harmonic potential

1
Vi(q) = 5 Menwj(q = qop)* + vy, (76)

with effective mass Mg, angular frequency @y and a total energy offset v .

Since the potential Vi (g) in the excited state depends on all electrons but only a
few electrons take part in the excitation, the curvature of V| (q) differs not strongly
from that of the potential Vj(g) in the ground-state. Hence, the vibronic spacing is
very similar. For example, in the case of MePTCDI in chloroform, the difference
of hiw derived from the absorption and emission spectra amounts to 3 meV com-
pared to Aiw = 170 meV (values from Figure 3). We therefore make the further
approximation that the vibrational spacings fiw are identical for the ground and
excited state.

As an abbreviation, we introduce the dimensionless nuclear coordinate®

Megrw
2h

>
1

(g — q00)s (77)

which is centered around the equilibrium position ggo of the electronic ground
state /' = 0. Now, the vibrational potentials are in the electronic ground state

Vo(h) = hwr? + vo (78)
and in the excited state
Vi) =ho(h — )% + 1. (79)

91n the literature, several ways are common to introduce dimensionless coordinates and exciton—
phonon coupling constants.
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The exciton—phonon coupling constant g introduced here is the displacement of
the exited state potential V| with respect to the ground state potential V along
the dimensionless coordinate A. Both potentials are illustrated in Figure 8. If one
introduces the vertical excitation energy

Evere = V1(0) — Vp(0) (80)

for the excitation energy in a rigid molecule (A = 0), the excited state potential
can be written as

Vi(h) = ho(h — g)* + vo + Ever — Erc. (81)

Here, the vibrational reorganization energy (Franck—Condon energy) Erc gives
the energy gain for the geometry relaxation of the electronically excited molecule
after a “vertical excitation” into the new equilibrium geometry. The reorganization
energy is trivially connected with the exciton—phonon coupling constant by

Erc = hwg”. (82)

Optical absorption corresponds to the transitions |Y¥go) — |[1,), since for
hw =0.17 eV > kT only the lowest vibrational level of the electronic ground
state is occupied. The transition dipole moment is given by the matrix element

with the dipole moment operator P:

57 = Y1y Plvoo). (83)

This matrix element refers to integration over all electron and nucleus coordi-
nates. In the product representation (74), the vibrational part y s, only depends
on the nucleus coordinates, whereas the electronic part ¢ s contains these nucleus
coordinates as a variable that varies slowly compared to the electron coordinates.
Therefore, the integration can be split into an electronic and a vibrational matrix
element (e.g., [45, p. 305]):

5" = (@11 Plgo) X (x1v]x00) - (84)
PFE S(o)

Here, we have introduced the electronic transition dipole moment of the lowest
molecular excitation pgg and the vibronic overlap factors S (8) The oscillator
strength f for a transition with energy E is defined as f = 2mE|ﬁ|2/(ezh2) (cf.
Eq. (53)), where p is the transition dipole moment. Thus, the oscillator strength
(corresponding to the absorption peak area) of the vth transition is

2m vl = 2 2 V
vaW'E ’PFE’ x § <O> (85)
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The squared values S> (S) are called the Franck—Condon factors. They deter-
mine the intensity distribution in the vibronic progression. In the considered case
of a single vibrational coordinate A and two harmonic potentials displaced by g,
the Franck—Condon factors can be analytically expressed as (e.g., [46]):

2v

SZ(”)==|<xh4xOm|2==§——eg? (86)
0 v!
For large coupling constants g, the maximum intensity occurs at high vibra-
tional levels, whereas for g = 0 exclusively the lowest vibrational level is excited
(fy = Sov). For a coupling constant of g = 1, which is visualized in Figure 8
and represents the order of magnitude in PTCDA-derivatives, the lowest and sec-
ond lowest vibrational level obtain approximately the same oscillator strengths
(f1 & fo)- This leads to the characteristic spectrum in Figure 3(a), where the ar-
eas of the 0-0 peak and of the O—1 peak are on the same order of magnitude.

In order to extend the molecular vibrational Hamiltonian (75) to an aggregate
Hamiltonian, the introduction of phonon creation and annihilation operators is
very helpful:!°

10

bir=r—-—, 87
20X ®7)
b=t (88)
o 201"
Then, the vibrational Hamiltonian in the electronic ground state becomes:
‘ 1
fﬂmzhw<ﬂb+§>+vu (89)

For the vibrational Hamiltonian in the excited state, it is more convenient to
introduce displaced operators because of the potential displacement in Eq. (81):

bf=b"—g, (90)
b=b—g. 91)

Then, from comparison with Eq. (89), the Hamiltonian in the excited state can be
written as

vib I 1
HY™ = heo| b + 2 ) + 0+ Evert — Erc. (92)

107 good summary can be found in Ref. [47, pp. 248-252]; a comprehensive introduction is given,
e.g., in Ref. [48].
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After inserting relations (90), (91) and (82) for Erc, we can express the excited
state Hamiltonian with the undisplaced operators b™, b:

A N 1
H]“bzha)<bTb—g(b' +b) + 5) + o + Evert- (93)
Now, it is possible to combine the vibrational Hamiltonians for the ground and
excited state by introducing electronic operators. For this, we assume that the
electronic problem is a strict two-level problem with the electronic ground state
|¢o) and the exited state |¢1). We define electronic operators a’ and a by

a'lgo) =1¢1),  aldo) =0,
a'lg)=0,  alg) = I¢o).

That means, a' creates an exciton at the molecule, a destroys it and ata is the
exciton number operator.

Now, both operators H b and H N b can be combined by multiplying the addi-
tional terms in H} ib with a¥a. We obtain the monomer Hamiltonian

(94)

. 1 .
Hoono = hw(b'b + 5) w0 tata x (—hwg(bt +b) + Ever).  (99)

Here, the first term is the familiar Hamiltonian of the harmonic oscillator, which
describes the internal phonons in the molecule. The constant offset vy for the
total ground state energy of the molecule is not relevant here. a’a is zero for
the electronic ground state but one for the excited state. In the excited state, the
linear exciton—phonon coupling —/wg (b + b) and the vertical excitation energy
Eert are added. The exciton—phonon coupling, which is the most interesting term,
entirely results from the displacement of the exited state vibrational potential.

3.2. THE HOLSTEIN HAMILTONIAN FOR EXCITON-PHONON COUPLING

Now, we can extend the monomer Hamiltonian (95) to a one-dimensional chain.
In the first step, we neglect intermolecular interactions and formally add the
monomer Hamiltonians Hmoeno () of the molecules, which are numbered by the
indexn=1,...,N:

1
Z Hmono(n) = Z[hw<b2bn + 5) ~+ vg

+a}an(—hawg (b} + by) + Evert)}. (96)

We are exclusively interested in the one-exciton subspace of this problem
Q- a:la,, = 1). The energy of the lowest state in this one-exciton subspace is
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given by the lowest vibrational level of N — 1 molecules in the electronic ground
state and the lowest vibrational level of one molecule in the excited state:

1 1
(N—-1)x [hw(O—i— E) + voj| + |:hw<0+ 5) +vo + Evert — Epc:|

1
=N x I:Ehw+ U0:| + Even - EFC.

We want to use this state as the reference state and set the zero of the energy
axis to its energy. Then, the Hamiltonian (96) in the non-interacting case becomes
(with using Erc = g*hw)

Hnon—inter = th + HFE?phs (97)

with the phonon part

HP™ =ho Y " bib, (98)
n

and the (Frenkel) exciton—phonon coupling part

HYEP = 1oy " atan (—g(b) + ba) + £7). (99)
n
We call this non-interacting case the molecular limit.
Now, we add to the non-interaction Hamiltonian (97) one of the simplest elec-
tronic interaction terms, namely a nearest-neighbor Frenkel exciton hopping HAE.
as introduced in Eq. (16):

HEE = 1Y (@l +a] s a0), (100)
n
where J is the Frenkel exciton transfer integral. With this term, we obtain the
classical Holstein Hamiltonian

HEE = HIE + goh 4 gFE-ph, (101)

elec

This Hamiltonian is one of the simplest model systems for exciton—phonon cou-
pling. H(SEC is a purely electronic operator for Frenkel-exciton hopping, HP" is a
purely vibrational operator for internal phonons and HFE~Ph is a linear coupling
term, which couples excitons and phonons locally (i.e., if they occupy the same
molecule).

The Hamiltonian (101) is commonly called Holstein Hamiltonian because of
two fundamental works [49,50] by Holstein on transport properties in this model
system. The ground state of this Hamiltonian describes the states of free charge
carriers or excitons that are responsible for electric conduction or exciton diffu-
sion. Therefore, the ground state has been extensively studied by approximate
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analytical methods (reviews, e.g., in Refs. [5,51-54]). Currently, much effort is
also spent in obtaining numerical solutions for the full parameter range by varia-
tional approaches [55-61], direct diagonalization [62—66], quantum Monte-Carlo
calculations [67-70], and density-matrix renormalization-group techniques [71].
Compared to this, the properties of higher states have been much less investi-
gated. These excited vibronic states, however, are essential for an understanding
of optical absorption spectra. The relevant issues were identified in the initial
studies of molecular crystals and limiting cases were analyzed (see, e.g., [3,72]).
For intermediate cases, however, only a few quantitative studies have been pub-
lished. These include direct diagonalization studies of dimers [15,73], variational
and direct-diagonalization studies of aggregates [74—78], and a discussion of the
second lowest vibronic state in an infinite chain [66]. Here, we will present the
numerical approach described in Ref. [41], which was specifically developed in
the context of our work on PTCDA-related quasi-one-dimensional crystals.

3.3. BASIS FUNCTIONS FOR NUMERICAL DIAGONALIZATION

Our aim is to find the low energy eigenstates of the Holstein Hamiltonian (101)
within the one-exciton manifold. For this, we use a numerical approach based on
direct diagonalization. At first, we define a set of basis functions for the Hilbert
space on which the Hamiltonian acts. The basis functions should be close to the
final solution. Then, already a small and finite subset of functions can reasonably
represent the solution.

In our case, we obtain the basis functions from the reference system given by
the non-interacting case (J = 0, molecular limit). In a localized picture, the eigen-
states in the molecular limit are simple product functions of molecular vibronic
states. One exciton is localized at site n is and the vibrational wave functions at
this site are given by oscillator functions in the displaced potential V;. At all other
sites, which we count relative to the position of the exciton, the vibrational wave
functions are oscillator functions in the ground state potential Vj. These local-
ized eigenstates can be used as basis functions for representing the solution of the
complete Hamiltonian.

Thus, the basis functions can be written as

nw) = [n) x |...v_1Tovr .. ) = afloa) x B, lovin). (102)

Here, the first factor describes the electronic part of a localized Frenkel exciton at
site n. The second factor describes the vibrational wave function of the chain. It
is created by the action of the vibrational operator BZE on the vibrational ground
state:

1.
m(b,;)“O. *% e85 ]‘[ n+m)”’". (103)
; m;éO

displaced on n

B,IE =

undisplaced otherwise
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Here, the first factor (“displaced”) describes internal phonons in the displaced

potential at the site n of the exciton, where the factor e™$ 22 el by transforms the
undisplaced vibrational ground state |0, ) into the displaced ground state |0, ) (e.g.,
[47, p. 249]). The second factor (“undisplaced”) describes internal phonons at all
sites different from » in the undisplaced potential.

The phonon-cloud state |v) contains the phonon occupation numbers v, around
the exciton for all lattice sites. In the long notation |...v_;Pgv; ...), the special
position of the exciton (m = 0) is denoted by the tilde. A complete phonon-cloud
basis for a chain of N molecules consists of N-boson states and leads to huge
basis sets even for small occupation numbers. But a far smaller basis is sufficient
to calculate the absorption spectrum.

In the molecular limit, optical absorption from the electronic and vibrational
ground state only creates phonons at the site of the electronic excitation, i.e., only
phonon clouds of the form |...00vp00...). We call such clouds joint configu-
rations. In contrast, excited states with any v, # 0 for m # 0 cannot be reached
optically. We call these clouds separated configurations, since there is at least one
phonon excitation separated from the exciton position. An example of a joint and
of a separated configuration is illustrated in Figures 9 and 10, respectively. In the

n-2 n-1 n nJlr1 n+2

Fig. 9. Illustration of a joint configuration (here: |v) =|.. .00200...)).

n12 nl1 n nJlr1 n+2

Fig. 10. Illustration of a separated configuration (here: [v) =]... 01000.. ).
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molecular limit, the absorption spectrum can be explained by considering exclu-
sively the joint configurations since the separated configurations would not mix
with the joint ones and they have no transition dipole moment with the ground
state on their own.

For |J| > 0, the separated configurations can mix with the joint configurations.
That means, optical absorption creates a state in which phonons are excited at
arbitrary distance from the exciton site. However, the contribution of separated
configurations decreases with increasing exciton—phonon separation. Thus, the
photo-excited exciton will be surrounded by a localized phonon cloud. The local-
ized nature of phonon clouds is the motivation for our choice of basis functions.
Instead of N-dimensional cloud states |v), a finite range |v_js ... V... vy), wWith
M denoting the extension of the phonon cloud, will be sufficient. Numerically, M
can be increased until convergence is reached. Important qualitative insight can
already be obtained from the inclusion of just nearest-neighbor phonon clouds
(M =1).

The choice of the displaced basis functions in Eq. (102) corresponds to apply-
ing the polaron canonical transformation (Lang—Firsov transformation) to a set of
basis functions, in which all vibrational functions (including the site n of the ex-
citon) are oscillator functions in the ground state potential ([79] or see also, e.g.,
[5, p- 98], [53, p. 25]).

With the restriction to local phonon clouds around the exciton, we Fourier trans-
form the basis states (102):

lky) = %ﬁ Xn:eik"lnz)- (104)

These states represent an exciton “dressed” with a local phonon cloud. The index
k gives the quasi-momentum of the whole object, i.e., the dressed exciton, and k
is a good quantum number due to translational symmetry. Thus, for any given k
the basis set consists only of a set of phonon cloud configurations. We emphasize
that in contrast to the real-space basis (102), the momentum-space basis functions
(104) are not Born—Oppenheimer separable into a product of a purely electronic
and a purely vibrational part.

Having specified the basis states, the Hamiltonian can be represented as a ma-
trix. Application of Hggl to the real space states from (102) yields the matrix
elements:

(mp| HigInw) = 8 n(pelv) Y vi

1

+ J[am,n_lf_l (%) +Smns1 Fil (%)} (105)
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The first term in this compact notation results from the operators HP" and
HFE=Ph They contain no interactions between different sites and thus simply
count the phonons in the Lang—Firsov basis. The overlap factor (u|v) stands
for the total overlap of two phonon clouds centered at the same lattice site. It is
nonzero only for identical clouds due to the orthogonality of the oscillator func-
tions:

) ]_[5“, - (106)

The second term in Eq. (105) results from the purely electronic Frenkel transfer
process ngEC. The vibrational part of the basis functions factors out and leads to
the Franck—Condon overlaps F.; for the total vibronic overlap of the phonon
cloud v centered at n and the phonon cloud p centered at m =n £ 1:

Foi= S(:j) ~S( "0 ) : l_[ (milviz1), (107)

H+1 i£0.1
Vo Ko
Fi =S< ) ~s( ) T (uilvien). (108)
M—1 V+1 iZ-1,0

Here, S (l‘i) is the overlap between a displaced oscillator function with quantum
number v and an undisplaced function with quantum number p [80]

()= {grel o

Lz min(u,v)

5 l)vfig,u+u72i'u‘!v!

«/ ! Z i —iw—i) (109

It is obvious that in the Lang—Firsov basis the strength g of the exciton—phonon
coupling enters only through the magnitude of the factors F4 in the inter-site
hopping term.

In the momentum space representation (104), the Hamiltonian matrix becomes

(k,ulHH01|kv (lv) hwz Vi

+J[ —ikr_ 1( )+e+lk7 ]< )} (110)

For general momenta k, these matrix elements are complex numbers. For our
intended application to spectroscopy, the values at the Brillouin-zone edges (k =
0, ) are of interest, and there the matrix elements are real. Representing the final
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eigenstates as

(W)= uy (k) [kv), (111)
v
we obtain the eigenvalue problem
FE _
>tk Higlkv) -y =Ej - uy (112)
"

for the real matrix (ku |H§§1|kg). Its eigenvalues E; and eigenstates |W;(k)) are
the stationary solutions of the Holstein Hamiltonian (101).

3.4. TRANSITION DIPOLES AND PHONON CLOUDS OF THE EIGENSTATES

The properties of the eigenstates (111) are easily computed. We start with the
Frenkel exciton (FE) character defined as in Eq. (38) by the projection onto a
purely electronic Frenkel exciton state aglo):

I (113)

Frej (k) = (W, (k) [a] o)
By use of the explicit expression (111) and the inverse Fourier transformations,
one obtains:

2

Frgj(k) = (114)

> u (k) (nvlafo)

The matrix element (ny |aj, |o) can be split into its electronic and vibrational com-
ponents according to Eq. (102):
(ng|ajl|0) = (a2§;!0|a;[|0)
= (a) 0ella}|ocl) (B}, 0vib|ovib)-
—_—— =
=1
The vibrational overlap factor in this equation can be formally evaluated by use of
Eq. (103). Very obviously, it gives a factor S from position n, where the displaced
vibrational wave function of level vy overlaps with the undisplaced vibrational

ground state. At all other lattice positions n + r, we have the Kronecker symbol
for the orthogonality of the wave functions in the same undisplaced potential:

~ . 1)0
(nvlaj|o) = (By1,0vib|ovib) = S(O) l_[3v,,o- (115)
r#0
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Thus, the Frenkel exciton character becomes:

2
Vo
Frj (k) = Zu;,j(k)s(())]"[av,,o (116)
v r#0
The characters obey the sum rule
> g =1. (117)
J

since

SR 0= |, k)laflo)|
J J

= (ola| W, (k) (¥ (k)la] o)

J

= {olar Y 19; (k) (W (k)] af o)

J

=1
=1.

As in the electronic problem, the exciton character determines the oscillator
strength of a k = O state. The transition dipole of state |¥; (k)) is

B = (W, ()| Plo)

=3 () kvl Plo)

1 . .
Zzuij(k)ﬁ > ¥ (np|Plo). (118)

For the transition dipole of the basis state [nv), we have to use the approximate
separability of the transition dipole moment into an electronic part and a vibra-
tional overlap factor as in Eq. (84) for the isolated molecule. Then, the transition
dipole of each basis state |[nv) becomes

(nv| Plo)=l(a} B} 0| Plo) (119)
=(a} 0el| Ploel) % (B}, 0viblovib) (120)
—_—— —

PFE Eq. (115)
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> Vy
— BrE X s(0°> [T5v..0- (121)

r#0
Thus, with identity (12) the transition dipole becomes

- N )
B = dov/N e x Zujj@s(O) [T5.0
v r#0
Comparison of this equation with the expression (116) for the Frenkel exciton
character shows that the squared transition dipole is given by the character

|13; |* = 8t.0N Py Fre; k), (122)

and the oscillator strength (see Eq. (53)) of a k = O state is proportional to the
Frenkel character:

2mE j -2
fi= —e2h2 Npgg x Frgj(0). (123)

This equation is identical to the corresponding expression (54) for the FE oscil-
lator strength in the electronic problem, since the transition dipole is a purely
electronic operator and its action on a vibronic state is only determined by the
electronic character of this state.

As an illustration, we show in Figure 11 the results of such a calculation for
k =0 and the parameters J = 0.5/iw and g = 1. The energy levels E; of the
eigenstates are arranged at a vertical energy axis in the left part. Their FE char-
acter Fgg; is indicated by the horizontal length of each stick. The lowest state
appears as a solitary stick at £y = 0.0074kw. At higher energies, the spectrum
consists of many densely packed lines resulting from the mixture of the various
phonon cloud configurations in the basis set. The numerical spectrum remains
discrete only since the basis is finite. To illustrate the dense vibronic manifold,
we always convolve stick spectra with a Gaussian of constant standard deriva-
tion (0 = 0.15Aw) and show the broadened spectrum using a convenient scaling
factor.

Another important property of a vibronic state | (k)) is the internal structure
of its phonon cloud. One measure to characterize it is the set of expectation values
(ﬁm) for the occupation number operators:

(Nn) = <Z aianb2+mbn+m>. (124)
n

These occupation numbers show how many phonons are excited at the oscillator
that is m lattice spacings apart from the exciton. Note that they depend on the dis-
placement chosen for the oscillator functions in the basis set. Thus, they are no ob-
servable quantities. They are mainly important for choosing a reasonable basis set:
Since numerically for each relative site m, only states up to a predefined number
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Fig. 11. Illustration of the eigenstates and their properties for a numerical solution of the Holstein
model (101) with parameters J = 0.5/4® and g = 1 at total momentum k = 0. In the left panel, the
optically active eigenstates are shown at a vertical energy axis. The sticks indicate the FE character
Fpg;j of each state according to Eq. (116). For a visualization of the resulting spectrum, the stick
spectrum is convolved with a Gaussian (standard derivation o = 0.15/iw) and the broadened spectrum
is scaled for easy superposition (here: area [ f(E)dE = 0.5hw). In the right panels, the occupation
number clouds (ﬁnz) and displacement clouds (iry,) are shown for two particular eigenstates (cf.
comments to Egs. (124) and (125)).

v can be included in the basis set, it must be assured that (Nm) <L vi#* These

phonon occupation numbers are again illustrated in Figure 11 for two representa-
tive eigenstates of high spectral weight. For the lowest state at £ = 0.0074/iw,
there are 0.16 phonons at the exciton site (m = 0), and the total phonon number
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is ), (Ni) = 0.34. In the molecular limit, this state would be the zero-phonon
state, but the hopping term J leads to a nonzero phonon occupation number. At a
higher state E4; = 2.28%w, the total phonon number is 2.12 with a peak value of
(1%) = 1.05. This state originates from the 2-phonon state in the molecular limit.
Electronic delocalization leads to broad phonon clouds.

A description of the phonon cloud that is independent of the basis set can be
provided by the expectation values of the displacement operators:

. b b,
() = <Z a;anW) (125)

n

This displacement cloud (1, ) gives the average distortion from equilibrium
(along the dimensionless normal coordinate A) at a molecule which is m sites
from the exciton. Note that the exciton itself is completely delocalized in real
space and so is its displacement cloud. This delocalization follows directly from
the assumed perfect translational symmetry. The values (1,,) as a function of the
distance m only show the spatial correlation between the electronic excitation and
the lattice distortion.

With respect to the basis representation (102), the displacement cloud of a state
[V (k)) (111) is obtained as:

= St 0y % (T )

py r#Em

x ( vaH(Sum,va + @(Sum,vm_l + gam,oauo,%). (126)
Again, Figure 11 may serve as an illustration. There, the displacement clouds are
shown for the same representative states that were analyzed in terms of occupation
number clouds. The narrow clouds show that the actual lattice distortion is much
more localized around the exciton than the broad occupation number clouds might
suggest. This difference results from the fact that the vibronic wavefunction in the
actual eigenstates cannot be accurately represented by single oscillator functions
of the special Lang—Firsov basis.

3.5. TRUNCATED PHONON BASIS AND SYMMETRY ADAPTATION

By now, the formal tools for calculating and analyzing the eigenstates of the Hol-
stein Hamiltonian (101) have been collected. The only remaining issue is how to
truncate the infinite phonon-cloud basis to a number that allows numerical diago-
nalization. For this, we first restrict the basis to cloud states of the form

) = |v_m ... To...vpm), (127)
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as motivated below Eq. (103). That means, only phonon clouds localized at the
2M 4+ 1 molecules around the exciton are included. Strongly delocalized or even
free phonons can only be approximated using large M.
Second, for each position in the phonon-cloud we restrict the maximum occu-
pation number:
Vi < pmax, (128)

m

In this way, the localized nature of the phonon cloud can better be taken into
account by considering only small occupation numbers v*** at sites far away
from the exciton. A typical cut-off vector as used for the calculation in Figure 11
has M =5 and looks like |12345654321).

Third, among these states we include only those for which the total number of

phonons does not exceed a given maximum:
> vm < v, (129)
m

In this way, high energy basis states are excluded. Since the overlap factors for
states with high vibrational excitation decrease rapidly, these states do not appear
in the absorption spectrum. Condition (129) is only effective for vii* < )~ vi®,
but typically it can be used as a strong restriction (e.g., viie* = 6 in Figure 11).

Now, we have arrived at a fairly complex description for the cut-off conditions
of the basis set, given by the numbers M, v™, v@*. However, this complex
scheme allows to choose a basis just large enough to represent the optically active
eigenstates of the Hamiltonian.

The minimum radius, M = 0, is an important special case of the phonon basis
in which electronic and vibrational excitations are always at the same site, just as
in the J = 0 limit. These joint exciton—phonon configurations (see illustration in
Figure 9) can be considered as distinct molecular excited states and treated within
the standard framework of Frenkel exciton theory. Following Broude, Rashba and

Sheka [47, p. 185], we call this the molecular vibron model:
M =0. (130)

The molecular vibron model follows naturally from the exciton concept and was
successfully applied to early interpretations of crystal spectra [26]. The approx-
imation is additionally justified if—beyond the simplest Holstein Hamiltonian
(101)—the phonon energy differs between the electronic ground and excited state
of the molecule (cf. Ref. [3, p. 87ff] or Ref. [47, p. 198f]).

To find a suitable phonon basis for concrete calculations, we start with
the molecular vibron model and gradually increase the phonon basis until the
obtained absorption spectrum converges. This procedure is demonstrated in
Ref. [41].
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In addition to the general truncation scheme, in some cases the dimension of
the phonon basis can be reduced by symmetry. For the Frenkel exciton problem
in this section, we have inversion symmetry about the exciton’s site. So we can
introduce symmetry adapted basis states |kv)+ in which the phonon cloud is either
symmetric (4) or antisymmetric (—) with respect to inversion about its center.
Inversion of the phonon cloud in the non-adapted basis (104) shall be denoted by
a bar:

|D): p = vn. (131)

Even the non-adapted basis contains some symmetric phonon-clouds (v = v).
For all other states, a symmetry adaption has to be chosen. Thus, the symmetry
adapted states can be obtained as:

lkv) forv =y,
Ike) = { J5 (k) + kD)) for T # v,
| (132)
ﬁ(u@ |kp)) for b # v.
Now, the symmetric subspace spanned by the |kv) states does not mix with the
antisymmetric subspace spanned by the |kv)_ states and the diagonalization can
be done separately for both subspaces. For a large cut-off radius of the phonon
cloud, the dimension of the two subspaces is roughly one half of the original basis.
Furthermore, the transition dipoles of all antisymmetric states vanish exactly and
only the symmetric space is needed for the absorption spectrum.

lkv)—

3.6. THE LIMIT FOR WEAK INTERMOLECULAR ELECTRONIC COUPLING

In order to illustrate the qualitative effects that arise from exciton transfer, we
will now apply perturbation theory for the limit of weak electronic coupling
(J < ghw). The reference system is given by the molecular limit (J = 0). Then,
the molecular vibron model (130) gives an exact description of the optically ac-
tive states, which form an equally spaced vibronic progression (cf. Figure 11(a)).
We consider the lowest (zero-phonon) and second lowest (one-phonon) molecular
vibronic states.

The lowest state of the unperturbed system is |kv) with |[v) = .. .000. . .). This

E gO) = 0 is non-degenerate, and application of first order perturbation
theory gives immediately

ED 2(0 g
= (ky| H01|kv) 2J cos(k) x § (O) =2Jcos(k) xe 8. (133)

This result is well known from small polaron theory for zero temperature. The
width 4J of the purely electronic band is renormalized by the overlap factor e ?
since the exciton moves together with its displacement cloud.
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The second lowest state of the unperturbed system is, in the molecular vibron
model, |kv) with |v) = |...010...). This is the molecular one-phonon state. Con-
sidering a complete phonon basis, the molecular one-phonon state is degenerate
with all other dark basis states that contain one phonon excitation at an arbitrary
exciton—phonon separation n. A perturbation J > 0 will mix all these states and
lift their degeneracy.

This can be analyzed by writing down the matrix elements (110) for the states
of the one-phonon manifold. We define the state |kv(n)) by a phonon cloud with
the structure v; = §; , and analogously for |k (m)): n; = 8; ». The matrix repre-
sentation (110) then becomes -

Hyn = (kp(m) | Hijgy kv (n))
,gl 2
=Smnhw + Je™8 (Win + 8 Vinn). (134)
where

Winn = 8m n+1 X e_ik + 8mn—1 X e+ik (135)

0 0 0 0 0

o 00 —elk ek
Van=1|--- 0 —e* 2cosk —e¥ 0 (136)

0 e ek 0 0

0 0 0 0 0

The non-diagonal contributions in W,,,, and V,,,;, mix the joint configuration from
the molecular vibron model with separated configurations. However, V,;,,, only
mixes the states where the phonon is located either at the exciton site or at its
nearest neighbor. Therefore, Wy, and V,,,,, act in completely different ways.

Let us first discuss the case of g <« 1 and neglect V,,,,, in Eq. (134). For k =0
or k =, Wy, is the Hamiltonian of a nearest-neighbor hopping particle on an
infinite chain with open boundary. This gives a wave-like solution. In contrast to
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the ordinary hopping problem, the exact consideration of the specific boundary
conditions is essential now. Only then, the correct amplitude at the special site
n = 0 can be obtained; and this amplitude alone determines the exciton character.
Thus, one obtains the eigenstates

|\pj)=\/%+1n:zMsin<2M 2)‘/(1}(11)) (137)
with
j=12,....2M+1. (138)
Their energies are
E;lphg«l) how+2Je”8 cos(ﬂjil), (139)

where £ refers to k = 0 and k = 7, respectively. The FE character of state j at
k = 0 follows from Eq. (116). It has only two values depending on the index j:

Frgj = { w87 forodd j, (140)
0 for even j.

The M states with even j and zero FE character belong to the subspace of the
antisymmetric states in the symmetry adapted basis (132). The M + 1 optically
active states with odd j are the symmetric states. These active states form a band
of equally absorbing states with a total width of 4J ¢~¢". The total FE character
of these active states sums up to gze_g2 representing the value of the molecular
limit. In all these states, the phonon cloud is not localized around the exciton but
consists of a standing phonon wave. We emphasize that this behavior is the limit
for small g. In this limit, the total FE character of the considered one-phonon band
gives only a small feature in the overall absorption spectrum since the major part
of the FE character is concentrated in the zero-phonon state.

Complementary, the V,,, part in the perturbation expression (134) mixes only
the cloud states with phonon excitations at or next to the exciton site. Therefore,
in the limit of large g, the basis set can be reduced to include only local phonon
cloud configurations up the nearest neighbor (M = 1). Using the symmetry
adapted basis functions (132), the symmetric one-phonon subspace consists only
of two phonon configurations: |®;(k)) = |k)|OTO)+ and |, (k)) = |k)|1(~)0)+.
The Hamiltonian in the representation of these two states takes the form

2

2 1-g
8
Hy,, = 8unho + 2Je—g2 cos(k) x ( 2 lﬁz ) (141)
v 28
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with eigenvalues

EUP D _ poy 42 cos(k) - g%e 8 - %(1 + [1- % + 9%) (142)
Thus, the zero-order energy E = fiw splits into two bands E (k). Similarly to the
perturbation-in-J treatment of the lowest state (133), the electronic bandwidth 4.J
is multiplied by an overlap factor gze’g2 which corresponds to the interaction of
the transition-dipole moments of the molecular one-phonon state. However, there
are two states now. In the limit g — 0o, their energies tend to:

3
Eg_lph’g_)oo) — hw +2J cosk - gze_g2 e (143)
EUPME7) g, (144)
2

In this limit, both states still have an FE character of Frp4+ — 5 and Frp_ — %

This splitting into two states which both carry spectral weight is entirely caused
by the delocalization of the phonon cloud. Such a delocalization is neglected in
the simplest approach of the molecular vibron model (130), which would mean
the neglect of state |®»(k)) in Hamiltonian (141). Looking at the non-diagonal
term in Hamiltonian (141) suggests, and closer inspection of the full one-phonon
subspace Hamiltonian (134) confirms: For the special value g = 1, the molecular
vibron state |kv(n = 0)) decouples from all other phonon cloud configurations.
Only in this case, the molecular vibron model becomes exact (in the one-phonon
subspace) and yields one energy band at

E(ph.g=1) :)‘w)—i—ZJcosk~gze*g2 (145)

which includes the complete FE character of the one-phonon state (g2e ™% 2).

To give an illustration of the phenomena in the one-phonon subspace and to
show the relevance of the described limiting cases, we show a numerical solution
in Figure 12. For this, we solved the Hamiltonian (134) numerically for a phonon
cloud of radius M = 20 at the total momentum k = 0. For k = 7, the spectra only
have to be mirrored with respect to E = hw.

In Figure 12(a), the “exact” numerical results (graph 1) are shown for a rela-
tively small g = 0.5. The tendency of a broad band with constant FE character
is clearly visible. This bandwidth is compared to the width the free phonon part
Wi from Eq. (139) in graph 2. Both agree very well. The molecular vibron
model (M = 0) would give a single active sate at (E — fiw)/J = 0.389 (position
indicated by graph 3). This state would represent the weighted center of the exact
band but it would veil the large splitting (AE/J ~ 1.55).

In Figure 12(c), the numerical solution is shown for a rather large g = 1.5
(graph 1). It clearly approaches the two active states from the nearest neighbor
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Fig. 12. Perturbative treatment J — 0 of the one-phonon subspace for three coupling parame-
ters g. The “exact” stick spectra are numerical solutions of the one-phonon Hamiltonian (134) for
a phonon-cloud radius of M = 20. The envelopes are convolutions of the stick spectra with Gaussians
of appropriate width. Figure 12(a) represents the small-g case, where a broad one-phonon sideband is
formed. The “exact” solution in graph 1 is compared to the bandwidth of the free-phonon part (W,
from Eq. (139)) in graph 2 and to the position of the single active state from the molecular vibron
model (130) in graph 3. Figure 12(b) represents the g = 1 case, where the molecular vibron model
becomes exact. Figure 12(c) represents the large-g case, in which the exciton interacts mainly with a
nearest neighbor phonon cloud. The “exact” numerical solution in graph 1 resembles the approximate
solution (141) for a nearest neighbor cloud (M = 1) in graph 2. The single state from the molecular
vibron model (M = 0) is shown in graph 3.

cloud (radius M = 1) given by Eq. (142), which is shown in graph 2. For compar-
ison, the result of the molecular vibron model (M = 0) is also shown in graph 3.
As for g < 1, the molecular vibron model can only represent the weighted center
of the one-phonon states but not their qualitative splitting. Note that for both cases
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g < 1 and g > 1 the correct splittings of the one-phonon states are on the same
order as the perturbation parameter J.

The situation for energies above the one-phonon subspace becomes more com-
plex and will not be considered here. Already in the two-phonon subspace, which
is spanned by all zero-order basis states with a total phonon number 2, there oc-
curs a high degeneracy of various cloud configurations. The numerical calcula-

tions in Ref. [41] confirm that for not too strong electronic coupling (J ~ 0.5/w)
and g in the order of 1, the approximation of highly localized phonon clouds or
even the molecular vibron model yields a good description of the full absorption
spectrum.

3.7. NUMERICAL SOLUTIONS FOR VARIOUS ELECTRONIC COUPLING
STRENGTHS

In this section, we want to give an impression of absorption spectra for var-
ious conditions. We always consider an electron—phonon coupling constant of
g =1, which is a typical order of magnitude for the strongly coupled modes in
m-conjugated systems. The numerical spectra were calculated with phonon cloud
radius M =5, a maximum total phonon number vig?* = 6 (cf. Eq. (129)) and
a phonon cloud cut-off vector of [v™¥*) = 112345654321) (cf. Eq. (128)) corre-
sponding to 4485 symmetric basis states in the symmetry adapted basis (132).
This ensures a sufficient accuracy for all shown spectra (on the order of the
graphic resolution) except for the numerically demanding case J = lfiw, k = 0.
In this case, deviations on the order of about 10% might occur on the high energy
side (E > 3hw).

As discussed in the previous section, for g = 1 the molecular vibron model
(cf. Eq. (130)) is a good approximation for weak electronic coupling (J < ghw).
At first, we illustrate the quality of this approximation for intermediate positive
J at k = 0 (top of the band). In Figure 13, we compare the discrete vibronic
states resulting from the molecular vibron model with the complete numerical
solutions. For J = 0.5/iw, the molecular vibron model still gives a qualitatively
reasonable description of the spectrum. The main effect of the delocalized cloud
basis in the high energy region is a broadening of the spectra. The lowest state,
however, moves considerably from E; = 0.229/® in the molecular vibron model
to E£1 = 0.0074%w in the largest basis set. For J = 1/iw, the deviations between
the molecular vibron model and the exact solution are already on the same order
as all structures in the spectrum.

To give an overview about general trends, we show characters and electronic
bands for g = 1 and various J in Figure 14. The electronic bands E¢ec (k) in this
figure are the solutions of the electronic Hamiltonian H geEc + gzha) (cf. Eq. (100)).
The molecular Franck—-Condon relaxation energy g>/w has to be added to com-
ply with our energy axis definition, in which the relaxed molecular zero-phonon
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Fig. 13.  Comparison of the molecular vibron model (left panels) and the numerical solution for
the complete Holstein problem (right panels) for two exciton transfer integrals: (a) J = 0.5hw,
(b) J = 1hw. Exciton—phonon coupling is g = 1 and quasi-momentum is k = 0.

state lies at E = (. The states and spectra resulting from the complete Holstein
Hamiltonian HI};EI (Eq. (101)) are shownat k =0 and k = 7.

In the noninteracting case J = 0 (Figure 14(a)), the electronic dispersion is zero
and the spectra are the vibronic states of the isolated molecule. The molecular zero
phonon state lies below the electronic band by the amount of the Franck—Condon
relaxation energy g2fiw.

For a moderately small interaction J = 0.5/iw (Figure 14(b)), the spectrum
still shows distinct peaks reminding of the molecular vibronic states. However,
the shape of the spectrum is changed. In particular, the spectrum loses one finger-
print of a vibronic progression in the molecular case, namely the constant energy
spacing between the peaks. The centers of mass of the spectra are shifted up-
wards at the top of the band (k = 0) and downwards at the bottom of the band
(k = m), corresponding to the dispersion of the electronic band. The bandwidth
of the lowest dressed exciton state is AE = 0.62Aw, which is still similar to the
weak-electronic coupling limit of 4Je™8 ? = 0.74hw.

For stronger interaction, J = 14w (Figure 14(c)), the spectra already show the
tendency towards the opposite limiting case. Instead of a number of vibronic
peaks, just one major peak close to the position of the electronic bands starts
to emerge. Furthermore, there remains a small one-phonon sideband approxi-
mately one vibrational quantum above the bottom of the band structure (at k = ).
The one-phonon sideband at k = 0 corresponds to a mixture of the lowest k =
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Fig. 14.  Overview of band structures in the Holstein model for fixed exciton phonon coupling con-
stant ¢ = 1 and various exciton hopping integrals J. The vibronic spectra at k =0 and k = 7 were
calculated and represented as for Figure 11. For the limiting case J > fiw, we show only schematic
spectra at energy positions corresponding to the electronic bands for J = 2fiw.

dressed exciton and a k = —z phonon. For further increasing J, this one-phonon
sideband will more and more lose its spectral weight. Nevertheless, there remains
a low-lying k = 0 state which determines the overall dispersion of the lowest
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state to approximately one-vibrational quantum, independently of the stronger
and stronger electronic dispersion 4J.!!

The limit of strong electronic coupling is schematically depicted in Fig-
ure 14(d). The electronic band is shown for the example of J = 2Aw. The given
absorption spectra, however, are not calculated but only serve as a schematic
illustration. In the strong coupling limit, the electronic bandwidth 4J is large
compared to the molecular Franck—Condon relaxation energy g2fiw, the exci-
ton hopping is “fast” compared to the exciton—phonon coupling and the Born—
Oppenheimer approximation should be applied to the whole crystal as one ob-
ject (cf. Ref. [81]). The total lattice displacement Y (A, ) = g is now equally
distributed over the N — oo molecules. Therefore, the total relaxation energy
Erc = g2hw Y (An)? tends to zero. Figuratively speaking, the very fast exci-
ton loses its phonon cloud. Compared to the molecular limit (lowest state at
E = 0), the lowest state will now be given by the purely electronic band at
E =2J cosk + g*hw. Because of the vanishing relaxation energy, higher vibronic
states have no spectral weight and the absorption spectrum consists of a narrow
line at the electronic energy. The position of the one-phonon side-bands is also in-
dicated, but these side-bands have vanishing spectral weight in the limit J — oo.

3.8. THE HOLSTEIN HAMILTONIAN WITH CHARGE-TRANSFER STATES

The Holstein Hamiltonian for Frenkel excitons (101) can be very naturally ex-
tended to include charge-transfer (CT) states. Let cZ’ f be the creation operator for
a nearest-neighbor CT state in which an electron is transferred from lattice site n
to site n + f (f = %x1). The molecular limit is again defined as the case where
no transfer interactions (neither Frenkel exciton transfer nor charge transfer nor

Frenkel-CT interactions) are considered. Then, the electronic CT Hamiltonian is
HCTZDZCZ £On. £ (146)
n,f

with D being the on-site energy of a CT state in the molecular limit (relative to
the Frenkel exciton on-site energy at zero in our energy units).

The electron or hole excitation of the CT state are assumed to couple to the
same effective vibrational coordinate A as the Frenkel exciton. With the electron—
phonon coupling constant g. and the hole—phonon coupling constant gy, the linear

1This behavior of the dispersion depends on the exciton—phonon coupling constant g. If the exciton—
phonon coupling energy gzhw is large compared to the electronic bandwidth 4/, the bandwidth of
the lowest dressed sate takes the value of the weak-electronic coupling limit 4./ e_g2 , which can be
smaller than fiw. For a detailed discussion, see, e.g., Ref. [60].
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coupling between CT states and phonons is described by the Hamiltonian

HET-Ph — Z cz,fcn,f
n, f

x [—gn(b] +bn) — ge(by, s +burs) + g +82] (147

These expressions are analogous to the Frenkel-exciton—phonon coupling in
Eq. (99). The term (gﬁ + gg)ha) is the vibrational relaxation energy of a CT state
in the molecular limit. As in Eq. (99), this term is added to align the on-site energy
D of the CT states to its value in the molecular limit.

For the electronic mixing between Frenkel and CT excitons, we use the corre-
sponding part from the Merrifield Hamiltonian (27):

gFE-CT _ Z[ze (a;cn,+l + azcn,*])

n
I T h 148
+ th(a)cnt1,—1 +ajcn—1,41) +hec.]. (148)
Thus, the extended Holstein Hamiltonian for Frenkel and CT excitons becomes
HEST = HEE 4+ HCT 4 gCT—ph 4 gFE-CT, (149)

This Hamiltonian corresponds to the dimer Hamiltonian used in Ref. [15].

A natural extension of the basis states [nv) from Eq. (102) is obtained by in-
cluding the new electronic degree of freedom f. The value f = 0 shall denote the
former Frenkel exciton basis states:

[Inf )] ;o= Inv). (150)

A Lang—Firsov-type basis for CT states ( f = £1) follows in complete analogy
to Egs. (102) and (103) for the Frenkel excitons:

[Infv)],_y =<} floa) x Bl lovin), (151)
with
1 % ¥ 1 " 83 ¥
o= T_ VO o= o8hbn 1 _ Vi =% gcbn+f
anv - M(bn gh) e e X \/U_f!(bn+f ge) e e
gn-disp. on n ge-disp. on n+f
1
t Vm
x ()™ - (152)

0. f V!

undisp. otherwise
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Here, bZ — gn creates phonons in the g displaced potential at the hole position n
and bZ — ge creates phonons in the g.-displaced potential at the electron position
n + f. At all other sites, the vibrational potential is not displaced.

The real-space basis states from Egs. (150), (151) can again be Fourier-
transformed to momentum-space basis states with total momentum k:

lkfv) = Ze‘k"|nfv (153)

As for the Frenkel problem, the matrix elements of the Frenkel-CT Holstein
Hamiltonian (149) can be derived in a straightforward way. The final expressions
become lengthy due to various overlap factors and we omit them here. The basis
can be reduced to a manageable size by a truncation scheme as for the Frenkel
problem. Then, the eigenstates |W;(k)) at k = 0 or k = 7 can again be obtained
by standard diagonalization methods for real matrices in the form

(W)= "upyjk)kfv). (154)
fv

As for the Frenkel exciton problem, the most important property for charac-
terizing an eigenstate |W;(k)) is its electronic character. Since the states are now
constructed from different electronic states (Frenkel and CT), we have to distin-
guish different electronic characters.

The Frenkel exciton character is given as in definition (113) by the projection
onto a Frenkel exciton:

Frgj(k) = \(‘I‘j(k)la,fIO)lz- (155)

Using the decomposition (154) into basis states, the FE character becomes:

2
(156)

Figj (k) = ‘Z”m (kfvlaj]o)

The matrix element (kf v |a;§ |o) is nonzero only for Frenkel-type basis states ( f =
0). Then, it reduces to the same expression as for the Frenkel-only problem (see

Eq. (116)) and we get:
2
Vo
S(O) [180

r#0

For describing the CT character of the states, we use a projection onto the
symmetric CT states

Frgj(k) = (157)

Ciylo) = f 67 {(te +me™ )y + (e +me ™ )eg o),
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which were introduced in Eq. (31) for the electronic problem. Then, the CT char-
acter becomes

FCTj(k)E’<‘I’j(k)|5;£+|0>’2 (158)

2
(159)

=‘Zu;y (kfvlef, o)
fv

The matrix element can be decomposed into an electronic part and a vibrational
overlap factor:

(kf£|5;i+|0> {(te + th€™)8 41 + (te + the )8 7,1}

1
B V21
X (B;fzovib|0vib>-
Naturally, the electronic part of the projection onto the symmetric CT state be-

comes zero for a pure FE basis state ( f = 0). The vibrational overlap factor con-
tains two overlap terms for the electron and hole displaced lattice site:

<BZf20Vib’0Vib> = Sg, <l:;)> X Sg, <v(;r> X 1_[ 8y, ,0-

r#0, f

At the important special points k = 0 and k = 7, the electronic factor simplifies
greatly and the projection of the basis state becomes for both k:

N 1 Y v
kvt o) =—=x S ( ) x Se.( ) x [T 8u.0- (160)
V2 0 0 r0. f

Inserting this matrix element into Eq. (159) gives the formula for the CT character
of a numerically obtained eigenstate.

The transition dipole can be discussed similarly to the Frenkel-only case (see
Eq. (118)), and one obtains a Frenkel and a CT transition dipole component as in
the electronic problem (see Eq. (46)). For the experimental interpretation, we will
later assume that the CT component is a negligible contribution (pct < prg), and
then the squared transition dipole becomes proportional to the Frenkel character
atk=0asinEq. (118):

5 52 -
|Pj1> ~ | P |” = 8k,0N pig Fre (K). (161)

A representative calculation is shown in Figures 15 and 16 for the parameters
J =05hw, g =1, D=0, te = t, = 0.5Aw. The Frenkel part of this parameter
set corresponds to the calculation in Figure 11. The basis cut-off vector for the
phonon-space was |v)™¥* = 1123454321) with vii® =5, resulting in 4332 ba-
sis states. An additional CT state is assumed at resonance with the Frenkel state
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Fig. 15. Eigenstates of the extended Holstein model for Frenkel-CT mixing (149) at total momen-
tum k = 0. Parameters: J = 0.5hw, g =1, D =0, te = 1, = 0.5hw, ge = gy = 1/+/2. The Frenkel
parameters and the illustration correspond to Figure 11. Frg shows the spectral weights (Frenkel char-
acter) of the Frenkel-part, FcT shows the spectral weights of the symmetric CT part. The broadened
spectra are both normalized to an area of 0.5/w.

(D =0). The charge-transfer integrals f. and f, are chosen equal to the Frenkel
hopping integral to give an illustration for strong Frenkel-CT mixing.

For the electron and hole coupling parameters, we used ge = gn = g/+/2, which
corresponds to equal relaxation energy for the CT state and the Frenkel exci-
ton. In contrast to the Frenkel exciton—phonon coupling constant g, g. and gy
are not easily accessible since absorption spectra of the ions would be needed.
Alternatively, one might use quantum chemical calculations or at least quali-
tative arguments: Perylene’s m-system is alternant. Simple Hiickel theory then
gives equal and opposite charges in the cation and anion, with half-filled HOMO
and LUMO, respectively, while both are half-filled in the excited state. We have
ge = gn = g/2 for noninteracting electrons. The Pariser—Parr—Pople model of in-
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Fig. 16. Eigenstates of the extended Holstein model for Frenkel-CT mixing (149) at total momentum
k = . Parameters as in Figure 15. Because of fe = #;,, the electronic FE and CT states do not mix and
all eigenstates have either pure FE or pure CT character.

teracting m-electrons yields g = g for systems with electron-hole symmetry.
The bond order changes and relaxation energy of the singlet excitation in an-
thracene or trans-stilbene are now approximately half that of the triplet, which in
turn is comparable to the relaxation energy of dication or dianion [82,83]. Our
initial choice of equal relaxation energy for the Frenkel and CT excitation fol-
lows the correlated case, although this is a guess and PTCDA does not have e-h
symmetry.

At the top of the band (k = 0, Figure 15), the energetic degeneracy and the
large charge-transfer integrals lead to a strong mixing of Frenkel and CT states
throughout the whole spectrum. The overall distribution of the spectral weights
gives more Frenkel character to the higher states as a result of the positive J.
The FE character in Figure 15 should be compared to the Frenkel-only problem
from Figure 11. In the Frenkel-only problem, the lowest state gave rise to a single
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peak in the broadened spectrum at E & 0. This peak is now split into two well
separated peaks at £ ~ —1/iw and E =~ 0. In such a way, strong mixing with
CT states can add new features to the absorption spectrum even if their intrinsic
transition dipoles are zero (pct = 0) as it was discussed for the electronic problem
in Section 2.

At the bottom of the band (k = 7, Figure 16), the symmetry of the CT inte-
grals (f. = t) in this special case decouples the electronic Frenkel and CT states
(cf. discussion below Eq. (39)). Therefore, the electronic character of all states is
either purely Frenkel or purely CT. Only some indirect mixing is introduced by
the phonon part of the Hamiltonian, which mainly affects the vibronic structure
of the CT-character states.

4. Applications and Consequences for Quantum Confinement

4.1. DESCRIPTION OF PTCDA-DERIVATIVES

In Section 3.8, the energies E; and transition dipoles P; (Eq. (161)) of the eigen-
states of the one-dimensional Holstein problem for mixed Frenkel-CT states were
obtained. These quantities are essential but not yet sufficient for the description
of a real absorption spectrum of a quasi-one-dimensional molecular crystal.

We still assume that all inter-stack interactions are on a much smaller energy
scale than the in-stack interaction J. That means, the energy spectrum of the one-
dimensional model is in first approximation not affected. However, the direction
of the transition dipoles is determined by the complete three-dimensional crystal
structure. In PTCDA and MePTCDI and many other organic crystals, the unit
cell contains two non-equivalent molecules. Then, the transition dipoles of the
non-equivalent molecules A and B couple and form two Davydov components
(B = p, s) with orthogonal transition dipoles:

By = Pi(A) £ P; (B)‘

V2

For the crystal structure of PTCDA and MePTCDI, the p-direction is given as

the crystallographic b axis. The s direction lies approximately in the (102) plane

since the molecular planes of both inequivalent molecules are roughly parallel to

the (102) plane (within 5° [84] for PTCDA and within 10° for MePTCDI, derived
from [85]).

Knowing the transition dipoles per unit cell, the transverse dielectric constant

for perturbation by an external light wave polarized along the 8 = p, s directions
can be expressed as a sum over the excited states (cf., e.g., [4,86]):

(162)

Y
8w PLE;

0 B

eﬁ(E)_1+—v E

S — 163
- E?—Ez—th‘E (163)
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Here, v is the volume of the unit cell and I'~! the life time of the excited states.
Furthermore, the energies now have to be taken as the absolute energies with
respect to the total ground state. Thus, the excitation energy Eg of our reference
state (zero-phonon state of the molecular limit) has to be included.

Eq. (163) is rigorous for any quantum system if all excited states are included.
However, we are considering only the lowest electronic excitation. Therefore, we
include the contribution of the higher states (mixing of molecular configurations)
by using a phenomenologically modified formula for the dielectric function:

bg 5 \2
bg | 87 (fg Pip)°E;
eg(E)=¢4 + — —_. 164
pE) =2 v;E?—Ez—ihrE (o4
Here, szg is a background dielectric constant that represents the value of £5(0)
corresponding to a crystal in which the considered lowest electronic excitation

would not exist. f, P2 s a screening factor describing the modification of the act-
ing field by the higher transitions. Furthermore, the higher transitions will modify
the Frenkel exciton hopping integral J and thereby all the eigenstates of the sys-
tem. Since we treat J as an effective fitting parameter anyway, the effect of the
higher transitions onto J is not important here but should be remembered in any
microscopic interpretation of J. Such a background modification of the dielec-
tric function was discussed for a simple model system of one purely electronic
Frenkel exciton in a cubic crystal in Ref. [5]. In our general case, the effect of the
higher transitions represented in the background parameters is also anisotropic in
nature.

The dielectric function (164) includes a Lorentzian broadening of the individ-
ual eigenstates due to a finite lifetime I'"!. In a typical situation, however, there
are several other sources of a much larger broadening: (i) coupling to further low
energy vibrations, (ii) splitting of the single effective vibrational mode, which
actually consists of several nearly degenerate modes, and (iii) inhomogeneous
broadening. To account for all these effects empirically, we replace each eigen-
state of the Holstein model |W;) by a Gaussian distribution of states with stan-
dard deviation o; as, e.g., done in Ref. [87]. The individual broadenings o; have
no microscopic meaning and should be seen as no more than a convenient tool
to compare the spectrum from the eigenstates of the Holstein model to an exper-
imental spectrum. Practically, we assigned constant values of o; for 4 separate
regions of the spectrum in order to have only 4 different broadening parameters.
The individual Lorentzian linewidth is assumed to be much smaller than the o
and does not contribute anymore.

From the complex dielectric function (164), the complex refractive index
(n + ik)? = ¢ and the absorption coefficient « = 2E/(fic)k can be calculated
for the special light waves that propagate perpendicular to the p—s plane and are
polarized along the p or s direction. For general directions, the complex rules
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of crystal optics would have to be considered. We note that the consideration of
the absolute absorption coefficient is essential for describing the shape of solid
state spectra. The microscopic models provide predictions only about the relative
spectral distribution of the transition dipoles, which determines the shape of the
imaginary part &2 (E) of the dielectric function. The shape of the absorption spec-
trum o (E) however, is strongly influenced by the variation of the refractive index
in the absorption region (o« = E¢/(ficn)) and the variation of n is again deter-
mined by the absolute absorption coefficient. Only if « is very small, as typically
for spectroscopy of solutions (“dilute limit”), n does not vary and the shape of the
absorption spectrum is directly given by the distribution of the spectral weights
(exciton characters).

For PTCDA and MePTCDI, it is possible to create vapor-deposited poly-
crystalline films with a high preferential orientation such that the (102) crystal
planes and thus approximately the p and s directions always lie parallel to the
substrate. Only the azimuthal orientation, i.e., the orientation of the p and s di-
rections within the substrate plane, is difficult to control.

In Ref. [41], low-temperature absorption spectra of such vapor deposited films
were used to obtain model parameters for the Holstein Hamiltonian by fitting.
The values for the monomer were taken from the solution spectra (see Figure 3):
hw =0.17 eV and g = 0.88 (for both PTCDA and MePTCDI). For the electron
and hole coupling parameters, g = gn = g/+/2 was used as in Section 3.8. Fur-
thermore, only one value was used for the charge-transfer integrals: t = f. = #.
This simplification is motivated, since for absorption only the value 74 =t + t,
enters the electronic problem (cf. the discussion below Eq. (39)) and since compa-
rable values are suggested by quantum chemical calculations (cf. Ref. [15]). Then,
there remain four essential parameters in the model Hamiltonian: Frenkel exciton
transfer integral J, CT separation D, charge-transfer integral ¢, and the zero-point
reference energy Eqo of the molecular limit. It has to be noted that the electronic
Frenkel-CT mixing at a given quasi-momentum k is only determined by the ab-
solute value of the transfer integrals (cf. Egs. (32), (36)) and thus only |¢| can be
derived. The key-parameters obtained in Ref. [41] are for PTCDA: J =42 meV,
D =97 meV, |t| =42 meV, Egg = 2.23 eV, and for MePTCDI: J = 46 meV,
D =240 meV, || =57 meV, and Egg = 2.13 eV.!2

The structure of the corresponding eigenstate spectrum at k = 0 is best visual-
ized by the Frenkel and CT characters of the states. We illustrate these characters
in Figures 17(b) and 18(b) in the same scheme as in Figures 15 and 16. In these
fits, the composition of the optically active states at k = 0 shows a strong mix-
ing of Frenkel and CT excitons. The Frenkel character determines the absorption
coefficient «. The comparison of the experimental absorption coefficient and the

121 Ref. [41], the values of 14+ were given.



MIXING OF FRENKEL AND CHARGE-TRANSFER EXCITONS 279

Exciton band structure scheme PTCDA

(b) (c) @ (e

—
—h
—

electronic W
o
bands o
(]
o
e d
1] ‘E'
= L
§ 2
= =
5 o
=
i 7]
= +
=
El 00
LL
+
J o1
o
- X o4
T =
T +
1.8 - | 02
J FE character
J S \' 03"‘
164|1 & E (k)
J E /
b © CT character
. 04
14 T —
0 5 0 1
o k=0 kin k=n (.

Fig. 17. Suggested exciton band structure in PTCDA and experimental spectra. (a) solid line: exper-
imental low temperature absorption spectrum of thin poly-crystalline film as reported in Ref. [41], o
in 105 ecm~1; dotted line: & from model fit (plotted with offset +1 x 105 cm™1). (b) Vibronic model
states at k = 0. The right side (dark shading) gives the Frenkel character Fpg; of the states j from
Eq. (156), the left side the CT character Fcr ; from Eq. (158). Instead of the closely lying individual
states, we show a broadened spectrum that summarizes the net contribution. The Frenkel character
at k = 0 determines the oscillator strength and corresponds to the model absorption spectrum in (a).
(¢) Electronic bands E (k) corresponding to Eq. (165). These bands show the overall dispersion and
the k-dependent Frenkel-CT mixing, which result from the electronic interaction parameters. (d) Vi-
bronic model states for k = 7. (¢) Emission energies for transitions from the lowest k = 7 state to the
vibrational levels of the electronic ground state. The highest transition (00) is strictly dipole-forbidden.
(f) transient emission spectrum of a PTCDA single crystal at 10 K (time window 0. ..200 ps), from
Ref. [88].
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Exciton band structure scheme MePTCDI
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T

Suggested exciton band structure in MePTCDI and experimental spectra. For detailed ex-

planations see Figure 17. The experimental absorption spectrum in (a) is measured at 10 K at a highly
oriented poly-crystalline film with polarization parallel to the strong Davydov component (crystallo-
graphic b-axis), cf. Ref. [16]. The transient emission spectrum in (f) is measured at 4 K at a single
crystal, time window 0. ..200 ps, from Ref. [88].

model fit is given in the panels (a). The characteristic difference between the ab-
sorption coefficient spectrum in (a) and the distribution of the Frenkel characters
in (b) is entirely caused by the spectral shape of the refractive index n, which
becomes small at energies above the major absorption region.

It has to be emphasized that the fitting parameters contain many uncertainties.
In particular for PTCDA, the absorption spectrum alone is not specific enough to
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determine the situation uniquely. Similarly good fits of the experimental spectra
can be obtained for different parameter sets with varying degree of CT mixing.
Even total neglect of CT states would give a satisfactory fit with a Frenkel transfer
integral of 70 meV. Such a value corresponds to the three-dimensional Frenkel ex-
citon model for PTCDA in Ref. [18] with a nearest-neighbor hopping of 82 meV.
For MePTCDI, the absorption spectrum has a more characteristic shape with four
main peaks. This spectrum can only be fitted within this framework by assuming
a strong Frenkel-CT mixing.

The strongest support for the assumption of Frenkel-CT mixing is provided
by the interpretation of electro-absorption rather than by linear absorption spec-
tra [15,17], since a pure Frenkel exciton model would not explain the strong re-
sponse to electrical fields perpendicular to the molecular planes. In Ref. [17],
a three-dimensional version of a Frenkel-CT Hamiltonian (in the molecular vi-
bron approximation) was used to model electro-absorption spectra of PTCDA.
The strongest effects were confirmed to arise from the one-dimensional stacks.
Hamiltonian parameters could be obtained from fits and also confirmed by micro-
scopic calculations. The essential transfer parameters corresponding to our one-
dimensional version were obtained as J = 180 meV, D = 130 meV, t = —55 meV
[17]. These parameters from the electro-absorption model essentially agree with
our suggestion for the linear absorption spectra. The largest discrepancy is in the
Frenkel exciton transfer integral J, where our smaller value mainly results from
the use of a dielectric function.

Apart from the remaining uncertainty about the Frenkel-CT mixing, the ob-
tained charge-transfer integrals would imply single-particle bandwidths 4¢., 41,
on the order of no more than 0.2 eV, which is still smaller than the total exciton
binding energy. Thus, the qualitative picture is consistent with the approach of a
small radius exciton theory (cf. discussion in Section 1).

We will now discuss following Ref. [88] what the proposed model for the ab-
sorbing states (k = 0) means for the complete exciton band structure. In order to
rationalize the k dependencies, we first concentrate on the purely electronic bands
shown in Figures 17(c) and 18(c). As in Section 3.7, the electronic bands are given
by the purely electronic parts of the Holstein Hamiltonian (149):

Hetee = HYE + HST + HIECT 4 021, (165)

e elec elec

This electronic Hamiltonian corresponds to the electronic problem in Eq. (29),
were the resulting bands and characters were visualized in Figures 4 and 5. As for
the Frenkel exciton case in Section 3.7, the Franck—Condon relaxation energy of
the molecular zero-phonon state is added because this state defines the reference
energy. The electronic bands in the Holstein model proposed for PTCDA and
MePTCDI show that the electronic Frenkel character disperses to lower energies
as a result of the positive Frenkel exciton hopping integral J. The center of mass
of the CT character remains at a constant position since a CT dispersion is not
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considered in the model. Furthermore, for this special choice of charge-transfer
integrals 7. = t,, the Frenkel and CT states do not mix at k = 7 (see discussion
below Eq. (39)).

The complete vibronic eigenstate structure at k = 7 is shown in Figures 17(d)
(PTCDA) and 18(d) (MePTCDI). As at k = 0, the inclusion of exciton—phonon
coupling at k = 7 transforms the two electronic states into a broad vibronic spec-
trum. With the model parameters from the absorption fit, the lowest k = 7 state
lies at E =2.18 eV for PTCDA and at E =2.06 eV for MePTCDI.

The band bottom of the exciton band structure is a starting point for the dis-
cussion of emission spectra since all photo-excited states will rapidly relax to
these lowest states. The transition from these k = 7 states to the total ground
state is strictly dipole-forbidden, at least in perfect crystals. However, transitions
to k = 7 phonons in the electronic ground state are allowed. We indicate the re-
sulting transition energies (including the forbidden 00-transition) in the panels
(e). For a qualitative comparison, these transition energies are compared to tran-
sient low-temperature photoluminescence spectra of single crystals in the panels
(f) of both figures. The comparison shows that the energetic positions of the 01
and 02 transition do approximately agree with the peaks in the emission spectra.
This supports the order of magnitude of the model parameters, especially the rel-
atively small value of the Frenkel hopping J. A larger J, as could be expected
from quantum chemical arguments and from models without dielectric function
[15,17], would give a larger separation between the lowest absorption peak and
the 01-emission peak.

The assignment of the emission spectra still is very tentative, since the spectra
do not show an exact vibronic progression and the decay times of the peaks are
slightly different, which becomes much more pronounced at higher temperatures.
Furthermore, the emission spectra sensitively depend on the concrete sample con-
figurations, on the considered time scale (up to cw) and on the temperature. This
leads to widely varying emission spectra and assignments. It is not clear at this
stage to what extent extrinsic defects or further intrinsic effects determine the
emission behavior. In particular, a strong coupling to external phonon modes,
corresponding to excimer emission, can be expected as an additional effect (cf.
the explicit treatment for perylene in Ref. [89]). Such effects might be reasons
for the discrepancies, which are particularly pronounced in the lowest PTCDA
emission peak. A detailed discussion of time-resolved PTCDA emission spectra
was recently given in Refs. [90,91]. These works are based on a pure Frenkel
exciton band structure model within the molecular vibron approximation [18].
The various spectral features and their temperature dependencies are explained
by including the small interactions between the non-equivalent molecules, which
leads to Davydov splitting of the exciton bands, and by considering vibrational
relaxation along several different coordinates.
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Since the fine details of the experimental emission spectra are very complex
there is a large number of conceivable models for their interpretation. At present,
there are not enough tests available that would allow independent confirmation of
many model aspects. In particular, the complexity of model assumptions seems
to be comparable to the complexity the explained observations. Therefore, it is
very desirable to identify basic and unique features in the excited state structure
of the considered class of materials. The exciton band structure within a Frenkel—-
CT-Holstein model provides such a unified framework for the description of ab-
sorption spectra and it is a starting point for a discussion of emission spectra and
relaxation processes after photo-excitation.

4.2. INCLUSION OF FINITE SI1ZE AND QUANTUM CONFINEMENT EFFECTS

Up to here, the treatment of molecular crystals was presented for the case of an
infinite chain. Real systems are always finite, and many systems of current interest
cover the complete range of one-dimensional chain lengths starting from a single
molecule. For example, thin films consisting of one or just a few monolayers of
PTCDA can be prepared by organic molecular beam epitaxy (OMBE) and they
can be studied with spectroscopic methods (e.g., [7,92]). Thus, it is important to
know down to which chain length N the picture of an infinite chain is still correct.
It is even more important to investigate which qualitatively new effects can occur
in finite systems. We will discuss these questions in the framework of the one-
dimensional exciton models presented in the previous sections.

The existence of a finite system size N affects all model descriptions at the
very beginning. The starting point still is a model Hamiltonian expressed by on-
site energies and interaction terms for localized excitations. However, the site
index is restricted now (n =1, ..., N) and the boundary conditions play a major
role. Furthermore, the sites are not equivalent anymore and therefore the on-site
energies epg and exciton transfer integrals J might have site-dependent values.

Let us illustrate the effects for the simplest example of the nearest-neighbor
Frenkel exciton model from Eq. (16). In a finite chain, it can be written as:

N N—1
HYR(N) =Y epe(maja, + Y J()(afant1 +a) , an).  (166)
n=1 n=1

In this notation, the boundary conditions are expressed by the index range for
the hopping term: Transfer from site » = 1 is only possible towards higher in-
dices and transfer from site n = N only towards lower indices. Even if the site-
dependence of erg(n) and J(n) is neglected, the boundary conditions in Hamil-
tonian (166) do not allow the separation into nonmixing subspaces with differ-
ent quasi-momentum (Eq. (11)). Thus, a general diagonalization scheme has to
work with basis states in real space. Even for a Frenkel-CT-Holstein model as
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in Eq. (149), a numerical diagonalization can be done in real-space along similar
lines as presented for the momentum-space basis states, and only the number of
basis states increases by a factor N.

The solutions of our example in Eq. (166) for constant epg(n) = ¢pg and
J(n) = J are well known (e.g., [93]). The N eigenstates have energies

Ej(N)=8pE+2JcosN”] j=1,2,....N. (167)

+1°
The size dependence of the lowest and highest state energy is shown in Figure 19.
The difference between the highest and lowest state corresponds to the exciton
bandwidth in the infinite system and it approaches its value AE = 4J for the limit
N — oo. For the dimer (N = 2), the bandwidth has already half of its maximum
value. This size dependence results entirely from the effect that the exciton is
confined in its hopping motion by the system boundaries. Therefore, the effect
can be approximately described by the picture of a “particle in a box”.

| | | ! | !
2 F .
1F .
_ i -
; —®— exact solution
O - .
wE effective mass approx
1
W i -
A F -
2 -
| | 1 1 | 1
1 2 3 4 5 6
N

Fig. 19. Size dependence of the highest and lowest Frenkel exciton state in a linear nearest-neighbor
hopping model (Eq. (166)) for constant egg and J. The “exact solution” shows the state energies from
Eq. (167), the “effective mass approximation” shows the band edges from Eq. (171).
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We will illustrate this particle-in-a-box behavior by an alternative approach
based on the effective mass approximation (cf. also [94]): In the infinite system,
the exciton states for Hamiltonian (166) are entirely characterized by their dimen-
sionless quasi-momentum k and their dispersion relation is (cf. Eq. (20))

E§™ = epg +2J cosk. (168)
The effective mass of the exciton follows as

aZ 82E;H aZ

—1 - =—h—2x21cosk, (169)

Meit = 37 k2
where a is the lattice constant. We now treat this exciton as a real particle with
mass mefr, which is confined within the chain. Thus, the wave function should be
zero at the non-available lattice positions » =0 and n = N + 1. This corresponds
to a potential well of size L = (N + 1)a with infinitely high boundaries. The
ground state energy of the particle in such a well is 7242 /(2megrL?). This ground
state energy corresponds to the energy shift AE® that is induced by the finite
system size:

252

. w<h
AEST = )
2merL?

(170)

From Eqgs. (168) and (170), the energy E,‘:'ff(N ) of the confined exciton follows as
EST(N) = EST o AECT

27 costhy x (1- LT 171
= ¢fg + 2J cos( )x< 2(N+1)2>' (171)
We show this energy from the effective mass approximation for k =0 and k = 7
in comparison with the exact energies in Figure 19. The effective mass approxima-
tion works very good even down to a chain length of N =2, where the deviation
is still only J (7% —9)/18 = 0.048J.

The comparison in Figure 19 illustrates for the case of the one-dimensional
Frenkel exciton: The effect of the finite system size can approximately be de-
scribed by treating the exciton as a particle in a box, where the effective mass of
the particle is given by the dispersion relation. This approach can be extended for
the case that the exciton has a more complicated structure, i.e., if the localized
basis states have additional internal degrees of freedom (cf. Section 2.1). Even in
this case, the translational symmetry of the infinite system assures that the eigen-
states can be classified by their total momentum k and further quantum numbers
for their internal structure. The dispersion E (k) of a given state determines its
effective mass and can thereby cause a quantum size effect as given by Eq. (170).
However, this simple picture obviously breaks down if the internal structure of the
exciton state is affected by changes of the system size. Such a change must occur
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if the internal structure is related to a characteristic size (quantum length) of the
exciton and the system size becomes comparable to or smaller than this intrinsic
quantum length.

For the simple Frenkel exciton in Figure 19, there is no internal degree of free-
dom and therefore no intrinsic quantum length. For the Merrifield model (see
Eq. (24)) of one electron and one hole on a one-dimensional chain, the eigenstates
do have an internal structure and a characteristic length is given by the mean sep-
aration between electrons and holes. For the Holstein model (see Eq. (101)), an
internal structure is introduced by the structure of the phonon cloud and a char-
acteristic quantum length follows from the extension of the lattice distortion (A, )
around the exciton (cf. Figure 11). In all such cases with internal structure, one can
therefore distinguish two finite size effects: (I) A quantum size effect according
to Eq. (170) that results from the confinement of the center-of-mass motion and
(IT) a quantum confinement effect that results from a confinement of the internal
exciton structure.

A mathematically explicit version of the heuristic distinction between quan-
tum size and quantum confinement effects is shown by Kayanuma for three-
dimensional Wannier—Mott excitons [95]. In this case, the intrinsic quantum
length of the exciton is the electron—hole separation R. Kayanuma shows that for
a system size L > R (“weak confinement” in the classification of Kayanuma),

the size dependence of the eigenstate energies is given by Eq. (170). For L ~ R
(“strong confinement”), the internal structure of the exciton is drastically changed,
and the eigenstates are rather characterized by the confinement of the single par-
ticles.

From this discussion we can conclude that the internal structure, more specif-
ically the intrinsic quantum length R, of exciton states is crucial for estimating
the effects of a finite system size. In the framework of the Frenkel-charge-transfer
Holstein model (Eq. (149)) from this chapter, there are three effects that give rise
to an intrinsic quantum length:

(I) Because of the CT states involved, one has a non-trivial electron-hole
separation. However, since only nearest-neighbor CT states are included, this
electron—hole separation has an upper limit of one lattice constant and quantum-
confinement is of very limited interest.

(II) In a finite system, the subtle boundary conditions for CT states can lead
to the appearance of Tamme-like surface states [96]. These surface states have a
decay length which is entirely given by the parameters in the Hamiltonian and
which can be in the order of many lattice constants. Thus, this decay length has
the nature of an intrinsic quantum length. If the finite chain becomes smaller than
the quantum length of the surface states, their internal structure is changed, i.e.,
quantum-confinement occurs [97,98].

(III) Exciton—phonon coupling leads to the appearance of phonon clouds, i.e.,
the exciton is surrounded by a lattice displacement (),,) (see Eq. (125)), which is
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illustrated for specific examples in Figures 11 and 13. For the scenario presented
in Section 4.1, i.e., for the strongly coupled internal vibrations in PTCDA deriva-
tives, the phonon clouds have extensions not much larger than one lattice constant.
However, one might also consider phonon modes which are not that strongly cou-
pled. With respect to such modes, one has the situation of strong electronic cou-
pling, and the approach of localized phonon clouds from Section 3 is not appro-
priate. Now, one can use the continuum model for large phonon clouds described
by Rashba [99]. This situation was studied for Frenkel excitons by Agranovich et
al. in Ref. [100]. The intrinsic quantum length (extension of the phonon cloud) in
this case is R = Ja/(2g%hiw),"® and R can easily become large for small coupling
constants or small phonon energies. This results in quantum confinement effects,
which are quantitatively discussed in Ref. [100].

In a realistic finite system, not only the quantum-size effect according to
Eq. (170) and the quantum confinement effects (I)-(III) from above may occur,
but also the possibility of site-dependent on-site and interaction energies should
be considered as in Eq. (166). However, it is very difficult to predict trends for the
dependencies egg(n), ect(n), J (n), te/n(n).

A strong effect is expected for the variation of the on-site energy of the Frenkel
exciton. For this case, at least some knowledge is available for the lowest tran-
sition in anthracene. The total gas-to-crystal shift is on the order of 2500 cm™!
(0.3 eV),'* whereas surface states were experimentally identified with energy dif-
ferences to the bulk states of about 200 cm™! (20 meV) [101]. In Ref. [101],
the energetic separation was interpreted as being mainly due to the gas-to-crystal
shift of the molecules from the outermost surface layer. The shift for the next
(sub-surface) layer was already considerably smaller. Thus, one can assume that
ere(n) is almost constant for n > 1, and even that the change at n = 1 is by far
not as large as the upper limit given by the gas-to-crystal shift.

The on-site energy ect of the CT states is strongly affected by the electronic po-
larization of the surrounding molecules. Thus, close to the surface, strong changes
of ect(n) can be expected. Modern microscopic calculations of polarization ener-
gies seem to allow estimations for this effect using a methodology that has already
been applied for the polarization energy of ions in finite systems [102].

The Frenkel transfer integral J is also strongly influenced by dielectric screen-
ing from the surrounding molecules and therefore can be expected to change sig-
nificantly close to the surface. Thus, one has to cope with a variety of different ef-
fects and unknown parameters and it is not surprising that even for the experimen-
tally well investigated case of PTCDA a coherent picture has not been presented
yet. Shifts in the absorptions spectra of PTCDA/NTCDA multilayer structures

13This follows from Eq. (26) of Ref. [100]. Note that there the meaning of g is different.
14The shift is given as the difference of the vapor-phase transition (27688 cm~! taken from [101])
and the center of the || b and L b polarized crystal transitions (values taken from [4]).
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[103] were initially interpreted as quantum-confinement (in the strict sense dis-
cussed above) of Wannier—Mott excitons. However, a pure Wannier—Mott exciton
picture seems not to be adequate for PTCDA (see discussion in Section 4.1). An
alternative interpretation for the shifts is given in terms of a varying contribution
from the gas-to-crystal shift at the surface by Agranovich et al. in Ref. [104]. The
situation becomes even more complicated due the possible mixture of different
crystal phases in thin layers [105]. Thus, a clear identification of quantum size
and quantum confinement effects in PTCDA-related quasi-one-dimensional crys-
tals requires considerably more information than currently available. In particular,
one has to find ways in which the various contributing effects can be separately
estimated from independent theoretical or experimental methods.

5. Conclusion

In this chapter, we illustrated the application of basic exciton models for describ-
ing optical spectra of quasi-one-dimensional molecular crystals. We concentrated
on two essential effects: Mixing of electronic Frenkel and charge-transfer excita-
tions and strong coupling to one internal molecular vibration. For these models,
we gave a comprehensive and self-contained discussion with emphasis on illus-
trational examples.

In Section 2, the electronic states were described as one-dimensional collec-
tive excitations consisting of molecular excitations (Frenkel excitons) and nearest-
neighbor charge-transfer excitations. This special case of the more general Merri-
field model [32] seems to be suitable for molecular crystals that form stacks with
close coplanar arrangement of the molecular planes. The essential parameters are
given by the nearest-neighbor Frenkel transfer integral J, the separation of the CT
states from the molecular excitation D and the electron and hole transfer integrals
t. and f,. The interplay of these parameters is illustrated in terms of band structure
plots showing the two resulting bands and their mixed character. The mixing of
two electronic states can lead to two peaks in the absorption spectra—even if the
CT states have a vanishing intrinsic transition dipole moment. This effect is one
probable candidate for the explanation of broadening or peak-splitting in absorp-
tion spectra of quasi-one-dimensional crystals. An alternative explanation would
be Davydov splitting due to Frenkel-type interactions of non-equivalent mole-
cules. This Davydov splitting, however, is expected to be significantly smaller
[16]. We also discussed the qualitative nature of the intrinsic CT transition dipole.

Section 3 considers strong coupling of the electronic excitations to internal
molecular vibrations, which is a typical feature in many molecules of current
interest. This coupling is most obvious in the vibronic progression in absorp-
tion spectra of isolated molecules. In a one-dimensional crystal, even the sim-
plest model description for such exciton—phonon coupling (Holstein Hamiltonian)
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leads to a complicated many-particle problem that cannot be generally solved.
Here, we describe a numerical approach that is conceptually simple and allows
the calculation of optical spectra by standard numerical diagonalization tools.
This approach is appropriate for weak electronic coupling and exciton—phonon
coupling constants in the order of one. This means in other words: The isolated
molecules show a pronounced vibronic progression (0—0 and 0—1 peak of compa-
rable height) and the spectral changes in the crystal concern only an energy range
comparable to the range of the vibronic progression.

In Section 4, we outlined the application of the basic models to experimental
spectra of thin organic films. The first step is a realistic description of bulk optical
constants. The capabilities and limitations of the minimum models are illustrated
for spectra of two archetypal perylene derivatives. For very thin layers, a number
of additional finite size and quantum confinement effects can occur. We quali-
tatively discussed the nature of such effects in the framework of our minimum
model. A general distinction can be made on the basis of the internal exciton
structure. If, as in the pure electronic Frenkel case, the exciton has no internal
structure, the finite system size leads to a simple particle-in-a-box behavior. This
quantum size effect is still the leading effect if the system size is larger than any
intrinsic length scale of a more complicated exciton. As soon as the system size
affects the internal structure, we speak of quantum confinement. Intrinsic quantum
lengths responsible for quantum confinement can occur in the idealized problem
in two ways: (I) The electronic problem for Frenkel and CT states can lead to
surface states with a finite decay length. (II) Exciton—phonon coupling leads to
phonon clouds with finite extension around the electronic excitation. Further ef-
fects are expected to arise from a site dependent modification of the Hamiltonian
parameters.

At the present stage, there is still no general agreement about the specific inter-
pretation of experimental spectra in terms of microscopic exciton models. Even in
the case of bulk spectra, the available information is typically not sufficient for a
unique parameterization. Furthermore, a comparison between different interpre-
tations is often difficult since typically different aspects are explained by different
models. More certainty can be expected if not just single materials are studied but
general trends are investigated and described by a common framework.
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In the modern literature on collective and nonlinear properties of excitons (see,
for instance, [1-3]) one may find only investigations devoted to Wannier—Mott
or Frenkel excitons [4,5]. The studies of collective properties of charge transfer
excitons (CTEs) are only in the very beginning. On the other hand, such type
of excitons also play an important role in the understanding of the optical and
photoelectric properties of many organic materials, including nanostructures (see
[6] and also [7,8]).

In this chapter, we describe some unusual properties of CTEs. In particular,
the phenomena which may arise in organic multilayers at donor—acceptor in-
terfaces in the system of 2D charge-transfer excitons at high pumping. We dis-
cuss the dielectric-conductor phase transition at donor—acceptor interface, the
photo-voltaic effect in asymmetrical superlattices and the resonant as well as oft-
resonant x> optical nonlinearity.

1. Phase Transition from Dielectric to Conducting State (Cold
Photoconductivity)

In this section, following the papers by Agranovich and Ilinskii [9] and Kiselev et
al. [10], we consider the stability of interacting CTEs at a (donor—acceptor) D-A
interface and the possibility of a transition to a conducting state.

The realistic possibility to consider such organic crystalline structures has only
recently appeared due to progress in the development of the organic molecular
293
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beam deposition (OMBD) and other related techniques [7]. Such progress has
led to the monolayer control over the growth of organic thin films and superlat-
tices with extremely high chemical purity and structural precision. This opens a
wide range of possibilities for creating new types of ordered organic multilayer
structures including ordered interfaces. It is well known that the necessity for lat-
tice matching places strong restrictions on the materials which can be employed to
produce high quality interfaces using inorganic semiconductor materials. This oc-
curs since inorganic semiconductor materials are bonded by short-range covalent
or ionic forces. On the contrary, the organic materials are bonded by weak van der
Waals forces. This fact relaxes the above described restrictions and broadens the
choice of materials that can be used to prepare organic crystalline layered struc-
tures with the required properties (for more details and many examples, see [7,
11,12]). Note, that the D-A interfaces can be created also in Langmuir—Blodgett
films [13,14]. We can mention the paper [15] where in order to study the nonlin-
ear optical properties of multilayers organic superlattices have been grown with
a structure of the type ... AAA|DDD|AAA|DDD..., the vertical dashes indi-
cating the donor—acceptor interfaces. In this paper, the molecule Cgg was used
as acceptor (A) and molecules perylene, coronene and others as donors of elec-
trons (D).

1.1. ANALYTICAL APPROACH

Consider the CTEs on a single D-A interface with a highly ordered structure. To
explain the main collective effects in the physics of CTEs at a D-A interface, we
assume that the static dipoles of the CTEs are aligned approximately normal to
the interface plane, resulting in mutual repulsion. For example, if the static CTE
dipole moment is equal to 20D and the distance between them is 5 A (the lattice
constant at the interface) the repulsion energy is near 1 eV. If the distance between
CTEs increases to 10 A the repulsion energy decreases to about 0.1 eV. It is im-
portant to note that for crystals in which the lowest energy electronic excitations
are CTEs, these repulsion energies are of the order of the energy difference B
from the CTE level to the lowest conduction band (B < 0.5 eV, see [6]). Thus, at
high CTE concentrations we can expect that due to the repulsion energy the higher
energy states are populated with free carriers, thus producing photoconductivity
even at very low temperature (cold photoconductivity). Of course, for example,
multiphoton ionization or other optical nonlinear processes can produce photo-
conductivity at low temperature. However, such processes are universal, they take
place in condensed matter of any nature and they are not relevant to CTEs and
their interaction which we discuss in this paper.

We assume below that the lowest conductivity band, which is responsible for
the conductivity along the D-A interface, has a lower energy than the Frenkel ex-
citations in the donor and acceptor materials. In this particular case, the interface
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at low temperature provides the lowest energy site for the CTE and interface free
carriers. In [9] cold photoconductivity at the D-A interface was considered un-
der the assumption that the time required for a phase transition to the conducting
state is smaller than the CTE life time and a phase transition was obtained by min-
imizing the total energy of bond (CTE) and dissociated excitations (free carriers).
Following [9] let’s calculate at first the energy of a 2D array of self trapped CTEs
at 7T =0.

The energy of CTEs (of concentration n1) and the energy of dissociated e—h
pairs (of concentration n5), can be calculated by assuming that the total number
of excitations determined by the optical pumping intensity is constant:

ni+ny=n. ()
The energy of the CTE array is therefore:

Ei =n1 A+ Ejp, ()

where A is the energy of a single CTE and Ejy is the total repulsion energy
of their interaction. This energy can be estimated from the average distance p
between CTEs and their dipole p' as:
2
o _guPbm

Einn=A PR 3)
where A is a geometric constant depending on the CTE distribution in the inter-
face plane. For example, for a square lattice A &~ 10. Since the CTE concentration
by definition is n; = 1/p? the total electrostatic energy of the interaction between
the dipole moments is (see also the results of numerical simulation shown in Fig-
ure 4 below):

“

We can approximate the energy of the dissociated pairs as E3 = (A + B)na,
where the kinetic energy of the free carriers has been neglected (due to the self
trapping and narrow electronic bands). Assuming that we consider the region near
the threshold where the concentration ny < n1, we can also neglect the interaction
of the free carriers with the CTEs. The total energy of the system is then written
as

Ap*(n —np)3/?

E=E1(n1)+E2(n2)=nA+f+Bn2. (5

I'We notice that the dipole—dipole interaction between two molecules embedded in a medium of
dielectric constant ¢ is given by that in vacuum multiplied by the factor ((e + 2) /3)2 /€ [5], which
accounts for screening and local field effects when the distance between the molecules is larger than
the lattice constant. For a typical value of ¢ ~ 3, this correction is not important and will never be
included in this chapter.
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Fig. 1. The number of the dissociated pairs (n,) as a function of the total number of excitations

(n1 + ny) at the donor—acceptor interface (according to the simplified analytical model of Eq. (6)) and
in units consistent with the numerical simulations discussed below.

Minimizing the above expression with respect to ny, gives:

4B \*3
n2=n—<5Ap2) . (6)

It is clear from Eq. (6) that n, is positive at n > ne = [4B/(5Apz)]2/3 (see
Figure 1). The appearance of free carriers at n > n., is considered to be a phase
transition from the dielectric to conducting state. This transition corresponds to
photoconductivity at low temperatures (i.e., to cold photoconductivity) and is due
to long range dipole—dipole interactions between CTEs. In this simplified picture,
we neglect the randomness in the CTE distribution and the transient to establish
an equilibrium steady state. The establishment of a steady state depends on the
pump intensity and the CTE lifetime which above was considered as infinite.

The phase transition in the system of interacting CTEs at finite temperature was
considered in the paper [9] for a 1D donor—acceptor interface. Such 1D interfaces
can be found, for example, among CT crystals containing segregated stacks. In
such crystals, the 1D interfaces separate the columns of donors and acceptors.
However, all the segregated stacks organic solids have an ionic ground electronic
state and the excited CT state in this case corresponds to a transition of two neigh-
boring ions (positive donor and negative acceptor) to the neutral state [6].
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For 1D structures, the interaction between CTEs can be taken into account only
for nearest neighbors. Besides, as it follows from [6], due to strong self-trapping
of CTEs the band-width of CTEs can be neglected. Due to these assumptions an
exactly solvable model was obtained in [9].

As it could be expected, it follows from the results of this model that the phase
transition region broadens with increasing temperature and disappears at high
temperatures. The same picture was obtained for 2D structure in the paper [16] in
the Weiss molecular field approximation.

The transition from a dielectric to a conducting state can be also investigated
using computer simulations. Following [10] we describe below such numerical
results for a more realistic model where the random distribution in space and also
the finite lifetime of CTEs are explicitly taken into account.

1.2. NUMERICAL SIMULATIONS

To numerically simulate the time evolution of CTEs distributed over a two-
dimensional donor-acceptor interface the D-A sites were arranged in a square
lattice. It was assumed that the D-A interface is uniformly irradiated with a time
independent source of intensity, /. Only one CTE can be generated at any site, so
every D-A site can be either occupied or not. The CT exciton generated at a given
lattice site will stay there and it cannot move to another D-A sites because of self
trapping.

Once generated, there are two mechanisms for the CTE to disappear. First, re-
combination occurs because of the finite lifetime of the CTE, t. The second mech-
anism is via dissociation. The CTE exciton dissociates when, due to the dipole—
dipole interaction, the energy of the particular exciton exceeds some threshold. If
there are n1 CTEs occupying the D-A interface, the electrostatic energy of the ith
exciton in the electric field of the other excitons surrounding this site is:

ni P2
V’:ZF (j #1)- (7
=

The ith CT exciton dissociates when the repulsion energy, V;, is larger than the
energy B. This condition is satisfied and dissociation occurs when more CTEs ap-
pear on sites adjacent to that occupied by the ith exciton. The electrostatic poten-
tial energy of the exciton strongly increases when a few CTEs occupy the nearest
lattice sites. If this occurs, one or more CTEs will dissociate, thereby reducing
the total system energy. Such a mechanism should result in correlations between
exciton positions, and an ordering of the system of non-mobile CT excitons can
be expected. Such a spatial ordering suggests the existence of a critical pump light
intensity above which there is an onset of cold photoconductivity.

In contrast to the thermodynamical theory, in simulations the process of recom-
bination of free carriers which can results in the creation of CTEs was neglected.
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Near the threshold where the concentration of free carriers is small the contribu-
tion of this process to the number of CTEs indeed will be negligible. However,
even at higher concentration, the effect of free carrier recombination can be re-
duced by applying along the interface an electrical field. This field will separate
electrons and holes and thus will create the photocurrent which has to be mea-
sured (see also Section 1.4 below).

Computer simulations were performed for a two-dimensional square lattice
containing 600 x 600 sites. Under continuous pumping of the sample with a con-
stant intensity, the CTEs are generated in the process described above. In order
to avoid the influence of boundary conditions, we simulate the evolution of only
the central part of the lattice. This square, central sublattice consists of 200 x 200
D-A sites, Ngies = 40,000. Next, we replicate the central sublattice by adding 8
more square sublattices surrounding the central one. That is, the exciton positions
calculated for the central 200 x 200 sites square lattice is reflected via a mirror
symmetry operation to the other surrounding 8 squares.

To simulate the time-evolution, we run the system through equally spaced time
steps separated by the interval, Az. The value of At is chosen to be much shorter
than the CTE lifetime, i.e., (At < 7). Here, we choose At = 7/50.

We start the simulations when there are no CTEs at the interface. Under the
influence of the pumping the excitons begin to appear. After the time ~ t, the
number of CT excitons occupying the lattice reaches the steady state value. In
our current work we take a time interval of 5t to ensure that the steady state is
reached. From this time on the necessary statistical information is collected.

The time-evolution of the system is simulated as follows. At every time step a
few CTEs (depending on the pumping intensity, /) are created at randomly chosen
positions at the central sublattice with Ngjes = 40,000 sites. Then we go over the
central sublattice sites and check every D-A molecule. With some probability the
exciton at this site can recombine, as explained above. It also can dissociate if its
electrostatic energy is high enough. The rules for these events to happen at one
particular D-A site are:

1. If the site is empty the charge-transfer exciton can be created with the prob-
ability Pereate = I At/ Nsites-

2. If a charge-transfer exciton already occupies this site it can recombinate with
the probability Pr. = At/7.

Next, during the same time step, we calculate the energy of every CTE in the
electrostatic field produced by the dipole moments of all other excitons. The en-
ergy of the ith CT exciton can be found using Eq. (7). If this energy is greater than
the dissociation threshold, B, the CT exciton dissociates. Finally, we recalculate
the energies of all CT excitons that remain at the D-A interface.
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1.3. RESULTS OF NUMERICAL SIMULATIONS

All results reported below are collected after steady state is achieved. Figure 2
shows the dependence of the number of CTEs (n1) on the value S which is the
product of generation intensity of the CTEs / and the CTEs lifetime 7: S = /7.
The steady state number of dissociated pairs is determined by its own lifetime
but we do not estimate here the concentration of carriers and conductivity. Nev-
ertheless, on Figure 2 is plotted the value S» which is equal to the number of
dissociation which take place at given S in steady state during time, v. We find
qualitative agreement with the analytical theory that the CTEs populate the D-A
interface only up to some saturation concentration. Further increase of the pump-
ing S results mainly into the dissociation of CTEs into electron—hole pairs. When
the number of the CTEs (n1) reaches the saturation density the number of disso-
ciations during interval t into electron—hole pairs S, increases linearly with the
pumping S. It is interesting to compare the critical concentration of CTEs from
the analytical simplified model (see above) in which the CTEs are assumed to
be in thermal equilibrium and having a spatially ordered structure (square lattice)
with the results of the numerical simulations. In the simulations with a random
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Fig. 2. The steady state number of the CTEs (n1) occupying the donor—acceptor interface and the
number of the dissociated pairs (S;) as a function of the pumping intensity. The pumping intensity S
is equal to the number of the charge-transfer excitons produced at the interface during a CTE lifetime
in the absence of dissociation processes. The results are from the numerical simulations of the CTE
system described in the text.
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CTE distribution, dissociated pairs appear even at low pumping. Nevertheless,
following qualitatively the results of the analytical model (Figure 1), as a critical
concentration of CTEs we can take the concentration corresponding to the satura-
tion of CTEs at interface or, what is nearly the same, the concentration of CTEs
which corresponds to intersection of the linear Sy asymptote with the horizontal
axis. In Figure 2 the value of n is approximately 200 and thus the correspond-
ing critical dimensionless concentration C¢r = 200/40000 = 0.5%. The curve on
the Figure 1 corresponds to value M = Ba?/p? = 0.01. From the analytical the-
ory it follows that for the same value M the critical dimensionless concentration
Cer = (4Ba’/5Ap%)?3 = (4M/5A)%/3 = 0.85%. Thus, a random CTE distribu-
tion decreases the critical concentration for the transition to the conducting state.
This effect could be expected, because, for a random distribution, in contrast to
the analytical model of ordered CTEs, the occurrence of small distances between
CTE:s is allowed even at low CTE concentration. In both approaches, the critical
concentration strongly depends on the values of B, p and a and below we com-
pare the critical concentrations for different values of these parameters. For exam-
ple,for B=0.2eV,p=20Danda =5 A, correspond to M = 0.1, the analytical
model gives C¢r = 4%, computer simulations give C¢r = 2.5%. For M = 0.05,
analytical approach gives C¢r = 2.5%, computer simulations gives Cer = 1.5%
and so on. Thus, for a random CTE distribution at the D-A interface, the critical
concentration is almost twice as small as that predicted by the analytical model of
ordered CTEs with infinite lifetime.

As we already mentioned above the dissociation of nearest CTEs results into
the change of the correlation function of their spatial distribution. This affects
the repulsion energy distribution of the CTEs. If the CTE dissociation is absent
their energy distribution would have a peak (associated with the average distance
between the excitons) and a tail extending to high energies (such a tail is associ-
ated with the CTEs occupying nearby lattice sites). The dissociation prevents the
creation of clusters of the closely placed CT excitons and, especially, it prohibits
CTEs from occupying adjacent sites at the D-A interface and it cuts off that high
energy tail. This is shown in Figure 3 which presents the distribution of the CTE
repulsion energies for different pumping intensities S. On this figure the dissoci-
ation threshold is represented by the energy B and the origin corresponds to the
situation when the CTEs occupy infinitely remote sites. It is seen from this figure
that the peak of the energy distribution increases with the number of CTE and so
does the width of the distribution. It is interesting to note also that the position of
the peak of the repulsion energy distribution (corresponding to the energy of high-
est probability) varies with the steady state number of CTEs approximately in the
way which the theoretical model of ordered CTEs lattice predicts. As it follows
from Eq. (5) the CTE energy as a function of the number of CTEs should vary as
nf/ 2, Figure 4 demonstrates that in computer simulations such dependence take
place with high accuracy. Figure 5 shows the distribution of the nearest-neighbor
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Fig. 3. Steady state distribution of the CTE electrostatic energies for different pumping intensities.
The pumping intensity S is the number of CTEs produced at the interface during a CTE lifetime in
the absence of dissociation processes. The values of S and the corresponding ones of n; are given
by: (a) S =50, ny =45; (b) S =100, n1 =82; (¢) S =200, ny =133; (d) S =350, n; = 177;
(e) § =500, n1 =202; (f) S = 1500, n; = 247. The repulsion energy of the CTEs is given in units of
the dissociation energy B.

(n-n) distances between the CTEs in the steady state when the pumping intensity
S varies. We took B = 0.02 eV in Figure 5, with ¢, = 0.5% as discussed above;
the closest approach of any two CTEs is then about five lattice spacings. At low
intensity [curve (a)] the CTE distribution is broad and there are isolated CTEs at
sites up to 20a from any other CTE. At higher S the distribution sharpens. At
high S the CTE coverage of the D-A interface is roughly uniform (n-n distances
vary from 5a to 16 a). For the parameters used, CTEs closer than 5a dissociate
and there is always a lower limit on separations.

1.4. CONCLUDING REMARKS

In this section, we have considered a transition to a conducting state at 7 = 0
due to the CT exciton—exciton repulsion. Using computer simulations in which
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the randomness of the CTE distribution and their finite lifetime were taken into
account, we have found how the repulsive interactions between CTEs populates
higher energy states of dissociated e-h pairs and thus creates free carriers. It is
clear that at a finite temperature, the repulsion can also be important because it
decreases the activation energy. This decrease of activation energy depends on the
concentration of CTEs.

The computer simulation demonstrates also that the critical concentration of
CTEs should depend on their mobility. If this mobility is small and the CTE dis-
tribution at a D-A interface is random, the critical concentration leading to a phase
transition to the conducting state will be smaller than in the case of mobile CTEs.
In the case in which their lifetime is long and their repulsion is strong an ordered
state is realized.

An interesting problem is how to observe the predicted photoconductivity. It is
evident that for crystalline D-A multilayers the conductivity along the interfaces
can be measured. Alternatively, the optical properties of the interface near the con-
ductivity transition can be observed. For such experiments, methods for observing
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Fig. 5. Distribution of the nearest-neighbor distances, in units of the lattice constant a, between
the charge-transfer excitons for three different pumping intensities. The pumping intensity S and the
corresponding number nj are: (a) S =100, ny =82; (b) S =200, n; = 133; (c) S = 1500, n1 =247.

photoconductivity parallel to the plane of dipoles developed in the investigations
of Langmuir-Blodgett films can be used. However, for such measurements we
need to have nearly perfectly ordered crystalline D-A multilayers with a large
interface area.

The states and mobility of free carriers at D-A interfaces are also important
for the observation of photoconductivity. In the discussion of these problems, it is
tempting to use the analogy with Tamm states of electrons or holes at the crystal
interface. In the case of Tamm states, the wave vector is a good quantum num-
ber. The states are coherent and they form the conduction and valence bands of
surface states. This is typical for surface states of inorganic semiconductors or
metals, since the electron—phonon coupling is too weak to destroy the bands. On
the other hand, for D-A organic structures as well as for organic crystals in gen-
eral, the width of energy bands at room temperature is small (order 0.1 eV), and
electron—phonon coupling can be rather strong, giving rise to self trapping of free
carriers and hopping conductivity. We expect that the same is true for free carriers
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at an organic interface. In the discussion of carrier mobility at the D-A interface
we have to take into account not only self trapping, but also Coulomb interactions
between free carriers, and with CTEs and recombination processes. In semicon-
ductors the recombination of electron-hole pairs usually is slow due to spatial
delocalization. To suppress the recombination of free carriers at a D-A interface,
an electric field can be applied parallel to the interface. This electric field can also
be used for observation of photoconductivity along the D-A interface. Thus to
observe the phenomena considered here it is necessary to have high quality D-A
structure, as well as resolve many difficult technical problems usually connected
to this type of experiments.

2. Cumulative Photovoltage in Asymmetrical Donor—-Acceptor
Organic Superlattices

2.1. INTRODUCTION

Photo-voltaic energy conversion is an important component of a future network of
renewable energy sources that could provide a sustainable energy supply without
greenhouse gas emission [17]. That is the reason behind the intensive investiga-
tions in the field of photo-voltaics which also demonstrate a very peculiar com-
petition between the use of inorganic and organic materials for the realization of
solar cells with increasing efficiency. No inorganic material matches the absorp-
tion coefficients of organic dyes, which are in the range of 10° cm™', and give
rise to the hope of producing organic based very thin solar cells with low energy
and material consumption.

From the point of view of macroscopic electrodynamics the appearance of a
constant current under the influence of light (photo-voltaic effect) can be under-
stood in the framework of the theory of perturbation (for a small light intensity)
from the nonlinear relation (see also [18]):

Ji(0) =07 (0: 0, —0) E () E1(~0)

+ 05 (03 01, =01, 02, —02) E (@) El(=01) E (2) En(—2)
+een ®)

where J is a constant electrical current, E (w) is the amplitude of the electrical
field of light with frequency w and o are the tensors of nonlinear conduc-
tivity. These tensors are constant in space for infinite homogeneous media and
are different from zero only for non-center-symmetrical structures. The calcula-
tion of these tensors is the problem of microscopical theory. Such theory needs
the analysis of the main mechanisms which can be responsible for the appearance
of the photo-voltaic effect. In the case considered below of asymmetrical organic
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donor—acceptor superlattices with periods of the order of 100 A it is necessary to
carry out the analysis of possible mechanisms of photo-voltaics in organic nanos-
tructured materials. It is worth to mention also that in some cases the electronic
excitations which appear under the influence of light absorption may be respon-
sible for the structural and chemical rearrangement of organic materials. In this
case, of course, the theory of perturbation is not applicable and as a result the
tensors of nonlinear conductivity depend themselves on the light intensity.
Below in this section following [19], we discuss the electro-optical properties
of an asymmetrical stack of organic donor—acceptor (D-A) interfaces. As we men-
tioned, the technological progress in molecular organic beam deposition is very
fast and there is little doubt that a variety of such systems will be synthesized
in the near future. With this in mind, we discuss the properties of a superlattice
of the type ... DDD|AAAINNN|DDD|AAA|NNN ..., where N stands for a
material which is neither a good donor nor a good acceptor, and all molecules
in the ground state are neutral. In such a non-center-symmetrical structure, when
CTEs are generated by the pumping light, all the interface CTE dipoles point in
the same direction and the potential differences due to the dipole layers at each
D-A interface add up to a macroscopic voltage across the superlattice creating a
macroscopic potential drop. The corresponding electric field will drive the free
electrons and holes produced by the absorption of light and, thus, will provide a
photo-voltaic current. It is interesting to mention that in the case of D-A inter-
faces with negative charge-transfer exciton energy or, in other words, in the case
of donor and acceptor for which the charge transfer exists already in ground state,
a macroscopic potential drop also has to appear in the asymmetrical structure
which we consider here but in this case it will be independent on the intensity of
incident light. For both cases the appearing electrical field will be directed from
donor side to acceptor side as we also will show below by direct calculations.
Before discussing the origin of electro-optical effects in organic asymmetri-
cal multilayer structures, it is worth to mention that in 1996 Professor Rolf Lan-
dauer called our attention to the fact that the photo-voltaic mechanism which we
proposed in [19] for organic D-A asymmetrical superlattices is similar to those
considered to generate cumulative photovoltages in some inorganic crystals. He
had in mind the papers by Cheroff and Keller [20], Pensak [21] and Goldstein
[22] which independently discovered the large photovoltages in ZnS and CdTe
crystals with periodic intrinsic inhomogeneities, and also the paper by Swanson
[23]. In the latter, it is theoretically demonstrated that the large photovoltages ob-
served in those crystals are plausible and can be due to structures without a center
of inversion by a wide class of different mechanisms. Conversely, the conditions
under which a photoconductor with periodic inhomogeneities does not show a
cumulative photovoltage are shown to be very restrictive and improbable. In the
Introduction of the paper [23] it was mentioned, that “the large photovoltages
observed in [20] in some insulators are due to numerous internal electrostatic bar-
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riers which under illumination act as p — n junctions connected in series. The
crystal structure of these materials does not exhibit inversion symmetry, and it
is conceivable that the directionality of the crystal induces directionality of the
internal barriers. Such an intrinsic directionality is necessary, since a structure
of randomly alternating conductivity type could provide no basis for a preferred
direction in which the voltage accumulates.” It follows from this remarks that, in-
deed, the structures which have been investigated in [20,21] and [22] have many
similar features with the asymmetrical D-A organic structure which is under dis-
cussion in this section, particularly in the case where charge transfer takes place
already in the ground state of a donor—acceptor pair. In our paper [19], we assume
that the charge transfer takes place only in the excited state of a D-A pair and
that the main role in the appearance of the photovoltage is not played by an in-
trinsic ground state asymmetry of the asymmetrical D-A multilayer structure, but
rather by the asymmetry of the sheets of dipoles at all donor-acceptor interfaces
which arise only due to the generation of CTEs via light absorption. The density
of CTEs on the sheets is dependent on the light intensity and this should transform
the photo-voltaic effect in asymmetrical organic donor—acceptor multi-layers into
a strongly nonlinear function of the light intensity.

It is known that a photocurrent may be measured from the response to exter-
nal voltages under illumination. In materials having a large enough photovoltage,
this voltage itself can be used without an external bias to measure a photocurrent
(short-circuit photocurrent). One is not only interested in measuring the short-
circuit photocurrent, but it is of interest to measure independently the open-circuit
photovoltage which is the other main characteristic of photo-voltaics (see, for ex-
ample, [20,21] and [22]). Both these characteristics of photo-voltaics, generally
speaking, are dependent on the concentration and mobility of charge carriers. We
will demonstrate below that in an asymmetrical stack of organic donor—acceptor
(D-A) interfaces the open-circuit photovoltage may arise even in the absence of
free carriers.

2.2. ON THE MECHANISMS OF THE PHOTO-VOLTAIC EFFECT IN ORGANICS

To discuss in more details the possible peculiarities of photo-voltaics in an asym-
metrical D-A multi-layer structure, we will make a few remarks concerning pos-
sible mechanisms of photo-voltaic effect in multilayered structures containing or-
ganic dyes (see also [29]).

One model (see, for example, [24]) is based on the assumption that the contact-
ing organic layers have dark n- or p-type conductivity and that the band structure
of the organic D-A interface is similar to that of a p—n junction between inor-
ganic semiconductors. In this case in the region near the interface between these
layers a depletion region is formed, where the internal electric field results in the
dissociation of an excited electron—hole pair into free carriers. In an alternative
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model [25-28], the photo-voltaic effect occurs exclusively at the interface of an
organic dye with a second dye, the charge separation takes place at the interface
and an extended region with an electrical field is not required and may be even
absent (see also [29]). Natural photosynthesis may be considered as the important
example of such type of carrier generation. Indeed, exciton are formed by light
absorption in the antenna pigments and diffuse to the reaction center where they
dissociate with almost unit quantum efficiency by injecting an electron and hole
in opposite spacial directions down a chain of acceptors and donors, respectively
(see [30,31]). It is important to mention that in this mechanism of photo-voltaics
the electrons and holes after the process of interface charge separation diffuse
away from the D-A interface in opposite directions as if driven by an effective
electric field directed from the acceptor A to the donor D, or in other words along
the same direction of the CTE dipole. This direction, as will be shown below, is
opposite to the direction of the electrical field created by a sheet of CTE dipoles
mentioned above.

In our discussion below, we assume that the binding energy of a CTE is large,
and the CTEs are rather stable and do not participate in the photo-generation of
free carriers. We will show that the asymmetrical stack of D-A interfaces under
pumping of CTEs provides a macroscopic potential drop that can be considered
as a cumulative photovoltage.

2.3. CUMULATIVE PHOTOVOLTAGE IN AN ASYMMETRICAL STACK OF D-A
INTERFACES

To estimate the potential profile determined by the interface CTEs, we consider
first a single D-A interface with a two-dimensional (2D) density of CTEs n of or-
der 10'2 cm™2, each one having an electric dipole moment . of about 20 Debye.
Such large dipole moments are not unusual for CTEs and the 2D density above,
taking a superlattice period of a few tens of monolayers, would correspond to a
bulk concentration of excited molecules of order 10™*, which is not problematic
in relation to the photochemical stability of the organic materials. In a first approx-
imation, this CTE configuration corresponds to a uniform static dipole moment
per unit area u n perpendicular to the D-A interface. As the CTEs repel each other
through the dipole—dipole interaction AH = u?/p3 (p being the exciton—exciton
distance) and as their mobility is not negligible, they tend indeed to be uniformly
spaced along the interface; for instance, a similar system of dipoles moving clas-
sically along a plane and oriented perpendicular to it have been shown [32] to
order in a 2D lattice at low temperatures and to form a homogeneous liquid at
high temperatures. The CTE repulsive interaction here considered is, of course,
the same that at a higher concentration would give rise to the dielectric-conductor
transition as discussed in the previous section.
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If we assume that the dipole layer is uniform and that we can neglect its thick-
ness the corresponding polarization per unit volume is 13(1) = po8(z), where po
is the polarization per unit area and the z-axis is directed along the normal to
the interface planes from the donor to the acceptor side. In our case, the vec-
tor po = (0, 0, —po), po = pn. Using the equation div D(¥) =0 where D(¥) is
Maxwell displacement vector, D = E + 47 P, and taking into account that all
these values depend only on z we have:

dD(2) av
— =0, E;(z) —4m poé(z) =0, E;=——, 9
dz dz
where V (z) is the potential. It is follow from these equations that
Z
V(z) =V(—o0) — / 4m poé(z)dz. (10)
—0o0

Thus, in the approximation of a uniform dipole layer, the resulting electrostatic
potential has the form of a sharp step of hight AV = 4w un. This effect is well-
known and is used in the surface double layer model for the work function of
metals (see [33,34]). In our case the height of the step AV =4mrun ~0.1 V
at the interface. Thus, the electrical field in the region of a step with an ef-
fective thickness a is equal to E, = 4mwun/a, opposite to the direction of the
CTE dipole moment. Probably, it is impossible to create a density of CTEs much
larger than that used in our estimation above because the insulator to metal tran-
sition [9] leading to the ionization of the CTEs sets a limit on n, as discussed
above.

For a typical intermolecular spacing a of about 5 A and the exciton densities
considered here, the average distance pp between two excitons along the inter-
face plane (n >~ 1/ ,og) is much larger than the interface thickness; as a conse-
quence, the potential does not exhibit an abrupt jump and the electric field corre-
sponding to AV is not restricted to the interface, but extends on either side over
a layer of width comparable to pp, as shown in Figure 6. Taking for the sake
of simplicity the CTEs located at the sites of a square lattice, this figure shows
¢(z) = V(z)/(2run) where V(z) is the electrostatic potential along a direction
perpendicular to the D-A interface and passing through the center of a square unit
cell. Even in the case of a homogeneous disordered 2D distribution of CTEs, the
average electric field profile is not expected to be much different than for a 2D
square lattice of equal density. When considering an asymmetrical superlattice
in which all the interface voltage drops add up, the qualitative shape of the total
electrostatic potential profile will be determined by the ratio between the distance
between successive D-A interfaces, i.e., the superlattice period L and pg: if L is
larger than pg (i.e., at a high density n) the potential will resemble a staircase as
shown in Figure 7, otherwise (i.e., at a low density n) it will have a rather uniform
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Fig. 6. Normalized potential profile across a D-A interface in the presence of a CTE density
nx>~1/ pg.
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Electrostatic potential along a D-A-N superlattice in the presence of 2D CTEs at the D-A

interfaces with different densities: n ~ 1012 cm™2 (solid line) and n >~ 3.5 x 101! ¢cm™2 (dashed
line).

Fig. 7.
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slope. In either case, the average electric field in the direction of growth will be
given by Eg = AV /L and can be comparable to the electric field in the depletion
layer of a typical semiconductor p — n junction (for the values of u estimated
above, L ~ 300 A and n ~ 10'2 cm~2, for instance, E is about 3 - 10* V/cm).
Of course, the uniformity along the superlattice planes will never be perfect in a
real structure and, in general, a rather complicated spatial pattern of electric field
force lines (and therefore current filaments) can be expected.

Under steady illumination, a condition of dynamical equilibrium will be
reached with a constant 2D density of interface CTEs. Free carriers will also be
present, either photogenerated directly or, for instance, as a result of the thermal
ionization of the CTEs (see, for example, [25-27]) at room temperature. The elec-
tric field above will effectively separate the electrons and holes and drive a current
along the superlattice crossing the D-A interfaces from the donor to the acceptor
side. We are here neglecting the effects of the periodic changes of the band edges
due to the superlattice compositional changes (such discontinuities could be min-
imized by a proper choice of materials) with respect to the additive effect of the
potential variations at the D-A interfaces. Of course, these effects would be im-
portant to estimate the electron and hole mobilities along the growth axis. In the
structures here considered, electrons could be effectively injected into the valence
band on the acceptor side through a contact with a large work function metal and
extracted from the conduction band on the donor side through a contact with a
small work function metal (as done in the reverse direction in LED devices); such
a current would deliver power to the external circuit load at the expense of the
light absorbed.

The expected efficiency of photo-voltaic conversion is strongly dependent on
the dark conductivity, on the processes of carrier photo-generation, on the kinetics
of excitons and charge carriers and can be estimated only in the framework of
a complete theory which properly takes into account also the structure of the
heterojunction.

However, the qualitative features of its dependence on the light intensity can be
established on the ground of more simple considerations. At low intensity of light
the steady state CTE concentration, which is dependent on the pumping intensity
I of CTEs and their lifetime, will be small and the macroscopical potential drop
will be negligible. The macroscopic potential drop V ~ I will be important with
increasing CTE concentration. For a constant density of free carriers, the photo-
voltaic power will be proportional to /. At still higher pumping intensities, when
the presence of the CTE leads via their “cold” ionization to an increase in the den-
sity of free carriers as described above, the photovoltage will no longer increase,
but the photo-voltaic power dependence on / will still be approximately linear
due to the increase in free carrier density.
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3. Nonlinear Optical Response of Charge-Transfer Excitons at
Donor—Acceptor Interface

In this section following the paper [35], we discuss the resonant and off-resonant
optical nonlinearities of a system of charge-transfer excitons (CTEs) at a donor—
acceptor (D-A) interface. We continue to consider an interface between organic
materials (neutral in the ground state) for which the lowest electronic excitations
are CTEs corresponding to the displacement of an electron from the donor to the
acceptor side. We assume that the photogenerated CTEs have large static elec-
tric dipole moments perpendicular to the D-A interface plane. We show that this
system may exhibit strong resonant optical nonlinearities induced by the dipole—
dipole repulsion among the CTEs. We show that on account of this long range
interaction, the excitation intensity dependence of the Kerr nonlinearity is non-
analytic: it depends on the two-dimensional density n of CTEs as n>/2. There-
fore, the dependence of the CW nonlinear polarization on the laser electric field
is beyond the usual power expansion. We also point out that the static electric
field produced by the CTEs modifies the hyperpolarizabilities of nearby mole-
cules. Therefore, in media with CTEs the intensity dependence of the nonlinear
optical response can be stronger than usually expected, and this theoretical pre-
diction could be easily experimentally tested. First we consider the effects of the
dipole—dipole repulsion among CTEs on the nonlinear optical response and, then,
the influence on the nonlinear hyperpolarizabilities of nearby molecules exerted
by the large static field associated with a CTE.

3.1. RESONANT OPTICAL NONLINEARITY OF CTES: THE ROLE OF THE
EXCITON-EXCITON REPULSION

3.1.1. Exciton—exciton interaction at a D-A interface

We have already discussed some peculiarities of the exciton—exciton interaction at
a D-A interface above. Nevertheless, for the convenience of the readers we repeat
here some results of this discussion to make also this section self-contained.

The dipole—dipole interaction energy between two CTE having a dipole mo-
ment p (which is typically 20 Debye) at a distance p along the D-A interface
plane is U = u?/p3 and is rather large for small distances and decreases with
a long range as ,0_3; for instance, for p >~ 5 A, U~1 eV and for p =~ 10 A,
U ~ 0.3 eV. As the number of excitons at a distance p along the interface also
scales as p the interaction energy of a given exciton with all other excitons which
are at a distance p decreases more slowly and scales as p~2, rather than as p 3.

The average exciton—exciton distance py is related to the two-dimensional (2D)
density of CTEsnbyn >~ 1/ ,03. The ensuing repulsion increases the energy of the
CTEs and the corresponding energy shift A¢ is given by the average interaction of
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one exciton with all the others. We can expect that CTEs having a non-negligible
mobility will tend to order in such a way as to minimize the energy of repulsion.
As discussed above, we assume a simple 2D square lattice structure for the CTE
spatial distribution, then

Ae =10 u2/p3 =10 Vo (n/N)/?), (11)

with Vo = u?/a® and N the total 2D density of molecules given by N = 1/a?
where a is the molecular crystal lattice constant along the interface (which is
typically 5 A). It is clear that such an additional repulsion energy is required to
create a CTE at an empty site (i.e., at a vacancy in the CTE lattice).

To estimate the energy shift Ae we can use the expression

Ae =10V (a/p)3. (12)

Assuming that the mean distance between CTEs p ~ 104, e.g., that the concentra-
tion of CTEs is order of 102 we obtain that Ae ~ 150 cm™!, which is significant
on the scale of the homogeneous width of a CTE transition.

As discussed above, the scaling dependence Age ~ n3/? follows also from the
results of numerical simulations and, thus, the estimate made is expected to be
valid even for a disordered homogeneous distribution of CTEs of comparable 2D
density n. We wish to stress here the non-analytic dependence of Ae on n: a
perturbation theory expansion in terms of n, n?, n3, etc., would be inadequate as
the leading correction scales like n/2.

3.1.2. Nonlinear D-A interface polarizability

The D-A interface polarizability due the CTE contribution can be written as
x (@) =~ A/((g0 + Ae)? — w?), where g is the CTE energy for n = 0 and A is
a constant proportional to the CTE oscillator strength. Expanding x (w) in series
of Ae/eg we find that x () = xi" (@) (1 = 2e0Ae(n)/(£3 — ) = x{" + Ax ()
where Xél) is the polarizability for n = 0. Thus, for the nonlinear correction
to the polarizability corresponding usually to the Kerr nonlinearity, we have
Ax/xél) = —280A8/(8(2) — w?) ~ —A¢e/(g9 — w), where for resonant pump-
ing |eg — w| ~ 8, § being the exciton linewidth. Assuming the concentration
n >~ N/100 and using the previous estimates, we have Ae ~ 150 cm™! which,
even for 8 ~ 500 cm~! gives for the resonant nonlinearity Ax/xé]) ~0.3. Such
a large change in polarizability is not due to the two-level-system-like anhar-
monicity which is the main nonlinear mechanism for Wannier—Mott excitons in
semiconductors (phase space filling [1,36-39]), but it is caused by the exciton—
exciton interaction which in the present case is particularly large; in fact, we have
that Ay / X(()l) is one order of magnitude larger than n/ng where the CTE satu-
ration density ng is given by N itself. A 2D concentration along each interface
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of 0.01 can hardly be dangerous for organic crystals as, taking into account the
thickness of the layer between successive interfaces, it may correspond to a 3D
concentration of order 1073, We note again that the continuous wave (CW) opti-
cal nonlinearity of 2D CTEs here considered is also interesting as it goes beyond
the usual perturbation theory [40—42]. As a matter of fact, because in steady state
equilibrium conditions 7 o< I o |E(w)|*> (I being the pump light intensity), the
shift of the CTE energy Ae(n) and the nonlinear correction to the polarizability
turn out to be proport10na1 to | E|3. Thus, the nonlinear part of the polarization is
AP(w) « |E(w)|? E (w) and such a term cannot be found in the usual expansion
of the polarization P in powers of the components of the electric field E. This
peculiarity stems from the long-range exciton—exciton interaction that shifts the
CTE energy in a non-analytic way with respect to n. The unusual dependence
of AP on E here considered should be easily experimentally observed for CW
resonant pumping.

3.2. PHOTOGENERATED STATIC ELECTRIC FIELD: INFLUENCE ON THE
NONRESONANT OPTICAL RESPONSE

In the above discussion, we have only considered the effects due to the CTE-
CTE repulsion, which contribute to the resonant nonlinear absorption (as well as
to other resonant nonlinearities) by the CTEs themselves. Here, however, we want
to mention a more general mechanism by which the nonlinear optical properties
of media containing CTEs in the excited state can be enhanced. This influence is
due to the strong static electric field arising in the vicinity of an excited CTE. If,
for example, the CTE (or CT complex) static electric dipole moment is 20 De-
bye, at a distance of 5 A it creates a field ECTE of order 107 V/cm. Such strong
electric fields have to be taken into account in the calculation of the nonlinear
susceptibilities, because they change the hyperpolarizabilities «, 8, y, etc., of all
molecules close to the CTE. For instance, in the presence of this CTE induced sta-

tic fields, the microscopic molecular hyperpolarizabilities are modified as follows

0 1 2 0 1
o = Ol( ) + Ol( )ECTE + Ot( ) ECTEECTE IBZJI _ ﬁ,(ll) ﬁl( l)kECTE -
etc. The changes in the molecular hyperpolarlzablhtles are reﬂected in all the

macroscopic nonlinear optical constants of a medium. As the CTE induced elec-
trical fields increase with the concentration of CTEs, a stronger dependence of
the nonlinear optical response on the intensity of light is obtained. For example,
x @ will include a contribution from x ® and the corresponding polarization will
be given by AP; =~ Xl]lmE EE, + Xulqu EE, ECTE where E is the pump
light electric field, therefore, if the second term is not neghglble, |AP|? will de-
pend on the pump intensity / o |E (w)|> more strongly than like I3, through the
dependence of ECTE on I. Of course, the macroscopic susceptibilities will de-
pend on an average over the positions and orientations of the molecular species
involved with respect to the static electric dipoles of the CTEs photogenerated in
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the medium. For the 2D distribution of CTEs at a D-A interface considered above,
the presence of a static macroscopic electric field extending on either side of the
interface from the donor to the acceptor side may affect the molecular hyperpolar-
izabilities enough as to reduce the symmetry of the optical response tensors; for
instance, centrosyrnmetric molecules may acquire a second order polarizability
Bijit =0+ ,Bl(jll)kE CTE | ... . The influence of static electric fields on the molecu-
lar hyperpolarizabilities has long been know, but in our case the static field effects
are controlled by the pumping light as they are associated to the presence of the
CTEs: this can lead to a novel class of all optical nonlinearities. The calculation of
second harmonic generation induced by charge-transfer excitations in centrosym-
metric medium can be found in [43]. These calculations can be easily adapted to
the case of D-A interfaces.

All these considerations may also apply to noncrystalline polymeric media with
impurities having a CT complex in the excited state. If the polymers are approxi-
mately oriented in one direction and the structure is such that the CT complexes
along a polymer are nearly parallel to each other and perpendicular to the poly-
mer direction, we have a more or less ordered 1D system of CTEs having a strong
repulsive interaction and we expect again, as for 2D CTEs, a large enhancement
of the optical nonlinearities and a stronger intensity dependence of the nonlin-
ear optical response. Indeed, for a 1D system the correction to the energy is al-
ready proportional to n® (Ae o< u?/ ,08, po = 1/n, n being the 1D density) and
the nonlinear contribution to the polarizability due to the CTE-CTE repulsion is
proportional to | E(w) |, Such a contribution corresponds to a nonlinear polariza-
tion AP(a)) x |E (a))|6E (w) and this effect, in contrast to what we had for the
2D case, can be formally included in the usual analytical expansion of the polar-
ization P in powers of the components of the pumping light electric field E (w).
In any case, the appearance of CTEs under the influence of a strong illumination
can change drastically the intensity dependence of the nonlinear optical properties
and just this theoretical prediction could be checked easily by experiments. For
the 2D case and, particularly, the 1D case, this dependence becomes stronger: the
CTE contribution to the nonlinear absorption coefficient is proportional to I3/2
for the 2D case and to I3 for the 1D case, instead of the usual linear dependence
on /.

In conclusion, we have studied in this subsection the nonlinear optical response
of 2D CTEs at a D-A interface: such a structure belongs to a class of novel sys-
tems of current interest to material scientists [7]. The long range exciton—exciton
interaction leads to a large resonant nonlinear polarization exhibiting an unusual
dependence on the light electric field which goes beyond the standard perturbation
expansion. The static electric fields induced by the photogenerated CTEs affect
the off resonant hyperpolarizabilities of nearby molecules giving rise to new and
more strong all optical nonlinearities.
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1. Introduction

The need for systems having better opto-electronic properties to be used in appli-
cations has been driving researchers in materials science to develop novel com-
pounds and novel structures. The progress in the field has been impressive, mainly
due to the use of innovative growth techniques such as molecular beam epitaxy
(MBE) and the realization of systems in two-dimensional (2D), one-dimensional
(1D) and zero-dimensional (OD) confined geometries. We have now many newly
developed organic or inorganic structures with very interesting properties. We
mention here as a typical example the request for efficient second harmonic gen-
eration (SHG) where we can see a very peculiar “competition” in the use of or-
ganic or inorganic materials. Inorganic semiconductors (e.g., GaAlAs, ZnCdSe)
have been used to design MBE asymmetric quantum wells (QWs) having values
of x® much larger than the corresponding bulk materials. Organic materials have
also been used for the same purpose: molecular charge transfer excitations lead
to a strong enhancement of SHG. From the theoretical point of view, scientists
working independently with covalent or molecular crystals have exploited actu-
ally the same basic idea, i.e., achieving a large change of static dipole moment
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upon excitation. In the following chapters of this book we discuss the possibility
of obtaining qualitatively new physical effects, potentially useful, as we expect,
also for technological applications. In our considerations we follow another strat-
egy by ingeniously combining organic with inorganic materials in one and the
same hybrid structure.

In this chapter as a first example of such a strategy we discuss the properties
of electronic excitations in nanostructures based on combinations of organic ma-
terials as well as inorganic semiconductors, having respectively Frenkel excitons
and Wannier—Mott excitons with nearly equal energies. We show that in this case
the resonant coupling between organic and inorganic quantum wells (or wires or
dots) may lead to several interesting effects of linear optics, such as splitting of
the excitonic spectrum and drastic change of exciton dispersion, but also to strong
enhancement of the resonant optical nonlinearities.

The electronic excitations known as excitons correspond to a bound state of
one electron and one hole and can be created by light or can appear as a result of
relaxation processes of free electrons and holes, which, for example, may be in-
jected electrically. As discussed in the first and second introductory chapters there
are two models conventionally used to classify excitons — the small radius Frenkel
exciton (FE) model and the large radius Wannier—Mott exciton (WE) model.

The internal structure of Wannier—Mott excitons [1] (see also the chapter by
G. La Rocca) can be represented by hydrogen-like wave functions. Such a repre-
sentation results from the two-particle, Coulombic electron—hole states in a crys-
talline periodic potential. The mean electron—hole distance for this type of exciton
is typically large (in comparison with the lattice constant). On the other hand, the
Frenkel exciton is represented as an electronic state of a crystal in which electrons
and holes are placed on the same molecule. We can say that Frenkel excitons in
organic crystals have radii ar, comparable to the lattice constant ap ~a ~ 5 A.
In contrast, weakly bound Wannier excitons in semiconductor QWs have large
Bohr radii (ag ~ 100 A in III-V materials and ag ~ 30 A in II-VI ones, in both
cases ap > a). The oscillator strength of a Frenkel exciton is close to a molecular
oscillator strength F and in some cases may be very large, whereas the oscilla-
tor strength f of a Wannier exciton is usually much weaker: in a quantum well

3 . . . .
f~ 52—“L where L is the QW width (ap > L > a). Both types of excitons interact
B
with lattice vibrations through exciton—phonon coupling.

In high quality semiconductors as well as in organic crystalline materials, the
optical properties near and below the band gap are dominated by the exciton tran-
sitions and the same situation takes place also for organic and inorganic QWs (or
wires or dots). The excitonic optical nonlinearities in semiconductor QWs can
be large because the ideal bosonic approximation for Wannier excitons breaks
down as soon as they start to overlap with each other, i.e., when their 2D den-
sity n becomes comparable to the saturation density ng ~ 1/(7w a%) (due to large
Bohr radius ng is rather small and is, typically, 10'> cm™2). Then, due to phase
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space filling (PSF), exchange and collisional broadening, the exciton resonance
is bleached. However, for the x ®) optical nonlinearities a generic figure of merit
scales (see also below) like I;] (Ax/x) where Ay is the nonlinear change in the
susceptibility in the presence of the pump of intensity Ip. As Ay /x ~n/ns and
asn/ng~n a% andn o fIp a;z Ip, such a figure of merit is nearly indepen-
dent of the exciton Bohr radius [2].

As for the Frenkel excitons in organic crystals, just because they have small
radii, they have a very large saturation density. Thus, pronounced PSF nonlinear-
ities of the exciton resonance in molecular crystals are practically impossible to
achieve as very high excitonic concentrations are needed. Of course, other mech-
anisms may effectively enhance the optical nonlinearities of organic materials
(the discussion of some of them can be found, for example, in the chapter by
G. La Rocca of this book) but as a rule the resonance x ) optical nonlinearity
in organics, in contrast to the x ® optical nonlinearity, is much smaller than in
inorganic semiconductors. In hybrid structure which we consider in this chapter
the optical nonlinearity of organics is neglected.

As mentioned above it was found in [2] that the figure of merit of resonance
x® optical nonlinearity for semiconductor quantum well is independent of the
exciton Bohr radius. Within the rather good approximation of neglecting of optical
nonlinearities in organics we will show in this chapter that this independence does
not hold for the organic-inorganic hybrid structures. On the contrary, we show that
in hybrid structures the dependence of the resonance x ®) optical nonlinearity on
exciton Bohr radius may be very strong.

In such a structure the Frenkel exciton in the organic material and the Wannier—
Mott exciton in the semiconductor can be coupled through their dipole—dipole
interaction at the interface. Due to this coupling one may expect (see also [3]) the
formation of new eigenstates given by appropriate coherent linear combinations
of large radius exciton states in the inorganic material and small radius exciton
states in the organic one. These hybrid electronic excitations will be characterized
by a radius dominated by their Wannier component and by an oscillator strength
dominated by their Frenkel component contribution. Thus, they can have at the
same time a small saturation density ng and a large oscillator strength F. In this
way, the desirable properties of both the inorganic and organic material conspire
to overcome the basic limitation mentioned above for the figure of merit of the
exciton resonance nonlinearities.

One of the most natural choices to implement this idea is a layered structure
with an interface between a covalent semiconductor and a crystalline molecu-
lar semiconductor. In such heterojunctions, there is obviously some cause for
concern about the detrimental effects that lack of material purity and structural
quality would have on the formation and the functional properties of the hy-
brid excitons. As we mentioned, the realistic possibility to consider such organic-



320 V.M. AGRANOVICH ET AL.

inorganic crystalline structures has only recently appeared due to progress in the
development of the organic molecular beam deposition (OMBD) and other related
techniques.

This progress has led to a monolayer level control in the growth of organic
thin films and superlattices with extremely high chemical purity and structural
precision. This opens a wide range of possibilities for the creation of new types
of ordered organic multilayer structures including highly ordered interfaces. It
is well known that the requirement of lattice matching places strong restrictions
on the materials which can be employed to produce high quality interfaces us-
ing inorganic semiconductor materials. This is due to the fact that they are bound
by short-range covalent or ionic forces. On the contrary, organic materials are
bound by weak Van der Waals forces. This fact lifts such restrictions and broad-
ens the choice of materials that can be used to prepare organic crystalline layered
structures with the required properties (for more details and many examples, see
Ref. [4]). In the following sections, we will discuss in detail the electronic excita-
tion spectra arising from the Frenkel-Wannier exciton hybridization in different
geometrical configurations: quantum wells, quantum wires and quantum dots. At
the same time, the nonlinear optical properties of hybrid excitons will be also
considered in detail: we predict a strong dependence of the figure of merit of
the excitonic resonance optical nonlinearity on the Bohr radius and its strong en-
hancement, in some cases by two orders of magnitude as compared to traditional
systems. A few other results on the physics of hybrid excitons taken from the
current literature will also be presented.

In this chapter, first, we discuss the properties of hybrid Frenkel-Wannier—
Mott excitons in the case of strong coupling, which appear when the energy
splitting of the excitonic spectrum is large as compared to the width of the ex-
citon resonances. Just in this case the new and rather peculiar excitations share
at the same time both the properties of the Wannier excitons (e.g., the large ra-
dius) and of the Frenkel excitons (e.g., the large oscillator strength). We discuss
two-dimensional configurations (interfaces or coupled quantum wells) which are
studied most extensively and also one-dimensional (quantum wires ) and zero-
dimensional (quantum dots) configurations. In particular, we show that hybrid ex-
citons are expected to have resonant optical nonlinearities significantly enhanced
with respect to traditional inorganic or organic systems. We also consider analo-
gous phenomena in organic microcavities where the Frenkel exciton resonances
are close to the cavity photon mode resonance. The experimental observation of
different optical effects in such microcavities will be described in the chapter by
David Lidzey. The case of the weak coupling regime is discussed in the chapter
by Denis Basko.
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2. Hybrid 2D Frenkel Wannier—Mott Excitons at the Interface of
Organic and Inorganic Quantum Wells

2.1. CONFIGURATION OF HETEROSTRUCTURE AND GENERAL RELATIONS

Here we study the effects of resonant interaction between an organic quantum
well (OQW) and an inorganic one (IQW) and demonstrate how new hybrid states
arise [3]. The configuration we consider is the following. A plane semiconductor
IQW of thickness L, occupies the region |z| < L, /2, the z-axis being chosen
along the growth direction. All the space with z > L,,/2 is filled by the barrier
material and that with z < —L,,/2 by the organic material in which the OQW is
placed (Figure 1).

For simplicity, we treat the interaction of excitations IQW with organic mole-
cules in the dipole approximation, neglecting the contribution of higher multi-
poles to the interaction, and we consider the OQW as a single monolayer, i.e.,

as a 2D lattice of molecules at discrete sites 71, placed at z = —zg < —Ly, /2 (the
organic X inorganic
barrier OQW QW barrier

om0 8 0 0 a0,

% w
ZO

Fig. 1. The physical configuration under study.
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generalization to the case of several monolayers is easy). All the semiconductor
well-barrier structure (z > —L,,/2) is assumed to have the same background di-
electric constant ¢, while the organic half-space (z < —L,,/2) has the dielectric
constant & (corresponding to the organic substrate). For example, the role of the
OQW can be played by the outermost monolayer of the organic crystal. Due to
gas-condensed matter shift (see the chapters by J. Knoester and V.M. Agranovich
and by V.M. Agranovich and A.M. Kamchatnov) the exciton transition in such a
monolayer can be blue-shifted with respect to the bulk excitonic transition (as, for
instance, this takes place for anthracene crystals), thus giving rise to 2D Frenkel
excitonic states [17]. In this case the difference L,,/2 — zg is of the order of the
organic crystal lattice constant.

Due to the different electronic structure of the two QWs under consideration
and the rather large organic crystal lattice constant, the OQW and the IQW states
are assumed to have zero wave function overlap. It is known that this is a rather
good approximation for organic crystals in the bulk for the ground and for the
lowest energy excited states. Thus, we assume that the same takes place also at the
interface between organic and inorganic QWs. Assuming perfect 2D translational
invariance of the system, we classify the excitons by their in-plane wave vector
k. Supposing that for some bands of Frenkel excitons in the OQW and Wannier—
Mott excitons in the IQW the energy separation is much less than the distance
to other exciton bands we take into account only the hybridization between these
two bands. We choose as a basis set the “pure” Frenkel and Wannier states, i.e.,
the state (denoted by |F, k)) when the OQW is excited, while the IQW is in its
grourld state, and vice versa (denoted by |W, k)), their energies being Er (k) and
Ew (k). We seek the new hybrid states in the form

a, k)= Aq(K)|F, k) + Bo (K)|W, k), (1)

where o = “u”, “I” labels the two resulting states (upper and lower branches).
The Schrodinger equation for the coefficients A, B is then written as:

(Er(k) — E)A(K) + (F, k| Hin| W, k)B(K) = 0,

(W, k| Aiwt| F, K)A(K) + (Ew (k) — E)B(k) =0, )
where ﬁim is the Hamiltonian of the interaction between the QWs. Solution of (2)
gives the energies of the upper and lower branches and the splitting A (k):

- Ep(®) + Ew(k) £ AK)

Eu,l(k) - 2 9

Ak) = \/ (Er(k) — Ey (k))? 4 4T2(k), 3)

where we use the notation F(lz) = [(W, k |I:Iim|F , /2>| for the coupling matrix el-
ement. For the orthonormalized new states the weighting coefficients are given
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by
=012 -2 1 EF(%)—EW(£)
AuK)| = |Bik)| =1+ ————— ), 4
|Au(k)|” = | Bi(K)] 2<+ A ) ©)
5 5 1 Er (k) — Ew (k)
Ak2= Buk2=—<1—F—> 5
[A1(R)|" = |Bu (k)" = 3 NG )

2.2. THE COUPLING MATRIX ELEMENT

To evaluate the matrix element F(lz) determining the resonance interaction be-
tween Frenkel and Wannier—-Mott excitons we write down the interaction Hamil-
tonian as

Ay = — Z ) - £(7) (6)

where 1A3F (1) is the operator of the dipole moment of the organic molecule situ-

ated at the lattice site 7, and € () is the operator of the electric field at the point 7,
produced by the IQW exciton. If we 1ntr0duce the operator of the IQW polariza-

tion PW(r) then the operators 8 (n) and PW(r) are related to each other exactly
in the same way as the corresponding classical quantities in electrostatics:

éj (}7) =/d37/7.)[j (;H — 7ﬁ, z, Z/)ISJW(V/), @)

where i, j = x, y, z, 7” = (x,y) and D;; (7, 7') is the Green’s function appearing
in the analogous problem of classical electrostatics. It is equal to the ith Cartesian
component of the classical static electric field at the point 7, produced by the jth
component of the classical point dipole, situated at the point 7’ and is connected
to the Green’s function G of the Poisson equation in an inhomogeneous medium
with the dielectric constant &;; (F):

Dlj(7,7/)=—a—XZWG(7,7/), (8)
O i (-G ) = —dn 5(F 7). ©)

8x,' 8Xj
Since our system is translationally invariant in two dimensions, it is convenient to
consider the Fourier transform:

d’k -

Djj (7 = 7). 2,7) = Wpij (k.z.2") it (10)
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and analogously for G (7 — Fﬂ, z,7"). Then G(lz, Z, z’)e”z;l\ is the potential, pro-

duced by a charge density wave p(F) = 8(z — 2') ¢/*1 . Tn our case the dielectric
constant is a simple step function

ey ) E8ij, z<—Ly/2,
e,,;(r)—{g(gij, es —Lo/2, (11)

and the potential may be readily found from Poisson’s equation

d? " 4t 8(z — 7))
- —kK\e(k,z.7 )= — —= =7 12
(afz2 ) ( ) e(2) (12
with the usual electrostatic boundary conditions at the interface z = —L,,/2 (con-

tinuity of the tangential component of the electric field —ikG and the normal
component of the electric displacement —&(z)0G/9z. The Green’s function D;;
forz < —Ly /2,7 > —Ly/2 is then given by:

- 4 e (ki ik,
Dij(k.2.2) = ——= ke'C “(7’ +ai,z)<7’+6j,z). (13)

Thus, the matrix element of I:Iint we are interested in can be written as

(F,ié|ﬁ]im|W, /2)
:-Z/d37(F,/2\ﬁ,»(ﬁ)|o>D,»j (7 — . —20. 2) O P} ()| W. k). (14)
i

The matrix element of the IQW polarization between the ground state |0) and
|W, k) for 1s-exciton with the Bohr radius ap is equal to [5,6]

- 7o
ve Likr|

<0I;3W(?)|W, k)=,/= x@ x" @), (15)

T E VS
where ,/2/ (na%) is the value of the 1s-wave function of the relative motion of

the electron and hole, taken at rj = 0; x°(2), x"(z) are the envelope functions for
the electron and hole in the IQW confinement potential (we assume the IQW to
be thin, so that the transverse and the relative in-plane motion of the electron and
hole are decoupled) and S is the in-plane normalization area. Finally,

dve = / i (7) (=) ue (7) & (16)

is the matrix element of the electric dipole moment between the conduction and
valence bands (J”C is taken to be independent of l; Ucyy are the Bloch func-
tions for the conduction (valence) band extremum and the integration in (16) is
performed over the unit cell). Its Cartesian components d;“ (i = x, y, z) may be
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expressed in terms of the Kane’s energy Eg [5]:

2:2p 2
|2:eh Eoc;

d’c ,
| ! 2mg EZ,

7)
where my is the free electron mass, E, is the energy gap between the conduction
and valence bands and ¢; is the appropriate symmetry coefficient. In semiconduc-
tors of the zinc-blende structure ¢/ = ci{h =1 /«/5, cé’h = 0 (heavy holes) and

X
cih = clyh =1/6, céh = /2/3 (light holes). We see that only light holes can con-
tribute to the z-component of the IQW polarization. For the Frenkel exciton the
dipole moment matrix element, contributing to the matrix element (14), is given
by

(Fv’z\ﬁi(ﬁ)lo)=e—jF*=e—aFdF*’ (18)

where d i is the transition dipole moment for a single organic molecule (analo-
gous to d¥¢ in the semiconductor), N is the total number of sites in the lattice,
ar is the lattice constant, which may be considered as the radius of the Frenkel
exciton.

Now we can write the final expression for the coupling matrix element:

21 A > 2df*djc -
(F, k| Hin|W, k) = —\/j'—L / dzD;j(k, —z0,2) x“(@x" (). (19
7T afF ap

From Egs. (13), (19) we see that the only contributing polarizations for the semi-
conductor are those along k (L-modes) and along the growth direction z (Z-
modes, only for the light holes, according to Eq. (17)). For simplicity we take
the electron and hole confinement wave functions for the lowest subbands in the
approximation of an infinitely deep IQW:

2 mz
h 2
x(@) x"(2) = - cos (—) (20)
Lw Lw
and assume the transition dipole moment in the organics d¥ to be real (which is
always possible with an appropriate choice of molecular wave functions). With-
out loss of generality we may take the vector k along the x axis. Evaluating the
integral in (19), we obtain the interaction parameter I'r 7z for the L- and Z-modes:

827 %0 sinh(kL,/2) 95|y (@) + (df)? o

e+é 1+ (A2 aragLy

FLzyk) =

It is seen that I'(k) has a maximum I'j,x at kK = kmax. The value of kpyax for
arbitrary zg and L,, may be found numerically, for zog — L, /2 > 0.1L,, it is well
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Fig. 2. The interaction parameter I'(k) for d"¢ = 12 Debye, d¥ =5 Debye, ag =25 A, ap =5 A,
Ly=10A,20=10 A, e00 =6, oo = 4.

described by the formula (see also Figure 2)
1 2 L
Ko ~ —— IH(M)’ (22)
Ly 270 — Ly
while in the limit zo >~ L, /2 we have kmax > 2.4/Ly,.

2.3. DISPERSION RELATIONS OF HYBRID STATES

To calculate the dispersion relation of the hybrid excitons we approximate the
WE energy by a parabola with the in-plane effective mass mw = m, + mp, men)
being the electron (hole) mass, and neglect the FE dispersion since the typical
masses are (5—100)m:
- h2k? -
Ew(k)=Ew(0) + Gy Ep(k)=Er0), Er(0)— Ew(0)=3. (23)

We will measure all energies with respect to Ew (0). The dispersion of the hybrid
states (3) can be written as

Eui(k)— E (0)—5+h2kzi b _ K 2+1“2(ié) (24)
! W= T dny 2 dmy '

To perform numerical estimates we choose the following values of the parameters.
For the IQW those representative of II-VI semiconductor (e.g., ZnSe/ZnCdSe)
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Fig. 3. The dispersion E, ;(k) of the upper and lower hybrid exciton branches (solid lines) and that
of the unperturbed Frenkel and Wannier excitons (dotted lines). The “weight” of the FE component in
the lower branch |A; (k)l2 is shown by the dashed line. The parameters are the same as on the Figure 2
(mw =0.7mg), the detuning § = 10 meV.

quantum wells are taken [7]: € = 650 = 6, d"“/ap =~ 0.1 e (which corresponds
to d'“ ~ 12 Debye and a Bohr radius of 25 A), the exciton mass mwy = 0.7m
and the well width L,, = 10 A. For the organic part of the structure, we take
parameters typical for such media (e.g., see [4,8,9]): € = é5 = 4, the transition
dipole for the molecules in the monolayer d = 5 Debye, ar =5 A and zo =
10 A. We plot I' (k) for these values of parameters on Figure 2.

We see that I'pax >~ 11 meV. The dispersion curves E,, ;(k) along with the FE
weight in the lower branch |A;(k)|? for three different detunings 8§ = 10 meV,
6 =0and § = —10 meV are plotted on Figures 3-5.

For § > 0 the properties of the excited states are changed drastically. In this case
the zero approximation dispersion curves for FE and WE cross at the point k =

ko =+/2mw38/h*. At k = 0 the upper states are purely F-like and the lower states
W-like, at k ~ kg they are strongly mixed and a large splitting of their dispersion
curves is present, A(kg) ~ 2I"(ko), and for large k (k > ko) they “interchange”:
the upper branch becomes W-like with the quadratic dispersion and excitations
of the lower branch tend to FE. If § < O then Ew (k) > E g (k) for all k£ and no
crossing occurs, E, (k) closely follows the WE dispersion and |Au(k)|2 < 1, the
lower state is FE-like.
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Fig. 4. The same as on Figure 3, but § = 0.
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The same as on Figure 3, but § = —10 meV.
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A nontrivial feature of the lower branch dispersion is a minimum away from
k =0, which is always present for § < 0 as well as for some positive values of g,
0 < § < 8¢ and is the deepest for § = 0. The critical value of § may be found if
one looks at the values of the derivatives of E;(k) at k = 0. It turns out that

dE;(0) E(0)
R 05 £0), <08 <38
dk (6#0) dK2 (6 < éer),
d?E;(0)
T > 06> b, (25)
and 8. when the minimum “splits” off k = 0 is given by
dr(0)\ 2 2mw
Sor = <W> 7 (26)

For our parameters . >~ 16 meV. For large negative values of § << —I'max the

lower branch dispersion at k < /2mw8/h% may be approximated by

2 (k)
H

Ej(k) — Ew(0) >~ —[8] — (27
So, the depth of the minimum for large |3 is ' max/ 8] while for small § it is of the
order of I'max and we see that the effective range of §, when the minimum is the
most pronounced, is —'max S 8§ < 8¢r. As a consequence, at low temperatures and
under optical pumping at frequencies above the excitonic resonance excitons will
accumulate in this minimum, which can be detected, for example, by pump-probe
experiments. The fluorescence from these states should increase with temperature
since states with small k£ become populated.

2.4. LINEAR OPTICAL RESPONSE OF HYBRID STATES

If an incident electromagnetic wave with the electric field g r) = f:'o €9 s
present, then the interaction with the hybrid structure is described by the Hamil-
tonian (neglecting local field corrections)

m=—E0- <2p )ei Q1 4 /dz/dzr”PW(r)e’Q'r') (28)

where we have neglected the z-dependence of the incident field since the thickness
of our structure is much less than the light wavelength. The corresponding matrix
element is different from zero only if k = Q) and in this case equal to

(o, k| Heml0) = — &0 - ME ==&y - (AL (k)M" + B (K)MY),  (29)
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where

AjIF — \/ﬁd*F* — £ JF*, (30)
ar

2 -
:\/jﬁdvc*/xe*(z) Xh*(Z)dZ (31)

are the optical matrix elements for the isolated OQW and IQW respectively, which
are independent of k. Usually we have M > MY since ar < ap, and in the
region of strong mixing the oscillator strengths f¢ of a hybrid state is determined
by its FE component:

FER) = [Aa(®) [ £7. (32)

At the crossing point k = kg (for § > 0) we have |Ao,(k0)|2 = 1/2 and the FE
oscillator strength is equally distributed between the two hybrid states. For the
hybrid exciton radii the oppos1te relation holds. Calculating the expectation value
of the exciton radius squared 72 in the state |, k) we obtain

<Ol, %|f2

K} = A (&) *(F K72 | F.R) + | B (k) W K[ W. %)

~ | By (K)[* a3 (33)

since ag > ar and we neglect the latter. Cross terms do not appear since we
neglect the single-particle wave function mixing between the two QWs. We see
that the new states can possess both large oscillator strengths and exciton radii.
This effect is especially pronounced if the crossing of the FE and WE dispersion
curves occurs for a value of the wave vector close to that of the maximum of the
coupling strength: kg =~ kmax. Since kg is determined by the detuning 6, and kmax,
in turn, depends on L,, and zo (Eq. (22)), a special choice of these parameters
should be made for maximizing the effect. Also, in order to take advantage of the
hybrid states in optics, the wave vector of light in the medium ¢ = neow/c (neo
being the background refraction index) should not be far from k¢. Usually near
excitonic resonances, g < ko and special care should be taken to overcome this
difficulty (e.g., using a coupled diffraction grating with period 27/ kg [10] or a
prism). We mention, however, that even in the region of small wave vectors in
which the 2D excitons are radiative, the hybridization may be realized not due
to the instantaneous dipole—dipole interaction, but due to the retarded interaction
stemming from the exchange of photons. Such a situation has been analysed (even
in the nonlinear regime) with an appropriate transfer matrix approach, which is
equivalent to the solution of the full Maxwell equations [11].

Concerning the choice of materials for the implementation of the system con-
sidered here, examples of molecular substances having small radius (< 5 A) ex-
citons with energies of a few eV, among those already successfully grown [4]
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as crystalline layers on a variety of inorganic (including semiconductor) crystals,
are the acenes, such as tetracene (2 eV) or pentacene (1.5 eV), the metal ph-
talocyanines, such as VOPc (1.6 eV) or CuPc (1.8 eV), and the tetracarboxilic
compounds, such as NTCDA (3.1 eV) or PTCDA (2.2 eV). Semiconductors hav-
ing large radius excitons with matching energies are, for instance, the III-V and
II-VI ternary solid solutions such as GaAlAs, ZnCdSe and ZnSe [12]; beside a
judicious choice of alloy composition and well thickness, a fine tuning of the reso-
nance condition could be achieved applying an external static electric field along
the growth direction (quantum confined Stark effect [13]; for hybrid excitons it
has been considered in Ref. [14]). A major experimental problem is the control
of the interface quality: the inhomogeneous broadening should remain small and
the in-plane wavevector ka (sufficiently) good quantum number; organic super-
lattices with high quality interfaces have been demonstrated [4].

The necessary condition for the hybrid states to be observable is that the exciton
linewidths must be smaller then the splitting A (k). This is the case in the present
calculations, where for kg = kmax we have A(kg) = 2T nax =~ 20 meV, while in
inorganic QWs the homogeneous linewidth at low temperatures is ~ 1 meV [15,
16]. The nonradiative linewidth of a 2D Frenkel exciton in an OQW can also
be small: in the case of a 2D-exciton in the outermost monolayer of anthracene
this linewidth at low temperatures is ~ 2 meV [17]. In principle, apart from the
resonance condition and the large difference in excitonic radii, the present model
demands no specific requisite and the rapid progress in the growth of organic
crystalline multilayers justifies some optimism about its concrete realization.

We also mention here the work [18], where the effects of the exciton—phonon
interaction in hybrid systems were studied. In this work the resonant Raman spec-
troscopy is also suggested as a tool for studying hybrid organic-inorganic QWs.

3. Nonlinear Optics of 2D Hybrid Frenkel-Wannier—Mott Excitons

3.1. THE RESONANT x® NONLINEARITY

From the results of the previous subsection we may expect that the exciton hy-
bridization should strongly modify the nonlinear optical properties of the structure
under consideration. Indeed, hybrid excitons can combine both a large oscillator
strength, which makes it easy to produce large populations, and a large radius,
which, in turn, leads to low saturation densities. In this subsection we analyze the
situation quantitatively [19], calculating the response of the interband polariza-
tion P = P¥ + PF on the external driving electric field (corresponding to a cw
experiment)

E(F.1) = Eoel T 4 e, (34)
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in the presence of a large density of excitations using the standard technique of
semiconductor Bloch equations [13,20]. Since we are considering a cw exper-
iment, the populations are stationary and may be treated as parameters in the
equation for the time-dependent interband polarization.

First, we express the operator of the electron—hole interband polarization

ﬁW(F) in terms of the electron and hole creation and annihilation operators in
the envelope function approximation, following the standard procedure [5,20]:

v

V) = S x @0 Y g i )
k.G

Here x°(z), x"(z) are electron and hole wave functions in the given IQW sub-
bands (resonant with the FE), ¢; and h 7 are annihilation operators for an electron
and hole with the in-plane wave vectorjé in the subbands under consideration, S
is the in-plane normalization area and d'¢ is the matrix element (16). We do not
take into account the spin degeneracy, considering thus the polarization produced
by electrons and holes with a given spin (thus, the final expression for the sus-
ceptibility should be multiplied by two). An analogous expression for the OQW
polarization is

-

F

d
aF\/_

8(z +20) Z e By e, (36)

where 1§,; is the annihilation operator for the Frenkel exciton, which is assumed to

be tightly bound. Besides the term of the Hamiltonian describing free Frenkel ex-

citons and free electron-hole pairs (with the single-particle energies E'r (12), Ee (12)

and ¢j,(k), respectively) the Hamiltonian we consider here includes the following.
(i) The Coulomb interaction between electrons and holes

x D (e, o el thl b hphp =280 i hpép). (37)

) (38)
goq

&0 being the static dielectric constant of the IQW.
(ii) The dipole—dipole interaction between the QWs, as follows from Eqgs. (6), (7)

Hiyo ="y Vayo(k) Bl Y " h ¢, +he., (39)
k q
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F* vc

aF«/—

which corresponds to (19) with 1/2/(7'[51%3) is replaced by 1/+/S since we use
plane waves as the basis for the semiconductor states. Of course, this interaction is
also of Coulomb nature, but since we treat the OQW and the IQW as completely
different systems and neglect all effects of electronic exchange between them,
these pieces of the Hamiltonian come separately.

(iii) The interaction with the driving electric field (34)

—(Eo- MMy e St hT L 4he., @)

Qi+q —4
q

N

Vayo (k) =

/ dzDij (k. —20.2) x° ) x"(2). (40)

I:Idr = —(go . Ale) et B\TQH

@

ar

MEhzgvc*/Xe*(Z)Xh*(Z)dZ, MFZ JF*, (42)
where we again neglect the z-dependence of the field and the wave vector depen-
dence of M¢".

Given the Hamiltonian, we can write the equations of motion for the Heisen-
berg operators. The polarization is obtained by averaging the expressions (35),
(36) over the equilibrium density matrix. The result is expressed in terms of the
polarization functions

(g :0)=PY(G),  (Bio)=Pf. (43)

Average values of the four-operator terms are factorized in the Hartree—Fock ap-
proximation and are expressed in terms of the polarization functions and the pop-
ulations defined by

(€0 éqg®)=d5n5 (L) hg ) =855 nk. (44)
Here the averages with different wave vectors correspond to the intraband polar-
ization, which is far off resonance and may be neglected. Since the electric field
excites only states with the given total in-plane wave vector Q, from now on we
set k = Q). As aresult, we obtain the equations for the polarization functions:

dPf R
ih dtk = Er(K)PE + Vo (K) Z?l — (& -MT)e i, (45)
aP¥ @ .
ih—— =P (q) + TP (4)

dt

+(1=ng ;= n )[Viso(®) P = (Eo- M) e '], 46)
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A R . R 3 oG — i
HoP];W (@) =[ee(k +q) +en(=q)]PY (3) - Z vg—a) PY ().

k S k

ﬂIPgV (@)

vG—4) . -
_|:Z — (nhq, +nhq/)j|7jgv (4)

a7

e U(& _67/) =/
+ (nhq +n}ié) Z TP];W(q )-

s

q

Here the “Hamiltonian” H describes the evolution of the polarization in an
isolated IQW in the absence of electron—hole populations and corresponds to
the Wannier equation [20]. The resonant Wannier exciton wave function in the
momentum space ®z(g) is its eigenfunction with the eigenvalue EW(I;). The

“Hamiltonian” H; describes the nonlinear many-particle corrections. It is pro-
portional to the populations ¢, n"* and we treat it perturbatively, keeping only the
first-order corrections to the eigenfunction § Py (¢) and to the eigenvalue § Ey (12).
Since populations are proportional to the intensity of the applied field |Ey|?, our
calculation describes a third-order nonlinearity.

We seek the solutions depending on time as e ~/** . The solution for PEW (q) may

be expressed in terms of the orthonormal basis of eigenfunctions of Ho + Hi.
Picking up only the resonant term, we may write

PY(G) = u (Pr(q) +8Dr(q))e ™", (47)

wl' ™' = " (02(q) +695(3)) Py (d), (48)
q

PL=ule ™. (49)

Then Egs. (45), (46) are reduced to

-

(hw—EF(%))ulg: pr(k)ukv —Jr,

k
(he — Ew (k) — 8 Ew (k) ) = By Viry (k) ul — Brdw, (50)
where we have introduced the coupling matrix element
Vew (k) +8Viw (k) = Viyo (k) D_(®7(9) +67(9)). (51)
q

the effective driving forces

Jp=& -MF,  Jyw+8Jw =§0.A‘4€h2(¢§(2})+5¢2(5)), (52)
7
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and the Pauli blocking factor which is given by

e h *( 2
Zg(l - n,—('_H; - ”,(;) CDI-('(Q)
Br= S 57 : (53)
Al
In the low-density limit and with & = 0 these equations correspond to the eigen-
value equation (2) with the coupling matrix elements given by (19) since for 1s-
exciton

- 8mwa 1 .
%)=\ 5" Gy %)=y, 6y
q

Solving the system (50), we obtain for the polarization of the structure under
consideration (per unit area):

uf MF+ .
P (7)) = /(ﬁiF(;) + BN (7)) dz = T fce

= xij (o, 12) &oj i+ | c.c., (55)

where we have retained only the term proportional to |1l7[ F12 since |Jw| < |JF|.
Finally, we obtain for the susceptibility (not forgetting the factor of 2 originating
from spin degeneracy as mentioned in the beginning of this section):

.. df*af
Xij (@, k) =2 —-

arp
Ew &)+ 8Ew (k) — hiw

X = = = = —.
(Ew (k) + 8 Ew (k) — h)(E (k) — hw) — B |VEw (k) 4+ 8VEw (k)|?

(56)
In Eq. (56) the nonlinearities appear through the blue shift § Eyw, the blocking
factor B and the modification of the hybridization § Vry due to the correction
8®; all these effects are typical of Wannier excitons [13], but here they belong
to the hybrid excitons which also have a large oscillator strength characteristic of
Frenkel excitons. When only excitons are present (i.e., under resonant excitation
at low temperature), the nonlinear corrections c