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INTRODUCTION

An algebraic number field is a finite extension of Q; an algebraic number is an
element of an algebraic number field. Algebraic number theory studies the arithmetic
of algebraic number fields — the ring of integers in the number field, the ideals in
the ring of integers, the units, the extent to which the ring of integers fails to be
have unique factorization, and so on. One important tool for this is “localization”, in
which we complete the number field relative to a metric attached to a prime ideal of
the number field. The completed field is called a local field — its arithmetic is much
simpler than that of the number field, and sometimes we can answer questions by
first solving them locally, that is, in the local fields.

An abelian extension of a field is a Galois extension of the field with abelian Galois
group. Global class field theory classifies the abelian extensions of a number field K
in terms of the arithmetic of K; local class field theory does the same for local fields.

This course is concerned with algebraic number theory. Its sequel is on class field
theory (see my notes CFT).

I now give a quick sketch of what the course will cover. The fundamental theorem of
arithmetic says that integers can be uniquely factored into products of prime powers:
an m # 0 in Z can be written in the form,

m=upy'---pr, w==xl, p; prime number, r; > 0,

and this factorization is essentially unique.

Consider more generally an integral domain A. An element a € A is said to be a
unit if it has an inverse in A; I write A* for the multiplicative group of units in A.
An element p of A is said to prime if it is neither zero nor a unit, and if

plab = pla or plb.

If A is a principal ideal domain, then every nonzero nonunit element a of A can be
written in the form,

a=py'---p*, p; prime element, r; > 0,

and the factorization is unique up to order and replacing each p; with an associate,
i.e., with its product with a unit.

Our first task will be to discover to what extent unique factorization holds, or fails
to hold, in number fields. Three problems present themselves. First, factorization in
a field only makes sense with respect to a subring, and so we must define the “ring
of integers” Ok in our number field K. Secondly, since unique factorization will in
general fail, we shall need to find a way of measuring by how much it fails. Finally,
since factorization is only considered up to units, in order to fully understand the
arithmetic of K, we need to understand the structure of the group of units Ux in Ok.
Resolving these three problems will occupy the first five sections of the course.

The ring of integers. Let K be an algebraic number field. Because K is of finite
degree over Q, every element a of K is a root of a monic polynomial

f(X)ZX”+a1X”_1+~~-—|—a0, CLZ‘EQ.



2 Introduction

If « is a root of a monic polynomial with integer coefficients, then « is called an
algebraic integer of K. We shall see that the algebraic integers form a subring O of
K.

The criterion as stated is difficult to apply. We shall see that to prove that « is
an algebraic integer, it suffices to check that its minimum polynomial (relative to Q)
has integer coefficients.

Consider for example the field K = Q[\/GT] , where d is a square-free integer. The
minimum polynomial of & = a + bV/d, b# 0, a,b € Q, is
(X — (a+bVd)(X — (a—bVd) = X? — 2aX + (a® — b*d).
Thus « is an algebraic integer if and only if
20€Z, a*—bdel.
From this it follows easily that
Ok = Z[Vd] = {m+nVd| m,neZ}ifd=23 mod 4,

and

1+Vd

2
i.e., Ok is the set of sums m’ + n/v/d with m’ and n’ either both integers or both
half-integers.

Let ¢ be a primitive d" root of 1, for example, (; = exp(27i/d), and let K = Q[(4].
Then we shall see that

O ={m+n |m,neZ}ifd=1 mod 4,

as one would hope.

Factorization. An element p of an integral domain A is said to be irreducible if it
is neither zero nor a unit, and can’t be written as a product of two nonunits. For
example, a prime element is (obviously) irreducible. A ring A is a unique factorization
domain if every nonzero nonunit element of A can be expressed as a product of
irreducible elements in essentially one way. Is Ok a unique factorization domain?
No, not in general!

In fact, we shall see that each element of Ok can be written as a product of
irreducible elements (this is true for all Noetherian rings) — it is the uniqueness that
fails.

For example, in Z[v/—5] we have
6=2-3=(1+v=5)(1—=5).

To see that 2, 3, 14++/—5, 1 —+/—5 are irreducible, and no two are associates, we use
the norm map

Nm: Q[vV-5] — Q, a-+by—5+ a®+ 5b%
For a € Ok, we have

Nm(a) =1 <= aa =1 <= «is a unit. (*)
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If 14++/=5 = af, then Nm(a) = Nm(1++/=5) = 6. Thus Nm(a) = 1,2,3, or 6. In
the first case, o is a unit, the second and third cases don’t occur, and in the fourth
case 3 is a unit. A similar argument shows that 2,3, and 1 — /=5 are irreducible.
Next note that (*) implies that associates have the same norm, and so it remains to
show that 1+ /=5 and 1 — /=5 are not associates, but

1+vV-=5=(a+bv-=5)(1 —+v-=5)
has no solution with a,b € Z.

Why does unique factorization fail in Og? The problem is that irreducible elements
in Ok need not be prime. In the above example, 1+ /=5 divides 2 - 3 but it divides
neither 2 nor 3. In fact, in an integral domain in which factorizations exist (e.g. a
Noetherian ring), factorization is unique if all irreducible elements are prime.

What can we recover? Consider
210 =6-35=10-21.
If we were naive, we might say this shows factorization is not unique in Z; instead, we

recognize that there is a unique factorization underlying these two decompositions,
namely,

210 = (2-3)(5-7) = (2-5)(3- 7).

The idea of Kummer and Dedekind was to enlarge the set of “prime numbers” so
that, for example, in Z[y/—5] there is a unique factorization,

6= (p1-p2)(ps-pa) = (pr-p3)(p2 - pa),
underlying the above factorization; here the p; are “ideal prime factors”.

How do we define “ideal factors”? Clearly, an ideal factor should be character-
ized by the algebraic integers it divides. Moreover divisibility by a should have the
following properties:

al0; ala,alb=ala+b; ala = alab for all b € O.
If in addition division by a has the property that
alab = ala or alb,

then we call a a “prime ideal factor”. Since all we know about an ideal factor is the
set of elements it divides, we may as well identify it with this set. Thus an ideal
factor is a set of elements a C Ok such that

0Oca; abeca=atbea; aca=abecaforallbe Og;
it is prime if an addition,
abEa=acaorbeca

Many of you will recognize that an ideal factor is what we now call an ideal, and a
prime ideal factor is a prime ideal.

There is an obvious notion of the product of two ideals:
Clb’C < Cc= Zaibi, a]ai, b’bz
In other words,

ab = {Z a;b; ’ a; €a, b € b}
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One see easily that this is again an ideal, and that if
a=(ay,...,an) and b = (b1, ...,b,)
then
a-b=(a1bi,a1bs, ..., ab;, ..., amby).

With these definitions, one recovers unique factorization: if a # 0, then there is an
essentially unique factorization:

(a) = pi*---p,m with each p; a prime ideal.
In the above example,
(6) = (2,1+v=5)(2,1 — V=5)(3,1 + vV—=5)(3,1 — V/=5).
In fact, I claim

(2,14 V=5)(2,1-V=5) = (2)
(3,14 V=5)(3,1-v=5) = (3)
( 5)( 5) = (
( 5)( 5)

2,1+ vV=5)(3, 1+ v= 1+ v/=5)
2,1—v/=5)(3,1—v=5) = (1—+=5).
For example, (2,1 ++/=5)(2,1 —v/—=5) = (4,2 + 2/—=5,2 — 24/—5,6). Since every
generator is divisible by 2, (2,1 + +/—5)(2,1 — v/=5) C (2). Conversely,
2=6-4¢€ (4,2+2/-5,2—2V=5,6)
and so (2,1 + +v/—=5)(2,1 —+/=5) = (2). Moreover, the four ideals (2,1 + /—5),
(2,1 —+/=b), (3,1 ++/=5), and (3,1 — /—5) are all prime. For example
Z[V=5]/(3,1 = v=5) =Z/(3),
which is an integral domain.

How far is this from what we want, namely, unique factorization of elements? In
other words, how many “ideal” elements have we had to add to our “real” elements
to get unique factorization. In a certain sense, only a finite number: we shall see
that there is a finite set of ideals ay, ..., a;, such that every ideal is of the form a; - (a)
for some ¢ and some a € Ok. Better, we shall construct a group I of “fractional”
ideals in which the principal fractional ideals (a), a € K*, form a subgroup P of finite
index. The index is called the class number hx of K. We shall see that

hxg =1 <= Ok is a principal ideal domain <= g is a unique factorization domain.

Units. Unlike Z, Ok can have an infinite number of units. For example, (1 4 /2) is
a unit of infinite order in Z[\/i] :
(1+V2)(=14+V2)=1; (1+V2)"#1form>1.
In fact Z[v2]* = {£(1 ++/2)™ | m € Z}, and so
Z[V2])* ~ {£1} x {free abelian group of rank 1}.
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In general, we shall show (unit theorem) that the roots of 1 in K form a finite group
u(K), and that

Ok ~ u(K) x Z" (as an abelian group);

moreover, we shall find 7.

Applications. 1 hope to give some applications. One motivation for the development
of algebraic number theory was the attempt to prove Fermat’s last “theorem”; i.e.,
that there are no integer solutions to the equation

X" y™m=2m

when m > 3, except for the obvious solutions.

When m = 3, this can proved by the method of “infinite descent”, i.e., from
one solution, you show that you can construct a smaller solution, which leads to a
contradiction!. The proof makes use of the factorization

YV3=28 - X3 = (Z - X)(Z2+ XZ + X?),

and it was recognized that a stumbling block to proving the theorem for larger m is
that no such factorization exists into polynomials with integer coefficients. This led
people to look at more general factorizations.

In a very famous incident, the French mathematician Lamé gave a talk at the
Paris Academy in 1847 in which he claimed to prove Fermat’s last theorem using the
following ideas. Let p > 2 be a prime, and suppose x, y, z are nonzero integers such
that

P+ yP = 2P,
Write
=2 -y =[[z-Cy), 0<i<p—1, (=e""r

He then showed how to obtain a smaller solution to the equation, and hence a contra-
diction. Liouville immediately questioned a step in Lamé’s proof in which he assumed
that, in order to show that each factor (z — ('y) is a p™* power, it suffices to show
that the factors are relatively prime in pairs and their product is a p** power. In
fact, Lamé couldn’t justify his step (Z[(] is not always a principal ideal domain), and
Fermat’s last theorem remains unproven to the present day?. However, shortly after
Lamé’s embarrassing lecture, Kummer used his results on the arithmetic of the fields
Q[¢] to prove Fermat’s last theorem for all “regular primes”.

Another application is to finding Galois groups. The splitting field of a polynomial
f(X) € Q[X] is a Galois extension of Q. In the basic graduate algebra course (see
FT), we learn how to compute the Galois group only when the degree is very small
(e.g., < 3). By using algebraic number theory one can write down an algorithm to
do it for any degree.

IThe simplest proof by infinite descent is that showing that /2 is irrational.
ZWritten in 1992.
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A brief history of numbers. PREHISTORY (?77-1600). Basic arithmetic was devel-
oped in many parts of the world thousands of years ago. For example, 3,500 years
ago the Babylonians apparently knew how to construct the solutions to

X2 4y?=22
At least they knew that
(4961)* + (6480)* = (8161)?

which could scarcely be found by trial and error. The Chinese remainder theorem was
known in China, thousands of years ago. The Greeks knew the fundamental theorem
of arithmetic, and, of course, Euclid’s algorithm.

FERMAT (1601-1665). Apart from his famous last “theorem”, he invented the

method of infinite descent. He also posed the problem of finding integer solutions to
the equation,

X2 - AY? =1, AcZ, (*)

which is essentially the problem? of finding the units in Z[v/A]. The English math-
ematicians found an algorithm for solving the problem, but neglected to show that
the algorithm always works.

EULER (1707-1783). Among many other works, he discovered the quadratic reci-
procity law.

LAGRANGE (1736-1813). He proved that the algorithm for solving (*) always leads
to a solution.

LEGENDRE (1752-1833). He proved the “Hasse principle” for quadratic forms in
three variables over Q: the quadratic form Q(X,Y, Z) has a nontrivial zero in Q if
and only if it has one in R and the congruence () = 0 mod p™ has a nontrivial solution
for all p and n.

GAuss (1777-1855). He found many proofs of the quadratic reciprocity law:

(E) (2) = (1) D=0/ g ¢ odd primes.

q p

He studied the Gaussian integers Z[i] in order to find a quartic reciprocity law. He
studied the classification of binary quadratic forms over Z which, as we shall see, is
closely related to the problem of finding the class numbers of quadratic fields.

DIRICHLET (1805-1859). He proved the following “unit theorem”: let a be a root
of a monic irreducible polynomial f(X) with integer coefficients; suppose that f(X)
has r real roots and 2s complex roots; then Z[a]* is a finitely generated group of
rank r + s — 1. He proved a famous analytic formula for the class number.

KUMMER (1810-1893). He made a deep study of the arithmetic of cyclotomic fields,
motivated by a search for higher reciprocity laws. His general result on Fermat’s last
theorem is the most important to date.

HERMITE (1822-1901).

EISENSTEIN (1823-1852).

3The Indian mathematician Bhaskara (12th century) knew general rules for finding solutions to
the equation.
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KRONECKER (1823-1891). He developed an alternative to Dedekind’s ideals. He
also had one of the most beautiful ideas in mathematics, the Kronecker liebster Ju-
gendtraum, for generating abelian extensions of number fields.

RIEMANN (1826-1866). Made the Riemann hypothesis.

DEDEKIND (1831-1916). He was the first mathematician to formally define fields
— many of the basic theorems on fields in basic graduate algebra courses were proved
by him. He also found the correct general definition of the ring of integers in a
number field, and he proved that ideals factor uniquely into products of prime ideals.
Moreover, he improved the Dirichlet unit theorem.

WEBER (1842-1913). Made important progress in class field theory and the Kro-
necker Jugendtraum.

HENSEL (1861-1941). He introduced the notion of the p-adic completion of a field.

HILBERT (1862-1943). He wrote a very influential book on algebraic number theory
in 1897, which gave the first systematic account of the theory. Some of his famous
problems were on number theory, and have also been influential.

TAKAGI (1875-1960). He made very important advances in class field theory.

HECKE (1887-1947). Introduced Hecke L-series.

ARTIN (1898-1962). He found the “Artin reciprocity law”, which is the main
theorem of class field theory.

HASSE (1898-1979). Proved the Hasse principle for all quadratic forms over number
fields.

WEIL (1906-1998). Defined the Weil group, which enabled him to give a common
generalization of Artin L-series and Hecke L-series.

CHEVALLEY (1909-77). The main statements of class field theory are purely al-
gebraic, but all the earlier proofs used analysis. Chevalley gave a purely algebraic
proof.

IwasAwA (1917- ). He introduced an important new approach into the study of
algebraic number theory which was suggested by the theory of curves over finite fields.

TATE (1925- ). With Artin, he gave a complete cohomological treatment of class
field theory. With Lubin he introduced a concrete way of generating abelian exten-
sions of local fields.

LANGLANDS (1936- ). “Langlands’s philosophy” is a vast series of conjectures that,
among other things, contains a nonabelian class field theory.

References. Books on algebraic number theory.

Artin, E., Theory of Algebraic Numbers, Gottingen notes, 1959. Elegant; good exam-
ples; but he adopts a valuation approach rather than the ideal-theoretic approach we
use in this course.

Artin, E., Algebraic Numbers and Algebraic Functions, Nelson, 1968. Covers both the
number field and function field case.

Borevich, Z. 1., and Shafarevich, 1. R., Number Theory, Academic Press, 1966.
In addition to basic algebraic number theory, it contains material on diophantine
equations.
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Cassels, J.W.S., and Frohlich, A., Eds., Algebraic Number Theory, Academic Press,
1967. The proceedings of an instructional conference. Many of the articles are excel-
lent, for example, those of Serre and Tate on class field theory.
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Cohn, P.M., Algebraic Numbers and Algebraic Functions, Chapman and Hall, 1991.
The valuation approach.

Dedekind, R., Theory of Algebraic Integers, Cambridge Univ. Press, 1996 (translation
of the 1877 French original). Develops the basic theory through the finiteness of the
class number in a way that is surprising close to modern approach in, for example,
these notes.

Edwards, H., Fermat’s Last Theorem: A Genetic Introduction to Algebraic Number
Theory, Springer, 1977. A history of algebraic number theory, concentrating on the
efforts to prove Fermat’s last theorem. Edwards is one of the most reliable writers on
the history of number theory.
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braic number theory, and it does class field theory from a highbrow analytic/algebraic
approach.

Marcus, D. Number Fields, Springer, 1977. This is a rather pleasant down-to-earth
introduction to algebraic number theory.

Narkiewicz, W. Algebraic Numbers, Springer, 1990. Encyclopedic coverage of alge-
braic number theory.

Samuel, P., Algebraic Theory of Numbers, Houghton Mifflin, 1970. A very easy treat-
ment, with lots of good examples, but doesn’t go very far.

Serre, J.-P. Corps Locauz, Hermann, 1962 (Translated as Local Fields). A classic. An
excellent account of local fields, cohomology of groups, and local class field theory.
The local class field theory is bit dated (Lubin-Tate groups weren’t known when the
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Weil, A., Basic Number Theory, Springer, 1967. Very heavy going, but you will learn
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iosyncratic — Weyl prefers Kronecker to Dedekind, e.g., see the section “Our disbelief
in ideals”.

Computational Number Theory.
Cohen, H.; A Course in Computational Number Theory, Springer, 1993.

Lenstra, H., Algorithms in Algebraic Number Theory, Bull. Amer. Math. Soc., 26,
1992, 211-244.

Pohst and Zassenhaus, Algorithmic Algebraic Number Theory, Cambridge Univ.
Press, 1989.

The two books provide algorithms for most of the constructions we make in this
course. The first assumes the reader knows number theory, whereas the second de-
velops the whole subject algorithmically. Cohen’s book is the more useful as a sup-
plement to this course, but wasn’t available when these notes were first written, and
so the references are to Pohst and Zassenhaus. While the books are concerned with
more-or-less practical algorithms for fields of small degree and small discriminant,
Lenstra’s article concentrates on finding “good” general algorithms.

Additional references

Atiyah, M.F., and MacDonald, 1.G., Introduction to Commutative Algebra, Addison-
Wesley, 1969. I use this as a reference on commutative algebra.

Washington, L., Introduction to Cyclotomic Fields, 1982. This is the best book on
cyclotomic fields.

I will sometimes refer to my other course notes:

GT: Group Theory (594)

FT: Fields and Galois Theory (594)

EC: Elliptic Curves (679).
CFT: Class Field Theory (776).
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1. PRELIMINARIES FROM COMMUTATIVE ALGEBRA

Many results that were first proved for rings of integers in number fields are true
for more general commutative rings, and it is more natural to prove them in that
context.

Basic definitions. All rings will be commutative, and have an identity element (i.e.,
an element 1 such that la = a for all a € A), and a homomorphism of rings will map
the identity element to the identity element.

A ring B together with a homomorphism of rings A — B will be referred to as an
A-algebra. We use this terminology mainly when A is a subring of B. In this case, for
elements 1, ..., Bm of B, A[f1, ..., Bm] denotes the smallest subring of B containing A
and the ;. It consists of all polynomials in the (; with coefficients in A, i.e., elements
of the form

E i1 i
Qi i P71 - T:ln, Qi i € A.

We also refer to A[(1, ..., O] as the A-subalgebra of B generated by the (3;, and when
B = A[p, ..., Bm) we say that the (; generate B as an A-algebra.

For elements aq,as, ... of A, (a1, as,...) denotes the smallest ideal containing the
a;. It consists of finite sums > c;a;, ¢; € A, and it is called the ideal generated by
ai,as,.... When a and b are ideals in A, we define

a+b={a+b|aca bec b}

It is again an ideal in A — in fact, it is the smallest ideal containing both a and b. If
a=(ay,...,ay) and b = (b1, ...,b,), then a4+ b = (ay, ..., am, b1, ..., by).

Given an ideal a in A, we can form the quotient ring A/a. Let f: A — A/a be
the homomorphism a + a + a; then b — f~1(b) defines a one-to-one correspondence
between the ideals of A/a and the ideals of A containing a, and

A/f7H(6) S (Afa)/b.

A proper ideal a of A is prime if ab € a = a or b € a. An ideal a is prime if and
only if the quotient ring A/a is an integral domain. An element p of A is said to be
prime if (p) is a prime ideal; equivalently, if p|ab = p|a or pl|b.

A proper ideal a in A is maximal if there does not exist an ideal b, a & b & A. An
ideal a is maximal if and only if A/a is a field. Every proper ideal a of A is contained
in a maximal ideal — if A is Noetherian (see below) this is obvious; otherwise the
proof requires Zorn’s lemma. In particular, every nonunit in A is contained in a
maximal ideal.

There are the implications: A is a Euclidean domain = A is a principal ideal
domain = A is a unique factorization domain (see any good graduate algebra course).

Noetherian rings.

LEMMA 1.1. The following conditions on a ring A are equivalent:

(a) Every ideal in A is finitely generated.
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(b) Ewvery ascending chain of ideals
G CaC---Ca, C---

becomes stationary, i.e., after a certain point a, = ap1q1 = - -
(c) every nonempty set S of ideals in A has a mazimal element a, i.e., there is an
ideal a in S that is not contained in any other ideal in S.

PROOF. (a)=-(b): Let a = Ua;; it is an ideal, and hence is finitely generated, say
a=(ay,...,a,). For some n, a, will contain all the a;, and so a,, = a,11 =--- = a.
(b)=(a): Consider an ideal a. If a = (0), then a is generated by the empty set, which
is finite. Otherwise there is an element a; € a, a1 # 0. If a = (a1), then a is certainly
finitely generated. If not, there is an element a; € a such that (a1) & (a1, a2).
Continuing in this way, we obtain a chain of ideals

(a1) & (a1,a2) & -+

This process must eventually stop with (aq, ... ,a,) = a.

(b)=(c): Let a; € S. If a; is not a maximal element of S, then there is an ay € S
such that a; g as. If as is not maximal, then there is an a3 etc.. From (b) we know
that this process will lead to a maximal element after only finitely many steps.

(c)=(b): Apply (c) to the set S = {as,as,...}. O

A ring A satisfying the equivalent conditions of the lemma is said to be Noetherian®

A famous theorem of Hilbert states that k[X7,..., X,] is Noetherian. In practice,
almost all the rings that arise naturally in algebraic number theory or algebraic geom-

etry are Noetherian, but not all rings are Noetherian. For example, k[ X3, ..., X,,...]
is not Noetherian: Xi,..., X, is aminimal set of generators for the ideal (X1, ... , X,,)
in k[Xq,...,X,], and Xq,...,X,,... is a minimal set of generators for the ideal

(Xl,... ,Xn,...)il’lk[Xl,... ,Xn,...]

PROPOSITION 1.2. Fvery nonzero nonunit element of a Noetherian integral do-
main can be written as a product of irreducible elements.

ProoF. We shall need to use that
(a) C (b) <= b|a, with equality <= b= a X unit.

The first assertion is obvious. For the second, note that if a = bc and b = ad then
a = bc = adc, and so dc = 1. Hence both ¢ and d are units.

Suppose the statement is false, and choose an element a € A which contradicts
the statement and is such that (a) is maximal among the ideals generated by such
elements (here we use that A is Noetherian). Since a can not be written as a product
of irreducible elements, it is not itself irreducible, and so a = bc with b and ¢ nonunits.
Clearly (b) D (a), and the ideals can’t be equal for otherwise ¢ would be a unit. From
the maximality of (a), we deduce that b can be written as a product of irreducible
elements, and similarly for ¢. Thus a is a product of irreducible elements, and we
have a contradiction. O

4After Emmy Noether (1882-1935).
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Local rings. A ring A is said to local if it has exactly one maximal ideal m. In this
case, A* = A~ m (complement of m in A).

LEMMA 1.3 (Nakayama’s lemma). Let A be a local Noetherian ring, and let a be
a proper ideal in A. Let M be a finitely generated A-module, and define

aM:{Zaimi]aiEa, m,EM}
(a) If aM = M, then M = 0.
(b) If N is a submodule of M such that N + aM = M, then N = M.

PROOF. (a) Suppose M # 0. Among the finite sets of generators for M, choose
one {my,...,my} having the fewest elements. From the hypothesis, we know that we
can write

mir = a1mMq + asMe + ...apmg Some a; € a.
Then
(1 — ag)my = aymy + aama + ... + agp_1Mp—1.

As 1—ay is not in m, it is a unit, and so {my, ..., my_1} generates M. This contradicts
our choice of {my,...,mg}, and so M = 0.

(b) We shall show that a(M/N) = M /N, and then apply the first part of the lemma
to deduce that M/N = 0. Consider m + N, m € M. From the assumption, we can
write

m=n-+>Y am; with a; € a, m; € M.
Whence

m+ N=> am;+ N => a;(m;+ N) (definition of the action of A on M/N),
and so m+ N € a(M/N). O

The hypothesis that M be finitely generated in the lemma is crucial. For example,
if A is a local integral domain with maximal ideal m # 0, then mM = M for any field
M containing A but M # 0.

Rings of fractions. Let A be an integral domain; there is a field K D A, called the
field of fractions of A, with the property that every ¢ € K can be written in the form
c=ab™' a,b € A, b#0. For example, Q is the field of fractions of Z, and k(X) is
the field of fractions of k[X].

Let A be an integral domain with field of fractions K. A subset S of A is said
to be multiplicative if 0 ¢ S, 1 € S, and S is closed under multiplication. If S is a
multiplicative subset, then we define

ST'A={a/be K|be S}
It is obviously a subring of K.

EXAMPLE 1.4. (a) Let ¢ be a nonzero element of A; then

S, L {12,
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is a multiplicative subset of A, and we (sometimes) write A, for S; ' A. For example,
if d is a nonzero integer,

Zg={a/d"€Q|a€Z,n>0}

It consists of those elements of () whose denominator divides some power of d.
(b) If p is a prime ideal, then S, = A \ p is a multiplicative set (if neither a nor b
belongs to p, then ab does not belong to p). We write A, for Sp_lA. For example,
Zpy = {m/n € Q| n is not divisible by p}.

PROPOSITION 1.5. Let A be an integral domain, and let S be a multiplicative subset
of A. The map

p—-ST'pL{a/s|aep, se S}

1s a bijection from the set of prime ideals in A such that pNS = & to the set of prime
ideals in STYA; the inverse map is q — q N A.

PROOF. It is easy to see that

p a prime ideal disjoint from S = S™'p is a prime ideal,

q a prime ideal in S™'A = g N A is a prime ideal disjoint from S,
and so we only have to show that the two maps are inverse, i.e.,
(S7'p)NA=pand SH(qgNA) =q.
(S7'p)NA = p : Clearly (S~'p)NA D p. For the reverse inclusion, let a/s € (S™1p)NA,

a

a €p,s € S. Consider the equation ¢-s =a € p. Both a/s and s are in A, and so
at least one of a/s or s is in p (because it is prime); but s ¢ p (by assumption), and
so a/s € p.

S71(qN A) = q : Clearly S7!'(qn A) C q because qN A C q and q is an ideal in
S~ A. For the reverse inclusion, let b € q. We can write it b = a/s witha € A, s € S.
Then a = s-(a/s) € qN A, and so a/s = (s- (a/s))/s € STH(qN A). O

EXAMPLE 1.6. (a) If p is a prime ideal in A, then A, is a local ring (because p
contains every prime ideal disjoint from Sy).

(b) We list the prime ideals in some rings:

Z: (2),(3),(5),(7), (11),. .., (0);

Zs: (3),(5),(7),(11),...,(0);

Zz): (2),(0);

Zyo: (5),(11),(13),...,(0);

Z/(42): (2),(3), (7).

Note that in general, for ¢ a nonzero element of an integral domain,

{prime ideals of A;} <« {prime ideals of A not containing ¢}

{prime ideals of A/(t)} <« {prime ideals of A containing ¢}.
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The Chinese remainder theorem. Recall the classical form of the theorem: let
dy, ...,d, be integers, relatively prime in pairs; then for any integers x1, ..., x,, the
equations

x =z; (mod d;)

have a simultaneous solution x € Z; if x is one solution, then the other solutions are
the integers of the form = + md, m € Z, where d =[] d;.

We want to translate this in terms of ideals. Integers m and n are relatively prime
if and only if (m,n) = Z, i.e., if and only if (m) + (n) = Z. This suggests defining
ideals a and b in a ring A to be relatively prime if a + b = A.

If my, ..., my are integers, then N(m;) = (m) where m is the least common multiple
of the m;. Thus N(m;) D ([[mi) = [[(m;). If the m; are relatively prime in pairs,
then m = [ m;, and so we have N(m;) = [[(m;). Note that in general,

G -ag---a, CarNagN...Na,.
These remarks suggest the following statement.

THEOREM 1.7. Let ay, ..., a, be ideals in a ring A, relatively prime in pairs. Then
for any elements x4, ..., x, of A, the equations

r=x; (mod a;)

have a simultaneous solution x € A; if x is one solution, then the other solutions are
the elements of the form x + a with a € Na;; moreover, Na; = [[ a;. In other words,
the natural maps give an exact sequence

0—-a—A—]]A/a; —0
i=1
with a =Na; =[] a;.

PROOF. Suppose first that n = 2. As a; + a; = A, there are elements a; € a; such
that a; +as = 1. The element x =4 a;22 + azx; has the required property.

For each 7 we can find elements a; € a; and b; € a; such that
a;+b;=1,alli> 2.
The product [];5,(a; +b;) = 1, and lies in a; + [],>, @i, and so
a; + a; = A.
i>2
We can now apply the theorem in the case n = 2 to obtain an element y; of A such
that

y1 =1 mod a;, ¥y =0 mod Hai.
i>2
These conditions imply
y1 =1 mod a;, y1 =0 mod a;, all j > 1.
Similarly, there exist elements ys, ..., y, such that
yi =1 mod a;, y; =0 mod a; for j # i.

The element z = ) x;y; now satisfies the requirements.
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It remains to prove that Na; =[] a;. We have already noted that Na; O [] a;. First
suppose that n = 2, and let a; + as = 1, as before. For ¢ € a; N a,, we have
c=aic+azce€ay-ay

which proves that a; Nas = a;as. We complete the proof by induction. This allows us
to assume that I_L22 a; = Ni>2a;. We showed above that a; and Hi22 a; are relatively

prime, and so
ap - (H a;)=a; N (H a;) = Na;.

1>2 1>2

The theorem extends to A-modules.

THEOREM 1.8. Let ay,...,a, be ideals in A, relatively prime in pairs, and let M be
an A-module. There is an exact sequence:

0—aM — M — [[M/a;M — 0

with a =[] a; = Na,.

This has an elementary proof (see Janusz 1996, p. 9), but I prefer to use tensor
products, which I now review.

Review of tensor products. Let M, N, and P be A-modules. A mapping f: M X
N — P is said to be A-bilinear if
fm+mn) = fomn)+ f(m'n); flmon+n) = f(m,n)+ f(m,n)
flam,n) = af(m,n)= f(m,an), a€ A, m,m' €M, nn €N,

i.e., if it is linear in each variable. A pair (@, f) consisting of an A-module @) and
an A-bilinear map f : M x N — (@ is called the tensor product of M and N if
any other A-bilinear map f' : M x N — P factors uniquely into f' = «a o f with
a : @ — P A-linear. The tensor product exists, and is unique (up to a unique
isomorphism). We denote it by M ®4 N, and we write (m,n) — m ® n for f.
The pair (M ®4 N, (m,n) — m ® n) is characterized by each of the following two
conditions:

(a) The map M x N — M ®4 N is A-bilinear, and any other A-bilinear map
M x N — P is of the form (m,n) — a(m®n) for a unique A-linear map a: M@ N —
P; thus

Biling (M x N, P) = Homa(M ®4 N, P).
(b) As an A-module, M ®4 N generated by the symbols m ® n, m € M, n € N,
which satisfy the relations
(m+m)en = mn+m'@n; mnm+n)=men+men
am®@n = a(m®n)=m®e an.

Tensor products commute with direct sums: there is a canonical isomorphism

(®iM;) ®4 (B N;) S i M; @4 Ny (i) ® (Sny) = Smi @ ny.
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It follows that if M and N are free A-modules® with bases (e;) and (f;) respectively,
then M ®4 N is a free A-module with basis (e; ® f;). In particular, if V' and W are
vector spaces over a field k of dimensions m and n respectively, then V ®; W is a
vector space over k of dimension mn.

Let a: M — N and 3: M" — N’ be A-linear maps. Then
(m,n) — a(m)@B(n): M x N — M @4 N’

is A-bilinear, and therefore factors through M x N — M ®4 N. Thus there is an
A-linear map a ® f: M ®4 N — M’ ®4 N’ such that

(@@ f)(m®n) = a(m) @ B(n).

REMARK 1.9. Let a: k™ — k™ and (3: k™ — k™ be two matrices, regarded as a
linear maps. Then o ® [ is a linear map £™" — Ek™". Its matrix with respect to
the canonical basis is called the Kronecker product of the two matrices. (Kronecker
products of matrices pre-date tensor products by about 70 years.)

LEMMA 1.10. Ifa: M — N and 3: M' — N’ are surjective, then so also is
a®@B: M@aN—M ®4N'.
PRrROOF. Recall that M’ ® N’ is generated as an A-module by the elements m’ ®n’,
m' € M', n’ € N'. By assumption m’ = a(m) for some m € M and n’ = (n) for

some n € N, and so m' @ n' = a(m) ® f(n) = (¢ ® B)(m @ n). Therefore Im(a ® 3)
contains a set of generators for M’ ®4 N’ and so it is equal to it. O

One can also show that if
Mr— M — M" — 0
is exact, then so also is
M @4 P—- M@uP— M @4P —0.
For example, if we tensor the exact sequence
0—-a—A—Ala—0

with M, we obtain an exact sequence

a®@aM—M— (A/a) @4 M — 0
The image of a ® M in M is

aM & D ami|a; €a, m; € M},
and so we obtain from the exact sequence that

M/aM = (AJaA) @4 M (1.11).

By way of contrast, if M — N is injective, then M ®4 P — N ®4 P need not
be injective. For example, take A = Z, and note that (Z = Z) ®z (Z/mZ) equals
Z/mZ = 7.)mZ, which is the zero map.

SLet M be an A-module. Elements ey, ... ,e,, form a basis for M if every element of M can
be expressed uniquely as a linear combination of the e;’s with coefficients in A. Then A™ — M,
(a1,...,am) — > ae;, is an isomorphism of A-modules, and M is said to be a free A-module of
rank m.
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PrROOF OF THEOREM 1.8. Return to the situation of the theorem. When we ten-
sor the isomorphism
Ala = [1A/q
with M, we get an isomorphism
M/aM = (A/a) @4 M = [](A/a;) @1 M =[] M/a; M,

as required. O

Extension of scalars. If A — B is an A-algebra and M is an A-module, then B® 4 M
has a natural structure of a B-module for which

b(b'@m)=0bb"®@m, bt eB, meM.

We say that B ® 4 M is the B-module obtained from M by extension of scalars. The
map m+— 1®m: M — B ®4 M is uniquely determined by the following universal
property: it is A-linear, and for any A-linear map a.: M — N from M into a B-module
N, there is a unique B-linear map «: B ®4 M — N such that o/(1 ® m) = a(m).
Thus « — ' defines an isomorphism

Hom (M, N) — Homp(B ®4 M, N), N a B-module).

For example, A ®4 M = M. If M is a free A-module with basis eq,... ,e,,, then
B ®4 M is a free B-module with basis 1 ® e1,... ,1® e,,.

Tensor products of algebras. 1f f: A — Band g: A — C are A-algebras, then B4 C
has a natural structure of an A-algebra: the product structure is determined by the
rule

(b @d)=0b
and the map A - B4 Cisar f(a)®1=1® g(a).
For example, there is a canonical isomorphism

a® fraf: KQk[Xy,..., X0 — K[X1,..., X (1.12).

Tensor products of fields. We are now able to compute K ® (2 if K is a finite separable
field extension of k£ and 2 is an arbitrary field extension of k. According to the
primitive element theorem (FT, 5.1), K = k[a] for some a € K. Let f(X) be the
minimum polynomial of a. By definition this means that the map ¢(X) — g(a)
determines an isomorphism

kIX1/(f(X)) — K.
Hence
K @y Q= (k[X]/(f(X))) ® Q= Q[X]/(f(X))

by (1.11) and (1.12). Because K is separable over k, f(X) has distinct roots. There-
fore f(X) factors in ©Q[X] into monic irreducible polynomials

f(X) = A(X) - fr(X)
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that are relatively prime in pairs. We can apply the Chinese Remainder Theorem to
deduce that

QX/(f(X)) = HQ[X]/(J%(X))-

Finally, Q[X]/(fi(X)) is a finite separable field extension of € of degree deg f;. Thus
we have proved the following result:

THEOREM 1.13. Let K be a finite separable field extension of k, and let ) be an
arbitrary field extension. Then K ®i <) is a product of finite separable field extensions
of ,

i=1
If a is a primitive element for K/k, then the image o; of a in §; is a primitive
element for Q;/Q, and if f(X) and fi(X) are the minimum polynomials for a and
respectively, then

fx) = [T £(X).
i=1
EXAMPLE 1.14. Let K = Q[a] with « algebraic over Q. Then

C o K = Cq (QIX]/(f(X))) = CIX]/((f(X)) = ICIX]/(X —a;) = C".
Here oy, ..., a, are the conjugates of o in C. The composite of 8 — 1® 3: K —

C ®q K with projection onto the ith factor is Y a;0f — 3 a;al.

Finally we note that it is essential to assume in (1.13) that K is separable over k.
If not, there will be an a € K such that o = a € k but a ¢ k. The ring K ®; K
contains an element = (¢ ® 1 — 1 ® a) # 0 such that

Pr=a®l—-1®a=a(l®1l)—a(l®l)=0.

Hence K ®; K contains a nonzero nilpotent element, and so can’t be a product of
fields.
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2. RINGS OF INTEGERS

Let A be an integral domain, and let L be a field containing A. An element « of L
is said to be integral over A if it is a root of a monic polynomial with coefficients in
A, i.e., if it satisfies an equation

A"+ a4+ . +a, =0, a; €A

Before proving that the elements of L integral over A form a ring, we need to review
symmetric polynomials.

Symmetric polynomials. A polynomial P(Xy,...,X,) € A[Xq,...,X,] is said to
be symmetric if it is unchanged when its variables are permuted, i.e., if

P(Xoays - s Xomy) = P(X41,...,X;), all o€ Sym,.
For example

Sl:ZXi: SQZZXin: ey STZXl"'Xr,

i<j

are all symmetric. These particular polynomials are called the elementary symmetric
polynomials.

THEOREM 2.1. (Symmetric function theorem) Let A be a ring. Every symmetric
polynomial P(Xy, ..., X,) in A[X1,...,X,] is equal to a polynomial in the symmetric
elementary polynomials with coefficients in A, i.e., P € A[S, ..., S;].

ProOOF. We define an ordering on the monomials in the X; by requiring that

XX X o> XX X
if either
Wttt Fi,,>0+750+ 4+
or equality holds and, for some s,
i1 =J1, .-, bs=]Js, DUl isi1 > jey1.

Let Xfl --- X* be the highest monomial occurring in P with a coefficient ¢ # 0.
Because P is symmetric, it contains all monomials obtained from Xfl <o XF by
permuting the X'’s. Hence ky > ko > --- > k.

Clearly, the highest monomial in S; is X;---X;, and it follows easily that the
highest monomial in S¢* - .. % is

X{i1+d2+m+dTng+m+dT . Xdr'
Therefore
P(Xy,...,X,) —cSiheghehs .. gk < P(Xy, ..., X,).

We can repeat this argument with the polynomial on the left, and after a finite number
of steps, we will arrive at a representation of P as a polynomial in Sy, ... ,.S,. O
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Let f(X) = X"+ a1 X" ' +--- +a, € A[X], and let a1, ... ,a, be the roots of
f(X) in some ring containing A, so that f(X) = [[(X — a;) in some larger ring.
Then

alz—Sl(Oél,... ,Oén), CLQZSQ(Oél,... ,Ozn), ey an::l:Sn(Oél,... ,Ozn).

Thus the elementary symmetric polynomials in the roots of f(X) lie in A, and so the
theorem implies that every symmetric polynomial in the roots of f(X) lies in A.

Integral elements.

THEOREM 2.2. The set of elements of L integral over A forms a ring.

PRrROOF. I shall give two proofs, first an old-fashioned proof, and later the slick
modern proof. Suppose a and [ are integral over A; I'll prove only that o + [ is
integral over A since the same proof works for o — 3 and a3. Let 2 be an algebraically
closed field containing L.

We are given that « is a root of a polynomial f(X) = X™ + a1 X™ ' + -+ + ap,
a; € A. Write

FX) =]](X - ), s €.

Similarly, 3 is a root of polynomial g(X) = X" + b X" ' + .- +b,, b; € A, and we
write

FX) =T[(x = 8), e

Let v1, 72, -.-; Ymn be the family of numbers of the form «o; + §; (or a; — 35, or o, ().
I claim that h(X) =4 [[(X — ;) has coeflicients in A. This will prove that a + 3 is
integral over A because h is monic and h(a + ) = 0.

The coefficients of h are symmetric in the o; and ;. Let P(aq, ..., um, b1, ..., Bn) be
one of these coefficients, and regard it as a polynomial Q(/f1, ..., 3,) in the 3’s with
coefficients in Afay, ..., ay,); then its coefficients are symmetric in the a4, and so lie in
A. Thus P(a, ..., Qm, B1, ..., Br) is a symmetric polynomial in the 5’s with coefficients
in A — it therefore lies in A, as claimed. 0

DEFINITION 2.3. The ring of elements of L integral over A is called the integral
closure of A in L. The integral closure of Z in an algebraic number field L is called
the ring of integers O in L.

Next we want to see that L is the field of fractions of Op; in fact we can prove

more.

PROPOSITION 2.4. Let K be the field of fractions of A, and let L be a field con-
taining K. If a € L is algebraic over K, then there exists a d € A such that doa is
integral over A.

PROOF. By assumption, « satisfies an equation

A" +a ™+ +a,=0a € K.
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Let d be a common denominator for the a;, so that da; € A for all i, and multiply
through the equation by d™ :
d"a™ + apd™ o™ 4 L+ ad™ = 0.
We can rewrite this as
(da)™ + ayd(da)™ ' + -+ + apd™ = 0.
As aid, ... , a,d™ € A, this shows that da is integral over A. O

COROLLARY 2.5. Let A be an integral domain with field of fractions K, and let L

be an algebraic extension of K. If B is the integral closure of A in L, then L is the
field of fractions of B.

PROOF. The proposition shows that every a € L can be written o« = (3/d with
e B,deA. O

DEFINITION 2.6. A ring A is integrally closed if it is its own integral closure in its
field of fractions K, i.e., if

a € K, «integral over A = o € A.

PROPOSITION 2.7. A unique factorization domain (e.g. a principal ideal domain)
18 integrally closed.

PROOF. Suppose a/b, a,b € A, is an element of the field of fractions of A that is
integral over A. If b is a unit, then a/b € A. Otherwise we may suppose that there
is an irreducible element p of A dividing b but not a. As a/b is integral over A, it
satisfies an equation

(a/b)" +ai(a/b)" '+ -4 a, =0, a; € A.
On multiplying through by 0", we obtain the equation
a4+ a1a” b+ ...+ a,b" = 0.

The element p then divides every term on the left except a”, and hence must divide
a™. Since it doesn’t divide a, this is a contradiction. O

Hence it is easy to get examples where unique factorization fails — take any ring
which is not integrally closed, for example, Z[/5].

ExAMPLE 2.8. (a) The rings Z and Z[i] are integrally closed — both are principal
ideal domains.

(b) Let k& be a field. I claim that the integral closure of k[Si,...,Sy) in
k(Xy,...,Xn) is k[Xq,...,X,] (here the S; are the elementary symmetric poly-
nomials).

Let f € k(Xy,...,X,,) be integral over k[S1,...,Sy,]. Then f is integral over
k[X1,...,X,], which is a unique factorization domain, and hence is integrally closed
in its field of fractions. Thus f € k[X1,..., X,

Conversely, let f € k[X1,...,X,,]. Then f is a root of the monic polynomial
H (T - f(Xa(l)a s 7X(7(m)))'

oESymy,
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The coefficients of this polynomial are symmetric polynomials in the X;, and therefore
(see 2.1) lie in k[Sy,..., S,

PROPOSITION 2.9. Let K be the field of fractions of A, and let L be an extension
of K of finite degree. Assume A is integrally closed. An element o of L is integral
over A if and only if its minimum polynomial over K has coefficients in A.

PROOF. Assume « is integral over A, so that

™+ a0+ . 4a,=0, somea;€ A.
Let o/ be a conjugate of a, i.e., a root of the minimum polynomial of a over K. Then
there is an K-isomorphism
o: Kla] = K[d], o(a)=2d;
see® FT. On applying o to the above equation we obtain the equation
™+ a ™+ +a, =0,

which shows that o/ is integral over A. Hence all the conjugates of « are integral over
A, and it follows from (2.2) that the coefficients of f(X) are integral over A. They
lie in K, and A is integrally closed, and so they lie in A. This proves the “only if”
part of the statement, and the “if” part is obvious. O

REMARK 2.10. As we noted in the introduction, this makes it easy to compute
some rings of integers. For example, an element o € Q[v/d] is integral over Z if and
only if its trace and norm both lie in Z.

PROPOSITION 2.11. Let L be a field containing A. An element o of L is integral
over A if and only if there is a nonzero finitely generated A-submodule of L such that
aM C M (in fact, we can take M = Alal, the A-subalgebra generated by o).

PROOF. =: Suppose

a"+a "+ .. +a,=0, a €A.

Then the A-submodule M of L generated by 1, o, ..., " ! has the property that
aM C M.

<=: We shall need to apply Cramer’s rule. As usually stated (in linear algebra
courses) this says that, if

m
E Cz‘jl'j:di, izl,...,m,
J=1

then
x; = det(C})/ det(C)
where C' = (¢;;) and C} is obtained from C by replacing the elements of the 5™ column
with the d;s. When one restates the equation as
det(C) - z; = det(C})
" SIf £(X) is the minimum polynomial of a, hence also of a/, over K, then the map h(X)

h(a): K[X] — Kla] induces an isomorphism 7: K[X]/(f(X)) — K[a]. Similarly, h(X) —
h(a'): K[X] — K|o'] induces an isomorphism 7/: K[X]/(f(X)) — K[o/], and we set 0 = 7/ o771,
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it becomes true over any ring (whether or not det(C') is invertible). The proof is
elementary—essentially it is what you wind up with when you eliminate the other
variables (try it for m = 2). Alternatively, expand out

C11 _chjxj ... Cim
det C; = e

Crml oo — 2. Cmi%j .. Cmm
using standard properties of determinants.

Now let M be a nonzero A-module in L such that aM C M, and let vq,... , v, be
a finite set of generators for M. Then, for each 1,

av; = Yy a;;vj, some a;; € A.

We can rewrite this system of equations as

(v —ai1)vy — ajpug — aggvz — -+ = 0
—a1v1 + (@ — ag)vy — aggvy — -+ = 0
= 0.

Let C be the matrix of coefficients on the left-hand side. Then Cramer’s rule tells
us that det(C') - v; = 0 for all i. Since at least one v; is nonzero and we are working
inside the field L, this implies that det(C') = 0. On expanding out the determinant,
we obtain an equation

"+t ea" 4+ 46, =0, ¢ € A.
O
We now give a second proof that if A is a subring of a field L and B is the set of
elements of L that are integral over A, then B is a ring. Let o and § be two elements

of L integral over A, and let M and N be finitely generated A-modules in L such
that aM C M and SN C N. Define

Then:

(a) MN is an A-submodule of L (easy);

(b) it is finitely generated — if {e1,... , e, } generates M and { f1,... , f.} generates
N, then {e1f1,...,eif;,... ,emfn} generates MN;

(c) it is stable under multiplication by af and by a + (.

We can now apply (2.11) to deduce that af and « & [ are integral over A.

PROPOSITION 2.12. If B is integral over A and finitely generated as an A-algebra,
then it is finitely generated as an A-module.

PROOF. First consider the case that B is generated as an A-algebra by a single
element, say B = A[f]. By assumption

"+ a "+ +a, =0, some a; € A.
Every element of B is a finite sum

Co+C1B+6252+“'+CNBN,
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and we can exploit the preceding equality to replace 5™ (successively) with a linear
combination of lower powers of 3. Thus every element of B is of the form

Co + Clﬁ + 02/32 + -+ Cn_lﬁn_l,

ie., 1,8,0% ..., ! generate B as an A-module. In order to pass to the general
case, we need a lemma. O

LEMMA 2.13. Let A C B C C be rings. If B is finitely generated as an A-module,
and C' is finitely generated as a B-module, then C' is finitely generated as an A-module.

Proor. If {f, ..., Bm} is a set of generators for B as an A-module, and {71, ..., 7}
is a set of generators for C' as a B-module, then {3;v,} is a set of generators for C' as
an A-module. d

We now complete the proof of (2.12). Let f1,..., B, generate B as an A-algebra,
and consider

ACA[B] CA[Br,B] C - CA[B, ... Bu] = B.

We saw above that A[(] is finitely generated as an A-module. Since A[fy, 2] =
A[B1][B2), and B, is integral over A[3;] (because it is over A), the same observation
shows that A[(1, (2] is finitely generated as a A[f3;]-module. Now the lemma shows
that A[(1, 32] is finitely generated as an A-module. Continuing in this fashion, we
find that B is finitely generated as an A-module.

PROPOSITION 2.14. Consider integral domains A C B C C; if B is integral over
A, and C' is integral over B, then C' is integral over A.

PrOOF. Let v € C; it satisfies an equation
by o+ b, =0, b €B.

Let B" = Alby,...,b,). Then B’ is finitely generated as an A-module (by the last
proposition), and + is integral over B’ (by our choice of the b;), and so B’[7] is finitely
generated as an A-module. Since yB'[y] C B’[v], Proposition 2.11 shows that v is
integral over A. O

COROLLARY 2.15. The integral closure of A in an algebraic extension L of its field
of fractions is integrally closed.

PROOF. Let B be the integral closure of A in L. We know from (2.5) that L is the
field of fractions of B. If v € L is integral over B, then the proposition shows that it
is integral over A, and so lies in B. U

REMARK 2.16. In particular, the ring of integers in a number field is integrally
closed. Clearly we want this, since we want our ring of integers to have the best
chance of being a unique factorization domain (see 2.7).

EXAMPLE 2.17. Let k be a finite field, and let K be a finite extension of k(X).
Let Ok be the integral closure of k[X] in K. The arithmetic of O is very similar to
that of the ring of integers in a number field.
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Review of bases of A-modules. Let M be an A-module. Recall that a set of
elements ey, ..., e, is a basis for M if

(a) > ae; =0, a, € A= all a; =0, and
(b) every element x of M can be expressed in the form x =Y a,e;, a; € A.

Let {e1,...,e,} be a basis for M, and let {fi, ..., fn} be a second set of n elements
in M. Then we can write f; = Y a;;ej, a;; € A, and f; is also a basis if and only if the
matrix (a;;) is invertible in the ring M, (A) of n x n matrices with coefficients in A
(this is obvious). Moreover (a;;) is invertible in M, (A) if and only if its determinant
is a unit in A, and in this case, the inverse is given by the usual formula:

(aij)_l = adj(aij) . det(aij)_l.

In the case that A = Z, the index of N =4 Zf1 + Zfo + --- + Zf, in M is | det(a;;)|
(assuming this is nonzero). To prove this, recall from basic graduate algebra that
we can choose bases {e,} for M and {f/} for N such that f/ = msel, m; € Z. If
(el) = U-(es) and (f) = V-(;), then (f:) = V"1DU(e;) where D = diag(mi, ... ,my),
and

det(V™'DU) = det(V ") - det(D) - det(U) = & [ [ mi = (M : N).

Review of norms and traces. Let A C B be rings, and assume that B is a free
A-module of rank n. Then any § € B defines an A-linear map

x+— fr:B— B,

and the trace and determinant of this map are well-defined. We call them the trace
Trp 4 f and norm Nmp,4 3 of 3 in the extension B/A. Thus if {ei, ..., e,} is a basis
for B over A, and fe; = ) ajje;, then Trp/a(8) = > ai and Nmp, a(8) = det(ai;).
When B D A is a finite field extension, this agrees with the usual definition. The
following hold:

(3 + §) = Te(8) + Te(3); Tr(aB) = aTr(8); Tr(a) =na (a€ A)
Nm(3#) = Nm()-Nm(8); Nm(a) =a" (a € A).

PROPOSITION 2.18. Let L/K be an extension of fields of degree n, and let € L.
Let f(X) be the minimum polynomial of B over K and let py = 3, Ba, ... , Bm be the
roots of f(X). Then

Trpye B=rBi+- - +0Bm), NmpxfB= (01 - Bn)
where r = [L : K[f]] = n/m.

PROOF. Suppose first that L = K|[f], and compute the matrix of x — [z relative
to the basis {1,0,...,3" !}—one sees easily that it has trace > 3; and determi-
nant [[ 5;. For the general case, use the transitivity of norms and traces (see FT,
Proposition 5.37). O

COROLLARY 2.19. Assume L is separable of degree n over K, and let {01, ...,0,}

be the set of distinct K-homomorphisms L — € where ) is some big Galois extension
of K (e.g., the Galois closure of L over K). Then

TrL/K/B:O'I/B+~~~—|—O'n/B’ NmL/K/B:al/B"'Un/B.
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PRroOOF. Each f3; occurs exactly r times in the family {o;5}—see F'T §5.9. O

COROLLARY 2.20. Let A be an integrally closed integral domain, and let L be a
finite extension of the field of fractions K of A; if B € L is integral over A, then
Trr/x B and Nmp i 3 are in A.

Proor. We know that if 3 is integral, then so also is each of its conjugates. Al-
ternatively, apply 2.9. O

Review of bilinear forms. Let V' be a finite-dimensional vector space over a field
K. A bilinear form on V is a map

V:VxV—-K

such that x — 9(z,v) and = — (v, x) are both linear maps V' — K for all v € V.
The discriminant of a symmetric bilinear form relative to a basis {e1, ..., e} of V is
det( (e, e5)). If {f1,..., fm} is a set of elements of V', and f; = > aj;e;, then

(fe 1) = Clares, aije;) =Y ari - dlei, e5) - ay,

and so

(U (frs £1)) = (ani) - (V(es €5)) - (au)™

(equality of m x m matrices). Hence
det(iﬂ(fi, fj)) = det(aij)Q . det(w(ei, €j)) (221)

The form 1 is said to be nondegenerate if it satisfies each of the following equivalent
conditions:

(a) 1 has a nonzero discriminant relative to one (hence every) basis of V;
(b) the left kernel {v € V | ¢(v,z) =0 for all x € V'} is zero;
(c) the right kernel of v is zero.

Thus if ¢ is nondegenerate, the map v +— (z +— (v, z)) from V onto the dual vector

space V'V 4 Hom(V, K) is an isomorphism. Let {ey, ..., e} be a basis for V, and let

fis ey fm be the dual basis in VY, i.e., fi(e;) = d;; (Kronecker delta). We can use the
isomorphism V' — V'V given by a nondegenerate form 1 to transfer {fi,..., fn} to a
basis {e], ..., e/} of V; it has the property that

Y(e}, e5) = dij.

For example, suppose {e1, ..., €5, } is a basis such that (¢(e;, e;)) is a diagonal matrix
— the Gram-Schmidt process always allows us to find such a basis — then e, =

ei/ (€ €).
Discriminants. If L is a finite extension of K (L and K fields), then
(a,8) — Trp/k(aB): Lx L — K

is a symmetric bilinear form on L (regarded as a vector space over K), and the
discriminant of this form (relative to any basis for L as a K-vector space) is called
the discriminant of L/ K.
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More generally, let B D A be rings, and assume B is free of rank m as an A-module.
Let (1, ..., B be elements of B. We define their discriminant to be

D(B1, ... Bm) = det(Trp a(8i5;))-
LEMMA 2.22. [f"yj = Zaﬁﬂi, aij € A, then

Do i) = det(asy)? - D(Br, o o).
PROOF. See the proof of (2.21). O

If the #’s and +’s both form a basis for B over A, then det(a;;) is a unit (see p.
26). Thus the discriminant D(f1, ..., By) of a basis {1, ..., B} of B is well-defined
up to multiplication by the square of a unit in A. In particular, the ideal in A that it
generates is independent of the choice of the basis. This ideal, or D(f4, ..., Bn) itself
regarded as an element of A/A*? is called the discriminant disc(B/A) of B over A.

For example, when we have a finite extension of fields L/ K, disc(L/K) is an element
of K, well-defined up to multiplication by a nonzero square in K.

When A = Z, disc(B/A) is a well-defined integer, because 1 is the only square of a
unit in Z.

Warning: We shall see shortly that, when K is a number field of degree m over
Q, the ring of integers Ok in K is free of rank m over Z, and so disc(Ok/Z) is a
well-defined integer. Sometimes this is loosely referred to as the discriminant of K/Q
— strictly speaking, disc(/K/Q) is the element of Q*/Q*? represented by the integer
disc(Ok/Z).

PROPOSITION 2.23. Let A C B be integral domains and assume that B is a free
A-module of rank m and that disc(B/A) # 0. Elements y1, ..., Vm form a basis for B
as an A-module if and only if

(D(Y1, -y Ym)) = (disc(B/A)) (as ideals in A).

PRrooOF. Let {f,...,0m} be a basis for B as an A-module, and let 71, ..., 7, be
any elements of B. Write v; = Y. a;;3;, aj; € A. Then D(vi,...,vm) = det(a;;)?* -
D(f4, ..., Bm) and as we noted in the subsection “Review of bases of A-modules”,
{71,-..,7m} is a basis if and only if det(a;;) is a unit. O

REMARK 2.24. Take A = Z in (2.23). Elements 1,72, ... , m generate a submod-
ule N of finite index in B if and only if D(v,...,9m) # 0, in which case

D(m,. .. ,Ym) = (B: N)?-disc(B/7Z).

To prove this, choose a basis (1, ... , B, for B as a Z-module, and write v; = > a;;5;.
Then both sides equal det(a;;)? - D(B1, ..., Bm)-

PROPOSITION 2.25. Let L be a finite separable extension of the field K of degree
m, and let o1, ...,0,, be the distinct K-homomorphisms of L into some large Galois
extension 0 of L. Then, for any basis 1, ..., By of L over K,

D(ﬁl, ,Bm) = det(azﬂj)Q 7é 0.



28 2. Rings of Integers

PRrOOF. By direct calculation, we have

D(ﬁl: L) 7ﬂm> - det(Tr(Bzﬁj»
= det(, ox(4:5))) (by 2.19)
= det(}, 0k (8:) - ok(5;)
— det(02(6,)) - det(au(53,))
= det(ak(ﬁz)ﬂ

Suppose that det(o;3;) = 0. Then there exist ¢y, ..., ¢, € € such that
ZCZ‘O'Z‘(BJ‘) =0 all j

By linearity, it follows that ) c;o;(3) = 0 for all 3 € L, but this contradicts the
following result. (Apply it with G = L*.) O

LEMMA 2.26 (Dedekind’s Lemma). Let G be a group and Q a field, and let
01, ...,0m be distinct homomorphisms G — Q*; then oy,...,0, are linearly indepen-
dent over 2, i.e., there do not exist ¢; € Q such that x — ), cioi(x): G — ) is the
zero map.

PROOF. See FT, Theorem 5.13 (the proof is easy and elementary). O

COROLLARY 2.27. Let K be the field of fractions of A, and let L be a finite sepa-
rable extension of K of degree m. If the integral closure B of A in L is free of rank
m over A, then disc(B/A) # 0.

Proor. If {1, ..., B} is a basis for B as an A-module, then it follows easily from

(2.4) that it is also a basis for L as a K-vector space. Hence disc(B/A) represents
disc(L/K). O

REMARK 2.28. (a) The proposition shows that the K-bilinear pairing
(3,8 —Te(B-0): LxL—K

is nondegenerate (its discriminant is disc(L/K)).

(b) The assumption that L/K is separable is essential; in fact, if L/K is not
separable, then disc(L/K) = 0 (see exercises).

Rings of integers are finitely generated. We now show that Oy is finitely gen-
erated as a Z-module.

PROPOSITION 2.29. Let A be an integrally closed integral domain with field of
fractions K, and let B the integral closure of A in a separable extension L of K of
degree m. Then B is contained in a free A-module of rank m. If A is a principal
ideal domain, then B is itself a free A-module of rank m.

Proor. Let {0, ...,0m} be a basis for L over K. According to (2.4), there is a
d € A such that d - 8; € B for all i. Clearly {d- (31,...,d- By} is still a basis for L
as a vector space over K, and so we can assume that each 3; € B. Because the trace

"This implies that B is finitely generated as an A-module — see 3.31 below.
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pairing is nondegenerate, there is a “dual” basis {f1, ..., 5.} of L over K such that
Tr(8i - ;) = di; (see the discussion following (2.21)). We shall show that

APy +ABy+ -+ ABn C B C AB + ABy+ -+ -+ AB!. (2.29.1)

Only the second inclusion requires proof. Let € B. Then (3 can be written uniquely
as a linear combination 3 = ijﬂ} of the 3; with coefficients b; € K, and we have
to show that each b; € A. As 3, and 3 are in B, so also is - 3;, and so Tr(5- ;) € A
(see 2.20). But

Te(B - 5;) = TT(Z baﬂ} - Bi) = ij Tr(ﬁ} - Bi) = ij - 05 = by.

Hence b; € A.

If A is a principal ideal domain, then B is free of rank < m as an A-module because
it is contained in a free A-module of rank m (see any basic graduate algebra course),
and it has rank > m because it contains a free A-module of rank m. O

COROLLARY 2.30. The ring of integers in a number field L is the largest subring
that is finitely generated as a Z-module.

PrOOF. We have just seen that Oy is a finitely generated Z-module. Let B be
another subring of L that is finitely generated as a Z-module; then every element of
B is integral over Z (by 2.11), and so B C Op. O

REMARK 2.31. (a) The hypothesis that L/K be separable is necessary to con-
clude that B is a finitely generated A-module (we used that the trace pairing was
nondegenerate). However it is still true that the integral closure of k[X] in any finite
extension of k(X) (not necessarily separable) is a finitely generated k[X]-module.

(b) The hypothesis that A be a principal ideal domain is necessary to conclude
from (2.29.1) that B is a free A-module — there do exist examples of number fields
L/K such that Oy is not a free Og-module.

(c) Here is an example of a finitely generated module that is not free. Let A =
Z[+/—5], and consider the A-modules

(2) C (2,1 ++/=5) C Z[v/-5].

Both (2) and Z[v/—5] are free Z[v/—5|-modules of rank 1, but (2, 141/—5) is not a free
Z[v/—5]-module of rank 1, because it is not a principal ideal (see the Introduction).
In fact, it is not a free module of any rank.

When K is a number field, a basis aq, ..., a,, for Ok as a Z-module is called an
integral basis for K.

REMARK 2.32. We retain the notations of the proposition and its proof.
(a) Let C' =) AB; C B, with (3; a basis for L over K. Define

C*={peL|Te(By) € Aforall yeC}.
By linearity,
el < Tr(pB) e Afori=1,...,m,
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and it follows that

Cr =Y Ap.

C=) ABiCcBCY AB=C"

(b) Write L = Q[f] with § € B, and let f(X) be the minimum polynomial of .
Let C =Z[8] =Z1+Z3 + --- + ZB™ . We want to find C*.

One can show (see Frohlich and Taylor 1991, p. 128) that

Te(8/£/(8)) = 0 0 < i < m—2, and Te(8""/f'(8)) = 1
(these formulas go back to Euler). It follows from this that
det(Te (8" - 3/ f'(8)) = (=1)"

(the only term contributing to the determinant is the product of the elements on the

other diagonal). If 37, ..., 3], is the dual basis to 1, 3,..., ™", so that Tr(8"- §}) =
(SZ‘]‘, then

Thus we have:

det(Tr(8" - 5;)) = 1.
On comparing these formulas, one sees that the matrix relating the family

{1/11(8),...., 3™/ f(B)} to the basis f,...,3,, has determinant +1, and so it
is invertible in M, (A). Thus we see that C* is a free A-module with basis

{1/£(8),....8m 1/ f(B)}:
C=AlglcBCf(B) " AB=C"

Finding the ring of integers. We now assume K to be a field of characteristic
Zero.

PROPOSITION 2.33. Let L = K] some 3, and let f(X) be the minimum polyno-
mial of B over K. Suppose that f(X) factors into [[(X — 0;) over the Galois closure
of L. Then

D(LBaBQ:"' 7Bm_1) = H (/B’L_/Bj>2 = (_1)m(m_1)/2NmL/K(f/(ﬁ))

1<i<j<m
Proor. We have
D(1,8,5%,...,8m7 ") =det(oi(0))? (2.25)
= det(57)?
= ([T;;(Bi = 87))° (Vandermonde)

(=)™ =02 T (B — )
(=1)mtm=b2 T, F(8))
(=1)"m=D/2 Nm(f(8))-

O

The number in (2.33) is called the discriminant of f(X). It can also be defined as
the resultant of f(X) and f/(X). The discriminant of f liesin K, and it is zero if and
only if f has a repeated root. It is a symmetric polynomial in the (§; with coefficients
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in A, and so (by 2.1) it can be expressed in terms of the coefficients of f(X), but the
formulas are quite complicated.

EXAMPLE 2.34. We compute the discriminant of
f(X)=X"+aX+0b, abeK,

assumed to be irreducible and separable. Let § be a root of f(X), and let v = f/(5) =
nB" ! + a. We compute Nm(~). On multiplying the equation

B"+aB+b=0
by n3~! and rearranging, we obtain the equation
nf"t = —na — nb3".
Hence
y=n8""14+a=—(n—1)a—nbsg".
Solving for [ gives
—nb
ST

from which it is clear that K[3] = K[v], and so the minimum polynomial of v over
K has degree n also. If we write
—nb

f(m) = P(X)/Q(X),

then P(v)/Q(v) = f(8) = 0 and so P(vy) = 0. Since
PX)=(X+(n—-1)a)" —na(X + (n — 1)@)”_1 + (_1)nnnbn—1

is monic of degree n, it must be the minimum polynomial of v. Therefore Nm(y) is
(—1)™ times the constant term of this polynomial, and so we find that

Nm(y) = 2" 4 (=1)""Hn — 1)"ta™
Finally we obtain the formula:
disc(X™ 4+ aX +b) = (=1)""= V2 (prpr=t 4 (—1)" L (n — 1) La™)

For example:

disc(X? + aX +b) = —4b + a?,
disc(X3 4+ aX +b) = —270? — 4a3,
disc(X* + aX +b) = 2560° — 27a*,
disc(X® + aX +b) = 5°b* + 4%a5.

For any polynomials more complicated than the above, use Maple (or Mathemat-
ica). For example, after starting Maple, type:

discrim(X~"3 + a*xX"2 + b*X + c, X);
Don’t forget the semicolon at the end! The program displays:

—27¢% + 18cab + a?b? — 4ac — 4b3.
Since it is awkward to write a polynomial in the notation Maple understands, in

future I'll use normal notation and leave you to insert asterisks and hats. To compute
discriminants with Mathematica, you compute the resultant of f(X) and f'(X).
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The general strategy for finding the ring of integers of K is to write K = Q[q]
with a an integer in K, and compute D(1,c,...,a™™1). It is an integer, and if it is
square-free, then {1, v, ..., @™~} is automatically an integral basis, because (see 2.24)

D(1,q,...,a™ ") = disc(Ok/Z) - (O : Z[a])>.

If it is not square-free, {1, v, ..., @™~} may still be a basis, and sometimes one can tell
this by using Stickelberger’s theorem (see 2.39 below) or by looking at how primes
ramify (see later). If {1,a,...,a™ '} is not an integral basis, one has to look for
algebraic integers not in > Z - o' (we describe an algorithm below).

EXAMPLE 2.35. Let a be a root of the polynomial X* — X — 1. Check that
X3 — X — 1 is irreducible® in Q[X] (if it factored, it would have a root in Q, which

would be an integer dividing 1). We have
D(1,a,0?) = disc(f(X)) = —23,

which contains no square factor, and so Z[a] is the ring of integers in Q[a] — {1, o, a?}
is an integral basis for Q[a].

EXAMPLE 2.36. Let a be a root of the polynomial X3+ X +1. Then D(1,a, a?) =
disc(f(X)) = —31, which contains no square factor, and so again {1,a,a?} is an
integral basis for Q[a].

EXAMPLE 2.37. This example goes back to Dedekind. Let K = Q|a], where « is
a root of

f(X) =X+ X*-2X +38.

Maple computes disc(f(X)) = —4 - 503, but Dedekind showed that Ok # Z[f3], and
so disc(O/Z) = —503. In fact Dedekind showed that there is no integral basis of the
form 1, 8, 3% (Weiss 1963, p. 170; for another example of this type, see Problems 2,
no. 2.)

EXAMPLE 2.38. Consider the field Q[a] where « is a root of f(X) = X° — X — 1.
This polynomial is irreducible, because it is irreducible in F3[X]. The discriminant
of f(X) is 2869 = 19 - 151, and so the ring of integers is Z[a].

PROPOSITION 2.39. Let K be an algebraic number field.
(a) The sign of disc(K/Q) is (—1)*, where 2s is the number of homomorphisms

K — C whose image is not contained in R.
(b) (Stickelberger’s theorem) disc(Ok/Z) = 0 or 1 mod 4.

PRrROOF. (a) Let K = Q[a], and let a3 = a, ag, ..., a, be the real conjugates of «
and Qy1, Qpyq..., Qpris, Qi the complex conjugates. One sees easily that

sign(disc(1, ..., ™ 1)) = sign( H (Qrris — Qrpis))?

1<i<s
(the other terms are either squares of real numbers or occur in conjugate pairs), and
this equals (—1)°.
(b) Recall that disc(Of/Z) = det(o;a;)?, where a,...,q., is an integral basis.
Let P be the sum of the terms in the expansion of det(o;a;) corresponding to even

8In fact, this is the monic irreducible cubic polynomial in Z[X] with the smallest discriminant.
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permutations, and —N the sum of the terms corresponding to odd permutations.
Then

disc(O/Z) = (P — N)* = (P + N)* — 4PN.
If 7 is an element of the Galois group of the Galois closure of K over QQ, then either
7P =Pand TN = N,or 7P = N and 7N = P. In either case, 7 fixes P + N and

PN, and so they are rational numbers. As they are integral over Z, they must in fact
be integers, from which it follows that

disc(Ox/Z) = (P+ N)*>=0o0r 1 mod 4.
U

EXAMPLE 2.40. Consider the field Q[\/m], where m is a square-free integer.

Case m = 2,3 mod 4. Here D(1,/m) = disc(X?—m) = 4m, and so Stickelberger’s
theorem shows that disc(Og/Z) = 4m, and hence {1,/m} is an integral basis.

Case m = 1 mod 4. First verify that (1 + y/m)/2 is integral. Then D(1,(1 +
vm)/2) = m, and so {1, (1 4+ y/m)/2} is an integral basis.

REMARK 2.41. Let K and K’ be number fields. If K and K’ are isomorphic, then
(K : Q] = [K': Q)] and disc(Ok/Z) = disc(Ok/Z), but the converse is not true. For
example, there are four nonisomorphic cubic number fields with discriminant —4027
(4027 is prime) (see later for two of them).

The curious may wonder why we didn’t give an example of a field generated by an
integral element whose minimum polynomial has discriminant +1. The reason is that
there is no such polynomial of degree > 1 — see the discussion following Theorem
4.8 below.

Algorithms for finding the ring of integers. By an algorithm I mean a procedure
that could (in principle) be put on a computer and is guaranteed to lead to the answer
in a finite number of steps. Suppose the input requires NV digits to express it. A good
algorithm is one whose running time is < N¢ for some c¢. For example, there is no
known good algorithm for factoring an integer. By a practical algorithm 1 mean one
that has been (or should have been) put on a computer, and is actually useful.

The following variant of (2.29) is useful. Let A be a principal ideal domain with field
of fractions K, and let B be the integral closure of A in a finite separable extension
L of K of degree m.

PROPOSITION 2.42. Let 3y, ..., By be a basis for L over K consisting of elements
of B, and let d = disc(f1, ..., Bm). Then

A-Gi+...+A - BnCBCA-(f1/d)+ ...+ A (Bn/d).

PRrOOF. Let g € B, and write
B=x1014+ +Tnbm, x;€K.

Let o1,..., 0., be the distinct K-embeddings of L into some large Galois extension
Q of K. On applying the ¢’s to this equation, we obtain a system of linear equations:

08 = 210501 + X002 + - + X0 By, i=1,... ,m.



34 2. Rings of Integers
Hence by Cramer’s rule
Ti =)0
where § = det(0;0;) and ~; is the determinant of the same matrix, but with the ith
column replaced with (0;3). From (2.33), we know that 6 = d. Thus z; = v;0/d,

and ;0 is an element of K (because it equals dz;) and is integral over A. Therefore
;0 € A, which completes the proof. O

Thus there is the following algorithm for finding the ring of integers in a number
field K. Write K = Q[a] where « is integral over Q. Compute d = disc(1, a, ...,a™!).
Then

Z[a) C O C d'Z]al.

Note that (d7'Z[a]: Z[a]) = d™, which is huge but finite. Each coset 3 + Z[a],
B € d~'Z|a], consists entirely of algebraic integers or contains no algebraic integer.
Find a set of representatives (31, ..., 8, for Z[a] in d"'Z[a], and test each to see whether
it is integral over Z (the coefficients of its minimum polynomial will have denominators
bounded by a power of d, and so it is possible to tell whether or not they are integers
by computing them with sufficient accuracy).

Unfortunately this method is not practical. For example, the polynomial
fX) =X+ 17X" +3X° +2X* + X + 1

is irreducible ? and has discriminant 285401001. Hence, if « is a root of f(X) and
K = Q[a], then the index of Z[a] in Z% + 2% +-- - + Zoél—4 is (285401001)5. [Actually,
as luck would have it,

285401001 =3 - 179 - 233 - 2281

is square-free, and so Ok = Z[a/].]
Note Maple can compute minimal polynomials over Q. For example,
readlib(lattice);
minpoly(1.41421356,3);
gives the output

X? -2,

The first line loads the appropriate library, and the second finds the polynomial (not
necessarily monic) with small integer coefficients of degree < 3 that comes closest to
having 1.414 ... as a root.

9In Maple, type “factor(f(X));” to factor a polynomial over Q. It is obvious that there is an
algorithm for factoring a polynomial f(X) in Q[X]. First divide through by the leading coefficient
to make f(X) monic. Then proceed as in the proof of (2.4) to obtain a monic polynomial with
coefficients in Z. There is a bound on the absolute value of any root of a of the polynomial in
terms of the degree and the coefficients (if || is too big, then the remaining terms can’t cancel
the leading term a™). Therefore there is a bound on the absolute values of the coefficients of the
factors of the polynomial, and since these coefficients are integers, it is possible to simply search for
them. Alternatively, note that two polynomials in Z[X] can be distinguished by looking modulo a
sufficiently large prime. Hence factoring polynomials in Q[X] is something that can be safely left to
the computer.
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I now discuss a practical algorithm for finding Ok for small degrees and small
discriminants from Pohst and Zassenhaus 1989 (see the additional references at the
end of this section). The next result will help us get an idea of what should be
possible.

LEMMA 2.43. Let (A,6) be Euclidean domain, and let M be an m X m matrix
with coefficients in A. Then it is possible to put M into upper triangular form by
elementary row operations of the following type:

(i) add a multiple of one row to a second;
(71) swap two rows.

PROOF. By definition 6 : A — Z is a function with the following property: for any
two elements a,b € A, a # 0, there exist elements ¢ and r such that

b=ga+r, withr=0or d(r) <d(a).

Apply an operation of type (ii) so that the element of the first column with the
minimum § is in the (1, 1)-position. If aq; divides all elements in the first column, we
can use operations of type (i) to make all the remaining elements of the first column
zero. If not, we can use (i) to get an element in the first column that has smaller
d-value than ai1, and put that in the (1,1) position. Repeat — eventually, we will
have the ged of the original elements in the first column in the (1, 1) position and
zeros elsewhere. Then move onto the next column... 0

REMARK 2.44. (a) The operations (i) and (ii) are invertible in matrices with coef-
ficients in A, and they correspond to multiplying on the left with an invertible matrix
in M,(A). Hence we have shown that there exists an invertible matrix U in M,,(A)
such that UM is upper triangular.

On taking transposes, we find that for any matrix M € M,,(A), there is an invertible
matrix U in M,,(A) such that MU is lower triangular.

(b) Take A = Z (for simplicity), and add the (invertible) operation:
(iii) multiply a row by —1.
Then it is possible to make the triangular matrix 7" = UM satisfy the following
conditions (assuming det(M) # 0):
a;; > 0 for all 7;
the elements a;; of the j column satisfy 0 < a;; < aj;.
Then T is unique. It is said to be in Hermite normal form.

Consider the field K = Q[a] generated over Q by the algebraic integer o with
minimum polynomial f(X). Let {wy,...,w,} be a basis for O as a Z-module, and
write

A=M-Q
where A = (1, a,...,a" )" and Q = (w1, ...,w,)". Choose U such that MU is lower
triangular (and in Hermite normal form), and write
A=MU-U'Q=T-(.

Here O =4 U'Q is again a Z-basis for Ok, and Q' = T~' - A with T~ also lower
triangular (but not necessarily with integer coefficients). Thus
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Wy = al;

wy = a1l + az0;

etc.,

where d - a;; € Z, d = |det(M)| = | det(T)].

EXAMPLE 2.45. Let K = Q[y/m], m square-free, m = 1 (mod 4). The integral

basis
1+ +m

L,
2

is of the above form.

In (Pohst and Zassenhaus 1989, 4.6), there is an algorithm that, starting from a
monic irreducible polynomial

f(X)=X"4+a X" '+ +a, a,<€Z,

constructs an integral basis wy, ..., w,, such that

w; = (Z aiko/)/Ni
k=1

where
aisaroot of f(X), aw€Z, N;e€Z, gcd(ap,..., a;) =1
In an Appendix, they use it to show that Q[a], where « is a root of
F(X) = X" 4+ 101X 4+ 4151X° + - .- — 332150625,

has an integral basis
w =1,
wy = (1/2)a+1/2
wy = (1/4)a? —1/4
wy = (1/8)a® + (1/8)a? — (1/8)a — 1/8

wi1 = (1/9103145472000)a® + - - - — 4064571 /49948672.

The discriminant of f is 2'39 x 312 x 512 x 2918 x 82231°, and the index of Z[a] in
O is 2% x 356 x 53 x 299.

The first step is to compute D(1,a,a?,...) = disc(f(X)) and to find its square
factors. Finding the square factors of disc(f(X)) is the most time-consuming part
of the algorithm. The time taken to factor an N-digit number is exponential in the
number of digits of N. Every computer can factor a 25 digit number easily, but after
that it becomes rapidly more difficult. Hundred digit numbers are extremely difficult.
Thus this is not a good algorithm in the above sense. Once one has found the square
factors of disc(f(X)) the algorithm for computing an integral basis of the above form
is good.
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3. DEDEKIND DOMAINS; FACTORIZATION

Presently, we shall define the notion of a Dedekind domain; then we’ll prove:
(i) ideals in Dedekind domains factor uniquely into products of prime ideals;
(ii) rings of integers in number fields are Dedekind domains.

First we consider a local version of a Dedekind domain.

Discrete valuation rings. The following conditions on a principal ideal domain are
equivalent:

(a) A has exactly one nonzero prime ideal;
(b) up to associates, A has exactly one prime element;
(c) Aislocal and is not a field.

A ring satisfying these conditions is called a discrete wvaluation ring.

EXAMPLE 3.1. The ring Zg) =4 {% € Q | n not divisible by p} is a discrete
valuation ring with prime elements £+p and prime ideal (p).

Later we shall define discrete valuations, and so justify the name.

If A is a discrete valuation ring and 7 is a prime element in A, then each nonzero
ideal in A is of the form (7™) for a unique m € N. Thus, if a is an ideal in A and
p denotes the (unique) maximal ideal of A, then a = p™ for a well-defined integer
m > 0.

Recall that, for an A-module M and an m € M, the annihilator of m
Ann(m) ={a € A| am = 0}.

It is an ideal in A, and it is a proper ideal if m # 0. Suppose A is a discrete valuation
ring, and let ¢ be a nonzero element of A. Let M = A/(c). What is the annihilator
of a nonzero b + (c¢) of M. Fix a prime element 7 of A, and let ¢ = un™, b = va"
with u and v units. Then n < m (else b+ (¢) =0 in M), and

Ann(b+ (¢)) = (#™7").

Thus, a b for which Ann(b+ (c)) is maximal, is of the form v7™!, and for this choice
Ann(b + (c)) is a prime ideal generated by 7. We shall exploit these observations in
the proof of the next proposition, which gives a criterion for a ring to be a discrete
valuation ring.

PROPOSITION 3.2. An integral domain A is a discrete valuation ring if and only
if

(i) A is Noetherian,

(ii) A is integrally closed, and

(7ii) A has exactly one nonzero prime ideal.

PROOF. The necessity of the three conditions is obvious, so let A be an integral
domain satisfying (i), (ii), and (iii). We have to show that every ideal in A is principal.
As a first step, we prove that the nonzero prime ideal in principal. Note that the
conditions imply that A is a local ring.
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Choose an element ¢ € A, ¢ # 0, ¢ # unit, and consider the A-module M =4 A/(c).
For any nonzero m € M, the annihilator of m,

Ann(m) = {a € A| am = 0}

is a proper ideal in A. Because A is Noetherian (here we use (i)), we can choose
an m such that Ann(m) is maximal among these ideals. Write m = b + (¢) and
p = Ann(b+ (c¢)). Note that ¢ € p, and so p # 0, and that

p={acA|clab}.

I claim that p is prime. If not there exist elements x, y € A such that zy € p but
neither z nor y € p. Then yb+ (c¢) is a nonzero element of M because y ¢ p. Consider
Ann(yb + (¢)). Obviously it contains p and it contains x, but this contradicts the
maximality of p among ideals of the form Ann(m). Hence p is prime.

I claim 2 ¢ A. Otherwise b=c-% € (¢), and m = 0 (in M).

I claim that 7 € A, and p = (§). By definition, pb C (c), and so p - g C A, and
it is an ideal in A. If p - g C p, then g is integral over A (by 2.11, since p is finitely
generated), and so 2 € A (because of condition (ii)), but we know % ¢ A. . Thus
p-2=A (by (iii)), and this implies that p = (£).

Let m = ¢, so that p = (7). Let a be a proper ideal of A, and consider the sequence

2

aCar ‘car?c....

If ar™" = ar "' for some r, then 77! (ar™") = ar~", and 7! is integral over A, and
so lies in A — this is impossible (7 is not a unit in A). Therefore the sequence is
strictly increasing, and (again because A is Noetherian) it can’t be contained in A.
Let m be the smallest integer such that ar™™ C A but ar~™ ! € A. Then ar™™ ¢ p,
and so ar~™ = A. Hence a = (™). O

Dedekind domains. A Dedekind domain is an integral domain A # field such that
(i) A is Noetherian;
(ii) A is integrally closed;
(iii) every nonzero prime ideal is maximal.

Thus Proposition 3.2 says that a local integral domain is a Dedekind domain if and
only if it is a discrete valuation ring.

PROPOSITION 3.3. Let A be a Dedekind domain, and let S be a multiplicative
subset of A. Then S™'A is either a Dedekind domain or a field.

PRrROOF. Condition (iii) says that there is no containment relation between nonzero
prime ideals of A. If this condition holds for A, then (1.5) shows that it holds for
S~1A. Conditions (i) and (ii) follow from the next lemma. O

PROPOSITION 3.4. Let A be an integral domain, and let S be a multiplicative subset
of A.

(a) If A is Noetherian, then so also is ST A.
(b) If A is integrally closed, then so also is ST'A.
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PROOF. (a) Let a be an ideal in S™'A. Then a = S~'(aN A) (the proof of this in
1.5 didn’t use that a is prime), and so a is generated by any (finite) set of generators
for an A.

(b) Let a be an element of the field of fractions of A (= field of fractions of S™!1A)
that is integral over S™*A. Then

A"+ @™+ +a, =0, some a; € STLA.

For each i, there exists an s; € S such that s;a; € A. Set s = s;---s, € 5, and
multiply through the equation by s™ :

(s)™ + say(s)™ ' 4 + s™a,, = 0.

This equation shows that s« is integral over A, and so lies in A. Hence o = (sa)/s €
S—LA. O

COROLLARY 3.5. For any nonzero prime ideal p in a Dedekind domain, A, is a
discrete valuation ring.

PROOF. We saw in (1.6a) that A, is local, and the proposition implies that it is
Dedekind. 0

Unique factorization. The main result concerning Dedekind domains is the follow-
ing.

THEOREM 3.6. Let A be a Dedekind domain. FEvery proper nonzero ideal a of A
can be written in the form

— T Tn
a=p'--py

with the p; distinct prime ideals and the r; > 0; the p; and the r; are uniquely deter-
mined.

The proof will require several lemmas.

LEMMA 3.7. Let A be a Noetherian ring; then every ideal a in A contains a product
of nonzero prime ideals.

ProoF. (Note the similarity to the proof of 1.2.) Suppose not, and choose a
maximal counterexample a. Then a itself can not be prime, and so there exist elements
x and y of A such that zy € a but neither  nor y € a. The ideals a 4+ (x) and
a+ (y) strictly contain a, but their product is contained in a. Because a is a maximal
counterexample to the statement of the lemma, each of a+ (z) and a+ (y) contains a
product of prime ideals, and it follows that a contains a product of prime ideals. [

LEMMA 3.8. Let A be a ring, and let a and b be relatively prime ideals in A; for
any m, n € N, a™ and b" are relatively prime.

PrOOF. If a™ and b™ are not relatively prime, then they are both contained in
some prime (even maximal) ideal p. But if a prime ideal contains a power of an
element, then it contains the element, and so p D a™ =p Daand p D b" =p D b.
Thus a and b are both contained in p, and so they are not relatively prime.
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Alternative proof: We are given that there exist elements a € A and b € B such
that a +b = 1. Consider

r

1:(a+b>7’:a7’+(1

)ar_lb—|—~~-+br.

If » > m + n, then the term on the right is the sum of an element of a™ with an
element of b™. O

If p and p’ are distinct prime ideals of a Dedekind domain, then condition (iii) of
the definition implies that p and p’ are relatively prime, and the lemma shows that
p™ and p'" are also relatively prime for all m,n > 1.

LEMMA 3.9. Consider a product of rings A X B. If a and b are ideals in A and
B respectively, then a X b is an ideal in A X B, and every ideal in A X B is of this
form. The prime ideals of A x B are the ideals of the form

pxX B (p aprimeideal of A), Axp (pa prime ideal of B).

PROOF. Let ¢ be an ideal in A x B, and let
a={acA|(a,0)ec}, b={be B|(0,b) € c}.
Clearly a x b C ¢. Conversely, let (a,b) € ¢. Then (a,0) = (a,b) - (1,0) € a and
(0,0) = (a,b)-(0,1) € b, and so (a,b) € a x b.

Recall that an ideal ¢ C C' is prime if and only if C'/c is an integral domain. The
map

AxB— Alax B/b, (a,b)— (a+a,b+b)
has kernel a x b, and hence induces an isomorphism
Ax B/(axb)~ A/ax B/b.

The product of two nonzero rings always has nonzero zero-divisors, and so in order
for A x B/(a x b) to be prime, we must have a = A or b = B. Suppose the latter
holds. Then A x B/(a x b) ~ A/a, and this is an integral domain if and only if a is
prime. U

REMARK 3.10. The lemma extends in an obvious way to a finite product of rings:
the ideals in Ay x --- x A, are of the form a; x --- X a,, with a; an ideal in Aj;;
IMOTreover, a; X --- X a,, is prime if and only if there is a j such that a; is a prime
ideal in A; and a; = A; for ¢ # j.

LEMMA 3.11. Let p be a maximal ideal of a ring A, and let q be the ideal it gen-
erates in A,, q = pAy,. The map

a+p" —=a+qn A" — Ay/q"

18 an isomorphism.

ProoF. We first show that the map is one-to-one. For this we have to show
that q" N A = p™. But q” = S~ 'p™ S = A — p, and so we have to show that
p™ = (S7p™) N A. An element of (S7'p™) N A can be written a = b/s with b € p™,
s€ S, and a € A. Then sa € p™, and so sa = 0 in A/p™. The only maximal ideal
containing p™ is p (because m D p™ = m D p), and so the only maximal ideal in
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A/p™ is p/p™; in particular, A/p™ is a local ring. As s + p™ is not in p/p™, it is a
unit in A/p™, and so sa =01in A/p™ = a=01in A/p™, i.e., a € p™.

We now prove that the map is surjective. Let ¢ € A,. Because s ¢ p and p is
maximal, we have that (s)+p = A, i.e., (s) and p are relatively prime. Therefore (s)
and p™ are relatively prime, and so there exist b € A and ¢ € p™ such that bs+q = 1.
Then b maps to s™' in A,/q™ and so ba maps to =. More precisely: because s is
invertible in A,/q™, ¢ is the unique element of this ring such that s = a; since
s(ba) = a(1l — q), the image of ba in A, also has this property and therefore equals
e, O

S

REMARK 3.12. Consider an integral domain A and a multiplicative subset S of
A. For an ideal a of A, write a® for the ideal it generates in S~ A; for an ideal a of
S~LA, write a® for a N A. Then we have shown (1.5; proof of 3.4; proof of 3.11):

a® = a (all ideals a of ST!A);

a® = a if a is a prime ideal disjoint from S, or if a is a power of a maximal ideal p
and S = A —p.

We now prove that a nonzero ideal a of A can be factored into a product of prime
ideals. According to 3.7 (applied to A), a contains a product of nonzero prime ideals,

b=pi" - p.
We may suppose that the p; are distinct. Then
Afbm Afpl X X Afppr & Ay, fay X X Ay, fagr

where q; = p;Ap, is the maximal ideal of A,,. The first isomorphism is given by the
Chinese Remainder Theorem (and 3.8), and the second is given by (3.11). Under this
isomorphism, a/b corresponds to q7* /q7 X - -+ x g2 /qim for some s; < r; (recall that
the rings A,, are all discrete valuation rings). Since this ideal is also the image of
pit - - pom under the isomorphism, we see that

a=pi'---p;min A/b.
Both of these ideals contain b, and so this implies that
a=pi

in A (because there is a one-to-one correspondence between the ideals of A/b and the
ideals of A containing b).

To complete the proof of Theorem 3.6, we have to prove that the above factorization
is unique, but in the course of the proof, we showed that s; is determined by the
condition,

aA,, =4q;", ¢q; the maximal ideal in A,,.
REMARK 3.13. Note that
si >0 < ad,, # A, <= aCp;
COROLLARY 3.14. Let a and b be ideals in A, then
aCb < ad, CbA,

for all ideals nonzero prime ideals p of A. In particular, a = b if and only if aA, = bA,
for all p.



42 3. Dedekind Domains; Factorization

PROOF. The necessity is obvious. For the sufficiency, factor a and b
a=py-opy, b=preepnt s 2 0.
Then
ady, C bAy, = 1 = s,
(recall that Ay, is a discrete valuation ring) and r; > s; all ¢ implies a C b. O

COROLLARY 3.15. Let A be an integral domain with only finitely many prime
tdeals; then A is a Dedekind domain if and only if it is a principal ideal domain.

PROOF. Assume A is a Dedekind domain. After (3.6), to show that A is principal,
it suffices to show that the prime ideals are principal. Let py,... , p,, be these ideals.
Choose an element x1 € p; —p?. According to the Chinese Remainder Theorem (1.7),
there is an element x € A such that

r=x; modp? x=1 modp; il
Now the ideals p; and (z) generate the same ideals in A, for all i, and so they are
equal in A (by 3.14). O
COROLLARY 3.16. Let a D b # 0 be two ideals in a Dedekind domain; then a =
b+ (a) for some a € A.

PROOF. Let b = pi'..p/™ and a = p7'...p7» with 7,5, > 0. Because b C a, s; <1,
for all i. For 1 < i < m, choose an z; € A such that x; € pi*, z; ¢ pf“Ll. By the
Chinese Remainder Theorem, there is an a € A such that

a=x; mod p;, for all 7.

Now one sees that b + (a) = a by looking at the ideals they generate in A, for all
p. O

COROLLARY 3.17. Let a be an ideal in a Dedekind domain, and let a be any
nonzero element of a; then there exists a b € a such that a = (a,b).

PRrROOF. Apply (3.16) to a D (a). O

COROLLARY 3.18. Leta be a nonzero ideal in a Dedekind domain; then there exists
a nonzero ideal a* in A such that aa* is principal. Moreover, a* can be chosen to be
relatively prime to any particular ideal ¢, and it can be chosen so that aa* = (a) with
a any particular element of a (but not both).

PROOF. Let a € a, a # 0; then a D (a), and so we have
(a) =pi'---py and a=py' - ppr, s <7
If a* = pi* ™" - -plm=*m then aa* = (a).
We now show that a* can be chosen to be prime to ¢. We have a D ac, and so (by
3.16) there exists an a € a such that a = ac + (a). As a D (a), we have (a) = a-a*

for some ideal a* (by the above argument); now, ac + aa* = a, and so ¢+ a* = A.
(Otherwise ¢ + a* C p some prime ideal, and ac + aa* = a(c + a*) C ap # a.) O

In basic graduate algebra courses, it is shown that

A a principal ideal domain = A is a unique factorization domain.



3. Dedekind Domains; Factorization 43

The converse is false (e.g., k[ X, Y], k a field, is a unique factorization domain but the
ideal (X,Y") is not principal), but it is true for Dedekind domains.

PROPOSITION 3.19. A Dedekind domain is a unique factorization domain if and
only if it is a principal ideal domain.

PrOOF. Certainly, a principal ideal domain is Dedekind. Conversely, let A be a
Dedekind domain with unique factorization. It suffices to show that the nonzero
prime ideals are principal—let p be such an ideal. It will contain a nonzero element,
which (because of 1.2) is a product of irreducible elements. Because p is prime, it will
contain one of the irreducible factors 7, and we know from (3.18) that there exists an
ideal p* such that pp* = (7). I will show that p* = A, and so p = (7). From (3.18)
we know that there are ideals g and g* such that

pg=(a), q+p =4 q9°=(), g +p=A
for some a,b € A. Since (7b) = pp*qq* = (a)p*q*, we see that a|7b, and so ¢ = %b € A.
Then b = ac, and because A is a unique factorization domain, this implies that 7|a
or 7|c.

If w|a, then £ € A, and (2)p* = g. Thus any prime ideal dividing p* will also divide
g, and this is impossible because q and p* are relatively prime. Therefore, there is no
such ideal, and p* = A in this case.

Similarly, if 7|c, then (£)p = q*, which is impossible because p does not divide q*
(q* is relatively prime to p). Thus this case does not occur. O
The ideal class group. Let A be a Dedekind domain. A fractional ideal of A is a
nonzero A-submodule a of K such that

da:df{dalaEa}CA

for some d € A (or K), i.e., it is a nonzero A-submodule of K whose elements have a
common denominator. Note that a fractional ideal is not an ideal — when necessary
to avoid confusion, we refer to ideals in A as integral ideals.

Equivalently, a fractional ideal of A can be defined to be a nonzero finitely generated
A-submodule of K: a common denominator for the generators will be a common
denominator for all the elements of the module, and, conversely, if da is an integral
ideal, it is finitely generated, and this implies that a is finitely generated.

Every nonzero element b of K defines a fractional ideal
) LA L {ba|aec A
An fractional ideal of this type is said to be principal.

The product of two fractional ideals is defined in the same way as for (integral)
ideals

a~b:{2aibilaiea, bZEB}

This is again a fractional ideal: it is obviously an A-module, and if da C A and
eb C A, then deab C A. For principal fractional ideals, (a)(b) = (ab).

ExXAMPLE 3.20. Let A be a discrete valuation ring with maximal ideal p and field
of fractions K. Write 7 for a generator of p. Every nonzero element of K can be
written uniquely in the form a = un™ with v a unit in A and m € Z. Let a be a
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fractional ideal of A. Then da C A for some d € A, and we can suppose d = 7".
Thus 7™a is an ideal in A, and so it is of the form (7™) for some m > 0. Clearly,
a = (7 "). Thus the fractional ideals of A are of the form (7™), m € Z. They form
a free abelian group of rank 1, and the map

m— (") Z — 1d(A)
is an isomorphism.

THEOREM 3.21. Let A be a Dedekind domain. The set Id(A) of fractional ideals
1s a group; in fact, it is the free abelian group on the set of prime ideals.

PrRoOOF. We have noted that the law of composition is well-defined. It is obviously
commutative. For associativity, one checks that

(ab)c = {Z abic; |a; € a, bye€b, ¢ €c}=a(be).

The ring A plays the role of an identity element: aA = a. In order to show that Id(A)
is a group, it remains to show that inverses exist.

Let a be a nonzero integral ideal. According to (3.18), there is an ideal a* and an
a € A such that aa* = (a). Clearly a- (a7'a*) = A, and so a™'a* is an inverse of a.
If a is a fractional ideal, then da is an integral ideal for some d, and d - (da)~" will be
an inverse for a.

It remains to show that the group Id(A) is freely generated by the prime ideals, i.e.,
that each fractional ideal can be expressed in a unique way as a product of powers of
prime ideals. Let a be a fractional ideal. Then da is an integral ideal for some d € A,
and we can write

da =py'---ppt, (d) =py--p

Thus a = p7* =" ---p/=~*m. The uniqueness follows from the uniqueness of the fac-
torization for integral ideals. O

REMARK 3.22. (a) Conversely, E. Noether showed that an integral domain whose

fractional ideals form a group under ideal multiplication is a Dedekind domain (see
Cohn 1991, p. 4.6).

(b) Let S be a multiplicative subset in a Dedekind domain A, and let Ag = S71A.
It is an integral domain with the same field of fractions as A:
ACAg C K.

For any fractional ideal a of A, S7'a =4 {2 | a € a, s € S} is a fractional ideal of
Ag. Tt is the Ag-module generated by a. The following hold for any fractional ideals
a and b,

S7Hab) = (S7'a)(S7'b), S'at = (ads)”h.
For any fractional ideal a, define
a ={a€ K |aaC A}

This is an A-module, and if d € a, d # 0, then da’ C A, and so a is a fractional ideal.
From the definition of a’, we see that aa’ is an ideal in A. If it is not equal to A, then
it is contained in some prime ideal p. When we pass to Ay, the inclusion aa’ C p
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becomes bb’ C q, where b, b’, and q are the ideals in A, generated by a, a’, and p.
Moreover,

b'={a€ K |abC Ap}.

But q = (7), and b = (7™) = 7™ - A, for some m € Z. Clearly b’ = 77™A, and so
bb’ = A, — we have a contradiction.

We define the ideal class group Cl(A) of A to be the quotient C1(A) = Id(A)/P(A)
of Id(A) by the subgroup of principal ideals. The class number of A is the order of
CI(A) (when finite). In the case that A is the ring of integers Ok in a number field
K, we often refer to Cl(Ok) as the ideal class group of K, and its order as the class
number of K.

One of the main theorems of this course will be that the class number hyx of a
number field K is finite. Understanding how the class numbers of number fields vary
remains an interesting problem. For example, the class number of Q[/—m] for m > 0
and square-free is 1 if and only if m = 1,2,3,7,11,19,43,67,163. It not difficult to
show that these fields have class number 1, but it was not until 1954 that it was shown
(by Heegner) that there were no more (and for more than 15 years, no one believed
Heegner’s proof to be correct). We have seen that Z[y/—5| is not a principal ideal
domain, and so can’t have class number 1— in fact it has class number 2. The method
we use to prove that the class number is finite is effective: it provides an algorithm
for computing it. There are expected to be an infinite number of real quadratic fields
with class number one, but this has not been proved. Gauss showed that the class
group of a quadratic field Q[\/E] can have arbitrarily many cyclic factors of even
order, and the same is expected to be true (but is not proved) for cyclic factors of
order divisible by 3 — see the thesis of M. DeLong (Michigan 1998).

It is known that every abelian group can be realized as the class group of a Dedekind
domain (not necessarily the ring of integers in a number field). See Claborn, L., Every
abelian group is a class group, Pacific J. Math. 18, pp. 219-222.

ExAMPLE 3.23. Consider the affine elliptic curve
Y2=X*+aX+b A= —4da®—270*#0.

The associated ring A = C[X,Y]/(Y? — X3 — aX — b) of regular functions on A is
a Dedekind domain, and its class group is uncountable. In fact, it is isomorphic in
a natural way to C/A for some lattice A in C. (Exercise for those familiar with the
theory of elliptic curves.)

PROPOSITION 3.24. Let A be a Dedekind domain, and let S be a multiplicative set
in A. Then a— S™'a defines an isomorphism from the subgroup of Id(A) generated
by prime ideals not meeting S to the group Id(S™'A).

PROOF. Immediate consequence of 1.5 and 3.21. O

REMARK 3.25. Let A be a Dedekind domain with finite ideal class group. There
is then a finite set of ideals ay, ..., a,, which is a set of representatives for the ideal
classes. Clearly we may take the a; to be integral. Let b be any element in Na;, and
let S be the multiplicative set generated by b, S = {1,b,b%...}. I claim that S~'A
is a principal ideal domain.
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By assumption, any ideal a C A can be written a = (a) - a; for some a € K* and 1,
1 < i < m. Because the map b — S71b is a homomorphism we have S™'a = (a)-S™'a;
where (a) now denotes the ideal generated by a in S™'A. Since S™'a; contains a unit,
it is the whole ring. Thus S™'a = (a), and we see that every ideal in S7'A of the
form S~'a is principal. According to (3.12), all ideals of S~ A are of this form.

REMARK 3.26. The following conditions on an integral domain A are equivalent:

(a) Ais a Dedekind domain;

(b) for every prime ideal p of A, A, is a discrete valuation ring;

(c) the fractional ideals of A form a group;

(d) for every fractional ideal a of A, there is an ideal b such that ab = A.

We have seen that (a) implies (b) and (c), and (d) is certainly implied by (c). The
converses can be found in several books (e.g., Atiyah and MacDonald 1969).

Discrete valuations. Let K be a field. A discrete valuation on K is a nonzero
homomorphism v: K* — Z such that v(a+b) > min(v(a),v(b)). As v is not the zero
homomorphism, its image is a nonzero subgroup of Z, and is therefore of the form
mZ for some m € Z. If m = 1, then v: K* — 7Z is surjective, and v is said to be
normalized; otherwise, x — m™" - v(x) will be a normalized discrete valuation.

EXAMPLE 3.27. (a) Let M be the field of meromorphic functions on a connected
open subset U of the complex plane (or, better, a compact Riemann surface). For
each P € U and nonzero f € M, define ordp(f) to be —m, m, or 0 according as f
has a pole of order m at P, a zero of order m at P, or neither a pole nor a zero at P.
Then ordp is a normalized discrete valuation on M.

(b) Let A be a principal ideal domain with field of fractions K, and let 7 be a
prime element of A. Then each element c of K™ can be written ¢ = 7™ with a and b
elements of A relatively prime to 7. Define v(c) = m. Then v is a normalized discrete
valuation on K.

(c) Let A be a Dedekind domain and let p be a prime ideal in A. For any ¢ € K*,
let p”(©) be the power of p in the factorization of (¢). Then v is a normalized discrete
valuation on K.

In all these examples, we have that v(a + b) = v(b) if v(a) > v(b). This is in fact
a general property of discrete valuations. First note that v(¢) = 0 for any element
of K of finite order (v is a homomorphism and Z has no elements of finite order);
hence v(—a) = v(—1) + v(a) = v(a). Therefore, if v(a) > v(b), we have
v(b) =v(a+b—a)) > min(v(a+b),v(a)) > min(v(a),v(b)) = v(b),
and so equality must hold throughout, and this implies v(a + b) = v(b).

We often use “ord” rather than “v” to denote a discrete valuation; for example, we
often use ord, to denote the discrete valuation defined by p in (c).

Example (b) shows that every discrete valuation ring gives rise to a discrete valu-
ation on its field of fractions. There is a converse to this statement.

PROPOSITION 3.28. Let v be a discrete valuation on K, then

A% (o e K |v(a) >0}
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18 a principal ideal domain with mazximal ideal
mZ{ae K |v(a)> 0.
If v(K*) = mZ, then the ideal m is generated by any element w such that v(m) = m.

PROOF. Routine. O

Later we shall see that a discrete valuation ord defines a topology on K for which
two elements x and y are close if ord(z —y) is large. The Chinese Remainder Theorem
can be restated as an approximation theorem.

PROPOSITION 3.29. Let x4, ..., x,, be elements of a Dedekind domain A, and let
P1, ..., Pm be distinct prime ideals of A. For any integer n, there is an x € A such that

ord,(x —x;) >n, i=12,..,m.

PROOF. From (3.8) we know that the ideals p;”l are relatively prime in pairs, and
so (1.7) provides us with an element z € A such that

r=x; mod pt!

it =1,2,...,m,

i.e., such that
ordy, (z —z;) >n, i=1,2..,m.

O

Integral closures of Dedekind domains. We now prove a result that implies that
rings of integers in number fields are Dedekind domains, and hence that their ideals
factor uniquely into products of prime ideals.

THEOREM 3.30. Let A be a Dedekind domain with field of fractions K, and let
B be the integral closure of A in a finite separable extension L of K. Then B is a
Dedekind domain.

We have to check the three conditions in the definition of a Dedekind domain
(second page of this section).

Let R be a ring (not necessarily an integral domain). An R-module M is said to
be Noetherian if every submodule is finitely generated. (Equivalent conditions: every
ascending chain of submodules becomes stationary; every nonempty set of submodules
contains a maximal element.)

LEMMA 3.31. Let R be a Noetherian ring. Then any finitely generated R-module
15 Noetherian.

PRrROOF. (Sketch) First show that if
0—-M —-M-—-M —0

is exact and M’ and M" are Noetherian, then so also is M; then use induction on the
number of generators of M. O
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We now show that B is Noetherian. In (2.29) we showed that B is contained in
a finitely generated A-module. It follows that every ideal in B is finitely generated
when regarded as an A-module (being a submodule of a Noetherian A-module) and
a fortiori as an ideal (= B-module).

Next B is integrally closed because of (2.15).

It remains to prove that every nonzero prime ideal q of B is maximal. Let (3 € q,
B # 0. Then (3 is integral over A, and so there is an equation

Bt a4t an =0, a6 €A

which we may suppose to have the minimum possible degree. Then a, # 0. As
a, € fBNA, we have that gN A # (0). But qN A is a prime ideal (obviously), and so
it is a maximal ideal p of A, and A/p is a field. We know B/q is an integral domain,
and the map

at+p—a+q

identifies A/p with a subfield of B/q. As B is integral over A, B/q is algebraic over
A/p. The next lemma shows that B/q is a field, and hence that q is maximal.

LEMMA 3.32. Any integral domain B containing a field k and algebraic over k is
itself a field.

PROOF. Let 8 be a nonzero element of B — we have to prove that it has an inverse
in B. Because (3 is algebraic over k, the ring k[#] is finite-dimensional as a k-vector
space, and the map x +— fz: k[f] — k[f] is injective (because B is an integral
domain). From linear algebra we deduce that the map is surjective, and so there is
an element 3’ € k[3] such that g5 = 1. O

This completes the proof of Theorem 3.30.

In fact, Theorem 3.30 is true without the assumption that L be separable over
K — see Janusz 1996, 1.6 for a proof of the more general result. The difficulty is
that, without the separability condition, B may fail to be finitely generated as an
A-module, and so the proof that it is Noetherian is more difficult.

Modules over Dedekind domains (sketch). The structure theorem for finitely
generated modules over principal ideal domains has an interesting extension to mod-
ules over Dedekind domains. Throughout this subsection, A is a Dedekind domain.

First, note that a finitely generated torsion-free A-module M need not be free. For
example, every nonzero fractional ideal is finitely generated and torsion-free, but it is
free if and only if it is principal. Thus the best we can hope for is the following.

THEOREM 3.33. Let A be a Dedekind domain.

(a) Ewvery finitely generated torsion-free A-module M is isomorphic to a direct sum
of fractional ideals,

M~a @D ay,.

(b) Two finitely generated torsion-free A-modules M ~ a3 @ --- @ a,, and N =~
by @ -+ @ b, are isomorphic if and only if m = n and [[a; = []b; modulo
principal ideals.
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Hence,
M%aﬂ%--@am%A@~--@A@a1~~am.
Moreover, two fractional ideals a and b of A are isomorphic as A-modules if and only
they define the same element of the class group of A.

The rank of a module M over an integral domain R is the dimension of K ®r M
as a K-vector space, where K is the field of fractions of R. Clearly the rank of
M~a &---Pa,ism.

These remarks show that the set of isomorphism classes of finitely generated torsion-
free R-modules of rank 1 can be identified with the class group of A. Multiplication
of elements in CI(A) corresponds to the formation of tensor product of modules. The
Grothendieck group of the category of finitely generated A-modules is Cl(A) & Z.

THEOREM 3.34 (Invariant factor theorem). Let M DO N be finitely generated
torsion-free A-modules of the same rank m. Then there exist elements ey, ..., e, of
M, fractional ideals ay, ..., a,,, and integral ideals by D by D ... D by, such that

M=aqe, ® - D U oy N =a1bie1 ®--- P a,,bem.

The ideals by, bs, ..., b, are uniquely determined by the pair M D N, and are
called the invariant factors of N in M.

The last theorem also yields a description of finitely generated torsion A-modules.

For proofs of the above results, see Curtis, C., and Reiner, I., Representation Theory
of Finite Groups and Associative Algebras, 1962, 111, 22, or Narkiewicz 1990, 1.3.

Factorization in extensions. Let A be a Dedekind domain with field of fractions
K, and let B be the integral closure of A in a finite separable extension L of K.

A prime ideal p of A will factor in B,

pB :m? ...m;g’ e; > 1.
If any of the numbers is > 1, then we say that p is ramified in B (or L). The number
e; is called the ramification index. We say ‘B divides p (written B|p) if P occurs in the
factorization of p in B. We then write e(J3/p) for the ramification index and f(J3/p)
for the degree of the field extension [B/9 : A/p] (called the residue class degree).

LEMMA 3.35. A prime ideal B of B divides p if and only if p =P N K.

PRrROOF. =: Clearly p C BN K, and PN K # A.

<:If p C B then pB C P, and we have seen (3.13) that this implies that 8 occurs
in the factorization of pB. O

THEOREM 3.36. Let m be the degree of L over K, and let B, ..., B, be the primes
dividing p; then
g
Z eifi = m.
i=1
If L is Galois over K, then all the ramification numbers are equal, and all the residue
class degrees are equal, and so

efg=m.
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ProOOF. To prove the first part of the theorem we shall show that

Y eifi=[B/pB: Afp] =m.

For the first equality, note that B/pB = B/[[B;" = [[ B/PB;" (Chinese Remainder
Theorem), and so we have to show that [B/9B;" : A/p] = e;f;. From the definition
of f;, we know that B/p; is a field of degree f; over A/p. For each r, P /P.""" is
a B/%P;-module, and because there is no ideal between " and P, it must have
dimension one as a B/S;-vector space, and hence dimension f; as an A/p;-vector
space. Therefore each quotient in the chain

BOP OPED - O PP

has dimension f; over A/p, and so the dimension of B/B{" is e; f;.

The proof of the second equality is easy if A is a principal ideal domain: a basis
X1, ..., Ty for the A-module B is also a basis for the K-vector space L and gives, by
reduction mod p, a basis for B/pB over A/p. [To prove the second statement, note
that to say {1, ..., Z,} is a basis for an A-module M means that

A" — M, (a;) — Zaixi

is an isomorphism. When we tensor this isomorphism with A/a, we obtain an iso-
morphism

(A/a)™ — M/aM, (a;) — Zaz‘fi

(see 1.11), and so {Z1, ..., Zn,} is a basis for M/aM as an A/a-module.]

Now let S be a multiplicative subset of A disjoint from p and such that S~'A
is principal (e.g., S = A —p). Write B’ = S7'B and A’ = S7'A. Then pB’ =
[[(p:iB")% (see 3.24), and so > e;f; = [B'/pB’': A’'/pA’]; but A’ is principal, and so
[B'/pB’: A'/pA'] = m. This completes the proof of the first part of the theorem.

Now assume L is Galois over K. Clearly B is stable under the action of Gal(L/K),
and if o € Gal(L/K) and ‘B is a prime ideal of B, then ¢ is also a prime ideal.
Moreover, if B divides p, then it follows from (3.35) that o3 divides p. Clearly
e(aP/p) = e(P/p) and f(oP/p) = f(P/p), and so it remains to show that Gal(L/K)

acts transitively on the prime ideals of B dividing p.

Suppose B and Q both divide p, and suppose £ is not conjugate to B, i.e., that
for all 0 € Gal(L/K), 0B # Q. According to the Chinese Remainder Theorem,
we can find an element § € Q such that § ¢ o for any o0 € Gal(L/K). Consider

b= Nm(f) a [[ofp. Thenb € A, and as § € 9, it also lies in Q; hence b € QNA = p.
On the other hand, for all 0 € Gal(L/K), 3 ¢ c~'B, and so o3 ¢ P; the fact that
[Top € p C P contradicts the primality of . O

The primes that ramify. In this subsection, we obtain a description of the primes
that ramify in an extension.

THEOREM 3.37. Let L be a finite extension of a number field K, let A be a
Dedekind domain in K with field of fractions K (e.g., A = Ok ), and let B be the
integral closure of A in L. Assume that K is a number field and that B is a free
A-module (this is true for example if A is principal ideal domain). Then a prime
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p ramifies in L if and only if p|disc(B/A). In particular, only finitely many prime
ideals ramify.

We obtain this as the consequence of a series of lemmas.

LEMMA 3.38. Let A be a ring and let B be a ring containing A and admitting a
finite basis {e1, ...,em} as an A-module. For any ideal a of A, {é1,...,én} is a basis
for the A/a-module B/aB, and

D(é,...,em) = D(ey,...,e,) mod a.

PROOF. We noted in the proof of (3.36) that éy, ..., €, is a basis for B/aB. The
second assertion is obvious from the definitions. O

LEMMA 3.39. Let A be a ring and let By, ..., By be rings containing A and free of
finite rank as A-modules. Then

disc((I1B;)/A) = [ ] disc(Bi/A).

PROOF. Choose bases ¢; for each of the B; (as A-modules), and compute the
discriminant of B/A using the basis U;e;. O

An element « of a ring is said to be nilpotent if o™ = 0 for some m > 1. A ring is
said to be reduced if it has no nonzero nilpotent elements.

LEMMA 3.40. Let k be a perfect field, and let B be a k-algebra of finite dimension.
Then B is reduced if and only if disc(B/k) # 0.

PROOF. Let § # 0 be a nilpotent element of B, and choose a basis e, ... ,e,, for
B with e; = . Then fe; is nilpotent for all 7, and so the k-linear map

r+— fexr: B— B

is nilpotent. Its matrix is also nilpotent, but a nilpotent matrix has trace zero—its
minimum polynomial (and hence its characteristic polynomial) is of the form X"—
and so the first row of the matrix (Tr(e;e;)) is zero. Therefore its determinant is
Zero.

Conversely, suppose B is reduced. We first show that the intersection 91 of the
prime ideals of B is zero (this, in fact, is true for any reduced Noetherian ring). Let
be B,b+# 0. Let X be the set of ideals of B containing no power of b. Because
b is not nilpotent, > contains the zero ideal, and hence is nonempty. Because B is
Noetherian, ¥ has a maximal element p. We shall show that p is prime. Since b ¢ p,
this will show that b ¢ .

Let z,y be elements of B not in p. Then p+ (z) and p + (y) strictly contain p, and
SO

bt ep+(x), b"ep+(y)
for some m, n, say,
V" =p+cx, V' =p +dy, ppep, cdeB.

Then 0™ = pp’ + pcdy + p'cx + cdzy € p + (xy), and so p + (zy) is not in 3; in
particular, p + (zy) # p, and zy ¢ p. Therefore p is prime ideal, which completes the
proof that 91 = 0.
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Let p be a prime ideal of B. Then B/p is an integral domain, algebraic over k, and
hence is a field (by 3.32). Therefore p is maximal. Let p1,po, ..., p, be prime ideals
of B. Since they are all maximal, they are relatively prime in pairs. Therefore the
Chinese remainder theorem shows that

B/npi=]]B/m: ()
Note that
(B:k]>[B/Np;: k] = [Bfpi: k] >

Therefore B has only finitely many prime ideals, say pi,...,p, where g < [B: k],
and Np; = 0. When we take r = g in (*) we find that

g
B =]][B/p:
=1

For each i, B/p; is a field, and it is a finite extension of k. Because k is per-
fect, it is even a separable extension of k. Now we can apply (2.25) to deduce
that disc((B/p;)/k) # 0, and we can apply the preceding lemma to deduce that
disc(B/k) # 0. O

We now prove the theorem. From the first lemma, we see that
disc(B/A) mod p = disc((B/pB)/(A/p)),

and from the last lemma that disc((B/pB)/(A/p)) = 0 if and only B/pB is not
reduced. Let pB = [[*B;". Then B/pB = [[ B/B*, and

[[B/%B is reduced <= each B/PB* is reduced <= eache; = 1.

REMARK 3.41. (a) In fact there is a precise, but complicated, relation between
the power of p dividing Disc(B/A) and the extent to which p ramifies in B. It implies
for example that ord,(disc(B/A)) > > fi(e; — 1), and that equality holds if no e; is
divisible by the characteristic of A/p. (See Serre 1962, III 6.)

(b) Let A be the ring of integers in a number field K, and let B be the integral
closure of A in a finite extension L of K. It is possible to define disc(B/A) (as an
ideal) without assuming B to be a free A-module. Let p be an ideal in A, and let
S =A—p. Then ST'A = A, is principal, and so we can define Disc(S~'B/S™'A).
It is a power (pA,)™® of pA,. Define

disc(B/A) = H pm®),

The index m(p) is nonzero for only finitely many p, and so this formula does define
an ideal in A. Clearly this definition agrees with the usual one when B is a free
A-module, and the above proof shows that a prime ideal p ramifies in B if and only
if it divides Disc(B/A).

EXAMPLE 3.42. (For experts on Riemann surfaces.) Let X and Y be compact
connected Riemann surfaces, and let a: Y — X be a nonconstant holomorphic map-
ping. Write M(X) and M(Y) for the fields of meromorphic functions on X and Y.
The map f — f o« is an inclusion M(X) < M(Y’) which makes M(Y) into a field
of finite degree over M(X); let m be this degree. Geometrically, the map is m: 1
except at a finite number of branch points.
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Let P € X and let Op be the set of meromorphic functions on X that are holo-
morphic at P — it is the discrete valuation ring attached to the discrete valuation
ordp, and its maximal ideal is the set of meromorphic functions on X that are zero
at P. Let B be the integral closure of Op in M(Y). Let a™'(P) = {Qx, ..., Q,} and
let e; be the number of sheets of Y over X that coincide at @;. Then pB = [] ¢’
where ¢; is the prime ideal {f € B | f(Q;) = 0}.

Finding factorizations. The following result often makes it very easy to factor an
ideal in an extension field. Again A is a Dedekind domain with field of fractions K,
and B is the integral closure of A in a finite separable extension L of K.

THEOREM 3.43. Suppose that B = Ala], and let f(X) be the minimum polynomial
of aw over K. Letp be a prime ideal in A. Choose monic polynomials g1(X), ... , g-(X)
in A[X] that are distinct and irreducible modulo p, and such that f(X) =[] g:(X)“
modulo p. Then

pB = H(pa Gi (&>>6i

1s the factorization of pB into a product of powers of distinct prime ideals. Moreover,
the residue field B/(p,gi(a)) =~ (A/p)[X]/(g:), and so the residue class degree f; is
equal to the degree of g;.

PROOF. Our assumption is that the map X — « defines an isomorphism
AIX]/(f(X)) — B.
When we divide out by p (better, tensor with A/p), this becomes an isomorphism

HX)/(FCX) = B/oB, X

where k = A/p. The ring k[X]/(f) has maximal ideals (g1), ..., (g,), and [](g:)% =

(but no product with smaller exponents is zero). The ideal (g;) in k[X]/(f) cor-
responds to the ideal (g;(«)) + pB in B/pB, and this corresponds to the ideal
p; =4 (p,9:(a)) in B. Thus pyq,...,p, is the complete set of prime ideals contain-
ing pB, and hence is the complete set of prime divisors of p (see 3.13). When we
write pB = [[B;", then the e; are characterized by the fact that pB D [[ B, but pB
does not contain the product if any e; is replaced with a smaller value. Thus it follows
from the above (parenthetical) statement that e; is the exponent of g; occurring in
the factorization of f. O

REMARK 3.44. When it applies the last theorem can be used to prove (3.36) and
(3.37). For example, m = deg(f), and so the equation m = > e; f; is simply the equa-
tion deg(f) = >_ e;-deg(g:). Also, disc(B/A) = disc(f(X)), and this is divisible by p
if and only if f(X) has multiple factors (when regarded as an element of (A/p)[X]),
i.e., if and only if some e; > 0.

REMARK 3.45. The conclusion of the theorem holds for a particular prime p of A
under the following weaker hypothesis: disc(1, a, ...,a™ ') = a-Disc(B/A) with a an
ideal of A not divisible by p. To prove this, invert any element of a not in p, and
apply the theorem to the new ring and its integral closure.
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Examples of factorizations. We use Theorem 3.43 to obtain some factorizations.

EXAMPLE 3.46. Let m # 1 be a square-free integer. We consider the factoriza-
tion of prime integers in K = Q[y/m]. Recall that disc(1, /m) = 4m, and that
disc(Ok/Z) = disc(1,y/m) if m = 2,3 mod 4, and that disc(Ok/Z) = disc(1,/m)/4
if m = 1 mod 4. In both cases, we can use the set {1,/m} to compute the fac-
torization of an odd prime p (see 3.45). Note that (3.36) allows only three possible
factorizations of (p) in Ok, namely,

(p) =p* (p) ramifies, e =2, f=1, g=1;
(p) =p: (p) stays prime,e=1, f =2 g=1;
(p) = pip2: (p) splits,e=1, f=1,g=2.
One obtains the following result.
(i) If p| disc(Ok/Z), then (p) ramifies in Ok.
(ii) For an odd prime p not dividing the m, we have
(p) is the product of two distinct ideals <= m is a square mod p, i.e., (%) =1
(p) is a prime ideal in Q[\/m] <= m is not a square mod p, i.e., (2) =-1
(iii) For the prime 2 when m =1 mod 4, we have
(p) is the product of two distinct ideals <= m =1 mod §;
(p) is a prime ideal in Q[\/m] <= m =5 mod 8.
To prove (iii), we must use the integral basis {1, a}, a = (14 /m)/2. The minimum
polynomial of o is X? — X + (1 —m)/4. If m = 1 mod 8, this factors as X? + X =
X(X +1) mod 2, and so (2) = (2,a)(2,1+a). If m =5 mod 8, then X? — X + (1 —
m)/4 = X? + X + 1 mod 2, which is irreducible, and so (2) = (2,1 + a + a?) = (2).

EXAMPLE 3.47. It is proved in basic graduate algebra courses that Z[i], the Gauss-
ian integers, is a principal ideal domain. I claim that the following conditions on an
odd prime p are equivalent:

(a) p=1 mod 4;
(b) (p) splits in Z[i];
(c) there exist integers a and b such that p = a® + b*.

We know that (p) splits in Z[i] if and only if —1 is a square mod p, but this is so
if and only if IF,, contains a 4™ root of 1, i.e., if and only if the group [, contains an
element of order 4. As F' is a cyclic group (any finite subgroup of the multiplicative
group of a field is cyclic — exercise) of order p — 1, this is so if and only if 4|p — 1.
Thus we have shown that (a) and (b) are equivalent.

Suppose (p) splits in Z[i], say (p) = pip2. Then p; and po are principal, and if
p1 = (a + ib) then py = (a — ib). Therefore a® + b*> = p up to multiplication by a
unit in Z[i]. But the only units in Z[i] are +1, 44, and so obviously!® a? + b = p.
Conversely, if p = a* + b* with a,b € Z, then (p) = (a + ib)(a — ib) in Z][i].

[The fact that every prime of the form 4n+ 1 is a sum of two squares was stated as
a theorem by Fermat in a letter in 1654. Euler, who was almost certainly unaware of

Fermat’s letter, found a proof. For some history, and a discussion of algorithms for
finding a and b, see Edwards 1977, p. 55.]

10Following the usual convention, we generally take a prime p in Z to be positive.
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REMARK 3.48. (a) From (3.43) and (3.45) we see that, for almost all p, factoring
(p) in Ok amounts to factoring a polynomial f(X) modulo p into a product of powers
of irreducible polynomials. Clearly, this can always be done, but may require a lot of
hard work (but not much intelligence). Hence it can safely be left to the computer.
In Maple, type:

Factors(f(X)) mod p;

In Mathematica, type:

Factor[f(X), Modulus->p]

(b) In the next section, we shall show, not only that the class group of a number
field is finite, but that it is generated by the prime ideals dividing a certain small
set of prime numbers. Finding the class number therefore involves finding the prime
ideal factors of these prime numbers, and the relations among them.

EXAMPLE 3.49. Let a be a root of X3 + 10X + 1. Recall that the discriminant of
the polynomial is —4027, and so the ring of integers in Q[a] is Z + Za + Za?. There
are the following factorizations:

2 1+X)1+X+X?%) (2 = (2,14 a)(2,1 +a+a?)

3 2+X)2+X+X?%) (3 = (3,24 a)(3,2+a+a?)

5 (1+X)(1+4X +X2)  (5) (5,1 +a)(5,1 +4a + a?)

7T B+X)6+4X+ X2 () = (1.3+a)(7,5+4a +a?)

11 (6+X)2+5X+X%) (11) = (11,64 «)(11,2 + 5a + o?)

13 1+10X + X3 (13) = (13,1+10a + a?) = (13)

17 1+10X 4+ X3 (17) = prime ideal.

4027 (2215 + X)2(3624 + X) (4027) = (4027, 2215 + )2(4027, 3624 + o).

EXAMPLE 3.50. Let a be a root of X3 —8X 4 15. Here again, the discriminant of
the polynomial is —4027, and so the ring of integers in Q[a] is Z + Za + Za?. There
are the following factorizations:

2 1+X)1+X+X?%) (2 = (2,14 a)(2,1+a+a?)

3 X(1+X?) (3) (3,2)(3,1+ a?)

5 X(2+X?) (5) = (5,a)(5,2+a?)

7 G+X)B+2X +X%) (7 = (7,0)(7,3 + 2a + o?)

11 (1+X)4+10X +X?) (11) (11,a)(11,4 4+ 10a + o?)

13 2+5X + X? (13) = (13)

17 @A+X)6+X)(7+X) (17) = (17,44 «)(17,6 + @)(17,7 + «)
4027 (509 + X)(1759 + X)2. (4027) = (4027,509 4 a)(4027,1759 + a)?

On comparing the factorizations of (17) in the fields in the last two examples, we
see that the fields can’t be isomorphic.

REMARK 3.51. When K is a number field, it is interesting to have a description
of the set Spl(K) of prime numbers that split in K. For K = Q[/m], this is the
set of p for which (%) = 1, and we shall see later that the quadratic reciprocity law
gives a good description of the set. For any abelian Galois extension K of Q, class
field theory gives a similarly good description, but for an arbitrary extension very
little is known about what sets can occur. There is a theorem that says that two
Galois extensions K and K’ of Q are isomorphic if and only if Spl(K) =Spl(K’).
Moreover, this can be made into an effective procedure for determining when fields
are isomorphic. See Theorem 8.38 below.
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EXAMPLE 3.52. In (2.38), we saw that f(X) = X° — X — 1 is irreducible in Q[X],
and that its discriminant is 19 - 151, which is square-free, and so, if « is a root of
f(X), then Z[a] is the ring of integers in Q[a]. We have

19 (64 X)?(10 + 13X + 17X? + X?)
(19) = (19,6 + )*(19,10 + 13 + 170> + )
151 (9+X)(39+ X)%...
(151) = (151,9 + )(151,39 + «0)®. ..
4027 (1261 + X)(2592 + X)(790 + 3499X + 174X? + X?).
Thus (19) and (151) are ramified in Q[a], and 4027 isn’t, which is what Theorem
3.37 predicts.

ExXAMPLE 3.53. According to Maple,
I+ X+ X+ X+ X' =4+ X)* mod5
Why is this obvious?

Eisenstein extensions. Recall that Eisenstein’s Criterion says that a polynomial
X"+ o X™ 4t a,
such that a; € Z, p|a; all 7, and p? does not divide a,,, is irreducible in Q[X]. We

will improve this result, but first we need to make two observations about discrete
valuations.

Let A be a Dedekind domain, and let B be its integral closure in a finite extension
L of its field of fractions K. Let p be a prime ideal of A and let p be an ideal of B
dividing p, say pB = P°---. Write ord, and ordyp for the normalized valuations on
K and L defined by p and B. Then

ordg|K = e - ord,
because, if (a) = p™--- in A, then (a) =P™°--- in B.
Next I claim that if
@+ Fa, =0,

then the minimum value of ord(a;) must be attained for at least two i’s. Suppose
not, say ord(a;) < ord(a;) for all i > 1. Then

ord(as + az + ... + a,,) > min(ord(as), ord(as + ... + ap)) > -+ > 2r<rz1i<rin(ord(ai)),
but —a; = ) a; implies ord(a;) = ord(>_ a;), which is a contradiction.
Let A be a Dedekind domain and let p be a prime ideal in A. A polynomial
X" X" 4 an, a; €A,
is said to be Fisenstein relative to p if
ordy(a) > 0,...,ordy(am-1) > 0,ordy(am) = 1.
PROPOSITION 3.54. Let f(X) € A[X] be an Fisenstein polynomial with respect to

p. Then f(X) is irreducible, and if a is a root of f(X), then p is totally ramified in
Klal; in fact pB = P™ with P = (p, «) and m = deg(f).
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PRroOOF. Let L = K[a] — we have [L: K| < m. Let 8 be a prime ideal dividing p,
with ramification index e say. Consider the equation
A"+ a ™t + - +a,, =0.

Because f(X) is Eisenstein,

ordg(a™) = m-ordg(a);
ordg(a;a™™) > (m —i)-ordgp(a) + e;
ordg(an) = e.

If ordp () = 0, then the minimum value of ordy is taken for a single term, namely
a™. This is impossible, and so ordg(a) > 1, and ordyg(a;a™ %) > ordg(ay,) = e for
i =1,...,m. From the remark preceding the proposition, we see that m -ordg(a) = e.
Then

m-ordg(a) =e < [K[a] : K

)
and we must have equalities throughout: ordg(a) =1
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In this section we prove the first main theorem of the course: the class number of
a number field is finite. The method of proof is effective: it gives an algorithm for
computing the class group.

Norms of ideals. Let A be a Dedekind domain with field of fractions K, and let B
be the integral closure of A in a finite separable extension L. We want to define a ho-
momorphism Nm: Id(B) —Id(A) which is compatible with taking norms of elements,
i.e., such that the following diagram commutes:

L* — 1d(B)
| Nm | Nm (*)
K~ — 1d(A)
Because Id(B) is the free abelian group on the set of prime ideals, we only have to
define Nm(p) for p prime.
Let p be a prime ideal A, and factor pB = [[*B;". If p is principal, say p = (7),
then we should have
Nm(pB) =Nm(r- B) =Nm(7) - A= (") =p", m=][L: K|.
Also, because Nm is to be a homomorphism, we should have

Nm(pB) = Nm([T ;") = [T Nm(P;)“.
On comparing these two formulas, and recalling (3.36) that m = > e, f;, we see that
we should define Nm(3;) = p/i. We take this as our definition:

Nm(P) = P/*® where p = PN A and f(P/p) = [B/P: A/p].

To avoid confusion, I sometimes use N to denote norms of ideals.
If we have a tower of fields M D L D K, then

NL/K(NM/La> = NM/Ka

because f(Q/B) - f(B/p) = f(Q/p), Le., [C/Q: B/P]-[B/P: A/p] =[C/Q: A/p]
where C' D B D A are the integral closures of A in M, L, and K respectively.

PROPOSITION 4.1. Let AC B and K C L be as above.

(a) For any nonzero ideal a C A, Nk (aB) = a™, where m = [L : K.
(b) Suppose L is Galois over K. Let B be a nonzero prime ideal of B and let
p=PNA Writep-B=(P1---B,)° (cf 3.36). Then

NB-B=(P--PB)" = [] P
s€Gal(L/K)
(c) For any nonzero element 3 € B, Nm((3)- A =Nm(8- B) (i.e., (*) commutes).

PROOF. (a) It suffices to prove this for a prime ideal p, and for such an ideal we
have that

N(pB) = N([IB5) =4 p=fi =p™ (by 3.36).
(b) Since N*B; = p/ for each i, the first equality is obvious. In the course of the proof

of (3.36), we showed that Gal(L/K) acts transitively on the set {P,...,B,}, and it
follows that each PB; occurs % = ef times in the family {oP | 0 € Gal(L/K)}.
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(c) Suppose first that L is Galois over K, and let 5 - B = b. The map a —
a- B:1d(A) — Id(B) is injective (remember they are free abelian groups on the
nonzero prime ideals), and so it suffices to show that Nm((5) - B = Nm(b) - B. But

Nm(b) - B £ [[ob = [[(05- B) = ([[oB) - B = Nm(5) - B
as required.

In the general case, let E be a finite Galois extension of K containing L, and let
d = [E: L]. Let C be the integral closure of B in E. From (a), the Galois case, and
the transitivity of ' we have that

Nk (8- B)' = Ngj(8 - C) = Nmpg/g(8) - A = Nmp g (3)" - A.

As the group of ideals Id(A) is torsion-free, this implies that N7, (8- B) = Nmy /k(5)-
A. O

Let a be a nonzero ideal in the ring of integers Ok of a number field K. Then a is
of finite index in Ok, and we let Na, the numerical norm of a, be this index:

Na = (OK : Cl).
PROPOSITION 4.2. Let Ok be the ring of integers in a number field K.

(a) For any ideal a in Ok, Nk g(a) = (N(a)); therefore N(ab) = N(a)N(b).
(b) Let b C a be fractional ideals in K ; then

(a:b) =N(a"'b).

PROOF. (a) Write a = [[p;’, and let f; = f(pi/pi) where (p;) = Z N p;; then
Nm(p;) = (p;)’". From the Chinese remainder theorem, Ok /a ~ [[ Ok /p}’, and so
(Ok :a) =[[(Ok : p;"). In the course of the proof of (3.36), we showed that Ok /p;’
is a vector space of dimension f;r; over F,,, and so (O : p.’) = p{i”. On taking the
product over i, we find that (O : a) = [[(p/""*) = Nk/ga. When we identify the
set of nonzero ideals in Z with the set of positive integers, then N becomes identified
with N, and so the multiplicativity of N follows from that of N.

(b) For any nonzero d € K, the map z +— dz : K — K is an additive isomorphism,
and so (da : db) = (a : b). Since (da)(db)™" = ab™!, we may suppose that a and b
are integral ideals. The required formula then follows from (a) and the formulas

(Ok :a)(a:b) = (Ok : b)
and
N(a) -N(a7'b) = N(b).
O
Statement of the main theorem and its consequences. We now state the main
theorem of this section and discuss some of its consequences.

THEOREM 4.3. Let K be an extension of degree n of Q, and let Ax be the dis-
criminant of K/Q. Let 2s be the number of nonreal complex embeddings of K. Then
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there exists a set of representatives for the ideal class group of K consisting of integral
1deals a with
n! [4\°
N(a) < — (—) ’AK’%
n" \mw

The number on the right is called the Minkowski bound — we sometimes denote
it by Bg. The term Ck = g—,‘l (%)S is called the Minkowsk: constant. It takes the
following values:

N T S C
2 0 1 0.636
2 2 0 0.500
3 1 1 0.283
3 3 0 0.222
4 0 2 0.152
4 2 1 0.119
4 4 0 0.094
5 1 2 0.062
5 3 1 0.049
5 5 0 0.038

100 100 0 0.93 x 1072
Here r is the number of real embeddings of K. We have
K@ygR~R" xC°

and, if K = Q[a] and f(X) is the minimum polynomial of «, then r is the number
of real roots of f(X) and 2s is the number of its nonreal roots. To see that these
descriptions of r and s are agree, apply (1.13).

Before proving (4.3), we give some applications and examples.

THEOREM 4.4. The class number of K is finite.

ProoOF. It suffices to show that there are only finitely many integral ideals a in
O such that N(a) is less than the Minkowski bound — in fact, we shall show that,
for any integer M, there are only finitely many integral ideals a with N(a) < M. If
a = [[p7, then N(a) = []p/*/* where (p;) = p; N1 Q. As N(a) < M, this allows only

finitely many possibilities for the p; (and hence for the p;), and only finitely many
possibilities for the exponents r;. O

Let S be the set of integral ideals in K with norm < Bg. Then S is a finite set,
and Cl(Ok) = S/ ~, where a ~ b if one ideal is the product of the other with a
principal (fractional) ideal. There is an algorithm for finding S, and an algorithm for
deciding whether a ~ b, and so there is an algorithm for finding Cl(Ok) (the group,
not just it’s order). To find S, find the prime ideal factors of enough prime numbers,
and form some of their products. To decide whether a ~ b, one has to decide whether
¢ = ab™! is principal. From (4.2b) we know that, for v € ¢,

¢c=(y) <= Nc=|Nm~|
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and so we have to solve the equation:
Nm~y = constant.

When we express 7 in terms of an integral basis, this becomes a (very special) type
of diophantine equation. For a description of an algorithm for finding Cl(Ok), see
Pohst and Zassenhaus 1989, p424.

EXAMPLE 4.5. Let K = Q[i]. The condition in the theorem is that N(a) < 212 <
1.27. There are no such ideals other than Z[i], and so Z][i] is a principal ideal domain.
(Of course, the elementary proof of this shows more, namely, that Z[i] is a Euclidean
domain. Even for rings of integers in number fields, it is not true that all principal
ideal domains are Euclidean domains. For example, Q[v/—19] has class number 1,
but its ring of integers is not a Euclidean domain. For more on such things, see

the survey article: Lemmermeyer, F., The Euclidean algorithm in algebraic number
fields, Exposition. Math., 13 (1995).)

EXAMPLE 4.6. Let K = Q[y/—5]. Here N(a) < 0.63 x v/20< 3. Any ideal
satisfying this must divide (2). In fact, (2) = p? where p = (2,1 + /=5), and
Np? = N(2) = 4, and so Np = 2. The ideals Ok and p form a set of representatives
for C1(Z[v/=5]). The ideal p can’t be principal because there does not exist an ele-
ment o = m +n+/=5 such that Nm(a) = m?+5n? = 2, and so Cl(Z[/—5]) has order
2.

EXAMPLE 4.7. Let K be a cubic field with discriminant < 0. Since the sign of Ag
is (—1)%, and [K : Q] = r + 2s, we have s = 1, r = 1. The Minkowski bound is

B < 0.283|Ak|z.

For |Ak| <49, B < 2, and so for cubic fields with —49 < Ax < 0, the class number
h = 1. For example, this is true for the number fields with discriminants —23 and
—31 discussed earlier (see 2.35, 2.36).

For the field generated by a root of X3 4 10X + 1, the discriminant is —4027, and
the Minkowski bound is < 18. Recall from (3.49) that

(2) = (2,1 +a)(2,1+a+a?).

Let p = (2,1 4+ a)—its norm is 2. One can show that it generates the class group,
and that it has order 6 in the class group, i.e., p® but no smaller power is principal.
Hence the class group is cyclic of order 6. (The proof takes quite a bit of hard work
if you do it by hand — see Artin 1959, pp. 160-162, 170-172.)

An extension L of a number field K is said to be unramified over K if no prime
ideal of Oy ramifies in Oy.

THEOREM 4.8. There does not exist an unramified extension of Q.

PROOF. Let K be a finite extension of Q. Since a set of representatives for the
class group must have at least one element, and that element will have numerical
norm > 1, Theorem 4.3 shows that

T\ n/2
(7"

N[

v

n

A 2”_<I)S n
n! \4 n!
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1
Let a, = rhs. Then ay > 1, and “Z% = (%) 2(1+ %)” > 1, and so the sequence a,, is
monotonically increasing. Hence the discriminant of K has absolute value > 1, and
we know from (3.37) that any prime dividing the discriminant ramifies. O

We can now prove that there is no irreducible monic polynomial f(X) € Z[X] of
degree > 1 with discriminant +1. Let f(X) be such a polynomial, and let « be a root
of f(X). Then disc(Z]a]/Z) = £1, and so Z[a] is the ring of integers in K 4 Qla]
and disc(Ok/7Z) = £1, which we have just seen can’t happen.

REMARK 4.9. There may exist unramified extensions of number fields other than
Q. In fact, class field theory says that the maximal abelian unramified!! extension
of K (called the Hilbert class field of K) has Galois group canonically isomorphic to
Cl(Ok). For example, the theory says that Q[v/—5] has an unramified extension of
degree 2, and one verifies that Q[v/—1, v/—5| is unramified over Q[v/—5].

ASIDE 4.10. Let K; be a number field with class number hg, > 1. Its Hilbert
class field is an abelian unramified extension Ks of K; with Gal(Ky/K;) = CI(K;).

Let K3 be the Hilbert class field of K5, and so on. In this way, we obtain a tower of
fields,

K1CK2CK3C“'

It was a famous question (class field tower problem) to decide whether this tower
can be infinite, or must always terminate with a field of class number 1 after a finite
number of steps. It was shown by Golod and Shafarevich in the early 60s that the
tower is frequently infinite. (See the article by Roquette in Cassels and Frohlich
1967.)

EXAMPLE 4.11. Let o be aroot of f(X) = X°— X +1. As we saw in (2.38) that
f(X) is irreducible and its discriminant is 19 x 151, and so the ring of integers of
K £Q[a] is Z[o].

According to Theorem 4.3, every class of ideals for Q[a] contains an integral ideal
a with N(a) < 0.062 x /19 x 151 = 3.3 < 4. If p is a prime ideal with N(p) = 2,
then f(p/(2)) =1, and f(X) must have a root mod 2, but it doesn’t, and so p can’t
exist. Similarly, there is no prime ideal p with N(p) = 3, and so Ok is a principal
ideal domain!

The Galois group of the splitting field M of f(X) is S5 (later we shall see how to
find Galois groups; for the moment type “galois(X® — X 4 1);” in Maple), and hence
[M: Q] = 120. It is possible to show that M is unramified over Q[+/19 x 151].

Lattices. Let V be a vector space of dimension n over R. A lattice A in V is a
subgroup of the form
N=7e + -+ Ze,

with ey, ..., e, linearly independent elements of V. Thus a lattice is the free abelian
subgroup of V' generated by elements of V' that are linearly independent over R.
When r = n, the lattice is said to be full. At the opposite extreme, A = {0} is a

'The Hilbert class field L of K is required to be unramified even at the infinite primes — this
means that every real embedding of K extends to a real embedding of L.
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lattice (generated by the empty set of elements). In terms of tensor products, one
can say that a full lattice in V' is a subgroup A of V' such that

Zri®xi»—>2rixi, R@ZAHV,
is an isomorphism.

NONEXAMPLE 4.12. The subgroup Z + Z+/2 of R is a free abelian group of rank
2 (because v/2 is not rational), but it is not a lattice in R.

We shall need another criterion for a subgroup A of V' to be a lattice. The choice
of a basis for V' determines an isomorphism of V' with R™, and hence a topology on
V'; the topology is independent of the basis, because any linear automorphism of R"
is a homeomorphism. A subgroup A of V' is said to be discrete if it is discrete in the
induced topology. Recall that a topological space is discrete if its points (hence all
subsets) are open. Thus to say that A is discrete means that every point « of A has
a neighbourhood U in V such that U N A = {a}.

LEMMA 4.13. The following conditions on a subgroup A of a finite-dimensional
real vector space V' are equivalent:

(a) A is a discrete subgroup;

(b) there is an open subset U of V' such that U N A = {0};
(c) each compact subset of V' intersects A in a finite set;
(d) each bounded subset of V' intersects A in a finite set.

PROOF. (a) <= (b). Obviously (a) implies (b). For the converse, note that the
translation map x +— a +x: V — V is a homeomorphism, and that therefore if U is
a neighbourhood of 0 such that U N A = {0}, then o + U is a neighbourhood of «
such that (a« +U) N A = {a}.

(a)=-(c). Condition (a) says that A is a discrete space for the induced topology.

Hence, if C' is compact, then C'N A is both discrete and compact, and therefore must
be finite.

(¢)=(d). The closure of a bounded set in R™ (hence in V') is compact, and so this
is obvious.
(d)=(b). Let U be a bounded open neighbourhood of 0. Then S = U N A \ {0}

is finite and hence closed, and so U \ S is an open neighbourhood of {0} such that
(U~ S)NA={0}. O

PROPOSITION 4.14. A subgroup A of V' is a lattice if and only if it is discrete.

Proor. Clearly, a lattice is discrete. For the converse, let A be a discrete subgroup
of V', and let ey, ..., e, be a maximal R-linearly independent subset of A. We shall use
induction on r.

If r =0, A =0, and there is nothing to prove.

If r = 1, then every a € A can be written o = aey, some a € R. Because A is
discrete, {ae;y | |a| < M} N A is finite, and so there is an f; € A such that, when we
write fi = aey, a attains its minimum value > 0. I claim A = Zf,. fa € A, a ¢ Zf1,
then we can find an integer m such that « — mf; = bf; with 0 < b < 1; but then
(v —mf1) = bf1 = abey, and 0 < ab < a, which contradicts our choice of f;.
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Let A= AN (Rey + -+ +Re,_1). Clearly this is a discrete subgroup of the vector
space V' =4 Rey + - - - +Re,_; and so, by induction, A’ =Zf, +--- +Zf,_; for some
fi that are linearly independent over R (and hence also form a basis for V’). Every
a € A can be written uniquely

a=afi+-+a-1fr—1+ae., a;,a€cR.

Let ¢: A — R be the map a + a, and let A” = Im(p). Note that a is also the image
of

(al - [a1]>f1 Tt (ar—l - [ar—l])fr—l + aey, [*] = integer part,

and so each element a € A” in a bounded set, say with 0 < |a| < M, is the image of
an element of A in a bounded set,

0<a; <1, i=1,...,r=1, J|a| <M.

Thus there are only finitely many such a’s, and so A” is a lattice in R, say A" =

Z- @(fr)a fr €A
Let o € A. Then ¢(«a) = ap(f,) for some a € Z, and p(a — af,) = 0. Therefore
a—af. € N, and so it can be written

a—afp=a1fi+ -+a_1fr1, a €Z.
Hence
a=arfi+-+a_1frat+af, aia€l,
which proves that A = > Zf;. O
Let V' be a real vector space of dimension n, and let A be a full lattice in V, say
A =>"Ze;. For any \g € A, let
D={X+> ae;|0<a; <1}

Such a set is called a fundamental parallelopiped for A. The shape of the parallelopiped
depends on the choice of the basis (e;), but if we fix the basis and vary A\g € A, then
the parallelopipeds cover R™ without overlaps.

REMARK 4.15. (a) For a fundamental parallelopiped D of a full lattice
N=Zfi + -+ Lf,
in R™, the volume of D

p(D) = [det(fr, - fa)].

(See any good book on calculus.) If also
A=Zfi+Zf+- +Zf,

then the determinant of the matrix relating {f;} and {f/} has determinant £1, and
so the volume of the fundamental parallelopiped doesn’t depend on the choice of the
basis for A.

(b) When A D A’ are two full lattices R™, we can choose bases {e;} and {f;} for
A and A’ such that f; = m;e; with m; a positive integer. With this choice of bases,
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the fundamental parallelopiped D of A is a disjoint union of (A : A’) fundamental
parallelopipeds D’ of A’. Hence

u(D') (A:A) (*)
oy — (A .
(D)

As we noted above, the choice of a basis for V' determines an isomorphism V' ~ R",
and hence a measure p on V. This measure is translation invariant (because the
Lebesgue measure on R” is translation invariant), and well-defined up to multiplica-
tion by a nonzero constant (depending on the choice of the basis) 2. Thus the ratio

of the measures of two sets is well-defined, and the equation (*) holds for two full
lattices A D A" in V.

THEOREM 4.16. Let Dy be a fundamental parallelopiped for a full lattice in' V', and
let S be a measurable subset in V. If u(S) > pu(Dy), then S contains distinct points
a and 3 such that  —a € A.

PROOF. The set S N D is measurable for all fundamental parallelopipeds D, and
u(S) = u(SND)

(sum over translates of D by elements of A). For each D, a (unique) translate of
SN D by an element of A will be a subset of Dy. Since u(S) > pu(Dy), at least two of
these sets will overlap, i.e., there exist elements o, 3 € S such that

a—A=p3-XN, somel\ )N €A.
Then § — a € A. O

REMARK 4.17. In the language of differential geometry, the theorem can be given
a more geometric statement. Let M = V/A; it is an n-dimensional torus. The
measure p on V' defines a measure on M for which M has measure p(M) = p(D).
The theorem says that if u(S) > p(M), then the restriction of the quotient map
V — M to S can’t be injective.

Let T be a set such that
1
0feT=s(a-Fel, ()

and let S = %T . Then T contains the difference of any two points of .S, and so T" will
contain a point of A other than the origin whenever

1

uD) < u(5T) =27"uW(T),

i.e., whenever
w(T) > 2" (D).

We say that a set T' is convex if, with any two points, it contains the line joining
the two points, and that T is symmetric in the origin if a € T implies —a € T. A
convex set, symmetric in the origin, obviously satisfies (*), and so it will contain a
point of A\ {0} if its volume is greater than 2"u(D).

12The experts will recognize i as being a Haar measure on V.
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THEOREM 4.18 (Minkowski’s). Let T' be a subset of V' that is compact, conver,
and symmetric in the origin. If

w(T) > 2"u(D)

then T' contains a point of the lattice other than the origin.

PRrooOF. Replace T with (14-¢)T", € > 0. Then pu((1+¢)T") = (14&)"w(T) > 2"u(D),
and so (14¢)7" contains a point of A other than the origin (see the preceding remark).
It will contain only finitely many such points because A is discrete and (1 + )T is
compact. Because T' is closed

If none of the points of AN (14 ¢)7 is in T, we will be able to shrink (1 4 ¢)7T°
(keeping € > 0) so that it contains no point of A other than the origin—which is a
contradiction. O

REMARK 4.19. Theorem 4.18 was discovered by Minkowski in 1896. Although it
is almost trivial to prove, it has lots of nontrivial consequences, and was the starting
point for the branch of number theory (now almost defunct) called the “geometry
of numbers”. We give one immediate application of it to prove that every positive
integer is a sum of four squares of integers.

From the identity
(a® + b°+ E+d)(A2+ B2+ C?+ D?) =
(aA—bB — cC —dD)? + (aB + bA + ¢D — dC)? +
(aC —bD + cA+ dB)* + (aD + bC — ¢B + dA)?,
we see that it suffices to prove that a prime p is a sum of four squares.

Since
2=1241>+0%+07
we can suppose that p is odd. I claim that the congruence
m?4+n*+1=0 modp

has a solution in Z. As m runs through 0,1,... ,p — 1, m? takes exactly (p + 1)/2
distinct values modulo p, and similarly for —1 — n?. For the congruence to have no
solution, all these values, p 4+ 1 in total, must be distinct, but this is impossible.

Fix a solution m,n to the congruence, and consider the lattice A C Z* consisting
of (a,b,c,d) such that

c=ma+nb, d=mb—na mod p.

Then Z* > A D pZ* and A/pZ* is a 2-dimensional subspace of F), (the a and b can be
arbitrary mod p, but then ¢ and d are determined). Hence A has index p* in Z*, and
so the volume of a fundamental parallelopiped is p?. Let T be a closed ball of radius
r centered at the origin. Then T has volume 72r?/2, and so if we choose r? > 1.9p
say, then

u(T) > 16p(D).
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According to Minkowski’s theorem, there is a point (a, b, ¢, d) € (A\{0})NT. Because
(a,b,c,d) € A,

A+ + A+ =ad*(1+m*+n?) +0*(1+m?+n?) =0 mod p,
and because (a,b,c,d) € T,
A+ 0+ +d* < 2.

As a® + b? + ¢ + d? is a positive integer, these conditions imply that it equals p.

This result was stated by Fermat. Euler tried to prove it over a period of 40 years,
and Lagrange succeeded in 1770.
Some calculus. Let V' be a finite-dimensional real vector space. A norm on V is a
function || - ||: V' — R such that

(4.20.1) forall x € V, ||x|| > 0, and ||x|| =0 <= x = 0;
(4.20.2) for r e Rand x € V, ||rx|| = |r|||x]l;
(4.20.3) (triangle law) for x,y € V, ||x + y|| < [Ix[| + [ly]|-

Let V = R" x C® — it is a real vector space of dimension n = r + 2s. Define a
norm on V' by

Ixll =D "l +2 > Iz
i=1 i=r+1
if X = (Z1, .00y Ty Zrg 1y eoey Zrts)-
LEMMA 4.21. For any real number t > 0, let
X(@t) ={xeV||x| <t}
Then
(X (1) = 2"(w/2)°t" /n!.
PROOF. Since X (t) is symmetric with respect to the r real axes, we have
WX () =2"- u(Y(t))
where Y (t) = {x | ||x|| < t, z1,...,2, > 0}. For the complex variables, we make the
change of variable
1
zj=x; +iy; = ipj(cos 6, + isinf;).

The Jacobian of this change of variables is p;/4. After integrating over the 6, for
0 <0; <27, we find that

N(X(t)) =247 (27T>S/ Prat - Prasdy - - dxpdpryy - - - dpros
Z

where

Z:{(Xap)eRr+S’xiapi207 Z%‘i‘zngt}
The result now follows from the next lemma by taking: m =r+s;a, =0, 1 <7 <,
a; =1, r+ 1 <i<m; for then

WX (1) =27 - 475 (21)° - "/

as required. O
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LEMMA 4.22. Fora; >0 € R, let
I(ay, ..., am,t) = / it aimndry - degy,
Z(t)

where Z(t) ={x € R™ | x; >0, > x; <t}. Then

— tZaH—m . F(al + 1) e F(am + 1)

1 cee sy Qyst .
(a17 , ) F(a1++am+m+1)

PROOF. Recall that, by definition, (e.g., Widder, D., Advanced Calculus, 1961,
Chapter 11),

F(x):/ et dt.
0+

It takes the value I'(n) = (n — 1)! for n a nonnegative integer.
By making the change of variables x} = tz; in I, we see that

I(ay, ... am;t) = tzai+m1(a1, C s 1),

Therefore it suffices to prove the formula for t = 1. We prove this case by induction
on m. First, we have

1 _F(a1+1)
ap+1 T(a+2)

1
Iy 1) = / 20y —
0
Let
Z(xm)/ = {X e R™! ’ x; >0, sz < 1—xm},

Then

1
I(ay,...,am; 1) = / xom (/ ot tdry - dxm_l) dz,,
0 Z(zm)’

1
am .
= / xoml(ag, ..., Gme1; 1 — xp)dey,
0

1
= I(al, cery Ap—1; 1) / x?nm(l _ xm>2ai+m—1dxm
0

[(am + D(ar + - - + ap—1 +m)
Clay+-+an+m+1)

= I(al,...,am_l; 1)
In the last step, we used the standard formula
1
/ 2" N1 —2)" tde = B(m,n) =
0

O

EXAMPLE 4.23. (a) Case r =2, s = 0. Then X (t) is defined by |z| + |y| < t. It is
a square of side v/2t, and so (X (t)) = 2t
(b) Case r =0, s = 1. Then X(¢) is the circle of radius ¢/2, which has area 7t /4.
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LEMMA 4.24. Let aq,... ,a, be positive real numbers. Then

([T e < O ai)/n;
Hai < (Z a;)"/n".

(The geometric mean is less than or equal to the arithmetic mean.)

equivalently,

PROOF. See any good course on advanced calculus. O

Finiteness of the class number. Let K be number field of degree n over Q.
Suppose that K has r real embeddings {o1,...,0,} and 2s complex embedding
{0r41,0r41, -+, Opys, Opys . Thus n =17+ 2s. We have an embedding

o: K —R xC* a(01a,...,0150).

We identify V £ R™ x C* with R" using the basis {1,i} for C.

PROPOSITION 4.25. Let a be an ideal in Ok; then o(a) is a full lattice in V', and
the volume of a fundamental parallelopiped of o(a) is 27° - Na - ]AK]%.

PRrROOF. Let ay,...,a;, be a basis for a as a Z-module. To prove that o(a) is a
lattice we show that the vectors o(aq),...,0(a,) are linearly independent, and we
prove this by showing that the matrix A, whose i*" row is

(0'1(041‘), e ,O'T(Odi), %(O'T_HOQ), %(O'T_HOQ), e )
has nonzero determinant.

h

First consider the matrix B whose i row is

(0'1(041‘), e ,O'T(Odi), O'r—f—l(Oéi)’ O'r—f—l(Oéi)’ e ,O'T+S(Odi)).
We saw in (2.25) that det(B)? = disc(ay, ... ,a,) # 0.
What is the relation between the determinants of A and B? Add column 7 + 2 in
B to column 7+ 1, and then subtract 1/2 column r+ 1 from column r+ 2. This gives
us 2R(0,4+1(e)) in column 7 + 1 and —i(0,41(a;)) in column r + 2. Repeat for the

other pairs of columns. These column operations don’t change the determinant of B,
and so

det(B) = (—2i)* det(A),
or
det(A) = (—2i)~* det(B) = (—2i)* disc(av, . .. , )"/ # 0.
Thus o(a) is a lattice in V.

Since o(a) = Y1, Zo(«;), the volume of a fundamental parallelopiped D for o(a)
is | det(A)|, and from (2.24) we know that

|disc(ag, ... ,an)| = (O : a)? - | disc(Ok /Z)).
Hence

p(D) =27 | disc(on, ... ,an)|2 =27° - Na- |Ag|?.



70 4. The Finiteness of the Class Number

PROPOSITION 4.26. Let a be an ideal in Ok . Then a contains a nonzero element
a of K with

4 s n‘ 1
™ n

PROOF. Let X (t) be as in (4.21), and let D be a fundamental domain for the lattice
o(a). The set X(¢) is compact convex and symmetric in the origin, and so, when we
choose t so large that pu(X(t)) > 2" - u(D), Minkowski’s Theorem shows that X ()
contains a point o(«) # 0 of o(a). For this « € a,

[Nm(a)] = |ow(@)]--|or(a)llora (@) |ores(@)?
< O loial + > 2leia])" /n" (by 4.24)
< t"/n".

In order to have u(X(t)) > 2" - u(D), we need

2 (x/2)%t" /nl > 27 - 27° - Na - |Ag]?,

ie.,

n—r

" >nl- ‘Na- |Ag|?.

7TS
When we take t" to equal the expression on the right, we find that

! 2n—r
[ Nm(a)| < =
nn s

‘Na- |Agl.
As n —r = 2s, this is the required formula. O

PrROOF OF THEOREM 4.3. Let ¢ be a fractional ideal in K — we have to show
that the class of ¢ in the ideal class group is represented by an integral ideal a with

L /4\° 1
T

/n/TL

For some d € K*, de! is an integral ideal, say (d) - ¢! = b. According to the result
just proved, there is a § € b, § # 0, with

|Nm(5)| < Bg - Nb.
Now 30k C b = B0k = ab with a integral, and a ~ b~! ~ ¢. Moreover,
Na-Nb = |Nmy,x 8| < Bk - Nb.
On cancelling Nb, we find that Na < B. O

REMARK 4.27. Proposition 4.26 can be useful in deciding whether an integral ideal
is principal.
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Binary quadratic forms. The first person to consider class numbers (implicitly)
was Gauss. Rather than working with ideals, which hadn’t been defined then, he
worked with binary quadratic forms.

By a binary quadratic form we mean an expression of the form
Q(X,Y) =aX?+bXY +cY?>

We call the form integral if Q(m,n) is an integer whenever m and n are integers, or,
equivalently, if a, b, c € Z. The discriminant of () is

dg = b* — dac.

A form is said to be nondegenerate if its discriminant is nonzero. Two integral
binary quadratic forms ) and Q)" are said to be equivalent if there exists a matrix

A= ( fy‘ ? ) € SLy(Z) such that

Q'(X,Y)=Q(aX + BY,vX +§Y).

Clearly, equivalent forms have the same discriminant, but there exist inequivalent
forms with the same discriminant. The question considered by Gauss was to try to
describe the set of equivalence classes of forms with a fixed discriminant. As we shall
explain, this question can be interpreted in terms of ideals.

Let d # 1 be a square-free integer, let K = Q[V/d], and let dx = disc(Ox/Z).
Define the norm form qx by

gr(X,Y) = Nmg/o(X +YVd) = X? —dY?, ifd=2,3 mod 4

or

1+ Vd 1—d
+2f):X2+Xy+TY2, if d=1 mod 4.

In both cases qx has discriminant dx (= 4d or d).

In general, if () is an integral binary quadratic form, then dg = dk f?, some integer
f, where K = Q[+/dg]. Moreover, if dg = di, then @ is primitive, i.e., ged(a, b, c) =
1.

Fix a field K = Q[v/d] and an embedding K < C. We choose v/d to be positive if
d > 0 and to have positive imaginary part if d is negative. Set /dx = 2v/d or Vd.
Write Gal(K/Q) = {1,0}. If d < 0, define C1"(K) = CI(K) (usual class group of K)
and if d > 0, define

CI* (K) = Id(K) /P*(K)

where PT(K) is the group of principal ideals of the form («) with @ > 0 under every
embedding of K into R.

Let a be a fractional ideal in K, and let ay, as be a basis for a as a Z-module. From
(2.24) we know that

2

= dxNa?.

aq a9
oa1 0ag
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After possibly reordering the pair a;, as we will have

= v/ dKNCl

a1 a2
oa1 049

For such a pair, define
Qaraz(X,Y) =Na™" - Nmgg(ar X + azY).
This is an integral binary quadratic form with discriminant d-.

THEOREM 4.28. The equivalence class of Qa,.ay(X,Y) depends only on the image
of a in CIT(K); moreover, the map sending a to the equivalence class of Qa, 4, defines
a bijection from CIT(K) to the set of equivalence classes of integral binary quadratic
forms with discriminant dg .

PROOF. See Frohlich and Taylor 1991, VII.2 (and elsewhere). O

In particular, the set of equivalence classes is finite, and has the structure of an
abelian group. This was known to Gauss, even though groups had not yet been
defined. (Gauss even knew it was a direct sum of cyclic groups.)

REMARK 4.29. Write hy for the class number of Q[v/d], d a square-free integer # 1.
In modern terminology, Gauss conjectured that, for a fixed h, there are only finitely
many negative d such that hy = h. (Actually, because of a difference of terminology,
this is not quite what Gauss conjectured.)

In 1935, Siegel showed that, for every ¢ > 0, there exists a constant ¢ > 0 such that
ha > cd|z™¢, d<0.

This proves Gauss’s conjecture. Unfortunately, the ¢ in Siegel’s theorem is not effec-
tively computable, and so Siegel’s theorem gives no way of computing the d’s for a
given h.

In 1951, Tatuzawa showed that Siegel’s theorem is true with an effectively com-
putable ¢ except for at most one exceptional d.

It is easy to show that hy = 1 for —d = 1,2,3,7,11,19,43,67,163 (exercise!). Thus
in 1951 it was known that there exist these 9 quadratic imaginary number fields with
class number 1, and possibly 1 more.

In 1952 Heegner proved that there was no 10" such field, but his proof was not
recognized to be correct for many years.

More recently (1983), Goldfeld, Gross, and Zagier showed, using completely differ-
ent methods from Siegel, that there is an effective procedure for finding all d < 0 with

hq equal to a given h. For an expository article on this, see Goldfeld, Bull. Amer.
Math. Soc. 13 (1985), 23-37.

By way of contrast, it is conjectured that there are infinitely many real quadratic
fields with class number 1, but this has not been proved.

There are tables of class numbers at the back of Borevich and Shafarevich 1966
(and elsewhere).
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5. THE UNIT THEOREM
In this section we prove the second main theorem of the course.

Statement of the theorem. Recall that a finitely generated abelian group A is
isomorphic to Aios @ Z" for some r where Aios is the (finite) subgroup of torsion
elements of A (i.e., of elements of finite order). The number r is uniquely determined
by A, and is called the rank of A.

THEOREM 5.1. The group of units in a number field K is finitely generated with
rank equal tor + s — 1.

The theorem is usually referred to as the “Dirichlet Unit Theorem” although Dirich-
let in fact proved it for rings of the form Z[a] rather than O.

Write Ux (= Oj) for the group of units in K. The torsion subgroup of Uy is
(obviously) the group u(K) of roots of 1 in K.

A set of units uq,... ,u,.4s1 is called a fundamental system of units if it forms a
basis for Ux modulo torsion, i.e., if every unit u can be written uniquely in the form

u=Cui" - u T (e p(K), m; €.

The theorem implies that p(K') is finite (and hence cyclic). This can be proved
directly. In §7, we shall see that, if (,, is a primitive m!" root of 1, then Q[(] is a
Galois extension of Q with Galois group isomorphic to (Z/mZ)*. Note that

#(Z/mZ)* =#{n | 0<n<m-—1,ged(n,m)=1}
= p(m) (Euler ¢-function)
and
p(m) =TTe@") =I1p; " (p: — 1), form=]]p;",
which increases with m. Since
(m € K= Q[Gn] € K = ¢(m)|[K: Q]

this implies that p(K) is finite.

LEMMA 5.2. An element o € K is a unit if and only if « € Og and Nmg,g o =
+1.

PROOF. If « is a unit, then there is a § € Ok such that a5 = 1, and then Nm(«)

and Nm(f) lie in Z and 1 = Nm(af) = Nm(«) - Nm(f). Hence Nm o € Z* = {£1}.

For the converse, fix an embedding o of K into C, and use it to identify K with
a subfield of C. Recall (2.19) that

Nm&zHa&zow H oca, o: K —C.
o oF00
Let g = H#JO oa. If a € Ok then 3 is an algebraic integer. If Nma = +1, then
3 = +a~! and so belongs to K. Therefore, if o satisfies both conditions, it has an
inverse £ in Ok, and so is a unit. 0

For all real fields, i.e., fields with an embedding into R, u(K) = {£1}; for “most”
nonreal fields, this is also true.
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EXAMPLE 5.3. Let K be a quadratic field Q[v/d]. Then Ox = {m+nvd | m,n €
Z} or {m +n(1++/d)/2 | m,n € Z}. The units in K are given by the solutions of
the equation:

m? —n*d = £1, or (2m +n)? —dn® = 4.

When d < 0, these equations (obviously) have only finitely many solutions, and so
Uk = u(K). Note that ¢, lies in a quadratic field if and only if ¢p(m) < 2. This only
happens for m dividing 4 or 6. Thus p(K) = {£1} except for the following fields:
Q[i),  pu(K) =A{=£1, i}
Q[V _3]7 IU(K> = {ila :l:p: :l:p2}7 with p= (1 T v _3)/2)
When d > 0, the theorem shows that there are infinitely many solutions, and that
Ux = Fu? for some element u (called the fundamental unit). As H. Cohn (A Classical
Invitation...) puts it, “the actual computation of quadratic units lies in the realm of
popularized elementary number theory, including devices such as continued fractions.”

The method is surprisingly effective, and yields some remarkably large numbers —
see later.

EXAMPLE 5.4. Let K = Q[a], where « is a root of X® + 10X + 1. We know that
the discriminant Ax = —4027. Since sign(Ag) = (—1)° and r+2s = 3, we must have
r =1 = s. From its minimum equation, we see that Nma = —1, and so « is a unit.
Later we shall show that « is a fundamental unit, and so Ux = {£a™ | m € Z}.
Proof that Uy is finitely generated. We first need a simple lemma.

LEMMA 5.5. For any integers m and M, the set of all algebraic integers o such
that

(i) the degree of o is < m, and

(i) |&'| < M for all conjugates o/ of «

18 finite.

PRrROOF. The first condition says that « is a root of a monic irreducible polynomial
of degree < m, and the second condition implies that the coefficients of the polynomial
are bounded. Since the coefficients are integers, there are only finitely many such
polynomials, and hence only finitely many «’s. O

Recall that we previously considered the map

o: K >R xC* aw—(o10,...,0,0,0,41Q,... ,0.450)

where {01,...,0.,0/41,0041, .. ,Orts, Oprys) 18 the complete set of embeddings of K
into C. It takes sums to sums. Now we want a map that takes products to sums, and
so we take logarithms. Thus we consider the map:

L:K* >R aw— (logloal,...,log|o.al,2log|o,11al,... ,2log|osal).
It is a homomorphism. If u is a unit in Ok, then Nmg/qu = £1, i.e.,
lo1a] -+ [ovalloriial? - orsal® = 1.
On taking logs, we see that L(u) is contained in the hyperplane
H:z1+ 4z, + 20,41+ + 22,45 =0.
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Dropping the last coordinate defines an isomorphism H ~ R™571,

PROPOSITION 5.6. The image of L: U — H is a lattice in H, and the kernel of L
is a finite group (hence is p(K)).

PRrROOF. Let C be a bounded subset of H containing 0, say

Cc{xeH| | <M}

If L(u) € C, then |ojul < e for all j, and Lemma 5.5 implies that there are only
finitely many such u’s. Thus L(U)NC is finite, and this implies that L(U) is a lattice
in H (by 4.14). Since everything in the kernel maps into C, the kernel is finite. [

Since the kernel of L is finite, we have

rank(U) = rank(L(U)) < dimH =7+ s — 1.

Computation of the rank. We now prove the unit theorem.

THEOREM 5.7. The image L(U) of U in H is a full lattice; thus U has rankr+s—1.

PROOF. To prove the theorem, we have to find a way to construct units. We work
again with the embedding

o: K —R xC° ~R™,
For x = (21, ..., Ty, Tpy1, ...) € R” x C*, define
Nm(x) =T1 Ty Lpgl * Tpgl ** Trgs * Tpgs.

Then Nm(o(«)) = Nm(a). Note that | Nm(x)| = |@1] - |||z [* - |28

Recall from (4.25), that o(Of) is a full lattice in R” x C*, and the volume of its
fundamental parallelopiped is 27° - ]A]%; in more detail, if a1, ... ,a, is a Z-basis for

Ok, then we showed that the absolute value of the determinant of the matrix whose
it row is

o(ai) = (o1(a), ..., Vo)), S(orsa(a)), - .)
is27%. ]A]%. In fact, we showed that we could get this matrix from the matrix whose
it row is
(o1(i), - s orpa(i), Gryr (i), .. )
by some elementary column operations that multiplied the absolute value of the
N 1
determinant by 27°, and we know that the determinant of the second matrix is £|A|z.

In the rest of the proof, x will be a point of R” x C* with
1/2 <|Nm(x)| < 1.
Define
x-0(0k) ={x-0(a) | a € Ok}.

Since R" x C? is a ring, this product makes sense. This is again a lattice in R” x C*,
and the volume of its fundamental parallelopiped is the determinant of the matrix
whose it" row is

(33'10'1(041‘), e 78%(377*4—10'7*—}—1(041‘))7 %(xr—l—lo'r—kl(@i)): e )
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As before, the absolute value of the determinant of this matrix is 27° times the

absolute value of the determinant of the matrix whose " row is

(r101(), o g1 - Org1 (), Trgr - Oryr (i), - - ),
which is

|A[Z - [ Nm(x)].

Therefore x-0(Oy) is a lattice with 27| A|2| Nm(x)| as the volume of its fundamental
domain. Note that as x ranges over our set these volumes remain bounded.

Let T be a compact convex subset of R" x C*, which is symmetric in the origin,
and whose volume is so large that, for every x in the above set, Minkowski’s theorem
(4.18) implies there is a point v of Ok, v # 0, such that x - o(y) € T'. The points of
T have bounded coordinates, and hence bounded norms, and so

x-0(y) €T = |Nm(x-0(7))| < M,
for some M (depending on T'); thus
|INm(v)| < M/Nm(x) < 2M.

Consider the set of ideals 7 - Ok, where v runs through the v’s in O for which
x - o0(y) € T for some x in our set. The norm N of such an ideal is < 2M, and so
there can only be finitely many such ideals, say 71 - Ok, ... ,7 - Og. Now if v is any
element of O with x - o(y) € T, some x, then v - O = 7; - Ok for some i, and
so there exists a unit ¢ such that v = v; - . Then x - o(¢) € o(y; ") - T. The set
T =o(y')-TU..Ua(y, ") - T is bounded, and so we have shown that, for each
x in our set there exists a unit € such that the coordinates of x - o(g) are bounded
uniformly in x (the set 7" doesn’t depend on x).

We are now ready to prove that L(U) is a full lattice in H. If r + s — 1 = 0, there
is nothing to prove, and so we assume r +s —1 > 1.

For each 7, 1 <1 < r 4 s, we choose an x in our set such that all the coordinates
of x except z; are very large (compared with 7"), and z; is sufficiently small that
|Nmx| = 1. We know that there exists a unit ¢; such that x - o(e;) has bounded
coordinates, and we deduce that |o;&;| < 1 for j # 4, and hence that log |oje;| < 0.

I claim that L(eq), ..., L(e,45—1) are linearly independent vectors in the lattice L(U).

For this we have to prove that the matrix whose i*" row is

(l1(&), - lrssma(ed),  li(e) = logoie],
is invertible. The elements of the matrix except those on the diagonal are negative,
but the sum

ll(éi) + -+ lr+s—1(5i) + lr+8(5i> =0,
and so the sum of the terms in the i** row
Le) + -+ lrps1(es) = —lrss(es) > 0.

The next lemma implies that the matrix is invertible, and so completes the proof of
Theorem 5.7. 0

LEMMA 5.8. Let (a;j) be a real m x m matriz such that
(a) ai; <0 fori#j;
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(b) 22 ai; >0 fori=1,2,...,m.
Then (a;j) is invertible.
PRrooOF. If it isn’t, then the system of equations

Z aijxj =0

has a nontrivial solution. Write z1, ..., z,, for such a solution, and suppose ¢ is such
that |z;| = max{|x;|}. We can scale the solution so that z; = 1. Then |z;| < 1 for
j # i, and the i*" equation is

0= Zaijxj = a;; + Zaijxj > ai; + Zazj > 0.
J#i JFi
]
S-units. Let S be a finite set of prime ideals of K, and define the ring of S-integers
to be
Ok (S) = NygsOp = {a € K | ordp(a) > 0, all p & S}
For example, if S = (), then Ok (S) = Ok.
Define the group of S-units, to be
U(S) = 0k(S) ={a € K |ordy(a) =0, all p & S}.
Clearly, the torsion subgroup of U(S) is again u(K).
THEOREM 5.9. The group of S-units is finitely generated with rank r+s+#S—1.

PRrROOF. Let p1,pa, ..., p: be the elements of S. The homomorphism
wr— (... ordy,(u),...): UWS) = Z

obviously has kernel U. To complete the proof, it suffices to show that the image of
U(S) in Z' has rank ¢t. Let h be the class number of K. Then p! is principal, say
pl = (m;), and m; is an S-unit with image

(0,...,h,...,0) (hin the i"* position).
Clearly these elements generate a subgroup of rank ¢. O
For example, if K = Q and S = {(2), (3), (5)} then
U(S) = {£2"3m5" | k,m,n € Z},

and the statement is obvious in this case.

Finding fundamental units in real quadratic fields. An expression
1

ap +
ai +
as +

1

as+ ...
is called a continued fraction. We abbreviate the expression on the right as

lag, a1, az, .. .].
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We shall always assume that the a; are integers with a; > 0, as > 0,.... The
integers a; are called the quotients, and [ag,ay, ..., a,] is called the n'* convergent.
Every irrational number @ can be expressed in just one way as an infinite continued
fraction, and the continued fraction is periodic if and only if a has degree 2 over Q.
(See any book on elementary number theory, for example, Hardy, G. H., and Wright,
E. M., An Introduction to the Theory of Numbers, Oxford Univ. Press, 1960 (4th
edition), Chapter X.)

Now let d be a square-free positive integer, and let ¢ be the (unique) fundamental
unit for Q[v/d] with € > 1. Let s be the period of the continued fraction for v/d and
let p/q be the (s — 1) convergent of it; then

azp—l-q\/gideQ,B mod 4, or d=1 mod 8,
and
€ :p—i—q\/a or ¢ :p—i—q\/a otherwise.

Using Maple or Mathematica, it is very easy to carry this out, and one obtains some
spectacularly large numbers.

For example, to find the fundamental unit in Q[1/94], first compute v/94 = 9.
6954 . ... Then compute the continued fraction of v/94. One gets

{9,1,2,3,1,1,5,1,8,1,5,1,1,3,2,1,18,1,2,3,... }.

This suggests the period is 16. Now evaluate the 15" convergent. One gets

2143295
221064
Hence the fundamental unit > 1 is

£ = 2143295 + 221064 - v/94.
Compute that
(2143295)% — (221064)? - 94 = 1,

which verifies that € is a unit.

When one carries out this procedure for Q[1/9199], the first coefficient of the fun-
damental unit has 88 digits! The computer has no problem finding the fundamental
unit — the only problem is counting the length of the period, which is about 180.

Units in cubic fields with negative discriminant. Since the sign of the discrim-
inant is (—1)° (see 2.39), a cubic field K will have negative discriminant if and only
if r =1 =s. We identify K with a subfield of R using its unique real embedding.
We have A < 0, and the group of units is {c™} for some ¢ (fundamental unit). We
want to find e. Since -e, —e~!, and 7! are also fundamental units, we may suppose
that e > 1.

LEMMA 5.10. Let K be a cubic extension of Q with negative discriminant, and let
e be the fundamental unit with € > 1. Then

|Ag| < 4 + 24.
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PROOF. Since ¢ ¢ Q, it must generate K. The two conjugates of € (other than
itself) must be complex conjugates, and so the product of € with its conjugates must
be +1 (rather than —1). Write e = u*, u € R, u > 1. Then the remaining conjugates
of € can be written

ulte, y e (0<0<m).

Let A’ = D(1,¢,€?) be the discriminant of the minimum equation of €. Then

Az = (u? —ute®)(u? —ute ) (e —ute ™) = 2i(ud 4+ uT? — 2cos 0) sin 6.
If we set 26 = u? + w3, then
|A'|7 = 4(€ — cos ) sin 6,
which, for a given u, has a maximum where
£cosh — cos® 0 +sin®H = 0,
or
—g(z) Lex—2*+1=0, lz| <1, x=cosb.
We seek a root of g(z) with |z| < 1. But g(1) =1 — & < 0 (because u > 1 implies

¢ =222 > 1), and g(—55) = 3(u=® — 1) < 0. Since g(x) = 22% + -+ -, it follows

g(z) has one root > 1, and that the desired root zo, with |zo| < 1, is < —555. But
then

x3>4—116:>u_6—4x(2)<O:>u_6—43352—43:§<0. (*)
This maximum yields
|A'| <16(€% — 28x0 + 27) (1 — 7)),
and, on applying the conditions £xg = 223 —1, £222 = 4wt —4x2+1, and the inequality
(*) we find that
A"} <16(62 +1 — a2 — 23) = 4ub + 24 + 4(u™® — 423 — 4aj) < 4u® + 24.
Hence
|A'| < 4¢3 + 24.
Since A" = A - (square of an integer), this completes the proof. O

EXAMPLE 5.11. Let K = Q[a] where « is a real root of X? 4+ 10X + 1. Here the
discriminant is —4027, and so ¢ > \S/W > 10 for € the fundamental unit with

e > 1. Note that Nm(a) = —1, and so « is a unit. Moreover, a = —0.0999003... and
so 3= —a~! =10.00998.... Since 3 is a power of £, we must have 3 = ¢; i.e., —a™!
is the fundamental unit > 1. Thus

Uk ={+a™ | m e Z}.

Once one knows ¢, it becomes easier to compute the class group. We know (see
3.49) that there is a prime ideal p = (2,1 + «) such that N(p) = 2. One shows that
p generates the class group, and it then remains to find the order of p. One verifies
that p% is the ideal generated by (0;112)3, and so it remains to show that p? and p* are
nonprincipal.




80 5. The Unit Theorem

nL.(a_lf

Suppose p? = (7). Then 7? = +a s
a—1 a—1

this says that at least one of the numbers =5, =575, ag—;;, —043—;% is a square. Let 3
be that number. If q is a prime ideal such that g € O4 (i.e., such that ord4(5) > 0),

then we can look at # mod q and ask if it is a square.
We first work modulo 29. We have

X? 410X +1= (X +5)(X —3)(X —2) mod 29.

Take g to be the ideal (29, — 2). The residue field Ok /q is Fog = Z/(29), and the
map Zla] — Fag is @ +— 2 (mod 29). Thus

a—1—1 a+2—4 (a+2)1—22 —1r—1

for some m and choice of signs. But

The numbers 1, 4, and —1 = 122 are squares modulo 29, but 2 is not; hence m must

be 0. Since g;; < 0 it can’t be a square in K (since it isn’t even in R), and so the

only possibility for [ is —g—;é. We eliminate this by looking mod 7.
Take q = (7, + 3) (see 3.49). Then in the map Z[a] — Zla]/q = Fr,

a—1 -3 1

~ = -=-4=3 mod7
at+2 6 2 mod 1,
a—1

and 3 is not a square modulo 7. Thus —&= is not a square in Q[a].

Similarly, p? = () can be shown to be impossible. Thus C1(Of) is a cyclic group
of order 6.

a— —3 =4,

Finding u(K). If Q[¢,] C K, where (, is a primitive m' root of 1, then
©(m)|[K: Q]. Thus there are only finitely many possibilities for m. For each of them,
use the test in the later section on algorithms to determine whether the minimum
polynomial ®,,, for (,, has a root in K.

Finding a system of fundamental units. The strategy for finding units in the
general case seems to be to find lots of solutions to equations Nm(a) = m for m a
fixed small number, and then take quotients of solutions. Note that there can be
only finitely many ideals a with N(a) = m; thus if we have lots of elements «; with
Nm(w;) = m, then frequently o; - Ox = «; - Ok, and this implies that «; and «;
differ by a unit — note that this was the strategy used to prove the unit theorem.
See Pohst and Zassenhaus 1989, Chapter 5.

Regulators. There is one other important invariant that we should define. Let
t=r4+s—1, and let uq, ..., u; be a system of fundamental units. Then the vectors

L(u;) 4 (log |oyuil, ..., log|o,ui], 2 - log |oriqwil, - - . , 21og |owu;|) € R

generate the lattice L(U) in R’. The regulator is defined to be determinant of the
matrix whose i’ row is L(u;). Thus, up to sign, the regulator is the volume of a
fundamental domain for L(U) (regarded as a full lattice in R?).

The regulator plays the same role for the group of units (mod torsion) that the
discriminant plays for Og. One can similarly define the regulator of any set {1, ..., &:}
of independent units, and the square of the index of the group generated by the ¢;
and p(K) in the full group of units is measured by ratio

|Reg(e1, ... ,e1)|/|Reg(U)].
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There are lower bounds for the regulator (see Pohst and Zassenhaus 1989, p 365)
similar to the one we proved for a cubic field with one real embedding,.
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6. CycLoToMIiC EXTENSIONS; FERMAT’S LAST THEOREM.

Cyclotomic extensions of QQ, i.e., extensions generated by a root of 1, provide in-

teresting examples of the theory we have developed, but, more importantly, their
arithmetic has important applications.
The basic results. An element ¢ of a field K is said to be a primitive n'" root of
1if (" =1 but ¢? # 1 for any d < n, i.e., if ¢ is an element of order n in K*. For
example, the n'* roots of 1 in C are the numbers 62””‘/”, 0<m < n-—1, and the
next lemma shows that e>™™/™ is a primitive n** root of 1 if and only if m is relatively
prime to n.

LEMMA 6.1. Let  be a primitive n'* root of 1. Then (™ is again a primitive nt

root of 1 if and only if m is relatively prime to n.

ProOF. This is a consequence of a more general fact: if a is an element of order n
in a group, then o™ is also of order n if and only if m is relatively prime to n. Here
is the proof. If d|m,n, then (o) = o™i = 1. Conversely, if m and n are relatively
prime, then there are integers a and b such that

am+bn = 1.

Now o = o and so (a™)? =1 = o = (a*™)¢ =1 = nld. O

Let K = Q[¢], where  is a primitive n'* root of 1. Then K is the splitting field
of X" — 1, and so it is Galois over Q. Let G = Gal(Q[¢]/Q). It permutes the set
of primitive n'* roots of 1 in K, and so, for any 0 € G, o( = (™ for some integer
m relatively prime to n; moreover, m is well-defined modulo n. The map o + [m]
is an injective homomorphism G — (Z/nZ)*. In FT, Proposition 5.7, it is proved
that this map is an isomorphism, and so [K : Q] = ¢(n) & #(Z/nZ)*. We shall give
another proof, and at the same time obtain many results concerning the arithmetic

of Q[¢].
The cyclotomic polynomial ®,, is defined to be,

@.,(X) = [J(x - ¢™)

where the product runs over a set of representatives m for the elements of (Z/nZ)*,
for example, over the integers m, 0 < m < n — 1, relatively prime to n. Alternatively,

®.(X) = [J(x = ¢)

where ¢’ runs over the primitive n'* roots of 1. Because G' permutes the (', ®,(X) €
Q[X], and clearly ®,,({) = 0. Therefore, ®,(X) is the minimum polynomial of ¢ if
and only if it is irreducible, in which case [K : Q] = ¢(n) and the map G — (Z/nZ)*
is an isomorphism. Hence the following statements are equivalent:

(a) the map Gal(Q[¢]/Q) — (Z/nZ)* is an isomorphism;

(b) [Q[¢] : Q] = (n);

(c) Gal(Q[¢]/Q) acts transitively on the set of primitive n'® roots of 1 (i.e., they are
conjugates);

(d) ®,(X) is irreducible (and so ®,(X) is the minimum polynomial of ().
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We shall see that all these statements are true.
Note that each n' root of 1 is a primitive d* root of 1 for exactly one d|n, and so
X" —1=[]2u(X) = (X =1) -+ &(X).
d|n

We first examine a cyclotomic extension in the case that n is a power p" of a prime.
PROPOSITION 6.2. Let ¢ be a primitive p"th root of 1, and let K = Q|(].
a) The field Q[C] is of degree o(p") = p"*(p — 1) over Q.
b) The ring of integers in Q|[(] is Z[(].

)

c) The element © Y1 —¢ is a prime element of Ok, and (p) = (m)¢ with e = (p").
d) The discriminant of Oy over Z is +p°, some c (in fact, c = p"(pr —r —1));
therefore, p is the only prime to ramify in Q|[(].

TN

T~

PROOF. Observe first that Z[(] C Ok (obviously).

If ¢’ is another primitive p”"th root of 1, then ¢’ = ¢* and ¢ = ¢’* for some integers
s and t not divisible by p, and so Q[('] = Q[(], Z[¢'] = Z[(]. Moreover,

1—¢

¢ = 1+¢+---+ ¢ ez
Similarly, (1 —¢)/(1 = ') € Z[¢], and so (1 —{")/(1 — () is a unit in Z[(] (hence also
in Ok). Note that
X -1 -1
Xrt—1 t-1

r—1

=14+t+---+tP =XV

P, (X) =
and so
(1) = p.
For its definition, we see that
b (1) = [T0-O) =T[5 O =u- (-,
with uw a unit in Z[(]. Therefore we have an equality of ideals in Ok,

e df T
(p):(ﬂ->7 7T:1_C7 e:gp(p),
and so (p) has at least p(p”) prime factors in Ok. Now (3.36) implies that [Q[(] :
Q] > ¢(p"). This proves (a) of the Proposition since we know [Q[(] : Q] < ¢(p").
Moreover we see that m must generate a prime ideal in O, otherwise, again, (p)
would have too many prime-ideal factors. This completes the proof of (c).

For future reference, we note that, in Ok,

(p) =p?®) p=(m), flo/p)=1.
The last equality means that the map Z/(p) — Ok/(7) is an isomorphism.
We next show that (up to sign) disc(Z[(]/Z) is a power of p. Since
disc(Ox/Z) - (Ox : Z[(])* = disc(Z[C]/Z),
this will imply:
(i) disc(Ok/Z) is a power of p;
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(i) (Ok : Z[¢]) is a power of p, and therefore p™ (O /Z[(]) = 0 for some M, i.e.,
MOk C Z[(].

To compute disc(Z[(]/Z), we shall use the formula in (2.33), which in our case
reads:

disc(Z[¢]/Z) = £+ Nmg (P, (¢))-
On differentiating the equation
XV 1) D, (X) =X —1
and substituting ¢ for X, we find that @, (¢) = p"¢? ~!'/(¢*" " —1). Clearly
Nmgg¢ ==£1, Nmgpp = ()77 = pe.
We shall show that

r—1

Nmgg(l—¢")=p", 0<s<m,
and so
Nmg/q ®,-(¢) = £p°, c=r(p— Dpt—pt=p"Hpr —r—1).
First we compute Nmg (1 —¢). The minimum polynomial of 1 — ¢ is @, (1 — X)),
which has constant term ®,-(1) = p, and so Nmg/g(1 — () = £p.

We next compute Nmpg/g(1 — (P") some s < r. Because (P is a primitive p"~*th
root of 1, the computation just made (with r replaced by r — s) shows that

Nmngiere) (1 = ¢7) = £p.
Using that

[M:L]

NmM/K:NmL/KonM/L and NmM/LOé:Oé lfOéEL,

we see that
Nmgg(1 = ¢*) = p* where a = [Q[(] : Q[¢"]] = (p") /(™) = P’

This completes the proof of (d).

We are now ready to prove (b). As we observed above the inclusion Z — Ok
induces an isomorphism Z/(p) — Ok/(7). Thus

Z+ 10k = Ok,
and a fortiori
Z[¢] + 70k = Ok (%)
On multiplying through by 7, we obtain the equality
7Z[¢] + 7O = 10k. (**)

Let o € Og; equation (*) shows that we can write a = o + v with o/ € 7Ok
and v € Z[¢], and (**) shows that we can write o/ = o’ + v/ with o € 12O and
7 € Z[¢]. Hence a = (y+ ') + ", and so

Z[C] + 7T2OK = OK
On repeating these arguments, we find that
Z[¢) + 7" Ok = Ok
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for all m € N. Since 7¥(P") = p x (unit), this implies that
Z[C]+p™ - O = Ok

for all m € N. But for m large enough, we know that p™ Ok C Z[(], and so it can
be dropped from the equation. Hence Z[(] = O, and this completes the proof of
(b). O

REMARK 6.3. (a) The sign of the disc(Q[¢]/Q), ¢ any root of 1, can be computed
most easily by using (2.39a). Clearly Q[¢] has no real embeddings unless ( = +1
(and Q[¢] = Q), and so, except for this case,

sign(disc(Q[¢]/Q)) = (-1)*, s =[Q[¢]: Q]/2.

If ¢ is a primitive p"th root of 1, p” > 2, then

[Q[¢]: Ql/2=(p—1)p""/2
which is odd if and only if p” =4 or p =3 mod 4.

(b) Let ¢ and ¢’ be primitive p"th and ¢°th roots of 1. If p and ¢ are distinct primes,
then Q[¢] NQ[('] = Q, because K C Q[C] = p ramifies totally in K and ¢ does not,
and K C Q[('] = ¢ ramifies totally in K" and p does not, and these are contradictory
unless K = Q.

THEOREM 6.4. Let ¢ be a primitive n'* root of 1.
(a) The field Q[C] is of degree p(n) over Q.
(b) The ring of integers in Q|[(] is Z[(].
(c) If p ramifies in Q[C] then p|n; more precisely, if n = p" - m with m relatively
prime to p, then

(p) = (p1-- .ps)w(p’“)
in Q[C] with the p; distinct primes in Q[(].

ProOOF. We use induction on the number of primes dividing n. Write n = p" - m

with m not divisible by p. We may assume the theorem for m. Note that (, 4 ¢m
is a primitive p"th root of 1, ¢, = ¢?" is a primitive mth root of 1, and that Q[(] =
Q[Gr] - Q[¢m). Consider the fields:

AN /
Q

The prime ideal (p) ramifies totally in Q[(,r], say (p) = p#®"), but doesn’t ramify in
Q[Gn), say (p) = [ p; with the p; distinct primes. On comparing the factorization
of (p) in Q[¢] obtained by going two different ways up the tower, one finds that

[Q[¢]: Q[Gm]] = @(p"), and that (p) = ([]q:)?#"), where
piOg = 07", pOgq =[] a-

Again we are using (3.36). Therefore [Q[C] : Q[Gn]] = ¢(p"), and [Q[¢] : Q] =
o(p") - p(m) = @(n). The following lemma completes the proof of the theorem

(because it shows that Og = Z[(pr, Cn) = Z[(]). -
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LEMMA 6.5. Let K and L be finite extensions of Q such that
[KL: Q= [K:Q]-[L: Q)
and let d = ged(disc(Ok /Z), disc(OL/Z)). Then
Ok, Cd 'Ok -Oy.

Proor. Let {ay, ..., an,} and {1, ..., B} be integral bases for K and L respectively.
Then «;03; is a basis for K - L over Q. Thus every v € Ok.r, can be written uniquely
in the form

aij
v = E TOéiﬁj, Qij, T c 7.
ij

After dividing out any common factors from top and bottom, no prime factor of r
will divide all the a;;, and we then have to show that r|d.

Identify L with a subfield of C, and let o be an embedding of K into C. Then o
extends uniquely to an embedding of K - L into C fixing the elements of L (to see
this, write K = Q[a]; then K - L = L[a], and the hypothesis on the degrees implies
that the minimum polynomial of o doesn’t change when we pass from Q to L; there
is therefore a unique L-homomorphism L[a] — C sending «a to oa)). On applying o
to the above equation, we obtain an equation

;4
o(y) = Z 7]0(0%)53‘-
tj
Write x; = Zj(aij/r)ﬁj, and let 01,09, ...,0,, be the distinct embeddings of K into

C. We obtain a system of m linear equations

> or(ei)ri = ok(y), k=12..m,
and Cramer’s rule tells us that

where D = det(0;(;)) and D; € Ok.1. According to (2.25), D* = A 4 disc(Ok /Z),
and so

A-x2;=DD; € Og.1.

But Az; = >, Adij B, and the 3;s form an integral basis for O, and so % € 7.

-
Hence r|Aa;; all 4, j, and, because of our assumption on r and the a;;s, this implies

that r|A.
Similarly, r|disc(Op/Z), and so r divides the greatest common divisor of
disc(Ok/Z) and disc(OL/Z). O
REMARK 6.6. (a) Statement (c) of the theorem shows that if p|n then p ramifies
unless ¢(p") = 1. Since p(p") = p"~*(p — 1), this can only happen if p” = 2. Thus
pln = p ramifies in Q[(,] except when p = 2 and n = 2 - (odd number). Note that
Q[¢) = Q[Can) if n is odd.

(b) In the situation of the lemma,

disc(KL/Q) = disc(K/Q)[L: Q. diSC(L/Q)[K: Q.
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provided the discriminants on the right are relatively prime. The example Q[4, /5] =
Q[i] - Q[v/—5] shows that the condition is necessary, because the extensions have
discriminants 4252, 4, and 20 respectively. Using this, one can show that, for ¢, a
primitive n* root of 1,

disc(Q[¢a]/Q) = (—1)#/2pe) / T et/ =),

pln

Class numbers of cyclotomic fields. Let ¢ be a primitive p* root of 1, p an odd
prime. It is known that the class number of Q[(] grows quite rapidly with p, and that
in fact the class number is 1 if and only if p < 19.

Here is how to prove that Q[(] has class number > 1 when p = 23. The Galois
group of Q[C] over Q is cyclic of order 22, and therefore has a unique subgroup of
index 2. Hence Q|[(] contains a unique quadratic extension K of Q. Since 23 is the
only prime ramifying in Q[(], it must also be the only prime ramifying in K, and this
implies that K = Q[v/—23]. One checks that (2) splits in Q[v/—23], say (2) = pq,
that p is not principal, and that p* is principal. Let P be a prime ideal of Z[(]
lying over p. Then NP = p/, where f is the residue class degree. Since f divides
[Q[¢] : Q[v—23]] = 11, we see that f = 1 or 11 (in fact, f = 11). In either case,
p/ is not principal, and this implies that 93 is not principal, because the norm of a
principal ideal is principal.

Because of the connection to Fermat’s last theorem, primes p such that p does not
divide the class number of Q[(] are of particular interest. They are called regular.
Kummer found a simple test for when a prime is regular: define the Bernoulli numbers
B,, by the formula

t "

€t—1:ZOBna’ BneQa
then p is regular if and only if p divides the numerator of some Bj with k =
2,4,...,p— 3. It has long between known that (unfortunately) there are infinitely
many irregular primes, and it still not proved that there are infinitely many regu-
lar primes (although the first case of Fermat’s theorem is known for infinitely many
primes). It is expected that 61% of primes are regular and 39% are irregular.

Units in cyclotomic fields. Let ¢ be a primitive n'” root of 1, n > 2. Define
QT = Q¢+ ¢

For example, if ¢ = €2™/" then Q[¢]T = Q[cos 2Z]. Under any embedding of Q[(]
into C, (7! maps to the complex conjugate of ¢, and therefore the image of Q[¢]™
is fixed under complex conjugation and hence lies in R. Thus Q[¢]™ has ¢(n)/2 real
embeddings (and no nonreal embeddings), whereas Q[(] has ¢(n) nonreal complex
embeddings. Therefore the unit theorem (5.1) shows that the groups of units in Q|[(]
and Q[C]" have the same rank, and so, if w is a unit in Q[(], then u™ € QI[(]" for
some m. In fact a more precise result is known.

PROPOSITION 6.7. Assume n is a prime power; then every unit u € Q[(] can be
written

u=C- v
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with ¢ a root of unity and v a unit in Q[C]T.

ProOF. This is not difficult — see Frohlich and Taylor 1991, VI.1.19, or Washing-
ton 1982. m

Fermat’s last theorem. Fermat’s last theorem is known to be true for p a regular
prime. Here we prove a weaker result, known as the first case of Fermat’s last theorem.

THEOREM 6.8. Let p be an odd prime. If the class number of Q[C] is not divisible
by p, then there is no integer solution (x,y, z) to

XP4+YP=7P
with p 1 xyz.

Let (x,y, z) be a solution of Fermat’s equation with p t zyz. After removing any
common factor, we may suppose that ged(z,y, z) = 1.

We first treat the case p = 3. The only cubes modulo 9 are —1, 0, 1, and so
22 4+y3=-2,0,2 mod9, 2)=-1,1 mod?9,
which are contradictory. Similarly we may eliminate the case p = 5 by looking modulo

25. Henceforth we assume p > 5.

If 2 =y = —2z mod p, then —22 = zP and p|3z, contradicting our hypotheses.
Hence one of the congruences can’t hold, and after rewriting the equation 2P+ (—z)P =
(—y)P if necessary, we may assume that p{z — y.

The roots of X + 1 are —1, —(,...,—(P7!, and so
p—1
XP+1=J[(X+¢).
=0
Hence
p—1
H(a: + ('y) = 2.
=0

The idea of the proof is to exploit this factorization and what we know of the arith-
metic of Q[C] to obtain a contradiction.

Let p be the unique prime ideal of Z[(] dividing (p); thus (see 6.2) p = (1 — ¢?) for
any 7, 1 <1 <p-—1.

LEMMA 6.9. The elements x + 'y of Z[C] are relatively prime in pairs.

PROOF. We have to show that there does not exist a prime ideal q dividing x + 'y
and x + (Jy for i # j. Suppose there does. Then q|((¢* — ¢?)y) = py, and q|((¢7 —
(")x) = pzr. By assumption, x and y are relatively prime, and therefore q = p. Thus
r+y=2+Cy=0 mod p. Hencex+y € pNZ = (p). But 2 =P +yP =2 +y =0
mod p, and so p|z, which contradicts our hypotheses. O

LEMMA 6.10. For any a € Z[C], o € Z + pZ[(].
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Proor. Write
a=ag+al+--+a,(P? a; €L
Then

of =ap+ai+---+a,_; modp,

which lies in Z. O

LEMMA 6.11. Suppose a = ag~+ a1( + -+ ap_le_l with a; € Z and at least one
a; = 0. If a is divisible by an integer n, i.e., if « € nZ[(], then each a; is divisible by
n.

PROOF. Since 1 + ¢ + --+ + (P71 = 0, any subset of {1,(,...,(?P7'} with p — 1
elements will be a Z-basis for Z[(]. The result is now obvious. O

We can now complete the proof of Theorem 6.8. Consider the equation

p—1

[T+ =

i=0
as an equality of ideals in Z[(]. Since the factors on the left are relatively prime in
pairs, each one must be the p* power of an ideal, say

(z+(y) = of
for some ideal a; in Z[(]. This equation says a; has order dividing p in the class group,
but we are assuming that the class group of Z[(] is of order prime to p, and so a;
itself is principal, say a; = (o).

Take ¢ = 1, and omit subscripts. Then we have that x + (y = ua® for some unit u
in Z[C]. We apply (6.7) to write u = ("v where v = v. According to (6.10), there is
an a € Z such that o = a mod p. Therefore

x4+ Cy=Cva? =("va mod p.
Also
r+Cy=C"va? = ("va mod p.
On combining these statements, we find that
(M(z+Cy) = (@+¢y) modp,
or
t4+Cy—Cr -y =0 mod p. (*)

If 1,¢, ¢* 1, %" are distinct, then, because p > 5, Lemma 6.11 implies that p divides
and y, which is contrary to our original assumption. The only remaining possibilities
are:

(a) 1 =¢*"; but then (*) says
Cy—¢'y=0 mod p,

and Lemma 6.11 implies p|y, which contradicts our original assumption.
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(b) 1= ¢*>"% then ¢ = ¢*, and (*) says
(r—y)—(z—y)(=0 mod p,
and Lemma 6.11 implies that p|z — y, which contradicts the choice of z and y

made at the start of the proof.
(c) ¢ = ¢* 71 but then (*) says

r—C =0 mod p,
and Lemma 6.11 implies that p|z, which contradicts our original assumption.

This completes the proof.
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7. VALUATIONS; LoCAL FIELDS

In this section, we define the notion of a valuation and study the completions of
number fields with respect to valuations.

Valuations. A (multiplicative) valuation on a field K is a function z +— |z|: K — R
such that
(a) |z| > 0 except that |0] = 0;

(b) |zyl = lz[ly]
(¢) |z +y| <|z|+ |y| (triangle inequality).

If the stronger condition
(') [z +y| < max{|z], |y[}
holds, then | | is called a nonarchimedean valuation.

Note that (a) and (b) imply that | | is a homomorphism K* — R+, (multiplicative
group of positive real numbers). Since R is torsion-free, | | maps all roots of unity
in K* to 1. In particular, | — 1| =1, and | — 2| = |z| for all x.

EXAMPLE 7.1. (a) For any number field K, and embedding o: K — C, we get a
valuation on K by putting |a| = |oal.

(b) Let ord: K* — Z be an (additive) discrete valuation, and let e be a real number
with e > 1; then

jal = (1/e)” @, a#0, [0]=0

is a nonarchimedean valuation on K. For example, for any prime number p, we have
the p-adic valuation | |, on Q :

jal, = (1/e) @)
Usually we normalize this by taking e = p; thus
lal, = (1/p)° %@ = 1/p" if a = ag - p" with ord,(ag) = 0.

Similarly, for any prime ideal p in a number field K, we have a normalized p-adic
valuation

laly = (1/Np)r® (@),

(c) On any field we can define the trivial valuation: |a| =1 for all a # 0. When K
is finite, there is no other (because all nonzero elements of a finite field are roots of

1).
Nonarchimedean valuations. Recall that this means that, instead of the triangle
inequality, we have

|2+ y| < max{[z], [y}

By induction, this condition implies that
1> wl <max{lzl}. (%)

PROPOSITION 7.2. A waluation | | is nonarchimedean if and only if it takes bounded
values on {ml | m € Z}.
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ProoF. If | | is nonarchimedean, then, for m > 0,
ml=1+1+---+1] <|1] = 1.
As we noted above, | — 1| = 1], and so | — m1| = |m1] < 1.
Conversely, suppose |m1| < N for all m. Then

n n T, n—r n T n—r
ool =1 (1 ) 1= () Vel

Clearly |z|"|y|"" < max{|z|", |y|"} = max{|z], |y|}" and ( Z:L ) is an integer, and so

|z +y" < N(n + 1) max{|z|, |y[}".
On taking n'* roots we find that
@+ y| < NY"(n + 1)"" max{|], |y}.
When we let n — oo, the terms involving n tend to 1 (to see this, take logs). U

COROLLARY 7.3. If char K # 0, then K has only nonarchimedean valuations.

PROOF. In this case, the set {m -1 | m € Z} is finite. O

ASIDE 7.4. The classical archimedean aziom states that if ¢ and b are nonzero
elements of K, then there is an n € N such that |b| < |na|]. The proposition shows
that the nonarchimedean valuations are precisely those for which the archimedean
axiom fails, whence the name.

As we noted above, a discrete (additive) valuation ord on K determines a valuation
by
’.I" _ e—ord(ac)’
any e > 1. Taking logs gives log, |z| = —ord(x), or ord(xz) = — log, |z|. This suggests
how we might pass from multiplicative valuations to additive valuations.

PROPOSITION 7.5. Let | | be a nontrivial nonarchimedean valuation, and put
v(x) = —log|z|, x # 0 (log to base e for any real e > 1). Then v: K* — R
satisfies the following conditions:

(a) v(zy) = v(x) + v(y);
(b) v(x +y) > min{v(z),v(y)}.

If v(K*) is a discrete in R, then it is a multiple of a discrete valuation ord: K* —
7 C R.

ProoF. That v satisfies (a) and (b) is obvious. For the last statement, note that
v(K*) is a subgroup of R (under addition). If it is a discrete subgroup, then it is a

lattice (by 4.14), which means that v(K*) = Zc for some ¢. Now ord 1. vis an
additive discrete valuation K* —» Z. O

We shall say | | is discrete when |K*| is a discrete subgroup of Rso. Note that,
even when |K*| is discrete in R, | K| usually won’t be, because 0 will be a limit point
for the set |K*|. For example, |p"|, = p~", which converges to 0 as n — 0.
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PROPOSITION 7.6. Let | | be a nonarchimedean valuation. Then
AY {a € K| |a| <1} is a subring of K, with
v {a € K| |a| = 1} as its group of units, and

m < {a € K| |a| <1} as its unique mazximal ideal.

The valuation | | is discrete if and only if m is principal, in which case A is a discrete
valuation ring.

PROOF. The first assertion is obvious. If | | is discrete, then A and m are the pair
associated (as in 3.28) with the additive valuation —log| |, and so A is a discrete
valuation ring and m is generated by any element m € K* such that |r| is the largest
element of |K*| less than one. Conversely, if m = (7), then |K*| is the subgroup of
R- generated by ||. O

REMARK 7.7. There do exist nondiscrete nonarchimedean valuations. For exam-
ple, let Q* be an algebraic closure of Q. We shall see later that the p-adic valuation
| |, : @ — R extends to Q* (in many different ways). Since Q* contains an element
p'/™ for all n, we see that |Q**| > (p~")'/» = 1/¢/p for all n, and 1//p — 1 as
n — oo. In fact, one can show that |Q**| = {p" | r € Q}, which is not discrete in
Ro.

Equivalent valuations. Note that a valuation | | defines a metric on K, with dis-
tance function

d(a,b) = |a —b|,
and hence a topology on K. In more detail, for a € K, the sets
Ula,e)={z € K ||z —a| <e}, >0,

form a fundamental system of open neighbourhoods of a. A set is open if and only if
it is a union of sets of the form U(a,¢).

For example, for the topology on Q defined by | |,, a and b are close if their
difference is divisible by a high power of p. In particular, the sequence
17p7p27"' 7pn7"'
converges to 0.
The topology defined by the p-adic valuation | |, is called the p-adic topology on
K.

PROPOSITION 7.8. Let | |1, | |2 be valuations on K, with | |1 nontrivial. The
following conditions are equivalent:

(a) | |1, | |2 define the same topology on K;
(b) |ali < 1= a2 < 1;
(c) | |2=1]|{ for some a > 0.

PROOF. (a) = (b): Since |a"| = |a|", clearly o — 0 if and only if |a| < 1.
Therefore (a) implies that

lali <1 <= |als < 1.



94 7. Valuations; Local Fields.

(b) = (c): Because | |; is nontrivial, there exists a y € K such that |y| > 1. Let
a = log ly|2/log |yls,
so that
log |y[2 = a - log|yls,
or
lyla = lyli-
Now let  be any nonzero element of K. There is a real number b such that
[z = Jyl3.
To prove (c), it suffices to prove that
2]z = Jyl3,
because then
2]z = lyls = lyl?" = |23
Let m/n, n > 0, be a rational number > b. Then
2l = Iyl} < lyl7
and so
|z"/y™]1 < 1.
From our assumption (b), this implies that
2" [y 2 < 1
and so
2l < lyl3"
This is true for all rational numbers 2 > b, and so
[zl2 < [yls.
A similar argument with rational numbers 2 < b shows that
2]z > Jyl3,

and so we have equality, which completes the proof of (a). O

Two valuations are said to be equivalent if they satisfy the conditions of the propo-
sition.
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Properties of discrete valuations. We make some easy, but important, observa-
tions about discrete valuations.

(7.9.1) For an additive valuation, we are given that
ord(a + b) > min{ord(a), ord(b)}

and we checked (3.27 et seq.) that this implies that equality holds if ord(a) # ord(b).
For multiplicative valuations, we are given that

|+ 0] < max{lal, |b[},

and a similar argument shows that equality holds if |a| # |b|. This has the following
consequences.

(7.9.2) Recall that we define a metric on K by setting d(a, b) = |a—b|. I claim that
if x is closer to b than it is to a, then d(a,z) = d(a,b). For we are given that

|z = 0] <[z —al,
and this implies that
b—al=b—x+z—a|l=|r—al
(7.9.3) Suppose
ai+as+---+a, =0.

Then an argument as in the subsection on Eisenstein extensions (end §3) shows that
the maximum value of the summands must be attained for at least two values of the
subscript.

Complete list of valuations for Q. We now give a complete list of the valuations
on Q (up to equivalence). We write | |« for the valuation on Q defined by the usual
absolute value on R, and we say that | | is normalized.

THEOREM 7.10 (Ostrowski). Let | | be a nontrivial valuation on Q.

(a) If| | is archimedean, then | | is equivalent to | |oo.
(b) If| | is nonarchimedean, then it is equivalent to | |, for exactly one prime p.

PROOF. Let m,n be integers > 1. Then we can write
m=ag+an+---+an"

with the a@; integers, 0 < a; < n, n” < m. Let N = max{l,|n|}. By the triangle

inequality,
ml <> laidlnl <) lai N7

r < log(m)/log(n),
(log relative to some e > 1) and the triangle inequality shows that

lail < |14+ 1] = a;|l| = a; < n.

We know

On putting these into the first inequality, we find that

log g

< (1 N™ < (1
Im| < (1+7r)nN" < ( +logn
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In this inequality, replace m with m! (¢ an integer), and take ' roots:

1
im| < (1 . tlogm) iR
logn

Now let ¢ — oo. The terms involving ¢ tend to 1, and so

logm

ml < NEE ()

Case (i): For all integers n > 1, |n| > 1.
In this case N = |n|, and (*) yields:

’myl/logm < ’nyl/logn'

By symmetry, we must have equality, and so there is an ¢ > 1 such that

1/logm 1/logn

¢ = |m| = [n]

for all integers m,n > 1. Hence

logn logclogn loge

In| =c®" =e =n 8¢ all integers n > 1.

Let a = logc, and rewrite this
In| = |n|%,, all integers n > 1,

where | | is the usual absolute value on Q. Since both | | and | |% are homomorphisms
Q* — Ry, the fact that they agree on a set of generators for the group Q* (the
primes and —1) implies that they agree on all of Q*.

Case (ii): For some n > 1, |n| < 1.

In this case, N = 1, and (*) implies |m| < 1 for all integers m. Therefore the
valuation is nonarchimedean. Let A be the associated local ring and m its maximal
ideal. From the definition of A, we know that Z C A. Then mNZ is a prime ideal in
Z (because m is a prime ideal), and it is nonzero for otherwise the valuation would
be trivial. Hence mNZ = (p) for some p. This implies that |m| =1 if m is an integer

not divisible by p, and so |np"| = |p|" if n is a rational number whose numerator and
denominator are not divisible by p. If @ is such that |p| = (1/p)?; then |z| = |z; for
all z € Q. O

THEOREM 7.11 (Product Formula). Forp = 2,3,5,7,...,00, let | |, be the corre-
sponding normalized valuation on Q. For any nonzero rational number a

H lal, =1 (product over all p including o).

PROOF. Let o = a/b, a,b € Z. Then |a|, = 1 unless p|a or p|b. Therefore |a, =1
for all but finite many v’s, and so the product is really finite.

Let m(a) = []|a|y,- Then 7 is a homomorphism Q* — R*, and so it suffices to
show that 7(—1) = 1 and 7(p) = 1 for each prime number p. The first is obvious,
because | — 1| =1 for all valuations | |. For the second, note that

’p’p = 1/p7 ’p’q = 17 qa prime 7é b, ’p’oo =D.
The product of these numbers is 1. O
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The primes of a number field. Let K be an algebraic number field. An equivalence
class of valuations on K is called a prime of K.

THEOREM 7.12. Let K be an algebraic number field. There exists exactly one
prime of K

(a) for each prime ideal p;
(b) for each real embedding;
(c) for each conjugate pair of complex embeddings.

PROOF. See §8. H

In each equivalence class of valuations of K we select a normalized valuation!? as
follows:

for a prime ideal p of O, |al, = (1/Np)o %@ = (O, : (a))~;
for a real embedding 0: K — R, |a| = |oal;
for a nonreal complex embedding o: K — C, |a|] = |oal?.

Note that this last is not actually a valuation, because it doesn’t satisfy the triangle
law. There are various ways of getting around this problem the best of which is simply
to ignore it.

Notations. We generally write v for a prime. If it corresponds to a prime ideal p of
Ok, then we call it a finite prime, and we write p, for the ideal. If it corresponds
to a (real or nonreal) embedding of K, then we call it an infinite (real or complex)
prime. We write | |, for a valuation in the equivalence class. If L D K and w and v
are primes of L and K such that | |,, restricted to K is equivalent to | |,, then we say
that w divides v, or w lies over v, and we write w|v. For a finite prime, this means
P, N O = p, or, equivalently, that B, divides p, - Op. For an infinite prime, it
means that w corresponds to an embedding o: L — C that extends the embedding
corresponding to v (or its complex conjugate).

THEOREM 7.13 (Product Formula). For each prime v, let | |, be the normalized
valuation. For any nonzero a € K,

H lal, = 1 (product over all primes of K).

PRrROOF. The product formula for a general number field follows from the product
formula for Q and the next result. O

LEMMA 7.14. Let L be a finite extension of a number field K.

(a) Each prime on K extends to a finite number of primes of L.
(b) For any prime v of K and o € L*,

H ’Oé’w = ]NmL/K Od’v.

wlv

13These are the most natural definitions for which the product formula hold. Alternatively, let
K, be the completion of K with respect to the valuation v, and let 1 be a Haar measure on (K, +)

— it is uniquely determined up to a nonzero constant. For any nonzero a € K, 1, (U) g w(al) is

also a Haar measure on (K, +), and so p, = c(a)p for some constant c¢(a). In fact, ¢(a) = |al, the
normalized valuation of a.
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PROOF. See §8. H

REMARK 7.15. The product formula is true in two other important situations.

(a) Let K be a finite extension of k(7T') where k is a finite field. According to
(7.3), the valuations of K are all discrete, and hence correspond to discrete valuation
rings in K. As in the number field case, we can normalize a valuation by setting
lal, = (1/Nv)*%(9) where Nv is the number of elements in the residue field of the
discrete valuation ring and ord,: K* — Z. Then [], |a|, = 1. The proof of this is
easy when K = k(T'), and the general case is obtained by means of a result like (7.14).

(b) Let K be a finite extension of k(7") where k is an algebraically closed field. In
this case we only look at primes that are trivial when restricted to k. All such primes
are nonarchimedean, and hence correspond to discrete valuations ord, : K* — Z. Fix
an e > 1, and define |a|, = (1/¢)"%(® for every v. Then []|al, = 1 for all a € K*.
This of course is equivalent to the statement

Z ord,(a) = 0.

For example, let X be a compact Riemann surface, and let K be the field of mero-
morphic functions on X. For each point P of X we have a discrete valuation, defined
by ordp(f) = m or —m according as f has a zero or pole of order m at P. The valu-
ations ordp are precisely the valuations on K trivial on C C K, and so the product
formula for K is simply the statement that f has as many zeros as poles.

The proof of this runs as follows: the Cauchy integral formula implies that if f is

a nonconstant meromorphic function on an open set U in C, and I' is the oriented
boundary of a compact set C' contained in U, then

FE Ly
/Ff(z)dz_Q (Z —P)

where Z is the number of zeros of f in C' and P is the number of poles of f, both
counted with multiplicities. This formula also holds for compact subsets of manifolds.
If the manifold M is itself compact, then we can take C'= M, which has no boundary,
and so the formula becomes

Z — P =0,
ie.,

Zordp(f) =0, PeM.

Completions. Let K be a field with a nontrivial valuation. A sequence (a,) of
elements in K is called a Cauchy sequence if, for every € > 0, there is an N such that

lan, — am| < g, all myn > N.

The field K is said to be complete if every Cauchy sequence has a limit in K. (The
limit is necessarily unique.)

EXAMPLE 7.16. Consider the sequence in Z

4,34,334,3334, ... .
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As
| — anls =57 (m > n),
this is a Cauchy sequence for the 5-adic topology on Q. Note that
3-4=12, 3-34=102, 3-334=1002, 3-3334=10002,...

and so 3 - a, —2 — 0 as n — oo. Thus lim, . a, =2/3 € Q.

There is a similar notion of Cauchy series. For example, any series of the form
anp "+ Fagtapttanp” +00, 0<a; <p,
is a Cauchy series in QQ for the p-adic topology.

THEOREM 7.17. Let K be a field with a valuation | |. Then there exists a complete
valued field (K,] |) and a homomorphism K — K preserving the valuation that is
universal in the following sense: any homomorphism K — L from K into a complete
valued field (L,| |) preserving the valuation, extends uniquely to a homomorphism
K — L. The image of K in K is dense.

PROOF. (Sketch) The uniqueness of (K, | |) is obvious from the universal property.
Let K be the closure of K in K. Then K is complete, and so the homomorphism
K — K extends to K — this implies that K = K and so K is dense in K.

We now construct K. Every point of K will be the limit of a sequence of points
in K, and the sequence will be Cauchy. Two Cauchy sequences will converge to the
same point in A if and only if they are equivalent in the sense that

nh_)rgo |ay, — by| = 0.
This suggests defining K to be the set of equivalence classes of Cauchy sequences in
K. Define addition and multiplication of Cauchy sequences in the obvious way, and
verify that K is a field. There is a canonical map K — K sending a to the constant
Cauchy sequence a, a,a, ..., which we use to identify K with a subfield of K. We
can extend a homomorphism from K into a second complete valued field L to K by
mapping the limit of a Cauchy sequence in K to its limit in L. O

For a prime v of K, we write K, for the completion of K with respect to v. When
v corresponds to a prime ideal p, we write K, for the completion, and @p for the ring
of integers in K,. For example, Q, is the completion of Q with respect to the p-adic
valuation | |,. We write Z, (not Z,) for the ring of integers in @, (the ring of p-adic
integers).

Completions in the nonarchimedean case. Let | | be a discrete nonarchimedean
valuation on K, and let 7 be an element of K with largest value < 1 (therefore m
generates the maximal ideal m in the valuation ring A). Such a 7 is called a local
uniformizing parameter.

The set of values is

|K|={c"|meZ}u{0}, c=]|nx|.
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Let a € K*, and let a, be a sequence in K converging to a. Then |a,| — |a| (because
| | is a continuous map), and so |a| is a limit point for the set |K*|. But |K*| is
closed (being discrete), and so |a| € |K*|. Thus |K| = |K]|, and so | | is a discrete
valuation on K also. Let ord: K* — Z be a normalized discrete additive valuation
corresponding to | |; then ord extends to a normalized discrete valuation on K.

Note that if a, — a # 0, then |a,| — |a| # 0, and (because |K*| is discrete),
la,,| = |a| for all n large enough.

The ring associated with | | in K is
A={aeK|l|a| <1}.
Clearly 14:1 is the set of limits of Cauchy sequences in A, and it is therefore the closure
of Ain K. The maximal ideal in A is
tm={aecK]|la <1}.

Again it is the set of limits of Cauchy sequences in m, and so it is the closure of m.
Similarly, m™ is the closure of m”. Let 7 be an element with ord(m) = 1; then 7
generates m in A and m in A.

LEMMA 7.18. For any n, the map A/m" — A/@"™ is an isomorphism.

PRroor. Note that
m"={a€cAlla] <|n]"} ={a€ Alla| <|x]"""}

is both open and closed in A. Because it is closed, the map is injective; because m™
is open, the map is surjective. ]

PROPOSITION 7.19. Choose a set S of representatives for A/m, and let m generate
m. The series

apm "+ FagFa T AT+, @ €S

1s a Cauchy series, and every Cauchy series is equivalent to exactly one of this form.
Thus each element of K has a unique representative of this form.

PROOF. Let sy = S

i
i, a;m". Then

’SM — SN’ < ’W’M—H, it M < N,
which shows that the sequence sy is Cauchy. Let o € K. Because |K| = |K|, we can
write o = " with g a unit in A. From the definition of S, we see that there exists
an aqg € S such that ag — ap € m. Now 20— € A, and so there exists an a; € S such

that 4% —q, € m. Now there exists an a9 such that W=AUE — ay € m, etc. In
the limit,

ag=ag+am+ -+, a=mn"qap.
Note that
> air’] = 7™

if a,, is the first nonzero coefficient. Therefore > a;m* = 0 (if and) only if a; = 0 for
all 7. This proves the uniqueness. O
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Thus, for example, every equivalence class of Cauchy sequences in Q for | |, has a
unique representative of the form
a_pp "+t agtaptap’ +-oo, 0<a; <p.

Note that the partial sums of such a series are rational numbers. It is as easy to work
with such series as with decimal expansions of real numbers — just remember high
powers of p are small, and hence the first to be ignored.

We explain this in more detail. The maps

Z/(p") — Z(p)/(pn> — Zyp/(p")

are both bijective (see 3.11 for the first map). Let o € Z,. Because the map is
bijective, for all n, there is an a,, € Z such that o = a,, mod p". Note that, if n < m,
an = a,,, mod p", which implies that (a,) is a Cauchy sequence. Let

an =co+ep+--+cap™ "t modpt, 0<¢ <p—1;

then
o = Z Czpz
i>0
Conversely, if & = Y ¢;p', 0 < ¢; < p — 1, then ¢y, cq,... is the unique sequence of

integers, 0 < ¢; < p — 1, such that
n—1
a= Zcipz mod p".
i=0

If « € Q, but not Z,, then p"a € Z, for a sufficiently large m, and the above
arguments can be applied to it.

ExamMpLE 7.20. To illustrate how to work with p-adic numbers, I prove that —1
is a square in Q5. We have to find a series

ap+ aib+ad* +---, a;=0,1,2,3, or 4
such that
(ap + a15 + ash? + )2 +1=0.
We first need that
ag +1=0 mod 5.

Thus we must take ag = 2 or 3; we choose 2 (choosing 3 would lead to the other root).
Next we need

(2 +a15)* +1 =0 mod 5%,
and so we want
5+ 20a; = 0 (mod 52).
We must take a; = 1. Suppose we have found
Cn = ag + a1b + agh® + - + a, 5"
such that
2 +1=0 (mod 5"™),
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and consider ¢, + a,415"". We want

(cn + @ni15™™)? +1 =0 (mod 5"2),
for which we need that

&+ 1+ 2c,a,415"™ =0 (mod 5"12),

or that
20,0n 115" = (=1 — %) (mod 5"?),
or that
20,an1 = (—1 —c2) /5" (mod 5),
or that

dapyy = (=1 —c2)/5" (mod 5).
Since 4 is invertible modulo 5, we can always achieve this. Hence we obtain a series

converging to —1.

There is a leisurely, and very detailed, discussion of QQ, in the first chapter of N.
Koblitz, p-adic Numbers, p-adic Analysis, and Zeta-Functions, Springer, 1977.

ASIDE 7.21. Those who have taken a course in commutative algebra will know
another method of completing a local ring R, namely

R' =lim R/m" ={(a,) | an, € R/m", an41 = a, mod m"}.
In the case that R is a discrete valuation ring, this definition agrees with the above.
There is an injective homomorphism
R— R, aw (a,), a,=amod 7"

We can define a homomorphism R — R as follows: let (an,) € R, and choose a

representative a,, for a, in R; then (a]) is an Cauchy sequence whose equivalence

class is independent of the choices of the a/,, and we can map (a,,) to (al,). It is easy
to see that the map R’ — R is surjective, and it follows that it is an isomorphism.

Newton’s lemma. The argument in the above example works much more generally.
Let f(X) = X%+1. Then all we in fact used was that f(X) has a simple root modulo
5.

In the rest of this subsection, A is a complete discrete valuation ring and 7 generates
its maximal ideal (unless we say otherwise).

PROPOSITION 7.22. Let f(X) € A[X], and let ag be a simple root of f(X) mod m.
Then there is a unique root a of f(X) with a = ag mod .

PROOF. Suppose we have found a,, = ap mod 7 such that
f(a,) =0 mod 7"t
Let a1 = a, + ha"tt, h € A. We want
f(an + ha") = 0 mod 7" 2.

Recall (trivial Taylor’s expansion) that, for any polynomial f,

flett) = F@) +t-1(0) 4+
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where f'(X) is the formal derivative of f(X). Then
f(an + hﬂ-n—’—l) = f(an> + ha" f/(an> +-,

which we want = 0 mod 7”12, Hence we must take h so that
o flan) -1
h__ﬂ'”"H - f'(ay) mod 7.

This is possible because 7"|f(a,,) and
f'(an) = f'(ap) mod ,
which is nonzero, and hence invertible, mod 7. O
There is a stronger form of the proposition. Recall Newton’s approximation method

for finding a solution to f(z) = 0, where f is a function of a real variable. Starting
from an ag such that f(ag) is small, define a sequence ay, as, ... by putting

An+1 = Ap — f(an>/f/(an>'

Often a,, converges to a root of f(x). In the above proof, this is what we did, but the
same argument can be made to work more generally.

THEOREM 7.23 (Newton’s lemma). Let f(X) € A[X]. Let ag € A satisfy

|f(ao)| < |f'(ao)|*.
Then there is a unique root a of f(X) such that

f(ao)

]a ao’ > f’(a0)2

PROOF. Define a sequence ag, ay, ... by setting
flan)

It =T )
n

and prove that it is a Cauchy sequence converging to a root of f(X). See, for example,
EC 2.8. [In fact, it is not necessary to assume that | | is discrete — see Lang 1970, p.
42] O

Proposition 7.22 shows that a simple factor of degree 1 of f(X) mod = lifts to a
factor of f(X). This generalizes.

THEOREM 7.24 (Hensel’s lemma). Let k be the residue field of A; for f(X) €
A[X], write f(X) for the image of f in k[X]. Consider a monic polynomial f(X) €
A[X]. If f(X) factors as f = goho with go and ho monic and relatively prime (in
k[X]), then f itself factors as f = gh with g and h monic and such that g = go and
h = hg. Moreover, g and h are uniquely determined, and (g, h) = A[X].

We first prove that (g, h) = A[X] (such a pair is said to be strictly coprime; in k[ X]
strictly coprime just means coprime, i.e., relatively prime).

LEMMA 7.25. Let A be a local ring with residue field k. If f,g € A[X] are such
that f and g are relatively prime and f is monic, then (f,g) = A[X].

PROOF. Let M = A[X]/(f,g). As f is monic, this is a finitely generated A-
module. As (f,g) = k[X], we have that (f,g) + mA[X]| = A[X] and so mM = M.
Now Nakayama’s Lemma (1.3) implies that M = 0. O



104 7. Valuations; Local Fields.
We next prove uniqueness of g and h.

LEMMA 7.26. Let A be a local ring with residue field k. Suppose f = gh = g'h’
with g, h,qg ,h' all monic, and g = g, h = W' with g and h relatively prime. Then
g=¢ and h="H.

PROOF. From the preceding lemma we know that (g,h') = A[X], and so there
exist 7, s € A[X] such that gr + h’s = 1. Now
g =4ggr+gh's=ggr+ghs,

and so g divides ¢’. As both are monic and have the same degree, they must be
equal. O

Finally, we prove the existence of g and h. We are given that there exist monic
polynomials go, ho € A[X] such that

[ — goho € m- A[X].
Suppose we have constructed monic polynomials g, h, such that
f = gnhn = 0 mod 7" A[X]

and ¢, = go, hn = ho mod TA[X]. We want to find u, v € A[X] such that

f = (gn + 7" ) (hy + 7" ) = 0 mod 7" T2 A[X],
i.e., we want

(f = gnhn) — 7" (uwhy + gov) = 0 mod 7" A[X].
Thus we are looking for polynomials u, v in A[X] such that

whp + gov = (f — guhy) /7" mod wA[X].

From (7.25), we know that h,, and g, are strictly coprime, and so we can always find
such polynomials u, v.

REMARK 7.27. By induction, the theorem shows that a factorization of f into a
product of relatively prime polynomials in k[X] lifts to a factorization in A[X]. For
example, in F,[X], X? — X splits into p distinct factors, and so it also splits in Z,[X].
Hence Z, contains the p — 1°* roots of 1. More generally, if K has a residue field &
with ¢ elements, then K contains ¢ roots of the polynomial X9 — X. Let S be the
set of these roots. Then

ar—a:S—k,

is a bijection preserving multiplication (but not, of course, addition) — the elements
of S are called the Teichmiiller representatives for the elements of the residue field.

REMARK 7.28. Theorems 7.23 and 7.24 are both stronger versions of 7.22. There
is in fact a stronger version of 7.23. For a polynomial h = >_ ¢; X, define

1]} = max|e;].
Let
f(X)=a, X"+ a, 1 X" '+ +ay € AX]
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have |a,| =1 (i.e., a, is a unit). Let go(X) and ho(X) be polynomials in A[X]| with
degrees r and s respectively, and suppose that

1F(X) = go(X)ho(X)I| < [Res(go(X), ho(X))[?

where Res denotes the resultant. Then f(X) factors in A[X] as the product of a
polynomial of degree r and a polynomial of degree s. The proof follows the same
general lines as the above proofs. In fact, the hypothesis can be replaced by

1F(X) = go(X)ho(X)|| < [disc(f)].

(For this, see Cassels 1986, p107.)

Note that, this gives an algorithm for factoring polynomials in Q,[X] (for example).
Given f(X), compute disc(f). If this is zero, then f and f’ have a common factor
(which we can find by the Euclidean algorithm). Otherwise ord(disc(f)) = m for some
m, and it is enough to consider factorizations of f into polynomials with coefficients
in the finite ring Z/p™Z. Apparently the fastest algorithms for factoring polynomials
in Z[X] begin by factoring in Z,[X] for an appropriate prime p — computers seem
to have no problem handling polynomials of degree 200. (But Problems 10, no. 3,
shows that there are irreducible polynomials in Z[X] of arbitrarily large degree that
factor in all the rings Z,[X] into polynomials of low degree.)

Extensions of nonarchimedean valuations. We explain how to extend a valua-
tion to a larger field.

THEOREM 7.29. Let K be complete with respect to a discrete valuation | |k, and
let L be a finite separable extension of K of degree n. Then | | extends uniquely to
a discrete valuation | |, on L, and L is complete for the extended valuation. For all

fel,

18 = | Nmy,x B[3"

PROOF. Let A be the discrete valuation ring in K, and let B be its integral closure
in L. Let p be the maximal ideal of A. We know from (3.30) that B is a Dedekind
domain, and the valuations of L extending | |, correspond to the ideals of B lying
over p.

Suppose that there are distinct prime ideals 31 and Bo in B dividing p. There
will be a § € B such that Py N A[F] # PBa N A[fF]; for example, choose f € B
such that 5 € Py, 6 ¢ Po. Let f(X) be the minimum polynomial of 3 over K, so
that A[B] = A[X]/(f(X)). Because f(X) is irreducible in A[X] and A is complete,
Hensel’s lemma shows that f(X) (image of f(X) in k[X], k = A/p) must be a power
of an irreducible polynomial. Then

A[B] /pA[B] ~ K[X]/(f(X))
is a local ring, which contradicts the fact that A[3] has two prime ideals containing
p.
Hence | |, extends uniquely to a valuation | | on L.

Clearly, | |, also extends uniquely to the Galois closure L' of L. For each o €
Gal(L/K), consider the map L — C, 3 — |o3|. This is again a valuation of L, and
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so the uniqueness implies that || = |03]. Now

[Nm(g)| = [[J o8] = |8]"
which implies the formula.

Finally, we have to show that L is complete. Let ey, ... , e, be a basis for B as an
A-module, and let («(m)) be a Cauchy sequence in L. Write a(m) = a1(m)e; +-- -+
an(m)ey, with a;(m) € K. For each i, a;(m) is a Cauchy sequence, and if a; denotes

its limit, then « 4 ajer + - -+ + aye, is the limit of the sequence a(m). O

REMARK 7.30. It is obvious from the criterion (7.2) that a nonarchimedean valu-
ation can only extend to a nonarchimedean valuation. It is possible to prove (7.29)
without assuming that the valuation | | on K is discrete or even nonarchimedean, but
the proof is then completely different, and much longer — we shall in fact need this
in the §8, and so I should have included it. The formula |3|, = | Nmyz/x 31" shows
that | | is discrete if and only if | |, is discrete.

COROLLARY 7.31. Let K be as in the theorem, and let Q) be a (possibly infinite)
algebraic extension of Q. Then | | extends in a unique way to a valuation | | on €.

PROOF. The theorem shows that | | extends in a unique way to any finite subex-
tension of €2, and hence it extends uniquely to €. O

REMARK 7.32. In the last corollary, the extended valuation is still nonar-
chimedean, but it need not be discrete, and 2 need not be complete. However,
the completion of €2 is again algebraically closed.

For example as we noted in (7.7), the valuation on the algebraic closure le of Q, is
not discrete, and Problems 10, no. 4, shows that le is not complete. The completion
of le is often denoted C, because it plays the same role for the p-adic valuation on
Q that C plays for the real valuation. (In fact C, ~ C as abstract fields because
they are both algebraically closed, and they both have a transcendence basis with
cardinality equal to that of R. The isomorphism is as far from being canonical as it
is possible to get — its construction requires the axiom of choice.)

COROLLARY 7.33. Let K and L be as in the theorem; then n = ef where n = [L :
K], e is the ramification index, and f is the degree of the residue field extension.

PROOF. We know from (3.36) that n = ) e;f;. In this case, there is only one
prime dividing p and so the formula becomes n = ef. O

When e = n, so that pB = p", we say that L is totally ramified over K; when
f =n, we say that L is unramified over K.

Note that the valuation ring B of L is the integral closure of the valuation ring A
of K.

Many of the results proved above for complete discrete valuation rings hold also
for Henselian local rings (see §4 of my notes on Etale Cohomology).

REMARK 7.34. Let K be complete with respect to a discrete valuation, and let L
be a finite extension of K. Let P and p be the maximal ideals in the rings of integers
A and B of K and L. Then pB = P3¢ where e is the ramification index. Let 7 and
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IT be generators of p and P. The normalized valuations ordx and ordy, on K and L
are characterized by equations:

ordg (m) = 1, ordy (II) = 1.
Note that m = II° x unit, and so
ordx = e tord;.
If we denote the extension of ordx to L by ord, then
ord(L*) = e 'Z.

This characterizes the ramification index.

Newton’s polygon. Let K be complete with respect to a discrete valuation. Let ord
be the corresponding additive valuation ord: K* — Z, and extend ord to a valuation
ord : K** — Q. For a polynomial

fX)=X"+a X" '+ +a, a€K,
define the Newton polygon** of f(X) to be the lower convex hull of the set of points
P, L (i, ord(a;)), i = 0, ..., .

In more detail, rotate the negative y-axis counter-clockwise about Py = (0, 0) until it
hits a P, — the first segment of the Newton polygon is the line Py P;, where P, is the
point furthest from P, on the rotated y-axis. Repeat the process rotating about P,
etc.. The resulting polygon starts at ) and ends at P,; each of its segments begins
and ends at a P;; each P; either lies on the polygon or is above it; any line joining two
points of the polygon has no point that is below the polygon (this is what we mean
by the Newton polygon being lower convex).

PROPOSITION 7.35. Suppose that the Newton polygon of f(X) € K[X] has seg-
ments of x-length n; and slope s;. Then f(X) has exactly n; roots a (in K%) with

ord(ar) = s;.
Moreover, the polynomial f;(X) 4 Horg(an=s; (X — a;) has coefficients in K.

PROOF. In proving the first part, we don’t have to assume that f(X) has coeffi-
cients in K—any finite extension of K will do. Thus it suffices to prove the following
statement: let f(X) = [[(X — a;); if exactly n; of the a;’s have ords;, then the
Newton polygon of f(X) has a segment of slope s; and z-length n,.

We prove this by induction on n = deg(f). If n = 1, then it is obvious. Assume it
for n, and put

g(X) = (X —a)f(X) = X" 4 b X" + b X" o by
Note that b; = a; — aa;_1.

Case (i). ord(a) < s;. Recall ord(a + b) > min{ord(a),ord(b)}, with equality if
ord(a) # ord(b). Using this, one finds that

4Most people write the polynomial ag + a1 X + --- + X" when they define Newton polygons.
This is slightly less convenient than the way I do it, but allows you to define the Newton polygon of
a power series.
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the Newton polygon of g is obtained from that of f by adding a segment of slope
ord(a) and z-length 1, and moving the Newton polygon of f to start at (1,ord(«)).
This is what the proposition predicts.

Case (ii). ord(a) = s1. In this case, the initial segment of slope s; is lengthened
by 1, and the rest of the polygon is as before. This is what the proposition predicts.

The remaining cases are similar.

We now prove the second statement. Let « be a root of f(X), and let m,(X) be
the minimum polynomial of a. As we saw in the proof of (7.29), ord(«/) = ord(«) for
all conjugates o/ of «, i.e., for all roots of m,(X). Because f(a) =0, mqo(X)|f(X
and the remark just made implies that in fact m.(X)|f;(X) where s; = ord(a
If 3 is a root of f;(X)/mq(X), then a similar argument shows that mg(X)|(fi/ma)-
Continuing in this way, we find that f;(X) is a product of polynomials with coefficients
in K. O

)7
)

EXAMPLE 7.36. Consider the polynomial
FX)EXP+ X2 42X —8,

By testing +1, 42, +4, +8 (actually, by asking Maple) one sees that this polynomial
is irreducible over Q. The Newton polygon of f relative to ords has slopes 0,1, 2,
each with z-length 1. Therefore f splits in Qo[X], and it has roots a, ae, as with
ords 0, 1, 2.

Locally compact fields. We now look at the compactness properties of our fields.

PROPOSITION 7.37. Let K be complete with respect to a nonarchimedean discrete
valuation. Let A be the ring of integers in K and let m be the maximal ideal in A.
Then A is compact if and only if A/m is finite.

PROOF. Let S be a set of representatives for A/m. We have to show that A is
compact if and only if S is finite.

=: Clearly m = {z € K | |z| < 1} is open in K. As A is the disjoint union of the
open sets s +m, s € .S, S must be finite if A is compact.

<: Recall that a metric space X is compact if and only if it is complete and totally
bounded (this means that for any r > 0, there is a finite covering of X by open balls
of radius 7). But every element of A can be written

S0+ SIT+ S + -+ 8, + -, 8 €S
For a fixed n, there are only finitely many sums
50+ S1T + som> 4 -+ 5, 8 €S,
and every element of A is within |7"*!| of such an element. O

COROLLARY 7.38. Assume that the residue field is finite. Then p™, 1 4+ p", and
A* are all compact.

PROOF. They are all closed subsets of A. O

DEFINITION 7.39. A local field is a field K with a nontrivial valuation | | (as de-
fined at the start of this section) such that K is locally compact (and hence complete).
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REMARK 7.40. It is possible to give a complete classification of local fields.

(a) Let K be a field that is complete with respect to an archimedean valuation
| |; then K is isomorphic to R of C, and the valuation is equivalent to the usual
absolute value (Theorem of Ostrowski, see Janusz 1996, 11.4). Thus for archimedean
valuations, completeness implies local compactness.

(b) A nonarchimedean local field K of characteristic zero is isomorphic to a finite
extension of Q,, and the valuation is equivalent to the (unique) extension of the p-adic
valuation. (To prove this, note that, by assumption, K contains Q. The restriction
of | | to Q can’t be the trivial valuation, because otherwise A* wouldn’t be compact.
Therefore (see 7.10) | | induces a valuation on @Q equivalent to the p-adic valuation
for some prime number p. The closure of Q in K is therefore Q,. If K has infinite
degree over Q,, it will not be locally compact.)

(¢) A nonarchimedean local field K of characteristic p # 0 is isomorphic to the field
of formal Laurent series k((7")) over a finite field k. The field k((7")) is the completion
of k(T) for the valuation defined by the ideal (1) C k[T7]; it consists of finite-tailed
formal power series:

i CLZTZ

i>—n

Unramified extensions of a local field. Again K is a field complete with respect
to a discrete valuation | |. To avoid problems with separability, we assume that K
and the residue field k are both perfect!>—of course in the case we are particularly
interested in, K has characteristic zero and k is finite. Let A be the discrete valuation
ring in K corresponding to | |.

If L is an algebraic (possibly infinite) extension of K, we can still define

B={aelL]|la <1}

p={aeB|l|a <1}
and call B/p the residue field of L.

PROPOSITION 7.41. Let L be an algebraic extension of K, and let | be the residue
field of L. The map K' — k' sending an unramified extension K' of K contained in
L to its residue field k' is a one-to-one correspondence between the sets

{K' C L, finite and unramified over K} < {k' C I, finite over k}.

Moreover:

(a) if K' < k' and K" < k", then K' C K" <— k' C k",
(b) if K < k', then K' is Galois over K if and only if k' is Galois over k, in which
case there 1s a canonical isomorphism

Gal(K'/K) — Gal(K' /k).
15When k is not perfect, we should define L/K to be unramified if (a) the ramification index is

1, and (b) the residue field extension is separable. These conditions imply that L/K is separable.
With this definition, (7.41) continues to hold without K and k being assumed to be perfect
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PROOF. Let k' be a finite extension of k. We can write it k' = k[a]. Let fo(X) be
the minimum polynomial of a over k, and let f(X) be any lifting of fy(X) to A[X].
As a is a simple root of fo(X), Newton’s lemma (7.22) shows that there is a (unique)
a € L such that f(a) =0 and a = a mod p. Now K’ =4 KJa] has residue field £’
Thus K’ — k' is surjective. Suppose that K’ and K" are unramified extensions of K

in L with the same residue field ¥’. Then K’ - K" is an unramified extension of K
(see 6.5 and 6.6b) with residue field &’. Hence

[K'-K": K] =1[K:k]=[K" K],
and so K" = K'.

Statement (a) is obvious.

Assume K’ is Galois over K; then Gal(K'/K) preserves A’ (the valuation ring in
K') and its maximal ideal, and so we get a map Gal(K'/K) — Aut(k'/k). Write
k' = k[a], and let g(X) € A[X] be such that g(X) € k[X] is the minimum polynomial
of a. Let a € A’ be the unique root of g(X) such that @ = a. Because K’ is Galois
over K, g(X) splits in A’[X], and this implies that g(X) splits in £'[X], and so k" is
Galois over k. Let f = [k': k] = [K': K], and let ay,... ,ay be the roots of g(X).
Then

{ov,...;ar} ={oa| o e Gal(L/K)}.

Because g(X) is separable, the «; are distinct modulo p, and this shows that the
image of the map Gal(K'/K) — Gal(k'/k) has order f, and hence is an isomorphism.
Conversely, suppose k'/k is Galois. Again write k' = kla], and o € A’ lift a. It
follows from Hensel’s lemma that A’ contains the conjugates of «, and hence that K’
is Galois over K. O

COROLLARY 7.42. There is a field Koy C L containing all unramified extensions
of K in L (called the largest unramified extension of K in L). In fact, it is obtained
from K by adjoining all roots of 1 of order prime to the characteristic of k.

PRroOOF. This is an obvious consequence of the theorem. 0

COROLLARY 7.43. The residue field of K® is k™; there is a subfield K" of K®
such that a subfield L of K*, finite over K, is unramified if and only if L C K"".
(Recall that we are assuming k and K to be perfect.)

PROOF. Let fy(X) be any polynomial in k[X], and let f(X) be any lift of fy(X)
to A[X]. Then K® contains all the roots of f(X), and so the residue field k" of K?®
contains all the roots of fy(X). Hence k' is algebraic over k, and every polynomial in
k[X] splits in &', and so it must be the algebraic closure of k. O

REMARK 7.44. For those familiar with the language of category theory, we can be
a little more precise: there is an equivalence between the category of finite unramified
extensions of K and the category of finite (separable) extensions of k.

EXAMPLE 7.45. Let K be a local field of characteristic zero (hence a finite exten-
sion of Q, for some p), and let ¢ be the order of the residue field k£ of K.

Recall from (FT §4.6) that, for each n, there is an extension k, of k of degree n,
and that k, is unique up to k-isomorphism; it is the splitting field of X9" — X. The
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Galois group Gal(k,/k) is a cyclic group of order n, having as canonical generator
the Frobenius element x — z9.

Therefore, for each n, there is an unramified extension K, of K of degree n, and it
is unique up to K-isomorphism; it is the splitting field of X" — X; the Galois group
Gal(K,,/K) is a cyclic group of order n, having as canonical generator the Frobenius
element o which is determined by the property

off =% (mod p),

all 3 € B. (Here B is the discrete valuation ring in K, and p is the nonzero prime
ideal in B.)

Totally ramified extensions of K. Let K be a complete discretely-valued nonar-
chimedean field, and let m be a local uniformizing parameter for K. A polynomial
f(X) € K[X] is said to be Eisenstein if it is Eisenstein for the maximal ideal of the
ring of integers in K, i.e., if

f(X) =aoX" + a1 X" ' 4+ a,, with |ag| =1, |ai| <1, |an| = |7l
Equivalently,
ord(ap) =0, ord(a;) >0, ord(a,) =1,

for the normalized additive valuation. Equivalently, the Newton polygon of f(X) has
only one segment, which has slope %, n = deg f. Eisenstein polynomials allow us to
give an explicit description of all totally ramified extensions of K.

PROPOSITION 7.46. Let L be a finite extension of K. Then L/K is totally ramified
if and only if L = K|a] with a a root of an Fisenstein polynomial.

PROOF. <: Suppose L = KJ[a] with « a root of an Eisenstein polynomial f(X)
of degree n. If ord is the extension of the normalized discrete (additive) valuation on
K to L, then ord(«) = 1/n. This implies that the ramification index of L/K is > n.
But it can’t be greater than n, and so it is exactly n — L is totally ramified over K.
(Compare the proof of 6.2.)

=-: Suppose L is a totally ramified extension of K of degree n. Let « be a generator
of the maximal ideal in the ring of integers in L; thus ord(a) = 1/n if ord extends the
normalized discrete valuation on K. The elements 1, c,...,a" ! represent different
cosets of ord(K*) in ord(L*), and so it is impossible to have a nontrivial relation

a0+a104—|—~~-+an_104”_1:0, CLZ‘EK

(because of 7.9.3). Hence L = Kla|. The elements 1,«,... ,a" ! o™ are linearly
dependent over K, and so we have a relation:

a"+a "+ +a, =0 a €K

Applying (7.9.3) again, we see that the minimum ord of a summand must be attained
for two terms. The only way this can happen is if ord(a;) > 0 for all 7 and ord(a,) =
ord(a™) =1, i.e., if Y a; X" is an Eisenstein polynomial. O

REMARK 7.47. Let L be a finite totally ramified extension of K. Let A and B be
the discrete valuation rings in K and L, and let 7 and II be a prime elements in A
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and B. I claim that B = A[Il]. The argument is the same as in the proof of 6.2 (see
also Problems 8, no. 1). Because B and A have the same residue field,

A[Il} +1IB = B.
The discriminant of 1,II,II2, ... is a unitx7™ for some m, and so
p°’B C AllljCc B
for some c. As before, these two conditions suffice to imply that B = A[II].

Ramification groups. Let L be a finite Galois extension of K, and assume that

the residue field k of K is perfect. As we have noted, G & Gal(L/K) preserves the
valuation on L. In particular, it preserves

B={aelL||la <1}, p={acl]|lof <1}

Let II be a prime element of L (so that p = (II)). We define a sequence of subgroups
G D Gy D Gy D -+ by the condition:

0 €G; = |oa—a|<|I',all a € B.

The group G is called the inertia group, the group G is called the ramification group,
and the groups G;, ¢ > 1, are called the higher ramification groups of L over K.

LEMMA 7.48. The G; are normal subgroups of G, and G; = {1} fori large enough.

PROOF. (a) For 0,7 € G, we have
T oTa — al = |o(ta) — (Ta)|
(because |z| = |rz|). As a runs through B, so also does 7o, and so 77'oT € G;
exactly when o does.
(b) If o # 1, then ca # « for some o € B. Hence o ¢ G; as soon as oo — «of >
|TI|". O

THEOREM 7.49. Let L/K be a Galois extension, and assume that the residue field
extension l/k is separable.

(a) The fized field of Gy is the largest unramified extension Ko of K in L, and
G/Gy = Gal(Ky/K) = Gal(l/k).

(b) Fori > 1, the group
Gi={o € Gy | |oll - 1| < |I|'}.

PROOF. (a) Let K{ be the largest unramified extension in L (see 7.42). Then oK,
is also unramified, and so it is contained in K. Thus K| is Galois over K, and the
canonical map Gal(Ky/K) — Gal(l/k) is an isomorphism (see 7.41). By definition
Gy is the kernel of G — Gal(l/k), and so Ky is its fixed field.

(b) Let Ag be the discrete valuation ring in Ko. Then B = A[Il] (by 7.45). Since
G leaves Ay fixed, in order to check that o € G; it suffices to check that |ca—a| < |II|*
for the element o = II. O
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COROLLARY 7.50. We have an ezhaustive filtration G D Gy D -+ such that
G/Gy = Gal(l/k);
Go/G1 — 1%
Gi/Giy1 — L.
Therefore, if k is finite, then Gal(L/K) is solvable.

PROOF. Let 0 € Gy; then oIl is also a prime element and so oIl = ull with u a
unit in B. The map ¢ — « mod p is a homomorphism Gy — [* with kernel Gj.

Let 0 € G;. Then |oII — II| < |ITI|**!, and so oIl = II + aIl'™ some a € B. The
map o — a (mod p) is a homomorphism G; — [ with kernel G;4;. O

An extension L/K is said to be wildly ramified if ple where p = char(k). Otherwise
it is said to be tamely ramified. Hence for a Galois extension

L/K is unramified <= Gy = {1},
and
L/K is tamely ramified <= G; = {1}.

Krasner’s lemma and applications. Again let K be complete with respect to
a discrete nonarchimedean valuation | |, and extend the valuation (uniquely) to a
valuation on K®. It is clear from our discussion of unramified extensions of K that
roots of distinct polynomials f(X) and g(X) will often generate the same extension

of K; in fact, this will be true if f = g and both are irreducible in k[X]. Krasner’s
lemma and its consequences show that the roots of two polynomials will generate the
same extension if they are sufficiently close.

PROPOSITION 7.51 (Krasner’s lemma). . Let o, 3 € K% and assume that a is

separable over K[B]. If a is closer to (B than to any conjugate of a (over K), then
Kla] C K[B].

PROOF. Let o be an embedding of K|[a, 8] into K? fixing K[3]. By Galois theory,
it suffices to show that ca = a. But

oo = | = loa — o8] = |a = ]
because o3 = ( and |o * | = | x |. Hence
loa—a| =loa—F+F—-al <|a—f]

Since o« is a conjugate of a over K, the hypothesis now implies that ca = a. 0

Now assume K has characteristic zero (to avoid complications). As before, for
h(X) = > ¢ X", we define ||h]| = max{|c;|}. Note that if h(X) varies in a family
of monic polynomials for which ||A|| remains bounded, then the maximum value of a
root of h is bounded; in fact, if

Z Ciﬁi = 07

we must have |3"| < |¢;37] for some j < n, and so |3]"7 < ¢
Fix a monic irreducible polynomial f(X) in K[X], and let

FX) =]](X - ), aeK™
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The a; must be distinct. Let g(X) be a second monic polynomial in K[X], and
suppose that || f — ¢ is small. For any root (§ of ¢(X), |f(6)| = |(f — ¢)(B)] is small
(because || f — g|| small implies that ||g|| is bounded, and hence |3| is bounded). But

1£(8) =] 18— al.

In order for this to be small, at least one term |3 — ;| must be small. By taking
|f — ¢g|| small enough, we can force 3 to be closer to one root «; than «; is to any
other ;. That is, we can achieve:

|8 — il <o —ayl, all j #1i.

In this case, we say that [ belongs to «;. Krasner’s lemma then says that K|o;] C
K[B], and because f and g have the same degree, they must be equal. We have
proved:

PROPOSITION 7.52. Let f(X) be a monic irreducible polynomial of K[X], and let
a be a root of f. Then any monic polynomial g(X) € K[X] sufficiently close to f(X)
is also irreducible, and it has a root 3 that belongs to . For such a root K[a] = K[f].

COROLLARY 7.53. Let K be a finite extension of Q,. Then there is a finite exten-
sion L of Q contained in K such that [L: Q] = [K: Q] and L-Q, = K.

PrROOF. Write K = Q,[a], and let f(X) be the minimum polynomial of o over
Q,. Choose g(X) € Q[X] sufficiently close to f(X), and let L = Q[f] for 8 a root of
g(X) belonging to a. O

Now consider two monic polynomials f and ¢, and write «; for the roots of f and
B; for the roots of g. For ||f — ¢ sufficiently small, every root of g will belong to a
root of f, and I claim that they will belong to distinct roots, i.e., the roots can be
numbered so that 3; belongs to «;. For each choice s of n elements from {ax, ..., a,}
(possibly with repetitions), we form the polynomial f,(X) = [], ¢,(X — ;). If two
roots of g(X) belong to the same root of f(X), then g(X) will be close to fs(X) for
some fs # f. But if we choose g to be closer to f than f is to any fs, this will be
impossible. We have proved:

PROPOSITION 7.54. Assume K is of characteristic zero. If two monic irreducible
polynomials f and g are sufficiently close, then each root of g will belong to exactly
one root of f, and so

{K[a] | « a root of f} ={K|[B]| 5 a root of g}.

PROPOSITION 7.55. Assume K has characteristic zero and has finite residue field.
Then, up to isomorphism, there are only finitely many totally ramified extensions of
Qp of a given degree.

ProoFr. We fix an n and show that there are only finite many extensions of degree
< n. Each point of
(@1, .0s@p) EPXPXP XX A'T
defines an Eisenstein polynomial of degree n, namely,

fX) = X"+ a X" 4o fay,
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and hence a finite set of totally ramified extensions of degree m, namely, those
generated by the roots of f(X). According to the last proposition, each point of
pXPpxpx---x A%r has a neighbourhood such that the points in the neighbour-
hood all give the same extensions of K. In (7.38) we showed that the factors of
pXpXpXx---x A%t are compact, hence the product is compact, and so a finite
number of these neighbourhoods will cover it. O

REMARK 7.56. We proved above that

(i) every finite extension L of K contains a largest unramified extension of K;

(ii) for each m > 1, there is an unramified extension of degree m of K, and any
two such extensions are K-isomorphic.

Fix an n; then each extension L of K of degree n can be realized as a totally ramified
extension of degree n/m of the (unique) unramified extension of degree m, some m
dividing n. Clearly there are only finitely many such L’s (up to K-isomorphism).

A Brief Introduction to PARI. Pari is a program designed for computations
in number theory. It was written by H. Cohen and others, and is available
from ftp://megrez.math.u-bordeaux.fr/pub/pari/. See also the Pari home page
http://pari.home.ml.org/. It runs under Windows 95 and other operating sys-
tems. The following are a few commands for version 2 (they have been changed from
version 1.x).

To start PARI on a network, type gp  To quit PARI, type \¢
nfbasis(f) finds an integral basis for the field generated by a root of f.
nfdisc(f) finds the discriminant of f .

polcyclo(n) finds the n'* cyclotomic polynomial.

polgalois(f) finds the Galois group of f (f irreducible of degree < 11).
newtonpoly(f,p) finds the Newton polygon of f.

factor(f) finds the factors of f .

factormod(f,p) factor f modulo p.

quadunit (x) finds the fundamental unit in the real quadratic field with discrimi-
nant x.

The syntax for polynomials is similar to that in Maple, e.g., x"2+3*x+5.
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A global field is defined to be an algebraic number field (finite extension of Q) or a
function field in one variable over a finite field (finite extension of F,(7") for some q).
We are mainly interested in the number field case.

Extending valuations. Let K be a field with a valuation | | (archimedean or discrete
nonarchimedean), and let L be a finite separable extension of K. When K is complete,
we know that there is a unique extension of | | to L (see 7.29, 7.30), and we want to
understand the extensions when K is not complete.

Write L = K|aJ, and let f(X) be the minimum polynomial of o over K. Let | |/
be an extension of | | to L. Then we can form the completion L of L with respect to
| ', and obtain a diagram:

L — L
| |

Then L = K [a] (because every element & of L is the limit of a Cauchy sequence & (n)
in L; write {(n) = > ai(n)a™, a;(n) € K; then each a;(n) is a Cauchy sequence in

A

K, with limit a; say in K, and £ = > a;a'). Let g(X) be the minimum polynomial
of a over K. Since f(a) =0, g(X)|f(X), and so with each extension of | |, we have
associated an irreducible factor of f(X) in K[X].

Conversely, let g(X) be a monic irreducible factor of f(X) in K[X], and let K[z] =
K[X]/(9(X)). Then we obtain a diagram:

~

L B K ]
| |
K — K.

According to (7.29, 7.30), the valuation on K extends uniquely to K [z], and this
induces a valuation on L extending | |.

These two operations are inverse, and so we have proved the following result:

PROPOSITION 8.1. Let L = Kla] be a finite separable extension of K, and let
f(X) be the minimum polynomial of o over K. Then there is a natural one-to-one
correspondence between the extensions of | | to L and the irreducible factors of f(X)
in K[X].

There is a more canonical way of obtaining the completions of L for the various
extensions of | |.

PROPOSITION 8.2. Let | | be a valuation on K (archimedean or discrete nonar-

chimedean) and let L be a finite separable extension of K. Let K be the completion
of K with respect to | |. Then | | has finitely many extensions | |1,... .| |4 to L; if L;
denotes the completion of L with respect to the valuation | |;, then
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PROOF. Since L is separable over K, L = K[a] ~ K[X]/(f(X)) for some element
a € L and its minimum polynomial f(X). Suppose f(X) factors in K[X] as

F(X) = f(X) - fo(X) -+ fo(X)
with f;(X) monic and irreducible. Then (see 1.13)
Lok K = Klo]@x K ~ K[X]/((f(X)) = [T K[X]/(£:(X))
and so the proposition follows from (8.1). O

REMARK 8.3. Suppose now that K is a number field, that O = Okla], and that
| | = |p for some prime ideal p in Of. Because f;(X) is irreducible in K[X], Hensel’s
lemma shows that, modulo p, f;(X) is a power of an irreducible polynomial, say,

fi(X) = g:s(X).
Then

FOX) = (X0
and (3.43) tells us that
pOL =T1Pi". Pi = (p,9i(a)).

The valuations extending | |, correspond to the primes 3;, and so the two descriptions
of the extensions agree.
COROLLARY 8.4. In the situation of the Proposition, for any element o € L,
Nmyp k(o) = [TNmy g (0), Trpjr(e) =22Tr, ().

(in the i" factor or summand on the right, a is regarded as an element of L;).

PROOF. By definition the norm and trace of o are the determinant and trace of
the K-linear map « — ax: L — L. These don’t change when L is tensored with K,
and it easy to see that norms and traces in products break up into products and sums
respectively. O

ExXAMPLE 8.5. According to Maple
f(X)=X®+5X°+5X%+25X +125

is irreducible in Q[X]. Its Newton polygon for ords; has three segments of z-lengths
3, 2, 1 respectively, and so it has at least three factors in Q5. The discriminant of

f(X) s
25'1(59)(365587),

and so according to (7.28), to find the number of factors of f(X) in Q5[X], it suffices
to factor in modulo 5''. Better, according to Pari, version 2, f(X) has exactly 3
irreducible factors in Q;[X]. (Type factorpadic(f,p,r) where r is the precision
required.)

Suppose we find a factorization

f(X) = fi(X) fo(X) f3(X)
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(to whatever degree of accuracy we wish). To compute |3|;; map 8 = > ¢;af to
Bi=Ycjod € L 4 Qs[a], a; aroot of f;(X), and use that

deg f;
1Bli = 16:]: = | N, g, 811 42

The product formula. Before proving the product formula for a number field, we
need one extra fact for local fields.

Let K be a local field with normalized valuation | |. Recall that this means that | |
is the usual absolute value if K is R, the square of the usual valuation if K is C, and
la] = (1/Np)°d@ if the valuation is defined by a prime ideal p.

Let L be a finite separable extension of K, and let | | be the unique extension of

| | to L. Let || || be the normalized valuation on L corresponding to | |. What is the
relation of || || to | |?
LEMMA 8.6. In the above situation, ||a|| = |a|™, where n = [L: K].

PrROOF. When K is archimedean, there are only two cases to consider, and both
are obvious. Thus, assume K is nonarchimedean. Since, by assumption, || || = | |°
for some ¢, we only have to check that the formula holds for a prime element 7 of K.
Let IT be a prime element of L, and let P = (II) and p = (7); then 7 = (unit) x I1¢
and so

Il = T[] = (1/NP)° = (1/Np)/ = |z,
as required.
Alternatively, use (7.34). For a € K, we have

e b e B e
U

PROPOSITION 8.7. Let L/K be a finite extension of number fields. For any prime
vof K and a € L,

[T lleflw = [[Nmg/x alfo.

wlv

Here || ||w and || ||, denote the normalized valuations for the primes w and v.

PRroor. Let | |;,i=1,2,...,¢, be the extensions of || ||, to L, and let || ||; be the
normalized valuation corresponding to | |;. Then

| N ol = 1T Ny, oo =TT (| Ny, g all,
I ol T, llall,
where n; = [L;: K]. O

THEOREM 8.8 (Product formula). Let K be an algebraic number field; for all
nonzero o € K,

[Tlelle =1,

where the product is over the primes of K and || ||, is the normalized valuation for
the prime w.
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Proor. We have

[T el = H(Tll o) = TT | Nmeff,
where v runs through the primes 2,3,5,7,...,00 of Q. The last product is 1 by
(7.11). O

REMARK 8.9. E. Artin and Whaples (Bull. Amer. Math. Soc. 51 (1946), 469
492) proved the following characterization of global fields. Let K be a field with a set
U of primes (equivalence classes of valuations) satisfying the following axioms.

Aziom I. There is a set of representatives | |, for the primes such that, for any
nonzero a € K, |al, # 1 for only finitely many v and

II,|al, = 1 (product over all v € 0).

Axiom II. There exists at least one prime v for which K, is a local field.
Then K is a global field, and U consists of all the primes for K.

Throughout his career, E. Artin promoted the idea that if only one could under-
stand the similarities between function fields and number fields sufficiently well, then
one could transfer proofs from function fields to number fields (e.g. the proof of the
Riemann hypothesis!). This hasn’t worked as well as he hoped, but the analogy has
still been very fruitful. In the above paper, he suggested one should develop number
theory and class field theory as much as possible working only from the axioms.

Decomposition groups. Let L be a finite Galois extension of a number field K,
and let G = Gal(L/K). For a valuation w of L, we write cw for the valuation such
that |0a|sw = |@|w, i-e., ||ow = |07 a|y. For example, if w is the prime defined by
a prime ideal 3, then ow is the prime defined by the prime ideal o*B, because

0o <1 <= 00 €P — acoP.

The group G acts on the set of primes of L lying over a fixed prime v of K, and we
define the decomposition (or splitting) group of w to be the stabilizer of w in G; thus

Gy ={0€G|ow=w}.

Equivalently, G,, is the set of elements of G that act continuously for the topology
defined by | |,. Each o € G,, extends uniquely to a continuous automorphism of L,,.
Note that G, = TG .

PROPOSITION 8.10. The homomorphism G, — Gal(L,/K,) just defined is an
1somorphism.

PROOF. Clearly the map is injective, and so (G, : 1) < [L,, : K,]. The valuation
ow has decomposition group oG,o~!, which has the same order as G,,, and so we
also have (G, : 1) < [Lyy @ K,]. The number of distinct w’s dividing v is (G : Gy,),
and so

(82)
<

(G:1)=(G:Gu)(Guw:1) < > [Loew: K] < [L:K].

c€G/Gy

Hence equality holds: (G, : 1) = [L,, : K,] (and G acts transitively on the primes
dividing v, which we knew already from the proof of 3.36). O
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Let D(P) (or G(B)) be the decomposition group of B, so that D(P) =
Gal(Lyg/Ky), and let I(B) C D(*P) be the inertia group. We have the following
picture:

B L - Ly
¢ | RN
(BI LI(‘.B) _ L;(‘B) l
f | | | D(B)/1(P)
PBp LPH® — K, — k
9 S
p K

Here:
Pr=PNL'P Pp=PNL°H) p=PNK;
the fields in the second column are the completions of those in the first;
the fields in the third column are the residue fields of those in the second.

PROPOSITION 8.11. (a) The only prime ideal of L lying over Bp is P.
(b) The prime ideal Bp is unramified in L', and f(Pr/Pp) = f(B/p).
(¢) The prime ideal 1 is totally ramified in L, and e(P/P1) = e(P/p).
(d) If D(B) is normal in G, then

pOro =[[oPp

where the product is over a set of representatives for G/D(B).

PROOF. (a) Because L is Galois over LP®) its Galois group D(B) acts transitively
on the set of prime ideals of L lying over . Thus (a) is obvious from the definition

of D(B).
(b), (c), (d) are similarly straightforward. O

The diagram, and the proposition, show that we can construct a chain of fields
LO>L'>ILP oK

such that all the ramification of 8 over p takes place in the top extension, all the
residue field extension takes place in the middle extension, and, when L is normal
over K, all the splitting takes place in the bottom extension. One should be a little
careful about the last assertion when D(3) is not normal in G all we know in general
is that

p-Opo =[P Pr=Po
with e; = 1 = f; (i.e., in general p will not split completely in L?).

REMARK 8.12. Let L be a Galois extension of Q, with Galois group G. Suppose
that O = Z[a] for some o € L. Let f(X) be the minimum polynomial of a over
Q, and write f(X) for f(X) modulo p. Choose an irreducible factor g;(X) of f(X),
and let g;(X)® be the largest power of g;(X) dividing f(X). According to Hensel’s
lemma, g1(X)* lifts to an irreducible factor fi(X) of f(X) in Q,[X], which can be
found to any desired degree of accuracy by factoring f(X) modulo a high power of
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p (essentially using the method of proof of Hensel’s lemma). Let Py = (p, hy()) for
any lifting hy of g1 to Z[X]. Then

D(P1) ={o € G| oP1 =P},

which can be computed easily (provided G has been found explicitly as a subgroup
of the symmetric group on the set of roots of f(X)). Let & be the image of « in
OL/PB1 = F,[a). Then g1(X) is the minimum polynomial of & over F,, and I(;) is
the subgroup of D(;) fixing @. Finally D(B1)/I1(P1) = Gal(F,[a]/F,).

Consider a tower of fields

1 M P
|

H L P,
|

G K p

Assume M is Galois over K with Galois group G, and that H is the subgroup of G
fixing L. (Recall D(*B) and G() are two notations for the same object.)

PROPOSITION 8.13. Let P be a prime ideal in Oy, and let P, =P N L.

(a) The decomposition group H(B) of P over L is G(P) N H.

(b) Suppose further that H is a normal subgroup of G, so that G/H is the Galois
group of L/ K. The decomposition group of B, over K is the image of G(B) in G/H.

PRrOOF. (a) Clearly
H(P)={oeCGloecH, oP=P}=HNGP).
(b) This is equally obvious. O

The Frobenius element. Let L/K be a Galois extension of number fields with
Galois group G. Given an ideal P of L that is unramified in L/K we define the
Frobenius element o = (P, L/ K) to be the element of G(3) that acts as the Frobenius
automorphism on the residue field. Thus o is uniquely determined by the following
two conditions:

(a) 0 € G(B), ie., 0P =P
(b) for all « € Of, ca = a? mod B, where ¢ is the number of elements the residue
field Ok /p, p =P N K.

We now list the basic properties of (B, L/K).

8.14. Let TR be a second prime dividing p, 7 € G. Then G(TR) = 7G(P)771,
and

(T8, L/K) = 7(B, L/K)7 ",
PROOF. Let a € Op; then

7'07'_1(04) = T((T_l&)q + a), some a € B, and

T((T—l&)q +a) =a?+ 1a = o mod TP.
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Thus if Gal(L/K) is abelian, then (B, L/K) = (', L/K) for all primes B, P’
dividing p, and we write (p, L/K) for this element. If Gal(L/K) is not abelian, then
{(B, L/K) | Blp}

is a conjugacy class in G, which (by an abuse of notation) we again denote (p, L/K).
Thus, for a prime p of K, (p, L/K) is either an element of Gal(L/K) or a conjugacy
class depending on whether Gal(L/K) is abelian or nonabelian.

8.15. Consider a tower of fields

M Q

|
L g
|
K p

and assume that Q is unramified over p; then
(9, M/K) P = (9, M/L).

PROOF. Let k(Q) D k(PB) D k(p) be the corresponding sequence of residue fields.
Then f(P/p) = [E(P) : k(p)], and the Frobenius element in Gal(k(Q)/k(P)) is the
f(B/p)" power of the Frobenius element in Gal(k(Q)/k(p)). O

8.16. In (8.15), assume that L is Galois over K; then
(Q, M/K)|L = (B, L/K).
PRrROOF. Obvious. 0

Let L; and Ly be Galois extensions of K contained in some field €2, and let M =
Ly - Ly. Then M is Galois over K, and there is a canonical homomorphism

o+ (o|Ly,0]Ls): Gal(M/K) — Gal(L,/K) x Gal(Ls/K)
which is injective.
8.17. Under the above map,
(Q, M/K) — (B1, L1/K) x (P2, Lo/ K).
PrOOF. This follows from (8.16). O

Note that p splits completely in L if and only if (P, L/K) = 1 for one (hence all)
primes P lying over it. Hence, in the situation of (8.17), p splits completely in M if
and only if it splits completely in L; and Ls.

Examples. We find the Frobenius maps for quadratic and cyclotomic fields, and

obtain a surprisingly simple proof of the quadratic reciprocity law.

EXAMPLE 8.18. Let K = Q[(,], where (, is a primitive n'* root of 1. If p|n then
p ramifies in K, and (p, K/Q) is not defined. Otherwise o = (p, K/Q) is the unique
element of Gal(K/Q) such that

oca=aof mod p, for all a € Z[(,],

for any prime ideal p lying over p.
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I claim that o is the element of the Galois group such that o((,) = (?: let p be a
prime lying over p in Z[(,]; then modulo p, we have,

o(Yaig,) = X ai(f = Y alGr = (X aig,)”
as required.

Note that (p, K/Q) has order f where f is the smallest integer such that n|p/ — 1
(because this is the order of p in (Z/(n))*).

EXAMPLE 8.19. Let K = Q[v/d], and let p be a prime that is unramified in K.
Identify Gal(K/Q) with {£1}. Then (p, K/Q) = +1 or —1 according as p does,
or does not, split in K, i.e., according as d is, or is not, a square modulo p. Thus

(v, K/Q) = (9).

Application: the quadratic reciprocity law. Let K = Q[(], where ( is a primitive p*"
root of 1, p # 2. Because Gal(K/Q) = (Z/pZ)* is cyclic of order p — 1, it contains
a unique subgroup of order (p — 1)/2 (consisting of the elements of (Z/pZ)* that
are squares), and hence K contains a unique quadratic extension F' of Q. If p =1
mod 4, then p is the only prime ramifying in Q[,/p], and Q[,/p] is the only quadratic
field for which this is true. Similarly if p = 3 mod 4, then —p =1 mod 4, and —p
is the only prime ramifying in Q[y/—p]. Thus F = Q[v/d] where d = (—1)»=D/2. p,

If ¢ is an odd prime # p; then

(¢, K/Q)(¢) = ¢*.
Thus (¢, K/Q) restricts to the identity element of Gal(Q[v/d]/Q) or not according as
q is a square in (Z/pZ)* or not. Thus (¢, K/Q)|Q[v/d] = (). But we know that it is
also equal to (g). Hence
a4y _ L P (r-1)(q-1)/4 (P
9y _ (= By = (21D (2.
(p) (q) (q) (=1) (q)
Here we have used that —1 is square in F, if and only if 4|¢ — 1, so that (_71) =
(—1)(a=Y/2 The displayed formula, together with the statements
-1 _ 2
(=) = (e,
p p
constitute the quadratic reciprocity law. (For the last formula, see Serre, Cours
d’Arithmétique 1.3.2; the proof of the rest of the reciprocity law there, ibid. 3.3.,
is essentially the above proof, made elementary.)

) = (_1)(122—1)/8

Computing Galois groups (the hard way). Let f(X) be a polynomial over a
field K, and let o, ... ,a, be the roots of f(X) in K?. We want to determine the
Galois group of f as a subgroup of the group of permutations S, of {ay,... o}

Introduce variables tq, ... ,t,. For any o € S,, and polynomial f(t1,... ,t,), define
ouf = f(teqys - - > tom)). Let 8 =) ayt;, and define a polynomial
F(X,t)=]](X —0:0) (product over o € S,,).

The coefficients of this polynomial are symmetric polynomials in the «;, and so lie in
K. Now factor

F(X,t) = Fy(X,t)- Fo(X,1)
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in K[X,tl, e 7tn]

THEOREM 8.20. Let G be the set of o € S, such that o, fivzes F1(X,t); then G is
the Galois group of f.

PROOF. See van der Waerden, Algebra, Vol 1, §61 (Calculation of the Galois
group). O

This theorem gives an algorithm (unfortunately impractical) for computing the
Galois group of a polynomial f(X) € Q[X]. We may suppose f(X) to be monic
with integer coefficients. First find the roots of f(X) to a high degree of accuracy.
Then compute F'(X,t) exactly, noting that this has coefficients in Z. Factor F'(X,1t),
and take one of the factors F1(X,t). Finally list the elements o of .S, such that oy
fixes F1(X,t). The problem with this approach is that F'(X,t) has degree n!. It will
probably work (on a computer) if n <5, but otherwise it is like trying to compute a
determinant directly from the definition as a sum of products.

Computing Galois groups (the easy way). We now give a more practical pro-
cedure (also largely in van der Waerden with a more direct proof).

PROPOSITION 8.21. Let f(X) be a monic separable polynomial of degree n over
a field K, and suppose that the Galois group G of f(X) has s orbits (as a group of
permutations of the roots of f) with ny,... ,ns elements respectively (so that ny +
ng + -+ -+ ns = n); then there is a factorization

f(X) = A(X) - fr(X)
with f;(X) an irreducible polynomial in K[X] of degree n;.
ProOOF. Write f(X) = [[(X —a). For § C {1,2,... ,n}, consider fg = [[,cs(X —
«;). This polynomial divides f(X), and it is fixed under the action of G (and hence
has coefficients in K) if and only if S is stable under G. Therefore the irreducible

factors of f(X) are the polynomials fg with S a minimal subset of {1,... ,n} stable
under G, but such sets S are precisely the orbits of G in {1,2,... ,n}. O

Let 0 € 5,. In GT, 84, it is proved that ¢ is a product of disjoint cycles. More
precisely, if
01 = {mn, s ,mml}, 02 = {m21, T 7m2n2}7
are the orbits of (o) acting on {1, 2, ..., n}, numbered in such a way that om;; = m; 41,
then
o = (m11 .. .mlm) . (m21 .. .mgng) .

This remark, together with (8.21), gives us the following result.

COROLLARY 8.22. Let f(X) be a monic separable polynomial of degree n over a
finite field k, and let ¢ be the splitting field of f(X). Suppose that the Frobenius
element o € Gal(€/k) (when regarded as a permutation of the roots of f(X)) is a
product of disjoint cycles o = ¢y - - - cs with ¢; of length n; (so that > n; =n). Then
f(X) factors as a product of irreducible polynomials in k[X]

f(X) = A(X) - fir(X)
with f; of degree n;.
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In other words, the type of the cycle decomposition of ¢ can be read off from the
factorization of f(X).

THEOREM 8.23 (Dedekind). Let f(X) be a polynomial of degree n over a number
field K, and let G be the Galois group of f. Assume f(X) € Ok[X] and is monic.
Let p be a prime ideal of K, and suppose that

f(X) = [(X) - fr(X) mod p

with the f; distinct irreducible polynomials in k[ X| and f; of degree n;, k = Ok/p.
Then G contains a permutation o that is a product of disjoint cycles of length n;.

PrOOF. Take o to be the Frobenius element of any prime lying over p — the
hypothesis on the factorization of f(X) mod p implies that p is unramified in the
splitting field (because it implies that p doesn’t divide the discriminant of f). O

REMARK 8.24. There is a similar statement for real primes, namely, if f(X) =
fi(X)--- fr(X) in R[X] with fi,..., f; of degree 2 and the remainder of the degree
1, then G contains a permutation ¢ that is a product of disjoint j cycles of length 2.

This suggests the following strategy for factoring a polynomial Q[X]: factor f(X)
modulo many primes p; discard the result if f(X) mod p has multiple factors; continue
until a sequence of, say n, primes has yielded no new cycle types for the elements.
Then attempt to read off the type of the group from tables. We discuss how effective
this is later.

EXAMPLE 8.25. Let f(X) = X° — X — 1. Modulo 2 this factors as (X? + X +
1)(X3+ X2+ 1); modulo 3 it is irreducible. Hence G contains (12345) and (ik)(¢mn)
for some numbering of the roots. It also contains ((ik)(¢mn))* = (ik), and this implies
that G = S5 (see 8.28 below).

LEMMA 8.26. Let H be a subgroup of S, ; if H is transitive (for example, contains
an n-cycle) and contains an (n — 1)-cycle and a transposition, then H = S,.

PROOF. After possibly renumbering, we may suppose that the (n—1)-cycle is (1 2
3 ... n—1). By virtue of the transitivity, the transposition can be transformed into
(in), some i < n — 1. Now the (n — 1)-cycle and its powers will transform this into
(I n), (2n),..., (n—1n), and these elements obviously generate S, (because .S, is
generated by transpositions). O

EXAMPLE 8.27. Select monic polynomials of degree n, f1, f2, f3 with coefficients
in Z such that

(a) f1 is irreducible modulo 2;

(b) fo =(degree 1)(irreducible of degree n — 1) mod 3;

(c) f3 =(irreducible of degree 2)(product of one or two irreducible polynomials of
odd degree) mod 5. We need to choose f5 to have distinct roots modulo 5.

Take

[ =-15f1 +10f; + 63,
and let G be the Galois group of f. Then
(a) G is transitive (it contains an n-cycle because of (a));
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(b’) G contains a cycle of length n — 1;

(¢) G contains a transposition (because it contains the product of a transposition
with a commuting element of odd order).

The above lemma shows that G = S,,.

REMARK 8.28. There are other criteria for a subgroup H of 5, to be all of S,,.
For example, a subgroup H of S,, p prime, that contains an element of order p and

a transposition is equal to S,. (See FT, Lemma 4.12, or Jacobson, Basic Algebra I,
4.10.)

REMARK 8.29. In Pohst and Zassenhaus 1989, p. 73, there are suggestions for
constructing irreducible polynomials f(X) of degree n in F,[X]. A root of such a
polynomial will generate F,, ¢ = p", and so every such f(X) will divide X9 — X. One
can therefore find all f(X)s by factoring X9 — X.

For example, consider X'%5— X € F5[X]. Its splitting field is F1o5, which has degree
3 over F5. The factors of X'?®> — X are the minimum polynomials of the elements of
Fi25. They therefore have degree 1 or 3. There are 5 linear factors, X, X —1, X — 2,
X —3, X —4, and 40 cubic factors, which constitute a complete list of all the monic
irreducible cubic polynomials in F5[X]. (Maple factored X% — X in 2 seconds and
X625 — X in 13 seconds on 1992 notebook computer. PARI version 2 is much slower,
and tends to run out of memory.)

However, if you only want one irreducible polynomial of degree n, it is easier to
write down a polynomial at random, and check whether it is irreducible.

Cubic polynomials. The group Sz has the following subgroups:

order group group elements

1 1 1

2 Cy 1x1+1x%x2

3 As 1x14+2x%x3

6 S3 1x1+3%x2+2x3.

By the last row, I mean S3 has one 1-cycle, three 2-cycles, and two 3-cycles.

Note that any subgroup of S3 containing cycles of length 2 and 3 is the whole of Ss;
thus if f is irreducible modulo some prime and has an irreducible factor of degree 2
modulo a second prime, then its Galois group is S3. On the other hand, if factorizing
f modulo many primes doesn’t turn up a factor of degree 2, but f is irreducible,
then expect the Galois group of f to be Az. This can be checked by seeing whether
disc(f) is a square. For example, the calculations on p. 61 show that the polynomials
X34+ 10X + 1 and X3 — 8X + 15 both have Galois group Ss.

To make this more effective (in the technical sense), we need the Chebotarev density
theorem.

Chebotarev density theorem.

DEFINITION 8.30. Let S be a set of finite primes in a number field K, and let P
be the set of all finite primes. We say that S has natural density ¢ if

#peS|Np< N} _

lim

N—oo  #{p|Np < N}



8. Global Fields 127

THEOREM 8.31 (Chebotarev density theorem). Let L be a finite Galois extension
of the number field K, with Galois group G, and let C' be a conjugacy class in G. The
set of prime ideals p of K such that (p, L/K) = C has density 6 = #C/#G.

PROOF. See my notes CFT (in fact, normally one proves this result with a slightly
weaker notion of density). O

For example, if G is abelian, then for each o € G, the set of p such that (p, L/K) = o
has density 1/#G.

COROLLARY 8.32. The primes that split in L have density 1/[L : K|. In particu-
lar, there exist infinitely many primes of K not splitting in L.

REMARK 8.33. There is a bound for the error in (8.26) (in terms of the discrim-
inant of the polynomial), but it is too large to be of practical importance. How-
ever the existence of the bound has the following consequence: given a polynomial
f(X) € Q[X] (say), there exists a bound B such that, if a given cycle type doesn’t
occur as the Frobenius element of some p < B, then it doesn’t occur at all. [For a

discussion of the effective Chebotarev density theorem, see Lagarias and Odlysko, in
Algebraic Number Fields, ed. A Frohlich.]

ExAMPLE 8.34. Let K = Q[(,]. Then Gal(K/Q) = (Z/nZ)* and (p, K/Q) = [p].
The Chebotarev density theorem says that the primes are equidistributed among the
congruence classes. In other words, each of the arithmetic progression

k,k4+n, k+2n, k+3n,... ged(k,n)=1,

contains 1/p(n) of the primes. In particular, each of the arithmetic progressions
contains infinitely many primes. This statement was conjectured by Legendre and
proved by Dirichlet (using Dirichlet series). The proof of the Chebotarev density
theorem is a generalization of that of Dirichlet.

ExXAMPLE 8.35. In a quadratic extension, half the primes split and half the primes
remain prime.

EXAMPLE 8.36. Let f be a cubic polynomial with coefficients in Q. The Cheb-
otarev density theorem implies the following statements (see the above table):

G = 1: f splits modulo all primes.

G = Cy: f splits for 1/2 of the primes and has an irreducible factor of degree 2 for
1/2 of the primes.

G = As: f splits for 1/3 of the primes and f remains irreducible for 2/3 of the
primes.

G = Ss: f splits for 1/6 of the primes, has a factor of degree 2 for 1/2 of the
primes, and remains prime for 1/3 of the primes.

ExXAMPLE 8.37. Let f be a quartic polynomial with no linear factor.
(a) When Disc(f) is a square, the possible Galois groups are:

order group elements

2 s Ix14+1x22

4 Vi 1x14+3x2?

12 Ay Ix1+3x22+8x%x3
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(b) When Disc(f) is not a square, the possible Galois groups are:

order group elements

4 o Ix14+1x224+2x4

8 Dy Ix14+2x24+3x2242x4

24 Sy I1x14+3x224+6x24+8x3+6x4

Thus if f is a polynomial of degree 4 with Galois group Ds, then it will split
modulo p for 1/8 of the primes, factor as the product of a quadratic and two linear
polynomials for 1/4 of the primes, factor as the product of two quadratics for 3/8 of
the primes, and remain irreducible for 1/4 of the primes.

For a similar table for polynomials of degree 5, see Pohst and Zassenhaus 1989,
p132.

The strategy for determining the Galois group of a polynomial is
(a) test whether f is irreducible over Q;
(b) compute the discriminant of f;

(c) factor f modulo good primes (i.e., those not dividing the discriminant) until
you seem to be getting no new cycle types;

(d) compute the orbit lengths on the r-sets of roots (these are the degrees of the
irreducible factors in Q[X] of the polynomial whose roots are the sums of r roots of
f);

(e) ad hoc methods.

As late as 1984, it had not been proved that the Mathieu group M;; occurs as a
Galois group over Q (M, is subgroup of Sy; of order 11!/5040 = 7920).
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For any extension L/K of number fields, write Spl(L/K) for the set of primes that
split completely in L, and write Spl'(L/K’) for the set of primes that have at least
one split factor. Then Spl(L/K) C Spl'(L/K) always, and equality holds if L/K
is Galois, in which case the Chebotarev density theorem shows that Spl(L/K’) has
density 1/[L : K].

THEOREM 8.38. If L and M are Galois over K, then
LCcM < Sp(L/K) D Sp(M/K).
PROOF. =-: This is obvious.
<: We have
Spl(LM/K) = Spl(L/K) N Spl(M/K).
To see this, note that
peSpl(LM/K) <= (p,LM/K) =1
< (p,LM/K)|L =1 and (p, LM/K)|M = 1,
but (p, LM/K)|L = (p,L/K) and (p, LM/K)|M = (p, M/K). Now
Spl(M/K) C Spl(L/K) = Spl(LM/K) = Spl(M/K)

WILM:K|=[M:K]=LcCM.

U
COROLLARY 8.39. If L and M are Galois over K, then
L=M < Spl(M/K) = Spl(L/K).
PROOF. Obvious from the Proposition. O

REMARK 8.40. (a) In fact, L = M if Spl(M/K) and Spl(L/K) differ by at worst
a finite set of primes (or if they differ by at worst a set of primes of density zero).

(b) The effective form of the Chebotarev density theorem shows that (8.38) is
effective: in order to show that L C M it suffices to check that
p splits in M = p splits in L
for all primes p less than some bound.

(c) Proposition 8.39 is not true without the Galois assumptions: there exist non-
isomorphic extensions L and M of Q such that Spl(L/K) = Spl(M/K). In fact there
exist nonisomorphic extensions L and M of QQ of the same degree such that

(i) L and M have the same discriminant;

(ii) a prime p not dividing the common discriminant decomposes in exactly the
same way in the two fields.

(d) It is clear from (8.39) that if a separable polynomial f(X) € K[X] splits into
linear factors mod p for all but finitely many primes p of K, then f(X) splits into
linear factors in K[X]. With a little more work, one can show that an irreducible
polynomial f(X) € K[X] can not have a root mod p for all but a finite number of
primes. This last statement is false for reducible polynomials—consider for example,

(X? —2)(X* - 3)(X*—6).

For more on these questions, see Cassels and Frohlich 1967, Exercise 6, p361.



130 8. Global Fields

ExXAMPLE 8.41. Fix a number field K. According to (8.39), a Galois extension
L of K is determined by the set Spl(L/K). Thus, in order to classify the Galois
extensions of K, it suffices to classify the sets of primes in K that can occur as
Spl(L/K). For abelian extensions of K, class field theory does this — see CFT (they
are determined by congruence conditions). For nonabelian extensions the sets are still
a mystery — they are not determined by congruence conditions — but Langlands’s
conjectures shed some light.

Topics not covered.

More algorithms. Let K be a number field. There is a rather simple algorithm for
factoring a polynomial f(X) € K[X]| which involves only:

(a) forming resultants of polynomials over Q, and
(b) factoring polynomials over Q,

both of which Maple and Mathematica can do. However, Maple knows how to
factor polynomials over number fields other than Q.

The Hasse principle for quadratic forms. Consider a quadratic form

Q(Xl, Ce ,Xn) = Zainin

over a field k. By a nontrivial zero of @) we mean an n-tuple (ai, ... ,a,) # (0,...,0)
such that

Qa,...,a,) =0.

THEOREM 8.42. A quadratic form @) over Q has a nontrivial zero in Q if and only
if it has a nontrivial zero in R and in Q, for each p.

PROOF. The necessity is obvious. The key point in the sufficiency is the quadratic
reciprocity law. See Serre, Cours d’Arithmétique, Ch. IV. O

The same theorem holds for any number field K, with much the same proof, except
that there is no longer an elementary proof of the quadratic reciprocity law. Instead,
one obtains it as a special case of the Artin reciprocity law, which is proved in CFT
— see CFT VIII.1 for a proof of the theorem over an arbitrary number field.

Algebraic function fields. Appropriately interpreted, everything we have proved for
algebraic number fields also holds for finite extensions of F,(X).

Suppose K is such a field, and let £ be the algebraic closure of I, in K. It is a finite
field, and it is possible to find an element X € K such that K is a finite separable
extension of k(X). Let Ok be the integral closure of k[ X] in K. According to (3.30),
it is a Dedekind domain, and one can show that it has finite class number. Moreover,
K* contains only finitely many roots of unity, and the rank of O is s — 1 where s
is the “number of primes at infinity”. Let O’ be the integral closure of k[ X~!] in K;
then the primes at infinity are those corresponding to the prime ideals in O’ lying
over the prime ideal (X~!) C k[X~!]. See for example, Cohn 1991. Generally, the
same proofs work in the two cases.

I haven’t discussed function fields in this course from lack of time and because it
is possible to give a more geometric approach in the function field case. Every K



131

as above can be realized as the field of algebraic functions on a unique nonsingular
projective algebraic curve C' over k, and it is more illuminating to discuss the arith-
metic of K in terms of the geometry of C' than to simply translate the proofs from
the number field case.

And after the first year [as an undergraduate at Gottingen] I went
home with Hilbert’s Zahlbericht under my arm, and during the summer
vacation I worked my way through it — without any previous knowledge
of elementary number theory or Galois theory. These were the happiest
months of my life, whose shine, across years burdened with our common
share of doubt and failure, still comforts my soul.

Hermann Weyl, Bull. Amer. Math. Soc. 50 (1944), 612-654.
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EXERCISES

During the course, weekly exercise sets were given to the students. Those marked
with an asterisk were not to be handed in. If you would like a dvi-file with the
solutions to the exercises or a copy of the final two-hour exam please e-mail me.

Problems 1. [Introduction, §1, §2]

1. Complete the verification that, in Z[/—5]
(6) = (2,1 +v/=5)(2,1 — V=5)(3,1 + V=5)(3,1 — v/=5)

is a factorization of (6) into a product of prime ideals (see the Introduction).

2. Let d be a square-free integer. Show that the ring of integers in Q[\/E] has the
description in the Introduction.

3. Let A be an integral domain. A multiplicative subset S of A is said to be saturated
if

abe S=qgandbecsS.

(a) Show that S is saturated <= its complement is a union of prime ideals.

(b) Show that given a multiplicative system S, there is a unique smallest saturated
multiplicative system S’ containing S, and that S’ = A ~ Up, where p runs over
the prime ideals disjoint from S. Show that S’~'A = S~'A. Deduce that S7'A is
characterized by the set of prime ideals of A that remain prime in S™'A.

4. Since Z[v/5] is not integrally closed, it can not be a UFD. Give an example of an
element of Z[v/5] that has two distinct factorizations into irreducible elements.

5. Let A be an integrally closed ring, and let K be its field of fractions. Let
f(X) € A[X] be a monic polynomial. If f(X) is reducible in K[X], show that it is
reducible in A[X].

Problems 2. [§2]
1. Show that if L/K is not separable, then disc(L/K) = 0.

2. Let a = (2,14 +/=3) in Z[v/—3]. Show that a # (2), but a*> = (2)a. Conclude
that ideals in Z[v/—3| do not factor uniquely into prime ideals. (Hence Z[v/—3] is the
wrong choice for the ring of integers in Q[v/—3].)

3. Let A be a subring of a ring B, and let # be a unit in B. Show that every
a € A[B] N A[F7Y] is integral over A. [This has a short solution, but it’s hard to find
it.]

4*. Let K = Q[v7,4/10], and let o be an algebraic integer in K. The following
argument will show that Ok # Z[a].
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(a) Consider the four algebraic integers:

o = (
Qo = (
a; = (1-V7
oy = (

Show that all the products a;a;, @ # j, are divisible by 3 in Ok, but that 3 does
not divide any power of any «;. [Hint: Show that «!/3 is not an algebraic integer
by considering its trace: show that Tr(af) = (3_af) = 4" (mod 3) in Z[a]; deduce
Tr(a}) =1 (mod 3) in Z/]

(b) Assume now that Ox = Z[a] — we shall derive a contradiction. Let f(X) be
the minimum polynomial of a over Q. For g(X) € Z[X], let g(X) denote the image
of g in F5[X], F3 = Z/(3). Show that g(«) is divisible by 3 in Z[a] if and only if g is
divisible by f in F3[X].

(c) For each i, 1 < i < 4, let f; be a polynomial in Z[X] such that «; = f;(«a).
Show that f|fif; (i # j) in F3[X], but that f does not divide f for any n. Conclude
that for each 4, f has an irreducible factor which does not divide f; but does divide
all f;, j #1i.

(d) This shows that f has at least four distinct irreducible factors over Fz. On the
other hand, f has degree at most 4. Why is this a contradiction?

Problems 3 [§3]
1. Let k be a field. Is k[X, Y] a Dedekind domain? (Explain).

2. Show that Z[/3] is the ring of integers in Q[v/3] and Z[v/7] is the ring of integers
in Q[v/7], but Z[/3,+/7] is not the ring of integers in Q[v/3,v/7]. (Hint: look at
(V3+V7)/2.)

3*. Let k be a field, and let A be the subring k[X?, X?] of k[X].

(a) Show that k[X] is a finitely generated k[X?]-module, and hence is a Noetherian
k[X?)-module. Deduce that A is Noetherian. [This requires facts about modules over
Noetherian rings.|

(b) Show that every nonzero prime ideal of A is maximal, but that A is not a
Dedekind domain.

Hence A satisfies conditions (i) and (iii) to be a Dedekind domain, but fails (ii).
There are also rings that satisfy (ii) and (iii) but fail (i), and rings that satisfy (i)
and (ii) but not (iii) (in fact k[X, Y]).

Problems 4 [§4]

1. Give an example of an integral domain B, a nonzero prime ideal p in B, and a
subring A of B such that p N A = 0. (Note that this can’t happen if B is integral
over A — see the paragraph preceding 3.32.)
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2. Let F C K C L be a sequence of number fields, and let A C B C C' be their rings
of integers. If QP and Plp (prime ideals in C, B, and A respectively), show that

e(Q/P) - e(B/p) = e(Q/p),  [(Q/B) - F(B/p) = F(Q/p).

Problems 5 [§§3,4]

1. Let K = Q[a] where a is a root of X3 + X + 1 (see 2.36). According to (3.36),
what are the possible ways that (p) can factor in Ok as a product of prime ideals.
Which of these possibilities actually occur? (Illustrate by examples.)

2. Show that Q[v/—23| has class number 3, and that Q[\/—47] has class number 5.

3.* Let K be an algebraic number field. Prove that there is a finite extension L of K
such that every ideal in O becomes principal in Op. [Hint: Use the finiteness of the
class number.]

Problems 6 [§4]

1. Let K = Q[a] where « is a root of X* — X + 2. Show that O = Z[a] and
that K has class number 1. [One approach is to consider the square factors of the
discriminant of X* — X + 2, and show that 1(a + ba + co?) is an algebraic integer if
and only if a, b, and ¢ are all even, but you may be able to find a better one.]

2. Let K = Q[v/—1,+/5]. Show that O = Z[/—1, 1+2—‘/5] Show that the only primes
(in Z) that ramify in K are 2 and 5, and that their ramification indexes are both 2.
Deduce that K is unramified over Q[v/—5]. Prove that Q[v/—5] has class number 2,
and deduce that K is the Hilbert class field of Q[v/=5]. (Cf. 4.9.)

Problems 7 [§5]

1. Fix an m and and M. Is it necessarily true that the set of algebraic integers o in C
of degree < m and with |o| < M is finite? [Either prove, or give a counterexample.]

2. Find a fundamental unit for the field Q[v/67].

3. Let a be an element of a number field K. Does Nmg /g = £1 imply that « is unit
in Ok. [Either prove, or give a counterexample.]

Problems 8 [§6]

1. Show that X? —3X + 1 is an irreducible polynomial in Q[X] with three real roots.
Let a be one of them, and let K = Q[a]. Compute disc(Z[a]/Z), and deduce that
Ox D Z[O&] D3Ok

for some m. Show that o and « + 2 are units in Z[a] and O, and that (« +1)% =
3a(a + 2). Deduce that (o + 1) is a prime ideal in Ok, and show that O =
Z[a]) + (a4 1)Ok. Use this to show that Ox = Z[a]. Show that (2) is a prime ideal
in Ok, and deduce that O is a principal ideal domain.

2. Show that the ring of integers in Q[cos 22| is Z[2 cos 2%].
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Problems 9 [§7]

1. Let | | be nonarchimedean valuation on a field K.
(a) Define an open disk with radius r and centre a to be
D(a,r)={z e K ||z —a|l <r}.
Prove that D(a,r) = D(b,r) for any b € D(a,r). Deduce that if two disks meet, then
the large disk contains the smaller.
(b) Assume K to be complete. Show that the series ) a,, converges if and only if
a, — 0.

(This problem illustrates the weirdness of the topology defined by a nonarchimedean
valuation.)

2. For which a € Z is 7X? = a solvable in Z;? For which a € Q is it solvable in Q?

Problems 10 [§7]

1. (a) Show that (X? — 2)(X? — 17)(X? — 34) has a root in Z, for every p.

(b) Show that 5X3 — 7X? + 3X + 6 has a root « in Z; with |a — 1|; < 1. Find an
a € Z such that |a —al; <774

2. Find all the quadratic extensions of Q9. Hint: there are exactly 7 (up to isomor-
phism).

3. Let pi,...,py be distinct prime numbers, and let o; = /p. Let K =
Q[a1, ... ,ay). Show that [K: Q] = 2™. Let v = > a;. Show that K = Q[v],
and deduce that the minimum polynomial f(X) of v over Q has degree 2™. Show
that f(X) factors in Z,[X] into a product of polynomials of degree <4 (p # 2) or of
degree < 8 (p = 2).

4*. Fix an algebraic closure le of Q@p, and for each n prime to p, let ¢, be a primitive
n'" root of 1. Show that a finite extension K of @, can contain only finitely many

¢n’s. Deduce that the Cauchy sequence > (,p" does not converge to an element of

Q).

Problems 11 [§§7,§]

1. (a) Find two monic polynomials of degree 3 in Qs[X] with the same Newton
polygon, but with one irreducible and the other not.

(b) Find a monic irreducible polynomial in Z[X] of degree 6 which factors in Q5[ X]
into a product of 3 irreducible polynomials of degree 2.

2. Let K = Q[a] where « is a root of X3 — X? —2X — 8. Show that there are
three extensions of the 2-adic valuation to K. Deduce that 2| disc(Z[a]/Z) but not
disc(Ok /7).

3*. Let L be a finite Galois extension of the local field K, and let G;, i > 0, be
the *" ramification group. Let II generate the maximal ideal in Oy. For o € Gj,
write oIl = II + a(o)II"™, and consider the map G; — I, o — a(o) mod (II), where
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[ = Or/(Il). Show that this is a homomorphism (additive structure on ) if and only
if 1> 0.
4*. “It is a thought-provoking question that few graduate students would know how
to approach the question of determining the Galois group of, say,

X0 +2X° + 33X +4X° +5X% +6X + 7.

(a) Can you find it?
(b) Can you find it without using a computer?

5*. Let K = k(X)) where k is a finite field. Assume that every valuation of K comes
from a prime ideal of k[X] or k[X '], and prove the product formula.

I recommend also Problems 5-38 of Chapter IV of Marcus 1977, which guide the
reader through a proof of the Kronecker-Weber Theorem (every abelian extension of
the rationals is contained in a cyclotomic extension) which is probably close to the
Hilbert’s original proof.

Also, Arakelov theory suggests a different way of viewing the classical results in
algebraic number theory. Sometime I intend to write a sequence of problems illus-
trating this. For the moment, I can only refer the reader to Chapter III of Neukirch,
J., Algebraische Zahlentheorie, Springer 1992.
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decomposition, 119
higher ramification, 112
inertia, 112
ramification, 112
splitting, 119

Hermite normal form, 35
Hilbert class field, 62

ideal
fractional, 43
integral, 43
principal, 43
ideal class group, 45

INDEX

137

integral basis, 29
integral closure, 20
integral element, 19
integrally closed ring, 21
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extending valuations, 105
factoring primes in an extension, 53
Fermat’s Last, 88
fractional ideals form group, 44
integral closure of Dedekind domain, 47
integral elements form ring, 20
invariant factor, 49
Minkowski bound, 59
modules over Dedekind domain, 48
points in lattice, 65
primes of a number field, 97
primes that ramify, 50
product formula, 96, 97, 118
Stickelberger’s, 32
sum of ef’s is the degree, 49
tensor product of fields, 18
the class number is finite, 60
unique factorization of ideals, 39
unit, 73, 75

topology
p-adic, 93

trace, 25

unique factorization domain, 2
unit, 1
unramified, 61

valuation
archimedean, 91
discrete, 92
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trivial, 91
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