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Basic Set theory

We think of a set as a collection of things called elements of the set. For example, we may consider the set
of integers, the collection of signed whole numbers such as 1,2,-4, etc. This set which we will believe in is
denoted by Z. Other sets could be the set of people in a family or the set of donuts in a display case at the
store. Sometimes we use parentheses, { } to specify a set. When we do this, we list the things which are in
the set between the parentheses. For example the set of integers between -1 and 2, including these numbers
could be denoted as {—1,0, 1,2} . We say x is an element of a set S, and write z € S if x is one of the things
in S. Thus, 1 € {—1,0,1,2,3}. Here are some axioms about sets. Axioms are statements we will agree to
believe.

1. Two sets are equal if and only if they have the same elements.

2. To every set, A, and to every condition S (z) there corresponds a set, B, whose elements are exactly
those elements x of A for which S (x) holds.

3. For every collection of sets there exists a set that contains all the elements that belong to at least one
set of the given collection.

4. The Cartesian product of a nonempty family of nonempty sets is nonempty.

5. If A is a set there exists a set, P (A) such that P (A) is the set of all subsets of A.

These axioms are referred to as the axiom of extension, axiom of specification, axiom of unions, axiom
of choice, and axiom of powers respectively.

It seems fairly clear we should want to believe in the axiom of extension. It is merely saying, for example,
that {1,2,3} = {2,3,1} since these two sets have the same elements in them. Similarly, it would seem we
would want to specify a new set from a given set using some “condition” which can be used as a test to
determine whether the element in question is in the set. For example, we could consider the set of all integers
which are multiples of 2. This set could be specified as follows.

{r € Z: x =2y for some y € Z}.

In this notation, the colon is read as “such that” and in this case the condition is being a multiple of
2. Of course, there could be questions about what constitutes a “condition”. Just because something is
grammatically correct does not mean it makes any sense. For example consider the following nonsense.

S = {z € set of dogs : it is colder in the mountains than in the winter} .

We will leave these sorts of considerations however and assume our conditions make sense. The axiom of
unions states that if we have any collection of sets, there is a set consisting of all the elements in each of the
sets in the collection. Of course this is also open to further consideration. What is a collection? Maybe it
would be better to say “set of sets” or, given a set whose elements are sets there exists a set whose elements

9



10 BASIC SET THEORY

consist of exactly those things which are elements of at least one of these sets. If S is such a set whose
elements are sets, we write the union of all these sets in the following way.

U{d:AeS}
or sometimes as
us.

Something is in the Cartesian product of a set or “family” of sets if it consists of a single thing taken
from each set in the family. Thus (1,2,3) € {1,4,.2} x{1,2,7} x {4, 3,7,9} because it consists of exactly one
element from each of the sets which are separated by Xx. Also, this is the notation for the Cartesian product
of finitely many sets. If S is a set whose elements are sets, we could write

114

Aes

for the Cartesian product. We can think of the Cartesian product as the set of choice functions, a choice
function being a function which selects exactly one element of each set of S. You may think the axiom of
choice, stating that the Cartesian product of a nonempty family of nonempty sets is nonempty, is innocuous
but there was a time when many mathematicians were ready to throw it out because it implies things which
are very hard to believe.

We say A is a subset of B and write A C B if every element of A is also an element of B. This can also
be written as B O A. We say A is a proper subset of B and write A C B or B D A if A is a subset of B but
A is not equal to B, A # B. The intersection of two sets is a set denoted as A N B and it means the set of
elements of A which are also elements of B. The axiom of specification shows this is a set. The empty set is
the set which has no elements in it, denoted as §). The union of two sets is denoted as A U B and it means
the set of all elements which are in either of the sets. We know this is a set by the axiom of unions.

The complement of a set, (the set of things which are not in the given set ) must be taken with respect to
a given set called the universal set which is a set which contains the one whose complement is being taken.
Thus, if we want to take the complement of a set A, we can say its complement, denoted as A® ( or more
precisely as X \ A) is a set by using the axiom of specification to write

A°={zeX:x¢ A}

The symbol ¢ is read as “is not an element of”. Note the axiom of specification takes place relative to a
given set which we believe exists. Without this universal set we cannot use the axiom of specification to
speak of the complement.

Words such as “all” or “there exists” are called quantifiers and they must be understood relative to
some given set. Thus we can speak of the set of all integers larger than 3. Or we can say there exists
an integer larger than 7. Such statements have to do with a given set, in this case the integers. Failure
to have a reference set when quantifiers are used turns out to be illogical even though such usage may be
grammatically correct. Quantifiers are used often enough that there are symbols for them. The symbol V is
read as “for all” or “for every” and the symbol 3 is read as “there exists”. Thus ¥YV33 could mean for every
upside down A there exists a backwards F.

1.1 Exercises

1. There is no set of all sets. This was not always known and was pointed out by Bertrand Russell. Here
is what he observed. Suppose there were. Then we could use the axiom of specification to consider
the set of all sets which are not elements of themselves. Denoting this set by S, determine whether S
is an element of itself. Either it is or it isn’t. Show there is a contradiction either way. This is known
as Russell’s paradox.
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2. The above problem shows there is no universal set. Comment on the statement “Nothing contains
everything.” What does this show about the precision of standard English?

3. Do you believe each person who has ever lived on this earth has the right to do whatever he or she
wants? (Note the use of the universal quantifier with no set in sight.) If you believe this, do you really
believe what you say you believe? What of those people who want to deprive others their right to do
what they want? Do people often use quantifiers this way?

4. DeMorgan’s laws are very useful in mathematics. Let S be a set of sets each of which is contained in
some universal set, U. Show

U{A®:AeS}=(n{A:Aes8})°
and
N{A°:AeS}=(U{A: Ae8))°.
5. Let S be a set of sets show

BUU{A:AeS8}=U{BUA:A€cS}.

6. Let S be a set of sets show

BNU{A:AcS}=U{BNA:AcS}.

1.2 The Schroder Bernstein theorem

It is very important to be able to compare the size of sets in a rational way. The most useful theorem in this
context is the Schroder Bernstein theorem which is the main result to be presented in this section. To aid
in this endeavor and because it is important for its own sake, we give the following definition.

Definition 1.1 Let X and Y be sets.
XxY={(z,y):zeX andy €Y}

A relation is defined to be a subset of X xY. A function, f is a relation which has the property that if (z,y)
and (x,y1) are both elements of the f, then y = y1. The domain of f is defined as

D(f)y={z:(x,y) € f}.
and we write f : D(f) — Y.

It is probably safe to say that most people do not think of functions as a type of relation which is a
subset of the Cartesian product of two sets. A function is a mapping, sort of a machine which takes inputs,
2 and makes them into a unique output, f (z). Of course, that is what the above definition says with more
precision. An ordered pair, (x,y) which is an element of the function has an input, x and a unique output,
y which we denote as f (x) while the name of the function is f.

The following theorem which is interesting for its own sake will be used to prove the Schroder Bernstein
theorem.

Theorem 1.2 Let f: X - Y and g:Y — X be two mappings. Then there exist sets A, B,C, D, such that
AUB=X,CuD=Y, AnB=0,CnNnD=40,

f(A)=C, g(D)=B.
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The following picture illustrates the conclusion of this theorem.

X Y

A — |C=f(4)

B=g(D)| ~— D

Proof: We will say A9 C X satisfies P if whenever y € Y\ f (Ao), g (y) ¢ Ao. Note () satisfies P.
A= {Ay C X : Ag satisfies P}.

Let A=UA. f y € Y\ f(A), then for each Ag € A, y € Y \ f(A4p) and so g (y) ¢ Ap. Since g (y) ¢ Ao for
all Ag € A, it follows g (y) ¢ A. Hence A satisfies P and is the largest subset of X which does so. Define

C=f(A),D=Y\C, B=X\A.

Thus all conditions of the theorem are satisfied except for g (D) = B and we verify this condition now.
Suppose x € B = X \ A. Then A U {z} does not satisfy P because this set is larger than A.Therefore
there exists

yEY\F(AULH CY\ f(A) =D

such that g (y) € AU{z}. But g (y) ¢ A because y € Y\ f(A) and A satisfies P. Hence g (y) =  and this
proves the theorem.

Theorem 1.3 (Schroder Bernstein) If f : X — Y and g : Y — X are one to one, then there exists
h: X — Y which is one to one and onto.

Proof: Let A, B,C, D be the sets of Theorem1.2 and define

_ | f(z) ifzeA
h(m):{ g t(x)ifreB

It is clear h is one to one and onto.
Recall that the Cartesian product may be considered as the collection of choice functions. We give a
more precise description next.

Definition 1.4 Let I be a set and let X; be a set for each i € I. We say that f is a choice function and

write
fe H X

icl
if £ (i) € X; for eachi € 1.
The axiom of choice says that if X; # @ for each ¢ € I, for I a set, then
[]x:#0.
icl

The symbol above denotes the collection of all choice functions. Using the axiom of choice, we can obtain
the following interesting corollary to the Schroder Bernstein theorem.
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Corollary 1.5 If f : X — Y is onto and g : Y — X is onto, then there exists h : X — Y which is one to
one and onto.

Proof: For each y €Y, let
ot efty={eeX:fz)=y}

and similarly let go_1 (x) € g7 (z). We used the axiom of choice to pick a single element, fo_l (y) in f=1 (y)
and similarly for g=! (z). Then f; ! and do ! are one to one so by the Schroder Bernstein theorem, there
exists h : X — Y which is one to one and onto.

Definition 1.6 We say a set S, is finite if there exists a natural number n and a map 6 which maps {1,---,n}
one to one and onto S. We say S is infinite if it is not finite. A set S, is called countable if there exists a
map 0 mapping N one to one and onto S.(When 6 maps a set A to a set B, we will write § : A — B in the
future.) Here N ={1,2,- -}, the natural numbers. If there exists a map 6 : N —S which is onto, we say that
S is at most countable.

In the literature, the property of being at most countable is often referred to as being countable. When
this is done, there is usually no harm incurred from this sloppiness because the question of interest is normally
whether one can list all elements of the set, designating a first, second, third etc. in such a way as to exhaust
the entire set. The possibility that a single element of the set may occur more than once in the list is often
not important.

Theorem 1.7 If X and Y are both at most countable, then X X Y is also at most countable.

Proof: We know there exists a mapping 7 : N — X which is onto. If we define 7 (i) = x; we may consider
X as the sequence {z;}$2,, written in the traditional way. Similarly, we may consider Y as the sequence
{y, };‘;1 It follows we can represent all elements of X x Y by the following infinite rectangular array.

(ml,yl) (xlny) (1‘17y3)

(z2,y1) (z2,92) (z2,93)
(z3,91) (73,92) (73,¥3)

We follow a path through this array as follows.

(z1,91) — (21,92) (r1,y3) —
/ /!
($27y1) (5172,1/2)
! /
(w3,91)

Thus the first element of X X Y is (x1,41), the second element of X X Y is (z1,y2), the third element of
X x Y is (z2,y1) etc. In this way we see that we can assign a number from N to each element of X x Y. In
other words there exists a mapping from N onto X x Y. This proves the theorem.

Corollary 1.8 If either X orY is countable, then X XY is also countable.

Proof: By Theorem 1.7, there exists a mapping 6 : N —X X Y which is onto. Suppose without loss of
generality that X is countable. Then there exists a : N — X which is one to one and onto. Let §: X xY — N
be defined by 3 ((x,y)) = a~! (z). Then by Corollary 1.5, there is a one to one and onto mapping from
X x Y to N. This proves the corollary.
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Theorem 1.9 If X and Y are at most countable, then X UY is at most countable.

Proof: Let X = {z;}{2,,Y = {y;}32, and consider the following array consisting of X UY" and path
through it.

X — T2 xr3 —
/ /
Y — Y2

Thus the first element of X UY is x1, the second is x5 the third is y; the fourth is ys etc. This proves the
theorem.

Corollary 1.10 If either X orY are countable, then X UY is countable.

Proof: There is a map from N onto X x Y. Suppose without loss of generality that X is countable and
a: N —X is one to one and onto. Then define 3 (y) = 1, for all y € Y,and 8 (x) = o~ ! (z). Thus, 8 maps
X x Y onto N and applying Corollary 1.5 yields the conclusion and proves the corollary.

1.3 Exercises

1. Show the rational numbers, QQ, are countable.

2. We say a number is an algebraic number if it is the solution of an equation of the form
a4+ +ax+ag=0

where all the a; are integers and all exponents are also integers. Thus V2 is an algebraic number
because it is a solution of the equation 2 — 2 = 0. Using the fundamental theorem of algebra which
implies that such equations or order n have at most n solutions, show the set of all algebraic numbers
is countable.

3. Let A be a set and let P (A) be its power set, the set of all subsets of A. Show there does not exist
any function f, which maps A onto P (A). Thus the power set is always strictly larger than the set
from which it came. Hint: Suppose f is onto. Consider S = {x € A:x ¢ f(z)}. If f is onto, then
f(y) =S for some y € A. Is y € f (y)? Note this argument holds for sets of any size.

4. The empty set is said to be a subset of every set. Why? Consider the statement: If pigs had wings,
then they could fly. Is this statement true or false?

5. If S ={1,---,n}, show P (S) has exactly 2" elements in it. Hint: You might try a few cases first.

6. Show the set of all subsets of N, the natural numbers, which have 3 elements, is countable. Is the set
of all subsets of N which have finitely many elements countable? How about the set of all subsets of
N?



Linear Algebra

2.1 Vector Spaces

A vector space is an Abelian group of “vectors” satisfying the axioms of an Abelian group,
V+W=W-+V,
the commutative law of addition,
(v4+w)+z=v+(w+12),
the associative law for addition,
v+0=v,
the existence of an additive identity,
v+ (—v) =0,

the existence of an additive inverse, along with a field of “scalars”, F which are allowed to multiply the
vectors according to the following rules. (The Greek letters denote scalars.)

a(v+w) =avtaw, (2.1)
(a+p)v=av+pv, (2.2)
a(pv) =af(v), (2.3)
lv=wv. (2.4)

The field of scalars will always be assumed to be either R or C and the vector space will be called real or
complex depending on whether the field is R or C. A vector space is also called a linear space.

For example, R™ with the usual conventions is an example of a real vector space and C™ is an example
of a complex vector space.

Definition 2.1 If {vy,---,v,} CV, a vector space, then
n

span (Vi,- -+, vy) = {Z a;v; s a; € F}
i=1

A subset, W C V is said to be a subspace if it is also a vector space with the same field of scalars. Thus
W CV is a subspace if au+ fv € W whenever a, 8 € F and u,v € W. The span of a set of vectors as just
described is an example of a subspace.

15



16 LINEAR ALGEBRA

Definition 2.2 If {vy,---,v,} CV, we say the set of vectors is linearly independent if

n
E o;V; = 0
i=1

implies
ar=:-=a,=0
and we say {vi,- -, vp} is a basis for V if
span (vi,- - vy) =V
and {v1,- -, vp} is linearly independent. We say the set of vectors is linearly dependent if it is not linearly
independent.
Theorem 2.3 If
span (U, - -, W) = span (vy, -« Vy)
and {uy,- - -, u,,} are linearly independent, then m < n.

Proof: Let V = span (vy,- -+, v,). Then

n
u; = E CiVj
i=1

and one of the scalars ¢; is non zero. This must occur because of the assumption that {uy,- - -, uy,} is
linearly independent. (We cannot have any of these vectors the zero vector and still have the set be linearly
independent.) Without loss of generality, we assume ¢; # 0. Then solving for v; we find

v1 € span (uy,va, -+, V)
and so

V = span (uy,va, -+, vy).
Thus, there exist scalars ¢y, - - -, ¢, such that

n
us = ciug + chvk.
k=2

By the assumption that {uj,- -, u,,} is linearly independent, we know that at least one of the ¢ for k > 2

is non zero. Without loss of generality, we suppose this scalar is ¢o. Then as before,

Vo € span (u17 Uz, Vvs, - ',Vn)
and so V' = span (uy,uz, vs, - - -, v, ). Now suppose m > n. Then we can continue this process of replacement
till we obtain
V = span (uy, -+, u,) = span (g, - -, u)

Thus, for some choice of scalars, c¢; - - - ¢,

n
Uy, = E G,
i=1

which contradicts the assumption of linear independence of the vectors {uy, - - -, u,}. Therefore, m < n and
this proves the Theorem.
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Corollary 2.4 If {uy,---,uy} and {vy,- -, vy} are two bases for V, then m = n.
Proof: By Theorem 2.3, m < n and n < m.

Definition 2.5 We say a vector space V' is of dimension n if it has a basis consisting of n vectors. This
is well defined thanks to Corollary 2.4. We assume here that n < co and say such a vector space is finite
dimensional.

Theorem 2.6 If V = span(uy,- - -,u,) then some subset of {uy,---,u,} is a basis for V. Also, if {uy,- -
ug} CV is linearly independent and the vector space is finite dimensional, then the set, {uy,---,u;}, can
be enlarged to obtain a basis of V.

Proof: Let
S ={FE C{uy,---,u,} such that span (E) = V}.
For E € S, let |E| denote the number of elements of E. Let
m = min{|E| such that E € S}.
Thus there exist vectors
{Vh' . '7Vm} - {ul’ .. '7un}
such that
span (Vi V) =V

and m is as small as possible for this to happen. If this set is linearly independent, it follows it is a basis
for V' and the theorem is proved. On the other hand, if the set is not linearly independent, then there exist
scalars,

C1," "5 Cm

such that

m
0= E C;V;
i=1

and not all the ¢; are equal to zero. Suppose ¢, # 0. Then we can solve for the vector, v in terms of the
other vectors. Consequently,

V = span (V], T ')kalavkki»la t ',Vm)

contradicting the definition of m. This proves the first part of the theorem.
To obtain the second part, begin with {uy,- -, ui}. If

span (ur, - -+, ug) =V,
we are done. If not, there exists a vector,
Upi1 & span (ug,- - -, ug).
Then {uy, -, ug, ugs+1} is also linearly independent. Continue adding vectors in this way until the resulting

list spans the space V. Then this list is a basis and this proves the theorem.



18 LINEAR ALGEBRA

2.2 Linear Transformations
Definition 2.7 Let V and W be two finite dimensional vector spaces. We say
LeL(V,W)
if for all scalars a and B, and vectors v, w,
L(av+pw) =aL(v)+ L (w).
We will sometimes write Lv when it is clear that L (v) is meant.

An example of a linear transformation is familiar matrix multiplication. Let A = (a;;) be an m x n
matrix. Then we may define a linear transformation L : F* — F™ by

(LV)Z- = Z A5V .
j=1

Here
U1
v = :
U
Also, if V' is an n dimensional vector space and {vy,- -, v, } is a basis for V, there exists a linear map
q:F" -V
defined as
n
q (a) = Z a;Vv;
i=1
where

n
a:E ;€4
i=1

for e; the standard basis vectors for F™ consisting of

0
€e; = 1
0
where the one is in the ith slot. It is clear that ¢ defined in this way, is one to one, onto, and linear. For
v €V, g1 (v) is a list of scalars called the components of v with respect to the basis {vy,- -, v, }.
Definition 2.8 Given a linear transformation L, mapping V' to W, where {vy,---,vp} is a basis of V and
{w1, -, W} is a basis for W, an m x n matriz A = (a;;)is called the matriz of the transformation L with

respect to the given choice of bases for V. and W, if whenever v € V, then multiplication of the components
of v by (a;j) yields the components of Lv.
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The following diagram is descriptive of the definition. Here gy and gy are the maps defined above with

reference to the bases, {vy,- -+, v,} and {wy,- - -, w,,} respectively.
L
{Vla"'7vn} V — W {Wl,"',Wm}
vl o Taw
F — F™
A

Letting b €F™, this requires

Zaijbjwi = LijVj = Z bjLVj.
2 ] J

J

Now
LVj = Z Cijwi
i
for some choice of scalars ¢;; because {wy,- - -, Wy, } is a basis for . Hence
Z aijbjwi = Z bj Z Cijwi = Z cl-jbjwi.
%, J i %,
It follows from the linear independence of {wy,- - -, w,, } that

Z a;jb; = Z cijb;

J J

for any choice of b €F™ and consequently
aij = Cij
where ¢;; is defined by (2.6). It may help to write (2.6) in the form
(Lvi  Lva )=(wi -+ wn )O=(wi - wp)A

where C' = (¢;5) , A = (as5) .
Example 2.9 Let

V = { polynomials of degree 3 or less},

W = { polynomials of degree 2 or less},

(2.5)

(2.6)

and L = D where D is the differentiation operator. A basis for V is {1,z, 2%, 23} and a basis for W is {1, x,

2}

What is the matrix of this linear transformation with respect to this basis? Using (2.7),

(O 1 2x 3332):(1 x CE2)C.

It follows from this that

Q
|
coo
oo~
oo
wo o
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Now consider the important case where V = F", W = F™, and the basis chosen is the standard basis
of vectors e; described above. Let L be a linear transformation from F"™ to F™ and let A be the matrix of
the transformation with respect to these bases. In this case the coordinate maps gy and gy are simply the
identity map and we need

s (Lb) = T, (Ab)

where m; denotes the map which takes a vector in F” and returns the ith entry in the vector, the ith
component of the vector with respect to the standard basis vectors. Thus, if the components of the vector
in F™ with respect to the standard basis are (b1, - -, by),

b=(b - by ) = b,
then

i (Lb) = (Lb), = > ai;b;.

What about the situation where different pairs of bases are chosen for V and W7 How are the two matrices
with respect to these choices related? Consider the following diagram which illustrates the situation.

F* Ay, F
g2l o p2l
vV L W
@l o pil
Fr oA, FT

In this diagram ¢; and p; are coordinate maps as described above. We see from the diagram that
Py ' p2Aagy g1 = Ay,

where ¢y lg1 and pl_lpg are one to one, onto, and linear maps.
In the special case where V = W and only one basis is used for V' = W, this becomes

47 a2 A2q5 tq1 = Ay

Letting S' be the matrix of the linear transformation g5 Lg1 with respect to the standard basis vectors in F”,
we get

S48 = Ay.
When this occurs, we say that A; is similar to Ay and we call A — S~!AS a similarity transformation.
Theorem 2.10 In the vector space of n X n matrices, we say
A~B
if there exists an invertible matriz S such that
A=S"1BSs.

Then ~ is an equivalence relation and A ~ B if and only if whenever V is an n dimensional vector space,
there exists L € L (V, V) and bases {v1,---,vp} and {wy,---,w,} such that A is the matriz of L with respect
to {vi,- -+, vy} and B is the matriz of L with respect to {w1,- -, wy}.
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Proof: A ~ A because S = I works in the definition. If A ~ B , then B ~ A, because
A=5"'BS
implies
B=SAS™!
If A~ B and B ~ C, then
A=S"'BS B=T"'CT
and so
A=8"'T7'cTS = (TS)"' CTS

which implies A ~ C. This verifies the first part of the conclusion.
Now let V' be an n dimensional vector space, A ~ B and pick a basis for V|

{Vla o 'avn}‘

Define L € L(V,V) by
LVZ‘ = Z iV
J

where A = (a;5) . Then if B = (b;;) , and S = (s;;) is the matrix which provides the similarity transformation,
A=S"'BS,

between A and B, it follows that

Lv; = Z Sirbrs (sil)sj V. (2.8)

75,7

Now define

w,; = Z (sfl)ij V.

J

Then from (2.8),

Z (S_l)ki Lvi = Z (S_l)m Sirbrs (s_l)sj Vi

7 ©,7,7,8
and so

LWk = Z bksws.

This proves the theorem because the if part of the conclusion was established earlier.
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2.3 Inner product spaces

Definition 2.11 A wvector space X is said to be a normed linear space if there exists a function, denoted by
|| - X — [0,00) which satisfies the following axioms.

1. |z| >0 for all x € X, and |x| =0 if and only if x = 0.
2. laxz| = |a||z| for all a € F.
8. |z 4yl < ||+ 1yl

Note that we are using the same notation for the norm as for the absolute value. This is because the
norm is just a generalization to vector spaces of the concept of absolute value. However, the notation ||z|| is
also often used. Not all norms are created equal. There are many geometric properties which they may or
may not possess. There is also a concept called an inner product which is discussed next. It turns out that
the best norms come from an inner product.

Definition 2.12 A mapping (+,-) : VXV — F is called an inner product if it satisfies the following axioms.
L (,y) = ,2).
2. (z,x) >0 for all x € V and equals zero if and only if x = 0.
3. (ax+by,z) =a(x,z) +b(y,z) whenever a,b € F.

Note that 2 and 3 imply (z, ay + bz) = a(z,y) + b(z, 2).
We will show that if (-, -) is an inner product, then

(3?,1‘)1/2

= |z
defines a norm.

Definition 2.13 A normed linear space in which the norm comes from an inner product as just described
is called an inner product space. A Hilbert space is a complete inner product space. Recall this means that
every Cauchy sequence,{x,}, one which satisfies

lim |xn - x’rn| =0,
n,m— 00

CONVETgeESs.

Example 2.14 Let V = C" with the inner product given by
n
(X7Y) = Z xkyk'
k=1

. This is an example of a complex Hilbert space.
Example 2.15 Let V = R",
(x,y)=x-y EZacjyj.
j=1

. This is an example of a real Hilbert space.
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Theorem 2.16 (Cauchy Schwartz) In any inner product space

(@, y)] <[]yl
where |x| = (a:,x)l/z.
Proof: Let w € C, |w| =1, and w(z,y) = |(z,y)| = Re(z, yw). Let
F(t) = (z + tyw, x + twy).
If y = 0 there is nothing to prove because
(x,0) = (2,04 0) = (,0) + (z,0)
and so (x,0) = 0. Thus, we may assume y # 0. Then from the axioms of the inner product,
F(t) = |z]* + 2t Re(z,wy) + t|y|* > 0.
This yields
|22 4 2t|(z, y)| + t2]y|? > 0.
Since this inequality holds for all t € R, it follows from the quadratic formula that
Al(z, ) — 4zly* < 0.

This yields the conclusion and proves the theorem.
Earlier it was claimed that the inner product defines a norm. In this next proposition this claim is proved.

Proposition 2.17 For an inner product space, |z| = (x7m)1/2 does specify a norm.

Proof: All the axioms are obvious except the triangle inequality. To verify this,

2 2
(z+y,z+y) = |z" +[y|” +2Re(z,y)
2 2
< xlP Yl + 2 (,y)
2 2 2
< 2P+ [yt +20z] yl = (2] + [y])™

|z + y|*

The best norms of all are those which come from an inner product because of the following identity which
is known as the parallelogram identity.

Proposition 2.18 If (V,(-,)) is an inner product space then for |z| = (z, x)1/2, the following identity holds.
2 2 2 2
[z +yl” + |z —yl” = 2]a" + 2[y[".
It turns out that the validity of this identity is equivalent to the existence of an inner product which
determines the norm as described above. These sorts of considerations are topics for more advanced courses

on functional analysis.

Definition 2.19 We say a basis for an inner product space, {uy,- - -, un} is an orthonormal basis if

(uk,uj) = Oy, E{ ég:;i
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Note that if a list of vectors satisfies the above condition for being an orthonormal set, then the list of
vectors is automatically linearly independent. To see this, suppose

n
E C]"Ltj =0
Jj=1

Then taking the inner product of both sides with uy, we obtain

n n
0= ch (uj,ug) = ch5jk = cp.
j=1 j=1
Lemma 2.20 Let X be a finite dimensional inner product space of dimension n. Then there exists an

orthonormal basis for X, {uy,- -, un}.

Proof: Let {x1, -, x,} be a basis for X. Let u1 = x1/|z1|. Now suppose for some k < n, uq, - - -, ug
have been chosen such that (u;,ug) = d;5. Then we define

k
Tr41 — Zj:l (xk+17uj) Uj

Uk+1 =

)

k
Tk41 — Zj:l (Tht1,u5) uj

where the numerator is not equal to zero because the x; form a basis. Then if I <k,

k
(upr1,w) = C | (Tr1,w) E (Thr15u5) (ug,w)
=1

k
= O | (Try1,wm) E (Thy1,uy) Oy
=1

= C((@gs1,w) — (Tp41,w)) = 0.

The vectors, {u; };.L:l , generated in this way are therefore an orthonormal basis.

The process by which these vectors were generated is called the Gramm Schmidt process.
Lemma 2.21 Suppose {u; }?:1 18 an orthonormal basis for an inner product space X. Then for all x € X,
n
- S
j=1

Proof: By assumption that this is an orthonormal basis,

n

> (@) (ug,w) = (z,w).

j=1

Letting y = Z;;l (x,u;) uy, it follows (z — y,u;) = 0 for all j. Hence, for any choice of scalars, c1, - - -, ¢y,

n
1‘—y,§ cju; | =0
j=1

and so (x —y,z) = 0 for all z € X. Thus this holds in particular for z = & — y. Therefore, 2 = y and this
proves the theorem.

The next theorem is one of the most important results in the theory of inner product spaces. It is called
the Riesz representation theorem.
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Theorem 2.22 Let f € L (X,F) where X is a finite dimensional inner product space. Then there exists a
unique z € X such that for all x € X,

fx) = (x,2).
Proof: First we verify uniqueness. Suppose z; works for j = 1,2. Then for all z € X,
0=f(z)—f(z)=(z,21 — 22)

and S0 z1 = 29.
It remains to verify existence. By Lemma 2.20, there exists an orthonormal basis, {u; }?:1 . Define

z =

J

f(uj)u;.

1

n

Then using Lemma 2.21,

I

~
[

B

S
<.

S
<.

|
~
—~

8
~—

This proves the theorem.

Corollary 2.23 Let A € L(X,Y) where X and Y are two finite dimensional inner product spaces. Then
there exists a unique A* € L(Y,X) such that

(Ax, y)Y = (m7 A*y)X
forallz € X andy €Y.
Proof: Let f, € L (X,F) be defined as
fy (@) = (Az,y)y .
Then by the Riesz representation theorem, there exists a unique element of X, A* (y) such that
(Az,y)y = (2, A" (y))x -
It only remains to verify that A* is linear. Let a and b be scalars. Then for all x € X,

((E,A* (ayl + by?))X = a("4‘,Evyl) 'H_’(A%yz)

a(z, A" (1)) + b (z, A* (y2)) = (z,aA" (1) + DA™ (y2)) .

By uniqueness, A* (ay1 + bya) = aA* (y1) + bA* (y2) which shows A* is linear as claimed.
The linear map, A* is called the adjoint of A. In the case when A : X — X and A = A*, we call A a self
adjoint map. The next theorem will prove useful.

Theorem 2.24 Suppose V is a subspace of F" having dimension p < n. Then there exists a Q € L (F",F")
such that QV CFP and |Qx| = |x| for all x. Also

Q'Q=QQ" =1
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Proof: By Lemma 2.20 there exists an orthonormal basis for V, {v;}¥_; . By using the Gramm Schmidt
process we may extend this orthonormal basis to an orthonormal basis of the whole space, F",

{Vlv' 5V, Vpgl, '7Vn}.

Now define Q € £ (F",F") by Q (v;) = e; and extend linearly. If Y " | a;v; is an arbitrary element of F”,

n n 2 n n
2
Q E ;v E xie; ZE |z;|” = E T;iVi
i1 i1 i=1 i=1

It remains to verify that Q*Q = QQ* = I. To do so, let x,y € FP. Then

2 2

Qx+y),Qx+y)=x+y,x+y).

Thus

Qx> + |Qy|* + Re (Qx,Qy) = |x|* + [y + Re (x,y)

and since @) preserves norms, it follows that for all x,y € F”,

Re (@x,Qy) = Re (x,Q"Qy) = Re (x,y).

Therefore, since this holds for all x, it follows that Q*Qy = y showing that Q*Q = I. Now

Q=Q(Q'Q) = (QR")Q.

Since @ is one to one, this implies

I=QQ"

and proves the theorem.

This case of a self adjoint map turns out to be very important in applications. It is also easy to discuss
the eigenvalues and eigenvectors of such a linear map. For A € £ (X, X), we give the following definition of
eigenvalues and eigenvectors.

Definition 2.25 A non zero vector, y is said to be an eigenvector for A € L (X, X) if there exists a scalar,
A, called an eigenvalue, such that

Ay = \y.

The important thing to remember about eigenvectors is that they are never equal to zero. The following
theorem is about the eigenvectors and eigenvalues of a self adjoint operator. The proof given generalizes to
the situation of a compact self adjoint operator on a Hilbert space and leads to many very useful results. It
is also a very elementary proof because it does not use the fundamental theorem of algebra and it contains
a way, very important in applications, of finding the eigenvalues. We will use the following notation.

Definition 2.26 Let X be an inner product space and let S C X. Then
St={reX:(x,s)=0 foralscS}.
Note that even if S is not a subspace, S+ is.

Definition 2.27 Let X be a finite dimensional inner product space and let A € L (X, X). We say A is self
adjoint if A* = A.
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Theorem 2.28 Let A € L(X,X) be self adjoint. Then there exists an orthonormal basis of eigenvectors,

{uj };‘L:1 :

Proof: Consider (Az,z). This quantity is always a real number because

(Az,x) = (z, Az) = (x, A%x) = (Az, x)
thanks to the assumption that A is self adjoint. Now define
A =inf {(Az,z) : 2| =1,z € X1 = X}.
Claim: )\ is finite and there exists v; € X with |v1| = 1 such that (Avy,v1) = Ay.

Proof: Let {uj}?zl be an orthonormal basis for X and for z € X, let (x4, - - -, z,,) be defined as the
components of the vector x. Thus,

n
xr = E TjUsj-
j=1

Since this is an orthonormal basis, it follows from the axioms of the inner product that

n
2 2
2> = Jayl*.
j=1

Thus
n
(Az,x) = Zkauk, ijuj = kam_j (Aug,uj),
k=1 Jj=1 k,j
a continuous function of (1, - - -, ,). Thus this function achieves its minimum on the closed and bounded

subset of ™ given by
{(@1, - mn) €F" > Jay* =1}
j=1

Then v; = Z;‘L:1 xju; where (21, - - -, ) is the point of F™ at which the above function achieves its minimum.
This proves the claim.
Continuing with the proof of the theorem, let X5 = {vl}L and let

Ao =inf {(Az,z) : x| =1,z € Xo}

As before, there exists vy € X5 such that (Avg,va) = Aa. Now let Xy = {vy, 1}2}l and continue in this way.
This leads to an increasing sequence of real numbers, {\;};_; and an orthonormal set of vectors, {vy, - -,
vn }. It only remains to show these are eigenvectors and that the \; are eigenvalues.

Consider the first of these vectors. Letting w € X; = X, the function of the real variable, ¢, given by

(A (v1 + tw) ,v1 + tw)

vy + tw]?

ft) =

(Avy,v1) + 2t Re (Avg, w) + 12 (Aw, w)
o1 |* + 2t Re (v1, w) + 2 |w]?
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achieves its minimum when ¢ = 0. Therefore, the derivative of this function evaluated at ¢ = 0 must equal
zero. Using the quotient rule, this implies

2Re (Avy,w) — 2Re (v1, w) (Avy, vy)

= 2 (Re (Avy,w) — Re (vi,w) A1) = 0.

Thus Re (Av; — Ajv1,w) = 0 for all w € X. This implies Av; = Ajv;. To see this, let w € X be arbitrary
and let 6 be a complex number with |#| =1 and

|(A’U1 - )\1’01, 'LU)| =0 (A’Ul — )\11)1,’(0) .
Then
[(Avy — A\vg,w)| = Re (Av1 — Alvl,gw) =0.

Since this holds for all w, Avy = Ajv1. Now suppose Av, = Apvg for all k& < m. We observe that A : X,,, — X,
because if y € X, and k < m,

(Ayvvk) = (ya Avk) = (yv )\k’l)k) =0,

showing that Ay € {vq,- - -, vm,l}J‘ = X,,,. Thus the same argument just given shows that for all w € X,,,

(Avy, — AU, w) = 0. (2.9)
For arbitrary w € X.
m—1 m—1
w = (w— Z (w,vk)vk> + Z (w,vg) v = Wi + Wi
k=1 k=1
and the term in parenthesis is in {vy, - - -, vm_l}L = X,, while the other term is contained in the span of the

vectors, {v1, « + +, Um—1}. Thus by (2.9),

(Avy, — A Um, w) = (Avp, — AU, w1 + Wiy)

= (Avy, — ApUm, i) =0
because
A Xm - Xm = {1)1, te '7vm—1}L

and w,, € span (v1,- - -, Vm—1) . Therefore, Av,, = A\, for all m. This proves the theorem.

When a matrix has such a basis of eigenvectors, we say it is non defective.

There are more general theorems of this sort involving normal linear transformations. We say a linear
transformation is normal if AA* = A*A. It happens that normal matrices are non defective. The proof
involves the fundamental theorem of algebra and is outlined in the exercises.

As an application of this theorem, we give the following fundamental result, important in geometric
measure theory and continuum mechanics. It is sometimes called the right polar decomposition.

Theorem 2.29 Let F € L (R™,R™) where m > n. Then there exists R € L (R™,R™) and U € L (R™,R")
such that

F=RU,U=U",
all eigen values of U are non negative,
U?=F*F,R*R=1,
and |Rx| = |x].
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Proof: (F*F)* = F*F and so by linear algebra there is an orthonormal basis of eigenvectors, {v1, - -

such that
F*Fv;, = \;v;.
It is also clear that A; > 0 because
Ai (Vi,vi) = (F*Fvy,v;) = (Fv, Fv;) > 0.
Now if u,v € R", we define the tensor product u® v € £ (R",R") by

u®v(w)=(w,v)u.

Then F*F = Z?:l Aiv; ® v; because both linear transformations agree on the basis {vy,---,v,}. Let

U= i)\gﬂvw@vi.

i=1

n
Then U? = F*F, U = U*, and the eigenvalues of U, {)\,}/2}' . are all nonnegative.
Now R is defined on U (R") by -

RUx =Fx.
This is well defined because if Ux; = Uxz, then U? (x; — x3) = 0 and so
0= (F"F(x1 —X2),X1 — X2) = |F (x1 — x2)|*.
Now |RUx|* = |Ux|* because

|RUx|* = |Fx|” = (Fx,Fx) = (F*Fx,x)

= (U*x,x) = (Ux,Ux) = Ux|?.
Let {x1,---,X,} be an orthonormal basis for

U@R")! ={xcR": (x,2) =0 for all z €U (R")}

'avn}

and let {y1,- - -,yp} be an orthonormal basis for F' (R™)*. Then p > r because if {F (z;)};_ is an orthonormal

basis for F' (R™), it follows that {U (z;)};_, is orthonormal in U (R™) because
(Uz;,Uzj) = (U2zi,zj) = (F*Fz;,2z;) = (Fz;, Fz;).
Therefore,
p+s=m>n=r+dimU (R") >r+s.
Now define R € £ (R™",R™) by Rx; =y;, it =1,---,r. Thus

r
R (Z CiX; + UV)
=1

2 2 ”
= = el +|Fv)?
=1

zr: cyi + Fv
=1

2

)

,
= Z |CZ"2 + |Uv|2 =
i—1

'
Z cxi +Uv
i=1
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and so |Rz| = |z| which implies that for all x,y,

X" + Iy " +2(x.y) = [x +yI" = [R(x+y)I”

= x> + ly|* + 2 (Rx,Ry).

Therefore,

(x,y) = (R"Rx,y)

for all x,y and so R*R = I as claimed. This proves the theorem.

2.4 Exercises

1.
2.

Show (A*)" = A and (AB)" = B*A*.

Suppose A : X — X, an inner product space, and A > 0. By this we mean (Az,z) > 0 for all z € X and
A = A*. Show that A has a square root, U, such that U? = A. Hint: Let {uk}y_, be an orthonormal
basis of eigenvectors with Auy = Agug. Show each \p > 0 and consider

U= ZA}C/zquQuk.
k=1

In the context of Theorem 2.29, suppose m < n. Show
F=UR
where
Ue L(R"R"),Re LR, R™),U=U"

,U has all non negative eigenvalues, U? = FF* and RR* = I. Hint: This is an easy corollary of
Theorem 2.29.

Show that if X is the inner product space F"*, and A is an n X n matrix, then

A* = AT,

Show that if A is an n X n matrix and A = A* then all the eigenvalues and eigenvectors are real
and that eigenvectors associated with distinct eigenvalues are orthogonal, (their inner product is zero).
Such matrices are called Hermitian.

Let the orthonormal basis of eigenvectors of F*F be denoted by {v;}!_; where {v;};_, are those
whose eigenvalues are positive and {vi}?ﬂ are those whose eigenvalues equal zero. In the context of
the RU decomposition for F, show {Rv;};_, is also an orthonormal basis. Next verify that there exists a

solution, x, to the equation, Fx = b if and only if b € span {Rv;};_, if and only is b € (ker F*)L . Here
ker F* = {x : F*x = 0} and (ker F*)" = {y : (y,x) = 0 for all x € ker F*} . Hint: Show that F*x = 0
if and only if UR*x = 0 if and only if R*x € span {Vi}?:H_1 if and only if x € span {RVz‘}LH_l .

Let A and B be n x n matrices and let the columns of B be

bla' ! '7bn



2.5. DETERMINANTS 31

and the rows of A are

Show the columns of AB are
Ab; - - - Ab,,
and the rows of AB are

T T
ayB---a,B.

8. Let vy, -, v, be an orthonormal basis for F". Let ) be a matrix whose ith column is v;. Show
R'Q=QQ" =1
such a matrix is called an orthogonal matrix.

9. Show that a matrix, @ is orthogonal if and only if it preserves distances. By this we mean |Qv]| = |v].
Here |v| = (v - v)l/2 for the dot product defined above.

10. Suppose {vi,---, vy} and {wy, -, w,} are two orthonormal bases for F” and suppose @Q is an n x n
matrix satisfying @Qv, = w;. Then show @ is orthogonal. If |v| = 1, show there is an orthogonal
transformation which maps v to e;.

11. Let A be a Hermitian matrix so 4 = A* and suppose all eigenvalues of A are larger than 6. Show
(Av,v) > 62w/’
Where here, the inner product is
(v,u) =) v
j=1
12. Let L € L (F™,F™) . Let {v1,---,v,} be a basis for V and let {ws,- -, wy,} be a basis for W. Now
define w @ v € L (V, W) by the rule,
wv(u) = (u,v)w.
Show w @ v € L (F™,F™) as claimed and that
{wj@uvi:i=1,--n,j=1,---,m}
is a basis for £ (F™,F™). Conclude the dimension of £ (F™,F™) is nm.

13. Let X be an inner product space. Show |z + y|* + |z — y|*> = 2 |z|> + 2|y|*>. This is called the parallel-
ogram identity.

2.5 Determinants

Here we give a discussion of the most important properties of determinants. There are more elegant ways
to proceed and the reader is encouraged to consult a more advanced algebra book to read these. Another
very good source is Apostol [2]. The goal here is to present all of the major theorems on determinants with
a minimum of abstract algebra as quickly as possible. In this section and elsewhere F will denote the field
of scalars, usually R or C. To begin with we make a simple definition.
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Definition 2.30 Let (k1,- - -, ky) be an ordered list of n integers. We define

7r(k1,-~~,kn)EH{(k;S—k;T):7“<s}.

In words, we consider all terms of the form (ks — k,.) where ks comes after k, in the ordered list and then
multiply all these together. We also make the following definition.

1 ifﬂ—(kla"‘akn) >0
Sgn(klavkn) = -1 ifw(klu"'7kn) <0
0 if ki, Jon) = 0

This is called the sign of the permutation (,;:::Z )m the case when there are no repeats in the ordered list,

(k1,- - kn) and {k1,- - kn} = {1, - -,n}.
Lemma 2.31 Let (ki,---ki- -, kj, -, kn) be a list of n integers. Then
m(kyy ki kg k) = = (b, Ky ok k)
and
sgn (kv,- - ki~ kjy - kn) = —sgn (k1 ki - ki, )
In words, if we switch two entries the sign changes.

Proof: The two lists are

(kjh...’]{;i’...’k;j’...7k-n) (2.10)
and

((STRREN RN R A (2.11)
Suppose there are r — 1 numbers between k; and k; in the first list and consequently » — 1 numbers between
k; and k; in the second list. In computing = (ki,- -, ki,- -, kj, -+, kn) we have r — 1 terms of the form
(kj — kp) where the k, are those numbers occurring in the list between k; and k;. Corresponding to these
terms we have r — 1 terms of the form (k, — k;) in the computation of 7 (ki,-- -, kj,- - -, ki, - -, kn). These

differences produce a (—l)r_1 in going from 7 (k1,- - -, ki,- - -, kj, - -, kn) to w(k1,- - kj,- - kiy - kn) . We
also have the r — 1 terms (k, — k;) in computing = (k1,- - -, k; - -, kj,- - -, kn) and the r — 1 terms, (k; — kp) in
computing 7 (ki,- - -, kj,- - -, ki, - - -, k), producing another (—1)“1 . Thus, in considering the differences in
7, we see these terms just considered do not change the sign. However, we have (k; — k;) in the first product
and (k; — k;) in the second and all other factors in the computation of 7 match up in the two computations
so it follows m (k1,- - -, ks, kj, - - - kn) = =7 (K1, - K, - - -, kiy - - -, ky) as claimed.

Corollary 2.32 Suppose (ki,- -+, kn) is obtained by making p switches in the ordered list, (1,---,n). Then
(=1)" = sgn (k1,- -, kn). (2.12)

Proof: We observe that sgn(1,---,n) = 1 and according to Lemma 2.31, each time we switch two
entries we multiply by (—1). Therefore, making the p switches, we obtain (—1)" = (=1)" sgn(1,---,n) =
sgn (k1,- -+, ky) as claimed.

We now are ready to define the determinant of an n X n matrix.

Definition 2.33 Let (a;;) = A denote an n x n matriz. We define
det (A) = Z sgn (ki,- - kn) a1k, - - Gnk,,
(k17"'7k7l)

where the sum is taken over all ordered lists of numbers from {1,---,n}. Note it suffices to take the sum over
only those ordererd lists in which there are no repeats because if there are, we know sgn (ki,- - -, kn) = 0.
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Let A be an n x n matrix, A = (a;;) and let (rq,---,r,) denote an ordered list of n numbers from
{1,---,n}. Let A(ry,---,7,) denote the matrix whose k** row is the rj, row of the matrix, A. Thus
det (A (ry,---,1n)) = Z sgn (ki, -« kn) Qriky *** Gr ok, (2.13)
(k1 kn)
and
A(l,--n)=A

Proposition 2.34 Let (ry,---,7y,) be an ordered list of numbers from {1,---,n}. Then

sgn (ry, -« ry)det (4) = Z sgn (ki -+ kn) Qryky ©* * Grp ks, (2.14)
(kl;”':kn)
= det(A(re, -~ m)). (2.15)

In words, if we take the determinant of the matriz obtained by letting the p'* row be the r, row of A, then
the determinant of this modified matriz equals the expression on the left in (2.14).

Proof: Let (1,--,n)=(1,---,r,-+s,---,n) sor < s.
det (A(1,--- 7, 8,--+,n)) = (2.16)

E sgn (ki, - kpy- o ks, kn) Qg - Gk, -0 Qs © - Gk,

= E Sgn(klv'“aksa"'7k7"a"'7kn)alk1"'aT‘k‘s"'askr"'ankn

=—det (A(L, -8, 7 ,m)). (2.17)
Consequently,
det (A(L,--- 8,1 m))=—det (A1, -+, r, -8, +,n)) = —det (A)
Now letting A(1,--+,s,--+,7,---,n) play the role of A, and continuing in this way, we eventually arrive at

the conclusion
det (A (r1,- -+ rn)) = (=1)" det (A)
where it took p switches to obtain(ry, - - -, 7,) from (1,- - -, n). By Corollary 2.32 this implies
det (A (r1,--+,7rn)) = sgn(ry,- -, ry) det (4)

and proves the proposition in the case when there are no repeated numbers in the ordered list, (11, -+, 7).
However, if there is a repeat, say the r*" row equals the s** row, then the reasoning of (2.16) -(2.17) shows
that A (rq,--,7,) = 0 and we also know that sgn (r1,- -+, 7r,) = 0 so the formula holds in this case also.
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Corollary 2.35 We have the following formula for det (A).

det (A Z Z sgn (ri,--rn) sgn (ky, - kn) Grygy *  Qp ke, - (2.18)
) (K1,
And also det (AT) = det (A) where AT is the transpose of A. Thus if AT = (aT) , we have a;?’;» = ajj-

]

Proof: From Proposition 2.34, if the r; are distinct,

det (A) = Z sgn (ri,- 1) sgn (ki, - kn) Qrigy - Qrp ke, -

(klv"'akn)
Summing over all ordered lists, (rq,---,r,) where the r; are distinct, (If the r; are not distinct, we know
sgn (ry,- -+, my) = 0 and so there is no contribution to the sum.) we obtain
n!det (A Z Z sgn (ri, - rn) sgn(k1, - - kn) Griky - Qrp ks, -

(ra,esrn) (R,
This proves the corollary.

Corollary 2.36 If we switch two rows or two columns in an nxXn matriz, A, the determinant of the resulting
matriz equals (—1) times the determinant of the original matriz. If A is an n X n matriz in which two rows
are equal or two columns are equal then det (A) = 0.

Proof: By Proposition 2.34 when we switch two rows the determinant of the resulting matrix is (—1)
times the determinant of the original matrix. By Corollary 2.35 the same holds for columns because the
columns of the matrix equal the rows of the transposed matrix. Thus if A; is the matrix obtained from A
by switching two columns, then

det (A) = det (A") = —det (A]) = —det (4;).

If A has two equal columns or two equal rows, then switching them results in the same matrix. Therefore,
det (A) = —det (A) and so det (4) = 0.

Definition 2.37 If A and B are n X n matrices, A = (a;;) and B = (b;;), we form the product, AB = (c;;)
by defining

n
Cij = E aikbkj-
k=1

This is just the usual rule for matriz multiplication.

One of the most important rules about determinants is that the determinant of a product equals the
product of the determinants.

Theorem 2.38 Let A and B be n x n matrices. Then det (AB) = det (A) det (B).
Proof: We will denote by c;; the ijt" entry of AB. Thus by Proposition 2.34,

det (AB) = Y sgn (ki kn) ik, - Cnk,
(kr, k)

Z sgn (k- k <Z Airy r1k1> (Z anrnbrnkn>

(k1o skn)

Z Z sgn k17 ;kn) br1k1 Tt br”k” (alrl e anrn)

rn) (K1,.kn)

= Z sgn(ry -« Tn) @iy, - Gy, det (B) = det (A) det (B).

(r1-7n)
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This proves the theorem.
In terms of the theory of determinants, arguably the most important idea is that of Laplace expansion
along a row or a column.

Definition 2.39 Let A = (a;5) be an nxn matriz. Then we define a new matriz, cof (A) by cof (A) = (¢;5)
where to obtain c;j we delete the i'" row and the j** column of A, take the determinant of then —1 xn—1

matriz which results and then multiply this number by (—1)i+j . The determinant of the n —1 xn —1 matriz
just described is called the ij*" minor of A. To make the formulas easier to remember, we shall write cof (A)ij

for the ij™" entry of the cofactor matric.

The main result is the following monumentally important theorem. It states that you can expand an
n X n matrix along any row or column. This is often taken as a definition in elementary courses but how
anyone in their right mind could believe without a proof that you always get the same answer by expanding
along any row or column is totally beyond my powers of comprehension.

Theorem 2.40 Let A be an n x n matriz. Then
det (4) = Zaijcof (A);; = Z aijeof (A);; - (2.19)
j=1 i=1
The first formula consists of expanding the determinant along the it" row and the second expands the deter-

minant along the j1* column.

Proof: We will prove this by using the definition and then doing a computation and verifying that we
have what we want.

det (A) = Z sgn (klv o 'akTa o akjn) Aiky *° * Qrk,. * * ° Qnk,

(k1,mkn)
= Z Z sgn (kh RS kT7 T k’ﬂ) Alky ~ - a('f’*l)k(r—l)a(r+1)k(r+1)a’nkn Qrk,
kr=1 (klf"ykra'“,kn)
=Sy
j=1
S sgn(oky, ket ke o kn) Q1k o Qo) G Dk, Gk, | G (2.20)
(k1y3dye5kn)
We need to consider for fixed j the term
Z sgn (G, kv, ket Kegn o k) @ik Q— 1)k Q) k) Gy - (2.21)
(K1seenydyeeskn)
We may assume all the indices in (ky,-- -, j, -, k,) are distinct. We define (Iy,---,1,_1) as follows. If
ko < j, then I, = kq. If ky > 4, then I, = k, — 1. Thus every choice of the ordered list, (k1,- -+, 7, -, kn),
corresponds to an ordered list, (I1,- - +,{,—1) of indices from {1,---,n — 1}. Now define

b = aak, if o <,
ala = Ulati)h, R —1>a>r
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where here k,, corresponds to I, as just described. Thus (byg) is the n —1 x n — 1 matrix which results from
deleting the 7" row and the j** column. In computing

7 (f, b1y kp1 kg1 -y kn)
we note there are exactly j — 1 of the k; which are less than j. Therefore,
sgn (ki ko1 ko ka) (=1) 7 = sgn (G kry - ket kg - k) -
But it also follows from the definition that
sgn (ki, - ket kpgr oo kn) = sgn(ly -+, l—1)

and so the term in (2.21) equals

(1) Z sgn (Ui, -5 ln—1) buy = 1)1, s
(l17...’ln_1)

Using this in (2.20) we see

det (4) =

EDHEDTH YD sgn(n e lee) by by | ar
=1 (lla"'aln—l)

J

n

= Z (1) Z sgn (l1, - ln—1) buy * b1y, | Orj

j=1 (I1,5ln—1)

= Z arjeof (A),;
j=1

as claimed. Now to get the second half of (2.19), we can apply the first part to A” and write for A" = (af;)
n
T T T
det (A) = det(A") = Zaijcof (A )ij
=1

= Zajicof (A);; = Zaijcof (A);; -
j=1 i=1

This proves the theorem. We leave it as an exercise to show that cof (AT)Z_j =cof (A);;.
Note that this gives us an easy way to write a formula for the inverse of an n X n matrix.

Definition 2.41 We say an n x n matriz, A has an inverse, A~ if and only if AA~" = A=A = I where
1= ((5”) fOT’

5o vifi=]
TE0dfi A

Theorem 2.42 A~! exists if and only if det(A) # 0. If det(A) # 0, then A~! = (a;jl) where
aj;' =det(A)7'Cy;

for Cij the ij™" cofactor of A.
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Proof: By Theorem 2.40 and letting (a;.) = A, if we assume det (A4) # 0,
z”: airCir det(A) ™! = det(A) det(A) ™! = 1.
i=1
Now we consider
i airCip, det(A) ™1
i=1

when k # 7. We replace the k* column with the r** column to obtain a matrix, By whose determinant
equals zero by Corollary 2.36. However, expanding this matrix along the k" column yields

0 = det (Bg)det (A) ' = Z airCij, det (A) ™
i=1
Summarizing,
Z airCik det (A)_l = 6rk-
i=1
Using the other formula in Theorem 2.40, we can also write using similar reasoning,
> ayCrjdet (A) ™" = by
j=1
This proves that if det (4) # 0, then A~! exists and if A1 = (a;jl) ,
a;jl = Cji det (A)il .
Now suppose A~! exists. Then by Theorem 2.38,
1 =det (I) = det (AA™") = det (A) det (A7)

so det (A) # 0. This proves the theorem.

This theorem says that to find the inverse, we can take the transpose of the cofactor matrix and divide
by the determinant. The transpose of the cofactor matrix is called the adjugate or sometimes the classical
adjoint of the matrix A. It is an abomination to call it the adjoint. The term, adjoint, should be reserved
for something much more interesting which will be discussed later. In words, A~! is equal to one over the
determinant of A times the adjugate matrix of A.

In case we are solving a system of equations,

Ax =y
for x, it follows that if A~! exists, we can write
x=(AT"A)x=A""(Ax) = A"y

thus solving the system. Now in the case that A~! exists, we just presented a formula for A=!. Using this
formula, we see

- 1
-1
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By the formula for the expansion of a determinant along a column,

* [ y1 v %

1 : : :
Ty = M det : : : s
k e yn ... %

where here we have replaced the i*" column of A with the column vector, (y; - - - -, yn)T , taken its determinant
and divided by det (A). This formula is known as Cramer’s rule.

Definition 2.43 We say a matriz M, is upper triangular if M;; = 0 whenever i > j. Thus such a matric
equals zero below the main diagonal, the entries of the form M;; as shown.

* % *
0 =
0 0 =

A lower triangular matriz is defined similarly as a matrix for which all entries above the main diagonal are
equal to zero.

With this definition, we give the following corollary of Theorem 2.40.

Corollary 2.44 Let M be an upper (lower) triangular matriz. Then det (M) is obtained by taking the
product of the entries on the main diagonal.

2.6 The characteristic polynomial

Definition 2.45 Let A be an n X n matriz. The characteristic polynomial is defined as
pa(t) =det(tI —A).

A principal submatriz of A is one lying in the same set of k rows and columns and a principal minor is the
determinant of a principal submatriz. There are (Z) principal minors of A. How do we get a typical principal
submatrix? We pick k rows, say r1,- - -, 7k and consider the k x k matrix which results from using ezxactly
those entries of these k rows which are also in one of the r1,- - -, v columns. We denote by Ey (A) the sum
of the principal k X k minors of A.

We write a formula for the characteristic polynomial in terms of the Ej (A).
pa(t) = Z sgn (k1, -+ kn) (t01%, — a1ky) - - - (01k,, — a1g,,)
(k1,eeskn)

Consider the terms which are multiplied by ¢". A typical such term would be

t" (71)71774 Z sgn (kla T kn) 6m1km1 o 5mrkmr As1kg, * " asm,mks(nir) (222)
(kly"‘7kn)
where {my, -, m;, 81, -+, $p—r} = {1,---,n}. From the definition of determinant, the sum in the above

expression is the determinant of a matrix like

O ¥ O % =
O ¥ O % O
S % = % O
O % O ¥ O
=% O % O
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where the starred rows are simply the original rows of the matrix, A. Using the row operation which involves
replacing a row with a multiple of another row added to itself, we can use the ones to zero out everything
above them and below them, obtaining a modified matrix which has the same determinant (See Problem 2).
In the given example this would result in a matrix of the form

1 0 0 0 O
0 « 0 x O
00 1 00
0 = 0 % 0
00 0 0 1
and so the sum in (2.22) is just the principal minor corresponding to the subset {mq,- -+, m,} of {1, -+, n}.

For each of the (7:) such choices, there is such a term equal to the principal minor determined in this
way and so the sum of these equals the coefficient of the ¢" term. Therefore, the coefficient of t" equals
(=1)""" E,_, (A). It follows

palt) = 34" (-1)"7 By (A)
0

r=
= (—1)"Ey (A) 4+ (—1)" B, (A) 4 (1) VLR (A) 1.
Definition 2.46 The solutions to pa (t) = 0 are called the eigenvalues of A.
We know also that
pa(t) =[] t= )
k=1

where Ay are the roots of the equation, ps (t) = 0. (Note these might be complex numbers.) Therefore,
expanding the above polynomial,

B (A) = Sk (A1, -+, An)

where Sk (A1, -+, A\n), called the k** elementary symmetric function of the numbers A1, - - -, \,,, is defined as
the sum of all possible products of k elements of {Aq,- - -, A, }. Therefore,

pA (t) =t" - Sl (>\1a" '7>\n)tn71 +S2 (/\17' : 'a)\n)tn72 + - :l:Sn (>\1a" '7>\n)-

A remarkable and profound theorem is the Cayley Hamilton theorem which states that every matrix
satisfies its characteristic equation. We give a simple proof of this theorem using the following lemma.

Lemma 2.47 Suppose for all |\| large enough, we have
Ag+ AiA+ -+ AN =0,
where the A; are n x n matrices. Then each A; = 0.
Proof: Multiply by A™"" to obtain
AN ™"+ AN AL AT A, =0,
Now let |A| — oo to obtain A,, = 0. With this, multiply by A to obtain
A ™™ L AN T2 L 4 A4, =0.

Now let |A| — oo to obtain A,,_; = 0. Continue multiplying by A and letting A — oo to obtain that all the
A; = 0. This proves the lemma.
With the lemma, we have the following simple corollary.
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Corollary 2.48 Let A; and B; be n X n matrices and suppose
Ao+ AN+ + AN = By + BiA+ -+ B, \™
for all |\| large enough. Then A; = B; for all i.

Proof: Subtract and use the result of the lemma.
With this preparation, we can now give an easy proof of the Cayley Hamilton theorem.

Theorem 2.49 Let A be an n x n matriz and let p(\) = det (AI — A) be the characteristic polynomial.
Then p(A) =0.

Proof: Let C ()\) equal the transpose of the cofactor matrix of (Al — A) for |A| large. (If |\| is large
enough, then X cannot be in the finite list of eigenvalues of A and so for such A, (AT — A)_1 exists.) Therefore,
by Theorem 2.42 we may write

CN=pA\) (A -4

Note that each entry in C' (\) is a polynomial in A having degree no more than n — 1. Therefore, collecting
the terms, we may write

C(A\)=Co+CiA+--+Cp A"
for C; some n x n matrix. It follows that for all |\| large enough,
(A=A (Co+ Cid+ -+ Cr N ) =p(N) I

and so we are in the situation of Corollary 2.48. It follows the matrix coefficients corresponding to equal
powers of A are equal on both sides of this equation.Therefore, we may replace A with A and the two will be
equal. Thus

0=(A—A)(Co+C1A+ -+ Cp A" ) =p(A) T =p(A).

This proves the Cayley Hamilton theorem.

2.7 The rank of a matrix

Definition 2.50 Let A be an m x n matriz. Then the row rank is the dimension of the span of the rows in
F™, the column rank is the dimension of the span of the columns, and the determinant rank equals r where
is the largest number such that some r X r submatriz of A has a non zero determinant. Note the column rank
of A is nothing more than the dimension of A (F").

Theorem 2.51 The determinant rank, row rank, and column rank coincide.

Proof: Suppose the determinant rank of A = (a,;) equals r. First note that if rows and columns are
interchanged, the row, column, and determinant ranks of the modified matrix are unchanged. Thus we may
assume without loss of generality that there is an r X r matrix in the upper left corner of the matrix which
has non zero determinant. Consider the matrix

aip -+ Al Qaip
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where we will denote by C' the r x r matrix which has non zero determinant. The above matrix has
determinant equal to zero. There are two cases to consider in verifying this claim. First, suppose p > r.
Then the claim follows from the assumption that A has determinant rank r. On the other hand, if p < r,
then the determinant is zero because there are two identical columns. Expand the determinant along the
last column and divide by det (C) to obtain

_ - Cip
p = ; det (C) "7

where Cj), is the cofactor of a;,. Now note that C;, does not depend on p. Therefore the above sum is of the
form

-
Alp = Z m;iQip
i=1
which shows the [th row is a linear combination of the first » rows of A. Thus the first r» rows of A are linearly

independent and span the row space so the row rank equals 7. It follows from this that

column rank of A = row rank of AT =

= determinant rank of AT = determinant rank of A = row rank of A.

This proves the theorem.

2.8 Exercises

1. Let A € L(V,V) where V is a vector space of dimension n. Show using the fundamental theorem of
algebra which states that every non constant polynomial has a zero in the complex numbers, that A
has an eigenvalue and eigenvector. Recall that (A, v) is an eigen pair if v # 0 and (A — AI) (v) = 0.

2. Show that if we replace a row (column) of an n x n matrix A with itself added to some multiple of
another row (column) then the new matrix has the same determinant as the original one.

3. Let A be an n x n matrix and let
AV1 = A1V1, |V1| =1.

Show there exists an orthonormal basis, {vy,- -+, v,} for F". Let Qg be a matrix whose i*" column is
v;. Show Q§AQy is of the form

Ay

where A; isan n — 1 X n — 1 matrix.

4. Using the result of problem 3, show there exists an orthogonal matrix @1 such that @{Al @1 is of the
form

As
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Now let Q1 be the n x n matrix of the form

(00 )

Show Q7 Q§AQuQ1 is of the form

A1 * % *
0 )\2 * *
0 O

: Ay
0 O

where Ay is an n — 2 x n — 2 matrix. Continuing in this way, show there exists an orthogonal matrix

Q such that
Q*AQ =T

where T is upper triangular. This is called the Schur form of the matrix.

. Let A be an m x n matrix. Show the column rank of A equals the column rank of A*A. Next verify

column rank of A*A is no larger than column rank of A*. Next justify the following inequality to
conclude the column rank of A equals the column rank of A*.

rank (A) =rank (A*A) <rank (A*) <

=rank (AA") <rank (A).

Hint: Start with an orthonormal basis, {ij};:l of A(F™) and verify {A*ij};zl is a basis for
A*A(F).

. Show the A; on the main diagonal of T" in problem 4 are the eigenvalues of A.

. We say A is normal if

A*A = AA™.

Show that if A* = A, then A is normal. Show that if A is normal and @ is an orthogonal matrix, then
Q*AQ is also normal. Show that if T' is upper triangular and normal, then T is a diagonal matrix.
Conclude the Shur form of every normal matrix is diagonal.

. If A is such that there exists an orthogonal matrix, @ such that

Q*AQ = diagonal matrix,

is it necessary that A be normal? (We know from problem 7 that if A is normal, such an orthogonal
matrix exists.)



General topology

This chapter is a brief introduction to general topology. Topological spaces consist of a set and a subset of
the set of all subsets of this set called the open sets or topology which satisfy certain axioms. Like other
areas in mathematics the abstraction inherent in this approach is an attempt to unify many different useful
examples into one general theory.

For example, consider R™ with the usual norm given by

x| = (Z xiF)m.

i=1

We say a set U in R™ is an open set if every point of U is an “interior” point which means that if x €U,

there exists § > 0 such that if |y — x| < J, then y €U. It is easy to see that with this definition of open sets,

the axioms (3.1) - (3.2) given below are satisfied if 7 is the collection of open sets as just described. There

are many other sets of interest besides R™ however, and the appropriate definition of “open set” may be

very different and yet the collection of open sets may still satisfy these axioms. By abstracting the concept

of open sets, we can unify many different examples. Here is the definition of a general topological space.
Let X be a set and let 7 be a collection of subsets of X satisfying

fer, Xer, (3.1)
IfC C 7, then UC€ET

IfA,Ber, thenANBerT. (3.2)

Definition 3.1 A set X together with such a collection of its subsets satisfying (3.1)-(3.2) is called a topo-
logical space. T is called the topology or set of open sets of X. Note T C P(X), the set of all subsets of X,
also called the power set.

Definition 3.2 A subset B of T is called a basis for T if whenever p € U € T, there exists a set B € B such
that p € B C U. The elements of B are called basic open sets.

The preceding definition implies that every open set (element of 7) may be written as a union of basic
open sets (elements of B). This brings up an interesting and important question. If a collection of subsets B
of a set X is specified, does there exist a topology 7 for X satisfying (3.1)-(3.2) such that B is a basis for 77

Theorem 3.3 Let X be a set and let B be a set of subsets of X. Then B is a basis for a topology T if and

only if whenever p € BNC for B,C € B, there exists D € B such thatp € D C CNB and UB = X. In this
case T consists of all unions of subsets of B.

43
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Proof: The only if part is left to the reader. Let 7 consist of all unions of sets of B and suppose B satisfies
the conditions of the proposition. Then () € 7 because @ C B. X € 7 because UB = X by assumption. If
C C 7 then clearly UC € 7. Now suppose A, B € 7, A =US, B=UR, SR C B. We need to show
ANBerT. If ANB = (), we are done. Suppose p € AN B. Then p € SN R where S € S, R € R. Hence
there exists U € B such that p € U C SN R. It follows, since p € AN B was arbitrary, that A N B = union
of sets of B. Thus AN B € 7. Hence 7 satisfies (3.1)-(3.2).

Definition 3.4 A topological space is said to be Hausdorff if whenever p and q are distinct points of X,
there exist disjoint open sets U,V such thatp e U,q e V.

e " Hausdorff =

Definition 3.5 A subset of a topological space is said to be closed if its complement is open. Let p be a
point of X and let E C X. Then p is said to be a limit point of E if every open set containing p contains a
point of E distinct from p.

Theorem 3.6 A subset, E, of X is closed if and only if it contains all its limit points.

Proof: Suppose first that E is closed and let x be a limit point of E. We need to show x € E. If z ¢ E,
then E¢ is an open set containing x which contains no points of E, a contradiction. Thus z € E. Now
suppose E contains all its limit points. We need to show the complement of E is open. But if 2 € E€, then
x is not a limit point of E and so there exists an open set, U containing x such that U contains no point of
E other than z. Since z ¢ E, it follows that x € U C EY which implies E€ is an open set.

Theorem 3.7 If (X, 1) is a Hausdorff space and if p € X, then {p} is a closed set.

Proof: If x # p, there exist open sets U and V such that x € U,p € V and U NV = (). Therefore, {p}c
is an open set so {p} is closed.

Note that the Hausdorff axiom was stronger than needed in order to draw the conclusion of the last
theorem. In fact it would have been enough to assume that if x # y, then there exists an open set containing
x which does not intersect y.

Definition 3.8 A topological space (X, T) is said to be regular if whenever C is a closed set and p is a point
not in C, then there exist disjoint open sets U and V' such that p € U, C C V. The topological space, (X, T)
is said to be mormal if whenever C and K are disjoint closed sets, there exist disjoint open sets U and V'
such that C CU, K CV.

Regular

Normal
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Definition 3.9 Let E be a subset of X. E is defined to be the smallest closed set containing E. Note that
this is well defined since X is closed and the intersection of any collection of closed sets is closed.

Theorem 3.10 E = E U {limit points of E}.

Proof: Let € E and suppose that x ¢ E. If = is not a limit point either, then there exists an open
set, U,containing = which does not intersect E. But then U® is a closed set which contains E which does
not contain z, contrary to the definition that E is the intersection of all closed sets containing E. Therefore,
x must be a limit point of F after all.

Now E C E so suppose  is a limit point of E. We need to show 2 € E. If H is a closed set containing
E, which does not contain x, then H® is an open set containing = which contains no points of E other than
x negating the assumption that z is a limit point of E.

Definition 3.11 Let X be a set and let d : X x X — [0,00) satisfy
d(z,y) = d(y, ), (3.3)

d(z,y) + d(y, z) > d(z, z), (triangle inequality)

d(z,y) = 0if and only ifx = y. (3.4)
Such a function is called a metric. For r € [0,00) and x € X, define

B(z,r)={y € X : d(z,y) <r}
This may also be denoted by N(x,r).

Definition 3.12 A topological space (X, 7) is called a metric space if there exists a metric, d, such that the
sets {B(x,r),z € X, r > 0} form a basis for 7. We write (X, d) for the metric space.

Theorem 3.13 Suppose X is a set and d satisfies (3.3)-(5.4). Then the sets {B(z,r):r >0, x € X} form
a basis for a topology on X.

Proof: We observe that the union of these balls includes the whole space, X. We need to verify the
condition concerning the intersection of two basic sets. Let p € B (z,71) N B (z,r2). Consider

T = min (Tl - d(l’7p) s T2 — d(Z,p))
and suppose y € B (p,r). Then
d(y,I) S d(yap) +d(pax) <7ri-— d(xap) +d(l‘,p) =T

and so B (p,r) C B(x,r1). By similar reasoning, B (p,r) C B (z,r2) . This verifies the conditions for this set
of balls to be the basis for some topology.

Theorem 3.14 If (X, ) is a metric space, then (X, T) is Hausdorff, reqular, and normal.

Proof: It is obvious that any metric space is Hausdorff. Since each point is a closed set, it suffices to
verify any metric space is normal. Let H and K be two disjoint closed nonempty sets. For each h € H, there
exists r, > 0 such that B (h,r,) N K = @ because K is closed. Similarly, for each k € K there exists r; > 0
such that B (k,ri) N H = (. Now let

U=U{B(h,rp/2):he H}, V=U{B (k,1:/2): k€ K}.

then these open sets contain H and K respectively and have empty intersection for if x € U NV, then
x € B(h,m/2) N B (k,r1/2) for some h € H and k € K. Suppose 7, > 7. Then

d(h, k) <d(h,z)+d(z,k) <rp,

a contradiction to B (h,r,) N K = (. If 7, > r},, the argument is similar. This proves the theorem.
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Definition 3.15 A metric space is said to be separable if there is a countable dense subset of the space.
This means there exists D = {p; }2, such that for all x and r > 0, B(z,7) N D # {.

Definition 3.16 A topological space is said to be completely separable if it has a countable basis for the
topology.

Theorem 3.17 A metric space is separable if and only if it is completely separable.

Proof: If the metric space has a countable basis for the topology, pick a point from each of the basic
open sets to get a countable dense subset of the metric space.

Now suppose the metric space, (X,d), has a countable dense subset, D. Let B denote all balls having
centers in D which have positive rational radii. We will show this is a basis for the topology. It is clear it
is a countable set. Let U be any open set and let z € U. Then there exists r > 0 such that B (z,r7) CU. In
B (z,7/3) pick a point from D, x. Now let 7, be a positive rational number in the interval (r/3,2r/3) and
consider the set from B, B (z,71). If y € B (x,r1) then

d(y,z) <d(y,z)+d(z,z) <ri+7r/3<2r/3+r/3=r

Thus B (z,r1) contains z and is contained in U. This shows, since z is an arbitrary point of U that U is the
union of a subset of B.

We already discussed Cauchy sequences in the context of RP? but the concept makes perfectly good sense
in any metric space.

Definition 3.18 A sequence {p,}>2, in a metric space is called a Cauchy sequence if for every e > 0 there
exists N such that d(pn,pm) < € whenever n,m > N. A metric space is called complete if every Cauchy
sequence converges to some element of the metric space.

Example 3.19 R" and C" are complete metric spaces for the metric defined by d(x,y) =[x —y| = (>, |zi—
w2

Not all topological spaces are metric spaces and so the traditional € — ¢ definition of continuity must be
modified for more general settings. The following definition does this for general topological spaces.

Definition 3.20 Let (X, 7) and (Y,n) be two topological spaces and let f : X — Y. We say f is continuous
at x € X if whenever V is an open set of Y containing f(x), there exists an open set U € T such that x € U
and f(U) C V. We say that f is continuous if f~1(V) € 7 whenever V € 1.

Definition 3.21 Let (X, 7) and (Y,n) be two topological spaces. X x Y is the Cartesian product. (X xY =
{(z,y):x € X, y € Y}). We can define a product topology as follows. Let B={(Ax B): A€ 1, B € n}.
B is a basis for the product topology.

Theorem 3.22 B defined above is a basis satisfying the conditions of Theorem 3.3.

More generally we have the following definition which considers any finite Cartesian product of topological
spaces.

Definition 3.23 If (X;,7;) is a topological space, we make [[;—, X; into a topological space by letting a
basis be [ [, A; where A; € T;.

Theorem 3.24 Definition 3.23 yields a basis for a topology.

The proof of this theorem is almost immediate from the definition and is left for the reader.
The definition of compactness is also considered for a general topological space. This is given next.
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Definition 3.25 A subset, E, of a topological space (X, T) is said to be compact if whenever C C 7 and
E C UC, there exists a finite subset of C,{Uy - - - Uy}, such that E C U U;. (Every open covering admits
a finite subcovering.) We say E is precompact if E is compact. A topological space is called locally compact
if it has a basis B, with the property that B is compact for each B € B. Thus the topological space is locally
compact if it has a basis of precompact open sets.

In general topological spaces there may be no concept of “bounded”. Even if there is, closed and bounded
is not necessarily the same as compactness. However, we can say that in any Hausdorff space every compact
set must be a closed set.

Theorem 3.26 If (X, 7) is a Hausdorff space, then every compact subset must also be a closed set.

Proof: Suppose p ¢ K. For each « € X, there exist open sets, U, and V, such that

x €Uy, peVy,
and
U. NV, =0.
Since K is assumed to be compact, there are finitely many of these sets, Uy,, - - -, U, which cover K. Then

let V =N~ V,,. It follows that V is an open set containing p which has empty intersection with each of the
Us,,. Consequently, V' contains no points of K and is therefore not a limit point. This proves the theorem.

Lemma 3.27 Let (X, 7) be a topological space and let B be a basis for 7. Then K is compact if and only if
every open cover of basic open sets admits a finite subcover.

The proof follows directly from the definition and is left to the reader. A very important property enjoyed
by a collection of compact sets is the property that if it can be shown that any finite intersection of this
collection has non empty intersection, then it can be concluded that the intersection of the whole collection
has non empty intersection.

Definition 3.28 If every finite subset of a collection of sets has nonempty intersection, we say the collection
has the finite intersection property.

Theorem 3.29 Let IC be a set whose elements are compact subsets of a Hausdorff topological space, (X, T).
Suppose K has the finite intersection property. Then () # NK.

Proof: Suppose to the contrary that () = NX. Then consider
c={K“:Kek}.

It follows C is an open cover of Ky where K| is any particular element of IC. But then there are finitely many
KeK, Ky, -, K, such that Ky C U;leiC implying that NJ_,K; = 0, contradicting the finite intersection
property.

It is sometimes important to consider the Cartesian product of compact sets. The following is a simple
example of the sort of theorem which holds when this is done.

Theorem 3.30 Let X and Y be topological spaces, and K1, Ko be compact sets in X and Y respectively.
Then Ky x Ky is compact in the topological space X XY .

Proof: Let C be an open cover of K; x Ky of sets A x B where A and B are open sets. Thus C is a open
cover of basic open sets. For y € Y, define

C,={AxBeC:yeB}, Dy={A: AxBeC(Cy}
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Claim: D, covers Kj.

Proof: Let x € K;. Then (z,y) € K1 x K3 so (z,y) € Ax B € C. Therefore A x B € C, and so
z € AeD,.

Since K7 is compact,

{A17 o aAn(y)} - Dy
covers Kq. Let
By = ﬂ?:(zi) B;

Thus {A1,- -+, Apqy)} covers K1 and A; x B, C A; x B; € C,.
Since K5 is compact, there is a finite list of elements of Ko, y1,- - -, y, such that

{Byl’ o '7By7~}
covers Ks. Consider
{A; x By, }?:(2112:1
If (z,y) € K1 x Ky, then y € By, for some j € {1,---,r}. Then x € A; for some i € {1,---,n(y;)}. Hence
(w,y) € A; x By,;. Each of the sets A; x B, is contained in some set of C and so this proves the theorem.

Another topic which is of considerable interest in general topology and turns out to be a very useful
concept in analysis as well is the concept of a subbasis.

Definition 3.31 S C 7 is called a subbasis for the topology T if the set B of finite intersections of sets of S
is a basis for the topology, T.

Recall that the compact sets in R™ with the usual topology are exactly those that are closed and bounded.
We will have use of the following simple result in the following chapters.

Theorem 3.32 Let U be an open set in R™. Then there exists a sequence of open sets, {U;} satisfying
U CU; C Uiy - -
and
U=u2,U;.

Proof: The following lemma will be interesting for its own sake and in addition to this, is exactly what
is needed for the proof of this theorem.

Lemma 3.33 Let S be any nonempty subset of a metric space, (X,d) and define
dist (x,S) =inf {d (z,s) : s € S}.

Then the mapping, x — dist (x, S) satisfies
|dist (y, S) — dist (z,S)| < d(z,y).

Proof of the lemma: One of dist (y,.S), dist (z, 5) is larger than or equal to the other. Assume without
loss of generality that it is dist (y, S). Choose s1 € S such that

dist (x,8) + € > d(z,s1)
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Then

|dist (y, S) — dist (x,S)| = dist (y, S) — dist (x,5) <
d(y,s1) —d(z,s1) +e<d(z,y) +d(z,s1) —d(z,s1) +€

=d(z,y)+e

Since € is arbitrary, this proves the lemma.
If U = R™ it is clear that U = U2, B (0,4) and so, letting U; = B (0, 1),

B(0,i) = {x €R" : dist (x,{0}) < i}
and by continuity of dist (-,{0}),

B(0,i) = {x eR" : dist (x,{0}) < i}.

Therefore, the Heine Borel theorem applies and we see the theorem is true in this case.
Now we use this lemma to finish the proof in the case where U is not all of R™. Since x —dist (X,UC) is
continuous, the set,

1
U, = {x €U : dist (X,Uc) > - and |x| < i},
i
is an open set. Also U = U2, U; and these sets are increasing. By the lemma,
_ ) c 1 .
U, = XEU:dzst(X,U ) > —and |x| <igp,
i

a compact set by the Heine Borel theorem and also, - - -U; C U; C Uiy1---

3.1 Compactness in metric space

Many existence theorems in analysis depend on some set being compact. Therefore, it is important to be
able to identify compact sets. The purpose of this section is to describe compact sets in a metric space.

Definition 3.34 In any metric space, we say a set E is totally bounded if for every e > 0 there exists a
finite set of points {x1,- - -, xn} such that

E C U B (z,e).
This finite set of points is called an € net.
The following proposition tells which sets in a metric space are compact.
Proposition 3.35 Let (X, d) be a metric space. Then the following are equivalent.

(X,d) is compact, (3.5)
(X,d) is sequentially compact, (3.6)

(X, d) is complete and totally bounded. (3.7)
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Recall that X is “sequentially compact” means every sequence has a convergent subsequence converging
so an element of X.

Proof: Suppose (3.5) and let {x1} be a sequence. Suppose {zj} has no convergent subsequence. If this
is so, then {x} has no limit point and no value of the sequence is repeated more than finitely many times.
Thus the set

Cp =U{zg : k>n}
is a closed set and if

U, =C¢,

n

then

X =U2,U,

n=1

but there is no finite subcovering, contradicting compactness of (X, d).

Now suppose (3.6) and let {x,} be a Cauchy sequence. Then z,, — = for some subsequence. Let € > 0
be given. Let ng be such that if m,n > ng, then d(z,,z,) < 5 and let [ be such that if ¥ > [ then
d(xp,,r) < §. Let ny > max (ng,ng). If n > ny, let k> [ and ng > no.

d(znyx) S d(:cTMx'ka) + d(xnk7x)

< e+e
— 4+ - =e
2 2

Thus {z,} converges to x and this shows (X,d) is complete. If (X,d) is not totally bounded, then there
exists € > 0 for which there is no e net. Hence there exists a sequence {xy} with d (zg,2;) > € for all | # k.
This contradicts (3.6) because this is a sequence having no convergent subsequence. This shows (3.6) implies
(3.7).
Now suppose (3.7). We show this implies (3.6). Let {p,} be a sequence and let {z'}."" be a 2™ net for
n=12,---. Let
B, =B (z} ,27")

be such that B,, contains py for infinitely many values of k and B, N Bp4+1 # . Let p,, be a subsequence
having

Pn;, € By.

Then if & > 1,
k—1
d (pnk Pny) < Z d (Pniﬂ apni)
i=l
k—1
B S e P
i=l

Consequently {p,, } is a Cauchy sequence. Hence it converges. This proves (3.6).
Now suppose (3.6) and (3.7). Let D,, be a n™! net for n = 1,2, - - and let
D =U%,D,.
Thus D is a countable dense subset of (X, d). The set of balls

B={B(q,r):q€e D, r€ QN (0,00)}
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is a countable basis for (X, d). To see this, let p € B (z,€) and choose r € @ N (0, 00) such that
e—d(p,x) > 2r
Let g € B(p,r)ND. If y € B(q,r), then
d(y,x) < d(y,q)+d(g,p)+d(p,x)
< r+rt+e—2r=e

Hence p € B(q,7) C B (z,¢) and this shows each ball is the union of balls of B. Now suppose C is any open

cover of X. Let B denote the balls of B which are contained in some set of C. Thus

UB = X.
For each B € g, pick U € C such that U D B. Let C be the resulting countable collection of sets. Then Cis
a countable open cover of X. Say C = {U,,}22,. If C admits no finite subcover, then neither does C and we

can pick p, € X \ U}_,Ui. Then since X is sequentially compact, there is a subsequence {py, } such that
{pn,, } converges. Say

p= k:h—{rolopnk.
All but finitely many points of {p,, } are in X \ U}'_,Uy. Therefore p € X \ U}_, Uy, for each n. Hence
p ¢ Ul Uy

contradicting the construction of {U,,}2% ;. Hence X is compact. This proves the proposition.
Next we apply this very general result to a familiar example, R™. In this setting totally bounded and
bounded are the same. This will yield another proof of the Heine Borel theorem.

Lemma 3.36 A subset of R™ is totally bounded if and only if it is bounded.

Proof: Let A be totally bounded. We need to show it is bounded. Let x1,---,x, be a 1 net for A. Now
consider the ball B (0,r + 1) where r > max (||x;||: ¢ =1,---,p). If z €A, then z €B (x,1) for some j and
so by the triangle inequality,

||z = Of| < [z — x| + [Ix;[[ <1+

Thus A C B(0,r + 1) and so A is bounded.

Now suppose A is bounded and suppose A is not totally bounded. Then there exists ¢ > 0 such that
there is no € net for A. Therefore, there exists a sequence of points {a;} with ||a; — a;|| > € if i # j. Since
A is bounded, there exists r > 0 such that

AC[—rr)™

(x €[—r,r)™ means x; € [—r,r) for each i.) Now define S to be all cubes of the form

[T lax,be)

k=1
where
ag = —r+i27Pr, by = —r+ (i +1)27Pr,
for i € {0,1,---,2P71 —1}. Thus & is a collection of (2p+1)n nonoverlapping cubes whose union equals

[-r, 7)™ and whose diameters are all equal to 27Pry/n. Now choose p large enough that the diameter of
these cubes is less than e. This yields a contradiction because one of the cubes must contain infinitely many
points of {a;}. This proves the lemma.

The next theorem is called the Heine Borel theorem and it characterizes the compact sets in R™.
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Theorem 3.37 A subset of R™ is compact if and only if it is closed and bounded.

Proof: Since a set in R" is totally bounded if and only if it is bounded, this theorem follows from
Proposition 3.35 and the observation that a subset of R™ is closed if and only if it is complete. This proves
the theorem.

The following corollary is an important existence theorem which depends on compactness.

Corollary 3.38 Let (X,7) be a compact topological space and let f : X — R be continuous. Then
max {f(z):2z € X} and min{f (z) : x € X} both exist.

Proof: Since f is continuous, it follows that f (X) is compact. From Theorem 3.37 f (X) is closed and
bounded. This implies it has a largest and a smallest value. This proves the corollary.

3.2 Connected sets

Stated informally, connected sets are those which are in one piece. More precisely, we give the following
definition.

Definition 3.39 We say a set, S in a general topological space is separated if there exist sets, A, B such
that

S=AUB, A\ B#0, and ANB=BnA=.
In this case, the sets A and B are said to separate S. We say a set is connected if it is not separated.
One of the most important theorems about connected sets is the following.

Theorem 3.40 Suppose U and V are connected sets having nonempty intersection. Then U UV is also
connected.

Proof: Suppose UUV = AU B where AN B = BN A= (. Consider the sets, ANU and B U U. Since

(ANU)N(BNU)=(AnU)N(BNTU) =0,

It follows one of these sets must be empty since otherwise, U would be separated. It follows that U is
contained in either A or B. Similarly, V' must be contained in either A or B. Since U and V' have nonempty
intersection, it follows that both V and U are contained in one of the sets, A, B. Therefore, the other must
be empty and this shows U U V' cannot be separated and is therefore, connected.

The intersection of connected sets is not necessarily connected as is shown by the following picture.

Theorem 3.41 Let f : X — Y be continuous where X and Y are topological spaces and X is connected.
Then f(X) is also connected.
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Proof: We show f (X) is not separated. Suppose to the contrary that f (X) = AU B where A and B
separate f (X). Then consider the sets, f~!(A) and f~1(B).If z € f~1(B), then f(2) € B and so f ()
is not a limit point of A. Therefore, there exists an open set, U containing f (z) such that U N A = ). But
then, the continuity of f implies that f~! (U) is an open set containing z such that f=1 (U)n f~1(A) = 0.
Therefore, f~! (B) contains no limit points of f~!(A). Similar reasoning implies f~! (A) contains no limit
points of f~! (B). It follows that X is separated by f~1 (A) and f~! (B), contradicting the assumption that
X was connected.

An arbitrary set can be written as a union of maximal connected sets called connected components. This
is the concept of the next definition.

Definition 3.42 Let S be a set and let p € S. Denote by C, the union of all connected subsets of S which
contain p. This is called the connected component determined by p.

Theorem 3.43 Let C), be a connected component of a set S in a general topological space. Then Cp is a
connected set and if Cp, N\ Cy # 0, then C, = Cy.

Proof: Let C denote the connected subsets of S which contain p. If C,, = AU B where
ANB=BnNnA=J,

then p is in one of A or B. Suppose without loss of generality p € A. Then every set of C must also be
contained in A also since otherwise, as in Theorem 3.40, the set would be separated. But this implies B is
empty. Therefore, C) is connected. From this, and Theorem 3.40, the second assertion of the theorem is
proved.

This shows the connected components of a set are equivalence classes and partition the set.

A set, I is an interval in R if and only if whenever z,y € I then (z,y) C I. The following theorem is
about the connected sets in R.

Theorem 3.44 A set, C in R is connected if and only if C is an interval.

Proof: Let C' be connected. If C' consists of a single point, p, there is nothing to prove. The interval is
just [p,p]. Suppose p < g and p, ¢ € C. We need to show (p,q) C C. If

e (pg\C

let CN(—o00,2) = A, and CN(z,00) = B. Then C' = AU B and the sets, A and B separate C contrary to
the assumption that C is connected.

Conversely, let I be an interval. Suppose [ is separated by A and B. Pick z € A and y € B. Suppose
without loss of generality that © < y. Now define the set,

S={telxy]: |zt CA}

and let I be the least upper bound of S. Then [ € A so | ¢ B which implies [ € A. But if [ ¢ B, then for
some ¢ > 0,

(LI+6NB=0

contradicting the definition of [ as an upper bound for S. Therefore, | € B which implies | ¢ A after all, a
contradiction. It follows I must be connected.
The following theorem is a very useful description of the open sets in R.

Theorem 3.45 Let U be an open set in R. Then there exist countably many disjoint open sets, {(a;,b;)}o;
such that U = U52, (a;, b;) .
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Proof: Let p € U and let z € (), the connected component determined by p. Since U is open, there
exists, 0 > 0 such that (z — §,2 4+ §) C U. It follows from Theorem 3.40 that

(z—0,240) C C,.

This shows C), is open. By Theorem 3.44, this shows C), is an open interval, (a,b) where a,b € [—00, 0] .
There are therefore at most countably many of these connected components because each must contain a
rational number and the rational numbers are countable. Denote by {(a;,b;)};~, the set of these connected
components. This proves the theorem.

Definition 3.46 We say a topological space, E is arcwise connected if for any two points, p,q € E, there
exists a closed interval, [a,b] and a continuous function, «y : [a,b] — E such that v (a) = p and vy (b) = q. We
say E is locally connected if it has a basis of connected open sets. We say E is locally arcwise connected if
it has a basis of arcwise connected open sets.

An example of an arcwise connected topological space would be the any subset of R™ which is the
continuous image of an interval. Locally connected is not the same as connected. A well known example is
the following.

{(x,siné) Lz e (0, 1]}U{(O,y):y€ 1,1]} (3.8)

We leave it as an exercise to verify that this set of points considered as a metric space with the metric from
R? is not locally connected or arcwise connected but is connected.

Proposition 3.47 If a topological space is arcwise connected, then it is connected.

Proof: Let X be an arcwise connected space and suppose it is separated. Then X = A U B where
A, B are two separated sets. Pick p € A and ¢ € B. Since X is given to be arcwise connected, there
must exist a continuous function v : [a,b] — X such that v (a) = p and 7 (b) = ¢. But then we would have
v ([a,b]) = (7 ([a,b]) N A)U (v ([a, b]) N B) and the two sets, v ([a,b]) N A and « ([a, b]) N B are separated thus
showing that + ([a, b]) is separated and contradicting Theorem 3.44 and Theorem 3.41. It follows that X
must be connected as claimed.

Theorem 3.48 Let U be an open subset of a locally arcwise connected topological space, X. Then U is
arcwise connected if and only if U if connected. Also the connected components of an open set in such a
space are open sets, hence arcwise connected.

Proof: By Proposition 3.47 we only need to verify that if U is connected and open in the context of this
theorem, then U is arcwise connected. Pick p € U. We will say « € U satisfies P if there exists a continuous
function, v : [a,b] — U such that vy (a) = p and v (b) = «.

A = {z € U such that z satisfies P.}

If x € A, there exists, according to the assumption that X is locally arcwise connected, an open set, V,
containing « and contained in U which is arcwise connected. Thus letting y € V, there exist intervals, [a, ]
and [e,d] and continuous functions having values in U, 7,7 such that v (a) = p,v(b) = z,n(c) = z, and
1 (d) = y. Then let v, : [a,b+ d — ¢] = U be defined as

(t) it t € [a, 1]
g <t)—{ z(t) ifte[b,b+d—d

Then it is clear that v, is a continuous function mapping p to y and showing that V' C A. Therefore, A is
open. We also know that A # () because there is an open set, V' containing p which is contained in U and is
arcwise connected.
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Now consider B = U \ A. We will verify that this is also open. If B is not open, there exists a point
z € B such that every open set conaining z is not contained in B. Therefore, letting V' be one of the basic
open sets chosen such that z € V' C U, we must have points of A contained in V. But then, a repeat of the
above argument shows z € A also. Hence B is open and so if B # (), then U = BU A and so U is separated
by the two sets, B and A contradicting the assumption that U is connected.

We need to verify the connected components are open. Let z € C), where C), is the connected component
determined by p. Then picking V an arcwise connected open set which contains z and is contained in U,
Cp UV is connected and contained in U and so it must also be contained in C),. This proves the theorem.

3.3 The Tychonoff theorem

This section might be omitted on a first reading of the book. It is on the very important theorem about
products of compact topological spaces. In order to prove this theorem we need to use a fundamental result
about partially ordered sets which we describe next.

Definition 3.49 Let F be a nonempty set. F is called a partially ordered set if there is a relation, denoted
here by <, such that

x <z foral xeF.

Ife <y andy <z thenx < z.

C C F is said to be a chain if every two elements of C are related. By this we mean that if x,y € C, then
either v < y ory < x. Sometimes we call a chain a totally ordered set. C is said to be a maximal chain if
whenever D is a chain containing C, D =C.

The most common example of a partially ordered set is the power set of a given set with C being the
relation. The following theorem is equivalent to the axiom of choice. For a discussion of this, see the appendix
on the subject.

Theorem 3.50 (Hausdorff Maximal Principle) Let F be a nonempty partially ordered set. Then there
exists a mazximal chain.

The main tool in the study of products of compact topological spaces is the Alexander subbasis theorem
which we present next.

Theorem 3.51 Let (X, 1) be a topological space and let S C 7 be a subbasis for 7. (Recall this means that
finite intersections of sets of S form a basis for 7.) Then if H C X, H is compact if and only if every open
cover of H consisting entirely of sets of S admits a finite subcover.

Proof: The only if part is obvious. To prove the other implication, first note that if every basic open
cover, an open cover composed of basic open sets, admits a finite subcover, then H is compact. Now suppose
that every subbasic open cover of H admits a finite subcover but H is not compact. This implies that there
exists a basic open cover of H, O, which admits no finite subcover. Let F be defined as

{O : O is a basic open cover of H which admits no finite subcover}.

Partially order F by set inclusion and use the Hausdorff maximal principle to obtain a maximal chain, C, of
such open covers. Let

D = UC.
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Then it follows that D is an open cover of H which is maximal with respect to the property of being a basic
open cover having no finite subcover of H. (If D admits a finite subcover, then since C is a chain and the
finite subcover has only finitely many sets, some element of C would also admit a finite subcover, contrary
to the definition of F.) Thus if D’ 2 D and D' is a basic open cover of H, then D’ has a finite subcover of
H. One of the sets of D, U, has the property that

U= ﬂ:ilBi, B, eS8

and no B; is in D. If not, we could replace each set in D with a subbasic set also in D containing it
and thereby obtain a subbasic cover which would, by assumption, admit a finite subcover, contrary to the
properties of D. Thus D U {B,} admits a finite subcover,

Vlif"avniq,ini
for each i = 1,- - -, m. Consider
{U7‘/_ji7 jzlv"'amia Z:177m}

Iftpe H\ U{Vj}, then p € B; for each ¢ and so p € U. This is therefore a finite subcover of D contradicting
the properties of D. This proves the theorem.

Let I be a set and suppose for each i € I, (X;,7;) is a nonempty topological space. The Cartesian
product of the X;, denoted by

H Xi7
iel
consists of the set of all choice functions defined on I which select a single element of each X;. Thus
fe H X;
iel
means for every i € I, f (i) € X;. The axiom of choice says [],.; X; is nonempty. Let
P;(A) =] B
il

where B; = X; if ¢ # j and B; = A. A subbasis for a topology on the product space consists of all sets
P;j (A) where A € 7;. (These sets have an open set in the j* slot and the whole space in the other slots.)
Thus a basis consists of finite intersections of these sets. It is easy to see that finite intersections do form a
basis for a topology. This topology is called the product topology and we will denote it by []7;. Next we

use the Alexander subbasis theorem to prove the Tychonoff theorem.
Theorem 3.52 If (X;7;) is compact, then so is ([[,c; Xs, [] 7).

Proof: By the Alexander subbasis theorem, we will establish compactness of the product space if we
show every subbasic open cover admits a finite subcover. Therefore, let O be a subbasic open cover of
HiEI Xz Let

0;={Qe€0:Q=P;(A) for some A € 7,}.
Let

’/TjOj = {A : Pj (A) € O]}
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If no 7;0; covers Xj, then pick

f € HXi\Uﬂ—iOi

icl

so f(j) ¢ Ur;O; and so f ¢ UO contradicting O is an open cover. Hence, for some j,

Xj = U’lTjOj
and so there exist Ay, - -, Ay, sets in 7; such that
X; CUL A

and Pj (A;) € O. Therefore, {P; (A4;)}i2, covers [[;c; Xi.

3.4 Exercises

1.

10.
11.

Prove the definition of distance in R™ or C™ satisfies (3.3)-(3.4). In addition to this, prove that |||
given by ||x|| = (31, |zi|*)*/? is a norm. This means it satisfies the following.

[|x]| >0, ||x|| =0 if and only if x = 0.
[lax|| = |a|||x]|| for @ a number.

(e + v <[Ix[| + [ly]]-

Completeness of R is an axiom. Using this, show R™ and C™ are complete metric spaces with respect
to the distance given by the usual norm.

Prove Urysohn’s lemma. A Hausdorff space, X, is normal if and only if whenever K and H are disjoint
nonempty closed sets, there exists a continuous function f : X — [0, 1] such that f(k) =0forallk € K
and f(h) =1 for all h € H.

Prove that f: X — Y is continuous if and only if f is continuous at every point of X.

Suppose (X, d), and (Y, p) are metric spaces and let f : X — Y. Show f is continuous at € X if and
only if whenever x,, — z, f (z,) — f (z). (Recall that x,, — = means that for all € > 0, there exists n.
such that d (z,,x) < € whenever n > n..)

. If (X,d) is a metric space, give an easy proof independent of Problem 3 that whenever K, H are

disjoint non empty closed sets, there exists f : X — [0,1] such that f is continuous, f(K) = {0}, and
f(H) = {1}

Let (X,7) (Y, n)be topological spaces with (X,7) compact and let f : X — Y be continuous. Show
f (X) is compact.

(An example ) Let X = [—00, 00] and consider B defined by sets of the form (a,b), [—o00,b), and (a, o0].
Show B is the basis for a topology on X.

1 Show (X, 7) defined in Problem 8 is a compact Hausdorff space.
1 Show (X, 7) defined in Problem 8 is completely separable.

1 In Problem 8, show sets of the form [—o0,b) and (a, o] form a subbasis for the topology described
in Problem 8.
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12

13.

14.

15.

16.

17.

18.

19.
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. Let (X, 7) and (Y, n) be topological spaces and let f : X — Y. Also let S be a subbasis for 7. Show
f is continuous if and only if f~1(V) € 7 for all V € 8. Thus, it suffices to check inverse images of
subbasic sets in checking for continuity.

Show the usual topology of R™ is the same as the product topology of

ﬁRERxRx-~-xR.

i=1
Do the same for C”.
If M is a separable metric space and T' C M, then T is separable also.

Prove the Heine Borel theorem as follows. First show [a,b] is compact in R. Next use Theorem 3.30
to show that T[], [a;, b;] is compact. Use this to verify that compact sets are exactly those which are
closed and bounded.

Show the rational numbers, QQ, are countable.
Verify that the set of (3.8) is connected but not locally connected or arcwise connected.
Let a be an n dimensional multi-index. This means

a=(ag, - o)

where each «; is a natural number or zero. Also, we let

n
ol =) ol
i=1

When we write x%, we mean
@y Qo

a — (e 20
x® =atay? oy

An n dimensional polynomial of degree m is a function of the form

Z dox%

la|<m

Let R be all n dimensional polynomials whose coefficients d, come from the rational numbers, Q.
Show R is countable.

Let (X, d) be a metric space where d is a bounded metric. Let C denote the collection of closed subsets
of X. For A, B € C, define

p(A,B)=inf{d >0: A; O B and B; O A}
where for a set .S,
Ss ={x : dist (x,S) =inf {d (z,s) : s € S} < 4}.

Show S5 is a closed set containing S. Also show that p is a metric on C. This is called the Hausdorff
metric.
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20. Using 19, suppose (X, d) is a compact metric space. Show (C,p) is a complete metric space. Hint:

21.

Show first that if W,, | W where W, is closed, then p (W,,W) — 0. Now let {A,} be a Cauchy
sequence in C. Then if € > 0 there exists N such that when m,n > N, then p (A,, A,,) < e. Therefore,
for each n > N,

(Ap), DU Ay
Let A=n%2, Ak By the first part, there exists Ny > N such that for n > Ny,
p (U, Ay, A) <€, and (4,), D UX, Ay
Therefore, for such n, Ac > W,, 2 A,, and (W,,), 2 (A4,). 2 A because

(A,), DU Ap D A

In the situation of the last two problems, let X be a compact metric space. Show (C, p) is compact.
Hint: Let D, be a 27" net for X. Let K,, denote finite unions of sets of the form B (p,2~™) where
p € D,,. Show K,, is a 27~V net for (C, p).
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Spaces of Continuous Functions

This chapter deals with vector spaces whose vectors are continuous functions.

4.1 Compactness in spaces of continuous functions

Let (X, 7) be a compact space and let C (X;R™) denote the space of continuous R™ valued functions. For
feC(X;R") let

[ Flloc = sup{[f (z) ] : 2 € X}

where the norm in the parenthesis refers to the usual norm in R"™.
The following proposition shows that C' (X;R"™) is an example of a Banach space.

Proposition 4.1 (C(X;R"),|| ||s) @ a Banach space.

Proof: It is obvious || ||« is a norm because (X, 7) is compact. Also it is clear that C' (X;R™) is a linear
space. Suppose {f,} is a Cauchy sequence in C (X;R™). Then for each z € X, {f, ()} is a Cauchy sequence
in R™. Let

f (@)= lim fi (2).
Therefore,

sup |f () = fu ()| = sup lim |fp (2) = fi (2) |

reX reX M—0
<lim sup ||fm — frlleo <€
m—0o0

for all k large enough. Thus,

lim sup |f (z) = fi (x) [ = 0.

k—oozex

It only remains to show that f is continuous. Let

sup [ f (z) = fi (z) | < €/3

zeX

whenever k > kg and pick k& > kg.

lf@) = fWl < 1f@)—fu@)|+1f@) = fe @)+ 1f @) = f©)]
< 2¢/3+4[fx(x) = fu (y)]

61
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Now f, is continuous and so there exists U an open set containing x such that if y € U, then

[ () = fi (y) | < €/3.

Thus, for all y € U, |f () — f (y) | < € and this shows that f is continuous and proves the proposition.

This space is a normed linear space and so it is a metric space with the distance given by d(f,g) =
I|f — gl|. - The next task is to find the compact subsets of this metric space. We know these are the subsets
which are complete and totally bounded by Proposition 3.35, but which sets are those? We need another way
to identify them which is more convenient. This is the extremely important Ascoli Arzela theorem which is
the next big theorem.

Definition 4.2 We say F C C (X;R"™) is equicontinuous at xq if for all € > 0 there exists U € 7, xg € U,
such that if x € U, then for oll f € F,

[f (@) = f(zo) | <e

If F is equicontinuous at every point of X, we say F is equicontinuous. We say F is bounded if there exists
a constant, M, such that ||f||co < M for all f € F.

Lemma 4.3 Let F C C (X;R"™) be equicontinuous and bounded and let € > 0 be given. Then if {f.} C F,
there exists a subsequence {gy}, depending on €, such that

Hgk _gmHoo <e€

whenever k,m are large enough.

Proof: If x € X there exists an open set U, containing = such that for all f € F and y € U,,

[f () = f(y)| <e/4 (4.1)

Since X is compact, finitely many of these sets, Us,,- - -,Us,, cover X. Let {fix} be a subsequence of
{fr} such that {fix (z1)} converges. Such a subsequence exists because F is bounded. Let {far} be a
subsequence of {fi;} such that {for (z;)} converges for i = 1,2. Continue in this way and let {gi} = {fpr}-
Thus {gx (z;)} converges for each x;. Therefore, if € > 0 is given, there exists m, such that for k,m > m.,

€

max {|gx (i) — gm (v:)| :i=1,---,p} < 5

Now if y € X, then y € U,, for some x;. Denote this 2; by z,. Now let y € X and k,m > m.. Then by
(4.1),

|9k (4) = gm (W) < |9k () = gk (2y)] + 9k (2y) = gm ()] + [gm (2y) = gm ()]

€ . €
< max{lgn (20) = gm (@) i = 1,0 ph+ <.

It follows that for such k,m,
lgr = gmlloo <€

and this proves the lemma.

Theorem 4.4 (Ascoli Arzela) Let F CC (X;R™). Then F is compact if and only if F is closed, bounded,
and equicontinuous.
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Proof: Suppose F is closed, bounded, and equicontinuous. We will show this implies F is totally
bounded. Then since F is closed, it follows that F is complete and will therefore be compact by Proposition
3.35. Suppose F is not totally bounded. Then there exists € > 0 such that there is no € net. Hence there
exists a sequence {fr} C F such that

[|fe — fill > €

for all &k # [. This contradicts Lemma 4.3. Thus F must be totally bounded and this proves half of the
theorem.

Now suppose F is compact. Then it must be closed and totally bounded. This implies F is bounded.
It remains to show F is equicontinuous. Suppose not. Then there exists x € X such that F is not
equicontinuous at x. Thus there exists € > 0 such that for every open U containing x, there exists f € F
such that |f () — f (y)| > € for some y € U.

Let {hq,---,hp} be an €/4 net for F. For each z, let U, be an open set containing z such that for all
y €U,

|hi (2) = hi (y)| < €/8

foralli =1,---,p. Let Uy, -+, Uy, cover X. Then x € U,, for some z; and so, for some y € U,, there exists
f € Fsuch that |f (z) — f (y)| > €. Since {hy, -+, hp} is an €/4 net, it follows that for some j, || f — h;]| < &
and so

e<|f (@)= fWI<If (@) = hy @)+ |h; (x) = hy (y)| +
lhi (y) — f (W) < €/2+ |hj (x) — hy ()| < €/2+

|hj (@) = hy (z:)] + |y (x:) = hy (y)] < 3e/4,

a contradiction. This proves the theorem.

4.2 Stone Weierstrass theorem

In this section we give a proof of the important approximation theorem of Weierstrass and its generalization
by Stone. This theorem is about approximating an arbitrary continuous function uniformly by a polynomial
or some other such function.

Definition 4.5 We say A is an algebra of functions if A is a vector space and if whenever f, g € A then
fge A.

We will assume that the field of scalars is R in this section unless otherwise indicated. The approach
to the Stone Weierstrass depends on the following estimate which may look familiar to someone who has
taken a probability class. The left side of the following estimate is the variance of a binomial distribution.
However, it is not necessary to know anything about probability to follow the proof below although what is
being done is an application of the moment generating function technique to find the variance.

Lemma 4.6 The following estimate holds for x € [0, 1].

zn: (Z) (k —nz)’z* (1 —2)" ™% < 2n

k=0
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Proof: By the Binomial theorem,

e k
S (3) ) 0 ey = ()"
k=0

Differentiating both sides with respect to ¢ and then evaluating at ¢t = 0 yields

n

3 (Z) k(1 — 2)" % = na.

k=0

Now doing two derivatives with respect to t yields

Z (Z) k? (etz)k (1-2)""=nm-1) (1-z+ 6%)”72 e?tg?

k=0
t

+n(l—z+ eta:)n_l ze'.

Evaluating this at ¢t = 0,

Therefore,

n(n—1)2% + nx — 2n%z? + n2?

>

k=0

<Z) (k —nz)’a® (1 —z)" "
= n(x—a;Z) < 2n.

This proves the lemma.

Definition 4.7 Let f € C([0,1]). Then the following polynomials are known as the Bernstein polynomials.

Pa (@) = Z (Z)f <%) 2 (1—a)" "

k=0

Theorem 4.8 Let f € C(]0,1]) and let p,, be given in Definition 4.7. Then
lim ||f —pnll, =0.
n—oo

Proof: Since f is continuous on the compact [0, 1], it follows f is uniformly continuous there and so if
€ > 0 is given, there exists § > 0 such that if

|y - l‘| S 6,
then

[f () = f(y) <e/2.

By the Binomial theorem,
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and so

(1 —z)" "

e - s 3 (1)) (5) -1

=20

|k/n—z|>8

> (Z) d (S) — f@)| et (12" "

|k/n—z|<d

< el Y (Z)xm_x)n—k

(k—nz)?>n24§2

IN

2||fllee N~ (7 n—k
1257 Z i (k—nz)’a® (1 —2)" " 4 ¢/2.
k=0
By the lemma,

41111
< X +e/2<e€
) /

whenever n is large enough. This proves the theorem.
The next corollary is called the Weierstrass approximation theorem.

Corollary 4.9 The polynomials are dense in C ([a,b]).

Proof: Let f € C ([a,b]) and let h : [0, 1] — [a,b] be linear and onto. Then f o h is a continuous function
defined on [0, 1] and so there exists a polynomial, p,, such that

[f (R (1) = pn (t)] <€
for all ¢ € [0,1]. Therefore for all z € [a, b],
|f () = pp (R (x))‘ <e.

Since h is linear p,, o h~! is a polynomial. This proves the theorem.

The next result is the key to the profound generalization of the Weierstrass theorem due to Stone in
which an interval will be replaced by a compact or locally compact set and polynomials will be replaced with
elements of an algebra satisfying certain axioms.

Corollary 4.10 On the interval [—M, M], there exist polynomials p,, such that

pn(0) =0

and

i lp, — [l = 0.
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Proof: Let p,, — |-| uniformly and let
Pn = ﬁn - ﬁn (O)

This proves the corollary.

The following generalization is known as the Stone Weierstrass approximation theorem. First, we say
an algebra of functions, A defined on A, annihilates no point of A if for all z € A, there exists g € A such
that g (z) # 0. We say the algebra separates points if whenever x; # o, then there exists g € A such that

g (z1) # g (w2).

Theorem 4.11 Let A be a compact topological space and let A C C (A;R) be an algebra of functions which
separates points and annihilates no point. Then A is dense in C (A4;R).

Proof: We begin by proving a simple lemma.

Lemma 4.12 Let ¢; and co be two real numbers and let x1 # xo be two points of A. Then there exists a
function fy, 2, such that

fw1I2 (.’L']_) = (1, fw1w2 (.’172) = C2.

Proof of the lemma: Let g € A satisfy
g (z1) # g (2).

Such a g exists because the algebra separates points. Since the algebra annihilates no point, there exist
functions h and k such that

Ba1) £0, K (22) £0.
Then let
u=gh—g(z2)h, v=gk—g(x1)k.

It follows that u (x1) # 0 and u (z2) = 0 while v (z2) # 0 and v (z1) = 0. Let

cC1u + CoU
u(zy) v(r)

fxlxg =

This proves the lemma. Now we continue with the proof of the theorem. -
First note that A satisfies the same axioms as A but in addition to these axioms, A is closed. Suppose
f € A and suppose M is large enough that

/]l < M.
Using Corollary 4.10, let p,, be a sequence of polynomials such that
lpn = [lllc = 0, Pn (0) = 0.
It follows that p, o f € A and so |f| € A whenever f € A. Also note that

max(f,g): |f_g|_;(f+g)

(f+9) —If -yl
5 .

min (f, g) =
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Therefore, this shows that if f,g € A then
max (f,g), min(f,g) € A.
By induction, if f;,i =1,2,---,m are in A then
max (fi,i=1,2,---,m), min(f;,i=1,2,---,m) € A

Now let h € C'(A;R) and use Lemma 4.12 to obtain f,, a function of A which agrees with h at z and
y. Let € > 0 and let © € A. Then there exists an open set U (y) containing y such that

foy (2) > h(2) —e if z€ U(y)
Since A is compact, let U (y1),- - -, U (y;) cover A. Let
Jo =max (fay,, faysr - foy)-
Then f, € A and
fo(2) > h(z) —e

for all z € A and f, () = h(z). Then for each € A there exists an open set V (z) containing x such that
for z € V (),

fo(2) <h(z)+e

Let V (z1),- -+, V (zm) cover A and let
f=min(for, -, fo,)-

Therefore,

f(z)<h(z)+e
for all z € A and since each

fo (2) > h(2) = ¢,
it follows

f(z)>h(z) €
also and so

If(z) =h(z)] <e€

for all z. Since € is arbitrary, this shows h € A and proves A = C (4;R). This proves the theorem.

4.3 Exercises

1. Let (X,7),(Y,n) be topological spaces and let A C X be compact. Then if f: X — Y is continuous,
show that f (A) is also compact.

2. T In the context of Problem 1, suppose R = Y where the usual topology is placed on R. Show f
achieves its maximum and minimum on A.
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3. Let V be an open set in R™. Show there is an increasing sequence of compact sets, K,,, such that

V =U_ K. Hint: Let

Cpn = {x e R" : dist (x,VC) > 1}
m

where

dist (x,5) = inf {|y — x| such that y € S}.

Consider K,,, = C,,, N B (0,m).

. Let B (X;R"™) be the space of functions f, mapping X to R™ such that

sup{|f (x)| : x € X} < 0.
Show B (X;R"™) is a complete normed linear space if

[If]] = sup{|f (x)| : x € X}.

. Let @ € [0,1]. We define, for X a compact subset of RP,

C(XGR™) = {f € C(X5R") = p,, (F) + [[f]| = [IF]], < 00}

where
[If]| = sup{|f (x)| : x € X}
and
f(x)—f
pe (€)= sup{ L =IO ey x oz,
x -yl
Show that (C* (X;R"™),||-]|,,) is a complete normed linear space.

. Let {£,}52, C C*(X;R"™) where X is a compact subset of R? and suppose

[I£allo < M

for all n. Show there exists a subsequence, ny, such that f,,, converges in C (X;R™). We say the
given sequence is precompact when this happens. (This also shows the embedding of C* (X;R") into
C (X;R") is a compact embedding.)

. Let f :R x R™ — R"” be continuous and bounded and let xq € R™. If

x:[0,7] — R"
and h > 0, let

(): XQifSSI’L,
ThXE)= x(s—h), if s > h.

For t € [0,T], let

xp (t) = x0 + /0 f (s, Thxp (5))ds.
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10.

Show using the Ascoli Arzela theorem that there exists a sequence h — 0 such that
Xp — X

in C ([0,T];R™). Next argue

t
x (t) = xo —I—/ f(s,x(s))ds
0
and conclude the following theorem. If f :R x R™ — R" is continuous and bounded, and if xg € R" is

given, there exists a solution to the following initial value problem.

x = f(t,x), t€]0,7T)
x(0) = xo.

This is the Peano existence theorem for ordinary differential equations.

Show the set of polynomials R described in Problem 18 of Chapter 3 is dense in the space C (A;R)
when A is a compact subset of R™. Conclude from this other problem that C (A4;R) is separable.

Let H and K be disjoint closed sets in a metric space, (X, d), and let

2 1
=-h(x)— <
9(2)= 2h(@) 5
where
dist (x, H)

h(x)=

dist (x, H) + dist (v, K)

Show g (z) € [f%, %] for all x € X, ¢ is continuous, and g equals %1 on H while g equals % on K. Is

it necessary to be in a metric space to do this?

1 Suppose M is a closed set in X where X is the metric space of problem 9 and suppose f : M — [—1,1]
is continuous. Show there exists g : X — [—1,1] such that g is continuous and g = f on M. Hint:
Show there exists

neC). me| Gyl

and |f (z) — g1 ()| < 2 for all z € H. To do this, consider the disjoint closed sets

= (23] = ()

and use Problem 9 if the two sets are nonempty. When this has been done, let

3

S (@) -1 (@)

play the role of f and let go be like g;. Obtain

and consider
[e%e] 9 i—1
g (x) EZ (5) gi ().

i=1

Is it necessary to be in a metric space to do this?
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11.

12.

13.

14.

15.

16.

17.

SPACES OF CONTINUOUS FUNCTIONS

1 Let M be a closed set in a metric space (X, d) and suppose f € C (M). Show there exists g € C (X)
such that g (z) = f (z) for all z € M and if f (M) C [a,b], then g (X) C [a,b]. This is a version of the

Tietze extension theorem. Is it necessary to be in a metric space for this to work?

Let X be a compact topological space and suppose {f,} is a sequence of functions continuous on X
having values in R™. Show there exists a countable dense subset of X, {z;} and a subsequence of {f,},
{fn.}, such that {f,, (z;)} converges for each z;. Hint: First get a subsequence which converges at
x1, then a subsequence of this subsequence which converges at xo and a subsequence of this one which
converges at x3 and so forth. Thus the second of these subsequences converges at both x; and zo
while the third converges at these two points and also at x3 and so forth. List them so the second
is under the first and the third is under the second and so forth thus obtaining an infinite matrix of
entries. Now consider the diagonal sequence and argue it is ultimately a subsequence of every one of
these subsequences described earlier and so it must converge at each z;. This procedure is called the
Cantor diagonal process.

T Use the Cantor diagonal process to give a different proof of the Ascoli Arzela theorem than that
presented in this chapter. Hint: Start with a sequence of functions in C' (X;R™) and use the Cantor
diagonal process to produce a subsequence which converges at each point of a countable dense subset
of X. Then show this sequence is a Cauchy sequence in C' (X;R").

What about the case where Cy (X) consists of complex valued functions and the field of scalars is C
rather than R? In this case, suppose A is an algebra of functions in Cp (X) which separates the points,
annihilates no point, and has the property that if f € A, then f € A. Show that A is dense in Cj (X).
Hint: Let ReA={Ref: fe A}, ImA={Imf: f € A}. Show A=ReA+ilmA=ImA+iReA
Then argue that both Re. A and Im A are real algebras which annihilate no point of X and separate
the points of X. Apply the Stone Weierstrass theorem to approximate Re f and Im f with functions
from these real algebras.

Let (X, d) be a metric space where d is a bounded metric. Let C denote the collection of closed subsets
of X. For A, B € C, define

p(A,B)=inf{6 >0: A; D B and Bs D A}
where for a set .S,
Ss ={x : dist (x,S) =inf {d (z,s) : s € S} < d}.

Show x — dist (x,S) is continuous and that therefore, Sj is a closed set containing S. Also show that
p is a metric on C. This is called the Hausdorff metric.

ISuppose (X, d) is a compact metric space. Show (C, p) is a complete metric space. Hint: Show first
that if W,, | W where W,, is closed, then p (W,, W) — 0. Now let {4, } be a Cauchy sequence in
C. Then if € > 0 there exists N such that when m,n > N, then p (A, A;) < e. Therefore, for each
n > N,
(An)e :_)UZo:nAk.

Let A =nN%2,U  Aj. By the first part, there exists N; > N such that for n > Ny,

p (U,;“;nAk,A) <€, and (A4,), DU, A
Therefore, for such n, Ac 2 W,, 2 A,, and (W,,), 2 (4,), 2 A because

(An), D2 UX, A, D A.

1 Let X be a compact metric space. Show (C, p) is compact. Hint: Let D, be a 27" net for X. Let K,
denote finite unions of sets of the form B (p,2~") where p € D,,. Show I, is a 2= (n=1) net for (C,p).



Abstract measure and Integration

5.1 o Algebras

This chapter is on the basics of measure theory and integration. A measure is a real valued mapping from
some subset of the power set of a given set which has values in [0, 00]. We will see that many apparently
different things can be considered as measures and also that whenever we are in such a measure space defined
below, there is an integral defined. By discussing this in terms of axioms and in a very abstract setting,
we unify many topics into one general theory. For example, it will turn out that sums are included as an
integral of this sort. So is the usual integral as well as things which are often thought of as being in between
sums and integrals.
Let Q be a set and let F be a collection of subsets of €2 satisfying

beF, Qe F, (5.1)
E € F implies EC = Q\ E € F,

If {E£,}%2, C F, then UX, E, € F. (5.2)
Definition 5.1 A collection of subsets of a set, Q, satisfying Formulas (5.1)-(5.2) is called a o algebra.

As an example, let 2 be any set and let F = P(), the set of all subsets of ) (power set). This obviously
satisfies Formulas (5.1)-(5.2).

Lemma 5.2 Let C be a set whose elements are o algebras of subsets of Q2. Then NC is a o algebra also.

Example 5.3 Let 7 denote the collection of all open sets in R™and let o (1) = intersection of all o algebras
that contain 7. o (1) is called the o algebra of Borel sets .

This is a very important o algebra and it will be referred to frequently as the Borel sets. Attempts to
describe a typical Borel set are more trouble than they are worth and it is not easy to do so. Rather, one
uses the definition just given in the example. Note, however, that all countable intersections of open sets
and countable unions of closed sets are Borel sets. Such sets are called G§ and F, respectively.

5.2 Monotone classes and algebras

Definition 5.4 A is said to be an algebra of subsets of a set, Z if Z € A,0 € A, and when E,F € A, EUF
and E\ F are both in A.

It is important to note that if A4 is an algebra, then it is also closed under finite intersections. Thus,
ENF = (ECUF°Y € Abecause E€ = Z\ E € A and similarly F¢ € A.

71
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Definition 5.5 M C P(Z) is called a monotone class if
a.) - -E, D Eu41-, E=N0L,E,, and E,, € M, then E € M.
b.) - -E,CEny1-+, E=US,E,, and E, € M, then E € M.
(In simpler notation, E, | E and E,, € M implies E € M. E, T E and E,, € M implies E € M.)

How can we easily identify algebras? The following lemma is useful for this problem.

Lemma 5.6 Suppose that R and £ are subsets of P(Z) such that £ is defined as the set of all finite disjoint
unions of sets of R. Suppose also that

0,.ZcR
AN B € R whenever A,B € R,

A\ B € & whenever A,B € R.
Then & is an algebra of sets of Z.

Proof: Note first that if A € R, then A® € £ because A® = Z\ A. Now suppose that Ejand Ej are in
g,

E = U?;lRi, By = U?:le
where the R; are disjoint sets in R and the R; are disjoint sets in R. Then
EiNE; = U:-il U?:l R; N Rj

which is clearly an element of £ because no two of the sets in the union can intersect and by assumption
they are all in R. Thus finite intersections of sets of £ are in €. If £ = U} R;

E® =N, RY = finite intersection of sets of &
which was just shown to be in £. Thus if E1, Fs € &,
E\\Ey,=E NESc&
and
EiUEy,=(E1\E;)UEy, €&
from the definition of £. This proves the lemma.

Corollary 5.7 Let (Z1,R1,€1) and (Z3,R2,E2) be as described in Lemma 5.6. Then (Z1 X Za, R,E) also
satisfies the conditions of Lemma 5.6 if R is defined as

RE{Rl X Ry : R; ERZ'}
and
E ={ finite disjoint unions of sets of R}.

Consequently, € is an algebra of sets.
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Proof: It is clear (), Z; x Z; € R. Let R} x R} and R? x R3 be two elements of R.
RIXRINRIXxR:=RINR?xRINR2cR
by assumption.

R} x Ry \ (R} x R3) =
R} x (Ry\ R3) U (R \ RY) x (R5 N Ry)

:R%XAQUAlxRQ

where Ay € &5, A1 € &1, and Ry € Rs.

R;

Ry

Since the two sets in the above expression on the right do not intersect, and each A; is a finite union
of disjoint elements of R;, it follows the above expression is in €. This proves the corollary. The following
example will be referred to frequently.

Example 5.8 Consider for R, sets of the form I = (a,b] N (—o00,00) where a € [—00, 0] and b € [—00, x0].

Then, clearly, 0, (—o0,00) € R and it is not hard to see that all conditions for Corollary 5.7 are satisfied.
Applying this corollary repeatedly, we find that for

RE{ﬁIi I = (ag, b N (—oo,oo)}

and & is defined as finite disjoint unions of sets of R,
(R",R,E)

satisfies the conditions of Corollary 5.7 and in particular £ is an algebra of sets of R™. It is clear that the
same would hold if I were of the form [a,b) N (—o0, 0).

Theorem 5.9 (Monotone Class theorem) Let A be an algebra of subsets of Z and let M be a monotone
class containing A. Then M 2D o(A), the smallest o-algebra containing A.

Proof: We may assume M is the smallest monotone class containing A. Such a smallest monotone class
exists because the intersection of monotone classes containing .4 is a monotone class containing 4. We show
that M is a o-algebra. It will then follow M D o(A). For A € A, define

My = {B € M such that AUB € M}.

Clearly M4 is a monotone class containing A. Hence M4 = M because M is the smallest such monotone
class. This shows that AU B € M whenever A € A and B € M. Now pick B € M and define

Mg ={D € M such that DU B € M}.



74 ABSTRACT MEASURE AND INTEGRATION

We just showed A C Mp. It is clear that Mpis a monotone class. Thus Mp = M and it follows that
DUB € M whenever D € M and B € M.
A similar argument shows that D\ B € M whenever D, B € M. (For A € A, let

My ={B € M such that B\ A and A\ B € M}.

Argue M4 is a monotone class containing A, etc.)

Thus M is both a monotone class and an algebra. Hence, if E € M then Z \ E € M. We want to show
M is a o-algebra. But if E; € M and F,, = U}, E;, then F,, € M and F,, T U2, E;. Since M is a monotone
class, U, E; € M and so M is a g-algebra. This proves the theorem.

Definition 5.10 Let F be a o algebra of sets of Q and let pn: F — [0,00]. We call p a measure if
p(lJ B =D wE) (5.3)
i=1 i=1

whenever the E; are disjoint sets of F. The triple, (,F, ) is called a measure space and the elements of
F are called the measurable sets. We say (0, F, i) is a finite measure space when p (Q) < co.

Theorem 5.11 Let {E,;,}>>_, be a sequence of measurable sets in a measure space (Q, F, ). Then if
By CEpy1 © Epga ©- -y

p(UZ Ei) = lim p(En) (5.4)
and if -+ B, D Epy1 2 Epyo 2 -+ and u(Eq) < oo, then
p(NZ1 Ei) = lim p(Er). (5.5)

Proof: First note that N2, E; = (U2, ES)C € Fso N2, E; is measurable. To show (5.4), note that
(5.4) is obviously true if pu(E)) = oo for any k. Therefore, assume pu(Ejy) < oo for all k. Thus

(W(Ery1 \ Ex) = p(Ert1) — p(Eg).
Hence by (5.3),

oo

(U2 By) = p(Ey) + Y p(Ergr \ Ex) = p(Er)
k=1

3 i(Brg) — ulEx)
k=1

= u(By) + lim Y p(Bs) = p(Br) = lim p(Epp).
k=1

This shows part (5.4). To verify (5.5), since u(Eq) < oo,

u(Er) — p(N32 Er) = p(By \ 4 Ey) = T (Br \ iy )

= p(Er) = lim p(Nis, Bi) = p(Br) — lim p(Ey),

n—oo

where the second equality follows from part (5.4). Hence
nh_{go w(En) = p(N2, E;).

This proves the theorem.
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Definition 5.12 Let (2, F, 1) be a measure space and let (X, T) be a topological space. A function f : Q@ — X

is said to be measurable if f~2(U) € F whenever U € 7. (Inverse images of open sets are measurable.)
Note the analogy with a continuous function for which inverse images of open sets are open.

Definition 5.13 Let {a,}52, C X, (X, 7) where X and T are described above. Then

lim a, =a
n—oo

means that whenever a € U € T, there exists ng such that if n > ng, then a,, € U. (Every open set containing
a also contains a, for all but finitely many values of n.) Note this agrees with the definition given earlier
for R? and C while also giving a definition of what is meant for convergence in general topological spaces.

Recall that (X, 7) has a countable basis if there is a countable subset of 7, B, such that every set of 7
is the union of sets of B. We observe that for X given as either R, C, or [0, 00] with the definition of 7
described earlier (a subbasis for the topology of [0, o] is sets of the form [0, ) and sets of the form (b, o0]),
the following hold.

(X, 7) has a countable basis, 5. (5.6)

Whenever U € B, there exists a sequence of open sets, {V;,,}5°_;, such that
Vi CV CVn € U= | Vi (5.7)
m=1

Recall S is defined as the union of the set S with all its limit points.

Theorem 5.14 Let f, and f be functions mapping Q to X where F is a o algebra of measurable sets
of Q and (X, 1) is a topological space satisfying Formulas (5.6) - (5.7). Then if f, is measurable, and
fw) = limy, oo fr(w), it follows that f is also measurable. (Pointwise limits of measurable functions are
measurable.)

Proof: Let B be the countable basis of (5.6) and let U € B. Let {V,,} be the sequence of (5.7). Since
f is the pointwise limit of f,,

Y (V) CH{w : fr(w) € Vi for all k large enough} C f~1(V,,).
Therefore,

fﬁl(U) = U?r?:lfil(‘/m) g U?r?:l U'rozo:l mzoznfk_l(‘/nb)

- U%Ozlfil(vm) = fﬁl(U)-

It follows f~(U) € F because it equals the expression in the middle which is measurable. Now let W € 7.
Since B is countable, W = U2, U, for some sets U,, € 3. Hence

FHW) =0 fH(Ua) € F.
This proves the theorem.

Example 5.15 Let X = [—o00,00] and let a basis for a topology, T, be sets of the form [—o00,a), (a,b), and
(a,00]. Then it is clear that (X, T) satisfies Formulas (5.6) - (5.7) with a countable basis, B, given by sets
of this form but with a and b rational.
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Definition 5.16 Let f,, : Q@ — [—00, 00].

lim sup fn(w) = lim (sup{fi(w): k= n}). (5.8)
lim nlggo fu(w) = nli_)rr;o(inf{fk(w) ck>n}). (5.9)

Note that in [—oo, o] with the topology just described, every increasing sequence converges and every
decreasing sequence converges. This follows from Definition 5.13. Also, if

Ay (w) =inf{fr(w) : k > n}, By (w) =sup{fr(w): k>n}.

It is clear that B, (w) is decreasing while A, (w) is increasing. Therefore, Formulas (5.8) and (5.9) always
make sense unlike the limit.

Lemma 5.17 Let f: Q — [—o00,00] where F is a o algebra of subsets of Q. Then f is measurable if any of
the following hold.

F7H(d, <)) € F for all finite d,
fH[~o0,c)) € F for all finite c,
f~([d, o0]) € F for all finite d,

I H([~o0,d]) € F for all finite c.
Proof: First note that the first and the third are equivalent. To see this, note
FH([d, 00]) = Moy f7H((d — 1/n, 00)),

F7H(d, o0]) = UpZy fH([d + 1/n, 00)).
Similarly, the second and fourth conditions are equivalent.
FH([=00,d) = (M (e, 00]))”

so the first and fourth conditions are equivalent. Thus all four conditions are equivalent and if any of them
hold,

7 (@,b)) = 7 ([=00,0)) N f 7 ((a, o0]) € F.

Thus f~!(B) € F whenever B is a basic open set described in Example 5.15. Since every open set can be
obtained as a countable union of these basic open sets, it follows that if any of the four conditions hold, then
f is measurable. This proves the lemma.

Theorem 5.18 Let f,, : Q — [—00,00] be measurable with respect to a o algebra, F, of subsets of ). Then
lim sup,, o fn and liminf, .. f, are measurable.

Proof: Let g,(w) = sup{fi(w) : k > n}. Then
g ((e,00]) = L, f (e, o)) € F.
Therefore g, is measurable.

lim sup fp(w)= lim g,(w)

n—00 n— oo

and so by Theorem 5.14 lim sup,, , .. fn is measurable. Similar reasoning shows liminf,, . f, is measurable.
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Theorem 5.19 Let f;,i =1,---,n be a measurable function mapping  to the topological space (X, 7) and
suppose that T has a countable basis, B. Then f = (f1--- fu)T is a measurable function from  to [T, X.
(Here it is understood that the topology of H;LZIX is the standard product topology and that F is the o
algebra of measurable subsets of §).)

Proof: First we observe that sets of the form H?:1 B;, B; € B form a countable basis for the product
topology. Now

n

fil(H Bi) =L fi H(By) € F.

i=1
Since every open set is a countable union of these sets, it follows f~1(U) € F for all open U.

Theorem 5.20 Let (2, F) be a measure space and let f;,i =1, -, n be measurable functions mapping Q to
(X, 7), a topological space with a countable basis. Let g : [[;_; X — X be continuous and let £ = (f1--- fn)T.
Then g of is a measurable function.

Proof: Let U be open.
(gof) Y (U)=£"1(g 1 (U)) = f*(open set) € F
by Theorem 5.19.

Example 5.21 Let X = (—oo, 0] with a basis for the topology given by sets of the form (a,b) and (¢, ], a, b, ¢
rational numbers. Let + : X x X — X be given by +(x,y) = x +y. Then + is continuous; so if f, g are
measurable functions mapping Q to X, we may conclude by Theorem 5.20 that f + g is also measurable.
Also, if a,b are positive real numbers and l(x,y) = ax + by, then | : X x X — X is continuous and so
I(f,g9) = af + bg is measurable.

Note that the basis given in this example provides the usual notions of convergence in (-00, oc]. Theorems
5.19 and 5.20 imply that under appropriate conditions, sums, products, and, more generally, continuous
functions of measurable functions are measurable. The following is also interesting.

Theorem 5.22 Let f: Q — X be measurable. Then f~1(B) € F for every Borel set, B, of (X, 7).

Proof: Let S = {B C Xsuch that f~1(B) € F}. S contains all open sets. It is also clear that S is
a oalgebra. Hence S contains the Borel sets because the Borel sets are defined as the intersection of all
calgebras containing the open sets.

The following theorem is often very useful when dealing with sequences of measurable functions.

Theorem 5.23 (Egoroff) Let (Q,F, 1) be a finite measure space
(1(€2) < 0)

and let f, f be complex valued measurable functions such that

for allw ¢ E where u(E) = 0. Then for every € > 0, there exists a set,
FOE, uF)<e,

such that f, converges uniformly to f on FC.
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Proof: Let Ej,, = {w € EY : |f,(w) — f(w)| > 1/m for some n > k}. By Theorems 5.19 and 5.20,
{we B |fulw) — f(w)] = 1/m}
is measurable. Hence FE},, is measurable because
Bt = Ui {w € EC : [fulw) - F(@)] = 1/m}.
For fixed m, N | Ey,, = 0 and so it has measure 0. Note also that
Erm 2 Er1ym-
Since p(E1m) < 00,
0= p(MFZ1 Bem) = Hm p(Epm)

by Theorem 5.11. Let k(m) be chosen such that pi(Eg(m)m) < €27™. Let

F=EU | Exmm-

m=1

Then u(F) < € because

p(F) < p(E)+ > p(Ergmym)-

m=1

Now let n > 0 be given and pick mg such that mal <n.Ifwe€ FY, then

w e ﬁ E,?(m)m.

m=1

Hence w € Ekc( SO

mo)mo

[fn(w) = fW)] <1/mo <7

for all n > k(mg). This holds for all w € F®and so f,, converges uniformly to f on F¢. This proves the
theorem.

We conclude this chapter with a comment about notation. We say that something happens for i a.e. w and
say p almost everywhere if there exists a set F with p(E) = 0 and the thing takes place for all w ¢ E. Thus
fw) = g(w) a.e. if f(w) = g(w) for all w ¢ E where u(E) = 0.

We also say a measure space, (€2, F, p) is o finite if there exist measurable sets, §2,, such that u (Q,,) < oo
and = U2, Q,,.

5.3 Exercises

1. Let @ = N={1,2,---}. Let F =P(N) and let u(S) = number of elements in S. Thus p({1}) =1 =
w({2}), p({1,2}) =2, etc. Show (2, F, u) is a measure space. It is called counting measure.

2. Let  be any uncountable set and let F = {A C Q : either A or A® is countable}. Let u(A) =1 if A
is uncountable and p(A) = 0 if A is countable. Show (€2, F, i) is a measure space.

3. Let F be a o algebra of subsets of ) and suppose F has infinitely many elements. Show that F is
uncountable.
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4.
9.

6.

Prove Lemma 5.2.

We say ¢ is Borel measurable if whenever U is open, g~ (U) is Borel. Let f: Q — X andlet g: X — Y
where X, Y are topological spaces and F is a ¢ algebra of sets of 2. Suppose f is measurable and g is
Borel measurable. Show g o f is measurable.

Let (Q2,F) be a measure space and suppose f : 2 — C. Show f is measurable if and only if Re f and
Im f are measurable real-valued functions.

7. Let (Q, F, 1) be a measure space. Define i : P(2) — [0, c0] by

10.

(A) =inf{u(B): B2 A, Be F}.
Show [ satisfies
i) =0, if AC B, fi(A) < A(B), AU, 4:) <Y H(A).
i=1
If 7 satisfies these conditions, it is called an outer measure. This shows every measure determines an

outer measure on the power set.

Let {E;} be a sequence of measurable sets with the property that

Let S = {w € Q such that w € E; for infinitely many values of ¢}. Show p(S) = 0 and S is measurable.
This is part of the Borel Cantelli lemma.

1 Let f,, f be measurable functions with values in C. We say that f,, converges in measure if

lim p(z € Q:|f(z) = fu(z)] =) =0

n—oo

for each fixed € > 0. Prove the theorem of F. Riesz. If f,, converges to f in measure, then there exists
a subsequence { f,,, } which converges to f a.e. Hint: Choose n; such that

pe: [f(2) = fo, ()] 2 1) <1/2.

Choose ny > nq such that

o |f(2) = fuo (@) > 1/2) < 1/27

n3 > no such that

pla s [f(x) = fas(2)] 2 1/3) < 1/2°
etc. Now consider what it means for f,, (z) to fail to converge to f(z). Then remember Problem 8.

Let C = {El}fil be a countable collection of sets and let ; = U2, E;. Show there exists an algebra
of sets, A, such that A O C and A is countable. Hint: Let C; denote all finite unions of sets of C and
Q. Thus C; is countable. Now let By denote all complements with respect to €21 of sets of C;. Let Cs
denote all finite unions of sets of B; U C;. Continue in this way, obtaining an increasing sequence C,,,
each of which is countable. Let
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5.4 The Abstract Lebesgue Integral

In this section we develop the Lebesgue integral and present some of its most important properties. In all
that follows p will be a measure defined on a o algebra F of subsets of 2. We always define 0- 0o = 0. This
may seem somewhat arbitrary and this is so. However, a little thought will soon demonstrate that this is the
right definition for this meaningless expression in the context of measure theory. To see this, consider the
zero function defined on R. What do we want the integral of this function to be? Obviously, by an analogy
with the Riemann integral, we would want this to equal zero. Formally, it is zero times the length of the set
or infinity. The following notation will be used.
For a set F,

lifweE,
XE(“’){ 0ifw¢ E.

This is called the characteristic function of E.

Definition 5.24 A function, s, is called simple if it is measurable and has only finitely many values. These
values will never be £oo.

Definition 5.25 If s(x) > 0 and s is simple,

/5 = éam(/l

where A; = {w : s(x) = a;} and a1, - -, a, are the distinct values of s.

Note that f s could equal +o0 if p (Ag) = oo and ax > 0 for some k, but f s is well defined because s > 0
and we use the convention that 0- oo = 0.

Lemma 5.26 Ifa,b> 0 and if s and t are nonnegative simple functions, then

/as—l—btza/s—l—b/t.

m

(w) = ZaiXAi (w)7 t(w) = ZﬁjXBj (w)

i=1

Proof: Let

where «; are the distinct values of s and the §; are the distinct values of ¢. Clearly as + bt is a nonnegative
simple function. Also,

(as + bt)(w ZZ ac; +b83;)Xa,nB; (W)

j=11:=1

where the sets A; N B; are disjoint. Now we don’t know that all the values aa; + b3; are distinct, but we
note that if Ey,- - -, E, are disjoint measurable sets whose union is E, then ap(E) = o _;_, u(E;). Thus

/as+bt = i

=11

— 0 a4, +bza

i=1
/ '

M:

aai + bﬂ])u(Al N BJ)

1

.

Il
S

This proves the lemma.
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Corollary 5.27 Let s = E?:l a;Xg, where a; > 0 and the E; are not necessarily disjoint. Then

n
/s = ain(E).
i=1
Proof: [aXg, = ap(E;) so this follows from Lemma 5.26.

Now we are ready to define the Lebesgue integral of a nonnegative measurable function.

Definition 5.28 Let f: Q — [0,00] be measurable. Then

/fd,uzsup{/szogsgf, s simple}.

Lemma 5.29 If s > 0 is a nonnegative simple function, [ sdu = [s. Moreover, if f >0, then [ fdu > 0.

Proof: The second claim is obvious. To verify the first, suppose 0 < ¢ < s and ¢ is simple. Then clearly
Jt< [sandso

/sduzsup{/t:OStSs,tsimple}g/s.

But s < s and s is simple so [ sdu > [s.
The next theorem is one of the big results that justifies the use of the Lebesgue integral.

Theorem 5.30 (Monotone Convergence theorem) Let f > 0 and suppose {f,} is a sequence of nonnegative
measurable functions satisfying

lim f,(w) = f(w) for each w.

n—oo

“faw) < fapr(w) - (5.10)

/ fdp = lim / fm

Proof: First note that f is measurable by Theorem 5.14 since it is the limit of measurable functions.
It is also clear from (5.10) that lim,, . [ fndp exists because { [ f,du} forms an increasing sequence. This
limit may be 400 but in any case,

Then f is measurable and

lim | fadp < / fdu

n—oo

because [ fndu < [ fdu.
Let § € (0,1) and let s be a simple function with

0< S(M) < f(w)v S(w) = ZaiXAi (w)

Then (1 —d)s(w) < f(w) for all w with strict inequality holding whenever f(w) > 0. Let

E,={w: folw) > (1 —-9)s(w)} (5.11)
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Then
B, CEytq--+, and U2, E, =Q.

Therefore

lim [ s&Xg, = /s.
n—oo

This follows from Theorem 5.11 which implies that a;u(F, N A4;) — a;u(A;). Thus, from (5.11)

[ sz [ futuz [ s, au= ([ ste, o o). (5.12)

Letting n — oo in (5.12) we see that

/fdu > nler;O/fndu >(1- 5)/3 (5.13)

[ tan= [ gz [

Now s was an arbitrary simple function less than or equal to f. Hence,

Now let 6 | 0 in (5.13) to obtain

/fdﬂz lim /fnd;LZsup{/s:Ogsgf, ssimple}z/fd,u.

This proves the theorem.
The next theorem will be used frequently. It says roughly that measurable functions are pointwise limits
of simple functions. This is similar to continuous functions being the limit of step functions.

Theorem 5.31 Let f > 0 be measurable. Then there exists a sequence of simple functions {s,} satisfying

0 < sp(w) (5.14)

(W) < sppa(w) - -

f(w) = lim s,(w) for allw € Q. (5.15)

n—oo

Before proving this, we give a definition.

Definition 5.32 If f, g are functions having values in [0, 00],
fVg=max(f,g), fAg=min(f, g).
Note that if f, g have finite values,
fvg=2"(f+g+If =gl fAg=2""(f+g—If -l
From this observation, the following lemma is obvious.
Lemma 5.33 If s,t are nonnegative simple functions, then
sVt, sNL

are also simple functions. (Recall +00 is not a value of either s or t.)
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Proof of Theorem 5.31: Let
[={o: f(z) = +oo}.

Let E,j, = f~1([£, EEL)). Let

Then ¢, (w) (w) for all w and lim,, o t,, (w) = f(w) for all w. This is because ¢, (w) =n for w € I and if
f @) € [0, 22), then

ngn(w)it ( )S
Thus whenever w ¢ I, the above inequality will hold for all n large enough. Let
§1 =11, S9 =11 Via, 53 =1t Vg Vis, -

Then the sequence {s,} satisfies Formulas (5.14)-(5.15) and this proves the theorem.

Next we show that the integral is linear on nonnegative functions. Roughly speaking, it shows the
integral is trying to be linear and is only prevented from being linear at this point by not yet being defined
on functions which could be negative or complex valued. We will define the integral for these functions soon
and then this lemma will be the key to showing the integral is linear.

Lemma 5.34 Let f,g > 0 be measurable. Let a,b > 0 be constants. Then

/(af—kbg)d,u:a/fd,u—i—b/gdu.

Proof: Let {s,} and {5,} be increasing sequences of simple functions such that

lim s,(w) = f(w), lim §,(w) = g(w).

n—oo n—o0

Then by the monotone convergence theorem and Lemma 5.26,

/(af + bg)du lim [ (as, + b3,)du

= lim as, + bs,, = lim a/sn—i—b/én

= lim a/sndu—l—b/gnd,u:a/fdp—l—b/gdu.

This proves the lemma.

5.5 The space L!

Now suppose f has complex values and is measurable. We need to define what is meant by the integral of
such functions. First some theorems about measurability need to be shown.

Theorem 5.35 Let f = u + v where u,v are real-valued functions. Then f is a measurable C valued
function if and only if u and v are both measurable R valued functions.
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Proof: Suppose first that f is measurable. Let V' C R be open.

uw (V) ={w:uw) eV}={w: f(w) €V +iR} € F,

vHV)={w:ivw) eV} ={w: f(w) ER+iV} € F.
Now suppose u and v are real and measurable.
fY(a,b) +i(e,d)) =u"(a,b) N~ (c,d) € F.

Since every open set in C may be written as a countable union of open sets of the form (a,b) + i(c, d), it
follows that f~1(U) € F whenever U is open in C. This proves the theorem.

Definition 5.36 L!(Q) is the space of complex valued measurable functions, f, satisfying

[ 15)dn < .
We also write the symbol, ||f]|;. to denote [ |f (w)]dpu.
Note that if f : Q — C is measurable, then by Theorem 5.20, |f| : Q — R is also measurable.

Definition 5.37 If u is real-valued,

Thus ut and u™ are both nonnegative and

u=u"—u", jul =ut +u".

Definition 5.38 Let f = u + iv where u,v are real-valued. Suppose f € L*(2). Then
/fduz/u+du—/u7du+i[/v+d,uf/vfdu].

Note that all this is well defined because [ |f|du < oo and so

/u+du,/u7du,/v+du,/v7du

are all finite. The next theorem shows the integral is linear on L' (Q).

Theorem 5.39 L(R) is a complex vector space and if a,b € C and
f.g€ L'(9),

then

/af+bgdu=a/fdu+b/gdu. (5.16)
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Proof: First suppose f, g are real-valued and in L(2). We note that
Rt =2"Y(h+|h]), - =27 (|h| — h)
whenever h is real-valued. Consequently,
[P+g =+ )=+9 - (f+9 =F+g
Hence
FPrg +(F+9 =(F+9"+f +g-

From Lemma 5.34,

/f*d/ﬂr/g+du+/(f+g)’du:/f’du+/g*du+/(f+g)+du.

Since all integrals are finite,

[+

[t +artan= [+ dn
/f*dwr/g*du—(/f‘dwr/g‘du)
/fdu+/gdu.

Now suppose that ¢ is a real constant and f is real-valued. Note

(cf)” =—cfTife<0, (cf)” =cf ifc>0.

(cf)t = —cf ifc<0, (cf)T =cftifc>0.

If ¢ < 0, we use the above and Lemma 5.34 to write

[etan = [enran- [enan
= —c/f‘du—i—c/fﬁluzc/fdu.

[etin = [eny au- [en i
= c/f+du—c/f_duzc/fdu.

Similarly, if ¢ > 0,

85

(5.17)

(5.18)

(5.19)

This shows (5.16) holds if f,g,a, and b are all real-valued. To conclude, let a = o + i, f = u + iv and use

the preceding.
/afd,u = /(a+iﬁ)(u+iv)du
= /(au — Bv) +i(Bu+ av)du

= a/udufﬂ/vdquiﬂ/ud,quia/vdu

(Oz+iﬂ)(/udu+i/vdu) :a/fdp.
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Thus (5.16) holds whenever f,g,a, and b are complex valued. It is obvious that L'(Q) is a vector space.
This proves the theorem.

The next theorem, known as Fatou’s lemma is another important theorem which justifies the use of the
Lebesgue integral.

Theorem 5.40 (Fatou’s lemma) Let f, be a nonnegative measurable function with values in [0,00]. Let
g(w) =liminf, . fn(w). Then g is measurable and

/ gdp < lim inf_ / N
Proof: Let g,(w) = inf{fx(w) : £ > n}. Then
9n ' ([a,00) = M2, fir ' ([a, o0]) € F.

Thus g, is measurable by Lemma 5.17. Also g(w) = lim,_ o gn(w) so g is measurable because it is the
pointwise limit of measurable functions. Now the functions g, form an increasing sequence of nonnegative
measurable functions so the monotone convergence theorem applies. This yields

/gdu: lim /gndu <lim inf /fnd,u.

The last inequality holding because
/gndu < /fndﬂ-

Theorem 5.41 (Triangle inequality) Let f € L*(Q)). Then

| [ faui < [ 111dn.

Proof: [ fdu € C so there exists a € C, |a| =1 such that | [ fdu| = a [ fdp = [ afdy. Hence

This proves the Theorem.

[ tanl = [asdu= [ et +itmas)an
— [ Re(afdu= [ (Re(as))du~ [ (Relas)) dn
< [@etan)® + (Re(ar)) du < [ jafldu= [ 171dn

which proves the theorem.

Theorem 5.42 (Dominated Convergence theorem) Let f,, € L*(Q) and suppose
flw) = lim_f,(w),

and there exists a measurable function g, with values in [0, 0], such that

Fa(@)] < glw) and / o(w)dpt < oo,

/ fdp = lim / Fady.

Then f € LY(Q) and
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Proof: f is measurable by Theorem 5.14. Since |f| < g, it follows that
f el (Q)and |f = fal < 29

By Fatou’s lemma (Theorem 5.40),
/2gdu < lim inf /29— |f — faldp
= /2gd,uflim sup /|f — fuldp.

n—oo

Subtracting [ 2gdpu,

0 < —lim sup /|f—fn|d,u.

n—00

Hence

0 > lim sup /\f faldp) > lim sup | [ fdp— /fndul

n—oo n—o0o

which proves the theorem.

Definition 5.43 Let E be a measurable subset of ).

/EfduE/fXEdu~

Also we may refer to L'(E). The o algebra in this case is just
{ENA:AecF}
and the measure is u restricted to this smaller o algebra. Clearly, if f € L'(Q), then
fXp € LY(E)

and if f € L'(E), then letting f be the 0 extension of f off of E, we see that f € L'(Q).

5.6 Double sums of nonnegative terms

The definition of the Lebesgue integral and the monotone convergence theorem imply that the order of
summation of a double sum of nonnegative terms can be interchanged and in fact the terms can be added in
any order. To see this, let 2 = NxN and let p be counting measure defined on the set of all subsets of N x N.
Thus, p(E) = the number of elements of E. Then (£2, u, P (2)) is a measure space and if a : Q — [0, o0,
then a is a measurable function. Following the usual notation, a;; = a (4, j).

Theorem 5.44 Let a: Q2 — [0,00]. Then

>3 =23 e = fad

i=1 j=1 j=1i=1 k=1

=
I
(e
s}
<=
=

where 0 is any one to one and onto map from N to .



88 ABSTRACT MEASURE AND INTEGRATION

Proof: By the definition of the integral,

n l
a;; < /adu

for any n,[. Therefore, by the definition of what is meant by an infinite sum,

izaij < /adu.

=114=1

=1 i=

<
Il
N

<.

Now let s < a and s is a nonnegative simple function. If s (¢, j) > 0 for infinitely many values of (i, ) € Q,
then

/soo/aduiiaij.
j=1i=1

Therefore, it suffices to assume s (i, ) > 0 for only finitely many values of (¢,j) € N x N. Hence, for some
n>1,

n n o0 o0
JEED S STED 9) 300
j=11i=1 j=1i=1
Since s is an arbitrary nonnegative simple function, this shows
oo oo
Jadu= 33 a
j=1i=1
and so
o0 o0
Jadu=3 Y as.
j=1i=1
The same argument holds if ¢ and j are interchanged which verifies the first two equalities in the conclusion
of the theorem. The last equation in the conclusion of the theorem follows from the monotone convergence
theorem.

5.7 Vitali convergence theorem

In this section we consider a remarkable convergence theorem which, in the case of finite measure spaces
turns out to be better than the dominated convergence theorem.

Definition 5.45 Let (Q,F, 1) be a measure space and let & C L*(2). We say that & is uniformly integrable
if for every € > 0 there exists § > 0 such that for all f € &

|/ fdu| < € whenever u(E) < 6.
B

Lemma 5.46 If G is uniformly integrable, then |S| = {|f| : f € &} is uniformly integrable. Also & is
uniformly integrable if & is finite.
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Proof: Let ¢ > 0 be given and suppose & is uniformly integrable. First suppose the functions are real
valued. Let 0 be such that if u (F) < §, then
€
fdu’ <3
Jorm) <

for all f € &. Let u(E) < 4. Then if f € &,

d —f)d d
/Elfl wo< /EHW]( 5 u+[w>01f "

- / ful + / fdu
EN[f<0] EN[f>0]
< Sifo,
2 2 7

In the above, [f > 0] is short for {w € Q : f (w) > 0} with a similar definition holding for [f < 0]. In general,
if & is uniformly integrable, then ReG = {Re f: f € 6} and Im& = {Im f : f € &} are easily seen to be
uniformly integrable. Therefore, applying the above result for real valued functions to these sets of functions,
it is routine to verify that |G| is uniformly integrable also.

For the last part, is suffices to verify a single function in L' () is uniformly integrable. To do so, note
that from the dominated convergence theorem,

lim |fldp=0.
R=oo JI|f|>R]

Let € > 0 be given and choose R large enough that f[lf\>R] |fldp < 5. Now let p(E) < 5. Then

/ \fldu / Ifldu+/ fldu
E EN[|fI<R] EN[|f|>R]

g
< RM(E)+§
< fifoe

2 2 7

This proves the lemma.
The following theorem is Vitali’s convergence theorem.

Theorem 5.47 Let {f,} be a uniformly integrable set of complex valued functions, u(2) < oo, and f,(x) —
f(x) a.e. where f is a measurable complex valued function. Then f € L' (Q) and

Hm [ |f. — fldu=0. (5.20)
n—od Q

Proof: First we show that f € L! (). By uniform integrability, there exists § > 0 such that if u (E) < d,
then

/Ifn\du<1
E

for all n. By Egoroff’s theorem, there exists a set, F of measure less than § such that on E¢, {f,} converges
uniformly. Therefore, if we pick p large enough, and let n > p,

/ fo— fuldu <1
EC
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which implies

/ Ifn\du<1+/|fp|du-
EC Q

Then since there are only finitely many functions, f, with n < p, we have the existence of a constant, M;
such that for all n,

EC

Lttaldn = [ Ataldns [ 18]

But also, we have

Therefore, by Fatou’s lemma,

/IfIduélim inf /\fnlduéM,
Q n—oo

showing that f € L' as hoped.

Now & U {f} is uniformly integrable so there exists d; > 0 such that if 4 (E) < 61, then [, |g|du < e/3
for all g € SU{f}. Now by Egoroft’s theorem, there exists a set, F' with p (F) < 01 such that f,, converges
uniformly to f on F¢. Therefore, there exists N such that if n > N, then

€

[ o1r=fuldn <

It follows that for n > N,

Jir=sldn < [ 1= sl [ if1dns [ 11

g &
< -4+

37373 °©

c
3
which verifies (5.20).

5.8 The ergodic theorem

This section deals with a fundamental convergence theorem known as the ergodic theorem. It will only be
used in one place later in the book so you might omit this topic on a first reading or pick it up when you
need it later. I am putting it here because it seems to fit in well with the material of this chapter.

In this section (2, F, u) will be a probability measure space. This means that p (Q) = 1. The mapping,
T : Q — Q will satisfy the following condition.

T (A) € F whenever A € F, T is one to one. (5.21)
Lemma 5.48 If T satisfies (5.21), then if [ is measurable, f oT is measurable.
Proof: Let U be an open set. Then

(foD) ' (U)=T7'(f1(U) eF
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by (5.21).
Now suppose that in addition to (5.21) T" also satisfies

p(T7A) = n(A), (5.22)

for all A € F. In words, T~ is measure preserving. Then for T satisfying (5.21) and (5.22), we have the
following simple lemma.

Lemma 5.49 If T satisfies (5.21) and (5.22) then whenever f is nonnegative and mesurable,

[ t@adn= [ 1@w)du. (5.23)
Q Q

Also (5.23) holds whenever f € L ().

Proof: Let f > 0 and f is measurable. By Theorem 5.31, let s, be an increasing sequence of simple
functions converging pointwise to f. Then by (5.22) it follows

[so@idn= [ s, (o)

and so by the Monotone convergence theorem,

/ fw)dp= lim [ s, (w)du
Q

n—oo Q
= lim [ s, (Tw)dy= / f(Tw)dp.

Splitting f € L' into real and imaginary parts we apply the above to the positive and negative parts of these
and obtain (5.23) in this case also.

Definition 5.50 A measurable function, f, is said to be invariant if
f(Tw) = f(w).

A set, A € F is said to be invariant if X4 is an invariant function. Thus a set is invariant if and only if

T71A = A.
The following theorem, the individual ergodic theorem, is the main result.

Theorem 5.51 Let (2, F,p) be a probability space and let T : Q — Q satisfy (5.21) and (5.22). Then if
f € LY (Q) having real or complex values and

n
Spf (W) = Z f (Tk_lw) , Sof (w) =0, (5.24)
k=1
it follows there exists a set of measure zero, N, and an invariant function g such that for all w ¢ N,
1
lim ESnf (W) =g (w). (5.25)

and also

lim lSnf =g in L' (Q)

n—oo N
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Proof: The proof of this theorem will make use of the following functions.

M, f (w) =sup {Skf (w): 0 <k <n} (5.26)

My f (w) =sup {Spf (w): 0< k}. (5.27)
We will also define the following for A a measurable real valued function.
[h>0={we:h(w)>0}.

Now if A is an invariant set,

k=1
(@) 3 F (T 1) = Xa (@) S0 f (@)
k=1
Therefore, for such an invariant set,
My (Xaf) (W) = Xa (w) My f (w), Moo (Xaf) (w) = Xa (w) Moo f (w). (5.28)

Let —00 < a < b < oo and define

n—oo N

1
Nabz{weQ:—oo<lim inf —5,f(w)<a

n—00

1
<b<lim sup —S,f (w) < oo} . (5.29)
Observe that from the definition, if |f (w)| # %00,

lim inf lSnf( ) =1lim inf —S f(Tw)

n—oo N n—oo

and

lim sup lSnf (w) =lim sup lSnf (Tw).

n—oo T n—oo 1

Therefore, TNy, = Ngp 50 Ngp is an invariant set because T' is one to one. Also,
Nap C[Moo (f =0) > 0N [My (a— f) >0].

Consequently,

/N (f (@) — b) dyu = /[X ety g S € ) =01

/ X, (@) (f (@) — b) dp (5.30)
[Mee (R (1-80) 0]



5.8. THE ERGODIC THEOREM 93

and

[ @-sendu= | v, (@) (0~ () du
Nayp

[XN,, Moo (a—£)>0]
_ / Xn,y (@) (a— f (@) dp. (5.31)
(M (%, (a- 1)) >0]

We will complete the proof with the aid of the following lemma which implies the last terms in (5.30) and
(5.31) are nonnegative.

Lemma 5.52 Let f € L' (). Then

/ fdp > 0.
[Meo f>0]

We postpone the proof of this lemma till we have completed the proof of the ergodic theorem. From
(5.30), (5.31), and Lemma 5.52,

ot (Now) = [ = b (). (5.32)

Since a < b, it follows that p (Ng) = 0. Now let
N=U{Ng:a<b, a,beQ}.
Since f € L' () and has complex values, it follows that x (N) = 0. Now TN, = N, and so
T(N)=UapT (Nap) =UqgpNap = N.
Therefore, N is measurable and has measure zero. Also, T"N = N for all n € N and so
N = U2, T"N.

For w ¢ N,limy, .o 19, f (w) exists. Now let

(= [0ifweEN
T = tlimy e 25, () ifw ¢ N

Then it is clear g satisfies the conditions of the theorem because if w € IV, then Tw € N also and so in this
case, g (Tw) = g (w). On the other hand, if w ¢ N, then

1 1
g(Tw)= lim =S, f (Tw) = lim =S, f (w) =g w).
n—oo N n—oo N
The last claim follows from the Vitali convergence theorem if we verify the sequence, {%Sn f }Zozl is
uniformly integrable. To see this is the case, we know f € L' (Q) and so if € > 0 is given, there exists § > 0
such that whenever B € F and p (B) < ¢, then | i) 5 f (W) duf < €. Now by approximating the positive and
negative parts of f with simple functions we see that

kilw = w .
/Af(T ) du /Ti(kil)Af()du



94 ABSTRACT MEASURE AND INTEGRATION

Taking 1 (A) < 4, it follows

[ st @) du' <

1 n
= 72/ w)du
n b1 T—(k—l)A

because p (T_(k_l)A) = p (A) by assumption. This proves the above sequence is uniformly integrable and
so, by the Vitali convergence theorem,

%Z/Af (Tk_lw) dp
k=1

3

1 n
<=

k=1

1
/ w)du‘ <— ) e=¢€
T—(k—=1) A nkzl

=0.
s

lim HiSnf—g
n

n—oo

This proves the theorem.

It remains to prove the lemma.

Proof of Lemma 5.52: First note that M, f (w) > 0 for all n and w. This follows easily from the
observation that by definition, Spf (w) = 0 and so M, f (w) is at least as large. Also note that the sets,
[M,,f > 0] are increasing in n and their union is [Ms f > 0] . Therefore, it suffices to show that for all n > 0,

/ fdp > 0.
[M,, f>0]

Let T*h = hoT. Thus T maps measurable functions to measurable functions by Lemma 5.48. It is also
clear that if h > 0, then T*h > 0 also. Therefore,

Spf(w)=f(w)+T*Sp_1f (w) < f(w) +T"M,f
and therefore,
My f(w) < f(w) +T "My f (w).

Now

/ M, f (w) dp = / M, f (@) dp
Q [M,, f>0]

< d T*M,, d
< /[anf(w) it /Q £ (@) dy

— [ r@dns [ M) d
[M,, f>0] Q

by Lemma 5.49. This proves the lemma.
The following is a simple corollary which follows from the above theorem.

Corollary 5.53 The conclusion of Theorem 5.51 holds if p is only assumed to be a finite measure.

Definition 5.54 We say a set, A € F is invariant if T (A) = A. We say the above mapping, T, is ergodic,
if the only invariant sets have measure 0 or 1.

If the map, T is ergodic, the following corollary holds.
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Corollary 5.55 In the situation of Theorem 5.51, if T is ergodic, then

9@ = [ 1) dn
for a.e. w.

Proof: Let g be the function of Theorem 5.51 and let R; be a rectangle in R? = C of the form [—a, a] x
[—a,a] such that g=' (R;) has measure greater than 0. This set is invariant because the function, g is
invariant and so it must have measure 1. Divide R; into four equal rectangles, R}, R}, RS, R). Then one
of these, renamed Ry has the property that g=! (Ry) has positive measure. Therefore, since the set is
invariant, it must have measure 1. Continue in this way obtaining a sequence of closed rectangles, {R;}
such that the diamter of R; converges to zero and g~* (R;) has measure 1. Then let ¢ = N2, R;j. We know

1 (g7 (0)) =limy oo p (971 (R;)) = 1. It follows that g (w) = ¢ for a.e. w. Now from Theorem 5.51,

c:/cdu: lim 1/Snfd,u:/fd,u.
n—oo N,

This proves the corollary.

5.9 Exercises
1. Let @ =N={1,2,---} and p(S) = number of elements in S. If
f:Q—-C
what do we mean by [ fdu? Which functions are in L' (£2)?

2. Give an example of a measure space, (€2, u, F), and a sequence of nonnegative measurable functions
{fn} converging pointwise to a function f, such that inequality is obtained in Fatou’s lemma.

3. Fill in all the details of the proof of Lemma 5.46.

4. Suppose (2, i) is a finite measure space and & C L' (). Show & is uniformly integrable and bounded
in L (Q) if there exists an increasing function h which satisfies

h
lim %zoo, sup{/ﬂh(|f|)du:f€6}<oo.

t—oo

When we say G is bounded we mean there is some number, M such that

[191du <0t

for all f € &.

5. Let (Q,F, 1) be a measure space and suppose f € L1(£2) has the property that whenever u(E) > 0,

1
m\/EfdM <C.

Show |f(w)| < C a.e.
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Let {an}, {bn} be sequences in [—o00, 00]. Show
lim sup (—a,) = —lim inf (a,)

n—oo n—oo

lim sup (a, +b,) < lim sup a, + lim sup b,

n—oo n—oo n—0o0

provided no sum is of the form oo — co. Also show strict inequality can hold in the inequality. State
and prove corresponding statements for lim inf.

Let (2, F, ) be a measure space and suppose f, g : 2 — [—00, 00| are measurable. Prove the sets

{w: f(w) <g(w)}and {w: f(w) = g(w)}
are measurable.

Let {f.} be a sequence of real or complex valued measurable functions. Let

S ={w: {fn(w)} converges}.
Show S is measurable.

In the monotone convergence theorem

0<-+ < fulw) < fapr(w) < -
The sequence of functions is increasing. In what way can “increasing” be replaced by “decreasing”?

Let (92, F, 1) be a measure space and suppose f,, converges uniformly to f and that f, is in L!(£2).

‘When can we conclude that
lim /fnd,u = /fd,u?

Suppose u,(t) is a differentiable function for ¢ € (a,b) and suppose that for t € (a,b),
[un ()], up (8)] < Kn

where > | K,, < c0. Show

O un(t)) =D ui(t).



The Construction Of Measures

6.1 Outer measures

We have impressive theorems about measure spaces and the abstract Lebesgue integral but a paucity of
interesting examples. In this chapter, we discuss the method of outer measures due to Caratheodory (1918).
This approach shows how to obtain measure spaces starting with an outer measure. This will then be used
to construct measures determined by positive linear functionals.

Definition 6.1 Let Q be a nonempty set and let p: P() — [0, 00| satisfy
n(®) =0,

If AC B, then u(A) < u(B),

p(UE, E;) < Z u(E;).

Such a function is called an outer measure. For E C Q, we say E is u measurable if for all S C Q,
p(S) = S\ E) + (SN E). (6.1)

To help in remembering (6.1), think of a measurable set, F, as a knife which is used to divide an arbitrary
set, S, into the pieces, S\ E and SN E. If E is a sharp knife, the amount of stuff after cutting is the same
as the amount you started with. The measurable sets are like sharp knives. The idea is to show that the
measurable sets form a o algebra. First we give a definition and a lemma.

Definition 6.2 (1|S)(A) = u(SNA) for all AC Q. Thus p|S is the name of a new outer measure.
Lemma 6.3 If A is u measurable, then A is u|S measurable.
Proof: Suppose A is p measurable. We need to show that for all T C €,
(u[S)(T) = (uLS)(T 11 A) + (ul S)(T\ A).
Thus we need to show
w(SNT)=u(TNANS)+ u(TNSNA°). (6.2)

But we know (6.2) holds because A is measurable. Apply Definition 6.1 to SN T instead of S.

The next theorem is the main result on outer measures. It is a very general result which applies whenever
one has an outer measure on the power set of any set. This theorem will be referred to as Caratheodory’s
procedure in the rest of the book.

97
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Theorem 6.4 The collection of i measurable sets, S, forms a o algebra and
IfF, €8 FNF; =0, then p(UZ, F) = u(F). (6.3)
i=1

If - F, CFui1 C---, then if F = U5 F, and F, € S, it follows that
W(F) = i p(F). (6.4)

If - Fy,DF1 2+ and if F =N, F, for F, €S then if u(F1) < oo, we may conclude that

u(F) = lim u(F,). (6.5)

n—oo

Also, (S, ) is complete. By this we mean that if F € S and if E C Q with p(E\ F) + p(F \ E) =0, then
EeS

Proof: First note that () and Q are obviously in S. Now suppose that A, B € S. We show A\ B = ANB¢
is in S, Using the assumption that B € S in the second equation below, in which S N A plays the role of S
in the definition for B being u measurable,

w(SN(ANB)) 4+ u(S\ (AN BY) =u(SNANBY) + u(SN(A° UB))

:,u(SﬁAﬁBC)

= (SN (A°UB)) +pu(SNA) —u(SNANB). (6.6)

The following picture of S N (A“ U B) may be of use.
S

B

A

From the picture, and the measurability of A, we see that (6.6) is no larger than
<u(SN(A°UB)) =u(SNANB)
< w(SNANB)+u(S\A) +u(SNA) —u(SNANB)
= wS\A)+p(SNA)=p(S).

This has shown that if A, B € S, then A\ B € S Since 2 € S, this shows that A € S if and only if A € S.
Now if A,B€S, AUB = (AN BY) = (A% \ B)“ € S By induction, if A, --, A, € S, then so is U™, A;.
IfA,BeS with ANB =0,

A

(AU B) = u((AUB) N A) + u((AU B) \ A) = p(A) + u(B).

By induction, if A; NA; =0 and A; € S, (U1 A;) = Y1 p(A,).
Now let A = U2, A; where A; N A; =0 for i # j.

oo n

D u(Ai) = p(A) = p(U Ai) = p(A).

i=1 i=1
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Since this holds for all n, we can take the limit as n — oo and conclude,
Z 1(A;i) = p(A)
i=1

which establishes (6.3). Part (6.4) follows from part (6.3) just as in the proof of Theorem 5.11.
In order to establish (6.5), let the F;, be as given there. Then, since (Fy \ F},) increases to (F \ F), we
may use part (6.4) to conclude

lim (pu(F1) —p(Fn)) = p(F1\ F).

n—oo

Now p (F1 \ F)) + p(F) = p(F1) and so p (F1 \ F)) > p(F1) — p(F) . Hence
Jim (p (F1) = p(Fn)) = p (Fy\ F) 2 p(F1) — p(F)
which implies

lim p (F,) < p(F).

n—oo

But since F' C F,,, we also have

p(F) < lim p(F,)

n—oo

and this establishes (6.5).

It remains to show S is closed under countable unions. We already know that if A € S, then A € S and
S is closed under finite unions. Let A; € S, A =U2, A;, B, = U A;. Then

uw(S) = wu(SNBy)+u(S\ By) (6.7)
= (u[S)(Bn) + (ulS)(B).
By Lemma 6.3 we know B, is (1| S) measurable and so is BS. We want to show u(S) > u(S\ A) +u(SNA).
If 41(S) = oo, there is nothing to prove. Assume u(S) < co. Then we apply Parts (6.5) and (6.4) to (6.7)
and let n — oco. Thus
B, 14, By | A

and this yields u(S) = (u[.9)(A) + (u|S)(AC) = u(S N A) + u(S\ A).
Thus A € S and this proves Parts (6.3), (6.4), and (6.5).
Let F € S and let u(E\ F)+ pu(F\ E) =0. Then

u(S) < wSNE)+u(S\E)
= w(SNENF)+u(SNENFY) + u(SnE°)
WSO F) + u(E\ F)+ p(S\ F) + u(F\ E)
= p(SNF)+u(S\F) = p(S).
Hence pu(S) = (SN E)+ u(S\ E) and so E € S. This shows that (S, u) is complete.
Where do outer measures come from? One way to obtain an outer measure is to start with a measure

u, defined on a o algebra of sets, S, and use the following definition of the outer measure induced by the
measure.

IN

Definition 6.5 Let p be a measure defined on a o algebra of sets, S C P (). Then the outer measure
induced by p, denoted by T is defined on P (Q2) as

A(E) =inf{u(V) : VeSS and V 2O E}.

We also say a measure space, (S,Q, 1) is o finite if there exist measurable sets, Q; with p(€;) < oo and
Q=Ux,Q,.
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The following lemma deals with the outer measure generated by a measure which is ¢ finite. It says that
if the given measure is o finite and complete then no new measurable sets are gained by going to the induced
outer measure and then considering the measurable sets in the sense of Caratheodory.

Lemma 6.6 Let (Q,S,u) be any measure space and let i : P(2) — [0,00] be the outer measure induced
by p. Then i is an outer measure as claimed and if S is the set of @ measurable sets in the sense of
Caratheodory, then S 2 S and @ = p on S. Furthermore, if u is o finite and (Q, S, ) is complete, then
S=8

Proof: It is easy to see that [ is an outer measure. Let E € S. We need to show E € S and fi(E) = u(E).
Let S C Q. We need to show

i(S) 2 p(SNE) + (S \ E). (6.8)
If W(S) = oo, there is nothing to prove, so assume 7i(S) < co. Thus there exists T € S, T 2 S, and

A(S) > wI)—c=p(TNE)+uT\E)-c

AT NE)+a(T\E)—¢
A(SNE)+a(S\E) —e.

AVARAVARRY,

Since ¢ is arbitrary, this proves (6.8) and verifies S C S. Now if E € S and V D E,

Hence, taking inf,
1(E) < f(E).
But also u(F) > f(FE) since E € S and E DO E. Hence
A(E) < u(B) < (E).
Now suppose (2, S, i) is complete. Thus if E, D € S, and p(E\ D) =0, then if D C F C E, it follows
FesS (6.9)
because
F\DCE\DE€S,
a set of measure zero. Therefore,
F\DeS
andso F=DU(F\D)E€S. B
We know already that S O S so let F' € §. Using the assumption that the measure space is o finite, let
{Bn} CS UB, =9, B,NB,, =0, u(B,) < co. Let
E, D2 FNB,, u(E,) =p(FNB,), (6.10)
where F,, € S, and let

H, D> B,\F=B,NF®, uH,) =B, \F), (6.11)
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where H,, € S. The following picture may be helpful in visualizing this situation.

e 5
B,NF : FNB,
}L ........................
Thus
H,2>B,NF°¢
and so
HS CcBOUF

which implies
HSNB, CFNB,.
We have
HNB,CFNB,CE, H'NB, E, €S (6.12)
Claim: If A,B,D € S and if A2 B with i(A\ B) =0. Then u(AND) =nu(BND).
Proof of claim: This follows from the observation that (AN D)\ (BND) C A\ B.
Now from (6.10) and (6.11) and this claim,

0 (Ba\ (HE 0 B.)) = ((F 0 Ba) \ (S (1 B,)) = 7 (F ) By 0 (BS U L))

=a(FNH,NB,)=a(FN(B,NnF°)NB,) =nr ) =0.
Therefore, from (6.9) and (6.12) F N B,, € S. Therefore,
F=U2,FNB, €S

This proves the lemma.

Note that it was not necessary to assume p was o finite in order to consider zr and conclude that @ = p
on S This is sometimes referred to as the process of completing a measure because [ is a complete measure
and @ extends pu.

6.2 Positive linear functionals

One of the most important theorems related to the construction of measures is the Riesz. representation
theorem. The situation is that there exists a positive linear functional A defined on the space C. (Q2) where
Q is a topological space of some sort and A is said to be a positive linear functional if it satisfies the following
definition.
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Definition 6.7 Let Q be a topological space. We say f:Q — C is in C. (Q) if [ is continuous and

spt (f) ={xeQ: f(z)# 0}

is a compact set. (The symbol, spt (f) is read as “support of f 7.) If we write C. (V) for V an open set,
we mean that spt (f) CV and We say A is a positive linear functional defined on C. () if A is linear,

A(af +bg) = alAf +bAg

forall f,g € C.(Q) and a,b € C. It is called positive because
Af > 0 whenever f (z) >0 for all x € Q.

The most general versions of the theory about to be presented involve locally compact Hausdorff spaces
but here we will assume the topological space is a metric space, (£2,d) which is also o compact, defined
below, and has the property that the closure of any open ball, B (x,r) is compact.

Definition 6.8 We say a topological space, Q, is o compact if Q = Up2 2, where Q is a compact subset
of Q.

To begin with we need some technical results and notation. In all that follows, €2 will be a ¢ compact
metric space with the property that the closure of any open ball is compact. An obvious example of such a
thing is any closed subset of R or R™ itself and it is these cases which interest us the most. The terminology
of metric spaces is used because it is convenient and contains all the necessary ideas for the proofs which
follow while being general enough to include the cases just described.

Definition 6.9 If K is a compact subset of an open set, V, we say K < ¢ <V if
¢ € Ce(V), o(K) = {1}, ¢(2) € [0,1].
Also for ¢ € Co(), we say K < ¢ if
d(2) C[0,1] and ¢(K) = 1.
We say ¢ <V if
¢(Q2) C [0,1] and spt(¢) C V.

The next theorem is a very important result known as the partition of unity theorem. Before we present
it, we need a simple lemma which will be used repeatedly.

Lemma 6.10 Let K be a compact subset of the open set, V. Then there exists an open set, W such that W
is a compact set and

KCWCWCV.
Also, if K and V' are as just described there exists a continuous function, v such that K < < V.

Proof: For each k € K, let B (k,r;) = By, be such that By, C V. Since K is compact, finitely many of
these balls, By,, -+, By, cover K. Let W = Ul_, By,. Then it follows that W = U!_, By, and satisfies the
conclusion of the lemma. Now we define 1) as

dist (a:, WC)
dist (x, WC) + dist (z, K)’

¥ (x)

Note the denominator is never equal to zero because if dist (x, K) = 0, then x € W and so is at a positive
distance from W because W is open. This proves the lemma. Also note that spt (¢) = W.



6.2. POSITIVE LINEAR FUNCTIONALS 103

Theorem 6.11 (Partition of unity) Let K be a compact subset of Q and suppose
KCV=UL,V,, V; open.

Then there exist 1; < V; with

forallx € K.
Proof: Let K1 = K \ U ,V;. Thus K; is compact and K; C V. By the above lemma, we let
KiCWiCWCW
with Wcompact and f be such that K; < f <V} with
Wi ={z: f(z) #0}.
Thus W1, Va, - - -, Vi, covers K and W1 C V5. Let
Ky =K\ (UL3V; UW7).

Then Kj is compact and Kz C Va. Let Ky € Wy C Wo C W, W4 compact. Continue this way finally
obtaining Wy, - W,,, K C Wy U---UW,, and W; C V; W; compact. Now let W; C U, CU; CV; ,U;

compact.
By the lemma again, we may define ¢, and « such that
U; < ¢, = Vi, Ul W, <y < U, U,

Now define

(30)@(56)/2?:1 ¢;(x) if 2?21 ¢;(x) #0,
vilz) = { gif Z?:1 ¢;(x) =0.

If z is such that 3°7_) ¢;(x) = 0, then x ¢ ur_,U;. Consequently v(y) = 0 for all y near z and so
¥,;(y) = 0 for all y near x. Hence %, is continuous at such z. If 2?21 ¢;(z) # 0, this situation persists
near x and so v, is continuous at such points. Therefore v, is continuous. If x € K, then vy(x) = 1 and so
Z?:l Y;(z) = 1. Clearly 0 <, (z) <1 and spt(;) C V. This proves the theorem.

We don’t need the following corollary at this time but it is useful later.

Corollary 6.12 If H is a compact subset of V;, we can pick our partition of unity in such a way that
Y, (x) =1 for all © € H in addition to the conclusion of Theorem 6.11.

Proof: Keep V; the same but replace V; with XA/; = V; \ H. Now in the proof above, applied to this
modified collection of open sets, we see that if j # i, ¢; (z) = 0 whenever x € H. Therefore, 1, (z) = 1 on H.

Next we consider a fundamental theorem known as Caratheodory’s criterion which gives an easy to check
condition which, if satisfied by an outer measure defined on the power set of a metric space, implies that the
o algebra of measurable sets contains the Borel sets.
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Definition 6.13 For two sets, A, B in a metric space, we define
dist (A,B) =inf{d(x,y) :x € A,y € B}.
Theorem 6.14 Let u be an outer measure on the subsets of (X, d), a metric space. If
(AU B) = pu(A) + u(B)
whenever dist(A, B) > 0, then the o algebra of measurable sets contains the Borel sets.

Proof: We only need show that closed sets are in S, the o-algebra of measurable sets, because then the
open sets are also in S and so S O Borel sets. Let K be closed and let .S be a subset of 2. We need to show
w(S) > p(SNK)+ pu(S\ K). Therefore, we may assume without loss of generality that p(S) < co. Let

1
K, ={z:dist(z,K) < ﬁ} = closed set

(Recall that x — dist (z, K) is continuous.)

u(S) = n((SNEK)U(S\ Kp)) = u(SNEK) + p(S\ Kn) (6.13)
by assumption, since SN K and S\ K,, are a positive distance apart. Now
S\ Kn) < p(S\ K) < p(S\ Ko) + (K \ K) N1 S). (6.14)

We look at u((K, \ K)NS). Note that since K is closed, a point, © ¢ K must be at a positive distance from
K and so

K, \ K= Uzo:nKk \Kk+1.

Therefore

o0

p(S N (K \K)) <D n(S 0 (Ki \ Kis)). (6.15)

k=n

Now

> ulS N (K \ K1) = Y pl(S 0Ky \ Kiya)) +

k=1 k even

+ ) S N (K \ Kyi))- (6.16)
k odd

Note that if A = U2, A; and the distance between any pair of sets is positive, then
o0
pA) = n(Ay),
i=1

because
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Therefore, from (6.16),

D (SN Ky \ Kj1))

k=1

=u( J S0\ Kin)) + u( [ S0 G\ Ki))
k even k odd

< 2u(S) < oo.
Therefore from (6.15)

lim p(SN((K,\K))=0.

From (6.14)
0 < u(S\K) = p(S\ Kn) < (S0 (Kn\ K))
and so
Jim (S Kn) = p(S\ K).
From (6.13)

1(S) = p(SNK) + p(S\ K).

This shows K € § and proves the theorem.
The following technical lemma will also prove useful in what follows.

Lemma 6.15 Suppose v is a measure defined on a o algebra, S of sets of Q, where (2, d) is a metric space
having the property that Q = Ug2 ,Qy where Qy, is a compact set and for all k,Qy, C Qy4q. Suppose that S
contains the Borel sets and v is finite on compact sets. Suppose that v also has the property that for every
EesS,

v(E)=inf{v(V):V D E, V open}. (6.17)
Then it follows that for all E € S
v(E)=sup{v(K): K CE, K compact}. (6.18)
Proof: Let E € § and let [ < v (E). By Theorem 5.11 we may choose k large enough that
I<v(ENQ).
Now let F'= Q. \ E. Thus FU(E N Q) = Q. By assumption, there is an open set, V containing F' with
v(V)—v(F)=v(V\F)<v(ENQ) —L
We define the compact set, K = VeNQ. Then K C ENQy and

ENQ\K=EnQn(VUuQy)

= ENuNVCUNF NV CV\F
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Therefore,

v(ENQ) —v(K) =v(ENQ)\ K)

<v(VAF)<v(ENQ) —1
which implies
l<v(K).
This proves the lemma because | < v (E) was arbitrary.

Definition 6.16 We say a measure which satisfies (6.17) for all E measurable, is outer regular and a
measure which satisfies (6.18) for all E measurable is inner reqular. A measure which satisfies both is called
reqular.

Thus Lemma 6.15 gives a condition under which outer regular implies inner regular.
With this preparation we are ready to prove the Riesz representation theorem for positive linear func-
tionals.

Theorem 6.17 Let (Q,d) be a o compact metric space with the property that the closures of balls are compact
and let A be a positive linear functional on C. (). Then there exists a unique o algebra and measure, p,
such that

u is complete, Borel, and regular, (6.19)
p(K) < oo for all K compact, (6.20)
Af = /fd,u forall f € C.(Q). (6.21)

Such measures satisfying (6.19) and (6.20) are called Radon measures.

Proof: First we deal with the question of existence and then we will consider uniqueness. In all that
follows V' will denote an open set and K will denote a compact set. Define

p(V)=sup{A(f): f<V},u@) =0, (6.22)
and for an arbitrary set, T
p(T) =inf{p(V):V 2 T}.
We need to show first that this is well defined because there are two ways of defining u (V).
Lemma 6.18 p is a well defined outer measure on P ().

Proof: First we consider the question of whether u is well defined. To clarify the argument, denote by
1y the first definition for open sets given in (6.22).

p (V) =inf{p, (U): U2V} <py (V).
But also, whenever U DV, py (U) > pq (V) and so

p(V)>py (V).
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This proves that p is well defined. Next we verify p is an outer measure. It is clear that if A C B then
w1 (A) < p(B). First we verify countable subadditivity for open sets. Thus let V' = U2, V; and let I < pu (V).
Then there exists f < V such that Af > I. Now spt (f) is a compact subset of V' and so there exists m such
that {V;}.", covers spt (f). Then, letting ¢; be a partition of unity from Theorem 6.11 with spt (¢;) C V5,
it follows that

L<A(f) =ZA(1/J,»f) < ZM(V)

Since | < (V) is arbitrary, it follows that

< Zu(V
=1

Now we must verify that for any sets, A;,

Siu(z‘l)

It suffices to consider the case that p(4;) < oo for all i. Let V; 2 A; and u (A;) + 57 > p(V;). Then from
countable subadditivity on open sets,

Since ¢ is arbitrary, this proves the lemma.
We will denote by S the o algebra of 1 measurable sets.

Lemma 6.19 The outer measure, p is finite on all compact sets and in fact, if K < g, then

1 (K) < A(g) (6.23)

Also § O Borel sets so u is a Borel measure.

Proof: Let V, = {z € Q: g (z) > a} where a € (0,1) is arbitrary. Now let h < V,,. Thus h(z) <1 and
equals zero off V,, while a~1g () > 1 on V,,. Therefore,

A(alg) > A(h).

Since h < V,, was arbitrary, this shows a 1A (g) > u(V,) > pu(K) . Letting a — 1 yields the formula (6.23).
Next we verify that S O Borel sets. First suppose that V7 and V5 are disjoint open sets with p (V3 U V) <
00. Let f; < V; be such that A (f;) +& > p(Vi). Then

p(ViuVo) > A(fi+ fo) = A(f1) +A(f2) > (Vi) + p (Vo) — 2.

1) + i (V2).
B) < o0. Let

p (Vs
fi=u{B(al)aca).i=0{B(nL) ve ).

Since ¢ is arbitrary, this shows that p (V4 U Va) =
Now suppose that dist (A, B) =r >0 and p (A
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Now let W be an open set containing AU B such that u (AU B) +¢& > pu(W). Now define V; = W N V; and
V =V3; UV, Then

p(AUB) +e>pu(W) = p(V)=p(V1)+pu(Va) 2 p(A) +p(B).

Since € is arbitrary, the conditions of Caratheodory’s criterion are satisfied showing that S O Borel sets.
This proves the lemma.

It is now easy to verify condition (6.19) and (6.20). Condition (6.20) and that p is Borel is proved in
Lemma 6.19. The measure space just described is complete because it comes from an outer measure using
the Caratheodory procedure. The construction of p shows outer regularity and the inner regularity follows
from (6.20), shown in Lemma 6.19, and Lemma 6.15. It only remains to verify Condition (6.21), that the
measure reproduces the functional in the desired manner and that the given measure and o algebra is unique.

Lemma 6.20 [ fdu = Af for all f € C.(Q).

Proof: Tt suffices to verify this for f € C.(Q2), f real-valued. Suppose f is such a function and
f(2) C [a,b]. Choose tg < a and let tg <t; < --- <ty =0, t; —t;—1 <e. Let

E; = ' ((ti—1, ta]) O spt(f). (6.24)

Note that U}, E; is a closed set and in fact
U1 Ei = spt(f) (6.25)

since Q@ = U™, f~1((t;_1,t;]). From outer regularity and continuity of f, let V; D E;,V; is open and let V;
satisfy

f(x)<t;+eforallz eV, (6.26)

n(Vi\ Ei) <e/n.
By Theorem 6.11 there exists h; € C.(Q2) such that

hi < Vi S hi(x) = 1 on spt(f).

Now note that for each 1,

f(@)hi(z) < hi(2)(t: +€).
(If x € V4, this follows from (6.26). If = ¢ V; both sides equal 0.) Therefore,

th <AZ i(ti +€))

Af

2t
Z |t0|+t +€ (hl)—|t0|A (th>

Now note that |tg| +t; + € > 0 and so from the definition of x and Lemma 6.19, this is no larger than

n

> (ol +ti +&)p(Vi) = [tolu(spt(f))

=1
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Z lto] + t; + &) (u(E;) + e/n) — [to|u(spt(f))

< |to|ZN )t ltole + 3" () + e(lto] + o)

i=1

n

+e Y u(E:) + % — |tolu(spt(f))-

i=1
From (6.25) and (6.24), the first and last terms cancel. Therefore this is no larger than

(2[to] + b + p(spt(f)) + €)e + > ti1p(Ei) + ep(spt(f))

i=1

< [ s 2lto] + 6]+ 2n(spt(F) + )=

Since ¢ > 0 is arbitrary,

Af < / fdp (6.27)

for all f € C.(2), f real. Hence equality holds in (6.27) because A(—f) < — [ fdu so A(f) > [ fdu. Thus
Af = [ fdufor all f € C.(Q). Just apply the result for real functions to the real and imaginary parts of f.
This proves the Lemma.

Now that we have shown that p satisfies the conditions of the Riesz representation theorem, we show
that p is the only measure that does so.

Lemma 6.21 The measure and o algebra of Theorem 6.17 are unique.
Proof: If (u;,S1) and (14, Ss) both work, let
KCV,K<f=<V

Then
(K) < / fduy = Af = / fdpy < (V).

Thus g (K) < py(K) because of the outer regularity of p,. Similarly, p, (K) > puy(K) and this shows that
11 = ly on all compact sets. It follows from inner regularity that the two measures coincide on all open sets
as well. Now let £/ € Sy, the o algebra associated with py, and let E,, = ENQ,,. By the regularity of the
measures, there exist sets G and H such that G is a countable intersection of decreasing open sets and H is
a countable union of increasing compact sets which satisfy

G2FE,2H, uy(G\H)=0.

Since the two measures agree on all open and compact sets, it follows that py(G) = uy(G) and a similar
equation holds for H in place of G. Therefore puy(G\ H) = 1 (G\ H) = 0. By completeness of iy, E,, € Sa,
the o algebra associated with p,. Thus £ € Sy since E = USS | E,,, showing that S; C Sz. Similarly Sa C 8.
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Since the two ¢ algebras are equal and the two measures are equal on every open set, regularity of these
measures shows they coincide on all measurable sets and this proves the theorem.

The following theorem is an interesting application of the Riesz representation theorem for measures
defined on subsets of R™.

Let M be a closed subset of R"™. Then we may consider M as a metric space which has closures of balls
compact if we let the topology on M consist of intersections of open sets from the standard topology of R™
with M or equivalently, use the usual metric on R" restricted to M.

Proposition 6.22 Let 7 be the relative topology of M consisting of intersections of open sets of R™ with M
and let B be the Borel sets of the topological space (M, T). Then

B=S={ENM:E is a Borel set of R"}.
Proof: It is clear that S defined above is a ¢ algebra containing 7 and so § 2 B. Now define
M = {FE Borel in R" such that ENM € B}.

Then M is clearly a o algebra which contains the open sets of R™. Therefore, M D Borel sets of R™ which
shows S C B. This proves the proposition.

Theorem 6.23 Suppose i is a measure defined on the Borel sets of M where M is a closed subset of R™.
Suppose also that p is finite on compact sets. Then [, the outer measure determined by u, is a Radon
measure on a o algebra containing the Borel sets of (M, T) where T is the relative topology described above.

Proof: Since p is Borel and finite on compact sets, we may define a positive linear functional on C. (M)

Lf= /M fdu.

By the Riesz representation theorem, there exists a unique Radon measure and o algebra, pq and S (i) respectively,

such that for all f € C. (M),
/ fdp = / fdp,y.
M M

Let R and & be as described in Example 5.8 and let @, = (—r,r|". Then if R € R, it follows that RN Q.
has the form,

as

n

RNQ, = [](as bil.

=1

Let fx (z1 -+, @,) = [[;—, h¥ (z;) where hY is given by the following graph.

hE

3

a a4+ k! by b+ kL

Then spt (f;) C [—r,r + 1] = K. Thus

/mM Jrdy = /M Frdp = /M Frdpy = /K Sl
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Since fr — Xrng, pointwise and both measures are finite, on K N M, it follows from the dominated
convergence theorem that

n(RNQr N M) = py (ROQr N M)
and so it follows that this holds for R replaced with any A € £. Now define
M={E Borel : p(ENQ,NM)=yp, (ENQ,NM)}.

Then £ C M and it is clear that M is a monotone class. By the theorem on monotone classes, it follows
that M D o (£), the smallest o algebra containing £. This o algebra contains the open sets because

n

i=1

(ai,bi) = U2y [ (i b — k1 € 0 (€)
=1

and every open set can be written as a countable union of sets of the form [\, (a;,b;). Therefore,
M Do (€) D Borel sets O M.
Thus,
#(E QN M) = iy (ENQ, N M)

for all E Borel. Letting » — oo, it follows that u(EN M) = puy; (EN M) for all E a Borel set of R”. By
Proposition 6.22 p (F) = puq (F) for all F Borel in (M, 7). Consequently,

pr(S) = inf{p (E): E2 5, E€S8 (1)}
= inf{u, (F): F 2 S, F Borel}
= inf{u(F): F2S, F Borel}
— 7(s).

Therefore, by Lemma 6.6, the 7z measurable sets consist of S (¢;) and T = py on S (py) and this shows 7 is
regular as claimed. This proves the theorem.

6.3 Exercises

1. Let Q = N, the natural numbers and let d (p,q) = |p — ¢/, the usual distance in R. Show that (,d) is
o compact and the closures of the balls are compact. Now let Af = Y7, f (k) whenever f € C.. (Q).
Show this is a well defined positive linear functional on the space C, (). Describe the measure of the
Riesz representation theorem which results from this positive linear functional. What if A (f) = f(1)?
What measure would result from this functional?

2. Let F : R — R be increasing and right continuous. Let Af = [ fdF where the integral is the Riemann
Stieltjes integral of f. Show the measure p from the Riesz representation theorem satisfies

p(la, b)) = F(b)=F(a=),p((a,b]) = F(b) = F(a),
plla,al) = Ffla) - F(a—).

3. Let Q) be a ¢ compact metric space with the closed balls compact and suppose p is a measure defined

on the Borel sets of €2 which is finite on compact sets. Show there exists a unique Radon measure, 1
which equals p on the Borel sets.
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1 Random vectors are measurable functions, X, mapping a probability space, (Q2, P, F) to R™. Thus
X (w) € R™ for each w € Q and P is a probability measure defined on the sets of F, a o algebra of
subsets of 2. For E a Borel set in R", define

1 (E) =P (X' (E)) = probability that X € E.

Show this is a well defined measure on the Borel sets of R™ and use Problem 3 to obtain a Radon
measure, Ax defined on a ¢ algebra of sets of R" including the Borel sets such that for E a Borel set,
Ax (E) =Probability that (X €F).

Let (X,dx) and (Y, dy) be metric spaces and make X x Y into a metric space in the following way.

dxxy ((z,y), (z1,y1)) = max (dx (z,21),dy (y,91)) -
Show this is a metric space.

1 Show (X x Y,dxxy) is also a o compact metric space having closed balls compact if both X and YV
are o compact metric spaces having the closed balls compact. Let

A={E x F: Eis a Borel set in X, F is a Borel set in Y} .

Show o (A), the smallest o algebra containing A contains the Borel sets. Hint: Show every open set
in a o compact metric space can be obtained as a countable union of compact sets. Next show this
implies every open set can be obtained as a countable union of open sets of the form U x V where U
is open in X and V is open in Y.

T Let 1 and v be Radon measures on X and Y respectively. Define for
fele(X xY),

the linear functional A given by the iterated integral,

Af = /X /Y f (e, y) dvdp.

Show this is well defined and yields a positive linear functional on C, (X x Y). Let u X v be the Radon
measure representing A. Show for f > 0 and Borel measurable, that

/Y/Xf(:v,y)dudu:/X/Yf(x,y)dudu:/xxyfd(m)



Lebesgue Measure

7.1 Lebesgue measure

In this chapter, n dimensional Lebesgue measure and many of its properties are obtained from the Riesz
representation theorem. This is done by using a positive linear functional familiar to anyone who has had a
course in calculus. The positive linear functional is

Afz/_o:o-w/_o:of(xl,w-,xn)dx1-~~dxn (7.1)

for f € C.(R™). This is the ordinary Riemann iterated integral and we need to observe that it makes sense.

Lemma 7.1 Let f € C.(R™) forn > 2. Then

h(l‘n) = / t / f(xl et xn—lxn)dqf'l e d-rn—l

is well defined and h € C.(R).

Proof: Assume this is true for all 2 < k < n — 1. Then fixing x,,
o0 o0
Tpo1— / X / flwr- - xp o, xp 1, 2p)dxy - - - dzy o
— 00 — 00

is a function in C,(R). Therefore, it makes sense to write

h(xn)E/ / / J@y - 2p o, mp 1, 2p)day - - dzy .

We need to verify h € C.(R). Since f vanishes whenever |x| is large enough, it follows h(z,) = 0 whenever
|z, | is large enough. It only remains to show h is continuous. But f is uniformly continuous, so if € > 0 is
given there exists a d such that

[f(x1) = fx)[ <e

whenever |x; — x| < §. Thus, letting |z, — Z,| < 4,

() = W(zn)] <

o o
/ / [f(@r- - znog,an) = flan - Tn1, Zp)lday - - - doy g
— 00 —0o0

113
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<elb—a)"t
where spt(f) C [a,b]™ = [a,b] X - - - X [a,b]. This argument also shows the lemma is true for n = 2. This
proves the lemma.

From Lemma 7.1 it is clear that (7.1) makes sense and also that A is a positive linear functional for
n=12---

Definition 7.2 m,, is the unique Radon measure representing A. Thus for all f € C.(R™),
Af = / fdma,.

Let R =[] ,[a;,bi], Ro = [[;—,(a;,b;). What are m,(R) and m,(Ry)? We show that both of these

equal [}, (b; — a;). To see this is the case, let k be large enough that
a; +1/k <b; —1/k

for i = 1,---,n. Consider functions g¥ and f* having the following graphs.

b —1/k
a; Iai +1/k | Ibi
1 9¢
a; —1/k Iai bli b +1/k
Let
9" (x) = ﬁgf(mz‘), fFx) = ﬁfik(a?z’)-
i=1 i=1
Then

n

[1(bs = ai - 2/0) = 89" = [ am = m(R) = m (o

i=1

>/f’“dmn:Af’“>Zf[1(bi—ai—2/k).



7.1. LEBESGUE MEASURE 115

Letting & — oo, it follows that

as expected.
We say R is a half open box if

R= H[ai, a; +1).
i=1

Lemma 7.3 FEvery open set in R™ is the countable disjoint union of half open boxes of the form

H(CLZ‘, a; + 2_k]

i=1
where a; = 127" for some integers, 1, k.

Proof: Let
Cr, = {All half open boxes H(ai, a; + 27%] where
i=1
a; = 127% for some integer .}

Thus Cy, consists of a countable disjoint collection of boxes whose union is R™. This is sometimes called a
tiling of R™. Note that each box has diameter 27%/n. Let U be open and let B; = all sets of C; which are
contained in U. If By, - - -, By, have been chosen, By = all sets of Cx41 contained in

U\ U(UL,B;).

Let Boo = U2 B;. We claim UB,, = U. Clearly UBs, C U. If p € U, let k be the smallest integer such that
p is contained in a box from Cj, which is also a subset of U. Thus

p € UBr C UBs.

Hence B, is the desired countable disjoint collection of half open boxes whose union is U. This proves the
lemma.

Lebesgue measure is translation invariant. This means roughly that if you take a Lebesgue measurable
set, and slide it around, it remains Lebesgue measurable and the measure does not change.

Theorem 7.4 Lebesgue measure is translation invariant, i.e.,
M (V+E) = ma(E),
for E Lebesgue measurable.
Proof: First note that if F is Borel, then so is v + E. To show this, let
S = {FE € Borel sets such that v + E is Borel}.

Then from Lemma 7.3, S contains the open sets and is easily seen to be a ¢ algebra, so S = Borel sets. Now
let £ be a Borel set. Choose V' open such that

mu(V) <mp,(ENB(0,k))+¢, V2O ENB,Kk).



116 LEBESGUE MEASURE

Then

mu(v+ ENB0,k)) <mp(v+V)=m,(V)

<mup(ENB(0,k)) +e.

The equal sign is valid because the conclusion of Theorem 7.4 is clearly true for all open sets thanks to
Lemma 7.3 and the simple observation that the theorem is true for boxes. Since ¢ is arbitrary,

mn(v+ ENB(0, k) <m,(ENB(0,k)).
Letting £ — oo,
my(v+ E) <my(E).
Since v is arbitrary,
Mp(—v+ (v+ E)) <mp(E+ V).
Hence
mp(v+ E) <m,(E) <m,(v+E)

proving the theorem in the case where E is Borel. Now suppose that m,,(S) = 0. Then there exists £ O S, F
Borel, and m,(E) = 0.

Mp(E+v) =m,(E) =0

Now S+ v C E+ v and so by completeness of the measure, S 4+ v is Lebesgue measurable and has measure
zero. Thus,

My (S) =my (S +v).

Now let F' be an arbitrary Lebesgue measurable set and let F,, = F'N B (0,r). Then there exists a Borel set
E, EDF,, and m,(E\ F,) = 0. Then since

(E+Vv)\(Fr+v)=(E\F,)+v,
it follows
mp(E+v)\ (Fr+v))=m,(E\ F,) +v)=m,(E\F,)=0.
By completeness of m,,, F,. + v is Lebesgue measurable and m,,(F, + v) = m,,(E + v). Hence
mn(F) = mp(E) = mu(E +v) = my(F, + v).
Letting r — oo, we obtain
mp(F) =mu(F+v)

and this proves the theorem.
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7.2 Iterated integrals

The positive linear functional used to define Lebesgue measure was an iterated integral. Of course one could
take the iterated integral in another order. What would happen to the resulting Radon measure if another
order was used? This question will be considered in this section. First, here is a simple lemma.

Lemma 7.5 If u and v are two Radon measures defined on o algebras, S, and S, of subsets of R" and if
pw(V)=v(V) for all V open, then p =v and S, = S, .

Proof: Let 7 and 7 be the outer measures determined by p and v. Then if E is a Borel set,

w(E) = inf{p(V):V 2D FE andV is open}
= inf{v(V):V D FE and V is open} = v (E).

Now if S is any subset of R",
a(S)=inf{u(E):EDS,EcS,}

=inf{p(F): F 2 S, F is Borel}
=inf{v(F): F D S, F is Borel}

=inf{v(E): ED2S,EcS,}=7(5)

where the second and fourth equalities follow from the outer regularity which is assumed to hold for both
measures. Therefore, the two outer measures are identical and so the measurable sets determined in the sense
of Caratheodory are also identical. By Lemma 6.6 of Chapter 6 this implies both of the given ¢ algebras are
equal and p = v.

Lemma 7.6 If u and v are two Radon measures on R™ and p = v on every half open box, then = v.

Proof: From Lemma 7.3, u(U) = v(U) for all U open. Therefore, by Lemma 7.5, the two measures
coincide with their respective o algebras.

Corollary 7.7 Let {1,2,---,n} = {ki, ko, -, kn} and the k; are distinct. For f € C.(R™) let

]\f:/ / flx, - xp)dey, - - - dag, ,

an iterated integral in a different order. Then for all f € C.(R™),

Af =Af,
and if m,, is the Radon measure representing A and m,, is the Radon measure representing my, then m, =
My, .

Proof: Let m, be the Radon measure representing A. Then clearly m,, = m,, on every half open box.
By Lemma 7.6, m,, = m,,. Thus,

Af:/fdmn:/fdmn:]\f.

This Corollary 7.7 is pretty close to Fubini’s theorem for Riemann integrable functions. Now we will
generalize it considerably by allowing f to only be Borel measurable. To begin with, we consider the question
of existence of the iterated integrals for Xr where E is a Borel set.
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Lemma 7.8 Let E be a Borel set and let {ki,ka,- - -, kn} distinct integers from {1,---,n} and if Qr =
[T, (=p.pl. Then for each v =2,---,n — 1, the function,

r integrals
——
Thy oy — / . ~/XEme (1, xp)dm (zg,) - - - dm (zg,) (7.2)

1s Lebesgue measurable. Thus we can add another iterated integral and write

r integrals

—_——
//---/XEme (1, @) dm (z3,) - - - dm (wy,) dm (zp,,,,) -

Here the notation dm (xy,) means we integrate the function of xy, with respect to one dimensional Lebesgue
measure.

Proof: If F is an element of &, the algebra of Example 5.8, we leave the conclusion of this lemma to
the reader. If M is the collection of Borel sets such that (7.2) holds, then the dominated convergence and
monotone convergence theorems show that M is a monotone class. Therefore, M equals the Borel sets by
the monotone class theorem. This proves the lemma.

The following lemma is just a generalization of this one.

Lemma 7.9 Let f be any nonnegative Borel measurable function. Then for each v = 2,-- - n — 1, the
function,

r integrals
——
D = [ [ ) dn o) - dm ) (73)

is one dimensional Lebesgue measurable.

Proof: Letting p — oo in the conclusion of Lemma 7.8 we see the conclusion of this lemma holds without
the intersection with @,. Thus, if s is a nonnegative Borel measurable function (7.3) holds with f replaced
with s. Now let s, be an increasing sequence of nonnegative Borel measurable functions which converge
pointwise to f. Then by the monotone convergence theorem applied r times,

r integrals

——
lim --~/sn(x1,-~-,a:n)dm(xk1)-~-dm(mk7,)

n—oo

r integrals

—
_ /.../f(xl,...,xn)dmml)-~dm<xkr>

and so we may draw the desired conclusion because the given function of xy, ., is a limit of a sequence of
measurable functions of this variable.

To summarize this discussion, we have shown that if f is a nonnegative Borel measurable function, we
may take the iterated integrals in any order and everything which needs to be measurable in order for the
expression to make sense, is. The next lemma shows that different orders of integration in the iterated
integrals yield the same answer.

Lemma 7.10 Let E be any Borel set. Then

X () dmn = [+ [ 2oz din o) - ()

Rn
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:/.../XE (21, @) dm (zg,) - - - dm (g, (7.4)

where {ky,- -, kn} ={1,---,n} and everything which needs to be measurable is. Here the notation involving
the iterated integrals refers to one-dimensional Lebesgue integrals.

Proof: Let Qr = (—k, k|™ and let

M = {Borel sets, E, such that (7.4) holds for E N Qy

and there are no measurability problems} .
If £ is the algebra of Example 5.8, we see easily that for all such sets, A of £, (7.4) holds for AN Q) and so
M D E. Now the theorem on monotone classes implies M 2 o (€) which, by Lemma 7.3, equals the Borel
sets. Therefore, M = Borel sets. Letting k — oo, and using the monotone convergence theorem, yields the
conclusion of the lemma.
The next theorem is referred to as Fubini’s theorem. Although a more abstract version will be presented
later, the version in the next theorem is particularly useful when dealing with Lebesgue measure.

Theorem 7.11 Let f > 0 be Borel measurable. Then everything which needs to be measurable in order to
write the following formulae is measurable, and

Rnf x) dm,, = / /f X1,y xp)dm(zy) - - - dm ()

/ /f L1, 5T dm (xkl) ~dm (Z‘kn)
where {ki,- - k,} ={1,---,n}.
Proof: This follows from the previous lemma since the conclusion of this lemma holds for nonnegative
simple functions in place of X'z and we may obtain f as the pointwise limit of an increasing sequence of

nonnegative simple functions. The conclusion follows from the monotone convergence theorem.

Corollary 7.12 Suppose f is complex valued and for some
{kh T kn} = {17 o 'an}7
it follows that
/ /|f 21, @) dm (ax,) - - - dm (zx,) < oo, (7.5)

Then f € L' (R™,m,,) and if {ly, - -, l,} = {1,---,n}, then

- fdmn_/ /f X1, xp)dm(xy) - dm(xy,). (7.6)

Proof: Applying Theorem 7.11 to the positive and negative parts of the real and imaginary parts of
f, (7.5) implies all these integrals are finite and all iterated integrals taken in any order are equal for these
functions. Therefore, the definition of the integral implies (7.6) holds.
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7.3 Change of variables
In this section we show that if FF € £(R"™,R"), then m, (F(E)) = AFm, (F) whenever F is Lebesgue

measurable. The constant AF will also be shown to be |det (F)|. In order to prove this theorem, we recall
Theorem 2.29 which is listed here for convenience.

Theorem 7.13 Let F' € L (R"™,R™) where m > n. Then there exists R € L (R",R™) and U € L (R™,R")
such that U = U*, all eigenvalues of U are nonnegative,

U?=F*F, R"R=1I, F = RU,
and |Rx| = |x].
The following corollary follows as a simple consequence of this theorem.

Corollary 7.14 Let F € L(R"™,R™) and suppose n > m. Then there exists a symmetric nonnegative
element of LR™ R™), U, and an element of LIR™, R™), R, such that

F=UR, RR* = I.

Proof: We recall that if M,L € L(R*,RP), then L** = L and (ML)* = L*M*. Now apply Theorem
2.29 to F* € £(R™, R"™). Thus,

F*=RU
where R* and U satisfy the conditions of that theorem. Then
F=UR

and RR* = R**R* = I. This proves the corollary.

The next few lemmas involve the consideration of F (F) where E is a measurable set. They show that
F (E) is Lebesgue measurable. We will have occasion to establish similar theorems in other contexts later
in the book. In each case, the overall approach will be to show the mapping in question takes sets of
measure zero to sets of measure zero and then to exploit the continuity of the mapping and the regularity
and completeness of some measure to obtain the final result. The next lemma gives the first part of this
procedure here. First we give a simple definition.

Definition 7.15 Let F' € L (R™,R™). We define ||F|| = max {|F (z)| : |x| < 1}. This number ezists because
the closed unit ball is compact.

Now we note that from this definition, if v is any nonzero vector, then

F@I= | ()| =W () < 171

vl vl
Lemma 7.16 Let F € L (R",R"), and suppose E is a measurable set having finite measure. Then
m, (F(E)) < 2|[F|[vn)" m, (E)
where My, (+) refers to the outer measure,

My (S) =inf {m, (E) : E DS and E is measurable} .
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Proof: Let € > 0 be given and let E C V, an open set with m,, (V) < m,, (E)+¢€. Then let V = U2, Q;
where Q; is a half open box all of whose sides have length 2~ for some [ € N and Q; N Q; = 0 if i # j. Then
diam (Q;) = /na; where a; is the length of the sides of @;. Thus, if y; is the center of Q;, then

B (Fy;, ||F||diam (Q;)) 2 FQ;.
Let QF denote the cube with sides of length 2 ||F'|| diam (Q;) and center at Fy;. Then
Qi 2 B(Fy;,||F|[diam (Q:)) 2 FQ;

and so

o0

my, (F (E)) <m < D (2||F] diam (Q))"

i=1

2||F||\f"Z mn Q) = (21|FI| Vn)" ma (V)

< 2IIF|Vn)" (mn (E) + €.
Since € > 0 is arbitrary, this proves the lemma.
Lemma 7.17 If E is Lebesgue measurable, then F (E) is also Lebesgue measurable.

Proof: First note that if K is compact, F' (K) is also compact and is therefore a Borel set. Also, if V' is
an open set, it can be written as a countable union of compact sets, {K;}, and so

F(V) =UZ,F (Ki)

which shows that F' (V') is a Borel set also. Now take any Lebesgue measurable set, F, which is bounded
and use regularity of Lebesgue measure to obtain open sets, V;, and compact sets, K;, such that

K; CECYV,
Vi D Vi1, Ki C Kiy1, K; CECV;,and m, (V; \ K;) <27 Let
Q=NZF(Vi), P=UZ F(K;).
Thus both @ and P are Borel sets (hence Lebesgue) measurable. Observe that
Q\ P Cni; (F(Vi)\F(K;))

C ML F (Vi) \ F(K;) CNZF(Vi\ Ka)
which means, by Lemma 7.16,
My (Q\ P) <, (F (Vi \ Ki)) < (2]1F|| V)" 27
which implies @ \ P is a set of Lebesgue measure zero since i is arbitrary. Also,
PCF(E)CQ.

By completeness of Lebesgue measure, this shows F (E) is Lebesgue measurable.
If E is not bounded but is measurable, consider £ N B (0, k). Then

F(E) = Ui, F (EN B (0, k)

and, thus, F' (F) is measurable. This proves the lemma.
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Lemma 7.18 Let Qo = [0,1)" and let AF = m, (F (Qo)). Then if Q is any half open box whose sides are
of length 27, k € N, and F is one to one, it follows

my (FQ) = m, (Q)AF
and if F' is not one to one we can say

my (FQ) > m, (Q) AF.

Proof: There are (2’“)” = [ nonintersecting half open boxes, @);, each having measure (2*’“)” whose
union equals Qg. If F' is one to one, translation invariance of Lebesgue measure and the assumption F' is
linear imply

l
(25" m,, (F (Q)) = Zmn (F(Qi) =

n (Uéle (Q’L)) = Mn (F (QO)) = AF. (*)
Therefore,
m, (F(Q)) = (27%)" AF = m, (Q) AF.

If F is not one to one, the sets F'(Q;) are not necessarily disjoint and so the second equality sign in (x)
should be >. This proves the lemma.

Theorem 7.19 If E is any Lebesque measurable set, then
my (F(E)) = AFm,, (E).
If R*"R =1 and R preserves distances, then
AR =1.
Also, if F,G € L(R™,R™), then
A(FG) = AFAQG. (7.7)

Proof: Let V be any open set and let {Q;} be half open disjoint boxes of the sort discussed earlier whose
union is V' and suppose first that F' is one to one. Then

my (F (V) = Zmn (F(Q:) = AFZmn (Qi) = AFmy, (V). (7.8)

Now let E be an arbitrary bounded measurable set and let V; be a decreasing sequence of open sets containing
FE with

it >m, (V; \ E).
Then let S =N, F(V;)
S\ F(E) =nZ, (F (Vi) \ F(E)) CNZ, F(Vi\ E)
and so from Lemma 7.16,

my (S\ F (E)) < lim sup my, (F (Vi \ E))

1—00
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< lim sup (2 [|1F|| \/ﬁ)ni_l =0.

Thus
M (F (B)) = m, (8) = lim m (F (V)
= lim AFm, (V;) = AFm, (E). (7.9)

11— 00

If E is not bounded, apply the above to E N B (0, %) and let k — oo.
To see the second claim of the theorem,

ARm,, (B (0,1)) = my, (RB(0,1)) = m,, (B (0,1)).

Now suppose F is not one to one. Then let {vy,---,v,,} be an orthonormal basis of R such that for
some r < n,{vy,---,v,} is an orthonormal basis for F' (R™). Let Rv; = e; where the e; are the standard
unit basis vectors. Then RF (R™) C span (e, - - -, e,) and so by what we know about the Lebesgue measure

of boxes, whose sides are parallel to the coordinate axes,
mn (RF(Q)) =0
whenever () is a box. Thus,
mn (RE(Q)) = ARm, (F(Q)) =0

and this shows that in the case where F' is not one to one, m,, (F'(Q))) = 0 which shows from Lemma 7.18
that m, (F(Q)) = AFm, (Q) even if F is not one to one. Therefore, (7.8) continues to hold even if F is
not one to one and this implies (7.9). (7.7) follows from this. This proves the theorem.

Lemma 7.20 Suppose U = U* and U has all nonnegative eigenvalues, {\;}. Then

AU = f[ \i.
1=1

Proof: Suppose Uy = > ; \;e; @ e;. Note that

QQ = {itiei i t; € [0,1)}.
=1

Thus

Uy (Qo) = {Z Ntie; i t; € [0, 1)}
i=1

and so

n

AUO = My (U()Qo) = H )\z

=1

Now by linear algebra, since U = U™,

Uzil:)\lw@vl

=1
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where {v;} is an orthonormal basis of eigenvectors. Define R € £ (R™,R"™) such that
RV,’ = €;.

Then R preserves distances and RU R* = Uy where Uy is given above. Therefore, if F is any measurable set,

f[ Aimn (B) = AUymn (E) = my (Ug (E)) = my (RUR* (E))

= ARAUAR*m,(E) = AUm,, (E).
Hence [, \i = AU as claimed. This proves the theorem.
Theorem 7.21 Let F € L(R™,R"™). Then AF = |det (F)|. Thus
mn (F (E)) = |det (F)[ my, (E)
for all E Lebesque measurable.
Proof: By Theorem 2.29, F = RU where R and U are described in that theorem. Then
AF = ARAU = AU = det (U).
Now F*F = U2 and so (det (U))* = det (U?) = det (F*F) = (det (F)). Therefore,
det (U) = |det F|

and this proves the theorem.

7.4 Polar coordinates

One of the most useful of all techniques in establishing estimates which involve integrals taken with respect
to Lebesgue measure on R™ is the technique of polar coordinates. This section presents the polar coordinate
formula. To begin with we give a general lemma.

Lemma 7.22 Let X and Y be topological spaces. Then if E is a Borel set in X and F is a Borel set in'Y,
then E X F is a Borel setin X xY.

Proof: Let F be an open set in X and let
Sg={F Borel in Y such that £ x F is Borel in X x Y'}.
Then Sg contains the open sets and is clearly closed with respect to countable unions. Let F' € Sg. Then

ExFCUEXxF=ExY = a Borel set.

Therefore, since E x F is Borel, it follows E x FC is Borel. Therefore, S is a o algebra. It follows S =
Borel sets, and so, we have shown- open x Borel = Borel. Now let F' be a fixed Borel set in Y and define

Srp={FE Borel in X such that E x F is Borel in X x Y'}.

The same argument which was just used shows S is a ¢ algebra containing the open sets. Therefore, Sp =
the Borel sets, and this proves the lemma since F' was an arbitrary Borel set.
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Now we define the unit sphere in R?, S"~!, by
St ={w eR" : |w| = 1}.
Then S™~! is a compact metric space using the usual metric on R™. We define a map
0:5"! x (0,00) — R"\ {0}
by
0 (w,p) = pw.

It is clear that 6 is one to one and onto with a continuous inverse. Therefore, if By is the set of Borel sets
in "1 x (0,00), and B are the Borel sets in R™ \ {0}, it follows

B={0(F):FebB} (7.10)
Observe also that the Borel sets of S ! satisfy the conditions of Lemma 5.6 with Z defined as S™'and

the same is true of the sets (a,b] N (0,00) where 0 < a,b < oo if Z is defined as (0,00). By Corollary 5.7,
finite disjoint unions of sets of the form

{E x I : F is Borel in S" !

and I = (a,b] N (0,00) where 0 < a,b < oo}

form an algebra of sets, A. It is also clear that o (A) contains the open sets and so o (A) = By because every
set in A is in By thanks to Lemma 7.22. Let A, = S~ ! x (0,7] and let

M= {F € B / Xg(pmAr)dmn
Rn,

:/( s IXG(FOAT) (PW)PnldO’dm},
0,00 n—

where for E a Borel set in S™ !,

o (E) = nmy (0 (E x (0,1))). (7.11)
E
0 (E x (0,1))

Then if F € A, say F = E X (a,b], we can show F' € M. This follows easily from the observation that

Xe(F)dmn=/ X x(0,5) (¥) dmn—/ Xo(Ex(0,a)) (¥) dmn
R" R" R™

— o (0(E x (0,1)) 0" — mn (O(E x (0,1))a" = o (E) @
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a consequence of the change of variables theorem applied to y =ax, and

b
/ Xo(Ex (a.b]) (PW)PnfldUdm:/ /p”fldadp
(0,00) J S~ a E

o —a)

=0 (F) -

Since it is clear that M is a monotone class, it follows from the monotone class theorem that M = B;.
Letting r — oo, we may conclude that for all F' € By,

/ XG(F)dng/ Xory (pw) p"~ L dodm.
R™ (0,00) J Sn—1

By (7.10), if A is any Borel set in R™, then A\ {0} = 6 (F) for some F € B;. Thus

XAdmn = XQ(F)dmn =
R"L R"L
/(0 g Xory (pw) p"~'dodm = /(0 s X4 (pw) p" " Ldodm. (7.12)

With this preparation, it is easy to prove the main result which is the following theorem.

Theorem 7.23 Let f > 0 and f is Borel measurable on R™. Then
f(y)dm, = / / f(pw) p"tdodm (7.13)
R™ (0,00) J S—1

where o is defined by (7.11) andy =pw, for w €S"71.

Proof: From (7.12), (7.13) holds for f replaced with a nonnegative simple function. Now the monotone
convergence theorem applied to a sequence of simple functions increasing to f yields the desired conclusion.

7.5 The Lebesgue integral and the Riemann integral

We assume the reader is familiar with the Riemann integral of a function of one variable. It is natural to ask
how this is related to the Lebesgue integral where the Lebesgue integral is taken with respect to Lebesgue
measure. The following gives the essential result.

Lemma 7.24 Suppose f is a non negative Riemann integrable function defined on [a,b]. Then Xy f is

Lebesgue measurable and f: fdx = ffX[a’b]dm where the first integral denotes the usual Riemann integral
and the second integral denotes the Lebesgue integral taken with respect to Lebesgue measure.

Proof: Since f is Riemann integral, there exist step functions, u,, and [, of the form

Z Ci X[ti— 1:ti) (t)
i=1

such that u,, > f > [, and

b b b
/undaj > /fde/ lndx,
b b 1
/undx—/ ldx| < on
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Here f; Uy dr is an upper sum and ff l,dz is a lower sum. We also note that these step functions are Borel

measurable simple functions and so f; updz = [ u,dm with a similar formula holding for /,,. Replacing l,, with
max (ly, - - +, I, if necessary, we may assume that the functions, I,, are increasing and similarly, we may assume
the w,, are decreasing. Therefore, we may define a Borel measurable function, g, by g (z) = lim,_ s I, (x)
and a Borel measurable function, h (z) by h (z) = lim, e un (). We claim that f(z) = g (z) a.e. To see
this note that i (x) > f(x) > g (x) for all  and by the dominated convergence theorem, we can say that

0 = lim (up, — vy,) dm
n—oo [a,b]

/ (h— g)dm
[a,b]

Therefore, h = g a.e. and so off a Borel set of measure zero, f = g = h. By completeness of Lebesgue
measure, it follows that f is Lebesgue measurable and that both the Lebesgue integral, f[a b fdm and the

Riemann integral, f; fdx are contained in the interval of length 277,

b b
l/ lndx,/ undxl

showing that these two integrals are equal.

7.6 Exercises

1. If A is the algebra of sets of Example 5.8, show o (A), the smallest o algebra containing the algebra,
is the Borel sets.

2. Consider the following nested sequence of compact sets, { P, }. The set P, consists of 2™ disjoint closed
intervals contained in [0, 1]. The first interval, P;, equals [0, 1] and P, is obtained from P,,_; by deleting
the open interval which is the middle third of each closed interval in P,,. Let P = N>2; P,. Show

P#£0, m(P)=0, P~0,1].
(There is a 1-1 onto mapping of [0,1] to P.) The set P is called the Cantor set.

3. 1 Consider the sequence of functions defined in the following way. We let f1 () = z on [0,1]. To get
from f, to fni1, let fne1 = fn on all intervals where f,, is constant. If f,, is nonconstant on [a, b],
let foi1(a) = fola), fa41() = fu(b), fay1 is piecewise linear and equal to 3(f,(a) + f,(b)) on the
middle third of [a,b]. Sketch a few of these and you will see the pattern. Show

{fn} converges uniformly on [0, 1]. (a.)
If f(z) =lim,— oo fr(z), show that

f(0)=0, f(1) =1, f is continuous,
and

f'(x)y=0foralz¢P (b.)

where P is the Cantor set of Problem 2. This function is called the Cantor function.
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4.

10.
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Suppose X,Y are two locally compact, o compact, metric spaces. Let A be the collection of finite
disjoint unions of sets of the form E x F where E and F' are Borel sets. Show that A is an algebra
and that the smallest o algebra containing A, o (A), contains the Borel sets of X x Y. Hint: Show
X x Y, with the usual product topology, is a o compact metric space. Next show every open set can
be written as a countable union of compact sets. Using this, show every open set can be written as a
countable union of open sets of the form U x V where U is an open set in X and V is an open set in
Y.

T Suppose X, Y are two locally compact, o compact, metric spaces and let u and v be Radon measures
on X and Y respectively. Define for f € C. (X x Y),

Af = /X /Y f (e, y) dvdg.

Show this is well defined and is a positive linear functional on
C. (X xY).

Let (1 X v)be the measure representing A. Show that for f > 0, and f Borel measurable,

/nyfd(m):/X/yf(gc’y)d”d“:/Y/Xf(ﬂ%y)dudv.

Hint: First show, using the dominated convergence theorem, that if £ x F' is the Cartesian product
of two Borel sets each of whom have finite measure, then

(55 9) (E x F) = (B) v (F) = /X /Y X (2,) dpdy.

k
Let f:R"— R be defined by f (x) = (1 n |x\2) . Find the values of k for which f is in L' (R"). Hint:

This is easy and reduces to a one-dimensional problem if you use the formula for integration using
polar coordinates.

Let B be a Borel set in R™ and let v be a nonzero vector in R™. Suppose B has the following property.
For each x € R", m({t : x +tv € B}) = 0. Then show m,(B) = 0. Note the condition on B says
roughly that B is thin in one direction.

Let f(y) = X, (%) (1) and let g (y) = Xo,1) () % For which values of x does it make sense to

é

write the integral [ f (z —y) g (y) dy?

If f:R™ — [0,00] is Lebesgue measurable, show there exists g : R™ — [0, 0o] such that g = f a.e. and
g is Borel measurable.

T Let f € LY(R), g € L'(R). Whereever the integral makes sense, define

(f+g)(x) = / Fl@ —y)g(y)dy.

Show the above integral makes sense for a.e. x and that if we define f * g (x) = 0 at every point where
the above integral does not make sense, it follows that |(f * g)(x)| < 0o a.e. and

17 % glles <IIfllzslgllzr. Here |17l = [ Iflda.

Hint: If f is Lebesgue measurable, there exists g Borel measurable with g(z) = f(x) a.e.
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11.

12.

13.

14.

15.

16.

T Let f:[0,00) — R be in Ll(R m). The Laplace transform is given by fla = [y e f(t)dt. Let
f,g be in LY(R,m), and let h(z) = [ f(z — t)g(t)dt. Show h € L', and h= fg

Show lim 4_, 4 foA sir;ar r = 5. Hint: Use % = fooo e *'dt and Fubini’s theorem. This limit is some-
times called the Cauchy principle value. Note that the function sin (z) /z is not in L! so we are not
finding a Lebesgue integral.

Let D consist of functions, g € C. (R™) which are of the form

X) = Hgi (z;)
i=1

where each g; € C. (R). Show that if f € C. (R™), then there exists a sequence of functions, {gx} in
D which satisfies

lim sup {|f (x) — gr (x)| : x € R"} = 0. ()

k—oo

Now for g € D given as above, let

Ao (g9)

/ /Hgl (z;)dm (x1) - - - dm (zy,),

and define, for arbitrary f € C. (R™),
Af = klim Aogr

where * holds. Show this is a well-defined positive linear functional which yields Lebesgue measure.
Establish all theorems in this chapter using this as a basis for the definition of Lebesgue measure. Note
this approach is arguably less fussy than the presentation in the chapter. Hint: You might want to
use the Stone Weierstrass theorem.

If f:R™ — [0,00] is Lebesgue measurable, show there exists g : R™ — [0, 0o] such that g = f a.e. and
g is Borel measurable.

Let E be countable subset of R. Show m(E) = 0. Hint: Let the set be {e;},~; and let e; be the center
of an open interval of length /2.

T If S is an uncountable set of irrational numbers, is it necessary that S has a rational number as a
limit point? Hint: Consider the proof of Problem 15 when applied to the rational numbers. (This
problem was shown to me by Lee Earlbach.)
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Product Measure

There is a general procedure for constructing a measure space on a o algebra of subsets of the Cartesian
product of two given measure spaces. This leads naturally to a discussion of iterated integrals. In calculus,
we learn how to obtain multiple integrals by evaluation of iterated integrals. We are asked to believe that
the iterated integrals taken in the different orders give the same answer. The following simple example shows
that sometimes when iterated integrals are performed in different orders, the results differ.

Example 8.1 Let 0 <1 <y < -+ <p-- < 1,lim, o0 0, = 1. Let g, be a real continuous function with
gn =0 outside of (0p,0n+1) and fol gn(x)dz =1 for all n. Define

o0

f(xay) = Z(gn(w) - gn—‘—l(x))gn(y)'

n=1

Then you can show the following:
a.) f is continuous on [0,1) x [0,1)

b) f2 [} fla,y)dyde =1, [ [ f(e,y)dedy = 0.

Nevertheless, it is often the case that the iterated integrals are equal and give the value of an appropriate
multiple integral. The best theorems of this sort are to be found in the theory of Lebesgue integration and
this is what will be discussed in this chapter.

Definition 8.2 A measure space (X, F, ) is said to be o finite if
X=U2X,, X,eF pulX, <o.

In the rest of this chapter, unless otherwise stated, (X, S, u) and (Y, F, A) will be two o finite measure
spaces. Note that a Radon measure on a o compact, locally compact space gives an example of a o finite
space. In particular, Lebesgue measure is ¢ finite.

Definition 8.3 A measurable rectangle is a set A x B C X XY where A € §,B € F. An elementary set
will be any subset of X XY which is a finite union of disjoint measurable rectangles. S x F will denote the
smallest o algebra of sets in P(X xY) containing all elementary sets.

Example 8.4 [t follows from Lemma 5.6 or more easily from Corollary 5.7 that the elementary sets form
an algebra.

Definition 8.5 Let E C X x Y,
E,={yeY:(z,y) € B},

EY={z€ X :(z,y) € E}.

These are called the x and y sections.

131
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Theorem 8.6 I[fE € S x F, then E, € F and EY € S forallz € X andy €Y.
Proof: Let

M={E CS8 xF such that E, € F,

EVeS forallze X andy €Y.}
Then M contains all measurable rectangles. If E; € M,
(U2, Ei), = U2, (Ei). € F.
Similarly, (U2, E;)Y € S. M is thus closed under countable unions. If F € M,

(E®) =(B,) e F.

x

Similarly, (EC)U € S. Thus M is closed under complementation. Therefore M is a o-algebra containing the
elementary sets. Hence, M O S x F. But M C § x F. Therefore M =S x F and the theorem is proved.

It follows from Lemma 5.6 that the elementary sets form an algebra because clearly the intersection of
two measurable rectangles is a measurable rectangle and

(AX B)\(A() X Bo) = (A\Ao) X BU(AﬂAo) X (B\Bo),
an elementary set. We use this in the next theorem.

Theorem 8.7 If (X,S,u) and (Y,F,\) are both finite measure spaces (u(X), A(Y) < 00), then for every
EeSxF

a.) © — AN(Ey;) is pu measurable, y — p(EY) is X measurable

b.) [x MEz)dp = [, p(EY)dA.

Proof: Let M = {E € § x F such that both a.) and b.) hold}. Since p and XA are both finite, the
monotone convergence and dominated convergence theorems imply that M is a monotone class. Clearly M
contains the algebra of elementary sets. By the monotone class theorem, M D S x F.

Theorem 8.8 If (X,S,u) and (Y, F,\) are both o-finite measure spaces, then for every E € S x F,
a.) x — MNE;) is pn measurable, y — p(EY) is X\ measurable.

b.) [x MEz)dp = [, p(EY)dA.
Proof: Let X =U2, X,,,Y = U2, Y, where,

X, CXpt1,Y, CYoi1, pu(X,) <00, A(Y},) < .
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Let
S,.={AnX,:AeS}, F,={BnY,: BeF}

Thus (X, Sp, i) and (Y, Fn, A) are both finite measure spaces.

Claim: If E € § x F, then EN(X,, XY,) €S, X Fy.

Proof: Let M,, = {E€SxF:EnN(X,xY,) €S, xF,}. Clearly M,, contains the algebra of ele-
mentary sets. It is also clear that M,, is a monotone class. Thus M,, =S x F.

Now let F € § x F. By Theorem 8.7,

/ A(EN (X % Y))a)dp = / W((E 0 (X X Yy))¥)dA (8.1)

n n

where the integrands are measurable. Now
(EN(Xp, xYy))e=10

if z ¢ X,, and a similar observation holds for the second integrand in (8.1). Therefore,

/ A(E N (X x Y))o)dp = / W((E N (X % Yy))¥)dA.
X Y

Then letting n — oo, we use the monotone convergence theorem to get b.). The measurability assertions of
a.) are valid because the limit of a sequence of measurable functions is measurable.

Definition 8.9 For E € S x F and (X, S, ), (Y, F,X) o-finite, (un x A\)(E) = [ M Ez)dp = [, p(EY)dA.
This definition is well defined because of Theorem 8.8. We also have the following theorem.

Theorem 8.10 If A€ S,B € F, then (ux A\)(A X B) = u(A)N(B), and 1 x X is a measure on S X F called
product measure.

The proof of Theorem 8.10 is obvious and is left to the reader. Use the Monotone Convergence theorem.
The next theorem is one of several theorems due to Fubini and Tonelli. These theorems all have to do with
interchanging the order of integration in a multiple integral. The main ideas are illustrated by the next
theorem which is often referred to as Fubini’s theorem.

Theorem 8.11 Let f : X x Y — [0,00]| be measurable with respect to S X F and suppose p and X are
o-finite. Then

/Xxyfd(MX)\):/X/yf(%y)d)‘d“:/Y/Xf(m’y)dﬂd)‘ (8.2)

and all integrals make sense.
Proof: For E € S x F, we note
[ Xetepydr = ME), [ ()i = u(E).
Y X
Thus from Definition 8.9, (8.2) holds if f = Xg. It follows that (8.2) holds for every nonnegative sim-

ple function. By Theorem 5.31, there exists an increasing sequence, {f,}, of simple functions converging
pointwise to f. Then

[ taain= tim [ giemir
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/ fla,y)dp = lim fn(x y)dp.

This follows from the monotone convergence theorem. Since

m—>/yfn(x,y)d)\

is measurable with respect to S, it follows that x — fY f(x,y)dX is also measurable with respect to S. A
similar conclusion can be drawn about y — f « f(x,y)dp. Thus the two iterated integrals make sense. Since
(8.2) holds for f,, another application of the Monotone Convergence theorem shows (8.2) holds for f. This
proves the theorem.

Corollary 8.12 Let f : XxY — C be S x F measurable. Suppose either [y [y |f|dXdp or [, [ |f| dpdX <
0o. Then f € LY (X x Y, x \) and

/Xxyf (WX \) = //fd)\du /Y/deudA (8.3)

with all integrals making sense.

Proof: Suppose first that f is real-valued. Apply Theorem 8.11 to ftand f~. (8.3) follows from
observing that f = ft — f7; and that all integrals are finite. If f is complex valued, consider real and
imaginary parts. This proves the corollary.

How can we tell if f is & x F measurable? The following theorem gives a convenient way for many
examples.

Theorem 8.13 If X and Y are topological spaces having a countable basis of open sets and if S and F both
contain the open sets, then S x F contains the Borel sets.

Proof: We need to show S x F contains the open sets in X x Y. If B is a countable basis for the
topology of X and if C is a countable basis for the topology of Y, then

{BxC:BeB,Cecc(C}

is a countable basis for the topology of X x Y. (Remember a basis for the topology of X x Y is the collection
of sets of the form U x V where U is open in X and V is open in Y.) Thus every open set is a countable
union of sets B x C where B € B and C € C. Since B x C is a measurable rectangle, it follows that every
open set in X X Y isin & x F. This proves the theorem.

The importance of this theorem is that we can use it to assert that a function is product measurable if
it is Borel measurable. For an example of how this can sometimes be done, see Problem 5 in this chapter.

Theorem 8.14 Suppose S and F are Borel, u and A\ are regular on S and F respectively, and S x F is
Borel. Then pu x X\ is reqular on & x F. (Recall Theorem 8.13 for a sufficient condition for S X F to be
Borel.)
Proof: Let u(X,) < oo, A(Y,,) < o0, and X,, T X,Y,, 1Y. Let R, = X,, XY}, and define
G, ={S €8x F:puxAisregular on SN R,}.

By this we mean that for S € G,

(LxAN)(SNR,) =inf{(gx AN)(V):Visopenand VDO SN R,}
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and

(L x A)(SNRy) =

sup{(p x A)(K) : K is compact and K C SN R, }.
If P x @ is a measurable rectangle, then
(PxQ)NR,=(PNX,) x(QNY,).

Let K; C (PNX,) and K, C (QNY,) be such that

w(EKy) +e > p(PNXy)
and

AMEy)+e>MQNY,).
By Theorem 3.30 K, x K, is compact and from the definition of product measure,

(1 x M) (Ky x Ky) = H(KI)A(KZI)

> u(PNX)MQNY,) —e(MQNYy) +u(PNX,)) +e2.

Since ¢ is arbitrary, this verifies that (u x A) is inner regular on S N R,, whenever S is an elementary set.
Similarly, (1 x A) is outer regular on SNR,, whenever S is an elementary set. Thus G,, contains the elementary
sets.

Next we show that G,, is a monotone class. If S, | S and Sy € G, let K}, be a compact subset of S, "R,
with

(10 x N)(Ky) +27F > (1 x A)(Sk N Ry).
Let K = N2, Kj. Then
SNR,\ K CUX (S.NR,\ Kp).

Therefore

(nx NS NRA\K) <> (1 x A)(Sk N Ry \ Ki)
k=1

= E&.

x>
|
—

IN
\ME%
)

x>

Now let Vi D S, N R,,, V} is open and
(1 X A)(Sk N Rn) +€ > (ux A) (Vi)
Let k be large enough that
(L xA)(SkNRy,) —e < (uxAN)(SNR,).

Then (ux A)(SNR,) +2e > (ux A)(Vx). This shows G, is closed with respect to intersections of decreasing
sequences of its elements. The consideration of increasing sequences is similar. By the monotone class
theorem, G, =S x F.
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Now let S € § x F and let I < (p x A)(S). Then I < (u x A\)(S N R,) for some n. It follows from the
first part of this proof that there exists a compact subset of SN R,,, K, such that (1 x \)(K) > . Tt follows
that (u x A) is inner regular on & x F. To verify that the product measure is outer regular on S x F, let V,,
be an open set such that

Va2 SNR,, (ux NV \(SNR,)) <e27™.
Let V. =U52,V,,. Then V O S and
VASCURZiVa \ (SN Ry).

Thus,
(LxN(V\S) <Y 2" =¢
n=1

and so
(L x A)(V) < e+ (ux A)(S).

This proves the theorem.

8.1 Measures on infinite products

It is important in some applications to consider measures on infinite, even uncountably many products.
In order to accomplish this, we first give a simple and fundamental theorem of Caratheodory called the
Caratheodory extension theorem.

Definition 8.15 Let £ be an algebra of sets of Q0 and let p, be a finite measure on £. By this we mean
that g s finitely additive and if E;, E are sets of £ with the E; disjoint and

E=UZ E;,

then
Ho (B) = > it (Ey)

while pg () < 0.

In this definition, p, is trying to be a measure and acts like one whenever possible. Under these conditions,
we can show that p, can be extended uniquely to a complete measure, p, defined on a o algebra of sets
containing £ and such that p agrees with py on £. We will prove the following important theorem which is
the main result in this section.

Theorem 8.16 Let py be a measure on an algebra of sets, £, which satisfies ug () < co. Then there exists
a complete measure space (2, S, n) such that

p(E) = po (E)

for all E € €. Also if v is any such measure which agrees with p, on &, then v =y on o (€), the o algebra
generated by .
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Proof: We define an outer measure as follows.

mf{ZMo : S CUXLE; E; 65}

Claim 1: p is an outer measure.

Proof of Claim 1: Let S C U2, S; and let .S; C U32, Eij, where

PN
Then
$) <3 > n(Ey) = (n(S)+5) =D u(s

Since € is arbitrary, this shows p is an outer measure as claimed.
By the Caratheodory procedure, there exists a unique o algebra, S, consisting of the u measurable sets
such that

(Q,8, p)

is a complete measure space. It remains to show p extends p.
Claim 2: If S is the o algebra of ;1 measurable sets, S 2 £ and =y on €.
Proof of Claim 2: First we observe that if A € £, then p(A) < py (A) by definition. Letting

o0
A)+e> ZMO (i), Uiz 1 EiDA,
it follows

p(A) +e> g (BN A) > g (A)

i=1

since A = U2, E; N A. Therefore, = 15 on £.
Next we need show £ C S. Let A € £ and let S C Q be any set. There exist sets {F;} C & such that
U?ilEi 2 S but

S)+€>ZH(E1)

Then

p(S) S p(SNA)+p(S\A4)

S p(UZ1Ei \ A) + p (U2, (BN A))

<Y T (ENA) Y p (B0 A) =D p(E) < p(S) +e
=1 =1 i=1

Since € is arbitrary, this shows A € S.
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With these two claims, we have established the existence part of the theorem. To verify uniqueness, Let
M={Eeco(&):u(E)=v(E)}.

Then M is given to contain £ and is obviously a monotone class. Therefore by the theorem on monotone
classes, M = o (€) and this proves the lemma.

With this result we are ready to consider the Kolmogorov theorem about measures on infinite product
spaces. One can consider product measure for infinitely many factors. The Caratheodory extension theorem
above implies an important theorem due to Kolmogorov which we will use to give an interesting application
of the individual ergodic theorem. The situation involves a probability space, (2, S, P), an index set, I
possibly infinite, even uncountably infinite, and measurable functions, {X:},.; , X¢ : € — R. These
measurable functions are called random variables in this context. It is convenient to consider the topological
space

[—o0,00]" = H [—00, 0]

tel
with the product topology where a subbasis for the topology of [—00, 00] consists of sets of the form [—o0, b)

and (a, co] where a,b € R. Thus [—00, 00| is a compact set with respect to this topology and by Tychonoft’s

theorem, so is [—o0, 0o

Let J C I. Then if E =[[,.; Et, we define

v,E EHFt

tel

where

[ E,ifteJ
P [oo,00] ift ¢ T

Thus v ;E leaves alone E; for ¢t € J and changes the other E; into [—o0, c0]. Also we define for J a finite
subset of I,

TJX = H Ty

teJ

. : . I J
so 7y is a continuous mapping from [—oo,o0]” to [—o0, 0]

m;E = H E;.

teJ

Note that for J a finite subset of I,

H [—o0, 00] = [—00, 00]”

teJ

is a compact metric space with respect to the metric,
d(X,y) = max{dt (xtvyt) S J}v
where

di (x,y) = |arctan (z) — arctan (y)|, for z,y € [—o0, o0].
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We leave this assertion as an exercise for the reader. You can show that this is a metric and that the metric
just described delivers the usual product topology which will prove the assertion. Now we define for J a
finite subset of I,

R; = {E :HEt :v;E=E, E; a Borel set in [—o0, oo]‘]}
tel
R = U{R;:JCI, and J finite}

Thus R consists of those sets of [—00, 00]" for which every slot is filled with [—oc, 00] except for a finite set,
J C I where the slots are filled with a Borel set, E;. We define £ as finite disjoint unions of sets of R. In
fact £ is an algebra of sets.

Lemma 8.17 The sets, £ defined above form an algebra of sets of
00, 00]"
Proof: Clearly ) and [—oo, oo]l are both in £. Suppose A, B € R. Then for some finite set, J,
v;A=A, v;B=B.
Then
v;(A\B)=A\Beéry;,(ANnB)=ANBeR.

By Lemma 5.6 this shows £ is an algebra.
Let Xy = (Xy,,- -+, X¢,,) where {t1,---,t,,} = J. We may define a Radon probability measure, Ax, on
a o algebra of sets of [—00, 00]” as follows. For E a Borel set in [—o0, 0]’

Xx, (E)=P({w: X, (w) € E}).

(Remember the random variables have values in R so they do not take the value 400.) Now since Ax , is
a probability measure, it is certainly finite on the compact sets of [—oo, oo]‘]. Also note that if B denotes
the Borel sets of [—00,00]” , then B = {ENn(-00,00) : E € B} is a o algebra of sets of (—00,00)” which
contains the open sets. Therefore, B contains the Borel sets of (—o0, oo)‘] and so we can apply Theorem 6.23

to conclude there is a unique Radon measure extending Ax , which will be denoted as Ax.
For E € R, with v;E = E we define

As(BE) = Ax, (7/E)
Theorem 8.18 (Kolmogorov) There exists a complete probability measure space,
([—oo, ], 8, A)
such that if E € R and v;E = E,
AME)=x;(E).

The measure is unique on o (£), the smallest o algebra containing €. If A C [—o0, 00 Tis a set having
measure 1, then

)\J(']T]A):].

for every finite J C 1.
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Proof: We first describe a measure, Ay on £ and then extend this measure using the Caratheodory
extension theorem. If E € R is such that v; (E) = E, then A is defined as

Ao (E) = \; (E).

Note that if J C J; and v; (E) = E and v, (E) = E, then \; (E) = A;, (E) because

X! (n,E) =X ! | 7/EN [] [0, 00] | = X5 (n,E).
Ji\J

Therefore )\ is finitely additive on £ and is well defined. We need to verify that A\g is actually a measure on
E. Let A,, | O where A,, € £ and V7, (A,) = A,,. We need to show that

Ao (Ay,) LO.
Suppose to the contrary that
Mo (Ay) L e>0.
By regularity of the Radon measure, Ax, , there exists a compact set,
K, Cm;, An

such that

A, (7, M) \Kn) < oy (8.4)

Claim: We can assume H,, = Wj:Kn is in &£ in addition to (8.4).
Proof of the claim: Since A,, € £, we know A, is a finite disjoint union of sets of R. Therefore, it
suffices to verify the claim under the assumption that A,, € R. Suppose then that

T T (An) = H Et

ted,

where the F; are Borel sets. Let K; be defined by

K; =< x;: for some y = H ys, Tt Xy € K,
s#t,s€Jy,

Then using the compactness of K, it is easy to see that K; is a closed subset of [—00, 00] and is therefore,
compact. Now let

K/ = H K.

teJy

It follows K;, O K,, is a compact subset of [[,; F; = 75, A, and ﬂ'janil € R C &. Tt follows we could
have picked K/ . This proves the claim.

Let H, = 7rj: (K,,) . By the Tychonoff theorem, H,, is compact in [—oo, oo]I because it is a closed subset
of [—oo0, oo]I , a compact space. (Recall that 7 is continuous.) Also H,, is a set of £. Thus,

€

Ao (An \ Hn) = Ax,, (71, An) \ Kn) < 5o
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It follows {H,} has the finite intersection property for if N7, Hy = ), then

i > € €
€ < Ao (A \ NI HR) < DX (Ax\Hy) <) oy = 5
k=1 k=1

a contradiction. Now since these sets have the finite intersection property, it follows
M1 Ak 2 M Hy # 0,

a contradiction.
Now we show this implies \g is a measure. If {E;} are disjoint sets of £ with

E=UZE; EE, €&,

then E \ U], E; decreases to the empty set and so

n

Ao (BE\ UL E;) = Xo (E) = > Ao (E;) — 0.
i=1

Thus A (E) = 3", Mo (Ex) . Now an application of the Caratheodory extension theorem proves the main
part of the theorem. It remains to verify the last assertion.
To verify this assertion, let A be a set of measure 1. We note that 7' (1yA) D A, v, (7' (1;A)) =
7' (myA), and 7y (7' (7;A)) = m;A. Therefore,
1=XA) <X (r; (msA)) = Ay (mg (v (7sA))) = Ay (m,A) < 1.

This proves the theorem.

8.2 A strong ergodic theorem

Here we give an application of the individual ergodic theorem, Theorem 5.51. Let Z denote the integers and
let {Xy,}, ¢z be a sequence of real valued random variables defined on a probability space, (22, F, P). Let

T : [—00,0]” — [—00,50]” be defined by
T (x), = Tpt1, where x = H {zn}
nez

Thus T slides the sequence to the left one slot. By the Kolmogorov theorem there exists a unique measure, A
defined on o (£) the smallest o algebra of sets of [—o0, oo]Z, which contains £, the algebra of sets described in
the proof of Kolmogorov’s theorem. We give conditions next which imply that the mapping, T', just defined
satisfies the conditions of Theorem 5.51.

Definition 8.19 We say the sequence of random variables, { Xy}, o, is stationary if
)\(X7L7"'7X7‘L+p) = A(X07,_.7Xp)
for everymn € Z and p > 0.

Theorem 8.20 Let {X,} be stationary and let T be the shift operator just described. Also let A be the

measure of the Kolmogorov existence theorem defined on o (£), the smallest o algebra of sets of [—oo,oo]Z
containing €. Then T 1is one to one and

T 'A,TA € 0 (E) whenever A € o (E)

ATA)=X(T7'A) = X(A) forall A€o (E)

and T is ergodic.
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Proof: It is obvious that 7" is one to one. We need to show 7" and T~! map o (£) to o (£). It is clear
both these maps take € to €. Let F = {E € o (£): T~ (E) € 0 (€)} then F is a ¢ algebra and so it equals
o). E€R withy;E=E, and J={n,n+1,---,n+p}, then

n—+p

mE=]] B, Ex=[-00,], k¢ J.
j=n

Then

TE=F=]]F.
nez

where Fj,_1 = Ej. Therefore,
)\(E) - )\(Xnv"'aXn+p) (En X X E"+P)7
and

A (TE) = )\(Xn—l,“‘7X En X X En+p) .

n+p71) (

By the assumption these random variables are stationary, A (TE) = A (E) . A similar assertion holds for 7.
It follows by a monotone class argument that this holds for all E € ¢ (£). It is routine to verify T is ergodic.
This proves the theorem.

Next we give an interesting lemma which we use in what follows.

Lemma 8.21 In the context of Theorem 8.20 suppose A € o (£) and X (A) = 1. Then there exists ¥ € F
such that P(X) =1 and

Z:{weﬂ: ﬁ Xk(w)eA}

k=—o0
Proof: Let J, ={-n,---,n}and let ¥, ={w: X, (w) € 7s, (A)}. Here
XJ'n. (w) = (X*n (w> v Xp (w)) :

Then from the definition of 7;_ , we see that

A=yl (mg,A)
and the sets, w;nl (mj, A) are decreasing in n. Let ¥ =N, %,,. Then if w € X,

H Xk (w) S TI'JnA

k=—n

for all n and so for each n, we have
Il Xk w) en; (xs,A)
k=—o00

and consequently,

H X (w) € ﬂ,ﬂr}nl (ry,A)=A

k=—o0
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showing that
Eg{weﬂs 1T Xk(w)eA}
k=—oc0
Now suppose [[p- . Xk (w) € A. We need to verify that w € X. We know

H Xk (w) emy A

k=—n

for each n and so w € %,, for each n. Therefore, w € N2 ;3,,. This proves the lemma.
The following theorem is the main result.

Theorem 8.22 Let {X;},., be stationary and let J = {0,---,p}. Then if f om; is a function in LY (\), it
follows that

k—o0

k

. 1

fim k Zf (Xntiz1 (W), -+ Y Xntpti-1 (W) =m
i=1

in L' (P) where

mE/f(XO7~--,Xp)dP
and for a.e. w € ).

Proof: Let f € L' ()\) where f is o (£) measurable. Then by Theorem 5.51 it follows that
1 1< k1
~Suf= = F(INO) = [ ) dA=m
k=1

pointwise A a.e. and in L' (\).
Now suppose f is of the form, f (x) = f (7w (x)) where J is a finite subset of Z,
J={n,n+1,--n+p}.

Thus

)

m = /f (mx) AN(X o Xnsy) = /f (Xn, - Xpgp) dP.

(To verify the equality between the two integrals, verify for simple functions and then take limits.) Now

1 1< -
ZSf (x) = E;f(T" (x))

_ %Z f (s (T (%))

i=1

k
1
R Z f@ntio1, s Tagpyio1) -
i=1



144 PRODUCT MEASURE

Also, by the assumption that the sequence of random variables is stationary,
/ 1
alk

D Kt (@) Xy () —

1 (X )+ Xy () | aP =

dP =

1
E Zf (xn+7,'717 o '7xn+p+i71) —m

=1

:/’%Skf(m(-»—m‘dkz/ﬁs’““)_m‘&

and this last expression converges to 0 as k — oo from the above.
By the individual ergodic theorem, we know that

Lf 9 —m

pointwise a.e. with respect to A, say for x € A where A (A) = 1. Now by Lemma 8.21, there exists a set of
measure 1 in F, X, such that for all w € &, [[;2_ X (w) € A. Therefore, for such w,

— 00

| —

k
—Skf (7TJ k Z Xntio 1 ) : 'aXn+P+i*1 (w))

converges to m. This proves the theorem.
An important example of a situation in which the random variables are stationary is the case when they
are identically distributed and independent.

Definition 8.23 We say the random variables, {X; }Jf +, are independent if whenever J = {iy, - -, ipy} is

a finite subset of I, and {Elj };:1 are Borel sets in [—o0, 00|,

m
115 HAX (E:)
j=1

We say the random variables, {Xj};i are identically distributed if whenever i,j € Z and E C [—00, 0]

is a Borel set,

— 00

Ax, (B) = Xx, (E).
As a routine lemma we obtain the following.

Lemma 8.24 Suppose {Xj};i_oo are independent and identically distributed. Then {X; };i_oo are station-
ary.

The following corollary is called the strong law of large numbers.
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Corollary 8.25 Suppose {X,} -
in LY (Q, P). Then

oo OTE independent and identically distributed random variables which are

1 _

a.e. and in L' (P).

Proof: Let

s0 f (x) = 0 ().

Jireolan= [ lslar, = [ 1% @) ap <.

Therefore, from the above strong ergodic theorem, we obtain (8.5).

8.3 Exercises

1. Let A be an algebra of sets in P(Z) and suppose p and v are two finite measures on o(A), the
o-algebra generated by A. Show that if 4 = v on A, then y = v on o(A).

2. 7 Extend Problem 1 to the case where u, v are o finite with

Z=U,Z,, Z,c A

n=1

and u(Z,) < .

3. Show limy_. fOA Si%dm = 5. Hint: Use % = fooo e *'dt and Fubini’s theorem. This limit is some-
times called the Cauchy principle value. Note that the function sin (z) /z is not in L' so we are not
finding a Lebesgue integral.

4. Suppose g : R” — R has the property that g is continuous in each variable. Can we conclude that g is
continuous? Hint: Consider

_ [ =i i (zy) #(0,0),
g(x’y):{olﬂ y) = (0.0).

5. Suppose g : R® — R is continuous in every variable. Show that g is the pointwise limit of some
sequence of continuous functions. Conclude that if g is continuous in each variable, then ¢ is Borel

measurable. Give an example of a Borel measurable function on R™ which is not continuous in each
variable. Hint: In the case of n = 2 let

a; = 172’ S/

n
and for (z,y) € [ai—1,a;) X R, we let
gn (z,y) =

Show g,, converges to g and is continuous. Now use induction to verify the general result.
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10.

11.

PRODUCT MEASURE
Show (R?,m x m,S x S) where S is the set of Lebesgue measurable sets is not a complete measure
space. Show there exists A € S x S and E C A such that (m x m)(A) =0, but £ ¢ S x S.

Recall that for
EcSxF(pxA)(FE /)\ 2 )dp = / w(EY)dA.

Why is ¢4 X A a measure on § x F7

Suppose G (z) = G (a)+ [ g (t) dt where g € L' and suppose F (z) = F (a)+ [ f (t) dt where f € L',
Show the usual formula for mtegratlon by parts holds,

b b
/dem:FGV;—/ Fygdz.

Hint: You might try replacing G (z) with G (a) + f g () dt in the first integral on the left and then
using Fubini’s theorem.

Let f: Q — [0,00) be measurable where (2, S, 1) is a o finite measure space. Let ¢ : [0,00) — [0, 00)
satisfy: ¢ is increasing. Show

/ch( x))dp = /¢ f(x) > t)dt.

The function t — u(z : f(x) > t) is called the distribution function. Hint:

[ ssenin= [, [ Hosens .

Now try to use Fubini’s theorem. Be sure to check that everything is appropriately measurable. In
doing so, you may want to first consider f(z) a nonnegative simple function. Is it necessary to assume
(Q, S, u) is o finite?

In the Kolmogorov extension theorem, could X; be a random vector with values in an arbitrary locally
compact Hausdorff space?

Can you generalize the strong ergodic theorem to the case where the random variables have values not
in R but R* for some k?



Fourier Series

9.1 Definition and basic properties

A Fourier series is an expression of the form

0o
§ ckezkw

k=—o00

where we understand this symbol to mean
n
lim E cpett®,
n—oo
k=—n

Obviously such a sequence of partial sums may or may not converge at a particular value of x.

These series have been important in applied math since the time of Fourier who was an officer in
Napolean’s army. He was interested in studying the flow of heat in cannons and invented the concept
to aid him in his study. Since that time, Fourier series and the mathematical problems related to their con-
vergence have motivated the development of modern methods in analysis. As recently as the mid 1960’s a
problem related to convergence of Fourier series was solved for the first time and the solution of this problem
was a big surprise. In this chapter, we will discuss the classical theory of convergence of Fourier series. We
will use standard notation for the integral also. Thus,

/ab f(z)dx = /X[a,b] (z) f () dm.

Definition 9.1 We say a function, f defined on R is a periodic function of period T if f(x+T) = f (x)
for all .

Fourier series are useful for representing periodic functions and no other kind of function. To see this,
note that the partial sums are periodic of period 27. Therefore, it is not reasonable to expect to represent a
function which is not periodic of period 27 on R by a series of the above form. However, if we are interested
in periodic functions, there is no loss of generality in studying only functions which are periodic of period
2m. Indeed, if f is a function which has period T, we can study this function in terms of the function,

Tx

g(z) = f (%) and g is periodic of period 2.

Definition 9.2 For f € L' (—m,m) and f periodic on R, we define the Fourier series of f as

i crpeke, (9.1)

k=—o0

147
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where
1

= " —iky 2
cr = 5= _Wf(y)e dy. (9.2)

We also define the nth partial sum of the Fourier series of f by

Su () (@)= > cxe™. (9.3)

k=—n

It may be interesting to see where this formula came from. Suppose then that

f(l’): Z Ckeikx

k=—o00

and we multiply both sides by e~"™* and take the integral, ["_, so that

™ ) ™ o0 ) )
f(x)e "™z = Z crpeTe M g,
—7 T e oo
Now we switch the sum and the integral on the right side even though we have absolutely no reason to
believe this makes any sense. Then we get

f (m) e iMT gy — § Ck / ezkxe—zmxdx
- k=—o00 —T

= cm/ ldz = 2mey,

—Tr

because f:r eTe=imTdy — 0 if k # m. It is formal manipulations of the sort just presented which suggest
that Definition 9.2 might be interesting.
In case f is real valued, we see that ¢; = c_ and so

1 " . ikx
Snf(x):% 7ﬂf(y)dy+;2Re(ckek )
Letting ¢, = ay + 10,
1 (7 -
Snf (2) = o 7ﬂf(y)dy+;2[akcoskx—ﬂksinkx]

where
Ccr = i /ﬂ' f (y) e_ikydy = i /Tr f (y) (COS ky — ZSlnky) dy
2 J_, 2 J_,
which shows that

a = %[ f (y) cos (ky) dy, 8), = ;7:/ f (y) sin (ky) dy

Therefore, letting ar = 2o and by, = —23,,, we see that
1 /7 1 [7 .
ak = — f (y) cos (ky) dy, b, = - f (y)sin (ky) dy
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and

Snf (z) = % + 3" ag cos ka + by sin kz (9.4)
k=1

This is often the way Fourier series are presented in elementary courses where it is only real functions which
are to be approximated. We will stick with Definition 9.2 because it is easier to use.
The partial sums of a Fourier series can be written in a particularly simple form which we present next.

Spf(z) = i cpett®

k=—n
n

5 (L [ ) o

k=—n

[ L5 ()

=—n

Dy (z —y) f (y) dy. (9.5)

—T

The function,

is called the Dirichlet Kernel

Theorem 9.3 The function, D,, satisfies the following:
1. [T Dy (t)dt=1
2. D, is periodic of period 2w

3. D, (t) = (2n)

Proof: Part 1 is obvious because % ffﬂ e~ "*dy = 0 whenever k # 0 and it equals 1 if k = 0. Part 2 is

also obvious because t — e?** is periodic of period 2. It remains to verify Part 3.

" n n+1
2D, (t) = Z ekt 2meit D, (1) = Z pi(k+1)t _ Z pikt
k=-n k=—n k=—n+1

and so subtracting we get
27Dy, (t) (1 - eit) = et _ gintl)t,
Therefore,

2w Dy, (t) (67”/2 - 6“/2) — o—i(ntg)t _ gi(nt+3)t

and so

t 1
27D, (t) (—22’ sin 5) = —2isin (n + 5) t
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which establishes Part 3. This proves the theorem.

It is not reasonable to expect a Fourier series to converge to the function at every point. To see this,
change the value of the function at a single point in (—m,7) and extend to keep the modified function
periodic. Then the Fourier series of the modified function is the same as the Fourier series of the original
function and so if pointwise convergence did take place, it no longer does. However, it is possible to prove
an interesting theorem about pointwise convergence of Fourier series. This is done next.

9.2 Pointwise convergence of Fourier series

The following lemma will make possible a very easy proof of the very important Riemann Lebesgue lemma,
the big result which makes possible the study of pointwise convergence of Fourier series.

Lemma 9.4 Let f € L' (a,b) where (a,b) is some interval, possibly an infinite interval like (—oo,o0) and
let e > 0. Then there exists an interval of finite length, [a1,b1] C (a,b) and a function, g € C.(a1,b1) such
that also g’ € C.. (a1,b1) which has the property that

b
/ |f—gldz <e (9.6)
Proof: Without loss of generality we may assume that f (z) > 0 for all = since we can always consider the

positive and negative parts of the real and imaginary parts of f. Letting a < a,, < b, < b with lim, ., a, = a
and lim,,_ b, = b, we may use the dominated convergence theorem to conclude

b
lim / |f () = f(2) Xa, b, (x)| dz = 0.

n—oo

Therefore, there exist ¢ > a and d < b such that if h = fX(. g, then

b )
/ f—nldz < 5. 9.7)

Now from Theorem 5.31 on the pointwise convergence of nonnegative simple functions to nonnegative mea-
surable functions and the monotone convergence theorem, there exists a simple function,

P
s(x) = Z ¢ X, ()
i=1
with the property that
b €
/ |s — h|dz < = (9.8)
a 4
and we may assume each E; C (¢,d). Now by regularity of Lebesgue measure, there are compact sets, K;
and open sets, V; such that K; C E; CV;, V; C (¢,d), and m (V; \ K;) < a, where « is a positive number

which is arbitrary. Now we let K; < k; < V;. Thus k; is a continuous function whose support is contained in
V;, which is nonnegative, and equal to one on K;. Then let

g1 (z) = Zciki (z).
i=1

We see that g7 is a continuous function whose support is contained in the compact set, [¢,d] C (a,b). Also,

b p p
/ |gl—s|dx§Zcim(Vi\K¢)<aZcZ—.
a i=1 i=1
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Choosing « small enough, we may assume

b €
/ lg1 — s|dz < 1 (9.9)

Now choose r small enough that [¢c —r,d + 7] C (a,b) and for 0 < h < r, let

1 x+h
= — t)dt.
m@ =g [ o)

Then g, is a continuous function whose derivative is also continuous and for which both g, and gj, have
support in [c —r,d + 7] C (a,b). Now let [a1,b1] = [c—r,d+r].

/ 9 —gnldz < / L0 @) — g (1)) dtda
a a 2h x—h

1

< HE%Eﬁwrwﬁzi (9.10)

whenever h is small enough due to the uniform continuity of g;. Let g = g, for such h. Using (9.7) - (9.10),

we obtain
/\f glder < /|f h|dx+/ |h—3|dac—|—/ |s — g1 dz

| lde < S+ 4Z45—¢
— €T — — — - = E&.
n-y 1717171
This proves the lemma.
With this lemma, we are ready to prove the Riemann Lebesgue lemma.

Lemma 9.5 (Riemann Lebesgue) Let f € L' (a,b) where (a,b) is some interval, possibly an infinite interval
like (—o0,00). Then

b
lim f(t)sin (ot + B) dt = 0. (9.11)

a— 00
a

Proof: Let € > 0 be given and use Lemma 9.4 to obtain g such that g and ¢’ are both continuous, the
support of both g and g’are contained in [a1,b1], and

b €
/‘m—fo<§. (9.12)
Then
b
t)sin (at 4+ B)dt| < t)sin(ozt—l—ﬁ)dt—/ g (t)sin (at + B) dt
b

+ / g (t)sin (at + B) dt

< /|f g|dx+/ g (t)sin (at + B) dt
by

< 5—1—/ g (t)sin (at + B) dt|.




152 FOURIER SERIES

We integrate the last term by parts obtaining

b1 _ b1
[ g tar gyan = == gy [T LD g

a o o

an expression which converges to zero since ¢’ is bounded. Therefore, taking « large enough, we see

<5+€
L2 —¢
2 2

/ f(t)sin (ot + B) dt

and this proves the lemma.

9.2.1 Dini’s criterion

Now we are ready to prove a theorem about the convergence of the Fourier series to the midpoint of the
jump of the function. The condition given for convergence in the following theorem is due to Dini. [3].

Theorem 9.6 Let f be a periodic function of period 2w which is in L* (—m, ). Suppose at some x, we have
f(x+) and f (x—) both exist and that the function

y_)f(x—y)—f(x—);rf(:v+y)—f(w+) (9.13)
is in L' (0,8) for some § > 0. Then
lim S,.f (x) = w (9.14)
Proof:
Suf @)= [ Dule ) f ) dy

—T

We change variables  — y — y and use the periodicity of f and D,, to write this as

T

Snf (x) Dy (y) f (z —y)

- O
/()Dn(y)f(w—y)der D (y) f (z — y) dy

—T

_ A“Dn(y>[f<x—y>+f<x+y>]dy
/7r 1sin ((n+3)y) [f(x—y) +f(:v+y)] dy. (9.15)
0

T sin (%) 2

Also

s

Dy (y) [f (z+) + f (z—)] dy

flz+)+ f(xz—) -
_ / " Du () [ (@) + f () dy
0
_ /0 lw[f(xﬂ—i—f(x—)]dy

T sin (%)
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and so
Suf (z) — f(“);f(x_)‘ N
/ﬂ 1sin ((n+3)y) {f(x —y)—fla)+flat+y - f<$+)} dy (9.16)
o T sin (%) 2
Now the function
y*)f(m_y)_f($—)—|—f(x+y)_f(x+) (9.17)

2sin (%)

is in L' (0, 7). To see this, note the numerator is in L' because f is. Therefore, this function is in L' (8, )
where d is given in the Hypotheses of this theorem because sin (%) is bounded below by sin (%) for such y.
The function is in L! (0,4) because

fe—y - fa)+f@ty —flat) [fe—y-f@)+flzt+ty -—flt) y
2sin (¥) Y 2sin (%)’

and y/2sin (£) is bounded on [0,6]. Thus the function in (9.17) is in L' (0,7) as claimed. It follows from
the Riemann Lebesgue lemma, that (9.16) converges to zero as n — oco. This proves the theorem.
The following corollary is obtained immediately from the above proof with minor modifications.

Corollary 9.7 Let f be a periodic function of period 2w which is in L' (=, 7). Suppose at some x, we have
the function

y_)f(x—y)+@7;(x+y>—2s (9.18)

is in L1 (0,8) for some § > 0. Then

lim S,f(x)=s. (9.19)
n—oo
As pointed out by Apostol, [3], this is a very remarkable result because even though the Fourier coeficients
depend on the values of the function on all of [—, 7], the convergence properties depend in this theorem on
very local behavior of the function. Dini’s condition is rather like a very weak smoothness condition on f at
the point, z. Indeed, in elementary treatments of Fourier series, the assumption given is that the one sided
derivatives of the function exist. The following corollary gives an easy to check condition for the Fourier
series to converge to the mid point of the jump.

Corollary 9.8 Let f be a periodic function of period 21 which is in L* (=7, 7). Suppose at some x, we have
f(z+) and f (x—) both exist and there exist positive constants, K and § such that whenever 0 <y < ¢

[f(@—y) = fla)l <Ky’ [f(@+y) = fat)] < Ky’ (9.20)
where 0 € (0,1]. Then

lim 8, f () = LEHD @)

n—oo 2

(9.21)

Proof: The condition (9.20) clearly implies Dini’s condition, (9.13).
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9.2.2 Jordan’s criterion

We give a different condition under which the Fourier series converges to the mid point of the jump. In order
to prove the theorem, we need to give some introductory lemmas which are interesting for their own sake.

Lemma 9.9 Let G be an increasing function defined on [a,b]. Thus G (z) < G (y) whenever x < y. Then
G (z—) =G (z+) = G (x) for every x except for a countable set of exceptions.

Proof: We let S = {x € [a,b] : G(x+) > G (x—)}. Then there is a rational number in each interval,
(G (z—),G (z+)) and also, since G is increasing, these intervals are disjoint. It follows that there are only
contably many such intervals. Therefore, S is countable and if x ¢ S, we have G (z+) = G (x—) showing
that G is continuous on S¢ and the claimed equality holds.

The next lemma is called the second mean value theorem for integrals.

Lemma 9.10 Let G be an increasing function defined on [a,b] and let f be a continuous function defined
on [a,b]. Then there exists to € [a,b] such that

/abG(s)f(s) ds = G (a) </at0 f(s)ds) + G (b-) (/tjf(s) ds) . (9.22)

Proof: Letting h > 0 we define
G ( r)drds
il L0

where we understand G (z) = G (a) for all z < a. Thus G}, (a) = G (a) for all h. Also, from the funda-
mental theorem of calculus, we see that G} (t) > 0 and is a continuous function of ¢. Also it is clear that

limy, 00 Gp, (t) = G (t—) for all t € [a,b]. Letting F (¢ f f(s

b
/ G (5)  (s)ds = F () G (8) |2 — / F ()G, () dt. (9.23)

Now letting m = min {F (¢) : t € [a,b]} and M = max{F (t) : t € [a,]]}, since G}, (t) > 0, we have

m/bG;(t)dt</bF(t)G;(t)dt<M/bG;(t)dt

Therefore, if f G, (t)dt #0,

_ I FWG Mt _
fG’

and so by the intermediate value theorem from calculus,

[P F (8 Gy (1) dt

F(ty) = fa o

for some t; € [a,b]. Therefore, substituting for fab F (t) G, (t)dt in (9.23) we have

b
/Gh(s)f(s)ds F()Gn(®) Fth/G’ b dt
= F()Gh(b) = F(tn) Gp (b) + F (tn) G (a)

b th
( t f(s)ds) Gh(b)—l—< f(s)ds)G(a).
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Now selecting a subsequence, still denoted by h which converges to zero, we can assume tp, — to € [a,b].
Therefore, using the dominated convergence theorem, we may obtain the following from the above lemma.

/abG(S)f(S)ds - /abG(S)f(S)ds

_ (/tjf(s)ds) G (b—) + </at0f(s)ds)G(a).

and this proves the lemma.

Definition 9.11 Let f : [a,b] — C be a function. We say f is of bounded variation if

SUP{Zf(ti)—f(ti1)|1a=t0<'-'<tn=b}EV(f7[avb])<00

i=1

where the sums are taken over all possible lists, {a =ty < --- < t, =b}. The symbol, V (f,|a,b]) is known
as the total variation on [a,b].

Lemma 9.12 A real valued function, f, defined on an interval, [a,b] is of bounded variation if and only if
there are increasing functions, H and G defined on [a,b] such that f(t) = H (t) — G (t). A complex valued
function is of bounded variation if and only if the real and imaginary parts are of bounded variation.

Proof: For f a real valued function of bounded variation, we may define an increasing function, H (t) =
V (f,|a,t]) and then note that

It is routine to verify that G (¢) is increasing. Conversely, if f(t) = H (t) — G (t) where H and G are
increasing, we can easily see the total variation for H is just H (b) — H (a) and the total variation for G is
G (b) — G (a) . Therefore, the total variation for f is bounded by the sum of these.

The last claim follows from the observation that

|f (t:) = f (ti—1)| = max ([Re f (t;) — Re f (ti—1)[, [Tm f (¢;) — Im f (ti-1)])

and

[Re f (t:) = Re f (ti—1)| + [Im f () — Im f (t;i—1)[ = | f (&) — f (ti-1)]-
With this lemma, we can now prove the Jordan criterion for pointwise convergence of the Fourier series.

Theorem 9.13 Suppose f is 27 periodic and is in L' (—m,m). Suppose also that for some § > 0, f is of
bounded variation on [x — §,xz + §]. Then

lim S, f (2) = LD @) (9.24)

n—o0 2

Proof: First note that from Definition 9.11, lim,_,,_ Re f (y) exists because Re f is the difference of two
increasing functions. Similarly this limit will exist for Im f by the same reasoning and limits of the form
lim, .4 will also exist. Therefore, the expression on the right in (9.24) exists. If we can verify (9.24) for
real functions which are of bounded variation on [z — 0,2 + d], we can apply this to the real and imaginary
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parts of f and obtain the desired result for f. Therefore, we assume without loss of generality that f is real
valued and of bounded variation on [x — §,z + 4] .

Suf (o)~ LD TI@D) [T p ) <f<x—y>—

f(a+) + f (@)
2 . ) %

2

- / D) [(f &+ y) — F @) + (@ —y) — f (@) dy.

Now the Dirichlet kernel, D,, (y) is a constant multiple of sin ((n + 1/2)y) /sin (y/2) and so we can apply
the Riemann Lebesgue lemma to conclude that

™

lim [ Dy (y)[(f (z+y) = fz+) + (f (@ —y) = f(z=))]dy = 0

n—oo Py

and so it suffices to show that

5
lim [ Dy (y) [(f (x+y) = f(z+) + (f (¢ —y) = f (z=))]dy = 0. (9-25)
n—oo 0
Now y — (f(z+y)—f(z+) + (f(x —y) — f(x—)) h(y ) is of bounded variation for y € [0,4] and
limy o4 h (y) = 0. Therefore, we can write h(y) = H (y) — G (y) where H and G are increasing and for
F =G, H,lim, o+ F (y) = F (0) = 0. It suffices to show (9.25) holds with f replaced with either of G or H.
Letting € > 0 be given, we choose §; < ¢ such that H (d1),G (d1) < €. Now
5 51
/ Dn ()G y)dy = | Dn(y)Gy)dy+ | = Dnly)Gy)dy
1 0

and we see from the Riemann Lebesgue lemma that the first integral on the right converges to 0 for any
choice of d; € (0,0) . Therefore, we estimate the second integral on the right. Using the second mean value
theorem, Lemma 9.10, we see there exists d,, € [0,d1] such that

51 61
D, (y)G(y)dy| = |G(61-) : Dy, (y) dy
0 n
41
< e Dy, (y) dy| .
On
Now
5 5 . 1
1 1 Y sin (n + 5) Y
D, (y)|=C / - dt
5n ) s, sin(y/2) Y

and for small §1,y/sin (y/2) is approximately equal to 2. Therefore, the expression on the right will be
bounded if we can show that

/‘51 sin (n + %) ydt
5

n Yy

is bounded independent of choice of d,, € [0,d1]. Changing variables, we see this is equivalent to showing

that
b .
/ siny dy
a Y
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is bounded independent of the choice of a,b. But this follows from the convergence of the Cauchy principle
value integral given by

A siny

lim

d
A—o0 0 Yy y

which was considered in Problem 3 of Chapter 8 or Problem 12 of Chapter 7. Using the above argument for
H as well as (G, this shows that there exists a constant, C' independent of £ such that

lim sup
n—oo

&
/O Dn W) [(f (z+y) = [ (@4)) + (f ( —y) — f (z))] dy| < Ce.

Since € was arbitrary, this proves the theorem.
It is known that neither the Jordan criterion nor the Dini criterion implies the other.

9.2.3 The Fourier cosine series

Suppose now that f is a real valued function which is defined on the interval [0, 77| . Then we can define f on
the interval, [—m, 7] according to the rule, f (—x) = f (x). Thus the resulting function, still denoted by f is
an even function. We can now extend this even function to the whole real line by requiring f (z + 27) = f ()
obtaining a 27 periodic function. Note that if f is continuous, then this periodic function defined on the
whole line is also continuous. What is the Fourier series of the extended function f?7 Since f is an even
function, the n** coefficient is of the form

1 (7 - I

n = — flz)e™™®de =— [ f(z)cos(nz)dxrifn+#0
2w J T Jo

o = l/ f(x)dzifn=0.
T Jo

Thus ¢_,, = ¢, and we see the Fourier series of f is of the form

% (/Oﬂ f(x) dx) +§ (% /(: f (y) cos ky) cos kx (9.26)

=cg+ Z 2¢y, cos k. (9.27)
k=1

Definition 9.14 If f is a function defined on [0, 7] then (9.26) is called the Fourier cosine series of f.

Observe that Fourier series of even 27 periodic functions yield Fourier cosine series.
We have the following corollary to Theorem 9.6 and Theorem 9.13.

Corollary 9.15 Let f be an even function defined on R which has period 2r and is in L' (0,7). Then at
every point, x, where f (x+) and f (x—) both exist and the function

Sy - fle)+ flaty) - flzt)

9.28
; (9.28)
is in L (0,68) for some & > 0, or for which f is of bounded variation near x we have
. u rz+)+ f(x—
nlLH;o ag + ; ap coskr = % (9.29)

Here

ag = %/0 f(x)dz, a, = %/0 f (x) cos (nz) dz. (9.30)
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There is another way of approximating periodic piecewise continuous functions as linear combinations of
the functions e’*¥ which is clearly superior in terms of pointwise and uniform convergence. This other way
does not depend on any hint of smoothness of f near the point in question.

9.3 The Cesaro means

In this section we define the notion of the Cesaro mean and show these converge to the midpoint of the jump
under very general conditions.

Definition 9.16 We define the nth Cesaro mean of a periodic function which is in L* (—7,7), onf (x) by
the formula

p— 1 .
anf<x>:n+1kzzoskf<x>.

Thus the nth Cesaro mean is just the average of the first n + 1 partial sums of the Fourier series.

Just as in the case of the S, f, we can write the Cesaro means in terms of convolution of the function
with a suitable kernel, known as the Fejer kernel. We want to find a formula for the Fejer kernel and obtain
some of its properties. First we give a simple formula which follows from elementary trigonometry.

n ] 1 1 n
Zsm(k—i—§>y = 2Sin%2(cosk:y—cos(k+1)y)
k=0 k=0
1—cos((n+1)y)

= . . 1
2sin & (9.31)
Lemma 9.17 There exists a unique function, F,, (y) with the following properties.
1. O'nf (17) = f:rﬂ F, (:E - y) f (y) dy,
2. F, is periodic of period 2w,
3. F,(y) >0 and if 7 > |y| > r >0, then lim, o F, (y) =0,
4. fjﬂ Fy (y) dy =1,
F _ _1—cos((n+1)y)
5 n (y) 47 (n+1) sin2(%)
Proof: From the definition of o, it follows that
=[S D] )
On = — .
__|nr1 k Yy y)ay
k=0
Therefore,
Fuly) = —— YD) (932

That F,, is periodic of period 27 follows from this formula and the fact, established earlier that Dy, is periodic
of period 27. Thus we have established parts 1 and 2. Part 4 also follows immediately from the fact that
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I Dy (y)dy = 1. We now establish Part 5 and Part 3. From (9.32) and (9.31),

Faly) = o (nl+ 1) sinl(g) zijsm (<k+ %> y)

1 1—cos((n+1)y)
27 (n + 1) sin (%) ( 2sin & )
1—cos((n+1)

(

y)
- AR (9.33)
4 (n+ 1)sin” (4)
This verifies Part 5 and also shows that F, (y) > 0, the first part of Part 3. If |y| > r,
2
[ Fn (y)] (9.34)

<
~ A (n+1)sin® ()

and so the second part of Part 3 holds. This proves the lemma.
The following theorem is called Fejer’s theorem

Theorem 9.18 Let f be a periodic function with period 2w which is in L' (—m, 7). Then if f(z+) and
f (z=) both exist,

Jim g, f () = L) (9.35)

If [ is everywhere continuous, then o, f converges uniformly to f on all of R.

Proof: As before, we may use the periodicity of f and F,, to write

ouf (x) = /;Fn(y>[f<x—y>+f<x+y>1dy

2

From the formula for F),, we see that Fj, is even and so fow 2F, (y)dy = 1. Also

LDt _ [Tup g LD,

Therefore,

Jnf ({E) -

f (z-) +f(w+)’ _
2

/Oﬂan(w [f(x—)+f(x+) B f(fc—y);f(xﬂ)]

dy| <
2 J

/ "9F, (y) edy + / " 9F, (y) Cdy

0 T

where r is chosen small enough that

‘f(w—)+f(x+) -y +faty)
2

5 ’ <e (9.36)
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for all 0 < y < r. Now using the estimate (9.34) we obtain

fla=)+ f(z+) " 1
onf(x) = 2 ‘ = €+C/T 7 (n + 1) sin? (%)dy
< e+ 6 .
- n+1

and so, letting n — oo, we obtain the desired result.

In case that f is everywhere continuous, then since it is periodic, it must also be uniformly continuous.
It follows that f (z4) = f (z) and by the uniform continuity of f, we may choose r small enough that (9.36)
holds for all  whenever y < r. Therefore, we obtain uniform convergence as claimed.

9.4 Gibb’s phenomenon

The Fourier series converges to the mid point of the jump in the function under various conditions including
those given above. However, in doing so the convergence cannot be uniform due to the discontinuity of the
function to which it converges. In this section we show there is a small bump in the partial sums of the
Fourier series on either side of the jump which does not disappear as the number of terms in the Fourier series
increases. The small bump just gets narrower. To illustrate this phenomenon, known as Gibb’s phenomenon,
we consider a function, f, which equals —1 for z < 0 and 1 for = > 0. Thus the nth partial sum of the Fourier
series is

4 i sin ((2k — 1) z)
o 2k—1
k=1
We consider the value of this at the point 7. This equals

%2”: sin((2k— &) 2 Z sin ((2k — 1) )

N -1 (Z)

— 2k — 1 (et

T
n
which is seen to be a Riemann sum for the integral % foﬂ SINY gy This integral is a positive constant approx-
imately equal to 1.179. Therefore, although the value of the function equals 1 for all x > 0, we see that for
large n, the value of the nth partial sum of the Fourier series at points near x = 0 equals approximately
1.179. To illustrate this phenomenon we graph the Fourier series of this function for large n, say n = 10.
The following is the graph of the function, Syof (z) = % ,16021 W

You see the little blip near the jump which does not disappear. So you will see this happening for even
larger n, we graph this for n = 20. The following is the graph of Sy f (z) = % iO:l W

As you can observe, it looks the same except the wriggles are a little closer together. Nevertheless, it

still has a bump near the discontinuity.

9.5 The mean square convergence of Fourier series

We showed that in terms of pointwise convergence, Fourier series are inferior to the Cesaro means. However,
there is a type of convergence that Fourier series do better than any other sequence of linear combinations
of the functions, e***. This convergence is often called mean square convergence. We describe this next.

Definition 9.19 We say f € L? (—n,7) if f is Lebesque measurable and

[ @l <.

—T
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We say a sequence of functions, {f,} converges to a function, f in the mean square sense if

s

lim |fn — fIPdz = 0.

Lemma 9.20 If f € L? (-7, 7), then f € L' (-7, 7).

(1.2

Proof: We use the inequality ab < % + % whenever a,b > 0, which follows from the inequality

(a—b)* > 0.
" T @) "1
If (z)]dx < 5 dz + 5dx<oo.
This proves the lemma.

From this lemma, we see we can at least discuss the Fourier series of a function in L? (—m, 7). The
following theorem is the main result which shows the superiority of the Fourier series in terms of mean
square convergence.

Theorem 9.21 For ¢, complex numbers, the choice of ¢, which minimizes the expression

2

/ Z cre®®| dx (9.37)
k=—n
is for ci to equal the Fourier coefficient, ay, where
1 (" -
= 5 » f(z) e *2dy, (9.38)
Also we have Bessel’s inequality,
Lt Y = o [ isurta (9.3
5 x 2 an|” = o 15 x .
where oy, denotes the kth Fourier coefficient,
1 —1RT
=5 | f( Ye R dy. (9.40)

Proof: It is routine to obtain that the expression in (9.37) equals

/ |fI? da — Z Ck )eFrdg — Z [ Ye kedy 4 2 Z lex|?

k=-n k=—n k=—n
~ [ itdo-om D RN o
k=-n k=—n k=—n

where oy, = 5 ffﬂ f (z) e~**dx, the kth Fourier coefficient. Now

—CrO) — CkQk + |Ck|2 = [cx — ak\z - |04k|2
Therefore,

/.

n

f (J?) _ Z ckeikz

k=—n

2
1 . ) n ) n )
dm:2ﬁlg/_ﬂ|f| d.’L‘—Z|Oék| +Z|@k—ck|

k=—n k=—n
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It is clear from this formula that the minimum occurs when «j = ¢; and that Bessel’s inequality holds. It
only remains to verify the equal sign in (9.39).

1 [ 2 17 S ikz ~
%/7#|Snf| de = o » <kz ape ) (lz aje )d:c

= %/W Z | do = Z |a]? .
—m

n k=—n

This proves the theorem.
This theorem has shown that if we measure the distance between two functions in the mean square sense,

x 1/2
d(f.9) = (/ If—g|2dm) ,

then the partial sums of the Fourier series do a better job approximating the given function than any other
linear combination of the functions e*? for —n < k < n. We show now that

us

lim [ |f (@) = Suf (@) dz =0

whenever f € L? (—m, ). To begin with we need the following lemma.

Lemma 9.22 Lete > 0 and let f € L? (—m, ). Then there exists g € C. (—m, ) such that
/ If— gt dz < e

Proof: We can use the dominated convergence theorem to conclude

l% . |f - fX(fﬂ'Jrr,rrfr) ’2 dx = 0.

Therefore, picking r small enough, we may define k = fX(_r4, »_,) and have
/ If — k[ dx < g (9.41)

Now let k = h™ —h™ +4 (IT — ™) where the functions, h and [ are nonnegative. We may then use Theorem
5.31 on the pointwise convergence of nonnegative simple functions to nonnegative measurable functions and
the dominated convergence theorem to obtain a nonnegative simple function, st < h™ such that

4 2 €
/ |h+—sJr doe < —.
-7

Similarly, we may obtain simple functions, s~, t*, and ¢~ such that

o € T €
/ h™—s ‘zdaz<—,/_ﬂ‘l+—t+‘2dm<m,

—T

N —12 3
/_W|z —tde < 1
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Letting s = st — s~ +i(t" —t7), and using the inequality,

(@+b+ct+d’® <4(a®+0*+E+d?),

/ |k — s|* da <

4/” (I = s P+ |h = s P it =P | =) d

—T

we see that

S S £ £ 3
< — _ _ _— = —. .
=4 (144 - 144 - 144 - 144> 9 (9.42)

Let s(z) = >, ¢;Xp, (z) where the E; are disjoint and E; C (—m + 7,7 —r). Let a > 0 be given. Using
the regularity of Lebesgue measure, we can get compact sets, K; and open sets, V; such that

K, CE,CV,C(—m+r,m—r)
and m (V; \ K;) < . Then letting K; <r; < V; and g (z) = Y., ¢;1; ()
/7r |S_g|2dx§i|ci|2m(‘/i\[(i)Sai|ci‘2<g (9.43)
- i=1 i=1
provided we choose a small enough. Thus g € C. (—m,7) and from (9.41) - (9.42),
/_ﬂ |f—g\2dx§3/j (|f—k|2+|k—s\2+\s—g\2>dx<5.

This proves the lemma.
With this lemma, we are ready to prove a theorem about the mean square convergence of Fourier series.

Theorem 9.23 Let f € L? (—nm, 7). Then
lim / |f = Snf)? dz = 0. (9.44)

Proof: From Lemma 9.22 there exists g € C. (—m, 7) such that
/ If—glPdx <e.

Extend g to make the extended function 27 periodic. Then from Theorem 9.18, o,,g converges uniformly to
g on all of R. In particular, this uniform convergence occurs on (—m, 7). Therefore,

T

lim long — g dz = 0.

n—oo f_

Also note that o, f is a linear combination of the functions e?** for |k| < n. Therefore,

/ g — gl da > / 1Sug — gl da

—T —T
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which implies

™

lim |Sng — g|* dz = 0.

Also from (9.39),

[isig-pras (g stan

—T —T

Therefore, if n is large enough, this shows

/|f—snf|2dx<3(/ ol ars [ lg- sl s

—T —T

[ 18- nka)

—T

<3(e+e+¢e)=09.

This proves the theorem.

9.6 Exercises

1.

Let f be a continuous function defined on [—m,7]. Show there exists a polynomial, p such that
llp — fl| < e where ||g|| =sup{|g (z)|: x € [-7, 7]} . Extend this result to an arbitrary interval. This is
called the Weierstrass approximation theorem. Hint: First find a linear function, ax 4+ b = y such that
f — v has the property that it has the same value at both ends of [—m, 7| . Therefore, you may consider
this as the restriction to [—m, 7] of a continuous periodic function, F. Now find a trig polynomial,
o (x) = ag+ Y, _ ax cos kx + by sin kx such that [0 — F|| < §. Recall (9.4). Now consider the power
series of the trig functions.

Show that neither the Jordan nor the Dini criterion for pointwise convergence implies the other crite-
rion. That is, find an example of a function for which Jordan’s condition implies pointwise convergence
but not Dini’s and then find a function for which Dini works but Jordan does not. Hint: You might
try considering something like y = [In (1/2)] ™" for z > 0 to get something for which Jordan works but
Dini does not. For the other part, try something like z sin (1/x) .

If f € L?(—m,7) show using Bessel’s inequality that lim,, . f:r f(z)e™®dz = 0. Can this be used
to give a proof of the Riemann Lebesgue lemma for the case where f € L2?

. Let f(z) =z for x € (—m,7) and extend to make the resulting function defined on R and periodic of

period 27. Find the Fourier series of f. Verify the Fourier series converges to the midpoint of the jump

and use this series to find a nice formula for 7. Hint: For the last part consider z = 7.

Let f(z) = 2% on (—m,7) and extend to form a 27 periodic function defined on R. Find the Fourier
series of f. Now obtain a famous formula for %2 by letting = = .

Let f () = cosz for = € (0,7) and define f (x) = —cosz for z € (—m,0) . Now extend this function to
make it 27 periodic. Find the Fourier series of f.
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7. Show that for f € L? (—m,7),

i f (@) Snf (z)dz =21 Y |yl

k=—n

where the oy, are the Fourier coefficients of f. Use this and the theorem about mean square convergence,
Theorem 9.23, to show that

oo n

1 [ .
L pofd= Y = tm 3 el
- k=—o00 k=—n

8. Suppose f,g € L? (—m, ). Show using Problem 7

o0

1 _
% _ﬂfgdx: Z akﬁk?

k=—o00
where oy, are the Fourier coefficients of f and 3, are the Fourier coefficients of g.

9. Find a formula for }°;'_; sinkz. Hint: Let S, = Y_;_; sinka. The sin (%) S, = > ;_; sinkazsin ().

Now use a Trig. identity to write the terms of this series as a difference of cosines.

10. Prove the Dirichlet formula which says that ZZ:p arpbr = Agbg — Ap—1by + ZZ;; Ay, (b, — bgs1) - Here
Ag =301 ak

11. Let {a,} be a sequence of positive numbers having the property that lim,_, ., na, = 0 and na, >
(n 4 1) an41. Show that if this is so, it follows that the series, Y, a, sinnz converges uniformly
on R. This is a variation of a very interesting problem found in Apostol’s book, [3]. Hint: Use
the Dirichlet formula of Problem 10 and consider the Fourier series for the 27 periodic extension of
the function f(z) = m — « on (0,27). Show the partial sums for this Fourier series are uniformly
bounded for z € R. To do this it might be of use to maximize the series ZZ:1 % using methods
of elementary calculus. Thus you would find the maximum of this function among the points where
> p—q cos (kz) = 0. This sum can be expressed in a simple closed form using techniques similar to those
in Problem 10. Then, having found the value of x at which the maximum is achieved, plug it in to
Sorey % and observe you have a Riemann sum for a certain finite integral.

12. The problem in Apostol’s book mentioned in Problem 11 is as follows. Let {ay},—, be a decreasing
sequence of nonnegative numbers which satisfies lim,, .o, na, = 0. Then

Z a sin (kx)
k=1

converges uniformly on R. Hint: (Following Jones [18]) First show that for p < ¢, and = € (0, 7),
z x
Z ag sin (kx)| < a, csc (5) .

k=p

To do this, use summation by parts and establish the formula

S )

2sin (g)
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Next show that if ay < € and {a)} is decreasing, then

Z ag sin (kx)| < 5C.

k=1

To do this, establish that on (0,7) sinz > £ and for any integer, k, [sin (kx)| < [kz| and then write

This equals 0 if m=n

Z agsin (kx)| < Z ay |sin (kz)| + Z ag sin (kx)
k=1 k=1 k=m+1
< i ¢ |kxz| 4+ @1 csc (f)
Tk 2
< Cmay ST (9.45)
m+1lx

Now consider two cases, * < 1/n and z > 1/n. In the first case, let m = n and in the second, choose
m such that
1

1
n>—-—>m>-——1.
x x

Finally, establish the desired result by modifying a; making it equal to a, for all £ < p and then
writing

q
Z ag sin (kzx)| <
k=p

Z ay sin (kx)

k=1

+ < 10e (p)

P
Z ay sin (kx)
k=1

where e (p) = sup {na, : n > p}. This will verify uniform convergence on (0, 7). Now explain why this
yields uniform convergence on all of R.

Suppose f (z) = Y7, aysinkz and that the convergence is uniform. Is it reasonable to suppose that
[/ (z) = >3 agk cos kz? Explain.

Suppose |ug (2)] < K, for all x € D where
> Kp=lim Y K <oc.
k=—o0 k=—n

Show that >_7° _ wuy (z) converges converges uniformly on D in the sense that for all £ > 0, there
exists IV such that whenever n > N,

oo n

> ou() = Y w(z)| <e

k=—o0 k=—n

for all x € D. This is called the Weierstrass M test.
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15.

16.

Suppose f is a differentiable function of period 27 and suppose that both f and f’ are in L? (—m, )
such that for all z € (—m,7) and y sufficiently small,

T4y
f(:c+y)—f(w>=/ £ (1) dt.

Show that the Fourier series of f converges uniformly to f. Hint: First show using the Dini criterion
that S,f (z) — f(z) for all . Next let > ;= _ cxe’*® be the Fourier series for f. Then from the

definition of ¢k, show that for k # 0,¢; = ¢}, where ¢}, is the Fourier coefficient of f’. Now use the

Bessel’s inequality to argue that Z;’;_ . |c§€|2 < 0o and use the Cauchy Schwarz inequality to obtain
> ler] < oo. Then using the version of the Weierstrass M test given in Problem 14 obtain uniform
convergence of the Fourier series to f.

Suppose f € L? (—m,7) and that E is a measurable subset of (—, 7). Show that

lim ESnf(x)dx:/Ef(:zr)dx.

n—oo

Can you conclude that

/Ef(x)dac: i ck/Ee“”dac?

k=—o0
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The Frechet derivative

10.1 Norms for finite dimensional vector spaces

This chapter is on the derivative of a function defined on a finite dimensional normed vector space. In this
chapter, X and Y are finite dimensional vector spaces which have a norm. We will say a set, U C X is open
if for every p € U, there exists § > 0 such that

B(p,0)={x:||lx—p|l <o} CU.

Thus, a set is open if every point of the set is an interior point. To begin with we give an important inequality
known as the Cauchy Schwartz inequality.

Theorem 10.1 The following inequality holds for a; and b; € C.

N 2 ;. 1/2
g(zw) (zw) . (10.1)

n

S aib

i=1

Proof: Let t € R and define

(a; + tb;) (a; + tb) Z\al| +2tReZalb +t22|b|

1

n
1=

Now h (t) > 0 for all t € R. If all b; equal 0, then the inequality (10.1) clearly holds so assume this does not
happen. Then the graph of y = h (t) is a parabola which opens up and intersects the ¢ axis in at most one
point. Thus there is either one real zero or none. Therefore, from the quadratic formula,

n n 1/2 n 1/2
i=1 i=1 i=1

To get the desired result, let w € C be such that |w| = 1 and

n n
E waibi = w E aibi =
=1 i=1

which shows

i=1

169
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Then apply (10.2) replacing a; with wa,;. Then

n n 1/2 n 1/2
Z aigi Re Z wail_)i S (Z |wai2> (Z |bl‘2>
i=1 i=1 i=1

i=1
n /2 , ., 1/2
2 2
() (me)
i=1 i=1
This proves the theorem.

Recall that a linear space X is a normed linear space if there is a norm defined on X, ||-|| satisfying

[Ix|] >0, ||x|| =0 if and only if x = 0,
[+ yll < [x[[ +[lyll,

llex|| = || [x]]
whenever c is a scalar.

Definition 10.2 We say a normed linear space, (X, ||-||) is a Banach space if it is complete. Thus, whenever,
{xn} is a Cauchy sequence, there exists x € X such that lim, . ||x — x,|| = 0.

Let X be a finite dimensional normed linear space with norm ||-||where the field of scalars is denoted by
F and is understood to be either R or C. Let {vy,---, v, } be a basis for X. If x € X, we will denote by x;
the ith component of x with respect to this basis. Thus

n
X = E T;Vi.
=1

Definition 10.3 For x € X and {v1, -+, v,} a basis, we define a new norm by
n 1/2
x| = (Z |ffi|2> :
i=1
Similarly, for y € Y with basis {w1,- -, Wy, }, and y; its components with respect to this basis,

m 1/2
_ 2
i = (Zm )
=1

For Ae L(X,Y), the space of linear mappings from X toY,
4]| = supf{ 4| : [x] < 1}. (10.3)
We also say that a set U is an open set if for all x €U, there exists r > 0 such that
B(x,r) CU
where
Bxr)={y:ly —x| <r}

Another way to say this is that every point of U is an interior point. The first thing we will show is that
these two norms, ||-|| and ||, are equivalent. This means the conclusion of the following theorem holds.
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Theorem 10.4 Let (X, ||||) be a finite dimensional normed linear space and let |-| be described above relative
to a given basis, {vi,---,vp}. Then |-| is a norm and there exist constants 6, A > 0 independent of x such
that

5 l1xI| < x| <AJx]. (10.4)

Proof: All of the above properties of a norm are obvious except the second, the triangle inequality. To
establish this inequality, we use the Cauchy Schwartz inequality to write

n n n n
> fa + yil> < > Jil” + > lvil* + 2Re > a7,
=1 =1 =1 =1
" 2 ;. 1/2
2 2 2 2
a2 () (o)
=1 =1

2 2 2
= X+ Iyl"+ 2]yl = (x| +Iy])

x+y/

IN

and this proves the second property above.
It remains to show the equivalence of the two norms. By the Cauchy Schwartz inequality again,

n n n 1/2
Dowivil| <Dzl vl < Ix (ZIIVAIQ)
i=1 i=1 i=1

= 5! x| .

1|

This proves the first half of the inequality.
Suppose the second half of the inequality is not valid. Then there exists a sequence x* € X such that

|xk’ > kak| s k=1,2,---.
Then define
L xF
YT
It follows
=1 > Ry (10.5)

Letting yzk be the components of y* with respect to the given basis, it follows the vector

is a unit vector in F™. By the Heine Borel theorem, there exists a subsequence, still denoted by k such that

(s um) = (1)
It follows from (10.5) and this that for

n
y= Z YiVi,
i=1

0= o I = i

n n
k
E Yi Vi E YiVi
i=1 i=1

but not all the y; equal zero. This contradicts the assumption that {vy,---,v,} is a basis and this proves
the second half of the inequality.
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Corollary 10.5 If (X,||-||) is a finite dimensional normed linear space with the field of scalars F = C or R,
then X is complete.

Proof: Let {x*} be a Cauchy sequence. Then letting the components of x* with respect to the given
basis be

b ak
it follows from Theorem 10.4, that
CHRE
is a Cauchy sequence in F™ and so
(:r’f,- . ,xﬁ) — (z1, -, xp) € F™.

Thus,

n n

k k

X :E xivi—>2 z;v; € X.
i=1 i=1

This proves the corollary.

Corollary 10.6 Suppose X is a finite dimensional linear space with the field of scalars either C or R and
[I-|| and |||-]]| are two norms on X. Then there exist positive constants, 6 and A, independent of x €X such
that

S| < [I=Il < Al[x]l] -
Thus any two norms are equivalent.

Proof: Let {vy,---,v,} be a basis for X and let |-| be the norm taken with respect to this basis which
was described earlier. Then by Theorem 10.4, there are positive constants §1, Ay, 2, Ag, all independent of
x €X such that

Sz ||l < x| < Az [[Ix][]

Oy [x[] < x| < A f[x]]-

Then
Ay JASPAY
b2 [[x[] < [x] < Ar|lx[| < — x| < [
01 01
and so
0o AL
. < < ==
A x| < [Ix[| < 5, [[[x]]]

which proves the corollary.

Definition 10.7 Let X and Y be normed linear spaces with norms ||-||y and ||-||y respectively. Then
L(X,Y) denotes the space of linear transformations, called bounded linear transformations, mapping X to
Y which have the property that

1Al = sup {||Az]ly : [Jz||x <1} < oo

Then ||A|| is referred to as the operator norm of the bounded linear transformation, A.
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We leave it as an easy exercise to verify that ||-|| is a norm on £ (X,Y") and it is always the case that
1 Az[ly <[[A[l[]]]x -

Theorem 10.8 Let X and Y be finite dimensional normed linear spaces of dimension n and m respectively
and denote by ||-|| the norm on either X orY. Then if A is any linear function mapping X to Y, then
Ae L(X,Y) and (L(X,Y),]|I]]) is a complete normed linear space of dimension nm with

[ Ax|| < [|AJ[ ]l -

Proof: We need to show the norm defined on linear transformations really is a norm. Again the first
and third properties listed above for norms are obvious. We need to show the second and verify ||A|| < cc.
Letting {v1,--+,v,} be a basis and |-| defined with respect to this basis as above, there exist constants
4, A > 0 such that

OfIx|l < x| < Aflx]].

Then,
A+ Bl = sup{[|(A+B) )| [[x|| <1}
< sup{|[Ax]| : ||x[| <1} + sup{[[Bx]| : [|]x[| < 1}
= [lAll+1Bl]-

Next we verify that ||A|| < co. This follows from
A (Z xi"i)
i=1

n 1/2 n 1/2
< x| <Z||A(w)ll2> < Allx|] <Z||A(w)ll2> < o0.

i=1

1A =

<Dl [[A W)l
i=1

N 0\ 1/2

Thus [[4]] < A (X0, A )IF)

Next we verify the assertion about the dimension of £ (X,Y’). Let the two sets of bases be
{Vlv o 'avn} and {Wh o 'awm}

for X and Y respectively. Let w; @ v, € L (X,Y) be defined by

0if 14k
Wi@v’“"lz{ w»lifl#:k

and let L € £(X,Y). Then

m
LVT: E djTWj
j=1

for some djj. Also

Z Z djij ® Vi (VT) = Z dj,«Wj.
j=1

j=1k=1
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It follows that

n

m
LZZZdjij & Vi

=1 k=

<
=

because the two linear transformations agree on a basis. Since L is arbitrary this shows
{w;@vi:i=1,---m, k=1,---n}

spans L (X,Y). If
> digwi @ v =0,

then
m
0= Z diw; @ v (Vi) = Z dyw;
ik i=1
and so, since {wy,- -+, Wy, } is a basis, d;; = 0 for each i = 1,- - -,m. Since [ is arbitrary, this shows d;; = 0

for all ¢ and . Thus these linear transformations form a basis and this shows the dimension of £ (X,Y) is
mn as claimed. By Corollary 10.5 (£ (X,Y),||-||) is complete. If x # 0,

1 X
Ax|| — = [|[aX
Al T H Il

\<||A|

This proves the theorem.
An interesting application of the notion of equivalent norms on R" is the process of giving a norm on a
finite Cartesian product of normed linear spaces.

Definition 10.9 Let X;, i = 1,---,n be normed linear spaces with norms, ||-||,. For

n

x =(x1, ", xp) € HXi

i=1
define 0 : [];_, X; — R" by
0(x) = (fzally s - lall,)
Then if ||-|| is any norm on R™, we define a norm on [[\—, X;, also denoted by ||-|| by
[l = 16|l -
The following theorem follows immediately from Corollary 10.6.

Theorem 10.10 Let X; and ||-||; be given in the above definition and consider the norms on [[;_; X;
described there in terms of norms on R™. Then any two of these norms on [[;_, X; obtained in this way are
equivalent.

For example, we may define
n
Il = 3 el
i=1

Xlloe = max{[|z:];,i =1,---n},

n 1/2
x|, = (anz»n?)
=1

and all three are equivalent norms on [[!", X;.

or
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10.2 The Derivative

Let U be an open set in X, a normed linear space and let f : U — Y be a function.
Definition 10.11 We say a function g is o (v) if
lim g|—v> =0 (10.6)

(
Iv|—0 |[v]]

We say a function £ : U — Y is differentiable at x € U if there exists a linear transformation L € L (X,Y)
such that

f(x+v)=£f(x)+Lv+o(v)

This linear transformation L is the definition of Df (x), the derivative sometimes called the Frechet deriva-
tive.

Note that in finite dimensional normed linear spaces, it does not matter which norm we use in this
definition because of Theorem 10.4 and Corollary 10.6. The definition means that the error,

f(x+v)—f(x)—Lv

converges to 0 faster than ||v||. The term o (v) is notation that is descriptive of the behavior in (10.6) and
it is only this behavior that concerns us. Thus,

o(v)=o0(v)4+o(v),o(tv)=0(v), ko(v)=0(v)

and other similar observations hold. This notation is both sloppy and useful because it neglects details which
are not important.

Theorem 10.12 The derivative is well defined.

Proof: Suppose both L; and Ly work in the above definition. Then let v be any vector and let ¢ be a
real scalar which is chosen small enough that tv +x € U. Then

f(x+tv)=f(x)+ Litv+o(tv), f(x+tv) =f(x)+ Latv+o(tv).
Therefore, subtracting these two yields
(Lo — L) (tv) = o (1) .
Note that o (tv) = o (t) for fixed v. Therefore, dividing by ¢ yields

(2 1) (1) = 20,

Now let t — 0 to conclude that (Ly — Lq) (v) = 0. This proves the theorem.

Lemma 10.13 Let f be differentiable at x. Then f is continuous at x and in fact, there exists K > 0 such
that whenever ||v|| is small enough,

I (x+v) = £ (x)[| < K|lv]]
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Proof:
f(x+v)—f(x)=Df (x)v+o(v).
Let ||v|| be small enough that
llo (VI < [Ivll
Then

I (xx +v) — £ (x)]] ||DE () v + [[v]]

(IIDE ()] + D) [[v]]

IAIA

This proves the lemma with K = ||Df (x)|| + 1.

Theorem 10.14 (The chain rule) Let XY, and Z be normed linear spaces, and let U C X be an open set
and let V. CY also be an open set. Suppose f : U — V 1is differentiable at x and suppose g : V — Z is
differentiable at £ (x). Then g o f is differentiable at x and

D(gof)(x) =D (g(f(x))) D (f(x)).
Proof: This follows from a computation. Let B (x,r) C U and let r also be small enough that for
vl <
f (x +v) € V. For such v, using the definition of differentiability of g and f,

g(f(x+v)) —g(f(x) =

Dg (f(x)) (f(x+v) = f(x)) +o(f (x+v) - f(x))
= Dg(f(x) [DE(x)v+o@)]+o(f(x+v)—f(x))
= D(g(f)D({EX)v+o(v)+o(f(x+v)-1f(x). (10.7)
Now by Lemma 10.13, letting € > 0, it follows that for ||v|| small enough,
llo(f (x+v) £ (x)[| <ellf (x+v) - f(x)[| <eK[v]].
Since € > 0 is arbitrary, this shows o (f (x +v) — f (x)) = o(v). By (10.7), this shows

g(f(x+v)—g(f(x)=D(g(f(x))D({EX)v+o(v)

which proves the theorem.

We have defined the derivative as a linear transformation. This means that we can consider the matrix
of the linear transformation with respect to various bases on X and Y. In the case where X = R" and
Y = R™ we shall denote the matrix taken with respect to the standard basis vectors e;, the vector with a
1 in the ith slot and zeros elsewhere, by Jf (x). Thus, if the components of v with respect to the standard
basis vectors are v;,

Z JE (x);;0; = mi (Df (x) v) (10.8)

where 7; is the projection onto the ith component of a vector in ¥ = R™. What are the entries of Jf (z)?
Letting

=Y fix)e,
i=1
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fix+v) = fi(x) =7 (Df (x) v) +0(v).
Thus, letting ¢ be a small scalar,
fi (x+te;) — fi (x) = tmi (DF (x) €;) +o(t).

Dividing by ¢, and letting ¢t — 0,

0fi (x)
P2 e e
Thus, from (10.8),
JE(x),; = 81;1-3:(3). (10.9)

This proves the following theorem

Theorem 10.15 In the case where X = R™ and Y = R™, if f is differentiable at x then all the partial
derivatives

ofi (x)
61‘]‘

exist and if Jf (x) is the matriz of the linear transformation with respect to the standard basis vectors, then
the ijth entry is given by (10.9).

What if all the partial derivatives of f exist? Does it follow that f is differentiable? Consider the following
function. f : R — R.

Bt (n,y) # (0,0)
““”:{OE< y) = (0,0)

Then from the definition of partial derivatives, this function has both partial derivatives at (0,0). However
f is not even continuous at (0,0) which may be seen by considering the behavior of the function along the
line y = x and along the line = 0. By Lemma 10.13 this implies f is not differentiable.

Lemma 10.16 Suppose X = R", f:U — R and all the partial derivatives of f exist and are continuous
in U. Then f is differentiable in U.

Proof: Let B (x,r) C U and let ||v|| < r. Then,

n 7 i—1
FAv) =) =) | flx+) ve | —f[x+D vie;
i=1 j=1 j=1

where

0
Z vje; = 0.
i=1
By the one variable mean value theorem,

n of (X + Z;;ll vje; + Hiviei)
aa:i

fx+v)—

Vi
i=1
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where 6; € [0,1]. Therefore,

af (x

)
8.Z’i v+

Flctv) = f ()=

n (of (x + Y vje + (’i”iei> of (x)

i=1

Consider the last term.

n (0f (x+ Xizhvies +0ivie;)  of (x)

n 1/2
Z Oz; Ox; vi| < (Z vi|2> :

i=1

_— 2\ 1/2
n 8f (X + Zj:l vje; + ej’Ujej) af (X)

i=1

and so it follows from continuity of the partial derivatives that this last term is o (v). Therefore, we define

Lv = i 0 (x) V;

0x;
i=1 v

where

n
vV = Z v;i€;.
i=1
Then L is a linear transformation which satisfies the conditions needed for it to equal D f (x) and this proves

the lemma.

Theorem 10.17 Suppose X =R", Y =R™ and £ : U — Y and suppose the partial derivatives,

ofi
61‘]‘

all exist and are continuous in U. Then f is differentiable in U.
Proof: From Lemma 10.16,
filx+v)— fi(x) =Df; (x)vto(v).
Letting
(Df (x)v),=Df; (x)v,
we see that
£(x+v) — £ (x) = DE(x) vo (v)

and this proves the theorem.
When all the partial derivatives exist and are continuous we say the function is a C! function. More
generally, we give the following definition.
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Definition 10.18 In the case where X and Y are normed linear spaces, and U C X 1is an open set, we say
f:U —Y is CY(U) if f is differentiable and the mapping

x —Df (x),
is continuous as a function from U to L(X,Y).
The following is an important abstract generalization of the concept of partial derivative defined above.

Definition 10.19 Let X and Y be normed linear spaces. Then we can make X XY into a normed linear
space by defining a norm,

166, y)I| = max([[z] x [y ly) -

Nowletg:U C X XY — Z, where U is an open set and X , Y, and Z are normed linear spaces, and denote
an element of X XY by (x,y) where x € X andy € Y. Then the map x — g(x,y) is a function from the
open set in X,

{x: (xy) € U}
to Z. When this map is differentiable, we denote its derivative by
Dig(x,y), or sometimes by Dxg (X,y).
Thus,
gx+vy) —gxy) =Digxy)v+o(v).
A similar definition holds for the symbol Dyg or D»g.

The following theorem will be very useful in much of what follows. It is a version of the mean value
theorem.

Theorem 10.20 Suppose X and Y are Banach spaces, U is an open subset of X and f : U — Y has the
property that Df (x) exists for all x in U and that, x+t(y —x) € U for all t € [0,1]. (The line segment
joining the two points lies in U.) Suppose also that for all points on this line segment,

[[Df (x+t (y —x))[| < M.
Then
£ (y) —f (x|l < Mlly —x]|.
Proof: Let

S={tel0,1]: forall s €0,¢],

If(x+s(y —x) —fX)[| < (M+e)s|ly —x][[}.
Then 0 € S and by continuity of f, it follows that if ¢t = sup S, then t € S and if ¢t < 1,

IFx+t(y —x) —f&X)|[=(M+e)t|ly —x]. (10.10)
If t < 1, then there exists a sequence of positive numbers, {hj};-, converging to 0 such that

IE Ge+ (84 he) (v = x)) = £ )] > (M +€) (£ + R [ly — x]]
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which implies that

I (x+ (E+ ) (v —x)) = £ (x + 1 (y —x))]

e+t (y =x) = £ > (M +€) (£ + he) [ly — x|
By (10.10), this inequality implies
IE e+ (4 he) (v —x)) = F(x+ 1 (y = x))[| > (M + €) b [[y — x|
which yields upon dividing by hy and taking the limit as hy — 0,
IDE (x +t (y —=x)) (y =x)|| > (M + ) [ly —x]|.
Now by the definition of the norm of a linear operator,
Mlly —x[[ = [|Df (x + ¢ (y = x))|[|ly = x|[ > (M + ) [ly — ]|,
a contradiction. Therefore, t = 1 and so
Ifx+ (v —x) &) < (M+e)ly —x||.

Since € > 0 is arbitrary, this proves the theorem.
The next theorem is a version of the theorem presented earlier about continuity of the partial derivatives
implying differentiability, presented in a more general setting. In the proof of this theorem, we will take

[1(w, v)[| = max ([[u|x , [[vlly)
and always we will use the operator norm for linear maps.

Theorem 10.21 Let g, U, X,Y, and Z be given as in Definition 10.19. Then g is C* (U) if and only if Dig
and Dag both exist and are continuous on U. In this case we have the formula,

Dg (Xa y) (ua V) = Dlg (Xa Y) u+D2g (Xa Y) V.
Proof: Suppose first that g € C! (U). Then if (x,y) € U,
g(x+uwy)—gxy) =Dg(xy)(u,0)+o(u).
Therefore, Dig (x,y) u =Dg (x, ) (1,0) . Then

(D1g (x,y) — D1g (x',y")) (w)]| =
I[(Dg (x,y) — Dg (x',y")) (u,0)]| <

1Dg (x,y) — Dg (x,y")|[[|(w, 0)]].

Therefore,

ID1g (x,y) — Dig (X", y')|| < ||Dg (x,y) — Dg (x',y)||-

A similar argument applies for Dog and this proves the continuity of the function, (x,y) — D;g(x,y) for
i = 1,2. The formula follows from

Dg(x,y)(w,v) = Dg(x,y)(u,0)+ Dg(x,y)(0,v)
Dig (x,y) u+Dsog (x,y) V.
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Now suppose D1g (x,y) and Dsg (x,y) exist and are continuous.

gx+uy+v)-gxy) =gxt+uy+v)-gxy+v)

+g(x,y+v)-gxy)

=gx+uy) -gxy +gxy+v)-gxy)+

gEx+uy+v)—gx+uy) —(gxy+v)-gxy))]

=Dig(x,y)u+ Dog(x,y)v+o(v)+o(u)+

[gx+uy+v)-gx+uy)-(gxy+v)-gxy)). (10.11)
Let h(x,u)=g(x+u,y+v)—g(x+u,y). Then the expression in [ ] is of the form,
h(x,u) —h(x,0).
Also
Dyh(x,u) = Dig(x+u,y +v) — Dig(x+u,y)
and so, by continuity of (x,y) — Di1g(x,y),
[|Duh (x,0)|] < e

whenever ||(u,v)|| is small enough. By Theorem 10.20, there exists § > 0 such that if ||[(u,v)|| < J, the
norm of the last term in (10.11) satisfies the inequality,

lgx+uwy+v)—gx+uy) - (gxy+v)—gxy)l <ellull. (10.12)
Therefore, this term is o ((u, v)). It follows from (10.12) and (10.11) that

gx+uy+v)=

g(x,y) + Dig(x,y)u+ Daog(x,y) vto(u) +o(v) +o((u,v))

=g (x,y)+Dig(x,y)u+ Dog(x,y) v +o((u,v))
Showing that Dg (x,y) exists and is given by
Dg(x,y) (u,v) = Dig(x,y)u+ Dag (x,y) V.

The continuity of (x,y) — Dg(x,y) follows from the continuity of (x,y) — D;g(x,y). This proves the
theorem.
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10.3 Higher order derivatives
If f:U —Y, then
x —Df (x)

is a mapping from U to £ (X,Y), a normed linear space.
Definition 10.22 The following is the definition of the second derivative.

D?*f (x) = D (Df (x)).

Thus,
Df (x +v) — Df (x) = D*f (x) v+o(v).
This implies
D?*f (x) € L (X,L(X,Y)), D* (x) (u) (v) €,

and the map

(u,v) = D*f (x) (u) (v)
is a bilinear map having values in Y. The same pattern applies to taking higher order derivatives. Thus,

D*f (x) = D (D*f (x))
and we can consider D3f (x) as a tri linear map. Also, instead of writing

D*f (x) (u) (v),
we sometimes write
D?f (x) (u,v).
We say f is C* (U) if f and its first k derivatives are all continuous. For example, for f to be C2 (U),
x —D*f (x)

would have to be continuous as a map from U to £ (X, L (X,Y)). The following theorem deals with the
question of symmetry of the map D*f.

This next lemma is a finite dimensional result but a more general result can be proved using the Hahn
Banach theorem which will also be valid for an infinite dimensional setting. We leave this to the interested
reader who has had some exposure to functional analysis. We are primarily interested in finite dimensional
situations here, although most of the theorems and proofs given so far carry over to the infinite dimensional
case with no change.

Lemma 10.23 If z €Y, there exists L € L(Y,F) such that
La=laf?, 121 < Ja].
Here |z|* = 3.7 |zi|” where z =31, zywi, for {w1,- - -, Wy, }a basis for Y and
|L| = sup {|Lx| : x| <1},

the operator norm for L with respect to this norm.
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Proof of the lemma: Let
Lx = Z T;Z;
i=1

where " | z; w; = z. Then

m

m
Lz)=) zzi=>» l|af =|z.
=1 =1
Also

| Lx| = < [x] 2|

m
E T;Z;
i=1

and so |L| < |z|. This proves the lemma.
Actually, the following lemma is valid but its proof involves the Hahn Banach theorem. Infinite dimen-
sional versions of the following theorem will need this version of the lemma.

Lemma 10.24 Ifz € (Y,||||) a normed linear space, there exists L € L (Y,F) such that
2
Lz = ||z]|”, [|L]| < ||z]] -

Theorem 10.25 Suppose f: U C X — Y where X and Y are normed linear spaces, D*f (x) exists for all
x €U and D*f is continuous at x €U. Then

D?f (x) (u) (v) = D*f (x) (v) (u).
Proof: Let B (x,r) CU and let t,s € (0,7/2]. Now let L € L (Y,F) and define
A(s 1) = %{f (x-Htutsv) — f (x-+tu) — (F (x-+sv) — £ (x))}. (10.13)

Let h(t) = Re L (f (x+sv+tu) — f (x+tu)) . Then by the mean value theorem,

A(s,t) = % (h(t) —h(0)) = %h’ (at)t
= % (Re LDf (x+sv+atu)u — Re LDf (x+atu)u).

Applying the mean value theorem again,
A (s,t) = Re LD*f (x+83sv+atu) (v) (n)

where a, 8 € (0, 1) . If the terms f (x+tu) and f (x+sv) are interchanged in (10.13), A (s, t) is also unchanged
and the above argument shows there exist 7,0 € (0,1) such that

A (s,t) = Re LD*f (x+vysv+6tu) (u) (v) .
Letting (s,t) — (0,0) and using the continuity of D*f at x,

i = he 2f (x) (u) (v) = Re 2f (x) (v) (u).
Llim A (s,) = Re LD (x) (w) (v) = Re LD (x) (v) (w)

By Lemma 10.23, there exists L € £ (Y,F) such that for some norm on Y, ||,

L (D?f (x) (w) (v) = D*f (%) (v) (w)) =



184 THE FRECHET DERIVATIVE

|D?f (x) (u) (v) — D*f (x) (v) (w)|”
and
IL| < |D* (x) (u) (v) — D (x) (v) (w)] .
For this L,

0= ReL (D*f (x) (u) (v) — D*f (x) (v) (u))

= L (D*f (x) (u) (v) = D* (%) (v) (w))

= D% (x) (u) (v) = D () (v) (w)]

and this proves the theorem in the case where the vector spaces are finite dimensional. We leave the general
case to the reader. Use the second version of the above lemma, the one which depends on the Hahn Banach
theorem in the last step of the proof where an auspicious choice is made for L.

Consider the important special case when X = R™ and Y = R. If e; are the standard basis vectors, what
is

D*f (x) (ei) (e))?
To see what this is, use the definition to write

D*f (x) (e;) (ej) = t~'s7'D*f (x) (tey) (se;)
=t"'s7(Df (x+te;) — Df (x) +o(t)) (se;)
=t (f (x+te; + sej) — f (x+te;)

+o(s) = (f (x+se;) = f(x) +o(s)) +o(t)s).

First let s — 0 to get

tt (%(x—ktei) - % (x) + o(t))

and then let ¢ — 0 to obtain

D21 () (60 () = Gt () (1019

Thus the theorem asserts that in this special case the mixed partial derivatives are equal at x if they are
defined near x and continuous at x.

10.4 Implicit function theorem

The following lemma is very useful.
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Lemma 10.26 Let A € L (X, X) where X is a Banach space, (complete normed linear space), and suppose

[|A]| <r < 1. Then
(I—A)"" emists
and
-2 <a-n
Furthermore, if
I={AcL(X,X): A" enists}
the map A — A1 is continuous on I and T is an open subset of L (X, X).

Proof: Consider

Then if N <1<k,

rN

k k
1B =Bl < 3 [4] < 2 AIF < -
=N =N

It follows By is a Cauchy sequence and so it converges to B € £ (X, X). Also,

(I—A)B,=1—-A"'= B, (I - A)

and so
I:klim (I-A)By=({-A)B, I:klim B,(I-A)=B(I-A4).
Thus
(I-A)"'=B=>) A
i=0
It follows

o= <l < Snair = 7=
i=1 i=0
To verify the continuity of the inverse map, let A € Z. Then

B=A(I-A"'(A-B))

(10.15)

(10.16)

and so if [[A™' (A — B)|| < 1 it follows B™! = (I — A7 (A — B))f1 A~! which shows Z is open. Now for

such B this close to A,

1B~ — A7Y|| = H(I—A—l (A—B)) A —A—lH

- H((IfAfl (A—B))_l—f) A*1H
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i (A (A-B))Fa!

k=1

<Dl @- B |la|
k=1

_ At -Bp)
1-|[A'(A-B

|

which shows that if |4 — B|| is small, so is ||[B~' — A~!||. This proves the lemma.

The next theorem is a very useful result in many areas. It will be used in this section to give a short
proof of the implicit function theorem but it is also useful in studying differential equations and integral
equations. It is sometimes called the uniform contraction principle.

Theorem 10.27 Let (Y,p) and (X,d) be complete metric spaces and suppose for each (x,y) € X x Y,
T (z,y) € X and satisfies

d(T (z,y),T (',y)) <rd(x,z") (10.17)
where 0 < r < 1 and also
d(T (2,y), T (x,y") < Mp (y,y) - (10.18)
Then for each y € Y there exists a unique “fized point” for T (-,y),x € X, satisfying
T(z,y) == (10.19)
and also if x (y) is this fized point,

M
1—1r

d(z(y),z(y)) < pW,Y). (10.20)

Proof: First we show there exists a fixed point for the mapping, 7' (-,y) . For a fixed y, let g (z) = T (z,y) .
Now pick any z¢p € X and consider the sequence,

1 =g (20), Thy1 = g (vr).

Then by (10.17),

d(wp1,28) = d (g (vk) , g (xr-1)) < rd (D), T—1) <

r2d (1, tp_2) < - <7Fd (g (20),20) .

Now by the triangle inequality,

p
d(Tpyp,wr) < Z d(Tptir Thgiz1)
i=1

P k
i— rd (w0, g (0))
<) Ml e
< Z (20,9 (20)) < 1_r
i=1
Since 0 < r < 1, this shows that {xk}iozl is a Cauchy sequence. Therefore, it converges to a point in X, z.
To see x is a fixed point,

= lim zp = lim x5 = lim g(zx) =g ().
k—oo k—oo

k—o0
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This proves (10.19). To verify (10.20),

d(T (x(y),y),T (x(y),y)) +d(T(z(y),y), T (x(),y))

< Mp(y,y') +rd(z(y),=(y)).

Thus (1 —7)d(z(y),z(y')) < Mp(y,y’) . This also shows the fixed point for a given y is unique. This proves
the theorem.

The implicit function theorem is one of the most important results in Analysis. It provides the theoretical
justification for such procedures as implicit differentiation taught in Calculus courses and has surprising
consequences in many other areas. It deals with the question of solving, f(x,y) = 0 for x in terms of y
and how smooth the solution is. We give a proof of this theorem next. The proof we give will apply with
no change to the case where the linear spaces are infinite dimensional once the necessary changes are made
in the definition of the derivative. In a more general setting one assumes the derivative is what is called
a bounded linear transformation rather than just a linear transformation as in the finite dimensional case.
Basically, this means we assume the operator norm is defined. In the case of finite dimensional spaces, this
boundedness of a linear transformation can be proved. We will use the norm for X x Y given by,

116, ¥)II = max {][x][, |y l]} -

Theorem 10.28 (implicit function theorem) Let X,Y,Z be complete normed linear spaces and suppose U
is an open set in X x Y. Let £ : U — Z be in C* (U) and suppose

f (x0,y0) =0, Dif (x0,y0) ' € L(Z,X). (10.21)

Then there exist positive constants, 0,m, such that for every 'y € B (yo,n) there erists a unique x(y) €
B (xq,0) such that

f(x(y),y)=0. (10.22)

Futhermore, the mapping, y — x (y) is in C* (B (yo,n)) .
Proof: Let T (x,y) = x — Dif (x0,y0) " f (x,y) . Therefore,
DT (x,y) =1 — Dif (x0,y0) " Dif (x,y). (10.23)

by continuity of the derivative and Theorem 10.21, it follows that there exists § > 0 such that if ||(x — %0,y — yo)|| <
0, then

1
IDT ()l < 5,

[ D1f (xo.y0) ™" || 1108 (e ¥ < M (10.24)

where M > Hle(xo,yo)_1 H [|D2f (%x0,¥0)|| - By Theorem 10.20, whenever x,x" € B(xg,d) and y €
B (y076)a

1
IT (e y) =T (< y)ll < 5 llx =]l (10.25)
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Solving (10.23) for D1f (x,y),
Dif (x,y) = Dif (x0,y0) { — D1T (x,y))-
By Lemma 10.26 and (10.24), D1f (x,y) " exists and
HD1f(X7Y)_1H <2 Hle(Xo,YO)_lH : (10.26)

Now we will restrict y some more. Let 0 < 1 < min (5, SLM) . Then suppose x € B(xg,0) and y €

B (yo,n). Consider T (x,y) —xo = g (x,y)-
Dig(x,y) = I — Dif (x0,y0)"' Dif (x,y) = DiT (x,y),
and
Dag (x,y) = —Dif (x0,y0) ' Dof (x,y).

Thus by (10.24), (10.21) saying that f (xg,y0) = 0, and Theorems 10.20 and (10.11), it follows that for such
(%),

IT (x,y) —xol| = [lg (x, )l = llg (x,¥) — & (%0, y0)ll
1 § 6 50
< — — — - - = — . .
< 5l =xoll + Mlly —yol| < 5+ 3 =5 <9 (10.27)

Also for such (x,y;),i = 1,2, we can use Theorem 10.20 and (10.24) to obtain

T (x, 1) = T ¥2)l| = || D1 (x0,y0) ™" (£ (5 v2) = £ (e, 30)|

< Mllyz2 —yill- (10.28)

From now on we assume ||x — xo|| < ¢ and ||y —yo|| < n so that (10.28), (10.26), (10.27), (10.25), and
(10.24) all hold. By (10.28), (10.25), (10.27), and the uniform contraction principle, Theorem 10.27 applied to

X = B (xo, %) and Y = B (yo,n) implies that for each y € B (yo,7) , there exists a unique x (y) € B (xg, 0)
(actually in B (xq, %‘S) ) such that T (x(y),y) = x (y) which is equivalent to

f(x(y),y)=0.

Furthermore,
I (y) ==l <2M|ly = y'l|.- (10.29)

This proves the implicit function theorem except for the verification that y — x (y) is C'*. This is shown
next. Letting v be sufficiently small, Theorem 10.21 and Theorem 10.20 imply

0=f(x(y+v),y+v)—f(x(y),y) =
Dif (x(y),y) (x(y +v) —x(y)) +

+Dof (x(y),y)v+o((x(y+v)—x(y),Vv)).
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The last term in the above is o (v) because of (10.29). Therefore, by (10.26), we can solve the above equation
for x (y + v) — x (y) and obtain

x(y+v)—x(y)=-Di (x(y),y) ' Dof (x(y),y) v +0(v)

Which shows that y — x (y) is differentiable on B (yo,n) and

Dx(y)=—Di(x(y),y) " Dof (x(y),y).

Now it follows from the continuity of Dof , D;f, the inverse map, (10.29), and this formula for Dx (y)that
x (+) is C* (B (yo,n)). This proves the theorem.

The next theorem is a very important special case of the implicit function theorem known as the inverse
function theorem. Actually one can also obtain the implicit function theorem from the inverse function
theorem.

Theorem 10.29 (Inverse Function Theorem) Let xg € U, an open set in X , and let £ : U — Y . Suppose
fisC'(U) , and Df(xo)™' € L(Y, X). (10.30)

Then there exist open sets, W, and V such that

X0 €W CU, (10.31)
f: W —Visl—1and onto, (10.32)
f1isC?, (10.33)

Proof: Apply the implicit function theorem to the function
Fxy)=f(x) -y
where yo = f (x0) . Thus the function y — x (y) defined in that theorem is f~!. Now let

W = B (x0,0) N £~ (B (yo,n))

and
V=B (yo.n)-
This proves the theorem.
Lemma 10.30 Let
O={AcL(X,)Y): Al eL(Y,X)} (10.34)
and let
3:0 - L(Y,X), JA=A"1. (10.35)

Then O is open and J is in C™ (O) for allm =1,2,--- Also

D3 (A) (B) = —3(A) (B) 3 (A). (10.36)
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Proof: Let A€ O and let B € £(X,Y) with
1 _1y1-1
1Bl < 5 [[A7H]
Then

|A~'B|| < ||A~|| 1Bl < 5
2

and so by Lemma 10.26,
(I+A7'B) e L(X,X).
Thus
(A+B) ' =(I+A'B) "4 !=

i (-1)"(AT'B)"A = [I-A"'B+o(B)|A™!
n=0
which shows that O is open and also,
J(A+B)-3(A) = i (-1)" (A7'B)" ATt — A7}
= i:/(;*lBAfl +0(B)
—J(A)(B)J(A)+0(B)

which demonstrates (10.36). It follows from this that we can continue taking derivatives of J. For ||B1]]
small,

—[DI(A+ B1) (B) = DI (4) (B)]
=3(A+B1)(B)J(A+B1)—J(A)(B)I(A)

J(A+B1)(B)I(A+B1) —T(A)(B)I(A+ B1) +
J(A)(B)J(A+B1)—3(A)(B)I(4)

=[3(A)(B1)T(A) +0(B1)](B) I (A+ Bi)

and so

3(A) (B1)3(A)(B)T(A) +T(A)(B)T(A)(B1)T(A)

which shows J is C? (O) . Clearly we can continue in this way, which shows J is in C™ (O) for all m = 1,2, ---
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Corollary 10.31 In the inverse or implicit function theorems, assume
feC™(U),m>1.
Then
f~teocm™(V)
in the case of the inverse function theorem. In the implicit function theorem, the function
y —x(y)
is C™.
Proof: We consider the case of the inverse function theorem.
Df ! (y) =73 (Df (' (y)))-
Now by Lemma 10.30, and the chain rule,

Dt~ (y) (B) =
—3(Df (£ () (B)I (DE (£ (v))) D* (£ () DE " (y)
=-J(Df (' (y))) (B)I(Df (£ " (y))) -

D*f (£~ (y)) 3 (Df (£ (y))) -

Continuing in this way we see that it is possible to continue taking derivatives up to order m. Similar
reasoning applies in the case of the implicit function theorem. This proves the corollary.

As an application of the implicit function theorem, we consider the method of Lagrange multipliers from
calculus. Recall the problem is to maximize or minimize a function subject to equality constraints. Let

x €R"
and let f: U — R be a C! function. Also let

gi(x)=0,i=1,---m (10.37)

We say xg is a local maximum if f (x¢) > f (x) for all x near xo which also satisfies the constraints (10.37).
A local minimum is defined similarly. Let F : U x R — R™"! be defined by

F (x,a) = : . (10.38)
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Now consider the m 4+ 1 x n Jacobian matrix,

f:rl (XO) U fxn (XO)
91z, (X0) -+ g1a, (X0)
gmzl. (XO) e gmxn' (XO)

If this matrix has rank m + 1 then it follows from the implicit function theorem that we can select m + 1
variables, x;,,- -+, z;, ., such that the system

F (x,0) =0 (10.39)

specifies these m + 1 variables as a function of the remaining n — (m + 1) variables and a in an open set of
R™™ ™. Thus there is a solution (x,a) to (10.39) for some x close to xo whenever a is in some open interval.
Therefore, xg cannot be either a local minimum or a local maximum. It follows that if xq is either a local
maximum or a local minimum, then the above matrix must have rank less than m + 1 which requires the
rows to be linearly dependent. Thus, there exist m scalars,

A, Ams
and a scalar p such that
fa1 (X0) 91z, (Xo) Ima, (X0)
1 : =\ : + Ay : . (10.40)
fan (%0) 91z, (Xo) Yma,, (X0)
If the column vectors
Gz, (Xo) Ima, (X0)
o 3 (10.41)
g1z, (Xo0) Gmz,, (Xo0)
are linearly independent, then, p # 0 and dividing by p yields an expression of the form
fa1 (X0) 91z, (Xo) Gma, (Xo0)
: -\ : SR W : (10.42)
Ja, (x0) 91z, (X0) gma,, (X0)

at every point xg which is either a local maximum or a local minimum. This proves the following theorem.

Theorem 10.32 Let U be an open subset of R™ and let f : U — R be a C' function. Then if xo € U is
either a local mazimum or local minimum of f subject to the constraints (10.87), then (10.40) must hold for

some scalars p, A1, - -, Ay not all equal to zero. If the vectors in (10.41) are linearly independent, it follows
that an equation of the form (10.42) holds.

10.5 Taylor’s formula

First we recall the Taylor formula with the Lagrange form of the remainder. Since we will only need this on
a specific interval, we will state it for this interval.

Theorem 10.33 Let h: (—6,1+ ) — R have m + 1 derivatives. Then there exists t € [0,1] such that

(m+1) (t)
m+ 1)

™ (k)
h(1)=h(0)+> h k,(o) + h(
k=1 ’
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Now let f : U — R where U C X a normed linear space and suppose f € C™ (U). Let x €U and let
r > 0 be such that

B (x,r) CU.

Then for ||v|| < r we consider

for ¢ € [0,1]. Then
B (t) = Df (x+tv) (v), B (t) = D2 f (x+tv) (v) (V)
and continuing in this way, we see that
R (1) = DO f (x+tv) (v) (v) - - - (v) = DPF) f (x4tv) vE.
It follows from Taylor’s formula for a function of one variable that
N

k=1

(10.43)

This proves the following theorem.

Theorem 10.34 Let f: U — R and let f € C™L (U). Then if
B(xr) CU,

and ||v]| < r, there exists t € (0,1) such that (10.43) holds.

Now we consider the case where U C R and f : U — R is C? (U). Then from Taylor’s theorem, if v is
small enough, there exists t € (0, 1) such that

D?f (x+tv) v?

Jx+v) = f (x) + Df (x) v =

Letting

n
vV = E Vi€,
i=1

where e; are the usual basis vectors, the second derivative term reduces to
1 9 1
5 > D*f (x+tv) (e;) (e) viv; = 5 > Hij (x+tv) viv;
0,J (2]
where

O f (x+tv)

Hyj (x+tv) = D2f (x+tv) (e;) (e;) = oz,01;

the Hessian matrix. From Theorem 10.25, this is a symmetric matrix. By the continuity of the second partial
derivative and this,

FOetv) = £ (9 + Df () v 59T H () v+
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1
3 (v (H (x+tv) —H (x)) v) . (10.44)
where the last two terms involve ordinary matrix multiplication and
vl = (vy---vp)

for v; the components of v relative to the standard basis.

Theorem 10.35 In the above situation, suppose Df (x) = 0. Then if H (x) has all positive eigenvalues, x
is a local minimum. If H (x) has all negative eigenvalues, then x is a local maximum. If H (x) has a positive
eigenvalue, then there exists a direction in which [ has a local minimum ot x, while if H (x) has a negative
eigenvalue, there exists a direction in which H (x) has a local mazimum at X.

Proof: Since Df (x) = 0, formula (10.44) holds and by continuity of the second derivative, we know
H (x) is a symmetric matrix. Thus H (x) has all real eigenvalues. Suppose first that H (x) has all positive
eigenvalues and that all are larger than §° > 0. Then H (x) has an orthonormal basis of eigenvectors, {viti,

and if u is an arbitrary vector, we can write u = Z?Zl u;v; where u; =u-v;. Thus

n n
u'H (x)u = Z ujfo (x) Z UV
j=1 j=1

n n
:Zu?)\j > 5221@ =62 |ul®.
j=1 j=1

From (10.44) and the continuity of H, if v is small enough,

Lo, 2 1o o 5 o
f(X+V)Zf(X)+§5 v —15 v Zf(X)+Z|V| .

This shows the first claim of the theorem. The second claim follows from similar reasoning. Suppose H (x)
has a positive eigenvalue A%, Then let v be an eigenvector for this eigenvalue. Then from (10.44),

f(x+tv) = f (%) +%t2VTH (x) v+

%tZ (vT (H (x+tv) —H (x)) v)
which implies
Flektv) = F() N VP45t (v (H (xbtv) —H (x)) v)
> f(x) %tw [v[?

whenever ¢ is small enough. Thus in the direction v the function has a local minimum at x. The assertion
about the local maximum in some direction follows similarly. This prove the theorem.

This theorem is an analogue of the second derivative test for higher dimensions. As in one dimension,
when there is a zero eigenvalue, it may be impossible to determine from the Hessian matrix what the local
qualitative behavior of the function is. For example, consider

filay) =a* + 97, falz,y) = —2* + 42
Then Df; (0,0) = 0 and for both functions, the Hessian matrix evaluated at (0,0) equals

(53)

but the behavior of the two functions is very different near the origin. The second has a saddle point while
the first has a minimum there.
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10.6 Exercises

1. Suppose L € L(X,Y) where X and Y are two finite dimensional vector spaces and suppose L is one
to one. Show there exists r > 0 such that for all x € X,

|Lx| > r|x]|.

Hint: Define |x|; = |Lx|, observe that |-|; is a norm and then use the theorem proved earlier that all
norms are equivalent in a finite dimensional normed linear space.

2. Let U be an open subset of X, f: U — Y where X,Y are finite dimensional normed linear spaces and
suppose f € C* (U) and Df (x¢) is one to one. Then show f is one to one near xo. Hint: Show using
the assumption that f is C'!' that there exists § > 0 such that if

X1,X2 € B (xg,0),
then
F (x1) = £ (x2) = DF (x0) (x1 = x2)| < 5 1 = s
then use Problem 1.

3. Suppose M € L(X,Y) where X and Y are finite dimensional linear spaces and suppose M is onto.
Show there exists L € £ (Y, X) such that

LMx =Px
where P € £ (X,X), and P2 = P. Hint: Let {y; - - -y} be a basis of Y and let Mx; = y;. Then
define
Ly = Z a;X; where y = Z QY.
i=1 i=1
Show {x1,---,x,} is a linearly independent set and show you can obtain {x1, -, X,, -, X}, a basis

for X in which Mx; = 0 for j > n. Then let

n
Px = E ;X
i=1

where
X = Z ;X5
i=1
4. Let f: U - Y, f € Ct(U), and Df (x1) is onto. Show there exists §,e > 0 such that f (B (x1,5)) 2
B (f(x1),€). Hint:Let
Le£(Y,X), LDf (x1)x =Px,

and let X; = PX where P> = P, x; € X1, and let U; = X; NU. Now apply the inverse function
theorem to f restricted to Xj.

5. Let f: U — Y, fis O, and Df (x) is onto for each x €U. Then show f maps open subsets of U onto
open sets in Y.
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6. Suppose U C R? is an open set and f : U — R3 is C'!. Suppose Df (sg,to) has rank two and

f(so,to) =1 wo

Show that for (s,t) near (sg,%o), the points f (s,¢) may be realized in one of the following forms.

{(x,y,qﬁ(m,y)) : (.T,y) near (1‘073/0)}7

{(¢(y,2)y, 2) : (y,2) near (yo,20)},

{(z,0(x,2),2,): (x,2) near (xg,z0)}-

Suppose B is an open ball in X and f : B — Y is differentiable. Suppose also there exists L € £ (X,Y)
such that

||Df (x) — L|| < k
for all x €B. Show that if x1,x5 € B,
£ (x1) — £ (x2) = L (x1 —x2)[| < k[x1 —x2]].
Hint: Consider
IIf (1 + 1 (%2 —x1)) — £ (x1) — L (%2 —x1)|
and let

S={te0,1]:|[f(x1+t(x2—x1)) —f(x1) —tL (x2 — x1)|| <

(k+e)tllxz —x[}.
Now imitate the proof of Theorem 10.20.

Let £ : U — Y, Df (x) exists for all x €U, B (xg,0) C U, and there exists L € £ (X,Y), such that
L™t e £(Y,X), and for all x €B (xq,d)

,
Df —L —_— 1.
1D 60— Il < s 7 <

Show that there exists € > 0 and an open subset of B (xg,d),V, such that f : V—B (f (x¢) ,€) is one
to one and onto. Also Df ! (y) exists for each y €B (f (xo),€) and is given by the formula

Df ' (y) = [Df (£ ()] .
Hint: Let
Ty(x)=T(x,y) =x-L" (f(x) —y)
(1-7)é

for |y — f (xo)| < SE=1y> consider {Ty (x0)}- This is a version of the inverse function theorem for f
only differentiable, not C*.
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9.

10.

11.

Denote by C ([0,7] : R™) the space of functions which are continuous having values in R"™ and define
a norm on this linear space as follows.

|[f]], = max {|f ()] e : t € [0,T]}.

Show for each A € R, this is a norm and that C ([0,7];R"™) is a complete normed linear space with
this norm.

Let f: R x R” — R™ be continuous and suppose f satisfies a Lipschitz condition,
I£(t,%) — £ ()] < K [x — ]
and let xg € R™. Show there exists a unique solution to the Cauchy problem,
x' =f(t,x), x(0) = xo,
for t € [0,7]. Hint: Consider the map
G:C([0,T];R") — C ([0, T]; R™)

defined by

Gx (t) =x¢ —|—/Olf(s,x(s))ds,

where the integral is defined componentwise. Show G is a contraction map for ||-||, given in Problem 9
for a suitable choice of A and that therefore, it has a unique fixed point in C ([0, T];R"™). Next argue,
using the fundamental theorem of calculus, that this fixed point is the unique solution to the Cauchy
problem.

Let (X, d) be a complete metric space and let T : X — X be a mapping which satisfies
d(T"x, T"y) < rd(z,y)

for some r < 1 whenever n is sufficiently large. Show 7" has a unique fixed point. Can you give another
proof of Problem 10 using this result?
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Change of variables for C! maps

In this chapter we will give theorems for the change of variables in Lebesgue integrals in which the mapping
relating the two sets of variables is not linear. To begin with we will assume U is a nonempty open set and
h:U -V =h(U) is C*, one to one, and det Dh (x) # 0 for all x € U. Note that this implies by the inverse
function theorem that V is also open. Using Theorem 3.32, there exist open sets, U; and Us which satisfy

0#£U, CULCU, CU, CU,
and Us is compact. Then
0 <r=dist (U1,U5) =inf {||x —y|| : x €Uy and y €US } .
In this section ||-|| will be defined as
x|l = max {[z;| i = 1,---,n}

where x = (21, - -, xn)T . We do this because with this definition, B (x,r) is just an open n dimensional cube,
[T7, (z; — r,z; + ) whose center is at x and whose sides are of length 2r. This is not the most usual norm
used and this norm has dreadful geometric properties but it is very convenient here because of the way we
can fill open sets up with little n cubes of this sort. By Corollary 10.6 there are constants § and A depending
on n such that

§ x| < [jx[[ < Alx].
Therefore, letting By (x,r) denote the ball taken with respect to the usual norm, ||, we obtain
B(x,r) < By (x,07'7) < B (x,Ad'7). (11.1)

Thus we can use this norm in the definition of differentiability.
Recall that for A € £ (R",R"),

1Al = sup {[[Ax]| : [|x[| < 1},

is called the operator norm of A taken with respect to the norm ||-||. Theorem 10.8 implied [|-|| is a norm
on L (R™ R™) which satisfies

[ Ax|| < [|AJ] |||

and is equivalent to the operator norm of A taken with respect to the usual norm, |-| because, by this
theorem, £ (R™,R™) is a finite dimensional vector space and Corollary 10.6 implies any two norms on this
finite dimensional vector space are equivalent.

We will also write dy or dz to denote the integration with respect to Lebesgue measure. This is done
because the notation is standard and yields formulae which are easy to remember.

199
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Lemma 11.1 Let € > 0 be given. There exists r; € (0,7) such that whenever x €Uy,

lh(x+v) —h(x)-Dh{x)v|l __
vl

for all ||v]| < ry.

Proof: The above expression equals

’ ’fol (Dh (x+tv) v—Dh (x) v) dt‘ ‘

vl

which is no larger than

Jo IIDh (x+tv) —Dh (x)|] de [|v]| _

[Vl

1
/ ||Dh (x+tv) —Dh (x)|| dt. (11.2)
0
Now x — Dh (x) is uniformly continuous on the compact set U,. Therefore, there exists §; > 0 such that if
|lx = yl| <61, then

|Dh (x) — Dh(y)|| <e.

Let 0 < r; < min (61,7). Then if ||v|| < ry, the expression in (11.2) is smaller than ¢ whenever x €U;.
Now let D, consist of all rectangles

H(ai,bi] N (—00,0)

i=1

where a; = 127P or 400 and b; = (I4+1)27P or +oo for k, I, p integers with p > 0. The following lemma is
the key result in establishing a change of variable theorem for the above mappings, h.

Lemma 11.2 Let R € D,. Then

/ Xoncrorn) () dy < / Xpow, (x) |det Dh (x)] d (113)

and also the integral on the left is well defined because the integrand is measurable.

—~) OO —~
Proof: The set, U; is the countable union of disjoint sets, {Rz} of rectangles, R; € D, where ¢ > p
i=1

is chosen large enough that for 1 described in Lemma 11.1,

279 < rqy,||det Dh(x)| — |det Dh(y)|| < €

if ||x —y|| £ 27%,x,y € U;. Each of these sets, {E} 20, is either a subset of R or has empty intersection
with R. Denote by {R;};>, those which are contained in R. Thus

RNU, = UX,R;.
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The set, h (R;), is a Borel set because for

h (R;) equals

=

Uic—lh< [ai-ﬁ-k’_l,bi}),
=1

2

a countable union of compact sets. Then h(RNU;) = U2, h(R;) and so it is also a Borel set. Therefore,
the integrand in the integral on the left of (11.3) is measurable.

/Xh(RﬁUl) (y)dy = /ZXh(Ri) (y)dy = Z/Xh(m) (y) dy-
=1 i=1

Now by Lemma 11.1 if x; is the center of interior(R;) = B (x;,0), then since all these rectangles are chosen
so small, we have for ||v]| <4,

h(x; +v) — h(x;) = Dh (x;) (v+Dh (xi) "o (v))

where ||o (v)|| < €||v||. Therefore,

h(R;) C h(x;) + Dh (x;) (B (0,5 (1 te

o )

C h(x;) + Dh(x:) (B(0,3 (1 +C)))
where
C= max{HDh(x)_lH iX 671}
It follows from Theorem 7.21 that
my (h(R;)) < |det Dh (x;)| my (R;) (1 + €C)"

and hence

/ dy < 3" |det Dh (x;) | m (R:) (1+€C)"
h(RNUL) P
:Z/ \det Dh (x;)| da: (1 + €C)"

i=1 7

< X;/R (det Dh (x)] + €) dar (1 4 C)"

= (i/ |det Dh (x)] d;v) (1+eC)" +em, (Uy) (14 €C)"
i=1 7R
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- ((/ Xrnv, (x) |det Dh (x)|dx> + emy, (U1)> (1+e0)".

Since € is arbitrary, this proves the Lemma.
Borel measurable functions have a very nice feature. When composed with a continuous map, the result
is still Borel measurable. This is a general result described in the following lemma which we will use shortly.

Lemma 11.3 Let h be a continuous map from U to R™ and let g : R™ — (X, 1) be Borel measurable. Then
goh is also Borel measurable.

Proof: Let V € 7. Then
(goh) ' (V)=h"" (97" (V)) =h~! (Borel set).
The conclusion of the lemma will follow if we show that h~! (Borel set) = Borel set. Let
S = {E € Borel sets : h™! (E) is Borel} .

Then S is a ¢ algebra which contains the open sets and so it coincides with the Borel sets. This proves the
lemma.

Let &, consist of all finite disjoint unions of sets of U{D, : p > ¢}. By Lemma 5.6 and Corollary 5.7, &,
is an algebra. Let & = U;2,&;. Then € is also an algebra.

Lemma 11.4 Let E € 0 (£). Then

/ Xnger (v) dy < / Xpoo, () |det Dh (x)] d (11.4)

and the integrand on the left of the inequality is measurable.
Proof: Let
M={E€co(f):(11.4) holds}.

Then from the monotone and dominated convergence theorems, M is a monotone class. By Lemma 11.2,
M contains &, it follows M equals o (£) by the theorem on monotone classes. This proves the lemma.

Note that by Lemma 7.3 o (£) contains the open sets and so it contains the Borel sets also. Now let
F be any Borel set and let V4 = h (U;). By the inverse function theorem, V; is open. Thus for F' a Borel
set, F'NVj is also a Borel set. Therefore, since FNV; =h (h™! (F)NU;), we can apply (11.4) in the first
inequality below and write

XF (y) dy = /XFOVI (y) dy S /thl(F)ﬁUl (X) |det Dh (X)| dzx
Vi

:/U Xn-1(py (x) |det Dh (x)|dz = ; Xr (h(x)) |det Dh (x)| dx (11.5)

It follows that (11.5) holds for X replaced with an arbitrary nonnegative Borel measurable simple function.
Now if g is a nonnegative Borel measurable function, we may obtain g as the pointwise limit of an increasing
sequence of nonnegative simple functions. Therefore, the monotone convergence theorem applies and we
may write the following inequality for all g a nonnegative Borel measurable function.

[ 9y [ g(h0)|det Dh )] do. (11.6)
Vi

Uy

With this preparation, we are ready for the main result in this section, the change of variables formula.
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Theorem 11.5 Let U be an open set and let h be one to one, C*, and det Dh (x) # 0 on U. For V. =h (U)
and g > 0 and Borel measurable,

/g(y)dy:/g(h(x))|dech(x)|dw. (11.7)
1% U

Proof: By the inverse function theorem, h= is also a O function. Therefore, using (11.6) onx = h™' (y),
along with the chain rule and the property of determinants which states that the determinant of the product
equals the product of the determinants,

/ g(y)dy < / g (h (x)) |det Dh (x)| da
Vi

Uy

< / g9(y) |det Dh (h_1 (y))’ ‘det Dh™! (y)| dy
|1

:/ g(y)|detD(hoh_1)(y)|dy=/ g9(y)dy
Vi

Vi

which shows the formula (11.7) holds for U; replacing U. To verify the theorem, let Uy be an increasing
sequence of open sets whose union is U and whose closures are compact as in Theorem 3.32. Then from the
above, (11.7) holds for U replaced with Uy and V replaced with V. Now (11.7) follows from the monotone
convergence theorem. This proves the theorem.

11.1 Generalizations

In this section we give some generalizations of the theorem of the last section. The first generalization will
be to remove the assumption that det Dh (x) # 0. This is accomplished through the use of the following
fundamental lemma known as Sard’s lemma. Actually the following lemma is a special case of Sard’s lemma.

Lemma 11.6 (Sard) Let U be an open set in R™ and let h: U — R™ be C*. Let
Z={x€U:detDh(z) =0}.
Then my, (h(Z)) = 0.

Proof: Let {Uy},-, be the increasing sequence of open sets whose closures are compact and whose union
equals U which exists by Theorem 3.32 and let Z,, = Z N Uy. We will show that h (Z;) has measure zero.
Let W be an open set contained in Uy, which contains Zj, and satisfies

My (Zk) + € > my (W)
where we will always assume € < 1. Let
r = dist (Ug, UE_H)
and let r; > 0 be the constant of Lemma 11.1 such that whenever x €U}, and 0 < ||v|| < 71,
I (x +v) —h (x) = Dh(x) v]| < e]Iv]]. (11.8)
Now let

W= U?;E
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where the {E} are disjoint half open cubes from D, where g is chosen so large that for each 1,

diam (]3:2) = sup{||x—y|\ IX,y € ]A%;} <ry.

Denote by {R;} those cubes which have nonempty intersection with Z, let d; be the diameter of R;, and let
z; be a point in R; N Z. Since z; € Zy, it follows Dh (z;) B (0,d;) = D; where D; is contained in a subspace
of R™ having dimension p < n — 1 and the diameter of D; is no larger than Cjd; where

Cr > max {||Dh (x)|| : x €Z}
Then by (11.8), if z €R;,

h(Z) — h(ZZ) eD;,+B (O,Edi)

Q Dz + BQ (076(5_1d1') .

(Recall By refers to the ball taken with respect to the usual norm.) Therefore, by Theorem 2.24, there exists
an orthogonal linear transformation, ), which preserves distances measured with respect to the usual norm
and QD; C R*~!. Therefore, for z €R;,

Qh (z) — Qh(z;) € QD; + By (0,e5'd;) .
Refering to (11.1), it follows that

my (0 (R;)) = |det (Q)| my (b (Ri)) = mn (Qh (1))
S iz (QDl + BQ (O7 65_1d¢)) S s (QDZ + B (0, 65_1Adi))

< (Chd; + 2667 Ady)" ™ 2667 Ady < Ch iy (Rs) €.

Therefore,

My (h(Zk)) <> m(h(R:)) < Crne > my (Ri) < Cppemy, (W)
i=1 =1

< Clne(my, (Zg) + €) .
Since € > 0 is arbitrary, this shows m,, (h(Zy)) = 0. Now this implies

mn (0(2)) = lim m, (0(Z1) =0

and this proves the lemma.
With Sard’s lemma it is easy to remove the assumption that det Dh (x) # 0.

Theorem 11.7 Let U be an open set in R™ and let h be a one to one mapping from U to R™ which is C*.
Then if g > 0 is a Borel measurable function,

/ g(y)dy = / g (h (x)) |[det Dh (x)| da
h(U) U

and every function which needs to be measurable, is. In particular the integrand of the second integral is
Lebesgue measurable.
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Proof: We observe first that h (U) is measurable because, thanks to Theorem 3.32,
U=UZU

where U; is compact. Therefore, h(U) = U2 h(U;), a Borel set. The function, x —g (h(x)) is also
measurable from Lemma 11.3. Letting Z be described above, it follows by continuity of the derivative, Z
is a closed set. Thus the inverse function theorem applies and we may say that h (U \ Z) is an open set.
Therefore, if g > 0 is a Borel measurable function,

/ g(y)dyz/ g(y)dy =
h(U) h(U\Z)

/ g (h(x))|det Dh (x)| dz = / g (h(x))|det Dh (x)| dz,
U\Z U

the middle equality holding by Theorem 11.5 and the first equality holding by Sard’s lemma. This proves
the theorem.

It is possible to extend this theorem to the case when ¢ is only assumed to be Lebesgue measurable. We
do this next using the following lemma.

Lemma 11.8 Suppose 0 < f < g, g is measurable with respect to the o algebra of Lebesgue measurable sets,
S, and g =0 a.e. Then f is also Lebesgue measurable.

Proof: Let a > 0. Then

F7 (a,00]) € g7 ((a,00]) € {x 1 g (x) > 0},

a set of measure zero. Therefore, by completeness of Lebesgue measure, it follows f~!((a,c]) is also
Lebesgue measurable. This proves the lemma.

To extend Theorem 11.7 to the case where g is only Lebesgue measurable, first suppose F' is a Lebesgue
measurable set which has measure zero. Then by regularity of Lebesgue measure, there exists a Borel set,
G 2 F such that m, (G) = 0 also. By Theorem 11.7,

0= [ Xely)dy— / Xg (h (x)) [det Dh (x)]| da
h(U) U

and the integrand of the second integral is Lebesgue measurable. Therefore, this measurable function,
x =g (h (x)) [det Dh (x)]
is equal to zero a.e. Thus,
0 < Xp (h (x)) |det Dh (x)] < X (b (x))|det Dh (x)

and Lemma 11.8 implies the function x =X (h (x)) |det Dh (x)] is also Lebesgue measurable and
/ Xr (h(x)) |det Dh (x)|dz = 0.
U

Now let F' be an arbitrary bounded Lebesgue measurable set and use the regularity of the measure to
obtain G O F' D E where G and E are Borel sets with the property that m,, (G \ E) = 0. Then from what
was just shown,

x —Xp\g (h(x)) |det Dh (x)|
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is Lebesgue measurable and

It follows since
X (h (%)) det Dh (x)] = X (b (x)) [det Dh (x)] + X (b (x)) |det Dh ()
and x =X (h(x)) |det Dh (x)| is measurable, that
x =& (b (x)) |det Dh (x)|

is measurable and so

/xF }) |det Dh (x |dx—/XE (x)) |det Dh (x)]| da

= Xe (y)dy = Xr (y) dy. (11.9)
h(U) h(U)

To obtain the result in the case where F' is an arbitrary Lebesgue measurable set, let
F,=FnB(0k)

and apply (11.9) to Fj and then let ¥ — oo and use the monotone convergence theorem to obtain (11.9) for
a general Lebesgue measurable set, F. It follows from this formula that we may replace X'r with an arbitrary
nonnegative simple function. Now if g is an arbitrary nonnegative Lebesgue measurable function, we obtain
g as a pointwise limit of an increasing sequence of nonnegative simple functions and use the monotone
convergence theorem again to obtain (11.9) with X replaced with g. This proves the following corollary.

Corollary 11.9 The conclusion of Theorem 11.7 hold if g is only assumed to be Lebesgue measurable.
Corollary 11.10 Ifg € L' (h(U),S,m,), then the conclusion of Theorem 11.7 holds.

Proof: Apply Corollary 11.9 to the positive and negative parts of the real and complex parts of g.
There are many other ways to prove the above results. To see some alternative presentations, see [24],

[19], or [11].
Next we give a version of this theorem which considers the case where h is only C', not necessarily 1-1.
For

Uy ={x €U :|det Dh(z)| > 0}

and Z the set where |det Dh (x)| = 0, Lemma 11.6 implies m(h(Z)) = 0. For x € U, the inverse function
theorem implies there exists an open set By such that

X € Bx CU;, his1—1on By.
Let {B;} be a countable subset of {Bx}xev, such that
Uy =2, B;.
Let Ey = By. If By, - - -, E}, have been chosen, Ey.1 = Byy1 \ US_; E;. Thus
UZ,E;=Uy, hisl—1on E;, E;NE; =0,

and each F; is a Borel set contained in the open set B;. Now we define
y) = Z Xn(z) (¥) + Xnz) (y)-

Thus n(y) > 0 and is Borel measurable.
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Lemma 11.11 Let F C h(U) be measurable. Then

/ n(y)Xr(y dy—/ Xp(h(x))|det Dh(x)|dz.
h(U)

Proof: Using Lemma 11.6 and the Monotone Convergence Theorem or Fubini’s Theorem,

/h o n(y)Xr(y)dy = / (Z X)) (¥) + Xnz) (Y)) Xr(y)dy

= Z (¥)Xr(y)dy

h(U
= Z/h(B )Xh(E) y)Xr(y)dy
= Z/‘XEi(x)Xp(h(x))\dech(x)|d:v

- /XE )X (h(x))| det Dh(x)|dz

= /ZXE (x))| det Dh(x)|dz

= Xr(h(x))|det Dh(x \dxf/ Xr(h(x))|det Dh(x)|dx.
Ut

This proves the lemma.

Definition 11.12 Fory € h(U),

Thus #(y) = number of elements in h=(y).
We observe that
#(y) =n(y) ae. (11.10)
And thus # is a measurable function. This follows because n(y) = #(y) if y ¢ h(Z), a set of measure 0.

Theorem 11.13 Let g > 0, g measurable, and let h be C*(U). Then

#(y)g(y)dy = / 9(h(x))| det Dh(x)|dz. (11.11)

h(U) U

Proof: From (11.10) and Lemma 11.11, (11.11) holds for all g, a nonnegative simple function. Ap-
proximating an arbitrary g > 0 with an increasing pointwise convergent sequence of simple functions yields
(11.11) for g > 0, g measurable. This proves the theorem.
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11.2 Exercises

1. The gamma function is defined by

I‘(a)z/o ettt

for & > 0. Show this is a well defined function of these values of o and verify that I' (o + 1) =T («) cv.
What is ' (n + 1) for n a nonnegative integer?

_s2
2. Show that fix;o e ds = +/2r. Hint: Denote this integral by I and observe that I? = fR2 67(w2+y2)/2d$dy.
Then change variables to polar coordinates, = rcos (), y = rsiné.

3. 1 Now that you know what the gamma function is, consider in the formula for I" (o + 1) the following
change of variables. t = o 4+ a'/?s. Then in terms of the new variable, s, the formula for T' (a + 1) is

e qots /Oo e~ Vo <1 + i>a ds = e “a*tz /(X> eo‘[ln(HjE)_jE]dS
—Va Va -Ja

S2
Show the integrand converges to e~z . Show that then

lim M —/ e 2 ds = /2r.

a—00 e*aaoﬁL(l/Z) o

Hint: You will need to obtain a dominating function for the integral so that you can use the dominated
convergence theorem. You might try considering s € (—y/a, /a) first and consider something like

¢*=(+*/4) on this interval. Then look for another function for s > v/a. This formula is known as
Stirling’s formula.



The LP Spaces

12.1 Basic inequalities and properties

The Lebesgue integral makes it possible to define and prove theorems about the space of functions described
below. These LP spaces are very useful in applications of real analysis and this chapter is about these spaces.
In what follows (£2, S, ) will be a measure space.

Definition 12.1 Let 1 < p < co. We define
LP(Q)={f : f is measurable and / |f(w)[Pdp < oo}
Q

and

£llze = (/ |f|pdu)” = 11£1l,.

In fact || ||, is a norm if things are interpreted correctly. First we need to obtain Holder’s inequality. We
will always use the following convention for each p > 1.

1
S =1
p q

Often one uses p’ instead of ¢ in this context.

Theorem 12.2 (Holder’s inequality) If f and g are measurable functions, then if p > 1,

Jirttalan< ([ |f|pdu)‘1’ (/ Iglqdu);- (121)

Proof: To begin with, we prove Young’s inequality.

Lemma 12.3 If0 < a,b then ab < %p + %.

209
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Proof: Consider the following picture:

a b ap bq
ab < / P dt +/ 297 e = — + =,
0 0 p q

Note equality occurs when a? = b9.
If either [|f|Pdp or [ |g|Pdu equals co or 0, the inequality (12.1) is obviously valid. Therefore assume
both of these are less than oo and not equal to 0. By the lemma,

p
ol L[,

<t L[ gl
WAl Nglle 2 J NIfIB

q.J llgllg

w+ w=1.

Hence,

[ 1116l du < 1111 gl
This proves Holder’s inequality.
Corollary 12.4 (Minkowski inequality) Let 1 < p < co. Then

17+ gllp < 1[f1lp + llgllp- (12.2)

Proof: If p = 1, this is obvious. Let p > 1. We can assume ||f||, and ||g||, < co and ||f + g¢||, # 0 or
there is nothing to prove. Therefore,

/|f+g|”du <27t </ |fIP + |g|pdu> < 0.

/ |f +glPdu <

Now

/ 1+ glP fldp+ / F + glPgldy
/|f+g|%\f|du+/|f+g\%\g|du
( / I+ glPd) i ( / FPdu) + ( / 1+ glPdu)( / lglPdu)?.

IN

Dividing both sides by ([ |f + g|pdu)% yields (12.2). This proves the corollary.
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This shows that if f,g € LP, then f + g € LP. Also, it is clear that if a is a constant and f € LP, then
af € LP. Hence LP is a vector space. Also we have the following from the Minkowski inequality and the
definition of || ||,.

a.) ||fllp = 0,]|f|l, =0 if and only if f =0 a.e.

b.) llafll, = la| | fllp if a is a scalar.

c.) |1f +gllp < 1If1lp + lgllp-

We see that || ||, would be a norm if || f||, = 0 implied f = 0. If we agree to identify all functions in L?
that differ only on a set of measure zero, then || ||, is a norm and L? is a normed vector space. We will do
so from now on.

Definition 12.5 A complete normed linear space is called a Banach space.
Next we show that LP is a Banach space.

Theorem 12.6 The following hold for LP(Q)

a.) LP(Q) is complete.

b.) If{fn} is a Cauchy sequence in LP(Q2), then there exists f € LP () and a subsequence which converges
a.e. to f € LP(Q), and ||fn, — fllp — 0.

Proof: Let {f,} be a Cauchy sequence in LP(2). This means that for every ¢ > 0 there exists N
such that if n,m > N, then ||f, — fmll, < &. Now we will select a subsequence. Let n; be such that
|| fn — fmllp < 27% whenever n,m > ni. Let ny be such that ny > ny and ||f, — fimllp < 272 whenever
n,m > ng. If ny,-- -, ny have been chosen, let ng41 > ng and whenever n,m > ngy1, || fn — fmllp < 9—(k+1)
The subsequence will be {f,, }. Thus, |[fn, — faellp < 27%. Let

gk+1 = f"k-+1 - fnk

Then by the Minkowski inequality,

o0 m
00 > lgerilly = D llgrsallp =
k=1 k=1

m
Z |gk+1|
k=1

p
for all m. It follows that

/ (mem) < (kaﬂnp) <o (123)
k=1 k=1

for all m and so the monotone convergence theorem implies that the sum up to m in (12.3) can be replaced
by a sum up to co. Thus,

oo

Z lgra1(z)| < 00 a.e. z.
k=1

Therefore, Y ;- | gr+1(x) converges for a.e. x and for such z, let
e}
F(@) = for (@) + ) g (@)
k=1
Note that Y, | grt1(2) = fayuis (€)= fny (x). Therefore limy oo fr, (z) = f(x) for allz ¢ E where u(E) = 0.

If we redefine f,, to equal 0 on E and let f(z) =0 for « € E, it then follows that limj_,« frn, (z) = f(z) for
all z. By Fatou’s lemma,

1F = foullp < lminf {|fa, = furllp < D || faies = Fus

i=k

< 9~ (k=1
, S
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Therefore, f € LP()) because

Al < (1 = Faillp + {1 Fnillp < 00,

and limg_. || fn, — f|lp = 0. This proves b.). To see that the original Cauchy sequence converges to f in
LP(Q), we write

L = fallp < N1 = Faillp + 1 fni = Fullp-

If € > 0 is given, let 2= (F=1) < 5. Then if n > ny,

If = fall <270 427 <~ 4 % =e.

€
2
This proves part a.) and completes the proof of the theorem.

In working with the LP spaces, the following inequality also known as Minkowski’s inequality is very
useful.

Theorem 12.7 Let (X, S, u) and (Y, F, \) be o-finite measure spaces and let f be product measurable. Then
the following inequality is valid for p > 1.

/X ( /Y f<way>l”dk)%du > ( /Y ( /X f<x,y>|du>PdA) g (12.4)

Proof: Let X, 1 X, Y, 1Y, AMY,) < 00, pu(X,) < 0o, and let

_ [ fl=y) if|f(zy)| <m,
Jm(z,y) = { m if | f(z,y)| > m.
Thus
(/Yn(/xk |fm(x,y)|du)pd/\)p < 0.
Let
J(y) = /)(k | fn (2, y) |dps.
Then

/yn (/X |fm($’y)d“>pd* = /YJ<y)”‘1/Xk o,y dp d

n

[ 5w el i
Xi J Yy

by Fubini’s theorem. Now we apply Holder’s inequality and recall p — 1 = %. This yields

/yn (/xk fm(x,y)ldu)pd,\
/Xk ( Y. Pd)\) ( | fon (z y)|pd/\)l dy

(.7 pdA) L fm“"wl”dk)ldu

IN
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= (/Yn(/xk |fm(x,y)|du)z>d)\>% /Xk (/Y |fm(x7y)|pd)\)%du.

n

Therefore,

(/Y (/Xk Ifm(x,y)Idu)pdAf < /Xk (/Y |fm(x,y)|pd)\)p dp. (12.5)

To obtain (12.4) let m — oo and use the Monotone Convergence theorem to replace f,,, by f in (12.5). Next
let k — oo and use the same theorem to replace X; with X. Finally let n — oo and use the Monotone
Convergence theorem again to replace Y, with Y. This yields (12.4).

Next, we develop some properties of the LP spaces.

12.2 Density of simple functions

Theorem 12.8 Let p > 1 and let (2, S, 1) be a measure space. Then the simple functions are dense in
L? ().

Proof: By breaking an arbitrary function into real and imaginary parts and then considering the positive
and negative parts of these, we see that there is no loss of generality in assuming f has values in [0, oc]. By
Theorem 5.31, there is an increasing sequence of simple functions, {s,}, converging pointwise to f(z)?. Let

ta(z) = sp(z)?. Thus, ty(z) T f (z). Now
|f(z) = ta(2)] < |f(2)].

By the Dominated Convergence theorem, we may conclude

0= lim [ |f(z)—tn(x)Pdp.

n—oo

Thus simple functions are dense in LP.
Recall that for Q a topological space, C.(£2) is the space of continuous functions with compact support
in Q. Also recall the following definition.

Definition 12.9 Let (Q,S,u) be a measure space and suppose (2,7) is also a topological space. Then
(Q,8, 1) is called a reqular measure space if the o-algebra of Borel sets is contained in S and for all E € S,

p(E) =inf{u(V):V D E and V open}
and
p(E) =sup{p(K): K C FE and K is compact }.
For example Lebesgue measure is an example of such a measure.

Lemma 12.10 Let Q) be a locally compact metric space and let K be a compact subset of V, an open set.
Then there exists a continuous function f : Q — [0,1] such that f(x) = 1 for all x € K and spt(f) is a
compact subset of V.

Proof: Let K CW C W C V and W is compact. Define f by

B dist(x, W)
 dist(z, K) + dist(z, WC)’

f(x)

It is not necessary to be in a metric space to do this. You can accomplish the same thing using Urysohn’s
lemma.
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Theorem 12.11 Let (Q,S, 1) be a regular measure space as in Definition 12.9 where the conclusion of
Lemma 12.10 holds. Then C.(2) is dense in LP(£2).

Proof: Let f € L? () and pick a simple function, s, such that ||s — f||, < § where ¢ > 0 is arbitrary.
Let

= Z ¢iXg, (x)
i=1

where cq, - - -, ¢, are the distinct nonzero values of s. Thus the E; are disjoint and u(FE;) < oo for each i.
Therefore there exist compact sets, K; and open sets, V;, such that K; C E; C V; and

> leilu(Vi\ Ki)7 < 5.
i=1

Let h; € C.(Q) satisfy
hi(z) = 1forxe€ K;

spt(h;) € Vi

Let
9= i cih;
i=1

Then by Minkowski’s inequality,

llg—sllp < (/sz e ()|)pdu>p

( [ lepinte Ei<x>|pdu)%

ZCZ\MV\K v <

IA A

IN
m.| o

Therefore,

£ 3
1f=glly <If =sllp+lls—gll, <5 +5=¢

This proves the theorem.

12.3 Continuity of translation

Definition 12.12 Let f be a function defined on U C R™ and let w € R™. Then fy will be the function
defined on w + U by

fw(x) = f(x—w).
Theorem 12.13 (Continuity of translation in LP) Let f € LP(R™) with p = m, Lebesque measure. Then

o oo = fllp = 0.
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Proof: Let € > 0 be given and let g € C.(R™) with ||g — f]|, < 5. Since Lebesgue measure is translation
invariant (m(w + E) = m(E)), |lgw — fwllp = [lg — fllp < §. Therefore

= fwlle = If = 9llp +[lg = gwllp + llgw — fwl]
2¢e

<
3

+ ||g _gw”P'

But limw|—o gw(x) = g(x) uniformly in x because g is uniformly continuous. Therefore, whenever |w| is

small enough, ||g — gwl|lp < 5. Thus |[f — fw|l, < € whenever |w| is sufficiently small. This proves the

theorem.

12.4 Separability

Theorem 12.14 For p > 1, LP(R"™,m) is separable. This means there exists a countable set, D, such that
if f € LP(R™) and € > 0, there exists g € D such that ||f — g]|, <e.

Proof: Let @ be all functions of the form cAf, )y where
[aa b) = [al,bl) X [a27b2) X X [anabn)a

and both a;, b; are rational, while ¢ has rational real and imaginary parts. Let D be the set of all finite
sums of functions in @. Thus, D is countable. We now show that D is dense in LP(R™,m). To see this, we
need to show that for every f € LP(R™), there exists an element of D, s such that ||s— f||, < . By Theorem
12.11 we can assume without loss of generality that f € C.(R™). Let Pp,consist of all sets of the form
[a,b) where a; = j27™and b; = (j+1)27™ for j an integer. Thus P,,consists of a tiling of R™ into half open
rectangles having diameters 2-mp3 . There are countably many of these rectangles; so, let P,, = {[a;, b;)}
and R™ = U2, [a;, b;). Let ¢!"be complex numbers with rational real and imaginary parts satisfying

(i) — | <57,

"] < | f(aq)]- (12.6)

Let sp(x) = ;2 ¢"Xa, b,)- Since f(a;) = 0 except for finitely many values of 4, (12.6) implies s, €

=11
D. Tt is also clear that, since f is uniformly continuous, lim,, . $;m(x) = f(x) uniformly in x. Hence

Corollary 12.15 Let Q be any Lebesgue measurable subset of R™. Then LP()) is separable. Here the o
algebra of measurable sets will consist of all intersections of Lebesgue measurable sets with 0 and the measure
will be m,, restricted to these sets.

Proof: Let D be the restrictions of D to Q. If f € LP(Q), let F be the zero extension of f to all of R™.
Let € > 0 be given. By Theorem 12.14 there exists s € D such that ||F — s|[, < e. Thus

lls = fllze) < |5 — Fllre@ny < €

and so the countable set D is dense in LP(£).

12.5 Mollifiers and density of smooth functions

Definition 12.16 Let U be an open subset of R™. C°(U) is the vector space of all infinitely differentiable
functions which equal zero for all x outside of some compact set contained in U.
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Example 12.17 Let U = {x € R" : |x| < 2}

(@) = exp {(|x|2 - 1)_1} if x| <1,
0if |x|>1.

Then a little work shows ¢ € C°(U). The following also is easily obtained.
Lemma 12.18 Let U be any open set. Then C°(U) # 0.

Definition 12.19 Let U = {x € R" : |x| < 1}. A sequence {¢,,} C C°(U) is called a mollifier (sometimes
an approzimate identity) if

. 1
wm(x) >0, wm(x) =0, Zf |X| > Ev

and [, (x) =

As before, [ f(x,y)du(y) will mean x is fixed and the function y — f(x,y) is being integrated. We may
also write dx for dm(z) in the case of Lebesgue measure.

Example 12.20 Let
Y e CX(B(0,1) (B(0,1) ={x:[x] <1})

with (x) > 0 and [¢Ydm = 1. Let ¢,,(X) = cpp(mx) where ¢, is chosen in such a way that [, dm = 1.

By the change of variables theorem we see that ¢, = m™.

Definition 12.21 A function, f, is said to be in L}, (R™, p) if f is p measurable and if | f|Xx € L*(R™, n) for

every compact set, K. Here i is a Radon measure on R™. Usually n = m, Lebesgue measure. When this is
so, we write L}, (R™) or LP(R™), etc. If f € L}, .(R™), and g € C.(R™),

loc
£r96) = [ ox=yigtyram = [ fx)g0x -

The following lemma will be useful in what follows.
Lemma 12.22 Let f € L}, (R"), and g € C2°(R™). Then f x g is an infinitely differentiable function.

Proof: We look at the difference quotient for calculating a partial derivative of f * g.

f*g(x—i—te;) f*rg(x /f g(x +tej — i)_g(x_y)dm(y).

Using the fact that g € C° (R™), we can argue that the quotient, glette; _“{)_g(x_w is uniformly bounded.
Therefore, there exists a dominating function for the integrand of the above integral which is of the form
C|f (y)| Xk where K is a compact set containing the support of g. It follows we can take the limit of the
difference quotient above inside the integral and write

G (2060 = [ 10)5 0= y)dm ).

Now letting % g play the role of g in the above argument, we can continue taking partial derivatives of all
J
orders. This proves the lemma.
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Theorem 12.23 Let K be a compact subset of an open set, U. Then there exists a function, h € C*(U),
such that h(x) =1 for all x € K and h(x) € [0,1] for all x.

Proof: Let r > 0 be small enough that K + B(0,3r) C U. Let K,, = K 4+ B(0,r).
P CK)K U

Consider Xk, *,,where 9,,is a mollifier. Let m be so large that % < r. Then using Lemma 12.22 it is
straightforward to verify that h = Xk, *1,, satisfies the desired conclusions.

Although we will not use the following corollary till later, it follows as an easy consequence of the above
theorem and is useful. Therefore, we state it here.

Corollary 12.24 Let K be a compact set in R™ and let {Uz-}?il be an open cover of K. Then there exists
functions, ¢, € C° (U;) such that ¢; < U; and

Zi/% (x)=1.

If K3 is a compact subset of Uy we may also take 1, such that 1, (x) =1 for all x € Kj.

Proof: This follows from a repeat of the proof of Theorem 6.11, replacing the lemma used in that proof
with Theorem 12.23.

Theorem 12.25 For each p > 1, C°(R™) is dense in LP(R™).

Proof: Let f € LP(R™) and let € > 0 be given. Choose g € C.(R") such that |[f — g||, < 5. Now let
gm = g * ¥, where {¢,,} is a mollifier.

[gm (X + hei) —9m (X)]h_l

0 [ g+ hes = y) = (x = y)ldim.
The integrand is dominated by C|g(y)|h for some constant C' depending on
max{\awm(x)/ax]| X € Rnaj € {17 2, an}}

By the Dominated Convergence theorem, the limit as h — 0 exists and yields

39(;;?0 _ / o(y) 31/%(%; y) dy.
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Similarly, all other partial derivatives exist and are continuous as are all higher order derivatives. Conse-
quently, g, € C3°(R"). It vanishes if x ¢ spt(g) + B(0, ).

lo=amlls = ( [1660 = [ o=yt iamtpamo )

< ( ([ 196 = gt - yw,,L(y)dm(y))pdm(x)) %
< [ (1960 -t =Pt v (y)imiy)
= [ ol (y)im(y)

< s

whenever m is large enough. This follows from Theorem 12.13. Theorem 12.7 was used to obtain the third
inequality. There is no measurability problem because the function

(x,¥) = [g(x) — g(x = ¥) ¥, (¥)

is continuous so it is surely Borel measurable, hence product measurable. Thus when m is large enough,

9 3
1£ = gmllp < 117 = gllp +1lg = gmllp < 5 + 5 ==

This proves the theorem.

12.6 Exercises
1. Let E be a Lebesgue measurable set in R. Suppose m(FE) > 0. Consider the set
E-FE={x—y:x€E,yeE}

Show that E — E contains an interval. Hint: Let

Note f is continuous at 0 and f(0) > 0. Remember continuity of translation in LP.

2. Give an example of a sequence of functions in LP (R) which converges to zero in LP but does not
converge pointwise to 0. Does this contradict the proof of the theorem that LP is complete?

3. Let ¢,,, € CZ(R™), ¢, (x) > 0,and [, ¢,,(y)dy = 1 with lim,, . sup {|z| : € sup (¢,,)} = 0. Show
it f e LP(R™), limp oo f % &, — f in LP(R™).

4. Let ¢ : R — R be convex. This means
p(Az + (1 = Ny) < Ap(z) + (1 = N)o(y)

whenever A € [0,1]. Show that if ¢ is convex, then ¢ is continuous. Also verify that if x < y < z, then
dW)=d(@)  ¢(=)=0W) 519 that LE)=0@) ~ 6(z)=¢)
p— -

y—x — z z— — zZ2—y
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(@31

10.

11.

12.

13.

14.

15.

16.

. 1 Prove Jensen’s inequality. If ¢ : R — R is convex, u(2) = 1, and f : @ — R is in L'(Q), then
([ f du) < [ &(f)dp. Hint: Let s = [, f du and show there exists A such that ¢(s) < ¢(t)+A(s—t)
for all ¢.

Let % + i =1, p>1, let f e LP(R), g€ L? (R). Show f * g is uniformly continuous on R and
[(f = g) (@) < || flleellgll Lo

B(p,q) = fol aP7 (1 = 2)?7 Yz, T(p) = [~ e *tP~1dt for p,q > 0. The first of these is called the beta
function, while the second is the gamma function. Show a.) I'(p + 1) = pI'(p); b.) T'(P)I'(q) =

B(p, )T'(p + q)-
Let f € Cc(0,00) and define F(z) =1 [* f(t)dt. Show

p
[ E || Lr(0,00) < EHJCHL”(OW) whenever p > 1.

Hint: Use 2F’ = f — F and integrate [, |F(z)|Pdz by parts.

1 Now suppose f € LP(0,00), p > 1, and f not necessarily in C.(0,00). Note that F(x) = %fom f(®)dt
still makes sense for each x > 0. Is the inequality of Problem 8 still valid? Why? This inequality is
called Hardy’s inequality.

When does equality hold in Holder’s inequality? Hint: First suppose f,g > 0. This isolates the most
interesting aspect of the question.

1 Consider Hardy’s inequality of Problems 8 and 9. Show equality holds only if f = 0 a.e. Hi?t: If
equality holds, we can assume f > 0. Why? You might then establish (p—1) fooo FPdx = pfooo Fafdx
and use Problem 10.

T In Hardy’s inequality, show the constant p(p — 1)~! cannot be improved. Also show that if f > 0
and f € L', then F ¢ L! so it is important that p > 1. Hint: Try f(z) = x_%X[A_17A].

A set of functions, ® C L', is uniformly integrable if for all € > 0 there exists a ¢ > 0 such that
’ / I’y du’ < & whenever u(F) < o. Prove Vitali’s Convergence theorem: Let {f,} be uniformly
integrable, p(2) < oo, fn(z) — f(z) a.e. where f is measurable and |f(z)| < oo a.e. Then f € L!
and lim, o [, [fn — fldp = 0. Hint: Use Egoroff’s theorem to show {f,} is a Cauchy sequence in
L' (Q). This yields a different and easier proof than what was done earlier.

T Show the Vitali Convergence theorem implies the Dominated Convergence theorem for finite measure
spaces.

T Suppose () < oo, {fn} € L*(), and

/ h(|ful) du < C
Q

for all n where h is a continuous, nonnegative function satisfying

limwzoo

t—oo
Show {f,} is uniformly integrable.

T Give an example of a situation in which the Vitali Convergence theorem applies, but the Dominated
Convergence theorem does not.
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17.

18.

19.

20.

21.
22.
23.

24.

THE LY SPACES

T Sometimes, especially in books on probability, a different definition of uniform integrability is used
than that presented here. A set of functions, &, defined on a finite measure space, (2, S, ) is said to
be uniformly integrable if for all € > 0 there exists a > 0 such that for all f € &,

/ ldp < e
[ f|=a]

Show that this definition is equivalent to the definition of uniform integrability given earlier with the
addition of the condition that there is a constant, C' < oo such that

/If\duéC

for all f € &. If this definition of uniform integrability is used, show that if f, (w) — f(w) a.e., then
it is automatically the case that |f (w)| < oo a.e. so it is not necessary to check this condition in the
hypotheses for the Vitali convergence theorem.

We say f € L°°(Q,u) if there exists a set of measure zero, F, and a constant C' < oo such that
|f(z)| < C forall z ¢ E.

[1flloo = nf{C : |f(z)| < C a.e.}.

Show || ||eo is @ norm on L (€, ) provided we identify f and g if f(z) = g(x) a.e. Show L*°(Q, u) is
complete.

Suppose f € L>® N LY. Show limp oo || f]|ze = ||f]]co-

Suppose ¢ : R — R and qb(fol f(z)dz) < fol ¢(f(z))dx for every real bounded measurable f. Can it be
concluded that ¢ is convex?

Suppose p(2) < co. Show that if 1 < p < g, then LI(Q2) C LP(Q).
Show LY(R) ¢ L*(R) and L*(R) ¢ L*(R) if Lebesgue measure is used.
Show that if z € [0,1] and p > 2, then

1+ 1-—

(=57 + (=

Note this is obvious if p = 2. Use this to conclude the following inequality valid for all z,w € C and
p=2

1
< Gta).

’ P B ol
-2 2

24w
2

Z—w

2

Hint: For the first part, divide both sides by z?, let y = % and show the resulting inequality is valid
for all y > 1. If || > |w| > 0, this takes the form

1 ; 1 , 1
[T + 5L = )P < S(1+17)

whenever 0 < § < 27 and r € [0,1]. Show the expression on the left is maximized when 6 = 0 and use
the first part.

T If p > 2, establish Clarkson’s inequality. Whenever f,g € LP,

p p

1 1 1
- < Z p - P'
|0+ R

+H%(f—g)

p

For more on Clarkson inequalities (there are others), see Hewitt and Stromberg [15] or Ray [22].
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25. 1 Show that for p > 2, LP is uniformly convex. This means that if { £}, {gn} C L?, ||fullp, llgnllp < 1,

26.

27.

and || f, +9n||p — 2, then an - gan — 0.

Suppose that 6 € [0,1] and r, s,q > 0 with

show that

( / | Flodu)/e < (( / )T ( / Py

If g,r,s > 1 this says that

1/1le < HIAIRIAI.

Hint:
[1s1dn= [ 151151700 dp.

Now note that 1 = ‘97(1 + @ and use Holder’s inequality.

Generalize Theorem 12.7 as follows. Let 0 < p; < py < co. Then

</Y (/X If (@) dﬂ)’”/”l dA) 1/pa
- </X </y | (@, 9)I™ d/\)pl/ P dﬂ)l/pl
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Fourier Transforms

13.1 The Schwartz class

The Fourier transform of a function in L* (R™) is given by

Ff(t) = (2#)_"/2/ e~ X f(x)de.

However, we want to take the Fourier transform of many other kinds of functions. In particular we want to
take the Fourier transform of functions in L? (R™) which is not a subset of L' (R™). Thus the above integral
may not make sense. In defining what is meant by the Fourier Transform of more general functions, it is
convenient to use a special class of functions known as the Schwartz class which is a subset of L? (R™) for all
p > 1. The procedure is to define the Fourier transform of functions in the Schwartz class and then use this
to define the Fourier transform of a more general function in terms of what happens when it is multiplied
by the Fourier transform of functions in the Schwartz class.

The functions in the Schwartz class are infinitely differentiable and they vanish very rapidly as |z| — oo
along with all their partial derivatives. To describe precisely what we mean by this, we need to present some
notation.

Definition 13.1 a = (a1, -+, ap) for ay -y, positive integers is called a multi-index. For o a multi-index,
ol = a1+ -+ o, and if x € R™,

X = (xla t '7xn)7
and f a function, we define

9l f(x)

0z 0x3? - - - Oz

x* =aftxy? -z, DY f(x)

Definition 13.2 We say f € &, the Schwartz class, if f € C*°(R™) and for all positive integers N,

pn(f) < oo
where
pn () = sup{ (1 + [x[)V|D*f(x)| : x ER™, |a < N}.
Thus f € & if and only if f € C>(R™) and
sup{|x’D°f(x)| : x €R"} < 0o (13.1)

for all multi indices o and (3.

223
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Also note that if f € &, then p(f) € & for any polynomial, p with p(0) = 0 and that
S C LP(R™) N L*°(R™)
for any p > 1.

Definition 13.3 (Fourier transform on & ) For f € &,

n

Ff(t) = (2m)~"/? / e "X f(x)d,

FLE(t) = (2m) /2 / ()

Here x -t =>""" | ait;.

It will follow from the development given below that (F o F~1)(f) = f and (F~! o F)(f) = f whenever
f € &, thus justifying the above notation.

Theorem 13.4 If f € &, then Ff and F~1f are also in .
Proof: To begin with, let « =e; =(0,0,---,1,0,---,0), the 1 in the jth slot.

Flf(t+he;) —F'f(t) /2 i ethe; _ 1
: =22 [ (. (13.2)

Consider the integrand in (13.2).

_ eihz; _ 1 el(h/2z; _ o—i(h/2)z;
e h| = el -
B . isin ((h/2) x;)
= 1r bl [
< [f G sl

and this is a function in L*(R") because f € &. Therefore by the Dominated Convergence Theorem,

OF~Lf(t)

— —n/2 itex;
7, (2m) /n e iz f(x)dx

i(27r)*”/2/ et *x% f(x)dz.

Now x® f(x) € & and so we may continue in this way and take derivatives indefinitely. Thus F~1f € C°°(R")
and from the above argument,

n

DYF~1£(t) :(277)*”/2/ et (ix)" f(x)dx.
To complete showing F~'f € &,

tPDOFLf(t) =(27r)_”/2/ et *tP (ix)? f (x)da.

n

Integrate this integral by parts to get

t?DUFLf(t) =(2m) /2 / iPle* DB ((ix)* f(x))da. (13.3)

n



13.1. THE SCHWARTZ CLASS 225

Here is how this is done.

e By

/eitjﬂvjtfj (ix)af(x)dl'j = .—t' (ZX)af(X) |(icoo +
R ’Ltj J

Z/ eitja?jtfjilDej((ix)af(x))dxj
R

where the boundary term vanishes because f € &. Returning to (13.3), we use (13.1), and the fact that
le?| = 1 to conclude

9D FLf(t)] <C / IDP((i%)" ) e < oo

It follows F~!f € &. Similarly Ff € & whenever f € &.
Theorem 13.5 Fo F~1(f) = f and F~' o F(f) = f whenever f € &.

Before proving this theorem, we need a lemma.

Lemma 13.6
(27T)—n/2/ e(_1/2)u'udu = 17 (134)
(27r)_n/2/ e(—1/2)(u—ia)-(u—ia)du = 1. (135)
Proof:
(/ 67I2/2d:c)2 = //ef(x%ry?)mdxdy
R RJR
o) 27 5
= / / re”" 2d0dr = 2x.
o Jo
Therefore

n
/ eZV/2uugy, — H/ €_m§/2dl‘j = (2#)"/2.
i=1 /R
This proves (13.4). To prove (13.5) it suffices to show that
/e<*1/2><f*w>2dm = (2m)'/2 (13.6)
R
Define h(a) to be the left side of (13.6). Thus

h(a)

(/ e(~1/2)e? (cos(ax) + isinax) dnc)e“z/2
R

(/ e(~1/2)e? cos(cw:)dgc)eaQ/2
R

because sin is an odd function. We know h (0) = (2r)/2.

R (a) = ah(a) + e‘lz/zdigb(/]R e /2 cos(ax)dz). (13.7)
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Forming difference quotients and using the Dominated Convergence Theorem, we can take % inside the
integral in (13.7) to obtain

f/xe(fl/z)"’c2 sin(ax)dx.
R

Integrating this by parts yields

di(/ e /2 cos(az)dx) = —a(/ e /2 cos(az)dx).
a Jr R

Therefore

h'(a) = ah(a)— ae“z/Q/]Re_””Z/2 cos(ax)dx
= ah(a) —ah(a) =

This proves the lemma since h(0) = (27)'/2.
Proof of Theorem 13.5 Let

go(ox) = el

Thus 0< g-(x) <1 and lim. 04+ g:(x) = 1. By the Dominated Convergence Theorem,
(FoF )10 = lim(em) % [ F (). ()e .

e—0 R

Therefore,

(FoF™)f(x) =

= hm 2m)~ / / eVt f(y)ge (t)e > tdydt

= hrn 2m)~ / / X £ (y) g (t)didy

= Jimen)E [ gl E [ @t @, (13.8)
Consider | ] in (13.8). This equals

(271_)—%5—71/ e —3(u—ia)-(u— za)6 5

where a = ¢! (y — x), and |z| = (z - z)%. Applying Lemma 13.6

@r)" (] = (2n) Fe ezl F
= m(y—x)=m.(x—y)
and by Lemma 13.6,

me(y)dy = 1. (13.9)
RTL
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Thus from (13.8),

(FoF™)f6) = Jim [ f(y)me(x—y)dy (13.10)

= lim f*m.(x).
e—0

/ me(y)dy = (2m) "% (/ e 3 )
ly|>d ly|>d
Using polar coordinates,

:(Qﬁ)fn/z/ / 122N i gy dpen
5 Jen—

— (2m) "% /5 L D7 1 dp)Cy.

This clearly converges to 0 as € — 0+ because of the Dominated Convergence Theorem and the fact that

p"Le="/2 is in L'(R). Hence

lim me(y)dy = 0.
=0 ly|>s

Let § be small enough that |f(x) — f(x —y)| <n whenever |y| <é. Therefore, from Formulas (13.9) and
(13.10),

() = (F o P ()] = lim | £() = f % me(x)

< lim sup / 160 = £lox = y)me (y)dy

e—0

e—0

< lim sup (/ If(x) = f(x —y)|mc(y)dy+
ly|>d

/| BUCEES y>m€<y>dy)

< lim sup((/ . me(y)dy)2||flleo +1) = 1.
y

e—0

Since n > 0 is arbitrary, f(x) = (Fo F~!)f(x) whenever f € &. This proves Theorem 13.5 and justifies the
notation in Definition 13.3.
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13.2 Fourier transforms of functions in L? (R")

With this preparation, we are ready to begin the consideration of F'f and F~1f for f € L?(R"). First note
that the formula given for F'f and F~!f when f € & will not work for f € L?(R") unless f is also in L}(R").
The following theorem will make possible the definition of F'f and F~!f for arbitrary f € L?(R").

Theorem 13.7 For ¢ € G, ||Fé||z = ||F~1¢||2 = ||¢]]2-

Proof: First note that for ¢ € G,

F(Y)=F~1(4), F7'(¥) = F(y). (13.11)

This follows from the definition. Let ¢, € &.

/ n(ng(t))qp(t)dt = (2n)7"/? / ) an/;(t)gb(x)e*“'xclxdt (13.12)
= O(x)(F(x))d.
Rn
Similarly,
¢(X)(F’1¢(X))dm:/ (F~1o(t))p(t)dt. (13.13)
- n

Now, (13.11) - (13.13) imply

[ oeorar = [ oeFTFGRs

R™

P(X)F(Fo(x))dx

R™

[ PotoFata)ds

/ |Fo|*d.
Rn

Similarly
l16ll2 = |76l

This proves the theorem.
With this theorem we are now able to define the Fourier transform of a function in L? (R™).

Definition 13.8 Let f € L% (R") and let {¢;} be a sequence of functions in & converging to f in L? (R™).
We know such a sequence exists because & is dense in L* (R™). (Recall that even C° (R") is dense in
L? (R™).) Then Ff = limg .o, F¢,, where the limit is taken in L? (R™). A similar definition holds for F~1f.

Lemma 13.9 The above definition is well defined.

Proof: We need to verify two things. First we need to show that limy_, F (¢) exists in L? (R™) and
next we need to verify that this limit is independent of the sequence of functions in & which is converging
to f.

To verify the first claim, note that since limy .o || f — ¢y ||y = 0, it follows that {¢, } is a Cauchy sequence.
Therefore, by Theorem 13.7 {F¢,} and {F*1¢k} are also Cauchy sequences in L? (R™). Therefore, they
both converge in L? (R") to a unique element of L? (R™). This verifies the first part of the lemma.
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Now suppose {¢,} and {1} are two sequences of functions in & which converge to f € L?(R").
Do {F¢,} and {F,} converge to the same element of L? (R")? We know that for k large, ||¢, — |, <
lor — flla+IIf — Yrlly < §+5 = €. Therefore, for large enough k, we have ||F¢y, — Fioi|ly = [|dp — Upll, < €
and so, since £ > 0 is arbitrary, it follows that {F¢,} and {F1,} converge to the same element of L? (R").

We leave as an easy exercise the following identity for ¢, € G.

(Fox)ds = | Foxox)ds

R™

and
[ w6oF o = [ oo
Theorem 13.10 If f € L?>(R"), Ff and F~'f are the unique elements of L?> (R™) such that for all ¢ € &,

| Prxsmds - [ seoreds. (13.14)

F7 f(x)p(x)dx = (x)F~Lp(x)d. (13.15)
R™ R7

Proof: Let {¢,} be a sequence in & converging to f in L% (R") so F¢, converges to Ff in L% (R").
Therefore, by Holder’s inequality or the Cauchy Schwartz inequality,

[ Froeds = Jim [ Pouexowds

k—oo R

— lim [ X Fo(x)de

kioo R
= | 1eorea.

A similar formula holds for F~!. It only remains to verify uniqueness. Suppose then that for some G €
L*(R"),

G(x) ¢ (x)dr = Ff(x)p(x)dx (13.16)
R® R"

for all € &. Does it follow that G = F'f in L? (R™)? Let {¢,} be a sequence of elements of & converging
in L? (R") to G — Ff. Then from (13.16),

0= lim /n (G(x)fFf(x))qﬁk(x)dx:/ |G (x) — Ff (x)|” dz.

k—oo n
Thus G = Ff and this proves uniqueness. A similar argument applies for F 1.
Theorem 13.11 (Plancherel) For f € L?(R").

(F~' o F)(f) = f=(FoF™)(f), (13.17)

1fll2 = [IFfll2 = [[E7* £l (13.18)
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Proof: Let ¢ € &.

[ tenneds = [ FrF-tods— [ FEE o)

/f(bdx.

Thus (F~Yo F)(f) = f because & is dense in L?(R"). Similarly (F o F~1)(f) = f. This proves (13.17). To
show (13.18), we use the density of & to obtain a sequence, {¢; } converging to f in L? (R™). Then

1Eflly = lim [[Fyl, = lm o[y =[] f]l; -
:— 00 k—o0

Similarly,
[1fll2 = 11F7 fll2.

This proves the theorem.
The following corollary is a simple generalization of this. To prove this corollary, we use the following
simple lemma which comes as a consequence of the Cauchy Schwartz inequality.

Lemma 13.12 Suppose fr — f in L? (R™) and gr, — g in L?> (R™). Then

lim frgrdx = fgdz
k—oo Jrn R

/ fkgkdff—/ fgdz| < ‘/ fkgkdx—/ frgdx
]Rn RTL Rn RTL
[ frgde— [ sods
Rn n

< |fxllz lg = grlly + llgllg (15 = fll2 -

Now || fx||5 is a Cauchy sequence and so it is bounded independent of k. Therefore, the above expression is
smaller than € whenever k is large enough. This proves the lemma.

Proof:

+

Corollary 13.13 For f,g € L?(R"),

gder = | FfFgde= | F'f F-lgdx.
i I Fg g
]Rn n n

Proof: First note the above formula is obvious if f,g € &. To see this, note

_ 1 .
. Ff Fgdx /]R" Ff(x) W /n ety (t) dtdx
1 . -
W / e™ Ef (z)dxg (t)dt
1

2
(F~

/R 7

(t)g (t)dt

J
J

o F) f
g (t)dt.



13.2. FOURIER TRANSFORMS OF FUNCTIONS IN L? (RN) 231

The formula with F~1 is exactly similar.
Now to verify the corollary, let ¢, — f in L? (R™) and let 1, — g in L? (R™). Then

FfFgdx = lim | F¢, Fi.da
R k—oo R

k—oo Jrn

fgdz
]Rn

A similar argument holds for F~1.This proves the corollary.
How do we compute Ff and F~1f?

Theorem 13.14 For f € L*(R"), let f. = fXg, where E, is a bounded measurable set with E, T R"™. Then
the following limits hold in L* (R™).

Ff= lim Ff,, F7'f = lim F~'f,.
Proof: ||f — fr|l2 = 0 and so ||Ff — Ff.||a — 0 and ||F~1f — F~1f,||2 — 0 by Plancherel’s Theorem.

This proves the theorem.
What are Ff, and F~'f,.? Let ¢ € &

/ N
= 0t [ [ e o)y
= [0t [ neoevadoy)ay
Since this holds for all ¢ € &, a dense subset of L*(R"), it follows that
Ff(y)=(2m)~% . fr(x)e” >V da.

Similarly

Fr(y) = @m)72 | frx)e™da.

This shows that to take the Fourier transform of a function in L? (R™), it suffices to take the limit as r — oo
in L2 (R") of (2m)7% [, fr(x)e”™¥dz. A similar procedure works for the inverse Fourier transform.

Definition 13.15 For f € L' (R"), define

Ff (x) = (2n) "/ / e £ (y) dy,

n

n

FUf (x) = (2m) " / XY f (y) dy.

Thus, for f € L* (R"), Ff and F~*f are uniformly bounded.
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Theorem 13.16 Let h € L? (R") and let f € L* (R™). Then hx f € L? (R™),

F ' (h«f)=@2m) "> F'hF 1y,

F(h*f) = (2r)"? FhF,
and

A flly < IRl (1] - (13.19)

Proof: Without loss of generality, we may assume h and f are both Borel measurable. Then an appli-
cation of Minkowski’s inequality yields

(/ ([ o= If(y)ldy)zdx)l/g < 1111, Il (13.20)

Hence [ |h(x —y)||f (y)|dy < oo a.e. x and

Xﬁ/h(x—y)f(y)dy

is in L2 (R"). Let E,. T R™, m (E,) < oo. Thus,
h, = Xg h e L* (R") N L' (R"),

and letting ¢ € G,

/F(hr*ﬁ (6) dz

[ s nyroyas

= e [ [ [hexe v s e o) didyds

m ™ [ [ ([ e y)e 0 tan) g et () a
_ / (2m)"/2 Fhy (8) Ff (t) 6 (t) dt.

Since ¢ is arbitrary and & is dense in L? (R"),
F (hy % f) = (27)"? Fh,Ff.

Now by Minkowski’s Inequality, h, * f — h* f in L? (R™) and also it is clear that h, — h in L? (R™); so, by
Plancherel’s theorem, we may take the limit in the above and conclude

F(hxf) = (2m)"/* FhFY.

The assertion for F~1 is similar and (13.19) follows from (13.20).



13.3. TEMPERED DISTRIBUTIONS 233

13.3 Tempered distributions

In this section we give an introduction to the general theory of Fourier transforms. Recall that & is the set
of all ¢ € C*° (R™) such that for N =1,2,- -,

9 N
px (@)= s (1+[x?) D% ()] < .
|a|<N,xeR™

The set, & is a vector space and we can make it into a topological space by letting sets of the form be a
basis for the topology.

BY (¢,7) = {¢p € & such that py (Y — @) < r}.

Note the functions, p, are increasing in N. Then &, the space of continuous linear functions defined on &
mapping & to C, are called tempered distributions. Thus,

Definition 13.17 f € & means f : & — C, [ is linear, and [ is continuous.

How can we verify f € &’? The following lemma is about this question along with the similar question
of when a linear map from & to & is continuous.

Lemma 13.18 Let f: 6 — C be linear and let L : & — & be linear. Then f is continuous if and only if

|f (0] < Con (8) (a.)
for some N. Also, L is continuous if and only if for each N, there exists M such that
pn (L¢) < Cpyy (9) (b.)

for some C independent of ¢.

Proof: It suffices to verify continuity at 0 because f and L are linear. We verify (b.). Let 0 € U where
U is an open set. Then 0 € BY (0,7) C U for some r > 0 and N. Then if M and C are as described in (b.),
and ¢ € BM (O, C’flr), we have

pn (LY) < Cpp (W) <13
so, this shows
BM (0,c'r) C L™ (BN (0,r)) C L7 (U),

which shows that L is continuous at 0. The argument for f and the only if part of the proof is left for the
reader.

The key to extending the Fourier transform to &’ is the following theorem which states that F' and F~!
are continuous. This is analogous to the procedure in defining the Fourier transform for functions in L? (R™).
Recall we proved these mappings preserved the L? norms of functions in &.

Theorem 13.19 For F and F~! the Fourier and inverse Fourier transforms,

F¢ (x) = (2m) "/ / eV (y) dy,

n

Flg(x) = (27T)_n/2/ ™Yo (y)dy,

n

F and F~' are continuous linear maps from & to &.
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Proof: Let || < N where N > 0, and let x # 0. Then

(1 + |x|2)N ID*F~1¢(x)| = C, (1 + |x|2)N / XYy (y) dyl. (13.21)

Suppose x? >1for j € {i1, - +,i,} and :E? < 1ifj ¢ {i1, -+ i.}. Then after integrating by parts in the
integral of (13.21), we obtain the following for the right side of (13.21):

Ch (1 + |x|2)N I = (13.22)

J€{iv,ir}

[ D o) dy

where

5 =2N i €,
k=1

the vector with 0 in the jth slot if j ¢ {i1,---,i,} and a 2N in the jth slot for j € {i1,- - -, i,}. Now letting
C (n,N) denote a generic constant depending only on n and N, the product rule and a little estimating
yields

D7 (o )| (14 19P)"" < paa (6)C (. V).

—nN
Also the function y — (1 + \y|2) is integrable. Therefore, the expression in (13.22) is no larger than
2 N —2N
CoN) (1+x7) " T o™ pana (9)
j€{ir,ir}

N

<Cn,N)|1l4+n+ Z |5Uj|2 H $;2NP2Nn (¢)

Je€{iv,in} je€{iv, - yin}

S C(TL7N) Z |xj|2N H |‘rj‘72N P2Nn ((b)

JE{i1, i} JE{i1, i}

< C(Tl,N) P2Nn (¢)

Therefore, if x? > 1 for some j,
2 N arm—1
(14 %) [DF 16 (x)] < C (0, N) po, ().
If 27 < 1 for all j, we can use (13.21) to obtain

(1+1xR) " [DF 0 00] < 10w | [ ey o)y

< C(n,N)pg (9)
for some R depending on N and n. Let M > max (R, 2nN) and we see
py (F710) < Cppr (9)

where M and C depend only on N and n. By Lemma 13.18, F~! is continuous. Similarly, F' is continuous.
This proves the theorem.
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Definition 13.20 For f € &', we define Ff and F~1f in & by
Ff(9)= [ (Fo), F~'f (¢) = [ (F~'0).
To see this is a good definition, consider the following.
[Ff (o) =[f (Fo)| < Cpy (Fo) < Cppy (9)-

Also note that F and F~! are both one to one and onto. This follows from the fact that these mappings
map G one to one onto G.
What are some examples of things in &’? In answering this question, we will use the following lemma.

Lemma 13.21 If f € L}, (R") and [, fodz =0 for all € C (R™), then f =0 a.e.
Proof: It is enough to verify this for f > 0. Let
E={x:f(x)>r}, Er=ENB(O,R).
Let K, be an increasing sequence of compact sets and let V;, be a decreasing sequence of open sets satisfying
K, CERrCV,, m(V,\ K,) <27" V; is bounded.
Let
¢, €CE(Vy), Ky < b, < Vi

Then ¢,, (x) — Xg, (x) a.e. because the set where ¢, (x) fails to converge is contained in the set of all
x which are in infinitely many of the sets V,, \ K,. This set has measure zero and so, by the dominated
convergence theorem,

0= lim/ fo,dx = lim/ fo,dr = fdx > rm (ER).

Thus, m (Eg) = 0 and therefore m (E) = 0. Since r > 0 is arbitrary, it follows
m([x :f (x) > 0]) = 0.
This proves the lemma.
Theorem 13.22 Let f be a measurable function with polynomial growth,
AN
|f(x)|§C(1—|—|x| ) for some N,
or let f € LP (R™) for some p € [1,00]. Then f € & if we define
f@)= [ fod.
Proof: Let f have polynomial growth first. Then
2 nN
[1nelde < ¢ [ (1) ol da

C [ (i)™ (1) dapaon (9)
< CWN.m) ooy (6) < oo,

A

IN

N
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Therefore we can define

f@)= [ sods
and it follows that

By Lemma 13.18, f € &’. Next suppose f € LP (R™).

[isttelds < [171 (14 x2) " ooy (0

—M ,
where we choose M large enough that (1 + |x|2> € L? . Then by Holder’s Inequality,

[f (D) < 1], Crpar (0)-
By Lemma 13.18, f € &’. This proves the theorem.

Definition 13.23 If f € & and ¢ € &, then ¢f € &' if we define
of () = f (o).

We need to verify that with this definition, ¢f € &’. It is clearly linear. There exist constants C' and N
such that

[of (D)

F(#0)] < Coy (60)
9 N
= ¢ s (14 P) D% ow)

x€R”, || <N

C (¢7n7 N) PN (1/))

IN

Thus by Lemma 13.18, ¢ f € &'.
The next topic is that of convolution. This was discussed in Corollary 13.16 but we review it here. This
corollary implies that if f € L? (R") C &' and ¢ € &, then

froe L2®R™), |If *¢lly < Il 1]l

and also

F(f*¢)(x)=F¢(x) Ff(x)(2m)"?, (13.23)

F U (fx)(x) = F o (x) F f (x) (2m)"2.
By Definition 13.23,
F(f*¢)=2m)"> FF f

whenever f € L? (R") and ¢ € &.
Now it is easy to see the proper way to define f * ¢ when f is only in &’ and ¢ € &.

Definition 13.24 Let f € & and let ¢ € &. Then we define

frd=n)"PF T (FoFY).
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Theorem 13.25 Let f € & and let ¢ € S.

F(f*¢)=(2m)"? FoFf, (13.24)

“H(frg) = (2n) P FlgF L

Proof: Note that (13.24) follows from Definition 13.24 and both assertions hold for f € &. Next we
write for ¢ € 6,

(Y* F7'F'9) (x)

<///¢(X_Y) YY1V % (2) dzdyldy) (2m)"
(/ / / Y (x—y)e Ve (2) dzdgldy) (2n)"

(W * FF) (

Now for ¢ € G,

@m)" 2 P (F 1o~ f) () = 2m)"? (F1oF ' f) (Fy) =
(@m)"2 P (FT'gFy) = (2m)" [ (F7 (F'9FY)) =
f ((27r)"/2 FL((FF'F1g) (sz))) =
f*FTIF™¢) = f (b + FF9)

(2m)"2 P71 (FGFf) (4) = (2m)"* (FOFf) (F~'y) =

@m)"? Ff (FoF ') = (2m)"? f (F (FoF ) =
by (13.23),

—f (F ((27r)"/2 (F¢F‘1w))>

=f(F(F ' (FF¢«y))) =f(*FF¢).

Comparing the above shows

@m)"?F (FLoF~1f) = 2n)" F-L(FoFf) = f+ ¢

and ; so,

@m)"2 (F'gF ' f) = F' (f + ¢)

which proves the theorem.



238

FOURIER TRANSFORMS

13.4 Exercises

1.

2.

S

Suppose f € L*(R") and ||gx — f||1 — 0. Show Fg; and F~lg; converge uniformly to Ff and F~1f
respectively.

Let f € LY(R™),

Ff(t) = (277)_"/2/ e "X f(x)dx,

n

F=Lf(t) = (2m) /2 / et X f(x)du.

n

Show that F~!f and Ff are both continuous and bounded. Show also that

lim F'f(x)= lim Ff(x)=0.

|x|—00 |x]—00
Are the Fourier and inverse Fourier transforms of a function in L' (R™) uniformly continuous?
Suppose F~1f € L'(R"). Observe that just as in Theorem 13.5,

(FoF f(x)= lim f+ me (x).
Use this to argue that if f and F~1f € L'(R"), then
(FoF™) f(x) = f(x) ae. =
Similarly
(F~1o F)f(x) = f(x) ae.

if f and Ff € L'(R"). Hint: Show f * m. — f in L*(R™). Thus there is a subsequence &, — 0 such
that f*m, (x) — f(x) a.e.

1 Show that if F~'1f € L' or Ff € L', then f equals a continuous bounded function a.e.
Let f,g € L'(R"). Show f g € L' and F(f = g) = (2m)"/* FfFg.
T Suppose f,g € L*(R) and Ff = Fg. Show f = g a.e.
T Suppose fx f=for fxf=0and f € L}*(R). Show f = 0.
For this problem define [ f (t) dt = lim, . [ f (t) dt. Note this coincides with the Lebesgue integral
when f € L' (a,00) . Show
(a) J~ =5du=3
(b) limy oo [5° %du = 0 whenever § > 0.
(c) If f € L' (R), then lim, o [ sin (ru) f (u) du = 0.
Hint: For the first two, use L = fooo e “dt and apply Fubini’s theorem to fOR sinu [, e”*dtdu. For

the last part, first establish it for f € C2° (R) and then use the density of this set in L' (R) to obtain
the result. This is sometimes called the Riemann Lebesgue lemma.
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9.

10.

11.

TSuppose that g € L' (R) and that at some x > 0 we have that g is locally Holder continuous from the
right and from the left. By this we mean

Jim g (z+7) =g (at)
exists,

Jdim g (z—7)=g(z—)

exists and there exist constants K,d > 0 and r € (0,1] such that for |z —y| < 4,
g (z4) =g (W)| < K|z —y["

for y >  and
g (z=) =g ()| < K|z —y["

for y < x. Show that under these conditions,

. 2/000 sin (ur) (g(xu)+g(x+u))du

rT—00 T u 2

g(z+) +9(z-)
5 .

T Let g € L' (R) and suppose g is locally Holder continuous from the right and from the left at 2. Show
that then

L e [T g(z+) +g(2-)
li . 1xt —ty d dt AP ELECA wilvy
Rfio%/,,ze [me 9(y)dy 5
This is very interesting. If g € L? (R), this shows F~!(Fg) (z) = %, the midpoint of the
jump in g at the point, x. In particular, if g € &, F~! (Fg) = g. Hint: Show the left side of the above
equation reduces to

Z/Oosin(uv“) gle-wtg@+u)y
T Jo U 2
and then use Problem 9 to obtain the result.

1 We say a measurable function g defined on (0, 00) has exponential growth if |g ()| < Ce" for some
7. For Re (s) > 1, we can define the Laplace Transform by

Lg(s) = /000 e g (u) du.

Assume that g has exponential growth as above and is Holder continuous from the right and from the
left at t. Pick v > 7. Show that

I -
lim — / eV Lg (v +iy) dy = g TN (t+) +9(t-) )
R—o0 27T —R 2

This formula is sometimes written in the form

1 y+ioco
— e Lg (s)ds

27(7, y—ioo
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12.

13.
14.

15.
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and is called the complex inversion integral for Laplace transforms. It can be used to find inverse
Laplace transforms. Hint:
1 R

— eVttt 1) dy =
o7 |, g (v +iy) dy

1 (B ) 0 .
o eVe'vt / e~ g (4) dudy.
T J-R 0

Now use Fubini’s theorem and do the integral from —R to R to get this equal to

% > =15 (u) sin (R (t —w))

du
t—u

— 00
where g is the zero extension of g off [0,00). Then this equals

Yt o0 i
e e==0G (¢ — 1) sin (Ru)

™

du

—o0
which equals

207" [ g(t—u)e 7Y 4+ g(t+u) e 7 sin (Ru) d
™ 0 2 u

u

and then apply the result of Problem 9.

Several times in the above chapter we used an argument like the following. Suppose [,, f (z) ¢ (x)dx =
0 for all ¢ € &. Therefore, f = 0 in L? (R™). Prove the validity of this argument.

Suppose f € &, f,, € L'(R™). Show F(f,,)(t) = it; F f(t).
Let f € G and let k be a positive integer.
1flle2 = QIAAB+ 32 11D FIB)2
la| <k

One could also define
k2 = (/R [Ffx)[P(1+ [x[*)Fdz)' />

Show both || ||x,2 and ||| |||x,2 are norms on & and that they are equivalent. These are Sobolev space
norms. What are some possible advantages of the second norm over the first? Hint: For which values
of k£ do these make sense?

T Define H¥(R") by f € L?>(R") such that

( / FF@)PA + [2]2)rda)? < oo,

1 Nllw,2 = (/ Ff(@)]*(1+ |2]*) da)

Show H"(R") is a Banach space, and that if k is a positive integer, H*(R") ={ f € L*(R"): there
exists {u;} C & with |Ju; — f|[2 — 0 and {u;} is a Cauchy sequence in || ||5,2 of Problem 14}.
This is one way to define Sobolev Spaces. Hint: One way to do the second part of this is to let
gs — Ff in L2((1 + |x|?)*dx) where g5 € C.(R"). We can do this because (1 + |z|?)*dz is a Radon
measure. By convolving with a mollifier, we can, without loss of generality, assume g, € C°(R™).
Thus gs = F'fs, fs € &. Then by Problem 14, f, is Cauchy in the norm || || 2.
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16.

17.

18.

T If 2k > n, show that if f € H¥(R"), then f equals a bounded continuous function a.e. Hint: Show
Ff e L*(R™), and then use Problem 4. To do this, write

|Ff(@)| = [Ff)|(1+ |2?) 5 (1 +|a]?) =

So

/|Ff($)|d$=/\Ff(x)|(1+\x|2)§(1+|z|2)%’“dx_

Use Holder’s Inequality. This is an example of a Sobolev Embedding Theorem.

Let w € 6. Then we know Fu € G and so, in particular, it makes sense to form the integral,

/ Fu (2, z,)dz,
R

where (2/,2,) = x € R™. For u € &, define yu (') = u(2/,0). Find a constant such that F (yu) (z)
equals this constant times the above integral. Hint: By the dominated convergence theorem

/Fu (', 2,) dx,, = lim e~ (e2n)” iy, (@', 2) day.
R =0 Jp

Now use the definition of the Fourier transform and Fubini’s theorem as required in order to obtain
the desired relationship.

Recall from the chapter on Fourier series that the Fourier series of a function in L? (—m,7) con-
verges to the function in the mean square sense. Prove a similar theorem with L? (—7,7) replaced

by L?(—mm, mn) and the functions {(27r)7(1/2) emw} ; used in the Fourier series replaced with
ne

{(2m7r)7<1/2) ei%w} s Now suppose f is a function in L% (R) satisfying Ff (t) = 0 if [t| > m.
ne
Show that if this is so, then

£ o) :%Zf C:) sin ( (ma + )

mx +
nez

Here m is a positive integer. This is sometimes called the Shannon sampling theorem.
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Banach Spaces

14.1 Baire category theorem

Functional analysis is the study of various types of vector spaces which are also topological spaces and the
linear operators defined on these spaces. As such, it is really a generalization of linear algebra and calculus.
The vector spaces which are of interest in this subject include the usual spaces R™ and C™ but also many
which are infinite dimensional such as the space C' (X;R") discussed in Chapter 4 in which we think of a
function as a point or a vector. When the topology comes from a norm, the vector space is called a normed
linear space and this is the case of interest here. A normed linear space is called real if the field of scalars is
R and complex if the field of scalars is C. We will assume a linear space is complex unless stated otherwise.
A normed linear space may be considered as a metric space if we define d (z,y) = ||z — y||- As usual, if every
Cauchy sequence converges, the metric space is called complete.

Definition 14.1 A complete normed linear space is called a Banach space.

The purpose of this chapter is to prove some of the most important theorems about Banach spaces. The
next theorem is called the Baire category theorem and it will be used in the proofs of many of the other
theorems.

Theorem 14.2 Let (X, d) be a complete metric space and let {Un};2; be a sequence of open subsets of X
satisfying U, = X (Uy, is dense). Then D =N U, is a dense subset of X.

Proof: Let p € X and let rg > 0. We need to show D N B(p,rg) # 0. Since U is dense, there exists
p1 € Uy N B(p,70), an open set. Let p; € B(p1,71) € B(p1,71) C Uy N B(p, 7o) and r; < 27 We are using
Theorem 3.14.

There exists pa € Us N B(p1,71) because Us is dense. Let
p2 € B(p2,r2) € B(p2,r2) € Uz N B(p1,71) € Uy NUz N B(p, 7).
and let 7, < 272, Continue in this way. Thus

rn < 277,

B(pn,rn) Q U1 n U2 Nn...N Un n B(p, 7”'0),

243
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B(pna rn) c B(pn—la rn—l)-
Consider the Cauchy sequence, {p,}. Since X is complete, let

lim p, = peo-

n— oo
Since all but finitely many terms of {p, } are in B(py,, ), it follows that poo € B(pm, m). Since this holds
for every m,

Poo € N1 B(pmy 7m) € M2, U; N B(p, o).
This proves the theorem.

Corollary 14.3 Let X be a complete metric space and suppose X = U2 F; where each F; is a closed set.
Then for some i, interior F; # ().

The set D of Theorem 14.2 is called a Gs set because it is the countable intersection of open sets. Thus
D is a dense Gy set.

Recall that a norm satisfies:

a.) ||z|| =2 0, ||z|| = 0 if and only if 2 = 0.

b) [lz -+ o1l < Il + llyll

c.) |lex|| = |¢| ||=|| if ¢ is a scalar and = € X.

We also recall the following lemma which gives a simple way to tell if a function mapping a metric space
to a metric space is continuous.

Lemma 14.4 If (X,d), (Y,p) are metric spaces, f is continuous at x if and only if

lim z, =x
n—oo

implies

i f(ra) = ().
The proof is left to the reader and follows quickly from the definition of continuity. See Problem 5 of
Chapter 3. For the sake of simplicity, we will write x,, — x sometimes instead of lim,, .., x, = z.

Theorem 14.5 Let X and Y be two normed linear spaces and let L : X — Y be linear (L(ax + by) =
aL(xz) 4+ bL(y) for a,b scalars and x,y € X). The following are equivalent
a.) L is continuous at 0

b.) L is continuous
c.) There exists K > 0 such that ||Lz|ly < K ||z||x for all x € X (L is bounded).

Proof: a.)=b.) Let z, — z. Then (z, —z) — 0. It follows Lz, — Lv — 0 so Lz, — Lx. b.)=-c.)
Since L is continuous, L is continuous at 0. Hence ||Lz||ly < 1 whenever ||z||x < ¢ for some §. Therefore,

suppressing the subscript on the || ||,
ox
e ()<t
[l|

1
ILall < 5llall

Hence

c.)=-a.) is obvious.
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Definition 14.6 Let L : X — Y be linear and continuous where X and Y are normed linear spaces. We
denote the set of all such continuous linear maps by L(X,Y) and define

ILI| = sup{|[ L] - [|l|| < 1}. (14.1)
The proof of the next lemma is left to the reader.
Lemma 14.7 With ||L|| defined in (14.1), L(X,Y) is a normed linear space. Also ||Lx|| < ||L|| ||=|].

For example, we could consider the space of linear transformations defined on R™ having values in R™,
and the above gives a way to measure the distance between two linear transformations. In this case, the
linear transformations are all continuous because if L is such a linear transformation, and {e;},_, and
{ez} _, are the standard basis vectors in R" and R™ respectively, there are scalars [;; such that

B = Lire;.
=1

Thus, letting a =>";'_, axey,

n

m
E arlipe;.

k=11=1

=L (i: akek) ZakL ek
k=1

Consequently, letting K > |l;;| for all i, k,

. o\ 1/2
ILa]] < Z Z aglik < Km'?n (max {|ag| , k =1,---,n})
i=1 |k=1
n 1/2
< Km'/’n (Z ) = Km'/?n|[al].
k=1

This type of thing occurs whenever one is dealing with a linear transformation between finite dimensional
normed linear spaces. Thus, in finite dimensions the algebraic condition that an operator is linear is sufficient
to imply the topological condition that the operator is continuous. The situation is not so simple in infinite
dimensional spaces such as C' (X;R"™). This is why we impose the topological condition of continuity as a
criterion for membership in £ (X,Y) in addition to the algebraic condition of linearity.

Theorem 14.8 IfY is a Banach space, then L(X,Y) is also a Banach space.
Proof: Let {L,} be a Cauchy sequence in £(X,Y) and let x € X.
|Lnz — Lipz|| < [[z|] [ L — Lim]|]-
Thus {L,x} is a Cauchy sequence. Let

Lz = lim L,z.

n—oo

Then, clearly, L is linear. Also L is continuous. To see this, note that {||L,||} is a Cauchy sequence of real
numbers because ||| Ly || = [|Lm||| < ||Ln — Lim||. Hence there exists K > sup{||Ly|| : n € N}. Thus, if z € X,

|Lell = lim [Zya]| < K|lz]].

This proves the theorem.
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14.2 Uniform boundedness closed graph and open mapping theo-
rems

The next big result is sometimes called the Uniform Boundedness theorem, or the Banach-Steinhaus theorem.
This is a very surprising theorem which implies that for a collection of bounded linear operators, if they are
bounded pointwise, then they are also bounded uniformly. As an example of a situation in which pointwise
bounded does not imply uniformly bounded, consider the functions f, () = X1y (z) 2! for & € (0,1) and
X(a) () equals zero if x ¢ (o, 1) and one if 2 € (a, 1) . Clearly each function is bounded and the collection
of functions is bounded at each point of (0,1), but there is no bound for all the functions taken together.

Theorem 14.9 Let X be a Banach space and let Y be a normed linear space. Let {Ly}aca be a collection
of elements of L(X,Y). Then one of the following happens.

a.)sup{||La|| :ax € A} < 0

b.) There exists a dense G5 set, D, such that for all x € D,

sup{||Lax|| @ € A} = 0.
Proof: For each n € N, define
U, ={z € X : sup{||Laz|| : @« € A} > n}.

Then U, is an open set. Case b.) is obtained from Theorem 14.2 if each U,, is dense. The other case is that for
some n, U, is not dense. If this occurs, there exists zg and r > 0 such that for all © € B(zo,7), ||Lazx|| <n
for all «. Now if y € B(0,r), xo +y € B(xo,7). Consequently, for all such y, ||Ls(zo + v)|| < n. This
implies that for such y and all «,

ILayll < n+[[La(zo)] < 2n.

Hence ||L,|| < 22 for all o, and we obtain case a.).
The next theorem is called the Open Mapping theorem. Unlike Theorem 14.9 it requires both X and Y
to be Banach spaces.

Theorem 14.10 Let X and Y be Banach spaces, let L € L(X,Y), and suppose L is onto. Then L maps
open sets onto open sets.

To aid in the proof of this important theorem, we give a lemma.

Lemma 14.11 Let a and b be positive constants and suppose
B(0,a) C L(B(0,b)).
Then
L(B(0,5) € L(B(0,2b)).
Proof of Lemma 14.11: Let y € L(B(0,b)). Pick z; € B(0,b) such that ||y — Lz || < . Now
2y — 2Lxy € B(0,a) € L(B(0,b)).

Then choose 2 € B(0,b) such that ||2y — 2Lz — Las|| < a/2. Thus ||y — Lzy — L (%) || < a/2?. Continuing

in this way, we pick x3, x4, ... in B(0,b) such that

ly =270 VL) = |ly - LY 270 Vay|| < a2 (14.2)
i=1 i=1
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Let z = > 7, 27 =1z, The series converges because X is complete and

I Z 270" Dg ) < b Z 9—(i=1) _ pg—m+2

Thus the sequence of partial sums is Cauchy. Letting n — oo in (14.2) yields ||y — Lz|| = 0. Now

n
i -y,
] nlggol\ZQZ zil]
1=

< nliigoz 27D ||z | < lim_ > 270 0p = 2p,

=1 =1

This proves the lemma.

Proof of Theorem 14.10: Y = U2 L(B(0,n)). By Corollary 14.3, the set, L(B(0,n¢)) has nonempty
interior for some ng. Thus B(y,r) C L(B(0,ng)) for some y and some r > 0. Since L is linear B(—y,r) C
L(B(0,n0)) also (why?). Therefore

B(0,r)

N

B(y,?") —|—B(—y,7")
{r+z:2€B(y,r) and z € B(—y,r)}
C  L(B(0,2ng))

By Lemma 14.11, L(B(0,2n0)) C L(B(0,4n0)). Letting a = r(4ng)~?, it follows, since L is linear, that
B(0,a) € L(B(0, 1).
Now let U be open in X and let  + B(0,7) = B(z,r) C U. Then

L(U) 2 L(xz + B(0,r))

= Lz + L(B(0,7)) 2 Lz + B(0,ar) = B(Lx,ar)
(L(B(0,7)) 2 B(0,ar) because L(B(0,1)) 2 B(0,a) and L is linear). Hence
Lz € B(Lz,ar) C L(U).

This shows that every point, Lz € LU, is an interior point of LU and so LU is open. This proves the
theorem.

This theorem is surprising because it implies that if |-| and ||-|| are two norms with respect to which a
vector space X is a Banach space such that || < K ||-]|, then there exists a constant &, such that ||-|| < k|| .
This can be useful because sometimes it is not clear how to compute k when all that is needed is its existence.
To see the open mapping theorem implies this, consider the identity map iz = 2. Then i : (X, ||-]|) — (X, ]])
is continuous and onto. Hence 4 is an open map which implies 47! is continuous. This gives the existence of
the constant k. Of course there are many other situations where this theorem will be of use.

Definition 14.12 Let f : D — E. The set of all ordered pairs of the form {(x, f(x)) : x € D} is called the
graph of f.

Definition 14.13 If X and Y are normed linear spaces, we make X XY into a normed linear space by
using the norm ||(z,y)|| = ||z|| + ||y|| along with component-wise addition and scalar multiplication. Thus
a(z,y) + b(z,w) = (azx + bz, ay + bw).

There are other ways to give a norm for X x Y. See Problem 5 for some alternatives.
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Lemma 14.14 The norm defined in Definition 14.13 on X XY along with the definition of addition and
scalar multiplication given there make X XY into a normed linear space. Furthermore, the topology induced
by this norm is identical to the product topology defined in Chapter 3.

Lemma 14.15 If X and Y are Banach spaces, then X x Y with the norm and vector space operations
defined in Definition 14.13 is also a Banach space.

Lemma 14.16 FEvery closed subspace of a Banach space is a Banach space.

Definition 14.17 Let X and Y be Banach spaces and let D C X be a subspace. A linear map L : D — Y is
said to be closed if its graph is a closed subspace of X XY . Equivalently, L is closed if x,, — x and Lz, — y
implies x € D and y = Lx.

Note the distinction between closed and continuous. If the operator is closed the assertion that y = Lx
only follows if it is known that the sequence {Lz,} converges. In the case of a continuous operator, the
convergence of {Lz,} follows from the assumption that x,, — x. It is not always the case that a mapping
which is closed is necessarily continuous. Consider the function f () = tan (x) if = is not an odd multiple of
% and f (z) = 0 at every odd multiple of 5. Then the graph is closed and the function is defined on R but
it clearly fails to be continuous. The next theorem, the closed graph theorem, gives conditions under which

closed implies continuous.

Theorem 14.18 Let X and Y be Banach spaces and suppose L : X — Y is closed and linear. Then L is
continuous.

Proof: Let G be the graph of L. G = {(z,Lz) : * € X}. Define P: G — X by P(z,Lz) = z. P
maps the Banach space G onto the Banach space X and is continuous and linear. By the open mapping
theorem, P maps open sets onto open sets. Since P is also 1-1, this says that P! is continuous. Thus
||P~'z|| < K||z||. Hence

[|2]| + || La|| < K||«|]

and so ||Lz|| < (K — 1)||«||. This shows L is continuous and proves the theorem.

14.3 Hahn Banach theorem

The closed graph, open mapping, and uniform boundedness theorems are the three major topological theo-
rems in functional analysis. The other major theorem is the Hahn-Banach theorem which has nothing to do
with topology. Before presenting this theorem, we need some preliminaries.

Definition 14.19 Let F be a nonempty set. F is called a partially ordered set if there is a relation, denoted
here by <, such that

z <z foral zeF.

Ifx <y andy <z thenz < z.

C C F is said to be a chain if every two elements of C are related. By this we mean that if x,y € C, then
either v < y ory < x. Sometimes we call a chain a totally ordered set. C is said to be a maximal chain if
whenever D is a chain containing C, D = C.

The most common example of a partially ordered set is the power set of a given set with C being the
relation. The following theorem is equivalent to the axiom of choice. For a discussion of this, see the appendix
on the subject.
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Theorem 14.20 (Hausdorff Maximal Principle) Let F be a nonempty partially ordered set. Then there
exists a mazximal chain.

Definition 14.21 Let X be a real vector space p: X — R is called a gauge function if

plr+y) < p(x) + p(y),

plax) = ap(zx) if a > 0. (14.3)

Suppose M is a subspace of X and z ¢ M. Suppose also that f is a linear real-valued function having the
property that f(z) < p(z) for all z € M. We want to consider the problem of extending f to M @ Rz such
that if F' is the extended function, F(y) < p(y) for all y € M & Rz and F is linear. Since F is to be linear,
we see that we only need to determine how to define F(z). Letting a > 0, we need to have the following
hold for all z,y € M.

F(z+az) <plr+az), Fly—az) < ply — az).
Multiplying by a~! using the fact that M is a subspace, and (14.3), we see this is the same as
f(@) + F(z) < plz+2), fly) —ply —2) < F(2)
for all z,y € M. Hence we need to have F(z) such that for all x,y € M
fy) = ply —2) <F(2) < pl+2) = f(2). (14.4)

Is there any such number between f(y) — p(y — z) and p(x + z) — f(x) for every pair z,y € M? This is where
we use that f(z) < p(z) on M. For z,y € M,

p(z+2z) = flz) = [f(y) — ply — 2)]
=plx+2)+ply—2)— (flz)+ f(y)

zplz+y) - flz+y) =20
Therefore there exists a number between
sup {f(y) —ply — 2) : y € M}
and
inf {p(z + 2) — f(z) : 2 € M}

We choose F(z) to satisfy (14.4). With this preparation, we state a simple lemma which will be used to
prove the Hahn Banach theorem.

Lemma 14.22 Let M be a subspace of X, a real linear space, and let p be a gauge function on X. Suppose
f:M — R s linear and z ¢ M, and f () < p(x) for allz € M. Then f can be extended to M & Rz such
that, if F' is the extended function, F is linear and F(x) < p(x) for all z € M @® Rz.

Proof: Let f(y) —p(y—2) < F(2) < p(z+2) — f(z) for all z,y € M and let F(x + az) = f(z) + aF(2)
whenever x € M, a ¢ R. If a >0

Flx+az) = f(z)+aF(z)
sl (2591

a

IN

= plz+az).
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If a <0,
F(z+az) = f(z)+aF(z)
< eali(2)-0(5)
— @)~ f(@) + pla +az) = p(a + az).
This proves the lemma.

Theorem 14.23 (Hahn Banach theorem) Let X be a real vector space, let M be a subspace of X, let
f: M — R be linear, let p be a gauge function on X, and suppose f(x) < p(z) for all x € M. Then there
exists a linear function, F: X — R, such that

a.) F(x)= f(z) forallz e M

b.) F(x) < p(x) for all z € X.

Proof: Let F = {(V,g): V 2 M, V is a subspace of X, g:V — R is linear, g(z) = f(z) for all z € M,
and g(z) < p(z)}. Then (M, f) € F so F # . Define a partial order by the following rule.

(V.g) < (W, h)
means
VCW and h(z) =g(x) if x € V.

Let C be a maximal chain in F (Hausdorff Maximal theorem). Let Y = U{V : (V,g) € C}. Let h: Y — R
be defined by h(x) = g(x) where € V and (V,g)€ C. This is well defined since C is a chain. Also h is
clearly linear and h(x) < p(z) for all x € Y. We want to argue that Y = X. If not, there exists z € X \' YV
and we can extend h to Y @ Rz using Lemma 14.22. But this will contradict the maximality of C. Indeed,
CuU{ (Y @ Rz, E)} would be a longer chain where h is the extended h. This proves the Hahn Banach theorem.

This is the original version of the theorem. There is also a version of this theorem for complex vector
spaces which is based on a trick.

Corollary 14.24 (Hahn Banach) Let M be a subspace of a complex normed linear space, X, and suppose
f: M — C is linear and satisfies |f(x)] < K||z|| for all x € M. Then there exists a linear function, F,
defined on all of X such that F(z) = f(x) for allz € M and |F(z)| < K||z|| for all x.
Proof: First note f(z) = Re f(z) +iIm f () and so
Re f(iz) +i Im f(iz) = f(iz) = ¢ f(xz) =i Re f(z) — Im f(x).
Therefore, Im f(xz) = — Re f(iz), and we may write
f(z) =Re f(z) —iRe f(iz).
If ¢ is a real scalar
Re f(cx) — i Re f(icx) = cf(x) = cRe f(x) — i cRe f(ix).

Thus Re f(cz) = cRe f(z). It is also clear that Re f(z+y) = Re f(z) +Re f(y). Consider X as a real vector
space and let p(x) = K||z||. Then for all x € M,

[Re f(z)| < K|lz|| = p().
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From Theorem 14.23, Re f may be extended to a function, h which satisfies

h(ax + by)
()]

ah(z) + bh(y) if a,b € R
K||z|| for all x € X.

IN

Let
F(x) = h(x) — 1 h(iz).
It is routine to show F' is linear. Now wF(z) = |F(z)| for some |w| = 1. Therefore

|F(z)] = wF(z)=h(wz)—1ih(iwz) = h(wzx)
= [h(wz)] < K]lz]].

This proves the corollary.

Definition 14.25 Let X be a Banach space. We denote by X' the space L(X,C). By Theorem 14.8, X' is
a Banach space. Remember

f1] = sup{[f(@)] : [|=[| <1}
for f € X'. We call X' the dual space.

Definition 14.26 Let X and Y be Banach spaces and suppose L € L(X,Y). Then we define the adjoint
map in L(Y', X"), denoted by L*, by

Ly*(z) = y* (L)

for all y* € Y'.

L*

X' — Y’
—

X I Y

In terms of linear algebra, this adjoint map is algebraically very similar to, and is in fact a generalization
of, the transpose of a matrix considered as a map on R™. Recall that if A is such a matrix, A7 satisfies
ATx .y = x-Ay. In the case of C" the adjoint is similar to the conjugate transpose of the matrix and it
behaves the same with respect to the complex inner product on C*. What is being done here is to generalize
this algebraic concept to arbitrary Banach spaces.

Theorem 14.27 Let L € L(X,Y) where X and Y are Banach spaces. Then
a.) L* € L(Y', X") as claimed and ||L*|| < ||L]|.
b.) If L is 1-1 onto a closed subspace of Y, then L* is onto.
¢.) If L is onto a dense subset of Y, then L* is 1-1.

Proof: Clearly L*y* is linear and L* is also a linear map.

17| = sup [|[L7y"||= sup sup |L7y"(z)|
lly=ll<1 [PAIESHIEIES!
= sup sup [y (Lx)[ < sup [(La)| = |[|L]
[PAIESHIEES! llal| <1

Hence, ||L*|| < ||L|| and this shows part a.).
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If L is 1-1 and onto a closed subset of Y, then we can apply the Open Mapping theorem to conclude that
L= : L(X) — X is continuous. Hence

lzll = 117" La|| < K[| La]]

for some K. Now let * € X' be given. Define f € L(L(X),C) by f(Lz) = z*(x). Since L is 1-1, it follows
that f is linear and well defined. Also

[f (L) = [a" (@) <[] [J]| < K[| [ L|].
By the Hahn Banach theorem, we can extend f to an element y* € Y’ such that ||y*|| < K||z*||. Then
Ly*(z) = y*(La) = f(Lx) = =" (z)

so L*y* = z* and we have shown L* is onto. This shows b.).
Now suppose LX is dense in Y. If L*y* = 0, then y*(Lx) = 0 for all z. Since LX is dense, this can only
happen if y* = 0. Hence L* is 1-1.

Corollary 14.28 Suppose X and Y are Banach spaces, L € L(X,Y), and L is 1-1 and onto. Then L* is
also 1-1 and onto.

There exists a natural mapping from a normed linear space, X, to the dual of the dual space.
Definition 14.29 Define J : X — X" by J(x)(z*) = 2*(x). This map is called the James map.

Theorem 14.30 The map, J, has the following properties.
a.) J is 1-1 and linear.
b.) ||Jx|| = [|z]| and [|J]| = 1.
c.) J(X) is a closed subspace of X" if X is complete.
Also if x* € X/,

[lz*|| = sup {|z** (2")] : ||"*[] < 1, ™" € X"}
Proof: To prove this, we will use a simple but useful lemma which depends on the Hahn Banach theorem.

Lemma 14.31 Let X be a normed linear space and let x € X. Then there exists x* € X' such that ||z*|| =1
and z*(x) = ||z||.

Proof: Let f : Cx — C be defined by f(az) = a||z||. Then for y € Cz, |f(y)| < |lyll. By the Hahn

Banach theorem, there exists z* € X’ such that 2*(az) = f(az) and ||z*|| < 1. Since z*(z) = ||z|| it follows
that ||z*|| = 1. This proves the lemma.
Now we prove the theorem. It is obvious that J is linear. If Jz = 0, then let 2*(z) = ||z|| with ||z*|| = 1.

0= J(z)(z") = «"(x) = |||l
This shows a.). To show b.), let x € X and z*(x) = ||z|| with ||2*|| = 1. Then

sup{ly” ()|« [ly"|| <1} = sup{|J(2)(y")| : [ly"|| < 1} = [[Jz]]

=l >
> |J(@)(@7)] = |2" ()] = |||

11| = sup{|[J|| : [J«]] <1} = sup{][«]] : [J«]] <1} = 1.

This shows b.). To verify c.), use b.). If Jx,, — y** € X" then by b.), x,, is a Cauchy sequence converging
to some z € X. Then Jx = lim,,_, Jx, = y**.
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Finally, to show the assertion about the norm of x*, use what was just shown applied to the James map
from X’ to X"”’. More specifically,

[|z*| = sup {[z" ()] : [Jx|| <1} = sup{[J (2) (z7)] : [|J=[| < 1}

< sup {[a”* («7)] « [[277]] < 1} = sup{[J («") (z™)[ : [[™*|| < 1}

= [[J"]| = [l"]]-

This proves the theorem.

Definition 14.32 When J maps X onto X", we say that X is Reflezive.

Later on we will give examples of reflexive spaces. In particular, it will be shown that the space of square
integrable and pth power integrable functions for p > 1 are reflexive.

14.4 Exercises

1.

Show that no countable dense subset of R is a G set. In particular, the rational numbers are not a
Gs set.

. TLet f: R — C be a function. Let w,f(x) = sup{|f(z) — f(¥)| : y,2 € B(z,r)}. Let wf(zx) =

lim, o w, f(z). Show f is continuous at z if and only if wf(x) = 0. Then show the set of points where
f is continuous is a Gy set (try U, = {z : wf(z) < 2}). Does there exist a function continuous at only
the rational numbers? Does there exist a function continuous at every irrational and discontinuous
elsewhere? Hint: Suppose D is any countable set, D = {d;};-,, and define the function, f, (z) to
equal zero for every z ¢ {d1,- - -,dy,} and 27" for x in this finite set. Then consider g (z) = > 7 fn (2).

Show that this series converges uniformly.

Let f € C([0,1]) and suppose f’(x) exists. Show there exists a constant, K, such that |f(z) — f(y)
K|z —y| for all y € [0,1]. Let U,, = {f € C([0,1]) such that for each z € [0,1] there exists y € [0, 1]
such that | f(z) — f(y)| > n|z—y|}. Show that U, is open and dense in C([0, 1]) where for f € C ([0, 1]),

171l = sup{|f ()| : & € [0,1]}.

Show that if f € C([0,1]), there exists g € C(][0, 1]) such that ||g — f|| < € but ¢'(z) does not exist for
any z € [0,1].

Let X be a normed linear space and suppose A C X is “weakly bounded”. This means that for each
x* € X', sup{|z*(z)|: x € A} < 0o. Show A is bounded. That is, show sup{||z|| : # € A} < 0.

Let X and Y be two Banach spaces. Define the norm

(2, )| = max ([|z[| , llylly)-

Show this is a norm on X X Y which is equivalent to the norm given in the chapter for X x Y. Can
you do the same for the norm defined by

9 9 1/2
@)l = (el +lwlly)

Prove Lemmas 14.14 - 14.16.
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Let f : R — C be continuous and periodic with period 27. That is f(z + 27) = f(z) for all . Then it
is not unreasonable to try to write f(z) =Y o2 a,e™”. Find what a, should be. Hint: Multiply

both sides by e~ and do " . Pretend there is no problem writing [ 3> = 3" [. Recall the series
which results is called a Fourier series.

T If you did 7 correctly, you found

Ay = ( f(l‘)e_mxdx> (27_‘_)—1.
The n'" partial sum will be denoted by S, f and defined by S, f(z) = >_p_ _, axe’**. Show S, f(z) =
f:rﬂ f(y)Dn(z — y)dy where

sin((n+ 2
b - Bl

This is called the Dirichlet kernel. If you have trouble, review the chapter on Fourier series.

1 Let Y = {f such that f is continuous, defined on R, and 27 periodic}. Define ||f||y = sup{|f(z)| :
x € [—m,m]}. Show that (Y,|| ||y) is a Banach space. Let z € R and define L,(f) = S, f(x). Show
L, €Y' but lim,,_,c || Ln|| = co. Hint: Let f(y) approximate sign(D,(z — y)).

1 Show there exists a dense G5 subset of Y such that for f in this set, |S, f(z)| is unbounded. Show
there is a dense G5 subset of Y having the property that |S,, f(z)| is unbounded on a dense G subset
of R. This shows Fourier series can fail to converge pointwise to continuous periodic functions in a
fairly spectacular way. Hint: First show there is a dense G5 subset of Y, G, such that for all f € G,
we have sup {|S, f ()] : » € N} = oo for all z € Q. Of course Q is not a G set but this is still pretty
impressive. Next consider H, = {(z, f) € R x Y :sup,, |Snf (z)| > k} and argue that Hj is open and
dense. Next let H} = {z € R: for some f €Y, (z, f) € Hi}and define H similarly. Argue that H}
is open and dense and then consider P; = N2 HY.

Let A, f = [ sin((n+2)y) f(y)dy for f € L' (0,7). Show that sup {||A,|| : n = 1,2, -} < oo using
the Riemann Lebesgue lemma.

Let X be a normed linear space and let M be a convex open set containing 0. Define
p(x) =1inf{t > 0: % € M}.

Show p is a gauge function defined on X. This particular example is called a Minkowski functional.
Recall a set, M, is convex if Ax + (1 — A)y € M whenever A € [0,1] and z,y € M.

1 This problem explores the use of the Hahn Banach theorem in establishing separation theorems.
Let M be an open convex set containing 0. Let & ¢ M. Show there exists x* € X’ such that
Rez*(z) > 1> Rea*(y) for all y € M. Hint: If y € M, p(y) < 1. Show this. If x ¢ M, p(z) > 1. Try
f(ax) = ap(z) for a € R. Then extend f to F', show F is continuous, then fix it so F' is the real part
of z* € X'.

A Banach space is said to be strictly convex if whenever ||z|| = ||y|| and = # y, then
Tty
< .
|| <et
F : X — X’ is said to be a duality map if it satisfies the following: a.) |[|F(z)|| = ||=||. b.)

F(x)(z) = ||z||*>. Show that if X’ is strictly convex, then such a duality map exists. Hint: Let
f(ax) = al|z||*> and use Hahn Banach theorem, then strict convexity.
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15.

16.

17.

18.

19.

20.

21.

22.
23.

Suppose D C X, a Banach space, and L : D — Y is a closed operator. D might not be a Banach space
with respect to the norm on X. Define a new norm on D by ||z||p = ||z||x + || Lz||y. Show (D, || ||p)
is a Banach space.

Prove the following theorem which is an improved version of the open mapping theorem, [8]. Let X
and Y be Banach spaces and let A € £ (X,Y). Then the following are equivalent.

AX =,

A is an open map.
There exists a constant M such that for every y € Y, there exists z € X with y = Az and

=[] < Mlyl].

Here is an example of a closed unbounded operator. Let X =Y = C([0, 1]) and let
D ={f e C'([0,1])) : f(0) = 0}.
L:D — C([0,1]) is defined by Lf = f’. Show L is closed.

Suppose D C X and D is dense in X. Suppose L : D — Y is linear and ||Lz|| < K]||z|| for all x € D.
Show there is a unique extension of L, L, defined on all of X with ||Lz|| < K||z|| and L is linear.

1 A Banach space is uniformly convex if whenever ||z,||, ||y»|| <1 and ||z, + y»|| — 2, it follows that
[|£s, — yn|| — 0. Show uniform convexity implies strict convexity.

We say that z,, converges weakly to z if for every z* € X', z*(x,) — z*(x). We write x,, — z to
denote weak convergence. Show that if ||z, — z|| — 0, then z,, — x.

1 Show that if X is uniformly convex, then z, — z and ||z,|| — ||z|| implies ||z, — || — 0. Hint:
Use Lemma 14.31 to obtain f € X’ with ||f|| =1 and f(x) = ||z||. See Problem 19 for the definition
of uniform convexity.

Suppose L € L(X,Y) and M € L (Y, Z). Show ML € L (X, Z) and that (ML)" = L*M*.

In Theorem 14.27, it was shown that ||L*|| < ||L||. Are these actually equal? Hint: You might show
that supge g sup,ea @ (@, 3) = sup,e 4 Supgep a (@, F) and then use this in the string of inequalities
used to prove ||[L*|| < ||L|| along with the fact that ||Jz|| = ||z|| which was established in Theorem
14.30.
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Hilbert Spaces

15.1 Basic theory

Let X be a vector space. An inner product is a mapping from X x X to C if X is complex and from X x X
to R if X is real, denoted by (z,y) which satisfies the following.

(z,2) >0, (z,z) =0 if and only if x =0, (15.1)
(z,y) = (y, 7). (15.2)

For a,b € C and z,y,2z € X,
(ax + by, z) = a(z, z) + b(y, 2). (15.3)

Note that (15.2) and (15.3) imply (z, ay + bz) = a(x,y) + b(z, 2).
We will show that if (-,-) is an inner product, then (z, x)1/2 defines a norm and we say that a normed
linear space is an inner product space if ||z|| = (z, z)'/2

Definition 15.1 A normed linear space in which the norm comes from an inner product as just described
is called an inner product space. A Hilbert space is a complete inner product space.

Thus a Hilbert space is a Banach space whose norm comes from an inner product as just described. The
difference between what we are doing here and the earlier references to Hilbert space is that here we will be
making no assumption that the Hilbert space is finite dimensional. Thus we include the finite dimensional
material as a special case of that which is presented here.

Example 15.2 Let X = C" with the inner product given by (x,y) = > ., x;y;. This is a complex Hilbert
space.

Example 15.3 Let X = R", (x,y) = x-y. This is a real Hilbert space.
Theorem 15.4 (Cauchy Schwarz) In any inner product space
@)l < el 1gll
Proof: Let w € C, |w| =1, and @(z,y) = |(x,y)| = Re(x, yw). Let
F(t) = (x 4 tyw, z + twy).
If y = 0 there is nothing to prove because

(Z’,O) - (JZ,O+0) - (x,O) + (‘T,O)

257
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and so (z,0) = 0. Thus, we may assume y # 0. Then from the axioms of the inner product, (15.1),
F(t) = ||z]|* 4+ 2t Re(z, wy) + t2||y||* > 0.
This yields
[|][* + 2t] (z, )| + £ [yl|* = 0.
Since this inequality holds for all ¢ € R, it follows from the quadratic formula that
Al(z, y)[* — 4l *[lyl]* < 0.

This yields the conclusion and proves the theorem.
Earlier it was claimed that the inner product defines a norm. In this next proposition this claim is proved.

Proposition 15.5 For an inner product space, ||z|| = (x,x)1/2 does specify a norm.

Proof: All the axioms are obvious except the triangle inequality. To verify this,

le+yll* = (z+y.2+y) =’ + |yl +2Re(z,y)
2 2
< 2l + Myl + 21 (2, )
2 2 2
< l2ll” + [lyll” + 212l Hlyll = (el + [yl

The following lemma is called the parallelogram identity.
Lemma 15.6 In an inner product space,
llz +yl* + |z — yl* = 2[J2]|* + 2| |yl|*

The proof, a straightforward application of the inner product axioms, is left to the reader. See Problem
7. Also note that

||z]| = sup |(z,y)| (15.4)
[lylI<1

because by the Cauchy Schwarz inequality, if z # 0,
X
el > sup |(z9)] > (H) = lal.

llyll<1 ||

It is obvious that (15.4) holds in the case that z = 0.
One of the best things about Hilbert space is the theorem about projection onto a closed convex set.
Recall that a set, K, is convex if whenever A € [0,1] and z,y € K, A+ (1 — M)y € K.

Theorem 15.7 Let K be a closed convexr nonempty subset of a Hilbert space, H, and let x € H. Then there
exists a unique point Px € K such that ||Px — z|| < ||y — z|| for ally € K.

Proof: First we show uniqueness. Suppose ||z;—z|| < ||y—z|| for all y € K. Then using the parallelogram
identity and

llz1 = 2] < ly — ]

for all y € K,
2 21+ 29 2 21— 29 — X9
— < _ —

ler =2l < I1F52 el =[5 + 2l
21 — X2 29 — X9 21 T 222

2 | et

U= 5= 1P + 12517 - 1252

21— 22
<l =2l ] I¥

2
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where the last inequality holds because
|lz2 — af] < [|z1 — |-

Hence z; = z5 and this shows uniqueness.
Now let A = inf{||x —y|| : y € K} and let y,, be a minimizing sequence. Thus lim,, .o ||z —yn|| = A, yn €
K. Then by the parallelogram identity,

2(|lyn — * + [lym — [?) — 4(
2(lyn — @1 + llym — %) — 4N°

Yn +Y
1yn = yml[® == — =)

IA

Since ||z — yn|| — A, this shows {y,} is a Cauchy sequence. Since H is complete, y, — y for some y € H
which must be in K because K is closed. Therefore ||z — y|| = X\ and we let Pz = y.

Corollary 15.8 Let K be a closed, convex, nonempty subset of a Hilbert space, H, and let x ¢ K. Then
for z € K, z= Pz if and only if

Re(x — z,y — 2) <0 (15.5)
forally e K.

Before proving this, consider what it says in the case where the Hilbert space is R™

Condition (15.5) says the angle, 8, shown in the diagram is always obtuse. Remember, the sign of x -y
is the same as the sign of the cosine of their included angle.

The inequality (15.5) is an example of a variational inequality and this corollary characterizes the pro-
jection of z onto K as the solution of this variational inequality.

Proof of Corollary: Let z € K. Since K is convex, every point of K is in the form z + ¢t(y — z) where
t €10,1] and y € K. Therefore, z = Px if and only if for all y € K and ¢ € [0, 1],

llz = (= +t(y = 2)|° = Iz — 2) =ty = 2)|I* > ||z — 2|
for all ¢ € [0,1] if and only if for all t € [0,1] and y € K

lle = 2I* + ¢ [ly = 2||* = 2 Re (2 — 2,y — 2) = ||z — =|”
which is equivalent to (15.5). This proves the corollary.

Definition 15.9 Let H be a vector space and let U and V be subspaces. We write U @V = H if every
element of H can be written as a sum of an element of U and an element of V in a unique way.

The case where the closed convex set is a closed subspace is of special importance and in this case the
above corollary implies the following.

Corollary 15.10 Let K be a closed subspace of a Hilbert space, H, and let x ¢ K. Then for z € K, z = Px
if and only if

(xfzay) =0
for ally € K. Furthermore, H = K @ K+ where
K+r={xecH:(x,k)=0 forallk € K}
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Proof: Since K is a subspace, the condition (15.5) implies
Re(z — z,y) <0

for all y € K. But this implies this inequality holds with < replaced with =. To see this, replace y with —y.
Now let |a] =1 and

a(r—zy) =[x —zy)l
Since ay € K for all y € K,
0=Re(z —z,ay) = (z — z,o9) = a(z — 2,y) = |(x — 2,9)|

Now let € H. Then = 2 — Pz + Px and from what was just shown, 2 — Pz € K+ and Pz € K. This
shows that K+ + K = H. We need to verify that K N K+ = {0} because this implies that there is at most
one way to write an element of H as a sum of one from KX and one from K. Suppose then that z € KN K.
Then from what was just shown, (z,2) = 0 and so z = 0. This proves the corollary.

The following theorem is called the Riesz representation theorem for the dual of a Hilbert space. If z € H
then we may define an element f € H' by the rule

(x,2) = f (x).

It follows from the Cauchy Schwartz inequality and the properties of the inner product that f € H'. The
Riesz representation theorem says that all elements of H’ are of this form.

Theorem 15.11 Let H be a Hilbert space and let f € H'. Then there exists a unique z € H such that
fx)=(z,2) forallz € H.

Proof: If f = 0, there is nothing to prove so assume without loss of generality that f # 0. Let
M ={xz € H: f(z) =0}. Thus M is a closed proper subspace of H. Let y ¢ M. Then y — Py = w has the
property that (z,w) =0 for all x € M by Corollary 15.10. Let « € H be arbitrary. Then

rf(w) = flx)w e M

0= (f(w)z - f(@)w,w) = f(w)(z,w) - f(z)[[w]]?
Thus
) = (@ T
and so we let
T
[|wl]?

This proves the existence of z. If f (x) = (z,2;) i = 1,2, for all z € H, then for all x € H,
(x,21 — 22) = 0.

Let x = 21 — 25 to conclude uniqueness. This proves the theorem.
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15.2 Orthonormal sets

The concept of an orthonormal set of vectors is a generalization of the notion of the standard basis vectors
of R™ or C™.

Definition 15.12 Let H be a Hilbert space. S C H is called an orthonormal set if ||z|| = 1 for allz € S
and (z,y) =0 if v,y € S and x # y. For any set, D, we define D+ ={x € H : (z,d) =0 for alld € D} . If
S is a set, we denote by span (S) the set of all finite linear combinations of vectors from S.

We leave it as an exercise to verify that D= is always a closed subspace of H.

Theorem 15.13 In any separable Hilbert space, H, there exists a countable orthonormal set, S = {x;} such
that the span of these vectors is dense in H. Furthermore, if © € H, then

n

x = Z (x,2;) @i = nan;O Z (z, ;) z;. (15.6)

i=1 i=1

Proof: Let F denote the collection of all orthonormal subsets of H. We note F is nonempty because
{z} € F where ||z|| = 1. The set, F is a partially ordered set if we let the order be given by set inclusion.
By the Hausdorff maximal theorem, there exists a maximal chain, € in F. Then we let S = U€. It follows
S must be a maximal orthonormal set of vectors. It remains to verify that S is countable span (S) is dense,
and the condition, (15.6) holds. To see S is countable note that if x,y € S, then

2 2 2 2 2
e = ylI” = [lz][” + [lylI” = 2Re (2, y) = [[«|[" + [ly|]" = 2.

Therefore, the open sets, B (x, %) for x € S are disjoint and cover S. Since H is assumed to be separable,
there exists a point from a countable dense set in each of these disjoint balls showing there can only be
countably many of the balls and that consequently, S is countable as claimed.

It remains to verify (15.6) and that span (S) is dense. If span (S) is not dense, then span (S) is a closed
proper subspace of H and letting y ¢ span (S) we see that z = y — Py € span (S)l . But then SU{z} would
be a larger orthonormal set of vectors contradicting the maximality of S.

It remains to verify (15.6). Let S = {z;};-, and consider the problem of choosing the constants, ¢ in
such a way as to minimize the expression

2

n
xr — E CrTL
k=1

n n n
|+ lewl” =D @ (@, 2) = D enle, wp).
k=1 =

k=1 k=1

We see this equals

n

2 2 2
L R GRS [ W (]
k=1

k=1

and therefore, this minimum is achieved when ¢;, = (x, xy) . Now since span (S) is dense, there exists n large
enough that for some choice of constants, cg,

n
T — E CrI
k=1

2

<E.
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However, from what was just shown,

n
=1

showing that lim,,_, Z?zl (z,x;) z; = = as claimed. This proves the theorem.
In the proof of this theorem, we established the following corollary.

2 n

Xr — E CrTk

k=1

< <e

Corollary 15.14 Let S be any orthonormal set of vectors and let {z1, -, x,} CS. Then if x € H

n
xTr — E CrIk
k=1

for all choices of constants, cx. In addition to this, we have Bessel’s inequality

2
>

n 2

T — Z (z, ;) z;

i=1

n
2 2
el > 1@, @)l.
k=1

If S is countable and span (S) is dense, then letting {x;};-, = S, we obtain (15.6).

Definition 15.15 Let A € L(H,H) where H is a Hilbert space. Then |(Ax,y)| < ||A]|||=||||ly|| and so
the map, © — (Az,y) is continuous and linear. By the Riesz representation theorem, there exists a unique
element of H, denoted by A*y such that

(Az,y) = (z, A"y).

It is clear y — A*y is linear and continuous. We call A* the adjoint of A. We say A is a self adjoint operator
if A= A*. Thus for all z,y € H, (Az,y) = (z, Ay). We say A is a compact operator if whenever {z\} is a
bounded sequence, there exists a convergent subsequence of {Axy} .

The big result in this subject is sometimes called the Hilbert Schmidt theorem.

Theorem 15.16 Let A be a compact self adjoint operator defined on a Hilbert space, H. Then there exists
a countable set of eigenvalues, {\;} and an orthonormal set of eigenvectors, w; satisfying

Ai is real, |An| > (Mg, Au; = Nug, (15.7)
and either
nlggo An =0, (15.8)
or for some n,
span (uy, - -+, uy,) = H. (15.9)
In any case,
span ({u;};=,) is dense in A(H). (15.10)
and for all x € H,
Az = i Ak (@, ug) wg. (15.11)
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This sequence of eigenvectors and eigenvalues also satisfies

[Anl = 1|Anl, (15.12)
and

A,:H, — H,. (15.13)
where H = Hy and Hy, = {uy, - - -,un,l}J' and A,, is the restriction of A to H,.

Proof: If A =0 then we may pick u € H with |ju|| = 1 and let A; = 0. Since A (H) = 0 it follows the
span of u is dense in A (H) and we have proved the theorem in this case.

Thus, we may assume A # 0. Let A; be real and A2 = ||A||>. We know from the definition of ||A||
there exists @, ||z,|| = 1, and ||Az,|| — ||A|| = [M\1]. Now it is clear that A? is also a compact self adjoint
operator. We consider

((/\% - A2) xn,zn) = )\f - \|Axn|\2 — 0.

Since A is compact, we may replace {z,} by a subsequence, still denoted by {x, } such that Az, converges
to some element of H. Thus since A} — A? satisfies

(A = 4% y,y) 20

in addition to being self adjoint, it follows =,y — (()\% - AQ) z, y) satisfies all the axioms for an inner product
except for the one which says that (z,2) = 0 only if z = 0. Therefore, the Cauchy Schwartz inequality (see
Problem 6) may be used to write

(V=A%) any)| < (0 =29 5.9)"" (A - 4%) @)
< enllyll-
where e,, — 0 as n — oo. Therefore, taking the sup over all ||y|| < 1, we see

lim ||()\? —A2) xn|| =0.

n—oo

Since A%z, converges, it follows since A\; # 0 that {z,} is a Cauchy sequence converging to x with ||z|| = 1.
Therefore, A%z, — A%z and so

[ (X = 4%) [ = 0.
Now
()\1[— A) ()\1[4‘14)37 = ()\1[+ A) ()\1[ — A).’E =0.

If (\MI—A)z=0, welet ug = ﬁ If (MI—A)z=y#0, welet uy = IIZ_H

Suppose we have found {uq,---,u,} such that Auy = Agug and |Ag| > [Ag+1], |Ae] = [|Ak]] and
A Hy — Hy for k <n.If
span (ug, - - up) = H

we have obtained the conclusion of the theorem and we are in the situation of (15.9). Therefore, we assume
the span of these vectors is always a proper subspace of H. We show that A, 1 : Hy,11 — Hpyq. Let

(RS H?’H-l = {u17 o '7un}l
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Then for k <n
(Ayvuk) = (ya Auk) = g (yvuk) =0,

showing A,+1 : Hpp1 — Hpp1 as claimed. We have two cases to consider. Either A, = 0 or it is not. In

the case where A\, = 0 we see A,, = 0. Then every element of H is the sum of one in span (uq,- - -, u,) and
one in span (uq, - - ~,un)J‘. (note span (uq,- - -, uy,) is a closed subspace. See Problem 11.) Thus, if x € H,
we can write x = y + z where y € span (u1,---,u,) and z € span (ug, - - ~,un)l and Az = 0. Therefore,
y=>_7_ cju; and so

A.TZ = AyZZCjA’U,j

j=1

n
= ZCj)\jUj € span (Ula' ’ '7un) :
j=1

It follows that we have the conclusion of the theorem in this case because the above equation holds if we let

C, = (.’E, ul) .
Now consider the case where A\, # 0. In this case we repeat the above argument used to find u; and A\
for the operator, A, ;1. This yields un4+1 € Hpi1 = {ug, - - -, un}J‘ such that

luntall = L [[Aunia ]| = M| = [[Ana || < [[An]| = [An]

and if it is ever the case that A\, = 0, it follows from the above argument that the conclusion of the theorem
is obtained.
Now we claim lim,,_, A, = 0. If this were not so, we would have 0 < & = lim,,_, o, |\,,| but then

Aty — Aum || = [[Antin — Amtim]|*

= [ Al? + A > 282

and so there would not exist a convergent subsequence of {Auk}z’;l contrary to the assumption that A is
compact. Thus we have verified the claim that lim,,_.. A, = 0. It remains to verify that span ({u;}) is dense

in A(H).If we span ({u;})" then w € H, for all n and so for all n, we have
[ Aw]] < [|An]l [w]] < |An] [Je]] -

Therefore, Aw = 0. Now every vector from H can be written as a sum of one from

span ({ui})* = span ({w;})

and one from span ({u;}). Therefore, if + € H, we can write z = y + w where y € span ({u;}) and

w € span ({u;}) . From what we just showed, we see Aw = 0. Also, since y € span ({u;}), there exist
constants, c¢; and n such that

< €.

n
Y- Z CrUk
k=1

Therefore, from Corollary 15.14,

y— 3 (e )

k=1

y— (y, ug) ug|| = <e.

k=1
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B

Az — Z (z, up) Apug
Since € is arbitrary, this shows span ({u;}) is dense in A (H) and also implies (15.11). This proves the
theorem.

k=1
Note that if we define v®@u € L (H, H) by

Therefore,

1]l

V

vRu(z) = (z,u)v,

then we can write (15.11) in the form

A= Z AU @ Uy
k=1

We give the following useful corollary.

Corollary 15.17 Let A be a compact self adjoint operator defined on a separable Hilbert space, H. Then
there exists a countable set of eigenvalues, {\;} and an orthonormal set of eigenvectors, v; satisfying

Avi = )\Z"UZ', HUZH = 1, (15'14)

span ({v;};=,) is dense in H. (15.15)

Furthermore, if \; # 0, the space, V\, = {x € H : Az = \;z} is finite dimensional.

Proof: In the proof of the above theorem, let W = span({ul})J_. By Theorem 15.13, there is an
orthonormal set of vectors, {w;};-; whose span is dense in W. As shown in the proof of the above theorem,
Aw =0 for all w € W. Let {v;} = = {ui}io; U{w;}iey.

It remains to verify the space, V),, is finite dimensional. First we observe that A : V), — Vj,. Since A is
continuous, it follows that A : Vi, — Vj,. Thus A is a compact self adjoint operator on Vy, and by Theorem
15.16, we must be in the situation of (15.9) because the only eigenvalue is A;. This proves the corollary.

Note the last claim of this corollary holds independent of the separability of H.

Suppose A ¢ {\,} and A # 0. Then we can use the above formula for A, (15.11), to give a formula for
(A—XI)~". We note first that since lim, .. A, = 0, it follows that A2/ (A, — A)* must be bounded, say by
a positive constant, M.

Corollary 15.18 Let A be a compact self adjoint operator and let A ¢ {\,},—, and X # 0 where the X\, are
the eigenvalues of A. Then

(A=XD)"'z=

Z (2, up) k. (15.16)

k=1

>/I>—‘
>/I'—‘

Proof: Let m < n. Then since the {u} form an orthonormal set,

n 9 1/2
Z Ak (z,up) up| = <;(A:EA> |(x,uk)|2> (15.17)
n 1/2
M (Z (m,uk)|2> .
k=m

IN
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But we have from Bessel’s inequality,

2 2
(@, u) ™ <[]

WK

x>~
Il
—

and so for m large enough, the first term in (15.17) is smaller than e. This shows the infinite series in (15.16)
converges. It is now routine to verify that the formula in (15.16) is the inverse.

15.3 The Fredholm alternative

Recall that if A is an n x n matrix and if the only solution to the system, Ax = 0 is x = 0 then for any
y € R™ it follows that there exists a unique solution to the system Ax =1y. This holds because the first
condition implies A is one to one and therefore, A~! exists. Of course things are much harder in a Hilbert
space. Here is a simple example.

Example 15.19 Let L? (N;pu) = H where p is counting measure. Thus an element of H is a sequence,
a = {a;};2, having the property that

. 1/2
— 2
llally = <§ |ax] ) < oo.

k=1
We define A: H — H by
Aa=b={0,a1,as, - -}.

Thus A slides the sequence to the right and puts a zero in the first slot. Clearly A is one to one and linear
but it cannot be onto because it fails to yield eq = {1,0,0,---}.

Notwithstanding the above example, there are theorems which are like the linear algebra theorem men-
tioned above which hold in an arbitrary Hilbert space in the case where some operator is compact. To begin
with we give a simple lemma which is interesting for its own sake.

Lemma 15.20 Suppose A is a compact operator defined on a Hilbert space, H. Then (I — A) (H) is a closed
subspace of H.

Proof: Suppose (I — A)z,, — y. Let
oy, = dist (xp, ker (I — A))

and let z, € ker (I — A) be such that
1
(679 S ||$n - Zn|| S (1 + _) Q.
n

Thus (I — A) (x, — 2zn) — .

Case 1: {x,, — z,} has a bounded subsequence.

If this is so, the compactness of A implies there exists a subsequence, still denoted by n such that
{A(xp, — zn)},—, is a Cauchy sequence. Since (I — A) (¥, — 2z,) — y, this implies {(z, — z,)} is also a
Cauchy sequence converging to a point, x € H. Then, taking the limit as n — oo, we see (I — A)xz = y and
soye(I—A)(H).

Case 2: lim,_. ||Tn — 2n|| = 00. We will show this case cannot occur.
In this case, we let w,, = ﬁ Thus (I — A)w, — 0 and w,, is bounded. Therefore, we can take

a subsequence, still denoted by n such that {Aw,} is a Cauchy sequence. This implies {w,} is a Cauchy
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sequence which must converge to some wo, € H. Therefore, (I — A)ws = 0 and so we, € ker (I — A).
However, this is impossible because of the following argument. If z € ker (I — A),

1

Wy — 2 —_—

[|[Tn — 2n — [|Zn — 24| 2]

1 ay, n

Qy > = .
lon =2l "~ (14+1)a, n+1

Taking the limit, we see ||ws, — z|| > 1. Since z € ker (I — A) is arbitrary, this shows dist (W, ker (I — A)) >
1.
Since Case 2 does not occur, this proves the lemma.

Theorem 15.21 Let A be a compact operator defined on a Hilbert space, H and let f € H. Then there
erists a solution, x, to

c—Az=f (15.18)
if and only if
(fy) = (15.19)
for all y solving
y— A%y =0. (15.20)

Proof: Suppose z is a solution to (15.18) and let y be a solution to (15.20). Then

(f’y) = (l‘ - Aw,y) = (x,y) - (Ax’y)
= (x,y) - (va*y) = (m,y - A*y) =0.

Next suppose (f,y) = 0 for all y solving (15.20). We want to show there exists x solving (15.18). By
Lemma 15.20, (I — A) (H) is a closed subspace of H. Therefore, there exists a point, (I — A)z, in this
subspace which is the closest point to f. By Corollary 15.10, we must have

(f-(U-A)z,(I-A)y-IT-A)z)=0
for all y € H. Therefore,
(1= A [f = (I = A)a],y—a) =0
for all y € H. This implies z is a solution to
=AY -Az=(I-A")f
and so
(I—A")[(I-A)z—f]=0.
Therefore (f, f — (I — A)z) = 0. Since (I — A)z € (I — A) (H) , we also have
((I-=Aaz, f-(I-A)z)=0
and so
(f=I—-A)z, f-(I-A)x) =0,

showing that f = (I — A)z. This proves the theorem.
The following corollary is called the Fredholm alternative.
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Corollary 15.22 Let A be a compact operator defined on a Hilbert space, H. Then there exists a solution
to the equation

r—Ax=f (15.21)
for all f € H if and only if (I — A*) is one to one.

Proof: Suppose (I — A) is one to one first. Then if y — A*y = 0 it follows y = 0 and so for any f € H,
(f,y) = (f,0) = 0. Therefore, by Theorem 15.21 there exists a solution to (I — A)z = f.

Now suppose there exists a solution, z, to (I — A)x = f for every f € H. If (I — A*)y = 0, we can let
(I —A)z =y and so

Il = (v, ) = (I = A) z,y) = (z,(I — A") y) = 0.

Therefore, (I — A*) is one to one.

15.4 Sturm Liouville problems
A Sturm Liouville problem involves the differential equation,

(@) y) + (A (@) +7 @)y =0, v € [a,}] (15.22)
where we assume that ¢ (¢) # 0 for any ¢ and some boundary conditions,

boundary condition at a
boundary condition at b (15.23)

For example we typically have boundary conditions of the form

Cry(a)+Coy' (a) = 0
Csy (b)+Cay/ (b)) = 0 (15.24)
where
C?+C3% >0, and C; + C37 > 0. (15.25)

We will assume all the functions involved are continuous although this could certainly be weakened. Also
we assume here that a and b are finite numbers. In the example the constants, C; are given and A is called
the eigenvalue while a solution of the differential equation and given boundary conditions corresponding to
A is called an eigenfunction.

There is a simple but important identity related to solutions of the above differential equation. Suppose
A; and y; for i = 1,2 are two solutions of (15.22). Thus from the equation, we obtain the following two
equations.

(p(@)y1) 2 + (Ma (z) +7 () y1y2 =0,

(p (=) y5) 1 + (Naq (x) +7(2)) y1y2 = 0.

Subtracting the second from the first yields

@) y) v2— @) yh) 11+ (M — A2) g (z) yayz = 0. (15.26)
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Now we note that

(0 (@) 41) 2 — (0 () y3) 11 = % ((p(x) y1) y2 — (p (2) y3) y1)
and so integrating (15.26) from a to b, we obtain
b
((p (@) y1) y2 — (P (@) y2) y1) o + (M1 — A2)/ q(@)y1 (x) y2 (x) dz =0 (15.27)

We have been purposely vague about the nature of the boundary conditions because of a desire to not lose
generality. However, we will always assume the boundary conditions are such that whenever y; and y, are
two eigenfunctions, it follows that

(p(x)y))y2 — (p(@) o)1) |5 =0 (15.28)

In the case where the boundary conditions are given by (15.24), and (15.25), we obtain (15.28). To see why
this is so, consider the top limit. This yields

p () [y1 (b) y2 (b) =y (b) 1 (b)]
However we know from the boundary conditions that

Cayr (b) + Cayy (b)) = 0

Csy2 (b) + Cay, (b) 0
and that from (15.25) that not both C3 and C4 equal zero. Therefore the determinant of the matrix of
coeflicients must equal zero. But this is implies [y} (b) y2 (b) — 4 (b) y1 (b)] = 0 which yields the top limit is

equal to zero. A similar argument holds for the lower limit.
With the identity (15.27) we can give a result on orthogonality of the eigenfunctions.

Proposition 15.23 Suppose y; solves the problem (15.22) , (15.28), and (15.28) for A = \; where Ay # Aa.
Then we have the orthogonality relation

b
/ q () y1 (z) y2 (z) de = 0. (15.29)

In addition to this, if u,v are two solutions to the differential equation corresponding to A, (15.22), not
necessarily the boundary conditions, then there exists a constant, C such that

W (u,v) (z)p(z) =C (15.30)
for all x € [a,b]. In this formula, W (u,v) denotes the Wronskian given by

u(zr) v(z)
det < v (z) V(@) > . (15.31)

Proof: The orthogonality relation, (15.29) follows from the fundamental assumption, (15.28) and (15.27).
It remains to verify (15.30). We have

(p(x)u) v = (p(2)v) ut (A=) q(x)uv =0.

Now the first term equals

@' —p () ve) = - () W (0,0) ()
and so p (x) W (u,v) () = —p () W (v,u) (z) = C as claimed.
Now consider the differential equation,
(p(x)y) +r(x)y=0. (15.32)

This is obtained from the one of interest by letting A = 0.
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Criterion 15.24 Suppose we are able to find functions, u and v such that they solve the differential equation,
(15.32) and u solves the boundary condition at x = a while v solves the boundary condition at x = b. Suppose
also that W (u,v) # 0.

If p(z) > 0 on [a,b] it is clear from the fundamental existence and uniqueness theorems for ordinary
differential equations that such functions, u and v exist. (See any good differential equations book or
Problem 10 of Chapter 10.) The following lemma gives an easy to check sufficient condition for Criterion
15.24 to occur in the case where the boundary conditions are given in (15.24), (15.25).

Lemma 15.25 Suppose p(x) # 0 for all x € [a,b]. Then for C; and Cy given in (15.24) and u a nonzero
solution of (15.32), if

Csu (b) + C4’U,/ (b) #0,

Then if v is any nonzero solution of the equation (15.32) which satisfies the boundary condition at x = b, it
follows W (u,v) # 0.

Proof: Thanks to Proposition 15.23 W (u,v) (x) is either equal to zero for all # € [a,b] or it is never
equal to zero on this interval. If the conclusion of the lemma is not so, then I equals a constant. This
is easy to see from using the quotient rule in which the Wronskian occurs in the numerator. Therefore,

v (x) = u (x) ¢ for some nonzero constant, ¢ But then
Csv (b) + Cyv’ (b) = ¢ (C3u (b) + Cyu (b)) # 0,
contrary to the assumption that v satisfies the boundary condition at z = b. This proves the lemma.

Lemma 15.26 Assume Criterion 15.24. In the case where the boundary conditions are given by (15.24) and
(15.25), a function, y is a solution to the boundary conditions, (15.24) and (15.25) along with the equation,

(p@)y) +r@y=g (15.33)
if and only if
b
y(x) = / G (t,x)g(t)dt (15.34)
where
e @) ift<a
Gren={ SO st (15.35)

where ¢ is the constant of Proposition 15.23 which satisfies p (x) W (u,v) (z) = c.
Proof: We can verify that if

T b
@ =y [ sOp@u@v@ds [ sOp@vud

c

then y, is a particular solution of the equation (15.33) which satisfies the boundary conditions, (15.24) and
(15.25). Therefore, every solution of the equation must be of the form

y(z) = au(z) + Pv(x) +y, (x).
Substituting in to the given boundary conditions, (15.24), we obtain

B (Cyv (a) + Cav' (a)) = 0.
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If 8 # 0, then we have

Cw(a)+Cs'(a) = 0
Ciu(a) + Cou’ (a) = 0.

Since C? + C% # 0, we must have
(v(a)u' (a) —u(a)v' (a)) = W (v,u)(a) =0

which contradicts the assumption in Criterion 15.24 about the Wronskian. Thus # = 0. Similar reasoning
applies to show a = 0 also. This proves the lemma.

Now in the case of Criterion 15.24, y is a solution to the Sturm Liouville eigenvalue problem, (15.22),
(15.24), and (15.25) if and only if y solves the boundary conditions, (15.24) and the equation,

(p(2)y) +7(2)y (@) = Mg (2)y (z).

This happens if and only if

_ z _ b
v@) == [ a@yr@ue @it > [a@yOror©u@d (1530

Letting p = %, this if of the form

b
wy (z) = / G(t,x)y(t)dt (15.37)
where
=g p)v(x)u(t) ift <

c6a={ T ety s .

Could g = 07 If this happened, then from Lemma 15.26, we would have that 0 is the solution of (15.33)
where the right side is —¢ (¢) y (¢) which would imply that ¢ (¢) y (¢) = 0 for all ¢ which implies y (¢) = 0 for
all ¢. It follows from (15.38) that G : [a,b] X [a,b] — R is continuous and symmetric, G (¢,z) = G (,t).

Also we see that for f € C ([a,b]), and

b
w(x) = / G (t,x) f(t)dt,
Lemma 15.26 implies w is the solution to the boundary conditions (15.24), (15.25) and the equation

p@)y) +r(@)y=—q)f(z) (15.39)

Theorem 15.27 Suppose u,v are given in Criterion 15.24. Then there exists a sequence of functions,
{yn}ory and real numbers, A, such that

(p(z) y;)/ + (Mg (z) +7 (7)) yn =0, x € [a,b], (15.40)
Ciyn (a) + Cay;, (a) = 0,

and

lim |A,| = o0 (15.42)
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such that for all f € C ([a,b]), whenever w satisfies (15.89) and the boundary conditions, (15.24),

n=1

Also the functions, {y,} form a dense set in L? (a,b) which satisfy the orthogonality condition, (15.29).

Proof: Let Ay (z) = f; (t,z)y (t)dt where G is defined above in (15.35). Then A : L?(a,b) —
C ([a,b]) C L? (a,b). Also, for y € L? (a,b) we may use Fubini’s theorem and obtain

(Ay’Z)LZ(a,b) = / / G th ( )dtdx

//Gtx z () dzdt

yv AZ)L2 a b)

showing that A is self adjoint.
Now suppose D C L? (a,b) is a bounded set and pick y € D. Then

b

Ay (2)] = G (t,x)y(t)dt

IN

b
/W@mwwﬁ

Callyll2ap < C

IN

where C' is a constant which depends on G and the uniform bound on functions from D. Therefore, the
functions, {Ay : y € D} are uniformly bounded. Now for y € D, we use the uniform continuity of G on
[a,b] x [a,b] to conclude that when |z — z| is sufficiently small, |G (t,x) — G (¢, z)| < ¢ and that therefore,

b
Ay (z) — Ay (2)| = /(G(t,x)—G(tvz))y(ﬂdt

IN

b
/uMMSwamew

Thus {Ay : y € D} is uniformly equicontinuous and so by the Ascoli Arzela theorem, Theorem 4.4, this set of
functions is precompact in C ([a,b]) which means there exists a uniformly convergent subsequence, {Ay,}.
However this sequence must then be uniformly Cauchy in the norm of the space, L?(a,b) and so A is a
compact self adjoint operator defined on the Hilbert space, L? (a,b). Therefore, by Theorem 15.16, there
exist functions y,, and real constants, p,, such that ||y,||/;. =1 and Ay, = p,y, and

|| = s Aug = pyug, (15.44)

and either

lim g, =0, (15.45)

n—oo

or for some n,

span (y1,- - - yn) = H = L* (a,b). (15.46)
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Since (15.46) does not occur, we must have (15.45). Also from Theorem 15.16,

span ({y;};—,) is dense in A (H). (15.47)
and so for all f € C ([a,b]),
Af =" (Fruk) vk (15.48)
k=1

Thus for w a solution of (15.39) and the boundary conditions (15.24),

=1
w=Af=> — (f,ur) Y&
kzz:l)\k k k

The last claim follows from Corollary 15.17 and the observation above that p is never equal to zero. This
proves the theorem.

Note that if since g (x) # 0 we can say that for a given g € C ([a, b]) we can define f by g (z) = —q (z) f ()
and so if w is a solution to the boundary conditions, (15.24) and the equation

9(@) =—q(x) f(2),

(p (z) 0 (2)) + 7 (2) w ()

we may write the formula

f="ary (15.49)

where

_ I f (@) yi (2) g (x) do
2 (2) g (z) da

ay (15.50)

and the convergence of the partial sums takes place in L? (a,b) .

Proof: By Theorem 15.27 there exist by and n such that

|'f > bruk
k=1

<e.

L2

Now we can define an equivalent norm on L? (a,b) by

b 1/2
1l g2y = (/ |f<z>|2|q<sc>|dx>
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Thus there exist constants § and A independent of g such that

Slgll < gl < Aflgll

Therefore,

< Ae.

=
k=1

L2

This new norm also comes from the inner product ((f,g)) = fab f(x)g(z)|q(x)|dz. Then as in Theorem
9.21 a completing the square argument shows if we let by be given as in (15.50) then the distance between
f and the linear combination of the first n of the y; measured in the norm, |||-]||, is minimized Thus letting
ay, be given by (15.50), we see that

n n
=" aryn ’f > ary
k=1 k=1

Since ¢ is arbitrary, this proves the theorem.

More can be said about convergence of these series based on the eigenfunctions of a Sturm Liouville
problem. In particular, it can be shown that for reasonable functions the pointwise convergence properties
are like those of Fourier series and that the series converges to the midpoint of the jump. For more on these
topics see the old book by Ince, written in Egypt in the 1920’s, [17].

0 <

L2

< < Ae

L2

‘f = biyk
h=1

L2

15.5 Exercises

1. Prove Examples 2.14 and 2.15 are Hilbert spaces. For f,g € C([0,1]) let (f,g) = fol f(x) g (x)dx.
Show this is an inner product. What does the Cauchy Schwarz inequality say in this context?

2. Generalize the Fredholm theory presented above to the case where A : X — Y for X,Y Banach
spaces. In this context, A* : Y/ — X’ is given by A*y* (z) = y* (Az). We say A is compact if
A (bounded set) = precompact set, exactly as in the Hilbert space case.

3. Let S denote the unit sphere in a Banach space, X, S = {x € X : ||z|]| =1} . Show that if Y is a
Banach space, then A € £ (X,Y) is compact if and only if A (S) is precompact.

4. 1 Show that A € £(X,Y) is compact if and only if A* is compact. Hint: Use the result of 3 and
the Ascoli Arzela theorem to argue that for S* the unit ball in X', there is a subsequence, {y}} C S*
such that y converges uniformly on the compact set, A (S). Thus {A*y}} is a Cauchy sequence in X'.
To get the other implication, apply the result just obtained for the operators A* and A**. Then use
results about the embedding of a Banach space into its double dual space.

5. Prove a version of Problem 4 for Hilbert spaces.

6. Suppose, in the definition of inner product, Condition (15.1) is weakened to read only (x,2) > 0. Thus
the requirement that (z,z) = 0 if and only if x = 0 has been dropped. Show that then |(z,y)| <

|(z, :1:)|1/ % 1(y, y)|1/ ®. This generalizes the usual Cauchy Schwarz inequality.

7. Prove the parallelogram identity. Next suppose (X, || ||) is a real normed linear space. Show that if
the parallelogram identity holds, then (X, || ||) is actually an inner product space. That is, there exists
an inner product (-, -) such that ||z|| = (z,z)"/2.

8. Let K be a closed convex subset of a Hilbert space, H, and let P be the projection map of the chapter.
Thus, ||Pz — z|| < ||y — z|| for all y € K. Show that ||Pz — Py|| < ||z —y]|.
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9. Show that every inner product space is uniformly convex. This means that if x,,y, are vectors whose
norms are no larger than 1 and if ||z, + y»|| — 2, then ||z, — yn|| — 0.

10. Let H be separable and let .S be an orthonormal set. Show S is countable.

11. Suppose {x1, -+, T, } is a linearly independent set of vectors in a normed linear space. Show span (1, - -, T.,)
is a closed subspace. Also show that if {x1,- -, z,,} is an orthonormal set then span (z1,- - -, x,,) is a
closed subspace.

12. Show every Hilbert space, separable or not, has a maximal orthonormal set of vectors.

13. T Prove Bessel’s inequality, which says that if {z,}32; is an orthonormal set in H, then for all
z € H, ||z||* > Y52, |(z,zx)|?. Hint: Show that if M = span(zq, -+, z,,), then Pz = Y7 @ (x, ).
Then observe ||z||* = ||z — Px||*> + || Pz||?.

14. 7 Show S is a maximal orthonormal set if and only if
span(S) = {all finite linear combinations of elements of S}
is dense in H.

15. 7 Suppose {x,}52; is a maximal orthonormal set. Show that

00 N
E X, T )Ty = hm g Xy Tp)Tn
n=1 n 1

and ||z||? = Y02, (@, 2;)|?. Also show (z,y) = >_07  (z, n) (Y5 T0)-
16. Let S = {ei"*(2m)~2}22

I 1 (@) g (w)de

17. T Show that if Bessel’s equation,

—oo- Show S is an orthonormal set if the inner product is given by (f,g) =

12 =" 1y, 6
n=1

holds for all y € H where {¢, },., is an orthonormal set, then {¢,} -, is a maximal orthonormal set
and

N

Y- Z(y,¢n)¢n

n=1

lim
N—oo

18. Suppose X is an infinite dimensional Banach space and suppose

{zlﬁn}

are linearly independent with ||z;|| = 1. Show span (21 - - - z,) = X, is a closed linear subspace of X.
Now let z ¢ X,, and pick y € X, such that ||z — y|| < 2 dist (z, X,,) and let

Y

T

Show the sequence {z}} satisfies ||z, — x|| > 1/2 whenever k < n. Hint:

Tk

z—y—wkk—y”‘
[ERll

HV—MI
Now show the unit ball {z € X : ||z|| < 1} is compact if and only if X is finite dimensional.
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19. Show that if A is a self adjoint operator and Ay = Ay for A a complex number and y # 0, then A must
be real. Also verify that if A is self adjoint and Ax = px while Ay = Ay, then if u # A, it must be the
case that (z,y) = 0.

20. If Y is a closed subspace of a reflexive Banach space X, show Y is reflexive.

21. Show H¥(R") is a Hilbert space. See Problem 15 of Chapter 13 for a definition of this space.



Brouwer Degree

This chapter is on the Brouwer degree, a very useful concept with numerous and important applications. The
degree can be used to prove some difficult theorems in topology such as the Brouwer fixed point theorem,
the Jordan separation theorem, and the invariance of domain theorem. It also is used in bifurcation theory
and many other areas in which it is an essential tool. Our emphasis in this chapter will be on the Brouwer
degree for R™. When this is understood, it is not too difficult to extend to versions of the degree which hold
in Banach space. There is more on degree theory in the book by Deimling [7] and much of the presentation
here follows this reference.

16.1 Preliminary results

Definition 16.1 For Q a bounded open set, we denote by C (ﬁ) the set of functions which are continuous
on Q and by C™ (ﬁ) ,m < oo the space of restrictions of functions in C° (R™) to Q. The norm in C (ﬁ) 18
defined as follows.

1 flle = lIflle@) = sup {If ()| : x € Q} .

If the functions take values in R™ we will write C™ (ﬁ; R") or C (ﬁ; R”) if there is no differentiability
assumed. The norm on C (ﬁ; R”) is defined in the same way as above,

1£lloe = [fllc(@mn) = sup {If ()] : x € Q} .

Also, we will denote by C (2;R™) functions which are continuous on ) that have values in R™ and by
C™ (Q;R™) functions which have m continuous derivatives defined on Q.

Theorem 16.2 Let 2 be a bounded open set in R™ and let f € C (ﬁ) . Then there exists g € C* (ﬁ) with
lg = fllo@) ==

Proof: This follows immediately from the Stone Weierstrass theorem. Let 7; (x) = ;. Then the functions
7; and the constant function, 7o (x) = 1 separate the points of  and annihilate no point. Therefore, the
algebra generated by these functions, the polynomials, is dense in C (ﬁ) Thus we may take g to be a
polynomial.

Applying this result to the components of a vector valued function yields the following corollary.

Corollary 16.3 If f € C(ﬁ; ]R") for Q a bounded subset of R™, then for all ¢ > 0, there exists g €
Cc (ﬁ; R") such that

||g*f||oo <e.

277
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We make essential use of the following lemma a little later in establishing the definition of the degree,
given below, is well defined.

Lemma 16.4 Let g: U — V be C? where U and V are open subsets of R™. Then

n

Z (Cof(Dg))ij,j =0,

Jj=1

where here (Dg),; = gi,j = 29

Proof: det (Dg) = >_i" gi jeof(Dg),; and so

ddet (Dg)
Also
d; det (Dg) = Zgl k (cof (Dg)), (16.2)

7

The reason for this is that if k # j this is just the expansion of a determinant of a matrix in which the k th
and j th columns are equal. Differentiate (16.2) with respect to z; and sum on j. This yields

det D
Z 5kj g) r,sj = Z Yi.kj COf(Dg + Z 9i, kCOf Dg)” j-
ij

r,s
r,8,] ij

Hence, using 6x; = 0 if j # k and (16.1),

Z (COf(Dg))TS Gr,sk = 297 ks COf(Dg s T Z 9i, rcof ( Dg)” e

TS ij

Subtracting the first sum on the right from both sides and using the equality of mixed partials,

Zgi,k Z(cof(Dg))ij’j —0.

J

If det (g;,x) # 0 so that (g; ) is invertible, this shows 3, (cof (Dg)),; ; = 0. If det (Dg) = 0, let

i5,J
gk =g+ el

where €, — 0 and det (Dg + eI) = det (Dgy,) # 0. Then

Z (cof (Dg));;; = kILII;O Z (cof (Dgr));; =0

J

and this proves the lemma.

16.2 Definitions and elementary properties

In this section, f : Q@ — R™ will be a continuous map. We make the following definitions.
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Definition 16.5 Uy, = {f € C (Q;R") : y ¢ £(8Q)} . For two functions,
f.g cly,
we will say £ ~ g if there exists a continuous function,
h:Qx[0,1] — R"

such that h (x,1) = g (x) and h(x,0) = f (x) and x — h (x,t) € Uy. This function, h, is called a homotopy
and we say that £ and g are homotopic.

Definition 16.6 For W an open set in R" and g € C* (W;R") we say y is a reqular value of g if whenever
x € g~ (y), det(Dg(x)) # 0. Note that if g~' (y) = 0, it follows that y is a regular value from this
definition.

Lemma 16.7 The relation, ~, is an equivalence relation and, denoting by [f] the equivalence class deter-
mined by £, it follows that [f] is an open subset of Uy. Furthermore, Uy is an open set in C (Q;R™). In
addition to this, if £ € Uy, there exists g € [f] N C? (ﬁ; R”) for which y is a reqular value.

Proof: In showing that ~ is an equivalence relation, it is easy to verify that f ~ f and that if f ~ g,
then g ~ f. To verify the transitive property for an equivalence relation, suppose f ~ g and g ~ k, with the
homotopy for f and g, the function, h; and the homotopy for g and k, the function hy. Thus h; (x,0) = f (%),
h; (x,1) = g (x) and hs (x,0) = g (x), hs (x,1) = k(x) . Then we define a homotopy of f and k as follows.

_ [ hi(x2t) ifte0,}
h(x’t)—{ ho (x,2t — 1) if t € [1,1]

It is obvious that Uy, is an open subset of C (ﬁ; R”). We need to argue that [f] is also an open set. However,

if f € Uy, There exists § > 0 such that B (y,25) N (9Q) = 0. Let f; € C (Q;R") with ||f; — f|| , < 6. Then
ift €10,1], and x € 90

£ () + ¢ (f1 (%) = £ (%) —y[ = [f (x) —y| = t|[f = f1]| o > 26 — 26 > 0.

Therefore, B (f,6) C [f] because if f; € B (f,d), this shows that, letting h (x,t) = f (x) + ¢ (f; (x) — £ (x)),
fi ~f.

It remains to verify the last assertion of the lemma. Since [f] is an open set, there exists g € [f] N
C? (Q; ]R"). If y is a regular value of g, leave g unchanged. Otherwise, let

S={xe€Q:det Dg(x) =0}

and pick & > 0 small enough that B (y,26) N g (99Q) = 0. By Sard’s lemma, g (5) is a set of measure zero
and so there exists y € B (y,d) \ g (5). Thus y is a regular value of g. Now define g1 (x) =g (x) +y-y. It
follows that g1 (x) =y if and only if g (x) = ¥ and so, since Dg (x) = Dg; (x), y is a regular value of g;.
Then for t € [0, 1] and x € 012,

g (x)+t(g (%) —g(x) —yl=lg(x) —yl—tly-y[>26-16 > >0.
It follows g1 ~ g and so gy ~ f. This proves the lemma since y is a regular value of g;.

Definition 16.8 Let g € Uy, N C? (ﬁ; R”) and let y be a regular value of g. Then

d(g,Qy) = Z {sign(det Dg (x)) :x g™ ' (y)}, (16.3)

d(g,Qy)=0ifg ' (y) =0, (16.4)



280 BROUWER DEGREE

and if f € Uy,
d(f,Q,y) =d(g,y) (16.5)

where g € [f] N C? (ﬁ; R”) , and 'y is a reqular value of g. This number, denoted by d (f,€,y) is called the
degree or Brouwer degree.

We need to verify this is well defined. We begin with the definition, (16.3). We need to show that the
sum is finite.

Lemma 16.9 When y is a reqular value, the sum in (16.3) is finite.

Proof: This follows from the inverse function theorem because g=! (y) is a closed, hence compact subset
of © due to the assumption that y ¢ g (0€2). Since y is a regular value, it follows that det (Dg (x)) # 0 for
each x € g~ (y). By the inverse function theorem, there is an open set, Uy, containing x such that g is
one to one on this open set. Since g~! (y) is compact, this means there are finitely many sets, Ux which
cover g1 (y), each containing only one point of g=! (y) . Therefore, this set is finite and so the sum is well
defined.

A much more difficult problem is to show there are no contradictions in the two ways d (f,Q,y) is defined
in the case when f € C? (ﬁ; R”) and y is a regular value of f. We need to verify that if gg ~ gy for

g € C? (Q;R") and y a regular value of g;, it follows that d (g1, Q,y) = d(g2,Q,y) under the conditions of
(16.3) and (16.4). To aid in this, we give the following lemma.

Lemma 16.10 Suppose k ~ 1. Then there exists a sequence of functions of Uy,
{gl};i1 )

such that g; € C? (ﬁ; ]R") , Y is a reqular value for g;, and defining go = k and g,,+1 =1, there exists § > 0
such that fori=1,---,m + 1,

B(y,8) N (tgi+ (1 —t)gi—1) (0Q) =0, for allt € [0,1]. (16.6)

Proof: Let h: Q x [0,1] — R™ be a function which shows k and 1 are equivalent. Now let 0 = tq < t; <
-+ + <ty =1 be such that

(i) —h(tioa)ll <9 (16.7)
where § > 0 is small enough that

B (y,8) nh (99 x [0,1]) = 0. (16.8)

Now for i € {1,---,m}, let g; € Uy N C? (;R"™) be such that
llgi —h ()]l <0 (16.9)
This is possible because C? (Q;R") is dense in C (€;R™) from Corollary 16.3. If y is a regular value for g;,
leave g; unchanged. Otherwise, using Sard’s lemma, let ¥ be a regular value of g; close enough to y that
the function, g; = g; + y— y also satisfies (16.9). Then g; (x) = y if and only if g; (x) = y. Thus y is a

regular value for g; and we may replace g; with g; in (16.9). Therefore, we can assume that y is a regular
value for g; in (16.9). Now from this construction,

|lgi — gi-1lloe < llge —h (-, t:)ll

+Hlh(t) —h(tim)|l + g1 —h(,tio1)|] < 36.
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Now we verify (16.6). We just showed that for each x € 99,

gi (x) € B(gi—1(x),39)

and we also know from (16.8) and (16.9) that for any j,

—lg; (x) —h(x,t;)| + [h(x,t;) — ¥
85— =T70.

g5 (x) — ¥

(AVARLYS

Therefore, for x € 99,

ltgi (x) + (1 —t)gi—1 (x) —y| = |gi—1 (%) + (g (x) — gi—1 (X)) — V|

> 70 —t|g (x) —gi—1 (x)| > 76 —t30 > 40 > 0.

This proves the lemma.
We make the following definition of a set of functions.

Definition 16.11 For each € > 0, let
¢, € CX(B(0,¢)),¢. >0, /(badx =1

Lemma 16.12 Let g € Uy, N C? (ﬁ; R") and let'y be a regular value of g. Then according to the definition
of degree given in (16.3) and (16.4),

d(g,2y) /qbg v) det Dg (x) dz (16.10)

whenever ¢ is small enough. Also'y + v is a reqular value of g whenever |v| is small enough.

Proof: Let the points in g=* (y) be {x;}!", . By the inverse function theorem, there exist disjoint open
sets, U;,x; € Uy, such that g is one to one on U; with det (Dg (x)) having constant sign on U; and g (U;) is
an open set containing y. Then let € be small enough that

B(y,e) € NiZ.g (Ui)

and let V; = g7 (B (y,¢)) N U;. Therefore, for any ¢ this small,

/¢> y) det Dg (x d:z:_Z/ . ( — y)det Dg (x) dz

The reason for this is as follows. The integrand is nonzero only if g (x) —y € B (0,¢) which occurs only
if g (x) € B (y,¢e) which is the same as x € g~ (B (y,¢)). Therefore, the integrand is nonzero only if x is
contained in exactly one of the sets, V;. Now using the change of variables theorem,

Z/ (z)det Dg (g7 (y + 2)) |det Dg ™" (y + 2)| dz
i=1 v 8(Vi)— y

By the chain rule, I = Dg (g™! (y +z)) Dg™' (y + z) and so

det Dg (g~ ' (y +2)) |[det Dg™" (y +z)| = sign (det Dg (g™ (y +2)))
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= sign (det Dg (x)) = sign (det Dg (x;)) .

Therefore, this reduces to

> sign (det Dg () [ o () s =

=1
“sign (det Dg (x))) | . (z)dz =Y sign (det Dg (x;)).
;blgn et Dg (x /B(o,a) z)dz ;&gn et Dg (x

In case g~* (y) = 0, there exists € > 0 such that g () N B (y,e) = 0 and so for ¢ this small,

/¢ v) det Dg (x) dz = 0.

The last assertion of the lemma follows from the observation that g(S) is a compact set and so its
complement is an open set. This proves the lemma.

Now we are ready to prove a lemma which will complete the task of showing the above definition of the
degree is well defined. In the following lemma, and elsewhere, a comma followed by an index indicates the
partial derivative with respect to the indicated variable. Thus, f; will mean aanj.

Lemma 16.13 Suppose f,g are two functions in C? (ﬁ; ]R”) and
B(y,e)N (1 —t)f +tg) (09Q) =0 (16.11)
for allt € [0,1]. Then
/ 6. ( v) det (DFf (x)) dz = / 6. (g (x) — y) det (Dg (x)) da. (16.12)
Proof: Define for ¢ € [0,1],
E/qua(f—y—&—t(g—f))det(D(f—i—t(g—f)))dx.

Then if £ € (0,1),

/Z% Sy g x) — (X))
(9o (%) — fa (x))det D (£ + £ (g — £)) da
o E—yree-1)-

> detD(f+t(g—1)) o, (ga — fa) jdz=A+B.

a,j

In this formula, the function det is considered as a function of the n? entries in the n x n matrix. Now as in
the proof of Lemma 16.4,

det D(f+t(g— 1)) ,; = (cof D(f+t(g —1))),;
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and so

B [ S o.t-y+te-1):

(cof D (f+t (g — )0y (9o = fa) ; da.
By hypothesis

x —=¢. (f(x) -y +1(g (x) = (%)) (cof D (f (x) + (g (%) —f (x))))o;
is in C} (Q) because if x € 99, it follows by (16.11) that
f(x) -y +t(g(x)—f(x)) ¢ B(0,¢).

Therefore, we may integrate by parts and write

B—/Q;;ff%ws(fwt(gf)»'
(cof D (£+t (g — £))).; (g — fo) da +

— /Q S 6. (f—y+t(g—1f)) (cof D(f+t(g— 1))y, (9o — fo) da.
a
The second term equals zero by Lemma 16.4. Simplifying the first term yields

B [V Yooy rtle-t):
@ G o5
(fig + (05,5 F5.5)) (cof D (F+1 (&~ 1)) (g0 — fo) do

= [ Y b £y e D) s et (D (1 (g~ ) (50 — o)
o B

T /Q D tbea(t—y +t(g—1))det (D (£+t (g~ 1)) (90 — fo) dz = —A.

Therefore, H' (t) = 0 and so H is a constant. This proves the lemma.
Now we are ready to prove that the Brouwer degree is well defined.

Proposition 16.14 Definition 16.8 is well defined.

Proof: We only need to verify that for k,1 € Uy k ~1, k,1 € C? (ﬁ; R”) , and y a regular value of k, 1,
d(k,Q,y) =d(1,Q,y) as given in the first part of Definition 16.8. Let the functions, g;, i = 1,---,m be as
described in Lemma 16.10. By Lemma 16.8 we may take £ > 0 small enough that equation (16.10) holds for
g =k, 1. Then by Lemma 16.13 and letting go = k, and g,,+1 =1,

/ 6. (g (x) — y) det Dg; (x) dz = / 6. (g1 (x) — y) det Dgi_; (x) da
Q Q

fori=1,---,m+ 1. In particular d (k,Q,y) = d(1,Q,y) proving the proposition.
The degree has many wonderful properties. We begin with a simple technical lemma which will allow us
to establish them.
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Lemma 16.15 Let y1¢ £ (0Q). Then d(f,Q,y1) = d(f,Q,y) whenever y is close enough to yi. Also,
d(£,Q,y) equals an integer.

Proof: It follows immediately from the definition of the degree that
d(f,Q,y)

is an integer. Let g € C? (ﬁ; R”) for which y; is a regular value and let h : Q x [0,1] — R"™ be a continuous
function for which h(x,0) = f(x) and h(x,1) = g(x) such that h(99Q,t) does not contain y; for any
t €10,1]. Then let £; be small enough that

B (y1,€1) N h(@Q X [0, 1]) = (Z)

From Lemma 16.12, we may take € < £; small enough that whenever |v| < e, y; + v is a regular value of g
and

d(g,Qy1) = Z {sign Dg (x) :x € g™ (y1)}

:Z{sign Dg(x):xecg (v +V)} =d(g,y1+v).

The second equal sign above needs some justification. We know g~! (y1) = {X1,- - -, X, } and by the inverse
function theorem, there are open sets, U; such that x; € U; C (2 and g is one to one on U; having an inverse
on the open set g (U;) which is also C2. We want to say that for |v| small enough, g~* (y1 +v) C UJ, U;.
If not, there exists vy — 0 and

zreg ' (yi+vi)\ Uit Ui
But then, taking a subsequence, still denoted by z; we could have z, — z ¢ UL, U and so
g(z) = lim g(z) = lim (y1+ vi) =yu,
k—oo k—oo

contradicting the fact that g=! (y;) C UYL, U;. This justifies the second equal sign.
For the above homotopy of f and g, if x € 99,
h(x,t) — (y1 + V)| > |h(x,t) —y1| — |v| >e1 —e > 0.
Therefore, by the definition of the degree,
d(f,Q,y) =d(g,Qy) =d(gQyi+v) =d(f, Q0 yi+v).

This proves the lemma.
Here are some important properties of the degree.

Theorem 16.16 The degree satisfies the following properties. In what follows, id (x) = x.
1. d(id,Q,y) =1 if y € Q.

2. If Q; € Q,Q; open, and QN Qe = 0 and if y ¢ f(ﬁ\ (0 UQQ)), then d (£,Q1,y) + d(f,Qa,y) =
d(f,Qy).

8. Ify ¢ £(Q\ ) and Q; is an open subset of Q, then

d(f,Q,y) = d(fﬂglay) .
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4. d(£,9,y) #0 implies £~ (y) # 0.
5. If £,g are homotopic with a homotopy, h : Q x [0,1] for which h(0Q,t) does not contain y, then
d(gfy) =d(f,y).
6. d(-,Q,y) is defined and constant on
{g € C(Q;R") g — £l < 7'}
where r = dist (y, f (092)) .
7. d(f,Q,-) is constant on every connected component of R™ \ £ (99).

Proof: The first property follows immediately from the definition of the degree.
To obtain the second property, let § be small enough that

Next pick g € C? (ﬁ; R") such that ||f —g||., < J. Letting y1 be a regular value of g with |y; —y| < 0,
and defining g; (x) = g(x) +y —y;, we see that ||g —g;||,, < 0 and y is a regular value of g;. Then if
x € O\ (21 UQy), it follows that for ¢t € [0,1],

£(x) + £ (g1 (%) — £ (x)) —y| > [£ () = y| — t[lg1 — £l >36 25> 0

and so g1 (2 (21 UQy)) does not contain y. Hence g; ' (y) € Q1 UQs and g1 ~ f. Therefore, from the
definition of the degree,

d(f,Q,Y) = d(gagvy):d<g7917y)+d(g7927y)
= d(f7ﬂl7y)+d(f7927y)

The third property follows from the second if we let Q5 = (). In the above formula, d (g, Qs,y) = 0 in this
case.

Now consider the fourth property. If f=! (y) = (), then for § > 0 small enough, B (y,35)Nf (ﬁ) = (). Let
g be in C? and ||f — g||, < with y a regular point of g. Then d (f,Q,y) = d(g,Q,y) and g~* (y) =0 so
d(g,Q,y)=0. -

From the definition of degree, there exists k € C? ( ;R") for which y is a regular point which is
homotopic to g and d (g,Q,y) = d (k,Q2,y). But the property of being homotopic is an equivalence relation
and so from the definition of degree again, d (k,Q,y) = d (f,Q2,y) . This verifies the fifth property.

The sixth property follows from the fifth. Let the homotopy be

h(x,t) =f(x) +1(g(x) —f(x))
for t € [0,1]. Then for x € 09,
h(x,t) —y| > [f(x) —y| - tllg —fl[, >r—r=0.

The seventh property follows from Lemma 16.15. The connected components are open connected sets.
This lemma implies d (£f, €2, ) is continuous. However, this function is also integer valued. If it is not constant
on K, a connected component, there exists a number, r such that the values of this function are contained
in (—oo,r) U (r,00) with the function having values in both of these disjoint open sets. But then we could
consider the open sets A={ze€ K :d(f,Q,z) >r} and B={z€ K :d(f,Q,2) <r}. Now K = AU B and
we see that K is not connected.

The last property results from the homotopy

h(x,t)=f(x)+t(g(x)—f(x)).

Since g = f on 01, it follows that h (9€,t) does not contain y and so the conclusion follows from property
5.
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Definition 16.17 We say that a bounded open set, ) is symmetric if —Q0 = Q. We say a continuous
function, £ :Q — R™ is odd if £ (—x) = —f (x).

Suppose € is symmetric and g € C? ( Q; R") is an odd map for which 0 is a regular point. Then the
chain rule implies Dg (—x) = Dg (x) and so d (g, ©2,0) must equal an odd integer because if x € g~! (0), it
follows that —x € g~! (0) also and since Dg (—x) = Dg (x), it follows the overall contribution to the degree
from x and —x must be an even integer. We also have 0 € g~! (0) and so we have that the degree equals an
even integer added to sign (det Dg (0)), an odd integer. It seems reasonable to expect that this would hold
for an arbitrary continuous odd function defined on symmetric ). In fact this is the case and we will show
this next. The following lemma is the key result used.

Lemma 16.18 Let g € C? ( Q; R”) be an odd map. Then for every € > 0, there exists h € C? ( Q; R”)
such that h is also an odd map, ||h —gl|| <€, and 0 is a reqular point of h.

Proof: Let hg(x) = g(x) + d0x where § is chosen such that det Dhy(0) # 0 and § < 5. Now let
Q2 = {xeQ:x; #0}. Define h; (x) = hg(x) — y12} where |y;| < 1 and y; is a regular value of the

function,

X — ho (?)X)
Ty
ho

for x € Q. Thus h; (x) = 0 if and only if y; =

<h0i,j (x) 2} — a%j (23) hoi (X)>

(x) Since is a regular value
mff . Y1 g )

det

6
Ty

implying that

det (hOi,j (X) — (l‘%) yli) = det (Dhl (X)) 7é 0.

dz;
We have shown that 0 is a regular value of hy on the set ;. Now we define hy (x) = h; (x) — y223 where
|y2] < n and y» is a regular value of

(%)

3
)

X

for x € Qy. Thus, as in the step going from hg to hy, for such x € hy ! (0),

0

det (hli,j (X) — 37 (37%) y2i> = det (Dhg (X)) 75 0.
J
Actually, det (Dhy (x)) # 0 for x € (Q; UQs) Nhy ' (0) because if x € (21 \ Q) Nhy' (0), then x5 = 0.
From the above formula for det (Dhz (x)), we see that in this case,
det (Dh2 (X)) = det (Dhl (X)) = det (hli,j (X)) .
We continue in this way, finding a sequence of odd functions, h; where
hiy (x) = h; (x) -y}

for |y;| < n and 0 a regular value of h; on U;Zlﬂj. Let h,, = h. Then 0 is a regular value of h for x € U7_,Q;.
The point of © which is not in U}_;€2; is 0. If x = 0, then from the construction, Dh (0) = Dhg (0) and so
0 is a regular value of h for x € €. By choosing 7 small enough, we see that ||h — g||, < e. This proves the
lemma.
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Theorem 16.19 (Borsuk) Let £ € C ( ;R™) be odd and let Q be symmetric with 0 ¢ £(9). Then
d(£,9Q,0) equals an odd integer.

Proof: Let § be small enough that B (0,35) Nf (92) = 0. Let
g1 € Cc? ( ﬁ; Rn)
be such that ||f —g,||,, < J and let g denote the odd part of g;. Thus

1

g(x) = (81(x) — g1 (-x)).

Then since f is odd, it follows that ||f — g||., < d also. By Lemma 16.18 there exists odd h € C? ( (;R™)
for which 0 is a regular value and ||h —g|| < 6. Therefore, ||[f —h||_, < 26 and from Theorem 16.16
d(£,9,0) = d(h,Q,0). However, since 0 is a regular point of h, h™' (0) = {x;, —x;,0}",, and since h
is odd, Dh(—x;) = Dh(x;) and so d (h,Q,0) = >"7" sign det (Dh (x;)) + > sign det (Dh (—x;)) + sign
det (Dh (0)), an odd integer.

16.3 Applications
With these theorems it is possible to give easy proofs of some very important and difficult theorems.

Definition 16.20 Iff: U C R™ — R”, we say f is locally one to one if for every x € U, there exists § > 0
such that £ is one to one on B (x,9).

To begin with we consider the Invariance of domain theorem.

Theorem 16.21 (Invariance of domain)Let 2 be any open subset of R™ and let £ : Q — R™ be continuous
and locally one to one. Then f maps open subsets of 2 to open sets in R™.

Proof: Suppose not. Then there exists an open set, U C  with U open but f (U) is not open . This
means that there exists yo, not an interior point of f (U) where yo = f (xq) for x¢ € U. Let B (xg,7) C U be
such that f is one to one on B (xg,7).

Let f (x) = f (x +x0) — yo. Then f : B(0,r) — R",f(0) = 0. If x € 9B (0,r) and t € [0,1], then

F(%—H) —'f<1—frxt> £0 (16.13)

because if this quantity were to equal zero, then since f is one to one on B (0,r), it would follow that

X _—tx

1+¢ 14t

which is not so unless x =0 ¢ 9B (0,r). Let h(x,t) = f(liﬂ) - f(;—f;) . Then we just showed that

0 ¢ h(0Q,t) for all t € [0,1]. By Borsuk’s theorem, d (h(1,-), B (0,r),0) equals an odd integer. Also by
part 5 of Theorem 16.16, the homotopy invariance assertion,

d(n(1,),B(0,r),0) =d(n(0,), B(0:),0) = d(f B (0,),0).

Now from the case where t = 0 in (16.13), there exists § > 0 such that B (0,8) Nf (9B (0,r)) = ). Therefore,
B (0,9) is a subset of a component of R \ f (0B (0,r)) and so

d (f,B (0,r) ,z) —d ('E,B (0,r) ,0) 40
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for all z € B (0,6) . It follows that for all z € B (0,6), £~ (z) N B (0,r) # 0. In terms of f, this says that for
all |z| < d, there exists x € B (0,r) such that

f(x+x9) —yo =2

In other words, f (U) D f (B (x¢,7)) 2 B (yo,0) showing that yq is an interior point of f (U) after all. This
proves the theorem..

Corollary 16.22 If n > m there does not exist a continuous one to one map from R™ to R™.

Proof: Suppose not and let £ be such a continuous map, f (x) = (f1 (x),- -, fm (x))” . Then let g (x) =
(f1(x), s fm (%),0,- -, O)T where there are n — m zeros added in. Then g is a one to one continuous map
from R™ to R™ and so g (R™) would have to be open from the invariance of domain theorem and this is not
the case. This proves the corollary.

Corollary 16.23 If f is locally one to one, f : R™ — R", and

lim |f (x)| = oo,

|x|—00
then £ maps R™ onto R™.

Proof: By the invariance of domain theorem, f (R™) is an open set. If f (x;) — y, the growth condition
ensures that {x;} is a bounded sequence. Taking a subsequence which converges to x € R™ and using the
continuity of f, we see that f (x) = y. Thus f (R") is both open and closed which implies f must be an onto
map since otherwise, R™ would not be connected.

The next theorem is the famous Brouwer fixed point theorem.

Theorem 16.24 (Brouwer fized point) Let B = B (0,7) C R™ and let f : B — B be continuous. Then there
exists a point, x € B, such that f (x) = x.

Proof: Consider h(x,t) = tf (x) — x for t € [0,1]. Then if there is no fixed point in B for f, it follows
that 0 ¢ h (0B,t) for all t. Therefore, by the homotopy invariance,

0=d(f-id,B,0)=d(—id, B,0) = (—-1)",
a contradiction.

Corollary 16.25 (Brouwer fized point) Let K be any convexr compact set in R™ and let £ : K — K be
continuous. Then £ has a fixed point.

Proof: Let B = B(0,R) where R is large enough that B O K, and let P denote the projection map
onto K. Let g : B — B be defined as g (x) = f (P (x)). Then g is continuous and so by Theorem 16.24 it
has a fixed point, x. But x € K and so x = (P (x)) =f (x).

Definition 16.26 We say f is a retraction of B(0,r) onto 0B (0,r) if f is continuous, £ (B (0,7")) C
OB (0,r), and f (x) = x for allx € 0B (0,r).
Theorem 16.27 There does not exist a retraction of B (0,r) onto 9B (0,7r).

Proof: Suppose f were such a retraction. Then for all x € 99, f (x) = x and so from the properties of
the degree,

1=d(id,Q,0) = d (£,9,0)
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which is clearly impossible because f~1 (0) = () which implies d (f,©,0) = 0.

In the next two theorems we make use of the Tietze extension theorem which states that in a metric
space (more generally a normal topological space) every continuous function defined on a closed subset of
the space having values in [a, b] may be extended to a continuous function defined on the whole space having

values in [a, b]. For a discussion of this important theorem and an outline of its proof see Problems 9 - 11 of
Chapter 4.

Theorem 16.28 Let Q) be a symmetric open set in R™ such that 0 €  and let £ : 0 — V' be continuous
where V' is an m dimensional subspace of R™,m < n. Then f (—x) = f (x) for some x € 0.

Proof: Suppose not. Using the Tietze extension theorem, extend f to all of €, f (Q) C V. Let g (x) =
f(x) —f(—x). Then 0 ¢ g (02) and so for some r > 0, B (0,r) CR™\ g (09). For z € B(0,r),

d(g,0z)=d(g,20)#0

because B (0,r) is contained in a component of R™\ g (092) and Borsuk’s theorem implies that d (g, {2,0) # 0
since g is odd. Hence

V2g()2B(0,r)
and this is a contradiction because V is m dimensional. This proves the theorem.
This theorem is called the Borsuk Ulam theorem. Note that it implies that there exist two points on

opposite sides of the surface of the earth that have the same atmospheric pressure and temperature. The
next theorem is an amusing result which is like combing hair. It gives the existence of a “cowlick”.

Theorem 16.29 Let n be odd and let Q) be an open bounded set in R™ with 0 € . Suppose f : 90 — R™\ {0}
is continuous. Then for some x € 0Q and A # 0, f (x) = Ax.

Proof: Using the Tietze extension theorem, extend f to all of . Suppose for all x € 99, f (x) # Ax for
all A € R. Then

0¢tf(x)+(1—t)x, (x,) € IQ x [0,1]

0¢tf(x)—(1—-1t)x, (x,t) € 92 x [0,1].
Then by the homotopy invariance of degree,
d(£,9,0) =d(id,Q,0), d(f,92,0) = d(—id,2,0).

But this is impossible because d (id, Q,0) = 1 but d (—id,,0) = (—1)" . This proves the theorem.

16.4 The Product formula and Jordan separation theorem

In this section we present the product formula for the degree and use it to prove a very important theorem
in topology. To begin with we give the following lemma.

Lemma 16.30 Letyy, -y, be points not in f (0Q) . Then there exists £ € C2 (ﬁ; R”) such that Hf' — fH <

0 and y; is a reqular value for f for each i.
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Proof: Let f, € C? (ﬁ; R”), l|fo — £ 5 For So the singular set of fy, pick y; such that y; ¢
£o (So) -(¥1 is a regular value of fy) and |y; — y1| < 3= Let f; (x) = fo (x) + y1 — ¥1. Thus y; is a regular
value of f; and

1) )
[[f —f1]l o < [If —foll o + [lfo — ful[ < 3 T g

Letting S; be the singular set of f1, choose y2 such that |y2 — y2| <3 and
y2 i (51) U (f1 (1) +y2 —y1)-
Let f5 (x) = f3 (x) + y2 — ¥2. Thus if f5 (x) = y1, then
fi (%) +y2—y1 =¥
and so x ¢ S7. Thus y; is a regular value of f5. If f5 (x) = y2, then
y2=fi (x) +y2 —

and so f; (x) = y2 implying x ¢ S; showing det Dfs (x) = det Df; (x) # 0. Thus y; and y» are both regular
values of f; and

12 = £[| o < (12— 1l + [|f1 — £]

l\9|04

<2 0y
3r 3
We continue in this way. Let f= f.. Then H? — fH < g + g < ¢ and each y; is a regular value of f.
Definition 16.31 Let the connected components of R™ \ f (0Q) be denoted by K;. We know from the prop-

erties of the degree that d (f,€,-) is constant on each of these components. We will denote by d (f, 9, K;)
the constant value on the component, K;.

Lemma 16.32 Let f € C (Q;R"),g € C*(R",R"), and y ¢ g(f (09)). Suppose also that y is a regular
value of g. Then we have the following product formula where K; are the bounded components of R™\ f (0Q) .

d(gof,Qy) = Zd (f,Q,K;)d (g, Ki,y).

Proof: First note that if K; is unbounded, d(f,Q, K;) = 0 because there exists a point, z € K; such
that £~1(z) = 0 due to the fact that f (Q) is compact and is consequently bounded. Thus it makes no
difference in the above formula whether we let K; be general components or insist on their being bounded.

Let {x} } denote the point of g~! (y) which are contained in K;, the ith component of R™ \ f (09) . Note

also that g 1 (y) Nf(Q) is a compact set covered by the components of R™ \ f (9€) and so it is covered by
finitely many of these components. For the other components, d (f,Q, K;) = 0 and so this is actually a finite
sum. There are no convergence problems. Now let € > 0 be small enough that

B(y,3¢) Ng(f(092)) =0,

and for each xj» cg! (y)

B (x},3¢) N £ (09) = 0.



16.4. THE PRODUCT FORMULA AND JORDAN SEPARATION THEOREM 291

Next choose > 0 small enough that § < ¢ and if z; and z, are any two points of f (ﬁ) with |z; — 22| < 4,
it follows that |g (z1) — g (z2)| < e.

Now choose f € C2 (ﬁ; R”) such that H?f fH < ¢ and each point, X;‘ is a regular value of f. From

the properties of the degree we know that d (f,, K;) = d (f7 Q,X;) for each j =1,---,m;. For x € 002, and
te[0,1],

>3 —te >0

‘f(x) +t (F(x) —f(x)> —x

and so
d (?, Q,xj.) —d(£,Q,x)) = d(f,Q, K,) (16.14)

independent of j. Also for x € 9Q, and ¢ € [0, 1],

’g(f(x))ﬂ(g (f(X)) *g(f(X))> fy’ >3 —te >0
and so

d(gof,Qy)=d (gof,fz,y). (16.15)

3 Ky - , ~ .
Now let {uf} " be the points of (x3) . Therefore, k;j < oo because £~ (x}) C Q, a bounded open
1

set. It follows from:(16.15) that

d(gof,Qy)=d (goiQ,y)

o m; kij

55 e £ o) s 7 o)

i=1 j=1 =1
=30 det D ) (Fox) = S (g, Kiy)d (F.0.xi)
i=1 j=1 ]

o

d (g7Ki7y) d(fa Q7Ki) .

i=1

With this lemma we are ready to prove the product formula.

Theorem 16.33 (product formula) Let {K;};2, be the bounded components of R"\f (0Q) for f € C (;R"),
let g € C(R™,R™), and suppose that'y ¢ g (f (092)). Then

oo

d(gof,Qy) =) d(g Ky,y)d(f,Q K,). (16.16)
=1

Proof: Let B (y,35) Ng (f (09Q)) =0 and let g € C? (R",R") be such that

sup{|g(z) —g(z)|:z€f(Q)} <o
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And also y is a regular value of g. Then from the above inequality, if x € 9Q and ¢ € [0,1],
g (f(x) +1(g(f(x))—g(f(x) —yl=35-1>0.

It follows that

d(gof,Qy)=d(gof,Qy). (16.17)
Now also, 0K; C £ (09Q) and so if z € 0K, then g (z) € g (f (092)) . Consequently, for such z,

lg(z) +t(g(z) —g(z) —yl=g(z) —y| —t6 >35—t0 >0
which shows that
d(g,K;y) =d(g Kiy). (16.18)

Therefore, by Lemma 16.32,

d(gof,Qy)=d(gof,Qy) Zd g Ki.,y)d(f,Q K,

i d(g Ki,y)d(f,Q,K;).

This proves the product formula. Note there are no convergence problems because these sums are actually
finite sums because, as in the previous lemma, g=* (y) N f (ﬁ) is a compact set covered by the components
of R™ \ f(99Q) and so it is covered by finitely many of these components. For the other components,
d(f,Q,K;)=0.

With the product formula is possible to give a fairly easy proof of the Jordan separation theorem, a very
profound result in the topology of R™.

Theorem 16.34 (Jordan separation theorem) Let £ be a homeomorphism of C and f(C) where C is a
compact set in R™. Then R™\ C and R™ \ f (C) have the same number of connected components.

Proof: Denote by K the bounded components of R™ \ C' and denote by £, the bounded components of
R™ \ f£(C). Also let f be an extension of f to all of R” and let f~1 denote an extension of ! to all of R™.
Pick K € K and take y € K. Let H denote the set of bounded components of R \ f (0K) (note 0K C C).
Since f~1 o f equals the identity, id, on AK, it follows that

—d(id,K,y) =d (leof,K,y) .
By the product formula,

1:d<fjof7[{’y) = d(?,K,H)d(fj,H,Y)7
HeH

the sum being a finite sum. Now letting x € L € L, if S is a connected set containing x and contained
in R™\ £(C), then it follows S is contained in R™ \ f (0K) because 9K C C. Therefore, every set of L is
contained in some set of H. Letting Gy denote those sets of £ which are contained in H, we note that

H\UGy C£(0).
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This is because if z ¢ UGy, then z cannot be contained in any set of £ which has nonempty intersection
with H since then, that whole set of £ would be contained in H due to the fact that the sets of H are
disjoint open set and the sets of £ are connected. It follows that z is either an element of f (C') which would
correspond to being contained in none of the sets of £, or else, z is contained in some set of £ which has
empty intersection with H. But the sets of £ are open and so this point, z cannot, in this latter case, be
contained in H. Therefore, the above inclusion is verified.

Claim: y ¢ f~' (H\UGy).

Proof of the claim: If not, then f~1 (z) = y where z € H \ UGy C f (C) and so f~' (z) =y € C. But
y ¢ C and this contradiction proves the claim.

Now every set of £ is contained in some set of H. What about those sets of H which contain no set of L7

From the claim, y ¢ -1 (ﬁ) and so d (le, H, y) = 0. Therefore, letting H; denote those sets of H which

contain some set of L, properties of the degree imply

1=y d(f,K,H)d(F,H,y): S dE K H) S d(le,L,y)

HeH, HeHy LeGu

-y Zd(f,K,L)d(le,L,y) Y d(fK.L) ( Ly)

HeH, LeGn LeL

- Zd(?,K,L)d(le,L,y) - Zd(f,K,L)d(le,L,K)

LeL LeL
and each sum is finite. Letting |K| denote the number of elements in K,
K=Y Zd(?,K,L)d(F,L,K) .
KeK LeL

By symmetry, we may use the above argument to write

=5 S d(f K L)d (f*l,L,K).

LeL KeK

It follows || = |£] and this proves the theorem because if n > 1 there is exactly one unbounded component
and if n = 1 there are exactly two.

16.5 Integration and the degree

There is a very interesting application of the degree to integration. Recall Lemma 16.12. We will use
Theorem 16.16 to generalize this lemma next. In this proposition, we let ¢, be the mollifier of Definition
16.11.

Proposition 16.35 Let g € Uy, N C* (ﬁ; R”) then whenever € > 0 s small enough,

d(g,y)= /¢ y) det Dg (x) dz.

Proof: Let ¢g > 0 be small enough that

B (y,3¢0) N g (092) = 0.
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Now let v,,, be a mollifier and let

8m = ¥y,
Thus g, € C* (ﬁ; R”) and
|lgm — &llo + [1Dgm — Dgll,, — 0 (16.19)
as m — 00. Choose M such that for m > M,
llgm — 8l < €o- (16.20)

Thus g, € Uy, N C? (ﬁ; R”)
Letting z € B (y,¢) for € < g¢, and x € 99,

(1 —t) gm (%) + & (x)t — 2| = (1 — 1) [gm (%) — 2| +t|gk (x) — 2|

V

(1-1)g(x) —z[+|g(x) —2[ -2
g (%) — 2| — <0

> lg(x)—yl-ly—zl-2

> 3eg—eg—€g=¢€0>0

showing that B (y,e) N ((1 —t) gm + tgk) (02) = 0. By Lemma 16.13

/Q - (8m (%) —y) det (Dgp, (x)) dx =

/Q 6. (g (x) — y) det (D (x)) da (16.21)

for all k,m > M.
We may assume that y is a regular value of g, since if it is not, we will simply replace g, with g,,
defined by

gm (X) = 8m (%) — (y-Y)

where y is a regular value of g chosen close enough to y such that (16.20) holds for g, in place of g,,. Thus
Em (x) =y if and only if g,,, (x) =¥ and so y is a regular value of g,,. Therefore,

A(3-00m) = [ 0. (&0 () = y)det (D () d (16.22)
for all € small enough by Lemma 16.12. For x € 99, and ¢ € [0,1],

[(1—1) g (x) + tgm (%) — ¥ (1=1)lg(x) -yl +tlgm(x) -l

>
> (1-t)[gx)—yl+tlg(z)—yl—<o
> 3e9g—¢€90>0

and so by Theorem 16.16, and (16.22), we can write

d(Y7Qa g) = d(Yagvgm) =
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/Q 6. (8m (X) — y) det (Dgy (x)) d

whenever ¢ is small enough. Fix such an ¢ < g9 and use (16.21) to conclude the right side of the above
equations is independent of m > M. Then let m — oo and use (16.19) to take a limit as m — oo and
conclude

d(y,Q,g) = lim Qaﬁs (8m (x) —y)det (Dgy, (x)) dx
- /Q 6. (8(x) — y) det (Dg (x)) dz.

This proves the proposition.

With this proposition, we are ready to present the interesting change of variables theorem. Let U be a
bounded open set with the property that U has measure zero and let f € C* (U;R") . Then Theorem 11.13
implies that f (OU) also has measure zero. From Proposition 16.35 we see that for y ¢ £ (0U),

d(y,U,f) = liH(l) ¢ (f (x) —y) det Df (x) d,
E— U
showing that y —d (y, U, f) is a measurable function. Also,
y —>/ ¢ (£ (x) —y) det Df (x) dx (16.23)
U

is a function bounded independent of € because det Df (x) is bounded and the integral of ¢, equals one.
Letting h € C. (R™), we can therefore, apply the dominated convergence theorem and the above observation
that f (OU) has measure zero to write

[ra gy =1tim [ 1) [ 6,860~ y) det DE () dedy.
E— U
Now we will assume for convenience that ¢, has the following simple form.
1 X
o (x) = 5_"¢ (g)

where the support of ¢ is contained in B (0,1), ¢ (x) > 0, and [ ¢ (x)dz = 1. Therefore, interchanging the
order of integration in the above,

[r@d ety = tim [ deeDteo [hy)e. 00 - y)duds

Now

/Udet Df (x) /13(0,1) h(f (x) — eu) ¢ (u) dudx — / det Df (x) b (f (x)) dz| =

U

/ det Df (x)/ h(f (x) — eu) ¢ (u) dudz—
U

B(0,1)
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<

/ det Df (x) / h(f (x)) ¢ (u) dudx
U B(0,1)

/ / det DF (x) |h (F (x) — eu) — h (£ (x))| do (w) du
B(o,1) JU

By the uniform continuity of h we see this converges to zero as ¢ — 0. Consequently,

[rwas v = b [ aeDte) [hi)e. €60 - y)dyds

e—0 Juy
= / det Df (x) h (f (x)) dz
U
which proves the following lemma.

Lemma 16.36 Let h € C. (R™) and let f € C* (U;R™) where OU has measure zero for U a bounded open
set. Then everything is measurable which needs to be and we have the following formula.

/h(y)d(y,U,f)dy:/Udeth(x)h(f(x))dx.

Next we give a simple corollary which replaces C. (R") with L (R").

Corollary 16.37 Let h € L™ (R") and let £ € C* (U; R”) where OU has measure zero for U a bounded
open set. Then everything is measurable which needs to be and we have the following formula.

/ h(y)d(y, U, ) dy /U det DF (x) h (£ (x)) da.

Proof: For all y ¢ f(0U) a set of measure zero, d(y,U,f) is bounded by some constant which is
independent of y ¢ U due to boundedness of the formula (16.23). The integrand of the integral on the
left equals zero off some bounded set because if y ¢ f (U),d(y,U,f) = 0. Therefore, we can modify h
off a bounded set and assume without loss of generality that h € L> (R™) N L' (R"). Letting hy be a
sequence of functions of C, (R™) which converges pointwise a.e. to h and in L' (R"), in such a way that
|hie (y)] < ||h]| o, + 1 for all x,

|det DF (x) by, (£ (x))] < |det DFf (x)| ([|7]|c +1)

and

/ |det Df (x)| (||R|], + 1) dz < o0
U

because U is bounded and h € L% (R™). Therefore, we may apply the dominated convergence theorem to
the equation

/ he (y) d (y, U, £) dy = /U det DF (x) hy (£ (x)) dz

and obtain the desired result.



Differential forms

17.1 Manifolds

Manifolds are sets which resemble R™ locally. To make this more precise, we need some definitions.

Definition 17.1 Let X CY where (Y, ) is a topological space. Then we define the relative topology on X
to be the set of all intersections with X of sets from 7. We say these relatively open sets are open in X.
Similarly, we say a subset of X is closed in X if it is closed with respect to the relative topology on X.

We leave as an easy exercise the following lemma.

Lemma 17.2 Let X and Y be defined as in Definition 17.1. Then the relative topology defined there is a
topology for X. Furthermore, the sets closed in X consist of the intersections of closed sets from Y with X.

With the above lemma and definition, we are ready to define manifolds.

Definition 17.3 A closed and bounded subset of R™, Q, will be called an n dimensional manifold with bound-
ary if there are finitely many sets, U;, open in 0 and continuous one to one functions, R; : U; — R;U; C R"
such that R; and Ri_1 both are continuous, R;U; is open in R = {u eR™:ul < O} , and Q = UY_ U;. These
mappings, R;,together with their domains, U;, are called charts and the totality of all the charts, (U;, R;) just
described is called an atlas for the manifold. We also define int () = {x € Q: for some i, R;x € R} where
R2 = {ueR":u' <0}. We define 9Q = {x € Q: for some i,R;x € R}} where R§ = {u e R" : u! =0}
and we refer to 02 as the boundary of 2.

This definition is a little too restrictive. In general we do not require the collection of sets, U; to be
finite. However, in the case where €2 is closed and bounded, we can always reduce to this because of the
compactness of ) and since this is the case of most interest to us here, the assumption that the collection of
sets, U, is finite is made.

Lemma 17.4 Let 0Q and int (Q) be as defined above. Then int () is open in £ and 08 is closed in ).
Furthermore, 0Q Nint () = 0, Q = QU int (Q), and 0Q is an n — 1 dimensional manifold for which
9 (0Q) = 0. In addition to this, the property of being in int () or AN does not depend on the choice of atlas.

Proof: It is clear that Q = 0QUint (2) . We show that 9Q Nint (Q) = (). Suppose this does not happen.
Then there would exist x € 9Q Nint (). Therefore, there would exist two mappings R; and R; such that
R;x € R and R;x € R with x € U; N U;. Now consider the map, R o Ri_l, a continuous one to one map
from RZ to RZ having a continuous inverse. Choosing r > 0 small enough, we may obtain that

R;'B(R;x,r) CU;NU;.

Therefore, Rj o R; ! (B (Rix,r)) C RZ and contains a point on Rf. However, this cannot occur because it
contradicts the theorem on invariance of domain, Theorem 16.21, which requires that R; o R; ! (B (Rix,r))

297
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must be an open subset of R™. Therefore, we have shown that 9Q Nint(Q) = @ as claimed. This same
argument shows that the property of being in int (2) or 9Q does not depend on the choice of the atlas. To
verify that 0 (92) = 0, let Py : R®™ — R"~! be defined by Py (uy,- -, u,) = (uz,- - -, u,) and consider the
maps P1R; — ke, where k is large enough that the images of these maps are in szl. Here e; refers to R" 1.

We now show that int (£2) is open in Q. If x € int (), then for some ¢, R;x € RZ and so whenever, r > 0
is small enough, B (R;x,r) C RZ and R; ' (B (R;x,r)) is a set open in  and contained in U;. Therefore,
all the points of R; ' (B (R;x,r)) are in int () which shows that int () is open in Q as claimed. Now it
follows that 0 is closed because 92 = Q \ int ().

Definition 17.5 Let V C R™. We denote by C* (V; Rm) the set of functions which are restrictions to V' of
some function defined on R™ which has k continuous derivatives and compact support.

Definition 17.6 We will say an n dimensional manifold with boundary, 2 is a C* manifold with boundary
for some k > 1 if Rj o Ri_1 cCk (Ri (U;N Uj);R") and Ri_1 cCk (Rl-Ui;Rm) . We say Q is orientable if
in addition to this there exists an atlas, (Uy,R,), such that whenever U; N U; # 0,

det (D (RjoR; ")) (u) >0 (17.1)

whenever u € R; (U; NU;). The mappings, R; o Rj_1 are called the overlap maps. We will refer to an atlas
satisfying (17.1) as an oriented atlas. We will also assume that if an oriented n manifold has nonempty
boundary, then n > 2. Thus we are not defining the concept of an oriented one manifold with boundary.

The following lemma is immediate from the definitions.

Lemma 17.7 If Q is a C* oriented manifold with boundary, then OS2 is also a C* oriented manifold with
empty boundary.

Proof: We simply let an atlas consist of (V,.,S,.) where V,. is the intersection of U, with 92 and S, is of
the form

ST (X) = Per (X) — k;rel
(U/Q - kT7 t '7un)

where P, is defined above in Lemma 17.4, e; refers to R®~! and k, is large enough that for all x € V;,, S, (x) €
R

When we refer to an oriented manifold, §2, we will always regard 9f2 as an oriented manifold according
to the construction of Lemma 17.7.

The study of manifolds is really a generalization of something with which everyone who has taken a
normal calculus course is familiar. We think of a point in three dimensional space in two ways. There is a
geometric point and there are coordinates associated with this point. Remember, there are lots of different
coordinate systems which describe a point. There are spherical coordinates, cylindrical coordinates and
rectangular coordinates to name the three most popular coordinate systems. These coordinates are like
the vector u. The point, x is like the geometric point although we are always assuming x has rectangular
coordinates in R™ for some m. Under fairly general conditions, it has been shown there is no loss of generality
in making such an assumption and so we are doing so.

17.2 The integration of differential forms on manifolds

In this section we consider the integration of differential forms on manifolds. This topic is a generalization of
what you did in calculus when you found the work done by a force field on an object which moves over some
path. There you evaluated line integrals. Differential forms are just a generalization of this idea and it turns
out they are what it makes sense to integrate on manifolds. The following lemma, used in establishing the
definition of the degree and proved in that chapter is also the fundamental result in discussing the integration
of differential forms.
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Lemma 17.8 Let g: U — V be C? where U and V are open subsets of R™. Then

n

Z (Cof<Dg))ij,j =0,

j=1
where here (Dg)ij =gij= 99:

= o,

We will also need the following fundamental lemma on partitions of unity which is also discussed earlier,
Corollary 12.24.

Lemma 17.9 Let K be a compact set in R™ and let {U;};2, be an open cover of K. Then there exists
functions, ¢, € C° (U;) such that ; < U; and

The following lemma will also be used.

Lemma 17.10 Let {i1, -+, in} C{1,---,m} and let R € C* (V; Rm) . Letting x = Ru, we define

8 (xil P xin)
a (ul e un)
to be the following determinant.

dz'l L. dx'l
oul ou™

det : :
dz'n L. dzx'n
oul ou™

Then letting Ry € C* (W; Rm) and x = Ryv = Ru, we have the following formula.

a(xil ...xin) a(fEil xln)a<u1u”)

ol o) O(ul---ur) (vl --on)’

Proof: We define for I = {iy,- - -,i,}, the mapping P; : R™ — span (e;,,- - -, e;,) by

xh
Px= :
xn
Thus
a i1 P in
(™) (D (P/R) (u)).

since Ry (v) = R (u) = x,
P;R; (v) =P/R(u)
and so the chain rule implies

D(P/Ry) (v) =D (P;R) (u) D (R o Ry) (v)
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and so
% =det (D (P;R1) (v)) =
det (D (P;R) (u))det (D (R™' o Ry) (v)) =
9 (ai - at) 9 (ul - um)
A(ul - -um) 9(vl---ovm)
as claimed.

With these three lemmas, we first define what a differential form is and then describe how to integrate
one.

Definition 17.11 We will let I denote an ordered list of n indices from the set, {1,---,m}. Thus I =
(i1, -+, in). We say it is an ordered list because the order matters. Thus if we switch two indices, I would
be changed. A differential form of order n in R™ is a formal expression,

w= Za; (x) dx!
I

where ay s at least Borel measurable or continuous if you wish dx! is short for the expression
dz A - - Adzin,

and the sum is taken over all ordered lists of indices taken from the set, {1,---,m}. For Q an orientable n
dimensional manifold with boundary, we define
/ w (17.2)
Q

according to the following procedure. We let (U;, R;) be an oriented atlas for Q. Each U; is the intersection
of an open set in R™, with Q and so there exists a C™ partition of unity subordinate to the open cover, {O;}
which sums to 1 on Q. Thus v; € C (0;), has values in [0,1] and satisfies Y, 1; (x) =1 for all x € Q. We
call this a partition of unity subordinate to {U;} in this context. Then we define (17.2) by

a(xil .. .:L'in)

= p . ._lu a ._lu —  Zdu )
/Qw_;z,:/rwiwl(& (w) ar (R (w) oy (17.3)

Of course there are all sorts of questions related to whether this definition is well defined. The formula
(17.2) makes no mention of partitions of unity or a particular atlas. What if we picked a different atlas and a
different partition of unity? Would we get the same number for fQ w? In general, the answer is no. However,
there is a sense in which (17.2) is well defined. This involves the concept of orientation.

Definition 17.12 Suppose € is an n dimensional C* orientable manifold with boundary and let (U;, R;)
and (V;,8;) be two oriented atlass of Q. We say they have the same orientation if whenever U; N'V; # 0,

det (D (R;08;") (v)) >0 (17.4)
forallv e S; (U;NVj).
Note that by the chain rule, (17.4) is equivalent to saying det (D (S; oRi_l) (u)) > 0 for all u €

Now we are ready to discuss the manner in which (17.2) is well defined.
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Theorem 17.13 Suppose § is an n dimensional C* orientable manifold with boundary and let (U;, R;)
and (V;,S;) be two oriented atlass of Q. Suppose the two atlass have the same orientation. Then if fﬂw 18
computed with respect to the two atlass the same number is obtained.

Proof: In Definition 17.11 let {1, } be a partition of unity as described there which is associated with
the atlas (U;, R;) and let {n,} be a partition of unity associated in the same manner with the atlas (V;, S;).
Then since the orientations are the same, letting u = (RZ- o S;l) v,

If
\Y
o

det (D (RioS; ") (v))

and so using the change of variables formula,

EI:/RM ¥ (R7! () ar (R (u)) mdu = (17.5)

2 /R n; (R (w) v (R (w)) ar (R (w)) Wu))du _

which by Lemma 17.10 equals

_q —1(y “1(v)) a 1y )v
S5 [y 5 OV W (57 ) G e 7

We sum over 4 in (17.6) and (17.5) to obtain

the definition of /w using (U;, Ry)

3 -1 1 0 (xil .. :I:Zn) B
35 f B o (87 ) G-
> v Sfv)a v M v
SN O DT ) 0 85 ) G

_ - 1 1 a(zn - -a™) v —
S5 5 (857 ) e =

the definition of /w using (V;,S;).

This proves the theorem.
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17.3 Some examples of orientable manifolds

We show in this section that there are lots of orientable manifolds. The following simple proposition will
give abundant examples.

Proposition 17.14 Suppose 2 is a bounded open subset of R™ with n > 2 having the property that for all
p € 00 =Q\Q, there exists an open set, U, containing p, an open interval, (a,b), an open set, B C R 1,
and a function, g € C* (B;R) such that for some k € {1,---,n}

ot = g (xx)
whenever x € 00N (NJ, and QN U equals either
{xeR":x;, € B and 2" € (a,g (X3))} (17.7)
or
{xeR":x;, € B and 2" € (g (xx).,b)} . (17.8)

Then Q is an orientable C* manifold with boundary. Here

ZFlgh

xp = (2!, -,x")T.

Proof: Let U and g be as described above. In the case of (17.7) define
R(x)=(a"—g(xx) —2* -+ 2! - 2" )T

where the z! is in the k*" slot. Then it is a simple exercise to verify that det (DR (x)) = 1. Now in case
(17.8) holds, we let

R(X)E(g()/(;)—xk S )T

We see that in this case we also have det (DR (x)) = 1.
Also, in either case we see that R is one to one and k times continuously differentiable mapping into RZ.
In case (17.7) the inverse is given by

RUw=(u —u® - wbtg@m) - w )’

and in case (17.8), there is also a simple formula for R~!. Now modifying these functions outside of suitable
compact sets, we may assume they are all of the sort needed in the definition of a C* manifold.

The set, 02 is compact and so there are p of these sets, U; covering 02 along with functions R; as just
described. Let Uy satisfy

Q\U_ Ui CUy CUp CQ

and let Ry (x) = ( 2t —k 22 ... " ) where k is chosen large enough that Rg maps Uy into RZ.
Modifying this function off some compact set containing Uy, to equal zero off this set, we see (U,., R,) is an
oriented atlas for € if we define U, = ﬁ; N 2. The chain rule shows the derivatives of the overlap maps have
positive determinants.

For example, a ball of radius » > 0 is an oriented n manifold with boundary because it satisfies the
conditions of the above proposition. This proposition gives examples of n manifolds in R™ but we want to
have examples of n manifolds in R™ for m > n. The following lemma will help.
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Lemma 17.15 Suppose O is a bounded open subset of R™ and let F : O — R™ be a function in C* (5; Rm)
where m > n with the property that for all x € O, DF (x) has rank n. Then if yo = F (xq), there exists a
bounded open set in R™, W, which contains yo, a bounded open set, U C O which contains xo and a function

G : W — U such that G is in C* (W; R") and for oll x € U,
G (F (x)) =x.

Furthermore, G = Gy o P on W where P is a map of the form

for some list of indices, i1 < -+ < ip.

Proof: Consider the system

to obtain open sets, U; and V7, subsets of R and a function, Gy € Cck (V1; Ur) such that G is one to one and
onto and is the inverse of the function F! where F! (x) is the vector valued function whose j* component
is F's (x). If we restrict the open sets, Uy and V7, calling the restricted open sets, U and V respectively, we
can modify Gy off a compact set to obtain G; € C* (V;R™) and Gy is the inverse of F/. Now let P and
G be as defined above and let W =V x Z where Z is a bounded open set in R™~"™ such that W contains
FU). (If n =m, we let W = V.) We can modify P off a compact set which contains W so the resulting
function, still denoted by P is in C* (W; R”) Then for x € U

GFx)=G(P(F(x)) =G (FI (x)) = x.

This proves the lemma.
With this lemma we can give a theorem which will provide many other examples.

Theorem 17.16 Let Q be an n manifold with boundary in R™ and suppose Q@ C O, an open bounded subset
of R™. Suppose F € C* (O;R™) is one to one on O and DF (x) has rank n for all x € O. Then F () is
also a manifold with boundary and OF (Q) = F (0Q). If Q is a C' manifold for | < k, then so is F (). If Q
is orientable, then so is F (Q).

Proof: Let (U,,R,) be an atlas for Q and suppose U, = O, N Q where O,. is an open subset of O. Let
xg € U,. By Lemma 17.15 there exists an open set, Wy, in R™ containing F (xg), an open set in R™, Uy,
containing xo, and Gy, € Cck (WXO; R”) such that

Gy, (F (x)) =x

for all x € U;/O Let Ux, = U, N U;/O
Claim: F (Uy,) is open in F (Q).
Proof: Let x € Uy,. If F (x1) is close enough to F (x) where x; € Q, then F (x1) € Wy, and so
x—x1] = [Gx, (F(x)) = Gx, (F (x1))|
< K|(F(x)—F(x))

where K is some constant which depends only on

max {||DGx, ()| : y €R™}.



304 DIFFERENTIAL FORMS

Therefore, if F (x1) is close enough to F (x), it follows we can conclude |x — x| is very small. Since U,
is open in 2 it follows that whenever F (x;) is sufficiently close to F (x), we have x; € Uy,. Consequently
F (x1) € F (Ux,) . This shows F (Ux,) is open in F (©) and proves the claim.

With this claim it follows that (F (Uy,) , Ry 0 Gy,) is a chart. The inverse map of R,.0Gy, being F o R, *.
Since 2 is compact there are finitely many of these sets, F (Ux,) covering €. This yields an atlas for F (£2)
of the form (F (Ux,), R, o G,) where x; € U, and proves the first part. If the R! are in C' (R, U,;R"),
then the overlap map for two of these charts is of the form,

(Ry0Gy,) o (FoR; ') =R, oR;"

while the inverse of one of the maps in the chart is of the form
FoR, !

showing that if Q is a C! manifold, then F (Q) is also. This also verifies the claim that if (U,,R,) is an
oriented atlas for 2, then F () also has an oriented atlas since the overlap maps described above are all of
the form R, o R L.

It remains to verify the assertion about boundaries. y € OF (Q) if and only if for some x; € U,.,

R, oGy, (y) € Ry
if and only if
Gy, (y) € 09
if and only if
Gy, (F(x)) =x€ 0

where F (x) =y if and only if y € F (012) . This proves the theorem.
A function F satisfying the condifions listed in Theorem17.16 is called a regular mapping.

17.4 Stokes theorem

One of the most important theorems in this subject is Stokes theorem which relates an integral of a differential
form on an oriented manifold with boundary to another integral of a differential form on the boundary.

Lemma 17.17 Let (U;, R;) be an oriented atlas for 0, an oriented manifold. Also let w = Y ardx! be a
differential form for which a; has compact support contained in U, for each I. Then

1 o (zi - - xin) B
z,: /RTUT aro Ry (W) 5 o) M /Q w. (17.9)

Proof: Let K C U, be a compact set for which a; = 0 off K for all I. Then consider the atlas, (U/,R;)
where U/ = U;N K for all i # r, U, = U}. Thus (U}, R;) is also an oriented atlas. Now let {1, }be a partition
of unity subordinate to the sets {U/}. Then if i # r

¥; (x)ar (x) =0
for all I. Therefore,
o (x---an)

oR M (u) ————ZLdu
;;/R‘in(wiaf) Rz ( ) a(ulun) d

0 (a:i1 cogin

oR 1 (u 7) "
Z/RUI Ry () ey

e

and this proves the lemma.
Before proving Stokes theorem we need a definition. (This subject has a plethora of definitions.)
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Definition 17.18 Let w =Y ;ay (x)dz™ A--- Adz'»=1 be a differential form of order n — 1 where ay is in
CL(R™). Then we define dw, a differential form of order n by replacing ay (x) with

das (%) ;
day (x) = Dk dz (17.10)
k=1
and putting a wedge after the dz®. Therefore,
m
- das (x) , i in_1
:ZZ ok dz® Ndz"™ A - ANdz'mt. (17.11)

I k=1

Having wallowed in definitions, we are finally ready to prove Stoke’s theorem. The proof is very elemen-
tary, amounting to a computation which comes from the definitions.

Theorem 17.19 (Stokes theorem) Let Q be a C? orientable manifold with boundary and letw = >~ ; ay (x) dz™* A
- Adx*-1 be a differential form of order n — 1 for which ay is C*. Then

/ang/ﬂdw. (17.12)

Proof: We let (U,,R,.),r € {1,---,p} be an oriented atlas for Q and let {¢,.} be a partition of unity
subordinate to {U,}. Let B = {r: R,.U, N R} # (0} .

[a=33 [ (oo or ) o 2

Now

8&] - 6(1%.&[) _ 8¢ra
"Oxd O’ dxi !

Therefore,

() o) 2,

- m P %a . . 6($jmi1--~$i”_1) y
ZXI:Z/RTUT<&EJ» 1oR,; )(U) aa )¢ (17.13)

Consider the second line in (17.13). The expression, 8¢; ar has compact support in U, and so by Lemma
17.17, this equals

i1

CAdatet =

> [3¥d

r=1 Jj=1

3
S

n

Q

<

D\

P
ZZ atﬁ’fa;dxj Adz A Adxint =
I

r=1

=

j=

QJ‘Q')

P
7 <Z 1/%«) arde? Ndx"' A+ Adzint =0
r=1

g

j=1
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because ), 1, =1 on Q. Thus we are left to consider the first line in (17.13).

0 (eiah -2ty i owd

0 (ul---un) _k=1W

where A'¥ denotes the cofactor of g—fji. Thus, letting x = R,! (u) and using the chain rule,

[ar = SE3 [ (2 on) w2,

<5(¢TGI) (X)) > %Alkdu

Oz

_ liis P2 a(wra]OR;l)

- ZXI:Z /RTUT <—auk )Alkdu

_y (m Zi/ <a(¢rcgu‘;R:1))A1kdu
I <

There are two cases here on the kth term in the above sum over k. The first case is where k # 1. In this
case we integrate by parts and obtain the kth term is

m p _18A1k
S y——

j=1 I r=1

In the case where k = 1, we integrate by parts and obtain the kth term equals

HHY|

j=1 1 r=1/R"7!

aAll

) du

(1/)7«@1 o R;lAH‘(loo) dug - - - dun — / ’lpraf o R;l

n
R

Adding all these terms up and using Lemma 17.8, we finally obtain

o — - aroR-1AMO ) —
[ zzz/ (vrar o Ry TAM[,)

This proves Stoke’s theorem.

17.5 A generalization

We used that R 1is C? in the proof of Stokes theorem but the end result is a formula which involves only
the first derivatives of Ri_l. This suggests that it is not necessary to make this assumption. This is in fact
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the case. We give an argument which shows that Stoke’s theorem holds for oriented C'manifolds. For a still
more general theorem see Section 20.7. We do not present this more general result here because it depends
on too many hard theorems which are not proved until later.

Now suppose € is only a C! orientable manifold. Then in the proof of Stoke’s theorem, we can say there
exists some subsequence, n — oo such that

e m p 6@[ 3 a (xj:cil e xin*l)
/de:nh_)rr;oZZZ/RrUr (wr%O(er*(bN)) (a) 9 (ul - un) du

j=1 I r=1

where ¢, is a mollifier and

0 (xj:vil cee xi"’l)

O (ul - --un)

is obtained from

-1
x =Ry ().
The reason we can assert this limit is that from the dominated convergence theorem, it is routine to show

(R *¢N),i = (R;l),i * PN

and by results presented in Chapter 12 using Minkowski’s inequality, we see limy_, (R; Ly ¢ N) = (R; 1) i
in L? (R,.U,) for every p. Taking an appropriate subsequence, we can obtain, in addition to fhis, almost
everywhere convergence for every partial derivative and every R,.We may also arrange to have > ¢, =1
near (). We may do this as follows. If U, = O, N where O, is open in R™, we see that the compact set, {2 is
covered by the open sets, O,. Consider the compact set, Q + B (0,0) = K where § < dist (Q,R™\ U_,0;).
Then take a partition of unity subordinate to the open cover {O;} which sums to 1 on K. Then for N large
enough, R, * ¢y (R,.U;) will lie in this set, K, where Y, = 1.

Then we do the computations as in the proof of Stokes theorem. Using the same computations, with
R ! x ¢y in place of R, along with the dominated convergence theorem,

dw =
Q

m 8 i1, ., pin—1
nlLH;OZZ Z/ (Yraro (R ¢y)) % (0,u? -+ u") dus - - - duy,

j=1 I reB?R-UNRy

Ui a(.’l]“ ...xin—l)
= il PP A 2 .. n =
_ZZZ/RTUMRQ (wrafoRr ) d(u- - um) (07u U )dUQ du, —/ w.

j=1 I reB o0

This yields the following generalization of Stoke’s theorem to the case of C'' manifolds.

Theorem 17.20 (Stokes theorem) Let Q be a C'* oriented manifold with boundary and letw = >, ay (x) dz* A
- Adxit be a differential form of order n — 1 for which ay is C*. Then

/mw:/ﬂdw. (17.14)
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17.6 Surface measures

Let Q be a C* manifold in R™, oriented or not. Let f be a continuous function defined on €, and let (U;, R;)
be an atlas and let {t,} be a C° partition of unity subordinate to the sets, U; as described earlier. If
w=>";as(x)dx! is a differential form, we may always assume

dx' =dz™ A - Ada'n

where i1 < i < --- < i,. The reason for this is that in taking an integral used to integrate the differential
form, a switch in two of the dz’ results in switching two rows in the determinant, B(EE i
any two of these differ only by a multiple of —1. Therefore, there is no loss of generality in assuming from
now on that in the sum for w, I is always a list of indices which are strictly increasing. The case where
some term of w has a repeat, dr’~ = dx’s can be ignored because such terms deliver zero in integrating the
differential form because they involve a determinant having two equal rows. We emphasize again that from

now on I will refer to an increasing list of indices.

) , implying that

ulu™)

Let
(v ) 27 1/2
oz
Ji = —_—
o= 3 (5
where here the sum is taken over all possible increasing lists of n indices, I, from {1,---,;m} and x = Ri_lu.

Thus there are (ZL) terms in the sum. Note that if m = n we obtain only one term in the sum, the absolute
value of the determinant of Dx (u). We define a positive linear functional, A on C (£2) as follows:

Af= Zl/RU fi (R (w)) J; () du. (17.15)

We will now show this is well defined.

Lemma 17.21 The functional defined in (17.15) does not depend on the choice of atlas or the partition of
unity.

Proof: In (17.15), let {¢;} be a partition of unity as described there which is associated with the atlas
(Ui, R;) and let {n;} be a partition of unity associated in the same manner with the atlas (V;,S;). Using
the change of variables formula with u = (Ri o Sj_l) v

Do) f (R (W) i (w) du = (17.16)

3 Z/ 0y (ST () 0, (ST (V) £(S7(v) J; (v) dv. (17.17)
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This yields

the definition of Af using (U;,R;) =

P

S (R (W) s () du =

i=1 Y RiUi

= (ST (v St (v))J; (v)dv
3 [y 67 NI 67 ) 550

the definition of Af using (V;,S;).

This proves the lemma.
This lemma implies the following theorem.

Theorem 17.22 Let Q be a C* manifold with boundary. Then there exists a unique Radon measure, y,
defined on Q such that whenever f is a continuous function defined on Q and (U;, R;) denotes an atlas and
{¥;} a partition of unity subordinate to this atlas, we have

Af= /Qfdu = ;/RU ¢, f (R (w)) J; () du. (17.18)

Furthermore, for any f € L' (Q, ),

/Qfd,uz ;/RU v f (R () Ji (u) du (17.19)

and a subset, A, of Q is u measurable if and only if for all r,R,. (U, N A) is J,. (u) du measurable.

Proof:We begin by proving the following claim.

Claim :A set, S C U;, has yu measure zero in Uj;, if and only if R;S has measure zero in R;U; with
respect to the measure, J; (u) du.

Proof of the claim:Let ¢ > 0 be given. By outer regularity, there exists a set, V' C U;, open in 2
such that u (V) < e and S CV C U;. Then R;V is open in RZ and contains R;S. Letting h < O, where
ONRZ = R;V and m,, (O) < m, (R;V) +¢, and letting h; (x) = h (R, (x)) for x € U;, we see h; < V. By
Corollary 12.24, we can also choose our partition of unity so that spt (h;) C {x € R™ : 4, (x) = 1}. Thus
Yih (Rj_l (w)) = 0 unless j = ¢ when this reduces to h; (R; " (u)) . Thus

)
Y2

MWZAMW:LMW:ZLJ%mm;m»Mmm

/RU hi (R (w)) J; (u)du:/ h(u) J; (u)du:/Rivh(u) J; (u) du

v

/ h(u) J; (u) du — K;e,
o
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where K; > ||J;||, - Now this holds for all A < O and so

/RisJi(U)duﬁ/Riin(u)dug/Ji(u)duga(l—i-Ki),

o

Since ¢ is arbitrary, this shows R;S has mesure zero with respect to the measure, J; (u) du as claimed.
Now we prove the converse. Suppose R;S has J, (u) du measure zero. Then there exists an open set, O
such that O D R;S and

/ Ji(u)du < e.
o
Thus R; ' (O NR,;U;) is open in © and contains S. Let h < R;! (O N R;U;) be such that
/ hdp+e > p (R (ONRU;)) > 1 (S)
Q

As in the first part, we can choose our partition of unity such that h (x) = 0 off the set,
(xeR™ ¢, (x) = 1}

and so as in this part of the argument,

/thu _ Z/RU.z/)jh(Rj_ (W) J; (w) du
_ / h (R () J; (u) du
R.
_ / h (R (w)) J; (u) du
ONR,;U;
< /OJi(u)du<6

and so u (S) < 2e. Since ¢ is arbitrary, this proves the claim.

Now let A C U, be pu measurable. By the regularity of the measure, there exists an F, set, F' and a Gy
set, G such that U, 2 G D A D F and u (G \ F) = 0.(Recall a G5 set is a countable intersection of open sets
and an F; set is a countable union of closed sets.) Then since € is compact, it follows each of the closed sets
whose union equals F' is a compact set. Thus if F' = U2, Fy, we know R, (F},) is also a compact set and so
R, (F) =U R, (Fy) is a Borel set. Similarly, R, (G) is also a Borel set. Now by the claim,

We also see that since R, is one to one,
R,G\R,F =R, (G\ F)
and so
R, (F) C R, (4) C R, (G)
where R, (G) \ R, (F') has measure zero. By completeness of the measure, J; (u)du, we see R, (A) is

measurable. It follows that if A C € is u measurable, then R, (U, N A) is J, (u) du measurable for all r. The
converse is entirely similar.
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Letting f € L' (9, 1), we use the fact that u is a Radon mesure to obtain a sequence of continuous
functions, { fi} which converge to f in L' (€, y1) and for y a.e. x. Therefore, the sequence { fi (Ri_1 ()} is
a Cauchy sequence in L (R;U;; ¢; (R; " (u)) J; (u) du) . It follows there exists

g€ L' (RU;¢; (R (u) Ji (u) du)

such that fi (R;' (")) — g in L' (RiUs %, (R; " (u)) J; (u) du) . By the pointwise convergence, g(u) =
f (R;1 (u)) for p a.e. R; ! (u) € U;. By the above claim, g = f o R;! for a.e. u € R;U; and so

foR; ! € L' (RyU; Ji (u) du)

and we can write

/Q fdu = Jim / edp = Jim Z bufi (R (W) J; () du

R;U;
- Z/RU i (R (w) g () Ji (w) du
- Z R.U vif (R () Ji (w) du.

This proves the theorem.

Corollary 17.23 Let f € L' (; 1) and suppose f (x) =0 for all z ¢ U, where (U,,R,.) is a chart in a C*
atlas for Q). Then

Jsn= [ gan= [ @) g (17.20)

Proof: Using regularity of the measures, we can pick a compact subset, K, of U, such that

fd,u—/deu‘ <e.

U,

Now by Corollary 12.24, we can choose the partition of unity such that K C {x € R™ : ¢, (x) = 1}. Then

/deu = X_;/RU Ui f Xk (R (w)) J; (u) du

/ fXx (R (w) J; (u) du.
R, U,

Therefore, letting K; T R,.U, we can take a limit and conclude

/ Fd — / (R (W) J, (u) du| < .
U, R, U-
Since ¢ is arbitrary, this proves the corollary.

17.7 Divergence theorem

What about writing the integral of a differential form in terms of this measure? This is a useful idea because
it allows us to obtain various important formulas such as the divergence theorem which are traditionally
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written not in terms of differential forms but in terms of measure on the surface and outer normals. Let w
be a differential form,

w(x) = Z ay (x) dx!
1

where a; is continuous and the sum is taken over all increasing lists from {1,---,m}. We assume Q is a C¥
manifold which is orientable and that (U,,R,) is an oriented atlas for © while, {¢, } is a C*° partition of
unity subordinate to the U,..

Lemma 17.24 Consider the set,
S={xeQ: for somer,x =R, (u) wherex € U, and J, (u) =0 }.
Then 1 (S) = 0.
Proof: Let S, denote those points, x, of U, for which x = R, ! (u) and J, (u) = 0. Thus S = U2_,S,.
From Corollary 17.23
/ Ko, dpt = / Xs, (R: (W) Jy (w) du =0
Q R.U,

and so
() <3 1S =o.
k=1

This proves the lemma.
With respect to the above atlas, we define a function of x in the following way. For I = (i1,---,i,) an
increasing list of indices,

o Iil...zin .
o (x) = (ﬁ) T (), ifx €U\ S
ODifxe S

Now it follows from Lemma 17.10 that if we had used a different atlas having the same orientation, then

o! (x) would be unchanged. We define a vector in R(%) by letting the I'*" component of o (x) be defined by
o (x). Also note that since yu (S) = 0,

Zol (x)?=1p ae.
1

Define
w(x)-o(x)= Za; (x) o (x),

From the definition of what we mean by the integral of a differential form, Definition 17.11, it follows that

e

P o (i - .. gin
35 e 2 ) G

r=1 1T

- Z/R o (B (W) (R (W) -0 (R (w) Jr (w) du

_ / w - odp (17.21)
Q

Note that w - o is bounded and measurable so is in L!.
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Lemma 17.25 Let Q be a C* oriented manifold in R"™ with an oriented atlas, (U,,R,). Letting x = R, 'u
and letting 2 < j < n, we have

. 1 Az n

n 8{[}7‘ i1 8 (.’I; ceeqxte.-q )

(=) =0 (17.22)
] auﬁ ..

for each r. Here, 2 means this is deleted. If for each r,

8(m1--~x”)
" >0,
O(ul - um) —
then for each r
. 1 Az n
— (—1 >0 a.e. 17.2
i:16u1( ) TE ) >0 a.e (17.23)

Proof: (17.23) follows from the observation that

9zl ... g LI , 8(3:
o(al---a") — Z Gr ()it
O(ul---un) &= Jul
i=1
by expanding the determinant,
9] (a:l e x")
A(ul - -um)’
along the first column. Formula (17.22) follows from the observation that the sum in (17.22) is just the
determinant of a matrix which has two equal columns. This proves the lemma.

With this lemma, it is easy to verify a general form of the divergence theorem from Stoke’s theorem.
First we recall the definition of the divergence of a vector field.

Definition 17.26 Let O be an open subset of R™ and let F (x) =Y ,_, F* (x) ey, be a vector field for which
Fk e C1(0). Then
=~ OF),

k=1

Theorem 17.27 Let Q be an orientable C* n manifold with boundary in R™ having an oriented atlas,
(U, R,;.) which satisfies
6 (a:‘]‘ ... xn)
8 (’U,l L. un)
for all v. Then letting n (x) be the vector field whose it" component taken with respect to the usual basis of
R™ is given by

>0 (17.24)

i aztzivzm .
nt (x) = { o W/Jr (W) if Jr (u) # 0 (17.25)
0if J.(u)=0
for x € U, N OQ, it follows n(x) is independent of the choice of atlas provided the orientation remains
unchanged. Also n (x) is a unit vector for a.e. x € Q. Let F € C* (ﬁ; R”) . Then we have the following
formula which is called the divergence theorem.

/Qdiv (F)dz = / F - ndy, (17.26)

o0
where p is the surface measure on 02 defined above.
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Proof: Recall that on 0f)

27 1/2

i=1

From Lemma 17.10 and the definition of two atlass having the same orientation, we see that aside from sets
of measure zero, the assertion about the independence of choice of atlas for the normal, n (x) is verified.
Also, by Lemma 17.24, we know J, (u) # 0 off some set of measure zero for each atlas and so n (x) is a unit
vector for p a.e. x.

Now we define the differential form,

wEZ( D E (x)dat A CAdTEA - A da
i=1

Then from the definition of dw,
dw = div (F)dz" A -+ A da™.

Now let {#,.} be a partition of unity subordinate to the U,.. Then using (17.24) and the change of variables

formula,
/dw 8(m1~~x")
Q

1 B Sl A
Z/TU' (v (B)) (R7! (W) (o d

;/Ur (¢, div (F)) (x) dx = /Qdiv (F) da.

Now

'Il

H_lZ/ R1(11))a(ﬁ.“ml.”xn)dﬁ...du”

RUﬂ]R” 0(u?---um)

[
o0

= Z/me (ZFn) (R, (w)) J, (0) du® - - - du™

/F-nd,u.

o0
/div(F)dﬂc:/dw:/ wz/ F - ndy
Q Q o0 o0

Definition 17.28 In the context of the divergence theorem, the vector, n is called the unit outer normal.

By Stoke’s theorem,

and this proves the theorem.

1
Since we did not assume % # 0 for all x =R, ' (u), this is about all we can say about the
geometric significance of n. However, it is usually the case that we are in a situation where this determinant
is non zero. This is the case in the context of Proposition 17.14 for example, when this determinant was
equal to one. The next proposition shows that n does what we would hope it would do if it really does

deserve to be called a unit outer normal when % £ 0.
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Proposition 17.29 Let n be given by (17.25) at a point of the boundary,
Xg = R:l (UQ),UO S Rg,
where (U, R,.) is a chart for the manifold, 0, of Theorem 17.27 and

5‘(:v1-~~x”)

Dl ) (B0) >0 (17.27)

at this point, then |n| =1 and for all t > 0 small enough,

Xo +tn ¢ Q (17.28)
and
ox

forallj=2,---,n.

Proof: First note that (17.27) implies J, (ug) > 0 and that we have already verified that [n| = 1 and
(17.29). Suppose the proposition is not true. Then there exists a sequence, {t;} such that t; >0 and t; — 0
for which

R, ! (ug) +tjn € Q.
Since U, is open in 2, it follows that for all j large enough,
R, ! (u) +tjn € U,.
Therefore, there exists u; € RZ such that
R (u;) =R, (o) +¢jn.
Now by the inverse function theorem, this implies
u; = R, (R (ug) +1tn)
= DR, (R, (uy))nt; +ug+o(t))
= DR, ! (ug)nt; +ug+o(t;).

At this point we take the first component of both sides and utilize the fact that the first component of ug
equals zero. Then

0> ujl =t (l)].:{r_1 (IIQ) 1’1) -e;+o (tj) . (1730)
We consider the quantity, (DR; ! (up) n) - e1. From the formula for the inverse in terms of the transpose of
the cofactor matrix, we obtain

1
" det (DR, ' (ug))

(DR, ' (up)n) - e; (=) Mjin?

where
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is the determinant of the matrix obtained from deleting the j** row and the first column of the matrix,

dz! ozt

W(UO) W(UO)
ng?(uo) g%:(uo)

which is just the matrix of the linear transformation, DR, ! (ug) taken with respect to the usual basis
vectors. Now using the given formula for n/ we see that (DRT_ L (up) n) -e; > 0. Therefore, we can divide
by the positive number ¢; in (17.30) and choose j large enough that

(D]R,T_1 (uo) Il) -e1
2

o(t;)
tj

to obtain a contradiction. This proves the proposition and gives a geometric justification of the term “unit
outer normal” applied to n.

17.8 Exercises
1. In the section on surface measure we used
o (xil .. .xin)
B = J
S (i) | =
‘What if we had used instead

)

. p11/p
d (x™ - B

Would everything have worked out the same? Why is there a preference for the exponent, 27

1...1;"
2. Suppose () is an oriented C'n manifold in R™and that for one of the charts, % > (0. Can it be

(ul-um)
concluded that this condition holds for all the charts? What if we also assume §2 is connected?

3. We defined manifolds with boundary in terms of the maps, R; mapping into the special half space,
{u e R™: u; <0}. Weretained this special half space in the discussion of oriented manifolds. However,
we could have used any half space in our definition. Show that if n > 2, there was no loss of generality
in restricting our attention to this special half space. Is there a problem in defining oriented manifolds
in this manner using this special half space in the case where n = 17

4. Let Q be an oriented Lipschitz or C* n manifold with boundary in R™ and let f € C! (ﬁ; Rk) . Show
that

where p is the surface measure on 0f) discussed above. This says essentially that we can exchange
differentiation with respect to z7 on Q with multiplication by the j** component of the exterior normal
on 0. Compare to the divergence theorem.

5. Recall the vector valued function, o (x), for a C! oriented manifold which has values in R(%). Show
that for an orientable manifold this function is continuous as well as having its length in R(%) equal
to one where the length is measured in the usual way.
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6.

10.

In the proof of Lemma 17.4 we used a very hard result, the invariance of domain theorem. Assume
the manifold in question is a C'' manifold and give a much easier proof based on the inverse function
theorem.

Suppose 2 is an oriented, C! 2 manifold in R3. And consider the function

n(x) = <%/«7 (u )) e — <%/J (u )) ey + (%/L (u)) es. (17.31)

Show this function has unit length in R3, is independent of the choice of atlas having the same orien-
tation, and is a continuous function of x € €. Also show this function is perpendicular to € at every
point by verifying its dot product with dx/du’ equals zero. To do this last thing, observe the following
determinant.

oz' 9z 2a®
aui Oul ou?

x> 9x®
dul oul ou?
or  oz° oxd
dut  Jul ou?

TTake a long rectangular piece of paper, put one twist in it and then glue or tape the ends together.
This is called a Moebus band. Take a pencil and draw a line down the center. If you keep drawing,
you will be able to return to your starting point without ever taking the pencil off the paper. In other
words, the shape you have obtained has only one side. Now if we consider the pencil as a normal vector
to the plane, can you explain why the Moebus band is not orientable? For more fun with scissors and
paper, cut the Moebus band down the center line and see what happens. You might be surprised.

Let Q be a C* 2 manifold with boundary in R? and let w = a1 (x) dz! + ag (x) d2? + a3 (x) dz® be a
one form where the a; are C' functions. Show that

- 8a2 (9(11
dw_(@a: 8x2>dx Adz? +

Oas  Oa; daz  Oay
(8x 83>d A dx +<8x2 a3>d A da®.

Stoke’s theorm would say that [, sqW = fQ dw. This is the classical form of Stoke’s theorem.

TIn the context of 9, Stoke’s theorem is usually written in terms of vector notation rather than differen-
tial form notation. This involves the curl of a vector field and a normal to the given 2 manifold. Let n
be given as in (17.31) and let a C! vector field be given by a (x) = a1 (x) e! + a3 (x) €® + a3 (x) e3where
the e’ are the standard unit vectors. Recall from elementary calculus courses that

el 62 63
curl(a) = | & = g
ai (x) az(x) as(x)

Oar _ Oaz\ o, (D42 Dar))
(81‘3 6x1> et (8361 6x2> c-

Letting p be the surface measure on Q and p; the surface measure on 92 defined above, show that

/ dw = / curl (a) - ndu
Q Q
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and so Stoke’s formula takes the form

/ curl(a) -ndy = / ay (x)dz' + ay (x) do? + a3 (x) da®
Q 09

/ a- Tdu,
o0

where T is a unit tangent vector to 02 given by

Tx)= <8u2>/‘8u2

Assume | B O ’ = (0. This means you have a well defined unit tangent vector to 0f).

T It is nice to understand the geometric relatlonshlp between n and T. Show that —-2% points into 2

while 2 Foz boints along 9 and that nx au2 ‘ ( 8‘9;‘ ) =J;(u ) > 0. Using the geometrlc description of

the cross product from elementary calculus, show n is the direction of a person walking arround 92
with € on his left hand. The following picture is illustrative of the situation.




Representation Theorems

18.1 Radon Nikodym Theorem

This chapter is on various representation theorems. The first theorem, the Radon Nikodym Theorem, is a
representation theorem for one measure in terms of another. The approach given here is due to Von Neumann
and depends on the Riesz representation theorem for Hilbert space.

Definition 18.1 Let p and X be two measures defined on a o-algebra, S, of subsets of a set, . We say that
A is absolutely continuous with respect to p and write A << p if A(E) = 0 whenever u(E) = 0.

Theorem 18.2 (Radon Nikodym) Let A and p be finite measures defined on a o-algebra, S, of subsets of
Q. Suppose A << p. Then there exists f € LY (2, u) such that f(z) >0 and

ME) = / fdu.
B
Proof: Let A : L?(Q, u+ \) — C be defined by

Ag:/gd)\.
Q

By Holder’s inequality,

Ag| < ( / m)m ( / |g2d<A+u>)1/2 =X (@) gl

and so A € (L?(2, + A))’. By the Riesz representation theorem in Hilbert space, Theorem 15.11, there
exists h € L2(Q, pu+ \) with

Ag = / gd\ = / hgd(u+ X). (18.1)
Q Q
Letting E ={z € Q : Imh(x) > 0}, and letting g = X'z, (18.1) implies
AME) = / (Reh +1i Imh)d(p+ ). (18.2)
E

Since the left side of (18.2) is real, this shows (u + A)(E) = 0. Similarly, if

E={ze€Q:Imh(x) <0},

319
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then (u+ A)(E) = 0. Thus we may assume h is real-valued. Now let E = {z : h(z) < 0} and let g = X.
Then from (18.2)

ME) = /Eh d(j+ 2).

Since h(x) < 0 on E, it follows (1 + A)(E) = 0 or else the right side of this equation would be negative.
Thus we can take h > 0. Now let E = {x : h(z) > 1} and let g = Xr. Then

AME) = / hd(p+ ) > p(E)+ ME).
B
Therefore u(E) = 0. Since A << p, it follows that A(E) = 0 also. Thus we can assume

0<h(z)<1
for all z. From (18.1), whenever g € L2(, pu + ),

/Qg(l —h)d\ = /thdu. (18.3)
Let g(z) = Y1 h'(z)Xg(x) in (18.3). This yields

n+1

— (g = ) du. .
Ja=w@pi /EZM ) (18.4)

Let f(xz) =Y 2, h'(z) and use the Monotone Convergence theorem in (18.4) to let n — oo and conclude

1=

ME) = /E fdu.

We know f € L*(Q, 1) because A is finite. This proves the theorem.
Note that the function, f is unique p a.e. because, if g is another function which also serves to represent
A, we could consider the set,

E={z:f(z)—g(z)>e >0}

and conclude that
0= [ £@)-g@)du en(E).
E

Since this holds for every € > 0, it must be the case that the set where f is larger than g has measure zero.
Similarly, the set where g is larger than f has measure zero. The f in the theorem is sometimes denoted by

22
dp’
The next corollary is a generalization to ¢ finite measure spaces.
Corollary 18.3 Suppose A << p and there exist sets S, € S with
SpNSm =0, UsZ, S, =19,

and \(Sy), u(Sp) < oco. Then there exists f > 0, where [ is u measurable, and

A(E) = /Efdu

for all E € §. The function f is p+ A a.e. unique.
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Proof: Let S, = {ENS, : E € §}. Clearly S, is a o algebra of subsets of S,,, A, p are both finite
measures on Sy, and A << p. Thus, by Theorem 18.2, there exists an S,, measurable function f,,, fn.(z) > 0,

with
B)= [ fudn
E

for all E € S,,. Define f(z) = f,(z) for x € S,,. Then f is measurable because
(@, 00]) = oLy fH ((a, 00)) € S.
Also, for FE € S,

AE) = Z)\ ENS,) /XEOSH )fn(@)dp
S / Xpns, (@) (2)du

/Efdu.

To see f is unique, suppose fi1 and fo both work and consider

E={x: fi(z) — fo(x) > 0}.

Then
0=ANENS,) —ANENS,) = /Ens fi(x) = fo(x)dp.

Hence pu(ENSy,) =0so u(E) =0. Hence \(E) = 0 also. Similarly
(4 Nz : f2(2) = fi(x) > 0}) = 0.

This version of the Radon Nikodym theorem will suffice for most applications, but more general versions
are available. To see one of these, one can read the treatment in Hewitt and Stromberg. This involves the
notion of decomposable measure spaces, a generalization of o— finite.

18.2 Vector measures

The next topic will use the Radon Nikodym theorem. It is the topic of vector and complex measures. Here we
are mainly concerned with complex measures although a vector measure can have values in any topological
vector space.

Definition 18.4 Let (V,||-||) be a normed linear space and let (2, S) be a measure space. We call a function
w:8 — V avector measure if p is countably additive. That is, if {E;}52, is a sequence of disjoint sets of S,

21 b)) = ZM(Ez)

Definition 18.5 Let (2,S) be a measure space and let p be a vector measure defined on S. A subset, w(E),
of § is called a partition of E if n(E) consists of finitely many disjoint sets of S and Un(E) = E. Let

|u|(E) = sup{ Z [|w(E)|| : w(E) is a partition of E}.
Fen(E)

|| is called the total variation of .
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The next theorem may seem a little surprising. It states that, if finite, the total variation is a nonnegative
measure.

Theorem 18.6 If |u|(2) < oo, then |u| is a measure on S.

Proof: Let By N Ey = and let {A¢ --- A!

ni

} = w(E;) with

(B —e < S ()] i =12

j=1

Let 7T(E1 @] Eg) = 7T(E1) U ’/T(EQ). Then

Wl(BvUE) > > [lu(E)]] > |ul(Br) + |l (E2) — 2e.
Fen(E1UE>)

Since € > 0 was arbitrary, it follows that
[l (By U E2) > |p|(By) + [l (E2). (18.5)
Let {E;}32; be a sequence of disjoint sets of S. Let Ey = U2 E; and let
{Ar, - An} = 7(Ex)

be such that
1l(Boo) — & < > [u(Ad)]-
i=1

But [|u(Ai)|| < 3272, [|n(Ai 0 Ej)]|. Therefore,

Wl(Bx) =& < Y3 lln(Ai N Ey)|

i=1 j=1

= > D lnAin B

j=11i=1
< D Iul(E)).
j=1

The interchange in order of integration follows from Fubini’s theorem or else Theorem 5.44 on the equality
of double sums, and the last inequality follows because A1 N Ej,- -+, A, N E; is a partition of E;.
Since ¢ > 0 is arbitrary, this shows

(U320 Ey) < 3 [l ().
j=1
By induction, (18.5) implies that whenever the E; are disjoint,

(Ui By) = Y [pl(E;).
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Therefore,

Z 1l(E5) > |pl(U52,E)) > [pl(U

HM:

Since n is arbitrary, this implies

ul(U52, E;) Z\ul

which proves the theorem.
In the case where V' = C, it is automatically the case that |u|(€2) < co. This is proved in Rudin [24]. We
will not need to use this fact, so it is left for the interested reader to look up.

Theorem 18.7 Let (2,S) be a measure space and let X : S — C be a complex vector measure with |A|(Q) <
00. Let u: 8 — [0,u(Q)] be a finite measure such that X\ << u. Then there exists a unique f € L'(Q) such
that for all E € S,

/ fdu=XE).
E
Proof: It is clear that Re A and Im A are real-valued vector measures on S. Since |A|(Q2) < oo, it follows

easily that |Re A|(©2) and |Im A|(2) < co. Therefore, each of

|[IRe Al + ReA |ReA| —Re(A) |[ImA|+ImA and [Tm A| — Im(\)
nd EEALT A
2 ’ 2 ’ 2 ’ 2

are finite measures on S. It is also clear that each of these finite measures are absolutely continuous with
respect to u. Thus there exist unique nonnegative functions in L'(2), f1. f2, g1, ga such that for all E € S,

%(|Re)\\+Re>\)(E) - /Efldu,
%(|Re)\\—Re>\)(E) = /Efzdm
%(|Im)\|+ImA)(E) = /Egldu,
S A= mNE) = [ g

Now let f = f1 — fa+i(g1 — g2).
The following corollary is about representing a vector measure in terms of its total variation.

Corollary 18 8 Let A be a complex vector measure with |\|(2) < co. Then there exists a unique f € L*(2)
such that \(E) = [, fd|\|. Furthermore, |f| =1 |\ a.e. This is called the polar decomposition of \.

Proof: First we note that A << |A| and so such an L! function exists and is unique. We have to show
lfl=1a.e.

Lemma 18.9 Suppose (2, S, i) is a measure space and f is a function in L'(Q, u) with the property that

\/Efdul < ju(E)

forall E€S. Then |f| <1 a.e.
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Proof of the lemma: Consider the following picture.

I ’

where B(p,r) N B(0,1) = 0. Let E = f~! ). If u(E) # 0 then

’%E)/Efdu—p‘ = ‘ﬁé(f—p)du’

1
i —pld .
< u(E)/E|f pldp <r

|m/EfdM| > 1,

contradicting the assumption of the lemma. It follows p(E) = 0. Since {z € C: |z| > 1} can be covered by
countably many such balls, it follows that

pf {2 eCilel >1} ) =

Hence

Thus |f(z)] <1 a.e. as claimed. This proves the lemma.
To finish the proof of Corollary 18.8, if |A\[(E) # 0

‘Ii(flg)’ - ’I/\&E) /EfdM‘ <1

Therefore |f| <1, |A| a.e. Now let
1
En:{xEQ:|f(x)|§1—E}.

Let {F1,- - -, F,} be a partition of E,, such that

Then
(B -« < i |<Z [ sam
< (1 )ZIA
- (1-1) )
and 50

1
A (Bn) < &

Since € was arbitrary, this shows that |A|(E,) = 0. But {z € Q : |f(z)| < 1} = U2, E,. So [A\|{z € Q:
|f(z)| < 1}) = 0. This proves Corollary 18.8.
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18.3 Representation theorems for the dual space of L?

In Chapter 14 we discussed the definition of a Banach space and the dual space of a Banach space. We also
saw in Chapter 12 that the LP spaces are Banach spaces. The next topic deals with the dual space of LP for
p > 1 in the case where the measure space is o finite or finite.

Theorem 18.10 (Riesz representation theorem) Let p > 1 and let (2, S, ) be a finite measure space. If
A € (LP(Q)), then there exists a unique h € L1(2) (% + % =1) such that

Af = / hfdu.
Q
Proof: (Uniqueness) If hy and hs both represent A, consider
f=1h1 = ha|?%(hy — hy),
where h denotes complex conjugation. By Holder’s inequality, it is easy to see that f € LP(2). Thus

0=Af—Af =

/h1\h1 — a7 (s — Tig) — halhy — ha|*2(y — Fa)du

:/|h1—h2\qd,u.

Therefore h; = hs and this proves uniqueness.
Now let A(E) = A(XEg). Let Ay,---, A, be a partition of 2.

(AXAL) = A(wlel)

for some w; € C, |w;| = 1. Thus

Z \7Z|A (Xa.) ZwZXA

<IN 15w = N[ o = [T
i=1

Therefore |A|(©2) < oco. Also, if {E;}52, is a sequence of disjoint sets of S, let
F,=VUE;, F=UXE,.
Then by the Dominated Convergence theorem,
|XF, — XF|l, — 0.

Therefore,

AMF) = AXp) = lim A(Xp ) = lim ZA (X,) = > AME)
k=1

n—o0o n— oo
=1
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This shows A is a complex measure with |A| finite. It is also clear that A << p. Therefore, by the Radon
Nikodym theorem, there exists h € L*(£2) with

ME) = /Ehdu: A(Xp).

Now let s = Y"1, ¢;Xp, be a simple function. We have

A(s) = ZciA(XEi) = Zci /E hdu = /hsdu. (18.6)

Claim: If f is uniformly bounded and measurable, then

A = [ nsdn

Proof of claim: Since f is bounded and measurable, there exists a sequence of simple functions, {s,}
which converges to f pointwise and in L? (). Then

n—oo n—oo

A(f)= lim A(s,) = lim [ hsp,du= /hfd,u,

the first equality holding because of continuity of A and the second equality holding by the dominated
convergence theorem.
Let E, = {z : |h(x)| <n}. Thus |hXEg,| < n. Then

|hXE, |72 (hXE, ) € LP(Q).

By the claim, it follows that

1&g, [1§ = /hIhXEn\q’Q(EXEn)du = M(|hXp, |"*(hXp,))

— a
< [[A[[ [ [hXE, |""*hXE, q-

p = 1Al [|h e,

Therefore, since q — % =1, it follows that
1h &, [lg < [[A]]-
Letting n — oo, the Monotone Convergence theorem implies
[1Allg < [IA]]- (18.7)

Now that h has been shown to be in L((2), it follows from (18.6) and the density of the simple functions,
Theorem 12.8, that

Af= /hfd,u
for all f € LP(§2). This proves Theorem 18.10.

Corollary 18.11 If h is the function of Theorem 18.10 representing A, then ||h||, = ||A]].

Proof: [|Al| =sup{[hf : ||f]l, <1} <[|hllg < ||A]| by (18.7), and Holder’s inequality.
To represent elements of the dual space of L!(Q), we need another Banach space.
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Definition 18.12 Let (0, S, i) be a measure space. L () is the vector space of measurable functions such
that for some M > 0, |f(z)| < M for all © outside of some set of measure zero (|f(x)] < M a.e.). We define
f =g when f(z) =g(x) a.e. and ||f]lcc = nf{M : |f(z)| < M a.e.}.

Theorem 18.13 L°°(Q) is a Banach space.

Proof: It is clear that L>°(2) is a vector space and it is routine to verify that || || is a norm.
To verify completeness, let {f,} be a Cauchy sequence in L>(2). Let

[fn(@) = fm (@) < (|0 = fmlloo

for all z ¢ E,..m,, a set of measure 0. Let E = U, ;,, By, Thus p(E) = 0 and for each o ¢ E, {fn(z)}52; is
a Cauchy sequence in C. Let

10 ={ e e g g i Xee 0(o)

Then f is clearly measurable because it is the limit of measurable functions. If
o =A{z: [fa(@)] > [fnllc}
and F = U2 F,,, it follows u(F') = 0 and that for v ¢ FUE,
[f(z)] <lim inf |f,(2)] <lm inf [|fole < oo
n—0o0 n—o0
because {f,} is a Cauchy sequence. Thus f € L*>(Q2). Let n be large enough that whenever m > n,

||fm - fn”oo <e.

Thus, if x ¢ E,

@) = fale)] = T |fon(@) — fu()

lim inf ||fm — fulleo <e.
m—00

IA

Hence ||f — fulloo < € for all n large enough. This proves the theorem.
The next theorem is the Riesz representation theorem for (L! (Q))/

Theorem 18.14 (Riesz representation theorem) Let (Q,S, ) be a finite measure space. If A € (L*(2)),
then there exists a unique h € L () such that

AU = [ nf du

for all f € L'(Q).

Proof: Just as in the proof of Theorem 18.10, there exists a unique h € L*(£2) such that for all simple
functions, s,

A(s) = /hs du. (18.8)

To show h € L>(Q), let £ > 0 be given and let

E={z:|hx)] = [[Al] + e}
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Let |k| = 1 and hk = |h|. Since the measure space is finite, k € L'(Q). Let {s,} be a sequence of simple
functions converging to k in L!(Q), and pointwise. Also let |s,| < 1. Therefore

AkXEg) = lim A(s,Xg) = lim hsndu:/ hkdu
E E

n—oo n—oo

where the last equality holds by the Dominated Convergence theorem. Therefore,

Y]

IA(E) > |A(kXg)| = | /Q Wk Xpdp] = /E hldu

(Al + ) u(E).

Y

It follows that u(E) = 0. Since € > 0 was arbitrary, ||A|| > ||h||co- Now we have seen that h € L°(Q), the
density of the simple functions and (18.8) imply

Af = /Q hfd, Al > |1h]ls- (18.9)

This proves the existence part of the theorem. To verify uniqueness, suppose h; and hs both represent A
and let f € L1(Q) be such that |f| <1 and f(hy — ha) = |h1 — hz2|. Then

0=A7=Af = [ = h) = [ i~ ol
Thus hl = hg.
Corollary 18.15 If h is the function in L°°(2) representing A € (L*(Q)), then |||l = ||A]|.

Proof: [|Al| = sup{| [ hfdul : |[f][x <1} < [[h]le < [|A]] by (18.9).

Next we extend these results to the o finite case.

Lemma 18.16 Let (0, S, p) be a measure space and suppose there exists a measurable function, r such that
r(z) > 0 for all z, there exists M such that |r (x)] < M for all z, and [rdu < co. Then for

Ae (LP(Q,p), p>1,

there exists a unique h € LI(Q, p), L= (Q, 1) if p =1 such that

Af:/hfdu.
Also [[h]| = [|A[l- ([|Rll = |[Pllg if p > 1, |[B]|eo if p = 1). Here
11
T4
p q

Proof: We present the proof in the case where p > 1 and leave the case p = 1 to the reader. It involves
routine modifications of the case presented. Define a new measure [, according to the rule

n(E)= / rdu. (18.10)
E
Thus 1 is a finite measure on S. Now define a mapping, n : LP(Q, 1) — LP(Q, u) by

nf=rvf.
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Then 7 is one to one and onto. Also it is routine to show

nf ey = [1f1lLe - (18.11)

Consider the diagram below which is descriptive of the situation.

Le(m)  Lr(w)

L=

By the Riesz representation theorem for finite measures, there exists a unique h € L7 (2, 1) such that for all
felr(n),
) = wA)= [ fadg, (18.12)
Al Loy = [In" Al = [IA]],

the last equation holding because of (18.11). But from (18.10),

and so we see that

for all f € LP(u). Since n is onto, this shows hri represents A as claimed. It only remains to verify
181 = ||pr¥
lemma.

A situation in which the conditions of the lemma are satisfied is the case where the measure space is o
finite. This allows us to state the following theorem.

. However, this equation comes immediately form (18.10) and (18.12). This proves the
q

Theorem 18.17 (Riesz representation theorem) Let (Q, S, ) be o finite and let
Ae (@), p> 1.
Then there exists a unique h € LY(Q, u), L®(Q, u) if p=1 such that
M:/W@-
Also [[n]| = [[A[l- (Al = lIAllg o p > 1, |[b]leo if p = 1). Here
S
p q

Proof: Let {Q,} be a sequence of disjoint elements of S having the property that

0 < () < o0, UpZ 1, = Q.
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Define

Thus
/rdu—ﬁ(a)—ii < 00
Q n=1 n2

so 11 is a finite measure. By the above lemma we obtain the existence part of the conclusion of the theorem.
Uniqueness is done as before.
With the Riesz representation theorem, it is easy to show that

LP(Q), p>1
is a reflexive Banach space.
Theorem 18.18 For (0, S, 1) a o finite measure space and p > 1, LP(Q) is reflexive.

Proof: Let 6, : (L"(Q)) — L" () be defined for 14 =1by

T

/ (6-A)g dp = Ag

for all g € L™(Q2). From Theorem 18.17 4, is 1-1, onto, continuous and linear. By the Open Map theorem,
5;1 is also 1-1, onto, and continuous (§,A equals the representor of A). Thus ¢ is also 1-1, onto, and
continuous by Corollary 14.28. Now observe that J = §, o 5;1. To see this, let z* € (L)', y* € (LP),

5506, (02" (y") = (0

J62) ) =yt (6.7
- / (657) (82" ).

Therefore 0, o 6;1 = J on 6,(L?)" = LP. But the two ¢ maps are onto and so J is also onto.

18.4 Riesz Representation theorem for non ¢ finite measure spaces

It is not necessary to assume p is either finite or o finite to establish the Riesz representation theorem for
1 < p < oo. This involves the notion of uniform convexity. First we recall Clarkson’s inequality for p > 2.
This was Problem 24 in Chapter 12.

Lemma 18.19 (Clarkson inequality p > 2) For p > 2,

9||p<l

P=2

f+g = 1
| 5 15+ 1l 5 Hf||5+§|\g||5~
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Definition 18.20 A Banach space, X, is said to be uniformly convez if whenever ||z,|| < 1 and || Z2t%n || —
1 as n,m — oo, then {x,} is a Cauchy sequence and x, — x where ||z|| = 1.

Observe that Clarkson’s inequality implies L? is uniformly convex for all p > 2. Uniformly convex spaces
have a very nice property which is described in the following lemma. Roughly, this property is that any
element of the dual space achieves its norm at some point of the closed unit ball.

Lemma 18.21 Let X be uniformly convex and let L € X'. Then there exists x € X such that
llzl| =1, La = ||L|.
Proof: Let ||Z,|| <1 and |LZ,| — ||L||. Let x,, = w, &, where |w,| =1 and
wp LT, = |LT,|.
Thus Lz, = |Lz,| = |Lz,| — ||L||.
Lay = |[L]l [l < 1.

We can assume, without loss of generality, that

Lz, =|Lz,| > 22
2
and L # 0.
Claim ||225%= || — 1 as n,m — oc.
Proof of Claim: Let n, m be large enough that Lz,,, Lz, > ||L||—§ where 0 < e. Then ||z, +zp|| # 0
because if it equals 0, then x, = —z,, so —Lz, = Lx,, but both Lz, and Lx,, are positive. Therefore we

can consider % a vector of norm 1. Thus,

(Tn + Tm)

2||L]| —¢
| >
|20 + Zm|

IL]| > [L > .
|Tn + Zm|

Hence
|zn + zm|| [|L]| > 2||L|] —e.

Since € > 0 is arbitrary, lim,, ;,—oco ||Zn + @ || = 2. This proves the claim.

By uniform convexity, {z,} is Cauchy and z,, — z, ||z|| = 1. Thus Lz = lim,_,o Lz, = ||L||. This
proves Lemma 18.21.

The proof of the Riesz representation theorem will be based on the following lemma which says that if
you can show certain things, then you can represent a linear functional.

Lemma 18.22 (McShane) Let X be a complex normed linear space and let L € X’. Suppose there exists
z € X, ||zl =1 with Le = ||L|| # 0. Lety € X and let ¢, (t) = ||z +ty|| for t € R. Suppose 1, (0) exists for
each y € X. Then for ally € X,

¥, (0) + i, (0) = ||L|| 7" Ly.
Proof: Suppose first that ||L|| = 1. Then
L(z +t(y — L(y)z)) = Le =1 = ||L]].
Therefore, ||z + t(y — L(y)z)|| > 1. Also for small ¢, |L(y)t| < 1, and so

1<l +ty — L))l = 1(1 — L)) + ty])
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t
<1 -L()t|jo+ —

L(y)t

|
This implies

Sl

— tlL(y)_ -yl (18.13)

_t
1 - L(y)

Using the formula for the sum of a geometric series,

=1+1tL t
iyt y+ol(t)

where lim; g o (t) (t7!) = 0. Using this in (18.13), we obtain
[1+tL(y) +o(t) | < [[z + ty + o(t)]]
Now if ¢ > 0, since ||z|| = 1, we have

(%y (t) = 0, (0 (e + tyll = ll=| e~

> (L4t Ly) -t + @
> RelL(y) + @
Ift <0,
(6,0 = 0,0 < Re () + 22,
Since ¢, (0) is assumed to exist, this shows
! (0) = Re L(y). (18.14)
Now
Ly =ReL(y) +i Im L(y)
50
L(—iy) = —i(Ly) = —i Re L(y) + Im L(y)
and
L(—iy) = Re L (—iy) +iIm L (—iy).
Hence

Re L(—iy) = Im L(y).
Consequently, by (18.14)

Ly=ReL(y)+i ImL(y) = Re L (y) + it Re L (—iy)

=1, (0) +i 9L, (0).
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This proves the lemma when ||L|| = 1. For arbitrary L # 0, let Lz = ||L||,||z|| = 1. Then from above, if

Liy= ||L||71 L(y), ||L1]] =1 and so from what was just shown,

Llw)ﬁﬂ)wum+iwi¢m

and this proves McShane’s lemma.
We will use the uniform convexity and this lemma to prove the Riesz representation theorem next. Let
p > 2 and let n: LY — (LP) be defined by

n(g)(f) = /ng dp. (18.15)
Theorem 18.23 (Riesz representation theorem p > 2) The map n is 1-1, onto, continuous, and
[lngll = llgll, lInl| = 1.
Proof: Obviously 7 is linear. Suppose ng = 0. Then 0 = [ gf du for all f € LP. Let
f=l9l"%g.

Then f € LPand so 0 = [ |g|9du. Hence g = 0 and 7 is 1-1. That ng € (L)’ is obvious from the Holder
inequality. In fact,

() (I < lgllqll f1]p:
and so |[n(g)|| < ||gllq. To see that equality holds, let
f=lgl"*g llglly™".

Then ||f||, = 1 and

n(g)(f):/ﬂlg\qdul\glléfq: [lgllq-

Thus ||n|| = 1. It remains to show 7 is onto. Let L € (L?)". We need show L = ng for some g € L9. Without
loss of generality, we may assume L # 0. Let

Lg =L, g € L”, |lg|| = 1.
We can assert the existence of such a g by Lemma 18.21. For f € LP,
1
i) =g+ tfllp = os(t)>.
We show ¢ (0) exists. Let [g = 0] denote the set {z : g (z) = 0}.

¢5(t) = ¢4(0)
t

1 1
—/W+ww—mmm=—/ 7 1P dy
t t [9=0]

+/ plg(x) + s(x) f(@)[P* Re[(g(x) + s(x) f ()) f ()] dp (18.16)
[970]
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where the Mean Value theorem is being used on the function t — |g () +tf (z) |’ and s(x) is between 0 and
t, the integrand in the second integral of (18.16) equaling

1
(lg(@) + (@) —lg(2)[”).
Now if |t| < 1, the integrand in the last integral of (18.16) is bounded by

» {(Ig(:ﬂ)l @D @)

q p

which is a function in L' since f, g are in LP(we used the inequality ab < % + %) Because of this, we can
apply the Dominated Convergence theorem and obtain

#0) =p [ @) Re(g(a)F(0))dn.
Hence
050 = lgll ¥ [ 1) Relgla)F(o))dn

Note £ —1 = —1. Therefore,
p q

mmmﬂw?/mm“%wmﬁmmh

But Re(igf) = Im(—gf) and so by the McShane lemma,

Lf

1L IIQH_TP/lg(x)l”‘Q[Re(g(x)f(x)) +i Re(ig(z) f(2))ldn

||L]| IIQH_TP/Ig(w)l”’z[Re(g(x)f(w)) +i Im(—g(z)f(2)))dp
= ||l IIQH%/Ig(ﬂf)l”’Qﬁ(z)f(w)du-
This shows that

L=n(|Ll llgll = lgl"~*g)

and verifies 7 is onto. This proves the theorem.

To prove the Riesz representation theorem for 1 < p < 2, one can verify that LP is uniformly convex and
then repeat the above argument. Note that no reference to p > 2 was used in the proof. Unfortunately,
this requires Clarkson’s Inequalities for p € (1,2) which are more technical than the case where p > 2. To
see this done see Hewitt & Stromberg [15] or Ray [22]. Here we take a different approach using the Milman
theorem which states that uniform convexity implies the space is Reflexive.

Theorem 18.24 (Riesz representation theorem) Let 1 < p < oo and let n: LY — (LP)' be given by (18.15).
Then n is 1-1, onto, and ||ng|| = ||gl|-

Proof: Everything is the same as the proof of Theorem 18.23 except for the assertion that 7 is onto.
Suppose 1 < p < 2. (The case p > 2 was done in Theorem 18.23.) Then ¢ > 2 and so we know from Theorem
18.23 that 7 : LP — (L7)" defined as

W@EAM@
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is onto and [|77f|| = ||f||. Then 7* : (L%)” — (LP)" is also 1-1, onto, and ||7*L|| = ||L||. By Milman’s
theorem, J is onto from L? — (L4)”. This occurs because of the uniform convexity of L? which follows from
Clarkson’s inequality. Thus both maps in the following diagram are 1-1 and onto.

L1 L Loy To(ory.

Now if g € L9, f € LP, then

7)) = TaGif) = @1)(a) = | o dn.
Thus if  : LY — (LP)’ is the mapping of (18.15), this shows n =7*J. Also

[Ingll = lln*Jgll = [|Tgll = llg]|-

This proves the theorem.

In the case where p = 1, it is also possible to give the Riesz representation theorem in a more general
context than o finite spaces. To see this done, see Hewitt and Stromberg [15]. The dual space of L has
also been studied. See Dunford and Schwartz [9].

18.5 The dual space of C (X)

Next we represent the dual space of C'(X) where X is a compact Hausdorff space. It will turn out to be a
space of measures. The theorems we will present hold for X a compact or locally compact Hausdorff space
but we will only give the proof in the case where X is also a metric space. This is because the proof we use
depends on the Riesz representation theorem for positive linear functionals and we only gave such a proof
in the special case where X was a metric space. With the more general theorem in hand, the arguments
give here will apply unchanged to the more general setting. Thus X will be a compact metric space in what
follows.

Let L € C(X)'. Also denote by CT(X) the set of nonnegative continuous functions defined on X. Define
for f € CT(X)

A(f) = sup{|Lg]| : |g] < [}.
Note that A(f) < oo because |Lg| < ||L|[ |lg]| < [[L][ ||f]] for |g] < f.
Lemma 18.25 If ¢ > 0, A(cf) = cA(f), f1 < fo implies \fi < Afa, and

Af1+ f2) = Af1) + A(f2).

Proof: The first two assertions are easy to see so we consider the third. Let |g;| < f; and let g; = €% g;
where ; is chosen such that e*i Lg; = |Lg;|. Thus Lg; = |Lg;|. Then

91 + 92| < fr + fa.
Hence

|Lg1| + |Lg2| = Lgy + Lg2 =

L(gy + g2) = |L(g1 + g2)| < A(f1 + f2). (18.17)
Choose g1 and go such that |Lg;| +& > A(f;). Then (18.17) shows

A(f1) + A(f2) — 28 < A(f1 + f2)
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Since € > 0 is arbitrary, it follows that
A1) +A(f2) < A(f1 + f2)- (18.18)
Now let [g| < fi + fa, |Lg| = AM(f1 + f2) — €. Let
e () = { PP 1 i (@) 4 fa (2) > 0,

0if f1(z) + f2(x) =0.

Then h; is continuous and hq(z) + ho(z) = g(x), |hi| < fi. Therefore,
—e+Afi+f2) < |Lgl <|Lhy+ Lho| < |Lhi| + |Lhs|

< A(f1) + A(f2).

Since € > 0 is arbitrary, this shows with (18.18) that
A(f1+ f2) S A(f1) + A(f2) < A(f1 + fa)

which proves the lemma.
Let C(X;R) be the real-valued functions in C(X) and define

Ar(f) = AT = Af~
for f € C(X;R). Using Lemma 18.25 and the identity
(it f) P+ fe =+ +(h+ f)”
to write
AA+ )Y = MA+ f2)” =M =M+ M =My,

we see that Ag(f1+f2) = Ar(f1)+ARr(f2). Toshow that Ag is linear, we need to verify that Ar(cf) = cAr(f)
for all c € R. But

(cf)F = cf*,
if ¢>0 while
(cf)" =—c(f)",
if ¢ < 0 and
(cf)” = (=) fT,

if ¢ < 0. Thus, if ¢ < 0,
Ar(cf) = Mef)T = AMef)™ =AM ((=) f7) = A (=) fT)

= —cA(f7) + A T) = c(A(T) = A7)

(If this looks familiar it may be because we used this approach earlier in defining the integral of a real-valued
function.) Now let

Af = Agr(Re f) + iAg(Im f)

for arbitrary f € C'(X). It is easy to see that A is a positive linear functional on C'(X) (= C.(X) since X is
compact). By the Riesz representation theorem for positive linear functionals, there exists a unique Radon
measure p such that

Af= [ 1
X
for all f € C(X). Thus A(1) = u(X). Now we present the Riesz representation theorem for C'(X)".
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Theorem 18.26 Let L € (C(X))'. Then there exists a Radon measure pn and a function o € L= (X, ) such
that

= [ fodn

Proof: Let f € C(X). Then there exists a unique Radon measure p such that

Lf| < A(f]) = /X | Fldp = (11l

Since y is a Radon measure, we know C(X) is dense in L!(X, u1). Therefore L extends uniquely to an element
of (L'(X,u))’". By the Riesz representation theorem for L', there exists a unique o € L>°(X, 1) such that

sz/Xfadu

for all f € C(X).
It is possible to give a simple generalization of the above theorem to locally compact Hausdorff spaces.
We will do this in the special case where X = R". Define

X

[_OO’OO]

n

7

With the product topology where a subbasis for a topology on [—o0o,00] will consist of sets of the form
[—00,a), (a,b) or (a,c0]. We can also make X into a metric space by using the metric,

n
plx,y) = Z |arctan x; — arctan y;|
i=1

We also define by Cy (X) the space of continuous functions, f, defined on X such that

lim f(x)=0.
dist(z,X\X)—0

For this space of functions, ||f||, = sup{|f (z)|: 2 € X} is a norm which makes this into a Banach space.
Then the generalization is the following corollary.

Corollary 18.27 Let L € (Cy (X)) where X = R™. Then there exists 0 € L™ (X, ju) for u a Radon measure
such that for all f € Cy (X),

L) = [ fodn
b'e
Proof: Let
ﬁE{fEC(f() :f(z):Oiszf(\X}.
Thus D is a closed subspace of the Banach space C ()Z') Let 0: Co(X) — D be defined by

_f f(x) ifreX,
ef(‘”)_{ Oifre X\ X
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Then 6 is an isometry of Cy (X) and D. (||0u|| = ||u]] .)It follows we have the following diagram.

ax) © (B) T c(x)

Cx) 5 b 7 ()

~\/
By the Hahn Banach theorem, there exists L; € C' (X ) such that 0*i*L; = L. Now we apply Theorem

18.26 to get the existence of a Radon measure, 1, on X and a function ¢ € L (5(, ul), such that

Lyg = /N godp, .
X
Letting the o algebra of y; measurable sets be denoted by Si, we define
SE{E\{X\X} :EeSl}

and let p be the restriction of p; to S. If f € Cy (X),

Lf =0""Lif = Li0f = L,0f = /~ Ofodu, :/ fodu.
X X

This proves the corollary.

18.6 Weak * convergence

A very important sort of convergence in applications of functional analysis is the concept of weak or weak
x convergence. It is important because it allows us to extract a convergent subsequence of a given bounded
sequence. The only problem is the convergence is very weak so it does not tell us as much as we would like.
Nevertheless, it is a very useful concept. The big theorems in the subject are the Eberlein Smulian theorem
and the Banach Alaoglu theorem about the weak or weak * compactness of the closed unit balls in either a
Banach space or its dual space. These theorems are proved in Yosida [29]. Here we will consider a special
case which turns out to be by far the most important in applications and it is not hard to get from the
results of this chapter. First we define what we mean by weak and weak * convergence.

Definition 18.28 Let X' be the dual of a Banach space X and let {xX} be a sequence of elements of X'.
Then we say x}, converges weak * to x* if and only if for all x € X,

lim z; (z) = z* (x).

n—oo

We say a sequence in X,{x,} converges weakly to x € X if and only if for all z* € X'

lim z* (z,) = 2" (x).

n—oo

The main result is contained in the following lemma.

Lemma 18.29 Let X' be the dual of a Banach space, X and suppose X is separable. Then if {xX} is a
bounded sequence in X', there exists a weak * convergent subsequence.

Proof: Let D be a dense countable set in X. Then the sequence, {z} (z)} is bounded for all  and in
particular for all x € D. Use the Cantor diagonal process to obtain a subsequence, still denoted by n such
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that =% (d) converges for each d € D. Now let x € X be completely arbitrary. We will show {z} (z)} is a
Cauchy sequence. Let € > 0 be given and pick d € D such that for all n
27 (2) — 77, (d)] < <.
We can do this because D is dense. By the first part of the proof, there exists N, such that for all m,n > Ng,
5, () — 7, (d)] < 5.

Then for such m, n,

E)
*
—
8
S~—
\
5
*
—
5
e
IN

|25, (2) — 2 (d)] + |2, (d) — a7, ()]

E € ¢
() — < < Z—c
+lar, (d) — ), (x)| < 3+3+3 €

Since ¢ is arbitrary, this shows {« (z)} is a Cauchy sequence for all z € X.
Now we define f (x) = limy,_,00 2}, (x). Since each z, is linear, it follows f is also linear. In addition to
this,

F (@) = Jim |z, ()] < K ||

where K is some constant which is larger than all the norms of the z}. We know such a constant exists
because we assumed that the sequence, {z}} was bounded. This proves the lemma.
The lemma implies the following important theorem.

Theorem 18.30 Let Q) be a measurable subset of R™ and let {fi} be a bounded sequence in LP () where
1 < p < 0. Then there exists a weak * convergent subsequence.

Proof: We know from Corollary 12.15 that I (€2) is separable. From the Riesz representation theorem,
we obtain the desired result.

Note that from the Riesz representation theorem, it follows that if p < oo, then we also have the
susequence converges weakly.

18.7 Exercises

1. Suppose A (E) = fE fdu where \ and u are two measures and f € L'(u). Show \ << p.

2. Show that A << p for p and A two finite measures, if and only if for every e > 0 there exists § > 0
such that whenever p (E) < ¢, it follows A (E) < e.

3. Suppose A, i are two finite measures defined on a ¢ algebra S. Show A = Ag + A4 where Ag and A gqare
finite measures satisfying

As(E) =As(ENS), p(S) =0 for some S C S,

Aa << .

This is called the Lebesgue decomposition. Hint: This is just a generalization of the Radon Nikodym
theorem. In the proof of this theorem, let

S={z:h(z) =1} As(E) = A\(ENS)

Aa(E) = ME N 8°).

We write plAg and Ag << p in this situation.
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4. 7 Generalize the result of Problem 3 to the case where p is ¢ finite and A is finite.

5. Let F be a nondecreasing right continuous, bounded function,

lim F(z)=0.

r——00

Let Lf = f fdF where f € C.(R) and this is just the Riemann Stieltjes integral. Let A be the Radon
measure representing L. Show

A(a,8]) = F(b) = F(a) , A((a,b)) = F(b=) = F(a).

6. 1 Using Problems 3, 4, and 5, show there is a bounded nondecreasing function G(z) such that G(z) <
F(z) and G(z) = [*_€(t)dt for some ¢ > 0 , £ € L*(m). Also, if F(z) — G(z) = S(x), then
x) is non decreasing and if Ag is the measure representing [ fdS, then AgLlm. Hint: Consider

S(
G(z) = Aa((—o0,2]).

7. Let A and p be two measures defined on S, a ¢ algebra of subsets of ). Suppose pu is o finite and g
> 0 with g measurable. Show that

gzd—

~ ) - [E gdp)

if and only if for all A € § ,and «, 3,> 0,

AMAN{x:g(x) > a}) > au(An{z: g(x) > a}),

AMAN{z: g(z) < B}) < Bu(An{z: g(x) < S})

Hint: To show g = % from the two conditions, use the conditions to argue that for u(A) < oo,

SuAniz: g(z) € la, B)}) = MAN{x: g(z) € [0, 0)})

> ap(An{z: g(z) € [0, B)}).

8. Let r,p,q € (1,00) satisfy

1 1 1
,:,4,,,1
r P 4q

and let f € LP (R™), g € LT7(R™), f,g > 0. Young’s inequality says that

1+ gll, < llgllg [1£1],-

Prove Young’s inequality by justifying or modifying the steps in the following argument using Problem
27 of Chapter 12. Let

heLT’(R").<%+1:1>

7,.I

[ea0amldz= [ [ 15196 y) b ()] dedy.
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Let r =pso 6 € (0,1),p' (1 —0)=gq, p’ >r'. Then the above

< [ [15 g9 19 6= 9)/' " 10 (o) dyd

</(/(g(x‘y>|l9|h<x>l)wdx>l/w.
(/ (f(Y)IIg(xy)|e>7'dx>1/rdy

(o onooy )"
([ ronme—sry ) "a]”
(e nona)
o (Jooc-sra)”s]”

1/r'

[ fweor ([1eec-n0o7 a) " x| pae i,
o (] ) "]

=gl Ngll&" AL 1AL = gl 1AL 1A, -

Therefore || f + g||, < [|gll, [|f|],- Does this inequality continue to hold if r, p, ¢ are only assumed to be
in [1, 00]? Explain.

1/p’

1/

9. Let X = [0, oo] with a subbasis for the topology given by sets of the form [0,b) and (a,o0]. Show that
X is a compact set. Consider all functions of the form

n
2 akefzk:t
k=0

where ¢t > 0. Show that this collection of functions is an algebra of functions in C (X) if we define

eTt® = ,

and that it separates the points and annihilates no point. Conclude that this algebra is dense in C (X).
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10.

11.

12.

REPRESENTATION THEOREMS

1 Suppose f € C (X) and for all ¢ large enough, say ¢t > 4,

/00 e f(x)dx =0.

0

Show that f (z) = 0 for all € (0,00). Hint: Show the measure given by du = e~ %dx is a regular
measure and so C (X) is dense in L? (X, ). Now use Problem 9 to conclude that f (z) =0 a.e.

1 Suppose f is continuous on (0, 00), and for some v > 0,
|f(x)e | <C

for all z € (0,00), and suppose also that for all ¢ large enough,

/00 f(z)e ™dx = 0.
0

Show f (z) =0 for all x € (0,00). A common procedure in elementary differential equations classes is
to obtain the Laplace transform of an unknown function and then, using a table of Laplace transforms,
find what the unknown function is. Can the result of this problem be used to justify this procedure?

T The following theorem is called the mean ergodic theorem.

Theorem 18.31 Let (Q, S, 1) be a finite measure space and let ¢ : Q — Q satisfy v~ (E) € S for all
E € S. Also suppose for all positive integers, n, that

p(W " (B) < Kp(E).

For f e LP(Q), andp > 1, let

Tf=for. (18.19)
Then T € L (LP (), LP () with
|17 < K'/P. (18.20)
Defining A, € L(L? (Q),LP () by
n—1
A, = 1 T,
n
k=0

there exists A € L (LP (), LP () such that for all f € LP (Q),
Anf — Af weakly (18.21)

and A is a projection, A2 = A, onto the space of all f € LP () such that Tf = f. The norm of A
satisfies

Al < K7 (18.22)

To prove this theorem first show (18.20) by verifying it for simple functions and then using the density
of simple functions in L? (). Next let

M={gel’(@):|Augll, — 0.}
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Show M is a closed subspace of L (2) containing (I — T) (LP (Q2)) . Next show that if

A, f — h weakly,

then Th = h. If £ € L?' () is such that [&gdp = 0 for all g € M, then using the definition of A,,, it
follows that for all k € L? (Q),

/fkdu = /(fT”k+f(I—T")k) dp = /§T”kdp
and so

/ Ehdp = / €A kd. (18.23)

Using (18.23) show that if A, f — g weakly and A,,, f — h weakly, then

[ catn= i [ ean, fan= [ erau= tm [ an, sin= [ hip. (18.24)
Now argue that
T"g = weak kli»n;o T"A,, f = weak klln()lo A, T"f =g.
Conclude that A, (g —h) =g — hso if g # h, then g — h ¢ M because
Ap(g—h) — g—h#0.

Now show there exists & € L” (Q) such that [£(g—h)dp # 0 but [Ekdu = 0 for all k € M,
contradicting (18.24). Use this to conclude that if p > 1 then A, f converges weakly for each f € LP ().
Let Af denote this weak limit and verify that the conclusions of the theorem hold in the case where
p > 1. To get the case where p = 1 use the theorem just proved for p > 1 on L? (Q) N L' () a dense
subset of L! (Q) along with the observation that L (Q) C L? () due to the assumption that we are
in a finite measure space.

13. Generalize Corollary 18.27 to X = C™.

14. Show that in a reflexive Banach space, weak and weak * convergence are the same.



344 REPRESENTATION THEOREMS



Weak Derivatives

19.1 Test functions and weak derivatives

In elementary courses in mathematics, functions are often thought of as things which have a formula associ-
ated with them and it is the formula which receives the most attention. For example, in beginning calculus
courses the derivative of a function is defined as the limit of a difference quotient. We start with one function
which we tend to identify with a formula and, by taking a limit, we get another formula for the derivative.
A jump in abstraction occurs as soon as we encounter the derivative of a function of n variables where the
derivative is defined as a certain linear transformation which is determined not by a formula but by what it
does to vectors. When this is understood, we see that it reduces to the usual idea in one dimension. The
idea of weak partial derivatives goes further in the direction of defining something in terms of what it does
rather than by a formula, and extra generality is obtained when it is used. In particular, it is possible to
differentiate almost anything if we use a weak enough notion of what we mean by the derivative. This has
the advantage of letting us talk about a weak partial derivative of a function without having to agonize over
the important question of existence but it has the disadvantage of not allowing us to say very much about
this weak partial derivative. Nevertheless, it is the idea of weak partial derivatives which makes it possible
to use functional analytic techniques in the study of partial differential equations and we will show in this
chapter that the concept of weak derivative is useful for unifying the discussion of some very important
theorems. We will also show that certain things we wish were true, such as the equality of mixed partial
derivatives, are true within the context of weak derivatives.

Let 2 C R™. A distribution on €2 is defined to be a linear functional on C2° (), called the space of test
functions. The space of all such linear functionals will be denoted by D* (2). Actually, more is sometimes
done here. One imposes a topology on C2° () making it into something called a topological vector space,
and when this has been done, D’ (2) is defined as the dual space of this topological vector space. To see
this, consult the book by Yosida [29] or the book by Rudin [25].

Example: The space L} . (£2) may be considered as a subset of D* (Q) as follows.

loc

f(9) = Qf(X)cﬂX) dx

for all ¢ € C2° (). Recall that f € L}, (Q) if fXx € L () whenever K is compact.
Example: ¢, € D* () where 0x (¢) = ¢ (x).
It will be observed from the above two examples and a little thought that D* () is truly enormous. We
shall define the derivative of a distribution in such a way that it agrees with the usual notion of a derivative
on those distributions which are also continuously differentiable functions. With this in mind, let f be the

restriction to  of a smooth function defined on R™. Then D,, f makes sense and for ¢ € C° (Q)
D,.f(¢)= /QDwif(x) ¢ (x)de = — /Q fDg,pdx = —f (Dy, ).
Motivated by this we make the following definition.

345
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Definition 19.1 For T € D* ()
Dy, T (¢) = =T (Dq, 9).
Of course one can continue taking derivatives indefinitely. Thus,
Dyo;T = Dy, (DIJ, T)
and it is clear that all mixed partial derivatives are equal because this holds for the functions in C2° (9).
Thus we can differentiate virtually anything, even functions that may be discontinuous everywhere. However

the notion of “derivative” is very weak, hence the name, “weak derivatives”.
Example: Let 2 =R and let

[ 1ifx >0,
H(x):{ 0if z < 0.

Then
DH (¢) = —/H<x> ¢ (2) de = 6 (0) = 60(6).

Note that in this example, DH is not a function.
What happens when Df is a function?

Theorem 19.2 Let Q = (a,b) and suppose that f and Df are both in L' (a,b). Then f is equal to a
continuous function a.e., still denoted by f and

f@)=f@+ [ Dfe)ar
In proving Theorem 19.2 we shall use the following lemma.

Lemma 19.3 Let T € D*(a,b) and suppose DT = 0. Then there exists a constant C such that

T (¢) = / b Codz.

Proof: T (D¢) =0 for all ¢ € C° (a,b) from the definition of DT = 0. Let

b
¢oecs°<a,b>,/¢o<x>dx=1,

T b
g (z) = / [o(t) — </ ¢ (y) dy) b (t)]dt

for ¢ € C° (a,b). Thus ¢, € C° (a,b) and

b

Dy, = (/ ¢><y>dy> bo.
b

6= D, + (/ ¢><y)dy> b6

and let

Therefore,
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and so

T (¢) = T(Di,) + (/ 6y dy) (60) / T (d) b (y) dy.

Let C' =T¢,. This proves the lemma.
Proof of Theorem 19.2 Since f and Df are both in L' (a,b),

b
—/ Df (z) ¢ (x) dx =
)
_/ Df (t) dt

D (f 0- " b dt) ()
[t [ ([ oros)ec

//Df ©) dedt
_ Df(tb)—/a D (1) 6 () dt =

By Lemma 19.3, there exists a constant, C, such that

) b
(f(-)— / Df(t)dt) (6) = / Co () d

Consider

and let ¢ € C° (a,b).

for all ¢ € C° (a,b). Thus
b T
[t(r@- [ proa)-ciowa-
for all ¢ € C2° (a,b). It follows from Lemma 19.6 in the next section that
—/ Df(t)dt —C =0 ae. x.

Thus we let f (a) = C and write

+/;Df(t)dt

This proves Theorem 19.2.



348 WEAK DERIVATIVES
Theorem 19.2 says that
f (@) :f(a)+/ Df (t)dt

whenever it makes sense to write f; Df (t)dt, if Df is interpreted as a weak derivative. Somehow, this is
the way it ought to be. It follows from the fundamental theorem of calculus in Chapter 20 that f’ (x) exists
for a.e. x where the derivative is taken in the sense of a limit of difference quotients and f’ (x) = Df ().
This raises an interesting question. Suppose f is continuous on [a,b] and f’ (z) exists in the classical sense
for a.e. . Does it follow that

f(ar):f(a)+/mf’(t)dt?

The answer is no. To see an example, consider Problem 3 of Chapter 7 which gives an example of a function
which is continuous on [0, 1], has a zero derivative for a.e. x but climbs from 0 to 1 on [0,1]. Thus this
function is not recovered from integrating its classical derivative.

In summary, if the notion of weak derivative is used, one can at least give meaning to the derivative of
almost anything, the mixed partial derivatives are always equal, and, in one dimension, one can recover the
function from integrating its derivative. None of these claims are true for the classical derivative. Thus weak
derivatives are convenient and rule out pathologies.

19.2 Weak derivatives in L |

Definition 19.4 We say f € LY _(R"™) if fXx € LP whenever K is compact.

loc
Definition 19.5 For a = (ky,- - -, ky) where the k; are nonnegative integers, we define

9l f ()

dxkroakz . gxhn

o] = ks, |, Df (x)
=1

We want to consider the case where u and D%u for || = 1 are each in L} (R™). The next lemma is the
one alluded to in the proof of Theorem 19.2.

1
loc

Lemma 19.6 Suppose f € L _(R™) and suppose

/f¢dx=0

Proof: Without loss of generality f is real-valued. Let

E={x:fx)>¢€}

for all ¢ € C(R™). Then f( x) =0 a.e. x.

and let
E,, = EnB(0,m).
We show that m (E,,) = 0. If not, there exists an open set, V', and a compact set K satisfying

KCE,CVCB(Om), m(V\K)<4 ' 'm(E,),
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/ |f|de < ed™ m (E,,).
VAK

Let H and W be open sets satisfying
KCHCHCWCWCV
and let
H<g=<W

where the symbol, <, has the same meaning as it does in Chapter 6. Then let ¢5 be a mollifier and let
h = gx*¢s for § small enough that

K<h=<V.

Thus

o
I

/ fhdz = /K fdx + . fhda

em (K) — e4™'m (E,,)
e(m(En) —47'm(En)) —ed™'m (Ep,)
27 Yem(E,,).

v IV IV

Therefore, m (E,,) = 0, a contradiction. Thus

m(E) <> m(Ep)=0

m=1

and so, since € > 0 is arbitrary,
m{ x: f(x)>0})=0.

Similarly m ({ x : f( x) < 0}) = 0. This proves the lemma.
This lemma allows the following definition.

Definition 19.7 We say for u € L}, (R"™) that D*u € L} . (R™) if there exists a function g € L, (R™),
necessarily unique by Lemma 19.6, such that for all ¢ € C° (R™),

/gngdx — D (¢) = /(—1)'“‘u(Da¢) da.
We call g D*u when this occurs.

Lemma 19.8 Letu € LlloC and suppose u ; € L}, ., where the subscript on the u following the comma denotes

the ith weak partial derivative. Then if ¢, is a mollifier and u. = u* ¢, we can conclude that ue ; = u; * @,.

Proof: If 1 € C° (R"), then
Julx=yvixd = [u@v @+ v
_ —/u,i(z)w(er v) dz
= [ustx- yw(xdn
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Therefore,

ui@) = = [uw, = [ [ulx= 510,50, (x)dyds
= [ [utx= 90296, ()dady
= [ [uitx= 96200, (y)dody
= /u’i*qbe( x) 1 ( x)dz.
The technical questions about product measurability in the use of Fubini’s theorem may be resolved by
picking a Borel measurable representative for u. This proves the lemma.
Next we discuss a form of the product rule.
Lemma 19.9 Let i) € C*° (R") and suppose u,u; € Ly, (R"). Then (uw),; and uyp are in Ly, and
(u) ; = wi +ug) ;.
Proof: Let ¢ € C° (R™) then
W)@) = — [uvsds
=~ [ulw), — ov Jas
[ (wivo+ s 0) da.
This proves the lemma. We recall the notation for the gradient of a function.
Vu(x) = (w1 (%) -+ (%))
thus

Du (x)v =Vu(x)-v.

19.3 Morrey’s inequality

The following inequality will be called Morrey’s inequality. It relates an expression which is given pointwise
to an integral of the pth power of the derivative.

Lemma 19.10 Let u € C* (R™) and p > n. Then there exists a constant, C, depending only on n such that
for any x, y € R?,

u(x) = u(y)]

1/p
<C (/ IV (2) |sz> (| x — y|<1*”/p>).
B(x.2x-y))
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Proof: In the argument C' will be a generic constant which depends on n.

— U = ' u(x w) — u(x nflo_
/Béw)ht(x) (¥)ldy /o/sn_1| (x + pw) (x)| p"Ydodp

r P

/ / / |V (x + tw) |p" L dtdodp
0o Jsn-1Jo

/ / / |Vu (x + tw) |p"~ dpdtdo
sn=1.Jo Jo

crt / / [Vu (x + tw) |dtdo
Sn—1J0

Vu (x+ 1
— o / | NVulx ) |net g,
S’n 1

IA

IN

IN

tn—1

_Vul)l

=Cr" Tdz.

—
B(x,r) | 2 — X|

][Efdx B ﬁ /E e

][ lu(y) —u(x |dy<C/ |Vu (2) ||z — x|" " "dz. (19.1)
B(x,r)

Thus if we define

then

Now let r = |x — y| and
U=B(x,r), V=B(y,r), W=UnW.

Thus W equals the intersection of two balls of radius r with the center of one on the boundary of the other.
It is clear there exists a constant, C; depending only on n such that
m W) _ mW)

m(0) ~m(v)

Then from (19.1),
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SC’{/U|Vu(z)|z—x|1_ndz—|—/v|Vu(z)||z—y|1_ndz} (19.2)

Consider the first of these two integrals. This is no smaller than

1/p (p—1)/p
<C </ \Vu (z) |sz> (/ (|z — x|1_")p/(p1)dz>
B(x,r) B(x,r)
Ve, (b-1)/p

—c / Vu (2) [Pdz (/ / ppu—n)/(p—l)pn—ldadp)
B(x,r) 0 Jsn—1

Vr (—1)/p

=C / |Vu (z) |Pdz </ p(ln)/(pl)dp>
B(x,r) 0
1/p
e < / IV (2) |sz> p(1=n/p) (19.3)
B(x,r)

1/p
<C ( / |V (z) |sz> p(1=n/p) (19.4)
B(x,2|x—yl)

The second integral in (19.2) is dominated by the same expression found in (19.3) except the ball over which
the integral is taken is centered at y not x. Thus this integral is also dominated by the expression in (19.4)
and so,

1/p
u(x) —u(y)| < C ( / Vu () |de> x —y|7/P) (19.5)
B(x,2|x—y|)

which proves the lemma.

19.4 Rademacher’s theorem

Next we extend this inequality to the case where we only have v and w; in LY  for p > n. This leads to an
elegant proof of the differentiability a.e. of a Lipschitz continuous function. Let ¢, € C° (R™), 4, > 0, and
Yy, (z) =1 for all z € B(0,k). Then

why, (ughy),i € LP(R™).
Let ¢, be a mollifier and consider
(u'(/)k)G = W/Jk * (be'
By Lemma 19.8,

(up)ei = (uihy,) i * .

Therefore

(utp)ei = (ughy) i in LP (R™) (19.6)
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and
(uthy)e — wihy, in LP (R™) (19.7)
as € — 0. By (19.7), there exists a subsequence € — 0 such that
(uhy)e (z) = upy, (z) ae. (19.8)
Since vy, (z) = 1 for |z| < k, this shows
(utpy)e (2) — u(2) (19.9)
and for a.e. z with |z| <k. Denoting the exceptional set of (19.9) by E, let
X,y ¢ Uy Ey = E.
Also let k& be so large that
B(0.5) 2 B (x2/x - y))
Then by (19.5),

[(uthy)e (x) = (uhg)e ()]

1/p
<C ( / |V<uwk>€|sz> x —y|/P)
B(x,2]ly—x])

where C' depends only on n. Now by (19.8), there exists a subsequence, ¢ — 0, such that (19.9), holds for
z = x,y. Thus, from (19.6),

1/p
Ju(x) —u(y)| < C ( / |w|pdz> x -y, (19.10)
B(x,2]ly—x|)

Redefining v on E, in the case where p > n, we can obtain (19.10) for all x,y. This has proved the following
theorem.

Theorem 19.11 Suppose u,u; € L} (R™) fori=1,---,n and p > n. Then u has a representative, still

denoted by u, such that for all x,y €R”,

1/p
u(x) —u(y) < C ( / |w|pdz> Ix —y| P,
B(x,2]y—x])

The next corollary is a very remarkable result. It says that not only is v continuous by virtue of having
weak partial derivatives in LP for large p, but also it is differentiable a.e.

Corollary 19.12 Let u,u,; € L (R™) fori=1,---.n and p > n. Then the representative of u described

loc

in Theorem 19.11 is differentiable a.e.

Proof: Consider

lu(y) —u(x) = Vu(x) - (y — %)
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where u ; is a representative of u ;, an element of L?. Define
g9(z) =u(z) +Vu(x) (y —2)
Then the above expression is of the form

lg(y) =g (x)]
and
Vg (z) = Vu(z) — Vu (x).
Therefore g € LT (R™) and g; € L} . (R™). It follows from Theorem 19.11 that

loc
l9(¥) =g (X[ =luly) —u(x) = Vu(x) - (y —x)|

1/p
<C ( / Vg () sz) [ — |77
B(x,2ly—x|)
1/p
—C (/ IV (z) — Vu (x) pdz) x — y|4/P)
B(x,2ly—x|)

1/p
=C <][ |Vu(z) — Vu (x) pdz) |x —y|
B(x,2|ly—x|)

This last expression is o (|y — x|) at every Lebesgue point, x, of Vu. This proves the corollary and shows
Vu is the gradient a.e.
Now suppose u is Lipschitz on R™,

lu(x) —u(y)l < K[x -yl

for some constant K. We define Lip (u) as the smallest value of K that works in this inequality. The following
corollary is known as Rademacher’s theorem. It states that every Lipschitz function is differentiable a.e.

Corollary 19.13 If u is Lipschitz continuous then u is differentiable a.e. and ||u ;|| < Lip (u).

Proof: We do this by showing that Lipschitz continuous functions have weak derivatives in L (R™)
and then using the previous results. Let

Dl u(z) =k [u(x + he;) —u(z)].
Then D! v is bounded in L*° (R™) and
D¢, ulloo < Lip (u).

It follows that Dgiu is contained in a ball in L (R"), the dual space of L! (R™). By Theorem 18.30 there
is a subsequence h — 0 such that

D! u— w, ||w]|e < Lip (u) (19.11)
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where the convergence takes place in the weak * topology of L>(R™). Let ¢ € C2° (R™). Then

/wcﬁdaz = }lin%)/DZiu(bdx

(60— he)) = (x))

Thus w = u,; and we see that u; € L> (R™) for each i. Hence u,u; € L] . (R") for all p > n and so u is
differentiable a.e. and Vu is given in terms of the weak derivatives of u by Corollary 19.12. This proves the
corollary.

19.5 Exercises

1. Let K be a bounded subset of LP (R") and suppose that for all € > 0, there exist a § > 0 and G such
that G is compact such that if |h| < §, then

/|u(x—|—h)—u(x)|pdx<6p

for all u € K and

/ lu (x)|F do < €
R”\E

for all u € K. Show that K is precompact in L? (R™). Hint: Let ¢, be a mollifier and consider
Kp={ux¢,:uecK}.

Verify the conditions of the Ascoli Arzela theorem for these functions defined on G' and show there is
an € net for each € > 0. Can you modify this to let an arbitrary open set take the place of R"?

2. In (19.11), why is ||w]||eo < Lip (u)?

3. Suppose Dgiu is bounded in LP (R™) for p > n. Can we conclude as in Corollary 19.13 that u is
differentiable a.e.?

4. Show that a closed subspace of a reflexive Banach space is reflexive. Hint: The proof of this is an
exercise in the use of the Hahn Banach theorem. Let Y be the closed subspace of the reflexive space
X and let y** € Y”. Then i**y** € X" and so i**y** = Jz for some x € X because X is reflexive.
Now argue that z € Y as follows. If ¢ Y, then there exists z* such that z* (Y) = 0 but z* (x) # 0.
Thus, i*2* = 0. Use this to get a contradiction. When you know that z =y € Y, the Hahn Banach
theorem implies i* is onto Y’ and for all * € X',

y(eT) =y (27) = Ju (27) = " (2) = 27 (iy) = 72" (y).

5. For an arbitrary open set U C R", we define X7 (U) as the set of all functions in LP (U) whose weak
partial derivatives are also in L? (U). Here we say a function in L? (U), g equals u ; if and only if

/Uggbd:c:—/UUQSde
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for all ¢ € C° (U). The norm in this space is given by

1/p
lull,, = ( [+ vur dx) .

Then we define the Sobolev space W' (U) to be the closure of C*° (U) in X'? (U) where C* (U) is
defined to be restrictions of all functions in C'$° (R™) to U. Show that this definition of weak derivative
is well defined and that X'P (U) is a reflexive Banach space. Hint: To do this, show the operator
u — u; is a closed operator and that X'? (U) can be considered as a closed subspace of L? (U)" 1,
Show that in general the product of reflexive spaces is reflexive and then use Problem 4 above which
states that a closed subspace of a reflexive Banach space is reflexive. Thus, conclude that WP (U) is
also a reflexive Banach space.

6. Theorem 19.11 shows that if the weak derivatives of a function v € LP (R™) are in L? (R™), for p > n,
then the function has a continuous representative. (In fact, one can conclude more than continuity
from this theorem.) It is also important to consider the case when p < n. To aid in the study of this
case which will be carried out in the next few problems, show the following inequality for n > 2.

/ H'“’J )| dm., < H (/ fw; ()" 1dmn1>l/nl

where w; does not depend on the jth component of x, z;. Hint: First show it is true for n = 2 and
then use Holder’s inequality and induction. You might benefit from first trying the case n = 3 to get
the idea.

7. 1 Show that if ¢ € C¢° (R™), then

1
19llnjn1) < 7

n
j=1

Hint: First show that if a; > 0, then

Then observe that

16 ()] < /OC 6., ()] d;

SO
lollmt) = [ 1o~ am
n o 1/(n—1)
< /H (/ ’¢,j (x)| dxj) dm,,
j=1 N oo
n 1/(n—-1)
<II( [ 1o, 0l am, )
j=1
Hence
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%, where p < n, then

8. 1 Show that if ¢ € C2° (R"), then if 1 =1 —

I (n—1)p

< T F 1l .

Also show that if u € W' (R"), then u € L (R") and the inclusion map is continuous. This is part of
the Sobolev embedding theorem. For more on Sobolev spaces see Adams [1]. Hint: Let r» > 1. Then
|¢|" € C (R™) and

1917 = 161" |0,

Now apply the result of Problem 7 to write

on (n—=1)/n r & i
( [0 dmn) 3 [ 1671, dma

G () (o)

Now choose r such that

(r—=1)p

p—1 n—1

so that the last term on the right can be cancelled with the first term on the left and simplify.
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Fundamental Theorem of Calculus

One of the most remarkable theorems in Lebesgue integration is the Lebesgue fundamental theorem of
calculus which says that if f is a function in L', then the indefinite integral,

H/jf@)dt,

can be differentiated for a.e. x and gives f (z) a.e. This is a very significant generalization of the usual
fundamental theorem of calculus found in calculus. To prove this theorem, we use a covering theorem due to
Vitali and theorems on maximal functions. This approach leads to very general results without very many
painful technicalities. We will be in the context of (R™,S, m) where m is n-dimensional Lebesgue measure.
When this important theorem is established, it will be used to prove the very useful theorem about change
of variables in multiple integrals.

By Lemma 6.6 of Chapter 6 and the completeness of m, we know that the Lebesgue measurable sets are
exactly those measurable in the sense of Caratheodory. Also, we can regard m as an outer measure defined
on all of P(R™). We will use the following notation.

B(p,r)={x:|x—p|<r}. (20.1)
If
B = B(p,r), then B = B(p, 5r).

20.1 The Vitali covering theorem
Lemma 20.1 Let F be a collection of balls as in (20.1). Suppose

oo > M =sup{r: B(p,r) € F} > 0.
Then there exists G C F such that

if B(p,r) € G then r > %, (20.2)

Zf B, Bs € G then B N By = @, (203)

G 1is maximal with respect to Formulas (20.2) and (20.3).

Proof: Let H = {B C F such that (20.2) and (20.3) hold}. Obviously H # () because there exists
B(p,r) € F with r > % Partially order H by set inclusion and use the Hausdorff maximal theorem (see
the appendix on set theory) to let C be a maximal chain in H. Clearly UC satisfies (20.2) and (20.3). If UC
is not maximal with respect to these two properties, then C was not a maximal chain. Let G = UC.

359
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Theorem 20.2 (Vitali) Let F be a collection of balls and let
A=U{B:BeF}.
Suppose
0o > M =sup{r: B(p,r) € F} > 0.
Then there exists G C F such that G consists of disjoint balls and
ACU{B:BegG)}.
Proof: Let G; C F satisfy

M
B(p,r) € Gy implies r > ER (20.4)

B1,B; € G1 1mphes B1NBy = (Z), (205)

Gy is maximal with respect to Formulas (20.4), and (20.5).
Suppose Gy, - -, G,n_1 have been chosen, m > 2. Let
Fmn={BeF:BCR"\U{G1U---UGn_1}}.
Let G,, C F,, satisfy the following.

M
B(p,r) € G, implies r > o (20.6)

Bl, BQ S gm implies B1 n BQ = @, (207)

Gm is a maximal subset of F,,, with respect to Formulas (20.6) and (20.7).
If 7, =0, G,, = 0. Define
G = UrZ Gy
Thus G is a collection of disjoint balls in F. We need to show {E : B € G} covers A. Let x € A. Then
x € B(p,r) € F. Pick m such that

M M

2_m<T§2m—1'

We claim x € B for some B € G; U+ -UGpn. To see this, note that B(p,r) must intersect some set of
g1 U---UG,, because if it didn’t, then

Gm U{B(p,7)} =Gy,

would satisfy Formulas (20.6) and (20.7), and G;,, 2 G, contradicting the maximality of G,,. Let the set
intersected be B(pg,r0). Thus rq > M2~ ™.

[

|x — po

Then if x € B(p,r),

IN

x = Pp[+[p—po| <r+ro+r
2M
< W+T0<4T0+T0:57"0

since 1o > M/27™. Hence B(p,r) C B(po, 5ro) and this proves the theorem.
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20.2 Differentiation with respect to Lebesgue measure

The covering theorem just presented will now be used to establish the fundamental theorem of calculus. In
discussing this, we introduce the space of functions which is locally integrable in the following definition.
This space of functions is the most general one for which the maximal function defined below makes sense.

Definition 20.3 f € L] (R™) means fXBwo,r) € LY(R™) for all R > 0. For f € L}, .(R™), the Hardy
Littlewood Maximal Function, M f, is defined by

. 1

Theorem 20.4 If f € L'(R"), then for a > 0,
5”
m(MS > al) < 2l

(Here and elsewhere, [Mf > o] = {x € R™ : Mf(x) > «} with other occurrences of [ | being defined
similarly.)
Proof: Let S =[Mf > a]. For x € S, choose rx > 0 with

o
_ fldm > a.
B Joper !

The r4 are all bounded because

1 1
mBer) < [ fldm< ]

B(x,rx)
By the Vitali covering theorem, there are disjoint balls B(x;,r;) such that

S C UxesB(x,7rx) C UX, B(x;,5r;)

and
- / | dm > a
m(B(x;,7;)) B(xi,7i) '
Therefore
m(S) < Y m(B(xi,5r:)) =5" Y m(B(xi,r:))
1=1 =1
57 &
< 23 idm
« lz:; B(xi,ri)
< 2 if1dm,
07 Rn

the last inequality being valid because the balls B(x;,r;) are disjoint. This proves the theorem.

Lemma 20.5 Let f >0, and f € L', then

) 1
}E% m /B(XJ) fy)dy = f(x) a.ex
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Proof: Let a > 0 and let

B, = |lim sup

r—0

Then for any g € C.(R"), B, equals

. 1
lim sup W

r—0

/ [(y) —9(y)dy — (f(x) — g(x))
B(x,r)

>a]

because for any g € C.(R"),

. 1 o
lim (B /BW) 9(y)dy = g(x).

Thus
Bo CIM(f —g) +|f — gl >,
and so
Bo € [M(f =g > S| U[lf —g1> 5]
Now

(T RS B

s/ 1 = glde < |1 = gll.
lf—gl>%]

Therefore by Theorem 20.4,
_ 2(5™ 2
m(s) < (2004 2 1~ gl
@ «a

Since C,(R™) is dense in L'(R™) and g is arbitrary, this estimate shows m(B,) = 0. It follows by Lemma
6.6, since B,, is measurable in the sense of Caratheodory, that B, is Lebesgue measurable and m(B,) = 0.

1
T ERa) /B RN

and each set By, has measure 0 so the set on the left in (20.8) is also Lebesgue measurable and has measure
0. Thus, if x is not in this set,

r—0

llim sup > 0] CUpy_1B1 (20.8)

_ 1
O = B TS| 2
- 1
> hmT}EfO W/B(xm)f(y)dy_f()() = 0.

This proves the lemma.
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Corollary 20.6 If f >0 and f € L}, .(R"), then

loc

i ! = f(x) aex
}%W/B(x,r)f(y)dy_f() -6 X (20.9)

Proof: Apply Lemma 20.5 to fXp(o,g) for R =1,2,3,---. Thus (20.9) holds for a.e. x € B(0, R) for
each R=1,2,---.

Theorem 20.7 (Fundamental Theorem of Calculus) Let f € L}, (R™). Then there exists a set of measure
0, B, such that if x ¢ B, then

. 1 -

Proof: Let {d;}5°, be a countable dense subset of C. By Corollary 20.6, there exists a set of measure 0,
B, such that if x ¢ B;

. 1 ) d
B o, )~y = 176 i (20.10)

Let B = U2 B; and let x ¢ B. Pick d; such that |f(x) — d;| < §. Then

1 1
m(B(x,r)) /B(x,r) |f(y) = f(x)|dy < m(Bx,1) /B(x’r) |f(y) — dildy

By (20.10)

1
ST oo 17 = Ty <=

whenever 7 is small enough. This proves the theorem.
Definition 20.8 For B the set of Theorem 20.7, B€ is called the Lebesgue set or the set of Lebesgue points.

Let f € L}, .(R™). Then

. 1
71_11{[1) W /B(XJ) fy)dy = f(x) ae. x.

The next corollary is a one dimensional version of what was just presented.

Corollary 20.9 Let f € L'(R) and let
F(x) :/ f(t)dt.

Then for a.e.z, F'(z) = f(z).
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Proof: For h > 0

1

x+h x+h
W[ = sy <205 [ 1) - @y

By Theorem 20.7, this converges to 0 a.e. Similarly

1 x
i 1w = r@ay

converges to 0 a.e. z.

- B " z+h
and
Therefore,
. F(z+h)— F(z)
fllli% 5 = f(JC) a.e. T

This proves the corollary.

20.3 The change of variables formula for Lipschitz maps

This section is on a generalization of the change of variables formula for multiple integrals presented in
Chapter 11. In this section, 2 will be a Lebesgue measurable set in R™ and h : @ — R" will be Lipschitz.
We recall Rademacher’s theorem a proof of which was given in Chapter 19.

Theorem 20.10 Let f :R™ — R™ be Lipschitz. Then Df (x) exists a.e.and ||f; ;|| < Lip (f).

It turns out that a Lipschitz function defined on some subset of R™ always has a Lipschitz extension to
all of R™. The next theorem gives a proof of this. For more on this sort of theorem we refer to [12].

Theorem 20.11 Ifh : Q — R™ is Lipschitz, then there exists h : R — R™ which extends h and is also
Lipschitz.

Proof: It suffices to assume m = 1 because if this is shown, it may be applied to the components of h
to get the desired result. Suppose

h(x) =h(y) < K|x-yl (20.11)
Define
h(x) =inf{h(w)+ K |x —w| : w € Q}. (20.12)
If x € Q, then for all w € Q,
h(w) + K [x —w| > h(x)

by (20.11). This shows h (x) < h(x). But also we can take w = x in (20.12) which yields h (x) < h(x).
Therefore h (x) = h(x) if x € Q.
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_ Now suppose x,y € R™ and consider |h (x) — h (y)|. Without loss of generality we may assume h (x) >
h(y) . (If not, repeat the following argument with x and y interchanged.) Pick w € Q such that

h(w)+ K|y —w|—e<h(y).

Then

=
—
X
|
>
—
<
-~
Il
>
—
»
N~—
\
>

(y) <h(w) + K[x—w| -

[h(w)+ Ky —w| - < K|x—y[+e
Since € is arbitrary,
|h(x) = h(y)| < Kx—yl|

and this proves the theorem.

We will use h to denote a Lipschitz extension of the Lipschitz function h. From now on h will denote a
Lipschitz map from a measurable set in R™ to R™. The next lemma is an application of the Vitali covering
theorem. It states that every open set can be filled with disjoint balls except for a set of measure zero.

Lemma 20.12 Let V be an open set in R, m,. (V) < co. Then there exists a sequence of disjoint open balls
{B;} having radii less than § and a set of measure 0, T, such that

Proof: This is left as a problem. See Problem 8 in this chapter.
We wish to show that h maps Lebesgue measurable sets to Lebesgue measurable sets. In showing this
the key result is the next lemma which states that h maps sets of measure zero to sets of measure zero.

Lemma 20.13 If m,, (T) =0 then m,, (h(T)) = 0.

Proof: Let V be an open set containing 7" whose measure is less than e. Now using the Vitali covering
theorem, there exists a sequence of disjoint balls {B;}, B; = B (x;,r;), which are contained in V such that

the sequence of enlarged balls, {ﬁl} , having the same center but 5 times the radius, covers T. Then

my, (h(T)) <m, (H (Ufi1§z))
S (5(5)

< ia L1p ) 5rit = L1p Zmn ;)

< (Llp( ))n5 my, (V) <e (Llp (h)) 5™

Since € is arbitrary, this proves the lemma.

Actually, the argument in this lemma holds in other contexts which do not imply h is Lipschitz continuous.
For one such example, see Problem 23.

With the conclusion of this lemma, the next lemma is fairly easy to obtain.
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Lemma 20.14 If A is Lebesque measurable, then h (A ) is Lebesque measurable. Furthermore,
m, (h(4)) < (Lip (h))" m, (A). (20.13)

Proof: Let Ay, = AN B(0,k),k € N. We establish (20.13) for Ay in place of A and then let & — oo
to obtain (20.13). Let V D Ay and let m,, (V) < co. By Lemma 20.12, there is a sequence of disjoint balls
{B;}, and a set of measure 0, T, such that

V= U?ile U T‘7 Bl = B(I’“’I"i)

Then by Lemma 20.13,

Since V' is an arbitrary open set containing Ay, it follows from regularity of Lebesgue measure that
my, (B (Ag)) < Lip (h)" m, (Ax). (20.14)

Now let k — oo to obtain (20.13). This proves the formula. It remains to show h (A) is Lebesgue measurable.
By inner regularity of Lebesgue measure, there exists a set, F', which is the countable union of compact
sets and a set T with m,, (T') = 0 such that

FUT = A,.

Then h (F)

- ) Ch(F)Uh(T). By continuity of h, h (F) is a countable union of compact sets and so
it is Borel. By

h (A,
(20.1 ) with 7" in place of Ay,
My, (}_1 (T)) =0

and so h (T) is Lebesgue measurable. Therefore, h(Ay) is Lebesgue measurable because m,, is a complete
measure and we have exhibited h (Ay) between two Lebesgue measurable sets whose difference has measure
0. Now

h(A) = U2 h (4)

so h (A) is also Lebesgue measurable and this proves the lemma.

The following lemma, found in Rudin [25], is interesting for its own sake and will serve as the basis for
many of the theorems and lemmas which follow. Its proof is based on the Brouwer fixed point theorem, a
short proof of which is given in the chapter on the Brouwer degree. The idea is that if a continuous function
mapping a ball in R* to R* doesn’t move any point very much, then the image of the ball must contain a
slightly smaller ball.
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Lemma 20.15 Let B = B(0,7), a ball in R* and let F : B — R* be continuous and suppose for some
e <1,

|F (v) —v| <er
for all v € B. Then
F (B) 2 B(0,7(1—¢)).
Proof: Suppose a € B(0,r (1 —¢))\ F (B) and let

@ F(v)
GV =T

If |v| =r,

v-(a—-F(v))=v-a—v -F(v)
—via-v(F(v)—v) -

r2(1—6)+erz—r2:0.

Then for |v| = r, G (v) # v because we just showed that v-G (v) < 0 but v-v=r? > 0. If |v| < r, it
follows that G (v) # v because |G (v)| = r but |v| < r. This lack of a fixed point contradicts the Brouwer
fixed point theorem and this proves the lemma.

We are interested in generalizing the change of variables formula. Since h is only Lipschitz, Dh (x) may
not exist for all x but from the theorem of Rademacher Dh (x) exists a.e. x.

In the arguments below, we will define a measure and use the Radon Nikodym theorem to obtain a
function which is of interest to us. Then we will identify this function. In order to do this, we need some
technical lemmas.

Lemma 20.16 Let x € Q be a point where Dh(x)™' and Dh (x) ezists. Then if € € (0,1) the following
hold for all r small enough.

M, (H (B (x,r))) = my (B (B (x,r))) > m,, (Dh (x) B(0,7 (1 - ¢))), (20.15)
h (B (x,7)) C h(x) + Dh(x) B(0,7 (1 +¢)), (20.16)
my, (h (B (x,r))) < m, (Dh(x) B (0,r (1+¢))) (20.17)

=1. (20.18)

Proof: Since Dh (x) exists,
h(x+v) = h(x)+ Dh(x)v+o(|v|) (20.19)
— h(x)+ Dh(x) (v+DE (x) "o (|v|)) (20.20)
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Consequently, when r is small enough, (20.16) holds. Therefore, (20.17) holds. From (20.20),
h(x +v) = h(x) + Dh (x) (v+o (|v])).
Thus, from the assumption that Dh (x) " exists,
Dh (%) B (x+ v) — Dh (%) "B (%) — v =o([v]). (20.21)
Letting
F(v)=Dh(x) 'h(x+v)— Dh(x) " h(x),
we can apply Lemma 20.15 in (20.21) to conclude that for r small enough,

Dh(x) 'h(x+v)—Dh(x)"'h(x) 2 B(0,(1—¢€)r).

Therefore,

which implies

which shows (20.15).
Now suppose that x is also a point of density of ). Then whenever r is small enough,

my (B (x,r)\ Q) < ea (n)r" (20.22)

Then for such r we write

my, (h (_B (x,7)NQ))
My, (h (B (%, r)))

1>

>

My, (I_l (B (%, r)))_— My, (}_1 (B (x,r) \Q))
My, (h (B (%, r)))

From Lemma 20.14, and (20.15), this is no larger than

LiP (I_l)n ea (n)r™
my, (Dh(x) B (0,7 (1 —¢)))

By the theorem on the change of variables for a linear map, this expression equals

Lip (I_l)n ea (n)rm

1-— = =1-—
|det (Dh (x))|rma (n) (1 —€)" 919
where lim,._,og (¢) = 0. Then for all r small enough,
» (h(B(x,7)NQ
m BB NN)

- m, (1_1 (B (%, r)))

which proves the lemma since € is arbitrary. B
For simplicity in notation, we write .J (x) for the expression |det (Dh (x))].
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Theorem 20.17 Let N = {x € Q: Dh (x) does not exist }. Then N has measure zero and if x ¢N then

(20.23)

Proof: Suppose first that Dh (x)™" exists. Using (20.15), (20.17) and the change of variables formula
for linear maps,

Ol — ( h(x)B (07‘(1—6) n( )
TEA-an = w1 (B (x.7)) < B o)
(D (x) (O r(l +e))) _ o

whenever r is small enough. It follows that since € > 0 is arbitrary, (20.23) holds.
Now suppose Dh (x)f1 does not exist. Then from the definition of the derivative,

h(x+v)=h(x)+Dh(x)v+o(v),
and so for all 7 small enough, h (B (x,7)) lies in a cylinder having height re and diameter no more than
||Dh(x)||2r (1+¢).
Therefore, for such r,

ma (B(B(x1)) _ ([DEE)||r(1+e)" "re

<C
my (B(x,r)) ~ rn = e
Since € is arbitrary,
n H B K
J(x)zOzlimm (b (B (x r)))
r—0  my (B(x,r))
This proves the theorem.
We define the following two sets for future reference
S={x €Q:Dh(x) exists but Dh(x)"' does not exist} (20.24)
N = {x € Q: Dh(x) does not exist}, (20.25)

and we assume for now that h :Q2 — R™ is one to one and Lipschitz. Since h is one to one, Lemma 20.14
implies we can define a measure, v, on the o— algebra of Lebesgue measurable sets as follows.

v (E) = my, (h(ENQ)).

By Lemma 20.14, we see this is a measure and v << m,. Therefore by the corollary to the Radon Nikodym
theorem, Corollary 18.3, there exists f € L}, (R"), f >0, f(x) =0if x ¢ Q, and

I/(E):/Efdm:/ﬂmEfdm.

We want to identify f. Define

Q = {x € Q:xisnot a point of density of Q} UN U
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{x € 2 : x is not a Lebesgue point of f}.
Then E is a set of measure zero and if x € (\ Q) NS¢, Lemma 20.16 and Theorem 20.17 imply

O — lim 1 m = lim My (H (B (X’T) n Q))
PO = 0 e ey 0 = 1 T

~ lm My, (E (B (x,r)N Q)) My, (E(B (XJ’))) - J (x)
/=0 m, (W(B(xr)  ma(B(xr)) '

On the other hand, if x € (2 \ Q) NS, then by Theorem 20.17,

xX) = im; m = lim [Tt (H(B(X7T)QQ))
Fx) = }4?0 My, (B (X,T)) »/B(x,'r‘) f(y)dm = TIHO my (B (X7T>)

< lim My, (H (B (x,r)))

r50  my, (B (%)) =J(x)=0.

Therefore, f (x) = J (x) a.e., whenever x € Q\ Q.
Now let F' be a Borel measurable set in R™. Recall this implies F' is Lebesgue measurable. Then

Xr (y)dm, = /Xth(Q) (y)dm, =m, (h (b~ (F)NQ))
h(Q)

=v(h ' (F)) = /Xﬂmh—l(F) (x) J (x) dm,, = / Xp (h(x))J (x) dmy,. (20.26)
Q

Can we write a similar formula for F' only m,, measurable? Note that there are no measurability questions
in the above formula because h=! (F') is a Borel set due to the continuity of h but it is not clear h=! (F) is
measurable for F' only Lebesgue measurable.

First consider the case where F is only Lebesgue measurable but

m, (ENh(Q)) =0.

By regularity of Lebesgue measure, there exists a Borel set F' O ENh () such that
my (F) =my, (ENh(Q)) =0.
Then from (20.26),
Xonn-1(r) (x) J (x) =0 a.e.
But
0 < Xonn-1(r) (%) J (%) < Xorn-1(r) (%) J (x) (20.27)

which shows the two functions in (20.27) are equal a.e. Therefore

Xorn-1() (x) J (x)

is Lebesgue measurable and so from (20.26),

0= / Koo (v) dmy, = / Xpon) (¥) dmn
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= /Xth—l(F) (X) J(X) dm = /Xﬂﬂhfl(E) (X) J (X) dm, (2028)

which shows (20.26) holds in this case where
m, (ENh(Q)) =0.

Now let Qr = QN B(0,R) where R is large enough that Qr # @ and let E be m, measurable. By
regularity of Lebesgue measure, there exists F 2 ENh (Qg) such that F is Borel and

mn (F\ (ENh(Qg))) = 0. (20.29)
Now
(ENh(Qr))U(F\(ENh(Qgr))Nh(Qr)) = FNh(Qg)
and so
Xapnn-1(7)J = Xapnn-1(B)J + Xarnn-1(F\(Enn©Qg)J

where from (20.29) and (20.28), the second function on the right of the equal sign is Lebesgue measurable
and equals zero a.e. Therefore, by completeness of Lebesgue measure, the first function on the right of the
equal sign is also Lebesgue measurable and equals the function on the left a.e. Thus,

/XEmh(QR) (y) dm, = /Xth(QR) (y) dm,,

= /XQRﬁhfl(F) (X) J (X) dmn = /XQRﬂhfl(E) (X) J (X) dmn (2030)
Letting R — oo we obtain (20.30) with €2 replacing Qx and the function
x — Xonn-1(g) (%) J (%)
is Lebesgue measurable. Writing this in a more familiar form yields
XE (y)dm, = / Xg (h(x)) J (x)dm. (20.31)
h(Q) Q

From this, it follows that if s is a nonnegative m,, measurable simple function, (20.31) continues to be valid
with s in place of Xg. Then approximating an arbitrary nonnegative m, measurable function, g, by an
increasing sequence of simple functions, it follows that (20.31) holds with g in place of Xr and there are
no measurability problems because x — ¢ (h(x)) J (x) is Lebesgue measurable. This proves the following
change of variables theorem.

Theorem 20.18 Let g : h () — [0, 00] be Lebesgue measurable where h is one to one and Lipschitz on Q,
and Q is a Lebesgue measurable set. Then if J (x) is defined to equal 0 for x € N,

x —(goh)(x)J(x)

is Lebesgue measurable and

/ 9 (y) dm, = / o (h(x)) J (x) dm,.
h() Q

For another version of this theorem based on the same arguments given here, in which the function h is
not assumed to be Lipschitz, see Problems 23 - 26.
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20.4 Mappings that are not one to one

In this section, h :Q—R" will only be Lipschitz. We drop the requirement that h be one to one. Let .S and
N be given in (20.24) and (20.25). The following lemma is a version of Sard’s theorem.

Lemma 20.19 For S defined above, m,, (h(S)) = 0.
Proof: From Theorem 20.17, whenever x € S and r is small enough,

M, (H (B (x,r)))

< €.
my (B (x,1))
Therefore, whenever x € S and r small enough,
my (h(B(x,r))) < ea(n)r" (20.32)

Let Sy, = SN B(0,k) and for each x € Sk, let rx be such that (20.32) holds with r replaced by 5rx and
B (x,rx) C B(0,k).

By the Vitali covering theorem, there is a disjoint subsequence of these balls, {B (x;,7;)}, with the property
that {B (x;,5r;)} = {ﬁz} covers Si. Then by the way these balls were defined, with (20.32) holding for
r =97,

my (h(Sk)) < imn (H (§1)) < 5"6§:a (n)r}

= 5"eZmn (B (x4,73)) < 5"emy, (B (0, k)).

Since € is arbitrary, this shows m,, (H (Sk)) = 0. Now letting k — oo, this shows m,, (H(S)) = 0 which
proves the lemma.
Thus m,, (N) =0 and m,, (h(S)) =0 and so by Lemma 20.14

My (h(SUN)) < my, (h(S)) +my, (h(N)) = 0. (20.33)

Let B=Q\ (SUN).

A similar lemma to the following was proved in the section on the change of variables formula for a C*
map. There the proof was based on the inverse function theorem. However, this is no longer possible; so, a
slightly more technical argument is required.

Lemma 20.20 There exists a sequence of disjoint measurable sets, {F;}, such that
U2, F; =B
and h is one to one on F;.
Proof: £ (R™ R") is a finite dimensional normed linear space. In fact,
{ei®ej:i,je{l,---,n}}

is easily seen to be a basis. Let Z be the elements of £ (R, R™) which are invertible and let F be a countable
dense subset of Z. Also let C be a countable dense subset of B. For c € C' and T € F,

E(c,T,i) ={b € B(c,i"') N B such that (a.) and (b.) hold}
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where the conditions (a.) and (b.) are as follows.

1
1—_~_6‘TV| < |Dh (b) v| for all v (a.)

[h(a) —h(b) — Dh(b)(a—b)|<¢€T(a—-b)] (b.)

for all a € B (b,2i7!). Here 0 < e < 1/2.
Obviously, there are countably many E (c,T,4). Now suppose a,b € E (c,T,4) and h (a) = h(b). Then

2
la—b|<|a—c|+]c—Db|< -.
i

Therefore, from (a.) and (b.),

1
1+e

[T(a=b)| < [Dh(b)(a—b)]
= [h(a) —h(b) - Dh(b)(a—b)| <€[T(a—b)|.

Since T is one to one, this shows that a = b. Thus h is one to one on E (c,T,1).
Now let b € B. Choose T' € F such that

1D (b) ~ (| < e[| Dh (b)_lHA
Then for all v € R™,
(v~ Dh(b)v] < ¢|[Dh ()| v] < €[ DR (b) v]
and so
Tv] < (1+€)[Dh (b) v
which yields (a.). Now choose i large enough that for |a — b| < 2i71,

lh(a) —h(b) — Dh(b)(a—b)| < la— bl

_ €
]
< e[T(a—b)

and pick ¢ € CNB (b,i_l). Then b € E (c,T,i) and this shows that B equals the union of these sets.

Let {F;} be an enumeration of these sets and define F} = FEj, and if Fy,- - -, F,, have been chosen,
Foi1=Epy1 \ U F;. Then {F;} satisfies the conditions of the lemma and this proves the lemma.

The following corollary is also of interest.

Corollary 20.21 For each E; in Lemma 20.20, h=! is Lipschitz on h (E;).
Proof: Pick a,b € E;. Then by condition a. and b.,

[h(a) —h(b)| > |Dh(b)(a—b)| —€[T (a—Db)

1
> — — T — > _
_(1+6 e> (a—b)|>rla—Db|
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for some r > 0 by the equivalence of all norms on a finite dimensional space. Therefore,
_ _ 1
[h7 (h(a)) b~ (h(b))| < ~|h(a) —h(b)|

and this proves the corollary.
Now let g : h () — [0, c0] be m,, measurable. By Theorem 20.18,

/ Xu(r) (v) 9 (y) dmy = / g(h(x))J (x)dm. (20.34)
h(2) F,

i

Now define
n(y)=>_ X ()
i=1

By Lemma 20.14, h (F;) is m,, measurable and so n is a m,, measurable function. For each y € B, n(y)
gives the number of elements in h™! (y) N B. From (20.34),

[ redm = [ o) 6x)am (20.35)
Now define
# (y) = number of elements in h™! (y).
Theorem 20.22 The function' y — # (y) is m,, measurable and if
g9:h () = [0,00]

18 m,, measurable, then

/ Q(Y)#(Y)dng/g(h(x))J(x)dm.
h(Q) Q

Proof: If y ¢ h (SU N), then n(y) = # (y). By (20.33)
m, (h(SUN))=0
and so n(y) = # (y) a.e. Since m,, is a complete measure, # (-) is m,, measurable. Letting
G=h(Q)\h(SUN),

(20.35) implies

/ g (y) # (y) dm, / g (y)n(y)dm,,
h(Q) G

/ g (h(x)) J (x) dm
B

/ g (h(x)) J (x)dm.
Q

This proves the theorem.
This theorem is a special case of the area formula proved in [19] and [11].
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20.5 Differential forms on Lipschitz manifolds

With the change of variables formula for Lipschitz maps, we can generalize much of what was done for
C* manifolds to Lipschitz manifolds. To begin with we define what these are and then we will discuss the
integration of differential forms on Lipschitz manifolds.

In order to show the integration of differential forms is well defined, we need a version of the chain rule
valid in the context of Lipschitz maps.

Theorem 20.23 Let f ,g and h be Lipschitz mappings from R™ to R™ with g(f (x)) = h(x) on
measurable set. Also suppose that £=1 is Lipschitz on £ (A). Then for a.e. x € A, Dg(f(x)), Df (x),
Dh (x),and D (f o g) (x) all exist and

Dh(x) = D (g f) (x) = Dg (£ (x)) Df (x).
The proof of this theorem is based on the following lemma.

Lemma 20.24 Let k : R® — R"™ be Lipschitz, then if k(x) = 0 for all x € A, then det (Dk(x)) = 0
a.ex € A.

Proof: By the change of variables formula, Theorem 20.22, 0 = f{o} # (y)dy = [, |det (Dk (x))| dz and
so det (Dk (x)) =0 a.e.

Proof of the theorem: On A, g (f (x)) —h (x) = 0 and so by the lemma, there exists a set of measure
zero, N1 such that if x ¢ Ny, D(gof)(x) — Dh(x) = 0. Let M be the set of points in f (A) where g fails
to be differentiable and let No = f~! (M) N A, also a set of measure zero because by Lemma 20.13, Lipschitz
functions map sets of measure zero to sets of measure zero. Finally let N3 be the set of points where f
fails to be differentiable. Then if x € A\ (N7 U N3 U N3), the chain rule implies Dh(x) = D (gof)(x) =
Dg (f (x)) Df (x). This proves the theorem.

Definition 20.25 We say €2 is a Lipschitz manifold with boundary if it is a manifold with boundary for
which the maps, R; and Ri—1 are Lipschitz. It will be called orientable if there is an atlas, (U;, R;) for which
det (D (R; 0 Rj_l) (u)) >0 for a.e. u € R; (U; NU;). We will call such an atlas a Lipschitz atlas.

Note we had to say the determinant of the derivative of the overlap map is greater than zero a.e. because
all we know is that this map is Lipschitz and so it only has a derivative a.e.

Lemma 20.26 Suppose (V,S) and (U, R) are two charts for a Lipschitzn manifold, Q@ C R™, that det (Du (v))
exists for a.e. v € S(VNU), and det (Dv (u)) exists for a.e. u € R(UNV). Here we are writing u(v)
for Ro S~ (v) with a similar definition for v (). Then letting I = (i1,- - -,i,) be a sequence of indices, we
have the following formula for a.e. u € R(UNV).

a(l-il ...xin) a(xil ...xin)a(vl...vn)

(ul - um) = - m) d(ul - -un) (20.36)

Proof: Let x’ € R denote (2, -+, z%) . Then using Theorem 20.23, we can say that there is a set of
Lebesgue measure zero, N C R (U NV), such that if u ¢ N, then

Dx! (u) = Dx! (v) Dv (u).

Taking determinants, we obtain (20.36) for u ¢ N. This proves the lemma.
Similarly we have the following formula which holds for a.e. v S(UNV).
8(xi1 . x“) B 8(x“ .. x"n) 6(u1 .. .un)
A(wt---vn)  9(ut---un) 9(vt---om)’
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20.6 Some examples of orientable Lipschitz manifolds
The following simple proposition will give many examples of Lipschitz manifolds.

Proposition 20.27 Suppose €2 is a bounded open subset of R™ with n > 2 having the property that for all
p € 90 = O\ Q, there exists an open set, Uy, containing p, and an orthogonal transformation, P : R™ — R"
whose determinant equals 1, having the following properties. The set, P (Uy) is of the form

B x (a,b)

where B is a bounded open subset of R" 1. Letting

U=U0Un.Q,
it follows that
PU)={ueR":u€B andu' € (a,g (1))} (20.37)
while
POQNU;)={ueR":d€ B andu' =g(u)} (20.38)
where g is a Lipschitz map and
u= (u2,~ . o,u")T where u = (ul,u2 . ~,u")T.

Then Q is an oriented Lipschitz manifold.

The following picture is descriptive of the situation described in the proposition.

U
b

a

Proof: Let Uy, U, and g be as described above. For x € U define
R(x)=aoP(x)
where
— 1 I~ 2 n \T
aw)=(u' —g@ v - u)

The pair, (U,R) is a chart in an atlas for Q. It is clear that R is Lipschitz continuous. Furthermore, it is
clear that the inverse map, R™! is given by the formula

R (u) =P oa ! (u)

where
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and that R, R™!, a and o~ ! are all are Lipschitz continuous. Then the version of the chain rule found in
Theorem 20.23 implies DR, (x), and DR™! (x) exist and have postive determinant a.e. Thus if (U, R) and
(V,8) are two of these charts, we may apply Theorem 20.23 to find that for a.e. v,

det (D(RoS™)(v)) = det(DR(S™'(v))DS™'(v))
= det (DR (S7"(v)))det (DS™" (v)) > 0.

The set, 0 is compact and so there are p of these sets, Uy; covering 02 along with functions R; as just
described. Let Uy satisfy

Q\U§:1U1j§U0§70§Q

and let Rg (x) = ( a2t —k 22 .. " ) where k is chosen large enough that Ry maps Uy into R”. Then
(U, R,;) is an oriented atlas for Q if we define U, = Uy, N 2. As above, the chain rule shows the derivatives
of the overlap maps have positive determinants.

For example, a ball of radius r > 0 is an oriented Lipschitz n manifold with boundary because it satisfies
the conditions of the above proposition. So is a box, []\; (a;,b;). This proposition gives examples of
Lipschitz n manifolds in R™ but we want to have examples of n manifolds in R™ for m > n. We recall the
following lemma from Section 17.3.

Lemma 20.28 Suppose O is a bounded open subset of R™ and let F : O — R™ be a function in C* (5; Rm)
where m > n with the property that for all x € O, DF (x) has rank n. Then if yo = F (xq), there exists a

bounded open set in R™, W, which contains yo, a bounded open set, U C O which contains xo and a function
G : W — U such that G is in CF (W;]R") and for all x € U,

X.

o)
=

®
]

Furthermore, G = Gy o P on W where P is a map of the form
P (y) = (yil’ .. .7yin)
for some list of indices, i1 < -+ <ip.

With this lemma we can give a theorem which will provide many other examples. We note that G, and
F are Lipschitz continuous in the above because of the requirement that they are restrictions of C* functions
defined on R™ which have compact support.

Theorem 20.29 Let (2 be a Lipschitz n manifold with boundary in R™ and suppose 2 C O, an open bounded
subset of R™. Suppose F € C* (O;Rm) is one to one on O and DF (x) has rank n for all x € O. Then F (Q)
is also a Lipschitz manifold with boundary and OF () = F (09) .

Proof: Let (U,,R,) be an atlas for Q and suppose U, = O, N Q where O,. is an open subset of O. Let

xg € U,. By Lemma 20.28 there exists an open set, Wy, in R™ containing F (xg), an open set in R™, Uy,
containing xg, and G, € Cck (WXO; R") such that

Gy, (F (x)) =x

for all x € Uy, . Let Uy, = Uy N Uy,
Claim: F (Uy,) is open in F (Q).
Proof: Let x € Uy,. If F (x1) is close enough to F (x) where x; € Q, then F (x1) € Wy, and so
(x=x1] = |Gx, (F(x)) = Gx, (F (x1))]
K|(F (%) = F (x1)]

N
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where K is some constant which depends only on
max {|[DGx, (y)|| : y €R™}.

Therefore, if F (x1) is close enough to F (x), it follows we can conclude |x — x| is very small. Since U,
is open in § it follows that whenever F (x;) is sufficiently close to F (x), we have x; € Uy,. Consequently
F (x1) € F (Ux,) . This shows F (Ux,) is open in F (©) and proves the claim.

With this claim it follows that (F (Ux,),R; o Gx,) is a chart and since R, is given to be Lipschitz
continuous, We know the map, R, o Gy, is Lipschitz continuous. The inverse map of R, o Gy, is also seen to
equal F o R, !, also Lipschitz continuous. Since Q is compact there are finitely many of these sets, F (Uy,)
covering F (2). This yields an atlas for F (Q2) of the form (F (Uy,),R, o Gx,;) where x; € U, and proves
F () is a Lipschitz manifold.

Since the R, ! are Lipschitz, the overlap map for two of these charts is of the form,

(Rs0Gy,)o (FoR, ') =R,0R; ",

showing that if (U,,R,) is an oriented atlas for 2, then F () also has an oriented atlas since the overlap
maps described above are all of the form Rs o R~
It remains to verify the assertion about boundaries. y € OF (Q) if and only if for some x; € U,.,

R, oGy, (y) € Ry
if and only if
Gy, (y) € 09
if and only if
Gy, (F(x)) =x€ 0

where F (x) =y if and only if y € F (012) . This proves the theorem.

20.7 Stoke’s theorem on Lipschitz manifolds

In the proof of Stoke’s theorem, we used that R Lis C2 but the end result is a formula which involves only
the first derivatives of R;l. This suggests that it is not necessary to make this assumption. Here we will
show that one can do with assuming the manifold in question is only a Lipschitz manifold.

Using the Theorem 20.22 and the version of the chain rule for Lipschitz maps given above, we can verify
that the integral of a differential form makes sense for an orientable Lipschitz manifold using the same
arguments given earlier in the chapter on differential forms. Now suppose €2 is only a Lipschitz orientable n
manifold. Then in the proof of Stoke’s theorem, we can say that for some sequence of n — oo,

[ar=im S5 [ (000 mvon)) @ Em e

j=1 1 r=1

where ¢, is a mollifier and

O (wigh .- gin7t)
8(u1 e un)

is obtained from

x=R 1%y (u).

T
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The reason we can write the above limit is that from Rademacher’s theorem and the dominated convergence
theorem we may write

(Rvjl *¢N),i = (R;l),i *ON-

As in Chapter 12 we see (R,T1 * ¢N) ; (R;l) ,in LP (R,U,) for every p. Taking an appropriate subse-
quence, we can obtain, in addition to this, almost everywhere convergence for every partial derivative and
every R, yielding (20.39) for that subsequence.

We may also arrange to have "1, = 1 near Q. Then for N large enough, R, ! * ¢ (R,.U;) will lie in
this set where 1, = 1. Then we do the computations as in the proof of Stokes theorem. Using the same
computations, with R! % ¢, in place of R, !,

/R (¢TGIO(R:1*¢N))W(O,u2,~-,u") dug - - - duy,

o (ai - ain-1)

-1 B 2 n =
/RTUng (qpranRr ) FICEED (07u, U )du2 dun_/(mw.

This yields the following significant generalization of Stoke’s theorem.

Theorem 20.30 (Stokes theorem) Let 2 be a Lipschitz orientable manifold with boundary and let w =
Sorar(x)dx A--- Adain=t be a differential form of order n — 1 for which ay is C. Then

/mw:/ﬂdw. (20.40)

The theorem can be generalized further but this version seems particularly natural so we stop with this
one. You need a change of variables formula and you need to be able to take the derivative of R; ' a.e. These
ingredients are available for more general classes of functions than Lipschitz continuous functions. See [19]
in the exercises on the area formula. You could also relax the assumptions on a; slightly.

20.8 Surface measures on Lipschitz manifolds

Let 2 be a Lipschitz manifold in R™, oriented or not. Let f be a continuous function defined on 2, and let
(U;, R;) be an atlas and let {¢;} be a C°° partition of unity subordinate to the sets, U; as described earlier.
If w=>;as (x)dx! is a differential form, we may always assume

dx! =dz" A - Adatn

where i1 < i < --- < i,. The reason for this is that in taking an integral used to integrate the differential
form, a switch in two of the dx’ results in switching two rows in the determinant, %,
any two of these differ only by a multiple of —1. Therefore, there is no loss of generality in assuming from
now on that in the sum for w, I is always a list of indices which are strictly increasing. The case where
some term of w has a repeat, dz’ = dx’ can be ignored because such terms deliver zero in integrating the
differential form because they involve a determinant having two equal rows. We emphasize again that from

now on I will refer to an increasing list of indices.

implying that
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Let
(& ) 27 1/2
8 xll . :L'ln
Ji = —
o= 2 (50
where here the sum is taken over all possible increasing lists of indices, I, from {1,---,m} and x = R} la.

Thus there are (') terms in the sum. We define a positive linear functional, A on C () as follows:

Af = ;/RU f; (R () J; (u) du. (20.41)

We will now show this is well defined.
Lemma 20.31 The functional defined in (20.41) does not depend on the choice of atlas or the partition of
unity.

Proof: In (20.41), let {¢,;} be a partition of unity as described there which is associated with the atlas
(Ui, R;) and let {n;} be a partition of unity associated in the same manner with the atlas (V;,S;). Using
the change of variables formula, Theorem 20.22 with u = (Ri o S;l) v,

; [l (R () s () = .
2.2 [ s (R () g ) =
» ul. u™
SN (ST ) 6 (87 ) (87 () ZE ; v
=33 iy BT D U7 )£ (87 () ) (20.43)

This yields
the definition of Af using (U;, R;) =

P

S (R (W) s () du =

i=1 /Rili

S S W) W) (87 W) S

i=1 j=1"3;(UiNVj)

the definition of Af using (V;,S;).

This proves the lemma.
This lemma implies the following theorem.
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Theorem 20.32 Let ) be a Lipschitz manifold with boundary. Then there exists a unique Radon measure,
w, defined on Q such that whenever f is a continuous function defined on Q and (U;,R;) denotes an atlas
and {¢;} a partition of unity subordinate to this atlas, we have

Af = dp = gp (R (w)) J; (u) du. 44
f /Qf 2 izl/iinlf( i ( )) (u) du (20.44)
Furthermore, for any f € L' (Q, p),

/ fdu = Z ¢ f (R () J; (0) du (20.45)

and a subset, A, of Q is u measurable if and only if for all r,R,. (U, N A) is J,. (u) du measurable.

Proof:We begin by proving the following claim.

Claim :A set, S C U;, has pu measure zero in Uj;, if and only if R;S has measure zero in R;U; with
respect to the measure, J; (u) du.

Proof of the claim:Let ¢ > 0 be given. By outer regularity, there exists a set, V' C U;, open in
such that u (V) < e and S CV C U;. Then R;V is open in RZ and contains R;S. Letting h < O, where
ONR2 = R;V and m,, (O) < m, (R;V) +¢, and letting h; (x) = h (R, (x)) for x € U;, we see h; < V. By
Corollary 12.24, we can also choose our partition of unity so that spt (h1) C {x € R™ : 4, (x) = 1}. Thus
i (Rj_1 (u)) = 0 unless j = i when this reduces to h; (R; " (u)) . Thus

P
c > u(V)z/Vhlduz/thdu:;/m by (R (w)) J; () du

_ / By (R (w)) J; (u)du:/R.UAh(u) Ji (u)du:/R‘Vh(u) J; () du

/h u) du — Ke,

where K; > ||.J;||, . Now this holds for all h < O and so

/RiSJi(u)dUS/RiVJi(ll)dug/C)Ji(u)dugs(leKi),

Since ¢ is arbitrary, this shows R;S has mesure zero with respect to the measure, J; (u) du as claimed.
Now we prove the converse. Suppose R;S has J, (u) du measure zero. Then there exists an open set, O

such that O O R;S and
/ J; (u)du < e.
[0

Thus R; ! (O NR,U;) is open in Q and contains S. Let h < R; ' (O N R,;U;) be such that

Y

/ hdp +e > p (R (ONRU;)) > i (S)
Q
As in the first part, we can choose our partition of unity such that h (x) = 0 off the set,

{x €R™ 1y, (x) = 1}
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and so as in this part of the argument,

/thu = Z/R_ngjh(Rj— (w)) Jj (u) du
_ / h (R () J; (u) du
R
_ / h (R (w) Ji (u) du
ONR,;U;

< /Ji(u)du<6
o

and so u (S) < 2e. Since ¢ is arbitrary, this proves the claim.

Now let A C U, be u measurable. By the regularity of the measure, there exists an F, set, F' and a Gy
set, G such that U, 2 G 2 A D F and (G \ F) = 0.(Recall a G5 set is a countable intersection of open sets
and an F; set is a countable union of closed sets.) Then since € is compact, it follows each of the closed sets
whose union equals F' is a compact set. Thus if F' = U2, Fy, we know R, (F}) is also a compact set and so
R, (F) =U R, (Fy) is a Borel set. Similarly, R, (G) is also a Borel set. Now by the claim,

/ J, (u) du = 0.
R, (G\F)

We also see that since R, is one to one,

R,G\R,F =R, (G\ F)
and so

R, (F) SR, (4) SR, (G)

where R, (G) \ R, (F') has measure zero. By completeness of the measure, J; (u) du, we see R, (A) is
measurable. It follows that if A C € is y measurable, then R, (U, N A) is J, (u) du measurable for all r. The
converse is entirely similar.

Letting f € L' (Q, ), we use the fact that p is a Radon mesure to obtain a sequence of continuous
functions, { fi} which converge to f in L* (€, y1) and for p a.e. x. Therefore, the sequence { fx (R; " (-))} is
a Cauchy sequence in L' (R;U;; ; (RZ._1 (u)) J; (u) du) . It follows there exists

g€ L' (RU;¢; (R (u)) Ji (u) du)

such that f, (R;'(-)) — ¢ in L' (R;U;;¢; (R; ' (u)) J; (u) du) . By the pointwise convergence, g (u) =
f(R; ' (u)) for pae. Ry " (u) € U;. By the above claim, g = f o R; " for a.e. u € R;U; and so

fo Ri_1 € L' (R;U;; J; (u) du)

and we can write
P
[ g = Jim [ = i D efi (R () s )
p
- g /R 0 (BT ) g () )
p

= ; “l(u ; (u) du.
= g o, Uil (R (W) Ji(w)d
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This proves the theorem.

In the case of a Lipschitz manifold, note that by Rademacher’s theorem the set in R,.U,. on which R, !
has no derivative has Lebesgue measure zero and so contributes nothing to the definition of x and can be
ignored. We will do so from now on. Other sets of measure zero in the sets R,.U,. can also be ignored and
we do so whenever convenient.

Corollary 20.33 Let f € L' (Q;u) and suppose f (x) = 0 for all x ¢ U, where (U,,R,) is a chart in a
Lipschitz atlas for Q. Then

/Q fu = /U = /R TR @) (e (20.46)

Proof: Using regularity of the measures, we can pick a compact subset, K, of U, such that

/Urfd,u—/deu‘<s.

Now by Corollary 12.24, we can choose the partition of unity such that K C {x € R™ : ¢, (x) = 1}. Then

/K Ty > b f Xk (R (0)) J; (u) du

i=1 Y RiUi

/ fxx (R (w) Jp (u) du.
R, U,

Therefore, letting K; T R,.U,. we can take a limit and conclude

S i [ R ) g (] < e

Since ¢ is arbitrary, this proves the corollary.

20.9 The divergence theorem for Lipschitz manifolds

What about writing the integral of a differential form in terms of this measure? Let w be a differential form,
w(x) =Y ar(x)dx’
I

where ay is continuous or Borel measurable if you desire, and the sum is taken over all increasing lists from
{1,---,m}. We assume 2 is a Lipschitz or C* manifold which is orientable and that (U,, R,.) is an oriented
atlas for Q while, {1,.} is a C*° partition of unity subordinate to the U,.

Lemma 20.34 Consider the set,
S={xeQ: for somer,x =R, (u) wherex € U, and J, (u) =0 }.
Then p (S) = 0.

Proof: Let S, denote those points, x, of U, for which x = R;"! (u) and J, (u) = 0. Thus S = U?_,S,.
From Corollary 20.33

/Xsrdu :/ Xs, (R, ' (0)) J, (0)du=0
Q R, U,
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and so
p
p(S) <> p(Sk)=0.
k=1

This proves the lemma.
With respect to the above atlas, we define a function of x in the following way. For I = (i1, --,i,) an
increasing list of indices,

o(zit...xin .
OI(X)E (W)/Jr(u)7le€Ur\S
Difxe S

Then (20.36) implies this is well defined aside from a possible set of measure zero, N. Now it follows from
Corollary 20.33 that R™! (N) is a set of y measure zero on €2 and that of is given by the top line off a set of
1 measure zero. It also shows that if we had used a different atlas having the same orientation, then o (x)
defined using the new atlas would change only on a set of ;1 measure zero. Also note

Zol (x)? =1 p ae.
I

Thus we may consider o (x) to be well defined if we regard two functions as equal provided they differ only

on a set of measure zero. Now we define a vector valued function, o having values in R(%) by letting the I*"
component of o (x) equal of (x). Also define

w(x)-0o(x) EZaI(x)ol (%),
I

From the definition of what we mean by the integral of a differential form, Definition 17.11, it follows that

p B B 9 (27 - - - ain)
Lo = X v e ) (R ) G

r=1 1T

; /RTUT ¥ (RT_ (u)) v (RT_ (u)) "0 (Rr_ (u)) J- () du

_ / w - ody (20.47)
Q
Note that w - o is bounded and measurable so is in L. For convenience, we state the following lemma whose
proof is essentially the same as the proof of Lemma 17.25.
Lemma 20.35 Let Q be a Lipschitz oriented manifold in R™ with an oriented atlas, (U,,R,). Letting
X = Rr_lu and letting 2 < j < n, we have
"L Ozt

ud
i=1 9

(=1)"*! =0 a.e. (20.48)

for each r. Here, 2t means this is deleted. If for each T,

6(x1~--:c”) .-
then for each r
. 1 Az n
_ > .e. .
6u1( 1) TZ ) >0 ae (20.49)
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Proof: (20.49) follows from the observation that

a(l'l"'zn):z%(_l)htla(x X :L‘)
O (ul---un) — out d(u? -+ un)
by expanding the determinant,
0 (ml . x”)
A(ul - -um)’

along the first column. Formula (20.48) follows from the observation that the sum in (20.48) is just the
determinant of a matrix which has two equal columns. This proves the lemma.

With this lemma, it is easy to verify a general form of the divergence theorem from Stoke’s theorem.
First we recall the definition of the divergence of a vector field.

Definition 20.36 Let O be an open subset of R™ and let F (x) = Y _, F¥ (x) ey, be a vector field for which
Fk e CY(0). Then

n 6Fk
div (F) = —.
iv (F) ok
k=1
Theorem 20.37 Let Q) be an orientable Lipschitz n manifold with boundary in R™ having an oriented atlas,
(U, R,.) which satisfies

3(z1~~x”)

d(ul - um) 20 (20.50)

for all r. Then letting n (x) be the vector field whose i'" component taken with respect to the usual basis of
R™ s given by

n' (x) E{ (()—})J*(d)(a_(oi))/J (w) if Jr (0) #0 (20.51)

for x € U. N 0%, it follows n(x) is independent of the choice of atlas provided the orientation remains
unchanged. Also n (x) is a unit vector for a.e. x € Q. Let F € C* (Q;R") . Then we have the following
formula which is called the divergence theorem.

/Q div (F) dz = / F - ndpu, (20.52)

o0

where p is the surface measure on 0 defined above.

Proof: Recall that on 002

i=1

From Lemma 20.26 and the definition of two atlass having the same orientation, we see that aside from sets
of measure zero, the assertion about the independence of choice of atlas for the normal, n (x) is verified.
Also, by Lemma 20.34, we know J,. (u) # 0 off some set of measure zero for each atlas and so n (x) is a unit
vector for p a.e. x.
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Now we define the differential form,

w231

i=1

Then from the definition of dw,

1+1

dw = div (F)daz' A -

FUNDAMENTAL THEOREM OF CALCULUS

A AT A - A da™,

-Adzx™.

Now let {¢,.} be a partition of unity subordinate to the U,.. Then using (20.50) and the change of variables

formula,
/de B ,;/RU (W div (F)) (R’” (u)) o (ul o un) d
— ;/T(wrdw (F)) (x) da:—/ﬂdiv (F) dx
Now

’I’L

z+1 Z

[
o2

i= 1

— /RTUng

/ F - ndpu.
o0

By Stoke’s theorem,

/R UTH]R"

b, (Z Fn> (R,

AR () (3; o un;n) "
() gy (u)du? - du”

/div(F)dmz/dw:/ wz/ F - ndy
Q Q o0 o9

and this proves the theorem.

Definition 20.38 In the context of the divergence theorem, the vector,

20.10

Exercises

1. Let E be a Lebesgue measurable set. We say x € E is a point of density if

increasing C! function with ¢(0)

[ oosau= [ o
))dp = / / " (t)dtdp = /Q /O wx[o,f(z))(t)ﬁ(t)dtdu.

Hint:

IR

lim

r—0

= 0. Show

m(E N B(x,r))
m(B(x,7))
Show that a.e. point of F is a point of density.

=1

. Let (2,8,u) be any o finite measure space, f > 0, f real-valued, and measurable.

> t])dt.

..dun

n is called the unit outer normal.

Let ¢ be an

Argue ¢ (t)X{o, f(z)(t) is product measurable and use Fubini’s theorem. The function ¢t — pu ([f () > t])
is called the distribution function.
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Let f be in L} (R™). Show M f is Borel measurable.

loc

If feLP,1<p<oo,show Mf e LP and

M fllp < Al )| f]lp-
Hint: Let

_ [ 60 IF] > 0/,
169 ={ 351 s

Argue [M f(x) > o] C [M f1(x) > «/2]. Then by Problem 2,

Jauspas= [ " o lmn((Mf > a])da

S/o paP7 m([M f1 > «/2])de.

Now use Theorem 20.4 and Fubini’s Theorem as needed.
Show |f(x)| < M f(x) at every Lebesgue point of f whenever f € L*(R").

In the proof of the Vitali covering theorem there is nothing sacred about the constant % Go through

the proof replacing this constant with A where A € (0,1). Show that it follows that for every § > 0,
the conclusion of the Vitali covering theorem follows with 5 replaced by (3 + §) in the definition of B.

Suppose A is covered by a finite collection of Balls, 7. Show that then there exists a disjoint collection
of these balls, {B;}¥_, , such that A C U?_, B; where 5 can be replaced with 3 in the definition of B.
Hint: Since the collection of balls is finite, we can arrange them in order of decreasing radius.

The result of this Problem is sometimes called the Vitali Covering Theorem. It is very important in
some applications. It has to do with covering sets in except for a set of measure zero with disjoint
balls. Let E C R™ be Lebesgue measurable, m(E) < oo, and let F be a collection of balls that cover
FE in the sense of Vitali. This means that if x € E and € > 0, then there exists B € F, diameter
of B < ¢ and x € B. Show there exists a countable sequence of disjoint balls of F, {B;}, such that
m(E\ U2, B;) = 0. Hint: Let £ C U, U open and

m(E) > (1 —107")ym(U).
Let {B,} be disjoint,
EC U2, B;, B; CU.
Thus
m(E) < 5"m(U52, B;).
Then

m(E) > (1 - 107")m(U)

> (1=107")[m(E\ U7, Bj) + m(U5Z, B;)]
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10.

11.

FUNDAMENTAL THEOREM OF CALCULUS

> (1-107")[m(E\ UjZ, B;) + 5 "m(E)].
Hence
m(E\ U, By) < (1- 107711 = (1 - 107")5~")m(E).
Let (1—107")"1(1 — (1 —107")5"") < # < 1 and pick N; large enough that
om(E) = m(E\ U, B)).
Let i ={BeF:B;NnB=0, j=1,---,N1}. IfE\LJé\lzllBijsdré (), then Fy # 0 and covers E\UévzllE
in the sense of Vitali. Repeat the same argument, letting F \ U;V; 1Fj play the role of E.

TSuppose E is a Lebesgue measurable set which has positive measure and let B be an arbitrary open
ball and let D be a set dense in R™. Establish the result of Smital, [4]which says that under these
conditions, 7, ((E + D) N B) = m,, (B) where here m,, denotes the outer measure determined by m,,.
Is this also true for X, an arbitrary possibly non measurable set replacing F in which m, (X) > 07
Hint: Let x be a point of density of F and let D’ denote those elements of D, d, such that d +x € B.
Thus D’ is dense in B. Now use translation invariance of Lebesgue measure to verify that there exists,
R > 0 such that if r < R, we have the following holding for d € D’ and r4 < R.

Mp (E+D)NB(x+d,rq)) >

mn, (E+d)NB(x+d,rq)) > (1 —¢e)my, (B(x+d,rg)).
Argue the balls, m,, (B (x 4+ d,r4)), form a Vitali cover of B.

Suppose A is a Radon measure on R™, and A(S) < oo where m,(S) = 0 and A(E) = AM(ENS). (If
AME) = AMENS) where m,, (S) = 0 we say ALm,.) Show that for m,, a.e. x the following holds. If

B; | {x}, then lim;_ % = 0. Hint: You might try this. Set £, 7 > 0, and let

A(B¥
E. = {x € SY: there exists {B¥}, BY | {x} with (BY)

() =

Let K be compact, A\(S\ K) < re. Let F consist of those balls just described that do not intersect K
and which have radius < 1. This is a Vitali cover of E.. Let By, - - -, By be disjoint balls from F and

i, (E. \ US_ B;) <.

Then

k k
mn(E:) <r+ Zmn(Bi) <r+et Z A(B;) =

i=1

k
r+e Y ABiNS) <r+e'AS\K) < 2r.

i=1
Since r is arbitrary, m,(E.;) = 0. Consider £ = U2 | E-1 and let x ¢ SUE.

1 Is it necessary to assume A(S) < oo in Problem 107 Explain.
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12.

13.

14.

15.

16.

17.

18.

1 Let S be an increasing function on R which is right continuous,

lim S(z) =0,

r— —00

and S is bounded. Let A be the measure representing [ fdS. Thus A((—o0, z]) = S(z). Suppose ALm.
Show S’(x) = 0 m a.e. Hint:

0<h ' (S(x+h)—S())

(@ +H)
= ot h) =°

M(z — hyz + 2h))
m((x — h,z + 2h))’

Now apply Problem 10. Similarly h=1(S(z) — S(z — h)) — 0.

1 Let f be increasing, bounded above and below, and right continuous. Show f’(z) exists a.e. Hint:
See Problem 6 of Chapter 18.

1 Suppose |f(z) — f(y)| < K|z — y|. Show there exists g € L>°(R), ||g]|cc < K, and

Hint: Let F(z) = Kz + f(z) and let A be the measure representing [ fdF. Show A << m. What
does this imply about the differentiability of a Lipschitz continuous function?

1 Let f be increasing. Show f/(x) exists a.e.

Let f(z) = 2%, Thus f_ll f(z)dx = 2/3. Let’s change variables. u = 22, du = 2zdx = 2u'/?dz. Thus

1 1
2/3:/ m2dx:/ u/2u?du = 0.
1

-1
Can this be done correctly using a change of variables theorem?

Consider the construction employed to obtain the Cantor set, but instead of removing the middle third
interval, remove only enough that the sum of the lengths of all the open intervals which are removed
is less than one. That which remains is called a fat Cantor set. Show it is a compact set which has
measure greater than zero which contains no interval and has the property that every point is a limit
point of the set. Let P be such a fat Cantor set and consider

xT
f(x)= / Xpe (t)dt.
0
Show that f is a strictly increasing function which has the property that its derivative equals zero on

a set of positive measure.

Let f be a function defined on an interval, (a,b). The Dini derivates are defined as

ﬂw+2—f@%Dﬁ”@Ehmsw.ﬂx+m_f@)

h—0+

D, f(z) =lim hij}ng

D_f (z) =lim hiB& f@) = fle=h) , D™ f (z) = lim hS—L}(I))-&-

h
f(z) = f(z—h)
- .
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19.

20.

21.

22.
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Suppose f is continuous on (a,b) and for all z € (a,b), D4 f (x) > 0. Show that then f is increasing on
(a,b) . Hint: Consider the function, H () = f () (d — ¢) —z (f (d) — f (¢)) where a < ¢ < d < b. Thus
H (¢) = H (d). Also it is easy to see that H cannot be constant if f (d) < f (¢) due to the assumption
that Dy f (z) > 0. If there exists z1 € (a,b) where H (z1) > H (c), then let z¢ € (¢,d) be the point
where the maximum of f occurs. Consider D, f (x¢). If, on the other hand, H (z) < H (c¢) for all
x € (e,d), then consider Dy H (c).

1 Suppose in the situation of the above problem we only know Dy f (x) > 0 a.e. Does the conclusion
still follow? What if we only know D, f (x) > 0 for every x outside a countable set? Hint: In the
case of D f (z) > 0,consider the bad function in the exercises for the chapter on the construction of
measures which was based on the Cantor set. In the case where D, f (x) > 0 for all but countably
many z, by replacing f (z) with f (z) = f (z) + ez, consider the situation where D f (z) > 0 for all

but countably many z. If in this situation, f(c) > f(d) for some ¢ < d, and y € (f(d) ,f(c)) Jlet

2 = sup {x €led: f(z)> yo}.

Show that f (z) = yo and D f (z) < 0. Conclude that if f fails to be increasing, then D, f (z) < 0 for
uncountably many points, z. Now draw a conclusion about f.

Consider in the formula for T' (o + 1) the following change of variables. t = a + a!/2s. Then in terms
of the new variable, s, the formula for I' (« 4 1) is

et /oo e~ Vas (1 + s>ad5 — TS /OO 6a[1n(1+ﬁ)7%]d5
~va Va va

$2
Show the integrand converges to e~z . Show that then

Na+1 2

lim L = e 2 ds = V2m.
a— 00 e_aaa“’(l/Q) o

You will need to obtain a dominating function for the integral so that you can use the dominated

convergence theorem. This formula is known as Stirling’s formula.

Let Q be an oriented Lipschitz n manifold in R™ for which
o (zt- 2
8 (ul e un)

for all the charts, x = R, (u), and suppose F : R” — R™ for m > n is a Lipschitz continuous function
such that there exists a Lipschitz continuous function, G : R™ — R"™ such that G o F (x) = x for all
x € (). Show that F (Q) is an oriented Lipschitz n manifold. Now suppose w = >, as (y)dy! is a
differential form on F (). Show

= a X 48(yllyzn) X
/F(Q)w_~/921: HEC) G e

In this case, we say that F (£2) is a parametrically defined manifold. Note this shows how to compute
the integral of a differential form on such a manifold without dragging in a partition of unity. Also
note that € could be a box or some collection of boxes pased togenter along edges. Can you get a
similar result in the case where F satisfies the conditions of Theorem 20.297

>0 a.e.

Let h :R™ — R" and h is Lipschitz. Let
A={x:hx)=c}

where c is a constant vector. Show J (x) = 0 a.e. on A. Hint: Use Theorem 20.22.
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25.

26.

27.
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Let U be an open subset of R"™ and let h :U — R" be differentiable on A C U for some A a Lebesgue
measurable set. Show that if T C A and m,, (T)) = 0, then m,, (h (7)) = 0. Hint: Let

Ty ={x€T:||Dh(x)|| <k}

and let € > 0 be given. Now let V' be an open set containing T} which is contained in U such that
my (V) < g and let 6 > 0 be given. Using differentiability of h, for each x € T}, there exists ry < §
such that B (x,5rx) C V and

h (B (x,rx)) C B (h(x),5krx).
Use the same argument found in Lemma 20.13 to conclude
my, (h(Ty)) = 0.
Now

m (0 (T)) = lim m, (b (T})) = 0.

k—o0

1In the context of 23 show that if S is a Lebesgue measurable subset of A, then h (S) is m,, measurable.
Hint: Use the same argument found in Lemma 20.14.

T Suppose also that h is differentiable on U. Show the following holds. Let x € A be a point where
Dh (x) ! exists. Then if € € (0,1) the following hold for all 7 small enough.

M (h (B (X,r))) = mn (h(B (x,r))) > my, (Dh(x) B (0,7 (1 — ¢))), (20.53)
h (B (x,7)) C h(x) + Dh(x) B (0,7 (1 +¢)), (20.54)
my, (h (B (x,r))) < my (Dh(x)B(0,r(1+¢€))). (20.55)

If U \ A has measure 0, then for x € A,

(0 (B (x,7) N A))
r—0 my (h (B (Xa T)))

=1 (20.56)
Also show that for x € A,

J (x) = lim ) (20.57)

where J (x) = det (Dh (x)).

1 Assuming the context of the above problems, let h be one to one on A and establish that for F' Borel
measurable in R"”

/ Xr (y)dm, = / Xr (h(x)) J (x)dm.
h(A) A

This is like (20.26). Next show, using the arguments of (20.27) - (20.31), that a change of variables
formula of the form

/h(A) 9 (y)dmn = / 9 (h(x)) J (x) dm

A
holds whenever ¢ : h (A) — [0, o0] is m,, measurable.

Extend the theorem about integration and the Brouwer degree to more general classes of mappings
than C'! mappings.
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The complex numbers

In this chapter we consider the complex numbers, C and a few basic topics such as the roots of a complex
number. Just as a real number should be considered as a point on the line, a complex number is considered
a point in the plane. We can identify a point in the plane in the usual way using the Cartesian coordinates
of the point. Thus (a,b) identifies a point whose = coordinate is @ and whose y coordinate is b. In dealing
with complex numbers, we write such a point as a + ib and multiplication and addition are defined in the
most obvious way subject to the convention that i> = —1. Thus,

(a+1ib)+ (c+id) = (a+c)+i(b+d)
and
(a+1ib) (c+id) = (ac — bd) + i (bc + ad) .

We can also verify that every non zero complex number, a + ib, with a? 4 b? # 0, has a unique multiplicative
inverse.

1 a—1b a . b

atib 2+ @2+ @2t

Theorem 21.1 The complex numbers with multiplication and addition defined as above form a field.

The field of complex numbers is denoted as C. An important construction regarding complex numbers
is the complex conjugate denoted by a horizontal line above the number. It is defined as follows.

a+ib=a—1b.

What it does is reflect a given complex number across the z axis. Algebraically, the following formula is
easy to obtain.

(a+ib) (a+ib) = a® + b°.
The length of a complex number, refered to as the modulus of z and denoted by |z| is given by
el = (@ +97)"" = (2)'%,
and we make C into a metric space by defining the distance between two complex numbers, z and w as
d(z,w) =]z —w|.
We see therefore, that this metric on C is the same as the usual metric of R2. A sequence, z, — z if and

only if z,, — z in R and y, — y in R where z = = + iy and 2, = z,, + iy,. For example if z,, = HL_H + i%,
then z, — 1+ 0i = 1.
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Definition 21.2 A sequence of complex numbers, {z,} is a Cauchy sequence if for every e > 0 there exists
N such that n,m > N implies |z, — zm| < €.

This is the usual definition of Cauchy sequence. There are no new ideas here.

Proposition 21.3 The complexr numbers with the morm just mentioned forms a complete normed linear
space.

Proof: Let {z,} be a Cauchy sequence of complex numbers with z,, = x,, + iy,. Then {z,} and {y,}
are Cauchy sequences of real numbers and so they converge to real numbers, = and y respectively. Thus
Zn = Tp + 1Y — = + ty. By Theorem 21.1 C is a linear space with the field of scalars equal to C. It only
remains to verify that | | satisfies the axioms of a norm which are:

|2+ w| < [2] + [w]
|z| > 0 for all 2
|z| =0 if and only if z =0

laz| = [af [2].
We leave this as an exercise.

Definition 21.4 An infinite sum of complex numbers is defined as the limit of the sequence of partial sums.
Thus,

(o] n
E ap = lim E ag.
n—oo
k=1 k=1
Just as in the case of sums of real numbers, we see that an infinite sum converges if and only if the

sequence of partial sums is a Cauchy sequence.

Definition 21.5 We say a sequence of functions of a complex variable, {f,} converges uniformly to a
function, g for z € S if for every € > 0 there exists N. such that if n > Ng, then

[fn(2) —9(2)] <e

for all z € S. The infinite sum Y po; fn converges uniformly on S if the partial sums converge uniformly on

S.

Proposition 21.6 A sequence of functions, {f,} defined on a set S, converges uniformly to some function,
g if and only if for all € > 0 there exists N such that whenever m,n > N,

1o = frlloo <€
Here ||fll.. = sup {|f ()| : 2 € S}
Just as in the case of functions of a real variable, we have the Weierstrass M test.

Proposition 21.7 Let {f,} be a sequence of complex valued functions defined on S C C. Suppose there
exists M, such that ||fn|l.. < My and Y M, converges. Then _ f, converges uniformly on S.
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Since every complex number can be considered a point in R2?, we define the polar form of a complex

number as follows. If z = z + iy then (ﬁ, %) is a point on the unit circle because
2\ 2 2
(@)~ (&) -+
|| ||

(x y) = (cos,sind).

2" |z]

Therefore, there is an angle 6 such that

It follows that
z=x+1y = |z|(cos@ +isind).

This is the polar form of the complex number, z = x + 7y.
One of the most important features of the complex numbers is that you can always obtain n nth roots
of any complex number. To begin with we need a fundamental result known as De Moivre’s theorem.

Theorem 21.8 Let r > 0 be given. Then if n is a positive integer,
[r (cost +isint)]" = r" (cosnt + isinnt) .
Proof: It is clear the formula holds if n = 1. Suppose it is true for n.
[r (cost +isint)]" ™" = [r (cost +isint)]" [r (cost +isint)]
which by induction equals

= "1 (cosnt + isinnt) (cost + i sint)

= r" "1 ((cosnt cost — sinntsint) + i (sinnt cost + cosnt sint))

=" (cos (n+ 1)t +isin(n+ 1)t
by standard trig. identities.
Corollary 21.9 Let z be a non zero complex number. Then there are always exactly k kth roots of z in C.

Proof: Let z = x + iy. Then

and from the definition of |z|,

Thus (I%I’ %) is a point on the unit circle and so

Y _ sint,

= cost
||

x
k1

for a unique t € [0,27). By De Moivre’s theorem, a number is a kth root of z if and only if it is of the form

o (COS <t +k217r> . <t+k2l7r)>

for [ an integer. By the fact that the cos and sin are 27 periodic, if [ = k in the above formula the same
complex number is obtained as if [ = 0. Thus there are exactly k of these numbers.

IfSCCand f:S — C, wesay f is continuous if whenever z,, — z € S, it follows that f (z,) — f(2).
Thus f is continuous if it takes converging sequences to converging sequences.
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21.1 Exercises

1.

® N >«

10.

11.

12.
13.

14.
15.

16.

Let z = 3 + 44. Find the polar form of z and obtain all cube roots of z.
Prove Propositions 21.6 and 21.7.
Verify the complex numbers form a field.

Prove that []}_, 2zx = [1i—, Zk- In words, show the conjugate of a product is equal to the product of
the conjugates.

Prove that >, _, 2 = Y. p_; Zk. In words, show the conjugate of a sum equals the sum of the conjugates.
Let P (z) be a polynomial having real coefficients. Show the zeros of P (z) occur in conjugate pairs.
If Ais areal n x n matrix and Ax = Ax, show that AX = X.

Tell what is wrong with the following proof that —1 = 1.
—1:i2=\/—_1¢—_1:mz\ﬁ=1.
If z=|z|(cosf + isinf) and w = |w| (cos & + isin ) , show
zw = |z| |w| (cos (0 + a) + isin (6 + a)) .
Since each complex number, z = x + 3y can be considered a vector in R2, we can also consider it a

vector in R3 and consider the cross product of two complex numbers. Recall from calculus that for
x = (a,b,c) and y = (d, e, f), two vectors in R3,

x Xy = det

Q, Qe
A Y e

k
c
f

and that geometrically |x x y| = |x| |y|sin 6, the area of the parallelogram spanned by the two vectors,
x,y and the triple, x,y,x X y forms a right handed system. Show

z1 X zo0 =Im (7122) k.
Thus the area of the parallelogram spanned by z; and 25 equals |Im (Z122)] .

Prove that f: S C C — C is continuous at z € S if and only if for all € > 0 there exists a § > 0 such
that whenever w € S and |w — z| < 4, it follows that |f (w) — f (2)] < e.

Verify that every polynomial p (z) is continuous on C.

Show that if {f,} is a sequence of functions converging uniformly to a function, f on S C C and if f,
is continuous on S, then so is f.

Show that if [2] < 1, then > 7 2% = .

1—=z
Show that whenever Y a, converges it follows that lim, ., a, = 0. Give an example in which
lim, o0 @n =0, an > ant1 and yet > a,, fails to converge to a number.

Prove the root test for series of complex numbers. If a; € C and r = limsup,,_, ., \an|1/ " then

0o converges absolutely if r < 1
Z ay diverges if r > 1
k=0 test fails if » = 1.
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17. Does lim,, oo (%)n exist? Tell why and find the limit if it does exist.

18. Let Ag =0 and let A4, = 22:1 a if n > 0. Prove the partial summation formula,

q q—1
Z arpbr = Aqbq — Apflbp + Z Ay (bk — bk+1) .
k=p k=p

Now using this formula, suppose {b,} is a sequence of real numbers which converges to 0 and is
decreasing. Determine those values of w such that |w| = 1 and Y ;= byw® converges. Hint: From
Problem 15 you have an example of a sequence {b,,} which shows that w = 1 is not one of those values
of w.

19. Let f: U C C — C be given by f (z +iy) = u (z,y) + iv (z,y) . Show f is continuous on U if and only
ifu:U — Randv:U — R are both continuous.

21.2 The extended complex plane

The set of complex numbers has already been considered along with the topology of C which is nothing but
the topology of R2. Thus, for z, = x, + iy, we say z, — z = z + iy if and only if x,, — = and y,, — 3. The
norm in C is given by

o+ iy] = (@ + i) (@ = )" = (2% +42)"
which is just the usual norm in R? identifying (z,y) with = + iy. Therefore, C is a complete metric space
and we have the Heine Borel theorem that compact sets are those which are closed and bounded. Thus, as
far as topology is concerned, there is nothing new about C.

We need to consider another general topological space which is related to C. It is called the extended
complex plane, denoted by C and consisting of the complex plane, C along with another point not in C known
as 0o. For example, co could be any point in R?. We say a sequence of complex numbers, z,, converges to
oo if, whenever K is a compact set in C, there exists a number, N such that for all n > N, z, ¢ K. Since
compact sets in C are closed and bounded, this is equivalent to saying that for all R > 0, there exists IV
such that if n > N, then z, ¢ B (0, R) which is the same as saying lim,,_, o, |2,| = 0o where this last symbol
has the same meaning as it does in calculus.

A geometric way of understanding this in terms of more familiar objects involves a concept known as the
Riemann sphere.

Consider the unit sphere, S? given by (2 — 1)2 +y?+ 22 = 1. We define a map from the unit sphere with
the point, (0,0,2) left out which is one to one onto R? as follows.

0(p)

We extend a line from the north pole of the sphere, the point (0,0,2), through the point on the sphere,
p, until it intersects a unique point on R2. This mapping, known as stereographic projection, which we will
denote for now by 6, is clearly continuous because it takes converging sequences, to converging sequences.
Furthermore, it is clear that #~! is also continuous. In terms of the extended complex plane, C, we see a
sequence, z, converges to oo if and only if 0 'z, converges to (0,0,2) and a sequence, z, converges to z € C
if and only if 7% (z,) — 07" (2).
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21.3 Exercises

1.

2.

Try to find an explicit formula for 8 and 671
What does the mapping 6~1 do to lines and circles?

Show that S? is compact but C is not. Thus C # S2. Show that a set, K is compact (connected) in C
if and only if 7" (K) is compact (connected) in 2\ {(0,0,2)}.

Let K be a compact set in C. Show that C\ K has exactly one unbounded component and that this
component is the one which is a subset of the component of S? \ K which contains co. If you need to
rewrite using the mapping, € to make sense of this, it is fine to do so.

Make C into a topological space as follows. We define a basis for a topology on C to be all open sets
and all complements of compact sets, the latter type being those which are said to contain the point
oo. Show this is a basis for a topology which makes C into a compact Hausdorff space. Also verify that
C with this topology is homeomorphic to the sphere, S2.



Riemann Stieltjes integrals

In the theory of functions of a complex variable, the most important results are those involving contour
integration. Before we define what we mean by contour integration, it is necessary to define the notion of
a Riemann Steiltjes integral, a generalization of the usual Riemann integral and the notion of a function of
bounded variation.

Definition 22.1 Let v : [a,b] — C be a function. We say v is of bounded variation if

sup{Zwi)—v(u1>|:a—t0<~-<tn—b} =V (.[a,8]) < o
i=1

where the sums are taken over all possible lists, {a =ty < --- < t, = b}.

The idea is that it makes sense to talk of the length of the curve v ([a, b]) , defined as V' (7, [a, b]) . For this
reason, in the case that « is continuous, such an image of a bounded variation function is called a rectifiable
curve.

Definition 22.2 Let 7y : [a,b] — C be of bounded variation and let f : [a,b] — C. Letting P = {to," - -, tn}
where a =ty <t; < -+ <t, =b, we define

||Pl| = max{|t; —t;—1| : 5 =1,---,n}

and the Riemann Steiltjes sum by

n

S(PY=D_f () (v () =7 (t-1)

Jj=1

where T; € [tj_1,t;]. (Note this notation is a little sloppy because it does not identify the specific point, T,
used. It is understood that this point is arbitrary.) We define f,yf(t) dry (t) as the unique number which
satisfies the following condition. For all € > 0 there exists a § > 0 such that if ||P|| < §, then

/f(t)dv(f) —5(7’)‘ <e.
.
Sometimes this is written as

Lf(t)dv(t) = lm S(P).

The function, « ([a, b]) is a set of points in C and as ¢ moves from a to b, v (t) moves from v (a) to v (b).
Thus + ([a, b]) has a first point and a last point. If ¢ : [¢,d] — [a, b] is a continuous nondecreasing function,
then yo ¢ : [c,d] — C is also of bounded variation and yields the same set of points in C with the same first
and last points. In the case where the values of the function, f, which are of interest are those on v ([a, b]),
we have the following important theorem on change of parameters.
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Theorem 22.3 Let ¢ and v be as just described. Then assuming that
RO
.
erists, so does
RGNS
Yoo

and

[ramaw=[ ra@eNdmeee). (22.1)

2l yop

Proof: There exists 6 > 0 such that if P is a partition of [a, b] such that ||P|| < d, then

Lf(v(t))dv(t)—S(P)’ <e.

By continuity of ¢, there exists o > 0 such that if Q is a partition of [c,d] with ||Q|| < o,Q = {so, -, $n},
then |¢ (s;) — ¢ (sj-1)| < 0. Thus letting P denote the points in [a,b] given by ¢ (s;) for s; € Q, it follows
that ||P|| < ¢ and so

n

(/f@@»wﬂﬂ—E:fWONUDﬂvwwn)—7@@¢n» <e

Jj=1

where 7; € [s;_1,s;]. Therefore, from the definition we see that (22.1) holds and that

Fr(¢(s))d(yoe)(s)

yog
exists.
This theorem shows that f7 f (v (t))dy(t) is independent of the particular v used in its computation to
the extent that if ¢ is any nondecreasing function from another interval, [¢,d], mapping to [a,b], then the

same value is obtained by replacing v with v o ¢.
The fundamental result in this subject is the following theorem.

Theorem 22.4 Let f : [a,b] — C be continuous and let v : [a,b] — C be of bounded variation. Then
fﬂ{ f(t)dy (t) emists. Also if 6, > 0 is such that [t — s| < &, implies |f (t) — f (s)| < L, then

[rwa-se) < 2l

whenever ||P|| < dp.

Proof: The function, f , is uniformly continuous because it is defined on a compact set. Therefore, there
exists a decreasing sequence of positive numbers, {d,,} such that if |s — ¢| < d,,, then

1f () = Fs)] < —.

m

Let

Foo ={S(P) :IP|| < ém}
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Thus F,, is a closed set. (When we write S (P) in the above definition, we mean to include all sums
corresponding to P for any choice of 7;.) We wish to show that

< 2V (v [a, b))

diam (Fp,) < - (22.2)

because then there will exist a unique point, I € NSS_; Fy,,. It will then follow that I = fv f@)dy(t). To
verify (22.2), it suffices to verify that whenever P and Q are partitions satisfying ||P|| < ., and || Q|| < O,

1S (P)~ $(Q)] < 2V (3,[ab]). (22.3)

Suppose ||P|| < d,n, and @ D P. Then also ||Q|| < d,,. To begin with, suppose that P = {to,- - -, tp, - - -, tn}
and Q = {to, - -, tp—1,t*, tp,- - -, t, } . Thus Q contains only one more point than P. Letting S (Q) and S (P)
be Riemann Steiltjes sums,

p—1

S(Q) = (o) (v (ty) =7 (t—1)) + f (o) (v () = 7 (tp-1))

j=1

+F(O") (7 (t) =7 N+ D flog) (v () =7 (85-1)),

Jj=p+1
S(P) = Z F(r3) (v (t5) =~ (8-1)) + £ (1) (v () = 7 (Ep-1))

Jj=p+1
Therefore,
1S(P) = S(QI< X0 11 (t5) = (50l + - |1 () 7 ()| +
j=1
1 . "1 1
— () =y )+ D — () = ()l £ V(s b)). (22.4)
Jj=p+1

Clearly the extreme inequalities would be valid in (22.4) if @ had more than one extra point. Let S (P) and
S (Q) be Riemann Steiltjes sums for which ||P|| and ||Q|| are less than d,, and let R = P U Q. Then

1S(P) = S(QI<[S(P) -SRI +[5(R) - 5(Q) < %V(% [a,b]) .

and this shows (22.3) which proves (22.2). Therefore, there exists a unique complex number, I € N_, F,,
which satisfies the definition of f,y f(t)dy (t). This proves the theorem.
The following theorem follows easily from the above definitions and theorem.
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Theorem 22.5 Let f € C ([a,b]) and let v : [a,b] — C be of bounded variation. Let
M > max{|f (t)| : t € [a,b]}. (22.5)

Then

0@ (0] < MV (3. [at). (226)

Also if {fn} is a sequence of functions of C ([a,b]) which is converging uniformly to the function, f, then
lim [ f.(t / f@)dy (¢ (22.7)
n—oo ’y

Proof: Let (22.5) hold. From the proof of the above theorem we know that when ||P|| < 4,5,

0@ (0~ 5(P) < 2v (o fat)

and so

[10a@|<is@)+ 2 )

ZMW (tj—1)| + V(%[a b))

< MV('y,[a,b])—l—EV(%[aab])'

This proves (22.6) since m is arbitrary. To verify (22.7) we use the above inequality to write

t)dy(t /fn ) d (t ’

<max {[f () = fu ()| : t € [a,0]} V (7, [a,]) -

Since the convergence is assumed to be uniform, this proves (22.7).

It turns out that we will be mainly interested in the case where ~ is also continuous in addition to being
of bounded variation. Also, it turns out to be much easier to evaluate such integrals in the case where ~ is
also C*! ([a,b]) . The following theorem about approximation will be very useful.

(f () = fn (1)) dv (¢)

Theorem 22.6 Let v : [a,b] — C be continuous and of bounded variation, let f : [a,b] x K — C be
continuous for K a compact set in C, and let € > 0 be given. Then there exists n : [a,b] — C such that

n(a) =(a), v(b) =n (), neC (a,b]), and

Iy —nll <e, (22.8)
/ f(tz2)dy(t /f (t,z)dn(t ’ (22.9)
V(n,la,b]) <V (v, [a,b]), (22.10)

where ||y = n| = max{|y (t) —=n (¢)] : t € [a,b]} .
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Proof: We extend v to be defined on all R according to v (t) = v (a) if t < a and 7 () = v (b) if t > b.

Now we define

2h

1 [irodst-a)
7 () = / y (s) ds.

2h J onyer ol (t—a)

where the integral is defined in the obvious way. That is,

/aba(t)+iﬂ(t)dtE/aba(t)dt+i/abﬁ(t)dt.

Therefore,

7 (a) 1/“ () ds = (a).

B ﬁ a—2h

Also, because of continuity of v and the fundamental theorem of calculus,

0= ) (o 2)

” (—2h+t+ b2_ha (t—a)> (1 + b2—ha>}

and so 7, € C* ([a,b]). The following lemma is significant.

Lemma 22.7 V (v, [a,b]) <V (v,[a,b]).

Proof: Let a =ty < t;1 <--- <t, =0b. Then using the definition of v;, and changing the variables to

make all integrals over [0, 2h],

Z I (85) —vn (t—1)| =
=

1 [2h 2h
= Y A A S _
2h£ {’y(s —|—tj—|—b_a(t] a))

2h
o (S — 2h+tj_1 + m (tj_l — a)):l ’

>

Jj=1

n
1 2h

S%O;

2h
7(3—2h+tj+m(tj—a)>—

2h
v (S —2h + tj,1 + m (tj,1 — a)) ’ ds.
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For a given s € [0, 2h], the points, s —2h+¢,;+ % (t; —a) for j =1,---,n form an increasing list of points in
the interval [a — 2h, b + 2h] and so the integrand is bounded above by V (v, [a — 2h,b+ 2h]) =V (v, [a,b]) .
It follows

Z Y () = v (t=1)| < V (7, [a, b))

which proves the lemma.
With this lemma the proof of the theorem can be completed without too much trouble. First of all, if
€ > 0 is given, there exists d; such that if h < 41, then for all t,

1 [ttere(-a)
Y (@) =y, )] < v (s) = (t)| ds

2h J onier ey (t—a)

1 [ttere (-9

< eds=¢ (22.11)

2h —2h+t+ 2l (t—a)

@

due to the uniform continuity of . This proves (22.8). From (22.2) there exists d2 such that if ||P|| < 2,
then for all z € K,

Wl ™

Lf(t7z)dv(t)—S(P)‘<§,

[ readn0-s.p) <
Yh
for all h. Here S (P) is a Riemann Steiltjes sum of the form

> F(riz) (v () = (tioa)

i=1

and Sy, (P) is a similar Riemann Steiltjes sum taken with respect to =y, instead of 5. Therefore, fix the
partition, P, and choose h small enough that in addition to this, we have the following inequality valid for
all z € K.

€

3

We can do this thanks to (22.11) and the uniform continuity of f on [a,b] x K. It follows

15 (P) = Sk (P)] <

<

/ ftydy @) — [ f(t2)dy, @)

/f(t,zww(t)—sm)’+|s<7>>—sh @)

+ < €.

Sh (P) — / £ (£ 2) d (8)

Th

Formula (22.10) follows from the lemma. This proves the theorem.
Of course the same result is obtained without the explicit dependence of f on z.
This is a very useful theorem because if v is C! ([a,d]), it is easy to calculate f7 f@)dy(t). We will

typically reduce to the case where 7 is C! by using the above theorem. The next theorem shows how easy
it is to compute these integrals in the case where « is C.
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Theorem 22.8 If f : [a,b] — C and ~ : [a,b] — C is in C* ([a,b]), then

/ f@)dvy(t / [t (22.12)

Proof: Let P be a partition of [a,b], P = {tg,- - -, tn} and ||P|| is small enough that whenever |t — s| <
PII,

lf &)= f(s) <e (22.13)
and
/f(t)dw(t%zf(mw(tj)w(tH» <e
Y j=1
Now
n b n
me(w(t])—v(tjfl)):/ SO S () Xy ) ()7 (5)ds
i=1 @ j=1

and thanks to (22.13),

/QZf )Xy 007 (s~ [ 77
< [(er@as
s~ srvian

Since ¢ is arbitrary, this verifies (22.12).

It follows that

<5/ Iv' (s)|ds + e.

Definition 22.9 Let 7 : [a,b] — U be a continuous function with bounded variation and let f: U — C be a
continuous function. Then we define,

Lf(Z)dZ—Af(v(t))dv ‘

The expression, [ f(z)dz, is called a contour integral and v is referred to as the contour. We also say that
a function f : U — C for U an open set in C has a primitive if there exists a function, F, the primitive, such
that F' (z) = f(z). Thus F is just an antiderivative. Also if vy, : [ak, bx] — C is continuous and of bounded
variation, for k =1,---,m and 7, (br) = Y41 (ar), we define

/ 2= (22.14)
Dy 'Yk

k-l’Yk

In addition to this, for v : [a,b] — C, we define —v : [a,b] — C by —y(t) = v(b+a —1t). Thus v simply
traces out the points of 7y ([a,b]) in the opposite order.
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The following lemma is useful and follows quickly from Theorem 22.3.

Lemma 22.10 In the above definition, there exists a continuous bounded variation function, v defined on
some closed interval, [c,d], such that v ([c,d]) = U7y, (lak, bk]) and v (¢) = v (a1) while v (d) = 7,,, (bm) -
Furthermore,

[yf(z)dz:;/nf(z)dz

If v : [a,b] — C is of bounded variation and continuous, then

/Wf(z)dz:—/_vf(z)dz.

Theorem 22.11 Let K be a compact set in C and let f : U x K — C be continuous for U an open set in C.
Also let 7 : [a,b] — U be continuous with bounded variation. Then if r > 0 is given, there exists n : [a,b] — U
such that n (a) = v (a), n(b) =~ () ,n is C* ([a,b]), and

[Yf(z,w)dz—/nf(z,w)dz

Proof: Let ¢ > 0 be given and let H be an open set containing 7 ([a, b]) such that H is compact. Then
f is uniformly continuous on H x K and so there exists a § > 0 such that if z; € H,j = 1,2 and w; € K for
4 =1,2 such that if

< |ln—=nll <

|21 — 22| + |w1 — we| < 4,
then
|f(z17w1) - f('z??w?)l <e.

By Theorem 22.6, let 7 : [a,b] — C be such that 1 ([a,b]) € H, n(z) = v (z) for = a,b, n € C*([a,b]),
[In =7l <min (8,7), V(n,[a,b]) <V (7,[a,b]), and

/nfw(t),w)dn(wLf(v(t%w)dw(t)’ <e

for all w € K. Then, since |f (7 (¢),w) — f (n(t) ,w)| < e for all t € [a,b],

/f(v(t),w)dn(t) —/f<n(t>,w>dn<t)\ <V ([0, B]) < eV (1. [a b))
Therefore,

Lf(z,w)dsz(z,w)dz

/f@(t»w)dn(t)—/f(v(t»w)dv(t)\ <eteV (v ab).

Since € > 0 is arbitrary, this proves the theorem.

We will be very interested in the functions which have primitives. It turns out, it is not enough for f to
be continuous in order to possess a primitive. This is in stark contrast to the situation for functions of a real
variable in which the fundamental theorem of calculus will deliver a primitive for any continuous function.
The reason for our interest in such functions is the following theorem and its corollary.
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Theorem 22.12 Let v : [a,b] — C be continuous and of bounded variation. Also suppose F' (z) = f (z) for
all z € U, an open set containing 7 ([a,b]) and f is continuous on U. Then

[1Gra:=Fe®) - F o).
v
Proof: By Theorem 22.11 there exists n € C! ([a,b]) such that v (a) =7 (a), and 7 (b) = n (b) such that

/Wf(z)dz/nf(z)dz

Then since 7 is in C* ([a,b]) , we may write

[roa = [raowoa= [ 5D
F(n (b)) — F(n(a) =F(y(®) - F(y(a).

< E.

Therefore,

<e€

\(F 00D - Pl ) - [ 16

and since € > 0 is arbitrary, this proves the theorem.

Corollary 22.13 If~v: [a,b] — C is continuous, has bounded variation, is a closed curve, v (a) = v (b), and
v ([a,b]) C U where U is an open set on which F' (2) = f (z), then

Lf(z)dz:O.

22.1 Exercises

1. Let 7y : [a,b] — R be increasing. Show V (v, [a,b]) = v (b) — 7 (a).

2. Suppose v : [a,b] — C satisfies a Lipschitz condition, |y (¢t) — v (s)| < K |s — t|. Show + is of bounded
variation and that V (v, [a,b]) < K |b—a.

3. We say v : [co,cm] — C is piecewise smooth if there exist numbers, cx, k = 1,-- - m such that
co<cp << cCm_1 < ¢y such that v is continuous and 7 : [ex, cxr1] — C is C. Show that such
piecewise smooth functions are of bounded variation and give an estimate for V (v, [co, ¢n]) -

4. Let v : [0,27] — C be given by 7 (t) = r (cos mt + isinmt) for m an integer. Find f"/ %.

5. Show that if v : [a,b] — C then there exists an increasing function h : [0,1] — [a,b] such that
voh([0,1]) =~ ([a,b]).

6. Let v : [a,b] — C be an arbitrary continuous curve having bounded variation and let f, g have contin-
uous derivatives on some open set containing v ([a, b]) . Prove the usual integration by parts formula.

/ fo'dz = £ (v (8) g (v (0)) — £ (7 (0)) g ( (a)) — / Fgdz.

~

7. Let f (z) = |2| /% 1% where z = |2| ¢?. This function is called the principle branch of 2~(/2) Find
fv f (2) dz where ~ is the semicircle in the upper half plane which goes from (1,0) to (—1,0) in the
counter clockwise direction. Next do the integral in which ~ goes in the clockwise direction along the
semicircle in the lower half plane.
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Prove an open set, U is connected if and only if for every two points in U, there exists a C' curve
having values in U which joins them.

Let P, Q be two partitions of [a,b] with P C Q. Each of these partitions can be used to form an
approximation to V (v, [a, b]) as described above. Recall the total variation was the supremum of sums
of a certain form determined by a partition. How is the sum associated with P related to the sum
associated with Q7 Explain.

Consider the curve,

_J t+it?sin(3) if t € (0,1]
7(”{ 0if t =0

Is v a continuous curve having bounded variation? What if the 2 is replaced with ¢? Is the resulting
curve continuous? Is it a bounded variation curve?

Suppose 7 : [a,b] — R is given by « (t) = ¢t. What is fv f(t) dy? Explain.



Analytic functions

In this chapter we define what we mean by an analytic function and give a few important examples of
functions which are analytic.

Definition 23.1 Let U be an open set in C and let f : U — C. We say f is analytic on U if for every
zeU,

i T E+M =1 ()

h—0 h

=f'(2)
exists and is a continuous function of z € U. Here h € C.

Note that if f is analytic, it must be the case that f is continuous. It is more common to not include the
requirement that f’ is continuous but we will show later that the continuity of f’ follows.
What are some examples of analytic functions? The simplest example is any polynomial. Thus

is an analytic function and
n
P (2) = Z apkz"1
k=1

We leave the verification of this as an exercise. More generally, power series are analytic. We will show
this later. For now, we consider the very important Cauchy Riemann equations which give conditions under
which complex valued functions of a complex variable are analytic.

Theorem 23.2 Let U be an open subset of C and let f : U — C be a function, such that for z = x+iy € U,
f(z) =u(z,y) +iv(z,y).
Then f is analytic if and only if u,v are C* (U) and

o o ou_ o
or oy oy = Oz

Furthermore, we have the formula,

ou ov

fl(z): %(x,y)—i—z% ($>y)

409
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Proof: Suppose f is analytic first. Then letting ¢t € R,

Fo) i LEFD =T

t—0 t o

t—0

lim(u(x+t,y)+iv(x+t,y) u(x,y)+iv(x,y)>
t t

~ Ou(z,y) | Ov(z,y)
T oz e oxr

But also

i (L@ y ) Fivey+t)  ulzy) +iv(zy)
t—0 it it

1 ou(z,y) .0v(z,y)
z( dy o oy

_ Ov(z,y) Ou(z,y)
dy dy

This verifies the Cauchy Riemann equations. We are assuming that z — f’ (2) is continuous. Therefore, the
partial derivatives of w and v are also continuous. To see this, note that from the formulas for f’ (z) given
above, and letting z; = x1 + i1

ov (x ov (x
e  E ORI}

showing that (z,y) — %@jy) is continuous since (x1,y1) — (x,y) if and only if z; — z. The other cases are
similar.

Now suppose the Cauchy Riemann equations hold and the functions, v and v are C* (U). Then letting
h = hy +thy,

fG4+h)—f(z)=u(x+hi,y+ ho)

+’i1} (l‘ + hla ) + h?) - (U (mvy) + w (.’E, y))
We know u and v are both differentiable and so

£+ 1) = 1) = 52 (o) b+ 5 (o) ha+

ov

z(% (J:,y)hl—l—a—y(x,y)hg) +o(h).
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Dividing by h and using the Cauchy Riemann equations,

F+h) —f(z)  ga(@y)h+ig (x,y)h .

h h

%2 (2, y) ha + 5% (2, y) ho L o)
h h

ou h1 +Zh2 ,a’U hl +Zh2 O(h)
o @) TR i () T

Taking the limit as h — 0, we obtain

ou ov

fl(z): %(x,y)—i—z% (a?,y)

It follows from this formula and the assumption that u,v are C! (U) that f’ is continuous.
It is routine to verify that all the usual rules of derivatives hold for analytic functions. In particular, we
have the product rule, the chain rule, and quotient rule.

23.1 Exercises

1.
2.

Verify all the usual rules of differentiation including the product and chain rules.

Suppose f and f’ : U — C are analytic and f(z) = u(z,y) + v (z,y). Verify uyy + uyy = 0
and vy, + vy, = 0. This partial differential equation satisfied by the real and imaginary parts of
an analytic function is called Laplace’s equation. We say these functions satisfying Laplace’s equa-
tion are harmonic functions. If u is a harmonic function defined on B (0,r) show that v (z,y) =
I3 ua (@,t)dt — [ uy (t,0)dt is such that u + iv is analytic.

Define a function f (2) =% = x — iy where z = z + iy. Is f analytic?

If f(2) =u(x,y)+iv(z,y) and f is analytic, verify that

det( e ) =1f (=)

z Uy
Show that if u (x,y) + v (z,y) = f () is analytic, then Vu - Vv = 0. Recall
Vu (JJ, y) = <ux (xa y) y Uy ($7 y)>

Show that every polynomial is analytic.

If v (t) = z (t) + iy (t) is a C! curve having values in U, an open set of C, and if f : U — C is analytic,
we can consider f o, another C'! curve having values in C. Also, 7/ (t) and (f o)’ (t) are complex
numbers so these can be considered as vectors in R? as follows. The complex number, 244y corresponds
to the vector, (z,y). Suppose that v and n are two such C' curves having values in U and that
7 (to) = n(s0) = z and suppose that f : U — C is analytic. Show that the angle between (f o)’ (to)
and (f o)’ (so) is the same as the angle between ~'(to) and 7’ (so) assuming that f’(z) # 0. Thus
analytic mappings preserve angles at points where the derivative is nonzero. Such mappings are called
isogonal. . Hint: To make this easy to show, first observe that (z,y) - (a,b) = 3 (2w + zZw) where
z=z+ 1y and w = a + ib.
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8. Analytic functions are even better than what is described in Problem 7. In addition to preserving
angles, they also preserve orientation. To verify this show that if z = z + iy and w = a + ib are
two complex numbers, then (z,y,0) and (a,b,0) are two vectors in R?. Recall that the cross product,
(z,9,0) x {a,b,0), yields a vector normal to the two given vectors such that the triple, (x,y,0), (a, b, 0),
and (z,y,0) x (a,b,0) satisfies the right hand rule and has magnitude equal to the product of the
sine of the included angle times the product of the two norms of the vectors. In this case, the
cross product either points in the direction of the positive z axis or in the direction of the nega-
tive z axis. Thus, either the vectors (z,y,0), (a,b,0),k form a right handed system or the vectors
(a,b,0), (x,y,0),k form a right handed system. These are the two possible orientations. Show that
in the situation of Problem 7 the orientation of v’ (t9),n' (so) .k is the same as the orientation of the
vectors (f o) (to), (fon) (so),k. Such mappings are called conformal. Hint: You can do this by
verifying that (f o) (to) x (f on)" (s0) =7 (to) x 7/ (s0). To make the verification easier, you might
first establish the following simple formula for the cross product where here x +iy = z and a +ib = w.

(x,y,0) x {(a,b,0) = Re (ziw) k.

9. Write the Cauchy Riemann equations in terms of polar coordinates. Recall the polar coordinates are
given by

x=rcosf, y=rsinb.

23.2 Examples of analytic functions

A very important example of an analytic function is e* = e® (cosy +isiny) = exp(z). We can verify
this is an analytic function by considering the Cauchy Riemann equations. Here u (z,y) = e®cosy and
v (z,y) = e®siny. The Cauchy Riemann equations hold and the two functions u and v are C! (C) . Therefore,
z — €* is an analytic function on all of C. Also from the formula for f/ (z) given above for an analytic function,

d z xr N z
—e* = e” (cos isiny) = e*.
o (cosy +isiny)
We also see that e* = 1 if and only if z = 27k for k an integer. Other properties of e* follow from the

formula for it. For example, let z; = x; + iy; where j = 1,2.

ele” = €™ (cosy; +isiny;) e (cosys + isinys)
€172 (cos ) cosyp — siny sinys) +
i1 T2 (sin y; cos ya + sinyo cos y1)
= e"1172 (cos (y; + yo) +isin (y; +y2)) = €772,

Another example of an analytic function is any polynomial. We can also define the functions cos z and
sin z by the usual formulas.
_ e—iz eiz + e—iz
sing = ——,c082 = —————
2i 2
By the rules of differentiation, it is clear these are analytic functions which agree with the usual functions
in the case where z is real. Also the usual differentiation formulas hold. However,

et 4+ e”

Ccosix = — = coshzx

and so cos z is not bounded. Similarly sin z is not bounded.
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A more interesting example is the log function. We cannot define the log for all values of z but if we
leave out the ray, (—oc, 0], then it turns out we can do so. On R + 4 (—m,7) it is easy to see that e* is one
to one, mapping onto C\ (—o0,0]. Therefore, we can define the log on C\ (—o0, 0] in the usual way,

elogz = 1n|z|€za1rg(z)7

z=¢e
where arg (z) is the unique angle in (—m, 7) for which the equal sign in the above holds. Thus we need
logz =1In|z| +iarg(z). (23.1)

There are many other ways to define a logarithm. In fact, we could take any ray from 0 and define a logarithm
on what is left. It turns out that all these logarithm functions are analytic. This will be clear from the open
mapping theorem presented later but for now you may verify by brute force that the usual definition of the
logarithm, given in (23.1) and referred to as the principle branch of the logarithm is analytic. This can be
done by verifying the Cauchy Riemann equations in the following.

logz =1n (x2 + yz) 1/ + ¢ | —arccos _r if y <0,
Va?+y?

1ogz:1n(a:2+y2)1/2+i arccos | ——— if y >0,
/$2+y2

logz =1n (x2 + y2)1/2 +1 (arctan (E)) if x > 0.
x

With the principle branch of the logarithm defined, we may define the principle branch of z for any a € C.
We define

2O = @ log(z)'

23.3 Exercises

1. Verify the principle branch of the logarithm is an analytic function.
2. Find i* corresponding to the principle branch of the logarithm.
3. Show that sin (z + w) = sin z cos w + cos z sin w.

4. If f is analytic on U, an open set in C, when can it be concluded that |f| is analytic? When can it be
concluded that |f]| is continuous? Prove your assertions.

5. Let f (z) = Z where Z = « — iy for z = x + iy. Describe geometrically what f does and discuss whether
f is analytic.
6. A fractional linear transformation is a function of the form

az+b
cz+d

f(z) =

where ad — bc # 0. Note that if ¢ = 0, this reduces to a linear transformation (a/d) z 4+ (b/d) . Special
cases of these are given defined as follows.
1

dilations: z — 0z, § # 0, inversions: z — —,
z



414

10.

ANALYTIC FUNCTIONS

translations: z — z + p.

In the case where ¢ # 0, let Sy (2) = 24+ £, S (2) = 1, S3(2) = (bcgizad)z and Sy (2) = z + %. Verify

that f (z) = S4053085305;. Now show that in the case where ¢ = 0, f is still a finite composition of
dilations, inversions, and translations.

Show that for a fractional linear transformation described in Problem 6 circles and lines are mapped
to circles or lines. Hint: This is obvious for dilations, and translations. It only remains to verify this
for inversions. Note that all circles and lines may be put in the form

« (x2 +y2) — 2ax — 2by = r? — (a2 +b2)

where a = 1 gives a circle centered at (a,b) with radius r and « = 0 gives a line. In terms of complex
variables we may consider all possible circles and lines in the form

azzZ+ fz+Fz+v=0,

Verify every circle or line is of this form and that conversely, every expression of this form yields either
a circle or a line. Then verify that inversions do what is claimed.

It is desired to find an analytic function, L (z) defined for all z € C \ {0} such that e*(*) = 2. Ts this
possible? Explain why or why not.

If f is analytic, show that z — f (Z) is also analytic.

Find the real and imaginary parts of the principle branch of z!/2.



Cauchy’s formula for a disk

In this chapter we prove the Cauchy formula for a disk. Later we will generalize this formula to much more
general situations but the version given here will suffice to prove many interesting theorems needed in the
later development of the theory. First we give a few preliminary results from advanced calculus.

Lemma 24.1 Let f : [a,b] — C. Then f'(t) exists if and only if Re f' (t) and Im f’ (t) exist. Furthermore,
f' (&) =Ref'(t) +ilm f' (t).

Proof: The if part of the equivalence is obvious.
Now suppose [’ (t) exists. Let both ¢ and ¢ + h be contained in [a, b]

Ref(t+hf)L—Ref(t) _Re(f,(t))‘ < ‘f(th)L_f(t) )

and this converges to zero as h — 0. Therefore, Re f’ (t) = Re (f/ (¢)) . Similarly, Im f/ (¢) = Im (f’ (¢)) .

Lemma 24.2 If g: [a,b] — C and g is continuous on [a,b] and differentiable on (a,b) with ¢’ (t) = 0, then
g (1) is a constant.

Proof: From the above lemma, we can apply the mean value theorem to the real and imaginary parts
of g.

Lemma 24.3 Let ¢ : [a,b] X [¢,d] — R be continuous and let

b
g(t)= / o (s,t)ds. (24.1)
Then g is continuous. If % exists and is continuous on [a,b] X [c,d], then

g () = /ab agbg?” ds. (24.2)

Proof: The first claim follows from the uniform continuity of ¢ on [a, b] X [¢, d] , which uniform continuity
results from the set being compact. To establish (24.2), let ¢ and ¢ + h be contained in [¢, d] and form, using
the mean value theorem,

b
sEED =00 = 2 [+ b - o, 0]ds

h h
1 (P06 (s,t+6h)
= E A 781‘; hdS

b
_ / 09 (5.t + 1)
: ot

415
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where # may depend on s but is some number between 0 and 1. Then by the uniform continuity of ‘Z—‘f, it
follows that (24.2) holds.

Corollary 24.4 Let ¢ : [a,b] X [¢,d] — C be continuous and let

b
g(t) = / & (s, 1) ds. (24.3)

Then g is continuous. If % exists and is continuous on [a,b] X [c,d], then

b
g (t) :/a %ds. (24.4)

Proof: Apply Lemma 24.3 to the real and imaginary parts of ¢.
With this preparation we are ready to prove Cauchy’s formula for a disk.

Theorem 24.5 Let f: U — C be analytic on the open set, U and let
B (z,7r) CU.

Let vy (t) = 29 + 7€' fort € [0,2n]. Then if z € B (zo,7),
_ 1 [ fw)
fz)= 3 L mdw. (24.5)

Proof: Consider for « € [0,1],

2m it
g(a) = / (Z + oz‘t(zo e Z)) rie'tdt.
0 re'* 4+ zp — z

If @ equals one, this reduces to the integral in (24.5). We will show g is a constant and that g (0) = f (z) 2mi.
First we consider the claim about g (0).

2w Teit )
g(0) = (/0 mdt)zf(z)

— i () (/O%l_%dg

rett

2m o0
= if (z)/ e (2 — 20)" dt
0

Z—Z0
rett

because |
obtain

< 1. Since this sum converges uniformly we may interchange the sum and the integral to

g(0) = if(2) 7;)7“_” (z — 20) /0 e " dt
= 2mif (2)

because fo% e~ it =0if n > 0.
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Next we show that ¢ is constant. By Corollary 24.4, for « € (0,1),

(24 a (20 4 rett — 2)) (ref + 2o — 2)
0 rett + 29— z

2
/ f(z+a(zo+re’ —2)) rie’dt
0

27rd " 1
= /0 dt<f(z+oz(zo+re’z))>dt

o
1

f(z—i—a(zo—l—rei%—z))a—f(z—i—a(zo—l—reo—z))

rie’dt

g (a)

=0.

Q|+

Now ¢ is continuous on [0,1] and ¢’ (¢) = 0 on (0,1) so by Lemma 24.2, g equals a constant. This constant
can only be g (0) = 2mif (). Thus,

g0 = [ L0 = 4 0) = 2mir ().

This proves the theorem.
This is a very significant theorem. We give a few applications next.

Theorem 24.6 Let f : U — C be analytic where U is an open set in C. Then f has infinitely many
derivatives on U. Furthermore, for all z € B (zg,1),

R (2) = n_'/ %dw (24.6)

2w
where 7 (t) = zo + reit, t € [0,27] for r small enough that B (29,7) C U.

Proof: Let z € B(z9,7) C U and let B (zp,r) C U. Then, letting v () = 29 + re'’,t € [0,27], and h

small enough,
L[ f(w) 1 f(w)
= — [ —Fdw, +h)=— | ————d
P =g [ 28w seem = o [ w

C2mi ) w—z 2mi —z—h
Now
R h
w—z—h w—2z (—w+z+h)(—w+2)
and so
fean i) _ L] M
= . w
h 2rwhi ), (—w + 2z +h) (—w + 2)

L /() ;
= — w.
2mi J, (—w+z+h) (—w+ 2)
Now for all /i sufficiently small, there exists a constant C' independent of such A such that
‘ 1 _ 1
(—w+z+h)(—w+2z) (—w+2)(—w+2)
h
(w—z—h)(w—2)?

< C|hl
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and so, the integrand converges uniformly as h — 0 to
f (w)
(w—2)°
Therefore, we may take the limit as h — 0 inside the integral to obtain

o[ fw)
) L—( Sdw.

T 2mi w — 2)

Continuing in this way, we obtain (24.6).

This is a very remarkable result. We just showed that the existence of one continuous derivative implies
the existence of all derivatives, in contrast to the theory of functions of a real variable. Actually, we just
showed a little more than what the theorem states. The above proof establishes the following corollary.

Corollary 24.7 Suppose f is continuous on OB (zg,r) and suppose that for all z € B (zg,1),

P = g [ 28,

211 w—z

where «y (t) = z +re t € [0,27]. Then f is analytic on B (z9,7) and in fact has infinitely many derivatives
on B (zo,7) .

We also have the following simple lemma as an application of the above.

Lemma 24.8 Let v (t) = zg + rett, for t € [0, 27|, suppose f, — f uniformly on B (zo,7), and suppose
1 fn (w)
=— [ ——=d 24.7
o) = g [ (24.7)

for z € B(z,r). Then

f(z) = L/ / (w) dw, (24.8)

implying that f is analytic on B (zo,7).

Proof: From (24.7) and the uniform convergence of f, to f on v ([0,2x]), we have that the integrals in

(24.7) converge to
1
L / S .
2 Jyw—z

Proposition 24.9 Let {a,} denote a sequence of complex numbers. Then there exists R € [0,00] such that

Therefore, the formula (24.8) follows.

oo

Z ag (z — zo)k

k=0

converges absolutely if |z — zo| < R, diverges if |z — 29| > R and converges uniformly on B (zo,r) for all
r < R. Furthermore, if R > 0, the function,

F) =) ar(z—=)"
k=0

is analytic on B (2o, R) .
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Proof: The assertions about absolute convergence are routine from the root test if we define
-1
R= <lim sup |an|1/n>
n—oo

with R = oo if the quantity in parenthesis equals zero. The assertion about uniform convergence follows
from the Weierstrass M test if we use M,, = |a,|7". ( D oo |an| 7™ < 0o by the root test). It only remains
to verify the assertion about f(z) being analytic in the case where R > 0. Let 0 < r < R and define

fn(2) = X oar (2 — zo)k. Then f,, is a polynomial and so it is analytic. Thus, by the Cauchy integral
formula above,

£ =5 | D),
i

where v (t) = 29 +7e’, for t € [0,27] . By Lemma 24.8 and the first part of this proposition involving uniform
convergence, we obtain
1 f(w)
= [ W g,
) 21 /y w—z v

Therefore, f is analytic on B (zp,7) by Corollary 24.7. Since r < R is arbitrary, this shows f is analytic on
B (Zo, R) .

This proposition shows that all functions which are given as power series are analytic on their circle
of convergence, the set of complex numbers, z, such that |z — z9| < R. Next we show that every analytic
function can be realized as a power series.

Theorem 24.10 If f : U — C is analytic and if B (zo,7) C U, then
f(2) =) an(z—2)" (24.9)
n=0

for all |z — zo| < r. Furthermore,
£ (20)
nl
Proof: Consider |z — 29| < 7 and let 7 (t) = zo + re't, t € [0,27]. Then for w € v ([0, 27]),

(24.10)

Ay =

zZ— Z
0l <1

w — 2o
and so, by the Cauchy integral formula, we may write
1 [ f(w)
= — [ —=d
1) 211 /y w—z v
1 [ (w)

= 5= dw
T z—z
v (w— zp) (1 — —w_;;)

T e Ce R

n=0

Since the series converges uniformly, we may interchange the integral and the sum to obtain

> 1 w n
I S e e [

n=0

o0
Z an (z — 20)"
n=0
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By Theorem 24.6 we see that (24.10) holds.
The following theorem pertains to functions which are analytic on all of C, “entire” functions.

Theorem 24.11 (Liouville’s theorem) If f is a bounded entire function then f is a constant.

Proof: Since f is entire, we can pick any z € C and write

f(z)= L/ 4( f(w)2dw

211 w — Z)
where v (t) = z + Re' for t € [0,2n]. Therefore,

G <0g

where C' is some constant depending on the assumed bound on f. Since R is arbitrary, we can take R — oo to
obtain f’(z) = 0 for any z € C. It follows from this that f is constant for if z; j = 1,2 are two complex num-
bers, we can consider h (t) = f (z1 +t (22 — z1)) for t € [0,1]. Then ' (t) = f' (21 + t (22 — 21)) (22 — z1) = 0.
By Lemma 24.2 h is a constant on [0, 1] which implies f (z1) = f (22) .

With Liouville’s theorem it becomes possible to give an easy proof of the fundamental theorem of algebra.
It is ironic that all the best proofs of this theorem in algebra come from the subjects of analysis or topology.
Out of all the proofs that have been given of this very important theorem, the following one based on
Liouville’s theorem is the easiest.

Theorem 24.12 (Fundamental theorem of Algebra) Let
p(2)=2"+an_ 12" 4+ +arz+ag

be a polynomial where n > 1 and each coefficient is a complex number. Then there exists zqg € C such that
p(z0) = 0.

Proof: Suppose not. Then p (z)f1 is an entire function. Also
() 2 121" = (Jonal 2" 4+ faal 2] + |ao] )

and so lim|,|_, [p(z)| = oo which implies lim,|_ ‘p (z)fl} — 0. It follows that, since p(z)~" is bounded

for z in any bounded set, we must have that p(z)_1 is a bounded entire function. But then it must be

. —1 . .
constant. However since p (z)” — 0 as |z| — oo, this constant can only be 0. However, ﬁ is never equal

to zero. This proves the theorem.

24.1 Exercises

1. Show that if |ex| < ¢, then Y7 ep (r¥ —r*1)| <eif 0 <r < 1. Hint: Let || = 1 and verify that

0 Z ek (rk — rkH) = Z e (rk — rkH) = Z Re (fey) (rk — rkH)
k=m k=m k=m

where —e < Re (fey,) < €.
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Abel’s theorem says that if > a, (2 — a)" has radius of convergence equal to 1 and if A = >~ ap,
then lim, .y > 0" an,r™ = A. Hint: Show Y72 japr® =37 ) Ay, (rF — 78+1) where Ay denotes the
kth partial sum of > a;. Thus

m

iaka _ Z Ak: k+1) Z Ak (Tk _ Tk+1) ;
k=0

k=m+1 k=0

where |Ap — A| < ¢ for all & < m. In the first sum, write Ay = A + e and use Problem 1. Use this

theorem to verify that arctan (1) = 3.7 (—1)* ﬁ

Find the integrals using the Cauchy integral formula.

(a) f SnZJz where v (t) = :t €[0,2n].

() [, —Ldz where 7 (t) = et it € 0,2n]

(c) [, “5*dz where y(t) = €" : t € [0, 27]

@ [, lof,(f)dz where v (t) =14 4e' : t € [0,27] and n = 0,1, 2.

. Let v (t) = 4e™ : t € [0,2] and find [ 2 2y

2(z2241)
Suppose f(z) =Y " anz™ for all |z| < R. Show that then

2 oo
1 T

L i0\|2 59 _ 2 2n
o7 J, |f (re”)] d9—Z|an|

n=0

for all » € [0,R). Hint: Let f, (2) = Y7_, axz", show 5= [27|f, (ret?)|*do = 7, ax|* r2* and
then take limits as n — oo using uniform convergence.

The Cauchy integral formula, marvelous as it is, can actually be improved upon. The Cauchy integral
formula involves representing f by the values of f on the boundary of the disk, B (a,r). It is possible
to represent f by using only the values of Re f on the boundary. This leads to the Schwarz formula .
Supply the details in the following outline.

Suppose f is analytic on |z| < R and

o0
= an2" (24.11)
n=0
with the series converging uniformly on |z| = R. Then letting |w| = R

2u (w) = f (w) + f (w)

and so

2u(w) = apw® +Y a ()" (24.12)
k=0

k=0

Now letting 7 (t) = Re, t € [0, 27]

L%dew - <ao+a—o>/7%dw

= 2m(a0+a_o)
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Thus, multiplying (24.12) by w1,

i./U(w)dw:%wLa_o.
Y

1 [ u(w) dw

Ap = — .
i J, wntl

Using these formulas for a, in (24.11), we can interchange the sum and the integral (Why can we do
this?) to write the following for |z| < R.

1 1 z\FH1
= _ — J— d — N
F(2) m’/yz’;(w) u (w) dw —ag
1
i J, w—z
which is the Schwarz formula. Now Reag = ﬁ fw %dw and ag = Reag — iIm ag. Therefore, we can
also write the Schwarz formula as
1 [u(w)(w+z) :
=— [ ———2d I . 24.13
£ = gy | v+ iy (21.13)

Take the real parts of the second form of the Schwarz formula to derive the Poisson formula for a disk,

io 1 2m U (Reié) (RQ _ 7”2)
u(re'?) = o1 Jo R2+47r2—2Rrcos (0 — ) d0- (24.14)

Suppose that « (w) is a given real continuous function defined on 9B (0, R) and define f (2) for |z| < R
by (24.13). Show that f, so defined is analytic. Explain why u given in (24.14) is harmonic. Show that

lim u (Tem) = (Rem) .

r—R—

Thus u is a harmonic function which approaches a given function on the boundary and is therefore, a
solution to the Dirichlet problem.

Suppose f(z) = Y5>y ax (2 — 20)" for all |z — z| < R. Show that f’(z) = Y5> ark (2 — 20)" " for
all |z — 29| < R. Hint: Let f, (2) be a partial sum of f. Show that f/ converges uniformly to some
function, g on |z — zg| < r for any » < R. Now use the Cauchy integral formula for a function and its
derivative to identify g with f.

Use Problem 9 to find the exact value of Y= k? (%)k .

Prove the binomial formula,

where

<Z) Em--(an!—njtl).

Can this be used to give a proof of the binomial formula, (a + )" =Y ;_, (Z) a”*b*? Explain.



The general Cauchy integral formula

25.1 The Cauchy Goursat theorem

In this section we prove a fundamental theorem which is essential to the development which follows and is
closely related to the question of when a function has a primitive. First of all, if we are given two points in
C, 7 and 22, we may consider v (t) = 21 +t (22 — 21) for t € [0,1] to obtain a continuous bounded variation
curve from z; to zo. More generally, if 21, -+, z,, are points in C we can obtain a continuous bounded variation
curve from z; to z, which consists of first going from z; to zo and then from 25 to z3 and so on, till in
the end one goes from z,,_1 to z,. We denote this piecewise linear curve as v (z1,- -, zp) - Now let T be a
triangle with vertices z1, 2o and z3 encountered in the counter clockwise direction as shown.
23

1 %2

Then we will denote by faT f (2) dz, the expression, f7(21 2,25,71) f (2) dz. Consider the following picture.

22
By Lemma 22.10 we may conclude that
4
f(z)dz = Z f(2)d=. (25.1)
T k=1 0T}

On the “inside lines” the integrals cancel as claimed in Lemma 22.10 because there are two integrals going
in opposite directions for each of these inside lines. Now we are ready to prove the Cauchy Goursat theorem.

Theorem 25.1 (Cauchy Goursat) Let f : U — C have the property that [’ (z) exists for all z € U and let
T be a triangle contained in U. Then

| wdw=o

423
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Proof: Suppose not. Then

(w) dw‘ =a#0.
aT

From (25.1) it follows

[ (w) dw
T}

4
QSZ
k

=1

and so for at least one of these T}, denoted from now on as 77, we must have

Now let T3 play the same role as T', subdivide as in the above picture, and obtain T5 such that

>~
[

f(w) dw’ >
0T

Continue in this way, obtaining a sequence of triangles,
Ty D Thy1, diam (Ty) < diam (T)27F,
and

«
4_]€ .

(w) dw’ >
Ty,

Then let z € N2, T}, and note that by assumption, f’ (z) exists. Therefore, for all k large enough,
(w) dw = (2) + 1/ (2) (w = 2) + g (w) dw
BTk aTk

where |g (w)| < e |w — z| . Now observe that w — f (z) + f' (z) (w — z) has a primitive, namely,

F(w)=f()w+f (2) (w—2)*"/2
Therefore, by Corollary 22.13.
- f(w)dw= /8Tk g (w) dw.

From the definition, of the integral, we see

(67

4k

IN

/ g (w) dw‘ < ediam (Ty) (length of 9Ty)
Ty,

IN

£27% (length of T') diam (T) 27",
and so
a < ¢ (length of T') diam (T) .

Since ¢ is arbitrary, this shows o = 0, a contradiction. Thus [, f (w)dw = 0 as claimed.
This fundamental result yields the following important theorem.
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Theorem 25.2 (Morera) Let U be an open set and let f ' (z) exist for all z € U. Let D = B (z,r) C U.
Then there exists € > 0 such that f has a primitive on B (29,7 + €).

Proof: Choose € > 0 small enough that B (zg, + &) C U. Then for w € B (29,7 + ¢), define
F(w)= / f(u) du.
¥(z0,w)

Then by the Cauchy Goursat theorem, and w € B (zq,r + €), it follows that for |h| small enough,

Flwth) —Fw) 1
h h ~y(w,w+h)

f(u)du

1 1 1
= h) hdt = h)d
hA,ﬂw+t) ¢ Awﬂw+t)t

which converges to f (w) due to the continuity of f at w. This proves the theorem.
We can also give the following corollary whose proof is similar to the proof of the above theorem.

Corollary 25.3 Let U be an open set and suppose that whenever

v (21, 22,23, 21)

is a closed curve bounding a triangle T, which is contained in U, and f is a continuous function defined on
U, it follows that

/ f(x)dz=0,
v(21,22,23,21)

then f is analytic on U.

Proof: As in the proof of Morera’s theorem, let B (zg,7) C U and use the given condition to construct
a primitive, F for f on B (zg,7). Then F is analytic and so by Theorem 24.6, it follows that F' and hence f
have infinitely many derivatives, implying that f is analytic on B (zg,r) . Since zg is arbitrary, this shows f
is analytic on U.

Theorem 25.4 Let U be an open set in C and suppose f : U — C has the property that f'(z) exists for
each z € U. Then f is analytic on U.

Proof: Let zp € U and let B (2,r) C U. By Morera’s theorem f has a primitive, F' on B (2o, r) . It follows
that F' is analytic because it has a derivative, f, and this derivative is continuous. Therefore, by Theorem
24.6 F has infinitely many derivatives on B (zp,r) implying that f also has infinitely many derivatives on
B (20,7). Thus f is analytic as claimed.

It follows that we can say a function is analytic on an open set, U if and only if f’(2) exists for z € U.
We just proved the derivative, if it exists, is automatically continuous.

The same proof used to prove Theorem 25.2 implies the following corollary.

Corollary 25.5 Let U be a conver open set and suppose that f'(z) exists for all z € U. Then f has a
primitive on U.

Note that this implies that if U is a convex open set on which f’ (z) exists and if y : [a,b] — U is a closed,
continuous curve having bounded variation, then letting F' be a primitive of f Theorem 22.12 implies

[ £ G =F e ®) - F @) =0,
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Notice how different this is from the situation of a function of a real variable. It is possible for a function
of a real variable to have a derivative everywhere and yet the derivative can be discontinuous. A simple
example is the following.

_ xQSin% ifx#0
f(x):{ Oifx(zg

Then [’ (z) exists for all € R. Indeed, if x # 0, the derivative equals 2 sin% — COS% which has no limit
as x — 0. However, from the definition of the derivative of a function of one variable, we see easily that

1 (0)=0.

25.2 The Cauchy integral formula

Here we develop the general version of the Cauchy integral formula valid for arbitrary closed rectifiable
curves. The key idea in this development is the notion of the winding number. This is the number defined
in the following theorem, also called the index. We make use of this winding number along with the earlier
results, especially Liouville’s theorem, to give an extremely general Cauchy integral formula.

Theorem 25.6 Let v : [a,b] — C be continuous and have bounded variation with v (a) = 7 (b) . Also suppose
that z ¢ ~ ([a,b]). We define

1 dw
= — . 25.2
e (25.2)

Then n (7,-) is continuous and integer valued. Furthermore, there exists a sequence, 1y, : [a,b] — C such
that ny, is C1 ([a,b]),

=211 < e (@) = 7 (6) = 7 () = 8),

and n (ny, z) = n (7, z) for all k large enough. Also n(v,-) is constant on every component of C\ v ([a,b])
and equals zero on the unbounded component of C\ v ([a,b]).

Proof: First we verify the assertion about continuity.
|n('772)_n(’7721)| < C

1 1
=)
T\W—2 W=z

< C(Length of v) |z — 2|

whenever z; is close enough to z. This proves the continuity assertion.
Next we need to show the winding number equals an integer. To do so, use Theorem 22.11 to obtain 7,
a function in C* ([a,b]) such that z ¢ ;. ([a,b]) for all k large enough, 7, () = v (x) for z = a,b, and

1 / dw 1/ dw
211 S W— 2 271 n, W— 2

We will show each of - fn dw g an integer. To simplify the notation, we write 7 instead of 7.

27 r W—2
/ dw _/b 7' (s)ds
nwfz a 77(3)*2

< I -l <+




25.2. THE CAUCHY INTEGRAL FORMULA 427

We define

g(t)z/ :}7/(<SJ (25.3)

s)—z
Then
(efg(t) (n(t) — Z))I = IOy (1) — e 9Og (1) (n (t) — 2)
= 9O (1) — e O (1) = 0.
It follows that e=9(*) (1) (t) — z) equals a constant. In particular, using the fact that 7 (a) = n (b),
eI ((b) = 2) = e (n(a) = 2) = (n(a) = 2) = (n (b) - 2)

and so e~ 9(%) = 1. This happens if and only if —g (b) = 2mmi for some integer m. Therefore, (25.3) implies

) =
2mﬂ'i:/a T]I(S)z _/Wwdwz'

dw _—
v w— z_n

Therefore, ﬁ fn Ufli"z is a sequence of integers converging to 2}”
k

(v, z) and so n (7, z) must also
be an integer and n (1, 2z) = n (v, z) for all k large enough.

Since n (v, +) is continuous and integer valued, it follows that it must be constant on every connected
component of C\ v ([a,d]). It is clear that n (v, z) equals zero on the unbounded component because from
the formula,

i o (2) < Jim Vo) ()
Z2—00 Z2—00 ‘z| —cC
where ¢ > max {|w| : w € v ([a, ])} .This proves the theorem.

It is a good idea to consider a simple case to get an idea of what the winding number is measuring. To
do so, consider v : [a,b] — C such that 7 is continuous, closed and bounded variation. Suppose also that v is
one to one on (a,b). Such a curve is called a simple closed curve. It can be shown that such a simple closed
curve divides the plane into exactly two components, an “inside” bounded component and an “outside”
unbounded component. This is called the Jordan Curve theorem or the Jordan separation theorem. For a
proof of this difficult result, see the chapter on degree theory. For now, it suffices to simply assume that ~
is such that this result holds. This will usually be obvious anyway. We also suppose that it is possible to
change the parameter to be in [0,27], in such a way that v (£) + A (z + re® — v (t)) — 2z # 0 for all ¢ € [0, 27]
and A € [0,1]. (As t goes from 0 to 27 the point v (f) traces the curve « ([0, 27]) in the counter clockwise
direction.) Suppose z € D, the inside of the simple closed curve and consider the curve § (t) = z + re®® for
t € [0, 2n] where r is chosen small enough that B (z,7) C D. Then we claim that n (6,z) = n (v, 2).

Proposition 25.7 Under the above conditions, n(8,z) =n(vy,z) and n(6,2) = 1.

Proof: By changing the parameter, we may assume that [a,b] = [0, 27]. From Theorem 25.6 it suffices
to assume also that y is C. Define hy (t) = (t) + A (z + re’ — v (t)) for A € [0,1]. (This function is called
a homotopy of the curves v and 6.) Note that for each A € [0,1],¢ — hy () is a closed C! curve. Also,

1 L 127y () + A (rie” =o' (1))
— w=_— ,
270 Jp, w—z 2ri Jo Y @)+ A (z+rett — (1) —

dt.
z

We know this number is an integer and it is routine to verify that it is a continuous function of A. When
A =0 it equals n (7, 2) and when A = 1 it equals n (d, z). Therefore, n (J,2) = n(v,z). It only remains to

compute n (4, z) .
1 2 e it
n((;,z):—,/ me.tdtzl.
o ret
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This proves the proposition.

Now if v was not one to one but caused the point, v (t) to travel around v ([a, b]) twice, we could modify
the above argument to have the parameter interval, [0,47] and still find n (J,2) = n (v, 2) only this time,
n (9, z) = 2. Thus the winding number is just what its name suggests. It measures the number of times the
curve winds around the point. One might ask why bother with the winding number if this is all it does. The
reason is that the notion of counting the number of times a curve winds around a point is rather vague. The
winding number is precise. It is also the natural thing to consider in the general Cauchy integral formula
presented below. We have in mind a situation typified by the following picture in which U is the open set
between the dotted curves and v, are closed rectifiable curves in U.

The following theorem is the general Cauchy integral formula.

Theorem 25.8 Let U be an open subset of the plane and let f : U — C be analytic. If v, : [ak,bg] —
U, k=1,---,m are continuous closed curves having bounded variation such that for all z ¢ U,

Zn ’kaa
k=1
then for all z € U\ U7, ([ak, bk]) ,
m m 1 ( )
Z)Zn(yk, Z%/ Zdw.
k=1 k=1
Proof: Let ¢ be defined on U x U by
F@=FG) g4y 4
= w—=z
¢(zw) = { f(z) ifw==z

Then ¢ is analytic as a function of both z and w and is continuous in U x U. The claim that this function
is analytic as a function of both z and w is obvious at points where z # w, and is most easily seen using
Theorem 24.10 at points, where z = w. Indeed, if (z, z) is such a point, we need to verify that w — ¢ (z, w)
is analytic even at w = z. But by Theorem 24.10, for all h small enough,

GGz th) —6(2) _ L[fG+R)—F()
) e ]
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Similarly, z — ¢ (z,w) is analytic even if z = w.
We define

We wish to show that h is analytic on U. To do so, we verify

~

h(z)dz=0
orT

for every triangle, T, contained in U and apply Corollary 25.3. To do this we use Theorem 22.11 to obtain
for each k, a sequence of functions, n;,, € C' ([ax, bx]) such that

Men, (2) = v () for z € {ak, by}

and

1
Nen ([ar, 06]) S U, Mg, — Yll < e

1
- 25.4
< n’ ( )

[ oG- [ 6w

MNkn Yk

for all z € T. Then applying Fubini’s theorem, we can write
/ ¢ (z,w) dwdz = / ¢ (z,w) dzdw =0
T Iy, Mg 4 OT
because ¢ is given to be analytic. By (25.4),

/ / ¢ (z,w) dwdz = lim / ¢ (z,w) dwdz =0
T Jy,, n=o0 Jor Sy,

and so h is analytic on U as claimed.
Now let H denote the set,

H:{ze(C\Uk 1 7k (ak, bi]) Z” Tk % —0}'
k=1

We know that H is an open set because z — > _;* | n (7}, 2) is integer valued and continuous. Define

(2) = h(z) ifzeU 5
7= ﬁ2$1f7 FW) qwif € H - .

w—=z

We need to verify that g (z) is well defined. For z € U N H, we know z ¢ U’ ,~;, ([a, bx]) and so

g0 = =3 [ LG,

k=177
1« f(2)
N sz w—2z _%Z/ w —
k=1 e W k=1"Y"7%

- %Z/k;’,i(idw
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because z € H. This shows g (z) is well defined. Also, g is analytic on U because it equals h there. It is
routine to verify that g is analytic on H also. By assumption, U¢ C H and so U U H = C showing that g is
an entire function.

Now note that Y ;" ; n (v, 2) = 0 for all z contained in the unbounded component of C\ U™, v, ([a, bx])
which component contains B (0,7) for r large enough. It follows that for |z| > r, it must be the case that
z € H and so for such z, the bottom description of g (z) found in (25.5) is valid. Therefore, it follows

lim g (z)[ =0

|z| =00

and so ¢ is bounded and entire. By Liouville’s theorem, g is a constant. Hence, from the above equation,
the constant can only equal zero.

For z € U\ U™, v, ([ax, bi]),

This proves the theorem.

Corollary 25.9 Let U be an open set and let 7, : [ag,bp] — U, k =1,---,m, be closed, continuous and of
bounded variation. Suppose also that

Zn ’yka _0
k=1

for all z ¢ U. Then if f: U — C is analytic, we have

m

D

k=1

f(w)dw = 0.

—

k

Proof: This follows from Theorem 25.8 as follows. Let

g(w) = f(w) (w=2z)

where z € U \ UJ" 17, ([ak, bk]) - Then by this theorem,

OZn Vi, 2) = g (2)
k=1

Pﬁ

n (70 2) =

k=1

m

1

QQ

21
k=1 Yk

S

=§§j/ f (w) duw

Tk

Another simple corollary to the above theorem is Cauchy’s theorem for a simply connected region.

Definition 25.10 We say an open set, U C C is a region if it is open and connected. We say U is simply
connected if C \U is connected.
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Corollary 25.11 Let v : [a,b] — U be a continuous closed curve of bounded variation where U is a simply
connected region in C and let f : U — C be analytic. Then

Lf(w)dwo-

Proof: Let D denote the unbounded component of (C\’y([a b)). Thus co € C\v([a, b]) .Then the
connected set, C \ U is contained in D since every point of C \ U must be in some component of (C\7 ([a,b])
and oo is contained in both (C\U and D. Thus D must be the component that contains C \ U. It follows that

n (v, ) must be constant on C \ U, its value being its value on D. However, for z € D,

1 1
N d
n(7,2) 2m’[Yw—z v

and so lim|;| o 1 (7, 2) = 0 showing n (7, z) = 0 on D. Therefore we have verified the hypothesis of Theorem
25.8. Let z € U N D and define

g(w) = f(w)(w-2z).
Thus g is analytic on U and by Theorem 25.8,

o:n<z,v>g<z>=iL 9<w)dw:LLf<w>dw.

This proves the corollary.
The following is a very significant result which will be used later.

Corollary 25.12 Suppose U is a simply connected open set and f : U — C is analytic. Then f has a
primitive, F, on U. Recall this means there exists F such that F' (z) = f (z) for all z € U.

Proof: Pick a point, 25 € U and let V denote those points, z of U for which there exists a curve,
v : [a,b] — U such that v is continuous, of bounded variation, v (a) = 2o, and v (b) = z. Then it is easy to
verify that V' is both open and closed in U and therefore, V' = U because U is connected. Denote by v, .
such a curve from zg to z and define

F(z)zL  (w) du,

20,2

Then F is well defined because if vy;,j = 1,2 are two such curves, it follows from Corollary 25.11 that

fwydw+ [ f(@w)dw =0,

Y1 Y2

Llf(w)dw:L 1 (w) duw.

2

implying that

Now this function, F' is a primitive because, thanks to Corollary 25.11

1
(F(z4+h)—F(2))h! = E/ f(w)dw
2l

z,z24+h
1

= —/ f(z+th)hdt
h Jo

and so, taking the limit as h — 0, we see F' (z) = f (2).
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25.3 Exercises

1. If U is simply connected, f is analytic on U and f has no zeros in U, show there exists an analytic
function, F, defined on U such that ef" = f.

2. Let U be an open set and let f be analytic on U. Show that if a € U, then f(2) = Y7, bk (z — a)”
whenever |z — a| < R where R is the distance between a and the nearest point where f fails to have
a derivative. The number R, is called the radius of convergence and the power series is said to be
expanded about a.

3. Find the radius of convergence of the function ﬁ expanded about a = 2. Note there is nothing wrong
with the function, H% when considered as a function of a real variable, z for any value of x. However,
if we insist on using power series, we find that there is a limitation on the values of x for which the
power series converges due to the presence in the complex plane of a point, ¢, where the function fails
to have a derivative.

4. What if we defined an open set, U to be simply connected if C\ U is connected. Would it amount to
the same thing? Hint: Consider the outside of B (0,1).
5. Let v (t) = €" : t € [0,27]. Find [ Ldzforn=1,2,---.

mn

6. Show z'fo% (2cos0)*™" df = I, (z+ l)m (1) dz where v(t) = €' : t € [0,27]. Then evaluate this

z
integral using the binomial theorem and the previous problem.

7. Let f : U — C be analytic and f (z) = u (z,y) + v (z,y) . Show u, v and uv are all harmonic although
it can happen that u? is not. Recall that a function, w is harmonic if w, + wy, = 0.

8. Suppose that for some constants a,b # 0, a,b € R, f(z+1ib) = f(2) forall z € Cand f (2 4+ a) = f (2)
for all z € C. If f is analytic, show that f must be constant. Can you generalize this? Hint: This
uses Liouville’s theorem.



The open mapping theorem

In this chapter we present the open mapping theorem for analytic functions. This important result states
that analytic functions map connected open sets to connected open sets or else to single points. It is very
different than the situation for a function of a real variable.

26.1 Zeros of an analytic function

In this section we give a very surprising property of analytic functions which is in stark contrast to what
takes place for functions of a real variable. It turns out the zeros of an analytic function which is not constant
on some region cannot have a limit point.

Theorem 26.1 Let U be a connected open set (region) and let f: U — C be analytic. Then the following
are equivalent.

1. f(2)=0forallzeU
2. There exists zo € U such that f™ (20) = 0 for all n.
3. There exists zy € U which is a limit point of the set,

Z={z€U: f(2)=0}.

Proof: It is clear the first condition implies the second two. Suppose the third holds. Then for z near
zp we have

% r(n) (4
ICED SEAC Y
n=k ’

where k > 1 since zq is a zero of f. Suppose k < oo. Then,
k
f(z)=(2—20)" g(2)
where g (z9) # 0. Letting z, — zo where z, € Z, z,, # 2o, it follows
0= (Zn - ZO)kg (Zn)

which implies g (z,) = 0. Then by continuity of g, we see that g (z9) = 0 also, contrary to the choice of k.
Therefore, k cannot be less than co and so zg is a point satisfying the second condition.
Now suppose the second condition and let

SE{ZGU:f(")(z):Oforalln}.

433
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It is clear that S is a closed set which by assumption is nonempty. However, this set is also open. To see
this, let z € S. Then for all w close enough to z,

© 4(h) (4
fay =3 a2,
k=0

k!

Thus f is identically equal to zero near z € S. Therefore, all points near z are contained in S also, showing
that S is an open set. Now U = S U (U \ S), the union of two disjoint open sets, S being nonempty. It
follows the other open set, U \ S, must be empty because U is connected. Therefore, the first condition is
verified. This proves the theorem. (See the following diagram.)

1.)
o4 N
2. — 3)

Note how radically different this from the theory of functions of a real variable. Consider, for example
the function
_ xgsin(l) ifx#0
f(x){ Oifz=0

which has a derivative for all x € R and for which 0 is a limit point of the set, Z, even though f is not
identically equal to zero.

26.2 The open mapping theorem

With this preparation we are ready to prove the open mapping theorem, an even more surprising result than
the theorem about the zeros of an analytic function.

Theorem 26.2 (Open mapping theorem) Let U be a region in C and suppose f : U — C is analytic. Then
f(U) is either a point or a region. In the case where f (U) is a region, it follows that for each zy € U, there
exists an open set, V containing zy such that for all z € V,

f(z)=f(20)+ ()" (26.1)

where ¢ : V — B(0,6) is one to one, analytic and onto, ¢ (z) =0, ¢' (2) # 0 on V and ¢~ analytic on
B(0,6). If f is one to one, then m = 1 for each zo and f~': f (U) — U is analytic.

Proof: Suppose f (U) is not a point. Then if 2y € U it follows there exists r > 0 such that f (2) # f (z0)
for all z € B (z0,7) \ {20} . Otherwise, zp would be a limit point of the set,

{z€eU:f(2)— f(20)=0}

which would imply from Theorem 26.1 that f(z) = f (zo) for all z € U. Therefore, making r smaller if
necessary, we may write, using the power series of f,

f(z)=f(20)+ (2= 20)" g (2)
for all z € B (z9,r), where g(z) # 0 on B (z,r). Then % is an analytic function on B (zg,r) and so
by Corollary 25.5 it has a primitive on B (zg,r), h. Therefore, using the product rule and the chain rule,
(ge=")" = 0 and so there exists a constant, C' = ¢+% such that on B (z9,7),

ge~l = gatib
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Therefore,

g (Z) _ eh(z)+a+ib

and so, modifying h by adding in the constant, a + ib, we see g (z) = e"*) where b’ (z) = Z((;)) on B (zp,7).
Letting

h(z)

p(z)=(2—2z9)e™
we obtain the formula (26.1) valid on B (zg,r). Now

¢ () =" £0

and so, restricting 7 we may assume that ¢’ (z) # 0 for all z € B (29,7). We need to verify that there is an
open set, V contained in B (zg, ) such that ¢ maps V onto B (0, ) for some 6 > 0.
Let ¢ (2) = u(x,y) + v (z,y) where z = x + iy. Then

(sl )=(5)

because for zg = zg + iy, ¢ (20) = 0. In addition to this, the functions u and v are in C* (B (0,7)) because
¢ is analytic. By the Cauchy Riemann equations,

Uz (T0,y0) Uy (%0, Yo) —
(% (I07 ZUO) Uy (x07 yO)

Uz (T0,%0) —vz (0, Yo)
vy (0, %0)  ua (To,Y0)

= u2 (20, 90) + v2 (z0,30) = |¢' (20)|” # 0.

Therefore, by the inverse function theorem there exists an open set, V, containing zy and 4 > 0 such that
(u,v)" maps V one to one onto B (0,8). Thus ¢ is one to one onto B (0,48) as claimed. It follows that ¢™
maps V onto B (0,8™). Therefore, the formula (26.1) implies that f maps the open set, V, containing z to
an open set. This shows f (U) is an open set. It is connected because f is continuous and U is connected.
Thus f (U) is a region. It only remains to verify that ¢! is analytic on B (0,4). We show this by verifying

the Cauchy Riemann equations.
u(z,y) \ _ ([ u
(M%w>_(v) (26.2)

Let
for (u,v)" € B(0,8). Then, letting w = u + iv, it follows that ¢! (w) = z (u,v) + iy (u,v) . We need to
verify that

Ty = Yoy Ty = —Yu. (26.3)

The inverse function theorem has already given us the continuity of these partial derivatives. From the
equations (26.2), we have the following systems of equations.

Ug Ty + UyYu = 1 Ugp Ty + UyYy = 0
Vg Ty + VyYu = 07 wvpmwy + VyYv = 1

Solving these for zy,yy, Ty, and y,, and using the Cauchy Riemann equations for u and v, yields (26.3).
It only remains to verify the assertion about the case where f is one to one. If m > 1, then e # 1 and
so for z; € V,

€%¢(zl) # ¢(21)-
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27i

But e ¢ (21) € B (0,8) and so there exists z, # 21 (since ¢ is one to one) such that ¢ (z2) = e ¢ (21) . But
then

27

o(z2)" = (F o) =o)"

implying f (22) = f (21) contradicting the assumption that f is one to one. Thus m = 1 and f' (2) = ¢’ (2) #
0 on V. Since f maps open sets to open sets, it follows that f~! is continuous and so we may write

N J7Hf(20) = ([ (2)
() (@) ) F () f(a) = f(2)

. zZ1 — % 1
= lim =

zlﬂzf(zl) —f(Z) f/ (Z)

This proves the theorem.

One does not have to look very far to find that this sort of thing does not hold for functions mapping R
to R. Take for example, the function f (z) = 22. Then f (R) is neither a point nor a region. In fact f (R)
fails to be open.

26.3 Applications of the open mapping theorem

Definition 26.3 We will denote by p a ray starting at 0. Thus p is a straight line of infinite length extending
in one direction with its initial point at 0.

As a simple application of the open mapping theorem, we give the following theorem about branches of
the logarithm.

Theorem 26.4 Let p be a ray starting at 0. Then there exists an analytic function, L (z) defined on C\ p
such that

el®) = 7.
We call L a branch of the logarithm.

Proof: Let 6 be an angle of the ray, p. The function, e* is a one to one and onto mapping from
R+ (6,0 +27) to C\ p and so we may define L (z) for z € C\ p such that e“(*) = z and we see that L
defined in this way is analytic on C\ p because of the open mapping theorem. Note we could just as well
have considered R + i (6 — 27,6) . This would have given another branch of the logarithm valid on C \ p.
Also, there are infinitely many choices for 6, each of which leads to a branch of the logarithm by the process
just described.

Here is another very significant theorem known as the maximum modulus theorem which follows imme-
diately from the open mapping theorem.

Theorem 26.5 (mazimum modulus theorem) Let U be a bounded region and let f : U — C be analytic and
f:U — C continuous. Then if z € U,

|f (2)| <max{|f (w)]: w e IU}. (26.4)
If equality is achieved for any z € U, then f is a constant.

Proof: Suppose f is not a constant. Then f (U) is a region and so if z € U, there exists > 0 such that
B(f(z),r) C f(U). It follows there exists z; € U with |f (21)| > |f (2)|. Hence max {|f (w)| : w € U} is
not achieved at any interior point of U. Therefore, the point at which the maximum is achieved must lie on
the boundary of U and so

max {|f (w)| : w € OU} = max {|f (w)| : w € U} > |f (2)|

for all z € U or else f is a constant. This proves the theorem.
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26.4 Counting zeros

The above proof of the open mapping theorem relies on the very important inverse function theorem from
real analysis. The proof features this and the Cauchy Riemann equations to indicate how the assumption
f is analytic is used. There are other approaches to this important theorem which do not rely on the
big theorems from real analysis and are more oriented toward the use of the Cauchy integral formula and
specialized techniques from complex analysis. We give one of these approaches next which involves the notion
of “counting zeros”. The next theorem is the one about counting zeros. We will use the theorem later in the
proof of the Riemann mapping theorem.

Theorem 26.6 Let U be a region and let v : [a,b] — U be closed, continuous, bounded variation, and
n(y,z) =0 for all z ¢ U. Suppose also that f is analytic on U having zeros ay,- - -+, an,, where the zeros are
repeated according to multiplicity, and suppose that none of these zeros are on 7 ([a,b]). Then

', <
9 ,Yf(z)dz_;n(%ak)'

Proof: We are given f (2) = [[j~, (+ — a;) g () where g (2) # 0 on U. Hence

and so

[N~}
3|
3
4\
*ﬁ“&
Nt\z
<
HMS
M
3
2
e
h
3
Q|
RIS
.
N

g/((Z))
g(z
equals 0. Therefore, this proves the theorem.

But the function, z — is analytic and so by Corollary 25.9, the last integral in the above expression

Theorem 26.7 Let U be a region, let v : [a,b] — U be continuous, closed and bounded variation such
that n(y,z) = 0 for all z ¢ U. Also suppose f : U — C be analytic and that o ¢ f (v ([a,b])). Then

forv:la,b] — C is continuous, closed, and bounded variation. Also suppose {a1,- -, an} = f~!(a) where
these points are counted according to their multiplicities as zeros of the function f — a Then
m
O v, Z n 71 ak
k=1

Proof: It is clear that f o~ is closed and continuous. It only remains to verify that it is of bounded
variation. Suppose first that v ([a,b]) € B C B C U where B is a ball. Then

If(y@®) = f(v ()] =

1
; Friv(s)+ A0y @) —7(s) (v (&) =7 (s)) dA
< Clhy(®)=v(s)l

where C' > max {|f’ ()| : 2 € B} . Hence, in this case,

V(fon,[ab]) <CV(v,[a,b]).
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Now let e denote the distance between v ([a,b]) and C \ U. Since v ([a,b]) is compact, £ > 0. By uniform
continuity there exists § = ”’Ta for p a positive integer such that if [s —#| < §, then |y (s) — v (¢)| < 5. Then

(tt+d) S B(v(0).5) U

Let C > max{|f’ (2):2zeV_ B (v (t5), %)} where t; = % (b — a) + a. Then from what was just shown,

1

p

V(fo77 [a)b]) <

™

<
Il
SN )

V(forltitit])

|
—

< C) Vit <o

showing that f o+ is bounded variation as claimed. Now from Theorem 25.6 there exists n € C* ([a, b]) such
that

n(a)=~(a)=~(b) =n(b), n(la,b]) €U,
and
n(n,ax) =n(y,ar), n(foy,a)=n(fona) (26.5)
for k=1,---,m. Then

n(foy,a)=n(fon,a)

1 dw

211

fon W

_ f’ @)

N 271'2/ f(n@@) n (1) dt
_ [ (z)

N 27rz/f dz

= n(n, ax)
k=1

By Theorem 26.6. By (26.5), this equals >_;"; n (v, ax) which proves the theorem.
The next theorem is very interesting for its own sake.

Theorem 26.8 Let f: B(a, R) — C be analytic and let
fG)—a=(Ez-a)"g(z),co>m>1

where g (z) # 0 in B(a,R). (f (2) — « has a zero of order m at z = a.) Then there exist £,§ > 0 with the
property that for each z satisfying 0 < |z — a| <, there exist points,

{ala' : 'vam} - B(CL,E),
such that
ft (2)NB(a,e) ={a1, - am}

and each ay, is a zero of order 1 for the function f () — z.
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Proof: By Theorem 26.1 f is not constant on B (a, R) because it has a zero of order m. Therefore, using
this theorem again, there exists ¢ > 0 such that B (a,2¢) C B (a, R) and there are no solutions to the equation
f(z) —a=0for z € B(a,2¢) except a. Also we may assume ¢ is small enough that for 0 < |z — a| < 2e,
1" (2) # 0. Otherwise, a would be a limit point of a sequence of points, z,, having f’ (z,) = 0 which would
imply, by Theorem 26.1 that f* =0 on B (0, R), contradicting the assumption that f has a zero of order m
and is therefore not constant.

Now pick 7 (t) = a + ee?,t € [0,27]. Then « ¢ f (v ([0, 27])) so there exists § > 0 with

B (a,8) N f (v ([0,2])) = 0. (26.6)

Therefore, B («, ¢) is contained on one component of C\ f (v ([0, 27])) . Therefore, n (f ov,a) =n(f o7, 2)
for all z € B(«a,d). Now consider f restricted to B (a,2¢). For z € B (a, ), f~!(z) must consist of a finite
set of points because [’ (w) # 0 for all w in B (a,2¢) \ {a} implying that the zeros of f (-) — z in B (a,2¢)
are isolated. Since B (a,2¢) is compact, this means there are only finitely many. By Theorem 26.7,

p
for,z Zn v, a) (26.7)
k=1

where {a1,---,a,} = f~1 (2). Each point, aj of f~! (z) is either inside the circle traced out by =, yielding
n (y,ax) = 1, or it is outside this circle yielding n (v, ax) = 0 because of (26.6). It follows the sum in (26.7)
reduces to the number of points of f~!(z) which are contained in B (a,¢). Thus, letting those points in
f~1(2) which are contained in B (a,¢) be denoted by {a1,- -, a,}

n(fovy,a)=n(foy,2)=

We need to verify that » = m. We do this by computing n (f o7, «). However, this is easy to compute by
Theorem 26.6 which states

m
fov,a Zn

k=1

Therefore, » = m. Each of these ay is a zero of order 1 of the function f (-) — z because f'(aj) # 0. This
proves the theorem.

This is a very fascinating result partly because it implies that for values of f near a value, «, at which
f (-) — « has a root of order m for m > 1, the inverse image of these values includes at least m points, not
just one. Thus the topological properties of the inverse image changes radically. This theorem also shows
that f (B (a,e)) D B(a,9).

Theorem 26.9 (open mapping theorem) Let U be a region and f : U — C be analytic. Then f (U) is either
a point of a region. If f is one to one, then f=1: f (U) — U is analytic.

Proof: If f is not constant, then for every o € f(U), it follows from Theorem 26.1 that f(-) —
has a zero of order m < oo and so from Theorem 26.8 for each a € U there exist ¢, > 0 such that
f(B(a,e)) 2 B(a,d) which clearly implies that f maps open sets to open sets. Therefore, f (U) is open,
connected because f is continuous. If f is one to one, Theorem 26.8 implies that for every a € f (U) the zero
of f (-) —ais of order 1. Otherwise, that theorem implies that for z near «, there are m points which f maps
to z contradicting the assumption that f is one to one. Therefore, f’(z) # 0 and since f~! is continuous,
due to f being an open map, it follows we may write

—1y/ — im () = 1 (f(2)
R Ay
. 21— 2 1
R e s Rl T e

This proves the theorem.
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26.5 Exercises

1.

Use Theorem 26.6 to give an alternate proof of the fundamental theorem of algebra. Hint: Take a

contour of the form ~, = re'’ where t € [0,2n]. Consider fv 1;/ ((ZZ)) dz and consider the limit as » — oo.

Prove the following version of the maximum modulus theorem. Let f : U — C be analytic where U is
a region. Suppose there exists a € U such that |f (a)| > |f (2)| for all z € U. Then f is a constant.

Let M be an n x n matrix. Recall that the eigenvalues of M are given by the zeros of the polynomial,
pum (z) = det (M — 2I) where I is the n x n identity. Formulate a theorem which describes how the
eigenvalues depend on small changes in M. Hint: You could define a norm on the space of n x n
matrices as |[|[M|| = tr (MM"‘)l/2 where M* is the conjugate transpose of M. Thus

1/2
2
1M = | D Myl
3.k

Argue that small changes will produce small changes in pys (z). Then apply Theorem 26.6 using v,, a
very small circle surrounding zj, the kth eigenvalue.

Suppose that two analytic functions defined on a region are equal on some set, S which contains a
limit point. (Recall p is a limit point of S if every open set which contains p, also contains infinitely
many points of S. ) Show the two functions coincide. We defined e* = e* (cosy + isiny) earlier and
we showed that e?, defined this way was analytic on C. Is there any other way to define e* on all of C
such that the function coincides with e* on the real axis?

We know various identities for real valued functions. For example cosh? z — sinh? z = 1. If we define

cosh z = % and sinhz = & _2672, does it follow that

cosh? z —sinh? z = 1
for all z € C? What about
sin (z + w) = sin z cos w + cos z sin w?

Can you verify these sorts of identities just from your knowledge about what happens for real argu-
ments?

Was it necessary that U be a region in Theorem 26.17 Would the same conclusion hold if U were only
assumed to be an open set? Why? What about the open mapping theorem? Would it hold if U were
not a region?

Let f : U — C be analytic and one to one. Show that f’(z) # 0 for all z € U. Does this hold for a
function of a real variable?

We say a real valued function, u is subharmonic if vz, + uy, > 0. Show that if « is subharmonic on a
bounded region, (open connected set) U, and continuous on U and v < m on OU, then v < m on U.
Hint: If not, u achieves its maximum at (zo,yo) € U. Let u (9, yo) > m+3J where 6 > 0. Now consider
ue (z,y) = ex? + u (z,y) where ¢ is small enough that 0 < ex? < § for all (x,y) € U. Show that u. also
achieves its maximum at some point of U and that therefore, ucys + ueyy < 0 at that point implying
that ug, + uyy < —¢, a contradiction.

If w is harmonic on some region, U, show that u coincides locally with the real part of an analytic
function and that therefore, u has infinitely many derivatives on U. Hint: Consider the case where
0 € U. You can always reduce to this case by a suitable translation. Now let B (0,7) C U and use the
Schwarz formula to obtain an analytic function whose real part coincides with w on OB (0,7). Then
use Problem 8.
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10. Show the solution to the Dirichlet problem of Problem 8 in the section on the Cauchy integral formula
for a disk is unique. You need to formulate this precisely and then prove uniqueness.
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Singularities

27.1 The Laurent series

In this chapter we consider the functions which are analytic in some open set except at isolated points. The
fundamental formula in this subject which is used to classify isolated singularities is the Laurent series.

Definition 27.1 We define ann (a, Ry, R2) = {2z : R1 < |z —a| < Ra}.

Thus ann (a, 0, R) would denote the punctured ball, B (a, R)\ {0} . We now consider an important lemma
which will be used in what follows.

Lemma 27.2 Let g be analytic on ann (a, Ry, Ra) . Then if v, (t) = a+re® fort € [0,2n] and r € (R, Ra),
then f7 g (z)dz is independent of r.

Proof: Let Ry <7 <79 < Ry and denote by —v,. () the curve, —v, (t) = a + re'?™=% for ¢ € [0, 27] .

Then if z € B (a,R1), we can apply Proposition 25.7 to conclude n (_’anz) +n (%2,2') = 0. Also if
z ¢ B (a, R2), then by Corollary 25.11 we have n (’yrj , z) = 0 for j = 1, 2. Therefore, we can apply Theorem
25.8 and conclude that for all z € ann (a, R1, R2) \ U?zl'yrj ([0,2m]),

0(n (V7 2) + 1 (=70,:2)) =

w X
w—z 271 w— z
1

1 / gww-2), - 1 gw)(w-2),

which proves the desired result.
With this preparation we are ready to discuss the Laurent series.

Theorem 27.3 Let f be analytic on ann (a, Ry, Ry). Then there exist numbers, a, € C such that for all
z € ann (a, Ry, Ra),

oo

fl2)= > an(z—a)", (27.1)

n=—oo
where the series converges absolutely and uniformly on ann (a,r1,r2) whenever Ry < r; < re < Ry. Also

1 [ (w)

= — dw 27.2
2mi Jy (w — )"t e

n

where v (t) = a + re',t € [0,2n] for any r € (R1, R2). Furthermore the series is unique in the sense that if
(27.1) holds for z € ann (a, Ry, Rz2) , then we obtain (27.2).
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Proof: Let Ry < 71 < 73 < Ry and define v, (t) = a + (r1 —¢)e® and v, (t) = a + (ro +¢) e for
t € [0,27] and € chosen small enough that Ry <7 —e <713 +¢ < Rs.

Then by Proposition 25.7 and Corollary 25.11, we see that
n(=71,2) +n(y2,2) =0
off ann (a, Ry, R) and that on ann (a,ry,73),

n (_717 Z) +n (’7272) =1
Therefore, by Theorem 25.8,

= g [ e [ [0

2

1 f (w) w f(w) w
= 9 /Yl(za)[lwa}d +/W(wa)[1za}d

zZ—a w—a

IS (Y
ﬁ L (f (_wc)b) ni (f:j)ndw (27.3)

From the formula (27.3), it follows that for z € ann (a,r1,72), the terms in the first sum are bounded by an

n n
expression of the form C' (r;j_e) while those in the second are bounded by one of the form C % and

so by the Weierstrass M test, the convergence is uniform and so we may interchange the integrals and the
sums in the above formula and rename the variable of summation to obtain

f(z)zZ(%/ ﬁ%dw) (z—a)" +

a

i (%/ %) (z—a)". (27.4)
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where r € (Ry, Ry) is arbitrary.
If f(2)=> an (z —a)" on ann (a, Ry, Ry) let

n=—oo

n

fa(2)= > ar(z—a) (27.5)

k=—n
and verify from a repeat of the above argument that
- 1 fn (U)) k
fn(z) = —/ ————dw | (z—a)". 27.6
) k;oo 27 Jy, (w—a)**! = 2o

Therefore, using (27.5) directly, we see

1 [{T 7}% (w) dw = ay,

2mi

for each k € [—n,n]. However,

1 fn (w) 1 f(w)

because if [ > n or | < —n, then it is easy to verify that
l
a(w—a
/ g ( k+)1 dw=20
v (w—a)

for all k € [—n,n]. Therefore,

and so this establishes uniqueness. This proves the theorem.

Definition 27.4 We say f has an isolated singularity at a € C if there exists R > 0 such that f is analytic
on ann (a,0, R). Such an isolated singularity is said to be a pole of order m if a_,, # 0 but a, = 0 for all
k < m. The singularity is said to be removable if a,, = 0 for all n < 0, and it is said to be essential if a,, # 0
for infinitely many m < 0.

Note that thanks to the Laurent series, the possibilities enumerated in the above definition are the only
ones possible. Also observe that a is removable if and only if f (z) = g (z) for some g analytic near a. How
can we recognize a removable singularity or a pole without computing the Laurent series? This is the content
of the next theorem.

Theorem 27.5 Let a be an isolated singularity of f. Then a is removable if and only if

lim (z —a) f(2) =0 (27.7)
and a is a pole if and only if
lim |f (2)] = o0. (27.8)

The pole is of order m if
lim (z —a)™ " f(z) =0

but
lim (z —a)™ f(2) #0.

z—a
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Proof: First suppose a is a removable singularity. Then it is clear that (27.7) holds since a,, = 0 for all
m < 0. Now suppose that (27.7) holds and f is analytic on ann (a, 0, R). Then define

h(z){ (z—a)f(z)ifz#a

“ 1 0ifz=a

We verify that h is analytic near a by using Morera’s theorem. Let T be a triangle in B (a, R). If T' does
not contain the point, a, then Corollary 25.11 implies fBT h(z)dz = 0. Therefore, we may assume a € T. If
a is a vertex, then, denoting by b and c¢ the other two vertices, we pick p and ¢, points on the sides, ab and
ac respectively which are close to a. Then by Corollary 25.11,

/ h(z)dz = 0.
v(gq,¢,b,p,9)

But by continuity of h, it follows that as p and ¢ are moved closer to a the above integral converges to
Jor I (2) dz, showing that in this case, [, h(z)dz = 0 also. It only remains to consider the case where a
is not a vertex but is in 7. In this case we subdivide the triangle T" into either 3 or 2 subtriangles having a
as one vertex, depending on whether a is in the interior or on an edge. Then, applying the above result to
these triangles and noting that the integrals over the interior edges cancel out due to the integration being
taken in opposite directions, we see that [, h(z)dz = 0 in this case also.

Now we know h is analytic. Since h equals zero at a, we can conclude that

h(z)=(z—-a)g(2)

where ¢ (z) is analytic in B (a, R) . Therefore, for all z # a,

(z—a)g(z)=(2-0a) f(2)

showing that f (z) = g (z) for all z # a and g is analytic on B (0, R). This proves the converse.

It is clear that if f has a pole at a, then (27.8) holds. Suppose conversely that (27.8) holds. Then we
know from the first part of this theorem that 1/f (z) has a removable singularity at a. Also, if g (z) = 1/f (2)
for z near a, then g (a) = 0. Therefore, for z # a,

1/f(z) = (z=a)" h(z)

for some analytic function, h (z) for which h (a) # 0. It follows that 1/h = r is analytic near a with r (a) # 0.
Therefore, for z near a,

f(z)= (z—a)fmZak (z—a)*, ag #0,
k=0

showing that f has a pole of order m. This proves the theorem.
Note that this is very different than what occurs for functions of a real variable. Consider for example,

the function, f (z) = 2~ /2. We see z <|z|_1/2) — 0 but clearly |z|~'/? cannot equal a differentiable function

near 0.

What about rational functions, those which are a quotient of two polynomials? It seems reasonable to
suppose, since every finite partial sum of the Laurent series is a rational function just as every finite sum of
a power series is a polynomial, it might be the case that something interesting can be said about rational
functions in the context of Laurent series. In fact we will show the existence of the partial fraction expansion
for rational functions. First we need the following simple lemma.

Lemma 27.6 If f is a rational function which has no poles in C then f is a polynomial.
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Proof: We can write

po(z=b)" - (2= by)'"
(z—a)™ - (z—am)™’

f(z) =

where we can assume the fraction has been reduced to lowest terms. Thus none of the b; equal any of the
ay. But then, by Theorem 27.5 we would have poles at each aj. Therefore, the denominator must reduce to
1 and so f is a polynomial.

Theorem 27.7 Let f (2) be a rational function,

po(z—b)" - (2 =b,)"

(z—a)™ - (z—am)™’

fz) =

(27.9)

where the expression is in lowest terms. Then there exist numbers, bf and a polynomial, p(2), such that

=> Z p(z). (27.10)
=1

j=1 Z—(ll

Proof: We see that f has a pole at a; and it is clear this pole must be of order r; since otherwise
we could not achieve equality between (27.9) and the Laurent series for f near a; due to different rates of
growth. Therefore, for z € ann (a1,0, Ry)

71 bl

F@) =Y —L—=+n(2)
; (z —a1)’
where p; is analytic in B (aj, R1). Then define
1
fi(z
j=1 Z — CL1

so that f; is a rational function coinciding with p; near a; which has no pole at a;. We see that f; has a pole
at ag or order ro by the same reasoning. Therefore, we may subtract off the principle part of the Laurent
series for f; near as like we just did for f. This yields

71

Fz)=>" " +Z = +p2(2).

= (z—ay)’ (z — az)’

Letting
1 bt "2 b2
e - Sty T | = (),

j=1 (Z — al)

and continuing in this way we finally obtain

where f,, is a rational function which has no poles. Therefore, it must be a polynomial. This proves the
theorem.
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How does this relate to the usual partial fractions routine of calculus? Recall in that case we had to
consider irreducible quadratics and all the constants were real. In the case from calculus, since the coefficients
of the polynomials were real, the roots of the denominator occurred in conjugate pairs. Thus we would have
paired terms like

b c

-4+ .
(z—a)’  (z-a)

occurring in the sum. We leave it to the reader to verify this version of partial fractions does reduce to the
version from calculus.

We have considered the case of a removable singularity or a pole and proved theorems about this case.
What about the case where the singularity is essential? We give an interesting theorem about this case next.

Theorem 27.8 (Casorati Weierstrass) If f has an essential singularity at a then for all r > 0,
f(ann (a,0,7)) =C

Proof: If not there exists ¢ € C and r > 0 such that ¢ ¢ f (ann (a,0,7)). Therefore,there exists € > 0
such that B (c,e) N f (ann (a,0,7)) = (. It follows that

lim |z —a| ' |f (2) — ¢| =

and so by Theorem 27.5 z — (z — a) " (f (2) — ¢) has a pole at a. It follows that for m the order of the pole,

(z=a) " (f(z) =) =Z(zf—’“a)k+g<z>
k=1
where g is analytic near a. Therefore,
N _
FE=e=Y a0,

showing that f has a pole at a rather than an essential singularity. This proves the theorem.
This theorem is much weaker than the best result known, the Picard theorem which we state next. A
proof of this famous theorem may be found in Conway [6].

Theorem 27.9 If f is an analytic function having an essential singularity at z, then in every open set
containing z the function f, assumes each complex number, with one possible exception, an infinite number
of times.

27.2 Exercises

1. Classify the singular points of the following functions according to whether they are poles or essential
singularities. If poles, determine the order of the pole.

(a) <252
(b) 5

z(z—1)
(c) cos (%)

2. Suppose f is defined on an open set, U, and it is known that f is analytic on U \ {z9} but continuous
at zg. Show that f is actually analytic on U.
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3. A function defined on C has finitely many poles and lim|.| . f (2) exists. Show f is a rational function.
Hint: First show that if & has only one pole at 0 and if lim|,|_ h (2) exists, then h is a rational
function. Now consider

h(z) = [Ty (= = =)™ f(2)

H;nzl 2"k

where z; is a pole of order ry.
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Residues and evaluation of integrals

It turns out that the theory presented above about singularities and the Laurent series is very useful in
computing the exact value of many hard integrals. First we define what we mean by a residue.

Definition 28.1 Let a be an isolated singularity of f. Thus

for all z near a. Then we define the residue of f at a by

Res (f,a) =a_;.
Now suppose that U is an open set and f : U \ {a1,- -+, a;n} — C is analytic where the a; are isolated
singularities of f.
V2

7

Let v be a simple closed continuous, and bounded variation curve enclosing these isolated singulari-
ties such that v ([a,b]) € U and {ai,---,am} € D C U, where D is the bounded component (inside) of
C\ v ([a,b]) . Also assume n (v, z) =1 for all z € D. As explained earlier, this would occur if «y (¢) traces out
the curve in the counter clockwise direction. Choose r small enough that B (aj,r) N B (ax,r) = () whenever
j#k, B(ag,r) CU for all k, and define

v, (1) = ag, + eVt € [0,2n] .

Thus n (=7}, a;) = —1 and if z is in the unbounded component of C\y ([a,b]), n (7, z) = 0 and n (=7, 2) = 0.
If z ¢ U\ {a1, -, am}, then z either equals one of the ay or else z is in the unbounded component just
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described. Either way, >"/" | n (v, 2) + n (7, z) = 0. Therefore, by Theorem 25.8, if z ¢ D,
1 (w— 2) 1 (w—2z)
— dw + —— d
;%ﬂ /ij(w) (w—z) v QwiLf(w) (w—z)

m

szri/vvf(w)dw+2;/vf(w)dw -

Jj=1

(Z” —V:2) + (7, ))f(Z)(zz) = 0.
1

and so, taking r small enough,

1 LR |
%fyf(w)dw = Z%/f
Jj=1 Vi
1 m o
-l X f/ ~a)'du
k=1l=—00 Vi
_ Lik/ 0 — ) dw
2 — - . k
= Za’ilz es (f,ar) .
k=1 k=1

Now we give some examples of hard integrals which can be evaluated by using this idea. This will be
done by integrating over various closed curves having bounded variation.

Example 28.2 The first example we consider is the following integral.

>~ 1
/ .
oo L+
One could imagine evaluating this integral by the method of partial fractions and it should work out by

that method. However, we will consider the evaluation of this integral by the method of residues instead.
To do so, consider the following picture.

/

Let v, (t) = re',t € [0,7] and let o, (t) =t : t € [-r,r]. Thus ~, parameterizes the top curve and o,
parameterizes the straight line from —r to r along the x axis. Denoting by I',. the closed curve traced out
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by these two, we see from simple estimates that

1
lim ——dz =0.
r—oo [, 14 24

This follows from the following estimate.

1 1
4dz < T .
WTl—i—z rt —1

Therefore,

° 1 1
/ ———dzx = lim —dz.
0o 1 + .')34 T—00 T, 1 + 24

We compute fF‘ H_ﬁdz using the method of residues. The only residues of the integrand are located at
points, z where 1 + z* = 0. These points are

1 1

V2 = ZiV2,

1 1.
z = —5\/5—52 2,2—2 2
1 1. 1 1.
z = V24 —Z\/iz =—V2+ZiV2
2 2 2 2
and it is only the last two which are found in the inside of I',.. Therefore, we need to calculate the residues

at these points. Clearly this function has a pole of order one at each of these points and so we may calculate
the residue at « in this list by evaluating

. 1
li (- ) 7

Thus
1 1.
Res f, 5\/54’ 57,\/5 =
1 1 1 1 1
li —(=V24+=ivV2 ) | —— = —=V2—-iv2
3B divE ( <2f+2lf>) 1+ 28 sV2T g
Similarly we may find the other residue in the same way
1 1.
Res f7 75\/5 + 51\/5 =

1 1 1 1 1
li —(—2vV2+ iV = —CiV24 V2.
ZH;\I/I%Z;Z-\@(Z ( 2f+2“f)>1+z4 51V HgV2

Therefore,

/n 154 j24dz = 2mi (—éi\/ﬁ+ éﬁ—k (—%\/5— %Z\/i)> = %71'\/5
Thus, taking the limit we obtain J7v/2 = [ 1Jr%dac.

Obviously many different variations of this are possible. The main idea being that the integral over the
semicircle converges to zero as r — 0o. Sometimes one must be fairly creative to determine the sort of curve
to integrate over as well as the sort of function in the integrand and even the interpretation of the integral
which results.
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Example 28.3 This example illustrates the comment about the integral.

00+
SIm T
dx
0 T
sin &

By this integral we mean lim,_, for ~“dx. The function is not absolutely integrable so the meaning of
the integral is in terms of the limit just described. To do this integral, we note the integrand is even and so
it suffices to find

R el
lim —dzx
R—o _R X

called the Cauchy principle value, take the imaginary part to get

R .
. sin
lim dzx
R—o —R X

and then divide by two. In order to do so, we let R > r and consider the curve which goes along the z
axis from (—R,0) to (—r,0), from (—r,0) to (r,0) along the semicircle in the upper half plane, from (r,0)
to (R,0) along the z axis, and finally from (R, 0) to (—R,0) along the semicircle in the upper half plane as
shown in the following picture.

N

On the inside of this curve, the function, % has no singularities and so it has no residues. Pick R large

and let » — 0+ . The integral along the small semicircle is

0 _re't, .. it 0 )
/ S T / (e ) .
” rett W

and this clearly converges to —7 as 7 — 0. Now we consider the top integral. For z = Re®,
e’ = emRsint qoq (Rcost) +ie” #5"sin (R cost)

and so

iRe®t

e < e—Rsmt.

Therefore, along the top semicircle we get the absolute value of the integral along the top is,

/Tr eiRe“dt‘ < /ﬂ' e—Rsintdt
0 0
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IN

T—4 ) ™ ) § )
/ e—R51n5dt + / e—Rsmtdt + / e—Rsmtdt
§ T—4 0

< e—Rsi1167T+5

whenever § is small enough. Letting § be this small, it follows that

L it
/ eihte dt’ <e
0

and since ¢ is arbitrary, this shows the integral over the top semicircle converges to 0. Therefore, for some
function e (r) which converges to zero as r — 0,

iz R _iz —-Tr _iz
& & &
e(r):/ —dz—7r+/ —dx+/ —dz
top semicircle z r € -R T

eiz R eix
= / —dz + / —dx
top semicircle z -R T

R T R

m= lim —dzr =2 lim
R—oo _R T R—o0 0 X

lim
R—o

Letting » — 0, we see

and so, taking R — oo,

sinx

showing that T = [*° S8 77 with the above interpretation of the integral.
2 0 T

Sometimes we don’t blow up the curves and take limits. Sometimes the problem of interest reduces
directly to a complex integral over a closed curve. Here is an example of this.

/ cosf a0
o 24 cosf

This integrand is even and so we may write it as
1 [T cosf
= / —db.
2 )_.2+4cosb

For z on the unit circle, z = ¢, 7 = % and therefore, cosf = % (z + %) . Thus dz = ie*?df and so df = ‘f—j.
Note that we are proceeding formally in order to get a complex integral which reduces to the one of interest.

It follows that a complex integral which reduces to the one we want is

1 t(z+1) dz 1 22 +1
— TN = | e dz
2i W2+§(z+;)z 2i ), z(4z + 22 + 1)

where 7 is the unit circle. Now the integrand has poles of order 1 at those points where 2 (4z + 224 1) = 0.
These points are

Example 28.4 The integral is

0,—-2+3,-2 — V3.

Only the first two are inside the unit circle. It is also clear the function has simple poles at these points.
Therefore,

22 +1
R 0) =1li — | =1
es(£,0) zli%z<z(4z+zz+1)>
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Res (f,—2+\/§> =

(2 (~2+v3)) (—“ -2

2——2+/3 4z 422 +1)
It follows
T cosf 1 2241

ek A7 R . S N
/0 2+ cosf 2i_/vz(4z—|—z2+1) *

1 2

- —omil1-2

2" 3\/§>

= 77(1—%\/5).

Other rational functions of the trig functions will work out by this method also.
Sometimes we have to be clever about which version of an analytic function that reduces to a real function
we should use. The following is such an example.

o0
/ Az
o 1+at

We would like to use the same curve we used in the integral involving % but this will create problems
with the log since the usual version of the log is not defined on the negative real axis. This does not need
to concern us however. We simply use another branch of the logarithm. We leave out the ray from 0 along
the negative y axis and use Theorem 26.4 to define L (z) on this set. Thus L (z) = In|z| + iarg; (z) where
arg; (z) will be the angle, 6, between —7 and 37” such that z = |z| €. Now the only singularities contained
in this curve are

Example 28.5 The integral here is

1 1 1 1
FV2+5iV2 —oV2+ Siv2

and the integrand, f has simple poles at these points. Thus using the same procedure as in the other
examples,

Res (f, %\/§+ ;zﬁ) =

1 1

Vo — —iV2

32fﬁ 32“f77
and

Res <f, _71\/5-1- %2@) =

3 3.
3—2\/§7r + ﬁz\/iw.

We need to consider the integral along the small semicircle of radius 7. This reduces to

0 .
/ Infr]+ it (rie™) dt

1+ (reit)*



which clearly converges to zero as r — 0 because rInr — 0. Therefore, taking the limit as r — 0,

L —T 1 —t .
/ (Z)4 dz + lim / i W) (=) _: Tt +
large semicircle 142 r—0+ J_p 1+¢

R
. Int 3 3. 1 1.
lim /T —dt = 271 (3‘2\/§7r + 3—22\/§7r + 3—2\/§7r — 321\/57r> .

r—0+ 1+t

Observing that flarge semicircle ﬂ—zldz — 0 as R — oo, we may write

R 0
. Int . 1 - 1 13\ ,
e(R)+2T£r61+ : 1+t4dt+z7r/ool+t4dt(8+4z>7r\/§

where e (R) — 0 as R — oo. From an earlier example this becomes

R
Int 2 1 1
e(R)+2 lim L dt+in <§w> = (_g + Zi) V2.

r—0+ f, 1+4+1t4
Now letting » — 0+ and R — oo, we see
* Int 1 1 V2
2 —dt = —— —1 2 2 —13 -
/0 T <8+4z>7r\/— z7r<47r>
1
= —g\/iﬂ'2,

and so

> Int 1
it = ——/2n?
/0 144 16f7r’
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which is probably not the first thing you would thing of. You might try to imagine how this could be obtained

using elementary techniques.

Example 28.6 The Fresnel integrals are

o0 oo
/ cos z2dz, / sin z?dz.
0 0

To evaluate these integrals we will consider f (z) = ¢** on the curve which goes from the origin to the

144

point 7 on the x axis and from this point to the point r a3 along a circle of radius r, and from there back

to the origin as illustrated in the following picture.
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/

Thus the curve we integrate over is shaped like a slice of pie. Denote by 7, the curved part. Since f is

analytic,
. 2 T, L 1+i\\? /1 +74
0 = 2" g +/ L _/ Z(t(+)) (—>dt
/ c 0 cw 0 ‘ V2

r

= /eizzdz—&—/ e”zdx—/ et (1+ )dt
vy 0 0 V2

r

.2 r .2 ﬁ(1+l>
= e’zdz+/ e dr — ~— +el(r
A 0 () et

r

S

~

where e (r) — 0 as 7 — 0o. Here we used the fact that fooo e Vdt = @ Now we need to examine the first
of these integrals.
/ e’ dz /
0

T
4 2 .
7“/ e " 51n2tdt
0

T /1 e
— ———du
2 0o Vv 1—u?

5!

ei(m“yrie”dt

IN

(/2 1
r 1 T 1 —(r'/2)
<= —du+ — e
2 Jo V1—u? 2\Jo V1—u?

which converges to zero as r — oo. Therefore, taking the limit as r — oo,

2 ()

and so we can now find the Fresnel integrals

o0 o0
/ sinz?dx = ﬁ = / cos z2dz.
0 2v/2 0

The next example illustrates the technique of integrating around a branch point.

Example 28.7 [ ””11:; dr, pe (0,1).
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Since the exponent of x in the numerator is larger than —1. The integral does converge. However, the
techniques of real analysis don’t tell us what it converges to. The contour we will use is as follows: From
(€,0) to (r,0) along the x axis and then from (r,0) to (r,0) counter clockwise along the circle of radius r,
then from (r,0) to (¢,0) along the x axis and from (g, 0) to (g,0), clockwise along the circle of radius €. You
should draw a picture of this contour. The interesting thing about this is that we cannot define 2P~ all the
way around 0. Therefore, we use a branch of zP~! corresponding to the branch of the logarithm obtained by
deleting the positive x axis. Thus

1 _ (2l +iA(2) (p—1)

where 2z = |2] ") and A(z) € (0,27). Along the integral which goes in the positive direction on the z
axis, we will let A (z) = 0 while on the one which goes in the negative direction, we take A (z) = 2. This is
the appropriate choice obtained by replacing the line from (g,0) to (r,0) with two lines having a small gap
and then taking a limit as the gap closes. We leave it as an exercise to verify that the two integrals taken
along the circles of radius ¢ and r converge to 0 as € — 0 and as 7 — oo. Therefore, taking the limit,

o p—1 0 ,p-1 :
/0 f+xdx+ /Oo f+m (¢#74070) do = 2iRes (7, D).

Calculating the residue of the integrand at —1, and simplifying the above expression, we obtain

0 ,p—1
(1 — ezm(p*l)) / fj_ dx = 2mie®=1im,
0 X

Upon simplification we see that

o0 gp—l T
/ dr = — .
o 14z sin pm
The following example is one of the most interesting. By an auspicious choice of the contour it is possible
to obtain a very interesting formula for cot 7z known as the Mittag Leffler expansion of cot 7z.

Example 28.8 We let vy be the contour which goes from —N — % — Nt horizontally to N + % — Ni and from
there, vertically to N + % + N+t and then horizontally to —N — % + Ni and finally vertically to —N — % — Nu.
Thus the contour is a large rectangle and the direction of integration is in the counter clockwise direction.
We will look at the following integral.

T COSTZ
INE/ e ——dz
yy SinTz (a? — 22)

where a € R is not an integer. This will be used to verify the formula of Mittag Leffier,

1 > 2 T cot ma
- = . 28.1
o? + n; a2 —n? o ( )

We leave it as an exercise to verify that cot 7z is bounded on this contour and that therefore, Iy — 0 as
N — oo. Now we compute the residues of the integrand at o and at n where |n| < N + 1 for n an integer.
These are the only singularities of the integrand in this contour and therefore, we can evaluate Iy by using
these. We leave it as an exercise to calculate these residues and find that the residue at o is

—TT COS T
2 sin T

while the residue at n is

2

o2 —n?
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Therefore,
ol 1 m cot Ta
O:NIEHOOIN:J\;EDOOQTZ Z 042—7’7/27 «
n=—N

which establishes the following formula of Mittag Leffler.

. N 1 T Ccot T

lim = .

N—oo a? —n? @
n=—N

Writing this in a slightly nicer form, we obtain (28.1).

28.1 The argument principle and Rouche’s theorem

This technique of evaluating integrals by computing the residues also leads to the proof of a theorem referred
to as the argument principle.

Definition 28.9 We say a function defined on U, an open set, is meromorphic if its only singularities are
poles, isolated singularities, a, for which

lim |f (2)] = oco.
Theorem 28.10 (argument principle) Let f be meromorphic in U and let its poles be {p1,- -+, pm} and its
zeros be {z1, -+, zn}. Let z; be a zero of order ry and let py be a pole of order l. Let v : [a,b] — U be
a continuous simple closed curve having bounded variation for which the inside of v ([a,b]) contains all the

poles and zeros of f and is contained in U. Also let n(vy,z) =1 for all z contained in the inside of vy ([a,b]).
Then

o
x| =
~.
S~
~

,(Z) _nr_m
T 2

Proof: This theorem follows from computing the residues of f’/f. It has residues at poles and zeros. See
Problem 4.

With the argument principle, we can prove Rouche’s theorem . In the argument principle, we will denote
by Z; the quantity > ,-, rx and by Py the quantity >.;_, lx. Thus Z; is the number of zeros of f counted
according to the order of the zero with a similar definition holding for P.

Faa0
2mi )., f(2)

dZ:fopf

Theorem 28.11 (Rouche’s theorem) Let f,g be meromorphic in U and let Z; and Py denote respectively
the numbers of zeros and poles of f counted according to order. Let Zg and P, be defined similarly. Let
v : la,b] — U be a simple closed continuous curve having bounded variation such that all poles and zeros
of both f and g are inside v ([a,b]). Also let n(vy,2z) = 1 for every z inside v ([a,b]). Also suppose that for
z €7([a,b])

1f(2)+ 9@ <If (@) +19 (=)l
Then

Zy— Py =2,- P,
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Proof: We see from the hypotheses that

’1+

which shows that for all z € v ([a, b]) ,

f(2)
9(z)

Letting ! denote a branch of the logarithm defined on C \ [0, 0), it follows that I (f (Z)> is a primitive for

9(2)
the function, ((]}//gg))/. Therefore, by the argument principle,

= Zp—Pr—(Z,-F).

€ C\ [0,00).

This proves the theorem.

28.2 Exercises

1. In Example 28.2 we found the integral of a rational function of a certain sort. The technique used in

this example typically works for rational functions of the form % where deg (g (z)) > deg f (z) + 2

provided the rational function has no poles on the real axis. State and prove a theorem based on these
observations.

2. Fill in the missing details of Example 28.8 about Iy — 0. Note how important it was that the contour
was chosen just right for this to happen. Also verify the claims about the residues.

3. Suppose f has a pole of order m at z = a. Define g (z) by
9(z)=(z—a)" f(2).

Show

Res (/) = ooty (a).

Hint: Use the Laurent series.

4. Give a proof of Theorem 28.10. Hint: Let p be a pole. Show that near p, a pole of order m,

PG mE S )
@) -+, a(z—p)"
Show that Res (f,p) = —m. Carry out a similar procedure for the zeros.

5. Use Rouche’s theorem to prove the fundamental theorem of algebra which says that if p(z) = 2™ +
an_12""1 -+ 4ay1z + ag, then p has n zeros in C. Hint: Let ¢ (z) = —2" and let v be a large circle,
v (t) = re®t for r sufficiently large.

6. Consider the two polynomials 2° + 322 — 1 and 2° + 3z2. Show that on |z| = 1, we have the conditions
for Rouche’s theorem holding. Now use Rouche’s theorem to verify that 2° + 322 — 1 must have two
zeros in |z] < 1.
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10.

11.

12.

13.

14.

15.

16.
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Consider the polynomial, z'! + 72% 4+ 322 — 17. Use Rouche’s theorem to find a bound on the zeros of
this polynomial. In other words, find r such that if z is a zero of the polynomial, |z| < r. Try to make
r fairly small if possible.

Verify that fooo et dt = 4 Hint: Use polar coordinates.

Use the contour described in Example 28.2 to compute the exact values of the following improper
integrals.

S T
@) 2% mragmerde

2

(0) 5" Grtamede

s dx
(C) fioo W,a,b >0

Evaluate the following improper integrals.

(a) fooo (;;izg)z dx

(0) J;* s

Find the Cauchy principle value of the integral

> sinx
| e

defined as

i /16 sinx d +/°° sinx d
—\J o @D -0 @i @)

% where n is a nonnegative integer.

Find a formula for the integral [ e

Using the contour of Example 28.3 find [ ”;C#dx

If m < n for m and n integers, show

/: x2m d T 1
r = — .
2n Jin ((2mdl
o 142 nsln( o 77)

Find [* 4riazde.

Find [;° 2% dz =0

28.3 The Poisson formulas and the Hilbert transform

In this section we consider various applications of the above ideas by focussing on the contour, v shown
below, which represents a semicircle of radius R in the right half plane the direction of integration indicated
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by the arrows.

We will suppose that f is analytic in a region containing the right half plane and use the Cauchy integral

formula to write
1 1
- _/ @) o L[ fw)
21 Ny W2 211 7Rw—|—z

the second integral equaling zero because the integrand is analytic as indicated in the picture. Therefore,
multiplying the second integral by « and subtracting from the first we obtain

-2 o (S

We would like to have the integrals over the semicircular part of the contour converge to zero as R — oo.
This requires some sort of growth condition on f. Let

M(R):max{’f(Reit)’ te [—g %}}

We leave it as an exercise to verify that when

. M(R)
RILH})O R - 0fora=1 (28.3)
and
Rlim M (R) =0 for a # 1, (28.4)

then this condition that the integrals over the curved part of v, converge to zero is satisfied. We assume
this takes place in what follows. Taking the limit as R — oo

()

the negative sign occurring because the direction of integration along the y axis is negative. If « = 1 and

z = x + 1y, this reduces to
/ £ ( - ) d, (28.6)

which is called the Poisson formula for a half plane.. If we assume M (R) — 0, and take o = —1, (28.5)

reduces to
/ fG < —z§| >d§ (28.7)
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Of course we can consider real and imaginary parts of f in these formulas. Let

&) =u(§) +iv ().

From (28.6) we obtain upon taking the real part,

u(x,y) = %/_oou(f) (%ﬁf) dg. (28.8)

Taking real and imaginary parts in (28.7) gives the following.

u(x,y):l/mv(§)< y=¢ )dg, (28.9)

T J oo |z — ig|?

L= -y
vizy) =— | w©) | —2L5)de 28.10
@i =1 [ (£)<|Z_i€|> ¢ (28.10)

These are called the conjugate Poisson formulas because knowledge of the imaginary part on the y axis leads
to knowledge of the real part for Re z > 0 while knowledge of the real part on the imaginary axis leads to
knowledge of the real part on Rez > 0.

We obtain the Hilbert transform by formally letting z = iy in the conjugate Poisson formulas and picking
x = 0. Letting u (0,y) = v (y) and v (0,y) = v (y), we obtain, at least formally

w) = 3 [ e (1)

v = 1 [t

Of course there are major problems in writing these integrals due to the integrand possessing a nonintegrable
singularity at y. There is a large theory connected with the meaning of such integrals as these known as the
theory of singular integrals. Here we evaluate these integrals by taking a contour which goes around the
singularity and then taking a limit to obtain a principle value integral.

The case when a = 0 in (28.5) yields

f(z) = % /_Z (jff.é)d&- (28.11)

We will use this formula in considering the problem of finding the inverse Laplace transform.
We say a function, f, defined on (0, 00) is of exponential type if

|f ()] < Ae* (28.12)

for some constants A and a. For such a function we can define the Laplace transform as follows.

F(s)= /OOO f@)estdt = Lf. (28.13)

We leave it as an exercise to show that this integral makes sense for all Res > a and that the function so
defined is analytic on Rez > a. Using the estimate, (28.12), we obtain that for Res > a,

A

s—al|

[F(s)] <

(28.14)
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We will show that if f (¢) is given by the formula,
1 Rl
e~@ttr(py = — / et F (i€ + a +€) dE,
2 J_ o

then Lf = F for all s large enough.

1 [e.e] oo .
—(ate)t - —st it .
L (e (1) 27r/0 ¢ /_Ooe F i€ + a +¢) dedt
Now if

(o)
/ |F (i€ + a + )| dE < oo, (28.15)
we can use Fubini’s theorem to interchange the order of integration. Unfortunately, we do not know this.
The best we have is the estimate (28.14). However, this is a very crude estimate and often (28.15) will hold.
Therefore, we shall assume whatever we need in order to continue with the symbol pushing and interchange
the order of integration to obtain with the aid of (28.11) the following:

L(erp) = ! w</we(3i5)tdt)F(i£+a+E)d
0

2r /o

_ 1 OoF(i€+C,L+€)d§
2 J_ o s —1€

= F(s+a+eg)

for all s > 0. (The reason for fussing with £ + a + ¢ rather than just £ is so the function, £ — F (£ + a +¢)
will be analytic on Re{ > —¢, a region containing the right half plane allowing us to use (28.11).) Now with
this information, we may verify that L (f) (s) = F (s) for all s > a. We just showed

oo
| emee et @yt =Fwrase)
0

whenever Rew > 0. Let s = w+ a+e. Then L (f) (s) = F (s) whenever Res > a + ¢. Since ¢ is arbitrary,
this verifies L (f) (s) = F (s) for all s > a. It follows that if we are given F' (s) which is analytic for Res > a
and we want to find f such that L (f) = F, we should pick ¢ > a and define

e lf(t) = L /OO et F (i€ + c) dE.

7

Changing the variable, to let s = i 4+ ¢, we may write this as

1 cti00

Fl) = = / et F () ds, (28.16)
2mi c—100

and we know from the above argument that we can expect this procedure to work if things are not too

pathological. This integral is called the Bromwich integral for the inversion of the Laplace transform. The

function f (¢) is the inverse Laplace transform.

We illustrate this procedure with a simple example. Suppose F (s) = W In this case, F' is analytic
for Res > 0. Let ¢ = 1 and integrate over a contour which goes from ¢ — iR vertically to ¢ + ¢R and then
follows a semicircle in the counter clockwise direction back to ¢ — iR. Clearly the integrals over the curved
portion of the contour converge to 0 as R — oo. There are two residues of this function, one at i and one at
—i. At both of these points the poles are of order two and so we find the residue at i by

ts _ 2
Res(f,i) — limd (<20
s—i ds (52 + 1)
—itett

4
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and the residue at —i is

Res(f,—i) = lim‘i <M>

Now evaluating the contour integral and taking R — oo, we find that the integral in (28.16) equals

ori ite~ N —ite’t it
i = it sin
4 4

and therefore,

You should verify that this actually works giving L (f)

f@)= %t sin t.

— S
= 202

28.4 Exercises

1.

Verify that the integrals over the curved part of v5 in (28.2) converge to zero when (28.3) and (28.4)
are satisfied.

Obtain similar formulas to (28.8) for the imaginary part in the case where a = 1 and formulas (28.9)
- (28.10) in the case where a = —1. Observe that these formulas give an explicit formula for f (z) if
either the real or the imaginary parts of f are known along the line x = 0.

Verify that the formula for the Laplace transform, (28.13) makes sense for all s > a and that F is
analytic for Rez > a.

Find inverse Laplace transforms for the functions,

a a 1 s
s2+aZ? s2(s2+a?)’ 577 (s2+a2)2"

Consider the analytic function e*. Show it satisfies the necessary conditions in order to apply formula

(28.6). Use this to verify the formulas,

e 1 [ zcosé
e Tcosy = — ———d¢,
T oo 2+ (y =€)

. 1/°° xsiné
e "siny = -~ — = _d¢.
T oo 22+ (y — €)°

The Poisson formula gives

u(z,y) = %/:)O u (0,8) (W) d§

whenever u is the real part of a function analytic in the right half plane which has a suitable growth

condition. Show that this implies
1 oo
=1 / S — 73
TJoo \ 2%+ (y — &)
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7. Now consider an arbitrary continuous function, u (§) and define

wwn=1 [ ul® (ﬁ) de.

Verify that for u (z,y) given by this formula,

and that v is a harmonic function, ug, + uyy = 0, on & > 0. Therefore, this integral yields a solution
to the Dirichlet problem on the half plane which is to find a harmonic function which assumes given
boundary values.

8. To what extent can we relax the assumption that £ — u (§) is continuous?

28.5 Infinite products

In this section we give an introduction to the topic of infinite products and apply the theory to the Gamma
function. To begin with we give a definition of what is meant by an infinite product.

Definition 28.12 [[>7, (1 +uy,) = lim, oo [[—; (1 + ug) whenever this limit exists. If u, = uy (2) for
z € H, we say the mﬁmte product converges uniformly on H if the partial products, []j_; (1 + uy (2))
converge uniformly on H.

Lemma 28.13 Let Py = [[n_, (1+ug) and let Qn = [1o—y (1 + |ux|). Then

N

QNSGXP<ZUI€|>7 [Py —1]<Qn—1

k=1

Proof: To verify the first inequality,

N N N
Q=TT 0+ fuul) < JT ! = xp (me).
k=1

k=1 k=1
The second claim is obvious if N = 1. Consider N = 2.
|(1+'LL1) (1+’U,2)71| = |U2+U1 +U1’U,2|
1+ |U1| + ‘U2| + ‘Ul‘ |UQ| -1
(L4 |u]) (1 + [ug|) — 1

IN

Continuing this way the desired inequality follows.
The main theorem is the following.

Theorem 28.14 Let H C C and suppose that Y., |u, (2)| converges uniformly on H. Then

EH +un

converges uniformly on H. If (n1,ng, - --) is any permutation of (1,2,---), then for all z € H,

ﬁ (14 up, (2

and P has a zero at zg if and only if u, (20) = —1 for some n.
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Proof: We use Lemma 28.13 to write for m < n, and all z € H,

ﬁ 1T+ g ( H (14 ug ( |
Pl k=1
< |TT @+ lux II G+uz)-1
k=1 k=m+1
< exp (Z |ug Z)|> H (1+ |ug (2)]) — 1
k=1 k=m+1
< c <exp ( S fu <z>> - 1)
k=m+1
< Cef—1)

whenever m is large enough. This shows the partial products form a uniformly Cauchy sequence and hence
converge uniformly on H. This verifies the first part of the theorem.

Next we need to verify the part about taking the product in different orders.
-) and choose M large enough that for all z € H,

(n1,ne,- - -) is a permutation of the list, (1,2, -
[T+ (2) -
k=1

Then for all N sufficiently large, {ni,ns,---,nx}

28.13 to obtain

M

H (1 + g (
k=1
M
I +u(2)
k=1
M

< H (1 +uk (2))
k=1
M

< TLa+uwe)
k=1
M

< [JIO+u2)
k=1
M

< H (1 +uk (2))
k=1

< T+l )
k=1

Suppose then that

M
H (14+u,(2)] <e.
k=1

2 {1,2,---,M}. Then for N this large, we use Lemma

N
H (14 up, (
k=1

1= JI (Otun2)
k<N,np>M
I[I O+l (h-1
k<N,n,>M
(1+ Ju (2)]) =1
=M
(o (3 ) 1)
I=M
(expe — 1) (28.17)
(expe — 1) (28.18)

whenever M is large enough. Therefore, this shows, using (28.18) that

N
[T +un (2) -
k=1

oo

(1 + Ug (Z)) <

k=1
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+

N M
IT w2 =TT (4w (2))
k=1

k=1

3

H (1 +ug (2) -

k=

<5+<

which verifies the claim about convergence of the permuted products.

It remains to verify the assertion about the points, zg, where P (zg) = 0. Obviously, if w, (z0) = —1,
then P (z9) = 0. Suppose then that P (zp) = 0. Letting ny = k and using (28.17), we may take the limit as
N — o0 to obtain

(14 up (2))‘

_

k=1

(14 [ur (2)])

=T

+5> (expe — 1)

H (L +uk (20))

k=1

M ‘

2

H (14 ug (20)) —

(1 + ug (ZO))‘

k]\=41 k=1
< ] 0+ uk (20))] (expe = 1)
k=1

If £ is chosen small enough in this inequality, we see this implies Hkle (1+wuk(z)) = 0 and therefore,
ug (20) = —1 for some k < M. This proves the theorem.

Now we present the Weierstrass product formula. This formula tells how to factor analytic functions into
an infinite product. It is a very interesting and useful theorem. First we need to give a definition of the
elementary factors.

Definition 28.15 Let Fy(z) =1 — z and for p > 1,
22 24
Ep(z):(1—z)exp(z—|——+-~~—|——)
2 p
The fundamental factors satisfy an important estimate which is stated next.

Lemma 28.16 For all |z| <1 and p=0,1,2,- -,
11— B, (2)] < |27
Proof: If p = 0 this is obvious. Suppose therefore, that p > 1.
2 Zp

Eé(z)Z—eXp(z+%+--~+;>+

2 D

z z
(1—z)exp(z+?—|—---+?> <1+z+..._|_zp—1)
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and so, since (1 —z) (L+z+4---+2P71) =127,

22 ZP
E;(z)zpexp<z+2+~~+p>

which shows that EI’) has a zero of order p at 0. Thus, from the equation just derived,

oo
E,(z) = —2F Z apz”
k=0

where each a; > 0 and ag = 1. This last assertion about the sign of the aj follows easily from differentiating

z

the function f (z) = exp (z + % + 4 %) and evaluating the derivatives at z = 0. A primitive for F, (2)

. k+14p
is of the form — Y 72 jax2

ak 77577 and so integrating from 0 to z along v (0, z) we see that

Ey (2) — E, (0) =

Sk+p+1

By(2)-1 = - g
»(2) gakk+p+1

k

> z
= _—ptINT, 7
kzzo "E+p+l

which shows that (E, (z) — 1) /2P™! has a removable singularity at z = 0.
Now from the formula for E, (2),

22 2P
Ep(Z)l(lz)exp<z+2+...+p>1

and so

> 1
E, (1) —1=—1=— .
»(1) ’;akk+p+1

Since each ay > 0, we see that for |z| =1,

LB s, 1
L SR A Y e
ERImEP I sy

Now by the maximum modulus theorem,
1= B, (2)] < |2
for all |z| < 1. This proves the lemma.

Theorem 28.17 Let z, be a sequence of nonzero compler numbers which have no limit point in C and
suppose there exist, p,,, nonnegative integers such that

i (é)lm < o0 (28.19)

n=1
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for allr € R. Then

Pe=115. (£)

is analytic on C and has a zero at each point, z, and at no others. If w occurs m times in {z,}, then P has
a zero of order m at w.

Proof: The series

o0

>

n=1

1+pn

Zn

converges uniformly on any compact set because if |z| < r, then

- g R
: . . 0 14+pn
and so we may apply the Weierstrass M test to obtain the uniform convergence of " | (Zi) on |z| < r.

AlSO7
Pn+1

by Lemma 28.16 whenever n is large enough because the hypothesis that {z,} has no limit point requires
that lim,, s |25,| = 00. Therefore, by Theorem 28.14,

P(z) = ﬁ E,, (i)

converges uniformly on compact subsets of C. Letting P, (z) denote the nth partial product for P (z), we

have for |z| < r
1 P,
P, (2) = / de
¥

") w-
where 7, (t) = re®, t € [0,27]. By the uniform convergence of P, to P on compact sets, it follows the same
formula holds for P in place of P,, showing that P is analytic in B (0, 7). Since r is arbitrary, we see that P
is analytic on all of C.

Now we ask where the zeros of P are. By Theorem 28.14, the zeros occur at exactly those points, z,

where
z
Epn (Z_n> - 1 - —].

In that theorem E,, (i> — 1 plays the role of u, (z). Thus we need E, (i) = 0 for some n. However,

Zn Zn
this occurs exactly when = = 1 so the zeros of P are the points {z,} .
If w occurs m times in the sequence, {z,}, we let ny,- - -, n,;, be those indices at which w occurs. Then

we choose a permutation of (1,2, --) which starts with the list (nq,- - -, ny,) . By Theorem 28.14,

P(z) = ]f[lEpnk (%) — (1 - %)mg(Z)

Nk
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where ¢ is an analytic function which is not equal to zero at w. It follows from this that P has a zero of
order m at w. This proves the theorem.

The next theorem is the Weierstrass factorization theorem which can be used to factor a given function,
f, rather than only deciding convergence questions.

Theorem 28.18 Let f be analytic on C, f(0) # 0, and let the zeros of f be {2z}, listed according to order.
(Thus if z is a zero of order m, it will be listed m times in the list, {z1}.) Then there exists an entire
function, g and a sequence of nonnegative integers, p, such that

f(z) = es® f[l E,, (i) . (28.20)

Zn

Note that e9(*) # 0 for any z and this is the interesting thing about this function.

Proof: We know {z,} cannot have a limit point because if there were a limit point of this sequence, it
would follow from Theorem 26.1 that f (z) = 0 for all z, contradicting the hypothesis that f (0) # 0. Hence
lim;, 00 |2n| = 00 and so

e’} r 14+n—1 e’} r n
— = — ] <o
S(E) =)

by the root test. Therefore, by Theorem 28.17 we may write

a function analytic on C by picking p, = n — 1 or perhaps some other choice. (We know p,, = n — 1 works
but we do not know this is the only choice that might work.) Then f/P has only removable singularities in
C and no zeros thanks to Theorem 28.17. Thus, letting h (z) = f (z) /P (z), we know from Corollary 25.12
that h’/h has a primitive, g. Then
N/
(he_g) =0

and so
h (Z) — ea+ib€§(z)

for some constants, a,b. Therefore, letting g (2) = §(2) + a + ib, we see that h(z) = ¢9(*) and thus (28.20)
holds. This proves the theorem.

Corollary 28.19 Let f be analytic on C, f has a zero of order m at 0, and let the other zeros of f be {z},
listed according to order. (Thus if z is a zero of order l, it will be listed | times in the list, {z;}.) Then there
exists an entire function, g and a sequence of nonnegative integers, p, such that

f(z) =2zmed® ﬁ E,. (zi) .
n=1 n

Proof: Since f has a zero of order m at 0, it follows from Theorem 26.1 that {2z} cannot have a limit
point in C and so we may apply Theorem 28.18 to the function, f (z) /2™ which has a removable singularity
at 0. This proves the corollary.
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28.6 Exercises

1. Show [],, (1 — #) = % Hint: Take the In of the partial product and then exploit the telescoping
series.

2. Suppose P (z) =[], fx (2) # 0 for all z € U, an open set, that convergence is uniform on compact
subsets of U, and fi is analytic on U. Show

Pi(z) =3 i) ][ /n(2).
k=1 n#k
Hint: Use a branch of the logarithm, defined near P (z) and logarithmic differentiation.

3. Show that % has a removable singularity at z = 0 and so there exists an analytic function, ¢, defined
on C such that 272 = ¢ (z) and ¢ (0) = 1. Using the Weierstrass product formula, show that

q(z) = eI H (1—%)6%

for some analytic function, g (z) and that we may take g (0) = 0.

4. 7 Use Problem 2 along with Problem 3 to show that

cosmz  sinmz . i 22
— o :eg()g/(z)H<1_ﬁ>_

z U4
k=1

. =1 22
mﬂﬁxFHO—ﬁ>
n=1 k#n
Now divide this by ¢ (z) on both sides to show

1 — 1
cotmz ——=4¢ 2 —.
meotmz —— =g (2) + 27222_n2

Use the Mittag Leffler expansion for the cot 7z to conclude from this that ¢’ (z) = 0 and hence, g (2) =0

so that
sinwz z
Tz II (1 B ﬁ) '
k=1

5. T In the formula for the product expansion of Si?r%, let z = % to obtain a formula for 7 called Wallis’s
formula. Is this formula you have come up with a good way to calculate 77

6. This and the next collection of problems are dealing with the gamma function. Show that
C(2)

n2

z —z
0+3)% 1]
n

and therefore,

with the convergence uniform on compact sets.
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7.

10.

11.

12.

RESIDUES AND EVALUATION OF INTEGRALS

T Show ]2, (1 + %) e converges to an analytic function on C which has zeros only at the negative
integers and that therefore,

ad z\ 1 -
nUl(”a) e

is a meromorphic function (Analytic except for poles) having simple poles at the negative integers.

1Show there exists v such that if

—vz oo 1 ;
1“(2)26 (1+E) en,
z n

n=1
then I' (1) = 1. Hint: [[02, (1+n)e /" =c=¢".
TNow show that
= lim i: 1 Inn
= n— o0 k
k=1
Hint: Show y =377  [In(14+1)-2] =" [In(14+n)—Inn—21].

TJustify the following argument leading to Gauss’s formula

. i k =\ e 7%
() = L%(H(m)) ;

n! noo1y\ e 7*
= lim eZ(Zkzl F))
n~m(<1+z><2+z>-~<n+z> :
| ,
— lim n 62(2211 %)e_z[ Z:l %_lnn

n—oo (1+2)(2+2) - (n+2)
. nln?
- nh—>ngc (1+2)24+2)---(n+2)

1 Verify from the Gauss formula above that I'(z + 1) = I (2) z and that for n a nonnegative integer,
F'(n+1)=nl

T The usual definition of the gamma function for positive z is

/ e~ 'ttt
0
Show (1 — )" <e~* for ¢ € [0,n]. Then show

n t\" nln®
1——) t* ldt = .
/o ( n> z(x+1) - (z+n)

Use the first part and the dominated convergence theorem or heuristics if you have not studied this
theorem to conclude that

Fl (.’,E)

: nln®
Fl(m):nll—»Ir;ox(x+l)-~~(Jc—|—n) =T

Hint: To show (1 — %)n < et fort € [0,n], verify this is equivalent to showing (1 — u)" < e™™* for
u € [0,1].
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13. 1Show T (2) = fooo e~'t*~1dt. whenever Re z > 0. Hint: You have already shown that this is true for
positive real numbers. Verify this formula for Re z yields an analytic function.

14. 7Show I' () = /7. Then find T (5) .
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The Riemann mapping theorem

We know from the open mapping theorem that analytic functions map regions to other regions or else to
single points. In this chapter we prove the remarkable Riemann mapping theorem which states that for every
simply connected region, U there exists an analytic function, f such that f (U) = B (0,1) and in addition to
this, f is one to one. The proof involves several ideas which have been developed up to now. We also need
the following important theorem, a case of Montel’s theorem.

Theorem 29.1 Let U be an open set in C and let F denote a set of analytic functions mapping U to
B(0,M). Then there exists a sequence of functions from F, {f,} -, and an analytic function, f such that

fr(,,k) converges uniformly to f*) on every compact subset of U.

Proof: First we note there exists a sequence of compact sets, K,, such that K, C int K,1; C U for

all n where here int K denotes the interior of the set K, the union of all open sets contained in K and

U2 K, = U. We leave it as an exercise to verify that B (0,n) N {z € U : dist (z UC) < %} works for K.

Then there exist positive numbers, §,, such that if z € K,,, then B (z,,) C int K,,+1. Now denote by F,, the

set of restrictions of functions of F to K,. Then let z € K,, and let v (t) = z + €', t € [0,27] . It follows
that for z; € B(z,0,), and f € F,

1 1 1
G-l = %/ﬂw)(w_z—w_zl)dw\
zZ— 2z
< ——d
= or /f —2)(w—z) w‘
Letting |21 — 2| < %, we can estimate this and write
M |z — 1]

_ < =

B T
< 2M|Z_Zl|

n

It follows that F,, is equicontinuous and uniformly bounded so by the Arzela Ascoli theorem there exists a
sequence, {fnr}re; € F which converges uniformly on K,,. Let {fi)},., converge uniformly on Kj. Then
use the Arzela Ascoli theorem applied to this sequence to get a subsequence, denoted by { fgk}zil which
also converges uniformly on K,. Continue in this way to obtain {f,x},., which converges uniformly on
Ky, -+, K,. Now the sequence {fn,},.,, is a subsequence of {fmi} 32, and so it converges uniformly on
K, for all m. Denoting f,, by f, for short, this is the sequence of functions promised by the theorem. It is
clear {f,},-, converges uniformly on every compact subset of U because every such set is contained in K,
for all m large enough. Let f (z) be the point to which f, (z) converges. Then f is a continuous function
defined on U. We need to verify f is analytic. But, letting T' C U,

f(2)dz = lim fn(2)dz=0.
oT

BT n—oo

477
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Therefore, by Morera’s theorem we see that f is analytic. As for the uniform convergence of the derivatives
of f, this follows from the Cauchy integral formula. For 2z € K,,, and v () = z + d,e',t € [0,27],

() = fh ()l < %/Wm
s
< ka—fl\%%anéiz

1
= 1l fll 5

where here ||fx — f|| = sup{|fx () — f(2)| : z € K,,} . Thus we get uniform convergence of the derivatives.
The consideration of the other derivatives is similar.
Since the family, F satisfies the conclusion of Theorem 29.1 it is known as a normal family of functions.
The following result is about a certain class of so called fractional linear transformations,

Lemma 29.2 For o € B(0,1), let

z—«
Then ¢, maps B(0,1) one to one and onto B (0,1), ¢,* = ¢_,,, and
1
/
o (@)= ——.
@ =

Proof: First we show ¢, (z) € B(0,1) whenever z € B (0,1). If this is not so, there exists z € B(0,1)
such that

|z —a)® > 1 —az]®.
However, this requires
2 + |af* > 1+ [af* |2
and so

2 (1= laf*) > 1= Jaf*

contradicting |z| < 1.

It remains to verify ¢, is one to one and onto with the given formula for qﬁ;l. But it is easy to verify
$o (¢_o (w)) = w. Therefore, ¢, is onto and one to one. To verify the formula for ¢,,, just differentiate the
function. Thus,

o (2) = (z—a) (1) (1 —a@z) (@) + (1 —@z) "'

and the formula for the derivative follows.
The next lemma, known as Schwarz’s lemma is interesting for its own sake but will be an important part
of the proof of the Riemann mapping theorem.

Lemma 29.3 Suppose F : B(0,1) — B(0,1), F is analytic, and F (0) = 0. Then for all z € B(0,1),

|F ()] < 2], (29.1)
and

[F'(0)] < 1. (29.2)
If equality holds in (29.2) then there exists A € C with |A\| =1 and

F(z) = Az (29.3)
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Proof: We know F (z) = zG (z) where G is analytic. Then letting |z| < r < 1, the maximum modulus
theorem implies

|F (re")]

G (2)] < sup <

=N | =

Therefore, letting r — 1 we get
G() <1 (20.4)

It follows that (29.1) holds. Since F (0) = G (0), (29.4) implies (29.2). If equality holds in (29.2), then from
the maximum modulus theorem, we see that G achieves its maximum at an interior point and is consequently
equal to a constant, A, |A| = 1. Thus F'(z) = 2z which shows (29.3). This proves the lemma.

Definition 29.4 We say a region, U has the square root property if whenever f, % : U — C are both analytic,
it follows there exists ¢ : U — C such that ¢ is analytic and f (z) = ¢° (2).

The next theorem will turn out to be equivalent to the Riemann mapping theorem.

Theorem 29.5 Let U # C for U a region and suppose U has the square root property. Then there ezists
h:U — B(0,1) such that h is one to one, onto, and analytic.

Proof: We define F to be the set of functions, f such that f: U — B (0, 1) is one to one and analytic.
We will show F is nonempty. Then we will show there is a function in F, h, such that for some fixed zy € U,
W (20)] > |¢' (20)] for all ¢ € F. When we have done this, we show h is actually onto. This will prove the
theorem.

Now we begin by showing F is nonempty. Since U # C it follows there exists £ ¢ U. Then letting
f(z)=z-¢, it follows f and % are both analytic on U. Since U has the square root property, there exists

¢ : U — C such that ¢* (z) = f (2) for all z € U. By the open mapping theorem, there exists a such that for
some r < |a|,

B(a,r) C ¢ (U).

It follows that if z € U, then ¢ (z) ¢ B (—a,r) because if this were to occur for some z; € U, then —¢ (21) €
B (a,r) and so there exists zo € B (a,r) such that

—¢(21) = ¢ (22) .

Squaring both sides, it follows that z3 — & = 25 — £ and so z; = 23. Therefore, we would have ¢ (22) = 0 and
so 0 € B (a,r) contrary to the construction in which r < |a|. Now let
r

d(2) +a’

v is well defined because we just verified the denominator is nonzero. It also follows that |¢ (2)| < 1 because
if not,

Y(z) =

r> ¢ (2)+al

for some z € U, contradicting what was just shown about ¢ (U) N B (—a,r) = (). Therefore, we have shown
that F # (.
For zg € U fixed, let

nzsup{|¢’(zo)| :106.7:}.
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Thus n > 0 because v’ (z9) # 0 for 1 defined above. By Theorem 29.1, there exists a sequence, {t,,}, of
functions in F and an analytic function, h, such that

¥ (20)] — 1 (20) (29.5)
and
Yy — hyiby, — 1, (29.6)
uniformly on all compact sets of U. It follows
|h' (20)| = nhjgo v, (20)] =1
and for all z € U,
h(2)| = Jim e, (2)] < 1.

We need to verify that h is one to one. Suppose h(z1) = o and zo € U. We must verify that h (z2) # a. We
choose > 0 such that h — a has no zeros on 0B (22,7), B (22,7) C U, and

B (z2,7)N B (z1,7) = 0.

We can do this because, the zeros of h — a are isolated since h is not constant due to the fact that h’ (zp) = ) =
n # 0. Let 9, (21) = a,. Thus ¢, —a, has a zero at z; and since 1),, is one to one, it has no zeros in B (z2,7).
Thus by Theorem 26.6, the theorem on counting zeros, for v (t) = 29 + re',t € [0 27,

0 lim —
oo 2m/1/1
1 B (w)

which shows that h — « has no zeros in B (22, 7). This shows that & is one to one since 2o # 21 was arbitrary.
Therefore, h € F. This completes the second step of the proof. It only remains to verify that h is onto.

To show h is onto, we use the fractional linear transformation of Lemma 29.2. Suppose h is not onto.
Then there exists & € B(0,1)\ h (U). Then 0 ¢ ¢, o h because o ¢ h (U) . Therefore, since U has the square
root property, there exists g, an analytic function defined on U such that

9° =¢a0h.
The function g is one to one because if g (21) = g (22), then we could square both sides and conclude that
$o 0 h(z1) = do0h(22)

and since ¢, and h are one to one, this shows z; = zs. It follows that g € F also. Now let ¢ = ¢ og. Thus

9(z0)
¥ (20) = 0. If we define s (w) = w?, then using Lemma 29.2, in particular, the description of o' = ¢__,, we
obtain

9= P g(z) 0¥

and therefore,
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Now F (0) = 65" (0,2, (0)) = éx" (9 (20)) = b (z0)

There are two cases to consider. First suppose that h (z9) # 0. Then define
G = dp(zp) 0 F

Then G : B(0,1) — B(0,1) and G (0) = 0. Therefore by the Schwarz lemma, Lemma 29.3,

y TR T
G (0)] = |<1 |h(20)2> F' (0)

which implies |F” (0)] < 1. In the case where h(zy) = 0, we note that because of the function, s, in the
definition of F, F' is not one to one and so we cannot have F'(z) = Az for some |A| = 1. Therefore, by the
Schwarz lemma applied to F, we see |F’ (0)| < 1. Therefore,

n o= [N ()] = [F" (¢ (20))] [¢ (20)]
[P (0] [ (20)] < [& (20)]

contradicting the definition of 7. Therefore, h must be onto and this proves the theorem.
We now give a simple lemma which will yield the usual form of the Riemann mapping theorem.

<1

Lemma 29.6 Let U be a simply connected region with U # C. Then U has the square root property.

Proof: Let f and % both be analytic on U. Then fT/ is analytic on U so by Corollary 25.12, there exists
~ ~ p Ny . -
F', analytic on U such that F’' = fT on U. Then (fe*F) = 0 and so f(z) = Cef" = e ®ef. Now let
F = F +a+ib. Then F is still a primitive of f//f and we have f (z) = (). Now let ¢ (z) = e2F(). Then

¢ is the desired square root and so U has the square root property.

Corollary 29.7 (Riemann mapping theorem) Let U be a simply connected region with U # C and let a € U.
Then there exists a function, f : U — B (0,1) such that f is one to one, analytic, and onto with f (a) = 0.
Furthermore, f~1 is also analytic.

Proof: From Theorem 29.5 and Lemma 29.6 there exists a function, g : U — B (0,1) which is one to
one, onto, and analytic. We need to show that there exists a function, f, which does what g does but in
addition, f(a) = 0. We can do so by letting f = ¢,(,) o g if g (a) # 0. The assertion that f~1 is analytic
follows from the open mapping theorem.

29.1 Exercises

1. Prove that in Theorem 29.1 it suffices to assume F is uniformly bounded on each compact subset of U.
2. Verify the conclusion of Theorem 29.1 involving the higher order derivatives.

3. What if U = C? Does there exist an analytic function, f mapping U one to one and onto B (0,1)7
Explain why or why not. Was U # C used in the proof of the Riemann mapping theorem?

4. Verify that |¢,, (z)| = 1 if |z| = 1. Apply the maximum modulus theorem to conclude that |¢, (2)] <1
for all |z| < 1.

5. Suppose that |f (z)] < 1 for |z| = 1 and f(«a) = 0 for |a|] < 1. Show that |f (2)] < |¢, (2)] for all
z € B(0,1). Hint: Consider %;az) which has a removable singularity at a. Show the modulus of
this function is bounded by 1 on |z| = 1. Then apply the maximum modulus theorem.
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Approximation of analytic functions

Consider the function, % = f(z) for z defined on U = B (0,1) \ {0}. Clearly f is analytic on U. Suppose we
could approximate f uniformly by polynomials on ann (O, %, %), a compact subset of U. Then, there would
exist a suitable polynomial p(z), such that ‘2%” fv f(2) = p(2)dz| < {5 where here v is a circle of radius

2. However, this is impossible because 5 [, f(2)dz = 1 while 5 [ p(2)dz = 0. This shows we cannot
expect to be able to uniformly approximate analytic functions on compact sets using polynomials. It turns
out we will be able to approximate by rational functions. The following lemma is the one of the key results
which will allow us to verify a theorem on approximation. We will use the notation

1f = 9ll k00 = sup{lf (2) =g (2)] : 2 € K}
which describes the manner in which the approximation is measured.

Lemma 30.1 Let R be a rational function which has a pole only at a € V, a component of C \ K where K
is a compact set. Suppose b € V.. Then for ¢ > 0 given, there exists a rational function, Q, having a pole
only at b such that

IR = Qllk 0 <& (30.1)
If it happens that V is unbounded, then there exists a polynomial, P such that
HR—PHKOO <e. (30.2)

Proof: We say b € V satisfies P if for all € > 0 there exists a rational function, @y, having a pole only
at b such that

HR - QbHK,oo :
Now we define a set,
S ={beV :0bsatisfies P }.

We observe that S # () because a € S.
We now show that S is open. Suppose b; € S. Then there exists a § > 0 such that

by —b 1
;__‘<

<3 (30.3)

for all z € K whenever b € B (b1,0). If not, there would exist a sequence b,, — b for which

bi—b 1
Tt (0n.K) ’ Z 3

Then taking the limit and using the fact that dist (b,,, K') — dist (b, K) > 0, (why?) we obtain a contradiction.

483
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Since by satisfies P, there exists a rational function @)y, with the desired properties. We will show we can
approximate )y, with @) thus yielding an approximation to R by the use of the triangle inequality,

IR = Qb Il g o0 T [1Qb1 — Qbll 00 = 1R — Q¢ o -

Since @)y, has poles only at by, it follows it is a sum of functions of the form (zféibnl)"' Therefore, it suffices to
assume Qp, is of the special form

1
Qu, (2) = m
However,
1 _ 1
E=b" oy (1-uz)
1 & by —b\"
— WkZ_OAk(Z_b) . (30.4)

We leave it as an exercise to find Ay and to verify using the Weierstrass M test that this series converges

absolutely and uniformly on K because of the estimate (30.3) which holds for all z € K. Therefore, a

suitable partial sum can be made as close as desired to ﬁ. This shows that b satisfies P whenever b is

close enough to by verifying that .S is open.
Next we show that S is closed in V. Let b,, € S and suppose b, — b € V. Then for all n large enough,

1
5 dist (b, K) > [b, ]

and so we obtain the following for all n large enough.

b—b,

z— by,

1
27

for all z € K. Now a repeat of the above argument in (30.4) with b,, playing the role of b; shows that b € S.
Since S is both open and closed in V it follows that, since S # @), we must have S = V. Otherwise V would
fail to be connected.

Now let b € dV. Then a repeat of the argument that was just given to verify that S is closed shows that
b satisfies P and proves (30.1).

It remains to consider the case where V' is unbounded. Since S =V, pick b € V = S large enough that

z 1
)5‘ <3 (30.5)
for all z € K. As before, it suffices to assume that @ is of the form
1
Qv (2) = CEDH

Then we leave it as an exercise to verify that, thanks to (30.5),

1 ()t Z\k
(z—b" b kZ:OA’“ (5) (30.6)

with the convergence uniform on K. Therefore, we may approximate R uniformly by a polynomial consisting
of a partial sum of the above infinite sum.

The next theorem is interesting for its own sake. It gives the existence, under certain conditions, of a
contour for which the Cauchy integral formula holds.
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Theorem 30.2 Let K C U where K is compact and U is open. Then there exist linear mappings, vy :
[0,1] = U\ K such that for all z € K,

2i f: L k w. (30.7)

k=1

Proof: Tile R? = C with little squares having diameters less than § where 0 < § < dist (K , UC) (see
Problem 3). Now let {R; };n:l denote those squares that have nonempty intersection with K. For example,
see the following picture.

/ y
/
/
P U
//
iRp4
L~

K

J
right and v;l the upper left. Let ’yf : [0,1] — U be defined as

Let {vf}i: ) denote the four vertices of R; where v} is the lower left, UJQ» the lower right, U? the upper

fy?(t) = v +t(f+lf’u)1fk<4,
vﬁ(t) = v —&-t(v]l ) if k=4.

Define

[ e e

Thus we integrate over the boundary of the square in the counter clockwise direction. Let {’y]} denote
the curves, v¥ which have the property that 4% ([0,1]) N K = 0.

Claim: Z;nzl faRj g (w)dw = 521 f,yj g (w) dw

Proof of the claim: If 4% ([0,1]) N K # 0, then for some r # j,

74 ([0,1]) = +% ([0,1])

but 7L = —'yf(The directions are opposite) Hence, in the sum on the left, the only possibly nonzero
contributions come from those curves, 4% for which 4% ([0,1]) N K = () and this proves the claim.

Now let z € K and suppose z is in the interior of Ry, one of these squares which intersect K. Then by
the Cauchy integral formula,

=g [ I,

21 Jop, w—2z
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and if j # s,

Therefore,

This proves (30.7) in the case where z is in the interior of some R,. The general case follows from using the
continuity of the functions, f (z) and

P
. i Z f (w)
273 ol v
This proves the theorem.

30.1 Runge’s theorem

With the above preparation we are ready to prove the very remarkable Runge theorem which says that we
can approximate analytic functions on arbitrary compact sets with rational functions which have a certain
nice form. Actually, the theorem we will present first is a variant of Runge’s theorem because it focuses on
a single compact set.

Theorem 30.3 Let K be a compact subset of an open set, U and let {b;} be a set which consists of one
point from the closure of each bounded component of C\ K. Let f be analytic on U. Then for each € > 0,
there exists a rational function, Q) whose poles are all contained in the set, {b;} such that

1Q = fllk,00 <€ (30.8)
Proof: By Theorem 30.2 there are curves, v, described there such that for all z € K,
. 30.9
" 2mi Z ( )
k=1 'Yk

Defining g (w, 2) = f(w) for (w,z) € Ur_;7, ([0,1]) x K, we see that g is uniformly continuous and so there
exists a 0 > 0 such that if [|Pl] <, then for all z € K,

The complicated expression is obtained by replacing each integral in (30.9) with a Riemann sum. Simplifying
the appearance of this, it follows there exists a rational function of the form

R(z)=>" A
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where the wy, are elements of components of C\ K and A}, are complex numbers such that

3

IR = fllcee < 5

Consider the rational function, Ry (z) = w‘:fz where wy, € Vj, one of the components of C\ K, the given
point of V; being b; or else V; is unbounded. By Lemma 30.1, there exists a function, Qj which is either a

rational function having its only pole at b; or a polynomial, depending on whether V; is bounded, such that

g
HRk - QkHK,oo < m
Letting Q (2) = Zkle Qr (2),
g
1R~ Qi < 5-

It follows

||f_QHK,oo < ||f_RHK,oo + HR_QHK,OO <e.

This proves the theorem.

Runge’s theorem concerns the case where the given points are contained in C\ U for U an open set
rather than a compact set. Note that here there could be uncountably many components of C\ U because
the components are no longer open sets. An easy example of this phenomenon in one dimension is where
U = [0,1] \ P for P the Cantor set. Then you can show that R\ U has uncountably many components.
Nevertheless, Runge’s theorem will follow from Theorem 30.3 with the aid of the following interesting lemma.

Lemma 30.4 Let U be an open set in C. Then there exists a sequence of compact sets, {K,} such that
U=Ur Ky, - K, Cint K11 - -, (30.10)
and for any K C U,

K C K, (30.11)

for all n sufficiently large, and every component of((A: \ K,, contains a component of((A: \U.

Proof: Let

Vnz{z:|z|>n}UUB<z,%).

z2¢U

Thus {z : |z| > n} contains the point, co. Now let
K,=C\V,=C\V,CU.

We leave it as an exercise to verify that (30.10) and (30.11) hold. It remains to show that every component
of C \ K,, contains a component of C \ U. Let D be a component of C \ K, =V,.
If oo ¢ D, then D contains no point of {z : |z| > n} because this set is connected and D is a component.
(If it did contain a point of this set, it would have to contain the whole set..) Therefore, D C |J B (z,1)
z¢U
and so D contains some point of B (z, %) for some z ¢ U. Therefore, since this ball is connected, it follows
D must contain the whole ball and consequently D contains some point of U®. (The point z at the center
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of the ball will do.) Since D contains z ¢ U, it must contain the component, H,, determined by this point.
The reason for this is that

H,CC\UCC\K,

and H, is connected. Therefore, H, can only have points in one component of (@\Kn Since it has a point in
D, it must therefore, be totally contained in D. This verifies the desired condition in the case where co ¢ D.

Now suppose that oo € D. We know that oo ¢ U because U is given to be a set in C. Letting Ho, denote
the component of C\ U determined by oo, it follows from similar reasoning to the above that H,, C D and
this proves the lemma.

Theorem 30.5 (Runge) Let U be an open set, and let A be a set which has one point in each bounded
component of C\ U and let f be analytic on U. Then there exists a sequence of rational functions, {Ry}
having poles only in A such that R,, converges uniformly to f on compact subsets of U.

Proof: Let K, be the compact sets of Lemma 30.4 where each component of ((A:\Kn contains a component
of C\ U. It follows each bounded component of C\ K,, contains a point of A. Therefore, by Theorem 30.3
there exists R,, a rational function with poles only in A such that

1
||Rn_f||K 19 < E

ny

It follows, since a given compact set, K is a subset of K,, for all n large enough, that R, — f uniformly on
K. This proves the theorem.

Corollary 30.6 Let U be simply connected and f is analytic on U. Then there exists a sequence of polyno-
mials, {pn} such that p, — f uniformly on compact sets of U.

Proof: By definition of what is meant by simply connected, C \ U is connected and so there are no
bounded components of C \ U. Therefore, A = () and it follows that R,, in the above theorem must be a
polynomial since it is rational and has no poles.

30.2 Exercises

1. Let K be any nonempty set in C and define
dist (2, K) = inf {|z —w| : w € K}.
Show that z — dist (2, K) is a continuous function.

2. Verify the series in (30.4) converges absolutely on K and find Aj. Also do the same for (30.6). Hint:

You know that for |z| < 1, 12 = "7 2*. Differentiate both sides as many times as needed to obtain

a formula for Ag. Then apply the Weierstrass M test and the ratio test.
3. In Theorem 30.2 we had a compact set, K contained in an open set U and we used the fact that
dist (K, U%) =inf {|z —w| :w e UY,z € K} > 0.
Prove this.

4. For U = [0,1] \ P for P the Cantor set, show that R\ U has uncountably many components. Hint:
Show that the component of R\ U determined by p € P, is just the single point, p and then show P is
uncountable.

5. In the proof of Lemma 30.4, verify that (30.10) and (30.11) are satisfied for the given choice of K.



The Hausdorff Maximal theorem

The purpose of this appendix is to prove the equivalence between the axiom of choice, the Hausdorff maximal
theorem, and the well-ordering principle. The Hausdorff maximal theorem and the well-ordering principle
are very useful but a little hard to believe; so, it may be surprising that they are equivalent to the axiom of
choice. First we give a proof that the axiom of choice implies the Hausdorff maximal theorem, a remarkable
theorem about partially ordered sets.

We say that a nonempty set is partially ordered if there exists a partial order, <, satisfying

r<z
and
ifx <y and y < 2z then z < z.

An example of a partially ordered set is the set of all subsets of a given set and <=C. Note that we can not
conclude that any two elements in a partially ordered set are related. In other words, just because x, y are
in the partially ordered set, it does not follow that either x < y or y < x. We call a subset of a partially
ordered set, C, a chain if z, y € C implies that either z < y or y < x. If either x < y or y < x we say that =
and y are comparable. A chain is also called a totally ordered set. We say C is a maximal chain if whenever
C is a chain containing C, it follows the two chains are equal. In other words C is a maximal chain if there
is no strictly larger chain.

Lemma A.1 Let F be a nonempty partially ordered set with partial order <. Then assuming the axiom of
choice, there exists a maximal chain in F.

Proof: Let X be the set of all chains from F. For C € X, let
Sc = {x € F such that CU{x} is a chain strictly larger than C}.

If S¢ = 0 for any C, then C is maximal and we are done. Thus, assume S¢ # () for all C € X. Let f(C) € Sc.
(This is where the axiom of choice is being used.) Let

9(C) =CU{f(C)}.
Thus g(C) 2 C and ¢g(C) \ C ={f(C)} = {a single element of F}. We call a subset 7 of X’ a tower if
0DeT,

C € T implies g(C) € T,
and if S C 7 is totally ordered with respect to set inclusion, then

uSe”T.
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Here S is a chain with respect to set inclusion whose elements are chains.

Note that X is a tower. Let 7y be the intersection of all towers. Thus, 7 is a tower, the smallest tower.
We wish to show that any two sets in 7 are comparable in the sense of set inclusion so that 7j is actually a
chain. Let Cy be a set of 7y which is comparable to every set of 7y. Such sets exist, () being an example. Let

B={Dec7y,:D2DCyand f(Cy) ¢ D}.

The picture represents sets of B. As illustrated in the picture, D is a set of B when D is larger than Cy
but fails to be comparable to g (Cp) . Thus there would be more than one chain ascending from Cy if B # 0,
rather like a tree growing upward in more than one direction from a fork in the trunk. We will show this
can’t take place for any such Cy by showing B = 0.

Cer

This will be accomplished by showing To=Tp \ B is a tower. Since 7 is the smallest tower, this will
require that ZNB =Ty and so B= 0.

Claim: 7 is a tower and so B = 0. B

Proof of the claim: It is clear that () € 7y because for () to be contained in B it would be required to
properly contain Cy which is not possible. Suppose D € 7y. We need to verify ¢ (D) € Tp.

Case 1: f (D) € Cp. If D C Cy, then since both D and {f (D)} are contained in Cy, it follows g (D) C Cy
and so g (D) ¢ B. On the other hand, if D D Cy, then since D € Ty, we know f (Cy) € D and so g (D) also
contains f (Cp) implying g (D) ¢ B. These are the only two cases to consider because we are given that Cy
is comparable to every set of 7.

Case 2: f(D) ¢ Cyo. If D C Cy then we can’t have f (D) ¢ Cy because if this were so, g (D ) would not
compare to Cy.

-f(Co)

Hence if f (D) ¢ Co, then D D Cy. If D = Cy, then f (D) = f (Co) € g (D) so g (D) ¢ B. Therefore, assume
D D Cy. Then, since D is in Ty, f (Co) € D and so f (Co) € g (D). Therefore, g (D) € To.

Now suppose S is a totally ordered subset of Ty with respect to set inclusion. Then if every element of
S is contained in Cp, so is US and so US € 7. If, on the other hand, some chain from S, C, contains Cy
properly, then since C ¢ B, f (Cp) € C C US showing that US ¢ B also. This has proved 7y is a tower and
since Ty is the smallest tower, it follows 7y = 7. We have shown roughly that no splitting into more than
one ascending chain can occur at any Cy which is comparable to every set of 7. Next we will show that every
element of 7y has the property that it is comparable to all other elements of 75. We will do so by showing
that these elements which possess this property form a tower.

Define 7; to be the set of all elements of 7y which are comparable to every element of 7y. (Recall the
elements of 7y are chains from the original partial order.)

Claim: 7; is a tower.

Proof of the claim: It is clear that () € 73 because ) is a subset of every set. Suppose Cy € 7;. We need
to verify that g (Co) € 71. Let D € Ty (Thus D C Cy or else D 2 Cy.)and consider ¢ (Cp) = Co U {f (Co)}. If
D C Cy, then D C g(Cp) so g (Cp) is comparable to D. If D 2 Cqy, then D D g (Cy) by what was just shown
(B =10). Hence g (Cp) is comparable to D. Since D was arbitrary, it follows g (Cp) is comparable to every
set of 7g. Now suppose S is a chain of elements of 7; and let D be an element of 7j. If every element in
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the chain, S is contained in D, then US is also contained in D. On the other hand, if some set, C, from S
contains D properly, then US also contains D. Thus US € 7 since it is comparable to every D € 7.

This shows 77 is a tower and proves therefore, that 7y = 7;. Thus every set of 7y compares with every
other set of 7y showing 7 is a chain in addition to being a tower.

Now U7y, g (UZy) € 7. Hence, because g (U7p) is an element of 7y, and 7 is a chain of these, it follows
g (UTp) € UTp. Thus

UTo 2 g (UTo) 2 UT,

a contradiction. Hence there must exist a maximal chain after all. This proves the lemma.
If X is a nonempty set, we say < is an order on X if

z <z,
and if x, y € X, then
eitherx <yory<z
and
if x <yand y <z then x < 2.

We say that < is a well order and say that (X, <) is a well-ordered set if every nonempty subset of X has a
smallest element. More precisely, if S # @ and S C X then there exists an z € S such that z < y for all y
€ S. A familiar example of a well-ordered set is the natural numbers.

Lemma A.2 The Hausdorff mazimal principle implies every nonempty set can be well-ordered.
Proof: Let X be a nonempty set and let a € X. Then {a} is a well-ordered subset of X. Let
F ={S C X : there exists a well order for S}.

Thus F # (). We will say that for Sy, Sy € F, S; < Sy if S; C Sy and there exists a well order for Ss,
<5 such that

(S2,<9) is well-ordered
and if
y € So\ S then z <5y for all z € 5y,

and if <jyis the well order of S7 then the two orders are consistent on S;. Then we observe that < is a partial
order on F. By the Hausdorff maximal principle, we let C be a maximal chain in F and let

Xoo = UC.

We also define an order, <, on X, as follows. If z, y are elements of X, we pick S € C such that z, y are
both in S. Then if <g is the order on S, we let < y if and only if  <g y. This definition is well defined
because of the definition of the order, <. Now let U be any nonempty subset of X.,. Then SN U # 0 for
some S € C. Because of the definition of <, if y € Sy \ S1, S; € C, then x < y for all x € S;. Thus, if
y € Xoo \ S then x <y for all z € S and so the smallest element of SN U exists and is the smallest element
in U. Therefore X, is well-ordered. Now suppose there exists z € X \ X,. Define the following order, <j,
on X U{z}.

x <y y if and only if x <y whenever x,y € X
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x <1 z whenever z € X .
Then let
C={SeCorX,U{z}}.

Then C is a strictly larger chain than C contradicting maximality of C. Thus X \ X, = {) and this shows X
is well-ordered by <. This proves the lemma.
With these two lemmas we can now state the main result.

Theorem A.3 The following are equivalent.

The aziom of choice
The Hausdorff mazimal principle

The well-ordering principle.

Proof: It only remains to prove that the well-ordering principle implies the axiom of choice. Let I be a
nonempty set and let X; be a nonempty set for each i € I. Let X = U{X, : 4 € I} and well order X. Let
f (@) be the smallest element of X;. Then

fel]x.

i€l

A.1 Exercises

1. Zorn’s lemma states that in a nonempty partially ordered set, if every chain has an upper bound, there
exists a maximal element, x in the partially ordered set. When we say x is maximal, we mean that if
x <y, it follows y = x. Show Zorn’s lemma is equivalent to the Hausdorff maximal theorem.

2. Let X be a vector space. We say Y C X is a Hamel basis if every element of X can be written in a
unique way as a finite linear combination of elements in Y. Show that every vector space has a Hamel
basis and that if Y, Y7 are two Hamel bases of X, then there exists a one to one and onto map from
Y to Yl.

3. 1 Using the Baire category theorem of Chapter 14 show that any Hamel basis of a Banach space is
either finite or uncountable.

4. 7 Consider the vector space of all polynomials defined on [0, 1]. Does there exist a norm, ||| defined on
these polynomials such that with this norm, the vector space of polynomials becomes a Banach space
(complete normed vector space)?
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