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Preface to the second edition

In preparing the second edition of this book, the authors have been
concerned to maintain or expand those aspects of the subject that are
specific to chemical and process engineering. Thus, the chapter on
gas-liquid two-phase flow has been greatly extended to cover flow in the
bubble regime as well as to provide an introduction to the homogeneous
model and separated flow model for the other flow regimes. The chapter
on non-Newtonian flow has also been extended to provide a greater
emphasis on the Rabinowitsch-Mooney equation and its modification to
deal with cases of apparent wall slip often encountered in the flow of
suspensions. An elementary discussion of viscoelasticity has also been
given.
A second aim has been to make the book more nearly self-contained and
to this end a substantial introductory chapter has been written. In addition
to the material provided in the first edition, the principles of continuity,
momentum of a flowing fluid, and stresses in fluids are discussed. There is
also an elementary treatment of turbulence.
Throughout the book there is more explanation than in the first edition.
One result of this is a lengthening of the text and it has been necessary to
omit the examples of applications of the Navier-Stokes equations that
were given in the first edition. However, derivation of the Navier-Stokes
equations and related material has been provided in an appendix.
The authors wish to acknowledge the help given by Miss S. A.
Petherick in undertaking much of the word processing of the manuscript
for this edition.
It is hoped that this book will continue to serve as a useful undergraduate text for students of chemical engineering and related disciplines.

F. A. Holland
R. Bragg
May 1994
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1 Fluids in motion
1.1 Units and dimensions
Mass, length and time are commonly used primary units, other units
being derived from them. Their dimensions are written as M, L and T
respectively. Sometimes force is used as a primary unit. In the Systtme
International d’Unites, commonly known as the SI system of units, the
primary units are the kilogramme kg, the metre m, and the second s. A
number of derived units are listed in Table 1.1.

1.2 Description of fluids and fluid flow
1.2.1 Continuum hypothesis
Although gases and liquids consist of molecules, it is possible in most cases
to treat them as continuous media for the purposes of fluid flow
calculations. On a length scale comparable to the mean free path between
collisions, large rapid fluctuations of properties such as the velocity and
density occur. However, fluid flow is concerned with the macroscopic
scale: the typical length scale of the equipment is many orders of
magnitude greater than the mean free path. Even when an instrument is
placed in the fluid to measure soma property such as the pressure, the
measurement is not made at a point-rather, the instrument is sensitive to
the properties of a small volume of fluid around its measuring element.
Although this measurement volume may be minute compared with the
volume of fluid in the equipment, it will generally contain millions of
molecules and consequently the instrument measures an average value of
the property. In almost all fluid flow problems it is possible to select a
measurement volume that is very small compared with the flow field yet
contains so many molecules that the properties of individual molecules are
averaged out.
1
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Table 1.1

Quantity

Derived unit

Symbol

Force
Work, energy,
quantity of heat
Power
Area
Volume
Density

newton
joule

N

J

watt
W
square metre
cubic metre
kilogramme per cubic
metre
Velocity
metre per second
Acceleration
metre per second per
second
Pressure
pascal, or newton per Pa
square metre
Surface tension
newton per metre
Dynamic viscosity pascal second, or
Pa s
newton second per
square metre
Kinematic viscosity square metre per
second

Relationship to
primary units
kg m / s 2
Nm
J/s = N m / s
m2
m3
kgi'm3
m/S
m/S2

N/m2
N/m
N s/m2

m2/s

It follows from the above facts that fluids can be treated as continuous
media with continuous distributions of properties such as the pressure,
density, temperature and velocity. Not only does this imply that it is
unnecessary to consider the molecular nature of the fluid but also that
meaning can be attached to spatial derivatives, such as the pressure
gradient dP/dx, allowing the standard tools of mathematical analysis to be
used in solving fluid flow problems.
Two examples where the continuum hypothesis may be invalid are low
pressure gas flow in which the mean free path may be comparable to a
linear dimension of the equipment, and high speed gas flow when large
changes of properties occur across a (very thin) shock wave.

1.2.2 Homogeneiiy and isotropy
Two other simplifications that should be noted are that in most fluid flow
problems the fluid is assumed to be homogeneous and isotropic. A
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homogeneous fluid is one whose properties are the same at all locations
and this is usually true for singbphase flow. The flow of gas-liquid
mixtures and of solid-fluid mixtures exemplifies heterogeneous flow
problems.
A material is isotropic if its properties are the same in all directions.
Gases and simple liquids are isotropic but liquids having complex,
chain-like molecules, such as polymers, may exhibit different properties
in different directions. For example, polymer molecules tend to become
partially aligned in a shearing flow.

1.2.3 S t e a a flowand fully developed flow
Steady processes are ones that do not change with the passage of time. If 4
denotes a property of the flowing fluid, for example the pressure or
velocity, then for steady conditions

for all properties. This does not imply that the properties are constant:
they may vary from location to location but may not change at any fixed
position.
Fully developed flow is flow that does not change along the direction of
flow. An example of developing and fully developed flow is that which
occurs when a fluid flows into and through a pipe or tube. Along most of
the length of the pipe, there is a constant velocity profile: there is a
maximum at the centre-line and the velocity falls to zero at the pipe wall.
In the case of laminar flow of a Newtonian liquid, the fully developed
velocity profile has a parabolic shape. Once established, this fully developed profile remains unchanged until the fluid reaches the region of the
pipe exit. However, a considerable distance is required for the velocity
profile to develop from the fairly uniform velocity distribution at the pipe
entrance. This region where the velocity profile is developing is known as
the entrance length. Owing to the changes taking place in the developing
flow in the entrance length, it exhibits a higher pressure gradient.
Developing flow is more difficult to analyse than fully developed flow
owing to the variation along the flow direction.

1.2.4 Paths, streaklines and streamlines
The pictorial representation of fluid flow is very helpful, whether this be
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done by experimental flow visualization or by calculating the velocity field.
The terms ‘path’, ‘streakline’ and ‘streamline’ have different meanings.
Consider a flow visualization study in which a small patch of dye is
injected instantaneously into the flowing fluid. This will ‘tag’ an element
of the fluid and, by following the course of the dye, the path of the tagged
element of fluid is observed. If, however, the dye is introduced continuously, a streakline will be observed. A streakline is the locus of all
particles that have passed through a specified fixed point, namely the point
at which the dye is injected.
A streamline is defined as the continuous line in the fluid having the
property that the tangent to the line is the direction of the fluid’s velocity
at that point. As the fluid’s velocity at a point can have only one direction,
it follows that streamlines cannot intersect, except where the velocity is
zero. If the velocity components in the x,y and z coordinate directions are
vx, q,,
o,, the streamline can be calculated from the equation

This equation can be derived very easily. Consider a two-dimensional flow
in the x-y plane, then the gradient of the streamline is equal to dyldx.
However, the gradient must also be equal to the ratio of the velocity
components at that point vy/vx.Equating these two expressions for the
gradient of the streamline gives the first and second terms of equation 1.2.
This relationship is not restricted to twdimensional flow. In threedimensional flow the terms just considered are the gradient of the
projection of the streamline on to the x-y plane. Similar terms apply for
each of the three coordinate planes, thus giving equation 1.2.
Although in general, particle paths, streaklines and streamlines are
different, they are all the same for steady flow. As flow visualization
experiments provide either the particle path or the streakline through the
point of dye injection, interpretation is easy for steady flow but requires
caution with unsteady flow.

1.3 Types of flow
1.3.1 Laminar and tunbulent flow
If water is caused to flow steadily through a transparent tube and a dye is
continuously injected into the water, two distinct types of flow may be
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observed. In the first type, shown schematically in Figure l.l(a), the
streaklines are straight and the dye remains intact. The dye is observed to
spread very slightly as it is carried through the tube; this is due to
molecular diffusion. The flow causes no mixing of the dye with the
surrounding water. In this type of flow, known as laminar or streamline
flow, elements of the fluid flow in an orderly fashion without any
macroscopic intermixing with neighbouring fluid. In this experiment,
laminar flow is observed only at low flow rates. On increasing the flow
rate, a markedly different type of flow is established in which the dye
streaks show a chaotic, fluctuating type of motion, known as turbulent
flow, Figure l.l(b). A characteristic of turbulent flow is that it promotes
rapid mixing over a length scaie comparable to the diameter of the tube.
Consequently, the dye trace is rapidly broken up and spread throughout
the flowing water.
In turbulent flow, properties such as the pressure and velocity fluctuate
rapidly at each location, as do the temperature and solute concentration in
flows with heat and mass transfer. By tracking patches of dye distributed
across the diameter of the tube, it is possible to demonstrate that the
liquid’s velocity (the time-averaged value in the case of turbulent flow)
varies across the diameter of the tube. In both laminar and turbulent flow
the velocity is zero at the wall and has a maximum value at the centre-line.
For laminar flow the velocity profile is a parabola but for turbulent flow
the profile is much flatter over most of the diameter.
If the pressure drop across the length of the tube were measured in these
experiments it would be found that the pressure drop is proportional to
the flow rate when the flow is laminar. However, as shown in Figure 1.2,
when the flow is turbulent the pressure drop increases more rapidly,
almost as the square of the flow rate. Turbulent flow has the advantage of

Figure 1.1
Now regimes in a pipe shown by dye injection
(a) Laminar flow @) TurMent flow
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Flow rate

Figure 1.2
Therelationship between pressure drop and flow rate in a pipe

promoting rapid mixing and enhances convective heat and mass transfer.
The penalty that has to be paid for this is the greater power required to
pump the fluid.
Measurements with different fluids, in pipes of various diameters, have
shown that for Newtonian fluids the transition from laminar to turbulent
flow takes place at a critical value of the quantity pudiIp in which E( is the
volumetric average velocity of the fluid, di is the internal diameter of the
pipe, and p and p are the fluid’s density and viscosity respectively. This
quantity is known as the Reynolds number Re after Osborne Reynolds
who made his celebrated flow visualization experiments in 1883:
pudi
Re = CL

It will be noted that the units of the quantities in the Reynolds number
cancel and consequently the Reynolds number is an example of a
dimensionless group: its value is independent of the system of units used.
The volumetric average velocity is calculated by dividing the volumetric
flow rate by the flow area (7rd34).
Under normal circumstances, the laminar-turbulent transition occurs at
a Reynolds number of about 2100 for Newtonian fluids flowing in pipes.

1.3.2 Compressibleand incompressible flow
All fluids are compressible to some extent but the compressibility of
liquids is so low that they can be treated as being incompressible. Gases
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are much more compressible than liquids but if the pressure of a flowing
gas changes little, and the temperature is sensibly constant, then the
density will be nearly constant. When the fluid density remains constant,
the flow is described as incompressible. Thus gas flow in which pressure
changes are small compared with the average pressure may be treated in
the same way as the flow of liquids.
When the density of the gas changes significantly, the flow is described
as compressible and it is necessary to take the density variation into
account in making flow calculations. When the pressure difference in a
flowing gas is made sufficiently large, the gas speed approaches, and may
exceed, the speed of sound in the gas. Flow in which the gas speed is
greater than the local speed of sound is known as supersonic flow and that
in which the gas speed is lower than the sonic speed is called subsonic
flow. Most flow of interest to chemical engineers is subsonic and this is
also the type of flow of everyday experience. Sonic and supersonic gas flow
are encountered most commonly in nozzles and pressure relief systems.
Some rather startling effects occur in supersonic flow: the relationships of
fluid velocity and pressure to flow area are the opposite of those for
subsonic flow. This topic is discussed in Chapter 6. Unless specified to the
contrary, it will be assumed that the flow is subsonic.

1.4 Conservation of mass
Consider flow through the pipe-work shown in Figure 1.3, in which the
fluid occupies the whole cross section of the pipe. A mass balance can be
written for the fixed section between planes 1 and 2, which are normal to
the axis of the pipe. The mass flow rate across plane 1 into the section is
equal to plQl and the mass flow rate across plane 2 out of the section is
equal to p2Q2, where p denotes the density of the fluid and Q the
volumetric flow rate.
Thus, a mass balance can be written as
mass flow rate in = mass flow rate out
rate of accumulation within section

+

that is

or
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Figure 1.3
Flow through a pipe of changing diameter

where Vis the constant volume of the section between planes 1 and 2, and
pavis the density of the fluid averaged over the volume V. This equation
represents the conservation of mass of the flowing fluid: it is frequently
called the ‘continuity equation’ and the concept of ‘continuity’ is synonymous with the principle of conservation of mass.
In the case of unsteady compressible flow, the density of the fluid in the
section will change and consequently the accumulation term will be
non-zero. However, for steady compressible flow the time derivative must
be zero by definition. In the case of incompressible flow, the density is
constant so the time derivative is zero even if the flow is unsteady.
Thus, for incompressible flow or steady compressible flow, there is no
accumulation within the section and consequently equation 1.4 reduces to
PiQi

=

~2Q2

(1.5)

This simply states that the mass flow rate into the section is equal to the
mass flow rate out of the section.
In general, the velocity of the fluid varies across the diameter of the pipe
but an average velocity can be defined. If the cross-sectional area of the
pipe at a particular location is S, then the volumetric flow rate Q is given
by

Q=US

(1.6)

Equation 1.6 defines the volumetric average velocity u: it is the uniform
velocity required to give the volumetric flow rate Q through the flow area
S. Substituting for Q in equation 1.5, the zero accumulation mass balance
becomes
PlUlSl

=

P2U2S2

(1.7)
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This is the form of the Continuity Equation that will be used most
frequently but it is valid only when there is no accumulation. Although
Figure 1.3 shows a pipe of circular cross section, equations 1.4 to 1.7 are
valid for a cross section of any shape.

1.5 Energy relationships and the Bernoulli equation
The total energy of a fluid in motion consists of the following components:
internal, potential, pressure and kinetic energies. Each of these energies
may be considered with reference to an arbitrary base level. It is also
convenient to make calculations on unit mass of fluid.

Internal energy This is the energy associated with the physical state of
the fluid, ie, the energy of the atoms and molecules resulting from their
motion and configuration [Smith and Van Ness (1987)l. Internal energy is
a function of temperature. The internal energy per unit mass of fluid is
denoted by U .
Potential energy This is the energy that a fluid has by virtue of its
position in the Earth’s field of gravity. The work required to raise a unit
mass of fluid to a height z above an arbitrarily chosen datum is zg, where g
is the acceleration due to gravity. This work is equal to the potential
energy of unit mass of fluid above the datum.
Pressure energy This is the energy or work required to introduce the
fluid into the system without a change of volume. If P is the pressure and
V is the volume of mass m of fluid, then PVlm is the pressure energy per
unit mass of fluid. The ratio d V is the fluid density p. Thus the pressure
energy per unit mass of fluid is equal to P / p .
Kinetic energy This is the energy of fluid motion. The kinetic energy of
unit mass of the fluid is v2/2, where v is the velocity of the fluid relative to
some fixed body.
Total energy Summing these components, the total energy E per unit
mass of fluid is given by the equation
P v2
E = U+zg+-+P

2
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where each term has the dimensions of force times distance per unit mass,
ie ( M L I T ~ I L IorML ~ I T ~ .
Consider fluid flowing from point 1 to point 2 as shown in Figure 1.4.
Between these two points, let the following amounts of heat transfer and
work be done per unit mass of fluid: heat transfer q to the fluid, work W,
done on the fluid and work W,done by the fluid on its surroundings. W,
and W, may be thought of as work input and output. Assuming the
conditions to be steady, so that there is no accumulation of energy within
the fluid between points 1 and 2, an energy balance can be written per unit
mass of fluid as

El

+ Wi+ q = E2 + W,

or, after rearranging

E2

=

E,+q+W;-W,

(1.9)

A flowing fluid is required to do work to overcome viscous frictional
forces so that in practice the quantity W,is always positive. It is zero only
for the theoretical case of an inviscid fluid or ideal fluid having zero
viscosity. The work W, may be done on the fluid by a pump situated
between points 1 and 2.
If the fluid has a constant density or behaves as an ideal gas, then the
internal energy remains constant if the temperature is constant. If no heat
transfer to the fluid takes place, q=O. For these conditions, equations 1.8
and 1.9 may be combined and written as

(

22g+-+-

p
P 22

2

(

= qg+-+-

p1
p1

2

Q

Figure 1.4
Energy balance for fluid flowing from location I to location 2

+w;:-w,

(1.10)
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For an inviscid fluid, ie frictionless flow, and no pump, equation (1.10)
becomes
z2g+-+-)
p 2
v:

(

= (qg+-+-

P 2 2

PI

(1.11)

v?2

Equation 1.11 is known as Bernoulli’s equation.
Dividing throughout by g, these equations can be written in a slightly
different form. For example, equation 1.10 can be written as
22,-+-) p2

(

Pzg

v:

= (zl+-+-

2g

Plg

+--2g

g

(1.12)
wg
o

In this form, each term has the dimensions of length. The terms z, P/(pg)
and v2/(2g) are known as the potential, pressure and velocity heads,
respectively. Denoting the work terms as heads, equation 1.12 can also be
written as

where Ah is the head imparted to the fluid by the pump and hf is the head
loss due to friction. The term Ah is known as the total head of the pump.
Equation 1.13 is simply an energy balance written for convenience in
terms of length, ie heads. The various forms of the energy balance,
equations 1.10 to 1.13, are often called Bernoulli’s equation bur some
people reserve this name for the case where the right hand side is zero, ie
when there is no friction and no pump, and call the forms of the equation
including the work terms the ‘extended’ or ‘engineering’ Bernoulli
equation.
The various forms of energy are interchangeable and the equation
enables these changes to be calculated in a given system. In deriving the
form of Bernoulli’s equation without the work terms, it was assumed that
the internal energy of the fluid remains constant. This is not the case when
frictional dissipation occurs, ie there is a head loss hp In this case hf
represents the conversion of mechanical energy into internal energy and,
while internal energy can be recovered by heat transfer to a cooler
medium, it cannot be converted into mechanical energy.
The equations derived are valid for a particular element of fluid or, the
conditions being steady, for any succession of elements flowing along the
same streamline. Consequently, Bernoulli’s equation allows changes along
a streamline to be calculated: it does not determine how conditions, such
as the pressure, vary in other directions.

12
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Bernoulli’s equation is based on the principle of conservation of energy
and, in the form in which the work terms are zero, it states that the total
mechanical energy remains constant along a streamline. Fluids flowing
along different streamlines have different total energies. For example, for
laminar flow in a horizontal pipe, the pressure energy and potential energy
for an element of fluid flowing in the centre of the pipe will be virtually
identical to those for an element flowing near the wall, however, their
kinetic energies are significantly different because the velocity near the
wall is much lower than that at the centre. To allow for this and to enable
Bernoulli’s equation to be used for the fluid flowing through the whole
cross section of a pipe or duct, equation 1.13 can be modified as follows:

where u is the volumetric average velocity and a is a dimensionless
correction factor, which accounts for the velocity distribution across the
pipe or duct. For the relatively flat velocity profile that is found in
turbulent flow, a has a value of approximately unity. In Chapter 2 it is
shown that a has a value of 4 for laminar flow of a Newtonian fluid in a
pipe of circular section.
As an example of a simple application of Bernoulli’s equation, consider
the case of steady, fully developed flow of a liquid (incompressible)
through an inclined pipe of constant diameter with no pump in the section
considered. Bernoulli’s equation for the section between planes 1 and 2
shown in Figure 1.5 can be written as

For the conditions specified, u1=u2, and cx has the same value because the
flow is fully developed. The terms in equation 1.15 are shown schematicalk
ly in Figure 1.5. The total energy E2 is less than E l by the frictional losses
hp The velocity head remains constant as indicated and the potential head
increases owing to the increase in elevation. As a result the pressure
energy, and therefore the pressure, must decrease. It is important to note
that this upward flow occurs because the upstream pressure P I is
sufficiently high (compare the two pressure heads in Figure 1.5). This
high pressure would normally be provided by a pump upstream of the
section considered; however, as the pump is not in the section there must
be no pump head term Ah in the equation. The effect of the pump is
already manifest in the high pressure P 1 that it has generated.
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Arbitrarily chosen base line
j
-

Figure 1.5
Diagrammatic representation of heads in a liquid flowing through a pipe

The method of calculating frictional losses is described in Chapter 2. It
may be noted here that losses occur as the fluid flows through the plain
pipe, pipe fittings (bends, valves), and at expansions and contractions such
as into and out of vessels.
A slightly more general case is incompressible flow through an inclined
pipe having a change of diameter. In this case the fluid’s velocity and
velocity head will change. Rearranging equation 1.15, the pressure drop
P1- P2 experienced by the fluid in flowing from location 1 to location 2 is
given by
(1.16)

Equation 1.16 shows that, in general, the upstream pressure P I must be
greater than the downstream pressure P2 in order to raise the fluid, to
increase its velocity and to overcome frictional losses.
In some cases, one or more of the terms on the right hand side of
equation 1.16 will be zero, or may be negative. For downward flow the
hydrostatic pressure imeuses in the direction of flow and for decelerating
flow the loss of kinetic energy produces an increase in pressure (pressure
recovery).

14
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Denoting the total pressure drop ( P I- Pz) by AP,it can be written as

lv = hp,+AP,+APf

(1.17)

where APrh, AP,, APf are respectively the static head, accelerative and
frictional components of the total pressure drop given in equation 1.16.
Equation 1.16 shows that each component of the pressure drop is equal to
the corresponding change of head multiplied by pg.
An important application of Bernoulli’s equation is in flow measurement, discussed in Chapter 8. When an incompressible fluid flows through
a constriction such as the throat of the Venturi meter shown in Figure 8.5,
by continuity the fluid velocity must increase and by Bernoulli’s equation
the pressure must fall. By measuring t h i s change in pressure, the change
in velocity can be determined and the volumetric flow rate calculated.
Applications of Bernoulli’s equation are usually straightforward. Often
there is a choice of the locations 1 and 2 between which the calculation is
made: it is important to choose these locations carefully. All conditions
must be known at each location. The appropriate choice can sometimes
make the calculation very simple. A rather extreme case is discussed in
Example 1.1.

Example 1.1
The contents of the tank shown in Figure 1.6 are heated by circulating the
liquid through an external heat exchanger. Bernoulli’s equation can be
used to calculate the head Ah that the pump must generate. It is assumed
here that the total losses hfhave been calculated. Locations A and B might
be considered but these are unsuitable because the flow changes in the
region of the inlet and outlet and the conditions are therefore unknown.

Figure 1.6
Recirculating liquid: application of Bernoulli’s equation
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For a recirculating flow like this, the fluid’s destination is the same as its
origin so the two locations can be chosen to be the same, for example the
point marked X. In this case equation 1.14 reduces to
Ah

=

hf

showing that the pump is required simply to overcome the losses. There is
no change in the potential, pressure and kinetic energies of the liquid
because it ends with a height, pressure and speed identical to those with
which it started.
An alternative is to choose locations 1 and 2 as shown. These points are
in the bulk of the liquid where the liquid’s speed is negligibly small.
Applying Bernoulli’s equation between points 1 and 2 gives the pump
head as
(1.18)

As the liquid in the main part of the tank is virtually stationary, the
pressure difference between point 1 and point 2 is just the hydrostatic
pressure difference:

p1-p2 = (Z2-zl)Pg
Substituting this pressure difference in equation 1.18 gives the result
Ah = hfas found before.

Example 1.2
Water issues from the nozzle of a horizontal hose-pipe. The hose has an
internal diameter of 60 mm and the nozzle tapers to an exit diameter of 20
mm. If the gauge pressure at the connection between the nozzle and the
pipe is 200 W a ywhat is the flow rate? The density of water is 1000 kg/m3.
Calculations
The pressure is given at the connection of the nozzle to the pipe so this will
be taken as location 1. The flow is caused by the fact that this pressure is
greater than the pressure of the atmosphere into which the jet discharges.
The pressure in the jet at the exit from the nozzle will be very nearly the
same as the atmospheric pressure so the exit plane can be taken as location
2. (Note that when a liquid discharges into another liquid the flow is much
more complicated and there are large frictional losses.) Friction is
negligible in a short tapering nozzle. The nozzle is horizontal so z1 = z2
and for turbulent flow Q = 1.0. With these simplifications and the fact
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that there is no pump in the section, Bernoulli's equation reduces to

P2
-+-

Uf

Pg

2g

= -P+,- u:

Pg

2g

Thus

uf - u: = 2(P, -Pz)lp
The fluid pressure P2 at the exit plane is the atmospheric pressure, ie
zero gauge pressure. Therefore
uf- u: = 2(2 x lo5 Pa)/( 1000 kg/m3) = 400 m2/s2

By continuity
u,r: =

2
4
2
6

therefore
U2

= Ul?f/rf = 9Ul

Thus
80u: = 400 m2/s2

and hence
~1

= 2.236 m / s and ~2 = 20.12 m/s

The volumetric discharge rate can be calculated from either velocity and
the corresponding diameter. Using the values for the pipe

Q = u1rd:/4

= (2.236 m/s)(3.142)(6 x

m)2/4 = 6.32 x

m3/s

Note that in this example the pressure head falls by (PI- P2)/@g)which is
equal to 20.4 m,and the velocity head increases by the same amount. It is
clear that if the nozzle were not horizontal, the difference in elevation
between points 1 and 2 would be negligible compared with these changes.

1.5.1 Pressure tminologv

It is appropriate here to d e h e some pressure terms. Consider Bernoulli's
equation for frictionless flow with no pump in the section:
(1.11)
This is for flow along a streamline, not through the whole cross-section.
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Consider the case of incompressible, horizontal flow. Equation 1.11 shows
that if a flowing element of fluid is brought to rest ('u2 = 0), the pressure
P2 is given by

Pz = P,+-pu:
2

(1.19)

In coming to rest without losses, the fluid's kinetic energy is converted
into pressure energy so that the pressure P2 of the stopped fluid is greater
than the pressure P I of the flowing fluid by an amount dpu:.
For a fluid having a pressure P and flowing at speed 'u, the quantity Ipv2
is known as the dynamic pressure and P+&pv2is called the total pressure
or the stagnation pressure. The pressure P of the flowing fluid is often
called the static pressure, a potentially misleading name because it is not
the same as the hydrostatic pressure.
Clearly, if the dynamic pressure can be measured by stopping the fluid,
the upstream velocity can be calculated. Figure 8.7 shows a device known
as a Pitot tube, which may be used to determine the velocity of a fluid at a
point. The tube is aligned pointing into the flow, consequently the fluid
approaching it is brought to rest at the nose of the Pitot tube. By placing a
pressure tapping at the nose of the Pitot tube, the pressure at the
stagnation point can be measured. If the pressure in the undisturbed fluid
upstream of the Pitot tube and that at the stagnation point at the nose are
denoted by P I and P2 respectively, then they are related by equation 1.19.
It will be seen from this example why the total pressure is also called the
stagnation pressure. The so-called static pressure of the flowing fluid can
be measured by placing a pressure tapping either in the wall of the pipe as
shown or in the wall of the Pitot tube just downstream of the nose; in the
latter case the device is known as a Pitot-static tube. By placing the
opening parallel to the direction of flow, the fluid flows by undisturbed
and its undisturbed pressure is measured. This undisturbed pressure is
the static pressure. As the gradient of the static pressure will usually be
very low, placing the static pressure tapping as described will give a good
measure of the static pressure upstream of the Pitot tube. Thus the
pressure difference P2 - P I can be measured and the fluid's velocity 'ul
calculated from equation 1.19. If the Pitot tube is tracked across the pipe
or duct, the velocity profile may be determined.

1.6 Momentum of a flowing fluid
Although Newton's second law of motion
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net force = rate of change of momentum
applies to an element of fluid, it is difficult to follow the motion of such an
element as it flows. It is more convenient to formulate a version of
Newton’s law that can be applied to a succession of fluid elements flowing
through a particular region, for example flowing through the section
between planes 1 and 2 in Figure 1.3.
To understand how an appropriate momentum equation can be derived,
consider first a stationary tank into which solid masses are thrown,Figure
1.7a. Momentum is a vector and each component can be considered
separately; here only the x-component will be considered. Each mass has a
velocity component v, and mass m so its x-component of momentum as it
enters the tank is equal to mv,. As a result of colliding with various parts of
the tank and its contents, the added mass is brought to rest and loses the
x-component of momentum equal to mv,. As a result there is an impulse
on the tank, acting in the x-direction. Consider now a stream of masses,
each of mass m and with a velocity component 0,. If a steady state is
achieved, the rate of destruction of momentum of the added masses must
be equal to the rate at which momentum is added to the tank by their
entering it. If n masses are added in time t , the rate of addition of mass is
nm/t and the rate of addition of x-component momentum is (nm/r)v,. It is
convenient to denote the rate of addition of mass by M , so the rate of
addition of x-momentum is Mv,.
Figure 1.7b shows the corresponding process in which a jet of liquid
flows into the tank. In this case, the rate of addition of mass M is simply
the mass flow rate. If the x-component of the jet’s velocity is v, then the
rate of ‘flow’of x-momentum into the tank is Mv,. Note that the mass flow
rate M is a scalar quantity and is therefore always positive. The momentum is a vector quantity by virtue of the fact that the velocity is a vector.

-A
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Figure 1.7
Momentum flow into a tank
(a) Discrete mass (b) Flowing liquid
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When each mass is brought to rest its momentum is destroyed and a
corresponding impulse is thereby imposed on the tank. As the input of a
succession of masses increases towards a steady stream, the impulses
merge into a steady force. This is also the case with the stream of liquid:
the fluid’s momentum is destroyed at a constant rate and by Newton’s
second law there must be a force acting on the fluid equal to the rate of
change of its momentum. If there is no accumulation of momentum within
the tank, the jet’s momentum must be destroyed at the same rate as it
flows into the tank. The rate of change of momentum of the jet can be
expressed as
rate of change
of momentum

final momentum
flow rate

=

-

initial momentum
flow rate

0-Mv,

(1.20)

Consequently, a force equal to - M v , is required to retard the jet, ie a
force of magnitude M v , acting in the negative x-direction. By Newton’s
third law of motion, there must be a reaction of equal magnitude acting on
the tank in the positive x-direction.
Similarly, if a jet of liquid were to issue from the tank with a velocity
component v, and mass flow rate M , there would be a reaction - M v ,
acting on the tank.
Consider the momentum change that occurs when a fluid flows steadily
through the pipe-work shown in Figure 1.3. It will be assumed that the
axial velocity component is uniform over the cross section and equal to u.
This is a good approximation for turbulent flow. The x-momentum flow
rate into the section across plane 1 is equal to M l u l and that out of the
section across plane 2 is equal to M2u2. By continuity, M I = M I = M .
From equation 1.20, the rate of change of momentum is given by
rate of change of momentum = change of flow of momentum
= Mu2 - M U ,

(1.21)

Although the fluid flows continuously through the section, the change
of momentum is the same as if the fluid were brought to rest in the section
then ejected from it. Consequently, Newton’s second law of motion can be
written as
net force acting on the fluid

=

rate of change of momentum

= momentum flow rate out of section
- momentum flow rate into secton
=

Mu2 M u ,

(1.22)
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Thus a force equal to M(u2- ul) must be applied to the fluid. This force is
measured as positive in the positive x-direction. These equations are valid
when there is no accumulation of momentum within the section.
When accumulation of momentum occurs within the section, the
momentum equation must be written as
net force acting on the fluid = rate of change of momentum
= momentum flow rate out of section
- momentum

flow rate into secton

+ rate of accumulation within section
= Mzuz-Mlul

a

+V-Ijr(P,UUW)

(1.23)

In the last term of equation 1.23, the averages are taken over the fixed
volume V of the section. This term is simply the rate of change of the
momentum of the fluid instantaneously contained in the section. It is clear
that accumulation of momentum may occur with unsteady flow even if the
flow is incompressible. In general, the mass flow rates M I and M2 into and
out of the section need not be equal but, by continuity, they must be equal
for incompressible or steady compressible flow.
When there is no accumulation of momentum, equation 1.23 reduces to
equation 1.22.
It is instructive to substitute for the mass flow rate in the momentum
equation. For the case of no accumulation of momentum
rate of change of momentum = Mu2 -Mu1
= ( P z U Z s 2 > U 2 - (P1UlSl)Ul
= P 2 U 3 2 - PlU:sl

(1.24)

Note that the momentum flow rate is proportional to the square of the
fluid’s velocity.

Example 1.3
In which directions do the forces arising from the change of fluid
momentum act for steady incompressible flow in the pipe-work shown in
Figure 1.3?
Calculations
The rate of change of momentum is given by:
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M2~2 Mlul

= M(u2 - u I )

By continuity
PlUlSl

= PZU2S2

But
p 1 = p 2 and S 2 < S 1

Therefore
U2’Ul

Thus, the rate of change of momentum is positive and by Newton’s law a
positive force must act on the fluid in the section, ie a force in the positive
x-direction. If the flow were reversed, the force would be reversed.
The above example shows the effect of a change in pipe diameter, and
therefore flow area, on the momentum flow rate. It is clear that for steady,
fully developed, incompressible flow in a pipe of constant diameter, the
fluid’s momentum must remain constant. However, it is possible for the
fluid’s momentum to change even in a straight pipe of constant diameter.
If the (incompressible) flow were accelerating, as during the starting of
flow, the momentum flow rates into and out of the section would be equal
but there would be an accumulation of momentum within the section.
(The mass of fluid in the section would remain constant but its velocity
would be iccreasing.) Consequently, a force must act on the fluid in the
direction of flow.
Now consider the case of steady, compressible flow in a straight pipe.
As the gas flows from high pressure to lower pressure it expands and, by
continuity, it must accelerate. Consequently, the momentum flow rate
increases along the length of the pipe, although the mass flow rate remains
constant.
In these examples, a pressure gradient is required to provide the
increase in the fluid’s momentum.

Example 1.4
Determine the magnitude and direction of the reaction on the bend shown
in Figure 1.8 arising from changes in the fluid’s momentum. The pipe is
horizontal and the flow may be assumed to be steady and incompressible.
Calculations
It is necessary to consider both x and y components of the fluid’s
momen tum .
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Figure 1.8
Reaction components acting on a pipe bend due to the change in fluid momentum

y-component:
y-momentum flow rate out = 0
y-momentum flow rate in = M ( - u l ) = -Mul
Note: the minus sign arises from the fact that the fluid flows in the
negative y-direction.
Thus the rate of change ofy-momentum is Mul and the force acting on the
fluid in the y-direction is equal to M u l . There is therefore a reaction R,, of
magnitude Mul acting on the pipe in the negativey-direction.
x-component:
x-momentum flow rate out = Mu2
x-momentum flow rate in = 0
Thus, the rate of change of x-momentum is Mu2 and the force acting on
the fluid in the x-direction is equal to Muz. A reaction R, of magnitude
Mu2 acts on the bend in the negative x-direction.
If the pipe is of constant diameter, then S1= S2and by continuity
u2 = u1 = u . Thus, the magnitude of each component of the reaction is
equal to M u , so the total reaction R acts at 45" and has magnitude
This reaction is that due to the change in the fluid's momentum; in general
other forces will also act, for example that due to the pressure of the fluid.

mu.
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1.6.1 Laminarflow
The cases considered so far are ones in which the flow is turbulent and the
velocity is nearly uniform over the cross section of the pipe. In laminar
flow the curvature of the velocity profile is very pronounced and this must
be taken into account in determining the momentum of the fluid.
The momentum flow rate over the cross sectional area of the pipe is
easily determined by writing an equation for the momentum flow through
an infinitesimal element of area and integrating the equation over the
whole cross section. The element of area is an annular strip having inner
and outer radii r and r + Sr, the area of which is 2 m S r to the first order in
Sr. The momentum flow rate through this area is 2 m S r . p 2 so the
momentum flow rate through Lhe whole cross section of the pipe is equal
to

2 ~ p rv2dr

(1.25)

0

where ri is the internal radius of the pipe.
IC is shown in Example 1.9 that the velocity profile for laminar flow of a
Newtonian fluid in a pipe of circular section is parabolic and can be
expressed in terms of the volumetric average velocity u as:

v

=

ZU( 1

-$)

(1.67)

Therefore the momentum flow rate is equal to

(1.26)
If the velocity had the uniform value u , the momentum flow rate would be
mfpu’. Thus for laminar flow of a Newtonian fluid in a pipe the
momentum flow rate is greater by a factor of 4/3 than it would be if the
same fluid with the same mass flow rate had a uniform velocity. This
difference is analogous to the different values of a in Bernoulli’s equation
(equation 1.14).

Example 1.5
A Newtonian liquid in laminar flow in a horizontal tube emerges into the
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air as a jet from the end of the tube. What is the relationship between the
diameters of the jet and the tube?
Calculations
It is assumed that the Reynolds number is sufficiently high for the fluid’s
momentum to be dominant and consequently the momentum flow rate in
the jet will be the same as that in the tube. On emerging from the tube,
there is no wall to maintain the liquid’s parabolic velocity profile and
consequently the jet develops a uniform velocity profile.
Equating the momentum of the liquid in the tube to that in the jet gives

where ul, ut are the volumetric average velocities in the tube and jet
respectively and ri, rj the radii of the tube and the jet. By continuity:
rfUl

=

$242

Therefore

424, = 3uz
or

Thus, the jet must have a smaller diameter than the tube in order for
momentum to be conserved. This result is valid when the liquid’s
momentum is dominant. At very low Reynolds numbers, viscous stresses
are dominant and the velocity profile starts to change even before the exit
plane: in this case the jet diameter is slightly larger than the tube diameter.

1.6.2 Total force due to flow
In the preceding examples, cases in which there is a change in the
momentum of a flowing fluid have been considered and the reactions on
the pipe-work due solely to changes of fluid momentum have been
determined. Sometimes it is required to make calculations of all forces
acting on a piece of equipment as a result of the presence of the fluid and
its flow through the equipment; this is illustrated in Example 1.6.
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Example 1.6
Figure 1.9 illustrates a nozzle at the end of a hose-pipe. It is convenient to
align the x-coordinate axis along the axis of the nozzle. The y-axis is
perpendicular to the x-axis as shown and the x-y plane is vertical.
It is necessary first to define the region or ‘control volume’ for which the
momentum equation is to be written. In this example, it is convenient to
select the fluid within the nozzle as that control volume. The control
volume is defined by drawing a ‘control surface’ over the inner surface of
the nozzle and across the flow section at the nozzle inlet and the outlet. In
t h i s way, the nozzle itseY is excluded from the control volume and external
forces acting on the body of the nozzle, such as atmospheric pressure, are
not involved in the momentum equation. This interior control surface is
shown in Figure 1.9(a).
If the volume of the nozzle is V, a force pVg due to gravity acts vertically
downwards on the 5uid. This force can be resolved into components
-pVgsin 6 acting in the positive x-direction and -pVgcos 8 in the positive
y-direction. The pressure of the liquid in the nozzle exerts a force in the
x-direction but, owing to symmetry, the force components due to this
pressure are zero in the y and z directions (excluding the hydrostatic
pressure variation, which has already been accounted for by the weight of
the fluid). The pressure P I of the 5uid outside the control volume at plane
1 exerts a force P I S l in the positive x-direction on the control volume.
Similarly, at plane 2 a force of magnitude PESz is exerted on the control
volume but this force acts in the negative x-direction.

\

Figure 1.9
Forces acting on a nozzle inclined at angle 8 to the horizontal
fa) Internal control volume. @) Twopossible external control volumes
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As before, the rate of change of the fluid’s x-component of momentum
is M(u2 - ul),so the net force acting on the fluid in the x-direction is equal
to M(u2 - ul). There is no change of momentum in they or z directions.
The momentum equation can now be written but it must include the
unknown reaction between the fluid and the nozzle. The unknown
reaction of the nozzle on the fluid is denoted by F, and for convenience (to
show it acting on the fluid across the control surface) is taken as positive in
the negative x-direction. Adding all the forces acting on the fluid in the
positive x-direction, the momentum equation is
- ~ , - p v g s i n e + ~ , s-p2s2
~
=M(u~-u~)

(1.27)

This is the basic momentum equation for this type of problem in which all
forces acting on the interior control volume are considered. Further
observations on this particular example are given below.
For a given pressure difference P I - P z , the relationship between the
velocities can be determined using Bernoulli’s equation. Neglecting
friction and the small change in elevation

P1 -P2 = p(u:
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Substituting
M = W J l = PUG2
allows the force acting on the fluid due to its reaction with the nozzle to be
determined as

F, = P2(SI - S2) + pSI(u2 - ~1)’/2 -pVg~in8
The pressure P2at the exit plane of the nozzle is very close to the pressure
of the surrounding atmosphere.
In practice, the gravitational term will be negligible, and it is zero when
the nozzle is horizontal. Thus, the force F, is usually positive and
therefore acts on the fluid in the negative x-direction. There is an equal
and opposite reaction on the nozzle, which in turn exerts a tensile load on
the coupling to the pipe.
An alternative approach is to draw the cohtrol surface over the outside
of the nozzle as shown in Figure 1.9(b). In this case, the weight of the
nozzle and the atmospheric pressure acting on its surface must be
included. The reaction between the fluid and the nozzle forms equal and
opposite i n m l forces and these are therefore excluded from the balance.
However, the tension in the coupling generated by this reaction must be
included as an external force acting on the control volume. It can be seen
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that this force is required by the fact that the exterior control surface cuts
through the bolts of the coupling. Similarly, if there were a restraining
bracket the force exerted by it on the control volume would be incorporated in the force-momentum balance.
In a case such as this, the force of the atmosphere on the surface of the
nozzle can be simplified by using a cylindrical control volume shown by
the dotted line in Figure 1.9(b). Assuming the thickness of the nozzle wall
to be negligible, the pressure forces acting in the x-direction are PlSl at
plane 1 and P2S2 P,,,(S1 - S,) in the negative x direction at plane 2. By
using the cylindrical control volume, these are the only surfaces on which
pressure forces act in the x-direction. The area S I - S z is just the
projection of the tapered surface area on to they-z plane.
In all cases the weight of all material within the control volume must be
included in the force-momentum balance, although in many cases it will
be a small force. Gravity is an external agency and it may be considered to
act across the control surface. The momentum flows and all forces crossing
the control surface must be included in the balance in the same way that
material flows are included in a material balance.
An application of an internal momentum balance to determine the
pressure drop in a sudden expansion is given in Section 2.4.

+

1.7 Stress in fluids
1.7.1 Stress and strain
It is necessary to know how the motion of a fluid is related to the forces
acting on the fluid. Two types of force may be distinguished: long range
forces, such as that due to gravity, and short range forces that arise from
the relative motion of an element of fluid with respect to the surrounding
fluid. The long range forces are called body forces because they act
throughout the body of the fluid. Gravity is the only commonly encountered body force.
In order to appreciate the effect of forces acting on a fluid it is helpful
first to consider the behaviour of a solid subjected to forces. Although the
deformation behaviour of a fluid is different from that of a solid, the
method of describing forces is the same for both.
Figure 1.10 shows two parallel, flat plates of area A. Sandwiched
between the plates and bonded to them is a sample of a relatively flexible
solid material. If the lower plate is fixed and a force F applied to the upper
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(4
Figure 1.I 0
Shearing of a solid material
(a)Sample of area A (b) Cross-sectionshowing displacement

plate as shown in Figure 1.10, the solid material is deformed until the
resulting internal forces balance the applied force. In order to keep the
lower plate stationary it is necessary that a restraining force of magnitude
F acting in the opposite direction be provided by the fixture. The direction
of the force F being in the plane of the plate, &e sample is subject to a
shearing deformation and the force is known as a shear force. The shear
force divided by the area over which it acts defines the shear stress 7:
(1.28)
As shown in Figure l.lO(b), the horizontal displacement of the solid is
proportional to the distance from the fixed plate. If the upper plate is
displaced a distance s and the solid has a thickness h then the shear strain y
is defined as
S

Y = h

(1.29)

and is uniform throughout the sample. For small strains, y is the angle in
radians through which the sample is deformed.
It has been found experimentally that most solid materials exhibit a
particularly simple relationship between the shear stress and the shear
strain, at least over part of their range of behaviour:
T =

Gy

(1.30)

The shear stress is proportional to the shear strain and the constant of
proportionality G is known as the shear modulus. It does not matter how
rapidly the solid is sheared, the shear stress depends only on the amount
by which the solid is sheared.
A thin slice of the sample, parallel to the plates, is shown in Figure 1.11.
The material above the slice is displaced further than the slice so the
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Figure 1.1 1
Shearing of an element of material

internal force acting on the upper surface of the slice acts in the direction
of the applied force. Below the slice, the material is displaced less far and
this lower material therefore exerts a force in the opposite direction. If the
slice at distancey from the fixed plate is displaced a distance x from its
unstressed position, the shear strain y is equal to x/y. It will be seen that
the shear strain can also be written as the displacement gradient:

dx
Y=-

(1.31)

dY

This expression is valid even when the displacement x is not proportional
toy, in which case the strain is not uniform throughout the sample.
The behaviour of a fluid is different. If an ordinary liquid is placed
between the plates and a constant shearing force F applied to the upper
plate, the lower plate being fixed, the upper plate does not come to an
equilibrium position but continues to move at a steady speed. The liquid
adheres to each plate, ie there is no slip between the liquid and the solid
surfaces, and at any instant the deformation of the sample is as shown in
Figures 1.10 and 1.11. Thus the liquid sample is continuously sheared
when subjected to a constant shear stress. The distinction between a fluid
and a solid is that a fluid cannot sustain a shear stress without continuously
deforming (ie flowing).
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1.7.2 Newton's law of viscosity
In contrast to the behaviour of a solid, for a normal fluid the shear stress is
independent of the magnitude of the deformation but depends on the rate
of change of the deformation. Gases and many liquids exhibit a simple
linear relationship between the shear stress 7 and the rate of shearing:
(1.32)

This is a statement of Newton's law of viscosity and the constant of
proportionality p is known as the coefficient of dynamic viscosity or,
simply, the viscosity, of the fluid. The rate of change of the shear strain is
known as the rate of (shear) strain or the shear rate. The coefficient of
viscosity is a function of temperature and pressure but is independent of
the shear rate 9.
Referring to Figure 1.11, it has been noted that the strain at distance y
from the fixed plate can be written as
dx

Y=-

(1.31)

dY

Thus, the shear rate y is given by

rherefore
(1.33)

Equation 1.33 shows that the shear rate at a point is equal to the velocity
gradient at that location. Figure 1.12 shows the flow in terms of the
velocity component v,, the magnitude of which is indicated by the length
of the arrows.
In order to maintain steady flow, the net force acting on the element in
the direction of flow must be zero. It follows that for this type of flow the
shear stress acting on the lower face of the element must have the same
magnitude but opposite direction to the shear stress acting on the upper
face (see Figure 1.11). Consequently, the magnitude of the shear stress T is
the same at all values ofy and from equation 1.32 the shear rate i. must be
constant. In this type of flow, generated by moving the solid boundaries
but with no pressure gradient imposed, the velocity profile is linear.
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Figure 1.12
Shearing of a fluid showing the velocity gradient

In general, the velocity profile will be curved but as equation 1.33
contains only the local velocity gradient it can be applied in these cases
also. An example is shown in Figure 1.13. Clearly, as the velocity profile is
curved, the velocity gradient is different at different values of y and by
equation 1.32 the shear stress 7 must vary withy. Flows generated by the
application of a pressure difference, for‘example over the length of a pipe,
have curved velocity profiles. In the case of flow in a pipe or tube it is
natural to use a cylindrical coordinate system as shown in Figure 1.14.
Newton’s law of viscosity applies only to laminar flow. In laminar flow,
layers of fluid flow past neighbouring layers without any macroscopic
intermixing of fluid between layers. It may help in trying to visualize the
two flows in Figures 1.12 and 1.14 if two analogies are considered. The
analogy of the flow in Figure 1.12 is the shearing of a pile of writing paper
or a pack of playing cards. The layers of liquid are equivalent to the sheets
of paper or the individual cards. The analogy of the flow in Figure 1.14 is a
telescope or telescopic aerial: if the innermost element is pulled out it
drags with it the adjacent element which, in turn, pulls the next element
and so on. The resistance to motion caused by the sliding friction between
the moving surfaces is equivalent to the flow resistance between layers of
fluid caused by viscosity. It should be noted, however, that the origin of
viscosity is different: it is caused by molecules diffusing between layers.
When a molecule diffuses from one layer to another with a lower velocity it
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Figure 1.13
The varying shear rate fora curved velocity profile
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Figure 1.14
Typical velocity profile for flow in a pipe-the annular element shown is used in the
analysis of such flows

will carry its momentum to that layer and tend on average to accelerate the
slower layer. Similarly, when a molecule diffuses from a slow layer to a
faster one it will retard the faster layer. This molecular diffusion occurs at
the microscopic scale.
Thedirection in which the shear stress acts on a specilied portion of the
fluid depends on the relative motion of the neighbouring fluid. Consider
the element of fluid shown as a broken line rectangle in Figure 1.13. The
fluid above the element has a higher velocity and consequently drags the
element in the direction of flow, while the fluid below the element has a
lower velocity and has a retarding action on the element. In the case of the
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pipe flow shown in Figure 1.14, the flow is caused by the imposition of a
higher pressure upstream (ie at the left) than downstream. By virtue of the
no-slip condition at the pipe wall, the fluid there must be stationary but
layers of fluid closer to the centre line have successively higher velocities.
For the element shown, the fluid nearer the wall retards the element while
that closer to the centre drags the element in the direction of flow. A
steady state is achieved when the difference in the shear forces acting on
the element balances the force due to the pressure difference across the
element. (Note that Figure 1.14 shows a section on the diameter through
the pipe. The element is an annular shell and the two rectangles shown are
the two surfaces formed by the section cutting the element.)

Example 1.7
Determine the relationship between the shear stress at the wall and the
pressure gradient for steady, fully developed, incompressible flow in a
horizontal pipe.
Derivations
Figure 1.15 shows the flow with a suitable element of fluid, extending over
the whole cross section of the pipe. For the conditions specified, the fluid’s
momentum remains constant so the net force acting on the fluid is zero.
Three forces act on the element in the (positive or negative) x-direction:
the pressure P I pushes the fluid in the direction of flow, the pressure P2
pushes against the flow, and the frictional drag between the fluid and the
pipe wall acts against the flow.

7,

i t,
X

I
-L-

Figure 1.15
An element of fluid extendingover the whole of the pipe cross section
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The upstream pressure P I acts over the cross-sectional area of the
element, so that the force acting on the element in the direction of flow is
given by
force acting in flow direction = m;’Pl

(1.34)

where the radius of the element is the same as the inside radius ri of the
pipe.
The downstream pressure P2 acts on the element against the flow, as
does the drag of the pipe wall on the fluid. The shear stress at the wall is
.
shear stress acts over
called the wall shear stress and is denoted by T ~ This
the area of the element in contact with the wall. The force acting against
the flow is therefore given by
force acting against flow = m?P2+ 2m;L~,

(1.35)

where L is the length of the element.
The net force being zero requires that

&(Pi - P2) - 27lT&Tw = 0

(1.36)

The wall shear stress T~ is therefore related to the pressure drop AI’ by
(1.37)

For the conditions specified in Example 1.7, the pressure drop is caused
entirely by fluid friction. In general, there will also be static head and
accelerative components and in these cases equation 1.37 should be
written in the more general form
(1.38)

where APfis the frictional component of the pressure drop and di is the
inside diameter of the pipe.
This simple force balance has provided an extremely important result:
the wall shear stress for flow in a pipe can be determined from the
frictional component of the pressure drop. In practice it is desirable to use
the conditions in Example 1.7 so that the frictional component is the only
component of the total pressure drop, which can be measured directly.
In Section 1.9 it is explained that the state of stress can be described by
nine terms. In the above example, the wall shear stress is a particular value
of one stress component, that denoted by rrx.In this notation, the second
subscript denotes the direction in which the stress component acts, here,
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in the x-direction. The first subscript, here r, indicates that the stress
component acts on the surface normal to the r-coordinate direction.
(Specifying the normal to a surface is the easiest way of defining the
orientation of the surface.) The shear stress component T* is caused by the
shearing of the liquid such that the velocity component v, varies in the
r-direction.
The wall shear stress T~ is just the value of T~~at the wall of the pipe.

Example 1.8
How does the shear stress vary with radial location for the flow in Example
1.72

Derivation
The variation of the shear stress T,, with radial coordinate r can be
determined by making a force balance similar to that in Example 1.7 but
using an element extending from the centre-line to a general radial
distance r.
In this case, the force balance, equivalent to equation 1.36, can be
written as

'&(Pi- P2) - 2 I d T r x = 0

(1.39)

The shear stress T ~ at
, distance r from the centre-line is therefore given by
(1.40)

Equation 1.40 shows that the shear stress varies linearly with radial
location, from zero on the centre line to a maximum at the wall. The value
at the wall is T~ and putting r = ri in equation 1.40 therefore gives
equation 1.37. Again, in general the pressure drop AI' should be replaced
by the frictional component of the pressure drop AI'p
Combining equations 1.37 and 1.40 gives
(1.41)

which again demonstrates the linear variation of the shear stress with
radial position.
The reason for this variation of the shear stress is easily understood. For
steady flow there must be a balance between the force due to the pressure
difference and the shear force. As shown in equation 1.39, the pressure
force is proportional to ? but the shear force to r, so to maintain the

36

FLUID FLOW F O R C H E M I C A L E N G I N E E R S

balance it is necessary for the shear stress T , to
~ be proportional to r. (Note
that hp is uniform over the whole cross section.)
It is important to note that in deriving the shear stress distribution no
assumption was made as to whether the fluid was Newtonian or whether
the flow was laminar. In the case of turbulent flow, it is the time-averaged
values of T,, and T~ that are given by equations 1.40 and 1.41. In Section
1.13 these time-averaged stresses will be denoted by ?,, and f,.

1.8 Sign conventionsfor stress
In analysing flow problems it is usual to select one coordinate axis (the
x-coordinate axis in the above examples) to be parallel to the flow with the
coordinate value increasing in the direction of flow so that the fluid’s
velocity is positive. If the velocity component v, varies in the y-direction,
it is normal to define the shear rate in terms of the change of v, in the
positive y-direction, so

.

dux
dY

Y=-

(1.42)

and, similarly, for cylindrical coordinates
(1.43)

If vx increases withy as in Figure 1.12 or Figure 1.13, the velocity gradient
and therefore the shear rate are positive, but if v, decreases with increasing
y or r, as in Figure 1.14, the velocity gradient and shear rate are negative.
When analysing simple flow problems such as laminar flow in a pipe,
where the form of the veloci-typrofile and the directions in which the shear
stresses act are already known, no formal sign convention for the stress
components is required. In these cases, force balances can be written with
the shear forces incorporated according to the directions in which the
shear stresses physically act, as was done in Examples 1.7 and 1.8.
However, in order to derive general equations for an arbitrary flow field it
is necessary to adopt a formal sign convention for the stress components.
Before describing the two sign conventions that may be used, it may be
helpful to consider a loose analogy with elementary mechanics. It is
required to calculate the acceleration of a car from its mass and the forces
acting on the car, all of which are known. It is necessary to evaluate the net
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force acting in the direction of motion and this can be done in two
equivalent ways:
(i) net force = sum of forces acting in direction of motion
(ii) net force = propulsive forces - retarding forces
In (i) all forces are taken as acting in the direction of motion so the
propulsive forces are positive but the retarding forces must be entered as
negative quantities. In (ii), the fact that the retarding forces act opposite to
the direction of motion has been incorporated into the equation so positive
numbers are to be entered. Of course the result will be the same. Two
different conventions have been adopted with regard to how the retarding
forces are specified and the sign of the numbers entered must agree with
the convention being used.
There are two sign conventions for stress components as illustrated in
Figure 1.16. These diagrams are drawn for the shearing that occurs when
there is a gradient in the y-direction of the x-component of the velocity,
and show the directions in which the shear stress components T,,~are taken
as positive. Figure 1.16(a) shows the positive sign convention and Figure
1.16(b) the negative sign convention.
The way to remember the conventions is as follows. For the positive
sign convention, the stress component acting on the element’s face at the
higher y-value (the upper face) is taken as positive in the positive
x-direction; for the negative sign convention the same component is taken
as positive in the negative x-direction. In each convention, the stress
component acting on the opposite face is taken as positive in the opposite
direction.
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Figure 1.16
Sign conventions for stress
(a) Positive sign Convention (b) Negative sign convention
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With the positive sign convention, Newton’s law of viscosity is expressed as
Positive convention:

ryx

dvx
dY

= p-

(1.Ma)

but with the negative sign convention it must be expressed as
Negative convention:

ryx = - p -

dv,
dY

(1.44b)

T,,~ is the shear stress component associated with the velocity gradient
dvJdy and corresponding equations hold for other components.
In cylindrical coordinates, the velocity gradient dvJdr generates the
shear stress component T~~and Newton’s law must be expressed in the two
sign conventions as:

dv,
C
L
Z

Positive convention:

7rx

=

Negative convention:

rrx

= t
L
z

dv,

(1.45a)
(1.45b)

It is important to appreciate that the sign conventions do not dictate the
direction in which a stress physically acts, they simply specify the
directions chosen for measuring the stresses. If a stress physically acts in
the opposite direction to that specified in the convention being used, then
the stress will be found to have a negative value, just as in elementary
mechanics where a negative force reflects the fact that it acts in the
opposite direction to that taken as positive.
Both sign conventions are used in the fluid flow literature and consequently the reader should be able to work in either, as appropriate. The
negative sign convention is convenient for flow in pipes because the
velocity gradient dvJdr is negative and therefore the shear stress components turn out to be positive indicating that they physically act in the
directions assumed in the sign convention. This is illustrated in Example
1.9.

Example 1.9
Determine the shear stress distribution and velocity profile for steady,
fully developed, laminar flow of an incompressible Newtonian fluid in a
horizontal pipe. Use a cylindrical shell element and consider both sign
conventions. How should the analysis be modified for flow in an annulus?
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Derivations
The velocity profile must have a form like that shown in Figure 1.17. The
velocity is zero at the pipe wall and increases to a maximum at the centre.
From Example 1.8, it is known that the shear stress vanishes on the
centre-line r = 0, so from Newton’s law of viscosity (equation 1.45) the
velocity gradient must be zero at the centre.
The general arrangement of a representative element of fluid is shown in
Figure 1.17. A cylindrical shell of fluid of length L has its inner and outer
cylindrical surfaces at radial distances r and r+ Sr respectively, where Sr
represents an infinitesimally small increment in r.
Using the negative sign convention for stress components, the shear
stress acting on the outer surface of the element (the higher value of r)
must be measured in the negative x-direction and that on the inner surface
in the positive x-direction, as indicated in Figure 1.17.
In accordance with the sign convention, the forces acting on the fluid in
the positive x-direction are the force due to the upstream pressure P1 and
the shear force on the inner surface of the element. Those acting in the
negative x-direction are the force due to the pressure Pz and the shear
force on the outer surface of the element. The cross-sectional area of the
element, on which the pressure acts, is equal to 2mSr. As the fluid’s
momentum remains constant, the net force acting on the fluid is zero:
2 m S r . P 1 + 2 m L . ~ , l r-2mSr.P2-2.rr(r+Sr)L.~rx~
r+sr = 0

(1.46)

The notation T, 1 denotes the value of T~ at radial distance r, ie on the
inner surface, and T, I r+Sr denotes the value at radial distance r+&, ie on
the outer surface of the element.
Rearranging and dividing by the volume of the element 2mLSr,
(1.47)

Figure 1.17
Laminar flow in a pipe showing a typical fluid element and the velocity profile. The
negative sign conventionfor stress components is shown
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On letting 6r tend to zero,

therefore
1 d
r dr

- -(r7,.J

=

p1 -p2
L

(1.49)

Integrating
(1.50)
The shear stress must remain finite at r = 0 so A , = 0. Thus the shear
stress distribution is given by
(1.51)
as found in Example 1.8. The upstream pressure P1is greater than Pz so
7= is positive, indicating that the shear stress components physically act in
the directions employed in the sign convention and shown in Figure 1.17.
In order to determine the velocity profile, it is necessary to substitute for
7= using Newton's law of viscosity, thereby introducing the velocity
gradient. For the negative sign convention, Newton's law is given by
equation 1.45b and substituting for 7rxin equation 1.51 gives
(1.52)

Integrating
(1.53)
where B is a constant of integration. The no-slip boundary condition at the
wall is

vX= 0 at r = ri
therefore
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and the velocity profile is
0,

=

("1

- 4P

L

(6 -?)

(1.54)

This is the equation of a parabola.
A slightly different procedure is to substitute for T,, in equation 1.49
using Newton's law of viscosity. If this is done and the resulting equation
integrated twice, equations 1.55 and 1.56 are obtained:
(1.55)
-pvx =

( P,-P2

r ) - + A ?2 1 n r + B
4

(1.56)

There are two constants of integration in equation 1.56 so two boundary
conditions are required. The first is the no-slip condition at r = ri and the
second is that the velocity gradient is zero at r = 0. Using the latter
condition in equation 1.55 shows that A2 = 0 so that equation 1.56
becomes identical to equation 1.53. The no-slip boundary condition gives
the value of B as before.
In determining the flow in a whole pipe, as above, it is unnecessary to
use the infinitesimal shell element: the method used in Example 1.8, with
an element extending from the centre to a general position r, is preferable
because it is simpler. Where the infinitesimal cylindrical shell element is
required is for flow in an annulus, for example between r = rl and r = r2.
This is necessary because the flow region does not extend to the centre-line
so a whole cylindrical element cannot be fitted in. In the case of flow in an
annulus, equation 1.56 is valid but the constants of integration must be
determined using the boundary conditions that the velocity is zero at both
walls. (Note that this specifies 2 value of v, at two different values of r and
therefore provides two boundary conditions as required.)
As an illustration of the fact that the two sign conventions give the same
results, the equivalents of equations 1.46 to 1.53 can be written for the
positive sign convention. In the positive sign convention, the shear stress
acting on the outer surface of the element is measured in the positive
x-direction and that on the inner surface is measured in the negative
x-direction. This is the opposite of the directions shown in Figure 1.17.
The force balance, equivalent to equation 1.46 is now

2 m 6 r .P ,

+ 2 4 r + 6 r ) L . ~~~l

r+6r

1

- 2 m 6 r . P 2- 2 m L . rrX = 0 (1.57)
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This leads to
(1.58)
and
(1.59)
Equations 1.58 and 1.59 are equivalent to equations 1.49 and 1.5 1. It will
be noted that the only difference is the sign of each term containing the
shear stress 7,.r. P I being greater than Pz, equation 1.59 shows that T~~ is
negative, which indicates that the shear stress components act physically
in the opposite directions to those employed in the sign convention. This
is in agreement with the findings when using the negative sign convention.
As before, in order to determine the velocity profile it is necessary to
introduce Newton’s law of viscosity but as the positive sign convention is
now being used it is necessary to express Newton’s law by equation 1.45a:
(1.45a)
When this is used to substitute for
obtained :

7rx in

equation 1.59, equation 1.60 is

(1.60)
Equation 1.60 is identical to equation 1.52. If the derivation were
continued, the same velocity profile would be obtained as when using the
negative sign convention.
In general, with the different sign conventions, equations involving
stress components have opposite signs in the two conventions. On
substituting the appropriate form of Newton’s law of viscosity, the sign
difference cancels giving identical equations for the velocity profile.
Although the sign conventions have been illustrated in Example 1.9
using a cylindrical shell element, it should not be thought that they apply
only to infinitesimal elements like this and not to ‘whole’ cylindrical
elements as used in Examples 1.7 and 1.8. The cylindrical element is a
special case of the cylindrical shell element in which the inner surface has
been allowed to shrink to, and disappear on, the centre-line. Figure 1.17
shows the directions in which T~~ is taken as positive when using the
negative sign convention. If the inner surface is allowed to shrink to the
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centre-line, only the outer surface, with T~~ taken as positive in the
negative x-direction remains. With the positive sign convention, T~~ on
that surface is taken as positive in the positive x-direction. This may be the
easiest way to remember the sign conventions.

1.9 Stress components
In the preceding section, only one stress component was considered and
that component was the only one of direct importance in the simple flow
considered. The force acting at a point in a fluid is a vector and can be
resolved into three components, one in each of the coordinate directions.
Consequently the stress acting on each face of an element of fluid can be
represented by three stress components, as shown in Figure 1.18 for the
negative sign convention.
All the stress components shown are taken as positive in the directions
indicated. Each stress component is written with two subscripts, the first
denoting the face on which it acts and the second the direction in which
the stress acts. Thus the stress component T~~ acts on a face normal to the
y-axis and in the x-direction. There are two T~~ terms, one acting on the
left face (aty) and the other on the right face (aty + Sy). With the negative
sign convention for stress components, the components T ~ T ~ ~ T-~
, , at the
higher y-value (the right face) are taken as positive in the negative x , y, z
directions respectively. At the lower y-value (the left face) the stress
components are taken as positive in the opposite directions. The same rule
applies for the faces normal to t h e y and z coordinate directions. For
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Figure 1.18
Negative sign convention for stress components. The diagram shows the directions in
which components are taken 8spositive. The components acting on the faces normal to
the x-axis have been omitted for clarity
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clarity, the stress components acting on the face normal to the x-axis are
omitted from Figure 1.18.
When using the positive sign convention, the direction of each stress
component that is taken as positive is the opposite of that shown in Figure
1.18.
Independent of the sign convention used, the stress components can be
classified into two types: those that act tangentially to the face of the
element and those that act normal to the face. Tangential components
such as T ~ T-~,
, T-~ tend to cause shearing and are called shear stress
components (or simply shear stresses). In contrast, the stress components
T,,,
T ~ T~~
, act normal to the face of the element and are therefore called
normal stress components (or normal stresses). Although there are six
shear stress components, it is easily shown that T* = 7 j i for i # j ; for
example, T-~ = T~,,.Thus there are three independent shear stress components and three independent normal stress components.
The pressure acting on a surface in a static fluid is the normal force per
unit area, ie the normal stress. The pressure of the surrounding fluid acts
inwards on each face of a fluid element. Consequently, with the negative
sign convention the normal stress components may be identified with the
pressure. With the positive sign convention, the normal stress components
may be identified with the negative of the pressure: positive normal
stresses correspond to tension with this convention.
In the case of a flowing fluid the mechanical pressure is not necessarily
the same as the thermodynamic pressure as is the case in a static fluid. The
pressure in a flowing fluid is defined as the average of the normal stress
components. In the case of inelastic fluids, the normal stress components
are equal and therefore, with the negative sign convention, equal to the
pressure. It is for this reason that the pressure can be used in place of the
normal stress when writing force balances for inelastic liquids, as was done
in Examples 1.7-1.9.
Both positive and negative sign conventions for stress components are
used in the fluid flow literature and each convention has its advantages.
When the velocity gradient is negative, as in flow in a pipe, the negative
sign convention is slightly more convenient than the positive sign convention. In addition, the analogy between momentum transfer and heat or
mass transfer has the same sign when the negative convention is used. The
negative sign convention for stress components will be used throughout
the remainder of this book.
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1.10 Volumetric flow rate and average velocity in a pipe
The volumetric flow rate is determined by writing the equation for the
volumetric flow rate across an infinitesimal element of the flow area then
integrating the equation over the whole flow area, ie the cross-sectional
area of the pipe. It is necessary to use an infinitesimal element of the flow
area because the velocity varies over the cross section. Over the infinitesimal area, the velocity may be taken as uniform, and the variation with r
is accommodated in the integration.
A typical element is a strip perpendicular to the axis (and therefore
perpendicular to v,) with an inner radius r and outer radius r+Sr where Sr
is infinitesimally small. To the first order in Sr, the area of this element is
equal to 2mSr. The volumetric flow rate SQ across this area is therefore

SQ = 2mSr.v,

(1.61)

The total volumetric flow rate through the pipe is obtained by integrating
the element equation over the whole cross section of the pipe, that is from
r = 0 t o r = ri:

1

Q = 2 7 ~ r1 rv,dr

(1.62)

0

This expression applies to any symmetric flow ir, a pipe.
The volumetric average velocity u is that velocity which, if uniform over
the flow area S, would give the volumetric flow rate and is therefore
defined by
Q=US

(1.6)

Thus, for flow in a pipe,
(1.63)

This is a general expression and is valid for any symmetric velocity profile.

1.lo.1 Laminar Newtonian flow in a pipe
In the case of laminar flow of a Newtonian fluid in a pipe, the velocity
profile is given by equation 1.54 so the volumetric flow rate is
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(1.64)
This last result is known as the Hagen-Poiseuille equation.
The volumetric average velocity u could be determined from equation
1.63 but as the expression for Q has already been found it is more
convenient to determine u by dividing equation 1.64 by the flow area 4:
(1.65)
On putting r = 0 in equation 1.54, the maximum velocity is
(1.66)
Thus, for a parabolic velocity profile in a pipe, the volumetric average
velocity is half the centre-line velocity and the equation for the velocity
profile can be written as:
(1.67)

1.11 Momentum transfer in laminar flow
Using the negative sign convention for stress components, Newton’s law
of viscosity can be written as
(1.44b)
for the stress component rrx that results from a velocity gradient doddy.
For constant density, this can be written in the form
P d

7Y.

d

= -- - (PVJ = - v - ( p v x )
P dY
dY

(1.68)

In equation 1.68, pv, is the fluid’s momentum per unit volume. The
quantity j d p , denoted by v, is known as the kinematic viscosity. In SI
units v has the units m2/s.
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Heat conduction is described by Fourier’s law and diffusion by Fick’s
first law:
heat flux

dT

qy = -k - =

molar diffusional flux

dY

JAY

k

-&,
=

d

(&pT)

dCA
dY

-9-

(1.69)
(1.70)

Equation 1.70 shows that the molar diffusional flux of component A in the
y-direction is proportional to the concentration gradient of that component. The constant of proportionality is the molecular diffusivity 9.
Similarly, equation 1.69 shows that the heat flux is proportional to the
gradient of the quantity pC,T, which represents the. concentration of
thermal energy. The constant of proportionality k/pC,, which is often
has the units
denoted by a, is the thermal diffusivity and this, like 9,
m2/s.
By analogy, equation 1.68 shows that a shear stress component can be
interpreted as a flux of momentum because it is proportional to the
gradient of the ‘concentration’ of momentum. In particular, T~~ is the flux
in the y-direction of the fluid’s x-component of momentum. Furthermore,
the kinematic viscosity v can be interpreted as the diffusivity of momentum of the fluid.
Consider the flow shown in Figure 1.12. Owing to the motion of the
upper plate, the fluid in contact with it has rt higher velocity than that
below it and consequently it has higher momentum per unit volume (pv,).
This layer of fluid in contact with the plate exerts a shear force on the
lower fluid causing its motion and therefore providing its momentum.
This may be compared with a thermal analogy: thermal conduction from
the upper plate to the lower one through a material between them. If the
upper plate is hotter than the lower one, there will be a temperature
gradient analogous to the velocity gradient in the flow example. Heat will
be conducted from the top to the bottom, analogous to the transfer of
momentum in fluid flow. If the two plates are maintained at constant but
different temperatures, the steady heat conduction corresponds to the
steady momentum transfer and the constant heat flux corresponds to the
constant shear stress (momentum flux).
The kinematic viscosity v is of more fundamental importance than the
dynamic viscosity p and it is appropriate to consider typical values of both
these quantities, as shown in Table 1.2.
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Table 1.2 Viscosities of fluids at 25 "C

Air
Water
Mercury
Castor oil

1.8 x 1 0 - ~
1.0 x 1 0 - ~
1.5 x 1 0 - ~
0.99

1.5 x 1 0 - ~
1.0 x
1.1 x io-'
1.0 x 1 0 - ~

1.12 Non-Newtonian behaviour
For a Newtonian fluid, the shear stress is proportional to the shear rate,
the constant of proportionality being the coefficient of viscosity. The
viscosity is a property of the material and, at a given temperature and
pressure, is constant. Non-Newtonian fluids exhibit departures from this
type of behaviour. The relationship between the shear stress and the shear
rate can be determined using a viscometer as described in Chapter 3.
There are three main categories of departure from Newtonian behaviour:
behaviour that is independent of time but the fluid exhibits an apparent
viscosity that varies as the shear rate is changed; behaviour in which the
apparent viscosity changes with time even if the shear rate is kept
constant; and a type of behaviour that is intermediate between purely
liquid-like and purely solid-like. These are known as time-independent,
time-dependent, and viscoelastic behaviour respectively. Many materials
display a combination of these types of behaviour.
The term viscosity has no meaning for a non-Newtonian fluid unless it is
related to a particular shear rate An apparent viscosity p a can be defined
as follows (using the negative sign convention for stress):

r.

(1.71)
In the simplest case, that of time-independent behaviour, the shear stress
depends only on the shear rate but not in the proportional manner of a
Newtonian fluid. Various types of time-independent behaviour are shown
in Figure 1.19(a), in which the shear stress is plotted against the shear rate
on linear axes. The absolute values of shear stress and shear rate are
plotted so that irrespective of the sign convention used the curves always
lie in the first quadrant.
From such a flow curve, the apparent viscosity can be calculated at any
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Figure 1.19
Flow curves for tirne-independent fluids
(a)Shear stress against shear rate (b) Apparent viscosity against shear rate

point such as that indicated, and Figure 1.19(b) shows the apparent
viscosity for each type of behaviour corresponding to the curves in Figure
1.19(a). Fluids for which the apparent viscosity decreases with increasing
shear rate are called shear thinning or pseudoplastic fluids, while those
with the opposite behaviour are known as shear thickening fluids. As a
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guide, dilute and moderately concentrated suspensions and solutions of
macromolecules exhibit shear thinning behaviour, the suspended matter
or the molecules tending to become aligned with the flow. Shear thickening behaviour occurs most commonly with highly concentrated suspensions, in which progressively stronger interactions occur between the
suspended particles as the shear rate increases. Examples of shear thinning
fluids are polymer solutions and melts, dilute suspensions and paper pulp;
and shear thickening materials include starch, and concentrated pigment
suspensions such as paint and ink.
Some very concentrated suspensions are dilatant. If, in such a suspension, the particles are closely packed, then when the suspension is sheared
the particles have to adopt a greater spacing in order to move past
neighbouring particles and as a result the suspension expands, ie it dilates.
Dilatant materials tend to be shear thickening but it does not follow that
shear thickening behaviour is necessarily due to dilatancy. Consequently,
dilatancy should not be used as a synonym for shear thickening behaviour.
It should be noted that for shear thinning and shear thickening
behaviour the shear stress-shear rate curve passes through the origin. This
type of behaviour is often approximated by the 'power law' and such
materials are called 'power law fluids'. Using the negative sign convention
for stress components, the power law is usually written as
7

= -Kj"

(1.72a)

but, rigorously, it should be written as
=

-Kj/

"-'

(1.72b)

The latter form is required to reflect the fact that the direction of the shear
stress must reverse when the shear rate is reversed, and to overcome
objections such as j " , and therefore T, having imaginary values when i, is
negative. The power n is known as the power law index or flow behaviour
index, and K as the consistency coefficient.
Clearly, shear thinning behaviour corresponds to n < 1 and shear
thickening behaviour to n > 1. The special case, n = 1, is. that of
Newtonian behaviour and in this case the consistency coefficient K is
identical to the viscosity p. Values of n for shear thinning fluids often
extend to 0.5 but less commonly can be as low as 0.3 or even 0.2, while
values of n for shear thickening behaviour usually extend to 1.2 or 1.3.
Several objections can be raised against the power law, for example the
consistency coefficient is not a genuine physical property, which is clear
from its units, Pa sn. In addition, there is a discontinuity in the gradient of
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the 7 - j curve at the origin, ie a kink in the curve, for values of n other
than unity. More importantly, with many fluids it is impossible to fit a
single value of n to the flow curve over a wide range of shear rates, partly
because most fluids tend to Newtonian behaviour at very low deformation
rates. Nevertheless, the flow behaviour of some materials can be represented quite well by the power law and, provided it is appreciated that it is
merely a curve-fitting tool, its use can be very helpful in making practical
engineering flow calculations.
A different kind of time-independent behaviour is that characterized by
materials known as Bingham plastics, which exhibit a yield stress T,,. If
subject to a shear stress smaller than the yield stress, they retain a rigid
structure and do not flow. It is only at stresses in excess of the yield value
that flow occurs. In the case of a Bingham plastic, the shear rate is
proportional to shear stress in excess of the yield stress:
7-ry =

-pi/

7-2

7(1.73)

j = O

T < ?v

The apparent viscosity becomes infinite as the shear stress is reduced to
the yield value because below the non-zero yield stress there is no flow. As
the shear rate is increased, the apparent viscosity tends to the value p ,
which is equal to the gradient of the flow curve.
Some materials can be modelled well by modifying the power law to
include a yield stress; this is known as the Herschel-Bulkley model:
T-Ty

= -KjI

?I"-'

7 2

ry

(1.74)
j = O

7<TV

Under conditions of steady fully developed flow, molten polymers are
shear thinning over many orders of magnitude of the shear rate. Like
many other materials, they exhibit Newtonian behaviour at very low shear
rates; however, they also have Newtonian behaviour at very high shear
rates as shown in Figure 1.20. The term pseudoplastic is used to describe
thh type of behaviour. Unfortunately, the same term is frequently used
for shear thinning behaviour, that is the falling viscosity part of the full
curve for a pseudoplastic material. The whole flow curve can be represented by the Cross model [Cross (19691:
(1.75)
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Figure 1.20
Variationof apparent viscosity with shear rate fora polymer

In equation 1.75, poand pmare the values of the apparent viscosity for the
lower and upper Newtonian regions respectively. The constant Ym is the
shear rate evaluated at the mean apparent viscosity (po+ p,,)/2.
The second category, time-dependent behaviour, is common but difficult to deal with. The best known type is the thixotropic fluid, the
characteristic of which is that when sheared at a constant rate (or at a
constant shear stress) the apparent viscosity decreases with the duration of
shearing. Figure 1.21 shows the type of flow curve that is found. The
apparent viscosity continues to fall during shearing so that if measurements are made for a series of increasing shear rates and then the series is
reversed, a hysteresis loop is observed. On repeating the measurements,
similar behaviour is seen but at lower values of shear stress because the
apparent viscosity continues to fall.
This decreasing of the apparent viscosity during constant rate shearing
reflects a breaking down of the structure of the material as a result of the
shearing. Eventualiy, a dynamic equilibrium is reached where the rate of
breakdown is balanced by the rate of the simultaneous reformation of the
structure. Consequently, a minimum value of the apparent viscosity is
reached for a given constant shear rate. Another aspect of the reversibility
of the structural changes is that if, after shearing, a thixotropic material is
allowed to stand for several hours the original viscosity will be recovered.
Sometimes when thixotropic fluids, which are often dispersions of solids
in liquids, are prepared the apparent viscosity is very high and, on
standing after shearing, only partial recovery of the original viscosity is
observed. This reflects a permanent change in the material brought about
by shearing; it might be, for example, the result of incomplete dispersion.
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Figure 1.21
Flow curves for a thixotropic fluid

That recovery which does occur reflects thixotropy: true thixotropy is
reversible.
Many food preparations and some paints are deliberately designed to be
thixotropic so that the solid matter remains in suspension when the
product is standing but, on being shaken, the apparent viscosity falls and
the product can be poured.
The opposite behaviour, increasing apparent viscosity during shear is
called rheopexy and is far less common than thixotropy. With a rheopectic
fluid small shearing motions facilitate the formation of a structure but
above a critical value breakdown occurs. If shearing is rapid, the structure
does not form. In general, the apparent viscosity of a rheopectic fluid
increases with time to a maximum value for a given constant shear rate.
On being left to stand, most rheopectic fluids revert very quickly to their
original viscosity. Examples of rheopectic fluids are aqueous gypsum
suspensions, and sols of bentonite and vanadium pentoxide.
The final main category of non-Newtonian behaviour is viscoelasticity.
As the name implies, viscoelastic fluids exhibit a combination of ordinary
liquid-like (viscous) and solid-like (elastic) behaviour. The most important
viscoelastic fluids are molten polymers but other materials containing
macromolecules or long flexible particles, such as fibre suspensions, are
viscoelastic. An everyday example of purely viscous and viscoelastic
behaviour can be seen with different types of soup. When a ‘thin’, watery
soup is stirred in a bowl and the stirring then stopped, the soup continues
to flow round the bowl and gradually comes to rest. This is an example of
purely viscous behaviour. In contrast, with certain ‘thick’ soups, on
cessation of stirring the soup rapidly slows down and then recoils slightly.
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The rapid stopping may be due merely to the higher apparent viscosity but
the recoil is a manifestation of solid-like behaviour: a purely viscous
material cannot recoil.
The simplest model that can show the most important aspects of
viscoelastic behaviour is the Maxwell fluid. A mechanical model of the
Maxwell fluid is a viscous element (a piston sliding in a cylinder of oil) in
series with an elastic element (a spring). The total extension of this
mechanical model is the sum of the extensions of the two elements and the
rate of extension is the sum of the two rates of extension. It is assumed that
the same form of combination can be applied to the shearing of the
Maxwell fluid.
Using the negative sign convention, the equation for this model can be
written by simply combining the rheological equation for a Hookean linear
elastic solid
-Gy,

(1.76)

= -pyv

(1.77)

T =

with that for a Newtonian liquid
r

where subscripts e and z, denote the elastic and viscous elements respectively. The rate of strain of the elastic element is therefore given by

i = -Gye

(1.78)

Taking the rate of strain of the fluid as the sum of the rates of strain
( + ye)of the two elements gives

rn

r
-

P

+-

j

=

G

-y

(1.79)

or
r+Ai= -pj

(1.80)

where A = p/G. The first term in equation 1.80 represents the viscous
contribution and the second the elastic contribution. The constant A has
the dimensions of time. If a Maxwell fluid is sheared at a constant rate,
producing a shear stress TO, and the shearing is then stopped at time to, the
shear stress decays exponentially:
=

roe-(I-Io)/A

(1.81)

Consequently, A is called the relaxation time: it is the time taken for the
shear stress to fall to lle times the initial value.
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By inspecting equations 1.79 and 1.80, it is clear that purely viscous
behaviour corresponds to A = 0 and purely elastic behaviour is
approached as A+ m . The relaxation time has a physical origin, being
related to the time taken for molecules or particles to change orientation in
response to the applied stress. In Chapter 3 it is shown that the response of
a viscoelastic fluid depends on how rapidly it is deformed in relation to the
relaxation time: when the deformation is very rapid and the fluid does not
have time to relax, it exhibits largely elastic behaviour. If the same fluid is
deformed slowly, it has time to relax and may exhibit mainly viscous
behaviour. This can be observed with the material known as ‘Crazy putty’,
a high polymer that is malleable at room temperature, rather like
Plasticine. If a piece of this material is formed into a cylinder and slowly
pulled out it flows forming a long strand. This is liquid-like behaviour. On
repeating the experiment but pulling the sample rapidly, the material
snaps like a weak solid. Also, if a ball of the material is dropped on to a
hard surface, it bounces, again exhibiting elastic behaviour.
Although some real materials fall into just one of the three categories
described above, most exhibit a combination of more than one type of
behaviour. In practice, thixotropic materials are also shear thinning.
Suspensions may be shear thinning or shear thickening depending on both
the concentration and the shear rate. Concentrated suspensions may also
have a significant relaxation time and therefore exhibit viscoelastic behariour. This has a significance in relation to the definition and measurement of the yield stress. The material has to relax in order to yield, so if
measurements are made rapidly a curve such as that shown in Figure 1.19
for the Bingham plastic may be determined. If, however, the material is
subject to a constant low shear stress maintained for a long time, the
material will relax to some extent and a lower value of the yield stress will
be determined.

1.13 Turbulence and boundary layers
Most examples of flow in nature and many in industry are turbulent.
Turbulence is an instability phenomenon caused, in most cases, by the
shearing of the fluid. Turbulent flow is characterized by rapid, chaotic
fluctuations of all properties including the velocity and pressure. This
chaotic motion is often described as being made up of ‘eddies’ but it is
important to appreciate that eddies do not have a purely circular motion.
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The word ‘eddy’ is simply a convenient term to denote an identifiable
group of fluid elements having a common motion, whether that motion be
shearing, stretching or rotation.
The eddies have a wide range of sizes: in pipe flow the largest eddies are
comparable in size to the diameter of the pipe, while the size of the
smallest eddies will be typically 1 per cent of the pipe diameter. The
various sizes of eddy also have different characteristic speeds and lifetimes. The large eddies are generated by the shearing of the mean (time
averaged) flow and they produce smaller eddies which in turn generate yet
smaller ones. Energy extracted from the mean flow in the generation of the
large eddies is passed on to the successively smaller eddies. The smallest
eddies are so small, and their velocity gradients therefore so large, that
viscous stresses are dominant and viscosity destroys the’smallest eddies,
dissipating their kinetic energy by converting it into internal energy of the
fluid. This process of passing energy from large to small eddies is known
as the ‘energy cascade’.
The generation of successively smaller eddies can be explained by
vortex stretching. Consider turbulent flow over a flat, solid surface. The
mean, that is time-averaged, flow has only one non-zero velocity component vx parallel to the surface and only one non-zero velocity gradient
dvJdy, where the y-coordinate direction is normal to the surface. The
velocity profile will be like that shown in Figure 1.13 and, owing to the
shearing, an element of fluid will rotate in a clockwise direction. The
element of fluid can be described as part of a vortex whose axis lies parallel
to the z-coordinate direction (out of the page). If this vortex is stretched in
the z-direction, ie along its axis, the vortex will contract in the x and y
directions. By the principle of conservation of angular momentum, the
rotation must speed up. Thus stretching the vortex in the z-direction
reduces the length scales in the x and y directions and increases the
velocity components in these two directions at the expense of the velocity,
and therefore kinetic energy, in the direction of stretching. The contraction of the vortex in the x and y directions will draw in surrounding fluid
producing stretching in the x and y directions. Stretching in these two
directions will produce stretching in the y and z, and x and z directions
respectively. It can be seen that every time vortex stretching occurs it
generates vortex stretching in the two orthogonal directions. In this way
energy is passed to smaller and smaller eddies. Equally importantly, with
successively smaller eddies the turbulence becomes less oriented, that is it
becomes more nearly isotropic. Turbulence is always three-dimensional ,
even if the mean flow is not.
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The properties of the turbulence are different at the two extremes of the
scale of turbulence. The largest eddies, known as the macroscale turbulence, contain most of the turbulent kinetic energy. Their motion is
dominated by inertia and viscosity has little direct effect on them. In
contrast, at the microscale of turbulence, the smallest eddies are dominated by viscous stresses, indeed viscosity completely smooths out the
microscale mrbulence.

1.1 3.1 Velocity fluctuations and Reynolds stresses
A record of the axial velocity component v, for steady turbulent flow in a
pipe would look like the trace shown in Figure 1.22. The trace exhibits
rapid fluctuations about the mean value, which is determined by averaging
the instantaneous velocity over a sufficiently long period of time. Figure
1.22 shows the case in which the mean velocity remains constant; this is
therefore known as steady turbulent flow. In unsteady turbulent flow, the
mean value changes with time but it is still possible to define a mean value
because, in practice, the mean will drift slowly compared with the
frequency of the fluctuations.
Owing to the complexity of turbulent flow, it is usually treated as if it
were a random process. In addition, it is usually adequate to calculate
mean values of flow quantities, but as will be seen these are not always as
simple as might be expected. The instantaneous value of the velocity

Time

Figure 1.22
Variationof the velocity component v, in turbulent flow
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component v, at a point can be represented as the sum of the mean
velocity 6, at that point and the instantaneous fluctuation v i from the
mean:
v, = v,+v:

(1.82)

For turbulent flow near the axis of a pipe, the fluctuation v i will not
exceed about k 10 per cent of the mean value.
The time-averaged value 5, can be calculated from
1
d, = -

At

1

T+A1/2

v,dt

(1.83)

T-AIJ~

This equation is an ordinary definition of an average but it is for the
average at time T a t the centre of the sampling period Ar. In principle, the
average should be defined for At --., a but in practice the averaging period
Ar need only be long compared with the period of the slowest fluctuations.
In order to follow the changing mean during unsteady turbulent flow, it is
clearly essential to average over short periods.
The square of the instantaneous velocity is given by

+

+ 25,v: + (v:>Z

vf = (dx v:>2 = (5,)Z

(1.84)

The time averaged value of vf is therefore
-

- - -

vf = (d,)Z

+ 25,v: + (v:)Z

(1.85)

where the overbars denote time averaged quantities. It is obvious that
__

(v,>2 = (5,)2

(1.86)

and
-

v: = 0

(1.87)

The latter result follows from the definitions embodied in equations 1.82
and 1.83. However, the mean of the square of the fluctuations is not zero.
This is easily seen from the fact that, while the fluctuation takes both
positive and negative values, the square of the fluctuation is always
positive. Thus

-

vf = (5,)Z

-

+ ( vZ):

(1.88)

The mean value of the square of the velocity component is equal to the
sum of the square of the mean velocity component and the mean of the
square of the fluctuation. Corresponding relatimships hold for the other
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two velocity components. It follows from equation 1.88 that turbulent
flow possesses more kinetic energy than it would with the same mean
velocity but no fluctuations.
Just as the velocity fluctuations give turbulent flow extra kinetic energy,
so they generate extra momentum transfer. Consider the transfer of
x-component momentum across a plane of area SySz perpendicular to the
x-coordinate direction. The momentum flow rate is the product of the
mass flow rate (pv,SyGz) across the plane and the velocity component vx:
x-momentum flow rate = (pv,6y6z)vx = pvx26y6z

(1.89)

Writing the instantaneous velocity component v, as the sum of the mean
value and the fluctuation
x-momentum flow rate
p(5,

=

+ v y sysz = p[(5,>2+ 25,v: + ( v y ] sysz

(1.90)

Taking the time average and dividing by the area, the mean momentum
flux is given by
(1.91)
mean x-momentum flux = ~ ( 5 ,)’ + ~ ( v : ) ~
It has been assumed that the flow is incompressible so that there are no
fluctuations of the density. Equation 1.91 shows that the momentum flux
consists of a part due to the mean flow and a part due to the velocity
fluctuation. The extra momentum flux is proportional to the square of the
fluctuation because the momentum is the product of the mass flow rate
and the velocity, and the velocity fluctuation contributes to both. The
extra momentum flux is equivalent to an extra apparent stress perpendicular to the face, ie a normal stress component. As (v’,.)~is always positive it
produces a compressive stress, which is positive in the negative sign
convention for stress.
Velocity fluctuations can also cause extra apparent shear stress components. An element of fluid with a non-zero velocity component in the
x-direction possesses an x-component of momentum. If this element of
fluid also has a non-zero velocity component in the y-direction then as it
moves in the y-direction it carries with it the x-component of momentum.
The mass flow rate across a plane of area SxGz normal to the y-coordinate
direction is py6xSz and the x-component of momentum per unit mass is
v,, so the rate of transfer of x-momentum in they-direction is given by the
expression
rate of x-momentum transfer
= (pvY6XSZ)VX
in y-direction

(1.92)
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Writing the instantaneous velocity components ox, vy as the sums of the
mean values and fluctuations, and taking the time average gives the mean
momentum flux as:
mean x-momentum flux
= p(8,
in y-direction
= pq$,

+ vi,)(8, + v:)

+ pv;v:

(1.93)

In general, the time-averaged value of the product of the fluctuations is
non-zero so there is an additional flux of x-momentum in the y-direction
due to the velocity fluctuations v: and v;. This momentum flux is
equivalent to an extra apparent shear stress acting in the x-direction on the
plane normal to the y-coordinate direction. Consequently, the mean total
shear stress for turbulent flow can be written as
Tyx

~

=

(7yx)v

+ pu; v:

(1.94)

In equation 1.94, (7yx)vis the viscous shear stress due to the mean velocity
gradient dbJdy and pv;v: is the extra shear stress due to the velocity
fluctuations v: and v;. These extra stress components arising from the
velocity fluctuations are known as Reynolds stresses. (Note that if the
positive sign convention for stresses were used, the sign of the Reynolds
stress would be negative in equation 1.94.)
The reason for the time-averaged product of fluctuations being non-zero
in general is illustrated in Figure 1.23. It is easiest to consider the case in
which the mean velocity is in the x-direction only but, as noted before, the
turbulence will be three-dimensional. In Figure 1.23, Cx is shown
increasing with y. In this case, a negative fluctuation v; will cause an
element of fluid to move to a region with lower mean velocity component
in the x-direction; in so doing it carries its higher momentum with it and
consequently tends, on average, to produce a positive velocity fluctuation
v: in the surrounding fluid. Similarly, for a positive fluctuation vi, the
element of fluid will move to a region of higher 8, and produce a negative
velocity fluctuation v i on average. Thus the velocity fluctuations v: are
linked to the fluctuations v; and are said to be ‘correlated’. The
time-averaged product of correlated quantities is non-zero. Not only are
the fluctuations linked, it can be seen that in the above illustration with a
positive mean velocity gradient, a fluctuation in the y-component of
velocity gives rise to a fluctuation of the opposite sign in the x-component
of velocity and consequently the Reynolds stress is negative on average.
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Figure 1.23
Velocity fluctuation in the y-direction across the gradient of the mean velocity

When the mean velocity gradient dvJdy is negative, a velocity fluctuation
v i will produce a fluctuation v i of the same sign and the Reynolds stress
will be positive.
It follows that if an element of fluid moves in they-direction in a region
where the mean velocity gradient d5Jdy is zero, a fluctuation v; gives rise,
on average, to a zero fluctuation v:. The time-average product of the
fluctuations (the Reynolds stress) is zero and the fluctuations are said to be
uncorrelated.
As noted above, the process of vortex stretching leads to successively
smaller eddies being more nearly isotropic. The microscale eddies are
statistically isotropic and, as a result
-

pv;v:

=

0

at the microscale. Consequently, the largest eddies contribute overwhelmingly to the Reynolds stresses and the small eddies make an insignificant
contribution.

1.13.2 Transport properties
It is the large scale eddies that are responsible for the very rapid transport
of momentum, energy and mass across the whole flow field in turbulent
flow, while the smallest eddies and their destruction by viscosity are
responsible for the uniformity of properties on the fine scale. Although it
is the fluctuations in the flow that promote these high transfer rates, it is
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desirable to attempt to relate the mean values of the turbulent fluxes to the
corresponding gradients of the mean profiles. In order to do this, it is
necessary to introduce the concept of eddy diffusivities. By analogy with
the flux equations for purely molecular transfer, equations 1.68 to 1.70,
mean turbulent flux equations can be written as
momentum flux
heat flux

T,,~

= -p(v+

d6,
E)dY
dT

-

q, = -pCP(a + EH)-

(1.95)
(1.96)

dY

(1.97)

molar flux

It has been assumed that the density is constant in writing these equations,
which are therefore strictly valid only for incompressible flow.
is called
the eddy diffusivity and EH the eddy thermal diffusivity. Although E can
be interpreted as the eddy diffusivity of momentum, it is usually called the
eddy viscosity and sometimes by the better name eddy kinematic viscosity.
The mean profiles of velocity, temperature and solute concentration are
relatively flat over most of a turbulent flow field. As an example, in Figure
1.24 the velocity profile for turbulent flow in a pipe is compared with the
profile for laminar flow with the same volumetric flow rate. As the
turbulent fluxes are very high but the velocity, temperature and concentration gradients are relatively small, it follows that the effective diffusivities (v+E), ( a + e H )and ( 9 + ~ must
~ ) be extremely large. In the main part
of the turbulent flow, ie away from the walls, the eddy diffusivities are
much larger than the corresponding molecular diffusivities:
&

>> v,

&H

>>

ff,

ED

>> 9

Prandtl’s mixing length theory, the basis of which is outlined in Section
2.9, predicts that the three eddy diffusivities are equal. It is important to
appreciate that these eddy diffusivities are not genuine physical properties
of the fluid; their values vary with position in the flow, as illustrated in
Example 1.10.
Example 1.10
Estimate the value of the eddy kinematic viscosity E as a function of
position for turbulent flow of water in a smooth pipe of internal diameter
100 mm. The centre-line velocity is 6.1 m / s and the pressure drop over a
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Figure 1.24
Comparison of the time-averaged velocity profile for turbulent flow and the profile for
laminar flow at the same volumetric flow rate

length of 8 m is 14 000 Pa. For water, the value of the kinematic viscosity v
is 1 x
m2/s. It may be assumed that the mean velocity profile is
described by Prandtl's 1/7th power law over most of the cross section.

Calculations
The eddy kinematic viscosity E is defined by

-

d5,
dr

from (1.95)

7-= = --P(v+&)-

Prandtl's 1/7th power law is

wherey is the distance measured from the wall. Thus
117

and

The wall shear stress is given by

(0.1 m)(14000Pa)
= 43.75 Pa
4x8m
At radial distance r, the shear stress is given by

from(1.38)
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7 . .-- -r
Tu,

from (1.41)

rt

Using these equations, Table 1.3 can be constructed.
Table 1.3

0.1
0.2
0.4
0.6
0.8
0.9

4.38
8.75
17.50
26.25
35.00
39.38

-19.1
-21.1
-27.0
-38.2
-69.3
- 125

0.23 x lop3
0.41 x low3
0.65 x
0.68 x
0.51 x
0.31 x

230
410
650
680
510
310

These values of E may be compared with the value of the molecular
m2/s). E is nearly three orders of magnikinematic viscosity v (1 x
tude larger than v.
At the wall, e-0, but this behaviour cannot be calculated from the
1/7th power law, which is not valid near the wall (ie in the viscous sublayer
and buffer zone). The equation is also slightly in error at the centre-line
where it does not predict the required zero velocity gradient. E tends to a
non-zero value at the centre-line. Although the shear stress and velocity
gradient both tend to zero at the centre-line and E is therefore indeterminate from equation 1.95, it can be determined by applying L’Hijpital’s rule
[Longwell ( 1966)l.

1.13.3 Boundary layers
When a fluid flows past a solid surface, the velocity of the fluid in contact
with the wall is zero, as must be the case if the fluid is to be treated as a
continuum. If the velocity at the solid boundary were not zero, the
velocity gradient there would be infinite and by Newton’s law of viscosity,
equation 1.44, the shear stress would have to be infinite. If a turbulent
stream of fluid flows past an isolated surface, such as an aircraft wing in a
large wind tunnel, the velocity of the fluid is zero at the surface but rises
with increasing distance from the surface and eventually approaches the
velocity of the bulk of the stream. It is found that almost all the change in
velocity occurs in a very thin layer of fluid adjacent to the solid surface:
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this is known as a boundary layer. As a result, it is possible to treat the
turbulent flow as two regions: the boundary layer where viscosity has a
significant effect, and the region outside the boundary layer, known as the
free stream, where viscosity has no direct influence on the flow. This
artificial segregation allows considerable simplification in the analysis of
turbulent flow.
Figure 1.25 shows the boundary layer that develops over a flat plate
placed in, and aligned parallel to, the fluid having a uniform velocity o,
upstream of the plate. Flow over the wall of a pipe or tube is similar but
eventually the boundary layer reaches the centre-line. Although most of
the change in the velocity component 8, parallel to the wall takes place
over a short distance from the wall, it does continue to rise and tends
gradually to the value v , in the fluid distant from the wall (the free
stream). Consequently, if a boundary layer thickness is to be defined it has
to be done in some arbitrary but useful way. The normal definition of the
boundary layer thickness is that it is the distance from the solid boundary
to the location where 8, has risen to 99 per cent of the free stream velocity
0,. The locus of such points is shown in Figure 1.25. It should be
appreciated that this is a time averaged distance; the thickness of the
boundary layer fluctuates owing to the velocity fluctuations.
The boundary layer thickness gradually increases until a critical point is
reached at which there is a sudden thickening of the boundary layer: this
reflects the transition from a laminar boundary layer to a turbulent
boundary layer. For both types, the flow outside the boundary layer is
completely turbulent. In that part of the boundary layer near the leading
edge of the plate the flow is laminar and consequently this is known as a
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Figure 1.25
Laminar and turbulent boundary layers over a flat plate
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laminar boundary layer. After the transition, the structure of the boundary layer is more complex: the flow in most of that part of the boundary
layer is turbulent and hence it is called a turbulent boundary layer.
However, in the turbulent boundary layer there is a very thin layer of fluid
adjacent to the solid surface where turbulent stresses are negligible and the
flow is dominated by viscous stresses: this is known as the ‘viscous
sublayer’. The viscous sublayer used to be called the ‘laminar sublayer’
but this is an inappropriate name because the flow there is not genuinely
laminar; it is subject to disruptions. Just outside the viscous sublayer is a
layer known as the ‘buffer zone’ or ‘generation zone’. It is here that most
of the turbulent fluctuations are generated.
The transition from a laminar boundary layer to a turbulent boundary
layer occurs at the value Re, = 3.2 x IO5.In the Reynolds number Re, the
free stream velocity v, and the distance x from the leading edge of the
plate are used as the characteristic velocity and linear dimension.
As the fluid’s velocity must be zero at the solid surface, the velocity
fluctuations must be zero there. In the region very close to the solid
boundary, ie the viscous sublayer, the velocity fluctuations are very small
and the shear stress is almost entirely the viscous stress. Similarly,
transport of heat and mass is due to molecular processes, the turbulent
contribution being negligible. In contrast, in the outer part of the
turbulent boundary layer turbulent fluctuations are dominant, as they are
in the free stream outside the boundary layer. In the buffer or generation
zone, turbulent and molecular processes are of comparable importance.
In flow in pipes and, indeed, in most types of flow, turbulence is
generated by shearing. The shear stress in pipe flow is greatest at the wall,
as shown by equation 1.41, and consequently the potential to generate
turbulence is greatest at the wall. However, the restraining effect of the
solid surface (the necessity for the velocity to be zero) is greatest at the
surface. The calming effect of the wall, conveyed to the fluid via viscosity,
diminishes rapidly with distance, so at a small distance from the wall,
where the shear stress remains close to the wall value, the damping effect
has fallen significantly and is insufficient to prevent the formation of
turbulent eddies: this is the generation zone.
This part of the turbulent boundary layer is rich in coherent structures,
ie the flow exhibits features that are not random. Flow visualization
studies [Kline et al (1967), Praturi and Brodkey (1978), Rashidi and
Banerjee (1990)l have rev2aled a fascinating picture. The first observations
indicated the occurrence of fluid motions called ‘inrushes’ and ‘eruptions’
or ‘bursts’ in the fluid very close to the wall, During eruptions, fluid

FLUIDS

IN MOTION

67

moving downstream slowIy, compared with the surrounding fluid, erupts
away from the wall into the main part of the turbulent boundary layer, ie
the viscous sublayer appears to burst. An inrush is the opposite of a burst:
relatively rapidly moving fluid rushes in towards the wall.
More recently, ‘horseshoe’ or ‘hairpin’ vortices have been observed.
The general picture is that elongated patches of fluid (streaks) having a low
mean velocity, but with large fluctuations, appear very close to the wall
and faster fluid flows over them forming vortices. The vortices may be
shaped as hairpins or, more frequently, as half hairpins (horseshoes and
hockey sticks in Banerjee’s terminology). As each vortex develops, it
becomes larger and eventually the head of the vortex breaks up. By this
time, a second vortex may have developed over the streak. The length of a
hairpin vortex is of the order of the total boundary layer thickness, while
the width is of the order of the thickness of the viscous sublayer [Tritton
(1988)l. This suggests that boundary layer vortices derive their vorticity
from the viscous sublayer: this vorticity is then advected and stretched to
form the hairpin vortices. The exact relationship between hairpin vortices,
and inrushes and bursts is not yet fully understood.
In the case of laminar flow in a pipe, work is done by the shear stress
component 7rxand the rate of doing work is the viscous dissipation rate,
that is the conversion of kinetic energy into internal energy. The rate of
viscous dissipation per unit volume at a point, is given by
rate of viscous dissipation

--TrX-

dVX dr

- * dr

2

(1.98)

where the negative sign arises from using the negative sign convention for
stresses. As shown by equation 1.98, the dissipation is always positive.
In turbulent flow, there is direct viscous dissipation due to the mean
flow: this is given by the equivalent of equation 1.98 in terms of the mean
values of the shear stress and the velocity gradient. Similarly, the
Reynolds stresses do work but this represents the extraction of kinetic
energy from the mean flow and its conversion into turbulent kinetic
energy. Consequently this is known as the rate of turbulent energy
production:

-cis,
rate of turbulent
= -pv:v;
energy production
dr

(1.99)

The turbulent energy, extracted from the mean flow, passes through the
energy cascade and is ultimately converted into internal energy by viscous
dissipation.
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It was noted earlier that the Reynolds stress is negative when the mean
velocity gradient is positive and vice versa, consequently turbulent energy
production is always positive. Very close to the wall, the Reynolds stress
P V X

is small, while far from the wall the Reynolds stress and the mean velocity
gradient dfi,ldr are small, so in both these regions there is very little
production of turbulent energy. In the buffer or generation zone, neither
quantity is small and the maximum rate of turbulent energy production
occurs in this region.
From equation 1.41, the total shear stress varies linearly from a
maximum ?, at the wall to zero at the centre of the pipe. As the wall is
approached, the turbulent component of the shear stress tends to zero,
that is the whole of the shear stress is due to the viscous component at the
wall. The turbulent contribution increases rapidly with distance from the
wall and is the dominant component at all locations except in the wall
region. Both components of the mean shear stress necessarily decline to
zero at the centre-line. (The mean velocity gradient is zero at the centre so
the mean viscous shear stress must be zero, but in addition the velocity
fluctuations are uncorrelated so the turbulent component must be zero.)

Distance from wall

Figure 1.26
Viscous and turbulent contributions to the total shear stress for flow in a pipe
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The distribution of the shear stress components is shown schematically in
Figure 1.26. For clarity, the magnitude of the viscous stress is exaggerated
in Figure 1.26.
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2

Flow of incompressible Newtonian fluids
in pipes and channels

2.1 Reynolds number and flow patterns in pipes and tubes
As mentioned in Chapter 1, the first published work on fluid flow patterns
in pipes and tubes was done by Reynolds in 1883. He observed the flow
patterns of fluids in cylindrical tubes by injecting dye into the moving
stream. Reynolds correlated his data by using a dimensionless group later
known as the Reynolds number Re:

R e = -P d i
P

In equation 1.3, p is the density, p the dynamic viscosity, and u the mean
velocity of the fluid; diis the inside diameter of the tube. Any consistent
system of units can be used in this equation. The Reynolds number is also
frequently written in the form

Gd,
Re=P

where G = pu. Clearly, G is the mass flow rate per unit area. It is usually
called the mass flux but sometimes the mass velocity. By definition

M
G=S

where M is the mass flow rate of fluid and S is the cross-sectional flow area
in the pipe or tube.
Reynolds found that as he increased the fluid velocity in the tube, the
flow pattern changed from laminar to turbulent at a Reynolds number
value of about 2100. Later investigators have shown that under certain
conditions, eg with very smooth conduits, laminar flow can exist at very
much higher Reynolds numbers. These special conditions are not normally encountered in process equipment.
70
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2.2 Shear stress in a pipe
Consider steady, fully developed flow in a straight pipe of length L and
internal diameter di. As shown in Example 1.8, a force balance on a
cylindrical element of the fluid can be written as

mLAPf- 2 m ~ r ,= o

(2.3)

where APf is the frictional component of the pressure drop over the pipe
length L. In the case of fully developed flow in a horizontal pipe hpf is the
only component of the pressure drop, see equations 1.16 and 1.17.
Rearranging equation 2.3, the shear stress is given by
rm=

1.(E’)
2

L

A special case of equation 2.4 is the shear stress T~ at the wall
(2.5)
Equation 2.5 shows that the value of T~ can be determined if the pressure
gradient is measured; this is how values of the friction factor discussed in
Section 2.3 have been found. Alternatively, if rw can be predicted, the
pressure drop can be calculated.
From equations 2.4 and 2.5, the shear stress distribution can be written
as

The shear stress varies linearly from zero at the centre-line to a maximum
value T, at the pipe wall.
Equations 2.3 to 2.6 are true, irrespective of the nature of the fluid.
They are also valid for both laminar and turbulent flow. In the latter case,
the shear stress is the total shear stress comprising the viscous stress and
the Reynolds stress.

2.3 Friction factor and pressure drop
Rearranging equation 2.5, the frictional pressure drop is given as

47J
APf=di
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Owing to its complexity, turbulent flow does not admit of the simple
solutions available for laminar flow and the approach to calculating the
pressure drop is based on empirical correlations.
It was noted in Section 1.3 that the frictional pressure drop for
turbulent flow in a pipe varies as the square of the flow rate at very high
values of Re. At lower values of Re the pressure drop varies with flow rate,
and therefore with Re, to a slightly lower power which gradually increases
to the value 2 as Re increases. The pressure drop in turbulent flow is also
proportional to the density of the fluid. This suggests writing equation 2.7
in the form

In the range where hpf varies exactly as u2 the quantity T J ~ u ’ must be
constant, while at lower values of Re the value of TJpu2 will not quite be
constant but will decrease slowly with increasing Re. Consequently, 7Jp2
is a useful quantity with which to correlate pressure drop data. A slightly
different form of equation 2.5 is obtained by replacing the two occurrences
of pu2 with Bpu’:

The quantity $pu’ will be recognized as the kinetic energy per unit volume
of the fluid.
The term T J ( ~ ~ u ’in) equation 2.9 defines a quantity known as the
Fanning friction factor f,thus

(2.10)
It will be appreciated that the factor o f t in equation 2.10 is arbitrary and
various other friction factors are in use. For example, in the first edition of
this book the basic friction factor denoted by j f was used. This is defined
by

(2.11)
Thus

if = P 2
When using

if, the

(2.12)

pressure drop is given by equation 2.8. Using the
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Fanning friction factor, which is defined by equation 2.10, equation 2.9
may be written as

(2.13)
This is the basic equation from which the frictional pressure drop may be
calculated. It is valid for all types of fluid and for both laminar and
turbulent flow. However, the value off to be used does depend on these
conditions.
Although it is unnecessary to use the friction factor for laminar flow,
exact solutions being available, it follows from equation 1.65 that for
laminar flow of a Newtonian fluid in a pipe, the Fanning friction factor is
given by
f=

16
Re

(2.14)

For turbulent flow of a Newtonian fluid, f decreases gradually with Re,
which must be the case in view of the fact that the pressure drop varies
with flow rate to a power slightly lower than 2.0. It is also found with
turbulent flow that the value off depends on the relative roughness of the
pipe wall. The relative roughness is equal to eld, where e is the absolute
roughness and di the internal diameter of the pipe. Values of absolute
roughness for various kinds of pipes and ducts are given in Table 2.1.
Table 2.1

Material

Absolute roughness
e (in m)

Drawn tubing
Commercial steel and wrought iron
Asphalted cast iron
Galvanized iron
Cast iron
Wood stave
Concrete
Riveted steel

0.000001 5
0.000045
0.000 12
0.000 15
0.00026
0.000 18-0.0009
0.00030-0.0030
0.0009-0.009

Values of the friction factor are traditionally presented on a friction
factor chart such as that shown in Figure 2.1. It will be noted that the
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Figure 2.1
Friction factor chart for Newtonian fluids. (See Friction Factor Charts on page 349.)

greater the relative roughness, the higher the value off for a given value of
Re. At high values of Re, the friction factor becomes independent of Re;
this is true for the region of the chart above and to the right of the broken
line. The reason for this behaviour is discussed at the end of Section 2.9.
In the region of transition between laminar and turbulent flow, the flow
is rather unpredictable and caution should be exercised in relying on the
value off used.
Considerable effort has been expended in trying to find algebraic
expressions to relate f to Re and eld;. For turbulent flow in smooth pipes,
the simplest expression is the Blasius equation:

f = 0.079Re-'.''

(2.15)

This equation is valid for the range of Re from 3000 to 1x lo5.
Similarly, the Drew equation
f = 0.00140 + 0 . 1 2 5 R ~ O . ~ ~

(2.16)

is good for Re from 3000 to at least 3 X lo6.
The most widely accepted relationship for turbulent flow in smooth
pipes is the von K a r m h equation

-1- - 4.0 log( f "'Re) - 0.40

f lJZ

(2.17)

This equation is very accurate but has the disadvantage of being implicit in

f.

For completely rough pipes (above the broken line on the chart) f is
given by
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1

(2.18)

A very useful correlation has been given by Haaland (1983):
1
1.11
f*I2 = -3.6 l o g [3.7d,
(L)

+E]

(2.19)

Equation 2.19 has the advantages of giving f explicitly and being
adequately accurate over the whole range of turbulent flow.
Use of the friction factor chart or a correlation such as equation 2.19
enables calculation of the frictional pressure drop for a specified flow rate
from equation 2.13.
The inverse problem is to determine the flow rate for a given pressure
drop. For turbulent flow, this is not so straightforward because the value
o f f is unknown until the flow rate, and hence Re, are known. The
traditional solution to this problem is to use the plot offie’ against Re or
-@?e2 against Re shown in Figure 2.2.
The reason for using this combination can be seen by rearranging
equation 2.13 as follows:

f=- d,@f
2Lpu2

(2.20)

Thus, the unknown u can be eliminated by multiplying by Re2 to give

(2.21)
The method of determining the mean velocity, and hence the flow rate, is
as follows. Calculate fie2 from equation 2.21 from the known values of
Of,p, di, L and p. Read the corresponding value of Re from Figure 2.2
for the known value of e/di. Hence calculate u from the definition of Re.

Example 2.1
Calculate the frictional pressure drop for a commercial steel pipe with the
following characteristics:
length L
inside diameter d,
pipe roughness e
steady liquid flow rate Q
liquid dynamic viscosity p
liquid density p

= 30.48 m
= 0.0526 m
= 0.000045 m
= 9.085 m3/h
= 0.01 Pa s
= 1200 kg/m3
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Reynoldsnumber Re

Figure 2.2
Plot of3 fRe'against Reynolds number

Calculations
mean velocity u = md:I4

From the given values

(from 1.6)
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7rd; (3.142)(0.0526 m)’
--

4

4

= 0.002 173 m2

9.085 m3/h
= 0.002 524 m3/s
= 3600 d h
Therefore
U =

0.002 524 m3/s
= 1.16Om/s
0.002 173 m2

The Reynolds number is given by
Wd,
Re = -

(1.3)

P

Substituting the given values

Re =

(1200 kg/m3)(l.160 m/s)(0.0526 m)
0.01 Pa s

=

7322

Relative roughness is given by

_e -- 0.000045m
d,

0.0526 m

= 0.000856

From the graph of fagainst Re in Figure 2.1, f = 0.0084 for Re = 7322
and eldi = 0.000856.
The frictional pressure drop is given by
(2.13)
From the given values

(i)

30.48 m

= 0.0526 m

= 579.5

and
pu2

2

-

(1200 kg/m3)(1.160 m / ~ ) ~
= 807.4 N/m2
2

Therefore

APf = 4(0.0084)(579.5)(807.4N/m2)
= 15720 N/m2 = 15720Pa
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Example 2.2
Estimate the steady mean velocity for a commercial steel pipe with the
following characteristics:
length L
inside diameter di
wall roughness e
frictional pressure drop AP
liquid dynamic viscosity p
liquid density p

= 30.48 m
= 0.0526 m
= 0.000045 m
= 15720 N/m2
= 0.01 Pa s
= 1200 kg/m2

Calculations
(2.21)
Substituting the given values
d:pAPf - (0.0526 m)3(1200 kg/m3)[15720 kg/(s2m)]
2Lp2
2(30.48 m)(0.01 Pa s)’

--

= 4.503 x lo5

Relative roughness is given by

_e -- 0.000045m
di

0.0526m

= 0.000856

From the graph of j R e 2 against Re in Figure 2.2, Re = 7200 for
jRe2 = 4.503 x 10’ and eldi = 0.000856.
Rearranging equation 1.3 gives

Rep
mean velocity u = 4P
Substituting the given values
U =

(7200)[0.01 kg/(s m)]
(0.0526 m)( 1200 kg/m3)

= 1.141 d s

The slight difference between this and the mean velocity in Example 2.1 is
due to error in reading the graphs in Figures 2.1 and 2.2.
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Given a suitable algebraic correlation such as equation 2.19, the friction
factor chart might be considered obsolete. Both f and m e 2 can be
represented algebraically as functions of Re allowing both types of
calculations to be done. In the case of the inverse problem, that is the
calculation of the flow rate for a specified pressure drop, an alternative is to
use an iterative calculation, a procedure that is particularly attractive with
a pocket calculator or a spreadsheet. Using equation 2.19 for f, the
procedure is as follows:
Start: Guess Re (hence u )
1.11

1 Calculateffrom

1 =

f 1/2

-3.6log[(L)
3.7d,

I$+

2 Calculate APf from
APf = 2JLpu2fdi
3 Compare calculated APf with specified APf
STOP if close enough
4 Estimate new value of Re for next iteration:
new Re = (current Re)

(specified APf
current APf

'Iz

5 Return to 1.
Applying this procedure to Example 2.2, using an initial guess of
Re = 15000 gives the series of values shown in Table 2.2.
Table 2.2

Re

f

U

15000
7872
7282
7207
7198
7196

0.00727
0.008 49
0.008 67
0.008 69
0.00870
0.008 70

57083
18372
16 047
15761
15 727
15719

f

(Pa>

The relative error is calculated as
calculated APf- specified APf
specified APf

Relative error
2.63
0.169
0.0208
0.0026
4.45 x 10-4
6.36 x
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This quantity gives a measure of convergence to the specified value. In this
case, the calculation might be stopped after the fourth step, when the error
is 0.0026, ie 0.26 per cent. The calculation converges to a value of R e (and
hence u) very close to the value in Example 2.2. There is no point iterating
beyond a discrepancy of about 1 per cent because the correlations are no
better than this.
It should be borne in mind that frictional pressure drop calculations can
be done to only limited accuracy because the roughness of the pipe will not
be known accurately and will change during service.

2.4 Pressure drop in fittings and curved pipes
So far, only the frictional pressure drop in straight lengths of pipe of
circular cross-section has been discussed. The pressure drop in pipelines
containing valves and fittings can be calculated from equation 2.13 but
with fittings represented by the length of plain pipe that causes the same
pressure drop.
Equivalent lengths of various valves and fittings are readily available
[Holland and Chapman (1966)] and a selection is given in Table 2.3.
Table 2.3

Fitting
Sudden contraction
Sudden enlargement
90"elbow
Globe valve, fully open
Gate valve, fully open
Check valve

Number of equivalent
pipe diameters LJdi

Number of
velocity heads K

20

0.4
0.8
0.6-0.8
1.2-6.0
0.15
0.15

40
30 - 40
60 - 300
7
7

Equation 2.13 then becomes

(t)
CL

f l f = 4f

pu2

-j-

(2.22)

where ZLe is the sum of the equivalent lengths of the components,
including the length of plain pipe.
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If the frictional losses were expressed as the head loss, hf = A P f / p g , then
the quantity 4jZJdi would multiply u2/2g. Thus 4fL,ldi is the total
number of velocity heads lost. Consequently, an alternative presentation
of frictional losses for fittings is in terms of the number of velocity heads K
lost for each fitting. In this case, the total frictional pressure drop may be
calculated as

APf = 4f(")
d,

pu2 + 2K pu2
2

2

(2.23)

In equation 2.23, the first term on the right hand side gives the frictional
pressure drop for the plain pipe of length L and the second term
represents the total loss for all the fittings. Values of K are given in Table
2.3.
Pipe entrance and exit pressure losses should also be calculated and
added to obtain the overall pressure drop. The loss in pressure due to
sudden expansion from a diameter dil to a larger diameter di2 is given by
the equation

(2.24)
where u1 and u2 are the mean velocities in the smaller entrance pipe and
the larger exit pipe respectively. When the expansion is very large, the
pressure drop approaches pu12/2,that is a head loss of one velocity head.
The loss in pressure due to sudden contraction from a diameter dil to a
smaller diameter di2 is given by the equation

APc=K($)

(2.25)

where

K = 0 . 4 [ 1.25 -

(ZT]

when

dh

when

d f2
->0.715

z<0*715

and

K = 0.75[ l.O-(ZT]

d ;I
In these expressions u2 is the mean velocity in the smaller exit pipe. When
the contraction is very great, the pressure drop tends to $(pu:/2),or a head
loss of half a velocity head, based on the smaller pipe.
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Figure 2.3
Flow througha sudden expansion

These expressions for the losses due to sudden expansion and sudden
contraction can be derived by application of Bernoulli’s equation and the
momentum equation. Figure 2.3 shows a sudden expansion.
The control surface is taken as shown on the inside surface between
planes 1 and 2 . It might be thought that plane 1 should be placed upstream
of the expansion but if this were done it would be necessary to include a
term in the momentum equation representing the force exerted by the end
wall on the fluid. In an expansion, the fluid flows as a jet and gradually
expands to fill the larger pipe, there being a large recirculating flow outside
the jet. The pressure must be fairly uniform in this recirculating fluid. (If
this were not the case, that is if there were a significant pressure drop
across that region, fluid would flow across it not circulate in it.) Consequently, the fluid jet at plane 1 does not flow radially and the pressure on
the end wall must be uniform and equal to the pressure in the jet at plane
1. Owing to the low velocity gradients in the recirculating flow,there is
very little frictional loss here: most of the losses occur where the
expanding jet reattaches to the wall.
The momentum equation can be written as

PIS2 - P2Sz = M ( u ~ u,)

(2.26)

Bernoulli’s equation for this horizontal, turbulent flow is
(2.27)

where hf is rhe loss due to the expansion. Substituting M = p2u2S2 in
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equation 2.26, the pressure drop can be eliminated between equations
2.26 and 2.27 and the result rearranged to give
hf =

( ~ 1 -

~2)~/2g

(2.28)

Now
w

e

(2.29)

= Pghf

so equation 2.24 is obtained.
Note that if plane 1 had been placed inside the pipe just upstream of the
expansion, the pressure being the same as at the expansion, the momentum equation would be written as

PIS1 +P1(Sz-S1)-P2Sz

= M(u2-241)

(2.30)

where the first term is the pressure force at the left of the control volume
and the second term is the force exerted on the fluid by the end wall: this is
equal and opposite to the force exerted by the fluid on the wall. On
cancelling the two PlSl terms, equation 2.30 becomes identical to
equation 2.26.
That the losses for sudden expansion and sudden contraction are
markedly different may surprise the reader. The reason is that the flow
pattern for a sudden contraction is different from that for an expansion as
shown in Figure 2.4.

Figure 2.4
Flow through a sudden contraction

For a Newtonian liquid, there is negligible frictional loss due to the
converging flow. However, a vena contracta forms in the smaller pipe and
the expansion and reattachment downstream of it are similar to the flow in
the sudden expansion. The difference is that it takes place from d, to 4 2 .
The momentum equation cannot be applied over the whole flow because
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the pressure distribution is unknown in the region of the contraction.
However, the analysis for the sudden expansion can be applied beyond the
vena contructu but it is necessary to have experimental values of the
contraction ratio.

2.4.1 Pressure drop in coils
A number of equations have been proposed for use in the calculation of
pressure drop in coils of constant curvature [Srinivasan et aZ(1968)]. The
latter are known as helices. For laminar flow, Kubair and Kuloor (1965)
gave an equation for the Reynolds number range 170 to the critical value.
In terms of the Fanning friction factor, their equation can be written as
f,=

16[2.8 + 12(di/D,)]
Re1.15

(2.31)

where d, and D, are the tube and coil diameters respectively. The critical
Reynolds number may be defined as the highest Reynolds number for
which the flow in a helix is still definitely in the viscous or laminar region.
The critical Reynolds number can be calculated from the equation

Recridcal= 2100[ 1 + 12($)”*]

(2.32)

For turbulent flow, White (1932) gave an equation for the Reynolds
number range 15000 to 100000. In terms of the Fanning friction factor,
White’s equation can be written as

+ 0.012($)

1/2

f= 0.08

Re“4

(2.33)

2.5 Equivalent diameter for non-circular pipes
For pipes of non-circular cross section, the inside diameter di in equations
2.13 and 2.22 can be replaced by an equivalent diameter de defined as four
times the cross-sectional flow area S divided by the appropriate flow
perimeter.
For a circular cross section

(2.34)
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Consider a pipe of circular cross section with an inside and an outside
diameter of d, and do respectively. Let this pipe be placed symmetrically
inside a larger pipe having an inside diameter of D, and let a fluid flow
through the annulus. Since the shear stress resisting the flow of fluid acts
on both walls of the annulus, the appropriate flow perimeter required to
Therecalculate the equivalent diameter of the annulus de is (~rD,+~rd,).
fore

de =

4 [ ( ~ D f / 4 )- (~d:/4)]
TD,+ rrdo

(2.35)

=D,-do
2.6 Velocity profile for laminar Newtonianflow in a pipe
The velocity profile and volumetric flow rate for steady, fully developed,
laminar flow of an incompressible Newtonian fluid in a pipe were derived
in Chapter 1. Here, the results are summarized for reference.
The velocity profile is related to the frictional pressure drop by equation
1.54

(1.54)
The volumetric flow rate Q is given by

(1.62)
On substituting for zr, in equation 1.62 using equation 1.54, and evaluating the integral, the volumetric fl0.i rate is given by

(1.64)
and consequently the volumetric average velocity u is given by
Q

? AP

u = - - Lf

--df

d - 8 ~ (L ) 3 2 p [

1

hpf

-

L

(1.65)

The velocity profile can therefore be written as

(1.67)
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Note that the volumetric average velocity u is exactly half the maximum
velocity.

2.7 Kinetic energy in laminar flow
At a point where the velocity is v x , the kinetic energy per unit volume is
equal to p X 2 / 2 .The volumetric flow rate through an element of area of
infinitesimal width 6r is equal to 2m6r.vX. Thus the flow rate of kinetic
energy 6(KE)through the element of area is given by

6(KE) = 2m6r.v,pvX2/2

= rpvX3r6r

(2.36)

The total flow rate of kinetic energy through the whole cross section is
obtained by integrating equation 2.36:

KE

= irp

I

‘’ v:rdr

(2.37)

0

Equation 2.37 is valid for any symmetric velocity profile. In the case of
laminar flow of a Newtonian fluid, the velocity profile is given by equation
1.67, so the kinetic energy flow rate is found as

KE = r p

I:

8u3( 1 -$)Brdr

= irpu3rf

(2.38)

The mass flow rate M is equal to pm,’u, so the average kinetic energy per
unit mass is given by

KE
_ - u2
M

(2.39)

Thus the kinetic energy per unit mass of a Newtonian fluid in steady
laminar flow through a pipe of circular cross section is u2. In terms of head
this is u’lg. Therefore for laminar flow, a = 6 in equation 1.14.

2.8 Velocity distributionfor turbulent flow in a pipe
The theory for the turbulent flow of fluids through pipes is far less
developed than that for laminar flow.
An approximate equation for the profile of the time-averaged velocity
for steady turbulent flow of a Newtonian fluid through a pipe of circular
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cross section, corresponding to equation 1.67 for laminar flow, may be
written as
(2.40)
Equation 2.40 is an empirical equation known as the one-seventh power
velocity distribution equation for turbulent flow. It fits the experimentally
determined velocity distribution data with a fair degree of accuracy. In
fact the value of the power decreases with increasing Re and at very high
values of Re it falls as low as 1/10 [Schlichting (1968)l. Equation 2.40 is
not valid in the viscous sublayer or in the buffer zone of the turbulent
boundary layer and does not give the required zero velocity gradient at the
centre-line. The 117th power law is commonly written in the form
(2.41)
wherey is the distance from the pipe wall:
dt

(2.42)

Y=--r
2

For the steady turbulent flow of a Newtonian fluid at high values of Re in a
pipe of circular cross section, the mean velocity u is related to the
maximum velocity emax
by the equation

-U-

-

0.82

(2.43)

Vmax

Thus the turbulent flow velocity profile is flatter than the corresponding
laminar flow profile, as shown in Figure 1.24.
Equation 2.43 can be derived from the velocity profile given in equation
2.40, using the same method as for laminar flow. The volumetric flow rate
is given by

Q = 2n["r5,dr

(1.62)

0

Substituting for 6, from equation 2.40

-:I

Q = 2 ~ [ 0~ ' r & , 1~ (
49
60

= - mf2jmax

117

dr
(2.44)
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The volumetric average velocity is defined by Q = m:u, so
49 u = - v,,,

0.82gmax

60

(2.45)

The average kinetic energy per unit mass can also be found as for laminar
flow. The kinetic energy flow rate is given by

KE = n p

'

(2.37)

(6,)3rdr

0

Substituting for V , from equation 2.40, the kinetic energy flow rate is
given by

KE = n p

I:

(

(iimax)3 1 - -

;r

rdr

(2.46)

This integral can be evaluated conveniently by changing variables using
equations 2.41 and 2.42. Thus

(2.47)

Evaluating the integral gives
49
170

KE = -mfp(~,,)~

(2.48)

From equation 2.45, the mass flow rate is given by
49
60

M = - mfVma,p

(2.49)

Thus, the average kinetic energy per unit mass is given by

KE
6
-=--(M
17

)2

(2.50)

Substituting for the maximum velocity 6,
from equation 2.45, the
average kinetic energy per unit mass is equal to 0 . 5 2 ~ ~This
. is so close to
u2/2, that the value of a in equation 1.14 can be taken as 1.O.
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2.9 Universal velocity distribution for turbulent flow in a pipe
Consider a fully developed turbulent flow through a pipe of circular cross
section. A turbulent boundary layer will exist with a thin viscous sublayer
immediately adjacent to the wall, beyond which is the buffer or generation
layer and finally the fully turbulent outer part of the boundary layer.
In the viscous sublayer, the magnitude of the time-averaged value of the
shear stress .Tis given by Newton’s law of viscosity which can be written in
this case as
d6,
r = -P-

d6,
=P-

dr

(2.51)

dY

wherey is the distance from the wall. The shear stress r could be denoted
by rrxor 7-, but the subscripts will be omitted for brevity. The viscous
sublayer is very thin compared with the pipe radius, so from equation 2.6
the shear stress is virtually equal to the wall shear stress rw throughout the
sublayer. Thus, integrating equation 2.5 1,
rwy =

/Lex+ c

(2.52)

where C is a constant. Since the velocity 6, = 0 at y = 0, then C = 0.
Therefore, equation 2.52 can be rewritten as
(2.53)

where u is the kinematic viscosity.
The term rJp in equation 2.53 is a constant and has the dimensions of
velocity squared. Thus a quantity v , can be defined by
I

v, =

J“

(2.54)

P

v, is commonly known as the friction velocity or the shear stress velocity.
Combining equations 2.53 and 2.54 gives
(2.55)

A dimensionless velocity v+ and dimensionless distance y from the wall
m a y be defined by
+

fi

v+ = 2
V*

(2.56)
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and
(2.57)

so equation 2.55 can also be written as

v+ 'y+

(2.58)

The dimensionless distance y + has the form of a Reynolds number.
Equation 2.58 fits the experimental data in the range 0 5 y + 5 5 . In the
viscous sublayer, the velocity increases linearly with distance from the
wall.
Conditions in the fully turbulent outer part of the turbulent boundary
layer are quite different. In a turbulent fluid, the shear stress .? is given by
equation 1.95. As illustrated in Example 1.10, outside the viscous sublayer
and buffer zone the eddy kinematic viscosity E is much greater than the
molecular kinematic viscosity Y. Consequently equation 1.95 can be
written as
d6,

?. = ep-

dY

(2.59)

Prandtl assumed that in turbulent flow eddies move about in a similar
manner to molecules in a gas. He defined a mixing length E for turbulent
flow analogous to the mean free path in the kinetic theory of gases. It is
assumed that a turbulent fluctuation causes an element of fluid to travel a
distance before losing its identity. The distance e is known as the mixing
length. Thus, a velocity fluctuation v$ causes the element of fluid to travel
from location y to location y + e before losing its identity and the resulting
momentum transfer produces a velocity fluctuation v:. As the mixing
length C is very small, the values of the mean velocity 6, at the two
locations are related by
(2.60)
The velocity fluctuation must be of the same order of magnitude as this
velocity difference, so that
(2.61)
where the minus sign reflects the fact that, in a positive velocity gradient, a
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fluctuation in the positive y-direction will retard the faster fluid, thus
producing a negative fluctuation.
Prandtl assumed further that the fluctuations in the x and y-directions
are of the same order of magnitude, which is now known to be true for this
type of flow. Consequently, the magnitude of the Reynolds stress is given
by
(2.62)
Comparing equations 2.59 and 2.62, it follows that the eddy kinematic
viscosity can be expressed in terms of the mixing length:
de,

L Y

I

(2.63)

The final assumption made by Prandtl was that is proportional toy, the
distance from the solid wall. This is reasonable in that e must be zero at
the wall.
Writing

e = KY

(2.64)

where K is a proportionality constant, equation 2.62 can be written as

2=K 2 y 2 ( ! 3 2
7

(2.65)

P

If the analysis is restricted to the region very close to the wall, then f
remains nearly equal to T ~ From
.
the definition of v , (equation 2.54),
equation 2.65 can be written as
db,

V,

= Ky-

dY

(2.66)

Integrating gives
(2.67)
where C1is a constant.
Equation 2.67 can be written in modified form as
6, = v * [ + In

(y)+c2]

(2.68)
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where Cz is another constant. Equation 2.68 is not applicable near the wall
because it neglects the viscous shear stress and consequently gives
V, = --co insteadofti, = Oaty = 0.
Rewriting equation 2.68 in terms of v+ = VJv, andy+ = pv.ylp gives
V+ = 1 Iny+ + C

K

(2.69)

where C is a constant.
Equation 2.69 fits the experimental data for turbulent flow in smooth
pipes of circular cross section for y + > 30 when 1/K and C are given the
values 2.5 and 5.5:

v+

= 2.5 lnyf

+ 5.5

(2.70)

It is interesting to note that this logarithmic velocity profile is followed
over most of the cross section of the pipe, not just where .? = T ~ .
For the buffer region, 5 <y+ < 30, viscous and turbulent stresses are of
comparable magnitude. The data can be fitted by an equation of similar
form:

v+

=

5.01ny+ -3.05

(2.71)

Equations 2.58, 2.70 and 2.71 enable the velocity distribution to be
calculated for steady fully developed turbulent flow. These equations are
only approximate and lead to a discontinuity of the gradient at y + = 30,
which is where equations 2.70 and 2.71 intersect. The actual profile is, of
course, smooth and the transition from the buffer zone to the fully
turbulent outer zone is particularly gradual. As a result it is somewhat
arbitrary where the limit of the buffer zone is taken: often the value
y t = 70 rather thany' = 30 is used. The ability to represent the velocity
profile in most turbulent boundary layers by the same v + - y + relationships (equations 2.58,.2.70 and 2.71) is the reason for calling this the
universal velocity profile. The use of v, in defining o+ a n d y + demonstrates the fundamental importance of the wall shear stress.
It is the logarithmic profile of the outer region that can be approximated
by Prandtl's 1/7th power law (equation 2.40 or 2.41).
The changing character of the flow in the different regions of the
turbulent boundary layer explains certain aspects of the friction factor
chart. If the absolute roughness of the pipe wall is smaller than the
thickness of the viscous sublayer, flow disturbances caused by the
roughness will be damped out by viscosity. The wall is subject to a viscous
shear stress. Under these conditions, the line on the friction factor chart
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for smooth pipes is followed and the wall is said to be hydraulically
smooth. If the roughness is large enough to protrude through the viscous
sublayer into the buffer zone, the protuberances will be subject to form
drag as well as the viscous drag. The proportion of form drag will increase
as the roughness protrudes further and eventually, when it reaches right
into the fully turbulent zone, form drag on the protuberances will be
dominant. Under these conditions, the drag on the wall is proportional to
u2 and so the friction factor becomes independent of Re.
The viscous sublayer and the buffer zone both become thinner with
increasing Re. (For example, it is easily shown that if the friction factor
varies as Re-”4, as in the Blasius equation, then the thickness of each layer
is inversely proportional to Re7’*.)Consequently, a given pipe may be
hydraulically smooth at intermediate values of Re but hydraulically rough
at higher values of Re. This can be seen on the friction factor chart where
the line for a given relative roughness continues along the line for a smooth
pipe then curves away and eventually reaches a constant value at high
values of Re.
As the wall becomes rougher, the velocity profile in the turbulent zone
changes as shown in Figure 2.5, and the viscous sublayer and generation
zone eventually disappear.
Dimensionless
roughness, ev. /v
70

300
1000

3000
10000

30000
100 000

5
Viscoussublayer

70
- Buffer _ ?

zone

_

Y’
Fully developed
tuhulent

Figure 2.5
Universal velocity profile for turbulent flow
Source: N. Scholtz, VDI-Beriche6,7-12 (1955)
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2.1 0 Flow in open channels
Consider a liquid flowing in an open channel of uniform cross section
under the influence of gravity. The liquid has a free surface subjected only
to atmospheric pressure. If the flow is steady, the depth of the liquid is
uniform and the hydraulic slope of the free liquid surface is parallel to the
slope of the channel bed. Consider a length AL in Figure 2.6 in which the

,“------..----i

Figure 2.6
Flow in an open channel

frictional head loss is Ahf. Let the channel slope at a small angle 8 to
the horizontal. The slope of the channel flow s is given by s = sin 8 =
A hfIAL..
The frictional head loss is given by the equations

A h f = ALs

(2.72)

and

(2.73)
Equation 2.73 is another way of writing equation 2.13 where, in this case,
the pressure drop is expressed in height of fluid instead of in force per unit
area. In equation 2.73, de is the equivalent diameter defined as four times
the cross-sectional flow area divided by the appropriate flow perimeter, f is
the Fanning friction factor for flow in an open channel and u is the mean
velocity. Combining equations 2.72 and 2.73, and solving for u gives

(2.74)
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where the mean velocity u is proportional to the square root of the channel
slope s.
Equation 2.74 is frequently written in the form
u=

c g -

(2.75)

which is known as the Chezy formula.
The Chezy coefficient C is

(2.76)
Manning and others gave values of C for various types of surface
roughness [Barna (1969)l. A typical value for C when water flows in a
concrete channel is 100 m”*/s. In general, liquids such as water which
commonly flow in open channels have a low viscosity and the flow is
almost always turbulent.
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3

Flow of incompressible non-Newtonian
fluids in pipes

Among other characteristics, non-Newtonian fluids exhibit an apparent
viscosity that varies with shear rate. Consequently, the determination of
the shear stress-shear rate curve must be an initial consideration.
Although the apparent viscosity of a thixotropic or B rheopectic fluid
changes with the duration of shearing, meaningful measurements may be
made if the change is relatively slow. Viscoelastic fluids also exhibit
behaviour that is a function of time but their apparent viscosities can be
measured provided conditions of steady shearing are obtained.

3.1 Elementary viscometry
There are two main types of viscometer: rotary instruments and tubular,
often capillary, viscometers. When dealing with non-Newtonian fluids, it
is desirable to use a viscometer that subjects the whole of the sample to the
same shear rate and two such devices, the cone and plate viscometer and
the narrow gap coaxial cylinders viscometer, will be considered first. With
other instruments, which impose a non-uniform shear rate, the proper
analysis of the measurements is more complicated.
With any viscometer the flow generated should ideally have only one
non-zero velocity component, causing shearing in only one direction. The
purpose of a viscometer is simultaneously to measure (or control) both the
shear stress and the shear rate. Not only must the flow be laminar but
viscous forces must be dominant, that is, inertial effects must be
negligible.

3.3.1 Cone and plate viscometer
A schematic representation of a cone and plate viscometer is shown in
Figure 3.1. In this case, the viscometer consists of a lower disc and an
upper wide-angle cone. The sample fills the gap between the cone and the
96
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Z

/
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-

a-

Plate (disc)

Figure 3.1
Coneand plate viscometer

plate. If the cone is rotated at a constant angular rate, the fluid is sheared
with every element of fluid describing a horizontal circular path.
The tangential velocity component vg varies linearly from zero at the
lower plate to the speed of the cone at the cone’s surface. At a radial
distance r, the cone’s tangential speed is Rr where fl is in radians per
second. At this location the height of the gap is ar where a is the angle of
the gap in radians. Thus, the shear rate y is given by

avo

Rr

R

r = az
- = -ar= - a

(3.1)

Equation 3.1 demonstrates the reason for using this geometry: both vg and
the height of the gap are proportional to r so the shear rate is uniform
throughout the sample. As a result, the shear stress r z g is uniform and can
be determined by measuring the couple or torque required to maintain the
steady shearing. Considering an element of area of the lower plate,
forming an annular strip of width Sr, the tangential force required is equal
to 2m6r.rzg and the couple acting on this element of area at distance r is
equal to 277?Sr.rzg. The couple, C acting on the whole area is obtained by
integrating over the area:
3

728

(3.2)

Rearranging equation 3.2, the shear stress is given by

3c

728

=2 T ~ 3

(3.3)
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The couple acting on either the cone or the plate may be measured as they
are equal but act in opposite directions. Thus T.& in equation 3.3 is strictly
the magnitude of the shear stress. Dividing equation 3.3 by equation 3.1
gives an expression for the apparent viscosity:
pa=--

3c a
2 T ~ 3n

(3.4)

Note that a must be in radians and fl in radians per second. If the
rotational speed is measured as N revolutions per minute (rpm), then the
required conversion is

a = 2n-N
-

(3.5)

60

The couple C is measured in N m. The angle between the cone and the
plate is typically between t" and 4" (0.0087 and 0.07 radians).

3.1.2 Narrow gap coaxial cylinders viscometer
A type of viscometer providing a nearly uniform shear rate in the sample is
that shown in Figure 3.2. The sample fills the gap between the two
cylinders, one of which is rotated steadily.

f

Inner cylinder

Sample

h

Air gap
Outer cylinder

t

--

Figure 3.2
Narrow gap coaxial cylinders viscometer
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Various arrangements at the bottom of the inner cylinder are available:
in Figure 3.2 an indentation is provided so that an air gap is formed and
shearing in the sample below the inner cylinder is negligible. Another
arrangement is to make the bottom of the inner cylinder a cone. When one
of the cylinders is rotated, a Couette flow is generated with fluid particles
describing circular paths. The only non-zero velocity component is vo and
it varies in the d i r e c t i o n . In order to minimize secondary flow (Taylor
vortices) it is preferable that the outer cylinder be rotated; however, in
most commercial instruments it is the inner cylinder that rotates. In this
case, the fluid’s velocity is equal to QR, at the surface of the inner cylinder
and falls to zero at the surface of the outer cylinder. The shear stress is
uniform over the curved surface of the inner cylinder and over the outer
cylinder (to the bottom of the annular gap).
For steady conditions, the couple on each cylinder must be equal and
opposite. Thus, denoting the magnitude of the shear stress on the inner
and outer cylinders by ri and rorespectively, the couple C is given by

C

=

2rR,h~,.R,
= 2rR,h~~.R,

(3.6)

Thus

R?? = R2ro

(3.7)

In fact, for any point in the sample, the product of the shear stress and the
square of the distance from the axis of rotation is constant. Thus, in
general for this type of flow between coaxial cylinders, the shear stress is
inversely proportional to the square of the distance from the axis:
1

rd fx-

?

(3.8)

When used with non-Newtonian liquids, this non-uniformity of the shear
stress, and therefore the shear rate, is a limitation of the simple type of
rotating shaft viscometer that can be placed in a vessel.
However, by making the width of the gap small compared with the
radius of either cylinder, the magnitude of the shear stress on each
cylinder, and throughout the sample, is nearly constant. As a result, the
shear rate is virtually constant throughout the sample and can be written
as
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Again, R is in r a d s and may be calculated from equation 3.5. From
equation 3.6, the magnitude of the shear stress can be calculated from the
measured couple C on either cylinder:

(3.10)
Assuming that the shear stress is calculated for the inner cylinder, the
apparent viscosity is given by

(3.11)
Equations 3.4 and 3.11 are unnecessary for the calculation of pa because
both T and will be evaluated and pa calculated from the ratio. However,
the expressions for pa do indicate what changes of instrument parameters
may be necessary to accommodate materials of different viscosities. Note,
in particular, that the measured couple is proportional to R3 so large
diameter viscometers will allow measurable couples to be obtained with
low viscosity materials, while smaller instruments will be more suitable
with very viscous materials.
A general limitation of rotational instruments is that the high shear rates
typical of most engineering applications cannot be achieved because, at the
high speeds needed, secondary flow occurs and compromises the measurements.

3.1.3 Tubular viscometer
A tubular viscometer is shown schematically in Figure 3.3. The fluid
Gas pressure

I
I-I
I
1

Figure 3.3
Tubular viscometer

Developing
flow

I
8

Fully developed flow

I

Exit
effects
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under test is forced through the tube either by driving a ram through the
reservoir or by applying gas pressure. In the case of testing a molten
polymer, the reservoir might be a vertical heated barrel with a capillary
tube fitted into its end. The capillary tube may be only about 50 mm long
and have a diameter of 0.5 mm or less. A piston driven down the barrel
extrudes the viscous molten polymer through the capillary tube. In
contrast, relatively large diameter tubing is required when studying
suspensions. In this case, an arrangement like that in Figure 3.3 might be
used with the suspension being forced through very long tubes by the
application of pressurized nitrogen to the upper part of the reservoir.
It is important to appreciate that fully-developed flow occurs along only
part of the tube’s length. There will be an entrance length in which the
velocity profile develops and where the pressure gradient is larger than for
fully-developed flow. This entrance length will be at least 50 tube
diameters and may be as long as 400 diameters with some viscoelastic
fluids. There will also be end effects near the tube exit but these are
usually small. Ideally, pressure measurements would be made at several
locations along the tube so that the constant, fully developed, pressure
gradient could be determined. However, this is difficult, particularly with
dispersed materials and the pressure difference between the reservoir and
the tube exit has to be used. In this case, measurements should be made
over a series of flow rates with at least two tubes of the same diameter but
different lengths. By comparing the pressure drop measurements at the
same flow rate in the two tubes, the differential pressure drop for the
differential length can be calculated, thus eliminating end effects. Often
measurements are simply made with long tubes in the hope that end
effects are negligible.
If the frictional component of the pressure drop over a length L of
steady, fullydeveloped flow is APf, then the shear stress T~ at distance r
from the tube axis is given by

It was stressed in Chapters 1 and 2 that this relationship is valid for any
steady, fully-developed flow and, in particular, does not depend on the
type of fluid. The value of the shear stress at the wall is given by

so that by measuring the pressure drop APf the value of

T~

can be

102 FLUID FLOW FOR CHEMICAL ENGINEERS

determined. In the case of flow in a vertical tube, the measured pressure
drop must be corrected for the static head. In order to find the shear
stress-shear rate relationship, ie to be able to plot a T-+ curve, it is
necessary to know the shear rate at the wall. Thus, 7w can be plotted
against corresponding values of i;.The difficulty that arises is that yw is
equal to the gradient of the velocity profile at the wall and the shape of the
velocity profile is different for different types of fluid. Thus it appears that
in order to calculate +w it is necessary to known the fluid’s shear
stress-shear rate behaviour but this is the very point of making the
measurements. This difficulty can be overcome but it will be helpful first
to consider the case of a Newtonian fluid.
It was shown in Section 1.10 that the velocity profile for a Newtonian
fluid in laminar flow is parabolic and may be expressed as

vx = 2 4 1

-$)

(1.67)

Differentiating wrt r and putting r = r,, the velocity gradient at the wall,
which is equal to the shear rate, is given by
(3.12)
or, in terms of the volumetric flow rate Q

4Q
ywN = - -

d

(3.13)

The second subscript N is a reminder that this is the wall shear rate for a
Newtonian fluid. The quantity (8u/di), or the equivalent form in equation
3.13, is known as the flow characteristic. It is a quantity that can be
calculated for the flow of any fluid in a pipe or tube but it is only in the case
of a Newtonian fluid in laminar flow that it is equal to the magnitude of the
shear rate at the wall.
Owing to the different relationship between T and i. for a nonNewtonian fluid, the shear rate at the wall is not given by equation 3.13
but can be expressed as the flow characteristic multiplied by a correction
factor as shown in Section 3.2.

3.2 Rabinowitsch-Mooney equation
The solution to the problem of determining the wall shear rate for a
non-Newtonian fluid in laminar flow in a tube relies on equation 2.6.
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The volumetric flow rate through an annular element of area perpendicular to the flow and of width 6r is given by
@ = 2m6r.vx

(1.61)

and, consequently, the flow rate through the whole tube is

Q = 277 [“rvXdr

(1.62)

0

Integrating by parts gives

(3.14)
Provided there is no slip at the tube wall, the first term in equation 3.14
vanishes.
Now, the velocity gradient is equal to the shear rate y so equation 3.14
can be written as

Q = 77 [r’?(-y)dr

(3.15)

0

Just as the variation of vX with r was unknown, so is the variation of Y.
However, if the fluid is time-independent and homogeneous, the shear
stress is a function of shear rate only. The inverse is that the shear rate y is
a function of shear stress T ~ only
,
and the variation of T,, with r is known:

Changing variables in equation 3.15, using equation 2.6, and dropping the
subscripts TX, equation 3.15 can be written as

where y is interpreted as a function of T instead of r. Writing equation 3.16
in terms of the flow characteristic gives

(3.17)
For flow in a pipe or tube the shear rate is negative so the integral in
equation 3.17 is positive. For a given relationship between T and i., the
value of the integral depends only on the value of rw. Thus, for a
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non-Newtonian fluid, as well as for a Newtonian fluid, the flow characteristic 8dd, is a unique function of the wall shear stress 7,.
The shear rate y can be extracted from equation 3.17 by differentiating
with respect to T. Moreover, if a definite integral is differentiated wrt the
upper limit (here T,), the result is the integrand evaluated at the upper
limit. It is convenient first to multiply equation 3.17 by 7', throughout,
then differentiating wrt T~ gives

I:(

372,-

d(8ddi)
+<-- 4&
d.rw

-Y ) w

Rearranging equation 3.18 gives the wall shear rate

(3.18)

yw as

3 1 T , d(8uldi)
-+--4 4 (8Uldi) dTw

1

(3.19)

Making use of the relationship dxlx = d Inx, equation 3.19 can be written
as
-yw=-

8u 3 1 dln(8u/di)
-+di 4 4 d lnTw

[

1

(3.20)

As the wall shear rate yWNfor a Newtonian fluid in laminar flow is equal to
( - 8u/di),equation 3.20 can be expressed as
yw = ywN [3-

+-1 d In(8u/di)]

4 4

dlnTW

(3.21)

Equations 3.20 and 3.21 are forms of the Rabinowitsch-Mooney equation.
It shows that the wall shear rate for a non-Newtonian fluid can be
calculated from the value for a Newtonian fluid having the same flow rate
in the same pipe, the correction factor being the quantity in the square
brackets. The derivative can be estimated by plotting ln(8u/di) against lnTw
and measuring the gradient. Alternatively the gradient may be calculated
from the (finite) differences between values of In(8u/di) and h,. Thus the
flow curve T~ against
can be determined. The measurements required
and the calculation procedure are as follows.

+,

1 Measure Q at various values of aP,/L, preferably eliminating end

effects.
2 Calculate T , from the pressure drop measurements using equation 2.5
and the corresponding values of the flow characteristic (8u/di = 4Qtn7-3
from the flow rate measurements.
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3 Plot In(8ddJ against ln7, and measure the gradient at various points on
the curve. [log(8u/dI)and log7, may be used if more convenient.]
Alternatively, calculate the gradient from the differences between the
successive values of these quantities.
4 Calculate the true wall shear rate from equation 3.20 with the derivative
determined in 3. In general, the plot of ln(8u/d,) against lnT, will not be
a straight line and the gradient must be e h a t e d at the appropriate
points on the curve.
Example 3.1
The flow rate-pressure drop measurements shown in Table 3.1 were made
in a horizontal tube having an internal diameter d, = 6 mm, the pressure
drop being measured between two tappings 2.00 m apart. The density of
the fluid, p, was 870 kg/m3. Determine the wall shear stress-flow characteristic curve and the shear stress-true shear rate curve for this material.

Table 3.1
~~

~

Pressure drop
(bar)

Mass flow rate
x 103(kg/s)

0.384
0.519
0.716
0.965
1.16
1.29
1.46
1.60

0.0864
0.463
1.37
2.76
4.13
5.20
6.78
8.15

Calculations
The shear stress at the wall is given by

d i u f - (6 x
m)
APf = 7.50 x lOW4APf Pa
4L
4(2 m)

Tu=--

where hpf is in Pa. Note: 1 bar = lo5 Pa. The flow characteristic is
-8u
= - =4Q
- = - 32Q

32M

d,

nd!p

T<

nd!

(2.5)
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Using the given values
8u _
-

32M
= 54200M s-'
4 6 x lop3m)3(870 kg/m3)

d,
where the mass flow rate M is in kg/s.
Using these expressions for rw and 8 d d , enables the values in the first
two columns of Table 3.2 to be calculated. This provides the shear
stress-flow characteristic curve.
In order to determine the true shear rate at the wall it is necessary to use
the Rabinowitsch-Mooney equation:

(3.20)
By plotting the calculated values of T~ against 8d4 on logarithmic axes,
the gradient of the curve is equal to the reciprocal of the derivative in
equation 3.20. Denoting the gradient by n', equation 3.20 can be written
as

On plotting the graph and estimating the gradient at each point, the values
of the gradient n' shown in column 3 of Table 3.2 are found and the
corresponding values of the correction factor are shown in column 4. The
value of the shear rate at the wall is then given by multiplying the
corresponding value of 8uld, by the correction factor.
Table 3.2
rw

(Pa)

8ddi(s-')

28.8
38.9
53.7
72.4
87.0
96.8
110
120

4.68
25.1
74.3
150
224
282
367
442

(3n' + 1)/4n' - rw(s-')

n'
~~

~

0.157
0.232
0.375
0.439
0.475
0.475
0.475
0.475

2.34
1.83
1.42
1.32
1.28
1.28
1.28
1.28

11.0
45.9
106
197
286
360
469
564

Roth curves are shown in Figure 3.4.
bows values of n' calculated by measuring the gradient of the
) curve. This is the simplest way of determining the gradient
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0
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200
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I
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Figure 3.4
rW- 8d4 and rw- y curves for Example 3.1

and hence the derivative in equation 3.20; however, the reader should be
aware that graphical differentiation is notoriously inaccurate and consequently requires great care. Other methods include fitting a low order
polynomial equation to the data and hence finding the derivative algebraically. Another method is to calculate the (finite) differences between
successive values of ln7, and 1n(8uldi)and hence calculate the derivative as
their ratio. The approximation is then made that this is the derivative at
the middle of the interval (on the logarithmic scale).
The graphical method has the advantage of smoothing the data: if the
other methods are used it may be necessary to smooth the data first.
Application of the difference method directly to the data in the above table
will show good agreement in the lower part of the range but oscillations
will be observed towards the top of the range.
This material is seen to be shear thinning. It is possible that it may
exhibit a yield stress but confirmation of this would require measurements
at lower shear rates. Note that the Rabinowitsch-Mooney equation is still
valid when a non-zero yield stress occurs.
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5.3 Calculation of flow ratepressure drop relationship for laminar
flow using ~y data
Flow rate-pressure drop calculations for laminar non-Newtonian flow in
pipes may be made in various ways depending on the type of flow
information available. When the flow data are in the form of flow rate and
pressure gradient measured in a tubular viscometer or in a pilot scale
pipeline, direct scale-up can be done as described in Section 3.4. When
the data are in the form of shear stress-shear rate values (tabular or
graphical), the flow rate can be calculated directly using equation 3.17,
where diis the diameter of the pipe to be used and T~ the wall shear stress
corresponding to the specified pressure gradient. Whether obtained with a
rotational instrument or with a tubular viscometer, the data provide the
Numerical evaluation of the integral in
relationship between T and
equation 3.17 can be done using selected pairs of values of T and i,ranging
from 0 to 7w. The value of 7w is given by equation 2.5.
If the ~-i, relationship can be accurately represented by a simple
algebraic expression, such as the power law, over the required range then
this may be used to substitute for i,in equation 3.17, allowing the integral
to be evaluated analytically. Both these methods are illustrated in Example
3.2.

r.

Example 3.2
Using the viscometric data given in Table 3.3 calculate the average
velocity for the material flowing through a pipe of diameter 37 mm when
the pressure gradient is 1.1 kPdm.
Table 3.3

0.0091 1
0.091 1
0.91 1
9.111
91.11
102.3

0.0417
0.178
0.708
2.82
11.22
12.03

4.58
1.95
0.777
0.310
0.123
0.118

Note that the above table gives absolute values of i,and T.
Calculations
The wall shear stress is given by
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= 10.18 Pa

The volumetric average velocity u is given by equation 3.17 as
(3.17)
It is necessary to evaluate the integral from T = 0 to T = 10.18 Pa. This
can be done by calculating ?+for each of the values given in the table and
plotting ?+ against T. The area under the curve between T = 0 and
T = 10.18 Pa can then be measured. An alternative, which will be used
here, is to use a numerical method such as Simpson’s rule. This requires
values at equal intervals of T.
Dividing the range of integration into six strips and interpolating the
data allows Table 3.4 to be constructed.
Table 3.4

’>

7-(pa>

Y (s-

0.00
1.70
3.39
5.09
6.78
8.48
10.18

0.00
3.91
12.41
24.38
39.39
57.14
77.43

?y (Pa‘s-’)

0.00
11.24
142.8
631.0
1812
4108
8016

Centre-line

Pipe wall

By Simpson’s rule
10.18/6
3

?yd7 = -[0

+ 8016 + 4( 11.24 + 631 + 4108) + 2( 142.8 + 1812>]

= 17490 Pa 3s-1

From equation 3.17
U =

(37 x

n)(17 490 Pa3 s-’)
=0.307 m / s
2(10.18 Pa)3
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The above is the general method but in this case the viscometric data can
be well represented by

Thus

This allows the integral in equation 3.17 to be evaluated analytically.
r'
0

? j d ~= 1.62

I

10.18

? . 6 6 7 d ~= 17510 Pa3s-'

0

This agrees with the value found by numerical integration and would give
the same value for u.
Note that the values of the apparent viscosity pa were not used; they
were provided to show that the fluid is strongly shear thinning. If the data
were available as values of pa at corresponding values of i., then T should
be calculated as their product. The table of values of 2-j(Table 3.4)
illustrates the fact that flow in the centre makes a small contribution to the
total flow: flow in the outer parts of the pipe is most significant.
As mentioned previously, the minus sign in equation 3.17 reflects the
fact that the shear rate is negative for flow in a pipe. In the above
calculations, the absolute values of y and T have been used and the minus
sign has therefore been dropped.

3.4 Wall shear stress-flow characteristiccurves and scale-up for
laminar flow
When data are available in the form of the flow rate-pressure gradient
relationship obtained in a small diameter tube, direct scale-up for flow in
larger pipes can be done. It is not necessary to determine the 7-9 curve
calculated from the Rabinowitsch-Mooney
with the true value of
equation (equation 3.20).
Equation 3.17 shows that the flow characteristic is a unique function of
the wall shear stress for a particular fluid:

(3.17)
In the case of a Newtonian fluid, substituting i. = - d p in equation 3.17
and evaluating the integral gives
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(3.22)
Recall that the wall shear rate for a Newtonian fluid in laminar flow in a
tube is equal to -8u/d,. In the case of a non-Newtonian fluid in laminar
flow, the flow characteristic is no longer equal to the magnitude of the wall
shear rate. However, the flow characteristic is still related uniquely to T,
because the value of the integral, and hence the right hand side of equation
3.17, is determined by the value of T,.
If the fluid flows in two pipes having internal diameters dil and d12with
the same value of the wall shear stress in both pipes, then from equation
3.17 the values of the flow characteristic are equal in both pipes:

(3.23)

So the average velocities are related by
~1 - _
_
-4 1

u2

(3.24)

4 2

By substituting for u or by writing the flow characteristic as 4Qlm13,the
volumetric flow rates are related by

(3.25)
It is important to appreciate that the same value of
values of the pressure gradient in the two pipes:

T~

requires different

It is convenient to represent the flow behaviour as a graph of T~ plotted
against 8uldi, as shown in Figure 3.5. In accordance with the above
discussion, all data fit a single line for laminar flow. The graph is steeper
for turbulent flow and different lines are found for different pipe
diameters. (Note that the same would be found for Newtonian flow if the
data were plotted in this way. The laminar flow line would be a straight
line of gradient p passing through the origin. For a given value of Re, such
as the laminar-turbulent transition value, 8 d d i increases with decreasing
d l . ) The plot in Figure 3.5 is not a true flow curve because the flow
characteristic is equal to the magnitude of the wall shear rate only in the
case of Newtonian laminar flow.
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Figure 3.5
Shear stress at the pipe wall against flow characteristic for a non-Newtonian fluid flowing
in a pipe

Given a wall shear stress-flow characteristic curve such as that in Figure
3.5, the flow rate-pressure drop relationship can be found for any
diameter of pipe provided the flow remains laminar and is within the range
of the graph. For example, if it is required to calculate the pressure drop
for flow in a pipe of given diameter at a specified volumetric flow rate, the
value of the flow characteristic (Sd4 = 4Q/m:) is calculated and the
corresponding value of the wall shear stress T~ read from the graph. The
pressure gradient, and hence the pressure drop for a given pipe length, can
then be calculated using equation 2.7.
It is found useful to define two quantities K ’ and n’ in order to describe
the T ~ - ~ ~characteristic
ow
curve. If the laminar flow data are plotted on
logarithmic axes as in Figure 3.6, then the gradient of the curve defines the
value of n’:

n’ =

d ln~,
d ln(8ddi)

(3.26)

The equation of the tangent can be written as

(3.27)
and this defines K‘.
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I
I

I
I
I
I

Figure 3.6
Logarithmicplot of wall shear stress against flow characteristic: the gradient at a point
defines n ’

In general, both K’ and n’ have different values at different points along
the curve. The values should be found at the point corresponding to the
required value of T ~ In. some cases, the curve in Figure 3.6 will be
virtually straight over the range required and a single value may be used
for each of K‘ and n’. Although equation 3.27 is similar to the equation of
a power law fluid, the two must not be confused.
The reason for defining n’ in this way can be seen from equation 3.21
where the inverse of the derivative occurs in the correction factor.
Equation 3.20 can be written in terms of n’ as

-Yw =

2:() ;+

8u 3n’+1

=

(3.28)
d;(7)

and equation 3.2 1 as
3n’ + 1

YW

=Y w N ( T )

(3.29)

Equation 3.29 is helpful in showing how the value of the correction factor
in the Rabinowitsch-Mooney equation corresponds to different types of
flow behaviour. For a Newtonian fluid, n’ = 1 and therefore the correction factor has the value unity. Shear thinning behaviour corresponds to
n’ < 1 and consequently the correction factor bas values greater than unity,
showing that the wall shear rate YW is of greater magnitude than the value
for Newtonian flow. Similarly, for shear thickening behaviour, Yw is of a
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smaller magnitude than the Newtonian value ywN. The value of the
correction factor varies from 2.0 for n' = 0.2 to 0.94 for n'= 1.3.

3.5 Generalized Reynolds number for flow in pipes
For Newtonian flow in a pipe, the Reynolds number is defined by
PUdi

Re=-

P

(1.3)

In the case of non-Newtonian flow, it is necessary to use an appropriate
apparent viscosity. Although the apparent viscosity pa is defined by
equation 1.71 in the same way as for a Newtonian fluid, it no longer has
the same fundamental significance and other, equally valid, definitions of
apparent viscosities may be made. In flow in a pipe, where the shear stress
varies with radial location, the value of pa varies. As pointed out in
Example 3.1, it is the conditions near the pipe wall that are most
important. The value of pa evaluated at the wall is given by
shear stress at wall

Pa =

TW
- shear rate at wall (-dv,/dr),

(3.30)

Another definition is based, not on the true shear rate at the wall, but on
the flow characteristic. This quantity, which may be called the apparent
viscosity for pipe flow, is given by
Pap

=

shear stress at wall --7w
flow characteristic 8 d d ,

(3.31)

For laminar flow, pap has the property that it is the viscosity of a
Newtonian fluid having the same flow characteristic as the non-Newtonian
fluid when subjected to the same value of wall shear stress. In particular,
this corresponds to the same volumetric flow rate for the same pressure
gradient in the same pipe. This suggests that P~~ might be a useful
quantity for correlating flow rate-pressure gradient data for nonNewtonian flow in pipes. This is found to be the case and it is on papthat a
generalized Reynolds number Re' is based:
(3.32)
Representing the fluid's laminar flow behaviour in terms of K' and n'
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(3.27)
The pipe flow apparent viscosity, defined by equation 3.31, is given by
(3.33)
When this equation for pap is substituted into equation 3.32, the
generalized Reynolds number takes the form
(3.34)
Use of this generalized Reynolds number was suggested by Metzner and
Reed (1955). For Newtonian behaviour, K' = p and n' = 1 so that the
generalized Reynolds number reduces to the normal Reynolds number.

3.6 Turbulent flow of inelastic non-Newtonian fluids in pipes
Turbulent flow of Newtonian fluids is described in terms of the Fanning
friction factor, which is correlated against the Reynolds number with the
relative roughness of the pipe wall as a parameter. The same approach is
adopted for non-Newtonian flow but the generalized Reynolds number is
used.
The Fanning friction factor is defined by

f=.l
2
Ipu

(2.10)

For laminar flow of a non-Newtonian fluid, the wall shear stress can be
expressed in terms of K' and n' as
(3.27)
On substituting for rW in equation 2.10, the Fanning friction factor for
laminar non-Newtonian flow becomes
f=-

16
Re'

(3.35)

This is of the same form as equation 2.14 for Newtonian flow and is one
reason for using this form of generalized Reynolds number. Equation 3.35
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provides another way of calculating the pressure gradient for a given flow
rate for laminar non-Newtonian flow, instead of using the methods of
Sections 3.3 and 3.4.

3.6.1 Laminar-turbulent transition
A stability analysis made by Ryan and Johnson (1959) suggests that the
transition from laminar to turbulent flow for inelastic non-Newtonian
fluids occurs at a critical value of the generalized Reynolds number that
depends on the value of n’.The results of this analysis are shown in Figure
3.7. This relationship has been tested for shear thinning and for Bingham
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Figure 3.7
Variationof the critical value of the Reynolds number with n’

plastic fluids and has been found to be accurate. Over the range of shear
thinning behaviour encountered in practice, 0.2 5 n’ c 1.O, the critical
value of Re’ is in the range 2100 5 n’ 5 2400.

3.6.2 Friction factors for turbulent flow in smooth pipes
Experimental results for the Fanning friction factor for turbulent flow of
shear thinning fluids in smooth pipes have been correlated by Dodge and
Metzner (1959) as a generalized form of the von Karman equation:

(3.36)
This correlation is shown in Figure 3.8. The broken lines represent
extrapolation of equation 3.36 for values of n‘ and Re’ beyond those of the
measurements made by Dodge and Metzner. More recent studies tend to
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Figure 3.8
Friction factor chart for purely viscous non-Newtonian fluids. (See Friction Factor Charts
on page 349.)
Source: D. W. Dodge and A. 6.Metzner,AlChE JournalS, pp. 18S204 (1 959)

confirm the findings of Dodge and Metzner but do not significantly extend
the range of applicability.
Having determined the value of the friction factor ffor a specified flow
rate and hence Re', the pressure gradient can be calculated in the normal
way using equation 2.13.
Example 3.3
A general time-independent non-Newtonian liquid of density 96 1 kg/m3
flows steadily with an average velocity of 2.0 m/s through a tube 3.048 m
long with an inside diameter of 0.0762 m. For these conditions, the pipe
flow consistency coefficient K' has a value of 1.48 Pa
and n' a value of
0.3. Calculate the values of the apparent viscosity for pipe flow pup,the
generalized Reynolds number Re' and the pressure drop across the tube,
neglecting end effects.
Calculations
Apparent viscosity is given by
(3.33)
and generalized Reynolds number by
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(3.32)
The flow characteristic is given by
824 - 8(2.0 d s )
_
= 210 s-1

di

0.0762 m

and

Hence
pap= (1.48 Pa

~O.~)(0.0237
so.’) = 0.0351 Pa s

and

Re‘ =

(0.0762 m)(2.0 ds)(961 kg/m3)
=4178
(0.0351 Pa s)

From Figure 3.8, the Fanning friction factor f has a value 0.0047.
Therefore the pressure drop is given by

(2.13)
- 2(0.0047)(3.048 m)(961

kg/m3)(2.O m / ~ ) ~
(0.0762 m)

-

=

1445Pa

3.7 Power law fluids
The methods presented in Sections 3.1 to 3.6 are general and do not
require the assumption of any particular flow model. While the flow of
power law fluids and Bingham plastics can be treated by those methods,
some results specific to these materials will be considered in this and the
next sections.
It was mentioned in Section 3.4 that the equation of the tangent to the
ln~,-ln(8uld,) curve, ie

(3.27)
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must not be confused with equation 1.72a defining a power law fluid. The
relationship between n' and n , and K' and K will now be demonstrated.
For the conditions at the pipe wall, denoted by the subscript 20, the
equation of the power law fluid can be written as

(3.37)
The minus sign has been placed inside the parentheses recognizing the fact
that the shear rate y (equal to dvJdr) is negative. i; is the true shear rate at
the wall and is related to the flow characteristic (8ddi) by the Rabinowitsch-Mooney equation:
8u 3n'+ 1

-Yw

=d,

(7) (3.28)

Therefore the behaviour of a power law fluid, evaluated at the wall
conditions, is given by

(3.38)
Equation 3.38 shows that a plot of ln7; against ln(8ddJ has a constant
gradient of n . Consequently, for a power law fluid

n'

=

n

(3.39)

Comparing equation 3.38 with equation 3.27 (both with n' = n), shows
that

K'

= K 3( n +7 1

)

(3.40)

3.7.1 Velocity profile for laminar flow in a pipe
The velocity profile for steady, fully developed, laminar flow in a pipe can
be determined easily by the same method as that used in Example 1.9 but
using the equation of a power law fluid instead of Newton's law of
viscosity. The shear stress distribution is given by

For a power law fluid
(3.41)
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Combining equations 2.4 and 3.41 gives the velocity gradient:
(3.42)
On integrating equation 3.42 with the boundary conditions v, = 0 at
r = ri, the velocity profile is found as
(n+ lyn
8,

= (42di)1'"(5)ri[1-(i)

]

(3.43)

The volumetric flow rate is readily calculated from
(1.62)

with ox given by equation 3.43. The result is
Q=

(L)(*)lhd
3n+1

4KLIdi

and the volumetric average velocity u is equal to Qlm:. Consequently, the
velocity profile can be expressed as
(3.45)
Figure 3.9 shows velocity profiles for various values of n. The profiles for
the limiting values n = 0 and n = OJ are oh interest but it should be
remembered that the behaviour of real fluids lies in the approximate range
0.2<n< 1.3.

Figure 3.9
Vetocityprofiles for po wer taw fluids showing the effect of the power law index, n
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It can be seen from equaton 3.45 that
v,,,

-

u

3n+ 1
n+l

(3.46)

All the results for a power law fluid reduce to the corresponding ones for a
Newtonian fluid on putting n = 1 and K = p.

3.7.2 Velocity profile for turbulent flow in a pipe
Dodge and Metzner (1959) deduced the velocity profile from their
measurements of flow rate and pressure gradient for turbulent flow of
power law fluids in pipes. For the turbulent core, the appropriate equation
is
5.66

v+ =-

no.75

0.566

logy+ -

3.475

n'.Z + n0.75

')I

+

1.960 0.815n - 1.628n log ("n+

(3.47)

where v+ and y are respectively a dimensionless velocity and distance
from the wall, defined as follows:
+

(2.56)
and
(3.48)
where
r---

p*

=

J"

(2.54)

P

The coefficients in equation 3.47 are the corrected values given by
Skelland ( 1967).
For Newtonian fluids, n = 1 and K = p and equation 3.47 reduces to
v+ = 5.66 logy++S.7

(3.49a)

or
v + = 2.46 Iny+

+ 5.7

(3.49b)
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This is in excellent agreement with equation 2.70, considering that
equation 3.47 was derived from flow rate and pressure gradient measurements rather than from direct measurement of the velocity profiles.
For Newtonian fluids the velocity profile in the viscous sublayer
adjacent to the wall is
(2.58)

v+ = y +

The corresponding equation for power law fluids is [Dodge and Metzner
(19591
(3.50)

v + = CY+)""

3.7.3 Expansion and contraction losses for power law fluids
For laminar flow of a power law fluid through a sudden expansion in a pipe
of circular cross section, it is easily shown [Skelland (1967)l that the
pressure drop is given by
2(3n+1)[

hpe=wl

pI2-g)+++ 1

n+3
2(5n+3) Sz

3(3n
2(5n

1)
3)

(3.51)

In equation 3.51, p is the density and n the power law flow behaviour
index of the fluid. S1and S 2 are the cross-sectional areas of the smaller and
larger pipes respectively and u1 the volumetric average velocity in the
smaller pipe.
On putting n = 0, equation 3.51 reduces to

This is identical to equation 2.24 for turbulent flow of a Newtonian fluid
because n = 0 corresponds to a flat velocity profile and this is a good
approximation for turbulent flow.
Measurements suggest that the pressure loss for laminar flow of power
law fluids through a sudden contraction is not significantly different from
that for Newtonian flow [Skelland (1967)l. This statement applies to
inelastic power law fluids: in the case of elastic liquids, very high
contraction pressure losses occur as discussed in Section 3.10.
As would be expected from equation 3.52, expansion and contraction
losses for turbulent flow of power law fluids are similar to those for
turbulent flow of Newtonian fluids.
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3.8 Pressuredrop for Bingham plastics in laminar flow
The behaviour of a Bingham plastic is described by
T - T ~

= -By

for T

2 T~

(1.73)

and
for

y =0

T < T~

As the shear stress for flow in a pipe varies from zero at the centre-line to a
maximum at the wall, genuine flow, ie deformation, of a Bingham plastic
occurs only in that part of the cross section where the shear stress is greater
. the part where T < T~ the material remains as a
than the yield stress T ~ In
solid plug and is transported by the genuinely flowing outer material.
As part of the Rabinowitsch-Mooney analysis, it was shown that the
volumetric flow rate can be written in terms of the shear stress distribution:

mf

Q =2

1"'

?(-y)dT

(3.16)

0

For a Bingham plastic, there is a change in the flow behaviour at T=
the range of integration must be split into two parts:

T~

and

(3.53)
The first integral vanishes because i. = 0 for 0 5 T 5 T ~ .
Substituting for i, from equation 1.73, equation 3.53 becomes

(3.54)
Evaluating this integral and writing the result in terms of the flow
characteristic gives the well-known Buckingham equation:

(3.55)
The value of

T~

is found in the usual way:
Tw

O f
=-

4Lld,

These equations allow u or Q to be calculated if -rU (and therefore d,) are
specified.
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Govier (1959) developed a method for solving equation 3.55 for rw and
the pressure gradient for a given value of the Reynolds number. He
defined a modified Reynolds number ReB in terms of p:
pu4

ReB =

P

(3.56)

It was pointed out in Section 1.12 that the coefficient of rigidity p is equal
to the apparent viscosity at infinite shear rate. Govier also defined a
dimensionless yield number Y by

(3.57)
Dividing equation 3.57 by equation 3.56 and using the definition of the
Fanning friction factor (equation 2.10) gives

(3.58)
allowing rJrW to be replaced by 2YlfleB in equation 3.55.
In addition
-

(3.59)

Using these results, equation 3.55 can be written as

(3.60)
Note that equation 3.60 reduces to f = 16lRe for Y = 0.
The product f l e e is a unique function of the yield number [Hedstrom
(1952)] and Govier (1959) has tabulated corresponding values of fReB and
Y. A slightly different presentation is in terms of the Hedstrom number
He, which is given by

(3.61)
Figure 3.10 shows a friction factor - Reynolds number chart for Bingham
plastics at various values of the Hedstrom number. The turbulent flow line
is that for Newtonian behaviour and is followed by some Bingham plastics
with low values of the yield stress [Thomas (1962)l.
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Reynolds number, ReB= pud,/p

Figure 3.10
Friction factor chart for laminar flow of Bingham plastic materials. (See Friction Factor
Charts on page 349.)
Source: D. G. Thomas,AIChEJournalG, pp. 631-9 (1960)

3.9 Laminar flow of concentrated suspensions and apparent slip at
the pipe wall
The flow properties of suspensions are complex. The apparent viscosity at
a given shear rate increases with increasing solids concentration and rises
extremely rapidly when the volume fraction of solids reaches about 50 per
cent. The flow properties also depend on the particle size distribution and
the particle shape, as well as the flow properties of the suspending liquid.
With some concentrated suspensions of solid particles, particularly
those in which the liquid has a relatively low viscosity, the suspension
appears to slip at the pipe wall or at the solid surfaces of a viscometer. Slip
occurs because the suspension is depleted of particles in the vicinity of the
solid surface. In the case of concentrated suspensions, the main reason is
probably that of physical exclusion: if the suspension at the solid surface
were to have the same spatial distribution of particles as that in the bulk,
some particles would have to overlap the wall. As a result of the lower
concentration of particles in the immediate vicinity of the wall, the
effective viscosity of the suspension near the wall may be significantly
lower than that of the bulk and consequently this wall layer may have an
extremely high shear rate. If this happens, the bulk material appears to
slip on this lubricating layer of low viscosity material.
Although this type of flow can be treated by a multiple layer model, the
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usual approach is to treat the suspension as being uniform up to the wall
but assuming that slip occurs at the wall. In reality there must be a very
high velocity gradient but the thickness of the layer over which this occurs
is unknown, although it may be expected to be of the order of the particle
diameter. By supposing slip to occur, this high velocity gradient over a
small distance is replaced by a discontinuity in the velocity at the wall.

3-9.1 Modification of the Rabinowitsch-Mooney analysis
The occurrence of slip invalidates all normal analyses because they assume
that the velocity is zero at the wall. Returning to the RabinowitschMooney analysis, the total volumetric flow rate for laminar flow in a pipe is
given by

(3.14)
If slip occurs, with a slip velocity vs at the wall, then the first term on the
right hand side of equation 3.14 does not vanish as before:

[+I;

-&

2

(3.62)

The total measured flow rate Q is therefore given by

Q = mfv,+

1;

?( - 2 ) d r

i~

(3.63)

As before, the variable of integration can be changed and equation 3.63
can be written as

Equation 3.64 shows that the total discharge rate Q that is measured
consists of normal, genuine flow given by the integral term, plus the extra
discharge due to slip. The slip term is simply the slip velocity vSmultiplied
by the cross-sectional area of the pipe.
Writing equation 3.64 in terms of the flow characteristic gives
4Q

4v,

4

m;l

r,

2

- = - +or

1;

$(-+)dT

(3.65)
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(3.66)
Equations 3.65 and 3.66 reduce to equation 3.17 when v s = 0.
It is important to remember that in these equations Q is the measured
total flow rate and u is calculated from Q.
When trying to determine the flow behaviour of a material suspected of
exhibiting wall slip, the procedure is first to establish whether slip occurs
and how significant it is. The magnitude of slip is then determined and by
subtracting the ‘flow’ due to slip from the measured flow rate, the genuine
flow rate can be determined. The standard Rabinowitsch-Mooney equation can then be used with the corrected flow rates to determine the T,+,
curve. Alternatively, the results can be presented as a plot of T , against the
corrected flow characteristic, where the latter is calculated from the
corrected value of the flcw rate.
In order to determine whether slip occurs with a particular material, it is
essential to make measurements with tubes of various diameters. In
equation 3.66, the value of the integral term is a function of the wall shear
stress only. Thus, in the absence of wall slip, the flow characteristic 8dd,is
a unique function of T,. However, if slip occurs, the term 8vJd,will be
different for different values of d, at the same value of T, as shown in
Figure 3.1 1. It is clear from equation 3.66 that for a given value of the slip
velocity vs,the effect of slip is greater in tubes of smaller diameter. If the
effect of slip is dominant, that is the bulk of the material experiences
negligible shearing, then it can be seen from equation 3.66 that on a plot of

Increasing d
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u against T,, all the results for different tube diameters will fall on, or close
to, a single line. If this is the case, the genuine flow behaviour cannot be
determined but for pipe flow calculations the U--7, plot gives the information that is required for scale-up, assuming that the slip behaviour is the
same in the large pipe.
Having established that wall slip occurs but is not dominant, the
procedure is to estimate the value of vsand hence calculate a corrected flow
rate by subtracting the slip ‘flow’ from the measured flow rate. In general
it is found that the slip velocity increases with T , and decreases with d,,
although in some cases v, is independent of d,. Consequently, it can be
seen from equation 3.66 that the effect of slip decreases as d, increases, and
becomes negligible at very large diameters.
It is convenient to divide equation 3.66 by T, throughout:

(3.67)
The quantity on the left hand side of equation 3.67 is the reciprocal of the
apparent viscosity for pipe flow pap and is often called the apparent
fluidity.
Schofield and Scott Blair (1930) assumed that the slip velocity was a
linear function of the wall shear stress T, but independent of d,. Similarly,
Mooney (1931) assumed that the slip velocity can be written as

(3.68)

V, = CsTw

where C, is called the slip coefficient. The slip term in equation 3.67 can
then be written as

(3.69)
If this type of behaviour is followed, a plot of apparent fluidity against lld,
at constant T, will be linear as shown in Figure 3.12. The gradient of a line
is equal to 8C, for the corresponding value of 7,; hence the value of v, can
be calculated for that value of T ~ .
The flow Q, due to slip is then given by
nd;?

Q5 = -

0,

(3.70)

and the corrected flow rate Qc can be calculated from the measured flow
rate Q:
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Figure 3.12
Plot of apparent fluidity against 1/4to determine the slip velocity (Mooney'smethod)

Q, = Q - Q,

(3.71)

The corrected volumetric average velocity u, is given by
QC

u, = -

(3.72)

r d ; I4

This must be done for each of a range of values of the wall shear stress rw.
The standard Rabinowitsch-Mooney equation can then be used with the
corrected values of uc:

1

(3.73)

This enables the true ~ ~ curve
- toy be determined.
~
Alternatively, the results may be presented as a plot of T~ against the
corrected flow characteristic 8uJdt.
Mooney's method has been modified in various ways to allow for the
observation that, with many suspensions, the slip velocity depends on the
tube diameter as well as the wall shear stress. Jastrzebski (1967) deduced
that, for certain kaolinite-water suspensions, v, was inversely proportional
to d,. Thus a modified slip coefficient Cy may be defined by
V , = Cjrw/dt

Thus, the slip term in equation 3.67 can be written as

(3.74)
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(3.75)
If this type of behaviour occurs, a plot of apparent fluidity against 1/$ at
constant T~ will be a straight line. The gradient of the line is equal to SC,
for the corresponding value of T ~ Hence,
.
os can be calculated from
equation 3.74 and then the corrected flow rate as before.
Several workers [see for example Cheng (1984)] have generalized
Jastrzebski’s method, writing the slip term in equation 3.67 in the form
C / e . A suitable value of m is sought so that a plot of apparent fluidity
against
is a straight line.

1/e

3.9.2 Scale up
In principle, scale up to larger pipes is straightforward provided the basic
tube flow viscometric measurements are available. If Mooney’s method
has been found satisfactory, the plot of apparent fluidity against l/di can be
used to extrapolate the measurements to the value of l/dicorresponding to
the pipe diameter. Similarly, if Jastrzebski’s method or its generalization
has been used, the corresponding plot can be used in the same way. The
value of (8ddZ)/7,is read off the graph for the pipe diameter and a selected
value of T ~ In. this way, a curve of u against T~ can be constructed for the
specified pipe diameter. This method simultaneously scales the genuine
flow and that due to slip.
The other approach is bo scale up the genuine flow, then add the slip
flow for the appropriate pipe diameter. Scale up of the genuine flow can be
done as described in Section 3.3 or Section 3.4. In order to assess the flow
due to wall slip in the pipe, it is necessary to have information about the
variation of ux with T~ and d, unless it is assumed that the pipe is large
enough for the effect of slip to be negligible. If slip velocity data are
available, implying that the apparent fluidity plots are also available, then
it would be easier to use these plots directly.
It is implicit in these methods that the wall slip behaviour in the pipe is
similar to that in the tubes. There is evidence [Fitzgerald (1990)lthat the
wall roughness can have a dramatic effect on the flow of some suspensions,
making the assumption of similar slip behaviour very dangerous.
Similar problems occur when using rotational viscometers and it is
usually impracticable to vary the gap sufficiently to determine the effect of
slip. An approach often adopted is to roughen the surfaces or even to use
vanes in the hope of eliminating slip. It is possible that these methods may
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allow a good estimate of the genuine bulk flow behaviour to be obtained
but use of these methods for calculating the flow rate in a pipe requires
great caution, with the possible exception of very large pipes in which the
effect of slip is negligible. The safest procedure is to make measurements
in pipes as large as possible, made of the same material and having the
same wall characteristics as the full-scale pipe.
Not all suspensions will exhibit wall slip. Concentrated suspensions of
finely ground coal in water have been found to exhibit wall slip [Fitzgerald
(1990)l.This is to be expected because the coal suspension has a much
higher apparent viscosity than the water. In contrast, when the liquid is a
very viscous gum, the addition of solids may have a relatively small effect.
In this case, the layer at the wall will behave only marginally differently
from the material in the bulk.

3.10 Viscoelasticity
As noted in Chapter 1, viscoelastic fluids exhibit a combination of
solid-like and liquid-like behaviour . Even a simple analysis of viscoelastic
effects in process plant is beyond the scope of this book. This section is
restricted to an outline of practical implications of elastic effects and a
demonstration of the fact that viscoelastic liquids exhibit stronger elastic
behaviour as the deformation rate is increased.

3.1 0.1 Practical manifestations of viscoelastic behaviour
When a viscoelastic liquid is sheared, for example between two parallel
plates as in Figure 1.12, large unequal normal stress components are
generated. This is in contrast to the behaviour of a purely viscous fluid
where the three normal stress components T,,, T- and T~~are all equal to
the pressure. For the viscoelastic liquid, the differences among the normal
stress components are equivalent to a tension along the streamlines (the
x-direction in Figure 1.12) and the opposite, an outward directed force, in
the direction of the velocity gradient (they-direction in Figure 1.12). This
is a manifestation of elastic behaviour; the solid in Figure 1.10 would
generate similar normal stress components. Some startling effects occur
when the normal stress differences are not negligible compared with the
shear stress components.
When a viscoelastic liquid flows through a tube, the normal stress
differences cause the liquid to be under an axial tension while a normal
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stress pushes radially outwards. Consequently, when the liquid emerges
from the end of the tube it swells under the influence of the normal
stresses. This phenomenon, known as die swell, is in contrast to the
contraction of the Newtonian liquid under similar conditions (see example
1.5).
Another well-known phenomenon is the Weissenberg effect, which
occurs when a long vertical rod is rotated in a viscoelastic liquid. Again,
the shearing generates a tension along the streamlines, which are circles
centred on the axis of the rod. The only way in which the liquid can
respond is to flow inwards and it therefore climbs up the rod until the
hydrostatic head balances the force due to the normal stresses.
A less well known effect occurs in open channel flow of a viscoelastic
liquid, when the normal stress differences cause the free surface to bow
upwards in the centre [Tanner (198S)l.
Of greater engineering importance are the various consequences of the
extremely high resistance that viscoelastic liquids exhibit to being stretched. In addition to fibre spinning, in which the fibres are deliberately
stretched by the take-up spool, stretching occurs in converging flow such
as that into a die or a pipe, and in calendering. For flow of a viscoelastic
liquid into a tube, this resistance to stretching is manifest as an excessively
high entrance pressure drop, which must be allowed for when determining
the apparent viscosity using a tubular viscometer. The entrance pressure
drop, after subtracting the known pressure drop for an inelastic liquid,
may be used as a rough measure of elasticity.
When a viscoelastic fluid flows into a sudden contraction, it flows only
from a central conical region, which is surrounded by a large toroidal
vortex [Oliver and Bragg (1973)l. This is in contrast to the behaviour of a
Newtonian fluid where the flow is from all points upstream of the
contraction. In flowing only from the slender cone, the viscoelastic fluid
adopts a flow that reduces the rate of stretching. This is important in the
extrusion of molten polymers where, when the flow rate is too high, the
axial tension generated is so great that it momentarily interrupts the flow
causing the phenomenon called melt fracture.
Consider a stream of liquid that is subject to a purely elongational flow
in the x-direction. The elongational rate of strain may be defined as the
velocity gradient in the direction of flow, ie dvJdx. Now consider the case
in which the elongational strain rate is constant:

(3.76)
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Integrating
0, =

kx+C

(3.77)

If v, is negligibly small at x = 0, then C = 0. Noting that v, = dx/dt,
equation 3.77 may be integrated to give the position x of a material point:
x = e ki

(3.78)

Thus, even when the elongation rate, as defined by equation 3.76, is
constant, the separation of two material points increases exponentially
with time. As stress relaxation occurs exponentially, it is clear that at high
elongation rates the stress will increase very rapidly. In a purely viscous
liquid the stress relaxes instantaneously and consequently this high
resistance to stretching does not occur.
Elongational flow is a very severe form of deformation, partly because of
the high rate of stretching of elements of the material but also because
fluid elements do not rotate in pure elongation. In shearing, the velocity
gradient causes fluid elements to rotate thus ‘evening out’ the force on
molecules. By superimposing shearing on stretching, the effect of the
stretching can be made less severe: this can be done by using a tapered die.
The high resistance to stretching is exhibited even by dilute polymer
solutions [Metzner and Metzner (1970), Bragg and Oliver (1973)l and is
believed to play an important role in the phenomenon of drag reduction.
For example, if a polymer such as poly(ethy1ene oxide) or polyacrylamide
is dissolved in water at a concentration of only a few parts per million by
weight, it is found that the friction factor for turbulent flow of the solution
is lower than that of water under comparable conditions, as shown in
Figure 3.13. At these low concentrations it is impossible to detect any
change in viscosity from that of water. An elongational viscosity pe can be
defined using the normal stress and the elongation rate dvJdx and it can
be shown that for a Newtonian liquid p, = 3p. However, for dilute drag
reducing solutions, the elongational viscosity can be as high as 1000 times
the shear viscosity, and for concentrated solutions the ratio may reach
10000. It has been found that with these drag reducing solutions the flow
in the buffer zone is modified, both in terms of the mean velocity profile
and the distribution of velocity fluctuations. The viscous sublayer is not
modified (v’ = y + but note that T~ on which these quantities are based is
different for a given flow rate). In Chapter 1 it was explained that the
buffer zone, or generation zone, is where turbulence originates and that
bursts appear to be important. It is thought that the stretching flow in the
burst process is inhibited by the elastic nature of the solution.
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Reynolds number, Re

Figure 3.1 3
Friction factors for turbulent flow of dilute solutions ofpolyethyleneoxide

Source: R. W. Patterson and F. H. Abemathy, Journal of Fluid Mechanics, 51,
pp. 177-85(1972)

Drag reducing polymers are susceptible to degradation and consequently find only limited application. However, suspensions of fibres, particularly of asbestos, exhibit drag reducing properties and may be more
suitable for prolonged use.
An excellent discussion of the effects of drag reducing materials on
turbulence has been given by McComb (19%).

3.1 0.2 Response of a Maxwell fluid to oscillatoryshearing
In Chapter 1 it was pointed out that the Maxwell fluid is a very simple
model of the first order effects observed with viscoelastic liquids. The
equation of a Maxwell fluid is
hi= -py

(1.80)

where A = plG is known as the relaxation time. The Maxwell fluid is a
combination of the behaviour of a Newtonian liquid of viscosity p and a
Hookean elastic solid with modulus G.

FLOW OF INCOMPRESSIBLE NON-NEWTONIAN FLUIDS I N PIPES 135

As noted in Chapter 1, purely viscous behaviour corresponds to A = 0,
while purely elastic behaviour is approached as A + 03. It will now be
shown that the response of a viscoelastic fluid to unsteady shearing
depends on how rapidly it is deformed compared with the rate at which it
can relax.
Imagine a Maxwell liquid placed between two parallel plates and
sheared by moving the upper plate in its own plane. However, instead of
moving the plate at a constant velocity as discussed in Chapter 1, let the
displacement of the plate vary sinusoidally with time, ie the plate
undergoes simple harmonic motion. If the maximum displacement of the
upper plate is X and the distance between the plates is h, then the
amplitude A of the shear strain in the liquid is given by

A = -X
h

(3.79)

At time t the shear strain y is therefore
y = A sinwt

(3.80)

where w is the angular frequency of oscillation. The rate of strain y is then
y = A w COS wt

(3.81)

Note that the strain and rate of strain are out of phase.
Provided w is not too high, inertia is negligible and the fluid's motion is
dominated by viscous stresses. Substituting for y in equation 1.80 gives
T+kf=

-p.AWCOSWt

(3.82)

The shear stress component is T~~ but the subscripts have been omitted for
brevity.
Equation 3.82 can be integrated easily by introducing the integrating
factor e"". Thus
A&%=

pAw

I

e""coswtdt

(3.83)

This is a standard integral of the form [Dwight (1961)]

I

eax
eaxcosnx dx = -(a cos nx+ n sin nx) + C
a' + n2

(3.84)

Thus, integration of equation 3.82 leads to
T=

p.Aw (coswt
-___
l+A w

+ Aw sin ut)

(3.85)
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Equation 3.85 is valid after initial transients have died away.
Comparing equation 3.85 with equations 3.80 and 3.81 shows that the
first term in parentheses is in phase with the rate of strain, while the
second term is in phase with the strain. Thus the first term represents the
viscous part of the fluid’s response and the second term the elastic part. It
can be seen from equation 3.85 that
r-+ -pAwcoswt

as A o + O

(3.86)

as Aw+

(3.87)

and

4

r+ -- sinwt = -GA sinwt
A

Thus purely viscous behaviour is approached as Aw -+ 0 and purely
elastic behaviour as Aw -+ m .
It is helpful here to introduce the Deborah number De defined by

De =

characteristic time of fluid
characteristic time of flow

(3.88)

The fluid’s relaxation time A is the characteristic time of the fluid and, for
oscillatory shearing, w - l can be taken as a measure of the characteristic
time of the flow process, so De = Aw. Thus, viscous behaviour occurs
when the Deborah number is low, reflecting the fact that the fluid is able
to relax. When the Deborah number is high, elastic behaviour is observed
because the fluid is unable to relax sufficiently quickly.
In practical flow processes, the characteristic time of the flow will be of
the order of a characteristic distance in the direction of flow divided by a
characteristic velocity. For example, in flow through a die or into a tube,
the characteristic distance will be a small multiple of the diameter d, of the
die or tube and the characteristic velocity can be taken as the volumetric
average velocity u based on d,. Thus the Deborah number can be taken as
Al(dJu). This will usually be a high value, for a molten polymer for
example. In contrast, flow through a long tube or in the barrel of an
extruder will have a low value of the Deborah number. Elastic effects will
be important in the former case but not in the latter. As a result it is
possible to measure the apparent viscosity of viscoelastic fluids in long
tubes, provided the flow rate is not too high. Relaxation times of molten
to 10 seconds.
polymers are generally in the range
Oscillatory shearing is used to characterize viscoelastic fluids using
coaxial cylinders or cone and plate instruments.
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It is interesting to consider the response of a Maxwell fluid to an
arbitrary shear rate history. Denoting the shear rate as $ t ) , an arbitrary
function of time, the equivalent of equation 3.83 is
Ae*% = - p

[

(3.89)

edA$t)dt
- x

where the shearing at all times in the past is considered. In the integral of
equation 3.89, t is a dummy variable so it can be changed to another
variable t' without changing the value of the integral provided that the
upper limit remains unchanged:
Ae*% = - p

['

e"lA$t')dt'

(3.90)

$r')dr'

(3.91)

-z

Thus
=

-G

11..

e-(f-f')/A

Equation 3.91 gives the shear stress at time t arising from the complete
shear history over all earlier times t'
This is a particular case of the general form

.

T

=

-G

1

$(t

- t')$t)dt'

(3.92)

-x

wb

Elastic solid

Viscoelastic

Purely
viscous
liquid

-

-0-

t

(current
time)

Figure 3.14
Forms of the memow function for different fypes of material

t'
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The function IL(t-t’) may be interpreted as a memory function having a
form as shown in Figure 3.14. For an elastic solid, 4 has the value unity at
all times, while for a purely viscous liquid $I has the value unity at t h t
current time but zero at all other times. Thus, a solid behaves as if it
‘remembers’ the whole of its deformation history, while a purely viscous
liquid responds only to its instantaneous deformation rate and is uninfluenced by its history. The viscoelastic fluid is intermediate, behaving as
if it had a memory that fades exponentially with time. The purely elastic
solid and the purely viscous fluid are just extreme cases of viscoelastic
behaviour.
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4

Pumping of liquids

4.1 Pumps and pumping
Pumps are devices for supplying energy or head to a flowing liquid in
order to overcome head losses due to friction and also, ifnecessary, to raise
the liquid to a higher level. The head imparted to a flowing liquid by a
pump is known as the total head Ah. If a pump is placed between points 1
and 2 in a pipeline, the heads for steady flow are related by equation 1.14

In equation 1.14, z, P/(pg), and u2/(2ga) are the static, pressure and
velocity heads respectibely and hf is the head loss due to friction. The
dimensionless velocity distribution factor CY is 4 for laminar flow and
approximately 1 for turbulent flow.
For a liquid of density p flowing with a constant mean velocity u
through a pipeline of circular cross section and constant diameter between
points 1 and 2 separated by a pump, equation 1.14 can be written as

Pg

(4.1)

For the most part, pumps can be classified into centrifugal and positive
displacement pumps.

4.2 System heads
The important heads to consider in a pumping system are the suction,
discharge, total and available net positive suction heads. The following
definitions are given in reference to the typical pumping system shown in
Figure 4.1 where the arbitrarily chosen base line is the centre-line of the
pump.
140
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-Suction

side ___$__ Discharge side

-

Figure 4.1
Typicalpumping system

Suction head:

h, = z,+-

p,
Pg

-hrs

Discharge head:

In equation 4.2, hfsis the head loss due to friction, z, is the static head and
P, is the gas pressure above the liquid in the tank on the suction side of the
pump. If the liquid level on the suction side is below the centre-line of the
pump, z, is negative.
In equation 4.3, hfd is the head loss due to friction, z d is the static head
and p d is the gas pressure above the liquid in the tank on the discharge
side of the pump.
h, and hd are the values of (Plpg u2/2gcy+ z) at the suction flange and at
the discharge flange respectively. Equations 4.7. and 4.3 are obtained by
applying Bernoulli’s equation between the supply tank and the suction
flange, and between the discharge flange and the receiving tank, respectively. On the suction side, the frictional loss hfi reduces the total head at
the suction flange but on the discharge side, hfd increases the head at the
discharge flange.

+
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The total head Ah which the pump is required to impart to the flowing
liquid is the difference between the discharge and suction heads:

Ahzhd-h,

(4.4)

Equation 4.4 can be written in terms of equations 4.2 and 4.3 as

The head losses due to friction are given by the equations
(4.6)

and
(4.7)

where CL,, and ZL,d are the total equivalent lengths on the suction and
discharge sides of the pump respectively.
The suction head h, decreases and the discharge head hd increases with
increasing liquid flow rate because of the increasing value of the friction
head loss terms hfi and b d . Thus the total head Ah which the pump is
required to impart to the flowing liquid increases with the liquid pumping
rate.
It is clear from equation 4.2 that the suction head h, can fall to a very low
value, for example when the suction frictional head loss is high and the
static head z, is low. If the absolute pressure in the liquid at the suction
flange falls to, or below, the absolute vapour pressure Pv of the liquid,
bubbles of vapour will be formed at the pump inlet. Worse still, even if the
pressure at the suction flange is slightly higher than the vapour pressure,
cavitation-the formation and subsequent collapse of vapour bubbleswill occur within the body of the pump because the pressure in the pump
falls further as the liquid is accelerated.
In order that cavitation may be avoided, pump manufacturers specify a
minimum value by which the total head at the suction flange must exceed
the head corresponding to the liquid's vapour pressure.
The difference between the suction head and the vapour pressure head
is known as the Net Positive Suction Head, NPSH:
D

NPSH=h,--

J V

Pg

(4.8)
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Substituting for h, from equation 4.2, the available NPSH is given by
NPSH = z,+

p,- p7J
- hfi
~

Pg

(4.9)

The available NPSH given by equations 4.8 and 4.9 must exceed the value
required by the pump and specified by the manufacturer. The required
NPSH increases with increasing flow rate as discussed below.

4.3 Centrifugal pumps
In centrifugal pumps, energy or head is imparted to a flowing liquid by
centrifugal action. The most common type of centrifugal pump is the
volute pump. In volute pumps, liquid enters near the axis of a high speed
impeller and is thrown radially outward into a progressively widening
spiral casing as shown in Figure 4.2. The impeller vanes are curved to

Discharge

Figure 4.2
Volute centrifugal pump casing design
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ensure a smooth flow of liquid. The velocity head imparted to the liquid is
gradually converted into pressure head as the velocity of the liquid is
reduced. The efficiency of this conversion is a function of the design of $he
impeller and casing and the physical properties of the liquid.
The performance of a centrifugal pump for a particular rotational speed
of the impeller and liquid viscosity is represented by plots of total head
against capacity, power against capacity, and required NPSH against
capacity. These are known as characteristic curves of the pump. Characteristic curves have a variety of shapes depending on the geometry of the
impeller and pump casing. Pump manufacturers normally supply these
curves only for operation with water. However, methods are available for
plotting curves for other viscosities from the water curves [Holland and
Chapman (1966)l.
The most common shape of a total head against capacity curve for a
conventional volute centrifugal pump is shown in Figure 4.3,where Ah is
the total head developed by the pump and Q is the volumetric flow rate of
liquid or capacity. The maximum total head developed by the pump is at
zero capacity. As the liquid throughput is increased, the total head
developed decreases. The pump can operate at any point on the Ah against
Q curve. Any individual Ah against Q curve is only true for a particular
rotational speed of the impeller and liquid viscosity. As the liquid viscosity
increases the Ah against Q curve becomes steeper. Thus the shaded area in
Figure 4.3 increases as the liquid viscosity increases.
The total head Ah developed by a centrifugal pump at a particular
capacity Q is independent of the liquid density. Thus the higher the
density of the liquid, the higher the pressure hp developed by the pump.
The relationship between AI' and Ah is given by equation 4.10

AI' = pAhg

(4.10)

Thus if a centrifugal pump develops a total head of 100 m when pumping a
liquid of density p = 1000 kg/m3, the pressure developed is 981 000 Pa;
while for p = 917 kg/m3 the pressure developed is 900000 Pa.
Equation 4.10 shows that when a centrifugal pump runs on air, the
pressure developed is very small. In fact, a conventional centrifugal pump
can never prime itself when operating on a suction lift.
In a particular system, a centrifugal pump can only operate at one point
on the Ah against Q curve and that is the point where the pump Ah against
Q curve intersects with the system Ah against Q curve as shown in Figure

4.4.
Equation 4.5 gives the system total head at a particular liquid flow rate.
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(7-

Figure 4.3
Totalhead against capacity characteristic curve for a volute centrifugal pump

Combining equation 4.5 with equations 4.6 and 4.7, which give the
frictional head losses hfi and hfd respectively, allows the total head to be
written as

The mean velocity u of the liquid is related to the volumetric flow rate or
capacity Q by
u=-

Q
~dfl4

Substituting for u in equation 4.11 gives

from (1.6)
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For laminar flow, the Fanning friction factor f is given by equation 2.15
f=

16
-

Re

(2.15)

Substituting for f i n equation 4.12, the total head for laminar flow can be
written as

or as

The system Ah against Q curve shown in Figure 4.4 can be plotted using
equation 4.12 to calculate the values of the system total head Ah at each
volumetric flow rate of liquid or capacity Q. Equation 4.14 shows that for
laminar flow the total head Ah increases linearly with capacity Q. Thus for
laminar flow, the system Ah against Q curve is a straight line.

0-

Figure 4.4
Systemandpump total head against capacity curves. The intersection of the two curves
defines the operating point
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by the pump

aFigure 4.5
Available and required net positive suction heads against capacity in a pumping system

In the above discussion it is assumed that the available NPSH in the
system is adequate to support the flow rate of liquid into the suction side of
the pump. If the available NPSH is less than that required by the pump,
cavitation occurs and the normal curves do not apply. In cavitation, some
of the liquid vaporizes as it flows into the pump. As the vapour bubbles are
carried into higher pressure regions of the pump they collapse, resulting in
noise and vibration. High speed pumps are more prone to cavitation than
low speed pumps.
Figure 4.5 shows a typical relationship between the available NPSH in
the system and the NPSH required by the pump as the volumetric flow
rate of liquid or capacity Q is varied. The NPSH required by a centrifugal
pump increases approximately with the square of the liquid throughput.
The available NPSH in a system can be calculated from equation 4.9
having substituted for hfi

Equation 4.15 shows that the available NPSH in a system decreases as the
liquid throughput increases because of the greater frictional head losses.
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Figure 4.6
Effect of insufficient NPSH on theperformance of a centrifugal pump

A centrifugal pump will operate normally at a point on its total head
against capacity characteristic curve until the available NPSH falls below
the required NPSH curve. Beyond t h i s point, the total head generated by
a centrifugal pump falls drastically as shown in Figure 4.6 as the pump
begins to operate in cavitation conditions.
In centrifugal pump systems, a throttling valve is located on the
discharge side of the pump. When this valve is throttled, the system Ah
against Q curve is altered to incorporate the increased frictional head loss.
The effect of throttling is illustrated in Figure 4.7. Throttling can be used
to decrease cavitation. A flow regulating valve or other constriction must
not be placed on the suction side of the pump.
System total heads should be estimated as accurately as possible. Safety
factors should never be added to these estimated total head values. This is
illustrated by Figure 4.8. Suppose that O A ,is the correct curve and that
the centrifugal pump is required to operate at point AI.Let a safety factor
be added to the total head values to give a system curve OA2.On the basis
of curve OAz, the manufacturer will supply a pump to operate at point
A * . However, since the true system curve is OAl ,the pump will operate
at point A 3 . Not only is the capacity higher than that specified, but the
pump motor may be overloaded.
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1
0-

Figure 4.7
Effect of throttling the discharge valve on the operatingpoint of a centrifugalpump

0-

Figure 4.8
Effect of adding a safety factor to the system total head against capacity curve
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Example 4.1
Calculate the values for a system total head against capacity curve for the
initial conditions of the system shown in Figure 4.1 given the following
data:
dynamic viscosity of liquid
density of liquid
static head on suction side of pump
static head on discharge side of pump
inside diameter of pipe
pipe roughness
gas pressure above the liquid in the tank
on the suction side of the pump
gas pressure above the liquid in the tank
on the discharge side of the pump
total equivalent length on the suction
side of the pump
total equivalent length on the discharge
side of the pump

p = 0.04 Pa s
p = 1200 kg/m3

z,=3m
Zd=7m
di = 0.0526 m
e = 0.000045 m

P, = atmospheric pressure
Pd

= atmospheric pressure

ZL,, = 4.9 m

Calculations
pudi
Reynolds number Re = P

p = 1200 kg/m3

initially take

u = 1.0 m/s
di = 0.0526 m
p = 0.04

Re =

Pa s

(1200 kg/m3>(l.0m/s)(0.0526 m)
= 1578
0.04 Pa s

pipe roughness e = 0.000045 m

di= 0.0526 m
e 0.000045m
relative roughness - =
= 0.000856
di 0.0526m
fromfagainst Re graph in Figure 2.1
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e

f= 0.0112 for Re = 1578 and - = 0.000856
di

4.9 m + 63.2 m
(ZLe5+ xLed) = 1294.7
0.0526 m

di

u2 - (l.Om/S)2
_
-

2g

(2)(9.81 m/s2)

=4m

= 0.05097 m

+ 4(0.0112)(1294.7)(0.05097 m)

= 6.671 m

Q

mean velocity u = irdf/4
rdf
4

-- -

(3.142)(0.0526 m)’
= 0.002173 m2
4

rdf
capacity Q = u __
4
= (1 .O m/s)(0.002173 m2)
= 0.002173 m3/s = 0.00217 m3/s

Repeating the calculations for other values of u gives the following results:

Table 4.1

Re

ji’2

4f (ZL,,+ZL ) u2
m
di

m/S

u2/2g
m

0.5
789 0.01014
1.0 1578 0.00506
1.5 2367 2.0 3 156 0.0052
2.5 3945 0.0050
3.0 4734 0.0048

0.01274 1.338
0.05097 2.671
0.1149 0.2039 10.98
0.3186 16.50
0.4487 22.31

u

[

]

Ah
m
5.3
6.7

15.0
20.5
26.3

Q
m3/s
0.001 09
0.002 17
0.003 26
0.004 35
0.005 44
0.006 53

At u = 1.5 m/s the flow is transitional and no reliable value can be given to

f.
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4.4 Centrifugalpump relations
The power P E required in an ideal centrifugal pump can be expected to be
a function of the liquid density p, the impeller diameter D and the
rotational speed of the impeller N.If the relationship is assumed to be
given by the equation

p E= C ~ O N

(4.16)

then it can be shown by dimensional analysis [Holland and Chapman
( 1966)] that

PE= ClpN3D5

(4.17)

where C 1is a constant which depends on the geometry of the system.
The power PE is also proportional to the product of the volumetric flow
rate Q and the total head Ah developed by the pump.

PE = C2QAh

(4.18)

where Cz is a constant.
The volumetric flow rate Q and the total head Ah developed by the
pump are related to the rotational speed of the impeller N and the impeller
diameter D by equations 4.19 and 4.20 respectively:

Q = C&D3
Ah = C.$12D2

(4.19)
(4.20)

where C 3 and C4 are constants.
Note that equation 4.20 is dimensionally consistent only if C4 has the
dimensions T2/Land consequently the numerical value of C4 is different
for different sets of units.
Eliminating D between equations 4.19 and 4.20 allows the following
result to be obtained:

N r n
Ah3,4

= a constant

(4.21)

The constant in equation 4.21 is known as the Specific Speed N , of the
pump. Although commonly used, this definition of the specific speed is
unsatisfactory because, following from equation 4.20, the value of N,
depends on the units used. Moreover, manufacturers sometimes mix the
units. When using specific speed data it is essential to know the definition
of N , and the units of N , Q and h employed.
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A more satisfactory definition is that of a dimensionless specific speed
N >.The above deficiency can be removed by replacing equation 4.20 by
equation 4.22:

gAh = C ’ a 2 D 2

(4.22)

where C b is a dimensionless constant. The dimensionless specific speed
N is given by

>

N:=

Nrn

(4.23)

(gAh)3’4

The value of N >is a unique number provided that consistent units are
used. In SI units, the units are N in reds, Q in m3/s, h in m, and g has the
value 9.81 d s 2 . The specific speed is used as an index of pump types and
is always evaluated at the best efficiency point (bep) of the pump.
Two different size pumps are said to be geometrically similar when the
ratios of corresponding dimensions in one pump are equal to those of the
other pump [Holland and Chapman (1966)l. Geometrically similar pumps
are said to be homologous. A set of equations known as the affinity laws
govern the performance of homologous centrifugal pumps at various
impeller speeds.
Consider a centrifugal pump with an impeller diameter D1 operating at
a rotational speed N1 and developing a total head A h l . Consider an
homologous pump with an impeller diameter D2 operating at a rotational
speed Nz and developing a total head A h 2 .
Equations 4.19 and 4.22 (or 4.20) for this case can be rewritten
respectively in the form
=

(x)

(4.24)

and
(4.25)
Similarly equation 4.17 can be rewritten in the form

D1

(4.26)

PE2

and by analogy with equation 4.25 the net positive suction heads for the
two homologous pumps can be related by the equation
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(4.27)
Equations 4.24 to 4.27 are the affinity laws for homologous centrifugal
pumps.
For a particular pump where the impeller of diameter D 1is replaced by
an impeller with a slightly different diameter D 2 , the following equations
hold [Holland and Chapman (1966)l:
(4.28)
(4.29)
and
(4.30)
If the characteristic performance curves are available for a centrifugal
pump operating at a given rotation speed, equations 4.28 to 4.30 enable
the characteristic performance curves to be plotted for other operating
speeds and for other slightly different impeller diameters.

Example 4.2
A volute centrifugal pump with an impeller diameter of 0.02 m has the
following performance data when pumping water at the best efficiency
point:
impeller speed N

=

capacity Q

= 0.012

total head Ah

= 70m

required net positive suction head NPSH

= 18m

brake power Pe

= 12000w

58.3 reds
m3/s

Evaluate the performance characteristics of a homologous pump with
twice the impeller diameter operating at half the impeller speed.
Calculations
Let subscripts 1 and 2 refer to the first and second pumps respectively.
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The ratio of impeller spreeds N I N z= 2 and the ratio of impeller
diameters D1/Dz= 1/2. The ratio of capacities is given by

"=($)(El)
3

(4.24)
Q2

= (2)(&)=

a

The capacity of the second pump is

Qz = 4Q1 = (4)(0.012 m3/s)
= 0.048 m3/s

The ratio of total heads is

(4.25)

The total head of the second pump is

Ahz = Ahl = 70 m
The ratio of powers is

(4.26)

Assume

Then

(This is equivalent to assuming that the two pumps operate at the same
efficiency.)
The power for the second pump is given by
Pe2

4PB, = (4)(12000 W)
= 48000 W
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The ratio of required net positive suction heads is
NPSHl
-NPSH2

-

’ D1 ’

is:) (z)
-

(4.27)

= (4)(f) = 1

Therefore net positive suction head of second pump
NPSH2 = NPSHl = 18 m

4.5 Centrifugalpumps in series and in parallel
Diskind (1959) determined the operating characteristics for centrifugal
pumps in parallel and in series using a simple graphical method.
Consider two centrifugal pumps in parallel as shown in Figure 4.9. The
L----- AhT-

Pump curve (11

I

I

I

I

I
I

01

4

or

aFigure4.9
Operatingpoint for centrifugal pumps in parallel
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total head for the pump combination AhT is the same as the total head for
each pump, ie

(4.31)

AhT = Ah1 = Ah2

The volumetric flow rate or capacity for the pump combination QT is the
sum of the capacities for the two pumps, ie
QT

= QI

(4.32)

+ Q2

The operating characteristics for two pumps in parallel are obtained as
follows.
1 Draw the Ah against Q characteristic curves for each pump together
with the system Ah, against Q, curve on the same plot as shown in
Figure 4.9.
2 Draw a horizontal constant total head line in Figure 4.9 which intersects
the two pump curves at capacities Q1 and Q2 respectively, and the
system curve at capacity Q, .
3 Add the values of Ql and Q2 obtained in Step 2 to give
QT

= 91+ Q2

(4.32)

4 Compare QT from Step 3 with Q, from Step 2. If they are not equal
repeat Steps 2 , 3 and 4 until QT = Q,. This is the operating point of the
two pumps in parallel.
An alternative to this trial and error procedure for two pumps in parallel
is to calculate QT from equation 4.32 for various values of the total head
from known values of Q1and Q2 at these total heads. The operating point
for stable operation is at the intersection of the AhT against QT curve with
the Ah, against Q, curve.
Consider two centrifugal pumps in series as shown in Figure 4.10. The
total head for the pump combination AhT is the sum of the total heads for
the two pumps, ie

AhT = Ah1

+ Ah2

The volumetric flow rate or capacity for the pump combination
same as the capacity for each pump, ie

Q T =QI

= Q2

(4.33)
QT

is the

(4.34)

The operating characteristics for two pumps in series are obtained as
follows.
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Figure 4.1 0
Operatingpoint for centrifugal pumps in series

1 Draw the Ah against Q characteristic curves for each pump together
with the system Ah3 against Q, curve on the same plot as shown in
Figure 4.10.
2 Draw a vertical constant capacity line in Figure 4.10 which intersects
the two pump curves at total heads Ah, and Ahz respectively, and the
system curve at total head Ahs.
3 Add the values of Ah, and Ahz obtained in Step 2 to give

AhT = Ah, + Ah2

(4.33)

4 Compare AhT from Step 3 with Ah, from Step 2 . If they are not equal

repeat Steps 2, 3 and 4 until AhT = Ah,. This is the operating point of
the two pumps in series.
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An alternative to this trial and error procedure for two pumps in series is
to calculat: AhT from equation 4.33 for various values of the capacity from
known values of Ah, and Ah2 at these capacities. The operating point for
stable operation is at the intersection of the AhT against QT curve with the
Ahs against Qs curve.
The piping and valves may be arranged to enable two centrifugal pumps
to be operated either in series or in parallel. For two identical pumps,
series operation gives a total head of 2Ah at a capacity Q and parallel
operation gives a capacity of 2 Q at a total head Ah. The efficiency of either
the series or parallel combination is practically the same as for a single
Pump-

4.6 Positive displacement pumps
For the most part, positive displacement pumps can be classified either as
rotary pumps or as reciprocating pumps. However, pumps do exist which
exhibit some of the characteristics of both types.
Rotary pumps forcibly transfer liquid through the action of rotating
gears, lobes, vanes, screws etc, which operate inside a rigid container.
Normally, pumping rates are varied by changing the rotational speed of
the rotor. Rotary pumps do not require valves in order to operate.
Reciprocating pumps forcibly transfer liquid by changing the internal
volume of the pump. Pumping rates are varied by altering either the
frequency or the length of the stroke. Valves are required on both the
suction and discharge sides of the pump.
One of the most common rotary pumps is the external gear pump
illustrated in Figure 4.11. The !ked casing contains two meshing gears of
equal size. The driving gear is coupled to the drive shaft which transmits

Figure 4.1 1
Operation of an external gear pump
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the power from the motor. The idler gear runs free. As the rotating gears
unmesh they create a partial vacuum which tames liquid from the suction
line to flow into the pump. Liquid is carried through the pump between
the rotating gear teeth and the fixed casing. The meshing of the rotating
gears generates an increase in pressure which forces the liquid into the
outlet line. In principle an external gear pump can discharge liquid either
way depending on the direction of the gear rotation. In practice, external
gear pumps are equipped with relief valves to limit the discharge pressures
generated since they cannot be operated against a closed discharge without
damage to the pump. In this case the direction of gear rotation is fixed and
is clearly marked on the pump.
External gear pumps are self-priming since the rotating gears are
capable of pumping air. They give a constant delivery of liquid for a set
rotor speed with negligible pulsations. Changes in capacity are small with
variations in discharge pressure and liquid viscosity. External gear pumps
depend on the liquid pumped to lubricate the internal moving parts. They
can be damaged if run dry. In order to provide for changes in pumping
rate, variable speed drives are required.
Since close clearances are essential between the moving parts, alignment
is critical. Some leakage occurs between the discharge and suction sides of
a pump through the clearances. This is known as slip. Slip increases with
pressure difference across the pump and decreases with increasing liquid
viscosity. Since slip is independent of pump speed, it is an advantage to
pump low viscosity liquids at high speeds. Slip is negligible for high
viscosity liquids and in fact external gear pumps are often used as metering
pumps.
Rotary pumps can normally be divided into two classes: small liquid
cavity high speed pumps and large liquid cavity low speed pumps.

4.7 Pumping efficiencies
The liquid power PE can be defined as the rate of useful work done on the
liquid. It is given by the equation

P E = QAP

(4.35)

If the volumetric flow rate Q is in m3/s and the pressure developed by the
pump AP is in Pa or N/m2, the liquid power P E is in N d s or W. The
pressure developed by the pump AP is related to the total head developed
by the pump Ah by equation 4.10.
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hP=pAhg

(4.10)

Substituting equation 4.10 into equation 4.35 gives

PE=PQAhg

(4.36)

PE = M A h g

(4.37)

which can also be written as

since M = pQ is the mass flow rate. If M is in kg/s, Ah is in m and the
gravitational accelerating g = 9.81 d s ’ , P E is in W.
The brake power PB can be defined as the actual power delivered to the
pump by the prime mover. It is the sum of liquid power and power lost
due to friction and is given by the equation
(4.38)
where 7 is the mechanical efficiency expressed in per cent.
The mechanical efficiency decreases as the liquid viscosity and hence
the frictional losses increase. The mechanical efficiency is also decreased
by power losses in gears, bearings, seals etc. In rotary pumps contact
between the rotor and the fixed casing increases power losses and
decreases the mechanical efficiency. These losses are not proportional to
pump size. Relatively large pumps tend to have the best efficiencies whilst
small pumps usually have low efficiencies. Furthermore, high speed
pumps tend to be more efficient than low speed pumps. In general, high
efficiency pumps have high NPSH requirements. Sometimes a compromise may have to be made between efficiency and NPSH.
Another efficiency which is important for positive displacement pumps
is the volumetric efficiency. This is the delivered capacity per cycle as a
percentage of the true displacement per cycle. If no slip occurs, the
volumetric efficiency of the pump is 100 per cent. For zero pressure
difference across the pump, there is no slip and the delivered capacity is
the true displacement. The volumetric efficiency of a pump is reduced by
the presence of entrained air or gas in the pumped liquid. It is important
to know the volumetric efficiency of a positive displacement pump when it
is to be used for metering.
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4.8 Factors in pump selection
The selection of a pump depends on many factors which include the
required rate and properties of the pumped liquid and the desired location
of the pump.
In general, high viscosity liquids are pumped with positive displacement pumps. Centrifugal pumps are not only very inefficient when
pumping high viscosity liquids but their performance is very sensitive to
changes in liquid viscosity. A high viscosity also leads to high frictional
head losses and hence a reduced available NPSH. Since the latter must
always be greater than the NPSH required by the pump, a low available
NPSH imposes a severe limitation on the choice of a pump. Liquids with a
high vapour pressure also reduce the available NPSH. If these liquids are
pumped at a high temperature, this may cause the gears to seize in a close
clearance gear pump.
If the pumped liquid is shear thinning, its apparent viscosity will
decrease with an increase in shear rate and hence pumping rate. It is
therefore an advantage to use high speed pumps to pump shear thinning
liquids and in fact centrifugal pumps are frequently used. In contrast, the
apparent viscosity of a shear thickening liquid will increase with an
increase in shear rate and hence pumping rate. It is therefore an advantage
to use large cavity positive displacement pumps with a low cycle speed to
pump shear thickening liquids.
Some liquids can be permanently damaged by subjecting them to high
shear in a high speed pump. For example, certain liquid detergents can be
broken down into two phases if subject to too much shear. Even though
these detergents may exhibit shear thinning characteristics they should be
pumped with relatively low speed pumps.
Wear is a more serious problem with positive displacemeni pumps than
with centrifugal pumps. Liquids with poor lubricating qualities increase
the wear on a pump. Wear is also caused by corrosion and by the pumping
of liquids containing suspended solids which are abrasive.
In general,-centrifugal pumps are less expensive, last longer and are
more robust than positive displacement pumps. However, they are
unsuitable for pumping high viscosity liquids and when changes in
viscosity occur.
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Mixing of liquids in tanks

5.1 Mixers and mixing
Mixing may be defined as the ‘intermingling of two or more dissimilar
portions of a material, resulting in the attainment of a desired level of
uniformity, either physical or chemical, in the final product’ [Quillen
(1954)l. Since natural diffusion in liquids is relatively slow, liquid mixing
is most commonly accomplished by rotating an agitator in the liquid
confined in a tank. It is possible to waste much of this input of mechanical
energy if the wrong kind of agitator is used. Parker (1964) defined
agitation as ‘the creation of a state of activity such as flow or turbulence,
apart from any mixing accomplished’.
A rotating agitator generates high speed streams of liquid which in turn
entrain stagnant or slower moving regions of liquid resulting in uniform
mixing by momentum transfer. As the viscosity of the liquid is increased,
the mixing process becomes more difficult since frictional drag retards the
high speed streams and confines them to the immediate vicinity of the
rotating agitator.
In general, agitators can be classified into the following two groups.
1 Agitators with a small blade area which rotate at high speeds. These
include turbines and marine type propellers.
2 Agitators with a large blade area which rotate at low speeds. These
include anchors, paddles and helical screws.
The second group is more effective than the first in the mixing of high
viscosity liquids.
The mean shear rate produced by an agitator in a mixing tank
is
proportional to the rotational speed of the agitator N [Metzner and Otto
( 1957)].
Thus

+,

ym = kN
164

(5.1)
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where k is a dimensionless proportionality constant for a particular
system.
For a liquid mixed in a tank with a rotating agitator, the shear rate is
greatest in the immediate vicinity of the agitator. In fact the shear rate
decreases exponentially with distance from the agitator [Norwood and
Metzner (1960)l. Thus the shear stresses and strain rates vary greatly
throughout an agitated liquid in a tank. Since the dynamic viscosity of a
Newtonian liquid is independent of shear at a given temperature, its
viscosity will be the same at all points in the tank. In contrast the apparent
viscosity of a non-Newtonian liquid varies throughout the tank. This in
turn significantly influences the mixing process. For shear thinning
liquids, the apparent viscosity is at a minimum in the immediate vicinity
of the agitator. The progressive increase in the apparent viscosity of a
shear thinning liquid with distance away from the agitator tends to
dampen eddy currents in the mixing tank. In contrast, for shear thickening liquids, the apparent viscosity is at a maximum in the immediate
vicinity of the agitator. In general shear thinning and shear thickening
liquids should be mixed using high and low speed agitators respectively.
It is desirable to produce a particular mixing result in the minimum
time t and with the minimum input of power per unit volume PAW.Thus
an efficiency function E can be defined as

5.2 Small blade high speed agitators
Small blade high speed agitators are used to mix low to medium viscosity
liquids. Two of the most common types are the six-blade flat blade turbine
and the marine type propeller shown in Figures 5.1 and 5.2 respectively.
Flat blade turbines used to mix liquids in baffled tanks produce radial flow
patterns primarily perpendicular to the vessel wall as shown in Figure 5.3.
In contrast marine type propellers used to mix liquids in baffled tanks
produce axial flow patterns primarily parallel to the vessel wall as shown in
Figure 5.4. Marine type propellers and flat blade turbines are suitable to
mix liquids with dynamic viscosities up to 10 and 50 Pa s, respectively.
Figure 5.5 shows a turbine agitator of diameter DA in a cylindical tank
of diameter DT filled with liquid to a height Ht.The agitator is located at a
height H A from the bottom of the tank and the baffles which are located

Figure 5.1
Six-blade flat blade turbine

I

Figure 5.2
Marine propeller

1

Figure 5.3
Radial flow pattern produced by a flat blade turbine

Figure 5.4
Axial flow pattern produced by a marine propeller
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6-blade flat

Figure 5.5
Standard tank configuration

immediately adjacent to the wall have a width b. The agitator has a blade
width a and blade length r and the blades are mounted on a central disc of
diameter s. A typical turbine mixing system is the standard configuration
defined by the following geometrical relationships:
1 a six-blade flat blade turbine agitator
2 DA = &/3
3 HA = D T / ~
4 fZ = D T / ~
5 r = DT14
6 HL=DT
7 4 symmetrical baffles
8 b = DTI10
Processing considerations sometimes necessitate deviations from the
standard configuration.
Agitator tip speeds ilT given by equation 5.3 are commonly used as a
measure of the degree of agitation in a liquid mixing system.
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UT = TDAN

(5.3)

Tip speed ranges for turbine agitators are recommended as follows:

2.5 to 3.3 m/s for low agitation
3.3 to 4.1 m / s for medium agitation
and

4.1 to 5.6 m/s for high agitation

If turbine or marine propeller agitators are used to mix relatively low
viscosity liquids in unbaffled tanks, vortexing develops. In this case the
liquid level falls in the immediate vicinity of the agitator shaft. Vortexing
increases with rotational speed N until eventually the vortex passes
through the agitator. As the liquid viscosity increases, the need for baffles
to reduce vortexing decreases.
A marine propeller can be considered as a caseless pump. In this case its
volumetric circulating capacity Q A is related to volumetric displacement
per revolution VDby the equation

where 77 is a dimensionless efficiency factor which is approximately 0.6
[Weber (1%3)]. VD is related to the propeller pitch p and the propeller
diameter DA by equation 5 . 5

Most propellers are square pitch propellers where p = D A so that equation
5.5 becomes

v,

TD;

=-

4

Combining equations 5.4 and 5.6 gives
QA

=

T T ~ ~ ;
7

which is analogous to equation 4.19 for centrifugal pumps.
Weber (1963) defined a tank turnover rate I T by the equation

I r =QAv

(5.7)
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where V is the tank volume and IT is the number of turnovers per unit
time. To get the best mixing, I T should be at a maximum. For a given tank
volume V, this means that the -11%lilating capacity QA should have the
highest possible value for the minim n consumption of power.
The head developed by the rotatii,, agitator hA can be written as
hA

= ClN2Di

(5.9)

where C1 is a constant. Equation 5.9 is analogous to equation 4.20 for
centrifugal pumps.
Combining equations 5.7 and 5.9 gives the ratio
QA

- CDA

(5.10)

hA

where C is a constant.
Since the mean shear rate in a mixing tank
ym= kN

ym is given by equation 5.1
(5.1)

equation 5.10 can also be written in the form
(5.11)
where C ’ is also a constant.
It should be noted that the constants C1 and C’ in equations 5.9 and
5.11 respectively are dimensional: dimensionless forms can be defined as
was done for the analogous case with pumps, see equation 4.22.
The ratio of circulating capacity to head Q A l h A is low for high shear
agitators. For mixing shear thinning liquids a high circulating capacity QA
and a high shear rate ym or head hA are both desirable. In this case a
compromise has to be made.

5.3 Large blade low speed agitators
Large blade low speed agitators include anchors, gates, paddles, helical
ribbons and helical screws. They are used to mix relatively high viscosity
liquids and depend on a large blade area to produce liquid movement
throughout a tank. Since they are low shear agitators they are useful for
mixing shear thickening liquids.
A gate type anchor agitator is shown in Figure 5.6. Anchor agitators
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Figure 5.6
Gate typeanchor agitator

operate within close proximity to the tank wall. The shearing action of the
anchor blades past the tank wall produces a continual interchange of liquid
between the bulk liquid and the liquid film between the blades and the
wall [Holland and Chapman (1966)l.Anchors have successfully been used
to mix liquids with dynamic viscosities up to 100Pas, [Brown et al.
(1947), Uhl and Voznick (1960)l.For heat transfer applications, anchors
may be fitted with wall scrapers to prevent the build up of a stagnant film
between the anchor and the tank wall.
Uhl and Voznick showed that the mixing effectiveness of a particular
anchor agitator in a Newtonian liquid of dynamic viscosity 40 Pa s was the
same as for a particular turbine agitator in a Newtonian liquid of dynamic
viscosity 15 Pa s.
Helical screws normally function by pumping liquid from the bottom of
a tank to the liquid surface. The liquid then returns to the bottom of the
tank to fill the void created when fresh liquid is pumped to the surface. A
rotating helical screw positioned vertically in the centre of an unbaffled
cylindrical tank produces a mild swirling motion in the liquid. Since the
liquid velocity decreases towards the tank wall, the liquid at the wall of an
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Figure 5.7
Flow pattern in a baffled helical screw system

unbaffled tank is nearly motionless. Baffles set away from the tank wall
create turbulence and facilitate the entrainment of liquid in contact with
the tank wall. The flow pattern in a baffled helical screw system is shown
in Figure 5.7. Baffles are not required if the helical screw is placed in an
off-centred position since in this case the system becomes self-baffig.
However, off-centred helical screws require more power to produce a
comparable mixing result.
Gray (1963) investigated the mixing times of helical ribbon agitators and
found the following equation to hold:
Nt = 30

(5.12)

where N is the rotational speed of the helical ribbon agitator and t is the
batch mixing time.
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5.4 Dimensionless groups for mixing
In the design of liquid mixing systems the following dimensionless groups
are of importance.
The power number

PA
Po = ___
pN 'D;

(5.13)

The Reynolds number for mixing ReM represents the ratio of the
applied to the opposing viscous drag forces.

(5.14)
The Froude number for mixing F Y M represents the ratio of the applied
to the opposing gravitational forces.

(5.15)
The Weber number for mixing WeM represents the ratio of the applied
to the opposing surface tension forces.

(5.16)

In the above equations, p, j~ and u are the density, dynamic viscosity
and surface tension respectively of the liquid; PA, N and DA are the power
consumption, rotational speed and diameter respectively of the agitator.
The terms in equations 5.13 to 5.16 must be in consistent units. In the
SI system p is in kg/m3, p in Pa s and u in Nlm; P A is in W, N in revls and
DA in m.
It can be shown by dimensional analysis [Holland and Chapman] that
the power number P o can be related to the Reynolds number for mixing
ReM,and the Froude number for mixing FYM,by the equation
PO= CR&Fty,

(5.17)

where C is an overall dimensionless shape factor which represents the
geometry of the system.
Equation 5.17 can also be written in the form
(5.18)

where & is defined as the dimensionless power function.
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In liquid mixing systems, baffles are used to suppress vortexing. Since
vortexing is a gravitational effect, the Froude number is not required to
describe baffled liquid mixing systems. In this case the exponent y in
equations 5.17 and 5.18 is zero and F& = 1 .
Thus for non-vortexing systems equation 5.18 can be written either as

6 = Po = CReL

(5.19)

log Po = log C + x log Re,

(5.20)

or as

The Weber number for mixing We, is only of importance when
separate physical phases are present in the liquid mixing system as in
liquid-liquid extraction.

5.5 Power curves
A power curve is a plot of the power function 4 or the power number Po
against the Reynolds number for mixing ReM on log-log coordinates.
Each geometrical configuration has its own power curve and since the plot
involves dimensionless groups it is independent of tank size. Thus a power
curve used to correlate power data in a 1 m3 tank system is also valid for a
1000m3 tank system provided that both tank systems have the same
geometrical configuration.
Figure 5.8 shows the power curve for the standard tank configuration
geometrically illustrated in Figure 5.5. Since this is a baffled nonvortexing system, equation 5.20 applies.
log PO = log c + X log Re,

(5.20)

The power curve for the standard tank configuration is linear in the
laminar flow region AB with a slope of -1.0. Thus in this region for
ReM< 10, equation 5.20 can be written as
log Po

= log C - log Re,

(5.21)

which can be rearranged to

P,., =

(5.22)

where C = 71.0 for the standard tank configuration. Thus for laminar
flow, power is directly proportional to dynamic viscosity for a fixed
agitator speed.

MIXING OF L I R U I D S I N TANKS

102

175

1.
I

100

I

l

l

/

I

I

10’

I l l
102

I

I

I l l

-

I

I I I I

io3

104

I

1111
lo5

ReM

Figure 5.8
Power curve for the standard tank configuration

For the transition flow region BCD which extends up to ReM = 10000,
the parameters C and x in equation 5.20 vary continuously.
In the fully turbulent flow region DE, the curve becomes horizontal and
the power function 4 is independent of the Reynolds number for mixing
Re,. For the region ReM > 10000

4 = P o = 6.3

(5.23)

At point C on the power curve for the standard tank configuration given
in Figure 5.8, enough energy is being transferred to the liquid for
vortexing to start. However the baffles in the tank prevent this. If the
baffles were not present vortexing would develop and the power curve
would be as shown in Figure 5.9.
The power curve in Figure 5.8 for the baffled system is identical with
the power curve in Figure 5.9 for the unbaffled system up to point C
where ReME300. As the Reynolds number for mixing ReM increases
beyond point C in the unbaffled system, vortexing increases and the power
falls sharply.
Equation 5.17 can be written in the form
log PO

= log

c + X log ReM +y log Fr,

(5.24)
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For the unbaffled system, C#J = Po at ReM<300 and 4 = Po/Ft"M at
Re, > 300.
A plot of P o against ReM on log-log coordinates for the unbaffled
system gives a family of curves at Re, > 300. Each curve has a constant
Froude number for mixing FrM.
A plot of P o against FrMon log-log coordinates is a straight line of slope
y at a constant Reynolds number for mixing ReM.A number of lines can
be plotted for different values of ReM. A plot ofy against log ReMis also a
straight line. If the slope of the line is - l/P and the intercept at ReM= 1is
d p then
a - log ReM
Y=

P

(5.25)

Substituting equation 5.25 into equation 5.18 gives
(5.26)

Rushton, Costich, and Everett (1950) have listed values of a and p for
various vortexing systems. For a six-blade flat blade turbine agitator 0.1 m
in diameter a = 1.0 and P = 40.0.
If a power curve is available for a particular system geometry, it can be
used to calculate the power consumed by an agitator at various rotational
speeds, liquid viscosities and densities. The procedure is as follows:
calculate the Reynolds number for mixing ReM;read the power number
P o or the power function C#J from the appropriate power curve and
calculate the power PA from either equation 5.13 rewritten in the form

PA = POpN 'D;

(5.27)

or equation 5.18 rewritten in the form
(5.28)

Equations 5.27 and 5.28 can be used to calculate only the power consumed
by the agitator. Additional power is required to overcome electrical and
mechanical losses which occur in all mixing systems.
The power curves given in Figures 5.8 and 5.9 were obtained for
experiments using Newtonian liquids.
It is possible to calculate the apparent viscosities of non-Newtonian
liquids in agitated tanks from the appropriate power curves for Newtonian
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Figure 5.9
Power curve for the standard tank configuration without baffles

liquids. Metzner and Otto (1957) used this procedure to obtain the
dimensionless proportionality constant k in equation 5.1 and a nonNewtonian power curve for a particular system geometry.
ym = kN

(5.1)

The procedure is as follows.
1 Obtain power data using a non-Newtonian liquid and calculate the
power number Po from equation 5.13 for various agitator speeds N .
2 Read the Reynolds number for mixing Re, from the appropriate
Newtonian power curve for each value of Po and N .
3 For each value of Re, and N in the laminar flow region calculate the
apparent viscosity pa from equation 5.14 rewritten in the form

(5.29)
4 Compare a log-log plot of pa against N with a log-log plot of pa against
j~ experimentally determined using a viscometer. Plot y against N on
ordinary Cartesian coordinates for corresponding values of pa. The plot
is a straight line of slope k which is the dimensionless proportionality
constant in equation 5.1.
5 For various values of power number Po and corresponding agitator
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Figure 5.10
Deviation from Newtonianpower curve for shear thinning liquids

speeds N beyond the laminar flow region calculate values of shear rate y
from equation 5.1. Read the corresponding values of apparent viscosity
pa from the log-log plot of pa against
and calculate the Reynolds
number for mixing ReM for each value of N and Po. Extend the power
curve beyond the laminar flow region by plotting these values of P o and
Re,.
Figure 5.10 illustrates the use of this method to extend a Newtonian
power curve in the laminar region into a non-Newtonian power curve. The
full line is the Newtonian power curve obtained by Rushton, Costich and
Everett for a flat blade turbine system. The dashed line is a plot of the data
of Metzner and Otto for shear thinning liquids.
Figure 5.10 shows that at no point is the shear thinning power curve
higher than the Newtonian power curve. Thus the use of the Newtonian
power curve to calculate powers will give conservative values when used
for shear thinning liquids. Figure 5.10 also shows that the laminar flow
region for shear thinning liquids extends to higher Reynolds numbers than
that for Newtonian liquids.
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Nienow and Elson (1988) have reviewed work done mainly by them and
their co-workers on the mixing of non-Newtonian liquids in tanks. The
above approach for inelastic, shearing thinning liquids has been largely
substantiated but considerable doubt has been cast over using this method
for dilatant, shear thickening materials.
In the case of highly elastic liquids mixed by a Rushton turbine, flow
reversal may occur in the low Reynolds number region, Re, < 30, leading
to values of the power number as much as 60 per cent higher than for
inelastic liquids. In the intermediate region, 5 0 S R e M S1000, the power
curve lies below the Newtonian one, rather similar to that shown in Figure
5.10 for inelastic, shear thinning liquids, except that the fairly sharp
minimum shown there is much broader for elastic liquids. At higher
values of Rem the power curve lies slightly below that for a Newtonian
liquid.
Mixing of elastic liquids is very strongly dependent on the type of mixer
and the tank geometry, as well as the rheological properties of the liquid so
that at a particular value of ReM the power drawn may be lower or higher
than that for a Newtonian liquid.
When mixing a liquid exhibiting a yield stress, it is clear that material
near the impeller will be fluid while that further away, where the shear
stress has fallen below the yield stress T,, will be stagnant. Mixing
therefore occurs only in a ‘cavern’ around the impeller. The cavern
diameter D, for a flat blade single impeller can be calculated from the
equation

(5.30)
DA

for Re,> 10 [Nienow and Elson (1988)l. Thus increasing the value of
P O ~ N ~ D causes
~ , I ~the
, size of the mixing cavern to increase until the
cavern fills the tank.

Example 5.1
Calculate the theoretical power for a six-blade flat blade turbine agitator
with diameter DA = 3 m running at a speed of N = 0.2 reds in a tank
system conforming to the standard tank configuration illustrated in Figure
5.5. The liquid in the tank has a dynamic viscosity p = 1.O Pa s and a
density of p = 1000kg/m3.
Calculations
The Reynolds number for mixing is
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(5.14)
Substituting the given values

Re, =

(1000 kgm3)(o.2 rev/s)(9.0 m2)
1.0 P a s

Re, = 1800
From the graph of 4 against ReM in Figure 5.8

d = P o = 4.5
The theoretical power for mixing is

PA

= Po pN '0;

= (4.5)(1000 kg/m3)(0.008 rev3/s3)(243mS)
= 8748 W

Example 5.2
Calculate the theoretical power for a six-blade flat blade turbine agitator
with diameter DA = 0.1 m running at N = 16 reds in a tank system
without baffles but otherwise conforming to the standard tank configuration illustrated in Figure 5.5. The liquid in the tank has a dynamic
viscosity of p = 0.08Pas and a density of p = 900kg/m3. For this
configuration a = 1.O and p = 40.0.
Calculations
The Reynolds number for mixing is given by

Re,

PND:,

(5.14)

=-

P

(900 kg/m3)(16 rev/s)(O.Ol m2>
0.08 Pa s
= 1800

From the graph of 4 against ReM in Figure 5.9, 4 = 2.2. The theoretical
power for mixing is given by
(5.28)
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Now
(Y

Y=

- log ReM

P

(5.25)

with
a = 1.0 and

P = 40.0

and
log 1800 = 3.2553
Therefore
’=

-2.2553
= -0.05638
40

Substituting known values

N
2 D A (256 rev2/s2)(0.1m)
-i?
9.81 m/s2
= 2.610

so

Therefore

P A = (2.2)(900 kg/m3)(4096 rev3/s3)(0.00001m5) (0.9479)
= 76.88 W

5.6 Scale-up of liquid mixing systems
The principle of similarity [Holland (1964), Johnstone and Thring (1957)]
together with the use of dimensionless groups is the essential basis of
scale-up. The types of similarity relevant to liquid mixing systems
together with their definitions are listed as follows.

Geometrical similarity exists between two systems of different sizes when
the ratios of corresponding dimensions in one system are equal to those in
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the other. Hence, geometrical similarity exists between two pieces of
equipment of different sizes when both have the same shape.

Kinematic similarity exists between two systems of different sizes when
they are not only geometrically similar but when the ratios of velocities
between corresponding points in one system are equal to those in the
other.
Dynamic similarity exists between two systems when, in addition to being
geometrically and kinematically similar, the ratios of forces between
corresponding points in one system are equal to those in the other.
Dimensionless groups provide a convenient way of correlating scientific
and engineering data.
The classical principle of similarity can be expressed by equations of the
form

N1 = f ( N 2 ~ N 3 . .
a>

(5.31)

where a dimensionless group N 1 is a function of other dimensionless
groups N 2 , N 3 , etc. Equation 5.31 is derived for a particular case by
dimensional analysis, which is a technique for expressing the behaviour of
a physical system in terms of the minimum number of independent
variables.
Each dimensionless group represents a rule for scale-up. Frequently
these individual scale-up rules conflict. For example, scale-up on dynamic
similarity should depend chiefly upon a single dimensionless group that
represents the ratio of the applied to the opposing forces. The Reynolds,
Froude and Weber numbers are the ratios of the applied to the resisting
viscous, gravitational and surfaces forces, respectively.
For scale-up from system 1 to system 2 for the same liquid properties
and system geometry, equation 5.14 which defines the Reynolds number
for mixing ReM, equation 5.15 which defines the Froude number for
mixing FrM, and equation 5.16 which defines the Weber number for
mixing We, ,can be written respectively in the following forms:

NlD:1= N2Di2

(5.32)

N:DA 1 = N : D A ~

(5.33)

N21DA3 1 - NgDA2

(5.34)

Clearly the scale-up rules represented by equations 5.32, 5.33 and 5.34
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conflict. In order to scale up with accuracy, it is often necessary to design
pilot equipment so that the effects of certain dimensionless groups are
deliberately suppressed in favour of a particular dimensionless group
[Holland and Chapman (1966)l. For example, baffles can be used to
eliminate vortexing so that the Froude number need not be considered.
Frequently it is not possible to achieve the desired similarity when
scaling up from small to large scale units. In this case, results on the small
scale unit must be extrapolated to dissimilar conditions on the large scale.
In order to extrapolate, use is made of what is known as the extended
principle of similarity, where equations of the form

(5.35)
are used. Here the dimensionless group N , is proportional to the
dimensionless group N 2 to the xth power and the dimensionless group N 3
to the yth power etc. C is a constant that depends on the geometry of the
system and is consequently a shape factor, which usually must be
determined by experiment.
Equation 5.17 for liquid mixing systems is in the same form as equation
5.35

PO= CR&FrY,

(5.17)

The scale-up of liquid mixing systems can be divided into two
categories: the scale-up of process result and the scale-up of power data.
The type of agitator ar?d tank geometry required to achieve a particular
process result, is determined from pilot plant experiments. The desired
process result may be the dispersion or emulsification of immiscible
liquids, the completion of a chemical reaction, the suspension of solids in a
liquid or any one of a number of other processes [Holland and
Chapman ( 1966)].
Once the process result has been satisfactorily obtained in the pilot size
unit, it is necessary to predict the agitator speed in a geometrically similar
production size unit using a suitable rule for scale-up.
Mutually conflicting scale-up rules are given by equations 5.32, 5.33
and 5.34. Other possible ways of scaling up are a constant tip speed UT,
and a constant ratio of circulating capacity to head QAIIIA,and a constant
power per unit volume PAW. Since PA is proportional to N 3 D i and V is
proportional to DAYthe ratio PA/V is proportional to N 3 D f , .
For scale-up from system 1 to system 2 for the same liquid properties
and geometrically similar tanks the following equations can be written:

(5.36)
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for a constant tip speed

UT

(5.37)
for a constant ratio of circulating capacity to head QAlhA and
N3$ A 2I - N:Dfi2

(5.38)

for a constant power per unit volume P A W . The scale-up rules given by
equations 5.32 to 5.34 and 5.36 to 5.38 are all mutually conflicting.
In practice, the process result and corresponding agitator speeds can be
obtained in three small geometrically similar tank systems of different
sizes. These data can then be extrapolated to give the agitator speed in a
geometrically similar production size tank system which will give the
desired process result.
The power curve obtained on a pilot size unit can be used directly to
obtain the power requirements for a geometrically similar production size
unit once the agitator speed is known.
Consider the scale-up of the rotational speed of marine propellers for the
same power consumption and Reynolds number for mixing.
The power consumption PAis given by equation 5.27.
PA = POpN

'Dh

(5.27)

For scale-up from system 1 to system 2 for the same liquid properties and
system geometry equation 5.27 can be written in the form

(5.39)
which for the same power consumption and Reynolds number and hence
power number becomes

N : D i l = N:D;2

(5.40)

The corresponding equation for equality of Reynolds numbers for mixing
has already been shown to be

N I D f i l= N2Dfi2

(5.32)

Dividing equation 5.40 by equation 5.32 gives

(5.41)
The circulating capacity QAof a square pitch propeller has already been
shown to be
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(5.7)

For scale-up from system 1 to system 2 , equation 5.7 can be written in the
form
-

QAI

7J”D.Z

I

QA 2

(5.42)

72N2DA2

Combining equations 5.41 and 5.42 gives
(5.43)
Equation 5.43 shows that the circulation capacity of low speed square
pitch propellers greatly exceeds that of high speed propellers for the same
power consumption and Reynolds number [Holland and Chapman
( 1966)].

5.7 The purging of stirred tank systems
In industry it is common practice to use a number of tanks equipped with
agitators in series. Frequently it is necessary to know the time required to
reduce the concentration of off-quality material in the system below a
certain acceptable limit.
Let a mass m of solute be dissolved in a liquid volume V in the first
stirred tank, there being no solute in the other tanks. Let solute free liquid
flow into the tank at a volumetric flow rate Q . Let liquid flow from the
tank at a volumetric flow rate Q. If the liquid in the tank is uniformly
mixed the discharge liquid contains a concentration of solute mlV which is
the same as the solute concentration in the tank.
The rate of change of the mass of solute in the tank is given by the
equation

dm _
dt

m
Q
V

--

(5.44)

which can be integrated to give
(5.45)

where C1,is the solute concentration after time t and Clo is the initial
solute concentration at time zero.
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Equation 5.45 can also be written in the form
C1,= CIOe - u r

(5.46)

where a = Q/V is the reciprocal of the nominal holding time for the liquid
in the tank.
The fraction x of the original solute which has been purged from the
tank after a time t is given by the equation
(5.47)

For a second tank of the same size in series, the rate of change of solute
concentration is given by the equation
(5.48)

which can be rewritten as
(5.49)

At time t = 0, Czt = 0. For this case substitute equation 5.46 into equarion
5.49 and integrate to give

CZr= aCIOte P u r

(5.50)

Similarly for a third tank of the same size in series, the rate of change of
solute concentration is
(5.51)

At time t = 0, C3t= 0. For this case substituting equation 5.50 into
equation 5.51 and integrating gives
(5.52)

Similarly, the concentration of solute in an nth tank of the same size in
series can be written as
(5.53)

where at time t = 0, C,, = 0. Adding equations 5.46, 5.50, 5.52 and 5.53
gives the equation

MIXING OF LIQUIDS IN T A N K S

187

Equation 5.54 gives the total ammint of solute remaining in a system of
n equal size tanks after a time t where at time t = 0 the concentration in the
first tank was Cloand the concentration in all other tanks was zero.
The amount of solute purged from the system after time t i s given by the
equation

The fraction x of the original solute which has been purged from the
system after time t is

Equation 5.56 is known as the purging time equation for a system of
continuous mixing vessels of equal size in series.
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Flow of compressible fluids in conduits

When a compressible fluid, ie a gas, flows from a region of high pressure to
one of low pressure it expands and its density decreases. It is necessary to
take this variation of density into account in compressible flow calculations. In a pipe of constant cross-sectionalarea, the falling density requires
that the fluid accelerate to maintain the same mass flow rate. Consequently, the fluid’s kinetic energy increases.
It is found convenient to base compressible flow calculations on an
energy balance per unit mass of fluid and to work in terms of the fluid’s
specific volume V rather than the density p. The specific volume is the
volume per unit mass of fluid and is simply the reciprocal of the density:
1

V=-

P

6.1 Energy relationships
The total energy E per unit mass of fluid is given by either of the following
equations:

P
E = U+zg+P

+-v2
2

or
V2

E = U+zg+PV+-

2

where U , zg, P / p and v2/2 are the internal, potential, pressure and kinetic
energies per unit mass respectively.
Consider unit mass of fluid flowing in steady state from a point 1 to a
point 2. Between these two points, let a net amount of heat energy q be
added to the fluid and let a net amount of work W be done on the fluid.
189

190

F L U I D F L O W FOR C H E M I C A L E N G I N E E R S

An energy balance for unit mass of fluid can be written either as

or as

For steady flow in a pipe or tube the kinetic energy term can be written as
u2/(2a) where u is the volumetric average velocity in the pipe or tube and a
is a dimensionless correction factor which accounts for the velocity
distribution across the pipe or tube. Fluids that are treated as compressible are almost always in turbulent flow and a is approximately 1 for
turbulent flow. Thus for a compressible fluid flowing in a pipe or tube,
equation 6.4 can be written as

where in SI units each term is in J/kg.
Since the enthalpy per unit mass of a fluid H is defined by the equation
H=U+PV

(6.6)

equation 6.5 can be written in the alternative form

(6.7)
The work term W in equations 6.5 and 6.7 is positive if work is done on
the fluid by a pump or compressor. Wis negative if the fluid does work in a
turbine. W is often referred to as shaft work since it is transmitted into or
out of a system by means of a shaft.
The differential form of equation 6.5 is
dU+gdz+PdV+VdP+d

(6.8)

For a reversible change, the first law of thermodynamics can be expressed
by the equation
dq = d U + P d V

(6.9)

where d U is the increase in internal energy per unit mass of fluid and P d V
is the work of expansion on the fluid layers ahead for a net addition of heat
dq to the system.

FLOW OF COMPRESSIBLE F L U I D S IN CONDUITS

191

In flow, energy is required to overcome friction. The effect of friction is
to generate heat in a system by converting mechanical to thermal energy.
Thus where friction is involved, equation 6.9 can be written as
dq=dU+PdV-dF

(6.10)

where dF is the energy per unit mass required to overcome friction.
Substituting equation 6.10 into equation 6.8 gives

i:)

gdz+VdP+d - + d F = d W

(6.11)

Equation 6.11 can be integrated between states 1 and 2 to give
(zz-z1)g+

j VU+----2
2

u: - u:

+F=W

(6.12)

1

where in SI units each term is in J/kg.
Equations 6.5, 6.7 and 6.12 all relate to the energy changes involved for
a fluid in steady turbulent flow. The most appropriate equation is selected
for each particular application: equation 6.12 is a convenient form from
which a basic flow rate-pressure drop equation will be derived.
Due to the change in the average velocity u , it is more convenient in
calculations for compressible flow in pipes of constant cross-sectional area
to work in terms of the mass flux G. This is the mass flow rate per unit
flow area and is sometimes called the mass velocity. If the mass flow rate is
constant, as will usually be the case, then G is constant when the area is
constant. The relationship between G and u is given by
(6.13)
In SI units G is in kg/(m2s).
Writing equation 6.1 1 in terms of G, noting that d(V2/2) = VdV, gives
gdz+VdP+G2VdV+dF=dW

(6.14)

The pressure drop APf due to friction in a pipe of length L and inside
diameter diis given by equation 2.13
(2.13)
where f i s the Fanning friction factor.
For an element of length dx of the pipe, equation 2.13 can be written as
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(6.15)
The corresponding energy required to overcome friction is df = VdPp
Thus equation 6.15 gives dF as

(6.16)
where advantage has been taken of equations 6.1 and 6.13.
Substituting for dF in equation 6.14 gives

I:(

gdz+VdP+G2VdV+2f - G 2 V 2 = d W

(6.17)

Dividing equation 6.17 throughout by V2 and integrating between states 1
and 2 over a length L of pipe gives

In integrating the frictional term it has been assumed that the value of the
friction factor is constant: this is a good approximation because the
Reynolds number will usually be very high, a condition for which f is
independent of Re.
In almost all cases, the change in potential energy will be negligible for
gas flow. Also, it is convenient to treat a compressor separately from flow
in the pipe, ie equation 6.18 will be applied to a section of pipe in which no
shaft work is done. Consequently, 6.18 can be written in a reduced form:

(6.19)
Equation 6.19 is that required for most calculations involving compressible flow in a pipe. The three terms represent, respectively, changes in
pressure energy, kinetic energy and the conversion of mechanical energy
to thermal energy by frictional dissipation. The terms in the square
brackets are necessarily positive so the pressure energy term must be
negative: this reflects the fact that the pressure falls in the direction of
flow.
In most cases the kinetic energy term will be negligible compared with
the frictional term. This is useful when calculating the pressure drop for a
given flow rate because in this case one of the pressures and therefore the
corresponding specific volume will be unknown. An approximate calcula-
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tion can be made neglecting the kinetic energy term then, when the
pressures are known, the value of that term can be calculated to check
whether it was in fact negligible.
In equation 6.19, and all other equations in this chapter, P denotes the
absolute pressure.
In order to make use of equation 6.19 or equation 6.18 it is necessary to
know the relationship between the pressure P and the specific volume V so
that terms such as J:dPIV can be evaluated. The relationship between P
and Vis known as the equation of state.

6.2 Equations of state
An ideal or perfect gas obeys the equation
PV=-

RT
RMM

(6.20)

where R is the universal gas constant, T the absolute temperature and
RMM the relative molecular mass converson factor for the gas. In SI units
R = 8314.3 J/(kmol K) and T is in K. The conversion factor RMM has
the numerical value of the relative molecular mass and the units kg/kmol
in the SI system. Equation 6.20, which is a combination of Boyle's and
Charles's laws, will be more familiar in the form
P V = RT

(6.21)

where Vis the molar volume of the gas. The relative molecular mass has to
be introduced in equation 6.20 because V is the specific volume, ie the
volume per unit mass. It is convenient to define a specific gas constant R'
by

R' =-- R
RMM

(6.22)

so that equation 6.20 can be written as

PV

= R'T

(6.23)

It is essential to remember that in equation 6.23 both V and R' are values
per unit mass of gas and they must not be confused with the molar
equivalents. The value of R' is different for gases of different relative
molecular masses.
Many gases obey equation 6.23 up to a few atmospheres pressure. At
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high pressures it is necessary to modify equation 6.23 by introducing the
compressibility factor Z:

PV = ZR’T

(6.24)

The compressibility factor is a function of the reduced pressure P , and the
reduced temperature T, of the gas. P , is the ratio of the actual pressure P
to the critical pressure Pc of the gas:

P
P, = p,

(6.25)

and T , is the ratio of the actual temperature T to the critical temperature
T, of the gas:

T

T
Tc

=--

(6.26)

Plots of Z against P , at constant T, are available [Perry (1984), Smith and
Van Ness (1987)l.
When ideal gases are compressed or expanded they obey the following
general equation:

P V ~= constant

(6.27)

Thus, for two states 1 and 2, equation 6.27 gives

p,v: = Pzvp

(6.28)

and

(6.29)
Combining equation 6.29 with equation 6.23 gives the relationship
between pressure and temperature:
kJ(k- 1)

(6.30)

p1
Equation 6.30 shows that, in general, expansion or compression of a gas is
accompanied by a change of temperature.
A change of state according to equation 6.27 is called a polytropic
change. Two special cases are the isothermal change and the adiabatic
change.
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As the name implies, an isothermal change takes place at constant
temperature. This requires that the process be relatively slow and heat
transfer between the gas and the surroundings be rapid. An isothermal
change corresponds to k = 1 and equation 6.27 becomes

P V = constant

(6.31)

for an ideal gas.
The other extreme case is the adiabatic change, which occurs with no
heat transfer between the gas and the surroundings. For a reversible
adiabatic change, k = y where y = CJC,,, the ratio of the specific heat
capacities at constant pressure (C,) and at constant volume (C,). For a
reversible adiabatic change of an ideal gas, equation 6.27 becomes

P V y= constant

(6.32)

and equation 6.29 becomes

(6.33)
From equation 6.30, the temperature change is given by

(6.34)
In a reversible adiabatic change the entropy remains constant and
therefore this type of change is called an isentropic change. Although not
rigorously valid for irreversible changes, equations 6.32 to 6.34 are good
approximations for these conditions.
Approximate values of y at ordinary temperatures and pressures are
1.67 for monatomic gases such as helium and argon, 1.40 for diatomic
gases such as hydrogen, carbon monoxide and nitrogen, and 1.30 for
triatomic gases such as carbon dioxide. Gases and vapours of complex
molecules can have significantly lower values of y, for example 1.05 for
n-heptane and 1.03 for n-decane.

6.3 isothermalflow of an ideal gas in a horizontal pipe
For steady flow of a gas between points 1 and 2, distance L apart, in a
horizontal pipe of constant cross-sectional area in which no shaft work is
done, the energy relationships are given by equation 6.19:
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(6.19)

In the case of isothermal flow of an ideal gas, the equation of state can be
written as
P V = PlV,

(6.35)

and evaluation of the integral in equation 6.19 gives
(6.36)

Often the upstream pressure P1will be unknown but for an isothermal
change P I V l can be replaced by any known value of P V at the same
temperature, for example the downstream conditions P2V2 if PZ is
specified.
In the kinetic energy term, from equation 6.35
(6.37)

Substituting equations 6.36 and 6.37 into equation 6.19 gives the following working equation for isothermal flow of an ideal gas:

P:
2PlVl
- P: +G2[In($)+?]

=0

(6.38)

As noted previously, the first term is negative, as must be the case because

P1 > P 2 .
Equation 6.38 is the basic form of the energy equation to be used for
isothermal conditions, however it is instructive to write the equation in a
slightly different form that allows easy comparison with incompressible
flow.
The pressure energy term can be written in the following form:

where P, = (P2+ P1)/2is the arithmetic mean pressure in the pipe. By
equation 6.35
P,V,
so that

= PlV,

(6.40)
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(6.41)

where V, is the specific volume at the mean pressure P,. Thus, equation
6.38 can be written as
(6.42)

As noted previously, the kinetic energy term is usually negligible compared with the frictional term and this is certainly true when the pressure
drop AI' = P1- P2 is small compared with P 1 .In this case, equation 6.42
can be approximated by
Pz-Pi
Vm

2jLG2
+-=o
4

(6.43)

or

where pm and u, are the density and average velocity at the mean pressure

P,. Equation 6.44 will be recognized as being of the same form as
equation 2.13 for incompressible flow, except that it is written in terms of
average properties.
Thus, when the pressure drop is small compared with the qean
pressure in the pipe, the gas flow may be treated as incompressible flow.
For large values of the pressure drop it is necessary to use equation 6.38.
In order to maintain isothermal flow it is necessary for heat to be
transferred across the pipe wall. From equation 6.7, for flow in a section
with no shaft work and negligible change in elevation, the energy equation
takes the form
u: - u:

( H 2 - H 1 ) + 7 =4

(6.45)

For an ideal gas under isothermal conditions, the enthalpy remains
constant and hence it follows from equation 6.45 that the required heat
leak into the pipe is equal to the increase in kinetic energy. This is usually
a small quantity and therefore flow in long, uninsulated pipes will be
virtually isothermal.
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Example 6.1
Hydrogen is to be pumped from one vessel through a pipe of length 400 m
to a second vessel, which is at a pressure of 20 bar absolute. The required
flow rate is 0.2 kg/s and the allowable pressure at the pipe inlet is 25 bar.
The flow conditions are isothermal and the gas temperature is 25°C. If the
friction factor may be assumed to have a value of 0.005, what diameter of
pipe is required?
Calculations
(6.19)
For isothermal conditions

Equation of state

T = 298 K and for hydrogen RMM = 2 kg/kmol. Therefore
PV=

8314.3 J/(kmol K) x 298 K
2 kg/kmol

= 2.239

x lo6 J/kg

The product PV is constant for isothermal conditions. Therefore

P!
---Pi
2P*Vl

-

(20 x los Pa)’ - (25 x lo5 Pa)’
= -5.025 x lo5kg’/(m4s’)
2(2.239 x IO6 J/kg)

Mass flux is given by

M
G=-=
S

0.2 kg/s -0.255
kg/m2s
df

(6.13)

(7~df/4)m2

From the given values

PI
ln- = 0.223
p2

and

d,

4
d,

=-

Substituting these values into equation 6.19 gives

i

6.485 x
df

;

0.223 +--

= 5.025 x lo5
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It may be anticipated that 0.223<<4/di, ie di<<17.9 m. Thus the
calculation may be simplified by neglecting the kinetic energy term, so
that

d: =

4 x 6.485 x lo-*
= 5.162 x lo-' m5
5.025 x lo5

and

di = 0.0553 m

6.4 Non-isothermal flow of an ideal gas in a horizontal pipe
For steady flow of an ideal gas between points 1 and 2, distance L apart, in
a pipe of constant cross-sectional area in which no shaft work is done, the
energy equation is given by equation 6.19. For the general case of
polytropic flow, from equation 6.27, the equation of state can be written as

PVk = PlV,"

(6.46)

The pressure energy term in equation 6.19 can be written as
(k+ l)/k

(6.47)
Also

(6.48)
Thus, equation 6.19 becomes

(-&)($)[(gr+lyk-

1]+G2[tln($)+f]

= 0 (6.49)

Equation 6.49 is the general equation for polytropic flow of an ideal gas in
a horizontal pipe with no shaft work. On putting k = 1, equation 6.38 for
isothermal flow is obtained.
Putting k = y gives an approximate equation for adiabatic flow. The
result is only approximate because it implies an isentropic change, ie a
reversible adiabatic change, but this is not the case owing to friction. A
rigorous solution for adiabatic flow is given in Section 6.5.
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6.5 Adiabatic flow of an ideal gas in a horizontal pipe
Equation 6.19 is the basic equation relating the pressure drop to the flow
rate. The difficulty that arises in the case of adiabatic flow is that the
equation of state is unknown. The relationship, P V y = constant, is valid
for a revenible adiabatic change but flow with friction is irreversible. Thus
a difficulty arises in determining the integral in equation 6.19: an
alternative method of finding an expression for dP/V is sought.
For adiabatic flow in a horizontal pipe with no shaft work, equation 6.7
reduces to
(6.50)

The differential form of equation 6.50 with u expressed in terms of G and
V is
dH+G*VdV=O

(6.51)

The enthalpy change can be found from the following two fundamental
thermodynamic relationships which, in the case of ideal gases, are valid for
irreversible processes as well as reversible ones:
d U = C,dT

(6.52)

dH = C,dT

(6.53)

dH = d U + d(PV)

(6.54)

C,dT = CvdT+ d(PV)

(6.55)

dT = d(PV)/(C, - C,)

(6.56)

From equation 6.6

or

Thus

and

dH = C,dT

+ d(PV) =

(6.57)
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ie

dH = /L)d(PV)

(6.58)

Y-1

Thus, equation 6.51 can be written as

(*-d(PV) +

G2VdV= 0

(6.59)

Integrating equation 6.59 gives the desired relationship between P and V

G ~ V =Z constant = c

(6.60)

Thus

1 d P - - - - - -VdV
V3

iyII)CzI:

(6.61)

and the integral in equation 6.19 is readily found by integrating equation
6.61:

Substituting this result in equation 6.19 gives

where, from equation 6.60

C

= PIVI

+ (--)G’V:
Y-1
2Y

+ (,)G2V:
Y-1

= P2V2

(6.64)

Calculations for adiabatic flow require the use of equations 6.63 and 6.64.
For example, if the upstream conditions P I and VI are known, and G and
d, are specified, C can be calculated from equation 6.64 then V2 from
equation 6.63. Substituting this value of V2 in equation 6.64 gives P 2 . If
the logarithmic term is not negligible, an iterative calculation will be
needed to determine V2from equation 6.63.
Rapid flow in relatively short sections of pipe-work may approach
adiabatic conditions. The flow rate for an ideal gas for a given pressure
drop is greater for adiabatic conditions than for isothermal conditions.
Although the maximum possible difference is 20 per cent, for ratios
Lld, > 1000 the difference is seldom more than 5 per cent. Consequently, it
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is common practice to assume isothermal conditions, any departure
providing a small bonus.

6.6 Speed of sound in a fluid
The speed u, with which a small pressure wave propagates through a fluid
can be shown [Shapiro (1953)l to be related to the compressibility of the
fluid aplaP by equation 6.65:
u, =

6

(6.65)

Assuming that the pressure wave propagates through the fluid polytropically, then the equation of state is

P V k = constant = K

(6.66)

from which

P

= pkK

(6.67)

Thus

(6.68)
The propagation speed u, of the pressure wave is therefore given by
u, =

m

(6.69)

where P, V, are the local pressure and specific volume of the fluid through
which the wave is propagating. Note that u, is relative to the gas. If the
wave were to propagate isothermally, its speed would be
In practice, small pressure waves (such as sound waves) propagate
virtually isentropically. The reasons for this are that, being a very small
disturbance, the change is almost reversible and, by virtue of the high
speed, there is very little heat transfer. Thus the speed of sound c is equal
to the speed at which a small pressure wave propagates isentropically, so
from equation 6.69

m.

c=

w v

(6.70)

As will be seen in Section 6.10, there is a fundamental difference between
flow in which the fluid's speed u is less than c, ie subsonic flow, and that
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when u is greater than c y ie supersonic flow. It is therefore useful to define
the Mach number Ma:
U

Ma=-

(6.71)

C

Subsonic flow corresponds to Ma < 1 and supersonic flow to Ma > 1 . The
conditions of incompressible flow are approached as Ma+ 0.

6.7 Maximum flow rate in a pipe of constant cross-sectional area
Consider the case of steady polytropic flow in a horizontal pipe described
by equation 6.49:

(A)($)[
(zr+l)’k-

l ] + G 2 [ i In(:)+?]

=0

(6.49)

If the upstream pressure P 1is kept constant and the downstream pressure
is gradually reduced, the flow rate will gradually increase. However, as
Pz+O the density p-0 and consequently the mass flow rate must
approach zero if the gas speed u remains finite. Thus, at some value of P2
satisfying the condition O<P2<Pl,the mass flow rate must reach a
maximum.
Differentiating equation 6.49 with respect to P2 gives

P2

Putting dGIdP2 = 0, the conditions giving the maximum flow rate G,
satisfy the equation
(6.73)
where P, is the value of P2 at which the maximum flow rate occurs.
Combining the equation of state (equation 6.27) with equation 6.73 gives
the maximum mass flux as

G,

=

m,

(6.74)

The corresponding gas speed u, is therefore given by
u, =

m
,

(6.75)

Recalling equation 6.69, it will be seen that the maximum flow rate is
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achieved when the gas speed reaches the speed at which a small pressure
wave propagates through the gas. (This is why the subscript w has been
used to denote this condition.) If the downstream pressure P2 is reduced
further, there can be no increase in the flow rate and the flow is said to be
choked.
A simple interpretation of this choking condition is as follows. The gas
flows as a result of the pressure difference P I - P 2 . When the gas speed
reaches the speed at which a pressure wave propagates relative to the gas,
any pressure wave generated will be unable to travel upstream but will
remain stationary relative to the pipe. Thus, if the pressure in the reservoir
into which the gas discharges is reduced below P,, the fact cannot be
transmitted upstream and so the flow rate will not change.
Putting k = 1 gives the value of u, for isothermal conditions but the
result is of doubtful value because it would be extremely difficult, if not
impossible, to maintain isothermal conditions at the very high speeds
involved.
Putting k = y in equation 6.75 gives the gas speed at the maximum flow
rate as
That this is the correct result for adiabatic flow can be
confirmed from equations 6.63 and 6.64. Differentiating equation 6.63
with respect to P2 gives

2v:c av,
ap, +2GaG
ap2

+G

[(F)

ln(?)+f]

$ 1 1 av,
2 ( b )- - = 0
v2 aP2

(6.76)

Putting aG/aP2 = 0 to determine the maximum mass flux G, gives

(6.77)
Noting that aV21aP2
# 0, the quantity in square brackets must be equal to
zero. From equation 6.60, the constant C is given by

C = P,V,

+ (-)G:V’
Y- 1

(6.78)

2Y

When this value is substituted into equation 6.77, it is found that

G, =

(6.79)

u, =

(6.80)

and therefore
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6.8 Adiabatic stagnation temperature for an ideal gas
For adiabatic flow with negligible change of elevation and no shaft work,
the energy equation reduces to

(6.50)
which may be written in differential form as
dH+d(+) = 0

(6.81)

Substituting for dH using equation 6.53 gives

i:)

C,dT+d - = O

(6.82)

Equations 6.81 and 6.82 show that as the velocity rises the kinetic energy
increases at the expense of the enthalpy and consequently the temperature
falls. Over the relatively small temperature changes involved, C, may be
taken as constant. Integrating equation 6.83 with the condition T = To
when u = 0 gives
U2

C p ( T - To) +- = 0
2

(6.83)

or
U2

T=T 0 - p

(6.84)

2CP
The temperature To corresponding to zero velocity is known as the
adiabatic stagnation temperature: it is the temperature that the flowing gas
would attain if it were brought to rest adiabatically without doing any shaft
work. It is sometimes called the total temperature. The temperature
difference is small: for air flowing at a speed of 100 m / s , To- T = 5 K.
When a thermometer is placed in a flowing gas stream, most of the
thermometer's surface has gas flowing past it but a stagnation point occurs
at its upstream side. Thus instead of measuring the temperature T, it
measures a value that is slightly higher. This can be accommodated by
introducing a correction factor known as the recovery factor rf:
(6.85)
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where T, is the measured temperature. For thermometers of conventional
design, rf = 0.88, Barna (1969).

6.9 Gas compression and compressors
Compressors are devices for supplying energy or pressure head to a gas.
For the most part, compressors like pumps can be classified into
centrifugal and positive displacement types. Centrifugal compressors
impart a high velocity to the gas and the resultant kinetic energy provides
the work for compression. Positive displacement compressors include
rotary and reciprocating compressors although the latter are the most
important for high pressure applications.
From equation 6.12, the shaft work of compression W required to
compress unit mass of gas from pressure P1to pressure P2 in a reversible
frictionless process, in which changes in potential and kinetic energy are
negligible, is

w =pdr

(6.86)

Although isothermal compression is desirable, in practice the heat of
compression is never removed fast enough to make this possible. In actual
compressors only a small fraction of the heat of compression is removed
and the process is almost adiabatic.
When ideal gases are compressed under reversible adiabatic conditions
they obey equation 6.32, which can be written as

PVY= PlVly

(6.87)

so that the specific volume is given by

(6.88)
Substituting for V in equation 6.86 and integrating gives

(6.89)
Equation 6.89 gives the theoretical adiabatic work of compression from
pressure P I to pressure P 2 .
Compression is often done in several stages with the gas being cooled
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between stages. For two-stage compression from P1to Pz to P3, with the
gas cooled to the initial temperature T1 at constant pressure, equation 6.89
becomes

In the case of compression from pressure P1 to pressure Pz through n
stages each having the same pressure ratio (P2/Pl)””,the compression
work is given by
(6.91)
Equations 6.89 to 6.91 give the work required to compress unit mass of the
gas. It should be noted that the work required depends on the pressure
ratio so that compression from 1 bar to 10 bar requires as much power as
compressing the same mass of gas, with the same initial temperature, from
10 bar to 100 bar.
In practice it is possible to approach more nearly isothermal compression by carrying out the compression in a number of stages with cooling of
the gas between stages.
When ideal gases are compressed under reversible adiabatic conditions
the temperature rise from T1 to T2is given by equation 6.34:
(6.34)

So far only reversible adiabatic compression of an ideal gas has been
considered. For the irreversible adiabatic compression of an actual gas, the
shaft work W required to compress the gas from state 1 to state 2 can be
obtained from equation 6.7, which in this case becomes

W=Hz-H1

(6.92)

where H is the enthalpy per unit mass of gas.
The actual work of compression is greater than the theoretical work
becauSe of clearance gases, back leakage and friction.

Example 6.2
Calculate the theoretical work required to compress 1 kg of a diatomic
ideal gas initially at a temperature of 200 K adiabatically from a pressure
of 1OOOOPa to a pressure of 100000Pa in (i) a single stage, (ii) a
compressor with two equal stages and (iii) a compressor with three equal
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stages. The relative molecular mass of the gas is 28.0 and the ratio of
specific heat capacities y is 1.40.

Calculations
(i) For a single stage compression,
(6.89)
From given values

_- lo
p 2

p1

Therefore

Equation of state

Therefore

- 8314.3 J/(kmol
-

K) x 200 K

28.0 kg/kmol
= 5.939 x lo4 J/kg

Also

- - - 3.5
Y-1

Substituting these values into equation 6.89
W ( l stage) = (3.5)(5.939~lo4 J/kg)(1.931- 1)
W ( l stage) = 1.935 X lo5 J/kg = 193.5 kJ/kg

(ii) For adiabatic compression of an ideal gas in n equal stages
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(6.91)
For n = 2

Since

-n-y

Y-1

- 7.0

and as before

P I V l = 5 . 9 3 9 ~lo4 Jlkg
it follows that

W (2 stages) = (7.0)(5.939 X IO4 Jlkg)(1.389 - 1)

W(2 stages) = 1 . 6 1 7 ~lo5 Jlkg = 161.7 kJ1kg
(iii) Repeating the above calculation for n = 3 gives

W(3 stages) = 152.8 kJ/kg

6.10 Compressible flow through nozzles and constrictions
High speed gas flow through nozzles and other constrictions is essentially
adiabatic because there is insufficient time for heat transfer between the
surroundings and the gas to occur to any significant extent. In a
well-designed nozzle, frictional effects will be negligible and the flow is
therefore reversible and adiabatic, ie an isentropic process. Flow through
an orifice in a pipe may be treated in the same way, the flow being nearly
frictionless up to the location where the flow reattaches to the pipe walls.
As will be seen, conditions at the throat of a convergent or convergentdivergent nozzle are of great importance. In the case of flow through an
orifice, a vena contractu forms downstream of the orifice: this point of
minimum flow area must be treated as the equivalent of the throat of a
nozzle.
Consider steady flow from a large reservoir, where the gas speed is
negIigible, and through a convergent nozzle that discharges into another
large reservoir. The arrangement is shown in Figure 6.1. If the upstream
pressure POis held constant and the back pressure PR, ie the pressure in
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Regime 1

_-

f
I

I

Regime 2

c
Distancealong nozzle

Figure 6.1
Pressureprofiles for compressible How through a convergent nozzle

the discharge reservoir, is gradually reduced below Po, the gas flow
through the nozzle will gradually increase.
This is illustrated by conditions (a) to (c). In each case the pressure PE
at the exit plane is equal to the back pressure P e . Flow is subsonic
throughout the nozzle. This type of behaviour in which the flow rate
increases as the back pressure is reduced (Po held constant) continues
until a critical value of the pressure ratio PIPo is reached at the throat of
the nozzle, condition (d). At the critical pressure ratio P,/Po, the gas
reaches the speed of sound at the throat. It will be shown that P,/Po is a
function of y only.
If the back pressure is reduced below P t , there is no increase in the flow
rate through the nozzle, ie the flow is choked. In a convergent nozzle it is
impossible for the gas speed to exceed the speed of sound. This case is
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illustrated in condition (e). The profiles of pressure and gas speed are
identical to those of condition (d) up to the exit plane. For condition (e)
the exit plane pressure PE is equal to P , and it is necessary for the
pressure to change to the imposed back pressure PB: this occurs in an
oblique shock wave outside the nozzle, indicated by the jagged line.
The profile of the gas speed is a mirror image of the pressure profile: the
speed increases where the pressure falls and vice versa. Thus, there are
two regimes of flow through a convergent nozzle: regime 1 where
P , 5 Ps 5 Po and the flow rate depends on the imposed back pressure for
a fixed supply pressure, and regime 2 where PB<P , and the flow rate is
independent of the back pressure for a fixed supply pressure. This latter
regime can be used to advantage when it-is necessary to maintain a
constant flow rate into a vessel in which the pressure varies. Provided the
supply pressure upstream of a convergent nozzle can be kept sufficiently
high so that the back pressure never exceeds the critical pressure P , ,the
flow will be choked. The flow will remain constant if the supply pressure is
held constant.
The case of flow through a convergent-divergent nozzle is shown in
Figure 6.2. On reducing the back pressure PB, while keeping the supply

--.

Po

I

-

PE

I

i

I

I

Regime 2

--__
Regime 3
Regime 4
I

Distance along nozzle

Figure 6.2
Pressure profiles for compressible flow througha convergent-divergentnozzle
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pressure Po constant, flow in the converging section is as discussed above
for a convergent nozzle.
When the back pressure is only slightly lower than the supply pressure,
as in condition (a) in Figure 6.2, the pressure passes through a minimum
value at the throat, where the gas speed is a maximum, but pressure
recovery occurs in the diverging section as the gas decelerates. This type of
behaviour, denoted as regime 1, is observed until the back pressure is
reduced sufficiently to cause the critical pressure P , to occur at the throat
of the nozzle [condition (b)]. Reducing the back pressure further causes
regime 2 to be entered. Here, the pressure continues to fall in the
diverging section and the flow is supersonic. However, if isentropic flow
were to continue throughout the nozzle, the pressure curve would have to
be followed to the point X at the exit plane. In region 2 the back pressure
is not low enough for this to happen and a stationary shock wave occurs
inside the nozzle indicated by the vertical jagged lines for conditions (c)
and (d). Downstream of the shock wave, the flow is subsonic and pressure
recovery occurs as the gas decelerates in the remaining part of the nozzle.
The shock wave occurs in such a position as to allow the exit pressure to
equal the imposed back pressure. The back pressure being lower for
condition (d) than for condition (c), the shock wave for condition (d) is
closer to the exit plane.
The end of regime 2 is when the shock wave occurs at the exit plane,
this is shown as condition (e). In regime 2 the shock waves are perpendicular to the flow and are therefore called normal shock waves. In regime 3,
for example condition (0,the adjustment from the exit-plane pressure to
the back pressure occurs outside the nozzle as an oblique compression
shock wave.
Condition (g) is that condition for which the exit pressure is equal to the
back pressure and no shock wave occurs. This is called the design
condition for supersonic flow.
In regime 4, which extends over all values of the back pressure lower
than the supersonic design pressure, the adjustment from the exit pressure
to the lower back pressure occurs as an oblique expansion shock wave
outside the nozzle; this is the case for condition (h).
It is only in regime 1 that the flow rate depends on the back pressure. It
will be noticed that this is only a small part of the nozzle’s range of
operation. Once the sonic speed has been reached at the throat (at the
pressure P*),the flow becomes choked and the flow rate remains constant,
for constant supply conditions, and is independent of the back pressure.
Before deriving expressions for the flow rate in a nozzle, it will be
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instructive to see how the constraints of continuity, energy and the
equation of state allow both subsonic and supersonic flow in a nozzle.
From equation 1.7, continuity can be expressed as
puS = constant

(6.93)

Writing this in differential form and dividing throughout by puS gives

dS du
-+-+-=o

dp

S

P

U

(6.94)

For isentropic flow with negligible change of elevation and no shaft work,
equation 6.11 reduces to
VdP+udu = 0

(6.95)

Thus

VdP = -dP
du _
- -~
U

UZ

(6.96)

Pu2

For an isentropic change, the equation of state is
(6.32)

P V = constant
Putting k = y in equation 6.68 and using equation 6.70 gives

(6.97)

where c is the speed of sound. Thus
(6.98)

Substituting for d d u and dplp in equation 6.94 using equations 6.96 and
6.98 gives
(6.99)

Equation 6.99 may be written as
d s d P
du
-=~
( - M a1 Z ) = - ( M a 2 PU
U

s

1)

(6.100)

where M a = d c is the Mach number.
Equation 6.100 shows that in a diverging section (&IS > 0) the velocity
must decrease for subsonic flow ( M a < 1) and increase for supersonic flow
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(Ma > 1). If flow in a converging section is subsonic, it accelerates but if it
were then to become supersonic, equation 6.100 shows that it would
decelerate. Thus the maximum speed in a converging section is the sonic
speed and this is reached at the throat where dS/S = 0.
As equation 6.95 shows, for isentropic flow with negligible change in
elevation (potential energy) and no shaft work, there is an interchange
between only two forms of energy: pressure energy and kinetic energy.
This is reflected in equation 6.100, which shows that for a given change in
flow area the pressure changes in the opposite way to the velocity.

6.1 0.1 Flow rate through a nozzle
Integrating equation 6.95 from state 1 to state 2 gives

pdP+-=
u: o
- u:
2

(6.101)

Using the equation of state, equation 6.32, to evaluate the integral in
equation 6.101:
(6.102)

Thus
242-24:
2

=(

3(P1V*-P2V2)

(6.103)

It is convenient to refer the conditions in the nozzle to a basis corresponding to a stationary gas with pressure Po, specific volume V,, and
temperature To. Thus, equation 6.103 can be written in the form
u2 = (

~ ) ( P 0 V oPV)
-

(6.104)

where the variables without subscripts are at some general location. In
most cases the upstream gas speed will be relatively low and the upstream
values of P and V may be taken as Po and Vo. When this is not the case,
the corresponding value of PoVocan be calculated from equation 6.104 by
inserting the upstream values for PV.
The mass flow rate M is given by

M=puS=uS/V
Eliminating u between equations 6.104 and 6.105 gives

(6.105)
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(6.106)
Using the equation of state and rearranging the result enables the mass
flow rate to be given as

M = (yPo/Vo)1'2S$

(6.107)

where

The pressure-dependence of the flow is contained entirely within the term
4. The quantity m
i
s constant for specified upstream conditions.
(It is equal to the mass flux the gas would have if flowing at the sonic speed
co = -corresponding
to the reservoir conditions Po, Vo,To.)

6.1 0.2 Criticalpressure ratio
The maximum attainable mass flux for given supply conditions must occur
when is a maximum. Therefore the pressure P , causing the maximum
flux can be found by differentiating I+!? with respect to P and equating the
result to zero:

+

from which the critical pressure ratio P,/Po is given by

2

=

(-L)-/(T')

(6.110)

For y = 1.40, P,/Po = 0.528. For other values of y , the value of the
critical pressure ratio lies in the approximate range 0.5 to 0.6.
Inserting P , from equation 6.110 into equation 6.104 gives
u,' = yP,V,

(6.11 1)

showing that the sonic speed is achieved at the critical pressure.
Thus, if the pressure ratio at the minimum flow area is equal to the
critical value given by equation 6.110, the flow there will be at the sonic
speed. If the pressure ratio is higher than this value the flow will be
subsonic and will depend on the back pressure. In both convergent and
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convergent-divergent nozzles, the pressure at the throat cannot be lower
than P* but if a low back pressure is imposed a shock wave will occw
somewhere downstream of the throat.

Example 6.3
Nitrogen contained in a large tank at a pressure P = 200000 Pa and a
temperature of 300 K flows steadily under adiabatic conditions into a
second tank through a converging nozzle with a throat diameter of 15 mm.
The pressure in the second tank and at the throat of the nozzle is
P, = 140000 Pa. Calculate the mass flow rate, M, of nitrogen assuming
frictionless flow and ideal gas behaviour. Also calculate the gas speed at
the nozzle and establish that the flow is subsonic. The relative molecular
mass of nitrogen is 28.02 and the ratio of the specific heat capacities y is
1.39.

Calculations

M

= (yPo/Vo)”2SJ,

(6.107)

where

The gas is initially at rest so that the stagnation pressure POis equal to the
pressure in the first tank, ie 200000 Pa. The pressure at the throat
P,= 140000 Pa so that

P,IPo = 0.7
Evaluating J, at the throat

= 0.5407

The throat area is given by
m)’
s, = ~(0.015
4
Equation of state

= 1.767 x

m2
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- (8314.3 J/kmolK)(300 K)

=

28.02 kg/kmol
8.904 x lo4J/kg

Thus, for Po = 2 x lo5 Pa, Vo = 0.4451 m3/kg. Substituting these values
into equation 6.107

(

M = 1’39
M

lo5Pai”’(1.767 x lop4m2)(0.5407)
0.445 1 m3/kg

= 0.0755 kg/s

At the throat, P,

=

1.4 x lo5 Pa and the specific volume there is given by

V, = V,,R)”’= 0 . 4 4 5 1 ( g ) &

= 0.5753m3/kg

The gas speed at the throat is given by

M
V, - (0.0755 kg/s)(O. 5753 m3/kg)
--

s,

1.767 x

m2

= 245.8 d s

Sonic speed at throat conditions
c = m V , = g(1.39)(1.4x 105Pa)(0.5753m3/kg)
= 334.6m/s

Thus, the gas speed at the throat is less than the sonic speed there. The
flow is subsonic throughout the nozzle. This result is to be expected
because the pressure ratio is 0.7 and the critical pressure ratio (for
y = 1.39) is 0.53.

6.10.3 Shock waves
Properties of the gas, such as the velocity, pressure, density and temperature, change by large amounts across the narrow shock wave. Although
mass, energy and momentum are conserved across a shock wave, entropy
is not. Entropy is created by a shock from supersonic to subsonic flow.
The above analysis, comprising equations 6.95 to 6.100 and 6.101 to
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6.111, applies to isentropic, ie constant entropy flow. It therefore applies

to the smooth curves but not across a shock wave. When a normal shock
wave occurs in regime 2, the flow is isentropic up to the shock wave, then
isentropic but at a different entropy downstream of the shock wave. The
value of the product Sl(l is constant throughout the flow if no shock wave
occurs but is different upstream and downstream of a shock when one
occurs.
A shock wave from subsonic to supersonic flow would require a
decrease in the entropy so what would be an alarming phenomenon is
thermodynamically impossible.

References
Barna, P.S., Fluid Mechanicsfor Engineers, London: Buttenvorths, p. 248 (1969).
Perry, J.H., Chemical Engineers’Handbook.Sixth edition, New York, McGrawHill Book Company Inc, p. 3-268 (1984).
Shapiro, A.H., TheDyMmics and Thnmodynamics of CompressibleFlow, Volume I,
New York, The Ronald Press Company (1953).
Smith, J.M. and Van Ness, H.C., Introduction to Chemical Engineering
Thermodynumics,International edition, Singapore, McGraw-Hill Book Company
Inc, pp. 88-89 (1987).

[

Gas-liquid two-phase flow

The flow of gas-liquid mixtures in pipes and other items of process
equipment is common and extremely important. In some cases the
quality, that is the mass fraction of gas in the two-phase flow, will vary
very little over a large distance. An example of this is the flow in many
gas-oil pipelines. In other cases, boiling or condensation occurs and the
quality may change very significantly although the total mass flow rate
remains constant.
It is important to appreciate that different flow regimes occur at
different gas and liquid flow rates and differences also occur for different
materials. In order to have any confidence when calculating pressure losses
in two-phase flow it is necessary to be able to predict the flow regime and
then to use an appropriate pressure drop calculation procedure.

7.1 Flow patterns and flow regime maps
7.1.1 Flowpatterns
The flow regimes that are obtained in vertical, upward, cocurrent flow at
different gas and liquid flow rates are shown in Figure 7.1. The sequence
shown is that which would normally be seen as the ratio of gas to liquid
flow rates is increased. In the bubbly regime there is a distribution of
bubbles of various sizes throughout the liquid. As the gas flow rate
increases, the average bubble size increases. The next regime occurs when
the gas flow rate is increased to the point when many bubbles coalesce to
produce slugs of gas. The gas slugs have spherical noses and occupy almost
the entire cross section of the tube, being separated from the wall by a thin
liquid film. Between slugs of gas there are slugs of liquid in which there
may be small bubbles entrained in the wakes of the gas slugs.
This well-defined flow pattern is destroyed at higher flow rates and a
chaotic type of flow, generally known as chum flour, is established. Over
219

220

FLUID FLOW FOR CHEMICAL ENGINEERS
Increasing gas flow

Bubbly

Slug

Churn

Wispyannular

Annular

Figure 7.1
Flow regimes in vertical gas-liquid flow

most of the cross section there is a churning motion of irregularly shaped
portions of gas and liquid. Further increase in the gas flow rate causes a
degree of separation of the phases, the liquid flowing mainly on the wall of
the tube and the gas in the core. Liquid drops or droplets are carried in the
core: it is the competing tendencies for drops to impinge on the liquid film
and for droplets to be entrained in the core by break-up of waves on the
surface of the film that determine the flow regime. The main differences
between the wispy-annular and the annular flow regimes are that in the
former the entrained liquid is present as relatively large drops and the
liquid film contains gas bubbles, while in the annular flow regime the
entrained droplets do not coalesce to form larger drops.
Cocurrent gas-liquid flow in horizontal pipes displays similar patterns
to those for vertical flow; however, asymmetry is caused by the effect of
gravity, which is most significant at low flow rates. The sequence of flow
regimes identified by Alves (1954) is shown in Figure 7.2. In the bubbly
regime the bubbles are confined to a region near the top of the pipe. On
increasing the gas flow rate, the bubbles become larger and coalesce to
form long bubbles giving what is known as the plug flow regime. At still
higher gas flow rates the gas plugs join to form a continuous gas layer in
the upper part of the pipe. This type of flow, in which the interface
between the gas and the liquid is smooth, is known as the srratified flow
regime. Owing to the lower viscosity and lower density of the gas it will
flow faster than the liquid.

G A S - L I Q U I 0 TW 0 - P H A S E F L O W 221

Stratified

1

- -- -- _- _- _-

_
c
I

-

-

-

-

.

I

-

J

Spray

Figure 7.2
Flow regimes in horizontalgas-liquid flow

As the gas flow rate is increased further, the interfacial shear stress
becomes sufficient to generate waves on the surface of the liquid producing the wavy flow regime. As the gas flow rate continues to rise, the waves,
which travel in the direction of flow, grow until their crests approach the
top of the pipe and, as the gas breaks through, liquid is distributed over
the wall of the pipe. This is known as the slug regime and should not be
confused with the regime of the same name for vertical flow.
At higher gas flow rates an annular regime is found as in vertical flow. At
very high flow rates the liquid film may be very thin, the majority of the
liquid being dispersed as droplets in the gas core. This type of flow may be
called the spay or mist flow regime.
It may be noted that similar flow regimes can be seen with immiscible
liquid systems. If the densities of the two liquids are close the flow regimes
for horizontal flow will more nearly resemble those for vertical flow.

7.1 .2 Flow regime maps
The prediction of the flow regime in gas-liquid two-phase flow is rather
uncertain partly because the transitions between the flow regimes are
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Flow regime map for verticalgas-liquid flow
Source: G. F. Hewitt and D. N. Roberts, Studies of two-phase flowpatferns by
simultaneous X-ray and flash photography, Report AERE-M 2159 (London:HMSO,

1969)

gradual and the classification of a particular flow is subjective. There are
various flow regime maps in the literature, two of which are given in
Figures 7.3 and 7.4. For vertical flow of low pressure air-water and high
pressure steam-water mixtures, Hewitt and Roberts (1969) have determined a flow regime map shown in Figure 7.3. Here, jG and j L denote the
volumetric fluxes of the gas and liquid. For the gas

jc = Q d S

(7.1)

QLIS

(7.2)

and for the liquid
jL =

where Q G , QLare the volumetric flow rates of the gas and the liquid, and S
is the cross-sectional area of the pipe. The axes of Figure 7.3 represent the
superficial momentum fluxes of the gas and liquid. (The volumetric flux is
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Figure 7.4
Flow regime map for horizontal gas-liquid flow
Source: 0. Baker, Oiland Gas Joumal53,pp. 1 8 5 9 5 (26 July, 1954)

the same as the superficial velocity.) In addition to allowing the flow
regime for a specified combination of gas and liquid flow rates to be
determined, the diagram shows how changes of operating conditions
change the flow regime. In particular it can be seen that the sequence of
flow regimes described above is produced by increasing the gas momentum flux andor reducing the liquid momentum flux.
The best known flow regime map for horizontal gas-liquid flow was
given by Baker (1954) and is shown in Figure 7.4. Here GG, GL denote the
superficial mass fluxes of the gas and the liquid. For the gas
GG = M J S = ]GpG

(7.3)

GL = MLIS = jLpL

(7.4)

and for the liquid

The quantities A and @ are physical property correction factors defined by
the expressions

where u denotes the coefficient of surface tension. The subscripts A and W
indicate the values for air and water at 20 "C and a pressure of 1
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atmosphere; consequently A and @ have the value unity for the air-water
system under these conditions.
One of the problems with two-phase flow is that a significant distance
may be required for the flow regime to become established and the flow
regime may be changed by flow through pipe fittings and bends. When a
change of phase occurs several different flow regimes may be obtained in a
short distance as demonstrated by the schematic representation of flow in
an evaporator tube shown in Figure 7.5.

Slug flow

Single phase
liquid flow

Figure 7.5
Flow regimes in a vertical evaporator or boiler tube

7.2 Momentum equation for two-phase flow
Figure 7.6 illustrates a gas-liquid two-phase flow through an inclined
pipe. For clarity the diagram is drawn for stratified flow but the equations
to be derived are not limited to that flow regime. A momentum equation
can be written for each phase but it will be sufficient for the present
purposes to treat the whole flow. In this case the interfacial shear force SF,
makes no direct contribution but it would have to be considered in writing
the momentum equation for either of the phases individually. The net
force acting in the positive x-direction is

- sw - SF, - SF, - (sGPG

+sLpL)gsine

(7.6)
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Figure 7.6
Element of two-phase flow

The terms represent the contributions from the total pressure gradient,
the frictional drag of the pipe wall and the hydrostatic head of the
two-phase mixture.
The rate of change of momentum is
(MG+ 8 M G ) ( u G + & G )

+ ( M L + S M L ) ( U L + ~ U L )- MGUG- M L u L

(7.7)

where the first two terms are the momentum flow rate of the fluid leaving
the element and the third and fourth terms are the momentum flow rates
into the element.
For steady flow the net force acting on the fluid in the element is equal
to the change of momentum flow rate:

-SSP

- SFG - S F L - ( S G ~ G
+SLpL)gsin86x = G ( M G u G + M L u L )

(7.8)

where second order terms have been neglected. Consequently,

-dP
= - - - 1 d F - - - (1M Gdu G + M L u L ) -

dx

S dx

S dx

r","

-+&)S

g sin 8

(7.10)

Equation 7.10 shows that the total pressure gradient comprises three
components that are due to fluid friction, the rate of change of momentum
and the static head. The momentum term is usually called the accelerative
component. Thus
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(7.11)
In principle, this is the same as for single-phase flow. For example in
steady, fully developed, isothermal flow of an incompressible fluid in a
straight pipe of constant cross section, friction has to be overcome as does
the static head unless the pipe is horizontal, however there is no change of
momentum and consequently the accelerative term is zero. In the case of
compressible flow, the gas expands as it flows from high pressure to low
pressure and, by continuity, it must accelerate. In Chapter 6 this was
noted as an increase in the kinetic energy.
In gas-liquid flow with no change of phase, for example air and water,
the gas phase expands and acceleration occurs as in single-phase flow.
Where the two-phase flow may be dramatically different from single-phase
flow is when boiling or condensation occurs. For example, in a boiling
two-phase flow the relatively dense liquid is changed into a vapour having
a much lower density (higher specific volume) and a substantial accelerative pressure gradient may be required.

7.2.1 Two-phase flow terminology
It is convenient to work in terms of the void fraction (Y and the mass
fraction of gas w, which is also known as the quality. The void fraction is
defined as the time average fraction of the cross-sectional area through
which the gas flows:
a = -S G

S

(7.12)

and consequently

_ -- 1 - a
SL

S

(7.13)

For the quality

(7.14)
and

_- I-w

ML

M

(7.15)

-
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It is also conventional to work in terms of the mass flux, sometimes called
the mass velocity, G:
M
G=S

(7.16)

so, using equations 7.14 and 7.15
MG = wGS

and

ML = (1 - w)GS

(7.17)

Using the specific volumes of the gas VG and liquid V,, the gas and liquid
velocities can be written in the following forms:
(7.18)
and
(7.19)
It is left as an exercise in using this notation for the reader to show that the
three components of the pressure gradient may be written as

(E),=-sdx
1dF

(E)
a

1 d

=---

S dx

(7.20)

(MGUG+ MLUL)
(7.21)

(7.22)
= -[apG+(l-a)pL]gsinf3=

-G;( -+- ' i L a ) g s i n e

7.3 Flow in bubble columns
The dispersion of gas bubbles in a liquid is widely used in bubble column
reactors and bioreactors. As shown in Figure 7.7, the gas is introduced by
some kind of distributor at the bottom of the column. The liquid may be
introduced at the bottom of the column and removed at the top, in which
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=-

4

Liquid

.Distributor

Figure 7.7
Schematic representation of a bubble column with cocurrentflow of gas and liquid

case cocurrent flow occurs. Alternatively, the liquid may be introduced at
the top of the column and be removed at the bottom thus providing
counter-current flow of the two phases.
In bubble columns the static head of the fluid is the dominant
component of the pressure drop and consequently it is important to
determine the void iraction of the dispersion. All quantities will be
measured as positive in the upward direction, this being the direction of
flow of the dispersed phase. Assuming that the gas bubbles are of uniform
size and are uniformly distributed over any cross section of the column,
the gas and liquid velocities relative to the column are

(7.23)
where QG, QL are the volumetric flow rates of the gas and the liquid.
The relative velocity of the gas with respect to the liquid is known as the
slip velocity:
QG
QL
slip velocity = UG - U L = - ____
d (l-a)s

(7.24)
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For counter-current flow the value of QL must be taken as negative.
For many dispersed systems (gas bubbles in liquids, liquid droplets in
another liquid, solid particles in a liquid), it has been found that the slip
velocity is related to the terminal velocity u, of a single bubble, droplet or
particle by the equation
slip velocity = ut(1 - a)”-

(7.25)

This result follows from the Richardson-Zaki equation. In their original
work, Richardson and Zaki (1954) studied batch sedimentation, in
particular the settling of coarse solid particles through a liquid in a vertical
cylinder with a closed bottom. Richardson and Zaki found that the settling
speed u, of the equal-sized particles in the concentrated suspension was
related to the terminal settling speed u, of a single particle in a large
expanse of liquid by the equation
u, = u,(l - a)”

(7.26)

where a is the volume fraction of particles and n is an empirical constant
that depends on the value of the Reynolds number. It is important to
appreciate that u, is the particle speed relative to the apparatus. Of greater
fundamental importance is the relative velocity of the particles with
respect to the liquid and an expression for this can easily be derived from
equation 7.26, as follows. In a batch sedimentation process, the net
volumetric flux across any horizontal plane must be zero: as the particles
settle, they displace liquid upwards. The downwards volumetric flux of
the particles is u,a and the liquid flux upwards must be equal to this.
Consequently, the average upward speed of the liquid as it is displaced is
equal to ucal(1 - a ) because the volume fraction of the liquid is 1- a. The
velocity of the particles relutzve to the liquid is therefore given by
UC
-relative velocity = u, + -(1-a) (1-a)

U P

(7.27)

Substituting for u, from equation 7.26 allows equation 7.27 to be written
in the form of equation 7.25. This result expresses the interaction between
the particles (or bubbles) and the liquid and is therefore applicable also to
cases in which the net flux is non-zero, as in bubble columns.
The value of n varies considerably with different types of dispersion but
for bubble columns it has been found experimentally that
n = 4.6

for Re<l

n = 2.4

for Re>500
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where the bubble Reynolds number Re=pLuPdpL is based on the
terminal rise velocity of the bubble and its equivalent diameter, that is the
diameter of a sphere having the same volume as the bubble. Equation 7.25
shows that the velocity of rise of a bubble swarm relative to the liquid is
lower than the terminal rise velocity of a single, isolated bubble of the
same size in the same liquid. It follows that the presence of neighbouring
bubbles increases the drag on a bubble. In practice it is usually adequate to
use the approximation n = 2.
It should be noted that equation 7.25 represents the interaction of forces
acting on bubbles in a swarm while equation 7.24 represents the principle
of conservation of mass (continuity). Both equations must be satisfied
simultaneously.
Combining equations 7.24 and 7.25, gives
QG

QL

cus

(l-a).s

= ~ ~ ( a)"-'
1 - = slip velocity

(7.28)

Following Wallis (1969), equation 7.28 is multiplied throughout by
a( 1 - a) giving
QG
QL
(1 - a ) - a = uta( 1- a)"= (slip velocity)a( 1 - a)= UG,L (7.29)

S

S

The quantity uG,L is called the characteristic velocity or drijiflux and has an
important physical significance, which can be seen by making the
following manipulations:

where Q = Q G + Q L . In the last term of equation 7.30, QG/d
is the velocity
of the gas bubbles and QIS is the average veiocity of the gas-liquid
mixture, which is the same as the net volumetric flux. Thus, the drift flux
u G , ~is equal to the volumetric flux of the dispersed phase (the bubbles)
relative to a plane moving at the volumetric average velocity.
Equation 7.29 provides a convenient method of determining the value
of the void fraction for specified gas and liquid flow rates. Although this
equation can be solved algebraically, it is more convenient and illuminating to use a graphical method. In Figure 7.8 the two parts of equation 7.29
are plotted against the void fraction a for the case of cocurrent flow. The
intersection of the straight line representing continuity and the curve
representing the forces acting on the bubbles gives the value of the void

-
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Figure 7.8
Wallisplot for flow in a bubble column

fraction. Using this Wallis plot, it is easy to see how the void fraction must
change to accommodate variations of the gas and liquid flow rates. As an
example, Figure 7.9 shows the effect of reducing the liquid flow rate (1 to
3) when the gas flow rate is kept constant. The flow is still cocurrent. As
the liquid flow rate is reduced the void fraction increases. It will be noted
that for cocurrent flow only one value of the void fraction is possible for a
given pair of gas and liquid flow rates.
The case of counter-current flow (downward liquid Aow) is shown in

Figure 7.9
Wallisplot for cocurrent flow
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a-

Figure 7.10
Wallis plot for counier-current flow

Figure 7.10. The sequence 1 to 4 corresponds to increasing the magnitude
of the liquid flow for a fixed gas flow rate. Cases 1 and 2 are typical and
demonstrate the fact that in general two values of the void fraction are
possible for counter-current flow, however, in practice the higher value is
difficult to obtain owing to coalescence of the bubbles. Condition 3
represents the greatest downward liquid flow rate for which there is a
solution for the specified gas flow rate. Consequently, this represents the
flooding condition: the drag of the descending liquid is so great that it
prevents the gas bubbles rising. The void fraction at flooding is denoted as
q.If an attempt is made to operate with a greater liquid flow rate, as in
case 4, the bubbles are retarded at the distributor and coalesce. The larger
bubbles that result will have a greater terminal rise velocity and consequently a greater characteristic velocity thus producing a higher uG,-+- a
curve, for which a solution will be possible.

7.3.1 Pressure drop
Once the value of the void fraction has been determined, the static.head
component of the pressure gradient can be calculated:
(7.31)

In most cases the frictional component of the pressure gradient is
negligible in bubble columns but if necessary it can be calculated using the
homogeneous model discussed in Section 7.5.
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For bubble columns of moderate height the static head is sufficiently
low for the expansion of the rising bubbles to be negligible. Consequently,
the gas density, the volumetric flow rate of the gas, and the void fraction
are sensibly constant. In this case, equation 7.31 is readily integrated to
give the pressure drop over a dispersion of height H:

I

H

fl=

0

[ W G + ( ~ - ~ ) P L ] ~ ~[apG+(l-a)PL]gH
X=

(7.32)

Note that the quantity
a&

a
1-a
+ (1 - a)pL = + --

VG

(7.33)

VL

is simply the average density of the dispersion.

7.3.2 Bubble rise velociiy
It has been assumed that the terminal rise velocity of a single bubble is
known so the characteristic velocity can be calculated. In general the
bubble’s velocity depends on its size, which in turn depends on the design
of the distributor. An excellent survey of bubble and droplet formation
has been given by Kumar and Kuloor (1970).
The subject of the rise velocity of a single bubble is a fascinating one. In
many cases the curve of bubble rise velocity versus equivalent diameter is
very close to that for a rigid sphere of the same diameter and density;
however, large bubbles become flattened and their terminal velocities are
significantly lower than for the equivalent rigid sphere. A further,
interesting phenomenon occurs for bubbles of intermediate diameter in
carefully purified liquids: the rise velocity is about 50 per cent greater than
that of the equivalent rigid sphere. This is due to the mobility of the
gas-liquid interface, allowing circulation inside the bubble, which therefore ‘rolls’ through the liquid. The presence of a small amount of surface
active contaminant, which accumulates at the interface, inhibits this
mobility of the interface causing the bubble to behave like a rigid sphere.
The higher velocity is not observed with very small bubbles because so
little contaminant is required to inhibit circulation, nor with large bubbles
where form drag is dominant. Contamination with surface active agents is
particularly prevalent in aqueous systems.
An accepted empirical correlation for the terminal rise velocity of single
isolated bubbles is that of Peebles and Garber (1953), who identified four
regions as shown in Table 7.1.
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Table 7.1 Peebles and Garber correlation

Terminal velocity

Range of applicability

u, =

Re<2

u, =
u, =

u,

=

4.02G;0.2'4c Re< 3.10G;0.25
or 16.32Gy144< G2< 5.75
1.1

),"

3. 10G;o.2S<R e
or 5.75<G2

The bubble Reynolds number R e is defined as

Re = PLUt(2Rbe)
PL

- PLUPbe

PL

(7.34)

where Dbe = 2Rbe is the diameter of a sphere having the same volume as
the bubble.
The quantity G I is the Morton number:

(7.35)
and G2 is defined by

(7.36)

As Wallis (1969) points out, the upper limit of region 4 is with very large
bubbles when their rise is dominated by inertial forces. Under these
conditions, the terminal rise velocity is readily calculated from potential
flow theory and is given by
(7.37)
This may be considered as a fifth region to be added to the Peebles and
Garber correlation.
The Peebles and Garber correlation is valid when the gas density is
much lower than the liquid density. Grace, Wairegi and Nguyen (1976)
have given a correlation that is valid for both bubbles and liquid drops
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over a very wide range of conditions, and Wallis (1974) has given a
comprehensive correlation for the rise velocity of bubbles and drops in
both pure and contaminated liquids.
It should be noted that the bubble rise velocity is independent of the
bubble diameter over an extremely wide range of bubble size; this
corresponds to the fourth region in the Peebles and Garber correlation.
This region is likely to encompass almost all conditions in bubble columns
so prediction of the bubble diameter is unnecessary in order to calculate
the terminal velocity and hence the void fraction. Harmathy (1960) claims
that a better value for the coefficient (1.18) in the Peebles and Garber
correlation is 1.53. The corresponding expression for this constant
velocity region given by Wallis (1974) can be rearranged to the same form:
u, =

45’25

(7.38)

a,

and the coefficient,
is recommended as the best value.
If the bubble size and shape are required, for example for mass transfer
calculations, the work of Kumar and Kuloor (1970) and that of Grace,
Wairegi and Nguyen (1976) may be consulted.

7.4 Slug flow in vertical tubes
When a very large bubble of gas is allowed to rise in a large expanse of
liquid it is found that the bubble becomes rather flattened, having a
spherical upper surface and a fairly flat lower surface, as shown in Figure
7.11a. This is characteristic of the fact that the bubble’s motion through
the liquid is dominated by inertial forces. Inviscid flow theory shows that
the rise velocity is given by the expression
u, = 0.35-

(7.39)

where D is the actual diameter of the bubble as shown in Figure 7.11a.
(The same result was given in equation 7.37 in terms of the volumetric
equivalent radius .)
If a large bubble is constrained to rise through a tube of liquid a slug is
formed as shown in Figure 7.1 lb. The slug’s motion is dominated by the
potential flow over its nose in the same way as with a large bubble in an
expanse of liquid and the slug’s velocity of rise u, is given by
us = 0 . 3 5 w p

(7.40)
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(a)

(b)

Figure 7.1 1
Definition of bubble diameters
(a) For spherical cap bubble (b) Fora gas slug

where Dp is the diameter of the pipe or tube. The diameter of the slug is
only slightly smaller than the tube diameter, the liquid film between the
slug and the tube wall being very thin. It may appear surprising that the
shear force in this film is negligible but this must be so because the gas has
such a low viscosity and density, and the relative motion is fairly slow.
In a continuously slugging system, in which both gas and liquid flow up
through the tube, the slugs rise relative to the total flow of the gas-liquid
mixture. If the volumetric fluxes of the gas and the liquid arejG andjL, the
average velocity of rise of the mixture is jG+jLandit might be thought that
the slug’s velocity of rise relative to the tube would be given by the
equation
u, = (jG

+it) + 0.35 mp

(7.41)

This is not true because the slug is found to rise with a velocity
0 . 3 5 D p ) relative to the centre-line velocity of the liquid. The liquid
flow will be turbulent and its centre-line velocity therefore approximately
20 per cent greater than its average velocity. Thus the correct expression
for the slug’s velocity is
us =

1.2(j~+j~)+0.35V&

(7.42)

This equation has been verified by many investigators for well-spaced
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slugs rising through Newtonian liquids of low viscosity. Corrections for
the effects of surface tension and higher viscosities have been given by
White and Beardmore (1962). The constant 0.35 is replaced by a constant
kl:
=

1.2Cj~
+jL) + kl

ap

(7.43)

The value of kl depends on the Eotvos number, Eii, and the Morton
number, G I ,as shown in Figure 7.12.
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Figure 7.12
Plot of k, against Eotvos number for slug flow
Source: E. T. White and R. H. Beardmore,Chemical EngineeringProgress 17,
pp. 351-361 (1962)

When the slugs are not well spaced, the slug following in the wake of
another slug rises more quickly and after some distance the two slugs will
coalesce. Moissis and Griffith (1962) have given a correlation to account
for this:

k1 = klss(l+ 8e-'.06WDp)

(7.44)

where k l , is the value of k l for a single slug and L is the spacing of the
slugs. Unfortunately, L is not determined solely by the gas and liquid flow
rates and therefore equation 7.44 is difficult to use in practice.

238 FLUID FLOW FOR C H E M I C A L E N G I N E E R S

7.4.1 Void fraction
For the gas flow, continuity gives
QG =

usd

(7.45)

or
QG
-jG
a=--us
u,

(7.46)

Substituting for usfrom equation 7.43, the void fraction is obtained as
a=

JG

1.2 (jG
+j L

+ kl mp

(7.47)

7.4.2 Pressure drop
In many cases the frictional and accelerative components of the pressure
gradient are negligible so only the static head component need be
considered:

(7.48)

If necessary the frictional component of the pressure gradient can be
calculated using the homogeneous model discussed in Section 7.5.
Provided the pressure drop over the height H of the section through
which the slugs rise is small, expansion of the gas will be negligible and
equation 7.48 can be integrated with pc and a constant:

Figure 7.12 shows that the maximum value of K 1 is 0.35. If this value is
used in cases where a lower value of k1 is appropriate, the void fraction
calculated from equation 7.47 will be slightly underestimated and the
pressure drop correspondingly overestimated, resulting in a conservative
design.
Wallis (1969) discusses slug flow in horizontal and inclined pipes.
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7.5 The homogeneous model for two-phase flow
The complex nature of the churn flow regime does not lend itself to the
relatively simple analyses used for the bubble flow and slug flow regimes.
Friction will certainly be significant and acceleration may be, particularly
when a change of phase occurs. Although the annular flow regime appears
to be simpler and Wallis (1969) has suggested an approach using an
interfacial friction factor, the details of annular flow are complex. A
significant part of the liquid flow is in the form of droplets in the gas core
and there is a large interchange of liquid between the core and the film.
This is a topic of continuing research and in this introductory text a
separate analysis for the annular flow regime will not be presented.
The homogeneous flow model and the separated flow model may be
used to estimate the pressure drop for the churn regime but the former is
not recommended for use with annular flow. The separated flow model of
Martinelli and Nelson (1948), and developments thereof, may be used for
annular flow.
The approaches adopted in the homogeneous model and the separated
flow model are opposites: in the former it is assumed that the two-phase
flow can be treated as a hypothetical single-phase flow having some kind of
average properties, while in the separated flow model it is assumed that
distinct parts of the flow cross section can be assigned to the two phases,
reflecting what occurs to a large extent in annular flow.

7.5.1 Momentum equation for the homogeneous flow model
Recall that in Section 7.2 it was shown that the total pressure gradient
comprises three components due to friction, acceleration and the static
head of the mixture. In the homogeneous flow model the two-phase flow is
treated as a hypothetical single-phase flow with a single, uniform velocity
over a given cross section. It is assumed that the frictional component of
the pressure gradient can be described by the use of a single friction factor
and the model is sometimes known as the Friction Factor Model. It would
be expected that the model’s predictions would be most accurate for flows
in which one phase is well dispersed in the other, that is the spray regime,
the bubbly flow regime and, possibly, the wispy-annular regime.
The continuity equation can be written as

M=@S

(7.50)
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where u is the velocity of both phases and p is the average density of the
two-phase mixture.
By definition, the average density is the reciprocal of the average specific
volume of the mixture, so that

(7.5 1)
The momentum equation takes a simple form, which may be derived from
the general form given in equations 7 . 9 by putting
U G = UL = U

(7.52)

SGPG
+ SL-PL
= SP

(7.53)

and

Thus the momentum equation becomes
d P d F
-s----s-

dx

dx

du
pg sin0 = M dx

(7.54)

dii
G- -Ijgsin0
dx

(7.55)

or

dP

_ dx

1 dF
S dx

Again, the three components of the total pressure gradient, friction,
acceleration and the static head, are clear.
It is necessary to write each of these terms in a convenient form. The
treatment of the frictional component is the same as in Chapter 2 .

Frictional component
The frictional force SF over length Sx of the wall gives rise to a balancing
frictional component of the pressure gradient:

SF = rdir,Sx = -

rd2

4

(Sf'),

(7.56)

where rw is the shear stress at the wall. Therefore

dF = rd.r =
I W
dx

or

(7.57)
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(7.58)
which is equivalent to equation 2.7, the latter being written for a finite
length of pipe.
Using the Fanning friction factor, the wall shear stress is given by
Tzu =

4”f

and the frictional component of the pressure gradient is then
(7.59)
This equation is equivalent to equation 2.13. T h e velocity, which
generally varies with position along the pipe, has been rewritten in terms
of the constant mass flux G and the average specific volume of the mixture.
Of course V is a function of pressure and therefore varies along the pipe.

Accelerative component
Substituting for the velocity in terms of G and V , the accelerative
component of the pressure gradient in equation 7.55 can be written as
(7.60)
The average specific volume V is a function of the gas and liquid specific
volumes and the mass fraction of gas. The liquid may be treated as
incompressible but, in general, the specific volume of the gas and the mass
fraction will change along the length of the pipe. Differentiating equation
7.51
dV
dx

dVG

- = w-

dx

+ (V,

dVG dP
=w--++,,dP dx

- V,)-

dw
dx

dw
dx

(7.61)
(7.61)

where VLG= VG - V,. The first term in equation 7.61 originates from the
compressibility of the gas phase and represents the effect of acceleration
due to expansion of the gas at constant mass fraction. The second term, of
which there is no equivalent in single-phase flow, represents the effect of
acceleration due to a change of phase. For example, in evaporation or
boiling in a tube, part of the liquid with specific volume VL is changed into
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vapour with a much higher specific volume VG so the mean specific
volume increases and by continuity the flow must accelerate.
Substituting equation 7.61 into equation 7.60 allows the accelerative
component of the pressure gradient to be written as
(7.62)

Static head component
The static head component is simply

-

(%Ish

sin 8
e gv

= Dg sin =

(7.63)

Total pressure gradient
Summing the three components of the pressure gradient in equation 7.55
gives the total pressure gradient:

The total pressure gradient is implicit because it appears in the accelerative term as well as on the left of the equation. Rewriting equation 7.64 to
provide the total pressure gradient explicitly gives

Simplifications
In general, integration of equation 7.65 has to be done by a step by step
procedure. Assuming that the conditions at the pipe entrance are known,
all the quantities on the right of equation 7.65 are evaluated at those
conditions and the pressure gradient calculated. Making the approximation that the pressure gradient is constant over the short length, the
pressure at the end of that length is calculated and used to evaluate the
quantities in equation 7.65 for the next step.
In some cases the change of quality will be negligible so the second term
in the numerator of equation 7.65 can be neglected. The other feature
leading to acceleration, namely the compressibility of the gas phase, is
responsible for the form of the denominator. Sometimes gas compressibility will be negligible, particularly if the overall pressure is high: this is the
case in gas-oil pipelines.
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Simplifications that may be applicable can be summarized as follows.

I

<< 1

1 G2w*

ie gas compressibility negligible.

dpl

2 f, Vremain constant over the length of integration.
3 With the above simplificationsit is possible to integrate equation 7.65
analytically for the special case of evaporation with dw/dx constant.
This condition occurs when the heat flux is uniform along the tube
length. If the liquid is saturated at x=O and has a quality weat the tube
exit x = L , then the pressure drop is given by
hp=

(7.66)
For equation 7.66 to be strictly valid it is necessary that VLGbe sensibly
constant. This condition will be satisfied sufficiently closely provided the
pressure drop is not large.

7.5.2 Friction factors for the homogeneous model
All quantities in equation 7.64 can be readily evaluated with the exception
of the friction factor. There are several approaches to estimating the
friction factor for two-phase flow.

1 Use a constant value off irrespective of conditions: a suitable choice
would bef = 0.007.This is the simplest but least satisfactory approach.
2 Calculate the friction factor in the normal way for single-phaseflow but
evaluating the Reynolds number using a mean viscosity, j i :

Gd,

Re = T
P

Expressions for the mean viscosity that can be used are
(9

(ii)
(iii)

+
+-(1-20)

ji = w p ~(1 - w)pL

1

b

-

w
pG

Cicchitti et aZ(l960)
McAdams et a1 (1942)

pL

j i = p[wVGpG+ (1 - w ) v L p ~ ]
=

~ ~ G P
+ jGL p d l j

Dukler et a1 (1964)

(7.67)
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3 Use a friction factor for a corresponding single-phase flow.

As an example of method 3, in bubbly flow with a low quality it would be
appropriate to calculate the friction factor based on the properties of the
liquid. The frictional component of the pressure gradient for the actual
two-phase flow is given by
(7.59)
while if the whole of the two-phase flow were liquid the frictional
component of the pressure gradient would be given by
(7.68)
Here, the subscripts LO have been used to denote the hypothetical
single-phase flow that corresponds to the whole of the two-phase flow
being liquid.
Dividing equation 7.59 by equation 7.68
(7.69)

If the approximation is made that the friction factor for the two-phase flow
f is equal to that for the hypothetical liquid flow fLo,a very simple
relationship is obtained between the frictional pressure gradients for the
two flows:

The pressure gradient for the ‘wholly liquid’ flow can be calculated from
equation 7.68, in which the friction factor is evaluated for the Reynolds
number given by

G4
ReLo = -

(7.71)

iJ-L

It is important to appreciate that, although the notation here is slightly
different from that in Chapter 2, the calculation procedure for the
single-phase flow is identical to that in the earlier chapter.
For a two-phase flow with a high quality, for example the spray regime,
it would be more appropriate to use a gas flow as the reference single-phase
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flow. Again this reference flow has the same total flow rate. Writing the
equivalents of equations 7.68, 7.69 and 7.70 will give

The concept in this method is to replace the actual two-phase flow by a
corresponding single-phase flow, for which the frictional pressure gradient
is readily calculated. The relationship between the frictional pressure
gradient for the two-phase flow and that for the reference single-phase flow
is then derived from the basic frictional pressure gradient equations (eg
equations 7.59 and 7.68). The form of this relationship is given in
equation 7.69. If the value of the right hand side of equation 7.69 can be
estimated then it is possible to calculate the two-phase frictional pressure
gradient from the frictional pressure gradient for the reference singlephase flow. This is an example of the Two-Phase Multiplier. In general

where &'is known as the Two-Phase Multiplier; its value depends on
which single-phase flow is chosen as the reference flow.

Example 7.1
Air and water flow at 8 x
kg/s and 0.4 kg/s upwards in a vertical,
smooth-wall tube of internal diameter di= 20 mm and length L = 1.3 m.
Using the homogeneous flow model, calculate the pressure drop across the
tube (neglecting end effects). The fluids are at a temperature of 20 "C and
the expansion of the air may be assumed to be isothermal. The exit
pressure is 1 bar.

Calculaticms
The required equation for the pressure gradient is

There is no change of quality, so dwldx = 0.
The following values are readily calculated:
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G=
W=

MG

+M L
S

-

(0.008 + 0.4) kg/s
= 1299 kg/(m’s)
3.142 x
m2

MG
= 0.0196
M G +M L

(7.16)
(7.14)

For isothermal expansion, PVG = constant. Therefore

dVG
dP

VG
- --

P

From thermodynamic tables, pair= 1.1984 kg/m3 at 20 “C, 1 atm (1.01325
bar). Therefore

dVG
dP

-

-8.455 x

m3/(kg Pa) at 1 bar

and
dVG
G’w-

dP

=

1299’ x 0.0196 x (-8.455 x lop6) = -0.2796

Thus the denominator of equation 7.65 has the value 0.7204. This
accounts for acceleration.

Frictional term

(7.59)
It is necessary to estimate f for the two-phase flow. Using method 3
outlined above, it is appropriate to use the liquid as the reference flow
because the quality is low (0.0196). The pressure gradient for the whole
flow as liquid is
-

(

2fLOG VL.
=

di

2fLO[1299 kg/(m’s)l2 (1 x
20 x 1 0 - ~m

=

1.687 x 105fL0

Pdm

m3/kg)
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fLo is determined for the whole flow as liquid, for which the Reynolds
number is
Gdi [1299 kgl(m2s)] (20 x
ReLo = 1 x 1 0 - ~Pa s
PL

m)

= 2.598 x lo4

From the friction factor chart, Figure 2.1, for a smooth tube and this value
of the Reynolds number, fLo = 0.0058. Therefore

-

(ElLO

= (1.687 x lo5 Pa/m)(0.0058) = 978.5 Pa/m

Making the approximation that the value of the friction factor for the
two-phase flow is equal to fLo, the frictional component of the two-phase
pressure gradient is given by
(7.70)
Evaluating the specific volume at the (known) outlet pressure

v = WV,+(l

-w)V,

(7.51)

+

= (0.0196)(0.8455 m3/kg) (0.9804)(1.00 x
= 0.01755 m3/kg

m3/kg)

Therefore
0.01755 m3/kg

x 978.5 Pa/m

= 1.717 x lo4 Pa/m

Static head
sh

V

9.81 m/s2
= 559.0 Pa/m
0.01755 m3/kg

from (7.63)

Total pressure drop
Total pressure gradient, from equation 7.65

dP -- ( 1 . 7 1 7 ~104+559.0) Pa/m
dx

0.7204

= 2.461 x io4 Pa/m

This is the value of the pressure gradient at the exit of the tube because
conditions (particularly the value of @ at that location have been used in
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the above calcula.tions. If the pressure gradient were constant over the
length of the tube, the pressure drop over the 1.3 m length would be

AI' = (2.461 x lo4 Pdm)(l.3 m)

= 3.199X lo4 Pa = 0.3199 bar

This estimated pressure drop is a significant fraction of the outlet pressure
(1 bar) so various quantities calculated above will vary through the tube;
this is particularly true for VGand consequently V .
The calculation accuracy can be increased by splitting the tube length
into a number of increments and making the calculation of the pressure
drop for each.

Incremental calculation
As an illustration, the tube length is divided into five equal increments.
From above, the pressure gradient at the exit is - 2.461 x lo4 Pdm so the
pressure drop over the fifth increment (counting from the inlet) is
1.3 m
5

AI'S = (2.461 x lo4 Pdm) -= 6398.6 Pa = 0.06399 bar
and the pressure at the end of the fourth increment is therefore 1.06399
bar. This pressure can now be used to evaluate the properties for
Increment 4, allowing the pressure drop calculation to be made for that
increment. These calculations are then made for each increment. The
results are given in Table 7.2.
Table 7.2 Incremental calculationof pressure drop

Increment P

dVG

(bar)
5
4
3
2
1

V

-G'W dP

number
1.oooO
1.0640
1.1220
1.1756
1.2233

0.2796
0.2470
0.2221
0.2023
0.1861

-(I:f

(m3/kg)

(Pdm)

0.01755
0.01656
0.01575
0.01508
0.01450

1 . 7 1 7 ~lo4
1 . 6 2 0 ~lo4
1.541 x lo4
1.475~
IO4
1 . 4 1 9 ~lo4

-(:Ish

(Pdm)

559
592
623
651
677

Ar
(bar)
0.06399
0.05798
0.05359
0.05020
0.04749
0.27325

This calculation with five increments gives the total pressure drop over the
1.3 m of the tube as 0.273 bar compared with the estimate of 0.320 bar
found using the exit value of the pressure gradient. The error in making
this simplification compared with the value using five increments is 17 per
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cent. In high pressure systems the pressure drop will generally be a very
small fraction of the average pressure and pressure-dependent variations
will be less significant.
An example of the use of the homogeneous flow model for a case in
which boiling occurs, and equation 7.66 is used, is given as part of
Example 7 . 2 .

7.6 Two-phase multiplier
In the separated flow models presented in Sections 7.7 and 7 . 8 , the
method of calculating the frictional component of the pressure gradient
involves use of the two-phase multiplier 4' defined by

(7.73)
That is, the two-phase frictional pressure gradient is calculated from a
reference single-phase frictional pressure gradient (dP/dx)R by multiplying by the two-phase multiplier, the value of which is determined from
empirical correlations. In equation 7.73 the two-phase multiplier is
written as 45 to denote that it corresponds to the reference single-phase
flow denoted by R.
For a gas-liquid two-phase flow there are four possible reference flows:
1 whole flow liquid, denoted by subscripts LO
2 whole flow gas, denoted by subscripts GO
3 only the liquid in the two-phase flow, denoted by subscript L
4 only the gas in the two-phase flow, denoted by subscript G .

When the reference flow is the whole of the two-phase flow as liquid, then
the two-phase frictional pressure gradient is given by
(7.74)
The frictional pressure gradient for this 'wholly liquid' reference flow is
given by

(7.75)
where the friction factor fLo is evaluated for the Reynolds number
ReLo = G d z / p LThus
.
if the value of the two-phase multiplier
can be
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determined using a suitable correlation, the two-phase frictional pressure
gradient is readily calculated from equation 7.74. The case of a wholly gas
reference flow is similar.
When the reference flow is only the liquid in the two-phase flow, the
equations are slightly different because the liquid flow rate and not the
total flow rate must be used for the reference.
The ‘only liquid’ frictional pressure gradient is given by
(7.76)
with the friction factor

fL

evaluated for the Reynolds number

ReL = (1 - w)Gdi/pL.The two-phase frictional pressure gradient is then
calculated from the defining equation
(7.77)
For an ‘only gas’ reference flow, the reference frictional pressure gradient
is given by
(7.78)
with the friction factor fG evaluated for the Reynolds number
ReG = w G d i / p G . The two-phase frictional pressure gradient is given by
the equation
(7.79)

Warning about notation
The notation used here and in Section 7.7 is standard in the literature on
this subject and originates in the pioneering work of Martinelli and
co-workers. There are two aspects of the notation that may lead to
confusion and error. First, note that LO and GO do not denote ‘liquid
only’ and ‘gas only’ reference flows, as might be expected. On the
contrary, they denote flows in which the whole of the flow rate is liquid or
gas. It may help to remember them as ‘liquid overall’ and ‘gas overall’.
The second point to note is that +2 denotes the two-phase multiplier.
Correlations may present values of but it must be remembered that this
is the square root of the two-phase multiplier.

+
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7.7 Separated flow models
In these models the phases are treated as if they are separate and flow in
well defined but unspecified parts of the cross section. Only the simplest
case, in which the phases are allowed to have different but uniform
velocities, will be considered here. An overall momentum equation will be
given and it will be seen that merely allowing the gas and liquid velocities
to differ leads to considerable complexity. Two empirical correlations
from the pioneering work of Martinelli and co-workers will then be
described. These methods can be used for the churn and annular flow
regimes.

7.7.1 Momentum equation
The basic momentum equation derived in Section 7.2 is
-dP =

- ( dP
z ) , + G
~ [ ~(1-w)’VL
d 2w’VG

+

dx

(1 - a >

1
(7.80)

In contrast to the case of the homogeneous model, the accelerative term
cannot be put in a simpler form because the phase velocities differ. It is
therefore necessary to carry out the differentiation in the accelerative
term. When this is done and the frictional component of the pressure
gradient is represented using the ‘wholly liquid’ two-phase multiplier, the
resulting form of the momentum equation is

where
1-CY

(7.82)

If the ‘only liquid’ reference flow had been used the frictional term in
equation 7.81 would be 2fL(1 - w)’GZVL&/d,.
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Comparing equation 7.8 1 with its homogeneous model equivalent,
equation 7.65, it is clear that merely allowing the phases to have different
velocities leads to a considerable increase in complexity. In both equations, the middle term in the numerator derives from the accelerative
component of the pressure gradient and represents acceleration due to a
change of phase. Also, in both equations, the term involving G2 in the
denominator originates in the accelerative component. In the homogenous
model, both phases must accelerate equally, so there is only a term
including dVJdP. In the separated flow model, equation 7.81, there is a
further term, that in square brackets multiplied by (ea//aP), and resulting
from the fact that the phases are not constrained to have the same velocity.
Integration of equation 7.81 to determine the pressure drop over a
length of pipe generally requires a stepwise procedure. As with the
homogeneous model, in some cases simplifications may be possible:

1 the denominator of equation 7.81 differs little from unity;
2 fL, VG,V, remain sensibly constant over the length of integration;
3 if conditions 1 and 2 are satisfied and evaporation takes place from
saturation at x = 0 with a constant value of dw/dx then

+-Lg sin 8 j : ( e + - c )ld- aw

(7.83)

We

where we is the quality at the tube exit x = L.
Equations 7.81 and 7.83 are not easy to evaluate. In the following
sections the Lockhart-Martinelli and Martinelli-Nelson correlations will
be considered. The Lockhart-Martinelli correlation is valid when there is
no change of phase, so dw/dx=O in equation 7.81 and the second term in
the numerator vanishes. In the Martinelli-Nelson correlation, values are
given for the quantities in square brackets in equation 7.83.

7.7.2 Lockhart-Martinelli correlation
The experimental work on which the correlation is based was done for
horizontal flow of air-liquid mixtures at near-atmospheric pressures and
with no change of phase. It is inadvisable to use the correlation for other
conditions. For the conditions employed, the accelerative component of
the pressure gradient was assumed to be negligible, while the static head
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component vanishes. Consequently the frictional pressure gradients in the
two phases were assumed to be equal.
Lockhart and Martinelli (1949) used ‘only liquid’ and ‘only gas’
reference flows and, having derived equations for the frictional pressure
gradient in the two-phase flow in terms of shape factors and equivalent
diameters of the portions of the pipe through which the phases are
assumed to flow, argued that the two-phase multipliers 4; and & could
be uniquely correlated against the ratio X z of the pressure gradients of the
two reference flows:
(7.84)
This was confirmed by their experimental results.
It was assumed that four flow regimes could occur depending on
whether each phase was in turbulent or laminar (viscous) flow. Their
empirical correlation is shown in Figure 7.13. The second and third
subscripts denote the type of flow of the liquid and gas respectively. Note
that 4 and X are the square roots of the two-phase multiplier and the ratio
of reference flow pressure gradients.
The four curves of Figure 7.13 can be well represented [Collier (1972)l
by equations of the form:
& = 1 + - +c 7

1

x x

(7.85)

1+ c x + x 2

(7.86)

and

+&

=

where the values of C for the various flow combinations are shown in
Table 7.3.
Table 7.3

(tt)
(vt)
(tv)
(vv)

liquid

gas

C

turbulent
viscous
turbulent
viscous

turbulent
turbulent
viscous
viscous

20
12
10
5
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1 00

c

0
u

c

010

.g
0

3
0 01

0 01

0 10

1 00

10 0

100

Martinelliparameter, X
Figure 7.13
Void fraction and square root of twephase multiplier against Martinelliparameter X
Source: R. W. Lockhart and R. C. Martinelli, Chemical Engineering Progress 45,
pp. 39-46 (1949)

Use of the correlation is very simple. First the frictional pressure gradients
are calculated for only the liquid flowing in the pipe, and for only the gas:

(7.76)
and

-( g)G

2fGw2G'VG

=

di

(7.78)

The ratio of these pressure gradients gives Xz.
In order to determine whether each phase is in laminar or turbulent
flow, Lockhart and Martinelli suggested tentatively that the Reynolds
number for the appropriate reference flow should be greater than 2000 for
turbulent flow and less than 1000 for laminar flow. At intermediate values
the flow was thought to be transitional.
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The value of the square root of the two-phase multiplier is read from
Figure 7.13, or calculated from equation 7.85 or 7.86, and the two-phase
frictional pressure gradient calculated from

or

(E)f

="(E)G

Obviously, it is better to use the smaller multiplier. The curves for each
combination of flow regimes cross at X = 1, as they must from the
definition of X, so the 'only gas' reference is preferable for X < 1 and the
'only liquid' reference for X > 1. The reader is reminded that this
correlation should be used only when the frictional component of the
pressure gradient is dominant.

7.7.3 Madinelli parameter
In developing their correlation, Lockhart and Martinelli assumed that the
friction factors could be determined from equations of the same form as
the Blasius equation:

(7.87)
and

(7.88)

For laminar flow K = 16 and m,n = 1. For turbulent flow the values
= 0.046 and m,n = 0.20-0.25 are recommended.
From the definition of X, equation 7.84, and equations 7.76 and 7.78,

K

(7.89)
Substituting for the friction factors from equations 7.87 and 7.88,
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If both the gas and the liquid are in laminar flow or both in turbulent flow,
KI. = KG and m = n. Consequently
(7.91)
‘In practice, the flow regimes of both phases will be turbulent in most
cases. Using the value n = 0.20
(7.92)
This provides a simple method of determining the ratio of the ‘only liquid’
and ‘only gas’ frictional pressure gradients without evaluating both
pressure gradients.
At high values of the Martinelli parameter X , the gas-liquid flow
behaves more like the liquid; at low values of X it behaves more like the
gas.

7.7.4 MattinelikNelson correlation
This correlation is an extension of the Lockhart-Martinelli correlation.
The earlier correlation is limited EO low pressures and systems in which no
change of phase occurs. Although Lockhart and Martinelli provided for
four flow regimes, it is unusual in industrial processes for either phase to
be in laminar flow. The Martinelli-Nelson (1948) correlation is specifically
for forced circulation boiling of water in which it is assumed that both
phases are in turbulent flow.
When a change of phase occurs, as in boiling, it is necessary to use the
‘wholly liquid’ reference flow (an ‘only liquid’ basis would change as the
liquid flow rate decreases during boiling). At low pressures, the results of
the Lockhart-Martinelli correlation can be used for the frictional component of the pressure gradient but it is necessary to convert the ‘only liquid’
basis used in the earlier correlation to the ‘wholly liquid’ basis. It is
assumed that the frictional pressure gradients for the two reference flows
are related by the expression
(7.93)
This is consistent with the Blasius type of expression used for the friction
factors in deriving the Martinelli parameter. Using the value n = 0.20 and
expressing the ratio of flow rates in terms of the quality
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(7.94)
Consequently, from the definitions of the Two-Phase Multipliers, equations 7.74 and 7.77

The Lockhart-Martinelli correlation provides the relationship between 4;
and the Martinelli parameter X,,. Therefore, use of equation 7.95 enables
and X,, at low pressures to be found.
the relationship between
At the other pressure extreme, namely the critical pressure, the phases
are indistinguishable so it follows that

&io

1

at the critical pressure

Thus, at the critical pressure +io has the value unity at all values of the
quality and Martinelli parameter.
Martinelli and Nelson found the relationship between +io and X,, at
intermediate pressures by trial and error using experimental results as a
guide. The resulting correlation is shown in Figure 7.14 where 4i0 is
presented as a function of quality. The relationship between void fraction
and quality is given in Figure 7.15. The use of these graphs and
appropriate thermodynamic data for steam enable equation 7.8 1 to be
integrated numerically.
The special case of evaporation from saturation at x = 0 with a constant
value of dw/dx, represented by equation 7.83 can be treated much more
easily because Martinelli and Nelson have presented correlations for the
quantities
(7.96)
and
(7.97)
The correlations for these quantities are shown in Figures 7.16 and 7.17.
These quantities enable the frictional and accelerative terms in equation
7.83 to be calculated. The static head term can be evaluated by numerical
integration using the a-w relationship given in Figure 7.15.
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Figure 7.14
Two-phasemultiplier as a function of mass quality
Source: R. C. Martinelli and D. B. Nelson, TransactionsofASME, 70, No. 6, pp. 695-702
(1948)

The definition of r2 used by Martinelli and Nelson is different from that
used here: theirs is the present quantity multiplied by VL.The advantage
of the present definition is that it makes r2 dimensionless. The ordinate of
Figure 7.17 has been scaled accordingly.

7.7.5 Comparison with measurements
Over the range of Martinelli parameter of practical importance
(0.1 <X,< 0.7) the Martinelli-Nelson correlation predicts a frictional
pressure gradient approximately twice that predicted by the homogeneous
model.
When these predictions are compared with measurements it is found
that there is a significant dependence on the total mass flux G: the
Martinelli-Nelson correlation is accurate in the mass flux range 5 0 0 lo00 kg/(m2s) while the homogeneous model gives good agreement when
the mass flux is greater than 2000 kg/(m2s).
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Mass quality, w

Figure 7.15
Void fraction as a function of mass quality
Source: R. C. Martinelliand D. B. Nelson, TransactionsofASME, 70, No. 6,pp. 695-702
(1948)

The original Martinelli-Nelson correlation was based on relatively
limited data. Thom (1964) has derived revised values of the quantities
shown in Figures 7.14 to 7.17 from extensive measurements.
One of the disadvantages of the Martinelli-Nelson and Thom correlations is that they are for the water-steam system only. Although this
system is of great importance, there is a need for information on other
materials. A correlation with the dual aims of correcting the mass flux
dependency missing from the Martinelli-Nelson correlation and allowing
predictions to be made for other systems has been given by Baroczy
(1965). Whilst Baroczy’s correlation may be resorted to in the absence of
anything better, the wild excursions of the graphs suggest that this is
fundamentally not the correct approach.
Both Baroczy (1965) and Chisholm (1968) have modified the MartinelliNelson correlation to take into account the influence of the mass flux.
Chisholm’s modification is recommended by Collier (1972). Subsequently,
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Pressure(bar)

Figure 7.16
Mean value of the two-phase multiplier as a function of absolute pressure
Source: R. C. Martinelli and D. B. Nelson, TransactionsofASME,70, No. 6,pp. 695-702
(1948)

Chisholm ( 1973) presented a convenient form of correlation incorporating
his own and Baroczy's modifications.

Example 7.2
Steam is generated in a high pressure boiler containing tubes 2.5 m long
and 12.5 mm internal diameter. The wall roughness is 0.005 mm. Water
enters the tubes at a pressure of 55.05 bar and a temperature of 270°C, and
the water flow rate through each tube is 500 kg/h. Each tube is heated
uniformly at a rate of 50 kW.
(a) Estimate the pressure drop across each tube (neglecting end effects)
using (i) the homogeneous flow model and (ii) the Martinelli-Nelson
correlation.
(b) How should the calculation be modified if the inlet temperature were
230°C at the same pressure?
Calculations
(a) To avoid excessive calculation, the whole tube length will be treated as
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Pressure (bar)

Figure 7.1 7
Factor r, as a function of absolute pressure
Source:R. C. Martinelli and D. 8.Nelson, TransactionsofASMf, 70, No. 6,pp. 695-702

(1 948)

a single increment. For the conditions specified, the water entering the
tubes is at its boiling temperature. From the data and using steam tables,
the following values are found:
V, = 1.302 x

m3/kg, V, = 3.563 x
(at inlet conditions)

lop2m3/kg

Therefore
VLG = 3.433 x lo-’ m3kg and VLJVL=26.37
Also
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latent heat, A = 1605 kJ/kg
p L = 9.9 x 1 0 - ~Pas
S = 1.227 x
m2
M = 500/3600 = 0.1389 kg/s
G = 1132 kg/(m2s)
( i ) Homogeneausmodel
From steam tables

dVG (0.03944- 0.03244) m3kg
-=
= 7.0 x
dP
lo6 Pa

m3/(kg Pa)

As the water is saturated at the tube inlet, all the heat transfer results in
boiling (neglecting changes in kinetic and potential energy), consequently
the rate of vaporization is

50 kW
= 0.031 15 kg/s
1605 kJkg
and the exit quality we is therefore given by
we =

0.031 15 kg/s
= 0.2243
0.1389 kg/s

Thus, in equation 7.65

In view of this inequality and the fact that the inlet water is saturated,
equation 7.66 may be used:

Frictional tenn
As in Example 7.1, fLo may be used as an approximation to f for the
two-phase flow.

Gdi [1132 kg/(m2s)](12.5 x
ReL* = - =
9.9 x 1 0 - ~Pa s
PL

m) = 1.429x 105
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Relative roughness = 0.005 d l 2 . 5 mm = O.oCKM.
Hence, from the friction factor chart, Figure 2.1,fL0 = 0.0044 = f. The
frictional pressure drop is given by

APf =

- (2)(0.0044)(1 1322)(1.302 x
12.5 x 1 0 - ~

10-3)(2.5)
-[l+T

0.2243 (26.37)] Pa

= 11.62 kPa

Accelerative term

= [1132 kg/(m2s)I2(3.433x

m3/kg)X 0.2243 Pa

= 9.867 kPa

Static head term

u,,,
=-LE-

VLGwe

-

In[ 1+we(*)]

(2.5)(9.81)
In[l
(3.433 x 10-2)(0.2243)

+ (0.2243)(26.37)]Pa

= 6.159 kPa

Total pressure drop
Summing the three terms

AP

= 27.6 kPa

(ii) Martinelli-Nelson correlation
It is necessary first to check that the denominator of equation 7.81 differs
little from unity. From the values in part (i)
dVG
-=7 x

dP

m3/(kg Pa)

From Figure 7.15, at 55 bar and w = 0.2

is),

= 0.003 bar-' = 3 x lo-' Pa-'
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Using these values shows that
G2 _
w2-dVG
{a

dP

+($I,[

(1 - wyv, (1-42

9]}
<< 1

It is therefore possible to use equation 7.83:
hp=

di

+-Lg sin 8 j r ( k + y , )1-ff
dw
We

Frictional term
From the values in part (i)
2fLoG’VLL - (2)(0.0044)(11322)(1.302 x 1OP3)(2.5) Pa
di
12.5 x 10-3
= 2.936 x lo3 Pa

From Figure 7.16, for P = 55.05 bar and we = 0.2243

Therefore
hpf =

( 2 . 9 3 6 ~lo3 Pa)(6.2) = 1.821 x lo4 Pa = 18.21 kPa

Accelerative term
hp, =

G2VLr2

From Figure 7.17
r2 = 3.2

Therefore
hp, =

[1132 kg/(m2s)I2(1.302x

Static head tenn

m3/kg)(3.2) = 5339 Pa = 5.34 kPa
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Using Figure 7.15, a curve of (Y against w at 55 bar can be estimated.
Reading off values of (Y at various values of w (Table 7.4) allows the above
integrand to be evaluated as a function of w :
Table 7.4
ff

0
0.02
0.04
0.06
0.08
0.10
0. I5
0.20
0.2243

0
0.40
0.53
0.56
0.61
0.63
0.72
0.76
0.77

768
472
376
354
317
302
235
206
198

Using these values to evaluate the integral graphically,

and
hp,h

=

(2.5)(9.81)
(76) = 8310 Pa = 8.31 kPa
(0.2243)

Total pressure drop
Summing the three terms

AI'= 31.9 kPa
(b) If the inlet water were at a temperature of 230 "C and the same pressure
of 55.05 bar, it would be unsaturated. It is necessary first to calculate the
heat transfer required to bring the water to the boiling point and the
length of tube required to do this. The pressure drop for the single-phase
flow in t h i s part of the tube can be calculated easily. The two-phase flow
calculations for the remainder of the tube can then be done as in part (a)
but it must be noted that the exit quality will be lower in this case.
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Further reading
The presentation of the material in Sections 7.3 and 7.4 has been greatly
influenced by the work of Wallis (1969), while the remainder of this
chapter closely follows the treatment of Collier (1972). These two books
represent excellent starting points for anyone seeking further reading. It
should be noted that it is customary in the two-phase flow literature to use
the symbol x to denote mass quality and z to denote the axial coordinate.
In this chapter, x has been used to denote the coordinate and w the mass
quality in order to be consistent with the rest of the book.
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8

FIOW

measurement

8.1 Flowmeters and flow measurement
The flow of fluids ismost commonly measured using head hwmeters.
The operation of these flowmeters is based on the Bernoulli equation. A
constriction in the flow path is used to increase the flow velocity. This is
accompanied by a decrease in pressure head and since the resultant
pressure drop is a function of the flow rate of fluid, the latter can be
evaluated. The flowmeters for closed conduits can be used for both gases
and liquids. The flowmeters for open conduits can only be used for
liquids. Head flowmeters include orifice and venturi meters, flow nozzles,
Pitot tubes and weirs. They consist of a primary element which causes the
pressure or head loss and a secondary element which measures it. The
primary element does not contain any moving parts. The most common
secondary elements for closed conduit flowmeters are U-tube manometers
and differential pressure transducers.
A U-tube manometer is shown schematically in Figure 8.I(a). One arm
is connected to the high pressure tap and the other arm to the low pressure
tap in the flowing fluid. The fluid in one arm of the manometer is
separated from the fluid in the other arm by an immiscible liquid of higher
density which is usually mercury. Consider the pressures at levels a and b
in the two arms of the manometer shown in Figure 8.1(a) when the system
is in equilibrium. Let the pressures at level b be P1 and P2 in arm 1 and
arm 2, respectively. Let the difference in the heights of immiscible liquid
in the two arms of the manometer be hern.
The pressure at level a in the manometer is (P1+ p A z m g ) in arm 1 and
(Pz+ pmAzmg) in arm 2 where p and pm are the densities of the flowing
fluid and immiscible liquid respectively. These two pressures are equal
since the two arms of the manometer are connected by a continuous
column of stationary liquid. Therefore
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Figure 8.1
U-tube manometer
(a)Manometer reading Az,,,when PI >P2 (b)A vertical difference in the location of the
manometer taps does not affect the reading

which can be written as

p1-P~= ! P r n - P ) k g

(8.2)

If p and pm are in kg/m3, Az, is in m, and g is 9.81 d s 2 , the pressure
differential across the primary element P1- P2 is in N/m2 or Pa. The head
differential across the primary element Ak based on the flowing fluid is

Combining equations 8.2 and 8.3 gives
P

which relates the head differential across the primary element to the
difference in height of immiscible liquid in the two arms of the manometer.
Other flowmeters are in common use which operate on principles
differing from head flowmeters. Mechanical flowmeters have primary
elements which contain moving parts. These flowmeters include rotameters, positive displacement meters and velocity meters. Electromagne-
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tic flowmeters have the advantages of no restriction in a conduit and no
moving parts.

8.2 Head flowmeters in closed conduits
The primary element of an orifice meter is simply a flat plate containing a
drilled hole located in a pipe perpendicular to the direction of fluid flow as
shown in Figure 8.2.

Figure 8.2
Orifice meter

Equation 1.15 is the modified Bernoulli equation for steady flow in a
pipe with no pump in the section.

For the steady horizontal flow of an incompressible fluid of density p
between points 1 and 2 in a pipe with no pump and no friction, equation
1.15 can be written as
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Consider points 1 and 2 in Figure 8.2. At point 1 in the pipe, the fluid
flow is undisturbed by the orifice plate. The fluid at this point has a mean
velocity ul and a cross-sectional flow area S 1 . At point 2 in the pipe the
fluid attains its maximum mean velocity u2 and its smallest cross-sectional
flow area S 2 . This point is known as the vena contractu. It occurs at about
one half to two pipe diameters downstream from the orifice plate. The
location is a function of the flow rate and the size of the orifice relative to
the size of the pipe. Let the mean velocity in the orifice be u, and let the
diameter and cross-sectional flow area of the orifice be do and So
respectively.
For this case the principle of continuity can be expressed by any of the
following three equations.

M

= @lUl

= @2u2 = @ouo

(8.6)
(8.7a)

(8.7b)
where M is the flow rate of fluid and Q is the volumetric flow rate.
Using equation 8.7 to substitute for u1 and u2 in equation 8.5 gives

which can be rearranged in the form

giving the mean velocity through the orifice.
Using equation 8.7, the volumetric flow rate is given by
(8.10)

Equation 8.10 gives the volumetric flow rate Q when there is no friction in
the system.
In practice, the measured volumetric flow rate is always less than Q
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given by equation 8.10. Viscous frictional effects retard the flowing fluid.
In addition, boundary layer separation occurs on the downstream side of
the orifice plate resulting in a substantial pressure or head loss from form
friction. This effect is a function of the geometry of the system.
In practice, the volumetric flow rate Q is given by equation 8.11
(8.11)
In equation 8.11, which is analogous to equation 8.10, C d is the
dimensionless discharge coefficient which accounts for geometry and
friction; do/dlis the ratio of the diameter of the orifice to the inside
diameter of the pipe. This ratio does not vary as does the ratio dzld, in
equation 8.10 for frictionless flow.
Using equation 8.3 to substitute for the pressure difference in equation
8.11 gives
=

J

[ 1 -2gAh
(do/dl)4]

(8.12)

Equation 8.12 gives the volumetric flow rate Q in terms of the head
differential across the orifice plate Ah. The latter is based on the flowing
fluid.
Both equations 8.11 and 8.12 refer to horizontal pipes. When the pipe is
not horizontal, the total pressure difference (PI-P2)must be corrected
for the pressure difference due to the static head between the two pressure
taps. Thus, equation 8.11 should be replaced by
(8.13)
and equation 8.12 by

Q =socd,/

2dAh + (21 - 2 2 11
[ I - (do& 141

(8.14)

It must be remembered that, in equation 8.14, Ah is still defined by
equation 8.3.
Provided that location 1 is always the upstream pressure tap and
location 2 the downstream tap, these equations are applicable for both
upward and downward flow, but note that the sign of (zl -z2)will change.
The value of AP, and consequently Ah, will be negative for downward
flow if the pressure drop due to flow is smaller than the static pressure
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difference. Equations 8.13 and 8.14 reduce to equations 8.11 and 8.12,
respectively, when z1 = z 2 .
It is essential to appreciate that the pressure difference measured by .a
manometer automatically eliminates the static head difference. This is
shown in Figure 8.l(b). The static head pg(zl - z 2 ) in the pipe is exactly
balanced by the extra static head above the right hand limb of the
using equation
manometer. Consequently, if Ah is calculated from h,,,
8.4,tu)further correction for the static head should be made.
The holes in orifice plates may be concentric, eccentric or segmental as
shown in Figure 8.3. Orifice plates are prone to damage by erosion.

Concentric

Eccentric

Segmental

Figure 8.3
Concentric. eccentric and segmental orifice plates

The coefficient of discharge Cd for a particular orifice meter is a function
of the location of the pressure taps, the ratio of the diameter of the orifice
to the inside diameter of the pipe doldl, the Reynolds number in the
pipeline Re, and the thickness of the orifice plate.
Most orifices used for flow measurement are sharp-edged as shown in
Figure 8.2; this produces well-defined separation of the flow at the orifice
and consequently consistent values of the discharge coefficient. Figure 8.4
shows how the discharge coefficient for a circular, sharp-edged orifice
depends on the Reynolds number and the ratio of the orifice diameter to
the internal diameter of the pipe. The Reynolds number is based on the
orifice diameter and the fluid speed through the orifice. The discharge
coefficient varies greatly with Reynolds number for relatively large orifices
making them unsuitable for flow measurement. At Reynolds numbers
above about 2 x lo4 the discharge coefficient has a constant value of about
0.62: it is preferable to use orifice meters in this constant Cd region.
Orifice meters suffer from high frictional pressure or head losses. Thus,
most of the pressure drop is not recoverable. The pressure loss is given by
the equation [Barna (1969)l
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Figure 8.4
Orifice discharge coefficients

Source:J. H. Perry, Chemical€ngin~’Handbook(Sixthedition, New Yo&: McGrawHill, 1984)~.5 1 5

(8.15)

Orifice plates are inexpensive and easy to install since they can readily
be inserted at a flanged joint.
Figure 8.5 shows a Venturi meter. The theory is the same as for the
orifice meter but a much higher proportion of the pressure drop is
recoverable than is the case with orifice meters. The gradual approach to
and the gradual exit from the orifice substantially eliminates boundary
layer separation. Thus, form drag and eddy formation are reduced to a
minimum.
A series of tap connections in an annular pressure ring gives a mean
value for the pressure at point 1 in the approach section and also at point 2
in the throat. Although Venturi meters are relatively expensive and tend to
be bulky, they can meter up to 60 per cent more flow than orifice plates for
the same inside pipe diameter and differential pressure [Foust et al.
(1964)l.The coefficient of discharge C, for a Venturi meter is in the region
of 0.98.Veaturies are more suitable than orifice plates for metering liquids
containing solids.
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Figure 8.5
Venturimeter

Figure 8.6 shows a flow nozzle. This is a modified and less expensive
type of Venturi meter.
The theoretical treatment of head flowmeters in this section is for
incompressible fluids. The flow of compressible fluids through a constriction in a pipe is treated in Chapter 6.
Orifice meters, Venturi meters and flow nozzles measure volumetric
flow rate Q or mean velocity u. In contrast the Pitot tube shown in a
horizontal pipe in Figure 8.7 measures a point velocity v. Thus Pitot tubes
can be used to obtain velocity profiles in either open or closed conduits. At
point 2 in Figure 8.7 a small amount of fluid is brought to a standstill.
Thus the combined head at point 2 is the pressure head P / ( p g ) plus the
velocity head v2/(2g)if the potential head z at the centre of the horizontal
pipe is arbitrarily taken to be zero. Since at point 3 fluid is not brought to a
standstill, the head at point 3 is the pressure head only if points 2 and 3 are
sufficiently close for them to be considered to have the same potential head
z.
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Figure 8.6
flow nozzle

Thus the difference in head Ah between points 2 and 3 neglecting
friction is the velocity head v2/(2g).Therefore the point velocity v is given
by the equation
v

=

w

(8.16)

The difference in heads between points 2 and 3, Ah, is usually measured
with a manometer.

Figure 8.7
Pitot tube
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Combining equations 8.4 and 8.16 gives
=

Ppm-p)Azm
P

(8.17)

Equation 8.17 gives the point velocity v in terms of the difference in level
between the two arms of the manometer Az,, the density of the flowing
fluid p, the density of the immiscible manometer liquid pm and the
gravitational acceleration g.
Most Pitot tubes consist of two concentric tubes parallel to the direction
of fluid flow. The inner tube points into the flow and the outer tube is
perforated with small holes which are perpendicular to the direction of
flow. The inner tube transmits the combined pressure and velocity heads
and the outer tube only the pressure head.
Although Pitot tubes are inexpensive and have negligible permanent
head losses they are not widely used, They are highly sensitive to fouling,
their required alignment is critical and they cannot measure volumetric
flow rate Q or mean velocity u. The latter can be calculated from a single
measurement only if the velocity distribution is known: this can be found
if the Pitot tube can be traversed across the flow.

Example 8.1
Calculate the volumetric flow rate of water through a pipe with an inside
diameter of 0.15 m fitted with an orifice plate containing a concentric hole
of diameter 0.10 m given the following data.
Difference in level on a mercury manometer connected across the orifice
plate
Azm = 0.254 m

Mercury specific gravity
= 13.6

Discharge coefficient
Cd = 0.60
Calculations
The head differential across the orifice is given by
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= (13.6 - 1)(0.254m)
= 3.20m

The volumetric flow rate is given by
(8.12)
Given that

s

"

rdz

=-=

4

(3.142)(0.10 m)2
= 0.007855 m2
4

g = 9.81 d s 2

Ah = 3.20 m

do
dl

0.10
0.15

Cd

= 0.60

- -- - = -

1
1.5

it follows that

Q = (0.007855 m2)(0.60)(8.845d s )
= 0.0417 m3/s

8.3 Head flowmeters in open conduits
Weirs are commonly used to measure the flow rate of liquids in open
conduits. The theory is based on the Bernoulli equation for frictionless
flow. From equation 1.13 with Ah = 0 and hf= 0
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Consider a liquid flowing over a sharp crested weir as shown in Figure
8.8. Let the upstream level of the liquid be z, above the level of the weir
crest. As the liquid approaches the weir, the liquid level gradually drops
and the flow velocity increases. Downstream from the weir, a jet is
formed. This is called the nappe and it is ventilated underneath to enable
it to spring free from the weir crest [Barna (1969)l.
Consider any point in the liquid at a height z vertically above the weir

Free surface of liquid

Figure 8.8
Flow of liquid over a sharpcrested weir

crest in Figure 8.8. Let the liquid at this point have a velocity v . For this
case the Bernoulli equation can be written in the form

(8.19)
Equation 8.19 is based on the following assumptions: the approach
velocity vois uniform and parallel, the streamlines are horizontal above the
weir, there is atmospheric pressure under the nappe, and the flow is
frictionless.
In order to evaluate the flow rate as a function of zo it is necessary to
neglect the fall of the liquid surface above the weir. It should be noted that
the fall shown in Figure 8.8 is greatly exaggerated; in practice the fall is
very small.
Equation 8.19 can be rewritten in the form

(8.20)
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Equation 8.20 gives the point velocity z, at a height z above the weir crest.
If the width of the conduit is b at this point, the volumetric flow rate
through an element of cross-sectional flow area of height d z is

(8.21)

dQ=bvdz
Substituting equation 8.20 into equation 8.21 gives

dQ = b m ) / ( z , + $

-2)

dz

(8.22)

Let

(8.23)
so that

(8.24)

dh=-dz

On substituting equations 8.23 and 8.24 into equation 8.22, the
volumetric flow rate through the element is given by
dQ = -b m ) h ' l 2 dh

(8.25)

For a rectangular conduit, b is a constant and equation 8.25 can be
integrated to
Q=-

+

3bm)h3/2 c

(8.26)

Substituting for h in terms of z from equation 8.23, and noting that Q = 0
for z = 0, allows the constant to be evaluated. The flow rate for z = z, is
then given by

(8.27)
If the approach velocity v, is neglected, equation 8.27 becomes
Q = $bm)z:/2

(8.28)

Equations 8.27 and 8.28 give the volumetric flow rate Q through a
rectangular weir when there is no friction in the system.
In practice the volumetric flow rate Q is given by equation 8.29
(2 = $ c d b a ) Z 2 / 2

(8.29)

Cd is the dimensionless discharge coefficient which is a function of z,
and the ratio z,/z, where z, is the height of the weir crest above the
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channel bed. A typical value is Cd = 0.65 for z,/z, = 2 and z, = 0.3 m.
Viscosity has a negligible influence on c d . Thus the flow rate can be
determined from a measurement of z,.
In addition to rectangular weirs, V-notch or triangular weirs are
commonly used with a cross-sectional flow area as shown in Figure 8.9. In

Figure 8.9
Cross-sectionalflow area in a V-notch weir

this case the width of the conduit b is variable and at any height z above
the bottom of the weir is

e

(8.30)

b = 2ztan2

If the approach velocity v, is neglected, equation 8.22 can be written

dQ = bm)mdz

(8.31)

where dQ is the volumetric flow rate through an element of cross-sectional
flow area of height dz when friction is neglected. Substituting for b from
equation 8.30 allows equation 8.31 to be written as
dQ = 2 tan

e e)
5
w

z dz

(8.32)

Let
h=z,-z

(8.33)

then

e m)
hl”(z, - h) dh

dQ = -2 tan 2

(8.34)
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Integrating equation 8.34 gives

(8.35)
Noting that Q = 0 for z = 0 (ie h = z,), then
8
0
c=tan -a)
z,S/'
15
2

(8.36)

The full flow rate occurs for z = z,, ie h = 0, when the first term on the
right hand side of equation 8.35 vanishes. Thus the flow rate is given by
8

0

Q = - tan - -)Z,S/~
15
2

(8.37)

Equation 8.37 gives the volumetric flow rate Q through a V-notch weir
when there is no friction in the system.
In practice the volumetric flow rate Q is given by Equation 8.38

8
15

H

Q = - c d tan - a ) z , S i 2
2

(8.38)

where Cd is the dimensionless discharge coefficient which is mainly a
function of z, and 0. A typical value is c d = 0.62 for z, = 0.15 m and
e = 20".
V-notch weirs are particularly useful for measuring flow rates that vary
considerably.

8.4 Mechanicaland electromagneticflowmeters
In the head flowmeters discussed so far, the primary element has no
moving parts. The constriction area is fixed and the pressure drop varies as
the flow rate changes. In the rotameter shown in Figure 8.10, the pressure
drop is held constant and the constriction area varies as the flow rate
changes. A float is free to move up and down in a tapered tube. The float
remains steady when the upward force of the flowing fluid exactly balances
the weight of the float in the fluid. The tapered tube is marked with a scale
which is calibrated for a given fluid to give flow speed at each scale
reading. As the fluid flow rate is increased, the float moves to a higher
position in the tube.
Other commonly used mechanical flowmeters are velocity meters.
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Topered

tube

-

Figure 8.1 0

Rotameter
These usually consist of a non-magnetic casing, a rotor, and an electromagnetic pickup. The rotor is either a propeller or turbine freely
suspended on ball bearings in the path of the flowing fluid with the axis of
rotation in line with the flow. The rotor turns in the fluid flow stream at a
rate proportional to the flow rate. As the rotor turns it cuts through the
lines of force of an electric field produced by an adjacent induction coil.
The electrical pulse output from the induction coil pickup is amplified and
fed to readout instruments or recorders to give either total flow or flow rate
[Holland and Chapman (1966)l.
The head flowmeters and mechanical flowmeters considered so far all
involve some kind of restriction in the flow line, which in turn produces
additional frictional head losses. In contrast, the electromagnetic flowmeter consists of a straight length of non-magnetic pipe containing no
restrictions through which the fluid flows. The pipe is normally lined with
electrically insulating material. Two small electrodes located diametrically
opposite each other are sealed in flush with the interior surface. Coil
windings on the outside of the non-magnetic pipe provide a magnetic field.
The flowing fluid acts as a moving conductor which cuts the magnetic lines
of force. A voltage is induced in the fluid which is directly proportional to
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the fluid velocity. This voltage is detected by the electrodes and is then
amplified and transmitted to either readout instruments or recorders. The
magnetic field is usually alternating so that the induced voltage is also
alternating. Electromagnetic flowmeters can only be used to meter fluids
which have some electrical conductivity. They cannot be used to meter
hydrocarbons.
Although electromagnetic flowmeters are expensive they are especially
suitable for metering liquids containing suspended solids. Furthermore,
unlike head flowmeters, they are unaffected by variations in fluid viscosity, density or temperature. Since they are also unaffected by turbulence
or variations in velocity profile, they can be installed close to valves,
bends, fittings, etc.
The flowmeters discussed above are used either to measure velocity or
volumetric flow rate. They can only be used to measure the mass flow rate
if the fluid densitv is also measured and the volumetric flow rate and
density signals are coordinated.
Direct reading mass flowmeters have now been developed. These
operate on the angular momentum principle. The primary element
consists of a cylindrical impeller and turbine both of which contain tubes
through which the fluid flows. Angular momentum is given to the fluid by
driving the impeller at a constant speed via a magnetic coupling
using a synchronous motor. Fluid from the impeller discharges into the
cylindrical turbine where all the angular momentum is removed. The
torque on the turbine is proportional to the mass flow rate. This torque is
transferred to a gyro-integrating mechanism via a magnetic coupling. A
cyclometer registers the rotation of the gyroscope and totalizes the fluid
mass flow rate. Direct reading mass flowmeters are expensive.

8.5 Scale errors in flow measurement
Rotameters, velocity flowmeters, and electromagnetic flowmeters have the
advantage that they can be used with a linear scale in which the volumetric
flow rate Q is directly proportional to the scale reading s.

Q = kls

(8.39)

where k1 is a constant. Differentiating equation 8.39 gives
dQ _
- kl

ds

(8.40)
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All head flowmeters are used with a square root scale in which the
volumetric flow rate Q is proportional to the square root of the scale
reading s.
Q = k2s1I2

(8.41)

where k2 is a constant. Differentiating equation 8.41 gives

(8.42)
The per cent flow rate error Ae can be defined as

AQ
A e = 100-

Q

(8.43)

where AQ is the absolute error in the volumetric flow rate.
Let As be the indicator or recorder error. Then, for small errors

(8.44)
Combining equations 8.43 and 8.44 gives
1OOAs

Ae =

dQ

(a)
(dr)

(8.45)

Substituting equation 8.40 for a linear scale into equation 8.45 gives
100AXk1
h e = ___

Q

(8.46)

If the maximum volumetric flow rate Qmax= 100 and the maximum
scale reading smax= 100,equation 8.46can be written as
100 As
Ae =-

Q

(8.47)

Substituting equation 8.42for a square root scale into equation 8.45gives

Ae

=

50 As k:
~

(8.48)

Q2

If the maximum volumetric flow rate Qmax= 100 and the maximum
scale reading ,,s,
= 100, equation 8.48 can be written as
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5000 As
Ae = ___

(8.49)

Q2

The square root scale is more accurate than the linear scale at flow rates
near the maximum of the scale. The linear scale is more accurate than the
square root scale at flow rates much less than the maximum of the scale.
Thus head flowmeters are unsuitable for measuring flow rates which vary
widely.

Example 8.2
A flowmeter is inherently accurate at all points to 0.5 per cent of the full
range. Calculate the per cent flow rate error using first a linear and then a
square root scale for flow rates of 10,25,50 and 100 per cent of maximum
flow.

Calculations
The indicator error is given by
As = 0.5

,,s

=

100

For a linear scale, per cent flow rate error

100 As
he =-

Q

Q,

= 100 and , ,s

= 100

(8.47)

Therefore

Ae

=

Ae =
Ae =
Ae =

(100)(0.5)

=5

10

per cent for a flow rate 10 per cent of Qmax

(loo)(o.s) = 2 per cent for a flow rate 25 per cent of Qmax
25

(100!(0.5)
50

=

1 per cent for a flow rate 50 per cent of Qmax

(100)(0.5)
= 0.5 per cent for Qmax
100

For a square root scale, per cent flow rate error
5000 As
be = ___
Q2

Therefore

Q,,

= 100 and
,,s

= 100

(8.49)
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Ae =
Ae =
Ae =
Ae =

(5OOO)(O. 5 )

(lo>*
(50OO)(O. 5 )

(2512
(5000)(0.5)

(5W2
(SOOO)(O. 5 )
(
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= 25 per cent for a flow rate 10 per cent of Qmax
= 4 per

=

cent for a flow rate 25 per cent of Q,

1 per cent for a flow rate 50 per cent of Qma,

= 0.25 per cent for Qmax
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8

FIOW

measurement

8.1 Flowmeters and flow measurement
The flow of fluids ismost commonly measured using head hwmeters.
The operation of these flowmeters is based on the Bernoulli equation. A
constriction in the flow path is used to increase the flow velocity. This is
accompanied by a decrease in pressure head and since the resultant
pressure drop is a function of the flow rate of fluid, the latter can be
evaluated. The flowmeters for closed conduits can be used for both gases
and liquids. The flowmeters for open conduits can only be used for
liquids. Head flowmeters include orifice and venturi meters, flow nozzles,
Pitot tubes and weirs. They consist of a primary element which causes the
pressure or head loss and a secondary element which measures it. The
primary element does not contain any moving parts. The most common
secondary elements for closed conduit flowmeters are U-tube manometers
and differential pressure transducers.
A U-tube manometer is shown schematically in Figure 8.I(a). One arm
is connected to the high pressure tap and the other arm to the low pressure
tap in the flowing fluid. The fluid in one arm of the manometer is
separated from the fluid in the other arm by an immiscible liquid of higher
density which is usually mercury. Consider the pressures at levels a and b
in the two arms of the manometer shown in Figure 8.1(a) when the system
is in equilibrium. Let the pressures at level b be P1 and P2 in arm 1 and
arm 2, respectively. Let the difference in the heights of immiscible liquid
in the two arms of the manometer be hern.
The pressure at level a in the manometer is (P1+ p A z m g ) in arm 1 and
(Pz+ pmAzmg) in arm 2 where p and pm are the densities of the flowing
fluid and immiscible liquid respectively. These two pressures are equal
since the two arms of the manometer are connected by a continuous
column of stationary liquid. Therefore
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Figure 8.1
U-tube manometer
(a)Manometer reading Az,,,when PI >P2 (b)A vertical difference in the location of the
manometer taps does not affect the reading

which can be written as

p1-P~= ! P r n - P ) k g

(8.2)

If p and pm are in kg/m3, Az, is in m, and g is 9.81 d s 2 , the pressure
differential across the primary element P1- P2 is in N/m2 or Pa. The head
differential across the primary element Ak based on the flowing fluid is

Combining equations 8.2 and 8.3 gives
P

which relates the head differential across the primary element to the
difference in height of immiscible liquid in the two arms of the manometer.
Other flowmeters are in common use which operate on principles
differing from head flowmeters. Mechanical flowmeters have primary
elements which contain moving parts. These flowmeters include rotameters, positive displacement meters and velocity meters. Electromagne-
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tic flowmeters have the advantages of no restriction in a conduit and no
moving parts.

8.2 Head flowmeters in closed conduits
The primary element of an orifice meter is simply a flat plate containing a
drilled hole located in a pipe perpendicular to the direction of fluid flow as
shown in Figure 8.2.

Figure 8.2
Orifice meter

Equation 1.15 is the modified Bernoulli equation for steady flow in a
pipe with no pump in the section.

For the steady horizontal flow of an incompressible fluid of density p
between points 1 and 2 in a pipe with no pump and no friction, equation
1.15 can be written as

FLOW MEASUREMENT 271

Consider points 1 and 2 in Figure 8.2. At point 1 in the pipe, the fluid
flow is undisturbed by the orifice plate. The fluid at this point has a mean
velocity ul and a cross-sectional flow area S 1 . At point 2 in the pipe the
fluid attains its maximum mean velocity u2 and its smallest cross-sectional
flow area S 2 . This point is known as the vena contractu. It occurs at about
one half to two pipe diameters downstream from the orifice plate. The
location is a function of the flow rate and the size of the orifice relative to
the size of the pipe. Let the mean velocity in the orifice be u, and let the
diameter and cross-sectional flow area of the orifice be do and So
respectively.
For this case the principle of continuity can be expressed by any of the
following three equations.

M

= @lUl

= @2u2 = @ouo

(8.6)
(8.7a)

(8.7b)
where M is the flow rate of fluid and Q is the volumetric flow rate.
Using equation 8.7 to substitute for u1 and u2 in equation 8.5 gives

which can be rearranged in the form

giving the mean velocity through the orifice.
Using equation 8.7, the volumetric flow rate is given by
(8.10)

Equation 8.10 gives the volumetric flow rate Q when there is no friction in
the system.
In practice, the measured volumetric flow rate is always less than Q
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given by equation 8.10. Viscous frictional effects retard the flowing fluid.
In addition, boundary layer separation occurs on the downstream side of
the orifice plate resulting in a substantial pressure or head loss from form
friction. This effect is a function of the geometry of the system.
In practice, the volumetric flow rate Q is given by equation 8.11
(8.11)
In equation 8.11, which is analogous to equation 8.10, C d is the
dimensionless discharge coefficient which accounts for geometry and
friction; do/dlis the ratio of the diameter of the orifice to the inside
diameter of the pipe. This ratio does not vary as does the ratio dzld, in
equation 8.10 for frictionless flow.
Using equation 8.3 to substitute for the pressure difference in equation
8.11 gives
=

J

[ 1 -2gAh
(do/dl)4]

(8.12)

Equation 8.12 gives the volumetric flow rate Q in terms of the head
differential across the orifice plate Ah. The latter is based on the flowing
fluid.
Both equations 8.11 and 8.12 refer to horizontal pipes. When the pipe is
not horizontal, the total pressure difference (PI-P2)must be corrected
for the pressure difference due to the static head between the two pressure
taps. Thus, equation 8.11 should be replaced by
(8.13)
and equation 8.12 by

Q =socd,/

2dAh + (21 - 2 2 11
[ I - (do& 141

(8.14)

It must be remembered that, in equation 8.14, Ah is still defined by
equation 8.3.
Provided that location 1 is always the upstream pressure tap and
location 2 the downstream tap, these equations are applicable for both
upward and downward flow, but note that the sign of (zl -z2)will change.
The value of AP, and consequently Ah, will be negative for downward
flow if the pressure drop due to flow is smaller than the static pressure
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difference. Equations 8.13 and 8.14 reduce to equations 8.11 and 8.12,
respectively, when z1 = z 2 .
It is essential to appreciate that the pressure difference measured by .a
manometer automatically eliminates the static head difference. This is
shown in Figure 8.l(b). The static head pg(zl - z 2 ) in the pipe is exactly
balanced by the extra static head above the right hand limb of the
using equation
manometer. Consequently, if Ah is calculated from h,,,
8.4,tu)further correction for the static head should be made.
The holes in orifice plates may be concentric, eccentric or segmental as
shown in Figure 8.3. Orifice plates are prone to damage by erosion.

Concentric

Eccentric

Segmental

Figure 8.3
Concentric. eccentric and segmental orifice plates

The coefficient of discharge Cd for a particular orifice meter is a function
of the location of the pressure taps, the ratio of the diameter of the orifice
to the inside diameter of the pipe doldl, the Reynolds number in the
pipeline Re, and the thickness of the orifice plate.
Most orifices used for flow measurement are sharp-edged as shown in
Figure 8.2; this produces well-defined separation of the flow at the orifice
and consequently consistent values of the discharge coefficient. Figure 8.4
shows how the discharge coefficient for a circular, sharp-edged orifice
depends on the Reynolds number and the ratio of the orifice diameter to
the internal diameter of the pipe. The Reynolds number is based on the
orifice diameter and the fluid speed through the orifice. The discharge
coefficient varies greatly with Reynolds number for relatively large orifices
making them unsuitable for flow measurement. At Reynolds numbers
above about 2 x lo4 the discharge coefficient has a constant value of about
0.62: it is preferable to use orifice meters in this constant Cd region.
Orifice meters suffer from high frictional pressure or head losses. Thus,
most of the pressure drop is not recoverable. The pressure loss is given by
the equation [Barna (1969)l
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Figure 8.4
Orifice discharge coefficients

Source:J. H. Perry, Chemical€ngin~’Handbook(Sixthedition, New Yo&: McGrawHill, 1984)~.5 1 5

(8.15)

Orifice plates are inexpensive and easy to install since they can readily
be inserted at a flanged joint.
Figure 8.5 shows a Venturi meter. The theory is the same as for the
orifice meter but a much higher proportion of the pressure drop is
recoverable than is the case with orifice meters. The gradual approach to
and the gradual exit from the orifice substantially eliminates boundary
layer separation. Thus, form drag and eddy formation are reduced to a
minimum.
A series of tap connections in an annular pressure ring gives a mean
value for the pressure at point 1 in the approach section and also at point 2
in the throat. Although Venturi meters are relatively expensive and tend to
be bulky, they can meter up to 60 per cent more flow than orifice plates for
the same inside pipe diameter and differential pressure [Foust et al.
(1964)l.The coefficient of discharge C, for a Venturi meter is in the region
of 0.98.Veaturies are more suitable than orifice plates for metering liquids
containing solids.
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Figure 8.5
Venturimeter

Figure 8.6 shows a flow nozzle. This is a modified and less expensive
type of Venturi meter.
The theoretical treatment of head flowmeters in this section is for
incompressible fluids. The flow of compressible fluids through a constriction in a pipe is treated in Chapter 6.
Orifice meters, Venturi meters and flow nozzles measure volumetric
flow rate Q or mean velocity u. In contrast the Pitot tube shown in a
horizontal pipe in Figure 8.7 measures a point velocity v. Thus Pitot tubes
can be used to obtain velocity profiles in either open or closed conduits. At
point 2 in Figure 8.7 a small amount of fluid is brought to a standstill.
Thus the combined head at point 2 is the pressure head P / ( p g ) plus the
velocity head v2/(2g)if the potential head z at the centre of the horizontal
pipe is arbitrarily taken to be zero. Since at point 3 fluid is not brought to a
standstill, the head at point 3 is the pressure head only if points 2 and 3 are
sufficiently close for them to be considered to have the same potential head
z.
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Figure 8.6
flow nozzle

Thus the difference in head Ah between points 2 and 3 neglecting
friction is the velocity head v2/(2g).Therefore the point velocity v is given
by the equation
v

=

w

(8.16)

The difference in heads between points 2 and 3, Ah, is usually measured
with a manometer.

Figure 8.7
Pitot tube
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Combining equations 8.4 and 8.16 gives
=

Ppm-p)Azm
P

(8.17)

Equation 8.17 gives the point velocity v in terms of the difference in level
between the two arms of the manometer Az,, the density of the flowing
fluid p, the density of the immiscible manometer liquid pm and the
gravitational acceleration g.
Most Pitot tubes consist of two concentric tubes parallel to the direction
of fluid flow. The inner tube points into the flow and the outer tube is
perforated with small holes which are perpendicular to the direction of
flow. The inner tube transmits the combined pressure and velocity heads
and the outer tube only the pressure head.
Although Pitot tubes are inexpensive and have negligible permanent
head losses they are not widely used, They are highly sensitive to fouling,
their required alignment is critical and they cannot measure volumetric
flow rate Q or mean velocity u. The latter can be calculated from a single
measurement only if the velocity distribution is known: this can be found
if the Pitot tube can be traversed across the flow.

Example 8.1
Calculate the volumetric flow rate of water through a pipe with an inside
diameter of 0.15 m fitted with an orifice plate containing a concentric hole
of diameter 0.10 m given the following data.
Difference in level on a mercury manometer connected across the orifice
plate
Azm = 0.254 m

Mercury specific gravity
= 13.6

Discharge coefficient
Cd = 0.60
Calculations
The head differential across the orifice is given by
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= (13.6 - 1)(0.254m)
= 3.20m

The volumetric flow rate is given by
(8.12)
Given that

s

"

rdz

=-=

4

(3.142)(0.10 m)2
= 0.007855 m2
4

g = 9.81 d s 2

Ah = 3.20 m

do
dl

0.10
0.15

Cd

= 0.60

- -- - = -

1
1.5

it follows that

Q = (0.007855 m2)(0.60)(8.845d s )
= 0.0417 m3/s

8.3 Head flowmeters in open conduits
Weirs are commonly used to measure the flow rate of liquids in open
conduits. The theory is based on the Bernoulli equation for frictionless
flow. From equation 1.13 with Ah = 0 and hf= 0
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2

z1g+-+-

p1
p1

7
2

=o

(8.18)

Consider a liquid flowing over a sharp crested weir as shown in Figure
8.8. Let the upstream level of the liquid be z, above the level of the weir
crest. As the liquid approaches the weir, the liquid level gradually drops
and the flow velocity increases. Downstream from the weir, a jet is
formed. This is called the nappe and it is ventilated underneath to enable
it to spring free from the weir crest [Barna (1969)l.
Consider any point in the liquid at a height z vertically above the weir

Free surface of liquid

Figure 8.8
Flow of liquid over a sharpcrested weir

crest in Figure 8.8. Let the liquid at this point have a velocity v . For this
case the Bernoulli equation can be written in the form

(8.19)
Equation 8.19 is based on the following assumptions: the approach
velocity vois uniform and parallel, the streamlines are horizontal above the
weir, there is atmospheric pressure under the nappe, and the flow is
frictionless.
In order to evaluate the flow rate as a function of zo it is necessary to
neglect the fall of the liquid surface above the weir. It should be noted that
the fall shown in Figure 8.8 is greatly exaggerated; in practice the fall is
very small.
Equation 8.19 can be rewritten in the form

(8.20)
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Equation 8.20 gives the point velocity z, at a height z above the weir crest.
If the width of the conduit is b at this point, the volumetric flow rate
through an element of cross-sectional flow area of height d z is

(8.21)

dQ=bvdz
Substituting equation 8.20 into equation 8.21 gives

dQ = b m ) / ( z , + $

-2)

dz

(8.22)

Let

(8.23)
so that

(8.24)

dh=-dz

On substituting equations 8.23 and 8.24 into equation 8.22, the
volumetric flow rate through the element is given by
dQ = -b m ) h ' l 2 dh

(8.25)

For a rectangular conduit, b is a constant and equation 8.25 can be
integrated to
Q=-

+

3bm)h3/2 c

(8.26)

Substituting for h in terms of z from equation 8.23, and noting that Q = 0
for z = 0, allows the constant to be evaluated. The flow rate for z = z, is
then given by

(8.27)
If the approach velocity v, is neglected, equation 8.27 becomes
Q = $bm)z:/2

(8.28)

Equations 8.27 and 8.28 give the volumetric flow rate Q through a
rectangular weir when there is no friction in the system.
In practice the volumetric flow rate Q is given by equation 8.29
(2 = $ c d b a ) Z 2 / 2

(8.29)

Cd is the dimensionless discharge coefficient which is a function of z,
and the ratio z,/z, where z, is the height of the weir crest above the
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channel bed. A typical value is Cd = 0.65 for z,/z, = 2 and z, = 0.3 m.
Viscosity has a negligible influence on c d . Thus the flow rate can be
determined from a measurement of z,.
In addition to rectangular weirs, V-notch or triangular weirs are
commonly used with a cross-sectional flow area as shown in Figure 8.9. In

Figure 8.9
Cross-sectionalflow area in a V-notch weir

this case the width of the conduit b is variable and at any height z above
the bottom of the weir is

e

(8.30)

b = 2ztan2

If the approach velocity v, is neglected, equation 8.22 can be written

dQ = bm)mdz

(8.31)

where dQ is the volumetric flow rate through an element of cross-sectional
flow area of height dz when friction is neglected. Substituting for b from
equation 8.30 allows equation 8.31 to be written as
dQ = 2 tan

e e)
5
w

z dz

(8.32)

Let
h=z,-z

(8.33)

then

e m)
hl”(z, - h) dh

dQ = -2 tan 2

(8.34)
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Integrating equation 8.34 gives

(8.35)
Noting that Q = 0 for z = 0 (ie h = z,), then
8
0
c=tan -a)
z,S/'
15
2

(8.36)

The full flow rate occurs for z = z,, ie h = 0, when the first term on the
right hand side of equation 8.35 vanishes. Thus the flow rate is given by
8

0

Q = - tan - -)Z,S/~
15
2

(8.37)

Equation 8.37 gives the volumetric flow rate Q through a V-notch weir
when there is no friction in the system.
In practice the volumetric flow rate Q is given by Equation 8.38

8
15

H

Q = - c d tan - a ) z , S i 2
2

(8.38)

where Cd is the dimensionless discharge coefficient which is mainly a
function of z, and 0. A typical value is c d = 0.62 for z, = 0.15 m and
e = 20".
V-notch weirs are particularly useful for measuring flow rates that vary
considerably.

8.4 Mechanicaland electromagneticflowmeters
In the head flowmeters discussed so far, the primary element has no
moving parts. The constriction area is fixed and the pressure drop varies as
the flow rate changes. In the rotameter shown in Figure 8.10, the pressure
drop is held constant and the constriction area varies as the flow rate
changes. A float is free to move up and down in a tapered tube. The float
remains steady when the upward force of the flowing fluid exactly balances
the weight of the float in the fluid. The tapered tube is marked with a scale
which is calibrated for a given fluid to give flow speed at each scale
reading. As the fluid flow rate is increased, the float moves to a higher
position in the tube.
Other commonly used mechanical flowmeters are velocity meters.
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Topered

tube

-

Figure 8.1 0

Rotameter
These usually consist of a non-magnetic casing, a rotor, and an electromagnetic pickup. The rotor is either a propeller or turbine freely
suspended on ball bearings in the path of the flowing fluid with the axis of
rotation in line with the flow. The rotor turns in the fluid flow stream at a
rate proportional to the flow rate. As the rotor turns it cuts through the
lines of force of an electric field produced by an adjacent induction coil.
The electrical pulse output from the induction coil pickup is amplified and
fed to readout instruments or recorders to give either total flow or flow rate
[Holland and Chapman (1966)l.
The head flowmeters and mechanical flowmeters considered so far all
involve some kind of restriction in the flow line, which in turn produces
additional frictional head losses. In contrast, the electromagnetic flowmeter consists of a straight length of non-magnetic pipe containing no
restrictions through which the fluid flows. The pipe is normally lined with
electrically insulating material. Two small electrodes located diametrically
opposite each other are sealed in flush with the interior surface. Coil
windings on the outside of the non-magnetic pipe provide a magnetic field.
The flowing fluid acts as a moving conductor which cuts the magnetic lines
of force. A voltage is induced in the fluid which is directly proportional to
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the fluid velocity. This voltage is detected by the electrodes and is then
amplified and transmitted to either readout instruments or recorders. The
magnetic field is usually alternating so that the induced voltage is also
alternating. Electromagnetic flowmeters can only be used to meter fluids
which have some electrical conductivity. They cannot be used to meter
hydrocarbons.
Although electromagnetic flowmeters are expensive they are especially
suitable for metering liquids containing suspended solids. Furthermore,
unlike head flowmeters, they are unaffected by variations in fluid viscosity, density or temperature. Since they are also unaffected by turbulence
or variations in velocity profile, they can be installed close to valves,
bends, fittings, etc.
The flowmeters discussed above are used either to measure velocity or
volumetric flow rate. They can only be used to measure the mass flow rate
if the fluid densitv is also measured and the volumetric flow rate and
density signals are coordinated.
Direct reading mass flowmeters have now been developed. These
operate on the angular momentum principle. The primary element
consists of a cylindrical impeller and turbine both of which contain tubes
through which the fluid flows. Angular momentum is given to the fluid by
driving the impeller at a constant speed via a magnetic coupling
using a synchronous motor. Fluid from the impeller discharges into the
cylindrical turbine where all the angular momentum is removed. The
torque on the turbine is proportional to the mass flow rate. This torque is
transferred to a gyro-integrating mechanism via a magnetic coupling. A
cyclometer registers the rotation of the gyroscope and totalizes the fluid
mass flow rate. Direct reading mass flowmeters are expensive.

8.5 Scale errors in flow measurement
Rotameters, velocity flowmeters, and electromagnetic flowmeters have the
advantage that they can be used with a linear scale in which the volumetric
flow rate Q is directly proportional to the scale reading s.

Q = kls

(8.39)

where k1 is a constant. Differentiating equation 8.39 gives
dQ _
- kl

ds

(8.40)
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All head flowmeters are used with a square root scale in which the
volumetric flow rate Q is proportional to the square root of the scale
reading s.
Q = k2s1I2

(8.41)

where k2 is a constant. Differentiating equation 8.41 gives

(8.42)
The per cent flow rate error Ae can be defined as

AQ
A e = 100-

Q

(8.43)

where AQ is the absolute error in the volumetric flow rate.
Let As be the indicator or recorder error. Then, for small errors

(8.44)
Combining equations 8.43 and 8.44 gives
1OOAs

Ae =

dQ

(a)
(dr)

(8.45)

Substituting equation 8.40 for a linear scale into equation 8.45 gives
100AXk1
h e = ___

Q

(8.46)

If the maximum volumetric flow rate Qmax= 100 and the maximum
scale reading smax= 100,equation 8.46can be written as
100 As
Ae =-

Q

(8.47)

Substituting equation 8.42for a square root scale into equation 8.45gives

Ae

=

50 As k:
~

(8.48)

Q2

If the maximum volumetric flow rate Qmax= 100 and the maximum
scale reading ,,s,
= 100, equation 8.48 can be written as
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5000 As
Ae = ___

(8.49)

Q2

The square root scale is more accurate than the linear scale at flow rates
near the maximum of the scale. The linear scale is more accurate than the
square root scale at flow rates much less than the maximum of the scale.
Thus head flowmeters are unsuitable for measuring flow rates which vary
widely.

Example 8.2
A flowmeter is inherently accurate at all points to 0.5 per cent of the full
range. Calculate the per cent flow rate error using first a linear and then a
square root scale for flow rates of 10,25,50 and 100 per cent of maximum
flow.

Calculations
The indicator error is given by
As = 0.5

,,s

=

100

For a linear scale, per cent flow rate error

100 As
he =-

Q

Q,

= 100 and , ,s

= 100

(8.47)

Therefore

Ae

=

Ae =
Ae =
Ae =

(100)(0.5)

=5

10

per cent for a flow rate 10 per cent of Qmax

(loo)(o.s) = 2 per cent for a flow rate 25 per cent of Qmax
25

(100!(0.5)
50

=

1 per cent for a flow rate 50 per cent of Qmax

(100)(0.5)
= 0.5 per cent for Qmax
100

For a square root scale, per cent flow rate error
5000 As
be = ___
Q2

Therefore

Q,,

= 100 and
,,s

= 100

(8.49)
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Ae =
Ae =
Ae =
Ae =

(5OOO)(O. 5 )

(lo>*
(50OO)(O. 5 )

(2512
(5000)(0.5)

(5W2
(SOOO)(O. 5 )
(
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= 25 per cent for a flow rate 10 per cent of Qmax
= 4 per

=

cent for a flow rate 25 per cent of Q,

1 per cent for a flow rate 50 per cent of Qma,

= 0.25 per cent for Qmax
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9

Fluid motion in the presence of solid
particles

9.1 Relativemotion between a fluid and a single particle
Consider the relative motion between a particle and an infinitely large
volume of fluid. Since only the relative motion is considered the following
cases are covered:
a stationary particle in a moving fluid;
a moving particle in a stationary fluid;
a particle and a fluid moving in opposite directions;
a particle and a fluid both moving in the same direction but at different
velocities.
In contrast to single-phase flow in a pipe of constant cross section, flow
around a sphere or other bluff object exhibits several different flow
regimes at different values of the Reynolds number.
For flow around a spherical particle of diameter d,, the appropriate
definition of the Reynolds number is
UP4
Re, = P-

P

(9.1)

where up is the speed of the particle relative to the fluid.
Except at very low values of the particle Reynolds number, a wake
forms behind the sphere as shown in Figure 9.1. The upper half of this
composite diagram shows the streamlines for flow at an intermediate value
of Re,, while the lower half shows the streamlines for a higher value of
Re,. In general, separation of the flow from the surface of the sphere
occurs over the rear part creating a large low pressure wake shown by the
recirculating flow. The presence of this low pressure wake is responsible
for most of the drag when flow separation occurs.
At all values of the particle Reynolds number Re,, the fluid is brought
to rest relative to the particle at A, which is therefore a stagnation point
where the pressure is higher than in the flowing fluid (see equation 1.19 in
2aa
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Figure 9.1
Streamlines for flow around a sphere

Upper half: intermediate Re, giving a laminar boundary layer
Lower half: high ReDgiving a turbulent boundary iayer

Section 1.5). In flowing round the sphere, the fluid has EO accelerate and
therefore, by Bernoulli’s equation, the pressure falls towards the midpoint of the sphere’s surface.
At very low values of Re,, when the flow is dominated by viscous
stresses, the fluid creeps round the rear of the sphere and no separation
occurs: the flow is symmetrical fore and aft. In this case the drag force on
the particle is due solely to the shear stress generated by the fluid’s velocity
gradient normal to the surface. This force is often known as skin friction.
When no separation occurs, the highest velocity of the fluid occurs over
the mid-point of the sphere’s surface and consequently the pressure here is
a minimum. As the fluid decelerates over the rear half of the sphere,
pressure recovery occurs. Thus, the flow in this region is in the direction
of increasing pressure: this is known as an adverse pressure gradient and it
tends to make the flow unstable at higher values of the Reynolds number.
As the Reynolds number is increased, fluid inertia becomes more
significant. In addition, the pressure at point D increases and, instead of
flowing round the rear surface of the sphere, the fluid is pushed away so
that flow separation occurs as shown in the upper half of Figure 9.1.
Separation occurs at point B. The whole of the wake is a region of
relatively low pressure, very close to that at the point of separation, and
much lower than the pressure near point A. The force arising from this
pressure difference is known as form drag because it is due to the (bluff)
shape of the particle. The total drag force is a combination of skin friction
and form drag. In this flow regime a laminar boundary layer is formed
over the surface of the sphere from A to B.
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On increasing the Reynolds number further, a point is reached when
the boundary layer becomes turbuknt and the point of separation moves
further back on the surface of the sphere. This is the case illustrated in the
lower half of Figure 9.1 with separation occurring at point C. Although
there is still a low pressure wake, it covers a smaller fraction of the sphere’s
surface and the drag force is lower than it would be if the boundary layer
were laminar at the same value of Re,.
Roughening the surface of a sphere causes the transition to a turbulent
boundary layer to occur at a lower value of the Reynolds number. This
explains the apparent anomaly that, at certain values of the Reynolds
number, the drag will be lower for a sphere with a rough surface than for a
similzr sphere with a smooth surface. It is for the same reason that golf
balls are made with a dimpled surface.
Consider a spherical particle of diameter dp and density pp falling with a
velocity up under the d u e n c e of gravity in a fluid of density p. The net
gravitational force F 1 on the particle is given by the equation

where 7rdi/6 is the volume of the spherical particle.
The retarding force F2 on the particle from the fluid is given by the
equation

where c d is a dimensionless drag coefficient and Spis the projected area of
the particle in a plane perpendicular to the direction of the fluid stream.
Equation 9.3 may be obtained by dimensional analysis. The drag coefficient has a role similar to the friction factor for flow in pipes.
For steady flow the forces F , and F2 are equal and opposite and the
particle reaches a constant speed u,. Equations 9.2 and 9.3 can be
combined and written as

For a spherical particle S, = 7rd,2/4 and for this case equation 9.4 can be
rewritten in the form

where u, is known as the terminal settling or falling velocity.
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As a result of the changing flow patterns described above, the drag
coefficient Cd is a function of the Reynolds number. For the streamline
flow range of Reynolds numbers, Re,<0.2, the drag force F2 is given by.
F2

= ~IT~,/LU,

(9.6)

and consequently, from equation 9.3, the drag coefficient is

From equations 9.5 and 9.7, the terminal falling velocity u, for the
streamline flow range of Reynolds numbers is given by

Equations 9.6 and 9.8 were derived by Stokes and are known as Stokes’s
equations for steady creeping flow round a sphere.
For the Reynolds number range 0.2 <Re, < 500, it has been shown that
24
C , = -(1
+0.15Rej.687)
(9.9)
Re,
Equation 9.8 is an empirical equation which is only approximately true.
Over the more limited range 2 <Re, < 500 a simpler equation is adequate:
(9.10)
This is particularly useful because equation 9.7 for the Stokes regime can
be extended to Re = 2 with negligible error.
For the Reynolds number range 500 <Re, < 200000

Cd = 0.4

(9.11)

When the Reynolds number Re, reaches a value of about 300000,
transition from a laminar to a turbulent boundary layer occurs and the
point of separation moves towards the rear of the sphere as discussed
above. As a result, the drag coefficient suddenly falls to a value of 0.10 and
remains constant at this value at higher values of Re,,.
For the most part, solid particles in fluid streams have Reynolds
numbers which are much lower than 500.
Pettyjohn and Christiansen (1948) gave equations for the terminal
settling velocities of particles which deviate from a spherical shape.
Lapple and Shepherd (1940) presented plots of the dimensional drag
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coefficient Cd against the particle Reynolds number for spheres, discs and
cylinders.
Equation 9.5 gives the terminal settling velocity for a spherical particle.
For a non-spherical particle, equation 9.5 can be written in the modified
form

(9.12)
For a spherical particle the dimensionless correction factor CC, = 1 and
equations 9.5 and 9.12 become identical.

9.2 Relative motion between a fluid and a concentration of particles
So far the relative motion between a fluid and a single particle has been
considered. This process is called free settling. When a fluid contains a
concentration of particles in a vessel, the settling of an individual particle
may be hindered by the other particles and by the walls. When this is the
case, the process is called hindered settling. Interference is negligible if the
particles are at least 10 to 20 diameters away from each other and the vessel
wall [Larian (1958)l. In this case the particles can be considered to be free
settling.
Hindered settling results from collisions between particles and also
between particles and the wall. In addition high particle concentrations
reduce the flow area and increase the velocity of the fluid with a
consequent decrease in settling rate. Furthermore particle concentrations
increase the apparent density and dynamic viscosity of the fluid.
Richardson and Zaki (1954) showed that in the Reynolds number range
Rep<0.2, the velocity I(,of a suspension of coarse spherical particles in
water relative to a fixed horizontal plane is given by the equation
(9.13)
where u, is the terminal settling velocity for a single particle and E is the
voidage fraction of the suspension which is unity for a single particle in an
infinite amount of fluid. The velocity of the particles relative to the liquid
can be derived from equation 9.13, as explained in Section 7.3.
Settling can be used to classify or separate particles since different sized
particles settle at different velocities. Similarly elutriation can also be used
to classify particles where small particles are carried upwards with the
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fluid and large particles sink. Particles of the same size but of different
densities can also be separated by settling or elutriation.
Consider two spherical particles 1 and 2 of the same diameter but of
different densities settling freely in a fluid of density p in the streamline
Reynolds number range Rep<0.2. The ratio of the terminal settling
velocities urlluI2 is given by equation 9.8 rewritten in the form
(9.14)
The greater the ratio u 1 1 / ~ ,the
2 greater the ease of separation. Thus the
fluid density p can be chosen to give a high ratio of terminal settling
velocities.
Similarly, for two spherical particles 1 and 2 of the same density pp but
of different diameters settling freely in a fluid of density p in the streamline
Reynolds number range Rep<0.2, the ratio of the terminal settling
velocities ull luI2 is given by equation 9.8 rewritten in the form

u,1=
u12

(2)
2

(9.15)

where dplldp2is the ratio of the particle diameters.
Similarly, from equation 9 8, two particles will settle at the same speed
in the same fluid in the streamline flow regime if their densities and
diameters are related by equation 9.16:

The classification or beparation of particles can be carried out more
rapidly in centrifugal separators than in gravity settlers. In gravity settlers,
the particles travel vertically downwards, whereas in centrifugal separators
the particles travel radially outwards. A particle of mass m rotating at a
radius Y with an angular velocity o is subject to a centripetal force mrw2
which can be made very much greater than the vertically directed gravity
force mg.
The terminal settling velocity u, for a single spherical particle in a
centrifugal separator can be calculated from equation 9.5 with the
centripetal acceleration rwZ replacing the gravitational acceleration g to
give
(9.17)
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A very small particle may still be in laminar flow in a centrifugal separator.
In this case ro2may be written in place of g in equation 9.8 to give

(9.18)
In addition to hydrodynamic interactions between solid particles and a
fluid, physico-chemical forces may act between pairs of particles. These
forces tend to form a structure which prevents the particles from settling
out [Cheng (1970)l. If the forces are sufficiently strong a homogeneous
slurry results which usually has non-Newtonian rheological characteristics. If the structure is weak, the slurry is shear thinning. Slurries with a
high proportion of solids tend to be shear thickening.
Einstein studied homogeneous slurries of spherical particles in a liquid
of the same density. He showed that the distortion of the streamlines
around the particles caused the dynamic viscosity of the slurry to increase
according to the equation
p. = p L ( 1 + 2.5a)

(9.19)

where p and pL are the dynamic viscosities of the slurry and liquid
respectively and a is the volume fraction of the solids. Equation 9.19 holds
for low concentrations up to Q = 0.02.
Note that Q = 1 - E .

9.3 Fluid flow through packed beds
In a packed bed of unit volume, the volumes occupied by the voids and the
solid particles are E and (1 - E ) respectively where E is the voidage fraction
or porosity of the bed. Let So be the surface area per unit volume of the
solid material in the bed. Thus the total surface area in a packed bed of
unit volume is (1 - &)So.
For a spherical particle of diameter d, the value of So = Wd,. For a
non-spherical particle with an average particle diameter d,, the value
So= 6/(d,I(,) where I(, = 1 for a spherical particle. Values of I(, for other
shapes are readily available [Perry (1984)l.
An equivalent diameter de for flow through the bed can be defined as
four times the cross-sectional flow area divided by the appropriate flow
perimeter. For a random packing, this is equal to four times the volume
occupied by the fluid divided by the surface area of particles in contact
with the fluid.
Thus, the equivalent diameter is
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(9.20)

The velocity calculated by dividing the volumetric flow rate by the whole
cross-sectional area of the bed is known as the superficial velocity u. The
mean velocity within the interstices of the bed is then u b = d ~ .
A Reynolds number for flow through a packed bed can be defined as
Rt?b

Pbde

=P

(9.21)

which when combined with equation 9.20 can be written as
(9.22)

An alternative Reynolds number has been used to correlate data and is
defined as
(9.23)

For a packed bed consisting of spherical particles, equation 9.23 can be
written in the form
(9.24)

The corresponding equation for non-spherical particles is
(9.25)

Consider fluid flowing steadily through a packed bed of height L and
unit cross-sectional area. A pressure drop hPfoccurs in the bed because of
frictional viscous and drag forces. Let the resistance per unit area of
surface be ?b. A force balance across unit cross-sectional area gives
hpf&=

T&(

1- &>so

(9.26)

which can be written either as
(9.27)

or since U b = UJE as
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(9.28)
where f b is a dimensionless friction factor for flow through a packed bed.
Various other definitions of friction factors for flow in packed beds have
been used [Longwell (1 966)].
For laminar flow where R e i d 2

f_ -b -5
2

Reb

(9.29)

The transition to turbulent flow is gradual. Turbulence commences
initially in the largest channels and eventually extends to the smaller
channels.
For the complete range of Reynolds number Carman (1937) gave the
equation

& --2

5

0.4
+Rei (Rei)'.'

(9.30)

Log log plots of f b against Rei are readily available [Perry (1984)l for
randomly packed beds.
The Hagen-Poiseuille equation for steady laminar flow of Newtonian
fluids in pipes and tubes can be written as

(1.65)
For a packed bed, substituting the equivalent diameter de from equation
9.20 into equation 1.65 gives

(9.31)
or, since u b = IJE

(9.32)
Equation 9.32 does not hold for flow through packed beds and should be
replaced by the equation

(9.33)
which can also be written in the form
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(9.34)
Equation 9.33 is the Carman-Kozeny equation [Carman (1937)J. The
parameter K , has a value which depends on the particle shape, the porosity
and particle size range. The value lies in the range 3.5 to 5.5 but the value
most commonly used is 5.
For spherical particles So = 6/dpand equation 9.34 can be written as

(9.35)
where K , = 5.0.

Example 9.1
A gas of density p = 1.25 kg/m3 and dynamic viscosity = 1.5 X lop5Pa s
flows steadily through a bed of spherical particles of diameter
dp = 0.005 m. The bed has a height of 3.00 m and a voidage of 9. The
superficial velocity u = 0.03 m/s. Calculate the Reynolds number and the
frictional pressure drop over the bed.
Calculations
Reynolds number Re; =

d

6/41

P

(9.24)

-E)

Substituting the given values

(1.25 kg/m3)(0.03 m/s)(0.005 m)(3)
(6)(1.50 x lo-’ Pa s)(2)
= 3.125
The frictional pressure drop is given by

Re6 =

(9.35)
Given that
(1 - &)2 = 4
(1 - &)2
-=

12

E3

dp’ = 2.5 x

m2

u = 0.03 m / s
p=

1.5 x

L = 3.0m

Pas
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it follows that
hpf = (180)(1.5 x

Pa s)

(3.0 m)(12)(0.03 d s )
(2.5 x lop5 m2)

= 116.6 Pa

9.4 Fluidization
If a fluid is passed upwards in laminar flow through a packed bed of solid
particles the superficial velocity u is related to the pressure drop AI' by
equation 9.33:
(9.33)
As the fluid velocity is increased the drag on the particles increases and a
point is reached where the pressure drop balances the effective weight of
bed per unit cross-sectional area. At this point the fluid drag just supports
the solid particles. A small increase in the flow rate causes a slight
expansion of the bed from its static, packed state. Further increase in the
flow rate allows the bed to expand more and the particles become free to
move around and the bed is said to be fluidized. The state when the bed
just becomes fluidized is known as incipient, or minimum, fluidization.
The fluid velocity required to cause incipient fluidization is called the
minimum fluidization velocity and is denoted by urn,.
On increasing the velocity above umf, two types of fluidization may be
observed. With most liquid-solid systems over the whole range of
velocities and with gas-solid systems just above umf, the bed simply
expands and remains fairly homogeneous: this is known as particulate
fluidization. However, at higher velocities in gas-solid systems gas voids
containing few particles form in the bed. This type of fluidization, in
which the excess gas passes through the bed as 'bubbles' is known as
aggregative fluidization or boiling fluidization. An air-fluidized bed of
clear glass ballotini looks remarkably like vigorously boiling water. The
bubbles carry particles in their wakes and help to provide the excellent
mixing that occurs in fluidized beds. Aggregative fluidization can occur in
liquid fluidization of very dense solids.
At higher gas velocities a turbulent bed is formed, in which the gas
voids have irregular shapes and channelling may occur. This fluidization
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regime may be compared with the churn-flow regime in gas-liquid
two-phase flow (see Section 7.1).
In tall, narrow beds the gas voids may ‘coalesce’ producing a slugging
bed. This condition is generally undesirable owing to its unsteady nature
and the difficulty of scale-up.
At very high gas velocities the particles are carried out of the top of the
bed. This is known as fast fluidization and is a type of pneumatic
conveying. Fast fluidization has been used in catalytic crackers in order to
circulate the catalyst particles; the gas velocity is also high enough to break
down any agglomerates of solids thus improving performance.
In a similar way, a high liquid velocity will cause hydraulic conveying in
a liquid-solid fluidized bed.

9.4.1 Determination of the minimum fluidization velocEty
Neglecting the static head component of the pressure drop, a force balance
at the point of incipient fluidization can be written as
( W m f

= (1 - Emf)(

~p

-P X m f g

(9.34)

Combining equations 9.33 and 9.34, the minimum fluidization velocity umf
is given by

(9.35)
In equations 9.34 and 9.35 &,,is the value of the void fraction at minimum
fluidization. It should be noted that emfisnot equal to the void fraction in
the packed bed and in order to use equation 9.35 to calculate urn/it is
necessary to know the value of E , , , ~
The best method of determining the minimum fluidization velocity umf
is experimentally, by measuring the pressure drop across the bed over a
range of fluid velocities. The pressure drop increases linearly until
fluidization occurs and then increases very slowly; indeed up to about
twice the minimum fluidization velocity the pressure drop may appear to
be constant within experimental error. When a bed is initially fluidized,
there is a tendency for the pressure drop across the bed to be rather high
and to go through a peak as incipient fluidization occurs. It is possible that
this is caused by a need to ‘unstick’ the particles. If the fluid velocity of an
already fluidized bed is reduced, the peak in the pressure drop is not
observed and a much clearer transition to the linear pressure drop-flow
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rate for the packed bed can be seen. The fluid velocity at the transition is
taken as umP On fluidizing the bed again, the latter type of behaviour with
no peak may be observed.
If it is necessary to predict the minimum fluidization velocity the
following correlation [Grace (1982)] may be used for gas-solid systems.
= (Cz
P

+ 0.0408Ar)’” - C

(9.36)

where

At = Pgd,3(P*

- PYP2

(9.37)

is the Archimedes (or Galileo) number. Some doubt exists regarding the
value of the constant C, with some workers using the value 27.2 and others
33.4 or 33.7. It would seem reasonable to use a mean value of 30,
If it is possible to measure the height of the bed at incipient fluidization,
Lmf,then Emfcanbe calculated from equation 9.34 or simply from the ratio
of Lmfto the height of the packed bed if the void fraction in the latter is
known.
In the absence of pressure drop and void fraction measurements, umf is
calculated from equation 9.36 and
can be estimated from equation
9.35.
Single particles will tend to be carried out of the bed if the fluid velocity
exceeds the terminal falling speed u, of the particles given by equation 9.5.
Thus the normal range of fluidization velocity is from umfto u,. However,
it may be found that the fluid velocity required to bring about fast
fluidization is significantly higher than u, because particles tend to form
clusters.

9.5 Slurry transport
A slurry is a liquid containing solid particles in suspension. Slurries can be
divided into two classes: settling and non-settling.
Non-settling slurries usually consist of a high concentration of finely
divided solid particles suspended in a liquid. The solid particles may also
settle so slowly that the slurry may be regarded for all practical purposes as
non-settling. Like true liquids, non-settling slurries may exhibit either
Newtonian or non-Newtonian flow behaviour. Milk is a non-settling
slurry which behaves as a thixotropic liquid. Non-settling homogeneous
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slurries can be pumped through a pipeline either in laminar or turbulent
flow.
Compared with non-settling slurries, settling slurries contain larger
solid particles at lower concentrations. Settling slurries are essentially
two-phase heterogeneous mixtures. The liquid acd the solid particles
exhibit their own characteristics. Thus in contrast to non-settling slurries,
the solid particles in settling slurries do not alter the viscosity of the
conveying liquid.
Settling slurries cannot be pumped in laminar flow. Turbulence must
exist to prevent the solid particles from settling. Settling slurries should be
pumped through pipelines at velocities which just prevent the solid
particles from settling. This results in the minimum pressure drop across
the pipeline.
Saltation is also used to transport settling slurries through pipelines
[Condolios and Chapus (1963a)l. In this case the solid particles bounce
and roll along the hnttom of a horizontal pipe.
Below a certain minimum velocity, the turbulence is insufficient to keep
all the particles suspended in a settling slurry flowing through a horizontal
pipe. At this minimum velocity, there is a concentration gradient from the
top to the bottom of the horizontal pipe. At a higher velocity called the
standard velocity this gradient disappears and the flow becomes
homogeneous. Spells (1955) called the region between the minimum and
standard velocities, the heterogeneous flow region.
Empirical equations are available [Durand and Condolios (1955)],
which predict values for the minimum and standard velocities for various
slurries. Spells analysed the experimental data of a number of investigators
for aqueous slurries of sands, boiler ash and lime flowing in horizontal
pipes. He obtained the following empirical equations which give the mean
minimum liquid velocity u 1and the mean standard linear liquid velocity u2
respectively for slurries in horizontal pipes:
(9.38)
and

[
uZ=

p~p4)0.775(

0.0741gd -

)]

111.225

(9.39)

Equations 9.38 and 9.39 are based on experimental data for solid particles
with diameters in the range 6 x IO-' to 6 X lop4m and pipe diameters of
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2.5 x lo-' to 3 x lo-' m. In equations 9.38 and 9.39, p is the dynamic
viscosity of the transporting liquid and p, pp, and p,,, are the densities of
the liquid, solid particles and slurry mixture respectively. The last is given
by the equation
Pm=

(9.40)

~P~-P)+P

where CY is the volume fraction of the solids in the slurry.
Empirical equations are also available to calculate the pressure drop for
slurries flowing through pipelines [Condolios and Chapus (1963b)l.
Durand and Condolios (1955) found the following equation to fit the
experimental data for sandLwater mixtures flowing above the minimum
velocity in horizontal pipes:
(9.41)
In equation 9.41, AP and APw are the pressure drops for the slurry and
for the clear water respectively.
Condolios and Chapus (1963b) found that the presence of fhes in a
coarse slurry decreases the frictional pressure drop in a horizontal pipe to a
much greater extent than might be expected from their relative properties
in the solids.
Newitt, Richardson and Gliddon (1961) carried out experiments on
aqueous slurries of pebbles, zircon, manganese dioxide, perspex and
m and 5.0 x
m
various kinds of sand in vertical pipes of 2.5 X
diameter. Their pressure drop data were satisfactorily correlated with the
following equation:
AP-APW = 0.0037($)112(~)4
ff@W

(

p~

(9.42)

In equation 9.42, the mean velocity u is the volumetric flow rate of the
slurry divided by the cross-sectional area of the pipe.
Solid particles hydraulically conveyed in a vertical pipe have a mean
velocity which is less than the mean velocity of the liquid. This is because
of the tendency of the particles to settle. The volume fraction a in
equation 9.42 is the delivered concentration. This is less than the volume
fraction in the vertical pipe.
Solid particles hydraulically conveyed in a vertical pipe are subjected to
various forces which cause them to rotate and move inwards towards the
axis of the pipe. The effect is most pronounced with large velocity
gradients.
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9.6 Filtration
When a slurry flows through a filter, the solid particles become entrapped
by the filter medium which is permeable only to the liquid. Either of two
mechanisms are used: cake filtration or depth filtration.
In cake filtration, the filter medium acts as a strainer and collects the
solid particles on top of the initial layer. A filter cake is formed and the
flow obeys the Carman-Kozeny equation for packed beds.
Depth filtration is also called granular filtration. In this case the filter
medium is a bed of particulate material through which the slurry flows.
Solid particles in the slurry are carried right into and are deposited within
the bed. The bed is deep compared to its grain size. The latter is also much
larger than the grain size in the slurry. There is virtually no deposition on
the surface of the bed. Granular filters are suitable for producing high
quality filtrate from large quantities of liquid containing up to 50 parts per
million solids. The performance depends not only on the minimum
particle size to be removed but also on the affinity of the suspended
particles for the granular material. The most commonly used granular
material is silica sand.
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10 Introductionto unsteady flow
Four aspects of unsteady fluid flow will be considered in this chapter:
quasi-steady flow as in the filling or emptying of vessels, incremental
calculations, start-up of shearing flow, and pressure surge in pipelines.

10.1 Quasi-steady flow
Very often processing operations change only slowly with time and at any
instant may be treated as if conditions were steady. However, in predicting the course of the operation, it is necessary to recognize that conditions
drift with time. Processes that change so slowly that they can be treated in
this way are described as being quasi-steady. Examples of quasi-steady
operations are the emptying of a vessel, the heating of a batch of material
and batch distillation.

10.1 .1 Time to empty liquid hom a tank
In practice the resistance of the exit pipe of the tank shown in Figure 10.1
will be sufficiently large that the flow rate will be relatively low and
consequently conditions in the tank, in particular the fluid head causing
the flow, will change only slowly. In these circumstances the emptying
operation can be treated as quasi-steady. In view of this, Bernoulli’s
equation, which is valid only for steady flow, may be used.
Bernoulli’s equation applied between points A and B in the system
shown in Figure 10.1 can be written as
(10.1)

or as
(10.2)
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Figure 10.1
Liquid flowing from a tank

In equation 10.2, hf is the head loss due to friction and is given by the
equation

XL,

u2

hf=4f(&

(10.3)

In equation 10.3, CL, is the equivalent length of the outlet pipe (including
the contraction at its inlet) and di is the pipe’s inside diameter; u is the
mean velocity in the outlet pipe. It has been assumed in writing equations
10.1 and 10.2 that the fluid’s velocity in the tank is so low that it can be
neglected.
Combining equations 10.2 and 10.3 gives

(10.4)
from which the mean velocity in the exit pipe is given as

(10.5)
In an infinitesimal time interval 6t the liquid level in the tank changes by
an amount Sz and the volume of liquid in the tank by 6V. Thus, equating
the rate of loss of liquid from the tank to the flow rate through the exit pipe
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(10.6)

Note that, for this case of emptying a tank, 62 and 6V are negative.
Rearranging equation 10.6 and going to the limit St-+ 0 gives the rate of
change of level in the tank as
(10.7)

Substituting for u in equation 10.7 using equation 10.5 and integrating
from time t l to t2, when the liquid levels are z1 and z2,gives

Carrying out the integration gives the time interval Atl2 =
for the liquid level to fall from z1 to zz:

tz - tl

required

(10.9)
When the pressures at points A and B are the same, equation 10.9 takes
the simpler form:

Example 10.1 shows how slow emptying a tank under gravity will be if the
exit pipe is of a small diameter.

Example 10.1
Calculate the time required for the liquid level to fall from a height
z1 = 9 m to a height zz = 4 m above the level of the discharge end of the
exit pipe given the following data:
tank diameter DT = 2 m
inside diameter of outlet pipe d, = 0.02 m
Fanning friction factorf = 0.008
equivalent length of outlet pipe ZLe = 25 m
Pas
liquid viscosity j . ~= 2.1 x
liquid density p = 1000 kg/m3
tank and discharge at atmospheric pressure
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Caiculations
Substituting the given values
4j2LJdj = 40
In this example, the value of l/a is small compared with 4jZL,/di and
could be ignored. When this is not the case it will be necessary to know
whether the flow in the outlet pipe is laminar or turbulent, so that the
appropriate value of a can be used. The following calculation shows how
this can be done.
From equation 10.5, with PA = PB, the velocity u is given by

u=[

lla + 4f(XL,/d,)

Assuming that the flow is turbulent, a = 1 and u is given by

=0.692~”
m~
/s

Therefore, the minimum velocity, when z = 4m, is 1.38m/s and the
corresponding value of the Reynolds number is

udi (1.38 m/s)(0.02 m)
minimum Re = - =
Y
(2.1 x
m2/s)
=

1.31 x 104

Thus, in this example, the flow will always be turbulent justifying the
assumption a = 1 .
Substituting the given values in equation 10.10 (using the quantity
evaluated above) shows that the time required is 8.04 hours.

10.2 Incremental calculation: time to discharge an ideal gas from a
tank
Consider the case in which an ideal gas flows from one tank to another
tank at a lower pressure through a convergent nozzle. The second tank is
assumed to be at a constant pressure. The flow may be assumed to be
isentropic so that the mass flow rate is given by equation 6.107.

M = (-yPo/Vo)’~2S$

(6.107)
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where

As the gas flows from the first tank, to which there is no feed, the pressure
Po falls and consequently so does the flow rate. Thus it takes progressively
longer for each unit mass of gas to flow from the tank. In principle, this
problem could be treated in a manner similar to that in Section 10.1;
however, the complexity of equation 6.108 makes this impracticable.
A suitable method of calculation is to divide the period of flow into a
number of short intervals so that conditions change only slightly during
each interval. One method of doing this is to specify the length of each
time interval and calculate the mass of gas flowing from the tank in that
interval. From this the mass of gas remaining in the tank can be calculated
and hence the pressure at the end of the interval determined. Conditions
for the next interval can then be calculated from this pressure.
In Example 10.2, the range of pressure in the supply tank is specified
and a more convenient method of calculation is to split the pressure range
into a number of increments. After calculating the mass flow rate, the
mass remaining in the tank is determined from the pressure at the end of
the increment and hence the required time may be determined. A small
refinement is to base the flow rate calculation on the mean pressure in the
increment rather than on that at the beginning.

Example 10.2
Nitrogen contained in a 10m3 tank at a pressure of 200000Pa and an
initial temperature of 300 K flows to a second tank through a convergent
nozzle with a 15 mm throat diameter. The pressure in the second tank and
at the throat of the nozzle-is constant at 140000Pa. Calculate the time
required for the pressure in the first tank to fall to 180000 Pa. For nitrogen
y = C&, = 1.39.
Calculations
The initial conditions are the same as in Example 6.3, where the following
values were calculated:
throat area S ,

=

1.767 x 10-4m2

for Po = 200000Pa, Vo = Upo = 0.4451 m3/kg
mass of gas in tank W = (10m3)/(0.4451 m3/kg> = 22.467 kg
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For the first increment Po falls from 200000 Pa to 198000 Pa. The mean
pressure in the first vessel during the first increment is Po = 199000 Pa.
For isentropic expanson, the mean specific volume is given by
Vo= 0.4451

($)&

= 0.44670 m3/kg

consequently,

(yPo/Vo)1’2
= 786.9 kg/(m2s)
and

P,
Po

-

140
= 0.7035
199

From equation 6.108

+ = 0.5390
From equation 6.107

M = 0.07495 kg/s
At the end of increment, Po = 198000 Pa
Expansion of the gas in the tank must be nearly adiabatic because heat
transfer from the walls will be very slow. Furthermore, the gradual
expansion will be almost frictionless and consequently isentropic expansion may be assumed. Thus

W = 22.467

(il:
-

= 22.305 kg

The reduction of mass in the tank is given by

A W = 22.467-22.305 = 0.162 kg
and the required time by

AW
0.162
=- 2.16 s
M
0.07495

At=--

The calculation can now be repeated for the second increment in which
the pressure falls from 198000 Pa to 196000 Pa, conditions in the first
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tank being evaluated at the mean pressure of 197000 Pa. Repeating the
calculation until the pressure has fallen to 180000 Pa gives the results
shown in Table 10.1.
Table 10.1

2At
5

initially
199
197
195
193
191
189
187
185
183
181

0.07495
0.07381
0.072 65
0.071 46
0.07023
0.068 98
0.067 70
0.066 38
0.065 02
0.063 62

22.467
22.305
22.143
21.980
21.817
21.653
21.489
21.324
21.159
20.993
20.827

0.162
0.162
0.163
0.163
0.164
0.164
0.165
0.165
0.166
0.166

2.16
2.20
2.24
2.28
2.34
2.38
2.44
2.49
2.55
2.61

2.16
4.36
6.60
8.88
11.22
13.59
16.03
18.52
21.07
23.68

10.3 Time for a solid spherical particleto reach 99 per cent of its
terminal velocity when falling from rest in the Stokes regime
Consider a spherical particle of diameter dp and density pp falling from rest
in a stationary Auid of density p and dynamic viscosity p. The particle will
accelerate until it reaches its terminal velocity ut. At any time t, let u be the
particle’s velocity. Recalling that the drag force acting on a sphere in the
Stokes regime is of magnitude 3 ~ d @ u ,application of Newton’s second
law of motion can be written as
(10.1 1)
Noting that the terminal velocity is given by
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equation 10.11 can be written as

(10.12)
Integrating equation 10.12 gives

i ): - i

-utln 1--

- 1--

P9

gt+C

(10.13)

where C is a constant. The initial condition is u = 0 at t = 0, therefore
C = 0. Consequently, equation 10.13 becomes

(10.14)
which can be written as

(10.15)
Neglecting the trivial case ut = 0 when pp = p, equation 9.8 can be used
to substitute for ut so that equation 10.15 becomes
U

ut

(10.16)

10.4 Suddenly accelerated plate in a Newtonian fluid
A very large horizontal plate is held in a Newtonian fluid which is at rest.
At time t = 0 the plate is suddenly set in motion in its own plane with a
constant velocity uo. Determine the motion of the fluid as a function of
time and distance from the plate assuming that the flow remains laminar.
The positive x-direction will be taken as the direction of motion of the
plate andy as the distance from the surface of the plate. As the plate is very
large, the motion will be independent of x except close to the edges. The
pressure is independent of x because the plate moves in its own plane
producing only a shearing action. The pressure varies in the y-direction
due only to the hydrostatic head: this does not affect the motion. There is
only one non-zero velocity component v, and this is a function ofy and t .
Consider a fixed element of space with unit area in the x-z plane and
having its surfaces at distances y and y+6y from the plate. Using the
negative sign convention for stress components (which coincides with the
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directions in which the stress physically acts in this case), the shear forces
acting on the lower and upper surfaces of the element are ( 1 ) Iy ~acting
~ ~ in
the positive x-direction and ( 1 ) (y+Sy
~ ~ acting
~
in the negative x-direction
respectively. As the flow is the same at all values of x, the momentum tiow
rates into and out of the element are equal and the rate of change of
momentum is just the rate of change of momentum of the fluid instantaneously in the element. Thus
(10.17)
In the limit 6y+ 0, this leads to
(10.18)
for incompressible flow.
For an incompressible Newtonian fluid, the shear stress is given by
ryx= - p -

av,

(1.44b)

ay

and hence equation 10.18 can be written as
av, _

at

a2vx

-"T

(10.19)

where v = p/p is the kinematic viscosity of the fluid.
Equation 10.19 will be recognized as an example of the diffusion
equation. One-dimensional molecular diffusion of component A is described by the equation

ac,
a2cA
-=9at

(10.20)

aY2

where 9 is the molecular diffusivity. Comparing equations 10.19 and
10.20 shows that the kinematic viscosity v can be interpreted as the
diffusivity of momentum of the fluid.
Equation 10.19 can be solved in various ways including using the
Laplace transformation, as employed in the first edition of this book. For
the benefit of readers unfamiliar with Laplace transforms, an alternative
method will be used here. For a few simple problems, it is possible to find
a combination of the independent variables which can be treated as a
single variable, thus transforming the partial differential equation into an
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ordinary differential equation. This is applicable when the problem has an
open range, in this case y > 0.
The method of combination of variables requires that a suitable
combination ofy and t can be found. Dimensionally, equation 10.19 can
be written as

~ v x l b 2=~ [vxl
~~l

(10.21)

This suggests that the group y / G ) can be used as a combined variable.
For convenience, a factor of 2 may be introduced and the combined
variable 7 defined as
77=-

Y

(10.22)

VG-

It is necessary to replace the partial derivatives in equation 10.19 by
ordinary derivatives with respect to 7.
(10.23)

Similarly
(10.24)

and consequently the second derivative is given by

)

a (av,)
1
- - -a (dv,
-ar aY
ar d71 G

-a2vx
=-

aY2

-

Thus

(10.25)

Substituting for the partial derivatives in equation 10.19 allows it to be
written as
d2v,

dv,

d77

d7

7+2q-=o

(10.26)
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This simple ordinary differential equation can be solved by making the
substitution
(10.27)
so that equation 10.26 becomes
(10.28)
Integrating equation 10.28 gives
In& = - q 2 + C I

(10.29)

Therefore
(10.30)
Integrating again gives the velocity vx as
vx = C2Je-dd77+C3

(10.31)

The integral in equation 10.31 cannot be evaluated analytically but it can
be written in terms of the error function erf(q) defined as

I

2 . r
erf(q) = - e-”&
G

(10.32)

o

Note that s is a dummy variable: the value of the integral depends only on
the value of the upper limit. Tables of the error function are available and
values can be calculated from power series [Dwight (1961), Kreyszig
(1988)l. The error function has the properties erf (0) = 0 and erf( *) = 1.
Equation 10.31 can be written in terms of the error function as
vx = Aerf(q)+B
(10.33)
The boundary conditions are

6)
(ii)
(iii)

vx = 0 ,
v, = uo,

Y>O,

vX+ 0 ,

Y+

y = 0,
a,

t = O
t>O
t> 0

These boundary conditions can be expressed in terms of the combined
variable q as
v, =

2.40,

vx+o,

7J =

q+

0

*
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The last statement represents both conditions (i) and (iii).
Substituting the boundary conditions, using the properties of the error
function given above, shows that - A = B = uo. The velocity field is
therefore

(10.34)
It is clear from equation 10.34 that the time taken for the fluid at a given
distancey from the surface of the plate to reach a specified fraction of the
plate’s velocity is proportional to y z and inversely proportional to the
fluid’s kinematic viscosity u. This is illustrated in Figure 10.2.

Figure 10.2
Fluid velocity as a function of time and distance from the plate

The following numerical example indicates how long may be required
for the motion of the plate to diffuse through the liquid. Consider the case
of a fluid of density 1000kg/m3 and dynamic viscosity 0.1 Pas. What is the
velocity of the liquid, as a fraction of the plate’s velocity, at a location
0.1 m away from the plate 25 s and 2500 s after the plate is set in motion?
v = p/p = 1 x

m2/s

For t = 25 s, 77 = y/d(4uz) = 1.0 and from error function tables [Kreyszig ( 1988)],
erf(7) = 0.8427 so that

VJUO

= 0.1573

2500 s, 77 = y/d(4vt) = 0.10 and erf(V) = 0.1125, so that

For

t =

VJUO

= 0.8875.

Thus, for these conditions, the fluid attains a velocity of only 15.7 per
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cent of the plate’s velocity after 25 s and requires 2500 s to attain 88.75 per
cent of it.

10.5 Pressure surge in pipelines
Consider the consequences of closing the flow control valve V in the
pipeline shown in Figure 10.3. The momentum of the liquid in a length L
V
L-7

Figure 10.3
Pipeline with check valve and flow control valve

of pipe is equal to nr?Lpu if the flow is assumed to be turbulent with
volumetric average velocity u and to fill the pipe. For water flowing at
2 m/s in a pipe of diameter 0.3 m and length 1000m, the momentum js
equal to 1.4 x IO5 N s. If valve V is gradually closed, the momentum of
the liquid will be destroyed and this requires that the valve exert a force on
the liquid. This appears as a rise in pressure: an equal and opposite force is
exerted by the liquid on the valve. In this example, if the valve is closed
over a period of 10 s, the average rate of change of momentum will be
1.4 x lo4 N, requiring a force of this magnitude or a pressure rise of
1.98 x lo5Pa, ie, 2 bar.
If the valve is closed more quickly, the pressure rise will be correspondingly greater. It might be thought that if the valve were closed instantly
the pressure rise would be infinite. This is not the case. When a valve is
closed suddenly, a pressure wave propagates upstream at approximately
the speed of sound in the fluid and only the fluid through which the
pressure wave has passed is decelerated; thus the pressure rise is finite
because the speed of sound is finite.
The speed of sound c in a fluid is related to the compressibility by

) , ( dP

c2 =

(10.35)

Equation 10.35 is the form of equation 6.65 for the particular case of
isentropic conditions, denoted by the subscript s. Being less compressible
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than gases, liquids transmit sound at higher speeds. The speed of sound in
water is about 1400m/s, compared with the value of 340m/s for dry air
under ambient conditions.
It is convenient to introduce the bulk modulus K of the fluid, defined
by

K

=

-V(s)

5

(10.36)

Replacing the specific volume V by llp, equation 10.36 can be written as
(10.37)
Thus, the speed of sound is related to the bulk modulus by
(10.38)

c=-

When a pressure wave propagates through fluid in a pipe, the pipe
expands slightly as a result of its elasticity. This has the effect of reducing
the speed a with which the pressure wave is propagated through the fluid
in the pipe. A convenient way of expressing the propagation speed a of the
pressure wave is as given in equation 10.39 [Streeter and Wylie (1983),
Watters (1979)l.

a=

(KIP)‘I2

(10.39)

The value of C in equation 10.39 depends on the way in which the pipe is
restrained but for practical purposes a value of unity is adequate. In this
equation, E is Young’s modulus of elasticity of the pipe, di the internal
diameter of the pipe and tw.its wall thickness. The value of E for steel is
about 2 x lo5 MPa and K for water is about 2 x lo3 MPa; thus KIE is
about
It will be seen that the elasticity of the pipe has a negligible
effect with thick-wall pipes but with thin-wall ones (say dit, > 40) the
propagation speed a will typically be reduced to about 70 per cent of the
speed of sound c in the liquid.
The pressure rise resulting from the sudden closing or partial closing of
a valve can be determined from the change of fluid momentum across the
pressure wave. It will be assumed that the fluid is a liquid so that changes
in density are negligible. If the fluid’s velocity upstream of the pressure
wave is u1 and that downstream is u2, the change of momentum per unit
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volume is p(ul - uz). The pressure wave passes through the fluid at a speed
a so that the rate of change of momentum per unit area is equal to
p(ul - uz)a. Consequently the pressure rise is given by

AP

= p ( U 1 - u&z

(10.40)

When the valve is suddenly closed completely, u2 = 0 and equation 10.40
becomes
L i r

= pula

(10.41)

Equation 10.41 shows that although the pressure rise is finite it may be
very large. For water ( p = 1000kg/m3) flowing at 2 d s , taking a as
1400m/s, the pressure rise will be equal to 2.8 x 106Pa, ie 28 bar. In a
thin-wall pipe, a might be as low as lOOOm/s but the pressure rise would
be reduced only to 20 bar. Pressure surges of this magnitude cause severe
damage.
Pressure surge can be controlled by the use of surge vessels connected to
the pipeline with a gas space above the liquid. If a pressure surge passes
along the pipeline, liquid flows into the vessel through a check valve and
the gas is compressed. Another valve then lets out the liquid at a
controlled rate. This type of arrangement is used in large hydraulic lines.
The main method of avoiding surges, particularly in chemical plants, is
by adjusting valves sufficiently slowly.
Consider the pressure wave that results from partially closing valve V
shown in Figure 10.3. The compression wave travels upstream at speed a
and therefore reaches the check valve at a time Lla after valve V was
adjusted. The high pressure at the check valve, and therefore at the outlet
of the centrifugal pump, causes the discharge from the pump to fall. At
this point, the liquid in the pipe is compressed slightly and the pipe
distended. The liquid at the upstream end of the pipe begins to expand
and the pipe to contract so an expansion wave now starts to propagate
downstream at speed a. Consequently, the expansion wave and the
reduced flow rate reach valve V at a time 2Lla after that valve was
adjusted.
The time period 2L/a is known as the characteristic time of the pipeline.
If a change of valve setting is made in a time less than the characteristic
t h e , the adjustment is effectively instantaneous and the pressure rise is
given by equation 10.40. In order for the valve adjustment to be effectively
gradual, it must be made over a period of time that is long compared with
the characteristic time 2Lla.
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Example 10.3
In order to protect a relief valve from corrosive materials, it is sometimes
preceded by a bursting disc in the vent pipe. Similarly, two bursting discs
may be used in series. It is known that, with these arrangements, if the
first disc fails the resulting pressure surge will cause the second device to
relieve even though the pressure may be signlficantly below its rated
pressure. On the basis of experiments done with air ( y = 1.40 for dry air),
it has been suggested that to prevent the second of a pair of bursting discs
from relieving, the upstream one should be rated at about 75 per cent of
the pressure of the second disc. Can this finding be substantiated by
simple analysis?

Derivations
Under the conditions encountered, the pressure difference across the
bursting disc is large enough to ensure that choking occurs. As a result, on
failure of the disc, gas flows at the local sonic speed towards the second
device. The transient flow will occupy the whole cross section, a vena
contractu forming later. When the sonic gas flow meets the second device
there will be a pressure rise just as if the flow had been steady and an
obstruction were placed across the flow.
Under these conditions, the gas speed is the sonic speed c and the
pressure wave may be assumed to propagate at the sonic speed so that
equation 10.41 can be written as

Ar

(10.42)

= pc=

For an ideal gas, the sonic speed c is given by equation 6.70:
c

=

(6.70)

m

where P , and V , are the pressure and specific volume at the sonic
conditions.
Consequently, the pressure rise Ar is given by

Ar

=

P,YP,V* = YP*

(10.43)

The total pressure P' exerted by the gas on the disc or valve face is the
sum of the static pressure P,and the impact pressure rise Ai':

P+ = P*2+ Ar

=

(1

+ y)P*

(10.44)

For an upstream pressure Po, the critical pressure producing the sonic
speed is given by equation 6.110
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(6.110)
The total pressure P+ is therefore related to the upstream pressure Po by

y)(q
Y/(Tl)

P'

= Po(l

+

Y+ 1

(10.45)

Equation 10.45 shows that P+lPois a very weak function of y .
If the second device is to be on the point of just relieving when the
upstream disc ruptures, the required ratings of the two devices must be in
the ratio PdP+. From equation 10.45 this ratio has the following values at
various values of y.

Y
POIP+

1.10
0.81

1.20

0.80

1.40
0.79

This analysis is in excellent agreement with the experimental results of
Beveridge and Jones (1984). In their measurements using air ( y = 1.40),
they measured the bursting pressures for a downstream disc following
rupture of a lower-rated upstream disc. Their measured values of the
pressure ratio, equivalent to PdP+, at which bursting of the second disc
started was 0.79(1), (trial no. 3).
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Conversion factors

area
density

dynamic viscosity

energy
flow rate, mass per unit time
flow rate, volume per unit time

heat capacity per unit mass
kinematic viscosity
length
linear velocity
mass
mass flux
pressure

pressure gradient
power

specific volume
surface tension
temperature difference
volume
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1 ft2
1 Ib/ft3
1 Ib/UK gal
1 lb/US gal
1 CP
1 Ib/(h ft)
1 lb/(s ft)
1 Btu
1 ft pdl
1 lb/h
1 ft3/s
1 ft3/min
1 UK gaYmin
1 US gaYmin
1 Btu/(lb F)
1 ft%
1 ft
1 ft/s
1 Ib
1 Ib/(h ft2)
1 atm
1 pdYftZ
1 psi
1(pdVft2)/ft
1 ft pdVs
1 hp (British)
1 ton refrigeration
1 ft3/lb
1 dyndcm
1F
1 ft3
1 UK gal
1 US gal

= 0.092903 mz
= 16.018 kg/m3

= 99.779 kg/m3
= 119.83 kg/m3
= 0.001 P a s (or N dm’)
= 4.1338 x
Pa s
= 1.4882 Pa s
= 1055.06J
= 0.042 139 J
= 1.2600 x
kg/s

= 0.028317m3/s
= 4.7195 x
m3/s
= 7.5766 x low5m3/s

= 6.3089 x

m3/s
K)
= 0.092 903 m2/s
= 0.3048 m
= 0.3048 m/s
= 0.45359 kg
= 1.3562 x
kg/
(s m2)
= 101325 Pa (or N/mz)
= 1.4882 Pa
= 6894.8 Pa
= 4.8824 Palm
= 0.042 14 W
= 745.7 w
= 3516.9 W
= 0.062428 m 3 k g
= 0.001 N/m
= 0.5556 K
= 0.028317 m3
= 0.0045460m3
= 0.003 785 3 m3
= 4186.8 J/(kg

Answers to problems

1-1

1-2

(a)
(b)
(c)

(P1- P 2 ) / L = pgsino
L = P1/(2pgsin8)

(a)

(i) R, = 31.4 N,
Ry = -31.4 N
Ry = 31.4 N
(ii) R, = -31.4 N,
(iii) R, = Ry = 0
Total tension = 62.8 N (31.4 N on each flange)
Same values because pu2 has the same value
37.7 N m (anticlockwise)
18 150 N m (anticlockwise)

(b)
(c)
(d)
(e)

17m

P1- P 2

1-3

= 0.91 bar
p43

2-1

(a)

'= (5)[(?)(0.1584p2)]

(b)

l.lOm/s

(b)

286.5Pdm

2-3

1584 Pdm

2-4

293 Pa

2-5
(a)
(b)
2-7

4'7

Confirm laminar flow
v,,, = 3.13 m/s
v, = 2.35 m/s at di/4
3x
m3/s
0, 2, 4, 19, 79, 199. (Discontinuity at y + = 30 physically
impossible)
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3-1

1000 Pdrn

3-2
(m-at

mean stress, b-at

bulk temperature)

3 4

At highest speed,

3-5

u = 0.82 d s , AP/L = 4042 Pdm

4-2

1.038 m

4-3

Ah

= kl

T

= 25.3 Pa, y = 280 s - l , pa = 0.0901 Pa s

+ k2Q1.’’

where the constant

and the constant

4-4

(a)

(i) Ah = 6.88 m, u = 0.96 d s
(ii) Ah = 6.28 m, u = 1.21 d s
(iii) Ah = 5.60 m, u = 1.45 d s

4-5

D2 = 0.44 m
Q2 = 0.060 m3/s
P E 2 = 56000 W

5- 1

250 W

6-1

621 kg/(m2 s)

6-2

6.71 bar (pressure at junction = 4.5 bar)

6-3

47.8 d s

6-4

623 kg/(m2 s)

6-6

Show that SrC,has different values at the throat and at the exit.

6-7

Although choked flow, flow rate falls because supply pressure
falls.

6-8

(b)
(c)

1.89atm
0.124 kg/s and 0.0836 kg/s

ANSWERS TO P R O B L E M S

7-1

(a)

(b)
(c)

0.12
0.18
0.35

(AZ',

7-2

f = 0.00461

7-3

2775 Palm

7-4

AP = 2.25 kPa ( fLo

8-1

1.99 d s

8-2

5.42 x

8-3

Azm = 0.234 m, AI'

8-4

2.25 x

9- 1

2.315 x IOp2 d s

10-1

4510 s, 1.253 h

= 239 Pa,

= 0.0061)

m3/s

m3/s

= 31 730 Pa

APf = 21 261 Pa)
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Appendix I
The Navier-Stokes equations

Rather than setting up a force-momentum balance for a particular flow
problem as was done in Chapter 1, general equations, known as the
Navier-Stokes equations, may be formulated. Before discussing the
Navier-Stokes equations, it is necessary to consider some related matters.

Differentiationfollowing the flow
Let 4 represent some property of the flow, for example the velocity,
temperature or density of the fluid. In general 4 is a function of the time t
and the spatial coordinates x, y, z. Then the total derivative of 4 with
respect to t is given by

a4 dx a4
-d-4- +
-- - + - - + - dt
at
dt ax

dy a+
dt ay

dz a4
dt az

(A. 1)

As x, y, z and t are independent variables, dxldt, dyldt, dzldt have to be
defined.
Denoting these derivatives by w,, wr, w,, respectively, equation A. 1
can be written as
d4
dt

a4 + w,-84 + wy-a4 + w,-a4

-=-

at

ax

ay

az

(A4

If w,, w,,,w, are the velocity components of an observer, equation A.2
gives the total rate of change of 4 measured by that observer. At a given
location, the total rate of change d@dt is the sum of the rate of change at
that location a4lat and the rate of change due to the observer’s motion
through a spatial gradient.
In the special case when the velocity components are those of the fluid,
the total rate of change of 4 is denoted by D+lDt, which is known as the
substantive derivative:
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D4
Dt

84

84

at

ax

- =-+v,-+v-+v,-

d4

ad

'ay

dz

(A.3)

In equation A.3, v x , v,,,v, are the velocity components of the fluid. Thus,
D&/Dt gives the rate of change of d~for a matenal element as it flows along.
This is known as differentiation following the flow.
In cylindrical coordinates (r,O,z) the substantive derivative is given by

a4 ve a4

a4

r dO

az

=-+~v,+--++v,-

Dt

dr

at

(A.4)

Continuity equation
A material balance on a fixed rectangular region of space having sides ax,
6 y , 62can be written as
rate of accumulation

+ rate of efflux

-

rate of influx = 0

Thus

In the limit ax, 6 y , 62- 0, this becomes

Equation A.7 represents conservation of mass for a general flow in
rectangular Cartesian coordinates.
For incompressible flow, the density p is constant and equation A.7
reduces to
dv, av
av,
-+2+-=0
ax

ay

i)z

Thus, for incompressible flow the net rate of expansion is zero. Note that
the flow need not be steady for equation A.8 to hold: the time derivative of
p disappears because p is constant but the velocity components in equation
A.8 may change with time.
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Expanding equation A.7,
ap
av
ap
av,
av,
2 + v , - ap +p-+vy- ++ +v,- +p-= 0
at

ax

ax

ay

az

dy

az

(A.9)

which can be written as
1 Dp dv, av
dv,
- - +-+A+=
p Dt dx
dy
az

o

(A. 10)

Equation A.10 shows that the fractional rate of change of the density of a
fluid element is equal to minus its net rate of expansion.
In cylindrical coordinates (r,O,z) the continuity equation is

Equation of motion
Consider the fluid’s x-component of motion in a rectangular Cartesian
coordinate system. By following the flow, the rate of change of a fluid
element’s momentum is given by the substantive derivative of Lhe
momentum. By Newton’s second law of motion, this can be equated to the
net force acting on the element. For an element of fluid having volume
SxSyGz, the equation of motion can be written for the x-component as
follows:

D
Dt

-(pv, 6XSySZ) =

B, + s,

(A. 12)

where B, and S, are respectively the body force and the surface force (ie
that due to the relative motion of the fluid) acting on the fluid element in
the positive x-direction.
It will be assumed that the only body force is that due to gravity:

B, = pgx6x6ySz

(A. 13)

where g, is the component of the gravitational acceleration acting in the
positive x-direction.
Using the negative sign convention for stress components, the surface
force S, can be written as

(A. 14)
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Substituting equations A.13 and A.14 into equation A. 12 gives the result

Now the momentum of a fluid element depends on its velocity and not on
the spatial distribution of its mass, so p can be taken outside the
derivative. In the limit ax, @, 6z+ 0, equation A.15 becomes

(A. 16)
Equation A. 16 is valid for any fluid.
It is convenient to decompose the stress component T,, as follows:
T,, =

where

a,,

Pa,, + u,,,

i, j

= x, y, z

(A. 17)

is known as the Kronecker delta and has the properties
1 if

i=j

(A.18)

Each U~ is known as a deviatoric stress component: it is the amount by
which the stress component deviates from the static pressure. FrQm
equation A. 18, the stress components are related to the deviatoric stress
components as follows:

(A. 19)
It is the deviatoric stress components that are related to the rate of
deformation, ie to the flow.

Navier-Stokesequations
For an incompressible Newtonian fluid, Newton's law of viscosity can be
written as

(A.20)
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Equation A.20 is a generalization of equation 1.44b.
Substituting for the stress components in equation A. 16 using equations
A.19 and A.20 gives

By continuity, the last term in equation A.21 vanishes for incompressible
flow and equation A.21 can be written as

i

av,

p at

""1

+ 0,- av,
+ vy-av,
+ 0,- az
ax
ay
ar

(A.22)

ax

Equation A.22 is the Navier-Stokes equation for the x-component of
motion in rectangular Cartesian coordinates. The correspondingequations
for they and z components are obvious.
The terms on the left hand side of equation A.22 represent inertial
stresses, the first due to acceleration and the others to advection. The first
and second terms on the right hand side are the component of the
gravitational force and the pressure gradient. The remaining terms
represent the viscous stress components acting in the x-direction.
In cylindrical coordinates (r,e,z) the Navier-Stokes equations are

:(

avr
ar

avr
r a0

De

p -+vr-+----+vz-

+I*

[:if

- --(rur)
r:

v3
r

1 a2vr

az

=pg,--

2 avo

) +-----+? a @ ? ae

ar
ar

a'v.1
a2

(A.23)

(A.24)

(2

p-+vr-+--

av,
ar

ve avz
r a6

ar
(A.25)
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There is no general solution of the Navier-Stokes equations, which is due
in part to the non-linear inertial terms. Analytical solutions are possible in
cases when several of the terms vanish or are negligible. The skill in
obtaining analytical solutions of the Navier-Stokes equations lies in
recognizing simplifications that can be made for the particular flow being
analysed. Use of the continuity equation is usually essential.
Some of the simplifications that may be possible are illustrated by the
case of steady, fully-developed, laminar, incompressible flow of a Newtonian fluid in a horizontal pipe. The flow is assumed to be axisymmetric
with no swirl component of velocity so that derivatives wrt 8 vanish and
ve = 0. For fully-developed flow, derivatives wrt z are zero. With these
simplifications and noting that the flow is incompressible, the continuity
equation (equation A. 11) reduces to

a

- (ru,)
ar

=

0

As v, = 0 at the wall it follows that v, = 0 everywhere.
The z-component Navier-Stokes equation is equation A.25. Each of the
inertial terms is zero, the reasons being respectively that the flow is steady,
v, = 0, the flow is axisymmetric and the flow is fully developed. The
second and third viscous terms vanish because the flow is axisymmetric
and fully-developed. The flow being horizontal, g, = 0.
Thus, equation A.25 reduces to
P[+

-331ar
=

The derivative wrt r has been changed to an ordinary derivative because it
has been established that v, is independent of 8, z and t . Integrating this
equation twice gives
dv,

r aP
az

A

%=--+;2
and

rZ

ar

pv, = - - + A In r + B
4 az

These last two equations correspond to equations 1.55 and 1.56. Note that
ariaz= - PJL.
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Potential flow
Consider the two-dimensional flow shown in Figure A. 1. If the velocity
gradient avday is positive it tends to cause the element to rotate in the
clockwise direction. Similarly, if avjax is positive it tends to cause
rotation in the anti-clockwise direction. Thus, the quantity av,/ax avjay gives the net rate of rotation in the anti-clockwise direction as
viewed. It is the clockwise direction about a line parallel to the zcoordinate as viewed in the positive z-direction. This quantity is the
z-component of the fluid's vorticity w :
(A. 26a)
The x andy components are
(A.26b)
and
av,
az

wY = - - -

av,
ax

(A.26~)

When all three components of the vorticity are zero the flow is said to be
irrotational. In irrotational flow the effects of viscosity disappear as will be

/'
/

*g'

FigureA.l
Velocity components for a two-dimensionalflow
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seen. Laminar flow in a pipe is rotational everywhere except on the
centre-line. The only non-zero velocity gradient for fully-developed flow is
avdar, which has a maximum magnitude at the wall and falls to zero on the
centre-line. A small neutrally-buoyant sphere placed in the fluid would be
seen to rotate owing to the higher velocity of the fluid nearer the
centre-line than that nearer the wall. Turbulent flow outside boundary
layers often exhibits a negligible velocity gradient and can be treated as
being irrotational. For irrotational flow the Navier-Stokes equations can
be simplified considerably as follows.
Dividing equation A.22 throughout by p gives
an,

at

av,
an,
+ 0, + vy + 21,
ax

aY

av,
az

-

(A.27)
If the flow is irrotational, then from equations A.26
av, - av,,
ay
ax

and

av,
az

--

av,
ax

so that the inertial terms in equation A.27 can be expressed as
av,

av,

av

av,

1

a

( n i + U ' ~ax + ~avz)
ax~ ~
= -+-+at ~2 ,ax- (v;f+$+$>

(A.28)

The same substitutions can be made in the viscous terms. For example,
a2vJay2 can be written as follows
-

(2) "(3)
=

ax ay

(A.29)

The change in the order of differentiation to give the last term in equation
A.29 is permissible because the velocity field will satisfy the sufficient
conditions, namely that the two mixed partial derivatives are continuous.
Equation A.27 can now be written as

("1

+- = g ---+vax
a 2
x
p a
axp

av,
at

+

ax
a

-++++_
iavx
ax

ay

az

(A.30)

where v2 = vX2 v/ + :v is the square of the fluid's speed.
For incompressible flow, the last expression in equation A.30 vanishes
by virtue of equation A.8; also p is constant. Putting
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g = - g - ah
ax

(A.31)

where h is the height above an arbitrary datum, equation A.30 can be
written as
av,
a v2 P
-+--+-+gh
at
dxj2 p

=0

(A.32)

For steady flow, av,jat = 0 so that the quantity v2/2+P/p+gh must be
independent of x.
Similar equations can be written for the y and z components of the
velocity so it can be concluded that
v2 P

- + - + gh
2

P

= constant

(A.33)

This is a statement of Bernoulli’s theorem: the quantity v2/2+P/p+gh is
constant throughout the fluid for steady, irrotational flow. Equation A.33
is the same as equation 1.11. It will be recalled that, for rotational flow
with friction, the engineering form of Bernoulli’s equation applies only
along a streamline and allowance must be made for frictional losses.
Velocitypotential

If @ is a sufficiently differentiable function, then
(A.34)
For irrotational flow
av,

ax

av,
ay

=o

(A.35)

Comparing equations A.34 and A.35, the following relationships can be
written:
(A.36a)
and
(A.36b)
Similarly
(A.36~)
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The function 0 is known as the velocity potential. In equation A.36 the
minus sign is arbitrary but is usually incorporated so that flow is from a
high value of the velocity potential to a low value.
Substituting for the velocity components in equation A.8 using equation
A.36 gives

a%

a2a a2a

ax2

ay

-+,+

a2

=

0

(A.37)

which shows that the velocity potential satisfies Laplace’s equation in the
case of incompressible flow.
For potential flow, ie incompressible, irrotational flow, the velocity field
can be found by solving Laplace’s equation for the velocity potential then
differentiating the potential to find the velocity components. Use of
Bernoulli’s equation then allows the pressure distribution to be determined. It should be noted that the no-slip boundary condition cannot be
imposed for potential flow.

Appendix II
Further problems

(The numbers refer to the relevant chapter.)
1-1

An incompressible fluid flows upwards in steady state in a cylindrical pipe at an angle 8 with the horizontal. Assume that the head
loss due to friction is negligible.
(a> Derive an expression for the pressure gradient in the pipe.
(b) Derive an expression for the length of pipe over which the
pressure is reduced by half.
(c) Calculate the length of pipe L over which the pressure
is reduced by half if the gravitational acceleration g =
9.81 m/s2, 8 = 30", the liquid density p = 1200 kg/m3, and
the initial pressure P I = 200000 Pa.

1-2

Water flows at a speed of 2 d s through the pipe-work shown in
the following diagrams. The pipe diameter is 0.10 m throughout.

Calculate the components of the reaction on the pipe-work
due to the change of the fluid's momentum in each case.
What is the tension in the bolts through the flanges in
diagram (iii)?
Determine the above forces for the case of steam at 20 a m
(absolute) flowing at a speed of 20 d s .
Show that, for the double bend shown in diagram (iv), the
overall force due to the change of the fluid's momentum is
zero but the pipe-work is subject to a moment about B and
calculate its value.
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(e)

Assuming the pressure drop to be negligible, calculate the
moment on the double bend caused by the steam’s pressure.
Data: density of water = 1000 kg/m3, density of 20 atm
steam = 10.0 kg/m3

1-3

2-1

A corrosive liquid is to be transferred from one tank to a higher
tank without using a pump but by pressurizing the space above the
liquid in the lower tank. The frictional head loss in the pipe-work
is equal to 1000 velocity heads [ie h, = 1000(u2f2g)]and the density
of the liquid is 800 kg/m3. What pressure difference will be
required to cause the liquid to flow at a speed of 0.3 m f s when the
liquid surface in the supply tank is 7 m below that in the discharge
tank?
(a) Derive an expression for the mean velocity u of a liquid in
steady state turbulent flow in a smooth cylindrical tube in
terms of the pressure gradient APffL, the liquid density p ,
the inside diameter of the tube d, and the liquid dynamic
viscosity p.
(b) Calculate u if

APffL= 528 Palm
p = 1200 kg/m3
p = 0.01 Pa

and

2-2

(a)

(b)

s

d, = 0.05 m

Derive an expression for the frictional pressure gradient
W f / Lfor a liquid in steady state turbulent flow in a rough
cylindrical pipe in terms of the liquid density p , the mean
velocity u, the inside pipe diameter d, and the roughness e.
Use this to calculate APffLfor
p = 1200 kg/m3

d, = 0.0526 m
u = 1.160ds
p = 0.01 Pa s

2-3

and
e = 0.000045 m
Calculate the frictional pressure gradient APffL for a liquid in
steady state turbulent flow in a coil of inside tube diameter
d, = 0.02 m and coil diameter Dc = 2 m if the liquid density
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p = 1200 kg/m3, the liquid dynamic viscosity p = 0.001 Pa s and
the mean velocity u = 2 m/s.

2-4

A liquid flows in a steady state in a cylindrical pipe of inside
m3/s. Calculate
diameter d, = 0.05 m at a flow rate Q = 2 X
the head loss and the pressure drop for a sudden expansion to a
pipe of inside diameter 0.1 myif the liquid density p = 1000kg/m3.

2-5

A Newtonian liquid flows in steady state in a cylindrical pipe.
(a)

(b)

Calculate point velocities v, at the centre and at a radius of
one quarter of the pipe diameter if the inside diameter of the
pipe d, = 0.05m,the liquid dynamic viscosity p = 0.15 Pa s,
the liquid density p = 1100 kg/m3 and the pressure gradient
hpfIL = 3000 Pa/m.
Calculate the volumetric flow rate Q through the pipe.

2-6

Plot laminar and turbulent velocity profiles for steady state flow in
a cylindrical pipe for a maximum velocity v,
= 5 m / s using the
radial positions 2r/d, = 0,0.2,0.4,0.6 and 0.8.

2-7

The magnitude of the time-averaged wall shear stress in turbulent
flow is given by
Trx

=

p(V

d5,
+ E) -

dY
where y is the distance from the wall. Rewrite this equation in
terms of the dimensionless velocity vUf and the dimensionless
distance from the wally+, and show that

Using the time-averaged velocity profiles in the three parts of a
turbulent boundary layer given by equations 2.58, 2.70 and 2.71,
derive expressions for E / V for these three regions. Calculate d v for
y + = 5 , 15,25,50,200 and 500.
3-1

Calculate the frictional pressure gradient W f / Lfor a time independent non-Newtonian fluid in steady state flow in a cylindrical tube
if
p = 1000 kg/m3
the liquid density
di
= 0.08 m
the inside diameter of the tube
the mean velocity
u=lds
the point pipe consistency coefficient K' = 2 Pa
n' = 0.5
and the flow behaviour index
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3-2

For Newtonian fluids in which the dynamic viscosity p is a
function only of temperature, ie p = f ( T ) , the
expression 4 = pw/p raised to some power is used to correct
isothermal equations for non-isothermal conditions. Suggest
an analogous correction for non-Newtonian power law fluids
flowing in pipes in which the apparent dynamic viscosity pa is a
function of shear stress T , shear rate i, and temperature T, ie
Pa

3-3

=f(7,%

TI.

The laminar flow velocity profile in a pipe for a power law liquid in
steady state flow is given by the equation

('.=';)[

vx=u - 1

-(3+lY"]

where n is the power law index and u is the mean velocity. Use this
to derive the expression

(3)
(d)(T)
8u

3n+ 1

=

for the velocity gradient at the pipe wall.

3-4

3-5

The following measurements were made on the inner cylinder of a
coaxial cylinders viscometer having inner and outer diameters of
24 mm and 26 mm, and an effective cylinder length of 35 mm.
Using these data, determine the values of the shear stress, shear
rate and apparent viscosity of the sample.

Torque (low5N m)

Speed (r.p.m.>

20.0
40.0
60.0
80.0

36.8
90.6
153.4
223.0

Show that the volumetric average velocity u of a homogeneous,
time-independent liquid in laminar flow through a straight pipe
can be written as
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If the material whose viscometric properties were determined in
question 3-4 were pumped through a 25 mm diameter pipe so that
the wall shear stress had the value corresponding to the last
measurement in that question, what would be the volumetric
average velocity and what value of pressure gradient would be
required?
3-6

A plastic film is to be produced by extruding it through a narrow
slit of depth 2h. The width of the slit is much greater than 2h and
the slit is long enough for end effects to be neglected. The flow is
laminar. Starting from first principles, derive the following equatiofi, which is a form of the Rabinowitsch-Mooney equation for
this geometry:

1
where Q is the volumetric flow rate and YWyywN are respectively
the true wall shear rate and the wall shear rate for a Newtonian
fluid with the same volumetric flow rate.
4-1

Figure 1.5 diagra.mmatically represents the heads in a liquid
flowing through a pipe. Redraw this diagram with a pump placed
between points 1 and 2.

4-2

Calculate the available net positive section head NPSH in a
pumping system if the liquid density p = 1200 kg/m3, the liquid
dynamic viscosity p = 0.4 Pa s, the mean velocity u = 1 d s , the
static head on the suction side z, = 3 my the inside pipe diameter
d, = 0.0526 m, the gravitational acceleration g = 9.81 d s 2 , and the
equivalent length on the suction side XLes= 5.0 m.
The liquid is at its normal boiling point. Neglect entrance and
exit losses.

4-3

A centrifugal pump is used to pump a liquid in steady turbulent
flow through a smooth pipe from one tank to another. Develop an
expression for the system total head Ah in terms of the static heads
on the discharge and suction sides zd and z, respectively, the gas
pressures above the tanks on the discharge and suction sides p d and
P, respectively, the liquid density p, the liquid dynamic viscosity
p, the gravitational acceleration g, the total equivalent lengths on
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the discharge and suction sides XLedand ZLesrespectively, and the
volumetric flow rate (2.
4 4

A system total head against mean velocity curve for a particular
power law liquid in a particular pipe system can be represented by
the equation

+

Ah = (0.03)( 100n)(u") 4.0 for U S1.5 m/s

where
Ah is the total head in m
u

is the mean velocity in m / s

and
n is the power law index.

A centrifugal pump operates in this particular system with a total
head against mean velocity curve represented by the equation
Ah = 8.0-0.2~-1 . 0 ~ ' for ud 1.5 m / s

(this is a simplification since Ah is also affected by n).
(a)

(b)
4-5

Determine the operating points for the pump for
(i) a Newtonian liquid
(ii) a shear thinning liquid with n = 0.9
(iii) a shear thinning liquid with n = 0.8.
Comment on the effect of slight shear thinning on centrifugal
pump operation.

A volute centrifugal pump has the following performance data at
the best efficiency point:
volumetric flow rate
total head
required net positive suction head
liquid power
impeller speed
impeller diameter

Q = 0.015 m3/s
Ah = 65 m
NPSH = 16 m
P E = 14000 W
N = 58.4 revls
D = 0.22 m

Evaluate the performance of an homologous pump which operates
at an impeller speed of 29.2 revls but which develops the same total
head Ah and requires the same NPSH.
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Two centrifugal pumps are connected in series in a given pumping
system. Plot total head Ah against capacity Q pump and system
curves and determine the operating points for
(a) only pump 1 running
(b) only pump 2 running
(c) both pumps running
on the basis of the following data:
operating data for pump 1
Ah, m, 50.0

49.5

48.5

48.0

46.5

44.0 42.0

39.5

36.0

32.5

28.5

Q m 3 h ,0

25

50

75

100

125

150

175

200

225

250

operating data for pump 2
Ah2m, 40.0 39.5 39.0

38.0

37.0

36.0

34.0

32.0

30.5

28.0

25.5

Q m 3 h ,0

50

75

100

125

150

175

200

225

250

40.0

43.5

46.5

50.5

54.5

59.5

66.0

72.5

80.0

50

75

100

125

150

175

200

225

250

25

data for system
Ah,m, 35.0 37.0

Qm3h,0

4-7

25

Two centrifugal pumps are connected in parallel in a given
pumping system. Plot total head Ah against capacity Q pump and
system curves for both pumps running on the basis of the following
data:
operating data for pump 1
Ahm,
40.0

35.0

30.0

25.0

209

239

265

operating data for pump 2
Ahm,
40.0

35.0

30.0

25 .O

Q2m3h 0

136

203

267

25.0

30.0

35.0

244

372

470

Q1m3/h, 169

data for system
Ahm,

20.0

Qsm3fh, 0

4-8

(a)
(b)

Name some types of pumps which are seriously affected by
misalignment.
What is the shape of the total head against capacity characteristic curve of a gear pump?
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(c)
(d)

If very hot fluid is pumped with a gear pump, what difficulty
might occur?
Gear pumps can be small liquid cavity high speed pumps or
large liquid cavity low speed pumps. Which type would you
use to pump
(i) a shear thinning liquid?
(ii) a shear thickening liquid?
(iii) a slurry?

5-1

Calculate the theoretical power in watts for a 0.25 m diameter,
six-blade flat blade turbine agitator rotating at N = 4 reds in a tank
system with a power curve given in Figure 5.10. The liquid in the
tank is shear thinning with an apparent dynamic viscosity dependent on the impeller speed N and given by the equation
pa = 25(N)"-'
Pa s where the power law index n = 4 and the liquid
density p = 1000 kg/m3.

5-2

For laminar flow of a Newtonian liquid in a stirred tank, the power
Pa is given by the equation
PA

=~

C ' N~ j :

where
p is the liquid dynamic viscosity
N is the agitator speed
D A is the agitator diameter

and

C is a constant for the system.
A shear thinning liquid has an apparent dynamic viscosity given by
the equation
pa = K(N)"-'

where the consistency coefficient K = p at a power law index
n = 1. Show that for the same power the shear thinning liquid can
be agitated at a higher agitator speed N 1 given by the equation

N , = NU("+I)

5-3

Solute-free liquid at a volumetric flow rate Q is used to purge off
quality solute from a stirred tank of volume V. Show that if three
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equal size tanks are used in series, the removal of solute is n times
more effective after a time t where n and t are related by the
equation
t=

V[(Zn - 1 y - 11

Q

6-1

An ideal gas in which the pressure P is related to the volume V by
the equation P V = 75 m2/s2flows in steady isothermal flow along a
horizontal pipe of inside diameter d, = 0.02 m. The pressure drops
from 20000 Pa to 10000 Pa in a 5 m length. Calculate the mass flux
assuming that the Fanning function factorf= 9.0 X

6-2

Ethylene flows through a pipeline 10 km long to a receiving station
A. At a point 3 km from A, a spur leads off the main pipeline and
runs 5 km to a receiving station B. The internal diameter of the
main pipeline is 0.20 m and that of the spur is 0.15 m. The flow
rates into A and B are regulated by valves at these locations. If the
pressure immediately upstream of valve A is 3.88 bar (absolute)
and that at B is 3.69 bar when the flow rate into B is 0.63 kg/s,
calculate the pressure at the beginning of the main pipeline,
assuming that flow in the pipeline is isothermal at a temperature of
20°C.
Data: specific volume of ethylene at 20"C, 1 bar = 0.870 m3/kg,
Fanning friction factor = 0.0045.

6-3

Calculate the air velocity in m / s required to cause a temperature
drop of 1 K on a conventional thermometer given that for the air at
atmospheric pressure and 373 K, the thermal capacity per unit
mass at constant pressure C, = 1006 J/(kg K).

6 4

An ideal gas flows in steady state adiabatic flow along a horizontal
pipe of inside diameter d, = 0.02 m. The pressure and density at a
paint are P = 20000 Pa and p = 200 kg/m3 respectively. The
density drops from 200kg/m3 to 100kg/m3 in a 5 m length.
Calculate the mass flux assuming that the Fanning friction factor
f = 9.0 x
and the ratio of heat capacities at constant pressure
and constant volume y = 1.40.

6-5

Show that the work required to compress an ideal gas adiabatically
from a pressure P1to a pressure P2 in a compressor with two equal
stages is [(Pz/Pl)('-1r4y+
1112 greater than in a compressor with
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four equal stages where y is the ratio of heat capacities at constant
pressure and constant volume.

6-6

Air flows from a large reservoir where the temperature and
pressure are 25°C and 10 atm, through a convergent-divergent
nozzle and discharges to the atmosphere. The area of the nozzle's
exit is twice that of its throat. Show that under these conditions a
shock wave must occur. ( y = 1.4.)

6-7

Air at a pressure of 5 bar in a closed tank is to be vented by allowing
it to discharge through a convergent nozzle straight to the atmosphere. Show that the mass flow rate M is given by

where S is the exit area of the nozzle and PO,VOare the pressure
and specific volume of the gas in the tank.
If the pressure is to be reduced from 5 bar to 2 bar, will the mass
flow rate be constant during the venting operation?

6-8

Nitrogen is to be vented to the atmosphere from a closed tank at a
pressure of 2 atm gauge and a temperature of 20°C through a
convergent nozzle with an exit diameter of 15 mm.
(a) Explain why a shock wave will occur at the nozzle exit.
(b) To what value must the pressure in the tank fall before the
shock wave disappears?
(c) Without using equation 6.107, calculate the mass flow rate
initially and at the point when the shock wave disappears.
Data: for nitrogen, y = 1.39, relative molecular mass = 28.02.

7-1

For a particular bubble column, u, = 0.5 d s and n (in the
Richardson-Zaki equation) may be approximated as 2. Determine
the value of the void fraction a for each of the following conditions:
(a) QG/S = 0.06 d s , QL/S = 0.06 m/s (co-current)
(b) QG/S = 0.06 d s , QL/S = - 0.06 m / s (counter-current)
(c) when flooding occurs for QL/S = - 0.06 d s .

7-2

Air and water flow at 0.08 kg/s and 0.32 kg/s respectively in a
horizontal tube of inside diameter 25 mm. The mean pressure is
9.90 bar (absolute) and the pressure drop across a length of 5 m is
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0.215 bar. What is the value of the friction factor? Assume
isothermal conditions.
Data: at 9.90 bar, VG = 8.28 x
m3/kg, VL = 1.02 x
1 0 - ~m3/kg.
7-3

A mixture of gas and liquid flows through a pipe of internal
diameter d, = 0.02 m at a steady total flow rate of 0.2 kg/s. The
pipe roughness e = 0.000045 m. The dynamic viscosities of the gas
Pa s respecand liquid are F~ = 1.0 X
and wL = 3.0 X
tively. The densities of the gas and liquid are p~ = 60 kg/m3 and
pL = 1000 kg/m3 respectively. The weight fraction of gas is 0.149.
Calculate the pressure gradient in the pipe using the LockhartMartinelli correlation

7 4

Saturated water flows into a horizontal, uniformly heated, smooth
tube at a rate of 0.2 kg/s. The tube is 5 m long and has an inside
diameter of 50 mm. The inlet pressure is 3 bar and the exit quality
40 per cent. Use the Martinelli-Nelson correlation to estimate the
pressure drop across the tube.
Data: liquid density = 930 kg/m3, liquid viscosity = 2.0 X
1 0 - ~ Pa s

8-1

A Pitot tube is used to measure point velocities in water. The
reading on a mercury manometer attached to the Pitot tube is
1.6 cm. Calculate the water velocity given that the specific gravity
S.G. = 13.6 for mercury.

8-2

Calculate the volumetric flow rate of water in m3/s through a pipe
with an inside diameter of 0.2m fitted with an orifice plate
containing a concentric hole of diameter 0.1 m given the following
data:
1 a difference in level of 0.5 m on a mercury manometer
connected across the orifice plate
2 a mercury specific gravity S.G. = 13.6
3 a discharge coefficient Cd = 0.60.

8-3

Water flows upwards at a speed of 2 d s in a vertical pipe. A
Venturi meter having a throat diameter equal to half the pipe
diameter is fitted in the pipe and has pressure taps connected to a
mercury manometer. The distance between the pressure taps is
50 mm. If the discharge coefficient of the Venturi is 0.98, what will
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be the manometer reading and what is the pressure difference
between the two taps? The specific gravity of mercury is 13.6.

8 4

Calculate the volumetric flow rate in m3/s through a V-notch weir
when the height of liquid above the weir is 0.15 m given that the
notch angle 8 = 20" and the discharge coefficient Cd= 0.62.

8-5

Show that a flowmeter with a square root scale has an error 50/Q
times that for a linear scale where the maximum volumetric flow
rate Q- = 100 per cent.

9-1

A gas of density p = 1.25 kg/m3 and dynamic viscosity
p = 1.5 x lo-' Pas flows steadily through a bed of spherical
particles 0.005 m in diameter. The bed has a height of 5.00 m and a
voidage of a. The pressure drop is 150 Pa. Calculate the superficial
velocity.

10-1

Calculate the time in seconds and in hours for a liquid to fall in a
tank from a height z1 = 9 m to a height zz= 4 m above a discharge
hole of diameter di= 0.02 m given the following data:
tank diameter
DT=2m
dimensionless correction factor
a!=l
g = 9.81 d s 2
gravitational acceleration
the pressure over the liquid in the tank is equal to the pressure
at the outlet.

10-2

Show that the time to reach 50 per cent of the terminal velocity for
a spherical particle falling from rest in laminar flow in a fluid is
t = 0.071~~

where u, is the terminal velocity.

T

0
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0.001
Generalized Reynolds number, Re'
Friction factor chart for purely viscous Ron-Newtonian fluids

ACCELERATED plate 3 12-7
Agitators
anchor 170-1
calculation of power for 179, 180
classification of 164
helical screw 171-2
large blade low speed 170
marine propeller 165, 166, 169
circulating capacity of 169
small blade high speed 165
tip speed of 3 68-9
turbine 165, 166
Apparent fluidity 128
Archimedes number 300
BAFFLES in mixing tanks 165, 167,
168, 172, 175
Bernoulli equation 9-12, 330-1
applications of 12-16,82,268,
270,275-6,278-9,305,331
Bingham plastic see Non-Newtonian
fluids
Blasius equation 74, 255
Body force 27, 324
Boundary conditions 40-1,92, 103,
120,126,315,327,331
Boundary layer 5 5 , 6 4 9
laminar 65, 289
laminar-turbulent transition 65-6,
290,291
thickness of 65
turbulent 65-8, 290
buffer or generation zone 66, 68
coherent structures in 66-7
laminar sublayer see viscous
sublayer
viscous sublayer 66-7, 89, 122, 133
transport properties 66
turbulent outer region 55, 90-2
Boyle’s law 193

Bubbles see Gas-liquid two-phase
flow, and Fluidization
Buckingham equation 123
Bursting disc 320-1
C A W - K O Z E N Y equation
297,303
Charles’ law 193
Chezy formula 95
Coherent structures in turbulence
66-7
Combination of variables 3 14
Compressibility factor 194
Compressors
classification of 206
Conservation of mass see Continuity
equation
Consistency coefficient see NonNewtonian fluids
Continuity equation 7-9, 323-4
Continuum hypothesis 1
DEBORAH number 136
Die swell 132
Differentiation following the flow
322-3
Diffusion
equation 313
molecular 3 1, 47, 3 13
Diffusivity
eddy 62
ofheat 47
ofmass 47
of momentum 47,62, 313
Drag
coefficient 290-1
force 289, 31 1
form 233,289
reduction 133-4
viscous 295
351

352 I N D E X

Drew equation 74
Driftflux 230
EDDY kinematic viscosity 62, 90-1
Elastic solid 27-9
Elutriation 292
Energy
balance 10, 190
cascade 56
conversion between types 11
internal 9, 10, 67, 189-91, 200
kinetic 9, 86, 88, 189, 192
distribution correction factor see
Velocity distribution correction
factor
potential 9, 192
pressure 9, 192
relationships 9-1 0, 189-9 1
total 9
turbulent, production of 56, 67
Enthalpy 190, 197,200,205,207
Eotvos number 237
Equation of motion 324-5, see also
Momentum equation
Equation of state 193-5
Equivalent diameter 84
for an annulus 85
for a bubble 230, 234
for an open channel 94
for a packed bed 294-5
Equivalent length 80, 142, 306
Error function 3 15
FILTRATION 303
First law of thermodynamics 190
Flow
adiabatic 200-1, 204-5
behaviour index see Non-Newtonian
fluids
between parallel plates 29
bubble see Gas-liquid two-phase
flow
characteristic 102, 103-5
chum 219
compressible 6, 189-2 18, see also
Gases
Couette 99
cross-sectional area of 8, 23,213
developing 64, 101
fully developed, definition of 3
in an annulus 103
in a constriction 8, 8 1, 83-4

in a jet 23
in a nozzle 25, see also Gases
in open channels 94-5,278-82
in packed beds 294-7
irrotational 329-30
isentropic 209-16
laminar 4, 23, 33-36, 38-42,
45-47,85-6
non-Newtonian see Non-Newtonian
fluids
patterns in mixing tanks 165, 16?,
171-2
plug 220
potential 328-31
out of a tank 305 .
over a plate 65, see also Accelerated
plate
quasi-steady 305
regimes for compressible flow in
nozzles see Gases
regimes for gas-liquid systems see
Gas-liquid two-phase flow
regimes for incompressible fluids 5,
70
relative to a concentration of
particles 292
relative to a single particle 288
rotational 167, 328
round a sphere 288-90
separation 5, 65,273,288-90
Slug 235-8
steady, definition of 3
streaklines 3
streamline 3,291
stretching 132-3
supersonic 7,203
transition 6, 70, 116,254
turbulent 4-6, 55-69, 70,72, 74-5,
86-93, 190, see also NonNewtonian fluids
unsteady 205-1 9
viscous 4, see also laminar
Flow c w e 49, 53, 104
Flowmeters
discharge coefficients for 272,
2734,280,282
electromagnetic 283-4
head 268,270-82
mechanical 282
nozzle 276
orifice 270-4
Pitot tube 17, 275-7

INDEX

rotameter 282-3
scale errors in 284-6
Venturi 14,275
volumetric flow rate in 277
weir 278-82
Flow rate
calculation of, for compressible flow
216-7
calculation of, for incompressible
flow 15-6,78-80,277-8
calculation of, for incompressible
non-Newtonian fluids 108-9,
117-8
errors in measurement of 284
mass 7-8, 70, 191, 203, 2 14-5,
223,308-1 1
volumetric 7,45
in an annulus 103
in an orifice 271-2,277
in a pipe 45, 85
over a weir 280
Fluid, difference from solid 29
Fluidization 298-300
aggregative 298
bubbles in 298
fast 299
incipient 298
minimum 298,299-300
particulate 298
velocity of 298-300
void fraction 299-300
Form drag 289
Friction
head loss due to 11, 13
skin 289
Friction factor 7 1-5
algebraic expressions for 74-5
basic 72
chart for Newtonian fluids 74, 92-3
Fanning 72,94, 191, 192
for gas-liquid two-phase flow
243-4,241
for laminar flow 73
for non-Newtonian fluids 115,
116-7, 124
for open channel 94
for packed bed 296
for turbulent flow 74
Froude number 173

GAS constant 193
specific 193 '

353

universal 193
Gases
adiabatic flow of 199,200-2, 204,
205
choked flow of 204,2 10,2 12
compressibility factor for 194
compression of 206-7
equation of state for 193
expansion of 194
flow in nozzles 209-1 6
calculation of flow rate 2 16-7,
308-1 1
critical pressure ratio 2 10-2, 2 15
dependence on area 2 13-4
regimes for 209-12
ideal 194
isentropic flow of 195, 209, 2 13,
2145,218
isothermal flow of 195-7
maximum flow rate of 203-4
non-isothermal flow of 199
shock waves in 2 11-2,2 17-8
sonic flow of 210, 212, 214, 215
sonic speed in 202
stagnation temperature in 205
supersonic flow of 203,2 12-3
work of compression of 190
Gas-liquid two-phase flow 2 19-67
annular flow 221,239
bubble columns 227-33
chum flow 219,239
flow patterns (regimes) 2 19-21
flow regime maps 221-3
Homogeneous Model for 239-45
Lockhart-Martinelli correlation
252-5
Mamnelli-Nelson correlation
256-61
Martinelli parameter 255-6
momentum equation 224-5,
239-43,251-2
plugflow 220
pressure drop 225-6, 227, 232-3,
238,240-3
quality (mass fraction gas) 226
reference flows 249-50, 253
Separated Flow Model for 25 1-8
Slug flow 235-8
stratified flow 220
two-phase multiplier 245, 249-50,
253
void fraction 226, 230-3, 238

354 I N D E X

HAALAND equation 75
Hagen-Poiseuille equation 46
Head
developed by an agitator 170
differential in a manometer 269
discharge 141
flowmeters 268,270-82
loss due to friction 11, 80, 140, 306
net positive suction 142-3, 147,
161, 162
potential 11, 140
pressure 11
static 14, 140
suction 141
system 140
total (of pump) 1I , 140, 144
velocity 11, 140
Heat capacity, specific 195,200
Heat transfer 10, 189-90, 197
Hedstrom number 124
Homogeneity 2
Hydraulic slope 94

IDEAL fluids 10, 235
Incremental calculation 242, 248,
308-1 1
Inviscid fluids 10, 235
Isotropy 2

efficiency of 165
Froude number for 173
non-Newtonian liquids 165, 176-9
power curves 174-9
power number for 1 7 3 4 , 183
Reynolds number for 173
scale-up of systems 181-5
standard tank configuration 168,
174
times 172
Weber number for 173
Mixing length 62, 90-1
Modulus
bulk 318
shear 28
Momentum equation 17-20,82
applications of 20-2, 23, 82-3
control volumes for 25, 82, 225
for two-phase flow 2 2 4 5 , 2 3 9 4 3 ,
251-2
Momentum of a flowing fluid 3 17,
3 18-9, see also Momentum
equation
Momentum transfer (diffusional) 46,
59-60
equation of 46,62
rate of 46, 59
Morton number 234

JET 15,305
j friction factor see Friction factor

KARMAN equation 74, 116
Kronecker delta 325
LAMINAR flow see Flow
Laplace's equation 33 1
Lockhart-Martinelli correlation
2 5 2-5
MACH number 203,213
Manometers 268-9,273
Martinelli-Nelson correlation
256-61
Martinelli parameter 255-6
Mass flow rate 7-8, 70, 191, 203,
2145,223,308-1 1
Mass flux 70, 191,215,223, 227
Mass velocity see Mass flux
Memory function 137-8
Mixing 164-85
definition of 164

NAVIER-STOKES equations 322,
325-8
Non-Newtonian fluids
behaviour and classification of 48
Bingham plastic 49, 51, 116, 123-5
consistency coefficient for 50
Cross model 51
definition of 48
dilatant 50, 179, see aho shear
thickening
elastic see viscoelastic
flow behaviour equations for 50-1,
54
flow behaviour index for 50, 113-4,
119,120
Herschel-Bulkley 5 1
Maxwell 54, 134-7
mixing of 165,176-9
power law 5,118-22
pseudoplastic 49, 5 1, see also shear
thinning
rheopectic 53

INDEX

scale-up for flow in pipes 110-1,
130-1
shear thickening 4940,294
shear thinning 49-50, 116, 179,
294
suspensions 125-3 1,
thixotropic 52
time-dependent 48
time-independent 48
turbulent flow of 115-7, 124,
133-4
viscoelastic 48, 53-5, 131-8, 179

PACKED beds 294
Particles
non-spherical 291-2,294
spherical 288-91,292-4,311-2
Path 3-4
Peebles and Garber correlation
233-4
Pipes and pipelines
characteristic time of 3 19
elasticity of 318
entrance and exit losses for 81
force acting on bend 21
roughness of wall 73, 92-3
Power
calculation of, for agitators 179
curves for mixing systems 174-9
number for mixing 173-4, 183
forpumps 152
Power law fluids see Non-Newtonian
fluids
Power law turbulent velocity profile
63,87
Prandtl mixing length 9 1
Pressure
critical 194,257
developed by a pump 143
dynamic 17
impact 320
loss in an orifice meter 273
reduced 194
stagnation 17
static 17
total 17
vapour 142-3, 147
waves 202,2 12,3 17-9
Pressure drop 5, 13
accelerative 14, 225-6, 238
calculation for
flow in a packed bed 297-8
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gas-liquid flow in a pipe 245-9,
260-5
Newtonian flow in a pipe 73,
75-7
non-Newtonian flow in a pipe
117-8
for coils 84
€or compressible flow 191-2,
195-7,199,201
for a contraction 81, 8 3 3 , 122
for an expansion 81-3, 122
for fittings and curved pipes 80-4
for non-Newtonian fluids in pipes
108, 123-5
for packed beds 297
for slurries 302
frictional 14, 34,71,225-6,240.
static head 14, 225-6, 242
total 14, 225-6,242
for two-phase flow see Gas-liquid
two-phase flow
Pressure gradient see Pressure drop
Pressure ratio, critical for flow in
nozzles 2 15, see also Gases
Pressure surge in pipelines 3 17-9
Pseudoplastic fluids see NonNewtonian fluids
Pumps 140-62
cavitation in 142,147, 148
centrifugal 143-59
affinitylaws for 153-4
best efficiency point for 153
characteristic curves for 1 4 4 5
homologous 153
in parallel 156-7
in series 157-9
operating point for 146
power for 152
pressure developed by 144
relations for 152-4
specific speed of 152-3
classification of 140, 159
efficiencies of 160-1
factors in selection of 162
net positive suction head see Head
positive displacement 140, 159-60
external gear 159
power for 160
power losses in 161
priming of 144,160
Purging of stirred tank system
185-7

356 I N D E X

RABINOWITSCH-MOONEY
equation 102-5, 113, 119, 123,
129

Recovery factor 205-6
Relative molecular mass 193
Relaxation time 54, 134-5, 136
Reynolds number 6
critical value in a coil 84
critical value for non-Newtonian
fluids in pipes 116
for boundary layers 66
for bubbles 230,234
for flow round a particle 288
for head flowmeters 273
for mixing 173
for non-Newtonian fluids 114-5,
124

for packed beds 295
for pipes and tubes 70
Reynolds stresses 57, 9 1
Rheopectic fluids see Non-Newtonian
fluids
Richardson-Zaki equation 229,292
SALTATION 301
Scale-up of mixing systems 181
Separators 293
Settling
free 292
hindered 292
ofslurries 300
velocity 293, 301
Shearing between two plates 27-9
Shear rate 30-1, see also Velocity
gradient
in a mixing tank 164
at pipe wall 102
true value for non-Newtonian fluid
104

Similarity
in centrifugal pumps 153
dynamic 182
geometrical 181
kinematic 182
principle of 181
Slumes
non-settling 300-1
settling 300-1
transport of 300-2
Sound, speed of 202,3 17-8
Svheres
drag acting on 288-9 1

flow round 288-90
Stokes’s equation 291,311
Strain 27-8
Streakline 3
Streamline 3, 11,289
Stress 27
components 34,434,325
decomposition of 325
deviatoric 325
inertial 326
normal 44, 131-2
notation 34
relaxation 54, 133, 136
shear 28-33,44
distribution in a pipe 35, 7 1
at pipe wall 3 3 4 , 71
at pipe wall for non-Newtonian
fluids 101,1034, 112
in turbulent flow 59-60, 62, 68,
89-9 1

sign conventions 36-8,41-3
yield 51, 107, 1234, 179
Substantive derivative 322-3
Surface forces 25,324
Surge
in pipelines 3 17-9
vessels 319
Suspensions 125-6
modification of
Rabinowitsch-Mooney equation
for 126-7
Viscosity of dilute 294
wall slip with 125, 126-31
TEMPERATURE
adiabatic stagnation 205
critical 194
reduced 194
Thixotropic fluids see NonNewtonian fluids
Time
characteristic
of flow process 136
of pipeline 3 19
relaxation 54-5, 134, 136
to discharge gas from a tank
308-1 1

to empty a tank of liquid 305-7
tomix 165
to reach 99 Der cent of terminal
velocity 3 1:-2

INDEX

Turbulence
eddies in 55-7
eddy difisivities of 62
eddy viscosity, calculation of 62-4
energy cascade in 56
fluctuations 57-6 1
Reynolds stresses in 57,60-1, 67-8
scales of 56
time averaging of 57-60
transport properties 61-2
turbulent energy production 56,67
Turbulent flow see Flow, and
Turbulence
Two-phase multiplier 249-53, see
d o Gas-liquid two-phase flow
UMTS 1
VALVES
closing of 31 7-9
head losses due to 80
throttling 83, 148-9,317
Velocity
angular 293
average see mean
calculation of in a pipe 6, 8
characteristic 137,see d o Drift flux
dimensionless 89
falling 290-2
fluctuations 57-6 1
correlation of 60-1
fluidization 298
friction or shear stress 89
gradient 31
maximum point in a pipe 87
mean or volumetric average 8
in a pipe 6,45, 72, 76, 78,85, 87
minimum fluidization 299
minimum for slurries 301
point 4
settling 301
slip
for bubbles 228
for suspensions 126-30
standard for slurries 301
superficial in a packed bed 295,
298
terminal 229,233-5,290-2
time-averaged 5, 58
Velocity distribution (profile)
correction factor 12, 86,88
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for laminar Newtonian flow in a pipe
85

derivation of 40-1,46
for laminar non-Newtonian flow in a
pipe 119-21
for power law fluids 1 19
for turbulent Newtonian flow in a
pipe 86-93
for turbulent non-Newtonian flow in
apipe 121-2
logarithmic 92
universal for turbulent flow in a pipe
89-93
Velocity gradient 30
inapipe 85, 87
Velocity head 1 1,80-1, 140
Velocity meters 282
Velocity potential 330-1
Velocity profile see Velocity
distribution
Vena contracta 83,209,271,320
Viscometers
coaxial cylinders 98-100
cone and plate 96-8
tubular 100-2
Viscosity
apparent 48,96,98, 100,114
apparent in mixing tanks 177
apparent for pipe flow 1 14
of dilute suspension 294
dynamic 30,48
eddy kinematic 62,90-1
elongational 133
kinematic 46,48,62,313
mean for gas-liquid mixture 243
Newton’s law of 30,38,325
Viscous dissipation 67
Voidage fraction 294, see d o
Gas-liquid two-phase flow
Volume, specific 189,227
Vortexing in mixing vessels 169, 176
Vortex stretching 56
Vorticies in boundary layers 67
Vorticity 328

WAKE
behind a bubble in a fluidized bed
298
behind a gas slug 237
behind a sphere 288-9
Wallis plot 230-2
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Webernumber 173
Weissenberg effect 132
Work
done on, or by, a fluid 10,189-90
shaft 190

MELD number

124

Yield stress 51, 123, 179

ZERO slip boundary condition
39,40, 103,331

29,

