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Abstract
In this thesis I present a wide-ranging study of localising relational degrees of
freedom, contributing to the wider debate on relationism in quantum mechanics. A
set of analytical and numerical methods are developed and applied to a diverse range
of physical systems. Chapter 2 looks at the interference of two optical modes with
no prior phase correlation. Cases of initial mixed states — specifically Poissonian
states and thermal states — are investigated in addition to the well-known case
of initial Fock states. For the pure state case, and assuming an ideal setup, a
“relational Schrödinger cat” state emerges localised at two values of the relative
phase. Circumstances under which this type of state is destroyed are explained.
When the apparatus is subject to instabilities, the states which emerge are sharply
localised at one value. Such states are predicted to be long lived. It is shown that
the localisation of the relative phase can be as good, and as rapid, for initially mixed
states as for the pure state case. Chapter 3 extends the programme of the previous
chapter discussing a variety of topics — the case of asymmetric initial states with
intensity very much greater in one mode, the transitive properties of the localising
process, some applications to quantum state engineering (in particular for creating
large photon number states), and finally, a relational perspective on superselection
rules. Chapter 4 considers the spatial interference of independently prepared BoseEinstein condensates, an area which has attracted much attention since the work
of Javanainen and Yoo. The localisation of the relative atomic phase plays a key
role here, and it is shown that the phase localises much faster than is intimated in
earlier studies looking at the emergence of a well-defined pattern of interference. A
novel analytical method is used, and the predicted localisation is compared with the
output of a full numerical simulation. The chapter ends with a review of a related
body of literature concerned with non-destructive measurement of relative atomic
phases between condensates. Chapter 5 explores localising relative positions between
mirrors or particles scattering light, addressing recent work by Rau, Dunningham
and Burnett. The analysis here retains the models of scattering introduced by those
authors but makes different assumptions. Detailed results are presented for the

case of free particles, initially in thermal states, scattering monochromatic light and
thermal light. It is assumed that an observer registers whether or not an incident
light packet has been scattered into a large angle, but lacks access to more detailed
information. Under these conditions the localisation is found to be only partial,
regardless of the number of observations, and at variance with the sharp localisation
reported previously.
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Introduction

1.1

Preface

It is a widely accepted principle of modern physics that absolute physical quantities
have no intrinsic usefulness or physical relevance. Typically however, it is difficult
to determine the extent to which some particular theory can be explicitly formulated in relational terms. There is an ongoing debate, and a substantial literature,
which explores different aspects of quantum mechanics from a relational point of
view, within diverse fields including quantum information, quantum gravity and
foundational studies of quantum mechanics. This thesis contributes to this activity
by presenting a comprehensive study of systems wherein some relationally defined
degree of freedom “localises” — becoming well-defined, exhibiting strong correlation, and becoming in some sense “classical”1 — under the action of some simple,
well-characterised dynamical process. Three physical systems are studied in depth,
each built upon a simple measurement-based process. The emphasis is then on the
induced, post-measurement properties of states of these systems. Chapters 2 and 3
1

The precise meaning of “classical” here depends on the physical system being studied. Consider, for example, an optical system wherein a number of “quantum” light sources are phase-locked
by processes of localisation, and are subsequently fed into a system of phase shifters, beam-splitters,
and detectors. The dynamical properties of the light are predicted to be the same as for “classical light” fields with corresponding intensities and phase differences. These fields are generically
described by complex numbers and have absolute optical phases.
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consider the localisation of relative optical phase in interference experiments wherein
light from independent sources leaks onto a beam-splitter whose output ports are
monitored by photodetectors. Chapter 4 looks at the spatial interference of independently prepared Bose-Einstein condensates, a process wherein the localisation
of the relative atomic phase plays a key role. Finally, Chapter 5 discusses the localisation of relative positions between massive particles as they scatter light. This
thesis contributes many new results using both analytical and numerical methods.
Up to now, there has been little attempt to develop in detail the issues common
to examples such as these. This thesis lays out a “modus operandi” that can be
applied widely. Much of the content of this thesis has been published in [Cable05].
As an example of the relevance of this thesis topic, consider the highly involved
controversy concerning the existence or otherwise of quantum coherence in several
diverse contexts — some key examples being the quantum states of laser light, BoseEinstein condensates and Bardeen-Cooper-Schrieffer superconductors. For a recent
overview and fresh perspective on the controversy see [Bartlett05]. To take just one
example, Mølmer in his well-known publications [Mølmer97a, Mølmer97b] challenges
the assumption, common in quantum optics, that the state of the electromagnetic
field generated by a laser is a Glauber coherent state, with a fixed absolute phase
and coherence between definite photon numbers. By treating carefully the gain
mechanism in a typical laser, and pointing to the absence of further mechanisms to
generate optical coherence in standard experiments, he concludes that the correct
form for the state of a laser field is in fact a Poissonian improper mixture2 of number
states with no absolute phase and no optical coherence. A key question is then why
two independent laser sources can demonstrate interference, as has been observed
experimentally. Mølmer argued that in fact there is no contradiction, by detailed
numerical studies. He showed that a suitable process of photodetection acting on
optical modes which are initially in number states, can cause the optical modes to
evolve to a highly entangled state, for which a stable pattern of interference may
be observed. This corresponds to the evolution of a well defined correlation in the
phase difference between the modes. Chapter 2 takes up this example.
2

An improper mixture is a density operator which cannot be given an ignorance interpretation.
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In studying localising relative degrees of freedom a number of questions suggest
themselves regardless of the specific physical realisation that is being considered.
How fast are the relative correlations created, and is there a limit to the degree localisation that can be achieved? What are the most appropriate ways of quantifying
the degree of localisation? How stable are the relative correlations once formed, for
example against further applications of the localising process with additional systems, interaction with a reservoir, and the free dynamics? Does the emergence of
relative correlations require entanglement between the component systems? Does a
localised relative quantum degree of freedom behave like a classical degree of freedom, particularly in its transitive properties? What role does an observer play in
the process of localisation?
In addressing questions such as these, this thesis has several key objectives.
In addition to revisiting the more commonly considered examples of pure initial
states,3 the focus is on initial states which can readily be prepared in the laboratory
or are relevant to processes happening in nature, and in particular on examples of
initial states which are mixed. Working with mixed states it is important to be
wary of common conceptual errors and in particular of committing the preferred
ensemble fallacy. The fallacy is to attribute special significance to a particular
convex decomposition of a mixed state where it is wrong to do so. Another key
goal is to simplify the analyses as much as possible. The emphasis is on deriving
analytical results rather than relying exclusively on stochastic numerical simulations.
A further goal is to identify descriptions of the various measurement processes as
positive operator-valued measures (POVM’s), so as to separate out the characteristic
localisation of the relevant relative degree of freedom from the technical aspects of
a particular physical system. Identifying the relevant POVM’s can also facilitate
analogy between localisation in different physical systems. And finally there is a
preference for specifying in operational terms preparation procedures, and measures
3
The studies of localising relative optical phase in [Mølmer97a, Mølmer97b, Sanders03] consider specifically the case of initial photon number states, which are challenging to produce experimentally (in fact Mølmer’s numerical simulations assume initial Fock states with order 104
or 105 photons). Most of the existing literature concerning the spatial interference of independently prepared Bose-Einstein condensates assumes initial atom number states, for example
[Javanainen96b, Yoo97]. The analysis of localising relative positions between initially delocalised
mirrors or particles in [Rau03, Dunningham04] assumes initial momentum eigenstates.
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of the speed and extent of localisation, rather than relying on abstract definitions
with no clear physical meaning.
At this point mention should be made of some further topics with close connections to this thesis. The first is that of quantum reference frames. Put simply, a
frame of reference is a mechanism for breaking some symmetry. To be consistent,
the entities which act as references should be treated using the same physical laws
as the objects which the reference frame is used to describe. However in pursuing
this course in quantum mechanics there are a number of immediate difficulties to
address. There is the question of the extent to which classical objects and fields are
acceptable in the analysis. Furthermore, in quantum mechanics establishing references between the objects being referenced and the elements of the reference frame
causes unavoidable physical disturbances. Careful consideration of the dynamical
couplings between them is necessary, and in particular the effects of back-action
due to measurement. Finally, translation to the reference frame of another observer
itself requires further correlations to be established by some dynamical process (in
contrast to the simpler kinematical translations between frames possible in classical
theories).
Another recurring topic is that of superselection rules. In the traditional approach a superselection rule specifies that superpositions of the eigenstates of some
conserved quantity cannot be prepared. This thesis involves several examples where
modes originally prepared in states (pure or mixed) with a definite value of some
conserved quantity express interference, but without violating the corresponding
superselection rule globally. Following the more relational approach to superselection rules of Aharonov and Susskind [Aharonov67] states thus prepared, with a
well-defined value for the relative variable canonically conjugate to the conserved
quantity, may be used in an operational sense to prepare and observe superpositions
that would traditionally be considered “forbidden”. There is also the question as
to whether superselection rules contribute to the robustness of the states with a
well-defined relative correlation. In particular, if typical dynamical processes obey
the relevant superselection rule then averaging over the “absolute” variables does
not affect the longevity of these states.
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1.2

Executive summary
Chapter 2: Localising Relative Optical Phase

Chapter 2 looks at the interference of two optical modes with no prior phase correlation. A simple setup is considered wherein light leaks out of two separate cavities
onto a beam splitter whose output ports are monitored by photocounters. It is well
known that when the cavities are initially in photon number states a pattern of
interference is observed at the detectors [Mølmer97a, Mølmer97b]. This is explored
in depth in Sec. 2.1 following an analytic approach first set out in [Sanders03]. The
approach exploits the properties of Glauber coherent states which provide a mathematically convenient basis for analysing the process of localisation of the relative
optical phase which plays a central role in the emerging interference phenomena.
For every run of the procedure the relative phase localises rapidly with successive
photon detections. A scalar function is identified for the relative phase distribution,
and its asymptotic behaviour is explained. The probabilities for all possible measurement outcomes a given time after the start are computed, and it is found that
no particular value of the localised relative phase is strongly preferred. In the case
of an ideal apparatus, the symmetries of the setup lead to the evolution of what is
termed here a “relational Schrödinger cat” state, which has components localised at
two values of the relative phase. However, if there are instabilities or asymmetries
in the system, such as a small frequency difference between the cavity modes, the
modes always localise to a single value of the relative phase. The robustness of
these states localised at one value under processes which obey the photon number
superselection rule is explained.
In Sec. 2.2 a visibility is introduced so as to provide a rigorous and operational
definition of the degree of localisation of the relative phase. The case of initial mixed
states is treated in Sec. 2.3, looking specifically at the examples of Poissonian initial
states and thermal initial states. Surprisingly it is found that the localisation can
be as sharp as for the previous pure state example, and proceeds on the same rapid
time scale (though the localisation for initial thermal states is slower than for initial
Poissonian states). Differently from the pure state case where the optical modes
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evolve to highly entangled states, in these mixed state examples the state of the
optical modes remains separable throughout the interference procedure. Localisation
at two values of the relative phase confuses the interpretation of the visibility, and
a mathematically precise solution is given for the Poissonian case.

Chapter 3: Advanced Topics on Localising Relative Optical Phase
Chapter 3 extends the programme of Chapter 2 in a variety of directions. The
evolution of the cavity modes under the canonical interference procedure can be
expressed simply in terms of Kraus operators a ± b (where a and b are the anni-

hilation operators for the two modes)4 corresponding to photodetection at each of
the photocounters which monitor the output ports of the beam splitter. A formal
derivation of these Kraus operators is presented in Sec. 3.1. The situation of initial
states with very different intensities in each mode is addressed in Sec. 3.2. A key
motivation for considering these asymmetric initial states is to shed light on the
situation when a microscopic system is probed by a macroscopic apparatus. The
discussion here takes the example of initial optical Poissonian states. The relative
phase distributions and the probabilities for different measurement outcomes are
found to differ substantially compared to the case of initial Poissonian states with
equal intensities for the modes. Special attention is paid to the questions of whether
there are preferred values for the localised relative phase and the speed of the localisation. It is shown that the relative phase localises more slowly when the initial
states are highly asymmetric. The transitive properties of the localisation process
are clarified in Sec. 3.3, again taking the example of initial Poissonian states. The
localisation process acts largely independently of prior phase correlations with external systems (although the asymmetric depletion of population with respect to
external modes has some effect). The localised quantum relative phases have the
same transitive properties as classical relative phases. Loss of a mode does not alter
the phase correlations between the systems which remain.
Sec. 3.4 explores how the canonical interference procedure could be used to engineer large photon number states using linear optics, classical feed forward, and a
4

If there is an additional fixed phase shift ξ in the apparatus, the measurement operators take
the form a ± eiξ b. The characteristic localisation is the same.
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source of single photons. Single photons can be “added” probabilistically, by combining them at a beam splitter and measuring one of the output ports, yielding a
2-photon Fock state with probability 0.5 (as suggested by the well-known Hong, Ou
and Mandel dip experiment [Hong87]). In principle this procedure could be iterated
to yield progressively larger number states. However, this is highly inefficient and a
protocol is presented here which greatly improves the success probabilities. Simply
stated, the idea is to sacrifice a small number of photons from the input states before each “addition”, in order to (partially) localise the relative phase, and then to
adjust the phase difference to 0 or π. Subsequent combination at a beam splitter,
and measurement of the output port with least intensity, yields a large Fock state at
the other output port with much improved probability. Proposals for Heisenberglimited interferometry provide one direct application of large photon number states.
In addition, when used as the initial states for the canonical interference procedure,
large photon number states can be used to make relational Schödinger cat states,
and these also have potential applications. For example, when the components of
a relational Schrödinger cat state have relative phases different by approximately
π, the cat state can easily be converted into a “NOON” state5 (a superposition
of Fock states of the form |Ni|0i + |0i|Ni). NOON states are currently attracting

considerable research interest.

Sec. 3.5 discussions a relational perspective on the topic of superselection rules.
Aharonov and Susskind suggest in [Aharonov67] that superpositions forbidden in
the conventional approach of algebraic quantum field theory can, in fact, be observed in a fully operational sense, by preparing the apparatus in certain special
states. However, the states suggested by Aharonov and Susskind are not easy to
prepare. Here optical mixed states with well localised relative phases and large
intensities are presented as alternatives. These can be readily prepared and serve
the same purpose with no loss due to the lack of purity. Finally Sec. 3.6 suggests
possible future extensions of the work in Chapters 2 and 3, for example clarifying
the consequences for the canonical interference procedure of detector inefficiencies
5

More specifically, a phase shifter and a beam splitter can be used to convert the relational
cat state into an “approximate NOON state” — for which the amplitude of the NOON state
component is very much larger than other contributions.
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typical for experiments in the optical regime.

Chapter 4: Interfering Independently Prepared Bose-Einstein
Condensates and Localisation of the Relative Atomic Phase
Chapter 4 looks at the interference of two, independently prepared, Bose-Einstein
condensates which are released from their traps and imaged while falling, as they
expand and overlap. High contrast patterns of interference have been observed
experimentally [Andrews97]. In many theoretical treatments of Bose-Einstein condensation every condensate is assigned a macroscopic wavefunction. This presumes
an a priori symmetry breaking that endows a condensate with a definite absolute
phase. Interference is trivially predicted on this basis. However this description
poses various conceptual difficulties. In particular, it implies coherences between
different atom numbers at odds with conservation of atom number, is commonly
justified in terms of symmetry breaking fields with no clear physical relevance, and
invokes absolute phases with values which cannot be measured even in principle.
This is discussed more in Sec. 4.1. Such assumptions are, however, not necessary
to predict the spatial interference of independently prepared condensates, as was
first demonstrated in detail by Javanainen and Yoo [Javanainen96b]. They studied
the problem numerically for the case when the condensates are initially in number
states.
A new analysis of the interference process is presented in Sec. 4.2, based on
the same measurement model as used by Javanainen and Yoo. Localisation of the
relative atomic phase plays a key role. The process of localisation is the same as
discussed in Chapter 2 for localising relative phase between optical modes, in the case
of an asymmetry or instability in the apparatus causing random phase shifts between
photon detections. The visibility, defined in Sec. 2.2 of Chapter 2 to quantify the
localisation of relative optical phase, can be translated into the current context. It
has a simple interpretation in terms of the probability distribution for single atom
detection. The case of initial Poissonian states is analysed in detail. The localisation
is messy and a novel method is presented to characterise it. It is predicted that the
relative phase distribution after the first few atom detections, defined in terms of a
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√
basis of coherent states, takes the form of a Gaussian with width between 2/ D and
√ √
2 2/ D (where D denotes the total number of such detections). In particular, the
relative phase is predicted to localise rapidly to one value, and very much faster than
the emergence of the clearly defined patterns of interference simulated by Javanainen
and Yoo, and others. Numerical simulations produce results sustantially consistent
with this analysis, although the analytically derived rate of localisation is found to
represent a slight underestimate. The discussion proceeds to open questions asking
what, in principle, is lost when the spatial interference is analysed on the basis of
a naive prior symmetry breaking. Finally, Sec. 4.3 reviews a recent experiment and
several different theoretical proposals, concerning non-destructive measurements of
the relative phases between condensates by optical means.

Chapter 5: Joint Scattering off Delocalised Particles and Localising
Relative Positions
Chapter 5 looks at localising relative positions between massive particles scattering light. The starting point is a recent article [Rau03] which examines two simple
models of scattering, which are reviewed at length in Sec. 5.1. In the first “rubber
cavity” model, a succession of photons pass through a Mach-Zehnder interferometer
and are detected at photocounters monitoring the output ports, localising the relative position between two delocalised mirrors in the interferometer. In the second
“free particle” model, plane wave photons are scattered off two particles delocalised
in a one dimensional region and are detected in the far field. The photons are either
deflected at a definite angle or continue in the forward direction. The localisation in
the “rubber cavity” model resembles that discussed in Chapter 2 concerning relative
optical phase. Differently, when the light source is monochromatic the localisation
of the relative position is periodic on the order of the wavelength of the light. For the
“free particle” model the greatest difference is that the momentum kick imparted
for each photodetection is variable, leading to localisation at a single value.
The localisation in the free particle model of scattering is explored in detail in
Sec. 5.2 and Sec. 5.3, making different assumptions. The initial states in [Rau03]
are momentum eigenstates which are not particularly realistic. Instead the initial
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state of the particles is taken to be thermal. The situation considered is that of an
observer viewing a distant light source. The incident light is either forward scattered
by the particles into the field of view of the observer or deflected, in which case the
light source is observed to dim. Results are presented for the cases of the incident
light being monochromatic and thermal. In both cases the localisation is only partial
even after many detections, in contrast to the sharp localisation reported in [Rau03].
Possible future calculations are suggested in Sec. 5.4.

Chapter 6: Outlook
The Outlook suggests several possible directions for future research on this thesis
topic. The “modus operandi” developed in Chapters 2 through to 5 can easily be
adapted to answer a range of further questions, and can also be applied to other
physical systems. For example, it should be possible to analyse processes localising
the relative angle between two spin systems along the lines of calculations in this
thesis. In another direction, it is expected that the discussion in Chapter 4, concerning the interference of atomic Bose-Einstein condensates, is relevant to systems
of superconductors. This is suggested by the fact that Bose condensation of Cooper
pairs — weakly bound electron pairs — plays a central role in the Bardeen-CooperSchrieffer theory of superconductivity. One concrete system where localisation of
a relative superconducting order parameter could be investigated is that of bulk
superconductors placed close together, and coherently coupled by a mechanically
oscillating superconducting grain. Theoretical studies have been published which
provide a well characterised model for the dynamical evolution of such a setup.
Chapters 2, 3 and 4, which focus in different ways on the localisation of relative quantum phases, are relevant to the debate concerning different mathematical
characterisation of phase measurements in quantum mechanics. One possible future
project might study the expected decorrelation of some relative number variable,
that would be expected to accompany the localisation of a given relative phase variable. For example, what happens when the respective modes have different intensities? This might shed some light on the dictum “number and phase are canonically
conjugate quantum variables”. In another direction, processes of localisation are
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relevant to synchronising “quantum clocks”, the subject of an extensive literature
concerned with problems of time in quantum mechanics. Finally, states with a well
defined relative correlation, of the type whose preparation is discussed in this thesis,
have potential application as pointer states in the theory of decoherence. These
states exhibit quasi-classical properties and, in many cases are predicted to be long
lived with respect to coupling to an environment.
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2
Localising Relative Optical Phase

This chapter looks at the interference of two, fixed frequency, optical modes which
have no prior phase correlation, presenting and extending work published in [Cable05].
A simple setup is considered wherein light leaks out of two separate cavities onto a
beam splitter whose output ports are monitored by photodetectors. It is well known
that when the cavities are initially in photon number states a pattern of interference is observed at the detectors. The dynamical localisation of the relative optical
phase plays a key role in this process. Key studies are presented in [Mølmer97a,
Mølmer97b, Sanders03] and some results are also reported in [Chough97], all focusing on the case of initial number states with the same photon number in each
mode. Some results for the first and second photodetections are also presented in
[Pegg05] for the general case of mixed initial states with zero optical coherences. The
work here adopts the analytic approach introduced in [Sanders03] and represents a
substantial development of the topic.
Sec. 2.1 looks in detail at the case when the cavity modes are initially in photon number states. It first explains the basic setup and provides some intuition as
to why interference phenomenon are observed. Mølmer’s numerical treatment of
the problem in [Mølmer97a, Mølmer97b] is also summarised. Adopting a basis of
Glauber coherent states, Sec. 2.1.1 investigates the evolution of the relative phase
distribution for all possible measurement sequences. Expressions for the asymptotic
forms of the relative phase distributions are also given. The probabilities for all pos-
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sible measurement outcomes a given time after the start are evaluated in Sec. 2.1.2,
and it is found that no particular value of the localised relative phase is preferred
in this example.1 In addition it is seen that an additional fixed phase shift in one
of the arms of the apparatus does not alter the experiment. The emergence in
an ideal experiment (one without phase instabilities) of what is termed a relational
Schrödinger cat state is discussed in Sec. 2.1.3. Sec. 2.1.4 discusses the robustness of
states sharply localised at one value of the relative phase, including a brief summary
of the relevant simulations in [Mølmer97b].
A visibility is introduced in Sec. 2.2 as a means to rigorously quantify the degree
of localisation of the relative phase. It ranges from 0 (no phase correlation) to 1
(perfect phase correlation). In Sec. 2.3 the analysis of Sec. 2.1 is extended to the
case of mixed initial states, which is more realistic experimentally. Specifically the
case of Poissonian initial states is treated in Sec. 2.3.1, and of thermal initial states
in Sec. 2.3.2. Differently from the pure state case where the localised state of the
two cavity modes is highly entangled, in these mixed state examples the state of
the cavity modes remains separable throughout the interference procedure. The
visibilities for the final states are computed for all possible measurement sequences.
Surprisingly it is found for both examples that the localisation can be as sharp as for
initial pure states, and proceeds on the same rapid time scale. In fact the localisation
turns out to be slightly slower for the thermal case. For Poissonian initial states the
visibility jumps from 0 to 1/2 after just one measurement, whereas for thermal initial
states is jumps to 1/3. When the interference procedure involves the detection of
more than one photons, and photons are registered at both detectors, the relative
phase localises at two values. The visibilities for these cases underestimate of the true
degree of localisation, and a solution is presented for the Poissonian case. Finally
2.3.3 discusses the consequences of errors from the photodetectors, which is a feature
of any real experiment.
1
Different outcomes at the detectors are associated with localisation at different values of the
relative phase. Some measurement outcomes are more likely than others. However the least
likely measurement outcomes cause localisation at values which are closer together. Overall the
localisation process does not “prefer” any particular range for the localised relative phases for this
choice of initial states.
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2.1

Analysis of the canonical interference procedure for pure initial states

A simple operational procedure for both causing and probing the localisation between two optical modes is depicted in Fig. 2.1. Two cavities containing N and
M photons respectively at the start (and thus described by pure initial states |Ni
and |Mi) both leak out one end mirror (via linear mode coupling). Their outputs

are combined on a 50 : 50 beam splitter, after which they are detected at two
photocounters.

Figure 2.1: Photon number states leak out of their cavities and are combined on a
50:50 beam splitter. The two output ports are monitored by photodetectors. In the first
instance the variable phase shift ξ is fixed at 0 for the duration of the procedure.

Despite the cavities initially being in Fock states with no well-defined relative
phase it is well known that an interference pattern is observed at the two detectors.
The interference pattern can be observed in time if the two cavities are populated by
photons of slightly differing frequencies or, as in standard interferometry, by varying
a phase shifter placed in one of the beam splitter ports. Despite the evolution for
the system taking place under an effective superselection rule for photon number,
coherence phenomena depending on the conjugate phases are thus observed. The
reason for this contradiction with the dictum “number and phase are conjugate
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quantities” may be understood as follows.
Consider the case after a single photon has been detected at one of the detectors.
q
q
N
Then the new state of the two cavities is N +M
|N −1i|Mi ± N M
|Ni|M −1i i.e.
+M

it is entangled. It is simple to show that the second photon is much more likely to be
registered at the same detector. The exact ratio of the probabilities of being counted
at the same detector and at the other is N 2 +M 2 −N −M +4NM to N 2 +M 2 −N −M.

When N = M this ratio is strictly greater than 3, and tends sharply to infinity as
N and M approach 1. This is in agreement with the phenomenon demonstrated
by the well-known Hong, Ou and Mandel dip experiment [Hong87], whereby two
uncorrelated and identical photons, simultaneously incident on the input ports of
a 50 : 50 beam splitter must both be registered at the same output port. Further
detections lead to a more and more entangled state. It is not so surprising then
that detections on an entangled state lead to some form of interference pattern. In
essence after a small number of detections the relative number of photons in each
cavity is no longer well defined, and so a well defined relative phase can emerge.
Note that this is only possible if the beam splitter, detectors and cavities all have
well-defined relative positions.
One method for confirming this intuition is to use a quantum jumps approach
(for a review of quantum jump methods see [Plenio98] and references therein), and
numerically simulate such a system through a number of detection procedures. Such
an approach was taken in Sec. III of [Mølmer97a] and Sec. 4 of [Mølmer97b], and
some important features of those studies are highlighted here. Mølmer assumes a
frequency difference ωb−ωa between the two cavities, which gives rise to an interfer-

ence pattern in time. The cavities are assigned equal decay rates Γ for leakage onto
the beam splitter, leading to exponential decay laws for the cavity intensities and the
photon count rates. Mølmer looks at the case that both cavities start with the same
number of photons, N say, and the chosen values of N are large. In [Mølmer97a] the
choice of parameters is N = 105 and ωb −ωa = 1000Γ, and in [Mølmer97b] N = 5000
and ωb −ωa = 30Γ.2 Sharp localisation of the relative phase occurs as the first few

photons are detected, which manifests itself as continuous oscillation in the count
2

In contrast the analysis in this chapter for pure initial states applies for arbitrary initial cavity
photon number N .
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rates at the two photodetectors as further photons are registered. This oscillation
takes place on a time scale 1/(ωb − ωa ), with a high count rate alternating between

the detectors. Mølmer also looks at the evolution of the quantity Q = hψ|a† b|ψi

(where |ψi is the state of the two cavities and, a† and b are creation and annihilation
operators for cavities A and B respectively).3 This quantity determines the count

rates at the detectors and makes a rapid transition from a random to a harmonic
evolution as the first few photons are registered. However simulations such as these
yield little in the way of physical insight. The following discussion is based instead
on an analysis introduced in [Sanders03].

2.1.1

Evolution of the localising scalar function

To begin, the initial state |ψI i = |Ni|Mi of the cavities is expanded in terms of
coherent states |αi, |βi:

|ψI i = N
with α =

√

N eiθ , β =

√

Z 2πZ
0

2π
0

dθdφe−i(N θ+M φ) |αi|βi

M eiφ , and the normalisation N = 1/

(2.1)
p

ΠN (N)ΠM (M)4π 2

where Πn (µ) = µn e−µ /n! is the Poissonian distribution. For the properties of coherent states refer [Glauber63] (for pedagogical reviews see [Klauder85, Gerry04]). At
first the normalisation in Eq. (2.1) will be ignored for simplicity.
Consider now the case that a single photon is detected at either the left detector
DL or the right one DR . Since only the change of the state of the cavity modes is
of interest the exterior modes may be treated as ancillae, and corresponding Kraus
operators KL and KR describing the effect of the detection on the cavity modes only
may be determined (for an explanation of the basic properties of Kraus operators
see for example Chapter 8 of [Nielsen00]). Treating in a basis of coherent states the
leakage of the cavity populations into the ancillae, and subsequent combination at
a beam splitter and photodetection, as is done in [Sanders03], immediately suggests
the form of KL and KR as proportional to a±b (where a and b are annihilation operators for the modes in cavity A and B respectively). The constant of proportionality
3

More specifically he considers 2Re(Q)/(2N − D) (where Re(·) denotes the real part of some
complex number and D denotes the total number of detected photons).
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depends on the transmittivity of the cavity end mirrors. For the purposes here of
examining the main features of the localising relative phase, this result is assumed
to be correct, and a careful verification is delayed to Sec. 3.1 of Chapter 3.4 It may
be observed immediately that these simple expressions for KL and KR constitute a
complete measurement process. This reflects the assumptions that the beam splitter
is lossless and acts as a unitary process on the ancillae. The equal weighting of a
and b reflects the assumptions that the beam splitter is 50 : 50 splitting, and that
rates of the leakage from both cavities onto the beam splitter are the same.
In the event that some number l of photons are registered at DL and r at DR ,
the state of the two cavities evolves as follows:
|ψI i → KLl KRr |ψI i
ZZ
l
r
dθdφe−i(N θ+M φ) |αi|βi
∝ K L KR
ZZ
∝
dθdφe−i(N θ+M φ) (α − β)l (α + β)r |αi|βi
The scalar function,
Cl,r ≡ (α − β)l (α + β)r ,

(2.2)

encodes information about the localisation in the relative phase which occurs between the two cavities. It should be pointed out that in this example there is some
ambiguity over the definition of Cl,r . In expanding a Fock state in terms of coherent
R 2π dϕ −inϕ √ iϕ
e
| me i, the number m is free to take any positive
states, |Ni = √ 1
0 2π
Πn (m)

value — the key feature of the expansion for a state with N photons is that the
integral must encircle the origin in phase space N times (where the phase space is
the complex plane for the variable labelling the basis of coherent states). Altering
the relative amplitudes of α and β in Eq. (2.1) will alter the relative phase distribution contained in Cl,r . When the cavities begin in the same photon number state
the natural choice is to set the amplitudes of the coherent states the same for both
modes.
4
The operators a ± b are also derived in [Mølmer97a, Mølmer97b] and [Pegg05] using different
arguments. Detailed calculations later in this chapter do not assume this result but treat the
evolution of the cavity and ancilla modes in full.
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Figure 2.2: The evolution of Cl,r (θ, φ). In (a) localisation about ∆0 = π after 1, 5
and 15 counts when photons
√ are recorded in the left photodetector only. (b) localisation
about ∆0 = ±2 arccos 1/ 3 ∼ 1.9 after 3, 6 and 15 counts when twice as many photons
are recorded in the left detector as the right one. The symmetry properties of the Kraus
operators KL and KR cause Cl,r to have multiple peaks (either one or two for ∆ ranging
on an interval of 2π).

For the purposes here it is sufficient to focus on the symmetric case N = M
when both cavities begin in the same state. It should be noted however that the
physics of the highly asymmetric case is somewhat different (for further discussion
refer Sec. 3.2 of Chapter 3). Setting |α| = |β|, the “localising scalar function” Cl,r

takes the form,

Cl,r (θ, φ) = N (l+r)/2 (eiθ − eiφ )l (eiθ + eiφ )r

(2.3)

= (4N)(l+r)/2 (−i)l ei(l+r)(θ+φ)/2 sinl ∆2 cosr ∆2
where ∆ ≡ φ−θ. Factors that do not depend on θ, φ will be ignored for the moment,
since they will be taken care of by normalisation.

Of particular interest is the behaviour of Cl,r (θ, φ) as the total number of detections l + r gets larger. Asymptotic expansions [Rowe01] for Cl,r (θ, φ) can be used to
examine this limit. When photons are detected at both detectors,
sinl ∆2
where ∆0 ≡ 2 arccos

cosr ∆2

≈

r

h
ll r r
exp
−
l+r l+r

l+r
4

(∆−∆0 )2

i

(2.4)

p
r/(r + l) when ∆ takes values between 0 and π, and ∆0 ≡
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2π − 2 arccos

p

r/(r + l) between π and 2π. ∆0 denotes the values of the relative

phase around which the localisation occurs. When all the photons are detected at
one detector the appropriate expressions are
cosr ∆2
sinl

∆
2

h

r 2
∆
8

i

≈ exp −
for ∆ ∈ [−π, π],
h
i
≈ exp − 8l (∆−π)2
for ∆ ∈ [0, 2π].

(2.5)

In every case asymptotically |Cl,r | takes the form of a Gaussian distribution with
√
√
width (two standard deviations), 4/ r (or 4/ l) when the counts are all at one
√ √
detector or 2 2/ l + r otherwise, decreasing with the total number of detections.
As l + r grows the state of the two cavities evolves into a superposition (over
global phase) of coherent states with an increasingly sharply defined relative phase.
A plot showing the evolution of Cl,r (θ, φ) is shown in Fig. 2.2. This localisation
in the relative phase is responsible for the interference phenomena seen at the two
detectors, as was examined numerically in [Mølmer97a, Mølmer97b].

2.1.2

The probabilities for different measurement outcomes

The value ∆0 at which the relative phase localisation occurs depends on (the ratio
of) the specific number of photons l and r detected at each detector. This is of
course probabilistic. Letting Pl,r denote the probability of detecting l and r photons
at the left and right detectors respectively, a complete expression for Pl,r may be
obtained by a simple heuristic treatment of the dynamics as in [Sanders03]. It is
supposed that population leaks out of each cavity modes into an ancilla according
to a linear coupling with parameter ǫ, where ǫ is small. The ancillae evolve under
the action of a 50 : 50 beam splitter. Subsequent action of the projection operators
|lihl| and |rihr| on the ancillae corresponds to the detection of l photons at the left

detector and r photons at the right detector.

It is helpful here to take a brief diversion to clarify the mathematics of a general
dynamical evolution under some linear mode coupling, which is supposed here to
govern the leakage from each cavity, and the action of the beam splitter. Denoting
ˆ a linear
the creation and annihilation operators for some pair of modes ĉ† , ĉ and dˆ† , d,
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mode coupling Hamiltonian is a linear combination of energy conserving terms of
the form,



Hlmc = i ϑe−iξ ĉ† dˆ − ϑeiξ ĉdˆ† ,

where ϑ and ξ are real parameters. Evolution over some time t is then given by the
unitary operator,


Ulmc (ϕ, ξ) = exp −iĤlmc t


= exp ϕe−iξ ĉ† dˆ − ϕeiξ ĉdˆ† ,
where ϕ ≡ ϑt. One particularly important property of linear mode couplings is that

they evolve products of coherent states to products of coherent states. Specifically
for coherent states with complex parameters α and β,
Ulmc (ϑ, ξ) |αi |βi = α cos ϑ + βe−iξ sin ϑ −αeiξ sin ϑ + β cos ϑ .

Leakage into the vacuum is described by β = 0 and a small value for ϑ so that
√
√
cos ϑ = 1−ǫ and sin ϑ = ǫ where ǫ is small (and say ξ = π). The linear mode
coupling then acts as,

√
√
|αi|0i −→ | 1−ǫαi| ǫαi.

For a 50 : 50 beam splitter ϑ = π/4 so that (with the additional phase shift ξ = 0
say),
α+β
|αi |βi → √
2



−α + β
√
2



.

Many calculations are facilitated by considering how a linear mode coupling transforms the creation and annihiliation operators. This is given by,5
U † (θ, φ)ĉU (θ, φ) = cos θĉ + e−iφ sin θdˆ
ˆ (θ, φ) = −eiφ sin θĉ + cos θdˆ.
U † (θ, φ)dU

Sometimes ĉ and dˆ are referred as “input” field operators and denoted ĉin and dˆin say, while
after unitary transformation the operators are called “output” field operators so that ĉout = U † ĉin U
and dˆout = U † dˆin U . This notation is not used here.
5
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Returning to the interference procedure the full expression for the cavity modes
after the measurement process has acted is,
Z
√
√
N dθdφe−iN (θ+φ) Cl,r (ǫ, θ, φ) 1 − ǫα
1 − ǫβ ,
where the normalisation factor N = (ΠN (N)4π 2 )−1 and,
Cl,r (ǫ, θ, φ) =



√ α+β
r ǫ √
2



√ −α + β
l ǫ √
2



,

(2.6)

where hr| and hl| denote photon number states. The probability Pl,r is given by,
N

Z

2

√

×

i

i

′

′

dθdθ′ dφdφ′e− 2 (2N −r−l)(θ+φ) e 2 (2N −r−l)(θ +φ )
× Cl,r (ǫ, θ, φ)Cl,r (ǫ, θ′ , φ′)∗
1 − ǫα′

√

√

1 − ǫα

1 − ǫβ ′

√

1 − ǫβ .

To simplify this expression one can at first proceed naïvely, taking the overlaps of
the basis states to be zero, to derive an approximate expression for Pl,r which can be
compared numerically to the real values. It might be guessed that the approximate
expression thus derived will hold good when several, but not too many, photons
√
√
have been recorded so that Cl,r is narrow while the amplitudes 1 − ǫα, 1 − ǫβ

are still large. Hence assuming,


hα′ |αi = exp −|α − α′ |2 ∼ δ(φ − φ′ )

hβ ′ |βi = exp −|β − β ′ |2 ∼ δ(θ − θ′ ),
and using the relation for the gamma function Γ(.),
Z 2πZ
0

0

2π

dφ dθ
2π 2π

cos2r

∆
2

sin2l

∆
2

=

Γ(r + 0.5)Γ(l + 0.5)
πΓ(r + l + 1)

the following approximation for Pl,r is obtained,


(2ǫN)r+l −2ǫN (r + l)! Γ(r + 0.5)Γ(l + 0.5)
e
.
Pl,r ≈
(r + l)!
r!l!
πΓ(r + l + 1)
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Figure 2.3: A plot of the exact values of the probabilities Pl,r for all the possible measurement outcomes to the procedure a finite time after the start, against the absolute
value of the relative phase which is evolved. The initial state is |20i |20i and the leakage
parameter ǫ, corresponding roughly to the time, has a value of 0.2. Each spot corresponds to a different measurement outcome with l and r counts at detectors Dl and Dr
respectively.
 ∆0 of the relative phase which evolves in each case is given by
p The value
r/(r + l) .
2 arccos

It is found numerically that this approximation is surprisingly good, and applies
quite generally whenever ǫ is small. The fractional error goes roughly as 0.6ǫ, growing
linearly with the leakage parameter. As for its general features Pl,r is seen to be a
product of a global Poissonian distribution in the total number of detected photons
l + r and a second function depending on the precise ratio of counts at Dl and Dr .
A plot of the exact values for the probabilities Pl,r for different measurement
outcomes is plotted in Fig. 2.3 for typical parameter values ǫ = 0.2 and initial state
|20i |20i, with each spot corresponding to a possible outcome. ǫ corresponds to a

time parameter, an approximation which holds good provided ǫ is not too large.
The distribution Pl,r gives the likely degree of localisation of the relative phase ∆
a finite time after the start of the procedure, and the values ∆0 which are picked
out. Looking at the precise distribution in Fig. 2.3, it is seen that given ǫ = 0.2 it is
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most likely that 7 photons (approximately 2ǫN) have been counted (corresponding
to the ridge). For the most probable outcomes all the photons are counted at one
detector, in which case the relative phase localises at 0 or π. However the density
of points is greatest about ∆0 = π2 , and for these outcomes there are approximately
equal counts at both detectors. Overall no particular value of the localised relative
phase is preferred in this example.
Finally it is interesting to ask how the probabilities for different sequences of
detections are altered if the phase shift ξ between cavity B and the beam splitter
(refer Fig. 2.1) is a fixed at a value not equal to 0 for the duration of the procedure.
The phase shift alters the function Cl,r (ǫ, θ, φ), Eq. (2.6), according to a translation
in the relative phase i.e. ∆ ≡ φ − θ → ∆ + ξ. The Kraus operators Kl and Kr for

the altered apparatus are a ± eiξ b. Looking now at the effect of r “right” detections
and l “left” detections on the initial state |Ni|Ni in a basis of Fock states,
|Ni|Ni → (a + eiξ b)r (a − eiξ b)l |Ni|Ni
i(l+r−j)ξ
= Σl+r
|N − ji|N − l − r + ji,
j=0 dj e

(2.8)

where the dj are some coefficients independent of ξ, reveals that the dependence on
ξ drops out on taking the norm of the final state. Hence the probabilities Pl,r are not
affected by the additional phase shift despite the asymmetry in the apparatus. The
phase shift ξ is seen to be relevant operationally only if altered at different stages
during the procedure.

2.1.3

Symmetries of the localising procedure and relational
Schrödinger cat states

Once a given measurement outcome has occurred with l and r counts at the left and
right detectors respectively the resultant state of the two cavities has two symmetries. This is demonstrated by the explicit form of Cl,r , Eq. (2.3), and in Fig. 2.2. A
2π translational symmetry identifies physically identical phases. In addition there
is symmetry in Cl,r about ∆ = 0. This exists because the procedure as described so
far localises the absolute value of the relative phase.
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When photons are detected at both ports Cl,r is peaked at two different values
±∆0 . Looking at the asymptotic form of Cl,r as l and r tend to large values it is
observed that the state that emerges, |ψ∞ i, takes the following form:
|ψ∞ i ∝

iθ

Z

2

dθe−i2|γ| θ |γi
h
i
i|γ|2∆0
−i∆0
−i|γ|2∆0
i∆0
⊗ e
|γe i+e
|γe
i ,

where |γi = ||γ|e i and |γ| =

q

N−

l+r
2



(2.9)

. The relative component of the two mode

state, contained in the square brackets, is a superposition of two coherent states with
the same amplitude but different phases ±∆0 — ordinarily called a Schrödinger cat

state. |ψ∞ i has in addition a sum over all values of the global phase θ. A state of the
form Eq. (2.9) could be termed a relational Schrödinger cat state. It may be asked

why values of the relative phase with the same magnitude but opposite sign may not
be identified as equivalent, in particular since either one of the two components of
Eq. (2.9) separately gives rise to the same probabilities for further detections at the
left and right photocounters. As an example of why the two values of the relative
phase are not equivalent consider the case that a relational Schrödinger cat state is
formed with |∆0 | ≃ π/2, and the phase shifter (refer back to Fig. 2.1, initially fixed

at ξ = 0) is subsequently adjusted by π/2. With high probability later photons will

all be detected at one detector, which is randomly the “left” or “right” one varying
from run to run of the experiment. This behaviour is not consistent with a state
sharply localised at one value of the relative phase.
Creating the superposition Eq. (2.9) would however be experimentally challenging as it requires perfect phase stability. In practise it is found that the relational
Schrödinger cat is sensitive to any asymmetry or instability in the system. The effect
of a randomly varying phase is to cause localisation about one particular value of
the relative phase. This phenomenon is evident in the numerical studies of Mølmer
[Mølmer97a, Mølmer97b]. These incorporate a slight frequency difference between
the two cavity modes causing the free evolution to have an additional detuning term
exp i(ωb − ωa )b† bt. Combined with the random intervals between detections, this

means that the process can be described by Kraus operators a ± eiσ b where the
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phase σ takes random values for each photodetection. The relative phase then takes
a unique value varying randomly for each run. A dynamically equivalent process
occurs when atoms from two overlapping Bose Einstein condensates drop onto an
array of detectors and are detected at random positions; a detailed discussion of this
point is given in Sec. 4.2.1 of Chapter 4.
In the case of an idealised setup for which the phase shifts throughout the apparatus remain fixed, one component of the relational Schrödinger cat state can
be removed manually. Suppose that after l and r photons have been detected at
Dl and Dr in the usual way, the phase shifter is adjusted by ±∆0 , and then the

experiment is continued until a small number of additional photons have been de-

tected. The phase shift translates the interference pattern in such a way that the
additional counts will occur at one detector (with high probability). The additional
measurements eliminate the unwanted component of the cat state and confirm a
well-defined relative phase.

2.1.4

Robustness of the localised states and operational equivalence to tensor products of coherent states

The next important feature of the canonical interference process concerns the robustness of the localisation. In the limit of a large number of detections, the state
of the two cavities becomes equivalent to
|ψ∞ i =

Z

2

dθe−2i|γ| θ |γi|γei∆0 i,

(2.10)

with |γi = ||γ|eiθ i some coherent state. The coherent states, being minimum uncertainty gaussian states, are the most classical of any quantum states (see for example

Chapter 2 of [Scully97]). Thus states of the form |γi|γei∆0 i are expected to be robust. However |ψ∞ i is a superposition over such states, and this could potentially

affect the robustness. That this is not the case can be understood by noting that the
superposition in Eq. (2.10) is summed over the global phase6 θ of the coherent states.
6

“global phase” here is not referring to the always insignificant total phase of a wavefunction,
†
but rather the phase generated by translations in photon number: eia a . This is still a relative
phase between different states in the Fock state expansion of a coherent state.

36

2.1 Analysis of the canonical interference procedure for pure initial states
Under evolutions obeying an additive conservation of energy rule (photon-number
superselection), which is essentially the extremely good rotating-wave approximation of quantum optics, this global phase becomes operationally insignificant (refer
[Sanders03]). This is discussed further in Sec. 3.5, Chapter 3.
Evidence of the robustness of the localised state Eq. (2.10) has also been provided by numerical studies reported in Sec. 5 of [Mølmer97b], and a summary of
Mølmer’s findings is as follows. The setup considered was similar to that depicted
in Fig. 2.1 except the cavities had a slight frequency difference, and each cavity
was assumed to be coupled to an additional, independent, reservoir. Mølmer first
looked at the scenario in which the reservoirs acted as additional decay channels
and had decay rates equal to that which determined the leakage onto the beam
splitter. The characteristic oscillation of the counts rates at the two measured ports
of the beam splitter was found to be unchanged by this additional leakage, although
the intensities of the cavity fields and the counts rates decayed twice as fast. In
the second scenario considered the reservoirs were thermal and photons could feed
into the cavity as well as out. The photodetector count rates were more difficult
to interpret in this example. The diagnostic variable 2Re(hψ|a† b|ψi), where a and
b denote annihilation operators for the two cavity modes and |ψi the state of the

cavities, was observed to oscillate consistent with localisation of the relative phase

within the first few detections. However the oscillations were not as smooth as in the
absense of the reservoirs. Furthermore the oscillations were disrupted and partially
reestablished, a phenomenon which was found to coincide with the cavities being
nearly empty. It was concluded that the relative phase correlation of the field modes
is not robust when the cavities are populated by only a few photons.
Finally a state of the form Eq. (2.10) is, for any processes involving relative
phases between the cavities, operationally equivalent to a tensor product of pure
coherent states for each cavity |γi|γei∆0 i. However, because of the phase factor
2

e−2i|γ| θ , the state is in fact highly entangled. Expanding in the (orthogonal) Fock

bases (as opposed to the non-orthogonal coherent states) the state is seen to be of
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the form:
Z

dθ −2i|γ|2 θ
e
2π

|γi γei∆0
Z
∞
X
p
2
dθ i(n+m−2|γ| )θ im∆0
2
2
e
|n,mi
Πn (|γ| )Πm (|γ| ) 2π
e
=

|ψ∞ i =

n,m=0

=

2|γ|2q

X

m=0

Π2|γ|2−m (|γ|2)Πm (|γ|2) eim∆0 2|γ|2−m,m

(2.11)

where |n,mi denotes a product of photon number states, Π. (.) denotes a Poissonian

factor and 2|γ|2 is a whole number of photons. Note that every term in the superposition has the same total photon number, consistent with a photon number
superselection rule.

2.2

Quantifying the degree of localisation of the
relative phase

A definition of the visibility suitable for rigorously quantifying the degree of localisation of the relative phase for a prepared two mode state is illustrated by Fig. 2.4. It
is supposed that the second mode undergoes a phase shift τ before being completely
combined with the first at a 50:50 beam splitter. The expected photon number at
the left port is then denoted I(τ ). This intensity is evaluated for all possible phase
shifts τ , allowing a visibility for the two mode optical state to be defined in terms
of the difference between the maximum and minimum values as follows,
V = (Imax − Imin ) / (Imax + Imin ).

(2.12)

By definition the visibility takes values between 0 and 1.
For a product of photon number states |Ni|Mi the action of a phase shifter

on the second mode merely introduces an irrelevant factor of eiM , and hence the
intensity I(τ ) is constant for different phase shifts τ , and the visibility V is 0.
In a similar way the visibility is 0 for any product of mixed states diagonal in
the photon number basis, such as the product of Poissonian states in Eq. (2.13)
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Figure 2.4: I(τ ) is the intensity at the left output port after the second mode undergoes
a phase shift of τ and is combined with the first at a 50 : 50 beam splitter. This intensity
is evaluated for all possible settings of the phase shifter. Extremising over τ , the visibility
for the two mode state is defined as V = (Imax − Imin )/(Imax + Imin ).

(discussed later in Sec. 2.3.1). On the other hand, for a product of coherent states
√
√
| N̄eiθ i| N̄ei(θ+∆0 ) i and, |ψ∞ i Eq. (2.10) and ρ∞ Eq. (2.14) (discussed later in

Sec. 2.3.1) summed over the global phase, and all three with exactly one value
∆0 for the localised relative phase, it is easily shown that I(τ ) is proportional to

cos2 ∆02+τ . I(τ ) is then maximized if the phase shifter is set to τ = −∆0 and 0 for

τ = −∆0 + π. Therefore the visibility is 1 for these three examples for which the

relative phase is perfectly correlated.

2.3
2.3.1

Mixed initial states
Poissonian initial states

The example of Sec. 2.1, while usefully illustrating many features of relative localisation, is not experimentally accessible due to the assumption of the availability of
large photon number, initially pure, Fock states populating the cavities. In particular, if looking for a mechanism by which relative localisation occurs naturally in
our interactions with surrounding objects, the previous example is somewhat implausible as it stands, in as much as it would suggest that macroscopic levels of
entanglement are necessary to localise relative degrees of freedom.
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With this in mind a more realistic scenario is considered in this section. While it
is implausible that the cavities are populated by large Fock states, it is not implausible that they are populated by a large number of photons, and that only the mean
number N̄ of photons is known. In such a situation the quantum state of the cavity
would be assigned a Poissonian distribution over photon number under a maximum
entropy principle (refer [Jaynes03]). Alternatively, the cavities may be populated by
light from independent lasers, for which standard laser theory leads to the photon
number distribution being Poissonian (refer Chapter 11 of [Scully97]).
The canonical localisation procedure discussed in Sec. 2.1 is now reconsidered
assuming that the initial state of the cavities is,
ρI =

X

Πn (N̄ )|nihn| ⊗

n

1
=
4π 2
where α =

√

ZZ

N̄ exp iθ and β =

√

X

Πm (N̄)|mihm|

m

dθdφ |αihα| ⊗ |βihβ|,

(2.13)

N̄ exp iφ. The evolution of ρI is as follows, given

that l and r photons are detected at the left and right detectors respectively:
ρI −→ KLl KRr ρI KL†l KR†r
ZZ
l
r
∝ KL KR
dθdφ |αihα| ⊗ |βihβ|KL†l KR†r
ZZ
∝
dθdφ |α + β|2r |α − β|2l |αihα| ⊗ |βihβ|
ZZ
∝
dθdφ |Cl,r (θ, φ)|2|αihα| ⊗ |βihβ|,
with Cl,r (θ, φ) as in Eq. (2.3). Clearly the discussion about the localising nature of
Cl,r (θ, φ) applies equally well in this case. The expression Eq. (2.7) approximating
the probabilities for different measurement records when the initial state is a product
of Fock states is exact for a product of Poissonian states. In the limit of a large
number of detections,
ρ∞ =

Z

0

2π

dθ
|αihα| ⊗ |αei∆0 ihαei∆0 |.
2π
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(2.14)
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Quite remarkably the relative phase localisation of the mixed states is just as sharp
and just as rapid as that of the pure states!
However, in striking contrast to the large entanglement observed for the pure
state case considered in Sec. 2.1, the state of the two cavities in this example remains
manifestly separable (unentangled) throughout. This fact might seem surprising at
first sight. If the calculation had been done in terms of photon number states,
products of photon number states |Ni ⊗ |Mi would evolve to highly entangled
states. However the photon number variables are summed according to Poissonian

probability distributions and this changes things. As an example of the fact that
a mixture of entangled states can be separable consider the case of an incoherent
mixture of all 4 maximally entangled (Bell) states of 2 qubits (refer [Nielsen00]). This
is equivalent to the completely mixed state I/4 which is certainly separable. Any
two-party mixed state of the form ρa ⊗ ρb is certainly unentangled. Furthermore,
any “convex sum” Σa,b Ca,b ρa ⊗ ρb , where all the ρa and ρb are bona fide density

operators, has only classical correlation and by the standard definition is separable.
This is exactly the case for the mixed state calculation considered in this section
both before and after the measurement process has acted. A calculation in terms
of mixtures of photon number states would likely be much messier, but ultimately
must be consistent with this. It should be noted further here that ρ∞ in Eq. (2.14)
has the interesting feature of being formally separable but not locally preparable
under a superselection rule (or equivalently lack of a suitable reference frame), a
feature first noted in [Rudolph01].
After involved calculation, extending methods and results developed earlier in
this chapter, a simple expression for the intensity and the visibility can be found
for the case of two initial Poissonian states and an idealised experiment for which
the phase shifts throughout the apparatus remain fixed (for the derivation refer
appendix A.1 and specifically Sec. A.1.2):
I(τ ) ∝ r cos2

Vl,r =

τ
2

+ l sin2

|r − l|
.
r+l+1
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τ
2

+ 21 ,

(2.15)

(2.16)

2.3 Mixed initial states
If the detections are all at one detector, the right one say, Eq. (2.16) simplifies to
r/ (r + 1) which tends rapidly 1, and is 1/2 after just one detection. However, it is
also seen that the expression decreases to 0 as the proportion of counts at the two
detectors becomes equal. This does not reflect less localisation in these cases but
is an artefact of the definition of the visibility. It is easy to see that if the state
of the two cavities is localised at two values of the relative phase these will both
contribute to the intensity at one port in the definition of the visibility; changing
the phase shift τ will tend to reduce the contribution of one while increasing that
of the other so that overall the variation in the intensity is reduced. In more detail,
the visibility is underestimated when r ≈ l because of the occurrence of two peaks

in Cl,r approximately π apart. However, in realistic situations such localisation at
multiple values is expected to be killed by small instabilities in the apparatus (as in
the case of relational Schrödinger cat states in pure state case) and thus the visibility
is expected to tend to 1 in all cases.
The definition of the visibility can in fact be modified so as to provide a math-

ematically rigorous measure of the degree of localisation when the relative phase
parameter is peaked at more than one value. The localising scalar Cl,r (θ, φ) for the
case of initial Poissonian states (with the same average photon number) is the same
as for the case of initial Fock states (with the same number), and is illustrated in
Fig. 2.2. In particular it should be observed that Cl,r (θ, φ) = 0 when φ = θ. It is
clear then that the final state of the two cavity modes may be considered a sum
p
of two separate components, one localised at +∆0 = 2 arccos r/(r + l) with the

relative phase parameter

∆
2

≡

φ−θ
2

varying on 0 to π/2, and another at −∆0 with

∆
2

restricted to −π/2 to 0. Hence an improved measure of the degree of localisation is

achieved by computing the visibility for one of these components taken separately.

This is done in Sec. A.1.3 of the appendix A.1 where full analytic expressions are
provided. Given a total number D of detections at both detectors, the visibility V
is found to be smallest when all the photons are detected at one photocounter, with
V = D/(D + 1). The same expression is obtained from Eq. (2.16) when r = 0 or
l = 0 as would be expected as the localisation process picks out a unique value for
the relative phase in these two cases. V is found to be greater when there are counts
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at both photocounters, and in the “fastest case” where there are equal counts at
both photocounters,
V

2 [ Γ(D/2+1) ]2
(D+1) [ Γ(D/2+1/2) ]2
D
= λ
,
(D+1)

=

where Γ (·) denotes the gamma function, λ is 1.27 when D = 2, 1.13 when D = 4
and 1.05 when D = 10, decreasing rapidly to 1.

2.3.2

Thermal initial states

In the examples presented above there was no limit to how sharp the localisation
could be. The case that both cavities are initially populated by thermal states
with the same mean photon numbers N̄ is now examined along the same lines. A
thermal probability distribution in the photon number n with mean N̄ is given by
N̄ n /(1 + N̄ )n+1 , decreasing monotonically with n, and as such the initial state of
the two cavities is,7
X
N̄ m
N̄ n
|nihn| ⊗
|mihm|
ρI =
(1 + N̄)n+1
(1 + N̄)m+1
m
n
ZZ
1
−(|α|2 +|β|2 )/N̄
dn̄d
m̄dθdφe
|αihα|⊗|βihβ|,
=
4π 2 N̄ 2
X

√
√
where α = n̄ exp iθ and β = m̄ exp iφ. Under the measurement of l and r photons
at the left and right detectors respectively,

7

ρI ⇒ KLl KRr ρI KL†l KR†r
Z
2
2
∝ d2αd2β e−(|α| +|β| )/N̄ KLl KRr |αihα|⊗|βihβ|KL†lKR†r
Z
2
2
∝ d2αd2β e−(|α| +|β| )/N̄ |α+β|2r |α−β|2l |αihα|⊗|βihβ|
Z
2
2
∝ d2αd2β e−(|α| +|β| )/N̄ |Cl,r (n̄, m̄, θ, φ)|2|αihα|⊗|βihβ|.

Note that in the analysis here the thermal light is assumed to be single mode. A valuable extension would be to consider the interference of multimode thermal light, characteristic of unfiltered
chaotic light from natural sources.
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As in the previous example of initial Poissonian states the state of the cavities
remains separable throughout the localising process.
Unlike previous examples |Cl,r (n̄, m̄, θ, φ) |2 does not provide a simple picture of

the localisation of the relative phase due to the additional dependence on the mean

photon number variables. One possibility would be to average the scalar function
over the two photon number variables leading to a function,
Z ∞Z
0

∞

0

dn̄dm̄ −n̄/N̄ −m̄/N̄
e
e
|Cl,r (n̄, m̄, θ, φ)|2 .
N̄ N̄

(2.17)

After normalising this can be shown to be,
1
|Cl,r (∆)| = r+l
2 r!l!
2

Z ∞Z
0

∞

dn̄dm̄ e−n̄−m̄

√

n̄ +

√

m̄ei∆

0

2r

√
√
2l
− n̄ + m̄ei∆ ,

where ∆ ≡ φ − θ. |Cl,r (∆)|2 is independent of N̄ . However it is not necessary to

consider such a function in detail to quantify the rate and extent of the localisation
of the relative phase parameter.
An intensity and a visibility can be computed as in the Poissonian case above

(see appendix A.2). For an arbitrary measurement record the results are,
I(τ ) ∝ l cos2

Vl,r =

τ
2

+ r sin2

τ
2

+1

|r − l|
.
r+l+2

(2.18)

(2.19)

If all the measurements occur in one detector, the right one say, the visibility is
r/ (r + 2) which is 1/3 after just one detection and which tends to 1 rapidly - but
slower than in the Poissonian case. Again it is found that the localisation of the
relative phase parameter can be as sharp for initial mixed states as for initial pure
states. In addition, the localisation for initial thermal states is rapid, but slower than
for initial photon number states or Poissonian states.
Averaging over all detection outcomes, an expected visibility a finite time after
the start of the procedure Σl,r Pl,r Vl,r can be computed. An exact expression for the
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Figure 2.5: Expected visibilites for (a) an initial product of two Poissonian states
(plusses) and (b) an initial product of two thermal states (crosses), with average photon
number N̄ for both cavities.

probabilities of different measurement sequences derived in (see appendix A.2) is,
Pl,r =

(N̄ ǫ)r+l
r+l+2 .
1 + ǫN̄

(2.20)

This notably has the form of the probabilities for two independent sources of thermal
light with mean photon number ǫN̄ . The expected visibilities for the thermal and
Poissonian cases are compared in Fig. 2.5. These averages do not tend to one - as
the visibility underestimates the degree of localisation when the prepared states are
localised at two values of the relative phase, as discussed previously in Sec. 2.3.1.
However the general trend is clear. The cavity modes initially in thermal states tend,
as in the Poissonian case, to a state which is perfectly correlated in relative phase
while remaining unentangled. Although more photons must be detected to achieve
the same degree of localisation when the initial states are thermal, the localisation
proceeds very rapidly in both cases.
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2.3.3

The consequences of non-ideal photodetection

An important issue regarding the experimental feasibility of the interference procedure for preparing states with a well-defined relative phase is the problem of errors in
the photodetection process. There are two types of errors — detector inefficiency (or
photon loss) and dark counts (for a recent review of the current state of technology
see [Migdall04]). In general, dark counts are more serious if they occur unpredictably
in the experiment, and to incorporate them in calculations it is necessary to mix over
the outcomes in the ideal case consistent with what is actually registered. However
detector inefficiency presents the greater problem technologically (typically 20% at
optical frequencies). An inefficiency detector can be modelled as in [Yuen83]. For
the analysis of the interference procedure here where one of the detectors has efficiency η < 1, the ideal detector assumed previously is replaced by a beam splitter
√
√
with transmittivity η and reflectivity 1 − η, which couples the ancilla to an addi-

tional vacuum mode, and with the primary output port now monitored by a perfect
detector. The dynamical evolution during the procedure causes the additional mode
to accumulate some population which is not measured, and the mode is traced over
at the end.
In fact photons lost from the apparatus due to detector inefficiency cannot affect

the process of localisation directly. Instead, the beam splitter which combines the
ancillae ensures that the origin of the lost photons from either cavity is uncertain,
and the situation is equivalent to one where both cavities leak separately into external modes not involved in the measurement process. The localisation of the relative
phase depends on those photons which are registered by the detectors in the same
way as for the ideal case, while the photon loss reduces the total number of photons
in the final state. For the case of large initial number states this situation has been
studied numerically by Mølmer, as discussed in Sec. 2.1.4. The relevant simulation
assumes loss rates out of the cavities equal to the leakage onto the beam splitter,
a situation Mølmer identifies as equivalent to 50% efficiencies for both detectors.
As another example, the calculations in Sec. 2.3.1 for the case of Poissonian initial states can readily be extended to incorporate detector inefficiencies and, as is
straightforward to see, the relative phase localisation conditioned on a particular
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measurement outcome is as for the ideal case, although the probabilities for specific
outcomes a fixed time after the start are altered. Finally it should be pointed out
that postselection provides one potential aide when the photodetectors are subject
to errors. For example, one can reject all runs of the experiment where the total
number of detections is significantly different from what would be expected in the
ideal case.
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3
Advanced Topics on Localising Relative Optical Phase

This chapter extends the programme of Chapter 2 on localising relative optical
phase and the canonical interference procedure explained in Sec. 2.1, and presents
original work on several topics. Sec. 3.1 formally proves the assertion that the
action of photodetections during the interference procedure can be described by
Kraus operators a ± b (where a and b are the annihiliation operators for the two

modes). The full form of the measurement operators incorporates also the leakage
from the cavity modes. The identification of the leakage parameter ǫ with time is
explained.
Sec. 3.2 looks at the localisation of the relative phase for initial states with very
different intensities at each mode, focusing on the example of initial Poissonian
states. This example is treated along similar lines to the symmetric case discussed
in Sec. 2.3.1 of Chapter 2. The evolution of the localising scalar function and the
probability distribution for different measurement outcomes are found to be very
different in the highly asymmetric case compared to the symmetric one. The issue of
whether there are preferred values for the localised relative phase in the asymmetric
case is discussed. Intuitively one might expect the localisation of the relative phase
to be slower for increasingly asymmetric initial states, and this is verified here by
looking at the evolution of the average visibility. In fact the definition of the visibility
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given in Sec. 2.2 of Chapter 2 must be modified for this case. It is observed that
the limit of sharp localisation becomes harder to attain for increasing asymmetric
initial states.
The transitive properties of the localisation process are considered in Sec. 3.3.
Specifically the localisation process is assumed to act pairwise on three modes initially in Poissonian states which can have different intensities. The conclusions are
expected to hold generally. It is concluded that the localisation process acts independently of prior phase correlations with further systems, and that the localised
quantum phases have the same transitive properties as classical phases. However
the localisation process does affect phase correlations with external systems through
(asymmetric) photon depletion. It is pointed out that for three modes with well
localised relative phases loss of one of the systems does not disrupt the phase correlation between the remaining two.
The possibility of using the canonical interference procedure for linear optical
and classical feedforward based state engineering is suggested in Sec. 3.4, studying
in detail the “addition” of photon number states. First the situation is analysed
wherein two Fock states are combined at a beam splitter and one of the output
ports is measured by a photodetector, to yield a larger Fock state at the free output port. An improved method of addition is then suggested, motivated by the
fact that if the input states are phase locked, all the photons can be directed to
one output port of the beam splitter using only an additional phase shifter. The
probability for detecting the vacuum at the free out port, given input Fock states
which are identical, can be doubled compared to the first method at the cost of one
photon used to partially localise the relative phase, and almost tripled at the cost
of two. As an aside it is pointed out that relational Schödinger cat states produced
from large number states as in Sec. 2.1.3 of Chapter 2, can easily be converted to
“NOON” states whenever the relative phases of the cat components are different
by approximately π. Hence the analysis in this section points towards a possible
new route to generating NOON states based on procedures which establish relative
phase correlations.
Sec. 3.5 discusses the application of states prepared from initial Poissonian or

49

3.1 Derivation of the measurement operators for the canonical interference
procedure
thermal states as in Chapter 2, with well localised relative phase and a fixed total
energy, for fundamental tests of superselection rules (as published in [Cable05]).
In algebraic quantum field theory the existence of absolute conservation laws, and
associated superselection rules forbidding the creation of superpositions of states
with different values of the conserved quantity, is taken to be true axiomatically.
A less absolutist and more operational approach was initiated by Aharonov and
Susskind [Aharonov67], who suggested that the forbidden superpositions can in fact
be observed provided that the apparatus used by an observer are prepared in certain
special states. The states suggested by Aharanov and Susskind are not particularly
realistic. Here mixed states with well localised relative phase, which are much
more experimentally feasible, are presented as alternatives which can reproduce the
desired effects with no loss due to the lack of purity. To end the chapter, Sec. 3.6
suggests possible future calculations following the programme set out in Chapters 2
and 3.

3.1

Derivation of the measurement operators for
the canonical interference procedure

In the canonical interference procedure the effect of photodetections on the two
cavity modes is given by Kraus operators KL and KR proportional to a ± b, where a

and b are annihilation operators for the cavity fields, as assumed by fiat in Sec. 2.1.1
of chapter 2. This result assumes ancillae which are initially in the vacuum state,
and for simplicity the phase shifts in the apparatus are taken to be 0. In this
section a mathematical derivation of these measurement operators is presented, and
in addition the effect of leakage from the cavities is fully accounted for. The action
of the interference procedure on an arbitrary tensor product of Glauber coherent
states is evaluated, and corresponding operators for the full evolution of the system
are deduced. In fact this is all that is required. The same measurement operators
must also be valid for arbitrary initial states for the cavities, pure or mixed, since
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coherent states form a complete basis and all the operators involved are linear.1
The canonical localisation process is described in detail in Sec. 2.1 of Chapter 2,
and is summarised in what follows. Each cavity mode couples to an ancilla mode,
initially the vacuum, according to a linear mode coupling with small parameter ǫ.
The ancillae are combined at a 50 : 50 beam splitter, and the output channels are
measured by photodetectors with r photons detected at the “right” detector and l
at the “left” detector. Mathematically the steps of this process are as follows.2 An
initial product of coherent states |αiA ⊗ |βiB for the cavity modes and ancilla modes

|0ia ⊗ |0ib external to the cavities are first transformed as,
|0ia ⊗ |0ib ⊗ |αiA ⊗ |βiB
√
√
√
ǫα a ⊗ ǫβ b ⊗ 1 − ǫα
−→

⊗
A

√

1 − ǫβ

B

,

due to the leaking of a small fraction of the cavity populations as determined by ǫ.
The 50 : 50 beam-splitter acts on the ancillae and they evolve to,
√

ǫ



α+β
√
2



a

⊗

√

ǫ



−α + β
√
2



b

⊗

√

1 − ǫα

A

⊗

√

1 − ǫβ

B

.

Finally r photons are measured in the ancilla labeled a, and l photons are measured
in the ancilla labelled b, corresponding to action of the operator |rihr|a ⊗ |lihl|b ,

leading to the final state,
−(ǫ/2)(|α|2 +|β|2 )

e

r 
l
√ l+r 
√
α+β
ǫ
−α+β
√
√
√
|ria ⊗|lib ⊗ 1−ǫα
2
2
l!r!

⊗
A

√

1−ǫβ

B

.

Overall the measurement process involves decay of the cavity field amplitudes in
1

The general form of Kraus operators for a system which is coupled to an ancilla is derived in
Section 8.2 of [Nielsen00]. It is assumed there that the system and ancilla are initially uncorrelated
with the ancilla in some state |e0 i at the start. The system and ancilla then couple under some
unitary process which denoted U . At the end the ancilla is projected onto one of the members of a
complete orthonormal basis {|ek i} for the ancilla. The Kraus operators for this entire process are
shown to be of the form hek |U |e0 i. The derivation in this section identifies the operators hek |U |e0 i
relevant to the canonical interference procedure. Note that strictly speaking the discussion in
[Nielsen00] concerns a general system described by a finite dimensional Hilbert space, whereas in
the current problem the state space of each mode is infinite dimensional.
2
It should be emphasized that this heuristic treatment of the dynamics is expected to be valid
only when ǫ, also the fraction of the cavity populations which has leaked into the ancillae, is small.
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addition to the action of the operators a ± b on the cavity modes, and there are
coefficients relating to normalisation.

An obvious candidate for an operator causing the decay of the amplitude of a
h
i
coherent state |αiA would take the form exp − (κ/2) N̂A t , where N̂A is the number
operator and κ is a decay rate and t a time parameter. In a continuous measurement

model of photon detection such an operator would generically correspond to a temporal evolution conditioned on no photon detection (for a review of quantum jump
methods refer [Plenio98] and references therein). Expanding the coherent state |αiA

in a basis of Fock states, it may be deduced that a suitable operator taking |αiA to
√
√
| 1−ǫαiA is of the form eN̂A ln 1−ǫ . In detail,
eN̂ ln

√

1−ǫ

1

2

|αi = e− 2 ǫ|α|

√

1 − ǫα .

For two modes with annihilation operators a and b the appropriate operator would be
√
√
†
†
e(a a+b b) ln 1−ǫ . Identifying a potential time parameter, ln 1 − ǫ = − 1 (ǫ + O (ǫ2 )),
2

3

and hence ǫ ≃ κt, provided |ǫ| ≪ 1.

A complete measurement operator can now be proposed which has the correct

action on |0ia ⊗ |0ib ⊗ |αiA ⊗ |βiB ,
s
r

r
l


(l+r)!
ǫl+r
a+b
−a+b
1 †
†
√
√
|rih0|a |lih0|b exp − a a+b b [−ln (1−ǫ)]
.
2
l!r!
(l+r)!
2
2
(3.1)
Only the action of the procedure on the cavity fields is of interest so the initial
component |rih0|a |lih0|b may be dropped. As for the additional coefficients: the
p
(l+r)!/ (l!r!) is the root of the number of sequences of detections with l “left”
p
counts and r “right” counts; the ǫl+r / (l+r)! can be understood as the root of a
factor relating to the probability of having a total of l + r detections.

It is worth here emphasizing that this heuristic treatment of the dynamics leads
to measurement operators with components, which can be identified as “jump operators” and a “decay operator”, which are also the principle elements of a quantum
jump type analysis. However the latter analysis is based on many additional approx3

An identification of ǫ and
√ time t could be deduced just by considering dimensions. However
the full expression t ∝ − ln 1−ǫ is not so obvious.
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imations. Specifically the reservoir modes are assumed to be multimode (associated
for example with a continuous spread of wavelengths and different directions of propagation). In addition they are assumed to be strictly Markovian — the reservoir
correlation time is taken to be very much smaller than the typical relaxation time
of the “principle system”. The interaction of the principle system with the reservoir
is supposed “weak” over short times — so that all but the leading order interaction
terms can be discarded (the Born approximation). One assumption which is shared
with the heuristic analysis is that the reservoir and principle system are uncorrelated
initially. Furthermore in both cases it is assumed that the governing Hamiltonians
are consistent with the rotating wave approximation (for which components of the
interaction Hamiltonian which do not explicitly conserve energy are discarded). In
conclusion, the treatment of the dynamics in this section is seen to be reliable for
short times despite its simplicity.

3.2

Analysis of the canonical interference procedure for asymmetric initial states

This section considers key features of the localisation of the relative optical phase
between two cavity modes which undergo the canonical interference procedure when
the initial intensity of one of the modes is very much greater than the other. Specifically the methods employed in Chapter 2 are extended for the case of initial asymmetric Poissonian states, an important case since — is as much as the state of
laser light may be taken to be Poissonian — lasers with a wide range of intensities is readily available in the laboratory. More generally this discussion is relevant
to a wider set of issues — understanding the situation when a microscopic system
is probed by a macroscopic apparatus; analysing reference systems composed of
quantum resources; and explaining the emergence of classical behaviour in closed
quantum systems.
Suppose that two cavity modes undergo the canonical interference procedure
described in Sec. 2.1 of Chapter 2, but now the cavities are populated initially
by Poissonian states with different mean photon numbers N̄ and M̄ respectively.
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Following the analysis in Sec. 2.3.1 of Chapter 2, the initial states of the two cavities
may be expanded in terms of coherent states,
ρI =

∞
X
n=0

=
where α =

√

1
4π 2

Πn (N̄) |nihn| ⊗
Z 2πZ

N̄ exp iθ and β =

0

√

0

2π

∞
X

m=0

Πm (M̄) |mihm|

dθdφ |αihα| ⊗ |βihβ| ,

M̄ exp iφ, and Πn (µ) = µn e−µ /n! is a Poissonian

probability factor with mean µ. After l detections at the left detector and r at the
right detector the state of the two cavities has evolved to,
′

ρ

r  ∗
r 
l 
l

α +β ∗
−α+β
−α∗ +β ∗
dθ dφ −ǫ(N̄ +M̄ ) ǫl+r α+β
√
√
√
√
e
l!r!
2
2
2
2
0
0 2π 2π
√
√
√
√
(3.2)
1−ǫ α
1−ǫ α ⊗ 1−ǫ β
1−ǫ β ,

Z 2πZ

=
×

2π

where ǫ denotes the leakage parameter for both cavities and takes a value very much
less than 1. ρ′ here is subnormalised and the value of the trace is the probability
for the specific measurement outcome at the two detectors. The scalar function
|Cl,r (∆)|2 , where ∆ ≡ φ − θ, is defined by,
′

ρ =

Z 2πZ
0

0

√
√
√
dθ dφ
|Cl,r (∆)|2 1−ǫ α
1−ǫ α ⊗ 1−ǫ β
2π 2π

2π

√

1−ǫ β ,

and takes the form,
|Cl,r (∆)|2 ∝ (1 + R cos ∆)r (1 − R cos ∆)l ,

(3.3)

√

where R is defined as the ratio 2 N̄ M̄ / N̄ + M̄ , which must take values between

0 and 1. R is 1 when N̄ = M̄ , 0.94 when N̄ is twice M̄ (or vica-versa), 0.57

when the factor difference is 10, and 0.20 when the factor is 100. Noting that
|Cl,r (∆)|2 = |Cr,l (−∆)|2 , it is seen that the probability of l and r counts at the left

and right detectors, and the degree of localisation of the relative phase parameter
for the final state, are identical if the outcomes at the two detectors are swapped
around.
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Figure 3.1: The normalised scalar function |Cl,r (∆)|2 for a total of 15 photocounts and
the number l of “left” detections going from 0 to 7. Initial Poissonian states are assumed
with the intensity in one mode 10 times the other (parameter R = 0.57). The dashed
curves peaked at ∆0 = 0 correspond to l = 0, . . . , 3 and have progressively larger spreads.
The solid curves are for l = 4, . . . , 7 and are peaked progressively further from ∆ = 0. The
curves for the case of more left then right detections would be centered about ∆ = π and
related symmetrically to the ones shown.

For the highly asymmetric case when R takes smaller values, the |Cl,r (∆)|2 are

qualitatively different to the case of symmetric case R = 1 and are as follows. If

the counts are predominately at the right detector, |Cl,r (∆)|2 is peaked around the

value ∆0 = 0 for the relative phase. Given a fixed total number of detections

l + r, the localising function is progressively less well localised as the number of left
counts increases, leading to a qualitative change when l and r are close in value.
Specifically, for the cases when r−R(l+r) < l ≤ r, |Cl,r (∆)|2 is peaked at two values,
i
h
(r−l)
. Differently here from the cases of initial symmetric Fock or
∆0 = ± arccos R1 (r+l)

Poissonian states (discussed in Sec. 2.1.3 and Sec. 2.3.1 of Chapter 2), |Cl,r (∆)|2 is
non-zero at ∆ = 0 and a partition of the final state into two components localised

at +∆0 and −∆0 is harder to justify. When the l ≥ r the pattern of the |Cl,r (∆)|2 is

reversed, and when the detections are predominately at the left detector |Cl,r (∆)|2 is

peaked at ∆0 = π. The situation is illustrated in Fig. 3.1, for the case that r ≥ l, and
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a total of 15 detections at both detectors. The initial state is chosen with R = 0.57
corresponding to the case that one cavity begins with 10 times the intensity of the
other. Dashed curves are for l = 0, . . . , 3 and solid ones are for l = 4, . . . , 7.
For a fraction of approximately (1-R) of the measurement outcomes, the relative
phase is localised at 0 or π, and the question arises as to whether these are “preferred
values” when the initial states are highly asymmetric. To answer such questions it
is necessary to investigate the behaviour of Pl,r , the probability distribution for
different detection outcomes, for small values of the parameter R. A full expression
for the probability Pl,r of l “left” and r “right” detections is given by,
Pl,r = tr (ρ′ )
= Πl+r

×

l
X
j=0








ǫN̄ + ǫM̄ 
l

j






l+r
l

−2
√
1 − R2

j




√

1 − R2
2

Legendre
Pr+l−j



r+l

(−1)l

1
√
1 − R2



,

(3.4)


where (ts ) abbreviates the combinatorial factor (s + t)! (s!t!), and PnLegendre denotes
the Legendre polynomial of degree i given by,
PnLegendre (z)

n
1 dn
2
z
−
1
.
= n
2 n! dz n


The Poissonian factor Πl+r ǫN̄ + ǫM̄ depends on the leakage parameter and the

sum of the initial cavity intensities, and controls the probability for the total number

of detections l+r. Evaluating Pl,r numerically reveals the following. The distribution
changes qualitatively as R is reduced in value. For small values of R, The situation
is essentially reversed from the symmetric case R = 1 (refer Fig. 2.3 of Chapter 2).
Given a fixed total number of detections, outcomes with detections at one detector
are found to be least likely. Instead, the probabilities increase to a maximum at
l = r, (or this peak is split and the most likely events are at two points for which
r ≈ l).

Turning attention now to the total probability of localisation of the relative

phase at ∆0 = 0, π, let P0,π (R, D) denote the total probability of such events for
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a fixed total number of detections D = l + r, and where the the Poissonian factor
Πl+r (ǫN̄ + ǫM) is divided out. Events with localisation at 0, π are determined by
the inequality,
|l − r| ≥ R (l + r) .

(3.5)

For the case of symmetric initial states, P0,π (1, D) = 2Γ(D + 0.5)Γ(0.5)/πΓ(D + 1),
√
which is well approximated by 2/ πD. Evaluating P0,π (R, D) numerically for other
values of R reveals the following. For cases when the initial state is asymmetric but
R is not too small, P0,π (R, D) follows the same general trend as in the symmetric
case although it is weakly oscillatory and can be bigger or smaller than P0,π (1, D).
In fact, even for R as small 0.57, when the intensities of the cavity modes are
initially different by a factor of 10, P0,π (0.57, D) and P0,π (1, D) take similar values
for D up to 100. However, for more extreme values of R, P0,π (R, D) is found to be
consistently greater than P0,π (1, D). For example, for R = 0.2, P0,π (0.2, D) is very
roughly double the probability for symmetric case for D up to 50. Going to still
smaller values of R, P0,π (R, D)/P0,π (1, D) is found to increase both with increasing
detections D and R tending to 0. In conclusion, in the limit of highly asymmetric
initial states, the increasing probabilities for events with l ≈ r is less significant
compared to the increase in the proportion of measurement outcomes satisfying
relation (3.5).
Thinking now about applications to understanding the transition between quantum and classical behaviour in the natural world (or even decoherence in controlled
laboratory experiments), the canonical interference procedure could be viewed as
a simple prototype for a natural process involving essential elements of indistinguishability (provided by coherent combination under a linear mode coupling) and
measurement. It is of interest then to consider the localisation of the relative phase
after mixing over all possible measurement outcomes. For the case of highly asymmetric Poissonian initial states it might be expected on the basis of the discussion
above that the averaged mixed state describes localisation of the relative phase at
0 and π. In fact this is not so, which can easily be demonstrated for the general
R 2
R 2
case of initial states of the form ρA = d2πα PA (α) |αihα| and ρB = d2πβ PB (β) |βihβ|.

Here the modes are labelled A and B, |αi and |βi are coherent states and PA (α)

57

3.2 Analysis of the canonical interference procedure for asymmetric initial states
and PB (β) are the Glauber-Sudarshan P representation [Glauber63, Sudarshan63])
of the states. Under the action of leakage with parameter ǫ into the external modes
labelled ExtA and ExtB,
ρI = ρA ⊗ ρB
Z 2 2
√
√
√
√
d αd β
→
PA (α)PB (β) ǫα
ǫα ExtA ⊗ ǫβ
ǫβ
2π 2π
√
√
√
√
⊗ 1−ǫα
1−ǫα A ⊗ 1−ǫβ
1−ǫβ B .

ExtB

Letting Ucomb denote the combined unitary action of fixed phase shifts and a linear
mode coupling of arbitrary strength and duration on the external modes, and supposing a subsequent measurement of l and r photons in modes ExtA and ExtB,
the final state of modes A and B is,
Z

√
√
d2 α d2 β
PA (α)PB (β) hl|hr| Ucomb ǫα ǫβ
2π 2π
√
√
√
√
1−ǫα
1−ǫα A ⊗ 1−ǫβ
1−ǫβ B ,
×

ρl,r =

2
Ext

where ρl,r is subnormalised and tr (ρl,r ) is the associated probability. If the record
of the photodetections is unavailable, the final state of modes A and B is given by
mixing over all measurement outcomes and,
ρf =
=

∞
X

tr (ρl,r )

l,r=0
∞
X

ρl,r
tr (ρl,r )

(3.6)

ρl,r .

l,r=0

However summing over the localising factors,
∞
X

l,r=0

hl|hr| Ucomb

√

ǫα

√

ǫβ

2
Ext

= 1.

Hence this complete mixing washes out the measurement-induced localisation. This
result is in contrast to the situation when a state such as a Poissonian state is beat
against the vacuum at a beam splitter. In this case a relative phase is acquired
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depending on fixed physical properties of the beam splitter, and something similar
would happen for highly asymmetric states for which both modes are populated. A
different point of view on the mixing process Eq. (3.6) is provided by the theory of
decoherence as proposed by Zurek et al [Zurek03], and is discussed in the Outlook,
Chapter 6.
Returning to the example of initial Poissonian states, another question concerns
the speed of localisation for the symmetric versus asymmetric case. This issue is
complicated by the fact that even a perfectly phase locked state,
ρlocked =

Z

2π
0

EDp
p
dθ p iθ EDp iθ
N̄e
N̄ e ⊗
M̄ ei(θ+∆0 )
M̄ ei(θ+∆0 ) ,
2π

(3.7)

(where the basis states are coherent states) has a visibility less than 1 whenever
√
√
the amplitudes N̄ and M̄ are different from each other (for the definition of
the visibility refer Sec. 2.2 of Chapter 2), and will lead to an imperfect pattern
of interference. In fact, the visibility for ρlocked can easily be shown to be

√
2 M̄ N̄
,
N̄ +M̄

equal to the parameter R assigned above to products of Poissonian states with
corresponding amplitudes. However, a combination of a single mode phase shifter
and a beam splitter with reflection and transmission coefficients determined by the
p
ratio N̄ /M̄ is sufficient to arrange deterministically for one or other of the modes

of ρlocked to be in the vacuum state, provided the phase parameter ∆0 is known

accurately. Hence, it seems reasonable to attribute perfect phase localisation to
ρlocked and to define a modified visibility taking values between 0 and 1. In what
follows, visibilities are computed for the partially localised states Eq. (3.2) generated
from initial products of Poissonian states by the canonical interference procedure,
and are adjusted by a factor 1/R. It should be noted that in this example the
leakage and measurement processes do not alter the relative intensities of the two
modes, and that in the limit of sharp localisation, the final state will be of the form
of ρlocked .
The symmetry of the localising scalar functions |Cl,r (θ, φ)|2 , as illustrated in

Fig. 3.1, allows a simple formal expression for the visibilities to be written down

in terms of the probability distribution Pl,r for corresponding detection outcomes.
When l = r the visibility can be shown to be 0. In the case of more right than left
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(a) Evolution of the expected visilibility for
increasingly asymmetric initial states

(b) Evolution of the expected visibility
for events localising at 0 or π
1
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Figure 3.2: Evolution of the expected visibility l,r Pl,r Vel,r with increasing values of
ǫ(N̄ + M̄ ) for initial asymmetric Poissonian states with intensities N̄ and M̄ in each mode.
Curves are for R = 0.94, 0.57 and 0.2 and increase more slowly for smaller values of R.
In (a) all possible detections outcomes are included in the averaged visibility. In (b)
only outcomes with localisation at a single value of the relative phase are included in the
average.

detections, r > l, the intensity I(τ ) in the definition of the visibility (refer Sec. 2.2
of Chapter 2) is maximised and minimised for phase shifts of τ = 0, π for which it is
proportional to (r + 1)Pl,r+1 and (l + 1)Pl+1,r respectively. The situation when l > r
is analogous. The following expression for the visibility, including the additional
rescaling factor 1/R,
1 (r + 1)Pl,r+1 − (l + 1) Pl+1,r
,
Vel,r =
R (r + 1)Pl,r+1 + (l + 1) Pl+1,r

is valid for any outcome at the detectors.

The evolution of the expected visibility

P

l,r

(3.8)

Pl,r Vel,r as a function of ǫ(N̄ + M̄ )

is plotted in Fig. 3.2 (a) for the cases R = 0.94, 0.57 and 0.2. The average rate
of localisation of the relative parameter is seen to be progressively slower for more
asymmetric initial states. For the slowest case R = 0.2 the expected visibility attains
85% the value for the fastest case R = 0.94 by ǫ(N̄ + M̄ ) = 100, while the cases
of R = 0.57 and R = 0.94 converge over the range shown. More analysis would be
required to clarify whether the localisation can be as sharp (as in the symmetric
case) for small values of R given enough detections. However, the slower rate of
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localisation for highly asymmetric initial states would in any case necessitate a large
total intensity for the initial states if the limit is to be attained. Another feature of
Fig. 3.2 (a) is that the expected visibilities increase to a value very much less than
one — in fact the maximum is 0.63 on the range shown. This reflects localisation
at two values of the relative phase. In Fig. 3.2 (b) the averaging for the visibility is
restricted to outcomes for which there is localisation at single values, which can be
0 or π (in other words outcomes satisfying Eq. (3.5)), and account is taken of the
total probability of such events. The expected visibilities for these events is 0.98,
0.94 and 0.81 by ǫ(N̄ + M̄ ) = 100 for R = 0.94, 0.57 and 0.2 respectively.

3.3

Transitivity of the canonical interference procedure

This section considers the transitive properties of the process of localisation underlying the canonical interference procedure, introduced in Sec. 2.1 of Chapter 2. The
following examples assume that the states of the optical modes prior to the localisation processes are Poissonian, which can readily be prepared in the laboratory, but
the conclusions are expected to apply generally.
Suppose that two systems, modes 1 and 2, have been prepared in a phase locked
state by an interference experiment in which several photons were detected, and are
brought together with a third system, mode 3, in a Poissonian state with no phase
correlation with either mode 1 or mode 2. The state of the first two modes is,
(1,2)
ρI

=

Z

2π
0

E Dp
dθ p
iθ
N̄1 e
N̄1 eiθ
2π

1

⊗

p

i(θ+∆0 )

N̄2 e

E Dp

N̄2 ei(θ+∆0 ) ,
2

(3.9)

and of the third mode is,
(3)
ρI

=

Z

2π
0

E Dp
dφ p
N̄3 eiφ
N̄3 eiφ ,
2π
3

where the basis states are coherent states with amplitudes

(3.10)
p

N̄j and j = 1, 2, 3

is the mode label. Suppose now that the interference procedure is performed on
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modes 2 and 3, with l and r photons detected at the “left” and “right” photocounters, as described in Sec. 2.1. The state of the three systems is transformed as
(1,2)

ρI

(3)

⊗ ρI → ρ′ as follows,
r

′

l

(1,2)
ρI

(3)
ρI



a†2

a†3

l 
r
†
†
a2 + a3

−
ρ ∝ (a2 + a3 ) (a2 − a3 )
⊗
Z 2πZ 2π
EDp
p
dθ dφ
ρ′ =
N̄1 eiθ
N̄1 eiθ ⊗
|Cl,r (θ, φ)|2
1
2π
2π
0
0
EDp
EDp
p
p
N̄2 ei(θ+∆0 )
N̄2 ei(θ+∆0 ) ⊗
N̄3 eiφ
N̄3 eiφ , (3.11)
2

3

where ρ′ here is assumed to be subnormalised so that tr(ρ′ ) gives the probability of
the specific outcome at the detectors. The scalar function |Cl,r |2 encoding information about the localisation of the relative phases takes the form,
|Cl,r (θ, φ)|2 ∝

p

N̄2 e−i∆/2 +

p

N̄3 ei∆/2

2r

p

N̄2 e−i∆/2 −

p
N̄3 ei∆/2

2l

,

(3.12)

where ∆ ≡ φ − θ − ∆0 . For example if |Cl,r |2 is sharply peaked around the value ∆1
for ∆, the final state of the three systems is,
′

ρ ∝

Z

2π

0

EDp
dθ p
iθ
N̄1 e
N̄1 eiθ ⊗
2π
1
EDp
EDp
p
p
N̄2 ei(θ+∆0 )
N̄2 ei(θ+∆0 ) ⊗
N̄3 ei(θ+∆0 +∆1 )
N̄3 ei(θ+∆0 +∆1 ) .
2

3

The relative phase of mode 3 relative to mode 1 has evolved to ∆0 + ∆1 . If the
second system is lost — i.e. mode 2 is traced out — the final state of modes 1 and
3 is,
Z

2π
0

EDp
dθ p
iθ
N̄1 e
N̄1 eiθ
2π

1

⊗

p

i(θ+∆0 +∆1 )

N̄3 e

EDp

N̄3 ei(θ+∆0 +∆1 ) ,
3

and the phase correlation remains unaffected by the loss.
The previous example demonstrates that the localised relative quantum phases
have the same additive properties as classical phases between different systems.
Furthermore, the interference procedure on the second and third systems is independent of the prior phase correlation with the first system. This is clear from the
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dependence of |Cl,r |2 on ∆ = φ − θ − ∆0 and the fact that,
′

tr (ρ ) =

Z

0

2π

Z

0

2π

dθ dφ
|Cl,r (φ − θ − ∆0 )|2 =
2π 2π

Z

0

2π

Z

0

2π

dθ dφ
|Cl,r (φ − θ)|2 .
2π 2π
(3.13)

tr (ρ′ ), determining the probability for different measurement outcomes of the interference procedure, is the same here as for an initial product of Poissonian states
with corresponding mean photon numbers N2 and N3 uncorrelated with a further
system.
In practice however establishing a relative phase between two systems will have
some effect on phase correlations with external systems due to the effects of photon
depletion. With reference to the previous example, if the amplitudes of modes 2
√
and 3 are reduced by a factor 1 − ǫ during the interference procedure, the relative
p
p
√
amplitude of modes 1 and 2 changes as N̄1 /N̄2 −→ 1/ 1 − ǫ
N̄1 /N̄2 . This

does not affect the value ∆0 of the relative phase between modes 1 and 2, but does

change, for example, the behaviour of the two modes if combined on a beam splitter.
The independence of the canonical interference procedure of phase correlations
with external systems makes it interesting to consider what happens in a three mode
system where, as previously, mode 3 is initially Poissonian, and an interference
procedure is performed on modes 2 and 3, but where differently, modes 1 and 2
begin in a state where the relative phase is localised at two values ±∆0 . Such states

are produced in an ideal interference experiment (refer Sec. 2.1.3 of Chapter 2). It
is easy to see that after the second interference procedure on systems 2 and 3, which
for simplicity is assumed to determine the value 0 for the relative phase, the final
state of the three mode system is,
Z

EDp
dθ p iθ EDp iθ p i(θ+∆0 ) EDp i(θ+∆0 ) p
N̄ e
N̄ e ⊗ N̄e
N̄ e
⊗ N̄ 3 ei(θ+∆0 )
N̄ 3 ei(θ+∆0 )
2π
1
2
3
0
Z 2π
ED
ED
ED
p
p
p
p
p
p
dθ
+
N̄eiθ
N̄eiθ ⊗ N̄ ei(θ−∆0 )
N̄ei(θ−∆0 ) ⊗ N̄ 3 ei(θ−∆0 )
N̄ 3 ei(θ−∆0 ) .
2π
1
2
3
0
2π

Interestingly if the second system is lost (i.e. if mode 2 is traced over), modes 1 and
3 are left in a state localised at two values, but if the first system is lost (i.e. if mode
1 is traced over), modes 2 and 3 are left localised at one value of the relative phase
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R dθ
|αihα| ⊗ |βihβ|,
0. It should also be pointed out that for a well localised state 2π
p
p
where α = (1 − ǫ)N1 eiθ and β = (1 − ǫ)N2 ei(θ+∆0 ) , the expected numbers of
photons in each mode — (1 − ǫ)N1 and (1 − ǫ)N2 — are independent of ∆0 , and

hence the effects of photon depletion in an interference experiment involving one
mode of pair of systems in a state having two components with different localised
relative phases will in general be the same on both components.

3.4

Application to engineering large optical Fock
states

This section presents an example of how the canonical interference procedure introduced in Sec. 2.1 of Chapter 2 can be utilised in schemes for quantum state
engineering based on linear optics and classical feedforward of measurement results. The example considered is the generation of large Fock states from a source
of single photons by a probabilistic process of “addition”. Large photon number
states are of interest for several reasons. They have applications to interferometry
with phase uncertainty reduced to the Heisenberg limit, considered theoretically in
[Holland93, Kim98]. Second, the coherence properties of Fock states are of fundamental interest, particularly in relation to those of Glauber coherent states. Finally
relational Schrödinger cat states, generated by applying the canonical interference
procedure to pairs of Fock states, can easily be converted to “High NOON states”
— states of the form

√1
2

(|Ni1 |0i2 + |0i1 |Ni2 ) in a basis of Fock states where N is

assumed to be large — whenever the two components of the cat have relative phases

approximately π apart. This conversion is explained at the end of the section. For a
recent discussion of some important applications of NOON states, in particular for
interferometry beyond the shot-noise limit, see [Lee05].
The problem considered here is how to create large Fock states given (idealised) linear optical components — beam splitters, photon detectors, phase shifters
and a highly efficient source of single photons (for recent progress on sources see
[Grangier04] and on detectors see [Rosenberg05]). One obvious and simple but inefficient method is as follows, suggested by the well-known Hong, Ou and Mandel
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dip experiment [Hong87], whereby two uncorrelated and identical photons, simultaneously incident on the input ports of a 50 : 50 beam splitter, must both be
registered at the same output port. Starting with a product of one photon states
|1i|1i, coherent combination of the optical modes at a 50 : 50 beam splitter,4 yields

a superposition of states with two photons in a single mode,
r n
o
1
− |2i1 |0i2 + |0i1 |2i2 .
2

Assuming the second output port is monitored by a (non-discriminating) photodetector, a two photon Fock state is created at the first output port with probability
1/2. This process could be iterated to yield successively larger Fock states. For
example if two two-photon states are combined on the beam splitter,
|2i1 |2i2 −→

o
√
1 n√
3.2 |4i1 |0i2 − 2 |2i1 |2i2 + 3.2 |0i1 |4i2 ,
4

in a basis of Fock states, and if the second mode is monitored by a photon-number
discriminating detector, the output state in the first mode is |4i with probability

3/8, and |2i with probability 1/4. For the case of an input state with the same

number N of photons in each mode it is seen that in half, or a little under half, of
such operations the output is worse than the inputs.
Looking in more detail it is helpful to determine a general expression for the
action of a 50 : 50 beam-splitter on the state |Ni1 |Ni2 with N photons in each
mode, which can be done as follows. Adopting a representation in terms of coherent
states,
1
|Ni1 |Ni2 =
ΠN (N)

Z 2πZ
0

2π
0

dθ dφ −iN (θ+φ) √ iθ E √ iφ E
e
Ne
Ne
,
2π 2π
1
2

where ΠN (N) denotes a Poissonian factor. Under the action of the beam splitter
4

Fixing the phase convention
 for calculations in this section, the beam splitter transformation is
taken to be exp π4 ab† − π4 a† b , a and b denoting the annihilation operators for the modes labelled
1 and 2.
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this is transformed to,
ψf

1
=
ΠN (N)

Z 2πZ
0

2π
0

dθ dφ −iN (θ+φ)
e
2π 2π

√

+
+
√
√
√
− N eiθ + Neiφ
N eiθ + N eiφ
√
√
.
2
2
1
2

Expanding the coherent states in the Fock basis and making the replacement
 θ+φ  1 2
R 2πR 2π
R 2πR 2π dθ dφ
[·] = 0 0 d φ−θ
d 2
and θ+φ
are the vari[·] (where φ−θ
2
2π
2
2
0 0 2π 2π
ables of integration), valid because of the 2π-periodicity in θ and φ,
ψ

∞
X
e−N
1
√
=
(2N)(A+B)/2 iB
ΠN (N) A,B=0 A!B!
Z 2π



1
θ + φ i(A+B−2N )(θ+φ)/2
×
e
d
2
0 2π
 
 
Z 2π
 
∆
∆
∆
1
A
B
×
cos
sin
|Ai1 |Bi2 ,
d
2
2
2
0 2π

f

where ∆ ≡ φ − θ. The integral over the average of the phase variables enforces

conservation of photon number A+B = 2N. As for the second integral the following
result is required,
Z

0

π/2

1
dz
cosA z sinB z =
Γ
2π
4π



A+1
2

 



B+1 .
B+A
Γ
Γ
+1 ,
2
2

for an integral over the first quadrant, where Γ(·) denotes the usual gamma function.
The integral over the phase difference variable ∆/2 over all four quadrants is seen to
be four times this when A and B are both even, and 0 otherwise since positive and
negative valued contributions cancel. Overall |ψ f i is seen to be a sum over contribu-

tions with even photon numbers for both modes. The final expression simplifies to

√
the following (using the standard identity Γ (M + 0.5) = (2M)! π/ 22M M! valid
for M ≥ 0),

ψf

N
1 X
= N
2 j=0

p

(2j)! (2N − 2j)! i(N −j)π
e
|2ji1 |2N − 2ji2 ,
j! (N − j)!

(3.14)

(in agreement with [Campos89]). When a photon number discriminating detector
monitors the second mode the most probable outcomes are measurements of 0 or
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2N photons, and the least likely measurement is N/2 photons (or (N ± 1) /2 pho-

tons if N odd). If a non-discriminating detector monitors the second mode only
a measurement of 0 photons would be useful, which happens with probability P0

where,
h2N|1 h0|2 ψ f
(2N)!
= 2N 2 ,
2 N!

P0 =

which well approximated by the expression 1
mula for large factorial numbers).

√

2

(3.15)

πN ( obtained using Stirling’s for-

It is interesting to compare this result with the action of a lossless beam splitter
states |αi1 |βi2 or a phase locked state
√
√
e−i2N θ |αi1 |βi2 , where α = N1 eiθ and β = N2 ei(θ+∆0 ) — products of co2π

on a
R 2π dθ
0

product

of

coherent

herent states evolve deterministically to products of coherent states. A combination
of a single mode phase shifter and a beam splitter with reflection and transmisp
sion coefficients determined by the ratio N1 /N2 of the amplitudes of the coherent

states suffices to get mode 2 into the vacuum state. This motivates an approach to
“adding” Fock states based on the interference procedure discussed in Sec. 2.1 of
Chapter 2 which localises the relative phase degree of freedom. Since the localisation
in such a procedure is rapid, it would be expected that a substantial improvement
in the success probability of the previous method is possible by sacrificing a small
number of photons, and proportionally less for larger input states. In fact when the
input states are one-photon Fock states there can be no benefit — a single photon
Fock state could be obtained with certainty but is the same as the inputs.
In detail a revised method of “adding” a product of Fock states |Ni1 |Ni2 is as

follows. Refer back to Sec. 2.1 of Chapter 2 for an explanation of the canonical
interference procedure; the notation and assumptions here are the same. It is assumed now that: the canonical interference procedure is applied first and stopped

after a fixed total number of detections W have been recorded; that the apparatus is ideal i.e. phase stable; and that phase shifts throughout the apparatus are
fully characterised so that full information is available about the value ∆0 of the
(partially) localised relative phase. If the process is performed slowly then only
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non-disciminating photocounters would be needed. If W ≥ 2 it is assumed that the

process is interrupted half way through and that a phase shifter in the second arm

(refer Fig. 2.1 of Sec. 2.1) is adjusted by π/2. This enforces localisation at one value
of the relative phase. Without this step a relational Schrödinger cat state would
be obtained with high probability and it would not be possible to arrange for such
large variation in the intensity at one of the output ports of a beam splitter applied
subsequently as can be achieved otherwise. The state of the optical modes in a basis
of Glauber coherent states is then,
ψ

loc

=

Z

 
dθ dφ −i(2N −W )(θ+φ)/2 0 ∆ √ ′ iθ E √ ′ iφ E
e
C
Ne
Ne
,
2π 2π
2
1
2

where ∆ ≡ φ − θ, N ′ = (1 − ǫ) N (where ǫ is a leakage parameter) and the scalar

function C 0 ∆2 is peaked at ∆ = ∆0 and is normalised such that hψ loc |ψ loc i = 1.
The next steps in the procedure are a phase shift of the second mode by −∆0 + π

and coherent combination of the two modes at a 50 : 50 beam splitter, so that the
final state is,
ψ

f

=
×

 
dθ dφ −i(2N −W )(θ+φ)/2 0 ∆
e
C
2π 2π
2
+ √
+
√
√
√
N ′ eiθ + N ′ eiφ e−i∆0
N ′ eiθ − N ′ eiφ e−i∆0
√
√
.
2
2
1
2

Z

If a detector monitoring the second output port registers 0 photons, ψ f is projected
onto the Fock state |2N − W i1 as follows,
h0|2 ψ f

p
= e−i(2N −W )∆0 /2 Π2N −W [2 (1 − ǫ) N]


   
Z 2π
∆
1
0 ∆
2N −W ∆ − ∆0
C
cos
|2N − W i1 ,
d
×
2
2
2
0 2π

(3.16)

where Π2N −W [2 (1 − ǫ) N] is a Poissonian factor with mean 2 (1 − ǫ) N, and the

variable of integration ∆/2 runs between 0 and 2π. If a photon number discrimi-

nating detector is available for monitoring the second output port then the output
at the first output port need not be discarded when the detector fails to measure a
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vacuum state; in general the yield of Fock states with more photons than the input
states is expected to be considerably improved compared to the earlier method.
Letting |ψ proc i denote the normalised state of the two optical modes after the

localisation procedure has been performed and after a phase shift of −∆0 +π has been


applied to the second mode, |ψ proc i = exp i (−∆0 + π) b† b |ψ loc i where b denotes
the annihilation operator on mode 2, and letting U(50 : 50) denote the beam splitter

transformation, the amplitude for detecting the vacuum state is given in a basis of
orthogonal Fock states by,
h2N − W |1 h0|2 U(50 : 50) |ψ proc i



1/2

 (2N −W )/2 
∞


X 2N − W
1
(2N
−W
−s)


=
(−1)
hs|1 h2N − W − s|2 |ψ proc i .


2
S

 s=0

(3.17)

Consider the case when W = 1 and the interference procedure involves just one
detection. If the photon is detected at mode 1 then clearly no additional phase shift
is required. After normalisation,
|ψ proc i =

|N − 1i |Ni − |Ni |N − 1i
√
.
2

P0 , denoting the success probability |h2N − 1|1 h0|2 U(50 : 50) |ψ proc i|2 , evaluates to

2 (2N)! 22N N!2 , exactly double the value for the first procedure (refer Eq. (3.15)),

and consistent with the Hong, Ou and Mandel phenomenon when N = 1. If the

localising detection occurs mode 1, an additional phase adjustment of π is required,
and P0 is the same.
Consider now the case when W = 2, and the detections are both at mode
2. The protocol demands a fixed phase shift of π/2 between two detections so
that ψ loc ∝ (a + b) (a + ib) |Ni1 |Ni2 . Other outcomes at the detectors work out
analogously. After normalising,
ψ

loc

=

r

r
√
N−1
(1+i) N
N−1
|N−1i1 |N−1i2 +i
|N−2i1 |Ni2 + √
|Ni1 |N−2i2 ,
4N−2
4N−2
4N−2
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peaked at a relative phase of ∆0 = −π/4. Hence a phase shift on mode 2 of 5π/4 is
required to maximise the success probability P0 , after which the state of the optical
modes is,
|ψ

proc

i=

r

N−1
|N−2i |Ni −
4N−2

r

2N
|N−1i |N−1i +
4N−2

r

N−1
|Ni |N−2i .
4N−2

Then the success probability P0 is given by,
#2
" r
r
r
N−1
N−1
N
(2N−2)!
2
|h2N−2|1 h0|2 U(50 : 50) |ψ proc i|2 = 2N−2
+
.
2
(N−1)!2
N
4N−2
2N−1
A simpler expression valid asymptotically is,
"
r #2
1
1 (2N − 2)!
1+
,
P0 ≃ 4 2N
2
2 (N − 1)!
2
having a fractional error of less than 5% for N ≥ 15, but it is invalid for small

values of N. Taking the full expression for P0 , the ratio of the success probability
here with that of the method without the interference procedure Eq. (3.15) is 2.6 for

the uninteresting case N = 2 (when the input and output states are the same size),
rising to 2.9 for larger values for N. These preliminary results for W = 1, 2 suggest
that sacrificing even more photons to achieve sharper localisation of the relative
phase may be helpful for optimising the addition process for larger Fock states.
One potential application of engineering large photon number states is generating
relational Schrödinger cat states, using again the canonical interference process set
out in Sec. 2.1 of Chapter 2, and from these NOON states. This could be done as
follows, continuing with the same notation and assumptions. Consider the case after
several detections (a total number D) for an initial product of Fock states |Ni1 |Ni2

when the counts at the “left” and “right” detectors are equal. The final state of
the two optical modes is a relational Schrödinger cat state with components having
sharply defined relative phases of ±π/2, and is of the form,
|ψr.s.c.i ∝

Z

0

2π

dθ −i|γ|2 [2θ+(π/2)]
e
|γi1 γeiπ/2
2π

+
2
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Z

0

2π

dθ −i|γ|2 [2θ−(π/2)]
e
|γi1 γe−iπ/2
2π

2

,
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where |γi denotes a coherent state, γ = |γ| eiθ and |γ| =

p

N − (D/2). Application

of a phase shift of π/2 to the second mode and combination of the two modes at a
50 : 50 beam splitter yields a NOON state. Under the phase shift the relational cat
state is transformed as,
|ψr.s.c.i −→

Z

0

2π

dθ −i|γ|2 [2θ+(π/2)]
e
|γi1 |−γi2 +
2π

Z

2π
0

dθ −i|γ|2 [2θ−(π/2)]
e
|γi1 |γi2 ,
2π

and the beam splitter transforms the state to,
Z 2π
dθ −i|γ|2 [2θ−(π/2)]
dθ −i|γ|2 [2θ+(π/2)]
e
|0i1 |2γi2 +
e
|2γi1 |0i2
2π
2π
0
0
|0i1 |2N −Di2 + exp (i|γ|2 π) |2N −Di1 |0i2
√
∝
,
(3.18)
2
Z

2π

where the last expression is a superposition of states with 2N − D photons in a

single mode as required. In practice it would be necessary to limit the number of
detections in the interference procedure as much as possible, leading to components
with visibility significantly less than 1, and use the states generated when the counts
at the left and right detectors are similar but not identical (when the difference of
the localised relative phases is different from π) so as to increase the yield. The
resulting states would be expected to have a NOON state as a large amplitude
component. Future work could clarify the usefulness of such approximate NOON
states and optimise the suggested procedure.

3.5

Relative optical phases and tests of superselection rules

A conservation law makes operational sense (or nonsense) only when related to the
procedures whereby the conserved physical quantities are measured. In particular,
the frame of reference against which the measurements are made plays a crucial
role. Certain frames of reference (e.g. position, atom number) are more in accord
with everyday experience than others (e.g. “charge phase”, “isospin phase”). This
has perhaps more to do with the ground state of the universe (the electromagnetic
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vacuum in particular) which acts as a readily accessible reference frame, than with
any fundamental physical restrictions.
A belief in absolute conservation laws leads to a belief in absolute superselection rules. For example, in algebraic quantum field theory the existence of absolute
conservation laws and associated superselection rules, forbidding the creation of superpositions of states with different values of the conserved quantities, is taken to
be true axiomatically [Wick52, Haag96] (see also the discussion in section 2.7 of
[Weinberg95]). To illustrate how the more relational approach works consider quantum optics under the “rotating wave approximation” (refer for example [Gerry04]),
taken to be equivalent to a strict superselection rule for energy under which the
energy is additively conserved, and in the absence of any absolute phase reference. Under these assumptions superpositions of states of different photon number (such as Glauber coherent states of light) are forbidden, as are superpositions
of non-degenerate atomic states (|gi, |ei). Interaction Hamiltonians are explicitly

excitation-conserving so, for example, the familiar Jaynes-Cummings Hamiltonian
Ĥ = |eihg| ⊗ a + |gihe| ⊗ a† is allowed (where a and a† are annihilation and creation

operators for an optical mode). For a discussion of Jaynes-Cummings dynamics see
[Gerry04].
If asked how to operationally create and verify the existence of a superposition

of atomic states of the form |gi + |ei, a simple response would be to send the atom,
initially in the ground state |gi, through a cavity containing light in a large amplitude

coherent state5 for an appropriate length of time, where the interaction Hamiltonian
is Ĥ above. Measurement of the atom after exiting the cavity yields it in the ground
state half the time. However this could be due to the atom being in a mixed state.
To verify that a coherent superposition has been obtained the atom could be sent
through a second cavity, also in a optical coherent state with a large amplitude,
after which it would be found that the atom is always in the excited state |ei for
example. This demonstrates that the atom was indeed in the coherent superposition

|gi + |ei between the cavities. Note that this notion of a superposition assumes that
the phase reference provided by the state of the first cavity is maintained.
5

Sufficiently large to drive Rabi oscillations between |gi and |ei.
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What Aharonov and Susskind (AS) note in [Aharonov67] is that the two cavities
need not, in fact, be prepared in coherent states. A state of the form Eq. (2.10)
discussed in Sec. 2.1 of Chapter 2 is operationally just as good as initial coherent
states for the purposes of demonstrating a coherent superposition of atomic states
using the procedure described above.6 As noted previously, this state has fixed total
energy, and thus there would be no violation of the conservation law globally. An
objection to this test having physical relevance can be made along the lines that
states of the form Eq. (2.10) are not easy to come by in nature, and in fact are
highly entangled. However the results of Sec. 2.3.1 and Sec. 2.3.2 of Chapter 2
demonstrate that a mixed state of the form Eq. (2.14) would do just as well for the
operational demonstration of coherent superposition envisaged by AS. Such mixed
states are much more easily preparable, and would seem to conform more closely
with the type of reference frame states that observers typically prepare.
There are some interesting ways this topic could be extended in future work.
One assumption made by AS in their calculations is that the cavity modes are
prepared with large intensities. It would be of interest to check how effective a
phase locked state with only a small total number of photons would be. Also it would
be useful to check what happens when the interaction Hamiltonian is taken to be
Ĥ = (a + a† )(|gihe| + |eihg|), which is derived from the electric-dipole approximation

without also making the rotating wave approximation. Perhaps the easiest way to
create the phase locked state Eq. (2.10) is by splitting the light from a single laser
at a beam splitter, rather than by phase locking two independent light sources.
However the process suggested by AS to demonstrate coherent superposition could
also be used to investigate features of the (partially) localised relative optical phase
induced in states prepared using the canonical interference procedure of Sec. 2.1 of
Chapter 2.
6
AS actually considered the creation of a superposition of a proton (equivalent to |gi) and a
neutron (equivalent to |ei) using coherent states — or otherwise — of negatively charged mesons
(equivalent to photons), under a Hamiltonian identical to the Jaynes-Cummings one.
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3.6

Possible extensions

It is clear that the programme of investigation in Chapters 2 and 3 can be extended
to address further questions about localising relative optical phases. For example,
with reference to the canonical interference procedure, further calculations could
be done for a setup for which the ancilla modes are combined at an unbalanced
beam splitter, for which the reflection and transmission coefficients have different
magnitudes. The indistinguishability that the beam splitter provides is central to
the process of localisation, and it might be expected here that the localisation is
slower, or only partial even after very many detections. It would be interesting to
clarify how the process localisation differs for the two cases of asymmetric initial
states (with different intensities in each mode) together with a 50 : 50 beam splitter,
and symmetric initial states together with an unbalanced beam splitter. Another
question asks what happens when there is uncertainty in the path lengths of the
apparatus during the interference procedure. In this case the Kraus operators corresponding to photon detection take the modified form â ± [exp (ix̂)] b̂ (where â and

b̂ are the annihilation operators for the two modes, and x̂ is a position operator for
the path length), and the process of localisation acts on the sum of the path length
and the relative optical phase.
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4
Interfering Independently Prepared Bose Einstein Condensates and Localisation of the
Relative Atomic Phase

This chapter looks at the interference of two Bose-Einstein condensates (BEC’s)
which have been prepared separately and therefore have no prior phase correlation,
a process in which localisation of the relative atomic phase plays an important
role. The focus is on spatial interference experiments in which the condensates
are released from their traps and are imaged while falling, as they expand and
overlap. High contrast interference patterns have been observed experimentally
[Andrews97, Hadzibabic04]. Javanainen and Yoo were the first to provide a detailed
numerical demonstration that such interference can be predicted without assuming
that each condensate has an a priori phase [Javanainen96b]. Several studies have
been done by other authors, and [Cirac96, Naraschewski96, Yoo97, Horak99] should
be highlighted, though little was done analytically (an exception being [Castin97]).
This chapter presents and extends work published in [Cable05], investigating
the key features of the localisation of the relative atomic phase as a pattern of
spatial interference is built up by a series of atomic detections. The analysis has
close connections with the study of localising relative optical phase in Chapter 2.
Most surprisingly it is shown that the localisation of the relative atomic phase takes
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place on the same rapid time scale as in the optical example, and much faster
than the emergence of a well-defined pattern of spatial interference in the numerical
simulations of Javanainen and Yoo and others.
The chapter proceeds as follows. The conceptual difficulties associated with
assigning a BEC a coherent state macroscopic wavefunction with a definite a priori
phase are reviewed in Sec. 4.1. The spatial interference of independently prepared
BEC’s is analysed in depth in Sec. 4.2. A simple measurement model is presented in
Sec. 4.2.1 based on the approach adopted in [Javanainen96b]. The visibility defined
in Sec. 2.2 of Chapter 2, which can be used to quantity the degree of localisation
of the relative phase, is found to have a simple interpretation here in terms of the
probability density for detection of an atom at a particular position. The case
of initial Poissonian states is treated analytically in Sec. 4.2.2, and the analytical
predictions are compared with simulated results in Sec. 4.2.3. Sec. 4.2.4 discusses
the issue of what information is available in principle about the localisation of the
relative atomic phase from a given pattern of spatial interference. Finally in Sec. 4.3
a summary is given of a recent experiment and several different theoretical proposals
concerning methods which probe the relative atomic phase by optical means, thereby
performing a non-destructive measurement.

4.1

The standard story and conservation of atom
number

A common and useful description of BEC’s makes use of a coherent state macroscopic wavefunction for the condensates. Such a description is generally justified by
invoking standard stories about symmetry breaking (see for example Chapter 2 of
[Pitaevskii03] and [Javanainen86]). However there are several reasons to be suspicious of this common treatment. The first is that it requires a description of the
state of a BEC in terms of a coherent superposition of states with different atom
numbers. If atom number is to be conserved then such a description is tricky to
justify. It is often argued that the BEC is surrounded by a thermal cloud with which
it is exchanging atoms, and thus the atom number is undetermined. However such
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a process leads only to a mixed state for the BEC and not a pure coherent state.
Secondly, the symmetry breaking is generally invoked by the addition of auxiliary
fields with no clear physical relevance (see for example [Naraschewski96] for a description and criticism of an approach based on Bogoliubov auxiliary fields). An
assumption of an a priori symmetry breaking also implies the philosophically precarious position of writing down quantum mechanical states containing in principle
unknowable parameters - the absolute atomic phases1 . Finally the most striking
demonstrations of coherence for BEC’s come from interference experiments such
as reported in [Andrews97, Hadzibabic04], but such experiments do not require a
description in terms of atom-number-violating coherent states, as will be discussed
below.
As an aside, there is a difference here with experiments in which a single condensate is coherently “cut” into two parts and then allowed to re-interfere. Such
interference is obtainable without the use of coherent states. As an optical analogue,
sending a photon Fock state — or even a thermal state — through a Mach-Zehnder
interferometer demonstrates perfect interference! Experiments in this category include [Bloch00], where interference was demonstrated between matter waves originating from spatially separated parts of one trapped condensate, and [Hall98] where
the process of splitting and recombining the condensate was done using two-photon
pulses, with the two condensates populating degenerate spin states. Only the case
that the BEC’s are prepared separately is of interest in this chapter.
It is simple to imagine an experiment involving two BEC’s that closely follows
the optical scenario described in Chapter 2 for photons in cavities. For instance,
two condensates trapped in separate potential wells may be allowed to slowly tunnel
through a barrier. Atoms originating from different wells can be rendered indistinguishable by mixing at an appropriate beam splitter. While a standard description of
the experiment would utilize interference between coherent condensate fields |ψ1 |eiθ

and |ψ2 |eiφ , the discussion of the Chapter 2 can be carried over to conclude that

such a description is not necessary. In fact it is less desirable — it violates atom
number conservation and invokes the use of the independent and unknowable phases
1

the absolute phase for a single mode is, roughly speaking, the phase difference between the
amplitudes for some number n and n + 1 particles.
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θ and φ, which vary from run to run of the experiment and should therefore be incorporated in a quantum mechanical framework by the use of mixed states (leading
to a description as in Sec. 2.3.1 of Chapter 2). In practice the most striking BEC
interference patterns are not those which involve leaking of single atoms onto a beam
splitter and detection in one of only two channels, but rather those in which spatial
diffraction of the initially independent BEC’s occurs, and a spatial interference pattern is measured in the region of overlap. In what follows the discussion is extended
to this type of experiment.

4.2

Spatial interference of independently prepared
Bose-Einstein condensates

4.2.1

Modelling the atomic detection process and quantifying the visibility of the interference patterns

A simplified illustration of the class of experiment considered in this section is given
in Fig. 4.1. Two condensates are prepared separately and are trapped close together.
They are then released simultaneously from their traps and, as they fall under gravity, the condensates expand ballistically and overlap. A probe beam is shone on the
region of overlap and the atomic density profile is imaged. High-contrast interference patterns have been observed in experiments performed at MIT [Andrews97]
and at the ENS [Hadzibabic04]. The latter involved the interference of a total of
30 condensates, which were prepared in a one dimensional optical lattice, and were
released and imaged together. Various steps were taken in this experiment to ensure
that the condensates did not have any prior phase correlation: the lattice period
was long and the potential barrier high so as to eliminate tunneling between sites; in
one version of the experiment the lattice was ramped up during the cooling process
so that the condensates were formed independently; and in another the condensates
were kept before the start for a “holding time” very much longer than the observed
decorrelation time.
It is not necessary to use a coherent state description to predict interference
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Figure 4.1: A simplified illustration of a spatial interference experiment for two initially
uncorrelated Bose-Einstein condensates. The condensates are released from their traps,
expand ballistically, and overlap. The atomic density distribution is imaged optically.
Interference fringes are observed in the region of overlap.

between independently prepared BEC’s, as was first shown in detail by Javanainen
and Yoo [Javanainen96b, Yoo97]. They showed that interference patterns emerge
even if the atom number superselection rule is obeyed exactly, and the condensates
are initially in atomic Fock states with the same number of atoms. The analysis
which follows is based on the same simple model employed by Javanainen and Yoo,
but considers the case that the initial state of each condensate is mixed. It is assumed
that phase diffusion, the shape of the trapping potential, and edge effects can be
ignored. The condensates correspond to macroscopic occupation of one-particle
plane-wave states with opposite momenta ±k. They can therefore be described

by second quantised fields of the form e±ikx b±k , where the b±k are annihilation
operators for each mode. The initial states of the condensates are taken to be
Poissonian, consistent with a superselection rule for atom number. This choice of
initial state is suggested by a maximum-entropy principle which can be applied here,
given the situation of continuous exchange of atoms between condensed atoms and
a surrounding thermal cloud where only the average size of the condensate is easily
determined [Jaynes03]. Both condensates are assumed to have the same expected
atom number N̄ . To generate the pattern of spatial interference, the condensates
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are assumed to merge over a linear array of atom detectors, with the atoms detected
one at a time. The combined field operator, ψ̂ = eikxj bk + e−ikxj b−k , serves as the
measurement operator for a detection at position xj .
The situation here turns out to be dynamically equivalent to the optical problem
discussed in Chapter 2 when the cavity modes are initially Poissonianly populated
and the second cavity undergoes random phase shifts between detections, for example because of a frequency mismatch (see Sec. 2.1.3, third paragraph). Inspecting
the atomic measurement operator ψ̂, it is seen that atomic measurements π/k apart
are equivalent, and further, that a detection in
0 ≤ x1 <

π
2k

at x1 −

π
2k

π
2k

≤ x1 <

π
k

is equivalent to one in

with operator ψ̂ = eikx1 bk − e−ikx1 b−k . For a mixed state

ρ∝

Z

d2 αd2 β P (α, β) |αihα|k ⊗ |βihβ|−k ,

the probability density for measurement at xj with this periodic identification is
proportional to
tr

n

∝

Z


 
eikxj bk + e−ikxj b−k ρ e−ikxj b†k + e+ikxj b†−k
o
 
+ eikxj bk − e−ikxj b−k ρ e−ikxj b†k − e+ikxj b†−k
d2 αd2 β P (α, β) (|α|2 + |β|2) .

On this reduced range every xj is equally probable and the problem can be treated by
assuming “left” and “right” Kraus operators, Kr,τ ∝ bk +eiτ b−k and Kl,τ ∝ bk −eiτ b−k

with τ taking a random value for each measurement. In fact this equivalence between

the optical and BEC cases holds regardless of the states involved.
To formulate a measurement process which can be consistently interpreted in
terms of probabilities it is necessary to look at the normalisation of the measurement operators ψ̂(x). For a general field operator ϕ, the operator ϕ† (x)ϕ(x) is
commonly interpreted as the particle density at the position x. The periodicity
here of ψ † (x)ψ(x) suggests restricting x to a length of π/k. It is easily seen that


R π/k †
π
N̂
+
N̂
where N̂±k are the number operators for the
ψ̂
(x)
ψ̂(x)
=
k
−k
k
0
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condensates with momentum ±k. Hence the operators,
K̂(x) : ρ →

r


k ikx
e bk + e−ikx b−k ρ
π

(4.1)

define a complete set of measurement operators (for more on POVM’s and quantum operations refer for example sections 2.2.6 and 8.2 of [Nielsen00]). To allow a
consistent probability interpretation account must be taken of the expected total
n
h
io
atom number for ρ, giving a final state 1/tr (N̂k + N̂−k )ρ K̂(x)ρK̂ † (x), which

is subnormalised with trace equal to the probability of the measurement outcome.

The action of the measurement procedure on the vacuum state with no atoms populating either condensate mode is specified as 0 to resolve the ambiguity in this case
i.e. the probability is 0 for detecting an atom anywhere in this case. Defining
f (x1 , x2 , · · · , xr ) = N K(xr ) · · · K(x1 )ρK † (x1 ) · · · K † (xr )

(4.2)

for a sequence of measurements at positions x1 , ..., xr , where N is the normalisation

factor correcting for the changing expected total atom number, it is easy to check
R π/k
R π/k
that 0 f (x1 )dx1 = 1 when r = 1. For general r, 0 f (x1 , · · · , xr−1 , xr )dxr =

f (x1 , · · · , xr−1 ), and hence f (x1 , · · · , xr ) is a well-defined probability density.

Consider now the effect of the measurement operator K̂(x) on an arbitrary state

ρ for the two condensates (but not the vacuum!) — for example the state after a
series of earlier atomic detections at different positions. Then the probability for
detection of an atomic at a position x is given by,
nh
i o
h
 i
b†k bk + ei2kx b†−k bk + e−i2kx b†k b−k + b†−k b−k ρ /tr b†k bk + b†−k b−k ρ
i
h
 i


h

= 1 + ei2kx tr bk ρb†−k + e−i2kx tr b−k ρb†k /tr b†k bk + b†−k b−k ρ .

P (x) = tr





tr bk ρb†−k is a complex number and tr b−k ρb†k its conjugate. Defining
tr



bk ρb†−k



= tr

h

b†k bk

+
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b†−k b−k

 iV
exp−iϕ ,
ρ
2

(4.3)
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it follows that the probability density takes the simple form,
P (x) = 1 + V cos (2kx − ϕ),

(4.4)

where V is a positive number between 0 and 1, a fact which is guaranteed by
the fact that the density operator ψ(x)† ψ(x) is positive. The result Eq. (4.4) was
identified in [Javanainen96b, Yoo97] but only for the case when the initial states of
the condensates are number states with the same number of atoms.
The form of Eq. (4.4) suggests V as a measure of the degree of localisation of the
relative atomic phase parameter of two condensates. On the other hand, in Sec. 2.2
of Chapter 2 a visibility was defined to quantify the localisation of the relative
phase for two modes as illustrated in Fig. 2.4, and this definition can be translated
to the context of atomic optics. An experiment can be imagined in which one of
the condensates is subject to a controlled phase shift τ and coherently combined
with the other by a Josephson coupling in analogy with an optical 50 : 50 beam
splitter. The atom number in one well could then be counted to provide an estimate
of the intensity I(τ ) defined in Sec. 2.2. In principle the experiment would have to
be repeated many times with identical preparations of the condensates to provide
an accurate estimate of I(τ ), and repeated again for different values of τ so as to
evaluate the visibility according to equation Eq. (2.12). However there is another
interpretation. It is straightforward to show mathematically that,

 1

1  †
−iτ †
iτ
I(τ ) = tr √ bk + e b−k √ bk + e b−k ρ .
2
2


τ
Therefore I(τ ) is proportional to the probability density P − 2k



(4.5)
for detecting a

τ
. Inspecting Eq. (4.4), V is seen to be the same as the visibility.
particle at x = − 2k

It is also worth noting the connection between the visibility and the method used

by Mølmer for quantifying the degree of localisation of the relative optical phase in
his studies of the interference of independent light sources [Mølmer97a, Mølmer97b].
 

The quantity considered by Mølmer is η = λ2ℜ tr a† b ρ (t) , proportional to the
real part of the trace quantity, where t is time, a and b are annihilators for the optical

modes, ρ is the state of the cavities, and λ is a normalisation factor scaling η within

82

4.2 Spatial interference of independently prepared Bose-Einstein condensates
±1. Mølmer restricted his attention to the case of initial number states, in which

case λ is the reciprocal of the number of remaining photons, and he normalised
the state of the two optical modes. Mølmer assumed a frequency difference between
optical cavities, giving rise to a rotating phase factor in the governing Hamiltonian —
~ (ωb − ωa ) b† b — which causes η to oscillate. When this oscillation is the principle


evolution, η ≃ 2ℜ V2 ei(ϕ+(ωb −ωa )τ ) = V cos [ϕ + (ωb − ωa )τ ], and the visibility is
seen to govern the magnitude of oscillation of η.

4.2.2

Analytical treatment for Poissonian initial states

This section looks at how the localisation of the relative atomic phase of two condensates induced by a series of measurements by operators defined in Eq. (4.1) can
be treated analytically. It is supposed that the condensates are initially in Poissonian states with the same mean number N̄ . The problem can be treated in terms
of “left” and “right” Kraus operators Kl,τ ∝ bk − eiτ b−k and Kr,τ = bk + eiτ b−k . To

understand the characteristic localisation it is sufficient to take half the detections

at τ = 0 and the rest at τ = π/2, the largest difference possible. There is little
advantage working as in [Mølmer97a, Mølmer97b, Castin97] with a probability density for the full measurement record involving information about the precise spatial
distribution of the atomic detections. The commutativity of Kl,τ and Kr,τ allows
the process to broken down as convenient. It is assumed that there are M measurements at each of τ = 0 and τ = π/2. The numbers of “left” and “right” counts are
denoted by l1 , r1 at τ = 0, and l2 , r2 at τ = π/2.
The 2M measurements cause the initial state with average atom number N̄ for
each condensate
ρI =
where α =

√

N̄eiθ and β =
ρI →
=

√

Z

dθdφ
|αihα|k
4π 2

⊗ |βihβ|−k ,

N̄ eiφ , to evolve as

M! M!
r1 †
l1 †
r1
l1
K̂r,r2π K̂l,l2π K̂r,0
K̂l,l2π† K̂r,r2π†
K̂r,0
K̂l,0
ρI K̂l,0
2
2
2
2
r
!l
!
r
!l
!
Z2 2 1 1
dθdφ
4π 2

τ =π

2
2
|Clτ1=0
,r1 (θ, φ) Cl2 ,r2 (θ, φ)| |αihα|k⊗|βihβ|−k ,
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2

τ
where Cl,r
(θ, φ) =

(r+l)!
r!l!

cos


∆− τ 2r
2

sin


∆− τ 2l
2

and ∆ ≡ φ−θ. The peaked func-

tion Cl,r is familiar from Sec. 2.1 of Chapter 2, and the phase shift τ causes a
translation.
The general features of the localisation are as in the optical analysis in Sec. 2.3.1
of Chapter 2. However the effect of the phase shift is to ensure with high probability
that exactly one value ∆0 for the relative phase is picked out. This is so even
when M is small. The phenomenon can be understood by careful inspection of the
measurement record and with the aid of the asymptotic expressions for Cl,r (θ, φ),
Eq. (2.4) and Eq. (2.5) of Chapter 2. Consider now the cases of M = 3, 8 and 15,
looking at the “likely events” — defined as those with probability greater than a
equal fraction 1/(M + 1)2 . The probabilities of these events total 0.9, 0.8 and 0.8
respectively. In every case a unique value of ∆0 is picked out. In very many cases —
all when M = 3 and half when M = 15 — all the detections are of the same sort, all
Kl (or all Kr ), at τ = 0 or τ = π2 , or both. In other words at least one component of
τ =π

2
Clτ1=0
,r1 (θ, φ) Cl2 ,r2 (θ, φ)

2

is of the form |CM,0 |2 (or |C0,M |2 ) which has only one peak
τ =π

2
and a larger spread than otherwise. The product Clτ1=0
,r1 (θ, φ) Cl2 ,r2 (θ, φ)

2

in turn

has only one peak and is highly probable. Other probable events are such that one
peak of Clτ1=0
,r1 (θ, φ)

2

τ= π

2

strongly overlaps with one peak of Cl2 ,r22 (θ, φ) . In short,

the phase shift of π/2 makes it impossible for Clτ1=0
,r1 (θ, φ)

2

τ= π

and Cl2 ,r22 (θ, φ)

2

to

strongly reinforce each other at more than one value for the relative atomic phase.
In the limit of a large number of detections,
Z

ρ∞ = dθ |αihα|k ⊗ |αei∆0 ihαei∆0 |−k .

(4.6)

When the relative phase is perfectly defined the atomic detections have a probability
density of cos2 (kx1 − ∆0 /2) (where x1 is the proper position). However, beginning

from initial states with no relative phase correlation, the value for the relative phase
localises much faster than it takes for the characteristic spatial interference pattern
to become well established (a point also made in [Horak99] for the case of initial
number states). The numerical studies of Javanainen and Yoo, for example, simulate
interference patterns based on 1000 atomic measurements. However, the dependence
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on the total number of detections l + r in Eq. (2.4) and Eq. (2.5) of Chapter 2
demonstrates that the underlying rate of localisation here is similar to that at either
of the two values of ∆0 which evolve when the phase τ is fixed.
τ =π

2 2
Beyond the very first few measurements, the scalar function |Clτ1=0
,r1 Cl2 ,r2 | is well
√
√ √
estimated by a Gaussian with width between 2/ M and 2/ M . The state of the

condensates then takes the form,
ρG =

Z

2πZ 2π

dθ dφ
2πP (∆) + (contributions for 2π-periodicity in ∆)
2π 2π
0
0
EDp
EDp
p
p
N̄eiθ
N̄ eiθ ⊗
N̄eiφ
N̄ eiφ
,
(4.7)
×
k

−k

where ∆ ≡ φ − θ and,
2
1
2
P (∆) = √ e−(∆−∆0 ) /(2σ )
σ 2π

is a normal distribution with mean ∆0 and variance σ 2 . The Gaussian width 2σ is
small compared to 2π (the range of ∆), and
r

r

1
≤σ≤
2M

1
,
M

(4.8)

where a total of 2M measurements have been performed. The visibility for a state
of the form Eq. (4.7) is derived in appendix B and,
1

2

V = e− 2 σ .

4.2.3

(4.9)

Numerical simulations for Poissonian initial states

This section discusses how the emergence of a pattern of spatial interference can be
simulated numerically, extending the method described in [Javanainen96b, Yoo97]
to general initial states, and looking specifically at the case of initial Poissonian
states considered in the previous section.
The approach used by Javanainen, Yoo and Ruostekoski to simulate the interference between condensates initially in number states with the same number N
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of atoms makes key use of the simple form of the probability density for atomic
detection in their measurement model — P (x) = 1 + V cos(2kx − ϕ) — and is as

follows. V is initially 0. V and ϕ are updated after each atomic detection, and
a simple method is used to generate the subsequent detection according to P (x),
assuming a random number generator which supplies a number u on [0, 1] according

to the uniform probability density. It is easy to show in general that given a random
variable X, with a probability density function g(x′ ) and a cumulative probability
Rx
function G(x) = x0 g(x′ )dx′ , the random variable G(X) is uniformly distributed.
Hence to generate the next detection it is sufficient to solve the following equation
in x:
G(x) =

Z

x

0

1 + V cos (2kx′ − ϕ) dx′ = x +

V
[sin (2kx − ϕ) + sin (ϕ)] = u, (4.10)
2k

which is easy to do numerically in practice. To update V and ϕ after this detection
it is sufficient to evaluate P (x) at two points by evaluating the full expression for
P (x) in terms of the positions of all the previous detections and N. Since the simple
form of P (x) in Eq. (4.4) applies for arbitrary states, the same method of stochastic
simulation can also be applied to initial states other than number states.
In what follows the case that the BEC’s are initially in Poissonian states is
considered in detail. After measurements at positions x1 , · · · , xr the initial state
ρI =

Z 2πZ
0

where α =

√

N̄ eiθ , β =

√

0

2π

dθ dφ
|αihα| ⊗ |βihβ| ,
2π 2π

(4.11)

M̄ eiφ and, N̄ and M̄ are the initial expected atom numbers

for each condensate, evolves to
ρ′ =

1
K(xr )...K(x1 )ρI K(x1 )† ...K(xr )† .
r
(N̄ + M̄ )

(4.12)

Here K(xj ) is the measurement operator for a detection at position xj (refer Eq. (4.1)),
and account has been taken of the total atom number at each detection. ρ′ is sub-
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normalised such that tr (ρ′ ) is a probability density. It can be shown that,
′

tr (ρ ) =
=

 r Z


k
1
dθ dφ  r
r
Σj=0 ...cj αj β r−j ... Σrj=0 ...c∗j α∗j β ∗(r−j)...
π
2π 2π
N̄ + M̄
 r

k  r
1
r
Σj=0 ... |cj |2 N̄ j M̄ r−j ... ,
(4.13)
π
N̄ + M̄


where cm is the coefficient of αm β r−m in the product Πrj=1 eikxj α + e−ikxj β and is
easily computed. This expression can be used to update the simulation parameters
V and ϕ after each detection.
An interesting point concerning the measurement operators Eq. (4.1) emerges
h
 i

in the explicit calculation of ρ′ above — tr b†k bk + b†−k b−k ρ′ = N̄ + M̄ tr(ρ′ )

— and it would appear that atom number is not conserved in this analysis. In
fact more extreme examples are possible. If the two atomic modes are initially
thermal and both with mean atom number hNi, then the total atom number after r

measurements can be shown to be hNi(r + 2). This difficulty can be understood by
reference to a quantum trajectory type approach which does conserve atom number

(and as is used in [Cirac96] for example). In such an approach there is, in addition
to jump operators corresponding to atomic detection, an additional non-Hermitian


†
†
1
evolution with Hamiltonian Hcond = −i 2 Γ bk bk + b−k b−k where Γ is some decay

rate, corresponding the effects of continuous observation of the combined condensate

conditioned on no atoms being detected. Hence the measurement operators Eq. (4.1)
describe both a detection of an atom at a specific position and a partial measurement
of the total atom number.
It is necessary to check whether neglecting the evolution due to Hcond affects
the basic features of the localisation process. For the case of initial number states
|Ni|Mi this is straightforward to see. After r atomic detections the state of the

condensates in a basis of number states is a superposition of states with total atom
number N + M − r. Therefore the evolution due to Hcond merely affects the normalisation of the state. However the case when the condensates begin in mixtures

of states with different total atom number — and therefore different decay rates —
is less clear. That the evolution due to Hcond is not important for the case of initial
Poissonian states can be understood as follows. A pair of coherent states evolves
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under Hcond as
p

iθ

N̄e

E p

iφ

M̄ e

E

−(1/2)(N̄ +M̄ )(1−e−Γt )

→e

E p
E
p
iθ
iφ
−Γt
−Γt
e N̄ e
e M̄ e ,

and the conditional evolution is seen not to change the ratio

p

N̄/M̄ of the ampli-

tudes of the coherent states. It is this ratio, rather than the absolute values of N̄
and M̄ , which is the relevant factor in the probability density after r measurements
Eq. (4.13) (and hence also the parameters V and ϕ in Eq. (4.4)) since
n

r
j 

r−j o
N̄ j M̄ r−j / N̄ + M̄ = 1/ 1 + M̄ /N̄
.
N̄ /M̄ + 1

The same is true the scalar factor |c (θ, φ)|2 describing the localisation in the relative

phase ∆ ≡ φ − θ:

′

′

ρ /tr (ρ ) =

Z

dθ dφ
|c(θ, φ)|2 |αihα| ⊗ |βihβ|
2π 2π

and,
1
1
r
|c(θ, φ)| =
′
tr (ρ ) N̄ + M̄
2

2
 r X
r
(r−j)
j
k
−ij∆
.
cj N̄ 2 M̄ 2 e
π
j=0

(4.14)

The results of repeated simulations for Poissonian initial states with the same
mean atom number for both condensates are shown in Fig. 4.2 and Fig. 4.3. The
visibility V for each run is always 0.5 after one detection, but varies significantly
from run-to-run beyond that, and evolves rapidly to 1 in all cases. In Fig. 4.2 each
point shows V after a given number of detections, averaged over 5000 runs, and
the bars mark ±1 standard deviation. Fig. 4.3 serves to verify the prediction made

at the end of Sec. 4.2.2 which specifies that the scalar function |C (θ, φ) |2 can be

well described by a single Gaussian with standard deviation in the range Eq. (4.8)
beyond the first few detections. From Eq. (4.9) the quantity −2D loge V , where D

is the total number of atomic detections, is expected to vary between 1 and 2 where
the result applies. The solid lines mark the predicted range of −2D loge V , and

the dotted curves show the results of the numerical simulation. The central dotted
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curve corresponds to the average value for −2D loge V and falls within the expected

bounds. The lower and upper dotted curves are computed for the average visibility
plus and minus one standard deviation. It may be concluded that the analytical
prediction is substantially consistent with the simulated results, although the real
rate of localisation is slightly faster than estimated.

4.2.4

Comments on the information available in principle
from a pattern of spatial interference

This section discusses two open questions concerning the information about the
relative atomic phase available, at least in principle, from a given pattern of spatial
interference. The first question is whether full knowledge about the relative phase
is contained in a precise record of the positions of the atomic measurements, or
whether some of the phase information is “hidden”, and can only be inferred using
an additional experimental procedure.
Specifically the situation imagined here involves an experimentalist who is not
concerned with the physics of the localisation of the relative atomic phase, and who
supposes that the BEC’s have fixed but unknown phases prior to the experiment.
It is assumed that the experimentalist is able in principle to fully characterise all
relevant features of the experiment including: interferometric information - such
as phase shifts due to path length differences; the values of all control parameters
determining, for example, the coupling of each condensate out of its potential well.
The experimentalist is supposed to employ a highly efficient and accurate method
of atomic detection, and to keep a detailed account of how the condensates are
prepared.
Adopting the standard approach of Bayesian statistical analysis, the experimentalist would update the probability density P (∆) summarising his or her “knowledge” of the relative phase distribution after an atomic measurement at position xr
according to the rule,
P

posterior

(∆) = R 2π
0

f (xj |∆) P prior (∆)

f (xj |∆′ )P prior (∆′ ) d∆′
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4.2 Spatial interference of independently prepared Bose-Einstein condensates
The question is then if there are circumstances where there are substantial differences between P (∆) and the actual quantum relative phase distribution. Consider
for example the situation considered in Sec. 4.2.2 for which the condensates are
known initially to be the same size and uncorrelated. The prior probability density
is flat. As a pattern of spatial interference is built up, a measurement at a position
xj updates the Bayesian probability density according to a factor proportional to
cos2 (kxj − ∆/2). After a series of measurements at x1 , · · · , xr the posterior distri-

bution is proportional to Πrj=1 cos2 (kxj − ∆/2). However, this is the same as the

scalar factor |c(θ, φ)|2 describing the localisation of the relative phase parameter in

a basis of coherent states, when the condensates are initially Poissonian. The fast
localisation of the relative phase in this example is mirrored by the rapid narrowing
of the naı̈ve Bayesian phase distribution.
As another example consider the case in which a pattern of spatial interference
is obtained for a state localised at two values for the relative phase,
ρS =

Z

2π

0



dθ
|αihα| ⊗ |αei∆0 ihαei∆0 | + |αe−i∆0 ihαe−i∆0 | ,
2π

where |αi is a coherent state with parameter α =

√

N̄eiθ , prepared in an atom-

optical version of the experiment described in Sec. 2.3.1 of Chapter 2. If equal
numbers of atoms were detected at the two “output ports” during the preparation
procedure then ∆0 = π/2 and the visibility is 0. After the first detection of the
spatial interference experiment at a position x1 , ρS evolves to
ρ′S

Z

2π

dθ
|αihα| ⊗ |αeiπ/2 ihαeiπ/2 |
2π
0
Z 2π
dθ
+ cos2 (kx + π/4)
|αihα| ⊗ |αe−iπ/2 ihαe−iπ/2 |,
2π
0
2

= cos (kx − π/4)

where ±k is the momenta of the condensates as they overlap. If x1 is near either
π
4k

or

3π
4k

one or other of the components of ρS is picked out and the visibility jumps

to approximately 1, and the fact that the relative phase is perfectly localised at one
value is not contained in the interference pattern. However it could be argued that
the experimentalist who assumes a priori symmetry breaking would not be surprised
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by this, as the naïve Bayesian probability distribution, informed by the outcome of
the preparation procedure, is again the same as for the full quantum state of the
condensates.
A second question is whether it is feasible to diagnose the characteristic localisation of the relative atomic phase by looking at the variation in the points making
up the pattern of spatial interference. One might expect that whenever the relative phase localises as the sequence of atomic detections is made, the pattern is less
well defined after some number of detections compared to the case when the phases
are fixed a priori. This effect might be expected to be more pronounced when the
localisation process is slow. Note that the challenge here is different to the one
usually considered in quantum parameter estimation, where the aim is to efficiently
characterise some quantum parameter of a given quantum state by sampling a large
number of identically prepared systems [D’Ariano00].
Yoo, Ruostekoski and Javanainen compared the case of initial number states
with N atoms in each mode and that of initial coherent states in [Yoo97]. They
looked at the statistics of the differences x2 − x1 , x4 − x3 , and so on, for a given

measurement record x1 , x2 , ..., and performed a statistical analysis to determine the
least number of runs that would be required with initial number states, in order that
at least half would be statistically significant against the null hypothesis of initial
coherent states (at the 5% level). The number of repetitions was found to increase
rapidly with N — for N = 1, a total of 40 repetitions would be needed, for N = 5

the number is 700 — and too fast to form the basis of a feasible experiment.
Another approach would be to investigate how the variation of estimates of the
relative phase changes as increasing numbers of atoms are detected. Given a record
of atomic measurements at positions x1 , ..., xr the relative phase could be estimated
in various ways, for example by maximum-likelihood estimation or by averaging
single-shot estimates. For the situation considered in Sec. 4.2.2 this would mean
extremising Πrj=1 cos2 (kxj − ∆/2) in the variable ∆, and averaging the ∆j ≡ 2xj /k

respectively. However the Cramer-Rao lower bound of classical statistics suggests
that such a method would not be particularly sensitive to rapid localisation in the
relative phase. Even for a classical probability distribution where a random variable
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is phase locked with probability density function proportional to cos2 (kx − ∆0 /2)
(with ∆0 and k fixed), the variance of any unbiased estimator of ∆0 can be shown

to be at least 1/r for a number r of detections. In conclusion, experiments in which
the relative phase parameter is expected to localise at a slower rate may be better
candidates for seeking statistical signatures of the localisation of the relative phase.

4.3

Non-destructive measurement of the relative
atomic phase by optical methods

An interesting direction for further work would explore experimentally feasible approaches to probing the localisation of the relative phase between two BEC’s, prepared separately, after an interference experiment involving only a small number of
atomic detections. It is easy to imagine an experiment in which only small fractions
of two separated condensates are extracted, coherently combined and subjected to
a process of atomic detection, for which a pattern of interference would be obtained
involving only a small number of points, and leaving the remainders of the condensates in a partially localised state. However demonstrating such partial localisation
would go beyond any experiment reported to date. The discussion below reviews in
simple terms a body of work concerned with optical detection of the relative atomic
phase between condensates. This work treats the issue of the localisation of the
relative phase briefly or not at all (an exception being [Ruostekoski97a]), but it is
of interest to identify to several techniques which could be applied to the current
problem.
A recent experiment [Saba05] has demonstrated the non-destructive measurement of the relative phase for two spatially separated and independently prepared
BEC’s, as follows. It is straightforward to show that the density operator ψ̂ † (p)ψ(p),
for a combined field operator ψ̂ in momentum space, exhibits interference when
the component condensates are spatially separated but phase locked. The method
used in the experiment to probe this interference is based on [Pitaevskii99]. Two
counter-propagating lasers are used to continuously extract atoms from the condensates which are trapped throughout the procedure. The lasers interact with the
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condensates by a process of Bragg scattering (which continuously imparts recoil momentum to a fraction of the atoms at high energy and momentum transfer), and
outcouple them. In addition the Bragg beams overlap throughout a region covering
both condensates, so that the atoms exit in a single stream, with their origin from
either condensate indistinguishable. The rate of outcoupling depends sinusoidally
on the relative phase of the condensates. An energy difference between the condensates causes the relative phase to change, and so a fringe pattern is observed. For
each atom extracted a photon is transferred between the Bragg beams (conserving
momentum), and hence the atomic fringe pattern is mirrored in variation of the
beam intensities.
A number of theoretical papers propose schemes to measure the relative phase of
two condensates spectroscopically, fully or partially.

Of particular note is

[Imamoḡlu97] which considers a setup with condensates trapped in a two well potential, and coupled via an excited trap state. The ground state condensates are
assumed sufficiently far apart to allow them to be driven separately by lasers. In
one version of the scheme a laser acts as a “local oscillator” and illuminates one of
the condensates. It is predicted that light is scattered from the other condensate
with a phase difference (compared to the reference laser) proportional to the one
between the condensates. The optical phase difference could be measured by optical
homodyning or heterodyning techniques. This proposal is particularly interesting
in as much as it suggests that it might be possible to map the relative phase for the
condensates onto an optical state which would be easier to probe experimentally.
Three further schemes aim to probe the relative phase of two condensates by
exploiting features of the light which is scattered when the two condensates occupy
degenerate electronic ground states, are trapped together, and are coupled via an
(electronic) Raman system. In each case it is supposed that the Raman system
is driven off-resonantly by phase-locked, copropagating lasers with different polarisations. In [Javanainen96a] simultaneous amplification of one Raman beam and
attenuation of the other is identified as a signature of a well defined relative atomic
phase. [Ruostekoski97a] also focus’s on intensity variation in the scattered beams,
and looks at the localisation of the relative phase given initial number states by
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means of numerical simulation. Finally in [Ruostekoski97b] features of the spectrum of the scattered light are found to depend on the value of the phase difference
between in the condensates. Another scheme [Savage97] is closely related to these
three and considers the situation in which excited atoms, prepared independently,
are launched towards two condensates in overlapping ground states into which they
can spontaneous decay. Features of the emitted light are found to depend on the
phase difference of the condensates.
Finally [Corney98] considers theoretically the situation in which Josephson type
oscillations between two spatially separated BEC’s in a double well potential are
measured by exploiting a dispersive interaction between one of the condensates and
the electromagnetic mode of a cavity. It is assumed that the cavity mode is offresonantly coupled to an atomic transition, and that the cavity is strongly driven
by an optical field which leaks out of the opposing end mirror on the time scale of
the condensate oscillations. The optical signal field and the field which leaks out
of the cavity are compared using a homodyne measurement scheme. The intended
interaction between the condensate and the cavity mode has a Hamiltonian operator
proportional to b† bc† c (where b and c are the corresponding annihilation operators),
and so the optical phase is modulated by the varying atom number in the cavity in
a manner depending on the relative phase.
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Figure 4.2: Simulated evolution of the visibility V for the case of initial Poissonian
states with the same mean number of atoms for both condensates. V is averaged over
5000 runs. The error bars show ± one standard deviation.
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Figure 4.3: The quantity −2D loge V , where V is a visibility, is plotted against the
number of atomic detections D. The dotted curves are the results of numerical simulations.
For the centre one, V is the average visibility after D detections. The lower and upper
dotted curves correspond to the average visibility plus and minus one standard deviatation
respectively. The solid lines show the range predicted beyond the first few detections by
the analysis of Sec. 4.2.2.
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5
Joint Scattering off Delocalised Particles and
Localising Relative Positions

A recent article [Rau03] by Rau, Dunningham and Burnett (RDB) examines the
localisation in relative position between two “quantum mirrors” in a Mach-Zehnder
interferometer (a “rubber cavity”), or between two delocalised free particles, induced
by the scattering of light. Simple models of the scattering processes are studied
numerically using a stochastic approach. RDB emphasize the role of entanglement in
the localisation process. Furthermore they claim that the localised relative positions
have the properties of classical vector displacements when three or more particles
are involved, a statement which they substantiate in [Dunningham04]. This chapter
presents work published in [Cable05] which continues with the same two models of
scattering and advances the discussion considerably.
The two models of scattering in [Rau03] are explained in Sec. 5.1. For the
first example — that of a rubber cavity — the localisation of the relative position
between two mirrors closely resembles that discussed in Chapter 2 for the relative
phase between two optical modes. Differently the localisation of the relative position
is many valued if the scattering photons have one fixed frequency (with the localised
positions having separation on the order of the wavelength of the light).
The second model is for scattering off free particles in two dimensions. It is
assumed that each particle taken separately acts as a perfect point scatterer, de-
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flecting the incident light in every direction with equal probability, and with any
internal excitation of the scatterer relaxing rapidly compared to the time for observation. Detection of the photons in the far field renders scattering off two particles
indistinguishable. Differently from the rubber cavity model the momentum kick on
each photon detection is variable, causing the relative position of the particles to localise at one value. RDB assume in their analysis that the particles are delocalised
in a one-dimensional region, and it is pointed out here that there are difficulties
extending the arguments to the case of particles delocalised over a two dimensional
region.
The technicalities of analysing the localisation processes in a basis of Gaussian
states are detailed in Sec. 5.2. A basis of Gaussian states has some advantages
compared to position eigenstates (which were used in [Rau03, Dunningham04]). In
particular position eigenstates disperse infinitely fast under free evolution, and an
analysis in terms of Gaussian states might be expected to run in close analogy with
the studies of localising relative phase in Chapters 2, 3 and 4 (which employ coherent
state representations). However the situation here turns out to be more complicated
since Gaussian states are not eigenstates of the translation operators corresponding
to momentum transfer.
The localisation of the relative position under the second, free particle, model of
scattering is considered in Sec. 5.3 for the case of particles with equal mass, each
one initially in a thermal state (with momentum given by the classical MaxwellBoltzmann distribution). In [Rau03] the initial states for each particle are momentum eigenstates which is not very realistic. The quantum state of a thermal particle
has a simple form as a diagonal mixture of Gaussian states (over the position of the
centre of mass), with spread given by the thermal de Broglie wavelength. Results
are presented for the cases when the incident light is monochromatic and thermal.
The situation considered is that of an observer viewing a distant light source — the
incident light is either forward scattered by the particles into the field of view of the
observer or is deflected, in which case the light source is observed to dim. Under
these assumptions the localisation of the relative position between the particles is
found to be partial, in contrast to the sharp localisation reported in [Rau03]. For the
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monochromatic case the pattern of localisation is characterised by Bessel functions
of the first kind.
Finally possible future calculations are suggested in Sec. 5.4. In particular it is
observed that a substantial simplification of the calculations occurs for the important
example of scattering off a classical ideal gas at room temperature. Entanglement
does not play a role in this example, and the free dynamics is straightforward to
compute.

5.1

Scattering in a rubber cavity and off delocalised free particles

k

Figure 5.1: Photons with momentum k pass through a “rubber cavity” — a MachZehnder interferometer in which two of the mirrors are mounted on “quantum springs” and
are initially delocalised along an axis. Two photodetectors monitor the output channels.

The first model of scattering discussed in [Rau03] — that of a “rubber cavity” —
is illustrated in Fig. 5.1 (Fig. 1 of [Rau03]). The relative position of two mirrors in
a Mach-Zehnder interferometer is localised by a series of single photons which pass
through the device and are detected by photodetectors monitoring the two output
channels. The Kraus operators corresponding to the two possible outcomes for each
input photon can be derived as follows. Letting ρmirrors denote the initial state of
the two mirrors, labelling the two optical modes a and b, and working in a Fock
basis for the optical modes so that the state of the input photon is |10iab , the action
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of the first beam splitter is given by:
ρmirrors ⊗|10ih10|ab
−→



|10iab +|01iab
√
ρcombined = ρmirrors ⊗
2



h10|ab +h01|ab
√
2

The action of the light in mode a is to give a momentum kick

√



.

2k N̂a to the de-

localised mirror along its path (where N̂a is the number operator and k is the
√

momentum of the input photon), and is described by the operator exp i 2k N̂a x̂

(where x̂ is the position operator for the mirror). Similarly for mode b the operator

√
is exp i 2k N̂b ŷ . After the light in the interferometer interacts with the mirrors

the state of the system is,

√

√

 √

 √

exp i 2k N̂b ŷ exp i 2k N̂a x̂ ρcombined exp −i 2k N̂a x̂ exp −i 2k N̂b ŷ .
The second beam splitter, identical to the first, transforms the state of the system
according to,
√
√


exp i 2kx̂ |10iab + exp i 2k ŷ |01iab
√
2
"
"
√
√
√
√

#

#
exp i 2kx̂ − exp i 2k ŷ
exp i 2kx̂ + exp i 2k ŷ
−→
|10iab +
|01iab .
2
2
The photon is detected at one of the two output channels, and the Kraus operators
are proportional to,


√

√
exp i 2kx̂ ± exp i 2k ŷ .

(5.1)

The localisation of the relative position in this example resembles that of relative
optical phase in Chapter 2. In fact the (numerically produced) Fig. 2 of [Rau03]
is essentially identical to the (analytic) Fig. 2.2 in Sec. 2.1.1 of Chapter 2. The
action of the Kraus operators in a basis of position eigenstates is analogous to that
of the optical operators Kl and Kr on optical coherent states, although in the latter
case only the basis is overcomplete. Differently from the optical case the pattern of
√
relative spatial localisation which emerges has a periodicity of π 2/k and extends
throughout the region where the mirrors are at the start.
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k
k

θ

R

Figure 5.2: Plane wave photons with momentum k scatter off two free particles, delocalised in a region of length R, and are either deflected at an angle θ or continue in the
forward direction. The observer can “see” photons which forward scatter or which are
deflected only by a small amount.

The second example considered by RDB is the localisation in relative position of
two free particles boxed in a one dimensional region due to the scattering of plane
wave photons. Fig. 5.2 illustrates the situation. The Kraus operators are derived
as follows. It is supposed that each particle taken by itself acts as a perfect point
scatterer, scattering as S-waves with certainty. The scattered photons are detected
in the far field at some angle θ of deflection. This simple scattering cannot yield
information about the position of the particle (see [Heisenberg49]). Rather each
event imparts a variable momentum kick k sin θ with operator exp(ik sin θx̂), where
k is the momentum of the incident photon, assumed to approach perpendicularly.
For two particles, and making the assumption that the scattering off each particle
is indistinguishable, the Kraus operators take the form
exp (ik sin θx̂) + exp (iφ) exp (ik sin θŷ) ,

(5.2)

where φ is some phase factor to be determined. These operators are seen to form a
density. The condition that the two particles should act as a single point scatterer
when together sets φ = 0. In addition, unitarity implies the possibility for forward
scattering and the corresponding Kraus operator is
s

Z

0

2π
dθ
2π

sin2

 k sin θ
2


(ŷ − x̂) ,

(5.3)

(there is just one). These forward scattering events do contribute to the localising
process and cannot be ignored.
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It could be asked why the two particles are not considered to be delocalised in
a two dimensional region. In fact there is a complication in this case. Following
the same arguments as above it is easy to write down the relevant Kraus operators.
Resolving vectors in Cartesian components with the “x-direction” aligned along the
direction of propagation of the incident plane wave:
K̂S =
K̂N =

q

s

1
2π

Z

0

exp (i∆k · m̂) cos
2π
dθ
2π

sin2

∆k
2


· r̂ ,

∆k
2

· r̂



where the vector position operator for the j th particle is (x̂j , ŷj ), r̂ = (x̂2 − x̂1 , ŷ2 − ŷ1 ),

2 ŷ1 +ŷ2
m̂ = x̂1 +x̂
,
and the momentum kick is ∆k = k (1 − cos θ, − sin θ). The prob2
2
lem is this — the operators depend on the vector r̂ rather than just its magnitude

|r̂|. The localisation process potentially resolves an absolute orientation as well

as a relative position, with the fixed direction of the incident photons providing a
reference.
The key difference between the rubber-cavity and free particle scattering models,
as demonstrated in the numerical studies of [Rau03], is that the changeable momentum kick of the latter localises a single value for the relative position rather than a
periodic array. Localisation at any value within the initial region is possible. Notice
however that the symmetry about 0 remains — the scattering process localises the
absolute value of the relative position, giving two values for the relative displacement whenever the initial conditions allow for it. Comparison should be made with
Chapter 4 where translations rather than frequency shifts prevent multiple values for
the localisation of the relative parameter, and the multiplicity is eliminated entirely.

5.2

Action of the scattering processes in a basis
of Gaussian states

In what follows the models introduced by RDB are investigated further. For this a
basis of Gaussian states has some advantages over position eigenstates — position
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eigenstates are dynamically fragile in as much as they disperse infinitely rapidly
under free evolution, and using Gaussian states facilitates analogy with the localisation of relative phase discussed in earlier chapters. However the case of localising
relative position turns out to be more technically complex since Gaussian states are
not eigenstates of translation operators. This section takes a diversion to set out
the technicalities of working with Gaussian states.
The notation |ψk,a,d i is adopted for a Gaussian state with mean momentum k,

mean position a and spatial spread parameter d,
√ Z
|ψk,a,d i ∝ d

∞

−∞

dxeik(x−a) Ga,d (x) |xi ,

(5.4)

where Ga,d denotes a Gaussian probability distribution with mean a and spread d,1
1 x−a 2
1
Ga,d (x) = √ e− 2 ( d ) .
d 2π

Consider now the effect of a sequence of localising Kraus operators, K(x̂1 , x̂2 ) =
KiN (x̂1 , x̂2 )...Ki1 (x̂1 , x̂2 ), acting on an arbitrary basis state for the two particles.
Rather than explicit localisation in the relative mean position parameter a2 − a1 ,
each basis state evolves to a superposition as follows,
|ψk1 ,a1 ,d i⊗|ψk2 ,a2 ,d i →

Z


1 2
2π

dx1 dx2 dp1 dp2

× K(x1 , x2 )eip1 (a1 −x1 ) eip2 (a2 −x2 )
× |ψp1 +k1 ,a1 ,d i⊗|ψp2 +k2 ,a2 ,d i

(5.5)

where K(x1 , x2 ) is evaluated at number values and, unless otherwise specified, the
R∞
R∞
integral is −∞ ... −∞ . This can be understood more simply. Writing K(x1 , x2 ) =
e+iζ

(x1 +x2 )
2

1
CΘ ( x2 −x
), a product of translation to the centre of mass (where
2

ζ
2

is the

1
), and assuming
cumulative momentum kick) and the localising function CΘ ( x2 −x
2
R
eΘ (p) = dze−ipz CΘ (z) may be defined, the final state
that the Fourier transform C

1

To simplify the notation the standard deviation d is suppressed when it is constant in consecutive steps.
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of the particles is proportional to,
iζ

e

a1 +a2
2

Z

i p2 (a2 −a1 )

dpe

E
E
e
CΘ (p) ψ ζ − p +k1 ,a1 ⊗ ψ ζ + p +k2 ,a2 .
2

2

2

(5.6)

2

It is seen that the basis states evolve to an increasingly flat superposition over relative
mean momentum with the phase terms defining the location of the relative spatial
eΘ (p) ≃ e−i p2 ∆0 when K(x̂1 , x̂2 ) enforces sharp localisation
maxima. In particular C

of the relative position at a single value ∆0 .

The picture can be further clarified by changing basis, regarding the Hilbert

space as a tensor product of spaces for the centre of mass and the relative position
rather than spaces for each particle,
|xi⊗|yi ←→

x+y
⊗ y−x
.
2
2
COM
Rel

The basis states considered above can be rewritten as another product of Gaussian
states,
|ψk1 ,a1 ,d i⊗|ψk2 ,a2 ,d i ∝ ψk1 +k2 , a1 +a2 , √d
2

2

E

⊗ ψk2 −k1 , a2 −a1 , √d

COM

2

2

E

.

Rel

In the new notation the final state, after K(x̂1 , x̂2 ) has acted enforcing sharp localisation at ∆0 , is proportional to,
iζ

e

a1 +a2
2

ψk1 +k2 +ζ, a1 +a2 , √d
2

2

E

COM

Z
E
p
⊗ dp ei 2 (a2 −a1 −∆0 ) ψk2 −k1 +p, a2−a1 , √d .
2

2

(5.7)

Rel

The centre of mass component is merely translated. The localisation in the relative
component is best seen by comparison with the following identity, expanding an
arbitrary position eigenstate in terms of Gaussians:
Z

dp eip(a−X) |ψk+p,a,di ∝ eik(X−a) Ga,d (X) |Xi .

If X is far from a the norm vanishes.
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5.3

Localising thermal particles with monochromatic and thermal light

This section looks at the localisation of relative position for two particles as might
occur in nature. Rather than the pure momentum states chosen by RDB for initial
states, the localisation between two thermal particles is considered here. It is supposed that the two particles have the same mass m and temperature T . At first it
will be assumed that the localising process can pick out one value ∆0 for the relative
position.
A thermal state for a single particle is given by a mixture of momentum eigenstates weighted according to the classical Maxwell-Boltzmann distribution, and can
be expressed in terms of Gaussian states in a simple diagonal form,
Z

dp

q

1
2πmkB T

exp



2
− 2mkp B T



|pihp| =

Z

da
2π

|ψ0,a ihψ0,a | .

The spatial spread parameter of the Gaussian states is given by d =

q

(5.8)
1
2mkB T

(where

kB is Boltzmann’s constant) and may be identified as the thermal de Broglie wavelength (the average de Broglie wavelength for an ideal gas at temperature T ). When
the particle is heavy and hot the Gaussian states approximate position eigenstates.
To attain normalisable states the infinite limits in Eq. (5.8) are dropped and the
initial states are assumed to be delocalised over a finite region R. For two particles
together,
ρI ∝

Z Z
R

R

da1 da2 |ψ0,a1 ihψ0,a1 | ⊗ |ψ0,a2 ihψ0,a2 | .

(5.9)

Under the action of the localising process K(x̂1 , x̂2 ) the initial state ρI is trans-
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formed as follows, staying with the notation introduced in Sec. 5.2,
ρI → KiN ...Ki2 Ki1 ρI Ki†1 Ki†2 ...Ki†N
Z Z Z
(′)
(′)
(′)
(′)
∝
da1 da2 d2 x1 d2 x2 d2 p1 d2 p2

R R
−i{p1 (x1 −a1 )+p2 (x2 −a2 )} i{p′1 (x′1 −a′1 )+p′2 (x′2 −a′2 )}

× e

e

× K(x1 , x2 )K(x′1 , x′2 )∗
× |ψp1 ,a1 ,d i ψp′1 ,a1 ,d ⊗ |ψp2 ,a2 ,d i ψp′2 ,a2 ,d ,

(5.10)

(′)

where d2 x1 abbreviates dx1 dx′1 etc. When the K(x̂1 , x̂2 ) operators enforce sharp
localisation — at ∆0 say — the final state takes the simple form,
Z Z Z

i

′

da1 da2 d2 p(′) e 2 (p−p )(a2 −a1 −∆0 )
R R
ED
ED
× ψ ζ − p ,a1 ψ ζ − p′ ,a1 ⊗ ψ ζ + p ,a2 ψ ζ + p′ ,a2 .

ρf ∝

2

2

2

2

2

2

2

(5.11)

2

The centre of mass and relative positions remain unentangled throughout the localising process as is clear for example from Eq. (5.7), and as would certainly be
expected. The two particles however evolve from being separable to being highly
entangled. This contrasts to the localisation of relative optical phase for two initially Poissonian or thermal states, which remain separable despite the emergence
of strong correlation between them (as discussed in Sec. 2.3 of Chapter 2).
The localisation in relative position induced by the scattering operators Eq. (5.2)
and Eq. (5.3), describing the general case of light scattering off two free particles, will
now be treated in detail. Differently from [Rau03] it is supposed here that there is no
access to a detailed record of every scattering event. Rather it is assumed that there
are two types of measurement outcome: “forward scattering” where the incident
photon continues without scattering or is scattered into a small angle between −ǫ

and ǫ; and “deflection” where the photon is scattered outside of this range and the
light source dims. It is necessary then to mix over all possible events constituting
each of these measurement outcomes. This is a reasonable model for a real observer
monitoring light from a distant source scattering off two particles, who only has a
limited field of view and cannot measure the angle of deflection.
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5.3 Localising thermal particles with monochromatic and thermal light
As previously the initial states for the particles are supposed to be thermal and
to be delocalised in a region R. Changing basis to separate out the centre of mass
and relative components, the initial state of the particles is,
ρI ∝

Z

2
d a1 +a
2

where,
ρ Rel ∝

Z

ψ0, a1 +a2 , √d
2

2

ED

ψ0, a1 +a2 , √d
2

Lupper

1
ψ0, a2 −a1 , √d
d a2 −a
2
2

Llower

2

2

ED

⊗ ρ Rel ,

COM

ψ0, a2 −a1 , √d
2

Having changed integration variables from a1 and a2 to

.

2

a1 +a2
2

Rel

and

a2 −a1
,
2

Llower and

Lupper denote the lower and upper limits of the inner integral which corresponds to
the relative component of the two particle state. Llower and Lupper depend on the
outer integration variable

a1 +a2
,
2

which in effect ensures that the particles remain

within the original region R.
Consider first the case that the incident light takes the form of single photons
at one frequency. With S deflection and F forward-scattering events ρ Rel evolves to
ρ′Rel as follows, tracing out the centre of mass component at the end,2
ρ′Rel

=
×
×

ZZZ
"sZ
Z

Lupper (

Llower (

a1 +a2
2

2π

dθ sin2
0

2π−ǫ

dθ cos
ǫ

a1 +a2
2

)

)

′

2


k sin θr

k sin θr
2

′

1
G a2 −a1 , √d ( 2r ) G a2 −a1 , √d ( r2 )
d 2r d r2 d a2 −a
2

2



cos

Z

2π

dθ sin2

k sin θr ′
2

0
k sin θr ′
2


 S

r
2

2

2



+

r′
.
2 Rel

Z

ǫ

dθ cos
−ǫ

2


k sin θr
2

cos

k sin θr ′
2



#F

(5.12)

A typical pattern of localisation is shown in Fig. 5.3 which plots the probability
density P (y − x) ∝ h y−x
|ρ′Rel | y−x
i for different ratios of “deflection” and “forward2
2
scattering” events, where x and y are the (precise) positions of each particle; prior

to the scattering process P (y − x) is uniformly distributed. In contrast to the sharp
localisation reported in [Rau03], limited knowledge of the scattering record means

that the localisation of the relative position is only partial even after many photons
have been scattered. The localisation takes the form of complex interference patterns
2

The momentum kick imparted to the centre of mass depends on the angle of scattering but
the linearity of the partial trace procedure ensures that this causes no additional complication.
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Figure 5.3: Probability densities between Llower and Lupper for the relative separation of
two free thermal particles after 5 photons, each with momentum k = 5, have scattered off
them, either being deflected into some
q large angle or continuing in the forward direction.
The spatial spread parameter d = 2mk1B T is set to 0.2 (units 2π/k).

rather than sharp peaks.
As would be expected the degree of localisation for different outcomes is found
to be insensitive to the precise value of the small parameter ǫ describing the narrow
range of angles visible to the observer (as are the associated probabilities). Taking
ǫ = 0 the interference patterns are characterized by Bessel functions of the first kind
PRel (y − x) ∼ [1 − J0 (k(y − x))]F [1 + J0 (k(y − x))]S . The localisation is symmetric

about the origin. Sharp localisation at one specific value — y = x — is possible
with small probability and occurs when every photon is deflected.
Consider finally the case that the particles are initially in thermal states and that
the scattering light is also thermal. Each incident wave packet is then described by
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0 deflections, event probability 0.028

0.1
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Figure 5.4: Probability densities for the relative separation of two free thermal particles
after 5 thermal wave packets have scattered off them, either being deflected into some
large angle or continuing in the forward direction. The momentum parameter k = 5 and
the spatial spread parameter d = 0.2 (units 2π/k). The thermal wave packets have mean
photon number n̄ = 5.

the mixture ρ =

P

n

[n̄n /(1 + n̄)n+1 ] |nihn| (where |ni denotes an n photon Fock

state). The scattering operators Eq. (5.2) and Eq. (5.3) must be modified here —
the fixed momentum kick k sin θ is replaced by the operator N̂ k sin θ where N̂ is the
number operator for the optical mode. Scattering of a single thermal wave packet
leads to a variable photon count, all detected at a single angle θ of deflection. A
typical pattern of localisation is shown in Fig. 5.4 which plots the probability density
P (y − x) after five thermal wavepackets have scattered; the results are not sensitive

to the precise value of the small parameter ǫ.
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5.4

Possible extensions

This section discusses some possible extensions of the calculations in this chapter.
The scattering of light off the particles of an ideal gas at everyday temperatures is of
particular interest, and it turns out that a substantial simplification of the previous
calculations is possible for this situation. Consider first the definition Eq. (5.4) of
Sec. 5.2 where |ψk,a,di denotes a minimum uncertainty Gaussian basis state with

expected momentum k, expected position a and spread d. The action of the momentum kick operator exp(ipx̂) (transferring momentum p) on these basis states
has a simple form whenever the length scales 1/p and 1/k are large compared to d,
exp (ipx̂) |ψk,a,di → eipa |ψk,a,di. Now for a particle of a classical Maxwell-Boltzmann

gas, the state of the particle is mixed and may be represented diagonally in terms of
Gaussian basis states as in Eq. (5.8), with zero mean momentum and a spread given
by the thermal de Broglie wavelength. The thermal de Broglie wavelength is very
much smaller than the (classically derived) average distance between particles and
the wavelength of light at optical frequencies (the thermal de Broglie wavelength is
for example 0.02nm for molecular nitrogen at 300K). Hence the simple form of the
action of the momentum kick operator above would be expected to apply for the
particles of such an ideal gas for parameter values relevant to the scattering of light
from an everyday light source.
Two initially uncorrelated particles of an ideal gas would be expected to evolve

under the action of the scattering processes given by Eq. (5.1), or Eq. (5.2) and
Eq. (5.3), to good approximation as follows,
Z Z

→

R

R

da1 da2 |ψ0,a1 ihψ0,a1 | ⊗ |ψ0,a2 ihψ0,a2 |

R

R

da1 da2 |K (a1 , a2 ) |2 |ψ0,a1 ihψ0,a1 | ⊗ |ψ0,a2 ihψ0,a2 | ,

Z Z

(5.13)

(continuing with the notation of Sec. 5.3). Here the localisation of the relative
position is contained in the scalar function |K (a1 , a2 ) |2 , and the analysis has close

analogy with that in Sec. 2.3.1 of Chapter 2 concerning the localisation of relative
optical phase for the case of initial Poissonian states. A full analysis would need to
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check carefully the regimes in which the result Eq. (5.13) holds.
Two simple features of the localisation in Eq. (5.13) should be noted. First the
particles stay unentangled throughout the localising process. However in [Rau03,
Dunningham04] RDB look at examples with pure initial states for which the particles do evolve to highly entangled states, and they suggest that entanglement is
central to scattering-induced localisation of relative positions in general. This is
seen here not to be true in an important example. Second the free evolution under the Schrödinger equation of the localised particles has a simple form, shedding
some light on the robustness of the localised states. For the mixed diagonal state
Eq. (5.13) it is easy to see that the free unitary evolution is simply given by replacing
the Gaussian basis states with the states to which they would evolve separately i.e.


|ψk,a,d i → exp −iĤ0 t |ψk,a,d i, where Ĥ0 is the kinetic energy operator. The free

evolution of the one dimensional Gaussian state is well known [Cohen-Tannoudji77].

A Gaussian state of the form |ψk,a,d i remains Gaussian at all times with fixed momentum dispersion and steadily increasing spatial dispersion. The evolved state is
not a minimum uncertainty state and is not of the specific form of the Gaussian
basis states as defined in Eq. (5.4). Two particles, initially in localised states of the
p
p
2 2 2
T t
form Eq. (5.13), will each have a spatial dispersion of 2 1/ (2mkB T ) 1 + 4kB

at a time t > 0 after the start of the free evolution (where m is the particle mass, T
is the temperature and kB is the Boltzmann constant).

In another direction, the model of free particle scattering treated by RDB and
in this chapter is rather simple — it is assumed that for a single scatterer incident
photons are scattered with certainty and with equal probability in every direction —
and it is of interest to study more realistic models relevant to the scattering of light
from an everyday source off air or dust. For example, two types of elastic scattering
dominate the scattering of sunlight off the atmosphere — Rayleigh scattering off
molecules and Mie scattering off particles larger than a wavelength of the light. For
Rayleigh scattering the scattered intensity is proportional to (1 + cos2 θ)/λ4 , where
θ is the angle with the forward direction and is λ the wavelength of the light. The
dependence of the total cross section on λ might have implications for the scattering
of thermal light which has components with different energies. Mie scattering is not
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strongly dependent on the wavelength of light, but the scattered intensity has an
irregular distribution with strong scattering in the forward direction. Interestingly
the patterns of localisation discussed in [Rau03] and in this chapter are characterised
by the wavelength of the light but for Mie scattering the scatterers are already of
this order.
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6
Outlook

This final chapter suggests several ways in which the ideas and methods developed in
this thesis could be applied to new problems. It is clear that the “modus operandi”
for Chapters 2 through to 5 can be extended, and also applied to many more physical
systems, and this is discussed first. Many of the wider issues arising in this thesis
in the contexts of quantum optical processes and Bose-Einstein condensates, are
also relevant to circuits with Bardeen-Cooper-Schrieffer superconductor components.
The coherent coupling of bulk superconductors in close proximity by a mechanically
oscillating superconducting grain has been discussed theoretically, and provides a
concrete system where localisation of the relative superconducting order parameter
could be investigated. There are a number of “big debates” with connections to the
thesis topic. One of these concerns different mathematical descriptions of quantum
phase measurements, and compares the features of the various approaches. Another
is why and how time should be treated as a quantum variable. Here processes of
localisation are relevant to synchronising “quantum clocks”. Finally, there is the
question of the extent to which the theory of decoherence fully accounts for the
emergence of classicality in quantum systems. States with a well-defined relative
correlation, of the type whose preparation is discussed in this thesis, have potential
application here as pointer states — states which are comparatively long lived with
respect to coupling to an environment.
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A “modus operandi” for analysing processes which localise some
relationally defined degree of freedom in different physical systems
It is clear that the methodology set out in Chapters 2 through to 5 can be easily
extended. The key ideas and methods discussed in this thesis are also relevant to
many more physical systems. Consider, for example, the localisation of a relative
angle degree of freedom defined by two spin systems. This problem is relevant
to proposals and experiments concerned with using measurements on spin systems
as the elemental operations in a quantum computer. Experimental detection of
the magnetic force between a ferromagnetic “tip” and a single electron spin has
recently been reported, using the technique of magnetic resonance force microscopy
[Rugar04]. For this system the ferromagnet might be treated theoretically as a
“quantum gyroscope”, serving as a reference for the spin-1/2 particle. Angular
momentum coherent states have several properties analagous to those of optical
Glauber coherent states (as explained in [Peres95] for example), and might provide
a mathematically convenient representation along the lines of the analysis in this
thesis.
It should be pointed out that there are also many systems where it is of interest
to study some dynamical process localising a relationally defined parameter, which
are quite unlike the measurement-based processes studied in this thesis. To pick just
one example consider an electron and a proton, initially well separated and “free”,
evolving under the Coulomb potential to a stationary state of a hydrogen atom with
a well-defined particle separation. Taking a simple model the stationary states here
could just be taken to be those of the time-independent Schrödinger equation for a
“simple” hydrogen atom (as detailed in introductory texts).
Localising relative superconductor phase
The Bose condensation of Cooper pairs (weakly bound pairs of electrons) to a
macroscopically occupied ground state plays a key role in the phenomenon of superconductivity. A superconductor is then typically assigned an order parameter
corresponding to a definite, absolute, phase. However, a line of thinking similar to
that in Chapter 4 concerning atomic Bose-Einstein condensates asks the question
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of whether this description has possible shortcomings, in particular with respect to
careful considerations of charge conservation. The coherent coupling of two bulk superconductors in close proximity by a superconducting grain shuttling mechanically
between them has been discussed theoretically [Gorelik01, Isacsson02], and provides
a concrete example where localisation of the relative superconducting phase could be
investigated in detail. In this system a moveable nanometer sized superconducting
grain acts as a Cooper pair box. The grain behaves like a two level system defined
by states different by twice the fundamental electron charge (i.e. by occupation by
a single Cooper pair). It is able to interact with the bulk superconductors when
touching them via a suitable gate mechanism. In addition, the bulk superconductors can be connected electronically by a Josephson junction. The magnitude of
the current through the junction depends sinusoidally on the value for the relative
phase. Future investigations might aim to clarify the roles of the mechanical and
electronic couplings in establishing well-defined relative phases between the bulk superconductors, identify the most appropriate description of the initial states of the
superconductors (including the possibility of mixed states), and explore analogies
with localising optical and atomic relative phases.
Quantum phase operators and distribution functions
A variety of methods exist for treating phase variables in quantum mechanics,
such as Pegg-Barnett phase operators and Wigner functions. There has been much
discussion of the features of these different approaches (see for example [Bužek92,
Garraway92]). The POVM (positive operator-valued measure) operators â±b̂ (where
â and b̂ are annihilation operators for two simple harmonic oscillator modes), or
â + eiξ b̂ (where the phase shift ξ takes values on a continuous range), summarise the
measurement processes in Chapters 2 through to 4, and constitute natural measurement operators for the relative phase between two modes. It would be valuable to
study how the “relative number” variable defined by the oscillator modes changes as
the corresponding relative phase becomes well-defined under the action of these measurement operators. The situation becomes especially interesting when the initial
state has a larger intensity in one mode.
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Synchronising quantum clocks
Another topic which is related to this thesis is that of “quantum clocks”. Time
in quantum mechanics is commonly and implicitly taken to be a classical variable
— “coordinate time”. This is the case in the Schrödinger equation for example.
However, an extensive literature exists which attempts to treat time in terms of
measurements on systems of quantum resources — spin systems, or systems of simple harmonic oscillators for example. The motivation here is to deal with various
conceptual difficulties associated with using coordinate time in quantum mechanics,
such are manifested in the well-known Wheeler-DeWitt equation. If time is treated
quantumly, dynamics that would traditionally be described as a unitary process
must now be treated probabilistically (as is done in the conditional probability interpretation of Page and Wootters [Page83] for example). The issue of the dynamical
localisation of relative degrees of freedom is relevant here for problems concerning
the synchronisation of quantum clocks. In fact the localisation of relative phase
between optical modes initially in Poissonian states, as analysed in Chapters 2 and
3, is immediately applicable — for a laser constitutes a simple, concrete, example
of a quantum clock (a matter treated at length in [Wiseman04]).
Pointer states for decohering systems
Another possible direction for this programme of research is an investigation of
the relational aspects of the theory of decoherence. The situation here is of a focus
system interacting with a reservoir (an environment). The two are assumed not
to be correlated at the start. After some time the focus system and the reservoir
evolve to become highly correlated. In general, it is not possible to keep track of
the exact state of an environment, and the state of reservoir should be traced out.
This yields the focus system in a highly mixed state. Overall, the key process of
decoherence is the damping of the off-diagonal coherences of the focus system in a
special basis of “einselected pointer states”. An initial state of the form, ρinitial
focus =
P
∗
i,j ci cj |φi ihφj | , where the |φi i are pointer states, evolves to the diagonal form
P
ρdecohered
= i |ci |2 |φi ihφi |. Einselected pointer states have special properties —
focus
they are particularly stable against interaction with the environment, and they lose
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their purity only slowly. However, for a given system it is difficult in general to
determine a basis of pointer states. The existence and completeness of such states
is not guaranteed, and they can be hard to identify.
States with a well localised value of a relative parameter, analagous to those
whose preparation is explained in the thesis, are proposed here as natural candidates for pointer states in a more relational approach to decoherence theory. As
demonstrated in this thesis, sharp and rapid localisation of a relationally defined degree of freedom is possible in some systems even when the initial states are mixed,
and happens as readily for an apparatus with small instabilities or asymmetries
as in the ideal case. This suggests that such dynamical localisation is not a fragile phenomenon that can only be observed in highly controlled experiments, but is
something of relevance to processes occurring in nature. Examples of processes of
localisation acting on highly asymmetric initial states are particularly relevant here.
However even after adopting a more relational approach to the study of decoherence processes, the problem often raised of why definite events are actually observed
in the real world (see for example the debate in [Zurek91, Replies93]) is likely to
remain. In particular, the correct interpretation of the final mixed state ρdecohered
,
focus
is an imdiagonal in a basis of pointer states, remains to be addressed. ρdecohered
focus
proper mixture and cannot be interpreted as describing a situation where one of the
outcomes “actualises” according to the probability distribution |ci |2 . It remains an

open question as to whether or not careful consideration of relationism in quantum
mechanics has anything to say on this issue.
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A
Derivation of the visibilities for Poissonian
and thermal initial states

A.1

Derivation of the visibility for Poissonian initial states

The initial state of the cavity fields, a product of two Poissonian states both with
average photon number N̄ ,
ρ=
where α =

√

N̄eiθ and β =

√

Cl,r (θ, φ) =

Z

dθdφ
|αi hα| ⊗ |βi hβ|
4π 2

N̄ eiφ , acquires a factor



r

√

√
√ 
√ 
− ǫα + ǫβ
ǫα + ǫβ
√
√
l
2
2

(A.1)

extracting the l and r photon components of the coherent states under the canonical
localising process, in which a fraction ǫN̄ leaks out of each cavity and, l and r
photons are detected at the left and right detectors respectively. |Cl,r | is a function
p
of ∆ ≡ φ − θ and is peaked at ±∆0 given by 2 arccos r/r + l. The final state is
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then,

Z
ǫr+l −2ǫN̄
α+β
ρ= 2 e
dθdφ √
4π r!l!
2
√
√
where α′ = 1 − ǫα and β ′ = 1 − ǫβ.

2r

′

A.1.1

2l

−α + β
√
|α′ ihα′ |⊗|β ′ ihβ ′|
2

Calculation of the probabilities of different measurement records

A probability can be calculated using,
Z

dθdφ cos2r

φ − θ 2l φ − θ
Γ(r + 0.5)Γ(l + 0.5)
sin
= 4π
2
2
Γ(r + l + 1)

Pl,r (ǫ, N̄ ) = trρ′
(2ǫN̄)r+l −2ǫN̄ Γ(r + 0.5)Γ(l + 0.5)
e
=
r!l!
πΓ(r + l + 1)

A.1.2

Calculation of the visibility after a sequence of detections

The visibility of ρ′ is computed as follows. The second mode undergoes a variable
phase shift of τ and both modes are then combined at a 50 : 50 beamsplitter. ρ′
goes to ρ′′ according to
α′ +β ′ eiτ
√
2



|α′ i hα′ | ⊗ |β ′i hβ ′| →
−α′ +β ′ eiτ
α′ +β ′ eiτ
√
√
⊗
2
2



−α′ +β ′eiτ
√
.
2

And an intensity at the left detector is then given by
I(τ ) = tr(a† aρ′′ )
Z
α+β
∝
dθdφ √
2

2r

−α + β
√
2
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2l

α′ + β ′ eiτ
√
2

2

,

A.1 Derivation of the visibility for Poissonian initial states
where the constant of proportionality is of no interest (it divides out when computing
the visibility). Expanding the last term of the integrand,
α′ + β ′ eiτ
√
2

2

= 2(1 − ǫ)N̄ cos2 (

∆+τ
),
2

where ∆ ≡ φ − θ. The expression for I(τ ) may be simplified.
I(τ ) ∝

Z

∆
∆
) sin2l ( )
2
2
h
τ
∆
cos2 ( ) cos2
2
2
∆
τ
τ
∆
−2 cos( ) sin( ) cos sin
2
2
2
2
i
∆
τ
+ sin2 ( ) sin2
2
2
dθdφ cos2r (

The first and last contributions can be resolved in terms of Gamma functions, as
for the probability above, and the second term evaluates to 0. So,
I(τ ) ∝ r cos2

1
τ
τ
+ l sin2 +
2
2 2

and extremising at τ = 0 and τ = π,
V

A.1.3

= (Imax − Imin) / (Imax + Imin )
|r − l|
.
=
r+l+1

Revised calculation of the visibilities for constituent
components localised at one value of the relative phase

The localising scalar Cl,r (θ, φ) is the same as for the case as initial Fock states with
the same number, illustrated in Fig. 2.2. It is clear that ρ′ may be considered a sum
of two separate components, one localised at +∆0 with the relative phase parameter
∆/2 =

φ−θ
2

varying on 0 to π/2, and another at −∆0 with ∆/2 restricted to −π/2
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to 0:

Z π 
ǫr+l −2ǫN̄ 2 φ − θ
ρ =
d
e
πr!l!
2
0

Z 0 
r+l
ǫ
φ−θ
−2ǫN̄
+
d
e
πr!l!
2
− π2
′

α+β
√
2
α+β
√
2

2r

2l

−α + β
√
|α′ ihα′ |⊗|β ′ ihβ ′ |
2
2r
2l
−α + β
√
|α′ ihα′ |⊗|β ′ ihβ ′ | .
2

In what follows the visibility is computed for the +∆0 component separately. The
computation proceeds as in Sec. A.1.2. Differently from this previous calculation,
the reduced range of the integration variable ∆/2 means that the intensity I(τ ) has
an additional contribution (the “cross term” no longer drops out). In detail,
2

τ  Z

π/2

dx cos2r+2 (x) sin2l (x)
2 0
 τ  Z π/2
τ 
sin
dx cos2r+1 (x) sin2l+1 (x)
− 2 cos
2
2 0
  Z π/2
2 τ
+ sin
dx cos2r (x) sin(2l+2) (x) ,
2 0

I(τ ) ∝ cos

where the integrands are all positive on the 0 to π/2 quadrant. Evaluating the
integrals in terms of Gamma functions:
 

τ  
3
1
Γ r+
Γ l+
I(τ ) ∝ cos
2
2
2
τ 
τ 
sin
Γ (r + 1) Γ (l + 1)
− 2 cos
2  2  

 
1
3
2 τ
+ sin
Γ r+
Γ l+
2
2
2
2

Computing the maximum intensity, Imax , by setting τ = −∆0 , and the minimum

intensity, Imin , by setting τ = −∆0 − π, the visibility can be computed:
V

= (Imax − Imin ) / (Imax + Imin )
n √

o

(r − l)2 + 4 rlΓ (r + 1) Γ (l + 1) / Γ r + 12 Γ l + 12
=
.
(r + l) (r + l + 1)
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A.2

Derivation of the visibility for thermal initial
states

These calculations follow a similar line to the Poissonian case above. The initial
state of the two cavity fields, a product of two thermal states with the same average
photon number N̄ ,
ρ=



1
N̄π

2Z

 2

|α| +|β|2
d αd β exp−
|αihα|⊗|βihβ| ,
N̄
2

2

√
√
where α = n̄eiθ and β = m̄eiφ , acquires a factor


r

√

√ 
√ 
√
ǫα + ǫβ
− ǫα + ǫβ
√
√
l
,
2
2

extracting the l and r photon components of the coherent states under the canonical
localising process.
The final state is
ǫr+l
ρ = 2 2
N̄ π r!l!
(
′

×

exp−ǫ


|α|2 +|β|2
d αd β exp −
N̄
!)
2
2
2r
α+β
−α+β
α+β
−α+β
√
√
√
+ √
2
2
2
2

Z

2



2

2l

× |α′ ihα′ | ⊗ |β ′ ihβ ′| ,
where α′ =

√

1 − ǫα and β ′ =

√

parallelogram rule,

α+β
√
2

1 − ǫβ. This expression may be simplified using the

2

+

−α + β
√
2
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2

= |α|2 + |β|2,

A.2 Derivation of the visibility for thermal initial states
giving
Z
ǫr+l
ρ = 2 2
d2 αd2β
N̄ π r!l!
(


1
×
exp − ǫ +
N̄
′

α+β
√
2

×

2r

−α + β
√
2

α+β
√
2

2

+

−α + β
√
2

2

!)

2l

|α′ ihα′ | ⊗ |β ′ihβ ′ | .

A probability can be calculated, changing variables of integration such that
α+β
√
2

→ α and

−α+β
√
2

→ β, and evaluating with

d2 α
π

dθ
= dn̄ 2π
and

d2 β
π

dφ
= dm̄ 2π
,

Pl,r (ǫ, N̄) = trρ′
Z
ǫr+l
= 2 2
d2 αd2β
N̄ π r!l!





1
2
2
|α| +|β|
|α|2r|β|2l
× exp− ǫ+
N̄
(ǫN̄ )r+l
=
r+l+2 .
1 + ǫN̄

The calculation for the intensity I(τ ) for ρ′ proceeds as follows,

I(τ ) = tr(a† aρ′′ )



Z 2 2 

1
d αd β
2
2
exp − ǫ +
|α| + |β|
∝
π π
N̄
2

× |α|2r |β|2l α′ + β ′ + (−α′ + β ′ )eiτ




Z
1
dθ
dφ
exp − ǫ +
∝
dn̄ dm̄
(n̄ + m̄)
2π
2π
N̄
√
√
2
×n̄r m̄l n̄eiθ (1 − eiτ ) + m̄eiφ (1 + eiτ ) .

Now,
√

n̄eiθ (1 − eiτ ) +

√

m̄eiφ (1 + eiτ )

= n̄|1 − eiτ |2 + m̄|1 + eiτ |2 + (..)eiθ e−iφ + (..)e−iθ eiφ ,
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and the latter two contributions integrate to 0. Hence



1
I(τ ) ∝ |1 − e | dn̄dm̄n̄ m̄ exp− ǫ+
(n̄+ m̄)
N̄



Z
1
r l+1
iτ 2
(n̄+ m̄) .
+ |1 + e | dn̄dm̄n̄ m̄ exp− ǫ+
N̄
Z

iτ 2

r+1

l

Evaluating the integrals is as for the probability calculation above.
I(τ ) ∝ (|1 − eiτ |2 (r + 1) + |1 + eiτ |2 (l + 1)
τ
τ
∝ l cos2 + r sin2 + 1
2
2
and the visibility is given by
V =

|r − l|
r+l+2

extremising at τ = 0 and τ = π.
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B
Derivation of the visibility for a Gaussian distribution of the relative phase

For a normal distribution with mean ∆0 and variance σ 2 , the probability density
function takes the form:
2
1
2
P (∆) = √ e−(∆−∆0 ) /(2σ )
σ 2π

In what follows the visibility V is computed for a state ρG of the form,
ρG =

Z

2πZ 2π

dθ dφ
2πP (∆) + (contributions for 2π-periodicity in ∆)
2π 2π
0
0
E Dp
E Dp
p
p
iθ
iθ
iφ
N̄e
N̄ e
⊗
N̄ e
N̄ eiφ ,
(B.1)
×

where ∆ ≡ φ − θ and

√

N̄ eiθ denotes a Glauber coherent state with mean atom (or

photon) number N̄ and phase θ. It is assumed that the Gaussian width is small
compared to 2π.
The following identity can be used following the 2π-periodicity of the variables
∆, φ and θ and the lack of dependence on the mean phase variable
Z

0

2πZ 2π
0

dθ dφ
(·) =
2π 2π

Z
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∆offset +π
∆offset −π

d∆
(·) .
2π

θ+φ
:
2

(B.2)

If σ is less than π/2.58 ∼ 1.2 then trρG =

be well normalised.

R ∆0 +π
∆0 −π

d∆ P (∆) > 0.99 and ρG is seen to

V can be computed by comparing the probability for measurement at x, where
p
the measurement is given by the Kraus operator M̂ (x) = 1/2N̄ (eiπx a + e−iπx b),
with the standard form 1 + V cos (2πx − ϕ) (the momentum parameter k has be set

to π units) - refer Sec. 4.2.

This probability is computed as follows:


tr M(x)ρG M(x)

†



Z

∆0 +π

2
2
1
e−(∆−∆0 ) /(2σ ) [1 + cos (2πx − ∆)]
d∆ √
σ 2π
∆0 −π
Z ∆0 +π
d∆ −(∆−∆0 )2 /(2σ2 )
√ e
= 1 + cos (2πx − ∆0 )
cos (∆0 −∆)
∆0 −π σ 2π
Z ∆0 +π
2
2
d∆
√ e−(∆−∆0 ) /(2σ ) sin (∆0 −∆)
− sin (2πx − ∆0 )
∆0 −π σ 2π

=

The second integral evaluates to 0 because of change of sign about ∆0 . V may be
identified with the coefficient of cos (2πx − ∆0 ). Extending the range of integration

to ±∞,

≃

V

Z

∞

1
2
2
d∆ √ e−∆ /(2σ ) cos ∆
σ 2π
−∞
1

2

= e− 2 σ .

(B.3)

This expression for V may be taken as exact when σ . 1.
As an example consider the optical interference experiment analysed in Sec. 2.3.1
of chapter 2 for which two optical states, initially Poissonian with equal mean photon
numbers, are combined at a beamsplitter. In the case that r photons are counted
at the right output channel, the relative phase localisation is described by a scalar
function c (θ, φ) ∝ cos2r

∆
2

and the visibility V is calculated exactly as r/ (r + 1).

For larger values of r c (θ, φ) is well approximated by a Gaussian with standard
p
deviation σ = 2/r and the calculation above suggests a value for V as exp (1/r).
The fractional error in the latter estimate does indeed decrease for increasing r and

is 0.26 for r = 1, 0.09 for r = 2, 0.04 for r = 3, less than 0.01 by r = 7 and less than
0.001 for r = 23.
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