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FOREWORD
In recent years, there has been a remarkable surge of activity in the
application of density functional techniques to molecular systems and to
problems of chemical interest.
This has occurred in conjunction with
continuing progress in developing methodology, and in improving and
expanding the availability of density functional programs. In this volume, our
primary focus has been on practical aspects of using these methods, and on
surveying a variety of applications.
We hope to have conveyed some
appreciation of the strengths and limitations of this general approach, and to
have demonstrated that it is indeed a very useful tool for chemistry.
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1. I N T R O D U C T I O N
Thirty years ago, Hohenberg and Kohn [1] proved a theorem t h a t soon
provided an alternative way to solve the SchrSdinger equation [2]. Since its
introduction in 1926, solving the SchrSdinger equation has been the focus of
a great deal of attention. Two years later, in his paper on the q u a n t u m
mechanics of many-electron systems, Dirac stated [3] :

The underlying physical laws necessary for the mathematical theory of a
large part of physics and the whole of chemistry are thus completely known,
and the difficulty is only that the exact application of these laws leads to
equations much too complicated to be soluble.
Despite this s o m e w h a t discouraging r e m a r k , the great challenge of
solving the SchrSdinger equation for realistic situations has opened a whole
new area of chemistry: ab initio theory, which embraces all essentially nonempirical methods. The p r e s e n t fast rate of increase of c o m p u t a t i o n a l
resources and software applications has allowed and motivated chemists to
s t u d y molecular systems with exceptionally high accuracy. One of the
implicit goals of q u a n t u m chemistry is to achieve the accuracy obtained in
the best experimental measurements. Although such accuracy, around one
kcal/mol for energies, is easily achieved for very small systems, like
diatomic molecules, we are still very far from reaching it for medium and
large-sized systems.
A typical study using ab initio methods starts with a tentative molecular
structure for a system t h a t may or may not be known. Through a geometry
search using an energy minimization procedure, a stable system (usually a
local m i n i m u m or t r a n s i t i o n state) is obtained. Then all of its energetic

properties (atomization energies, heat of formation, bond energies, etc.) or
any expectation value or measurable quantity available from the wave
function of the molecular system and its fragments can be obtained in a
straightforward manner. Second derivatives of the energy with respect to
the spatial coordinates (the Hessian matrix) tell us about the stability of such
a system. Possible goals are to obtain information on how the system would
interact with others, and eventually to elucidate synthetic or decomposition
pathways.
These goals become more achievable as time goes by. Ab initio
procedures, when used in conjunction with small empirical corrections, are
giving encouraging results, and they are the chosen tool for most of the
theoretical chemistry community.
This review focuses on the study of stationary molecular systems for
which relativistic effects are chemically insignificant; therefore, the use of
the nonrelativistic time-independent SchrSdinger equation is fully justified.
The molecular systems are considered to have a wavefunction adiabatically
partitioned into electronic and nuclear portions; therefore the electronic part
can be treated separately from the nuclear one. This is known as the BornOppenheimer approximation. Despite these three simplifications, the
electronic time-independent nonrelativistic SchrSdinger equation, hereafter
simply called the SchrSdinger equation, is still, in almost all cases,
unsolvable. This review will concentrate on how density functional theory
(DFT) can help to solve the SchrSdinger equation through an exact
procedure t h a t bypasses the calculation of the wavefunction. Although
many density functional methods are ab initio, for historical reasons we will
reserve the latter term for those methods that are based on the wavefunction
approach to the energy eigenvalue of the SchrSdinger equation, as opposed to
density functional (DF) methods that use the electronic density to obtain the
energy

eigenvalue.

At the

risk

of m a k i n g

the

already

confusing

nomenclature even more so, it is important to distinguish between
semiempirical and ab initio DF procedures, which differ in whether the
functionals have or have not been fitted to experimental data.

2. FORMALISM
Atomic units will be used throughout this chapter unless the contrary is
stated. For a more complete description of the formalism used in DF theory,
the reader is encouraged to see especially references [4-6], as well as the
others given in this section.
2.1. The Schr/idinger equation
For a molecular system of N-electrons and M nuclei, the SchrSdinger
equation is
A

HW = EW

(1)

where the Hamiltonian operator H is
I:I

--

~)ext + ~ + T~ree

(2)

and the wave function ~ is
~I/---- ~IJ(r 1, r 2 , r3 ,..., rN )

(3)

which is also a function of the spin coordinates of all N electrons
(Sl,S2,...,SN). For the sake of simplicity, this spin dependence will be
implicitly assumed throughout this work and not explicitly mentioned in the
equations. The kinetic energy operator T is given by,
A

N
= --~ZVi 2
i=l

(4)

the electron-electron repulsion operator by,
9ee _ ZZ
1
i<j rij

(5)

and the external potential due to the M nuclei by,
N M
~}ext

=--Z

ZA

(6)

A term due to the nuclear-nuclear repulsion (VNN)will be added at the end
of the electronic calculation in order to obtain the total energy. An important
A

observation is that the

T + Vee

portion of the Hamiltonian is independent of

the external potential. This mean that W + Vee is a universal operator, i.e.,
it does not depend on the particular system or the nuclear configuration.
T~ree is a two-electron operator, while all the others, including the external
potential

operator,

are one-electron

operators.

T~ree a n d

~)ext a r e

multiplicative operators; therefore they can be written as Vee and t}ext.
What makes eq. (1) difficult to solve is the presence of the Vee two-electron
operator. Without it, the solution would be straightforward, as is the case for
all hydrogen-like systems where we have one electron under the influence of
a central field. Hydrogen-like systems are the only cases where analytic
solutions are known in closed form. These solutions, or functions very
similar to them, are the most natural basis to use in seeking the solutions
for systems with more t h a n two electrons. One approach is to t r e a t one
electron at a time and solve for this particular electron when it is under the
average field of the others and nuclei. This is known as the central field
approximation, and is the basis for the treatment of larger systems.
The solutions for the hydrogen-like systems are of the form,

~nlm (~)
where

= ~nlm ( r , 0, r

-

(7)

Rn] (r)Y] n (0, ~0)

Rnl are the radial wavefunctions and

y[n

are the spherical

harmonics. These functions give a complete set of solutions for the ground
state and all excited states including the continuum (those for which the
only electron in the s y s t e m is unbound). The n o r m a l i z e d r a d i a l
wavefunctions are given by,
1

2n(n+l)!

e or,

(8)

( a t ) 1L 21+1

T21+l
where n and 1 are quantum numbers and the ~ n - l - 1 are the associated
L a g u e r r e polynomials. For brevity in the notation, solutions for the
hydrogen case are simply written in the form nl, i.e. ls for the ground state
and 2s, 2p, 3s, 3p, 3d, etc. for the excited states.

2.2. Highly.accurate solutions of the Schr6dinger equation
For systems of two or more electrons, we are not able to obtain analytical
solutions in closed form, as in the case of hydrogen. F o r t u n a t e l y , a
variational principle exists for the SchrSdinger equation. According to this
principle, any trial ~ t for the ground state always yields an upper bound to
the exact energy E:

/
The equality holds only when the exact wave function 9 is used. Therefore
the variational principle allows us to choose a basis set of functions {gi} such
t h a t a linear combination of them will tend to the exact solution. Thus the
problem is reduced to finding the best set of coefficients t h a t will minimize
the right-hand side of eq. (9). This implies the calculation of a large n u m b e r
of integrals of the form,

Given the large n u m b e r of integrals t h a t are required in a calculation, it is
very convenient to be able to solve the integrals analytically r a t h e r t h a n
numerically. The approach of the trial wavefunction to the exact solution is
limited only by the size of the basis sets t h a t the computational resources
will allow.
The trial 9 has to fulfill certain constraints: two of the trivial ones are
t h a t it should be square integrable, and it should be normalized to unity. A
m o r e i m p o r t a n t a n d difficult c o n s t r a i n t for 9 is t h a t it m u s t be
antisymmetric with respect to the exchange of any two electrons in order to
satisfy the Pauli exclusion principle.
The a n t i s y m m e t r y feature of the trial wavefunction is required because
the SchrSdinger equation does not exclude those trial functions t h a t do not
fulfill the a n t i s y m m e t r y requirement. Therefore, not all solutions to eq. (1)
are acceptable; the search for a solution m u s t be restricted to those trial
wavefunctions t h a t are antisymmetric with respect to the exchange of any
two electrons. This implies t h a t the basis set should have a form t h a t allows
the w a v e f u n c t i o n to be a n t i s y m m e t r i c to the i n t e r c h a n g e of any two
electrons. As a result, the Vee energy h a s two parts: a direct term,

reminiscent of a classical electron-electron repulsion (but not identical), and
an exchange term, which does not have a classical counterpart and whose
interpretation can only be visualized using a wavefunction description. The
basis sets therefore have to be constructed or expanded taking into account
the exchange of electrons. For instance, a common basis set used for the
calculation of the ground and singly-excited states of helium is of the form
[7]:
g r llr 2mr ~ 2 P i ( cos l~ 12 ) P j (cos 9 1 ) e-~r 1-1tr2-Tr 1, _+ ( 1 ~

2)

(11)

where the Pi are the Legendre polynomials. The number of basis functions
will be determined by the number of (1, m, n) and (a, ~l, 7) that we decide to
use. This decision is normally based on experience. J u s t a few different
combinations can easily lead to several hundred basis functions. K is a
normalization constant, and the (1 e~ 2) term simply indicates that another
term like the first one is needed where the electron 1 becomes 2 and vice
versa. If the plus sign is used (symmetric spatial function), then the spin
function has to be antisymmetric; if the minus sign (antisymmetric spatial
function) is used, then the spin function must be symmetric, given in both
cases an antisymmetric basis set. It is well known that the correlated terms
in r12 and ()12 accelerate the convergence of the trial wavefunction. The first
calculations for the helium atom were performed by Hylleras [8] who
observed, in contrast to Bohr theory, t h a t the wave function of helium
depends only on the shape of the electron-nucleus triangle and not on its
orientation in space. Later on, the Hylleras P e r t u r b a t i o n Method was
developed, in which the perturbation was the whole electron-electron Vee
term. At first glance, Vee is very large to be viewed as a perturbation;
however the calculations were done at such high levels of perturbation
theory (20th-order in those days and more than 500th-order now [9]) t h a t
nearly exact results were obtained.
For helium, the effect of relativity is so small that it can safely be handled
by approximate relativistic treatments, so that the results are in excellent
agreement with spectroscopic measurements [10]. The earlier calculations
for the ground state of the helium atom used basis sets that were functions
of the coordinates s, t, and u:

s = rl+r2,

t = -rl+r2,

u = r12

(12)

Hylleras called this the r12 or s, t, u method, where only three variables are
used for a two-electron case. Basis sets like the following were used:
~Oim n -- P / ( t ) u / L

2l+l
2e+l+m

(u)L. (s- u)

(13)

The size of the basis set was determined by the combination of g, m a n d n
values chosen for the calculation.
Thus, using the above and other closely related basis sets, the variational
upper bound to the energy of the helium atom has been found [9]"
EHe

=

-2.90372437703407

For H-, it is [11]"
EH"

=

-0.52775101635

where in both cases all figures are correct.
For the H2 molecule restricted to an internuclear separation of 1.4011 au
[121,
EH2
In

=

all of t h e s e

-1.174475668
cases,

whether

using

perturbational

or v a r i a t i o n a l

t e c h n i q u e s , t h e basis set t e n d s to r e p r o d u c e an exact s o l u t i o n to t h e
S c h r S d i n g e r e q u a t i o n . Due to t h e a n t i s y m m e t r i c c h a r a c t e r
wavefunction, Vee h a s two contributions, as mentioned above:

of t h e

Vee =Ej + Ex

(14)

The direct t e r m Ej r e s e m b l e s the classical Coulomb i n t e r a c t i o n of the
electron density, while the exchange t e r m Ex h a s no parallel w i t h a n y
classical

term.

It

can

be

regarded

as

the

energy

due

to

the

i n d i s t i n g u i s h a b i l i t y of the electrons. Notice t h a t up to this point it h a s not
been necessary to talk about correlation energy; it is included in both the Ej
and the Ex terms.

Cases of three or more electrons were very difficult to treat by the above
methods. For instance, for three-electron systems, it is required to have six
terms in the expansion of each basis function in order to comply with the
a n t i s y m m e t r y criterion, and each term must have factors containing r12,
r13, r23, etc., if we want to accelerate the convergence. There is, indeed, a
real problem with the size of each trial wave function. A symmetrical
wavefunction requires that the trial basis set for helium contain two terms
to guarantee the permutation of electrons. For an N-electron system, this
n u m b e r grows as N!. For a ten-electron system like water, it

would be

required t h a t each basis set member have more than 3 million terms, and
this is in addition to the dependence on 3N variables of each of the terms.
These conditions make the SchrSdinger equation intractable for systems of
even a few electrons. J u s t the bookkeeping of these terms is practically
impossible.
2.3. S t a n d a r d ab initio Techniques
Another way to treat the many-electron problem was proposed by Hartree
[13] using a self-consistent field method, which was later generalized by
Fock [14] to include exchange effects. In the Hartree-Fock (HF) method as
implemented by Roothaan [15], the idea is to assume that each electron or
pair of electrons (a molecular orbital, MO) does not interact explicitly with
all of the others in the system but rather with a mean potential created by
the others. In this way we still have the N! terms, but each member of the
basis set is j u s t a single term. The problem becomes m a n y orders of
m a g n i t u d e easier to handle, since the N! terms r e q u i r e m e n t for each
member of the basis set has been eliminated, and it depends on only one
spatial variable. Thus, the solving of the SchrSdinger equation is reduced to
solving N or N/2 much simpler orbital equations. Each of these equations
depends on only one set of spatial coordinates. The wavefunction of the
system is a Slater determinant (or single determinant or configuration) of
the molecular orbitals and implicitly fulfills the antisymmetry criterion.
Since the basis set does not have to be N-electron because we are solving
for each electron separately, we just need atomic basis sets that will allow a
linear combination of atomic orbitals (LCAO) for each MO. Naturally the
atomic orbitals could consist of hydrogenic functions. For instance, to solve
the He problem, the basis set could be the hydrogenic functions (ls, 2s, 2p,

...) with the a of eq. (8) changed to the proper screened charge seen by the
electron. However such a wavefunction expansion is too slowly convergent to
the correct solution. Even worse, the integrals needed for molecules are
difficult to calculate analytically; in many cases numerical integration is
required when products of hydrogenic functions are centered on different
atoms. Another choice is to use functions with spectral content very similar
to the solution and at the same time yield less difficult integrals. One
possibility is Slater type functions, eq. (15), which are very similar in
behavior to the hydrogenic ones, but converge more rapidly to a solution;
however they are still too complicated to be used with other t h a n very small
molecules because of the difficult nature of the integrals.
gi ( r ) - gi

(r , ~, ~o) =

K i r n ' - l e - a i r y ~ n ( ~ , ~o)

(15)

Gaussian functions are a very practical solution to the basis set problem.
They differ from Slater orbitals but a fitted combination of gaussians
[contraction, eq. (16)] can be used to simulate a Slater function.

ni
gi ( r ) = ~
j=l

ni

~ij (r, ~, ~) = ~

Kijr

nij-le-aijr2

(16)

Y~ (~, ~)

j=l

Usually gaussians are implemented in rectangular coordinates, eq. (17):

ni
K ij xlij ymij znij e-air2
gi(r) = ~
j=l

(17)

Gaussian type orbitals or functions are the most widely used in molecular
calculations because the integrals are relatively simple so t h a t they can be
done analytically. They are also used, properly optimized, in density
functional calculations.
The HF method, based on MO-LCAO SCF theory, was a practical tool
available

for

determinations

treating
were

molecular

carried

out

systems.

Molecular

for a large

variety

structure
of s y s t e m s ,

complementing experimental information or providing data t h a t were not
available. Many systems t h a t were not known were calculated and their
s t r u c t u r e s were succesfully predicted. However the energetics (bond
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dissociation energies, transition barriers, etc.) were not very good in these
calculations. The total energy obtained by this procedure is the Hartree-Fock
energy, and its difference from the exact energy is called the correlation
energy (Ec) [16]. It contains the correction due to the many-body interactions,
i.e., the interactions between the electrons minus their individual
interactions with the mean field. The HF energy also has a direct (Ej) and
an exchange component (Ex). This nomenclature, coming from HF theory,
has been widely used in quantum chemistry. We can easily see that the
exchange term obtained in the calculations not based on a central field
approximation, eq. (14), does not correspond to the one defined in HF theory,
and therefore none of the other terms are equivalent. However the first
attempts to develop a DF theory used this HF nomenclature. For instance,
the Hartree-Fock-Slater method [17], developed by Slater in order to simplify
the HF procedure, was based on the fact that the exchange in HF can be
represented by a charge equal in magnitude to one electron surrounding the
electron whose motion is being investigated. To complicate things, in manybody calculations the correlation terms also contain direct and exchange
components. The HF procedure, one of the first used in quantum chemistry
that find solutions self-consistently, is normally named the Self-Consistent
Field (SCF) method in the old literature; therefore it has been common to
used SCF and HF as synonymous. The name SCF is not suitable now in view
of the large number of methods, including density-functional ones, that use
SCF techniques in their algorithms.
Corrections to the HF energy are made in ab initio procedures by using
methods that include excited configurations [18], i.e., Slater determinants
where unoccupied MO's replace occupied ones; therefore we will have
singly excited, doubly excited, etc., determinants. Techniques like Many
Body Perturbation Theory (MBPT), Configuration Interaction (CI) and
Coupled Cluster (CC) are based on correcting the single HF configuration by
including excited configurations. On the other hand, there are methods
developed to use a multiconfiguration (MCSCF, or rather MCHF) wavefunction instead of the single configuration used in the HF procedure. Also
this multiconfigurational or multireference (MR) wavefunction can be used
as the zero order wavefunction for coupled cluster (MRCC), Moller-Plesset
(MRMP) and CI (MRCI) techniques.
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The above correlated methods become very accurate as the order of the
correction increases but the cost of the calculation (mainly CPU time)
increases as powers of N. Therefore, the most accurate methods are only
applicable to very small systems. Formally, the HF method scales as N 4,
MP2 and CISD as N 5, MP3 as N 6, MP4 and QCISD(T) as N 7, and MP5 as N 8.
In all cases N is representative of the size of the calculation (for instance,
n u m b e r of basis functions or number of electrons). In practice, all the
formal powers decrease as the size of the system increases.

2.4. The Hohenberg-Kohn Theorems and the Kohn-Sham p ~ u r e
An alternative way of dealing with the many-body problem is to bypass
the calculation of the N-electron wavefunction by using the electron density
p. The electron density can be defined as

I6( - ri )l tIj)

=

(18)

where ~ is the Dirac delta function, and ri is any of the N spatial variables of
W. This definition as a singular (or ideal) expectation value at each point of
Cartesian space is equivalent to the common definition:

= N d 2d 3...d N

12

(19)

where, because of the antisymmetric character of the wave function, the
coordinate left out of the integration can be any of the N spatial coordinates.
Using the electronic density p, we can rewrite the total energy obtained
from the SchrSdinger equation as

~)
This

equation,

together

with

the v a r i a t i o n a l

(20)
principle,

allowed

Hohenberg and Kohn [1] to show by a trivial reductio ad a b s u r d u m t h a t
there is a one-to-one relationship between the density p and the external
potential 1)ext. This implies that the energy E is a functional of the electronic
density of the ground state; i.e., for a given external potential ~,

E = E . [p]

(21)

12
which can be separated as,
m~) [p]---- f 1 ) ( r ) p ( r ) d r -[- (~t/Ir~ + ~ree ]~I/) - .~'t)(r)p(r)dr -[- F [ p ]

(22)

where F[p] is a universal functional (it does not depend on the external
potential) which is identical for every system. Together with this theorem,
Hohenberg and Kohn derived at the same time a second one that provides a
variational principle for the energy; it establishes that for any trial density
pt, the energy obtained from eq. (22) is an upper bound to the exact energy of
the ground state.

E < E . [pt]

(23)

All of this development certainly has problems associated with the Nand v-representability of the electron density and they are the subject of the
chapter by Ludefia et al in this book. Here it will be enough to state that the
variational principle in eq. (23) requires that the trial pt be such that there
exists a local external potential v which will yield a Hamiltonian whose
ground state density is pt.
The Hohenberg-Kohn theorem implies the existence of a functional F[p],
but says nothing about its form nor how it can be constructed. Assuming
that the problems of representability have been solved, the following is a
modified presentation of the Kohn-Sham (KS) procedure [19] developed to
solve the problem of the SchrSdinger equation in general, and to help find
the universal functional F[p] in particular.
Let us assume a system with Hamiltonian [20],
A

A

H~ = T + v x + ~Vee

(24)

where )~ can vary between 0 and 1. In addition, we constrain the v~ such that
it always yield the density p(r) of the real system [21]. This is always possible
since v determines p and vice versa, according to the Hohenberg-Kohn
theorem. The Schr5dinger equation for this system is

I:Ix~x = Ex ~ x

(25)
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where EX and ~P~ are the corresponding eigenvalue and eigenfunction of the
system with the constraint that p is always the same for any ~. The case ~.=0
corresponds to an ideal system of noninteracting electrons having the
density of the real system under an effective potential Ueff or Us and the case
k=l corresponds to the real system with Uext. The system of noninteracting
electrons is trivially solved since the exact solution is, in most cases, a
Slater-determinant.
Therefore, the energy E~ can be written as

E~= <V~ ]I:I~]V~}- ~v~ (~)p(~)d~+ <Vx ]@+ )LVee]~I/%>

(26)

Derivation and integration of the above equation with respect to k will
yield the difference of the energies of the real and noninteracting systems (EEs) in the left hand side, and Es is exactly Vs+Ts, i.e., the sum of the
potential energy plus the kinetic energy of a noninteractive system of
electrons with density identical to the real system. Then using the
H e l l m a n n - F e y n m a n theorem

E(p) = ~ ~)ext (l')p(r)dr + I s 4- ~~<tI/k IVee ]~I/k >d~

(27)

where the integral over ~ is still unsolvable. For reasons t h a t will become
more clear later on, it is convenient to extract the classical electron-electron
i n t e r a c t i o n energy, Vclass, from the second integral and define the
difference

as the exchange-correlation energy, because

of its close

resemblance to their ab initio counterparts.

ee

2

P(~ 1 )P(~2 ) + Exc (P)

(28)

It can be easily noted, however, that Exc does not correspond to the Ec + Ex of
the s t a n d a r d HF based definitions, nor to the definition of Ex used in the
exact solutions of the SchrSdinger equation which are not based on an MO
theory. The main difference is that Exc contains a portion of the exact kinetic
energy.
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The total energy of the electronic system can be written as,

E[p]- ] 1)ext (r)p(r)dr + T s

+ Vclass [P] +

Exc [P]

(29)

Up to this point, there are no approximations; not even the central field
approximation has been used, as is the case in all ab initio techniques in
q u a n t u m chemistry. The procedure uses a set of molecular orbitals with the
sole purpose of r e p r e s e n t i n g the electron density of a system of noni n t e r a c t i n g electrons t h a t happens to have the same density as the real
system. All of this development comes out directly from the Schr6dinger
equation. All of the functionals or quantities in eq. (29) are known, except

Exc.
Another interesting point is the nature of Ts. The use of Ts in the KohnSham

procedure

comes

from the

availability

of s o l u t i o n s

for t h e

noninteractive case. This q u a n t i t y is the kinetic energy of the i m a g i n a r y
s y s t e m of n o n i n t e r a c t i n g electrons. Ts is an u n k n o w n functional of the
density, b u t it can be obtained exactly using the wavefunction of the
n o n i n t e r a c t i n g system. Therefore, it is not required to have a functional,
either in the interactive or noninteractive systems, for its exact calculation.
The only unknown functional in eq. (29) is Exc[P]. All of the others are
k n o w n or can be easily calculated from the w a v e f u n c t i o n of the
n o n i n t e r a c t i n g system. Once Exc is known, the total energy E can be
minimized with respect to the density p, yielding the Kohn-Sham equations
t h a t can be solved self-consistently;
[ 1 V 2 + ~)ext + ~)class + a)xc ](Pi = Eiq)i

(30)

w h e r e ~class and Vxc are the potentials corresponding to the classical
Coulomb repulsive energy between the electrons and to the exchangecorrelation energy, respectively,

T)class ( ~ ) -

and

f d~' i ~ ~ , ]

(31)
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Vxr (r) =

5Ex~ [p(~)]

(32)

8p(~)

The KS orbitals in this procedure are the solutions for the noninteractive
system of electrons that feel the effective potential ~eff:.
(33)

~) e f t "- %)e x t + D c l a s s + D xc

In other words, using ~, the parameter introduced in the Hamiltonian of eq.
(19), Ueff is the potential such that when applied to a noninteractive system,
~. = 0, it will yield the same density as the real system, ~. = 1.
Therefore,
N

N

(34)
Ueff ( ~ ) p ( ~ ) d ~

i=l

i=l

where Es, Ts and Vs are respectively: the total, kinetic and potential energies
of the noninteractive system. The wavefunction of this noninteractive system
is exactly the determinant composed from the orbitals Oi,

~I's ( ~ , ~ e , . . . , ~ N )

= detl~e...~0N

I

(35)

We always have to keep in mind that ~s is not the wavefunction of the
real system, nor are the q)'s related to real electrons, except that they yield
the same density through the sum:
N

(36)

i=l

The total energy for the real system will be evaluated from eq (29), where we
should use those orbitals t h a t yield the minimum energy; in most cases,
these correspond to the ones with the lowest energies.
2.5. F u n c t i o n a l s
The first functionals related to Exc were not created with DFT in mind,
but rather were oriented to the description of exchange effects. Therefore, for
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practical reasons, the partition,
Exc[p] = Ex[p] + Ec[p]

(37)

is invoked, with the implicit warning t h a t we are defining at least one t e r m
(Ec) t h a t does not correspond to the ab initio Ec, while Ex follows closely the
H F definition of exchange. This p a r t i t i o n of Exc could be m a d e in a
s o m e w h a t a r b i t r a r y m a n n e r since correlation has meaning, by definition,
only in a m e a n field a p p r o x i m a t i o n

and DF is not u s i n g such an

approximation. The partition can be made according to convenience. The
one-electron Kohn-Sham orbitals used to construct the density are used to
r e p r e s e n t the electronic structure of the real system; however there is not a
solid foundation for this representation. Because of simplicity and in m a n y
cases because of the absence of calculations, it has often been assumed t h a t
the H F exchange is the exact exchange in DFT. It is also assumed, with no
t h e o r e t i c a l b a c k g r o u n d , t h a t the K o h n - S h a m orbitals can be used to
d e t e r m i n e the electronic structure of the real system, and t h a t the ground
state functionals can also be used to calculate excited states.
The calculation of exchange functionals is as old as q u a n t u m t h e o r y
itself. The first ab initio functional to be calculated for the exchange was the
one for the ground state of an uniform gas of electrons. Given a uniform
d e n s i t y of electrons, a s s u m e d to have a F e r m i distribution, Bloch [22]
1

obtained an exchange potential energy proportional to p~ [17]; surprisingly, a
large p a r t of the literature attributes this finding to Dirac. It was later t h a t
Dirac [23] used it to include the exchange in the Thomas-Fermi atom [24,25];
in both cases, no intention of a DF procedure was foreseen as yet. Later,
1

S l a t e r used the p~ relation as a functional to simplify the H F method,
s u b s t i t u t i n g for the more complicated H F exchange [17]. There was not a
1

unique way to determine a proportionality constant associated with pP. At
least two values were used, depending upon w h e t h e r the uniform electron
gas approximation was applied to the potential or to the energy. Eventually
Slater [26] introduced a constant a to be determined for each particular case
or situation, usually j u s t to reproduce the H F exchange energy. This last
method is called Xa or the HFS (HF-Slater) method, and it can be regarded
as an approximation to the Kohn-Sham procedure. The exchange energy

1v
using the formula for the uniform electron gas is the local density
approximation (LDA), written in our notation as

[p]-

(38)

The corresponding potential is
IjLDA
(~)
X

1

=

R

(3 p(~))~

(39)

The above formulas and the following ones are often expressed using a
p a r a m e t e r rs, equivalent to the radius of a sphere with constant charge
density p and a total charge of one electron, also known as the Wigner-Seitz
radius"

(40)

rs- (4np)-~3
Therefore,
2

(41)
O x

--

_

rs

Eq. (38) indicates that Ex scales homogeneously when the coordinates are
scaled by a factor ~:

Ex [P~ ] %Ex [P]
=

(42)

where, for a given function f (~), the scaling of the coordinates by a factor
means t h a t f ~ (~) = f (kP). Therefore another way to define the exchange
functional is as that portion of the Exc that scales linearly. The remainder
will be defined as the correlation functional Ec.
The uniform electron gas model gives us the first approximation for Exc,
ELDAxc _ J ExcLDA [p(~)]p(~)d~

(43)
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where

s LDA is the exchange-correlation energy distribution per unit

volume, which depends on the density only at the point where it is evaluated.
In principle, the ideal electron gas of uniform density requires a uniform
positive charge of equal density but without exchange effects (classical). This
idealized system is known as jellium. Because of the interaction of the
positive charge with itself and with the electron distribution, eq. (29) reduces
to only,

(44)

E[p] = T s + Exc [p]

making clear the need to subtract the Vclass from the second integral in eq.
(27). Eq. (44) can be solved numerically as accurately as is needed for any
situation by using plane waves, and analytically for some limiting cases.
Therefore it will be possible to obtain Exc, and by subtracting the Ex already
known, the Ec can be calculated. The high density limit [27] for ec is,

ec = 0 . 3 1 1 x l n r s - 0 . 0 4 8 + r s ( 0 . 0 0 9 •

s+A-0.018),

r s<<l
(45)

where A was not evaluated but can be neglected for high densities.
The low-density limit [28] is given by,

Ec ----_

"___L~

rs

q

3

2

rs

rs

~ O

ix/
~

,

r s >>

1

(46)

rs

where A is smaller than 3.31. It is worth mentioning that these two limits
have been found using the correlation energy as defined by Wigner [29],
while the exchange energy corresponded to a Slater-Xa functional with a = l
and not the 2/3 normally used. Using those two limits, eqs. (45) and (46),
interpolations were carried out to calculate the correlation energies in solid
state physics.
From the numerical calculations and considering the limiting cases,
fittings can be made to obtain the local correlation functional very precisely.
Ec is complicated even for the uniform electron gas. yon Barth and Hedin
(vBH), doing a random-phase analysis [30], have proposed a correlation

1})
functional t h a t is spin dependent, and is based on the Hedin-Lundqvist [31]
functional. For the spin independent case, both are equivalent:

~v.._ }Co[(l+Z3 ) l n ( l + ~ ) + z - Z

2 -1]

(47)

where Z = rs/30 and Co = 0.0504
L a t e r Vosko, Wilk a n d N u s a i r (VWN) [32] proposed a correlation
functional t h a t was obtained using Pad6 approximant interpolations of very
accurate numerical calculations made by Ceperley and Alder, who used a
q u a n t u m Monte Carlo method [33]. The VWN correlation functional is,

~c~

~ E l ~ x ~ + ~ tan 1 ~~x~ X(xo~
~xo(ln ~~xx~x~
Xo~ + ~+~Xo~
~ tan 1 ~~x+~
)]
(48)

where the functions x, X, and Q are respectively,

x = r~, X(x) - x 2 + b x + c ,

and

Q-(4c-b2)

n

(49)

and the constants are A = 0.0621814, Xo = - 0 . 4 0 9 2 8 6 , b = 13.0720 and c =
42.7198.
P e r d e w and W a n g (PW92) [34] have proposed the following local
correlation functional

e PW92 = -2 a p ( l + (z lrs ) lnl 1 +
2a
where a = 0.0310907,

(11 --

0.21370,

~1 =

(~lrs1 +~2rs 1+~3rs3
7.5957,

~2 -

2)
+ ~4rs

1

3.5876, ~3 = 1.6382, and

(50)

~4 -

0.49294
The LDA and the Local Spin Density approximation (LSD), when spin is
considered, have been successful in d e t e r m i n i n g molecular s t r u c t u r e and
m a n y one-electron properties or expectation values. It is very well known
now t h a t the LDA and LSD underbind core electrons and overbind atoms in
a molecule. Energies are not as good as those obtained by correlated ab initio
methods, although the relative energies of isomers and activation barriers
which do not involve bond-breaking can be quite accurate. It was observed,
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w h e n performing molecular calculations, t h a t errors are in proportion to
the size of the system. As a general rule, the local approximation is not able
to reproduce the effects of the creation or r u p t u r e of chemical bonds. The
reason for the large errors in calculating energies using local functionals is
because

molecules

are far from r e s e m b l i n g

a uniform

electron gas

distribution. These points are discussed further in the other contributions to
this volume. Also, the reader is advised to see reference 35.
To correct for the nonuniformity of the electron density, gradients of the
d e n s i t y are introduced into the exchange and correlation functionals,
c r e a t i n g in this m a n n e r nonlocal or s e m i l o c a l functionals.

The first

g r a d i e n t approximation was not successful since it did not fulfill m a n y of
the r e q u i r e m e n t s of the exchange-correlation functional; it was even worse
t h a n the local approximation.

E GEA
x [P,I V p l , ] - Ax ] p~d~ + Cx ~ IVpl2
p% +""

(51>

where

Ax = ~

, and

Cx = -

432~(3~2)~

(52)

To solve this problem of the gradient approximation, generalized g r a d i e n t
approximations (GGA) were designed. These were used, in general, in the
following form:
EGGAxc [P] --

~ d~exc [P, IVpl , V2p]

(53)

For an interesting analysis of the GGA, the reader is referred to the Burke et
al chapter in this book. Here we will limit ourselves to showing the spin-

unpolarized versions of the most used functionals. Complete descriptions of
these functionals are in the original papers.
As a result of a series of improvements to the GEA, the L a n g r e t h - M e h l
exchange-correlation functional [36] was developed in 1983. The PerdewWang functional (PW86) for exchange and the Perdew (P86) for correlation
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are of wide application in the most important DF programs. For exchange
[37],

$2

.. PW86
_ LDA [p] 1 + 0. 0864 ~ + b s 4 + cs 6 ) m
~x
= ex
m

(54)

where s is defined as

s =

IVpl

(55)

(24~2)~3p ~
and m = 1/15, b = 14 and c = 0.2.
For correlation [38,39],

P86

_LDA[p] + e - r

[p] IVP[2

(56)

where the functionals 9 and Cc are, respectively,

r - 1.745e c= (~)lvpl

(57)

and

co (p) = c 1 +

C2 + C 3 r s +

2

C4rs

(58)

1 + C5r s + C6r 2
s + C7r3s

and the constants, f = 0.11, C1 = 0.001667, C2 = 0.002568, C3 = 0.023266, C4 =
7.389 x 10 -6, C5 = 8.723, C6 = 0.472, and C7 = 0.07389.
Another much used exchange functional is the Becke-88 [40],
B88

~x

_

LDA

=~x

[

[p] 1 -

x2
2 ~ A x 1 + 6 [ 3 x s i n h -1 ( x )

]

(59)
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where

x = 2 ~ IVpl

(6O)

pg'

Ax =(3/4)(3/~) ~,

and ~=0.0042

The correlation functional of Lee, Yang and P a r r [41] is also widely used,
E LYP = - a

1+ dp-~

{~+~ ~ [o~0~_ ~t~ +~/~+ ~~/]e -~-~ }
(61)

where

t (v0,2
/
P
=

~-V2p

(62)

and

~( ~ ) ~

C F-I-6
_

,

a=0.04918,

b=0.132

c=0.2533,

and

d=0.349.

Finally, the P e r d e w - W a n g (PW91) exchange and correlation [42-44]
functionals are the only ones in the GGA t h a t are designed from purely first
principles.
The exchange functional is
PW91

x

_LDA(p)Ii+salsinh-l(sa2)+(a 3 +a4e-lOOS2)s21
= Ux
1 + sa 1 sinh-1 (sa2) + a5 s4

(63)

where al = 0.19645, a2 = 7.7956, a3 = 0.2743, a4 = -0.1508, and a5 = 0.004.
The correiation functional is,

EPW91 = Ec-LDA[p] + pH[p,s, t]

(64)
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where

H=

2a

In 1~

2a

t 2 + At 4

+ Cc0 [Cc (P) - Ccl ]t2e -1~176

1 + At 2 + A2t 4

(65)

with

2a [ e-2aeLDA(P)/(P~2) _ 1] -1

A

(66)

and

4

(67)

IVp]
p~

a = 0.09, ~ = 0.0667263212, Cc0 = 15.7559, Ccl = 0.0035521 and Cc(p) is the same
as in the PW86 correlation functional.
2.6. The Adiabatic Connection Method

Another possibility for improving the energies obtained by DFT methods
would be to combine t h e m with ab initio results. There would be very gross
approximations, but this could be a n o t h e r way to l e a r n more about the
u n k n o w n functionals. Let's calculate the u n k n o w n integral found in eq.
(27). Using the trapezoidal formula for definite integrals, we obtain,

l<,elv ee ]~>+~

I=

tI/~ ,Vee, ~I/~ , d ~ = 2

s

ee

w h e r e W is the wavefunction of the real s y s t e m ( m u l t i c o n f i g u r a t i o n a l
character) and Ws is the wavefunction of the noninteracting system (Slater
determinant). Clearly, using just two points to calculate the integral only
makes sense if the integrand is close to a straight line with respect to ~. The
above expression can also be written exactly as,
i-

_

+

+

1

+

(69)

24
This can be calculated exactly provided that Hartree-Fock, correlated, and
density functional calculations are carried out. Since the idea is to improve
results at the minimum computational cost, the following approximations
can be made in obtaining I, which is the most difficult part of the total
energy to calculate. (The others, the noninteracting kinetic energy Ts and
the nuclear-electron interaction are trivially obtained.)

(1 HF + - E1

I--~E

s

) + (1ExHF+ - E1

2

s

) + 1EcHF

(70)

2

If we assume that pHF = pKS, we can also assume that the direct terms are
similar, E H F - -

E s = Ej;

on the other hand, an even more speculative

approximation, considering t h a t E x >> E c, is to make E cHF = EcKS In
this way, we can use only the Kohn-Sham calculation to compute all the
terms in eq. (70).

1 HF +~1ESx ) + 1EcKs
I=Ej+ ( ~E

(71)

where the term E HF will be calculated using the Kohn-Sham orbitals but in
the m a n n e r of the HF procedure, i.e. computing the exchange integrals
<q)iq)J IIq)j(pi/"

A further improvement, still to be validated, is to assume a

simple dependence on ~ for the W~,. Let's try,
_
1
q.I k -- ~/1 + ~2 (tIjs + ~IJm )

(72)

In this case the noninteractive wavefunction is Ws and the interactive is
l(~IJ

+ ~IJm )

(73)

Notice t h a t there are no implications about the similarity or dissimilarity of
Ws with respect to Win. Under these conditions, the integral I becomes,
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I = In 2('~'~ [Vee I~I/s ) + 2(1- In 2)(~P~ IVee [~'m )
+(3 + ln2)<Vm IVe~I~Pm)

(74)

with

(Vs IVee IVm ) - -x/2(V s IVee ItI't)- (~I/s IVee IVs )

(75)

and
(tiJm IVee ]~m

>= 2<~IJ]Vee ]~IJ>- 4<~IJs ]Vee 1~> + <~s IVe~I~ >

(76)

The same approximations made for ( ~ l V e e l ~ ) and (Ws IVe~lWs ) in eq.
(71) can be made here. The new integral can be evaluated using a
correlation calculation in which the MP2 energy or simply a DF procedure
can be invoked:
(~I/IVee I~I/s ) - <tI/HF + ~I/c~ [Vee I~I/s )
(77)
--<~I/HF IVee l~I~s)+ <tIjc~ IVee I~I/s) = Ej +/~E(MP2)

3. SUMMARY
Density functional techniques are available for the calculation of the
molecular and electronic structures of ground state systems. With the
functionals available today, these compete with the best ab initio methods.
This article focuses on the theoretical aspects associated with the Kohn
Sham density functional procedure. While there is much room for
improvement, the Kohn-Sham exchange-correlation functional offers a
great opportunity for theoretical development without returning to the
uniform electron gas approximation. Theoretical work in those areas will
contribute significantly to the development of new, highly precise density
functional methods.
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Semilocal D e n s i t y F u n c t i o n a l s for E x c h a n g e a n d C o r r e l a t i o n :
Theory and Applications
Kieron Burke, John P. Perdew, and Mel Levy
Quantum Theory Group, Tulane University, New Orleans, LA 70118
Advances in our understanding of density functionals have led to the PerdewWang 91 (PW91) generalized gradient approximation (GGA), a nonempirical semilocal functional which shows systematic improvement on the local spin density
(LSD) approximation. In this article, we discuss some exact conditions satisfied by
all electronic systems, including hole and coordinate-scaling requirements, and we
discuss which of these the LSD approximation obeys. To illustrate our points, we
invoke Hooke's atom, an analytically solvable two-electron system. We then discuss
the history of GGA's, which satisfy many conditions that the LSD approximation
gets right, plus others. We also make a graphical comparison of the gradient dependence of various GGA's, concluding that PW91 has the best formal properties.
Since the construction of PW91, we have made further progress in the study of
exact conditions satisfied by all electronic systems, and we give a review of some
of the results. The recently-discovered low-density convexity constraint provides a
difficult challenge for approximate functionals to satisfy. We conclude with a survey
of recent applications of GGA's to atoms, molecules, clusters, surfaces, and solids.
1. INTRODUCTION
In this section, we discuss first the basic formalism of density functional theory,
and the Kohn-Sham equations whose solution yields the ground state density and
energy of a system. We next describe a two-electron system, called Hooke's atom,
which has the highly unusual feature of an analytic ground state, and is therefore
of considerable pedagogical value. Lastly we discuss the notation and organization
of this article.

1.1. The Kohn-Sham equations
The problem of finding the ground-state properties of a system of N(> 1) electrons
is important in the study of atoms, molecules, clusters, surfaces, and solids. Since
no exact solution exists in general, many approximate methods have been developed
for approaching this problem. Each successful method has its own advantages and
disadvantages.
Wavefunction methods[l] have proved very successful in the study of small
molecules. They have the important merit that their accuracy can be systematically improved by enlarging the size of the calculation. Unfortunately, since
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their implementation implies finding the wavefunction, which depends on 3N coordinates, for large N they become prohibitively expensive in terms of computer
time/memory. Hence their success for molecules, and inapplicability to solids.
The density, on the other hand, is a function of only 3 spatial variables, r = x, y, z,
so it is a much easier quantity to work with in practice. Furthermore, the groundbreaking work of Hohenberg and Kohn[2], and its subsequent extension in the
constrained search formulation[3-5] proved that all quantities of interest could, in
principle, be determined from knowledge of the density alone.
The basic idea in density functional theory is to replace the SchrSdinger equation
for the interacting electronic system with a set of single-particle equations whose
density is the same as that of the original system. These equations are the KohnSham equations[6], and may be written

[_1x7 +

fd , n(r')

Ir- r'l

-I- Vxc,a([nT,nl];r)]r

) = ca,a r

(i)

where a =T or I is the spin index, a labels the Kohn-Sham orbitals, va(r) is the
(spin-dependent) external potential, and v=,~([n T,n ~]; r) is the exchange-correlation
potential, defined below, which is a functional of the spin densities. The total
density of the system is then
n(r) = nT(r ) + nl(r),

(2)

where

n (r)

= E
C~

(3)

-

--

The sum in Eq. (3) is over all Kohn-Sham orbitals, and # is the chemical potential.
The total ground state energy is

)

1 V~l.r
1

-I-E J d3r na(r)re(r)

n(r) n(r') + E~c[nt ' nl ]

+Tf darf dar' Ir-

r'l

(4)

where E=~[nr, n t] is the exchange-correlation energy of the system, in terms of which
vxc,o(r) = 6Exc/6n~(r).
These equations are exact for any electronic system, if the exact functional
E=c[nT, n t] is used. Unfortunately, it is impossible to know this functional exactly for
most systems, and approximations need to be made to apply these equations to real
systems. However, once such an approximation is made, the resulting equations
are straightforward to solve, being a set of self-consistent equations for the orbitals
r
The remainder of this article is devoted to how such approximations are
constructed, and how well they perform.
Because density functional theory deals directly with the density, and never
produces an interacting wavefunction, it has no particular difficulties with large
periodic systems. Thus it is the method of choice for solid systems, which contain
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O(1023) electrons. On the other hand, the functional Exc[nl, nl] is an extremely
sophisticated many-body object, so that robust moderate-accuracy methods (such
as the LSD approximation) can be difficult to improve systematically.
We also point out that the Kohn-Sham orbitals bear no known simple relation to
the single-particle states of the interacting system. In spite of this, in calculations
of the electronic structure of solids, these orbitals are often identified with the
quasiparticle states. However, progress in understanding their meaning is being
made through the extension of density functional theory to time-dependent external
potentials, which can then be applied in the linear response regime[7].
1.2. Hooke's a t o m
It is not easy to find a quantum many-body system for which the SchrSdinger
equation may be solved analytically. However, a useful example is provided by
the problem of two electrons in an external harmonic-oscillator potential, called
Hooke's atom. The Hamiltonian for this system is
1 V~+V~
H - -~

+

~

k(r~+r~)+

Ir2 - rl[

(5)

where Vi = (O/Ori. In center-of-mass and relative coordinates, this becomes
H=-

ku21
( 12
)
~VR+V2u + k R 2 + ~
+-u

(6)

where R = (rx + r2)/2 and u = r 2 - rl. For spin singlet states, the total wavefunction
may therefore be separated:
9(rlsl,r2s2) = ~(u) ~(R) X(s1,s2)

(7)

where X(s~, s2) is the singlet spin wavefunction. The motion in R is simply that of a
three-dimensional harmonic oscillator with mass 2 and force constant 2k. For the
motion in u, we can separate the angular and radial contributions as
~ ( u ) - f(u)Yi,~(~u).

(8)

'lt

From Eq. (6), this yields a second-order differential equation for the interelectronic
function f(u), namely
[ ld 2

~

1

-~(~u 2 + ofiu 2 + ~ +

l(l+ 1)

2u 2

e

f(u) - -~f(u),

(9)

where oJ = x/~ is the oscillator frequency and ~is the contribution to the total energy
due to the relative motion of the electrons.
For any value of the force constant k, at most a single differential equation
needs to be solved to find the ground state of this system. This has been done
numerically[8] for many values of k. More recently, Kais[9] and co-workers have
studied the special case of k - 1/4, for which an analytic solution exists, while
Taut has shown that analytic solutions exist for an infinite, discrete set of oscillator
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frequencies, including both ground and excited states[ 10]. Those corresponding to
extremely low densities have been studied in some detail[ll].
Throughout this paper, we use Hooke's atom to illustrate our points. We often
use results calculated for the k = 1/4 case, for which the exact density is plotted
in Figure 1. We think of this as a sort of "poor man's Helium," although we note
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Figure 1. Ground state density of Hooke's
atom for k = 1/4.

several qualitative differences from real He, i.e., no cusp in the density at the origin,
and no continuum of unoccupied states above the bound states. These differences
are u n i m p o r t a n t for the present purposes.

1.3. Notation and organization
We conclude this section with a discussion of our notation. We use atomic units
throughout this paper, in which e2 - h - mc - 1, so t h a t all energies are in Hartrees
(27.21 eV) and all distances in Bohr radii (0.529 ~k), unless explicitly stated otherwise. We also discuss coupling constant averages, in which the strength of the
Coulomb repulsion is given by •e 2, where 0 _~ ~ _~ 1, and in which the external potential varies with ~, v~,~(r), in such a way as to keep the spin densities n~(r) fixed[12].
When no notation explicitly indicates otherwise, all quantities are interpreted as
having their value at full coupling strength, A - 1. When we wish to indicate the
A dependence of a quantity, we use a subscript ~. Finally, when we consider the
coupling-constant average of some quantity, we use an overline. For example, for
the pair distribution function defined in the next section, g(r', r) denotes its value
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for A = 1, g~(r', r) denotes its value as a function of A, and ~0(r',r) = fl dA gA(r', r).
The sole exception to this rule is in the exchange-correlation energy itself. As we
show in section 2.1, it can be considered as a coupling-constant averaged quantity.
We nevertheless keep the traditional notation of E~c, i.e., without a bar.
This article is organized as follows. Section 2 is a discussion of many conditions
which all electronic systems are known to satisfy. Section 3 is a discussion of the
LSD approximation and semilocal functionals. Section 4 describes some recent
progress made in the study of exact conditions, while section 5 describes results of
recent applications of GGA's in real physical and chemical systems.

2. SOME EXACT CONDITIONS SATISFIED BY ALL ELECTRONIC SYSTEMS
In this section, we discuss some of the many exact conditions that can be shown to
be satisfied by a l l interacting electronic systems in their ground states. We look at
both real space and momentum space decompositions of the exchange-correlation
energy. In the following sections, we show how knowledge of these exact conditions
has been vital to the construction and testing of approximate density functionals.

2.1. E x c h a n g e - c o r r e l a t i o n hole
We begin with some exact conditions on Exc based on its real space decomposition.
We define the second order density matrix in terms of the wavefunction
p2(ro-, rio-t)

"-- N ( N

-

1) E

/[ d3F3"" f!

G 3 ~...,Or N

.J

d3FN

I

I

""'rNCrN) '

(10)

where 9 is the many-body wavefunction. (Note that this defmition differs from
that of Ref.[13] by a factor of 2.) This function has the probability interpretation
that p2(ra, r'a') d3r d3r ' is the probability of finding an electron of spin cr in volume
element d3r at r and another electron of spin a' in volume element d3r ' at r'. We
may define a conditional probability density by
p2(rcr, r'cr') - n ~ ( r ) n 2 ( r a , r'cr'),

(11)

so that n2(ra, ffa') d3r ' is the probability of finding an electron of spin a' in volume
element d3r ' at r', given that there is an electron of spin ~rin volume element d3r at r.
The (unaveraged) spin-decomposed exchange-correlation hole around an electron
of spin a at r is then defined by the relation
n2(r~, r'a') - n~,(r')+ nxc(ra, r'cr'),

(12)

while the non-spin decomposed hole is defined as
(r) n~c(r~, r'(r')
n(r)
n ~ ( r , r ' ) - ~ n~

(13)

0-,(71

so that it is related to the spin-summed second order density matrix by
p2(r, r') -- E p2(rcr, r'cr') -----n(r)[n(r')-[- nxc(r, r')].

(14)
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We can further decompose the hole into exchange and correlation contributions:
n,~(r(r, r'cr') = n~(r~r, r'a') +

n~(ra, r'a').

(15)

By exchange, we mean the density functional definition of exchange, in which the
wavefunction is a Slater determinant whose density is the exact density of the
interacting system, and which minimizes the energy of the non-interacting system
in the Kohn-Sham external potential, v~.~=o. Another useful concept is the pair
distribution function, defined as[14]
g(rcr, r ' ~ ' ) =

p2(rcr,r'a')/[n~(r)n~,(r')].

(16)

The exchange-correlation hole may be written in terms of the pair distribution as
nxc(ra, r'(r')= n~,(r')[g(ra, r'cr')- 1].

(17)

Figure 2 is a plot of the exact hole (and its LSD approximation) for the Hooke's
atom discussed in section 1.2. The figure is plotted for k = 1/4, A = 1, and r - 0.
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Figure 2. Exchange-correlation hole around
an electron at the origin of Hooke's atom.
The exchange-correlation hole is of considerable interest in density functional
theory, as the exact exchange-correlation energy may be expressed in terms of
this hole. By use of the Hellmann-Feynman theorem, one may write the exchangecorrelation energy as the electrostatic interaction between the density and the hole,
averaged over coupling constant[13], i.e.,
E~ =

/o1dA E~c,~[n] = ~1/ d3r n(r) / d3u fi~c(r, r + u),
U

(18)
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where, in accordance with our notational conventions of section 1.3.
fi~(r, r') =

~o1 d~ n~,~ (r, r').

(19)

Thus the real space decomposition of E,~ is given by

E=- f

E=(u),

(20)

where
N
1
E~(u) = --~-(5~(U))u,

(21)

and (...) denotes a system-average, i.e.,

1/ d3r n(r) fi~c(r,r + u).

(h~c(u)) - ~

(22)

Clearly, from Eqs. (20-21), a good approximate functional need only get the angleaveraged (fi~c(u)) right in order to yield a good approximation for the exchangecorrelation energy, and therefore for the total energy. This is why we study this
exchange-correlation hole.
2.2. E x a c t c o n d i t i o n s o n t h e e x c h a n g e - c o r r e l a t i o n h o l e

We may now list some of the simple physical conditions that the exact exchangecorrelation hole satisfies. A common decomposition of the hole is into its separate
exchange and correlation contributions. The exchange (or Fermi) hole is the hole
due to the Pauli exclusion principle, and obeys the exact conditions:
n~(ra, r'a') _< O,

(23)

and
d3r n~(ra, r'cr') - -5~,,o,

(24)

The correlation hole obeys
d r' nc(rcr, r'a') - 0,

(25)

so that electrons of both spins are Coulombically repelled from the electron of spin cr
at r, but accumulate in a bump at a fmite distance away. The exchange conditions
may be deduced from the fact that the non-interacting wavefunction is a Slater
determinant, while the integral condition on the correlation hole comes from the
normalization of the second order density matrix.
To understand these holes in more detail, we also consider their spin decomposition. Because the Hooke's atom is unpolarized, it has only two distinct spin
combinations: parallel (TT) and antiparallel (TI). In Figures 3 and 4 we decompose
the spin-averaged hole into these separate contributions. In fact the anti-parallel
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Figure 3. Parallel hole around a spinup electron at the origin of Hooke's
atom.
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Figure 4. Anti-parallel hole around
a spin-up electron at the origin of
Hooke's atom.

hole is made up entirely of correlation. This is because, for exchange, a spin T
electron does not care about the distribution of spin $ electrons, i.e.,
gx(r, T; r', l) - 1

(26)

everywhere, so that
nx(r, T" r', 1) = 0.

(27)

Also, for a spin-unpolarized two-electron system like the Hooke's atom, the exact
parallel hole is made up entirely of exchange. This can be seen most easily in the
spin-decomposed second-order density matrix. Since the ground state wavefunction
is a spin singlet, it contains no contribution in which both electrons have the same
spin. Therefore
p2(r

T,r' T ) - 0

(28)

for both the exact and the exchange-only cases. Then, from Eqs. (11-12), we find
nxc(r T,r' T) - nx(r T,r' T)= -nT(r').

(29)

Combining these two results tells us that Figure 3 is in fact the (spin-averaged)
exchange hole, while Figure 4 is the (spin-averaged)correlation hole for this system,
so that the integral relations Eqs. (24-25) apply. Note that the integrals include a
factor of 4~u 2, which weights the integrand, making the positive bump in Figure 4
contribute heavily. We also note that the exchange hole given by Eq. (29) obeys the
general condition that the exchange hole be everywhere negative, Eq. (23).
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Another more subtle condition is the electron-electron cusp condition. As two
electrons approach each other, their Coulomb interaction dominates, and this leads
to a cusp in the exchange-correlation hole at zero separation[15]. It is most simply
expressed in terms of the pair distribution function. We define its sphericallyaveraged derivative at zero separation as
g'(r,r)=ou~=o

~g(r,r+u),

(30)

and the cusp condition is then[ 16]
g'(r, r) = g(r, r).

(31)

One can clearly see the cusp in the exchange-correlation hole of Figure 2. However, we may decompose this relation further. In fact, the cusp only occurs for
antiparallel spins, as, by the exclusion principle, two parallel spins cannot have
zero separation. Furthermore, the non-vanishing derivative is a pure correlation
effect, as the exchange hole is the hole of a non-interacting system, which has no
cusp. Thus we can write

g:(ra, r(r') -- O,

(32)

and
g~c(r~r,ra') - (1 - ti~,,o) g(ra, ra').

(33)

This is borne out by the lack of any cusp in Figure 3. The electron-electron cusp
condition is not obeyed by some popular approximations, e.g., the random phase
approximation[17,18].

2.3. Scaling relations
Another type of exact condition comes from studying scaling relations of the
exchange-correlation functional itselff19-25], a subject which has recently been
reviewed by Levy[26]. We define a uniform scaling of the density by
nz(r) = ~/3n(Tr),

(34)

and two non-uniform scalings by
x

n (x, y, z) = zn( x, y, z),

(35)

and
y, z) -

zy, z),

(36)

so that the total number of electrons N remains fixed in all cases.
The fundamental scaling constraint on the total exchange-correlation energy
under uniform scaling for all densities is[ 19]

Exc[n~] > TExt[n];

~/> 1.

(37)
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In the low density limit, under both uniform and two-dimensional scaling,
constant[21], i.e.

B[n] <

lira 1E=~[n~] =
~--,0 "7

E=~[n],

Ex~/~
(38)

and
lim -1E~[n~] > -c~.
~-,o

(39)

In the high density limit, under one-dimensional scaling, we also fred[21]
lim

"y-+CO

E~[n.y] >
3?

-c~.

(40)

E~[n] also obeys the

Lieb-Oxford bound[27,28]:

E~[n] >_-D / d3r n4/3(r),

(41)

where 1.44 < D < 1.68.
In place of Eq. (37), the exchange energy obeys an equality under uniform scaling[19]
=

(42)

while obeying Eqs. (39-40) under non-uniform scaling[21]. The correlation energy,
on the other hand, obeys an inequality[ 19]

E~[nz] >

7Ec[n];

7> 1

(43)

for all densities. For high densities, it tends to a constant under uniform scaling[20,
21], i.e.,
lira E~[n~] > - ~ ,

(44)

but vanishes for one-dimensional scaling[22]:
lira

"7--+o0

: 0.

(45)

For low densities,

E~[n]again

tends to a constant under uniform scaling[21], i.e.,

lim 1Ec[n~] > -oc,
~ o ~/

(46)

but vanishes for two-dimensional scaling[22]:
lim -1E~[n~]~--.o

O.

(47)

There also exist relations connecting the coupling-constant to uniform density
scaling[21]:

E~,.\[n] =

AExc,A=I[nl/A],

(48)
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from which one may calculate the coupling-constant average using only the ~ = 1
functional:

Exc[n]-

(49)

d.~ )~ Exc,A=l[rtl/,\].

One may also show that the exchange-correlation energy always decreases as a
function of coupling-constant[ 19,21], i.e.,
0
0-5 E~,~ < 0;
~ > 0.
(50)
Note that

E~[n] is independent of Aby definition, as

E~[~] = E~,~=o[~],
(51)
so the above relations, Eqs. (48-50), also apply to the correlation contribution alone.
Lastly we mention that the coupling-constant dependence of the hole itself may
also be extracted by scaling[21]"
n~,.\([n]; r, r + u) - A3n~,~=~([n~/~]; Ar, Ar + Au).
(52)

2.4. Waveveetor analysis
To conclude this section, we make a Fourier transform of the real space decomposition[12] of Eq. (20). If we write
nxc(k)

= J d3u n~(u)exp(ik, u),

(53)

then, from Eq. (21), we have
d3k
E~ - f (27r)3E~(k),

(54)

where
N47r
E=c(k) = ~-~(~=~(k)).

(55)

where (~x~(k)) is the Fourier transform of the real space system-averaged hole
( ~ ( u ) ) . The momentum space hole is simply related to the static structure factor
of the system, as[12]
g'(k) = 1 + (fi~(k)),
(56)
which can be easily related to quantities more common in many-body diagrammatic
treatments, such as the dynamic susceptibility[ 12].
These equations decompose E~ into contributions from density fluctuations of
various wavevectors k with wavelengths 2~/[k]. The relation between this Fourier
decomposition and the real space analysis of the previous section is straightforward.
The large distance behavior of the hole is determined by the small wavevector behavior of the structure factor. For the uniform gas, the structure factor is quadratic
in k for small values of k, which means that the total hole decays as 1/u 5. Note
that both the exchange and correlation holes each separately decay only as 1/u 4,
but that these long tails cancel, yielding a more rapid decay of the total. This
cancellation probably also occurs in fmite inhomogeneous systems. Similarly, the
short distance behavior in real space, especially the cusp of Eq. (31), determines
the large wavevector behavior of S(k). This aspect is considered in more detail in
constructing PW91, and in great detail in section 4.3.
_
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3. LOCAL AND SEMILOCAL A P P R O X I M A T I O N S
In this section we define the local spin density (LSD) approximation, the workhorse of density functional theory. We then examine its extension to semilocal
functionals, i.e., those which employ both the local density and its derivatives,
also called generalized gradient approximations. We show how the PW91 functional obeys many exact conditions for the inhomogeneous system, as described in
section 2, which earlier semilocal functionals do not.
All local and semilocal density functionals for the energy obey the important constraint of size-consistency, i.e., the energy of a system of well-separated fragments
(e.g., separated atoms) is just the sum of the energies of the individual fragments, so
that binding energy curves may be calculated. Such local and semilocal functionals
typically make a self-interaction error, i.e., they are not exact for one-electron systems. However, energy functionals that avoid the self-interaction error through a
dependence of the energy density upon the total number N = f d3r n(r) of electrons
are typically too nonlocal to achieve size-consistency.
3.1. L o c a l s p i n d e n s i t y a p p r o x i m a t i o n
The LSD approximation to E~c is defined as

ExLJD[nT, n ~ ] - / d 3 r n ( r ) ~ c ( n T ( r ) ,

n~(r)) ,

(57)

where cx~(nT(r),nl(r)) is the exchange-correlation energy per particle of a uniform electron gas (jellium). This function is now well-known from Monte Carlo
data[29,30], and has been accurately fitted to analytic forms[31,32]. The LSD
approximation is thus a first-principles approximation, in the sense that no parameters are fitted empirically to better solutions or experimental values for other
systems. It is exact for a uniform system, and a good approximation for slowlyvarying systems. Furthermore, it has also been found to provide moderate accuracy
for a large variety of systems in which the density varies rapidly, and which are
therefore beyond the obvious range of validity. However, because the properties of
many systems depend on relatively small energy differences, the LSD approximation can often produce the wrong ground state of a system. Another unfortunate
feature, to be discussed below, is the lack (until recently) of any systematic approach
to its improvement.
In terms of the exchange-correlation hole, we may write the LSD approximation
as

LSD (ra, r + UO.t) __ _jell
n~c
,~c [_
~nT(r),nl(r);a,a',u ),

(.58)

jell ( n w,rl L;or, 0"/~u) is the spin-decomposed hole of the uniform electron gas
where n~
(jellium) with spin densities n r and n Lat separation u from the electron. Eq. (58)
is expected to be most accurate for small u; see Figure 2 and subsection 4.3. If this
approximation for the hole is inserted in Eqs. (20) and (21), one recovers Eq. (57)
above.
We have made the LSD approximation to the quantities plotted in Figure 24, in which we see that LSD works very well. These plots were made using a
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parameterization of the Monte Carlo data[33] whose spin analysis is currently
being updated[34]. We point out that the LSD approximation works atypically well
here, because the density has zero gradient at r = 0 in Hooke's atom, as shown
in Figure 1. Furthermore, it has been shown (at least for the exchange piece)
that the off-center (i.e. r ~ 0) hole can be very poorly approximated by the LSD
expression above[35]. However, since the exchange-correlation energy depends only
on the system-averaged, spherically-averaged, and spin-summed hole, the LSD can
and does still work well for the complete exchange-correlation energy. We believe
that much of the huge success of the LSD approximation may be attributed[36]
to the fact that it obeys many of the exact relations known to be obeyed by nonuniform systems. It obeys these relations because the LSD approximation to the
hole given in Eq. (58) above represents the hole of a physical system, the spinpolarized uniform gas, and therefore obeys all exact universal relations as they
apply to that system. For example, the LSD approximation obeys all of the relations
discussed in the previous section, except Eq. (44) and the non-uniform scaling
relations, Eqs. (39), (40), (45), and (47). In some sense, given all those restrictions,
it cannot do terribly badly.
A good example of how the LSD approximation does well because it uses a physical
hole is given by the parallel correlation hole for the Hooke's atom. As discussed in
section 2.2, this contribution to the hole is exactly zero, because the Hooke's atom
is a spin-unpolarized two-electron system. However, the LSD approximation is a
continuum approximation which has no explicit information about the number of
electrons in the system, and therefore does not make this quantity vanish exactly
everywhere. In Figure 5, we plot this hole and its LSD approximation on the same
scale as the total parallel hole was plotted in Figure 3. At both zero and large
separations, the LSD hole vanishes because go(T, T, u) = 0 as u - . 0 and as u --. oc
for all densities in jellium. Furthermore, the integral of the hole in Figure 5 also
vanishes. Thus its net contribution to the energy is very small compared with the
rest of the hole, and the LSD approximation works well.
We note a very important point in density functional theory and the construction
of approximate functionals. It is the hole itself which can be well-approximated
by, e.g., a local approximation. This is because it is the hole which obeys the exact
conditions we have been discussing. To illustrate this point, Figure 6 is a plot of
the pair distribution function around the origin in Hooke's atom, both exactly and
within the LSD approximation. We see that the two functions are quite different.
In particular, the exact pair distribution function has not saturated even far from
the center. The corresponding holes of Figure 2, on the other hand, are much more
similar.
To be fair, there are several well-known exact conditions that the LSD approximation does not get right: it is not self-interaction free[37], %c,~
- L S D (r) does not have
the correct - 1 / r behavior at large r for finite systems[38], it does not contain the
integer discontinuity[39-41], etc. These shortcomings may be overcome by other
improvements[42], but not by the gradient corrections discussed in this article.
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Figure 5. Parallel correlation hole around
a spin-up electron at the origin of Hooke's
atom.

3.2. Generalized gradient approximations
An obvious way to improve on the LSD approximation is to allow the exchangecorrelation energy per particle to depend not only on the (spin) density at the point
r, but also on the (spin) density gradients. This generalizes Eq. (57) to the form
EC;~A[.nr~.,.,~ , .nil -- . / d 3 r

.f(" i (r) , .1~,1(r), V n I , V nl)

(59)

where the function f is chosen by some set of criteria. Such approximations are
called generalized gradient approximations (GGA's), for reasons to be explained
below, and a variety of different forms for the function f have been suggested and
applied in the literature.
One way[43] to compare these GGA's (for spin-unpolarized systems) is to define
the exchange-correlation enhancement factor Fxc(rs, s), by writing:

ExGcaA[n /2, n /2]

/ d 3 r n(r)~x(n(r))F~c(rs(r),s(r)),

(60)

where e~(n) = --3kF/4~r is the exchange energy per particle for a uniform gas of
density n,

s : IVnI/(2kFn)

(61)

is a dimensionless measure of the gradient, with the local Fermi wavevector defined
as
kF --(37~2n) 1/3,

(62)
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Figure 6. Pair distribution function around
an electron at the origin of Hooke's atom.

and r~ is the local Wigner-Seitz radius,
r~ - (4~rn/3) -1/a.

(63)

Thus Fxc(rs, s) is a measure of the enhancement in the energy per particle over local
exchange. In the rest of this subsection, we plot curves of ~c(rs, s) for different
approximations for several values of rs. The energies of real systems can contain
significant contributions from .s up to about 3, and rs up to about 18. Valence
electrons in solid metals have s ~< 2 and 1 ~< r~ ~< 6. In the core of an atom, s <~ 1
and r~ <~ 1. In the limit 7- --. oo for a finite system, r~ and s grow exponentially.
Figure 7 is a plot of Fxc in the LSD approximation. The curves are horizontal
lines in this case, as the LSD approximation is independent of the local gradient.
However, only in the high density limit, r~ = 0, is F~c = 1, because this is where
exchange dominates. The increase in F~c beyond 1 for fmite values of rs represents
the correlation contribution to the exchange-correlation energy. The LSD approximation obeys all the conditions of section 2 except Eqs. (39), (40), (44), (45), and (47),
because it approximates the hole by a hole taken from another physical system.
The gradient expansion approximation (GEA) was suggested by Kohn and Sham[6],
and is found by considering the LSD approximation as the first term in a Taylor
series for E ~ [ n r, nt] about the uniform density, and adding in the next corrections.
Such an expansion can be rigorously performed. The first corrections to the LSD
approximation are in principle straightforward to calculate, and the addition of
these leading corrections to the exchange-correlation energy functional produces
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the GEA:
E;G~EA[nT, nt]

-

/ d3r [n(r) r

+ ~C~,o,(nT(r),nt(r))2/3
0.70-I

Ibff

"

v,,,,']

(64)

'l/., or I

where the coefficients C~,~,(n T, n l), which are slowly-varying functions of the density,
have been calculated by Rasolt and collaborators[44,45]. Since the GEA is designed
to include only the second-order gradient contributions, all the curves of FGEA(rs,S)
are parabolic in s, as shown in Figure 8.
Unfortunately, while the gradient correction is an improvement over LSD for
slowly-varying systems, it typically worsens results on real electronic systems,
which contain regions of rapidly varying density. If we compare Figure 8 with
Figure 14 (PW91), which we treat as the "best" presently available functional by
the criteria discussed in this article, we see that the small s behavior is only valid
for very small values of s, and its extrapolation to realistic values of s leads to
highly incorrect results. The GEA is the only approximation discussed here whose
Fxc bends d o w n w a r d s for all s, and so fails to reduce to Fx when rs --+ 0. We claim
that a principal reason for this failure is the fact that the exchange-correlation
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Figure 8. Fx~(s) for GEA.

hole associated with the GEA above is not the hole of any physical system, and
so it disobeys many of the exact conditions discussed in the previous section. In
particular, it violates[46,47] even the sum rules Eqs. (24-25).
One way around this problem is to make a true GGA, where the function f is
often chosen so as to reproduce the GEA form for slowly-varying densities, but
contains all powers of Vn~, and the higher powers may be chosen by some criteria
to produce (one hopes) an improvement on the LSD approximation.
Early work going beyond the GEA was initiated by Ma and Brueckner[48], and
Langreth and co-workers[49,50]. The most popular functional to come out of this
work is the Langreth-Mehl (LM)[49], whose Fxc is plotted in Figure 9. This functional was constructed from a wavevector analysis[46] of Exc(k) within the random
phase approximation (RPA). Essentially, the full GEA for exchange was retained,
while the spurious small k contribution to the gradient term in the correlation energy was replaced by zero for k < flVnl/n, where the cutoff parameter f = 0.15 was
adjusted to provide an overall fit to the correlation energies of atoms and metal
surfaces; f ~ 1/6 had been expected on theoretical grounds. By studying Figure 9,
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we i m m e d i a t e l y see t h a t LM cures the poor behavior of the GEA, by not extrapolating the downward trend n e a r s = 0 to all .s. Also, it looks somewhat like the
PW91 Fx~ of Figure 14, so it can be expected to improve LSD in the fight directions.
However, we also point out some of its more major shortcomings. Clearly, for s = 0,
the curves do not agree with the LSD values of Figure 7, so the uniform gas limit
is not correct. Also, notice t h a t some of the curves cross each other. This violates
the f u n d a m e n t a l scaling constraint on E ~ of Eq. (37). For a uniform scaling of the
density, s at the scaled point does not change, b u t n does. Thus, Eq. (37) implies
r s'

>

rs

(65)

which LM clearly violates. Finally, we note t h a t the rs - 0 curve grows parabolically
for all s. This is also incorrect, as the Lieb-Oxford bound implies[24,28] t h a t Fxc
has a fmite s --+ oo limit. This bound will be satisfied for all densities if

Fxc(rs, s) < 2.27.

(66)

We t u r n next to Perdew-Wang 86 (PW86)[51,52], plotted in Figure 10. The PW86
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exchange energy functional[52J starts from the second-order gradient expansion for
the exchange hole, then eliminates spurious large u contributions via sharp realspace cutoffs designed to restore the exact conditions, Eqs. (23-24). The result is a
numerically defined GGA which is then fitted to an analytic form; this real-space
cutoff procedure is free from semi-empirical parameters. In contrast, the PW86
correlation energy is constructed via a wavevector-space cutoff procedure similar
to that of Langreth and Mehl[49], although PW86 includes beyond-RPA inputs for
the uniform and slowly-varying electron gases. Since Eq. (25) is satisfied for any
choice of the cutoff wavevector fl•nl/n where f > 0, the p a r a m e t e r f is found by
fitting the correlation energy of the neon atom.
We see that PW86 includes both the correct uniform gas limit and the GEA by
having the right s2 dependence. It still has curve-crossing problems, but not as
severe as LM. It violates the Lieb-Oxford bound, Eq. (66), and the exact condition

F~(r~,s) >

O.

(67)
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which follows from Eq. (65). We can extract F~(rs, s) from these figures for any
non-zero value of rs, since r~ - 0 gives the exchange contribution, i.e.,

F~(r~,~)

(68)

= F=(,.~, ~) - F=(r~ = O, ~),

so we see t h a t Eq. (67) is violated by PW86.
A later modification of PW86 was based on the introduction of the Becke functional for exchange[53]. This functional was designed to recover the correct asymptotic behavior of the exchange energy density as r --, c~ in fmite systems. It
contained a single adjustable parameter, which was fitted to achieve minimum
error for a large number of atoms. This exchange functional was then combined
with the PW86 correlation functional to form Becke-Perdew (BP)[53,51], a popular
functional in the chemistry literature, whose F~c is shown in Figure 11. We can see
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Figure 11. Fxc(s) for BP.

that, both qualitatively and quantitatively, BP and PW86 are very similar. (One
difference is that BP does not reduce to the correct GEA for small values of s.)
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The real-space cutoff of the gradient expansion for the exchange hole thus justifies
Becke's exchange functional.
A more recent correlation functional is that of Lee, Yang, and Parr[54], which
is often used in conjunction with Becke exchange to form BLYP. The enhancement
factor for BLYP is plotted in Figure 12. The LYP functional starts from the Colle-
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Figure 12. Fxc(s) for BLYP; the two unlabeled curves are for
r~ - 6 (lower) and r~ - 18 (higher).

Salvetti formula for the correlation energy in terms of the electron density and the
non-interacting kinetic energy density, then replaces the latter by its second-order
density-gradient expansion. (The Colle-Salvetti formula itself is derived from a
number of theoretical approximations, and is fitted to the correlation energy of the
helium atom.) The result is then cast into the GGA form of Eq. (59) via integration
by parts[55].
Clearly, BLYP is inaccurate in the uniform limit (s = 0), and violates Eq. (37) via
curve-crossing. LYP also violates[56] Eqs. (43), (45), (47), and (66), but does satisfy
the high density uniform scaling relation, Eq. (44). A way of modifying PW91 to
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obey this relation is discussed in section 4.1.
Next we examine another correlation functional, called Wilson-Levy (WL)[57].
Figure 13 is a plot of Fxc for BWL, which uses Becke exchange and WL correlation.
The WL correlation functional was designed to obey a few, but not all, of the scaling
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Figure 13. Fxc(S)for BWL.
relations that were known at the time. Starting from a Wigner-like form with
gradient corrections, the coefficients in this functional were adjusted to minimize
--[t)Ec[n.\]/O,\J2foreight closed-shell atoms, while fitting the correlation energy of the
He atom. We see that BWL is inaccurate in the uniform (s - 0) and slowly-varying
(.s << 1) limits, and violates Eq. (37). WL also violates the recently-discovered
non-uniform scaling constraints, Eqs. (45) and (47).
Lastly, we discuss the Perdew-Wang 91 (PW91)[58,28,43,59] functional. Like
LSD and GEA, and unlike all the other GGA's discussed here, PW91 is ab initio, in
the sense that it was constructed using only uniform electron gas data (both groundstate and linear response), along with the exact conditions discussed in section 2.
PW91 was constructed from a real-space cutoff procedure for the spurious large
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u part of the exchange-correlation hole produced by GEA. The sharp cutoffs were
chosen to restore Eqs. (23)-(25). No semi-empirical parameters were fitted to atomic
systems. Its Fxc is plotted in Figure 14. It was designed to obey many of the exact
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Figure 14. Fxc(s) for PW91.

scaling relations which were known at the time of construction, and turns out to
obey exactly or approximately many that have been found since.
Note that PW91 becomes more local as the density is reduced. The explanation
is that, as n decreases from c~ to 0, the hole density at the origin drops from -n/2
to - n , and, because it integrates to exactly -1, it becomes more localized, on the
scale of the Fermi wavelength.
Concerning conditions PW91 gets right, we first note its recovery of the uniform
and almost-uniform gas limits. We also see that curves do not cross in Figure 14, so
PW91 obeys the fundamental uniform scaling relation, Eq. (37). Also Fc is positive
for realistic densities (but see Ref. [56] for the extreme high density limit), and
Fxc _< 1.93, so the Lieb-Oxford bound, Eq. (66) is obeyed. PW91 also obeys the
non-uniform scaling relations, Eqs. (39), (40), (45) and (47), whereas all the others
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mentioned here do not.
The GGA form of Eq. (59) or Eq. (60) is of doubtful utility for s >> 1, and the realspace cutoff of the GEA provides little guidance in this regime. Indeed, various
exact conditions can lead to contradictory s --, co limits for Fxc(rs,s). Because
the PW91 correlation energy functional automatically satisfies the non-uniform
scaling relations Eqs. (45) and (47), the PW91 exchange energy functional is chosen
to satisfy to satisfy Eqs. (39) and (40), i.e.,
lim s 1/2 F~(rs, s) < c~.

(69)

8---+00

and the Lieb-Oxford bound, Eq. (41), as well. Although it is not apparent in Figure 14, F~(r~, s) decreases to zero as s --+ c~. However, Engel et a1.[60] have shown
that, to achieve the expected - 1 / r behavior ofv~(r ~ ~ ) for finite systems, Y~(r~, s)
must increase as s when s --+ oo. Beeke's exchange functional[53], which increases
as s/lns when s --+ c~, does not achieve this behavior. Lacks and Gordon[61] found
that still a different large s behavior (~ s 2Is, as in PW86) is needed to model the
interaction between rare-gas atoms at large separation.
Amongst the funetionals discussed in this subsection, it is unclear which exchange energy functional is to be preferred: PW86 (which emerges directly from
a real-space cutoff of the gradient expansion of the exchange hole), Beeke (which
best fits the exchange energies and exchange-energy densities of atoms), or PW91
(which has the correct gradient expansion, satisfies the non-uniform sealing limits,
and respects the Lieb-Oxford bound, by construction). In practice, there is usually
not much difference between these three, and all are consistent with the real-space
cutoff idea. On the other hand, the PW91 correlation energy functional seems the
best choice in its class: it emerges directly from a real-space cutoff of the gradient
expansion for the correlation hole, and automatically satisfies all the exact conditions of section 2 except the high density limit of uniform sealing, which it almost
obeys (see subsection 4.1).
4. R E C E N T P R O G R E S S IN U N D E R S T A N D I N G EXACT CONDITIONS
We have seen in the previous two sections how knowledge of those exact conditions the LSD approximation obeys was vital to the construction and testing of
PW91, and how its success relative to earlier GGA's can be attributed to these
conditions. We believe that the construction of better functionals is intimately
linked to improvements in our understanding of these conditions. In this section
we present some results of more recent investigations, which were undertaken
since the construction of PW91.
4.1. A s l i g h t formal i m p r o v e m e n t on PW91
In section 3.2, we noted that BLYP satisfies one condition that even PW91 gets
wrong, namely that in the high density uniform scaling limit, Ec tends to a constant,
Eq. (44). Recently, Levy and Perdew[24] have suggested a small change to the
original PW91 which allows this condition to be satisfied, while retaining all the
other good features of PW91. We denote this slightly modified version of PW91
as Perdew-Wang-Levy, or PWL[26]. However, this change is so small that Fxc for
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PWL is indistinguishable from that of PW91 for the curves plotted in Figure 14.
To illustrate the scale of the difference, in Figures 15-16 we plot several high
density curves of the correlation contribution Fc for both these functionals. Note

0.05

....

I ....

I ....

0.05

r~

I

. . . .

I

. . . .

0.04

0.04
.~

. . . .

0.03

r~

0.03

o

o

a~ 0.02

0.02

0.01

0.01

0.00

....

i

0

,

,

,

I

0.00

~

2

0

3

s=lVnl/2krn

Figure 15. High density Fc for PW91.

1
2
s=lVn[/2kFn

3

Figure 16. High density Fc for PWL.

the densities, the scale of the y-axes, and the similarity of the curves.
This change is small, except for high densities and substantial gradients. Therefore we do not recommend the use of PWL in place of PW91. However, it should be
noted that in some cases, this change can be important, e.g., there is a 10% change
in the correlation energy of Ne.

4.2. Convexity constraint: A severe test at low density
Levy and Perdew[24] recently derived a very severe low density convexity constraint on Exc. Define the convex functional A[n] by

d[n] - lim 1Exc[n.y] + i f

d 3r

f

d 3 r'

n(r) n(r')
Ir - r'l

(70)

The convex condition is

A[dlnl -t- d2n2] <_ dlA[nl] + d2A[n2],

(71)

where ni >_ 0, f d3rni(r) - N, di )_ O, and dl + d2 - 1. Equivalently, when the second
functional derivative can be taken, we have

02A[n + cAn] I
~)s

>

[e__O n

O,

(72)
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or

5n(r,)]An(r)An(r') >_0,

(73)

for arbitrary An(r) such that f d3r An(r) = 0 and An(r) > 0 for all points where
n(r) = 0.
The condition that A[n] is convex, i.e., Eqs. (71), (72), or (73), is a very difficult
constraint to satisfy. For instance, with the LSD approximation for A[n], one obtains

= 4 ]cIf d3r n-213(r)An(r) 2 + I/d3 r f d3r,An(r) An(r') (74)

02ALSD[n-~-r
0c 2

r

9

~

2

Ir-r'l

'

where c is a constant. Eq. (74) clearly violates constraint Eq. (72). Observe, for
example, that the first term becomes - c o with any An(r) 2 which vanishes more
slowly than n2/3(r) as IrJ ~ ~ .
From the above analysis, it is expected that virtually all present approximations
to E~r including all the GGA's discussed in this paper, violate the convexity condition, because virtually all approximations contain a - f d3r n4/3(r) component,
and it is, unfortunately, difficult to overcome the concavity of this component as
7 --* 0. Along these lines, it has been shown[24] that the LSD approximation and
PW91 do not satisfy Eq. (71) for the one-electron densities nl(r) -- 7r-1 e -2r and
n2(r) = (47c)-1 (1 + 2r) e -2~. All this means that the satisfaction of the low density
convexity requirement represents a tough challenge for the future.

4.3. Is the LSD approximation exact "locally"?
The LSD approximation treats the exchange-correlation hole around a point r,
n~c(r, r + u), as if the surrounding electronic distribution were uniform, as expressed
by Eq. (58). The gradient expansion adds corrections to this based on the gradient
of the density at the point r. Clearly such a procedure will be worst for large values
of r where the density can be very different from that at r, and work best for small
values of ~. Close inspection of Figure 2 shows that indeed the LSD hole is either
identical or very close to the exact hole as u --+ 0. In this section, we explore just
how good the LSD approximation is as u --~ 0, i.e., "locally", in the neighborhood of
the electron at u = 0.
Almost twenty years ago, this question was addressed from a slightly different
perspective in a series of papers by Langreth and Perdew[62,12,63,46,64]. In these
papers, Langreth and Perdew studied the Fourier decomposition of the exchangecorrelation hole, as introduced in section 2.4. They gave two arguments in favor of
what we call the short wavelength hypothesis, namely that the LSD approximation
is exact for short wavelengths (i.e., large k) for all inhomogeneous systems. This
idea has considerable intuitive appeal, as the LSD is supposed to account for local
behavior correctly. In fact, this hypothesis has since passed into the literature
as one of the reasons for the success of the LSD approximation[13,14], and the
LSD behavior for large wavevectors (or small interelectronic distances) has been
incorporated in the LM, PW86, and PW91 GGA's discussed above.
The first argument was based on the result of a second order (in e2) calculation
of E~(k) for a spin-unpolarized surface. They found that for large k, E~2c)(k) is
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explicitly a local functional of the density, where the superscript indicates the
number of powers of e2 retained. Then, since the Coulomb interaction is 47re2/k2in
momentum space, they argued that all higher powers would be vanishingly small
for large k, and so the short wavelength hypothesis would be valid in general.
The second argument came from the density functional version of the random
phase approximation[63,46]. Within that scheme, they found that for any spinunpolarized system, the leading gradient corrections to ELcSD(k) became vanishingly small as k --. oc.
We have recently studied this short wavelength hypothesis in considerable detail[18]. We showed that the short wavelength hypothesis is correct for several
limiting regimes and for certain approximate treatments of the inhomogeneous
gas. However, we also found that the short wavelength hypothesis is not exact in
general.
The key step in our proof is an exact analysis of the large wavevector behavior of
an inhomogeneous system. To get a quantity which depends only on k, we define
the angle-averaged wavevector decomposition

Exc(k)- f ~Exc(k).

(75)

A simple Fourier analysis of the asymptotic expansion for large k then yields[65]
(76)
where
CA - 167~2e2 /

d3r n2(r) g~(r, r).

(77)

J

Here we have presented restored powers of e2 explicitly, as we will later do perturbation theory in powers of the Coulomb repulsion. The bar over C denotes an
average over the coupling constant i\, as discussed in section 1.3.
Physically, (', which controls the large wavevector decay of I'/,,.(~), depends on
the behavior of the system at small interelectronic separations. In fact, C is proportional to the system-average of the cusp in the exchange-correlation hole at zero
separation. Ifg.\(r, r') were a smooth function o f r ' - r , then g~(r, r) - 0, and C would
vanish, as it does at the exchange-only level (i.e., to first order in e2). However, as
we saw in section 2.2, the singular nature of the Coulomb interaction between the
electrons leads to the electron-coalescence cusp condition, Eq. (31). For the present
purposes, we wish to keep track explicitly of powers of the coupling constant, so we
rewrite Eq. (31) as
g,\(r, r ) - Ae2 g~(r, r).

(78)

Using this in Eq. (77) yields

- 16 2A f

r).

(79)

These results are exact and apply to any inhomogeneous system. They reveal an
intimate connection between the wavevector analysis[49,12,46] of Exc for k ~ oc
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and the real-space analysis of Section 2 at u = 0. In fact, the real-space exchangecorrelation hole at zero separation is simply related to C by
C~
(n~c,~(u - 0)) = 167r2~e4 -

f d3r n2(r).

(80)

In terms of Eq. (76), the short wavelength hypothesis is that CLSD, the value of
found in an LSD calculation, is equal to the exact value of C. CLSDis found
from Eq. (79), averaged over ~, and replacing g~(r, r) by its value for a uniform
electron gas with spin densities equal to those at r. Clearly, from Eq. (80), if the
short wavelength hypothesis is exact (for each value of A), then (fixc(u = 0)) is
given exactly by the LSD approximation. This is what we mean by asking if the
LSD approximation is exact "locally," i.e., does it produce the exact hole at zero
separation?
Although C does indeed depend only on the pair distribution function at zero
separation, this quantity is nevertheless a non-local functional of the density, invalidating the short wavelength hypothesis. (We show this later with an explicit
example.) On the other hand, for high densities, the Hartree-Fock approximation
is valid, and g~\(r, r) = (1 - (2(r))/2, where ((r) = (nT(r) - n~(r))/n(r) is the relative
spin-polarization at r, so that
C (2) - 47r2e4 /

d3r n2(r) (1 - ~2(r)),

(81)

where the superscript indicates the number of powers of e~ retained, as for high
densities and large wavevectors the Coulomb potential may be treated perturbatively. (Note that the cusp condition of Eq. (78) has bought us an extra factor of
e2 in Eq. (81).) Thus ~(2) is explicitly a local functional of the density and spinpolarization, and the short wavelength hypothesis is true in the high-density limit.
In the early work, this result was found by an explicit calculation of Exc(k) for large
k for a spin-unpolarized surface (appendix D of Ref. [12]). Eq. (81) represents a
considerable generalization of that second-order perturbation theory result, to all
inhomogeneous systems for any spin-polarization.
We note that the short wavelength hypothesis is also absolutely (if not relatively)
exact in two other limits. For either fully spin-polarized systems, or in the low
density limit, g.\ (r, r) = 0, both exactly and in the LSD.
We next examine the short wavelength behavior of Exc(k) within the RPA. Throughout this paper, the RPA for the inhomogeneous case is the density-functional version
of the RPA[63], in which the non-interacting susceptibility, from which the interacting susceptibility is calculated, is taken to be the A-independent, single-particle
response of the electrons in the Kohn-Sham potential. This approximation is very
poor at small separations, and does not obey the exact cusp condition Eq. (78). In
fact, within the RPA, for both the homogeneous[ 17] and inhomogeneous cases[65],
g~(r, r ) - Ae2.

(RPA)

(82)

Inserting this cusp in Eq. (77) produces the RPA value of C,
C R P A --

871"2e4/ d3r n2(r).

(83)
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Note that this result gives CnpA for all densities, not just in the high-density limit.
Thus indeed the short wavelength hypothesis is exact within RPA, but is entirely
an artifact of the error RPA makes at small separations. In the earlier work of Langreth and Perdew[63,46], the leading gradient corrections to LSD were calculated
explicitly, and found to vanish for large k. The present result confirms that aspect
of that calculation, and shows that indeed all gradient corrections vanish for large
k within RPA, but that the RPA is a terrible approximation for these quantities
anyway.
Clearly, by adding second-order exchange to the RPA, we find CnpA2x = ~(2),
as given by Eq. (81), for which the short wavelength hypothesis is exact. If this
produced a good approximation to C for all systems, then we would have a strong
justification for the approximate validity of the short wavelength hypothesis. However, we can see that this is not the case, even in the spin-unpolarized uniform
electron gas. In that case, from performing the coupling-constant integration on
Eq. (79), we find C - 167r2e4nN~(0), where
(84)

~o 1

Figure 17 is a plot of ~(0) as a function of r8 for the uniform gas. It was made
using Yasuhara's ladder-diagram expression[66] for g(0) as a function of rs, as
parameterized by Perdew and Wang[33], and confirmed by Quantum Monte Carlo
calculations[67,29,30]. Only at high densities does the RPA2X result agree well
with the exact value.
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Figure 17. ~(0) for unpolarized uniform electron gas
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Although we have pointed out the limitations of earlier arguments in favor of the
short wavelength hypothesis, we have not yet explicitly shown how it fails. This is
most easily done by considering corrections to the high density limit. If we write
0 - 0 (2) + 0 (3) + ..., we find, for the spin-unpolarized case,
~ ( 3 ) _ - a 8~32e6 f

d3r n2(r) r~(r),

(85)

where r~(r) - (4~rn(r)/3) -1/3, and a is a system-dependent dimensionless constant.
(If the short wavelength hypothesis were correct, a would be universal!). For the
uniform electron gas, Eq. (85) implies
g(0) - 1//2 (1 - ~ r~ + ...),

(86)

and the value of a has been calculated as[68,69]
(~ = (4/97r) ~/3 2 (Tr2 + 61n2 - 3)/(57r) ~ 0.7317

(uniform gas).

(87)

As discussed above, within the RPA, all C(~) vanish for n _> 3.
We have also calculated this constant for Hooke's atom[18]. We use e l e m e n t a r y
p e r t u r b a t i o n theory, treating the Coulomb repulsion as weak. In the high density
(non-interacting) limit, we find 0(2) in a g r e e m e n t with Eq. (81). We then calculate
the leading corrections to C, and find, after tedious calculations[65],
c~ - 2 ln[(2 + v/3)/8(2

-

V/-3)][53/2/(311/67r2/3)]

~

0.7713

(gooke's atom).

(88)

This result is a definitive counter-example to the short wavelength hypothesis.
However, note t h a t these values for a are not very much different numerically,
suggesting t h a t the short wavelength hypothesis m a y not be too bad in practice. (We
have also found that, for the metal surface energy contribution in the semiclassical
infinite b a r r i e r model, (~ - 0 both exactly and in the LSD.)
Furthermore, we have calculated ('\=, both exactly and within the LSD for the
ground state of the Hooke's atom at several finite densities. This is easily done for
values of the frequency, a, for which exact analytic solutions exist[10]. We find,
1.83, m a k i n g a 23% error. Since
for w - 1/2 (r, > 1 39), C,.\=1 - 1.4904 and cLS~
C' is related to the zero separation hole through Eq. (80), this leads to an LSD
error in (n~c,~=l(0)} of only -4%. For comparison, the LSD errors[11] in the total
exchange, correlation, and exchange-correlation energies are -14%,+124%, and-5%,
respectively, and the corresponding PW91 errors[11] are -4%, +36%, and -1%. The
relative LSD error in C.\=I, which is purely correlation, is much smaller t h a n t h a t
of the total correlation energy, as expected. LSD is almost exact for g.\=~(r, r) at
7" - 0, where Vn(r) - 0 and g.\=l(O, 0) - 0.2125. This is reflected in the closeness of
the two curves in Figure 6 at the origin, where the a p p a r e n t difference m a y be due
to errors in the parameterization of the LSD pair distribution function[33], r a t h e r
t h a n differences between the exact and LSD values.
Thus we have shown t h a t the short wavelength hypothesis is not exact in general.
Even if it were, it would not provide a strong explanation for the success of the local
spin density approximation, because the k -~ tail of the exchange-correlation energy
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is a small part of the total. We have also shown how earlier approximate arguments
for the validity of the short wavelength hypothesis are limited to the high density
regime. However, the specific cases studied all suggest that the short wavelength
hypothesis is approximately true numerically. Away from the high-density, lowdensity, and fully spin-polarized limits, the reasons for the approximate validity of
the short wavelength hypothesis remain, at best, intuitive, but this limited validity
does help to justify generalized gradient approximations which revert to LSD for
short wavelengths or small interelectronic separations.
4.4. Is the e x t e n d e d c u s p c o n d i t i o n u n i v e r s a l ?
Another possible universal condition on non-uniform electron gases is the extended electron-electron cusp condition. To state this condition precisely, we define
the electron pair (or intracule) density in terms of the second-order density matrix,
Eq. (14), as

1/ d3r p2(r, r + u)

/(u) = -~

(89)

For simplicity, we work with the angle-average of the pair density
1f
h(u) - ~-~J dauI(u).

(90)

We observe that

f~d~ 4 ~ h ( ~ ) - N(N- 1)
Jo

2

(91)

is the number of distinct electron pairs, and that 4;ru2h(u) du is the average number
of pairs havinginterelectronic separation between u and u +du. Manifestly, h(u) >_ O.
Figure 18 displays h(u) for the ground state of H-. The radial intracule density
4~u2h(u) has recently proven useful in a study of the first-row hydrides[70].
In terms of h(u), the zero-separation cusp condition, Eq. (31), is written as

h(0) = h'(0),

(92)

where h'(u) =_ dh(u)/du. Recently, an extension ofthis cusp condition has been found
to be true numerically, in a Hylleraas-type framework, for certain two-electron
ions[71]. This extended cusp condition is simply stated as
h ( u ) - h'(u) > 0

(93)

for all values of u. The above expression becomes an equality for u = 0, which
corresponds to the usual cusp condition. This condition, along with the unimodality
of h(u)[72], i.e., that h(u) has only one extremum, has been used to generate exact
bounds[73] on the central pair-density h(0), the location Umax of the maximum of
h(u), and various expectation values (u~)[71,72,74]. Other related results have
been obtained by means of variational procedures[75] or from the study of the logconvexity of h(u)[76]. This naturally leads to the question of whether or not h(u)
obeys the extended cusp condition for the ground state of all electronic systems, the
answer to which is the focus of this subsection.
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Figure 18. Electron pair density, h(u), its radial derivative,
h'(u), and their difference, for H-, calculated using a 204 term
Hylleraas-type wavefunction, as described in Ref. [71].
We may also write h(u) in terms of the pair distribution function for the system,
g(r, r'), defined in Eq. (16),

l / d3r n(r) / d~~

h(u) - ~

n(r + u) g(r,r + u).

(94)

Note that there is no coupling-constant average here. For large values of u, g(r, r +
u) --. 1, so that h(u) is typically a long-ranged function of u. We may separate out a
reasonably short-ranged contribution, in the spirit of the LSD approximation. We
write

h(~) - h~(~)+ h~(u),

(9,5)

where

if

hs~(u) = -~ d3r n(r)

fd~

"-~ Ttxc(r, r + u)

(96)
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and vanishes for large u, while

1
d~u
h,~(u)--~fd3rn(r)/~
n(r + u).

(97)

Note that since h t r ( U ) - hit(0) + O(u 2) for small values of u, it has no cusp, and
integrates to N2/2, while h~,.(u) contains the cusp, and integrates to - N / 2 . Now
the expectation value of the electron-electron repulsion operator is
1
<I/~} - fo~o du 47ru2 h(u) u'

(98)

where the long-range (lr) part is the "direct classical Coulomb energy," treated
exactly in Hartree, Hartree-Fock, and density functional theories[6], while the
short-range (sr) part is amenable to a local spin density approximation, just like
the exchange-correlation hole, as in Eq. (58).
In recent work, two of us (Burke and Perdew), with J u a n Carlos Angulo[77] were
able to prove analytically that this extended cusp condition was true for the ground
state of Hooke's atom for all values of the spring constant. We also showed that h(u)
was always unimodal for this system, just as had been found for the two electron
ions.
However, we also found, by explicit calculation, that the extended cusp condition
was violated by the uniform electron gas of high density. To understand why, first
note that, for a uniform system, Eq. (94) becomes
1

h(u) - -~ n N g(r~, (, u)

(99)

where n is the (uniform) density of the system, and g(r~, (, u) is the pair distribution
function in a uniform gas of density n = 3/(4~r 3) and relative spin polarization (, at
separation u. Now we separate g(u) into its exchange and correlation contributions,

g(u) = g~(~) + g~(~).

(~00)

In the high density limit, g.,.(,) dominates. Now gx(u) varies between 1/2 and 1
on a length scale of order 1/(2ky), and so g'~(u) ~ O(2ky). We also know g~(u)
must be positive for some value of u. Thus, as ky -~ oc, g~(u) becomes very large
and positive, while g~(u) ~ 1, so that the extended cusp condition is violated. It is
straightforward to check explicitly the well-known formula for g~(u) for the uniform
gas[33] to see that it has these properties.
Note that such considerations do not apply to the cusp condition at the origin,
which the uniform gas does obey. This is because g~(u) has no cusp at the origin,
as stated in Eq. (32). Here the correlation contribution becomes significant, and in
fact must suffice to fulfill the cusp condition. Since we know the behavior of g(0) as
r~ -+ 0, Eq. (86), we deduce that, for u << r~ << 1,

g~(u) - -~r~ + u(1 - ~r~) + O(u2).

(101)

2
These two results suggest a possible contradiction. On the one hand, we showed
that, at high densities, the uniform gas violates the extended cusp condition, and
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gave a compelling argument for this result. However, in our paper[77], we also
showed that the Hooke's atom obeys the extended cusp condition for all values of
the spring force constant, including large values which produce a very high density.
We next show that there is a qualitative difference between these two systems
which explains why one violates the extended cusp condition, while the other does
not.
Recall the separation of h(u) into short- and long-ranged contributions. Consider
how these separate contributions behave in the high-density limit of a two-electron
system. Again, exchange dominates, but now g~(u) = 1/2 everywhere. Thus we
find, from Eqs. (94-97),
=

1

(102)

Clearly, if h(u) then obeys the extended cusp condition, so also does hl~(u); but
h,~(u) - h'~(u) <_ 0 for all u. In the particular case of the Hooke's atom, the high
density (or non-interacting) limit is just a pair of three-dimensional harmonic oscillators. The ground state wavefunctions are simple Gaussians, yielding a density

n(r) - ~.3

exp(-2 r2/U2o),

(103)

~t o

where uo = (4/]c) 1/4 is a measure of the radius of the system. Eq. (97) then yields

h , ~ ( u ) - u--~o

exp(-u2/U2o).

(104)

Now, for u fmite (and non-zero) on the scale of Uo, we find h~T(u)/hlT(O) ~ O(1/Uo),
which becomes very large and negative for small Uo. But from Eq. (102), hs~(u) =
-hl,.(u)/2. Thus the extended cusp condition is obeyed by the total h(u), but hsr(u)
alone contains an extreme violation of the extended cusp condition.
To compare this high density behavior with that of the uniform gas, note that
the short-range h,.(,) behaves quite similarly in both systems, while ht,.(u) is very
different. In fact, we can make an LSD approximation to h~(u) for non-uniform
systems, by defming

1/ d3r

h~L~D (u) -- -~

[

]

n2(r) g(rs(r), ((r), u) - 1 ,

(105)

where g(rs(r), ~(r), u) is the uniform gas pair distribution function and ~(r) is the
relative spin polarization at r. In Fig. 19, we plot both hsT(u) and h~LSD(u) for the
high density limit of the Hooke's atom, where the density is given by Eq. (103),
r 0, h~T(u) is given by Eqs. (102) and (104), and g appearing in Eq. (105) contains
only the exchange contribution. We see that the LSD approximation is generally
good, especially in regions where h~(u) is large. One of the reasons for its success
LSD (u) integrates to -1, just as the exact hs~(u) does. Furthermore, for
is that h~T
high densities, g(rs, ( - 0, u - 0) = 1/2, so that h~L.sD(u -- O) = hs~(U - 0). At lower
densities, the LSD value at the origin is expected to be approximately correct, as
discussed in the previous subsection. Note that, while the decay in h~(u) is due
-

53
0.00
-0.05
O

~-~ - 0 . 1 0

-0.15
-0.20

0

1

2

3

U/U o

Figure 19. hs~.(u) for the high-density limit
of Hooke's atom.

entirely to the fall offin density of the Hooke's atom, as its pair distribution function
g - 1/2 everywhere, the decay in hsL~D(u)is due to the decay in the uniform gas
value of g - 1.
The above analysis explains why the uniform gas behaves so differently from
the Hooke's atom in the high density limit. In both systems,/~,.(u) behaves very
similarly, developing a large, positive derivative for finite u as n -+ oo. However,
the Hooke's atom h'(u) also contains contributions from h~(u) due to the density
gradient, which have no analog in the uniform electron gas. These are sufficient to
cancel the contributions from h'~(u), so that the extended cusp condition remains
valid for this system.
Clearly, the most important conclusion from this work is that the extended cusp
condition is not true for the ground state of all inhomogeneous systems. It may
be true in more limited cases, e.g., for all two-electron systems, or perhaps for all
atoms and ions. We can expect violations of the extended cusp condition in systems
which have sufficiently large and slowly-varying densities. This is not the case
for the high-density limit of few-electron ions, where the density never becomes
nearly uniform. For the Hooke's atom discussed here, Eq. (103) shows that the
density always varies on the length scale Uo, the "radius" of the atom. This example
illustrates the danger of assuming that conditions which are obeyed by specific
classes of systems can be transferred to all inhomogeneous electron systems.
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5. A P P L I C A T I O N S OF GGA's
In this section we give a brief (not comprehensive) survey of some results which
have been reported using GGA's. While the detailed numbers for a given calculation
vary when the different GGA's are used, the overall trends, concerning which quantities are improved by a good GGA relative to LSD, typically do not. However, since
the PW91 form is derived from first principles (essentially without semi-empirical
parameters) and obeys more exact conditions than any of the others, as discussed in
section 3.2, we strongly recommend it for future calculations. The codes are freely
available on request to John Perdew (perdew@mailhost.tcs.tulane.edu).

5.1. A t o m s
Table I gives the exchange energy for He and Ne (Hartree-Fock densities) and for
the Hooke's atom within the LSD approximation, the PW91 GGA, and exactly. For
the Hooke's atom, we consider two different spring constants, k = 0.25 (rs > 1.39),
for which the density was plotted in Figure 1, and k = 3.6 x 10-~ (rs > 44.3). We
see that LSD recovers only about 90% of the total exchange energy of a real atom.
Comparison of the r~ = 0 curves of Figures 7 and 14 explains why LSD underbinds
Table 1
Exchange energies of atoms (eV)
atom
LSD
GEA
PW91
He
-24.06
-27.39
-27.67
Ne
-300.22
-320.39
-329.65
Hooke's (high spring constant)
-12.00
-13.43
Hooke's (low spring constant)
-0.47
-0.53
The real atom results are from Ref.[78]; the Hooke's atom results are from Ref.[11].

Exact
-27.91
-329.49
-14.02
-0.53

electrons. LSD, by ignoring the density gradient, misses a substantial fraction of
the exchange energy. The numerical PW91 reduces the error to the level of 1% or
less; even smaller errors are found with the analytic PW91 (slightly biased because
it is based upon a modification of the Becke form, which was fitted to exact exchange
energies of atoms). Note that PW91 does well, not only for real atoms, but also for
Hooke's atom.
Table 2 is the same as Table 1, but reports correlation energies. LSD overestimates the magnitudes of the correlation energies of atoms by about a factor of two.
This can be understood from the rs ~ 0 curves of Figures 7 and 14. For large s the
curves of Figure 14 all approach the rs = 0 curve, showing that correlation turns
off for high gradients. Clearly, LSD does not account for this feature. Note that
this correction is achieved in PW91 without fitting to known energies, and that the
GEA correlation energies even have the wrong sign. Again, PW91 does better than
LSD, but the improvement over LSD is not as dramatic for the Hooke's atom as for
real atoms. Both exchange and correlation energies were found to be improved by
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Table 2
Correlation energies of atoms (eV)
atom
LSD
GEA
PW91
He
-3.06
3.40
-1.25
Ne
-20.21
21.23
- 10.41
Hooke's (high spring constant)
-2.35
- 1.43
Hooke's (low spring constant)
-0.29
-0.23
The real atom results are from Ref.[78]; the Hooke's atom results are from Ref.[ll].

Exact
-1.14
- 10.61
- 1.05
-0.17

several GGA's for six noble gas atoms[79].
Table 3 reports the total exchange-correlation energies for the atoms listed in
Table 1. We see the well-known cancellation of error between exchange and cor-

Table 3
Exchange-correlation energies of atoms (eV)
atom
LSD
GEA
PW91
He
-27.12
-23.99
-28.92
Ne
-320.43
-299.16
-340.06
Hooke's (high spring constant)
- 14.35
- 14.86
Hooke's (low spring constant)
-0.76
-0.76
The real atom results are from Ref.[78]; the Hooke's atom results are from Ref.[11].

Exact
-29.05
-340.04
- 15.07
-0.70

relation in LSD, which is also present in PW91. We believe that this cancellation
can at least in part be attributed to the cancellation of the long-range parts of the
exchange and correlation holes in these approximations, which is probably present
in the exact hole, as discussed in section 2.4. To retain this property, one should
avoid mixing different approximations to exchange and correlation.
We also list some results for ionization energies and electron affinities, computed
from the differences of ion and neutral atom total energies, in Table 4. The HartreeFock (HF) approximation seriously underestimates these quantities. For some of
the cases shown, PW91 in fact does slightly worse than LSD for these quantities,
and, looked at over the entire periodic table, shows no systematic improvement
on the LSD approximation. The interconfigurational energy error of LSD, which
overbinds d electrons relative to p, and p relative to s, persists; both LSD and
PW91 are most accurate for "term-conserving s processes," in which two or more selectrons are removed with no change of total angular momentum or spin[43]. The
exchange-correlation potential v~c(r) is also improved at best marginally[80,11]:
PW91 picks up the intershell bumps that are missing in LSD, but does not improve
the r --, c~ behavior in an atom, and worsens the r --. 0 behavior of the potential.
Fortunately, these defects do not substantially affect the total energy. We did not
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Table 4
Electron removal energies of atoms
Ionization Energy (eV)
atom
HF
LSD
PW91
H
13.61
13.00
13.63
Li
5.34
5.45
5.61
C
10.78
11.67
11.64
O
11.88
13.82
13.76
All results are from Ref.[43].

Expt.
13.61
5.39
11.26
13.62

Electron Affinity (eV)
HF
LSD
PW91
-0.33
0.91
0.71
-0.12
0.58
0.53
0.55
1.67
1.63
-0.54
1.93
1.74

Expt.
0.75
0.62
1.26
1.46

include these conditions in our discussion in section 2, since these are conditions
which are not shared by all inhomogeneous Coulomb-interacting systems.
5.2. M o l e c u l e s
With a few exceptions discussed below, the LSD approximation tends to produce
good structure for many molecules, so that bond lengths, bond angles, dipole moments, and vibrational frequencies are typically good to within a few percent[8188]. PW91 does equally well, with perhaps a marginal improvement, for these
quantities. For small molecules composed of the elements H, C, N, O, and F,
Andzelm and Wimmer[83] find, using BP, bond length errors of about 0.02~k, bond
angle errors of only i - 2~ and vibrational frequencies to within 3-5%, which were
as good as those found with several wavefunction methods, and much better than
HF. Kutzler and Painter[84] find that GGA bond lengths and frequencies are not
much improved over LSD in first row diatomic molecules.
An important corollary of these results is that it seems one may often optimize
the geometry and electron density of a molecule within the LSD approximation,
and only then look at the energy changes produced by the GGA functional, i.e., not
self-consistently, with little further error[81,89,88].
Atomization and dissociation energies of molecules are typically underestimated
by the Hartree-Fock (HF) approximation (especially for molecules with nearlydegenerate Hartree-Fock ground states), and overestimated by the LSD approximation. The LSD underbinding of electrons produces a greater error in the fragments
of a molecule than in the whole. Because PW91 cures the underbinding problem, it
reduces the LSD error by a factor of about five, from about I eV per bond to about
0.2 eV per bond, as shown by the examples listed in Table 5.
These kinds of improvements have been seen in almost all molecules studied
to date: in early calculations on 02, Mg2, CH2, using PW86192]; for the HCNOF
molecules using both BP[83] and PW86193]; for a large variety using BLYP[85]; for
some pseudopotential calculations[86]; for the traditionally-difficult molecules[94]
03, $3, CH2, and Be2 using BP and BLYP; for neutral N~Oy molecules using BP[88];
and for the first row dimers[84] and hydrides[95].
Becke has shown[82] that much of this improvement comes from the improved
treatment of exchange. In fact, just applying his gradient correction for exchange,
and still treating correlation within the LSD approximation, often does a little
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Table 5
Atomization energies of molecules (eV)
molecule
HF
LSD
PW91
C2
0.73
7.51
6.55
C6 H6
45.19
68.42
61.34
H2
3.29
4.65
4.52
H2 O
5.71
11.00
9.59
02
1.25
7.48
5.93
Results for the carbon-based molecules are from Ref.[43], and
omit the zero point energy; the other results include the zero
point energy, and for these other molecules PW91 and Expt.
are from Ref.[90], HF from Ref.[85], and LSD from Ref.[91].

Expt.
6.36
59.67
4.49
9.51
5.12

better than, say, PW91182,95,84]. However, such a treatment lacks theoretical
justification, and fails dramatically for the metallic surface energy[43]. It also
leads, for example, to worse ionization potentials than even LSD[82,95], and we
strongly advise against its use.
An alternative approach starts from the HF method and adds a gradient-corrected
density functional for the correlation energy[96,97], which reduces the severity of
the HF underbinding of molecules. Fuentealba et a1.[96] have found that the
Wilson-Levy correlation functional provides a more realistic correction to HF dissociation energies than does even PW91. However, results still closer to experiment
(especially for molecules like C2 and 02) are found by taking both exchange and
correlation within GGA, as in Table 5, presumably for the reasons discussed at the
end of section 5.1.
An important situation in which LSD is insufficient, even for structure, is hydrogen bonding. Table 6 gives results for the O-O equilibrium distance and the
dissociation energy of the water dimer [ - 2 x(energy of H20)- (energy of (H20)2)].
Similar results have been found in other studies with BP[99] and with PW91190],
Table 6
Equilibrium properties of water dimer
property
LSD
BP
HF+MP2
d(O-O) (tk)
2.72
2.93
2.91
Edimer(eV)
0.36
0.18
0.23
From Ref.[98].

Expt.
2.98
0.21

and also in studies of the high pressure phases of ice[100]. Another example is
provided by metal-ligand complexes[81], in which it appears that bond distances
depend strongly on electron correlation. LSD underestimates metal-ligand bond
lengths by about 0.05 ~, while BP reduces this error to 0.01 ~. Lastly along these
lines, we note a molecule for which even GGA's have difficulty[101]. The bond energy of the NF bond in FNO is overestimated by about 2 eV in LSD, and the bond
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length underestimated by 0.03 1~. Both BP and BLYP reduce the error, but only to
about 1 eV, and unfortunately overestimate the bond length by 0.05 N.
The energies of chemical transition states are similarly improved by GGA. BP
was found to be as good as HF for the energies of transition states in several model
organic and organometallic reactions[102]. Barrier heights in LSD appear always
to be seriously underestimated. Similar results were found using BP, BLYP, and
PW91, for silylene insertion reactions into H2187].
While GGA often reduces the LSD error in chemical bond energies by about a
factor of five, another factor-of-five improvement is needed to achieve the "chemical
accuracy" with which nearly all chemical reactions could be predicted reliably.
5.3. C l u s t e r s a n d s u r f a c e s

For small clusters, the literature suggests the same trends as for molecules:
geometries are typically not changed by the addition of gradient corrections, but
cohesive energies are lowered. This has been seen for small clusters of Ni[92],
Ag[103], As and P[104], and Mg[105]. Again, a notable exception is provided by
the failure of LSD to correctly describe hydrogen bonding in H20. Structures of
small water clusters, using the BP functional and the Vanderbilt ultrasoft oxygen pseudopotentials[106], were found[107] in good agreement with existing HF
calculations.
In the study of small Ni clusters mentioned above[92], chemisorption energies
were calculated for H on Ni4 as a model for the chemisorption of H on the N i ( l l l )
surface, and for H on Nis, as a model for H/Ni(100). The results are given in Table 7.

Table 7
Chemisorption energies of H on Ni clusters
cluster
LSD
PW86
Ni,H
1.59
"2.77
NisH
3.59
"2.91
From Ref.[92].

Surface Expt.
2.73

2.73

Again, just as in molecular studies, the barrier for dissociative adsorption of H2
on Al(100) was found to be 0.54 eV/molecule using PW91, as compared with the
LSD value of 0.25 eV/molecule[108]. In this case, the geometry of the transition
state is well-described by the LSD.
Finally, the metal surface energy or surface tension will be discussed. Although
the experimental values are uncertain, the surface energy is known exactly within
the random phase approximation (RPA) for the infmite barrier model of the jellium surface[62,109,12]. RPA versions of LSD and PW91 have been tested[43]
against this exact solution. While PW91 greatly improves upon LSD for the separate exchange and correlation components, the sum is slightly worsened, being
underestimated more by PW91 than by LSD.
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5.4. Solids
Bulk solids typically have well-bounded values of the reduced density gradient
s, and so might be particularly amenable to GGA description. However, the full
verdict is not yet in. We emphasize here the importance of performing full-potential
all-electron calculations in tests of GGA's, and avoiding as much as possible further
approximations, such as pseudopotential or shape approximations, which may lead
to errors which mask the effects of the GGA, relative to LSD.
PW91 appears to improve the properties of both simple[43,110] and transition
m e t a l s [ I l l ] . For example, LSD tends to underestimate bond lengths of molecules
and solids, including metals. Even in the alkali metals Li and Na, which are often
compared with the uniform electron gas, this error is about 4%. PW91 expands the
lattice, producing lattice constants in better agreement with experiment, as seen in
Table 8. GGA's also improve cohesive energies, just as they improve atomization en-

Table 8
Properties of solid metals
Lattice constant (bohr)
metal
LSD
PW91
Expt.
Li(bcc)
6.36
6.51
6.57
Na(bcc)
7.65
7.97
7.98
V(bcc)
5.53
5.66
5.74
Nb(bcc)
6.14
6.25
6.24
Li and Na results are from Ref.[43]; V and Nb
Ref.[lll].

Bulk modulus (GPa)
LSD
PW91
15.0
13.4
9.2
7.1
212
184
189
167
results are from

Expt.
13.0
7.4
157
170

ergies in molecules. Earlier results, employing the atomic spheres approximation,
which apparently showed that the GGA did not improve on LSD for Nb and Pd[ll2]
and all ~d and 5d transition metals[ll3,114], were later shown to be insufficiently
accurate to show the marked improvement due to the GGA[lll].
Results for semiconductors may depend upon the chosen pseudopotential[ll5,
112,110,116]. Table 9 summarizes some results, listing them by how the pseudopotential for the core electrons was constructed, and how the valence electrons were
treated. The considerable variation in these results suggests that more all-electron
calculations may be needed to decide this issue. Trends suggest that, in going from
LSD to GGA, the lattice constant, a, goes from underestimated to overestimated,
the cohesive energy, Ecoh, is improved, but the bulk modulus, B, is worsened.
Many transition-metal oxides and fluorides are insulators which LSD incorrectly
describes as metals[ll9]. For some of these materials, full-potential GGA calculations open up a small fundamental gap which LSD misses, and so correct the
description. For others, GGA enhances the gap, and generally improves the energy bands[119]. Of course, the sizes of the band-structure gaps are not physically
meaningful in LSD, GGA, or even with the exact Kohn-Sham potential for the neutral solid. To get a physically meaningful fundamental gap, one must take account
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Table 9
Properties of solid Si in various calculations
core-valence
a(~)
Expt.
5.43
LSD-LSD[115]
5.37
LSD-LSD [ 112]
5.37
LSD-LSD[ll0]
5.38
LSD-LSD[ll6]
5.40
LSD (all-electron)[117]
5.43
LSD (all-electron)[118]
5.40
LSD-BP[ll2]
5.39
BP-BP[ll5]
5.49
BP-BP[ll2]
5.47
BP-BP[116]
5.49
PW91-PW91[l10]
5.59
BPW91 (all-electron)[118]
5.47

Ecoh(eV)
4.63
5.35
5.37
5.38
5.25
5.27
4.64
4.41
4.50
4.64
4.29

B(GPa)
98.8
98
96.6
96.0
95
103
94
88
88.0
85.2
92

of the discontinuity[40,41] in the exact potential due to the addition of one electron
to the infinite neutral solid.
Concerning magnetic properties, the LSD ground state for Fe is fcc nonmagnetic,
but the GGA ground state is correctly bcc ferromagnetic[120,121]. GGA antiferromagnetic moments are more realistic than those of LSD for the transition-metal
oxides[ll9], but results for the transition metals V, Cr, and Pd, are mixed[122].
6. CONCLUDING REMARKS AND P R O S P E C T S
We have shown how GGA's are constructed from exact conditions which all electronic systems are known to obey. These include conditions on the exchangecorrelation hole itself, and scaling relations for the exchange-correlation energy.
We have also seen some of the limitations of GGA's: their failure for large reduced
density gradients, the challenge posed by the low-density convexity constraint, the
behavior of the exchange-correlation hole at zero separation, etc.
A possible rationale for the successes and failures of GGA is this: GGA improves
the short- to intermediate-range behavior of the exchange-correlation hole in comparison with LSD, and cuts off the long-range behavior. In small systems (atoms,
molecules), the exact exchange-correlation hole cannot be long-ranged, since it is
cut off by the exponential decay of the electron density into the vacuum in all
three dimensions, so GGA is almost-always superior to LSD. But in large systems
(bulk solids, surfaces), the exact hole can have a long-range tail. For example,
the hole falls off like u -5 in the bulk of jellium, and like ?2-4 around an electron
at the jellium surface. By missing this tail, GGA may underestimate the positive
exchange-correlation contribution axe to the surface energy.
LSD and GGA should best describe those properties of an electronic system
that depend upon the short-range parts of the exchange or correlation holes. An
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example is provided by the noninteracting kinetic energy Ts[nT,nl] , the first term
on the right of Eq. (4). Because of the great importance and simplicity of this
term, it is treated exactly in the Kohn-Sham scheme of section 1.1. However, if
one approximates this term by a semilocal functional, one finds that its GEA is its
own GGA[123]. Other short-range properties are the antiparallel-spin correlation
energy and the correction to the random phase approximation[124]. To achieve
much greater accuracy in electronic structure calculations, the exchange energy
and the long-range part of the correlation energy might need to be treated exactly,
or at least in a fully-nonlocal way, leaving only the short-range part of the correlation
energy to be approximated via GGA[124].
The authors thank Peter Politzer and Jorge Seminario for the invitation to contribute to this volume, and for their patience during the writing of this article. This
work has been supported by NSF grant DMR92-13755.
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The local-scaling transformation version of density functional theory is reviewed
in the present work. Emphasis is placed in showing how in the context of this theory, the N- and v-representability problems for the energy f u n c t i o n a l s are solved,
and how the theory provides systematic ways for constructing energy density functionals which lead to upper bounds to the exact energies. The importance of the
concept of "orbit" is indicated. Several theoretical methods leading to intra-orbit
and inter-orbit optimization are discussed and results of the application of these
optimization procedures for the determination of the total energy of sample systems are given. Also, numerical results are reported on the use of local-scaling
transformations for the direct solution of the Kohn-Sham equations. Finally, calculations are presented showing how this method can be extended in order to provide
a rigorous treatment of excited states.
1. INTRODUCTION
With the development of material science, fine chemistry, molecular biology and
many branches of condensed-matter physics; the question of how to deal with the
quantum mechanics of many-particle systems formed by thousands of electrons
and hundreds of nuclei has attained unusual relevance. The basic difficulty is that
an exact solution to this problem by means of a straight-forward application of the
SchrSdinger equation, either in its numerical, variational or perturbation-theory
versions is nowadays out of the reach of even the most advanced supercomputers.
It is for this reason that alternative ways for handling the quantum-mechanical
many-body problem have been vigorously pursued during the last few years by
both quantum chemists and condensed matter physicists. As a consequence of
*Author to whom all correspondence should be addressed
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these efforts,density functional theory has emerged as a viable option for handling
this problem [1-4].
Density functional theory finds its roots in the approach that Thomas and Fermi
elaborated shortly after the creation of quantum mechanics [5, 6]. The ThomasFermi theory of atoms may be interpreted as a semiclassicalapproximation, where
the energy of a system is written as a functional of the one-particledensity [7, 8].
This theory has been modified throughout several decades by a number of authors
who have generalized it by including additional density-dependent terms obtained
through gradient expansions of the energy [9-15]. These developments, attempting to express the total energy of a many-particle system as just a functional of the
one-particle density,although plausible from a practicalpoint of view, lacked a firm
foundation [16]. On the other hand, another approach for the treatment of manybody systems based on the reduced second-order density matrix and strictlycomplying with the dictums of quantum mechanics, that is, an approach that was firmly
founded, met with an unsurmountable difficulty,namely, the N-representability
problem of the reduced 2-matrix [17, 18, 16, 19].
In 1964 Hohenberg and Kohn [20]advanced a theorem which states that the exact
ground-state energy is a functional of the exact ground-state one-particle density.
This theorem, in a formal sense,justifiesearlierattempts directed at generalizing
the Thomas-Fermi theory. Unfortunately, it does not tell how to construct this
functional, i.e.,it is an existence theorem for the energy-density functional. This
explains the fact of why so much efforthas been dedicated to the task of obtaining
approximate functionals for the descriptionof the ground-state properties of manyparticle systems.
Undoubtedly, the Hohenberg-Kohn theorem has spurred much activityin density
functional theory. In fact, most of the developments in this field are based on its
tenets. Nevertheless, the approximate nature of all such developments, renders
them "functionally" non-N-representable. This simple means that all approximate
methods based on the Hohenberg-Kohn theorem are not in a one to one correspondence with either the SchrSdinger equation or with the variational principle
from which this equation ensues [21, 22]. Thus, the specter of the 2-matrix Nrepresentability problem creeps back in density functional theory. Unfortunately,
the immanence of such a problem has not been adequately appreciated. It has
been mistakenly assumed that this 2-matrix N-representability condition in density matrix theory may be translocated into N-representability conditions on the
one-particle density [22]. As the latter problem is trivially solved [23, 24], it has
been concluded that N-representability is of no account in the Hohenberg-Kohnbased versions of density functional theory. As discused in detail elsewhere [22],
this is far from being the case. Hence, the lack of functional N-representability
occurring in all these approximate versions, introduces a very serious defect and
leads to erroneous results.
In the present work, we deal with a particular version of density functional
theory which by not being enmeshed in the Hohenberg-Kohn context is able to
provide this long-sought-after "functional" N-representability. This is the localscaling transformation version of density functional theory. This theory has been
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advanced independently in two apparently dissimilar forms: one directly based on
local-scaling transformations [25-29, 1, 21, 30-34], and the other making use of
"density-driven" orbitals [35-37]. The equivalence between these two approaches
has been established by showing that the later corresponds to a finite orbital representation of the former [38].
In this article we review the local-scaling transformation version of density functional theory placing particular emphasis on its ability to yield practical procedures
leading to strict upper bounds to the exact energies of both ground and excited
states of many-particle systems, and eventually to exact results [39-48]. In Section 2, we discuss the theoretical foundations of the present approach and deal
cursorily with the N- and v-representability problems of both the one-particle densities and the energy functionals. In Section 3, we show how this local-scaling
transformation version can be expressed in terms of concrete strategies leading to
"intra-orbit" and "inter-orbit" optimizations [49, 50]. In Section 4, we deal with
the density-constrained variation of the kinetic energy in the context of the localscaling version of density functional theory and discuss its connections with the
exact Kohn-Sham equations. In Section 5, we present some selected applications of
the local-scaling approach to the following problems: solution of the Hartree-Fock
problem without resorting to the Hartree-Fock equations, non-variational and variational optimization of configuration-interaction wavefunctions, direct solution of
Kohn-Sham equations by density-constrained minimization of the kinetic energy,
and calculation of excited states [51, 52].
2. THEORETICAL FOUNDATIONS OF THE LOCAL-SCALING VERSION
OF DENSITY FUNCTIONAL THEORY
In the present section we first review some of the standing difficulties appearing
in density matrix theory, such as the N-representability of the the reduced 2-matrix.
We also discuss the nature of the "functional" v- and N-representability problems
in the Hohenberg-Kohn versions of density functional theory. We show how the
neglect of functional N-representability leads to an ill-posed variational problem.
We then indicate how these difficulties can be removed from density functional
theory by a reformulation based on local-scaling transformations[I, 21, 22].

2.1. The N-representability problem for the reduced 2-matrix
Let us consider the Hamiltonian operator for Coulomb systems (within the BornOppenheimer approximation):
N

12

N-1N

1

N

--I-:~ '~(?:).
i=l

(1)

Because this Hamiltonian contains at most two-particle operators, it can be rewritten as
~.

N-1

H = ~

N

~

i=1 j = i + l

N-1

K(~, ~j) = ~

N

~~ g -

i=1 j = i + l

1

1
1 (~(~) + ~(~j)) + I~'~- ~jl'

(2)
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w h e r e h ( ~ = -~V~,
1 2 + 9( 5). The expectation value of this Hamiltonian with respect to an arbitrary N-particle wavefunction (which we assume to be normalized)
belonging to the antisymmetrized N-particle Hilbert space ~N is
A

E[] = (1 HI).

(3)

Notice that E[] is an energy functional where the magnitude to be varied is the
wavefunction c L:N. Thus, the lowest eigenvalue Eo of the N-particle SchrSdinger
equation Ho = Eoo is reached at the extremum of this functional:

Eo-

inf

{E[]}- E[]l=oe~.

(4)

E~N
In view of Eq. (2), the energy functional of Eq. (3) can be expressed as a functional
of the reduced 2-matrix which is defined by
!

!

D2(Xl, X2;Xl, X2) =

N ( N - 1)

2

/d4xs'"/d4xg*(xl'

!

X2, . . . , X N ) ( X l , X2, . . . , X N ) .

(5)

Using this 2-matrix and the reduced two-particle Hamiltonian K(~'I, ~'2) of Eq. (2),
we have the exact equivalence
E [ ] = C [ D 2] -

Tr2[h;D 2]

--" / d4xl / d 4 x 2 g ( ~ l ,

~)D2(xl, x2; x i, x'2)]xi=~,,~=~2.

(6)

In the above expressions, x = ~', s. The N-representability problem for the 2-matrix
[19] arises when we consider the variational problem given by Eq. (4), but where
instead of introducing into the energy functional in Eq. (6) an N-representable
2-matrix D 2 obtained from a wavefunction E I:N by means of Eq. (5), we just take
the mathematical object D 2 c p2N and rewrite the variational principle as

Eo -

inf
{Tr2[K D2]}
D 2 E~2N

(7)

where P2N is characterized as the sub-domain of all 2-matrices whose preimages
are in ~g under the mapping (5). Notice that since the operator h;(~'l, ~'2) is explicitly defined by Eq. (2), the functional equivalence (i.e., the functional one to one
correspondence)
Tr2[K D 2] ~

(8)

Tr2[K D 2]

can be fulfilled if at all steps of the variation there is a one to one correspondence
between D 2 and D 2, as well as between their respective variations ~D 2 and ~iD2.
The functional N-representability is explicitly given by
El] r

s

2] = Tr2[h; D2],

D 2 C ' P ~ - {D2[D2(

~:N}.

(9)
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In other words, the functional equivalence of Eq. (8) can be met just by requiring
that D 2 be N-representable and this, in turn, means that one must determine the
necessary and sufficient conditions for characterizing p 2 as a set containing Nrepresentable 2-matrices. This problem, however, is still unsolved. If not enough
conditions are introduced in order to properly characterized P2N, the minimum of
Eq. (8) is not attained at Eo but at some other energy E'o < Eo. Thus, the upperbound constraint of the quantum mechanical variational principle no longer applies
and one can get "variational" energies which are below the exact one[53].

2.2. Functional v-representability and the Hohenberg-Kohn formalism
Can the exact ground-state energy, defined as the extremum of the variational
functional E[] in Eq. (4), be written as a functional of the one-particle density? An
affirmative answer to this question was given by Hohenberg and Kohn in 1964 [20].
It is, however, a very conditioned answer. In order to show the specific limitations
that must be fulfilled in order to make this answer true, let us start by reformulating
the variational principle for the energ~ as a functional of the wavefunction.
Consider the Schrhdinger equation Hvo~ = Eo~, where Hv = T + 0 + ~ N 1 v(~) is the
Hamiltonian for a particular external potential v(~. For another external potential
v'(~ differing from v(r-) by more than a constant we assume that there exists a
ground-state wavefunction ~' satisfying the corresponding Schrhdinger equation
for a Hamiltonian H~, = T + U + ~iN 1 vt(~'~). We assume, furthermore, that these
external potentials belong to the set YN such that for every v(~ E Y there exists a
ground-state wavefunction ~ 6 s
C s
where s
is the subset of groundstate wavefunctions for Hamiltonians {H~}, with v(~ 6 1}.
Consider now the constrained variation of the energy
E: =

inf

~'o c s

{ E~[~']}

(10)

C Z.N

where the energy functional is defined by
E.[:'] = (~' l Hv [v'
o 9

(11)

It is clear, that if we wish to carry out this variation, we need to know first the
necessary and sufficient conditions which define s
Thus, the seemingly inoffensive problem given by Eq. (10), runs into the nontrivial difficulty of how to characterize s
C s
In fact, Eq. (10) states the
wavefunction counterpart to the Hohenberg-Kohn variational problem for energy
functionals where the latter are expressed in terms of the one-particle density.
For a one-particle density p~o'(r-) coming from the ground-state wavefunction ''o

i.e.,
p:'(~'l) : N E f ~xg.... f d4xN Io~'(xl,x2, "" ", xN)l

(12)

ffl

Hohenberg and Kohn proved the existence of a functional g.[po'(r-)] defined as [20]
gv[po'(~')] = E~[o'] - {:'IH,I:'>.

(13)
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This functional satisfies the variational principle
(14)
It follows that the Hohenberg-Kohn variational problem is
Eo~ =

inf
po~'(~ E A.

{s
(15)

where Av is the set of normalized one-particle densities which come from groundstate wavefunctions {~'}, i.e., interacting-pure-state "v-representable'' one-particle
densities. Although, Hohenberg and Kohn [20] proved that at the extreme point of
variation Eo~ = s
they did not provide either a way to construct s
or
to explicitly define the set A,. Hence, the variational problem given by Eq. (15)
cannot be solved.
What would happen to Eq. (15) ifinstead of the correct, albeit unknown s
=
E~[o~'] we were to introduce some arbitrary approximate functional s
[p~'(~')]
Ev[~']? The answer is that just as in the case of the 2-matrix, the quantum mechanical variational principle would not hold and instead of Eq. (15), we would
have
E~ =

inf

{E~PPT[p~'(~')]}

(16)

where the extremum Eo~ can lie either above or below the true E:. This would
correspond to the case of"functional" non-v-representability. For this reason, one
cannot invoke the Hohenberg-Kohn theorems for the purpose of claiming rigor to
procedures based on arbitrary approximate energy density functionals [1].
2.3. The m a n y to one c o r r e s p o n d e n c e b e t w e e n w a v e f u n c t i o n s a n d densities
A basic premise in the Hohenberg-Kohn formalism is the possibility of establishing a one to one correspondence between energies as functionals of wavefunctions and energies as functionals of the one-particle density. That this is not at
all evident follows from the fact that there exist in Hilbert space a many to one
correspondence between wavefunctions and densities. In order to explicitly discuss this point, consider the exact ground-state one-particle density po~(~ for an
N-particle system characterized by the Hamiltonian H.. Clearly, in addition to the
exact ground-state wavefunction ~, this density can be obtained from any one of
the wavefunctions p~,
[1] ... p~
[hi belonging to s
The energy functional for each one of
these wavefunctions is Ev[~] ~ . . . ~ Evrb~]l
Since these functionals yield different
LPo J *
energy values (in view of the fact that these energies stem from different and, in
general, non-degenerate wavefunctions), it is clear that one cannot establish a one
to one correspondence between these energy functionals and s
because as
the latter depends solely on the density p~(~, it has a unique value determined by
this density. What one can do in order to circumvent this difficulty- and this is
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in fact what Hohenberg and Kohn do - is to establish a one to one correspondence
between the energy functional s
(r), p:,] and E.[p:,], where v,
p:,
~ po~'(~). Thus,
the energy density functional refers to a particular wavefunction, namely, to the
wavefunction ~}, which is the exact ground-state wavefunction for Hv,. This wavefunction becomes the exact ground-state wavefunction for H. when v'(~ = v(r-).
These comments may be summarized as
(17)
and they may be expressed more generally by the relations

11 = E:

E r[HK]I,

[',,]1 >

(18)

Eo~.

[1] 99 p:
in] appearingin Eq.(18), there is a particClearly, among the wavefunctions p~,.
ular one that we denote by ~HK](the superindex [HK] stands for Hohenberg-Kohn)
which we can identify with the exact ground-state wavefunction p: :- ~o. For this
reason, only for the functional in Eq. (18) containing this wavefunction, or equivalently, for the functional appearing in Eq. (17), the extremum is equal to the exact
ground-state energy Eo~. In all other cases, these well-defined functionals lead to
upper bounds to the exact energy. Notice again, that for an arbitrary functional
s
[Po"(r)]~ ~ s
p:,[k],],that is, for an energy density functional that cannot be
the variational inequalities (or equalassociated with any wavefunction p:,
[~], E s
ity) in Eq. (18) no longer hold because the functionals are not N-representable, i.e.,
they do not come from wavefunctions in Hilbert space.

2.4. Functional N-representability and the Levy variational principle
It is illustrative to discuss the reformulation of the Hohenberg-Kohn theory originally carried out by Levy [54] (and later, also by Lieb [55-57]), where instead of
the stronger v-representability condition, all that is asked for is compliance with
the weaker N-representability condition for the energy functionals. Our discussion
is based on Eq. (18) plus the assumption that A~ c A;, where A~ is the set of
v-representable densities (namely, densities coming from ground-state wavefunctions {~'} for Hamiltonians {Hv,} with v/E Y ) and A/"is the set of N-representable
densities. The latter is explicitly defined by
N =_ { p(g) [ p(g) <

Es

}.

(The truth of the above assumption, namely, A, c A/"is proved in Section 2.7.)

(19)
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Figure 1. Many to one correspondence between wavefunctions in Hilbert space
and N-representable and v-representable one-particle densities. O ~ g] is the
"Hohenberg-Kohn" orbit, where the exact ground-state wavefunction ~o is found.

Bearing in mind that the same density p(~') can come from anyone of the wavefunctions {~]} for i - 1, ..., ~ , the Levy variational principle [54] can be stated
as:
E:=

inf

p(r~ e N

{

inf

{s

[/]]}}.

(20)

~J eZ~

The energy functional Ev[p(~; [/]] is given by

&[p(r~;~1]__ <[~IIf + D~= + ~ I[~1>-- <[ijIf+ 0~

I~>+ yfd~p(~),(~.

(21)

Notice that because p(~') = ps~d(~'), the last term is just a constant:
f d3gps~d(~v(~ - constant.

(22)

In Fig. 1, we have rearranged the wavefunctions in Hilbert space such that in
each row we find all wavefunctions which yield the same density. Since p~ is the
exact one-particle density, it follows that the exact wavefunction ~o must lie in the
row containing all wavefunctions which yield p~. In Fig. 1, we identify the exact
wavefunction with ~HK]. In fact, we characterize the vertical line denoted by O ~ g]
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as the Hohenberg-Kohn "orbit" (a rigorous meaning of"orbit" will be introduced in
Section 2.6).
In order to highlight the particular way in which the minimization process is
carried out in the Levy variational principle, let us consider Fig. 1. In the inner
variation of the Levy principle one searches for the optimal wavefunction [~=~~
in the sense that it yields the lowest energy, corresponding to a fixed density p(~') =
ps~d(~ E Af. This means, that one moves along the row whose wavefunctions yield
p(~ = psi~d(~. Thus, the inner variation becomes
inf
[~] e [ Y

{$~[p(~');
[~1]- F[p(~; [~=iop,[p]]]+

f d3~,p(r--,)v(~}
(23)

p(r-) =

where F[p(~; [~:iop,[p]]] = (~:io,,,[p]][~ + 0~] [/:iop'[P]]I. Note that we are emphasizing
the fact that the optimal wavefunction depends on the fixed density p(~') and hence
for each row we have a different optimal wavefunction. This implies, in turn, that
the functional F[p(~; [~=io~,[p]]]changes when we go from one density to another, i.e.,
when we change rows.
The outer variation spans over all possible N-representable densities, that is,
densities which belong to Af. Notice, that since the set of v-representable densities
Av is a subset of Af, in the Levy variational principle one considers densities such as
p(~ and p'(~ (see Fig. 1) which belong to Afbut not to Av, namely, densities which
are N-representable but not v-representable. In this sense, the Levy variational
principle is more lax than the original Hohenberg-Kohn one; it leads, however, to
the same extremum.
The following comments are in order with regard to the Levy variational principle.
1. The energy functional Ev[p(~; [~]]depends explicitly upon the wavefunction [~].
This poses the problem of how to construct a functional which depends on the
fixed one-particle density and which at the same time allows us to scan all
wavefunctions {[~1}~1.
2. The dependence of the functional F[p(~; [~=iop,[p]]]on the optimal wavefunction
for a given density makes it highly unlikely that this should be a "universal
functional". Thus, the search for such objects in the Hohenberg-Kohn-Sham
version of density functional theory stands on feeble grounds.
3. The functional C~[p(~; [~]] is of a "dynamical" type. This means that if we
introduce a density p'(g) = p(~ + 6p(r-'), then the energy functional changes
[41 . The new
"dynamically" as for a fixed [i] the new wavefunction is ~i! - p+~p
[~1 1
functional is not merely C~[p(~ + 6p(r-')"[~]]but C~[p(~ + 6p(r-')"~ p+6pJ"
_

4. An actual realization of the Levy variational principle for some concrete system has not taken place until now.
5. If instead of s
tional s

[~]],we were to introduce some non-N-representable func# E[[~]], then the extremum need not be attained at Eo~, but at
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any other value either above or below the exact energy. Furthermore, as no
approximate functional currently used in the Hohenberg-Kohn-Sham version
of density functional theory (either in the local or non-local approximations),
is endowed with the dynamical character demanded by the Levy variational
principle, it follows that all these approximate functionals, no matter how
carefully they have been designed, are functionally non-N-representable and
hence the quantum mechanical variational principle does not apply to them.
Again, the Levy variational principle cannot be invoked in order to assert the
correctness of the energies computed using these functionals.

2.5. The concept of "orbif', 0[~], and its importance in the reformulation of
the variational principle
Let us go back to Fig. I and consider the "orbits" O[~] for i = 1,..., HK,.... These
"orbits" or columns appearing in Fig. I are made up of wavefunctions belonging to
Hilbert space (at this point we just assume that they exist; a formal definition is
given in Section 2.6). We assume, furthermore, that these "orbits" are endowed with
the following characteristic: no two wavefunctions belonging to the same "orbit" can
have the same density, i.e., there is a one to one correspondence between p(~') E A/"
and [~] E O[~] (this fact is proven in Section 2.6, using local-scaling transformations).
We assume, moreover, that the union of all "orbits" exhausts Hilbert space. Clearly,
in terms of these "orbits", the variational principle can be reformulated as follows
[21]:

E:=

inf
over all orbits

(inf

(E~[[~]]}}.
(24)

[~l E O[~]

0[~l C,~N
Note that the inner variation runs along a particular "orbit" O[~] (i.e., a column in
Fig. 1).
Because of the one to one correspondence between one-particle densities p(~ E A/"
and N-particle wavefunctions [~] E O[~] within each one of the "orbits" described in
Fig. 1, the energy functional s
[~]]is also in a one to one correspondence with
E.[[~]]. For this reason, the variational principle of Eq. (24) can be recast as [21]:

E:=

inf
over all orbits

(inf
p(g) E 2d

{s

[~]])}.
(25)

Notice also that in view of the one to one correspondence between densities and
wavefunctions within an orbit, the variation of s
[~]]with respect to the oneparticle density p(~ is equivalent to the variation of E.[[~]] with respect to the
wavefunction [~] E (.0[~]. This equivalence illustrates the importance of the notion of
"orbit" in guaranteeing functional N-representability.
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What is the specific nature of the energy functional s
[~]] expressed as a
bona f i ~ functional of the one-particle density? How can we guarantee the one to
one correspondence between densities and wavefunctions within a given "orbit"?
How can we generate a given "orbit" starting from an arbitrary wavefunction in
that "orbit" such that to any permissible density there corresponds a unique wavefunction? As pointed out above, these questions are at the root of the "functional"
N-representability problem in density functional theory. This problem, which becomes the stumbling block in density matrix theory has been neglected in the
Hohenberg-Kohn or Levy-Lieb versions of density functional theory [16]. We show
in what follows, however, that a rigorous N-representable theory can be advanced
by resorting to local-scaling transformations.
2.6. Local.scaling transformations and the rigorous definition of the concept of "orbit"
Local-scaling transformations made their appearance in density functional theory (although in a disguised manner) in the works of Macke [58, 59]. Because the
Thomas-Fermi theory corresponded to a free-electron gas model, and as such it
was cast in terms of plane waves, any improvement on this theory required the
introduction of deformed plane waves. Thus, initially local-scaling transformations
were implicitly used when plane waves (defined in the volume V in 7~3 and having
uniform density po : N/V):
CZ,(~') = V-1/2 eiZ,.~"- [N] 1/2 e izj'~ for

j=I,...,N

(26)

were carried into the new deformed plane waves
Cg~(~ ~ [ ~ 1 1 / 2 e ig~'f(~

(27)

Since these transformed orbitals satisfy the condition

]r

1
= ~p(~)

(28)

for all j = 1, ..., N, they are referred to as "equidensity orbitals" [24]. These transformed orbitals have found many applications in density functional theory, such
as, for example, in the construction of energy functionals expressed in term of the
one-particle density [60, 55, 61-63], or in the proof of N-representability of the
one-particle density [24].
The full-fledged introduction of local-scaling transformations into density functional theory took place in the works of Kr~achko, Petkov and Stoitsov [25-27, 29,
31], and of Kryachko and Ludefia [28, 1, 21, 30, 32-34]. The fundamental idea
was that of transforming a vector ~"e 7~a into another (deformed)vector f ( ~ E 7~a,
which, however, conserves the same direction as the original one. Because of this,
the transformed vector can be written as f(~') = ~(~'. In view of the similarity
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between these transformations and the more usual "scaling" transformations carrying ~*E 7~3 into f ( ~ - )~g(where Ais just a constant), the former have been called
"local-scaling" transformations.
Consider the effect of applying a local-scaling transformation ] to each one of
the coordinates appearing in the wavefunction g(~'l, ..., gN) E s
The resulting
wavefunction f(r'l, ..., gN) is, hence, given by
N

f(~'l, ..., ~g) = ~ g ( ~ ' l ,

1/2

..., ~'g) = IX [J(?~); ~)]

N-times

-~

-,

g(f(~'l), "", f(~g))

(29)

i=l

where J(f(gi); 5) is the Jacobian of the transformation. In order to guarantee
uniqueness, we restrict these transformations to those having positive defmite Jacobians. It is clear that the transformed wavefunction maintains its normalization.
Moreover, the following relation is obtained between the density ps (~ of the transformed wavefunction and the density p9(~ of the initial wavefunction:
(30)

=

This fundamental relation between the densities is easily obtained from
ps (~'1)

= N_./d3~2 ... f d3?Nlg(?l, ..., ~N)12

=

/

(31)

where we have used the relation

da~"J ( ~( ~'); r-') - dS~( ~').

(32)

In order to properly assess the importance of local-scaling transformations for the
formulation of a rigorous version of density functional theory, it is first necessary to
deal with the topological features that characterize an atomic or molecular density.
The most important feature of a one-electron density is the presence of closed
contour curves corresponding to a given value of the density [21]. These closed
equidensity curves envelop each one of the nuclei up to the bond critical point
located along the bond path joining two nuclei. There are, however, other closed
equidensity contours which envelop pairs of nuclei, triplets of nuclei, etc., until we
find those which envelop all nuclei. Let us consider the application of a local-scaling
transformation to the dosed contour Sg(g; C) defined by Pg(~ - C = 0 for an initial
density coming from g. The transformed dosed contour becomes

SI(~; C)

-

J(f-'(r-');r-')Sg(f-'(r");C)

=

[ P'(~) 1 Sg(f(~); C)

(33)

J

where in in the right-hand side of Eq. (33), we have used the explicit expression
for the Jacobian given in Eq. (30). It is clear that the transformed contour has
the same functional form as the initial one. The Jacobian just creates the same
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constant factor at each point in 7~z which multiplies Sg(f(r-3; C), for all allowable
values of C. Hence, a set of equidensity dosed contours in the initial density is
mapped into a corresponding set of equidensity closed contours in the transformed
density. This fact guarantees that the topological features of the initial density are
maintained when this transformation is applied.
Let us notice that local-scaling transformations generalize Eq. (27); the most
general deformed plane wave becomes
e ~'f(~

(34)

ipa(f(r-3)
-4

where pg(f(~')) is the initial or generating density (obtained from some orbit-generating wavefunction).
The Jacobian of the transformation acquires a particular realization for initial
and final densities expanded about the same single center. In such a case, we have:

(35)

-4
1 g. Vf(~.)3
J(f(g);
r-3 = ~-~

Combining the above equation with Eq. (30), we obtain the following first-order
differential equation for the evolution of the one-particle density as a result of the
application of local-scaling transformations:

p(~ = -~

9V f ( ~ s pa(f(~))

(36)

In spherical coordinates, along a chosen path described by = (0o, r
can be rewritten as

df3(r, 0o, r
dr

3r2p(r, 0o, r
pa(f(r, Oo,r162

this equation

(37)

Notice that because the one-particle densities are positive defmite, the function
f(r, 0o, r is monotonously increasing. The uniqueness of the solution is guaranteed
by chosing the condition f(r = 0, Oo,r = 0 for all paths. In integrated form, this
transformation function is

f(r, 0o, r

[ for drr2p(r, Oo,r
= 3
pg(f(r, 0o, r ~:r

]1/3

(38)

The complete transformation f(r, 0, r is obtained by solving the above equation
over all angular directions. It is clear from Eq. (38), that the transformation
function is a functional of the final one-particle density p(r-3, for a given initial or
generating density pg(r-3:

f(r, O, r = f([p(r~]; r, 0, r
Moreover, this transformation is unique.

(39)
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The uniqueness of the density transformation has an important implication: any
two one-particle densities having the same topology are uniquely connected by
means of the local-scaling transformation given by Eq. (38). Let us point out
that as discussed by Bader et al. [64], the notion of topology of a one-particle
density is closely related to the notion of molecular structure. Consider, in the
context of the Born-Oppenheimer approximation two nuclear configurations X and
Y belonging to the nuclear configuration space R Q _= {/~ }. The corresponding oneelectrons densities are p(g,X) and p(g, Y), respectively. Consider the two vector
fields Vp(~', X) and Vp(~', Y). The nuclear configurations X and Y are equivalent
if there exists a homeomorphism between the vector fields Vp(~', X) and Vp(~', Y).
Precisely, this homeomorphism guarantees that they have the same topological
features, i.e., that they are contained in the equivalence class or "structural region"
of the particular molecular graph or molecular structure.
Let us denote by Ars (where B stands for Bader) the set of one-particle densities
which in addition to being N-representable, i.e., to belonging to the set Af, are endowed with those topological features that ensure that they are members of the
equivalence class that defines a given molecular structure. Clearly, we have that
Ars c Af. Let us consider now the class of N-particle wavefunctions {[~1)~=1containing all wavefunctions in Hilbert space which yield the same density pg(g) E As.
For any given final density p(~ E Hs, we have a unique coordinate transformation.
Let us consider a particular wavefunction ~k] belonging to the above class. If we
[k]
apply the unique coordinate transformation ] to each one of the coordinates of g ,
we obtain by analogy with Eq. (29):
N

(40)
N-times

i=1

The uniqueness of the local-scaling transformation guarantees that the transformed wavefunction ~1 is also unique. Thus, for any p(g) E XB there exists a
unique wavefunction ~k] generated by means of local-scaling transformation from
the arbitrary generating wavefunction ~k]. The set of all the wavefunctions thus
generated yielding densities p(~ in A/'B is called an orbit and is denoted by O~]:

O[~] - ([~][[~]

, p(~');

[~1 E s

P(~ E A/s}.

(41)

The uniqueness of the local-scaling transformation guarantees that within an
orbit 0[~] c ~N there exists a one to one correspondence between one particle densities p(~') E ?ds and N-particle wavefunctions [~] E O[~] C s
This very important
result is fundamental for obtaining the explicit expression for the energy density
functional within an orbit. This is discussed in Section 2.8.

2.7. P r o o f of the p r o p o s i t i o n Av c A;
Let us now prove that the set Av of v-representable one-particle densities is a
subset of Af. For this purpose, let us use local-scaling transformations. However, as
these transformations can only be rigorously applied to densities belonging to AfB,
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i.e., to densities having the same topological features, we assume that the allowable
external potentials v(~ ~ Y are such that they also yield densities belonging to As.
Let us consider the one-particle density p(g) ~ AFB c AF corresponding to an arbitrary N-particle wavefunction ~ ~ s and the one-particle density po~(~ ~ A~ c A/'B.
Since these densities have the same topological features, we can compute the localscaling transformation function f(~') that connects these densities by solving the
first order differential equation (37) (for one center), or the corresponding generalizations for several centers. Using this tranformation function, we can then
proceed to transform the wavefunction ~ ~ s
As a result we obtain an N-particle
wavefunction ~ ~ s yielding the one-particle density p~(~. However, since the
transformed wavefunction belongs to Hilbert space, it is clear that we can complete
the inclusions p~(~ E A v c ~'8 CAP. These inclusions dearly show that ~4v c A/'.
Since this constructive procedure can be repeated for all densities belonging to A.,
it is clear that we can construct the corresponding N-particle wavefunction in s
Thus, the above assertion is proved.
2.8. E x p l i c i t c o n s t r u c t i o n of the e n e r g y d e n s i t y f u n c t i o n a l w i t h i n an orbit
Let us write down the explicit expression for the energy functional E[[~]]in terms
of the 1-matrix D~b](xl, x~), the 2-matrix D2[~](xl,x2;xl, x2) and the one particle
density pg(x) coming from the orbit-generating wavefunction [~];again, x - ~', s and

f d4 x =_ F_,~f da ~':
1

-

Ir

r

"

In order to obtain from E[[~]] the functional E[[~]] appearing in the variational principle described by Eq. (24), we have to apply local-scaling transformations to the
wavefunction [~], or in view of Eq. (42), to the 1-matrix D~b], to the 2-matrix 02[4
and to the density pg. The pertinent expressions for these transformations are [21]:

D2}/] (~'1,Sl, r'2, 32;~'1, Sl, re2,s2)

= J(f(~1);~1)J(f(r

f(F2),s2;f(r

f(~2),32),

(44)

and

p(~', s) - J(f~r~; r--')pg(f-'(~, s).

(45)

In addition, let us separate the l-matrix appearing in the right-hand side of Eq.
(43) into its local and non-local components:

o~E,~ (;(~),

~; ;(~), ~;) _ [~(;(~), ~)] ~,~ [~(;(,~), ~;)] ~,~~t,~ (;(~), ~; f(~), ~t), (46)
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where D}[~]is the non-local part of the 1-matrix. Similarly,for the 2-matrix in the
right-hand side of Eq. (44), we have:
D2[il (?gl), sl, ?g2), s2; ?~'1), sl, ?g2), s2)
1 --.
-.
= ~&(f(gl),sl)&(f(g2),s2)(1

[i]
" , s l , / ( ~ ' ~ ) , s2))
+ $-~c,,(f(~'l)

(47)

where ~[i]
J XC,g is the non-local exchange-correlation factor. Substituting Eqs. (46)
into Eq. (43) and Eq. (47) into Eq. (44), and making use of Eq. (45), we obtain the
following expressions for the 1- and 2-matrices:

and
1
(1 + : "r[i]xo,9 (f(gl),sl ,
D2p[i](r'l,,Sl, r'2,82;r'l, al, r'2,82)- -~fl(r'l,81)fl(r'2,82)

f(g2),s2)) 9 (49)

Substituting Eqs. (48) and (49) in Eq. (42), after some simple algebra we obtain
[21]
=

-

-

+2
1

_.t_ ]f d 4 x p (f x ) v ( r -f - , ) _ { . . _ ~ j d 4 x l / d 4 x 2

vr r

(f(r-), s', f(~'), s')l=,==

p,xl,o,x2,

~1

+., xo,,,

[~1 __ ~2 [

(50)
"

It is important to notice that the energy density functional $[p(x); ~1[{~(~)}]] depends upon the one-particle density p(x) and also upon the initial wavefunction
[~1[{~}]]where the latter is a function of the transformed coordinates. In view of the
fact that
(51)
and
C,9

~

~

~

~

(52)

we are led to the following equality:
$[p(x); [~][{f(~)}]] - $[p(x); [~][{~}]],

(53)

where in the right-hand side, the dependence of this functional on the transformed wavefunction [~][{~'i}]]evaluated at the untransformed coordinates {~} is
highlighted.
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Bearing in mind Eq. (39), it is clear that Eq. (50) expresses the energy as
a functional of the one-particle density p(x) within an orbit O[~]. Notice that in
the present case the functional given by Eq. (50) is of a "dynamical type" as
any change in the density p(x) brings about the corresponding change in the form
of the functional through the introduction of f([p(r-];~ into the non-local parts
of the energy expression. It is precisely this dynamical character that allows the
functional to modify itself so as to maintain the one to one correspondence with E[[~]].
For this reason, Eq. (50) satisfies the condition of functional N-representability.
2.9. The s y m m e t r y of the w a v e f u n c t i o n a n d the c o r r e s p o n d i n g s y m m e t r y
of t h e e n e r g y d e n s i t y f u n c t i o n a l
In conventional quantum mechanics, a wavefunction describing the ground or
excited states of a many-particle system must be a simultaneous eigenfunction of
the set of operators that commute with the Hamiltonian. Thus, for example, for an
adequate description of an atom, in addition to the Hamiltonian operator, one must
introduce the angular momentum and spin operators L 2, S 2, Lz, S~ and the parity
operator ~.
In variational treatments of many-particle systems in the context of conventional
quantum mechanics, these symmetry conditions are explicitly introduced either in
a direct constructive fashion or by resorting to projection operators. In the usual
versions of density functional theory, however, little attention has been payed to this
problem. The basic question, in our opinion, has to do with how to incorporate these
symmetry conditions - which must be fulfilled by either an exact or approximate
wavefunction- into the energy density functional.
The symmetry problem is trivially solved in the local-scaling version of density
functional theory because we can include the symmetry conditions in our choice of
orbit-generating or initial wavefunction [~] [33]. Since it is from this initial wavefunction that we obtain D~[~]and ,~r[~]xc,g,namely, the non-local quantities appearing
in the energy functional of Eq. (50), it follows that the symmetry properties of the
parent wavefunction are transferred to the variational functional. Notice, therefore, that symmetry is not as important for the density as it is for the Fermi and
Coulomb holes, which are related, to D~[~]and ,~r[~]xc,g,respectively.
2.10. T h e t r e a t m e n t of e x c i t e d s t a t e s
The energy density functional given by Eq. (50) is restricted to the ground state
of an N-particle system. In order to extend the present formalism to excited states
it is required that we first device a way of constructing energy functionals for
excited states. In this spirit, let us consider an nth state wavefunction n[~]
,p ~
~, l
t Ez s~}) in
orbit O[~] generated from an initial wavefunction n[~]
, g ~c~
L r~
i ~ s~}) E O[~] by a local-scaling
transformation carrying the density pn,g(r-3 into the density pn(g). The generated
wavefunction must satisfy both wavefunction and Hamiltonian orthonormalities
[51]:
=

'n,~p

m

(54)
n,g

~

"
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In order to fulfill the requirements stated by Eqs. (54) and (55), one must generate
in addition to ~,p[i]all other lower-lying state functions {~,p}~:l
o._ For this purpose,
consider a generating wavefunction for the nth state in the form of a configuration
interaction wavefunction, i.e., a linear combination of configuration state functions:
M

[i] ( I -'
~ n ~/ CSF[i] ({~, s~})- C~r
-' -" sf[']t,
"
~,g.Lr~,s,})
= ~ ~,,g~,,g

(56)

I=l

where C'~ = (C1~g
,C~,g), ~)CSF[i]
= (~)CSF[i]
~/CSF[i]
~SF[i]t
,""
r g
-~ 1,g
,..., 5VM,9
) and
is its transposed. Let us assume that the expansion coefficients are generated by solving the
eigenvalue problem
HC~t = E, SC~t,
(57)
where the matrix elements of H and S are

His __

/~/ CSF[i]

~/ CSF[i]

>.

s.

:

/~/ CSF[i] Ij CSF[i]\

(58)

,.

In this way the fulfillment of wavefunction and Hamiltonian orthogonalityis guaranteed.
By means of a local-scaling transformation carrying the initial density p~,g(r-') into
the object density p~(~'), we can obtain a transformation function f~(~') from which,
in turn, we can generate the transformed wavefunctions
~,,({~'i s,})= ~ "~I,,~I,,
r~m o/,CSF[i],t{ri,
-.
si}) = :m~;CSF[i]t
v 9 v-p
M

(59)

I=l

for all states m = 0, ..., n.
Because local-scaling transformations preserve the orthonormality of basis functions, condition (54) is immediately fulfilled. Hamiltonian orthogonality (Eq. (55)),
however, is not satisfied. For this reason, one must solve the eigenvalue equation
[51]

H[p , C,o]C : = EoS[p , C,o]CE

(so)

so as to obtain wavefunctions which satisfy Eq. (55). In Eq. (60) we emphasize the
fact that the matrix elements depend on the final density p,. Moreover, because
this density is obtained from the transformed wavefunction, they also depend on
the expansion coefficients. Thus, Eq. (60) must be solved iteratively. In Section 5.5
we present some results obtained by the above procedure for the 21S state of the
helium atom.
In the local-scaling procedure embodied in Eq. (60) because the optimization is
performed with respect to the particular density p~ corresponding to the excited
[i] ] which is an upper bound
state n,p~
[~] : t~~ si }), one is searching for an energy E[p~(~" r~,gJ
to the exact energy E~,~t. This upper-bound character of the calculated energy is
guaranteed by the Hylleraas-Undheim-MacDoneddtheorem.
A generalization of the aboveprocedure can be readilymade by a concerted localscaling transformation which carries an initial density pg(~ - ~ Zj=o
M-Zpj.,(r") into a
final density p(r') -- ~ ~j=o
M-1 pj(r-'). As discussed elsewhere [52], this generalization
corresponds to adopting Katriel's super-particle approach. Again, the upper-bound
character is preserved by the fact that E j=o
M-Z E[ p. (e)', _> E j-o
i-1
t~

)
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3. INTRA.ORBIT AND INTER-ORBIT OPTIMIZATION S C H E M E S
The variational principle advanced in Eq. (25) states that the search for the
exact ground-state wavefunction must be carried out by a combined intra-orbit
and inter-orbit minimization [49, 50, 76, 48]. Thus, a practical implementation
of this variational principle requires that we develop ways of choosing an orbit,
of constructing the energy functional within this selected orbit, of attaining the
minimum value for the energy within this orbit and finally of jumping from one
orbit to another so as to repeat in this new orbit the minimization process. Of course,
through this repeated intra-orbit and inter-orbit optimization, one should finally
arrive at an orbit yielding a sufficiently accurate upper bound to exact ground-state
energy, i.e., to an orbit close enough (energy-wise) to the Hohenberg-Kohn one. In
the latter, by definition, the exact ground-state wavefunction is found.
In order to discuss some of the aspects arising in a practical realization of the
variational principle given by Eq. (25), let us consider Fig. 2. In this Figure,
we have schematically represented the steps involved in intra-orbit optimization
and have indicated how this optimization followed by inter-orbit jumping defines
a self-consistent procedure leading eventually to a solution that is as exact as we
wish it to be [49, 50]. We discuss in what follows these steps in detail.

3.1. Intra.orbit optimization
The first thing we must do is select a particular orbit. This is done by choosing
an initial wavefunction, as the choice of the initial wavefunction determines the
orbit. Consider, for example, an arbitrary wavefunction [~1 E O[~1. This can be a
configuration interaction wavefunction or some trial wavefunction incorporating
inter-particle coordinates. These wavefunctions must allow for a proper representation of the important physical aspects of the problem at hand. Thus, a configuration interaction wavefunction should contain the minimal set of configurations
necessary for the description of electronic correlation.
As is well-known, a configuration interaction wavefunction contains expansion
coefficients and orbital parameters which are optimized by energy minimization.
In the case of the orbit-generating wavefunction, however, these coefficients and
parameters need not be the optimal ones. In fact, all that is needed are educated
guesses for these numbers [49, 50]. The reason for this arbitrary choice of initial
wavefunction is that local-scaling transformations modify the orbitals from which
this wavefunction is constructed so as to yield an optimal wavefunction for the
particular set of initial coefficients and parameters. In Section 5.2, we give some
numerical examples for simple configuration interaction wavefunctions of the Be
atom corresponding to different arbitrary choices of the initial wavefunctions.
The important aspect we wish to emphasize here is that once the orbit-generating
wavefunction is chosen, we can obtain explicit expressions for the non-local part
of the 1-matrix, D~[~](~',s; ~', s') as well as for the non-local part of the 2-matrix,
that is, for the exchange-correlation factor ~-[~]c,g(gl,sl; ~'2,s2). That these explicit
expressions are essential for setting up the energy as a functional of the one-particle
density, follows from Eq. (50). Notice that the energy functional in Eq. (50) contains
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Figure 2. Schematic representation of intra-orbit and inter-orbit optimizations.
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D~['](f([p]; ~,s; f([p]; P),s') and jr[~]c,g(f([p]; ~'1),Sl; f([p]; ~'2),s2) where f([p]; ~ is the
object vector function resulting from the local-scaling transformation of ~'. Because
this object vector function, as it can dearly be seen from Eq. (38), is a function
(albeit implicit) of the one-particle density p(g, s), it follows that the energy density
is also an implicit function of p(~', s), or equivalently, that the energy for each orbit
O[~] is a functional of p(g, s). In Fig. 2, we indicate by means of slanted arrows that
[gi]produces D~[i] and ~'[q. These quantities, in turn, enter into the construction of
the energy functional E[p(~, s); [gi]].
The next step in this intra-orbit optimization procedure is the creation of an
auxiliary functional [p(~',s); [gi]]made up from the energy functional E[p(~', s); [~]]plus
the auxiliary conditions which must be imposed on the variational variables. Notice
that there are many ways of carrying out this variation. In Sections 3.1.1, 3.1.2, and
3.1.3, we treat the intra-orbit variation with respect to p(g, s), [p(g, s)] 1/2 and the set
of N orthonormal orbitals (r
}N1, respectively. Clearly, by setting 6[p(~', s); [gi]]=
0, one obtains the Euler-Lagrange equations corresponding to each one of the above
cases.
The direct construction of the exact energy density functional E[p(~', s); [gHg]] within
the Hohenberg-Kohn orbit, requires that we know some orbit-generating wavefunction [gHg]. But this is tantamount to knowing the exact ground-state wavefunction
[HK]
__ v
Hence, in principle, it would be totally unecessary to carry out the varip~
-o"
ation of this energy density functional as in order to construct it we should have
solved first the many-body problem at hand. Nevertheless, from a purely formal
angle, such variation is important in that for N orbitals, it leads to the Kohn-Sham
equations. This aspect of the problem is discussed in Section 3.1.4.
In Sections 3.1.5 and 3.1.6 we discuss two important alternative methods to intraorbit optimization. Both are based on the use of local-scaling transformations in
order to produce sets of transformed orbitals which are then directly employed
in the calculation of the total energy. In the non-variational case, we deal with
arbitrary orbitals which are locally-scaled in order to yield the Hartree-Fock oneparticle density, which we assume to be known beforehand. In the second method,
the final density is optimized by energy minimization. But as in the previous case,
locally-scaled transformed orbitals are used in the energy calculation.

3.1.1. Euler-Lagrange equation for intra-orbit optimization of p(~',s)
Let us consider now the energy density functional s
s); t~]] of Eq. (50). In
this functional, p(~', s) stands for any one of the final densities generated from the
initial density pg(~',s) coming from the orbit-generating wavefunction [gi]. Clearly,
the extremum of this functional is attained at the optimal density p opt
[~] ~"r , s ) . This
density satisfies the Euler-Lagrange equation arising from the variation of the
functional s
s); [~]] - subject to the normalization condition f d4z p(~', s) = N with respect to the one-particle density p(~',s). Explicitly, this amounts to varying
the auxiliary functional

(61)
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where p[~] is the Lagrange multiplier that accounts for the normalization of the
density. Setting this variation equal to zero,

~[~(~, ~); ~]
6p(~',s)

=0,

(62)

we obtain as a result, the following integro-differential equation for the one-particle
density [65, 66]:
1 [Vp(g, s) 2

L p(~', s)

1 V2p(~",,)

v [']

- 4 p(~', s)

+

v(~

-"

T'g([P(r' s)]; ~" s) +

+ VH([p(~', s)]; r-} + v[~o,g([p(g, s)]; ~', s) =p[i].

(63)

In addition to the external potential v(~ and the Hartree or Coulomb potential

v.([~(~, ~)];

= f d4xp(g, .s)lg- ~"1-1, we have in this expression the potential ~UT,g
[i] which arises
from the non-local part of the kinetic energy in Eq. (50):

9

1{
+ p(g, s)

6

6p(g,

8)([V~V~,Dg
~1[i] (f(~, s; f(g'), s')]~.,=<,,=,) }.

(64)

The exchange-correlation potential coming from the non-local part of the electronelectron interaction term is:

v~o,~([p(~',,)1;< ,) = E~.~([p(~",,).' ~1;< ,) + p(~',,) ~g~.~([P(~"
*); ~1;< *) ,
~p(~,~)

(65)

where we have defined

9

1]

e[~]c,g([P(~'l, "1/; [~11;~'i, *1) = ~

p(~'2, a2).F'~],g(.f(~'l), ai; .f(~'2), a2)

d4x2

[~'1 - ~'21

(66)

Notice that the optimal energy value within orbit O[~] is s [popt(r,
[i] ~ s); [9/]]. This value
is an upper bound to the optimal energy value within the Hohenberg-Kohn orbit,
,',r [HK]
which, of course, is just the exact ground-state energy: Ctpopt
(~, s); [gHg]] = E'j.

3.1.2. Euler-Lagrange equation for intra-orbit optimization of [p(~', s)] i/2
Let us consider the "shape- wavefunction" [67] u(~', s) = u(x) and its complex conjugate u*(~', s) which satisfy the relation p(x) = u(x) u*(x). It is d e a r that the shape
function is equal to [p(x)] i/2 times an arbitrary phase factor: u(x) : [p(x)]i/2e i•
Assuming u(x) to be the basic variable, the auxiliary variational functional becomes

[u(~) u'(~); ~'J]_=C[u(~)u'(x); ~'~]- ,t,J( / ~

u(~)u'(x)-

N).

(67)
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In terms of u(x), the local kinetic energy contribution (i.e., the Weizs~icker term)
can be written as:
1

Tw[p(~)] = ~ f d ~ (V~*(z))(V~u(~)).

(68)

In order to derive the Euler-Lagrange equation for u(x) let us set the variation
equal to zero:

~[u(~) ~*(~); ~]
~u,(~)

+ c.c = O.

(69)

The resulting equation for the "shape- wavefunction" is [65, 66, 68-70]:

[- 89 ~. + vt'l~,~([~*(~), u(~)]; ~)+ v(~

+ v.([u(~), u(~)]; r~
+ v[i]
xc,~([u*(x), u(x)]; x)] u(x) = ~u(x)

(70)

plus the corresponding equation for its complex conjugate u*(x).
The potential v[i]
([u*(x) ~ u(x)]", z) which arises from the non-local part of the kiT,g
netic energy is given by

vt,J
([u'(x), u(~)]; ~) = v~V~,D~;J([u*(.) ~ u(~)]; f(~ ~ ~. f(~'), ~')1~=~,
T,g
(71)
As in Eq. (63), v(~ is the external potential, and v[~([u*(x), u(x), ]; ~ is the ordinary
Hartree potential. The exchange-correlation potential v[~c,g([u*(x), u(x)]; z) is given
by

v~o,,([~*(,),~(z)];~)
9

=

I ~ - e'l .t,l
" ~ ' ~ ' r[~.(.), u(.)]; ~, ~')
f d~*' u*(.')u(~')

+ u*(x)

/ d4x'U*(X')U(X')~

[41
[~.~c,g([
u 9(x) u(x)]'~', g')]. (72)

3.1.3. Euler-Lagrange equations for the intra-orbit optimization of N orthonormal orbitals: Kohn.Sham-like equations
Consider the single Slater determinant
g

9..,

det r~[i]

~

t'~g,1

.'. r

[i]

(73)

constructed from the set Is W~[~]
~x))g_- 1 9 This wavefunction associates with the oneg,k~
particle density pg(x). Let us consider a final density p(x) possessing the same
topology as pg(x) such that we can obtain solving Eq. (37) the transformation
function f(g). Applying this transformation to all coordinates of the wavefunction
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gSD['](xl,'-. ,XN), we can produce a transformed wavefunction p$ D [ i ] ( X l , " " " , X N ) t h a t
satisfies Eq. (40). These local-scaling transformations, carry therefore a single
Slater determinant into another single Slater determinant.
Let us define the subclass S g as consisting of all single Slater determinants. It
is clear that SN is not a subspace of ~ N because a linear combination of Slater
determinants is not in general equal to a single Slater determinant. By argu_ments
similar to those expounded in Section 2.6, it follows that SN can be decomposed into
the orbits O[~] defined by

o~ 1=

{,~D['l I ~D['l.

-.

,~D['lE

p(x);

SN',

p(=)E ~r~}.

(74)

Clearly, we have in the present case that the union of all orbits exhausts the
The action of local-scaling transformations on the initial
subclass: SN - - ~~oo
i = l VcoF]
S.
y where the transformed orbitals
orbitals leads to the new orbital set {r [i1
are connected to the generating ones by the relation
9
[J(f(r--'),r-")]ll2r

,.,(.)= fr

.

s))-- Lp.i~--~r-~:~s))

CF]
g,kl,'f(r-], s))

(75)

These transformed orbitals preserve the orthonormalization condition
~..,~x)r

=

~,.

(76)

>From the single Slater determinant
p

~

~.

.

.

.

.

.

eo,NtrN, SN)]

(77)

constructed from these transformed one-particle orbitals, one obtains the oneparticle density
N

p(=) - ~

k=l

I Vo,k(x)
~E,1 i~,

(78/

as well as the non-interacting kinetic energy term:

~.,~(x)}] :
k=l

(791
/
[Vcp(x)] 2 + 1 /
-81 (t4x p(~)
~

d4xp(z,lV-z

j . . . . wz
..

-~lSD[il

(;(~) ' ~; ?(e), ~')1.,-. '

where -~lSD[~]
is the non-local part of the 1-matrix of the non interacting system.
-g
Following Kolm and Sham [71], let us consider the following auxiliary functional:
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(80)
N

N

~,.~(~)r

-

-

k=i 1=1

where the {)t~l} are the Lagrange multipliers enforcing orbital orthonormality.
Bearing in mind Eqs. (50) and (79) we can rewrite this auxiliary functional as

[{-I,l,
%,ktx)}; ~1]

~c,l
Ts[{wp,k(x)}]
+ E~t[p(x)] + Eco,~,omb[p(z)]

-

~KS[i]
; ~]
~,~[p(~)[{S)]]

+

N
-

(81)

N

Wp,k t~ lWp,lt 'x')

-

k=i l=i

d~2p(~)p(~s)l~ -

where E~=,t[p(x)] = f dtxp(x)v(r-"), Eco,~lomb[p(x)] = (1/2) f d4xi f
r~1-1 and

x~,~rp(~);[in][{f}]] = ~1 i ~xp(~)v~v~ [~t'~(S(~, ~; S(e), ~'1

EKS[i]

-

"--'ISD[i]

(82)

1

p(xl)p(x2).T'~le,a(;(~l),

81,

f-'(~'2),s2)

.~c,l
;~,11with respect to the one-particle orbital
Varying the auxiliary functional [{~p,k(x)}
leads us to
~ Ts[

{G,~(~)}]
I~l

6~[4
Wp,k t,Ix)

+ 6p(x)6 (E~xt[p(x)] + Eco,~iomb[p(x)] + =-xc,g,wtx)];
-

~~,~kl

[4

-,[~1, ~.~[~1

eo,ktxj~-~,z

--

[,]

(83)

=

from where the following Kohn-Sham-like single particle equations are obtained:
,~ Aq

KS[i]
[- V ~ + v(r~ + VH([p(x)l;r~ + Vxv,~([p(x)l;x)]
~t'~

~x).

(84)

l=l

Notice that v(r-+), and VH([p(x)]; r-') appearing in Eq.(84) are the same as those in
Ks[i]
Eq.(63). The Kohn-Sham-like exchange correlation potential ~,xe,g([p(x)]; x)is, however, substantially different from the exchange-correlation potential defined in Eq.
(65). The contribution arising from the non-local part of the kinetic energy (first
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term on the right-hand side of Eq. (82))is positive and thus counterbalances the
negative contribution coming from the exchange-correlation energy proper (second
term).
The partial cancellation of correlation effects arising from the 1- and 2-matrices
is a well-known fact in Kohn-Sham theory [1, 2, 72]. As is to be expected, it also
appears in the Kohn-Sham-type equations for an orbit O[~]. We would like to emphasize, nevertheless, that all terms in Eq. (82) can be explicitly calculated. In
principle, therefore, within a particular orbit O[~], the exchange-correlation energy
term as well as the Kohn-Sham-type exchange-correlation potential can be explicitly obtained. The accuracy of the results depends, clearly, on our selection of the
orbit-generating functions [gi]E O[~] c J~N and Ill 60[~ ] c $N.

3.1.4. The Hohenberg-Kohn orbit 0 [HK] and the Kohn-Sham equations
Let us assume that we are able to select an orbit-generating wavefimction
g[HE] belonging to the Hohenberg-Kohn orbit (for an interacting system) (~[HK] C
s
From this wavefunction we can obtain the non-local part of the 1-matrix,
DI[HK](xl,
X~) and the exchange-correlation factor ~:[HK]
xc,g(Xl, X2) (the non-local part
--g
of the 2-matrix). Equation (82), however, also involves the non-local part of the
1-matrix for the single Slater determinant (for a non-interacting system). Clearly,
this function does not belong to ~N but to the subclass SN. Let us denote by
SD[HK] this generating wavefunction for the non-interacting Hohenberg-Kohn orbit
g
c

The action of a local-scaling transformation of the density within the interacting Hohenberg-Kohn orbit carries the wavefunction [ggg] 6 0 ~ g] C ~--'N into the
transformed wavefunction p[HK] E 0[sI-Ig] C ~-,N. The same occurs within the noninteracting Hohenberg-Kohn orbital where the wavefunction gSD[HK] e 0 [HK] C 8N
E 0 [HK] C 8N. The energy minimum is attained within O~ K] when
goes into SD[HK]
P
p(x) = p~f~a(x). However, it is precisely at this exact density that one obtains the
optimal orbital set {AEHK]
w p~o~,,k(x)}N=t satisfyingthe one-particle equations given by Eq.

(84). In this way, one sees that there exists a direct link - through the one-particle
density- between the minimization of the energy functional of Eq. (50)in O~ g] and
the solution of the Kohn-Sham equations (84). In canonical form the Kohn-Sham
equations are [71]:
[-

v

+

+

,9

,

tFpeoXaCt ( X ) - - - ~ k

'Oc)p:XaCt,k(Z).(85)

3.1.5. Variational intra-orbit optimization of trial wavefunctions
In this procedure [48, 50], one starts from an orbit generating wavefunction
[q
(~
o~gx t ~ s~}) for the ground state of an N-particle system. Such a wavefunction may
be given, for example, by the linear combination of "configuration state functions"
(cf., Eq. (56)):
M
[i]
({~/
8i})
"E
~~'I,g~I,g
o,g
/-1

~,[

(86)
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where the latter are expanded in terms of single Slater determinants:

The coefficients A , [ $ ~ ~ [ are
" ] l fixed by symmetry (i.e., by the fact that the $ f ~ %
2 u s t be simultaneous eigenfunctions of the operator set { 6,}that commutes with
HI. As a result, the only variational parameters are the expansion coefficients
{ C,O,:]} of Eq. (86)for the approximate expansion of the ground-state wavefunction.
Because the determinants {:;Ii1}
appearing in the expansions of the "configuration state functions" are constructed from a single-orbital set {QF!E(F,s)}FZlwhere
K > N, the effect of local-scalingtransformations involves the replacement in each
one of the single-Slater determinants of Eq. (87) of the initial orbitals by transformed orbitals belonging to the set {@E(F,s)}f=l. Thus, we are led to the set of
transformed Slater determinants
.}I;[::{
We assume that this transformation takes
place from a generating density p0,,(F) to a final density p,,j(F') f p(?) expressed as

where { u ; , bi, c i } are variational parameters. Since the transformed orbitals are
obtained in numerical form, in order to evaluate the total energy one requires
the use of programs that can handle numerical functions. The determination of
the lowest energy value for the functional €[p(;, s); with F!g belonging to the orbit
OL[i]can then be realized by means of the optimizationof the non-linear parameters
{ a ; , bi, c;} of the trial final density.
The procedure described here for configuration interaction wavefunctions can
be extended to explicitly-correlatedwavefimctions [73,741. There is no conceptual
difficultyin this extension other than the fact that one must perform all integrations
numerically.

611

3.1.6. Non-variational intra-orbitoptimization of trial wavefunctions
Clearly, the difficult part of the procedure sketched in Section 3.1.5 is the optimization of the one-particle density. Nevertheless, one can set up a variant of this
procedure by choosing a fixed and previously determined final one-particle density
[49, 481. Approximate one particle densities can be readily obtained for atomic
systems from Hartree-Fock wavefunctions. Although for small molecules this is
still feasible, for larger ones even the Hartree-Fock method becomes prohibitive.
In these cases, one can compute approximate densities by solving single-particle
equations with X , or Kohn-Sham potentials (in the local-density and non-localdensity ansatzs). But, on the other hand, experimentally determined one-particle
densities are becoming available for small molecules in the gaseous phase as well
as for molecules susceptible of forming crystal structures [751.
In the non-variational procedure, one sets up an arbitrary orbit-generating wavefunction whose form is designed so as to contain "the physics" of the problem under
consideration. If one were t o choose a configuration interaction wavefunction, it
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would be wise to select a minimal basis set and carry out the optimization of both
orbital exponents and expansion coefficients. Because the technology for performing small-scale configuration interaction calculations is available, this step does
not present any difficulty. However, because of the limited bases used in the construction of orbitals, the variational results of this limited expansion are usually
quite distant from the optimal ones. The idea is to produce by means of localscaling transformations a wavefunction which in addition to having an appropriate
form for the description of electronic correlation yields at the same time the fixed
one-particle density which one has chosen as a final density in the local-scaling
transformation.
That electronic correlation is not too sensitive to the form of the one-particle
density is a well-known fact. In Section 5.2, we provide some numerical results of
this non-variational energy optimization procedure for the beryllium atom and also
analyze the effect on the correlation energy of selecting different final densities.

3.2. Inter-orbit optimization
Let us go back to Fig. 2. There we have sketched by means of steps formed
by arrows the orbit-jumping processes whereby a "density-optimal" wavefunction
[~] E (.0 [~] is carried into another wavefunction op~tpopt)
opt
" [~] ~ which we define as the orbit.
[i] .
.
generating wavefunction [gJ]for orbit (.0~] In order to see what is meant by opttpopO
consider again the energy expression given by Eq. (50) and assume that it is
[gi][{~}]] is
~r[i] 1 - s
evaluated at F-[~]
o p t " Notice that the energy functional -Lop,
a minimum within O[~], but that this minumum is not the absolute one which by
defmition occurs at the exact density and at the Hohenberg-Kohn orbit O~ g]. An
improvement of the energy functional s [~]
[~][{~}]] at fixed density p~]p~(x)can
be attained, therefore, by varying the wavefunction [g~][{~}]. We must keep in mind,
however, that within orbit O[~] we cannot find a wavefunction that yields a lower
energy. Hence, it follows that any wavefunction that lowers the value of the above
functional must belong to an orbit different from (.0[~]. Thus, when as the result
of variation the energy is lowered, "orbit jumping" must have necessarily occurred
[48, 50]. The optimal wavefunction obtained by this inter-orbit optimization at fixed
density ,opt(x)
.[i]
is denoted by opttpo~t)
. [i] and since this wavefunction does not belong to
orbit 50[~], we can safely assume that it is the orbit-generating wavefunction ~] for
orbit (.0[~]. One should remark that although "orbit jumping" is carried out at fixed
In view
[~] '
density, the wavefunction op~Lpopt)
" [~] " need not yield the fixed density poptix).
of this fact, it is then possible to perform a local-scaling transformation in order
vopt) into another one that yields p~(x). If we denote
to carry the wavefunction opt("[i]
[J]
it follows that
this new wavefunction by ith-opt,
b]
Er[~]
1
E[ith-opt]--~
LoptJ

(89)

[~] Furthermore, we have that
[J] ~ is attained by inter-orbit optimization of opt.
as ith-opL
for any two different orbits 50[~] and O[~], the following inequalities hold:
[J]
[J]
r[ i] 1
E[opt]
_< E[~th_opt]
_< E,opt,
_< E[~~]] ,
i ~ j,
(90)
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where o~p],is the optimal wavefunction in orbit O~ 1. In what follows, we discuss some
practical procedures for accomplishing inter-orbit optimization.
3.2.1. Inter-orbit optimization of CI wavefunctions via density-constrained
variation
Consider again a configuration interaction wavefunction given by Eq. (86). After
density optimization within orbit (.0[~], one has [48, 50]
[i]

M

( -.
~ot,l~/c~Ft=J
o,po,,,{r~,s~})
= E ~,g~I,po~
({~,s~}).

(91)

I=1

Taking into account that local-scaling transformations do not modify the expansion
coefficients {C~[~]} but just carry the initial orbltals
"
K into
9 the trans{r [~1 ~
formed orbitals' {r
s)}~=l, we can still optimize these coefficients by solving
the variational problem
H[f"qCo[F] =

Eo[pOqCo[po

(92)

where the matrix elements are
--

H[P~

I ' CSF[i]
\WI,pop, I~ ,~j,
po~, ).

/,h cSF[i]

(93)

The optimal coefficients ~o(opt)[pOpt] _ [C~(Opt)[pOpt]...,~(-,,~
i
[pOpt]] then yield the new
[J] = opt(popt),
~ [~], for the orbit 0~]
orbit-generating wavefunction o,~
~ . The explicit form of
this wavefunction is
M
f~ o(opt).hCSF[i][ S
o,g[Jl-_ opt(p~t) = E ~t
~,,po~,, , , , s,}).

(94)

I=1

The intra-orbit variation of the new wavefunction O~g
[J] can then be achieved by means
of the procedure indicated in Section 3.1.5. Of practical importance is the fact that
once the orbit is defined by [oJ,]g,it does not matter where we start the density
minimization leading to the optimal energy within orbit O[~1. There exists some
transformation f such that we can generate a wavefunction o~,gdefined as follows:
M

~J] -- - ,3-'
m~176176
. . . , "-II
'~ t , g
o~g

,, t

si})

(95)

I=1

where the single-particle orbitals entering in the construction of the configuration
state functions belong to the initial set {r Ci] ~ s)}~=- 1. Since for simplicity, we can
choose this set to be formed by analytic functions (i.e., Slater-type or Gaussian-type
orbitals), the solution to Eq. (37) can be carried out by direct analytic integration
provided that the final density is given by Eq. (88). Specific calculations for the
beryllium atom using the inter-orbit optimization scheme described above, are
given in Section 5.3.
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3.2.2. Inter-orbit optimization through the c o m b i n e d use of position and
m o m e n t u m energy functionals
Without resorting specifically to "orbit-jumping", it is still possible to carry out
inter-orbit optimization by combining intra-orbit optimizations performed in coordinate and momentum spaces [76]. In order to see how this can be achieved, consider
the Fourier transformation of the orbit generating wavefunction [gi](~+l,-..,~+N) ----

[~](fl~ "-" ~fN)= ~ ] ( F I ~ "" FN)

(96)

9

where we define the Fourier transformation operator as
N

N

F~ -- (2n')-'N/2 f ~.= d3~ exp (-i k=l
~ fk" ~k).

(97)

>From the Fourier-transformed waveftmction ~4(fl,..., fN) ----[~]({PS }) one can obtain
the momentum density ~4(f) by means of the reduction

~,(~ - n7]({p,})(p--') = N f d3f2 ... f d3fg;I4(fl'""" 'fN)~4(fl'""", #TN).

(98)

Although the wavefunctions [4(fl,...,fiN) and [g4(gl,...,r~N) are connected by a
Fourier transformation, their corresponding momentum and position one-particle
densities rg[i](~ and p[g4(r-3, respectively, are not. This fact implies, in turn, that
intra-orbit optimizations in position and momentum spaces are not equivalent.
As discussed in Section 3.1.1, starting from an orbit generating wavefunction
~i](~l, --', ~'N) in position space, we may compute the optimal one-particle density
p~ip]t(r-3 = pv] ,. (~') by optimizing the energy functional s
[gi]]subject to a noropt t %r.7})
realization condition on the density. In other words, the optimal wavefunction
opt(~l,..', r'N)within the position orbit O[~] is obtained by means of a local-scaling
transformation of the orbit-generating wavefunction.
Application of a Fourier transformation to o[~p]t (~i
t,
~ .-. r'N) produces the wavefunctionJo~t(fl, ' ' ' , fN) in momentum space. We have used a tilde to indicate that this
Fourier-transformed wavefunction does not necessarily correspond to the optimal
wavefunction o[4p t (fl ~ "- ~ fg) within the momentum orbit P[~] The latter satisfies
the extremum condition of the variational minimization of the energy functional
s
[~]] subject to the normalization condition f d3fir(p-3 = N.
We base the present inter-orbit optimization scheme precisely on the fact §162
~x~o
opt
PN)
(igz "'',fN) and opttPl,''',
[4,- are not necessarily equal. The following functional
(constructed in analogy with Eq. (61))
,

(99)
attains its extremum
5r(p.)[r(p-3;

tj]({$j})] = 0

at

ro~t(p~) =- rt,]
({~})(fi).o,

(100)

105

In Eq. (99),the m o m e n t u m transformation vector function ~(p-)has the same role
in m o m e n t u m orbit 7~[~] as f(~')in position orbit O[~].
Taking the inverse Fourier transformation of optl,
[/] ' p~l , " " ,PN), o n e gets the wavefunction [j](~'l,''-, ~'g) in position space:
g

, . . ,. .

IFTo,t(pl,'"

, PN).

(101)

The wavefunction ~](~1,-", r~g) in position space belongs to an orbit 59[~] different
from O[~] (where [i] ~ [j]) in view of the fact that4oi~t(fl, ... , /Tg) and o[/1p t'~t P l , ' ' ' , PN) are
different. In fact, opt[pl,'",
[i],
fiN) was obtained by solving the additional variational
problem described by Eq.(99).
It is clear from the above considerations, that starting from an orbit-generating
wavefunction [~](~'1,''', ~'g) for orbit O[~] in position space, by a combined application
ofintra-orbit optimizations in position and momentum spaces, coupled to the use of
Fourier and inverse Fourier transformations, one can produce a new wavefunction
~](~'1,''', ~'N) which is the orbit-generating wavefunction for orbit O[~], with [i] ~ [j].
4. DENSITY-CONSTRAINED VARIATION OF THE KINETIC ENERGY IN
THE CONTEXT OF THE LOCAL-SCALING VERSION OF DENSITY FUNCTIONAL THEORY

The importance of the density-constrained variation of the kinetic energy of a
non-interacting system (e.g., Eq. (79)) lies on the fact of its equivalence with the
solution to the exact Kohn-Sham equations [77]. Thus, this constrained variation
provides an alternative or inverse route for calculating Kohn-Sham orbitals and
potentials.
The direct route, obviously, involves the solution of the canonical Kohn-Sham
equations of Eq. (85). This is, however, not feasible because we do not know the
KS[HK] 9 Of
expression for the exact Kohn-Sham exchange-correlation potential ~xc,g
course, the reason for our lack of knowledge arises from the fact that in order
to obtain the potential we first must have at our disposal the exact exchanger, KS[HK]rtp[x);
, x gH K ] [ { ~ } ] given by Eq. (82), as the potential is
correlation functional ~xc,g
just the functional derivative of the latter. But, as can be seen from Eq. (82), the
exact exchange-correlation functional requires that we know the orbit-generating
wavefunctions for O[cHK] as well as for O[sHK]. This is tantamount to knowing the
exact solutions for both the interacting and non-interacting N-electron problems.
The above difficulty has been bypassed in actual applications of the Kohn-Sham
equations by resorting to approximate exchange-correlation functionals. These
functionals, however, as discussed in Sections 2.2 - 2.4, do not comply with the
requirement of functional N-representability. The calculation of the exact KohnSham exchange-correlation potential is nonetheless feasible by means of the "inverse method" provided that one has the exact ground-state one-particle density
p(r-). Although such densities can be obtained from experiment, the most accurate
ones are obtained from highly accurate quantum mechanical calculations.
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Figure 3. Many to one correspondence between wavefunctions in 8N and oneparticle densities; O[sHIq is the Hartree-Fock orbit and O[sHE] is the Hohenberg-Kohn
orbit for a non-interacting system.
Several methods have been advanced in the literature for the purpose of going
from densities to potentials [78-88]. We review here the use of local-scaling transformations for carrying out the density-constrained kinetic energy minimization of
a non-interacting system, as through the solution of this problem one can obtain
exact Kohn-Sham orbitals and potentials.
In order to have a better grasp of what is involved in this constrained minimization, let us consider Fig. 3, where we have sketched the decomposition of SN C ~-,N
into orbits {O[~]}. Within each orbit O[~] there is a one to one correspondence between
wavefunctions ~1 E O[~] and one-particle densities pj E Af. Hence, the minimization
of the energy at'fixed density requires that we search for the optimal wavefunction
along the row in Fig. 3 associated with this fixed density. In particular, when the
Aexact
fixed density is the exact ground-state one ~o
, the energy minimum is attained
so Lieb has shown [57] that
at p~xac,SD[HK]---- Ks,SOnamely, at the single determinant Ksthis determinant gives a minimum for the kinetic energy T8 (see Eq. (79)) of a noninteracting system. This minimum is attained at the solutions of the Kohn-Sham
equation (Eq. (85). In other words, it satisfies the following variational principle:

T"[{'~0Wc',k(x)}]- \poexact
~I,[HK]

/SD[HK] ]~ISD[HK]
Ipgxact
>

--"

min
SD[k]

pSxact E
SV[k]

pSXaa

{(SD[k] SDEkl\
(102)

SN
_exact / X ) 6 .IV"

~ Po

t

The equivalence between this variational principle and the Kohn-Sham equations
~,[i1
given by Eq. (85) may be established as follows. Consider the variation of T,[{~p,~}]
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whose explicit form is that of Eq. (79). Let us construct the auxiliary functional

~p,k(x)}" [~]11, = Ts[ t','o,k~,x)};

N

_

k=l

~.[i]

x'[i]"
%,,kt

_ Po-~'~a')
(103)

N

N

-

~[i]

[i]

-

k=l l=l

where the generalized Lagrange multiplier w(x) introduces the condition that the
density be equal to p~ct and where, in addition, the orthonormality condition
among orbitals is taken into account. Upon variation of this auxiliary functional
.~,[i]
with respect to the orbitals ~p,k(x),
one obtains a system of equations that, when
diagonalized, yields the canonical Kohn-Sham equations:

HK]
[-~1V2 + w(x)]./,[,,.p$.oo,,k(x)
= E,'c~H~
1,o ,~(x)"

(104)

Comparing Eq. (104) with Eq. (85), it is clearly seen that the Lagrange multiplier
function w(x) takes the role of the effective Kohn-Sham potential which comprises
the one-particle potentials appearing in Eq. (85):
gs[Hg][[fl:xact
~ g s [ g g ] . r exact
w(z) = ~,/]
,
(z)]; z) = v(~ + vg([p~o~a(x)]; r-) + ~xc.g
tt.o (x)];x).

(105)

Thus, it is the same whether we solve the Kohn-Sham equations (85) or whether
we deal with the constrained variational principle given by Eq. (102).
Let us now indicate how local-scaling transformations can be used in order to
carry out the constrained minimization of the kinetic energy functional [85-88].
SD[il,
The strategy that we have adopted is first to select a Slater determinant g
such as the one appearing in Eq. (73), as the trial wavefunction which generates
the particular orbit O[~] c SN. For the case of atoms, the one-particle orbita]s
{r
from which this Slater determinant is constructed are explicitly given
by Cg.,l~(g) = Rg.,t(r)Yl.~,(0, r where the subindex i has been replaced by the
quantum numbers n, l, m. The radial functions are expanded as
M,

R~,(r) = ~ CnljXlj(r)

(106)

j-1

where the primitive functions are assumed to be Slater-type orbitals:

Xtj(r) = Nzj r ~'~-z exp(-atjr) = (2alj)~"+Z/2/((2nlj)!)Z/2r ~'~-z exp(--atjr).

(107)

The orbitals defining the orbit-generating wavefunction (Eq. (73)) depend, therefore, on the variational parameters {al}]}. For a particular choice of these parameters, say, {51~]} we have a particular one-particle density
L

t ,j }1; x) = E E

Mt Mt

E

/ - 0 p--1 q--1

(108)
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where GlSD = ~n=l
N~ 2(2/+ 1) c,,pc,~zq. Let us identify the final density with some
accurate approximation pci(r) to the exact ground-state density p~oZaCt(r)coming
from a large configuration interaction wavefunction:
L Mt Mz
PCI(r) -- E E E ClCplqXlp(r)Xlq(r) 9
l-O p=l q=l

(109)

In Eq. (109), G~Cp~= ~ =N,1 Anl2(2/+ 1)~nlp~tq and the A~z'sare the occupation numbers
of the 1-matrix. In order to distinguish the primitive functions entering in the
expansion of pg and pc1, the latter have been labelled by a tilde. Because Eqs. (108)
and (109) give analytic expressions for the initial and final densities, Eq. (37) can
be explicitly integrated. The task of finding the transformation function f(r) is,
hence, changed into an interpolation problem for a transcendental function.
Solving Eq. (37) and using the transformation function f(r), we can generate the
Tpo,,k(X)} according to the recipe given by Eq. (75).
set of locally-scaled orbitals {~[q
Specifically, the transformed radial orbitals R~T(r) are:

[

n,~T(r) = J(f(r);r)

R~t(f(r)) =

pg(f(r))

R~z(f(r)).

(110)

Everytime the orbital parameters are changed, one produces a new wavefunction
belonging to a different orbit. This follows from the one to one correspondence
between N-representable densities and wavefunctions within a given orbit. As a
result, optimization of these transformed orbitals in the kinetic energy expression
[j, A[HK]
x[HK]
leads to the minimum value T, Lt~pc,,k}] corresponding to the parameters {~k }A[HK] "t are, in general, non-canonical Kohn-Sham orbitals, i.e., they
The orbitals {wpci,kJ
are solutions to Eq. (84). In order to generate from these functions the canonical
Kohn-Sham orbitals, i.e., the solutions to Eq. (85), one must perform an orthogonal
transformation. In Section 5.4, we give a specific example of this constrained
variation for the case of the beryllium atom and obtain both the canonical KohnSham orbitals and the exchange-correlation potential.
5. APPLICATIONS
The local-scaling version of density functional theory is still in its infancy in regard to its applications. Although formally exact, in order to become a useful tool in
the hands of practicing quantum chemists, it requires that a number of numerical
developments be carried out. The problem is that some of the methods for energy
improvement, such as, for example, those indicated in Subsections 3.1.1, 3.1.2 and
3.2.2 demand that we depart substantially from the usual quantum chemical approaches based on atomic or molecular orbitals, or density functional theory formulations based on local or non-local approximations. Moreover, if we were to employ
methods that use Kohn-Sham-like orbitals, such as those advanced in Subsections
3.1.3 and 3.1.4, we face the problem of handling the exchange-correlation functional
in a manner entirely different from that applied in the case of local and non-local
density functional approximations. Only those methods described in Subsections
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3.1.5 and 3.1.6 and 3.2.1 can be implemented by a straightforward incorporation of
local-scaling transformations to numerical atomic or molecular programs.
Although work is being done along the non-traditional lines, in practical terms, it
is much easier to develop methods which do not require substantial new programming. For this reason, we present here non-variational (Section 5.2) and variational
(Section 5.3) calculations of atomic configuration wavefunctions. They correspond
to realizations of the methods advanced in Subsections 3.1.5, 3.1.6 and 3.2.1. In
addition, we present results of density-constrained calculations. These fall into two
categories. One comprises the optimization ofa wavefunction at fixed Hartree-Fock
density (Section 5.1), and the other the determination of the minimum for the noninteracting kinetic energy at fixed "exact" density (Section 5.4). Finally, in Section
5.5, we present some results for excited states.
For all the examples discussed, excluding excited states, we have taken as a
prototype the beryllium atom. The reason for this choice stems from the fact
that in this four-electron system one fmds already a great deal of the complexities
present in larger systems. For excited states, we have considered a simpler example
involving the helium atom.
To computation-oriented readers, our choice of such small systems for the purpose
of illustrating the application of the local-scaling version of density functional theory, might seem somewhat inadequate. In fact, due to the staggering development
of computational methods based on the Hohenberg-Kohn-Sham version of density
functional theory, quantum chemists have become accustomed to associating density functional methods with the calculation of large molecules. Let us remark,
however, that our intention is to present here numbers that arise from rigorous
procedures which lead eventually to the exact solution of the quantum mechanical
many-body problem. In this vein, we emphasize in the calculations discussed below
the capability of the present theory to produce strict upper bounds. This theory
allows us, in addition, to improve these upper bounds until a desired accuracy is
attained.
5.1. C a l c u l a t i o n of the e n e r g y and w a v e f u n c t i o n for the b e r y l l i u m a t o m at
the H a r t r e e - F o c k level by in the c o n t e x t of local-scaling transformations
The Hartree-Fock method involves the optimization - via energy minimization of a single Slater determinant wavefunction. This process is usually carried out by
solving the single-particle Hartree-Fock equations. From the Hartree-Fock orbitals
one can construct the Hartree-Fock density PilE.
In the spirit of the local-scaling version of density functional theory, we deal below
with the calculation of the Hartree-Fock wavefunction and energy by means of a
constrained variation at fLxed density p(7".) = pItF(7~ as well as by intra-orbit and
inter-orbit optimizations.
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5.1.1. D e n s i t y - c o n s t r a i n e d d e t e r m i n a t i o n of the Hartree-Fock w a v e f u n c tion
Consider an orbit-generating wavefunction, ~v[~][{xi}] such as the one given by
Eq. (73), constructed from the atomic orbitals I~[i]
t~g,k(xi)) which are products of
radial functions times spherical harmonics. We assume that the radial functions
are expanded as in Eq. (106) in terms of Slater type orbitals (Eq. (107)). The
energy as a functional of the density and of the orbit-generating wavefunction is
given by
s.~[i]
EEp(~); ~t'~[{S}] - Eb(x); ,~,~(x,))],

(111)

where in the right-hand side, we have emphasized the fact that the energy is a
functional of both the density and of the density-transformed orbitals {~[i]
~,~(~,)}.
For the beryllium atom at the Hartree-Fock level, these transformed orbitals are
RT[o'](r)/v/-~
and 2s T[i] ___-~
v,p,2oo(r)ls T[i] _-- ~,p,loo(r)=
~[i]
9
[i]
P~o[i](r)/v/~. Notice that
according to Eq. (75), these transformed orbitals depend upon the generating
orbitals and the initial and final densities. But, as the initial orbitals depend
on the expansion coefficients {ClOj,c2oj} as well as and on the primitive function
parameters {noj, aOj ), it follows that the energy functional appearing in Eq. (111)
can be expressed as

E[p(x); ,~['1 [{ [ }] = E[p( x ); { ~oj , ~2oj , noj, ~oj }].

(112)

Table 1
Initial and optimum expansion coefficients and orbital parameters for ClementiRoetti-type ls and 2s atomic functions for Be (energies in hartrees).

j

noj

aoj

clO~

C2oj

initial values
1
2
3
4
5
6

1
1
2
2
2
2

3.000 000 00
0.594 648 81
6.000 000 00
0.066 072 09
0.500 000 00
0.066 072 09
1.000 000 00
0.132144 18
1.500 000 00
0.066 072 09
3.000 000 00
0.264 288 36
optimal values

1
2
3
4
5
6

1
1
2
2
2
2

3.497 869 88
5.022 98127
0.464 880 31
0.699 96186
1.836 322 98
2.666 255 80

0.482 415 35
0.130 846 52
-0.450 952 74
-0.31414157
0.022 285 31
0.134 683 17

-0.347 28313
0.67166109
0.747 007 62
0.270 300 52
0.67166109
-0.139 240 47
0.356 699 44
0.140 865 80
0.382 571 10
0.264 305 94
0.105 865 82
0.127 30136
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In Table 1, we list the initial and optimal expansion coefficients and orbital parameters for Clementi-Roetti-type [89] ls and 2s functions. The optimization procedure
was carried out at fixed density p(r) = f l H f ( r ) (where the Hartree-Fock density
is that associated with the Clementi-Roetti wavefunction), taking as variational
parameters the expansion coefficients and the orbital exponents. To maintain orbital orthogonality, after each change in the variational parameters, the orbitals
were subjected to Schmidt orthogonalization. Notice that the optimal parameters
appearing in Table 1 correspond to non-canonical Hartree-Fock orbitals.

Table 2
Values (in hartrees) of the energy density functional E[p; {c=oj, noj, aoj }] for a single
Slater determinant constructed from Clementi-Roetti-type orbitals.
density

parameters

initial, CRT a
Hartree-Fock, CR b
Hartree-Fock, CR b
Hartree-Fock, CR b

initial
initial
optimized
CR b

Limiting Hartree-Fock energy c

E[p; {cnoj, no,, aoj }]
- 12.911265 3
-14.4115719
-14.5730208
- 14.573 020 1d

- 14.573 023 13

aCRT = Clementi-Roetti-type.
bCR = Clementi-Roetti, Ref. [89]
CFrom Ref. [90].
dFrom Ref. [95].

In Table 2, we give the energy values arising from the energy functional s
{ cnoj,
noj, ctoj)] for different types of densities and parameters. For completeness, we also
list in Table 2, the limiting Hartree-Fock energy value [90]. As one can see in this
Table, the choice of initial parameters is not too adequate, energy-wise, as the energy corresponding to these parameters and to the initial density is -12.911265 3
hartrees. Keeping these parameters fixed and performing a transformation from
the initial density to the Hartree-Fock density of Clementi and Roetti, the energy
is substantially improved to - 1 4 . 4 1 1 5 7 1 9 hartrees, a value which, however, is
still quite distant from the Hartree-Fock one. The energy that results when one
optimizes the parameters, keeping the density fixed and equal to the Hartre-Fock
density of Clementi and Roetti, is -14.573 020 8 hartrees [95]. This value is slightly
lower than the one reported by Clementi and Roetti [89] (-14.573 0201 hartrees),
showing that the Clementi-Roetti Hartree-Fock function was still amenable to further optimization. In any case, the optimal value o f - 1 4 . 5 7 3 020 8 hartrees obtained in this work remains an upper bound to the limiting Hartree-Fock value of
- 14.573 023 13 [90].
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5.1.2. I n t r a - a n d i n t e r - o r b i t c a l c u l a t i o n

of a Hartree-Fock

wavefunction

Let us consider now, the optimization - by a combined intra- and inter-orbit
variation - of the energy density functional given by Eq. (111). Clearly, when we
perform an intra-orbit variation we modify the one-particle density p(x). But when
we perform an inter-orbit variation at fixed density, we just modify the orbitals
{wp,k(xi)}. For simplicity, we take these orbitals to be locally-scaled Raffenettitype functions. The Raffenetti Rno(r) radial orbitals [91] are expanded in terms
of set of ls Slater-type orbitals, i.e., orbitals having noj = 1 for all j, where the
orbital exponents are defined by aoj = a ~ j. In the present case we do not consider
the orbital coefficients as variational parameters; these are obtained by Schmidt
orthonormalization of the Raffenetti initial values [91]. Hence, the energy density
functional becomes explicitly:
(113)

Table 3
Values of the parameters defming the Raffenetti-type orbitals.

a[~]
~["]

O~ ]

O[s2]

Raffenetti a

0.545 322
1.281 137

0.551862
1.318 860

0.582 434
1.318 837

a Reference [91].
In Table 3, we list the values of the parameters a [i] and/~[~] used in the present
calculations. The values corresponding to orbit O~ ] are arbitrary ones. These
arbitrary values give rise to a set s1. 9"g
~[1]
,k \~[a[1]~ ~[i]]. x~)}. >From Table 4, we see that
the energy corresponding to the orbit-generating wavefunction is -13.894697 4
hartrees. The intra-orbit minimization is performed from the density pg(x) to the
final density pK(x) given by Eq. (88) (where the summation spans from i = I to
i = 4) having 13 variational parameters (al and bi are assumed to have the fixed
Table 4
Values (in hartrees) of the energy density functional s
density

a[1], fl[i]

pg
pK
PL

- 13.894 697 4
-14.522 012 3

PIlE

{a [i],/~[~]}].
a[2], ~[2l
-14.572 9121
--14.5730039
--14.5730208

values 1.0 and 0.0, respectively). This intra-orbit optimization yields an energy
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value o f - 1 4 . 5 2 2 012 3 hartrees. Clearly, this is the optimal energy value for the
energy density functional in orbit CO~] for the Koga-type final density selected.
Orbit-jumping is accomplished when we carry out an optimization of the Raffenetti parameters ~ and /3 at the fixed density PK. The resulting energy is
-14.572 912 1 hartrees. The new Raffenetti parameters are listed in Table 3. Notice, in particular, that the optimal value of/~[2] is quite close to the original/~ value
of Raffenetti.
Further intra-orbit optimization becomes a rather delicate matter in view of
the fact that one needs a very accurate representation of the one-particle density
in order to reach the Hartree-Fock value. For this reason, we have performed
local-scaling transformations from the optimal density pK(X) to the density pL(Z)
which comes from an approximate Hartree-Fock wavefunction whose energy is
-14.572993 hartrees. The energy functional (Eq. (113)) reaches the value of
- 1 4 . 5 7 3 003 9 hartrees for pL(x) and ~[2],/~[2]. A closer approximation to the limiting
Hartree-Fock value is attained when the transformation is carried out to the final
density PHF(X)of Boyd [92]. In this case, the energy is lowered to -14.573020 8
hartrees, a value that compares quite well with the limiting Hartree-Fock value of
- 1 4 . 5 7 3 023 13 [90].
5.2. N o n - v a r i a t i o n a l c a l c u l a t i o n s for s i m p l e c o n f i g u r a t i o n i n t e r a c t i o n w a v e f u n c t i o n s for b e r y l l i u m
Let us consider a configuration interaction wavefunction for the beryllium atom
such as the one given by Eq. (86). Let us take as as our primitive orbitals
a single zeta basis set formed by two s functions ()c01(r), and )r
and one p
function (xn(r)) (cf. Eq. 106)). From this basis set one obtains the one-particle
orbitals ls, 2s and 2p which, in turn, give rise to the following configurations:
[ls22s2],[1s22p2],[2p22s2], and [1s2s2p2]. Thus, the expansion of Eq. (86)runs, in
the present case, over four configuration state functions. In Table 5, we list the
orbital parameters defming three different sets of initial orbitals ls, 2s and 2p. Set
A contains arbitrary values for the orbital exponents for the s and p orbitals. In set
B, these values are chosen so that the maximum of the r2X2ol(r) coincides with the
K-shell maximum of the Be Hartree-Fock density and r2X2o2(r) and r2x21(r), with
that of the L shell. In set C, the orbital exponents are optimized by minimizing the
energy of the configuration interaction wavefunction.
The energy density functional corresponding to an orbit-generating wavefunction
such as the one described above is given by

g[p(x)', o,~['1[{~}1

=

~o[i]
g[p(x); {~,,~ }1.

(114)

where in the right-hand side we emphasize the fact that the orbit-generating wavefunction for an orbit C0[~] could correspond to the optimal wavefunction obtained in
an orbit-jumping minimization from the previous orbit at fixed density ~(x). Since
the orbital set entering in the expansion of the configuration interaction wavefunction remains unchanged due to the fact that the density is fixed, the only variational
parameters are the expansion coefficients s~o[i]
l ~i,j }.
In Table 6, we list the optimal expansion coefficients calculated by diagonalizing
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Table 5
Orbital parameters for the ls, 2s and 2p functions appearing in the configuration
interaction wavefunction for Be.
ls
2s
2p

j

ClOj

C20j

noj

O~Oj

Cllj

n lj

Oqj

1.000 00

2

0.750 00

1.00000

2

0.98140

1.000 00

2

0.982 50

Set A
1
2

0.997 13
0.01238

0.243 95
-1.02646

1
2

3.455 00
0.97000
Set B

1
2

0.997 59
0.012 39

0.20444
- 1.018 24

1
2

3.684 78
0.956 03
Set C

1
2

0.997 51
0.012 39

0.210 92
- 1.019 49

1
2

3.68418
0.974 37

the Hamiltonian matrix for the configuration state functions constructed from the
transformed one-particle orbitals. These orbitals are obtained by applying localscaling transformations (whose final density is fi(x)) to the initial orbitals belonging
to the sets A, B and C, described above. The final density, in the case of nonvariational calculations, can be PHF(X), that is, the Hartree-Fock density obtained
from the Clementi-Roetti wavefunction [89], or pci(x), the configuration interaction
density corresponding to the Esquivel-Bunge 650-term wavefunction [93]. The
density pg(x) appearing also in this table is the Koga density described in Eq. (88).
As the parameters for pK(x) are determined variationally, transformations to this
density are discussed in the following Section.
s r,~ i]}] evaluIn Table 7, we list the values of the energy functional s
l~i,~
ated for the coefficients listed in Table 6 and for the densities p(x) being equal
to pg(x), pilE(x), pci(x) and pK(x).
In order to illustrate how intra-orbit optimization of the energy may be accomplished by non-variational methods, let us consider some of the entries in Table 7.
Let us assume that the orbit-generating wavefunction for orbit O~] is 0,9~
[1] which,
no[i] } and yields the density
according to Eq. (86) has the expansion coefficients {~s,g
p,(z). For the primitive orbital set A, the energy associated with this wavefunetion is -14.538 796 hartrees. Now, any displacement within orbit O~ ] must be
accomplished by means of a local-sealing transformation. Consider that we carry
out such a transformation between densities p,(x) and PHF(X) and that by solving Eq. (37) we obtain the transformation function f(r). By means of Eq. (110),
we can then transform the initial set A into a locally-sealed one from which the
new wavefunetion O,PHF
[~1 can be constructed. Notice that because local-sealing transformations act only on the orbitals, the transformed wavefunction conserves the
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Table 6
Configuration interaction expansion coefficients for the approximate ground-state
wavefunctions O,p
[r]/ls)
of the beryllium atom for orbits [/] = 1,
4 and densities
k
" " 9

P--Pg,

PHF, PCI
Y~I,g

and

PK.
"~I,p 9

~I,p K

~"I,PHF

Wavefunction constructed from set A
1
2
3

[ls~2s 2]
[ls~2p ~']
[2s~2p2]

4

[ls2s2p 2]

-0.958 96
0.283 27
-0.01214
0.000 21

-0.957 46
0.288 37
-0.01043
0.000 04

-0.955 58
0.294 60
-0.00933
0.000 03

-0.956 31
0.292 24
-0.00857
0.000 05

Wavefunction constructed from set B
1
2
3
4

[1s22s 9]
[1s22p2]
[2s22p 2]
[ls2s2p ~]

-0.950
0.310
-0.005
0.000

49
71
20
75

-0.95106
0.308 90
-0.007 50
0.000 79

-0.95131
0.30816
-0.00616
0.000 77

-0.95114
0.308 70
-0.006 31
0.000 77

Wavefunction constructed from set C
1
2
3
4

[1s22s ~]
[ls~2p ~]
[2s~2p2]
[182s2p 2]

-0.949
0.313
-0.005
0.000

67
21
16
71

-0.950 09
0.31186
-0.008 47
0.000 78

-0.950 20
0.31155
-0.00714
0.000 75

-0.950 26
0.31136
-0.007 30
0.000 76

~o[1]}. Thus, the energy for this transformed wavefunction is
initial coefficients t~i,g
~o[111
E[[I]~o,p.F.]-- s
{~1,g
j] whose value is -14.589 499 hartrees. Notice that in this
non-variational procedure, there is no guarantee that the resulting energy should
be lower than the initial one. The fact that it is, just shows that the Hartree-Fock
density is closer to the optimal density (pK(x)) within this orbit, than the initial
density pg (x).
We may now ask the question of whether the "exact" density pci(x) obtained
from a 650-term configuration interaction wavefunction should improve the energy.
From Table 7 we see that indeed this is the case for set A, as the energy E[Lo,PCI
[1] ] s
{C~!~]}] is equal to -14.595473 hartrees. That this is not a universal
fact follows from an inspection of what happens to the set B. Here, E[[1],F] -~o[1]
~[PHF(X);{~I,g
}] goes from a value of-14.609 808 hartrees to -14.609 386 hartrees
,
9 o[1]
for E[~I]c,
] - C[pci(x), I/.7.
t.~i,g
)]. In the case of set C, as in the case of set A, the energy
is also lowered.
Considering the entries in Table 7 for the coefficients {~I,p,F } defming the orbitgenerating wavefunction for orbit CO~], we see than non-variational optimization can
be achieved in certain cases by locally-scaling the functions from density pilE(X)
to pc~(x). In fact, for sets A and C, the energies go from -14.589526 hartrees
fyo[2]
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Table 7
f,o[q
E n e r g y values (in hartrees) for the energy density functional E[p; {~JI,~ }] corresponding to the configuration interaction wavefunctions for Be.
fw[l] "t

density

{~I,g s

I fyo[2]

t ~I,,,F }

f-~o[3]

{~I,pc, }

(-yo[4]

{~I,pK }

F r o m wavefunction corresponding to set A
pg
PHF
pc~
#g

- 14.538 796
14.589 499
-14.595473
14.597 378
--

-

-

- 14.589 526
-14.595548
- 14.597 453

-14.595571
-14.597 472

- 1 4 . 5 9 7 476

F r o m wavefunction corresponding to set B
pg
PHF
pcl
PK

- 14.599
14.609
- 14.609
--14.612
-

-

524
808
386
114

- 14.609 833
- 14.609 385
--14.612 115

- 14.609 393
-14.612121

-14.612121

F r o m wavefunction corresponding to set C
pg
PHF
pc1
PK

- 14.599 936
14.609 751
-14.611079
--14.612471
--

- 14.609 803
-14.611091
--14.612488

-14.611099
-14.612494

-14.612495

to - 1 4 . 5 9 5 5 4 8 hartrees and from - 1 4 . 6 0 9 8 0 3 hartrees to - 1 4 . 6 1 1 0 9 1 hartrees,
respectively. Again, in the case of set B, no such improvement occurs as the energy
is raised from - 14.609 833 hartrees to - 14.609 385 hartrees.
5.3. V a r i a t i o n a l c a l c u l a t i o n s for s i m p l e c o n f i g u r a t i o n i n t e r a c t i o n w a v e f u n c t i o n s for b e r y l l i u m
Orbit-jumping is a variational process as the wavefunction is improved at fixed
density. In the case at hand, we observe from Table 7 t h a t orbit-jumping can
f-~o[1]
be accomplished by variationally modifying the expansion coefficients {~i,g
} to
{~o[2]
~I,pHF }" W h e n this process is carried out at fixed Hartree-Fock density, for set A,
the energy improves from - 14.589 499 hartrees to - 14.589 526 hartrees. A similar
i m p r o v e m e n t occurs also for the other sets B and C. For the former, the energy
goes from - 1 4 . 6 0 9 808 hartrees to - 1 4 . 6 0 9 833 hartrees and for the latter, from
- 14.609 751 hartrees to - 14.609 803 hartrees.
Let us consider now the intra-orbit variational optimization of the energy. In
view t h a t the Koga density is given by Eq. (88), the variational p a r a m e t e r s are
in this case {ai, b~, ci}. In Table 8, we list these optimal p a r a m e t e r s for an intraorbit optimization of the energy in orbit C0~] for wavefunctions constructed from the
primitive sets A, B and C. The results of these optimizations are given in Table 7.
For example, for set A, the initial energy -14.538 796 hartrees is improved to the
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Table 8
Optimum parameters of the Koga density PK obtained by minimization of the energy
density functional.
i

ai

1
2
3
4

1.0 ~
-0.312 90
0.170 50
0.007 50

bi
For wavefunction from set A
0.0 ~
1.93719
0.3 b
1.196 59

ci
8.48115
5.19146
4.648 60
1.72015

For wavefunction from set B
1
2
3
4

1.0 ~
-0.33133
0.177 28
0.00712

0.0 ~
1.937 95
5.0 b
1.205 72

8.478 10
5.185 53
4.653 35
1.697 95

For wavefunction from set C
1
1.0 ~
2
-0.330 42
3
0.17883
4
0.00716
~Parameters set to these values.
bTimes 10 -6.

0.0 ~
1.937 95
5.0 b
1.205 52

8.47807
5.185 83
4.65308
1.698 43

value -14.597 378 hartrees. Similar lowerings occur for sets B and C. Thus, for set
B, we have that the energy goes from -14.599 524 hartrees to -14.612114 hartrees
and for set C, from -14.599 936 hartrees to -14.612 471 hartrees.
Orbit-jumping at fixed optimized density pg(x) leads to the optimal expansion
I f-~o[41
coefficients t~i,pK).
For set A, the optimal energy is -14.597 476 hartrees, for set
B, -14.612121 hartrees and for set C, -14.612 495 hartrees.
Considering that the optimal energy for an untransformed function is - 14.599 936
hartrees (first entry for set C in Table 7), we see that local-scaling transformations
have a considerable effect on these configuration interaction wavefunctions. Since
the best locally-scaled energy is -14.612495 hartrees (last entry for set C in Table 7), we observe that these transformations improve the energy by -0.012 559
hartrees.
5.4. D e t e r m i n a t i o n o f K o h n - S h a m o r b i t a l s a n d p o t e n t i a l s for b e r y l l i u m b y
means of local-scaling transformations
According to Eq. (102), in order to reach the kinetic energy minimum, one must
span the set t~s~
of single Slater determinants which are constrained to give the
p
fixed density p(x) = /,o
^ ~ t (x). This set, in turn, can be readily generated by means
of local-scaling transformations. Consider, for the beryllium atom, a single Slater
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determinant for the configuration Is22s2:
s~I~l(~-~, ~

9

~

...

~

r5 ~4) -

det [Rlo([{aoj}" {cloj}]" ~ l ) a ( , 1 ) ' " R2o([{aoj}" {c2oj}]"
F.)/3(s.)]
~

~

~

~

(115)

9

Carrying out a local-scaling transformation between the one-particle density Pa(~
associated with gso[i] and the fixed "exact" density pcI(~ of Esquivel and Bunge
[93], using Eq. (110), we obtain a set of transformed orbitals from which we can
generate a set formed by the following transformed single-Slater determinants:

svpl(~-~,~ ~ , ' - "

~5, ~ )

PCI

_

det [RTo([{c~oj}; {ClOj}];~.1)~(81)... RTo([{~oj}; {c20j}];r'4)fl(s4)]

(116)

9

Because of the dependence of the determinants forming this set on the orbital
expansion coefficients as well as on the orbital exponents, it is clear that the optimal
determinant which minimizes the kinetic energy for the noninteracting system
can be reached by varying these orbital parameters. At the extremum of this
constrained variation we have, therefore, the following inequality for the kinetic
energy functional:
min
Ts[po] <_ Ts[po;{aojm i n }; {Cno
j }]

:

.oo, )1,. (-

)R.o([{-o,

}; 1..o }]"

9

(117)

n=l

How closely T,~in approaches the exact kinetic energy for a noninteracting system
depends on our choice of the primitive orbital set. In the case reviewed here [85],
the transformed orbitals belong to the Clementi-Roetti-type set. With this choice
we obtain T~ in = 14.593 163 hartrees.
I~T(min) 2
The orbitals {-~o
}n=l are not yet the canonical Kohn-Sham orbitals of Eq.
(85). The canonical Kohn-Sham orbitals are obtained by rotating the former ones
through an angle 0 = 0KS. Explicitly, the rotated orbitals are:
R~o(r ) -

Dr~T(min)

cos v.~lo

l}DT(min)

(r) + sin v ~ ~20

l} I:~T(min)

R~o(r ) = - sin v.~lo

(r)

l} l~T(min)

(r) + cos w~2o

(r).

(118)

Once the canonical Kohn-Sham orbitals are obtained, it is a straightforward matter to invert the Kohn-Sham equations in order to obtain the Kohn-Sham effective
potentials and the orbital eigenvalues. The procedure for carrying out this inversion has been discussed in detail elsewhere [85]. Let us just indicate here that
by using local-scaling transformations we can reproduce the value E~ s = 0.342 6
hartrees reported by Almbladh and Pedroza [80]. Moreover, the Kohn-Sham orbitals orbitals computed by the present method [86, 88], are in excellent agreement
with those computed by Zhao and Parr [72].
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An iterative procedure can be set up in order to calculate the effective KohnSham potential. The details of this procedure are given elsewhere [85, 86, 88].
Once this potential is obtained, we can analize it in terms of its components and
extricate from it the Kohn-Sham exchange-correlation potential which, in turn, can
be written as a sum of the exchange and the correlation potentials:
KS
Vxc([po(~];
~ = V~xS([po(~]; r-) + vI~'S([po(~]; r-').

(119)

The calculation of v~S([po(r-')]; r-') reported in this work was done by applying the
same density-constrained variation for the kinetic energy given by Eq. (102), using,
however, a final fixed density equal to the Hartree-Fock one. In Fig. 4, we plot
KS
Vxc([po(r-')];
~ and its components v~S([po(r-')]; r-) and vgS([po(r-')]; r-') for the ClementiRoetti function.
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Figure 4. Exchange-correlation, exchange-only and correlation Kohn-Sham potentials.

We may conclude from Fig. 4, that by implementing the density-constrained
method described above, in the context of local-scaling transformations, we obtain
the same potential reported by Almbladh and Pedroza [80]. An important point
we would like to stress with respect to the present method is that it is based on
the constrained minimization of the kinetic energy, and for this reason, it is not
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necessary to deal at any point of the calculation with the evaluation of two-electron
integrals.
5.5. C a l c u l a t i o n of the e x c i t e d state 2 1S for the h e l i u m a t o m
In order to illustrate the treatment of excited states in the local-scaling version of
density functional theory, consider an orbit-generating wavefunction (see Eq. (56))
[51]

1,,[1]_- C 11,.[ls2 ] + C~,g[ls2s] + C 13,g[2s2] ,

(120)

for the first excited singlet state 21S of helium. The orbitals entering into in Eq.
(120) are hydrogenic functions defined by

ls = (as/~r)l/2exp(-ar),
2s = [/~3/r(3A2 - 3 A + 1)]1/2(1- A/~r)exp(-flr).

(121)

We require that A = (a +/~)/3/3 in order to guarantee orbital orthonormality, i.e.,
<ls]2s> = 0. The one-particle density for the first excited state arising from the
above wavefunction is
pl,,(r)

= (2(C~,g)2 + (C2~,,)2)(ls)2 + 2v~C21,g(2C~,, + C~,g)(ls2s)

+ ((cl,g)2+ 2(cl,g)2)(2s)2.

(122)

The optimal untransformed wavefunction gives the best 21S energy El,g - -2.143 000 6
hartrees for the optimum orbital parameters
a = 1.99176,

/~ = 0.52058,

(123)

with the corresponding eigenvector

C1,g - 0.12066

C21,g= 0.99256

C~,g -0.01614.

(124)

Assuming that the final density has the form given by Eq. (88), we can perform a
local-scaling transformation and following the procedure advanced in Section 2.10,
optimize the parameters a and/3 of the initial orbitals, the expansion coefficients
(which are automatically optimized by matrix diagonalization) and the parameters
of the final density. When this is done, we obtain for the optimal density parameters
reported in Koga [51] (namely, for a density such as the one given in Eq. (88) with
i = 1, ..., 4, but where al and bl are set at the fixed values of 1 and 0, respectively),
the energy value Ez,g = -2.144 140 3 hartrees. This value, although coming from
a very simple trial wavefunction, is already quite close to the exact energy which
is El,, = -2.145 974 0 hartrees [94]. Thus, again, we show that the local-scaling
version of density functional theory leads to upper bounds to the exact energies.
Clearly, the exact values can be obtained when the variation is carried out in an
orbit which is sufficiently close to the Hohenberg-Kohn orbit, where by definition,
the exact wavefunctions for the ground and excited states are found.
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Towards a practical algorithm for large molecule calculations
Zhongxiang Zhou
Department of Chemistry, University of North Carolina, Chapel Hill, NC 27599-3290,
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Yang's divide-and-conquer method is reviewed and shown to be as accurate as the
conventional Kohn-Sham method and to be a practical algorithm for large molecule
calculations. The working mechanism of the method is thoroughly examined.

1. INTRODUCTION
The density functional method, which has its root in the Thomas-Fermi (TF) theory
[1,2], was first developed for solid-state calculations [3,4]. Yet, over the last several
years density functional theory (DFT) has been applied to a wide range of molecular
electronic structure calculations [5-7]. The availability of general DFT program codes
has made it possible to do extensive comparative studies as to what extent the theory
can be applied [8-17]. The successful predictions of physicochemical properties such
as equilibrium geometries, harmonic frequencies, polarizabilities, dissociation
energies, stability, transition states, and hydrogen bonding have unambiguously
proved that DFT is a tool as useful as other conventional ab initio methods for studying
the ground-state electronic structures [6-34].
DFT is attractive because of its computational efficiency and reasonable accuracy.
For small molecules the conventional ab initio methods such as the full configuration
interaction method, the many-body perturbation method, and the coupled cluster
method can give excellent approximate solutions to the Schr6dinger equation [35,36].
In these cases DFT can be an alternative to the conventional methods for small
molecule calculations. But unlike the conventional ab initio theory, its major promise
is its applications in electronic structure calculations for large molecules, and its
combination with other methods in solving more complicated problems such as
chemical and biological reactions in condensed phases. It is highly desirable to
incorporate some of the first-principle theories into the molecular mechanics (MM)
simulations of biological processes particularly when chemical bonds are formed or
* Present address: Protein Design Labs, Inc..
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broken. The current approaches to this kind of hybrid involve either a complete
quantum-mechanical molecule or some artificial factors such as bond mimicking and/or
potential calibration [37-42]. The divide-and-conquer method is an ideal method to be
incorporated into the MM scheme because no bond mimicking or potential calibration
is needed to treat part of a molecule quantum-mechanically and part molecularmechanically. The energy obtained is meaningful, and so is the free energy. It is
expected that the combination of Quantum Mechanics with MM will play very
important role in our understanding of the structure-function relationship of biological
molecules.
This chapter presents an alternative to the conventional solution of the Kohn-Sham
(KS) equation, and shows that the computational expense theoretically increases
linearly with molecular size before the nuclear interaction term dominates. The
conventional KS method scales as N 2 to N 3, here N is the number of basis functions.
The alternative divide-and-conquer approach to the DFT computations, first developed
by Yang [43 ], is a mixture of the DFT formulations due to Hohenberg and Kohn (HK)
[3], and Kohn and Sham (KS) [4]. Section 2 is a review of the divide-and-conquer
method, starting from the conventional KS theory. Two alternative constructions are
the main topic of this section [43,44]. Also in this section, a new construction is
given to demonstrate a continuous transition from the KS theory to the TF-type
theories. Sections 3 to 6 examine thoroughly the working mechanism of the divideand-conquer method. These include the computational protocols [43] and effects of
projection weights, Fermi function, and basis sets on the method. Section 7 shows
how practical it is to apply the divide-and-conquer method to large molecule
calculations. Section 8 summarizes the major results in the previous sections and offers
some perspectives.

2. T H E O R Y

DFT asserts that all ground-state properties of an electronic system depend on the
electron density only [3]. If one can compute the electron density exactly one can
compute everything else exactly. The HK variational principle guarantees that the
exact energy functional will be the ground-state energy for the exact ground-state
density, and higher than the ground-state energy otherwise. The exact energy
functional exists but is still unknown. For an approximate energy functional, its
minimum value is not necessarily the exact ground-state energy, and the exact groundstate energy is not necessarily a lower bound to the approximate energy functional
either. The computational implication for DFT in solving the KS equation is that, if
the computed energy is higher than the exact ground-state energy, the result can be
improved as the KS limit is approached. On the other hand, if the computed energy
is lower than the exact ground-state energy the KS limit will be worse than the finite
basis set result. The KS formulation of DFT reduces the uncertainty in the unknown
energy functional by introducing a kinetic energy functional T~ [4]. This is the kinetic

127

energy for a noninteracting electron gas with the same electron density distribution.
The current success of computational DFT is based on this formulation.

2.1 Kohn-Sham theory
The KS electronic energy functional is

E[p] =%[p] +%o[p] +J[p]

(]_)

with

i X2]~i (f-)d2

i,OCC

Vne[P ]

J[9]
~s(~)

fv(f)p(9)d9
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lfr

=

(2)

P
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p(9)d9

(4)

p(f-' ) dr'

(5)

If f'l

p(f) : 2 E

i,occ.

lqsi(f) 12

(6)

~i( r )'s are the KS orbitals, v( r ) is the external potential due to the nuclei. Ex~[O] is
conventionally called exchange-correlation energy functional, the unknown part of the
energy functional. With an exact Ex~[O], the KS formulation of eqs. (1) - (6) is exact.
A high quality Exc[p] is desirable to predict some chemical properties correctly, even
qualitatively. For example, predictions of hydrogen bonding, and of relative stability
of some C20 isomers require some corrections beyond the local density approximations
(LDA) to Exc[O] [24,45]. Fortunately excellent approximations to Ex~[O] exist [17,4654]. Some are functionals of 0 only. And others involve 70 also. It is worthwhile
to point out in passing that although the KS method is a first principle (or ab initio)
method, the exchange-correlation functionals used in many DFT computations are
semiempirical.
To find the ground-state energy corresponding to the energy functional in eq.(1), the
following KS equation needs to be solved self-consistently with eqs. (5), (6), and (8).

-lx2 + v(f) + ~s(2) + Vxo(2)], i

ei~i

(7)

where

Vxc(f') :

6Exc [P ]
6p(f)

(8 )
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The expression in the bracket of eq.(7) is the KS Hamiltonian. No spin-polarization
is considered in eqs (1_) - (8), but extension to spin-polarized case is trivial. It is
possible to expand ffi( r ) as a linear combination of atomic orbitals (LCAO)
(r') = E ] ~ q ~ x ~ ( f - l ~
A

(9)

where XA, is the/~th atomic orbital centered on atom A, and Ci/ztS are the expansion
coefficients to be determined._ by th.e Rayleigh-Ritz variational principle. For spinpolarized KS equations ~bi(r ), Vxc(r), and Exc[O] will be spin-dependent, and eq. (6)
will become two equations, corresponding to two spin densities. In this spin-polarized
case the energy minimization has to be done with respect to the numbers of electrons
with different spins under the constraint that their total is a constant.
To get the coefficients in eq. (9), two N• matrices (the Hamiltonian matrix H and
the overlap matrix S) have to be constructed and diagonalized; here N is the number
of basis functions. To construct the density from eqs. (6) and (9), the summations
have to run all over the atoms in the molecule for each molecular orbital. This is too
computationally demanding and can be avoided as will be shown later in this section
and section 7.

2.2 Divide-and-conquer method
Two years ago Yang developed a divide-and-conquer strategy to do the DFT
computations [43]. By projecting the Hamiltonian into subspaces, he was able to
divide a large system into smaller subsystems, and solve a KS-like equation for each
subsystem. Recently, Zhou has provided an alternative construction of the divide-andconquer method by projecting the solutions of KS equations with different basis sets
associated with each subsystem [44]. The divide-and-conquer method is shown to be
as rigorous as the conventional KS method. As far as electron density and energy
density are concerned
the divide-and-conquer method is different from the
conventional KS method only by the way in which the basis sets are truncated. The
rest of this section will review the divide-and-conquer method and try to provide some
reasons why the method should work.
Three known facts are essentially important in the development of a divide-andconquer strategy. First, the KS Hamiltonian is a single particle operator that depends
only on the total density, not on individual orbitals. This enables one to project the
energy density in real space in the same manner in which one projects the density (see
below). Second, any complete basis set can solve the KS equation exactly no matter
where the centers of the basis functions are. Thus, one has the freedom to select the
centers. It is well known that for a finite basis set the basis functions can be tailored
to better represent wavefunctions, and thus the density, of a particular region. The
inclusion of basis functions at the midpoint of a chemical bond is the best known
example. Finally, the atomic centered basis functions used in almost all quantum
chemistry computations decay exponentially. Hence both the density and the energy
density contributed by atomic centered basis functions also decrease rapidly. All these
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three aspects have been incorporated into the constructions of the method.
In the divide-and-conquer method a large system is divided into several subsystems,
either by projecting the KS Hamiltonian into subspaces, or by projecting out the KS
charge density and energy density onto the subsystems [43,44]. Projection of the
Hamiltonian can be done in two ways, corresponding to two kinds of subspaces: one
is in function space, and the other is in real space. On the other hand, the projection
of solutions uses the complete KS Hamiltonian, but solves the KS equation using
different basis sets for different subsystems. The subsystem solutions are assembled
together to get a global solution. Because the KS Hamiltonian depends on the global
solution the latter algorithm cycles between the whole molecule and its subsystems.
To facilitate further discussions eqs.(1) and (7) can be rewritten as

E[p] :~ +O[p]
p(~)

: 2~0(~-E•177
i

(io)
~-

: 2E fg(eF-ei)I~i(f')12
i

(11)

: 2<flf~(Er-H)If>
where
a : 2 Eo(Er-ei)ei
i

i

(11)

: 2f<~lf~(e~-H)Hl~>d~
:

Q[p]

fE(r-)df"
:

/ [i

p(f)--~s(f)

]

- Vxc(f ) d f + Exc[P ]

(13)

r/(x) = 0 (or 1) for x < 0 (or x>0) is the Heaviside step function and fa(x) = [l+eaX] 1
is the Fermi function, eF is the Fermi energy satisfying er~oMo < eF < eu~o. The
substitution of a step function by a Fermi function is an approximation in the divideand-conquer method. The error introduced by this substitution is negligibly small as
long as 13 is big enough (This is shown in Section 5). The third equalities in eqs. (11)
and (12) are derived from the completeness of the KS eigenfunctions. The fourth
equality in e__q.(12) defines the energy density e( r ). The divide-and-conquer method
partitions p( r ) and e( r ) at the subsystem level, but Q[p] is computed at the molecular
level.
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2.2.1 Construction of the divide-and-conquer method by projection of charge
density and energy density
This construction, due to the author, is the result of an effort to better understand
the divide-and-conquer method newly formulated by Yang [43,44]. First, divide a
molecule into several subsystems. Then, choose a complete basis set {X~(r )} for each
subsystem a in such a way that the centers of all basis functions are within or near a.
Because {X~( r )} is complete, the KS equation can be solved exactly using this basis
set. Eigenvalues and eigenstates are respectively denoted as E~, ~ . This solution is
_..a.

the KS limit for the whole molecule, a and i~ have been used to denote that the
solution is from the basis set associated with subsystem a.
The KS eigenstates are obtained by the familiar LCAO construction:
Co(f)

(14)

: E <%z:

The expansion coefficients are eigenvectors of a secular equation
~a

:

(15)

ia

for which the Hamiltonian and overlap matrices are calculated as
X~ >

Su,~ : <Xu] X,o>

(16)

Now define a set of positive-definite projection weights {P~( r )} such that
EPa(f)
(x

: 1

(17)

Each P~(r) is associated with one subsystem. Thus, the set {P~(r)} defines the
division of a molecule into subsystems. It is straightforward to find a set of {P~( r )}
that satisfies eq.(17); for example, with the following definition, {g~( r )} can be any
positive-definite functions.
ga(f)

(18)

This set of projection weights can be used to project out solutions. Projection weights
are previously called partition functions. They are different from projection operators.
Projection operators are idempotent while projection weights are not. For the current
purpose g~( r ) will be chosen to be a positive function that decreases faster than the
sum of the atomic densities within subsystem ~. Hence the projection weights as
defined by eq.(18) will be able to project out local prope_~ies near subsystem a.
Section 4 of this chapter discusses particular choices for g~( r ). The projected charge
density and energy density are
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where p~(r) is the KS density from the basis set associated with subsystem ~, and
e~(r) is the KS energy density for the energy component e as defined by eq.(12),
again from the basis set associated with subsystem a. The overline denotes the
corresponding projected quantity to the subsystem. As a result of eq.(17),

p(~') = ~ p'~(f')

(21)

6(f)

(22)

o~

= EE--&(r)

The normalization condition is
N = f p(f)df

= 2EEf~le
a

is

F _ea.1~)<,i~I
a P a (f)l,i~
a >

(23)

Equations (10), (13), and (19)-(23) can be solved self-consistently to yield the KS limit.
If the basis set for each subsystem is complete, the KS solutions for all subsystems
must be identical. The subsystem label becomes irrelevant. However, a practical
calculation with the divide-and-conquer strategy will use finite, truncated basis sets.
In this case the KS solutions from different subsystems will vary from one another.
{E ~, lh~} will be a-dependem if {X~( r)} is c~-dependent. That is,
Conventional KS method ~-----~ Even basis set truncation
Divide-and-conquer method +----~ Uneven basis set truncation
Thus, a common basis set for all subsystems will recover the conventional KS method.
In this case the divide-and-conquer method will deliver the conventional KS solution,
including the KS eigenvalues and the KS orbitals. The computational efficiency
associated with the divide-and-conquer method arises from different basis sets for
different subsystems. The KS orbitals are avoided in this case.
Several remarks are in order about the divide-and-conquer method. First, the
matchup of basis set with projection weight in eqs.(19) and (20) is critical for
accurately projecting the KS solution. For complete basis sets this is not a problem.
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Whenever the truncated basis sets are used, matching will be important, because the
profiles of charge density and energy density are better represented in one region than
others in this case. The subsystem orbitals with the lowest eigenvalues are attributed
most to the most localized basis functions for the subsystem. The diffuse basis
functions contribute much less to these orbitals. If a mismatch between basis set and
projection weight occurs, the energy obtained from eqs.(10), (13), (20) and (22) will
not be the optimal one.
Second, the number of basis functions in each subsystem does not have to be big.
The only restriction to the numbers of basis functions is that their total has to be bigger
than N/2, to satisfy Pauli principle, here N is the number of electrons. This has to do
with the matchup_ just mentioned._ Only those lowest-lying orbitals within a subsystem
contribute to p ( r ) and e(r) in eqs.(19) and (20). Addition of more diffuse basis
functions is essential to get more accurate results, but this is not expected to affect
these low-lying orbitals drastically.
This leads to a considerable saving in
computational efforts for large molecule calculations. The basis functions can be those
used in the conventional KS method.
Third, the projection of solutions naturally creates two types of cutoff. The first
cutoff is the matrix construction cutoff. Inter-subsystem matrix elements are not
computed. The second cutoff is the density cutoff. The contribution to the density
from a basis function centered at a far-away atom is negligible. In the conventional
methods, the exponential decay of basis functions has been used to set up an artificial
cutoff as whether or not to calculate an element in the Hamiltonian and overlap
matrices. Recently, Gill et al. have developed an efficient scheme to evaluate the
exchange-correlation element in the Hamiltonian matrix by using this type of cutoff
[55]. This cutoff is naturally done in the divide-and-conquer method. Most of the
off-diagonal elements in the Hamiltonian and overlap matrices are ignored because they
are not needed. The inter-subsystem interactions so the long-range interactions are
contained in the complete KS Hamiltonian used.
Finally, the Fermi energy controls directly the charge transfers between subsystems.
It determines_ which subsystem orbitals to be utilized and also regulates their weights
in both p~(r) and e~(r). The projection weights pick up subsystem densities and
energy densities according to their profiles in real space. The Fermi function is the
only approximation beyond the basis set truncation error in this construction.

2.2.2 Construction by projection of the Hamiltonian
This is the original construction due to Yang [43 ]. A large molecule is divided into
subsystems, jointly or disjointly.Define a positive partition function p~(r ), and a set
of localized basis functions {4~( r)} for each subsystem c~, with ~p~(r) = 1. Each
partition function p~(r) is big near o~ and small elsewhere. The KS Hamiltonian is
projected into the function space spanned by {4~( r )} as follows:
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/zv~:l

:E

la

(24)
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where
(25)

are elements of the Hamiltonian and overlap matrices respectively. (S),~
~ -1 is the (/~,I,)
th element of the inverse of the overlap matrix S. The second equality in eq.(24)
represents the projected Hamiltonian H ~ in terms of its eigenvalues {E~} and
eigenfunctions { ~ ( f )

}. They satisfy the customary secular equation

~a~.=J'a = 6a~a~.=
i=
l=

(26)

with

Note that H ~ is different from H in general, but is the same as H when {~b~(r)} is
complete. By approximating the density and the energy component of eq.(12) as

Ot

-

2~p=t~)<elf~(E~-fi ~) le>

ot

and using eq.(24) one arrives at

(28)

(29)
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(30)

= 2 ~ ~ f~(e~-E~. )e7 <W~lp~(~)IwT~>
cx

(311

:i.a

The second equalities in eqs.(28) and (29) define ~ and ~ respectively. Equations
(10), (13), (25)-(27), (30) and (31) can be solved self-consistently with the following
normalization equation:
N = fn(f-

df-

= 2 ~ ~ > f~(ev-e~'~)<w~'olp~(~)
.
ow
~I
a

(32)

1a

The final operational equations from both constructions are the same because the
approximations in eqs.(24), (28), and (29) are equivalent to the basis set truncation
error in eqs.(19) and (20). Yang's construction deals with the Hamiltonian while
Zhou's construction manipulates basis sets.

2.2.3 From KS theory to TF-type theories
The divide-and-conquer method can be constructed such that the Thomas-Fermi type
models are the consequences of the method. This will be the third construction of the
method. Define a projected Hamiltonian for subsystem a using an operator O ~

1
V 2 + 6'~(f)VKs(f)
2

(33)

The operator U s is defined by the second equality. Again, H is the KS Hamiltonian
as defined in eq.(7), and VKs(r) is the KS potential. Following the construction of
Section 2.2.1 or 2.2.2 step by step, one gets exactly the same set of equations except
that { E~,, ~ } is not the solution for the KS equation in this case. Instead, it is the
solution for the following equation
(X
(X
H^ O [ ~i,~
= ei,~i,~

(34)

Note that two types of operations are involved in this construction" the operations of
{O ~} on the KS potential and the projections of solutions by projection weights. Take,
for example, identical cubic boxes of size L 3 in space as subsystems and
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g~(f)

~

-

O~,(f)VKs(f)

: v~. (f)

"0[

:

l

'

;t : m i n { L , 0 . 5 }

(35)

(36)

a

where r ~ is the center of box a. v~(r) is a three-dimensional periodic function which
has the same values as the KS potential within the a box, and the values elsewhere
defined by the box periodicity. There are two notable limits of this periodic potential"
as L ~ oo it is the KS potential for all (~, and as L ~ 0 it is a constant potential
which has the value of the KS potential at r ~. The first limit recovers the KS theory.
The latter limit leads to the TF-type theories as will be shown below. In between there
will be a complete spectrum of approximate theories from the KS theory to the TF-type
theories. It will be interesting to do some numerical tests, on even a simple system
like atoms, to check how the transition from the KS results to the TF-type results
occurs as L decreases. Is this transition smooth? Monotonic as far as energy is
concerned? The overlap of boxes as subsystems is admissible. Note that neither
operator U ~ nor operator O ~ can be obtained by a unitary transformation.
For L ~ 0 case eq.(34) will be equivalent to the eigenequation for a free
noni. nteracti_ ng. electron gas. The projection weights will become Dirac delta functions:
P~( r ) = (3( r - r ~). Inserting the exact plane wave solutions into eqs.(19) and (21) leads

to [56]

I (

p(f) = 2 d~f~ Er--~-v(f)-~s(f)-Vxc(f)

)

(37)

The corresponding energy from eqs.(10), (13), (20) and (22) is

--~-f~ e~--~ -v (f) -~s (f) -Vxc (f)
+ Vne[P ] + J[p]

(38)

+ Exc[P ]

The first term in eq.(38) is the kinetic energy term. As ~ ~ oo this term becomes the
familiar TF kinetic energy term, and the density in eq.(37) becomes the TF-type
density. Note that the exchange-correlation functional Exc[O] can be any available
form. This extends the existing TF-type theories to a much wider class.
The derivation of the TF-type models from the third construction shows the dramatic
approximations in the TF-type theories. The link between subsystems in the third
construction has been reduced to the Fermi energy only as L approaches 0. The other
interactions have been turned off. The electrons subject only to the local potential
where they are. This is consistent with the noninteracting electron gas picture of the
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TF theory. By increasing L the electrons will "see" the real potential within a distance.
This is comparable to the inclusion of some nonlocal corrections to the homogeneous
electron gas approximation. The extremum is that the electrons can "see" the complete
potential (L ~ oo), comparable to the inclusion of all nonlocal corrections.

3. COMPUTATIONAL DETAILS
The usefulness of this divide-and-conquer method is illustrated below by a series of
calculations on the model system H-(-C-C-)~H. This system is convenient for testing
various choices of projection weights, or basis sets, or Fermi parameter. The tests
given here extend previous tests [43,57].
Details of the self-consistent procedure to solve eqs.(5), (8), (10), (13)-(23) have
been described in ref. 43 and can be easily depicted by the flow chart in Fig.1. Start
with a trial density p(~
which usually is the sum of the atomic densities. The KS
Hamiltonian is constructed according to eqs.(5), (7), and (8). The Hamiltonian and
overlap matrices are computed for each subsystem using a particular basis set for the
subsystem. A particular basis function may be used by several subsystems. This
implies that particular matrix elements H,, and S,, could occur redundantly in several
subsystems, but they only need to be computed once. (For parallel computing all
subsystem matrix elements have to be computed.) After all matrices are computed,
the secular equation eq.(15) is solved for each subsystem. With eF determined from the...
normalization relation eq.(23) the projected densities ~ ( r ) and the global density p( r )
can be computed. This new density becomes a trial density for the next iteration and
the algorithm continues until p ( r ) is stable. In practice, this stability is detected as
a convergence of the energy functional E[p]. The steps represented by boxes with
single borderlines are done at the subsystem level and those represented by boxes with
double borderlines are done at the global level.
After the density calculation is converged, the energy and other properties are
computed. The total energy is computed according to eqs.(10), (12), (13), (20), and
(22). The kinetic energy component can be computed in two different ways [58]
T = 2~.~.
a

T

= E

f/3(EF-Eia)

la, Ja

- fV~s(~)~'(~)d~

~,~l-~"

(39)
(40)

They are different during the iterative process. But they converge to the same value
when the self-consistency is achieved.
The outcome of the divide-and-conquer calculation depends on the definition of the
projection weights, the Fermi parameter/3, and the choices of subsystem basis sets.
These quantities were chosen as follows unless exceptions are specifically noted.

Figure 1 Flow chart of the divide-and-conquer method. The boxes with single borderlines are carried out at subsystem
level and those with double borderlines at the global level. The iterative procedure is represented by shadowed arrows.
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g~( r ), the generator for the projection weights, is the sum of_squared atomic densities
of all atoms in subsystem c~; /3 = 200; and the basis set {X~(r )} consists of numerical
atomic orbitals contributed by subsystem atoms and those atoms which are one or two
chemical bonds away from the subsystem atoms (these "outside" atoms are called buffer
atoms [57],) where each C atom contributes 3 s-type orbitals, 2 p-type orbitals, and
1 d-type orbital, each H atom 2 s-type orbitals and 1 p-type orbital. This corresponds
to a polarized, split valence basis set in the conventional ab initio calculations. The
numerical atomic orbitals were described in ref. 57.
Revised versions of the DFT codes developed at Yang's Lab are used. Multicenter
integrations are evaluated using Becke's decomposition scheme [59]. Electrostatic
potential is computed via Delley's method [60]. A simple damping is used to achieve
the convergence. All calculations are for fixed geometries only. The bond lengths
used are: C-H 1.06A; C-C 1.36A; C-C 1.20A.
For simplicity, the LDA exchange-correlation functional is used. The correlation is
the VWN parametrization of Monte Carlo result of Ceperley and Alder for a free
electron gas [48,61]. The calculation is not spin-polarized. The purpose here is to
show the mechanism of the divide-and-conquer method. While nonlocal corrections
to Ex~[p] and spin-polarization are instrumental to get results of chemical accuracy,
none of these is expected to affect the basic mechanism of the method.

4. P R O J E C T I O N W E I G H T S

The projection weights need to be tailored to get a faithful projection of the KS
density and energy density, for each subsystem. This section investigates several
different possibilities for W( r ). The criterion for selecting a particular functional form
for W( r ) is the agreement of the computed energy with the KS energy with the same
basis set.
It is easier to work with {g~( r)} than with {W( r)} (see eq.(18)). There are many
classes of {g~(r)} that can produce a prescribed degree of matchup with the
corresponding basis sets. Among possible candidates the following eight types are
examined"
W( r ) Notation
g~( r )
PW 1
~ [pA(rA)]2
PW2
~ [pA(rA)]3
PW3
~pa(rA)[exp(xa)-1-XA]
PW4
~]0a(rA)/rA

W( r ) Notation
PW5
PW6
PW7
PW8

g~( r )
~ [pH(rA)]2
ZZA2exp( - 10rA)
~ZA2exp(-2ra)
ZZAZeXp(-0.2rA)

All summations are over atoms in subsystem c~. In the expressions r A --Ir - RA[ and
xA = 0.5/rA. On is the DFT atomic density from the same exchange-correlation
functional, pH is the hydrogenic atomic density. Z A is the._nuclear charge. Figure 2
illustrates, along the molecular backbone direction, g~(r) and W ( r ) corresponding
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to PW7 for H-(-C-C-)3H for two divisions, a three-fragment division (subsystems"
H-C-C, C-C, and C=C-H_.~) and an eight-fragment division (each atom as a
subs_ystem). Note that the P~( r)'s for H atoms are completely overshadowed by the
P~( r )'s for the neighboring C atoms in the eight-fragment division case. This conforms
to the chemical intuition that hydrogen atoms are embedded in the neighboring heavy
atoms.
Table 1 gives the divide-and-conquer (DC) energies along with results from the
conventional KS calculations. The non-self-consistent energy Euarri~is from the Harris
functional [62]. Compared with the conventional KS results all forms of P"(r)
perform almost equally well except PW8. Similar conclusion was reached previously
for PW1, PW4, and another form of g"(r) at the Harris level [57]. The bad results
from PW8 are expected since its g"( r ) has a tail that is too long. It picks up too much
bad portion of the_density and energy density profiles. The division affects the results
more than the g"( r ) form. The three-fragment division is more accurate than the eightfragment division. It is generally true that divisions preserving more original chemical
bonds will lead to more accurate results. Overlapping division is expected to give even
better results.
Basis sets affect the performance of P"( r ) in a subtle way. In fact, the requirement
for {g"( r )} to give a good matchup is that g"( r ) decays much faster than the partial
molecular density contributed by the basis functions centered at atoms in subsystem a.
The bigger the basis sets are the less important the matchup will be. The extreme case
will be that all subsystem basis sets are complete. In this case the matchup problem
disappears. This is the KS limit solution. Or, all subsystems use a common basis set.
The divide-and-conquer method reduces to the conventional KS method. The
projection weights do not play any role in this situation.
It is appropriate to point out here that the density and energy density obtained via
eqs.(21) and (22) are continuous across the subsystems since every term in the formulas
is continuous. The projection weights have cusps in them, and so do the projected
densities. The projected densities do not have the right number of cusps while the total
density does.
PW5, PW6, and PW7 have simple analytical forms. This is important for
developing an efficient algorithm when nonlocal corrections are included in Exc[p],
and/or when geometry optimizations are performed. The gradients of PW5, PW6,
and PW7 can be computed analytically.
...a,.

5. FERMI FUNCTION
The Fermi function approximation of eqs.(11) and (12) is the only approximation
beyond basis set truncation approximation. Figure 3 shows how the Fermi function
approaches the step function, the function in the exact formula. The Fermi function
is almost a step function when/3 = 200. The largest difference between Fermi and
Heaviside functions comes from the neighborhood near the Fermi energy.
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Figure 2 g~(r) = ~ZA2exp(-2rA) and corresponding P~(r) along the molecular
backbone for H-(-C-C-)-~H. Each curve corresponds to a s u b . s t e m . (a) g~( r ) for the
eight-fragment division (each atom as a subsystem); (b) P~( r ) for the eight-fragment
division; (c) g~(r) for the three-fragment division (subsystems" H-C-C, C-C, C-CH); and (d) P~( r ) for the three-fragment division.
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Table 1
Effects of projection weights on total energy and kinetic energy (in hartree) for H-(C-C-)~H. The projection weights are generated from eqs.(18) and (42)-(49).

P~(r)

EHarFi~(DC
) - EHarri~(KS)

EScF(DC) - EScF(KS)

T(DC) - T(KS)

3-fragment division: H-C-C, C=C, C-C-H

PW1
PW2
PW3
PW4
PW5
PW6
PW7
PW8

0.0028
0.0026
0.0029
0.0029
-0.0036
0.0025
0.0032
8.9362

0.0055
0.0053
0.0055
0.0056
-0.0049
0.0051
0.0060
9.0548

0.0449
0.0263
0.2651
0.0809
0.0970
0.0116
0.1379
-9.7087

8-fragment division" H, C, C, C, C, C, C, H

PW1
PW2
PW3
PW4
PW5
PW6
PW7
PW8

KS a)

0.0733
0.0748
0.0702
0.0685
-0.0675
0.0740
0.0697
15.9586

0.0500
0.0503
0.0489
0.0485
-0.1108
0.0498
0.0498
16.2584

-0.0193
-0.0826
0.0275
0.0888
0.2417
-0.1420
0.1757
-18.2467

EHarris(KS)

EScF(KS)

T(KS)

227.8189

227.5574

225.3438

Basis set: C 3 s-type orbitals, 2 p-type orbitals, and 1 d-type orbitals; H 2 s-type
orbitals and 1 p-type orbitals.

a)
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Recall that the Fermi energy
regulates
electron
flow
among
] ,0
fragments.
Table 2 analyzes the
electron distribution among different
orbitals for H-(-C-C-)3H.
The
analysis is done after the selfconsistency is achieved. The majority
of the electrons are in orbitals with
0,5
occupation number bigger than or
equal to 0.999.
This population
increases as /3 increases. When 13
reaches 200,
approximately 0.056
electron is in orbitals with occupation
number less than 0.999. This is about
0;0
0.15 percent of the total number of
electrons, 38. If one does not use the
Fermi function,
the number of
Figure 3. Fermi function f~(Ev-e) vs. e. The
electrons picked by the projection
four curves correspond to/3 = 5, 20, 200,
weights and the step function will be
and oo. The/3 = oo curve is identical to the
either more (NK+~) or less (N~) than
step function.
the right number. The fractions come
from the projection weights. Both sets
of numbers converge towards the right
number 38.
Table 3 demonstrates the effects of the Fermi function approximation on the total
energy and kinetic energy. The energy converges fast as/3 increases. This confirms
the conclusion reached previously by Yang [43].
Since the Fermi function
approximation affects the orbitals near the Fermi level the most it is expected that the
density of states will deviate more near Fermi energy than away from it. This has been
confirmed by Lee and Yang's Harris-type calculation of the density of states for a
polypeptide molecule tetraglycine [63].
A common Fermi energy across the whole molecule is physically important,
particularly when polar and ionic groups are involved. It controls the charge transfers
among subsystems. Polar bonds can be broken in the "divide" step. This has been
done for the tetraglycine molecule. Both the Harris and the self-consistent results are
similar to what is shown here for the nonpolar molecules H-(-C-C-)~H [57,58].
For finite temperature DFT the Fermi function in eqs.(11) and (12) is exact [43 ]. The
divide-and-conquer method gives the same results as the conventional KS method does
except the orbitals. The parameter/3 now gets a physical meaning. It is the inverse
of the temperature.
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Table 2
Analysis of electron distributions among orbitals for H-(-C-C-)3H after the selfconsistency is achieved. The number of electrons in this molecule is 38. Projection
weights are used in all cases. K -- number of orbitals picked without Fermi fraction
occupation numbers.

/3
50
75
100
150
200
250
300
350

a)

Nf,e_0.999

NK+I

NK

38.6761
38.6758
38.6765
38.6749
38.6741
38.6734
38.6729
38.6725

37.9423
37.9428
37.9430
37.9434
37.9438
37.9441
37.9444
37.9446

32.0591
37.9103
37.9119
37.9434
37.9438
37.9441
37.9444
37.9446

a)

Nf<0.999
5.9409
0.0897
0.0881
0.0566
0.0562
0.0559
0.0556
0.0554

a)

a)
Nf>_0.999
is the number of electrons in the orbitals with occupation number greater than
or equal to 0.999 and Nf<0.999
a)
is the remaining part of the electrons.

Table 3
Effects of Fermi function on the total energy (in hartree) for H-(-C-C-)3H.

/~

50
75
100
150
200
250
300

350

EHarris(/3)-Ei_iarris(350)

0.0065
0.0004
0.0001
0.0001
0.0000
0.0000
0.0000

Escv(/3) - EscF(350)

0.0100
0.0009
0.0004
0.0003
0.0002
0.0001
0.0001

T(13) - T(350)

-0.0298
-0.0043
-0.0015
-0.0008
-0.0005
-0.0003
-0.0001

EHarris(350)

Escr(350)

T(350)

-227.8161

-227.5521

225.3892
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6. BASIS SETS

Table 4 shows the effects of basis size on the divide-and-conquer calculations. The
energies and kinetic energies are given relative to the KS results with the biggest basis
set to which each C atom contributes 5 s-type orbitals, 4 p-type orbitals, and 2 d-type
orbitals and each H atom contributes 3 s-type orbitals and 2 p-type orbitals. The basis
set for an individual subsystem can be enlarged in two ways, by employing more basis
functions per atom or by including contributions from buffer atoms [57]. Which of
these is more effective? The data in Table 4 show that the energy improves faster and
smoother as buffer atoms are included than as basis functions are extended on
unbuffered subsystems. This is because the continuity of the global system is better
maintained with the buffer atoms. In all cases the convergence of the kinetic energy
is worse than the total energy as previously showed [58]. Stability of the total energy
is protected by variational stability of the density (HK theorem) and stability of
eigenvalues of Hermitian secular equation with respect to perturbations in matrix
elements. There is no such stability theorem for the kinetic energy.
The performance of basis sets also depends_on the projection weights used. Using
fewer buffer atoms requires faster decaying g~( r )'s. When many buffer atoms are used
the sharpness of the g~(r)'s is not expected to be that important. After all, in the
limiting case all basis sets include contributions from all atoms in the molecule. The
conventional KS results will emerge no matter what form is used for g~( r )'s.
The connection of basis sets with the Fermi function is of more technical importance
than theoretical importance. For small basis sets, the convergence of the self-consistent
procedure is slow if 13 is too big. This is easily understood because one is more likely
to employ a high energy antibonding combination of basis functions when the basis set
is small, and higher values of the Fermi parameter/3 reduce the sensitivity to use of
these inappropriate high energy states. Tables 3 and 4 show that the basis set error is
much bigger than the error from the Fermi function approximation as long as 13 > 75.
For small basis sets a small /3 value (around 100) should be used. This will save
considerable computer time.
Balance among different basis sets is as important in the divide-and-conquer method
as the basis set balance in the conventional ab initio calculations. Unbalanced basis
sets will lead to nonphysical charge shifts. Take N 2 molecule as an example. Putting
more basis functions on one N atom than on the other will result in a nonzero dipole
in this molecule. This artifact exists in both the divide-and-conquer method and the
conventional methods. The experiences of balancing basis set from conventional
methods can be used directly in the divide-and-conquer calculations.

7. EXAMPLES AND SCALING
A series of homologous molecules H-(-C-C-)~H with n = 3, 5, 10, 13, and 15 are
examined. The advantage of the divide-and-conquer method over the conventional KS
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Table 4
Basis effects: energy and kinetic energy (in hartree) for H-(-C=C-)3H. A (ij/klm) basis
set means that each contributing H atom contributes i s-type atomic orbitals and j ptype atomic orbitals and each contributing C atom contributes k s-type atomic orbitals,
1 p-type atomic orbitals, and m d-type atomic orbitals.

Basis

EHarris(DC
) - EHarr~(KS)

EScF(DC) - EScF(KS)

T(DC) - T(KS)

No buffer atoms

21/321
31/421
32/431
32/432
32/532
32/542

0.2018
O. 1374
0.0945
0.1790
0.2151
0.1886

O.1372
0.0550
0.0199
0.1107
O.1430
0.1142

0.9151
0.6192
0.8661
2.2666
2.0397
1.8139

First neighbors as buffer atoms
21/321
31/421
32/431
32/432
32/532
32/542

O. 1463
O.1104
0.0951
0.0351
0.0347
0.0337

O.1062
0.0751
0.0793
0.0414
0.0476
0.0457

-0.4850
-0.4078
0.0663
0.3930
0.4142
0.3815

First neighbors and second neighbors as buffer atoms
21/321
31/421
32/431
32/432
32/532
32/542

KS

32/542

0.0711
0.0440
0.0126
-0.0030
-0.0062
-0.0047

0.0419
0.0275
0.0096
0.0004
-0.0024
0.0003

-0.3289
-0.2336
0.2179
0.3600
0.0602
0.0432

EH~(KS )

EScF(KS)

T(KS)

-227.8872

-227.5938

225.7176
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Table 5
Comparison of the divide-and-conquer method with the conventional KS method:
timing and energies (in hartree) for H-(-C-C-)aH. N is the number of electrons.

n

N

3
5
10
13
15

38
62
122
158
182

E(DC)-E(KS)

0.0055
0.0094
0.0215
0.0285
0.0331

E(KS)

-227.5574
-378.5096
-755.8884
-982.3146
-1133.2651

CPU time ratio per cycle (DC/KS)

1.46
1.30
0.91
0.74
0.67

method emerges much faster in the linear systems because less buffer atoms are needed.
But the trends to be presented below in this section are the same for more compact
molecules as for the linear ones.
The results are reported in Table 5. The divide-and-conquer energies E(DC) are
given relative to their corresponding KS values E(KS). Compared with E(KS), E(DC)
is higher in all cases. The difference of E(DC) - E(KS) increases as n increases. An
interesting trend is found among the energy differences. When a pair of C atoms are
added the difference of E(DC) - E(KS) increases by about 2 millihartree, that is, by
1 millihartree per C atom. This relative error to the KS values will diminish when the
method is applied to chemical reactions or to the determination of relative stabilities.
The error per C atom is of course very basis-set-dependent and bond-type dependent.
Also shown in Table 5 is the timing. Both the divide-and-conquer method and the
conventional KS method need more time as the molecule becomes bigger. The KS
time increases much faster than the DC time as the per cycle CPU time ratios indicate.
When the molecule is small, the divide-and-conquer method needs more time because
of the overhead caused by the "divide" and "assemble" procedure. The turnover occurs
at about 100 electrons. For compact molecules this turnover is expected to be higher
because more buffer atoms are involved. It is interesting to point out here that for all
molecules computed it takes less iterations (about 9) for the divide-and-conquer
calculations to converge than for the conventional KS calculations (about 19). The
CPU time per cycle for both the divide-and-conquer method and its ratio to the
corresponding conventional KS timing are plotted in Fig. 4. The theoretically linear
scaling is not shown in the Figure since the turning point for linear scaling is not
reached. The operating scaling in this range of molecular size is a mixture of linear,
quadratic, and cubic scaling.
Theoretically, the divide-and-conquer method scales linearly with the molecular size
before the Coulomb and/or nuclear terms dominate. Both terms scale as NlnN where
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N is a measure of the
molecular size. To reach this
theoretical scaling a cutoff
needs to be set up to take
advantage of the exponential
decay of the basis functions.
The
effort
to
evaluate
individual matrix element will
not
increase
with
the
molecular size with this
cutoff. The evaluation of all
matrix
elements
scales
linearly with the molecular
size under this condition
because the number of
subsystems so the number of
matrix elements increases
linearly with the molecular
size.
The matrix size
corresponding a subsystem
does not increase with the
molecular
size.
The
Coulombic interactions can be
evaluated by a fast multipole
method which scales as NInN.
Direct evaluations of these terms
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Figure 4 The cpu time per cycle vs. the number of
electrons from the divide-and-conquer calculations
for H-(-C-C-)~H: -,,-; the corresponding time
ratio of the divide-and-conquer method over the
conventional KS method: -v-.

bear a quadratic cost.

8. CONCLUSION
The divide-and-conquer method is an alternative algorithm of DFT calculations to the
conventional way of directly solving the KS equation. The results presented in the
previous sections show that the divide-and-conquer method is as accurate as the
conventional KS method with considerable savings of computer time for large molecule
calculations. The only approximation in the divide-and-conquer algorithm is the Fermi
function, which is negligible as long as/3 is large enough. The projection weights can
be chosen from a wide class of functions, the simplest form being that constructed
from simple_exponentials. The requirement for the projection weights is that each
function g~(r) in eq. (18) decays faster than the partial density contributed by the
corresponding subsystem atoms. Basis sets are important for getting accurate results.
Basis functions used in the conventional KS calculations are suitable for the divide-andconquer method. There are two limits in the divide-and-conquer method: a common
basis set for all subsystems recovers the conventional KS results and complete basis
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sets for all subsystems deliver the KS limit solution.
The reduction of scaling is critical for large molecule calculations. With the present
method it is now possible to do DFT calculations for proteins. Calculations of ab initio
quality for biological molecules are important in two aspects. First, they provide
benchmarks for assessing the reliability of empirical methods such as MM. Second,
they produce high-quality parameters for empirical calculations.
The divide-and-conquer algorithm is a natural parallel algorithm [43 ]. Full scale firstprinciple calculations for large molecules will become feasible as parallel computing
technology improves. It is expected that the present method will play a vital role in
our quest of relationship among electronic structure, stability, and functions of
macromolecules.
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1. I N T R O D U C T I O N
This work discusses how symmetry can be used to advantage in practical electronic density-functional calculations. The Born-Oppenheimer approximation must
be assumed in order to separate the nuclear and electronic densities. Under that
approximation the electronic density can be viewed as a fluid that responds to external fields such as those provided by the individual nuclei. The electron density
as a whole has kinetic energy and potential energy, at least in the adiabatic limit.
In that limit the potential energy can be subdivided into the potential energy of
the density due to the applied fields, the electrostatic energy of the density itself,
and the remainder, which is now called the exchange-correlation energy. The electronic Coulomb energy and the electronic potential due to the applied field are
treated exactly in practical density-functional calculations. The kinetic energy can
be divided into two parts [1]. They are the kinetic energy of a non-interacting
(describable by a single-determinant wavefunction) electron gas having the same
density as the original system and the remainder, which is relegated to the catchall
exchange-correlation energy. The practical appeal of this approach is that the
exchange-correlation energy is always considerably smaller than any of these other
energies; thus approximations made to it would be expected to affect the accuracy
of the results less than approximations made in evaluating the larger terms. There
are tremendous computational advantages to requiring that exchange-correlation
energy be a functional of the density alone.
By averaging the exchange potential of the homogeneous-electron gas, Slater [2]
made a density-functional approximation to the exchange potential of the HartreeFock (HF) one-electron equations. In this approximation the exchange energy, as
well, depends only on the total electron density. The exchange energy, being simply
a number and not a function of the density, is said to be a functional of the density.
The exchange potential and exchange energies are relatively small terms in the
HF potential and total energy, respectively. Slater's approximation, together with
efficient use of symmetry, enabled rather accurate electronic structure calculations
on complex crystalline and molecular systems [3-5]. Hohenberg, Kohn and Sham
[1,6] showed that this practical approach was theoretically sound, by proving that
the exact exchange-correlation energy could also be expressed as a functional of
the density. Kohn and Sham [1] said furthermore that rather than averaging
the potential, one should vary the density-functional energy expression to derive
the potential from something simpler. This stimulated much interest in densityfunctional expressions for the energy of simple systems treated at ever higher levels
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of correlation. The homogeneous electron gas, used by Slater, is one such system.
Its only independent variable is the electronic density.
There exist essentially exact correlated exchange-correlation energies for the
homogeneous electron gas when the spin polarization (multiplicity) is either zero or
maximal (one or maximal) [7]. An interpolation on this or another set of correlated
solutions using the local density approximation (LDA), which assumes that the
exchange-correlation potentials depend only on the density at the point in question,
leads to a new local density functional (LDF) that within the LDA includes the
corresponding level of correlation. LDF's that include correlation in this way can
be found in Refs. 8-13. Unfortunately, these new functionals significantly over-bind
molecules when compared to either Slater's X~ LDF or experiment [14]. Becke [15]
found a functional form for the exchange energy, which using the gradient of the
density behaves correctly asymptotically far from any finite system. Even when
used with the more sophisticated density-functional treatments of correlation, this
functional form corrects the over-binding problem [16].
From a computational point ofview, the beauty of a density-functional exchangecorrelation potential is that it leads to a local exchange-correlation potential, and
thus a local total potential. This is the most important and profound insight of
Slater. If the exchange correlation energy is a functional of the density, usually
indicated by square braces, depending somehow on the density at each point in
space, then making that number extremal is achieved via the calculus of variations,

~SE~[p] = / V~(r) ~p(r) dr,

(1)

where V~c(r) is the change in E~c due to varying the density at the point r. If the
E~ depends in some way on the n-th order gradient of the density, then variation
with respect to that n-th order gradient can be brought into local form using integration by parts n times. This simplification is used in practical gradient-corrected
density-functional calculations [16]. In contrast, the non-local HF exchange potential follows most conveniently from variation with respect to the one-electron
orbital in question [17], although a density functional approach to HF is possible
[18]. Density-functional HF is not a direct method; an integral equation must be
solved.
A local exchange-correlation potential also facilitates use of symmetry. The
potential was averaged to muffin-tin form--spherically symmetric sufficiently close
to each nuclei and sufficiently far from a molecule and constant elsewhere--in
the first molecular and crystalline density-functional calculations [4]. With that
approximation, all one needs to do is symmetry adapt the matching conditions on
the surface of each muffin-tin sphere. It is natural to do a spherical harmonic
decomposition of all quantities on the surface of these spheres. Thus programs,
leading up to HARMONY, were written to implement Slater's conventions [19]
in symmetry-adapting spherical harmonics for use in muffin-tin calculations on
molecules and solids. The matching solutions on either side of all boundaries
propagates any solution, other than that of a core state which is localized in one
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muffin-tin sphere and sees only the self-consistent-field (SCF) potential there, over
the entire crystal or molecule. Using symmetry can only speed up any calculation
that uses delocalized basis functions. In the muffin-tin-orbital case, the efficiency
is achieved by relating matching conditions on different spheres.
These same programs can also be used to transform any localized atomic basis
into a symmetry-adapted linear-combination-of-atomic-orbitals (LCAO) basis. For
methods that begin with an atomic basis set and include multi-center overlap,
however, symmetry adaption can actually increase the complexity of the calculation
as will be shown. Nevertheless, even with localized basis functions, symmetry can
be used to significantly reduce the cost of the calculation if it is carefully applied.
How to do so is the subject of the next section. On the other hand, sometimes one
chooses not to symmetrize Vxc to approximate real physical effects that cannot yet
be treated exactly within density functional theory.
A reason sometimes given for not using symmetry is that one does not want to
bias the results of the calculation. This approach is based on the judgement that
if the calculation converges to a broken-symmetry solution, then that is actually
the solution that should be used. Broken-symmetry solutions occur in nature.
The electronic wavefunctions of magnetic materials, which includes systems as
simple as the oxygen molecule [20], can have a lower symmetry than that of their
nuclei. On the other hand, if an electronic wavefunction is known to be of a certain
symmetry and density functional theory is exact, then logic dictates that densityfunctional theory yield densities that are consistent with symmetry properties of the
corresponding wavefunctions [11,21]. In that case, the potential must be invariant
under all the operations of the group for which the wavefunction is a representation.
The ideal density-functional theory would yield totally symmetric solutions only
when nature chooses a totally symmetric solution. Broken or reduced symmetry is
the topic of Section 3.
The cases where broken-symmetry density-functional calculations are used are
invariably related to proper behavior upon breaking bonds to yield electronic states
of increased degeneracy. Symmetry can require electronic degeneracy. The higher
the symmetry the higher the possible required degeneracy. Degeneracy drives
magnetism. One of the most dramatic predictions of density-functional theory is
significantly enhanced magnetic moments for transition-metal clusters of very high
symmetry. The interplay between the icosahedral group and magnetism in 13-atom
clusters is discussed in Section 4, which is followed by a brief concluding section.
2. SYMMETRY AS A COMPUTATIONAL TOOL
The use of symmetry--at least the translational subgroup---is essential to modern first-principles calculations on crystalline solids. Group theory is simplest
for Abelian groups such as the translational subgroup of a crystal or the six-foldrotational subgroup of the benzene molecule. For such simple cyclic groups, the
irreducible representations are characterized by a phase, exp(ik), associated with
each step in a direction of periodicity. For one-dimensional (or cyclic) periodicity,
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the symmetry-adapted basis functions of this irreducible representation are
N

r

=E

exp(ink)r

(2)

r~)/v/-N,

n=l

where the r are a set of related orbitals, one on each of the symmetry-equivalent
atoms, subscript i indicates different types of functions on each center, and n,
which ranges between 0 and N - 1, indicates the different centers. In crystalline
calculations k becomes a vector in the reciprocal lattice and linearly independent
functions are restricted to the first Brillouin zone.
If these are symmetry-adapted basis functions, then the local potential must
transform according to the invariant representation. Thus for use with localized
basis sets it must be expressible as a superposition of identical single-center terms,
N

Y(r) = E

Y [R ~. ( r - rn) ] /',

(3)

n=l
where the rotation matrix R rotates the coordinates appropriately for each step in
the cyclic direction (through 60 ~ for the case of benzene). The rotation matrix is
unnecessary in a crystalline calculation, where the cyclic steps are pure translations. For ease of notation the matrix will be omitted in the following analysis of
the computational cost associated with using and imposing symmetry.
A straight-forward LCAO calculation requires N 3 matrix elements of the form

Vlmn = E

r

r/) V ( r - r m) Cj(r- r n) dr.

(4)

Iron

A straight-forward symmetry-adapted LCAO calculation requires N 4 matrix elements of the form

ij = E / exp [-ik(l - n)] Cj. (r - rt) Y(r - rm) r
Vkt~

- r~) dr.

(5)

Iron

Despite the huge increase in computational effort, this direct symmetry-adapted
LCAO method was used to study ozone [22], tetrahedral Ni4 [23], and D~hsymmetric ferrocene (Fe(CsHs)2) [24] using molecular orbital (MO) contraction coefficients in the linear-combination-of-Gaussian-type orbital (LCGTO) computer code
of [25]. Obviously, symmetry-adapted calculations are important enough to pay an
order-N computational price. The reasons are first, and foremost, that the calculations converge, and second that the wavefunction and one-electron orbitals can be
used to address experiment, which typically must first determine the symmetry of
the molecule.
Symmetry-adapted density-functional calculations can be greatly simplified
[26]. First any one of the N-fold summations of Eq. 5 can be replaced by a multiplication by N,
Vs

=N ~
mn

e x p [ - i k ( 1 - n)](r

rl)V(r- r~)r

r~)dr.

(6)
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If the group were larger t h a n a simple cycle, then there could be L > 1 other
operations of the group t h a t leave the first atom invariant, but alter n to L different
values. In this case the full summation over n could be reduced further by a factor
of L upon concurrent multiplication by L.
If the group is rotational or helical and r is not s-type, then the r on each
site become linear combinations of basis functions related by the rotation matrix
of the appropriate angular momentum and the appropriate rotational or helical
step angle [27]. It is traditional to use Cartesian-Gaussian orbital basis sets in
quantum-chemical calculations [28], but solid-spherical-harmonic Gaussians [29]
are best for symmetry adaption and matrix element evaluation. Including an extra
factor of (_)M in the definition of the solid spherical harmonics [30]
{r}L = (_)M~2L+14r rL

YLM(O,

r

(7)

where YLM(O, r is the spherical harmonic of [31], yields p-like real solid harmonics
having a familiar form, +x, +y and +z, for L = 1. Under rotation through Euler
angles a,/3, and 7 the solid spherical harmonics transform according to the rotation
matrix of [31],

= lZu,,u~,a,/3, 7) {r}L,,

(8)

where r and r' are vectors in the different coordinate systems that are related by
the Euler rotation angles. The three Euler angles are rotations about fixed axes
t h a t can be used to decompose any rotation in three dimensions. Only functions
having the same total angular momentum are mixed by the rotation group, thus the
set of functions having angular momentum L form a (2L + 1)-fold irreducible representation of the rotation group. Under inversion solid spherical harmonics pick up
a phase of ( - 1 ) n. All elements of any point group are either rotations or improper
rotations. All improper rotations can be expressed as a proper rotation followed
by an inversion. Thus a subroutine to evaluate the -,J
~(n)
M ~,M (a,/3, 7) coefficients is
sufficient to symmetry adapt the solid spherical harmonics.
Symmetry-adapted basis functions of irreducible representations of Abelian
point groups have non-zero amplitudes on each of the symmetry-equivalent atoms.
The above analysis of computational cost is valid only for such groups. The multidimensional irreducible representations that occur with nonAbelian point groups
can further enhance the computational advantage of using symmetry. It becomes
possible t h a t amplitudes of all basis functions on some of the symmetry-equivalent
atoms are zero for one member of the set of symmetry-adapted functions t h a t
transform as the multi-dimensional irreducible representation in question. The
expectation value of any invariant operator including the potential is the same
for each member of the multi-dimensional irreducible representation. Thus one
can choose a single optimal member for computing matrix elements. NonAbelian
groups afford the greatest opportunity for computational simplification.
The way to efficiently use symmetry in the case of multi-dimensional irreducible
representations relies on invariants. Atomic physics can serve as a guide to the
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rotation group in three dimensions. The density of completed p, d, and f shells are
spherically symmetric. Thus the sum of the moduli squared of all the spherical
harmonics of given angular momentum
L

Y~M(O, r YLM(O,r

(9)

M=-L

is invariant under rotation, and correspondingly the rotation matrices have their
own invariant
L

D(L)..
n(L)
,
M',M (~, ~, "[) I-2M',M"kOI',
~ , 7)

=

5(M, M") C,

(10)

M~=-L

where the constant C is independent of the rotation angles. Thus, one can always
symmetrize the set of basis functions of different total angular momentum on
different symmetry-inequivalent atoms separately.
For a finite point group G whose elements are g~, the operation of a group
element on a function is equivalent to rotation of the coordinate system,
gi f(r) = f(Ri. r),

(11)

where R~ is the rotation matrix of determinant +1 or - 1 if the rotation is proper or
improper, respectively. Alternatively, if f(r) is a member # of irreducible representation A then the effect of a group operation can be expressed,
g,

=

D,,,(g~) f~,,(r).

(12)

Analogous to Eq. 10, one invariant can be formed from any multidimensional irreducible representation [32],
/ ; , ( r ) f~,(r).

(13)

tt

This result can be used to say more about the local potential.
The density is the sum of the moduli squared of the occupied orbitals,
p(r) = ~

ni u;(r) ui(r),

(14)

i

where ni is the occupation number of orbital u~(r). From this and the previous
equation it is obvious that the density-functional local potential is symmetric if and
only if each basis orbital in each multi-dimensional irreducible representation is
occupied equally (but orbitals that are accidentally degenerate need not have equal
occupancy).
Symmetry can be used to simplify the calculation of the gradient of the energy
with respect to the atomic positions. The gradient operator transforms under
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any group operation just as would any other vector. Thus there are only as many
nonzero gradients of each symmetry-inequivalent atom as there are invariant linear
combinations of p solid harmonics on the set of symmetric atoms. There can be at
most three such invariant linear combinations. Furthermore from each linear
combination one need only compute gradients with respect to the first of each
symmetry-equivalent set of atoms. Gradients with respect to the remaining atoms
are related by the symmetry operations.
A further simplification occurs for two-center integrals (and three-center integrals treated as two-center in any of the three possible ways). The second centers
should be sorted according to the subgroup of operations that leave the linear combination of gradients on the first center invariant. The derivative of the integral
should be evaluated using only one member of each set and multiplying the result
by the number of atoms in the set. This method of gradient evaluation for molecules
with a center of symmetry precludes translation or rotation during geometry optimization.
3. B R O K E N S Y M M E T R Y

Full symmetry is sometimes not used in crystalline band-structure calculations.
Diamond and graphite are usually treated as if they had two rather than one
symmetry-inequivalent atom. Symmetry is often not used at all in conventional
quantum chemistry. In MOPAC [33] symmetry must be input manually as lists of
bonds, bond angles, and dihedral angles that are the same or related in a simple
fashion. This is no easy task if the point group symmetry is high and the point
group is nonAbelian, as is the case for the nitrate anion, NO 3 [34]. If a molecule
has nonAbelian point-group symmetrymD3h in the case of the nitrate anionmthen
the molecule will have some exactly degenerate eigenvalues provided only that it
has the right number of electrons.
If the charge on the nitrate group is taken to be zero, corresponding to the
neutral molecule, then even if the symmetry constraints are input properly, the
calculation will yield no eigenvalues that are identical. The lack of degenerate
eigenvalues proves that the neutral molecule will break symmetry and distort by
the Jahn-Teller [35] mechanism. One can also break the eigenvalue degeneracy in
NO 3 by specifying a multiplicity of three, i.e., seek a triplet electronic wavefunction. Conversely, if one of the three N-O bonds is stretched then all eigenvalues
will be non-degenerate. With so many possible reasons for nondegeneracy, one is
tempted not to examine the one-electron spectra of quantum-chemical calculations
too carefully. The same analysis applies to vibrational spectra, however, which are
quite popular in this era of analytic first and second derivates.
Johnson and Frisch [36] noted that their gradient-corrected density-functional
vibrational frequencies displayed no degeneracy for CH3 and NH3, which experimentally have nonAbelian point-group symmetry. They attributed the nondegeneracy to numerical inaccuracy. They did not symmetrize their numerical integration
grid. Density-functional theory is not (yet at least) exact. Thus a second possibility can arise. Density-functional theory can fail to display the proper degeneracy
because the theory is incomplete [26].
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Current understanding suggests that sometimes broken-symmetry solutions
are required in density-functional theory. Underpinning this understanding are
various studies of bond breaking. Bond breaking presents fundamental challenges
to q u a n t u m mechanics itself. It is no wonder then that it also challenges densityfunctional theory. Consider two monovalent moieties combined in a covalent chemical bond. The electronic state is singlet; there is no net electronic spin polarization
anywhere in the molecule, no matter how far the two components are separated.
The prediction of quantum mechanics is that measuring the spin of one of the bonding electrons when the two halves of the molecule are separated by great distances
instantaneously determines the spin of the other electron, which is most likely to
be found on the other half of the molecule. The nonspin-polarized state before
the measurement and the spin-polarized state after the measurement cannot be
treated in an entirely consistent manner in density-functional theory.
The symmetry-restricted, nonspin-polarized density-functional treatment of
bond-breaking is currently out of favor. As the fragments are pulled apart the
electrons are free to flow from one side of the molecule to the other [37]. They
flow in density-functional theory because the one-electron eigenvalues are the total
derivatives of the energy with respect to occupation number [38,39]. The ionicity
of both atoms are adjusted so that they have a common highest Fermi energy or
eigenvalue of the highest partially occupied orbital. In general, both fragments
wind up with a nonintegral number of electrons in the separated-atom limit. This
approach also mixes electrons of different angular-momentum subshells in atoms
[40].
Several things can be done about this disconcerting result. One can postulate
that density-functional theory is discontinuous as a function of occupation number [41]. A more practical approach is to use spin-polarized solutions. Now the
molecule can dissociate with a spin-up electron on one fragment and a spin-down
electron on the other. This introduces gaps in the one-electron spectra of both spins
at the Fermi level, which now lies half-way between the energy of the highest occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO)
on both fragments. In most cases, the electron affinity, involving the minority-spin
LUMO, of either fragment will always be less than the ionization potential, involving the majority-spin HOMO of the other. Thus the molecule will dissociate with
an integral number of electrons on both fragments. The problem with the spinpolarized solution to dissociation is that there are actually two solutions that are
precisely degenerate, either fragment can have the electron of either spin. These
two solutions do not interact in density-functional theory, as currently formulated,
but in nature they interact and are split into one singlet state and one member of
the three-fold degenerate triplet state.
The spin-polarized approach also clears up most problems with complex atoms.
Of the transition-metal atoms only atomic iron and cobalt have nonintegral numbers of d and s electrons using the Perdew-Zunger [13] local-density functional.
From a practical point of view fractional-occupation-number solutions should be
avoided at all costs. There appears to be no SCF procedure that will work efficiently for spin-polarized atomic cobalt or iron. Instead one must do several SCF
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calculations as a function of d and s occupancy and interpolate to obtain the global
minimum-energy fractional-occupation-number solution.
Nearby in configuration-space, nearly degenerate solutions plague practical
density-functional calculations. Thus in certain cases symmetry, or extraordinary
precautions, must be used. If the point group of the system under consideration is
not Abelian, then it can have multiple solutions that are precisely degenerate. In
this case conventional self-consistent-field (SCF) density-functional methods will
never converge [42]; they will not converge unless one of the degenerate solutions
is favored. In this era of limited resources, the last thing one wants to do is accidentally put a calculation t h a t cannot converge into a computer, and thus commercial
products do as much as they can to avoid such catastrophes. The simplest approach
is to artificially raise the energy of the unoccupied spectrum. This can be done by
adding to the Fock matrix the energy shift multiplied by the outer product of the
unoccupied orbitals from the previous iteration.
N a t u r e can require t h a t the symmetry of the wavefunction be lower t h a n the
s y m m e t r y of the nuclei. In the worst case this makes it necessary to guess the
type of solution one wants before doing the calculation or, alternatively, to do all
possible broken-symmetry calculations before comparing with experiment. The
possibilities can become nightmarish even for a molecule as simple as C2, which
experimentally has a singlet ground state. The singlet potential energy surfaces of
C2 are complicated by a good example of accidental degeneracy of the one-electron
orbitals near the Fermi energy.
Accidental degeneracy occurs whenever two potential-energy surfaces cross or
touch as a function of some internal nuclear coordinate. They can cross or touch
only if the total wavefunctions of both states transform as different irreducible
represents of the appropriate point group. Otherwise, for finite systems there will
invariably be some, perhaps small, interaction that will couple the two states and
cause an avoided crossing. The same considerations also apply to orbital-based
density-functional theory.
Density-functional theory is defined by the occupation numbers of noninteracting one-electron orbitals of Eq. 14. For the nonsymmetric case the orbital energies
exhibit no accidental degeneracy and no degeneracy other t h a n Kramer's (timereversal) when applied to a finite, nonsymmetric system. The one-electron orbitals
can only be ordered by relative energy; they do not fall into separate symmetry
classes, the nth orbital cannot touch or cross the (n+l)th orbital as a function of
nuclear position. If a molecule has symmetry then two orbitals can and will cross if
they are sufficiently close in energy, belong to two different irreducible representations, and are bonding or antibonding with respect to some nuclear motion, as are
the 1 ~ and 2a~ orbitals of C2. Both orbitals are odd under inversion, but the nodal
plane of the r~ orbital contains the nuclei and the nodal plane of the cr~ orbital
bisects the bond. Therefore these orbitals are bonding and antibonding, respectively. They therefore must be exactly accidentally degenerate at some (different)
internuclear separation for every electronic state. Because these two levels are the
HOMO and LUMO on either side of the point of degeneracy and the molecule is
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nonmagnetic, the calculations are best performed using the fractional-occupationnumber method [43]. In this method the energy is minimized as function of HOMO
and LUMO occupation (holding the total number of electrons fixed) as the nuclear
configuration is changed. In this case simple considerations give the energy of the
other singlet state, and the potentials of both states are symmetric [44]. The mixing
of these particular states can also be accomplished directly by breaking axial symmetry [16], with little difference in final energy, added computational cost, and the
danger of difficult convergence. Remarkably, the study of this particular degeneracy is not the enough to obtain a singlet density-functional ground state. A triplet
state lies lower in energy. To obtain a ground singlet state inversion symmetry
must be broken, to allow the molecule to dissociate properly [45].
When and how to employ broken symmetry is is the major point of divergence
among practitioners of density-functional theory. The challenge arises because it
is the wavefunction that carries the irreducible representation label and not the
density. Yet by the Hohenberg-Kohn theorem [6], the density must give the total
energy and everything else about at least the ground state. Exactly how density
functional theory is going to select the ground state in the case of exact or near
degeneracy is an open question.
There is at least one solution to the problem: Integrate the density to find N, the
number of electrons. Locate all cusps in the density to find the position of all the
nuclei. Use the strength of the each singularity to find the charge of each nucleus.
Then solve SchrSdinger's equation for all N-electron states to find the density that
corresponds to the starting density. The corresponding wavefunction gives the
irreducible representation label of the state in question. As a practical approach,
this solution leads nowhere, but it does point out the fact that the density is packed
with information. Integrating the spin polarization should give the multiplicity or
spin contribution to the magnetic moment of the system in the nonrelativistic limit.
Furthermore, when a density-functional calculation is performed on a system with
a difference, S, between the number of spin-up and spin-down electrons, then S + 1
is invariably taken to be the multiplicity of the state. Thus in a sense the study of
magnetic systems in density-functional theory is on a firmer theoretical foundation
than is the study of simpler systems. The degeneracy is used to maximize the
magnetic moment.
4. HIGH-MAGNETIC-MOMENT ICOSAHEDRAL CLUSTERS
Until the advent of cluster science, which is the idea that one can use high energy
processes to create new materials in the gas phase immediately above a surface or
after supersonic expansion, the icosahedral group was rarely encountered in nature.
Now the icosahedral group has become very important. The first "magic number"
associated with the icosahedral group is 13. The 13-atom icosahedral cluster is
shown in Fig. 1. It is 12 symmetry-equivalent atoms surrounding a central atom.
It is the shape assumed by most 13-atom clusters made of rare-gas, metallic, or other
atoms that do not form directional covalent bonds. This cluster is best understood
by contrasting it with two other 13-atom clusters that are compact portions of the
face-centered-cubic (FCC) and hexagonal close-packed (HCP) lattices. The FCC
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Figure 1. The icosahedral 13-atom cluster. The three atoms at the center of the
figure are colinear along a five-fold axis.
cluster is shown in Fig. 2. The HCP cluster can be made from the FCC cluster by
a rotating any triangle formed by three nearest-neighbor surface atoms 180 ~ about
an axis that goes through the center of the cluster. In the full crystals the rotation,
in this manner, of a close-packed plane changes the characteristic FCC abc stacking
to the characteristic HCP aba stacking. These two cubic clusters have octahedral
and D3h symmetry, respectively. All bond distances are equal in the FCC and HCP
clusters. Thus the clusters can be periodically repeated to form a crystal lattice. On
the other hand, in the icosahedral cluster the bond between the central atom and
any of the twelve other atoms is roughly 5% longer than any nearest-neighbor bond
on the surface. Thus a crystal lattice cannot be made by periodically repeating this
or any other icosahedral cluster, which explains why icosahedral subunits are rarely
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Figure 2. The octahedral 13-atom cluster. A 3-atom triangular face is in the foreground of the figure, and the abc stacking of close-packed planes is most apparent
for the three vertical planes in sequence from left to right across the figure.
found in everyday solid materials. This bond distance difference also explains why
the icosahedral symmetry is favored by 13-atom clusters. Each surface atom has
five nearest-neighbor atoms (six if one includes the slightly more distant central
atom), whereas the central atom is has twelve nearest-neighbor atoms. The 5%
longer radial bond distance allows the twelve bonds to be weaker than the five
bonds to each surface atom. Even though nickel, iron, and rhodium form crystals
with cubic symmetry, they are predicted to form (Jahn-Teller distorted) icosahedral
13-atom clusters [46-48].
The icosahedral group is the largest nonaxial group. An object with icosahedral
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symmetry can have one or more 120-atom sets of symmetry equivalent atoms, corresponding to the 120 group operations. Because so many atoms are at the same
distance from the center of symmetry such molecules are quite spherical in shape.
One would also expect to form round molecules in high-energy processes, because
liquid drops are round. Round molecules are indeed important in cluster science.
Group theoretic degeneracy confirms the enhanced roundness of icosahedral objects. The 3-fold degeneracy of p orbitals at the center of symmetry is preserved by
both the icosahedral and octahedral groups, where they transform according to TI~
irreducible representations. The 5-fold degeneracy of the d orbitals is preserved in
the H 9 irreducible representation of the Ih group but is split into T2g and Eg irreducible representations by the Oh group. Only with f orbitals does the icosahedral
group finally begin to lift some of the degeneracy imposed by the group of rotations
in three dimensions.
In atoms the proper treatment of the degeneracy of these orbitals is governed
by Hund's rules. To fill up a degenerate subshell with electrons the second electron
goes in with its spin aligned with the spin of the first. The third electron must
also be aligned. This continues until the shell is half filled. Only at that point are
electrons of the opposite spin allowed. The closed half-filled shell is an electronic
configuration of special stability. This special stability shows in various ways.
Two atoms in the transition-metal series, chromium and manganese, have the
3d subshell half filled. The number of electrons in another subshell is adjusted to
enable this configuration of special stability. Similarly, two atoms in the lanthanide
series, europium and gadolinium, and actinide series, americium and curium, have
half filled f shells [49]. Closed half-filled shells are stable against low-energy
electronic excitation. The lowest energy excitations in nitrogen and manganese
require over two electron volts of energy [50], which is much more than is needed
to excite neighboring atoms. Chromium is roughly half as stable, but its lowest
energy excitation simply antialigns the half-filled 4s and 3d shells.
Within the spherical approximation, cluster stability will similarly be enhanced
at electronic shell closures [51]. The very high degeneracy due to the rotational
group can in large measure be removed by distorting the spherical approximation
into an ellipsoidal approximation, to allow intermediate shell closings [51]. Because both of these groups allow infinitesimal rotations, they can only be applied
to clusters whose nuclei weakly perturb the free-electron behavior of the valence
electrons. A more selective way to lift degeneracies due to the spherical symmetry is to perturb the potential according to the various finite point groups. By
eliminating infinitesimal transformations, this approach has the added advantage
of also allowing accurate treatment of the atomic cores. Of the point groups, the
icosahedral group has the largest number of elements of any nonaxial point group.
In that sense it is closest to the rotation group in three dimensions. Accordingly,
icosahedral perturbations can lift the least amount of the degeneracy required by
spherical symmetry. Furthermore, accurate methods for treating the open d and
f shells of transition-metal and rare-earth clusters can significantly extend the
concept of shell closings as applied to clusters.
The most stable clusters should have all degenerate levels either empty or
completely filled. Next in order of stability should be clusters that have degenerate
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levels filled only with majority-spin electrons. The higher the point group the more
symmetry-required degeneracy and the higher the part of the magnetic moment
that can be attributed to the symmetry of the cluster. This symmetry-required
moment interacts collectively with the atomic moments, with the potential for
spectacular results.
The 13-atom iron cluster was optimized in the local-density approximation [47].
Not only was it shown to be essential icosahedral, but the icosahedral cluster had
two more unpaired spins than the cubic isomers. This is consistent with the higher
degeneracy of the icosahedral group. Of course, the higher degeneracy of the higher
groups does not necessarily have to increase the magnetic moment. The itinerant
moment could have opposed the atomic moments. But in all cases, higher symmetry
and its higher degeneracy leaves fewer choices for the final magnetic moment. The
effect is spectacular in rhodium [48]. Metallic rhodium is nonmagnetic, but densityfunctional calculations predicted Rh13 to have 21 unpaired spins. This prediction of
large magnetic moments for rhodium clusters has be confirmed experimentally [53].
This effect, the enhancement of magnetic moments by symmetry, will lead to novel
materials and magnetic devices. Chemical principles can be used to manipulate
this effect.
One can consider bonding to the icosahedral shell of atoms as a whole [54,55].
The optimized electronic structure of icosahedral Fe12 is open-shell,

(a.T)7 (t lg T)9(t luT )30( h. T)53( hu T)20(t2g T)3(gg T)16(t2uT )21(gut )16
(a.l)7(t191)6(tlul)27(hgl)45(hu l )lO(t291)O(ggl )12(t2ul )18(gul )12

(15)

The non half-filled open subshell is the 11hg, a d-like molecular orbital. It has 3
electrons. Adding two electrons will make it half filled. Subtracting three will
make it empty. This suggests looking at di- and tri-valent atoms to put in the
center position to stabilize this icosahedral shell. (Other valences could also work
by filling or half-filling other orbitals. Table 1 give the Jahn-Teller stable clusters
found in a study of 13 different candidates for the central atom [55].
Table 1. Stability, size, and magnetic moments for selected central atoms in icosahedral Fe12X clusters, that have all electrons in either filled or half-filled and maximally spin-polarized icosahedral electronic subshells. The binding energy (relative
to Fe12 + X) is in Hartrees and radial bond distance in Bohr.
Central
atom

Binding
energy

Radial bond
distance

Unpaired
electrons

Be
Mg
A1
Si
S
Mn
Zn

0.178
0.010
0.145
0.258
0.053
0.206
0.372

4.3
4.5
4.4
4.4
4.5
4.5
4.4

40
40
41
40
44
35
40

165
Surprisingly, quadravalent silicon made the table, but selenium and palladium
did not. Sulphur induces the highest magnetic moment, 44 unpaired spins, but
is is not very stable energetically. The binding energy is the energy of the 13atom cluster minus that of the central atom together with an isolated icosahedral
Fe12 cluster. The zinc cluster gives both high magnetic moment and high stability.
The lowest magnetic moment, 35 unpaired spins, occurs with manganese. Its
incomplete 3d shell is antialigned to the majority-spin iron electrons.
5. CONCLUSIONS
Efficient use of symmetry can greatly speed up localized-orbital densityfunctional-exchange-and-correlation calculations. The local potential of density
functional theory makes this process simpler than it is in Hartree-Fock-based
methods. The greatest efficiency can be achieved by using non-Abelian point-group
symmetry. Such groups have multidimensional irreducible representations. Only
one member of each such representation need be used in the calculation. However efficient localized-orbital evaluation of the chosen matrix element requires the
sum of the magnitude squared of the components of all the members on one of the
symmetry inequivalent atoms, based on Eq. 13.
Unfortunately, sometimes breaking symmetry is the only way to realistically
model natural process using density-functional theory. All such cases can be associated with bond-breaking. Without symmetry-breaking molecules dissociate into
fragments with a nonintegral number of electrons in density-functional methods
that are continuous in the number of electrons. Breaking the symmetry allows the
bond to be broken so as to allow the two fragments to have magnetic moments that
are antialigned with respect to each other. This approach allows both fragments
to have an integral number of electrons and a gap in their one-electron spectra at
the Fermi energy. This corresponds to the situation after rather than before and a
quantum-mechanical experiment to determine the moment of one fragment.
NonAbelian groups require degeneracy in the one-electron spectra of the local
potential of density-functional theory. Degeneracy is the driving force behind magnetism. Thus the icosahedral group of cluster science can spectacularly affect the
magnetic moment of clusters, as predicted by density-functional theory.
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1. INTRODUCTION
The aim of modern quantum chemistry is, simply stated, to apply the
rigorous principles of quantum mechanics to molecular systems in order to gain
useful insight into chemical phenomena. The starting point for most such
quantum mechanical investigations is the time-independent non-relativistic
Schr6dinger equation:
H ~ P = E~P

(1)

Here E is the total energy of the system, and H is the Hamiltonian operator which
gives the various components of the energy. The solution of the equation is the
wavefunction, ~P, which contains all information about the system.
The electronic Hamiltonian operator for molecular systems may be written
(within the Born-Oppenheimer approximation) as
I n

2

n

mZA

n

l

H = -: EVi - E E r.---.+ Z E T..
i=I

i=IA=1 iA

i=I j>i q

(2)

where n is the number of electrons and m is the number of nuclei. The first term
represents the kinetic energy of the electrons, while the second term is the energy
of electrostatic attraction between the electrons and the nuclei bearing nuclear
charges ZA. The remaining term represents the energy of electron-electron
repulsion.
As the wavefunction completely describes the state of the system, from it
any desired property may in principle be derived. However, this ultimate goal is
in practice essentially never realized, as exact solution of the Schr6dinger
equation is not possible except in a small number of very simple cases. The
source of the difficulty lies in the electron-electron interactions, and one must
resort to approximate techniques for their treatment. There are a multitude of
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such methods which have been proposed and investigated; indeed, one possible
way to view modern quantum chemistry is as a branch of applied mathematics
devoted to finding approximate solutions to the molecular SchrOdinger equation.

1.1. Hartree-Fock theory
Undoubtedly, the methods most widely used to solve the SchrOdinger
equation are those based on the approach originally proposed by Hartree [1] and
Fock [2]. Hartree-Fock (HF) theory is the simplest of the ab initio or "first
principles" quantum chemical theories, which are obtained directly from the
SchrOdinger equation without incorporating any empirical considerations. In the
HF approximation, the n-electron wavefunction is built from a set of n
independent one-electron spin orbitals %i, which contain both spatial and spin
components. The HF trial wavefunction is taken as a single Slater determinant
of spin orbitals.
VI_IF = IX1(1)%2(2)... %n(n)l

(3)

The energy and spin orbitals are then determined variationally, subject to the
constraint that the spin orbitals are orthonormal. This leads to the familiar HF
integro-differential equations for the "best" one-electron orbitals. Physically, the
HF approximation amounts to treating the individual electrons in the average
field due to all the other electrons in the system. This effective Hamiltonian is
called the Fock operator.
However, the HF equations are still too difficult to solve in general, and so
most commonly the molecular orbitals ~i (the spatial parts of the spin orbitals)
are expanded as a linear combination of a finite set of atomic orbital basis
functions (~,, i.e.

(4)
where the c,i are the molecular orbital (MO) coefficients. This converts the
simultaneous integro-differential equations into a set of algebraic equations in
the MO coefficients, which, for closed-shell systems, are known as the RoothaanHall equations [3, 4] and have the form
FC = SCE

(5)

where F is the matrix representation of the Fock operator in the atomic orbital
basis, C is the matrix of MO coefficients, S is the atomic orbital overlap matrix,
and E is the diagonal matrix of orbital energies. The Roothaan-Hall equations are
non-linear and must be solved iteratively, usually done by some variant on a
basic theme of repeated diagonalization.
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Despite the relative simplicity of the HF approximation, its practical
application to chemical problems has met with reasonable success in certain
instances [5], such as the prediction of equilibrium molecular geometries and the
study of conformational energy differences such as rotational barriers. However,
for more challenging cases where a single determinant cannot adequately describe
the electron distribution, such as when bonds are being broken and formed, to
obtain accurate results it is necessary to employ a more sophisticated treatment
which estimates the correlation energy, by definition the difference between the
exact (Born-Oppenheimer) energy and the HF energy.
The development of correlation methods which are both accurate and
economical has been, and continues to be, one of the thorniest problems in
modern quantum chemistry. There are a number of traditional approaches to the
correlation problem. The correlation energy represents a small fraction of the
total energy (usually less than one percent) and so M~ller and Plesset proposed [6]
that it be calculated via a perturbation technique. Another prominent class of
correlation methods is configuration interaction (CI) methods, which involve the
variational addition to the wavefunction of substituted configurations, obtained
by replacing occupied orbitals in the HF determinant with unoccupied (virtual)
orbitals, i.e.

~PcI = ~I-lF + ~ ai~Pi
i

(6)

where ~ i is a substituted determinant and a i its CI amplitude. Including all
possible substituted determinants (full CI) yields the exact solution of the
Schr6dinger equation within the finite basis set employed. Unfortunately, the
computational task of determining the full CI wavefunction, for systems of even
moderate size, is extremely large and thus it is usually a practical necessity that
the CI expansion be truncated in some fashion, such as limiting it to all single
and double substitutions (the CISD method). Limited CI methods suffer from a
lack of size-consistency, i.e., the calculated energy of two infinitely separated
systems does not equal the sum of the energies obtained by calculations on the
respective individual systems. Modified truncated CI methods which are sizeconsistent have been developed, such as the coupled-cluster method, introduced
into quantum chemistry by Cizek [7], and the quadratic CI method of Pople and
co-workers [8].
An important corollary of the above is that it implies a well-defined
hierarchy of methods which systematically approach the exact Schr6dinger
solution.
This hierarchy extends in two orthogonal directions, usefully
diagrammed on a chart such as Table 1. Each row and column intersection
corresponds to a completely well-defined "theoretical model chemistry". The
upper left corner is the simplest method, namely HF with a minimal basis set.
Progressing to the right increases the size of the basis set, with the asymptotic
limit of an infinite basis set representing, for example, exactly solving the
Hartree-Fock equations as opposed to the Roothaan-Hall equations (the "HartreeFock limit"). Conversely, following a particular column down the table adds
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more and more terms in a CI expansion, and as the limit of this procedure gives
the exact result within the associated basis, it is evident that the lower right
corner exactly solves Eq. (1). Even though full CI with an infinite basis set is
certainly not pragmatic from a computational point of view, conceptually it is
very important in that a path connecting the HF solution with the true
Schr6dinger solution is established.
Table 1
A hierarchy of conventional ab initio methods
Basis set
Correlation

$

STO-3G

HF

HF/STO-3G

3-21G

6-31G(d)

OO

HF limit

CISD
CISDT
. . .

Full CI

Exact

The foremost practical concern when applying a quantum mechanical
method to a chemical problem, after deciding that the accuracy of the method is
sufficient for the problem at hand, is the computational expense of the method.
This is usefully related in terms of the size of the system to which it is applied.
As HF is the simplest ab initio method, it stands to reason that it is the least
demanding. HF calculations formally scale as the fourth power of the number of
basis functions N, which reflects the total number of two-electron repulsion
electron integrals over the basis functions which must in principle be calculated.
This is still quite costly, but fortunately, for large molecules the value of most of
the integrals is essentially zero, and taking advantage of this fact makes much
larger systems accessible to the HF method than would be the case if the O(N 4)
power law were strictly obeyed.
Upon going to correlated methods, the cost situation is much less favorable.
The simplest correlation technique, second-order Moller-Plesset theory (MP2),
has a cost of O(N5), with each additional order of perturbation theory essentially
multiplying the cost by another factor of the system size. The other standard
correlation methods have similar cost scaling behaviors, such that very highquality correlated calculations can be carried out only on small or medium-sized
molecules. So, perhaps not surprisingly, those methods which lead to the most
accurate solutions of the Schr6dinger equation are those whose range of
applicability is most limited. On the other hand, considering that the correlation
energy represents only a small fraction of the total, the steep computational
gradient associated with improved results is a decidedly unbalanced state of
affairs.
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The major strength of HF is that it is relatively economical, but across the
spectrum of chemically interesting problems its ability as a predictive tool is only
qualitative at best. We would like to be able to retain the inexpense of HF while
enjoying the quality of the more sophisticated correlated methods. Of course, this
seems like asking for too much, as it would appear to contradict the sage wisdom
"You get what you pay for". This may or may not be true, but in any case, it is
clear that if the objective is to have a quantitatively accurate, cost-effective and
widely applicable quantum mechanical method for predicting molecular
energies, a radical departure from traditional correlation techniques will be
necessary.

1.2. Density functional theory
The concept of expressing part or all of the molecular energy as a functional
of the electron density goes back at least as far as the early days of quantum theory,
to the Thomas-Fermi and Thomas-Fermi-Dirac models of the electronic structure
of atoms. While such approaches did prove useful, it was not until 1964 that
Density Functional Theory (DFT) was placed on a rigorous theoretical
foundation, by a remarkable result demonstrated by Hohenberg and Kohn [9].
The Hohenberg-Kohn theorem states that there exists a unique functional of the
electron density p that yields the exact ground state energy of the system.
The work of Kohn and Sham [10] which immediately followed then laid the
basis for practical computational application of DFT to physical systems, by
connecting the exact functional with a reference state consisting of a set of noninteracting one-particle orbitals. The set of effective one-particle Schr6dinger
equations which determine the reference orbitals are called the Kohn-Sham (KS)
equations

(--1 V2 + VKS)lgi : Eil[/i

(7)

where VKS is a local one-body potential defined such that the total density of the
non-interacting system
n

i=1

(8)

is the same as the density of the "real" system.
components:
VKs =

+ v c + Vxc

The KS potential has three

(9)

Here VExt is the external potential, which contains the potential due to the nuclei
(and applied fields, if any), VC is the Coulomb potential of the electrons, and Vxc
is the exchange-correlation (XC) potential, which contains everything else.
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Then, the exact energy of the fully-interacting system is expressed as
1
E = ET + ,fPVExt

P(rl)P(r2)
dr 1dr 2 + Exc

(10)

where ET is the kinetic energy of the non-interacting reference system, the second
term is the nucleus-electron attraction energy, the third term is Coulomb electron
repulsion energy, and the remaining term is the XC energy, related to the XC
potential by

Vxc-

~EXC
8p

(11)

Unfortunately, the exact XC functional is u n k n o w n (the proof of the
Hohenberg-Kohn theorem is an existence proof, or otherwise quantum chemistry
would be a solved problem), but DFT can still be utilized within the KS
formalism by assuming an approximate functional form for the XC energy. Just
as in the case of HF, the KS molecular orbitals can be expanded using the LCAO
approximation, giving rise to a set of matrix equations of the same form as the
Roothaan-Hall equations, only with the exact HF exchange potential replaced by
the DFT XC potential; these may then be solved via a self-consistent procedure.
The simplest approximation to the XC energy is the so-called "local spin-density
approximation", or LSDA, where the XC energy density is taken as that of a
uniform electron gas with spin densities p a and p~. The exchange component of
this functional is known [11], and correlation energies for various values of the
density have been determined by accurate Monte Carlo simulations [12];
convenient parameterizations of these results are available [13, 14].
It is certainly interesting that the working equations of KS theory are so
similar to those of HF theory, but the extremely important differences between
the two theories are even more intriguing. The most profound of these is, of
course, that KS theory is in principle capable of yielding the exact Schr6dinger
energy, which is certainly not the case with HF theory. That such a simple
approach has such an enormous potential immediately makes the prospect of its
application to chemical systems attractive, especially when contrasted with the
traditional ab initio approaches.
However, the proof of the existence of a unique, exact density functional is
simultaneously tantalizing and aggravating. Unlike with the HF-based theories
mentioned above, there is no known means of systematically improving the
quality of the energies obtained with DFT, or put another way, the downward
direction on a KS chart analogous to Table 1 is not well-defined. This is because
practical DFT makes approximations to the Hamiltonian itself in order to solve
the Schr6dinger equation, as opposed to approximating the wavefunction as is
done in ab initio. It is easy (at least conceptually) to improve an approximate
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wavefunction, e.g. by mixing in more and more substituted determinants, but a
comparable prescription for improving an approximate functional is unclear.
The exact functional has been formally identified by Levy [15], allowing
many theorems to be derived which bound the exact functional and describe its
scaling behavior in various limits, but unfortunately these have so far been of
little value in aiding the design of functionals useful for practical applications.
The usual means of attempting to improve upon the LSDA is to introduce terms
involving the gradients of the spin densities, or "gradient corrections" to take
into account the fact that the densities of systems of chemical interest are
definitely not uniform. A number of such functionals have been proposed [1618]. It remains, though, that there is no sound theoretical basis for judging the
quality of new functionals, and indeed progress in the development of better
approximate functionals has often involved a measure of trial and error.
Given that one functional cannot easily be proven, in a rigorous
mathematical sense, to be "better" than another, it is all the more critical that
proposed functionals be subjected to extensive, thorough validation studies
before some level of confidence their application to chemical research problems is
justified. In order to be able to place functionals under the required high level of
scrutiny, it is necessary that there be robust, efficient DFT computer programs
available.
The focus of this chapter is to present an in-depth account of work done in
our research group over approximately the past two years to develop a Gaussianbased LCAO KS program, including our implementation of the KS SCF procedure
and analytic first and second derivatives of the KS energy. The motivation of this
effort is to embody a consistent approach to DFT calculations to facilitate, in the
first instance, the systematic validation of DFT methods for chemical studies, and
in the second instance, the efficient application to actual research problems,
especially those involving large molecules, of those methods proving useful. It is
not our intent to attempt a comprehensive review of the status of existing DFT
programs, but rather particular emphasis will be placed on the difficulties
associated with many current computational approaches which need to be
overcome, and we will discuss how we have addressed these problems in our
implementation. The presentation is at a level of detail which should be useful
to those interested in the developmental aspects of DFT; however, it is not a
complete exposition, which would be beyond the scope of this chapter, and for
further details the reader is directed to the various original publications
referenced at the appropriate points. Much of the work described here was carried
out in a modified version of the Gaussian 92 program [19], while the latter
material discussed and the ongoing work is being done within the Q-Chem
program [20].
After reviewing the development work, we will summarize the results of
systematic application studies we have carried out on "routine" molecular
properties such as geometries and atomization energies. Then, continuing to a
more challenging situation, the prediction of certain reaction barriers will be
discussed, in which DFT methods fail dramatically. Finally, we examine some
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additional problematic cases we have encountered, and conclude the chapter by
mentioning some directions of ongoing and future work.

1.3. Current Kohn-Sham computational methodologies
Computer programs for ab initio quantum chemical calculations have now
been widely available for around twenty-five years. There is consistency among
such programs (at least the good ones), in that the accepted methods contained
within are well-defined and their implementations are sound, e.g. one can
reasonably expect two different Hartree-Fock programs to arrive at the same total
energy for a given molecule with a given basis set. Perhaps one might think this
a trivial observation, something that can be taken for granted. However, such an
expectation cannot be made of the currently available DFT programs; due to a
plethora of approximations of varying degrees of rigor employed in the
implementations, reproducibility of molecular energies from one program to
another is virtually impossible. Needless to say, this is a highly unsatisfactory
state of affairs from the viewpoint of a researcher wishing to apply DFT as a
practical tool.
One of the main reasons why DFT methods have not gained widespread
acceptance among chemists as traditional ab initio methods have is the lack of
widely available programs which come with arrays of useful tools for molecular
investigations (such as analytic derivative methods, automated geometry
optimizations, etc.). There has been much progress in development of such
features within a variety of DFT programs [19-26] in the last few years, but the
current status still lags behind that of the ab initio world considerably, and
reproducibility, a hallmark of ab initio, has not yet been attained.
This is not to say that were such capable programs available DFT would
necessarily gain such acceptance, because as mentioned before careful validation
studies must be done to critically assess the strengths and weaknesses of these
methods. In fact, it seems that there is currently too much of an outlook on DFT
as a chemical "panacea", a bargain-basement technique which will be able to come
in save the day in the cases where traditional ab initio theory is wanting. This
folklore stems partly from this lack of thorough comparison studies with ab initio
methods and experiment, and indeed only very rarely are even the total
molecular energies reported in DFT publications. The very first test of DFT on a
large body of well-established thermochemical data was done by Becke [27], who
applied the LSDA to the G2 database of Pople and co-workers [28]. Around the
same time a similar study was performed by Andzelm and Wimmer [29] on
equilibrium geometries, vibrational frequencies and heats of reaction. Such
systematic comparisons are now becoming more frequent [30-39], and a better
knowledge base on the performance of DFT methods is beginning to be obtained.
There are a number of factors which contribute to the lack of consistency
among current DFT programs. For example, many different basis representations
of the KS orbitals are employed, including plane waves, Slater-type orbitals,
numerically tabulated atomic orbitals, numerical functions generated from
muffin-tin potentials, and delta functions. Gaussian basis functions, ubiquitous
in the ab initio realm, were introduced into KS calculations in 1974 by Sambe and
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Felton [40], and we shall focus here only on implementations using Gaussian
expansions. Then, there are primarily two general aspects which are responsible
for this lack of consistency, which we shall briefly discuss.

1.3.1. Fitting of the density and exchange-correlation potential
The literature abounds with statements to the effect of the following: "The
cost of HF calculations increases as O(N4), while KS methods scale as only O(N3);
therefore, KS is more efficient than HF and can be applied to much larger
molecules." This may aptly be termed the "N 4 vs. N 3 myth", and it is a double
myth, as neither the N 4 or the N 3 is really correct. In fact, it will be seen that for
well-implemented HF and KS programs, both will scale for large calculations as
only O(N2). The N 4 derives from the number of two-electron repulsion integrals
over basis functions appearing in the HF energy expression. Formally, the total
number of integrals is indeed proportional to N 4, but for calculations on large
systems the majority of these are essentially equal to zero due to negligible
overlap of the basis functions involved. In the asymptotic limit, which can in
fact be approached in practical cases, the number of surviving integrals is
proportional to N 2, not N 4. Highly sophisticated "cutoff" schemes for avoiding
the unnecessary work have been developed and have been incorporated into
efficient techniques [41] for evaluating these integrals, and it has not been since
the late 1960's that HF programs which were truly O(N 4) were in common use.
The purported N 3 dependence of KS methods refers to procedures which
reduce the integral evaluation work by fitting the computationally intensive
terms in auxiliary basis sets. There are a number of different approaches which
are used (and we shall not attempt to cover them all), but these are all more or
less variations on a linear least-squares theme. The earliest work along these
lines [21, 42], done in the context of X(z calculations, involved the replacement of
the density in the Coulomb potential by a model

~(r) = ~ aifi(r)
i

(12)

where the fi are nuclear-centered auxiliary functions and the coefficients ai are
obtained by minimizing
Z = S [p(r) - ~(r)] 2 dr

(13)

where p is given by Eq. (8), subject to the constraint that the model density
conserve charge. The accuracy of this approach was significantly improved by
Dunlap et al. [43] by instead minimizing the Coulomb self-energy of the residual
density
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Z = ~II1

[P(rl) - 15(rlr12)]
[P(r2) - 15(r2)] dr I dr 2
(14)

It is clear that the least-squares equations for the model density require only the
Coulomb integrals (~tv I fi) and (fil fj), which are O(N 3) and O(N 2) in number,
respectively, and therefore the integral evaluation problem is formally reduced by
one order to O(N3).
Upon examining the behavior as the system becomes larger, one sees that
for the same reason that there are asymptotically only O(N 2) significant fourindex integrals (negligible overlap), there will also be only O(N 2) significant
three-index integrals. However, the matrix (fil fj) of Coulomb interactions of the
fit functions is not sparse, and this matrix must effectively be inverted to solve
the least-squares equations, which is an O(N 3) proposition. Thus, fitted integral
methods have a limiting cost of O(N3), and when compared to explicit evaluation
of significant four-index integrals, these will eventually become a liability rather
than an asset for large systems. For small systems, where cutoffs are of little
benefit, fitting does result in a gain in efficiency. Thus, density fitting actually has
a window of applicability, faster for small to medium-sized molecules, but
inferior for systems above a certain size; it is not an across-the-board win.
Fitting techniques have been applied to the XC potential and XC energy
density as well (though generally employing a different basis set than for charge
density fits), so as to represent this quantity, usually given by computationally
awkward mathematical forms, with analytically manageable functions. Recalling
that in KS theory the XC potential is a one-electron local potential, the same
argument applied to the Coulomb integrals applies here to show that only O(N)
elements of the matrix representation of the XC potential are significant
asymptotically. It may seem at first that the use of a numerical quadrature grid
(which is customarily how XC integrals are evaluated) to compute the XC matrix
directly would compound its cost in practical calculations; however, it is possible
to develop a grid-based procedure for obtaining the significant elements in only
O(N) work, and this is described later in this chapter. Therefore, with the
availability of such a technique, approximate fitting of the XC potential is
unnecessary, as the Coulomb work will dominate the XC work except for small
systems, where the XC computation time is not significant in the first place.
Unlike XC fitting, though, it does remain that density fitting can yield an
efficiency advantage in some cases, and so in deciding whether or not to
incorporate it, this advantage must be weighed against the disadvantages of
fitting, of which there are several. First, as we have said, the many different
varieties and combinations of fitting techniques employed are a major source of
inconsistency between various implementations, all of which purport to give,
e.g., LSDA energies; on this basis alone it would be desirable to be able to
eliminate them from consideration altogether.
Second, fitted densities do not automatically conserve the number of
electrons in the system. Though it is straightforward to enforce charge
conservation via a Lagrange constraint, which is usually done, the fitted density
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will not exactly reproduce the true multipole moments. Furthermore, the
different sorts of constraints imposed in density and XC fits are another source of
inconsistency in the calculated energies.
Third, a major drawback of fitting is that it greatly complicates analytic
derivative theories, in principle and even more so in practice. Many fits are
variational, but some (usually XC fits) are not. Exact gradient expressions for
non-variational fits are especially tedious, as these require solution of a set of
coupled-perturbed response equations at first order. Therefore, usually one
resorts to an approximate treatment, such as assuming the fit is exact. Though
simplifying the computational procedure, this results in an undesirable side
effect, namely that the computed forces do not agree with the energy, and so, e.g.,
there will be a spurious residual force calculated at a true minimum energy
geometry, which is not always insignificant in magnitude. Upon proceeding to
second and higher derivatives, the situation only gets worse relative to
derivatives where no fitting is done.
Finally, together with the aforementioned disadvantages it should be
considered that the argument which motivated the introduction of fitting is not
as compelling as it used to be. Historically, the need for fitting arose due to the
lack at the time of highly efficient integral methods, and at its inception, fitting
allowed the X0~ method to be applied to larger molecules than otherwise would
have been possible. However, enormous progress has since been made this area,
which is reviewed elsewhere [41], and the task of integral evaluation, though still
a central efficiency issue, is not nearly as daunting as it once was. Thus, the
relative advantage of fitting, and hence its attractiveness, has lessened over time,
and further advances in integral technology will serve only to decrease its
domain of applicability.
Therefore, we feel that the undesirable features of fitting methods outweigh
the gain in efficiency they afford for smaller systems, and so we have elected not
to incorporate them in our implementation. In doing so, the Coulomb energy
and potential are evaluated exactly (so one need not be concerned with
incompleteness of the fitting basis set), making the approach more directly
comparable to conventional HF theory in this respect, and thereby eliminating an
approximation to the KS equations which is a major source of inconsistency
between implementations.

1.3.2. Quadrature schemes for exchange-correlation integrals
As mentioned in the last section, the XC integrals are in practice evaluated
numerically, because of the complicated algebraic forms used for the approximate
XC functionals. As with fitting procedures, there have been a great many
quadrature schemes which have been proposed and are in use. The areas in
which advances are needed in order to treat the quadrature properly may be
succinctly categorized as standardization, orientation and differentiation.
Standardization refers to the fact that complete specifications of the
integration grids used to produce many published results are generally not given.
This is unsatisfactory for two reasons. Firstly and fundamentally, this prevents
strict reproducibility of the results by other workers (this is also true of the fitting
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schemes discussed in the last section), and secondly, the dependence of the
calculated energies on the choice of grid can be above the threshold of chemical
significance, especially with smaller grids. Now, by standardization it is not
meant that all calculations should employ the same grid, but rather that
quadrature grids should be designed, validated, and then published so that others
may use them, in the same manner as is done with Gaussian basis sets. Only in
this way will one really be able to speak of completely well-defined "theoretical
model chemistries" based on KS methods. The design of such standard grids will
be discussed later.
Another difficulty which has long plagued grid-based calculations is the
problem of angular orientation of the grid. Most quadrature schemes currently
used in DFT rely on weighting functions which partition the XC integrals into
separate atomic contributions; the most well-known of these is due to Becke [44].
These atomic integrals are usually evaluated independently, and this results in
computed XC energies which are not rotationally invariant, because the grid on
one nucleus does not "know" when the orientation of the other nuclei has
changed relative to it. The most serious consequences of the loss of rotational
invariance manifest themselves in derivative calculations.
A number of
attempts to remedy this problem have been tried, but a method which actually
restores rotational invariance has not previously been proposed. We will
describe here a rigorous solution to this problem which has been developed and
implemented.
As a result of the atomic partitioning approach, the quadrature points and
weights are dependent upon the nuclear configuration, and therefore when
differentiating the energy with respect to the nuclear coordinates the grid itself
will contribute. These quadrature derivative terms are generally ignored,
however, even though doing so gives computed derivatives which are
inconsistent with the computed energy (just as is the case with certain fitting
schemes). Moreover, this inconsistency can indeed have an observable effect,
especially with smaller grids required for most practical calculations, and is
particularly severe in some instances for analytic second derivatives, as will be
seen later. It is therefore our finding that the dependence of the grid upon the
nuclear positions must be explicitly taken into account in derivative calculations,
and in the subsequent discussion of our first and second derivative
implementation this is included.
Before proceeding, we are compelled to note that, like fitting, the several
unattractive features associated with grid-based evaluation of the XC terms make
grids a less than ideal approach. These sorts of difficulties do not arise in
methods where all integrals are evaluated analytically (such as in HF
calculations), which leads one to consider the possibility of developing analytic
techniques for the XC integrals as well. The involved mathematical forms of
approximate XC functionals make this a difficult task, but a worthwhile one to
undertake as the messy drawbacks inherent to grids would be removed. Loss of
rotational invariance and grid contributions to derivatives can be rigorously
handled, but their improper treatment is a source of problems in many
implementations. An analytic method would also eliminate the uncertainty in
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the energy due to grid incompleteness. This error can of course be managed by
employing larger and larger grids, but this increases the computational expense
significantly; clearly it would be preferable if the grid could be dispensed with
altogether.
Very recently, some initial progress towards gridless DFT has been made.
Zheng and AlmlSf [45] have introduced a method in which the density and
density gradient are represented in an auxiliary basis instead of on a grid; these
are then used directly to construct the matrix representation of the XC potential.
While their approach is a definite advance in that no grid is used, it is not
entirely satisfactory as the introduction of an auxiliary basis (which they take as
the orbital basis set) is an approximation, and thus the problems of grids are
essentially traded for those associated with fitting. In other work, Gill and Taylor
[46] have reported an analytic procedure for integrating the Xc~ exchange
functional with Gaussian basis functions. This method involves no additional
approximations, and hence gives the exact (infinite-grid) result. So far, numerical
quadrature remains the primary alternative for general-purpose application with
arbitrary functionals, but this initial development and the prospect of its
extension to more complicated functionals which are of greater practical use is
promising.
2. IMPLEMENTATION
We will consider the general case of a gradient-corrected functional, using a
spin-unrestricted formalism. The XC energy is formally given by
Exc : ;

f(p,~,p13,7(~,~,7,~13,71~dr
13)

05)

where the density gradient invariants are
7aa = Vpa'VPa,

7a~ : Vpa.Vp~,

y~ = Vp~-Vp~

(16)

Essentially all functionals commonly employed can be phrased in this form. In
the LCAO framework we have
pa :

Vpa =

PrLv4)rL~

(17)

P,vV(%%)

08)
where the alpha density matrix is
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The beta density matrix, charge density and density gradient are defined similarly.
Note we have assumed real orbitals for convenience. The total electronic energy
is
E = ~ PgvH~tv
(20)
where the Pl~v are the elements of the total (alpha plus beta) density matrix, the
Hl~v are the matrix elements of the one-electron Hamiltonian, and a standard
notation is used for the two-electron repulsion integrals.
The first two terms in the energy require the evaluation of one- and twoelectron integrals over the basis functions, just as in HF calculations. Therefore, a
great practical advantage of the present approach is that it makes an efficient HF
program an excellent starting point for the KS implementation, as one needs only
to replace the HF exchange potential with the DFT XC potential; then, all other
aspects are essentially unchanged from the HF case. The efficient evaluation of
the two-electron integrals is quite an involved research topic in itself, which has
been extensively reviewed elsewhere [41], and so we need not address it here;
rather, we will focus specifically on the XC implementation.

2.1. The standard quadrature grid
The first step in developing a procedure for evaluating the KS total
molecular energy is to specify the quadrature rule which will be used to perform
the numerical integration of the XC functional. Like many KS computer
programs, we begin by partitioning the multi-center molecular integral in Eq. (15)
into single-center atomic subintegrals and then compute each of the latter on an
atomic grid, i.e. the XC energy is obtained as
Exc = ~ ~
A

wAif(rAi)
i

(21)

where the rAi and WAi are the quadrature points and weights, respectively. The
first summation runs over the atoms and the second runs over the points
associated with the current atom. We have adopted the partitioning scheme
developed by Becke [44] (but without the recommended "atomic size
adjustments").
Normally, the atomic grids consist of points on concentric spheres about
each atom but little effort appears to have been made to standardize, or even to
publish in detail, the exact atomic grids that various groups use. If the grids are
sufficiently dense, the computed energy will converge towards the result for exact
integration of Eq. (15). However, for finite grids, it is necessary to have a well-
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defined specification of the points and weights, so that a precise energy is obtained
from a given functional, a given orbital basis and a given grid. In conjunction
with an XC functional and basis set, such a grid completes the specification of a
Kohn-Sham "theoretical model chemistry".
Customarily, in developing a quadrature rule to approximate the integral
~2~

I =~ f(r)dr = ~ ~ ~ f(r,0,(~)r2sin0 d(~d0dr
000

(22)

product formulae are used to separate the radial and angular integrations, i.e.
N'

N~

I = E wri Z W~j f(ri'0j'(~j)
i=1
j=l

(23)

where there are N r radial points with weights w r, and N fl angular points with
weights w ~. It is possible to continue in this way to separate the angular
integration as well, but this is less efficient than using specially designed
formulae for integration on the surface of a sphere, and so we leave Eq. (23) as it
stands.
For the radial integration, we have adopted the Euler-Maclaurin formula
proposed by Murray et al. [47], in which the radial points and weights are given by
Ri 2
r ~ --1

(N r + 1 - 02

(24)

w r = 2( Nr + 1)R3i5
'

(N r + 1 - i) 7

(25)

where the length scaling factor R, the "atomic radius", is a measure of the radial
extent of the atom in question. This is taken as the distance corresponding to the
maximum of the radial probability function of the valence atomic orbital given
by Slater's rules [48]. The atomic radii which follow from this definition are
tabulated in Ref. [49] for atoms H to Ar.
The angular part is treated by quadrature formulae for the surface of the
sphere due to Lebedev [50-52]. The Lebedev grids are highly efficient in terms of
the number of surface harmonics integrated per degree of freedom in the
formula; efficiencies near unity are typical, with unit efficiency surpassed in
certain cases. The base points of these grids are invariant under the octahedral
group with inversion, making them well-suited to the treatment of Cartesian
basis functions. The largest Lebedev grid in our program has 302 points and is
29th degree, where a grid of degree L exactly integrates all surface harmonics of
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degree L or less. Gauss-Legendre spherical product angular quadrature of general
degree is also available, as this is a more convenient mechanism than Lebedev
for attaining arbitrary accuracy; however, Gauss-Legendre grids are not
recommended for practical work.
We refer to an atomic grid which uses an Nr-point Euler-Maclaurin grid in
conjunction with an Nil-point Lebedev grid as EML-(Nr,NI), or simply (Nr,Nl).
For example, in some of our earlier work [33, 37], we have employed EML(50,194), which was found to give acceptably small grid error (approximately 0.2
kcal/mol for medium-sized molecules). However, (50,194) is rather large, and it
is preferable to reduce its size while maintaining its effectiveness. This is
achieved by replacing the 194-point grid on certain of the concentric spheres with
a smaller Lebedev grid. Such a strategy is not new, and is motivated by the
realization that, as one approaches a nucleus from the valence region in a
molecule, the electron density becomes progressively more spherically
symmetrical and can therefore be treated satisfactorily by progressively less
sophisticated angular grids.
We have designed a standard grid, called SG-1 [49], by employing such an
approach. Each atom is divided into five regions, the boundaries of which are
determined by fractions of its atomic radius R. Within each of these regions,
from innermost to outermost, Lebedev grids are employed with 6, 38, 86, 194 and
86 points, respectively. The atomic partitioning parameters are given in Table 2,
which completes the specification of the SG-1 grid for atoms H to Ar. SG-1 has
roughly one-quarter as many points as (50,194), but yields the same energies
(within a few microhartrees) as (50,194) for a wide range of molecular systems,
and is of sufficient accuracy for most practical work. Other standard grids could
also be derived in a similar fashion.
Table 2
Partitionin~ parameters used in the SG-1 I~rid
Atom
H - He
Li - Ne
Na - Ar

c~1

0~2

0~3

0~4

0.2500
0.1667
0.1000

0.5000
0.5000
0.4000

1.0000
0.9000
0.8000

4.5000
3.5000
2.5000

Now that the atomic grids have been defined, the molecular grid is
constructed as a superposition of these atomic grids. The usual way of doing this
is in a completely straightforward fashion, by translating the appropriate onecenter grid to each nucleus, i.e. the molecular grid points are positioned according
to

rAi = R

A +s.1

(26)
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where RA is the position of nucleus A and the si comprise the atomic grid for A
(which is i n d e p e n d e n t of the nuclear configuration).
Since the grid is
incomplete, it is clear that such a procedure results in computed energies which
are sensitive to rigid-body rotations of the molecule, i.e. the total energy does not
possess the property of rotational invariance in the absence of external fields.
This dilemma has been previously recognized. For example, randomly rotated
angular grids have been employed [53] to average out the rotational error, but
such an approach does not rigorously remove the problem.
The proper definition of the grid points is [54]
rAi = R A + O S i

where O is
orientation
employed.
the nuclear

(27)

a 3 x 3 matrix which contains the essential information about the
of the nuclear conformation in the particular coordinate system
The matrix O may be conveniently taken as that which diagonalizes
charge moment tensor, i.e.

oTMo = A

M = ~ ZA[ ]RA-T 12I - (RA-T)(RA-T) T]
A

(28)

(29)

where A is the diagonal matrix of the eigenvalues of M, and

T= A
a

(30)

is the center of nuclear charge. To complete the specification of O, it remains only
to choose an ordering for the eigenvectors, and in cases where degeneracies occur,
to specify a means of selecting a particular set of degenerate eigenvectors. Any
well-defined procedure will do as long as it is followed consistently, and we have
given such a prescription in a recently proposed nuclear orientation convention
[49]. The columns of O then represent a set of principal axes for a "standard"
Cartesian reference frame, which is inherent to the nuclear conformation.
To illustrate the effect of orientational dependence of the energy, Table 3 lists
the S-null/6-31G(d) energy of the C1 molecule HOOF in three different
orientations. Orientation I is the standard orientation, orientation II is obtained
from the standard orientation by a rotation of 20 ~ about the x-axis, and
orientation III is obtained from the standard orientation by successive rotations of
20 ~ about the x-axis and 30 ~ about the y-axis. The energies are listed for two grids:
SG-1 and (20,50), which has 1000 points per atom, more typical of the coarser grids
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commonly used in many programs. The energies labeled "Gaussian" were
obtained with our implementation in a modified version of Gaussian 92 [19],
which does not orient the angular grids (i.e. Eq. (26) is used to define the grid
point positions), while the energies labeled "Q-Chem" use Eq. (27), which is
implemented in the Q-Chem program [20], to define the grid points.
Table 3
Total energies (hartrees) of HOOF in various orientations
SG-1
Orientation
I
II
UI

(20,50)

Gaussian

Q-Chem

Gaussian

Q-Chem

-247.0686706
-247.0686463
-247.0686779

-247.0686706
-247.0686706
-247.0686706

-247.0669064
-247.0666277
-247.0678356

-247.0669064
-247.0669064
-247.0669064

The "Gaussian" energies indeed demonstrate the loss of rotational
invariance, as these are seen to vary with the orientation. In the case of SG-1, the
magnitude of the variations for this small molecule is around 10-5 atomic units.
This amount of energy is not chemically significant, but the behavior is
nonetheless undesirable. Furthermore, for larger molecules the size of the
variations will increase, and certainly any higher level of "noise" in the energies
would be unacceptable. For the (20,50) grid, which is less accurate than SG-1, the
variations are already at the level of 10 -3 atomic units, or approximately 1
kcal/mol. Errors of this magnitude arising from an artifact of the numerical
algorithm clearly cannot be tolerated. In contrast, the "Q-Chem" energies,
obtained with the proper definition of the grid points, are the same for all three
orientations.
When grid orientation is not properly taken into account, loss of rotational
invariance manifests itself in derivative calculations as well, often with more
pronounced effects. In particular, calculated harmonic frequencies of low-lying
vibrational modes can be adversely affected, as we have demonstrated elsewhere
[55]. An example of this will be given later.

2.2. Exchange-correlation energy and potential matrix
As we noted in the introductory section, the working equations in KS theory
are of the same form as those in HF theory, merely with the HF exchange
potential redefined. In deriving an expression for the DFT XC potential
corresponding to Eq. (15), the calculus of variations may be used to obtain
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V a - 3~f 2V.( Of V p a ) - V'(3~fai VP~)
x c - ap~ ~

(3~)

and similarly for the beta potential. This expression can be developed further but
here we only note that it involves the second derivatives of the spin densities.
Upon introducing the LCAO approximation and then minimizing the total
energy in Eq. (20) with respect to the MO coefficients (subject to the
orthonormality of the MO's), the familiar algebraic equations for the canonical
orbitals, analogous to the Pople-Nesbet equations [56] in HF theory, are obtained,
with the XC matrix elements given by [57]
G,v= J 3f
/'2 3f
3f Vpl~).V(%(~v)dr
-~a ~l~(~v+ ~" 3~laa V p a + 37a~

(32)

(similarly for the beta XC matrix).
The expression in Eq. (32) is equivalent to the matrix elements of the
potential in Eq. (31) through integration by parts. Even though almost all KS
programs implement the XC matrix according to Eq. (31), there are two important
reasons why Eq. (32) is preferable. First, since the matrix elements are evaluated
numerically instead of analytically, the relationship through integration by parts
no longer exactly holds, and thus the latter expression should be used as it is the
one which is consistent with the numerical implementation of the XC energy.
Second, note that Eq. (32) requires the evaluation of only the first derivatives of
the spin densities (a simplification which carries through in derivative
calculations), which is a major computational advantage as the construction of
the spin densities and their gradients is a dominant step in our XC matrix
implementation. The fact that the density second derivatives can be avoided at
the SCF level has previously been noted by Kobayashi et al. [58].
Now that the equations to be implemented have been decided, we turn to
the issue of their efficient coding. The following algorithms have been structured
such that the compute-intensive innermost loops treat "batches" of grid points
belonging to a particular atom. In this way, long, unit-stride innermost loops are
generally achieved, for good performance on vector computer architectures. In
the following discussions, for conciseness we will often drop the subscripts
indexing the grid points, and use implied loops over the grid points for various
manipulations on the grid. Quadrature contractions are indicated by dot-product
notation, while element-by-element multiplicative operations are written
without an operator.
Figure 1 is a loop structure for the computation of the XC matrices. A
number of features of this structure warrant further comment. We pay particular
attention to the asymptotic cost of the algorithm, as this is indicative of its
behavior for calculations on large molecular systems.
In an optimal
implementation, the cost of each of these steps asymptotically increases only
linearly with the system size, as will be seen.
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The outermost loop in Figure 1 (which corresponds to the first summation
in Eq. (21)) is over the atoms in the system and highlights the coarse-grained
parallelism which is inherent in our approach. The next loop is over the
quadrature spheres belonging to a given atom. In practice, frequently several
spheres are batched together but, for clarity, we will assume a loop over one
sphere at a time. At this stage, any spheres are discarded whose radii are
sufficiently great that the basis functions belonging to the atom are negligible (to
the accuracy desired) thereon. It is often the case that the Euler-Maclaurin radial
quadrature scheme [47] contains several spheres which (for most orbital basis sets)
can be eliminated in this way.
Figure 1
Algorithm for construction of exchange-correlation matrices
Loop over atoms A
Loop over quadrature spheres S on A
Compute w
Compute list of ~t for which ~, is close to S
Compute r and V~)~
Compute P(x' P~' VPtz and Vp~
Compute f and f~
Compute contributions to G.v and G.v
End loop over S
End loop over A
Given a surviving quadrature sphere, the grid points which it contains are
treated as a batch, and the remainder of the algorithm is structured to vectorize
over these. Recall that in the SG-1 grid [49] each sphere supports a Lebedev set
typically containing 194 points. This is a satisfactory vector length on most
computers of interest.
The first step in Figure 1 is to compute the quadrature weights of the grid
points on the current sphere, which for a given point is the product of its Becke
nuclear weight [44] and its one-center weight. The Becke weight of a point r with
respect to nucleus A is
PA(r)
wA(r) = Z PB(r)
B

(33)

where the P's are unnormalized "cell functions" and the denominator serves as a
normalization factor to ensure that the relative nuclear weights sum to unity.
The cell functions are composed of i n d e p e n d e n t normalized pairwise
contributions
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PA (r) = I'I S(btAB)
I~A

(34)

where ~AB is a hyperbolic coordinate measuring the "closeness" of r to A, relative
to B. The above sums and products run over all nuclei in the molecule, whence
straightforward calculation of the Becke weights for the entire grid requires an
O(NG3), where NG is the number of grid points, amount of work (quadratic work
per point). For large molecules, however, it turns out that most of these
contributions are insignificant, as can be seen by the following qualitative
argument.
The WA (and the individual PB comprising them) indicate the proximity of r
to a given nucleus, relative to the other nuclei in the molecule. If r is not within
a "neighboring" region (a region slightly greater than the Voronoi cell) of the
nucleus on which it is centered, its weight can be considered negligible and the
grid point ignored. However, even if the point does fall within the neighboring
region, only the PB involving the nuclei within the neighboring region of the
nucleus closest to the grid point are significant. Furthermore, in computing the
significant PB, unless the second nucleus involved in a two-center term s is in the
neighboring region of B, the value of s can be taken as unity to within an
acceptable error tolerance. Thus, for large molecules, it follows that there are only
O(1) significant contributions per grid point and the Becke weights for the entire
grid can thus be evaluated in O(NG) work. This is facilitated by dividing the
molecule into groups of atoms which are in the same region of space, in the spirit
of the neighbor lists employed in many molecular dynamics calculations. An
implementation of such a partitioning scheme is underway within Q-Chem [20];
the weight calculation in our version of Gaussian 92 [19] uses an algorithm which
scales roughly as O(NG2), which is non-optimal but still less costly than the
Coulomb contribution for large systems.
The second step in the algorithm is to construct a list of those basis functions
which are close to the current sphere. A basis function is considered to be "close"
to a sphere if and only if its overlap with the surface of the sphere is nonnegligible (to within a desired accuracy E). Clearly, this definition implies that
each sphere has only O(1) close basis functions; we shall denote by h the
"average" value of this number, which is typically on the order of 30 or so for
routine calculations. In the third step of the algorithm, the values of (~la and Vc~l~
are computed on the sphere for each close basis function. This requires O(hN)
work, and is not computationally expensive.
The fourth step, which computes the density, is one of the algorithm's most
expensive. Figure 2 contains an efficient loop structure for the construction of
the alpha density and its gradient at all grid points on the sphere (the beta density
and its gradient are evaluated simultaneously in exactly the same manner). It
should be noted that the innermost loop, whose cost is O(h2N), contains only a
SAXPY operation and does not involve basis function gradients. The density and
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density gradient are assembled in a cheaper O(hN) loop. Note also that the
density matrix cutoff permits one to skip out before the innermost loop.
Figure 2
Loop structure for construction of p~ and Vp~ on a sphere

E'=E/N
Zero p~ and Vp~
Loop over close basis functions $.
Zero grid temporary vector T~
Loop over close basis functions Sv
O~
Set P~ = 2 P.v
If IP~I > E' then T~ <-- T~ + P~q~v
End loop over Sv
Po~ <'-- Po~ + r
Vp~ <-- Vp~ + V$~Tc~
End loop over SB
Po~ <'- 1/2 Po~

In the fifth step, the functional and its derivatives are evaluated at each grid
point on the sphere. Here we have used the familiar notation of a superscripted
parameter to denote differentiation with respect to the parameter, and have
introduced ~ to index the five arguments of the general gradient-corrected
functional, i.e.

. {p

}

(35)

We will not discuss the derivatives of the functional here; though the
expressions for these can be somewhat tedious to obtain because of the intricate
functionals commonly used, once the density and density gradient values are
available, their evaluation is straightforward and inexpensive, requiring only
O(NG) work. It is interesting to note, therefore, that even functionals having
very complicated forms such as GGA91 [17] or LYP [18, 59] are no more expensive
to use than relatively simple functionals such as Becke's gradient-corrected
exchange functional [16].
The sixth and final step of the algorithm combines the various terms in Eq.
(32) to yield the final XC contribution. Like the fourth step, the cost of the sixth is
O(h2N) and thus warrants careful implementation. Figure 3 contains an efficient
loop structure for the accumulation of the contributions to the XC matrices from
the grid points on the current sphere for all close ~), and Sv. First, the XC energy is
incremented by combining the functional values and the quadrature weights,
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while the weights are simultaneously incorporated into the derivatives of the
functional and the spin density gradients are judiciously redefined in such a way
as to save arithmetic operations in later loops; this is independent of the basis
functions and requires only O(NG) work. The next loop combines the spin
density gradients with the basis function gradients into an intermediate result,
outside the inner loop over basis functions; this is a one-index procedure and
requires O(hN) work.
The next loop over (~ is the outer loop for the
accumulation. The coefficient of (~v is evaluated on the grid before commencing
the inner basis function loop, again at O(hN) cost. By the time the final,
innermost loop is reached, a maximum amount of arithmetic work has been
"factored out", in order to reduce work inside this loop, which is the most
expensive at O(h2N), to just two double dot-products.
Figure 3
Loop structure for contribution to exchange-correlation matrices from a sphere
Exc e-- Exc + w.f
wd ~
PI~
f <-- wfPff

Vpo ~<---.w(2Vpj'Z~~ + Vpl3f

)

Loop over close basis functions (~,
Set temporary vector c0,a = Vp~.V%
Set temporary vector c0,~ = Vp~.V~),
End loop over (~,
Loop over close basis functions (~,
Set T~ =

, + ca,~
P~
SetTff=f (~,+c0~
Loop over close basis functions (~v,v < ~t
O~

0~

G~tv~--G~tv + T~'~v + %'o~v~
G~tv~- G~tv + T~'~v + %'C0v~
End loop over Ov
End loop over ~t

We have documented the performance of this algorithm, as implemented
in our version of Gaussian 92 [19], in Ref. [60]. Here we merely note that linear
scaling behavior of the XC cost is indeed observed in practice, and, most
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encouragingly, this begins for moderate-sized systems. For example, in test
calculations on straight-chain alkanes, the "crossover point" at which the
Coulomb and XC costs are roughly equal occurs at C10H22 for B-LYP/6-31G(d) and
only C6H14 for S-VWN/6-31G(d). By this time the XC cost is already rising
essentially linearly, and so the Coulomb work, which is increasing at a rate of (at
least) O(h2N2), dominates beyond this point.
Therefore, as alluded earlier, the evaluation of the KS energy and potential
matrix by the present algorithm requires quadratic work for large molecules, and
hence so does the entire SCF process. Diagonalization of the potential matrix
must be carried out at each SCF iteration, which is formally an O(N 3) procedure
(without considering the possibility of taking advantage of the asymptotic sparsity
of the KS potential matrix). But, for systems at the edge of the envelope of
capability of today's programs (several hundred atoms), the diagonalization
problem is not yet dominant.
We also point out that diagonalization
considerations do not affect the previous analysis of the relative costs of HF and
KS, as diagonalization (or an equivalent procedure for obtaining the MO's) must
in like manner be done for both.
With an O(N) XC algorithm such as the one presented here, the Coulomb
potential is the computational bottleneck for large molecules; in the closing
section of this chapter we shall mention a promising means of addressing this
problem which we are currently pursuing.
Some brief comments on miscellaneous aspects of the implementation are
in order. For efficiency, it is important that special-case coding of the above
algorithms is done for calculations involving closed-shell systems and local
(density-only) functionals. The implementation of these simplified versions is
straightforward, so we merely note that they are included and continue the
discussion in the context of the most general case. The XC cost ratio for gradientcorrected vs. local functionals is roughly two. Molecular symmetry (Abelian in
Gaussian 92 [19] and non-Abelian in Q-Chem [20]) is exploited in XC calculations
by placing grids around only a "petite list" of symmetry-distinct nuclei.
Symmetry may be applied after the quadrature has been performed, and thus is
handled far outside the compute-intensive loops. Therefore, for conciseness this
is left out of the loop structures.
The XC computational methodology has deliberately been implemented in a
general fashion facilitating the subsequent incorporation of additional
functionals. In order to add a functional of the form in Eq. (15) to the program,
the only new code required is a single subroutine which evaluates the functional
and its derivatives with respect to the arguments ~; this may then be modularly
attached. Thus, once the general framework has been built, it is trivial to add
new functionals, and calculations with the new functionals will enjoy full benefit
of the program features and efficiency measures already in place.
Finally, before leaving the topic of XC energy evaluation, we mention the
so-called "hybrid" DFT methods, in which the XC energy is obtained by a singlepoint calculation with the density functional using an arbitrary density (usually
the HF density) instead of solving the KS equations self-consistently. It is clear
that this is a useful intermediate step in constructing a full KS program starting
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from a HF program, and in the past, we have performed studies with these sorts
of methods [32, 33] as have several others. However, as such non-SCF energies
are not variationally optimized, derivative and properties evaluations with these
methods are not practical. Properly solving the KS equations is preferable, and
we will consider hybrid methods no further.

2.3. First derivatives of the exchange-correlation energy
The importance of analytic derivative methods in quantum chemistry
cannot be overstated. Analytic methods have been demonstrated to be more
efficient than are corresponding finite difference techniques. Calculation of the
first derivatives of the energy with respect to the nuclear coordinates is perhaps
the most common; these provide the forces on the nuclei and facilitate the
location of stationary points on the potential energy hypersurface. Differentiating
the electronic energy with respect to a parameter x (which may be, but is not
required to be, a nuclear coordinate), leads to the well-known expression
Ex = ~ PgvH"v +

gvPhs(ttvI~.a)x + E x c -

W,vS,v

gvAt~

(36)

where W is the energy-weighted density matrix
na

n~

w ~ = E ~-~
i gi ~.
vl + ~
i

i

~i gi ~vi

(37)

The use of parentheses around x in the derivative of EXC means that only the
dependence on x is differentiated (i.e. the MO coefficients are not
differentiated). Note that the above equations are valid for HF as well, if the XC
energy is defined to be the exact HF exchange energy. However, taking EXC
according to Eq. (15) formally yields

explicit

E(X)

f(x)

f~(x)

(38)
and. if x is a nuclear coordinate, we have

--2

P.~(V%)•162

(39)

Vp~)
+

i4o)
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where 8~x is equal to one if ~t and x are on the same center and zero otherwise,
and the subscripted x denotes the component(s) of the basis function gradient or
Hessian which is appropriate to the Cartesian direction of x (note that x need not
represent an x-coordinate).
We must emphasize the word "formally" above, because the XC energy is
computed numerically, not analytically. This brings us to the third problem
associated with the treatment of grids, namely that of differentiation of the points
and weights. For a numerical implementation, the derivative is properly
obtained from Eq. (21), yielding
E(X)
xc = 2 w g fxg + wgf~ )
g

(41)

(where we have introduced a condensed grid index g). The second term above
corresponds to application of the quadrature formula to Eq. (38) directly, while the
first term has no such counterpart. For consistency with the numerical energy
both are required. In the limit of an infinite grid the first term approaches zero,
but in practice its magnitude can be sufficiently large, especially for smaller grids,
that it cannot justifiably be ignored. Nonetheless, despite previous cautioning
[61] concerning grid derivatives, among present programs this contribution is
almost universally disregarded, which amounts to neglecting the fact that an
atom's grid follows displacements of its nucleus.
We have previously given [37] first derivative expressions for the weight
formulae which are suitable for implementation. Along with the explicit nuclear
dependence of the weights and functional values, their implicit dependence on
the nuclear coordinates through the grid points must also be differentiated. For
example,
=

f(x) + Vf.r x

(42)

In the preceding equation, the parentheses are used to contrast the explicit
nuclear dependence with the implicit dependence through r, not the MO
coefficients. The grid point derivative in the second term is
r x = 8Axe• + O Xs

(43)

where ex is a unit vector in the Cartesian direction of x. It is the derivative of O
appearing in the second term which ensures the calculated derivatives have the
proper behavior with respect to molecular rotations, though we note again this
term is not implemented in currently available programs.
By the orthogonality of O [54], the matrix
pX = o T o x

(44)
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is antisymmetric, and thus has only three degrees of freedom.
determined by equating the off-diagonal elements of the expression
Apx _ pXA = Ax _ oTMXo

These are

(45)

resulting from differentiating the definition of O in Eq. (28), whereupon O x is
obtained from Eq. (44).
Now that all the terms which depend on the nuclear coordinates have been
identified and considered, so that the derivative formula obtained strictly
corresponds to the definition of the energy, the efficient implementation of the
nuclear gradient is actually fairly straightforward. The grid-related terms do not
contribute to the cost of the calculation significantly, and as mentioned earlier, a
more efficient weights algorithm is currently being implemented in Q-Chem [20].
The first derivative formula requires the basis functions and their first and
second derivatives but, as when computing the XC matrix, basis function
evaluation is comparatively inexpensive.
The dominant step is the construction of the nuclear first derivatives of the
spin densities and their gradients. However, the nature of the loop structure in
Figure 2 for evaluation of the spin density gradients permits evaluation of the
desired derivatives via a simple modification. Consider the case of a local
functional, which requires the nuclear first derivatives of the spin densities only.
It is clear that Eq. (39) summed over all nuclei merely yields the negative of the
spin density gradient (this follows trivially because the basis functions are
translationally invariant). Thus, a clever approach here is to execute the
algorithm in Figure 2 through the loop over (~v unmodified, but instead of
incrementing the spin density gradient afterwards, the product of V% and T~ is
accumulated into the nuclear gradient of p~ with respect to the center of %.
(Note that a given sphere will make a non-zero gradient contribution only to
those nuclei associated with "close" basis functions). This has the full efficiency
of Figure 2; in particular, the most expensive loop in the algorithm, at O(h2N), is
unchanged from the previous case. For gradient-corrected functionals, the
second term in Eq. (40) necessitates the incorporation of the basis function
gradients into the innermost loop, which increases the cost by a constant factor
but does not change the scaling behavior.
After the density-related derivatives have been evaluated, the rest is trivial.
The time required to evaluate the derivatives of the functional with respect to its
arguments is negligible. Construction of the derivatives of the gradient
invariants and the subsequent evaluation of Eq. (38) to complete the nuclear
derivatives requires little effort, as this process is independent of the basis
function indices. Like the XC matrix, the nuclear gradient of the XC energy is
seen to require only linear work for large systems.
Our final remark in this area concerns the application of translational and
rotational invariance in gradient calculations. This is incorporated in Q-Chem
[20] and, like symmetry, is easy to handle outside the compute-intensive region.
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These invariance relationships are quite beneficial as they allow six of the nuclear
derivatives to be avoided (five for linear systems), but it is important to note that
for implementations which do not include the grid derivative terms, the
computed energies are neither translationally nor rotationally invariant, and so
these relationships do not hold. Furthermore, such translational and rotational
error is generally large enough to preclude the non-rigorous invocation of the
invariance formulae for the sake of efficiency. Our earlier implementation in
Gaussian 92 [19] uses only translational invariance, as the grid orientation matrix
O is not included there.
2.4. Second derivatives of the exchange-correlation energy
Second derivatives of the molecular energy are important in characterizing
stationary points on the potential energy hypersurface and in performing
harmonic vibrational analyses. Certainly a landmark in the history of analytic
derivative methods in ab initio theory is the 1979 paper of Pople et al. [62], in
which, by implementing a generalized version of the perturbation theory of
Gerratt and Mills [63, 64], routine analytic calculation of second derivatives of the
HF energy was made possible. The theory of KS analytic second derivatives has
previously been addressed for various methodologies by a number of authors [61,
65-68], but it was not until very recently that a comparable KS implementation
was undertaken.
We will discuss here certain aspects of our implementation [68] within
Gaussian 92 [19] of KS analytic second derivatives for gradient-corrected
functionals, which was the first such implementation for a DFT method (though
Handy and co-workers have since also completed the a d ~ t i o n of analytic KS
second derivatives to their CADPAC program [26]). In the implementation,
previous considerations such as grid derivatives and orientation must be taken
into account; though their treatment is slightly more involved for second
derivatives than for first, they are handled by continuing in the same manner as
for first derivatives. Thus, we will focus on the new concerns which arise for
second derivatives.
We merely summarize the relevant theoretical results rather than give a
derivation. Differentiating Eq. (36) with respect to a second parameter y yields
xy
xy
E = ~ PgvHgv
~v~

_(x)(y)
xy
+ Exc - ~ W~tvS~tv
~tv

y
y
_(x)[y]
Y x
~ P~tvI~v + tv~P~tvP~(gv IZ,o)x + EXC
~ W~tvS~tv
(46)
where the bracketed superscript means differentiation only of the implicit
dependence on y through the MO coefficients. The first four terms only involve
differentiation of the basis functions and thus can be straightforwardly evaluated.
However, the last four terms require the derivatives of the MO coefficients and

197
the orbital eigenvalues, which necessitates the solution of the first-order coupledperturbed Kohn-Sham (CPKS) equations.
These are obtained by differentiating the KS potential matrix. It is
convenient first to express the MO coefficients as
CO~

0~ o~

=CoU

(47)

(similarly for beta) in terms of the MO coefficients at the reference point (where
the derivatives are desired) and a rotation matrix allowing for mixing of the
reference orbitals. As in HF theory, orthonormality of the MO's can be used to
simplify the resulting equations for the derivatives of U a and U~, such that only
the occupied-virtual block remains. Introducing

A ,rs
(48)
the alpha simultaneous linear equations are
a

a

a )r

(Eia- Ea)(Uai )y --(Qai

a,a

a,a

a y

a,~

a,~

~ y

+ E (Aai,bj + Aai,jb)(Ubj) + E (Aai,bj + Aai,jb)(Ubj)
bj
bj

(49)

with
(Qaa-)(y).= (Fa')(Y)ai- s a (Sai)
a y-

a,a (Skl)
a_y - E Aai,kl
a,~ (Skl)
~ y
E Aai,kl

kl

kl

(50)

where i, j, k, 1 run only over the occupied and a, b run only over the virtual MO's.
The solution of Eq. (49) and its beta analogue then provides a complete route to
the derivative MO coefficients and eigenvalues.
As the dimension of the CPKS linear system is too large to make direct
methods of solution feasible, the CPKS equations are solved iteratively, and this
is the most expensive phase of the second derivative calculation. Evaluation of
the explicit second derivatives of the XC energy (the third term in Eq. (46)) is not
insignificant and warrants careful implementation, as discussed in Ref. [68];
however, as this step is not dominant, we will not discuss it here. Likewise, the
matrix Q may be evaluated in terms of known quantities and needs to be done
only once, and so for a discussion of its implementation the reader is directed to
Ref. [68].
The preceding equations are of exactly the same form as those in HF theory,
because no fitting was used. From a practical standpoint, this means that once the
general computational machinery for solving Eq. (49) is in place, this framework
need not be extensively modified when different definitions of EXC are to be
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incorporated later; the significant work involved, which is the programming of
the terms involving the new EXC, can be interfaced at a very low, modular level.
Such a computational framework already exists, of course, in analytic HF second
derivatives programs, which are commonplace nowadays. Once the XC-specific
terms in the KS second derivative expressions have been implemented, a
complete KS second derivatives program is constructed from a working HF code
by simply replacing the HF exchange terms by calls to subroutines which evaluate
the corresponding DFT XC terms, and it is evident that for a well-implemented
HF program the interfacing of the new code will be comparatively trivial.
The elements of the matrix A contain contributions such as
3G~v

~.
(51)

for example, in the case of a local functional. Komornicki and Fitzgerald [66]
have discussed these four-index integrals, and have predicted that the expense of
their generation and handling will overwhelm the other aspects of the
calculation. These authors suggest a technique involving a resolution of the
identity in an auxiliary basis as an approximate means of dealing with these
integrals.
In our implementation we have taken a different approach, for which it will
be seen that the above sorts of terms can be treated exactly without posing
computational problems. Our approach fits naturally within the iterative
method of solution of the CPKS equations, in which it is not the individual
elements of A which are calculated, but rather the contraction of these with the
current approximate solution vectors. The XC contribution to these quantities
may be expressed as
o~
-- g a ) ( T a i )

_

-

o OLap ,

o~
(P~)

ga ~

+

3P~

=

(52)
in terms of the implicit derivatives of the AOobasis XC matrix. Differentiating Eq.
(32) yields

(G~v)[y]

=;

(y___j(?a~(l)ll(1)v + L2f
r ~aa~Vpa
a~

p~ y
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ay

~

~y

(53)
Recognizing the three summations over ~,a as ~[Y], (Vpcz)[Y] and (Vpl3)[Y],
respectively, Eq. (53) immediately simplifies to
(G)[Y] = ~{ s 1 7 6

+ [2fTaa(Vpa)[Y]

+ [2f'~

+f

Vp~]'V(q)g*v)); Y]

(54)

Now, these equations have been written with formal integration, but of
course in the numerical implementation only the evaluation of the integrand at
the grid points is required. Therefore, it is evident that the derivatives ~[y],
(Vpa)[yl and (Vp~)[Y] can be evaluated on the grid independently of the indices Ixv,
and so the four-index problem is decomposed into two independent two-index
procedures, avoiding the potential computational bottleneck. By comparison, the
resolution of the identity technique proposed by Komornicki and Fitzgerald [66]
gives an approximate result in terms of a product of one two-index and two
three-index quantities.
Figure 4 is an algorithm for the evaluation of the implicit XC matrix
derivatives in the AO basis, which is more appropriate for direct second
derivative methods [69] for large molecules. Once these are obtained, their
transformation to the MO basis poses no problem. As before, it is assumed that
the derivatives of the functional, quadrature weights, basis functions and basis
function gradients are available.
The costs involved in the algorithm can be analyzed as follows. The first
step is to combine the quadrature weights with the values of the derivatives of
the functional, the cost of which is simply O(NG). Next, a loop over perturbations
is commenced, in which the first task is to evaluate the implicit derivative of the
spin densities and spin density gradients. These quantities are simply the
contractions of the basis functions and their gradients with the current
approximate derivative density matrices, and hence the exact same algorithm
used to construct the densities and their gradients (Figure 2) can be employed.
Formally, without the use of cutoff schemes the cost of this step is proportional to
NyN2NG, where Ny is the number of perturbations (equal to three times the
number of atoms for differentiation with respect to the nuclear coordinates). For
large systems, this step has an asymptotic cost of O(Nyh2N), quadratic in system
size. The evaluation of ?[Y] from the implicit derivatives of the density gradients
has a cost of O(NyNG), also quadratic but with a much smaller proportionality
constant than that of the previous step; this step is not computationally
significant.
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Figure 4
Algorithm for construction of implicit derivatives of exchange-correlation
matrices
f~ <---wf~, ~ = 7o~. ~'~1~'~'~13
f~ ~_. wf ~n
Loop over perturbations y
Compute p~ l, p~Y],(Vp~)[yl, (Vp,) [yl on the grid
~JaY2 2Vp..(Vp.) [y]
=

4.Y~ Vp..(Vp,)[Y] + Vp,.(Vp.) [y]
=

~=

2Vp•.(Vp,) [yl

W~ = 2fv~

+ f%(Vp~)Iyl + Z[2f~v..~Vp0~+ f%~Vpl3]~[yl

W~ = 2~(Vpf~)[Y] + fV~(Vp.)[Y] + 212f

Vp, + f

Vp~]

Perform quadrature for the derivative expressions
(G~v)[y] = ; Va%Cv + Wa-V(r

dr

~ [yl
(_[
G~) = j' Vf~r162 + W~.V(%r

dr

End loop over y
Next, the zeroth-order coefficients Va, V~ and the first-order coefficients
Wa, W~ are constructed on the grid, with a cost of O(NyNG). This amounts to
collecting terms in front of (~,(~v and V((~,~v), respectively, in Eq. (54) and the
analogous beta expression. It remains only to perform the indicated quadratures;
this is simply equivalent to constructing an "XC matrix" where the coefficients of
(~,(~v and its gradient are replaced by their implicit derivatives. As such, the same
efficient algorithm for XC matrix computation presented in Figure 3 is used to
accomplish this. The asymptotic cost of this step is also O(Nyh2N).
The phrasing of the dominant steps in the algorithm as construction of
"densities" and "XC matrices" is an important efficiency feature, as these are the
same dominant XC steps in a KS SCF calculation. This permits the highly
optimized code previously written for SCF purposes to be reused.
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Though the code in Gaussian 92 [19] has not yet been thoroughly optimized,
a more important first concern is the asymptotic scaling behavior of the XC
contribution, which is very favorable compared with other aspects of the
calculation. In direct second derivatives calculations [69], the two-electron
integrals are also generated on every iteration of the CPKS. The contraction of
these with the current approximate density matrix derivatives scales formally as
O ( N y N 4 ) , i.e. with the fifth power of the system size, and asymptotically
O ( N y h 2 N 2) (cubic in system size). This step does not depend on XC
considerations, and its cost should thus be compared with the XC costs. The
largest of these is proportional to the fourth power of the system size without
cutoffs, and is reduced asymptotically to only quadratic cost. Therefore, though
the XC contribution dominates for smaller systems, it is clear that the work in
handling the XC contributions for KS second derivatives is asymptotically
negligible, as is the case with SCF and gradient calculations.
The performance of the initial second derivatives code is encouraging. As
an example, for formamide dimer, 6-31++G(d,p) basis set (150 basis functions),
direct analytic calculation of harmonic vibrational frequencies and infrared
intensities (obtained almost for free as a by-product of the frequency calculation)
is approximately four to five times faster than by finite difference of analytic
gradients for local functionals, and just over three times faster than finite
difference for gradient-corrected functionals. It is also of interest to examine the
performance relative to analytic HF second derivatives, as the computational
procedures are similar but systematic studies [29, 37] have shown KS frequencies
to be in much better agreement with experiment. In this case, the local KS
frequencies take twice as long as the HF frequencies, which is most satisfactory
given the improved quality of the results. The gradient-corrected frequencies are
roughly four times more expensive than HF. There is substantial room for
improvement of the initial implementation, but it is evident that analytic
calculation of KS second derivatives is indeed a viable technique in practice.
The final point on analytic KS second derivatives which we will discuss
concerns the effect of the grid derivative terms. Though the implementation of
the matrix Q in the CPKS equations and the explicit second derivatives of the XC
energy was not covered here, the former involves first derivatives of the points
and weights while the latter involves second derivatives of these. Table 4 lists
analytic frequencies for selected small molecules, using the B-LYP functional [16,
18] with the 6-31G(d) basis set, excerpted from a previous study [55] on the effect of
grid derivatives.
The first interesting observation which can be made from these numbers is
that for the (20,50) grid, the geometry optimization prior to the frequency
calculation often failed to converge without the grid derivatives. The reason for
this is the inconsistency of the energy and the gradient, i.e. the energy minimum
does coincide with the point at which the gradient vanishes, and for smaller grids
the inconsistency is pronounced enough to confuse the optimization algorithm.
In the few cases where small-grid optimizations did converge without the grid
derivatives, the results obtained were meaningless; e.g. an imaginary frequency
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was obtained for N2. The quality of (20,50) is too poor to recommend this grid for
frequency calculations, even when including grid derivatives.
There are also cases where the grid derivatives noticeably affect the results
for the larger grids; an example is the lowest (torsional) mode of H202. Here,
complete omission of the grid derivative terms lowers the frequency by both SG-1
and (50,194) by around 120 cm -1, which is quite significant. A large lowering is
not observed, on the other hand, for finite difference frequencies (not shown).
This is an effect of loss of rotational invariance (the implementation in Gaussian
92 [19] does not contain the orientation matrix). Such low-lying modes where the
principal moments change during the motion are particularly susceptible to
rotational non-invariance error, which is exacerbated by leaving out the grid
derivatives. This underscores the importance of the rotationally invariant
method.
Table 4
Effect of ~rid derivatives on harmonic vibrational frequencies (cm -1)

Molecule

(20,50)

SG-1

(50,194)

Without W i t h

Without W i t h

Without With

N2 (D~h)

474i

2415

2325

2340

2335

2340

H202 (C2)

x

457
863
1433
1451
3807
3815

201
933
1247
1393
3538
3541

314
874
1256
1402
3535
3538

187
876
1248
1395
3540
3544

308
874
1257
1404
3536
3538

03 (C2v)

x

699
1224
1228

704
1040
1121

673
1032
1149

670
1033
1147

673
1032
1149

For the lowest mode of 03 and the second-lowest mode of H202, the
omission and inclusion of grid derivatives yields differences of only-3 cm -1 and
2 cm -1 respectively for (50,194), but for SG-1 the respective differences are 31 cm -1
and 59 cm -1. Note however that the (50,194) and SG-1 frequencies with the grid
derivatives exactly agree. This shows that the grid derivatives cannot always be
omitted in seeking good agreement with the large-grid result.
Though neglect of grid derivatives does not always result in serious error,
these results illustrate that doing so can be dangerous; they should always be
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included, especially since this does not significantly increase the cost of the
calculation.

3. APPLICATIONS
In this section we shall summarize the results of certain systematic studies
we have carried out to aid in the assessment of the performance of DFT methods
on various chemical problems. First, computed results for geometries, dipole
moments, vibrational frequencies and atomization energies of a set of small
molecules will be presented and discussed, followed by an investigation of the
reaction barriers of certain radical abstractions. The performance in the latter case
is not nearly as good as in the former, and one possible means of improvement of
the quality of the DFT barriers is examined. Finally, we give some additional
examples of problematic cases, from studies on small carbon clusters important to
fullerene chemistry, in which DFT methods were found to have difficulties.
In discussing the performance of various functionals, it is useful to classify
them according to the degree of sophistication of their treatment of exchange and
correlation. The simplest type of DFT exchange treatment is to use a local
functional, most commonly the Dirac-Slater or X0~ functional [11, 70] which gives
the exact exchange energy for the uniform electron gas. Moving to a gradientcorrected exchange functional usually results in an improvement; one of the
most widely used such functionals is due to Becke [16]. The simplest way to treat
the correlation is to ignore it entirely, by using a "null" functional. A more
sensible approach is to use either a local functional such as the uniform gas
correlation parameterization of Vosko, Wilk and Nusair [13], or a gradientcorrected functional, an example of which is the functional of Lee, Yang and Parr
[18] (which has been transformed to a more computationally advantageous form
by Miehlich et al. [59]). This hierarchy of exchange and correlation functionals is
usefully represented in a diagram such as Figure 5. Each pairing of exchange and
correlation treatment gives a different type of XC functional, and an example of
each is constructed in Figure 5 using the functionals mentioned above. In
particular, two of these methods have been in wide use for some time; S-null
corresponds to Hartree-Fock-Slater theory, while S-VWN is commonly referred
to as LSDA.

3.1. Molecular properties
The objective of this study was to test systematically a given set of
functionals with a given orbital basis. The basis employed is 6-31G(d), already
widely used in studies of moderately large organic molecules. The (50,194) grid
was used, which is sufficiently large to minimize sensitivity to grid size. The set
of compounds studied is a subset of the G2 database [28] consisting of all neutral
molecules with only first-row atoms, plus H2 (32 species in all). Equilibrium
geometries, dipole moments, harmonic vibrational frequencies and total
atomization energies were calculated by the six DFT methods in Figure 5 and the
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three ab initio methods HF, MP2 and QCISD, with the results compared to
experiment.
Table 5 is a summary of the results obtained for those properties, given in
the form of mean errors, which serve to reveal any systematic deviations from
experiment, and mean absolute errors, which illustrate the magnitude of the
deviations. The full set of data is presented in Ref. [37].
It has long been recognized that HF theory frequently gives bond lengths
which are too short, while MP2, the simplest perturbation correlation theory,
often gives values which are too long. These trends are reflected in our data set.
The performance of QCISD theory is comparable to MP2 for this basis. The bond
lengths by the various DFT methods are mostly too long, with some methods
giving systematically long bond lengths. The mean deviations vary from
+0.012 A for the S-VWN functional to +0.036 ~ for B-null. The simplest density
functional, S-null, gives long bond lengths with a mean error of +0.032 ~. All
three functionals with gradient-corrected exchange (B-null, B-VWN and B-LYP)
give bond lengths which are consistently long, while S-LYP is similar to S-VWN.
We note that some of these results parallel those of Andzelm and Wimmer
[29] who have published an extensive study of equilibrium geometries with the
S-VWN functional, using a comparable orbital basis. They find, as we do, that
single bonds between non-hydrogen atoms are too short, double bonds are
approximately correct, and triple bonds are too long. This is true for C-C, C=C and
C--=-C,as also noted by Salahub et al. [24]. Our results further show that proceeding
to the gradient-corrected B-LYP functional leads to carbon-carbon distances which
are too long by about 0.01 ~.
Carbon-oxygen bonds behave similarly to carbon-carbon. At the S-VWN
level, single bonds are short, double bonds are good, and carbon monoxide is
long. With the B-LYP functional, all become too long by 0.01 A - 0.02 ~. A
similar pattern is shown by carbon-nitrogen bonds. Thus, B-LYP is fairly
systematic in predicting bond lengths which are too long, by an average of 0.018 A
with the 6-31G(d) basis. However, we note that a recent study on a smaller
molecular set by Murray et al. [36] indicates that this overestimation is reduced if
a larger orbital basis is employed.
Bonds to hydrogen are found to be usually too long at the S-VWN level by
0.01 ~ - 0.02 ~. This trend is apparently unaltered with the more elaborate
gradient-corrected functionals such as B-LYP.
Some general trends can also be discerned for bond angles, particularly the
bond angle in H20, which is sensitive to the level of theory used. All of the
functionals gave values in the range 102.2 ~ 103.6 ~ somewhat below the HF
value of 105.5 ~ Similar trends were found with singlet methylene, but other
bond angles are fairly close to the HF values. This also applies to the dihedral
twist angles in hydrazine and hydrogen peroxide.
The DFT dipole moments are often significantly in error, by amounts
comparable to the errors for the conventional ab initio procedures. These
discrepancies are at least partially due to the deficiencies in the 6-31G(d) orbital
basis set. For the lone-pair molecules NH3, H20 and HF, theoretical dipole
moments are too large by almost all methods. The theoretical values for
-
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ammonia, for example, are all in the narrow range 1.885 D - 1.980 D, far above the
experimental value of 1.47 D. (We note that Krijn and Fell [71] have obtained a
good S-VWN dipole moment for water using a large basis). On the other hand,
for the more polar ionic species such as LiH and LiF, the theoretical values are all
too small, both ab initio and DFT. This can probably be attributed to the failure of
the 6-31G(d) basis to provide a satisfactory description of the incipient anions.
The DFT methods have some success in computing the sign of dipole
moments with values close to zero. The proper dipole direction of CO and NO is
predicted by all of the DFT methods. HF gives incorrect directions for both of
these, while MP2 gives the correct direction for both and QCISD gives the correct
direction for NO but not CO.
All of the DFT methods are remarkably successful in reproducing
fundamental vibrational frequencies. It is well-known that HF frequencies are
systematically too high, and the same is true for MP2 and QCISD. However, the
precise agreement with observed fundamentals is to some degree fortuitous,
since comparison with known harmonic frequencies [37] shows that the DFT
values are generally too low. QCISD gives results closest to experimental
harmonic frequencies. The DFT results are still quite good, with S-VWN,
B-VWN and B-LYP giving mean absolute errors less than MP2. The mean
absolute error of S-LYP is essentially the same as that of MP2, while those of
S-null and B-null are between HF and MP2.
Certain particular failures should be noted. The frequency of the out-ofplane symmetric vibration of CH3 was found to be too low for all the DFT
methods. The same is also true for the three ab initio methods. For the umbrella
motion of NH3, too high a value is found by all methods. For the symmetric
bending vibration of C2H2, all of the theoretical values except HF are too low.
The atomization energies show a large variation with theoretical method.
The ab initio methods all give binding energies which are too low, primarily
because of inadequate treatment of electron correlation. The functionals S-null
and B-null also give binding energies which are generally too low. B-null, with a
mean absolute error of 54.2 kcal/mol, is the worst performer among the DFT
methods; only HF is worse. The S-VWN and S-LYP functionals give binding
energies which are almost always too large.
B-VWN and B-LYP, on the other hand, perform very well and give binding
energies with very small mean error. For B-LYP, the mean error is 1.0 kcal/mol
and the mean absolute error is 5.6 kcal/mol.
The molecules which are
underbound at this theoretical level are the simple hydrides with lone-pair
electrons (H20 and NH3, for example). On the other hand, molecules with
multiple bonds, as well as H202 and F2, tend to be overbound. The low mean
error is partially due to the fairly small basis set used; B-LYP theory leads to some
overbinding with a large basis.
Overall, B-VWN and B-LYP are the DFT methods exhibiting the best
performance. For the 6-31G(d) basis, these are not quite as successful as the (more
expensive) correlated ab initio methods for geometries, are roughly comparable
in quality for dipole moments, but are far superior for vibrational frequencies and
atomization energies.
Gradient-corrected exchange is necessary for good
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performance; however, it is interesting to note that there is not a significant
difference in performance whether a local or gradient-corrected correlation
functional is used.

3.2. Reaction barriers of radical hydrogen abstractions
These encouraging results make the prospect of applying DFT to the study of
reaction barriers particularly attractive, as this is an area where expensive highlevel ab initio calculations are often required to obtain quantitatively accurate
results. Even though over the past few years a fair amount of work has been
devoted to DFT studies of the energetics of a variety of chemical reactions, very
little has been done in the case of reactions involving radicals. Hydrogen
abstractions by radical species constitute one of the most important classes of
reactions taking place in combustion chemistry. It would therefore be desirable to
assess the performance of DFT in the determining barrier heights of these
reactions, and hydrogen abstractions from methane provide a reasonable initial
set of test cases for this purpose. Here, we present DFT results obtained for two
such reactions.
The classical and vibrational adiabatic (zero-point corrected) reaction barriers
obtained by various DFT methods for the reaction CH4 + 30 ---) CH3 + OH are
listed in Table 6. Results obtained by conventional correlated ab initio methods
as well as the experimental value are included for comparison purposes. The
DFT calculations employed the 6-31G(d,p) basis set and the (50,194) grid, with
fully optimized geometries. The PMP4 and POL-CI calculations [72] were carried
out with larger, triple-zeta-quality basis sets.
Table 6
Barrier heights (kcal/mol) of CH4 + 30 ~ CH3 + OH reaction
Vibrational adiabatic
barrier

Method

Classical
barrier

Zero-point
energy

B-null
B-VWN
B-LYP

13.56
7.74
3.89

-3.54
-3.76
-4.09

10.02
3.98
-0.20

PMP4
POL-CI

19.12

-3.77

15.35
10.30

Expt.

9.0- 11.4

It is surprising to see that the gradient-corrected methods B-VWN and
B-LYP, which exhibited the best performance in the previous study,
underestimate the reaction barrier by up to 11 kcal/mol. On the other hand,
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B-null gives a barrier in perfect agreement with experiment, much better than
PMP4 and as good as POL-CI, which is particularly puzzling given the extremely
poor results obtained with B-null in the case of atomization energies. For the
methods S-null, S-VWN and S-LYP, no transition structure was found on the
potential surface, and thus these methods incorrectly predict a barrierless
reaction.
Table 7 lists the results for the reaction CH4 + H --~ CH3 + H2. As in the
previous case, B-VWN and B-LYP drastically underestimate the experimental
barrier, this time by 7 kcal/mol. B-null overestimates the barrier by 2 kcal/mol,
once again giving better agreement with experiment than the other two methods
using the Becke exchange functional. S-null is the only local-exchange method
that gives a transition structure on the potential energy surface; no transition
structure was found for S-VWN and S-LYP. Even though S-null overestimates
the experimental barrier by 3 kcal/mol, it does essentially no worse than B-null
or the highly sophisticated ab initio methods PMP4 and POL-CI. It is disturbing to
see methods such as B-VWN and B-LYP giving poorer results than S-null and
B-null, and leads one to question whether the latter results may simply be
fortuitous.
Table 7
Barrier heights (kcal/mol) of CH4 + H ~ CH3 + H2 reaction

Method

Classical
barrier

Zero-point
energy

S-null
B-null
B-VWN
B-LYP

16.27
16.63
5.97
7.30

-0.92
-1.25
-1.32
-1.10

15.35
14.38
4.65
6.20

PMP4
POL-CI

15.53

-1.33

14.20
13.50

Expt.

Vibrational adiabatic
barrier

11.0- 12.0

From the preceding two examples, it is evident that KS DFT has serious
problems with radical abstraction reactions. It is also clear that, as before, gradient
corrections to the exchange functional play an important role, though this is by
no means sufficient for good performance. These results do not bode well for the
application of KS theory with current functionals to other, more complicated
radical abstraction reactions.
Given the surprisingly poor performance of the DFT methods, it is useful to
step back to a simpler problem in order to better ascertain the nature of the
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difficulty. For this purpose, a systematic study [73] of the simplest hydrogen
abstraction reaction, H2 + H --~ H + H2, was performed. Table 8 gives barriers for
this reaction calculated at the fully optimized geometries with the functionals
used in the previous study, plus those methods obtained by including the GGA91
[17, 74] exchange and correlation functionals of Perdew and Wang. Additionally,
calculations were done with HF, MP2 and CCSD(T) for comparison with ab initio.
A large orbital basis, 6-311++G(3df,3pd), was employed to minimize basis set
incompleteness effects, and the SG-1 grid was used for the XC quadrature.
Table 8
Barrier heights (kcal/mol) of H2 + H ---) H + H2 reaction

Method

Classical
barrier

Zero-point
energy

Vibrational adiabatic
barrier

S-null
S-VWN
S-LYP
S-PW
B-null
B-VWN
B-LYP
B-PW
PW-null
PW-VWN
PW-LYP
PW-PW

5.45
-2.81
-3.45
-3.58
11.73
3.65
2.86
2.84
10.87
2.75
1.98
1.95

-0.76
0.56
0.68
0.41
-0.74
-0.68
-0.69
-0.78
-0.74
-0.68
-0.69
-0.78

4.69
-2.25
-2.76
-3.18
10.99
2.95
2.16
2.05
10.13
2.07
1.30
1.18

HF
MP2
CCSD(T)

17.58
13.21
9.91

-0.95
-0.83
-0.83

16.63
12.38
9.08

Expt.

9.7

The trends observed in the previous two cases continue here. The DFT
methods drastically underestimate the barrier, with the exception of the gradientcorrected exchange-only methods B-null and PW-null, which give barriers
within approximately 1 kcal/mol of the experimental result. The qualitative
performance is seen to depend merely on the type of exchange and correlation
functional used, rather than the particular functionals themselves (e.g. the B-LYP,
B-PW, PW-LYP and PW-PW barriers lie within a range of only 1 kcal/mol).
Whereas before a transition structure could not be located with certain
functionals, here a stationary point of the H3 D~h structure exists by symmetry.
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Of course, this says nothing about the nature of the stationary point, and in fact
for S-VWN, S-LYP and S-PW a minimum energy structure is obtained, i.e. these
methods actually predict H3 to be a stable species relative to separated H2 + H, a
complete failure. In particular, this is a serious indictment of the LSDA. Moving
to gradient-corrected exchange restores qualitatively correct behavior (a transition
structure is obtained), but the calculated barriers are too low by an average of 7
kcal/mol, which is wholly unsatisfactory.
Of the three ab initio methods, HF and MP2 both overestimate the barrier
significantly, while CCSD(T) performs well, predicting a barrier less than 1
kcal/mol from experiment.
A remaining question is the performance of the B-null and PW-null
methods, which performed well (recall that B-null also gave good results for the
first two reactions). In the case of H3, direct examination of the features of the
potential surfaces [73] reveals that the agreement with experiment is indeed
fortuitous, and so this is most likely the case with the previous reactions as well.
KS DFT gives consistently poor results with a wide variety of functionals on
three different hydrogen abstraction reactions, including the simplest member of
the family, indicating a fundamental deficiency in the method. One problem
which could be important for reaction barriers is the residual self-interaction of
the electrons contained in the KS energy. For example, in HF theory the
Coulomb interaction of an MO with itself is exactly canceled by an analogous
exchange contribution.
However, in KS calculations the cancellation is
incomplete (for finite systems), due to the approximate exchange functionals
which must be employed. Some functionals also give spurious self-correlation
energies.
Several previous workers [14, 75-77] have examined various procedures,
called self-interaction-corrected (SIC) DFT methods, aimed at remedying this
deficiency. One possible approach involves merely subtracting out the Coulomb
and XC energies corresponding to the single-particle densities, i.e. a correction
term of the form

§ .ixc)
1

(5s)

is applied to the total energy, where

E~j= 1
2~

i

Pi(q)Pi(r2) dr1dr2
r12

(56)

EXC = ~ f[Pi (r),0] dr

(57)

Pi = I~i 12

(58)
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with the summation in Eq. (55) running over all occupied (alpha and beta) MO's.
An important characteristic of SIC DFT methods which is different from
ordinary KS methods is that, since the corrections are calculated on an orbital-byorbital basis (rather than by using the total density), the SIC total energy is not
invariant under unitary transformations among the occupied orbitals (the selfinteraction is larger for more localized orbitals). One would therefore expect that
self-interaction might have a significant effect in processes involving a change in
the spatial extent of the electronic orbitals, e.g. in reactive systems, as the selfinteraction error may not cancel satisfactorily. This led us to investigate the effect
of SIC on the calculated DFT reaction barriers.
We have added SIC capabilities to the DFT package in Q-Chem [20]. Initially,
this involves localizing the KS canonical orbitals with the Boys procedure [78]
and using these to evaluate the self-interaction correction. Thus, the present
scheme simply applies the correction perturbatively to the KS energy. Table 9
lists the corrected DFT barriers, evaluated at the re-optimized SIC geometries.
Table 9
Barrier heights (kcal/mol) of H2 + H ~ H + H2 reaction with self-interaction
correction

Method

Classical
barrier

Zero-point
energy

Vibrational adiabatic
barrier

S-null
S-VWN
S-LYP
S-PW
B-null
B-VWN
B-LYP
B-PW
PW-null
PW-VWN
PW-LYP
PW-PW

14.74
6.61
6.03
4.96
20.90
13.17
12.57
11.05
18.29
10.45
9.86
8.46

-0.97
-0.92
-0.91
-1.03
-1.01
-0.90
-0.96
-1.04
-1.00
-0.94
-0.93
-1.06

13.77
5.69
5.12
3.93
19.89
12.27
11.61
10.02
17.29
9.51
8.93
7.40

Expt.

9.7

Addition of SIC gives a large energy change in the proper direction, raising
the KS barriers by an average of 8 kcal/mol, indicating that self-interaction plays a
major role in the vicinity of the transition state, where one bond is partially
broken and another is partially formed. The best quantitative results were
obtained by combining a gradient-corrected exchange functional with a
correlation functional, consistent with previous results on other properties; this
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gives agreement with experiment of 2.5 kcal/mol or better. SIC restores
qualitatively correct behavior of the potential surface with all functionals used;
unlike with KS, all SIC stationary points are transition structures.
It is interesting to note that the SIC results are not as clearly categorizable by
type of XC treatment as are the KS results. For example, the four methods with
gradient corrections for both exchange and correlation span a range of just over 4
kcal/mol, bracketing the experimental result. This is a consequence of the
varying amounts of self-interaction in the different functionals, e.g. LYP is selfinteraction-free, while the PW correlation functional is not.
Given these encouraging preliminary results, further investigation of the
effect of SIC on reaction barriers is warranted. For more complicated reactions, it
is likely that the initial scheme used here will need to be elaborated, either by
going to better localization methods (e.g. Edmiston-Ruedenberg localization [79]),
or by incorporating the SIC term in the self-consistent procedure, which is more
expensive.
3.3. Relative stabilities of small carbon cluster isomers

The mechanism of formation of C60 and other fuUerenes is a challenging
and controversial area of active research. Detailed understanding of the factors
which determine the structures and stabilities of smaller carbon clusters is of
obvious importance in this regard. As a final example, we give some results of
applying DFT to these types of systems.
One question which has not yet been satisfactorily resolved is the ground
state of the C4 molecule. The two candidates are a singlet rhombus structure and
a triplet linear form. Table 10 presents relative energies of these two isomers [80],
calculated by conventional ab initio and DFT methods using a large orbital basis
set, 6-311+G(2df).
Table 10
Relative enersies (kcal/mol) of C4 isomers
Structure

State

HF

MP2

G2

S-VWN

B-LYP

Rhombus
Linear

1Ag
3Xg

26.7
0.0

0.0
17.1

0.0
5.0

6.1
0.0

20.6
0.0

HF theory strongly favors the triplet state, mainly due to the neglect of
electron correlation. Addition of correlation via the MP2 approach reverses the
ordering, favoring the singlet by a substantial amount. The highly accurate (and
highly expensive) G2 method [28] also favors the singlet state, by 5 kcal/mol.
S-VWN, on the other hand, predicts the triplet to be more stable than the
singlet by 6 kcal/mol, while B-LYP is in even greater disagreement with G2
theory, predicting a triplet ground state by an amount almost as large HF. In
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particular, this failure of B-LYP stems from improper description of the triplet
state; the B-LYP and G2 atomization energies agree. It is interesting to note that
B-LYP satisfactorily predicts the atomization energies of the lowest singlet and
triplet states of methylene [37] (and hence singlet-triplet gap as well). Apparently,
then, the delocalized nature of the system is relevant here.
There are no conclusive experimental results available for these systems, but
given the large disparity with G2, it is evident that in this case both DFT methods,
especially B-LYP, are qualitatively incorrect.
The C20 molecule is the smallest carbon cluster which can exist as a fullerene
cage. While the hydrogenated form C20H20 (dodecahedrane) is well-known, it is
not obvious if the bare C20 cluster should be stable as a cage structure.
Experimentally, ion mobility measurements [81] have shown that the dominant
isomer for both the singly-charged cation and anion of C20 is a monocyclic ring
form, while the fullerene cage has not been observed.
Table 11 lists relative energies [82] of three isomers which from other
theoretical studies appear to be candidates for the ground state. These are the
monocyclic ring, a corannulene bowl-like structure, and the fullerene cage.
Singlet states were calculated in all cases, by HF, S-VWN and B-LYP using the
6-311G(d) basis set at the HF/6-31G(d) optimized geometries.
Table 11
Relative ener$ies (kcal/mol) of C20 isomers
Structure

Symmetry

HF

S-VWN

B-LYP

Ring
Bowl
Cage

C10h
CSv
C2

0.0
31.1
92.9

88.6
23.3
0.0

0.0
24.7
79.3

HF theory predicts the ring form as the ground state, in particular placing
the cage 93 kcal/mol above the ring. S-VWN, on the other hand, reverses this
ordering entirely, favoring the cage. Though this is in agreement with previous
MP2 results, the reliability of MP2 theory in this case is uncertain.
A dramatic difference in the DFT results is observed upon moving to the
B-LYP functional, which predicts the ring as the ground state and stabilizes the
ring relative to the S-VWN results by a whopping 168 kcal/mol. This has
profound implications for the application of DFT methods to the study of carbon
clusters. Though it appears that the B-LYP results are qualitatively correct, the
huge difference between S-VWN and B-LYP clearly shows that one of the two is
completely in error. This pathological behavior between S-VWN and B-LYP is
likewise observed for isomers of C24 [80]. Great care should therefore be exercised
in proceeding, and the performance of these methods must be assessed in other
situations where relative energies of such completely different structures are
important.
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4. FUTURE DIRECTIONS
We have presented an account of our development work on KS DFT
computational methodologies. The approach taken does not involve certain
undesirable approximations which in earlier implementations were necessary for
efficiency reasons, and thus is more directly comparable to conventional ab initio
implementations. The KS energy procedure is completely well-defined, and is
furthermore treated carefully and consistently w h e n computing energy
derivatives; no additional approximations are introduced which can lead to
complications, for example, in computed structures and vibrational frequencies.
The economy of DFT methods make them a promising alternative approach
to the study of many chemical problems which are not feasible by conventional
correlated ab initio methods, and hence there is considerable interest in
advancing the capabilities of practical DFT programs. We have addressed here
the d e v e l o p m e n t of highly efficient algorithms for evaluating the XC
contribution. This lays the groundwork for the application of KS methods to
larger problems and, in conclusion, we make a few remarks on some of the
ongoing work within the Q-Chem program [20] towards the treatment of very
large molecular systems by DFT.
As discussed earlier, the Coulomb problem, with its asymptotically quadratic
cost in system size, is the current KS bottleneck. As no other component of the
calculation scales higher than linearly (except the diagonalization phase, which is
not currently dominant), clearly in order to be able to treat truly large systems a
breakthrough in the scaling of the Couldmb contribution is required.
The evaluation of Coulomb interactions in large-scale ensembles of particles
is a central task in the numerical treatment of many physical processes.
Traditionally, a quadratic amount of work has been required to evaluate all
pairwise interactions between the particles, unless some approximation or
truncation method is used. Consequently, very large-scale problems have
appeared prohibitively expensive. However, in 1987, while studying the
evaluation of the potential energy of a large system of point particles, Greengard
[83] developed a powerful algorithm, the Fast Multipole Method (FMM), whose
cost increases only linearly with the number of particles. Greengard's method has
been profitably applied to numerous problems in classical mechanics [84-89], from
studying the evolution of galaxies to simulating the behavior of biomolecules,
plasmas and fluids using molecular dynamics, but heretofore has not been
applied to the quantum mechanical realm.
We have developed a formulation of the FMM suitable for application to
the DFT Coulomb problem. The necessary advance is a generalization of
Greengard's algorithm for classical discrete particles to the case of continuous
charge distributions required to treat the electrons.
We are currently
implementing this generalized FMM within Q-Chem [20]. Though empirical
results with the new method are not yet available at the time of this writing,
predictions of the size of the system where the FMM will become
computationally cheaper than conventional "explicit" integral methods are very
optimistic. Specifically, Greengard states that the "crossover point" for a well-
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implemented (classical) FMM code is on the order of 1000 particles. In the
q u a n t u m case, the situation is much more favorable due to the greater
complexity of the pairwise interactions (the two-electron integrals) which are
circumvented by the FMM.
If the Coulomb problem were made linear, the frontier of molecular size
limitation would be pushed back considerably, at which point the diagonalization
step would become the dominant one at the new end of the spectrum of tractable
chemical problems. Efficient diagonalization of large matrices is a topic of much
active research, as the results are applicable in virtually all areas of computational
science.
The FMM is an example of reducing the intrinsic scaling behavior of the
abstract quantum mechanical method, and as such represents a definite advance
even before the details of its efficient computer implementation are addressed.
At the other end of the development spectrum are the complementary
opportunities afforded by recent advances in the world of high-performance
computing, with perhaps the most notable of these being the advent of massively
parallel computer architectures. This new class of computing platforms offers
enormous potential for scientific applications, much greater than is able to be
achieved by increasing the speeds of the processors alone. However, the writing
of programs which can take maximum advantage of such architectures is, at least
presently, quite a difficult problem.
In some cases, reasonable progress has been made with parallelization of
pre-existing ab initio codes, but from the experience being gained it is apparent
that these converted "dusty decks" generally will not be capable of efficient
parallel performance upon moving beyond a moderate number of processors. To
have a real chance of effectively harnessing the power of massively parallel
machines, it is necessary to begin the coding from scratch with these architectures
in mind.
Implementation of parallel versions of the KS functionalities discussed here
are underway within Q-Chem [20]. In our methodology, the XC part is relatively
easy to parallelize, simply by a coarse-grained approach (e.g. by distributing the
independent atomic quadratures over multiple processors). Parallelization of the
Coulomb part, on the other hand, represents a significant challenge, and requires
a radical restructuring of the two-electron integral algorithm. Completion of this
implementation will result in a highly efficient "explicit" KS program which
should perform well in a massively parallel environment. Moreover, several
groups have already succeeded in developing parallel versions [89-91] of the
classical FMM algorithm, and a comparable parallelization of the quantum FMM
code should not pose significant additional difficulties.
It is quite likely that DFT will be able to establish a useful and significant
niche in modern computational quantum chemistry, and as expected progress
continues to be made in the development of improved functionals and programs
there is every chance that the scope of these methods will be increased. The
theory is greatly appealing from both the abstract and practical perspectives, and
the future of its application to chemistry appears bright. It should be pursued
with enthusiasm and given its fair chance.
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T o o l for D e n s i t y F u n c t i o n a l C a l c u l a t i o n s : R e v i e w

and Advances
B. DeUey
Paul Scherrer Institut Z/irich, Badenerstr 569, CH-8048 Zfirich, Switzerland
The DMol methodology is reviewed with special emphasis on recent developments such
as gradient dependent, or so-called nonlocal, density functionals. Applications to crystalline silicon structures in the nanometer size imply a discussion of excited states. This
is also a first application using periodic boundary conditions. The application to carbony1 complexes is a case study of the effect of some recent gradient dependent density
functionals on the energy surface.

1. I N T R O D U C T I O N
Modeling, understanding, even predicting properties of materials has definitely been a
long-standing occupation of man. Quantum mechanics' promise of computing materials
properties has since its beginning relied on sophisticated algorithms and approximations.
Powerful computers help to perform such calculations without recourse to semlempirical
parameters and advance knowledge. An excellent basis for a theory aiming at a broad
coverage of ground state properties is given by the theorem of Hohenberg and Kohn [1]
which states that the ground state properties of any electron system can be derived in
principle from its electron density. The highlight of that theory is that it is possible
to make relatively simple approximate density functional theories (DFT) which work.
In particular the Kohn Sham (KS) [2] type theories, which make use of orbitals, give
usefully accurate results within a broad range of applications including 'difficult' and
exotic molecules such as Be2 [3], F2 [4], Oa [5], Cr2 [6], FOOF [7], CNN [8] and transition
metal compounds (for a review on density functional theory and applications see Parr
and Yang [9]).
The density functional approach naturally offers the possibility of being realized in
an algorithm scaling asymptotically like the cube of the number of inequivalent atoms
in the system. Most probably, this is the lower limit for the asymptotic scaling law for
any delocalized orbital theory. The significantly more favorable multiplier for the cubic
component in semiempirical orbital theories translates therefore to not so impressively
larger dusters that can be treated as compared to what can be done using a parameterfree density functional method.
It has consistently been the goal in the development of the D Mol code to make
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the program as robust as necessary to prevent failure even in unexpected applications
while keeping choices and applicability to different kinds of electron systems as open as
possible, to be ready for new challenges. Most of the methods use basis sets with special
analytic properties in order to simplify integrations for the matrix dements involving
the electrostatic potential or the Laplacian, but this is at a cost in convergence rate
of the orbital expansion. However, since numerical integration in three dimensions
is a step that can hardly be skirted in DFT methods, special emphasis and study
of appropriate numerical methods has been invested in integration in the context with
DMol. The author considers the partition method, described in the following section, as
a breakthrough in the field of automatic integration for molecules. Consistent use of the
numerical integration pays off in relative simplicity of the code, easy vectorization and
also parallelization of the most time-consuming program sections. Closely related to the
numerical integration is a problem-adapted function set. The partitioning method paves
the way for an essentially exact multipolar representation of the electron density and the
calculation of the electrostatic potential in the SCF iterations. For the representations
of molecular orbitals, numerical generation of basis functions allows one to recover the
exact cusp condition at each nucleus and also to recover exact molecular orbitals in the
complete dissociation limit. This is described in the section on basis sets.
Calculation of total energy and its derivatives poses more problems than obtaining
orbitals. The points under consideration are put into perspective below. Because of
the recent popularity of functionals depending on density gradients, some discussion of
such functionals and of points related to them is given. In the section on fractional
occupations, some of the instances of occurrence are reviewed. In this context Fermi
edge smearing is also discussed as a tool to obtain convergence in difficult cases.
It is not possible to give here a complete review of DMol applications, so only a
non-systematic selection of applications is mentioned here. Applications to chemical
reactions have been studied by Seminario, Grodzicki and Politzer [10]. BuckminsterfuUerenes have been studied by various groups [11] including also nonlinear optical
properties [8] and the geometrical structure of Cs4 [13]. Cluster model studies of surfaces with adsorbates are reported in [14-17]. Cluster models for point defects in solids,
in particular spin density studies of interstitial muon can be found in [18,19]. Spin density studies of molecular magnetic materials are in ref [20]. Polymers have been studied
by Ye et al [21].
The application to silicon crystalline nano structures in this article relates to the
recently discovered visible luminescence of porous and nanocrystalline silicon. The
discussion touches also on excited states. It is also an illustration of the application of
symmetry and periodic boundary conditions to relatively large electron systems.
The carbonyl complexes have been revisited as a benchmark case to study the effect
of various gradient-corrected functionals on the energy surface.
2. R E V I E W

OF M E T H O D O L O G Y

The basic DMol methodology consists in using a three dimensional numerical integration for the matrix elements which only makes minimal assumptions about the form
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of the basis functions and molecular orbitals. A fast and accurate evaluation of the
electrostatic potential in the course of the SCF iterations requires special care. Numerical basis sets potentially include the best possible one for a given variational basis
set size. Accurate evaluation of total energy and its derivatives with respect to nuclear
displacements is a major issue. This is described in the subsections below. Some issues
are discussed here in more detail than in the original articles.
2.1. I n t e g r a t i o n
Solution of KS equations at the level of local or gradient-corrected density functionals always requires calculation of mathematically complicated integrals. Unlike the
exchange integrals of Hartree Fock quantum mechanics, which can be solved analytically for Gaussians, the density functional exchange and correlation approach introduces
integrals which are usually more involved than the matrix element
Ioc ~bj > = Cx f ~,(r)pl/3(r)qbj(r)d3r.
< ~bipx
As basic approaches to solve such integrals, one can attempt various decompositions
to end up with an approximation which is analytically or at least one-dimensionally integrable. Another basic approach, which has been used in various methods, involves fitting
of the exchange-correlation potential in real space and evaluation of the corresponding
potential matrix elements by analytical means. One should not forget, however, that
the fitting procedure involves integrals < ~fp~c > = f ~f(r)p~c(r)d3r which must be integrated numerically in three dimensions if the approach is not to fall back to another
variant of the approximate method mentioned before.
A straightforward method bypasses the introduction of the auxiliary exchange-correlation fitting basis and evaluates those matrix elements directly by three dimensional
numerical integration. This not only spares a computational step, it also avoids the
limitations of the fitting basis set. There still arises a truncation error due to the
numerical integration scheme.
Since the numerical integration in three dimensions cannot be circumvented [23],
if high accuracy is desired in LDF calculations, one may ask what conclusions can be
drawn from this commitment. One possible conclusion is to calculate all matrix elements
by numerical integration. This allows a wider class of functions than Gaussians to be
admitted in the basis set with the potential advantage of a smaller basis set size required
at a given accuracy level. Several interesting choices can in fact be made. In conjunction
with periodic boundary conditions, plane wave expansions are a most attractive choice.
It requires, however, advanced pseudopotentials suppressing the cusps at the nuclei. An
enormous amount of development effort has been and is being spent in that direction.
The key developments are norm conserving pseudopotentials for the whole periodic
system [24], ultrasoft separable pseudopotentials [25] and the development of iterative
methods which can handle large plane wave sets [26]. A recent development is the
projector augmented wave method by B15chl [27], which combines advantages of the all
electron methods and the plane wave methods.
In conjunction with local basis sets, the oldest approach using numerical integration by
Ellis and Painter [28] used a Monte Carlo like importance-weighted integration scheme
with pseudo-random integration points according to Haselgrove [29]. According to the
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Figure 1. Radial functions for Ag, 4d (dashed) and 5s (full line), upper set as a function
of radius, lower set mapped into interval [0,5].
author's experience, the scheme as implemented did not live up to expectations of 1/Np
convergence but rather behaved Monte Carlo llke 1/x/~p. Many alternative threedimensional integration methods were tested. From its very beginning, the scheme
based on spatial partitioning of integrands into atomic-like parts and using angularradial product schemes for the nearly spherical parts has been amazingly effective.
Since this is the basic scheme used in DMol, it wiU be described in more detail now.
While it is easy to treat a single cusp in the integrand by an angular-radial product scheme centered at the cusp, further cusps tend to spoil convergence of a global
integration. Chemical intuition tells that atoms retain much of their identity in a compound, which leads us to a decomposition into atomic like components. Many such
decomposition schemes have been invented with the goal of interpretation rather than
of being a tool. The virial partitioning of Bader [30] has many interesting properties,
but it results in a complicated boundary which is also not easy to find. Partitioning
into Voronoi polyedra, or Wigner-Seitz cells in periodic structures, is easy. A difticulty
comes when one tries to take advantage of the approach to spherical symmetry near
v

-
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the nuclei. An interesting integration method in this spirit has been presented recently
[31]. The stockholder partitioning invented by Hirshfeld [32] comes close to our line
of reasoning. In this scheme a peaked function g~(r) is chosen for each center a. In
Hirshfeld's case 9~ is the atomic electron density, and the partition function is defined
aS

po(r) =

go(r)

Zflgfl(r)"

(1)

By construction, the sum over all p~,(r) is one, so nothing is lost in this partitioning
among the centers. The smooth roU-off arising for each "atomic" part of the integrand
is highly desirable for efficient global integrations. Functions 9,, with a sharper peak,
even poles, are preferable to atomic densities for the purpose of integration since such
functions lead to better suppression of any residual cusp behavior [33]. For automatic
adaptation to the atom in question, it is useful to keep the atomic density as a factor
in the function g~,The product of the integrand with the partition function p~ is well-suited for integration with an angular-radial product scheme. A logarithmic mapping of the radius
is standard in numerical atomic calculations. Obviously this type of mapping leaves
us with an improper integration, and cutoffs with end corrections are required at both
ends of the interval. 300 radial points are quite standard in this approach, yielding a
micro-Hartree numerical accuracy cg for the carbon atom. Mapping the domain from
zero to infinity into a finite domain provides one approach to doing away with the end
correction.
r, = - C l o g ( 1 ,,,, = d,'ldi,

(i/(n + 1))2), i = 1,2,...n

(2)

(3)

defines an n-point integration rule with the weights wi implying an equal weight
formula for the finite interval [0, n + 1]. 6' is used to set r,, to the desired value. The equal
weight formula can be looked at as a trapeze rule or alternatively as finding the 0-th
Fourier component of the mapped integrand. Fig. 1 shows such mapped radial functions.
The figure suggests band-narrowing in a spectral decomposition of the mapped functions
as compared to the original functions. The author found that a mesh with 30 radial
points on the C atom is sumcient for an accuracy comparable to the one obtained from
a log mesh with 300 points. The Fourier argument gives an idea about the initial
convergence for smooth atomic-like functions. At the end of the periodically repeated
interval a discontinuity in a higher derivative depending on C and the exponential
faUoff of the integrand appears. Spurious cusps (typically only in derivatives) in the
middle of the interval can originate from the partitioning and apparently also from the
gradient dependent density functionals. The minimum number of radial points required
for standard accuracy scales empirically like 14(g + 2) 1/3 with the atomic number.
There are several other ways of realizing a radial integration scheme efficient enough for
molecular integrations.
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The angular integration is of no lesser importance to the present venture. Early tests
with this approach relied on the integration schemes for the surface of a sphere given
by Stroud [34]. The scheme of interest to us is a Gauss integration for polynomials in
z,y, z on the unit sphere. Higher order schemes of this kind are said to be difficult to
find. Stroud actually gives only low order schemes and recommends product schemes for
high order, a standard Gauss-Legendre mesh for polar angle cos 0 and an equidistant
mesh on the circle for the azimuthal angle. A product formula is 50% less efficient
than the corresponding spherical scheme, which makes the latter preferable, especially
in large scale calculations. In addition, spherical schemes may possess cubic symmetry,
which is often useful when the cluster possesses global symmetry and nonredundant
integration over a wedge can be done. Fortunately the work of Lebedev [35-37] came
to the knowledge of the author. His three publications quote integration schemes on
the unit sphere which are exact for polynomials, Ylm'S, of order up to l = 17, 23, 29
respectively, relying on increasingly complicated mathematical theory and evaluations.
The publication [35] suggests the existence of specific higher order schemes, which would
be welcome for benchmark calculations. The author has reformulated the problem of
finding such an integration scheme, and two integration schemes of order t = 35 and 41
were found in addition [38]. A projection of the integration points into a plane is shown
in Fig. 2 for some of the lower order and the two new schemes. While the scheme of
order 35 corresponds exactly to the prediction in [35], the present work led to serious
doubt on Lebedev's prediction for a scheme of order 41 with 590 points. The scheme
that was found requires 596 integration points.
Accuracy checking can at least be done on test integrands of representative structure.
Finally automatic integration over all of the molecular duster can be done by uniting
the atomic pieces. It is practical to incorporate the partition function into the weight
associated with each point. This results then in a scheme where as usual the functions
are evaluated on a set of points and summed up with the corresponding weight, obviously
an algorithm well suited for vectorization and parallelization. If entire matrices are to
be calculated by numerical integration, highly machine-optimized basic linear algebra
level 3 routines (BLAS3) can be used. This integration scheme by partitioning has been
finally described in [33] after several years of maturing.
In the context of molecular integrations the question arises whether it is preferable
to let the orientation of the angular mesh depend on the molecular conformation such
that the values of the integrals become orientation independent, even if the numerical
integrals are severely truncated. However, since such an approach necessarily leads
to switching of the orientations at certain critical points in conformation space with a
consequent switching in truncation error, it was preferred to leave the angular part with
a fixed orientation in space. So as long as switching of the order of numerical integration
is not allowed (this normally occurs in standard automatic integration) no switching of
truncation errors is seen. While on the one hand the orientation of the molecule must be
specified for standardized numerical values, which is rather a disadvantage, on the other
hand the magnitude of the truncation errors can be estimated by simply reorienting
the molecule without a convergence study. In either scheme the truncation errors are
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Figure 2. Projection of integration points on the unit sphere for schemes of increasing
order l =11, 17, 23, 29, 35, 41, the last two schemes integrate respectively 1296 and 1764
Yl,m functions exactly.

there and can distort the calculated energy surface. Easy access to an estimate of the
truncation error helps to determine whether actually a more accurate integration is
needed.
2.2. E l e c t r o s t a t i c P o t e n t i a l
Accurate calculation of molecular electrostatic potentials in an algorithm which scales
at most with the cube of molecule size has long remained a challenge. The established
method for molecules is to fit the molecular density calculated from the orbital densities
with multipolar functions attached to the atoms [39]. This method leads to a term which
scales like the cube of the molecule size. It requires the introduction of an auxiliary
basis set for the multipolar functions. The choice of such a basis set requires expertise
and can easily lead to uncertain results.
However, the partitioning scheme just described can be used to decompose the electron density into atomic components. Projection onto I~,m functions yields multipoles
attached to the atoms. The radial resolution is automatically as good as that of the
integration. The Poisson equation, relating the static potential to the density, can then
be solved with high accuracy for each multipole, since the decomposition has reduced
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the problem to a one-dimensional one. The static potential can then be reassembled,
resulting overall in an algorithm which scales like the square of the molecule size. In
Fig. 3, radial multipolar densities (the spherical part of the atom has been subtracted
out for the monopole) and the corresponding static potentials are shown. Even under
great magnification, no residual cusp can be discerned at a radius corresponding to the
internuclear separation between atoms. Note also that the l = I component would have
been particularly hard to guess qualitatively. The method proved to be much more
robust than the earlier fitting method, and it was implemented in the first version of
DMol [40,33]. Becke and Dickson have also found a similar partitioning scheme [41].
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Figure 3.
Radial charge and radial potential for CO. Charge represented as
r~pt,m=0(r) (full line), electrostatic potential (dashed). The lowest pair of curves represent the monopole component, followed by the higher angular components in ascending
order. The curves have been displaced by an arbitrary shift for clarity; the zero for each
pair of curves is defined by the value of r2pt,,~=0(r) at r = 0.

The angular decomposition is always a truncated expansion. With a well constructed
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partition function the importance of higher angular components decreases very fast.
Moreover it is possible to formulate the total energy to be insensitive to the truncation
by retaining its variational second order property with respect to the truncated auxiliary density [33,42], as described in the total energy section. In addition it is possible
to minimize the residual density by applying the decomposition scheme to the residual
density. This refinement procedure can be realized such that no extra work need to
be done in the course of the self-consistent field (SCF) iterations. This has been described more precisely in [33]. More important than its practical application to better
potential calculations is the possibility to apply a similar scheme to improve orbital
representations.

2.3. Basis Sets
The three-dimensional integration scheme allows for great freedom in choosing a suitable basis for representing the KS orbitals. One would wish two slightly contradictory
properties in an ideal choice. First it is necessary to have a function set spanning the
appropriate space in all possible compounds, to make advance knowledge unnecessary.
Second it is desirable to have a basis capable of representing the molecular orbitals with
a small set of functions, in order to arrive at algebraic equations of small dimension. In
other words, one prefers a basis set which is capable of reasonably spanning the orbital
function space when cut to the minimum. The basis set should lead to a fast-converging
series when more and more functions are allowed.

For molecules and molecular solids these requirements seem almost inevitably to lead
to an atomic orbital basis concept. Of course this is no new invention in the field.
However, it is well known that minimal basis sets, to be used in the context of linear
combinations of atomic orbitals (LCAO) can be optimized significantly for each class of
bonds. A simple test demonstrates that different types of bonds have different optimum
minimal basis sets, even if these are numerically defined. For calculations not relying
on expertise or specific optimization, a minimal basis set is not sufficient. A question
is whether the wish can be fulfilled with a function set twice as big as the minimal one
for the valence orbitals. Investigation convinced the author that this is the case to a
surprisingly large extent.
In the context of density functional theory, no problem arises in principle with admixture of ionic states in the dissociation limit. This can be traced back to a better
representation of the core hole function with the local density approximation than with
the Hartree-Fock approach [44]. Would it be possible to represent the energy surface
from the dissociation limit down to distances characteristic of a multiple bond with a
"small" function set? In the dissociation limit numerical atomic orbitals can represent
the molecular orbitals exactly. The author found that augmenting the set of free-atom
orbitals by a set derived from valence orbitals of ions can barely be improved upon in
this wide range on the Born-Oppenheimer energy surface by further functions spanning
the same angular characteristics. Significant improvement can, however, be obtained
by augmenting the function set with higher angular momentum polarization functions.
Qualitatively similar properties are known in standard LCAO representations of orbitals
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[45]. As it turns out, the angular expansions are reasonably rapidly convergent, in the
context of variational density functional calculations [33]. Calculations with the double numerical basis set provide an accurate picture of how the local density functional
solution behaves. Calculations with numerical orbitals including polarization functions
have been demonstrated to yield results in excellent agreement with what is obtained
when applying expert knowledge and doing optimizations. Fig. 4 shows convergence
properties of the total energy with respect to the size of the extended basis sets, including f- and g- functions for the largest sets. Total energy is taken with respect to the
essentially exact result of Heinemaun et al [43], obtained with a special method relying
on prolate ellipsoidal coordinates, which is applicable exclusively for diatomics. Finally
it should be noted that basis sets including polarization functions of nearly optimal
quality are readily available for the whole periodic system.
For benchmark accuracy calculations to be done on polyatomic molecules, without
time-consuming explorations and expertise, it is necessary to have a means of systematic
improvement not provided by the normal basis sets. It was shown earlier that for the
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calculation of static potentials, it is possible to define and work with a subset of a
complete function set on each atom. In the case of the Poisson equation, partitioning
fully solves the problem of overcompleteness, because of the linear dependence of V,
on p. In the case of orbitals, interesting advances have been made towards basis-set
free DF calculations [46,47]. So far, only calculations on relatively small molecules have
been published with this approach.
2.4. Total E n e r g y a n d derivatives
The evaluation to the desired numerical accuracy of the density functional total energy has been a major obstacle to such calculations for many years. Part of the difficulty
can be related to truncation errors in the orbital representation, or equivalently to basis set limitations, in variational calculations. Another part of the difficulty can be
related to inaccuracies in the solution of Poisson's equation. The problem of maximizing the computational accuracy of the Coulomb self-interaction term in the context of
least-squares-fitted auxiliary densities has been addressed in [39]. A third part of the
difficulty may arise from the numerical integration, which is unavoidable in calculating
the exchange and correlation contributions to the total energy in the density functional
framework.
The purpose of this section is to recall an approach originally presented in [42] aimed
at minimizing the total energy error for a given auxiliary density. The basic question is
how to formulate the total energy such that truncation errors of the auxiliary density
enter only to second order. In this sense the resulting stationary energy formula can
be called variational. Since, as shall be shown below, the energy formula exhibits a
maximum at the correct KS density, the notion 'variational' can easily be misleading,
since usually energy minima are termed variational. The stationary energy formula is

_

[
k,t,

r

z=z

(4)

~#a

The nk,~ are occupations of orbitals with the orbital and spin labels k, tr. ek,~ is the
corresponding eigenvalue, which has been calculated in the static V~ and exchangecorrelation potential ~=c,~ arising from the spin densities ~ . E=c is the exchangecorrelation functional. Z~ and 1~ are the nuclear charges and the position vectors.
Et is a minimum for variation of the orbital set used to calculate the eigenvalues ek,~.
For a limited, but fixed, orbital basis set a self-consistent 'KS' energy Et can be found in
principle. It is bounded from below by the exact KS energy Et > E~ s. It is very interesting that in Et the exchange-correlation functional, the static potential, the effective
exchange-correlation potentials #=c,~ and, via the potential, also the orbital eigenvalues
all depend exclusively on the (input) auxiliary density. In the limit where the auxiliary
density equals the self-consistent KS density for the fixed orbital basis set,
p~(r) - ~ nk,~ I+k,~(r)l ~,

(5)

k

/~t equals the self-consistent KS total energy Et. Here q~k,r
are the self-consistent
KS orbitals for the fixed basis set. For other input densities Et differs by O((~- p)2)
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from F,t. Et is the same as the Harris functional [48] which has been proposed for
approximate DF calculations using superpositions of spherical (or confined spherical)
atom densities or superpositions of fragment densities as input densities ~ to treat very
large systems and for interaction energies for weakly interacting fragments. As has
been born out in follow up work, the Harris functional usually behaves as if it had a
local maximum at the selfconsistent charge density [49-51,54]. Since the functional is
extremely flat about its stationary point, applications to fast DFT calculations, using
nonselfconsistent overlapping spherical input densities, are tempting and have been tried
[52,53]. In fact, D Mol normally uses overlapping spherical densities of the atoms as the
starting input density. The Harris functional with optimized spherical densities can be
used in molecular dynamics calculations [54,55].
Robertson and Farid and Farid et al [56,57] have shown that the Harris functional
actually is a saddle point for reasonable density functionals. The second order terms
arising from the static potential alone would make the functional a maximum. However,
reasonable exchange-correlation terms are opposite in sign and dominate for sufficiently
short wavelength charge perturbations. Using the standard starting charge density in
DMol one can therefore generally observe the printed total energy (Harris functional)
to rise in the course of the SCF iterations. Occasionally the total energy goes slightly
down again in the final approach to the converged value, testifying to the saddle point.
It should be noted that some errors which are linear in the truncation of the numerical
integration survive in Et; this has been discussed in detail in [33]. Total energy derivatives with respect to nuclear positions, which are stationary with respect to gp, can
be obtained by taking the derivative of Et [58]. In the context of gradient-dependent
functionals it is often adequate to include the gradient-corrections in a perturbative
spirit only when evaluating the total energy. DMol gives the user the choice of either
using the gradient-dependent effective potentials in the SCF, or to do a perturbative
gradient-correction. In the latter case, the derivative of the perturbed energy surface
must include a term
\

// vRo .a ,

(6)

where E ~ c is the gradient-dependent functional used in the total energy calculation and #xc,~
to~ is the local effective potential used in the SCF. V R o ~ is the derivative
of the auxiliary density with respect to a nuclear displacement, which is evaluated neglecting the self-consistent polarizations of the components of the auxiliary density. The
analytic calculation of the self-consistent polarization of the auxiliary density for all possible nuclear displacements apparently leads to an O(N 4) or higher algorithm. If these
polarizations are important [59], it is preferable to use self-consistent density-gradientdependent D FT energies and derivatives for which no derivative of a perturbation term
appears and which scale like O(N 3) as do the local density functional calculations. The
application in this article to carbonyl complexes was adequately done in the perturbative
mode.
The energy derivatives have been implemented in DMol in such a way that the calculation of all derivatives scales, to leading order, with the cube of the molecule size, as
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does the SCF. If actual timings are fitted, lower power laws would always be obtained
with an exponent of nearly two for an intermediate molecule size. The operation count
for all derivatives corresponds to about 3 SCF iterations for the same molecule. By doing Hessians via numerical differentiation of the analytic derivatives, a fourth power of
the molecule size appears to leading order in the scaling of computational effort, which
is better than the fifth power apparently appearing with analytic second derivatives [60]
because of the need to calculate first order perturbed orbitals and densities.
3. G R A D I E N T - D E P E N D E N T

DENSITY FUNCTIONALS

The local approximation to the density functional can be derived from exchange and
correlation in the homogeneous electron gas. Considering that the homogeneous electron gas is a rather unrealistic picture of the electron distribution in atoms, molecules
and solids, the success of local approximations may come as a surprise, and it certainly
underlines the universality of the density functional. The logical step of improving the
approximate density functional by taking the inhomogeneity into account by a density
gradient expansion has been made [61] before even the success of local density functionals was clearly apparent. In fact, Von WeizsKcker had introduced density gradient terms
much before in the Thomas Fermi theory of atoms. Herrman, Van Dyke and Ortenburger [61] found that a gradient-correction with a semiempirically adjusted exchange
parameter produced lower total energies for atoms than optimized pl/3 approximations,
almost as low as Hartree-Fock atomic total energies. They noted that the gradientcorrection introduces a spurious 1/r potential near the nucleus and that their effective
potential blows up at large r. The next milestone in gradient-corrected density functionals came a dozen years later from a wavevector analysis of exchange and correlation.
Since the local density approximation is quite accurate for large wavevectors [62], Langreth and Mehl [63], guided by random phase results for small wavevectors, proposed
a density functional with a density gradient dependence. Perdew [64] improved the
correlation part of the Langreth Mehl functional by going beyond the random phase
approximation. Perdew and Wang Yue [65] (PW86) introduced a generalized gradient
approximation for the exchange functional, in order to overcome the difficulties with
the gradient expansion approach, which violates the exchange hole normalization condition. In a very intuitive approach, Becke [66] (B88) has derived a gradient-correction
to the exchange functional which preserves the exact asymptotic - 1 / r behavior of the
exchange energy density for finite electron systems. The effective potential derived from
this energy functional (see eg [67]) has an asymptotic behavior cx - 1 / r 2 which is much
less attractive than the exact effective potential. It is therefore no wonder that negative
ions still pose problems.
Based on the analysis of correlation energy in the He atom by Colle and Salvetti [68],
Lee, Yang and Parr derived a density functional for correlation. Since the He atom, as
a two electron system, only has a~ correlation in its ground state, also the functional
derived from it lacks e t a correlation. It may seem surprising then that this functional
is applicable to systems with more than two electrons, in fact it is among the most
successful correlation functionals.
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Figure 5. Enhancement factors F(s) of the gradient dependent exchange functionals
with respect to the cxp 4/3 local exchange in function of the normalized density gradient
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In the course of presenting a revised generalized gradient dependent functional, Perdew
and Wang have also presented an analytical version of the local spin density functional
[78] which fits the Green's function Monte Carlo results of Ceperley and Alder [71]
and tends to the proper limiting forms in the low and high density limits. Earlier
parametrizations by Vosko, Wilk and Nusair [72] either fit the high density limit in only
a least squares sense or, as in the fit by Perdew and Zunger [73] introduce an artificial
discontinuity in the second and higher derivatives at the electron radius ra = 1. Practically, the earlier parametrizations of homogeneous electron gas exchange and correlation
are usually of sufficient accuracy. The earlier form of a local density functional by Hedin
and Lundqvist [74] used a simple analytic form, fitting the numerical results available at
the time on the correlation energy for intermediate density. To close this little discourse
on local density functionals, the introduction of spin-unrestricted functionals by v.Barth
and Hedin [75] must be mentioned. An early application, and a clear description of the
combined use of spin-restricted [74] and spin-unrestricted [75] functionals has been given
by Moruzzi, Janak and Williams (JMW)[76].
The revised generalized gradient approximation by Perdew and Wang [77,78] for both
the exchange (PW91) and the correlation functional satisfies various sum rules, scaling
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relations, the lower bound for exchange and correlation, and limiting forms in the highand low- density regime [79]. In the limit of a small normalized gradient, the exchange
functional recovers the gradient expansion approximation (gea). The PW91 generalized
gradient dependent functional for exchange has been inspired by Becke's 1988 form.
A very small modification is introduced to recover at small gradients the exact coefficient for the second-order term in the gradient expansion series. In order to satisfy
the exact nonuniform scaling relations [801 at large s = iVpl/p 4/3, Perdew and Wang
abandoned the 1/r asymptotic behavior of the energy functional far away from finite
electron systems.
The exchange functionals mentioned here can be compared by writing E~[p] =
$ dZrc~p4/3F(s), where F(s)is the enhancement factor with respect to homogeneous
electron gas exchange. Fig. 5 shows plots of F versus s. Obviously there is good agreement for small to medium values of s. The large values of s are characteristic for the
regime further away from finite electron systems. Obviously there also still remain significant differences among the most recently published exchange functionals. In the
application to carbonyl complexes further below in tMs article, it will be apparent that
these differences in the exchange functionals do show up in the calculated properties.
Even qualitative differences may occur in van der Waals interactions. In the case of
He2 the B88 functional (with either VWN or LYP correlation) leads to an all repulsive
interaction as does Hartree-Fock. The PW91 functional yields overbinding similar to
local functionals [81]. In not so weak bonds, such as in Be2, F2 [41, Mg2 [82] and the water dimer [83], gradient dependent functionals have shown promise for greatly improved
results early on.
4. S Y M M E T R Y A N D P E R I O D I C B O U N D A R Y C O N D I T I O N S
The basic task in a density functional study of atoms, molecules or solids consists in
solving Kohn-Sham equations to determine molecular orbitals and the corresponding
eigenvalues. These stationary functions are basic ingredients to calculate total energies
or Harris functional approximations for a ground state energy. The molecular orbitals
and eigenvalues give also a basis for a discussion of excited states. Even for relatively
simple systems, there are many orbitals, and symmetry helps to more concisely understand the problem. It is also often worthwhile to study a model system with symmetry
to approximate problems with no symmetry.
At the computational level it is advantageous to make use of existing symmetry. The
KS Hamiltonian matrix can be transformed to block diagonal form for symmetrized orbitals. Because of UnsSld's theorem, integrations need only be done over the symmetrydistinct wedge of the molecule, even for groups with degenerate representations, provided phases are consistently handled. If geometry optimization is done for a symmetric
molecule, only fully symmetric displacements need to be studied. That means that even
for a case with a single element of symmetry computational work is essentially reduced
by a factor of four, both for SCF-total energy and geometry optimization. Moreover,
symmetry provides a consistent treatment of exact zeros which otherwise may be spurious because of truncation errors. Often high symmetry forbids soft shear deformations
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and rotations of substituents which would be much harder to optimize without symmetry.
Since the very beginning, a symmetry capability for point groups with real representations has been built in DMol and maintained. Since symmetry group theory programs
were considered to be widely distributed and available and also not really specific to
density functional calculations no such code was initially incorporated. Now it is realized
that DMol's symmetry capability is more unique than first thought, and an appropriate
group theory program is being [84] incorporated into the environment.
Currently, work on translation symmetry capabilities in 1, 2 and 3 dimensions is in
progress. Since first applications on insulating or semiconducting systems with relatively
large unit cells are envisaged, F-point orbital calculations are most economic and have
been already implemented.
5. F R A C T I O N A L O C C U P A T I O N S
Extensions of density functional theory to nonintegral occupation numbers have a
long history [85]. Interest arose first in discussing energy differences between electronic
configurations where the transition state concept allows one to bypass total energy difference calculations which are computationally much more demanding. Janak's theorem
[86] relates the total energy Et to the orbital eigenvalues ek

OEt
On~ = ~

(7)

by introducing continuous occupation numbers nk. Total energy differences between
electronic states with different occupation numbers can therefore be obtained by integrating over eigenvalues. To an excellent approximation the eigenvalues are typically a
linear function of the occupation number, so it is satisfactory to use a simple midpoint
rule in the computation. In the case of a single electron excitation, this is just the energy
difference of the two orbitals involved, evaluated at the average occupation. This is the
transition state.
Fractional occupations can also arise in the context of embedded clusters and in
finite temperature density functionals [87]. In the case of the canonical ensemble, the
occupation as a function of energy is the Fermi function at the given temperature. In the
case of embedded clusters representing the tractable part of a larger system the cluster
interacts with a particle reservoir, and the grand canonical ensemble again generally
leads to fractional occupations. Thus, for clusters modelling a larger system, one is
led to admit fundamentally fractional occupation number even if no further means to
represent the embedding are used.
Symmetrised density-functionals, which have been proposed recently [88] as the correct solution of the symmetry dilemma in Kohn-Sham theory, also naturally lead to
fractional occupations. The symmetry dilemma occurs because the density or spindensity of KS theory may exhibit lower symmetry than the external potential due to
the nuclear conformation. This in turn leads to a KS Hami!tonian with broken symmetry, leading to electronic orbitals that cannot be assigned to an irreducible representation

237
of the symmetry group of the system. Classic cases where symmetry is broken in DFT
because of the spin-density are the Cr2 and Mo2 molecules [6]. In symmetry dependent
density functional theory, fractional occupation numbers or ~holes below the Fermi level'
appear because of symmetry requirements through a single pure state. For practical applications one still needs useful approximations to such functionals, which yield energy
predictions of comparable quality as do the broken symmetry calculations.
To cover cases with fractional occupation numbers and cases with the lowest unoccupied orbital below the highest occupied orbital, DMol offers various ways of presetting orbital occupations by hand or fixing them after a number of iterations. This
is particularly useful in high symmetry cases where the group representations help to
distinguish the configurations of interest. An application to low lying excited states of
Fe(II)-porphine is given in [89].
Under not too unusual circumstances, calculations on molecules with a high density
of levels near the Fermi level converge badly or not at all with the Fermi occupation
rule. The most simple conceivable system with that behavior contains just two levels,
say a and b and one electron. If a is occupied, the self-consistent potential lowers b
below a and vice versa. If a and b belong to the same symmetry representation, which
is trivially the case for completely nonsymmetric nuclear conformations (C1), a hybrid
orbital can be found which minimizes the total energy self-consistently. It is illuminating
to study the behavior of the calculations in this case with a model. One finds that the
electrostatics leads to a shift in the levels depending on the population n~ of the level
ea. Defining ~b -- ea -- eb "

8ha

(8)

= v,

where U is the system-dependent value of the electrostatic interaction. On the other
hand the fractional population of a in the hybrid level depends on the position of the
levels with a maximum derivative for Cab = O. One finds

On,,)
ma'x~Oeab

=

1

4V'

(9)

where V is the hybridization parameter or hopping matrix element for the system.
In self-consistency iterations, the density obtained for the initial potential wiU generate
the potential for the next cycle until convergence is reached. In actual calculations,
sophisticated damping and extrapolation methods are used. In the model problem the
potential is represented by eab. The two differentials can be used to estimate for example,
the evolution of na for the following iterations. For the oscillations in the occupation
na as a function of iteration number to be damped, the condition
U
a~-~ < 1

(10)

must be fulfilled. Here the most simple damping method, that of mixing Pin,n+1 =
is considered for the model problem, a is an auxiliary parameter

apout,n + (1 - a)pi.,.,
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for the computation which does not influence the converged result. Note however, that
U
9
4-V
is
an estimate of the number of iterations needed to reach self-consistency. In the
case of localized orbitals in large systems, V can become very small, and in the case of
symmetric molecules V can vanish by symmetry. A very simple example for vanishing
V is the Fe atom in LDF, with its s - d configurations dSs 2 and tits ~. While the V = 0
cases never converge with the mixing procedure above, the symmetry makes it an easy
matter to identify orbitals by their symmetry representation and to solve the problem
by assigning fixed occupations. A minimal total energy is obtained, with the fractional
occupations producing eab= 0. In molecules where symmetry does not help and where
one is ready to admit fractional occupations for pragmatic reasons or reasons such as
presented above, a sure remedy is to limit max(-0-~abj - _ ~1 by introducing an artificial
parameter A~, representing an energy range over which the occupations change from
fully occupied to unoccupied. With this artificial 'smearing' of the Fermi level, the
stability criterion becomes
U

a--<l.
A~

(Ii)

Initially A~ must be larger than the energy separation of the levels to be fractionally
occupied. In DMol's implementation [90], A~ (and a) can be chosen smaller and smaller
in successive restarts with the previously converged potential, to bring the fractionally
occupied levels as close as desired to the condition e=b = 0, which yields the energy
minimum. If the exact energy minimum is needed, it is possible to extrapolate the
occupations for n fractionally occupied levels using n - 1 additional SCF calculations
with changed occupations and to use Janak's theorem to obtain the total energy at the
accidental degeneracy point.
6. A P P L I C A T I O N T O S I L I C O N Q U A N T U M D O T S , W I R E S A N D SLABS
Porous silicon has been known for many years. Somewhat surprisingly, it was discovered only recently that such silicon structures with nanometer size can efficiently
emit visible light [91,92]. An exciting perspective of this discovery is that light emitting
devices could be made within the well-established silicon technology. Two questions
have been addressed by DMol calculations, whether silicon can intrinsically become a
semiconductor with allowed (direct) optical transitions when in nanocrystalline form
and whether the energy gap is shifted to the visible range. In bulk silicon, the lowest
energy optical transition is forbidden and becomes only weakly allowed by vibrational
coupling, which is the same statement as saying silicon is an indirect semiconductor.
This property makes normal silicon devices unsuitable for light emission. In order to
discuss properties of silicon structured in the nanometer range, calculations were done
for silicon clusters with small dimensions in all three directions [93] and using periodic
boundary conditions in one and two directions for nanometer scale wires and slabs.
The dangling bonds at the surface were eliminated by saturation with hydrogen.
This is essential, otherwise the gap would be completely masked by the dangling-bond
localized surface states. Experimental silicon samples also have a surface passivation,
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which is typically much more complex than the hydrogen saturation model. Physically,
dangling bonds would suppress the luminescence.
For this study the density functional method was applied at its local approximation
level. An application of the density functional to absorption and luminescence involves
excited electronic states. As in any electronic structure theory, excited states are conceptuaUy more difficult to treat than the ground state, since there is an orthogonality
requirement with respect to all lower states. Despite the fact that DFT was originally
designed to efficiently calculate electronic ground states, several extensions have been
developed to treat excited states; for a review see Jones and Gunnarsson [99].
In many instances, excited states of interest differ in symmetry from the ground
state. In such a case the excited state can be the lowest state for the other symmetry,
again acessible to a ground state variational principle [100]. This approach, sometimes
called ASCF, can be applied to approximate functionals as well. It has been used
with success in cases where the excited state does not qualify for the argument. For
continuous functionals of the density applied to infinite systems, the single particle
ASCF excitation spectrum would coincide with the KS eigenvalue spectrum because
of Janak's theorem mentioned above. In this perspective, DFT band structures have
an immediate meaning as an approximation to the true spectrum. The accuracy level
of this approximation is better than 1 eV, tending to underestimate band gaps. Since
the semiconductor band gaps are of the same magnitude, the fractional accuracy is too
low to be very interesting, and more sophisticated functionals going beyond LDF and
gradient dependence are needed. The self-energy corrections obtained from the lowest
order treatment of dynamically screened interactions lead to a significant correction for
excited states. At that level, energygap and dispersion relations [101,102] are in good
agreement with observations. It is also found that the effective ground-state potential
is in excellent agreement with the LDF potential. The main effect of the noulocal
self-energy is to shift the conduction bands of Si up by about 0.6 eV. In the present
investigation it is appropriate to represent the effect of the nonlocal self-energy by a
constant shift, irrespective of the size of the silane cluster. With a self-energy shift of
0.6 eV, the theoretical and experimental bulk limit of the band gap is recovered. At the
other end of the particle size range, connection can be made with ultraviolet spectra of
silanes, which are available up to pentasilanes. We have calculated linear pentasilane
SisHI~ and obtained a lowest optical excitation energy of 5.5 eV when including a selfenergy correction of 0.6 eV. For the spherical pentasilane cluster, the lowest calculated
excitation energy is 6.3 eV. Experimental excitation energies [16] for linear, branched
and neo-pentasilane are 5.8, 5.8 and 6.5 eV respectively. These data establish that our
calculations agree reasonably well with optical excitation energies at both ends of the
Si particle size spectrum.
A discussion of transition matrix elements as a function of characteristic size has been
given in [93]. Basically the optical transition matrix element falls off rapidly in larger
structures.
The band gap shows a rather smooth variation with characteristic structure size.
Fig. 6 shows band gaps for spherical silicon cristallites (dots), wires and slabs. The
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Figure 6. Calculated energy-gap in function of characteristic structure size for hydrogenated silicon nano-crystals. Circles: DN basis corrected for error in energy gap; bullets:
DNP; +: Hirao, • Wang and Zunger; stars: Buda et al; triangles: Read et al and
diamonds: Mintmire. Straight lines are meant as a guide to the eye.

largest calculation, for a cluster with 706 Si atoms, has a radius of 3 nm and corresponds
to the smallest experimentally reported clusters. Using periodic boundary conditions
in one or two directions, the same characteristic scale can be reached with fewer atoms
in the unit cell, because periodicity is at a scale of 0.5 nm. Results from other DFT
calculations are also included in the figure. The data as plotted include a treatment of
self-energy corresponding to that of the DMol data. The characteristic size is related to
the Si atom number via the atomic volume in bulk silicon. The Si wire calculations by
Buda et al [95] and by Read et al [94] as well as the calculations for clusters by Hirao et
al [96] were done with plane wave schemes in a superlattice geometry. The calculation by
Mintmire [97] continues earlier work on polymers. The non-self-consistent calculation by
Wang and Zunger [98] is specifically geared to obtaining the HOMO-LUMO separation.
The cluster calculations in particular only become reasonably feasible by using Td point
group symmetry. Band structure calculations have been done with a single k-point
sampling the small Brillouin zone. The figure shows that for a given geometry, the
smaller the dimensionality of the object the larger the band gap and the more the
luminescence light is shifted towards the blue. The same can be said for each class of
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objects for decreasing characteristic size.
7. A P P L I C A T I O N

TO SOME CARBONYL COMPLEXES

In a recent study [22], we have investigated the performance of gradient-corrected
density functionals for properties of transition-metal carbonyls. Because of their apparent simplicity as model systems important to catalysis, and the actual difficulty in
single determinant treatments, transition metal complexes have been an area of interest
in theoretical chemistry for a long time.
One of the main shortcomings of local density functionals successfully addressed by
the gradient dependent functionals is the overestimate of the binding energy. Bond
length is predicted rather well with D FT methods, with a tendency to underestimate
the weaker bonds.
7.1. M o l e c u l a r s t r u c t u r e s
Optimized structures for transition-metal carbonyl compounds are listed in Table
I. In agreement with earlier studies [103,104] it is found that the LDF method, here
with the VWN functional, underestimates metal ligand bond lengths by about 0.1 au,
which still is superior to good Hartree-Fock results [105]. The inclusion of Becke's
gradient-corrections for exchange leads to an overestimate by almost the same amount.
If gradient-corrected functionals for correlation are used in addition, the overestimate is
reduced. In the case of the LYP functional, the overestimate in bond length is reduced to
about 0.05 au, and with Perdew's correlation functional to less than 0.03 au. If Perdew's
1991 functional for exchange is used instead of Becke's, apparently no significant change
happens for geometries. These latter DFT geometries compare favorably with most
advanced wavefunction based correlation treatments; modified coupled pair functional
(MCPF) and coupled cluster singles and doubles (CCSD).
For the CO bond distances, little variation, about 0.01 au, is found among the few
compounds studied. LDF yields about 0.02 au shorter CO bond lengths than the
gradient-dependent functionals. The VWN functional yields agreement to about + 0.01
au for CO bond lengths with a bond lengthening of 0.02 - 0.03 au with respect to the
free ligand, Table IV. Experimental bond lengths show a variation of 0.02 au, which is
not entirely plausible from theory. The wavefunction studies, M C P F CCSD, yield 0.02
to 0.07 au longer CO bonds than experiment, which can be considered a rather strong
overestimate as CCSD agrees perfectly for the free ligand.
7.2. M e t a l - c a r b o n y l b o n d i n g energies

In a discussion of bonding, the ground states of the dissociation products, in particular the metal atoms, are of concern. As usual in DFT, dissociation energies are calculated in principle with the spin-unrestricted functional. For the closed shell complexes
considered here, the spin-unrestricted functional goes over into its nonpolarized limit,
which is the same as the spin-restricted functional. On the the other hand, the metal
atoms considered here all are spin-polarized. The average CO binding energies thus
refer to spherical spin-unrestricted atoms with standard ground-state configurations:
Cr dSs 1, Fe d6a 2, Ni dSs 2, Mo clSs 1, Ru dZs 1, Pd d 1~ Symmetry-breaking beyond
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T a b l e I. B o n d d i s t a n c e s for c a r b o n y l c o m p l e x e s .
a) M e t a l - l i g a n d d i s t a n c e s , first r o w m e t a l s
Cr(CO)6 Fe(CO)5 Fe(CO)5 Ni(CO)4
axial
equat.
3.356
3.352
3.377
VWN
3.539
3.489
3.497
3.528
B88-VWN
3.691
3.472
3.465
3.498
B88-LYP
3.669
B88-PW91C
3.613
3.422
3.416
3.449
PW91
3.613
3.434
3.428
3.479
B88-P86 a
3.607
3.548 b
3.490 b
3.558 c
MCPF
3.696 b
CCSD(T)
3.664 d
3.45 ~
3.45 ~
3.461
expY)

3.616 g

3.414 h

3.453 h

3.473 i

Bond distances in atomic units (ao)

b) C O d i s t a n c e s
Cr(CO)6

F (CO) Fe(CO) Ni(CO),

VWN
B88-VWN
B88-LYP
B88-PW91C
PW91
B88-P86 a
MCPF
CCSD(T)

2.164
2.184
2.186
2.178
2.178
2.179
2.216 b
2.227 d

axial
2.163
2.181
2.184

equat.
2.168
2.190
2.189

2.157
2.179
2.179

2.176
2.173
2.208 b
2.195 ~

2.184
2.183
2.224 b
2.196 ~

2.171
2.169
2.206 c
-

exp.

2.154 g

2.177 h

2.177 h

2.156 {
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c) Metal-llgand distances, second row metals
Mo(CO)6 Ru(CO)5 Ru(CO)5
axial
equat.
3.867
3.675
3.677
VWN
B88-VWN
B88-LYP
PWgl
B88-P86 a

3.995
3.983
3.926
3.925

exp. k

3.898

3.804
3.781
3.731

Bond distances in atomic units (ao)
a) Reference [111]
b) Reference [112]
c) References [113,114]
d) Reference [115]
f) Reference [116]
g) References [117,118]
h) Reference [119]
i) Reference [120]
k) Reference [121,122]

3.827
3.798
3.740

Pd(CO)4
3.779
4.009
3.961
3.877
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spin-polarization can be considered in DFT. Non-spherical atomic treament leads to an
important modification in the dissociation energy of CO, F2 and many other cases. The
lowest D F T total energy for Fe and Ru is obtained for fractional occupations, however,
both non-spherical atoms and fractional occupations have minor impact, less than 1
kcal/mol on the average metal-carbonyl bond energy. This has not been pursued further here. In the case of Ni, the density functionals used here all favor a d9s 1 ground
state configuration by 32 to 36 kcal/mol over the standard dSs 2 configuration. Binding
energies with respect to this dissociation limit are given in parentheses in Table II.
As often found in DFT calculations, there is a tendency to overestimate dissociation
energies. For LDF, overestimates of the average carbonyl binding energies, up to about
33 kcal/mol in Table II, are in line with overestimates known from other classes of
molecules. The B88-VWN functional is in error by only about 5 kcal/mol and the B88LYP functional by about 10 kcal/mol. This is roughly in line with the performance of
the VWN functional [106] for the so called G1 database of Pople and coworkers [107,108].
The LYP functional leads back to more overbinding for the carbonyl complexes, contrary
to the findings on the G1 data set [109]. The PW91 gradient-dependent functional for
exchange and correlation leads to a higher estimate (and overestimate) of carbonyl metal
binding. This higher binding appears to come mainly from the change to Perdew-Wang's
modified exchange functional. There is a clear sequence of increasing binding energy
predictions for the metal carbonyl bond going from B88-VWN to B88-LYP to PW91.
The B88-VWN, in our selection of functionals, is closest to the mark for the average
binding energy, while the B88-LYP is closest for the first CO dissociation energy. For
the free ligand, Table IV, the CO dissociation energy, involving nonspherical C and
O atoms as dissociation products, agrees with the experimental value to 3-4 kcal/mol
for the B88-VWN and the B88-LYP, while PW91 overestimates by 10 kcal/mol and
VWN by 30 kcal/mol. The B88-VWN dissociation energy calculated here agrees to
0.1 kcal/mol with Becke's value in [106].
7'.3. V i b r a t i o n a l frequencies
Harmonic vibrational spectra are obtained from both local and gradient-dependent
functionals. The local functional generally gives the highest frequencies and the B88LYP the lowest frequencies in Table III, while PWgl is inbetween. This general trend
correlates with binding energy and bond length trends, but it is notably not obeyed for
the few lowest-frequency bending modes.
For certain modes, rather strong discrepancies between computed and experimental
frequencies still occur. In some cases, however, the experimental values are not directly
observed because they are inactive or weak, and they were inferred from overtones
or from bands in subsituted compounds. An example is the NiCO bending mode of
E symmetry in Ni(CO)4, a mode also discussed in [103]. The experimental band is
placed at 380 cm -1, but in our computation it is found at 453 cm -1. In the case of
iron pentacarbonyl, the A~ mode calculated at 349 cm -1 is completely inactive and
was assigned experimentally at 278 c m - 1 assuming it to be responsible for a Raman
overtone band. According to Braterman [110], observation and assignment of the low
frequency CFeC bending modes in Fe(CO)5 has also presented some difficulty. There
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Table II. C o m p u t e d binding energies.
a) F i r s t r o w c a r b o n y l s , a v e r a g e C O binding energy.
Cr(CO)6 Fe(CO)5 Ni(CO)4
VWN
B88-VWN
B88-LYP
B88-PW91C
PW91

61
32
38

68(58)
42(34)
47(39)

47
28
19b
-

55(46)

CCSD(T)

53
25
32
33
38
26
16b
20 i

exp2

27

28

35

Z"
MCPF

-

27c
31h

Values in parentheses refer to a Ni d 9,gl atomic configuration

b) Second row carbonyls, average CO binding energy.
Mo(CO)6 Ru(CO)5 Pd(CO)4
VWN
B88-VWN
B88-LYP
PW91
Z~

57
31
38
43
30

62
34
40
48

exp.

361

55g

Binding energies in

(kcal/mol)

38
14
20
26

246

c) First row carbonyls, first carbonyl dissociation.
Cr(CO)e Fe(CO)5 Ni(CO)4
VWN
BSS-VWN
BSS-LYP
B88-PW91C
PW91
Z~
MCPF
CCSD(T)

59
28
36
41
45
35
29 b
37 ~

64 (71)
30 (32)
38 (41)

44
16
23

48
44
24 b
-

31
24~
30h

exp. e)

37

39 (55)

25

Values in parenthesis refer to the dissociation energy of Fe(CO)5 to 3B Fe(CO)4 and
CO
a) Reference [104]
b) Reference [112]
c) References [113,114]
e) References [123,124] for Cr(CO)6, reference [125] for Fe(CO)5, and reference [126]

for Ni(C O)4
f) Reference [127] for Mo(CO)6
g) Estimated value [125] for Ru(CO)5
i) Reference [115]
h) Reference [1161
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Table III. V i b r a t i o n a l analysis.

a) Cr(CO)e and Mo(CO)6
r

VWN

B88-LYP

B88-PW91C

PW91

Exp. ~)

53
86
94
373
431
438
493
524
545
723
2048
2068
2160

73
100
105
354
384
387
443
500
518
665
1965
1983
2073

64
94
99
362
403
409
464
510
528
689
1999
2019
2111

65
95
102
365
409
416
472
512
530
694
1999
2018
2110

68
90
97
364
379
391
441
511
532
668
2000
2027
2119

VWN

B88-LYP

PW91

Exp. a)

49
74
77
331
410
413
427
471
509
620
2047
2070
2164

57
81
82
316
368
371
386
455
488
585
1968
1988
2079

48
73
80
328
387
393
407
465
501
603
1999
2020
2113

60
79
82
342
367
381
391
477
507
596
2003
2025
2121

Cr(CO)6
T2.
T2g
T1.
Tlg
A1g
Eg
T1.
T2.
T2g
T1.
T1.

Eg
Alg

r

(2044)
(2045)
(2139)

Mo(CO)6
T2.
T2g

T1.
Tlg

Tlu
Eg
Alg

T2g
T2.
T1.
T,.

Eg
Alo

(2043)
(2043)
(2144)

Frequencies in cm -1, experimentally deduced harmonic frequencies in parentheses
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b) Fe(CO)5 and Ni(CO)4
r

VWN

B88-LYP

PW91

Exp. ~

51
90
96
100
374
386
450
469
494
522
526
564
669
696
2060
2075
2079
2162

54
94
103
105
349
363
424
419
441
480
479
539
610
646
1974
1989
1991
2072

51
88
103
100
360
375
437
444
462
497
505
549
635
672
2016
2025
2031
2112

64
132
112
72
278
448
475
381
418
432
554
491
615
637
1979
2002
2030
2116

47
56
286
430
480
488
512
2094
2163

53
61
262
381
434
453
455
2012
2081

34
50
275
403
458
469
481
2045
2114

62
80
300
371
423
380
459
2058
2132

Fr
EI
E"
E'
A~
A~
E"
EI
A~
A~
A~
EI
E"
A~
EI
E'
A~
A~
A~

Ni(CO)4
E
T2
T1
A1
T2
E
T2
T2
A1

(2092)
(2154)

Frequencies in c m -1, experimentally deduced harmonic frequencies in parentheses

a) Reference [1101
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are in addition ambiguities in the assingment of the E' mode at 554cm -1 and the E"
mode at 448cm -1.
The results obtained for the force constants for the stretching vibrations calculated by
the CCSD method are in error by about 10%. This suggests that the DFT vibrational
spectrum is somewhat more accurate.

8. C O N C L U S I O N S
The DMol methodology has been reviewed. Special emphasis has been put on points
which are either recent or have not received adequate coverage in earlier publications.
The application to the small silicon structures involves excited states and use of symmetry, and with molecular calculations totaling more than a thousand atoms in a cluster,
it probes today's limits of feasibility for workstation-scale computations. The application to the carbonyl complexes using very high quality basis sets, is a benchmark for
recently developed gradient-dependent density functionals. It provides a coherent study
of bonding properties revealed by geometric structure, dissociation energies and vibrational properties for an important class of model compounds. The PW91 functional,
which is best for geometry and vibrational properties, also gives quite a good account of
bonding energies. As a compromise concerning geometry and vibrational properties, the
B88-VWN and B88-LYP functionals also give an account of bonding energies matching
the performance of most advanced and expensive quantum chemistry methods (CCSD)
for the carbonyl compounds.
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Table IV. The free ligand.
Bond length

Bind.-energ. Freq.

VWN
BS8-VWN
B88-LYP
PW91
CCSD(T)")

2.137
2.159
2.158
2.151
2.132

295.6
253.3
259.8
266.6
-

2180
2100
2114
2134
2163

exp. c)

2.132

256.2

2170

Bond distances in (ao)
Binding energies in kcal/mol
Frequencies in cm -1
a) Reference [128]
c) References [1291
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Constrained optimization procedure for finding transition states and
reaction pathways in the framework of gaussian based density
functional method: the case of isomerization reactions.
Y. Abashkin, N. Russo, E. Sicilia and M. Toscano
Dipartimento di Chimica,Universita della Calabria,
1-87030 Arcavacata di Rende (CS), Italy
Reaction profiles and transition state structures (TS) have been obtained with
a new algorithm for finding saddle points on potential energy surfaces. Results
are presented for a series of representative isomerization reactions. The algorithm
is based on constrained optimization techniques and it is implemented in the
LCGTO-DF (linear combination of Gaussian-type orbitals-density functional)
program deMon. It can be considered as a step-by-step walking uphill process
along the m i n i m u m energy path, followed by a refining procedure of TS
parameters in the saddle point vicinity. The obtained transition state structures
and energy barriers are similar to those determined by ab-initio methods in which
electron correlation is taken into account. At present, our results for CH3NC->CH3CN, for which the experimental barrier is known, are the most accurate
theoretical determination. The coupling between the new algorithm and the
LCGTO-DF method seems to be an effective tool to obtain reliable TS structures
and energy barriers for complex potential energy surfaces.
1. INTRODUCTION
The localization of transition states on potential energy surfaces has strategic
importance in chemical sciences. Despite the numerous investigations in this
research area, the search for transition states remains a complicated problem
and a challenge for quantum mechanical methods.
The accurate description of a chemical reaction requires detailed knowledge
of its potential energy surface (PES). In principle Born-Oppenheimer PESs can be
theoretically obtained using a grid of PES points, but in practice it is not possible
because of the drastic increase in computer resources, even for small systems.
The alternative way is to find stationary points (minima, maxima and saddle
points) and to estimate characteristics of the PES along the reaction path.
A large n u m b e r of techniques is currently used to search PESs. Their
classification is not easy. Except the techniques without the use of derivatives,
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essentially used in some semiempirical work, there are methods in which the
gradient is evaluated by numerical or analytical first derivatives and methods
with analytical gradient and Hessian (second derivatives). The location of minima
of the PES is possible throughout the use of many well known methods
implemented in a series of quantum chemical codes. A more difficult task
appears to be the localization of saddle points, especially for complicated PESs (i.e.
large number of degrees of freedom, ambiguous choice of reaction coordinate).
Some of the techniques which are relevant to these investigations are given in
references 1-20.
Twenty years of research in this interdisciplinary field have not solved the
problem associated with PES and at this time there is no efficient and reliable
approach. Usually the procedure for finding the TS structure is a combination of
different methods arranged in two stages. In the first step an approximate
location of a saddle point is searched, while the second one is devoted to its
refinement. The initial stage can be considered as the main part of the TS search.
In some cases it is possible to determine the vicinity of a TS point using simple
approaches such as "reaction coordinate" and synchronous transit methods [6,11]
or even making successful guesses. As a rule such approaches work well in the
case of relatively simple shapes of PESs and in clear chemical situations.
Problems may occur for complicated PESs (large biological systems, catalytic
processes and symmetry forbidden reactions) where the reaction path cannot be
approximated by a primitive shape, and chemical intuition is not reliable for the
prediction of extrema. In this situation walking uphill methods [9,14] should be
adopted as the most general and most reliable approaches for TS location. Starting
from reactants or reactants and products geometries such algorithms can follow
the TS structure along a reaction pathway of an arbitrary shape.
Computer codes based on the traditional Hartree-Fock (HF) methods contain
many algorithms with different philosophies that are able to locate transition
states. The situation is worse in the case of computer packages based on density
functional theory because of its recent introduction and use in chemical sciences.
With the introduction of the energy gradient technique as well as the use of a self
consistent procedure for taking into account the nonlocal corrections, the density
functional based methods have emerged as reliable and practical tools for the
study of the properties of large and complicated chemical systems. In addition, the
DF programs require less computational effort with respect to the traditional ab
initio method. In fact the DF computational time requirement increases as N 3
with the number of electrons, while HF methods run as N 4 and HF plus electron
correlation as N 5.
The application of these methods to the determination of potential energy
surfaces and to the localization and characterizations of the relative transition
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state s t r u c t u r e s other t h a n minima is very attractive and can open new
prospectives for the study of large and complex reactions with particular
chemical significance.
Fan and Ziegler have introduced an algorithm for TS search in the ADF code
[20] and Stanton and Merz [21] have implemented the deMon code introducing the
Baker's procedure [22]. Recently Abashkin and Russo [19] have implemented the
deMon code [23] with the introduction of a new developed algorithm for TS location
followed by an original refining procedure. It follows a path of minimum energy
which does not depend on step size and has chemical sense. The algorithm can
start from reactant and product and goes toward the TS vicinity even in the case of
a positively defined Hessian matrix (that is in case of the absence of reaction
valley). Finally, the approach does not need knowledge of the Hessian matrix and
uses only first derivatives.
In this paper we present some isomerization reactions studied employing our
algorithm for the TS search and using the LCGTO-NLSD (nonlocal spin density)
approximation. This set of reactions have been previously studied employing
different high level theoretical methods and represents a good test for the
applicability of our algorithm and of DF method. Furthermore one of these
reactions has been experimentally characterized and its energetic reproduction
can be considered an excellent test. The plan of the work includes a method
sections in which the TS search procedure is illustrated and a brief description of
the LCGTO-LSD method is reported. In the subsequent section the results for
different isomerization reactions are presented and discussed with particular
regard to the comparison with ab initio and experimental results. Finally, in the
last section, some conclusions are outlined.
2. METHOD
2.1. Transition States search procedure
In this section, we briefly summarize our TS search algorithm with a step-bystep walking uphill process along the minimum energy path, followed by a
refining procedure of TS parameters in the saddle point vicinity.
The potential energy function E(q) depends on 3N-6=n (where 3N is the
number of Cartesian coordinates) internal degrees of freedom q={ql,q2...qn}. The
distance between some point a lying on the reaction path (equilibrium geometry,
for example) and an arbitrary geometry q is defined as,
n

R=~X/~ (qi-ai) 2
i--1

(1)
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In the constrained optimization methods [1,9], one minimizes the energy
function by optimizing the geometry q with the constraint that R= constant. We
choose the "best" geometry with respect to an energy value E(q) on a hypersphere
R, centered at the point a. Our approach consists in increasing R (with fixed
center of hypersphere) and repeating the constrained optimization of geometry, so
that step-by-step describes the MEP. The minimization of E(q) with the constraint
is done in a straightforward manner. Selecting some coordinate, say qn, it is
possible to express it in terms of the others from Eq. 1:
(2)

qn=f(ql,q2,...qn.1, R)
and the task is equivalent to minimization of the function

(3)

E'= E(ql,q2...qn-1, f(ql,q2...qn-1, R))
in (n-l) dimension space (R constant).
The analytical formula for the first derivatives of the function E' is:
0 E ' = 0F(q) )0F(q)Of
0qj

0qj

(4)

0qn 0qj

Any quasi-Newton method for the minimization of E' can be applied. We use
the Broyden-Fletcher-Goldfarb-Shanno [24] procedure.
The result of a constrained optimization procedure does not depend on a
chosen coordinate. An extreme point on MEP is subjected to the condition
DE' ( q ' l , q ' 2 . . . q ' n - l , R ) _ ~0E~ Of
= +
OR
0qn OR

0E (
0qn /

R
n-1
R2 - ~ ( q J-ai)2
i

)=0

(5)

where the set of internal coordinates {ql, q2...qn-1} are obtained for zero values of
the derivatives from Eq. 4.
For a saddle point this means that we achieve the maximum value of E' with
respect to R.
Since a point of the MEP is uniquely defined by the value of the radius of the
hypersphere, the step size appears not to be critical in our approach and one can
carry out a fast uphill walk with a large step size. Every minimization step of the
E' function is an efficient procedure due to the application of a quasi-Newton
algorithm and to the initial geometry guess, estimated as extrapolation from
previous MEP points.
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~E'
At ~ near zero value (TS vicinity) a refining procedure is performed. We
~E'
move along the reaction coordinate near the saddle point. The value of~--R- should
be done equal to zero by any suitable techniques for the optimization of a function
with one variable. At the optimum R value the new re-optimization of the set
'

~E'

'

{q'l,q2 ... q'n-1} is obtained ( -~v_~= 0 ). Iterations are continued until ~E~ and

~E'

~q

s i m u l t a n e o u s l y have e s s e n t i a l l y zero values; all u n c o n s t r a i n e d function
~E(q)
derivatives
are also zero since the necessary conditions for an extremum are

at

reached. To confirm the TS nature, the final step hessian matrix structure is
analyzed.
2.2. B a s i c t h e o r y o f L C G T O - L S D m e t h o d

The local density approximation [25] is used to solve the spin-polarized Kohn
and S h a m equations [26]. The exact ground state energy for a spin-polarized
system of N electrons in the field of a nuclear charge Z can be expressed in terms
of the spinup (n+(r)) and spin-down (n (r)) densities
-2 v2 + Vcoul + Ve~f(n+, n_, r)~io

no (r)= ~

fio [~/io

(r)=

gio~/io(r)

(o= +/-)

(6)

(r)12

1"

with ~ f i o = N
io
where fio is the occupation number (0 or 1) for the normalized orbital
The single-particle effective potential is

o

Veff (n+, n_,

r) = OExc [n+, n_]

Ono (r)

with n(r) = n + ( r ) - n_(r)
Exc[n+,n-] is the exchange-correlation functional.
Now, the (non-relativistic) ground state energy is:

~io(r).
(7)
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EN

Xfioeio-

dr dr n(~~n(;')

io

(8)

-r

-~o f dr no (r)Vxac[n+, n_, r]
For an inhomogeneous system of interacting electrons the functional
Exe[n+,n_] is unknown. In this method the spin-polarized generalization LSD
(Local Spin Density) version of LDA (Local Density Approximation) approximation
is used. n(r) is supposed to vary slowly and the energy can be expressed as

Ex~D[n+,n_]=f drn(r)exc(rs,~)

(9)

where exc[rs,~-] is the exchange-correlation energy of a spin-polarized
homogeneous electron gas
rs (r)= {3~:n (r)~
and
~(r) = (n+(r) - n.(r)) / n(r)

are the usual electron gas parameters.
The corresponding exchange-correlation contribution to the effective potential is

v~(LSD)
+
eft [n+'n-;r] d(n(r)exc
dnd r)(rs'~))=exc(rs'~)- ~1 r s (~srs)(rs,~)
exc
=

(10)

The Vosko, Wilk and Nuisar (VWN) parametrization [27] for the correlation and
Xa exchange potentials is used

rs (~~srs)=A(l+blx) / (l+blx+b2x2+b3x3)
where

(11)
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b 1- (bx0-c)/x0c
b2= (-b+xo)/x0c
b3 = -1/xoc
with x 0, b and c constants.

[0~=2) = -2(4---3)l13p rl13
Vxa ~ 3

(12)

The use of the Gaussian-type basis functions allows the possibility to evaluate
analytically both Coulomb and exchange-correlation energies [28,29]. The energy
gradient is written as
0ELSD

0x = FHFB+ FD

The H e l l m a n - F e y n m a n forces F H F B and the F D terms arising from the
incompleteness of the density fit are:

F H ~- = ZpqP P q

{oh
Ion>,,r]
0x + r ~ P r [ 0 x

(13)

+ 0U___cn_ ~ Wpq O [pq]
Ox pq
Ox
[~(r)

FD = E PrLg• II(p-p'

)]

(14)

r

where Wpq is the energy-weighted density matrix and the symbol II denotes the
1/r12 operator. The three-index integrals that are essential in the LSD method are
calculated as follow

Ic = [a (1)b (1)II (c2)1
Ixe = [a (1) b (1) (cl)l

(15)

where I c and Ixc represent the coulomb and overlap integrals respectively.
To obtain reliable energetic parameters the LSD approach must be corrected
taking into account the non-local correction terms by using the density gradient.
The total energy (E NLSD) considering the gradient exchange ExG and correlation
EGc energies can be written as
ENLSD = ELSD + ExG + Eec
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Different expressions for ExG and E G are available. We have used those
proposed by Perdew and Wang [30] and by Perdew [31] for exchange and
correlation respectively
EG=f f(Pa,P a) exp {[-g(p)] ]V P[}IV p]2

dr

(16)

(17)

Ex=3(6fdr P~ F(sa))
For the CH3OO isomerization the exchange correlation potential of Becke [32]
has been employed
(18)

Ex - h E

p~ x 2 / (1 + 6 bx sin h -1 x~) dr

Ivpl
with X~ = p~4/3
The gaussian type orbital functions that we used have the forms
|i

li : ~ dli,j gli,j (~li,

j; G)

j=l

l=s,p,d
gli denotes a GTO

and the expansion pattern is

(ksl....... ksn / kpl ....... kpn ] kdl)
where Kli denotes the number of GTO's in the i-th contraction function of 1
symmetry.
The auxiliary basis sets to fit the charge density P and the exchangecorrelation potential U are defined as
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(19)

M

n

fn - N e x p (-an r 2)
2.3. C o m p u t a t i o n a l details
Full geometry optimizations have been performed in Cartesian coordinates at
the nonlocal spin density level of theory using a modified version of deMon able to
fix the internal coordinates in the Z-matrix [33], and to search TS's with our stepby-step walking uphill procedure.
In Table i we report the employed orbital (OBS) and auxiliary basis sets (ABS)
[34]:
Table 1.
Employed OBS and ABS in the different systems studied.
Element

OBS

ABS

Reaction
HNC-->HCN
CH3NC-->CH3CN

C

(7111/411/1")

(5,1;5,1)

N

II

II

O

ii

ii

cis- H NNH-- >tr an s- HNN H-- >syn- H 2N N

H

(41/1")

(5,1;5,1)

cis-HOCH-->trans-HOCH-->H2C O

C

(721/51/1"

(4,4;4,4)

CH3OO-->CH2OOH

O

II

II

H

(41/1")

(3,1;3,1)

3. R E S U L T S AND DISCUSSION
The following isomerization reactions have been investigated
- HNC-->HCN
- CH3NC-->CH3CN
- cis-HNNH-->trans-HNNH-->sin-H2NN
- cis-HOCH-->trans-HOCH-->H2CO
- CH3OO-->CH2OOH
Previous studies have shown t h a t the inclusion of nonlocal corrections are
m a n d a t o r y to obtain reliable energetical p a r a m e t e r s even in the reactions energy
profiles [35]. For this reason we report only results obtained at nonlocal levels.
The results for each of the five reactions will be discussed below:
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3.1. Cyartide-isocyanide acid isomerization
This simple reaction has been the subject of different theoretical works
[20,36,37]. Relative NLSD energy of isomers and the isomerization barrier are
reported in Figure 1 together with the corresponding SDCI values [37].
All methods predict that the HCN isomer is the most stable. NLSD energy
difference between the two isomers (32.2 kcal/mol) agrees well with previous
theoretical data [20,36,37].
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Figure 1. Reaction energy profile for cyanide-isocyanide isomerization reaction.
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Figure 2. TS structure for HNC->HCN isomerization.

In particular, the better agreement occurs with HFS (29.8 kcal/mol) [20], with MP3
(35.4 kcal/mol) [36] and SDCI (34.9 kcal/mol) [37] correlated methods.
The NLSD transition state structure (see Figure 2) shows that the migrating
hydrogen lies at almost the same distance between the two heavy atoms, in
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agreement with a previous density functional study [20], but in disagreement with
an MP3 result [37].
3.2. Isomerization of methylcyanide to methylisocyanide
This simple reaction has significant interest because accurate experimental
energy barrier data as well as the relative energy between the two minima are
available [338] . For this reason different previous theoretical works have been
performed at different levels of theory (HFS [20], SDQ-MBPT [38] and HF [39]).

H
e"
,
9

I

"N

,'" 37.6 k
[45.31 ,,
{38.4} ,

CH3N C ,"
0.

~, CH3C N
-26.6
[-22.7]
{-23.7}
Figure 3. Reaction energy profile for CH3NC-->CH3CN isomerization. NLSD,
[MP4], {Exp}.
The NLSD results (see Figure 3) give the CH3CN isomer more stable by 26.6
kcal/mol with the respect to CH3NC one while the experiment indicates an energy
difference of 23.7 kcal/mol [40].
Our result is also in agreement with all other previous theoretical data. The
experimental barrier is 38.4 kcal/mol [38]. We obtain 37.6 kcal/mol without zero
point energy corrections. HF result overestimates the barrier by approximately 10
kcal/mol and the introduction of the correlation through the SDQ-MBPT(4) method
reduces the overestimation by only 2.8 kcal/mol. The best agreement is found with
the HFS result [20]. The TS geometry (see Figure 4) gives, as in the previous
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reaction, the migration methylene group almost equidistant between the two main
atoms, again, in agreement with HFS geometry and in disagreement with the HF
study that shows the -CH3 group nearest to the carbon atom.
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Figure 4. TS structure for methylcyanide-methylisocyanide isomerization.
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3.3. Diazene isomerization

Although only the trans-diazene has been characterized experimentally,
other four structures corresponding to two minima and two transition structures
in the potential energy surface have been postulated by several theoretical
investigations. As shown in Figure 5, trans-diazene can isomerizes into cis and
sin isomers.
We found that the cis form lies at 4.6 kcal/mol above the absolute minimum
while the sin is found at a higher energy (21.9 kcal/mol). Similar results have been
previously found by using HFS [20], MCSCF [41] and SCEP [42] methods.
The energy barrier for the trans-cis isomerization is significantly lower than
t h a t for the trans-sin (48.6 versus 71.6 kcal/mol). Again the better agreement
occurs with the HFS computations. Both HF correlated methods give barriers that
are too large.
The geometry of trans-cis transition state gives the NNH angle near 180 ~ and
the system is planar. In the case of trans-sin TS the migrating hydrogen (see
Figure 6) lies between the two nitrogens but it is nearest the NH side. HFS,
MCSCF and SCEP methods give similar geometrical shapes.

,,~])',,,,%
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177.2
[ 1.048] ~
i
1.078~'~
.~,.4r 109.1
[109.0]

1.242
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~'"1')0'07
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[11a~'a
464]
",.,,:. . . .

_.-

[1.040]
1.0~4:]~
(~~"
]20.9

1.298
[1.286]

(~

NLSD
[SCEP]
Figure 6. TS structures for diazide isomerization.
3.4. Trans-cis isomerization of hydroxymethylene and formaldehyde formation.

The well accepted reaction p a t h w a y for this reaction includes the
isomerization of trans-hydroxymethylene in its cis form and in the formaldehyde
molecule. So, the potential energy surface involves three m i n i m a and two
transition states. The calculated barriers heights and reaction energies are shown
in Figure 7.
In principle the trans-cis isomerization can occur with the hydrogen motion
in plane or out-of plane. We have explored these two possibilities finding that the
out of plane way requires a slightly lower barrier [43]. In agreement with all other
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previous theoretical works (NL-SCF [44], NLDA [21], HF [45], MP2 [46], CCSD [45],
and MP4 [47]), NLSD predicts the formaldehyde as the absolute m i n i m u m in the
potential energy surface (Table 2). Trans- and cis-hydroxymethylene lie at 52.9 and
57.8 kcal/mol respectively above the absolute m i n i m u m . E x p e r i m e n t a l l y the
energy difference between formaldehyde and trans-hydroxymethylene is found to
be 54 kcal/mol [48].
The agreement is also very good with previous DF studies [21,44] in which the
Baker's procedure is used to find the TS and also with HF-MP4 results [47,48].
The barriers for isomerizations are found to be practically the same (83.1 and 83.2
Table 2.
Relative stabilities
f o r m a l d e h y d e from
kcal/mol.
Relative stability
F o r m a l d e h y d e (a)
t-hydroxymethylene
c-hydroxymethylene
Reaction b a r r i e r
a--> b
b-->c

of isomers and i s o m e r i z a t i o n b a r r i e r s w i t h
r e s p e c t to
experiment and several levels of theory. All values are in

(b)
(c)

HF
0.0
49.1
54.1

MP2
0.0
58.9
64.3

MP4
0.0
53.2
59.2

CISD
0.0
51.6
57.1

NL-SCF NLSD
0.0
0.0
52.5
52.9
56.8
57.8

100.6
76.8

90.1
91.3

85.8
86.4

92.4
-

81.7
82.5

83.2
83.1

Exp.
0.0
54
-
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kcal/mol) for trans-->cis-hydroxymethylene isomerization and for t r a n s hydroxymethylene --> formaldehyde. Barriers of about 80 kcal/mol for both
reactions have been indicated by previous investigations.
In particular the MP4 study indicates that the barrier for the former process
is 5 kcal/mol lower with respect to that of the second. Agreement between our TS
geometries and those derived from MP2 and HFS results are found (see Figure 8).
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Figure 8. TS structures for formaldehyde isomerization.
3.5. CH3OO radical isomerization
The oxidation of methyl radical with molecular oxygen is a complicated
process that involves different competing reactions. The first step of CH3 oxidation
is the formation, without energy barrier, of the methylperoxy radical t h a t is a
common intermediate for the subsequent reactions. In the pathway t h a t give
CH20 + OH as final products, the existence of a CH3OO-->CH2OOH isomerization
process is postulated to occur. Because of the well known difficulties in the
theoretical characterization of radical reactions and the importance of the role
that these reactions plays in the combustion processes, we have undertaken the
study of the entire reaction profile with both HF-CI and DF methods. The
localization of the transition state for the above mentioned isomerization at abinitio HF level is possible only when the correlation is considered [49].
The TS structures found at MP2 and NLSD levels are shown in Figure 9.
In both cases the TS appears to be an asymmetric four center cycle in which
both C-H and O-O bonds are longer than in the two minima. The NLSD energy
barrier is 49.1 kcal/mol. For purpose of comparison, we have determined this
energy barrier also at MP2/MP2, MP2//MP4 and MP2//QCISD(T) levels of theory.
The results are 51.7, 52.4 and 52.6 Kcal/mol respectively.
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Figure 9. TS structures for CH3OO --> CH2OOH reaction

The difference between NLSD and MP2//MP4 barriers is only 3.5 Kcal/mol.
Previous MP3 [50] computations including the ZPE correction give an energy
barrier of 49.2 Kcal/mol that is also in very good agreement with our NLSD value.
4. CONCLUSIONS
Our constrained optimization procedures for the TS's location, implemented
in the framework of LCGTO-NLSD method, have been applied for the search of TS
structures and potential energy profiles in a series of isomerization reactions in
which different chemical compounds and processes are present. Results show
that the algorithm is able to univocally locate TS structures with relatively low
computational costs. The isomerization energies as well as the barrier heights are
in good agreement with results obtained employing ab initio theoretical methods
in which the correlation is taken into account, with DF studies that use other
algorithms for the TS location and with experimental available information. On
the basis of these results and others coming from tests on other kinds of reactions
we believe t h a t the coupled use of this method and the gaussian-like density
functional theory is a reliable procedure to obtain reaction paths and energetic
information also for large systems and complex chemical processes.
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1. I N T R O D U C T I O N

A survey of modern chemistry and biochemistry would not be complete
without considering the extremely wide use of Nuclear Magnetic Resonance (NMR) and Electron Spin Resonance (ESR) spectroscopy. NMR
and ESR spectra strongly depend on the electronic structure and geometry of the system. For example, the well established correlations between
29Si NMR chemical shifts and the Si-O bond lengths in silicates indicate
that a change in the bond length of 0.0001/~ leads to chemical shift differences of about 0.1 ppm, which can be resolved using a good spectrometer
[1]. ESR spectroscopy provides direct information about the spin-density
at the nuclei for open-shell systems, and also shows an extremely strong
dependency on changes in geometrical parameters (see, for example, [2]).
However, the connection between an experimental spectrum of a system
and its electronic structure and geometry is often unclear, especially for
complex or "unusual" systems - which are currently attracting much attention in the scientific community. As a consequence, a great deal of
important information about the system is not available without the help
of quantum chemical approaches for theoretical interpretations of NMR or
ESR spectra.
Starting with the earliest theoretical works in the beginning of the 1950's,
many famous scientists participated in building the "bridge" between experimental NMR or ESR spectra and parameters of electronic or geometrical structure calculations for realistic systems. There are two serious
problems in this area, namely the high sensitivity of the magnetic reso-
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nance parameters to the quality of the basis set (either in the valence or
the core region), and the effects of electron correlation. Accurate calculations of certain properties (e.g., NMR shielding tensors) must, in addition, address the problem of the so-called gauge origin [3,4]. Attempts to
overcome these problems usually lead to very time-consuming algorithms.
Post-Hartree-Fock approaches, which now have reached a very high level of
accuracy, enable a deeper understanding of the connection between magnetic parameters and electronic and geometrical structures of a system [424]. However, the traditional post-Hartree-Fock approaches are still only
applicable to systems of small (especially if we are considering nuclear
spin-spin coupling tensor calculations) or medium (in the case of shielding
tensor calculations) size. This dramatically restricts the application of the
quantum chemical approaches to the theoretical interpretation of complex
NMR and ESR spectra in different fields of chemistry and biochemistry.
Recently it has been shown [2,25-31] that Density Functional Theory
(DFT) could provide an alternative to the traditional Hartree-Fock (HF)
and post-HF approaches to NMR and ESR calculations. The ability to
include the effects of electron correlation in a very efficient way has, over the
last years, advanced DFT to the forefront of the field of calculating NMR
and ESR parameters. This is, however, a rather new field of application in
DFT. In spite of the many advantages of DFT over conventional HF-based
methods, and the growing interest in this approach, it has its own specific
problems. One is connected with the general idea of DFT: to formulate
a theory in the language of the electron density only and to avoid the
use of the many-electron wave function. Thus~ the possibilities to apply
some forms of perturbation theory are significantly restricted. A second
problem is a very high sensitivity of some magnetic resonance parameters
to the form of the exchange-correlation functional used [27,30]. This is not
very surprising, and reflects the general tendency of these properties: to
be "sensitive to everything".
These problems have significantly restricted the number of DFT applications. We are familiar with only a short list of publications on DFT
calculations of NMR parameters [25-28,32-38] and another small number
on ESR parameters [2,29-31,39-49]. Most of this work was carried out
some 10-20 years ago, during the peak of the interest in the Xa approach.
At the time, many methodological problems were, however, not solved, often leading to less than satisfactory results. However, some of the initial
problems have now been overcome, and during the last year the number
of papers and communications in the field has been growing extremely
quickly. Some attempts have been made to find good approximations for
calculating second-order properties (shielding tensors, spin-spin coupling
constants, magnetic susceptibilities) [26-28,37,38,50,51]. However, many
of these approaches have, so far, not advanced to the stage of systematic
mlmerical applications, and it is thus rather difficult to evaluate the possible advantages or disadvantages of the approaches. Hence, the time for
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an exhaustive review of the topic is probably still to come. The present
Chapter will therefore concentrate on our own results on the development
and application of the DFT methodology to the calculations of NMR and
ESR parameters. In addition to their inherent interest, we think these
results will provide points of reference for new methods as they develop.
Our goal here is to develop new methods based on the DFT methodology
suitable for adequate theoretical interpretation of NMR and ESR spectra of
large chemical and biochemical systems, rather than to develop DFT itself.
Keeping in mind that magnetic resonance parameters such as shielding
tensors, nuclear spin-spin coupling tensors, hyperfine tensors and g-tensors
depend on the local geometrical and electronic structures to the first order,
a model system in which 50 - 100 atoms are treated by ab initio methods
(the remainder using a less sophisticated method) will in many cases be
a reasonable approximation of the real system. Since the calculation of
shielding tensors for systems containing 50 - 60 atoms and more than 700
atomic orbitals has become a routine task using our DFPT approach [52,
53], the door is now open to a new era in the theoretical interpretation of
NMR and ESR spectra of large chemical and biochemical systems. The
new methods and their associated software should allow a much greater
number of researchers to enter the field.
2. T H E O R Y

OF MAGNETIC

RESONANCE

PARAMETERS

The central idea of NMR and ESR spectroscopy is as follows: in the
presence of an external static magnetic field the energy of a system containing nuclear and/or electron magnetic moments, arising from the spin of
a particle, depends on the orientation of the magnetic moment with respect
to the external field. Using an appropriate oscillating external magnetic
field as a probe, one can thus measure the energy difference for different
orientations of the electronic magnetic moment (electronic Zeeman effect)
or of the nuclear magnetic moment (nuclear Zeeman effect). The corresponding energy difference has a bilinear dependency with respect to the
external static magnetic field and the magnetic moment of the particle.
In a molecule which includes both nuclei and electrons, the picture becomes much more complicated since the system in this case contains many
particles which have magnetic moments. There are also additional magnetic moments associated with the orbital moments of the electrons. All
these magnetic moments interact with each other and with the external
magnetic field. In addition, a magnetic field can act in two ways on the
electrons" by rotating the electron clouds as rigid objects, and by distorting the electron clouds (i.e. to add an admixture of excited states to the
ground state). The first interaction leads to diamagnetic (shielding) elfects, since the rotated electron clouds produce a secondary magnetic field
which partially compensates the original one. The second interaction produces paramagnetic (deshielding) effects which create a magnetic field that
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aligns with, and hence increases, the original one. Furthermore, since the
electron clouds can be asymmetric, the secondary magnetic fields may not
be collinear with the original magnetic field. These effects form the core of
magnetic resonance spectroscopy, since they lead to a strong dependency
of the resonance frequency of the oscillating external magnetic field on the
electronic structure of the system under consideration.
The conventional way to analyse magnetic resonance spectra is to expand the expression for the total energy E of the system in the presence
of the external magnetic field B, the nuclear magnetic moments ~N and
the electronic magnetic moment #~, in powers of the parameters as small
perturbations (usually keeping only the terms up to the second order). In
this case the expression for the total energy of a system including all the
terms relevant to NMR and ESR spectroscopy can be presented in the form
(here we follow, in general, the work of Beveridge [54])
E(B,#N,#e)
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-
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N
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B +
N

#e 9B + #e 9
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~N = gN ~N IN

(2)

#~ =

(3)

-g~S

where g~ and g are nuclear and electronic g-values,/3~ and/~ are nuclear and
Bohr magnetons, I N and s are nuclear and electron spin angular momenta,
~/ is the permanent magnetic moment of the system, x is the magnetic
susceptibility tensor, a N is the shielding tensor for nucleus N, KMN is the socalled "reduced" nuclear spin-spin coupling tensor for nuclei M and N, Ag
is the shift in the free-electron g-tensor, and A N is the "reduced" electronnuclear hyperfine tensor. For a more detailed discussion of all these terms,
the reader is referred toi e.g., ref's [54-58]. We would like to note here that
different mechanisms may contribute to the terms in Eqn. (1). The most
illustrative example is the nuclear spin-spin coupling tensor which will be
discussed in more detail later.
To take the magnetic interactions into consideration properly one has
to start with relativistic quantum mechanics and, in principle, take into
account small corrections following from the quantum field theory [56-59].
Howe,~er, the Dirac equation is the common starting point to treat magnetic interactions. Since the Dirac equation can be solved exactly only for a
few simple model cases, different approximations are used (see [56-59] and
references therein), and it is often difficult to tell a priori which relativistic
terms should be kept in the equation for an appropriate description of the
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selected magnetic interactions. Certain effects can be negligible in some
cases but rather important in others. Some relativistic effects become important for heavy elements, and sooner in magnetic calculations than for
calculations of, e.g., binding energies in the corresponding system (in, e.g.,
the bromine compounds, the chemical shift on a nucleus bonded directly
to the bromine atom strongly depends on the relativistic effects [59-62]).
There is, however, a more or less conventional set of additional operators
which has to be included into the Hamiltonian in order to calculate magnetic properties using perturbation theory, starting from the unperturbed
non-relativistic Hamiltonian. We will here present the expression for these
additional terms, without detailed discussion (the details can be found in
references [56-591).
We will use the following notation" H ~m is an operator presenting an
n'th-order dependency on B,/-order in ~ , and m-order in ~ , the subscript
i refers to electron i, subscript N refers to nucleus N, and u and v represent
Cartesian components of vectors and tensors. The resulting expression for
the Hamiltonian including magnetic terms is as follows
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In this Hamiltonian (5) corresponds to the orbital angular momentum interacting with the external magnetic field, (6) represents the diamagnetic
(second-order) response of the electrons to the magnetic field, (7) represents
the interaction of the nuclear dipole with the electronic orbital motion, (8)
is the electronic-nuclear Zeeman correction, the two terms in (9) represent
direct nuclear dipole-dipole and electron coupled nuclear spin-spin interactions. The terms in (10) are responsible for spin-orbit and spin-other-orbit
interactions and the terms in (11) are spin-orbit Zeeman gauge corrections.
Finally, the terms in (12) correspond to Fermi contact and dipole-dipole
interactions between the spin magnetic moments of nucleus N and an electron. Since
.o -

E..,
i

-

-

(16)

i

the operators in Eqn. (4) containing ~ include spin operators s~, and may
mix states with different multiplicity. Operators (5), (7) and (10), containing the orbital angular momentum operators, lead to purely imaginary
perturbations, that cause additional problems in DFT, as we will see later.
The remaining operators (6, 8, 9, 11, and 12) are real. However, the terms
in the Hamiltonian (Eqn. (4)) containing ,o, and hence electron spin operators (for example # ~ i uH011
~N~~)
may lead to both real and imaginary
perturbations (see discussion of the spin-dipolar contribution to nuclear
spin-spin coupling constant in the corresponding section).
Let us consider a term in Eqn. (1), bilinear with respect to some parameters )~1 and A2 (for example, containing KMN). Different operators in the
Hamiltonian (Eqn. (4)) may contribute to these terms, and those which
have a bilinear dependency on ~1 and ~2 lead to diamagnetic contributions
(depending on the ground state wave function only). In the case of the
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spin-spin coupling tensor, it will be the term containing the I.LMNuv/-/020operator. Other operators linear with respect to tl or 12 may also contribute to
bilinear terms in Eqn. (1). Such operators (for example, linearly dependent on tl) mix the ground and excited states. These perturbed states then
interact with the ground state by means of another operator linear with
respect to t2. These contributions are called paramagnetic and depend on
the perturbed ground state wave function (which has an admixture of the
excited states of the unperturbed system). To evaluate paramagnetic contributions one has to use perturbation theory. The conventional way to do
this is to include the operators linear with respect to a~ in the Hamiltonian
to obtain a linearly perturbed wave function, and then to calculate matrix
elements with this wave function and the operators linear with respect to
~2. The detailed characterization of the operators and contributions to
the paramagnetic parameters is given elsewhere [54-58], and we will only
consider them briefly in the subsections devoted to the calculations of the
specific properties. Since the central problem in the calculations of paramagnetic contributions is the evaluation of the perturbed wave functions
we will start the discussion of this problem in the framework of Density
Functional Theory in the next section.
3. CALCULATION OF SECOND-ORDER PROPERTIES IN KOHN-SHAM
DENSITY FUNCTIONAL THEORY
3.1.

F i n i t e P e r t u r b a t i o n T h e o r y and C o u p l e d D e n s i t y F u n c t i o n a l
Theory approaches

To calculate second-order properties one has to use perturbation theory.
Usually, there are different contributions to a second-order property, and
those depending only on the ground state wave function or the ground state
density (diamagnetic) are straightforward to compute using DFT. However,
the most important terms (the ones most sensitive to the electronic and
geometrical structure) are the paramagnetic terms, depending on the linear
response of the many-electron wave function to an external perturbation.
To evaluate this response the coupled Hartree-Fock (CHF) (in the case
of DFT coupled DFT (CDFT) or response theory), Finite Perturbation
theory (FPT), or Sum-Over-States (SOS) perturbation theory are usually
used [3,54,57,63,64]. In DFT the starting point for the first two approaches
is the Kohn-Sham (KS) orbital equations for a system in the presence of a
perturbation
[-2 V2 + )~H~+ v~/s(~)l qPk()~) -- Ck()~)qPk()~)

(17)

where H~ is the operator connected with the particular type of perturbation, and vosl is the effective KS potential.
In Finite Perturbation theory, Eqn. (17) is solved in the same selfconsistent way as the unperturbed KS equation. The only difference is
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that in this case the additional matrix elements corresponding to the perturbation operator ~H,1 are added to the Fock matrix, where an appropriate
value of the ~ parameter must be chosen in order to correctly estimate the
linear response of the KS density matrix. The parameter should not be
too large (to avoid quadratic effects) and should not be too small (to keep
the perturbation effects separated from the numerical noise). Usually, it is
possible to satisfy both these conditions simultaneously. A second problem
is connected with the case of a purely imaginary or complex perturbation,
when all the terms in Eqn. (17) become complex. This in turn will lead to
more time-consuming calculations. On the other hand, one of the advantages of FPT is the simplicity of the implementation.
A different way of solving Eqn. (17) is to expand all terms in powers of
the parameter A up to first-order, and exclude the zero-order terms (since
they satisfy the unperturbed equations). The parameter ~ can then be
removed from the resulting equations, due to the linear dependency with
respect to ~:
1

2

[-~V + ve~ ~ + [H1 + v~f] ~p~ - e~ ~

(18)

This leads to the response theory [38,50,51,64,65] or coupled DFT (CDFT)
which is the direct analog of the coupled Hartree-Fock (CHF) approach
[3,57]. The equations thus obtained are coupled, since the perturbed KS
molecular orbitals (MO) are coupled with each other by v~ff,~ and must
therefore be solved self-consistently as in the FPT approach. In contrast
with FPT, the CDFT equations (18) remain real also in the case of a
purely imaginary perturbation because of the lack of dependency on ~.
The disadvantage is the need to evaluate the linear response of the KS
effective potential v~ff analytically.
A common problem for both the above approaches arises when the perturbation is purely imaginary (the case of a system in a magnetic field).
Since the electron density p has no linear term in the expansion in powers of a purely imaginary perturbation, the exchange-correlation potentials
v=~(p;Vp) commonly used in modern DFT also have no linear response. In
this case v~ff vanishes and one obtains uncoupled DFT (UDFT) equations
[25,32,35]. The loss of the v;ff term reflects the fact that the commonly
used exchange-correlation functionals (depending on p and vp only) [6670] are rather good approximations for the exact one only for a system in
the absence of a magnetic field. The energy of a system in the presence
of a magnetic field depends on the electron density and the current density [38,50,51,71]. Therefore, for a proper description of a system in the
presence of a magnetic field in the framework of FPT or CDFT there is
need for an exchange-correlation functional depending on both the electron
density and the current density.
One such model was suggested by Vignale, Rasolt and Geldart [50,51].
They introduced the following approximation for the exchange-correlation
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functional
E~[p~, j~] -.-- E:~[p~, 0]

j~(r) [2
+ ~ / b~[p~(r)] V • p~(r) dr

(19)

o"

where the subscript ~ refers to the spin of the electron, and j~ is the paramagnetic current density
j~(r)

=

ieh

2m(r162

- r162

(20)

b~ is a smooth function of p~ as presented in [51]. This approximation allows the CDFT or FPT-DFT approach to be used for calculations of the
properties of a system in the presence of a magnetic field. An approach
following from the original theory of Vignale et al. [50,51] was recently
presented by Colwell and Handy [38] for computation of magnetic properties. However, no implementation has been reported so far so it is difficult
to judge the quality of the approximation given in (19).
Including the current-density term in v= involves evaluations of complicated integrals. Moreover, in the case of a magnetic field perturbation,
both the approaches considered in this subsection (CDFT and FPT) necessitate solving Eqn. (17) or Eqn. (18) self-consistently four times (for the
unperturbed system and for the three components of the magnetic field).
Therefore, the use of the approximation of Vignale et al. [50,51] would seem
to be time-consuming and, as a consequence, is not obviously suitable for
practical applications to large systems. Keeping such applications in mind,
an alternative approach, Sum-Over-States Density Functional Perturbation
Theory (SOS-DFPT) was developed, leading to a computationally efficient
procedure [28].

3.2. Sum-Over-States Density Functional Perturbation Theory
To describe the system in the presence of a small perturbation, we will
use the SOS-DFPT approach of ref. [28] from which this section is, for
a large part, taken. Here only a brief outline will follow. The interested
reader can find more details in the original paper [28]. We will consider a
system in the presence of an infinitesimal purely imaginary perturbation
with operator i A~H~ (i -- ~
and A~is the parameter of the perturbation).
Therefore, the first-order correction to the many-electron wave function
=

+

E <r176176
IH1
E ~ E}

+...

(21)

is purely imaginary as well. Here H1 is a perturbation operator and
u = {x, y, z}. The superscript o will hereafter correspond to zero-order (unperturbed) functions and operators, ~ to first-order, and " to second-order
terms with respect to A~; subscript K refers to the state "K" of the whole
system, subscripts a and b to virtual and i, j and k to occupied MO's;
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atomic units are used. Note that we will consider a perturbation dealing
with "singlet-singlet" excitations only.
As an approximation to the exact many-electron wave function of the
real system, we will use the Slater determinant built from the occupied
KS MO's [64]. Although it is only an approximation to the exact manyelectron wave function of the real system, it seems to be a reasonable one
especially if one is interested in calculations of one-electron matrix elements
only (in the case of a local multiplicative operator such an approximation
yields the exact values of the matrix elements). To describe an excited
state corresponding to the transition of an electron from the occupied MO
"k" into the virtual MO "a", we will use the many-electron wave function
of the excited state in the form of a Slater determinant that differs from
the ground state determinant by replacing the occupied MO "k" by the
virtual MO "a".
To evaluate the denominator in Eqn. (21) one has to calculate the energy
difference between Eg, the energy of the ground state, and E~., the energy
of the excited state "k --, a" corresponding to the density Pk~a, where
pk~

-

p - pk + pa

(22)

Hereafter we will use the following notations (choosing r to be an up-spin
orbital)" pk - GCk,* pT = ~kv'~ Pk, and p = pT + pl. The calculation of the
total energy in DFT is straightforward if the density and KS MO's are
obtained using a self-consistent variational treatment. However, SOS is
a not a self-consistent variational perturbation theory. This will lead to
difficulties. The problem is connected with the fact that in the conventional
KS method with a local (multiplicative) exchange-correlation potential, the
virtual MO's are in the same average field of N-1 electrons as the occupied
MO's, and the total energy does not depend on the one-electron energies
of the virtual MO's at all. As a consequence, a derivative discontinuity
arises in the exchange-correlation potential, as discussed by Perdew and
Levy [72]
5Exc
6p(r)

~Exc
N+O+

6p(r)

N-O+

=

v~(~)

-

N+O+

=

v~(~)

c

.

(23)

N-O+

since the LUMO, being in the field of N-1 electrons, is more suitable for
describing the lowest excited state orbital of the original N electron system
than for the electron affinity of the system. Now, if we transfer an electron
from MO "k" into MO "a" (keeping all the MO's frozen) we must take
into account the derivative discontinuity (which is unknown) for a proper
description of the energy difference between the ground and the excited
state. One can avoid the problem by calculating an excited state (including
a situation with fractional occupation numbers), using a self-consistent
treatment (Finite Perturbation Theory). However, since SOS is not a selfconsistent approach, the problem of the derivative discontinuity in the
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exchange-correlation potential arises when we try to express the energy
difference between the ground and the excited states
- A E k _ ~ - Eo - E k - ~

(24)

through the difference between one-electron energies of MO's (ek- e~). A
detailed discussion of this question can be found in Appendix I of ref. [28].
In the HF method the evaluation of the energy difference between the
ground and the singlet excited state "k --, a" using SOS perturbation theory
leads to the following expression
- AEk__,~ = ek -- e~ + J~k -- 2K~k

(2,5)

where &k and K~k are the Coulomb and exchange integrals. Here the term
&k is related to the fact that in HF theory, the virtual MO's are in the field
of N electrons, and one should shift down the MO "a" for the appropriate
description of the excited state "k ~ a". The small (in comparison with
&k) term K~k describes the difference in the exchange interaction between
the ground and excited states. If one uses the conventional KS approach
with a local exchange-correlation operator, virtual MO's are in the field of
N-1 electrons (because this operator acts the same way on the occupied
MO's and on the virtual MO's). From this point of view DFT is more
similar to the Improved Virtual Orbitals (IVO) approach [73,74] than to
HF theory. This means that the LUMO of the conventional KS approach
is better associated with the lowest excited state orbital of the neutral
system rather than describing the electron affinity of the system. In the
IVO approach one has the following expression for the energy difference
[73,74] (using J~k only as a shift operator)
- AEk_~ = ek - e~ - 2K~k

(26)

Eqns. (25,26) and the fact that the exchange term 2K~k is smaller than
the Coulomb integral J a k explain why our "uncoupled" DFT approach [25]
(or Zero-order approximation), where only the difference ek - e~ is present,
leads to remarkably good results for many molecules, whereas uncoupled
HF does not. The additional exchange (or exchange-correlation) terms
become important for systems with small HOMO-LUMO gaps, which is
probably why "uncoupled" DFT gives poor results for such systems.
In DFT, one can develop a reasonable approximation for the energy
denominator by simulating the exchange-correlation term in AEk_~ only 1
-

AEk_.,~

=

ek -

e~ -

AEk~2~

.

(27)

1Since the discontinuity constant C (Eqn. (23)) shifts up the virtual MO's from the field of ( N - l ) to
the field of N electrons and the term Jak moves them back, we simply delete these terms (C and Jak)
together from the expression for/kEk_~a instead of trying to find an approximation for C.
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The last term is only a part of the change of the exd~ange-correlation
contribution which is also present in the difference (6k - 6a) through the v~
terms,
occ

(28)

ek = hk + ~ niJik + f v~[pT;pl]pkdr
i
occ

(29)

e~ = h~ + y~ niJi~ + f v~[pT;pllp~dr
i

and the total energy is related to the orbital energies by
oct

E = ~-~ckk

1 / 2 J ] p(1) p(2) drldr2 + / [ ~ ( 1 ) -

v~(1)]p(1)drl ,

(30)

r12

where c~ is the exchange-correlation energy density. In our previous paper
[26] it was noted that the change of the exchange-correlation energy is
connected with the formation of a hole in MO "k" and therefore with
the resulting change of exchange-correlation interaction with an electron
transferred into MO "a". Following this idea we recognize AEk~2o as the
part of the energy of the interaction of [c~ - v~] involving the hole in MO
"k" and the particle in MO "a". We will use the ratio of the density of
MO "k" to the whole density (with the same spin)

%(r) = pk(r)
pT(r)

(31)

as a factor locally characterizing a part of a functional of the density corresponding to the MO "k". We expect that this approximation is good
enough for our purposes, because the sum of the contributions from all
occupied MO's produces exactly the functional, and if at any point the
density pT is equal to the density pk then ~k(r) is equal to one, whereby in
the LDA case the value of the functional of pT coincides with the value of
the functional of pk at that point.
With this physical picture as the background motivation, we introduce
the simple ansatz

/kEk._.axc = / pk(r)pT(r)
( ~ ( r ) - v~(r))p~(r)dr ,

(32)

which we call Approximation 1. In the case of the exchange-only localdensity approximation [64] we get a very simple expression for AEk%~

/kEk~ -- (1/3)C~ / pT(r)(-2/3)pk(r)p~(r)dr
= (3/2)(3/4

which we call Approximation Loc.1.

(33)
(34)
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Now, using Eqn. (32) one can easily calculate the coefficients

= Eo

(a I Ht Ik>
AE :o r

(35)

without any iterative procedure. The whole list of working equations (and
the definitions) is presented in Appendix II of reference [28].
In reference [28], a second way to construct a n approximation for AEk%~
was discussed as well. A short summary of this approximation is as follows.
One can express Ek-~[pk-~o] as a functional of the density pk-~ and then
expand the density of the exchange-correlation energy in powers of pk and
p~ (as in [75-77]). After some additional approximations (see [28]) the
following expression for AE~5~ is obtained:
AEk~La = -

/ Sv~[PT; Pl]pkpadr"
5pr

(36)

This leads to Approximation 2 in the framework of SOS-DFPT:
- AEk_.~ = r - ~ + jf v=[pT;
6pT

pkp~d r

(37)

Using the local-density approximation one can derive the following expression (in the "exchange only" case [64]) for the term AEk%~ (Approximation Loc.2)
AEk*~ - (4/9) C.

/ pt(r)(-2/3)pk(r)p=(r)dr

(38)

The right-hand side of the Eqn. (38) differs from Approximation Loc.1
(Eqn. 33) only by the coefficient. On the one hand this is not a very
big difference, but on the other hand approximations were used in both
cases, and it is therefore difficult to say a priori which coefficient is better.
It might seem that the second approach (Eqns. 36,37) is more rigorous
than the first one. It does, however, include a Taylor expansion and we
have used only the first term depending on p~ and pk. The second term
in the expansion has the opposite sign, the parameter "~k(r) is not always
sufficiently small, and the expansion may not converge quickly. In this
situation one might expect that a smaller coefficient will lead to better
results. In fact, approximation Loc.1 (Eqn. (32)-(34))seems to lead to
a slightly better agreement with experimental data [28] and therefore we
always use this approximation in our calculations of the chemical shift and
the paramagnetic spin-orbital contribution to nuclear spin-spin coupling
tensors.
4. G A U S S I A N
DETAILS.

(deMon)

IMPLEMENTATION

AND COMPUTATIONAL

All the calculations have been carried out using a modified version of the
d e M o n program [78]. The Vosko, Wilk and Nusair exchange-correlation
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functional (VWN) [661, Perdew and Wang exchange [671 with Perdew correlation [68] (PP), Becke exchange [69] with Perdew correlation [68] (BP),
and a newer Perdew and Wang exchange-correlation functional (PW91)
[70] were used. In order to reduce the computational demands, a fitting
procedure is employed for the calculation of the coulomb and exchangecorrelation potentials. The charge density is fitted analytically, whereas
for the fit of V~ a numerical grid is used. In our calculations we used
FINE and EXTRAFINE grids (for angular variables) with 32 or 64 points
of radial quadrature [78,79]. We will use the abbreviations F32, F64 and
E64 for the combinations FINE grid with 32 radial points, FINE grid with
64 radial points, and EXTRAFINE grid with 64 radial points respectively.
For the fitting procedures, auxiliary basis sets are required. These are
denoted (i,j;k,1), where "i" and "j" are the numbers of shells of gaussian
type s-functions (i) and s,p,d-functions (j) for calculation or the coulomb
potentials, and "k" and "1" are the corresponding numbers of shells (s and
s,p,d, respectively) for the fitting of V,~. In the calculations reported here,
we primarily use the (5,1;5,1), (5,2;5,2) and (5,4;5,4) auxiliary bases for
H, second row elements and third row elements respectively [78,80] unless
otherwise noted.
The exchange-correlation potential in the deMon code is fitted at every
SCF iteration using a relatively small grid. This reduces the computational
time but leads to a dependency of the accuracy of the results on the quality
of the fitting basis set and grid. In order to obtain more precise molecular
orbital coefficients and one-electron energies with a relatively small computational effort we choose a compromise solution: after reaching convergence
during the SCF iterations one extra iteration is performed without fitting
of the exchange-correlation potential and using an enlarged grid. This procedure was used for all the calculations of the NMR parameters (shielding
and nuclear spin-spin coupling tensors).
For most of the calculations the basis sets IGLO-II and IGLO-III of
Kutzelnigg et al. [3] were used 2. For neon and argon, orbital bases of DZP
quality are employed [78].
For the calculations of the shielding tensor using the Individual Gauge
for Localized Orbitals (IGLO) method, the occupied MO's were localized
by the method of Foster and Boys [81]. Unless noted otherwise, we use the
experimental molecular geometries [82].

2We used the same contraction scheme and exponents as for basis sets IGLO-II and IGLO-III [3], but did
not remove the s-type linear combinations of dx~, dyu, and d~z from our basis as was done in the IGLO
program.
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5. N M R P A R A M E T E R S
5 . 1 . N M R Shielding Tensor Calculations
5 . 1 . 1 . Theory of Shielding Tensor Calculations

There are two important contributions to the shielding tensors. The diamagnetic contributions arise from the operator ~ml~ in Eqn. (8). This
operator is bilinear with respect to external magnetic field and the magnetic moment of the nucleus N and therefore we need to calculate the
matrix elements over the ground state KS MO's only. The paramagnetic
contributions arise from an interplay between the operators Hi ~176
(Eqn. (5))
and ~Nv"~176
(Eqn. (7)). The conventional way to evaluate this contribution is
to include H~~176
in the Hamiltonian as a perturbation and then to calculate
the matrix elements of H~ ~ between the ground state and the perturbed
MO's.
In shielding tensor calculations there is an additional problem associated
with the freedom in the choice of a gauge origin for the vector potentiM.
In principle, any choice of the gauge origin should lead to the same results
for the shielding tensor calculations since the sum of the diamagnetic and
paramagnetic contributions (but not each of the contributions separately)
is gauge invariant (see the discussion of the question in [3,4] and references
therein). However, due to the use of a finite basis set, the quality of the
calculations of the diamagnetic and paramagnetic contributions are essentially different (since the diamagnetic contribution depends on the ground
state only and the paramagnetic contribution depends on the excited state
MO's as well). This in turn leads to a dependency of the results on the
choice of the gauge origin for the vector potential. Since the paramagnetic
contribution is the major source of the error in the calculations, it is naturM to minimize the absolute value of the paramagnetic contribution by
using a special choice of the gauge origin. The Individual Gauge for Localized Orbitals (IGLO) method developed by Zutzelnigg [83] has proven
to be an efficient and accurate approach to the gauge problem [3]. The
general idea of the IGLO approach is to evaluate the shielding tensor in
terms of localized MO's, and to choose an individual gauge origin for each
localized MO (in the centre of the corresponding electron cloud) in order
to minimize the absolute value of the paramagnetic contribution (which is
zero for a spherical distribution).
The combination of the SOS-DFPT and IGLO approaches leads to the
following working equations for the shielding tensor calculations.

~(-l(alL~,~ln)+~<al(A,~-Aj)vlj>(jlF~

Zoo(v)- E
m

em ea ~Em~ a
xc

-

-

-

U,~m
Ukm

(39)

-

where F ~ is the unperturbed DFT Hamiltonian operator, Vk~ is a unitary
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transformation from canonical to localized MO's (index "m" corresponds
to a canonical MO and indices "k","j" and "n" to localized MO's), and
1 (/~j • ~

(40)

and
gk. = {(g--Rk) X V}.

(41)

where/~k is the gauge origin for MO "k". Using the coefficients fl~k, the
calculation of the shielding tensor cr.~ is straightforward
(42)

d q- O'uv
pO d" O'uv
pl
O'uv --" O'uv

2

O'uv

[ h11 I k)

(43)

k
po
O'uv

_

o upl
v :

-2 y~ ~-~(k l h~ [j)(j [ (Aj - Ak)v [k)
k j
--4 E
k

Y]~(k ] h~ [a)fl~k(v)

(44)

(45)

a

with
hOl_ -

1
~.Nu
c l y - R -'N 13

(46)

hllv = 2c21 (g- Rk) " (~- RN)6,~g_
,] RN--(~3-- RN),,(g-- Rk),,

(47)

where/~N is the position of the nucleus N.
5.1.2.

Validation

o n a Set o f S m a l l M o l e c u l e s

The original paper concerning SOS-DFPT [28] contains a description of
the theory and a wide range of applications to different types of systems.
In this Chapter we will include the most illustrative material. Here we
will present the comparison between Zero-order and Loc.1 approximations,
and experimental data; discuss the influence of the choice of the exchangecorrelational functional on the results of the chemical shift calculations;
and compare our SOS-DFPT results with the results of HF and post-HF
approaches for cyclic organic compounds and for the ozone molecule.
A comparison between shielding constants calculated using Zero order
and Loc.1 approximations (basis set IGLO-III and PW91 exchange-correlation potential) versus their experimental counterparts is presented visually in Fig. 1.
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F i g u r e 1. Comparison between shielding constants calculated with Zero
order and Loc.1 approximations and experimental data.
In this picture we show the results for non-hydrogen nuclei in molecules
where the difference between these two approximations is significant. The
use of Loc.1 brings the results into very pleasing agreement with experimental data. All these systems contain multiple bonds and, as follows from
our experience, are the most sensitive to the approximation used for the
energy denominator in the SOS approach. For the molecules with single
bonds (such as CH4, NH3, H20, HF and so on) the corresponding difference
is much smaller and does not exceed 5 ppm.
The overall picture for the agreement between the calculated values of
shielding constants (Loc.1 approximation, basis set IGLO-III and PW91
exchange-correlation potential) for non-hydrogen nuclei of the molecules
listed in Table l a is presented in Fig. 2. The data for hydrogen nuclei are
collected in Table lb.
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F i g u r e 2. Comparison between shielding constants calculated with SOSDFPT for non-hydrogen nuclei in molecules presented in Table la (IGLOIII, PW91) and experimental data.
The clear good agreement with experimental data indicates that our approach is suitable for NMR shielding constant calculations for compounds
containing the first, second and third row elements, at least. There are
a few possible sources for small deviations between our results and the
experimental data. The most important, in our view, is connected with
the incompleteness of the basis sets used in our calculations. Though the
IGLO-II and especially IGLO-III [3] bases are usually good enough for
many applications to real systems an even more extensive basis set is required to reach tight convergence with respect to basis set quality. Usually
the use of bigger (than IGLO-III) basis sets leads to better agreement of
the shift constant with experimental data. For example, the use of the
bigger JMN-2 basis set (see description in Section 4) pushes the results
for the water molecule (333.3 ppm) closer to the experimental value (344.0
ppm) with respect to the IGLO-III result (325.6 ppm). However, we reemphasize that for most purposes, the use of the basis sets IGLO-III and
often even IGLO-II leads to reliable results and is recommended for most
practical applications.
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Table la.
Influence of the exchange-correlation functional on the results of the
shielding constant calculations (IGLO-III ; Locl) for non-hydrogen nuclei.
All values are in ppm.
CH4
C~H2
C2H4
Allene
C3H8
c-C3H6
c-C3H4
Benzene
CO
H2CO
H20
N20

NH3
N2
HCN
CH3F
HF
F2
PN
PH3
PF3

C
C
C
C~
C2
C1
C2
C
C~
C2
C
C
O
C
O
O
N1
N2
O
N
N
C
N
C
F
F
F
P
N
P
P
F

VWN
193.0
105.2
45.7
106.6
-45.3
164.3
160.7
183.1
62.3
177.7
42.8
-1.0
-54.3
-28.3
-439.7
330.1
101.1
6.3
189.1
260.1
-68.0
73.0
-36.7
102.0
459.1
413.2
-234.0
20.0
-360.0
585.7
186.0
184.3

BP
189.3
111.9
52.6
108.4
-38.9
163.3
159.0
182.0
67.8
176.5
48.4
6.4
-43.8
-15.0
-393.1
324.4
104.1
10.4
185.5
254.7
-59.5
79.1
-24.6
103.9
448.0
409.0
-214.0
55.1
-348.8
578.2
210.0
198.3

PP
188.2
110.8
50.5
106.9
-41.9
160.7
156.1
180.7
65.6
175.6
45.5
3.3
-44.9
-17.7
-402.0
323.1
103.3
8.2
186.2
253.8
-61.4
77.7
-27.0
101.2
445.3
407.9
-218.9
48.1
-350.2
569.7
202.5
193.0

PW91
191.9
114.5
56.6
110.5
-35.0
166.3
162.3
184.8
72.1
179.4
52.4
9.7
-42.4
-10.1
-384.6
325.6
106.9
14.7
186.8
257.2
-55.5
82.3
-20.4
107.9
448.0
410.0
-202.8
53.8
-342.7
582.3
214.4
198.5

Exp.
195.1 ~
117.2 ~
64.5 ~
115.2 ~
-29.3 ~
170.9 b
169.3 b
182.4 ~
78.4 d
183.4 d
57.2 ~
1~
-42.3 ~
-l+10.1f
-375+150g
344.0 ~
99.5 ~
11.3 ~
200.5 ~
264.5 h
-61.6 i
82.1 ~
-20.4 i
116.8 ~
471.0J
410 k
-192.8J
53 l
-349 m
594.4 z
223 l
225 m

a: _[84 ;kb. 9 [851" "[861; d: [87 ;e: [881; f: [89]; g" [901; h: [911; i" [921;

j-[931

9 [941;'1~ [951; m: [961
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Table lb.
Influence of the exchange-correlation functional on the results of the
shielding constant calculations (IGLO-III ; Locl) for hydrogen nuclei. All
values are in ppm.
CH4
C2H2

C2H4
Allene
C3H8
c-C3H6
c-C3H4
Benzene
H2CO
H20
NH3
HCN
CH3F
HF
PH3

H
H
H
H
CIH
C2H
H
C1H
C2H
H
H
H
H
H
H
H
H

VWN
30.8
29.6
25.0
26.0
30.0
29.4
30.6
23.6
30.1
23.1
20.6
30.6
30.8
28.3
26.2
29.1
29.1

BP
31.1
30.0
25.7
26.5
30.4
29.9
31.1
24.2
30.5
23.8
21.3
31.1
31.2
28.6
26.8
29.8
29.5

PP
31.1
30.0
25.7
26.5
30.3
29.9
31.1
24.2
30.5
23.8
21.3
31.2
31.2
28.7
26.7
29.9
29.6

PW91
31.2
29.9
25.7
26.4
30.5
29.9
31.1
24.1
30.5
23.7
21.4
31.1
31.1
28.6
26.8
29.5
29.6

Exp.
30.6 ~
29.3 b
25.4 b
26.1 ~
29.9 d
29.4 d
30.5 ~
23.7 ~,i
29.8 ~,i
23.4 ~,~
18.3• ~
30.1 ~
31.2+1"
27.8f
26.6 ~
29.2•
28.3 h

a: [89]; b: [97]; c: [98]; d: [99]; e: [91]; f: [100]; g: [94]; h: [5]; i: liquid.
The need for extensive basis sets is common to post-HF and D F T approaches. Another common problem is the high sensitivity of the chemical
shift tensor to the geometry chosen for the calculation. The problem is,
really, much more complicated because, for very precise calculations, one
even has to consider the effects of averaging over the vibrational motion of
the nuclei. However, as a first approximation it is often possible to simply
use ro instead of r~ for calculations if the corresponding corrections were
not introduced into the experimental data a priori (see ref [88] for more
details).
However, there are also sources of error that are specific to D F T and
DFT-based codes. The most important is, of course, the quality of the conventional exchange-correlation functional used. The results of the shift constant cMculations for a set of molecules with different exchange-correlation
functionals are presented in Table la. We found that the results with the
V W N exchange-correlation functional are usually less reliable than with

293

the gradient-corrected exchange-correlation functionals (BP, PP, PW91).
Among the latter, the PW91 functional leads to slightly better results and
we use usually it for our calculations. However the difference in the results obtained with these three exchange-correlation functionals (BP, PP,
PW91) is often not so significant. Usually this difference is small or the
same order of magnitude as the difference between the results with the
basis sets IGLO-II and IGLO-III. Moreover this difference has a more or
less systematic character (see the difference between ~3C shift constants
calculated with PP and PW91 functionals in Table la). This allows one to
employ the PP exchange-correlation potential which is found to be the best
one for calculation of spin-spin coupling constants (see discussion in the
following subsections) for the calculation of chemical shifts as well in the
cases where both parameters, chemical shift and spin-spin coupling constant, are the subject of the study. In this way, the calculations of chemical
shifts in parMlel with the spin-spin coupling constant calculations does not
require any new SCF calculations. Since the SCF part is the most expensive step in our SOS-DFPT calculations of the chemical shifts the use of the
PP exchange-correlation functional leads to a more efficient computational
procedure.
Another issue that is specific to DFT codes is the choice of a numerical
procedure for calculation of the matrix elements of the exchange-correlation
potential (or for fitting this potential [78]). We found that the use of the
F32 grid option during SCF iterations with one additional extra-iteration
without fitting the exchange-correlation potential and with an enlarged grid
for numerical integration [28] leads to reliable results. However, in some
cases, where there is a very big paramagnetic contribution and especially
for elements of the third or higher periods (which have MO's of more
complicated radial structure) the use of 64 radial grid points (F64 grid
option) is sometimes important.
So far we have not encountered any clear-out case where our SOS-DFPT
approach simply failed (in some cases there are some disagreements with
experimental data which are likely connected with relativistic effects and/or
with significant solvation effects). Moreover, our approach was found to be
a very stable one. As a demonstration of the possibilities of the SOS-DFPT
method (and the DFT approach in general) the results for ~70 shielding
constants in the ozone molecule with Zero-order and Loc.1 approximations in comparison with post-HF and experimental data are presented in
Table 2. The ozone molecule is a well-known example where HF theory
is inadequate, even as a basis for further improvement by Mr
(MP) perturbation theory; and more than one configuration is required for
a proper description of this system. Therefore it is not surprising at all
that HF leads to very poor agreement with experimental data (see SCFGIAO and SCF-IGLO lines in Table 2) for shielding constants. The MP2
approach (the fastest post-HF method), which usually reproduces experimental data well, overestimates very seriously the correlation effects
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Table 2.
Calculations of the shielding constants for the Ozone molecule. All values
are in ppm.
Method
SCF-GIAO ~
SCF-IGLO b
MP2-GIAO ~
MC-IGLO b
DFT-IGLO (Zero)
DFT-IGLO (Locl)
Exp. ~

O~t~
-2320.9
-2928.6
2591.0
-662.4
-851.0
-742.3
-724

Ot~.~
-2428.5
-3054.1
1204.1
-1190.3
-1429.3
-1229.9
-1290

a: M. Bfihl, unpublished results; b: ref [5]; c: The experimental data [101]
were translated to the absolute scale in [5] using a(liq,H20) = 308 ppm.
(see line MP2-IGLO in Table 2). Only the use of a multiconfiguration (MCIGLO) method developed by van Wiillen and Kutzelnigg [5,6] improves the
results significantly (see line MC-IGLO in Table 2). Keeping in mind that
this is a very time-consuming approach it seems there is no established
alternative to the DFT approach for the cases of large complex system
for which the HF description is a bad starting point for the perturbation
theory. Even the Zero-order approximation ("uncoupled" DFT) gives reasonable results. However, the use of the Loc.1 approximation pushes the
results even closer to the experimental values (line DFT-IGLO (Locl) in
Table 2). Therefore using SOS-DFPT one can reasonably expect to obtain
reasonable results for practically any system including elements from up to
the third period at least (relativistic effects, however, could be important
starting even from the third row elements).
Other systems that provide interesting comparisons are cyclic organic
compounds which were intensively studied by different HF and post-HF
methods (see [102-104] and cited therein). One of the reasons is that for
these compounds experimental data for all the components of the shielding
tensor are available, providing a good opportunity to compare the quality
of the calculations by different methods. Obviously, the calculations of
the individual components provide more stringent test. The results for
SOS-DFPT (with Loc.1 approximation and IGLO-II basis), HF (LORG,
IGLO, GIAO) and post-HF (SOLO) approaches and experimental data are
presented in Table 3. For better comparison the experimental principal
values of ~3C chemical shift tensors with respect to TMS were converted to
refer to methane 3 using the absolute values (r(WMS)tiq. - - 186.4 ppm and
3This was not done in our previous paper [28] where the experimental data with respect to TMS for
cyclopropene, cyclopropane and benzene were presented.
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Table 3.
~3C NMR shift tensors in some cyclic organic compounds (relative to
CH4). All data are in ppm.
Method and Basis
5
7]
(~11
522
533
LORG (TZP) o
GIAO (6-3111G+2d,2p) ~
SOS-DFPT-IGLO (II)
Exp. b

Cyclopropene (in-CH2-)
-2
107
2
108
43
12.7
102.4
53.5
11.7
94
48.7

34
40.1
37.7

-73
-70
-55.6
-50.3

Cyclopropane
-3
55.5
0
53
-1
56
7.2
51.0
4.7
48

25

6

26
33.4
30.7

10
14.9
10.7

-40
-35
-38
-26.8
-27.3

LORG ( D Z ) ~
GIAO (6-3111G+2d,2p) ~
FULL SOLO (TZP) d
SOS-DFPT-IGLO (II)
Exp.

Benzene
131
139
127
132.5
138.7

211
195
176
176.9
181

260
230
236.1
242.7

148
141
146.8
154.7

8
10
14.6
17.7

LORG [3s3pld/2s] s
SOLO [3s3pld/2s] s
SOS-DFPT-IGLO (II)
Exp. g

Pyridine
157
152
152.5
158.7

(C1)
188.5
175.5
161.3
170.2

259
250
240.0
249.7

180
171
172.4
181

31
35
44.9
45.2

LORG [3s3pld/2s] s
SOLO [3s3pld/2s] s
SOS-DFPT-IGLO (II)
Exp. ~

Pyridine
123
119
128.0
132.7

(C2)
172.5
165
169.4
174

205
194
204.1
213.7

156
154
163.9
166.7

8
9
14.6
16.2

LORG [3s3pld/2s] s
SOLO [3s3pld/2s] s
SOS-DFPT-IGLO (II)
Exp. ~

Pyridine
144
135
137.7
144.7

(C3)
199.5
195
192.2
198

263
245
244.4
241.7

144
155
159.1
178.7

4
5
9.6
12.2

IGLO
LORG
GIAO

(TZP) ~
(TZP) ~
(6-3111G+2d,2p)

SOS-DFPT-IGLO (II)
Exp. ~

~

a: [102]; b: [87]; c: [86]; d: [103]; e" [105]; f: [104]; g: [106].

296

cro(CH4) : 195.1 ppm from [84]. Pleasingly, all the methods reproduce the
general features of the experimental data for the principal components.
However, including electron correlation leads to significant quantitative
corrections. Judging by the results of Table 3, the SOS-DFPT approach
leads to superior results for the principal components of the shift tensors
among all the methods compared in the Table.
In summary, although there is not enough data to state categorically
that SOS-DFPT leads to better results than other techniques for any sort
of compounds, nevertheless, it has been demonstrated on a wide base that
SOS-DFPT within the Loc.1 approximation yields results that are, at least,
competitive with post-HF approaches. Moreover, it has the obvious advantages: I) SOS-DFPT is the most efficient way to include correlation for the
calculation of the shift tensor; and II) SOS-DFPT leads to reasonable results even in cases when HF and MP2 approaches fail.

5.2. Nuclear Spin-Spin Coupling Constant Calculations
5.2.1. Theory of Spin-Spin Coupling Constant Calculations
In contrast to the great progress in theory and computer codes for shielding tensor calculations [3-7,25,26,28], high-level ab initio calculations of
spin-spin coupling constants are still very rare and usually deal with the
simplest molecules only (see reviews [107,108]). The reason is that the
nuclear spin-spin coupling constants are usually much more sensitive to
the basis set quality and correlation effects than the shielding tensor is [813,107-111]. Another problem is that there are four important contributions to the nuclear spin-spin coupling constants: the Fermi contact (FC),
the paramagnetic spin-orbit (PSO), the spin-dipolar (SD) and the diamagnetic spin-orbit (DSO) contributions [54,109-111]. Rigorous treatments of
all four contributions using post-Hartree-Fock approaches and extended
basis sets are very time-consuming. On the other hand, HF calculations of
the spin-spin coupling constants of large molecules lead to poor agreement
with experimental data and additional empirical scaling has to be applied
[112]. In DFT we know of only a single paper by Fukui [36] published some
20 years ago, where the combination of Finite Perturbation theory (FPT)
and the LCAO-Xa approach was applied, and only to the calculations of
the FC contribution to the spin-spin coupling constant. This led to rather
poor results (likely because of the too poor basis set used, in combination with the Xa potential). In ref. [27] we presented a new approach
to calculate the nuclear spin-spin coupling tensor using DF methodology,
developed along similar lines to the shielding tensor calculations of the last
section. The description follows reference [27].
By definition [54,109,110] the nuclear spin-spin coupling tensor JMN~, is
the second derivative of the total energy of the system with respect to the
spins of the nuclei M and N
JMN.. = [02E(IM., IN.)/(OIM. OIN.)]~M.=,u~: o

U, V = {X, y, Z}

(48)

The nuclear spin-spin coupling tensor JMN.. is connected with the reduced
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coupling tensor I'(MNuv by the formula
(49)

JMN,~,, = (--~r)"TM 7N KMN,~v

The reduced coupling tensor KMNuv is independent of the magnetogyric
ratios 7. and -y~ (which could be positive or negative) and depends on the
electronic structure of the system only. In many cases the orientationally
averaged value of the nuclear spin-spin coupling tensor JMN~,v (the nuclear
spin-spin coupling constant JMN)
1

(50)

JMN = 5(JMN== + JMNyy + gMgzz)

is the subject of interest.
As mentioned above there are four main contributions to the nuclear
spin-spin coupling constants" the Fermi contact (FC), the paramagnetic
spin-orbit (PSO), the spin-dipolar (SD) and the diamagnetic spin-orbit
(DSO) contributions. The Fermi contact term is usually the most important of these and also the most sensitive to geometry changes [8]. The
Fermi contact contribution arises from the interactions between the terms
containing (~(riM) and (~(rig) in the operators H~ for nuclei g and M (see
Eqn. (12)).
Using the FPT approach ([54,109-111] and references therein]) the calculation of the Fermi contact term is straightforward

=[_A_

l

-~-~. t)(r/N)S,z [ ~(#M))]
z

(51)

#M--- 0

The matrix elements of the Hamiltonian become
H2%(I~M) -- H~%(O) + A ( X,, I 6(rM) [ X~)

(52)

for spin ~ and
H~,,(#M ) = U~,,(O)- A ( X~, I 5(rM) I X~)

(53)

for spin fl, where A is a perturbation parameter. The final expression for
the reduced coupling constant is
fc

K~ N
=

871" 2

g 2

_ (_~_) f12 (~) ()~)-1 Z

8~ ~

(y)

tiff

2 g)2

P:a-fl(~)

-

( )(.i.,

[ ~(rN) [ X~)
(54)

where P~-~ is an element of the spin-density matrix, x~ and x~ are atomic
orbitals, and ~(rN) is the Dirac delta function at the position of the nucleus
N. In nqns. (52) and (53) the centre M is used as the origin of the
perturbation, and the perturbed spin-density interacts with nucleus N.
Since Eqn. (48) is symmetrical with respect to interchange of the indices
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M and N, and FPT is, in principle, an exact perturbation theory, the results
should be invariant with respect to a transformation of nuclei M and N.
In reality, however, the results may be sensitive to the choice of the centre
of the perturbation. We will demonstrate this in the next section, during
the discussion of the results.
The PSO contribution is associated with the interactions between the
operators H ~176for nuclei N and M (see Eqn. (7)), respectively. To calculate the PSO contribution, we used Sum-Over-States Density Functional
Perturbation Theory (SOS-DFPT). The SOS-DFPT approach leads to the
well-known equations
KMPs Nuv
o
--__ - 1 6 f l 2

occ virt

~ ~ AE[I~(ek ] L M u r M 3
k

I C a ) ( Ca I L N v r N 3 ] e k )

(55)

a

(where LM is the orbital angular momentum operator at the centre M, and
Ck and r are occupied and virtual Kohn-Sham MO's, respectively) with
the energy denominator of the form
xc

-AEk__~ = ek - e~ - AEk_~~
where A~=_k_ois defined by Eqns. (33) and (34). The calculation of the
PSO term using the SOS-DFPT approach is very fast (since it does not
require any iterative procedure) and, as will be demonstrated in the next
subsection, yields good agreement with post-HF results.
The DSO contribution has its origin in the electronic terms in the operO20
ator H~N~.
(the second term in the Eqn. (9)) 4 . Since the corresponding
02O
term g,~H~N=. ~ in the Hamiltonian (Eqn. (4)) already has a bilinear dependency on the magnetic moments g.~ and g~, this contribution depends
on the unperturbed ground state wave function only (diamagnetic contribution). Therefore, the calculation of the DSO contribution is straightforward in the framework of DFT. We simply use a numerical integration
procedure (which is a part of the deMon code [78]) for the calculation of
one-electron integrals (M # N)
e2 /
r,.dso
_
Ix M N u v -- m c 2

p(r)

( r M r N S u v -- r M u r N v ) d r
3 3
r Mr N

(57)

Since the DSO contribution is relatively small (although non-negligible
[113]) the accuracy of the numerical procedure for calculation of this term
is adequate, as will be apparent below.
The last term is the SD (spin-dipolar) contribution which arises from the
interaction between the second term in the operators H ~ for nuclei N and
M (see Eqn. (12)). In the case of the nuclear magnetic moments in the
4The direct dipolar coupling (first term in the Eqn. (9)) can easily be calculated as it does not depend
on the electronic structure.
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z-direction, one obtains the following expression for the Hamiltonian for
the spin-dipolar interaction [110]
-

'~

2mc

.

'~

(58)

r 5

iN

As was pointed out in the review by Kowalewski [110], the form of the
Hamiltonian for the spin-dipolar interaction makes the calculations of the
SD term the most time-consuming among the second-order terms, since
HS~D involves the spin operators s=(i) and s~(i) which introduce both real
and imaginary perturbations. At the same time, the SD contribution is
relatively small (at least for long-range coupling). The importance of the
SD contribution is significantly overestimated in HF calculations. Taking
into consideration the effects of electron correlation drastically reduces the
value of the SD term: from-12.4 (RPA) to -0.6 (CCSDPPA) for the HF
molecule [9], from-8.!0 (RPA) to-1.85 (MCLR RAS1) for the N2 molecule
[10], and from-9.32 (RPA) to-4.33 (MCLR RAS1) for the CO molecule
[10] (all values in Hz). Nevertheless, for molecules such as CO the SD
contribution is still rather significant.
This term is, however, usually smaller than the error in the DFT calculations of the FC term. And, since the calculations of the SD terms are the
most expensive part of the nuclear spin-spin coupling constant calculations
using the DFT approach (so far we have not found a way to speed up the
calculation of this term), it is therefore neglected in the present approach.
Besides the four contributions discussed above, the FC-SD (Fermi contact
- spin-dipolar) cross term must also be taken into account in calculations of
the nuclear spin-spin coupling tensor [54,109,110]. This cross-term usually
introduces the dominant contribution to the anisotropy of the nuclear spinspin coupling tensor [109], and can generally be calculated together with
the FC term using the FPT approach by including the operator containing
(~(riM) as h perturbation operator to the Hamiltonian and then evaluating
the matrix elements from the second term in Eqn. (12) over the ground
state and perturbed wave functions. In contrast to the SD term calculations, the calculation of the FC-SD cross term requires only a very small
additional computational effort.
5.2.2.

Validation

on a Set

of Small

Molecules

The detailed study of the accuracy of the calculation of the different contributions as well as a number of applications of the approach to different
types of systems were presented in our papers [27,114]. Therefore, in this
section we will analyse only illustrative examples. We will consider the
quality of calculations of the most important FC contribution by the FPT
approach, the PSO term calculations using the SOS-DFPT approach, and
the DSO term calculations using numerical integration [78]; and compare
results for the spin-spin couplings between different nuclei with experimental data.
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It was shown in the previous paper [30] and will be discussed in the following section that the spin-density at a nucleus (the Fermi contact contribution to the hyperfine constant) other than hydrogen is very sensitive to the
type of exchange-correlation functional employed (as well as to the quality
of the basis set and the grid). It was found that the PP functional leads
to the best results, whereas VWN, BP or PW91 give poorer agreement
with experimental data and post-HF results. Since the FC contribution
to the nuclear spin-spin coupling constant has a quadratic dependency on
the spin-density at the nuclei (Eqns. (51-54)) one expects that it should
be even more sensitive to the type of exchange-correlation functional. This
turns out to be true.
Table 4.
Influence of the exchange-correlation functional, choice of the centre of
perturbation, basis set quality, grid for numerical integration and value of
perturbation parameter ~ on the Fermi contact contribution to JMN. All
values are in Hz. (X - C, N, O, F) (Taken from ref. [27])
Funct.
VWN
VWN
BP
BP
PW91
PW91
PP
PP
PP
PP
PP
PP
PP
PP
PP
PP

Cent.
H
X
H
X
H
X
H
X
X
X
H
H
H
H
H
X

Basis
III
III
III
III
III
III
III
III
III
III
III
III
II
JMN-2
III
III

Grid
F32
F32
F32
F32
F32
F32
F32
F32
F32
F32
F32
F32
F32
F32
E64
E64

Estimated values ~

~
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.001
0.0001
0.01
0.0001
0.01
0.001
0.001
0.001
0.001

cg4

HF
188.5
186.1
143.2
139.2
135.4
141.0
198.1
234.2
234.3
217.3
198.1
198.0
133.4
216.1
198.4
193.7

H20
-49.1
-48.9
-48.0
-47.7
-43.9
-48.7
-56.2
-61.0
-61.0
-57.5
-56.2
-56.2
-47.3
-57.2
-54.9
-54.3

NH3
32.3
32.2
35.1
35.0
31.3
35.4
36.9
33.8
33.5
34.8
36.9
37.1
34.4
36.5
38.0
37.7

95.3
95.2
112.3
112.1
95.2
115.8
122.0
136.3
136.2
135.2
121.7
121.9
120.9
118.0
119.6
119.4

343

-62.2

41.7

123.5

a: The estimated values for the Fermi contact term are obtained by
subtraction of other terms from the experimental values for JMN [13].
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In Table 4 the results of calculations of the FC contribution to heteronuclear spin-spin coupling constants for HF, H2, NH3 and CH4 molecules for
different types of exchange-correlation functional, basis sets, grid quality,
values of perturbation parameter A in the FPT approach and choices of
centre of the perturbation are presented. The most remarkable example in
this Table, and the worst from the point of view of the agreement obtained
with experimental data, is the HF molecule. As we will show later this
molecule is a typical example of the calculations of the one-bond coupling
of an F atom with C or H atoms.
In principle, (the case of the exact exchange-correlation functional and
exact numerical procedure) the results should not depend on which nucleus
we use as the origin of the FPT perturbation (which nucleus produces the
spin-density in the system) and which nucleus then interacts with this spindensity. However, in reality this is not true and the results for the FC term
depend significantly on the parameters of the calculations. For example,
for the HF molecule, the difference between the results with the centre at
the F and at the H atoms are - 2.4 Hz, 36.1 Hz, - 4.0 Hz and 5.6 Hz for
VWN, PP, BP and PW91 exchange-correlation functionals with the FINE
grid and with 32 radial points. As a rule, the local (VWN) potential is
less sensitive to the quality of the grid (this is not surprising). PP is the
most sensitive functional but yields better results (which is in accordance
with our previous experience with the EPR hyperfine tensor calculations
[30]). The difference decreases if a better grid is used. On the other hand,
the choice of the lighter nucleus (usually hydrogen) as the centre of the
perturbation in general leads to much better results, very close to those
obtained with an enlarged grid. Since such a choice allows one to avoid
the use of a big grid and thus to save computer time we use this variant
for the applications whenever possible.
We found that the FPT approach is not sensitive to the value of the
perturbation parameter A. A value of this parameter of 0.001 proved to be
suitable for all our spin-spin coupling calculations performed up to now.
For the HF molecule with the centre at H the difference between the results
obtained with ~ = 0.01 and ~ -- 0.0001 is only 0.1 Hz. The results with
the centre at the F nucleus are more sensitive to the A value but still
A = 0.001 seems to be a good choice. In fact, as we found for the HF
molecule, the result remains practically the same even for an extremely
small perturbation (A - 0.00000001).
As follows from our experience for shielding tensor and EPR hyperfine
tensor calculations the IGLO-III basis set [3] usually is good enough. This
is the case as well for the nuclear spin-spin coupling constant calculations.
The cMculations with a fully uncontracted IGLO-III basis set with additional polarization functions (basis set JMN-2) improve the results rather
insignificantly, though a few exceptions have been found.
The FC contribution strongly depends on the effects of electron correlation (467.3 Hz for RPA and 329.4 Hz for CCSDPPA [16] for the HF
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molecule) and one can expect that this contribution will be sensitive to
the proper description of the exchange-correlation effects in DFT as well.
Indeed, the dependency of the FC contribution on the type of exchangecorrelation functional (188.5 Hz for VWN, 143.2 Hz for BP, 135.4 Hz for
PW91 and 198.1 for PP; all for the HF molecule with the centre of perturbation at the hydrogen) is dramatic. Even the best results (198.1 Hz
for PP exchange-correlation functional) is far from the results of SOPPA
(338.3 Hz) and CCSDPPA (329.4 nz)[16]. Judging by the results presented visually on Fig. 3 we can conclude that a general tendency in DFT
calculations is to underestimate the FC contribution to the one-bond coupling between F and C or H nuclei. Similar tendencies were found for
one-bond spin-spin couplings of O or N nuclei with C or H [114]. However, all these calculated couplings (with F, O, and N) are simply shifted
with respect to experimental data (the slopes and correlation coefficients
for these graphs are near one). Since different model exchange-correlation
potentials usually yield similar but shifted dependencies of the FC contribution to spin-spin couplings on the geometrical parameters [114] (as well
as the dependencies of the ESR FC term [30]), this lends hope that the use
of a new exchange-correlation functional may push all the data to good
agreement with experimental data.
600

,~

X,

X=H

400

HF

200

X=C

0

CH3F
"~

-200

CH2F2
CF 4
CHF 3

-400

CF20
-600
-600

9

I

-400

'

I

-200

'

I

0

'

I

200

'

I

400

'

600

Experimental 1JF_X (Hz)
F i g u r e 3. Comparison between calculated ~JF-x ( X - H, C) and experimental data.
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Table 5.
All contributions to JMN in comparison with the results of HF and
post-HF approaches and experimental data for HF, CO, N2, and CH4
molecules. All values are in Hz. (Taken from ref. [27])

Mol.
1H19F

13C170

14N15 N

13CH4
JcH

13CH 4

JHH

Term
FC
PSO
DSO
SD
E
FC
PSO
DSO
SD
E
FC
PSO
DSO
SD
F~
FC
PSO
DSO
SD
E
FC
PSO
DSO
SD
E

RPA ~

SOPPA ~

467.3
119.3
-0.1
-12.4
654.1
-8.1
12.2
0.1
-9.3
-5.1
-7.7
0.5

338.3
195.7

CCSDPPA ~

329.4
195.7

-1.0
532.9
7.3
14.8

-0.6
524.4

-8.1
-15.3
155.6
1.4
0.3
-0.2
157.0
-27.6
3.6
-3.5
0.4
-27.1

-1.6
2.2
126.6
1.5

122.1
1.5

-0.0
128.3
-16.0
3.6

-0.0
123.9
-14.7
3.6

0.3
-15.7

0.3
-14.3

-4.0
18.2
0.5
3.3

MCLR b

DFT

EXP c

198.1
198.0
0.1

6.7
13.7
0.1
-4.3
16.1
-0.2
2.8
0.0
-1.9
0.8
123.5
1.5
0.3
0.0
125.3
-15.7
3.6
-3.5
0.4
-15.3

396.2
13.4
12.4
0.1

529•

25.9
2.0
2.7
0.0

16.4+0.1

4.7
122.0
1.7
0.3

1.8:t:0.6

123.9
-11.4
3.6
-3.4

125.0 d

-11.2

-12.564

a: ref. [8,9,11]; b: ref. [10,12]; c" ref. [8-12]; d: ref. [54].

The one-bond spin-spin coupling with the F nucleus is the worst case
which we have found up to now. In general, our experience is that the
results go from good to worse in the series H, C, N, O, and F and likely
depend on the number of lone pairs at the nucleus and therefore on the
ability of an exchange-correlation functional to describe spin-density
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Table 6.
JMN for organic compounds in comparison with experimental data. All
values are in Hz.
Molecule
Methane

H-C3
C1C2
C2C3

DFT
123.9
-11.3
250.8
49.0
185.9
9.5
70.8
153.9
-1.0
3.7
10.2
16.9
40.4
123.0
-2.8
-11.5
7.7
164.2
12.7
72.5
249.3
129.3
74.3
47.5

C2-H

120.4

119.4 ~

H-C (sp 2)
H- C - C- H
H-C-C-H
CC
HC
H-C-C
H-C-H
H-C-C-H cis
H-C-C-H t r a n s

224.1
1.3
-1.8
16.7
155.9
-1.5
-4.7
8.1

220 ~
1.0 d
(-) 1.8 d
12.4 d
161 ~
-2.6 d
-4.5 d
9.2 d

5.0

5.4 d

JMN

Acetylene

Ethylene

Ethane

Allene
Methylacetylene
3

2

1

2

Propene
3~
Propane

Cyclopropene

Cyclopropane

1
0

CH
HH
CH
C-C-H
CC
HH
CC
CH
C-C-H
HH g e m
HH cis
HH t r a n s
CC
CH
C-C-H
H-C-H g e m
H-C-C-H aver
H-C
C1-C3
C~-C3
H-C1

Exp a

125.0 ~
-12.564 b
248.7 ~
49.3 ~
171.5 a
9.5 ~
67.6 ~
156.4 ~
-2.4 ~
2.5 ~
11.6 ~
19.1 ~
34.6 ~
124.9 ~
-4.5 ~

8.0 ~
168.2 ~
11.8 ~
67.4 ~
248.0 ~
132.0 ~
70.0 d
41.9 d
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Table 6, continued
Molecule
Butadiene
4

2
1

DFT
55.6
77.6
0.4
10.0
157.0
149.9
3.0
16.9
8.9
9.2
27.6

Exp"
53.7 d
68.8 d
< ld
9.1 d
158 ~
152.7 ~
1.74 ~
17.05 ~
10.17 ~
10.04 ~
23.2 d

H-C
H-C
H-C
H-C
C-O-C
H-C
CC
C-C-C
C-C-C-C
C-H
C-C-H
C-C-C-H
C-C-C-C-H
H-C-C-H
H- C- C- C- H
H-C-C-C-C-H

168.4
143.0
143.4
139.4
-2.2
139.7
62.1
-1.4
10.0
165.4
1.5
7.7
-1.5
6.5
1.4
0.2
15.1
-1.8

172.0 ~
149.1 ~
150.0 ~
146.0 ~
-2.4 d
140.0 ~
56.0 ~
2.5 ~
10.0 ~
157.5"
1.0 ~
7.4 ~
-1.1 ~
7.5 ~
1.4 ~
0.7 ~
13.9 s
(-)2.9f

C,-H
C2-H
CT-H

171.7
156.3
155.4

JMN
C2-C3
C,-C2
C,-C3
C1-C4
CIH

aver

C2H
H-CI-H
H-CI=C2-H t r a n s
H - C , = C 2 - H cis
H-C2-C3-H
C1C2

Methylene
cyclopropane 2
:=cH2

Formaldehyde
M e t h y l fluoride
M e t h y l chloride
Nitromethane
d i m e t h y l ether
Benzene

Pyridine

C1-C4
C1-C3
C1-C2

3
IC4
5
N

59.3

a" ref.. [541; b: ref. [11]; c: ref. [115]; d: ref. [116]; e: ref. [112];
f: ref. [117].

54.2f
170~
163~
152 ~
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perturbations in such systems. Since FPT is (in the limit) an exact DFT
perturbation theory with respect to calculation of FC contributions to the
nuclear spin-spin coupling constant, the only way to improve the results
is to use a new exchange-correlation functional which will describe more
precisely the behaviour of the spin-density in such complex structures.
As it was mentioned above the second most important (after FC) contribution, PSO, was calculated using SOS-DFPT [28]. The results of these
calculations presented in Table 5 are in very good agreement with the results of post-HF approaches (SOPPA, CCSDPPA [8,9,11], MCLR [10,12]).
This is the best argument in favour of SOS-DFPT [28]. Since in using
SOS-DFPT [28] one has to perform an SCF calculation for the ground
state only once and then calculate the PSO term using a sum-over-states
approach (that is much faster than any (DFT or HF) coupled calculations)
it is not the most time-consuming part of the whole calculations.
The calculations of the DSO term is straightforward in DFT using numerical integration. It is interesting to note that our results for the DSO
term for the ethylene molecule (-3.88 Hz in 2J~H(gem),-1.02 Hz in 3JHH(cis),
-3.52 Hz in 3JHH(trans), 0.41 Hz in 1jcH,-0.67 Hz in 2JcH, and 0.08 Hz in
1jcc) are in remarkable agreement with the data obtained by Scuseria [113]
using CISD with a TZ+2p basis set (-3.83 Hz in 2JHH(gem), -1.03 Hz in
3JHH(cis), -3.50 Hz in 3JHH(trans), 0.43 Hz in 1jcH,-0.67 Hz in 2JcH, and
0.07 Hz in 1jcc). The data in Table 5 also show good agreement between
our results and post-HF results for the DSO term. The calculation of the
DSO contribution is clearly not a bottleneck of our approach. Our calculations confirm the conclusion [113] about the importance of the DSO
contribution to the nuclear spin-spin coupling constants.
The results of Joe, JCH, and JHH calculations for a set of organic molecules
are presented in Table 6. Our approach produces results which are more
or less uniformly in good agreement with experimental data for all the
molecules (presented in Table 6) and all the couplings (even through 2,
3, 4 and 5 bonds). In general, our approach leads to less accurate results
in comparison with the best post-Hartree-Fock ones, but has a distinct
advantage in the possibility to treat large molecules containing more than
50-60 atoms and more then 600-700 atomic orbitals. The general comparison between Joe, Jell, and JHH constants calculated with our approach for
molecules from Table 6 and experimental data is shown in Fig. 4 (for the
F32 grid).
As one can see from Fig. 4 the worst disagreement is for the Joe constant in the acetylene molecule (185. 9 (184.3) Hz in our calculations with
basis set IGLO-III and the F32 (F64) grid versus 171.5 Hz in experiment
[54]). However, the use of enlarged basis set JMN-2 (177.4 (177.6) Hz for
F32 (F64) grid) improves the agreement significantly. In general for big
molecules the calculations with JMN-2 basis sets are impractical and the
basis set IGLO-III seems to be a reasonable compromise.
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Figure 4. Comparison between calculated Jet, Jell, and JnH coupling
constants and experimental data for molecules listed in Table 6.
Remarkably, even the presence of N, O, or F atoms in the molecules under study does not worsen significantly the agreement between our results
for hydrogen-hydrogen, carbon-hydrogen and carbon-carbon couplings and
experimental data.

5.3. N M R Shielding Constants and Nuclear Spin-Spin Coupling
Constants for a Model Dipeptide
Despite the extremely wide use of multi-dimensional NMR techniques
for conformational studies of biological macromolecules, at present, only a
small part of the information contained in the NMR spectrum can be used
for structure determination [118,119]. The reason is that there are no wellestablished correlations between NMR chemical shifts and the structural
parameters [118] and only a few useful correlations besides Karplus relations [120,121] for nuclear spin-spin coupling constants. As a consequence,
a great deal of important information about the system is not available
without turning to quantum chemical approaches for the theoretical interpretation.
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Though the field of quantum chemical calculations of NMR chemical
shifts has a long history (see for example [3,4] and cited therein), only recently have ab initio calculations become available for real models of such
system with adequate precision [28,53,122-124]. However, we are not aware
of any study of biologically relevant systems using post-HF approaches.
The situation is much worse with nuclear spin-spin coupling constant calculations. Since the proper description of electron correlation is of great
importance for the calculations of spin-spin coupling constants and the
use of post-HF approaches for these calculations leads to a very timeconsuming procedure such calculations are still very rare and usually deal
with the simplest molecules only [107,108]. On the other hand simple
HF calculations of the spin-spin coupling constants of large molecules give
poor agreement with experimental data and additional empirical scaling,
different for different types of coupling, have to be applied [112].
Therefore the most promising approach seems to be our DFT-based
method which includes the effects of electron correlation in a very efficient way and therefore provides the possibility of obtaining very reliable
results with minimal computational effort. As was discussed in the previous subsection, our approach leads to good agreement of calculated C-C,
H-C, and H-H spin-spin coupling constant with experimental data even if
the molecule under study contains such "difficult" elements as N, O, or F.
This gives a great possibility to perform high-quality calculations of all the
parameters of the NMR spectrum for a real organic or biological molecule
(or a model which may include 5t3-60 or more atoms without symmetry
constrains) using the quantum chemical code d e M o n [78]. In the present
Chapter, as a demonstration of the possibilities of the method, we present
some results from a methodological study of some H-H and C-H nuclear
spin-spin coupling constant and chemical shift dependencies on the torsion angles r and r for a model dipeptide. More complete results will be
published as a separate paper [124].
The model dipeptide and the numbering of the atoms are shown on Fig. 5.
The dihedral angles N2-C3-C2-NI and C3-C2-NI-CI are denoted as r and r
respectively. In the starting structure the backbone atoms C4, N2, Ca, C2,
NI, C1, and C5, were placed in the same plane, which corresponds to r =
r - 180 ~ In order to study the dependencies of the NMR parameters on
the torsion angles, first the angle r was varied from 180 ~ to 75 ~ (so that
atom 02 was moving down "under" the plane of Fig. 5) with a step of
15 ~ and keeping all other geometrical parameters of the structures frozen.
Then, independently, starting again from the "planar" structure, the angle
r was changed from 180 ~ to 90 ~ (atom HI was moving up "over" the plane
of Fig. 5) also with a step of 15 ~ and all other geometrical parameters
frozen. In each of the conformations so obtained the chemical shifts on
all the nuclei and the spin-spin couplings of H2 with all other nuclei were
calculated.
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F i g u r e 5. A model dipeptide.
The most commonly used NMR parameter in conformational studies is
the three-bond coupling constant 3JNM in the fragment N-A-B-M (see ref.
[119] and refs. cited therein). The connection between three-bond coupling
constant (vicinal coupling) and the dihedral angle N-A-B-M are expressed
in the well known Karplus type [120,121] relations
-

B cos(~ + C

(59)

3JNM -- A cos2(~ -

B cos(~ + C

(60)

3JNM --" A cos2r

where + is the dihedral angle and the parameters A, B and C depend both
on the nature of the four atoms in the fragment and on the rest of the
molecule. Therefore, there are different sets of "best" parameters for different classes of molecules and different types of coupling pairs of atoms.
Karplus type relations are widely used in the conformational analyses of
organic and biological systems. On the other hand in reality three-bond
couplings (as well as other NMR parameters) depend not only on the dihedral angle r but also on all other geometrical parameters. Use can also be
made of other types of couplings though their correlations with the geometrical parameters are not so well established. Only direct state-of-the-art
quantum-chemical calculations can produce such insight into geometrical
structure v e r s u s NMR parameter dependencies.
On Figs. 6, 7 the results for the three-bond 3JH2_H1 and 3JH2_C1 coupling
constants as functions of the dihedral angle r are shown together with the
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Karplus type relations. We note that the dihedral angle + in Eqn. (59)
is not equal to the angle r
can be easily determined. For the Karplus
type relations Eqn. (59) with the parameters A, B, and C equal to 9.4, 1.1,
and 0.4 for H-C-N-H coupling (3JH2_~1) and 7.4, 4.4, and-0.8 for H-C-N-C
coupling (3JH2_C~) [119] are used. These parameters should be corrected
for each reM molecular fragment [119]. Therefore it is perhaps somewhat
surprising that the Karplus relations and quantum chemical calculations
for a model dipeptide have such a similar form. However, we would like
to point out that in the real structures the three-bond coupling constants
(as well as other) depend on both the dihedral angle and other structural
parameters. Therefore more complicated correlations which include such
dependencies should be used and these correlations could be extracted
from quantum chemical calculations using our approach for a specific type
of molecular fragment.
On Figs. 8, 9 are presented the results for the 2JH2_H3 geminal coupling
constants as a function of the dihedral angles r and r respectively. There
are very significant changes in the values (especially in the case of the
change of the dihedral angle r though the fragment H2-C2-H3 was kept
frozen. Clearly such strong correlations as presented on Fig. 8 could be
used for structure determination.
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We return now to the results of chemical shift calculations for N2 as
a function of r which is presented on Fig. 10. The chemical shift on
the N2 atom depends strongly on the torsion angle r The range of the
changes is about 12 ppm. However, even the rotation of the far fragment
connected with the change of the torsion angles r affects the chemical shift
on N2 rather significantly (about 4 ppm). The strong dependency of the
chemical shift on the N2 atom on the torsion angle r gives a good possibility
to use this dependency for structure determination as well. However, as
follows from our experience [53,125], the chemical shift on a nucleus in such
molecules strongly depends on the bond lengths as well. Nevertheless, it
is still possible to extract a nice correlation between chemical shift on a
nucleus and a few local geometrical parameters [125] from such quantum
chemical calculations. Of course, important hydrogen bonds have to be
included into consideration as well [53,123].
The results of the chemical shift and the nuclear spin-spin coupling constant calculations of the model dipeptide using our DFT-based approach
as well as our study of the influence of the hydrogen bonds on the chemical
shifts in the glycine crystal [123] and the gramicidin channel [53] clearly
demonstrate the possibilities of the method. The use of simple correlations which could be developed on the basis of the calculations using the
DFT-based approach in combination with molecular dynamic simulations
gives a unique opportunity to improve significantly the level of theoretical
simulation of NMR spectra of biological or organic structures.
6. E S R P A R A M E T E R S
6.1.

Theory of ESR Hyperfine Tensor Calculations

There are many sources that contribute to an ESR spectrum. Apart from
the applied external field, local magnetic fields are also created within the
sample by other unpaired electrons in the molecule or the surroundings, or
from magnetic nuclei in the molecule/ion. There may also be contributions
to the hf structure arising from the orbital angular momentum of the electron, which will influence the electronic g-value. In the present calculations,
the g-value of the free electron, g = 2.0023, is assumed throughout.
The most important interactions between the unpaired electron and the
magnetic nuclei can be of two kinds; dipole-dipole (anisotropic) interactions, that depend on the molecular orientation with respect to the external field, and Fermi contact or isotropic interactions (spherically symmetric). The latter are purely quantum mechanical, and arise when there
is a non-zero probability of finding the electron at a particular magnetic
nucleus. Hence, the interaction (coupling) will in principle be larger the
more 8-character there is in the singly occupied molecular orbital on the
particular atom (N).
Usually, only diamagnetic contributions to the hyperfine tensor TN associated with the operator ~N~.'~ in Eqn. (12) are taken into account. The
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corresponding hyperfine Hamiltonian may be written in the following form
H h1 = S~" TN~ ~ 9IN~ = A,~oN(S~" I N , , ) - S~. T'Nuv 9IN~
N

'

(61)

"

Here we have separated the isotropic and magnetic dipolar parts; hence
TN~ denotes the part of the hyperfine tensor containing the anisotropic
components. The hyperfine tensor TN~, is related to the reduced hyperfine
tensor AN~, in Eqn. (1) by
(62)

TN~ = g fl gN fin AN.~

The Fermi contact term arises from coupling between the magnetic moments of the electron (i) and the nuclei through a contact interaction.
Introducing the normalized spin density, < & >-~ E,,~ P,%-~, the following
expression is obtained for the isotropic coupling constant:
-1<

4=

i

- 4r
3 C < S~ > - I ~ P , ~ ~ - Z < Cu(rm)16(rm)lr

_

>.

(63)

where C = g~gNflN. In radicals with only one unpaired electron, S~ = 1/2,
and thus < S~ >-~= 2. The Dirac 5-function ensures that the integral is
evaluated at the nuclei only.
The dipole-dipole interaction terms, on the other hand, are obtained
through the magnetic coupling between the nuclei and the electrons. The
classical expression for the energy of interacting dipoles is
Ed,p = fisfiNr3

(64)

3 (fis " ~')r5(fiN" ~') .

We can thus write the dipolar interaction Hamiltonian as
Hdip,N -

- C

r

N,

f)- 3

f)

.

(65)

As shown above, the anisotropic components are given by the modified
hyperfine tensor Two. which has the form
,
1
-1
~-p
TN~ ~ = -~ C < S~ > ~-~ P,~ < r
#,u

I (r~,5~.

-

3rmrm.)lr
_~

)>

.

(66)

rNi

The hyperfine properties can thus be computed once the unpaired ground
state spin density matrix P"-Z is obtained. In solution, where the anisotropic terms are averaged due to molecular tumbling, only isotropic couplings
are detectable, and their values are given by the relation A~o = (1/3)tr{T}.
In a solid, however, the anisotropic effects are observable. It should be
noted that although the calculation of the isotropic hf couplings require
the spin-density to be evaluated at the position of the nucleus only, the
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value of A~.o is highly dependent on the distribution of unpaired spin in the
entire molecule. Experimentally, only the absolute values of the hyperfine
coupling constants are obtained.
In systems with axial symmetry, usually diatomic radicals, we may also
make use of the relation Ad~p = ~Tzz. The z-axis is here chosen as the
molecular axis. For the components of the total hf tensor that are parallel
with and perpendicular to the bond, respectively,
All = Ai~o + 2Adip = Ai~o + T~,

(67)

and
1

A• = A,~o + -~(T~ + Tyy).

(68)

Recently, we have incorporated the calculations of both isotropic and anisotropic hf couplings in the program d e M o n [78], thus providing a very
powerful tool for the analysis of radicals [2,29,30]. Work done thus far
involves first row atoms [47], neutral and positively charged hydrocarbon
radicals [2,29], and miscellaneous "heteroatom" containing charged and
neutral radicals [30,31,48,49]. Studies involving the inclusion of matrix
effects have recently been performed [126], and work on the extension of
placing radicals on surfaces is presently under way.
6.2. The Hyperfine Structures of Molecules
A b i n i t i o quantum chemical studies of hyperfine structures (hfs) were
initiated some 25 years ago, with the pioneering work of Meyer and others
[127]. However, results from the early Hartee-Fock-based methods deviated
considerably from experimentally determined hf parameters. It was not
until the configuration interaction (CI) techniques were fully developed for
hfs calculations, that theoretical predictions of high accuracy were possible
for atomic and molecular radicals [20]. This is mainly associated with the
importance of electron correlation and with the development of new and far
larger basis sets. In later years, hfs calculations have also been carried out
with great success using various levels of multiconfiguration SCF (MCSCF)
[21], multireference CI (MRCI) [22] and coupled cluster (CC) theory [23].
In parallel with the vast development of computational schemes and computers over the past decades there has also been a substantial increase in
sophistication of the experimental techniques used for studying short-lived
radical compounds. Being able to, e.g., perform matrix isolation electron
spin resonance (ESR) measurements at temperatures down to 4 K has resulted in a tremendous increase in resolution of the hf spectra and, thus,
far more accurate determinations of the hyperfine parameters [128,129].
Other important experimental techniques for studying radical compounds,
besides ESR (or EPR), are laser magnetic resonance (LMR) and microwave
(MW) spectroscopy. By'comparing computed and experimental hfs, and
extracting additional information from the theoretical model in best agreement with experiment, many fundamental questions regarding the structures and reactivity of these compounds have thus been resolved.
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One important factor for the hyperfine structures, and in particular the
isotropic couplings, is the high sensitivity towards changes in the geometry. This fact, combined with the frequently encountered high reactivity of
this class of compounds, implies that theoretical hfs calculations can also
be used as a very important tool for geometry determination. Different
aspects of this will be shown more explicitly in the following subsection.
Certainly, the influence of the surrounding media should not be neglected
in this context. In matrix isolation experiments, where the radical is embedded in an amorphous solid or an ionic crystal, both steric and electronic
effects may be important. In gas phase LMR spectroscopy, the temperatures are generally so elevated that vibrational/rotational factors instead
must be included. At the low temperatures possible in ESR spectroscopy,
such effects can to a large extent be removed. Detailed theoretical studies
in which vibrational effects are incorporated have been reported by, e.g.,
Chipman [20, f], Barone et al [24,130], Carmichael [131] and Overill [132].
The inclusion of matrix effects involves far larger systems than are normally considered in this type of study. An example would be to place
the C3H+ radical in a surrounding of CFC13 molecules, and compare the
results to those when Ne or SF6 are used as the matrix. This type of
study could then reveal why the propane cation radical attains different
electronic ground states (with significantly different hf spectra), depending
on the matrix [133,134]. Such investigations would, however, put very high
demands on computational speed and memory requirements, using any of
the conventional correlated ab initio (post-HF) methods described above.
As the systems increase in size, the need for alternative methods becomes
obvious. In DFT, hfs calculations have been performed for a few decades
[42-46]. Most of the DFT studies of hyperfine parameters have so far dealt
with metals or metal-containing complexes and were generally performed
within the local density approximation (LDA) using the Xa technique.
During the last years, however, much effort has been devoted to applying DFT also to small organic (and related) molecules, and to use linear
combinations of gaussian-type orbitals (LCGTO) for the generation of the
density [135].
As previously pointed out, isolated atoms pose a particularly difficult
problem in quantum chemistry - DFT calculations of hyperfine structures
being no exception [47]. For molecules, however, we will find a significantly
decreased dependency on auxiliary and orbital basis sets of the hf structures, although the choice of functional is still very important. This dependency is particularly strong for atoms other than hydrogen. As has been
documented in detailed investigations of various neutral and charged hydrocarbon radicals [2], n20 + [30], NH + [47] and the series of XY2 molecules,
where X=N,P; Y=H,F,C1 [47,49], it seems that the "PP" gradient corrected
exchange-correlation functional [67,68] yields a description of the unpaired
spin density leading to highly accurate hf structures. Similar observations
have also been made in studies of e.g., transition metal clusters [136,137]
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and hydrogen bonding ([S0, b] and [78,138]). According to Ziegler et al,
the success of the gradient-corrected functionals is related to the removal
of density from the outer-core and valence regions, and an enhancement of
the density in the inner-core region [139].
The success of the PP functional in calculating geometries and highly
accurate hyperfine structures has also been shown by Barone et al, in their
investigation of fluorinated vinyl radicals [31, a]. Other LCAO-DFT studies
of hyperfine structures involve LDA (Xa) calculations on the VN system
by Mattar and Doleman [31, b]. There, a deviation from experiment is
clearly shown, which most likely can be cured by the gradient corrections.
To illustrate the difference between the functionals used in the present
work, we show in Table 7 the hf structures of OH and CN, computed
at the VWN, BP and PP levels of theory. For both systems we use the
experimental bond lengths Roll=0.970 /~ and RcN=l.174 /~ [140]. The
anisotropic components T,,y,~ are found to be highly consistent with experiment, and virtually independent of the choice of V=. For the isotropic
couplings, though, a larger dependency is observed. Hence, in the Table
there is a deviation also in the values of Ajl and A• This effect is particularly strong in hydrogen-containing species, whereas in CN only minor
modifications can be noted as we change from VWN to BP to PP. For the
latter functional, the overall agreement is most satisfactory. The same observation has been made also in the case of the above-mentioned systems
[2,30,47,49], i.e., that the difference between the functionals for the heavy
atoms is particularly strong in hydrogen-containing systems. Part of the
problem thus seems to be related to systems where there is a large difference in shell structure, nuclear charge and/or size between the component
atoms. However, further systematic studies are needed before a definite
conclusion can be drawn.
In Table 8, a sample of results from previous hfs calculations using the
PP functional are presented [2,30,47-49], along with some recent results.
Of the many hydrocarbons investigated thus far we include results obtained
for the C3 species C3H5 (allyl radical) [2], c-C3H6+ (cyclopropane cation) and
C3H+, (propane cation). In Section 6.3, the hfs of the methane cation is also
discussed in great detail. In the Table, we also include results for H20 +,
H2CO +, HCN-, FCN-, [30] NO2 [30,48] and NH2 [47,49]. The systems also
included in ref [30], but not discussed in the present review, are FCI-, Cl~,
HCO and FCO.
Previous CIS and MCSCF studies of the hfs of the allyl radical [141,142]
show a good agreement with experiment, although the MCSCF+CIS calculations by Fessenden et al [141] overestimate the isotropic couplings of
the terminal hydrogens by approximately 6 G. In Table 8, H' (H") denote
the terminal hydrogens aligned cis (traus) to the central hydrogen H. Optimizing the structure at the PP/IGLO-III level, the C-C bonds are found
to be slightly shorter than experiment [2]. The hfs is, however, in excellent
agreement with experiment as well as the previous CIS data [141,142].
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Table 7.
Isotropic and anisotropic hf couplings constants (in Gauss) of the OH and
CN radicals. All calculations are done with the (5,2;5,2)/IGLO-III basis
sets ((5,1;5,1) for hydrogen), and the experimental bond lengths
Roll=0.970/~ and RcN=1.172/~[140].
Mol.

Functional

Atom

A~o

A~p

All

A•

OH

VWN

O

H

-0.95
-21.36

25.45
16.13

49.95
10.88

-26.40
-37.48

BP

O
H

-2.53
-23.42

25.90
15.83

49.27
8.25

-28.43
-36.76

PP

O
H

-17.02
-20.84

26.13
15.68

35.23
10.52

-43.15
-36.52

(MCSCF)~

O
H

-15.1
-24.5

(UCCD(ST)) b

(EXP)~

CN

O

-17.5

H

-24.6

O -18.3 - -30.2
H -22.8--26.2

N

189.54
-2.30

20.43
7.31

230.40
12.31

169.11
-9.61

BP

C
N

198.16
-4.72

20.81
7.46

239.77
10.19

177.36
-12.17

PP

C
N

201.19
-3.08

21.03
7.35

243.26
11.61

180.15
-10.42

(EXP) d

C

210.0
(-)4.5

16.1
5.5

242.1
6.5

194.0
-10.0

VWN

C

N

a:

-44.6 - -44.9
3.4- 3.6 -27.0--28.6

ref. [143]; b: ref. [20, h]; c: ref. [144-146]; d: ref. [144,147].
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Table 8.
The hyperfine structures of a set of neutral and charged radicals, as
calculated at the PP/IGLO-III level. All geometries are optimized at the
corresponding level.
Molecule

Atom

Call5

C

T~
-7.9
-17.8
-1.8
-8.8
-7.6

Ty
2.9
-17.2
-0.1
0.0
-0.5

T~
5.0
35.0
1.9
8.8
8.1

Ref
[2]

C' (2)
H
H' (2)
H" (2)

A~,o
-14.8
20.0
3.1
-13.0
-12.4

(MCSCF+CIS)

C
C' (2)
H
H'(2)
H" (2)

-23.7
21.8
5.5
-20.5
-19.8

-10.5
-17.1
-1.4
-8.4
-7.3

4.6
-17.0
-1.4
-0.7
-1.0

5.9
34.1
2.8
9.1
8.4

[141]

(CIS)

C
C' (2)
H
H' (2)
H" (2)

-19.2
17.3
2.0
-14.5
-13.7

[142], see
also [20, el

(EXP)

C
C' (2)
H
H' (2)
H" (2)

-17.2
21.9
4.2
-14.8
-13.9

[141]

c-C3H +

C
C' (2)
H (2)
H' )(4

-9.1
26.4
24.1
-11.9

(CISD)

H'
H (}4))

1_9.47.2

(UHFAA)

H (2)
H' (4)

15.5
-7.9

-1.7
-8.6

0.3
-0.9

1.4
9.5

[149]

(EXP)

H (2)
H' (4)

24
-11

-2.6
-6.4

-1.2
-0.7

3.8
7.2

[1501

-3.8
-16.4
-1.9
-7.9

-2.5
-15.5
-0.8
-0.3

6.3
31.9
2.7
8.2

This work

[148]
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Table 8, continued
Molecule Atom
C3H8 +

C

c' (2)
H (2)
H' (2)

H" (4)
(CISD)

H (2)
H'
H"

Aiso

TX

Ty

TZ

Ref

-1.6
14.6
-6.4
113.3
-5.5

-11.3
-11.4
-5.5
-6.2
-5.7

-11.2
-11.1
-0.9
-4.1
-1.2

22.5
22.5
6.5
10.2
7.0

This work

-7.1
88.6
-5.8

[133]

98

[134]

(EXP)

H' (2)

H20 +

H (2)
O

-22.2
-8.2
-24.1 -110.5

30.7
54.5

-22.5
56.0

[3o]

(CISD)

H (2)

-8.6
-23.8
-20.6 -103.2

32.5
51.0

-23.9
52.2

[20, a]

O
(EXP)

H (2)
0

H2CO +

H (2)
C
0

(CISD)

H (2)

(EXP)

H (2)

C
0
C

[151]

-26.1
-29.7
6.3
6.0
43.9

133.3
-31.8
-12.6

-3.5
-7.8
-81.1

-2.8
1.8
37.2

86.2 (117.9)
-24.7
-12.6

-3.7
-5.9
-94.0

-2.2
2.9
43.7

132.7
-38.8

-3.3
-5.1

(1.8)

(1.6)

1.5

3.7

[3o]

(-)5.9 [20, a] ([20, c])
3.0
50.3
[1521
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Table 8, continued

TX

T~

TZ

Ref

118.3
111.7
4.5

-2.3
-5.5
-7.1

-1.2
14.9
14.4

3.5
-9.7
-7.1

[3o]

H
C
N

137.2
75.4
7.1

-5.0
-6.1
-7.1

0.0
16.1
13.9

5.0
-10.0
-7.1

[144]

FCN-

F
C
N

450.5
254.7
4.0

-182.4
-13.6
-3.9

-181.8
-8.2
-5.7

364.2
21.9
9.6

[30]

(EXP)

F
C
N

486.4
231.1
6.4

-152.1
-13.1
-4.6

-134.3
-7.3
-5.3

286.1
20.5
9.7

[144]

NH2

N
H (2)

9.8
-18.0

-16.1
-19.3

-15.7
-2.6

31.8
21.8

[47,491

(UHF)

N
H (2)

15.0
-36.3

-12.8
-21.6

-11.4
-1.8

25.0
30.9

[153]

N
H (2)

8.6
-22.6

-15.3
-19.4

-15.1
-2.6

30.4
22.0

[154]

(EXP)

N
H (2)

10.0
-24.0

-15.9
-19.8

-15.4
-1.9

31.3
23.5

[1551

NO2

N
O (2)

58.4
-20.5

-6.3
19.5

-6.8
18.5

13.1
-37.9

[3o,4s1

(CISD)

N
0 (2)

50.2
-12.0

-8.1
17.3

-8.8
16.4

16.7
-33.7

[4s]

(EXP)

N
0 (2)

54.7
-16.8 - -21.8

-5.4
21.0

-7.8
16.8

13.3
-37.9

[156]

Molecule

Atom

HCN-

H
C
N

(EXP)

(MRSDCI)

Ai,o
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Using the experimental geometry [157], deviations in hfs of less than 0.5 G
were observed, relative to those obtained using the PP optimized structure. Of the neutral hydrocarbons, CH3, C(CH3)3 and C5H7 have also been
investigated using the present DFT-ESR method [2]. The results thus obtained were also unanimously in agreement with experiment and previous
theoretical data.
The cyclopropane molecule is known to undergo a J ahn-Teller distortion
when ionized. From the highly symmetric D3h form of the neutral parent
molecule, a structure of C2. symmetry is obtained in which the basal C'-C'
bond is elongated to Re,c, ~- 1.8 - 1.9/~, whereby the apical C'CC' bond
angle opens up from 60~ to 75 - 80~ We will thus have two groups of
hydrogens (and carbons) with different hfs; the two apical hydrogens and
the four basal ones (one vs. two for the carbon atoms). Unfortunately, no
experimental data is available for the carbons, although this would reveal
a unique hfs and thus geometry of the carbon skeleton, provided no vibrational averaging is present in the system. From Table 8 we see that the
present PP calculations of the hydrogen couplings are in excellent agreement with experiment. For other cyclic alkane cations, work is presently
in progress for the whole series up to C6H1+2. In the case of the cyclobutane
cation we have, however, already been able to correctly obtain a "folded"
non-planar geometry with a hf pattern in very close agreement with experiment [2,150].
Of the alkane and alkene radical cations, the sequences CH + - C4H+o and
C2H+ - C4H+ have been investigated thus far [2,29], giving geometries and
hfs agreeing well with previous MP2 structures and CISD/experimental
hfs data. For the alkene cations, much effort has been devoted to revealing
whether a torsional angle is introduced about the weakened C=C bond or
not. Through comparisons with experimental hfs data, the CISD studies
seem to support non-planar structures. However, virtually no ab initio geometry optimization techniques are able to generate such geometries [20, i].
In the DFT studies conducted thus far (BP/DZP optimizations [158] and
VWN or PP hfs calculations [2,29]), the general trend observed by comparing the hfs of non-planar v8 planar geometries leads instead towards more
planar geometries. It cannot be entirely ruled out, however, that steric
interactions with the halocarbon matrices used in the ESR experiments
may play an important role in this case.
In the propane radical cation, C3H+, it was found experimentally [134]
that depending on choice of matrix substance, a significantly altered hydrogen hf pattern was observed. In a SF6 matrix, two large couplings of
98 G were detected, corresponding to the two in-plane hydrogens of the
methyl groups, having elongated CH bonds and lying in trans positions
with respect to the carbon skeleton (H' in Table 8). Changing the matrix
substance to a CFC compound the pattern changed to two couplings with
A~o - 105+5 G and four couplings with A~o - 52 G [134]. In a detailed
CISD study by Lunell et al [133], it was shown that these correspond to
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different ground states, the one observed in SF6 being the electronic ground
state (2B2). The latter form corresponds instead to an excited state (2B~),
in which the hfs is moved from the two in-plane hydrogens to those bonded
to the central carbon (H) and the four out-of-plane methyl group protons
(H"). The possibility of the latter being a vibrationally averaged structure
between two C~ conformers was also left open [133].
In Table 8, the data (PP and CISD) for the 2B2 ground state is shown,
together with the experimental data from the SF~ matrix. The agreement is
very satisfactory. The PP/IGLO-III optimized structure has Rcc,=1.586,
/C'CC'=89.7 ~ RC,H,=l.128 and/H'C'C=93.0 ~ which is in good agreement
with previous BP/DZP [158], VWN/IGLO-III [2] and MP2 [133] data.
Studies in which the cation is placed in a surrounding matrix are currently
being planned.
The water cation was one of the first systems where the strong dependency of the isotropic hfs on the functional form was investigated [30],
and where the success of the PP functional in predicting accurate isotropic
hf couplings was clearly illustrated. Interestingly enough, the anisotropic
couplings are, however, equally well described with all functionals. The
dependency of A~o and T=,~,~ on the choice of auxiliary and orbital basis
sets was also investigated in great detail, and was found to be very small,
given a sufficiently loose contraction of the orbital basis [30]. Standard contractions of the "DZP" or "TZP" type were found to be insufficient for the
description of the isotropic oxygen couplings. In the study by Barone et al
mentioned above, this dependency was found to be less strong, although
still of significant importance for ~gF in fluorovinyl radicals [31, a]. The
hfs of H20 + agrees very well at the PP/IGLO-III level with the previous
CISD studies by Feller and Davidson [20, a], and with low temperature Ne
matrix isolation experiments [151].
Replacing the oxygen atom in the water cation with a CO group, the hf
couplings of the two hydrogens change dramatically. In the CISD studies
of H~CO +, reported by Feller and Davidson [20, a], the agreement with experiment is good although not perfect. This seems, however, to be related
to an insufficient accuracy of the geometry, since PP/IGLO-III calculations
using the same geometry, yield very similar hfs [30]. Re-optimizing the geometry at the PP/IGLO-III level, the elongated CH bonds (by _~ 0.03/~),
shortened CO bond and 3~ increase in HCO angles thus obtained yielded
a hf structure in excellent agreement with experiment (c/. Table 8). The
A~o(~70) value was, however, fairly unaltered by the process, indicating
that most of the unpaired spin density is located in one of the oxygen lone
pair orbitals, hence being less influenced by structural modifications in
the CH~ fragment. This agrees with the analysis conducted by Feller and
Davidson [20, a], that the majority of the positive charge is localized on
the hydrogen atoms of the 2B2 ground state, whereas the unpaired electron
resides on the oxygen atom.
For the two anionic systems considered here, HCN- and FCN-, some in-
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teresting similarities and differences can be observed. For both molecules,
the same trends are found with respect to the isotropic parts, namely
that we underestimate the H, F and (slightly) N couplings and overestimate the carbon coupling. This indicates that the bond lengths to the
hydrogen and fluorine atoms are somewhat overestimated. In HCN-, the
anisotropic couplings for all atoms agree very well with experimental data
[144]. For FCN-, the FC bond is significantly elongated (~_ 1.7 .&), and
the anion is more to be regarded as an interacting F--CN. moiety. Similar
anion-radical complexes have also been observed in the case of nitrogen
oxide anions [159]. For the fluorine atom the theoretical and experimental
anisotropic data shows some disagreement. Both the carbon and nitrogen
couplings agree very well with experiment. Being able to better describe
the weak interaction between F and CN, possibly also including the surrounding matrix, might resolve this slight deviation. It should be noted
that in the experimental studies of these two anionic systems, a highly polar
crystalline matrix (KCI(s)) was used, which might influence electronically
the electron distribution in the radicals [144].
The final two systems to be considered in the present section are the
neutral compounds amidogen (NH2) and nitrogen dioxide (NO2). Both
systems are bent and have C2. symmetry. The former has been studied in
great detM1 in, e.g., large MRCI studies, whereas for NO2 relatively few
theoretical studies with respect to the hfs are available. The DFT studies
of NH2 were conducted as part of the sequence NH2, NF2, NC12, PH2, PF2
and PC12 [49], and as an illustration of the difference in behaviour of atoms
and molecules with respect to basis sets, V=~ and grid sizes [47]. For NH2,
we reproduce very well the 14N isotropic coupling and all anisotropic data,
whereas for A~,o(H) we are off by a few G. There is a satisfactory agreement
with the MRSDCI calculations by Funken et al [154]. For the remaining
sequence of the series of ref [49], a good agreement was found throughout,
although the larger systems show a somewhat greater deviation from experiment than NH2: For the largest couplings (100-200 G), deviations up to
15 G were observed, and can possibly be related to insufficient geometries.
In NO2, investigated as part of the NO= series (x=l-3) [30,48], the
PP/IGLO-III optimizations lead to an increase of the NO bonds by 0.02 _~
relative to experiment [160]. This was, however, found to have no major
effect on the hfs [30]. The DFT computed hf structure agrees very well
with experiment, whereas the CISD calculations also reported in ref [48]
yield a too poor description of the A~,o(170) couplings.
6.3.

Hyperfine Structure Calculations for Geometry
Determination

In this section, two examples will be given of how experimentally determined hfs can be used along with hfs calculations to determine a) which
isomer is observed out of several possibilities, and b) the correct geometries
in cases where the geometry optimization calculations are not definitive.

325

In the first case, we will examine the hfs of the four isomers on the H~CN
potential energy surface (PES) as well as the six different (HO)CNH' and
(HO)H'CN conformers. The latter case deals with the very weakly bonded
difluoride anion, F;, where DFT predicts a 0.2/~ more elongated FF bond
than does, e.g., MRSDCI.
In Table 9 we list the hf structures and relative energies (kcal/mol) of the
H:CN isomers, as obtained from PP optimizations using the (5,2;5,2) auxiliary and IGLO-III orbital basis sets ((5,1;5,1) for hydrogen). As seen, the
H2CN conformer lies far lower in energy than the other three; and is quite
naturally the globM minimum on the PES. The relative energy differences
agree reasonably well with results from POL-CI and GVB-CI calculations
[161], and very well with data from MP2/D95** optimizations. The main
difference between the various results is that the two CI approaches predict
H2CN to be more stable than the others do. We should in this context bear
in mind, though, that truncated CI expansions are not optimally suited for
energetic comparisons between different structures/conformers, mainly due
to the different numbers of configurations generally selected in the CI procedure. The barriers connecting the different minima are all in the range
of 10 - 20 kcal/mol, and hence all isomers can in principle be isolated in a
low temperature matrix experiment. It should also be noted that there are
slight differences in geometries between the GVB-CI, POL-CI and ROHF
studies on the one hand, and DFT, MPPT and RHF+CI on the other
[161-164].
Comparing the hf parameters with those obtained experimentally, we
first of M1 see notable differences between the four isomers. The largest variation is for 13C, with a dramatic increase in isotropic coupling in
cis-HCNH'. Also the anisotropic components vary considerably. The atoms
varying the least are the two hydrogens, despite the very different chemical
environment in the four cases. This reflects the fact that the unpaired electron is mainly localized on lone pair sp 2 hybrid orbitals on either C or N.
Performing a proton ESR measurement alone might thus not be sufficient
to determine exactly which form is present in the sample. If we include
in our analysis also the isotropic couplings on C and N, the two HCNH'
forms can definitely be ruled out as responsible for the spectrum, and by
comparing finally the anisotropic data available on the nitrogen atom, it is
concluded that the observed species is in fact H2CN.
The agreement between our DFT results and previous CISD studies by
Feller and Davidson [20, a], as well as the anisotropic data from the CIS
study by McManus et al [164], are striking. The isotropic hydrogen couplings from the CIS/[421/21] calculations [164] are, however, in better
uniformity with our results for the CNH~ conformer. The agreement with
experimental hfs has previously been shown to be very satisfactory using
the CIS approach [20, e, f] [143,141,142], and we are hence compelled to believe that the discrepancy between the CIS determined isotropic couplings
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Table 9.
DFT computed hf parameters (in Gauss) and relative energies (kcal/mol)
of the neutral radicals H2CN, cis-HCNH, trans-HCNH and CNH2. All
calculations are done using the PP potential and the (5,2;5,2)/IGLO-III
basis sets.
Molecule

Atom

A~,o

T~

Ty

H2CN
(0.0)

H (2)
C
N

79.61
-25.48
8.89

-2.25
-5.65
-15.92

-1.24
0.27
-12.76

3.49 This work
5.38
28.68

trans-HCNH'

H
C
N
H'

64.10
95.78
8.23
52.80

-7.30
-20.30
-5.74
-5.66

-2.63
-17.59
-4.56
-2.97

9.93 This work
37.89
10.30
8.63

H
C
N
H'

71.31
174.21
45.27
85.35

-6.86
-19.08
-3.39
-2.73

-2.21
-15.32
-1.62
-1.65

9.07 This work
34.29
5,01
4.38
59.48 This work
1.27
3.46

(7.351)

cis-HCNH'

(12.543)

T~

Ref

CNH2
(33.020)

C
N
H (2)

23.27
-5.47
59.70

-31.72
-1.27
-2.05

-27.77
0.00
-1.41

(CIS)

H (2)
C
N

57.9
-25.0
6.7

-2.4
-5.3
-16.3

-1.1
-0.5
-13.0

3.6
5.8
29.3

[1641

(CISD)

H (2)
C
N

72.7
-2G.7
5.0

-2.3
-6.3
-15.7

-0.8
0.6
-11.6

3.1
5.7
27.3

[20, a]

(EXP)

H (2)

87.3

c

(-)2s.9

N

10.2

[1641
-11

and experiment is this time related to
(ROHF/[421/21]) used in ref. [164].
The second example of conformational
ble isomeric forms of HOCNH', where H'
are depicted in Fig. 11, along with their

-11

22

a too poor geometric structure
analysis deals with the six possiis bonded to either C or N. These
relative energies (kcal/mol) from
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F i g u r e 11. The six HOCNH' isomers (H' bonded to either C or N),
investigated in the present work. Included are also the relative energies
(kcal/mol), as obtained from the PP/IGLO-III optimization calculations.
the present PP/IGLO-III optimization calculations. The energy differences
are here far smaller than between the various H2CN conformers, listed in
Table 9. The values obtained are in very close agreement with results
from, e.g., MP2/D95** and CIS/[421/21] calculations [162,164] With
an energy difference of only a few kcal/mol between conformer I "and the
two conformers with local trans-OCNH' structures (IV and VI), energetic
arguments alone may not suffice to uniquely determine the correct ground
state geometry.
Comparing the calculated isotropic hf parameters (Table 10), a number
of interesting features are observed. The experimental hf couplings are
[Ai~o(H)[=54.4 and 0.92 G, ]Ai~o(C) [=20.5 G and IAi~o(N)[=10.2 G, respectively [164]_ No ~70 measurements are, as yet, available. The overall hf
pattern, and in particular the carbon couplings listed in Table 10, definitely
rule out the four (HO)CNH' conformers (III-VI) as the species observed.
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Of the two conformers I and II with local trans-H'CON and cis-H'CON
structures, the calculated hf couplings agree equally well with the experimental data. In fact, for the H' proton the cis conformer actually agrees
better with experiment, despite it lying some 4.5 kcal/mole above the trans
form in energy. The barrier for the OH rotation, passing through a transition state with the hydrogen atom lying in a plane 90 ~ out of the molecular
plane, is only about 7.8 kcal/mol [162,164], and one may thus expect a
completely free rotation of the OH group in solution. In a frozen matrix,
however, this rotational motion will be significantly hindered, leading to a
unique hf structure at low enough temperatures. Furthermore, performing
an ESR measurement with '70 enriched (HO)H'CN, would definitely reveal
the true ground state structure, since the calculated difference in isotropic
170 values of the two forms is as large as 9.4 G (cf. Table 10).
Table 10.
Isotropic hyperfine coupling constants (Gauss) of the six different
isomeric forms of (HO)H'CN, obtained at the PP/IGLO-III level. The
labelling of the isomers refer to Fig. 11.
Method

Isomer

PP~

(CIS) b
(EXP) b

~3C

14N

~H'

170

~H

I

-15.10

9.11

43.33

-13.16

-2.31

II

-16.45

9.08

55 47

-22.54

1.66

III

250.88

54.56

65.72

-93.58

43.11

IV

154.64

-0.35

23.53

-81.84

41.55

V

224.23

52.40

67.74

-13.46

3.47

VI

126.97

0.98

26.63

-9.04

5.30

-25.3

6.0

36.7

-10.1

-1.7

(-)20.5

10.2

54.4

I

(-)0.9

a: This work; b" ref. [164].
As a further step we now assume that we wish to investigate the HOCNH'
radical. From the Table we see that a hfs measurement on C or N alone will
only reveal whether we have a local cis or trans OCNH' structure, whereas
a comparison with proton or oxygen hfs measurements will here provide a
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unique answer. Note that the hf couplings of the OH group is more or less
independent of the position of the second hydrogen (H'), and that the hf
couplings of the CNH' fragment do not depend on the orientation of the
hydroxyl group.
The final example in using hfs calculations and comparisons with experimental data for structural analyses is the difluoride anion, F~. This represents a system where there is an unusually large disagreement in predicted
bond lengths between different theoretical methods. For the neutral parent molecule, the two fluorine atoms are in a simple valence bond picture
connected through a single a-bond (both fluorines being sp3-hybridized;
R=1.44/~). In an MO picture, the electronic configuration is

20

32she,,s
O

15

'~.~

32 shells + extra iter.

10
I=
illl=l

r

--

5

0
1.6

1.8

2.0

2.2

2.4

Distance (Angstrom)

F i g u r e 12. Relative energies (kcal/mol) of the F~ anion, as functions
of the F-F distance. All calculations are performed at the PP level, using
the (5,2;5,2) and IGLO-III basis sets. The three curves included are obtained using slightly different procedures for the fitting of V=" 32 radial
shells (solid line), 64 radial shells (dashed line), and 32 radial shells + extra
numerical iteration after the SCF step (semi-dashed line).
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Figure 13. The variation of Ai~o(19F) alld T~(19F) (ill GAUSS) of.F2, a,s
functions of F-F distance. All calculations are performed as described in
Fig. 12, and uses the same labelling of the different curves.
[Be2](%2p)2(Tr=2p)4(Trg2p)4. In the anion, the extra electron will hence enter
the vacant antibonding ~=2p orbital, whereby the system attains a bond order of 0.5 and the F-F distance is significantly increased. The experimental
bond length of F2 has not yet been determined. There are, however, several ab initio studies available. UHF calculations yield a bond length of
1.88 A [165], whereas different levels of CI predict a slightly more elongated
bond, in the range of 1.890- 1.919 A [22, c, d] [166]. The DFT optimizations, finally, all yield a bond length in the range 2.0 - 2.1 ~. In the present
DFT study we have extended the study to also include a larger number
of radial shells (64 vs the "standard" 32) for the fitting of V~, as well as
performing an additional fully numerical calculation at the end of the SCF
step. Neither of these improvements in theory led, however, to a change
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in structure (Fig. 12) or hf couplings (Fig. 13). The (5,2;5,2)/IGLO-III
basis sets were used throughout, in conjunction with the PP functional. It
should also be pointed out, that the spin contamination, evaluated according to techniques presented in ref [30], is less than 0.003 at all points on
the surface investigated.
At the PP/IGLO-III optimized equilibrium distance, 2.056 I [30], the
value for A~,o(19F) is only 191 G, to be compared with the experimentally
determined value 268- 280 G [144,167]. The values of T~ (= 2 Ae,p) are
also slightly lower than experiment, by some 30 - 40 G. The anisotropic
couplings undergo very minor changes as RFF varies, with a maximum
value of T~ of 630 G at R - 1.6 - 1.8 I . The potential energy surface of
F~ is very flat, with an increase of only 3 kcal/mol within a range of R~
+ 0.2/~. Similar results were found in the MRSDCI study by Grein et al
[22, c, d]. Given that DFT has a tendency of overestimating the strengths
of chemical bonds, the true PES is presumably even more flat than that
depicted in Fig. 12. It is thus not surprising that a too long bond may be
observed in the calculations. A second plausible reason for the difference
in bond length may be found in that the experiments are performed with
the molecule embedded in solid Ne or NaF; hence, given the flatness of the
PES, steric and/or electronic effects could be responsible for a shortening
of the bond in the system. Studies of such effects are currently under way
in our laboratories.
In the present study, the bond distance for which A~,o(~gF) is in the experimental range 268 - 280 G lies in the region 1.895 - 1.900/~, in excellent
agreement with the findings in the previous MRCI studies [22, c, d] [166].
The remaining hf parameters observed at this geometry are also in very
good agreement with experiment, and in particular with the data obtained
in the supposedly more inert Ne matrix [167]. In the present case, where
there is a clear disagreement between the equilibrium geometries determined through the different correlated methods, the hfs calculations do,
however, give a very consistent picture of the F~ radical. The magnetic
properties of the system will hence still be highly accurate, provided the
correct geometry is used.
Effects of I n t e r a c t i o n s B e t w e e n a R a d i c a l a n d a M a t r i x
As pointed out in the previous sections, interactions with the matrix
may in some cases affect the properties of a radical considerably. Steric
effects may lead to modifications in geometry which, as shown explicitly
for F~, can have a dramatic effect on the isotropic hf couplings. Different
matrices may interact electronically with the substrate, depending on the
polarizability, polarity and ionicity of the matrix and the radical. Finally,
temperature effects can cause rotational averaging of, e.g., the hf couplings
of a methyl group, or cause vibrational transitions between different degenerate structures, as observed in a system such as the cyclo-propane cation
[168]. Rather than changing the static hf couplings, the latter effects will
6.4.
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lead to dynamic averaging and a broadening of the spectra. Theoretical studies of this type of effect have been performed for various systems,
and it has been concluded that the application of Boltzmann statistics
to differences in zero-point energies (ZPE) is able to provide very sarisfactory descriptions of experimentally observed temperature effects [20, j],
[128,169].
Inclusion of matrix effects, on the other hand, requires the use of much
larger computational models. Large-scale correlated treatments such as
MRCI or CCSD(T) soon become intractable already in the framework of
isolated molecular radicals, and are hence not suitable in this context.
Using HF theory without electron correlation (or possibly MP2) might be
an option. The hf structures generated at these levels are, however, not
sufficiently accurate in investigating these, sometimes very subtle, effects.
In DFT, we instead have a correlated method, known in most cases to
generate accurate geometries, and where the sizes of the systems are less
constraining than in traditional ab initio theory. We have also seen in the
previous sections that the hf structures obtained for isolated molecules are
of very high accuracy.
In the present section, the results of a detailed investigation of the effects
on the energy, hf structure and geometry of the methane radical cation
under the influence of a neon or argon matrix will be presented. We will
throughout assume the CH4+ moiety to be positioned semi-symmetrically
within a X6 cluster (X=Ne or Ar), as depicted in Figs. 14 (b) and 14 (c).
The distances between the noble gas atoms and the nearest H atom (or,
in a few instances, the carbon atom) are varied collectively, from 1.6 to
3.4/~. In this set of calculations, the geometry obtained for the isolated
CH4+ radical at the PP/IGLO-III level is used, and held fixed. At the
minimum points found, partial optimizations are then performed, in which
the hydrogens are allowed to move freely. The present investigation is an
extension of a previous study, in which a neon cluster was used exclusively,
and where all calculations were done single-point and at the VWN level
only [126].
The PP/IGLO-III optimized geometric parameters of the isolated radical cation are given in Fig. 14 (a). In Table 11, we list the calculated hf
couplings obtained for this structure, using the VWN and PP functionals.
We also list the results obtained from the two partial geometry optimizations in Ne6 and At6, respectively. Included are also the experimental and
previous theoretical data [170]. In Figs. 14 (b) and 14 (c), finally, we show
the optimized CH4+ geometries using the fixed Ne6 and Ar6 clusters.
When an electron is removed from the neutral tetrahedral parent molecule,
the symmetry is lowered through a Jahn-Teller distortion to C2.. Two of
the CH bonds (C-H1 in Fig. 14) become elongated, with a HI-C-H1 bond
angle of only 55 - 60 ~ The H2-C-H2 angle, on the other hand, flattens
relative to the Td value, and attains a value in the vicinity of 125 ~ All
theoretical methods used so far give a very consistent picture in this
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Figure 14. PP/IGLO-III optimized geometries of (a) CH4+, (b) CH4+ in Ne6
(partial optimization), and (c) CH4+ in Ar6 (partial optimization). Bond
lengths are in/~ngstrSm and angles in degrees.
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respect [2,29,171].
Experimentally, only the isotropic proton couplings of CH4+ have been
determined, with the values 2x121.7 G and 2x(-)14.6 G [170]. These are
well reproduced at both the CISD and various DFT levels, although all
theoretical studies predict a slightly larger coupling on the two H1 protons
[2,29,170]. This is a further illustration (cf. Section 6.2 and ref's [2,29])
that VWN can be a sufficient level of theory, if only proton couplings are
of interest. It is also an indication that the experimental geometry may
be well represented by the vacuum structures in this case. Tile isotropic
carbon couplings, however, as usual [2] undergo a significant change when
the gradient corrections are introduced.
Table 11.
Computed hyperfine data for the methane cation radical, obtained in
vacuum (PP/IGLO-III optimized geometry) and at the partially
optimized, noble gas embedded structures. Comparison made with
previous CISD and experimental data.
A~o

T~

Ty

TZ

C
H1 (2)
H2 (2)

4.42
113.30
-16.47

-24.0
-12.0
-11.7

-23.8
-8.3
-2.3

47.8
20.2
13.4

PP~

C
HI (2)
H2 (2)

24.15
127.93
-18.85

-24.82
-11.90
-11.26

-24.29
-8.39
-1.91

49.11
20.29
13.18

PP~

C

19.11

-23.30

-22.65

49.95

H2

-15.27

-10.41

-1.96

12.38

-12.54
-6.78
-5.G1

-12.27
-6.73
-1.07

24.78
13.51
6.68

System

Method

Atom

vacuum

VWN ~
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F i g u r e 15. Relative energies (kcal/mol) of the two methane cation- noble
gas cluster models depicted in Fig. 14, as functions of distance between
the noble gas atoms and the nearest atom(s) in CH +. In the calculations,
both the VWN and PP functionMs are employed, keeping the P P / I G L O - I I I
optimized geometry of CH + (Fig. 14a) fixed throughout.
Keeping the geometry of CH4+ fixed at the PP optimized value, we then
introduce the six Ne or Ar atoms. The relative energies in these cluster
calculations are shown in Fig. 15. The PP calculations predict for both
systems an energy minimum some 0.15/~ further out than does VWN. This
is in line with the findings that VWN gives a stronger overbinding, and
thus "pulls" the noble gas atoms closer to the cation. We also note that
the VWN curves rise much more steeply at large R. The Ne-H, Ne-C, Ar-H
and Ar-C van der Waals distances are 2.8, 3.3, 3.1 and 3.6 _~, respectively
[172]. Given the ionicity of our system the equilibrium distance should be
somewhat shorter, which agrees well with the observed values 2.6/~ (Ne6)
and 3.0/~ (Ar6), cf. Fig. 15.
In Fig. 16 we depict the variation of the isotropic hf structures of CH +
as functions of varying distance to the noble gas cluster atoms (PP calculations only). For both systems, there is a dramatic change in the isotropic
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F i g u r e 16. The variations of the isotropic hf coupling constants of the
CH4+ atoms in the two noble gas clusters, as functions of the X - CH4+
distances. Only the PP calculations are shown. Solid lines: Ne6 cluster;
dashed lines: Ar6 cluster. Throughout, the P P / I G L O - I I I optimized vacu u m geometry (Fig. 14a) is used, and held fixed. The labels for the Ne
and Ar results are placed in the regions where the energy minima (Fig. 15)
are observed.
couplings as R decreases below 2/k. The effects are, due to the larger radii
of the Ar atoms, larger in the CH4+ - At6 system, in particular regarding
the carbon and H1 couplings. At larger R, the influence of the noble gas
atoms are far less pronounced. The two matrix systems also show some
interesting differences in the effects on the hf structure of the substrate. In
Ne6, there is first Of all an induced hf structure in the surrounding matrix,
primarily on the two neon atoms positioned to the right and left of the
molecule (cf. Fig. 14 (b)), whereas in Ar6, no such induced couplings are
observed. The induced neon couplings decrease, however, very rapidly, and
are very near zero at R > 2.4 ~k. We may thus assume that experimentally,
no such couplings should be detectable. The reason for the difference in
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behaviour of the noble gases is most likely related to the differences in
amplitude at the nuclei of the 2s-shells (Ne) and 3s-shells (At)interacting
most strongly with the methane cation. Secondly, it seems as if the neon
matrix leaves the hfs of the radical less affected relative to the isolated
system, than does At6. In the argon cluster there is a lowering of all
couplings (numeric values) at the energy minimum by 5 - 10 G, whereas
in Ne6 the main difference compared with the vacuum data is an increase
in the A~,o(H1) couplings.
As a final step in the present study, the positions of the hydrogens were
allowed to relax, keeping the positions of the remaining atoms fixed at the
calculated minima. The optimized geometries are depicted in Figs. 14 (b)
(Ne6) and 14 (c) (Ar6). The C2. symmetry was maintained throughout. In
the neon system, the main changes occur in the bond lengths and HCH
angle of the two H1 hydrogens. The C-H1 bond lengths shorten by 0.007/~,
and the angle opens up by _~ 3~ In At6, the changes are larger. RCH~
decrease here by 0.05/~ and/HICH1 opens up by as much as 30 ~ Also the
/ H 2 C H 2 angle is affected in the Ar6 system, and decreases from 125.1~ to
117.0 ~ The CH4+ structure is thus less distorted from the Td form of the
neutral system, than in the vacuum and Ne cluster calculations.
Through the relaxation process, the isotropic hf couplings on C and H2
decrease by a few G (Table 11), relative to the single point values obtained
at the energy minima of Fig. 16. The largest changes occur, quite naturally
considering the larger geometric modifications, in the Ar~ cluster. The
effects on the hfs of CH4+ arise as a result of the electronic interactions
with the matrix. In the case of the Ne6 system, this is in spite of the fairly
modest changes in geometry, a question that was raised in the previous
sections. In this case, the matrix leads to a (minor) decrease of the chemical
bonds (C-H1), accompanied by a considerable increase in A,.o(H1) values.
7. C O N C L U D I N G

REMARKS

In this chapter we have presented the theory and a sampling of initial
applications of a recently developed approach to calculating NMR and
ESR parameters based on Kohn-Sham Density Functional Theory. The
use of KS-DFT to incorporate correlation in the basic electronic structure calculation brings into the realm of the possible a very wide range
of systems, with a level of complexity far beyond that which may be addressed by more traditional post-Hartree-Fock methods. Larger molecules,
intermolecular interactions in the solid state, zeolite models, peptide conformations, models for ion-transport channels have already been studied
and other such applications are in progress. Although open questions still
remain in both the theory and the methodology, current possibilities are
enormously greater than they seemed two years ago when we started this
work.

Our approach has been pragmatic.

Those terms that enter the ESR
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CH4 calculated with (DFT-SL) and without (DFT) one-electron spin-orbit
terms in comparison with experimental data (Exp.).
hyperfine parameters, or NMR shielding tensors, or spin-spin coupling constants, that depend only on the unperturbed ground- state density are evaluated either analytically or by using the same numerical integration techniques that are already required for the evaluation of the energy. Relative
to their Hartree-Fock analogs they benefit from the improved description
of the density or spin-density that accompanies the Kohn-Sham treatment
of exchange-correlation. Some other terms are simply evaluated by using a
finite-field perturbation method. However, the key to our approach lies in
the use of sum-over-states perturbation theory with appropriate definitions
of the energy denominators to evaluate the paramagnetic contributions.
This has proven to be both rapid and accurate.
In their present stage of development, these new tools are appropriate
for a very wide range of systems. The applications presented here, in the
references, and in the publications that will appear in the coming months
should reasonably define their current domain of application. While they
are very powerful even now, further understanding and development is
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necessary on several fronts. The Fermi contact terms are very sensitive
to the choice of functional and although the current choice of PerdewWang-86 [67,68] has been validated in a wide variety of contexts, there
is no fundamental reason to favor this functional. Indeed, we hope that
the NMR and ESR parameters will help to serve as a testing ground in
the develoment of new, more accurate functionals. Similar remarks apply
to the spin-spin coupling constants. While it is very satisfying to be able
to calculate the J-couplings from first principles for carbon and hydrogen,
and this should open many important new doors, the fact that couplings
involving oxygen or fluorine nuclei are given with significantly less accuracy
will have to be addressed in future work, before generality can be claimed.
Neither have we yet addressed the topic of the g-tensor.
One extremely important and interesting question is that of the effect
of relativity on the NMR and ESR parameters. These should be sensitive to the behavior of the wave functions near the nuclei (due to either
delta functions or r -3 operators) and hence one might expect a priori that
relativistic corrections could be important. We have started to consider
these corrections and, as food for thought, we present in Fig. 17 some very
preliminary results of SOS-DFPT chemical shifts for the hydrogen halides
calculated either with or without the one-electron spin-orbit terms. The
basic electronic structure calculation is nonrelativistic in all cases. The corrections are very large for HBr and HI. Clearly, for elements even as light
as chlorine, a quantitative treatment will require inclusion of these and
other relativisitic corrections. Work on including further relativistic terms
in the NMR and ESR calculations as well as incorporating the relativistic
corrections to the basic electronic structure calculation is in progress.
In closing, we would like to emphasize that this is a very dynamic and
still growing field. The possibilities for applications seem endless and we
are hopeful that, as the results provide a better-and-better picture of its
Strengths and limitations, the SOS- DFPT approach and its offspring will
become even more powerful and general tools for analysing and interpreting
ESR and NMR spectra.
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Transition metal oxides are the systems which make a challenge to any quantum
chemical theory. Thus their theoretical investigation constitute an excellent benchmark
for Density Functional Theory in both aspects: methodological and practical one. Two
transition metal oxide molecules are considered here in detail, VO and MoO, with
emphasis put on their electronic structure, spectroscopic properties and metal - oxygen
bonding features. Applicability of DFT to various electronic states is discussed and the
quality of results within various computational schemes is examined.

1. I N T R O D U C T I O N
Density Functional Theory (DFT) is becoming nowadays still better established
quantum mechanical methodology recently recognized also by quantum chemists'
community as a practical tool for describing chemistry. Although it is approaching
already thirty years' anniversary, it remained for many years after the fundamental
work of Hohenberg and Kohn [1] and Kohn and Sham [2] basically at the level of a
"smart" theory attempting to overcome the philosophy of independent-particle scheme
imposed on chemistry by the Hartree-Fock theory, laboriously corrected within
various post-Hartree-Fock methods.
First applications came in solid state physics, where DFT looked natural means of
describing "electron gas" in metals. Famous independent developments in statistical
approach to exchange emerged with several schemes of X-alpha type methods [3,4]
initially also directed towards problems of solid state physics [5]. Chemical systems
were the abandoned target for many reasons. One of them was the natural tendency
among quantum chemists to utilise an orbital picture of molecular electronic structure,
very handy and appealing with its concepts of Atoms-in-Molecules, LCAO-MO type
schemes, bonding - antibonding properties of electrons etc.
On the other hand, the theory based on a direct physical quantity which would be
experimentally measurable and would not require purely mathematical constructs was
highly desirable and longed for. It is the electron density which is the first important

350
observable in quantum chemistry thus any independent-particle based methodology
should refer back to this property in order to describe physics. The concept of orbitals
(spinorbitals), however simple and easy to interpret it could seem, would leave open
the question of electron exchange and correlation. The first problem has been solved
by the concept of Slater determinant (at the cost of of N 4 dependence on the number
of electrons), due to the latter one, one seeks all sorts of post-HF methods (e.g. CI)
with at least N 5 scaling properties. Not only is the implementation of correlated
methods more and more technically demanding but also the picture of the electronic
structure loses its cleareness and simplicity.
The tendency to retmn one-pamcle features in me ~ntrmsicaly many-body approach
lead to famous Kohn and Sham one-particle equations [2] which pushed the Density
Functional Theory towards a form conforming to the spirit of traditional quantum
chemistry. By no means, however, became the DFT just a new language and a new
formulation of the old concepts in electronic structure description. It is by definition
the many-body theory based on many-body property of the system, the electron density
in the physical, 3-dimensional space. The immediate consequence is the explicit
inclusion of electron correlation into the theory. The entire many-body problem,
however, has been transformed to the exchange-correlation functional which is known
only up to quite serious aooroximations.
The price for this relative simplicity is the loss of straightforward one-particle
interpretation of one-particle eigenvalues which requires additional attention and will
be discussed in more detail in following paragraphs. Only brief rudimentaries of the
Density Functional Theory itself and its previous applications will be given here as
extensive reviews on these subjects have already appeared [6-9] or are included in
other chapters of this book.

2. B R I E F R E S U M E OF DENSITY F U N C T I O N A L T H E O R Y
Since the Density Functional Theory is about to celebrate its 30 ,h anniversary in
1994, the area has already been extensively reviewed and cross-examined. The theory
itself seems to be quite well established, practical approximations that can be applied
to real systems, however, are still the target for ongoing attack. The elegant route
exists from the density to the energy that does not necessarily require the wavefunction.
It has been paved by the famous Hochenberg-Kohn theorems introducing energy as
a unique fllnctional of density p(r)
E,,[p(r)] = Jv(r)p(r)dr + F[p]

(1)

where V(r) is a fixed external potential and F contains kinetics and electron-electron
interactions. E,, takes the minimum for the true ground-state density p(r). As a big step
toward making DFT a new computational tool Kohn and Sham derived a set of
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equations which are formally exact, yet have a very simple, orbital character. This
was achieved by a clever construct of a fictious system of noninteracting particles
having the same density p as the real one, for which one-particle equations can be
simply written:
(-1/2,5 + V(r) + Jo(r')llr-r'ldr'

+ 6EJ6p),b= = ~(b~

(Z)

where Exc contains all the exchange, correlation and "residual" kinetic energy, and
p(r) = ~

n(I,i'(r)cI, i(r)

(3)

is the electron density.
All the difficulties of the N-body problem are now coded into the exchangecorrelation potential whose exact shape is still unknown. Obviously enough, the
quality of a particular implementation of DFT depends on the ability to find accurate
approximations to exchange-correlation functionals. The most extensively used is the
Local Density Approximation, in which the functional is derived from the
homogeneous electron gas theory. Nonl0cal gradient corrections can also be
formulated leading to functionals of increasing complexity but still within
straightforward programmable scope. The predictions of structures and vibrational
frequencies are by now validated for a wide variety of systems as being fully
comparable to correlated MP2 calculations even at the LDA level. Bond dissociation
energies, however, are much more demanding and require nonlocal, gradient corrected
functionals. ThUs, the computational tool emerging from density approach which could
be univocally advertised should offer the possibility to perform self-consistent local
and nonlocal calculations.
Over the last few years, St-Amant and Salahub have developed deMon (density of
Montreal), a linear combination of Gaussian-type orbitals - model core potential density functional (LCGTO-MCP-DF) program package [10] which allows users to
perform single point SCF calculations as well as geometry optimisations employing the
analytical energy gradient expression [11]. Additionally, deMon may be used to study
such properties of chemical interest as dipole moments, Mulliken populations and
harmonic frequencies. These calculations make use of the near LSD limit exchangecorrelation potentials of Vosco and Wilk [12]. Perdew's nonlocal corrections to the
exchange and correlation [ 13] may be added to the VWN potential.
In the deMon, the one-electron orbitals $i are given by an LCGTO expansion

ffi(r)= ~ C.~/~(r)

(4)

where {/~} forms the basis of atom-centered GTO's. The electron density and
exchange-correlation potential are also fitted by an LCGTO expansion in an auxiliary
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basis with the coefficients obtained by the least square fitting. This procedure reduces
integral evaluation from an N 4 to N 3 process. In addition to auxiliary bases, further
computational savings may be afforded in the formalism by using model core potentials
to replace the effect of frozen, chemically uninteresting core electrons [14].
The LCGTO-MCP-DF method has been already applied for a wide range of systems
in the last few years, inluding transition metal atoms, dimers and clusters,
organometallic molecules and chemisorption models [6-9]. The investigations showed
that this computational scheme is a very powerfull and efficient tool and that there is
certainly a wide class of problems where it is the methodology of choice because of
its ability to treat some types of electronic correlation at a reasonable level and because
it can offer computational economies.

3. T R A N S I T I O N M E T A L OXIDE D I A T O M I C S AS T H E Q U A L I T Y
G A U G E F O R E X P E R I M E N T AND T H E O R Y
When discussing actual advantages of modern Density Functional Theory two
streams of topics should be pointed out. The first one is the intrinsicaly better
description of many-electron systems due to correlation and exchange present already
in basic formulas. The second one is the computational efficiency stemming from N 3
scaling properties. This paragraph addresses the former topic dealing with the
description of many unpaired electrons where traditional quantum chemistry encounters
severe difficulties of both, methodological and technical character. Transition metal
systems are the excellent example of such a challenge for the large and evergrowing
number of quantum chemists unflaggingly attempting to calculate their properties.
The primary difficulty to be met while considering transition metal quantum chemistry
is accounting for correlation. The transition metals are characterized by a relatively
compact d valence shell containing up to ten electrons thus one has to deal with a lot
of electrons whose space and spin distribution is intricate. It has been already very well
known that the treatment of such open-shell systems is very difficult, if at all feasible,
at the Hartee-Fock level. Moreover, the Hartree-Fock wavefunction must be viewed,
at best, as a not always convenient starting point for more elaborate correlated
calculations.
For an overall view of transition metal systems one has to confront a number of
problems besides correlation, or sometimes as a part of it: many electrons in open
shells producing large number of close-lying electronic states, different spin
multiplicities, magnetism, metal-metal bonds, core or "semicore" electrons that occupy
the same part of the space as the valence shell, fast electrons requiring relativistic
corrections etc. In addition, many of transition metal systems of practical interest are
highly complex and often incompletely characterized, so that careful modeling is to be
added to the list of difficulties.
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These requirements impose contradictory conditions upon quantum chemical
methods employed in the area of transition metals investigations. On the one hand one
needs very accurale computational schemes based on post Hartree-Fock level. On the
other hand the method should be amenable of treating relatively large systems and
provide wide spectrum of electronic properties helpful in interpretation of intricate
experimental data. There is growing evidence that Density Functional Theory is
capable of meeting these challenges and providing a unified theoretical framework for
the study of electronic, geometric, and vibrational structures of solids, surfaces,
interfaces, clusters, and molecular systems [6-9] encompassing metallic as well as
covalent bonding. Density Functional Theory deals also with correlation where the use
of fully correlated methods is generally limited. Thus the recent implementations of
methods based on DFT can induce a dramatic jump in systematic studying the
chemistry of transition metal element.,:.
In principle, the general DF theory applies to ground-state properties which is by no
means a very serious drawback, fortunately the theory can be extended to cover also
excited states, at least those whose symmetry is different from that of the ground state,
e.g. with different total angular momentum or spin. It was done by several authors [I 517] by spl'itting Hilbert space into orthogonal subspaces with different symmetries and
defining a DF theory in each subspace. Such a theory explicitly depends on symmetry
via the exchange-correlation term, the other terms have an implicit symmetry
dependence via the density matrix. It is very difficult to incorporate an explicit
symmetry dependence into the exchange-correlation functional E~, which is anyway the
touchy point in all implementations of DFT. Thus following some examples [15] it was
decided here to use the usual approximations to this potential" the local and nonlocal
(Perdew 86 [13]) potentials will be applied to excited states of diatomic molecules,
characterized by the total angular momentum A and total spin S.
One should also mention Density Functional Theory for ensembles of states
formulated by Gross, Oliveira and Kohn [18] and the equivalent fractional-occupation
approach of Nagy [19]. They will not be, however, discussed here in detail as they
were implemented and applied only to atomic electronic structure calculations.
Chemistry is mainly molecules and cluster models of bigger systems therefore this
chapter is focused on the description of the electronic structure of molecules. In
addition, the outer valence electrons which are involved in chemical bonding have a
charge density with a much slower spatial variation; thus the errors due to inability of
approximate DF algorithms to treat rapid variations in the total charge density of an
atom should be reduced and the problem of effects due mainly to exchange and
correlation can be precisely addressed.
As the book and the chapter are devoted to theoretical computational chemistry,
examples of performance of Density Functional Theory should be selected according
to chemical interests. Transition metals and transition metal compounds form a class
of systems of enormous interest for contemporary chemistry, in particular for time
nowadays rapidly developing branch - catalysis. The importance of transition metal

354
systems cannot be overestimated as a prevealing number of catalytic heterogeneous
reactions proceed over the surfaces of metals and metal oxides while homogeneous
catalysis utilises frequently transition metal complexes. Nevertheless, mechanisms of
basic catalytic processes, in partitular heterogeneous reactions, have not yet been fully
recognized and established.
Within this class, transition metal oxide diatomics are the simplest systems in which
the features of the transition metal - oxgen bonding can be investigated. However
simple molecules they could be, TMO present an extremely challenging task for both,
experimentalists and theoreticians. Their spectral properties are intricate, the difficulties
come from many unpaired electrons, which produce large number of low-lying
electronic states, many with high spin multiciplity. The best groups of spectroscopists
are still working on understanding the transition metal oxide spectra [20]. Only recently
new investigations on VO [21] and MoO [22] have been published, nevertheless, many
questions concerning the electronic structure and spectroscopy of these molecules are
still open. Traditional ab initio calculations for TMO encounter severe obstacles
stemming from the same problems which plague spectroscopists [23-28]. It is well
known that proper handling of electron correlation for the systems with that many open
shells is extremely difficult and requires very extensive configuration interaction or
other post-HF treatment.
It seemed thus of particular interest to employ the DFT and its amenable
implementation, deMon, in the difficult field of transition-metal oxide spectroscopy
which makes an area of hard competition, where even at the highest level of correlation
relative positions of states have sometimes been hardly approached [29-31]. We feel
that this area deserves even more attention and a lot of work remains to be done to
clarify the treatment of excited states and multiplets in the framework of approximate
DFT. Although the basic theorems have been extended to the lowest state of a
particular symmetry, be it degenerate, little is known about the behaviour of
approximate DFT in such cases. In our opinion the misconception that density
functional methods cannot be reliably used for excited states is unfortunately
widespread. The basic theorems are only abstract existence theorems which neither
give any definite prescription how to construct practical density functionals nor exclude
the general possibility of reaching for arbitrary excited states. This should be examined
on a case-by-case basis. In What follows the discussion will be actually extended not
only to well defined cases where due to different symmetries the excited wavefunctions
are guaranteed to be orthogonal to the ground state and no variational collapse is
possible. In addition few other examples will be described where DFT seems to work
reasonably even for arbitrary states where the situation is not that clear.
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4 . G R O U N D STATE P R O P E R T I E S OF T R A N S I T I O N M E T A L OXIDES
The problem of molecular bonding involving transition metal and oxygen atoms has
been addressed by several authors [23-28] within the scope of HF and post-HF ab
initio calculations but the predicted properties vary remarkably depending upon the
methodology of computation. It is due to the previously mentioned drawback of these
methods that accurate wavefunctions in conventional quantum chemistry are very
difficult to obtain for systems of highly open-shell nature. Geometries are described
fairly reasonably, dipole moments, however, which are a much more sensitive measure
of the charge distribution in a molecule, are reproduced rather poorly. The greatest
errors occur for bonding energies where discrepancy with experiment may reach even
hundreds per cent.
Thus this field is certainly very promising in testing and advertising advantages of
the Density Functional Theory over traditional quantum chemistry in a spectacular
way. The first DFT calculations for VO and MoO molecules have been completed by
means of the spin polarized DFT-based program system deMon (density of Montreal),
using Gaussian basis sets for both, orbitals and density and exchange-correlation
expansions (details are given in the papers [29-31]). The calculations were performed
within two approximations: local (L) and nonlocal gradient Perdew (NL) exchange and
correlation. Additionally, for heavy molybdenum atom two levels of description were
adopted: all electron (all) and frozen core (MCP) approximation with Mo 4s, 4p, 4d
and 5s electrons treated as valence shell [14]. Table 1 shows the ground state results
obtained for VO and MoO molecules within various computational schemes compared
to other known calculations and experimental data.
The ground state of VO has been definitely identified as the X4E, coming from a52
configuration. Molybdenum oxide molecule has one valence electron more placed in
antibonding d,,-type orbitals which leads to the ~52a~Tr~ configuration and 5II~ ground
state term. The eigenvalue correlation diagrams for VO and MoO molecules in their
ground state at equilibrium separation are given in Figure 1, a and b, respectively. It
is well known that DF total energies undully favor the d"ls ~configuration in transition
metal atoms. The same tendency has been found also here, however there are
remarkable differences between vanadium and molybdenum. The first one, with its 5
valence electrons may be ascribed to early 3d transition metals, where both atomic
configurations are very close with only slight indication towards the std 4 being the
lowest one and the 4s orbital lying well below the 3d manifold. On the contrary,
molybdenum (like chromium) definitely belongs to exceptions in the periodic table with
the 5s~4d5 state lying 2.5 eV below the 5s24d4 one [19] and 5s orbital being very close
to 4d atomic levels. Following this atomic energetical arrangement the one-particle
molecular energy schemes emerge for VO and MoO which differ in relative positions
of valence a~ and CSd molecular one-electron states. Obviously, these correlation
diagrams have only approximate, in principle qualitative character as orbitals have no
reality within Density Functional Theory. Anyway they are useful in assigning higher
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Figure 1. Eigenvalue correlation diagrams for VO and MoO.
molecular states and their symmetries in next paragraphs of the chapter. The picture
may be also useful in explaining the character of bonding in oxides. In the valence
(chemical) region six electrons occupy strongly bonding, oxygen-centered a and ~levels. The next two levels, a and (5, coming from metal s and d~ orbitals, are
essentially nonbonding and they comprise 3 unpaired elet;trons in both cases. The
major difference between the two oxides comes from antibonding 7ra levels occupied
in MoO by one electron. Experiment shows, indeed, the increase in the bond length
by 0.11 /~ and the decrease in the dissociation energy by 1.44 eV while passing from
VO to MoO (DFT calculations predict 0.15 ,/~ and 1.60 eV, respectively).
Calculated DFT properties listed in Table 1 were obtained from the fit of the
ground-state potential energy curves to 12 points calculated around the energy
minimum [32]. Dissociation energy has been corrected for basis set suoeroosition error
by a standard counterpoise technique. The local approximation to the exchange and
correlationgives the best fit to bond distances, theoretical values differ by no more
than 0.03 A (4%) from the experimental ones (see Table 1). Vibrational frequencies
are also predicted to lie within 1% off the experiment. One should remember,
however, that other advanced quantum chemical methods give equally satisfactory
results for these, basicaly one-electron quantities and that inclusion of nonlocal effects
does not improve the DFT predictions. The dipole moment,/t, is much more sensitive
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Table 1
DFT ground state properties of VO and MoO (Local and NonLocal) as compared to
other data: ' ref. 23, b ref. 33b, r ref. 24, d ref. 25b
METHOD

R~ (/k)

co~ (cm~)

D~ (eV)

# (D)

VO X4I~
Exp

1.59

1002

6.44

-

DFT/L

1.58

993

8.15

3.328

DFT/NL

1.61

934

7.04

3.436

SDCP

1.565

1083

4.43 d

2.992

CPF"

1.604

959

5.68

2.499

LSD+PNL b

1.60

1105

7.51

3.43

MoO 5IIr
Exp

1.70

893

5.00

-

MCP/L

1.73

879

6.55

3.048

all/L

1.735

907

6.55

3.031

MCP/NL

1.76

916

5.61

3.188

all/NL

1.77

913

5.45

3.238

SDCI ~

1.71

1035

3.67

-

MCPF ~

1.72

850

4.04

2.287

to the quality of the charge density than are most of other spectroscopic constants and
could be the better gauge for the method. Unfortunately, no experimental
determinations are available for VO and MoO thus only indirect discussion of the listed
data may be provided here. It is known that HF-based approaches to dipole moments
give rather poor agreement with experiment; in View of their underestimating dipole
moments due to incomplete description of correlation,/~ values listed in the table for
various levels of Density Functional Theory should yield much better agreement with
experiment. Also experimental values of dipole moments listed in Table 2 for some
other 3d transition metal oxides indicate at least reasonable theoretical values of the
disscussed property.
Bonding energies are the properties which are the most demanding upon the quality
of the theoretical method. Therefore the best results are obtained for the best available
approximation to the exchange-correlation potential. D~ values for both monoxides
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Figure 2. Ground state potential energy curve for MoO (energy of isolated atoms taken
as zero energy).
differ only by 9 % from experiment, which is much better result than any configuration
interaction calculations, only the correlated-pair-functional method gives comparable
values. It is worthy noting that gradual inclusion of nonlocal effects (LSD - LSD with
perturbative nonlocal corrections - wholy selfconsistent nonlocal calculations)
consequently reduces surplus in the bonding energy coming from overestimating
correlation effects (26 %, 17 % and 9%, accordingly). As the MCP-LSD calculational
scheme is very modest in demanding computer time, the ground state potential energy
curve could be augmented by additional points up to the distance of 10.0 a.u.. The
final curve is reproduced in Fig.2, showing apparently smooth and regular behaviour,
suitable for further rotational-vibrational analysis.
Systematic analysis of the data with respect to different schemes of density
functional calculations given in Table 1 shows clearly that the model core potential
(MCP) describing inner electrons in molybdenum gives rise to the results of the same
quality as the all-electron calculations. Not only is the use of MCP for heavy atom
calculations justified by numerical efficiency but also it may incorporate part of
relativistic effects, which may be crucial in describing properties of such atoms. This
tendency has been checked and found to be valid also for other states of MoO thus
from now on only the frozen core approximation for molybdenum will be presented.
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Table 1 comprises ground state properties of the two TMO's: 3d versus 4d
transition metal and, at the same time, the metal which can be ascribed to early series
versus the one belonging actualy to the second part of the period. It cannot be,
however, a complete basis for making general statements on performance of DFT for
any transition metal. To make it more general, Table 2 shows the selected results of
the density functional study of the first row transition metal monoxides obtained by
Piechota and Suffczyfiski [33] using the Local Spin Density Approximation
supplemented by perturbative nonlocal gradient corrections. In the table the
experimental data for the diatomic 3d TMO molecules are based on the Huber and
Herzberg work [34] and recent Merer's review [20].

Table 2
Spectroscopic properties of ground state 3d TMO molecules in the L S D + P N L
approximation [33]
MeO

STATE

R, (/k)

D, (eV)

# (D)

I (eV)

Exp

DFT

Exp

DFT

Exp

DFT

Exp

DFT

ScO

213§

1.67

1.69

7.01

7.80

4.20

4.06

-

6.63

TiO

3,5

1.62

1.64

6.92

7.45

-

3.69

6.56

7.17

VO

413

1.59

1.60

6.44

7.51

-

4.43

7.25

7.53

CrO

5II

1.62

1.61

4.41

5.75

-

3.92

7.85

8.16

MnO

6I;§

1.65

1.67

3.83

5.33

-

4.83

8.65

8.48

FeO

5,5

1.62

1.65

4.17

5.87

4.70

4.59

8.90

8.73

CoO

4I;-/4,5

1.63

1.63

3.94

6.26

-

4.25

8.90

9.58

NiO

313-

1.63

1.61

3.91

5.26

-

3.81

9.50

9.32

CuO

21-I

1.73

1.72

2.75

3.04

4.45

4.30

-

9.74

The results of LSD + PNL calculations are in good agreement with experimental data
in all cases, dissociation energies are provided within about 16 % error which is a very
good result in view of neglecting the changes in the density itself induced by nonlocal
corrections. Other calculated spectroscopic constatnts are fully satisfactory, also first
ionization potentials (estimated from Slater's transition state procedure) are in good
agreement with experiment and the greatest errors do not exceed 8 %.
Better understanding of the ionization process in transition metal oxides requires
more precise knowledge of their cationc states. Table 3 shows the preliminary results
of the deMon calculations for VO § and MoO § ions [35]. The ground states of ionized
species are given in local and nonlocal approximation, cationic excited states are given
only in a local description. They are tentatively ascribed to known ionization potentials
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of VO and other ab initio and HFS transition state results [36]. The first two states of
each ionized molecule are characterized by different total angular momentum and
therefore they can be described precisely within adopted scheme. The ground state of
VO § which can be ascribed to the tr hole in the ct manifold of the neutral molecule,
is the 3/3- one. The second one, 3,5, is the effect of ct-dn ionization. The ground state
equilibrium bond distance and vibrational frequency are in better agreement with the
experiment than other theoretical results already at the local level, the dissociation
energy requires obviously nonlocal corrections. Also first two ionization potentials
(calculated as the difference between total energies at optimal geometry for each state)
are close to the experiment, their overestimation comes from known overestimation of
correlation energy in DFT. The structure of quintet states of ionized species, coming
from ionizations in a/3 manifold, is much more complicated and requires an extended
discussion, especially in view of the ambiguity of excited states configurations and their
representations [37] versus Density Functional Theory.
The/3-7r and/3-a holes render the 5II and 512 ionized states, respectively. However,
the lowest quintet state of VO § seems to come from the "shake-up" multielectron
process which can be described as a simple one-electron/3-7r ionization synchronized
with an excitation in the ct manifold. Unfortunately the resulting configuration gives
rise to three different terms and therefore can be described only in an approximate,
average meaning within DFT. It should be also pointed out that the 51I and 5E- states
obtained from the/3 a and 7r ionizations lie higher than the 3,5 state obtained by the
c~-d~ ionization which was predicted experimentally whereas other ab initio calculations
were in contradiction with this ordering. Only the allowance for the correlation energy
change on ionization brings the proper ordering of quintet and triplet states [36]. The
proper behaviour of DFT states is apparently due to correlated character of the method.
Also the/3-7r hole state being lower than/3-o hole could be expected on the basis of the
one-electron picture. The opposite result of ab initio calculations may be probably due
to the fact that those calculations were carried out at experimental geometry of VO
molecule thus they represent vertical ionization while the change in bond distance has
been found to be essential in the case of/3-ionization.
In the case of MoO no experimental or other theoretical data are available by now.
The ground state of MoO + comes from the d,~ ionization, the second one is the trs
ionization effect, both render well-defined 412 and 4II states. The interpretation of
ionizations in the/3 manifold is even more complicated than for the VO molecule. The
lowest energy sextet state is again the 6II "shake-up" state coming from/3-a- ionization
combined with the ct trs - d, transition. Unfortunately, the direct/3-7r hole state gives
rise to three energy terms and must be taken with caution. The/3-o ionization would
lead to the well-defined 61-I state, it is, however, the second state of this symmetry
lying very close to the "shake-up" state and thus inaccessible by the present
calculations.
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Table 3
D F T Properties o f VO and MoO cations (Local and N o n L o c a l )
e x p e r i m e n t and other calculations [36]
CONFIG

STATE

METHOD

P~ (/~)

oJ~(cm-')

De (eV)

c o m p a r e d to

I (eV)

VO +
(~d2

8d I O'sI

Or" 8d20"s l

31~

Exp

1.54

1060

6.06

7.25

DFT/L

1.54

1146

7.68

7.41

DFT/NL

1.56

994

6.815

7.18

ASCF

1.501

1380

-

6.12

HFS

1.536

1150

-

6.28

Exp

-

-

-

8.42

DFT/L

1.56

1065

5.90

9.23

ASCF

1.517

1232

-

7.61

HFS

1.546

1099

-

7.24

DFT/L

1.79

696

3.31

11.82

ASCF

-

-

7.25

5I~-, 5A,

DFT/L

1.805

807

3.71

11.42

5I~"

DFT/L

1.74

739

3.06

12.19

ASCF

-

-

6.94

3A

5H

/3: ~r hole

Ot:CSd27rd~
B: 7r hole
CId:8d20"sI

fl:a hole

-

-

MoO +
8d2a,l

4~-

8d2'Trdl

4H

Cle"(~d2"lFd2

DFT/L

1.65

1035

5.75

8.29

DFT/NL

1.67

978

4.88

8.05

DFT/L

1.69

1007

5.53

8.51

6If

DFT/L

1.98

688

2.65

11.43

6lj-, 6h,
6~+

DFT/L

1.98

593

2.33

11.71

~: 7r hole
or: C5d20~7rd~

fl: ~" hole
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One should note here also other physical consequences of the ionization process which
may be already inferred from obtained results. Decrease in bond lengths accompanied
by a significant weakening of the covalent bond may be an indication of greater ionic
component in the bonding which may be responsible for shortening of interatomic
distances. Decrease of the dipole moment by 0.55 D and 1.02 D in the case of VO
and MoO, respectively, is also an interestimg phenomenon which may be attributed to
significant differences in charge distribution.

5 . S P E C T R O S C O P Y O F VO AND MoO
Spectroscopic studies of 3d transition metal monoxides have already been completed
for ground states of the entire series [20]. Many excited states are also known and well
characterizad for the 3d series, the exceptions being CoO and NiO. On the other hand,
even very careful experimental analyses leave many questions open as the diatomic
transition metal oxides have extremely complicated spectra and are still far from fully
understoo.d. Among them, emission spectra of vanadium oxide molecule are known and
characterized to a significant extent providing a good basis for theoretical comparative
studies which, in turn, could be very helpful in interpreting unclear parts of the
spectra. On the contrary, the present understanding of the 4d series of metal oxides is
much more limited and only few are characterized to any significant degree [34]. Until
very recently, very little was known of the spectroscopy of molybdenum oxide. The
first conclusive gas phase investigation of this molecule with an insightfid study of the
ground state and some excited states has been recently reported by Hamrick [22]. Such
a situation is challenging for theoreticians to try new computational methodologies in
a thoroughly predictive regime.
5.1. VO molecule
About half the predicted low-lying states of VO are now experimentally identified
and resolved [21]. Relative positions of quartet states have allowed for a construction
and rationalization of a simple molecular orbital scheme [20] which agrees very well
with the theoretical predictions presented in the previous paragraph (see Fig. 1). From
the low-lying electron configurations that arise when three electrons are placed in four
metal-centered orbitals, four quartet configurations may be inferred with at least two
electrons in one or both tr, and tSd MO's. These experiment-based assignements
constitute a good starting point and provides important support for a theoretical search
for excited states within DFT. The first excited configuration, tr,~tSd~Tr~~, yields more
than one state, namely AffI and A'4~. The same is true with the lowest sextet
and 6I~. For these
configuration (/~Trp--, ct7r~~ represented by three states" a6A, r
cases approximate near-minimum potential energy curves were calculated and
spectroscopic constants were evaluated for a mixture of states which obviously cannot
be interpreted as exact theoretical description of the states under consideration. The
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only statement which can be made here is that the excitation energy lies indeed in the
range provided by the lower, 4~, and upper, 4II, states. In two other cases, B4II (tSd27rdt)
and C4I~ (tSd2Crd~), the calculations have been attempted for the second state of a
particular symmetry. No theoretical justification exists for the applicability of DFT to
such cases and if there existed no firm experimental basis for thorough verification of
the results, such a de facto "try it and see" attitude could not have been adopted. The
collapse to the lowest state has been avoided by a numerical level-shifting technique
and careful converging process. Large separation between the states of equal symmetry
(in particular the ground and C4I~ states) may be of some help in conducting and
justifying such calculations, the final validation, however, may come only from the
experiment. Figure 3 shows indeed that potential energy curves in the near-minimum
region calculated within local approximation seem to be regular enough to justify the
validity of such approach a posteriori.
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Figure 3. Near minimum potential energy curves for spectroscopic states of VO.
( O ) X 4 ~ -, (m){mnII}, ("jI~')B4II, (~,)C4~ -, (v)D4A, (,)I2A, (D){a6A}, (o)b6II.
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Table 4 shows the results for the best LSD potential of Vosco, Wilk and Nusair
[12] (DFT/L) compared with experiment [21] as well as with other theoretical
extensive configuration interaction and coupled-pair functional method [23], where
available. Four quintets, one doublet and two sextet states are included in the table.
The overall impression which arises from inspection of numbers is that the LCGTOLSD method works for vanadium oxide even better than could be expected for such
a difficult example. Equilibrium bond distances approach the experimental values very
closely, similarly to other spectroscopic constatnts even though they have been obtained
from a very simple polynomial fit to an approximate, few-point curve. As a rule, the

Table 4
LDA results for excited states of VO compared to experiment and other calculations
(from ref. 23)
CONFIG

STATE

METHOD

P~ (/~)

z~ (cm ~)

w~ (cm -t)

a, lbdl7r,tl

A4II,A'41,

Exp

1.64,1.63

9899,7252

884,936

DFT/L

1.62

9328

956

SDCI

1.603

7753

1062

CPF

1.652

7057

857

Exp

1.64

12606

901

DFT/L

1.63

11971

938

SDCI

1.642

11369

934

Exp

1.67

17420

852

DFT/L

1.65

17340

965

Exp

1.69

19148

835

DFT/L

1.66

20958

958

Exp

1.58

a(?)

1020(?)

DFT/L

1.58

11158

1000

6d27rdI

6d2Crd I

O', I 6d ! O'dI

Cr,28dI

B4H

C413-

D4Ar

12Z%

o~:a,16d2~rdI
/3: 7r hole

a6ZX,6~
+,
6IS+

DFT/L

1.83

32677

600

or" crsl 6d271"dI

b6II

DFT/L

1.78

37179

735

/3:or hole
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interatomic distances are slightly too short, it is encouraging, however, that even the
predictions for B4II and C4X; states should be reported a s quite satisfactory in
comparison to other theoretical results.
Our investigations on the 2A state can provide some help in Positioning the part
of the spectrum coming from doublet states, known experimentally from rotational
analyses or perturbations but whose absolute energies were only approximately
evaluated [21]. The sextet states of VO are described only approximately since the
potential energy curves are very flat and more points would be desirable in order
to perform more exact analysis. Nevertheless, their positions and geometric
properties are consistent with a simple picture given by a qualitative molecular
orbital scheme.
5.2. MoO molecule
It was already shown that spectroscopic states of vanadium monoxide are numerous
and difficult to interpret in terms of one-electron based theories. At the same time, due
to the existence of broad and very careful experimental evidence, they are a good
subject for theoretical studies even if they do not strictly keep within the established
bounds but push forward the understanding of physical phenomena.
In the case of molybdenum oxide the situation is different. The first conclusive
spectroscopic studies for tile molecule with the assignements of X Hr (ground state),
AsA, BsII and B'5II electronic states has been published only recently [22]. Together
with the reported candidates for remaining low-lying quintet states, 5X; and ~Z;+, they
give valuable but still far from complete experimental database for electronic structure
resolutions. Similarly to the case of VO, only a few of these states have been
previously approached theoretically [24]; thus the job of building the theoretical
background for the interpretation of intricate MoO spectra is still an open field in
which DFT may prove to be very useful.
Fortunatly, the first four quintet states are each the lowest state of a particular
symmetry, with single-determinantal wavefunction thus no formal and computational
difficulties should have been expected. The same is true for triplets and septets. Only
the B and B'II quintets are the succeeding states of 17 symmetry, the latter being also
only the selected component of the parent configuration. The same objections as in the
case of VO apply here and indeed, technical difficulties prohibited final evaluation of
the first B state and the discrepancy of the latter with the experiment appeared to be
larger than for the remaining states.
Table 5 shows the results of our MCP-LSD calculations for all the specified
electronic states of MoO and their comparison both with experiment [22] and with the
advanced correlated ab initio calculations [24], where available. The agreement of all
entries with experiment is strikingly good in all but one cases. Worse reproduction of
the last quintet state is obviously due to the aforementioned objections. As the DFT
calculations give the mixture of states and the ~,/, state is not known experimentally, the
result cannot be ultimatively verified.
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Table 5
LDA results for excited states of MoO compared to experiment and other calculations
(from ref. 24)
CONFIG

STATE

METHOD

R~ (/~)

tSd2~rd2

A522+

Exp

-

7350

-

MCP/L

1.77

7450

920

SDCI

1.77

7300

830

MCPF

1.77

9463

780

Exp

-

13373

-

MCP/L

1.765

12420

941

Exp

1.75

14362

867

MCP/L

1.78

13510

944

MCPF

1.77

14790

845

Exp

1.73

21712

-

MCP/L

1.80

29370

941

MCP/L

1.65

2990

931

MCPF

1.65

5090

1023

~d2trltrd~
~dl o'sl'71"d2

~dl alll "/I'dI O'dI

tSd3Cr,1

5~
A'sAr

B'sII,5~

3A

A (cm-1)

co~ (cm t)

tSd2Crs2

322+

MCP/L

1.65

4670

850

C~: (~d20"sl"R'd2

7IX

MCP/L

2.03

24750

550

SDCI

2.06

15550

470

MCPF

2.03

21794

551

MCP/L

2.00

31850

580

SDCI

2.04

22000

540

MCPF

2.01

23863

510

/3: ~r hole

O~:~d20.s171.d2

/3:or hole

722+

The positions and properties of the ~ and A quintet excited states fit well with
fragmentary experimental data, the 52~§ being apparently the lowest excited state in
the S = 2 manifold. Both/~ states have similar predicted bond distances and vibrational
frequencies. The former one, however, originates from the promotion of ors nonbonding
electron to the 7rd antibonding level, whereas the second one is the effect of the
7rd --" ad promotion, which indicates that the 7rd one-electron state is the most

367
antibonding, the trd has modest antibonding character and that the a,, however of almost
pure metal character, is considerably influenced by a repulsion with the oxygen %
state. The discussion concentrated on physical features of the electron density
distribution attributed to excited states according to the Kohn - Sham scheme, may
bring relevant information for spectroscopists, especially useful in view of the fact that
accurate location, assignement and full characterisation of the low-lying A 5I;+ and 512
states is still of considerable interest [22].
Unfortunately, no experimental data are available for Spin manifolds other than
quintets. Among the 3d series of transition metal monoxides it is often quite difficult
to locate and assign intercombination bands, and in even the best undrstood molecules,
such as VO, the relative energies of the 'various spin manifolds are nirely known.
According to experimentalists it should be much less difficult to establish the relative
positions and energetics of the spin manifolds in the 4d series [22] and theoretical
description of such excited states should again be of great interest in helping them to
pave the avenue through which triplets and septets might be explored.
Therefore emphasis is put here again on physical implications stemming from
discussed results. The bonding is weaker and R, values are significantly larger for
septets than for quintets which is fully consistent with a qualitative model of exciting
electrons from bonding to antibonding levels. Consequently, their potential energy
curves are very fiat and the energy minima are much more shallow compared to
quintets. Triplet states, on the contrary, have shorter bond distances with respect to the
ground state, again a qualitative model of an electron transfer between antibonding ctTrd
mixed Mo - O level and basicaly nonbonding ~Sdor or, metal f3 levels proves to work
well. Both triplet and septet states may be described as the effect of a charge transfer
transition, substantially diminishing molybdenum positive charge. There exist also
quintet analogs of such charge transfer excited states which arise from promotion of
a bonding electron from the oxygen-centered ~ or t5 orbital to one of the metal-centered
levels, they are, however, expected to lie very high in energy and have not been
considered here.
In general, bonding scheme in the MoO molecule has distinct features of a covalent
structure. Indeed, net charges on molybdenum and oxygen atoms as measured by
Mulliken population analysis performed on DFT density are much smaller than ab
initio charges [31]. In view of the fact that including correlation increases the degree
of covalent character, as evidenced by the reduced net charge on the metal and smaller
dipole moment, the covalency in MoO plays larger role than expected previously.
The latter may have further implications in the cluster modeling of bigger transition
metal oxide systems.
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6. C O N L U S I O N S
In this chapter the Density Functional Theory has been described as a handy and
well-working tool for revealing the electronic structure of transition metal oxides. In
particular vandium and molybdenum monoxides have served as a case study for the
performance of the method in the field of the transition metal systems spectroscopy,
where traditional quantum chemistry encounters severe difficulties.
The chapter has hopefuly fulfilled two purposes:
it was ment as a test of the methodology in reproducing and supplementing well
developed experiment in the case of VO. On the basis of reach but intricate
spectroscopic data many excited states of VO have been approached theoretically on
various levels of approximation, be it pushing the bounds of applicability of DFT in
this field; careful insight into feasibility and reliability of DFT caculations for more
complicated examples could be provided on the basis of the presented results
- while using DFT in a predictive regime the sufficient level of approximation has been
selected for the proper quality of the calculated ground state properties of
molybdenum monoxide which would be the compromise between computational
efficiency and accuracy; within this selected level, many spectroscopic states of MoO
have been discussed, as well these accurately known from experiment as those only
expected to lie within certain energy ranges and finally the states completely
unexplored experimentally. The presented material should convince the reader about
the advantages coming from combining careful experiment with sophisticated
theoretical treatment.
-

It is hoped that numerous examples of DFT calculations for various spectroscopic
states of both, strightforward and intricate electronic structure, may provide a good
basis for searchong for new ways towards excited states within Density Functional
Theory. The presented examples should also show that the qualitative orbital picture
may be still useful in interpretation of density functional results in "chemical" terms.
One should final!'y bear in mind that the presented results are of acceptable quality
already at the simplest level of approximation in modern DFT whereas traditional
correlated computations lead to satisfactory results only on high expense of computer
time, close to making some of them intractable with standard techniques. This may
be taken as the optimistic sign of high capability of the method and its potential
usefulness in studying bigger systems composed of transition-metal atoms, in
particular clusters modeling bulk metal oxides.
ACKNOWLEDGMENTS
Partial support from The Polish State Committee for Scientific Research (grant No
2.P303.017.06) and from Universita degli Studi of Milano (EEC Contract ERB-CIPA
-CT-92-2257) is kindly acknowledged.

369
REFERENCES
1. P. Hohenberg and W. Kohn, Phys. Rev., 136 (1964) B864.
2. W. Kohn and L.J. Sham, Phys. Rev., 140 (1965) A1133.
3. K.H. Johnson, Adv. Quant. Chem., 7 (1973) 143.
4. D.E. Ellis and G.S. Painter, Phys. Rev., B12 (1975) 3060.
5. A.A. Katsnelson, V.S. Stepanyuk, A.I. Szasz and O.V. Faberovich, Computational
Methods in Condensed Matter: Electronic Structure, AlP, New York, 1992.
6. D.R. Salahub and M. Zerner (eds.), The Challenge of d and f Electrons, ACS
Symposium Series, Vol. 394, ACS, Washington, 1989.
7. S.B. Trickey (ed.), Density Functional Theory of Many-Fermion Systems, Adv.
Quant. Chem., Vol. 21, Academic Press, San Diego, 1990.
8. J. Labanowski and J. Andzelm (eds.), Theory and Applications of Density
Functional Methods in Chemistry, Springer-Verlag, New York, 1991.
9. D.R. Salahub and N. Russo (eds.), Metal-Ligand Interactions, from Atoms, to
Clusters, to Surfaces, NATO ASI Series, Series C, v.378, Kluwer, Dodrecht, 1992.
10.A. St-Amant and D.R. Salahub, Chem. Phys. Lett., 169 (1990) 387.
A. St-Amant, PhD Thesis, Universite de Montreal, 1990.
11.R. Fournier, J. Andzelm and D.R. Salahub, J. Chem. Phys., 90 (1989) 6371.
12.S.H. Vosco, L. Wilk and M. Nusair, Can. J. Phys., 58 (1980) 1200; L. Wilk and
S.H. Vosco, J. Phys. C, 15 (1982) 2139.
13.J.P. Perdew and Y. Wang, Phys. Rev. B, 33 (1986) 8800;
J.P. Perdew, Phys. Rev. B, 33 (1986) 8822.
14.J. Andzelm, E. Radzio and D.R. Salahub, J. Chem. Phys., 83 (1985) 4573.
15.U. von Barth, Physica Scripta, 21 (1980) 585.
16.O. Gunnarsson and B.I. Lundqvist, Phys. Rev. B, 13 (1976) 4274.
17.A.K. Theophilou, J. Phys. C, 12 (1978) 5419.
18.E.K.U. Gross, L.N. Oliveira and W. Kohn, Phys. Rev. A, 37 (1988) 2809.
19.A. Nagy, Phys. Rev. A, 42 (1990)4388.
20.A.J. Merer, Annu. Rev. Phys. Chem., 40 (1989)407.
21.A.J. Merer, G. Huang, A.S.-C. Cheung and A.W. Taylor, J. Mol. Spectrosc.,
125 (1987) 465.
22.Y.M. Hamrick, S. Taylor and M.D. Morse, J. Mol. Spetrosc., 146 (1991) 274.
23.C.W. Bauschlicher, Jr. and R.S. Langhoff, J. Chem. Phys., 85 (1986) 5936.
24.C.W. Bauschlicher, Jr., C.J. Nelin and P.S. Bagus, J. Chem. Phys.,
82 (1985) 3265; S.R. Langhoff, C.W. Bauschlicher, Jr.,L.G.M. Pettersson and
P.E.M. Siegbahn, Chem. Phys., 132 (1989)49.
25.S.R. Langhoff and C.W. Bauschlicher, Jr., Annu. Rev. Phys. Chem., 39 (1988)
181; Per E.M. Siegbahn, Chem. Phys. Lett., 201 (1993) 15.
26.M. Krauss and W.J. Stevens, J. Chem. Phys., 82 (1985) 5584.
27.M. Dolg, U. Wedig, H. Stoll and H. Preuss, J. Chem. Phys., 86 (1987) 2123.
28.J.M. Sennesal and J. Schamps, Chem. Phys., 114 (1987) 37.

370
29.E. Broctawik and D.R. Salahub, Int. J. Quant. Chem. Symp., 26 (1992) 393.
30.E. Broctawik and D.R. Salahub, J. Molec. Catal., 82 (1993) 117.
3I.E. Broclawik and D.R. Salahub, Int. J. Quant. Chem., in press.
32.R.J. Leroy, Program Manual for LEVEL, Univ. of Waterloo, Chem. Phys. Res.
Report CP-330, 1992.
33.J. Piechota and M. Suffczyriski, Phys. Rev. A, 48 (1993) 2674;
J. Piechota and M. Suffczyriski, manuscript in preparation.
34.K.P.Huber and G. Herzberg, Constants Of Diatomic Molecules, Van Nostrand,
New York, 1979.
35.E. Broctawik, manuscript in preparation.
36.E.A. Carter and W.A. Goddard III, J. Phys. Chem., 92 (1988) 2109.
J.M. Dyke, B.W.J. Gravenor and A. Morris, J. Phys. Chem., 89 (1985) 4613.
37.J. Raftery, P.R. Scott and W.G. Richards, J. Phys. B, 5 (1972) 1293;
P.R. Scott, J. Raftery and W.G. Richards, ibid., 6 (1972) 881.

J.M. Seminario and P. Politzer (Editors)

371

Modern Density Functional Theory: A Toolfor Chemistry

Theoretical and Computational Chemistry,Vol. 2
9 1995Elsevier Science B.V. All rights reserved.

Density Functional Studies of Decomposition Processes of Energetic
Molecules
Peter Politzer, Jorge M. Seminario and M. Edward Grice
D e p a r t m e n t of Chemistry, University of New Orleans, New Orleans,
Louisiana, 70148, USA

1. INTRODUCTION
For the purposes of interpreting and predicting chemical reactivity, a b
initio Hartree-Fock computations are often quite satisfactory. These yield one-

electron properties, such as the molecular electrostatic potential, to first-order
accuracy [1-5], which frequently suffices to identify, for example, sites for
electrophilic and/or nucleophilic attack [2, 5]. Quantities related to the
electrostatic potential on the molecular surface have also been related to a
variety of condensed phase macroscopic properties, including pKa's, heats of
vaporization, boiling points, critical constants, solubilities, etc. [6, 7].
However Hartree-Fock procedures, which by definition do not include
correlation contributions, are generally i n a d e q u a t e for calculating
dissociation energies and activation barriers [8]. Correlated or many-body
techniques can of course be used for these purposes, but they are very
demanding in terms of computer resources. Density functional (DF) methods,
even at relatively low levels, do take account of electronic correlation and
therefore can represent accurate and practical means for determining
reaction energetics. Local DF procedures are often satisfactory for computing
activation barriers [9-11], but it is well-known t h a t they overestimate
dissociation energies

[12-15], for which non-local DF approaches

are

necessary.
In recent years, we have made considerable use of the l a t t e r in
investigating possible decomposition routes of various energetic molecules,
primarily nitramines; these results will be summarized in section 2. Our
current focus is on how s t r u c t u r a l

and electronic factors affect the
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sensitivities toward impact of heterocyclic nitro derivatives; this will be
discussed in section 3.
2. POSSIRLE D E C O M P O S m O N STEPS OF SOME NITRAMINES

N i t r a m i d e , 1, is the simplest possible n i t r a m i n e and is included for t h a t
reason. However 2 - 5 are of practical interest as energetic materials. 2 - 4 are
known, and efforts are underway to prepare 5.
O2N,

O2N 9
H2N-NO2

N(NO2) 2

HN(NO2) 2

}~"--

/

i

NO2
NO 2

NO 2
1

2

3

4

5

All of the results to be presented in this section were obtained with the
p r o g r a m deMon [16], using the G a u s s i a n DZVPP basis set (approximately
e q u i v a l e n t to 6-31G**). The exchange and correlation functionals were
expressed in terms of the generalized gradient approximations (GGA) [17, 18].
The energy values t h a t do not include zero-point corrections are indicated by
an asterisk.
(a) H2N-NO2 (1) [19]:
AE for the dissociation r e p r e s e n t e d by eq. (1) is very similar to the
activation barrier for the nitro-nitrite r e a r r a n g e m e n t , eq. (2). Accordingly
these processes should be competitive.
H2N-NO 2

~

H2N + NO 2

AE = 48.4 kcal/mole

(1)

H2N-NO 2

~

H2N-ONO

Eact = 48.7 kcal/mole (2)

(b) N(NO2)2 (2) [20]+

Of the three possible N - N bond-breaking reactions, to produce NO 2,
NO 2 or NO2, the lowest energy r e q u i r e m e n t is for t h a t shown in eq. (3).
Some possible subsequent steps are shown as eqs. (4) - (7). From eqs. (3), (4)
and (7), one can obtain the overall AE to the observed products N 2 0 and
NO 3 , eq. (8).
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N(NO2)2

~

NNO 2

~

NNO 2

~

NNO2 + NO2
N20
NO 2

AE* = 49.8 kcal/mole

(3)

+ O-

AE* = 60.7 kcal/mole

(4)

+ N

AE* = 81.4 kcal/mole

(5)

NO 2

+ O ~

NO 3

AE* = - 1 0 3 . 2 kcal/mole

(6)

NO 2

+ O

NO 3

AE* = - 1 2 2 . 3 kcal/mole

(7)

N20 + NO 3

AE* = - 1 1 . 8 kcal/mole

(8)

N(NO2) 2

~
~

(c) HN(NO2)2 (3) [21]:
In analogy to 2, the most facile N - N bond r u p t u r e is t h a t which yields
NO2, eq. (9). The overall AE for the formation of N 2 0 and HNO3, eq. (10), is
-30.2 kcal/mole. Eqs. (11) and (12) show t h a t homolytic dissociation of the
H - N bond is much easier t h a n heterolytic.
HN(NO2) 2 ~

HN(NO2)

+

HN(NO2) 2 ~

N20

HNO 3

HN(NO2)2

~

HN(NO2) 2 - - - - ~

+

NO 2

AE = 44.0 kcal/mole

(9)

AE = "30.2 kcal/mole

(10)

H+

+ N(NO2) 2

AE=312.9kcal/mole

(11)

H

+ N(NO2) 2

AE = 95.8 kcal/mole

(12)

O2N,
N
(d)

I-] [

NO2

(4) t221.

NO2
The loss of the first NO2 from 4 could occur on either the nitrogen or the
d o u b l y - s u b s t i t u t e d carbon, eqs. (13) and (14). S o m e w h a t surprisingly, the
e n e r g y r e q u i r e m e n t s are quite similar, as are those for the ring-opening
t h a t h a s been s u g g e s t e d as being the next step [23], eqs. (15) a n d (16).
However the loss of a second NO2 does differentiate energetically between
the two p a t h w a y s [22].
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O2N,
AE* = 44.6 kcal/mole

(13)

AE* = 46.6 kcal/mole

(14)

N-CH 2
II I
H2C C(NO2) 2

AE* = - 3 . 6 kcal/mole

(15)

O2N-N, CH2,,

AE* = - 2 . 3 kcal/mole

(16)

~-~

NO 2

I

NO 2 + NO 2

NO2

NO 2
O2N,

O2N,
+

I' NO2

\
NO2

NO 2

NO 2
NO2
O2N,

~-~

~

\

H2C --C - N O 2
NO2

O2N.
(5) [24]"

(e)
NO2

The N - N O 2 dissociation energy of 5, eq. (17), is a relatively low 36.6
kcal/mole,

somewhat

less

than

the

activation

barrier

for

ring

fragmentation, eq. (18).
O2N,
+
"NO 2

NO2

AE = 36.6 kcal/mole

(17)

Eaet = 44.2 kcal/mole
AE = 17.0 kcal/mole

(18)

"NO 2

O2N,
2 H2C=N-NO 2

The preceding brief summaries present the key points of more extensive
studies t h a t are described in greater detail in the original sources. In all
instances,

the

calculated

DF-GGAJDZVPP r e s u l t s

are in s a t i s f a c t o r y

agreement with the limited experimental data that are available.
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3. SENSITIVITIES OF HETEROCYCLIC NITRO DERIVATIVES

There is currently a great deal of interest, as potential energetic materials,
in heterocyclic molecules containing two or more linked nitrogens. As always,
a key consideration is the desire to achieve the lowest possible degree of
sensitivity to unintentional external stimuli, such as shock or impact.
While the presence of several linked nitrogens is frequently associated with
instability and/or sensitivity [25], this is not always the case. For example,
some derivatives of the tetraazapentalene 6, such as the tetranitrodibenzo
isomers 7, have surprising stabilities [26]. In an earlier computational
analysis [27], we found 6 to be significantly more stable than its isomer 8,
despite the four linked nitrogens in the former. Our study revealed
considerable delocalization of charge in 6, which may be a factor in its
stability.

6

7

8

It is well-established, through both experimental and computational
evidence [28-34], that there is a degree of instability associated with the
presence in a heterocyclic ring of linked doubly-coordinated nitrogens, as in 8.
For example, the measured enthalpies of formation of 9 - 11 show 9 to be
approximately 20 kcal/mole less stable than 10 and 11 [35]. The origin of this

9

10

11

instability may be, at least in part, the proximity of the nitrogen lone pairs
when these atoms are forced into a cis configuration, as is the case when they
form part of a ring [36]. To test this idea, we computed the energies of the cis
and t r a n s isomers 12 and 13. As anticipated, 12 is 7.9 kcal/mole higher in
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energy than the most stable conformer of 13, in which the methyl groups are
rotated so that one hydrogen is in the closest possible proximity to the lone pair
on the neighboring nitrogen (13A). (All results in this section were obtained
with the density functional option of Gaussian 92/DFT, revision G.2 [37], using
the Becke exchange [38] and Perdew-Wang correlation [17] functionals and a
6-31G(d,p) basis set. Zero-point energies are included unless otherwise stated.)
H3C\

/CH3
N--N

H3C \

12

N~N

\

H.-.c~H
Hf x
N~---N

CH 3

\

.H

H~C~H

13

13A

Another source of instability associated with several linked nitrogens may
be kinetic. Indeed Storm et al have suggested that the considerably greater
sensitivity of the picryl triazoles 14 and 16 compared to their isomers 15 and 17
can be attributed to the availability, in 14 and 16, of a relatively facile
decomposition route, through the loss of N2 from the triazole portion of the
molecule [39].
O2N

NO~~__~NO2
O2N

O2N
14

15

O2N

O2N

O2N~N__~--~NO2

O2N
16

~N,
/

O2N

"

N---(( }~--NO2
O2N
17

We have investigated this kinetic factor in the case of the nitrotriazole 18,
which is known to be very sensitive to impact [40], in contrast for example to
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its isomer 19 which is quite insensitive. Both of these molecules have several
tautomeric forms, as shown below.

NO 2

N.02

N~N

N

\

/

N--N

N--N

18A

18B

18C

N.O2

NO2

NO 2

H

N

N

N.02

//

--.

"-

y

HXN~

\N- /

N

_

\

H

N~N/H

"-

/

H
19A

19B

19C

W e have shown [41] that a possible decomposition route for 18A and 18C is

through the formation of the intermediates 18A* and 18C* followed by the
elimination of two N2 between two molecules of the intermediate to give the
dinitrodihydropyrazine 20:

NO 2

H\

N.O2
~-

N~-N

"~

I-I
k
N

_2N2
N(+)
-)

18A

NO2

18A*

~

\

(19)

+18A*
NO 2
2{)
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N--N

-2N 2

//

\

N

H

18C

\

2{)

(20)

+18C*
H

18C*

Our computed energies for 18A and 18C are virtually the same, as are those of
18A* and 18C*; accordingly the energetics of these two processes, eqs. (19) and
(20), are essentially identical. An energy input of approximately 16 kcal/mole
is required for the first step, opening the triazole ring to give 18A* or 18C*.
However the subsequent formation of the dinitrodihydropyrazine 20 releases
100 kcal per mole produced. Accordingly the reactions described in eqs. (19)
and (20) are overall exothermic, with a AE of about -34 kcal per mole of the
original triazole, 18A or 18C.
The third tautomer, 18B, is unable, for structural reasons, to form an
intermediate analogous to 18A* or 18C*. However we found it to be more stable
t h a n 18A and 18C by about 3 kcal/mole [41]. Thus one plausible decomposition
route for 18 is that represented by eq. (21):
-2N 2
18B ~

18A (or 1 8 C ) ~

18A* (or 18C*)

~

21)

(21)

+18A* (or 18C*)
The initiation of this process requires 3 + 16 = 19 kcal/mole, but there is a net
energy release of AE = -31 kcal per mole of 18B.
The initial energy input needed for eq. (21), 19 kcal]mole, is relatively low in
view of the fact t h a t the decomposition processes of m a n y energetic
compounds are believed to begin with the breaking of a C-NO2 or N-NO2 bond
[42-53]; this typically requires at least 40 kcal/mole, as shown earlier in this
chapter and also elsewhere [44, 54, 55]. Furthermore, eq. (21) releases a
significant a m o u n t of energy which can be used to promote f u r t h e r
decomposition. Thus this reaction provides a reasonable interpretation of the
high impact sensitivity that has been observed for the nitrotriazole 18. Its
insensitive isomer 19, on the other hand, is structurally prevented from
undergoing an analogous process.
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4. CONCLUSIONS
Nonlocal density functional theory is an effective means for determining
the energetics and elucidating the mechanisms of the decomposition
processes of molecules of real chemical interest and significance. It should be
viewed as another practical tool that is available for this purpose, a useful
addition to existing experimental techniques, but with the extremely
important advantage that it can be applied to proposed molecules that may not
yet have been synthesized or isolated.
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1. INTRODUCTION
Despite a widespread view, Density Functional Theory (DFT) is not
exclusively the domain of quantum chemistry and solid state physics. On the
contrary, it has been widely used, especially in the theory of classical fluids
including several noncoulombic

interactions,

long before the famous

Hohenberg-Kohn [1] and Kohn-Sham [2] papers. This earlier work has
perhaps not been sufficiently recognized [3,4]. Another large area in which
phenomenological DFT has been successfully employed is nuclear physics,
using postulated interaction potentials between particles. Most of the work in
this area consists of modifications of the Thomas-Fermi [5,6] and HartreeFock [7,8] models. In this brief review, we want to show how DFT is used in
other disciplines, putting emphasis on the similarities with what we shall call
quantum density functional theory.
2. THEOREMS OF EXISTENCE AND VARIATIONAL P R I N C I P L E S
There are many similarities among the various applications of DFT. One of
the main characteristics of this parallelism is the existence of variational
principles. Thus for electron densities, the electronic energy is a unique
functional of the density for a given external potential. For a fluid of atoms or
molecules, the intrinsic Helmholtz free-energy is a unique functional of the
density for a given interatomic or intermolecular potential. For a nuclear
system, the energy of the nuclei can also be regarded as a functional of the
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nucleon density; however no formal theorems can be established as yet
because

the

interaction

potentials

between

particles

are

at

the

phenomenological level. In particle physics, the energy of a nucleon can also
be regarded as a functional of the density of quarks and gluons.
In all cases, the portion of the energy t h a t is not associated with the
external potential is a universal functional, i.e., it is the same for any external
potential. However it is also u n k n o w n in all realistic cases, and certainly
impossible to know exactly, at least by present means. Approximations are
very crude and their behavior can only be known in certain limiting cases
which are far from real situations. There are variational principles, not
always free of dilemmas, which are usually for an energy with respect to the
density variable. The functionals used are approximations since the exact
ones are unknown. They are very complex in nature. The best ones are
nonlinear, nonlocal, and require the use of numerical integration techniques
in order to apply their corresponding variational principles. In most cases
they have been obtained by an incredible fusion of intelligence, m a t h e m a t i c a l
ability, and a combination of experimental, numerical and analytical fittings.
The search for these functionals is without doubt one of the most challenging
subjects in applied science. In the following sections, we will review the
general concepts t h a t lead to several applications of DFT. The first involves
electronic s y s t e m s governed by the SchrSdinger equation. Next will be
a p p l i c a t i o n s to n u c l e a r a n d p a r t i c l e p h y s i c s , w h e r e t h e u s e of
phenomenological potentials is the rule, and the search for a final theory is
still in progress. Third will be classical fluids for which an interatomic or
intermolecular potential has been specified and macroscopic thermodynamic
properties can be derived using the laws of statistical mechanics.
3. A P P L I C A T I O N S OF QUANTUM DENSITY FUNCTIONAL THEORY
The electronic case, which has been treated in all previous chapters of this
book is essentially based on the Hohenberg-Kohn theorems [1] and the KohnS h a m procedure [2].

This is the most modern use of DFT, to solve the

SchrSdinger equation of an electronic system, and it is the most precise first
principles m e t h o d for the calculation of energies of chemical i n t e r e s t .
A l t h o u g h t h e r e have been, for more t h a n

100 years, other series of

developments t h a t also use the electronic density, we will avoid using DFT to
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represent every theory that makes use of the electron density in its derivation.
As shown in chapter 1 of this book, the electronic density used as a variable in
this DFT procedure is calculated from the q u a n t u m mechanical wave
function 9 by

p(r 1) =

(1)

N~dr2dr3...drN I ~ ( r l , r 2 , r 3 , . . . , r N 12

Therefore, using the time-independent, nonrelativistic, electronic Hamiltonian, the total energy can be written as,
(2)

where the external potential becomes a variable v, able to determine uniquely
the electron density p, and vice versa [1]. The external potential Vext is a
member of a set of {v}. This set has a one-to-one relationship with a set of {p},

E = E. [p]

(3)

More explicitly,
E.

§

§

T~ree

§

(4)

where F[p] is a universal functional (it does not depend on the external
potential) which is identical for any system. There also exists a variational
principle for ground states:

E < E. [pt ]

(5)

pt is a trial density. As mentioned in chapter 1, eq. (4) helped Hohenberg and
Kohn to demonstrate trivially their very important theorem; however this
theorem of existence did not help with the problem of finding the unknown
functional F[p]. It was not until the development of the Kohn-Sham procedure
that a practical way to perform calculations was available; their equation
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E[p] = f Vext (r)p(r)dr + T s + Vclas s [p] + Exc [p]

(6)

together with the variational principle and the use of empirical and formal
approximations to the exchange-correlation functional Exc[P] have been a
great success for quantum chemistry. In eq. (6), Ts and Yclas s [p] represent
the kinetic energy of a system of noninteracting electrons and the classical
electron repulsion.
The early use of DFT in solid state physics can be traced back to the
classical Thomas-Fermi theory for atoms and molecules [5,6], improved by
Dirac [9], and to the modification of the Hartree-Fock procedure by Slater [10].
These techniques were extensively used in solid state physics in different ways
before the Hohenberg-Kohn and Kohn-Sham papers. The use of DFT to solve
electronic problems was limited to solid state physics; its large-scale
application to problems in chemistry is very recent. The first program
commercially available was called DMOL [11]; some more recent ones, using
nonlocal functionals, include deMon [12], Gaussian 92/DFT [13], AMOL [14],
DGAUSS [15], NUMOL, a fully numerical program that does not require the
use of basis sets [16], and others that, like Gaussian 92/DFT, modified ab initio
codes in order to handle DFT calculations, e.g. CADPAC [17], ACES II [18]
and several others. For the most part, these methods and programs are
designed for the calculation of ground states of non-relativistic electronic
systems, although AMOL is able to include relativistic corrections.
Applications of DFT to superconducting systems are described in ref. [19];
however only an indication of the formalism is given and no references to
calculations are reported. A few applications to finite temperature ensembles
are also reported in ref. [19], in which the Thomas-Fermi theory has been
made temperature-dependent, allowing the study of plasmas. There is some
work in the formalism of DFT for excited states; see for example ref. [20]. It is
trivial to demonstrate t h a t the ground state density determines all the
properties of excited states uniquely, but the search for functionals has not yet
been carried out. However there have been calculations employing the same
functionals as used for the ground state, and the assignments of the excited
states have been made with the electronic structure given by the wavefunction
of the non-interacting system of electrons [20]. In most cases, reported results
have shown good agreement with experimental data. A promising method for
dealing with very large systems, the so called divide-and-conquer approach,
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was covered in this book in chapter 4. Another procedure t h a t will allow ab
initio molecular dynamics simulations is also being implemented, the CarParrinello method [21], which has been used successfully for relatively small
systems [22]. Applications of DFT to time-dependent problems have also been
developed [23], as well as to situations involving external magnetic fields [23].
These are basically extensions of the Thomas-Fermi model.

In this model,

there is not a molecular orbital picture associated with the non-interacting
system of electrons. This non-dependence upon a wave function makes the
calculation

of the

different

components

of the

total

energy

very

straightforward. The Thomas-Fermi method is not effective when q u a n t u m
effects are of importance, but it is very successful when quantum effects do not
represent a strong contribution to the behavior of the system under study, as
in the non-electronic cases described earlier.

For applications published

before 1988, the reader is referred to ref. [23].
Another important development, treated in chapter 3 of this book, is the
local-scaling t r a n s f o r m a t i o n version of DFT, in which a one-to-one
correspondence is established between the energy as a functional of a
wavefunction in an orbit in Hilbert space and the energy as a functional of the
one-particle density. Although apparently wavefunction-dependent (as an
arbitrary wavefunction is required to generate an orbit), this is a true density
functional theory, in which the energy density functional depends upon the
local-scaling transformation function f([p];r), which is an implicit function of
the one-particle density.
In order to have a more complete picture of the many-body problem for
more general or complicated cases that DFT could help to treat, it is necessary
to make a correspondence with the use of many-body perturbation theory.
Under this wider classification of perturbation theory are included all the
methods t h a t t r e a t electron correlation beyond the Hartree-Fock level,
including configuration interaction, coupled cluster, etc. This perturbational
approach has traditionally been known as second quantization, and its power
for some applications can be seen when dealing with problems beyond the
s t a n d a r d q u a n t u m mechanics.
The Hamiltonian operator, using second quantization, can be written as

I:I = E b~ (c lH o
~='

+

Z b~b~ (czl31Vl '13')b ,b=,
~13~'13'

(7)
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w h e r e a a n d ~ r u n over all t h e particles, b t and b are t h e c r e a t i o n a n d
a n n i h i l a t i o n operators, Ho is the core one-particle H a m i l t o n i a n a n d V is the
p a r t i c l e - p a r t i c l e i n t e r a c t i o n operator. Thus a p a r t i c u l a r s t a t e can be w r i t t e n
as

Wv - a~natn_l'"at2a~l W(0)

(8)

where

v (~ - I o , o , . . . , o >

(9)

is the no-particle or v a c u u m state. In the case of relativistic density functional
theory, existence t h e o r e m s have been established a n d also some functionals
h a v e been developed. There is a s u b s t a n t i a l n u m b e r of calculations in which
r e l a t i v i t y h a s been considered in various ways. Most of these calculations were
b a s e d i n i t i a l l y on the use of the Dirac-Coulomb H a m i l t o n i a n , for which the
one-electron portion is given by

hD

- c~p +

~mc 2

Z
r

(10)

i n s t e a d of the nonrelativistic
hN R _ _1V2

Zr

(11)

In t h e s e equations,

-

[I
~

-I ,

a=(~1,~2,~3),

and

~k =

~k

Ok1
-0

(12)

(~k as well as I and 0 are all 2 x 2 matrices:

(~ 1 --

,

~ 2 --

E~ ol
i

,

(~3 --

~

and

I =

(13)
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Since this only affects the one-electron portion of the H a m i l t o n i a n , its
i m p l e m e n t a t i o n in DFT is straightforward for atomic calculations. However
the eigenvalues of this relativistic Hamiltonian also correspond to a negative
continuum [24]. A more sophisticated Hamiltonian is the non-virtual pair
approximation or the projected Dirac-Coulomb-Breit Hamiltonian [24]"

H-A+

EhD+

E

rij

(14)

+

where A+ is the projection operator for positive energy states and Bij is the
Breit interaction which represent the first order relativistic contributions to
the electron-electron interaction (magnetic and retardation). It can be shown
t h a t this yields effects of the order a 2. Those of order a3, like Lamb shifts,
which include electron self-energy and v a c u u m

polarization,

are not

incorporated and their use in DFT has not yet been reported. A very current
l~eview of relativistic many-body calculations can be found in ref. [25].
4. N U C L E A R AND PARTICI,E PHYSICS APPLICATIONS OF D F T
The applications in nuclear physics are in general a combination of
q u a n t u m DFT, as it is used for electronic cases, and classical DFT, as utilized
in the case of fluids; basically, the only difference a m o n g these various
applications of DFT is in the kind of interactions in each case. The HohenbergK o h n t h e o r e m h a s been applied expressly to show t h a t t h e nucleon
m o m e n t u m distribution is a unique functional of the local density distribution
[26]. In this particular situation, the density is due to nucleons (protons and
neutrons). Nucleons are fermions, indistinguishable particles of spin 1/2 like
the electron. One of the q u a n t u m n u m b e r s of nucleons is the isospin or
barionic n u m b e r t h a t determines w h e t h e r a nucleon is in a proton or a
n e u t r o n state. In other words, the proton and neutron are j u s t two different
possible states of a single nucleon. As was also the situation in the electronic
case, the use of the DFT allows t r e a t i n g the d y n a m i c a l s h o r t r a n g e
correlations between nucleons t h a t are not included in the H a r t r e e - F o c k
a p p r o a c h e s used for e l e m e n t a r y particles. Calculation of energies and
densities by Hartree-Fock methods implies a knowledge of the wavefunctions
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of all occupied single particle states. Semiclassical calculations allow the
e v a l u a t i o n of densities directly from the m e a n fields; they are also selfconsistent methods [27]. The nuclear level densities, which play an important
role in the formation of compound nuclei, are described using the Fermi-gas
statistical model [28]. Finite temperature under the Hartree-Fock technique
for nuclei follows the same scheme as used in classical calculations [29].
Semiclassical density functionals are widely used in the calculation of
average nuclear properties [30]. Energies and nucleon densities have been
obtained very accurately using extended Thomas-Fermi functionals which
have been corrected using up to fourth-order gradient corrections. The use of
Skyrme (velocity-dependent forces) type effective interactions has allowed the
calculation of excellent binding energies (for nucleons). Recently, the spinorbit component of the Skyrme force was made dependent on the density of
nucleons and fitted with relativistic results in order to introduce relativistic
corrections into this semi-classical approach [31]. The extended ThomasF e r m i method has also permitted the calculation of nucleon energies and
distributions at finite temperatures. These semi-classical studies are a way to
visualize how the local density of nucleons and its m o m e n t u m distribution
evolve in phase space as a function of the t e m p e r a t u r e , giving a correct
comparison with
is more critical
electron-electron
there are a lot

q u a n t u m results [32]. As we mentioned before, the situation
at the nuclear or particle level. In the electronic case, the
interaction potential is known; however in the nuclear case
of models developed mainly to fit experimental data. An

interesting historical review of the development of nucleon-nucleon potentials
is given in ref. [33], and ref. [34] contains a critical review of effective
i n t e r a c t i o n c a l c u l a t i o n s . T h e r e are also v e r y simple local d e n s i t y
approximations for calculating properties of finite nuclei; however they have
been considered unreliable because of the finite range of realistic nucleonnucleon interactions [35]. In the same way as in q u a n t u m chemistry, where
there was some reluctance to use DFT instead of the s t a n d a r d ab initio
techniques, in nuclear physics DFT methods were not considered complete or
consistent a few years ago [36].
Applications of DFT are foreseen and s t a r t to be used in q u a n t u m
chromodynamics, the theory of s t r o n g interactions t h a t s t u d y the most
e l e m e n t a r y particles, like q u a r k s and gluons. Protons and n e u t r o n s are
composed of q u a r k s t h a t are held t o g e t h e r by gluons. These nucleonic
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constituents

can also be e x p r e s s e d as a d e n s i t y d i s t r i b u t i o n

[37] t h a t

corresponds to a nucleon (proton or neutron). As h a p p e n s at the molecular
level, where a small fraction of the atomic energies holds a molecule together,
a fraction of the strong forces between quarks holds together the nucleon or
multi-nucleon system. It might be possible t h a t
dealing

with

problems

where

strong

and

DFT would be an option for
electromagnetic

i m p o r t a n t , as in the alleged case of cold fusion [38].

forces

are

Finally, a f u r t h e r

possibility is the use of DFT in the evolution of m a t t e r density for theoretical
models of universes [39].
5. D E N S I T Y F I . ~ C T I O N A L T H E O R Y IN CLASSICAL F L U I D S
In the last three decades, classical inhomogeneous fluids have become the
subject of immense interest, not only for theoreticians but also for engineers
and applied scientists, because of their technological importance. As opposed
to homogeneous, inhomogeneous fluids are under the effect of some external
potential t h a t causes an inhomogeneity, manifested as a spatial variation of
the one-body density profile. Functional methods have long been applied to
studying the structure of bulk fluids [40], and recent theories, although using
a different methodology [41], have included the bulk fluid as a special case of
an inhomogeneous fluid. For inhomogeneous fluids, however, the idea goes
back even further, to van der Waals' theory of interfaces in 1893 [42], which
was u p d a t e d and r e w r i t t e n in t e r m s of statistical mechanics

by several

authors in the 1960's. The reader is referred to ref. [43] for a historical review.
In this section we will s u m m a r i z e the m a i n concepts t h a t lead to the
formulation of the variational pri'nciple for this case. An excellent discussion
and review of the several applications within this area has been given recently
[3] and we refer to t h a t article and the references t h e r e i n for the r e a d e r
desiring more details on this subject. Here we present an introduction to the
basic ideas needed for the application of DFT to these systems, in order to
establish the analogies and differences with other applications.
The thermodynamic properties of a system can be expressed as averages of
c e r t a i n functions of the

phase-space

(positions a n d m o m e n t a )

constituent particles. These averages are either calculated over a
t r a j e c t o r y of one system using the Boltzmann method, or over a

of t h e

phase-space
phase-space

of single points from several systems using the Gibbs method [44].

In both
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cases, the set of phase-space points is constrained to those with common
macroscopic quantities, and they are regarded as an ensemble. For instance,
the PTN ensemble is the set of phase-space points of a system of N particles
t h a t yield a given constant temperature T and pressure P.
Let us now consider an open system, i.e., able to exchange m a t t e r as well
as energy with its surroundings, containing a single component (or one
chemical species) in a volume V at a temperature T and chemical potential Ix
(defined here as the energy needed for the flow of matter). This corresponds to
a TV~ ensemble known in statistical mechanics as the g r a n d canonical
ensemble, and the thermodynamic potential associated with this ensemble is
the grand potential or grand free energy, ~. It is defined as ~ = A - ~t < N > ,
where A is the Helmholtz free energy (the thermodynamic potential in terms
of N, V and T) and <N> is the ensemble average of the number of particles.
Let us introduce two quantities, ~[fl and A[fl, and assume t h a t they are
functionals of an arbitrary N-body probability density distribution function
f(r N) which is the probability t h a t the system contains N particles w i t h
coordinates r l , r2, ... rN. The function f(r N) does not correspond necessarily to
an equilibrium state. It is postulated that these functionals need to satisfy the
following conditions:
a) ~[fl and A[f] have t h e i r m i n i m u m values w h e n f = fo, with fo the
equilibrium probability distribution function, and
b) t h e s e m i n i m a correspond respectively to the t h e r m o d y n a m i c g r a n d
potential ~, and to the intrinsic (no external potential) Helmholtz free
energy A.
The equilibrium N-body configurational (without including the kinetic energy
of the particles) probability distribution function f(r N) is designated as fo :

fo ( rN ) = (E)-lexp(-~( U + V - ~N))

(15)

w h e r e E is the grand canonical partition function for the system,
oo h _ 3 N

~ ~
N=O N !

exp(-~(U + V - ~N)dr N

(16)
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with 13= 1/kT. U(r) is the interatomic or intermolecular potential energy, V(r)
is the external potential and k and h are the Boltzmann and Planck constants,
respectively. Let us assume that f is normalized, i.e.
~ f(r)dr N - 1

(17)

N=0
Defining ~[f] as
oo

~[f] - ~ ~ dr N (U + V- ~N + kTln f)f
N=O

(18)

from eq. (15)
(19)

In fo = - ~ ( U + V - ~ N ) - l n E
Substituting eq. (19) in eq. (18), and using the normalization condition,
oo

a[f o ] - ~dr
N=O

N (-kTln~,)f

o =-kTlnE

(20)

Therefore,
~2 = ~ [fo ]

(21)

This is the thermodynamical grand potential, which is also
~2- A-~(N}.

(22)

Next, we will show that ~ is a m i n i m u m of ~[fl, i.e., that
~[fo]

< ~[f]

forfo r f,

(23)

and
[fo ] = ~ [f],

for fo = f.

(24)
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From eq. (18) and eq. (20)
oo

[f] - ~ [f o ] - ~ ~ d r N ( U + V - ~ N + k T In f - k T In E)
N=O

(25)

Replacing E , using eq. (19),
oo

~[f]-~[fo]-

oo

kT E~dr
N=0

N(lnf-lnf

f
o) =kT E ; d r N f o ( f l n - fo
N=0
fo

f
fo

(26)
where the last two terms cancel because of the normalization condition. Then
the right hand side must be greater than 0 if f r 0, since
x l n x > (x- 1)

for

xr 1

(27)

for

f* fo.

(28)

Therefore
[fo ] < ~ If]

For f = fo, the right hand side vanishes, and then
(29)

[f] = ~ [fo ]-

In the same way, a second functional can be defined for A:
oo

A[f] - ~~drNf(u
N=O

+ kTlnf)

(30)

From (19), if the external field is zero, then
k T In f o = - ( U - ~ N ) - k T In E.

Therefore, in eq. (30),

(31)

1)
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oo

A[f o ] - ~ ~ d r N f o ( ~ N - k T l n E ) -

- k T l n E + ~ ( N ) - n + l~(N)= A i

N=O
(32)
where Ai is the intrinsic Helmholtz free energy, i.e., the free energy in the
absence of an external field. With the same argument as before,

A [fo ] < A If]

for

fcfo

(33)

for

f= fo.

(34)

and

A [f] - A [fo ]

We can also relate the two functionals by

~[f] - A[f] + f drNfV -~(N) - A[f] + S d r N f ( r ) V ( r ) - ~tj"drNf(r)
(35)
It is possible to show [45-47] t h a t there is only one external potential V(r) t h a t
gives rise to a given equilibrium one-body density profile p(r) and to the N-body
distribution f(rN). Since f(r N) is a functional of p(r), we can take ~[fl and A[fl
to be functionals of p(r), the singlet density distribution. Thus, using p instead
of f as the a r g u m e n t in the functionals in eq. (35), and since ~ is a m i n i m u m
at equilibrium,

5~[p]
5p(r)

= 0

at

The d i f f e r e n t i a t i o n is at fixed V ( r ) a n d

P = Po

(36)

~, V, T. Since this m i n i m u m

corresponds to the grand potential, from eq. (35) we find
~i ( r ) + V ( r )

- ~t

(37)

where these two r dependencies m u s t cancel each other since ~t is a constant,
and
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~t i ( r ) = 8A[p]
8p(r)

at

P = Po

(38)

~ti is called the intrinsic contribution to the chemical potential. Eqs. (36) and
(37) are the most important in the applications of classical DFT to the theory of
inhomogeneous fluids. We have discussed the formalism in terms of f(r),
which is valid only for atomic fluids; the extension to molecular fluids has
been presented elsewhere [48].
It has proven to be useful to decompose the Helmholtz free energy
functional A[p(S)], where p(S) is the N-body particle density, into an ideal
contribution from non-interacting particles and an

excess

contribution,

Aexc [p(N) ] _ A[p(N) ] _ Aid [p(N) ] _ A[p(N) ] _ ~ aid ( p ( r ) ) d r

(39)

w h e r e aid(p(r)), the free-energy-density of an ideal gas (a fluid w i t h o u t
interactions), is known exactly and is given by
a id ( p ( r ) ) = ~ - l p ( l n A 3 p - 1)

(40)

with A being the thermal de Broglie wavelength of a particle of mass m,

A =

h

(41)

( 2 n m k T ) 1/2
By taking functional derivatives of ~Aexc [p (N)] is obtained a new sequence of
properties, which are related to the direct pair correlation function between
particles. We make a small digression here to define this quantity for the
reader unfamiliar with this terminology. The total correlation between two
particles is usually divided into a direct part, t h a t includes short range
correlations due only to t h a t pair, and an indirect correlation t h a t is
propagated by the presence of large numbers of intermediate particles. It can
be shown [49] that the direct pair correlation function can be obtained from the
second functional derivative of Aexc[p(N)], evaluated at Po, the equilibrium
single-particle density:
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52Aexc [p(N) ]

c(r,r')

= -13

5p(r)fp(r')

(42)
p=po

By analogy, a single-particle direct correlation function results from the first
functional derivative of Aexc[p(S)],

5A exc [p (N) ]1

c(r) = -~

8p(r)

(43)
p=po

Combining eqs. (37) and (38) with (39) and (43), the following relation is
obtained:

In A3p(r) = [3(~ - V ( r ) ) + c ( r )

(44)

where -[~-lc(r) is viewed as an effective one-body potential, and can be
associated with the functional derivative of the unknown functional developed
in chapter 1 of this book,
0p

)~

,

(45)

where the presence of the logarithm in eq. (44) reflects the corresponding
classical behavior. Eq. (4) in quantum DFT has its equivalent in the theory of
classical fluids, given by eq. (35), while the inequality expressed by eq. (5)
obviously corresponds to the application of the variational principle to the
free energy functionals. Both F[p] and A[p] are unique functionals of its
a r g u m e n t s . The key m a n i p u l a t i o n for e s t i m a t i n g t h e i n t e g r a l
in the Kohn-Sham scheme is to subtract from it the
classical electron-electron energy interaction, which represents the energy of
the same electron density distribution as obtained using classical laws. The
residual term has been named (not too accurately) the exchange-correlation
energy, which can be regarded as the corrections due to the fact t h a t the
electrons can not interact with themselves (self-interaction) and that they are
indistinguishable (exchange), plus an extra correction for the interactive
kinetic energy of the electrons. This integral, ,u,fl(wxIVeel ~Ij~")d)~, is the

Jl(~pllVeel~Px)d%,
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analogue of Aexc[p]. However a partition of Aexc[p] is not straightforward
because of the complicated nature of the particle-particle potentials, except for
the case of ionic liquids where the electrostatic energy can be separated in a
manner similar to the Kohn-Sham procedure [50-53].
6. SUMMARY
Density functional techniques are available for the calculation of the
molecular and electronic structures of ground state systems. Techniques of
this kind are also applied extensively in the study of classical liquids, where
applications cover a broad spectrum ranging from fluids at interfaces to
theories of freezing and nucleation. The area of nuclear physics is still in a
very early stage of development in the use of DFT, mainly because there is not
yet a complete theory, as there is in the molecular and atomic cases. This
chapter has focused on the theoretical aspects of other applications not related
to the use of the Kohn-Sham procedure for electronic systems, with the hope
that a better understanding of the problems and successes in the respective
areas would help in the development of improved functionals.
REFERENCES
P. Hohenberg and W. Kohn, Phys. Rev. B 136 (1964) 864.
2. W. Kohn and L. J. Sham, Phys. Rev. 140 (1965) Al133.
3. R. Evans, in Fundamentals of Inhomogeneous Fluids, D. Henderson
(ed.), Dekker, New York, 1992, ch. 3.
4 J. K. Percus, Acc. Chem. Res. 27 (1994) 224.
5. L. H. Thomas, Proc.. Camb. Phil. Soc. 23 (1927) 542.
6. E. Fermi, Z. Physik, 48 (1928) 73; Rend. Acad., Lincei 6 (1927) 602.
7. D. R. Hartree, Proc. Cambridge Phil. Soc. 2 (1927) 89 and 111.
~

8. V. Fock, Z. Physik 61 (1930) 126.
9. P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26 (1930) 376.
10. J. C. Slater, Phys. Rev. 81 (1951) 385; J. Slater, The Self Consistent-Field

for Molecules and Solids: Quantum Theory of Molecules and Solids, vol.
4, McGraw-Hill, New York, 1974.

399
11. Dmol: B. Delley, J. Chem. Phys. 92 (1990) 508; B. Delley in D e n s i t y
Functional Methods in Chemistry, J. K. Labanowski and J. Andzelm
(eds.), Springer-Verlag, New York 1991. The D M o l program is
distributed by Biosym Technologies, Inc.
12. deMon: A. St-Amant, Ph.D. thesis, Universit6 de Montr6al (1992); A. StAmant and D. R. Salahub, Chem. Phys. Lett. 169 (1990) 387.
13. G A U S S I A N 9 2 / D F T : Revision F.2, M. J. Frisch, G. W. Trucks, H. B.
Schlegel, P. M. W. Gill, B. G. Johnson, M. W. Wong, J. B. Foresman, M.
A. Robb, M. Head-Gordon, E. S. Replogle, R. Gomperts, J. L. Andres, K.
Raghavachari, J. S. Binkley, C. Gonzalez, R. L. Martin, D. J. Fox, D. J.
Defrees, J. Baker, J. J. P. Stewart, and J. A. Pople, Gaussian, Inc.,
Pittsburgh PA, 1993.
14 AMOL: E. J. Baerends, D. E. Ellis, and P. Ros, Chem. Phys. 2 (1973) 41.
15. DGauss: a software product part of Unichem system of computational
chemistry programs developed at Cray Research, Inc. and distributed by
Molecular Simulations, Inc.; for details of DGauss methodology see: J.
Andzelm and E. Wimmer, J. Chem. Phys. 96 (1992) 1280.
16. NUMOL: A. D. Becke, J. Chem. Phys. 88 (1988) 2547; A. D. Becke and R.
M. Dickson, J. Chem. Phys. 89 (1988) 2993; 92 (1990) 3610; A. D. Becke,
Int. J. Quantum Chem. Symp. 23 (1989) 599.
17. CADPAC, The Cambridge Analytical Derivatives Package, Issue 5.2,
Cambridge, 1992. A suite of quantum chemistry programs developed by
R. D. Amos with contributions from I. L. Alberts, J. S. Andrews, S. M.
Colwell, N. C. Handy, D. Jayatilaka, P. J. Knowles, R. Kobayashi, N.
Koga, K. E. Laidig, P. E. Maslen, C. W. Murray, J. E. Rice, J. Sanz, E. D.
Simandiras, A. J. Stone, M.-D. Su.
18. A C E S H: an ab initio program system, authored by J. F. Stanton, J.
Gauss, J. D. Watts, W. J. Lauderdale, and R. J. Bartlett. The package
also contains modified versions of the M O L E C U L E Gaussian integral
program of J. AlmlSf and P. R. Taylor, The A B A C U S integral derivative
program of T. U. Helgaker, H. J. A. Jensen, P. Jorgensen, and P. R.
Taylor, and the P R O P S property integral package of P. R. Taylor;
Reported results can be found in: N. Oliphant and R. J. Bartlett, J.
Chem. Phys. in press.
19. R. M. Dreizler and E. K. U. Gross, Density Functional Theory, SpringerVerlag, Berlin, 1990.

400
20. C. Daul, H. -U. Gtidel and J. Weber, J. Chem. Phys. 98 (1993) 4023; L. N.
Oliveira, E. K. W. Gross, and W. Kohn, Phys. Rev. A 37 (1988) 2821; K. D.
Sen, Chem. Phys. Lett. 188 (1992) 510.
21. R. Car and M. Parrinello, Phys. Rev. Lett. 55 (1985) 2471; R. Car and M.
Parrinello in Simple Molecular Systems at Very High Density, A.
Polian, P. Loubeyre, and N. Boccara (eds.), Plenum, New York, 1989.
22. K. Laasonen, M. Sprik, and M. Parrinello, J. Chem. Phys. 99 (1993) 9080;
P. Margl, K. Schwarz, and P. E. B15chl, J. Chem. Phys. 100 (1994) 8194;
D. Vanderbilt, Phys. Rev. B 41 (1990) 7892.
23. E. S. Kryachko and E. Ludefia, Energy Density Functional Theory of
Many-electron Systems, Academic Press, New York, 1990.
24. J. Suder, Phys. Rev. A 22 (1980) 348.
25. I. Lindgren, Phys. Rep. 242 (1994) 269.
26. A. N. Antonov and I. Zh. Petkov, I1 Nuovo Cimento 94A, (1986).
27. M. Brack, C. Guet and H. -B. H~kansson, Physics Reports 123 (1985) 275.
28. N. Cerf, Phys. Rev. C 50 (1994) 836.
29. H. G. Miller, R. M. Quick, G Bozzolo and J. P. Vary, Physics Letters
186B (1986) 13.
30. J. Bartel and M. Valli~res, Physics Letters l l 4 B (1982) 303.
31. J.M. Pearson and M. Farlne, Phys. Rev. C 50 (1994) 185.
32. M. Durand and P. Schuk, Physics Letters B 172 (1986) 135.
33. R. Machleidt and G. Q. Li, Phys. Rep. 242 (1994) 5.
34. B.R. Barrett, P. Halse, L. M. Jaqua and J. P. Vany, Phys. Rep. 242 (1994)
35.
36.
37.
38.

5.
H. Mfither, Phys. Rep. 242 (1994) 93.
A. Klein, Phys. Rev. C 30 (1994) 1680.
M. Betz and D. Hadjimichef, Phys. Rev. C 49 (1994) 3029.
M. Fleischmann, S. Pons and G. Preparata, Il Nuovo Cimento 107A

(1994) 143.
39. P.G. Miedena, Phys. Rev. D 5() (1994) 2431.
40. J.K. Percus, in The Equilibrium Theory of Classical Fluids, H. L. Frisch
and J. L. Lebowitz (eds.), W. A. Benjamin, New York, 1964, p. II 33; G.
Stell, in The Equilibrium Theory of Classical Fluids, H. L Frisch and J.
L. Lebowitz (eds.), W. A. Benjamin, New York, 1964, p II 171.

401

41. D. Henderson, in Fundamentals of Inhomogeneous Fluids, D.
Henderson (ed.), Dekker, New York, 1992, ch. 4; M. Lozada-Cassou, in
Fundamentals of Inhomogeneous Fluids, D. Henderson (ed.), Dekker,
New York, 1992, ch. 8.
42. J. D. van der Waals, Z. Phys. Chem. 13 (1894) 657.
43. J. S. Rowlinson, B. Widom, Molecular Theory of Capillarity, Oxford
University Press, Oxford, England, 1982, ch. 3.
4. D. A. McQuarrie, Statistical Mechanics, Harper Collins, New York,
1976.
45. N. D. Mermin, Phys. Rev. 137 (1965) A1441.
46. R. Evans, Adv. Phys. 28 (1979) 143.
47. J. T. Chayes, L. Chayes, and E. H. Lieb, Commun. Math. Phys. 93 (1984)
57; J. T. Chayes, and L. Chayes, J. Stat. Phys. 36 (1984) 471.
48. C. G. Gray and K. E. Gubbins, Theory of Molecular Fluids, Vol. II, ch 8,
Oxford University Press, Oxford, England, in press.
49. J. -P. Hansen and I. R. McDonald, Theory of Simple Liquids, Academic
Press, New York, 1986.
50. R. Evans and J. T. Sluckin, Mol. Phys. 40 (1980) 413.
51. M. M. Telo da Gama, R. Evans and J. T. Sluckin, Mol. Phys. 41 (1980)
1355.
52. J. T. Sluckin, J. Chem. Soc. Faraday Trans. II 77 (1981) 1029.
53. A. Alastuey, Mol. Phys. 52 (1984) 637.

This Page Intentionally Left Blank

403

INDEX
activation barrier 255, 262-268
ADF code 256
adiabatic connection method 23
atomization energies 67, 207
atoms,
correlation energies 65
electron affinities 66
exchange energies 64
exchange-correlation energies 65
ionization energies 66
basis set superposition error 356
basis sets 126, 136, 138, 139, 144, 222,
229-231,255, 256, 259, 261,262
Becke exchange correlation 260
Becke-Perdew functional 48
bond-breaking 158
Born-Oppenheimer approximation 77,
88, 169, 255
Brillouin zone 154
broken symmetry 153, 157-161
Broyden-Fletcher-Goldfarb-Shanno
procedure 257
C20 isomers 214
C4 isomers 215
catalysis 241
CH2OOH 262, 267, 268
CH3CN, CH3NC 255, 262-264
chemisorption 352
classical fluids 391-397
cluster model studies 222
CO 207, 249
configuration interaction methods 125,
171,172
constrained optimization 255,257, 268
convexity constraint 53
Coulomb hole 91
coupled cluster method 125
CPU time 256
Cr(CO) 6 242-247
decomposition reactions 372-374
deMon code 256, 261,351,386
"density-driven" orbitals 77
diamagnetic effects 275
dipole moments 351,356-362
Dirac equation 276
dissociation energies 125, 351,356
divide-and-conquer method 126, 128148, 386
DMol 221,222, 386

electron correlation 171,172, 350
electron density 126, 130, 139, 152, 349,
350
electrostatic potentials 227-229, 371
energy density 75, 81,130-132, 139
energy functional 75, 78, 81-83, 85, 8992, 126, 136
equivalent fractional-occupation approach
353
ESR hyperfine tensor calculations, theory
313-315
ESR parameters 313-337
Euler rotation angles 155
Euler-Lagrange equations 95-99
exchange-correlation,
energy 174, 186
first derivatives 193-196
functional/potential 15-23,99, 126,
132, 138, 151,152, 173, 174,
177-214, 223,258-260, 351,353,
357
hole 33-37, 40
second derivatives 196-203
matrices 186-193
excited states 91, 92
extended cusp condition 59
Fast Multipole Method (FMM) 215
Fe(CO) 5 242-247
Fe 12X clusters 164, 165
Fel3 164
Fermi,
edge smearing 222
energy 132, 142, 159, 166
function 126, 129, 136, 139, 144
hole 91
level 158
fractional occupations 236-238
fullerenes 222
gauge origin 274
Gaussian implementation 285, 286
gradient dependent functionals 29, 4252, 221,222, 231-235
ground state structures 171, 351,356-362
H2CO 262, 265-267
H2N2 262, 264, 265
H202 202
Harris functional 232
Hartree-Fock results 263-267
Hartree-Fock theory 77, 170-173
HCN, HNC 262, 263

404

Heaviside step function 129
Hellman-Feynman theorem/forces 260
Helmholtz free energy 391-397
Hessian 255, 256, 258
hetercyclic nitro derivatives 375-378
Hilbert space 78, 80, 82, 353
Hohenberg-Kohn theorem 1, 11-13, 76,
79, 80, 126, 221,349, 350, 383,385
homogeneous electron gas 152, 259, 349
HOOF 186
Hooke's atom 29, 31, 32, 63
Hund's rule 161
hydrogen bonding 125
Hylleraas-Undheim-MacDonald theorem
92
hyperflne structure 315-331
icosahedral clusters 161
inhomogeneous system of electrons 259
integration methods 223-227
inter-orbit optimization 75, 77, 93-102
ionization potential 359-362
kinetic energy functional 126, 136
Kohn-Sham (KS) formulation 14, 15, 29,
30, 75, 77, 126-132, 134, 136, 173181, 221,223,229, 258, 349, 383
LCGTO-MCP-DF method 351,352
Levy variational principle 81-83
local density approximation (LD) 17-20,
29, 40-42, 54-57, 138, 152, 256, 258260 351
local scaling transformation 75, 77, 8592
magnetic resonance parameters, theory
275-279
many-body perturbation method 125
metal clusters 68
model core potential 358
molecular mechanics (MM) 125
molybdenum oxide (MOO) 349, 355-367
molybdenum oxide cation 361
muffin tin calculations 152, 153
Mulliken populations 351
N-representability 75-81, 84, 85, 91
v-representability 75, 77, 79, 80, 88
N2 202
Newton algorithm 257
Ni(CO)4 242-247
nitramines 372-374
NMR parameters 287-313
NMR shielding tensors 274, 287-296
acetylene 291,292
allene 291,292
ammonia 291,292
benzene 291,292, 295

carbon monoxide 289, 291
cyclopropane 291,292, 295
cyclopropene 291,292, 295
dinitrogen oxide 291
ethylene 291,292
fluorine molecule 289, 291
formaldehyde 289, 291,292
hydrogen cyanide 291,292
methane 291,292
model dipeptide 306-313
nitrogen molecule 289, 291
ozone 294
phosphine 291,292
PN 289, 291
propane 291,292
pyridine 295
trifluorophosphine 291
water 291,292
NO 207
noble gas clusters 332-337
nonlinear optical properties 222
nonlocal spin density approximation
(NLSD) 256, 260-268
nonspin-polarized solutions 158
nuclear physics 389-391
nuclear spin-spin coupling constant 296306
acetylene 304
allene 304
ammonia 300
benzene 305
butadiene 305
carbon monoxide 303
chloromethane 305
cyclopropane 304
cyclopropene 304
difluoroformaldehyde 302
difluoromethane 302
dimethyl ether 305
ethane 304
ethylene 304
fluoromethane 302, 305
formaldehyde 305
hydrogen fluoride 300, 303
methane 300, 303,304
methylacetylene 304
methylenecyclopropane 305
model dipeptide 306-313
nitromethane 305
propane 304
propene 304
pyridine 305
tetrafluoromethane 302

405
trifluoromethane
water 300

302

03 202
Obara-Saika formulation 260
orbit 75, 82-91
organometallic molecules 352
paramagnetic effects 275
particle physics 389-391
partition method 222
Pd(CO)4 243-245
Perdew-Wang 91 (PW91) generalized
gradient approximation (GGA) 20,
22, 23, 29, 50-52, 262
periodic boundary conditions 235, 236
perturbation theory 171, 172
phase space 391,392
Poisson's equation 231
polarizabilities 125
poly(acetylene) or H-(-C~--C-)n-H 136,
140-146
polymers 222
potential energy surface (PES) 255, 256,
262-268
projection weights 126, 130, 136, 138,
141
quadrature schemes 179-181
quantum density functional theory 383387
reaction barriers 208-213
reaction energetics 262-268, 371-378
Rh13 164
Roothaan-Hall equations 170
Ru(CO) 5 243-245
scaling relations 37-39
Schr6dinger equation 1-8, 75, 76, 78, 79,
169
second-order properties, calculation of
279-285
shock/impact sensitivities 375-378
silicates, bond lengths 273
silicates, NMR chemical shifts 273
silicon 70
dots 240
nanocyrstalline 222
porous 222
slab 240
technology 238-240
wires 240
simulations of biological processes 125
size-consistency 40
Slater determinant 170
solids, bulk modulus 69
solids, lattice constants 69
spin density studies 222

standard quadrature grid 182-186
stationary points 255, 256, 262-268
symmetry 91,152-166, 235, 236
symmetry-adapted LCAO method 153,
154
Thomas-Fermi theory 16, 76, 125, 126,
134-136, 173,233, 386, 387
Thomas-Fermi-Dirac model 173
topology 88
transition metal carbonyls 241-250
bonding energies 241,242
structure 241
vibrational frequencies 242,
243
transition metal oxides 349, 351-367
excited states 362-367
ground state properties 356-362
spectroscopy 362-367
transition state (TS) 125, 255, 256, 258,
261-268
translational subgroup 153, 154
vanadium oxide (VO) 349, 355-367
ground state properties 356-362
spectroscopy 362-367
vanadium oxide cation 361
variational functional 79
variational principles 81-83,383-386,
391-397
vibrational frequencies 125, 202, 207,
351,356-362
Vosko-Wilk-Nuisar (VWN) procedure
19, 260
water dimer 67
wavevector analysis 39
Wigner-Seitz radius 43
Wilson-Levy functional 50
X-alpha methods 16, 152, 274, 349

This Page Intentionally Left Blank

