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1 Introduction and Applications

This section is devoted to basic concepts in partial differential equations. We start the
chapter with definitions so that we are all clear when a term like linear partial differential
equation (PDE) or second order PDE is mentioned. After that we give a list of physical
problems that can be modelled as PDEs. An example of each class (parabolic, hyperbolic and
elliptic) will be derived in some detail. Several possible boundary conditions are discussed.

1.1 Basic Concepts and Definitions

Definition 1. A partial differential equation (PDE) is an equation containing partial deriva-
tives of the dependent variable.
For example, the following are PDEs

U + cuy = 0 (1.1.1)
(T, Y)Ugy + 2Uyy + 32Uy, = 4 (1.1.3)
Ugtlyy + (uy)® =0 (1.1.4)
(ttae)® + tyy + alz, y)ug + b(z, y)u=10. (1.1.5)
Note: We use subscript to mean differentiation with respect to the variables given, e.g.
ou )
Uy = i In general we may write a PDE as
F(xa Yy ooy Uy Ugy Uy, oy Uggy Uy, *° ) =0 (116)
where x, y, - - - are the independent variables and u is the unknown function of these variables.

Of course, we are interested in solving the problem in a certain domain D. A solution is a
function u satisfying (1.1.6). From these many solutions we will select the one satisfying
certain conditions on the boundary of the domain D. For example, the functions

u(r, t) = ¢

u(z, t) = cos(z — ct)
are solutions of (1.1.1), as can be easily verified. We will see later (section 3.1) that the
general solution of (1.1.1) is any function of z — ct.

Definition 2. The order of a PDE is the order of the highest order derivative in the equation.
For example (1.1.1) is of first order and (1.1.2) - (1.1.5) are of second order.

Definition 3. A PDE is linear if it is linear in the unknown function and all its derivatives
with coefficients depending only on the independent variables.



For example (1.1.1) - (1.1.3) are linear PDEs.

Definition 4. A PDE is nonlinear if it is not linear. A special class of nonlinear PDEs will
be discussed in this book. These are called quasilinear.

Definition 5. A PDE is quasilinear if it is linear in the highest order derivatives with coeffi-
cients depending on the independent variables, the unknown function and its derivatives of
order lower than the order of the equation.
For example (1.1.4) is a quasilinear second order PDE, but (1.1.5) is not.

We shall primarily be concerned with linear second order PDEs which have the general
form

Az, y)uge+B(z, y)u+C(z, y)uy,+D(z, y)u,+E(x, y)u,+F(z, y)u=G(z, y) . (1.1.7)

Definition 6. A PDE is called homogeneous if the equation does not contain a term inde-
pendent of the unknown function and its derivatives.

For example, in (1.1.7) if G(z, y) = 0, the equation is homogenous. Otherwise, the PDE is
called inhomogeneous.

Partial differential equations are more complicated than ordinary differential ones. Recall
that in ODEs, we find a particular solution from the general one by finding the values of
arbitrary constants. For PDEs, selecting a particular solution satisfying the supplementary
conditions may be as difficult as finding the general solution. This is because the general
solution of a PDE involves an arbitrary function as can be seen in the next example. Also,
for linear homogeneous ODEs of order n, a linear combination of n linearly independent
solutions is the general solution. This is not true for PDESs, since one has an infinite number
of linearly independent solutions.

Example
Solve the linear second order PDE
ugy (€, m) =0 (1.1.8)
If we integrate this equation with respect to n, keeping ¢ fixed, we have
ug = f(§)

(Since & is kept fixed, the integration constant may depend on &.)
A second integration yields (upon keeping 7 fixed)

ulg, m) = [ 1(€)dg +Gn)
Note that the integral is a function of £, so the solution of (1.1.8) is
u(§ n) =F(E)+Gmn) . (1.1.9)

To obtain a particular solution satisfying some boundary conditions will require the deter-
mination of the two functions F' and G. In ODEs, on the other hand, one requires two
constants. We will see later that (1.1.8) is the one dimensional wave equation describing the
vibration of strings.



Problems

1. Give the order of each of the following PDEs

a. Ugy + Uyy = 0
b.  Upyy + Ugy + a(z)u, +logu = f(z, y)
C. Upgey T+ Ugyyy + @(x)uxxy + u? = f(xa y)
d. Uy +ul, +e* =0
e. Uy +cu,=d

2. Show that

u(zx, t) = cos(x — ct)

is a solution of
Uy +cuy, =0

3. Which of the following PDEs is linear? quasilinear? nonlinear? If it is linear, state
whether it is homogeneous or not.

Upg + Uy — 2u = 2°

Upy = U

UlUy + 2 Uy =0

u? +logu = 2y

Uy — 2Ugy + Uyy = COST
(sin ug)uy + u,y = €”

Uy — 4Ugy + 2uyy +3u =0
Uy + Ugply — Ugy = 0

FER e AD o

4. Find the general solution of
Ugy + Uy =0

(Hint: Let v = u,)

5. Show that y
u= F(zy)+ xG(E)

is the general solution of

2 2
T Ugy — Y Uyy = 0



1.2

Applications

In this section we list several physical applications and the PDE used to model them. See,
for example, Fletcher (1988), Haltiner and Williams (1980), and Pedlosky (1986).
For the heat equation (parabolic, see definition 7 later).

u; = kug, (in one dimension) (1.2.1)

the following applications

1.

2.

Conduction of heat in bars and solids

Diffusion of concentration of liquid or gaseous substance in physical chemistry
Diffusion of neutrons in atomic piles

Diffusion of vorticity in viscous fluid flow

Telegraphic transmission in cables of low inductance or capacitance
Equilization of charge in electromagnetic theory.

Long wavelength electromagnetic waves in a highly conducting medium

Slow motion in hydrodynamics

Evolution of probability distributions in random processes.

Laplace’s equation (elliptic)

Uzz + Uyy =0 (in two dimensions) (1.2.2)

or Poisson’s equation

Uy + Uy = S(z, ) (1.2.3)

is found in the following examples

1.
2.
3.

4.

Steady state temperature
Steady state electric field (voltage)
Inviscid fluid flow

Gravitational field.

Wave equation (hyperbolic)

Uy — gy = 0 (in one dimension) (1.2.4)

appears in the following applications



1. Linearized supersonic airflow

2. Sound waves in a tube or a pipe

3. Longitudinal vibrations of a bar

4. Torsional oscillations of a rod

5. Vibration of a flexible string

6. Transmission of electricity along an insulated low-resistance cable
7. Long water waves in a straight canal.

Remark: For the rest of this book when we discuss the parabolic PDE
uy = kVu (1.2.5)

we always refer to u as temperature and the equation as the heat equation. The hyperbolic
PDE

uy — V?u =0 (1.2.6)

will be referred to as the wave equation with u being the displacement from rest. The elliptic
PDE

Viu = Q (1.2.7)

will be referred to as Laplace’s equation (if Q = 0) and as Poisson’s equation (if Q # 0).
The variable u is the steady state temperature. Of course, the reader may want to think
of any application from the above list. In that case the unknown u should be interpreted
depending on the application chosen.

In the following sections we give details of several applications. The first example leads
to a parabolic one dimensional equation. Here we model the heat conduction in a wire (or a
rod) having a constant cross section. The boundary conditions and their physical meaning
will also be discussed. The second example is a hyperbolic one dimensional wave equation
modelling the vibrations of a string. We close with a three dimensional advection diffusion
equation describing the dissolution of a substance into a liquid or gas. A special case (steady
state diffusion) leads to Laplace’s equation.

1.3 Conduction of Heat in a Rod

Consider a rod of constant cross section A and length L (see Figure 1) oriented in the z
direction.

Let e(z, t) denote the thermal energy density or the amount of thermal energy per unit
volume. Suppose that the lateral surface of the rod is perfectly insulated. Then there is no
thermal energy loss through the lateral surface. The thermal energy may depend on z and ¢
if the bar is not uniformly heated. Consider a slice of thickness Ax between x and z + Ax.
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X+A X L

Figure 1: A rod of constant cross section

If the slice is small enough then the total energy in the slice is the product of thermal energy
density and the volume, i.e.

e(z, t)AAx . (1.3.1)
The rate of change of heat energy is given by
0
a[e(m, t)AAz] . (1.3.2)

Using the conservation law of heat energy, we have that this rate of change per unit time
is equal to the sum of the heat energy generated inside per unit time and the heat energy
flowing across the boundaries per unit time. Let ¢(x, t) be the heat flux (amount of thermal
energy per unit time flowing to the right per unit surface area). Let S(z, t) be the heat
energy per unit volume generated per unit time. Then the conservation law can be written
as follows

%[e(x, t)AAz] = p(z, t)A — o(z + Az, t)A+ S(x, t)AAzx . (1.3.3)

This equation is only an approximation but it is exact at the limit when the thickness of the
slice Az — 0. Divide by AAzx and let Ax — 0, we have

+S(z, t) . (1.3.4)

d _ : (p(.T + AJZ’, t) — Sp(xa t)
ot 1) = Ay Aa

_9¢(z, t)
B

We now rewrite the equation using the temperature u(x, t). The thermal energy density
e(z, t) is given by

e(z, t) = c(z)p(x)u(z, t) (1.3.5)
where ¢(z) is the specific heat (heat energy to be supplied to a unit mass to raise its tempera-

ture by one degree) and p(x) is the mass density. The heat flux is related to the temperature
via Fourier’s law

ou(x, t)
Ox
where K is called the thermal conductivity. Substituting (1.3.5) - (1.3.6) in (1.3.4) we obtain

oz, t) = —K (1.3.6)

c(x)p(x)g—qz = f% <K%> + 5. (1.3.7)

For the special case that ¢, p, K are constants we get
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where

K
k= 5 (1.3.9)

and s
Q=— (1.3.10)

cp

1.4 Boundary Conditions

In solving the above model, we have to specify two boundary conditions and an initial
condition. The initial condition will be the distribution of temperature at time ¢ = 0, i.e.

u(z, 0) = f(z).
The boundary conditions could be of several types.

1. Prescribed temperature (Dirichlet b.c.)

u(0, t) = p(t)

or

u(L, t) = q(t) .

2. Insulated boundary (Neumann b.c.)

ou(0, t) 0
on
o . L . }
where n is the derivative in the direction of the outward normal. Thus at . =0
n
9 __90
on Oz
and at x = L
o_29
on Oz

(see Figure 2).

X

Figure 2: Outward normal vector at the boundary

This condition means that there is no heat flowing out of the rod at that boundary.



3. Newton’s law of cooling

When a one dimensional wire is in contact at a boundary with a moving fluid or gas,
then there is a heat exchange. This is specified by Newton’s law of cooling

ou(0, t)

ox

—K(0) = —H{u(0, 1) —v(t)}

where H is the heat transfer (convection) coefficient and v(t) is the temperature of the sur-
roundings. We may have to solve a problem with a combination of such boundary conditions.
For example, one end is insulated and the other end is in a fluid to cool it.

4. Periodic boundary conditions

We may be interested in solving the heat equation on a thin circular ring (see figure 3).

x=0 x=L
\

Figure 3: A thin circular ring

If the endpoints of the wire are tightly connected then the temperatures and heat fluxes at
both ends are equal, i.e.
u(0,t) = u(L, 1)
ur (0, 1) = wug(L,t).



Problems

1. Suppose the initial temperature of the rod was

| 2z 0<z<1/2
“<””O)_{ 201—z) 1/2<z<1

and the boundary conditions were
u(0,t) =u(l,t) =0,
what would be the behavior of the rod’s temperature for later time?

2. Suppose the rod has a constant internal heat source, so that the equation describing the
heat conduction is
Uy = kg, + Q, O<z<l1.

Suppose we fix the temperature at the boundaries
u(0,t) = 0
u(l, t) =
What is the steady state temperature of the rod? (Hint: set u; =0 .)

3. Derive the heat equation for a rod with thermal conductivity K (x).

4. Transform the equation
U = k(Ugy + Uyy)
to polar coordinates and specialize the resulting equation to the case where the function u

does NOT depend on 6. (Hint: r = /2?2 + 4?2, tan = y/x)

5. Determine the steady state temperature for a one-dimensional rod with constant thermal
properties and

a. Q=0, u(0) =1, u(L) =0
b. Q@ =0, u.(0) = 0, u(L) =1
c. Q=0 u0) =1,  w(L)=¢
Q_
d. =% u(0) =1, uz(L) =0
e. Q=0, u(0) =1, uz(L) +u(L) =0



1.5 A Vibrating String

Suppose we have a tightly stretched string of length L. We imagine that the ends are tied
down in some way (see next section). We describe the motion of the string as a result of
disturbing it from equilibrium at time ¢ = 0, see Figure 4.

)

X axis

0 X L

Figure 4: A string of length L

We assume that the slope of the string is small and thus the horizontal displacement can
be neglected. Consider a small segment of the string between = and x + Az. The forces
acting on this segment are along the string (tension) and vertical (gravity). Let T'(z, t) be
the tension at the point x at time ¢, if we assume the string is flexible then the tension is in
the direction tangent to the string, see Figure 5.

T(x+dx)

T)

u(x) u(x+dx)

X axis

[o] X x+dx L

Figure 5: The forces acting on a segment of the string

The slope of the string is given by

ulz+ Az, t) —u(z, t)  Ou
tanf = Algilo A = (1.5.1)

Thus the sum of all vertical forces is:

T(x+ Ax, t)sinf(z + Az, t) — T(z, t)sinO(x, t) + po(x)AxQ(x, t) (1.5.2)

where Q(z, t) is the vertical component of the body force per unit mass and p,(z) is the
density. Using Newton’s law

0*u
F=ma= po(x)Ax@. (1.5.3)
Thus 9
po(x)uy = 8_90[T(x’ t)sinf(x, t)] + po(x)Q(z, t) (1.5.4)
For small angles 6,
sin § ~ tan 6 (1.5.5)
Combining (1.5.1) and (1.5.5) with (1.5.4) we obtain
ool = (T(, Hhug)e + pol(2)Q(w, 1 (15.6)
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For perfectly elastic strings T'(z, t) = Ty. If the only body force is the gravity then

Qz, t)=—yg (1.5.7)

Thus the equation becomes

Uy = gy — ¢ (1.5.8)
where ¢ =Ty /po(x) .
In many situations, the force of gravity is negligible relative to the tensile force and thus we

end up with
U = Uy - (1.5.9)

1.6 Boundary Conditions

If an endpoint of the string is fixed, then the displacement is zero and this can be written as
u(0,t) =0 (1.6.1)

" w(L, t)=0. (1.6.2)

We may vary an endpoint in a prescribed way, e.g.
u(0, t) = b(t) . (1.6.3)

A more interesting condition occurs if the end is attached to a dynamical system (see e.g.
Haberman [4])

0u(0, t)
ox
This is known as an elastic boundary condition. If ug(t) = 0, i.e. the equilibrium position
of the system coincides with that of the string, then the condition is homogeneous.

As a special case, the free end boundary condition is

ou
5 =0 (1.6.5)

To

=k (u(0, ) — up(t)) . (1.6.4)

Since the problem is second order in time, we need two initial conditions. One usually has
u(z,0) = f(x)

ut(xv O) = g(l‘)

i.e. given the displacement and velocity of each segment of the string.

11



Problems
1. Derive the telegraph equation
U + auy + bu = g,

by considering the vibration of a string under a damping force proportional to the velocity
and a restoring force proportional to the displacement.

2. Use Kirchoft’s law to show that the current and potential in a wire satisfy

Z'x‘i‘C/Ut‘f‘G/U = 0

where ¢ = current, v = L = inductance potential, C' = capacitance, G = leakage conduc-
tance, R = resistance,
b. Show how to get the one dimensional wave equations for ¢ and v from the above.

12



1.7 Diffusion in Three Dimensions

Diffusion problems lead to partial differential equations that are similar to those of heat
conduction. Suppose C(z, y, z, t) denotes the concentration of a substance, i.e. the mass
per unit volume, which is dissolving into a liquid or a gas. For example, pollution in a lake.
The amount of a substance (pollutant) in the given domain V' with boundary I' is given by

/VC’(x, y, z, t)dV . (1.7.1)

The law of conservation of mass states that the time rate of change of mass in V' is equal to
the rate at which mass flows into V' minus the rate at which mass flows out of V' plus the
rate at which mass is produced due to sources in V. Let’s assume that there are no internal
sources. Let ¢ be the mass flux vector, then ¢- 7 gives the mass per unit area per unit time
crossing a surface element with outward unit normal vector 7.

%/V(Jdvz/v%—fdvz —/Fcf-ﬁds. (1.7.2)

Use Gauss divergence theorem to replace the integral on the boundary

[a-ias = [ divgav. (1.7.3)
r |4
Therefore Y

Fick’s law of diffusion relates the flux vector ¢ to the concentration C' by
¢d=—DgradC + Cv (1.7.5)

where ¢ is the velocity of the liquid or gas, and D is the diffusion coefficient which may
depend on C'. Combining (1.7.4) and (1.7.5) yields

oC

o = div (D grad C) — div(C 7). (1.7.6)
If D is constant then 50
5 = DV?*C -V - (C7). (1.7.7)
If ¥ is negligible or zero then
%—(i = DV*C (1.7.8)

which is the same as (1.3.8).
If D is relatively negligible then one has a first order PDE

%—f+U-VC+0dz’v6:0. (1.7.9)

13



At steady state (t large enough) the concentration C' will no longer depend on ¢. Equation

(1.7.6) becomes
V- (DVC)—-V- (CU)=0 (1.7.10)

and if ¥ is negligible or zero then
V- (DVC)=0 (1.7.11)

which is Laplace’s equation.
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2 Classification and Characteristics

In this chapter we classify the linear second order PDEs. This will require a discussion of
transformations, characteristic curves and canonical forms. We will show that there are three
types of PDEs and establish that these three cases are in a certain sense typical of what
occurs in the general theory. The type of equation will turn out to be decisive in establishing
the kind of initial and boundary conditions that serve in a natural way to determine a
solution uniquely (see e.g. Garabedian (1964)).

2.1 Physical Classification

Partial differential equations can be classified as equilibrium problems and marching prob-
lems. The first class, equilibrium or steady state problems are also known as elliptic. For
example, Laplace’s or Poisson’s equations are of this class. The marching problems include
both the parabolic and hyperbolic problems, i.e. those whose solution depends on time.

2.2 Classification of Linear Second Order PDEs

Recall that a linear second order PDE in two variables is given by
Augy + Bugy + Cuyy + Duy + Euy + Fu=G (2.2.1)

where all the coefficients A through F' are real functions of the independent variables x, y.
Define a discriminant A(z,y) by

A(xo,y0) = 32(330, Yo) — 4A (w0, yo)C (0, Yo). (2.2.2)

(Notice the similarity to the discriminant defined for conic sections.)

Definition 7. An equation is called hyperbolic at the point (z,yo) if A(zg,y0) > 0. It is
parabolic at that point if A(xg, o) = 0 and elliptic if A(zg,yo) < 0.

The classification for equations with more than two independent variables or with higher
order derivatives are more complicated. See Courant and Hilbert [5].

Example.
Uy — Uy = 0

A=1,B=0C=—-¢

Therefore,
A=0-4-1(-c%) =42 >0
Thus the problem is hyperbolic for ¢ # 0 and parabolic for ¢ = 0.
The transformation leads to the discovery of special loci known as characteristic curves
along which the PDE provides only an incomplete expression for the second derivatives.

Before we discuss transformation to canonical forms, we will motivate the name and explain
why such transformation is useful. The name canonical form is used because this form
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corresponds to particularly simple choices of the coefficients of the second partial derivatives.
Such transformation will justify why we only discuss the method of solution of three basic
equations (heat equation, wave equation and Laplace’s equation). Sometimes, we can obtain
the solution of a PDE once it is in a canonical form (several examples will be given later in this
chapter). Another reason is that characteristics are useful in solving first order quasilinear
and second order linear hyperbolic PDEs, which will be discussed in the next chapter. (In
fact nonlinear first order PDEs can be solved that way, see for example F. John (1982).)

To transform the equation into a canonical form, we first show how a general transfor-
mation affects equation (2.2.1). Let &, n be twice continuously differentiable functions of

r,y
£ =¢(,y), (2.2.3)

n=n(z,y). (2.2.4)
Suppose also that the Jacobian J of the transformation defined by

J — é:v Ey
Nz Ty

is non zero. This assumption is necessary to ensure that one can make the transformation
back to the original variables x,y.

(2.2.5)

Use the chain rule to obtain all the partial derivatives required in (2.2.1). It is easy to see
that
Uy = Uy + Uy (2.2.6)
Uy = Uy + UpTy. (2.2.7)

The second partial derivatives can be obtained as follows:

ny = (u:v)y = (u§£$ + unnac)y
(uebe)y + (unnx)y
(ug)y&e + ey + (Up)yNe + UMy

Now use (2.2.7)
Uay = (UgeSy + UeyTly)Sa + Uebay + (Unely + UnyTly) Mo + UnTlay-
Reorganize the terms
Uy = Ueelay + Ugy(Eanly + EyNi) + WnyNatly + Uebay + UnNay- (2.2.8)
In a similar fashion we get ugy, ty,
Ugy = uééfg + 2ugySany + unnni + Uelar + UnTao- (2.2.9)
Uyy = “5555 + 2ugnéyny + Umﬂﬁ + uelyy + unnyy- (2.2.10)
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Introducing these into (2.2.1) one finds after collecting like terms
A uge + B ugy + C gy + Dug + E*uy + Fru = G* (2.2.11)

where all the coefficients are now functions of £, 7 and

A* = AL+ B&&, + CE (2.2.12)
B* = 24, + B(&my + Eyne) +2C&n, (2.2.13)
C* = An+ Bnun, +Chj (2.2.14)
D* = A&, + B&y + C&yy + DE, + EE, (2.2.15)
E* = Ang, + Bngy + Cnyy + Dn, + En, (2.2.16)
F* = F (2.2.17)
G = G. (2.2.18)

The resulting equation (2.2.11) is in the same form as the original one. The type of the
equation (hyperbolic, parabolic or elliptic) will not change under this transformation. The
reason for this is that

A* = (B*)? — 4A*C* = J*(B* — 4AC) = J?A (2.2.19)

and since J # 0, the sign of A* is the same as that of A. Proving (2.2.19) is not complicated
but definitely messy. It is left for the reader as an exercise using a symbolic manipulator
such as MACSYMA or MATHEMATICA.

The classification depends only on the coefficients of the second derivative terms and thus
we write (2.2.1) and (2.2.11) respectively as

Atyy + Bugy + Cuyy = H(z, y, u, Uy, uy) (2.2.20)

and
Auge + Bugy + Cupy = H* (&, 1, u, ug, uy). (2.2.21)
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Problems

1. Classify each of the following as hyperbolic, parabolic or elliptic at every point (x, y) of
the domain

— 22
T Uggy + Uyy = T

T Uy — 20y Ugyy + YUy, = €7

€ Uy + €YUy = u

Uy + Uzy — TUy, = 0 in the left half plane (z < 0)
T2 Uy + 2TYUyy + y2uyy + zyu, + y2uy =0

Ugy + Uy, =0 (Tricomi equation)

hd o0 o

2. Classify each of the following constant coefficient equations

Ay + DUgy + Uyy + Uy + Uy = 2

Ugpg + Ugy + Uyy + Uy =0

3ty + 10ugy + 3uy, =0

Uy + 2Ugy + SUyy + duy + Suy +u = €”
2Upy — 4gy + 2uyy +3u =0

Ugg + gy + 4Uyy + Tu, = sinw

hD o0 o

3. Use any symbolic manipulator (e.g. MACSYMA or MATHEMATICA) to prove (2.2.19).
This means that a transformation does NOT change the type of the PDE.

18



2.3 Canonical Forms

In this section we discuss canonical forms, which correspond to particularly simple choices of
the coefficients of the second partial derivatives of the unknown. To obtain a canonical form,
we have to transform the PDE which in turn will require the knowledge of characteristic
curves. Three equivalent properties of characteristic curves, each can be used as a definition:
1. Initial data on a characteristic curve cannot be prescribed freely, but must satisfy a
compatibility condition.
2. Discontinuities (of a certain nature) of a solution cannot occur except along characteristics.
3. Characteristics are the only possible “branch lines” of solutions, i.e. lines for which the
same initial value problems may have several solutions.

We now consider specific choices for the functions &, . This will be done in such a way
that some of the coefficients A*, B*, and C* in (2.2.21) become zero.

2.3.1 Hyperbolic

Note that A*, C* are similar and can be written as
AC? + BGCy + C¢ (2.3.1.1)

in which ( stands for either £ or . Suppose we try to choose &, n such that A* = C* = 0. This
is of course possible only if the equation is hyperbolic. (Recall that A* = (B*)? —4A*C* and
for this choice A* = (B*)? > 0. Since the type does not change under the transformation,
we must have a hyperbolic PDE.) In order to annihilate A* and C* we have to find ¢ such
that

AC + BGCy + C¢ = 0. (2.3.1.2)

Dividing by C;, the above equation becomes

2
A <%> +B <g—z> +C=0. (2.3.1.3)

Along the curve

((x,y) = constant, (2.3.1.4)
we have
d¢ = Cuda + Cydy = 0. (2.3.1.5)
Therefore,
G dy
— = —— 2.3.1.6
and equation (2.3.1.3) becomes
A @2—3@+C—0 (2.3.1.7)
. . = 0. 3.1
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d
This is a quadratic equation for d_y and its roots are
x

dy B+ B —4AC
dr 2A )

(2.3.1.8)

These equations are called characteristic equations and are ordinary diffential equations
for families of curves in x,y plane along which ( = constant. The solutions are called
characteristic curves. Notice that the discriminant is under the radical in (2.3.1.8) and since
the problem is hyperbolic, B* — 4AC > 0, there are two distinct characteristic curves. We
can choose one to be (z,y) and the other n(x,y). Solving the ODEs (2.3.1.8), we get

¢1(z,y) = Ch, (2.3.1.9)
Pa(z,y) = Co. (2.3.1.10)
Thus the transformation
§=o1(z,y) (2.3.1.11)
n= ¢2(,y) (2.3.1.12)

will lead to A* = C* = 0 and the canonical form is

B*ug, = H” (2.3.1.13)
or after division by B*
H*
Ugn = - (2.3.1.14)

This is called the first canonical form of the hyperbolic equation.
Sometimes we find another canonical form for hyperbolic PDEs which is obtained by
making a transformation
a=E+n (2.3.1.15)

B=¢—n. (2.3.1.16)
Using (2.3.1.6)-(2.3.1.8) for this transformation one has

Uao — Upp = H**(&v 67 U, e, uﬁ) (23117)

This is called the second canonical form of the hyperbolic equation.

Example
YUy — T2y = 0 for =>0,y>0 (2.3.1.18)
A =y?
B=0
C=—2°



The equation is hyperbolic for all x,y of interest.

The characteristic equation

dy 0+ Ir%y? 2
W _ Y _ =Y _ 4T (2.3.1.19)
dx 292 292 y

These equations are separable ODEs and the solutions are

1 1
gV gt =a
1 1
§y2 + 51’2 = Co

The first is a family of hyperbolas and the second is a family of circles (see figure 6).

Figure 6: The families of characteristics for the hyperbolic example

We take then the following transformation

1 2 1 2
= % — = 2.3.1.2
E=5y — 3¢ (2.3.1.20)
1 2 1 2
— - - 92.3.1.21
n=gy g (2.3.1.21)

Evaluate all derivatives of £, 7 necessary for (2.2.6) - (2.2.10)
§o=—2, &=vy, &u=-1 &=0 ¢§,=1
Ne =T, My =Y, Noo=1 TNoy=0, 1y =1
Substituting all these in the expressions for B*, D*, E* (you can check that A* = C* = 0)
B* = 2y*(—x)z + 2(—2)y - y = —22%9* — 20%y? = — 4%y’
D* = y*(—1) + (=2%) - 1 = -2 — 3°.
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Er=y* 14 (=2 1=19°—2%
Now solve (2.3.1.20) - (2.3.1.21) for =,y
I2 =n- fa

y' =&+,
and substitute in B*, D*, E* we get

—An =+ nuey + (—n+E=E—nug+(E+n—n+Eu, =0

4(€% — ) ugy — 2nue + 2€u, = 0
U §

Ugy = Ug — u 2.3.1.22
&n 2(52 —_ 772) 3 2(52 —_ 772) U] ( )
This is the first canonical form of (2.3.1.18).
2.3.2 Parabolic
Since A* =0, B? — 4AC = 0 and thus
B =+2VAVC. (2.3.2.1)

Clearly we cannot arrange for both A* and C* to be zero, since the characteristic equation
(2.3.1.8) can have only one solution. That means that parabolic equations have only one
characteristic curve. Suppose we choose the solution ¢(z,y) of (2.3.1.8)

dy B
=5 (2.3.2.2)
to define
£ = dr(w). (2.3.2.3)
Therefore A* = 0.
Using (2.3.2.1) we can show that
0=A" = AL+ B&E,+CE)
= A +2VAVCEE, + O (2.3.2.4)

= (VA& +Vee,)

It is also easy to see that

(VAL + VO&) (VA +VCn,)

2
= 0
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The last step is a result of (2.3.2.4). Therefore A* = B* = 0. To obtain the canonical form

we must choose a function n(x,y). This can be taken judiciously as long as we ensure that
the Jacobian is not zero.

The canonical form is then
C Uy = H”

and after dividing by C* (which cannot be zero) we have
H*

"= (2.3.2.5)

U

If we choose 1 = ¢y(z,y) instead of (2.3.2.3), we will have C* = 0. In this case B* =0
because the last factor v/An, +v/C 1y is zero. The canonical form in this case is

H*
Uge = (2.3.2.6)
Example
T Uy — 20Y Uy + Y Uy = €7 (2.3.2.7)
A=2a?
B = —2zy
C =y?

A= (=2zy)* —4- 27 - y* = da*y® — da?y® = 0.
Thus the equation is parabolic for all z,y. The characteristic equation (2.3.2.2) is

dy —2ry y

— = =, 2.3.2.8
dz 22 T ( )
Solve
dy _ _dx
y
Iny+Inz=0C

In figure 7 we sketch the family of characteristics for (2.3.2.7). Note that since the problem
is parabolic, there is ONLY one family.
Therefore we can take £ to be this family

E=Iny+Inzx (2.3.2.9)
and 7 is arbitrary as long as J # 0. We take

N =z (2.3.2.10)
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that is « and (8 are the real and imaginary parts of . Clearly n is the complex conjugate
of £ since the coefficients of the characteristic equation are real. If we use these functions
a(z,y) and fB(x,y) we get an equation for which

B =0, A = O (2.3.3.3)

To show that (2.3.3.3) is correct, recall that our choice of £, n led to A* = C* = 0. These
are

A* = (Aai+Baxay+Ca§)—(Aﬁz—i—Bﬂxﬁy—i—Cﬁj)jLi[QAaxﬁﬁB(axﬁy—l—ozyﬁx)—l—QC%By] =0

C* = (Aaz+Bagay+Cal)—(AB4 BB, By +C ) —il2Aaq B+ B By 40y 8, ) +2C 0y 3,] = 0
Note the similarity of the terms in each bracket to those in (2.3.1.12)-(2.3.1.14)

where the double starred coefficients are given as in (2.3.1.12)-(2.3.1.14) except that «,
replace &, n correspondingly. These last equations can be satisfied if and only if (2.3.3.3) is
satisfied.

Therefore
AU + A ugg = H™ (o, B, U, U, ug)

and the canonical form is
H**

oo + Uy = (2.3.3.4)
Example
€ Ugy + €YUy = u (2.3.3.5)
A=¢"
B=0
C=¢eY
A =0? —4e%e? <0, for all z,y

The characteristic equation

dy 0+~ —4de*ey  +2i/eTeY 4 |eY
_— = = = VA —_—
elE

dx 2e” 2e®
dy _dx
m = ilw

Therefore
€= —2e7Y/2 _ 24¢"/?

n=—2e"Y? 4 2e /2
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The real and imaginary parts are:
o= —2eY?
B =—2e""2

Evaluate all necessary partial derivatives of «, 3

(2.3.3.6)
(2.3.3.7)

1
— — — —y/2
Ope =0, azy =0, ap=—ze /

—y/2
=0, a,=ecY?

Y

—z 1 —x
ﬁac =€ /27 ﬁy = 07 ﬁ:v:v = _56 /27 ﬁ:vy = 07 ﬁyy =0

Now, instead of using both transformations, we recall that (2.3.1.12)-(2.3.1.18) are valid with
a, 3 instead of £, 1. Thus

2
A*:e‘”-0+0+ey<e’y/2) =1
B*=04+0+0=0 as can be expected

* z [, ,—x/2 2
C*=e (e ) +04+0=1 as can be expected

D*=0+4+0+¢" (—%e‘yﬂ) = —%eyﬂ

1 1
E* = ¢ <_§€_x/2> +04+0= _5633/2
F*=-1
* * * * 1 /2 1 z/2
H" = —-D*uq — EFug — F u:iey Ua+§€ ug + u.

Thus 1 1

Uae T Ugg = aeymua + 56‘”/21% + u.
Using (2.3.3.6)-(2.3.3.7) we have

2 2

5}

eyl — g

o

and therefore the canonical form is
+ L L + (2.3.3.8)
Uge +Ugg = —— Uy — —U u. .3.3.
B3 a B B
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Problems

1. Find the characteristic equation, characteristic curves and obtain a canonical form for
each

— 22
T Uggy + Uyy = T

Ugg + Ugy — TUyy =0 (x <0, ally)

T Uy + 20Y Uy + YUy + YU + yPu, =0
Uggy + TUyy =0

Ugg + y2uyy =Y

sin? 2y, + sin 22u,, + cos® Tu,, = x

hd o0 o

2. Use Maple to plot the families of characteristic curves for each of the above.
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2.4 Equations with Constant Coefficients

In this case the discriminant is constant and thus the type of the equation is the same
everywhere in the domain. The characteristic equation is easy to integrate.

2.4.1 Hyperbolic

The characteristic equation is

d B+ VA
dy _BEVA (2.4.1.1)
dx 2A
Thus JE
B+ VA
dy = ——d
(Y R
and integration yields two families of straight lines
B+ VA
=y - — 2.4.1.2
=y Y ( )
B-VA
=y—- —0u. 2.4.1.
n=y YR (2.4.1.3)
Notice that if A =0 then (2.4.1.1) is not valid. In this case we recall that (2.4.1.2) is
BGGy+CC¢ =0 (2.4.1.4)
If we divide by (] as before we get
BY 4 =0 (2.4.1.5)
Cy

which is only linear and thus we get only one characteristic family. To overcome this difficulty
we divide (2.4.1.4) by ¢2 to get

G (c)
BXyo(X)] =0 2.4.1.6
Co Co ( )
which is quadratic. Now
G __dz
Co dy
and so
d_x_ B+vB2—-4.0-C _BxB
dy 2C 20
o d dr B
T T
— =0 — = —. 2.4.1.7
The transformation is then
£ =z, (2.4.1.8)
B
=T — —v. 2.4.1.9
n=a= 7Y ( )

The canonical form is similar to (2.3.1.14).
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2.4.2 Parabolic
The only solution of (2.4.1.1) is

&y _ B

dr 24

Thus B
E=y— A% (2.4.2.1)

Again 7 is chosen judiciously but in such a way that the Jacobian of the transformation is
not zero.

Can A be zero in this case? In the parabolic case A = 0 implies B = 0 (since A = B*—4.0-C
must be zero.) Therefore the original equation is

Cuyy + Duy + Fuy + Fu=G

which is already in canonical form

D E F G

u

2.4.3 Elliptic

Now we have complex conjugate functions &, n

_ B +iv-A

E=y Y (2.4.3.1)
B —iv—A
=y - — . 2.4.3.2
n=y oA ¢ (2.4.3.2)
Therefore
_,_ B (2.4.3.3)
=y = 5o, 4.3.
VA
= . 2.4.3.4
=2 (243.4)

(Note that —A > 0 and the radical yields a real number.) The canonical form is similar to
(2.3.34).

Example
Uy — Clgy = 0 (wave equation) (2.4.3.5)
A=1
B=0
C=-¢
A=4c*>0 (hyperbolic).
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The characteristic equation is
2
dz 9

¢ =1x+ct,

and the transformation is
n=x—ct.
The canonical form can be obtained as in the previous examples
Ugy = 0.
This is exactly the example from Chapter 1 for which we had
u(&,n) = F(§) +G(n).
The solution in terms of x,¢ is then (use (2.4.3.6)-(2.4.3.7))

u(z,t) = F(x + ct) + G(z — ct).

30
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Problems

1. Find the characteristic equation, characteristic curves and obtain a canonical form for

Ay + DUgy + Uyy + Uy + Uy = 2

Ugg + Ugy + Uyy + Uy = 0

gy + 10ugy + 3uyy, = v+ 1

Uy + 2Ugy + 3tyy + duy + Suy +u = €”
2Upy — Agy + 2Uyy + 3u =0

Ugg + OUgy + 4Uyy + Tu, = sinw

hO o0 o

2. Use Maple to plot the families of characteristic curves for each of the above.
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2.5 Linear Systems

In general, linear systems can be written in the form:
— +A—+B—+r =0 (2.5.1)

where u is a vector valued function of ¢, x, y.
The system is called hyperbolic at a point (¢, x) if the eigenvalues of A are all real and
distinct. Similarly at a point (¢,y) if the eigenvalues of B are real and distinct.

Example The system of equations

Vp = Cly,
Wy = CU,
can be written in matrix form as 9 9
u u
LA =0 254
ot + ox ( )
where
u — v (2.5.5)
il 5.
and

_ < _OC N ) (2.5.6)

M- =0 (2.5.7)

or A = ¢, —c. Therefore the system is hyperbolic, which we knew in advance since the system
is the familiar wave equation.

The eigenvalues of A are given by

Example The system of equations

Uy = Uy
Uy = —Uy
can be written in matrix form 5 5
w w
— 4+ A— =0 2.5.10
ox + y ( )
where
=" (2.5.11)
w=| 5.
and

0 -1
A (1 - ) (2.5.12)

N4+1=0 (2.5.13)

or A = 1, —i. Therefore the system is elliptic. In fact, this system is the same as Laplace’s
equation.

The eigenvalues of A are given by
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2.6 General Solution

As we mentioned earlier, sometimes we can get the general solution of an equation by trans-
forming it to a canonical form. We have seen one example (namely the wave equation) in
the last section.

Example

T Uy + 20Y Uy + Yty = 0. (2.6.1)

Show that the canonical form is
Upy =0 for y #0 (2.6.2)
Upy = 0 for y = 0. (2.6.3)
To solve (2.6.2) we integrate with respect to n twice (¢ is fixed) to get

u(&,n) =nF(§) + G(E). (2.6.4)

Since the transformation to canonical form is

£= Yy n=uy (arbitrary choice for n) (2.6.5)
x

then
u(z,y) =yF (%) + G (%) . (2.6.6)

Example

Obtain the general solution for
gy + DUgy + Uyy + Uy + uy = 2. (2.6.7)

(This example is taken from Myint-U and Debnath (19 ).) There is a mistake in their solution
which we have corrected here. The transformation

5 =Yy—-x
x
— = 2.6.8
n=y= 7 (2.6.8)
leads to the canonical form . g
Let v = w,, then (2.6.9) can be written as
1 8
=0 — = 2.6.10
V=3V (2.6.10)
which is a first order linear ODE (assuming 7 is fixed.) Therefore
8
v:§+§“am. (2.6.11)
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Now integrating with respect to n yields

u(€,m) = 50+ O™ + F(e). (2:6.12)

In terms of x,y the solution is

u(z,y) = g (y - %) +G (y - %) W= L By —2). (2.6.13)
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Problems

1. Determine the general solution of

Ugy — C%uyy =0 ¢ = constant

Ugy — SUgy + 2Uyy =0
Ugg + Uzy = 0
Ugg + 10ugy + uyy =y

/e o

2. Transform the following equations to
Ugn =cU

by introducing the new variables
U = ye~(@&+8n)

where «, (8 to be determined

A, Ugy — Uyy + 3Uy — 2uy +u =0
b. 3um + Mgy + 2Uyy + Uy +1u =0
(Hint: First obtain a canonical form. If you take the right transformation to canonical form
then you can transform the equation in (a) to
Ugn = CUv77
and this can be integrated to get the exact solution. Is it possible to do that for part b?)

3. Show that )

um:aut—l—bux—zu—l—d

is parabolic for a, b, d constants. Show that the substitution

u(z,t) = v(x,t)e%x

transforms the equation to
b
Upe = QU + de™ 27
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Summary
Equation

Augy + Bugy + Cuyy = —Duy — Buy — Fu+ G = H(x,y, u, g, uy)

Discriminant

Class

A(l"o, yo) = BQ(%a yo) - 414(950:90)0(130:90)

A >0

A=0

A <O

Transformed Equation

Atuge + Biugy + Chuyyy =

where

H**
Uaq — Ups = B

H**

Uaa T Ugg = e

hyperbolic at the point (xq, yo)

parabolic at the point (g, yo)

elliptic at the point (zg, yo)

—D*u¢ — E*u,y — F*u+ G* = H*(&,n,u, ug, uy)

A = Aéi + BE&E, + (Jf;
B* = 2A&m. + B(&any + &yne) +2CEn,
C* = An + Bnan, + Cn}
D* = A&, + B,y + C&yy + DE, + EE,
E* = Angy + Bngy + Cnyy + Dy + Eny

F*=F
G'=G

H* = —D*u¢ — E*uyy — F'u+ G*

dy _ BEVA haracteristi ti
== characteristic equation
dx 2A d
H*
Ugn = first canonical form for hyperbolic
a=¢6+n,08=E—n second canonical form for hyperbolic
H* ) .
Uge = T a canonical form for parabolic
H* ) .
Upy = o a canonical form for parabolic

a=(E+n)/2,0=(—mn)/2i  a canonical form for elliptic
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3 Method of Characteristics

In this chapter we will discuss a method to solve first order linear and quasilinear PDEs.
This method is based on finding the characteristic curve of the PDE. We will also show
how to generalize this method for a second order constant coefficients wave equation. The
method of characteristics can be used only for hyperbolic problems which possess the right
number of characteristic families. Recall that for second order parabolic problems we have
only one family of characteristics and for elliptic PDEs no real characteristic curves exist.

3.1 Advection Equation (first order wave equation)

The one dimensional wave equation

Pu  ,0%u

can be rewritten as either of the following
0 0 0 0
0 0 0 0
since the mixed derivative terms cancel. If we let
ou ou
_ =22 .14
YT on (3.14)
then (3.1.2) becomes
ov ov
— — =0. 1.
BT +C€9m 0 (3.1.5)
Similarly (3.1.3) yields
ow ow
e 1.
5 C@x 0 (3.1.6)
if 5 5
U U
= — —. 1.
w 5 + C@x (3.1.7)

The only difference between (3.1.5) and (3.1.6) is the sign of the second term. We now show
how to solve (3.1.5) which is called the first order wave equation or advection equation (in
Meteorology).

Remark: Although (3.1.4)-(3.1.5) or (3.1.6)-(3.1.7) can be used to solve the one dimensional
second order wave equation (3.1.1) , we will see in section 3.3 another way to solve (3.1.1)
based on the results of Chapter 2.
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To solve (3.1.5) we note that if we consider an observer moving on a curve x(t) then by

the chain rule we get
dv(z(t),t) Ov  Ovdx

= — . A
i ot " ow dt (3.18)
d
If the observer is moving at a rate d—f = ¢, then by comparing (3.1.8) and (3.1.5) we find
dv
— =0. 3.1.9
o (3.1.9)

Therefore (3.1.5) can be replaced by a set of two ODEs

dx
- = 3.1.10
v (3.1.10)
dv
— =0. 3.1.11
o ( )

These 2 ODEs are easy to solve. Integration of (3.1.10) yields
x(t) = x(0) + ct (3.1.12)
and the other one has a solution
v = constant along the curve given in (3.1.12).

The curve (3.1.12) is a straight line. In fact, we have a family of parallel straight lines, called
characteristics, see figure 8.

Figure 8: Characteristics ¢t = 1z — 22(0)

In order to obtain the general solution of the one dimensional equation (3.1.5) subject to
the initial value

v(2(0),0) = f(2(0)), (3.1.13)



we note that
v = constant along x(t) = x(0) + ct

but that constant is f(z(0)) from (3.1.13). Since z(0) = z(t) — ct, the general solution is
then

v(x,t) = f(z(t) — ct). (3.1.14)
Let us show that (3.1.14) is the solution. First if we take ¢t = 0, then (3.1.14) reduces to
v(x,0) = f(2(0) = ¢-0) = f((0)).

To check the PDE we require the first partial derivatives of v. Notice that f is a function of
only one variable, i.e. of x — ct. Therefore

v df(x—ct)  df dlx—ct) . df
ot dt  dlx—ct) dt  d(x—ct)
v _df(x—c)  df dlx—ct) . df
or  dr  dx—ct) dox  d(xz—ct)
Substituting these two derivatives in (3.1.5) we see that the equation is satisfied.
Example 1
ov ov
—+3—=0 3.1.15
o on (3.1.15)
r 0<z<l1
_J 2
v(z,0) = { 0 otherwise. (3.1.16)
The two ODEs are
dr_q (3.1.17)
dt 7 o
dv
— =0. 3.1.18
o (3.1.18)
The solution of (3.1.17) is
z(t) = x(0) + 3t (3.1.19)
and the solution of (3.1.18) is
v(z(t),t) = v(x(0),0) = constant. (3.1.20)

Using (3.1.16) the solution is then

v(x(t),t) = { 53:50) Oofhiigxzisz.l

Substituting z(0) from (3.1.19) we have

B (x—=3t) 0<z—-3t<l1

v(z,t) = { 0 otherwise. (3.1.21)
The interpretation of (3.1.20) is as follows. Given a point x at time ¢, find the characteristic
through this point. Move on the characteristic to find the point z(0) and then use the initial
value at that z(0) as the solution at (x,t). (Recall that v is constant along a characteristic.)

N[
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Let’s sketch the characteristics through the points z = 0,1 (see (3.1.19) and Figure 9.)

0.5

Figure 9: 2 characteristics for 2(0) = 0 and z(0) = 1

The initial solution is sketched in figure 10

Figure 10: Solution at time t =0

This shape is constant along a characteristic, and moving at the rate of 3 units. For

example, the point x = % at time ¢t = 0 will be at x = 3.5 at time £ = 1. The solution v will

be exactly the same at both points, namely v = i. The solution at several times is given in
figure 11.
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=

Figure 11: Solution at several times

Example 2
ou Ju
i 2_ — 2x
ot or ¢
u(z,0) = f(x).
The system of ODEs is
du o,
dt
dx
— = =2
dt

Solve (3.1.25) to get the characteristic curve
z(t) = x(0) — 2t.
Substituting the characteristic equation in (3.1.24) yields

d
u 2(@(0)-2¢)

dt
Thus
du = e**O) =% gy
1
— K — = 2x(0)74t'
U 46
Att=0

and therefore
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(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)



Substitute K in (3.1.27) we have

1 1
u(z,t) = f(2(0)) + Z62x(0) _ 1623;(0)_41&.

Now substitute for z(0) from (3.1.26) we get

1 1
u(z,t) = fx 4 2t) + —2@2) _ _e2,
4 4
or 1
u(e, 1) = f(a+20) + ;€ (e —1). (3.1.29)

Note that the first term on the right is the solution of the homogeneous equation and the
second term is a result of the inhomogeneity.

3.1.1 Nwumerical Solution

Here we discuss a general linear first order hyperbolic
a(z, t)u, + bz, t)uy = c(z,t)u + d(x,t). (3.1.1)

Note that since b(x,t) may vanish, we cannot in general divide the equation by b(z,t) to get
it in the same form as we had before. Thus we parametrize  and ¢ in terms of a parameter
s, and instead of taking the curve x(t), we write it as x(s), £(s).

The characteristic equation is now a system

L~ afa(s). 1(s) 5.1

z(0) = ¢ (3.1.3)

% = b{a(s), 1(s)) (3.1.4)

t0) =0 (3.1.5)

% = c(x(s), t(s))ul(s), (s)) + d(x(s), £(s)) (3.1.6)
u(&,0) = f(¢) (3.1.7)

This system of ODEs need to be solved numerically. One possibility is the use of Runge-
Kutta method. This idea can also be used for quasilinear hyperbolic PDEs.
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Problems

1. Solve
ow ow _0

ot “ox
subject to
w(z,0) =sinz

2. Solve using the method of characteristics

ou  Ou o,

. o + Co- = subject to u(x,0) = f(x)
b. % + x% =1 subject to u(x,0) = f(x)
c. 2—1: + Bt% =u subject to u(x,0) = f(x)
d. % - 2% =e* subject to u(z,0) = cosx
e. ?9—1: — tQ% =—u subject to u(x,0) = 3e°

3. Show that the characteristics of
ou ou

— 4+ 2u— =0
at T
u(z,0) = f(z)
are straight lines.
4. Consider the problem
ou i ou 0
- Uu— =
ot ox
1

u(r,0) = f(x)=4¢ 1+F 0<z<L

2

Determine equations for the characteristics
Determine the solution u(x,t)

Sketch the characteristic curves.

Sketch the solution u(x,t) for fixed ¢.

/e o
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3.2 Quasilinear Equations

The method of characteristics is the only method applicable for quasilinear PDEs. All other
methods such as separation of variables, Green’s functions, Fourier or Laplace transforms
cannot be extended to quasilinear problems.
In this section, we describe the use of the method of characteristics for the solution of
ou

ou
i + c(u, x,t)% = S(u,x,t) (3.2.1)

u(z,0) = f(z). (3.2.2)

Such problems have applications in gas dynamics or traffic flow.
Equation (3.2.1) can be rewritten as a system of ODEs

dx

- 2.
o c(u, z,t) (3.2.3)
du
— = . 2.4
o S(u,x,t) (3.2.4)

The first equation is the characteristic equation. The solution of this system can be very
complicated since u appears nonlinearly in both. To find the characteristic curve one must
know the solution. Geometrically, the characteristic curve has a slope depending on the
solution u at that point, see figure 12.

t

Figure 12: u(x,0) = f(z0)

The slope of the characteristic curve at zq is

R (3.2.5)
c(u(xg), 0,0)  c(f(xg),x0,0) o
Now we can compute the next point on the curve, by using this slope (assuming a slow
change of rate and that the point is close to the previous one). Once we have the point, we
can then solve for v at that point.
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3.2.1 The Case S =0, ¢ = c(u)

The quasilinear equation

ug + c(u)u, =0 (3.2.1.1)
subject to the initial condition
u(z,0) = f(z) (3.2.1.2)
is equivalent to
%ZM) (3.2.1.3)
z(0) = ¢ (3.2.1.4)
du
i 0 (3.2.1.5)
u(§,0) = f(&). (3.2.1.6)
Thus
u(z,t) = u(§,0) = f(§) (3.2.1.7)
dx
o = clf(&)
x = te(f(§)) + ¢ (3.2.1.8)

Solve (3.2.1.8) for ¢ and substitute in (3.2.1.7) to get the solution.
To check our solution, we compute the first partial derivatives of u

Ou _ duds
ot dé dt
Ou _ dudg
or  dédx’

Differentiating (3.2.1.8) with respect to = and ¢t we have
1=t (f())f' ()& + &
0= c(f(£)) + 1 (F) (€& + &

correspondingly.
Thus when recalling that (ji—z = f'(¢)
_ cf(e) :
e’ (3249
1 /
= Tregere’ (32110

Substituting these expressions in (3.2.1.1) results in an identity. The initial condition
(3.2.1.2) is exactly (3.2.1.7).
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Example 3

ou ou
E + u% =0
u(z,0) = 3z.
The equivalent system of ODEs is
du
a — 0
dr
i

Solving the first one yields

u(z,t) = u(x(0),0) = 32(0).

Substituting this solution in (3.2.1.14)
dz
= = 32(0
o = 32(0)
which has a solution
x = 3z(0)t + x(0).

Solve (3.2.1.16) for z(0) and substitute in (3.2.1.15) gives

3z

gt+1

u(z,t) =

3.2.2 Graphical Solution

Graphically, one can obtain the solution as follows:

u(x,0)=f(x)
u

X rte(itg)

(3.2.1.11)
(3.2.1.12)

(3.2.1.13)

(3.2.1.14)

(3.2.1.15)

(3.2.1.16)

(3.2.1.17)

u(x,t)

X
0

Figure 13: Graphical solution

Suppose the initial solution u(z,0) is sketched as in figure 13. We know that each u(xo)
stays constant moving at its own constant speed c(u(zg)). At time ¢, it moved from zy to
xo+te(f(xo)) (horizontal arrow). This process should be carried out to enough points on the
initial curve to get the solution at time t. Note that the lengths of the arrows are different

and depend on c.
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Problems

1. Solve the following

0
a. 8—2; =0 subject to u(x,0) = g(x)
ou .
b. 5 —3zu subject to u(x,0) = g(x)
2. Solve
ou
— =
ot
subject to
u(z,t) =14 cosz along z+2t=0
3. Let
Ou + Ou 0 constant
— +tc—= ¢ = constan
ot Oz

a. Solve the equation subject to u(z,0) =sinz
b. If ¢ > 0, determine u(x,t) for z > 0 and ¢ > 0 where

u(z,0) = f(x) for x >0
u(0,t) = g(t) fort >0

4. Solve the following linear equations subject to u(z,0) = f(x)

ou  Ou  _g,
a. o + Ca_x =e
ou  Ou
b. e + t% =9
¢ % - tQ% =—-u
S ot Ox
d. Ou + x% =t
ot Ox
ou ou
e. e + x% =

5. Determine the parametric representation of the solution satisfying u(z,0) = f(z),

du  ,0u
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ou
b. — 4+
ot +t7u

6. Solve

subject to

ou
— = —u

or

@ + tQU@ =
ot or

u(z,0) = .

48
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3.2.3 Fan-like Characteristics

1
Since the slope of the characteristic, —, depends in general on the solution, one may have
c

characteristic curves intersecting or curves that fan-out. We demonstrate this by the follow-
ing example.

Example 4
U + uty, =0 (3.2.3.1)
1 for 2<0
u(z,0) = { 9 for x> 0. (3.2.3.2)
The system of ODEs is
dx
o 3.2.3.3
du
— =0. 3.2.34
= ( )
The second ODE satisfies
u(z,t) = u(x(0),0) (3.2.3.5)
and thus the characteristics are
z = u(z(0),0)t + z(0) (3.2.3.6)

or

(3.2.3.7)

Figure 14: The characteristics for Example 4

Let’s sketch those characteristics (Figure 14). If we start with a negative z(0) we obtain a
straight line with slope 1. If (0) is positive, the slope is %
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Since u(z(0), 0) is discontinuous at x(0) = 0, we find there are no characteristics through
t =0, z(0) = 0. In fact, we imagine that there are infinitely many characteristics with all
possible slopes from % to 1. Since the characteristics fan out from x =t to x = 2t we call

these fan-like characteristics. The solution for ¢t < x < 2t will be given by (3.2.3.6) with
z(0) =0, ie.

T = ut
or
u=< for t<z <2t (3.2.3.8)
To summarize the solution is then
1 z(0)=x—-t<0
u=4{ 2 2(0)=z-2t>0 (3.2.3.9)
n t<ax <2t

The sketch of the solution is given in figure 15.

y 2+
il /

Figure 15: The solution of Example 4

3.2.4 Shock Waves

If the initial solution is discontinuous, but the value to the left is larger than that to the
right, one will see intersecting characteristics.

Example 5
Uy + uty =0 (3.2.4.1)
2 <1
u(z,0) = { L 2> 1 (3.2.4.2)

The solution is as in the previous example, i.e.

z(t) = u(x(0),0)t + x(0) (3.2.4.3)



o +2(0) if 2(0) < 1
z(?) :{ t4+2(0) it 2(0) S (3.2.4.4)

The sketch of the characteristics is given in figurel6.

t

Figure 16: Intersecting characteristics

Since there are two characteristics through a point, one cannot tell on which character-
istic to move back to t = 0 to obtain the solution. In other words, at points of intersection
the solution u is multi-valued. This situation happens whenever the speed along the char-
acteristic on the left is larger than the one along the characteristic on the right, and thus
catching up with it. We say in this case to have a shock wave. Let z1(0) < 22(0) be two
points at ¢t = 0, then

za(t) = c(f(x2(0)))t+ 22(0). o
If c(f(21(0))) > c(f(x2(0))) then the characteristics emanating from x1(0), 22(0) will in-
tersect. Suppose the points are close, i.e. x5(0) = x1(0) + Az, then to find the point of
intersection we equate x1(t) = xo(t). Solving this for ¢ yields
—Ax

" @O T e (F@(0) + An)’ (3:2:40)
If we let Az tend to zero, the denominator (after dividing through by Az) tends to the
derivative of ¢, i.e.

1

= _ . 3.2.4.7

A 0)] 3247
dl’l (O)
Since t must be positive at intersection (we measure time from zero), this means that

dc
— < 0. 3.2.4.8
. ( )

So if the characteristic velocity ¢ is locally decreasing then the characteristics will intersect.
This is more general than the case in the last example where we have a discontinuity in the
initial solution. One can have a continuous initial solution u(x,0) and still get a shock wave.
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Note that (3.2.4.7) implies that

d
LS DR
dx
which is exactly the denominator in the first partial derivative of u (see (3.2.1.9)-(3.2.1.10)).
Example 6
U + uty =0 (3.2.4.9)
u(z,0) = —x. (3.2.4.10)
The solution of the ODEs
a7
(3.2.4.11)
a
is
u(z,t) = u(x(0),0) = —z(0), (3.2.4.12)
z(t) = —x(0)t + 2(0) = z(0)(1 — ¢t). (3.2.4.13)

Solving for x(0) and substituting in (3.2.4.12) yields
t
u(w, 1) =~ (3.2.4.14)

This solution is undefined at t = 1. If we use (3.2.4.7) we get exactly the same value for ¢,
since
f(zo) = —xo (from (3.2.4.10)

c(f(zo)) = ulxg) = —x9 (from (3.2.4.9)

In the next figure we sketch the characteristics given by (3.2.4.13). It is clear that all
characteristics intersect at ¢ = 1. The shock wave starts at ¢ = 1. If the initial solution is
discontinuous then the shock wave is formed immediately.

How do we find the shock position z(¢) and its speed? To this end, we rewrite the
original equation in conservation law form, i.e.

0

B B
/a ude = %/ udr = —q|”.

(0%
This is equivalent to the quasilinear equation (3.2.4.9) if ¢(u) = $u®.

or
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Figure 17: Sketch of the characteristics for Example 6

The terms “conservative form”, “conservation-law form”, “weak form” or “divergence
form” are all equivalent. PDEs having this form have the property that the coefficients of
the derivative term are either constant or, if variable, their derivatives appear nowhere in the
equation. Normally, for PDEs to represent a physical conservation statement, this means
that the divergence of a physical quantity can be identified in the equation. For example,
the conservation form of the one-dimensional heat equation for a substance whose density,
p, specific heat, ¢, and thermal conductivity K, all vary with position is

ou 0 ou
o o (Ka_>

whereas a nonconservative form would be

Ou _ 0K Ou K82u

P9t = oz o
In the conservative form, the right hand side can be identified as the negative of the diver-
gence of the heat flux (see Chapter 1).
Consider a discontinuous initial condition, then the equation must be taken in the integral
form (3.2.4.15). We seek a solution v and a curve x = x4(t) across which v may have a jump.
Suppose that the left and right limits are

e e, - ul@,8) = (3.2.4.16)
limg o+ w(z,t) = Uy
and define the jump across x4(t) by
[u] = u, — uy. (3.2.4.17)
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Let [, §] be any interval containing z4(¢) at time t. Then

However the left hand side is

d res(t)- d 8 zs(t)— 8 dx,
%/a udx+£ 0 udx:/ udr + urdx + uy Ts

a zs(t)+ dt

(3.2.4.18)

(3.2.4.19)

Recall the rule to differentiate a definite integral when one of the endpoints depends on the

variable of differentiation, i.e.

a9

d o) 3(t)
%/a u(x,t)dx:/a e, )+ (6 (1), 1)

Since u; is bounded in each of the intervals separately, the integrals on the right hand side

of (3.2.4.19) tend to zero as @ —



(= (3/2)t+1

15F

0.5F

Figure 19: Solution of Example 5
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Problems

1. Consider Burgers’ equation

@ + 1 _ 2P % — V@
ot tmae or " or?

pmax

Suppose that a solution exists as a density wave moving without change of shape at a velocity
V, plz,t) = f(z = Vi).

a. What ordinary differential equation is satisfied by f

b. Show that the velocity of wave propagation, V', is the same as the shock velocity
separating p = p; from p = ps (occuring if v = 0).

2. Solve 5 5
14 20p
g - _9
ot P or
subject to
4 <0
p(l’,O)—{ 3 $>0
3. Solve 5 5
U U
— +4du— =0
o T
subject to

3 <1
M%m:{2x>1

4. Solve the above equation subject to

2 r<—1
u(a:,()):{g x> —1

5. Solve the quasilinear equation

ou ou
En + u% =0
subject to
2 <2

u(x,O):{S x> 2

6. Solve the quasilinear equation

o
ot “ax_
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subject to

0 <0
u(z,0)=¢ =z 0<z<1
1 1<x

7. Solve the inviscid Burgers’ equation
ug + uu, = 0
2 for z <0
u(z,0) =< 1 for 0 <z <1
0 for = > 1

Note that two shocks start at ¢ = 0, and eventually intersect to create a third shock.

Find the solution for all time (analytically), and graphically display your solution, labeling
all appropriate bounding curves.
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3.3 Second Order Wave Equation

In this section we show how the method of characteristics is applied to solve the second order
wave equation describing a vibrating string. The equation is

Uy — gy = 0, ¢ = constant. (3.3.1)

For the rest of this chapter the unknown wu(z, t) describes the displacement from rest of every
point z on the string at time . We have shown in section 2.3 that the general solution is

u(z,t) = F(x — ct) + G(z + ct). (3.3.2)
3.3.1 Infinite Domain
The problem is to find the solution of (3.3.1) subject to the initial conditions
u(z,0) = f(z) —00 < T <00 (3.3.1.1)

ur(z,0) = g(z) —00 <z < o0. (3.3.1.2)

These conditions will specify the arbitrary functions F,G. Combining the conditions with
(3.3.2), we have

F(z)+G(z) = f(x) (3.3.1.3)
—c% + c% = g(z). (3.3.1.4)

These are two equations for the two arbitrary functions F' and G. In order to solve the
system, we first integrate (3.3.1.4), thus

CF(2) + G(x) = % [ aterae. (3.3.1.5)
Therefore, the solution of (3.3.1.3) and (3.3.1.5) is

F(e) = 5() — o [ a()de. (3:3.1.6)

Gla) = /(@) + o INIG3 (3.3.1.7)

Combining these expressions with (3.3.2), we have

u(z, t) =

flztct) + flz—ct) L /”Ctg(f)dg. (3.3.1.8)

2 2_6 —ct

This is d’Alembert’s solution to (3.3.1) subject to (3.3.1.1)-(3.3.1.2).

Note that the solution u at a point (z¢,ty) depends on f at the points (zo + cto,0) and
(xo — cto,0), and on the values of g on the interval (zo— cty,xo+ ctg). This interval is called
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domain of dependence. In figure 20, we see that the domain of dependence is obtained by
drawing the two characteristics

T —ct =x9— cty
T+ ct = xg + cty

through the point (xg,to). This behavior is to be expected because the effects of the initial
data propagate at the finite speed c. Thus the only part of the initial data that can influence
the solution at x( at time ¢ty must be within cty units of xy. This is precisely the data given
in the interval (xg — ctq, xo + cto).

(X0t )

(Xo — ¢ty ,0) (Xo *+ Cty ,0)

I I I I
-4 -2 0 2 4 6 8

Figure 20: Domain of dependence

The functions f(z), g(x) describing the initial position and speed of the string are defined
for all x. The initial disturbance f(z) at a point x; will propagate at speed ¢ whereas the
effect of the initial velocity g(x) propagates at all speeds up to c¢. This infinite sector (figure
21) is called the domain of influence of ;.

The solution (3.3.2) represents a sum of two waves, one is travelling at a speed ¢ to the
right (F(z — ct)) and the other is travelling to the left at the same speed.
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X =ct=X; X+Ct=X,

(%,,0)

Figure 21: Domain of influence
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Problems

1. Suppose that
u(z,t) = F(x — ct).

Evaluate
ou
a. a(z, 0)
ou
b. %(0, t)

2. The general solution of the one dimensional wave equation
Ut — 4:1,1/3;3; =0

is given by
u(z,t) = F(x — 2t) + G(x + 2t).

Find the solution subject to the initial conditions
u(z,0) = cosx —00 < x < 00,

ut(z,0) =0 — 00 < 2 < 00.

3. In section 3.1, we suggest that the wave equation can be written as a system of two first
order PDEs. Show how to solve
Uy — gy = 0

using that idea.
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3.3.2 Semi-infinite String

The problem is to solve the one-dimensional wave equation
utt—c2um:O, 0<x<o0,
subject to the initial conditions
u(z,0) = f(x), 0 <z < oo,

u(x,0) = g(z), 0 <z < oo,

and the boundary condition

u(0,t) = h(t), 0<t.

(3.3.2.1)

(3.3.2.2)

(3.3.2.3)

(3.3.2.4)

Note that f(x) and g(x) are defined only for nonnegative x. Therefore, the solution (3.3.1.8)

holds only if the arguments of f(z) are nonnegative, i.e.

x —ct

0
T+ ct 0

Vv IV

(3.3.2.5)

As can be seen in figure 22, the first quadrant must be divided to two sectors by the charac-
teristic x —ct = 0. In the lower sector I, the solution (3.3.1.8) holds. In the other sector, one
should note that a characteristic x — ¢t = K will cross the negative x axis and the positive

t axis.

Region II x-ct=0

(Xt )

(%0t )
1 0.t = x; /c o0 Region |

(x, —ct; ,0) (Xo —Cty ,0) (X +cty ,0)

-1+

-2

I I I I
-4 -2 0 2 4 6

Figure 22: The characteristic z — ¢t = 0 divides the first quadrant

8

The solution at point (1, ;) must depend on the boundary condition h(t). We will show

how the dependence presents itself.
For z — ¢t < 0, we proceed as follows:
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Combine (3.3.2.4) with the general solution (3.3.2) at x = 0

h(t) = F(—ct) + G(ct) (3.3.2.6)

Since x — ¢t < 0 and since F is evaluated at this negative value, we use (3.3.2.6)

F(—ct) = h(t) — G(ct) (3.3.2.7)
Now let
z=—ct <0
then .
F(z) = h(—g) — G(—2). (3.3.2.8)

So F' for negative values is computed by (3.3.2.8) which requires G at positive values.
In particular, we can take x — ct as z, to get

x —ct

F(x —ct) = h(— ) — G(ct — x). (3.3.2.9)

C

Now combine (3.3.2.9) with the formula (3.3.1.7) for G
F(o—ct)=h(t %)~ (35t -2) + o [7 o))
TTe= & T T g, 0 g

The solution in sector 1I is then

T z+ct

ule, ) =h (6= 2) = Srter—a) = o [7 g(@pde+ Sfren o [T g

flx+ct) —5 [z —ct) N 2% /:;Ctg(f)dg z—ct>0

u(z, t) =

x flx+et)— f(ct—x) 1 jatet
n(t-2)+ _ to [ g a—ct <0
(3.3.2.10)

Note that the solution in sector II requires the knowledge of f(x) at point B (see Figure
23) which is the image of A about the ¢ axis. The line BD is a characteristic (parallel
to PC)

T +ct =K.

Therefore the solution at (x1, t;) is a combination of a wave moving on the characteristic
CP and one moving on BD and reflected by the wall at = 0 to arrive at P along a
characteristic

T —ct =x1 — cty.
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Region Il x-ct=0

P(x; .ty )

1F D(0,t; — x, /c) Region |

A(x; —ct; ,0) B(ct; -x;,0)  C(x, +ct; ,0)

-1+

% =2 0 2 4 6 8
Figure 23: The solution at P
We now introduce several definitions to help us show that d’Alembert’s solution (3.3.1.8)

holds in other cases.
Definition 8. A function f(z) is called an even function if

f(=z) = f(x)
Definition 9. A function f(z) is called an odd function if
f(=x) = —f(x)
Note that some functions are neither.

Examples
1. f(x) = 2% is an even function.
2. f(x) = 2® is an odd function.
3. f(x) = x — 2% is neither odd nor even.

Definition 10. A function f(z) is called a periodic function of period p if

flx+p) = f(x) for all .

The smallest such real number p is called the fundamental period.
Remark: If the boundary condition (3.3.2.4) is

u(0,t) =0,

then the solution for the semi-infinite interval is the same as that for the infinite interval

with f(z) and g(x) being extended as odd functions for x < 0. Since if f and ¢ are odd
functions then o) i)
—z) = —f(z

’ 3.3.2.11

g(-2) = —g(2). (3:32.11)
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The solution for z — ct is now

u(z,t) = f(z+ct) _5(_($ —ct)) + % <ijg(§)df + /()x+0tg(f)d§> ' (3.3.2.12)

But if we let ( = —¢ then

[ s@e= [ g-o-ac)

t—x

= [ =0 = [ g(0)dc.

—ct r—ct

Now combine this integral with the last term in (3.3.2.12) to have

u(z,t) =

flx+ct)+ flx—ct) N 1 /Hdg(g)dg

2 2

—ct

which is exactly the same formula as for  —ct > 0. Therefore we have shown that for a semi-
infinite string with fixed ends, one can use d’Alembert’s solution (3.3.1.8) after extending
f(z) and g(z) as odd functions for = < 0.

What happens if the boundary condition is

u.(0,t) = 07

We claim that one has to extend f(x), g(x) as even functions and then use (3.3.1.8). The
details will be given in the next section.

3.3.3 Semi Infinite String with a Free End

In this section we show how to solve the wave equation

Uy — gy = 0, 0<z< o0, (3.3.3.1)
subject to
u(z,0) = f(z), (3.3.3.2)
u(z,0) = g(x), (3.3.3.3)
Uz (0,) = 0. (3.3.3.4)

Clearly, the general solution for = — ¢t > 0 is the same as before, i.e. given by (3.3.1.8). For
x — ct < 0, we proceed in a similar fashion as last section. Using the boundary condition

(3.3.3.4)
dF (z — ct) +dG(:zz: + ct)

0=u,(0,t) = o B o B

= F'(—ct) + G'(ct).

Therefore
F’(—ct) = —G”(ct). (3.3.3.5)
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Let z = —ct < 0 and integrate over [0, 2]

Replacing z by x — ¢t < 0, we have
F(zx —ct) = G(—(x — ct)),

or

F(x —ct) = %f(ct —z)+ ! /OCt_xg(é)df.

2c
To summarize, the solution is

flo+ct) + f(

U=\ flatet) + S .

2

—ct 1 x+ct
T [ e >l
C Jx—ct

Remark: If f(z) and g(z) are extended for x < 0 as even functions then

flet =) = f(=(x = ct)) = fz - ct)

and

[ o@ie= [T a@-a = [ gt

—ct

where ( = —¢.
Thus the integrals can be combined to one to give

NG

2c —ct

— 1 T+ct 1 ct—x
) [ e+ o [ s, 2 <a

(3.3.3.6)

(3.3.3.7)

(3.3.3.8)

(3.3.3.9)

Therefore with this extension of f(z) and ¢g(z) we can write the solution in the form (3.3.1.8).
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Problems

1. Solve by the method of characteristics

Pu ,0%u

@ — C @ = 0, x>0
subject to
u(z,0) =0,
ou
—(x,0) =0
ot (2,0)=0,
u(0,t) = h(t).
2. Solve 5 o
U 207U
@ — C @ = 0, <0
subject to
u(z,0) = sinz, r<0
0
a—z(I,O) —0, <0
u(0,t) = e, t>0.
3. a. Solve 52 o2
u  ,0%u
ﬁ —C @ =0, O<xr<oo
subject to
0 O<ax<?2
u(z,0)=4¢ 1 2<zx<3
0 3<zx
ou
—(z,0) =0
ot (=0 =0,
ou
—(0,t) =0
2 (0,1)
b. Suppose u is continuous at x =t = 0, sketch the solution at various times.
4. Solve o 5
u  ,0%
ﬁ—C@:O, 33'>0, t>0
subject to
u(z,0) =0,
ou
—(z,0) =0
ot (2,0) =10,
ou
—(0,t) = h(t).
L 0,1) = h(t)

5. Give the domain of influence in the case of semi-infinite string.
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3.3.4 Finite String

This problem is more complicated because of multiple reflections.

of a string of length L,

Uy — gy = 0, 0<z<L,
subject to
u(z,0) = f(z),
w(z,0) = g(x),
u(0,t) =0,
u(L,t) = 0.

Consider the vibrations

(3.3.4.1)

(3.3.4.2)
(3.3.4.3)
(3.3.4.4)
(3.3.4.5)
2

From the previous section, we can write the solution in regions 1 and 2 (see figure 24), i

6

-1 0 1 2 3 4

Figure 24: Reflected waves reaching a point in region 5

5

u(z,t) is given by (3.3.1.8) in region 1 and by (3.3.2.10) with A = 0 in region 2. The
solution in region 3 can be obtained in a similar fashion as (3.3.2.10), but now use the

boundary condition (3.3.4.5).
In region 3, the boundary condition (3.3.4.5) becomes

uw(L,t) = F(L—ct)+ G(L +ct) =0.

Since L + ct > L, we solve for G

G(L+ ct) = —F(L — ct).
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Let

z=L+ct>1L, (3.3.4.7)

then

L—ct=2L—-2<L.
Thus

G(z) = —F(2L — 2) (3.3.4.8)
or

1 1 2L—xz—ct
Glx+ct)=—FQ2L—a—ct) = —if(QL—:z:—ct)jLQ—c/ 9(&)d¢
0

and so adding F'(z — ct) given by (3.3.1.6) to the above we get the solution in region 3,

flz —ct) = f(

u(z, t) = 5

L —r— x—ct 2L —x—ct
ormdly L[ @ o [T gtegae

In other regions multiply reflected waves give the solution. (See figure 24, showing doubly
reflected waves reaching points in region 5.)

As we remarked earlier, the boundary condition (3.3.4.4) essentially say that the initial
conditions were extended as odd functions for < 0 (in this case for —L < x < 0.) The other
boundary condition means that the initial conditions are extended again as odd functions
to the interval [L, 2L], which is the same as saying that the initial conditions on the interval
[—L, L] are now extended periodically everywhere. Once the functions are extended to the
real line, one can use (3.3.1.8) as a solution. A word of caution, this is true only when the
boundary conditions are given by (3.3.4.4)-(3.3.4.5).

t

25
2L
B
D
15F

0.5

-0.5r

-1 I I I I | |
-1 0 1 2 3 4 5 6

Figure 25: Parallelogram rule
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3.3.5 Parallelogram Rule

If the four points A, B,C, and D form the vertices of a parallelogram whose sides are all
segments of characteristic curves, (see figure 25) then the sums of the values of u at opposite
vertices are equal, i.e.

u(A) +u(C) = u(B) + u(D). (3.3.5.1)

This rule is useful in solving a problem with both initial and boundary conditions.

In region R; (see figure 26) the solution is defined by d’Alembert’s formula. For A = (x,t)
in region Ry, let us form the parallelogram ABCD with B on the t-axis and C' and D on
the characterisrtic curve from (0,0). Thus

uw(A) = —u(C) +u(B) +u(D) (3.3.5.2)

Figure 26: Use of parallelogram rule to solve the finite string case

u(B) is a known boundary value and the others are known from R;. We can do this for
any point A in Ry. Similarly for R3. One can use the solutions in Ry, R3 to get the solution
in R4 and so on. The limitation is that © must be given on the boundary. If the boundary
conditions are not of Dirichlet type, this rule is not helpful.
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SUMMARY
Linear:
up + c(z, t)u, = S(u, x,t)

u(x(0),0) = f(x(0))

Solve the characteristic equation

d
d—f = c(x,t)
z(0) = xg
then solve p
d_:fb = S(u,z,t)
u(z(0),0) = f(z(0)) on the characteristic curve
Quasilinear:

u(x(0),0) = f(x(0))

Solve the characteristic equation

pri c(u, z,t)
z(0) = xg
then solve p
d—qz = S(u,z,t)

u(z(0),0) = f(z(0)) on the characteristic curve

fan-like characteristics

shock waves

Second order hyperbolic equations:
Infinite string

Uy — gy = 0 c = constant, —o0 <z <00

u(x,0) = f(x),
ui(,0) = g(x),

flx+ct)+ f(x —ct) N 1 /Hct

t) = —
u(z, t) 5 5

g(&)dg.

—ct
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Semi infinite string

U — Py = 0 ¢ = constant, 0<r <@
u(z,0) = f(z),
ut(x7 0) = g(l‘),
u(0,t) = h(t), 0<t.
t —ct) 1 qutet
2 2¢ Jr—ct
v = flotet)— flet—g) 1 fera
x r+ct)— flct—x zTe
h(t—;)Jr - to [ g, @ et <o
Semi infinite string - free end
Uy — gy = 0 ¢ = constant, 0 <z < oo,
u(z,0) = f(z),
u(z,0) = g(z),
flx+ct)+ f(x —ct) 1 [otet
— >
: NG v,
u(z,t) =
r—ct — z+ct ct—x
[ ez LEEALIIAZD L yeyae s L [ g, o< et
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4 Separation of Variables-Homogeneous Equations

In this chapter we show that the process of separation of variables solves the one dimensional
heat equation subject to various homogeneous boundary conditions and solves Laplace’s
equation. All problems in this chapter are homogeneous. We will not be able to give the
solution without the knowledge of Fourier series. Therefore these problems will not be fully
solved until Chapter 6 after we discuss Fourier series.

4.1 Parabolic equation in one dimension

In this section we show how separation of variables is applied to solve a simple problem of
heat conduction in a bar whose ends are held at zero temperature.

Uy = Ktlgy, (4.1.1)

u(0,t) =0, zero temperature on the left, (4.1.2)

u(L,t) =0, zero temperature on the right, (4.1.3)
u(z,0) = f(x), given initial distribution of temperature. (4.1.4)

Note that the equation must be linear and for the time being also homogeneous (no heat
sources or sinks). The boundary conditions must also be linear and homogeneous. In Chapter
8 we will show how inhomogeneous boundary conditions can be transferred to a source/sink
and then how to solve inhomogeneous partial differential equations. The method there
requires the knowledge of eigenfunctions which are the solutions of the spatial parts of the
homogeneous problems with homogeneous boundary conditions.

The idea of separation of variables is to assume a solution of the form

u(z,t) = X(x)T(t), (4.1.5)

that is the solution can be written as a product of a function of z and a function of ¢.
Differentiate (4.1.5) and substitute in (4.1.1) to obtain

X(2)T(t) = kX"(x)T(t), (4.1.6)

where prime denotes differentiation with respect to z and dot denotes time derivative. In
order to separate the variables, we divide the equation by kX (z)T'(t),
() _ X"(x)

6~ X (4.1.7)

The left hand side depends only on ¢ and the right hand side only on . If we fix one variable,
say t, and vary the other, then the left hand side cannot change (¢ is fixed) therefore the
right hand side cannot change. This means that each side is really a constant. We denote
that so called separation constant by —A. Now we have two ordinary differential equations

X"(z) = -2X(z), (4.1.8)
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T(t) = —kAT (). (4.1.9)

Remark: This does NOT mean that the separation constant is negative.

The homogeneous boundary conditions can be used to provide boundary conditions for
(4.1.8). These are
X(0)T'(t) =0,

X(L)T(t) = 0.
Since T'(t) cannot be zero (otherwise the solution u(z,t) = X (x)T'(t) is zero), then

X(0) =0, (4.1.10)

X(L) = 0. (4.1.11)

First we solve (4.1.8) subject to (4.1.10)-(4.1.11). This can be done by analyzing the following
3 cases. (We will see later that the separation constant A is real.)

case 1: A < 0.
The solution of (4.1.8) is
X(z) = AeVF 4 Be VI, (4.1.12)

where © = —\ > 0.
Recall that one should try e which leads to the characteristic equation r? = u. Using the
boundary conditions, we have two equations for the parameters A, B

A+ B=0, (4.1.13)

AeVil 4 Bemvil = (. (4.1.14)
Solve (4.1.13) for B and substitute in (4.1.14)

B=-A
A (e\/’_‘L - e’\/’_‘L) =0.

Note that
eVit — e=Vil = 2ginh \/uL # 0

Therefore A = 0 which implies B = 0 and thus the solution is trivial (the zero solution).
Later we will see the use of writing the solution of (4.1.12) in one of the following four

forms
X(z) = AeVF® 4 Be VHT

= Ccosh/ux + Dsinh \/ux
= Fcosh (\/ﬁx + F
= (Gsinh (\/ﬁx +H).
In figure 27 we have plotted the hyperbolic functions sinh z and cosh x, so one can see that
the hyperbolic sine vanishes only at one point and the hyperbolic cosine never vanishes.

(4.1.15)

case 2: A = 0.
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cosh(x),sinh(x)

Figure 27: sinh x and cosh x

This leads to

X"(x) =0,
X(0) =0,
X (L) =0.
The ODE has a solution
X(x) = Az + B.
Using the boundary conditions
A-0+B=0,
A-L+B=0,
we have
B =0,
A=0,
and thus
X(z) =0,

which is the trivial solution (leads to u(z,¢) = 0) and thus of no interest.

case 3: A > 0.
The solution in this case is

X (z) = Acos V Az + Bsin V.
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The first boundary condition leads to
X0)=A-1+B-0=0

which implies
A=0.

Therefore, the second boundary condition (with A = 0) becomes
Bsin VAL = 0. (4.1.19)

Clearly B # 0 (otherwise the solution is trivial again), therefore

sin VAL = 0,
and thus
VAL = n, n=12,... (since A > 0, then n > 1)
and )
A, = (%) . on=1.2 ... (4.1.20)

These are called the eigenvalues. The solution (4.1.18) becomes
Xo(z) = B, sin %x n=12,... (4.1.21)

The functions X,, are called eigenfunctions or modes. There is no need to carry the constants
B, since the eigenfunctions are unique only to a multiplicative scalar (i.e. if X, is an
eigenfunction then KX, is also an eigenfunction).

The eigenvalues A, will be substituted in (4.1.9) before it is solved, therefore

_ 2
To(t) = —k ("—LW> T,. (4.1.22)

The solution is )
T (t) = e *(E) T, n=12,... (4.1.23)

Combine (4.1.21) and (4.1.23) with (4.1.5)
Up(z,t) = e F(F)  gin n%x, n=12,... (4.1.24)

Since the PDE is linear, the linear combination of all the solutions u,(z,t) is also a solution

s nm 2
u(z,t) => bne_k(f) "sin %x (4.1.25)

n=1

This is known as the principle of superposition. As in power series solution of ODEs, we
have to prove that the infinite series converges (see section 5.5). This solution satisfies the
PDE and the boundary conditions. To find b,, we must use the initial condition and this
will be done after we learn Fourier series.
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4.2 Other Homogeneous Boundary Conditions

If one has to solve the heat equation subject to one of the following sets of boundary condi-
tions

1.
u(0,t) = 0, 421
ug(L,t) = 0. (4.2.2)

2.

u.(0,t) =0, (4.2.

w(L,t) = 0. (4.2.4)

3.
uz(0,¢) =0, 4.2.5
uy(L,t) = 0. (4.2.6)

4.
u(0,t) = u(L,t), (4.2.7)
uz(0,t) = ux (L, t). (4.2.8)

the procedure will be similar. In fact, (4.1.8) and (4.1.9) are unaffected. In the first case,
(4.2.1)-(4.2.2) will be

X(0) =0, (4.2.9)
X'(L) = 0. (4.2.10)
It is left as an exercise to show that
A, = Kn—%) %r n=1,2 .. (4.2.11)
X, = sin (n - 1) e, n=1,2,... (4.2.12)
2) L

The boundary conditions (4.2.3)-(4.2.4) lead to

X'(0) =0, (4.2.13)
X(L)=0, (4.2.14)
and the eigenpairs are
1\ 712
An = —— )= =12, ... 4.2.1
=(n-3) 7] n=12, (12.15)
X, = < 1)” =1,2 (4.2.16)
n=cos(n—g |, n=12... 2.
The third case leads to
X'(0) =0, (4.2.17)



X'(L) = 0. (4.2.18)

Here the eigenpairs are

Ao =0, (4.2.19)
Xo =1, (4.2.20)
2
Ay = (T) , n=1,2,... (4.2.21)
L
X, = cos ”%x n=1,2,... (4.2.22)

The case of periodic boundary conditions require detailed solution.

case 1: A < 0.
The solution is given by (4.1.12)

X (z) = AeVF* 4 Be VI, p=—A>0.

The boundary conditions (4.2.7)-(4.2.8) imply

A+ B = AeVFE 4 Be VI (4.2.23)
Ayt — B/ = A/ueV* — By/ue” Vi, (4.2.24)
This system can be written as
Al =) 4 B (1 - e Vi) =0, (4.2.25)
VA (1= V™) 4 /B (—1 + e VF) = 0. (4.2.26)

This homogeneous system can have a solution only if the determinant of the coefficient

matrix is zero, i.e.
‘ 1 — eVHl 1 —e VKL

(L=ev) Vi (14 e/) v

Evaluating the determinant, we get

2/ (e\/ﬁL + e Vil _ 2) =0,
which is not possible for p > 0.

case 2: A =0.
The solution is given by (4.1.17). To use the boundary conditions, we have to differentiate
X(x),
X'(z) = A. (4.2.27)

The conditions (4.2.8) and (4.2.7) correspondingly imply

A=A
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B= AL+ B, = AL =0 = A=0.

Thus for the eigenvalue

Ao =0, (4.2.28)
the eigenfunction is
Xo(z) = 1. (4.2.29)
case 3: A > 0.
The solution is given by
X(x) = AcosVAx + BsinvAx. (4.2.30)

The boundary conditions give the following equations for A, B,
A = Acos VAL + Bsin VAL,
VAB = —VAAsin VAL + VAB cos VAL,

or

A(1 = cos VAL) — Bsin VAL =0, (4.2.31)
AVXsin VAL + BVX (1= cos VAL) = 0. (4.2.32)

The determinant of the coefficient matrix

1—005\/XL —sin\/XL _0
Vsin VAL \/X(l—COS\/XL) o

or

VA (1= cos VAL)" + VXsin? VAL = 0.
Expanding and using some trigonometric identities,
2V \ (1 — oS \/XL) =0,
or
1 —cos VAL = 0. (4.2.33)

Thus (4.2.31)-(4.2.32) become
—Bsin VAL =0,

AV Asin VAL = 0,

which imply

sin VAL = 0. (4.2.34)
Thus the eigenvalues A, must satisfy (4.2.33) and (4.2.34), that is
2n 2
Ay = (T) , n=1,2,... (4.2.35)
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Condition (4.2.34) causes the system to be true for any A,B, therefore the eigenfunctions
are

COSQ"T’TQJ n=12...
Xp(x) = (4.2.36)
siHQ"T”x n=12...

In summary, for periodic boundary conditions

Ao =0, (4.2.37)
Xo(z) =1, (4.2.38)
9 2
%:(lﬂ>, n=1,2,... (4.2.39)
L
COSQ"T’Tx n=12...
Xp(x) = (4.2.40)
sin%T”x n=12...

Remark: The ODE for X is the same even when we separate the variables for the wave
equation. For Laplace’s equation, we treat either the z or the y as the marching variable
(depending on the boundary conditions given).

Example.
Ugg + Uyy = 0 0<z,y<l1 (4.2.41)
u(z,0) = ug = constant (4.2.42)
u(z,1) =0 (4.2.43)
u(0,y) = u(l,y) =0. (4.2.44)
This leads to
X"+ 22X =0 (4.2.45)
X0)=X(1)=0 (4.2.46)
and
Y'Y =0 (4.2.47)
Y (1) =0. (4.2.48)
The eigenvalues and eigenfunctions are
X, = sinnrx, n=12,... (4.2.49)
A = (nm)?, n=1,2,... (4.2.50)
The solution for the y equation is then
Y, = sinhnn(y — 1) (4.2.51)
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and the solution of the problem is

u(z,y) = Y apsinnrrsinhnr(y — 1) (4.2.52)

n=1

and the parameters «,, can be obtained from the Fourier expansion of the nonzero boundary
condition, i.e.
~ 2up (—1)"—1

nm sinhnm

(4.2.53)

n
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Problems

1. Consider the differential equation
X"(z)+ XX (z) =0

Determine the eigenvalues A (assumed real) subject to
a. X(0)=X(m)=0
b. X'(0) = X'(L) =0
c. X(0)=X'(L) =0
d. X'(0)=X(L)=0
e. X(0)=0and X'(L)+ X(L)=0
Analyze the cases A > 0, A =0 and A < 0.
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4.3 Eigenvalues and Eigenfunctions

As we have seen in the previous sections, the solution of the X-equation on a finite interval
subject to homogeneous boundary conditions, results in a sequence of eigenvalues and corre-
sponding eigenfunctions. Eigenfunctions are said to describe natural vibrations and standing
waves. X; is the fundamental and X;, ¢« > 1 are the harmonics. The eigenvalues are the
natural frequencies of vibration. These frequencies do not depend on the initial conditions.
This means that the frequencies of the natural vibrations are independent of the method to
excite them. They characterize the properties of the vibrating system itself and are deter-
mined by the material constants of the system, geometrical factors and the conditions on
the boundary.

The eigenfunction X,, specifies the profile of the standing wave. The points at which an
eigenfunction vanishes are called “nodal points” (nodal lines in two dimensions). The nodal
lines are the curves along which the membrane at rest during eigenvibration. For a square
membrane of side 7 the eigenfunction (as can be found in Chapter 4) are sinnz sin my and
the nodal lines are lines parallel to the coordinate axes. However, in the case of multiple
eigenvalues, many other nodal lines occur.

Some boundary conditions may not be exclusive enough to result in a unique solution
(up to a multiplicative constant) for each eigenvalue. In case of a double eigenvalue, any
pair of independent solutions can be used to express the most general eigenfunction for
this eigenvalue. Usually, it is best to choose the two solutions so they are orthogonal to
each other. This is necessary for the completeness property of the eigenfunctions. This can
be done by adding certain symmetry requirement over and above the boundary conditions,
which pick either one or the other. For example, in the case of periodic boundary conditions,
each positive eigenvalue has two eigenfunctions, one is even and the other is odd. Thus the
symmetry allows us to choose. If symmetry is not imposed then both functions must be
taken.

The eigenfunctions, as we proved in Chapter 6 of Neta, form a complete set which is the
basis for the method of eigenfunction expansion described in Chapter 5 for the solution of
inhomogeneous problems (inhomogeneity in the equation or the boundary conditions).
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SUMMARY

X"+ XX =0
Boundary conditions Eigenvalues )\, FEigenfunctions X,
2
X(0)=X(L)=0 (%) sin 2 g n=12...
1 2 1
X(0)=X'(L) = {(nf)ﬂ} sin (nfLE)ﬂx n=1,2,...
X'(0)=X(L)=0 {(n%)ﬂr cos "2y n=12
L L 2,
2
X'(0)=X'(L) =0 (2 cos " g n=0,1,2
2
X(0) = X (L), X"(0) = X'(L) (%=) sin 207 g n=1,2
cos %—”x n=20,1,2
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5 Fourier Series

In this chapter we discuss Fourier series and the application to the solution of PDEs by
the method of separation of variables. In the last section, we return to the solution of
the problems in Chapter 4 and also show how to solve Laplace’s equation. We discuss the
eigenvalues and eigenfunctions of the Laplacian. The application of these eigenpairs to the
solution of the heat and wave equations in bounded domains will follow in Chapter 7 (for
higher dimensions and a variety of coordinate systems) and Chapter 8 (for nonhomogeneous
problems.)

5.1 Introduction

As we have seen in the previous chapter, the method of separation of variables requires
the ability of presenting the initial condition in a Fourier series. Later we will find that
generalized Fourier series are necessary. In this chapter we will discuss the Fourier series
expansion of f(z), i.e.

~ = + Z (an cos —Wx + by, sin n—Lﬂx> (5.1.1)

We will discuss how the coefficients are computed, the conditions for convergence of the
series, and the conditions under which the series can be differentiated or integrated term by
term.

Definition 11. A function f(x) is piecewise continuous in [a, b] if there exists a finite number
of points a = 1 < x5 < ... < x, = b, such that f is continuous in each open interval
(2, 2;41) and the one sided limits f(x;4) and f(z;41-) exist for all j <n — 1.

Examples
1. f(z) = 2* is continuous on |[a, b].

2.
T 0<z <1

f(x>:{x2—x 12x§2

The function is piecewise continuous but not continuous because of the point x = 1.

3. f(z)= i —1 <z < 1. The function is not piecewise continuous because the one
sided limit at £ = 0 does not exist.

Definition 12. A function f(z) is piecewise smooth if f(z) and f’(z) are piecewise continuous.

Definition 13. A function f(x) is periodic if f(x) is piecewise continuous and f(z+p) = f(z)
for some real positive number p and all x. The number p is called a period. The smallest
period is called the fundamental period.

Examples

1. f(z) = sinx is periodic of period 27.
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2. f(x) = cosz is periodic of period 2.

Note: If f;(x), 1=1,2,---,n are all periodic of the same period p then the linear

combination of these functions
n

Zcifi(x)

=1

is also periodic of period p.

5.2 Orthogonality

Recall that two vectors @ and b in R™ are called orthogonal vectors if
i=1

We would like to extend this definition to functions. Let f(x) and g(x) be two functions
defined on the interval [, §]. If we sample the two functions at the same points x;, i =
1,2,---,n then the vectors F' and G, having components f(x;) and g(x;) correspondingly,

are orthogonal if

> fxi)g(x;) = 0.

=1

If we let n to increase to infinity then we get an infinite sum which is proportional to

[ f@ygayia

Therefore, we define orthogonality as follows:

Definition 14. Two functions f(z) and g(z) are called orthogonal on the interval (¢, 5) with
respect to the weight function w(z) > 0 if

6
[ w@)@g@)dz =o.

o

Example 1
The functions sin x and cos x are orthogonal on [—m, 7] with respect to w(z) = 1,

N L 1 1 1
/ sin x cos xdr = 5/ sin 2xdr = —1 cos2zx|™ = - + 1 0.

—T —T

Definition 15. A set of functions {¢,(z)} is called orthogonal system with respect to w(z)
on [a, A] if

/j On () Om(x)w(x)de =0, for m # n. (5.2.1)
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Definition 16. The norm of a function f(x) with respect to w(z) on the interval [a, 5] is
defined by

= { [ vt e} (529

Definition 17. The set {¢,(z)} is called orthonormal system if it is an orthogonal system
and if

[&n]| = 1. (5.2.3)

Examples

L. {sin n%x} is an orthogonal system with respect to w(x) =1 on [—L, L].
For n #m

L nmr | mnm
sin —x sin —xdx
—-L L

L[ 1 1 _
- [ e e e
1 L g (n +m)m N 1 L g (n—m)r | |* 0
= {—= in T+ = in T =
2(n+m)r L 2(n—m)w L _L

nm
2. {cos fx} is also an orthogonal system on the same interval. It is easy to show that for

n#m

L nmw mi
CcosS —x cos —xdx
L L L

L (1 1 _
= /_L [5 cos (n +Lm)ﬁx + 3 cos (n Lmhx] dx
1 L . (n+m)m 1 L . (n—m)r |,
— — — — 0
{Q(n—l—m)wsm L x+2(n—m)7rsm L =
3. The set {1, cosz, sinx, cos2x, sin2x,---, cosnz, sinnz, - - -} is an orthogonal system on

[—7, w] with respect to the weight function w(z) = 1.
We have shown already that

/ sin nx sin madr = 0 for n #m (5.2.4)

—T

/ cos nx cos madr = 0 for n # m. (5.2.5)
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The only thing left to show is therefore

/ 1-sinnzdr =0 (5.2.6)
/ 1-cosnzdr =0 (5.2.7)
and -
/ sin nx cos mxdr = 0 for any n, m. (5.2.8)
Note that _ |
/ sin nade = — 2 T = ——(cosnm — cos(—nm)) =0
-7 n n
since

cosnm = cos(—nm) = (—1)". (5.2.9)

1
In a similar fashion we demonstrate (5.2.7). This time the antiderivative — sin nz vanishes

n
at both ends.
To show (5.2.8) we consider first the case n = m. Thus

Q 1 ym 1
/ sin nx cos nxdr = — / sin 2nxdr = —— cos2nz|"_ =0
2 4n

—T —T

For n # m, we can use the trigonometric identity
) .. )
sin ax cos bxr = 5 [sin(a + b)x + sin(a — b)z] . (5.2.10)

Integrating each of these terms gives zero as in (5.2.6). Therefore the system is orthogonal.

5.3 Computation of Coefficients

Suppose that f(x) can be expanded in Fourier series

> k k
f(z) ~ %o > | ax cos —Wx—l—bk sin—z | | (5.3.1)
2 O L L

The infinite series may or may not converge. Even if the series converges, it may not give
the value of f(z) at some points. The question of convergence will be left for later. In this
section we just give the formulae used to compute the coefficients ay, by.

1 /L
ag = —/ f(x)dx, (5.3.2)
LJ-1L
1 L
ax = —/ f(z) cos k—ﬁxdx for k=1,2,... (5.3.3)
LJ-1 L
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=7 / ) sin —xdx for k=1,2,... (5.3.4)

Notice that for k£ = 0 (5.3.3) gives the same value as o in (5.3.2). This is the case only if

a
one takes 50 as the first term in (5.3.1), otherwise the constant term is

é%[if@ﬂx (5.3.5)

k
The factor L in (5.3.3)-(5.3.4) is exactly the square of the norm of the functions sin %x and

km
COS8 -3 In general, one should write the coefficients as follows:

L km
[L f(z) cos fxdx

L k
[ 5 cos? %xdw

, for k=1,2,... (5.3.6)

ajp =

L k
/ f(z)sin T da
— —L L

k 7 km )
/ sin2 Tl'dl'

—L

for k=1,2,... (5.3.7)

These two formulae will be very helpful when we discuss generalized Fourier series.

Example 2
Find the Fourier series expansion of

flz)==x on [—L, L]

ap = L/ xcos—xdx

1L km N ( L )2 km | |&
= — |—xsin—x — ] cos—=zx
L | knm L km L L
The first term vanishes at both ends and we have
1 /L2
=7 (E) [cos km — cos(—km)] = 0.
1 rL k
b, = zlesin%xdx
1 L km N ( L )2 Ckm | |E
= — |——ZCosS—21T — ] sin —=x .
L km L km L _L
Now the second term vanishes at both ends and thus
1 2L 2L 2L
b, = - [Lcoskm — (—L)cos(—km)| = — % €08 km = _H(_l)k = H(_l)kﬂ'
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Figure 28: Graph of f(z) = z and the N** partial sums for N = 1,5, 10, 20

Therefore the Fourier series is

T~ Z lm sin - (5.3.8)

In figure 28 we graphed the function f(z) = x and the N** partial sum for N = 1,5, 10, 20.
Notice that the partial sums converge to f(z) except at the endpoints where we observe the
well known Gibbs phenomenon. (The discontinuity produces spurious oscillations in the
solution).

Example 3
Find the Fourier coefficients of the expansion of

-1 for —L<z<0

f(x):{ 1 for0<z <L (5.3.9)
_ / de + = /1 M
ap, = 17 cos xx CosLxx
B 1L  kr ‘0 +1L km ]—O
= lesmLx T smLxO— ,
L d d
- [ (-1 —/ 1
ap 7 _L( )m—i—L ; x
1 1 1 1



1 1
05 05
0 0
-05 -05
-1 -1
13 -1 0 1 2 13 -1 0 1 2
15 15
1 N n 1 n A
05 05
0 0
-05 -05
LY Y, -1y v
IR 0 1 2 R 0 1 2

Figure 29: Graph of f(z) given in Example 3 and the N partial sums for N = 1,5,10, 20

km
b, = L/ sm—xd:l:+ / 1- smfxdx
1 L km 1 L km
- Z(_1)< lmr) Cosfx|0 L <_I€7T> Cosfx‘OL
— 1= cos(—km)] — — [cos km — 1]
= Cos T = cos km
2 k
= E[l_(_l) ]
Therefore the Fourier series is
< 2 k
Zk—[1— ~1)¥] sin%x. (5.3.10)

The graphs of f(z) and the N partial sums (for various values of V) are given in figure 29.

In the last two examples, we have seen that a; = 0. Next, we give an example where all
the coefficients are nonzero.

Example 4
%x—l—l —L<x<0

o 0<u<l (5.3.11)

Fla) = {
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ag

- L L L L L L L L L
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 30: Graph of f(x) given in Example 4

apg = L/ ( x—i—l)d:zc—l—L/ rdx

1x0 0 lx
3 1+1+L_L+1
2 2 27

()t [ ool
L X COSL.CE.T I Z'COSLl'.T

1 [L . kr +<L>2 kr 110
R— [ R— R— C [
X S1n X k‘ﬂ' OS Lx L

1L . kr o 1[L . knm LN?*  kr
+——s1n —x| ;= |—rsm—x+ <—> COS —X
T krm L
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0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
15 15
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 31: Graph of f(z) given by example 4 (L = 1) and the N partial sums for N =
1,5,10,20. Notice that for L = 1 all cosine terms and odd sine terms vanish, thus the first
term is the constant .5

1 /0 /1 km 1 L km
p— _— —_ 1 1 —_— —_— 1 —_
by, L/L(Lx—l— )sm Lxdx+L/O T sin L:z:dx

1 l L km <L>2 ok ] 0
= — |——xcoS—x+|-— ) sin—zx
km

L2 | km L L

—L

L

1L kr o 1 L km LN\? . kr
—i———(—cosfx)LL—i-z —Excosfx+<g> sin -

0

1 L 1 1
= EH(—L) cos km — o= + Hcoslm — Hcoslmr

= —% (1+ (-1FL),

therefore the Fourier series is

flz) = % + g:l {% { — (—1)’“} cos I%Tx — % [1 + (—1)’“[,} sin ]%Tx}

The sketches of f(x) and the N partial sums are given in figures 31-33 for various values
of L.
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Problems

1. For the following functions, sketch the Fourier series of f(x) on the interval [—L, L].
Compare f(z) to its Fourier series

a. f(z)=1
b. f(z) = z*
c. flx)=¢€"
d. .
o455
e.
0 x<%
fx) =
? x> L

2. Sketch the Fourier series of f(z) on the interval [—L, L] and evaluate the Fourier coeffi-
cients for each

a. f(z) ==
b. f(r) =sinfz
“ 1 |z| < L
fx) =
0 |z|>£%

3. Show that the Fourier series operation is linear, i.e. the Fourier series of af(x) + Bg(x)
is the sum of the Fourier series of f(x) and g(x) multiplied by the corresponding constant.
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5.4 Relationship to Least Squares

In this section we show that the Fourier series expansion of f(x) gives the best approximation
of f(x) in the sense of least squares. That is, if one minimizes the squares of differences
between f(x) and the n'* partial sum of the series

s k k
% +k§::1 <ak cos fﬂx—i—bk sin %x) (5.4.1)
then the coefficients ag, ax and by are exactly the Fourier coefficients given by (5.3.6)-(5.3.7).

Let I(ag, a1, -, ap, by, by, -+, b,) be defined as the “sum” of the squares of the differences,
ie.

L
[= / [f(z) — sn(2)] da (5.4.2)
-L
where s, () is the n'* partial sum
" k k
sp(x) = %o > | ax cos T+ by sin ). (5.4.3)
et L L
In order to minimize the integral I, we have to set to zero each of the first partial derivatives,
ol
— =0 5.4.4
aao ) ( )
ol
— =0 =1,2,--- 5.4.5
aa] Y j Y ) 7n ( )
ol
— =0 =1,2,---,n. 5.4.6
ab] Y j Y ) Y n ( )

Differentiating the integral we find

O = [P 20 @)~ sul@)] e [F(0) — ()] da

8—a0 —L dag
L 1
- 9 /_ [f(@) = su(@)] 5da (5.4.7)
= —/LL lf(x) — % — k; <ak cos kfﬂx + by sin k%x)] dz

k k
Using the orthogonality of the function 1 to all cos %x and sin %x we have

ol L Qo
— = — —2L. 4.
e [ ROZEE (5.4.8)

Combining (5.4.8) and (5.4.4) we have
1 /L
ag = E[Lf(x)dx

96



which is (5.3.2).
If we differentiate the integral with respect to a; for some j, then

0 Qo L

a2 /_Lg[f<x>—sn<x>]@[f<x>—;— (oo T bsin )

L k=1

= 2/ ) — su(z )]( cos%x)dx

T
Now we use the orthogonality of cos fo to get

(5.4.9)

37 _ 9 / [Tﬂc U @DC TGP G .  IDC L Ti¢/F uTfC .



Figure 34: Sketch of f(z) given in Example 5
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Figure 35: Sketch of the periodic extension
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Figure 36: Sketch of the Fourier series

98



4 L L L L L L L L L
-1 -8 -6 -4 -2 0 2 4 6 8 10

Figure|37: Sketch of f(x) given in Example 6
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Let us now recall the definition of odd and even functions. A function f(z) is called odd
if
f(=z) = —f(2) (5.6.1)
and even, if
fl=) = f(@). (5.6.2)
Since sin kx is an odd function, the sum is also an odd function, therefore a function f(x)

having a Fourier sine series expansion is odd. Similarly, an even function will have a Fourier
cosine series expansion.

Example 7
f(z) ==, on [—L, L]. (5.6.3)

The function is odd and thus the Fourier series expansion will have only sine terms, i.e. all
ar = 0. In fact we have found in one of the examples in the previous section that

~y — sin —ux (5.6.4)
— kﬂ' L
Example 8
f(z) =22 on [—L, L]. (5.6.5)
The function is even and thus all b; must be zero.
1 /L, 2 L 223\ 2L2
o L/_LxxLoxxL?)o 3 (56.6)
L/ 22 cos —xdx =
Use table of integrals
1 (L>2 br P, kr\* Q(L)3_k7rL
= — |2z |-— ) cos—=zx — | x* - — | sin —=x
L km L | L km L |-
The sine terms vanish at both ends and we have
1 L\? L\?
= 4L kn =4 —1)k. 6.
L (m) SR = <l<;7r> (=1) (5.6.7)
Notice that the coefficients of the Fourier sine series can be written as
L/ ) sin —xdx (5.6.8)

that is the integration is only on half the interval and the result is doubled. Similarly for
the Fourier cosine series

=7 / ) cos —xdx (5.6.9)
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Figure 39: Graph of f(z) = 2 and the N partial sums for N = 1,5, 10, 20

If we go back to the examples in the previous chapter, we notice that the partial differ-
ential equation is solved on the interval [0, L]. If we end up with Fourier sine series, this
means that the initial solution f(z) was extended as an odd function to [—L,0]. It is the

odd extension that we expand in Fourier series.

Example 9
Give a Fourier cosine series of

flz) == for 0<ax<L.

This means that f(z) is extended as an even function, i.e.

—x —L<x<0
f(x)—{ r 0<z<L

or

f(x) = |z on [—L,L].

The Fourier cosine series will have the following coefficients

2 [k 21 ,|F
== dr = = =x?
Qo L/Ol‘l‘ LQZL‘

=L,
0

2 L km 2 [L  km
ak:—/ T cos —axdr = — —xsm—x—i—<—
0

L L

(5.6.10)

(5.6.11)

(5.6.12)

(5.6.13)
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Figure 40: Graph of f(z) = |z| and the N™ partial sums for N = 1,5, 10,20

:%[0+<$JQWMW—O—(£JT::%<5J2R—Dh—q. (5.6.14)

Therefore the series is

L & 2L & km
|| ~ ) + kzz:l ()2 [(—1) - 1} CO8 —= . (5.6.15)

In the next four figures we have sketched f(z) = |z| and the N** partial sums for various
values of N.

To sketch the Fourier cosine series of f(z), we first sketch f(z) on [0, L], then extend the
sketch to [—L, L] as an even function, then extend as a periodic function of period 2L. At
points of discontinuity, take the average.

To sketch the Fourier sine series of f(z) we follow the same steps except that we take
the odd extension.

Example 10
sinfr, —L<z<0
flz) = z, O<z<i (5.6.16)
L—x, % <z <L

The Fourier cosine series and the Fourier sine series will ignore the definition on the interval
[—L,0] and take only the definition on [0, L]. The sketches follow on figures 41-43:
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Figure 42: Sketch of the Fourier sine series and the periodic odd extension

Notes:

1. The Fourier series of a piecewise smooth function f(x) is continuous if and only if
f(z) is continuous and f(—L) = f(L).

2. The Fourier cosine series of a piecewise smooth function f(x) is continuous if and only
if f(x) is continuous. (The condition f(—L) = f(L) is automatically satisfied.)

3. The Fourier sine series of a piecewise smooth function f(z) is continuous if and only

if f(x) is continuous and f(0) = f(L).

Example 11
The previous example was for a function satisfying this condition. Suppose we have the

Figure 43: Sketch of the Fourier cosine series and the periodic even extension
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following f(x)
0 -L<z<0
r 0<z<L

o=

The sketches of f(z), its odd extension and its Fourier sine series are given in figures 44-46
correspondingly.

(5.6.17)

Figure 44: Sketch of f(z) given by example 11

Figure 45: Sketch of the odd extension of f(x)

Figure 46: Sketch of the Fourier sine series is _not continuous since f(0) # f(L)
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Problems

1. For each of the following functions

i. Sketch f(x)

ii. Sketch the Fourier series of f(z)

iii. Sketch the Fourier sine series of f(x)
iv. Sketch the Fourier cosine series of f(x)

a.f(x):{ T r <0

142z >0
b. f(x) =¢€"
c. f(x)=1+2?
lr+1 —2<2<0
_ ) 2
d.f(x)—{ T 0<az<?2

2. Sketch the Fourier sine series of

™
= COS —X.

L

Roughly sketch the sum of the first three terms of the Fourier sine series.

3. Sketch the Fourier cosine series and evaluate its coefficients for

1 <L
x R
6
3L< <L
6 "7
O §<£I§'

4. Fourier series can be defined on other intervals besides [—L, L]. Suppose ¢(y) is defined
on [a, b] and periodic with period b — a. Evaluate the coefficients of the Fourier series.

5. Expand

in a series of sin nx.

a. Evaluate the coefficients explicitly.

0 = <z<m

b. Graph the function to which the series converges to over —27 < x < 27.
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5.7 Term by Term Differentiation

In order to check that the solution obtained by the method of separation of variables satisfies
the PDE, one must be able to differentiate the infinite series.

1. A Fourier series that is continuous can be differentiated term by term if f’(z) is piecewise
smooth. The result of the differentiation is the Fourier series of f'(x).

2. A Fourier cosine series that is continuous can be differentiated term by term if f'(x) is
piecewise smooth. The result of the differentiation is the Fourier sine series of f’(z).

3. A Fourier sine series that is continuous can be differentiated term by term if f'(z) is
piecewise smooth and f(0) = f(L) = 0. The result of the differentiation is the Fourier
cosine series of f'(z).

Note that if f(z) does not vanish at z = 0 and = L then the result of differentiation is
given by the following formula:

1 2 nm

)~ LU = SO+ 3 bt L1 — FOeos T (57)

Note that if f(L) = f(0) = 0 the above equation reduces to term by term differentiation.
Example 12
Given the Fourier sine series of f(z) = «x,

> L nmw
~ 23— (=1)""gin —z. 5.7.2
x nz::ﬂm( )" sin 7 ( )

Since f(L) = L # 0, we get upon differntiation using (5.7.1)

1 X \nr L 2 nmw

L~ = 