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PREFACE

The goals of the Conference were to promote and strengthen the interactions and
exchange of knowledge among researchers of the Asia-Pacificregion in the rapidly
advancing field of Quantum Information Science. We also hope that the AsiaPacific Conference on Quantum Information Science reflects a cooperative effort,
and that the first gathering in Tainan on December lOth.-13th. 2004 marks the
beginning of a series of regular meetings on Quantum Information Science which
will be held and hosted by different institutions in the Asia-Pacific region.
We would like to once again express our sincere appreciation to all speakers
and participants of the 1st Asia-Pacific Conference on Quantum Information Science. We wish also to thank all members of our advisory committee, and all international coordinators and local organizers for their generous assistance; and
our colleagues for their kind support. It gives us great pleasure and satisfaction
to record our gratitude to the conference administrative assistants and to all our
student volunteers for their invaluable help.
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REALISTIC SIMULATIONS OF SINGLE-SPINMEASUREMENT VIA
MAGNETIC RESONANCE FORCE MICROSCOPY*

TODD A . BRUN
Communication Sciences Institute, University of Southern California,
Los Angeles, CA 90089-2565 USA

HSI-SHENGGOAN
Department of Physics, National Taiwan University,
No. I , Sc 4, Roosevelt Road, Taipei 106, Taiwan (ROC)

The problem of measuring single elemon or nuclear spins is of great interest for a variety of
purposes, from imaging the structure of molecules to quantum information processing. One
of the most promising techniques is magnetic resonance force microscopy (MRFM), in which
the force between a spin and a small permanent magnet resonantly drives the oscillations of
a microcantilever. Numerous issues arise in understanding this system: thermal noise in the
cantilever, shot-noise and back-action from monitoring the cantilever’s motion, spin relaxation,
and interaction with higher cantilever modes. Detailed models of these effects allow one to
assess their relative importance and the necessary improvements for sensitivity at the singlespin level.

1. Single spin measurement

Single-spin measurement is an extremely important and difficult challenge for
modern quantum technology. It is necessary for the success of several spin-based
proposals for quantum information p r o ~ e s s i n g ’ ~Single
~ ~ ~ spin
~ ~ ~detection
~.
can
be done either indirectly, by turning the spin measurement into the movement
of a charge (using, e.g., a single-electron transistor); or directly by detecting the
force produced by the spin’s magnetic field. For direct measurement, the most
promising approach is magnetic resonance force microscopy (MRFM)617>8.
MRFM has recently reached the sensitivity to detect (but not measure) a single electron spin-a feat which AIP Physics News recently called the top story
of 20049. We should note, however, that even “direct” detection is really indirect.
‘This work was supported by a hewlett-packard fellowship (HSG), the Chooljian membership in Natural Sciences (TAB), and DOE grant no. DE-FG02-90ER40542 (TAB).
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weak force, which varies periodically in resonance with the cantilever. Over many
oscillations, the cantilever is driven by this force until it produces an amplitude
which is detectable by an optical interferometer.
The initial orientation of the spin will determine the sign of this driving force.
Thus, the output signal is the phase of the resulting cantilever oscillations. These
in turn produce an oscillating photocurrent in the optical interferometer. It is this
photocurrent which is actually measured. This chain of successive amplifications
reminds one of the remarkable inventions of Rube Goldberg. An oscillating spin
produces over time an oscillating cantilever, which in turn produces an optical
signal, which is finally read out as a photocurrent.
The Hamiltonian which describes the interaction of the spin and the cantilever
is
&(t)

+

= Fiz - 2q2Sz f ( t ) S Z- &L%

,

(1)

Because f ( t ) and E are both large compared to the cantilever frequency w,, we
can switch to a rotating picture and make a rotating wave approximation. In this
approximation the Hamiltonian becomes
HkZ(t)= Hz - 2 q g ( t ) 2 g ,

(3)

where $ is the transformed spin operator and g ( t ) = f ( t ) / d mis a new
periodic function which is still resonant with the cantilever.
We seen from this Hamiltonian that if the spin is initially in the f1/2 eigenstate of $, it remains in that state at all successive times; and this state determines
the sign of the driving force acting on the oscillator.
As Fig. 2 shows, the rotating-wave approximation is quite accurate. The measurement is made by looking at the phase of the cantilever oscillation. We see in
Fig. 3 that the components at different phases change quite markedly with time,
depending on the orientation of the measured spin.

3. Modeling MRFM
To model the complete MRFM measurement process we need more than just the
spin-cantilever Hamiltonian. We need to include three degrees of freedom: the
cantilever, the spin, and the optical cavity mode. We need to include thermal
noise and damping in the cantilever, cavity loss in the cavity, and the effects of
monitoring (i .e., measurement back-action).
Because optical frequencies are much higher than spin precession or cantilever
oscillation, and the cavity is highly lossy, the cavity mode degree of freedom can

8 7: A. Brun and €2.4
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However, improving sensitivity by one or two orders of magnitude would make
a dramatic difference in the time needed to produce a signal. At that point, true
single-spin measurements will be possible.
We can unravel the effects due to spin relaxation as well, to recover a new SSE.
In this case, it is convenient to use a different kind of unraveling, into quantum
jumps. The new SSE contains a term

d J y )= ...+ ($1- 1) I y ) d N ,

(12)

where d N 2 = d N and M [ d N ] = d t / t l . This term is usually zero; but randomly,
with rate l / t l , quantum jumps occur. In a jump, d N = 1 and the spin orientation
is flipped. This SSE is a hybrid form of stochastic equation, containing both
diffusive and jump terms.
In the Gaussian approximation, this effect is easily incorporated by having a
rate for jumps which switch the “up” and “down” wavepackets, causing z d , P d H
Z , , p , and r -+ 1 - r.

6. What’s left?
At present we include many important effects in our model: thermal noise, measurement back-action, shot-noise and spin-relaxation. What remains to be done?

(1) Actual spin-relaxation need not take the simple form described above;
simple noise in the lab frame can become time dependent in the rotating
frame.
(2) Recent experiments use a different protocol than CAI, called OSCAR. Our
model must be adapted to this different technique.
(3) Interaction between the spin and higher modes of the cantilever is a significant source of noise. This should be included.
(4) In the longer term, we’d like to treat systems with multiple nearby spins.
In general, the goal would be to develop models of sufficient accuracy to help
experimenters in assessing the relative merits of different protocols, and perhaps
to find the most useful areas for improvement. There is a large gap, at present,
between what is theoretically possible and what is experimentally feasible; an
important need is to develop the theoretical and numerical tools to help fill that
gap.
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CONTINUOUS VARIABLE TELEPORTATION OF QUANTUM FIELDS

H. J. CARMICHAEL
Department of Physics, Universiw of Auckland,
Private Bag 92019, Auckland, New Zealand
E-mail: h.carmichael@auckland.ac.nz

A quantum trajectory formulation of broadband continuous variable teleportation is developed.
Inputs and outputs are quasi-monochromatic quantum fields rather than single-mode quantum
states. The formalism accounts for the continuous measurements of Alice and Victor and continuous displacement of the teleported field by Bob. It is applied to the teleportation of the
Mollow spectrum and photon antibunching in single-atom resonance fluorescence.

1. Introduction
Quantum teleportation was introduced by Bennett et al. for discrete variable systems, i.e., two-state systems or qubits. The first experimental realization of the
protocol was carried out by Bouwmeester et aL2.Prior to this, Vaidman3 made the
generalization to continuous variables, but in a version unsuitable for experimental
implementation. Braunstein and Kimble4 introduced the necessary modifications
for an implementation using two-mode quadrature squeezed light. Experiments
on continuous variable teleportation using squeezed light have been carried out by
Furusawa et al? and Bowen et aL6.
These latter experiments raise some interesting theoretical questions. Teleportation protocols, including the one introduced by Braunstein and Kimble, are
executed in a series of distinct steps, on objects characterized by time-independent
quantum states. The steps using squeezed light are as follows: (1) preparation of
the input state and the two-mode squeezed (entangled) state; (2) dispersal of the
input and one entangled mode to Alice, dispersal of the other entangled mode to
Bob; (3) execution of two quadrature measurements by Alice; (4) sending of Alice’s measurement results to Bob; ( 5 ) displacement of the entangled mode held
by Bob; and ( 6 ) verification by Victor that the resulting output matches the input. This is not the sequence of steps in the experiments?f’ however, since for
them there is no sequence; all six actions are carried out continuously and in parallel. That is not to say that a plausible connection between the experiments and
11
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the protocol of Braunstein and Kimble cannot be made. Only that the implementation is a great deal more general than what the existing theory describes. In
particular, the continuous and parallel execution of the above list arises from the
fact that the experimental implementation is inherently broadband, or more significantly multi-mode. Thus, the implemented teleporter is well able to accept an
input as an arbitrary quasi-monochromatic quantum field, rather than a mode, in
a quantum state. We are prompted to ask: what quantum field then appears at the
output? how do we formulate a multi-mode description capable of addressing this
question?
At minimum, a treatment of the continuous measurements of Alice and Victor
is needed, together with an accounting for the continuous feed-forward of Alice’s
measurement results to Bob. Our aim in this paper is to formulate a treatment
along these lines using quantum trajectory theory. First, in Sec. 2, we use the
quantum trajectory approach to model a pulsed-light implementation of the elementary single-mode teleportation protocol of Braunstein and Kimble.4 Next, in
Sec. 3, we set up the basic equations of a broadband and multi-mode generalization of the model. The developed stochastic Schrodinger equation depends in
some of its details on the measurement made by Victor, who continuously monitors the output field. The specific examples of hornodyne, heterodyne, and photoelectron counting measurements are considered in Sec. 4, where for the purpose
of illustration teleportation of the vacuum field is treated. Section 5 applies the
developed formalism to teleportation of the Mollow spectrum and photon antibunching in single-atom resonance fluorescence. We finish with conclusions in
Sec. 6.

2. Elementary Single-Mode Proposal
Single-mode continuous variable (CV) teleportation4 is modeled according to the
scheme in Fig. 1. Its execution follows the mentioned steps:
Step 1: Cavity modes A and B are prepared in a two-mode squeezed state,
of finite squeeze parameter r. Mode c is the input, which for definiteness we
prepare in the Fock state Ixin) = 12),Wigner function as shown in Fig. 2(a).
Step 2: Modes A and c are allowed to leak from their cavities, both with cavity
decay rate K. They are dispersed as exponential pulses to Alice. For simplicity,
Bob’s mode B remains trapped in the cavity, though nothing changes if it too
is dispersed, so long as no measurement on it is made. Fields ‘Ein and z ~
source fields
&C
and
respectively.
Step 3: After combining gin and ‘E*lice at a 50/50 beam splitter, Alice measures

l&i),

a

Continuous Variable Teleportation of Quantum Fields

Figure 1 .
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Schematic of single-mode CV teleportation; modes c, A, and B are resonant.

her dispersed fields using mode-matched homodyne detection (local oscillator
El,e-").
We model the measurements within quantum trajectory theory. Integrated photocurrents yield electric charges

Qx ( t ) =

1'

e-"'dQ;,

Qy ( t ) =

1'
0

ePK''dQk,

(1)

where

dQx = 2&
dQY = 2

+
6 [ ( t Y ) R E C - (AY)REC]dt+ dWY.

[ ( ~ X ) R E 4C ( & ) R E c ] ~d~
wx,

(24

(2b)

Here dWx and dWy are independent Wiener increments,

~( ~ W X=)(dwy)'
~

=dt,

dWxdWy = 0 ,

which model shot noise, and the quadrature amplitude expectations,
and (&,Y)REc, are evaluated with respect to the conditional state

(3)
(&,Y)REC

14 H. J. Carmichael

The conditional state satisfies the stochastic Schrodinger equation

d l q ~ c=
) {-K(ttc^+AtA)dt

+&[(dQx - idQr)c^+ (dQx +idQy)A]}lff
REC),

I$REC(~))
QY

( 4 Alice’s measurement results are QX E
= 1Xin)IXAB).

(m).

(5)

ex(-)and Qy

+

Steps 4 and 5: Mode B is displaced by (QX i Q y ) / f i .Examples of the resulting
output state are shown in Figs. 2(b) and (c).

Figure 2. CV teleportation of a two-photon Fock state: (a) Wigner function of the input state; (b) and
(c) Wigner functions of the output state for two realizations of Alice’s measurement results, QX and
Q y . The squeezing parameter is r = 2.

3. Broadband Implementation
Furusawa et al.’ and Bowen et aL6 used an apparatus and procedure rather different from this. We model their broadband CV teleportation apparatus with the
circuit sketched in Fig. 3. Significant differences are that (i) the squeezed light
sources (modes a and b) emit broadband cw fields, (ii) Alice’s and Victor’s measurements yield photocurrents Zx ( t ) , l y ( t ) , and lVictor(t) that are continuous in
time, (iii) Bob’s displacement, [Zx(t) i Z y ( t ) ] / f i , is executed continuously in
time, and (iv) the input (mode c ) is most generally a quasi-monochromatic quantum field.

+

Continuous Variable Teleportation of Quantum Fields
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Figure 3. Schematic of broadband CV teleportation with continuous monitoring by Alice and Victor
and continuous displacement by Bob; modes c, a , and b are resonant.

Within quantum trajectory theory, Alice’s photocurrents are modeled by the
stochastic differential equations
dlx = -T(Zxdt - d Q x ) ,

dly = -T(Zydt - d Q y ) ,

(6)

where T is the detection bandwidth, the bandwidth of Alice’s communication to
Bob, and the incremental electric charges are

+

dQx = 2[fi(?X)REC fi(AX)REC]dt+dWX,
~ Q Y= ~ [ & ( ? Y ) R E C -

&(AY)REC]~~+~WY;

(7a)
(7b)

dWx and dWy are Weiner increments, as in Eqs. (2a) and (2b), and the bandwidths
y and K of the input field and squeezing, respectively, are no longer equal to one

16 H . J. Carmichael

other. As indicated in Fig. 3, the entangled fields SAlice and 2 ~ are~ produced
b
by
combining the independently squeezed fields at a 50/50 beam splitter; the respective source fields are fid and &B,
with
ki

= (6 + b ) / J Z ,

B = (6 - b ) / J Z .

(8)

The unnormalized conditional quantum state of the three modes c, A , and B satisfies the stochastic Schrodinger equation7

{

- K[~(A’B’-&)

dI(Jmc) = ( f i h / i t i - y $ e ) d t
+(dQx

-([x

+RtA +btb]dt

+ idQr)dEA+ (dQx - idQy)&.^
+

- il~)JicBdt dovictor}

[(J~c).

(9)

The first term on the right-hand side prepares the state of input mode c, where
Hamiltonian f i i n and y are chosen to model the quasi-monochromatic field 2,
(Fig. 3); the second term generates two-mode squeeze light, pump parameter h 5
1; the third and fourth arise from the backaction of Alice’s measurements; the fifth
from Bob’s displacement; and d o v i c t o r accounts for Victor’s backaction, which
varies with the measurement he performs on the output field ZVictor (Fig. 3).
4. Teleportation of the Vacuum Field
The output field is a complex object, and it is not possible to give a single
measure+.g., the usual state fidelity-of the extent to which it replicates the
input. An infinite set of correlation function characterize a quasi-monochromatic
quantum field. Thus, if the teleportation were perfect, any correlation function
measured for Gin would be reproduced by Victor’s measurement of that correlation function for Evictor. Of course, perfect replication is not expected: aside from
the limited degree of squeezing (A < 1). the bandwidths y. K, and r all must play
a role in determining the field ZVictor. In this section we consider three of the simplest correlation functions Victor might measure and ask to what extent, according
to their account, the vacuum field ‘in’ results in the vacuum field ‘out’.
A

4.1. Homodyne Detection
Victor’s measurement is sketched as a homodyne measurement in Fig. 3. This is
the verification scheme used by Furusawa et al.5 and Bowen et a1.6. We model the
photocurrent, Zvictor, by the stochastic differential equation
dkictor

= - r ( h i c t o r d t - d Q )7

(10)

Continuous Variable Teleportation of Quantum Fields
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Figure 4. Broadband CV teleportation of the vacuum with homodyne detection of the output field.
Victor's measured spectrum of squeezing is plotted: for r / K = 25, r'/K = 5, and (i) h = 0.0, (ii) h =
0.1, (iii) h = 0.2, (iv) h = 0.4, (v) h = 0.8.The dashed curve is the shot noise spectrum for Victor's
measurement of the vacuum field.

with incremental electric charge
dQ = ~ [ & ( & ) R E C

+ I x / J Z ] d t + dW,

-

(1 1)

where I" is the detection bandwidth and a third Wiener increment, d W , dW2 = d t ,
accounts for the shot noise in Victor's measurement; we assume the X-quadrature
of the field is measured, though results for the vacuum field input are quadrature
independent. In the stochastic Schrodinger equation, Eq. (9), Victor's backaction
is
dOvictor = d Q [ ~ + ( I x + i Z ~ ) / J Z ] .

(12)

Equations (6), (7a) and (7b), and (9)-(12) provide a complete quantum trajectory unraveling of broadband CV teleportation of the vacuum field, with homodyne detection of the output. They are implemented on a computer to simulate the
photocurrents Zx ( t ) ,Zy ( t ) ,and ZVictor(t), and the autocorrelation

is calculated, with t i , i = 1,. . . ,N , a chosen set of sample times, where the number
of samples is typically of order lo6. From the correlation function an FFT gives
the spectrum
1 SXVictor(m) = 5 S_dzei'"zvicto,(t)lvictor(t
z),
(14)

+

which is plotted for a range of squeezing parameters in Fig. 4.
The dashed curve is the shot noise or quadrature fluctuation spectrum of the
vacuum seen by Victor if he directly measures the field &, while curve (i) is
what Victor measures for the field ZVictor when the dispersed fields ;*lice and

18 H. J. Cannichael

are not squeezed at all. Teleportation aims to recover the dashed curve for
the field ivictor. Curves (ii)-(v) show what is achieved at increasing levels of
squeezing. Perfect teleportation, across the entire bandwidth of Alice’s communication to Bob, can never be achieved, since the squeezing has finite bandwidth.
Good recovery of the input noise can be achieved within the squeezing bandwidth,
however, as curve (v), in particular, shows. Of course, Alice and Victor’s detection bandwidths could be reduced to eliminate the discrepancy in the wings of the
spectrum. This is a reasonable thing to do for the vacuum field input; after all, if
Bob receives nothing from Alice and does nothing (no displacement) the output
field is certainly the vacuum. For general quasi-monochromatic inputs, though,
such bandwidth reduction exacts a price, since there is nothing akin, in the broadband scheme, to the mode-matching of Alice’s measurement and the input pulse
in Sec. 2. The interplay of bandwidths will become important in Sec. 5.
4.2. Heterodyne Detection

Excess noise in the wings of the spectra (Fig. 4) means that light appears at the
teleporter output even though only vacuum enters the input. This light is generated by Bob’s displacement. Bob’s action generates a chaotic field of amplitude
[ I x ( t ) ily ( t ) ] / f i across the entire bandwidth of his communication with Alice
(r/K = 25 in Fig. 4). Only at the center of the spectrum is the displacement made
by Bob correlated with his received squeezed light (field g ~ ~ there,
, ) ; but only
here, a cancelation occurs to recover the vacuum via the sum in the square bracket
on the right-hand side of Eq. (11).
To obtain the optical spectrum of the output light, Victor can perform a heterodyne measurement. The quantum trajectory model is very similar to the homodyne case. Victor’s photocurrent is modeled by

+

dlvictor = -rJ(Ivictordt - d

~ ) ,

(15)

with incremental electric charge
dQ

= [&(~‘)REC

+ (Ix- i I y ) / h ] d t+d z,

(16)

and backaction, in Eq. (9), given by
dovictor = d

+ +i ~ y ) / h l .

~ [ h i b( I X

(17)

The principal change is that the photocurrent and charge are now complex valued;
the Wiener increment dZ is complex, with dZ2 = 0, dZ*dZ = dt. The photocurrent
autocorrelation is calculated as
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from which the spectrum is obtained via an FFT:

Computed spectra are plotted for a range of squeezing parameters in Fig. 5(a).
The dashed line represents the shot noise in heterodyne detection. For the optical
spectra we subtract this shot noise from the computed results+urves (i)-(v)to obtain the spectra displayed in Fig. 5(b). In curve (v), in particular, a good
approximation to the vacuum is recovered for frequencies near W/K = 0. More
generally, away from the center of the squeezing spectrum, real photons appear
at the teleporter output. The full bandwidth of this emitted light is r / K = 25, the
chosen bandwidth of Alice’s communication with Bob. The widths of the spectra
in the figure are limited by Victor’s detection bandwidth r’/K = 5.
4.3. Photoelectron Counting

Our third example of a possible measurement by Victor is photoelectron counting;
specifically, we consider a measurement of the intensity correlation function

where for a stationary field the origin of time is unimportant and set to zero. It
is necessary that Victor only detect frequencies near the center of the squeezing
spectrum, otherwise his measurement will be contaminated by the excess light
generated by Bob’s displacement. Thus, he detects the field
source field
@J, at the output of the filter cavity depicted in Fig. 6. To replace Eqs. (10)

zout,

-10

lK

-5

0

5

10

WIK

Figure 5. Broadband CV teleportation of the vacuum with heterodyne detection of the output field.
Victor’s measured heterodyne current spectrum (a) and optical spectrum (b) are plotted: for r/K = 25,
r’/K = 5, and (i) h = 0.0, (ii) h = 0.1, (iii) h = 0.2, (iv) h = 0.4, (v) h = 0.8. The dashed curve is the
shot noise spectrum.
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and (13, which model the measured photocurrents in homodyne and heterodyne
detection, the quantum trajectory unraveling for photoelectron counting includes
two kinds of quantum jump:

IGREC)

---f

[~B+~+(zx+ilu)/JZ]lFREC),

(21b)

with the first (second) occuring for a photoelectron count recorded in the transmitted (reflected) channel of the filter cavity (Fig. 6). Between jumps, the stochastic
Schrodinger equation, Fiq. (9), is solved, with Victor’s backaction
dovictor = -{T/d’d+

dFd’[Jz;;i+

(zX + i ~ Y ) / & l ) d t .

(22)

Equations ( 6 ) ,(7a) and (7b), (9), and (21a)-(22) provide a complete quantum
trajectory unraveling of broadband CV teleportation of the vacuum field with photoelectron counting at the output. We have used them to simulate a single ongoing
trajectory and to compute the intensity correlation function, Eq. (20), as

where ti, i = 1,. . . ,N , denote the times of quantum jumps in transmission
[Eq. (21a)l and (&d! is the time average of the photon number expectation
( (Jt ( t ))REc.
Results obtained for a range of different squeezing parameters are plotted in
Fig. 7. Perhaps more important than g(2)(T) itself are the mean photon numbers
in Victor’s filter cavity shown to the right in the figure. These numbers provide

4

Figure 6. Filter cavity for Victor’s photoelectron counting.
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a measure of the contamination which the teleportation of any non-vacuum input
field will face. Perfect teleportation of the vacuum across the filter bandwidth
(r’/K= 0.2) would yield (&d> = 0. Without squeezing, there is on average, one
half a photon in the filter cavity; as already noted, Alice’s shot noise (her measurement of the input vacuum fluctuations) is realized at the teleporter output, through
the mediation of Bob’s displacement, as real light. With increasing squeezing,
the photon number decreases, approaching the ideal (d?d) = 0. There is also a
decrease in the correlation time of the intensity fluctuations, which, to a good
= 2.
approximation at least, emulate those of chaotic light, i.e., with gwctor(0)
(2)

5. Teleportation of Resonance Fluorescence
We turn now to the teleportation of a non-vacuum input field. Single-atom resonance fluorescence is chosen as the ideal example. It presents a number of advantages: (i) its spectrum is easily recognized, undergoing the familiar development
from Rayleigh scattering to the Mollow triplet as the Rabi frequency is increased;*
(ii) its photon counting sequences are nonclassical, i.e., antib~nched;~>’O
and (iii)
computational requirements are kept at a minimum, as the size of the Hilbert space
increases by a factor of two only over the vacuum field case. We seek to teleport
the Mollow spectrum (heterodyne detection by Victor, Sec. 4.2) and photon antibunching (photoelectron counting, Sec. 4.3). The stochastic Schrodinger equation, Eq. (9), now has input mode Hamiltonian
fiin = ih(52/2)(6+ - 6-),

(24)

where 52 is the Rabi frequency. We assume the fluorescence is coupled into Alice’s
detectors with unit efficiency; thus, the parameter y in Eqs. (7a) and (7b) is the

((itd) = 0.5

2.0
8

(i)

= 0.183

(ii)

=

0.099

(iii)

=

0.059

(iv)

?c
h
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‘
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-10
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0

I
10

KZ

Figure 7. Broadband CV teleportation of the vacuum with photoelectron counting of the output field.
Victor’s measured intensity correlation function is plotted: for T/K = 10, r’/K = 0.2, and (i) h = 0.0,
(ii) h = 0.3, (iii) h = 0.5, (iv) h = 0.7. The mean photon number in Victor’s filter cavity is shown to
the right.
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Figure 8. Broadband CV teleportation of the Mollow spectrum. Resonance fluorescence is injected
at the teleporter input and Victor’s measured optical spectrum is computed: for r/K = 25, r / K = 5 ,
h = 0.8, atomic halfwidth Y/K = 0.025, and Rabi frequency (a) Q/K = 0.04,(b) Q/K = 0.08, (c) Q/K =
0.16, (d) P / K = 0.32.

atomic linewidth (halfwidth), as in Eq. (9).

5.1. Mollow Spectrum
Examples of teleported spectra are shown in Fig. 8. The atomic linewidth,
Y/K = 0.025, is chosen so that the fluorescence spectrum fits comfortably within
the squeezing bandwidth-i.e., within the central dip of the shot noise spectrum
communicated by Alice to Bob [Fig. 5(b) curve (v)]. The development from
Rayleigh scattering to the Mollow triplet is well reproduced in Fig. 8. There is
excess light, contamination, in the wings of the spectra though, due to the finite
bandwidth of the squeezing and large bandwidth chosen for Alice’s communication (r/K = 25). While the contamination can be reduced, by reducing Alice’s
bandwidth, it cannot be eliminated altogether. In this regard, it is important to
note that the teleportation attempted here differs in a fundamental way from the
elementary scheme of Sec. 2; the input field, squeezed (entangled) light, and Alice’s detection and communication with Bob are not all mode matched. Thus,
while reducing Alice’s bandwidth reduces the contamination in the wings of the
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Figure 9. Broadband CV teleportation of photon antibunching. Resonance fluorescence is injected
at the teleporter input and Victor’s measured intensity correlation function is computed (bold line): for
r/K = 2, F/K= 0.05,h = 0.7, atomic halfwidth y/K = 0.0125, and Rabi frequency (a) Q/K = 0.02,
(b) Q/K = 0.04, (c) Q/K = 0.08, (d) Q/K = 0.16. The light line is the correlation function at the input.

teleported spectrum, it eventually fails to transmit the correlations needed if Bob’s
displacement is to maintain the squeezing dip where the fluorescence spectrum
sits; eventually (e.g. for r/K = 1) Victor’s measured spectrum becomes highly
distorted over the range of the Mollow peaks. Such bandwidth effects are particularly important when teleportation of photon antibunching is considered.

5.2. Photon Antibunching
Figure 9 presents results for the intensity correlation function at the output of Victor’s filter cavity (Fig. 6) computed using the procedure outlined in Sec. 4.3. In
order to minimize contamination by excess light in the spectral wings, Alice and
Victor’s bandwidths are significantly reduced and the atomic linewidth is set to
half its value in Fig. 8. The results presented in the figure are mixed. At weak excitation, in frames (a) and (b), photon antibunching [g$L,,,(O) < 11 is preserved in
the output field. It is lost at higher excitation, however; for example, although
the correlation function in frame (c) is nonclassical by a different measureis nonclassical-photon antibunching is no longer present.
gvictor(T)
(2)
> gvictor(0)
(2)
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At still higher excitation, frame (d), the correlation function is classical.
The generally poor fidelity is caused by the bandwidth constraints, combined
with the imperfect teleportation of the vacuum field demonstrated by the photon
numbers to the right in Fig. 7. The bandwidth of resonance fluorescence increases
with increasing Rabi frequency; hence, the finite bandwidth of the squeezing is
more detrimental in Fig. 9(d) than in Fig. 9(a). We might suppose that reducing the atomic linewidth would alleviate this problem; but a reduced linewidth
means lower input photon flux and a smaller photon number in Victor’s filter cavity. Leaving all else unchanged, the background light level is the same. The
background light (which produces the “hook” at small 7 in Fig. 9) becomes more
detrimental.
Clearly severe compromises must be made in order to optimize the results.
This is difficult to do numerically. Our aim in future work is to derive an analytical
which will facilitate a full study of bandwidth constraints
(2)
expression for gwctor(T)
and their interplay with the level of squeezing.

6. Conclusions

We have developed a quantum trajectory formalism for broadband continuous
variable (CV) teleportation. The formalism is multi-mode, with inputs and outputs
viewed as quasi-monochromatic quantum fields rather than single-mode quantum
states. The multi-mode aspect goes beyond the proposal for CV teleportation of
Braunstein and Kimble: but is a notable feature of the proposal’s experimental implernentati~n.~~~
The implementation is broadband with no temporal mode
matching between the input field, squeezed light, and homodyne measurements of
Alice; mode matching to the input is replaced by mode selection (filtering) at the
output.
The need to filter excess light from the teleporter output places severe constraints on the teleportation of quantum fields. We illustrated the issues involved
with the example of single-atom resonance fluorescence, for which teleportation
of the Mollow spectrum and photon antibunching was demonstrated. In the latter
case, the transfer of photon antibunching from input to output was demonstrated
for weak excitation only, and the fidelity of the transfer was rather poor. A thorough exploration of limitations on the teleportation of quantum fields is planned
for future work.
Acknowledgments
This work was supported by the Marsden Fund of the RSNZ.

Continuous Variable Teleportation of Quantum Fields

25

References
1. C. H. Bennett, G . Brassard, C. Crkpeau, R. Jozsa, A. Peres, and W. K. Wooters, Phys.
Rev. Lett. 93, 1895 (1993).
2. D. Bouwmeester, J.-W. Pan, K. Mattle, M. Eibl, H. Weinfurter, and A. Zeilinger, Nature 390, 575 (1997).
3. L. Vaidman, Phys. Rev. A 49, 1473 (1994).
4. S. L. Braunstein and H. J. Kimble, Phys. Rev. Lett. 80, 869 (1998).
5. A. Furusawa, J. L. Sorensen, S. L. Braunstein, C. A. Fuchs, H. J. Kimble, and
E. S . Polzik, Science 282, 706 (1998).
6. W. P. Bowen, N. Treps, B. C. Buchler, R. Schnabel, T. C. Ralph, H.-A. Bachor,
T. Symul, and P. K. Lam, Phys. Rev. A 67,032302 (2003).
7. H. J. Carmichael, “Quantum trajectory theory of continuous variable teleportation,” in
Fluctuations and Noise in Photonics and Quantum Optics II, eds. P. Heszler, D. Abbott, J. R. Gea-Banacloche, and P. R. Hemmer, Proceedings of SPIE, Vol. 5468, (SPIE,
Bellingham, WA, 2004) pp. 282-91.
8. B. R. Mollow, Phys. Rev. 188, 1969 (1969).
9. H. J. Carmichael and D. F. Walls, J. Phys. B 9, L43, 1199 (1976).
10. H. J. Kimble, M. Dagenais, and L. Mandel, Phys. Rev. Lett. 39,691 (1977).

This page intentionally left blank

SILICON-BASED NUCLEAR SPIN QUANTUM COMPUTER

HSI-SHENG GOAN
Department of Physics, National Taiwan University, Taipei 106 Taiwan (ROC)

We review the basic physics and operation principles of the silicon-based quantum computer
proposed by Kane, one of the most promising solid-state quantum computer proposals. We
describe in some details how single- and two-qubit operations and readout measurements can,
in principle, be performed for the Kane quantum computer. In addition, we also mention briefly
its recent theoretical progress and development.

1. Introduction
Advances in quantum algorithms which outperform their best known classical
counterparts and quantum error correction codes which protect quantum information against noise have prompted a search for a practical quantum computer recently. Many different solid-state (mesoscopic) quantum computer architectures,
such as superconducting Josephsen junction devices, impurities in semiconductors, quantum dots, have been proposed. Among them, the silicon-based quantum
computers have received much attention due to their potential advantage to exploit the existing strength of silicon technology in semiconductor industry and
their considerable ability to scale up to large scale.
In this paper, we review in some details the basic physics and operation principles of the silicon-based quantum computer proposed by Kane
one of the
most promising solid-state quantum computer proposals. In the Kane’s proposal,
the nuclear spins of impurity 31Pdonors placed in a regular array in pure silicon
crystal are used as the quantum bits (qubits). The interaction between qubits of
donor nuclear spins are mediated through the donor electrons. The qubit manipulations and quantum gate operations are controlled by external magnetic field,
surface gate voltage, and nuclear magnetic resonance (NMR) pulses. In this paper we also mention briefly the recent theoretical development on this siliconbased electron-mediated nuclear spin quantum computer. Its recent experimental
progress has been reported in the review article of Ref.
27
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2. Shallow donor in silicon and operation condition
One of the considerations for choosing nuclear spins of 31P in silicon as qubits
is that I = 1/2 phosphorus nuclear spins are extremely well isolated from their
environment I . Their silicon host can in principle be purified to contain only Z = 0
stable isotopes. As a result, the relaxation and decoherence times of donor nuclear
and electron spins are comparatively long. For example, the nuclear spin relaxation times were measured to be TIn > 10 hours at a temperature of T = 1.25K,
B = 3.2T, and the electron relaxation time was measured about T I , FZ 30 hours
under similar conditions. The nuclear spin decoherence time Tzn were reported to
be larger than or in the order of few seconds and the electron decoherence time
to be Tz, = 62ms at T = 6.9K. At milli-Kelvin temperatures and for a specifically engineered donor system, the decoherence time is likely to be even longer.
The electron decoherence time is much larger than the typical time scale given by
the inverse of electron-electron exchange interaction in P:Si system (see Table 1).
The nuclear spin (qubit) decoherence times is much longer than the gate operation times, typically tens of ps for the Kane quantum computer. These relatively
long decoherece times fulfill an important requirement for the Kane proposal to
be considered as a practical quantum computer architecture.
The replacement of a silicon atom by a donor 31Pin a silicon host can occur
easily since the atoms have approximately the same size. The phosphorus atom
has five valence electrons. We can to first approximation assume that four of these
electrons, which fill states rather similar to those of silicon, will participate in four
covalent bonds with the four neighbor atoms. The extra remaining electron, at low
temperature, is normally bound to the phosphorus atom which has an additional
nuclear charge +e. Thus a P atom behaves effectively like a hydrogen-like atom
embedded in silicon. One may obtain an order of magnitude estimate for the donor
Bohr radius, u i , and bound state energies, En, using the following hydrogen-like
atom formula: u i = mB(m,/m*), and En = (E,”/E*)(m,/rn*). Given that the
static dielectric constant and effective electron mass in Si: E = 11.7 and m* M
m; = 0.2rn, (where m, is the free electron mass, and m; is the transverse effective
mass described later), as well as the Bohr radius and bound state energies for
hydrogen atom: UB = 0.53& and E,” = -13.6eV/n2 with n an positive integer,
we obtain u i = 30A and El w -20meV. The estimated values of En indicate
that the P donor occupies a energy level at a distance below the conduction band
minimum, small compared with the (indirect) conduction-valence energy band
gap (Eg= 1.12eV in Si); it is thus called a shallow donor. One of the purposes
of the electrons in Kane’s proposed quantum computer is to mediate nuclear spin
coupling. At sufficient low temperatures, electrons only occupy the lowest energy
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bound states (1s orbitals or band) at the donors. The Is electron wave function is
concentrated at the donor nucleus, yielding a large hyperfine interaction energy.
The estimated values of u;I implies that the donor electron wave function extends
tens or hundreds of angstroms away from the donor nucleus, allowing electronmediated nuclear spin coupling to occur over comparable distances.
There exists, however, more complexity in the real situation for silicon semiconductor '. The lowest conduction band minimum in Si is in the direction [loo],
and by (cubic) symmetry in other equivalent [loo] directions. There are thus
six conduction band minima near the zone boundaries around Ikl 0.85(2n/a),
where u is the lattice constant of Si. The prolate ellipsoid of constant energy
near each conduction band valley has two equal transverse axes. The dispersion
relation, for example, has the form
N

for the ellipsoids [OOl] and [OOi], where k d = 0.85(2n/a).There appears a longitudinal effective mass mi = 0.98me and transverse mass m; = 0.2me. To obtain
more precise bound state energy levels for 31Pdonor electron in Si, one should
take into account the anisotropy of the conduction band, the so-called central cell
correction and the interaction between the six degenerate valleys, known as the
valley-orbit coupling '. As a result, the 1s degenerate ground states of the six
equivalent [ 1001 valleys in Si splits into a singlet of A1 symmetry, a triplet of T2
symmetry and a doublet of E symmetry. The shallow donor singlet ground state
has an energy about -45.5meV below the Si conduction band edge and the
lowest excited state, the triplet, is approximately 13meV above the singlet ground
state. This provide a condition to ignore high-lying single-electron state of the
donor atom if the temperature T is such that ksT << AE = 13meV, where ks is
the Boltzmann constant. This condition is well satisfied, as the operation temperature, described in next section, for the proposed quantum computer is roughly
at T = lOOmK (ksT = 0.0086meV). Thus we may treat the effective low-energy
and low-temperature Hamiltonian involving only the spin degrees of freedom of
the system.
We now describe the basic operation conditions for the Si:31Pquantum computer system. Throughout the computation the electrons must be in a nondegenerate ground state to avoid irreversible interactions between electron and
nuclear spins occurring as the computation proceeds. An external magnet field, B,
is applied to break the shallow donor electron ground state two-fold spin degeneracy. At sufficient low temperature T , the electron will only occupy the lowest
energy spin level when the electron Zeeman splitting is much larger than the ther-

'
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ma1 energy, g,&B >> kBT, where p~ is the Bohr magneton, and g, M 2 is the Lande
g-factor in Si. At T = lOOmK and B = 2 tesla ( 2 p ~ B= 0.23meV), the electrons
will be completely spin-polarized: (nf/nT)M exp[-2p~B/(k~T)]
M 2.14 x
where ne represents the donor electron number density. These conditions however
do not fully polarize the nuclear spins: (n;/n;f) M exp[-2gnpnB/(k~T)]M 0.98,
where n" stands for the donor nuclear number density, the nuclear g-factor
gn = 1.13 for 31P,pn is the nuclear magneton and 2g,p,,B M 0.00014meV. The
polarizations of the nuclear spins are instead determined by interactions with the
polarized electrons.
In Table 1, we list some relevant and typical energy scales in mini electron
Volts (meV) and their corresponding frequencies in Hertzes (Hz) for the siliconbased electron-mediated nuclear spin quantum computer.
Table 1 . Relevant energy scales for the silicon-based electron-mediated nuclear spin quantum
computer proposed by Kane. Here * represents that these energies can be controlled externally
by varying the A-gate and J-gate voltages.

U

energy

Hz

U

3. Single-qubit operations
The effective low-energy and low-temperature Hamiltonian for a 31P nuclear
spin-electron system in Si under a uniform magnetic field B 1) z can be written
as Hen = ~BBo:- gnpnB$ + A d . o", where e and n appearing in the superscripts and subscripts represent quantities for the electron and the nucleus respectively, d s are Pauli matrices, and A = 87q,iBg,&1y(0)1*/3 is the contact
hyperfine interaction energy with IY(0)l2the probability density of the electron wave function evaluated at the position of the nucleus. Direct diagonization of this simple Hamiltonian gives the eigen energies, with each associated
eigen state as a subscript (e.g., Elen) stands for the energy of the state Ien)), as
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follows: Elto) = p ~ B - g , p n B + A ,

EaITl)+yliO) =

31

J(/&B+gnpnB)2+(2A)2 - A ,

E-ylTl)+ailO) = -J(pBB+gnpnB)2+ ( 2 A ) 2 - A , andEill) = - p d + g , p , B + A .
Here the eigen states are written in electron
and nuclear 0: basis. For example, len) = I L O ) represents the electron spin down (I) and nuclear spin up
(0) state. The coefficients a and y are: a = [l (A - d 5 ) 2 ] - ' / 2
and,
y = [l + ( A + d1i%?)2]-1/2,
where A = ( p ~ B + g , p ~ B ) / ( 2 AWe
) . can see that
if A is very large, which is usually the case for the proposed quantum computer,
then a -+ 1 and y 4 0.
For the sake of the more complicated two-qubit Hamiltonian encountered later,
let us nevertheless calculate the energy levels perturbatively, by treating the hyperfine interaction, H' = A& . o",as a perturbation to obtain: E f $ = ~ B -Bg,p,,B

+

+

A , EI(T:: = I l . g B + g n p n B - A + 2 A 2 / ( ~ ~ B + g , p n B ) , El(;/)

=

-p~B+g,pnB+A,

+

and
= - ~ B B- g,,p,,B - A - 2 A 2 / ( p ~ B gnpnB). If the electron is in its spindown polarized ground state, the frequency separation between the two associated
energy levels, I 1 1) and I 10), is found to be
hvA = 2gnpnB+2A +2A2/(/-bB+gnpnB),

(2)

The above perturbative results can also be obtained to the second order in A by
directly expanding the exact eigen energies, up to the second power of A-' . In addition, the coefficients of the states, also by direct expansion of a and y to the first
power of A-' and by using the relation a2 y2 = 1, have the approximate values:
a = { 1 - [ A / ( p ~ B + g , p , B ) ] ~ } and
l / ~ y, = A/(pBB+g,pnB). This result can be
obtained by calculating the first-order wave function shift using the perturbation
theory. In a Sk31P system, 2 A / h = 58MHz, andA > g,p,,B for B < 3.5T.
Applying the A-gate voltage (on the top of the donor atom, see Fig. 3) shifts
the electron wave function envelope away from the nucleus and reduces the hyperfine interaction. This hyperfine interaction shift and the corresponding nuclear
resonance frequency change, Eq. ( 2 ) , as a function of applied voltage, is estimated and shown in Fig. 2 in Kane's original paper . A more detailed and refined
calculations that take into account simultaneously the anisotropy of the effective
masses in the silicon host, the electric field potential and the interface regions in
the Si wafer device can be found in Refs. 5 .
Since the hyperfine interaction and thus the nuclear resonance frequency is
controllable externally, the nuclear spins can be selectively brought into resonance
with a globally applied a x . magnetic field, B,,, allowing arbitrary rotations along
the x and y axes to be performed on each nuclear spin. This is similar to the nuclear magnetic resonance (NMR) technique but with extra selectivity to address
individual qubits. If the separation frequency (Larmor frequency) between I 1 1)

+

'
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and I 1 0) states of a targeted donor atom is tuned, with A = A, in Eq. ( 2 ) , to the
resonance frequency of the externally applied a.c. magnetic field, and the temperature is low enough, we may, to an approximation, consider only the polarized
electron ground state subspace. In this case, to the first order, the speed of the
rotation frequency (Rabi frequency) along the x axis may be approximated by
hvr = gnpnBac[1 +A/(gnpnB)].
The rotation along the z axis can be achieved by tuning the hyperfine interaction of a targeted donor atom from A to A , and allowing free evolution, but without
applying an a.c. magnetic field l o . This gives a difference in the Larmor precession frequency around the z axis with respect to other unperturbed donor atoms:
hv, = 2 ( A - A , ) + 2 ( A 2 -A;)/(pBB+gnpnB). The speed of single-qubit z-axis
rotation depends on how much it is possible to vary the strength of the hyperfine
interaction A . Any single-qubit gate can thus be performed by means of a product
of the rotations around x , y and z axes.
4. Two-qubit system

The effective Hamiltonian for two coupled donor nuclear spin-electron systems,
valid at energy scales small compared to the donor-electron binding energy, is
Hcoup

= ~BBo:' - gnpnBO:"

+~ B B o ? -g n p n B O 2

+ A i d e . d n+A202'. o~~+J&"

o ~ ~ ,

(3)

where A1 and A2 are the hyperfine interaction energies of the respective nucleuselectron systems and 4J, the exchange energy, depends on the overlap of the electron wave functions. In order for exchange coupling between the electron spins to
be significant, the separation between donors should not be too large. As shall be
seen below, significant coupling between nuclei will occur when 4J M 2 p ~ BThis
.
condition sets an approximately necessary separation between donors. To get an
estimate about the necessary separation, let us use the formula for exchange interaction, derived for well separated H-H atoms but with values appropriate for 3 1 P
donors in Si: 4J(r) M 1.6[e2/(mi)][r/a;1]5/2exp(-2r/a;b), where r is the distance
between donors. One can compute that when 45 M 2 p ~ =
B 56GHZ, the separation
between donors is roughly located in 100 - 200A. Since the value of J depends
on the electron wave function overlap, it can be varied by an J-gate positioned between the donors (see Fig. 3). In practice, the exchange interaction is complicated
in Si because the contribution from each valley interferes, leading to oscillatory
behavior of J ( r ) .
In a magnetic field, the I 11) state will be the electron ground state if kBT <<
J < p ~ B / 2In
. the polarized I 11)electron states, the energies of the nuclear states
617
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can be calculated to the second order in A using the perturbation theory. We diagonalize the unperturbed Hamiltonian and then find the non-zero matrix elements
of the perturbation,

(4)

H ' = A l ~ 1 e . ~ 1 n + A 2 ~.02",
2e

with respect to the unperturbed eigen states. Let us introduce the following notations for the electron and nuclear states for abbreviation: Ise) = I Tl JT)/fi,
la,) = I Tl - IT)/&,
Isn) = IlO+Ol)/Jz, la,) = I l O - O l ) / J z .
We focus on
the nuclear spin energy levels in the spin-polarized electron ground states. For
simplicity, let us consider the case where A1 = A2 = A in H', Eq. (4). Using the
second-order energy shift formula, we find that the electron-nuclear spin energy
levels in the electron spin-polarized I 15) states, to the second order in A, are:

+

2A2
2A
p ~ B + g n ~ n B p ~ B + g n ~ n- B
2J'
The I l l ) l a n )state is lowered in energy with respect to I JJ)Isn) by:
-

hVj = 2A2

1

).

(8)

(9)

(PBB+ gnPnB - 2J - PBB+ gnPnB
The I JJ,)111) state is above the I J J ) l s n state
)
and the I Jl)lOO) state below the
1 JJ)]an)state by an energy hVA, Eq. ( 2 ) . For the SL3lP system at B = 2T and
for 4 J / h = 3OGHz, Eq. (9) yields the effective nuclear exchange frequency V J x
75KHz. This nuclear spin exchange frequency approximates the rate at which
binary operations can be performed on the computer.

5. Controlled-NOT operation
The controlled-NOT operation (conditional rotation of the target spin by 180")
can be realized by the combined applications of B,, and adiabatic variations in
J and AA = A1 -A2, in which the gate biases are varied slowly. The sequence of
the adiabatic steps performed and the associated evolution of nuclear spin states
and energy levels for the controlled-NOT operation are schematically illustrated
in Fig. 1.
2y8
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Figure 1. The controlled-NOT operation realized by the combined applications of B,, and adiabatic
variations in J and M = A 1 -Az. (a) The sequence of controls are illustrated schematically. All energy
scales are in units of nuclear Zeernan energy: g , , h B . (h) The corresponding evolution of the nuclear
spin states and energy levels are presented. Throughout the controlled-NOT operation J < @ / 2 .
As a consequence, the electron spin state of the system is always in polarized I Il) state and only the
associated nuclear spin states are explicitly shown. Note that the energy levels are presented at the same
scale but in different energy intervals, and they are obtained by keeping A2 x l . 6 8 3 g n h B zz 0.001p~sB
fixed and varying A I = A2 M .
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At t = to, indicated in Fig. 1 , the two spin systems are decoupled (J=O) and
AA = 0 so that 110) and 101) are degenerate. At t l , AA > 0 (A1 > A2) breaks this
degeneracy (I 10) above 101)) and distinguishes the control qubit from the target
qubit. At t;?,J is turned on and in the case when AA >> hvJ,the eigenstates do not
evolve away from themselves much, i.e., they roughly remain in the same states as
they were. When AA is slowly decreased to zero with J on, the 110) state evolves
adiabatically into IS,) state and 101) into la,). The energy splitting between the
central levels at t 3 then reduce to the effective nuclear spin exchange frequency
hvJ between Isn) and la,) states. At t 4 , a linear polarized magnetic field B,, is
applied, for example, in the x-direction resonant with the 111) - Isn) gap. At
first sight, B,, seems to be also resonant with the 100) - la,) gap; however, to
the first order in time-dependent perturbation theory, the matrix element of this
transition is zero since the nuclear singlet state is not coupled to the other triplet
states by the perturbation: g n P n ( O 2 @)B,,cos(~t). B,, is left on until t 5 ,
when it has transformed 111) into IS,) and vice versa. The IS,) and la,) states are
then adiabatically transformed back into 110) and 101) in a reverse of the sequence
of steps performed at the beginning of the operation. We can see that the qubits
whose energy levels vary during the adiabatic procedure are unchanged. However,
the states are inverted if and only if the control qubit (first qubit) is 11). Therefore
the controlled-NOT operation has been performed. The error rate of the adiabatic
CNOT gate in the presence of dephasing has been reported
Recently, we have proposed and found l o pulse sequences for non-adiabatic
two-qubit gates (CNOT, swap and controlled Z gates) for the Kane quantum computer architecture. These quantum gates are simpler, with higher fidelity, and
faster than existing proposals. Any two-qubit gate may be easily found and implemented using similar pulse sequences. In addition, we have also investigated
the effect of decoherence on the operations of these non-adiabatic quantum gates
and some simple quantum algorithms for a variety of dephasing rates l l .

+

6. Spin measurements
The computations of the proposed quantum computer are done when J < @/2
where the electrons are fully polarized. Measurements are, however, made when
J > p ~ B / 2where electron la,) states have the lowest energies (see Fig. 4 in Ref.
1). As the electron levels cross (see Fig. 4 in Ref. l), the I 11) and lae) states are
coupled by hyperfine interactions, Eq. (4), with the nuclei. The no-level crossing
theorem in quantum mechanics states that a pair of energy levels connected by
perturbation do not cross as the strength of the perturbation is varied. For the
lowest eight energy states, only two pairs of states are connected by hyperfine
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in the following order with 110) above 101) (110) and 101) are degenerate when
A1 = A2): Ill), IlO), IOl), and 100). This procedure distinguishes energy state of
nuclear spin #1 from that of nuclear spin #2. If now J is turned on and increased
adiabatically (but still J < p ~ B / 2and
) at the same time AA = A1 -A2 is turned
off adiabatically, then the 110) and 101) states evolve gradually into Isn) and la,)
respectively. The above few steps of operations are similar to the first few steps
performed in the controlled-NOT procedure described in Sec. 5. If J is increased
further adiabatically from J < p ~ B / to
2 J > p ~ B / 2according
,
to Fig. 2 or Eq. (lo),
the system with nuclear spin state in either 111) or IS,) will remain in the same
electron-nuclear state. On the other hand, the electron spin state of the system
with nuclear spin state in either 100) or la,) will evolve into the lae) state. Thus
the initial orientation of nuclear spin #1 alone will determine what electron spin
state the system evolves into. To be more evident, if initially the system is in the
electron spin polarized I 11)state and the orientation of nuclear spin #I is down,
i.e., in 11) state, by means of the above sequence of adiabatic steps, no matter what
the orientation of the second nuclear spin has, the system will remain in the same
electron spin state I 11). However, if initially nuclear spin #1 is in 10) state, the
electron spin state of the system will evolve into la,) state. We summarize the
sequence of steps performed and the associated adiabatic evolution of states in the
following:
J=O
A I >A2

I11)111)
I1~)llO)

I11)lO~)
I 11)lOO)

0 <J

---+

+

< (PEB/Z)
>> h V j

111)111)
I11)llO)
I1l)lO~)
I Ll)lOO)

0 .< J

-

-

+

+

< (PEB/Z)
A,

=A2

I11)111)
I11)ISn)
I1l)lan)

I 1I)lOO)

-+

J

>(~@/2)
A1 =A2

111)111)>

I11)ISn).

(1 1)

Iae)lll).
lae)lan).

From Eq. (1 1), if the final electron spin states, I 11) and lue),of the two neighboring donor atom system are, by some means, distinguishable from each other,
the initial orientation of nuclear spin #I can thus be determined.
A method ' 3 to detect the nuclear and electron spin states using electronic
means is shown in Fig. 3. The basic idea is to turn the spin measurement into
a charge measurement. Suppose a two-qubit quantum gate operation was just
done. These two qubits located right below the A gates in Fig. 3, have no coupling between them and are now ready to be read out (for the purpose of quantum
computing, the qubits must be coupled only for the short time of switching, while
most of time there is to be no coupling between them). Let us call the other two
donor atoms located below the single-electron transistors (SETS) and on the left
and right of the two qubits in Fig. 3 the L-donor and R-donor atoms respectively.
For the purpose of nuclear spin readout, we take the L-donor and the neighboring
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+++
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Si
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+++

ti

0
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Figure 3. Schematic illustration of the two-qubit and spin measurement system. (a) The two qubits
are initially in nuclear spin 11) and 10) states respectively and all the donor electrons are all in the spin
I 1)states. (b) After the sequence of adiabatic process for spin readout stated in Eq. (1 l), the electron
state of the system consisting of the L-donor and first qubit evolves into I 11)state, while the electron
state of the other system containing the second qubit and the R-donor atom evolves into la,) state. (c)
By applying appropriate bias of the A gate voltage above the two qubits, only the electrons in la,) state
in the system consisting of the 2nd qubit and R-donor atom can make transitions into a state in which
the N O electrons are bound to the same donor (D-state). The electron current during the transition
is measured using highly charge-sensitive SET, enable the underlying spin states of the electron and
nuclei to be determined.
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first qubit as a system, and the second qubit and its neighboring R-donor atom as
the other system. In order to investigate the difference in spin detection between
the two possible values of nuclear spin, we assume that the nuclear spin of one
of the two qubits, say the first qubit, is in 11) state and the nuclear spin of the
other qubit, say the second qubit, is in 10) state. After the sequence of adiabatic
steps stated in Eq. (1 1) (which can be performed simultaneously for both of the
systems), the electron state of the system consisting of the L-donor and first qubit
will remain in I LJ) state, and the electron state of the other system containing the
second qubit and the R-donor atom will evolve into lae) state, illustrated schematically in Fig. 3 (b). The 31Pdonor in Si has a stable two-electron state (D- state)
with a second electron binding energy of 1.7meV, but only if the relative spin of
the two electrons is a singlet. Therefore even if the A gates above the two qubits
are biased appropriately, electron charge motion between the donors will only occur if the electrons are in the singlet la,) state. For the above assumed initial
values for the two qubits, only the electron on the second qubit (initially in 10)
state) will tunnel into R-donor atom forming a D- state. As a result, a perturbation on the conductance of the highly charge-sensitive SET above the R-donor
atom will be observed. On the other hand, no change on the conductance of the
SET above the L-donor atom is expected. To sum up, the job of measuring spin is
converted into a job of measuring charge movement of electron tunneling into Dstate. If a perturbation signal is observed in the SET, the nuclear spin of the measured qubit is in 10);if the SET does not detect any change in tunneling current,
then the measured qubit is in 11).
Recently, other alternative proposals to read out or detect the spin state for the
Kane quantum computer architecture have been suggested 12113.

7. Conclusion
We have exploited the silicon-based electron-mediated nuclear spin quantum computer proposed by Kane. Especially, the single- and two-qubit energy levels and
eigen states as well as their operations and measurements have been discussed in
details. A brief up-to-date development and progress on the Kane quantum computer have also been described. The author would like to thank C.D. Hill, L.M.
Kettle and G.J. Milburn for their helpful discussions and research collaborations
related to this work.
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Dynamical decoupling is a feed-back free scheme for quantum error correction against noise
and decoherence errors. An efficiency analysis of dynamical decoupling is performed. Furthermore we provide the basic concepts of dynamical decoupling and quantum error correcting
codes, and give an example of a hybrid protection scheme. Some interesting extensions of
dynamical decoupling are discussed at the end.

1. Introduction
Recent advances in control and measurements of quantum systems have given
rise to the exciting field of quantum information processing. In quantum information processing different aspects and ideas from quantum physics, computer
science, and mathematics have promised futuristic technologies such as quantum
computing (QC) and secure quantum communications”. The starting point for
these application is usually a collection of separate, yet jointly controllable quantum systems, such as qubits. A universal set of the possible dynamics on the
system allows for producing arbitrary unitary operators on the full Hilbert space
of these qubits. These control operations are sometimes referred to as quantum
gates in a discrete sense, or one may alternatively use a set of control Hamiltonians to achieve universality. Quantum information processing has other important
*Financial support from the DARPA-QuIST program (managed by AFOSR under agreement
No.F49620-01- 1-0468), the Sloan foundation, and PREA is gratefully acknowledged.
41

42

D. A. Lidar and K. Khodjasteh

existential requirements such as efficient state measurement and state preparation.
Isolation of the qubits of a quantum computer is a mathematical simplification. In reality every quantum system may interact with others. This interaction
and lack of information about the state of those other systems is a major obstacle
in quantum information processing. In other words, realistic and arbitrary control of quantum systems is always limited by the problem of decoherence and
noise. These problems are associated with the undesired interactions of an ideally
isolated quantum system, over which some means of manipulation and control
already exists. More precisely, decoherence refers to the decay of quantum superpositions of pure states into mixed states of the possible measurement outcomes”.
The term “error” often takes a more general meaning as it applies to classical circumstances also.
In the context of quantum information processing, “error correction” theory
discusses problems (and solutions) due to the undesired interactions of quantum
systems. Sometimes some knowledge of the error process is available and can
be used to protect quantum systems against errors. For example, the collective
decoherence models where certain global symmetries exist in the error process can
easily be dealt with encoding of quantum information in the available decoherence
free subspaces”. Universal error correction, in contrast, focuses on more general
error models where apart from certain error rates and error correlations, not much
is assumed about the nature of the errors affecting the system. Different regimes of
errors naturally demand different error correction schemes. Practically speaking,
these schemes can be operationally active or passive, use feedback, or use a larger
operational Hilbert space (encoding). The domain of applicability and practicality
of various schemes are different and so far no single scheme is practically capable
of protecting against arbitrary error types/models. Despite this lack of generality,
it is widely believed that hybrid methods incorporating various schemes can be
efficiently used within a given physical implementation framework of a quantum
information processor, for the purpose of quantum computing, and quantum state
preservation 8,9.
In this summary we shall refer to the system’s Hilbert space as ?fs, and to
that of an external environment as ? f ~ which
,
we shall refer to as “the bath” or
“the environment”. We often assume Hs to be composed of one or more qubits.
Generically y/ refers to a pure quantum state, while p refers to a density matrix.
The starting point of the analysis in quantum error correction theory is the system-
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bath Hamitonian ansatz:

Operators IB and Is are the identity operators on Hs and HB.Typically no reliable
operation or observation can be made on the environment. Hs refers to the system
Hamiltonian, over which certain control is assumed. HB is the Hamiltonian for the
environment which might be unknown. HSBis responsible for entangling the states
of the system and the environment, which leads to decoherence, once the system
density matrix ps is reproduced after tracing out the environment: ps = Tre(psB).
The isolation and the assumption of control over the system is a basic requirement of quantum information processing, but Eq. (1) is an approximation that can
always be improved by incorporating further entities within the environment.
An alternative description involving only the system is also used: A quantum channel describes the linear transformation of the system density matrix ps.
This description in the Markovian regime is further simplified in the sense that the
quantum channel description for short times describes the evolution of the system
for all times and the whole evolution can be generated by exponentiating a “Lindblad super-operator” acting on the density matrices’. It is worth mentioning that
while these pictures are mathematically interchangeable, the physical constraints
often limit the way these pictures are used. Quantum error correcting codes8
and decoherence free subspaces as error correction protocols can be described in
the channel picture. Quantum error correcting codes in particular are the most
predominant error correction strategy as they offer extensive universality within
the Markovian regime and allow for fault tolerant quantum computation which
technically refers to a robust implementation of quantum computing (in contrast
with quantum state preservation or quantum memory). Quantum error correction
carries the overhead of extra quantum computing qubits, entangling gates, measurements and ancillary qubits.
Dynamical D e c ~ u p l i n g is
’ ~another error correction strategy which is implemented by application of a series of fast and strongharrow pulses acting on the
system that effectively renormalize the interaction Hamiltonian to remove undesired terms such as HSB.Dynamical decoupling techniques have been traditionally
used in N M R to remove unwanted intra-nuclear couplings and obtain high resolution spectra4 . It can be shown that dynamical decoupling can approximately
remove an arbitrary HSB Hamiltonian, a technique which is referred to as universal dynamical decoupling. While this universality is a remarkable aspect of the
dynamical decoupling theory, comparable to the universality of quantum error cor-
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recting codes, physical constraints have obscured the prospect of effectively using
dynamical decoupling in quantum information processing. These constraints are
the requirements for perfect pulses and the ability to run closely packed sequence
of pulses.
In this summary we analyze and discuss dynamical decoupling in the Hamiltonian setting, and sketch some interesting extensions of dynamical decoupling.
We also cover the basics of quantum error correcting codes and present an example of a hybrid error correction scheme where both dynamical decoupling and
quantum error correcting codes are used.

2. Propagators, Pulses, and Idealizations

In this summary we shall only focus on qubit systems. Some of the results and
ideas that apply to the qubit case are extendible to other systems and settings.
An isolated qubit is always driven by an su(2) Hamiltonian given by H, = hxX +
hyY h,Z. Operators X , Y , and Z refer to the corresponding Pauli operators.
Without loss of generality, all Hamiltonian components which we shall consider
are either traceless or a multiple of identity.
The unitary operations on this system can be generated by the Schrodinger
propagator between the times to and tl :

+

[

U = T+ exp(-i

Lot’

H,(t’)dt’)

I

For example the unitary operator X can be generated by turning on H, = 71/2h,X
for a duration 6 = tl - to =
We shall refer to 6 4 0 as an “ideal pulse” in
this summary. If a unitary operator is given by &@,we will simply refer to the
Hermitian operator as the phase.
As discussed in the previous section, a general Hamiltonian describing the
qubit S plus an environment B is given by Eq. (l),and in the qubit case can be
generally written as

&.

(3)

H=H,+H,
= Is @ (hXX

+ h,Y + h,Z) +Bx @ X +By@ Y + B, @ Z + Bo @Is

(4)

where He loosely refers to the undesired parts of the qubit (and the environment)
Hamiltonian. In this picture the propagator for a given navigation of the control
H, is
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By scaling down tl -to to 0 while scaling up H,(t) to keep the product constant,
we get the ideal propagator: U, = IB @ U . In most of what follows we assume
either ideal pulses or rectangular pulses.

3. Dynamical Decoupling
For the sake of clarity we first focus on the simplest case which we refer to as a
“canonical dynamical decoupling cycle”. We start from Eq. (3)and restrict He =
B, @ Z. As in the previous section H , is the controllable part of the Hamiltonian
and we use it to produce unitary pulses acting on the system. The canonical
dynamical decoupling cycle with pulse X is given by “XqT]XqT]”,
where the pulse
sequence is applied from the right and q7]refers to a free evolution of duration T.
The unitary propagator for this sequence is given by
U

= X exp[-iT(

B, @ Z)]Xexp[-i7(BZ @ Z)]

= exp[-iz(B,@XZX)]exp[-iz(B,@Z)]

= exp[-iz( -B, BZ)]exp[-iT(Bz B Z)] = Is

ZB

(6)

The above sequence has removed He from the evolution of the system by time
reversal. To generalize we note that any qubit Hamiltonian He can be decomposed
as He = Hf’” +Elf1’ such that [X,He
x I1] = 0 and { X , He“”} = 0. For a general
He we can rewrite the above sequence

U = Xexp[-iz(Hf’”
= exp[-iT(Hf’”

-

+H:>’)]Xexp[-i~“:’’’
H:>’)]

+ H:’’)]

exp[-iT(Hf”l+ Hft’)]

+

=: ~ X ~ ( - ~ ~ T D X [ H , I ) = exp[-iz(2~,X’’I O ( B ~ ~ ) I

(7)

In Eq. (7) the overall propagator is used to define an effective Hamiltonian
Dx [He]. We can look at the transformation of the propagator as a renormalization of the Hamiltonian:
B, BX

+ B, B Z + B~ NY

-

xF[T]xF[T]

B, @X

+o ( B ~ , T )

(8)

Geometrically this process can be thought of a projection of He parallel to the “X
axis”.
The pulse used in the canonical dynamical decoupling sequence, removes all
terms anti-commuting with it from the effective Hamiltonian. To remove every
possible term it suffices (for example) to use the propagator of the above sequence
as the “free evolution period” of a Y canonical dynamical decoupling sequence:
yq2T]yq2*]
- -nyxqT]xqT]yxqT]xqT]

(9)
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produces a sequence of Hamiltonians and intervals such that A1 to Ak contain
only pure-bath terms B 8 Is. The sequence Z~,lXq,lZqTIX~,lis, for example,
1st order universal. If we can bound the operators Ba form above by some error
rate j , then the second order Magnus terms for this sequence will be bounded
by cz; j z , where c is a numerical constant of the order of 10. The Magnus terms
can be used to produce an effective “phase” or Hamiltonian for imperfections of
dynamical decoupling.
In periodic dynamical decoupling, N periodic repetitions of a universal sequence for a total duration of T = 4N7 are used. The leading error associated with
this decoupling can be easily estimated:

The actual error in the fidelity is typically given by the square of this phase 15.
Eq. (12) dictates the use of shorter times between the pulses to obtain higher
fidelities,however once more pulses are used, realistic “per pulse errors” take over
and produce significant extra errors not covered by the above formula. It should
be noted that even perfect control over He does not guarantee perfect pulses, as the
presence of the He terms in the Hamiltonian, will result in systematic pulse errors
proportional to the pulse widthb and once the total duration for a physical realization of the sequence is fixed, one cannot make TO arbitrary small by including
increasingly many finite width pulses.
Despite these difficulties dynamical decoupling has been used with great success in the context of NMR. It is worth emphasizing that three main parameters
enter the analysis of dynamical decoupling: model considerations, system-bath
couplings, and pulse imperfections. These parameters will also appear in the
analysis of quantum error correcting codes.

4. Basic Quantum Error Correcting Codes
Based on successful methods from “classical” error correcting codes, quantum
error correcting codes are thought to be the most generic and best understood
error protection schemes. The starting point is to obtain the error operators Ea,
that describe the evolution of an ideally fixed (at p(0)) density matrix for the
system via a Kraus operator expansion:

is possible to perform dynamical decoupling without the requirement of infinitely sharp pulses
Nonetheless strong pulses and precise control are required to achieve high fidelities.

16.
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Error correcting codes are efficient in the Markovian regime where the correlations in time are minimal, and the short time behavior of the system dictates (Ea
instead of E a ( t ) ) that of the longer times. Quantum error correcting codes encode
(embed) “logical qubit” states into a larger Hilbert space (of many more qubits).
The embedding is such that the effect of all error operators Ea on all encoded
states li)L are mutually orthogonal:

where Cab are the elements of a Hermitian matrix. This ensures that the effect of
each error on any state in the logical Hilbert space can be measured via a “syndrome measurement” protocol and the proper state can be obtained via a “recovery” protocol. Structurally quantum error correcting codes rely on successive
measurements, near parallelism in the applied operations, enlargement of the qubit
Hilbert space‘ and availability of refreshable, pure ancilla qubits. Quantum error
correcting codes are most efficient for the independent noise model, in which
qubits are acted upon by errors individually and randomly such that there is no
correlation in time (successive errors) and space (multiple qubit errors). For this
case the theory can be applied fault-tolerantly together with actual encoded quantum operations. Within this theory one can show that the same embedding of the
logical states in a bigger Hilbert space can be applied recursively so that errors,
with rates lower than a certain threshold, can be efficiently removed. This is what
is known as the threshold theorem for concatenated error correcting codes: For
error rates below a certain threshold, using an exponential number of resources
(qubits, pulses, and measurements) leads to super-exponential improvement in
performance. Different assumptions on error model and modifying the actual error correctiodcomputation schemes results in different thresholds I4i7.
It is possible to combine quantum error correcting codes with quantum operations. The stabilizer theory of the quantum error correcting codes3 provides a
relatively simple way of embedding the universal quantum operations with a given
stabilizer based quantum error correcting code, and is the basis of fault-tolerant
quantum computation.
The stabilizer formalism relates to dynamical decoupling also: It can be shown
that the stabilizer elements of a given quantum error correcting code can be used
as canonical decoupling cycles on the physical qubits of that code for removing
the error operators that the code can correct, from the interaction terms. In other
words the stabilizer generator elements become the canonical dynamical decoupling pulses; e.g., for a single qubit the stabilizer generators can be taken to be X
“he smallest code that can correct arbitrary 1-qubit errors is given in term of 5-qubit states.
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5. Hybrid Error Correction Schemes
While both dynamical decoupling and quantum error correcting codes work for
arbitrary error types, they each depend on certain resources and have their domain
of practicality. However, certain modes of decoherence might allow for different techniques to be used together. One such example is the error correction of
spontaneous emission on an electronic-level qubit. The coupling of a bound electron (system) with the electromagnetic field (environment) results in spontaneous
emission, in which the electron that might be in a superposition of the excited (I 1))
and the ground (10))state decays to lo), and the quantum information stored in the
superposition is lost. Assume a collection of such electron-level qubits labeled by
i = 1,. . . ,a. Evolution of the system can be described in the quantum trajectories picture. In this picture, each trajectory is separated into non-unitary evolution
intervals, interrupted by sudden application of error operators (Ei)(Ei= lo), (1I
for spontaneous emission on the qubit i). The final density matrices of all trajectories can then be averaged to give the actual probabilistic density matrix as
a function of time. The non-unitary evolution in this picture is generated by a
non-Hermitian conditional Hamiltonian, ffcond = Hsystem
- z i E ! E i . In the case
of spontaneous emission we obtain ffcond = iCi Il)i(1I. We showed5 that a simple quantum error correcting code involving only one extra qubit together with a
dynamical decoupling pulses sequence with pulse type X can be used to correct
spontaneous emission errors as long as the error rate is small and the pulse operations are faster than the average time between the errors. We further investigated
the possibilities of fault-tolerant quantum computation within this setting.

6

6. Extensions of Dynamical Decoupling
To conclude, in the following subsections we briefly review some of the most
recent results and ideas in dynamical decoupling.

6.1. Inter-qubit couplings
Consider a collection of n qubits in which the undesired interactions not only involve the couplings with the environment, but also inter-qubit couplings such as
nearest neighbor couplings terms:
An interesting extension of dynamical
decoupling is to remove these error terms, along with the system-bath interaction. The optimization of this sequence in terms of the number of pulses required
becomes a combinatorial optimization problem12.
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6.2. Zen0 Effect
On a different note an interesting connection is observed between dynamical decoupling and the quantum Zen0 effect which traditionally is understood in terms
of repeated measurements on a quantum system to inhibit or enhance couplings.
This traditional view has been transformed to include arbitrary quantum operations and naturally includes dynamical decoupling as a special case *. Furthermore
recently it has been shown13 that quantum error correcting codes can be defined
in terms of the Zen0 effect, which hints to a possibly deeper physical connection
between different error correction schemes.
6.3. Concatenation
The idea of concatenation, i.e, the recursive embedding of encoded qubits in the
same error correcting code, has been used for threshold calculations. This threshold refers to an initial error rate below which, even after using an exponential number of concatenated qubits, the final error rate is inhibited “super-exponentially”.
We showed6 that the same idea can be used with dynamical decoupling with a
similar threshold. Given the number of pulses used N , the phase associated with
concatenated dynamical decoupling scales as

This should be contrasted with the result obtained in the case of periodic decoupling, Eq. (12). The exponential improvement in terms of the number of pulses
required thus strongly suggests the use of concatenated pulse sequences over the
periodic schemes.
6.4. Error per Gate

One of the main difficulties with both dynamical decoupling and quantum error
correcting codes is the requirement for near perfect quantum gates. For example,
consider an error correcting code designed to reduce the rate e to some lower error
rate e2. In fault-tolerance theory, however, the error per gate is another important
factor. Especially when a high number of quantum gates are executed, one needs
to make sure that the gate errors are still corrected with the original error correcting design. Now, suppose the errors are based on a continuous model such
as a Hamiltonian picture. In this picture we may associate linear error accumulation (well-defined error rate) to short times. Now one might ask “is the error
probability fundamentally different when there are gates acting on the system in
comparison to when no gate is being applied?” If the error rates for “gate-free’’
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and “gate” evolution are of the same order, then there is effectively only one important error rate in the system. Define the gate-effective error generator HL as
exp( -i6HL) = exp( - i 6 ( H e +Hp))exp(iGHp), where exp( -i6Hp) is the propagator for a pulse P , and He is the free evolution error generator. For the case where
all operators belong to su(2), we have shown that llHLll 5 llHell. Thus for a simple case we confirm that the natural error parameter for the free evolution of the
system is indeed larger than the parameters that are associated with gate errors,
which simplifies fault tolerance.

6.5. Dynamically Decoupled Quantum Computing
While dynamical decoupling is an essential part of engineering interactions for
quantum computing in many proposals, a universal decoupling process will naturally remove the “desired” evolution of the system along with the undesired parts.
Due to this, the prospects of combining dynamical decoupling with quantum computation have been limited to a scenario where dynamical decoupling stops so that
a quantum gate or a measurement is performed and is then resumed. This method
is obviously prone to errors accumulating during the computation phase and the
advantages of dynamical decoupling with state preservation are rendered useless.
Nonetheless a protocol can be constructed in which an encoding of a few qubits
are employed so that the quantum computing operations can be embedded along
with the dynamical decoupling pulse sequence which corrects for single qubit
errors. In this construction dynamical decoupling reflects and brings back all trajectories of the qubits that leave the encoded subspaces without modifying the
desired encoded dynamics.
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We discuss a Bell inequality based on correlation function for three qubits. The inequality is
violated by any pure entangled state for 3 qubits. The strength of the violation is the same as
the result in Ref.I3.

1. Introduction
The gedanken experiment involving the position and momentum of entangled particles proposed by A. Einstein, B. Podolsky and N. Rosen (EPR) in a classic
1935 paper showed that quantum mechanics is an incomplete theory. The incomplete description, they argued, could be avoided by postulating the existence of
hidden variables that allow for deterministic predictions. In 1964, based on the
*Electronic address: phyohch@nus.edu.sg
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entanglement of spin-112 particles introduced by Bohm John Bell showed that
the assumption of local realism had experimental consequences: local realism implies experimentally variable constraints on the statistical measurements of two
or more physically separated systems. These constraints, called Bell inequalities,
which are satisfied by hidden variable theories, can be violated by the predictions
of quantum mechanics. Thus, Bell inequalities made it possible for the first time
to distinguish experimentally between a local HV model and quantum mechanics.
Quantifying entanglement based on Bell inequality is an important issue in
quantum information theory. In 1991, Gisin demonstrated that every pure bipartite entangled state violates the CHSH-Bell inequality. This was known subsequently as Gisin’s theorem and it was probably the first step towards quantifying
entanglement. A few years later, the Horodecki family and Werner showed that
the CHSH-Bell inequality was insufficient to characterize entanglement of mixed
states. This was confirmed subsequently by two independent teams *, who proposed the most general Bell inequalities (correlation function) for N-qubit with
two settings per site. However, Gisin and Scarani noticed that there exist pure
states of N-qubit that do not violate any of the inequalities. These states are the
generalized Greenberger-Home-Zeilinger(GHZ) states given by

IW)G~

=cos5lo...O)+sinSIl...l)

(1)

with 0 5 5 5 n/4. The GHZ states lo are for 5 = n/4. In 2001, Scarani and Gisin
noticed that for sin25 5 1/+
the states (1) do not even violate the MerminArdehali-Belinskii-Klyshko (MABK) inequalities ”. These results prompted
Scarani and Gisin to note that “this analysis suggests that MK (in Ref. 12, MABK)
inequalities, and more generally the family of Bell’s inequalities with two observables per qubit, may not be the ‘natural’ generalizations of the CHSH inequality to
more than two qubits” where CHSH stands for Clauser-Horne-Shimony-Holt.
Note that in Ref. Zukowski and Brukner (ZB) have derived a general Bell
inequality for correlation functions for N qubits. The ZB inequalities include
MABK inequalities as special cases. Ref. shows that (a) For N = even, although
the generalized GHZ state (1) does not violate MABK inequalities, it violates
the ZB inequality and (b) For sin25 5 1/*
and N = odd, the correlations
between measurements on qubits in the generalized GHZ state (1) satisfy all Bell
inequalities for correlation functions, which involve two dichotomic observables
per local measurement station.
It therefore appears that Gisin’s theorem is not valid for 3-qubit. Recently, we
provided a further twist to the results. We constructed a Bell inequality based on
probability (i.e. not one based on correlation) l 3 and showed that Gisin’s theorem
holds for 3-qubit systems. In this paper, a Bell inequality involving correlation
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functions on three qubits is developed. We show that the inequality is violated by
quantum mechanics. The violation is the same as that predicted in Ref.13.

2. A Bell Inequality involving Correlation Functions for 3 Qubits
Consider 3 observers, Alice, Bob and Charlie. Suppose they are each allowed to
choose between two dichotomic observables, determined by some local parameters denoted here A1 and iiz. Each observer can choose independently two arbitrary
directions. The assumption of local realism implies the existence of two numbers
X ( i i 1 ) and X ( f i 2 ) (with X =A,B,C) each taking values +1 and -1, depending
on the measurement by the corresponding observable defined by i i l and ii2. In
a specific run of the experiment the correlations between all 3 observers can be
represented by the product A(Ai)B(fij)C(fik),
where i, j , k = 1,2. For convenience,
we write A(fii)B(Aj)C(fik)as AiBjCk. The correlation function, in the case of a
local realistic theory, is then the average over many runs of the experiment

Similarly, the correlation functions between any two observers can be given
Q(Ai,Bj) = (A(iii)B(fij))
= (AiBj)
Q ( A i , G ) = (A(&)C(%))= (AiCk)
Q ( B j , G ) = (B(Aj)C(&)) = (BjCk)

(3)

The following inequality holds for the predetermined results:
Q(AlBIC1)- Q(A1B2C2)- Q(A2B1C2)- Q(A2B2C1)
+2Q(A2&C2)

-

Q(AiBi)- Q(AiB2)- Q(A2B1)

+

+

-Q(A2&) +Q(AlC1) Q(AlC2)+Q(A2C1) Q(A2C2)

+

+

+

+ Q ( B I C I ) Q(BiC-2) Q(B2Ci) Q(B2Cz)
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(4)

The proof consists of enumerating all the possible values of Ai,Bj,Ck(i,j,k =
1,2). This proof is most easily seen by fixing values of A 1 , B1, C1. We now consider different cases depending on the signs of A1, B1 ,C1.
1. A 1, B1, C1 are all 1. The inequality ( 4 )can be written as (A2B2 1 ) (C2 1 ) 5 0. SinceAz,Bz,C2 = f l , AzB2 1 = 2 or 0 and C2 - 1 = 0 or -2, thus the
inequality is satisfied regardless of the values A:!,B2,C2.
2. AI,BI,Cl are all -1. The inequality ( 4 )can be written as [&(A2 1)
(A2 - l)]C25 2. I f A2 = 1 , one finds [&(A2 1 ) (A2 - l)]C2= 2B2C2 which is
not greater than 2 since B2,C2 = f l . If A2 = - 1 , one finds [B2(A2 1 ) -t(A2 l)]C2= -2C2 which is not greater than 2 since C2 = f l .

+

+

+

+ +

+ +

+
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3.A1= 1,Bi =C1=-1.Theinequality(4)canbewrittenas(A2C2-1)(B2+
1) 5 0. Since A2, B2, C2 = f1, A2C2 - 1 = 0 or -2 and B2 1 = 2 or 0, thus the
inequality is satisfied no matter which values A2, B2,C2 take.
4. B1 = 1, A 1 = CI = - 1. The inequality (4) can be written as (B2C2 - 1)(A2
1) i 0. SinceA2,B2,C2 = fl,B2C2- 1 = Oor -2 andA2+ 1 = 2 or 0, thus the
inequality is satisfied no matter which values A2, B2,C2 take.
5. CI = 1,A1 = B1 = - 1. The inequality (4) can be written as A2B2(C2 - 1)
( A ~ + B z ) ( C z + l ) - C 2 5 3 . IfC2= l7onefindsA2B2(C2-I)+(A2+B2)(C2+
1) - C2 = 2(A2 B2) - 1 which is not greater than 3 since A2,B:! = f l . If C2 =
-1, one findsAzBz(C2- 1) (A2+B2)(C2 1) -C2 = -2A2B2
1 which is not
greater than 3 since A2 ,B2 = f1.
6 . A 1 = B1 = 1,C1 = - 1,. The inequality (4) can be written as A2B2C2 - A2 B2 +C2 I 4. IfA2 = 1, one finds A2B2C2 -A2 - B2+C2 = (B2 1)(C2- 1) which
is less than 4 since B2,C2 = f l . If A2 = - 1, one finds A2B2C2 -A2 - B2 C2 =
(1 - B2)(C2 1) which is not greater than 4 since A2, B2 = f l .
7. A1 = C1 = l,B1 = - 1. The inequality (4) can be written asAzBZ(C2 - 1)
A2(C2+1) 1 2 . IfC2= l,onefindsA2Bz(C2-11)+A2(C2+1)=2A2whichisno
greaterthan2sinceAZ=fl. IfC2 = -1,onefindsA2B2(C2- l)+A2(C2+1)=
-2A2B2 which is not greater than 2 sinceA2, B2 = f l .
8. B1 =C1 = 1,Al = -1.Theinequality(4)canbewrittenasA2B2(C2-1)+
B2(C2+1) 5 2 . IfC2= l,onefindsA2B2(C2-l)+&(C2+1) =2B2 whichisno
greater than 2 since B2 = f l . If C2 = -1, one findsAzBz(C2 - 1) B2(C2 1) =
-2A2B2 which is not greater than 2 since Az, B2 = f1.
Thus, in each case, the inequality is satisfied regardless which values
Ai,Bj,Ck(i,j,k = 1,2) take. The above inequality (4) do not include the terms
of single correlation function, it is symmetric under the permutation of A j and
B j . Moreover, by setting appropriate values of C1 and C2, the inequality reduces
directly to the CHSH inequality for two-qubit. When C1 = - 1,C2 = 1, the inequality is reduced to the CHSH inequality for two-qubit (up to a minus sign)

+

+
+

+

+

+

+

+

+

+

+

+

-Q(AlBl)

-

Q(A1B2) - Q(A2B1)

+ Q(A2B2) i 2

+

(5)

3. Quantum Violation of the Bell Inequality for 3 Qubits
To test the quantum violation of any Bell inequalities, observables, we need to
consider the quantum state. For the Bell type experiment in which three spatially
separated observers Alice, Bob, and Charlie each measure two noncommuting
observables A i = Aai . a ( i = 1,2) for Alice, Bj = Abj . 6 ( j = 1,2) for Bob, and
c k = ACk . 6 ( k = 1,2) for Charlie on the generalized GHZ states
of three qubits

Iw)

Iw)

=cos5lo)~lo)~lO)~+sin511)~I1)~Il)~

(6)
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Figure 1 . Numerical results for the generalized GHZ states
= ~0~~1000)
sing11 1 l), which
violate a Bell inequality for correlation functions (4) except 4 = O,n/2. For the GHZ state with 5 =
4 4 , the quantum violation reaches its maximum value 3 8 = 5.1965.

Figure 2. Numerical results for the generalized GHZ states
= cos~1OOO) sin5111I), which
violate the Zukowski-Brukner inequality for 3 qubits except (O,n/12], [7~/12,n/2).For the GHZ state
with 5 = n/4,the quantum violation reaches its maximum value 4.

where Jk)i(k= 0,l) describes kth basis state of the qubit i(i = A , B , C ) respectively.
For each set of observables Ai, B j , and ck,
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where i, j , k = 1,2, the following correlation functions are resulted,

Numerical results show that the inequality (4) is violated by the generalized GHZ
states for the whole region except 6 = 0,n/2, see Fig. 1. When 5 = n/4, i.e., GHZ
state given, the maximal quantum violation is 3fi. For comparation, we show
the numerical results for Zukowski-Brukner inequality in Fig.2. We also consider
the strength of violation or visibility ( V ) l 4 as the minimal amount V of the given
entangled state Iv) that one has to add to pure noise, pnoise, so that the resulting
state violates local realism. The quantity V is thus the threshold visibility above
which the state cannot be described by local realism, and it is sometimes called
the critical visibility. Given the inequality (4), the admixed GHZ state cannot
be described by local realism if and only if V > 4&/9. For W state 1y.f)~ =
(I 100) 1010) lOOl))&, the critical visibility is VW= 0.7312. These results are
same as those given in Ref. 1 3 . Thus, the inequality (4) is an equivalent form of the
one in 1 3 . Although inequality (4) is violated by any pure entangled states of three
qubits as shown in 1 3 , the visibility of GHZ state is not optimal. The visibility
of the inequality for three qubits given by Zukouski-Brukner for GHZ state is
0.5. The improvement of this paper is that a Bell inequality involving corraltion
functions, which is violated by the generalized GHZ states for the whole region, is
constructed. However, there is no inequality which is not only maximally violated
by GHZ state, but also violated by any pure entangled states. To develop such a
new Bell inequality for three qubits is still an open problem.

+

+

4. Conclusion

In conclusion, we present a Bell inequality involving correlation functions for
three qubit systems. The inequality is violated by generalized GHZ states of 3
qubits for the whole region, although it is not maximally violated by GHZ state.
The visibility of GHZ state for the inequality is 4fi/9, which is the same as that
for the inequality given by us in Ref. 13. The inequality (4) is the correlation
function version of the one in 1 3 .
This work is supported by NUS academic research Grant No. WBS: R-144000-089- 112. J.L. Chen acknowledges financial support from Singapore Millennium Foundation.
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MINIMUM-ERROR DISCRIMINATION AMONG MIXED QUANTUM
STATES
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We review the problem of discriminating with minimum error among mixed quantum states,
with emphasize on the analytically solved quantum ensembles.

1. Minimum-ErrorDiscrimination
Quantum state discrimination is of fundamental importance for quantum communication and quantum cryptography. The theory of quantum communication is a
well-developed field of research that concerns the transmission of information using quantum states and channels'i2i3. The transmission party encodes a message
onto a set of quantum states { P k } with prior probability f?k for each of the states
P k . The set of signal states and the prior probabilities are also known to the receiving party. The task of the receiving party is to decode the received message,
i.e., finding the best measurement strategy based upon the knowledge of the signal
states and their prior probabilities. One possibility is to choose the strategy that
minimizes the probability of detection error. In this paper we will review the problem of minimum-error discrimination with emphasize on the quantum ensembles
of mixed quantum states.
In general, the measurement strategy is described in terms of a set of nonnegative definite operators called the probability operator measure (POM)
The measurement outcome labelled by "k" is associated with the element nk of
POM that has all the eigenvalues be either positive or zero, i.e, 71.4 2 0. The
POM elements must sum into the identity operator &nk = i. The probability
that the receiver will observe the outcome k given that the transmitted signal is
p j is P ( k l j ) = tr(nkpj). Here t r denotes the trace operation. It follows that the

'i2.
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error probability is defined as

1.1. Holevo's derivationfor optimization conditions
The necessary and sufficient conditions that lead to the minimum error probability
are known to be
1121415

The first condition holds for all j and k. The second condition means that all the
eigenvalues of the operator at the left-hand side are non-negative and it holds for
all j . These optimization conditions can be elegantly derived by using Holevo's
derivation2.
Let {Uik} be a set of N 2 operators that satisfy the conditions Uit,Uik = 8,ki
for all m, k = 1,2,. . . ,N . Define a set of operators si = Uikn:I2 and a set of
Hermitian operators ni = stsi, i = 1,2,... , N . It follows immediately that {ni}
also forms a new set of POM elements. Consider the infinitesimal transformation
112}, sq = CrUqrn,!I2,such that only the m-th and the k-th elements are
on {ni

xi

xi

transformed
112
sq =nq I

4 # k,m.

(4)

Sk = n:I2 - dtn,$I2

(5)

+ EAn:J2.

(6)

sm = nAI2

Here the real infinitesimal parameter E << 1 is assumed and A denotes some arbitrary operator. To the order of &2 the new POM elements nb become
= nq,

71;

7'LL = nk

n;

= nm

A t 71m
112 + "C,$12ATC:12)

4 # k,m.

- E ( n k112

112
+ E ( ~ , $ J ~112A ~+, nk112A t nrn
).

Under the infinitesimal transformation the error probability transforms as

1- x p r t r ( n : p r )
r

1- x p r t r ( n r P r )
r

+ 2ERe{tr[n:I2(pkPk- prn~m)n,$'~A]}.
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Therefore if {n,} are the optimum POM elements then the following necessary
conditions must hold

The sufficient conditions can be easily understood as follows. Suppose that
{ n j } is the best measurement strategy and {n)} is a set of POM operators with the
error probability P'. The difference between P' and the minimum error probability
P,i, must always be non-negative

It is then easy to see that the sufficient conditions in Eq. (3) satisfies Eq. (13).
The necessary and sufficient conditions in Eq. (2) and Eq. (3) are highly nontrivial and nonlinear in nature such that the required POM elements for the best
measurement strategy are not easily derived from the conditions. In fact, only
some classes of quantum ensembles are known for their best measurement strategies. These include the cases of only two signal states
symmetric states
5,7,8, mirror-symmetric states
linearly independent states 11, and equiprobable states that are complete in the sense that a weighted sum of projectors onto
the states equals the identity operator '. Up to date there is no general way of obtaining analytical solutions for the problem of minimum-error detection. All the
analytically solved quantum ensembles are solved in the case-by-case situations.
In this review we discuss only the quantum ensembles of mixed quantum states.
Instead of discussing the problem by numerical methods, we present three examples of mixed quantum states that are analytically solved in literature. First, we
discuss the discrimination between two quantum states1i6, either pure or mixed,
in the next section. In the third section, we provide the optimum measurement
strategy for discriminating aomng the mixed quantum states with symrnetry7~l0.
We will show how to assume the possible forms of the best POM by symmetry
considerations. In the last section, we make our conclusion.
'i6,

9110,

2. Discrimination between Two Quantum States
Consider two quantum states p1 and p2 with apriori probabilities p1 = p and p2 =
1 - p , respectively. The best measurement strategy for distinguishing between
the two quantum states with minimum error requires the following necessary and
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sufficient conditions
711 (P1P1 - P2P2)712 = 0

Pl711Pl +P2712P2 --PIP1 2 0
P1nl PI

+ P2712P2 - P2P2 2 0,

where n1 and n2 are the operators for detecting p1 and p2. respectively. Now let
P = (PIP I - p2p2) and rewrite Eq. (14) as
= n1Pn1. The necessary condition
is easily satisfied if n1 is a projection operator that satisfies = n1 and commutes
with p. This means that both the detection operators 711,712 as well as P can be
written in terms of the same orthonormal basis { I$a)}.

P = C q a + I $ a + ) ($a+ I + Z q n - IQa-) ( ~ u -I
711 =

x

(17)

a-

U+

I+a+) (+a+

I

(18)

U+

(19)

712 = x l $ u - ) ( + u - l ,

a-

where qu+and qu- are eigenvalues of p. From the sufficient conditions in Eq. (15)
and Eq. (16), the eigenvalues are found to satisfy qu+ 2 0 and qa- 6 0. With the
best POM, the minimum error probability is Perror= 1 - ti-(
It is interesting to note that the best strategy found in the case of two quantum
states can actually be applied to either pure or mixed quantum states. Both the
best detection operators are projection operators. One will project states onto the
subspace spanned by the eigenvectors of P with non-negative eigenvalues. The
other will project states onto the remaining subspace of 0.

m).

3. Discrimination among Quantum States with Symmetry
Due to the success in finding analytical solutions for the problem of discriminating
between two arbitrary quantum states, one may think that the analytical solutions
to the problem of detecting three or more arbitrary quantum states can also be
easily obtained. Unfortunately it is not true. Usually numerical methods are used
in searching the best measurement strategies for quantum ensembles of more than
two quantum state^'^^'^^'^. Analytical solutions are solved only in the cases with
symmetric states or linearly independent states. It is understandable since if the
given quantum ensemble is invariant under some symmetry G, then the minimum
error probability for detecting the quantum states is also invariant under G. It
implies that the best POM should respect the same symmetry G. This observation provides the clues in solving the problem of quantum state discrimination.
In addition to the necessary and sufficient conditions in Eq. (2) and Eq. (3), the
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symmetry G imposes more restrictions on the possible forms of the best detection operators { q }With
. the new restrictions imposed by the symmetry, the best
measurement strategy may be found with ease.

3.1. Dkcriminating among Symmetric Mired Quantum States
In this subsection, we will solve the optimum measurement strategy for a set of N
mixed symmetric quantum states { P k } by symmetry consideration’. Assume that
the quantum states are of equal prior probabilities Pk = 1/N and respect the ZN
symmetry
P k = RkpoRtk,
RN = hil

k=0,1,***,(N-1),

(20)
(21)

where the operator R denotes the relevant part of the symmetry operator that lives
in the same Hilbert subspace of the signal states { P k } . i denotes the identity
operator of the Hilbert subspace of the signal states. We also assume R to be
unitary (RRt = RtR = i) and nondegenerate, i.e., all its eigenvalues {bh} are
different for different eigenstates { Ih)}.Therefore the dimensionality of R cannot
be larger than the number of the signal states N otherwise at least two of the
eigenvalues of R will be the same. Besides, we also assume that at least one of
the the signal states (assigned to be PO)can be made to have all it matrix elements
be real and non-negative, i.e., (hlpolh’)2 0 for some chosen set of the eigenstates
{ Ih)}of the operator R. It is noted that it is not always possible to satisfy this
requirement.
where the optimum strategies are known to be the
In many of the cases
square-root measurements with POM elements

nk =

1

(PkPk)<P-i ,

where P k denotes the k-th quantum signal states to be discriminated, and 0 is
invariant under the transformation R. However the square-root measurement is
not necessarily the best measurement strategy for the symmetric mixed quantum
states discussed in this subsection. Instead, we assume the invariant operator CD as
N- 1

CD-

Z RkToRtk,

k=O

where To = [(PO)((PO I is the rank- 1 operator that is formed by some normalized
pure quantum state [ ( P O ) . From Eq. (24), CD is also Hermitian and non-negative
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definite, and commutes with R. This implies that both R and a? can be expanded
in terms of the same orthonormal basis { Ih)}as

where ah = NI (hlqo)l2 for all A. In general, it is difficult to obtain the POM elements that satisfy the necessary and sufficient conditions in Eq. (2) and Eq. (3).
However, we can obtain an analytical solution to these conditions for the symmetric mixed quantum states described in Eq. (20) and Eq. (21).
Proposition. Given the mixed symmetric quantum states as described in the
Eq. (20) and Eq. (21), the optimum measurement strategy that minimizes the error
probability Perr0, is given by

where Iqo) is chosen such that (hlqo)is real for all Ih) and satisfies (hlqo)# 0.
The operator 0 2 is defined by @2 = &c~lh)(hl with ch = N - 1 (hJqo)-'.
It is noted that @2 is Hermitian and also commutes with the symmetry operator R. The square of @2 equals the inverse of @, i.e., a?$ = a?-'. The operator
a?2 becomes the inverse square-root of @ only when all (hlqo)are real and positive. Obviously, the detection operators { n k } do respect the same symmetry R as
the quantum states {Pk} do. Similar to square-root measurement, the best POM
elements proposed in the proposition are also rank-1 operators.
Proof of the Proposition. We need to prove that the POM elements defined
in Eq. (27) and Eq. (28) are indeed POM elements and satisfy the necessary and
sufficient conditions in Eq. (2) and Eq. (3). From Eq. (27) and Eq. (28), we can
prove that all nk 3 0 as follows

We can also see that no 2 0 by expanding no in the basis {Ih)},no =
&JI
[A)(A'[.Under the basis all the matrix elements of no equals 1/N, thus
no has only one non-vanishingeigenvalue 1. The requirement that all eigenvalues
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of R are different guarantees that all the POM elements sum into identity operator

k=O

k

=

ca Ih)(hl

= i.

We proceed to prove that the POM given by Eq. (27) does satisfy the necessary
and sufficient conditions listed in Eq. (2) and Eq. (3). By taking Eq. (27) into
Eq. (2), we find

By using Eq. (25) and Eq. (26) and considering the fact that all (hlpolh’)and
(hlqo)are real, we derive the following identity thus prove that Eq. (31) actually
equals zero:

The condition in Eq. (3) is proved as follows. First we observe that & n k P k is
Hermitian from

Therefore the operators (&

n k P k -p j )

are also Hermitian for all j . By sandwich-
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ing (&nkpk - PO)using an arbitrary state I@), we have

From Eq. (34) we conclude that (&nkpk - PO) is a .Hermitian operator and
non-negative definite. This then leads to the fact that (&nkpk - pj) are also
non-negative definite and Hermitian for all possible j since (Cknkpk - P j ) =
R J ( X k 7 l k P k - P0)Rtj.

In this case, the best measurement strategy is not necessarily the square-root
measurement in l i t e r a t ~ r e ~In
~ ~fact
~ ’ it
~ .is shown that the square-root measurement can be a special case when the discriminated symmetric quantum states are
pure quantum states7. It also shows that the optimum POM elements for detecting
the symmetric mixed quantum states are all rank- 1 operators, independent of the
rank of the discriminated quantum states. The solution demonstrates that the rank
of the best POM elements could be much smaller (rank=l in the case) than the
rank of the signal states.

3.2. Discriminating among Mirror-Symmetric Mired Quantum States
In this subsection we discuss the problem of discriminating among three mixed
quantum states that respect the mirror symmetry T

where I+) = (1,O) and I - ) = (0,l) are orthonormal basis states in the twodimensional Hilbert space. The three quantum states {PO, PI, p2) are defined as
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with prior probabilities P O , P I and p2, respectively. Here
Pauli matrices

and

(30 is

(01

,( 3 2 , (33)
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denote the

the identity matrix in the two-dimensional Hilbert space. The coeffi-

>

+ +
G

cients ak are all real, and satisfy a0 = 1/2 and a0
a: a’ a2 as implied by
the condition that all the quantum signals P k are non-negative definite and Hermitian with tr(pk) = 1. The coefficients a1 and a3 are assumed to satisfy a1 0
and -1/2 < a3 0 without loss of generality. By mirror symmetry, two of the
three prior probabilities are equal p1 = p2 = p . It then leads to po = 1 - 2 p and
0 p 1/2. It is easy to see that { p o 1 p 1 , p 2 } transform as (PO + p o , p ~++ pz)
under the mirror symmetry, thus form an invariant set of the mirror symmetry.
On the other hand, we expect that the optimum POM elements also respect the
mirror symmetry, i.e., (no 4 n0,nl H 712). It thus restricts the possible forms of
the optimum POM elements. The optimum POM elements can be parameterized
as follows:

>

<

< <

where all the parameters bk are real numbers. With the POM elements in Eq. (41),
the error probability in Eq. (1) is also invariant under the mirror symmetry.
3.2.1. The optimum measurement strategy
Our goal is to minimize the error probability Per,, in Eq. (1). The minimization
problem is indeed a linear programming problem since the error probability Perror
is linear in all the parameters bo,bl ,b2 and 63. However, the parameters are not
arbitrary. They must satisfy the condition that the measurement strategy is a set of
non-negative definite and Hermitian operators, i.e, nk 0 for all k. This leads to
the following constraints

>

The constraints indicate that the allowed parameters (bo,b l ,b2, b3) form a cone-

> >

>

+

like region (1/2 bo )-/,
bounded by two planes (1 2bo
2b3,l 2bo - 2b3) in the parameter space. Considering that Perror is linear in

>
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bo,bl 62 and b3. Pcrror shall have the minimum at the surface of the allowed parameter region. In the remaining parts of the section, we will discuss the error
probability function on various locations of the surface of the allowed parameter
region and find the minimum of the error probability.
3.2.2. Two-POM-elements scenario
One of the interesting area on the surface of the allowed parameter region locates

h m )

at the intersection of the cone surface (1/2 = bo =
and the two
planes (1 = 2bo 2b3,l = 260 - 263). It corresponds to the parameters bo = 1/2

+

dm+

and b3 = 0. The other parameters (b11b2)then satisfy
= 1/2. With
these parameters, the POM elements become no = 0,711 = 1/200 b l o l + b2o2
and n2 = 1/200 - blol - b20. From the optimization conditions in Eq. (2), we
find that the parameters bl and b2 must satisfy 61 = a 1 / ( a2 +da 27) and b2 =
a2bl / a l , respectively. The conditions in Eq. (3) then give a restriction on the prior
probability p . We find that p must be no less than the critical prior probability Pc2,
p 3 Pc2. The critical prior probability Pc2 is totally determined by the coefficients
ak and defined as

1 +2a3

-

1

3+2 J m + 4 a 3 + 2 a 4

(-a31

-a4

6
1+2

Jm.

(44)

Therefore, the optimum POM has only two nonzero elements if p 2 Pc2. In this

+

scenario, the optimum error probability is Per,, = 1 - p ( 1 2 J G ) .
It is noted that both the nonzero optimum POM elements are rank-1 operators in this scenario. This conclusion is similar to the case that has three
pure signal states’. In fact, our mixed signal states reduce to pure states at

d---+

+

a3 = - 1/2 and a: a; a: = 1/2. When a1 = sin(28)/2,a2 = 0, a3 = - 1/2
and a4 = - cos(28)/2, we reproduce the results as obtained in the paper by Andersson et al.’.
3.2.3. One-POM-element scenario
Let us consider the situation when the prior probabilities p are small. If p is
small enough then the mirror-singlet signal po appears far more frequent than the
other two signals p1 and p2. Therefore, the best measurement strategy may have
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only a single nonzero POM element no = 00. The assumed strategy corresponds
to the parameters bo = 61 = b2 = b3 = 0, the cusp of the allowed region in the
(bo,bl ,b2, b3) parameter space. Since the parameters locate at the surface of the
allowed parameter region, the assumed one-POM-element strategy may be optimum.
To support our assumption, we must prove that (no = 00,n1= 712 = 0) satisfy
the necessary and sufficient conditions in Eq. (2) and Eq. (3). It is easy to see that
the strategy (no= 00, ?TI = n2 = 0) is a trivial solution to the condition Eq. (2). To
satisfy the condition Eq. (3), the prior probability p must be no greater than the
critical prior probability PCl:

Therefore, the assumed one-POM-element strategy is optimum with the optimum
error probability Perror= 2p if p 6 Pel.
It is noted that the one-POM-element scenario does not appear in the case that
has three pure signal states as discussed in 9. The three pure states correspond
to the parameters a1 = sin(28)/2,a2 = O , a 3 = -1/2, and a4 = -cos(28)/2 in
the section with vanishing critical prior probability PCl = 0. This means that no
one-POM-element scenario will exist in the case of three pure mirror-symmetric
states9 unless for p = 0.

3.2.4. Three-POM-elementsscenario
The other surface area of the allowed parameter region that may give the optimum
measurement strategy is the intersection of the two surfaces (bo =
and (1 - 260 = 2b3), or the intersection of (bo =
-263). It is easily shown that the later intersection will not simultaneously satisfy
the necessary and sufficient conditions in Eq. (2) and Eq. (3). The first intersection inevitably implies that all POM elements are rank-1 operators. We can
re-parameterize the POM elements as

0

n2 = -

0
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The conditions in Eq. (2) then lead to
2p
x=

.\/.:+ a;

1 - 3p - (2 -4p)a3+2pa4’

(47)

a = arctan(aZ/al).

(48)
The other optimization conditions in Eq. (3) will be satisfied automatically if p is
in the range PCl 6 p Pc2. This result coincides with both the one-POM- and the
two-POM-elements scenarios. In the three-POM-elements scenario, the success
probability is PSUCCeSS
= (1 - Per,,)

<

P~~~~~~~
= (1 -4p+3p2+4p2(a;”+a;+a~) +4pa4(1 -2a3)(1 -2p)
-4a3( 1 - a3)(1 - 2 ~ ) ~ } / {-26 p - (4 - 8p)a3+4pa4}.

(49)

4. Conclusion

In this paper we reviewed the problem of discriminating with minimum error
among mixed quantum states, with emphasize on the analytically solved quantum ensembles. We discussed three quantum ensembles in the paper: quantum
ensemble with two quantum states, N symmetric mixed quantum states, and three
mixed quantum states with mirror-symmetry. In the case of distinguishing between two quantum states, the best POM elements are projection operators. One
element will project states onto the space that is spanned by the normalized eigenvectors with non-negative eigenvalues of the operator p == p1n1- p2n2. The other
POM element projects states onto the space spanned by the remaining normalized
eigenvectors of p. This result is exact and easy to understand. However, it is not
easily generalized to the cases of more than two quantum states, neither pure nor
mixed.
The other two cases presented in this review are mixed quantum states with
symmetry. Like the quantum ensembles of pure quantum states discussed in
l i t e r a t ~ r e ~ ~ mixed
~ ~ * ~quantum
”,
states with symmetry could be easier to be solved
analytically. In general we may expect that both the quantum ensembles { pk} and
the best POM { n k } will respect the same symmetry. This expectation is reasonable since the error probability will remain unchanged under the symmetry if the
detection is optimum. The possible forms of the detection operators nk are then
further restricted by by the symmetry. Hopefully we can use the new restrictions
as well as the necessary and sufficient conditions in Eq.(2) and Eq. (3) for obtaining analytical solutions. Both the quantum ensembles discussed in Sec. 3 are
solved analytically by the symmetry consideration. It is found that both of the
best measurement strategies do respect the same symmetries as the corresponding
quantum states do.
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In the BB84 protocol with a perfect single photon source, the key rate decreases linearly with
the transmission q of the channel. If we simply replace this source with a weak coherent-state
pulse, the key rate drops more rapidly (as O(q2)) since the presence of multiple photons favors
the eavesdropper. Here we discuss the unconditional security of a quantum key distribution
protocol in which bit values are encoded in the phase of a weak coherent-state pulse relative
to a strong reference pulse, which is essentially the one proposed by Bennett in 1992 (the B92
scheme). We show that in the limit of high loss in the transmission channel, we can construct a
secret key with a rate proportional to the transmission q of the channel.

1. Introduction
Quantum key distribution (QKD) enables us to distribute a secret key between
two distant parties, Alice and Bob, even if the quantum channel between them
suffers from small noises. As long as the law of quantum mechanics is valid,
an eavesdropper, Eve, cannot force Alice and Bob to accept a key on which she
has a nonnegligible amount of information. A proof of such unconditional security was first provided by Mayers' for the BB84 protocol 2 , followed by other
proofs3~4~5~6~7~8~9~'0~1
. While a perfect single-photon source is assumed in the earlier proofs, recent
cover the use of a weak laser pulse in a coherent state
as a substitute for a single photon. This is good news in the practical point of view,
but comes with a price: the multiphoton components of the weak pulse allow Eve
a so-called photon-number splitting a t t a ~ k ' ~ ~In' ~order
.
to achieve the security
under this attack, Alice must lower the amplitude of her weak pulse as the loss in
the channel increases. As a result, there is a bound l2 on the achievable key rate
which scales as O(q2) with channel transmission q.
In this paper, we describe a proof of the unconditional security of a scheme

'
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using a weak coherent pulse and achieving a rate that scales as O(q). The scheme
is essentially the one proposed by Bennett14,in which a strong pulse is transmitted
as a phase reference together with a weak pulse containing the bit information in
the relative phase. We made a minor modification to introduce a second local
oscillator (LO) for Bob. This makes the analysis simpler, and allows us to assume
a realistic threshold detector that may be noisy, inefficient, sensitive to multimodes
of light, and only discriminates the vacuum from one or more photons. We show
that in the limit of q --f 0, the rate of the key is proportional to q, and the limiting
value of C/q is determined by the observed error rate and the counting rate of the
detector.
This paper is organized as follows. In Sec. 2, we describe a QKD scheme with
a strong phase-reference pulse. The proof of the security of this scheme against
any intervention by an eavesdropper that is allowed by law of quantum mechanics
will be given in Sec. 3, followed by an expression of the key rate in Sec. 4. The
key rate in the limit of high loss is discussed in Sec. 5, and Sec. 6 concludes the
paper.

2. QKD scheme with strong reference pulse
In this section, we introduce a QKD protocol, which is a modified version of
the original B92 proposed by Bennett14. The sender encodes the bit value into
the phase of a weak coherent-state pulse, and transmits it together with a strong
phase-reference pulse. The only difference from the original B92 is the use of an
additional local oscillator on the receiver’s side.
The scheme is depicted in Fig. l(a). Suppose that Alice’s LO emits a strong
pulse in a coherent state with complex amplitude Iao)e’@A.Using an asymmetric
beamsplitter (BSl), Alice extracts a weak pulse with very small amplitude a =
laleiQA,and encodes a randomly chosen bit value 0 or 1 by applying phase shift
0 or n,resulting in state la)or I - a),respectively. Together with this signal, she
sends the strong pulse from the other output of BS 1 to Bob as a phase reference.
On the receiver’s side, Bob chooses randomly a bit value 0 or 1, and applies
phase shift 0 or n to the weak signal pulse, respectively. Instead of using the
reference pulse from Alice directly, Bob uses another LO and tries to lock its phase
to Alice’s one. Suppose that Bob’s LO produces a strong pulse with complex
amplitude IPole’QB. Combining a portion of this pulse and the reference pulse
from Alice, he conducts a series of interference experiments (M) to infer the phase
difference @A - OB. He then applies a phase shift equal to this estimated value @*
to his LO, and mixes it with the weak signal from Alice at BS2. The mixed
signal is measured by a threshold detector, which gives a “click” whenever it
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receives one or more photons. Bob reports the outcome of the detector to Alice
over an authenticated public channel. The click implies a conclusive result, and
both parties accept their bits. No click implies an inconclusive result, and they
discard the bits.
The security analysis in this paper is valid even if LOs with phases @A and $B
are available to Eve. Then, the reference pulse from Alice gives no information to
Eve. The only effect of Eve’s attack on this pulse is to disturb the measurement
outcome $* to be deviated from the desired value, as $* = @A - @B - A$. But
exactly the same effect can be obtained by just applying the phase shift A@ to
the weak signal from Alice (Eve may simulate M by herself). Hence we can
safely assume that Eve simply ignores the strong reference pulse. Similarly, any
imperfection in the estimation process M, including the fundamental limitation
arising from finiteness of the amplitudes of the two LOs, has the same effect as
introducing a noise source applying a phase shift A@ on the weak signal while
assuming a perfect estimation, @*= @A - $ B .
The major imperfections in the detector can be treated as follows. Suppose that
the quantum efficiency of the detector is q ~the
, transmission coefficient of BS2
is qBS2, and the amplitude of LO incident on BS2 is (1 - ~ 3 3 s 2 ) - ~ / ~ q ~Then,
~ / ~
the same measurement can be implemented by inserting a lossy medium (BS3)
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Figure 1 . (a) A scheme with a strong reference pulse. (b) An equivalent scheme except that Eve’s
region is extended.

p .

78 M. Koashi

with transmission qss2q~qo’,then mixing LO with amplitude (1 - q0)-’l2p by
a beamsplitter BS4 with transmission qo, followed by a detector with unit efficiency. Here we take the limit of q o .+ 1. The dark counting of the detector or the
detection of stray photons can be simulated by a device (P) that inserts a photon
in a mode that is orthogonal to the modes of the LOs. We thus finally arrive at a
scheme with an ideal threshold detector and a locked pair of LOs, as in Fig. l(b).
In this figure, we have taken a conservative assumption to extend the region accessible by Eve for the sake of simplicity. If a protocol is secure with this scheme,
the same protocol implemented by the scheme in Fig. l(a) is also secure.
Bob’s decision process in the scheme in Fig. l(b) can be regarded as a generalized measurement on the light entering his site with three outcomes, 0, 1, and 2,
where the last one means “inconclusive”. Let He = HO @HI@I. . .@Hv18
. ..be the
Hilbert space for the light modes received by Bob that are sensible by the detector.
The mode v = 0 represents the pulse mode of Bob’s LO, and the modes with v 2 1
are orthogonal to it. Let us write the coherent state Ip)ol0)110)2... simply as Ip).
Then, the generalized measurement is described by the POVM {Fo,F1, F2}, where

If everything is ideal except for the transmission q in the channel, Alice’s signal is
received by Bob in coherent states I ff i a ) , and they can agree on a key without
errors by choosing p = f i a .

3. Security proof
In this section, we describe a proof of the unconditional security of the scheme
depicted in Fig. l(b). As stated in the last section, the proof also establishes the
same degree of security for the one in Fig. 1(a). The precise meaning of the unconditional security is the following. We allow an eavesdropper to make any attempt
that is allowed by the law of quantum mechanics, including the coherent attack
which uses a big auxiliary system to be interacted with every pulse transmitted
from Alice. As usual, we assume that Alice and Bob can communicate through
an authenticated classical channel. In practice, such a channel may only be established by consuming a small length of secret key which has been shared prior
to the protocol. The successful protocol should produce more secret keys than is
consumed for the authentication of the classical channel. In this sense, the function of the QKD protocol here is to amplify the amount of shared secret key, rather
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than to produce one from the scratch.
Before describing the proof of unconditional security, we introduce several
notations. We decompose HBas HB= KB@Hex,where KB is the two-dimensional
subspace spanned by
and I - P). We assume ~1 and to be real and positive
without loss of generality. Let { 1 / 4 ) ~ } ~ = 1 , 2 , ,be
, , an arbitrary complete orthonormal
basis for Hex. We identify KB as a qubit, and define its X basis as { I O x ) ~= (IP)
[ - P ) ) / ( ~ C ~ ) , [ ~ ~(1@)-1-@})/(2sb)},
)BE
where2ci-1 = 1-2s2p =
- (-PIP) =

1s)

+

e-21f12. The Z-basis states are denoted as I j Z ) s3

(IOx)~
+(-l)jllx)B)/fi

(j=

0 , l ) . For Alice’s side, we denote by HA the Hilbert space of the light modes
emitted from her site. We also introduce an auxiliary qubit in Alice’s site, with
Hilbert space KA. We denote the X- and the Z-basis states as I j x ) and
~ Ijz)~
( j = 0 , l ) . We sometimes denote the projection I@) (01as P ( I@)).
The key idea in the security proof is a trace-nonincreasing completely positive
map, which is specified by Kraus operators A j : HB -+ KB ( j = 0, 1,2,.. .) defined
by
A0 = SplOx)B(Oxl

+cgl1x)B(1xI

for j = 0 and
A j = IOx)B(Pjl
otherwise. Since Z j A J A j 5 1, there exists a filter with the following property.
It takes any state p acting on HB as an input, and it accepts with probability
p = ZjTr(AjAjp) while it rejects with probability 1 - p . Whenever it accepts,
it returns the output state xjAjpAJ/p acting on KB. This filter is related to the
POVM {Fo,Fi,F2}by

Fk = xAjlkz)B(kzlAj

(2)
i
for k = 0, 1, which is easily confirmed. This relation implies that we can implement the measurement {Fo,F1,F2) by applying the filter and conducting Z-basis
measurement on the output state when it accepts (if it rejects, we assume that the
outcome is “2”).
With the above decomposition of Bob’s measurement, we can prove the
unconditional security by a method similar to the cases of qubit-based B92
protocol^^^^^. We introduce a protocol based on entanglement di~tillation’~,
which
is later shown to be equivalent to the real protocol. In the new protocol, (1) Alice
prepares state ( Ioz)A la) I l z ) A I - a ) ) / & on KA@HA.We assume that Alice produces 2N copies of this state. (2) Eve receives 2N pulses (corresponding to H:2N)
from Alice, and prepares a state on HZ2N,which may be entangled to Eve’s system. (3) After Bob has received 2N pulses (corresponding to HZ2N),Alice and

+
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Bob randomly permutate the order of 2N pairs of systems by public discussion.
(4) For the first N pairs (check pairs), Alice measures each qubit (KA)on Z basis,
and Bob performs the POVM {Fo, F1 ,F2} on each pulse (HE). They disclose all
the results, and learn the number nen. of error events where the combination of
Alice’s and Bob’s outcomes are (0,l) or (1,O). ( 5 ) For the other N pairs (data
pairs), Bob applies the above filter to each pulse, and discloses each result (accept
or reject). Let nfil be the number of events where the filter has accepted. (6)Alice
and Bob now have nfil pairs of qubits (KA8 KB), from which they try to extract
a number of pairs in the maximally entangled state ( (Oz)~IOz)~
1 l z ) ~l Zl ) ~ ) / & .
To do so, they estimate the number nbjt of pairs with a bit error (represented by
the subspace spanned by { 10z)~l
l z ) 1~l z ),A I O z ) ~ } )and the number nph of pairs
with a phase error (the subspace spanned by { I O x ) ~lx)~,
I
I l x ) I~O x ) ~ } ) , from the
knowledge of nfil and nen. If neither number of errors is too high, they run an entanglement distillation protocol (EDP) and then measure on Z basis to determine
the final key. As in the proof of BB84’, if the estimation of the upper bounds for
nbit and nph is correct except for a probability that becomes exponentially small as
N increases, this protocol is essentially secure.
According to the argument by Shor and Preskill’, if we choose an appropriate
EDP scheme, Alice and Bob can conduct Z-basis measurement on the nfil pairs
immediately after step ( 5 ) and decide the final key by a public discussion without
compromising the security. Then, Eq. (2) shows that Bob’s measurement on each
data qubit is also the POVM {Fo,Fl,F.}. Alice’s measurement can be further
brought forward to the end of step (l), then this step is equivalent to just preparing
state la) or I - a) randomly. The new protocol is thus equivalent to the preparemeasure protocol implemented as in Fig. l(b).
The remaining task for the security proof is to establish an upper bound nbjtmw
on &,it, and n p b a xon nph, such that the probability of exceeding these bounds is
exponentially small. Since nen and nbit are the results of the same measurement
applied to the (randomly assigned) check pairs and to the data pairs, we can apply
a classical probability estimate to see that Inbit - nen.1 I NE holds except for a
small probability which is asymptotically smaller than exp(-NE2). Hence we
take

+

-

The estimation of nph can be done by considering what could have happened
if Alice and Bob measured their nfil pairs of data qubits in X basis and determined nph by discussion, just after the step (5). In this scenario, they obtain three
numbers (nfil,nph,nen). The following argument shows that some combinations
of (nfil,nph,ne,) are exponentially rare for any attack by Eve, and hence gives an
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(exponentially reliable) upper bound n p h m ( n f i l , n e m ) for nph as a function of the
other two.
We can regard nph as the number of events where a measurement on KA@ H g
produced the outcome corresponding to the element of a POVM

+P ( I1x)A) @A; 1 % ) ~ (OxIAj
lx)A I0x)B) + C i P ( IOx)A I1x)B) + P ( I1x)A) '8 1 e x .

C P ( l O x ) A ) @ A; I 1x)B (1xIAj

Mph

i

=

@(I

Similarly, nfil corresponds to
Mfil

1 ~ @ z A ; A j= ~ A @ ( ~ ~ P ( ~ ~ , ) ~ ) + s ~ P ( I
j

>From these forms, we notice that nph and nfil are also obtained by the projection
measurement
{POO,Pll ,PlO,POl,P(Iox)A)@ l e x , P ( I1x)A) @ l e x } ,
where Pij 3 P ( l i x ) ~ l j x ) ~followed
),
by a classical procedure composed of
Bernoulli trials. If we denote the results of the N projection measurements as
{ n + ( l - 6 + ) , n + 6 + , n - ( l -6-),n-6-,m~,m1} in the same order, these numbers
should be related to nph and nfil as
2
lnph - ml - 12- [Sp(

lnfil-mo-ml

1- 6 - )

+ Ci6-I I 5 NE

(4)

-cp(n+6++n-6-)
2

-$[n+(l-6+)+nP(l

-6-)]l 5 NE

with probability at least 1 - e x p ( - 2 N ~ ~ ) .Since the marginal state PA on KA
cannot be altered by Eve, the X-basis measurement on KA is another Bernoulli
trial. Since PA = c;P( IOx)~) s i p ( I l x ) ~ we
) , have

+

[mi + n + 6 + + n - ( l - - 6 - )

-siNI 5 NE.

(6)

For the check pairs, nem corresponds to
Mem

-P(Joz)A)@Fl +P(IIZ)A)@FO=( 1 / 2 ) [ P ( ~ ~ l l ) ) + P ( ~ r o i ) ) + l A ~ ~ e x ] ,

where we have introduced a basis { lrij)}i,j=o,l
of KA@ K g by

Irij) - c p I i x ) ~ I j x ) ~ - ( - l ) j ~ p 1 ( 1 - i ) x ) A 1 ( 1

-jlx)B.

It implies that nem could also be obtained by the global projection measurement {Qoo, QI1 ,Q I O , Qol , 1 @~L X } , where Qij = P( Irjj)),followed by Bernoulli
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trials.

If we write the results of N projection measurements as {n:(l
1 - 6 [ ) , n L 6 [ , m } , we obtain

-

S:),n!+S:,n'(

+

Inerr - (n!+S: n\6/

+m ) / 2 1 i N E .

(7)

If we compare the projection measurements on the data pairs and the check
pairs, we further notice that n+ and n: are the results of an identical measurement, namely, projection onto the space H+ spanned by { IOx)~IOx)~,
I Ix)A I l x ) ~ } .
We can thus apply the classical probability estimate. 6+ and 6: comes from projection to nonorthogonal states. For such a case, it was showng that combination (6+,6:) is exponentially rare unless there exists a state p on H+ satisfying
Tr[pP( 1 I x ) 1 ~I x ) ~ ) =
] 6+ and Tr[pP( Irll))]
= 6;. Using these arguments, we obtain
In+ -.+' I

s:

I NE,

(8)

> c p * +s;(l-6*)-2cgspd&(c&-E.

(9)

Combining the above inequalities (4)-(9) with the following obvious relations

n++n-+mo+ml

=N

n'++ny+m = N ,
we can calculate n p h , as a function of given (nfil,nerr).
4. Key gain

We are interested in the secret key gain in the limit N -+ OQ. Let us define the
quantities normalized by N such as fiph = n,h/N and fie, = nerr/N,for example.
The rate of the final key is g i ~ e n ~by
>~>'~

where h(x) = -x10g2x - ( 1 - x) log2(1 - x). In the limit of N -+ OQ, we can set
E = 0 in the derived inequalities in the last section. Then, we can determine fibitma
and A p h a x for given values of fifil,fien in the following way.
First, from Eq. (3), we have
fibitrnax = fierr.

>From other relations, we can derive the following set of relations:

2fien >_

Afil - 2

~p~p

(13)
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fiph

= f i 1 + f i - [ S i ( l -6-) +$6-]

fifi1= f i o

fi1
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(15)

+ + ci(fi+6+ +A_&)
$21

+si[fi+(l-6+)+fi-(l -&)I
+fi+6+ + k ( 1 - K ) = s,2

fi++fi-+fio+fi1=

(16)
(17)
(18)

1.

Then we can eliminate fi&,6* in the first inequality by using the subsequent four
equalities, obtaining an inequality of form fie, 2 f ( f i f i l , f i p h , f i O , & 1 ) . Hence we
can calculate the minimum fie-n of fie, as a function of
fiph as
fiemnin(fifi1 ,fiph) =

Then we can determine A P b ,

mip

*om

f(fifi1, fiph, f i 0 , f i l ) .

by solving fie, = fiemnin(fifi1, APb,).

5. High-loss limit
In this section, we consider the key rate in the limit of a high loss in the transmission, q + 0 (examples of the key rate for low-loss cases were given el~ewhere'~).
Since the observed parameters fifil and 2, both go to zero in this limit, let us define normalized quantities instead, which stay nonzero. One is the error rate in the
conclusive bits, defined by re, = fie,/&.
We similarly define the phase error rate
rph = fiph/fifil. Since fifil goes to zero in proportion to 7,we could normalized it
by q. But here we introduce the quantity
fifilo := (1 - , - 4 ~ 1 4 ~

1/27

(19)

which is the rate of obtaining conclusive outcomes that would be observed if the
channel was perfect except for the transmission q. Let us normalize f i f i l by this
quantity, as sfil = A f i ~ / f i f i ~ oWe
.
further introduce so = mo/fifilo,SI = ml lfifilo, and
s* = G*/fifilo. Then, Eqs. (15)-( 18) in the limit q -+ 0 become

n+ = c,2

(20)

n- = s,2

(21)

The inequality (14) is also rewritten as
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As stated in the last section, r p m E riPm/rican
fil be obtained by taking the
minimum of the right hand side of Eq. (24) over so and sl, which occurs when
so = s1 = 0. Hence we arrive at the equation that implicitly determines rpbax as
a function of sfil and re*:
re,

z

---

The key rate in the same limit is given by

G/V -+21al2sfii [I - h (re,) - h (rphmax)]

(26)

which shows that, in the high loss limit, the key rate is proportional to the transmission 7 as long as the observed parameters re= and sfil give a positive value for
the right hand side.
For example, in an ideal case where re, = 0,sfil= 1, we can solve Eq. (25) to
obtain r p w = st. Then, the key rate is

-

where the right hand side shows the trade off between the raw key rate and the
information leak to Eve. It is optimized for l
a
1
' = 0.23, achieving G 0.14q.
Considering the use of conventional lasers, this result is not so bad when compared
to the rate G = 0.57 for the BB84 protocol with an ideal single-photon source.
The threshold error rate, above which the key rate vanishes, can be determined
by the relation
1 - h(re=) - h(rp-)

= 0.

(28)

In general, the threshold error rate gets larger when the amplitude (a(
is smaller.
In the limit of (aI2+ 0, we can explicitly write r P h u as

Substituting this into Eq.(28), we can determine the threshold error rate as a function of sfil, which is shown in Fig. 2. It is seen that as long as the error rate is
smaller than 7.6%, we have a positive key gain. We also notice that in some
region the key gain is positive for larger error rates, but we should note that such
cases occur only when we take an eccentric model of noises in the transmission.
N
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Figure 2. The threshold error rate (the upper curve). The region below the lower curve is not allowed
physically.

6. Summary
In summary, we have shown that by encoding on the phase of a weak coherent
pulse relative to a strong reference pulse, we can achieve a key rate of O(q) with
unconditional security, which is an advantage over the coherent-state BB84. The
key rate is positive up to the error rate 7.6%. There are several proposal^'^^'^
to improve the performance of the coherent-state BB84, and their unconditional
security2' is an interesting problem. The security of the original B92, which uses
only one LO, is also interesting since the relation between the amplitude of the
reference pulse and the security will show up more tightly.
N
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LIMITATION ON THE ACCESSIBLE INFORMATION FOR QUANTUM
CHANNELS WITH INEFFICIENT MEASUREMENTS

KURT JACOBS
Centre for Quantum Computer Technology, Centre for Quantum Dynamics,
School of Science, Grifith University, Nathan 411 I , Australia

To transmit classical information using a quantum system, the sender prepares the system in one
of a set of possible states and sends it to the receiver. The receiver then makes a measurement on
the system to obtain information about the senders choice of state. The amount of information
which is accessible to the receiver depends upon the encoding and the measurement. Here
we derive a bound on this information which generalizes the bound derived by Schumacher,
Westmoreland and Wootters [Schumacher, Westmoreland and Wootters, Phys. Rev. Lett. 76,
3452 (1996)l to include inefficient measurements, and thus all quantum operations. This also
allows us to obtain a generalization of a bound derived by Hall [Hall, Phys. Rev. A 55, 100
(1997)], and to show that the average reduction in the von Neumann entropy which accompanies
a measurement is concave in the initial state, for all quantum operations.

1. Introduction
Here we are concerned with the scenario in which one observer (A, or Alice)
sends classical information to B (or Bob), by encoding this information in a quantum system. To do this, Alice and Bob agree on a set of states, {pi} to use as an
“alphabet” for communication. Alice prepares the system in one of these states,
and sends it to Bob, who measures the system so as to determine as best he can
which state alice has sent. Bob’s measurement, being a quantum measurement,’>2
is described by a set of operators A j where each j corresponds to one of the possible measurement results. Since Bob does not know which state Alice has prepared prior to making his measurement, his initial state for the system is given
by CiP(i)pi where P ( i ) is the probability that alice will send the message i . The
probability that Bob obtains outcome j is given by P ( j ) = T r [ A j A j ~ l The
. ~ conditional probability that Bob obtains result j given that Alice has prepared state i
is P ( j l i ) = Tr[AJAjpi]. Upon obtaining the result j Bob’s state of knowledge for
it is an abuse of notation to denote the ensemble probabilities by P ( i ) , and the (in general
unrelated) outcome probabilities by P ( j ) , we use it systematically throughout, since we feel it keeps
the notation simpler, and thus ultimately clearer.
87
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the system becomes O j = A j p A f / P ( j ) . We note that the set of states along with
their respective probabilities is referred to as an ensemble, and we will refer to p
as the ensemble state.
The amount of information which Bob obtains from Alice (being information
about which value of i Alice has chosen) is given by the mutual information between the random variable Z who’s values are i (note that i is random from Bob’s
point of view), and the random variable j . The mutual information is

M ( Z : J ) = H [ P ( ~ )-]

CP(j)H[P(i\j)l1

(1)

j

where H [ P ( i ) ]= - x i P ( i )lnP(i) is the Shannon entropy of the probability distribution P ( i ) . The expression for the mutual information is easy to understand. It is
the difference between the entropy of Bob’s state-of-knowledge regarding i (given
by P ( i ) ) before he makes the measurement and his state-of-knowledge after he
makes the measurement (given by P ( i 1 j ) )averaged over the possible measurement
results. Note that in general Bob’s information will not be complete, in that there
will still be some entropy left in his final probability distribution P(i1j). However
the reason that the mutual information is so useful is because of Shannon’s noisy
coding theorem. This states that, in the limit that the transmission procedure (referred to as “the channel’’) is used many times, it is possible to code information
across multiple uses of the channel such that Bob does get all the information that
was encoded. Further, in the case of classical channels the amount of information
that can be sent reliably per use of the channel is precisely the mutual information
M ( Z , J ) . 3 In the quantum case M(Z : J ) is just a lower bound on the reliable transmission rate, because it is possible to make joint measurements across multiple
uses of the channel (that is, jointly measure more than one system at a time) and
obtain a higher rate.4i5
The celebrated Holevo bound, conjectured by Gordon6 and L e ~ i t i n , ~and
>*
proved by Holevo in 1973,9gives a bound on the mutual information for a given
encoding ensemble. This states that, if the receiver has the ability to perform any
measurement, then

The quantity on the RHS is called the Holevo

x quantity for the ensemble E =

{~ilP(i)).

In 1996 Schumacher, Westmoreland and Wootters (SWW) derived a bound
for the case in which the measurement is also fixed and may in general be
incomplete.’O This bound is more stringent that the Holevo bound when the measurement is incomplete, and reduces to the Holevo bound for complete measure-
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ments. Incomplete measurements are measurements in which the measurement
operators A j are not all rank- 1, so that in general the measurement does not leave
the system in a pure state. As a result, if the system starts in some ensemble of
states, then it will, in general, remain in a (different) ensemble of states after the
measurement. The SWW bound is"

where P ( j ) is the probability of outcome j , and X j is the Holevo quantity for the
ensemble that the system remains in (from the point of view of the receiver), given
outcome j . This bound can be at least partially understood by noting that if the
system still remains in some ensemble of possible states after the measurement,
then future measurements can potentially extract further information about the
encoding, and so the information obtained by the first measurement must therefore
be less than the maximum possible by at least by this amount. What the SWW
bound tells us is that the bound on the information is reduced not only by the
amount of information which could be further extracted after outcome j has been
obtained, but by the Holevo bound on this information, xj.
The most general kind of quantum measurement can be both inefficient as well
as incomplete. An inefficient measurement is one in which the observer only has
partial knowledge of the outcome of the measurement. Any incomplete measurement can be described by labeling the measurement operators by two indices, and
giving the observer access only to one of them when the measurement has been
made.b In the this case Bob must average the final states over the values of the
variable he does not know. Such measurements are called inefficient because they
first arose in the context of inefficient photo-detection.
We show here that the SWW theorem is also true for inefficient measurements,
and thus for all quantum measurements. We also consider a bound derived by Hall,
which states that for efficient measurements the mutual information is bounded
by the average reduction in the von Nuemann entropy of the system caused by
the measurement. l 2 > l 3This is no-longer true for inefficient measurements, but the
extension of the SWW theorem to inefficient measurements allows us to obtain as
a corollary a generalization of Hall's bound which is valid for all measurements.
bIf the observer has only partial information about the outcome of a measurement, then if we label the
outcomes by n (with associated measurement operators E n ) ,the most general situation is one in which
the observer knows instead the value of a second variable m, where m is related to n by an arbitrary
conditional probability P(m1n). This general case is encompassed by the two-index formulation we
use in the text. To see this, one sets k = n, j = m and chooses Anm(=Akj) = anmEn.Then by giving
the observer complete knowledge of j , and no knowledge of k, we reproduce precisely the general
case described above by choosing an,,,so that lanm12
= P(m1n).
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We also obtain a second corollary, which is that the average reduction in the von
Neumann entropy is concave in the initial state. This has recently proved to be
useful in the quantification of the asymmetry of a state with regard to a reference
frame.14
We note that the average reduction in the von Neumann entropy is a useful
quantity in quantum feedback control. In feedback control, one continually observers a system (a process which can be though of as a sequence of many weak
measurements) and uses the information gained, in real-time, to apply forces by
adjusting the system Hamiltonian, and thus applying a sequence of unitary operations to the s y ~ t e r n . ' ~ One's
~ ' ~ ability
~ ~ ~ to
~ control
~ ~ ~ 'a ~system in this manner,
assuming that there is no restriction upon the unitaries that may be applied, is determined solely by the entropy of the system.20The primary role of measurement
in feedback control is therefore to reduce this entropy. As such the average reduction in von Neumann entropy provides a ranking of the effectiveness of different
measurements for feedback control, other things being equal. Further details regarding quantum feedback control and von Neumann entropy can be found in
reference 20.
In the next section we extend the SWW bound to inefficient measurements,
and in Section 3 we present the corollaries regarding Hall's bound and the von
Neumann entropy. Section 4 concludes with a brief summary of the relationships
between the various information bounds.

2. Extending the SWW Bound to Inefficient Measurements

To prove their theorem, SWW considered a situation consisting of three subsystems, the system to be measured, a second system through which the measurement
is accomplished, and a third system playing the role of an environment. It turns
out that to extend the SWW theorem to inefficient measurements we can employ
the same method as used by SWW, but with the addition of a forth system which
allows us to include the inefficiency of the measurement.
Theorem 1. For a communication protocol in which the sender encodes information in a quantum system using the ensemble E = {P(i),pi}, and the receiver
makes a measurement described by the operators A k j ( x k j A kt j A k j = I), where the
measurement is in general ineficient so that the receiver knows j but not k, then
the mutual information, M ( I :J ) , is bounded such that

x

M ( I :J ) I- Z P ( j ) X j ,

(4)

j

where P( j ) is the overall probability for outcome j ,

x = S(p) - xiP(i)S(pi)is the
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Holevo quantityfor the initial ensemble and
x j = S(Oj) - xP(iIj)S(Ojli),

(5)

is the Holevo quantity for the ensemble, E j , that remains from the point of view
of the receiver once the measurement has been made (so that the receiver has
learned the value of j , but not the value of k). The receiver's overalljnal state is

where P(i,k (j ) is the probability for both i and outcome k given j , and ( s k j ( i is the
j n a l state that results given the initial state pi, and both outcomes j and k. The
remaining ensemble is E j = {P(jli),ojli},where

and where P(kl j , i ) is the probabilityfor outcome k given j and the initial state p i .

Proof. To begin with it is useful to collect a number of key facts. The first is
that any efficient measurement on a system Q, described by N = N1 N2 operators,
Akj, ( j = 1 . . ,N1 and k = 1,.. . ,N2) can be obtained by performing a unitary
operation between Q and an auxiliary system A of dimension N , and then making
a von Neumann measurement on A.21>2
If the initial state of Q is p ( @ , then the
final joint state of A and Q after the von Neumann measurement is

where Ikj) is the state of A selected by the von Neumann measurement. The
second fact is that the state which results from discarding all information about the
measurement outcomes k and j can be obtained by performing a unitary operation
between A and another system E which perfectly correlates the states Ikj) of A
with orthogonal states of E , and then tracing out E . The final key fact we require
is a result proven by SWW," which is that the Holevo quantity is non-increasing
under partial trace. That is, if we have two quantum systems A and B , and an
ensemble of states p y ) with associated probabilities Pi, then

x

x(A)

= S(p(A)) - ES(p?))
i

5 S(p(AB))- ES(p!"B))= p), (9)
i

where p y ) = T r ~ [ p y ) To
] . prove this result SWW use strong subadditivity.c
'The original proof of strong subadditivity is given in references 22, 23 and 24. In addition, simpler
proofs of strong subadditivity are given in Petz2* (which is described in Ref. 26) and Ref. 27 .
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We now encode information in system Q using the ensemble E , and consider
the joint system which consists of the three systems described above, Q,A , and E ,
and a forth system M that has dimension N1. We now start with A , E and M in pure
states, so that the Holevo quantity for the joint system is x ( ~= x~( ~ )~We
. then
~ )
perform the required unitary operation between Q and A , and a unitary operation
between A and E which perfectly correlates the states Ikj)cA)of A with orthogonal
states of E . Unitary operations do not change the Holevo quantity. Then we trace
over E , so that we are left with the state

After the two unitaries and the partial trace over E , the Holevo quantity for the remaining systems, which we will denote by x'(QAM),
satisfies x'(QAM)<
- x(QAEM)
=
@ ) . We now perform one more unitary operation, this time between M and A , so
that we correlate the states of M , which we denote by l j ) (jlc') with the second
index of the states of A, giving

xl")

69 ~ q k > ~ ) l k > . w j l 69op
(A)

(11)

k

j

where oiy' = A k j p @ ) A i j / P ( k , j ) is the final state resulting from knowing both
outcomes k and j , with no knowledge of the initial choice of i. Finally we trace
out A , leaving us with the state
~ ( Q M=
)

x1
j

j ) (j l ( M )69

x

~ ( kj ),oiy'

(12)

k

After this final unitary, and the partial trace over A , the Holevo quantity for the
remaining systems Q and M ,which we will denote by x"(QM),satisfies x"(QM)5
x'(QAM)5
We have gone through the above process using the initial state
p, but we could just as easily have started with any of the initial states, pi, in the
ensemble, and we will denote the final states which we obtain using the initial
state pi as ole"). Calculating x"(Q') we have

x(Q).

Rearranging this expression gives the desired result.

0
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3. Two corollaries regarding entropy reduction
Hall’s bound states thatl2)l3

is always true for efficient measurements. However, this cannot always be true for
inefficient measurements because in this case the entropy reduction ( A S @ ) ) can
be negative, whereas the mutual information is always positive. We can obtain
the generalization of Hall’s bound for inefficient measurements by rewriting the
information bound derived above using the fact that P ( i l j ) P ( j )= P ( j l i ) P ( i ) .This
gives

xi

where p = Pipi. This also tells us that if the entropy of the system does increase
on average when the measurement is made, the average increase in the entropy
for each of the coding states p i is always more that this by at least the mutual
information. For efficient measurements this expression generates Hall’s bound
because ( A S @ ) ) is always positive for such m e a ~ u r e m e n t s . ~ ~ ~ ~ ~ ~ ~ ~
The second result that we obtain from Eq.(16) is that, because the mutual
information is nonnegative, we have

That is, the reduction in the von Neumann entropy is concave in the initial state.
This parallels the fact that the mutual information is also concave in the initial
state. The fact that this is true for inefficient measurements, and not just efficient
measurements, means that, once we have made an efficient measurement, it remains true no matter what information we choose to throw away regarding the
measurement results. This is true even though, the LHS of the above inequality
can certainly decrease by more than the RHS when information is thrown away.

4. conclusion
In this work we have shown that the bound on the mutual information derived
by Schumacher, Westmoreland and Wootters, also holds for inefficient measurements, and thus all quantum operations. The SWW implies both the Holevo bound
and Hall’s bound, which are complementary to each other: The Holevo bound
applies when the sender’s encoding is fixed and the receiver can make any measurement, and Hall’s bound gives a bound in the opposite situation. In fact, they
are even more closely related: the relationship between them is the result of the
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duality between states and measurements which was pointed out by Hall.’* They
therefore have very similar forms -while Holevo’s bound involves the ensemble
state and the initial encoding states, Hall’s bound involves the ensemble state and
t h e j n a l states. In extending the SWW bound to inefficient measurements we obtain a generalization of Hall’s bound which is valid for all quantum operations. In
addition, this allows us to show that the reduction in the von Neumann entropy of
a system during a measurement is concave in the initial state.

Acknowledgments
The author would like to thank Gerard Jungman, Howard Barnum, Howard Wiseman, Terry Rudolph and Michael Hall for helpful discussions.
Note added: Shortly before publication the author became aware of the similar
work by Barchielli and L ~ p i e r i . ~ ’ ) ~ ~

References
1. M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum Information
(Cambridge University Press, 2000).
2. B. Schumacher, Phys. Rev. A 54,2614 (1996).
3. C. E. Shannon and W. Weaver, The Mathematical Theory of Communication (University of Illinois Press, Chicago, 1963).
4. A. S. Holevo, IEEE Trans. Inf. Theory 44,269 (1998).
5. B. Schumacher and M. D. Westmoreland, Phys. Rev. A 56, 131 (1997).
6. J. P. Gordon, in Quantum Electronics and Coherent Light, Proceedings of the International School of Physics ‘Enrico Fermi’ X X X I , edited by P. Miles (Accademic Press,
New York, 1964).
7. L. B. Levitin, in Proceedings of the All-Union Conference on Information Complexity and Control in Quantum Physics, Sec. 11, edited by P. Miles (Mockva-Tashkent,
Tashkent, 1969).
8. L. B. Levitin, in Information, Complexity and Control in Quantum Physics, edited by
A. Blaquiere, S. Diner, and G. Lochak (Springer-Verlag,New York, 1987).
9. A. S. Holevo, Probl. Peredachi Inf. [Probl. Inf. Transm. (USSR) 9, 177 (1973)l 9, 3
(1973).
10. B. Schumacher, M. Westmoreland, and W. K. Wootters, Phys. Rev. Lett. 76, 3452
(1996).
11. H. M. Wiseman and G. J. Milburn, Phys. Rev. A 47, 642 (1993).
12. M. J. W. Hall, Phys. Rev. A 55, 100 (1997).
13. K. Jacobs, Phys. Rev. A 68,054302 (2003).
14. J. A. Vaccaro, F. Anselmi, H. M. Wiseman, and K. Jacobs, Complementarity between
extractable mechanical work, accessible entanglement, and ability to act as a reference frame, under arbitrary superselection rules (Eprint: quant-ph10501121).
15. V. P. Belavkin, in Information, Complexity and Control in Quantum Physics, edited by
A. Blaquiere, S. Diner, and G. Lochak (Springer-Verlag,New York, 1987).

Limitation on the Accessible Information for Quantum Channels

95

16. V. P. Belavkin, Rep. Math. Phys. 43,405 (1999).
17. A. C. Doherty and K. Jacobs, Phys. Rev. A 60,2700 (1999).
18. A. C. Doherty, S. Habib, K. Jacobs, H. Mabuchi, and S. M. Tan, Phys. Rev. A 62,
012105 (2000).
19. M. R. James, Phys. Rev. A 69,032108 (2004).
20. A. C. Doherty, K. Jacobs, and G. Jungman, Phys. Rev. A 63,062306 (2001).
21. K. Kraus, States, Effects and Operations: Fundamental Notions of Quantum Theoy,
Lecture Notes in Physic Vol. 190 (Springer-Verlag, Berlin, 1983).
22. E. H. Lieb, Ad. Math. 11,267 (1973).
23. E. H. Lieb and M. B. Ruskai, Phys. Rev. Lett. 30,434 (1973a).
24. E. H. Lieb and M. B. Ruskai, J. Math. Phys. 14, 1938 (1973b).
25. D. Petz, Rep. on Math. Phys. 23, 57 (1986).
26. M. A. Nielsen and D. Petz, A simple proof of the strong subadditivity inequality
(Eprint: quant-phl0408130).
27. M. B. Ruskai, J. Math. Phys. 43,4358 (2002).
28. M. Ozawa, J. Math. Phys. 27, 759 (1986).
29. M. A. Nielsen, Phys. Rev. A 63, 022114 (2001).
30. C. A. Fuchs and K. Jacobs, Phys. Rev. A 63,062305 (2001).
31. A. Barchielli and G. Lupieri, Instruments and channels in quantum information theory
(Eprint: quant-phlO409019).
32. A. Barchielli and G. Lupieri, Instruments and mutual entropies in quantum information (Eprint: quant-phl0412116).

This page intentionally left blank

CODES FOR KEY GENERATION
IN QUANTUM CRYPTOGRAPHY

BERTHOLD-GEORG ENGLERT
Department of Physics, National University of Singapore, Singapore 11 7.542
phyebg @nus.edu.sg
FANG-WE1 FU*
Temasek Laboratories, National University of Singapore, Singapore 117508
tslfufw@nus.edu.sg
HARACD NIEDERREITER AND CHAOPING XING
Department of Mathematics, National University of Singapore, Singapore I 1 7543
nied@math.nus.edu.sg, matxcp @nus.edu.sg

As an alternative to the usual key generation by two-way communication in schemes for quantum cryptography, we consider codes for key generation by one-way communication. We study
codes that could be applied to the raw key sequences that are ideally obtained in recently proposed scenarios for quantum key distribution,which can be regarded as communication through
symmetric four-letter channels.

Keywords:Error correcting codes, linear codes, quantum key distribution

1. Introduction
In a recently proposed protocol for quantum key distribution,'$2Alice sends uncorrelated qubits through a quantum channel to Bob. Under ideal circumstances,
the channel is noiseless, and then the situation is as follows.
Alice prepares each qubit in one of four states - labeled A, B, C, and D,
respectively, and chosen at random - and Bob detects each qubit in one of four
states that are labeled correspondingly. The set-up has the peculiar feature that
Bob never obtains the letter that specifies the state prepared by Alice. Rather, he
*on leave from the department of mathematics, nankai university, tianjin 300071, p. r. china
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always gets one of the other three letters, whereby the laws of quantum physics
ensure that the outcome is truly random, and each possibility occurs equally likely.
These physical laws also prevent any third party, eavesdropper Eve, from acquiring information about Alice’s or Bob’s letters. Therefore, they can exploit the
correlations between their letters to generate a private cryptographic key, which
they can then use for the secure encryption of a message.
The key generation is a crucial step. Two different procedures are described
in Refs. 1 and 2, with respective efficiencies of and key bits per letter. Both
procedures rely on two-way communication between Alice and Bob. By contrast,
it is our objective here to study codes for the key generation by one-way communication.
After the exchange of many qubits through the quantum channel, Alice and
Bob have random sequences of the four letters, such that corresponding letters
are never the same, while each of the twelve pairs of different letters occurs onetwelfth of the time, with no correlations between the pairs. Alice sends a code
word to Bob by telling him, through a public channel, the positions at which the
letters appear in her sequence - such as “3rd letter, then 14th, 15th, 92nd, and
65th” for a particular five-letter word. Bob forms the received word from his
corresponding letters, and then decodes.
The public communication does not leak any useful information to Eve. Thus,
if Alice chooses a random sequence of code words, each word being equally likely,
as she will do, Eve knows nothing about Alice’s words. She also knows nothing
about Bob’s decoded words, provided that Bob’s decoding procedure does not
favor some words at the expense of others. Accordingly, the sequence of words
constitutes a privately shared key for secure classical communication between
Alice and Bob.
There is a nonzero probability that Bob’s received word is consistent with two
or more words that Alice could have sent, so that the decoding will not be completely error-free. A good, practical code must, therefore, represent a compromise
between (i) having not too many code words, (ii) an acceptable error rate, and (iii)
a reasonable efficiency. Arguably the best compromise we report in Section 8 is
code (3) of Example 1. It has 1024 words, an error rate of 0.6%, and an efficiency
of key bits per letter.
As there is no fundamental reason why the key generation by one-way communication should be substantially less efficient than that by two-way communication, one expects that more efficient codes can be found. Therefore, the work
reported here should be regarded as a first step, not as the final word on the matter.
It is worth mentioning that there is a very similar problem for the three-letter
channel of Renes’s “trine” scheme. Further, the standard BB84 protocol3 has

3

*

2
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a four-letter channel with quite different properties, for which codes for oneway key generation are not known. The same remark applies to the six-letter
generalization4 of BB84. In short, there is a whole class of coding problems that
deserve attention.

2. Probability Distributions
The quantum protocols of Alice and Bob involve two random variables X and Y
taking values in {A, B , C , D } . We have the following corresponding probability
distributions with n,y E {A, B , C,D}. The joint probability distribution of X and Y
is given by
Pr{x =x,Y = y} =

{

0 ify=x,
2
; ,
-dyfx.

(1)

Accordingly, the marginal probability distributions of X and Y are

and the conditional probability distribution of Y with respect to X is
Pr{Y=yIX=x}=

( 0 ify=x,
1

[

ify#x.

(3)

Now we compute the information-theoretic quantities entropy, conditional entropy, and mutual informationa of the random variables X and Y . The entropy of
Y is

H(Y) =

- z P r { Y =y}log,Pr{Y = y} = 2 ,

(4)

yEIA,B,CPI

and for the conditional entropy of Y with respect to X we find

H ( Y ~ X=
)

- D r { x = x , Y =y}log2Pr{Y=yl~=n}=log23,
X,Y E

(5)

{A,B,C,D)
YZX

and we obtain
Z(X;Y) =
X,Y E

z

Pr{X = x , Y = y} log,

{A,B,C,D)
Y#x

Pr{X = x , Y =y}
Pr{X = x } Pr{ Y = y}

= H ( Y ) - H ( Y I X ) =log, 4
-

3
for the mutual information of X and Y .
aFor the definitions of these and other information-theoretic quantities see Ref. 5, for example

(6)
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3. Discrete Memoryless Channel
The information transmission from Alice to Bob can be described in information
theory by a discrete memoryless channeLa This channel is characterized by the
conditional probability distributiona of Y with respect to X,
Q(ylx) = R { Y = y 1 X = x } =

0 ify=x,
1
{ 3- i f y f x ,

(7)

where x , y E { A , B, C, 0).The channel capacitya is defined by
c = maxZ(X;Y) = maxl(P;Q),
4r

P

(8)

where

and the maximum is taken over all probability distributions P on { A , B , C ,D}.
The channel defined by (7) is a symmetric channel (see Theorem 8.2.1 on
p. 190 in Ref. 5). Hence, the capacity is attained by the uniform distribution on
{ A , B , C , D } ,so that
4
3

c = log, - A 0.4150.

For any positive integer n, the nth extension of this discrete memoryless channel
has the conditional probability distribution

( 0 if yi = xi for some i ,

wherex=

...

( ~ 1 ~ x 2 ,,x,),y=

(y1,y2,. . . , y n ) E

{A,B,C,D}"aren-letterwords.

4. Codes for the Specific Channel
In this section, we discuss the design of codes and decoding methods for the specific channel introduced in Section 3.
Let F4 be the finite field with four elements. It is convenient to let A , B , C, D
be represented respectively by the four elements 0, 1, a, b of F4 since we want to
use linear codes for this specific channel. The addition and multiplication tables
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of F4 are as follows:

.F
aabOl

a Oabl

bbalO

bObla
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(12)

Let F: be the n-dimensional vector space over F 4 . For two vectors x =
. . ,xn) E F:, y = ( y l , y 2 , . . . , y n ) E F:, the Hamming distance d(x,y) between x and y is defined as the number of coordinates in which they differ,
(q,x2,.

d(x,Y)

=

I {i :xi Z Y i } I .

(13)

The Humming weight W(X) is the number of nonzero coordinates in x ,
W(X)

=

I { i : xi # 0 )I .

(14)

A code of length n with M 2 2 codewords is a subset c of F:,
C

{ ~ 1 , ~ .2.,, c. w } ,

The minimum distance d( C ) of the code
between two distinct codewords,

c

Ci

E F:.

(15)

is the minimum Hamming distance

d ( ~=) min{d(x,y) : x,y E C , x

# y}.

(16)

We denote by
L(Ci)={xEF::

d ( x , c j ) = n } f o r i = 1,2,...,M

(17)

the set of n-letter words that could be received if codeword ci is sent. It is easy to
see that for any i, j , 1 E { 1,2,. . . ,M } we have

Note, in particular, the significance of (20): For any three different codewords that
could have been sent by Alice, there is at least one word received by Bob that is
consistent with all three.
Further, it follows from (1 1) that

QYYIx)=

0 ifY @ W ,
.
- lfY€L(X).

(f tn
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This means that if Alice sends x E FI; through this channel to Bob, then Bob
receives y E L(x) with probability 1/3".
Now we describe a decoding method for the code C by decoding regions,
which exploits the significance of L(ci). The M subsets D1, Dz, . . . ,DM of FI; are
called decoding regions for the code C if they satisfy the following conditions:
(i) Di L ( c i ) , i = 1 , 2 , . .. , M ;
(ii) D i n Dj = 0 , i # j ;

uDi u L ( c i ) .
M

(iii)

M

=

i= 1

i= 1

The decoding method for the code C with the decoding regions D1, Dz, . . . ,DM is
then: decode the received vector y into ci if y E Di. In some cases, for simplicity,
we can construct the decoding regions in accordance with

Di = L ( c i ) \

c:

),

uL(cj)

i = 2 , 3 ,...,M .

This means that we decode the received vector y E U E l L(Ci) into the first Ci such
that d ( y , c i )= n.
Since the decoding regions of (23) refer to an agreed-upon order of the codewords, the decoding is biased toward the early codewords in the list at the expense
of the later ones. Such a bias is avoided by the maximum likelihood decoding.6 It
can be described as follows: The received vector y E
L(ci) is decoded into
any codeword ci such that Q"(y1ci) is the maximum value of Q"(y1c) over all
codewords c E C. If there is more than one such ci, we choose one of them at
random. It is easy to see that this is equivalent to the following decoding method:
The received vector y is decoded into either one of the codewords ci that obey
d ( y , c i )= n, choosing one at random if there are several such cis.

5. Decoding Error Probability
In this section, we discuss the decoding error probability and Shannon's Channel
Coding Theorem for the specific channel introduced in Section 3. Some criteria
for good codes for this channel are given.
For a code C with decoding regions D1, Dz, . . . ,D M ,the probability ei of the
event that the vector y received by Bob is not decoded into the codeword ci sent
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by Alice is given by
ei = Pr{y

9Di I ci is sent} = 1 - Pr{y E Di I ci is sent}

= l - - lDil
,
i = 1 , 2 ,...,M .
3"
The average error probability Z is the arithmetic mean of the eis,

(24)

and the maximum error probability emax is the largest one of them,
emax= max ei.
1<i<M

Obviously, Z 5 emax.Note that
Z=O*e,,=O

ei = 0 for all i

L(ci) n L ( c j ) = 0 ,

i

#j .

Hence, it follows from (19) that
em,>Z>O.

(28)

In particular, if the decoding regions D1, D2,. . . ,DM are given by (23),then
1

el = 1-- 3"lL(C1)1 = o ,

The decoding error probability of a code is one of its most important performance characteristics. In this connection, we recall Shannon's Channel Coding
Theorem (see Refs. 5 and 6).
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Theorem 1. (Shannon's Channel Coding Theorem) For any 0 < E < 1 and 0 <
R < log2(4/3), there exists for suficiently large n a code C of length n and size
M A 2nRsuch that emax6 E, and so in particular e 6 E.
Remark 1. For fixed n and M , the best we can do is to choose a code
C = { C ~ , C...,
~ ,CM},

lUEl

Cj

(30)

EF;,

1

such that
L(Ci) is as large as possible, i.e., the average error probability Z is
as small as possible. For fixed n and E 5 E, in view of (25) we have to try to find a
code C with the largest size M such that

Note that for certain values of n and E, such a code C may not exist.

6. Upper Bounds on the Decoding Error Probability
In this section, we give several upper bounds on the decoding error probability of
codes for our specific channel.
Let C be a code for our specific channel. The distance distribution of the code
C is defined by
1
A S --- M
I{(x,y)~CxC:d(x,y)=s}I,

s=O,l,

...,n .

(32)

It is easy to see that

Theorem 2. Let C be a code for the specijic channel in Section 3. Suppose that
the distance distribution of the code C is given by Ao,A1,, . . ,An. Then the average
error probability Z is upper bounded by
Z

5

i A s
s=l

(i)'

(34)

Proof. By the definition of L(ci) in (17) we know that if d(ci,cj) = s, then

IL(c~)nL(cj) I = 3"-'2'

= 3"

(i)',

s=

1,2,...,n .

(35)
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Hence,

By (36) and noting that IL(ci)l = 3", we obtain

= 3"M

-

3nM i A s
s=l

(i)'.

(37)

Hence, (34) follows from (25) and (37).

Theorem 3. Let c be a code for the spec@ channel in Section 3. Ifthe minimum
distance d ( C ) 2 d, then the average error probability Z is upper bounded by

Proof. If the minimum distance d ( C ) 2 d , then A, = 0 for 1 5 s 5 d - 1. Hence,
by Theorem 2 and (33),

This completes the proof.

0

Theorem 4. Let c be a code for the speciJicchannel in Section 3. Ifthe minimum
distance d ( C ) 2 d and the decoding regions D1, D2,, , , ,DM are given by (23),
then the maximum error probability emaxis upper bounded by

Proof. If the minimum distance d ( C ) 2 d , then for i # j ,
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Hence, by (29) and (42),

Therefore, emax5 ( M - 1)(2/3)d.
7. Linear Codes
In this section, we discuss the design of linear codes and the decoding error probability of linear codes for our specific channel. Some criteria for good linear codes
are given.
First, we recall some basic concepts for linear codes. A code C over F4 is
called a linear [n,k] code over F4 if C is a k-dimensional subspace of F
:. Note that
for a linear [n,k] code C over F4 the number of codewords is M = 4k.Furthermore,
we call the linear code C a linear [n,k,d]code if the minimum distance of C is
at least d. Let Ai be the number of codewords in C of Hamming weight i. The
sequence of numbers A o , A l , . . . ,An is called the weight distribution of C. It is
well known in coding theory7 that for a linear code C, the distance distribution of
C is equal to the weight distribution of C and the minimum distance of C is equal
to the minimum Hamming weight of nonzero codewords. For fixed n and k, let
d4(n,k)be the maximal minimum distance of a linear [n,k]code over F4. Tables
of lower and upper bounds on d4(n,k)are available in Ref. 8.
We denote by

a = {X = ( X I,xz,. . . ,x") E FZ : Xi # 0 for all i }
= {X = ( X I, ~ 2 ,... ,x") E F
: : W(X) = n }

(44)

the set of vectors with maximal Hamming weight, that is: the set of words that do
not have the letter A . For a linear [n,k]code C over F4,by (17), it is easy to check
that

uc L ( c )

CE

=

a+c.

(45)
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Hence, by (25), the average error probability E can be rewritten as

Note that A

+ C is a union of some cosets of c,
a
A+C =U(aj+c>,

aj E A ,

(47)

j=1

where a1

+ c,a2 + C ,. . .,aa + c are some different cosets of C. This implies that

+ C 1 = a4'.

Therefore, the average error probability t? is also given by
2=1--

a
3"

Remark 2. For fixed n and k , the best we can do is to choose a linear [n,k] code
c over F4 such that a is as large as possible. Note that even if c is optimal in this
sense, the average error probability may not be small. For fixed n and t? 5 E , we
have to try to find a linear [n,k] code c over F4 with the largest dimension k such
that

a 2 3"(1-

(49)

E).

Note that for certain values of n and E , such a linear code C may not exist.

Remark 3. It is known from Ref. 9 (see Problem 11 on p. 114) that for our specific channel the codes in Shannon's Channel Coding Theorem can be replaced by
linear codes over F4, that is, for any 0 < E < 1 and

k 1
(50)
n 2
there will exist, for sufficiently large n, a linear [n,k] code C over F4 such that

- < - l0g2(4/3) =L 0.2075

a 2 3"( 1 - E) .

(5 1)

This is equivalent to the fact that t? 5 E .
In general, for a linear [n,k,d]code c over F4, by Theorem 3 we have
2 5

(:>" <z7

4'-1
2

4' ( 2 ) d
7

and if the decoding regions D1,D2,. . . ,D4e are given by (23), then by Theorem 4,

108 B.-G. Englert et al.

Furthermore, if the weight distribution {A,}:=,
2,

of C is known, then by Theorem

By using the Gilbert-Varshamov quasi-random construction of linear codes,'
one can construct, for sufficiently large n, a linear [n,k] code C over F4 with size

M = 4k & 4"['-H4(d/fl)I

(55)

such that the minimum distance d ( C ) 2 d , where
3
H4(x) = xlog, 3 - x l o g , ~- (1 - X) log4(1 - X) , 0 5 x I - .
(56)
4
It follows from (53) that the maximum error probability emaxis upper bounded by

The function of d / n in the exponent is such that
2
1 - H4(X) +XlOg4 - < 0 U X > p,
(58)
3
where p 0.4627 is the unique solution of 1 - H ~ ( x+xlog4(2/3)
)
= 0. This
means that, for sufficiently large n, one can construct a linear [n,k] code C over
F4 with the rate

k .

- = 1 -H4(p) -0.1353

n
such that the maximum error probability emaxis arbitrarily small.

(59)

8. Some Examples
In this section we give some examples of linear codes for the specific channel
in Section 3 to illustrate our results. These linear codes are listed in Brouwer's
tables' of presently best known quaternary linear codes. The value of R is obtained from M = 2nRin Theorem 1 and corresponds to the efficiency mentioned
in Section 1.
In Table 1 we give the parameters of various codes from Ref. 8. They illustrate
a general observation, namely that there is a trade-off between the simplicity of
the code (short length n of the words, small number M of them) on one side and
the performance of the code (large efficiency R, small average error Z). In addition
to the codes of Table 1, we mention the following four codes of moderate length
and reasonably good performance.

Example 1. Here we list explicitly known linear codes of moderate lengths.
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Table 1. Examples of linear codes for the channel specified by the conditional probability distribution (7).
For each code we give the number n of letters in each codeword, the dimension k of the subspace of F!, the
minimum Hamming distance d , the total number M of codewords, the efficiency R, and in the last column
an upper bound of (52) on the average error probability E, rounded to four significant digits.
The first group on the left are six codes of length n = 100 with consecutive values of the dimension k. For
kI
16, the upper bound on I is greater than 1, and so it is not meaningful. The second group on the left are
two codes of large lengths which demonstrate that the error probability can be made very small. The group
on the right are 14 codes with lengths decreasing from 50 to 10.
n

-k

d

M

R

E l

n

k

d

M

R

100
100
100

62
60
58
56
55
52

4"
4"
412
413
414
415

0.2
0.22
0.24
0.26
0.28
0.30

6.337 x lop6
5 . 7 0 4 ~10-5
5.133~
4.620~
0.02772
0.3742

50
50
48
48
47

5
6
6

46
45
43
42
3.517~
41
6 . 3 4 0 ~ 1 0 - ~ ~ 40
30
20

5

35
33
32
33
31
32
31
30
29
28
28
22
16
10

1024
4096
4096
1024
4096
1024
1024
1024
1024
1024
256
64
16
4

0.2
0.24
0.25
0.208
0.255
0.217
0.222
0.233
0.238
0.244
0.2
0.2
0.2
0.2

100
100
100

200
250

10
11
12
13
14
15

20
25

109
136

420
425

0.2
0.2

10

5
6
5
5

5
5

4
3
2
1

E l

3

3.516~
3.165~
4.747~
7.912~
7.120~
1.187~
1.780~10-~
2.670~
4 . 0 0 5 ~lop3
6.008~
1.502~
4.277~
0.01218
0.02601

(1) A code with n = 28, k = 4 , d = 2 0 , M = 256 for which R = A 0.2857
and 2 < $(2/3)20 = 0.03849 is the upper bound of (52).
As is known from Ref. 8, there exists a linear [28,4,20] code over F4 with
the weight distribution A20 = 189, A24 = 63, A28 = 3, so that (54) gives
the bound E 5 0.03038.
(2) Acodewithn=31, k = 4 , d = 2 2 , M=256forwhichR= 5AO.2581
and E < $(2/3)22 0.0171 1 is the upper bound of (52).
As is known from Ref. 8, there exists a linear [31,4,22]code over F4 with
the weight distribution A22 = 141 , A24 = 87, A28 = 24, A30 = 3, so that
(54) gives the bound E 5 0.01216.
(3) A code with n = 40, k = 5 , d = 28, M = 1024 for which R = = 0.25
and E < $(2/3)28 0.006008 is the upper bound of (52).
As is known from Ref. 8, this optimal linear code is a quasi-cyclic
code. The generator matrix can be represented as G = [Go,G I ,G2, G3, G4,
G5, Gg, G7] where Gi for 0 5 i 5 7 are 5 x 5 circulant matrices. The first
row of G is given by [lOOOO 10120 11020 11230 12220 13130
13210 113121, where we identify 2 with a E F4 and 3 with b E F4.
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where we identify 2 with a E F4 and 3 with b E F4.
(4) The shortened code of the previous example: n = 39, k = 4 , d = 28, M =
0.205 1 and Z < f (2/3)28 A 0.001502.
256 for which R =

&

Remark 4. For codes of small size, one can calculate the exact values of ei, Z, and
e- by using (24)-(29). The decoding method is also computationally feasible.
For codes of large size, for example M = 420, decoding will become an enormous
computational task.
Remark 5. By using nonlinear codes, it may be possible to achieve better results on the decoding error probability, but we have not tried to search for good
quaternary nonlinear codes in the literature.
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A scheme of three-particle entanglement purification is presented in this work. The physical
system undertaken for investigation is dot-like single quantum well excitons independently coupled through a single microcavity mode. The theoretical framework for the proposed scheme is
based on the quantum jump approach for analyzing the progress of the hible-exciton entanglement as a series of conditional measurement has been taken on the cavity field state. We first
investigate how cavity photon affects the purity of the double-exciton state and the purification
efficiency in two-particle protocol. Then we extend the two-particle case and conclude that the
three-exciton state can be purified into W state, which involves the one-photon-trapping phenomenon, with a high yield. Finally, an achievable setup for purification using only modest and
presently feasible technologies is also proposed.

Quantum information and computation bring together the concepts from classical information science, computation theory, and quantum physics. The EPRBell' correlation, which occurs only when the quantum systems are entangled,
generates the modern division between quantum and classical information theory. The regulation methods of quantum information processing such as quantum
teleportation2, quantum data c o m p r e ~ s i o n ~and
> ~quantum
,
cryptography5 rely on
the transmission of maximally entangled pairs over quantum channels between
a sender and a receiver. As it is well known, the quantum channels are always
noisy due to inevitable interactions with environments6. The pairs shared by the
parties may become undesired mixed states. For this reason, great attentions have
been focused on the agreement of entanglement purification7, schemes of entanglement distillation', and the decoherence mechanisms of quantum bits (qubits)
in a reservoirg.
Although the environment leads to the decoherence of the qubits, it may play
an active role on the formation of the nonlocal effect under well considerations.
111

112 C.-M. Li et al.

Recently, many investigations" have been devoted to the considerations of the
reservoir-induced entanglement between two remote qubits. By utilizing the coupled fi eld of bipartite ~ y s t e m s " ~ or,
' ~ ~generally
'~
speaking, manipulating a third
system which interacts with two remote qubitsI4, many schemes have been proposed to enhance the entanglement fi delity. The scenario usually associates with a
composite quantum system consisting two two-level subsystems inside a leaking
optical cavity, and taking unintermitted monitor on the coupled fi eld state. These
proposals are only applicable in specifi c situations that the subsystems and the
coupled fi eld are in well prepared states, or in certain instant that the degree of
entanglement is maximum. However, more general situations are still lacking in
a entanglement distillation or entanglement generation process, especially the extension of the proposed two-particle schemes based on conditioned measurements
to the protocol of multi-particle entanglement generation. This issue is crucial
for both the real application of quantum comm~nication'~
and the study on the
mechanism of multi-particle entanglement.
In this paper, we present a notion of three-particle entanglement purifi cation
and an achievable setup using only modest and presently feasible technologies.
The physical system undertaken for entanglement purifi cation is dot-like single
quantum well exciton coupled through a single microcavity mode. The proposed
scheme is depicted in Fig. 1. The whole procedure in the scheme is based on optical initialization, manipulation, and read-out of exciton state. In it, the qubit
is coded in the presence of an exciton in a quantum well (QW), i.e. the exciton state in ith QW, le,h)i, is considered as the logical state
and the vacuum state, 10,O)i,which represents the state with no electron and hole, is coded
as the logical state I l)i. The theoretical framework for the proposed scheme is
based on the quantum jump approach'6. To analyze the evolution of the doubleexciton entanglement, a series of conditional measurement has been taken on the
cavity fi eld state. For accomplishing conditional measurements faithfully, the injection and leak of the cavity photon are controlled by means of the electro-optic
effect. Therefore, the photon fi eld plays an active role in the procedure of purifi cation. According to our results of analysis, the proposed scheme can search for the
decoherence-free state, i.e. the maximally entangled state, of the qubit-reservoir
system in a time shorter than the characteristic time of the qubit system. Furthermore, a high purifi cation yield and nearly unit of the entanglement fi delity can be
acquired in our proposal.
First, we consider that our system consists of only two dot-like single QWs
embedded inside a single-mode microcavity with the same coupling constant. We
assume that the lateral size of the two QWs are suffi ciently larger than the Bohr
radius of excitons but smaller than the wavelength of the photon fi elds. Therefore,
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the dipole-dipole interactions and other nonlinear interactions can be neglected.
The cavity mode is assumed to be resonant with the excitons. Under the rotating
wave approximation, the unitary time evolution of the system is then governed by
the interaction picture Hamiltonian
2

H2(1) =

tir(ad + a+o,-),

(1)

n= 1

where y is the coupling constant, a+ ( a ) is the creation (annihilation) operator of
the cavity field, and 0,' (on)represents the creation (annihilation) operator of the
excitons in the ith QW.
The dynamics of the double-dot excitons in the cavity consists of three
processes: one- and two-photon absorption, one- and two-photon emission, and
no photon absorption or emission. Since the formation of the maximally entangled
exciton is a photon-trapping phenomenon, the main idea of the proposed scheme
is to find out an eigenstate involved in the process of one-photon absorption and
emission. Obviously, if the total number of quanta in the system is, m,there would
be an eignstates of the Hamiltonian associates with the photon-trapping process,
namely

where Im - l), refers to the cavity field state with m - 1 quanta. Once the system
is in this state, the whole system does not decay at all. Accordingly, keeping the
cavity mode in state Im - I), , i.e. destroying the population of the cavity field
state, paves the way to generate the entangled excitons

Therefore, taking a measurement on the cavity mode in order to see whether its
state remains in the state or not is the key in our scheme.
For two-particle entanglement purification, the two dot-like single QWs and
cavity mode is prepared in the vacuum state, l Q 0) = lo), @I lo), @
A laser
pulse, which is tuned to the lowest interband excitation energy, is then applied on
the first QW. It can promote an electron from the valence-band to the conductionband, hence the state,
= I 1)1102) lo),, prepared for purification is obtained.
For the sake of generality and purpose of distillation, the state of QW can be any
mixed state, p, except the vacuum state. Next, a pulse with m photons is injected
into the microcavity. For the feasibility and the modest technology requirements,

loo)
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we consider here the injection of single photon, i.e. m = 1. The total number of
quantum count of the system is two.
As the single-photon has been injected into the cavity, the total system will
evolve with time, and is governed by the operator
U ( t )=

+

2y2u(G- K)u+ 1
-iyuS
-ips
2y2u(G - K ) u
1
-iySu+
-iySu
Z ( C OS ( P ) + 1) ;(cos(P) - 1)
1
-iySa+
-iySu
Z ( C O S ( P ) - 1) + S ( P )
+ 1)
2y2u+(G - K)u+
-iyu+S
-iyu+S
2y2u+(G - K ) u + 1

(4)

+

where p2 = K-' = 2y2(2u+u I), G = Kcos(p), and S = p-' sin@). If the
system evolves without interruption, it will go into a QWl- QW2-cavity field
entangled state. If we take a measurement on the cavity fi eld state at some instant,
the number of the photon count of the detector may be one, two, or zero. Since the
single-photon state I l), involves the photon-trapping phenomenon, we can infer
that the double-QW will evolve into a maximal entangled state if the cavity mode
stays in state I l), via the quantum jump approach16. After measuring the cavity
fi eld state, injecting a subsequent photon is necessary for the sake of keeping the
photon in its state. We then let the whole system evolve for another period of
time z. Again, we proceed to measure the cavity photon to make sure whether its
quantum is one or not. If the cavity photon remains in single-photon, the repetition
continues; if not, the whole procedure should be started over. Therefore, after
several times of successful repetitions, the state of double-exciton progresses into
the state

where

I

I

I u(-z) I l ) ~ ) N 1 ~

pN = Tr[(c(l u(7) l ) c ) N p ~ i ( c ( l

(6)

is the probability of success for measuring a single-photon after N times of repetitions. The superoperator, ,(1I U ( z )I l),, reveals the signifi cant fact that it will
evolve to the projection operator, I y) (yl,as the successful repetitions increases.
has only
This result comes from the fact that the superoperator, (1 I U ( T )I
one eigenvalue which its absolute value equals to onel4, here, the corresponding
eigenvector is just the photon-trapping state. Thus the double-exciton state will
become a maximal entangled state as long as the repetitions is suffi cient large. By
Eq. (6), the probability of success can be evaluated

W State Generation and Effect of Cavity Photons

115

and the fi delity is

n = 1,2, ..., then the fidelity of the
Here, if the product, y ~ is, set to be nn/&
double-exciton state will approach to one and the probability of success will be
1/2 as N increases.
If the state of the cavity fi eld is kept in n-photon state, rather than the state
with single photon, Eq. (7) and Eq. (8) can be generalized to

and

It reveals that the number of measured cavity photon and evolution period play
important roles in the trade-off between P N , and
~ F N , ~We
. can choose a set of
( n l ~such
) that the fi delity progresses to one at the least repetitions, however, in
the same time it causes the probability to reduce to a minimum. This is the usual
case for purifi cation. On the other hand, one can also fi nd a suitable such that the
probability goes to one. In this case, the system will not evolve with time and is
similar to the Zeno paradox withJinite duration between two measurements.
The concept of two-particle entanglement purifi cation discussed above can be
generalized to three-particle case directly. Here, the same approximations have
been made as in the double-exciton case, and the formulation of three-exciton
dynamics can be derived straightforwardly via the interaction Hamiltonian
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' 0 a a
U + O 0
a+o 0
oa+a+
U + O
0
O U + O

0
a
a
0
0

u

0
0
0
0

0 0
u 0
0 a
0 0
a a

O U + O

0
0
0
a
0

O a
O a

0 o a + o a + o
0 0 a+ 0 a + a + o

\o

The superoperator that governs the progress of the three dot-like single QWs with
single-photon can be worked out:

where g, e,

and

are functions of

which correspond to the

orthonormal eigenvectors

Here TI = T2 and T3 = Q are two two-fold degenerate eigenvalues of the superoperator (1I eiH3(/)'I I ) ~ .
If the initial state is set equal to
I@i) =

I ~ ) I @IO)2@IO)3@IO)c>

(14)
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the probability of success for finding the exciton state is in state I Wl) can then be
worked out analytically:

1
PN = - ( C O S ( d i 6 6 T ) 2 N -/-2COs(yT)2N),

3

(15)

and the corresponding fidelity of the three-exciton state is

Here, we can set yc to be n n / m ,n = 1 ,2, ..., then the fidelity of the three-exciton
state approaches to unit as N increases; meanwhile the probability of success is
1/3. A special case, yc = n/&, is demonstrated in Fig. 2. Fig. 2(a) describes the
trade-off between PN and FN. The purification yield Y , =
Pi,which measures
the fraction of surviving pairs, is also presented in Fig. 2(b).
Greenberger-Horn-Zeilinger(GHZ)"and W state^'^^'^ are two kinds of threeparticle maximally entanglement. The former involves three-photon trapping phenomenon which can be described through the state vector

n,:

and W state is a one-photon trapping state

Although these states associated with different physical phenomenon, they possess the same degree of entanglement18>'9.In our scheme, any initial mixed state
of the three-exciton state can be purified into W state except the vacuum. However, the symmetry properties of qubit-environment interactions for GHZ state is
quite different from three-exciton W state except the vacuum, thus it can not be
generated via the approach of conditional measurement.
The whole concepts for the experiments are schematically shown in Fig. 3. A
Tisapphire laser supplies the pulse light source for all of the operation photons
in our devices such as resonant photon, 2w photon, and pulse E field. The timing between all of the operation photons could be controlled precisely by delay
stages. Also, the detection of photodiodes could be precisely triggered by laser
pulses. Firstly, one of the dot-like single quantum wells is excited by the 3eV photon from 20 generator performed through a nonlinear crystal, e.g. BBO or LBO
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crystal. Then, a resonant photon with vertical linear polarization generated via a
quartz plate is injected into the cavity which is constructed by the ZnTe with both
Au films. Meanwhile, through the pulse E fieldi5 with appropriate magnitudeI8
and pulse width of - 3 . 3 ~as~shown in Fig. 4, the linear polarization of injected
photon is rotated from vertical to horizontal via the Electro-optic effect in ZnTe19.
After the sufficient evolution time (TeV-2Ops, the time period, 7,between two measurements) with dot-like single quantum well excitons, the photon in cavity can
be leaked out the cavity by a pulse E field with suitable timing and detected by a
single photon avalanche diode (SPAD, detector 2 in Fig. 3). This procedure would
be repeated until finishing the purification. During this procedure, the photo luminescence lifetime of dot-like single quantum well exciton can be measured by the
other SPAD as shown in Fig. 4 (detector 1 in Fig. 3).
To summarize, a three-particle entanglement purification scheme based on
conditioned measurements has been proposed in this work. We investigate the entanglement generation of dot-like single quantum well excitons coupled through
a single microcavity mode. As shown in Eq. (9) and Eq. (lo), we first consider
how the cavity photon affects the purity of the exciton state and the purification
efficiency in two-particle protocol. The trade-off between PN,, and FN,, reveals
whether the double excitons can be purified into a photon trapping, decoherencefree state efficiently depending on the number of photon counts in the repeated
measurements. Moreover, we conclude that the three-exciton state can be purified
into W state with a well yield but smaller than that in two-particle case. Finally,
a feasible experimental setup for optical initialization, manipulation, and read-out
of exciton state is also presented.
This work is supported partially by the National Science Council, Taiwan under the grant numbers NSC 93-2 1 12-M-009-037 and NSC 94-2120-M-009-002.
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Almost all computational tasks in, the modem computer can be designed from basic building
blocks. These building blocks provide a powerful and efficient language for describing algorithms. In quantum computers, the basic building blocks are the quantum gates. In this tutorial,
we will look at quantum gates that act on one and two qubits and briefly discuss how these gates
can be used in quantum networks.

1. Introduction
There has been much progress in quantum information processing in the last
few years. However, the possibility of building a sizeable quantum information
processor based on current technology remains an open question. As an intermediate goal, there has been a number of recent proposals for a fixed architecture or
network [ llwhich does not perform arbitrary computation but could extract important properties of a quantum state p, such as its purity, degree of entanglement,
or its spectrum which are also important in quantum information science.
Properties of quantum states can generally be quantified in terms of linear or
non-linear functionals of p. Linear functionals, such as average values of observables {A}, which given by TrAp, are usually needed since they correspond to
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directly measurable quantities. Non-linear functionals of state, such as the von
Neumann entropy -Trplnp, determination of eigenvalues, or a measure of purity
Trp2, are usually extracted from p by conventional tomography, namely, p is first
estimated and once a sufficiently precise classical description of p is available,
classical evaluations of the required functionals can be made.
If there is only a limited supply of physical objects in state p, a direct estimation of a specific quantity would often be more efficient and more desirable [ 2 ] .
Moreover, we learnt from our study of quantum algorithm that it is often not necessary to have a complete reconstruction of a function for a particular estimation
or computation. For example, in the Deutsch algorithm, one does not need to
compute the function values for all inputs in order to determine whether a function is constant or balanced. The estimation of purity of p also does not require
knowledge of all matrix elements of p, thus any prior state estimation procedure
followed by classical calculations is, in this case, inefficient. In general, one can
resort to a fixed architecture to avoid tomography and faclitate the estimate nonlinear functionals of p more directly quantum networks [3,4].
The quantum network [l] analyzed here is a simple but fairly general purpose quantum network based on two Hadamard gates(H), a phase gate(@) and a
controlled-U(6) gate. The network is shown in figure 1. In this paper, we proceed
to analyze this quantum network in some detail, adopting a pedagogical approach
in the presentation.
To begin, let us write down the matrices for the various gates in this quantum
network. These gates are the Hadamard and phase gates acting on single qubit
gates and the controlled-U gate acting on two or more qubits:

The matrix that describes controlled-U above is a block matrix. We can consider
the input state to the quantum network as a trivial tensor product of a single qubit
in the state(l0)) (System SA) with density operator p (System SB), specifically as
lO)(Ol @ p ~ Let
. us study state after the various operations of the intermediate
gates. The Hadamard and phase operations are first performed on the first qubit.
The final output is given by

To obtain the density operator of subsystem A one takes a partial trace of the over
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Figure 1. A general quantum network

system B giving

The diagonal entries ofof

give us the probability of observing the system in state

In Particular if we obtain the probability of observing |0>, P0, as

Tr(paU) being a complex number can be written as ITr(pBU)Ieia

1

= -(

2

1

+ ITr(PrrU)(

COS(@

+a ) )

By varying the phase @ of the phase gate, one sees a variation in the probability
of Po at the output. We can then define visibility as the difference between the
maximum and minimum values in the variation of the probability of observing
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the state 10) when one varies +.

It is interesting to note that Eq(2) provides an estimate of the average value of the
unitary operator U in state p.

2. Estimation of quantum state
The basic idea in state estimation is to make use of the basis set of the density
matrix. specifically, the expression in Eq(2) allows us to estimate an unknown
quantum state p as long as we can estimate Trukp for a set of unitary operators
u k which form a basis in the vector space of density operators. . Note that quantum state estimation could also be done with various other schemes of quantum
tomography. However, this network provides a fixed architecture for the purpose.
As an example, one can consider the basis matrix set of a n-level density matrix p as the set of matrices
{Wl,h.2,.

. . ,h2"-1}

(3)

such that Tr(hi) = 0 and Tr(hihj) = 26ij. Any state p can be written as a linear
combination of the base matrices

Figure 1 shows the quantum network, where SB is the quantum state with unknown
density matrix p and the controlled-U operation is the elements of the basis set.
The experiment is performed 2" - 1 times, each time using the next element of the
basis set as controlled-U. With each experiment, we would get an element of the
vector 2 .
Tr(phi) = Tr

n(n - 1)
['
[hi + / T z m j h i h j ] ]
n

/T7

J

+

-Tr (hi)

n

mjTr(hihj)
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As a further example, we can also consider the specific case of a 2 x 2 density
matrix, where the basis is {I,0 1 , 0 2 , Q} known as the Pauli matrices. An arbitrary 2 x 2 density matrix can be represented as ;( 1 +nlol-t n202 n303). The
following shows the case where the controlled-U is the first Pauli matrix.

+

1

Tr(po1) = Tr(T(a' +nl +n202oi
= nl

+n3Q(Ji)

n3
+ ~n2T r ( o 2 0 1+) -Tr((5301)
2

= nl

Repeating the experiment with 02 and 0 3 as controlled-U would give n2 and 113
respectively from which p can be constructed.

Figure 2. Quantum Network with Swap operator

3. Quantum Network with swap operator

It is possible to modify minimally the quantum network by changing the
controlled-ll to be controlled-V where V is the swap operator. The swap operator is defined as Vla),iI/3)~
= 1 P ) ~ l aTo
) ~this
. end, we examine a case in which
SB is a quantum state of two separable subsystems. The density matrix of the
composite system is p = p1 @I p2, where p1 and p2 are the density operators of
each subsystem.

From section 1 we know that for any controlled-ll the output visibility would
be Tr(pU). Since the controlled-ll is replaced by a controlled-swap the output
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visibility would be Tr(pV):

On the other hand,

Thus replacing controlled-U with controlled-V modifies the output visibility
expression from Tr(p1 8 p2U) to Tr(pIp2). It is in fact possible to extend this
result for SB as a composite system of an arbitrary n subsystems. The result for n
subsystems may be written as.

The controlled-U for the general n case would be a controlled shift operation
which is a generalisation of the controlled-SWAP gate. Shift operator for ndimensional state can be defined as

which in the outer product notation can be written as

where lala2.. .a,) forms an orthogonal basis.
This modified quantum network can be employed further in many other quantum experiments and it has some very useful applications. In the sections that
follow, we trace some of these applications in some details.

4. Orthogonalityof states

The quantum network shown in figure 4 can be used to detect the amount of
orthogonality of unknown pure states. This means that the fixed architecture can
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V
Figure 3. Quantum network for orthogonality measurement

provide a measure of distinguishability between two states |a> and|b>. Indeed,

5. Spectrum of density matrix

Figure 4. Quantum network for finding density mahix spectrum

The ability to determine the eigenvalues and eigenvectors of a state can provide important data regarding the state. From such measurements, we can understand important properties of the state, such as separability and entanglement or
purity of a state etc. In general for d x d density matrix, there are d eigenvalues,
therefore one requires d independent equations are required to solve for them.
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Using the quantum network shown in figure 4, one can perform the experiment
d - 1 times, each time with pBk as Sg, where k varies from 2 to d. The output
visibilities of each experiment would give Tr(pk as the output. In this way,we get
d - 1 independent equations which can be solved to find their value.

6. Extremal Eigenvalues

u
Figure 5. Quantum Network to find extremal eigenvalues

In the previous section we had presented a quantum network to find the entire
spectrum of a density. Here we use the same network to determine the extremal
eigenvalues and eigenvectors of a system having density matrix p. Extremal eigenvalues can provide information regarding the amount of entanglement of a bipartite system.
Figure 5 shows how the quantum network can be used in such experiment. SB
is prepared in a state
( ~ l @p, where is a state appropriately chosen.
Any density operator can be written as xihi\qi)(qi\where hi are the eigenvalues and
are the corresponding eigenvalues of the system. This follows
from the spectral decomposition theorem. Visibility at the output of this quantum
network will then be

Iw)

Iw)

Iw)

i

I

Since x p i = 1, zihipi is a convex sum of eigenvalues hi of p. If we can now
change the value of pi by varying the The visibility would be maximum when
= Irma),
corresponding to eigenvector with the maximum eigenvalue.Thus
to find the maximum (minimum) value, the network is repeatedly scanned with
different

w.

Iw)

w.

A Universal Quantum Estimator

I3 I

7. Experimental Implementation
Recently, we implemented the simple network using the three-qubit alanine(in
D 2 0 ) NMR QIP through the reading pulse sequence. Spin-C1 serves as qubit-1,
Spin-C2 serves as qubit-2, which holds Iyl),and Spin-C3 serves as qubit-3, which
holds 1 ~ 2 ) Hydrogen
.
nuclei are decoupled during the experiments.
The pseudo-pure state was implemented by spatial label using the method
described in Ref. [ S ] , but the swap gate was implemented by the pulse sequence
described in Ref. [6] instead of three CNOT gates for simplifications. The pulse
sequence for the scheme is shown in Fig. 6. The main pulse sequence includes
sin $11) and 1y2) = cos $10) three parts: 1. prepare Iyl) = cos 10) eiT2sin Il),this could be implemented by selective pulses on Spin-C2 and SpinC3. 2. The network is given in Fig. 7. The two Hadamard gates were implemented
by Rb(90) and RLy(90).The cp gate was reduced, it was put on the phase of the
first Hadamard gate. the Fredkin gate is implemented with three transition pulses
TPl,TP2,TP3 [7,8]. 3. Reading pulses. The way that it works is explained below.

2

Spin-Ci
Spin-Cz

Spin-C3
PFG

Figure 6

Figure I
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After the first gradient pulse the spin system becomes
3

x

i=l

+ u 121; 1; + u 12 + ~ 3 2 ~ +2 ~1231,'
~ 2 Z~Z:
131;

I

apply R;(90) and R;(90) after it, the spin system becomes
3

Ul1,'

+u12z;z:

+u131,'1,3 +u1231;z:z:

+~ U i Z ~ + U ~ 2 Z , 3 1 ~ ]

(12)

i=2

after the second gradient pulse the spin system becomes
U11,l.

(13)

When all the the reading pulses were applied the integral area of the spectra from
the state UIZ; is proportional to the difference of the two probabilities (poo - p~I )
- the overlap of I ~ I ) and 1 ~ 2 ) .Processing of tracing out Spin-C2 and Spin-C3
was done by integrating the entire multiplet of the Spin-CI. The results of the
NMR experiments confirmed and agrees with the theorectical calculations and
proposals [9].

8. Discussion
This brief tutorial provides some possible applications of a fixed architecture
which can be used for the estimation of various linear and non-linear functionals. For instructional purposes, we have not included the use of the network for
estimating quantum channels [ l]or remote structural physical approximation [ 101.
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This paper proposes a practical framework for quantum programming. In our framework, the
parts of a program to be performed on a quantum computer are almost automatically determined, and the other parts are performed on a classical computer. We only consider Grover
Search to be performed on a quantum computer in the framework because the other quantum
algorithms known so far cannot be applied to general cases. By considering only Grover Search,
we have several advantages that show our framework is really practical.

1. Introduction
Many efforts have focused on the physical realization of quantum computers and
new efficient quantum algorithms for the realization of quantum computation.
Such researches are obviously indispensable to perform quantum computation.
However, even after the success of these researches, we cannot obtain a better
computing environment than today's from a practical viewpoint because at least
two of the following issues might exist and be obstacles to realize a practical
quantum computing environment.
The first issue is that for some computational tasks, the cost of quantum computation (i.e., the time and money to perform computation) is much higher than
classical computation. The number of necessary computational steps (in the Turing machine model) has been proven to be the same for some computational tasks
between quantum and classical cases. For such computational tasks, quantum
computers may not be a good choice since the number of necessary primitive operations to realize one computational step is much larger in quantum computation
than in classical. It can also be expected that the cost of one primitive operation
'This work is supported by the Japanese Ministry of Internal Affairs and Communications under
SCOPE project.
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is higher than in classical cases. In other words, for some tasks, we should use a
classical instead of a quantum computer.
The second issue is that it is almost impossible to manually design a desired
sequence of primitive operations (i.e., a quantum circuit) for problems of practical
sizes. Therefore, as in the classical case, we need both an efficient way of describing an algorithm in higher levels (i.e., programming language) and an automatic
way of transforming it to primitive operations.
These two issues, which have not been discussed seriously in the research
community, are the obstacles for practical quantum computation. Note that it is
not trivial to deal with the above issues by simply using the techniques currently
available in classical programming environments.
Therefore, in this paper, we propose a framework to initiate research that deals
with the above issues. In the framework, a programmer can write a program by
using (exactly the same) C++ language whereas most existing researches demand
some extra knowledge to write a program for quantum c o m p u t e r ~ ' > ~
Then
> ~ . the
framework automatically extracts the parts of the program that can be performed
faster by Grover Search4 and generates corresponding quantum circuits and interface codes for a classical computer. We can also simulate the entire program
in only a classical programming environment since we can easily prepare C++
source codes to simulate quantum circuits.

2. Overview of Proposed Strategy
We present an overview of the proposed framework in Section 2.3 after explaining
the two main features of our strategy in Secs. 2.1 and 2.2.

2.1. Classical and Quantum Co-design
Let us start with an observation on quantum computations from the view point of
real computation time, i.e., not asymptotic time complexity as usually discussed
in this community. It is well-known that a quantum computer can perform all
kinds of classical computation with only polynomial overhead. The overhead is
mainly due to the simulation of classical computation by only using quantum elementary gates, i.e., reversible logic gates. It should also be assumed that one
logical operation on a quantum computer is much slower than on a classical computer. Therefore, from a practical viewpoint, it may not be wise to use a quantum
computer to only simulate classical computations: a quantum computer should be
used only for parts that can actually receive the quantum speed up.
Therefore, we consider a quantum computer as a coprocessor that can boost
the speed of some (not all) parts of a program on a classical computer. A similar
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computation model called “QRAM’ has been discussed in the literature’.
We also consider that the separation of quantum and classical parts should
be done automatically by our programming framework as much as possible. We
call such separation classical and quantum co-designborrowing the terminology
“hardware-software co-design5.” If we consider the practical usage of quantum
computers, the issue of classical and quantum co-design becomes important, and
thus we propose our framework as a promising classical and quantum co-design
methodology.

2.2. Limitations to Grover Search
As we mentioned, our classical and quantum co-design framework should determine a part in a program for quantum computation. Then the first question
is: what types of parts are candidates for quantum computation? Many algorithms show quantum speed up, e.g., Shor’s factoring algorithm6, Grover Search4,
Quantum Walk, etc. Among them, only Grove Search has potential for general
purposes. In other words, other quantum algorithms are useful for very specific
situations, and thus we cannot consider using them in general programs. Thus we
limit a quantum computer to be used as Grover Search in our framework. It should
also be noted that we accrue many benefits (as we will describe below) from this
limitation.

2.3. Overview of Proposed Framework
As mentioned above, only Grover Search may be used for general programs
among the existing quantum algorithms. However, it is not trivial to use Grover
Search in a general program. Thus, we propose an efficient framework to use
Grover Search. Our framework is as shown in Fig. 1, and it has the following
steps.
0

0

0

0

Step 1. A programmer writes a program by using standard C++ programming language.
Step 2. He/she inserts a special C++ comment to specify that the evaluation of the if-expression directly after the comment may be done by
Grover Search. (This will be explained in detail in Sec. 3.)
Step 3. Our framework automatically generates a corresponding quantum circuit to evaluate the if-expression specified at Step 2. (This step
will be explained in detail in Sec. 4.1.)
Step 4. By evaluating the number of primitive quantum gates in the quantum circuit generated at Step. 3, the framework determines whether the
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Figure 1. This fi gure shows an overview of proposed framework. Some parts of a source program
are automatically extracted to be performed on a quantum computer. Corresponding quantum circuits
for the parts are automatically generated.

0

processing time of the quantum circuit is faster than the processing time
of the corresponding if-expression on a classical computer. If the framework determines that the quantum circuit is faster, it generates some interface source codes for a classical computer. (This will be explained in
Sec. 4.2.)
Step 5. The framework optionally generates a C++ source code that simulates the behavior of the quantum circuit generated at Step. 3. This code
can be used for the entire simulation by using only a classical computer
as we will explain in Sec. 4.2.

3. Program Part Extraction for Grover Search
Suppose we encounter the part as shown in Fig. 2 in our target program. This part
essentially needs 10,000evaluations of the if-expression on a classical computer.
However, if we utilize Grover Search, we need only roughly d m ( =100)
times of Grover Iterations. However note that a single evaluation of the ifexpression on a classical computer is much faster than a single Grover Iteration.
Thus, as mentioned in the previous section, our strategy is the following: First, we
construct a quantum circuit for the corresponding Grover Iteration by the method
described in Section 4.1. Then we estimate the necessary steps, i.e., the number
of elementary gates, on a quantum computer to perform Grover Search. Then we
can determine whether this part should be performed on a quantum computer.
The above decision can be done automatically without any help from a programmer. However, the following issues cannot be solved without help from a
programmer: Grover Search finds one solution at random among several solu-
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tions, and therefore, the behavior of Grover Search is not exactly the same as an
if-expression in a for-loop where the first solution in the for-loop always becomes
the solution. In other words, Grover Search can be used for cases when a programmer wants to find only one solution, and he/she does not care about the order of
the for-loop. This fact is obviously only known to the programmer. Therefore, in
our framework a programmer is requested to put a special comment “//Quantum
Search” to specify this property before the corresponding if-expression as shown
in Fig. 2. This is a minimum load for programmers. Indeed they do not need to
know the details of quantum computation, and the entire program can be written
in pure C++ unlike other quantum language r e ~ e a r c h e s l > ~ > ~ .

4. Compiling the Extracted Parts for Grover Search
For a given C++ program, we can extract a part that should be performed on a
quantum computer as mentioned above. Then our framework generates a quantum
circuit for a single Grover Iteration corresponding to the part as will be mentioned
in Sec. 4.1. It also generates additional C++ source codes to utilize the quantum
circuit from a classical computer and deals with Grover Search error, as will be
mentioned in Sec. 4.2.

4.1. Generating a Quantum Circuit for Grover Search
Here we describe the construction of a quantum circuit fed to a quantum computer. Almost all the proposed quantum circuit design methods are based on decomposing a unitary matrix that corresponds to a target quantum algorithm into
elementary gates7. Although such circuit design methods can be applied to any
quantum algorithm, they cannot be applied to large problems since the size of a
unitary matrix is 2n for quantum algorithms with n qubits. Since program parts
for quantum computation should include large size Grover Search (otherwise the
parts should be performed on a classical Computer, as mentioned in Sec. 2.1), we
cannot utilize unitary matrix decomposition in our framework. Thus we adopt the
following design methodology.

0

We adopt the structure of the Grover Iteration as shown in Fig. 3. In the
figure, W means the Walsh-Hadamard transformation. COis a transformation that inverts the phase of state 10. . .0). Note that their structures
are fixed for all problems, and thus we can easily construct them as shown
in the figure.
Cf is a transformation that inverts the phase of state) . 1 such that x is
a binary representation of the solution for Grover Search. This is of-
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for(int i = 0; i<lOOOO;itt){
//Quantum Search
if (Data[il == 2 * 1) {
return i;

1

lid

!

F
I).
10)
10)

1
Figure 2. Example of a for-loop that may
be solved by Grover Search.

Figure 3. quantum circuit for Grover Iteration.

ten called an “oracle” in the literature. This part changes depending on
search problems, and thus we need to construct Cf from scratch.

In other words, we do not generate the entire quantum circuit from scratch, but
we utilize the known structure of Grover Search as much as possible. Thus, our
essential task is to construct a quantum circuit for Cf.
Below we explain how to construct C f by using an example. Suppose we want
to generate a quantum circuit for Grover Search that corresponds to the part, as
shown in Fig. 2 . Then C f should work as follows.
0

0

It takes an input quantum state Ii) where i is a binary representation of
integer i. (This needs log 10,000 qubits.)
It does not change the quantum states of li), but transforms one bit ancilla
qubit state from 10) to 11) if (Data[i] == 2 * i) is satisfied. Otherwise, it
does not change the ancilla qubit.

In our framework, we assume that we have quantum registers (quantum memory) that take Ii) as an input and outputs the value of the i-th element in the register
into ancilla qubits. This is the most standard model of quantum memory. We can
see an example of a quantum register in Fig. 4 where i and Data[i]are encoded by
three qubits.
Here we want to implement a function such that it becomes 1 only when
(Data[i] == 2 * i). This is a Boolean function with respect to the bits for the
binary expressions of i and Data[i].For simplicity, we consider that i and Data[i]
are expressed by only three bits. Then our essential task is to construct a quantum
circuit for the function with six input variables, and we can construct such a circuit by generalized Toffoli gates as shown in Fig. 4. In the figure, a black circle
means the normal control bits whereas a white circle works in the opposite way,
i.e., a generalized Toffoli gate works when the qubit state is 10). The function
corresponding to (Data[i] == 2 * i) is calculated into the qubit on the bottom. The
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Figure 4. This figure shows an example of how to construct C f . The left half of the circuit calculates
the function into the qubit on the bottom. Then the remaining half of the circuit restores the initial
states for the other qubits. il and Data1 [i] are the most significant bits for the encoding.

right half part of the circuit is for resetting ancilla qubits to the initial states. Note
that this is necessary when used in Grover Search.
The expression in the example, (Data[i] == 2 * i), is relatively easy, but even
for general cases, we can construct Cf as follows:
0
0

0

0

Step 1. Generate a Boolean function f corresponding to the expression.
Step 2. Generate an exclusive-OR sum of products expression (ESOP)
form for f by a standard method in the (classical) logic design8.
Step 3. Construct a quantum circuit by replacing each product term in
the ESOP form at Step. 2 with a generalized Toffoli gate.
Step 4. Convert each generalized Toffoli gate into elementary gates by
the method in Ref. 9.

Note that even though the above procedure is not sophisticated, it can be applied to large problems since we only treat the expression and representation of
functions, not unitary matrices with exponential size. Therefore, we claim that
our framework is practical. We may incorporate optimization into the above procedure.

4.2. Generating Additional C++ Codes
After generating a quantum circuit, our framework automatically modifies the part
in the original C++ program. For example, the part as shown in Fig. 2 is converted
into the following lines in the original C++ program:
i f (GroverSearch("Data[i] == 2 * i", 1 0 0 0 0 , &Data, &i, "i") == 1)

return i;

The function GroverSearch is also defined so that it has the following functionalities: (i) It asks a quantum computer to perform a single Grover Search and
receives an answer from the quantum computer. (ii) It verifies the solution. If
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the solution is incorrect, it continues to ask the quantum computer until a correct
answer is obtained or until it has repeated it an appropriate number of times. (This
will be mentioned below.) (iii) If a correct solution cannot be obtained within
an appropriate number of repetitions, it performs the original C++ source code to
find a correct solution. These additional operations are necessary because a single
Grover Search has some constant error, i.e., we cannot always get a correct answer
by Grover Search. The appropriate number of repetitions are determined as follows. Let the computational cost (on a classical computer) of all the evaluations
in a for-loop in the original C++ source code be Tc. Also let the computational
cost of a single Grover Search be TQ. In the following discussion, for simplicity,
let us assume the probability that a single Grover Search will succeed to be 3/4.
Then the probability that we cannot find a correct solution after k trials of Grover
Search is ( $ ) k . Thus, the expected total computational cost of the above procedure
is
) k . TC)
$1; (: . )l-' . z . TQ).We can calculate an appropriate value for
k to minimize the expected total computational cost, a value which our framework
uses in GroverSearch.
Optionally, we can make a C++ source code to simulate the behavior of a
quantum circuit, although the simulation on a classical computer may take a long
time. If we replace the part that calls a quantum computer for Grover Search with
such a code, the entire source code becomes pure C++ language so that we can
perform it on a classical computer, i.e., we can simulate the behavior of classical
and quantum computers by only using a classical computer.

((a

+

(t

5. Conclusion

Unlike existing research on quantum programming, our strategy only focuses on
Grover Search. By doing so, we have the following advantages: (i) A programmer can write a program by only using (exactly the same) C++ language, and thus
the entire program can be simulated by only using current programming environments. (ii) Programmers do not need to worry about which parts should be done
by quantum computers. (iii) We can design quantum circuits with a strategy that
can be applied to large size problems.
As far as we know, this is the first framework to build a practical programming
environment for quantum computation. We are now constructing a prototype of
our proposed framework and will evaluate it in the future. For other future work,
we will consider the possibility of utilizing Amplitude Amplification'', which is
a generalization of Grover Search, in our framework.
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River Edge, NJ 07661, USA
University of Toronto, Toronto, Ontario, Canada
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Quantum key distribution (QKD) allows two parties to communicate in absolute security
based on the fundamental laws of physics. Up till now, it is widely believed that unconditionally secure QKD based on standard Bennett-Brassard (BB84) protocol is limited in both
key generation rate and distance because of imperfect devices. Here, we solve these two
problems directly by presenting new protocols that are feasible with only current technology. Surprisingly, our new protocols can make fiber-based QKD unconditionally secure at
distances over l00km (for some experiments, such as GYS) and increase the key generation rate from O(q2) in prior art to O(q) where q is the overall transmittance. Our method
is to develop the decoy state idea (first proposed by W.-Y. Hwang in “Quantum Key Distribution with High Loss: Toward Global Secure Communication“, Phys. Rev. Lett. 91,
057901 (2003)) and consider simple extensions of the BB84 protocol. This part of work is
published in “Decoy State Quantum Key Distribution”, http://arxiv.org/abs/quant-pWO411004.
We present a general theory of the decoy state protocol and propose a decoy method based
on only one signal state and two decoy states. We perform optimization on the choice of intensities of the signal state and the two decoy states. Our result shows that a decoy state protocol
with only two types of decoy states-a
vacuum and a weak decoy state-asymptotically approaches the theoretical limit of the most general type of decoy state protocols (with an infinite
number of decoy states). We also present a one-decoy-state protocol as a special case of Vacuum+Weak decoy method. Moreover, we provide estimations on the effects of statistical fluctuations and suggest that, even for long distance (larger than 100km) QKD, our two-decoy-state
protocol can be implemented with only a few hours of experimental data. In conclusion, decoy
state quantum key distribution is highly practical. This part of work is published in “Practical Decoy State for Quantum Key Distribution”, http://www.arxiv.org/abs/quant-pWO503005.
We also have done the first experimental demonstration of decoy state quantum key distribution, over 15km of Telecom fibers. This part of work is published in “Experimental Decoy
State Quantum Key Distribution Over ZSkm”, http://www.arxiv.org/abs/quant-pWO503192.
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MIXED-STATEENTANGLEMENT IN THE LIGHT OF PURE-STATE
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We show that the classification of bi-partite pure entangled states when local quantum operations are restricted, e.g., constrained by local superselection rules, yields a structure that is
analogous in many respects to that of mixed-state entanglement, including such exotic phenomena as bound entanglement and activation. This analogy aids in resolving several conceptual
puzzles in the study of entanglement under restricted operations. Specifically, we demonstrate
that several types of quantum optical states that possess confusing entanglement properties are
analogous to bound entangled states. Also, the classification of pure-state entanglement under
restricted operations can be much simpler than for mixed state entanglement. For instance,
in the case of local Abelian superselection rules all questions concerning distillability can be
resolved.

145

146 S. D.Bartlett et al.

1. Introduction
Quantum information, if understood as “information about a quantum system”, is
identical with the quantum state p Thus quantum information science is about
the manipulation and measurement of quantum systems, and the corresponding
transformations of the information, i.e., of their states. As is well known, the
most general transformation of a quantum state has the form of a trace-decreasing
completely positive map

where Tr[E(p)]is the probability that the corresponding manipulation can be performed. If we consider all possible initial states and all possible maps, then everything is determined simply by the dimension of the Hilbert space. This is boring!
To make quantum information science interesting, one must place restrictions,
typically on the operations. Indeed, Ben Schumacher has put forward a program
for doing research in quantum information science, that can be paraphrased as
follows:
(1) Consider an interesting subset of operations
(2) Explore the resulting information theory
(3) Write a paper
(4) GOT0 (1)

The paradigm for such research is to consider the subset of operations that two parties can perform with LOCC. That is, with local operations plus classical communication. Under this restriction, the notion of entanglement emerges as a resource
that allows for interesting tasks such as disproving local realism ‘, performing
quantum teleportation 5 , or other forms of quantum information processing
For pure states, at least in the bi-partite setting, entanglement is very well characterized. However, in the presence of noise, it is currently not known precisely
which entangled states are useful, and a vast theory of mixed-state entanglement
(MSE) has developed to classify states according to their entanglement properties 6 . In this paper (based upon Ref. 7, we show that the theory of pure-state
entanglement when quantum operations are restricted - described formally by a
superselection rule
- precisely replicates the structure of MSE including
such exotic properties as bound entanglement and activation. Moreover, unsolved
questions in MSE have analogous questions in pure state entanglement under restrictions that can be answered. Thus, there is a deep analogy between MSE and
pure state entanglement under restrictions that sheds light on both areas.
819110
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2. Mixed State Entanglement
Central to the theory of entanglement is the classifi cation of quantum states shared
between two parties (Alice and Bob) who can perform only local quantum operations and classical communication (LOCC). One important class is the subset LP
of states that are locally preparable, that is, preparable by LOCC (starting with
some uncorrelated fi ducial state). Another is the class of states that are distillable 11, denoted D. States in D are such that n copies can be converted into nr
pure maximally entangled states via LOCC for some r > 0 in the limit n 4 m. A
pure state is either in LP or in D, depending on whether it is a product state or not
(i.e., a state of the form l\lr)~
@ IQ)B or not). On the other hand, there are mixed
states that are neither locally preparable nor distillable: so-called bound entangled
states 1 2 .
Identifying the class D of mixed states that are distillable is important for quantum information processing, but unfortunately this identifi cation has confounded
researchers for many years 6 . A related class, with a simpler characterisation,
is the class of states that are I-distillable l 3 > l 4 ,denoted 1-D. A state p is in 1D if there exists a quantum operation E implementable with LOCC that maps
p onto a 2x2-dimensional space of the bi-partite system such that E(p) is nonseparable a. In addition, a state p is n-distillable (in n-D) if there exists an LOCC
operation '€,, onto a 2 x 2-dimensional space such that '€,,(pBn)is non-separable.
If a state is in n-D for some n then it is in D. In fact, it has been shown l 6 that n-D
is a proper subset of D for all n. For pure states, 1-distillability is equivalent to
distillability. Thus, every pure state is either in LP or in 1-D. Due to the existence
of bound entangled states, and the fact that 1-D C D, there exist mixed states that
are neither in LP nor in 1-D. We shall refer to all such states as I-bound.
Remarkably, this proper gap between the classes LP and 1-D consisting of 1bound states can be removed if we extend the set of operations that Alice and Bob
can perform beyond LOCC. We describe this extension of operations as supplementing LOCC with an additional resource. Clearly, additional power will affect
the boundaries of what Alice and Bob can prepare or distill; we are interested in a
resource that precisely removes the gap between LP and 1-D. Consider extending
LOCC to allow all operations that preserve the positivity of the partial transpose
of states ". With this additional resource, all states with positive partial transpose
(PPT) can be prepared locally; all states that are not PPT are in 1-D States that
are not locally preparable with LOCC, but locally preparable given LOCC plus the
additional resource, can be said to become locally preparable given the resource,

'*.

"A separable state possesses a convex decomposition into product states. On a 2x2-dimensional
space, all separable states are in LP, and all non-separable states are in D 15.
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denoted BLP. Similarly, the class of states that are not I-distillable but become 1distillable given the resource we denote as B1-D. For mixed bipartite states under
PPT-preserving operations, the class BLP contains all PPT bound entangled states
and the class Bl-D contains all non-PPT states that are not 1-D; both classes are
non-empty
See Fig. 1.
12,13114.

LP with LOCC

+ additional resource

1-D with LOCC

+ additional resource

Figure 1. Illustration of the division of all bipartite mixed states into four classes.

The categories BLP and Bl-D are related in an interesting way: there exist
states in BLP that can activate l9 the entanglement of states in B I-D using only
LOCC operations. Any PPT-preserving operation can be implemented probabilistically using LOCC and a specifi c state in BLPZ0. Thus, for every p E Bl-D
there exists a state o E BLP such that p @I CJ is in 1-D. Another remarkable feature
of MSE is that there exist states in B1-D that are nevertheless distillable l6 (i.e.,
n-distillable for some n 2 2).
There remain, however, several open questions regarding the general structure
of MSE. Perhaps the most important question from the point of view of quantum
information processing is: Are all states in B1-D distillable?

3. Pure-State Entanglement under Restrictions
We now show that the above structure of MSE has a precise analogue in the structure of pure-state entanglement when the allowed local quantum operations are
restricted. The latter structure has the advantage of only describing pure states,
which are mathematically much simpler to characterise We formulate our restriction on operations in the form of a superselection rule (SSR) associated with
bNote that one could characterise MSE under such restrictions; however, the classification of such
states is likely to be at least as difficult as unrestricted MSE.
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a finite or compact Lie group G
(Alternate methods for the study of entanglement under restrictions can be found in 22.)
The SSR we describe can be defined operationally as follows. Suppose Alice
and Bob exchange a pair of systems, described by a Hilbert space H A I8H B ,with
a third party, Charlie. Suppose further that the local reference frames of Alice,
Bob and Charlie, which transform via a group G, are uncorrelated: that is, the
element g E G relating Alice’s and Charlie’s local frames is completely unknown,
as is the element g‘ E G relating Bob and Charlie’s local frames. It follows that a
preparation represented by a density matrix p on H A relative to Alice’s frame is
represented by the density matrix GA [p] relative to Charlie’s frame, where

with T A ( g )a unitary representation of g on H A ,and dv the group-invariant(Haar)
measure. The operations that Alice can implement relative to Charlie’s frame are
represented by completely positive maps O A that commute with GA. A similar
result holds for the operations that Bob can implement. The joint operations that
Alice and Bob can implement relative to Charlie’s frame are those represented by
maps OAB that commute with 5,4I8 f j ~ These
.
are said to be locally G-invariant lo.
This restriction on operations is referred to as a local superselection rule for G
(local G-SSR).
The local G-SSR then induces the following structure in the local Hilbert
spaces (we consider H A ) : H A = B4H; splits into “charge sectors” labeled by
q and each carrying inequivalent representations TiA of G, and then a further decomposition of each sector into a tensor product
HqA = MqA@n$

(3)

of a subsystem M; carrying an irreducible representation TiA and a subsystem
carrying a trivial representation of G (these are the noiseless subsystems relative to GA 23). The action of G A on a density operator p in terms of this decomposition is

4

where rI$ is the projection onto the charge sector q, D A is~ the map that takes
every operator on 34; to a constant times the identity operator on that space, and
I A is
~ the identity map over operators in the space %A. The effect of the local
G-SSR, then, is to remove the ability to prepare states or measure operators that
have coherence between different local charge sectors or that are not completely
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5‘v(t.

mixed over the subsystems
The same structure arises for H E and provides
an analogous decomposition of GB. For further details, see
To classify the entanglement of multiple copies of a state (necessary for addressing questions of distillability), we now demonstrate how to treat multiple
systems under a local G-SSR. If the system that Alice exchanges with Charlie is
made up of several systems, HA= Bi
then because all the subsystems are
defi ned relative to Alice’s frame, the uncertainty in the element g E G relating Alice’s frame to Charlie’s is represented by Eq. (2) using the tensor representation
T A = @ j TA.
We now demonstrate that the structure of MSE discussed above has a precise
analogue in the structure of pure state entanglement constrained by a G-SSR. The
set of LOCC operations that are locally G-invariant will be denoted by G-LOCC.
Pure bipartite states are locally preparable under a G-SSR, that is, preparable by
G-LOCC, denoted LPG-SSR,iff (i) the state is a product state, and (ii) it is locally
G-invariant. (Thus, not all pure product states are in LPG-ssR.) A state Iy) is
I-distillable with G-LOCC, denoted l - D ~ - s sif~ there
,
exists an operation E in
G-LOCC mapping Iy) onto a 2x2-dimensional space such that E[Iy)(yI]is locally G-invariant and non-separable. It follows from the main theorem of Bartlett
and Wiseman l o that Iy) is in ~-DG-SSR
iff GAI8 GB[lV)(Vl]is 1-distillable with
unrestricted LOCC. Both LPG-SSRand I-DG-SSRare non-empty; explicit examples
of each can be constructed as producthon-product states within 2 x 2 subspaces or
subsystems that are noiseless relative to GAI8 GB.
As with MSE, there is a proper gap between the classes of pure states that are
locally preparable with G-LOCC and those that are 1-distillable with G-LOCC.
This class of states, containing both product and non-product pure states, is analogous to the class of 1-bound states in MSE. Moreover, it is possible to extend
G-LOCC in such a way that any pure state in this gap becomes either locally
preparable or 1-distillable. One simply lifts the restriction of the local G-SSR by
providing Alice and Bob with Charlie’s local frame, so that the local frames of
the three parties are correlated. With this additional resource, Alice and Bob can
now implement any operation in LOCC. Extending G-LOCC to LOCC divides
the proper gap between LPG-SSRand ~-DG-SSR
into two classes, both of which
are non-empty. All product states that are not locally G-invariant (i.e., product
states not in LPG-SSR)become locally preparable with G-LOCC given the shared
reference frame for G, denoted BLPG-ssR. This result is obvious because all pure
product states are locally preparable with unrestricted LOCC. All non-product
states Iy) for which GAI8 G~[ly)(yl]
is not 1-D (i.e., non-product states not in 1DG-SSR)
become 1-distillable with G-LOCC given the shared reference frame for
G, denoted B~-DG-ssR.This result is also obvious because all pure non-product
1oi21.
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states are I-distillable with unrestricted LOCC. Thus, we have demonstrated that
the structure of Fig. 1 for MSE has a precise analogue in the structure of pure state
entanglement under the restriction of a C-SSR.
In quantum optics, where a local photon-number U( 1)-SSR applies whenever
two parties fail to share a phase reference 24, there has been considerable debate
over the entanglement properties of several types of states. The debate is resolved
by recognizing that operational notions of entanglement that coincided for pure
states under unrestricted LOCC, namely being not locally preparable and being
I-distillable, do not coincide under a local U( l)-SSR, and the states in question
are judged entangled by one notion and not the other.
Perhaps the most widely-known example is the two-mode single-photon state
l0)~lI)~I I)AIO)B 25,26. With unrestricted operations, this state is entangled;
however, under a local photon-number U( 1)-SSR, the state’s entanglement properties are no longer as transparent. The state is not 1-distillable using U( l)-LOCC,
and is thus “unentangled” according to one notion of entanglement. However, it
is not locally preparable with these restricted operations, and thus “entangled”
by a different notion of entanglement. The resolution is that there exist additional categories of pure entangled states under a local U( 1)-SSR, analogous to
the additional categories arising for MSE. Because the state in question becomes
1-distillable given unrestricted LOCC, it is in B ~-Du(I)-ssR.
As another example,
a class of non-product states of indistinguishable particles have been identifi ed9 as
having “no particle entanglement”; here we would say they have no 1-distillable
entanglement under a local G-SSR.
A related development has been the identifi cation of states which are separable
but not locally preparable under a U(1)-SSR
Examples of such states are
I+)A~+)B
and I - ) A ~ - ) B ,
where I*) = 10) 4~11) ‘. Ref. identified such states as
a “new type of nonlocal resource”; we classify such states as BLPu(I)-ssR.We see
that the remarkable (and often confusing) entanglement properties of states under
restricted operations can be understood by recognising that different operational
notions of entanglement do not coincide in this case, leaving a structure akin to
that of MSE.

+

2778.

4. Particular Results for the U(1)-SSR
As well as illuminating the general structure of MSE, the context of restricted
operations for pure states permit simple answers to distillability questions that
have proved diffi cult to answer MSE . As a specifi c example, we will now present
‘Refs.

I-)A~-)B.

27,8

considered states invariant under global U(l) such as the equal mixture of
These are simply mixed versions of BLPu(~).ssRstates.

I+)&+)B

and

152 S. D. Bartlett et al.

a complete characterization of the activation and distillability properties of any
pure state constrained by a local Abelian U( 1)-SSR (e.g., a local charge or particle
number SSR)
Under such a SSR, all operations are locally U(1)-invariant;
that is, they commute with UA8 UB,where
9124.

J

n

with l?,, the local number operator and P t the projector onto its nth eigenspace,
and where UBis defi ned similarly.
We have shown the following results:

Ix)

Theorem (activation): For all IY) E B~-Du(~)-ssR,
there exists a
E
BLPu(~)-ssRsuch that 1”) 63
is in ~-Du(I)-ssR.
We say that
has activated
the entanglement in IY).

Ix)

Ix)

Theorem (distillation): All pure non-product states are distillable using U( 1)LOCC, with at most three copies of the state required for distillation.
Moreover, there are some states for which three copies are necessary (3-D but
not 2-D), some for which two are necessary (2-D but not 1-D), and some which are
1-D. Also we have determine explicit distillation protocols for these two classes
of B1-D states (those that are 2-D and those that are not).

5. Conclusion
In summary, we have shown how to reproduce the complex classifi cation of MSE
by restricting local operations so as to create a proper gap between what is locally
preparable and what is 1-distillable. Debates over the entanglement properties
of pure states under restricted operations are resolved by recognizing novel categories of entanglement in this context. Our results suggest that the exotic structure
of MSE is generic, and that developing entanglement theory under other sorts of
restrictions is a promising direction for further research. They also suggest that it
may be fruitful to think of standard LOCC as a restriction relative to the “more natural’’ PPT-preserving operations, and to consider whether a resource that lifts this
restriction might be established with the same ease as a shared reference frame.
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QUANTUM COMPUTATION BASED ON ELECTRON SPIN QUBITS
WITHOUT SPIN-SPIN INTERACTION
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Using electron spin states in a unit cell of three semiconductor quantum dots as qubit states, a
scalable quantum computation scheme is advocated without invoking qubit-qubit interactions.
Single electron tunneling technology and coherent quantum-dot cellular automata architecture
are used to generate an ancillary charge entangled state which is then converted into spin entangled state. Without using charge measurement and ancillary qubits, we demonstrate universal
quantum computation based on free electron spin and coherent quantum-dot cellular automata.

1. Introduction
Schemes utilising spin degrees of freedom in quantum computation are favorably
supported in recent experiments showing unusually long spin decoherence time
in semiconductors' >2. It has been known that universal quantum computations
based on electron spins can be achieved by tunable Heisenberg type spin-spin
intera~tions~3~,
or XY interaction^^!^. A few years ago, Knill et al. showed that
a universal quantum computation can be realized for photons using only linear
optics and single-photon detectors without qubit-qubit interactions. Pauli's exclusion principle and the nature of fermion operators imply the situation for free
fermions is quite different from that of b o s ~ n s ~
Recently,
~ ~ . Beenakker et al. l o
showed that for free-flying fermions, one is able to construct a controlled-NOT
gate, using only beam splitters and single spin rotations if a single charge measurement is added. However, an interaction-free mechanism for logical operations
on electron spins is still lacking in solid state systems. Our proposal uses electrostatic gates to control the electron's position; and an ancillary charge entangled
state is generated with the help of a coherent quantum-dot cellular automata structure. The charge entangled state is then converted into spin entangled state, and
'E-mail: yzwu@cslg.cn
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a controlled NOT operation is obtained by using only single spin rotations. Spinspin interactions are neither required nor invoked in our scheme. Our proposal
is a demonstration of free electron spin quantum computation in semiconductor
nanostructure devices.
2. Basicunit

The basic device in our architecture is based on a semiconductor quantum-dot array as shown in Fig. 1. Three quantum dots (e.g. I-A-B, 2-C-D) are constructed as
a unit cell, and gate electrodes are integrated in each quantum dot. The solid lines
in each cell indicate the possibility of interdot tunneling. The confining barrier
between two cells must ensure that tunneling of electrons between different cells
is ideally forbidden, or at least highly suppressed. There exists only one excess
conductor electron in each cell; and spin states of the excess electron are chosen
as qubit states. Note that four empty quantum dots of neighboring unit cells (e.g.

..
Figure 1 . Schematic drawing of our CNOT gate composed of two unit cells(each cell contains three
QDs). There is only one excess conductor electron in each cell. The lines in each unit cell indicate the
possibility of interdot tunneling. The four empty quantum dots of neighboring unit cells (e.g. ABCD)
form a usual coherent quantum-dot cellular automata structure(dotted square box).

ABCD) form a coherent quantum-dot cellular automata(CQCA) structure(the dotted square box shown in Fig. 1). Quantum-dot cellular automata(QCA) introduced
here has been used to simulate the classical digital algorithms12. When the QCA
cell is charged with two excess electrons, two electrons will occupy diagonal sites
as a result of Coulomb repulsion, we define the two diagonal polarization states as
I +) and I -) for the two full polarizations P = 1 and P = - 1 respectively. This is
shown in Fig. 2(a). A semiconductor realization of such a structure has actually
been de~eloped’~.The structure of CQCA was proposed by G. Toth14; and the
charge state can be in an arbitrary superposition state of the two diagonal polar+ PI-), which is different from that in QCA where only the full
izations a(+)
polarization states can be reached. In order to do a coherent operation, two input
parameters(y and Pbias)
within a CQCA unit are designed 14. The tunneling energy
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P-1

Figure 2. (a)Two full polarization charge states of the two electrons within the quantum-dot cellular
automata caused by Coulomb repulsion. (b) Coherent operations on the two full polarization states
system by an external bias polarization. y is the tunneling energy between vertical QDs, and Pbbs
denotes the bias polarization.

y is set by external electrodes that lower or raise the interdot barrier between the
vertical quantum dots, and the bias polarization Pbias can be realized by bias gate
voltages. The effective interaction between the external bias polarization and the
charge state of two electrons within CQCA can be expressed as EoPbiasoz14,where
Eo is the strength of Coulombic coupling of two electrons, and the eigenstates of
o, are the two full polarization states. We will show later that only a relative
phase between the two full polarization states is required in our scheme. So it is
not necessary to tune the tunneling energy between vertical QDs in our CNOT
gate. Turning on Pbias, a relative phase between the two full polarization states
will be reached if EOPbias >> y. Thus, only one input parameter Pbias in CQCA is
needed to implement our CNOT gate(See Fig. 2(b)).

3. Definition of qubit states
The electron state is a direct product of charge and spin states lei)lSi)(i = 1,2).
Only electron spin states are chosen as qubit states. Initially the excess conductor
electrons of the two neighbor unit cells reside in quantum dot 1 and 2. The excess
electron in each cell is driven away from its initial position only when a two-qubit
operation is performed, and the electrons will return their positions as soon as
the two-qubit operation is completed. To wit the electron position in a unit cell
initially is the charge"ground state" leg,), where subscript i stands for the particular
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unit cell. We can take the charge state Iep)(le!)) as the state of ith electron sitting
at the upper(1ower) position in the cellular automata. Three steps are needed to
realize a controlled NOT operation on the spin state of the two electrons. In the
first step, an ancillary charge entangled state is generated. Then, four single spin
rotations are performed on individual QDs A, B, C, and D. Finally, by pushing the
two electrons to their initial positions, we realize a controlled NOT operation on
the spin states. Each step will be described in more detail in the following section.

4. Implementationof universal quantum computation
Firstly, turning on the gate voltage to lower the site energy on dots A, B, C , and
D, the electron in site 1 tunnel into quantum dots A and B. If two quantum dots A
and B are identical, the probabilities of electron in site 1 tunneling into quantum
dots A and B will be equal. At the same time, the electron in site 2 will similarly tunnel into quantum dots C and D. According to the property of cellular
automata structure(based on Coulomb repulsion principle), the two electrons will
tend to reside on the two diagonal positions in the four quantum dots(A, B, C,
and D) with equal probability. After this process, we obtain a charge Bell state of
the two electrons -!-(leyei)
Ieiei)). Then we turn on the bias polarization by
&
bias gate voltages. If the duration of electric pulses satisfy JE#bias(t)dt =
we can realized a phase factor on the above charge Bell state, and an ancillary
charge entangled state, i.e.,L(ileye$
leiei)), is obtained. Quantum computaJz
tion schemes using two full polarization states in quantum-dot cellular automata
as qubit states have been proposed before14. In contrast to these works, here we
choose electron spin states as qubit states, and the ancillary charge entangled state
is used only as an intermediate state. Up to now, we have done nothing on the
electron spin states(qubit states).
We shall next demonstrate the implementation of a controlled NOT operation based on the ancillary charge entangled state and only on rotations of single
spins. To wit, four single spin operations R,( :), R,(
R,( :),and R,( $) are
performed on individual quantum dots A, B, C, and D, respectively. Spin rotations R,(0) and R x ( e ) are defined as ePiez/’ and e-iexlz, respectively. After this
second step, the state of two electrons becomes
[iR,($)lSl)R,(;)ISz)le:e$

+

3,

+

F),

3

F

+

41.

R, ( $) IS1 )& ( ) I&) lei
The third step is basically the reverse process of the initial procedure. Turning on the gate voltage bias reversely, electron 1 and electron 2 will return their initial positions in real space, and the charge entangled state collapses into its ground state le:ei)
leg1)(eg2),leie!) -+
(eg,)(eg2).The ancillary charge entangled state is converted into a spin en-

-
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tangled state. Now the spin and charge states of the two electrons become
[ i ~ (, ) Is1)R, ( ) IW R,( ) I si )R,(
) P 2 ) I Iegl ) Ieg2) = [ i ~ ,( ) @

+

;
3 + %
?
:
RX( 5 + RZ( ? @ RX( 2 111 si ) (sz)
Iegl) 1eg2) = [UCNOT
IS1) 1 Sz)]leg ) 1 eg, ) , wherein

the CNOT operation acts on the spin states(qubit states), and an irrelevant overall
phase factor has been ignored. We can further implement a universal quantum
gate by combining the Controlled-NOT gate with single spin rotations. The end
result of these operations is that universal quantum computation can be achieved.
In our scheme, the single qubit rotation is easily realized via a local magnetic
field or all-optical control of the electron spin with near-field technology. R, and
Rz single spin rotations can be implemented by tuning on the local magnetic field
along x direction and z direction respectively. However, achieving one-qubit operations by applying magnetic fields is rather slow. To decrease the operation time,
two laser pulses with near-field technology can be employed to generate single
spin rotations. To wit, pulsed lasers with different polarizations are addressed
on a quantum dot. We use A1 and A2 to denote the detuning of the two lasers.
Ql(Q2) denotes the Rabi frequency between the spin-up state JO)(thespin-down
state 11)) and the excited state of the quantum dot. Q 1 and Qz can be enhanced
by increasing the intensity of the laser field. For large detuning and under Raman
resonance(A = A1=A2 >> a
,),
i.e., adiabatically eliminating the excited state15,
an effective interaction between the spin-up state 10) and spin-down state 11)
can be realized: Q e f f ( t ) (10)(1le-il(wl-Q)rf6@12jf 11)(01ei[(01-%)r+q121), where
Qeff(t) = T
QI ( r,) % ( t )
and 6$12 is the initial phase difference of the two lasers.
By properly adjusting the duration and the phase of each laser pulse to satisfy
J : Q e f f ( t ) d t = and (01 - w ~ ) T 6$12 = 2nn, a single spin rotation R J 8 ) is
achieved. The single spin rotation Ry(8) can be obtained under the condition of
SoT Q e f f ( t ) d t = and (01 - w2)T 6$12 = 2nn+
Combining single spin
rotation R, with Ry, we can obtain an arbitrary rotation along z direction /?,(
for instance, single spin rotation R,(;) on quantum dot A can be achieved by
Ry( %)R,( F)Ry(;), and single spin rotation R,(
on quantum dot B can be replaced by Ry(
;)Ry( f). Recently, ultrafast manipulation of electron spins
on femtosecond time scales has been attained by Gupta et all' (optical "tipping"
pulses can enact substantial rotation of electron spin through a mechanism utilizing the optical Stark effect). In our construction, due to the identical, or very
similar, energy spectra of QDs A and B(a1so C and D), it is needed, or at least desirable, to employ near-field technology for laser pulses to manipulate single spin
operations, but this constraint can be removed if only two single spin operations
are designed within the CQCA structure".

+
+

?)&(

%.

9)
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5. Further remarks
A static uniform magnetic field can be employed to split the spin-up state and the
spin-down state by Zeeman energy for the initialization. The measurement of the
spin state can be realized by converting spin information to charge information,
which in turn can be made to depend on the spin state. For example, Martin et al. l9
proposed a scheme for single spin readout using an electron trap near a conducting channel. Recently, Friesen et aL2' propose a novel spin-charge transduction
scheme which converts spin information to orbital information within a single QD
by microwave excitation, and their scheme can be used for both rapid initialization
and readout on electron spin states in a semiconductor quantum dot.
The structure shown in Fig. 1 can also be implemented by two polygonal(triangu1ar for the case here) quantum dots. Further control of the electron location may be achieved by placing electrodes at the vertices and applying the requisite voltages to generate the desired potential well for the electron. The control
of electrons in a polygonal quantum dot had been examined in detail elsewhere2l.
If such a quantum dot can be manufactured with only one excess electron, the
operation time of controlling electron location in the space-time will decrease
significantly. Recently, single electron tunneling through triple virtual quantum
dots has been studied experimentally22. Although such a scheme based on solid
QD arrays would be technologically challenging, it yields a new way to implement electron spin entangled state without resorting to qubit-qubit interactions.
Besides, such structures can be fabricated in a scalable fashion. The separation
between each CNOT gate structure should be much greater than the size of the
cell to ensure that the Coulomb repulsion between electrons on different CNOT
gate structures is always much smaller than that between the two electrons within
the same cellular automata structure.

6. Conclusion
In summary, a charge entangled state is generated in space-time based on a semiconductor coherent quantum-dot cellular automata. This is then converted into
a spin entangled state. The controlled-NOT operation can be implemented in
fermion systems without resorting to spin-spin interactions. Combining with single qubit operations, free electron spin quantum computation can be realized based
on solid nanostructures. Our proposal does not require charge detection and the
ancillary qubit, and is easily scalable. All the operations are performed only on
individual quantum dots. The major technological challenges in this scheme are
sufficiently fast control in SET and the precision of near-field technology in pulsed
lasers.
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INFRARED WAVELENGTH QUANTUM COMMUNICATIONS BASED
ON SINGLE ELECTRON TRANSISTORS
DAVID M. T.KUOt
Department of Electrical Engineering,
National Central University, ChungLi, Taiwan,
320 Republic of China
We propose to employ a selective formation method to embed an isolated self assembled
quantum dot into a n-i-n junction to implement single electron transistors (SETs). The
absorption and emission spectrum of SETS are theoretically studied by the Keldysh Green
function method. The electronic levels and Coulomb interactions of electrons of InAs
quantum dot (QD) are evaluated by an effective mass model. It is found that Coulomb
interaction and level mixing in the many body open system lead to double peaks
associated with the intraband transitions involving two lowest levels of the QD. We can
electrically control the SETs as a single-photon source and double-photon source for
1 0 wavelength.
~
The single photon source can be used in the application of quantum
cryptograph, and the double-photon source can be utilized in the teleportation.

KEYWORDS: quantum dots, single electron transistors, Keldysh Green’s function.

The quantum dot (QD) system has many potential applications in electronic
devices, including quantum dot lasers[ 11 and infrared detectors[2]. Recently, the
spontaneous emission spectrum of QDs embedded in a semiconductor p-n
junction has been proposed as a generator of single photon, which is important
in the application of quantum cryptograph[3]. The anti-bunching feature of a
single photon source was demonstrated by optical and electrical pumping,
respectively[4-51. So far, the implementation of a single photon source has
focused on short wavelengths (near l
p ). For such short wavelength photon, it
could be generated by the electron-hole recombination in the excitations
including exciton, negative trion, positive trion and biexciton states[6].
In some applications of quantum communications, long wavelength single
photon at near l o p infrared wavelength is useful due to its advantage of high

~
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transmission on atmosphere. To generate a long wavelength single photon, we
can employ electron intraband transitions. The idea to realize such photon
source is to use single electron transistors (SETs), which is consisted of two
leads and one QD. The SETs not only can be used as a single photon detector,
but also a single photon emitter. The mechanism of these applications is based
on the Coulomb blockade effect of SETs with only few bound states in a dot.
Up to now, many nano-structure materials such as the silicon (Si) and
germanium (Ge) QDs can be made very small by advanced fabrication
technologies. Futhermore, most recently the Ge/Si SETs have been
demonstrated at room temperature[7,8]. Nevertheless, we propose to embed a
single self-assembled InAs QD into GaAs slab (with width
) which is
connected with two dimensional quantum well electrodes, because Si and Ge are
indirect band gap semiconductors. The studied system is shown by Fig. 1. In the
fabrication of optoelectronic devices such as single photon generators and single
photon detectors, the adopted materials prefer the direct band gap
semiconductors. Even though it is difficult to align a single dot with the source
and drain electrodes, this difficulty may be solved by the selective formation
method[9,10], which can improve position control and minimize the size
fluctuation of self-assembly quantum dot.
To produce a single photon at near l o p infrared wavelength, first we
need to know the energy levels of InAs QDs, which depends on the shape of
QDs. Here the cylindrical InAs QDs with the radius R, and height h = 2R,
will be considered. Within the effective mass model, the Hamiltonian is

w

A2

+ ';D (p,') - eFz)y/(p, 4) = y/(p, 4)
(l)
2mL:( P , 4
where m: ( p ,z ) denotes the position-dependent electron effective mass, which
(-V

' 9

' 9

9

takes m: = 0.067me for GaAs and m; = 0.04me for I d s . Due to the
combined effect of strain and nonparabolicity, the electron effective mass of
InAs in QDs is larger than that of bulk ( 0.024me ). v&(p,z) is
approximated by a constant potential

v, = 0.5eV

in the QDs region (this

includes the effect of hydrostatic strain due to the lattice mismatch between IsAs
and GaAs). eFz term arises from the applied bias, where F denotes the
strength of the electric field. Besides the energy levels of InAs QDs, the
Coulomb interactions of electrons in the InAs QDs are unavoidable for small
QDs. We expect that the Coulomb interactions will influence spectrum
significantly. Particle interaction (by taking direct Coulomb interaction into
account only) is calculated by
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=I

where ni(r,)

~ , ( p , z , 4 >l2 is the particle density of ith energy level. For

the purpose of constructing the approximate wave functions, we place the
system in a large cylindrical confining box with length L and radius R ( L
and R must be much larger than the length and radius of the cylindrical InAs
QDs). Here we adopt L = 60nm , R = 40nm . The wave functions are
expanded in a set of basis functions, which are chosen to be products of Bessel
functions and sine waves
where

k,

= m n / L, m = 1,2,3 ... J , is the Bessel function of order of

I

and

PnR is the nth zero of J , . We solve the eigenfunctions of the effective-mass
Hamiltonian via the Ritz variational method. Figure 1 shows the lowest three
energy levels of the confiied states as a function of the QD size. Figure 2 shows
the intralevel Coulomb interactions (
and
) and interlevel Coulomb

u,, u,,

interaction U,, as a function of the QD size. The strengths of Coulomb
interactions are, in general, inversely proportional to the QD size, since the
charge densities in smaller QDs are more localized. However as the QD size
decreases below a threshold value (around Ro = 3.6nm ), the Coulomb
interactions U,, and U,, become reduced as a result of the leak out of charge
density of the first excited state.
After the calculation of the energy levels and Coulomb interactions, we
construct a model that can be used to simulate the bias dependent light emission
and absorption processes. For the nonequilibrium system considered here, it is
convenient to use the Keldysh’s Green function method to calculate the
transport and optical properties[ 11,121 .We solve the Anderson Hamiltonian of a
two-level system coupled with leads in the presence of an electromagnetic
radiation with frequency w . The tunneling current is given by

where f L ( E ) and f R ( E ) are the Fermi distribution function for the left lead
and right lead, respectively. The chemical potential difference between these
two leads is related to the applied bias p L - p R = ev, .
and
denote

qL qR

the tunneling rates fiom the QD to the left lead and right lead, respectively, for
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electrons in level j. Notations e and h denote the electron charge and Planck’s
constant. The calculation of tunneling current is entirely determined by the
spectral function A j ( E ) = hGJ (&) , which is the imaginary part of the
retarded Green function

GJ . The

expression of

GJ can be obtained by the

equation of motion method. We treat particle interaction with Hartree-Fock
approximation, which is appropriate for the case of Coulomb blockade[lO].
After a lengthy algebra, the retarded Green’s function is given by
G:

(E)

=

(1 - N,)(1 - N j ) ’

E - E , +i-ri

2

+

~ ~ ( N1 ~-) ’

+

+ 2(1-

Ni)(l - Nj)Nj

r.
E - E, -U,2 +i+2

2NiNj(1- Nj)

+

(1 - N,)N;

+
E

- E, -2U,, + i- Ti
2

7

(4)

N , N;

r. E - E , - U , -U,, +i- r. E - E , -Uii -2U,, +i-ri
E - E , -Uii +i+2
2
2
Note that i # j in Eq. (4). N i is electron occupation number of ith energy
level.

ri is the sum of riRand riL,The retarded Green’s function of Eq. (4)

G,‘‘( E ) contains an admixture of

six possible configurations in which a given

electron can propagate. The number of the electrons in the QD can be solved in
a self-consistent way

The value of N i is restricted in the region 0 I
Ni I 1. In Eqs. (3),(4) and (5)
we ignored the effect of weak electron-photon interaction. This means that the
photon assisted tunneling currents were neglected in Eq. (3).
Although the expression of Eq. (4) is complex, it can be reduced to a simple
form for the narrow band case, which is defined as E , << AE = E, - E, ,

E , is the Fermi energy of lead. In the narrow band case, the energy
levels E, and E , will not be covered simultaneously by either p L or
,uR or p L and p R . Therefore, the tunneling current is determined by
the GJ ( E ) with only two poles E = E j and E = E j + U , . Their weighting

where

factors are

(1- N j ) and N j , respectively. To generate a single photon at

1O p wavelength, we are seeking an intraband transition at an energy around
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124 meV, Because long wavelength infrared single photon passes through the
atmosphere in the 3-5 w band and 8-14 p band[l3], furthermore the

atmospheric transmission is near 98% in the infrared range from9.7 p to

1 0 . 3 .~The QD with radius from R,

= 5.4nm to

R, = 5.8nm can be

adopted to generate a single photon at near 10 p wavelength.
From the results of Fig. 1, the QD with radius R, = 5.6nm is sufficient
to provide such photons and gives the following physical
parameters: El = 143meV , E, = 265meV , Ull = 23meV ,

U,, = 20.8meV and U,, = 19.8meV . To simulate the system, we also
choose E , =30meV which is 10 meV below E l , r, =O.Olme?'
and
r, = 0.3meV, respectively. Note that the tunneling rates are assumed bias
independent for simplicity, even though
can be determined with a reliable
method[14]. The tunneling current (not shown here) displays a staircase
behavior. Two plateaus are generated by the intralevel Coulomb interactions
U,, and U,, , which correspond to the charging energy of the ground state and
the first excited state. This is the well-known Coulomb blockade effect[121.
When the chemical potential p L I R
sweeps through the ground state, the
detected photon spectrum is described by the imaginary part of polarization
P ( w ) ,which is calculated with non-diagonal parts of the lesser Green function

G:,

(4

9

ds
1- N,
-1
Im P(W>= i12 I--fi<(s)(l-f
: (& + w > >{rm(
r,
1
x
4
n
&-E,+i& - E E 2 + m - iri22
2

+ Im(

N,

r, > w

-1

>
9

(6)

>>

E - E ~ - U , ~ + W r-2~ 2
2
where A is the Rabi frequency. Figure 3 shows the absorption
spectrum as a function of frequency for various applied voltages at
zero temperature: solid line ( V, = 24m V ) and dashed line ( V, = 70m V ).
s-E,-U,,+i-

+

At low voltage ( E , + ev, / 2 < El U,, ), electrons in the QD can
only occupy the single-particle state; thus, the spectrum displays a
single peak at resonance frequency, w = E, -El . As voltage further

+ eV, / 2 > E, + U,,

, the spectrum displays
two peaks centered at frequency w = AE,, = E , - El = 122meV and
increases to satisfy

E,
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w = E, -El

+ U,, - u,,
= 119.8meV

. The high frequency peak
corresponds to the interlevel transition [with relative probability ( 1- N , )] of a
single electron in the QD, while the low frequency peak corresponds to the
interlevel transition [with a relative probability N , ] of a second electron in the
QD under the influence of the first electron. Thus, the effect of electron
correlation leads to a double-peak spectrum with energy separation related to the
intralevel and interlevel Coulomb energies ( AU,, = U,, - U ,I = -2.2meV).
When the lead supplies electrons into the first excited state, light emission
process occurs. The emission spectrum is given by
d&
1-N,
1
Im P ( W ) = i12 j - ~ ; ( & ) ( l - A < ( & - w>){Im(
1Im(
)
7c
&-E,+i- l-2
~ - E , - w - i -r1
2
2 (7)
1
+ Im(
N2
1Im(
r, 1)
E - E , -U22 +i-r2
E - E , -U12- m - i 2
2
Figure 4 shows the emission spectrum for the different applied voltages:
solid line ( V, = 268mV ) and dashed line ( V , = 310mV ). The solid line
exhibits a single peak at w = E, - El = 122meV , because the applied bias is
not sufficient to overcome the Coulomb bloackade. When the applied bias
overcomes the Coulomb blockade and supplies the second electron into the first
excited state, the spectrum exhibits two peaks centered at frequency
w = E , - E l = 122meV and w = E , -El + U,, - U,, = 1 2 l m e V .
Because applied bias will establish electric field, it is worthy studying how the
Stark effect to influence the emission spectrum. The Stark effect can be ignored
for the absorption spectrum since the applied bias is small. When the applied
bias is V, = 310mV and the G ~ slab
s width is 30nm, the electric field

v

strength is F = 1. x 1O5 / cm . We found that the Stark effect can not be
neglected in such field strength. The dotted line includes Stark shift for energy
levels. The Stark effect leads to a blueshft ( z 4meV ) in the transition
energies, Note that the Coulomb interactions are changed very slightly for

F =i . x 1 0 ~ ~ / ~ ~ .
In this study it is found that the light transition between the ground state and
the first excited state could generate double peaks due to the effect of electron
correlation in open system. We can use the tunneling current as functions of bias
and double peaks shown in Figs. (3) and (4) to determine the intralevel Coulomb
interactions (
and
) and the interlevel Coulomb interaction
. In
addition, we can electrically control the SETS as a single photon source and two

u,, u,,

u,,
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photons source for infrared wavelength. The single photon source can be used in
the application of quantum cryptograph, and the two photons source can be
utilized in the teleportation[ 151.
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Figure 1. The schematic band diagram for single electron transistor consisted of one InAs QD and
two dimensional quantum well electrodes.
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Figure 2. Energies of the bound states of a cylindrical InAs/GaAs QD as a function of the QD size.
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Figure 4. Absorption spectrum as a function of frequency for different applied vo1tages:solid line
(

v, = 24m v ) and dashed line ( v, = 70mv ). AuZl= u,,
- u,,

172 D.M. T. Kuo

Figure 5. Emission spectrum as a function of frequency for different applied vo1tages:solid line
(

v, = 2 6 8 v~ ~and dashed line v, = 3 10WZ v
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RECENT RESULTS
IN EXPERIMENTS WITH JOSEPHSON QUBITS
OLEG ASTAFIEV, YURI PASHKIN, TSWOSHI YAMAMOTO,
YASUNOBU NAKAMURA, JAWSHEN TSAI
Institute for Physical and Chemical Research,
Wako-shi, Saitama, 351-0198, Japan
NEC Fundamental Research Laboratory, 34 Mipkigaoka,
Tsukuba, Ibaraki 305-8501, Japan

We demonstrate our recent experiments on Josephson charge qubits: coherent
manipulation of two electrostatically coupled qubits, controlled-NOT operation, singleshot readout, and study of decoherence mechanisms with help of the single-shot readout.

1. Introduction
The Josephson qubit is one of the strongest candidates for building blocks of
quantum computers because of their potential scalability. After the first
demonstration of coherent manipulation with two charge states in solid-state
devices done by Nakamura et. al. in 1999,' a considerable progress has been
achieved. Coherent manipulation of charge and flux states in different qubit
geometries has been
Recently, an important step towards integration
of the qubits has been made: coherent control of two qubits6 and conditional gate
operation' have been experimentally demonstrated for two electrostatically
coupled charge qubits. To develop multi-qubit integrated circuits the qubits must
satisfy a number of strict requirements: among them decoupling from a readout
system during the coherent state manipulation and weak intrinsic decoherence
caused by electric environment. Understanding of qubit decoherence
mechanisms becomes of great importance. In particular, it has been recently
shown that the charge fluctuators in a substrate produce dephasing as well as
energy relaxation of the Josephson charge qubik8'
2. Coherent manipulation with two-qubits

One of the physical realisations of a solid-state qubit is provided by a
Cooper-pair box." The two charge states of the box, say 10) and Il), differing by
one Cooper pair are coherently mixed by the Josephson coupling as was
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confirmed experimentally.'17l2 Quantum state manipulation of such a system
can be done by using a non-adiabatic pulse t e c h q u e , and the read-out can be
performed by a properly biased probe electrode. Here we make one step further
on the way to implementation of quantum logic gates by integrating two charge
qubits and demonstrating their interaction.
The two charge qubits of our circuit are electrostatically coupled by an onchip capacitor (Fig. 1). The right qubit has a SQUID geometry to allow the
control of the Josephson coupling to its reservoir. Both qubits have a common
pulse gate but separate dc gates, probes and reservoirs. The pulse gate has
nominally equal coupling to each box. The Hamiltonian of the system in the twoqubit charge basis loo), IOl), 110) and 111) reads:

H=

where Enln2
= Ecl(ngl-n1)2 + Ec2(ne-n2)2 + E,(ngl-nl)(n~-n2) is the total
electrostatic energy of the system (111, 122 = 0, 1 is the number of excess Cooper
pairs in the first and the second box), EJl (EJ2)is the Josephson coupling energy
of the first (second) box and the reservoir, Ec1,2= ~ ~ ~ C X Z , ~ I-~)C
',( C Z
are~
the effective Cooper-pair charging energies, Cz,,2are the sum of all capacitances
connected to the corresponding island including the coupling capacitance C,,
ng1,2= (Cg1,2Vgl,2+ CpVp)12e are the normalised charges induced on the
corresponding qubit by the dc and pulse gate electrodes. The coupling energy Em
depends not only on ,C
, but also on the total capacitance of the boxes:
Em = 4e2CJ(Cx1Cz2 - Cm2).Application of gate voltages allows us to control
diagonal elements of the Hamiltonian (1). The circuit was fabricated to have the
following relation between the characteristic energies: EJ1,2 Em < Ec1,2.This
ensures coherent superposition of the four charge states loo), IOl), 110) and 111)
around ngl = ng = 0.5 while other charge states are separated by large energy
gaps. The above condition justifies the use of a four-level approximation for the
description of the system. In our notation Inln2) of the charge states used
throughout the text, nl and n2 refer to the number of excess Cooper pairs in the
first and the second qubits, respectively.

-
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Figure 1. Two capacitively coupled charge qubits. (a), Scanning electron micrograph of the sample.
The qubits were fabricated by electron-beam lithography and three-angle evaporation of Al (light
areas) on a SiN, insulating layer (dark). Two qubits are coupled by an additional coupling island
overlapping both Cooper-pair boxes. Although the coupling island has a finite tunnelling resistance
10 MR to the boxes, we consider the coupling as purely capacitive represented by a single
capacitor in the equivalent circuit because all the tunnelling processes are completely blocked. The
estimated capacitance of the island to the ground is 1 aF. (b), Equivalent circuit of the device. The
parameters obtained from the dc measurements are: CJI= 620 aF, CJZ= 460 aF, c b l = 41 aF,
CbZ = 50 aF, C,l = 0.60 aF, Cg = 0.61 aF, C, = 1 aF, C,, = 34 aF, and the corresponding energies
are E,I = 484 peV (1 17 GHz in frequency units), Ec2 = 628 peV (152 GHz) and Em = 65 peV (15.7
GHz). Josephson coupling energies, Ell = 55 peV (13.4 GHz) and EJZ= 38 peV (9.1 GHz), were
determined from the single qubit measurements described later in the text. Probe junction tunnel
resistance is equal to 31.6 MR (left) and 34.5 MR (right). Superconducting energy gap is 210 peV.
Black bars denote Cooper-pair boxes.

-

-

In the absence of Josephson coupling, the ground-state charging diagram
(nl, n2)I3 (see Fig. 2(a)) consists of hexagonal cells whose boundaries delimit
two neighboring charge states with degenerate electrostatic energies. For
example, points R and L correspond to a degeneracy between the states 100) and
110) and the states 100) and 101) differing by one Cooper pair in the first and the
second Cooper-pair box, respectively. If we choose the dc gate charges ngl and
ngz far from the boundaries but within the (0,O) cell, then because of large
electrostatic energies we can assume that the system remains in the state 100).
Since the pulse gate has equal coupling to each qubit, the application of a pulse
shifts the state of the system on this diagram along the line tilted at 45 degrees
indicated by arrows in Fig. 2(a). The charging diagram remains valid for the
small Josephson coupling except on the boundaries where charge states become
superposed. When the system is driven non-adiabatically to the point R or L, it
behaves like a single qubit oscillating between the degenerate states with a
frequency u,2= EJ1,21h.Applying arrays of pulses and measuring oscillations of
the probe currents I , and I,, we can determine the Josephson energies of each
qubit. The accuracy of the measured EJ1,2is very high since the electrostatic
coupling through C
, has almost no effect on c q 2 along the boundaries in the
vicinity of R and L.
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Figure 2. Pulse operation of the device. (a), Schematics of the ground-state charging diagram of the
coupled qubits as a function of the normalised gate charges ngl and np. The number of Cooper pairs
nl and nz in the neighbouring cells differs by one. The electrostatic energies En1e are degenerate at
the boundaries. Points R and L correspond to energy degeneracy in the first and the second qubit,
respectively. Point X is doubly degenerate: Em = Ell and El0 = 1501.Arrows show how pulses shift
the system in the experiment. (b), Energy diagram of the system along the line ngl = np. Solid lines
are the electrostatic energies of charge states loo), ]lo), 101) and 111). Dashed lines are eigenenergies
of the Hamiltonian (1). Far from co-resonance (point X in a), the system stays in loo>. After the
pulse brings the system to the co-resonance (solid arrow), the system starts to evolve producing a
superposed state IHt) ) = ~1100)
+ c2110) + cslOl) + c4111). The amplitudes lcil (i = 1, 2, 3, 4) remain
“frozen” after the pulse termination (dashed arrows) until the resulting state decays into the ground
state. The decay process indicated by grey arrows contributes to the probe currents proportional to
the probabilities (3).

At the “co-resonance” point X (agl = ng = O S ) , the system has double
degeneracy, Eoo = Ell, Elo = Eol, and the dynamics of the quantum evolution
becomes more complex and reflects the coupling between the qubits. The crosssection of the energy bands through the point X is shown in Fig. 2(b). Exactly at
the co-resonance, all four charge states are mixed and the state of the system can
be expressed in general as

where lcil ( i = 1,2, 3,4) are the time dependent probability amplitudes obeying a
normalization condition. Using the Hamiltonian (1) and initial conditions one
can calculate the probabilities Icif of each charge state. However, in our read-out
scheme, we measure a probe current
proportional to the probabilityplz(l)for
each qubit to have a Cooper pair on it regardless of the state of the other qubit,
i.e., I1oc p l ( l ) E lczf + lc4I2and 1, oc pz(l) = Ic3l2+ lc4I2.Assuming the initial state
at t = 0 is loo), we can derive for an ideal rectangular pulse shape of a length At
the time evolution of these probabilities:
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where xl,2= (E2J2,1-E2J1,2+~~/4)/(4A2~E),
Q = ((Ejl + EJ# + (E,J2)2)’”/2A,

E =

((EJl,2 - EJ2,I)’ + (E,/2)2)”2/2A.

One can see that unllke a single qubit case, there are two frequencies
present in the oscillation spectrum of the qubits: Q + E and D - E, both
dependent on Ell, Ej2 and Em. We can identify these frequencies with the energy
gaps in Fig. 2(b). Note that in the uncoupled situation (Em= 0), Q k E = E J I ,
and each qubit oscillates with its own frequency q . 2 . Let us stress, however,
that the above consideration is valid only in the ideal case when the pulse has
zero rise/fall time and the time evolution occurs exactly at the co-resonance
point.
The idea of the experiment is shown schematically in Fig. 2(b). From the
state 100) (shown as a black dot), the pulse (solid arrow) brings the system to the
co-resonance, and the system evolves for the pulse duration time At, producing a
superposed state (2) indicated by grey circles. After the pulse termination
(dashed arrows), the system remains in the superposed state until it decays
(dotted arrows) in the ground state by emitting quasiparticles into the probe
junctions biased at Vbl,2 w 600 peV. To accumulate a signal, a pulse array
(-3x105 pulses) was applied to the pulse gate. The repetition time between the
pulses was 64 ns, long enough (in comparison to the quasiparticle relaxation
time 10 ns) to let the system decay through a Josephson-quasiparticle cycle14
and give rise to a probe current proportional to
The estimated amplitude of
the applied pulses is V, = 30 mV.
The results obtained in t h ~ sway are presented in Fig. 3. First, by tuning ngl
and ng, we do single qubit measurements by bringing the system to the point R
or L and thus exciting autonomous oscillations in one of the qubits (Fig. 3(a)).
The oscillations can be fitted to a cosine function with an exponential decay time
of about 2.5 ns. The oscillations spectra (right panels of Fig. 3(a)) obtained by
the Fourier transform contain one pronounced component at 13.4 GHz for the
first qubit and at 9.1 GHz for the second one. We identify these values with Ell
and EJ2. Judging from our previous experiments we can conclude that these
values are close to what we expect for the given fabrication parameters, i.e.,
overlap area and oxidation conditions. Then, by changing ngl and n@,the system
is driven to the co-resonance and the induced quantum oscillations are traced
using the same technique. The oscillation pattern becomes more complex (Fig.
3(b)) and more frequency components appear in the spectrum. The observed
spectral properties of the oscillations agree with the predictions of Eq. (3) in a
sense that there are two peaks in the spectrum and the peak positions are close to
the expected frequencies Q + E and Q - E for the parameters Ell = 13.4 GHz and
EJ=
~ 9.1 GHz measured in the single qubit experiments (Fig. 3(a)), and Em=
15.7 GHz estimated from the independent dc current-voltage characteristics

-
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measurements. The expected from equation (3) position of the 9 + E and 9 peaks is indicated by arrows and dotted lines. The decay time 0.6 ns of the
coupled oscillations is shorter compared to the case of independent oscillations
as should be expected since an extra decoherence channel appears for each qubit
after coupling it to its neighbour. The amplitudes of the spectral peaks, however,
do not exactly agree with equation (3). We attribute this to the non-ideal pulse
shape (finite rise/fall time 35 ps), and the fact that a small shift of ngl and n@
off the co-resonance drastically changes oscillation pattern. Also, even far from
the co-resonance, we still have a small contribution to the initial state from the
other than 100) charge states distorting the oscillations. We have performed
numerical simulation of the oscillation pattern taking into account a realistic
pulse shape and not pure 100) initial condition assuming the system is exactly at
the co-resonance. The resulting fits are shown in Fig. 3(b) as solid lines. We
found that Em = 14.5 GHz, close to the value estimated from the dc
measurements, gives better agreement of the fit with the experimental data.
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Figure 3. Quantum oscillations in qubits. (a), Probe current oscillations in the first (top) and the
second (bottom) qubit when the system is driven to the points R and L, respectively. Right panel
shows corresponding spectra obtained by the Fourier transform. In both cases, the experimental data
(open triangles and open dots) can be fitted to a cosine dependence (solid lines) with an exponential
decay with 2.5 ns time constant. (b), Probe current oscillations in the qubits at the co-resonance
point X. Their spectra (right panel) contain two components. Arrows and dotted lines indicate the
position of C2 + E, C2 - E obtained from (3) using E~1=13.4GHz, E~2=9.1GHz measured in the single
qubit experiments (Fig. 3(a)) and E,,,=15.7 GHz estimated independently from dc measurements.
Solid lines are fits obtained from numerical simulation with the parameters E~l=13.4GHz, E~2=9.1
GHz and E,,=14.5 GHz. Finite pulse rise/fall time and not pure 100) initial condition were taken into
account. The introduced exponential decay time is 0.6 ns.

Finally, we checked the dependence of the oscillation frequencies on Ell
controlled by a weak magnetic field (up to 20 Gs). The results are shown in Fig.
4. The plot contains the data from both qubits represented by open triangles
(first qubit) and open circles (second qubit). Without coupling (Em = 0), the
single peaks in each qubit would follow dashed lines with an intersection at Ell =
Ej2. The introduced coupling modifies t h s dependence by creating a gap and
shifting the frequencies to higher and lower values, the spacing between the two
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branches being equal to EJ2h when E,, = EJ2. We compare the observed
dependence with the prediction of equation (3) given by solid lines and find a
remarkable agreement.

lslqubit
Zndqubu

A
0

0

0

2

4

6

8

,

1

0

1

2

I

E, ( G W

Figure 4. EJI dependence of the spectrum components obtained by the Fourier transform of the
oscillations at the co-resonance. Open triangles: frequency components measured in the first qubit;
open circles: frequency components measured in the second qubit; solid lines: dependence of R + E
and R - &obtained from (3) using E J Z = GHz
~ . ~and E,,,=14.5 GHz and varying Ell from zero up to
its maximum value of 13.4 GHz; dashed lines: dependence of the oscillation frequencies of both
qubits in the case of zero coupling (Em= 0).

The observed quantum coherent dynamics of coupled qubits in the vicinity
of the co-resonance (in particular, double-frequency structure of the probability
oscillations in both qubits and frequency “repulsion” at EJI = EJ2- see Figs. 3(b)
and 4) indicates the two qubits become entangled during the course of coupled
oscillations although direct measurement of the degree of entanglement was not
possible. Simple calculation based on the standard expression for the
entanglement of the pure s t a t e ~show
’ ~ that with an ideal pulse shape and the 100)
initial condition, the wavefunction (2) passes in its evolution through maximally
entangled state in the case of equal Josephson energies. The amount of
entanglement does not decrease significantly when realistic experimental
conditions are taken into account that is c o n f i i e d by the numerical simulations.
The relatively large observed oscillation amplitude (about 50% of the expected
value) also suggests the existence of entangled states even in our multi-pulse
averaged experiment.

3. Controlled-NOT operation
The two-qubit system is the simplest device, which allows to demonstrate
quantum logic gats. Here we demonstrate conditional gate operation controlledNOT based on the two-qubit system. The device shown on Fig. 5(a) is
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essentially same as that one shown on Fig. 1 with one important modification:
two pulse gates are made to separately address each qubit.

Pulse gate 2

A'

(I)

Pulse gate 1

Input preparation

CNOT operation

10

11

Time

Figure 5 . Pulse operation of the coupled-qubit device. (a), Scanning electron micrograph of the
sample. The qubits were fabricated by electron-beam lithography and three-angle evaporation of Al
on a SiN, insulating layer above a gold ground plane on the oxidized Si substrate. The two strips
enclosed by red lines are the Cooper-pair boxes, which are coupled by an on-chip capacitor.16 k
represents magnetic flux penetrating the SQUID loop. An electrode between two pulse gates is
connected to the ground to reduce the cross capacitance. Although there is a finite cross capacitance
between one gate and the other box (about 15% of the main coupling), it does not play any essential
role in the present experiment and so we can neglect it in this paper. The sample was cooled to 40
mK in a dilution refrigerator. The characteristic energies of this sample estimated from the d.c.
current-voltage measurements are ECl = 580 peV, ECz= 671 peV and Em = 95 peV. From the pulse
measurements, EJI is found to be 45 peV at a maximum and EJZto be 41 peV. The superconducting
energy gap is 209 peV. Probe junction tunnel resistance is equal to 48 MR (left) and 33 MR (right).
(b), Energy band diagram along two lines of ng1 = ngl0 and ng2 = ngzO,where nglo and ng2 are
constants. Here (ngl0, ngzO)= (0.24,0.26), corresponding to the actual experimental condition. In the
energy band diagram, lines show four eigenenergies and four electrostatic energies of the states
shown in the cells of the charging diagram of the base plane with the corresponding colour. (c),
Pulse sequences used in the experiment. In both sequences, the upper and lower patterns show the
pulse patterns applied to Pulse gates 1 and 2, respectively. The expected quantum states after each
pulse are also shown. The symbols 10) or 11) with subscripts C and T mean the state of the control
and target qubits, respectively.

Figure 5(b) represents the idea for the gate operation. Using the
Hamiltonian of Eq. (l), we calculate the eigenenergies of the two-qubit system
and plot them in the planes ngl = ngl0 and ng2 = ng20, where ng10and ng: are
constants. In these planes, if (ngI0,ng29 is sufficiently far away from the co-
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resonant pointI6 (0.5, O S ) , four energy bands can be regarded as two pairs of
nearly independent single-qubit energy bands. In the plane of ngl = ngIo,for
example, our system is divided into a pair of independent two-level systems loo),
101) and IlO), 111). Importantly, the charging energies of each of the two-level
systems degenerate at different ng2,namely, at ng2Lfor the states 100) and 101)
and at ngZUfor the states 110) and 111) as shown in Fig. 5(b). This difference
(6jZg2) originates from the electrostatic coupling between the qubits and is given
0
as E d 2Ec2.Similarly, we define nglL and ngluas shown in the plane of ng2= ng2 .
Now we consider the pulse operation. Applying pulses to Pulse gate 1 ( 2 )
shfts the system non-adiabatically in the plane of ng2 = n,: (ngl = n,.?. For
convenience, we define the distances from (nglo,ng2? to the degeneracy points as
0
0
follows: sPlplL = nglL - ngI0,
= nglu- ngl and &p2L = ngZL- ng2 . Suppose we
start from the 100) state (point A) and apply an ideal rectangular pulse with an
amplitude VPzL= 2e sPlpZLICp2
to Pulse gate 2, where Cp2is the capacitance
between Pulse gate 2 and Box 2 . This pulse is represented by the arrow in the
ground-state charging diagram of the base plane. In this case, the system is
brought to the degeneracy point ngZLand evolves during a pulse duration At with
a frequency R = EJ2/hbetween the 100) and the 101) states: cos(RAt/2) loo)+
sin(RAt/2) 101). By adjusting At so that 0 At =n (n pulse), we can stop the
evolution when the system is in the 101) state. The system is finally in the state at
point C after the termination of the pulse.
On the other hand, if we start from the 110) state (point B) and apply the
same pulse, the system does not reach the degeneracy point for states 110) and
111) (ngZu).In this case, the amplitude of the oscillation between the 110) and the
111) states is suppressed by EJ:/ (Em2 + EJ:). If Em is sufficiently large, the state
110) remains almost unchanged (except for the phase factor), coming back to
point B after the termination of the pulse. Similarly, we can realize the transition
from the 101) state to the 100) state by the same pulse, and suppress the transition
out of the 111) state. Therefore, conditional gate operation can be carried out
based on thls operation pulse: the target bit is flipped only when the control bit is
10).
To experimentally demonstrate the above gate operation, we prepare
different input states from the ground state 100) by applying pulses and measure
the output of the gate operation. Figure 5(c) shows two pulse sequences that are
utilized in the present experiment. For convenience, each of the pulses in the
sequences is labelled by an index m (m = 1, , . . , 5), which we will refer to as
“Pulse m”.In sequence (i) of Fig. 5(c), a superposition of the states 100) and 110)
is created by applying Pulse 1 with the amplitude VplL= 2e &plLICpl,where Cpl
is the capacitance between Pulse gate 1 and Box 1. In sequence (ii) of Fig. 5(c),
a superposition of the states 101) and 111) is created by two sequential pulses.
First, Pulse 3, the same pulse as that for the gate operation, brings the system to
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the 101) state at point C. Then, Pulse 4 with amplitude Vplu = 2eGnplu/CpIis
applied.
In both sequences, an operation pulse (Pulse 2 or 5) creating an entangled
state ( a101) + p 110) or a 100) + /3 111)) is applied after the preparation pulses.
To change the coefficients a and p, we change the Josephson energy of the
control qubit EJ]by a magnetic field, while keeping the pulse lengths constant.
Because the control qubit has SQUID geometry, EJI is periodically modulated
as EJI = E J ~ ~ ~ ~4a/40)l,
c o s where
( ~ EJlmaxis the maximum value of EJI and 4o is
the flux quantum. By repeatedly applying the sequential pulses (with a
repetition time T, = 128 ns), we measure the pulse-induced currents through
Probes 1 and 2, whch are biased at
650 pV to enable a Josephsonquasiparticle (JQP) ~ y c 1 e .These
l~
currents are proportional to the probability of
the respective qubit having one extra Cooper pair.16'
We measure #a dependence of IC and IT for pulse sequence (ii) of Fig. 5(c)
(not shown) and plot it as EJI dependence in Fig. 6(b). In this case, like in Fig.
6(a), IT and I, show cosine-like dependence. However, most importantly, their
correlation is now opposite to that in Fig. 6(a). T h s is consistent with the
expectation that the state a 100) + p 111) is created.

-

Figure 6. Pulse-induced current as a function of the Josephson energy of the control qubit under the
pulse sequences shown in (a) Fig. 5(c) (i) and (b) Fig. 5(c) (ii). The lengths of the pulses in Fig. 5(c)
(ii) are At3=88 ps, A t ~ 2 6 4ps, At5=88 ps, At34=88 ps and A t 4 ~ 8 8ps. The curves represent
simulation obtained by calculating time evolution of the density matrix. In the calculation, we
assumed a trapezoidal pulse shape with both rise and fall times equal to 4 0 ps, which is close to the
real pulse shape. To take into account the effect of dephasing, all the off-diagonal terms of the
density matrix are set to zero before applying the operation pulse. This is a reasonable
approximation because the dephasing time at an off-degeneracy point is reported to be a few
hundred picoseconds," which is comparable to the time needed for the input preparation for the
present experiment. We did not take into account the energy relaxation, which is known to be much
slower.

The above data shows that we have succeeded with the conditional gate
operation. However, to understand more quantitatively, we compare the data
with simulation data obtained by numerically calculating the time evolution of
the density matrix. The results of the simulation are shown as curves in Fig. 6.
Here, we stress that no fitting parameters are used in the calculation.
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First we consider the target qubit. Apart from the offset in Fig. 6(a), the
simulated curves agree well with the experiment, suggesting that the oscillation
amplitude of the measured IT is reasonable. On the other hand, we have some
discrepancy in Ic. We attribute t h s discrepancy to the unknown current channel
in our present read-out scheme. As long as the JQP process is considered, the
pulse-induced current should not be able to exceed 2e/Tr = 2.5 PA, but in reality
it does. This means that the pulse-induced current has an extra component that
does not originate from the JQP process. We do not yet know the origin of this
current. It may be other processes involving higher-order Cooper-pair tunnelling.
The magnitude of this current probably depends on the Josephson energy (but
does not depend strongly on the pulse length) and produces the EJl-dependent
deviation between the simulated and measured curves. In the target qubit, the
similar current channel simply gives a constant offset in Fig. 6 as EJZis fixed
and does not affect the overall EJ,-dependence. Although quantitative analysis
for 1, is difficult at present, the simulation suggests that the oscillation amplitude
of the measured IT is reasonable, while that of I= is enhanced by this extrinsic
factor originating from the imperfection of our read-out scheme.
In conclusion, we controlled our two-qubit solid-state circuit by applying a
sequence of pulses and demonstrated the conditional gate operation. Although
in the present experiment we paid attention only to the amplitude of the
quantum state, phase evolution during the gate operation should also be
examined for the realization of the quantum C-NOT gate (probably with
additional phase factors), which is a constituent of the universal gate.
4. Single-shot readout of the Josephson charge qubit

In the experiments described above, individual probabilities of each qubit
averaged over all states of the other qubit were measured. To directly measure
multi-qubit states, one must be able to readout each qubit after every single-shot
coherent state manipulation. The single-shot readout is of great importance, for
instance, for quantum state tomography, quantum state teleportation, quantum
cryptography.” Without the single-shot readout, algorithms that give non-unique
solutions can not be utilized.
To readout single quantum states of the Josephson qubits (in particular, flux
qubits) through the phase degree of freedom, a few circuits, measuring
switching event from the supercurrent state to the finite-voltage state were
im~lemented.~-~
In charge type of qubits, it is straightforward to measure a
charge quantum instead of the flux q ~ a n t u m . ’For
~ the single-shot charge
readout, a radio-frequency single-electrontransistor2’ electrostatically coupled to
the qubit was proposed as a detector of the charge states.2” 22 Although this
approach works in principle,23*24 the single-shot readout has not yet been
realized. In this work, we demonstrate an operation and study mechanism of
novel readout scheme that allows to perform highly efficient single-shot

184 0. Astafiev et al.

measurements, with suppressed back-action of the measurement circuit on
the qubit. An efficiency of the readout of 11) and 10) charge states are found to
be 87% and 93%, respectively.
A scanning-electron micrograph of our circuit is shown in Fig. 5(a) The
device consists of a charge qubit (3) and a readout circuit. The qubit is a
Cooper-pair box (with its effective capacitance to the ground C, = 600 aF)
coupled to a reservoir through a Josephson junction with the Josephson energy
EJ a 20 peV. The reservoir is a big island with about 0.1 nF capacitance to the
ground plane and galvanically isolated from the external environment. The qubit
states are coherently controlled by a non-adiabatic control pulse, yielding a
superposed state of 10) and 11). The readout part includes an electrometer which
is a conventional low-frequency single-electron transistor (SET) (C, = 1000 aF)
and a charge trap (C,a 1000 aF) placed between the qubit and the SET. The trap
is connected to the box through a highly resistive tunnel junction (R, a 100 MR)
and coupled to the SET with a capacitance C,, = 100 aF. The use of the trap
enables us to separate in time the coherent state manipulation and readout
processes. Moreover, the qubit becomes effectively decoupled from the SET
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Figure 7. (a) Scanning electron micrograph of the device. The aluminum structure is deposited on
top of a thin SijN4 insulating layer (0.4 pm) above a gold ground plane. The device consists of a
Cooper pair box, a reservoir, a trap and a measurement SET.The dc (“box” and “trap”) and pulse
(control and readout) gates control potentials of the islands. The inset schematically represents the
pulse operation. @) Stability diagram of the SET coupled to the trap. Open circles mark positions of
the SET quasiparticle current peaks on V, - Vg, plane (dc gate voltages of the SET and the trap).
Pairs of numbers (N,, N,) designate the trap - SET ground state charge configuration in each cell
bounded by the SET peaks and black solid lines. Dashed, dashed-dotted and dotted lines indicate
positions of the SET peaks for 0, 1 or 2 additional electrons in the trap, respectively. (c) A typical
time-trace of the SET current (lower panel) together with the readout pulse sequence (upper panel).
Digits 1 and 0 mark readout bits. Negative switches on the lower curve correspond to the detected
charge of the trap.
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(the qubit relaxation rate induced by the SET voltage noise is suppressed by a
factor of (Cbr C,,/C~Cb)’ = 3x10-’, where cbr = 30 aF ). The coupling strength can
be made even weaker, if the unwanted box-to-trap capacitance c b r is further
decreased.
The operation of the circuit can be described in the following way. During
the qubit manipulation, the trap is kept unbiased prohibiting charge relaxation to
the trap. Once the control pulse is terminated, the readout pulse (see the inset of
Fig. 7(a)) is applied to the trap. The length and the amplitude of the readout
pulse are adjusted so that if there is an extra Cooper pair in the box after
termination of the control pulse, it escapes to the trap through a quasiparticle
tunneling with a high probability. After the charge is trapped, it remains in the
trap for a long time (a reverse trap-to-box charge relaxation is suppressed due to
the superconducting energy gap 2A) and is measured by a low-frequency SET.
The Hamiltonian of the two-level system of the qubit in the charge basis 10)
and 11) (without and with an extra Cooper pair) is H = Ub(0, Qb) lO)(Ol + ub(2,
Q b ) 11)(11 - 1/2 Ej(10)(11 + Il)(Ol) (we define an electrostatic energy of island k as
Uk(Nb Qk) = ( N g - Qk)2/2C,, where k is either b or t indicating box or trap
island, respectively, Nk is an excess electron number, and Qk is a gate induced
charge in the island. Starting at QbO( Q b o < Q b l ) , where AE >> Ej (AE= Ub(2,
Qbo)- Ub(0, Qbo)) we let the system relax to the ground state, which is nearly
pure charge state 10). Then we instantly change the eigenbasis for a time t, by
applying a rectangular control pulse, which brings the system to Qbl. If Qbl is a
degeneracy point (AE= 0), the final state of the control pulse manipulation is 10)
cos mJtJ.2 + 11) sin mjtJ2 (wJ = EJk), therefore, after the pulse termination, the
state 11) is realized with a probability of cos2mJtJ2.
Fig. 7(b) shows an experimentally measured stability diagram: SET current
peak positions as a function of trap and box gate voltages of the SET and the
trap. By setting the box and trap gates to one of the points Nto,N,, or Nt2,we can
detect if the trap has 0, 1 or 2 additional electrons. In our measurements, the SET
is usually adjusted to Na. To readout the qubit, the trap is biased by the readout
pulse of typical length t, = 300 ns and amplitude AQr = 3.5e (AQr = Qrl - Qro),
applied to the readout gate, letting an extra Cooper pair of the state 11) escape to
the trap through a quasiparticle tunneling and switching off the SET current (the
SET peak position is shifted to the position of the dashed line).
The curve in the upper panel of Fig. 7(c) indicates a readout pulse sequence.
The curve on the lower panel demonstrates a typical time-trace of the SET
current. Negative switches on the curve of the lower panel coming
synchronously with the readout pulses are counted as charge detection events.
For the studied device, the lifetime of the trapped charge is typically about 300
ps, therefore, normally used repetition time of 2 ms is sufficient for practically
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complete trap resetting. We count the number of detected switches m, with
the total number of shots n,,,.
An experimentally obtained probability of the charge detection P = m/n,,,
(normally, ntot = 327 is used per one experimental data point) as a function of
the control pulse length t, and the amplitude AQb is shown as a two-dimensional
plot in Fig. 8(a). We define the pulse with AQb = 0.84e (E QbA) and tc = 120 ps,
when P reaches maximum, as a n-pulse. Fig. 8(b) demonstrates coherent
oscillations as a function of t, measured at Q b A . As shown by the vertical
arrowed line, the visibility here reaches 0.64, while the longest lasting
oscillations shown in Fig. 8(c) are found at AQb = 0 . 7 5 (3 Qba), (the phase
decoherence is expected to be the weakest at the degeneracy point). We believe
that Q b A f Q b B due to the control pulse distortion because of limited frequency
bandwidths of the transmission lines and the pulse generator.
b

0.81

Figure 8. (a) Two-dimensional plot of coherent oscillations measured by averaging over many
events of the single-shot measurements. (b) P versus tc measured at A @ = 0.84~(=&A), where
visibility is the highest. (c) P versus f, measured at the degeneracy point, A Q b = 0 . 7 5 ~(GQbs), where
the oscillations are the longest lasting. Dashed envelops correspond to the exponential decay with
the decay time of 5.8 ns.

Figs. 9(a-b) demonstrate time relaxation dynamics of the qubit states. Fig.
9(a) shows a probability P to find an extra charge in the trap, when time delay td
is introduced between the control n-pulse and the readout pulses. The
exponential decay of P may be explained by tunneling to the reservoir
(presumably via energetically feasible Cooper pair tunneling (2, 0) + (0, 0))
because alternative quasiparticle relaxation to the trap through the high resistive
junction is blocked by 2A when the trap is not biased. The relaxation rate to the
reservoir found from the fitting (solid curve) is ,8 = (220 ns).'. Fig. 9(b) shows
relaxation dynamics of the state 11) as a function of the readout pulse length tr ( t d
= 0). This relaxation is mainly determined by quasiparticle decay to the trap
with a rate a ( a >> p>. Additionally, the inset of Fig. 9(b) shows dynamics of
IO)-state relaxation ("dark" switches) to the trap. These "dark" switches can be
presumably described by the process (0, 0) -+ (-2, 2), with a weak relaxation
rate y= (4100 ns)-' derived from fitting the data by 1 - exp(-yt,) (solid curve).
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Figure 9. (a) P as a function of delay between the control n-pulse and the readout pulse f d . A solid
curve is a fitting by an exponent with a decay rate = (220 ns).'. (b) A probability of 11)-states
detection created by the n-pulse as a function of the readout pulse length 1,. A solid curve is a result
of fitting m ( f )using Eq. (4) normalized by nfofwith fitting parameters not and a (no'ln,, = 0.87 and
a = (37 ns).'). The inset shows probability without n-pulses. P i s fitted by 1 - exp[- y t r ] with y =
(4.1 p).'.

Let us consider the relaxation dynamics in more details. The number of
excited states, n*, decreases w i t h the time interval [t, t + dt] as dn*(t) = - a
n*(t)dt - p n*(t)dt. The number of states in (0, 0) configuration, n(t), changes, in
turn, as dn(t) = - yn(t) dt + p n'(t) dt. We may also write an expression for the
number of events in which the trap is found to be charged: dm(t) = a n'(t) dt + y
n(t) dt. Solving these equations with the initial conditions n'(0) = n;, n(0) = n,
- n; and m(0) = 0 we find

We fit the data of Fig. 9(b) by a curve of P = m(t)/n,,, with m(t) taken from
Eq. (4) with two fitting parameters a and no*. The fitting gives a = (37 ns)-' and
no*/nfor= 0.84, implying that the efficiency of IO)-to-ll) conversion by the control
E-pulse is 84%.
If our readout pulse length t = t, satisfies the conditions y<< t i ' << a+p,
then Eq. (4) can be simplified to

Using Eq. ( 5 ) , one may estimate an efficiency of the single-shot readout. We
introduce a probability P,(x) of finding the trap charged o/ = 1) or uncharged o/
= 0), when the qubit is in p)-state (x is either 0 or 1). According to the definition
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of P,(x),Po(0)+ P,(O) = 1 and Po(l)+ Pl(l) = 1. The total number of detected
events expressed in terms of these probabilities may be written as m = no* PI( 1)
+ (nfof-no*) P,(O). Comparing the latter expression with Eq. (5) we find

Confirming that our readout pulse length t, = 300 ns fulfills the necessary
condition for Eq. ( 5 ) , y<< t i ' << a + p, we directly find from Eqs. (6) that the
probability of detection of the state 11) is PI(1) = 0.87 and the state 10) is Po(0)=
0.93 (P,(O) = 0.07). The readout efficiency can be fbrther improved by
optimizing the relaxation rates. The derived probabilities are consistent with the
mean probability of the oscillations at the degeneracy point, ( P ) = [(not ) PI(l)+
(afof- (no*))Pl(0)]/nto,
= 0.47, where (no*/nfof)
= 0.5.
5. Energy Relaxation of the Josephson charge qubit

Apart from application of the single-shot readout for quantum computation,
it is a good tool to study physics of the charge qubits. Here, we study
decoherence of the charge qubits with help of the single-shot readout.
Decoherence of small Josephson circuits has been studied in a number of
theoretical papers (see for example Refs. [25], [26]). Recently, a few
experiments have measured in which decoherence of Josephson charge qubits for
some special cases. For instance, in charge echo experiments, dephasing of the
Josephson charge qubit has been measured far from the charge degeneracy point
in Ref. [15].
Also, relaxation of excited states of the charge qubits off the degeneracy
point has been measured in Ref. [27]. Dephasing and energy relaxation were
studied at the degeneracy point of the qubit with charging-to-Josephson-energy
ratio about unity, for which charge noise may be also important in Ref. [2].
However, to understand the origin of the decoherence, a systematic study of the
qubit is of great importance.
In this work, we systematically measure and analyze the qubit energy
relaxation in a wide range of the qubit parameters. It was found that the energy
relaxation is caused by a quantum noise with approximately linear frequency
dependence. We propose a model in which the quantum noise is caused by
charge fluctuators, which give both the classical llf noise and the quantum f
noise.
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The sample schematically shown in Fig. lO(a) consists of a qubit and a
readout part8 The qubit is a Cooper pair box connected to a reservoir through a
tunnel junction of SQUID geometry with Josephson energy EJ controlled by an
external magnetic field. The readout part contains a charge trap island and an
electrometer - a single electron transistor (SET). The trap is connected to the
box through a highly resistive tunnel junction. To read out the box charge state
the trap is biased by a readout pulse applied to the readout gate, so that if the
box is in the excited state, an extra Cooper pair tunnels in a sequential twoquasiparticle process and then measured by the SET. Note that the quantum
states are not destroyed by the measurement circuit until the readout pulse is
applied, as the SET is effectively decoupled from the qubit. We designate
mutual and self capacitances of the islands by C, and Ci,where i and j are
characters b, t, s denoting the box, trap and SET islands, respectively. The
capacitance values are the following: cb = 0.6 fF, C, = C, = 1 fF, c b , = 0.03 fF,
C, = 0.1 fF. The charging energy of the box is E, = e2/2Cb= 130 peV. The
reservoir is a big island galvanically isolated from the external environment with
its capacitance to the ground plane of the order of 0.1 nF. The SET is usually
biased to the Josephson quasiparticle cycle peakI4 with the current of about 100
pA in maximum.

a

.

b

Figure 10. (a) Schematic device representation. (b) State manipulation diagram for measurements of
the relaxations. The inset shows operation pulse sequence.

In the charge basis 10) and 11) (without and with an extra Cooper pairin the
box) the Hamiltonian of the box can be written as

where o,, a, are the Pauli’s matrices, hE = (U2 + E;)‘I2, U = 2eqICb is the
electrostatic energy difference between the two states, q is the gate induced
charge with “zero” shifted to the degeneracy point and 8 = arctan(EJ/U).
Eigenstates of the two-level system are I+) = cos 812 10) + sin 8/2 11) and I-) = -
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sin 812 10) + cos 012 11) with the corresponding eigenenergies -MI2 and AE12,
Fig. 10(b) shows schematically the energy diagram of the qubit as a function of
q. Solid and dashed lines represent eigenenergies and electrostatic energies,
respectively. We usually adjust the qubit to a position of qo where U >> EJ and
eigenenergies are nearly pure charge states I+) = 10) and I-) = 11). Starting from
the ground state lo), we apply a rectangular (non-adiabatic) pulse bringing the
system to the degeneracy point (0 = 7d2) for the time t , , where the state freely
evolves as cos E~/2i?t 10) + sin E~/2i?t 11). When the pulse length tp = ni?/EJ(xpulse), the evolution yields state 11).
To measure energy relaxation dynamics of the excited state I-) we use a
combination of the .n-pulse and an adiabatic pulse (a pulse with slow rise and fall
times satisfying the condition of AldAEIdtl << E;). The manipulation procedure,
schematically shown in Fig. 1O(b), includes three sequential steps: First, the 71pulse is applied to the box to prepare the excited state 11). Second, an adiabatic
pulse is applied to the box, so that its rise front shifts the system along the
excited state I-) to a point q = qo + q, and holds the system in these conditions for
a time ta, where relaxation from the excited state I-) to the ground state I+) may
occur with a finite probability dependent on ta. Third, the fall of the adiabatic
pulse converts the excited state I-) to the charge state Il), while the ground state
I+) is converted to the state 10). One can study relaxation dynamics at a desired
value of q by measuring probabilities of states 11) as a function of time t,.
We study two samples (I and 11) of an identical geometry at a temperature of
50 mK. Probability P of the excited state 11) is determined by repeating
nominally identical quantum state manipulations and readouts.* The inset of Fig.
11 (a) exemplifies a typical decay of P of excited states measured as a function
of ta at q = - 0.36 e of sample I. We derive the energy relaxation rate rl fitting
the data by an exponent A exp[-r, to] + B with three fitting parameters A , B and
rl. The amplitude A depends on the efficiency of each step of the state
manipulations with t, = 0 and is a constant at each fixed q, because all other
parameters (pulse lengths, delay times and pulse amplitudes) are kept unchanged
withm one data point measurements. A small finite value of B is a consequence
of "dark" switches in our circuit. Note that B is always small ( B << 1)
independently of q indicating that relaxation is much stronger than excitation.
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Figure 11. (a) Energy relaxation rate rl (closed circles) versus gate induced charge q of sample I (EJ
peV) and phase decoherence rate Tz (open circles). The inset exemplifies a decay of probability
P to detect charge in the trap as a function of the adiabatic pulse length t,, measured at q = -0.36 e.
rl is derived from exponential fit of the decay. (b) rl measured in sample II for three different
Josephson energies: EJ = 16 peV (dots), EJ = 25 peV (squares) and EJ = 34 peV (triangles). (c)
Relaxation rate rl as a function of EJ measured at the degeneracy point (closed circles) and off the
degeneracy point (open circles) at AE = 400 peV for sample I.
= 21

Figures ll(a), (b) show rl as a function of q. Fig. ll(a) demonstrates TI
(closed circles) measured at Ej = 20 peV of sample I. For this sample, we also
derive the phase decoherence rate I‘2 (open circles) in a limited range of q from
the decay of the coherent oscillations. Fig. ll(b) shows rl dependences
measured for three different Josephson energies: Ej = 16 peV (dots), Ej = 25
peV (squares) and Ej = 34 peV (triangles) of sample 11. EJ dependences of the
relaxation rate rl for the sample I1 at fixed adiabatic pulse amplitudes are shown
in Fig. 1l(c). rl at q = -0.8 e (AE= 400 peV) is presented by open circles, while
rl at qa = 0 (degeneracy point, U = 0) is presented by closed circles.
For the charge qubit, fluctuations coupled to the charge degree of freedom
are, presumably, the main origin of decoherence. If the energy fluctuations of the
qubit due to the charge noise are characterized by the spectral density SAW), the
relaxation rate is given by (see, for example, Ref. [ 2 8 ] )

The overall behavior of rl in Figs. ll(a), (b) (rl decreases off the
degeneracy point) is described by sin% = EJ”/( EJ” + U2), characterizing
coupling of the qubit to the reservoir. When A E >> Ej, Eq. ( 8 ) can be rewritten
in the form rl = nSE (w= U/A)(EJ/U)’/nA2. The experimentally measured rl at
AE = 400 peV (open circles in Fig. ll(c)) has clear EJ’ dependence (dashed
curve). At the degeneracy point, r, = nSE (w = EJ /A)/2AZ (closed circles in Fig.
ll(c)) directly reproduces frequency dependence of SE.We argue that in our
well electrically isolated device, the relaxation can not be explained by
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spontaneous emission to the remote environment connected to the qubit
through electrical leads of the gates and the readout circuit. We estimate the
relaxation rate at the degeneracy point q = 0 (0 = 71/2), where the qubit is most
sensitive to the charge noise. The relaxation induced by coupling to the “ohmic”
environment through the control gates can be estimated using Eq. (8) with the
real part of the gate impedance Re Zg = 100 SZ at Am >> kT and the qubit
. ~ the control gate with
coupling strength to the gates Kg. K g = CC& = 2 ~ 1 0 for
the gate-to-box capacitance C,, * laF and
= C , Cb,/C& = 5 ~ 1 Ofor
- ~ the
readout gate with the gate-to-trap capacitance C, * 10 aF. Substituting the noise
spectrum S, = (2 e2d/n)2Re Zg ha, we obtain rl * 3x104 s-’ for % = 5 ~ 1 Ofor
-~
the frequency w = 271 x 5 GHz. Similarly, we estimate an upper limit of the
noise induced by the measurement SET taking the SET-to-box coupling strength
~ , b= C, C&
Cb = 5 x 10” and the real part of the SET impedance ZSET = r/(1 +
iwC,) ( r cz 100 kS2 is the effective resistance of two SET junctions in parallel).
For w > 271 x 5 GHz, Re(ZSET) = (Jr
and Re(ZsET)< 3 WZ, r l < lo6 s-I.
Decoherence induced by the noise of the SET measurement current produces
classical noise (SAW) = Sd-w)), resulting in equally populated excited and
ground states, rather than relaxation. Nevertheless, it is worth showing that the
measurement circuit is not the main source of decoherence of the qubit. For the
SET current I, = 100 PA, electron tunneling rate I& lo9 s-’, which, in our case
of w > 271 IJe, induces S, = 2/71 (e2/Cs)2K,; ( I J e ) / d . The corresponding
relaxation rate at w > 271 x 5 GHz is rl <: 4x106 s-I.
It is believed that one of the main origins of the low frequency noise for the
nano-scale charge devices is charge fluctuations in the substrate or in the
junction with a spectrum given by

-

Note that here the llf noise is defined for both positive and negative
frequencies. The parameter a has been measured for a device with essentially
same geometry and fabrication process as ours, and has been found to be a =
(1.3~10”e)2. This value is very typical for the llf noise measured in other
works.29, 30 It was shown in charge echo experiments that the llf noise
extrapolated to the gigahertz range reasonably (with an accuracy of a factor of 2)
describes the dephasing of the charge qubit. In the case of the Gaussian noise
approximation from many fluctuators weakly coupled to the qubit, the coherent
oscillations dephase as exp[-yl;], as the random phase
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is accumulated at frequencies 14 I 27c/tc, where Sdu) = (4EJe)2Sq(u). The
phase decoherence time T2 = T i ’ is defined as dT2) = 1. Taking the noise
spectrum from Eq. (9), we can find the parameter a = vhe/(EcT2cose),where r]
is a numeric coefficient with an extremely weak dependence on the lower cutoff
frequency Q. Taking Q = dz, with a typical measurement time of one data
point ,z = 1 s, we find 77 u 0.053. Using the experimentally measured T2 for the
sample I, we obtain a u ( 1 . 3 ~ 1 0 - ~ e ) ~ .
Fig. 12(a) summarizes reduced noise spectra sE/h2 = 2r1/(7ch2sin28)derived
from dependences of TI according to Eq. (9). SE/h2 derived from TI - q
dependences in sample I is plotted by closed circles, while sE/h2 for sample I1
with different EJ is plotted by open circles. In addition, &/h2 = 2Tl/(7ch2)
measured at the degeneracy point of sample I1 is plotted by open triangles. We
also show the SEh2for the llfnoise with a = ( 1 . 3 ~ e)2(see Eq. (10)) by the
dashed line. SE/h2 in Fig. 12(a) exhibits rise with increasing u.The dasheddotted line exemplifies linear dependence (as in the case of an “ohmic”
environment), which we present in the form of 2Rhm2/h2 with R = 6 R. The
actual rise of the experimental data is not monotonic but has some resonance-like
peaks, for instance, at 7 and 30 GHz. This probably reflects coupling to some
resonances, which can be two-level oscillators or simply geometrical resonances
in the sample package. rl‘ approaches the llf noise (dashed line) at low
frequencies. The crossover frequency of the llfand f curves is u,= 27cx2.6 GHz,
which formally corresponds to the effective temperature Tc = hu& = 120 mK.

Figure 12. (a) Noise S,&

derived from

rl

- q dependences of the sample I (closed circles) and

sample II (open circles). Open triangles show rl dependences of sample II at the degeneracy point.
A dashed-dotted line represents a linear rise 2e’Rho (fnoise) with R = 6 i2.A dashed line is the Ilf
andfnoises from Eq. (9) with a = (1.3~10”e)’ derived from rz measurements. Additional dotted
line presents a sum of (b) A schematic representation of the classical fdw)and quantum $&w)
noise behavior. At frequencies w < kT/h, $dw) = f&w) and behaves like a Ilf noise. At
frequencies w > kT/h, $Am) > fdw)and the quantum noise is proportional to u.
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We found that Tc is very close to the expected electron temperature. This
fact suggests us to propose the following model which may explain the
measured noise spectra. We assume that the main noise originates from charge
fluctuations of a bath of fluctuators at effective temperature Tc weakly coupled
to the qubit. Pure dephasing should be caused by fluctuators in thermal
equilibrium, which produce the classical noise f ~
while
, the energy relaxation
is caused by the quantum noise @E (@E<Ioj) > @E<-ld)).
Namely, the “hot”
qubit (AE > kTc) may only release the excess energy A E to the “cold” fluctuator
bath. On a microscopic level, this means that the excess energy AE may activate
fluctuators of the “cold” bath, that are quiet in equilibrium (do not contribute to
fE).
Fig. 12(b) schematically represents the noise behavior extended to a
negative frequency range. @E almost coincides with s“E at low frequencies Aw

< kTc (“hot” fluctuators), because the qubit has an equal chance to emit and to
is expected to have llfdependence,
absorb energy. As we discussed above, f E
while $E is roughly proportional to f according to our experimental data, and
consistent with the “ohmic” picture.
Within this model one can predict the classical noise if the energy
relaxation is known. For instance, in the discussed case of llfand f noises, if the
absorption $part is
= flu, at w >> w, (SE = (4E&)2Sq), the llf classical

sq

noise can be found from the condition d2wc = flu,, where ,B is a parameter
independent of temperature. The corresponding quantum noise is

and the second term is the f
where the first term is the classical llf noise s “ ~
quantum noise @E, @(a) is the step function. As it follows from Eq. (1 l), in this
model a = ,B (kTc)2/A is expected to be proportional to T
: because of the scale
invariance. That is, if the density of states of the fluctuators is a function of two
independent energies (for example, excitation energies of electrons in a doublewell potential) then the llfnoise is proportional to .T
:
llfcharge noise has been
measured in a wide temperature range using high charging energy SET.31Indeed,
p-dependence was observed in a few samples.
Finally, we conclude that the noise spectra, shown in Fig. 12(a) can be
caused by the bath of fluctuators. At low frequencies, the fluctuators should give
rise to the llf classical noise spectrum s“E<w), yielding the qubit dephasing.
However, at high frequencies, w > kT&l, the qubit relaxation is caused by the
quantum noise @do) which may originate from the bath of fluctuators. The
quantum noise tends to coincide with the classical noise @E<w) = fdw) at u <
kT&.
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Pulsed Electron Nuclear Double Resonance (pulsed ENDOR) has been studied for
realization of quantum algorithms, emphasizing the implementation of organic molecular
entities with an electron spin and a nuclear spin for quantum information processing. The
scheme has been examined in terms of quantum information processing. Particularly,
superdense coding has been implemented from the experimental side and the preliminary
results are represented as theoretical expectations.

1. Introduction

A quantum computer which can give all the advantages of quantum information
processing (QIP) and quantum computation (QC) has been the focus of the
contemporary issues in quantum science and several physical systems have been
introduced, being examined to catch the idea from the experimental side.
Liquid-state nuclear magnetic resonance (NMR) spectroscopy has been
used widely for implementations of even considerably complicated quantum
non-local algorithms and the experimental outcomes represent the capability of
NMR as the physical systems for QIP and QC [1-71.
NMR spectroscopy can be regarded such a physical system as represents
some very important advantages for the realization of a quantum computer; The
existence of nuclear spins with long decoherence time is just a proper physical
realization of a qubit as the spin manipulation which can be easily performed by
introducing the radio frequency pulses with relevant resonance frequencies. In
takui@sci.osaka-cu.ac.jp
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this context, we have emphasized that in terms of spin manipulation QC
physical systems involving nuclear spins are preferable and novel materials as
part of the QC physical system should be searched.
Recently, we have been working with pulse-based Electron Nuclear Double
Resonance (ENDOR) [S] as a physical system to realize a quantum computer by
invoking molecular entities with both electron spins and nuclear spins in the
solid state. Since the physical system involves nuclear spins in organic openshell molecular entities, pulsed ENDOR based quantum computer retains the
main advantages of NMR systems. Nevertheless, QC-ENDOR as a double
magnetic resonance spectroscopy is much heavier experimental task compared
with electron paramagnetic (spin) resonance (EPR/ESR), but QC-ENDOR
rewards back the much more efforts by adding up the advantages of NMR and
EPR. Also, molecule-based ENDOR can afford potential applications of a
variety of entities to QIP and QC. An elaborate total design of the QC-ENDOR
experimental setup should be associated with molecular design for open-shell
entities.

2. ENDOR based quantum computer
For any physical system as a candidate for the realization of a quantum
computer, there are some criteria, known as DiVincenzo criteria that should be
met. Molecule-based ENDOR systems should also meet these criteria to be
regarded as a reliable physical system for QIP and QC. In the ENDOR-based
QIP and QC, molecular electron spins in addition to nuclear spins have been
introduced as quantum bits. To our knowledge, in terms of existing open-shell
molecular entities the feasibility of quantum operations in molecule-based
ENDOR alone are limited because of the nature of nuclear-nuclear interactions
appearing in the ENDOR spectra [9]. In this work, only some aspects related to
the criteria are discussed.
With molecule-based ENDOR system, the situation for the required
experimental conditions for preparation of the initial state for QIP and QC seems
to be achievable. As a possible approach, the high spin polarization of the
electron spin can be transferred to the nuclear spins by applying the relevant
pulse sequences followed by proper waiting times.
In this study, it has turned out that considerably long decoherence times of
the systems composed of nuclear spins and an electron spin ( S = 1/2) are
available for which quantum operations between the two spins are demonstrated.
Properly designed molecular entities with long decoherence times for
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demonstrations of multi-qubit operations seem not to be out of reach, for
which QC-ENDOR experiments are underway.
In molecule-based ENDOR, manipulation and processing on the qubits as
well as the readout processing can be realized by introducing radio frequency
pulses on the nuclear spins andor the microwave frequency pulses on the
electron spin (see Figure 1). In this work, we have been mainly engaged in two
experimental tasks for the realization of a quantum computer by molecule-based
ENDOR. One has been an attempt to prepare the experimental requirements for
demonstrating a true entanglement between a molecular electron spin and a
nuclear spin by the use of a simple organic radical in the corresponding host
single crystal. High spin polarizations on both the electron and nuclear spins are
essentially required to achieve the true entanglement between the two spins in
the molecular frame.

-

ESR
ENDOR

c)

Figure 1. Energy levels and corresponding EPWESR and ENDOR resonance frequencies in the
presence of a static magnetic field.

Investigation of the entanglement trough the spin Hamiltonian for the
ENDOR system composed of only two electron and nuclear spins gives a
necessary temperature of 0.8 K in a static magnetic field for the microwave
transition frequency of 95 GHz, as given by the negativity criterion. Whereas, if
the pulses can be applied for the transferring of the high spin polarization, the
required temperature at the same magnetic field is nearly 5.1 K, which is well in
reach with the current technology with a W-band (95 GHz) ENDOR
spectrometer operating at liquid Helium temperature.
In this study, while the preparation of all the experimental requirements is in
progress, the efforts still can be maintained on some other aspects of the
research. Among those, one is materials challenge to design and synthesize
stable open-shell molecular entities suitable for QIP/QC ENDOR experiments.
Novel molecular open-shell systems with stable isotope labeled organic
compounds for our purposes have also been designed and synthesized [9]. Also,

200 R. Rahimi et al.

the critical temperature can be tuned by invoking stable high-spin molecular
entities.
Our efforts in this contribution have been made on the investigation of the
credibility of the pulsed-ENDOR based QIP and QC to develop the necessary
quantum gates and the entangling unitary operations. It is clear that in case of
acquiring the former task with the achievement of the experimental conditions
for the entanglement there would be no need to have an additional experimental
processing to make the pseudo-pure state.
In order to check the credibility of the ENDOR physical system for QIP and
QC and also to check the feasibility of the molecule-based QC-ENDOR with the
current technology, implementation of superdense coding (SDC) has been
revisited in our experiments. Pulsed ENDOR technique has been applied to a
molecular electron- and nuclear-spin system, malonyl radical, CH(CO0H) in the
single crystal of malonic acid, CHz(C0OH) [lo], in order to implement the SDC.
In the malonyl radical system, a nucleus with a large hyperfine coupling, i.e., the
a-proton has been selected.
3. Implementation of SDC by ENDOR
Superdense coding introduced by Bennett and Wiesner [ l l ] is a non-local
quantum algorithm in whxh two classical bits of information are transformed
from Alice to Bob by sending a single qubit alone. The scheme is based on the
fact that the entangled initial states are shared between two involved parties.
Alice encodes the qubit by applying a unitary transformation out of the four
choices of {I, X, Y , Z} and then sends the qubit to Bob, who has been also
initially given a qubit entangled to the Alices’s one. After receiving the encoded
qubit, he applies a measurement in the Bell basis on the both of the qubits and
extracts the information on the Alices’s choice. Therefore, a two-bit message is
transferred by sending just a single qubit to one’ partner.
Superdense coding has been implemented using some quantum physical
systems including NMR [ 5 ] . In this contribution, we report on the
implementation of the SDC by ENDOR. The main idea is just to test the
ENDOR system for QIP rather than the implementation of superdense coding,
giving a testing ground for QIP and QC to molecule-based ENDOR. As the latter
one has been argued to be truly realizable in case of manipulating the entangled
state and not just by a pseudo-entanglement. In our experiment, states have been
prepared as pseudo-pure ones.
We also have used a single-crystal of malonic acid that incorporates
malonyl radicals (S = 1/2) after X-ray irradiation at ambient temperature.
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Existence of one a-proton with a large hyperfine coupling gives two spins as
the required two qubits for superdense coding. The large hyperfine interaction is
required to enable us to make a selective microwave excitation. Energy levels
and the corresponding resonance frequencies of the radio and microwave
frequencies are shown in Figure 1. Detection of the pseudo-entanglement with
t h s system has been already reported [12] and in a similar approach we
demonstrate the implementation of superdense coding by the use of pseudoentangled states.
In order to get the necessary information on the resonance frequencies of the
electron and nuclear spins, the pulsed EPR and ENDOR spectra have been
measured in the single-crystal sample in the wide range of temperature. The
representative spectra of the pulsed EPR and ENDOR are shown in Figures 2-3,
respectively. In the pulsed ENDOR measurement, the radio frequency pulses
have been applied on the sample in a range of 0-45 MHz with RF amplifiers of
300 W and 500 W.

1
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Figure 2: Pulsed EPR spectrum of malonyl radical in the single crystal. The arrow indicates the
static magnetic field for the ENDOR measurement.

I

I

I

I

10

20

30

40

FREQUENCY/MHz

Figure 3: Pulsed ENDOR spectrum through measurement on the malonyl radical.
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The pulse sequence that has been used for the implementation of SDC
with ENDOR is given in Figure 4. There are three main parts, i.e., the
preparation of the pseudo-pure states, manipulation and finally detection.
The outermost the left part labeled by “A” is for the preparation of the
pseudo-pure state. Two pulses on electron and nuclear spins with additional
waiting times in order to make the off diagonal terms of the density matrix
vanishing are required to get the pseudo-pure state.

0 0 0
A

B

C

Figure 4:Pulse sequence for implementation of superdense coding by ENDOR.

The first two pulses in the central part of the sequence are for entangling
and also the last two pulses are for the detection of the entanglement as reported
by Ref. [12]. Two phases of
and Q2 for the pulses in the detection part are
required for clearing up the entangled states from the simple superposition states.
The central part between the entangling and detecting the entanglement, which
is labeled by B2, one of the qubits, nuclear spin in our experiment, is encoded
by randomly applying one of the four pulses of {I, X, Y, Z}. The necessary
pulses for encoding are described in Table 1.
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Table 1: The unitary operation and corresponding pulse sequences for encoding.

Finally, there are pulses for the detection by an electron spin echo signal.
For the measurement part, the situation has been modified for some detection
considerations. For the measurement part in this study we use the electron spin
echo detection. The echo intensities have been detected for different angular
dependencies of the pulses in the encoding part. As a result, there are four sets of
angular dependencies for radiofrequency pulses which have been used for
encoding, (see Table 2). Modified detection schemes besides the echo detection
are available.
Table 2: Detection through angular dependence of the intensities of the electron spin echo

Angular dependent radiofrequency
pulses for encoding

Detected angular dependent echo
intensity

U=I

:(-I+cos[4,
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U=Y

w:4 (@)wf2(4)
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4. Discussions

We have examined a pulsed Electron Nuclear Double Resonance (ENDOR)
based approach to quantum information processing and quantum computation
by invoking molecular electron and nuclear spins in the solid state. Pulse
ENDOR technology retains the main advantages of NMR systems, and at the
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same times it seems to be usefid and complementary to NMR technology in
establishmg entanglement status. We have noticed that time domain of electron
spin manipulation technology is shortened and its present drawback is a matter
of time resolution from the experimental side.
At first, our efforts have been made to develop entangling unitary operations
in order to check the credibility of the molecule-based ENDOR QIP from both
the theoretical and experimental sides. Thus, we have implemented superdence
coding by acquiring the pseudo-pure states. The preliminary results are well
representing the feasibility of the ENDOR quantum information processing.
Then, we are planning to examine the real quantum information processing
and quantum computation by avoiding pseudo-pure states and introducing pure
states in order to prepare the quantum entanglement between molecular electron
spins and nuclear spins. It has been shown that the experimental requirements for
achievement of spins with high polarization are not far beyond the current
ENDOR spin-manipulation technology.
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UTILIZATION OF POLARIZED ELECTRON SPIN OF ORGANIC
MOLECULES IN QUANTUM COMPUTING*
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The possibility of utilizing highly polarized electron spin of the photo-excited triplet state
of organic semiconductors (pentacene molecules) embedded in organic crystals and
mesoporous materials by zero-field (ZF) and near zero-field (NZF) pulsed electron
paramagnetic resonance (EPR) techniques in a quantum computer will be explored. A
simple logic gate, such as CNOT, utilizing such highly polarized electron spins
communicating with the surrounding paramagnetic nuclei via hyperfine interaction will
be discussed. Major advantages of these approaches are: (1) high electron spin
polarization, (2) possible single-molecule detection, (3) orchestrated quantum
perturbations can be imposed, and (4) pulsed ZF and NZF EPR techniques can be
performed without high magnetic field.

1. Introduction
Quantum computers are potentially superior to classical computers for solving
certain classes of computational problems, such as prime factorization, database
search algorithms, and quantum mechanical calculations and simulation. For
quantum information, the analog of the classical bit of 0 and 1 is the qubit
(quantum bit). Qubits are not confined to basic states, say 10) and 11) for a twolevel system, but can also exhibit a superposition of basic states, a10) + bll). A
qubit in such a superposition of states is in both states simultaneously. The basic
requirements for building QC are as follows: (1) systems with two-level
quantum states, (2) interaction between qubits, and (3) external manipulation of
qubits, i.e., QC requires the ability to perform coupled logic, which originated
from the couplings in the quantum system involved.' Quantum gates can
perform multiple logic operations simultaneously in a parallel mode. In a recent
Supported partially by NSF (INT0115082) and by PRF grant administered by the American
Chemical Society (36970).
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review, it was stated that one may further utilize a relativistic microchip to
create spintronic “phase digits” as the basic unit to encode quantum
information.2
Several approaches to construct QC have been reported.’72Some powerful
quantum search algorithms have been demonstrated with NMR technique^.^-^
The experimental implementations of the NMR technique in a QC are typically
based on two-spin states of a spin-% nucleus in a magnetic field. Different nuclei
in a molecule are distinguishable, so each such spin-% nucleus can contribute a
qubit. The logic gates operating selectively on qubits are implemented by using
carefully tailored pulsed rf fields in the solution NMR experiments. For the
purpose of performing practical computations, complex logic gates must be
implemented, which selectively enable qubit-qubit couplings. Naturally
occurring spin-spin interactions can provide such couplings. These NMR-based
QC systems rely on quantum logic gates as fundamental elements.
However, the NMR QC suffers from the so-called scalability problem, in
which the numbers of molecules in the solution starting in the correct state are
given by
for protons
(where E is the Boltzmann population factor, about
at room temperature and lT, and n is the number of nuclear spins in the
molecule). So the molecular quantum interference introduced by molecular
complexity will increase dramatically when the intended qubit of a QC increases.
Thus, the signal will become exponentially small for complex molecules.
Another barrier to practical NMR QC is the decoherence problem. Rotating
nuclei in a liquid will begin to lose coherence after an interval of a few seconds
to a few minutes as a result of relaxation processes. In NMR, the effective cycle
time of a QC is determined by the slowest rate at which the spin order relaxes.
This rate is in turn dictated by the interactions between spins and typically
ranges from a few to hundreds of cycles per second. However, QC’s are running
in parallel, which should alleviate the shortcoming of a slow clock cycle. As the
size of a molecule increases, the interactions between distant nuclear spins
become too weak to be useful for logic gates.
Recently, an extension of NMR to electron paramagnetic resonance (EPR)
technique to QC has been
Though the methodologies of EPR QCs
are similar to that of the NMR versions, the greater electron spin magnetic
moment improves the Boltnnann factor and therefore the S/N ratio.

2. New Approaches: Polarized Electron Spins in Quantum Computer
The spin Hamiltonian for S = 1 in the presence of a magnetic field is given by
the following equation,
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H = Hd i- Hhf i- gPB*S + g,P,B*Ii

(1)

where Hd is the electron spin dipolar interaction,

Hd = SOT6 = - Xs:

-

Y s:

-

s,:

(2)

The principal axes of the dipolar tensor (T) coincide with the molecular
symmetry axes of the organic molecule. X,Y, and Z are the principal values of
the dipolar tensor. The eigenstates in zero-field (ZF) are designated as T,, T,,
and T,. In the case of pentacene, the long-axis is designated as the x principal
axis of the dipolar interaction, the short-axis as y, and out-of-plane axis as z. The
Hhf term in Eq. (1) is the hyperfine (HFI),
Hhf=

c iS*Ai*Ii= c s x ~ ~ x + s $ i , , x +Ii,s ~+~( s~,)A , + s $ ~ , + s ~ ~ , )Ii,
i

(SxAi, +S$ip +SzAizJ Iiz

+

(3)

Ai is the hyperfine tensor of the ith nucleus, which consists of both isotropic and
anisotropic interactions. The last two terms of Eq. (1) are the electron and
nuclear Zeeman terms.
In an effort to overcome the scalability problem in NMR arising from
thermalized nuclear spin systems, we explore the possibility of employing the
highly polarized electron spin system created in the photo-excited triplet state of
pentacene molecules (organic semiconductors, see Fig. 1) by laser excitation.
This high electron spin polarization (ESP) with E approaching unity will increase
the detectable signal and eliminate the intrinsic limiting factor of thermally
populated nuclear spin states in NMR techniques. The manipulation of polarized
electron spins to create logic gates can be carried out by pulsed EPR techniques.
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Fig. 1 Molecular symmetry and axes designation of pentacene molecules

In the EPR approach, the electron and nuclear spins are coupled by the HFI,
which constitutes the basic qubits for the superposition and entanglement of
spin states. The coupling strength at a particular molecular site is proportional to
the spin density at that site, which is different from the NMR experiments in
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which each atom interacts only with a few of its nearest neighbors. In the case
of the pentacene molecule, 14 protons can be divided into 4 inequivalent
groups because of molecular symmetry. The coupling of three electron spin sub
states with four distinct protons will provide 48 two-qubit entangled Bell states.
However, the molecular symmetry can be lowered in a partially deuterated
sample or in a nitrogen-containing pentacene. Then, in principle, we could have
up to 168 two-qubit entangled states using a pentacene-llke triplet molecule.
The syntheses of functionalized pentacene-like molecules have recently been
r e p ~ r t e d . ~Furthermore,
,'~
long linear chain dye molecules or polymers with
proper chromophores may also be used in QC experiments. Thus, in principle
we might find systems to provide hgher qubits with h g h ESP for QC
experiments.
We further explore the possibility of embedding the organic
semiconductors in nanoscale channels of mesoporous materials, such as MCM41 solids. The channel diameters of these mesoporous materials can be tailormade to fit larger molecules: 2 - 30 nm. These mesoporous materials also
provide high porosity (ca 1000 m2/g) which allows for moderate loading of
probe molecules with minimal interaction among them, i.e., diluted probe
molecule (possibly single-molecule, single-spin) immobilized in the nanoscale
channels. Such an ideal system for QC study has the following attractive
features: (1) it reduces the intermolecular interaction and the decoherence
interference which will improve the operation cycles, (2) it provides the stability
of the organic molecule in which the channel wall behaves as a protective
coating, and (3) it preserves the optical integrity allowing the channel wall to be
transparent to the laser. Also working with the excited state of a molecule will
lift the high purity requirement, unless the impurity affects the optical properties
of the system, as a trapping impurity does. The highly spin-polarized state is
present only during the preparation of quantum states in photo-excitation. The
feasibility of incorporating large organic molecules in the nanochannels of
MCM-4 I materials has been demonstrated in one of our previous work on C60in
modified MCM-4 1 channel surface." Other groups also reported incorporating
copper phthalocyanines and macrocyclic compounds in the nanochannels of
MCM-41 materials." We explore the following techniques to test our
approaches in QC.
2.1. Pulsed EPR Experiments
The conventional pulsed EPR and electron-nuclear double resonance (ENDOR)
experiments can be applied to establish logic gates.I3'l5 Below we consider a
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simple electron + nuclear spins system (a 2-qubit system). The energy level
diagram is given in Fig. 2. The quantum states are given as follows,
I%mI> = IttL ltl), Ilt), 1.1.1)
or express them as
(PI = loo), 9 2 = lol), 93 = \lo>,(P4 = 111)
(4)

Fig.2 Energy level diagram of two spin system with S = '/2 (electron) and I = % (nuclear). The solid
arrows denote allowed transitions. The dashed arrows denote forbidden transitions (entangled
states).

The Bell states of 2-spin !4 (Four possible entangled states) are:
yl = [ 101) +- IlO>]/J2

mi= [ 100) f I1 l)]/J2

(5)
(6)

If one starts with the pure state [lo), upon application of a selective NMR pulse
of P134(d2) followed by a selective EPR pulse of P24(7c), we obtain the Yentangled state.
All other Bell states can be created in a similar way by varying the
excitation transition. We note the entangled states carry the phase dependence of
corresponding states under rotation about the quantization axis (z-axis), i.e., the
unitary transformation, Usz = exp (-iQ,S,) and UI, = exp(-iQ2 I,) leading to
USZUlZ lmsml)=exP(-i(QIm, + Q2 n4))lmsW).
Fig. 3 Fourier transform of the phase
interferograms for phase frequencies:
V I = 2.0 MHz and v2 = 1.5 MHz;
TOP Cy-): V I -VZ = 0.5 MHz;
Bottom (0'):
vl+vz = 3.5 MHz
(From Ref. Sa, courtesy of American
Physical Scoiety)

J L-.---~.-JL-
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Thus, each of the entangled Y'and 0
' is characterized by a linear combination
m1 k m2 of both phases. Furthermore these states are global states and no local
measurement on the single qubits reveals any information about the entangled
states.8An example is given Fig. 3.
The action of CNOT (controlled-NOT) gate on each of the basis states are
given as follows,
UCNOTIOO)
= loo), UCNOTIO~)
= lol),
UCNOTIfo) = 11 UCNOTl11) = 110).
S (electron)
Its matrix representation is
R

I (nuclear)

i-

TT

Y

uCNOT

=

R

1
X

Fig. 4 For the pentacene triplet state, the length
of a selective microwave pulse is 15ns. The
time delay between two pulses is t ~ 5 ns. A
CBoT with about 20 ns and 150 cycles can be
performed before decoherence sets in,

The pulse sequence to execute CNOT operation for such a spin system is shown
above in Fig. 4.
2.2. Zero-Field EPR Technique
Recently, we reported a new pulsed EPR t e c h q u e to study the paramagnetic
properties of the photo-excited triplet state of pentacene molecules in zero
magnetic fields.17The sensitive phase coherence ZF EPR technique allows us to
apply proper microwave pulses (for electron spins) and radiofrequency pulses
(for nuclear spins) to prepare the superposition of quantum states and to detect
the entanglement, so proper logic gates can be constructed. The energy level
diagram and the transitions among spin states in ZF and near zero-field (NZF)
region are given in Ref. 17. For the sake of presentation, we may consider the
pentacene triplet state as a fictitious spin-% system; because only two spin
sublevels will be in resonance during the preparation of superposition. However,
the three spin sub states in the triplet state are inter-correlated and complex
schemes of preparing superposition and detecting entanglement can be
established by careful designs of the preparation of superposition of states and
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the detection of signal. For instance, we can simultaneously induce both the
T, - T, and T, - T, transitions (Tx,T,, and T, are the eigenstates in ZF) and
monitor their quantum interference. In ZF or NZF EPR experiments, we can
have both the frequency and phase as encoding parameters.
In a selective spin-populated single-molecule (pentacene in nanochannels of
MCM-41 solids), the isolated electron spin triplet system will interact with
nuclei via the HFI. Thus, the molecular complexity should not introduce
quantum interference as encountered in NMR experiments. By working with a
few spin with very high electron spin polarization (low triplet concentration),
instead of an ensemble of spins and capable of selecting a proper organic
semiconductor with desired nuclei (such as 'H, 2D, '%, "N, 31P), we could
drastically reduce the scalability and decoherence problems of the NMR QC.
2.3, Non-Adiabatic Passage at Level Anti-Crossing
Previously, we applied a fast-field intensity pulse technique to bring the spin
states of the triplet manifold to superposition at the level anti-crossing (LAC)
region." If the states are coherently mixed by the fast-field sweeping process, we
could examine the entanglement after the LAC passage. From the pulsed ZF
EPR measurements of the triplet signal at room temperature, we found that the
crossing is a non-adiabatic passage at a field sweeping rate of 2x105 Tlsec.
Detailed examination of the initial population of the photo-excited triplet states
indicates that the dominant mechanism for the polarization transfer at the LAC
region is the non-adiabatic state mixing by Landau-Zener (LZ) condition.l9 Ths
technique allows us to mix quantum states and examine their entanglement by ZF
EPR. We further demonstrated that the rapid field jump at LAC could be
examined as an encoded memory in the ZF EPR measurements (see Fig. 9.''
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When the triplet state is excited at the LAC region, the coherent
superposition of quantum states can arise from the off-diagonal terms as a
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function of the energy gap (y) given by the following density matrix, where
the nonzero off-diagonal terms are responsible for the superposition of
substates.

where lU) and IL) refer to the upper and lower spin states. Furthermore, each of
nuclear spins will also follow the LZ condition. The entanglement can then be
examined in the interference of the coherent superposition of the quantum states
in the pulsed EPR experiments.
Furthermore, we can adjust the magnetic field sweeping rate to control the
composition of state mixing in the level-crossing or level anti-crossing to
encode the quantum information. Recently a similar LAC manipulation of
Josephson charge states has been applied to control conditional gate operation.20

2.4. Pulsed Field Gradient Technique
Previously, we reported a pulsed field gradient (PFG) technique via electron
spin echo (ESE) detection for an imaging experiment2' The PFG technique is
used to create a position-dependent phase shift with a zero average. We thus can
apply PFG to encode quantum information. The pulsed EPR technique offers
time-resolved information and allows us to investigate the properties and spatial
information about paramagnetic species. The field gradients along three
orthogonal axes are given by Eq. (9),

Note that the field gradient technique has also been applied in the NMR
quantum c ~ m p u t e rThe
. ~ technique produces a spatially varying distribution of
states throughout the sample. The PFG will cause the dephasing and reduction
of nondiagonal elements of the density matrix. Thus, this method could
selectively turn off the transverse (x,y) spin factors in the product operator
expansion of the density matrix, while leaving the rest untouched. So the PFG
method allows us to spatially prepare a reference spin state or set the system
close to ZF conditions by adjusting three mutually orthogonal coils for accurate
ZF measurements. Moreover, the phase coherence of our homodyne detection
allows us to examine the quantum information in both phase correlation and
frequency values.

Utilization of Polarized Electron Spin of Organic Molecules in Quantum Computing 2 13

Acknowledgment

This work was supported partially by a grant from NSF (INTO115082) and a
PRF grant administered by the American Chemical Society (36970).
References
1. (a) A. Galindo and M.A. Martin-Delgadot, Rev. Mod Phys. 74,347 (2002);
(b) C.H. Bennett and D.P. DiVincenzo, Nature, 404, 247 (2000).
2. W. W. Gibbs, Scientific American, p57 (September, 2004)
3. (a) N. Gershenfeld and I.L. Chuang, Science, 275, 350 (1998); (b) L.M.K.
Vandersypen, M. Steffen, G. Breyta, C.S. Yannoni, R. Cleve, and I.L.
Chuang, Phys. Rev. Lett. 85,5452 (2000).
4. D.G. Corey, A.F. Fahmy, and T.F. Havel, Proc. Nutl. Acud. Sci. USA, 94,
1634 (1997).
5. N. Boulant, E.M. Fortunato, M.A.Pravia, G. Teklemariam, D.G. Cory and
T.F. Havel, Phys. Rev. A, 65,024302 (2002).
6. Z.L. Madi, R. Bruschweiler and R.R.Emst, J. Chem. Phys. 109, 10603
(1998).
7. D. Suter and K. Lim, Phys. Rev. A , 65,052309 (2002).
8. M. Mehring, J. Mende, and W. Sherer, (a) Phys. Rev. Lett. 90, 153001
(2003); (b) Phys. Rev. Lett. 93,206603 (2004).
9. J.E. Anthony, J.S. Brooks, D.L. Eaton, and S.R. Parkin, J. Am. Chem. SOC.
123,9482 (2001).
10. T. Takahashi, M. Kitamura, B. Shen, and K. Nakajima, J. Am. Chem. SOC.
122, 12876 (2000).
1 1. C.H. Lee, T.S. Lin, and C.Y. Mou, PhysChemChemPhys. 4 , 3 106 (2002).
12. B.J. Scott, G. Wirnsberger, G.D. Stucky, Chem. Muter. 13,3140 (2001).
13. T.-S. Lin, Chem. Rev. 84, 1 (1984).
14. D.J. Sloop and T.-S. Lin, J. Mug. Reson., 86, 156 (1990).
15. A. Schweiger, Angew. Chem. Int. Ed. Engl. 30,265 (1991).
16. J.-L. Ong, D.J. Sloop and T.-S. Lin, Chem. Phys. Lett. 241,540 (1995).
17. T.-C. Yang, D.J. Sloop, S.I. Weissman, and T.-S. Lin, J. Chem. Phys 113,
11194 (2000).
18. T.-C. Yang, D.J. Sloop, S.I. Weissman and T.-S. Lin, (a) Chem. Phys. Left.
331,489 (2000); (b) Molec. Phys. 100, 1333 (2002).
19. (a) L. Landau, Soviet Phys., 1, 89 (1932); (b) C. Zener, Proc. Roy. SOC.A,
137,696 (1932).
20. T. Yamamoto, Y.A. Pashkin, 0. Astafiev, Y. Nakamura, J.S. Tsai,Nature
425,941 (2003).
21. D. J. Sloop, H.-L. Yu and T.-S. Lin, Chem. Phys. Lett., 124,456 (1986).

This page intentionally left blank

QUANTUM SYSTEM IDENTIFICATION*
LI-YI HSUt
Department of Physics, Chung Yuan Christian University, Chungli, 32023, Taiwan
Republic of China
The joint measurement approach has been shown to detect more information in quantum
system. In this paper, we propose a quantum identification algorithm based on the joint
quantum measurement. Through this, we can collectively compare an unknown quantum
composite system with those in the database. In addition, this study will show that the
proposed quantum algorithm can speed up the identification process quadratically.

Suppose there is a database of N quantum composite systems. Each composite
system comprises n ( n KN) qubits. The r-th composite system in the database is
expressed as

wherein

IX i , )

= cos xir10)

+ sin X i r 11) . Here all the parameters x'~'s are

known. In other words, allX'r'S can be regarded as independent and identical
random numbers, which are uniformly distributed in the range -A to A. Suppose

I

that there is an unknown quantum state, U ) ,

lu)= IU') 6 p ) 6..
.6IU"),

I

where U ' ) = cos uir 10)+ sin uir11). In addition, Alice can access
she does not know any single value of

I u)but

U ' . On the other hand, she can access

the database and knows all x'~'s values. Now, Alice' task is to identify

I U ) is some I X r )in the database. Note that I u)can be some
other state than any IX r ) . How can she do it efficiently? The classical analogue
whether or not

*

This work is financially supported by National Science Council of the Republic of China for under
Contract Nos. NSC. 93-21 19-M-033 -001.
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of this problem is to initially search an unsorted database. That way, Alice
can compare two values, X i r andU' , in one step. On the average, it takes
about (N/2) time steps to find out the answer. Moreover, it takes N times steps to
make sure that there is no match in the database. Nevertheless, Alice does not
the value of u i . Using the quantum version of t h s problem, can Alice speed up
the process?
This problem can be regarded as an alternative description of quantum state
discrimination [ 1-41. Many researches study quantum state discrimination with n
being small, and, it is assumed that the unknown state must be the one of the
possible states. In our consideration, n can be arbitrarily large. In addition, the
unknown state is not necessarily to be one of the possible states. In later
discussion, it will be shown that Alice can perform quantum state identification,
as previously stated, using joint measurements. As a result, Alice can get correct
answer with high confidence after repeating joint measurements about f i
times.
Here we compare our problem with search problem considered by Grover
[5]. In Grover's algorithm on database search problem, since the target
(unknown) state is not available for Alice, the oracle operator is needed. In our
consideration, some copies of the target state are initially prepared for Alice. In
addition, the target state in Grover's algorithm is in some "digital" state, a ) ,

I

where a is a binary bit string. In our case, all data can be non-digital. In the
following we propose how to speed up the identification quadratically based on
collective quantum measurements. That is, the query complexity is the same as
that of Grover's algorithm. Intuitively, we can compare between l U ) and

IX r ) qubit by qubit using two-qubit measurements. However, this is equivalent
to the comparison of two quantum systems, which does not take any advantage
over the comparison of two classical systems [3,4]. Recent studies show that
joint measurement can detect more information in the quantum system [6, 7, 81.
In fact, we can compare all I X r )'s to U ) via the joint quantum measurement.

I

Our results showed O ( f i ) joint measurements and thus

O(hNfi)

IU ). Notably, both Grover's
algorithm and quantum random-walk search algorithm require o(&) calls to
single-qubit measurements are needed to identify

the oracles [5, 91. In our consideration, O(1nNdN) copies of the unknown
state are sufficient to identify the unknown composite system.
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Furthermore, since all x i r 's are independent, identical and uniformly
distributed random variables, all

Ixir)'s

were expected to be uniformly

distributed in the unit circle lying in the x-z plane of the Bloch sphere. In this
paper, we presume that N=2". In other words, there are
in the database. In addition,

1 xl),Ix2), ...,IX N )

IXl), IX 2 ), ..., 1 xN)are required to be linearly

independent.
N

C C i l X i )= 0 a vc, = 0.

(3)

i=l

1 xl),Ix2), ...,IxN)span the whole n-qubit Hilbert space of
dimension N. To be able to make collective identification of some unknown
quantum composite system I U ), the joint quantum measurement is necessary.

In other words,

We define the one-dimensional projector as

where p is a positive number and a=l, 2, ..., N. Clearly,

Ea is a positive semi-

definite operator. To meet the criteria of quantum measurement, we define
N

ko= i -Cia,

(5)

a=l
A

where

I is the identity operator. As a result,

cia=i.
N

a=O

n

Suppose that all Ea , a = 0,1,*.-,N, define the positive operator-valued
measure ( P O W ) . As a result, the inequality

(wlkolw)2 0 v Iw)
must be satisfied. In addition, Alice's strategy to identify

(7)

Iu) as follows. If

Iu) is projected into kawith a being nonzero, it is concluded that (u)
could
be Ix a ). Such conclusion can be correct with probability p . Nevertheless, p is
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limited under the Eq. (7). Our goal is to approximate the optimal value of p .
On the other hand, if

Iu) is projected into ko, the result is inconclusive.
N

To begin with, note that I v / ) can be written as

ck;lxj)since {lx;)}span
;=1

the whole Hilbert space, any n-qubit state. We have

a,r.r'=l

which comprises four conditions (a) r=a=r' (b) r=r'# a (c) a #r f r ' f a and
(d) either a=r#r' or a=r'#r for the subscript index r, r' and a. We rewrite

(tylk0l~)
as follows.
r=l

r,r'=l
rfr'

where

a=l,a#r

a=l,atr,r'

and
N

Y = x R e ( k r k r , ) ( XlXr8).
r
r,r'=I
rfr'

These four terms T, Pr, S,.,., and Yare responsible for the conditions of (a), (b), (c)
and (d), respectively. For further analysis, we express the expectation values of
any functionf(x) as E<f(x)>. Let X and Yare identical random numbers that are
uniformly distributed in the range -R to R. Obviously,
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(14)

E < cos2(X- Y ) >=;

1
L

,
-xL) is evaluated as

i=l

- xL) > .

Therefore,

Ixa)and lx6)can
other words, {lxi)}

where a f b . In other words, any two different systems
be regarded as almost orthogonal to each other. In

can be regarded as the perturbation of some complete set of orthonormal

1

states with order parameter -. Therefore, it is easy to verify that T is

fi

about

2

o(J")

and the maximal P, is about

o(1) . As a result,

(kr P, is about o(1)
Next we consider Srr8in detail. With straight algebra,

n

Note that ~ C O S ( X ' ,- X i r ) C O S ( X i a - X i , ) can be regarded as independent,
i=l

o(N-')

.The maximal Srr' is equal
identical random numbers which are about
to about the variance of the sum of these random number. Therefore,
1

rnax~,,,=
r,r'

fi

220 L.-Y. HSU

N

To evaluate the maximal

x R e ( k r k r . ), r#r', all k, and kr are set as
r,r'=l

1
-(l+O(-))

fi

N

1

. Consequently, maximal

fi

Re(krkr,)is about

OP).

r,r'=l
r#r'

N

xRe(krkr,)Srr,
comes close to O(Jiv).

Therefore, the maximum of

r,r'=l,r#r

Finally, we evaluate the maximal Y. Obviously,
N

I

Y 5 m a x ( z Re(krkr,))
max( X r Xr.>
i =I

I

According to Eq. (16), max(Xr X r , )is about

O(-)

1

fi

Y is about O ( f i ) . Since the logical minimum of

. Therefore, maximal

(vIk,,lV/)is

zero.

According to Eq. (7), it is required that

1- p(max(Y) + max(Srr,)+ O(1)) 2 0

(20)

As a result,

1
maxp I 0(-)

fi

In other words, such POVM should be repeatedly performed about

O ( f i ) times for identification with high confidence. After one joint
measurement is performed, suppose that the unknown state
as

Iu)is identified

Ixr)after one collective measurement. For further identifications, any qubit

Iui) should

IXi.')

be

measured

= sin X i r 10) - cosX i r

in

II) .

the

In the noise-free condition, the post-

selection state is always identical to
really identical to

basis {lXir),lXirL)} , where

(Xi,)
after

the measurement if

Iu) is

IXr) . Nevertheless, there is another method for further
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identification. Considering that, we must compare the qubit pair of

IX'r) for all i=l, 2,

... , n. Clearly, for any

We can perform a joint measurement on

{I 00), 11l),@(I

Iui) and

I

Iu?

and

IX'r )

in the basis

I

0 1)k 110))} . If U ) is really identical to X r) , after the

measurement, the post-selection states are

100) , 111) and

@(I

0 1) + 110))

with average probabilities of 318, 318, 114, respectively. It is because all Xr's are
assumed to be identical independent random variables. But, more importantly,

1

Jz (1

the post-selection states can never be - 0 1) - 110))
In practice, (XilXi)is likely larger than

o(J").

We can modify

the proposed identification as follows. Without loss of generality, suppose that,
in our database, for i=l, 2, ... , m, there is some j such that it is either

( X i l X , )> o(J") or

smj> o(J").

Recall that all

required to be linearly independent. That is,

IXI),IX2),

9 . e )

IXr) 's

are

IX m )span m

dimensions of Hilbert space, H,,,. Therefore, we can find m orthonormal states

IXl'),IX2'), ..., IXm'), which also span the same Hilbert space H,,,. In
A

addition,

A

A

A

El , E 2 ,... ,im
with El, , El,,

...

,8',
,where

2';
= P I X ' ; ) ( X 'I,~

Consequently,

(X"lXi>
= s, = 0 ,

(23)

where i=l, 2, ... , m, j>m and . We can regardlX1'),IX2'),
sets of "nobody" quantum systems. Note that
Moreover, if

...,I X m ' )as m

I X;')
's could be entangled states.

IXi')is the post-selection state of a collective measurement, such
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outcome is considered inconclusive. If m K N , the proposed quantum
identification will be much more efficient than classical one.
We, therefore, conclude the proposed quantum identification protocol as
follows.
Step 1. Perform and repeat the collective measurement on the unknown quantum
states

(v) with the measurement basis {J!?,, *

f

i

El,

,Em+,,- - ,8,, n

*

*,

&}

.
fi

Step 2. In any joint measurement in the Step 1, if the outcome is some E,,
where r f O and r>m, we hypothesize that
state

IXr).If the outcome is

Iu) is identical to the post-selection

&, or some itr,,
the result is inconclusive.

Step 3. If the outcome is some post-selection state is given by IXr), further
identification should be performed. As previously mentioned, there are two ways
of measurements to achieve such task.
Step 4. Repeat the steps 1, 2, and 3 about times to identify the state
high confidence.
Step 5. In the Step 4, if we always fail to identify

1u>

.SIXr)

Iu) with

in Step 3, we

can conclude that the unknown state is not identical to any set of quantum
systems in the database.
In summary, we investigated on how to identify an unknown composite
quantum system. Each qubit state of all composite systems in the database is
random distributed in the x-z plane of the Bloch spere. The optimal probability

o(J"). Therefore,
about o(&) times to

of successful identification in one joint POVM is abut

the joint POVM should be performed repeatedly
achieve successful identification with hlgh confidence. In addition, further
identification is needed once the unknown state is identified as some state in the
database. In this way, we can speed up the identification process quadratically.
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ORGANIC SEMICONDUCTOR MICRO-PILLAR PROCESSED BY
FOCUSED ION BEAM MILLING
HUNG WEN-CHANG, A.ADAWI, A.TAHRAOU1 AND A.G.CULLIS
Electronic & Electrical Engineering, University of Shefield, Mappin Street
Shefield, SI 3JD, United Kingdom

In order to control light, different strategies have been applied by placing an optically
active medium into a semiconductor resonator and certain applications such as LEDs and
laser diodes have been commercialized for many years. The possibility of nanoscale
optical applications has created great interesting for quantum nanostructure research.
Recently, single photon emission has been an active area of quantum dot research. A
quantum dot is place between distributed Bragg reflectors (DBRs) within a micro-pillar
structure. In this study, we shall report on an active layer composed of an organic material
instead of a semiconductor. The micro-pillar structure is fabricated by a focused ion beam
(FIB) micro-machining technique. The ultimate target is to achieve a single molecule
within the micro-pillar and therefore to enable single photon emission. Here, we
demonstrate some results of the fabrication procedure of a 5 micron organic micro-pillar
via the focused ion beam and some measurement results from this study. The JEOL 6500
dual column system equipped with both electron and ion beams enables us to observe the
fabrication procedure during the milling process. Furthermore, the strategy of the FIB
micro-machining method is reported as well.

Fig.] illustration of FIB + SEM dual columns System
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Introduction
One-dimensional planar microcavities (MCs) have provided a fascinating
tool for the study of light-matter interactions [l-21, and also have potential
application in optical devices [3]. The MCs structures are the consisting of two
mirrors [distributed Bragg reflectors (DBR)] surrounding an optically active
region containing a semiconductor layer.
Recently, MCs contains organic semiconductors have been report to operate
in the strong coupling regime using thin molecular films within the cavity region
[4]. The degree of optical confinement within a MC can be expressed in terms of
the cavity Q factor, where Q=EIAE (E is the energy of the cavity mode and AE is
its linewidth, which is a fimction of the reflectivity of the cavity mirrors). The
interest in creating strong coupled organic MCs is to have large Q factors;
therefore, the function of the AE is an important consideration. In practice, the
function of the AE can varied by changing the lateral size of the MCs structures
[5], where the micro-pillar MCs structure is we considered in this study.
The convention way of making the micro-pillar is using lateral lithographic
patterning [6-71 techniques. However, t h s techniques required series steps and
also leaves an unsmooth surface on the side-wall of the micro-pillar. The sidewall roughness degrades the reflectivity of the DBR mirrors and produces
photon leakage; therefore, lower the optical confinement.
Focused ion beam micro-machining techniques [S] provide a simpler way
of the micro-pillar fabrication. A 30 keV Ga+ ion beams directly written onto a
sample, where the ion dose interact with solid materials, and therefore sputtered
materials away. The Figure.2 below shows an illustration of the ion dose
interacts with solid materials.
Ilzation

or SebcZivI3

1)

~~~~~~~

e-

e-

Ft-

Fig.2. illustration of the ion dose interacts with solid materials
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Experiment
A1 liquid metal ion source (LMIS) of Ga+ was used with the JEOL 6500F
dual columns FIB system. The JEOL6500 system is equipped with both
scanning electron microscopy (SEM) and focused ion beam (FIB), which allows
observation of the fabrication procedure during the milling. Fig.3 (a) shows the
outline structure of the JEOL 6500F system and Fig.3 @) shows an illustration
of the FIB+SEM inside the specimen chamber.

4

Z
Fig.3 (a) outline structure of JEOL 6500 dual columns system, @) schematic diagram of FIB+SEM
allocation

30kev Ga+ ion energy was applied, while the total emission current was set
at 7.2pA, and the probe current was set at about 200pA for milling. The planar
organic MCs sample was mounted on a sample block with sample holder, which
was 55 degree tilted normal to the ion beam.
The edge of the planar MCs sample was coated with a thin gold layer; this
metal layer helps the dissipation of excess charge buildup, and therefore avoids
beam shifting during the fabrication.
A circular pattern was designed by Raith software package; Fig.3 (c) shows
20 rings were coupled into a circular shape. The actual FIB scan direction is
started from first inner ring towards to outside; this prevents re-deposition
effects during the milling process
Scanning electron microscopy (SEM) was used to observe the structures of
the cavity, DBR mirrors, and side-wall roughness of the organic micro-pillar
MCs samples.
Finally, the MCs fabricated are shown schematically in Fig.3 (d). The
bottom DBR was deposited onto a glass substrate by plasma enhanced chemical
vapor deposition (PECVD), which was composed of 11 pairs of silicon oxide
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and silicon nitride. An active polymer film was deposited onto the DBR by spin
coating. The top DBR was then deposited on the organic film by thermal
evaporation, which was composed of 5 pairs of lithium fluoride and tellurium
dioxide.
.. . .
Lithium Fluoride (t-l17nm)
Tellurium Dioxide (t-77nm)

Total=4 pairs
Total

Active Polymer
Silicon Nitride (t-79nm)
Silicon Oxide (t-106nm)
Thickness-2035nm

Total=l lpairs
Total

V

T
Quartz

ickness of the sample

d)

- 3225nm (3.2micron)

Fig. 3 (c) Circular pattern designed by Raith software and, (d) schematic diagram of the organic
MCs structures

Results
Fig.4 (a) shows the SEM images of the 5pm micro-pillar MCs fabrication
with 30 keV Ga+ ion beam milling for 30mins. 200pA beam probe with 100
single loops scan was milled on the MCs sample; as the result, the side-wall of
the micro-pillar structure was very smooth and DBR layers were clear to observe.
The same milling procedure with 4pm micro-pillar MCs structure was
shown in Fig.4 (b). The ring pattern was reduced but milling time was the same.
As the result, the side-wall of the pillar still was remaining smooth. This implies
that we can still reduce the lateral size of the pillar down to approximately 1-2
pm*
Further more, the side-wall roughness was estimated approximately about
50nm under low angle SEM observation.
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4

b)

Fig. 4 (a) scanning electron micrograph of organic micro-pillar MCs structures with lateral size of
5pm and, (b) 4pm

Conclusion

Focused ion beam micromachining techniques provide alternative solutions
for sub-micron scale fabrication. We demonstrate this method and show the
results of smoothing the side-wall roughness of the organic MCs samples.
Although we still have to do further reflectivity measurement to micro-pillar
sample, we shall improve the milling procedures as to modify the lateral size of
the micro-pillar for larger Q factors.
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OPTIMAL DESIGN OF SINGLE-PHOTON SOURCE EMISSION FROM
A QUANTUM-DOT IN MICRO-PILLAR MICROCAVITY
Y. -L. D. HO, T. CAO, P. S. IVANOV, M. J. CRYAN, I. J. CRADDOCK,
C. J. RAILTON, AND J. G. RARITY
Centrefor Communications Research, Department of Electrical & Electronic
Engineering, University of Bristol
Queen’s Building, University Walk, Bristol BS8 1 TR, United Kingdom
We have modelled wavelength scale micro-pillar microcavities of group UI-V
semiconductor materials using the 3-D finite difference time domain (FDTD) method. A
broad band dipole source within the microcavity probes the microcavity mode structure
and spectrum. We then investigated the modifications to spontaneous emission of
photons form narrowband emitters (e.g. quantum dots) at the centre of the resonance. We
find strongly enhanced emission due to small modal volumes and high quality factor (Qfactor). A large fraction of the quantum-dot spontaneous emission is coupled into the
fundamental cavity mode. Increasing the number of mirror pairs in the bottom distributed
Bragg reflector (DBR) obviously reduces the bottom light leakage, leading to light
collection efficiency up to 90%. Moreover, we are now looking at more sophisticated
structures with both lateral and perpendicular confinements based on annular and
photonic crystal defect cavities in order to suppress the remaining sidewall scattering.

1. Introduction
Secure key exchange has been demonstrated in both optical fibre and fiee-space
[ l , 21 by means of the technique of quantum key distribution or quantum
cryptography. Present experiments approximate single-photon sources using
attenuated laser pulses (standard semiconductor lasers and calibrated
attenuators). Thus these are susceptible to attack from eavesdroppers which can
select out multi-photon pulses. Hence we aim to design highly efficient and true
single-photon emitters in order to eventually replace the attenuated laser.
Quantum dots are artificial atoms and they show natural atom-like spectra with
narrow excitonic emission lines and can be pumped with short pulse lasers to
make single-photon sources [3-51. Furthermore, Quantum dots have larger
quantum confinement energies and can be very efficient light emitters. The high
refractive index of group LU-V semiconductors means that only a tiny fraction
of the emitted light is collected above a typical sample. Light collection
efficiency can be increased by using optically pumped micro-pillar
microcavities containing single semiconductor quantum dots [ 6 , 71. These
229
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Air Trench

AlAs/GaAs

AlAslGaA

Figure 2. (a), (b), and (c) are the top view of conventional, annular micro-pillar microcavities, and
photonic crystal defect microcavity with single quantum dot emitter sitting in the centre of cavity.
Black areas represent GaAsIAIAs and white areas air trenchesholes. Pitch a and radius r of the
regular air holes are 0.43 pm and 0.19 pm in (c) calculated by MIT Photonic-Bands (MPB) package
u21.

3. Simulation Results and Discussions
3.1. Mode spectrum of micro-pillar microcavity
We place a broad band dipole source in the centre of the microcavity and input a
short few-cycle excitation pulse to probe the mode spectrum. The cavity then
rings at its resonant frequency and we monitor the cavity ringdown using a
probe above the pillar. We show this for a cavity with 6 top mirror pairs and 21
bottom pairs in Figure 3(a) Taking the Fourier transform of the ringdown signal
(in time) allows us to determine the resonant frequencies of the waveguide
cavity as shown in Figure 3(b) and also gives us an estimate of Q-factor
(Q=?JAh ).
As we s h r d the radius of the micro-pillar microcavity the modal volume
(Veff) is reduced which increases the coupling of the dot to the microcavity
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mode and strongly enhances spontaneous emission (see section 3.4). However
the field at
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Figure 3. (a) shows the probed Ex-field amplitude as a function of time for the radius of 0.525 pm
of conventional pillar with 6 DBR mirror pairs on top and 21 pairs on bottom. (b) show mode
spectrum of conventional pillar. Moreover, the inset of (b) shows the fundamental resonance at blueshifted wavelength of 986 nm with Q- factor of 320.

the cavity wall becomes stronger, field confinement is reduced and scattering at
the interstices between airlGaAslAlAs becomes stronger. For high Q-factor
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Figure 6. The side leakage (a) as a function of various cavity geometries with 6-pairs on top and 12pairs on bottom and the bottom leakage (b) as a function of the number of mirror pairs for the radius
of 0.525 pm pillars.

3.3. Light Collection Efficiency & Spontaneous Emission Enhancement

Light collection efficiency is estimated from the ratio of the top emitted
intensity to the total emitted intensity [ 5 ] . In Figure 7 we compare the light
collection efficiency for the various geometries. In the case of the simple pillar
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we see efficiency of more than 90% when we increase the number of bottom
mirror pairs. Unfortunately the enhanced bottom leakage in the annular cavities
reduces their efficiency to below that of the simple pillar.
q=- I, (top)

(1)

La,

Conventional cavity
cavity with 1-trench
+Annular
cavity with 2-trench
---T--Annular cavity with 3-trench
tPhotonic crystal defect microcavity
--c

tAnnular

55-

f

Figure 7. Efficiency estimate from ratio of power emitted from top of device to the total emission as
a function of the number of mirror pairs for the radius of 0.525 p m pillar.

3.4. Purcell Factors
The ratio of total emission from the pillar ItOtto total emission in bulk material
Ibulkshould reflect the reduction in spontaneous lifetime induced in a dot. This
spontaneous emission enhancement is known as the Purcell factor (Fp).

Fp Z-W-‘bulk
‘cavity

‘fofal

(2)

‘bulk

A theoretical estimate of Purcell factor can be obtained from [8]

Here ir,,,,,

is spontaneous emission life time in the cavity, and rbulk

spontaneous emission life time in the bulk material, V g effective mode volume
and Q cavity quality factor.
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We have used our FDTD results to estimate Fp for various pillar radii using a
micro-cavity with 6 mirror pairs on top and 12 mirror pairs below and plot the
results in Figure 8. We also calculate a Q-factor-260 (see Figure 4) for this
cavity and estimate the cavity effective volume to lie between [ 131

where r is the pillar radius.
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Figure 8. FDTD theoretical estimates of Purcell factor are plotted for the fundamental mode of the
micro-pillar micro-cavity as a function of each radius (black dots). Blue and red lines (Fp(max) and
Fp(min) are calculated using Eq. (2)and (3).

The FDTD estimates of Purcell factor are close to predicted values although the
simple model (Eq. (2) and (3)) does not hold for large radius (F, <1 predicted).
For small radius derivations are expected because more of the field is in the air
region and

4. Conclusions and Further Work

We have shown that more than 90% efficiency emission into fundamental mode
is possible with micro-pillar microcavities. Although side leakage is reduced in
annular and photonic crystal cavities the bottom leakage is enhanced and
efficiencies remain below simple pillar designs. In the future, we will continue
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the study of various cavity geometries to aim for 99% efficiency emission,
perform experiments on real micro-pillars with quantum dots, and study photonic
crystal defect microcavities for high-Q operation.
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