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1 Introduction

In this book, we will examine the transport of momentum, heat, and mass through a system.
Thermodynamics deals with systems at equilibrium and transitions between equilibrium states. It can
tell us things like the properties of various states or the criteria for equilibrium. For example using
thermodynamics, we can prove that, for all positions r and r’ in a system, equilibrium is given by

(N.B.: The following equations neglect the presence of gravity)

where p(r) is the pressure, T(r) is the temperature, and y (r) is the chemical potential of species « at
position r. Mathematically, this tells us that the pressure, temperature, and chemical potentials are
uniform in a system at equilibrium. If there is a gradient in any of these quantities, then the system is
out of equilibrium. As a consequence, momentum, energy, and mass will flow through the system to

try to bring it to equilibrium.

Despite its usefulness, thermodynamics tells us nothing about the rate of changes between states or the
rate of approach to equilibrium. It does not even apply to steady state processes, where the properties of
the system are independent of time, but it is still not in equilibrium. Most processes that are of practical
interest are not in equilibrium and never truly achieve equilibrium. In order to describe these systems,
we need to study fluid mechanics, heat transfer, and mass transport, which are also known collectively

as non-equilibrium thermodynamics or transport phenomena.

1.1 Balance equations

In order to quantitatively handle transport phenomena, we must first develop a mathematical description
for the motion of momentum, energy, and mass through a system. The first equation we will develop is
the balance equation. We will begin by examining the balance equation for a general quantity B. This
quantity can be anything at all. For example, B can be energy, the momentum in the x-direction, apples,

people, oxygen molecules, etc. The balance equation for B can be written as
accumulation of B = (influx of B) — (outflux of B) + (generation of B) (1.1)
Equation (1.1) is applicable to any system; however, it is not always convenient to use, especially in cases

where we are interested in the variation of a property across a system. In order to study these situations,

we need to develop differential equations.
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1.1.1 Flux

Before we can develop a differential equation to describe the balance of B, we need to introduce the
concept of flux. The flux of a general property B, denoted by Jpg, describes the flow of B through a
system. The flux is a vector quantity which can vary with position and time. The units of J g are equal

to the units of B per unit time per unit area.

To demonstrate the physical meaning of J g, let’s place a small plane at a position r in the system. The
area of the plane is small enough such that the flux of B can be considered constant across the surface
of the plane. The orientation of the plane is given by the unit vector n, which is normal to the surface

of the plane. The rate of B that crosses the plane is given by
rate of B crossing plane = JB. & (area of plane) (1.2)

If the plane is perpendicular to the z-direction, the rate of B that crosses the plane, per unit area, is

equal to Jp ,, the z-component of the flux vector.
In general, the flux of property B is due to two factors: convection and diffusion.
Jp=Jg™ + 33" (1.3)

The convective flux is due to the macroscopic flow of the fluid which carry with it the property B into

and out of the control volume. This is of the form:
JZW =cpv (1.4)
where cp is the concentration of B, and v is the velocity of the fluid.

The diftusive flux is due to molecular motion. This flux leads to irreversibility and generates entropy. It

is assumed that the fluxes are proportional to the thermodynamic driving forces.

1.1.2 Differential approach: One-dimensional balances

We first consider a system where the property B only varies in one direction, which we choose to be
the z-direction. For this one-dimensional problem, we can perform a balance around a differential
element (which is referred to as a control volume) located between the positions x and = + Az, with
a cross-subsectional area A. The width Ax of the control volume is chosen to be small enough such
that the concentration of B (i.e., the amount of B per unit volume) in the element cp(z,t) can be

considered uniform.
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The total amount of B currently within the control volume is cg(x,t) AAz.. The rate of production of B
per unit volume is o5(x,t); therefore, the net rate of B that is produced in the system is op(z,t) AAx.
B enters the control volume from the left side at a rate of Jp ,(x,t)A, and exits the control volume from

the right side at a rate of Jp , (z+ Az, t)A. Putting this all together in Eq. (1.1), we find
0
&[CB(Q:, t)AAz] = AJp z(x,t) — AJpz(x + Az, t) + op(z, t)AAx

If we divide both sides of the equation by AAx, we find

aCB(SU,t) _JBJ(.%'-FAZL‘,t) — JB@(ac,t)

ot Az

+ UB(xat)

Taking the limit as Az goes to zero, the first term on the right side of the equation becomes a derivative,

and so

dep(x,t)  0Jpq(z,t)
% = 9y + op(x,t) (1.5)

The balance equation for any one-dimensional problem can always be written in the form given in
Eq. (1.5).

1.1.3 Differential approach: Three-dimensional balances

In this subsection, we consider a system where the property B varies in all directions, =, y, and z.
We choose as our control volume a small rectangular prism of dimensions Az, Ay, and Az. These
dimensions are chosen to be small enough so that the concentration of B within the control volume cp

is approximately uniform.

For a three-dimensional differential volume element, we have:

0

a(cBAa:AyAz) = —AyAzJpq(x + Ax,y,2,t) + AyAzJp . (x,y, 2, 1)
— AxAzJpy(z,y + Ay, 2, t) + AzAzJp y(x,y, 2, 1)

— AzAyJp . (z,y,z + Az, t) + AzAyJp . (z,y, 2, t)

+ (cpAzAyAz)

867B _ -JB,x($+A$7y,th)—JB,x(x,yaZat)
o | Az
. _JB,y<m7y+Ayaz7t> - JB,z(%?J,Zat)
i Ay
o _JB,Z<ny7z+AZ7t)_JB,x(a??y7Z7t)
i Az
ToB (1.6)
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Taking the limit Az, A y, Az > 0, we find

aCB _8<]B,x(xayaz7t) . 8JB,y($7y727t) B aJB,Z(x7y7Z7t)

ot Ox oy 0z Ton (1.7)
This can be written in vector form as
agf:—V-JB—i—aB (1.8)
where V is the gradient operator, defined as
VE%Q—Féyé—i—ézﬁ (1.9)
ox oy 0z

where &, is a unit vector pointing in the positive x-direction, &, is a unit vector pointing in the positive

y-direction, and €. is a unit vector pointing in the positive z-direction.

1.2 Index notation

Before proceeding on to analyze the balance equations for mass, momentum, and energy, we will
introduce the use of index notation, which will help in keeping the equations more compact and clear,
as well as facilitating their manipulation. In index notation, vectors and matrices are explicitly referred
to by their various components. The expression v; denotes the 7th component of the vector v where %
can be either z, y, or z. The expression A;; denotes the ijth element of the matrix A.

If an index is repeated in a term, then this implies that the index is summed over all components.

UiV; — UgVz + UyUy + ULV,

This is referred to as the summation convention. For example, the dot product between two vectors u

and v is given by
u-VvV — UuUv;

The multiplication of a matrix 7 by a vector can be written as
T-V — T, ijVj

The multiplication of two matricies is given by

A-B— Aiijk
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The general balance equation, Eq. (1.7) or (1.8), can then be written as

BCB &] B,i +
B _ o

ot o B (1.10)
where ; is the ith component of the position vector (i.e., z, = x, vy = y, and z, = 2), and Jp; is
the ith component of the flux vector Jpg. Note the use of the summation convention in the first term

on the right side of the equation.

1.3 Mass balance

The first balance equation that we will consider is for the overall mass. The concentration of mass is
simply the density p. Mass cannot be created or destroyed, so there is no generation term in the balance
equation. Finally, the only flux present for the overall mass is the convective flux. Combining all these
facts together with Eq. (1.8), we arrive at

op

E——V-pv

This is typically referred to as the continuity equation and is usually written in the form:

9p

ot +V-pv=0 (1.11)

Using index notation, we can rewrite Eq. (1.11) as:

dp 0 B
o + s (pv;) =0 (1.12)

For an incompressible fluid, the density remains constant. Mathematically, this means that all of the
derivatives of the density are equal to zero. With this assumption, we find that the continuity equation
reduces to

V-v=0 (1.13)

Note that this is only true for an incompressible fluid.
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2 Momentum transport

2.1 Introduction

In this section, we will consider the momentum balance equation. Unlike the previous quantities that we have
considered, which were all scalars, momentum is a vector. This means that we need to consider the balance equation

for each of its three components.

The “concentration” of momentum is the amount of momentum contained in the system per unit volume.
If we recall that the momentum of a particle is equal to mv, where m is the mass of the particle and v
is the velocity of the particle, then the “concentration” of momentum is given by pv. Note that because

momentum is a vector, there are three types of momentum concentration: PVz» PVy, and pv..

The next term to consider is generation of momentum. So what is responsible for the creation of

momentum? The answer to this question is given by Newton’s second law:
—(mv)=F (2.1)

where m is the mass, and F is the force acting on the mass. Therefore, we see that forces generate

momentum.
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Let’s consider the possible forces that act on a cubic element of a fluid which has dimensions Az, Ay,
and Az (i.e., the control volume). The first force we consider is the pressure. The pressure always acts
inwards, compressing the cube from all six faces. The total force acting on the cube due to pressure is,

therefore, the sum of six terms (one corresponding to each face of the cube):
pressure force = [p(z,y, 2) AyAz — p(x + Ax,y, 2) AyAz] &,
+ [p(x,y, 2) AzAz — p(z,y + Ay, 2) AzAz] &,
+ [p(z,y, 2)AzAy — p(x,y, 2 + Az)AzAy &,

The generation of momentum per unit volume due to the pressure force is just the pressure force acting
on the cube, divided by the volume of the cube (which is Az Ay, A z). In the limit where the dimensions

of the cube are very small, this becomes —Vp.

Another source of momentum is the force of gravity. The gravitational force acting on a mass m is given

by mg. The generation of momentum per unit volume is then given by pg.
Combining these two terms, we find that the generation of momentum can be written as:
Omomentum = — VP + pg (2.2)

Note that because momentum is a vector quantity, the generation of momentum o is also a vector.

momentum
The final term we need to discuss is the momentum flux J, omentum, Which represents transport
of momentum across the boundaries of the control volume. The momentum flux consists of two

diff

omentum- 1he convective

a ) conv e
contributions: the convective flux Jeonv . and the diffusive flux J

contribution is given by

gx?élr\xllentum = (pV)V (23)

The convective flux represents reversible transport of momentum across the surface of the control volume.

Before we discuss the form of the diffusive flux, let’s first consider the terms we have so far.

2.2 Bernoulli's equation

If we neglect the contribution of the diffusive flux, then the momentum balance can be written as:

oc
%ntum = —V - Jmomentum + Tmomentum
(2.4)
opv
o = -V - (pvv) — Vp+ pg
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With the help of the continuity equation, Eq. (1.11), we can rearrange this relation to

p%JrV%=—vV-(pV)—pv-Vv—Vp+pg
ov dp
pat_—v[&+v-(pv)]—pv-Vv—Vp+pg
W v V- Vpet
P = PV VvV = Vptpg
ov 1
a—*V‘VV*;vp+g

If we assume that the fluid is incompressible (i.e. p is a constant) and that the flow is irrotational
(i.e. V x v = 0), then we find

—_v(= P_ .
ot V<2v 5,78 r) (2.5)

For a system at steady state conditions, all derivatives with respect to time vanish, and so the right side
of the above equation can be integrated to yield
1
—v? 4+ b_ g - r = const (2.6)
2 p
This is just Bernoulli’s equation. So for an incompressible fluid at steady state, the momentum equation

reduces to Bernoulli’s equation when the diffusive momentum flux can be neglected.

23 Diffusive momentum flux: Newton’s law of viscosity

In a fluid, there is a tendency to try to make all parts of the fluid move at the same velocity. Consider
the situation shown in Fig. 2.1. In this case, the upper plane of fluid A is travelling with a greater velocity
than the fluid in plane B, which is travelling with a greater velocity than the fluid in plane C. Because the
fluid in plane A is travelling faster than the fluid in plane B, it exerts a force on plane B in the positive
x-direction; on the other hand, the plane B exerts a force of equal magnitude on plane A in the negative
x-direction. In a similar manner, forces are exerted between planes B and C, and between planes C and
D. These forces, which are often referred to as a viscous forces, are proportional to the area of contact

between the adjacent planes and are related to the velocity difference (or gradient) between the planes.

——— | B y
> | [« ‘
> | D <

Figure 2.1: Planes of fluid traveling at differing velocities.

Download free eBooks at bookboon.com


http://bookboon.com/

Momentum, Heat, and Mass Transfer Momentum transport

Now, let’s consider a fluid that is confined between two plates, separated by a distance H (see Fig. 2.2(a)).
Inititially, the fluid and both plates are motionless. At a certain time, the upper plate is accelerated to
a velocity V and is kept moving at a constant velocity. The fluid near a solid surface typically travels
at the same velocity as the surface. This is known as the no slip boundary condition. For the situations
depicted in Figs. 2.2(b) and (c), the fluid at the upper surface has a velocity V, and the fluid at the lower

surface is motionless.

velocity =0 veloeity =V veloeity =V
L
.
() :
/ x
I
veloeity =0 veloeity = 0 velocity =0

Figure 2.2: Flow of a fluid between a stationary and moving plate.

Immediately after the upper plate is accelerated, only a small subsection of fluid that is very near to
the plate actually moves. The rest of the fluid remains motionless. However, as time passes, the viscous
forces between the fluid begins to accelerate the lower parts of the fluid (see Fig. 2.2(b)). This can be

interpreted as the gradual “diffusion” momentum from the upper part to the lower part of the fluid. At

very long times, the system reaches steady state (see Fig. 2.2(c)).
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In order to maintain the constant velocity V of the upper plate, a force F needs to be applied. This is

due to the fact that the viscous forces in the fluid tend to decelerate the plate. We define the viscosity

y of a fluid by the ratio:

u= /A 2.7)
V/H

where A is the cross-subsectional area of the plates. Note that the units of viscosity are pressure multiplied
by time (e.g., Pa s). The more viscous a fluid, the more force it takes to keep the upper plate moving at
the same speed. In addition, for a given applied force, the less viscous a fluid, the faster the upper plate

will move. This is all consistent with our intuitive idea of “viscosity”.

Now let’s consider a two-dimensional element of fluid in a general flow field. The stresses due to viscous
forces that act on this particular element of fluid are shown in Fig. 2.3. The upper and lower surfaces are
referred to as y-faces, because they are perpendicular to the y-direction; the right and left surfaces are
referred to as z-faces, because they are perpendicular to the x-direction. The stress (force per unit area)
acting on the upper y-faces in the z-direction is referred to as 7,,. On the upper surface, 7. points
in the positive z-direction, while on the lower surface, it points in the negative x-direction. The stress
acting on the x-faces in the y-direction is referred to as 7,,. This points in the positive y-direction on

the right face, and in the negative y-direction on the left face.

Oexe

(x + Ax,y)

Figure 2.3: Stresses acting on a two-dimensional control volume. Note that

Ogg = —P + Tz et
The diffusive momentum flux Jdiff is due to these stresses, which are caused by viscous forces.
momentum

For the general three-dimensional situation, the viscous stresses acting on an element of fluid are shown
in Fig. 2.4. By summing all the viscous forces that act on an element of fluid, we find that the diffusive

momentum flux is given by

Jaift =T (2.8)

momentum
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where 7 is the stress tensor

Tex Txy Txz
T=| Tya Tyy Tyz (2.9)

Tze Tzy Tzz

The stress tensor 7 is a 3 x 3 matrix. The first index of the matrix refers to the face on which the stress

acts, while the second index of the matrix indicates the direction in which the stress acts.

Figure 2.4: Stresses acting on a three-dimensional control volume. Note that 0, = —p + T4, etc.

Adding the contribution of diffusive flux to the momentum equation, we find

opv
E:—V-(pvv)—l—V-T—Vp-f—pg (2.10)
Using index notation, the momentum equation (see Eq. (2.10)) can be rewritten as:
apvi 0 or. i ap
ot = " om; P Y Gy T g TP (2.11)
Using the continuity equation, the momentum equation can also be written as
ov; ap ov; Opv; Ot Op
p 8t + v 8t N pv] 890]- vi 8a:j + al‘j 81‘1 + PG
(2.12)
((91)1‘ 81)2- or ji ap
- + pgi

- = — v, +
Pot = o, T ;0
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24 Newton’s law of viscosity

Let’s consider the flow shown in Fig. 2.2(c) and focus on an element of fluid of height A y located
at a distance y above the bottom plate. The bottom surface of this element of fluid is travelling at
velocity v, (y), while the upper surface of this element of fluid is travelling at velocity v, (y + Ay) ~
vz (y) + Aydv, /Oy. The difference of these two velocities is Aydu, /0y. Comparing this situation with
Eq. (2.7) where F'/A ~ 7y,, H ~ Ay, and V ~ Aydv, /0y, we find

_ Tyz
M= Aydv, joy/ Ay
Ovy
Tve = g, (2.13)

This relates the viscous stress to the gradients in the velocity. A fluid which obeys this relation is known
as a Newtonian fluid. Note that this relation was derived in the special case where there is only a velocity

gradient in the y-direction. For a general three-dimensional flow, Eq. (2.13) generalizes

8vi 81)]-
— <8xj + a@) LAY v (2.14)

where i and J are indices that represent the z, y, or z-directions, d;j 1s the Kronecker delta (6;;=0

if i # j,and §;; = 1if = 5), and A is the longitudinal viscosity. For most fluids, A = —24/3.

Substituting the constituitive relations Eq. (2.14) into the momentum balance, Eq. (2.10) or (2.11), we find

opvy 0 oy, 0 dv;  Ovj o dv;  dp |
ot - axj (pUJ'UZ) + 8«’Ej |:,u (83?] + 8902)] )\81:Z axj 83;1 + pgi

0 I Y o dv; Op |

=, (pvjvi) + oz, [u axj] + s [(u +A) ale o + pg; (2.15)

For an incompressible fluid (where V - v = 0) with a constant viscosity, this reduces to

0 1
ot P P

This is known as the Navier-Stokes equation and is the starting point for analyzing the flow behavior of

incompressible, Newtonian fluids (e.g., water).
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3 Laminar flow problems

3.1 Introduction

In the previous sections, we derived the general mass and momentum balance equations. In this section,
we will apply this method to examine two specific examples: flow of a falling fluid film and flow of a

fluid through a cylindrical pipe.

3.2 Flow of a falling film

Let’s consider the problem of a film of water flowing down an inclined plane. A schematic drawing of

the system is given in Fig. 3.1. The thickness of the film is §. The angle of the plane from vertical is 6.
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At the bottom of the film, the water is in direct contact with a solid wall, which is motionless. At this
surface, we employ non-slip boundary conditions, where the velocity of the fluid is assumed to be the
same as the velocity of solid. At the top surface of the film, the water is in contact with air.
Now let’s focus our attention on a small cube of fluid, of dimensions dx, d y, and d z, located at position
r. Because the system is at steady state, there is no accumulation, and the forces that are acting on the
system should be balanced.
We assume that the fluid flows only in the z-direction

0 = gravitational force + net viscous force (3.1)
The gravitational force acting on the fluid in the z-direction is given by

gravitational force = (dxzdydz)pg cos 0 (3.2)
The viscous force is given by

net viscous force = 7, (z,y + dy, 2)dzdz — Ty, (2, y, 2)dxdz (3.3)

Inserting the expressions for the gravitational and viscous forces into the momentum balance equation,
we find
0 = (dxdydz)pg cos 0 + Ty, (x,y + dy, z)dxdz — Ty (2, y, 2)dxdz

Ty$('r7y+dy7z) - Tyar(x7y7 Z) (34)
dy

0 = pgcosf +

If we take the limit dy — 0, then

0Ty

Jy

0= pgcosb + (3.5)
Another more rapid method to arrive at Eq. (3.5) is to start from the general momentum balance equation,

Eq. (2.12). If we consider only the x-component of the equation, we find

81@ ' 8'01 asz ap

pﬁ —PY Ox; + Ox; Ox

Since the system is at steady state, the left side of the equation is equal to zero. Also, if we note that there
is no flow in the y and z-directions (i.e., v, = v, = 0) and that v, only varies in the y-direction (so that
Ov,/Ox = 0), then the first term on the right side of the equation vanishes. Neglecting the variation
of pressure in the x-direction (i.e., dp /0x = 0) and noting that g, = g cos, we arrive at Eq. (3.5).

Download free eBooks at bookboon.com


http://bookboon.com/

We can integrate Eq. (3.5) with respect to y, which gives
0=ypgcosh + A+ 1y.(y)

Tyz(y) = —ypgcosh — A (3.6)

where A is an unknown integration constant. We can determine the integration constant by using the

boundary condition at the top surface of the fluid, at y = § where 7,,(0) = 0.

Tye(0) = —dpgcos — A =0

A= —bpgcosb (3.7)
Therefore, the stress in the fluid is given by
)
Tyz(y) = dpg cost (1 - 5) (3.8)
The stress induced by the plate on the bottom of the fluid is
Tyz(0) = dpg cos § (3.9)

The stress induced on the plate by the fluid is precisely the same magnitude as 7,,(0) but in the

opposite direction.

To determine the velocity profile, we use the relationship between stress and the velocity gradient for a

Newtonian fluid:

0vy
Tyx = Naiy (3.10)

Substituting the expression for the stress, we find

dpg cos 6 (1 — %) _ H%i;x

vy Gpgcos b (1 B y) (3.11)
oy 1 0
If we integrate this equation with respect to y, we find
] 0 2
o(y) = 2P9°080 <y_y> B
a 20 (3.12)
82pgcosh 1y Y ’
= (5) (1-55)+2

where B is an unknown integration constant. The value of this integration constant can be determined

by using the boundary condition at the bottom surface, at y = 0, where we have

v,(0) =0 (3.13)
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This gives us B = 0, and, therefore,

ot = E2 (1) (2

The total volumetic flowrate Q) of water flowing down the plane can be obtained by integrating the

velocity profile. If the width of the film is [, then

. )
Q= /0 ldyv.(y)

:/6ldyMg [2_ g}
0

2u 6 0
§3pgcosf [1
<18l [Cagez-g)
83pg cos
le (3.15)

Excellent Economics and Business programmes at:

Z ——\
7

university of e AACSB
groningen

ACCREDITED

| -
“The perfect start
of a successful,

_- . international career’
-- >

: to discover why both socially
and academically the University
of Groningen is one of the best
places for a student to be

I

L~

www.rug.nl/feb/education

Download free eBooks at bookboon.com

23 Click on the ad to read more



http://bookboon.com/
http://bookboon.com/count/advert/5e8cd819-4ddd-4941-a6bb-a16900eac393

- L >

Figure 3.2: Flow through a horizontal pipe of radius R and length L.

The average velocity v, of the fluid is given by

5 Q_€Q
YA
8%pg cos
=, (3.16)
33 Flow through a circular tube

Now let’s consider steady-state flow through a circular pipe of radius R. The length of the pipe is L, and the
pressure drop across the length of the pipe is Ap. A schematic drawing of the system is given in Fig. 3.2

Lets focus on a cylindrical shell of fluid of radius r and thickness dr. We will work in cylindrical
coordinates. We assume that there is no flow in the radial and angular directions (i.e., v, = vy = 0),
so we only need to consider the momentum balance in the z-direction. Steady state flow implies that
there is no accumulation in the system. Therefore, the various forces in the system must be balanced.

0 = net pressure force + net viscous force (3.17)

The net pressure force acting on the shell is given by

net pressure force = p(0)2nrdr — p(L)27rdr

= [p(0) — p(L)]27rdr
= Ap27rdr (3.18)

The net viscous forces acting on the cylindrical shell are
net viscous forces = 7, (r + dr)2n(r + dr)L — 7,,(r)27rL (3.19)

Putting these forces together, we find:

0 = Ap2nrdr + 7, (r + dr)2n(r + dr)L — 7,,(r)27rL (3.20)
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Dividing by the volume of the cylindrical shell 27rdr

Ap 10
0= T + ;E(TTTZ) (321)

If we substitute the constitutive relation 7,, = pdv, /Or, we find

Ap 10 v,
U A (’”“ o ) (322
which can be rearranged to give
1o} ov, Ap
_ =_== 3.23
or (r or ) [LLT (3:23)

Integrating this equation twice with respect to r, we find

A
v (r) = —4#—127«2 +Alnr+ B (3.24)
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where A and B are unknown constants of integration. From the physical requirement that the velocity
of the fluid should remain finite at the center of the pipe (i.e., at 7 = 0), we find that A = 0. We can
determine the value of B by using the no-slip boundary condition: at the surface of the pipe (i.e., r = R)
the velocity of the fluid should be zero

__ B8P _
_ Ap
N 4,uLR
Finally, we find
ApR? 7\ 2
vy(r) = L [1 — <§> ] (3.25)

The volumetric flowrate () is given by

. R
Q:/ 2mrdru,(r)
0
R ApR? 7\ 2
—/0 2mrdr 1L [1— (§> }

ApR4 1
=27 Pl / zdz(1 — z?)
0

4ulL
ApR*
=7 3 (3.26)
The average velocity v, of the fluid is
Lo a
A 7R?
2
_ ApR (3.27)
SuL
The Reynolds number is given by
Duv,
Re = —2 (3.28)
o
where D = 2R is the diameter of the pipe. The friction factor is defined as
Ap D
I=2mT (3.29)

Examining Eq. (3.27), we find that the relation between the Reynolds number and the friction factor

is given by

16
I'= Re
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4 Dimensional analysis

4.1 Introduction

Units play a crucial role in engineering. They allow us to quantitatively communicate the values of the
physical properties of a system. Despite their importance to us as engineers, however, units are entirely
artificial things. Nature does not care about units. That is, the behavior of a system is entirely independent
of the units that we use. This fairly obvious idea is extremely powerful. In fact, it allows us to extract a

lot of information about a system, without having to write down or solve any equations.

To illustrate this, let’s examine a pendulum consisting of a mass M tied to the end of a string of length

L (see Figure 4.1). For this system, the acceleration due to gravity is g.

N

g

Figure 4.1: Schematic of a swinging pendulum.

How does the period T of the pendulum depend on its physical properties (i.e., L, m, and g¢)?

Mathematically, this question means that we want to determine the function 6 such that

T =6(L,m,g) (4.1)

Although Eq. (4.1) makes mathematical sense, it does not really make physical sense. This is because
the numerical value of the function 6 depends on the particular choice of units that are used to measure
time. If we use seconds to measure time instead of hours, then the function increases by a factor of 3600.
Also, the precise form of the function will change, depending on the units that are used to report the
quantities L, m, and g. Because we know that the behavior of a system should not depend on the units
that are used, we should expect that the function relating the period of oscillation of a pendulum to its

properties should also be independent of the choice of units.
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We can remedy this situation by only using dimensionless quantities. If we choose to measure time in
units of t (e.g., seconds, hours, etc.), mass in units of m (e.g., kilograms, pounds, etc.), and length in
units of / (e.g., meter, feet, etc.), then we write down the following expression:

T L M gt?
7= (z’ poo gz) (42)

where © the function that we want to determine. Note that all the quantities in this equation, including
the function O, are dimensionless. Therefore, Eq. (4.2) is completely independent of the units that are

used, which is what we want.

We can push the analysis even further, however, based on the fact that we are free to choose whatever
units we want. We choose as our unit of length, the length of the pendulum (i.e., l = L). As our unit of
mass, we choose the mass of the pendulum (i.e., m = M). As our unit of time, we choose ¢t = \/L/g.

Given this system of units, we find that Eq. (4.2) reduces to

T
L/g

=0(1,1,1) (4.3)

Note is that the right side of Eq. (4.3 is simply a constant. We no longer need to determine a function of
three arguments - all we need is a single number ©(1, 1, 1). This can either be determined by experiment
or by a more careful theoretical analysis. Thus, without setting up or solving any differential equations,
we were able to determine the mathematical relationship between the period of a pendulum and its

properties.

In the previous section, we examined two examples of setting up the differential equations that govern
a particular flow and then solving those equations. In many cases, however, we can greatly simplify a

problem by simply examining its dimensions.

For the pipe flow problem, if we are only interested in how the pressure drop across a length of pipe
varies as a function of the flow rate, then we can use dimensional analysis to greatly simplify the problem.

In general, the pressure drop per unit length Ap/L depends on all the properties of the system. That is

Ap _
N7 0(D, p, p,vz) (4.4)

where 6 denotes a general function. So at first glance, it seems that the pressure drop is a function of

four different variables.
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One thing that is peculiar about the function given in Eq. (4.4), however, is that it depends on the units in
which the physical quantities are measured. For example, if we measure pressure in units of bars instead
of pascals, then the function 6 must change by a factor of 10°. If we measure length in meters instead
of feet, then the dependence of the function 6 on its various parameters needs to change. We know that
the physics of a system should not depend on the units that we use. This fact should be reflected in the

properties of the function 6.

If we measure mass in terms of units of m, length in terms of /, and time in terms of ¢, we find that the

function for the pressure drop can be written as

%@ _o (D pl3 plt ﬁzt>

L [ A e (4.5)

I"m’ m’ 1
We are completely free to choose the values of m, [, and t. For example, in the mks system of units,
m =1kg,I=1m,and t =1 s. Notice that all the arguments of the function ®, as well as its value, are

dimensionless. This means that the function ® does not depend on the units that are used.
We can simplify Eq. (4.5) by choosing a set of units based on the properties of the system. We choose

to measure mass in units of m = pD?3, length in units of I = D, and time in units of t = D/v,. With

this choice of units, we find Eq. (4.5) can be written as

APD%D/W:@@ pD® pD(D/v.) @(D/@))

L pD3 D' pD3"  pD3® ' D
Ap D
%7 =0 <1717M_a]->
pvs L Dpv,
f = F(Re) (46)

While in Eq. (4.4), the function 6 depends on four variables, the function f depends on only one

variable. This is a tremendous simplification of the problem!
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5 Energy transport

5.1 Energy balance

In this section, we derive the balance equation for energy. The total energy of the system is the sum of three terms:
(i) the internal energy of the system, (ii) the kinetic energy of the system, and (iii) the potential energy of the system.

The total energy per unit mass e can then be written as:
L o
e=U+ Ut o(r) (5.1)

where U is the internal energy per unit mass of the system, and ¢ is the potential energy per unit mass
of the system, which is, in general, a function of position. Examples of potential energy are gravitational
energy (where ¢(r) = —8 - r) or electrostatic energy (e.g., a charged system in the presence of an electric

potential).
Now let’s perform an energy balance on a small subsection of a system. Our control volume will be a
small rectangular box of dimensions d, d y, and d 2. The concentration of energy inside the box is equal

to pe. Thus, the rate of accumulation of energy in the control volume is

accumulation = %( pedrdydz)

/
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The rate of accumulation per unit volume is then

accumulation 0

drdydz ot (pe)

From the first law of thermodynamics, we know that energy is conserved. Thus, any accumulation of
energy in our control volume must be due to flow of energy from other parts of the system. This can
occur through several mechanisms. In the following, we will consider convection, conduction, viscous

work, and pressure work.

5.2 Convection

When material enters (or leaves) the control volume due to the flow of the fluid, it carries with it energy.

This mode of energy transport is known as convection. The convective flux of energy is then given by
JOW — (pe)v (5.2)

For our control volume, there are six different surfaces
convection = [JS°" (z,y, z) — J° (2 + dz, y, z)]dydz

+ [J;onv(x’ Y, z) — J;Onv(.’IJ, y + dy, z)|dzdz
+ [T (2, y, 2) — J™ (2, y, 2 + dz)|dzdy

Dividing the above equation by the total volume of the system and taking the limit that dx, dy, and
dz — 0 yields

convection _ QJg™  OJM  ggen
dedydz Ox dy 0z
— _ . Jeow
8J‘COIIV
- ox;

53 Diffusive transport

In addition to convection, energy can also flow into the control volume through diffusive transport.
Diftusive energy (heat) flux q is caused by gradients in temperature and chemical potential. We will
only consider heat flux which is driven by temperature differences, which is known as conduction. One

simple relationship between heat flux and the temperature gradient is given by Fourier’s law of conduction
q=—kVT (5.3)
where k is the thermal conductivity.

There is yet another type of flux for energy, which has no analogy in the transport of other quantities
(such as mass and momentum). This is transport of energy due to radiation. We will not consider this

mode of heat transfer in this module.
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5.4 Viscous work

Because the material outside the control volume moves at a different velocity than the material inside,
viscous stresses arise on the surfaces of the control volume. These viscous stresses lead to the conversion
of kinetic energy into internal energy in the system. The rate of conversion on a particular surface is
given by the force acting on the surface multiplied by the velocity at that surface. The total rate at which
viscous forces perform work on the system is then given by the sum of the work performed on each of

the surfaces:

viscous work =T, (z + dx, y, 2)vy(x + dx, y, 2) — Tux (T, Y, 2)vz(x, y, 2)|dydz

+ [Tay(z + dx, y, 2)vy(x + dx, Yy, 2) — Tay (2, Y, 2)vy (2, Y, 2)]dydz
+ [Toz(x + dx,y, 2)v,(z + dx, y, 2) — Taz (2, y, 2)v:(2, y, 2)|dydz
+ [Tyz(z,y + dy, 2)vg(x,y + dy, 2) — Tyz(x,y, 2)v(2, y, 2)|drdz
+ [ryy(z,y + dy, 2)vy(z,y + dy, 2) — Tyy(2, y, 2)vy (2, y, 2)|dxdz
+ [y (@, y + dy, 2)v (2, y + dy, 2) — 7y (2,y, 2)v:(2, 9, 2)|ddz
+ [Toa (2, y, 2 + d2)vg (2, y, 2 + d2) — Tow (2, y, 2)vg (2, y, 2)]|dzdy
+ [Toy(x, y, 2 + d2)vy (2, y, 2 + dz) — Toy (2, y, 2)vy (2, y, 2)|dady
 [rae (92 + )02, 2+ d2) — 7os (2,9, 20 (2, , 2))dady
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The viscous work per unit volume is then

Viscouswork_g( o) + 8( v)+8( 0.)
dedydz  Ox Taale) T 5 \Tayly) T gy \Teabz

0 0

+ @(Tyzvm) (9 (Tyyvy) + %(Tyzvz)
0 0

+ %(szvx) 9 (szvy) + %(Tzzvz)

0
:87%(%@3»)

5.5 Pressure work

Now let’s consider the work due to pressure. The rate at which work is performed by pressure forces on
the surface is equal to the magnitude of the force acting on the surface multiplied by the velocity of the

system at the surface. Therefore, the total work due to pressure is

pressure work =[—p(x + dz,y, 2)vs(z + dx,y, 2) + p(z, y, 2)vz(x, y, 2)|dydz
+ [=p(z, y + dy, 2)vy(2,y + dy, 2) + p(2,y, 2)vy(2,y, 2)|dxdz
+ [=p(2,y, 2 + d2)v: (2, y, 2 + d2) + p(a, y, 2)vs (2, y, 2)|dady

The rate at which the pressure forces do work on the system per unit volume is then:

pressure work i( v)
dedydz — Ox; Pui

5.6 Finishing touches

Applying the general balance equation to energy, we find

Ore _ 0 (o 2, 0 .
ot - 8.%'1 (Pé’vz) 85172 + Oz l(TlJUj) 6$(pvz) (54)

)

Using the continuity equation, this can also be written as

Oe de 8ql+ 8( ) — 8( ) 55
pat p Zaxi 81‘1 8 1, TZJ/U] al‘l pvz ( ‘ )

Now let’s look at some simple limits of this equation. If the system is entirely motionless and there is
no potential energy (e.g., gravitational forces are not important), then e = U, v = 0, and the energy

balance equation is given by

oU
Por =-V-q (5.6)
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If we make the further assumption that the thermal conductivity of the system is constant, and we make
use of the thermodynamic relation dU = C,,dT at constant volume (density), where O, is the isochoric

heat capacity, then

or

pCv E

= kV2T (5.7)
which is known as the heat or diffusion equation.
We will now rearrange the energy equation (see Eq. (5.5)) in a more convenient form for later work.

The first thing we need to do is to develop a balance equation for the kinetic energy. By multiplying Eq.
(2.12) by v;, we find

ov; ov; 87'32
PUi— ot pvjvza + v; 6$j ‘|’ PYiv;
1 ov? 1 31}2 8T]Z
2P o = T3Pl ja + v rw +Pgﬂfz
J
o (1 ) 1 8m~ op
—(zp?) = pv v ) + Vi — v iV (5.8)
ot \ 2 ax] J ’ Ox;j "Ox; ! :
Subtracting Eq. (5.8) from Eq. (5.5), we find
0 1, B 0 14 . 0q; 0 0 '
p@t <U + 2'U gzxz) = — pPY; 0$j (U + 27) gzxz) O, + Oz 2(7_1]17]) O (pvz)
0 B 0 Jq; ov; ov;
pa (U - gle) = — pY; ax]‘ (U - gzxz> - &TZZ + Tji 8.%']' - pal'i — PGiV;
o v g, Ov  0u
Pot = 0w, 0m  ox; o

If we assume that the material in the control volume is in local thermodynamic equilibrium, we can

relate the internal energy to the local temperature and pressure of the system
ou ou
dU = == | dT d
<3T> i < Ip > !

- |7 (59), - (50),

e ()1 () o

28 oV oV oV
or) ~P\or ), or) "\ ),
d
=<@r—%f>df—0%T—nwﬁf (59)
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where «, is the thermal expansivity of the material, and x is the isothermal compressibility of the

material.

For a liquid or a solid, the pressure dependence of the internal energy is quite weak (i.e. second term in

Eq. (5.9) is small). In this case, we find that the energy balance can be written as:

orT oT 8%' (%i 8vi

T o P L Pl
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6 Multicomponent mass transfer

6.1 Introduction

In many chemical engineering unit operations, the key element is the transport of a particular chemical
species from one location to another. For example, in the case of a chemical reactor, we need the reactants
to mix and diffuse together in order for them to react to form the product we desire. In a liquid-liquid
extractor, we want a chemical species to transfer from one liquid phase to another. In a gas absorption
unit, we want a particular species in the gas phase to diffuse into the contacting liquid phase. The key

to designing these processes is understanding mass transfer.

In mass transfer problems, we generally deal with multicomponent systems. Based on the general
balance equations that we developed in the previous Sec. 1, deriving the balance equation for a species

in a multicomponent system is fairly straightforward. For a particular molecular species a, we have (see
Eq. (1.8))

Jcg
T -V Ny + o, (6.1)

where ¢, is the molar concentration of &, Na is the absolute molar flux of species «, and o, is the rate

of generation of & per unit volume (e.g., by chemical reaction).

In a multicomponent system, different species generally travel at different velocities. Therefore, for each

component « that is present in the system, there is a velocity v,,. The absolute molar flux of « is given by
N, = caVa (6.2)

Now let’s consider what happens when a drop of ink is placed in a moving stream of water. The molecules
of ink move as a result of two processes. First, the drop of ink moves along with the general flow of
the stream. This contribution to the motion of the ink is referred to as convective flux. In addition to
moving along with the flow of the stream, the ink also spreads outwards. This contribution to the motion

is referred to as diffusive flux.

Before we can define a diffusive flux, we must first define a reference velocity with respect to which

diffusion occurs. This choice of this reference velocity v,,. is quite arbitrary, but, in general, takes the form

v = Z Ao Va (6.3)
«
where q,, are arbitrary weighting functions that must satisfy the normalization condition

Z aqg =1 (6.4)
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If we let a,, = w,, the mass fraction of component « in the system, then v* = v, the center-of-mass

velocity of the system:
vV = Z Wa Ve (6.5)

This is the velocity that appeared in the continuity equation, momentum balance equation, and the

energy balance equation that were developed in the previous section.

If we let a, = z,, the mole fraction of component « in the system, then v® = v*, the molar-average

velocity:
VE=> Zava (6.6)
«
In what follows, we will use v* as our reference velocity.

With the definition of the reference velocity, the convective flux is given by ¢, v*, and the diffusive flux
Jq is defined as

Jo=ca(va — V") (6.7)

To finish off this subsection, we demonstrate how the absolute flux can be written in terms of the diffusive

flux and the convective flux.

Jo =ca(va — V")

= Ngy — Cao g T/ V!
a/

=Ny — 2o Y Ny
a/

and so we find

N, =Jo+7a Y Ng (6.8)

a/

The first term on the right side of the equation represents the diffusive flux, while the second term

represents the convective flux.
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6.2 Diffusive flux

In order to complete the description of the transport of species «, we need an expression for the diffusive
flux J,. We need a way to relate the diffusive flux to the various driving forces in the system. In this

subsection, we will develop this expression for binary mixtures, composed of species A and B.

The main driving forces for diffusion are gradients in the chemical potentials of the various species in the
system. Let us consider a binary mixture consisting of molecules of type A and type B. A given species A
will tend to move from areas where its chemical potential 4A is high to areas where its chemical potential

is low. The effective force felt by a molecule A due to nonuniformities in its chemical potentials is =V 1 4.

The A molecules, however, are impeded from freely moving (to even out their chemical potential) by
the presence of the B molecules. The B molecules get in the way. The force exerted on the A molecules
by the B molecules is given by

RT ( )

~ _¥B\VA— VB

Dan
where R is the gas constant, T is the absolute temperature, and D, is the diffusion coefficient. This
“drag” force of the B molecules on the A molecules is proportional to the amount of B molecules (therefore

the xp factor) and to the relative velocities between A and B molecules.
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The diffusion coefficient Dyp is an empirical coefficient that describes diffusion, like the thermal
conductivity describes heat conduction and the viscosity describes momentum diffusion. The diffusion
coefficient has the units of length squared over time (e.g., m?/s). The larger the diffusion coefficient, the
weaker the drag of B on A, and as a result, the A molecules can diffuse more quickly. The smaller the

diffusion coeflicient, the slower the A molecules diffuse.

If we balance the driving force for motion of species A against the drag exerted by species B, which

opposes the motion, we find

—Vpa = JJB(VA—VB) (6.9)

Dap

This equation can be manipulated to yield

RT
Vg = T[VA — TAVA — TBVB]
AB

RT [ ]

= —|VA —V
Dap' "

_ AT calva — v]
caDap O

 cADap

Ja=- RT Via (6.10)

where cy4 is the molar concentration of A. Equation (6.10) is known as the Maxwell-Stefan equation. It

shows that the diffusive flux is proportional to chemical potential gradients.
From thermodynamics, we known that the chemical potential of a species « can be written as
o = po(T,p) + RT Inza7a (6.11)

If we substitute this into the Maxwell-Stefan equation, we find

_caDyp

Ja=—"pr

Vpa(T,p) + RT Inz a7 4] (6.12)

If we assume that the temperature and pressure of the system are uniform (i.e., constant with respect to

position), the Maxwell-Stefan equation reduces to

Oln~yy

Ja=—cDyp [1 + x4 ] Vxy (6.13)

0x 4

where ¢ is the overall molar concentration of molecules. If we further assume that the system behaves

as an ideal mixture (i.e., Y4 = 1), we have
Ja=—-cDspVxy (6.14)

This is known as Fick’s law.
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7 Examples of steady diffusion

7.1 Introduction

In this section, we will go over some simple examples of how to apply Fick’s law to various mass transportproblems.

7.2 Arnold diffusion cell

In this example, we consider a cylinder containing pure liquid A (see Fig. 7.1). Immediately above the
liquid surface, the mole fraction of A is y40. The distance between the surface of the liquid and the top
of the cylinder is H, and this region is filled with a stagnant gas B. Outside the cylinder, there is a fast
moving stream of gas, which maintains the mole fraction of A at y4r. We assume that the system is

at steady state.

Figure 7.1: Arnold diffusion cell.

We begin this problem, as with all diffusion problems, by performing a balance on species A on a thin
slab of gas located within the cylinder. The location of the bottom surface of the slab is z, the thickness
of the slab is d z, and its cross-subsectional area is S. Because we are dealing with a steady-state problem,
there should be no accumulation of A. In addition, because there are no chemical reactions occuring
in the system, there should be no generation/consumption of A. From the symmetry of the system, we
assume that motion only occurs in the z-direction. Therefore, the influx of A through the bottom surface

of the slab should be equal to the outflux of A through the upper surface

0=(Na:S): — (Na:S)s+dz
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Dividing by the volume of the slab Sd z,

0= L [WNaz5)erdz = (Nazb)s
S dz

Taking the limit dz — 0,

L N4-(2)8(:)] = 0

where we have multiplied both sides of the equation by S.

This equation can be easily integrated to yield

Na.(2)S =wa

Examples of steady diffusion

(7.1)

where w4 is an unknown integration constant, which represents the total molar flowrate of A up

the cylinder.
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The absolute flux of A in the system is given by
NA,Z = JA,Z + yA(NA,z + NB,z) (7.2)

The first term on the right side of the equation is the flux of A due to diffusion; the second term is the
flux of A due to the overall motion of the system (i.e., convection). In this example, the A molecules
will diffuse through a stagnant layer of B. The B molecules do not move. Therefore, we have N = 0.

The expression for the absolute flux of A then becomes

NA,z = JA,z + yA(NA,z + 0)

1
= J
1—ya 4z (7.3)

If we assume that the gas mixture of A and B behaves as an ideal gas and that the temperature and

pressure are uniform along the height of the cylinder, the diffusive flux follows FicK’s law (see Eq. (6.14))

0
Ja, = —cDap % (7.4)

and, consequently, the absolute flux of A is given by

cDap % (7.5)

Ny, =—
Az 1—ya 0z

)

Substituting this expression into Eq. (7.1), we find

_ Dag 3yAS:w
1—ya 0z A
wA

7.6
SeD1n z+C (7.6)

In(l—ya) =

Substituting the boundary conditions (i.e., y4 = ya0 at z = 0, and y4 = yag at z = H) into
Eq. (7.6), we have

In(1—ya49) =C
w
In(1—yapg) = A

H 7.7
SeD1n +C (7.7)

which can be solved for the integration constants w4 and C

C =1In(1 — ya0)
ScDap, 1—yan
wy = In (7.8)
H 1 —wya0
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Substituting these expressions for the integration constants into Eq. (7.6), we find

n =
1—ya0o H 1-yao
1—ya _ [1_ZUAH]Z/H
I —ya0 1 —ya0

l—ya 2. l—yapy
1 In ————

(7.9

7.3 Heterogeneous combustion

In this example, we will examine the combustion of a spherical coal particle of radius R. Very far from the
coal particle, the mole fraction of oxygen (which we label as species A) is given by ¥4 = yYac = 0.21.

On the surface of the coal particle, the oxygen reacts with carbon to form carbon monoxide
2C + 02 — 2C0

We assume that this reaction proceeds so quickly that the concentration of oxygen on the surface of the
particle is zero (i.e., YA =0at 7 = R). In order for the coal particle to burn, oxygen needs to diffuse from
far from the particle to the surface of the particle. In this problem, the rate of the reaction is controlled

by the transport of oxygen to the coal particle.

For every oxygen molecule that reacts, two molecules of CO are created. These CO molecules diffuse
in the opposite direction as the oxygen molecules. Therefore, we have Nco = —2N 4. In addition, we

assume that the nitrogen in the atmosphere is stationary (i.e., Nn, = 0).

We start the problem by performing a balance on oxygen molecules A within a spherical shell of inner
radius 7 and thickness dr. Because the system is at steady state, there is no accumulation in the shell.
In addition, because the only chemical reaction that occurs is on the surface of the coal particle, there
is no creation/consumption of oxygen in the shell. We make the assumption that transport of species
only occurs in the r-direction. So in this case, the influx of A at the inner surface, which has an area
S(r) = 4mr? (the surface area of a sphere of radius r) must be balanced by the outflux of A from the

outer surface:
0= (NA,T‘S)’I’ - (NA,TS)T+dr

If we divide by the volume of the spherical shell S(r)dr = 47r?dr, we find

0= —l (NAJS)T-Fdr - (NA,TS)r
S dr

If we take the limit dr — 0, we arrive at the following differential equation

2 NS0 =0 710
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where we have multiplied both sides of the equation by S. This equation can be integrated to obtain
Nay(r)S(r) =wa (7.11)

where w4 is an integration constant. The physical meaning of w4 is the total moles of oxygen that

diffuse toward the coal particle per unit time.

The absolute flux of oxygen can be written as

Nar=Jar +ya(Na,+ Ny r + Ncor)

=Jar+ya(Na, —2Na,)
1
T g (7.12)

According to Fick’s law

0
Ja,r = _CDAB% (7.13)
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If we substitute Fick’s law into Eq. (7.12) and then insert the resulting expression into Eq. (7.11), we find

cDap 3yA4 5
- ——47r® = wy
1+y4q Or
_ cDap dya _ wa
1+ya Or  4mr2
wA

—DapIn(l+ya) = gy +C (7.14)

where we have used the fact that § (r) = 42,

We can determine the unknown integration constants w4 and Cby substituting the boundary conditions

into the expression for y 4. By doing this, we find

—cD4p ln(l + ono) =C

wA
0=——-—+C 7.15
w2 O (7.15)
which can be solved to give
C=—-cDapIn(1+ yaso) (7.16)
wg = —47RcDapIn(1 + yao) (7.17)

Note that wA represents the rate at which oxygen is diffusing towards the coal particle. This is the same

rate at which oxygen is being consumed by the combustion reaction.

By substituting the expressions for the integration constants back into the original expression for ya,

we get

1+ya _47TRCDAB

Dapl = In(1
Daplny T a gy n(1+ yac0)
1+ya R
In = ——1In(1+ .
TF v . (14 ya00) (7.18)

From the solution of this problem, we can also estimate how long it will take for the coal particle to
completely react. Equation (7.17) tells us how quickly oxygen reacts to form CO. This is precisely twice
the rate at which carbon atoms (coal) are consumed at the surface of the particle. Therefore, we have

wWo = 2W4.
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To determine the rate at which the coal particle is shrinking, we perform a mole balance for carbon. For
a particle of radius R, the amount of carbon present is given by 47 R3¢ /3, the volume of the particle

times the molar density of carbon. The rate at which the particle shrinks is then given by:

0 <47rR3 )
co | =wo

ot 3
0 [4ArR?
g — _ 87RDapIn(l + yane
8t< 3 cc> 8T RcDapIn(1 4 yaco)

cc - OR

CRIY _ _ Dap(l

2R8t cDapIn(l 4 yaco)

4¢c¢D ppt
R? = — =2 In(1 4+ yas) + B (7.19)
c

where Ry is the initial radius of the particle. The time ¢ required for the particle to disappear is

_ cc R
 4¢Dyp In(14 ya00)

¢ (7.20)

7.4 Diffusion with homogeneous reaction

In this example, we consider the absorption of species A from a gas phase into a liquid phase composed
mostly of B (see Fig. 7.2). The mole fraction of A just inside the liquid phase (i.e., at 2 = 0) is equal
to y4o. At a distance & beneath the surface of the liquid layer, there is an impenetrable solid wall. In
addition to the diffusion of A in the liquid phase, there is also a first order reaction that converts species
A to species C. The kinetics of this reaction are given by
o4 = —kica
= —kicya (7.21)

where 04 is the rate of generation of A per unit volume, £, is a kinetic constant, and c is the overall

molar concentration of the liquid.

gas liquid

Il
=N

z=10 z

Figure 7.2: Absorption of A from a gas phase to a liquid phase.
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To begin the problem, we perform a species balance for A on a thin slab in the liquid. Because we are
dealing with a steady-state problem, there is no accumulation in the slab. From the geometry of the
problem, we assume there is only motion in the z-direction. So there is an influx of A from the left side
of the slab and an outflux of A from the right side of the slab. Unlike the previous examples we considered

in this handout, there is a chemical reaction that consumes A. Therefore, the balance equation is given by

0= (NA,zS)z - (NA,zS)z+dz - (klcyA)SdZ

(NA,zS)z+dz - (NA,ZS)Z

0=—¢ - — (kicya) (7.22)

Taking the limit dz > 0,

10
ga—(NA 28) = —(kicya)
8]VA,Z -
0, —kicya (7.23)
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We assume that B is stationary (i.e., N g = 0). In addition, we assume that species C flows in the opposite

direction of species A (i.e., N = —N4). The absolute flux is then given by

NA,z = JA,z + yA(NA,Z + NB,Z + NC,z)
=Ja.+ya(Na.+0—-Ngy.)
= JA,z

o
— _ DA (7.24)
0z

Putting this expression into Eq. (7.23)

—%CDABTZA —kicya
62
St = yall? (7.25)

where | = (D4p/k)"/?. This is a second-order, linear differential equation with constant coefficients.

The general solution to this equation is given by
ya(z) = Cre?/! + Cre™/! (7.26)

where ¢ and (0, are constants, which for the moment are unknown. The flux can be determined by
substituting Eq. (7.26) into Eq. (7.24):

Na,. = —cDABaayA
z
_ _CYDZAB (Clez/l . Cge_z/l> (7.27)

We can determine the constants C'; and (, by using the boundary conditions. At z = 0, we have

YA = YAo> which leads to

yao = C1 + Co (7.28)

Since the wall is impermeable to species A, the flux of A at z = § must be zero:

D
Nao(8) = =2 (Crell! = Coe™1)
0= et — Cped/ (7.29)
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Equations (7.28) and (7.29) can be solved to give the coefficients '} and (5

o0/l

C1 = yAOm (7.30)
/1
Cy = yAOm (7.31)
Substituting these coefficients into Eq. (7.26), we find
e—(6=2)/1 e(0=2)/1
ya(z) =vao || o | + | oy oon
—(0=2)/l 4 ((06=2)/1 _
B e +e _ cosh(d —2)/1
— Y [ ed/l 4 =0/t ] ~ VAT s 5/1 (7.32)

To determine the rate at which A is absorbed from the gas phase, we need to determine the flux of A at

the surface of the liquid. The flux is given by

0
NA,z(Z) = CDAB%
yao | e =21 _ gl6=2)/1
=T PABT T o
eaoDap [ 0= — e~
=7 O/l + o0/
_caoDagp sinh((6 — 2)/1) (7.33)
[ cosh(d/1)

where ¢4y is the concentration of A at the left surface of the liquid at z = 0. The flux of A at the surface

is given by
CAODAB SiHh((S/l)
N 2 fr e )
A:(2=0) I cosh(d/1) (7.34)
. CAODAB Sinh(é/l)
 (Dap/k1)Y/2 cosh(8/1)
—ca0 (k1Dap)"/* tanh(6/1) (7.35)

This is the rate (per unit area of liquid) at which A is absorbed from the gas phase.
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8 Introduction to turbulence and
non-linear dynamics

8.1 Introduction

The equations that govern the flow of a fluid were developed in the previous sections. These are the

continuity equation and the momentum balance equation.

op 0 ‘

9" om (pvi) (8.1)
Opv; L 0 . 0Tj; B dp 4

o = o (pvjvi) + b2, om + pgi (8.2)

In most situations that we will be interested in, the flows are much slower than the speed of sound. In
these cases, the fluid can be considered incompressible (i.e., the density p is independent of position and

time), even for a gas. For an incompressible fluid, the above equations reduce to:

81)1' o

s = 0 (8.3)
dpvi 0 N, 9 op ,

o~ o (pvjv;) + e, om + pgi (8.4)

s @book 1s probucen with iText®
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In addition, for an incompressible Newtonian fluid, the shear stress is related to the velocity gradients by

o 81)2» + 8’Uj (8 5)
TU — K a:Bj 6351 ’

where p is the viscosity of the fluid. Equations (8.3), (8.4), and (8.5) provide the exact description of the

flow of incompressible fluids.

Lets consider the flow of water through a pipe. If we examine, experimentally, the pressure drop as a
function of the flowrate for this system, we find that at low flowrates (for Reynolds numbers less than
2300), the flowrate is proportional to the pressure drop. That is, if we double the pressure drop in the
pipe, we double the flowrate of water. We have already solved this problem in the Sec. 3, and this is

exactly the result that we expect.

However, at high flowrates (with Reynolds numbers greater than about 2300), the flowrate is proportional
to the square root of the pressure drop. That is, if we double the pressure drop in the pipe, the flowrate
only increases by a factor of about 1.4. So a significant portion of the work that we are using to pump the
water is not being converted to flow; it is lost. This is not the result that we expected from our solution

of the Navier-Stokes equation.

What is going on? Are the Navier-Stokes equations that we solved in Sec. 3 incorrect? To get a better
idea of what is happening, we consider Reynolds’ experiment. We inject a thin stream of dye into the

center of a clear pipe, as shown in Fig. 8.1.

When we are at low flow rates, the stream of dye remains intact, in the same radial and angular position
in the pipe as to where it was injected (see Fig. 8.1a). This is the behavior that we expect from our solution
of the Navier-Stokes equation. The stream lines of the flow are well defined, and the dye traces one of

these stream lines. This type of flow is known as laminar flow.
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Figure 8.1: Reynolds experiment: streamline in (a) laminar flow and (b) turbulent flow. Note that r is the radial
distance from the center-line of the pipe, v, (r) is the fluid velocity at 7, and 7, (T‘) is the time averaged
velocity of the fluid.

When we are at high flow rates, the stream of dye behaves erratically (see Fig. 8.1b). Rather than
remaining in the same radial and angular position within the pipe, it travels in a seemingly random
path. In addition, the dye mixes with the rest of the water in the pipe much more rapidly than at low
flow rates. So the “missing energy” (the pumping work that is not going into water flow) is going into

the transient, “random” motion of the flow. This type of flow is known as turbulent flow.

The flow of Newtonian fluids, such as water or air, is governed by a set of differential equations. Therefore,
these systems are deterministic. That means that if we know the state of the system at some point in
time (i.e., the velocity and pressure throughout the system), then we can, in principle, predict the future
behavior of the system at any time by solving the differential equations. In principle, this means that we

could accurately predict the weather.

However, when we have turbulent flows, the system seems to behave randomly, which implies that we

cannot predict the future behavior of the system. How do we resolve this contradiction?

8.2 The logistic map

Part of the answer to this paradox is that non-linear equations can do very strange things! Actually,
even extremely simple non-linear equations, much less complicated than the Navier-Stokes equations,

can exhibit quite complex behavior.
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Let’s consider the dynamics of a very simple system: the logistic map. The logistic map was developed
as a very simple model for growth (or shrinkage) of a population with time. It is a simple algebraic

equation that relates x,,, the population in generation n, to z,1, the population in generation n + 1:
Tpt1 = 12 (1 — xp) (8.6)

The parameter r characterizes the growth rate. The logistic map balances the growth of a population
against the competition between members of the population for resources. Given the initial size of the

population (i.e., a value for z(), Eq. (8.6) can be used to predict the size of any future generation.

Now, let’s examine the behavior of logistic map. In our analysis, the initial size of the population g
will be restricted to a value between 0 and 1. As we will see, the dynamics of the logistic map depends

crucially on the value of the parameter r.

For 0 < r < 1, z,, eventually approaches zero for any value of xo between 0 and 1. Examples of the
evolution of the logistic map with 7 = 0.8 are shown in Fig. 8.2. The particular variation of x,, with n

depends on x, howeve the value of x,, as n — oo is always 0.
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Figure 8.2: Evolution of the logistic map for 77 = 0.8 and (i) L = 0.2 (red circles),
(i) o = 0.5 (green circles), and (i) L = 0.8 (blue circles).

In order to determine the possible steady-state values of the logistic map, we need to solve the equation
¥ =rz*(1—2x%) (8.7)

This is a quadratic equation with two roots: * = 0 and z* = (r — 1)/7.

When 1 < r < 3, z,, no longer vanishes to 0 but instead eventually approaches the value (7 - 1)/7,

independently of x¢. For values of r between 1 and 2, x,, approaches the asymptotic value monotonically.

For values of r between 2 and 3, ¥, oscillates around its final asymptotic value, with the amplitude

of the oscillations decaying with n. As the value of 7 becomes closer to 3, the oscillations decay more

slowly. Examples of the evolution of the logistic map with 7 = 2.8 are shown in Fig. 8.3.
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Figure 8.3: Dynamics of the logistic map for 7" = 2.8: (i) & = 0.2 (red circles),
(ii) &g = 0.5 (green circles), and (iii) T = 0.8 (blue circles).
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As the value of r is increased to beyond 3, the logistic map begins to display a different type of steadystate
behavior. Instead of settling to the single value ( — 1)/r at long times, it alternates between two distinct
values. These values are dependent on the particular value of r, but they are independent of the initial
condition (i.e., xp). Some examples of the evolution of the logistic map with 7 = 3.3 is given in Fig. 8.4.

This type of behavior persists for 3 < r < 14 /6 ~ 3.449.
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Figure 8.4: Dynamics of the logistic map for 7" = 3.3: (i) 2 = 0.2 (red circles),
(ii) &= 0.5 (green circles), and (iii) T = 0.8 (blue circles).
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What has happened to the steady state value at (7 — 1)/7? This value is still a fixed point of the map. That
is, if we start the system exactly at the value ( — 1)/7, then it will remain at that value. For 7 < 3, we see
that the system is attracted to the value (r — 1)/7: for nearly all starting points, the system tends toward
that value. This is what we call an attractive fixed point. However, when 7 > 3, we find that (7 — 1)/7
becomes a repulsive fixed point. Unless the system is precisely at the value (r — 1)/7, it will eventually

drift away from that point. The closer the system is to (r — 1)/, the longer it will stay near that value.

To illustrate this point, we consider a system that is very close to this unstable fixed point. In Fig. 8.5,
the dynamics of the logistic map with » = 3.3 is shown. The fixed point of this map is z* = 2.3/3.3.
If we start the system with a value close to 2.3/3.3, then we see that the system appears to remain at that
value. However, eventually it will drift to the stable period-2 oscillation which we observed previously.

The closer the system is to x* = 2.3/3.3, the longer it takes for it to go to the steady-state oscillations.
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Figure 8.5: Dynamics of the logistic map for 1 = 3.3: (a) g = 0.697 and (b) X = 0.6969697.

Increasing r to values greater than 1 + /6, the logistic map no longer settles to a steady state that
oscillates between two values. Instead, the steady state oscillates between four values. This is referred to

as period doubling. In Fig. 8.6, examples of the dynamics of the logistic map with 7 = 3.5 are shown.

1.0 ‘ \ ‘ \ ‘ \ ‘ \

0.8 |7
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n

Figure 8.6: Dynamics of the logistic map for 7 = 3.5: (i) 2 = 0.2 (red circles),
(ii) &g = 0.5 (green circles), and (iii) ¢ = 0.8) (blue circles).
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As the value of 7 increases, the logistic map goes through a series of period doubling transitions. The
rate of period doubling with r increases. A summary of the values where period doubling occurs is

given in Table 1.

Once r increases beyond a value of 3.569946 . . ., the logistic map is no longer periodic. In this case it
becomes chaotic. The dynamics of the logistic map with 7 = 4 is shown in Fig. 8.7. The dynamics of the

system appears to be completely random.

The long time steady-state behavior that we have observed for the logistic map can be summarized in a

bifurcation diagram, which can be seen on http://en.wikipedia.org/wiki/

r period
r = 3 2
ro =3.449... 4
r3 = 3.54409... 8
rq4 = 3.5644 ... 16
r5 = 3.068759 . .. 32
Too = 3.569946 . .. 00

Table 1: Parameter values for period doubling of the logistic map.
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Figure 8.7: Dynamics of the logistic map for r =4 and x0 = 0.2.

File:Logistic Bifurcationmap_High Resolution.png. The bifurcation diagram

displays the values the logistic map attains at long times.

The time evolution of a system that is chaotic is extremely sensitive to the initial conditions. This makes
the prediction of the precise trajectory of a chaotic system practically impossible. However, even though
we cannot make statements about the precise time evolution of a system, in many cases we can make

accurate predictions of the statistics of the system’s time evolution.
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For the logistic map with r = 4, the fraction of time that the system has a particular value is shown in
Fig. 8.8. This system is chaotic, but it can be shown that the distribution of the value of z,, is given by
the Beta distribution, which is defined as

I'a+p)

Tar@® a7 oo

p(z; 0, B) =
with the parameter values & = 1/2 and 8 = 1/2, and where I' is the Gamma function. Therefore, even
though we can not precisely describe the dynamics of a chaotic system, we can make predictions about

its statistical behavior. This is an important point in trying to model turbulent flows.

0 0.2 0.4 0.6 0.8 1
X

Figure 8.8: Probability distribution of observing a particular value of Z,, in the logistic map with 7 = 4.
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O Statistical treatment
of turbulence

9.1 Introduction

In turbulent flows, the various properties of the fluid, such as the velocity, pressure, etc., vary in a very
complicated manner with position and time. The instantaneous values of these properties appear to
behave almost randomly with time. Luckily, however, we are generally not interested in the instantaneous
properties of a fluid flow; rather, we want information on how the average properties vary. These average

properties vary in a regular manner and can be modeled (at least approximately) even for a turbulent flow.
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9.2 Brief overview of statistics

Before we can proceed, we need to define precisely what is meant by an “average property.” Consider the
situation where we are trying to perform measurements on a turbulent flow. In order to obtain statistics
for the measurement, we repeat the experiment N times. The time variation of the property fthat we are
measuring (e.g., pressure, velocity, etc.) will be different each time we measure it, due do slight differences
in the initial conditions of the experiments. The average variation of the property f with time, which we

denote as (f(t))is defined as

{(f(#))

| N

N Z fit) (9.1)
i=1

where f;(t) is the time dependence of f measured during the ith experiment.

For a given experiment, the quantity f can always be written as a sum of two terms:

) =(f@) + f(t) (9.2)

where the first term is the average value of f, and the second term is the deviation of the quantity from
its average value (note that in this case, f’ is not the derivative of f). If we take the average of both sides

of the equation, we find

(f@) = (f(®) + (f'(®))
(f') =0

which is just a statement of the fact that the average deviation of a property from its mean is zero. We will

(9.3)

make frequent use of this fact shortly. Although the average of f’ is zero, the average of f'? is generally
not (i.e., (f’2) # 0). The larger the value of (f’?) # 0, the larger the fluctuations in the property.

9.3 Reynold stresses

The various properties of a fluid can be written as the sum of an average value and an instantaneous

fluctuation from the average

vi = (vi) + v (9.4)
Tij = <7'ij> + Ti/j (9.5)
p={(p)+7 (9.6)

Note that for a laminar flow, the fluctuations of the various properties are identically equal to zero

(ie., v) = TZ-’]- =p' =0).
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We are not directly interested in the instantaneous values v;, 7;;, and p of the flow, which are governed
by the Navier-Stokes equation (see Eqgs. (8.3)-(8.5)). We are only concerned in their average values (i.e.,
(vi), (7i5), and (P)). So we need to develop the equations that govern the average properties. To do this,

we just insert Egs. (9.4)-(9.6) into the Navier-Stokes equations.

For the continuity equation, this becomes:

8’[)1‘ .
8x,- =0
0
o ((vi) +vj) =0

81‘2'

Taking the average of both sides of the equation, we find

A{vi)
al‘i

-0 (9.7)

where we have used the fact that (v]) = 0. This is the same as the original equation, but now involves

the average velocity rather than the instantaneous velocity.
The relationship between the stress and the velocity gradients becomes:

o 8’1)1' + 8’Uj
T” — K 8xj 8.%'1

(rij) + 7y = <£(<w> + i) + %(@ﬁ " U9)>

J 3

Taking the average of both sides of this equation, we find
v, (O 9{vs)
<TZ.7> =p ( ax] + axl (9'8)

where we have used the fact that (/) = 0. Again, we find that this is the same as the original equation,

but with the instantaneous values replaced by their averages.

For the momentum equation, we find

Opv; 0 o O0r;;  Op
o %j(ﬂ”ﬂ’z)‘*‘

3.2?j 8.27,‘

+ pgi

L o0+ 01) = (o) + o) (i) + ) () + 7h) = ({9} + 21) + g

J J i

7o) +00) = o5} 0500 + (0505 -+ )
+ ) 730 = 5 () +8) + g 99)
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Taking the time average of both sides of the equation, we find

L = — o) + (gl + S = S
= gl + 5 () = o)) = G2 + g
= —%p@j)(vﬁ + a%j(<7'ji> + T}f)) - %ii) + pgi (9.10)
where 7-(]) is known as the Reynolds stress and is given by
) = —p(ul)) (9.11)

For the momentum equation, unlike the previous two equations, we find that instantaneous properties
are not simply replaced by their average values. We actually have an extra stress term. This additional

stress 7-1.(;) is due to the turbulent motion of the fluid.

The average total stress 7;; within a fluid can, therefore, be decomposed into two contributions: (i) viscous

forces {Ti5) and (ii) turbulent eddies Tz‘(;)

ota t
otsd _ (1) 4 o0 (9.12)

When the flow is laminar, then 7-1.(]’.") =0.
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In Fig. 9.1, we plot a typical velocity profile of a fluid in turbulent flow near a wall. The flow can be
divided into three general regions: (i) the laminar sublayer (or viscous sublayer), (ii) the buffer layer, and
(iii) the turbulent core. In the laminar sublayer, the flow is relatively slow, due to the no-slip boundary
conditions imposed by the nearby wall. In this region of the flow, the level of turbulence is extremely

low, and viscous stress is much greater than turbulent stress.

Away from the wall, however, the Reynolds stress dominates over viscous stress. This region is known as
the turbulent core. In the region between the laminar sublayer and the turbulent core, viscous transport
and turbulent transport of momentum play roughly equal roles. This region of the flow is known as
the buffer layer. In general for a system in turbulent flow, most of the fluid is in the turbulent core. The
laminar sublayer is typically only a thin slab near the wall; the thickness of this layer varies inversely

with the Reynolds number.

KFUH}' developed turbulent flow

Time averaged velocity

/, Buffer zone
k y =Distance from wall

Viscous sublayer

Figure 9.1: Typical velocity profile for a system in turbulent flow conditions.

In order to get a feel for the relative contributions of the viscous and Reynolds stresses, we show a
typical distribution of stress for the turbulent flow of a fluid through a pipe of radius R in Fig. 9.2. Near
the wall of the pipe (located at 7 = R), the viscous stresses dominate the flow. It is only when we move
away to the pipe wall, do the turbulent stresses begin to make a significant contribution. The size of the
region where the Reynolds stresses are significant depends on Reynolds number of the flow. The higher
the Reynolds number, the large the region. For low Reynolds number where the flow is laminar, the

Reynolds stresses make no contribution.
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total
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Figure 9.2: Relative contribution of viscous <7'rz> and Reynolds 7., stressesas a
function of radial position in a pipe.

In order to complete the description of turbulent flow, we need to relate the Reynold stress to other
properties of the flow (e.g., velocity gradients, etc.). Unfortunately, this is not a simple task. For over a
century, many attempts have been made to model turbulent flows; however, no completely satisfactory
description of turbulence is currently available. In the next section, we will discuss a particularly simplistic,

yet extremely useful, model of turbulence.
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10 Approximate models
for turbulence

10.1 Introduction

In this section, we discuss some approximate methods to make predictions for turbulent flows.

10.2  Boussinesq hypothesis or the mean-velocity field closure

According to Newton’s law of the viscosity, the shear stress is related to the velocity gradients

(1ij) = n (%3 + 653)

Boussinesq suggested that the Reynolds stress can be described in an analogous manner to the viscous
stresses:
0 0 (9w 0v)) 10.1
Tij = H < Ox; T oz, (10.1)
where 1 is the eddy viscosity, which plays an analogous role to the viscosity u for viscous stresses. The

relation given in Eq. (10.1) is not exact. In many cases it is known to be a poor approximation; however,

in general, it provides a reasonable description of turbulence and is the starting point of many theories.

Unlike the viscosity, the eddy viscosity is not simply a property of the fluid. That is, given the temperature
and pressure of a fluid, one cannot specify the value of the eddy viscosity, as is the case for viscosity.
The eddy viscosity is, in fact, dependent on the local flow conditions, and, consequently, its value varies

with the position in the flow.
If we consider flow in a circular pipe, then the total stress in the fluid can be written as:

t total
<TTZ> + T7§z) :Trg *

9{vz) (t)a@z) ___total
M 87” +,U 87’ _T'I‘Z
0{v, ota:
(1 + p®) é ——— (10.2)
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where we have used the Boussinesq approximation for the Reynold stress. From this equation, we can
see that the ratio of the eddy viscosity to the molecular viscosity is a measure of the relative contribution
of viscous transport and turbulent transport of momentum. In Fig. 10.1, we plot x(*) /p as a function of
radial position for turbulent flow in a circular pipe of radius R. From this plot we again see that viscous

stresses dominate near the wall, while turbulent stresses dominate in most of the region away from the wall.

The Boussinesq hypothesis has essentially shifted the problem of determining the Reynolds stress Ti(jt)
to determining the eddy viscosity (), which is a somewhat simpler problem since the eddy viscosity
is a scalar quantity while the Reynolds stress is a tensor (matrix). However, the eddy viscosity is still an

undetermined function of position, and so our description of turbulence is still incomplete.

100

pO/

S

0 T R
Figure 10.1: Ratio of the eddy viscosity to the molecular viscosity as a function of radial position for a
fluid in turbulent flow in a pipe of radius R.
10.3  Prandtl mixing-length theory and von Karman similarity hypothesis

In order to develop a simple model for the Reynolds stresses, let’s examine a turbulent flow with an average
flow in the z-direction (see Fig. 10.2). In turbulent flow, the main structures are swirling eddies that
spontaneously appear and then disappear due to dissipation. Prandtl assumed that these eddies would

transport a subsection of fluid in the flow a distance [, known as the mixing length, before they disappear.
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For example, a piece of fluid that was located at position y + I, with a velocity given by the average velocity

of the flow (v, (y + 1)) would be transported by the eddy to a position ¢, where the average velocity of

the fluid is (v;(y)). Immediately after being transported, the velocity of this piece of fluid would differ

from the average velocity of the surrounding fluid at position y. From this physical argument, we would

expect the order of magnitude of the fluctuations in the z-component of the velocity v/ to be

v ~ (va(y + 1)) — (02 (y))

-~ la@x(y))
Jy

(10.3)

where we have used the Taylor series expansion. The fluctuations in the y-component of the velocity

A

=

Figure 10.2: lllustration of Prandtl’s mixing length theory.

are expected to be of the same order of magnitude (i.e., v;, ~ v}).

Therefore, we expect

and so Prandtl’s expression for the Reynolds stress is

0 = plujal
o[ 0a(y)) | Ove(y))
= Ay ’ Ay
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Comparing this to the Boussinesq expression for the Reynolds stress, we can make the identification:

(10.5)

y

We still have the difficulty of determining how the mixing length I depends on position. This mixing
length physically represent, more or less, the size of the turbulent eddies. Away from the walls, we expect
these can be fairly large; near a wall, however, these eddies are limited in size. von Karman suggested

that the mixing length is proportional to the distance ¥ from a surface.
=Ky (10.6)

where « is an empirical constant, which has been found to be approximately equal to 0.4. Note that
the constant « is independent of the geometry of the flow. With this relation, we now have a complete

(although fairly crude) description of turbulent flow.

10.4  Three-region model for momentum transport (universal velocity profile)

In this subsection, we will discuss the “universality” of the velocity profile of a turbulent flow. What we

mean by this is that the velocity profile is to a large extent independent of the geometry of the flow (e.g.,

pipe diameter) and only depends on a few properties of the fluid.
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To begin, we examine the velocity profile of a fluid confined between two planes separated by a distance
H. The bottom plane is stationary, while the upper plane is moving at a speed U in the x direction. In
order to maintain the motion of the upper plane, a stress 7, must be applied. For this system, the flow

is driven entirely by the motion of the upper plane, and there is no pressure gradient.

We perform a force (momentum) balance on a small slab of fluid of thickness dy, located at y above the

bottom plane. The system is at steady state, so the forces acting on the slab must sum to zero.

0= total( + dy)A total(y)A

1 total(y + dy)A total(y)A

0= v i Ty (10.7)

In the limit that dy — 0, we find

1 8Tt0ta1A
=0
A 8y
total
O™ _ 0 (10.8)
dy

where we have made use of the fact that the cross-subsectional area A is constant. This equation can be

integrated to give

T;gtal =Ty
where the integration constant 7, is the shear stress at the wall. This equation states that the total shear
stress in the problem is independent of position. For a system in turbulent flow condtions, the total
shear stress is made up of two contributions: (i) a laminar contribution (7,,), and (ii) a “turbulent”

_— t
contribution 7'359;), the Reynold stresses. Therefore, we have

(Tya) + 780 = T (10.9)

Before we proceed any further in analyzing this problem, we need to identify the characteristic scales
in the system. These characteristic scales determine how large or small a quantity is, with respect to the
system. For example, we say that we are at a position “far from the wall”, this means that the distance

from the wall is much greater than the characteristic length of the system.

The characteristic scales are based upon the physical properties of the system; in this case, these are the
wall shear stress ,,, the fluid density p, and the fluid viscosity p. From these properties, we find that

the characteristic velocity V is

()"
P
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and the characteristic length [ is

Very close to a wall in the laminar sublayer (when the distance from the wall is much less than the
characteristic length), viscous transport of momentum dominates over turbulent transport. In this case,

the force balance simplifies to:

(Tyz) = Tw
O(vy)
1 dy SE (10.10)

Integrating this equation, we find

(vz)

Q
L

(10.11)
where the integration constant is equal to zero, due to the fact that the velocity must vanish at the wall.

Introducing the dimensionless velocity (v;) = (v,)/V and the dimensionless distance y* = y/I, we
find

(10.12)

In this form, we see that the velocity profile in the laminar sublayer is actually independent on the nature of the

fluid (i.e., the properties of the fluid) and the nature of the flow.

In the turbulent core, far from any walls, the Reynolds stress is much larger than the viscous stress

(ie., Tlstx) > Tyz).

Therefore, the viscous stress can be neglected:

(t) ~
Ty:lf ~ Tw
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If we use the Boussinesq hypothesis along with the Prandtl mixing-length expression for the eddy

viscosity, we find

Ova) 1 <Tw>1/2

p
_ (1
(vg) =V (Hlny—i— C+>

1
(vF) ~ glny+0+ (10.13)

T

where O is an integration constant. Experimentally, we find x = 0.4 and C+t = 5.5. Again, we find

that the velocity profile is independent of the nature of the fluid and the nature of the flow.
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In summary, there are three different regions in turbulent flow past a surface. These are the laminar
sublayer, the turbulent core, and the buffer layer (which interpolates between the previous two regions).
The velocity profiles in each of these layers can be written in a “universal form,” which is independent

of the nature of the fluid and the details of the flow:

laminar sublayer vt =yT 0<yt <5
buffer layer vt =5InyT™ —3.05 5<yt <30
turbulent core v =25InyT +55 30<y"

10.5 Turbulent flow in a pipe

In this subsection, we will use the “universal velocity profile” developed in the previous subsection to
get a relation between the friction factor and the Reynolds number for turbulent flow in a circular pipe
with radius R. The thickness of the laminar sublayer is inversely proportional to the Reynolds number.
Therefore, at very high flowrates, nearly all of the flow in a pipe should be occupied by the turbulent
core. This means we can use the expression for the velocity profile obtained for the turbulent core as the

velocity profile for the entire flow in the pipe.

1 R
Uz = —55 2mtrd x
v 77R2/0 mrdr(vg(r))
R B 1 y N

The coordinate y represents the distance from the wall. This is related to the coordinate r in the pipe by

the relation yy = R — r. Substituting the variable y for the variable y, we find

(/7 0
@ng/Rm—y)(—dy) (iln‘@iw*)
o 1 €R .
_2V/0(1—§)d§<ﬁlnl_+0>

_ /1 R 3/2
v <ﬁln Lot /> (10.15)

l K

This expression can be written in a more familiar form by introducing the friction factor f and the

Reynolds number Re. The Reynolds number is defined as

_ Dvyp  2Rugp

Re (10.16)
1 0
where D = 2R is the diameter of the pipe.
The friction factor is defined as
Ap D
P— (10.17)

2617%
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This can be expressed in terms of the shear stress at the wall 7,,. At steady state, the pressure force

acting on the fluid should be precisely equal to the shear stress on the fluid due to the wall of the pipe.

D2
ApﬂT =nDLT,
L
Ap =4 (5> Tw (10.18)
Substituting this into the definition of the friction factor, we get
2Ty
1= (10.19)

If we insert the definition of the friction factor and the Reynolds number into Eq. (10.15), we find

L 1 Be Jf o 3/2
f/2 I 2 2 K
1
— = 4.061log Re\/f — 0.60 (10.20)

i

This relation was first derived by von Karman.

Nikuradse empirically fit data from a series of flow experiments and found the following relation

% = 4.0log Re\/? —0.40

So we see that the mixing length theory of Prandtl provides a reasonable description of turbulent pipe flow.
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11 Turbulence in energy and
mass transport

11.1 Introduction

Thus far, we have only considered the effects of turbulence on momentum transport. However, turbulence
also has a significant effect on the transport of energy and mass. We can derive the required relations
for energy and mass transport in turbulent systems by following the same procedure we used for

momentum transport.

11.2  Energy transport

For an incompressible fluid, the energy balance equation can be written as

oT _ oT 8q¢ 81}1-
pCvE = —pCyv; Dz, O, Tﬂ@:zrj' (11.1)
If we write all properties in terms of a sum of an average value and a fluctuation, we find
Comr (T +T') = =pCy({a5) +25) o (1) 4 T') = (e + )
p Yot AN 170z ox; G+ 4
0
+ (i) + 753) 75— ((vi) + v}). (11.2)
8xj
Taking the time average of both sides of this equation, we find
oT) _ ,O(T) TN 0a) |, Ofvi) ) 9y
Pl = POl = PO (Vi ) ~ Ty T T e T\ iy,
_ , oT) 0 . It - d{vi) , O
= —pCy(v;) oz, o1, [{g) + pCo(viT")] + <7—]1>ij +( i oz,
B \o(T) 0 , (t)  O{wi) , Ovl

The first term on the right side of the equation represents the transport of energy due to convection.
The second term represents transport due to “conduction” We will discuss this term later in more detail.
The third term represents the conversion of kinetic energy to thermal energy (dissipation) due to the
average flow of the fluid. The fourth and final term represents the conversion of the swirling motion of
the turbulent eddies into thermal energy. The third and fourth terms in the energy balance equation are

usually much smaller in magnitude to the other terms and, therefore, are neglected.
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In this case, we see that we have an additional contribution to the heat conduction term (i.e., the second

term), due to turbulent mixing:
) _ C T
g = pCu(viT") (11.4)
In the case of laminar flow, this contribution vanishes (i.e., q§t) = 0).

We can estimate the order of magnitude of the temperature fluctuations T by using the same arguments

as Prandtl did for momentum transport. In this case, we find

T~ (T(y+1) = (T(y))

~ ]2 (11.5)

Therefore, we would estimate that the turbulent contribution to heat conduction is given by

O{vz)

dy

o(T)
S (11.6)

ay) = pCul? y

where [ is the Prandtl mixing length. As before, we have [ = xy.

11.3  Mass transport

As with momentum and energy transport, we can also develop an equation for the turbulent transport

of mass. The balance equation for a particular species « in a multicomponent system is given by

Oca _ _i( V+o
ot Om, Vet T Oa
_ —ai[ca(va,i )] - (i() ton
_ _Oai _ i(c v;) + o,
8xi 8952 o o

where J, ; is the ith component (i = x, y, or 2) of the diffusive flux for component a. Writing all

properties in terms of an average value and a fluctuation, we find

D ((ca) + ) ({vag) + vl )] + o

) iy 0 N
a«co) + Ca) = _7(<Ja”> + Jo"i) N ox;

a.%'i

Taking the average of both sides of the equation, we find

Oea) _ 0 R
axi

((Jai) + (o)) + (0a)
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Momentum, Heat, and Mass Transfer Turbulence in energy and mass transport

If we make the additional assumption that the overall molar concentration c is constant, then we have:

d(ca) ) 9

ot~ om (c(Ya) (Vai)) — Ere ((Jas) + c(yhvh)) + (0a) (11.7)

where Yo is the mole fraction of species a.

As in the case of momentum and energy transport, an additional term appears in this equation that is

related to the transport of species a due to turbulent fluctuations in the fluid:

I8 = elylol,) (11.8)

a,l

The order of magnitude of the concentration fluctuations y/, can be estimated by using the same

arguments used to obtain the velocity and temperature fluctuations:

Yo ~ Waly +1)) = (Yaly))

8<yoz>
~ (T
Dy (11.9)
With this result, we can write
XN vz) | O(ya)
2
I = el I (11.10)
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12 Boundary layer theory

12.1  Flowpast objects: Boundary layers

In this section, we will study the transfer of momentum, heat, and mass from an object immersed in
a flowing fluid. To begin, we will first focus on the flow of a fluid past a stationary object. Consider
a stationary object that is submerged in a moving fluid. Far from the object, the fluid has a uniform
velocity U, which is constant in the direction perpendicular to the surface of the object; the velocity of
the fluid parallel to the surface of the object may vary (i.e., U is a function of x and independent of ).

In this region, viscosity plays very little role in the flow of the fluid.

At the surface of the object, the velocity of the fluid must be zero, due to the no-slip boundary condition.
Near the surface of the object, viscosity plays a major role in determining the flow of the fluid. As a

result, the object influences the flow of the fluid.

Viscous
— sublayver

Laminar L | Turbulent

3|

boundary layer | \I boundary layer

Transition

Figure 12.1: Boundary layer for flow past a flat plate.

We define a boundary layer, which divides the flow into an inner and outer region. At the surface of the
boundary layer, the velocity of the fluid is 99% of the velocity of the fluid far from the object (i.e., at the
edge of the boundary layer, v, = 0.99U). Outside the boundary layer, the object has very little influence
on the flow of the fluid; viscous forces are insignificant. Inside the boundary layer, viscous forces play a

significant role, and the flow of the fluid is strongly influenced by the presence of the object.

A schematic drawing of the flow past a flat plate is shown in Fig. 12.1. At the leading edge of the plate,
the boundary layer thickness is zero. The boundary layer thickness increases as we head further into the
plate. In this part of the boundary layer, the flow is laminar. However, as we pass a critical distance into
the plate, the flow inside the boundary layer suddenly becomes turbulent. This transition to turbulent
flow is accompanied by a rapid increase in the thickness of the boundary layer. This general type of

behavior is observed in flow past objects of almost any shape.

In this section, we will develop approximate methods for determining the flow past objects. In addition,
we will also study the transfer of heat and mass from objects submerged in a flowing fluid.
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12.2  Boundary layer theory

The general equations that govern the steady-state, two-dimensional flow of an incompressible fluid are

(these can be derived from equations from the previous sections)

Ovy | Ovy
B + Dy 0 (12.1)
Oz . o _ vy  O%us\ _ Op (12.2)
Pagy TP oy H 022 0y? Ox ’
vy vy 82vy 82vy Op
PV py + puy dy =L ( 972 + 12 2y (12.3)

Equation (12.1) describes the conservation of mass, Eq. (12.2) is the balance equation for the y
component of the momentum of the fluid, and Eq. (12.3) is the balance equation for the y-component

of the momentum.

These equations are very difficult to solve, and, in general, the solution cannot be written in closed,
analytical form. In most cases, “brute force” numerical methods must be used. However, if we use some
physical insight, we can simplify these equations and rearrange them in a form where we can obtain

accurate, analytical approximations to the problem.

12.2.1  Outer flow

Very far from the surface of the object, the velocity of the fluid does not vary in the y-direction. As a
result, the viscous stresses in the fluid do not play an important role in determining the flow; consequently,
the viscous terms in the equation of motion can be neglected. The resulting equation that governs the

outer flow then simplifies to

ou  Op

Y % = —% (12.4)

12.2.2 Innerflow

Inside the boundary layer, viscous forces play a significant role. In order to simplify the equations of
motion in this region, we need to determine the relative contribution of each of the terms in Egs. (1.11)-
(12.3). The relevant properties of the flow inside the boundary layer are: the bulk velocity of the fluid
U, the fluid viscosity p, the fluid density p. Another property is the thickness & of the boundary layer,
which sets the characteristic length in the y-direction. In addition, we assume there is a characteristic

length L in the z-direction (e.g., length of the plate). We make the assumption that §/L < 1.
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In order to determine the relative magnitudes of the properties of the fluid, it is convenient to work in

dimensionless variables. We define dimensionless variables by scaling by the characteristic properties:

X
:1:+:Z
y+=%
o =
v;:%
p*z%

where V is a characteristic velocity in the y-direction, and IT is a characteristic pressure, both of which
are presently unknown. Each of the dimensionless variables that we have defined are all of the same
order of magnitude: they are all of order one. In addition, any derivatives of these dimensionless variables

with other dimensionless variables are also expected to be of order one.

If we substitute the dimensionless variables into Eq. (1.11), we find

vou Vo

Loet " ooyt 0
ouf | VL0 _
ozt U6 Oyt

Because we know that the dimensionless variables are all of order one, the only way we can satisfy this

equation is if we have

5
V~US
L

In other words, the vertical component of the velocity of the fluid inside the boundary layer is extremely
small (of order /L) compared with the horizontal velocity of the fluid. This sets the characteristic velocity

in the y-direction.

Now we express Eq. (12.2) in terms of dimensionless variables:

pU? Lovf pUV _ovt pU (62 0*vf = 0*vf 1 op™
L% aat 51@@+_52<B&ﬁf+@w>_L&ﬁ
0L VEGON  aL(P 0 Sy o
Tort U6 Yoyt pUSS \L2Oxt2  Oyt2 pU? Ox+
Lovf L ovf p L <52 vt 8211;) I op*

T gt Y oyt - pUGS & \ L2 Oz +2 + oyt2 ) pU? Ozt

v
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Momentum, Heat, and Mass Transfer Boundary layer theory

The first two terms on the left side of the equation represent convective momentum transport. Far from
the surface, they dominate the flow (along with the pressure term). The first term on the right side of the
equation represents the viscous contributions to the momentum transport. Far from the surface, these
are negligible; however, in the boundary layer, these should contribute significantly to the momentum

transport. Consequently, we expect:

r Ly
pU6 b
s (UE)
7

This gives us an estimate of the boundary layer thickness. Here we see that § varies inversely with the
square root of the Reynolds number. From the assumption that § /L < 1, we find that the §%v} /0x T2

term is negligible compared to the 6%5} /8y+2 term.

We expect that the contribution of the pressure term to be the same order of magnitude as the convective

and viscous terms; therefore, we have

Picha

I ~ pU?

/
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From this order of magnitude analysis, we find that, inside the boundary layer, Eq. (12.2) can be
approximated as
Oy

pvﬁg + puy

ou _ P o
oy K oy?  Ox

(12.5)

Now, we proceed to Eq. (12.3)

pUV, LOvy  pV2 0w pV (82 0%y 0%\ LLopt
L % oxt § Yoyt 82 \L20xt2  Oyt? 0 oyt
sOu (VL Ou  p L (020 O\ T Lop*
Toxt U6 Yoyt pUsO \ L20xt2  Oyt2 pU?2 6 Oyt
Lour o Louf 82 9P 0o L dp*
Yz Bt Tty Ayt~ \ L2 9x+2 * oyt2 | 5oyt

From this equation, we note that the pressure term is much larger than any of the other terms. Therefore,
we can approximate Eq. (12.3) as
Op

— 0

3y (12.6)

In other words, the pressure is approximately constant in a vertical direction through the boundary
layer. This means that the pressure inside the boundary layer can be obtained directly from the velocity

U of the outer flow from Eq. (12.4).

To summarize the results of this subsection, the boundary layer equations for flow past a submerged

object are
Ovy  Ovy,
=0 (12.7)
% %my({?ZUx_i_Uaj 12.8
Ve ge T oy 7 Oy? Ox (12.8)
dp
3y~ 0 (12.9)
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12.3  von Karman momentum integral analysis

Although the boundary layer equations (see Eqgs. (12.7)-(12.9)) are significantly simpler than the full
equations of motion of the fluid (see Eqs. (12.1)-(12.3)), they are still quite difficult to solve. In many
cases, however, we are not interested in the full, detailed solution of these equations (e.g., the local velocity
of the fluid at every point in the system), but only in a few “global” properties (e.g., the drag of the fluid
on the object). von Karman developed an elegant method for using the boundary layer equations to
estimate the drag force on an object submerged in a flowing fluid. This method is known as the “von

Kéarméan momentum integral analysis”

We start by using the continuity equation, Eq. (12.7), to express the y-component of the velocity in

terms of the z-component of the velocity:

Ovy | Ovy
o "oy
vy __Ove
oy  Ox
v 0v
_ /17T
vy = /Ody AL (12.10)

where we have used the fact that v, = 0 at y = 0. Therefore, if we have an expression for v,(y),, we can

use the above equation to determine v, (y).

Now, we integrate the x-momentum equation across the boundary layer. That is, we integrate Eq. (12.8)

with respect to y from 0 to §(z). This yields:

0 vy vy 0 v, U

/0 dy {vxax—l—vyay} N/o dy [1/ 37 +U(‘9x}

J oL Y 0vg\ vy J %v, oU
I [a‘ (/o W a)ay} = [ [”azﬂ *UaJ
o 92y, 0 Ovg 0 Y, 0vz\ Ovg

v g~ [ [ </o dy a) oy

0 U
+/0 dyU% (12.11)
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Momentum, Heat, and Mass Transfer Boundary layer theory
The left side of Eq. (12.11) can be expressed in terms of the shear stress at the wall:
/5d vy 1/5d 0 ( 8%)
v [ dy =— | dys |\ pn—m-
o Oy’ p 9y \" 9y
_ 1 / dy 87'yx

p Tyw (6) = Ty (0)]

where 7,, = 7,,(0). The second term on the right side of Eq. (12.11) can be simplified as follows:

J Ov, \ Ov ,0v J ov
1 YUz T _ T Uz
/ody(/d ax)ay K/d ax)] /dya U

/ dy ,81)1, / dy
Ovg 81}1«
=vU dy ox / Wor 8:1:
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where we have used the facts that v,(§) ~ U and v,(0) = 0 (i.e., no-slip boundary condition).

Combining all these relations, we find that Eq. (12.11) can be written as

5 5 5
Tw vy v, oUu
~ — dyv,—— — (U — v, —_—
/0 YV +/0 dy o U—-wv )+/0 dyU@:C
5 5 s
0 vy oU
N/O dyvxam(U—vz)—i—/O dy =" (U—v$)+/0 dy(U —vs)

o 9 ou . [0 Vs
~ .. Y - Yz a. 1—-—
/Odyax[” v U>]+8xU/O dy( U)

~ o /06 dy[ve (U — vg)] + [v2(0)(U — vx(é))]% N g[iU/Oa N (1 ) %)
~ jx [Uz /05 dyvﬁx (1 - 73)] + (ZgU/O& dy <1 . %x) (12.12)

where we have used the fact that v, (§) ~ U.

To simplify the notation, we define the displacement thickness §; and momentum thickness Js:

o= [ (1)

o= [ g (1)

So finally we have

wa(ax) ~ ;C[UQ(a:)fSQ(x)] +o1(2)U(x)

oU (z)
Oz

(12.13)

If we knew the expression for the velocity profile as a function of ¥ (i.e., v, (y)), then we could substitute
it into Eq. (12.13) to determine the shear stress on the wall. von Kdrman suggested that instead of using
the exact velocity profile, which is unknown before we solve the full boundary layer equations, we could
use a guess for the velocity profile. The more accurate the guess for the velocity profile, the more accurate

the estimate for the drag on the wall.

The boundary conditions of the flow can be used to get an idea of the general shape of the velocity profile:

vy =0 at y=0
vy =U at y=24
0y
=0 t =4
oy * v
v,  Op
K oy:  Ox a v
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The first boundary condition is just the no-slip condition at the surface of the object. The second and
third boundary conditions arise from the fact that the velocity profile inside the boundary layer must
smoothly approach that of the outer flow as y approaches J, the boundary layer thickness. The final
boundary condition follows from Eq. (12.8) and the facts v, = v, = 0 at the surface of the object
(ie., at ¥ =0).

The four boundary conditions give us four sets of constraints that can be applied to any guess we make
for our velocity profile. This means that if we choose a velocity profile with several free parameters, the
boundary conditions can be used to specify four of these parameters. For example, if we choose the

following cubic polynomial to represent the velocity profile:

%ZZCO+01%+02 (%)2+03 (%)3 (12.14)

we can use the boundary conditions to set the vaules of the parameters ¢y, c1, c2, and cs.

12.3.1  Flow past a flat plate

In this subsection, we will apply the von Karman integral analysis to uniform flow past a flat plate. In
this case, the outer flow is U = const, and, therefore, the pressure gradient is zero (i.e., dp/0zx = 0). If
we choose to use the velocity profile given in Eq. (12.14), the coefficients can be determined by using
the four boundary conditions to yield:

S OEI0)

Given that we know the velocity profile, we can determine the shear stress at the wall from Newton’s

law of viscosity:

Tw = Tyz(0)

_, v
e
_ 3uU
=33 (12.16)
In addition, the momentum thickness Jo can be determined:
d(x) v v
0o (x :/ dy—=(1— =
@= ) g (1-F)
() 3y 1 /y\3 3 /y 1 /y\3
—/0 dy[z(a)ﬁ(a”[1—2@%(5”
Vo3 1.4 3, 14
= [ (56 5¢) (16 5)
39
= 12.17
2806(9}) ( )

where ¢ =y/.
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Substituting both these relations into the von Karman integral relation, Eq. (12.13), we find a differential

equation for the boundary layer thickness §(x)

Tw 0 . .9 ou
— =~ —[U") —Ud
) oz [U“d2] + or Uod
3pu U ~ U2852( z) _ 7U286(x)
20 6(x) Oz 280 Ox
0d(x)  140v
@) G ¥ 30
06%(x) _ 280w
or 13U

(12.18)

This equation can be integrated to give

—-1/2
§(z) ~ % <U> (12.19)

where we have used the fact that § = 0 at « = 0. This should be compared with the exact result:

—1/2
5(z) ~ 5.0 <U> (12.20)

vx

Now that we know how the boundary layer thickness varies with the position on the plate, we can

determine the local shear stress on the wall

_3u U
=Y 5w
_3uU 13 (U
2 V280 \vx
117 U\ 2
The total force F on the wall is
F = W/ dxTy, ()
117 1/2
=W d
/ “V 1120 ( )
=W 1120“U< ) 2L
1/2
=W ;;Z”UC{/L) (12.22)
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If we define a drag coefficient C'p and a Reynolds number as

o F/aw)

P02
Re = vL
1%

then we find the relation

Cp =175

Boundary layer theory

(12.23)

The exact solution to the boundary layer equations gives a prefactor of 1.328, which differs from our

approximate result by about 3%. So our simple analysis gives a fairly accurate prediction of the drag on the plate.

-

| stfatedic MArkefific?
Management,

ornationa g
Business.

—

inancial

- conomijcs
Leadership &8
Organlsationgii

/
Psyelglog

] Shipping ‘
I ageat| , N\

W
W

| " B

|

|

Iy

NORWEGIAN /L EFMD
BUSINESS SCHOOL EQUES,
Download free eBooks at bookboon.com
87

Empowering People.
Improving Business.

Bl Norwegian Business School is one of Europe’s
largest business schools welcoming more than 20,000
students. Our programmes provide a stimulating
and multi-cultural learning environment with an
international outlook ultimately providing students
with professional skills to meet the increasing needs
of businesses.

Bl offers four different two-year, full-time Master of
Science (MSc) programmes that are taught entirely in
English and have been designed to provide professional
skills to meet the increasing need of businesses. The
MSc programmes provide a stimulating and multi-
cultural leaming environment to give you the best
platform to launch into your career.

* MSc in Business

* MSc in Financial Economics

* MSc in Strategic Marketing Management

* M5Sc in Leadership and Organisational Psychology

www.bi.edu/master

N

Click on the ad to read more



http://bookboon.com/
http://bookboon.com/count/advert/09268424-498c-48c4-a852-a25700ed3ed3

13 Boundary layers in energy and
mass transport

13.1  Transport of energy

The boundary layer method that was developed in the previous section to determine the flow across an
object submerged in a fluid can be extended to study heat transfer. If we assume that the temperature
at the surface of the object T, differs from the temperature of the bulk fluid 7., then there will be
heat flow between the object and the fluid. The energy balance equation for an incompressible fluid in

a steady state, two-dimensional flow is given by

0o 0T 00T oy
P j@xj N al‘z 8:5@ ]Zal’j

(13.1)

The final term on the left side of the equation represents the conversion of kinetic energy to thermal
energy. This term is typically much smaller than the other terms in the equation, and so we neglect it.

Therefore, the equations that we deal with for a two-dimensional flow are given by

p oL o _ K 82T+82T
Tox Yoy  pC, \0x2  Oy?
oT or (82T 62T>

’Uxa Uyaiy =« w + 873/2 (132)

where o = k/(pC,) is the thermal diffusivity.

We can perform the same order of magnitude analysis for the energy equation as we did for the momentum

equation. In this case, however, we need to define a dimensionless temperature 7" as

T-T,

TH=_— "%
Too — T

Expressing the energy equation in dimensionless form leads to

U ,oTt vV Tt o (&6 0°TT 9T+
71]3;7 —_-, — ===+ ——F (13.3)
L *oxt & Yoyt 62\L20x+2  Oyt?
oTt VL 0Tt o L [(§0°Tt 0°TH
+ A e T 13.4
Ve ot TUSY By T USS <L2 ooz T ay+2) (134
LOTY 9Tt o L [(6%0°TT  O*T
v} o = o | e = (13.5)
ozt Y oyt USS \ L2 0xt2  Oyt2
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We find that the first term on the right side of the equation is negligible compared to the second term;
therefore, we find that the boundary layer equation for the balance of energy is
or or 0*T

Vg

Oz + ’Uyaiy ~ 01671/2 (136)

13.1.1  Approximate integral analysis

Equation (13.6) is a partial differential equation for the temperature T in the fluid, and, in general, it can
not be solved analytically. So, we will extend the von Karman integral analysis of the previous subsection
to apply to the transport of energy. This will allow us to obtain an estimate of the heat transfer coefficient

from the object.

The first step is to integrate Eq. (13.6) across the thermal boundary layer of the system. The thickness of
this boundary layer §;(x) is defined as the distance from the surface of the object at which 7+ = 0.99.
This thickness is not necessarily the same as the momentum boundary layer thickness (i.e., g, (z) # 6(x)).

Performing this integration, we find

0 y vxax Uyay = 0 ya(‘?yQ
) )
¢ T : voau\ T _ [9T(8) OT(0)
/0 W o /0 dy</o i ax)ay““[ 9y oy

) é 0
¢ or t 0, toOv.,  k 9T(0)
/0 dyv, 5 (/0 dy 5 ) T(6) -|—/0 dy o T =~ C. Oy

) )
C AT (% Bu, k OT(0)
dyv, — dy 2 — T~ —— Y
/0 i ax*/o Y| I~ =e oy
o 9 G
a_ .’ET_TOO ~
i dy 5 [va( )] C.

where we have used the fact that T ~ T, and 9T /Oy ~ 0 at y = &. This equation can be rearranged
to yield

T o) % wy (T — T
~ 2T —Ty) | dy2® (=2
oCy az[U( )/0 yU(TOO—Tw>]

o

Qw/(Too - Tw) /6t Vg T — Tw
—— s = e 1 - =
o, o U ; dy i T T, (13.7)
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Momentum, Heat, and Mass Transfer Boundary layers in energy and mass transport

If we knew the temperature profile in the system, we could use Eq. (13.7) to determine the rate of heat
transfer between the object and the surrounding fluid. We can guess a form for the temperature profile,
as we did for the velocity profile. The better the guess, the better the estimate for the rate of heat transfer.

To aid in developing a good guess, we note the following boundary conditions for the temperature profile

T=T, at y=20
T="T, at y=29
oT
= t y=20
oy ay
0*T
8_y2:() at y=0

The last boundary conditions follows from Eq. (13.6) and the fact that v, = v, =0 when ¥ =0.

13.1.2  Flow across a flat plate

In this subsection, we determine the rate of heat transfer between a fluid at temperature 7., flowing
at velocity U across a flat plate at temperature 7. A simple estimate for the temperature profile that

statisfies all four of the boundary conditions is:

T-T, 3(y\ 1(y\’ (13.8)
Tew — Ty 2 \ 4 2 \ 0
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With this estimate for the temperature, we can determine the heat flux ¢w from the surface of the plate:

Qo =k >

" 3%k
Qo _ 2% (13.9)

Too — Ty 264

9 %y T—T,
—_— o~ 21w
pCly ox {U/O dyU < TOO—Tw>}

U RIHGEIONE IR
{

Uét/oldg l;’ (?)5_;((;)3&3] [l—gﬁéf?’”
~ {Uét 2% (?) - % (?)31 } (13.10)

The thermal boundary layer thickness is proportional to the momentum boundary layer thickness;

therefore, we can write
0r(x) = Ko(x)

where K is a constant that we will determine later. If we substitute this relation into Eq. (13.10), we find

3o 3 K? 00¢()
2, R~ 2—0K (1 - 14) U o
« %K2<1_K2>U85(x)
Ko(x) 10 14 oz
a [13 <U>”2 LK <1 . K2) NG R
K\ 280 \va 10 14 13 \U 2
K? 1B3a 131
©(1-31) ~ 1o = T (1310

where Pr = v/« is the Prandtl number, and we have substituted the expression for (x) given in Eq.
(12.19). For a given Prandtl number, Eq. (13.11) can be solved to determine K, the ratio of the thermal

boundary layer thickness to the momentum boundary layer thickness.

For most fluids, the Prandtl number ranges from about order 1 to up to order 103. In this range,

K?/14 < 1, and Eq. (13.11) can be approximately solved explicitly for K:

13 1/3
K~ (== PrY3 ...
(14> r +
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The thickness of the thermal boundary layer is given by

di(z) = Ko(x)

—1/2
o2 (L)
13 \vzx

V 13 (14) Pr (1/3:) (13.12)

The local heat flux gw from the plate can be determined from 6#(x) by using Eq. (13.9)

Qw 3k
Too — Ty  26:(x)

G/ (Tw —Too) 3 [13 (U)l/2

vx

k “ 2K\ 280

1/3 1/2
_ 3 8 (N L s (U (13.13)
2V 280 \ 13 vx

The total rate of heat lost Q over the surface of the entire plate can be determined by integrating the

heat flux

L
Q:W/ dxqy(x)
0
L 1/3 1/2
3k [13 (14 U
= _ 2 == (=) PP (=
Wk(T, TOO)/O 43\ 280 (13) ! <m;>
kW V 280 \ 13 v
1/3
= 1/% (ig) Pr!/3Rel!/? (13.14)

The average heat transfer coefficient # is

Q

i Tw - Too
WL M )

If we define the Nusselt number Nu as

Nu= -~
U

then we find the relation

1/3
Ny — ;g(ﬁ) prl/3Rel/2 (13.15)
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Momentum, Heat, and Mass Transfer Boundary layers in energy and mass transport

13.2  Transport of mass

Let’s consider the problem where we have a fluid with species A dissolved at concentration c4 o, flowing
at velocity U past an object. At the surface of the object, the concentration of A is c4 4,. In this situation,

there will be transfer of species A between the surface of the object and the bulk fluid.

In direct analogy with the boundary layer equation for energy, we can develop a boundary layer equation

for the transport of A:

(13.16)
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To determine the rate of transfer of species A, we can extend the von Karman integral analysis to Eq.
(13.16). In this case, we integrate the mass transfer equation across the concentration boundary layer of
the system. The thickness §, of this boundary layer is different from both the momentum and thermal
boundary layers (i.e., d.(z) # 0(z) and 0.(x) # d:(z)). Integrating Eq. (13.16), we find

Oe Oca oca Oe 826A
dy |vs A 40, A & [ dyDapTA
/0 y[v 593+Uy0y} /0 YEAB gy
5 b
c Ocy e Y, 0v,\ Oca 0ca(de)  0ca(0)
dyvy, A [ g dy 25 LA < p -
Azwm A %Ay&Jay ”[ay dy
e de dc
/ dyvxaaia’c4 — (/ dy'%f) cA(de) +/ dyaaqj;cA ~ —DAB(%S;O)
0 0 0
b 5
e 0 c  Ouy 0c(0
/ alyvg,;ﬁ +/ dyL[CA — €Al ® —Dap ca(0)
0 x 0 x Yy

Oc b
/0 dy%[vx(CA — CA00)] ® Naw

where we have used the fact that ¢4 (d.) = ca . and dca/dy = 0 at y = §.. Na,, is the flux of A at

the wall; we have assumed that Fick’s law is applicable. The above equation can be rearranged to yield

0 O Vg [ €A — CAco
8[m%m_%wA @U<mm—%wﬂ
_ NA,w/(CA,oo - CA,w) 0

X
0y CA — CA
%U/de_’wﬂ
Dun ox |: 0 yU CAco — CAw

This is the von Karman integral for mass transport.

NA,w =~

The associated boundary conditions for the concentration profile are

CA = CAw at y=20
CA = CA00 at y=9§
aﬁ =0 at =0
dy v=
D%ca
20 at =0
0y? Y

The last boundary conditions follows from Eq. (13.16) and the fact that v, = v, = 0 when y = 0.

We can determine the dependence of the mass transfer coefficient on the bulk flow rate of the fluid,

using an analysis similar to the one used to determine the heat transfer coefficient.
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14 Analogies in Momentum, Heat,
and Mass Transfer

14.1 Introduction

In the previous sections, we have seen the equations that govern the transport of momentum, energy,
and mass. If we look more closely at these equations, we can see strong analogies between the three

types of transport.

14.2  Comparison of diffusive transport

To begin with, we will compare diffusive transport. Let’s first look at the change in the velocity profile
around a plate immersed in an initially stationary liquid. At time ¢ = 0, the plate is instantaneously
accelerated to a velocity V. We are interested in how the velocity profile changes as a function of time.
For this problem, the momentum balance equation reduces to:

vy 0%v,

TR (14.1)

where v = p/p is the kinematic viscosity, which has units of length squared over time (e.g., m?s—1).
The boundary conditions are that v,, = V at ¥ =0and v, =0as y — oo. The initial condition is that

vz = 0 when t = 0. The solution of this equation is given by

= -2
vm(g,t) 1 et <25ﬁ> (14.2)

where erf is the error function, which is defined as:

xT

2
erf(z) = — dte"*
T Jo
Now, let’s look at the change in the temperature of a plate that is suddenly immersed in a pool of liquid
initially at a uniform temperature 7j. The temperature of the plate is kept constant at 7. If there is
no convection in the fluid (i.e., all heat transport is due to conduction), then the governing equation is
oT 0%c

pC =k

’UE Ty2 (14.3)
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Momentum, Heat, and Mass Transfer Analogies in Momentum, Heat, and Mass Transfer

where oo = k/(pC,,) is the thermal diffusivity, which also has units of length squared over time. The
boundary conditions are 7" = T} at ¥y = 0, and 7" = T}, as y — oo. The initial condition is 7" = T

when ¢ = 0. The solution of this equation is given by

T(y,t) = Ty + (T, — Tp) [1_erf( y )]

2V at
T(y,t) — To ( Yy )
Al U IV (N A
T — Tp N\ ovat (14.4)

Finally, let’s look at the change in the concentration profile of a dye A about a plate (which is saturated
with the dye) that is suddenly immersed in a pool of pure liquid B. The concentration of A on the plate

remains constant at c4o. The governing equation for this problem is

dca _ g, 0%a
ot APy

(14.5)
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where D 4p is the diffusion coeflicient of species A in B, which again has units of length squared over
time. The boundary conditions are ¢4 = c4paty = 0,and c4 = 0 as y — oo. The initial condition

is ¢4 = 0 when t = 0. The solution of this equation is given by

ca(y,t) = cao [1 —orf (N%)]
cay,t)

Yy
=1—erf | ————
CA0 o <2\/DABt>

(14.6)

If we compare Egs. (14.2), (14.4), and (14.6), we can see that they are essential identical, if we make the
identification v <+ a <+ Dyp. In the first case, momentum diffuses from the plate into the bulk fluid;

in the second case, thermal energy diffuses into the bulk fluid, while in the third case, species A into
the bulk fluid.

As time progresses, the property (i.e., momentum, heat, or mass) slowly diffuses into the bulk of the
system. The distance § from the wall at which this property is significantly different from the bulk value

varies with time as:

5~ it for momentum

§ ~Vat for energy
§ ~Vat for mass

The relative rate at which heat diffuses with respect to momentum is given by the Prandtl number
v
a k

The relative rate at which mass diffuses with respect to momentum is given by the Schmidt number

Sc = N
- Dap pDap

14.3  Reynolds analogy

In the previous subsection, we compared the diffusive transport of momentum, heat, and mass. In this
subsection, we will compare the transport of these properties under turbulent flow conditions. In the
fully turbulent region, the turbulent stresses dominate the momentum transport and the eddy thermal
conductivity dominates heat transport. In this situation, the momentum balance is approximately given by

(t)
Tyz ~ Tw

A(vg)\?
pz2< {v >> ~ T (14.7)

dy
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The energy balance is approximately given by

q(t) ~ qu
vz) | (9(T)
— 2 — ) =
pChl y ( y Qu (14.8)

Dividing the energy balance by the momentum balance yields

NT)/%y _ qu
v@(vx)/(?y e
oT)  qu
D) Cor (14.9)

If we assume that the entire fluid can be considered turbulent, even near the wall, then this equation can
be integrated from the bulk (where the temperature is T, and the velocity is V) to the wall (where the

temperature is T,,, and the velocity is zero)

Too — Ty = — 1% (14.10)

The heat transfer coefficient h on the wall is defined by the relation
Guw = h(Ty — Tso) (14.11)

If we then introduce the Nusselt number

where L is some characteristic length of the system, such as a pipe diameter, the Reynolds number

_ LpV
==

Re

and the friction factor:

2Ty
f - pv2

then we can rearrange Eq. (14.10) to the form

Nu f
PrRe 2 (14.12)
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Momentum, Heat, and Mass Transfer Analogies in Momentum, Heat, and Mass Transfer

This relation is known as Reynolds analogy and has been found to agree well with experimental data
for systems where Pr ~ 1. It allows us to predict heat transfer coeflicients from knowledge of the flow

behavior of a system.

The Reynolds analogy provides a similar expression for mass transfer. If we consider a component A
in a system that is diffusing from the bulk fluid, which is at concentration ¢4 ., to a surface surface,
which is at concentration c4 ,,, then the flux of A is given by

Na = ke(caw — caco) (14.13)

where k. is the mass transfer coefficient. Then the Reynolds analogy for mass transfer is

Sh f
= = 14.14
ScRe 2 ( )
where Sh is the Sherwood number, which is defined as
koL
Sh = 14.15
Dus ( )

Similarly to the case of heat transfer, this relationship is only accurate when Sc ~ 1.
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144  Prandtl analogy

In the development of the Reynolds analogy, we assumed that the turbulent core extended all the way down
to the wall. However, at the wall, viscous forces dominate and turbulent eddies are almost nonexistent.

Prandtl improved upon the previous derivation by accounting for the laminar sublayer.

In the laminar sublayer, the momentum transfer is governed primarily by viscous stress and can be

written as

N Ty (14.16)

Heat transfer is dominated by conduction, and the energy balance is given by

or)
- Ty = Qu (14.17)

Dividing the energy balance equation by the momentum balance equation, we find

EOT)/0y _ qu
p O(vz) /Oy Tw
oT)  qup

o) = ok (14.18)

Integrating this equation from the edge of the laminar sublayer y = £ to the wall y = 0, we find

(T()) —(T(0)) = — 222 ((0,(6)) — (v2(0)))

Tw k

= Tl (6) (14.19)

Tw k
In order to account for the turbulent core, Prandtl used Eq. (14.9). However, instead of integrating this
equation from the bulk all the way to the wall, he integrated it from the bulk to the edge of the laminar

sublayer:

Too — (T(€)) = — 2 (U — (0,(€))) (14.20)

CoTw

The temperature at the edge of the laminar sublayer (7(¢)) is unknown; however, it can be eliminated
by adding Eqs. (14.19) and (14.20) together:

Too — T = =22 B0 (6)) = 22 (U - (0,(6)))

Tw K CoTw
_ pCly . (v(§))
B CvaU [1 - ( k 1) U ]
Nu f/2

(14.21)

PrRe 1+ 5(Pr— 1)y/f/2
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where we have assume that the edge of the laminar sublayer is at £ = 5u/,/7,p (see Sec. 10.4 on the
“universal velocity profile”). This relation is known as Prandtl’s analogy.
By taking into account the buffer layer, von Karman developed the following relation:

Nu _ f/2
PrRe  1+45(Pr—1+In(1+ (Pr—1)5/6))\/f/2

(14.22)

14.5  Chilton-Colburn analogy

An alternate approach to extending the range of applicability of the Reynolds analogy was taken by
Chilton and Colburn. By comparing the boundary layer analysis for momentum transfer from a flat

plate (see Eq. (12.23)) to that for heat transfer from a flat plate (see Eq. (13.15)), they find that

Nu Pr?/3 ~ ¢

14.2
RePr 2 ( 3)

This relationship is quite similar to the Reynolds analogy, with the exception of the dependence on the
Prandt]l number. Even though it was developed for the flat plate geometry, empirically, it has been found

to work well for a wide range of geometries and a wide range of Prandtl numbers 0.6 < Pr < 100.

In a similar manner, the Chilton-Colburn analogy for mass transfer can be developed as

ReSc 2 (14.24)

This relationship is found to work well for a wide range of geometries for 0.6 < Sc < 2500.

Note that these two equations can be combined to give a relationship between heat and mass transfer

coefficients

&Prw3 ~ S—hScQ/3

Pr Sc

2/3
h (5 (14.25)
pCrke Pr
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Momentum, Heat, and Mass Transfer Interphase mass transfer

15 Interphase mass transfer

15.1 Introduction

Many separation processes involve the transfer of a species from one phase to another. For example,
liquid-liquid extraction involves the transfer of a component between two immiscible liquid phases.
Distillation involves the transfer of a more volatile component from the liquid phase to the vapor phase.
In order to properly design and size a separation process, we need to know the rate at which mass transfer

between the phases occurs.

15.2 Individual mass-transfer coefficients

Consider the adsorption of a species A from a gas stream to a liquid solution. The partial pressure of A
in the bulk gas phase is PAG, and the concentration of the A in the bulk liquid phase is c4. Typical
concentration profiles are shown in Fig. 15.1. The driving force for mass transfer is the chemical potential
difference of species A between the gas and liquid phases. Molecules have a tendency to diffuse from

regions of high chemical potential to regions of low chemical potential.

s @book 1s probucen with iText®
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Figure 15.1: Concentration gradients between two contacting phases.

One method to model the adsorption of A from the gas phase is to consider it as a two step process.
The first step is the transport of A from the bulk gas to the gas-liquid interface. The second step is the
transport of A from the interface to the bulk liquid phase. These two processes offer the main resistances
to mass transfer. In this model, it assumed that the interface itself offers no resistance to mass transfer,

so the concentration of A in the gas and liquid phases are at equilibrium on the interface.

The flux of A through the gas phase is given by

Na =ka(pac — pai) (15.1)

where PAi is the partial pressure of A in the gas phase just at the interface, and k¢ is the gas phase
mass-transfer coefficient. The flux of A through the liquid phase is given by

Na = kr(cai — car) (15.2)
where cy; is the concentration of A in the liquid phase just at the interface, and k;, is the liquid phase
mass-transfer coeflicients. The mass transfer coefficients kg and kj can be estimated using methods
discussed in previous section (e.g., boundary layer theory).

At the interface, the system is at equilibrium, which implies that the concentration of A in the liquid
phase is directly related to its partial pressure in the gas phase. If species A is only at dilute concentrations

in the liquid phase, this can be written as Henry’s law

pai = Haca;
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15.3  Overall mass-transfer coefficients

In order to apply the model developed in the previous subsection, the concentration of the species at
the interface needs to be known. This makes it a bit difficult to directly apply, since typically only the

concentrations in the bulk phases are known (i.e., PAG and car).

Thus, it is convenient to define mass transfer coeflicients that are based on the overall driving force in
the system, so that the interfacial concentrations are not required. There are two manners in which to
characterize the overall driving force for mass transfer. One is to base the driving force on the gas partial

pressures. In this case, the flux of A is given by
Na = Kg(pac — pa) (15.3)

where KG is the overall mass transfer coefficient based on the gas partial pressure, and P4 = HACAL.
Note that P} is the partial pressure of A that would be in equilibrium with the bulk liquid concentration
of A. Note that, as expected, the flux of A vanishes when the bulk gas partial pressure is in equilibrium

with the bulk liquid concentration (i.e., pac = Py = Hacar).
The other choice is to base the driving force on the liquid concentration:

Na = Kr(car —cy) (15.4)
where f/, is the overall mass transfer coefficient based on the liquid concentrations, and ¢* =pa/Ha
which is the concentration of A that would be in equilibrium with the gas partial pressure of A. Again,

the flux of A vanishes when the two bulk phases are at equilibrium.

A sketch of the various driving forces associated with each of the definitions of the flux of A are given
in Fig. 15.2.

Although we do not need the interfacial concentrations in this approach, the difficulty with using overall
mass-transfer coefficients (i.e., k and k) is that there is no direct manner to estimate their values, where
as there are methods to estimate the individual mass transfer coefficients (i.e., kg and kr). Therefore,

we need to find a relationship between overall and individual mass transfer coefficients.
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Figure 15.2: Interfacial compositions as predicted by two-resistance theory.
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Let’s obtain this relation for K. First we note that flux of A from the bulk gas phase to the gas-liquid
interface (see Eq. (15.1)) can be rewritten as

Ny
% = PAG — DAi (15.5)

From Eq. 15.2, the flux of A from the interface to the bulk liquid phase can also be written as

Na
L = CAi — CAL (15.6)

Multiplying this equation by the Henry’s law constant H 4 leads to

Ha

N
AkL

=Haca; — Hacar = pai — Pa (15.7)
By adding Egs. (15.5) and (15.7), we find:

1 Ha
Nyl —+—) = -
A <k‘G kL ) PAG — Pa (15.8)
where we have assumed that the system is at steady state so all the fluxes must be the same. Comparing
this relation with Eq. (15.3), we can determine that
1 1 Ha

= A 15.9

Ka ke ki (159)
This directly relates the overall mass-transfer coeflicients to the two individual mass transfer coeflicients.
In a similar manner, we can determine the relationship for the overall mass-transfer coefficient K7,

1 1 1

K. = Hoake + L (15.10)

The quantity 1/K can be interpreted as an overall resistance to mass transfer. Thus, by examining
Eq. (15.9), we can see that the total resistance to mass transfer is composed of two contributions: the

resistance of the gas phase 1/ K¢ and the resistance of the liquid phase H 4/kr.
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