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Abstract—An effective numerical method depends on the
fractional power series is applied to solve a class of boundary
value problems associated with obstacle, unilateral, and
contact problems of fractional order 2a,0 <a <1. The
fractional derivative is considered in the Caputo sense. This
method constructs a convergent sequence of approximate
solutions for the obstacle problem. A numerical example is
given to illustrate the higher accuracy of this technique.
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I. INTRODUCTION

The theory of variational inequalities is a powerful tool in the
study of obstacle and unilateral problems that arise in
mathematical and engineering sciences. It is effective in
studying fluid flow through porous media, elasticity,
transportation, and economics equilibrium, see [1-3]. For
example, in [2], Kikuchi and Oden have shown that the
equilibrium problems for elastic objects touching a rigid base
can be handled in the context of the theory of variational
inequality problem (VIP). The obstacle model is essential in
the development of the VIPs theory that arises in a variety of
pure and differential applied sciences. Because of their
importance, various numerical methods have been developed
and applied to find approximate solutions of the second order
obstacle problems. Some of these methods are, the finite
difference method, spline method, and collocation method
[4-8].

In the last few decades, fractional calculus attracted the
attention of many researchers for its considerable
importance in many applications in fluid dynamics,
viscoelasticity, optical technology, entropy theory and
engineering. Many mathematicians provide a brief history,
theoretical developments, and applications of factional
calculus, see [9-13]. Therefore, most of the initial and
boundary value problems (BVPs) of integer order were
generalized to fractional order and various methods were
modified to solve them.

The basic motivation of this paper is to solve the
following generalized obstacle system of fractional order a:
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(fx),

a<x<c,

DFu(x) =< g@u() + fx)+r, c<x<d, (1)

d<x<)h,

|
L),

subject to the boundary conditions
u(a) = py, u(d) = p, )

where 0 < a < 1, D2* is the Caputo-fractional derivative,
U1, Uy € R, the parameter r is real finite constant, g(x) is an
analytical continuous function on [c, d], f(x)is a continuous

n [a, b], the function u(x) is unknown smooth function to
be determined such that u®(x),i = 0,1, are continuous
functions at the points ¢ and d in [a, b].

The BVP in (1) and (2) is the generalized fractional
form of the second order obstacle problem which results if
we puta = 1. Many techniques were applied to solve (1)
and (2) in the integer order case. Some of these techniques
are; the collocation method [4], second and fourth order
finite difference and spline methods [5], quadratic and cubic
spline methods, parametric cubic spline method, using
quadratic non-polynomial splines, and cubic non-polynomial
splines [6-8].

In this paper, we present numerical solution for the
fractional obstacle problem (1) and (2) via fractional residual
power series method (RPSM). This solution is given in the
form of rapid convergent series with easily computable
components. The residual power series method was first
proposed in 2013 by the Jordanian mathematician Omar Abu
Arqub [14] to solve fuzzy differential equations. After that,
it has been successfully applied to different types of
problems. For instance, Lane-Emden equation, higher-order
regular differential equations, nonlinear fractional KdV-
Burgers equation, and nonlinear time-fractional dispersive
PDEs [15-19]. This method ensures the convergence of the
approximate series solution because it depends on
minimizing residual errors. For more details, see [20-23].

This paper is organized in five sections including the
introduction, which appear as follows. In Section II, some



fundamental concepts of fractional calculus and the power
series method are given. In Section Ill, a description the
FRPSM is introduced by applying it to solve the fractional
obstacle BVP in (1) and (2). The numerical example is
presented in Section 1V. This article ends in Section V with
some conclusions.

Il. FUNDAMENTAL CONCEPTS

In this section, main concepts, definitions and results about
the fractional calculus and power series in Caputo sense are
given briefly. For more details, we refer to [24-33].

Definition 1. The Riemann-Liouville fractional integral of
order a > 0 over the interval [a,b] for a function gis

defined by (J%.g)(x) = @ N = ()) — dz, x>a. For

a =0, J& isthe identity operator.

Definition 2. The Caputo fractional derivative of order o >
™
0 is defined by D%g(x) = [Fo—@

a(x Z)a n+1
n—1<a<n neN.

dz, x > a,
F(n a)

Definition 3. A power series expansion of the form
Ym=oCm(x—a)™ n—1<a<n neN, is called
fractional power series about x = a.

Theorem 1. Suppose that f has a fractional power series
representation at x = a of the form

ux) =Ym_om(x—a)™;a<x <a+R,

and if D**u(x), m = 0,1,2, ... are continuous on (a, a + R),

_ Dg*%u(a)
then ¢, = rrma

I11. RPSM FOR SOLVING FRACTIONAL OBSTACLE SYSTEM

The fractional RPS technique can be applied for the obstacle
problem (1) and (2) to obtain the approximate solution u,, (x)
as follows: we consider three cases depending on the
corresponding intervals. These cases are:
e Case I: The RPS solution, u;(x), on [a,c] can be
obtained using the following procedure:
Let D2%u,(x) = f(x) on [a,c] and let the solution
u, (x) has the FPS expansion about the initial point a

such as
WG = ) elx =, ®
n=0
and the k-th truncated series
k

w0 = Y el = )™ @

n=0
Since u, (x) satisfy the initial condition u, (a) =
U1 = Co, then uy . (x) can be rewritten as

ul,k(x) =u +kx—a)*
k

+ Z cp(x —a)y™e.

n=2
According the RPS method, the kth-residual error
function, Resf;, (x), can be defined by

Resy, (x) = Dg%uy x (x) — f(x), (6)

®)

where the residual error function, Res,, (x), can be
given as follows
Res,, (x) = Iil_@ Resy (x).

Consequently, we need to minimize Resy (x)
and utilize the relation Dék_z)aRes{fl (x)|x_a =
0,k = 2,3, .., to determine the unknown coefficients
¢y = 2,3,...,k, of (5). In this point, the value of
¢, =A will be determined later by using the
continuity conditions of Eq. (1).

Now, to illustrate the main steps of the RPS
algorithm in finding the unknown coefficients ¢, n =
3, ..., k, let k = 2 and substitute the approximation

Ui (x) = g + Alx — ) + cp(x — a)**
into the kth-residual error function, Resﬁl(x), such
that
Resﬁl(x) = Dg“um (x) — f(x)
= D{* (g + A(x — a)”
+c(x —a)*) — f(x)
=c,I'Q2a+1)— f(x),

and then by the fact D,S/"”"‘Res{f1 (x)|x=a =0,k=

2,we get c,I'2Qa+1)—f(a) =0, that is, ¢, =
fla)

rQa+1)’
Therefore,

— a f( ) 2a
Uy, (x) = py + A(x — a) m( a)““.

Likewise, to find the unknown coefficient c3,
substitute the third truncatedseries
f(a)
r'a+1)
+ c3(x — a)3¢
into Res;;_ (x) such that

Res, (x) = D2%u; 5(x) — f(x) = D2% (, +

_ N\a f(@) _ N2« _ N\3a) _
Alx —a) +r(z +1)(x a)*“+c3(x—a) )

Fx) = fl@) + ¢, "8 (x _g)e — f(x),

r'(a+1)

u3(x) = py +Alx —a)* + (x— a)m

and then by using DgResgl(x)|x=a =0, we obtain

csI'(Ba +1) — Dgf(a) = 0, thatis, ¢ = rD((ZZ:al))
Therefore,
f(a)
_ _ a _ 2a
U 3(x) =y + A(x — a) F(Z +1) x-a)
Daf(a) ( )3(1
rGa+1) '

Now, to find the unknown coefficient c,,
substitute the fourth truncated series u, ,(x) = u; +
Al — ) + L9 (x — q)2@ +m(x—

ra+1) r(3a+1)
a)®® + c,(x — a)** into Res;;, (x) such that

Resi, (x) = D2%, 4 (x) — f(x) = D2 (; +
At — )% + L9 (x — )2 +

r2a+1)

DEf(a) _ N3« _ )4a) _
Al (x = @)% 4 ¢y (x — ') = £ ()



_ Dz f(a) «
= f(a) +1“(a—+1)(x_a)
r(4a + 1)
o
ra+1)
and then by using Dé"‘Res;fl(x)|x=a = 0, we obtain

_ D2« — i = Dé“f(a)
¢l (da +1) = Dgf(a) = 0, that is, ¢, = ===

Therefore, the fourth RPS-approximation is given by
U (x) =y + Alx — a)*
4 n-2)a
D a (7
] I'na +1)
n=
Case Il: The RPS solution, u,(x), on [c,d] can be
presented as follows:
Let D2%u,(x) = g(x)uy(x) + f(x) + ron [c,d] and
let the solution u,(x) has the k-th truncated series
expansion about the initial point ¢ such that
k

() = ) eux = ). (8)
n=0
Since there is no condition at the initial point c,
u, (x) can be written as
Uz (X) = co + 1 (x — )

K
9
+ Z cplx — o). ©

n=2
According the RPS method, the kth-residual
error function, Res;, (x), can be defined by

Res, (x) = D2z (x) — g(uze(x) (1)
—f)—r.

Consequently, to obtain the unknown
coefficients c¢,,n = 2,3, ..., k, of Eq. (9), we need to
minimize Res;, (x) and utilize the relation
D(Ek'z)“Res,’jZ(x)|x=c =0,k =23, ... In this point,
the values of ¢, = B and ¢; = C will be determined
later by using the continuity conditions of Eq. (1).

Now, to apply the RPS algorithm in finding the
coefficient c,, substitute u,,(x) = B + C(x — c)* +
c,(x — ¢)** into Resg, (x) such that

Reslzlz x) = Dgauz,z(x) - g(x)uz,z(x) —flx)—r
=D2*(B + C(x — c)*
+ ¢, (x — ¢)?%)
—gx)(B + C(x — o)
to(x—c)?*) —fl) —r
=b, ' 2a+1)
—gx)(B + C(x — o)
+cy(x — )2 — f(x) — T,
and then by using Resj, (x)|x:C =0, we obtain
c,I'2Qa+1)—Bg(c)—f(c)—r =0, that is, ¢, =

59@3f(@)tr Therefore, the second approximation is
ra+1)

Uy(x) =B+ C(x —c)*
Bg(e)+f(c) +r
ra+1)
Again, the third approximation has the form

(x —a)** = f(x),

(x — ¢)?e.

Bg(c)+ f(c) +r
ra+1)
+ c3(x — ¢)3%.

Up3(x) =B+ C(x —c)* + (x — )%

Thus, to obtain the value of c3, substitute u,;(x) into
Res;, (x) such that

Resy, (x) = Di%uz3(x) — g(0)uz3(x) — f(x) =7

Bg(c) + f(c) +r
ra+1)

=D§“<B+C(x—c)“+ (x — )%

+ c3(x — c)3“>

—g(x) <B +C(x—c)*

Bg(c)+ f(c) +r
ra+1)

+es(x - 6)3“> —fx)—-r

(x — )%

rGa+1)
r'a+1)

—gx) (B +C(x—c)*

Bg(c) + f(c) +r
r2a + 1)

+es(x — 0)3“) —fx) -,

= Bg() +f()+1) +c; (x — o)

(x — )%

and then by using DZRes] (x)|x=c =0, we obtain
csI'Ba+1) —BDgg(c) — CDZ(g(x)(x — c)¥)|x=c —

Bg(0)+f(c)
grc(2:c+i)+r Da (g (x — C)za)|x=c —¢3Dg (g(x) (x —
; (©)
) Dgee = DEf() = 0, that s, ¢ =725 (o) =

BDEg(c) + CDF(g(x)(x — c)*)|x=c + Dg f(c). Therefore,

Uy3(x) =B+ C(x — ) +%(J€— ) +

O ( — ¢y3e, the fourth approximation

r3a+1)
U, 4(x) can be obtained.

Similarly,

e Case Ill: The RPS solution, us(x), on [d, b] can be
presented as follows:

Let DZ%uy(x) = f(x) on [c,d] and let the
solution, wug(x), has the k-th truncated series
expansion at b in the form

k

U3 () = )y = D™ (11)

n=0

Since u;(x) satisfy the condition u3(b) = u, =
ay. Thus, us ; (x) can be written as

u3,k(x) = Uy + ¢ (x — b)*
k 12
+ Z cp(x — b)™e, 12

According the RPS method, the kth-residual
error function, Res;;, (x), can be defined by



Resy.(x) = DZ%uz,(x) — f(x). (13)
However, to obtain the unknown coefficients c,,n =
2,3,..., k, of Eq. (12), we need to minimize Res{f3(x) and
utilize the relation D™ Res, ®],_, =0,k=23,..1n
this point, the value of ¢; = D will be determined later by
using the continuity conditions of Eq. (1). Thus, to apply the
FRPS algorithm in finding the coefficients a,, substitute
Uz, (X) = p; + D(x = b)* + c,(x — b)** into  Res;, (x)
such that
R3512¢3 (x) = Dg“u&z(x) —fx)

= D§%(uz + D(x — b)* + c,(x — b)*%)

—f(x) =c,FRa+1)— f(x),
and then by using ResﬁS(x)|x=b = 0,we obtain ¢,I"(2a +

f(b)
ra+1)’

1) — f(b) =0, that is, ¢, =

approximation is

Therefore, the second

f(b)
A d— (X
ra+1)

In the same style, substitute the third truncated series
b
uz3(x) = p, + D(x — b)* + 1"(%31)(36 —b)?* +
c3(x — b)3* into Res; (x) such that

Resg, (x) = Di%uy 3(x) — f(x)

= D2 (,uz + D(x — b)*

Uz, (x) = pp, + D(x — b)* + — b)2e,

f(b) 2a 3a
+ m(x b) + c3 (X b)
—f(x)
= f )+ 6, 2 D e fe
=f0) tero T & G,
and then by using DgRe533(x)|x:b =0, we obtain
e;F(Ba+1)—Dif(b) =0, that is, ;= FD(S{; “

b
Therefore, uz3(x) = p, + D(x —b)* + [‘(j;fz-zl) (x—
by2e + 2S®) (y _ py3a Hence, the fourth RPS-
r(3a+1)
approximation on [d, b] is given by
Uz 4(x) = pp + D(x — b)®
4 —
DIPf (b) (14)

(x = b)"=.

. I'na +1)

Moreover, the same routine can be repeated until an
arbitrary order k, so the unknown coefficients c,,n =
4,5,6, ..., k, can be obtained. Furthermore, the values of the
parameters A,B,C, and D can be found by utilizing the
continuity conditions of Eqg. (1) as well as solving the
obtained system of algebraic equations,

u1,k(C) = uZ,k(c)ruZ,k(d) = u3,k(d),
Dgul,k () = Dguz,k (o), Dguz,k d) = Dgu3,k (a),

Therefore, the kth approximate solution on [a, b] can be
finally given by

(15)

u (), a<x<c,
up(x) = {upi(x),c <x<d, (16)
Uz (x),d < x <b.
Hence, the kth RPS-approximate solution is completely
constructed for the BVPs (1) and (2).
V1. NUMERICAL RESULTS

Consider the fractional obstacle system of differential
equation (1) when f (x) = 0. So, the obstacle problem can
be written by

0. velor]ufra

(DF*u)(x) = ,a € (0,1],
° ulx)—1, xe[z,%n]
u(0) = u(m) = 0.
For a = 1, the exact solution is
4x n
T+4 coth(%)’ x € [0' Z]
_ _ 4cosh(12—r—x) m 3m
u(x) - | 1 nsinh(%)+4cosh(%)’ x € [4— ’ 4—]'
4(m—x) 3n
tn+4coth(§) ’ x € [4- 'T[]

To achieve our goal, divide the interval [0,7] into n
equal subintervals utilizing the standard grid points x; =
th,i=0,,..,5x,=0,x, =m and the step size h = i/5.
Using the RPS algorithm, a numerical comparison of the
obtained results with the exact solution at some selected grid
points and the 8"-RPS solution of fractional-order « = 1 are
shown in Table I. While Figure 1 allocates of 2D plots
associated with the 8-RPS solution for different values of a
with step size h = 0.01, and a € [0.85,1].

TABLE |: NUMERICAL RESULTS AND ABSOLUTE ERROR

8"-RPS solution for « = 1
X;
! Exact Approximation Absolute Error

i

5 0.271967952 0.2719679543 1.49519 x 10712
2

?n 0.476916995 0.4769169953 2.59801 x 1072
3

?n 0.476916995 0.4769169686 2.67096 x 1078
4

= 0.271967954 0.2719679543 5.04818 x 10713

Fig. 1. 2D plots of RPS-solutions for different values of a.



V. CONCLUSIONS

In this paper, we apply the fractional RPS method to solve a
system of fractional order BVPs associated with obstacle,
unilateral, and contact problems, and the approximate
solution is obtained with a high degree of accuracy. Our
method depends on minimizing the residual error, so we can
ensure the convergence of the approximate solution series to

the

exact solution. The numerical results show that the

present method is an accurate and reliable analytical
technique for such systems.
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