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Abstract

A new impulsive sequential multi-orders fractional di¤erential equation is studied. The existence and
uniqueness results are obtained for a nonlinear problem with fractional integral boundary conditions
applying standard �xed point theorems. An example for the illustration of the main result is given.

1 Introduction

Nowadays, fractional di¤erential equations have attracted a lot of attention due to its wide range of
applications in many practical problems such as in physics, engineering, economics, and so on; see [1�5].
Impulsive sequential di¤erential equations have extensively been studied in the past two decades. Indeed
impulsive di¤erential equations are used to describe the dynamics of processes in which sudden,
discontinuous jumps occur. Such processes are naturally seen in harvesting, earthquakes, diseases,
and so forth. Recently, fractional impulsive di¤erential equations have attracted the attention of many
researchers. For the general theory and applications of such equations we refer the interested reader
to see [6] and [7�18] and the references therein. Based on previous studies, in this topic we concentrate
on the existence results of solutions of the following problem:

(cD
�k
t+k
+ �cD

�k�1
t+k

)x(t) = f (t; x(t)) ; 1 < �k � 2; k = 0; 1; :::q; t 2 J 0; (1)

�x(tk) =  k(x(tk));�x
0(tk) =  �k(x(tk)); k = 1; :::; q;

x(0) =

qX
k=0

�kI
�k
t+k
x (�k) ; x

0(0) = 0:

where cD�k
t+k
is the Caputo fractional derivative of order �k 2 (1; 2] and I�kt+k

is fractional Riemann-Liouville

integral of order �k > 0; f 2 (J � R;R) ;  k;  �k 2 C (R� R) ; �k 2 R; � 2 R+; J = [0; T ] ; J 0 = Jn ft1; :::; tqg ;
0 = t0 < t1 < � � � < tk::: < tq < tq+1 = T; �x(tk) = x

�
t+k
�
� x

�
t�k
�
and �x0(tk) = x

0 �
t+k
�
� x0

�
t�k
�
: Here,

respectively, the right and the left limits of x(t) at t = t+k are represented by x(t
+
k ) and x(t

�
k ).

2 Basic materials

We introduce throughout this section preliminary facts that will be used in this paper. We �x J0 = [0; t1] ; Jk�1 =
(tk�1; tk]; and k = 1; 2; :::; q + 1 with tq+1 = T and de�ne the Banach space

PC(J) =
�
x : J ! R j x 2 C(J 0); and x(t+k ); x(t

�
k ) exist, and x(t

+
k ) = x(tk); 1 � k � q

	
;

with the norm kxkPC = sup fjx(t)j : t 2 Jg :

De�nition 1 The fractional integral of order � with the lower limit zero for a function f : [x;1) ! R is
de�ned as

I�x+f(t) =
1

�(�)

Z t

x

(t� s)��1f(s)ds; t > 0 ; � > 0;

provided the right side is point-wise de�ned on [x;1), where �(�) is the gamma function.

De�nition 2 The Caputo fractional derivative of order � > 0, of a function f : [x;1)! R can be written as

D�
x+f(t) =

1

�(n� �)

�
d

dt

�n Z t

x

(t� s)n���1f (s) ds; t > 0; n� 1 < � < n:

where n = [�] + 1(the notation [�] stands for the largest integer not greater than � ).
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Lemma 3 For a given h 2 PC [0; T ] a function x 2 PC (J;R) is a solution of the impulsive sequential fractional
di¤erential equation

(cD
�k
t+k
+ �cD

�k�1
t+k

)u(t) = h (t) ; 1 < �k � 2; k = 0; 1; 2; :::; q; t 2 J 0; (2)

�x(tk) =  k(x(tk));�x
0(tk) =  �k(x(tk)); k = 1; :::; q; (3)

with boundary condition

x(0) =

qX
k=0

�kI
�k
t+k
x (�k) ; x

0(0) = 0; (4)

if and only if

x (t) =

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

R t
0
e��(t�s)I

�0�1
0+ h(s)ds+ }; t 2 J0;R t

tk
e��(t�s)I

�k�1
t+k

h(s)ds

+
Pk
j=1 e

��(t�tj)
�R tj
tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds

� 1
�I
�j�1�1
t+j�1

h(tj)� 1
� 

�
j (x(tj))

�
+
Pk
j=1

�
1
�I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1
� 

�
j (x(tj))

�
+}; t 2 Jk; k = 1; :::; q;

(5)

where

} =

 
1�

qX
k=0

�k (�k � tk)
�k

� (�k + 1)

!�1

�
(

qX
k=0

�kI
�k
t+k

�Z �k

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(�k)

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds� 1

�
I
�j�1�1
t+j�1

h(tj)�
1

�
 �j (x(tj))

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

�
1

�
I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1

�
 �j (x(tj))

�9=; :

Proof. Assume that x is a solution of (1). For any t 2 J0; we have

x(t) =

Z t

0

e��(t�s)I
�0�1
0+ h(s)ds+ e��ta1 + a2; t 2 J0; (6)

where a1 and a2 2 R: Di¤erentiating the obtained linear equation (6) on J0; leads to

x0(t) = ��
Z t

0

e��(t�s)I
�0�1
0+ h(s)ds+ I

�0�1
0+ h(t)� �e��ta1: (7)

If t 2 J1; then

x(t) =

Z t

t1

e��(t�s)I
�1�1
t+1

h(s)ds+ e��(t�t1)b1 + b2; (8)

x0(t) = ��
Z t

t1

e��(t�s)I
�1�1
t+1

h(s)ds+ I
�1�1
t+1

h(t)� �e��(t�t1)b1;

for some b1; b2 2 R. Thus,

x
�
t�1
�
=

Z t1

0

e��(t1�s)I
�0�1
0+ h(s)ds+ e��t1a1 + a2; (9)

x0(t�1 ) = ��
Z t1

0

e��(t1�s)I
�0�1
0+ h(s)ds+ I

�0�1
0+ h(t1)� �e��t1a1;

x(t+1 ) = b1 + b2;

x0(t+1 ) = ��b1:
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Now, by the following impulsive conditions

�x(t1) = x(t+1 )� x(t�1 ) =  1(x(t1)); (10)

�x0(t1) = x0(t+1 )� x0(t�1 ) =  �1(x(t1));

we can get that

b1 =

Z t1

0

e��(t1�s)I
�0�1
0+ h(s)ds� 1

�
I
�0�1
0+ h(t1) + e

��t1a1 �
1

�
 �1(x(t1)); (11)

b2 =
1

�
I
�0�1
0+ h(t1) +  1(x(t1)) +

1

�
 �1(x(t1)) + a2:

Consequently,

x(t) =

Z t

t1

e��(t�s)I
�1�1
t+1

h(s)ds+ e��(t�t1)
�Z t1

0

e��(t1�s)I
�0�1
0+ h(s)ds

� 1
�
I
�0�1
0+ h(t1)�

1

�
 �1(x(t1))

�
+

�
1

�
I
�0�1
0+ h(t1)

+ 1(x(t1)) +
1

�
 �1(x(t1))

�
+ e��ta1 + a2; t 2 J1:

If t 2 J2; then

x(t) =

Z t

t2

e��(t�s)I
�2�1
t+2

h(s)ds+ e��(t�t2)c1 + c2; (12)

x0(t) = ��
Z t

t2

e��(t�s)I
�2�1
t+2

h(s)ds+ I
�1�1
t+2

h(t)� �e��(t�t2)c1;

for some c1; c2 2 R. Thus,

x(t�2 ) =

Z t2

t1

e��(t2�s)I
�1�1
t+1

h(s)ds+ e��(t2�t1)b1 + b2; (13)

x0(t�2 ) = ��
Z t2

t1

e��(t2�s)I
�1�1
t+1

h(s)ds+ I
�1�1
t+1

h(t2)� �e��(t2�t1)b1;

x(t+2 ) = c1 + c2;

x0(t+2 ) = ��c1:

Now, by the following impulsive conditions

�x(t2) = x(t+2 )� x(t�2 ) =  2(x(t2)); (14)

�x0(t2) = x0(t+2 )� x0(t�2 ) =  �2(x(t2));

we can get that

c1 =

Z t2

t1

e��(t2�s)I
�1�1
t+1

h(s)ds� 1

�
I
�1�1
t+1

h(t2) + e
��(t2�t1)b1 (15)

� 1

�
 �2(x(t2));

c2 =
1

�
I
�1�1
t+1

h(t2) +  2(x(t2)) +
1

�
 �2(x(t2)) + b2:
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Consequently,

x(t) =

Z t

t2

e��(t�s)I
�2�1
t+2

h(s)ds+ e��(t�t2) (16)

�
�Z t2

t1

e��(t2�s)I
�1�1
t+1

h(s)ds� 1

�
I
�1�1
t+1

h(t2)

� 1
�
 �2(x(t2))

�
+
1

�
I
�1�1
t+1

h(t2) +  2(x(t2))

+
1

�
 �2(x(t2)) + e

��(t�t1)b1 + b2

=

Z t

t2

e��(t�s)I
�2�1
t+2

h(s)ds+ e��(t�t2)�Z t2

t1

e��(t2�s)I
�1�1
t+1

h(s)ds� 1

�
I
�1�1
t+1

h(t2)

� 1
�
 �2(x(t2))

�
+
1

�
I
�1�1
t+1

h(t2) +  2(x(t2)) +
1

�
 �2(x(t2))

+ e��(t�t1)
�Z t1

0

e��(t1�s)I
�0�1
0+ h(s)ds� 1

�
I
�0�1
0+ h(t1)�

1

�
 �1(x(t1))

�
+
1

�
I
�0�1
0+ h(t1) +  1(x(t1)) +

1

�
 �1(x(t1)) + e

��ta1 + a2; t 2 J2:

Repeating the process in this way, we get

x(t) =

Z t

tk

e��(t�s)I
�k�1
t+k

h(s)ds (17)

+
kX
j=1

e��(t�tj)

�
"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds� 1

�
I
�j�1�1
t+j�1

h(tj)�
1

�
 �j (x(tj))

#

+

kX
j=1

�
1

�
I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1

�
 �j (x(tj))

�
+ e��ta1 + a2;

t 2 Jk; k = 1; 2; :::; q:

Taking (6), (7) and (17) to the boundary conditions,

x(0) =

qX
k=0

�kI
�k
t+k
x (�k) ; x

0(0) = 0;

implies a1 = 0: For t 2 Jk; we have

I�k
t+k
x(t) = I�k

t+k

�Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(t)

+
kX
j=1

I�k
t+k
e��(t�tj)

�
"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds� 1

�
I
�j�1�1
t+j�1

h(tj)�
1

�
 �j (x(tj))

#

+
kX
j=1

(t� tk)�k
� (�k + 1)

�
1

�
I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1

�
 �j (x(tj))

�

+
(t� tk)�k a2
� (�k + 1)

;
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qX
k=0

�kI
�k
t+k
x(�k) =

qX
k=0

�kI
�k
t+k

�Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(�k) (18)

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

�
"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds� 1

�
I
�j�1�1
t+j�1

h(tj)�
1

�
 �j (x(tj))

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

�
�
1

�
I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1

�
 �j (x(tj))

�
+

qX
k=0

:
�k (�k � tk)

�k a2
� (�k + 1)

:

and

a2 =

 
1�

qX
k=0

�k (�k � tk)
�k

� (�k + 1)

!�1
(19)

�
(

qX
k=0

�kI
�k
t+k

�Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(�k)

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

�
"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h(s)ds� 1

�
I
�j�1�1
t+j�1

h(tj)�
1

�
 �j (x(tj))

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

�
1

�
I
�j�1�1
t+j�1

h(tj) +  j(x(tj)) +
1

�
 �j (x(tj))

�9=; :

Substituting the value of aj (j = 1; 2) in (6) and (17), we obtain (5) . Conversely, assume that x is a solution
of the impulsive sequential fractional integral equation (5) ; then by a direct computation, it follows that the
solution given by (5) satis�es (4). This completes the proof.
We presented some estimations that used in the forthcoming theorems.

Theorem 4 For any h 2 PC ([0; T ] ;R) with khk = supt2[0;T ] jh (t)j ; we have
(i) ����I�kt+k

�Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(t)

���� � I�kt+k
����Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

���� (t)
� (�k � tk)

�k+�k�1

� (�k) � (�k)
khkPC :

(ii) ����Z t

tk

e��(t�s)I
�k�1
t+k

h (s) ds

���� � (t� tk)�k�1

�� (�k)

�
1� e��(t�tk)

�
khkPC ;

(iii) �����
Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h (s) ds

����� � (tj � tj�1)�j�1�1

��
�
�j�1

� �
1� e��(tj�tj�1)

�
khkPC ;

(iv) �����
Z tj

tj�1

(tj � s)�j�1�2

�
�
�j�1 � 1

� h (s) ds����� � (tj � tj�1)�j�1�1

�
�
�j�1

� khkPC ;
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(v) ����Z �k

tk

e��(�k�s)I
�k+�k�1
t+k

h (s) ds

���� � (�k � tk)
�k+�k�1

�� (�k + �k)

�
1� e��(�k�t

+
k )
�
khkPC

(vi) �����
Z �k

tk

e��(�k�s)
(�k � s)

�k�1

� (�k)
h (s) ds

����� � (�k � tk)
�k

� (�k + 1)
khkPC :

Proof. Obviously����I�kt+k
�Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

�
(�k)

���� � I�kt+k
����Z r

tk

e��(r�s)I
�k�1
t+k

h(s)ds

���� (�k) (i)

�
Z �k

tk

(�k � r)
�k�1

� (�k)

�
 �����
Z r

tk

e��(r�s)

 Z s

tk

(s� u)�k�2

� (�k � 1)
h (u) du

!
ds

�����
!
dr

� (�k � tk)
�k�1

� (�k)

 Z �k

tk

(�k � r)
�k�1

� (�k)
e��(�k�r)dr

!
khkPC

� (�k � tk)
�k�1

� (�k)

(�k � tk)
�k�1

� (�k)

�Z �k

tk

e��(�k�r)dr

�
khkPC

� (�k � tk)
�k+�k�1

� (�k) � (�k)
khkPC :

����Z t

tk

e��(t�s)I
�k�1
t+k

h (s) ds

���� =
�����
Z t

tk

e��(t�s)

 Z s

tk

(s� u)�k�2

� (�k � 1)
h (u) du

!
ds

����� (ii)

� (t� tk)�k�1

� (�k)

�Z t

tk

e��(t�s)ds

�
khkPC

� (t� tk)�k�1

�� (�k)

�
1� e��(t�tk)

�
khkPC ; h 2 PC (J;R) :�����

Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

h (s) ds

����� =
�����
Z tj

tj�1

e��(tj�s)

 Z s

tj�1

(s� u)�j�1�2

�
�
�j�1 � 1

� h (u) du! ds����� (iii)

� (tj � tj�1)�j�1�1

� (�k)

 Z tj

tj�1

e��(tj�s)ds

!
khkPC

� (tj � tj�1)�j�1�1

��
�
�j�1

� �
1� e��(tj�tj�1)

�
khkPC ; h 2 PC (J;R) :����I�j�1�1t+j�1

h(tj)

���� =
�����
Z tj

tj�1

(tj � s)�j�1�2

�
�
�j�1 � 1

� h (s) ds����� � (tj�j�1)�j�1�1

�
�
�j�1

� khkPC ; h 2 PC (J;R) : (iv)

����Z �k

tk

e��(�k�s)I
�k+�k�1
t+k

h (s) ds

���� =
�����
Z �k

tk

e��(�k�s)

 Z s

tk

(s� u)�k+�k�2

� (�k + �k � 1)
h (u) du

!
ds

����� (v)

� (�k � tk)
�k+�k�1

� (�k + �k)

�Z �k

tk

e��(�k�s)ds

�
khkPC

� (�k � tk)
�k+�k�1

�� (�k + �k)

�
1� e��(�k�tk)

�
kxkPC ; h 2 PC (J;R) :

���I�k
t+k
e��(�k�tj)

��� = �����
Z �k

tk

e��(�k�s)
(�k � s)

�k�1

� (�k)
h (s) ds

����� (vi)

� (�k � tk)
�k

� (�k + 1)
khkPC ; h 2 PC (J;R) :

The proofs is completed.

6



3 Main results

This section deals with the existence and uniqueness of solutions for the problem (1). Before stating and proving
the main results, we introduce the following hypotheses.

(H1) there exist a nonnegative function a(t) 2 L (0; T ) such that

jf(t; x)j � a(t) + � jxj� ; � > 0;

where �are nonnegative constant.

(H2) there exists a constants L and L � such that

j k(x)j � L ; j �k(x)j � L � ; t 2 J; x 2 R; k = 1; 2; ::; q:

(H3) the function f : J � R! R is jointly continuous

(H4) there exists a constant Lf > 0 such that

jf (t; x)� f (t; y)j � Lf jx� yj ; t 2 J; x; y 2 R:

(H5) there exist a positive constants L ; L � such that j k(x)�  k(y)j � L jx� yj ; j �k(x)�  �k(y)j �
L � jx� yj :
De�ne an operator F : PC (J)! PC (J) by

Fx (t) =
Z t

tk

e��(t�s)I
�k�1
t+k

f(s; x (s))ds (20)

+

kX
j=1

e��(t�tj) �
"Z tj

tj�1

e��(ti�s)I
�j�1�1
t+j�1

f(s; x (s))ds

� 1
�
I
�j�1�1
t+j�1

f(tj ; x (tj))�
1

�
 �j (x(tj))

�
+

kX
j=1

�
1

�
I
�j�1�1
t+j�1

f(tj ; x (tj)) +  j(x(tj)) +
1

�
 �j (x(tj))

�

+

 
1�

qX
k=0

�k (�k � tk)
�k

� (�k + 1)

!�1

�
(

qX
k=0

�kI
�k
t+k

Z �k

tk

e��(�k�s)I
�k�1
t+k

f(s; x (s))ds

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

f(s; x (s))ds

� 1
�
I
�j�1�1
t+j�1

f(tj ; x (tj))�
1

�
 �j (x(tj))

�

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

�
1

�
I
�j�1�1
t+j�1

f(tj ; x (tj)) +  j(x(tj)) +
1

�
 �j (x(tj))

�9=; ;

For convenience, we will give some notations:

� =

�����1�
qX

k=0

�k (�k � tk)
�k

� (�k + 1)

�����
�1

;

�1 =

q+1X
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

� ;�2 =

qX
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

� �3 =

qX
k=0

�k (�k � tk)
�k+�k�1

� (�k) � (�k)
;

�4 =

qX
k=0

�k (�k � tk)
�k (tj � tj�1)�j�1�1

�� (�k + 1)�
�
�j�1

� ;�5 =

qX
k=0

�k (�k � tk)
�k

� (�k + 1)
;
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� (u) = 	 kuk+ (1 +��5) qL +
�
T

�
+
1

�
+

�
1

�
+
1

�

�
��5

�
qL � :

Theorem 5 Suppose that (H3), (H4) and (H5) hold. If

LF < 1 (21)

then the equation (1) has a unique solution on J .

Proof. Show that F : PC (J)! PC (J) is a completely continuous operator

jFx (t)j �
Z t

tk

e��(t�s)I
�k�1
t+k

jf(s; x (s))j ds

+
kX
j=1

e��(t�tj)

"Z tj

tj�1

e��(ti�s)I
�j�1�1
t+j�1

jf(s; x (s))j ds

+

���� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))j+
���� 1�
���� �� �j (x(tj))���

+
kX
j=1

����� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))j+
�� j(x(tj))��+ ���� 1�

���� �� �j (x(tj))���

+

�����1�
qX

k=0

�k (�k � tk)
�k

� (�k + 1)

�����
�1

�

8<:
qX

k=0

�kI
�k
t+k

Z �k

tk

e��(�k�s)I
�k�1
t+k

jf(s; x (s))j ds+
qX

k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

�
"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

jf(s; x (s))j ds+
���� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))j+
���� 1�
���� �� �j (x(tj))��

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

����� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))j+
�� j(x(tj))��+ ���� 1�

���� �� �j (x(tj))���
9=; ;

jFx (t)j � Lf
(t� tk)�k�1

�� (�k)

+
kX
j=1

e��(t�tj)

"
Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + L �
1

�

#

+
kX
j=1

"
Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + L + L �
1

�

#
+�

(
Lf

qX
k=0

�k (�k � tk)
�k+�k�1

� (�k) � (�k)
:

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

"
Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + L �
1

�

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

"
Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� + L + L �
1

�

#9=; ;
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jFx (t)j � Lf
(t� tk)�k�1

�� (�k)
+ Lf

kX
j=1

e��(t�tj)
(tj � tj�1)�j�1�1

��
�
�j�1

�
+ Lf

kX
j=1

e��(t�tj)
(tj � tj�1)�j�1�1

��
�
�j�1

� +
1

�

kX
j=1

e��(t�tj)L �

+ Lf

kX
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

� +
kX
j=1

L +
1

�

kX
j=1

L �

+�

(
Lf

qX
k=0

�k (�k � tk)
�k+�k�1

� (�k) � (�k)
:

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

"
(tj � tj�1)�j�1�1

��
�
�j�1

� Lf + Lf
(tj � tj�1)�j�1�1

��
�
�j�1

� +
1

�

�k (�k � tk)
�k

� (�k + 1)
L �

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

"
(tj � tj�1)�j�1�1

��
�
�j�1

� Lf + L +
1

�
L �

#9=; ;

jFx (t)j � Lf

q+1X
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

� + TLf

qX
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

� + TLf

qX
j=1

(tj � tj�1)�j�1�1

��
�
�j�1

�
+
qT

�
L � + qL +

q

�
L � +�

(
Lf

qX
k=0

�k (�k � tk)
�k+�k�1

� (�k) � (�k)
:

+ Lf

qX
k=0

kX
j=1

�k (�k � tk)
�k (tj � tj�1)�j�1�1

�� (�k + 1)�
�
�j�1

� + Lf

qX
k=0

kX
j=1

�k (�k � tk)
�k (tj � tj�1)�j�1�1

�� (�k + 1)�
�
�j�1

�
+
1

�

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)
L � + Lf

qX
k=0

kX
j=1

�k (�k � tk)
�k (tj � tj�1)�j�1�1

�� (�k + 1)�
�
�j�1

�
+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)
L +

1

�

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)
L �

9=; ;

� Lf f(1 + q) �1 + qT�2 + qT�2g+
qT

�
L � + qL +

q

�
L �

+�
n
Lf�3 + qLf�4 + qLf�4 +

q

�
�5L � + qLf�4 + q�5L +

q

�
�5L �

o
;

� Lf f((1 + q) �1 + 2qT�2) + � (�3 + 3q�4)g

+ (1 +��5) qL +

�
T

�
+
1

�
+

�
1

�
+
1

�

�
��5

�
qL �

which implies

jFx (t)j � 	Lf + (1 +��5) qL +
�
T

�
+
1

�
+

�
1

�
+
1

�

�
��5

�
qL � :

which implies that Fx 2 B: Thus FB � B. On the other hand, for any t 2 Jk; 0 � k � q; we have

��(Fx)0 (t)�� � �

Z t

tk

e��(t�s)I
�k�1
t+k

jf(s; x (s))j ds+
Z t

tk

(t� s)�k�2

� (�k � 1)
jf(s; x (s))j ds

+
kX
j=1

"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

jf(s; x (s))j ds

+
1

�

Z tj

tj�1

(tj � s)�j�1�2

�
�
�j�1 � 1

� jf(s; x (s))j ds+ ���� 1� �j (x(tj))
����
#
;
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� �Lf

Z t

tk

e��(t�s)I
�k�1
t+k

ds+ Lf

Z t

tk

(t� s)�k�2

� (�k � 1)
ds

+

qX
j=1

"
Lf

Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

ds+ Lf
1

�

Z tj

tj�1

(tj � s)�j�1�2

�
�
�j�1 � 1

� ds+ 1

�
L �

#
;

� Lf

"
(t� tk)�k�1

� (�k)

��
1� e��(t�tk)

�
+ 1
�#

+
q

�

"
Lf

"
(tj � tj�1)�j�1�1

� (�k)

��
1� e��(tj�tj�1)

�
+ 1
�#
+ L �

#
= L:

Hence, for �1; �2 2 Jk with �1 � �2 and 0 � k � q; we have

j(Fx) (�2)� (Fx) (�1)j �
Z �2

�1

��(Fx)0 (s)�� ds � L (�2 � �1) :
This implies that Fx is equicontinuous on all Jk; k = 0; 1; :::; q: Consequently, Arzela-Ascoli theorem ensures the
operator F : PC (J;R)! PC (J;R) is a completely continuous operator. Next show that the operator F maps

B into B: For that, let us choose R � max
n
2�; (2L�)

1
1��
o
and de�ne a ball B = fx 2 PC (J;R) : kxk � Rg :

For any x 2 B; by the conditions (H1) and (H2) ; we have

jFx (t)j �
Z t

tk

e��(t�s)I
�k�1
tk

[a(s) + � jx (s)j�] ds

+

kX
j=1

e��(t�tj)

"Z tj

tj�1

e��(tj�s)I
�j�1�1
tj�1 [a(s) + � jx (s)j�] ds

+

���� 1�
���� I�j�1�1t+j�1

[a(tj) + � jx (tj)j�] +
���� 1�
���� �� �j (x(tj))���

+
kX
j=1

����� 1�
���� I�j�1�1t+j�1

[a(tj) + � jx (tj)j�] +
�� j(x(tj))��+ ���� 1�

���� �� �j (x(tj))���

+

�����1�
qX

k=0

�k (�k � tk)
�k

� (�k + 1)

�����
�1

�
(

qX
k=0

�kI
�k
tk

Z �k

tk

e��(�k�s)I
�k�1
tk

[a(s) + � jx (s)j�] ds

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

"Z tj

tj�1

e��(tj�s)I
�j�1�1
t+j�1

[a(s) + � jx (s)j�] ds

+

���� 1�
���� I�j�1�1t+j�1

[a(tj) + � jx (tj)j�] +
���� 1�
���� �� �j (x(tj))���

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

����� 1�
���� I�j�1�1t+j�1

[a(tj) + � jx (tj)j�] +
�� j(x(tj))��+ ���� 1�

���� �� �j (x(tj))���
9=; ;
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jFx (t)j � [kak+ � kxk�] (t� tk)
�k�1

�� (�k)
+

kX
j=1

e��(t�tj)

�
"
[kak+ � kxk�] (tj � tj�1)

�j�1�1

��
�
�j�1

� + [kak+ � kxk�] (tj � tj�1)
�j�1�1

��
�
�j�1

� +
1

�
L �

#

+
kX
j=1

"
[kak+ � kxk�] (tj � tj�1)

�j�1�1

��
�
�j�1

� + L +
1

�
L �

#

+�

8<:[kak+ � kxk�]
qX

k=0

�k (�k � tk)
�k+�k�1

� (�k) � (�k)
+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

�
"
[kak+ � kxk�] (tj � tj�1)

�j�1�1

��
�
�j�1

� + [kak+ � kxk�] (tj � tj�1)
�j�1�1

��
�
�j�1

� +
1

�
L �

#

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

"
[kak+ � kxk�] (tj � tj�1)

�j�1�1

��
�
�j�1

� + L +
1

�
L �

#9=; ;

� 	 kak+ (1 +��5) qL +
�
T

�
+
1

�
+

�
1

�
+
1

�

�
��5

�
qL �

+ :	� kxk� :

� � (a) + 	� kxk� :

Thus,

jFx (t)j � � (a) + 	� kxk� � R

2
+
R

2
= R:

This implies F : B ! B: Hence, we conclude that F : B ! B is completely continuous. it is follows from the
Schauder �xed point theorem that the operator F has at least one �xed point. That is problem (1) has at least
one solution in B:

Theorem 6 Assume that there exist a nonnegative function W 2 C (J;R+))and nonnegative constants M;Z
such that

jf (t; x)� f (t; y)j �W (t) jx� yj ; t 2 J; x; y 2 R;

j k(x)�  k(y)j �M jx� yj ; j �k(x)�  �k(y)j � Z jx� yj ;

for t 2 J; x; y 2 R and k = 1; 2; ::; q. furthermore, the assumption � (W ) < 1 holds. then the equation (1) has
a unique solution on J .
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Proof. For x; y 2 B and for each t 2 J , we have

j(Fx) (t)� (Fy) (t)j �
Z t

tk

e��(t�s)I
�k�1
tk

jf(s; x (s))� f(s; y (s))j ds

+
kX
j=1

e��(t�tj)

"Z tj

tj�1

e��(tj�s)I
�j�1�1
tj�1 jf(s; x (s))� f(s; y (s))j ds

+

���� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))� f(tj ; y (tj))j+
���� 1�
���� �� �j (x(tj))�  �j (y(tj))���

+
kX
j=1

����� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))� f(tj ; y (tj))j+
�� j(x(tj))�  j(y(tj))��

+

���� 1�
���� �� �j (x(tj))�  �j (y(tj))���

+

�����1�
qX

k=0

�k (�k � tk)
�k

� (�k + 1)

�����
�1( qX

k=0

�kI
�k
tk

Z �k

tk

e��(�k�s)I
�k�1
tk

jf(s; x (s))� f(s; y (s))j ds

+

qX
k=0

kX
j=1

�kI
�k
t+k
e��(�k�tj)

"Z tj

tj�1

e��(tj�s)I
�j�1�1
tj�1 jf(s; x (s))� f(s; y (s))j ds

+

���� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))� f(tj ; y (tj))j+
���� 1�
���� �� �j (x(tj))�  �j (y(tj))���

+

qX
k=0

kX
j=1

�k (�k � tk)
�k

� (�k + 1)

����� 1�
���� I�j�1�1t+j�1

jf(tj ; x (tj))� f(tj ; y (tj))j

+
�� j(x(tj))�  j(y(tj))��+ ���� 1�

���� �� �j (x(tj))�  �j (y(tj))���� ;
�
�
	 kWk+ (1 +��5) qL +

�
T

�
+
1

�
+

�
1

�
+
1

�

�
��5

�
qL �

�
kx� yk :

= � (W ) kx� yk :
As � (W ) � 1; we have j(Fx) (t)� (Fy) (t)j < kx� yk : Therefore, F is a contraction mapping on PC(J;R) due
to condition (21). By applying the well-known Banach�s contraction mapping we see that the operator F has a
unique �xed point on PC(J;R) . Therefore, the problem (1) has a unique solution. This completes the proof.

Example 7 consider the impulsive sequential fractional deferential equation

(cD
�k
t+k
+ �cD

�k�1
t+k

)x(t) =
et sin

h
3x (t) + e(

1
2 )x(t)

i
2 + x4 (t)

+
cos (2t+ 5)p
3 + x2 (t)

jx (t)j� ; 0 < t � 1; t 6= 3

4
; k = 0; 1; :::q;

(22)

�x(
3

4
) = 11 sin2 x

�
1

4

�
;�x0(

3

4
) =

��x � 34���
2
�
1 +

��x � 34���� ;
x(0) =

1X
k=0

�kI
�k
t+k
x (�k) +

1

2
; x0(0) = 0:

t 2 [0; 1]; let �0 = 5
4 ; �1 = 1; � =

8
5 ; �0 =

1
2 ; �1 =

5
3 ; ; �0 =

2
5 ; �1 =

3
7 ; �1 =

1
2 ; �2 =

4
5 : Observe that

j(t; x; y)j =

������
et sin

h
3x (t) + e(

1
2 )x(t)

i
2 + x4 (t)

+
cos (2t+ 5)p
3 + x2 (t)

jx (t)j�
������

� et

2
+

1p
3
jxj�

12



.

Clearly, a (t) = et

2 ; � =
1p
3
; L = 11; L � =

1
2 ; and the conditions of Theorem 4 hold. Thus, by Theorem,

the impulsive sequential multi-orders fractional boundary value problem (22) has at least one solution.
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