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Abstract

This paper introduced the calculus of mappings on finite product of spaces, allowing different degrees
of differentiability in the different factors. This enables us to prove an important feature in the infinite-
dimensional Lie theory, the exponential law in generalized setting for locally convex spaces and for
manifolds modelled on locally convex spaces.
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1. Introduction and statement of results

The object of this paper is to introduce and study the differential calculus of mappings on
finite product of locally convex spaces (resp. manifolds modelled on locally convex spaces)
called (Cα-maps), where calculus in each folds is based on differentiability in the sense of
Michal and Bastiani (Cr -maps), also known as Keller’s Cr

c -maps (see [3,9,16,17,19,20]; cf. [4];
see [14,22] for maps on suitable non-open domains).

For all i ∈ {1, . . . , n}. Let Ei and F be locally convex spaces, Ui be an open subset of Ei
and αi ∈ N0 ∪ {∞} such that α := (α1, . . . , αn). Suppose that D̆wi is the directional derivative
in the i th component, we say that a map f : U1 × · · · × Un → F is Cα if the directional
derivative

(D̆w1 · · · D̆wn f )(x)

exists and is continuous function on U1×· · ·×Un×Eβ1
1 ×· · ·×Eβn

n such that βi ∈ N0, βi ≤ αi
(see Definition 3.1 for details). To establish context for compact sets and manifolds with
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boundary, we consider Cα-maps on non-open locally convex domains (see Definition 3.2). We
topologize the spaces of Cα-mapping with the compact-open Cα-topology (see Definitions 3.18
and 4.2) that is analogous to the compact-open Cr -topology (as recalled in Definition 2.6).

In order to provide a scheme for handling a variety of problems in infinite dimensional
analysis and geometry arising more from a sort of mapping on finite product of locally convex
spaces or on finite product of mapping spaces than from product of two spaces, this paper
generalizes the main result of [2] which introduced the differential calculus of mappings on
products of two locally convex spaces. We shall be concerned with the Schwarz theorem, the
chain rule, and also the key attribute of Cα-theory, the exponential law (Theorem 3.22) which
is utilizable tool in infinite dimensional Lie theory. For instance, establishing regularity in
Milnor’s sense for some classes of Lie groups. The following are some sample of applications:

(a) Cα-Theory used in [15] to show that the group of all smooth diffeomorphisms of compact
convex subset with non-empty interior of Rn is a C0-regular infinite dimensional Lie
group and also for the results concerning solutions to ordinary differential equations on
compact convex sets.

(b) In [1], it used to construct Lie group structure on mapping spaces of the form Ck(M, K ),
where M is a non-compact smooth manifold and K is a Lie group.

Recall that a Hausdorff topological space X is called a k-space if a subset of X is closed
whenever its intersection with every compact subset of X is closed (see [18] and [21]). For
example, locally compact spaces, topological manifolds, first-countable spaces and metrizable
topological spaces are k-space. The main result of Section 3 (Theorems 3.20 and 3.22) is the
following exponential law.

Theorem A. For all i ∈ {1, . . . , n}, let Ei and F be locally convex spaces, Ui ⊆ Ei

be a locally convex subset with dense interior, αi ∈ N0 ∪ {∞}. For j ∈ {2, . . . , n} define
U := U1 × · · · × U j−1, V := U j × · · · × Un, γ := (α1, . . . , α j−1) and η := (α j , . . . , αn).
If f : U × V → F is C (γ,η). Then g∨ : U → Cη(V, F), x ↦→ γ (x, •) is Cγ for each
g ∈ C (γ,η)(U × V, F), and the map

Φ : C (γ,η)(U × V, F)→ Cγ (U,Cη(V, F)), g ↦→ g∨ (1.1)

is a linear topological embedding. Let X i := {0} if αi = 0, otherwise X i := Ei . If
U × V × X1× X2× · · · × Xn is a k-space or V is locally compact, then Φ is an isomorphism
of topological vector spaces.

See [12] for finite-dimensional vector spaces over a complete ultrametric field. The preced-
ing exponential law (1.1) could also be extended to a finite product of locally convex manifolds
(possibly with boundary, corners or rough boundary). To make this more explicit we remind the
reader (as in [14] and [19]) that an ordinary manifold (without boundary) modelled on a locally
convex space E is a Hausdorff topological space M with an atlas of smoothly compatible
homeomorphisms φ : Uφ → Vφ from open subsets Uφ of M onto open subsets Vφ ⊆ E . If
each Vφ is locally convex subsets with dense interior, M is a manifold with rough boundary.
If each Vφ is a relatively open subset of λ−1

1 ([0,∞[) ∩ · · · ∩ λ−1
n ([0,∞[), for suitable n ∈ N

and linearly independent λ1, . . . , λn ∈ E ′ (the space of continuous linear functional on E),
then M is a manifold with corners. In the case of a manifold with smooth boundary, each
Vφ is relatively open in a closed hyperplane λ−1([0,∞[), where λ ∈ E ′. The main results of
Section 4 is the following exponential law (Theorem 4.4).
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Theorem B. For all i ∈ {1, . . . , n}, let Mi be a smooth manifold (possibly with rough bound-
ary) modelled on locally convex space Ei . Let F be a locally convex space and αi ∈ N0∪{∞}.
For j ∈ {2, . . . , n} define M := M1× · · · ×M j−1, N := M j × · · · ×Mn, γ := (α1, . . . , α j−1)
and η := (α j , . . . , αn). Then g∨ ∈ Cγ (M,Cη(N , F)) for all g ∈ C (γ,η)(M × N , F), and the
map

Φ : C (γ,η)(M × N , F)→ Cγ (M,Cη(N , F)), g ↦→ g∨ (1.2)

is a linear topological embedding. If Ei is metrizable for all i ∈ {1, . . . , n}, then Φ is an
isomorphism of topological vector spaces.

Along the same lines one can also show that Theorem B holds in the following situations:
1. M j , . . . ,Mn are finite-dimensional manifolds with smooth boundary, with corners or

without boundary (then N is a locally compact).
2. M1, . . . ,Mn are manifolds with smooth boundary, with corners or without boundary and

E1 × · · · × En × X1 × · · · × Xn is a k-space.
3. M1, . . . ,Mn are manifolds with smooth boundary, with corners or without boundary and

Ei and X i are hemicompact k-spaces (recall that a space X is called hemicompact or
kω-space if there exists a sequence of compact sets {An : n ∈ N} in X such that for
any compact subset A of X , A ⊆ An holds for some n (see [8], cf. [13] for locally
kω-spaces)).

Note that Cα-maps U1 × · · · × Un → F can be defined just as well if Ui is a Hausdorff
topological space, for all i ∈ {1, . . . , n} with αi = 0. In such case, all results hold with obvious
modification. Also, we obtain analogous results if F is a complex locally convex space and Ei
is a locally convex space over Ki ∈ {R,C}, and all directional derivatives in the i th variable
are considered as derivatives over the ground field Ki . The corresponding maps could be called
Cα
K1,...,Kn

-maps.
The proofs of Theorems A, B and 3.22 (and Proposition 2.4) are modelled after the

arguments of chapters (3 and 4) of [1], published as part of [2], with non-trivial modifications.

2. Preliminaries

The letter K always stands for R or C. All vector spaces will be K-vector spaces and all
linear maps will be K-linear, unless the contrary is stated. We write N := {1, 2, 3, . . .} and
N0 := {0, 1, 2, . . .}.

Definition 2.1. Let E1, E2 and F be locally convex spaces, U and V open subsets of
E1 and E2 respectively, r, s ∈ N0 ∪ {∞} and i, j ∈ N0 such that i ≤ r, j ≤ s. For all
x ∈ U, y ∈ V, w1, . . . , wi ∈ E1, v1, . . . , v j ∈ E2, we say that

1. A mapping f : U → F is called a Cr ,1 if the iterated directional derivatives

d (i) f (x, w1, . . . , wi ) := (Dwi Dwi−1 · · · Dw1 f )(x)

exist and define continuous maps d (i) f : U × E i
1 → F . If f is C∞ it is also called

smooth. We abbreviate d f := d (1) f .
2. A mapping f : U × V → F is a C (r,s)-map, if the iterated directional derivative

d (i, j) f (x, y, w1, . . . , wi , v1, . . . , v j )
:= (D(wi ,0) · · · D(w1,0) D(0,v j ) · · · D(0,v1) f )(x, y)

exists and d (i, j) f : U × V × E i
1 × E j

2 → F , is a continuous map.

1 For the theory of Cr -maps, the reader is referred to [9,14,16,19,20] (cf. also [4])



H. Alzaareer / Indagationes Mathematicae 30 (2019) 1036–1060 1039

Definition 2.2 (Differentials on Non-open Domains).
1. The set U ⊆ E1 is called locally convex if every x ∈ U has a convex neighbourhood W

in U .
2. Let U ⊆ E1 be a locally convex subset with dense interior. A mapping f : U → F is

called Cr if f |U◦ : U ◦ → F is Cr and each of the maps d (i)( f |U◦ ) : U ◦ × E i
1 → F

admits a (unique) continuous extension d (i) f : U × E i
1 → F . If U ⊆ R and f is C1, we

obtain a continuous map f ′ : U → E1, f ′(x) := d f (x)(1).
In particular if f is of class Cr , we define recursively

f (i)(x) = ( f (i−1))′(x)

for i ∈ N0, such that i ≤ r where f (0)
:= f .

3. Let U ⊆ E1, V ⊆ E2 be locally convex subsets with dense interior. A mapping
f : U × V → F is a C (r,s)-map, if f |U0×V 0 : U 0

× V 0
→ F is C (r,s)-map and for

all i, j ∈ N0 such that i ≤ r, j ≤ s, the map d (i, j)( f |U0×V 0 ) : U 0
× V 0

× E i
1 × E j

2 → F
extends to a continuous map d (i, j) f : U × V × E i

1 × E j
2 → F .

Remark 2.3 ([9]). If E1, E2 and F are locally convex topological spaces, U ⊆ E1 and V ⊆ E2

open subsets and the map f : U × V → F is continuous, then f is C1 if and only if the
directional derivatives d (1,0) f (x, y; h1) := D(h1,0) f (x, y) and d (0,1) f (x, y; h2) := D(0,h2) f (x, y)
exist for all x ∈ U , y ∈ V , h1 ∈ E1 and h2 ∈ E2, and define continuous functions
d (1,0) f (x, y; h1) : U × V × E1 → F and d (0,1) f (x, y; h2) : U × V × E2 → F . In this
case,

d f ((x, y), (h1, h2)) = d (1,0) f (x, y, h1)+ d (0,1) f (x, y, h2) (2.0.1)

for all (x, y) ∈ U × V and (h1, h2) ∈ E1 × E2.

More generally, using the method of the proof of Rule on Partial Differentials as in [14],
one obtains the following proposition.

Proposition 2.4 (Rule on Partial Differentials). Let E1, . . . , En and F be locally convex spaces,
Ui be a locally convex subset with dense interior of Ei for all i ∈ {1, . . . , n}, U := U1×· · ·×Un

and f : U1×· · ·×Un → F be a continuous map. Assume that there exist continuous functions
di f : U1 × · · · × Un × Ei → F such that D(wi )∗ f (x1, . . . , xn) exists and coincides with
di f (x1, . . . , xn, wi ) for all i ∈ {1, . . . , n} and for all (x1, . . . , xn) ∈ U 0, wi ∈ Ei and the
corresponding element (wi )∗ ∈ ({0})i−1

× Ei × ({0})n−i
⊆ E1 × · · · × En . Then f is C1 and

d f ((x1, . . . , xn), (w1, . . . , wn)) =
n∑

i=1

di f (x1, . . . , xn, wi ). (2.0.2)

Proof. It is obvious that di f exists for all i ∈ {1, . . . , n} if f is C1. Conversely, assume
that di f exists for all i ∈ {1, . . . , n}. If we can show that f |U0 is C1 and (2.0.2) holds
for f |U0 , then the right hand side of (2.0.2) provides a continuous extension of d( f |U0 ) to
U1× · · ·×Un × (E1× · · ·× En), whence f is C1 and (2.0.2) holds. We may therefore assume
that U1×· · ·×Un is open in E1×· · ·×En . Given (x1, . . . , xn) ∈ U1×· · ·×Un and wi ∈ Ei for
all i ∈ {1, . . . , n}, there exists ϵ > 0 such that (x1, . . . , xn)+Dϵw1×· · ·×Dϵwn ⊆ U1×· · ·×Un ,
where Dϵ := {z ∈ K : |z| ≤ ϵ}. Then (x1, . . . , xn)+ [0, 1]tw1×· · ·× [0, 1]twn ⊆ U1×· · ·×Un

for each 0 ̸= t ∈ Dϵ . By the Mean Value Theorem (see [14]), we obtain
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1
t

( f ((x1, . . . , xn)+ t(w1, . . . , wn))− f (x1, . . . , xn))

=

n∑
j=1

1
t

f (x1 + tw1, . . . , x j + tw j , x j+1, . . . , xn)

−

n∑
j=2

1
t

f (x1 + tw1, . . . , x j−1 + tw j−1, x j , . . . , xn)−
1
t

f (x1 . . . , xn)

=

n∑
j=1

∫ 1

0
d j f (x1 + tw1, . . . , x j−1 + tw j−1, x j + σ tw j , x j+1, . . . , xn, w j ) dσ. (2.0.3)

Note that the integrals in (2.0.3) make sense also for t = 0 (the integrands are then constants),
and hence define mappings I1, . . . , In : Dϵ → F . The map Dϵ×[0, 1]→ F, (t, σ ) ↦→ di f (x1+

tw1, . . . , xi + σ twi , xi+1, . . . , xn, wi ) being continuous for all i ∈ {1, . . . , n}, the parameter-
dependent integral Ii is continuous (see [14]). Hence the right hand side of (2.0.3) converges
as t → 0, with limit I1(0) + · · · + I2(0) = d1 f (x1, . . . , xn, w1) + · · · + dn f (x1, . . . , xn, wn).
Hence d f exists and is given by the right-hand side of (2.0.2) and hence continuous, whence
f is C1. □

Remark 2.5. We shall use the following fundamental facts of Cr -maps.
1. d (i) f (x, •) : E i

→ F is symmetric i-linear, for each i as in Definition 2.2.
2. f : E ⊇ U → F is Cr+1 if and only if f is C1 and d f : U × E → F is Cr .
3. The compositions of Cr -maps are Cr -maps.
4. The parameter-dependent integrals Theorem for continuous and differentiable maps (as

recorded in [5, Prop. 3.5]).

Definition 2.6. Let E, F be locally convex topological vector spaces and U ⊆ E a locally
convex subset, r ∈ N0∪{∞}. We endow the space of continuous maps from U to F denoted by
C(U, F) with the compact open topology. Furthermore we topologize the space of Cr -maps
from U to F denoted by Cr (U, F) with the compact open Cr -topology, that is the unique
topology turning

(d (i)(•))N0∋i≤r : Cr (U, F)→
∏

0≤i≤r

C(U × E i , F), f ↦→ (d (i) f )

into a topological embedding (the initial topology with respect to the family of mappings
(d (i)(•))N∋i≤r ).

3. Cα-mappings

Definition 3.1. Let E1, . . ., En and F be locally convex spaces, Ui be an open subset of
Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) such that αi ∈ N0 ∪ {∞}. A mapping
f : U1 × · · · × Un → F is called a Cα-map, if for all βi ∈ N0 such that βi ≤ αi and
β := (β1, . . . , βn) the iterated directional derivative

dβ f (x, w1, . . . , wn) := (D̆w1 · · · D̆wn f )(x)

where (D̆wi f )(x) := (D(wi )∗βi
· · · D(wi )∗1

f )(x), exists for all x := (x1, . . . , xn) where xi ∈

Ui , wi := ((wi )1, . . . , (wi )βi ) such that (wi )1, . . . , (wi )βi ∈ Ei ,
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(wi )∗1, . . . , (wi )∗βi
∈ ({0})i−1

× Ei × ({0})n−i
⊆ E1 × · · · × En and

dβ f : U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n −→ F,

(x, w1, . . . , wn) ↦−→ (D̆w1 · · · D̆wn f )(x)

is continuous.

More generally, the following definition allows us to speak about Cα-maps on compact
intervals.

Definition 3.2. Let E1, . . . , En and F be locally convex spaces, Ui be a locally convex subset
with dense interior of Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) such that αi ∈ N0 ∪{∞},
then we say that f : U1× · · · ×Un → F is a Cα-map, if f |U0

1×···×U0
n
: U 0

1 × · · · ×U 0
n → F is

a Cα-map and for all βi ∈ N0 such that βi ≤ αi and β := (β1, . . . , βn), the map

dβ( f |U0
1×···×U0

n
) : U 0

1 × · · · ×U 0
n × Eβ1

1 × · · · × Eβn
n −→ F

admits a continuous extension

dβ f : U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n −→ F.

The following lemma provides an alternative formulation of Definitions 3.1 and 3.2.

Lemma 3.3. For all i ∈ {1, . . . , n}. Let Ei and F be locally convex spaces, Ui ⊆ Ei be
a locally convex subset with dense interior, αi ∈ N0 ∪ {∞}. For j ∈ N, 2 ≤ j ≤ n, let
x := (x1, . . . , x j−1) ∈ U := U1 × · · · × U j−1, y := (x j , . . . , xn) ∈ V := U j × · · · × Un, γ :=

(α1, . . . , α j−1) and η := (α j , . . . , αn). Fix i ∈ {1, . . . , n}, then f : U1 × · · · × Un → F is a
C (γ,η)-map if and only if f has the following Properties:

1. For all x ∈ U, the map fx := f (x, •) : V → F, y ↦→ fx (y) := f (x1, . . . , xn) is Cη.
2. For all y ∈ V and wi := ((wi )1, . . . , (wi )βi ) ∈ Eβi

i , the map U → F, x ↦→
d (β j ,...,βn ) fx (y, w j , . . . , wn) is Cγ , where βi ∈ N0, βi ≤ αi .

3. For β := (β1, . . . , βn), the map dβ f : U1 × · · · × Un × Eβ1
1 × · · · × Eβn

n → F,
(x, y, w1, . . . , wn) ↦→

d (β1,...,β j−1)(d (β j ,...,βn ) f•(y, w j , . . . , wn))(x, w1, . . . , w j−1),

is continuous.

Proof. Step 1. If Ui ⊆ Ei is an open subset for all i ∈ {1, . . . , n} then the equivalence follows
by the definition of the C (γ,η)-map.

The general case. Assume that f is a C (γ,η)-map.
Step 2. For all k ∈ { j, . . . , n}, vk := ((vk)1, . . . , (vk)βk ) ∈ Eβk

k with corresponding elements
(vk)∗1, . . . , (vk)∗βk

∈ ({0})k− j
× Ek × ({0})n−k

⊆ E j+1 × · · · × En and for all x ∈ U 0
:=

U 0
1 × · · · ×U 0

j−1, then

(D̆wn · · · D̆w j ) f (x, y) = D(vn )∗βn
· · · D(v j )∗1

fx (y)

exists for all y ∈ V 0
:= U 0

j × · · · ×U 0
n , with continuous extension

(y, v j , v j+1, . . . , vn) ↦→ d (0,...,0,β j ,...,βn ) f (x, y, v j , v j+1, . . . , vn)

to V × E
β j
j × · · · × Eβn

n → F . Hence fx : V → F is Cη. If x ∈ U is arbitrary, y ∈ V 0, we
show that D(v j )∗1

fx (y) exists and equals d (0,...,0,1,0...,0) f (x, y, (v j )1) with ( j)-th entry 1. There
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exists R > 0 such that y + t(v j )∗1 ∈ V for all t ∈ R, |t | ≤ R and there exists a relatively open
convex neighbourhood W ⊆ U of x in U . Because U 0 is dense, there exists z ∈ U 0

∩ W .
Since W is convex, x + τ (z − x) ∈ W for all τ ∈ [0, 1]. Moreover, since z ∈ W 0 we have for
all τ ∈ (0, 1] ⊆ U 0, x + τ (z − x) ∈ W 0. Hence, for τ ∈ (0, 1] , f (x + τ (z − x), y) is Cη in y,
and thus by the Mean Value Theorem for t ̸= 0

1
t

( f (x + τ (z − x), y + t(v j )∗1)− f (x + τ (z − x), y))

=

∫ 1

0
d (0,...,0,1,0...,0) f (x + τ (z − x), y + σ t(v j )∗1, (v j )∗1) dσ.

Now let F̃ be a completion of F . By continuity of

h : [0, 1]× [−R, R]× [0, 1]→ F̃,

(τ, t, σ ) ↦→ d (0,...,0,1,0...,0) f (x + τ (z − x), y + σ t(v j )∗1, (v j )∗1)

and continuity of the parameter-dependent integral

g : [0, 1]× [−R, R]→ F̃, g(τ, t) :=
∫ 1

0
h(τ, t, σ ) dσ.

Fix t ̸= 0 in [−R, R], then for all τ ∈ (0, 1]

g(τ, t) =
1
t

( f (x + τ (z − x), y + t(v j )∗1)− f (x + τ (z − x), y)). (3.0.1)

Both sides are continuous in τ , (3.0.1) also holds for τ = 0. Hence

g(0, t) =
1
t

( f (x, y + t(v j )∗1)− f (x, y))→ g(0, 0)

as t → 0. Thus D(v j )∗1
fx (y) exists and is given by

g(0, 0) =
∫ 1

0
d (0,...,0,1,0...,0) f (x, y, (v j )1) dσ = d (0,...,0,1,0...,0) f (x, y, (v j )1).

Fix (v j )1 and repeating the argument above, then for all y ∈ V 0 the directional derivative
D(v j )∗

β j
· · · D(v j )∗1

fx (y) exists and is given by

D(v j )∗
β j
· · · D(v j )∗1

fx (y) = d (0,...,0,β j ,0...,0) f (x, y, v j ).

By repeating the argument again, then for all v := (v j , v j+1, . . . , vn) ∈ E
β j
j × · · · × Eβn

n and
y ∈ V 0 the directional derivative D(vn )∗βn

· · · D(v j )∗1
fx (y) exists and is given by

D(vn )∗βn
· · · D(v j )∗1

fx (y) = d (0,...,0,β j ,β j+1,...,βn ) f (x, y, v).

For (y, v) ∈ V × E
β j
j × · · · × Eβn

n the right hand side makes sense and is continuous, then fx
is Cη.
Step 3 Fixing v ∈ E

β j
j × · · · × Eβn

n , the function

(x, y) ↦→ d (0,...,0,β j ,β j+1,...,βn ) f (x, y, v)

is C (γ,0).
Applying Step 2 to the C (0,γ ) function (y, x) ↦→ d (0,...,0,β j ,β j+1,...,βn ) f (x, y, v), then

U → F, x ↦→ d (0,...,0,β j ,β j+1,...,βn ) f (x, y, v)
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is Cγ for each y ∈ V and for w ∈ Eβ1
1 × · · · × E

β j−1
j−1 , we get,

d (β1,β2,...,β j−1)(d (β j ,β j+1,...,βn ) f•(y, v))(x, w) = dβ f (x, y, w, v),

which is continuous in (x, y, w, v) ∈ U × V × Eβ1
1 × · · · × Eβn

n . Hence if f is C (γ,η), then (1),
(2) and (3) hold.

Conversely, assume that (1), (2) and (3) hold. By step 1, f |U0×V 0 is C (γ,η) and for
(x, y) ∈ U 0

× V 0

dβ f |U0×V 0 (x, y, w, v) = d (β1,β2,...,β j−1)(d (β j ,β j+1,...,βn ) f•(y, v))(x, w). (3.0.2)

By (3), the right hand side of (3.0.2) admits continuous extension to dβ f : U × V × Eβ1
1 ×

· · · × Eβn
n → F . Hence the map f is a C (γ,η). □

The following lemma is a tool to prove the Schwarz theorem for Cα-maps.

Lemma 3.4. Let E1, . . . , En and F be locally convex spaces, Ui be an open subset of
Ei , xi ∈ Ui for all i ∈ {1, . . . , n}, x := (x1, . . . , xn) and α := (α1, . . . , αn−1, 1) such that
αi ∈ N0 ∪ {∞}. If f : U1 × · · · ×Un → F is a Cα-map, then

D(wn )∗1
D(w1)∗β1

· · · D(wn−1)∗1
f (x) (3.0.3)

exists for all βi ∈ N0, βi ≤ αi and for all (wi )1, . . . , (wi )βi ∈ Ei and corresponding elements
(wi )∗1, . . . , (wi )∗βi

∈ ({0})i−1
× Ei × ({0})n−i

⊆ E1 × · · · × En , and it coincides with

d (β1,...,βn−1,1) f (x, (w1)1, . . . , (wn−1)βn−1
, (wn)1). (3.0.4)

Proof. The proof is by induction on n. If n = 1, there is nothing to show. Let n ≥ 2. Now
the proof is by induction on β1. If β1 = 0, holding the first variable fixed, we see that (3.0.3)
exists and coincides with (3.0.4), by the case n − 1. Now assume that β1 ≥ 1. If βi = 0 for
i = 2, . . . , n − 1, the assertion follows from [2, Lemma 3.5]. Assume that at least one of the
βi ≥ 1 for i = 2, . . . , n − 1. By induction, we know that

D(wn )∗1
D(w1)∗

β1−1
D(w1)∗

β1−2
· · · D(wn−1)∗1

f (x)

exists and coincides with

d (β1−1,β2,...,βn−1,1) f (x, (w1)1, . . . , (w1)β1−1, (w2)1, . . . , (wn)1). (3.0.5)

Define g : U1 × · · · ×Un → F via

g(x) := D(w1)∗
β1−1

D(w1)∗
β1−2
· · · D(wn−1)∗1

f (x)

= d (β1−1,β2,...,βn−1,0) f (x, (w1)1, . . . , (w1)β1−1, (w2)1, (w2)2, . . . , (wn−1)βn−1
).

By the preceding, g is differentiable in the nth variable and continuous in ((wn)1, x) with

D(wn )∗1
g(x) (3.0.6)

= d (β1−1,β2,...,βn−1,1) f (x, (w1)1, . . . , (w1)β1−1, . . . , (wn−1)βn−1
, (wn)1) (3.0.7)

= D(w1)∗
β1−1

D(w1)∗
β1−2
· · · D(wn−1)∗1

D(wn )∗1
f (x). (3.0.8)

Hence g is C (0,...,0,1) and d (0,...,0,1)g(x, (wn)1) is given by (3.0.5). Because f is Cα and α1 ≥ β1,
(3.0.7) can be differentiated once more in the first variable, hence also D(wn )∗1

g(x), with
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d (1,0,0,...,0,1)g(x, (wn)1, (w1)β1
)

= D(w1)∗β1
D(wn )∗1

g(x)

= D(w1)∗β1
· · · D(wn−1)∗βn−1

D(wn )∗1
f (x)

= d (β1,...,βn−1,1) f (x, (w1)1, . . . , (wn−1)βn−1
, (wn)1).

As this map is continuous, g is C (1,0,...,0,1).
By [2, Lemma 3.4], also D(wn )∗1

D(w1)∗β1
g(x) exists and is given by

D(w1)∗β1
D(wn )∗1

g(x) = d (β1,...,βn−1,1) f (x, (w1)1, . . . , (wn−1)βn−1
, (wn)1).

But, by definition of g, D(wn )∗1
D(w1)∗β1

g(x) = D(wn )∗1
D(w1)∗β1

· · · D(wn−1)∗n−1
f (x). Hence

D(wn )∗1
D(w1)∗β1

· · · D(wn−1)∗n−1
f (x)

= d (β1,...,βn−1,1) f (x, (w1)1, . . . , (wn−1)βn−1
, (wn)1). □

Proposition 3.5 (Schwarz’ Theorem for Cα-mappings). For all i ∈ {1, . . . , n}, let Ei and
F be locally convex spaces, Ui ⊆ Ei an open subset, xi ∈ Ui and αi ∈ N0 ∪ {∞} with
α := (α1, . . . , αn). For βi ∈ N0 such that βi ≤ αi , we define β := (β1, . . . , βn), ξi :=∑i−1

m=1 βm + 1, ρi :=
∑i

m=1 βm , w∗ξi , . . . , w
∗
ρi
∈ ({0})i−1

× Ei × ({0})n−i
⊆ E1 × · · · × En

with entries wξi , . . . , wρi in the Ei -coordinate. If σ ∈ Sρn is a permutation of {1, . . . , ρn} and
f : U1 × · · · ×Un → F is a Cα-map. Then the iterated directional derivative

(Dw∗
σ (1)
· · · Dw∗

σ (ρn )
f )(x1, . . . , xn),

exists and coincides with dβ f (x1, . . . , xn, w1, . . . , wρn ).

Proof. The case n = 2 having been settled in [2, Proposition 3.6], we may assume that
n ≥ 3 and assume that the assertion holds when n is replaced with n − 1. We prove the
nth case by induction on ρn . The case ρn = 0 is trivial. If at least one of the βi = 0 for
i = 1, . . . , n then the assertion follows from the assumption that n has been replaced with
n − 1. The case βi ≥ 1, for all i = 1, . . . , n. If σ (1) ∈ {1, . . . , β1}, then by induction for all
x = (x1, . . . , xn) ∈ U1 × · · · ×Un

Dw∗
σ (2)
· · · Dw∗

σ (ρn )
f (x)

= d (β1−1,β2,...,βn ) f (x, w1, . . . , wσ (1)−1, wσ (1)+1, . . . , wβ1 , . . . , wρn ).

Because f is Cα , we can differentiate once more in the first variable:

Dw∗
σ (1)
· · · Dw∗

σ (ρn )
f (x)

= dβ f (x, w1, . . . , wσ (1)−1, wσ (1)+1, . . . , wρ1 , wσ (1);wξ2 , wξ2+1, . . . , wρn )

= dβ f (x, w1, w2, . . . , wρn ).

For the final equality we used that, for vξi , . . . , vρi ∈ Ei ,

dβ f (x, v1, . . . , vρn )

= dβ1 (d (β2,...,βn ) f•(x2, . . . , xn, vξ2 , vξ2+1, . . . , vρn ))(x1, v1, . . . , vβ1 )

is symmetric in v1, . . . , vβ1 ∈ E1, as

g(x1) := d (β2,...,βn ) fx1 (x2, . . . , xn, vξ2 , vξ2+1, . . . , vρn )

is Cα1 in x1 (see Lemma 3.3).
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If σ (1) ∈ {ξi , . . . , ρi } for i ∈ {2, . . . , n}, then

Dw∗
σ (2)
· · · Dw∗

σ (ρn )
f (x)

= d (β1,...,βi−1,βi+1,...,βn ) f (x, w1, . . . , wξi , . . . , wσ (1)−1, wσ (1)+1, . . . , wρi , . . . , wρn ).

For fixed wξi , . . . , wρn , consider the function h : U1 × · · · ×Un → F ,

h(x) := d (0,...,0,βi−1,βi+1,...,βn ) f (x, wξi , . . . , wσ (1)−1, wσ (1)+1, . . . , wρi , . . . , wρn ).

By Lemma 3.4, Dw∗
σ (1)

Dw∗ρ1
· · · Dw∗ξi−1

h(x) exists and coincides with

Dw∗ρ1
· · · Dw∗ξi−1

Dw∗
σ (1)

h(x).

Now, by induction,

Dw∗
σ (2)
· · · Dw∗

σ (ρn )
f (x)

= d (β1,...,βi−1,βi+1,...,βn ) f (x, w1, . . . , wξi , . . . , wσ (1)−1, wσ (1)+1, . . . , wρi , . . . , wρn )
= Dw∗ρ1

· · · Dw∗ξi−1
h(x).

Let y := (x2, . . . , xn) and let ψ denote

d (β2,...,βn ) f•(y, wξ2 , . . . , wξi , . . . , wσ (1)−1, wσ (1)+1, . . . , wρi , wσ (1), wξi+1 , . . . , wρn ).

By the preceding, we can apply, Dw∗
σ (1)

, i.e., Dw∗
σ (1)
· · · Dw∗

σ (ρn )
f (x) exists and coincides with

Dw∗ρ1
· · · Dw∗ξi−1

Dw∗
σ (1)

h(x)

= dβ f (x, w1, . . . , wξi , . . . , wσ (1)−1, wσ (1)+1, . . . , wρi , wσ (1), wξi+1 , . . . , wρn )

= dβ1ψ(x1, w1, . . . , wρ1 )

where d (β2,...,βn ) fx1 (y, vξ2 , vξ2+1, . . . , vρn ) is symmetric in vi , . . . , vρi ∈ Ei by induction on n
for the C (α2,...,αn )-function fx1 . Hence also after differentiations in x1:

dβ1ψ(x1, w1, . . . , wρ1 )

coincides with dβ f (x, w1, . . . , wρn ). □

Corollary 3.6. Under the assumptions of the preceding proposition, if

f : U1 × · · · ×Un → F

is a Cα-map, ασ := (ασ (1), . . . , ασ (n)) and βσ := (βσ (1), . . . , βσ (n)). Then g : Uσ (1) × · · · ×

Uσ (n) → F is Cασ and

dβσ g(xσ (1), . . . , xσ (n), vσ (1), . . . , vσ (n)) = dβ f (x1, . . . , xn, w1, . . . , wn),

where wi := wξi , . . . , wρi .

Lemma 3.7. Let E1, . . ., En, F and H be locally convex spaces, Ui be a locally convex subset
with dense interior of Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) such that αi ∈ N0∪{∞},
if λ : F → H is a continuous linear map and f : U1×· · ·×Un → F is a Cα-map, then λ ◦ f
is Cα and dβ(λ ◦ f ) = λ ◦ dβ f for all βi ∈ N0 such that βi ≤ αi and β := (β1, . . . , βn).

Proof. This follows directly from the fact that continuous linear maps and directional
derivatives can be interchanged. □



1046 H. Alzaareer / Indagationes Mathematicae 30 (2019) 1036–1060

Lemma 3.8 (Mappings to Products for Cα-maps). Let E1, . . . , En be locally convex spaces,
Ui be a locally convex subset with dense interior of Ei for all i ∈ {1, . . . , n}, and (F j ) j∈J

be a family of locally convex spaces with direct product F :=
∏

j∈J F j and the projections
π j : F → F j onto the components. Let α := (α1, . . . , αn) such that αi ∈ N0 ∪ {∞} and
f : U1×· · ·×Un → F be a map. Then f is Cα if and only if all of its components f j := π j ◦ f
are Cα . In this case

dβ f = (dβ f j ) j∈J , (3.0.9)

for all βi ∈ N0 such that βi ≤ αi and β := (β1, . . . , βn).

Proof. π j is continuous linear. Hence if f is Cα , then f j = π j ◦ f is Cα , by Lemma 3.7,
with dβ f j = π j ◦ dβ f . Hence (3.0.9) holds. Conversely, assume that each f j is Cα . The limit
in products can be formed component-wise, thus for all (x1, . . . , xn) ∈ U 0

1 × · · · ×U 0
n , wi :=

((wi )1, . . . , (wi )βi ) such that (wi )1, . . . , (wi )βi ∈ Ei ,

dβ f (x1, . . . , xn, w1, . . . , wn) = (D̆w1 · · · D̆wn f )(x1, . . . , xn)

exists and is given by

(dβ f j (x1, . . . , xn, w1, . . . , wn)) j∈J (3.0.10)

Now (3.0.10) defines a continuous function

U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n −→ F.

Hence f is Cα . □

Lemma 3.9. Let E1, . . . , En and F be locally convex spaces, Ui be a locally convex
subset with dense interior of Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) where αi ∈

N0 ∪ {∞}, αn ≥ 1. If f : U1 × · · · × Un → F is C (α1,...,αn−1,0), f is C (0,...,0,1) and
d (0,...,0,1) f : U1 × · · · ×Un−1 × (Un × En)→ F is C (α1,...,αn−1,αn−1), then f is Cα .

Proof. Let βi ∈ N0, βi ≤ αi , wi := ((wi )1, . . . , (wi )βi ) where
(wi )1, . . . , (wi )βi ∈ Ei . Consider also the corresponding elements
(wi )∗1, . . . , (wi )∗βi

∈ ({0})i−1
× Ei × ({0})n−i

⊆ E1 × · · · × En . If βn = 0, for all x :=
(x1, . . . , xn) ∈ U 0

1 × · · · × U 0
n , (D̆w1 · · · D̆wn−1 f )(x) exists as f is C (α1,...,αn−1,0), and is given

by d (β1,...,βn−1,0) f (x, w1, . . . , wn−1) which extends continuously to

U1 × · · · ×Un × Eβ1
1 × · · · × Eβn−1

n−1 .

If βn > 0, then D(wn )∗1
f (x) = d (0,...,0,1) f (x, (wn)1) exists because f is C (0,...,0,1) and because

this function is C (α1,...,αn−1,αn−1), also the directional derivatives

(D̆w1 · · · D̆wn f )(x)

= (D((w1)∗β1
,0) · · · D((wn−1)∗1,0) D((wn )∗βn ,0) · · · D((wn )∗2,0)d (0,...,0,1) f )(x, (wn)1)

exist and the right hand side extends continuously to

(x, (w1)1, . . . , (wn)βn ) ∈ U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n .

Hence f is Cα . □
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Lemma 3.10. Let E1, . . . , En, H1, . . . , Hn and F be locally convex spaces, Ui ⊆ Ei , Pi ⊆ Hi

be locally convex subsets with dense interior for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) where
αi ∈ N0 ∪ {∞}, if f : U1 × · · · × Un → F is a Cα-map and λi : Hi → Ei is a continuous
linear map such that λi (Pi ) ⊆ Ui , then f ◦ (λ1×· · ·×λn)|P1×···×Pn : P1×· · ·× Pn → F is Cα .

Proof. Let βi ∈ N0 such that βi ≤ αi and β := (β1, . . . , βn). For (p1, . . . , pn) ∈ P0
1 × · · · ×

P0
n , (wi )1, . . . , (wi )βi ∈ Hi and corresponding elements

(wi )∗1, . . . , (wi )∗βi
∈ ({0})i−1

× Hi × ({0})n−i
⊆ H1 × · · · × Hn , we have

D(wn )∗1
( f ◦ (λ1 × · · · × λn))(p1, . . . , pn)

= lim
t→0

1
t

( f (λ1(p1), . . . , λn−1(pn−1), λn(pn + t(wn)1))− f (λ1(p1), . . . , λn(pn)))

= lim
t→0

1
t

( f (λ1(p1), . . . , λn(pn)+ tλn((wn)1))− f (λ1(p1), . . . , λn(pn)))

= D(0,...,0,λn ((wn )1) f )(λ1(p1), . . . , λn(pn))

and recursively

D̆w1 · · · D̆wn ( f ◦ (λ1 × · · · × λn))(p1, . . . , pn)

= dβ f (λ1(p1), . . . , λn(pn), λ1((w1)1), . . . , λn((wn)βn )).

the right hand side defines a continuous function of
(p1, . . . , pn, (w1)1, . . . , (wn)βn ) ∈ P1 × · · · × Pn × Hβ1

1 × · · · × Hβn
n . Hence the assertion

follows. □

Lemma 3.11. Let E1, . . . , En, H1, . . . , Hm and F be locally convex spaces, Ui be a locally
convex subset with dense interior of Ei for all i ∈ {1, . . . , n}, α := (α1, . . . , αn) where
αi ∈ N0 ∪ {∞}, H := H1 × · · · × Hm and f : U1 × · · · × Un × H → F be a map that
satisfies the following conditions:

1. For all x := (x1, . . . , xn), xi ∈ Ui , the map f (x, •) : H → F is m-linear;
2. The map f : U1 × · · · ×Un × H → F is C (α,0).

Then f : U1 × · · · × Un−1 × (Un × H ) → F is Cα . Also g : U1 × · · · × Ui−1 × (Ui × H ) ×
Ui+1 × · · · ×Un → F, (x1, . . . , xi−1, (xi , h), xi+1, . . . , xn) ↦→ f (x, h) is Cα .

Proof. Holding h ∈ H fixed, the map f (•, h) is Cα and hence, for a permutation σ ∈ Sn

of {1, . . . , n}, we have Uσ (1) × · · · × Uσ (n) → F, x ↦→ (xσ (1), . . . , xσ (n), h) is Cασ , where
ασ := (ασ (1), . . . , ασ (n)), by Corollary 3.6. Hence f1 : Uσ (1) × · · · ×Uσ (n−1) × (Uσ (n) × H )→
F, f1(xσ (1), . . . , xσ (n), h) := f (x, h) satisfying hypotheses analogous to those satisfied by f
(with ασ (i) interchanged) and will be a Cασ if the first assertion holds. Using Corollary 3.6,
this implies that g is Cα . Therefore we will prove the first assertion by induction on αn after
assuming without loss of generality that αi <∞.

The case αn = 0. Then f is C (α1,...,αn−1,0) by the hypotheses.
Induction step. For (wn)1 ∈ En, z = (z1, . . . , zm) ∈ H . By hypothesis,

D(0,...,0,(wn )1,0) f (x, h) exists and extends continuously on U1 × · · · × Un × En × H → F .
Because f (x, •) : H → F is m-linear continuous map, it is C1 with

D(0,...,0,z) f (x, h) =
m∑

k=1

f (x, h1, . . . , hk−1, zk, hk+1, . . . , hm).
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This formula defines a continuous function U1 × · · · × Un × En × H → F . Holding
(x1, . . . , xn−1) ∈ U1 × · · · × Un−1 fixed, we deduce by Proposition 2.4 (Rule on Partial
Differentials) that Un × H → F, (xn, h) ↦→ f (x, h) is C1-map, with

D(0,...,0,(wn )1,z) f (x, h) (3.0.11)

= D(0,...,0,(wn )1,0) f (x, h)+
m∑

k=1

f (x, h1, . . . , hk−1, zk, hk+1, . . . , hm).

Because we have just seen that d (0,...,0,1) f (x1, . . . , xn−1, (xn, h), ((wn)1, z)) exists and is given
by (3.0.11), which extends to a continuous map on U1×· · ·×Un−1× (Un×H )× (En×H ), the
map f : U1×· · ·×Un−1×(Un×H )→ F is C (0,...,0,1). Also, f : U1×· · ·×Un−1×(Un×H )→ F
is C (α1,...,αn−1,0) by the hypothesis.

We claim that d (0,...,0,1) f : U1×· · ·×Un−1× (Un×H×En×H )→ F is C (α1,...,αn−1,αn−1). If
this is true, then f is Cα by Lemma 3.9. To prove the claim, for fixed k ∈ {1, . . . ,m}, consider

φ : U1 × · · · ×Un−1 × (Un × H × En × H )→ F,
(x, h, (wn)1, z) ↦→ f (x, h1, . . . , hk−1, zk, hk+1, . . . , hm).

The map

ψ : U1 × · · · ×Un × H1 × · · · × Hm−1 × (Hm × En × H )→ F,
(x, h1, . . . , hm−1, (hm, (wn)1, z)) ↦→ f (x, h1, . . . , hm)

is m-linear in (h1, . . . , hn−1, (hn, (wn)1, z)). By induction, ψ is C (α1,...,αn−1,αn−1) as a map
on U1 × · · · × Un−1 × (Un × H1 × · · · × Hm × En × H ). By Lemma 3.10, also φ is
C (α1,...,αn−1,αn−1). Hence each of the final k summands in (3.0.11) is C (α1,...,αn−1,αn−1) in
(x, h1, . . . , hm−1, (hm, (wn)1, z)). To take care of the first summands in (3.0.11), observe that
θ : U1× · · · ×Un × (H × En)→ F, (x, h, (wn)1) ↦→ D(0,...,0,(wn )1,0) f (x, h) is (m + 1)-linear in
the final argument and satisfies hypotheses analogous to those of f , with (α1, . . . , αn) replaced
by (α1, . . . , αn−1, αn − 1). Hence by induction, θ is C (α1,...,αn−1,αn−1). Consequently, d (0,...,0,1) f
is C (α1,...,αn−1,αn−1) (like each of the summands in (3.0.11)). □

The following lemma illustrates the relation between C (r,s)-maps and Cα-maps.

Lemma 3.12. For all i ∈ {1, . . . , n}, let Ei , H1, H2 and F be locally convex spaces, Ui ⊆

Ei , V ⊆ H1 and W ⊆ H2 be locally convex subsets with dense interior and α := (α1, . . . , αn)
where αi ∈ N0 ∪ {∞}. Assume that Un = V × W ⊆ H1 × H2 = En . If for all k, l ∈ N0
with k + l ≤ αn the map f : U1 × · · · × Un−1 × V × W → F is C (α1,...,αn−1,k,l), then
f : U1 × · · · ×Un → F is Cα .

Proof. We may assume that αn < ∞. The proof is by induction on αn . For the case
αn = 0, the assertion follows by the definition of the Cα-map. For the case αn ≥ 0, let
x := (x1, . . . , xn) ∈ U1 × · · · × Un and (h1, h2), (h′1, h′2) ∈ H1 × H2. By the Rule on Partial
Differentials (Proposition 2.4),

d (0,...,0,1) f (x, (h1, h2)) = d (0,...,0,1,0) f (x, h1)+ d (0,...,0,1) f (x, h2).

Also, for fixed (h1, h2) and differentiations in the x-variables,

D(0,...,0,(h′1,h
′
2))(d

(0,...,0,1) f (x, (h1, h2))) (3.0.12)

= D(0,...,0,(h′1,h
′
2))(d

(0,...,0,1,0) f (x, h1)+ d (0,...,0,1) f (x, h2)). (3.0.13)
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Using Lemma 3.13, we can show that (3.0.13) is C (α1,...,αn−1,k,l) as a map on U1×· · ·×Un−1×

(V ×H 2
1 )× (W ×H 2

2 ) for k+ l ≤ αn−2, hence by induction and again by Lemma 3.13, (3.0.12)
is C (α1,...,αn−1,αn−2) on U1 × · · · × (Un × Enr ). Thus, d (0,...,0,1) f : U1 × · · · ×Un × En → F is
C (α1,...,αn−1,αn−1) and by induction f : U1× · · · ×Un → F is C (α1,...,αn−1,0). Hence, it is Cα , by
Lemma 3.13. □

Lemma 3.13. Let E1, . . . , En and F be locally convex spaces, Ui be a locally convex
subset with dense interior of Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) where αi ∈

N0∪{∞}, αn ≥ 1. Then f : U1×· · ·×Un → F is a Cα-map if and only if f is C (α1,...,αn−1,0), f
is C (0,...,0,1) and d (0,...,0,1) f : U1 × · · · ×Un−1 × (Un × En)→ F is C (α1,...,αn−1,αn−1).

Proof. If f is Cα , then f is C (α1,...,αn−1,0) and f is C (0,...,0,1). Also d (0,...,0,1) f : U1 ×

· · · × Un × En → F is linear in the En-variable and for all βi ∈ N0, βi ≤ αi , βn ≤

αn − 1, (x1, . . . , xn) ∈ U 0
1 × · · · × U 0

n , (wi )1, . . . , (wi )βi ∈ Ei and corresponding elements
(wi )∗1, . . . , (wi )∗βi

∈ ({0})i−1
× Ei × ({0})n−i

⊆ E1 × · · · × En ,

D((w1)∗β1
,0) · · · D((wn )∗1,0)(d (0,...,0,1) f )(x1, . . . , xn, z)

= d (β1,...,βn−1,βn+1) f (x1, . . . , xn, (w1)1, . . . , (wn−1)βn−1
, z, (wn)1, . . . , (wn)βn )

exists and extends continuously in U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n . Hence by Lemma 3.11,
d (0,...,0,1) f is C (α1,...,αn−1,αn−1). The converse has already been established in Lemma 3.9. □

Lemma 3.14. Let E1, . . . , En and F be locally convex spaces, Ui be a locally convex subset
with dense interior of Ei for all i ∈ {1, . . . , n} and α0 ∈ N0, if the map f : U1×· · ·×Un → F
is C (α0,...,α0), then f is Cα0 .

Proof. The proof is by induction on α0. The case α0 = 0. If f is C (0,...,0), then f is
continuous and hence C0. The case α0 ≥ 1. Assume that U1, . . . ,Un are open subset. Then
D(wi )∗ f (x1, . . . , xn) exists and is continuous in

(x1, . . . , xn, wi ) for all xi ∈ Ui and all i ∈ {1, . . . , n}, where wi ∈ Ei , (wi )∗ ∈
({0})i−1

× Ei × ({0})n−i
⊆ E1 × · · · × En . Hence by Proposition 2.4 f is C1 and

d f ((x1, . . . , xn)(w1, . . . , wn)) = D(w1)∗ f (x1, . . . , xn)+ · · · + D(wn )∗ f (x1, . . . , xn),
(3.0.14)

which is continuous in (x1, . . . , xn, w1, . . . , wn). Thus f is C1. In the general case, the right
hand side of (3.0.14) is continuous in (x1, . . . , xn, w1, . . . , wn) ∈ U1 × · · · × Un × E1 ×

· · · × En and extends d( f |U0
1×···×U0

n
). Hence f is C1. Next note that D(wi )∗ f (x1, . . . , xn) is

C (α0−1,...,α0−1)-mappings, by Lemma 3.9 and Corollary 3.6. Hence d f is Cα0−1, by induction.
Since f is C1 and d f is Cα0−1, then f is Cα0 . □

As an immediate consequence of Lemma 3.14.

Remark 3.15. The map f : U1 × · · · ×Un → F is smooth if and only if it is C (∞,...,∞).

Lemma 3.16 (Chain Rule for Cα-mappings). For all i ∈ {1, . . . , n} and all j ∈ {1, . . . ,mi },
let Ei , X i, j and F be locally convex spaces, Ui ⊆ Ei , Pi, j ⊆ X i, j be locally convex subsets
with dense interior,
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α := (α1, . . . , αn) ∈ (N0 ∪ {∞})n , f : U1 × · · · × Un → F is a Cα-map and gi :

Pi,1×Pi,2×· · ·×Pi,mi → Ui is a Cγi -map, where γi := (γi,1, . . . , γi,mi ) ∈ (N0∪{∞})mi , |γi | :=

γi,1 + · · · + γi,mi ≤ αi . Then the composition

f ◦ (g1 × · · · × gn) : (P1,1 × · · · × P1,m1 )× · · · × (Pn,1 × · · · × Pn,mn )→ F,

(p1,1, . . . , pn,mn ) ↦→ f (g1(p1,1), . . . , gn(pn,mn ))

is a C (γ1,...,γn )-map.

Proof. Without loss of generality, we may assume that γi < ∞ for all i ∈ {1, . . . , n}. The
proof is by induction on |γ | := |γ1| + · · · + |γn|. If |γ | = 0, then f ◦ (g1 × · · · × gn) is
just a composition of continuous maps, which is continuous, hence C (0,...,0). Now if |γ | > 0,
by Corollary 3.6, we may assume that γn > 0. Again by Corollary 3.6, we may assume that
γn,mn > 0. For p := (p1, . . . , pn) ∈ P1× · · · × Pn and z ∈ Xn,mn , the map d (0,...,0,1)gn(pn, z) is
C (γn,1,...,γn,mn−1,γn,mn−1), by Lemma 3.13. Also, the function

Pn,1 × · · · × Pn,mn−1 × Pn,mn × Xn,mn → Un,

(pn,1, . . . , pn,mn−1, (pn,mn , z)) ↦→ gn(pn,1, . . . , pn,mn−1, pn,mn )

is Cγn , by Lemma 3.11. In particular, the latter is C (γn,1,...,γn,mn−1,γn,mn−1). Thus both components
of

ϕ : Pn,1 × · · · × Pn,mn × Xn,mn → Un × En, (pn, h) ↦→ (gn(pn), d (0,...,0,1)gn(pn, z))

are C (γn,1,...,γn,mn−1,γn,mn−1), so ϕ is C (γn,1,...,γn,mi−1,γn,m−1). By Lemma 3.13,

d (0,...,0,1) f : U1 × · · · ×Un−1 × (Un × En)→ F

is C (α1,...,αn−1,αn−1), whence αn ≥ 1. Thus, by the preceding, the map

d (0,...,0,1)( f ◦ (g1 × · · · × gn−1 × ϕ))(p1, . . . , pn−1, (pn, z))

is C (γ1,...,γn−1,γn,1,...,γn,mn−1,γn,mn−1). Hence,

d (0,...,0,1)( f ◦ (g1 × · · · × gn))(p, z) = (d (0,...,0,1) f )((g1 × · · · × gn), d (0,...,0,1)gn(pn, z))

is C (γ1,...,γn−1,γn,1,...,γn,mn−1,γn,mn−1) and by induction, f ◦(g1×· · ·×gn) : (P1,1×· · ·×P1,m1 )×· · ·×
(Pn,1×· · ·×Pn,mn )→ F is C (γ1,...,γn−1,γn,1,...,γn,mn−1,0). Hence, by Lemma 3.13, f ◦(g1×· · ·×gn)
is a C (γ1,...,γn )-map. □

Proposition 3.17. Let E1, . . . , En be finite-dimensional vector spaces and F be a locally
convex space. For all i ∈ {1, . . . , n}, let Ui be a locally compact and locally compact subset
with dense interior of Ei and α := (α1, . . . , αn) where αi ∈ N0 ∪ {∞}. Then the evaluation
map

ε : Cα(U1 × · · · ×Un, F)×U1 × · · · ×Un → F, ε(γ, x1, . . . , xn) := γ (x1, . . . , xn)

is C (∞,α).

Proof. Without loss of generality, we may assume that αi < ∞ for all i ∈ {1, . . . , n}. The
proof is by induction on |α| = α1+· · ·+αn . If α = 0, then ε is continuous because Ui is locally
compact ([7, Theorem 3.4.3]). Also, in the first argument ε is linear. Hence it is C (∞,0,...,0)-map,
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by Lemma 3.11 and Corollary 3.6. If α ̸= 0, we may assume that αn ≥ 1, Corollary 3.6. For
xi ∈ U 0

i , w ∈ En, γ ∈ Cα(U1 × · · · ×Un, F) and small t ∈ R \ {0},
1
t

(ε(γ, x1, . . . , xn−1, xn + tw)− ε(γ, x1, . . . , xn))

=
1
t

(γ (x1, . . . , xn−1, xn + tw)− γ (x1, . . . , xn))→ d (0,...,0,1)γ (x1, . . . , xn, w)

as t → 0.

Hence d (0,...,0,1)ε(γ, x1, . . . , xn, w) exists and is given by

d (0,...,0,1)ε(γ, x1, . . . , xn, w) (3.0.15)

= d (0,...,0,1)γ (x1, . . . , xn, w) (3.0.16)

= ε1(d (0,...,0,1)γ, (x1, . . . , xn, w)), (3.0.17)

where ε1 : C (α1,...,αn−1,αn−1)(U1× · · · ×Un−1×Un × En, F)× (U1× · · · ×Un−1×Un × En)→
F, (ζ, x1, . . . , xn−1, z) ↦→ ζ (x1, . . . , xn−1, z) is C (∞,α1,...,αn−1,αn−1), by induction.

As (3.0.17) defines a continuous map (in fact a C (∞,α1,...,αn−1,αn−1)-map) by induction and
Lemma 3.10, using that

Cα(U1 × · · · ×Un, F)→ C (α1,...,αn−1,αn−1)(U1 × · · · ×Un−1 ×Un × E, F),

γ ↦→ d (0,...,0,1)γ

is continuous linear. Thus, by Lemma 3.13, ε is C (∞,α). □

Definition 3.18. Let E1, . . . , En and F be locally convex spaces, Ui is a locally convex subset
with dense interior of Ei for all i ∈ {1, . . . , n} and α := (α1, . . . , αn) where αi ∈ N0 ∪ {∞}.
Given Cα(U1 × · · · ×Un, F) the initial topology with respect to the mappings

dβ : Cα(U1 × · · · ×Un, F)→ C(U1 × · · · ×Un × Eβ1
1 × · · · × Eβn

n , F), γ ↦→ dβγ

for βi ∈ N0 such that βi ≤ αi and β := (β1, . . . , βn), where the space on the right hand side
is endowed with the compact-open topology.

Lemma 3.19. For all i ∈ {1, . . . , n}. Let Ei and F be locally convex spaces, Ui ⊆ Ei be
a locally convex subset with dense interior, α := (α1, α2, . . . , αn) with αi ∈ N0 ∪ {∞} and
βi ∈ N0 with βi ≤ αi . Define U := U1 × · · · × Un and ςm := (τ1, τ2, . . . , τn) such that
m ∈ N, τi = 1, 2, . . . , βi . Then the sets of the form

W = { f ∈ Cα(U, F) : dςm f (Kςm ) ⊆ Pςm }

form a basis of 0-neighbourhoods for Cα(U, F). where Pςm := Pτ1,τ2,...,τn ⊆ F are
0-neighbourhoods and Kτ := Kτ1,τ2,...,τn ⊆ U × Eτ1

1 × · · · × Eτn
n is compact.

Proof. The space Cα(U, F) endowed with the initial topology with respect to the maps

dςm : Cα(U, F)→ C(U × Eτ1
1 × · · · × Eτn

n , F)c.o, f ↦→ dςm f.

Therefore the map

Ψ : Cα(U, F)→
∏

N0∋τi≤αi

C(U × Eτ1
1 × · · · × Eτn

n , F), f ↦→ (dςm f )N0∋τi≤αi
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is a topological embedding. Sets of the form

B := {(gςm )N0∋τi≤αi ∈

∏
N0∋τi≤αi

C(U × Eτ1
1 × · · · × Eτn

n , F) : gςm (Kςm ) ⊆ Qςm }

with compacts sets Kςm ⊆ U×Eτ1
1 ×· · ·×Eτn

n and 0-neighbourhoods Qςm := (Qτ1,τ2,...,τn ⊆ F),
form a basis of 0-neighbourhoods in

∏
N0∋τi≤αi

C(U × Eτ1
1 × · · · × Eτn

n , F). Hence the sets
Φ−1(W ) form a basis of 0-neighbourhoods in Cα(U, F). □

Theorem 3.20. For all i ∈ {1, . . . , n}. Let Ei and F be locally convex spaces, Ui ⊆ Ei

be a locally convex subset with dense interior, αi ∈ N0 ∪ {∞}. For j ∈ N, 2 ≤ j ≤ n, let
x := (x1, . . . , x j−1) ∈ U := U1 × · · · × U j−1, V := U j × · · · × Un, γ := (α1, . . . , α j−1) and
η := (α j , . . . , αn). If f : U × V → F is C (γ,η), then

1. The map fx : V → F is Cη.
2. The map f ∨ : U → Cη(V, F), x ↦→ fx is Cγ .
3. The mapping Φ : C (γ,η)(U×V, F)→ Cγ (U,Cη(V, F)), f ↦→ f ∨ is a linear topological

embedding.

Proof.
(1) By Lemma 3.3, fx : V → F is Cη for all x ∈ U .
(2) As C∞(Ui , F) = lim

←−αi∈N0
Cαi (Ui , F) (see [14]), we have

Cγ (U,C∞(V, F)) = lim
←−

η∈(N0)n− j+1

Cγ (U,Cη(V, F)).

it suffices to prove the assertion for η ∈ (N0)n− j+1 (cf. [4, Lemma 10.3]). Without loss of
generality, we may assume that γ ∈ (N0)n− j+1. The proof is by induction on γ .

The case γ = 0. If η = 0, the assertion follows from [7, Theorem 3.4.1]. If η ̸= 0, The
space Cη(V, F) endowed with the initial topology with respect to the maps

d (β j ,β j+1,...,βn )
: Cη(V, F)→ C(V × E

β j
j × · · · × Eβn

n , F)c.o, g ↦→ d (β j ,β j+1,...,βn )g,

for βi ∈ N0 such that β j ≤ αi . Hence, we only need that d (β j ,β j+1,...,βn )
◦ f ∨ : U →

C(V × E
β j
j × · · · × Eβn

n , F)c.o is continuous for βi ∈ {0, 1, . . . , αi }. Now

d (β j ,β j+1,...,βn )( f ∨(x)) = d (β j ,β j+1,...,βn )( f (x, •))

= d (0,...,0,β j ,β j+1,...,βn ) f (x, •) = (d (0,...,0,β j ,β j+1,...,βn ) f )∨(x).

By induction d (β j ,β j+1,...,βn )
◦ f ∨ = (d (0,...,0,β j ,β j+1,...,βn ) f )∨ : U → C(V ×E

β j
j ×· · ·×Eβn

n , F)c.o

is continuous. Consequently, g∨ : U → Cη(V, F) is continuous.
The case γ ̸= 0, using Corollary 3.6, we may assume that, α j−1 ̸= 0. Let η = 0 then

f ∨ : U → C(V, F). Let x ∈ U 0
:= U 0

1 × · · · ×U 0
j−1, z ∈ ({0}) j−2

× E j−1 then x + t z ∈ U 0,
for small t ∈ R ∪ {∞}; we show that

1
t

( f ∨(x + t z)− f ∨(x))→ d (0,...,0,1,0...,0) f (x, •, z)

in C(V, F) as t → 0. Therefore, for a compact subset K ⊆ V , we need to show that

(
1
t

( f ∨(x + t z)− f ∨(x)))|K → (d (0,...,0,1,0...,0) f (x, •, z))|K
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uniformly as t → 0. Consider a 0-neighbourhood W in F . Without loss of generality, we can
assume that W is closed and absolutely convex. There is ε ≥ 0 such that x + BR

ε (0)z ⊆ U 0.
For y ∈ K and t ∈ R \ {0} such that |t | < ε, we have

∆(t, y) : =
1
t

( f ∨(x + t z)− f ∨(x))(y)− d (0,...,0,1,0...,0) f (x, y, z)

=
1
t

( f (x + t z, y)− f (x, y))− d (0,...,0,1,0...,0) f (x, y, z)

=

∫ 1

0
d (0,...,0,1,0...,0) f (x + σ t z, y, z) dσ − d (0,...,0,1,0...,0) f (x, y, z)

=

∫ 1

0
(d (0,...,0,1,0...,0) f (x + σ t z, y, z)− d (0,...,0,1,0...,0) f (x, y, z)) dσ.

The function ψ : BR
ε (0) × K × [0, 1] → F, (t, y, σ ) ↦→ d (0,...,0,1,0...,0) f (x + σ t z, y, z) −

d (0,...,0,1,0...,0) f (x, y, z) is continuous and ψ(0, y, σ ) = 0 for all (y, σ ) ∈ K × [0, 1]. Because
K × [0, 1] is compact, by the Wallace Lemma (see [7, 3.2.10]), there exists δ ∈ (0, ε] such
that ψ(BR

δ (0) × K × [0, 1]) ⊆ W . Hence ∆(t, y) =
∫ 1

0 g(t, y, σ ) dσ ∈ W for all y ∈ K
and all t ∈ BR

δ (0) \ {0}. Because this holds for all y ∈ K , we see that ∆(t, •) → 0
uniformly, as required. Thus d (0,...,0,1) f ∨(x, z) exists for all x ∈ U 0, z ∈ E1 × ({0}) j−2

and is given by d (0,...,0,1) f ∨(x, z) = d (0,...,0,1,0...,0) f (x, •, z). Now since γ = 0, the function
U → C(V, F), x ↦→ d (0,...,0,1,0...,0) f (x, •, z) is continuous in all of U ; so f ∨ is C (0,...,0,1) on
U , and d (0,...,0,1) f ∨(x, z) = d (0,...,0,1,0...,0) f (x, •, z). Because

h : (U × ({0}) j−2
× E j−1)× V → F, ((x, z), y) ↦→ d (0,...,0,1,0...,0) f (x, y, z)

is C (α1,...,α j−2,α j−1−1,η) (see Lemma 3.13 and Corollary 3.6), by induction

d (0,...,0,1)( f ∨) = h∨ : U × E j−1 → C(V, F)

is C (α1,...,α j−2,α j−1−1). Hence f is Cγ .
Let η ̸= 0, again by Corollary 3.6, we may assume that, αn ̸= 0. Because

Cη(V, F)→ C(V, F)× C (α j ,...,αn−1,αn−1)(V × En, F), ϕ ↦→ (ϕ, d (0,...,0,1)ϕ)

is a linear topological embedding with closed image, f ∨ : U → Cη(V, F) will be Cγ if
f ∨ : U → C(V, F) is Cγ (which holds by induction) and the map

h : U → C (α j ,...,αn−1,αn−1)(V × En, F), x ↦→ d (0,...,0,1)( f ∨(x))

is Cγ (see [14]; cf. [4, Lemma 10.1]). For x ∈ U, y ∈ V and z ∈ ({0})n− j
× En , we

have h(x)(y, z) = d (0,...,0,1)( f ∨(x))(y, z) = d (0,...,0,1)( f (x, •))(y, z) = d (0,...,0,1) f (x, y, z), thus
h = (d (0,...,0,1) f )∨ for d (0,...,0,1) f : U × (V × En) → F . By Lemma 3.13 this function is
C (γ,α j ,...,αn−1,αn−1). Hence h is Cγ by induction.
(3) The linearity of Φ is clear. For y ∈ V , the point evaluation λ : Cη(V, F)→ F, ψ ↦→ ψ(y)
is continuous linear. Hence, for βi ∈ N0, βi ≤ αi , x ∈ U and w ∈ Eβ1

1 × · · · × E
β j−1
j−1 ,

(d (β1,β2,...,β j−1) f ∨)(x, w)(y) = λ((d (β1,β2,...,β j−1) f ∨)(x, w))

= d (β1,β2,...,β j−1)(λ ◦ f ∨)(x, w)

= d (β1,β2,...,β j−1)( f (•, y)(x, w))

= d (β1,β2,...,β j−1) f (x, y, w),
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using that (λ ◦ f ∨)(x) = λ( f ∨(x)) = f ∨(x)(y) = f (x, y). Hence

(d (β1,β2,...,β j−1) f ∨)(x, w) = (d (β1,β2,...,β j−1,0,...,0) f )(x, •, w).

Hence by Schwarz’ Theorem (Proposition 3.5), for v ∈ E
β j
j × · · · × Eβn

n ,

d (β j ,β j+1,...,βn )((d (β1,β2,...,β j−1) f ∨)(x, w))(y, v) = d (β1,β2,...,βn ) f (x, y, w, v).

Φ is continuous at 0. Let W be a 0 -neighbourhood in Cγ (U,Cη(V, F)). After shrinking W ,
without loss of generality

W = { f ∈ Cγ (U,Cη(V, F)) : dςm f (Kςm ) ⊆ Pςm }

where ςm := (τ1, τ2, . . . , τ j−1), m ∈ N, τi = 1, 2, . . . , βi such that βi ∈ N0, βi ≤ αi , Kςm :=

Kτ1,τ2,...,τ j−1 ⊆ U × Eτ1
1 × · · · × E

τ j−1
j−1 is compact and Pςm := Pτ1,τ2,...,τ j−1 ⊆ Cη(V, F) is

0 -neighbourhood (see Lemma 3.19). Using Lemma 3.19 again, after shrinking Pτ , we may
assume that,

Pςm = {g ∈ Cη(V, F) : dρk g(Kςm ,ρk ) ⊆ Pςm ,ρk }

where ρk := (τ j , τ j+1, . . . , τn), k ∈ N, Kςm ,ρk := Kτ1,τ2,...,τn ⊆ V × E
τ j
j × · · · × Eτn

n is
compact and Pςm ,ρk := Pτ1,τ2,...,τn ⊆ F is 0-neighbourhood shrinking Pςm further. Then W
is the set of all f ∈ Cγ (U,Cη(V, F)) such that dρk (dςm f (x, w))(y, v) ∈ Pςm ,ρk for all
(x, w) ∈ Kςm ⊆ U × Eτ1

1 × · · · × E
τ j−1
j−1 and (y, v) ∈ Kςm ,ρk ⊆ V × E

τ j
j × · · · × Eτn

n . The
projections of U × Eτ1

1 × · · ·× E
τ j−1
j−1 onto the factors U, Eτ1

1 , . . . , E
τ j−1
j−1 are continuous, hence

the images K 1
ςm
, K 2

ςm
, . . . , K j

ςm of Kςm under these projections are compact. After replacing
Kςm by K 1

ςm
× K 2

ςm
× · · · × K j

ςm , without loss of generality Kςm = K 1
ςm
× K 2

ςm
× · · · × K j

ςm .
Likewise, without loss of generality Kςm ,ρk = K 1

ςm ,ρk
× K 2

ςm ,ρk
× · · · × K n− j+2

ςm ,ρk with compact
sets K 1

ςm ,ρk
⊆ V and K 2

ςm ,ρk
⊆ E

τ j
j , . . . , K n− j+2

ςm ,ρk ⊆ Eτn
n .

Now if f ∈ C (γ,η)(U × V, F) then dρk (dςm f ∨(x, w))(y, v) = d (ςm ,ρk ) f (x, y, w, v). Hence
f ∨ ∈ W if and only if d (ςm ,ρk ) f (K 1

ςm
× K 1

ςm ,ρk
× K 2

ςm
×· · ·× K j

ςm × K 2
ςm ,ρk
×· · ·× K n− j+2

ςm ,ρk ) ⊆
Pςm ,ρk . This is a basis neighbourhood in C (γ,η)(U × V, F) (see Lemma 3.19). Thus Φ−1(W )
is a 0 -neighbourhood, whence Φ is continuous at 0, and hence Φ is continuous.

It is clear that Φ is injective. To see that Φ is an embedding, it remains to show that Φ(W )
is a 0 -neighbourhood in im(Φ) for each W in a basis of 0 -neighbourhoods in C (γ,η)(U×V, F).

Let W := { f ∈ C (γ,η)(U × V ) : d (ςm ,ρk )(Kςm ,ρk ) ⊆ Pςm ,ρk }, without loss of generality,
after increasing Kςm ,ρk , we may assume Kςm ,ρk = L1

ςm ,ρk
× K 1

ςm ,ρk
× L2

ςm ,ρk
× · · · × L j

ςm ,ρk ×

K 2
ςm ,ρk
× · · · × K n− j+2

ςm ,ρk with compact sets L1
ςm ,ρk

⊆ U, K 1
ςm ,ρk

⊆ V, L2
ςm ,ρk
× · · · × L j

ςm ,ρk ⊆

Eτ1
1 × · · · × E

τ j−1
j−1 and K 2

ςm ,ρk
× · · · × K n− j+2

ςm ,ρk ⊆ E
τ j
j × · · · × Eτn

n . Then Φ(W ) := {ϕ ∈
im(Φ) : dρ(dηϕ(x, w))(y, v) ∈ Pςm ,ρk } for all x ∈ L1

ςm ,ρk
, y ∈ K 1

ςm ,ρk
, w ∈ L2

ςm ,ρk
×· · ·×L j

ςm ,ρk

and v ∈ K 2
ςm ,ρk
× · · · × K n− j+2

ςm ,ρk , which is a 0 -neighbourhood in im(Φ), by Lemma 3.19. □

Lemma 3.21. Let Q be a topological space, for all i ∈ {1, . . . , n}, let Ei , F be
locally convex spaces, τi ∈ N and f : Q × Eτ1

1 × · · · × Eτn
n → F be a map such that

f (x, w1, . . . , wi−1, •, wi+1, . . . , wn) : Eτi
i → F is symmetric (τi )-linear for all x ∈ Q and

wi ∈ Eτi
i . Then f is continuous if and only if for vi ∈ Ei , g : Q × E1 × · · · × En →

F, g(x, v1, v2, . . . , vn) := f (x, v1, . . . , v1  
τ1−times

, v2, . . . , v2  
τ2−times

, . . . , vn, . . . , vn  
τn−times

) is continuous.
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Proof. The continuity of g follows directly from the continuity of f . If, conversely, g
is continuous, then the assertion follows by n applications of the Polarization Identity [6,
Theorem A]. □

Theorem 3.22 (Exponential Law for Cα-mappings). For all i ∈ {1, . . . , n}. Let Ei and F
be locally convex spaces, Ui ⊆ Ei be a locally convex subset with dense interior, αi ∈

N0 ∪ {∞} and let X i := {0} if αi = 0, otherwise X i := Ei . For j ∈ {2, . . . , n} define
U := U1 × · · · ×U j−1, V := U j × · · · ×Un, γ := (α1, . . . , α j−1), η := (α j , . . . , αn). Assume
that V is locally compact or U × V × X1 × X2 × · · · × Xn is a k-space. Then

Φ : C (γ,η)(U × V, F)→ Cγ (U,Cη(V, F)), f ↦→ f ∨

is an isomorphism of topological vector spaces. Moreover, if g : U → Cη(V, F) is Cγ , then

g∧ : U × V → F, g∧(x, y) := g(x)(y)

is C (γ,η).

Proof. It suffices to prove the final assertion. In fact, given g in the space Cγ (U,Cη(V, F)), the
map g∧ will be C (γ,η) hence g = (g∧)∨ = Φ(g∧). Thus Φ is surjective and by Theorem 3.20
it is an isomorphism of topological vector spaces.
Locally compact condition. Let x := (x1, . . . , x j−1) ∈ U , y := (y j , . . . , yn) ∈ V and
ε : Cη(V, F)×V → F, (ψ, y) ↦→ ψ(y). By Proposition 3.17, g∧(x, y) = g(x)(y) = ε(g(x), y)
is C (∞,η). Hence g∧ is C (γ,η) by Chain Rule for Cα-mappings (Lemma 3.16).
k-space condition. If g : U → Cη(V, F) is Cγ , define g∧ : U × V → F , g∧(x, y) = g(x)(y).
For fixed x ∈ U , we have g∧(x, •) = g(x) which is Cη, hence

( ˘Dw j · · ·
˘Dwn g∧)(x, y) = d (β j ,β j+1,...,βn )(g(x))(y, w j , . . . , wn)

= (d (β j ,β j+1,...,βn )
◦ g)(x)(y, w j , . . . , wn)

exists for βi ∈ N0 such that βi ≤ αi , y ∈ V 0
:= U 0

j × · · · × U 0
n and wi ∈ Eβi

i . Also, for

ε(y,w j ,...,wn ) : C (α j−β j ,...,αn−βn )(V × E
β j
j × · · · × Eβn

n , F)→ F , f ↦→ f (y, w j , . . . , wn),

( ˘Dw j · · ·
˘Dwn g∧)(x, y) = (ε(y,w j ,...,wn ) ◦ d (β j ,β j+1,...,βn )

◦ g)(x).

For fixed (y, w j , . . . , wn), this is the function ε(y,w j ,...,wn ) ◦d (β j ,β j+1,...,βn )
◦ g of x , which is Cγ .

By linearity of ε(y,w j ,...,wn ) and

d (β j ,β j+1,...,βn )
: Cη(V, F)→ C (α j−β j ,...,αn−βn )(V × E

β j
j × · · · × Eβn

n , F)

we obtain the directional derivative

( ˘Dw1 · · ·
˘Dwn g)(x, y)

= ε(y,w j ,...,wn )(d (β j ,β j+1,...,βn )(d (β1,β2,...,β j−1)g(x, w1, . . . , w j−1)))

= d (β j ,β j+1,...,βn )(d (β1,β2,...,β j−1)g(x, w1, . . . , w j−1))(y, w j , . . . , wn)

= (d (β j ,β j+1,...,βn )
◦ (d (β1,β2,...,β j−1)g))(x, w1, . . . , w j−1)(y, w j , . . . , wn)

= (d (β j ,β j+1,...,βn )
◦ (d (β1,β2,...,β j−1)g))∧((x, w1, . . . , w j−1), (y, w j , . . . , wn))

for x ∈ U 0
:= U 0

1×· · ·×U 0
n . To see that g∧ is C (γ,η), it therefore suffices to show that the map

h : U×Eβ1
1 ×· · ·×E

β j−1
j−1 ×V ×E

β j
j ×· · ·×Eβn

n → F , h := (d (β j ,β j+1,...,βn )
◦ (d (β1,β2,...,β j−1)g))∧



1056 H. Alzaareer / Indagationes Mathematicae 30 (2019) 1036–1060

is continuous for all βi ∈ N0 such that βi ≤ αi . By Lemma 3.21, this follows if we can show
that

f : U × X1 × · · · × X j−1 × V × X j × · · · × Xn → F,

(x, w1, . . . , w j−1, y, w j , . . . , wn)
↦→ h(x, w1, . . . , w1  

β1−times

, . . . , w j−1, . . . , w j−1  
β j−1−times

, y, w j , . . . , w j  
β j−times

, . . . , wn, . . . , wn  
βn−times

)

is continuous. Now

ψ : U × X1 × · · · × X j−1 → U × Eβ1
1 × · · · × E

β j−1
j−1 ,

(x, w1, . . . , w j−1) ↦→ (x, w1, . . . , w1  
β1−times

, w2, . . . , w2  
β2−times

, . . . , w j−1, . . . , w j−1  
β j−1−times

)

is continuous and the map θ : U × X1 × · · · × X j−1 → C0(V × Y, F), θ := C0(ϕ, F) ◦
d (β j ,β j+1,...,βn )

◦ d (β1,β2,...,β j−1)g ◦ψ , is continuous. By hypothesis U × X1 × · · · × X j−1 × V ×
X j ×· · ·× Xn is a k-space, it follows that θ∧ : U × X1×· · ·× X j−1×V × X j ×· · ·× Xn → F
is continuous (see [11, Proposition B.15]). Since θ∧ = f , this implies the continuity of f . □

4. The exponential law for Cα-mappings on manifolds

Definition 4.1. For all i ∈ {1, . . . , n}, let Mi be a smooth manifold (possibly with rough
boundary) modelled on a locally convex space, α := (α1, . . . , αn) with αi ∈ N0 ∪ {∞} and
F be a locally convex space. A map f : M1 × · · · × Mn → F is called Cα (in particular,
continuous) if f ◦ (ϕ−1

1 ×· · ·×ϕ
−1
n ) : Vϕ1 ×· · ·× Vϕn → F is Cα for all charts ϕi : Uϕi → Vϕi

of Mi . Then in particular f is continuous.

Definition 4.2. In the situation of Definition 4.1, let Cα(M1×· · ·×Mn, F) be the space of all
Cα-maps f : M1×· · ·×Mn → F . Endow Cα(M1×· · ·×Mn, F) with the initial topology with
respect to the maps Cα(M1×· · ·×Mn, F)→ Cα(Vϕ1×· · ·×Vϕn , F), f ↦→ f ◦(ϕ−1

1 ×· · ·×ϕ
−1
n ),

for ϕi in the maximal smooth atlas of Mi .

Proposition 4.3. For all i ∈ {1, . . . , n}, let Mi be a smooth manifold (possibly with rough
boundary) modelled on locally convex space, αi ∈ N0∪{∞} and F be a locally convex space.
Let j ∈ {2, . . . , n}. Define M := M1× · · ·×M j−1, N := M j × · · ·×Mn, γ := (α1, . . . , α j−1)
and η := (α j , . . . , αn). Then

1. f ∨ ∈ Cγ (M,Cη(N , F)) for all f ∈ C (γ,η)(M × N , F).
2. The map

Φ : C (γ,η)(M × N , F)→ Cγ (M,Cη(N , F)), f ↦→ f ∨

is a linear topological embedding.

Proof. (1) It is clear that f ∨(x) = f (x, •) for x ∈ M is a Cη-map N → F . It suffices to show
that f ◦(ϕ−1

1 ×· · ·×ϕ
−1
j−1) : Uϕ1×· · ·×Uϕ j−1 → Cη(N , F) is Cγ for each chart ϕk : Uϕk → Vϕk

of M , where k ∈ {1, . . . , j − 1}. For all l ∈ { j, . . . , n}, let Al be the maximal smooth atlas for
Ml . Since the map

Ψ : Cη(N , F)→
∏
ϕl∈Al ,
j≤l≤n

Cη(Uϕ j × · · · ×Uϕn , F), h ↦→ (h ◦ (ϕ−1
j × · · · × ϕ

−1
n )) ϕl∈Al ,

j≤l≤n
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is a linear topological embedding with closed image (see [14]; cf. [10, 4.7 and Proposi-
tion 4.19(d)]), f ∨ ◦ (ϕ−1

1 × · · · × ϕ
−1
j−1) is Cγ if and only if Ψ ◦ f ◦ (ϕ−1

1 × · · · × ϕ
−1
j−1) is

Cγ (see [14]; cf. [4, Lemma 10.2]), which holds if all components are Cγ . From this the
assertion follows if we can show that

θ : Vϕ1 × · · · × Vϕ j−1 → Cη(Vϕ j × · · · × Vϕn , F),

x ↦→ f ∨((ϕ−1
1 × · · · × ϕ

−1
j−1)(x)) ◦ (ϕ−1

j × · · · × ϕ
−1
n ) = ( f ◦ (ϕ−1

1 × · · · × ϕ
−1
n )∨)(x)

is Cγ . But θ = ( f ◦ (ϕ−1
1 × · · · × ϕ

−1
n ))∨ where f ◦ (ϕ−1

1 × · · · × ϕ
−1
n ) : Vϕ1 × · · · × Vϕn → F

is C (γ,η), hence θ is Cγ by Theorem 3.20.
(2) It is clear that Φ is an injective linear map. Because Ψ is a linear topological embedding,
also for P :=

∏
ϕl∈Al ,
j≤l≤n

Cη(Vϕ j × · · · × Vϕn , F) the map

Cγ (M,Ψ ) : Cγ (M,Cη(N , F))→ Cγ (M, P), f ↦→ Ψ ◦ f

is a topological embedding [14]. Let Ak be the maximal smooth atlas for Mk where k ∈
{1, . . . , j − 1}. The map

Ξ : Cγ (M, P)→
∏

ϕk∈Ak ,
1≤k≤ j−1

Cγ (Vϕ1 × · · · × Vϕ j−1 , P),

f ↦→ ( f ◦ (ϕ−1
1 × · · · × ϕ

−1
j−1)) ϕk∈Ak ,

1≤k≤ j−1

is a linear topological embedding. Let

Q :=
∏

ϕk∈Ak ,
1≤k≤ j−1

∏
ϕl∈Al ,
j≤l≤n

Cγ (Vϕ1 × · · · × Vϕ j−1 ,Cη(Vϕ j × · · · × Vϕn , F)).

Using the isomorphism
∏

ϕk∈Ak ,
1≤k≤ j−1

Cγ (Vϕ1 ×· · ·×Vϕ j−1 , P) ∼= Q we obtain a linear topological

embedding

Γ := Ξ ◦ Cγ (M,Ψ ) : Cγ (M,Cη(N , F))→ Q,

f ↦→ (Cη(ϕ−1
j × · · · × ϕ

−1
n , F) ◦ f ◦ (ϕ−1

1 × · · · × ϕ
−1
j−1)) ϕi∈Ai ,

1≤i≤n

where Cη(ϕ−1
j ×· · ·×ϕ

−1
n , F) : Cη(N , F)→ Cη(Vϕ j×· · ·×Vϕn , F), f ↦→ f ◦(ϕ−1

j ×· · ·×ϕ
−1
n ).

Also the map

ω : C (γ,η)(M × N , F)→
∏
ϕi∈Ai ,
1≤i≤n

C (γ,η)(Vϕ1 × · · · × Vϕn , F),

f ↦→ ( f ◦ (ϕ−1
1 × · · · × ϕ

−1
n )) ϕi∈Ai ,

1≤i≤n

is a topological embedding, by Definition 4.2. Thus we obtain the following commutative
diagram.

C (γ,η)(M × N , F)
Φ

−−−−→ Cγ (M,Cη(N , F))⏐⏐↓ω ⏐⏐↓Γ∏
ϕi∈Ai ,
1≤i≤n

C (γ,η)(Vϕ1 × · · · × Vϕn , F)
ζ

−−−−→ Q
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where ζ is the map ( fϕ1,...,ϕn ) ϕi∈Ai ,
1≤i≤n

↦→ ( f ∨ϕ1,...,ϕn
) ϕi∈Ai ,

1≤i≤n
. By using that open subsets of k-spaces

are k-spaces and because the vertical maps and also the horizontal arrow at the bottom (by
[2, Lemma 4.4] and Theorem 3.20) are topological embeddings, hence the map Φ is a
topological embedding. □

Theorem 4.4. For all i ∈ {1, . . . , n}, let Mi be a smooth manifold (possibly with rough
boundary) modelled on a locally convex space Ei , F be a locally convex space and αi ∈

N0 ∪ {∞}. Let X i := {0} if αi = 0, otherwise X i := Ei . For j ∈ {2, . . . , n} define
M := M1 × · · · × M j−1, N := M j × · · · × Mn, γ := (α1, . . . , α j−1) and η := (α j , . . . , αn).
Assume that N is locally compact or M × N × X1 × X2 × · · · × Xn is a k-space. Then

Φ : C (γ,η)(M × N , F)→ Cγ (M,Cη(N , F)), f ↦→ f ∨ (4.0.1)

is an isomorphism of topological vector spaces. Moreover, a map g : M → Cη(N , F) is Cγ if
and only if

g∧ : M × N → F, g∧(x, y) := g(x)(y)

is C (γ,η).

Proof. By Proposition 4.3, it suffices to show that Φ is surjective.
Let g ∈ Cγ (M,Cη(N , F)) and define f := g∧ : M × N → F, f (x, y) := g(x)(y). For all

i ∈ {1, . . . , n}, let ϕi : Uϕi → Vϕi be charts for Mi . Then

f ◦ (ϕ−1
1 × · · · × ϕ

−1
n ) : Vϕ1 × · · · × Vϕn → F,

(x1, . . . , xn) ↦→ (Cη(ϕ−1
j × · · · × ϕ

−1
n , F) ◦ g ◦ (ϕ−1

1 × · · · × ϕ
−1
j−1))∧(x1, . . . , xn)

with Cη(ϕ−1
j ×· · ·×ϕ

−1
n , F) : Cη(N , F)→ Cη(Vϕ j ×· · ·×Vϕn , F), h ↦→ h ◦ (ϕ−1

j ×· · ·×ϕ
−1
n )

continuous linear. Hence Cη(ϕ−1
j ×· · ·×ϕ

−1
n , F)◦ g ◦ (ϕ−1

1 ×· · ·×ϕ
−1
j−1) : Vϕ1×· · ·×Vϕ j−1 →

Cη(Vϕ j × · · · × Vϕn , F) is Cγ . Therefore, by Theorem 3.22, the map f ◦ (ϕ−1
1 × · · · × ϕ

−1
n ) is

C (γ,η).
Locally compact condition. For all l ∈ { j, . . . , n}, from the locally compactness of N it
follows then that the open subset Uϕl is locally compact and hence also the Vϕl . Therefore,
Theorem 3.22 applies.
k-space condition. Vϕ1 × · · · × Vϕn × X1× X2× · · · × Xn is homeomorphic to the open subset
Uϕ1 × · · ·×Uϕn × X1× X2× · · ·× Xn of the k-space M × N × X1× X2× · · ·× Xn and hence
a k-space. Again, Theorem 3.22 applies. □

Corollary 4.5. For all i ∈ I := {1, . . . , n}, let Mi be a smooth manifold (possibly with
rough boundary) modelled on locally convex space Ei , F be a locally convex space and
αi ∈ N0∪{∞}. For j ∈ {2, . . . , n} define M := M1×· · ·×M j−1, N := M j ×· · ·×Mn, γ :=

(α1, . . . , α j−1) and η := (α j , . . . , αn). Assume that (1), (2) or (3) is satisfied:
1. For all i ∈ I , Ei is a metrizable.
2. For all i ∈ I , Mi is manifold with corners and Ei is a hemicompact k-space.
3. For all i ∈ { j, . . . , n}, Mi is a finite-dimensional manifold with corners.

Then

Φ : C (γ,η)(M × N , F)→ Cγ (M,Cη(N , F)), f ↦→ f ∨
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is an isomorphism of topological vector spaces. Moreover, a map g : M → Cη(N , F) is Cγ if
and only if

g∧ : M × N → F, g∧(x, y) := g(x)(y)

is C (γ,η).

Proof. Case M j . . . ,Mn are finite-dimensional manifolds with corners. Let Ml be of dimension
ml for all l ∈ { j, . . . , n}. Then each point of Ml has an open neighbourhood homeomorphic to
an open subset Vl of [0,∞[ ml . Hence Vl is locally compact, thus Ml is locally compact. Thus
Theorem 4.4 applies.

Case Ei is a metrizable. Then for all i ∈ I , all point xi ∈ Mi has an open neighbourhood
Ui ⊆ Mi homeomorphic to subset Vi ⊆ Ei . Since V1 × · · · × Vn is metrizable, it follows that
U1 × · · · ×Un × E1 × · · · × En is metrizable and hence a k-space. Hence by [2, Lemma 4.7]
M1 × · · · × Mn × E1 × · · · × En is a k-space and Theorem 4.4 applies.

Case E1, . . . , En are kω-spaces, Mi is a manifold with corners. For all xi ∈ Mi there is an
open neighbourhood Ui ⊆ Mi homeomorphic to an open subset Vi of finite intersections of
closed half-space in Ei . Hence V1×· · ·×Vn×E1×· · ·×En is (relatively) open subset of a closed
subset of (E1×· · ·×En)2. Since the product of hemicompact k-spaces is a hemicompact k-space
(see [13, Proposition 4.2(i)]), and hence a k-space, (E1×· · ·×En)2 is a k-space and since open
subset (and also closed subset) of k-spaces is k-space, it follows that V1×· · ·×Vn×E1×· · ·×En

is a k-space. Now [2, Lemma 4.7] shows that M1 × · · · × Mn × E1 × · · · × En is a k-space,
and thus Theorem 4.4 applies. □

Remark 4.6. The case of manifold with corners and (E1 × · · · × En)2 is a k-space is proved
along the same lines as (2) in Corollary 4.5.
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