
Lecture Notes in Mathematics 
Editors: 
A. Dold, Heidelberg 
B. Eckmann, Ztirich 
E Takens, Groningen 

1466 



Wojciech Banaszczyk 

Additive Subgroups 

of Topological Vector 

Spaces 

Springer-Verlag 
Berlin Heidelberg NewYork 

London Paris Tokyo 
Hong Kong Barcelona 
Budapest 



Author 

Wojciech Banaszczyk 

Institute of Mathematics 

L6d~ University 

Banacha 22 

90-238 L6d~, Poland 

Mathematics Subject Classification (1980): I IH06, 22-02, 22A10, 22A25, 22B05, 

40J05, 43-02, 43A35, 43A40, 43A65, 46A 12, 46A25, 46B20, 47B 10, 52A43, 60B 15 

ISBN 3-540-53917-4 Springer-Verlag Berlin Heidelberg New York 

ISBN 0-387-53917-4 Springer-Verlag New York Berlin Heidelberg 

This work is subject to copyright. All rights are reserved, whether the whole or part of 

the material is concerned, specifically the rights of translation, reprinting, re-use of 

illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and 

storage in data banks. Duplication of this publication or parts thereof is only permitted 

under the provisions of the German Copyright Law of September 9, 1965, in its current 

version, and a copyright fee must always be paid. Violations fall under the prosecution 

act of the German Copyright Law. 

© Springer-Verlag Berlin Heidelberg 199 I 
Printed in Germany 

Printing and binding: Druckhaus Beltz, Hemsbach/Bergstr. 

2146/3140-543210 - Printed on acid-free paper 



I~REFACE 

In the commutat ive harmonic analysis there are at least two im- 

portant theorems that make sense without the assumption of the local 

compactness of the group and the existence of the Haar measure: the 

Pontryagin-van Kampen dual i ty theorem and the Bochner theorem on posi- 

t ive-def ini te functions. The Pontryagin-van Kampen theorem is known to 

be true e.g. for Banach spaces, products of locally compact groups or 

addit ive subgroups and quotients of nuclear Frechet spaces. The Boch- 

ner theorem remains val id for locally convex spaces over p-adic fields, 

for nuclear locally convex spaces (the Minlos theorem), their sub- 

groups and quotients. These lecture notes are an attempt of clearing up 

the exist ing material  and of determining the "natural" l imits of the 

appl~cabi l i ty of the theory. Pontryagin dual i ty is discussed in chap- 

ter 5 and the Bochner theorem in chapter 4. 

Our exposit ion is based on the notion of a nuclear group. Roughly 

speaking, nuclear groups form the smallest class of abelian topological 

groups which contains locally compact groups and nuclear spaces and is 

closed with respect to the operations of taking subgroups, Hausdorff  

quotients and arbitrary products. The def in i t ion and basic propert ies 

of nuclear groups are gathered in chapter 3. It turns out that, from 

the point of view of cont inuous characters, nuclear groups inherit many 

propert ies of locally compact groups. 

In chapter 2 we show that the assumption of nuclear i ty is essen- 

tial: if a separable Frechet space E is not nuclear, it contains a 

discrete addit ive subgroup K such that the quot ient group E/K does 

not admit any non-tr iv ial  continuous unitary representations. 

In section i0 we apply nuclear groups to obtain answer to an old 

problem of S. Ulam on rearrangement of series in topological groups. 

From the point of v iew of convergence of series and sequences, nuclear 

groups inherit many propert ies of f inite dimensional and nuclear spaces. 

The character ist ic feature of our considerat ions is their geome- 

tr ical complexion. The heart of the monograph is section 3 on relations 

between latt ices and n-dimensional el l ipsoids in R n. The main t oo~  

used here are the Minkowski convex body theorem and the Korkin-Zolota- 

rev bases. To derive the results of chapters 3-5 from those of sect ion 



VI 

3, we need only some, rather e lementary,  topo logy  and topo log ica l  al- 

gebra. The main  resul t  of chapter  2 is a consequence of the Minkowsk i -  

-Hlawka theorem and cer ta in  proper t ies  of e l l ipso ids  of inertia of con- 

vex bodies. The ana ly t ic  apparatus  is made use of to a s l ight  degree 

only. In that  sense, our approach to dua l i t y  is kept in the spi r i t  of 

the or ig ina l  geomet r ica l  idea of Pontryagin.  

This monograph  lies on the l ine of several  branches of mathematics, 

somet imes even qui te  distant,  and the author  wishes to thank many per- 

sons for their  remarks and advice wh ich  enab led him to present  each 

par t icu lar  b ranch in con fo rmi ty  wi th  the cur rent  state of knowledge:  

S. Kwapie~ and A. Pe lczy~sk i  for their  help in funct iona l  analysis,  

espec ia l l y  the local theory  of Banach spaces; H.W. Lenstra,  Jr. for 

comments on the geomet ry  of numbers; V.M. Kadets for in fo rmat ion  con- 

cern ing  rear rangement  of series, and many others. 

Par t icu lar  thanks are d i rec ted  to W. Woj ty~sk i  for his encourag- 

ing suggest ions;  this work is a deve lopment  of his ideas. 

Ldd~, Ju ly  1990 
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Chapter  1 

~ E S  

In this chapter  we es tab l i sh  nota t ion  and terminology.  We also 

state some s tandard facts in a form conven ient  to us. Sect ion 1 is de- 

vo ted to abe l ian topo log ica l  groups and sec t ion  2 to topological vector 

spaces. In sect ion 3 we give some more or less known facts about  addi-  

t ive subgroups of R n. 

i. Topo log ica l  groups 

The groups under  cons idera t ion  wi l l  be mos t l y  addi t ive subgroups 

or quot ien t  groups of vector  spaces. There fore  we shal l  apply the addi- 

t ive no ta t ion  mainly,  deno t ing  the neut ra l  e lement  by  0. Natura l ly ,  

we shal l  keep the mu l t i p l i ca t i ve  nota t ion  for groups of, say, non-zero 

complex numbers or l inear operators.  The add i t ive  groups of in tegers 

and of real  and complex  numbers wi l l  be denoted  by Z, R and C, re- 

spect ively.  The mu l t i p l i ca t i ve  group of complex numbers w i th  modu lus  

1 wi l l  be denoted by S. 

By a character  of a group G we mean a homomorph ism of G into 

the group T: = R/Z. We shal l  f requent ly  identify T wi th  the in terva l  

(- ½, ½]. The canon ica l  p ro jec t ion  of R onto T wi l l  be denoted by 

p. Thus p(x) = x for x = (- ,~]. The value of character  X at 

a point  g wi l l  be denoted  by x(g) or, somet imes,  by <x,g>. 

Now, let G be an abe l ian topo log ica l  group (we do not assume 

topo log ica l  groups to be Hausdor f f ) .  The set of al l  cont inuous charac-  

ters of G, w i th  add i t ion  de f ined  pointwise,  is an abe l ian group 

again. We cal l  it the dual  g roup or the charac ter  group of G and de- 

note by G-. 

Characters  are usua l l y  de f ined  as homomorph isms into S. Such a 

de f in i t ion  is conven ien t  in harmonic  analysis,  when we cons ider  com- 

p lex -va lued  funct ions "synthes ized"  of cont inuous charac ters  (such a 

s i tuat ion wi l l  take p lace in chapter  4). However,  it leads to the mul-  

t ip l i ca t ive  no ta t ion  on G- wh ich  is inconven ient  in dua l i t y  theory  

when we try to ma in ta in  symmetry  between G and G- (especia l ly  when 

we cons ider  topo log ica l  vector  spaces). There are also cer ta in  tech- 

nical  reasons for wh ich  we have chosen T ins tead of S. 

We shal l  have to cons ider  var ious topo log ies  on G . The dual  



group endowed w i th  a g iven topo logy  ~ wi l l  be deno ted  G T. By G~, 

G- and G^ we shal l  denote the dual  group endowed, respect ive ly ,  
c pc 

wi th  the topo logy  of un i fo rm convergence  on f ini te, compact  and pre- 

compact  subsets of G (i.e. w i th  the topo logy  of po intwise,  compact  

and p recompac t  convergence) .  The second one is usua l l y  ca l led  the com- 

pac t -open  topology.  

Now, let A be a subset  of G. If X is a charac te r  of  G,- then 

we wr i te  

I x ( A )  I = sup { I x ( g ) l :  g ~ A } .  

The set 

{X • G : Ix(A) I ~ } 

- o If the mean-  is ca l led  the po lar  of A in G ; we denote  it by A G. 

o By A ° A ° ing of G is clear, we s imply  wr i te  A ° ins tead of A G. p' c 

and A ° we denote  the set A ° endowed w i th  the topo logy  of po in t -  
pc 

wise, compact  and p recompac t  convergence,  respect ive ly .  

If A is a subgroup of G, then 

A° = {X • G^ : XIA ~ 0}; 

this fol lows, for instance, f rom (1.2). Thus A ° is a c losed subgroup 

of G~; we cal l  it the ann ih i la to r  of A. 

A subset  A of G is said to be quas i - convex  if to each g •  G \ A 

cor responds  some X • A ° w i th  Ix(g)l > {. The set there 

1 
N {g • G : l×(g) l ~ ~} 

X~A ° 

is ev iden t l y  the smal les t  quas i - convex  subset  of G con ta in ing  A; we 

cal l  it the quas i - convex  hul l  of A. We say that G is a loca l ly  

quas i - convex  group if it admits a base at zero cons is t ing  of quasi-  

-convex sets. Observe  that if G is a Hausdor f f  loca l ly  quas i - convex  

group, then it admits su f f i c ien t l y  many con t inuous  charac te rs  (i.e. 

cont inuous charac ters  separate the po in ts  of G). Observe also that the 

polar  of any subset  of G is a quas i - convex  subset  of each of the 

groups G , G c and Gpc ; there fore  al l  the three groups are loca l ly  

quas i -convex.  

(l.lJ ra,~wA~ Let g,h be two e lements  of an abe l ian  group G. If 

X is a charac ter  of G such that Ix(g)l, Ix(h) l and Ix(g + h)l 
1 

are less than 7' then x(g + h) = x(g) + x(h). 



~ -  One has  

x (g  + h) - x(g) + x(h) (mod Z), 

i.e. 

(i) x (g  + h) - x(g) - ×(h) g Z. 

F r o m  our  a s s u m p t i o n  we o b t a i n  

(2) Ix(g + h) - x(g) - x(h) l 

1 1 1 
< I x (g  + h ) l  + I x (g )  l + I x ( h ) l  < -~ + ~" + ~" = i .  

N o w  (i) and  (2) i m p l y  t ha t  x (g  + h) - x(g) - x(h) = 0. • 

m 

1 
x(kg)  < ~ fo r  k = l , . . . ,m .  T h e n  ×(mg) = mx(g ) .  

Proof. By  the  p r e c e d i n g  lemma,  fo r  e a c h  k = l , . . . ,m -1 ,  

x ( ( k  + l)g) = x(kg)  + x(g)-  Thus  

m- I  m- I  m- i  
Z x ( ( k  + l)g) = >q x(kg)  + ~ x(g) ,  

k= l  k=!  k= l  

w h i c h  m e a n s  tha t  x(mg) = mx(g ) .  • 

~.2) ;Jmmua. Le t  X be a c h a r a c t e r  of an a b e l i a n  g r o u p  G. Le t  

be a p o s i t i v e  i n t e g e r  and  g an e l e m e n t  of  G, such  tha t  

we  have  

Le t  A be a s u b s e t  of  an  a b e l i a n  g r o u p  G. By  gp  A we d e n o t e  

the  s u b g r o u p  of G g e n e r a t e d  by  A. For  each  m = 1 ,2 , . . . ,  we  de-  

no te  

A m = {a I + ... + a m : a l , . . . , a  m E A}. 

~1.3) PIam~sr~Ium. Le t  G be an a b e l i a n  t o p o l o g i c a l  g roup .  The  

p o l a r s  of  c o m p a c t  (resp. f i n i te ,  p r e c o m p a c t )  s u b s e t s  of G f o r m a  base  

at  zero  in  G c (resp. in G , Gpc) .  

Proof. Le t  U be  a n e i g h b o u r h o o d  of  ze ro  in  G c (rasp. in G , 

Gpc) .  T h e r e  e x i s t  an ~ > 0 and  a c o m p a c t  (resp. f i n i te ,  p recompact )  

subse t  Y of  G, such  tha t  the  se t  W = {X E G : IX(Y) I < £} is 

c o n t a i n e d  in  U. C h o o s e  an i n t e g e r  m > (4E) -I. The  set  A = ym is 

c o m p a c t  (resp. f i n i te ,  p r e c o m p a c t ) .  By  (1.2),  fo r  e a c h  X ~ A°, we  

1 
have  Ix(Y) I ~ ~ IX(A) I ~ 4--m < ~" Thus  A O c W. • 

By  N o ( G  ) we  d e n o t e  the  f a m i l y  of a l l  n e i g h b o u r h o o d s  of  ze ro  in  

an a b e l i a n  t o p o l o g i c a l  g r o u p  G (we do no t  a s s u m e  n e i g h b o u r h o o d s  to 



be open) .  

~I.4J r~mm~. A c h a r a c t e r  X of  an a b e l i a n  topo log ica l  g r o u p  G is 

c o n t i n u o u s  if and  o n l y  if X E U ° fo r  a c e r t a i n  U ~ N o ( G ) .  

Proof. The  n e c e s s i t y  of  the  c o n d i t i o n  is t r i v i a l .  To  p r o v e  the  

s u f f i c i e n c y ,  c h o o s e  a n y  £ > 0. We  c a n  f i nd  an  i n t e g e r  m > (4£) -1 

and  t h e n  some W E No(G ) w i t h  W TM c U. B y  (1.2) ,  we  h a v e  iX(W) I ~ 

[X(U) I ~ 4 ~  < £" Th i s  m e a n s  tha t  X is c o n t i n u o u s  at  zero.  • 

( I . 5 )  P R ~ O S I T I ~ .  The p o l a r s  of n e i g h b o u r h o o d s  of ze ro  in an abe-  

l i en  t o p o l o g i c a l  g r o u p  G are  c o m p a c t  s u b s e t s  of  Gpc. 

Proof. C h o o s e  any  U ~ No(G).  The  g r o u p  G~  is c o m p a c t  b e c a u s e  

we m a y  i d e n t i f y  i t  w i t h  a c l o s e d  s u b g r o u p  of  the  p r o d u c t  T G (see a l so  

(1.8)) .  S i n c e  U °p is a c l o s e d  subse t  of Gp, i t  is e n o u g h  to  s h o w  

tha t  the  i d e n t i t y  m a p p i n g  U ° ~ U ° is c o n t i n u o u s .  
p pc 

C h o o s e  any  < ~ U ° and  le t  W be a n e i g h b o u r h o o d  of  < in U ° 
pc" 

By  (1.3),  t he re  is some p r e c o m p a c t  s u b s e t  A of  G such  tha t  

W':  = (K + A °) n U ° c W. 

Next ,  we  can  f i nd  some V E N o ( G  ) w i t h  V 3 c U. S i n c e  A 

compac t ,  t h e r e  e x i s t  some g l , . . 0 , g n  ~ A such  t ha t  

(i) A c {g i }~=  1 + V. 

The  se t  

is p re -  

i fo r  i = i . ,n} W" = {X E U O : Ix(gi) - <(g i  )I ~ i-~ ' "" 

is a n e i g h b o u r h o o d  of  K in U °. I t  r e m a i n s  to  show  tha t  W" c W'. 
P 

So, c h o o s e  a n y  X E W". We have  to show  tha t  X - m ~ A°- T a k e  

any  g e A. In v i e w  of  (i), we  m a y  w r i t e  g = gi  + h for  some i = 

l , . . . , n  and  some h ~ V. Now,  f r om  (1.2) we  o b t a i n  

H e n c e  

I x ( v )  5_-<. I x ( u ) l  =< and  I ,<(v)  ls I ,<(u) l s y-~. 

I ( x  - K ) ( g ) l  < I x ( g  i )  - K ( g i ) l  + I x ( h )  l + I < ( h )  l < 3 = ! = = 1 2  4 "  

A n  a b e l i a n  g r o u p  G is c a l l e d  d i v i s i b l e  if to e a c h  g E G 

e a c h  n = 1,2 .... t h e r e  c o r r e s p o n d s  some h E G w i t h  nh  = g. 

and  



(1.6) PRof~s/1,x~. Let H be a subgroup of an abe l ian  group G. 

Every  homomorph ism of H into a d iv i s ib le  group can be ex tended to a 

homomorph ism of G. 

For the proof, see e.g. [38], Theorem (A.7). 

Let G,H be abe l ian  topo log ica l  groups. An i somorph ism ~ of G 

onto H is ca l led  a topo log ica l  i somorph ism if ¢ and ¢-i are con- 

t inuous. If there is a topo log ica l  i somorph ism of G onto H, then we 

say that G and H are topo log ica l l y  i somorph ic  and wr i te  G-  H. An 

in jec t ive  homomorph ism ¢ : G + H is ca l led  a topo log ica l  embedding if 

is a topo log ica l  i somorph ism of G onto the group ¢(G) endowed 

w i th  the topo logy  induced f rom H. 

( 1 . 7 )  PI~DI~SIYI~ I .  Let GI , . . . ,G  n be abe l ian  topo log ica l  groups. 

There is a canon ica l  topo log ica l  i somorph ism be tween (G 1 × ... × Gn) c 

and (GI) c x ... × (Gn) c • 

This is a s tandard  fact. For the proof,  we refer  the reader  to 

[38], (23.18) - the assumpt ion  there that  GI , . . . ,G  n are loca l ly  com- 

pacb- is inessent ia l .  For in f in i te  products,  see (14.11) below. 

Let H be a subgroup of an abe l ian  topo log ica l  group G. We say 

that H is dua l l y  c losed in G if to each g E G  \ H there cor responds  

some X E H ° w i th  x(g) # 0 (this is equ iva len t  to the assert ion that 

H is a quas i - convex  subset  of G). Next, we say that H dua l l y  

embedded in G if each con t inuous  charac te r  of H can be ex tended to 

a cont inuous charac te r  of G. Observe that dua l l y  c losed subgroups are 

closed. Observe  also that each cont inuous charac ter  of H can be ex- 

tended in a un ique way  to a con t inuous  charac te r  of H. 

Let us recal l  shor t ly  bas ic  facts concern ing  the Pont ryag in  - van 

Kampen dua l i t y  theorem. The proofs  can be found e.g. in [38], §24. By 

a compact  (rasp. loca l ly  compact)  group we shal l  mean a group wh ich  is 

compact  (rasp. loca l ly  compact)  and separated.  Loca l l y  compact  abe l ian  

groups are ca l led  LCA groups. 

(~.8) PROFOSZS~Z~. Let G be an LCA group. Then G = G is an 
c pc 

LCA group, too, and the eva lua t ion  map is a topo log ica l  i somorph ism of 

G onto ( G ) c "  If H is a c losed subgroup of G, then H is dual-  

ly c losed and dua l l y  embedded. Moreover ,  the canon ica l  mapp ings  

Gc/H~ + Hc and (G/H) c- + H°c are both  topo log ica l  isomorphism. If G 



is  c o m p a c t ,  G is  d i s c r e t e .  I f  G is  d i s c r e t e ,  G c is  c o m p a c t .  

T h e r e  a r e  c a n o n i c a l  t o p o l o g i c a l  i s o m o r p h i s m s  R ~ R, Z ~ T, T ~ Z. 
c c c 

~1.gJ1~ol~ssr fx~.  L e t  G b e  a n  L C A  g r o u p .  T h e n  t h e r e  e x i s t  a n  

n = 0 , 1 , 2 , . . . ,  a c o m p a c t  g r o u p  K a n d  a d i s c r e t e  g r o u p  D, s u c h  t h a t  

G is  t o p o l o g i c a l l y  i s o m o r p h i c  t o  a c l o s e d  s u b g r o u p  o f  R n × K x D. 

^ 

Pmm~f. B e i n g  a n  L C A  g r o u p ,  G c o n t a i n s  a n  o p e n  s u b g r o u p  A ~ 
C 

R n x H f o r  s o m e  n = 0 , 1 , 2 , . . .  a n d  s o m e  c o m p a c t  g r o u p  H ( [69 ] ,  T h e o -  

r e m  25 o r  [38 ] ,  ( 9 . 1 4 ) ) .  L e t  ~ : G + G /A  b e  t h e  n a t u r a l  p ro jec t i on .  

E v e r y  ( a b e l i a n )  g r o u p  is a q u o t i e n t  o f  a f r e e  one .  So,  w e  c a n  f i n d  a 

f r e e  a b e l i a n  g r o u p  F a n d  a h o m o m o r p h i s m  ~ o f  F o n t o  G /A. L e t  

{ f i } i ~ i  b e  a s y s t e m  o f  f r e e  g e n e r a t o r s  o f  F. F o r  e a c h  i E I, c h o o s e  

s o m e  X i  e G w i t h  ~ (X  i) = ~ ( f i  ). L e t  ~ : F ~ G b e  t h e  h o m o -  

m o r p h i s m  g i v e n  b y  a ( f  i) = X i  f o r  i ~ I. W e  o b t a i n  t h e  f o l l o w i n g  

c o m m u t a t i v e  d i a g r a m :  

F 

G- ~ >G-/A 

T h e  f o r m u l a  

p ( a , f )  = a + a( f )  (a ~ A, f ~ F) 

d e f i n e s  a h o m o m o r p h i s m  p : A x F ~ G . W e  s h a l l  p r o v e  t h a t  

^ 

(I) p ( A  x F) = G . 

To  t h i s  end ,  c h o o s e  a n  a r b i t r a r y  × ~ G . S i n c e  ~ (F )  = G /A, w e  c a n  

f i n d  s o m e  f e F w i t h  ~ ( f )  = ~ (X ) .  T h e n  ~ o ( f ) )  = ~ ( f )  = ~ (X ) ,  

w h i c h  m e a n s  t h a t  a : = X - a( f )  e k e r  ¢ = A. T h u s  X = a +  o ( f )  = 

p (a , f )  e p ( A  × F) ,  w h i c h  p r o v e s  (i). 

L e t  us  e n d o w  F w i t h  t h e  d i s c r e t e  t o p o l o g y .  S i n c e  A × {0} is  a n  

o p e n  s u b g r o u p  o f  A × F a n d  p is  a t o p o l o g i c a l  i s o m o r p h i s m  ( in  f a c t ,  

i d e n t i t y )  o f  A x {0} o n t o  t h e  o p e n  s u b g r o u p  A of G~,  i t  f o l l o w s  an  

t h a t  p : A × F ~ G c is  b o t h  c o n t i n u o u s  a n d  o p e n .  C o n s e q u e n t l y ,  G c 

(A × F ) / k e r  p. So,  i n  v i r t u e  o f  (1 .8  , w e  h a v e  

G (Gc) c ( (A x F ) / k e r  p ) c  - ( ke r  p )~ .  

I n  o t h e r  w o r d s ,  G i s  t o p o l o g i c a l l y  z s o m o r p h i c  t o  a c l o s e d  s u b g r o u p  o f  



c c 
× F ~ Rn × H × F (A × F) c. F rom (1.7) we get  (A × F) - Ac c c 

i t  r e m a i n s  to o b s e r v e  tha t  F is c o m p a c t  and  H d i sc re te .  • 
c c 

and 

The c o m p l e t i o n  of an a b e l i a n  t o p o l o g i c a l  g roup  G wil l  be deno ted  

by  G. We sha l l  i d e n t i f y  G w i t h  a dense  s u b g r o u p  of G. The c lo-  

sures  in G of e l e m e n t s  of any  g i ven  base  at zero  in G fo rm a base  

at zero  in G ([23],  Ch. I I I ,  §3, P r o p o s i t i o n  7). 

(I.IO) P R O B O S ~ .  Let  G o be a dense  s u b g r o u p  of an a b e l i a n  to- 

p o l o g i c a l  g roup  G. Let  H be the c l o s u r e  in G of a c l o s e d  sub-  

g roup  H ° of G o and let  ~ : G ~ G/H be the c a n o n i c a l  p ro j ec t i on .  

Then  the c a n o n i c a l  b i j e c t i o n  Go /H  ° ~ ¢(G o) is a t o p o l o g i c a l  i somor -  

p h i s m  of Go /H  o on to  a dense  s u b g r o u p  of G/H. 

Th is  is P r o p o s i t i o n  21 of [23], Ch. III ,  §2. 

(1.~1) P ~ o s / T ~ .  Let  G be an a b e l i a n  t o p o l o g i c a l  group.  If G 

is a k - s p a c e ,  then  G is a c o m p l e t e  group.  

Pz,x~f. The space  T G of c o n t i n u o u s  m a p p i n g s  f rom G to T is 

c o m p l e t e  in the c o m p a c t - o p e n  t o p o l o g y  ([52],  Ch. 7, T h e o r e m  12). It 

r ema ins  to o b s e r v e  that  G- is a c l o s e d  subse t  of T G. • 

(I.12) PBDPOSITI~. Let  G be an a b e l i a n  g roup  and B a f am i l y  o f  

subse ts  of G s a t i s f y i n g  the f o l l o w i n g  cond i t i ons :  

(a) eve ry  m e m b e r  of B con ta i ns  zero; 

(b) to each  U ~ B the re  c o r r e s p o n d s  some V • B w i t h  -V c U; 

(c) to each  U e B the re  c o r r e s p o n d s  some V • B with V + V  c U. 

Then  the re  ex i s t s  a un i que  t o p o l o g y  T on G c o m p a t i b l e  w i t h  the 

g roup  s t ruc tu re ,  such  tha t  B is a base  at zero  for  ~. 

For  the proof ,  see [23], Ch. III ,  §1.2. 

Let  {G i } i~  I be a f am i l y  of a b e l i a n  t o p o l o g i c a l  g roups  i n d e x e d  

by  a set  I. The  p r o d u c t  of these  g roups  is d e f i n e d  in the usua l  way; 

we deno te  it by  II G.. It is e v i d e n t  that  the p r o d u c t  of a fami ly  of 
ieI 1 

l o c a l l y  q u a s i - c o n v e x  g roups  is l o c a l l y  q u a s i - c o n v e x .  

Let  {Pij : Gi + Gj; i,j E I, i ~ j} be an i nve rse  sys tem of 

t o p o l o g i c a l  g roups ,  tha t  is to say, I is a d i r e c t e d  set  and, for  

each  pa i r  i, j E I w i t h  i ~ j, a c o n t i n u o u s  h o m o m o r p h i s m  Pij  : Gi ~ 

Gj is g iven,  such  tha t  P i j ' P j k  = P ik  if i ~ j ~ k. We d e f i n e  the 



l imit  of this sys tem in the usual  way, iden t i f y ing  it w i th  the appro- 

pr ia te subgroup of the product  I-[ G . .  If I is the set of pos i t i ve  
i~I 1 

integers, then we speak of an inverse sequence. Natura l ly ,  the l imit  

of an inverse system of loca l ly  quas i -convex  groups is loca l ly  quasi -  

-convex. The product  II G i is canon ica l l y  topo log ica l l y  isomorph ic  
i•I 

to the l imit  of the inverse system II G i where K runs through al l  
i•K 

f in i te subsets  of I and the pro jec t ions  PKL for K o L are defined 

in the usual  way. 

The l imit  G of the inverse system {Pij : Gi ~ Gj} may be equal  

to zero. If, however,  I is at most  countab le  and all Pij are onto, 

then also all p ro jec t ions  Pi : G + G i are onto. Kaplan [50], Lemma 

4.6, proved that if {Pij : Gi ~ Gj} is an inverse sequence of LCA 

groups such that Pi j(Gi) is dense in Gj for all pairs i,j w i th  

i ~ j, then also Pi(G) is dense in G i for every  i. 

Again, let {Gi} i •  I be a fami ly  of abe l ian topo log ica l  groups. 

Their  d i rec t  sum, denoted by ~ Gi, is a lgebra ica l l y  the subgroup of 
i•I 

the product  II Gi, cons is t ing  of f in i te sequences (that is, an ele- 
i•I 

ment  (gi) i• i  of II G i be longs to ~ G i if and only if gi = 0 
iEI iEI 

for al l  but  a f in i te number of indices i). We shall consider on Z G i 

the as ter isk  and the rec tangu lar  topologies.  To descr ibe  them, we have 

to in t roduce some add i t iona l  not ions. 

Let U be a subset of an abe l ian group G. 

def ine 

n u = sup {n : kg • U for k = i, .... n} 

g/U = (nu)-I. This means, in par t icu lar ,  that  and 

and on ly  if kg • U for every  k. 

Let us suppose that, for each i • I, 

No(Gi ) .  We d e n o t e  

Z U i = { (gi)i• i • ~ Gi : gi • Ui 
i•I ieI 

For each g • U, we 

g/U = 0 if and 

we are g iven some U i • 

for al l  i • I}, 

Z * U  i = { ( g i ) i • i  • ~ U. : Z (g i /U i )  < I}. 
i•I i•I 1 i•I 

Let B be the fami ly  of all sets of the form Z U i where U i • No(G i) 
i•I 

for every  i. Simi lar ly,  let ~* be the fami ly  of all sets of the 



form Z * U  i where U i E No(Gi) for every  i. It fo l lows f rom (1.12) 
i~I 

that there is a un ique topo logy  on ~ G i compat ib le  wi th  the group 
i~I 

structure,  for wh ich  B is a base at zero; we cal l  it the rec tangu lar  

topology. Condi t ions (a) - (c )  of (1.12) are sa t is f ied  t r iv ia l ly .  Simi- 

larly, it fo l lows from (1.12) that there is a unique topo logy  on ~ G i 
i~I 

compat ib le  w i th  the group structure,  for wh ich  B* is a base at zero; 

we cal l  it the as ter isk  topology. The on ly  non- t r i v ia l  th ing here is 

to ver i fy  (1.12) (c) w i th  B rep laced by B*: 

(1.13) ~m~A. Let {Gi} ie I be a fami ly  of abe l ian  topo log ica l  

groups and let B* be de f ined  as above. Then to each U ~ B* there 

cor responds some V ~ B* w i th  V + V c U. 

To prove (1.13), we need the fo l lowing simple p ropos i t i on  whose 

ver i f i ca t ion  is left to the reader: 

(1.14)  TJmmfA. L e t  U b e  a zero-con ta in ing  subset  of an abe l ian 

Then g/(U + U) ~ ½(g/U) for each g ~ U. If V is another  group G. 

zero-conta in ing  subset  of G and V + V c U, then (g + h) / U 

max (g/V,h/V) for al l  g,h ~ V. 

o f  ( 1 . 1 3 ) .  

for some U i ~ No(Gi),  i ~ I. For e~ch i ~ I, 

V i E N o ( G i )  w i t h  V~I c U i .  S e t  V = Z *  V i .  

Now, take any sequences (gi) iEl and (hi) i~ I 

From ( 1 . 1 4 )  we g e t  

Choose an arb i t ra ry  U ~ B*. We have U= ~ * U i 
i~I 

we can f ind some 

[(gi + hi) /Ui ]  ~ ½ ~ [(gi + h i ) / (V i  + Vi)] 
ieI i~I 

be long ing  to V. 

1 Z [gi/Vi + h i /V i] < i. < ! Z max (gi/Vi, h i /V i) ~ ~ iEI 
= 2 i~I 

Thus (gi + hi) ieI  ~ Z *  U~,± wh ich  means that V + V c U. • 
iEI 

The aster isk  topo logy  is, by def in i t ion,  f iner than the rectangu-  

lar one. For countab le  d i rec t  sums, these two topo log ies  are ident i -  

cal: 

G C2-]L~J ~ Let ( n)n=l be a sequence of abe l ian topolo-  
co 

gical  groups. Then the aster isk  topo logy  on ~ G n is equal  to the 
n=l 
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r e c t a n g u l a r  one. 

E No(Gn)  for n = 1,2, We have  to show tha t  Proof. Let  U n . . . .  

* U c o n t a i n s  a r e c t a n g u l a r  n e i g h b o u r h o o d  of zero. For  each  n = 
n=l  n 

1 ,2 , . . . ,  we  can  f ind  some V n • No(Gn) w i t h  V 2n c U n. F rom (1.14) it 

f o l l ows  by  i n d u c t i o n  tha t  

So, if 

(g/U n) ~ 2 - n ( g / V  n) for a l l  

( g n ) n = l  • Z Vn, t h e n  
n = l  

n = 1 ,2 , . . .  and a l l  g • V n. 

Z (gn/Un) & Z 2 - n ( g n / V n  ) < Z 2 -n = i. 
n=l  n=l  n=l  

Thus  ~ V n c ~ *  U . • 
n= 1 n= 1 n 

In genera l ,  the r e c t a n g u l a r  t o p o l o g y  is not  e q u i v a l e n t  to the as te -  

r i sk  one (cons ider ,  for i ns tance ,  an u n c o u n t a b l e  d i r ec t  sum of rea l  

l ines) .  In the sequel ,  s p e a k i n g  of d i r ec t  sums of t o p o l o g i c a l  g roups,  

we sha l l  a lways  assume that  they  are e n d o w e d  w i t h  the a s t e r i s k  topology, 

un less  it is e x p l i c i t l y  s ta ted  o the rw ise .  N o t i c e  that  if {G i } i •  I is a 

f a m i l y  of l o c a l l y  c o n v e x  spaces,  then  the g roup  Z G i is t o p o l o g i c a l -  
i•I 

lY i s o m o r p h i c  to t he i r  l o c a l l y  convex  d i r e c t  sum. 

( I .161PRQF~Srf I~.  The d i r e c t  sum of an a r b i t r a r y  f am i l y  of l oca l l y  

q u a s i - c o n v e x  g roups  is l o c a l l y  q u a s i - c o n v e x .  

An easy  p roo f  is le f t  to the reader .  

(1.17) l~gPOs~I~m. Let  G be the d i r e c t  sum of a f am i l y  {Gi}i• I of 

H a u s d o r f f  a b e l i a n  g roups .  For  each  i • I, let ~i : G ~ G i be the 

c a n o n i c a l  p ro j ec t i on .  If P is a p r e c o m p a c t  subse t  of G r e l a t i v e  to 

the a s t e r i s k  or r e c t a n g u l a r  t opo logy ,  then  ~ (P) = {0} for a l l  bu t  
1 

f i n i t e l y  m a n y  i nd i ces  i. 

Proof. Suppose  tha t  P is p r e c o m p a c t  in the r e c t a n g u l a r  topo logy .  

Set  J = {i E I : ~ i (P) # {0}}. We have  to show that  J is f in i te .  

Suppose  the con t ra ry .  To each  i • J the re  c o r r e s p o n d s  some gi • P 

w i t h  ~ i (g i  ) # 0. Next ,  t he re  is some U i ~ No (G  i) w i t h  ~ i (g i  ) ~ U i 

b e c a u s e  G i is separa ted .  The set  U = Z U i is a r e c t a n g u l a r  ne igh -  
i•I 
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bourhood of zero in G. So, there is a f in i te subset  A of P such 

that P c A + U because P is precompact .  Since A is f in i te and 

cons is ts  of f in i te sequences whi le  J is inf in i te,  it fo l lows that 

there is an index j ~ J such that ~j(A) = {0}. Then 

~j(p) c ~ j (A + U) = ~j(A) + ~j(U) = {0} + Uj = Uj. 

On the other  hand, we have gj E p and ~j(gj) ~ Uj, wh ich  is a con- 

t radict ion.  • 

Let {Pij : Gi + Gj; i,j E I, i ~ j} be a d i rect  sys tem of 

abe l ian topo log ica l  groups, that  is to say, I as a directed set and, 

for each pair  i,j ~ I w i th  i & j, a cont inuous homomorph ism Pij : 

G i + Gj is def ined, such that P i j 'P jk  = Pik if i S j ~ k. Let G 

be the d i rect  sum of the fami ly  {Gi} i~ I and let G O be the subgroup 

of G genera ted  by al l  e lements  of the form 

gi - P i j (g i  ) (i,j ~ I; i & j; gi ~ Gi) 

(we treat G i and Gj as subgroups of G). We def ine the l imit  of 

the system cons idered  as the quot ient  group G/G o . When al l  groups 

G i are loca l ly  convex spaces, we obta in  the usual  de f in i t ion  of the 

induct ive limit. 

Kap lan [50] de f ined the l imit  of the d i rec t  system as the group 

G/G o . He proved that if I is countable,  the groups G i are local- 

ly compact  and all mapp ings Pij are in ject ive,  then G O is c losed 

([50], Theorem 8, p. 433). 

It is not hard to see that if J is a cof ina l  subset of I and 

all groups G i are loca l ly  quas i -convex,  then the l imit  of the system 

{Pij : Gi + Gj; i,j ~ I, i ~ j} may be ident i f ied  w i th  the l imit  

of the subsys tem {Pij : Gi ~ Gj; i,j E J, i ~ j}. The assumpt ion  

of local  quas i - convex i t y  is essent ia l .  

If I is the set of pos i t i ve  integers, then we speak of d i rec t  

sequences. In v iew of the last remark, when cons ider ing  l imits of 

countab le  d i rect  systems we may rest r ic t  ourse lves to limits of d i rec t  

sequences. 

The d i rec t  sum of a fami ly  {Gi} ie I of loca l ly  quas i -convex  

groups is eas i ly  seen to be topo log ica l l y  i somorph ic  to the l imit  of 

the d i rect  system {PKL : Z G i ~ Z Gi} where K,L run through 
ieK iEL 

f in i te subsets of I and the embeddings PKL are def ined in the 

usual way. 
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t1.18J ~ X T X ~ .  Let  G be the l im i t  of a d i r ec t  sequence  

{Pn : Gn ~ Gn+l }  of a b e l i a n  t o p o l o g i c a l  g roups ,  in w h i c h  a l l  m a p p i n g s  

Pn are t o p o l o g i c a l  embedd ings .  Then  the t o p o l o g y  of G i nduces  o r ig -  

ina l  t o p o l o g i e s  on the g roups  G n. C o n s e q u e n t l y ,  if all g roups  G n are  

sepa ra ted ,  so is G. 

G Pmsaf. We m a y  assume  t_hat ( n )n=  1 is an i n c r e a s i n g  s e q u e n c e  of sub- 

g roups  of G. Let  B be the f am i l y  of a l l  se ts  of the f rom 

U 1 + U 2 + ... := U (U 1 + ... + U n) 
n=l  

w h e r e  U n ~ N o ( G  n) for e v e r y  n. It f o l l ows  d i r e c t l y  f rom (i.15) that 

B is a base  at zero  in G. 

F ix  an i ndex  m and choose  an a r b i t r a r y  V ~ N o ( G m ) .  We are to 

f ind  some U ~ No(G) w i t h  U N G m c V. N a t u r a l l y ,  we m a y  assume tha t  

m = I. T h e r e  is some U 1 E No(G1) w i t h  U 1 + U 1 c V, and a s imp le  

i n d u c t i v e  a r g u m e n t  a l l ows  us to f ind, for each  n ~ 2, some Un ,W n E 

c W It r ema ins  to show No(G n) w i t h  W n N Gn_ 1 c Un_ 1 and Un + Un n" 

that  G 1 N (U 1 + U 2 + ...) c V. Set  Yk = U1 + "'" + Uk  + Uk for  

k = 1,2, . . .  . I t  is e n o u g h  to show that  G 1 N Yk  c V for e v e r y  k. 

For  k = i, th is  is obv ious .  For  k > i, we use  induc t ion :  

G 1 n Yk  c G 1 N Gk_ 1 N (U 1 + ... + Uk_ 1 + W k) 

= G 1 N (U 1 + ... + Uk_ 1 + (W k n Gk_l ) )  

c G 1 N (u I + ... + Uk_ 1 + Uk_l)  = G 1 N Yk- l '  

w h i c h  is c o n t a i n e d  in V due to the i nduc t i ve  assumpt i on .  • 

A t o p o l o g i c a l  vec to r  space  is l o c a l l y  c o n v e x  if and on l y  if i t is 

a H a u s d o r f f  l o c a l l y  q u a s i - c o n v e x  g roup  (see (2.4)) .  Komura  [55] showed  

that  the l im i t  of an u n c o u n t a b l e  d i rec t  s y s t e m  {Pij : Ei ~ Ej} of 

l oca l l y  c o n v e x  spaces  in w h i c h  a l l  m a p p i n g s  Pij are t o p o l o g i c a l  em- 

b e d d i n g s  need  not  be l oca l l y  convex ,  and even  if i t  is, it need  not  

induce  o r i g i n a l  t o p o l o g i e s  on the spaces  E i. If, in (1.18),  a l l  

g roups  G n are  l o c a l l y  c o n v e x  spaces,  G is a l o c a l l y  c o n v e x  space,  

too ([80], Ch. II, (6.4)) .  If we assume on l y  tha t  a l l  G "s are Haus-  
n 

do r f f  l o c a l l y  q u a s i - c o n v e x  g roups ,  then  p r o b a b l y  G need  not  be lo- 

c a l l y  q u a s i - c o n v e x .  See, however ,  (7.9). V i l e n k i n  [99] c o n s i d e r e d  an-  

o the r  t o p o l o g y  on the l im i t  of a d i r ec t  sys tem.  Unde r  h is  de f i n i t i on ,  

the l im i t  of any  d i r e c t  s y s t e m  of a b e l i a n  t o p o l o g i c a l  g roups  is a io-  
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ca l ly  quas i -convex  group. 

Let G,H be abel ian topo log ica l  groups and let # : G ~ H be a 

cont inuous homomorphism. Then the formula 

<~(x) ,g> = <X,#(g)> (X E H ; g ~ G) 

def ines a homomorph ism ~ : H- ~ G-. We cal l  it the dual homomorph ism 

and denote by ¢ It is c lear  that # : H T ~ G is cont inuous when 

T is the topo logy  of po in twise (rasp. compact,  precompact)  con- 

vergence. If {Pij : Gi ~ Gj; i,j 6 I; i ~ j} is an inverse system 

of abe l ian topo log ica l  groups, then {Pij : G i ~ Gi} is a d i rect  sys- 

tem, and vice versa. 

Let {Gi} iE I be a fami ly  of abel ian topo log ica l  groups indexed 

by a set I. Suppose that, for each i ~ I, a c losed subgroup H i of 

G i has been chosen. Let G be the subgroup of the product  II G. 
i~I 1 

cons is t ing  of all sequences (gi) i~i such that gi 6 Hi for all but 

f in i te ly  many indices i. We topo log ize G by ident i fy ing  it with the 

l imit of the inverse system 

~KL : Z G i x ~ (Gi/H i) ~ X G i × ~ (Gi/H i) 
i~K i~K i~L i~L 

where K,L are f in i te subsets of I wi th  K D L, and ~KL is the 

canonica l  pro ject ion.  Endowed wi th  this topology, G wi l l  be ca l led 

the reduced product  of groups G i re la t ive to subgroups H i and de- 

noted by ~ (G i : Hi). It is c lear that the topo logy of G induces 
iEI 

or ig ina l  topolog ies on the subgroups G i. Not ice that if H i = G i for 

a lmost all i, then G = II Gi; if H i = {0} for a lmost  all i, then 
i~I 

G = Z G i. More precisely,  if H is the subgroup of G cons is t ing  
ieI 

of al l  (gi)i~i such that gi ~ Hi for every  i, then H has the 

usual  product  topo logy and G/H is topo log ica l l y  i s o m o r p h i c  to the 

d i rect  sum Z (Gi/Hi). Since inverse l imits and d i rect  sums of lo- 
ieI 

ca l ly  quas i -convex  groups are loca l ly  quas i -convex,  G is local ly  

quas i -convex  prov ided that so are al l  groups G i and Gi/H i- 

f1.19J PRU~SSITI~. For each i ~ I, let ~i : G ~ G i be the ca- 

nonical  pro ject ion.  A subset X of G is p recompact  if and only if 

~i(X) is p recompact  in G i for all i, and $i(X) c H i for a lmost 

al l  i. 
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This is a d i rect  consequence  of (1.17) and the de f in i t i on  of G. 

( I . 2 0 )  P R O ~ S X ~ [ ~ .  If I is at most  countab le  and G local ly  

quas i -convex,  then G may be iden t i f ied  w i th  the l imit  of the d i rec t  

system 

~KL : II G i x II H i ~ II G i × II H i 
ieK i~K ieL i~L 

where K,L are f in i te  subsets of I w i th  K c L and ~KL is the 

canon ica l  embedding.  

The proof is left  to the reader as an exerc ise.  

Let G be a topo log ica l  group (abel ian or not). By a represen-  

ta t ion of G in a real or complex  Banach space E we mean a homo- 

morph ism of G into the group GL(E) of au tomorph isms of E. We say 

that E is the space of the representat ion.  The operator  be ing the 

value of a rep resen ta t ion  ¢ at a po in t  g E G wi l l  be denoted  by 

¢(g) or ~g. We say that ¢ is fa i th fu l  if ~g # id for g # I. A 

represen ta t ion  ¢ : G ~ GL(E) is ca l led weak ly  (resp. st rongly)  con- 

t inuous if, for each f ixed u ~ E, the mapp ing  g ~ CgU is con- 

t inuous in the weak  (resp. strong) topo logy  on E. We say that 

is un i fo rm ly  cont inuous if the mapp ing  g + Cg is con t inuous  in the 

norm topo logy on GL(E). 

We say that ¢ is a cyc l ic  rep resen ta t ion  if there exists a vec- 

tor u e E such that the l inear subspace spanned over the vectors  

CgU, g ~ G, is dense in E; then u is ca l led  a cyc l ic  vector  of 

¢. A subspace M of E is ca l led  invar iant  ( re lat ive to ¢) if 

Cg(M) c M for each g ~ G. If the only  invar iant  subspaces of E 

are E i tsel f  and {0}, we say that ¢ is an i r reduc ib le  represen-  

tat ion. 

Let H be a complex  H i lber t  space. A representation ~ : G ~GL(H)  

is ca l led  un i ta ry  if al l  operators  Cg, g E G, are uni tary.  A uni- 

tary rep resen ta t i on  is weak ly  con t inuous  if and only  if it is s t rong- 

ly cont inuous;  then we cal l  it s imply  a con t inuous  un i ta ry  represen-  

tat ion. 

if ¢ is an i r reduc ib le  un i ta ry  rep resen ta t ion  of an abe l ian 

group in a complex  H i lber t  space H, then d im H = I. S ince the 

mu l t i p l i ca t i ve  group of non-zero  complex  numbers is topologically iso- 

morph ic  to R x T, it fo l lows that the study of i r reduc ib le  un i ta ry  

representa t ions  of abe l ian  groups can be reduced to the study of thei r  

characters.  
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Let ¢1,¢2 be two representa t ions  of a group G in Banach 

spaces EI,E2, respect ive ly .  We say that these representa t ions  are 

equ iva lent  if there is a topo log ica l  i somorph ism 0 : E 1 + E 2 such 

that ¢i 0 = 8¢ 2 . If EI,E 2 are complex Hi lber t  spaces and the repre- 

sentat ions ~ and ~ are uni tary,  then we say that ¢i is unit-  

ar i ly  equ iva lent  to ¢2 if there is a un i ta ry  i somorph ism G : E l+  E 2 

wi th  ¢18 = 8¢ 2. 

Let {Hi} is I be a fami ly  of complex  Hi lber t  spaces. Their Hi lber t  

sum, denoted by ~ Hi, is the subspace of the product  II Hi, con- 
iEI 2 i~I 

s is t ing of al l  sequences (ui) ie I wi th  ~ lluill < ~. The. inner prod- 
i~I 

uct in ~ H i is g iven by the formula 
i~I 

((ui),(vi)) = ~ (ui,vi). 
ieI 

Let G be a topo log ica l  group and suppose that, for each i E I, 

a cont inuous un i ta ry  representa t ion  ¢i of G in H i is given. Then 

the formula 

¢(g) . (u i ) iE  I = (¢ i (g) .u i ) i~  I 

def ines a cont inuous un i ta ry  representa t ion  ¢ of G in the space 

Hi; we cal l  ¢ the Hi lber t  sum of the representa t ions  ¢i and 
iEI 
denote it by ~ ¢.. 

i~I 1 

(I°21) ~ / T / ~ .  Let ¢ be a un i ta ry  representa t ion  of a group 

G in a complex  Hi lber t  space H. Then there exists a fami ly  {Hi) iE I 

of closed, invar iant,  pa i rw ise or thogona l  subspaces of H such that 

U H i is l inear ly  dense in H and, for each i ~ I, the represen- 
iEI 

tat ion ¢i of G in H i g iven by 

. . . .  ~ H i ) el(g) u i ¢(g) .u  I (g ~ G; u l 

is cyc l ic  . In other  words, every  un i ta ry  represen ta t ion  is un i ta r i l y  

equiva lent  to the Hi lber t  sum of cyc l ic  representat ions.  

This is Theorem (21.14) of [38]. 

A complex-va lued funct ion ~ on a group G is said to be posi-  

t i ve-def in i te  (shortly, p.d.) if, for each n = 1,2,. . . ,  it sat is f ies 

the cond i t ion  
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n n 
5q. 5q l i~ ~(g~igj)  > 0 

i=l j =i J 

for al l  X l , . . . ,Xn E C and g l , . . . ,g  n ~ G. Every  l inear comb ina t ion  

of characters,  wi th  non-negat ive  coef f ic ients ,  is a p.d. funct ion on G 

(see [38], (32.9)). 

( 1 . 2 2 )  P I ~ l a O ~ [ ~ # .  Let ~ be a p.d. funct ion on a group G. Then 

(a) ¢(0) ~ 0; 

(b) l¢(g)l S ~(0) for al l  g E G; 

(c) l@(g) - ¢(h)l 2 & 2~(0)[¢(0) - Re ¢ ( g -  h)] for all g,h ~ G. 

This is a d i rec t  consequence of the de f in i t ion  of a p.d. func t ion  

(cf. [38], (32.4)). 

( I . 2 3 )  I~ZH, O S l Y I ~ .  Let ¢ be a un i ta ry  represen ta t ion  of a group 

G in a H i lber t  space H. For each u E H, the func t ion  #(g) = 

(~gU,U) is pos i t i ve-def in i te .  If G is a topo log ica l  group and 

is cont inuous,  then so is ¢. If ¢ is cont inuous and u is a 

cycl ic  vector  of ¢, then ¢ is cont inuous.  

For the proof, see [38], (32.8) (a), (b) and (f). 

(I.24) PI~UI~OSlTIOm. Let ~ be a cont inuous p.d. func t ion  on a to- 

po log ica l  group G. Then there exists a cont inuous cyc l ic  un i ta ry  

represen ta t ion  ¢ of G wi th  a cycl ic  vector  u such that (¢gU,U) = 

%(g) for all g ~ G. 

This fo l lows from [38], (32.3) and (32.8) (f). 

( 1 . 2 5 )  la~olao61Y~,~M. Let ¢,~ be two cont inuous unitary r e p r e s e n t ~  

t ions of a topo log ica l  group G wi th  cyc l ic  vectors  u ,w,  respec-  

t ively. If (¢gU,U) = (?gW,W) for all g ~ G, then ¢ and ~ are 

un i ta r i l y  equivalent .  

For the proof, see [18], Propos i t ion  3, p. 146 or [38], (32.8) 

(b). 

( 1 . 2 6 )  I ~ r ~ .  The mater ia l  of this sect ion is standard. 

2. Vector  spaces 

All  vector  spaces occur r ing  are assumed to be real. The on ly  ex- 
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cept ions are complex  spaces connected  w i th  representa t ions  of groups 

and vector  spaces over u l t ramet r ic  f ields, cons idered  in sect ion 7. 

For the te rm ino logy  (but not for the notat ion) concern ing  topo log ica l  

vector  spaces we refer  the reader  to Schaefer 's  b o o k  [80]. Loca l ly  

convex spaces (in par t icu lar ,  all nuc lear  spaces) are meant  to be 

separated. 

Let E be a vector  space. By E # we denote  the space of all 

l inear func t iona ls  on E. If E is a topo log ica l  vector  space, the 

space of al l  cont inuous l inear funct iona ls  on E is denoted by E*; 

endowed wi th  the topo logy  of un i fo rm convergence on bounded, compact  

and p recompact  sets, it is denoted  by Eb,E c and Epc, respect ive ly .  

The d imens ion  of E is denoted  by d im E. If A is a subset  of E, 

then span A denotes the l inear subspace of E spanned over A and 

conv A is the convex hul l  of A. 

~2.11 ~ .  It is conven ien t  to set span @ = {0}. Consequent ly ,  

if Ul ,U2, . . .  is a sequence in E, the symbol  span {ui}i< k for 

k = 1 should  be meant  as {0}. 

Every  vector  space may be t rea ted as an add i t ive  group. Simi lar -  

ly every  topo log ica l  vector  space may be t reated as a topological group. 

~2.2J n~. Let U be a symmetr ic,  rad ia l  and absorb ing  subset  

of a vector  space E and let X be a charac ter  of E such that 

Ix(U) I < ½. Then there ex is ts  exact ly  one f e E # wi th  Pf = X. For 

each u ~ U, one has f(u) = X(U); consequent ly ,  

1 
sup {If(u) : u e U} = Ix(U)[ < ~. 

Px.6,~ The un lqueness  of f is obvious. We shal l  prove the ex- 
u 

istence. Given u ~ E, we can find a positive in teger  n with ~ e U. 

Set f(u) = nx(~). This de f in i t i on  does not depend on the choice of n. 

I n d e e d ,  s u p p o s e  t h a t  m i s  s o m e  o t h e r  p o s i t i v e  i n t e g e r  w i t h  ~ ~ U. 
m 

u u 
By ( 1 . 2 ) ,  we h a v e  x l m  u)=mX(m-~-ff) a n d  xCn ~--~) = nx(~- -~) .  H e n c e  

mx(u) = mnX(~n) = nx(U). 

It remains to show that f is l inear. Take any u,w E E. There 

is some m such that u w and u+w ~ ,~  -~ -  al l  be long to U. Then, by (i.i), 
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,U+W, U (~ 
X~--m--~ = x(~) + x ), 

1 1 1 
i .e. ±f(Um + w) = m±f(u) + ~(w) ,  w h i c h  p roves  tha t  f is an a d d i t i v e  

mapp ing .  Now, take  any sca la r  I ~ R. Let  [x] and  {x} deno te  the 

i n tege r  and the f r a c t i o n a l  pa r t s  of x, r espec t i ve l y .  S ince  f is 

add i t i ve ,  for  each  p o s i t i v e  i n t ege r  p, we have  

1 1 
f ( lu)  = f (~p lu )  = ~ f (p lu )  

= ~ f ( [ p l ] u  + {pl}u) = ~ [p l ] f ( u )  + !f({pl}U).p 

The l a t t e r  e x p r e s s i o n  tends  to I f(u) as p ~ ~. Thus  f ( l u ) =  f(u). • 

If f is a c o n t i n u o u s  l i nea r  f u n c t i o n a l  on a t o p o l o g i c a l  vec to r  

space  E, then  pf is e v i d e n t l y  a c o n t i n u o u s  c h a r a c t e r  of E. The 

m a p p i n g  f + pf is a h o m o m o r p h i s m  of E* in to  E ; we sha l l  d e n o t e  

it by  PE" 

(2.3) PR~,osrrxom. Let  E be a t o p o l o g i c a l  vec to r  space.  Then  

PE is an a l g e b r a i c  i s o m o r p h i s m  of E* on to  E ; it is a t o p o l o g i c -  

al i s o m o r p h i s m  of E c on to  Ec. 

Pmm~f. Tha t  PE maps  E* on to  E fo l l ows  d i rec t l y  f rom (2.2). 

The c o n t i n u i t y  is t r i v ia l .  To p rove  tha t  PE is an open  m a p p i n g  of 

E c on to  E , take  any  U ~ No (Ec ) .  The re  is a c o m p a c t  subse t  K of 

E such  tha t  

K 0 : = {f ~ E* : If(u) l ~ 1 for  a l l  u ~ K} c U. 

The set  

H = {tu ~ E : t ~ [ - i , i ]  and u ~ K} 

compac t ,  so tha t  H° ~ No(E~)'-v It r ema ins  to p rove  tha t  PE(K 0) is D 

H O . 

SO, take  any  X ~ H°. The re  is some f ~ E* w i t h  pE(f)  = X. 

Due to (2.2), we have  

sup  { I f (u )  l : u ~ H} = Ix(H)I  < ! 
= 4 '  

w h i c h  means  tha t  f ~ K 0 • 
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~2.4; ~ r r l u m .  A t o p o l o g i c a l  v e c t o r  space  E is l o c a l l y  con-  

vex  if and on l y  if i t  is a H a u s d o r f f  l o c a l l y  q u a s i - c o n v e x  group.  

Proof. Le t  E be a l o c a l l y  c o n v e x  space.  Take  any  symmet r i c ,  

c losed,  c o n v e x  U E No (E  ). Next ,  take  any  v ~ E \ U. By  the Hahn-  

- B a n a c h  theorem,  the re  is some f 6 E* w i t h  sup  {f(u) : u ~ U }  < f(v).  

T h e r e f o r e  we can f ind  a p o s i t i v e  number  c such  that  

sup {f(u) : u ~ U} < c < f(v) < 3c. 

f 
Set  h = 4-~" S ince  U is symmet r i c ,  we have  

sup { lh(u) l : u e u} < < h(v) < 4" 

Then  ph E E and 

1 sup  { Iph(u)  l : u ~ U} < ~ < Iph(v) l, 

w h i c h  m e a n s  tha t  v does  not  b e l o n g  to the q u a s i - c o n v e x  hu l l  of U. 

S ince  v ~ E \ U was  a rb i t r a r y ,  i t  f o l l ows  tha t  U is q u a s i - c o n v e x •  

Th is  p roves  tha t  E is a l o c a l l y  q u a s i - c o n v e x  g r o u p  b e c a u s e  symmetr ic,  

c losed,  c o n v e x  n e i g h b o u r h o o d s  of zero  f o rm  a base  at zero  in E. 

Now, s u p p o s e  tha t  a t o p o l o g i c a l  vec to r  space  E is a H a u s d o r f f  

l o c a l l y  q u a s i - c o n v e x  group•  For  each  subse t  A of  E*, d e n o t e  

1 1 A O = {u E E : f(u) E [-~,~]  + Z for  a l l  f ~ A}, 

1 1 
A O = u ~ E : f(u) ~ [-~,~] for  a l l  f e A}. 

I t  f o l l ows  f rom (2.3) tha t  e v e r y  q u a s i - c o n v e x  subse t  of E has  the 

f o rm  A ° for  some A c E*. So, the re  ex i s t s  a f a m i l y  A of subse ts  

of E* such  tha t  tha t  the f a m i l y  {A ° : A ~ A} c o n s t i t u t e s  a base  

at zero  in E. To p r o v e  tha t  E is a l o c a l l y  c o n v e x  space,  it suf -  

f i ces  to show tha t  {Ao : A ~ A} is such  a base,  too. 

• ~ No(E) .  S ince  E Choose  any  A E A We have  to show tha t  A ° 

is a t o p o l o g i c a l  v e c t o r  space,  the re  is some rad ia l  U E N o ( E  ) con-  

t a i ned  in A °. Then  U c A . • 
o 

~2.5) PROPQSITI~. Le t  K be a s u b g r o u p  of  a t o p o l o g i c a l  vector  

space  E. Then  the set  n { x - l ( 0 )  : X e K°} is equa l  to the w e a k  

c l o s u r e  of K. Hence  K is d u a l l y  c l o s e d  in E if and  on l y  if i t  

is w e a k l y  c losed ;  it is w e a k l y  dense  if and  on l y  if (E/K) = {0}. 
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Pmmm[. Let  ~ w  d e n o t e  the w e a k  c l o s u r e  of K. Take  any  u ~ ~ w  

and X E K °. By  (2.3),  we have  X = Pf for  some f ~ E*. Then  

f(K) c ker  p = Z. Th is  imp l i es  tha t  f(u) ~ Z b e c a u s e  u 6 ~w. H e n c e  

X(U) = ~f(u)  = 0 and, c o n s e q u e n t l y ,  ~ w  c n { x - l ( 0 )  : X 6 K°} • 

To p r o v e  the o p p o s i t e  i nc lus ion ,  choose  any  u E E \ ~w. There is 

a w e a k  n e i g h b o u r h o o d  of u in E d i s j o i n t  f r om K. In o the r  words ,  

t he re  are  some fl ..... fn ~ E* and e > 0 such  tha t  if J f i ( v -  u)J< e 

for  i = l , . . . ,n ,  then  v ~ K. C o n s i d e r  the c o n t i n u o u s  l i nea r  ope ra -  

tor  F = ( f l , . . . , f n )  : E ~ R n. The set  

{(x I ..... Xn) E R n : Jx i - f i (u)J < ~ for  i = 1 ..... n} 

is a n e i g h b o u r h o o d  of F(u) in R n d i s j o i n t  f r om F(K).  Thus  F(u) 

F(K).  A c c o r d i n g  to (1.8), we can f i nd  some < ~ (Rn) - wi th <(F(K))  = 

{0} and  K(F(u) )  # 0. Then  KF ~ K O and (KF)(u)  # 0. • 

A subse t  X of a v e c t o r  space  is c a l l e d  r ad i a l  if tu  ~ X for  

a l l  u ~ X and t ~ (0, i) .  Le t  X ,Y  be two rad ia l  s u b s e t s  of a vec -  

tor  space  E. We w r i t e  X ~ Y if X is a b s o r b e d  by  Y, i .e. if 

X c tY for  some t > 0. S u p p o s e  tha t  X ~ Y. For  each  l i nea r  sub-  

space  L of E, we d e n o t e  

d (X ,Y ;L )  = inf  {t > 0 : X c tY + L}. 

Next ,  for  each  k = 1 ,2 , . . . ,  we d e n o t e  

dk (X ,Y ;E )  = inf  d (X ,Y ;L )  
L 

w h e r e  the i n f i m u m  is t aken  ove r  a l l  l i nea r  s u b s p a c e s  L of E w i t h  

d im  L < k. If E is c o n t a i n e d  in some o the r  v e c t o r  space  F, t hen  

dk (X ,Y ;F )  = dk (X ,Y ;E ) .  T h e r e f o r e  we m a y  s imp l y  w r i t e  dk (X ,Y)  in-  

s t ead  of dk (X ,Y ;E ) .  The  n u m b e r s  dk (X ,Y)  are  c a l l e d  K o l m o ~ o r o v  

d i a m e t e r s  of X w i t h  r e s p e c t  to Y. We take  the f o l l o w i n g  natura l  

conven t i on :  for  t > 0, the e x p r e s s i o n  "dk (X ,Y)  < t" shou ld  be read  

as "X - < Y  and  dk (X ,Y)  < t". 

( 2 . 6 )  u mma. Let  X ,Y ,Z  be th ree  r ad i a l  s u b s e t s  of some v e c t o r  

space.  

(a) If Z is c o n v e x  and X , Y  ~ Z, t hen  

d k + l _ l ( X  + Y,Z)  ~ dk (X ,Z)  + d I (Y ,Z )  (k, l  = 1 ,2 , . . . ) .  
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(b) If X ~  Y <  Z, then  

dk+ l_ l (X ,Z )  ~ d k ( X , Y ) d l ( Y , Z ) .  

For (b), see the p roo f  of Lemma 7.1 .2  in [79]. The p roo f  of (a) 

is s im i l a r  and we leave it  to the reader .  

m ~2.7) ~ .  Let  ( n )n= l  be a sequence  of vec to r  spaces  and let  

m be a p o s i t i v e  in teger .  S u p p o s e  that,  for  each  n = 1 ,2 , . . . ,  we are 

g i ven  rad ia l  subse ts  X n , Y  n of E n such  tha t  

(I) d k ( X n , Y  n) < 2 -mnk -m (k = 1,2 .... ). 

Then  X : = II X and  Y : = II Yn are rad ia l  subse ts  of  the space  
n=l n n= 1 

E : = I I E n ,  and dk(X,Y)  ~ k -m for e v e r y  k. If E O is the sub- 
n=l  

space of E c o n s i s t i n g  of f i n i t e  sequences  ( that  is, E o = ~ En), 
n=l  

then  dk (X  N Eo, Y N E o) ~ k -m for  eve ry  k. 

P m ~ .  Let  [x] deno te  the i n tege r  pa r t  of x. F ix  an a r b i t r a r y  

k = 1,2 . . . . .  If 1 = [k2-n] ,  then,  by  (i), 

d l + l ( X n , Y  n) ~ 2 -mn( l  + i) -m < 2 -mn(k2-n )  -m = k -m. 

So, for  each  n = 1 ,2 , . . . ,  we can f ind  a s u b s p a c e  L n of E n w i t h  

d i m  L n ~ [ k 2  - n ]  a n d  X n c k - m y  n + L n .  T h e n  L : = ~ L n i s  a s u b -  
n = l  

space  of E and we have  
o 

d im L = ~ d im  L ~ ~ [k2 -n] < X k2 -n = k. 
n = l  n n =  1 n =  1 

It r ema ins  to o b s e r v e  tha t  X c k - m y +  L and X N Eo'C k-m(Y N E o) + L. • 

~2.S2 I .  Let  E ,F  be some vec to r  spaces  and let  X ,Y  be ra- 

d ia l  subse t s  of E w i t h  X ~ Y. 

Ca) For  each  l i near  o p e r a t o r  ~ : E ~ F, one has 

dk (~ (X ) , # (Y ) )  ~ dk (X ,Y)  (k = 1,2 .... ). 

(b) For  each  l i nea r  o p e r a t o r  ~ : F ~ E w i t h  ~(F) = E ,  one  has  

d k ( ~ - l ( x  ),¥-l(Y)} = dk (X ,y  ) (k = 1,2 .... ). 
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Th is  is a d i r e c t  c o n s e q u e n c e  of the d e f i n i t i o n  of K o l m o g o r o v  d ia -  

mete rs .  

Le t  E be a n o r m e d  space.  The d i s t a n c e  of a po in t  u ~ E to a 

subse t  A of E is d e n o t e d  by  d (u ,A) .  The c l o s e d  un i t  ba l l  in E 

is d e n o t e d  by  B E or, somet imes ,  by  B(E).  We say  tha t  E is a un i t -  

a ry  space  if i ts no rm is d e f i n e d  by an inner  p roduc t .  The inner  p rod-  

uc t  of v e c t o r s  u ,w  E E is d e n o t e d  by u,w).  

Le t  ~ : E + F be a b o u n d e d  l i nea r  o p e r a t o r  ac t i ng  b e t w e e n  norm-  

ed spaces.  For  each  k = 1,2 .... , we w r i t e  

dk (~  : E ~ F) = d k ( ~ ( B E ) , B F ) -  

The n u m b e r s  dk (~  : E ~ F) are  c a l l e d  the K o l m o g o r o v  numbers  of ~. In 

genera l ,  t hey  d e p e n d  not  on l y  on ~, but  a l so  on F. For  example ,  

= 1 
d k ( i d  : 11 ~ c o ) = i, w h i l e  dk ( i d  : 11 ~ 1 ~) ~ for k = 2,3 .... 

(see [76], 11 .11 .9  and  Ii. I i . i0 ) .  If the m e a n i n g  of F is c lea r  f rom 

the con tex t ,  we s imp l y  w r i t e  dk(~)  i n s t e a d  of dk (~  : E ~ F) (see 

a l so  (2.10)) .  The f o l l o w i n g  lemma is an i m m e d i a t e  c o n s e q u e n c e  of de f i -  

n i t i ons .  

~2.9J r ~ .  Let  X : E" ~ E, ~ : E ~ F and ~ : F ~ F ~ be bound -  

ed o p e r a t o r s  ac t i ng  b e t w e e n  n o r m e d  spaces.  Then  

(a) II~II = d l (~  : E + F) ~ d2 (~  : E ~ F) ~ ... ~ 0; 

(b) dk (~#  X : E" ~ F') & El~Jlllxl!dk(~ : E ~ F) (k = 1 ,2 , . . . ) .  

~2.~oJ ~ .  Let  ~ : E ~ F be a b o u n d e d  l i nea r  ope ra to r .  If F 

is a s u b s p a c e  of some u n i t a r y  space  F" , t hen  

dk (~  : E ~ F) = dk (~  : E ~ F ") (k = 1 ,2 , . . . ) .  

An easy  p roo f  is le f t  to the reader .  

Let  X be a convex ,  a b s o r b i n g  subse t  of a v e c t o r  space  E. The 

m a p p i n g  u ~ inf  {t > 0 : u ~ tX} is c a l l e d  the M i n k o w s k i  f u n c t i o n a l  

of X; i t  is a s e m i n o r m  if and  on l y  if X is symmet r i c .  

Now, le t  p be a s e m i n o r m  on E. We d e n o t e  B = {u ~ E : p(u)&l} .  
P 

S o m e t i m e s  we sha l l  w r i t e  B(p)  i n s t e a d  of Bp. The q u o t i e n t  space  

E /p - l (0 )  w i l l  be d e n o t e d  by  Ep and the n a t u r a l  p r o j e c t i o n  E ~ Ep 

by  ~p. We sha l l  a lways  c o n s i d e r  on Ep the c a n o n i c a l  no rm  g i ven  by  
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II Sp(U)ll = p(u) for u E E. Thus ~p(Bp)  = B(Ep). We say that p is 

a p re-H i lber t  seminorm if 

p2(u + w) + p2(u - w) = 2p2(u) + 2p2(w) 

for all u ,w E E. This holds if and only  if the norm on E sat is f ies 
P 

the para l le logram ident i ty,  i.e. if and only if ~D is a un i ta ry  space. 

The fo l lowing lemma is a d i rect  consequence of our def in i t ions.  

(2.11) ~ .  Let ¢ : E ~ F be a l inear operator  between vector  

spaces. If p is a p re-H i lber t  seminorm on E, then ¢(Bp) is an ab- 

sorb ing subset of the space ¢(E) and the Minkowsk i  funct ional  of 

¢(Bp) is a p re-H i lber t  seminorm on ¢(E). 

Let us suppose that p,q are two seminorms on a vector  space E, 

such that B p ~  Bq, i.e. such that q £ cp for a cer ta in  c > 0. The 

canonica l  operator  f rom Ep to Eq wi l l  be denoted by Apq. We have 

have the fo l lowing commutat ive  diagram: 

id 

E > E 

Ep Pq > Eq. 

~2.12)~. Let p,q be two seminorms on a vector  space E, w i th  

Bp Bq. Then dk(Bp,B q) = dk(Apq : Ep + Eq) for each k = 1,2 . . . . .  

The proof is qui te easy and we leave it to the reader. 

(2.73) T.~aA. Let p be a seminorm on a vector  space E 

a l inear subspace of E. If q is a p re -H i lber t  seminorm on 

Bp ~ Bq, then 

dk(M A Bp, M A Bq) ~ dk(Bp,B q) (k = 1,2,. . .) .  

and M 

E and 

Pm~of. Let r,s be the res t r ic t ions  to M of p,q, respect ive 

lyly. We may ident i fy  M r and M s wi th  a subspace of Ep and Eq, 

respect ively.  Accordingly ,  we may treat Ars : M r + M s as a restr ic-  

t ion of Apq : Ep ~ Eq. App ly ing  (2.12), (2.10) and (2.9) (b), for 

each k = 1,2 .... , we have 
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dk(M N Bp, M N Bq) = dk(Br,Bs) = dk(Ars : M r ~ M s ) 

= dk(Ars : M r ~ Eq) & dk(Apq : Ep + Eq) 

= d k ( B p , B q ) .  • 

The assumpt ion  that q is a p re-H i lber t  seminorm is essent ia l .  

example, dk(B( l l ) ,B( l~) )  = ½ for k = 2,3 .... , For whi le  

N B( l l ) ,c  ° N B(I~)) = dk(B( l l ) ,B(Co))  = 1 dk(C o 

for k = 1,2 .... , (see [76], 11.11.9 and i i . i i . i0).  

( 2 . 1 4 )  T.l~mlJ. TO each m = 2,3,... there cor responds a constant  

c m > 0 wi th  the fo l lowing property:  if X,Y are two symmetr ic,  con- 

vex subsets of some vector  space, wi th  dk(X,Y) & k -m for every k, 

then there are pre-H i lber t  seminorms p,q on span X with X c Bp 

Bq c y and dk(Bp,Bq) = < Cm.k -m+2 for every  k. 

The proof can be obta ined by s tandard methods used in the theory 

of bounded operators  in Banach spaces. It is rather long, but presents  

no ser ious d i f f icu l t ies.  One may apply, for instance, theorem 8.4.2 of 

[75]. 

(2.15) n]~im~. Let p,q be two pre-Hi lber t  seminorms on a vector  

space E, w i th  dk(Bp,B q) ~ 0. Let (ak)k= 1 and (bk)k= 1 be two 

non- increas ing  sequences of pos i t ive numbers, such that dk(Bp,B q) 

ak.b k for every k. Then there exists a pre-H i lber t  seminorm r on E 

such that dk(Bp,B r) & a k and dk(Br ,B q) & b k for every k. 

This is an easy consequence of the spectra l  theorem for compact  

operators.  The deta i ls  of the proof are left to the reader. 

( 2 . 1 6 )  r.Jmlu. Let p,q be two pre-H i lber t  seminorms on a vector  

space E, w i th  Bp ~ Bq. Let us denote 

B 0 = {f ~ E # : If(u) I < 1 for all u ~ Bp} p " p 

B 0 {f ~ E # q = : If(u)l & 1 for al l  u ~ Bq}. 

Then dk(B0,B0)q p = dk(B p,Bq) for every k. 

Proof. Consider  the l inear mapp ing F : Ep ~ E g iven by 
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F(f)(u) = f(~p(U)) (f ~ Ep; u ~ E). 

F-I,B0, * ~ * * It is not hard to ver i fy  that ~ p; = B(Ep) and F- I (B ) = Apq(B(Ep)). 

E~) B 0 . Then, Natural ly ,  we may treat F as a mapp ing onto F( = span P 

by (2.8) (b), 

B0%F-I,B0,. dk(B0,B0)q P = dk(F-l( q,, ~ pJ) 

= dk(Apq(B(Eq),B(Ep))) = dk(Apq : Eq + Ep) 

for every k. It is wel l  known that dk(Apq : Eq~Ep)  =dk(Apq : Ep~Eq)  

bee  e . g .  [76] ,  1 1 . 7 . 8 ) .  Hence, by (2 .12 ) ,  f o r  eaeh k = 1,2 . . . . .  we 

have 

dk(B0q,B 0"p; = dk(Apq : Ep ~ Eq) = dk(Bp,Bq) .  • 

A local ly  convex space E is said to be nuc lear  if to each con- 

vex U ~ No(E) there cor responds some convex W ~ No(E) such that 

dk(W,U) ~ ~ for every k. 

(2.XT) Imm~FQSI~.  Let E be a nuclear  space. Choose any c > 0 

and m = 1,2,...  . Then to each convex U E No(E) there cor responds 

some symmetr ic  and convex W E No(E ) such that dk(W,U) ~ ck -m for 

every k. 

This is an easy consequence of (2.6) (b) (cf. the proof of Propo- 

s i t ion 7.1.1. in [79]). 

f2.18) ~ .  The mater ia l  of this sect ion is standard. 

3. Geometry  of numbers 

By R n we denote the n-d imens iona l  euc l idean space wi th the usu- 

al norm. The c losed uni t  bal l  in R n is denoted by Bn; there wi l l  

be no poss ib i l i t y  of confus ion wi th  the symbol  Bp where p is a 

seminorm. The n-d imens iona l  Lebesgue measure on R n is denoted by 

VOln, and the measure of B n by ~n" We have 

~n = V°in (Bn) = ~n/2[F( l  + n/2) ] - i  - (2~___ee)n/2. 

Throughout  the section, D is an n-d imens iona l  e l l ipso id  in R n 

wi th  centre at zero and pr inc ipa l  semiaxes E1 ~ "'" ~ ~n" Thus 
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dk (Bn ,D)  = ${I  fo r  k = l , . . . , n .  

f3.1) P H o P o s r l ~ .  Le t  K be a c l o s e d  s u b g r o u p  of  R n. 

K the  m a x i m a l  l i nea r  s u b s p a c e  c o n t a i n e d  in K. If 
o 

t he re  e x i s t  l i n e a r l y  i n d e p e n d e n t  v e c t o r s  a l , . . . , a m ,  

to Ko, such  tha t  

K = K o + {k la  I + ... kma m : k I ..... k m e Z}. 

D e n o t e  b y  

K # K o, t hen  

a l l  o r t h o g o n a l  

The  p roo f  can  be found,  for  i ns tance ,  in [23], Ch. VI I ,  §i, n ° 2. 

Le t  K be a c l o s e d  s u b g r o u p  of R n and  K ° the m a x i m a l  l i nea r  

s u b s p a c e  c o n t a i n e d  in K. I t  f o l l ows  f r om  (3.1) t ha t  e v e r y  c o m p o n e n t  

of K has  the  f o rm  u + K for  a c e r t a i n  u ~ K. The  s u b s p a c e  K 
o o 

w i l l  be  c a l l e d  the  zero  c o m p o n e n t  of  K. 

By  a l a t t i c e  in R n we m e a n  an a d d i t i v e  s u b g r o u p  g e n e r a t e d  by  n 

l i n e a r l y  i n d e p e n d e n t  vec to rs .  A c c o r d i n g  to (3.1),  l a t t i c e s  m a y  be de-  

f i ned  as n - d i m e n s i o n a l  d i s c r e t e  s u b g r o u p s  of R n. Le t  L be a la t -  
n 

t i ce  g e n e r a t e d  by  v e c t o r s  U l , . . . , U n ;  we say  tha t  the s y s t e m  (Uk)k= 1 

is a b a s i s  of L. Le t  (ek )~= 1 be an o r t h o n o r m a l  bas i s  in R n and  

let  ~ : R n + R n be the  l i nea r  o p e r a t o r  g i v e n  by  ~e k = u k. The q u a ~  

t i t y  I de t  ~I is c a l l e d  the d e t e r m i n a n t  of L and  d e n o t e d  by  d(L) ;  

i t  does  no t  d e p e n d  on the  c h o i c e  of a bas is .  The  set  

{u ~ R n : (u,w) e Z for  a l l  w E L} 

is a l a t t i ce ,  too. We ca l l  i t  the  p o l a r  l a t t i c e  and  d e n o t e  by  L*. One  

has d(L*)  = [d(L) ]  -I and L** = L. A l l  t hese  fac ts  are  s tandard .  

The  p r o o f s  can  be found,  for  examp le ,  in  [28] or  [33]. 

~3.2) ~ .  Le t  L be a l a t t i c e  in R n w i t h  L N D : {0}. T h e n  

t he re  e x i s t s  some u E L* w i t h  

(i) 0 < l}ull ~ n($ I ... <n ) - I /n  

Proof. S u p p o s e  the  con t ra ry .  T h e n  L* N (rB n) = {0} for  a ce r -  

ta in  r > n(~ 1 ... <n ) - I /n  So, by  v i r t u e  of the  f u n d a m e n t a l  M i n k o w -  

ski  t h e o r e m  (see e.g. [33], T h e o r e m  1 on p. 123),  we  have  

= > r n n -n /2  d(L*)  > 2 -n vo l  n (rB n) : 2 -n rn~  n = 

On the o t h e r  hand,  f rom the M i n k o w s k i  t h e o r e m  and  the  a s s u m p t i o n  tha t  

L N D : {0} we  ge t  
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d(L) ~ 2 -n vo l  n (D) = 2 -n ~n<l  ... ~n ~ n - I / 2~ l  "'" ~n" 

Hence  d(L) d(L*)  ~ rnn -n~ l  ... ~n" S ince  d (L )d (L * )  = i, i t f o l l ows  

that  r $ n(~ l  ... ~n )-I /n, w h i c h  is a c o n t r a d i c t i o n .  • 

(3.3) ~,~A. Let  M be an (n - l ) ~ d i m e n s i o n a l  s u b s p a c e  of R n, 

n ~ 2. If ~i & "'" ~ Dn- i  are the p r i n c i p a l  sem iaxes  of D N M, then  

<k ~ nk ~ ~k+l  for k = l , . . . , n - l .  Let  ~ : R n ~ M be the or thogonal  

p ro j ec t i on .  If ~i & "'" ~ ~n- i  are the p r i n c i p a l  sem iaxes  of ~(D),  

then  ~k ~ %k & ~k+l  for  k = l , . . . , n - l .  

Th is  is a w e l l - k n o w n  g e o m e t r i c a l  fact.  

(3.4) ~.~A. Let  P be an a r b i t r a r y  n - d i m e n s i o n a l  r e c t a n g u l a r  

p a r a l l e l e p i p e d  in R n c i r c u m s c r i b e d  on D. Then  

d i am  

~ £ .  Let  ~ : R n ~ R n be a l inear o p e r a t o r  such  tha t  ~(B n) = D. 

e n R n We can choose  an o r t h o n o r m a l  b a s i s  ( k ) k= l  in such  tha t  P has 

the fo rm 

n 
{ ~ tke ~ ~ : Itkl ~ s~ ~ for  k = l ..... n} 

k=l  

for some c o e f f i c i e n t s  S l , . . . , s  n > 0. For  each  k = 1 ..... n, one has 

s k = sup 
u~B 

n 

(¢u,e k) = sup (u,¢*e k) = l]¢*ekH. 
u~B n 

Hence  

n 2 1/2 n 2)1/2.  
!2 d i am  P = (k=l ~ sk) = (k:iZ H¢*ektl 

Now, it r ema ins  to o b s e r v e  tha t  the r igh t  s ide is equa l  to the H i l b e r t -  
2 2 1/2 

-Schm id t  no rm  of ~, i .e. to (~i + "'" + ~n ) " " 

(3.5) nw~a. 

R n w i t h  

Le t  M be an (n - l ) - d i m e n s i o n a l  a f f i ne  s u b s p a c e  of 

(i) M n B # 0. 
n 

Let  us suppose  tha t  
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(2) ~i 2 + ... Sn 2 < I. 

T h e n  D n M is an  (n - l ) - d i m e n s i o n a l  e l l i p s o i d ;  d e n o t i n g  i ts  p r i n c i -  

pa l  s e m i a x e s  by  ~ l ' ' ' ' ' n n - l '  one has  

-2 -2 < 1 
(3) N1 + "'" + Dn- i  " 

~rG~f. Tha t  D N M is an (n - l ) - d i m e n s i o n a l  e l l i p s o i d  and  no t  

an e m p t y  se t  f o l l o w s  f r om  (i) b e c a u s e  (2) i m p l i e s  tha t  int D c o n t a i n s  

B . Le t  u be the  c e n t r e  of  D N M and  M the l i nea r  s u b s p a c e  
n o 

M - u. We m a y  a s s u m e  tha t  D1 & "'" S ~n- l "  T h e n  

(4) ~ i  = d k ( B n , D )  (k = l , . . . , n ) ,  

-i 
(5) n k = d k ( B  n N M o , ( D  n M) - u) (k = l , . . . , n - l ) .  

Le t  # : R n ~ R n be a l i nea r  o p e r a t o r  w i t h  ¢(D) = B n. 

B n = ¢ (M o) and  w = Cu. ¢( ), N = ~(M),  N O 

p r i n c i p a l  s e m i a x e s  of  E. T h e n  ~k = ~ I  

(2), 

2 < 1 .  
(6) ~ + "'" + ~n " 

D e n o t e  E = 

Le t  4 1 %  "'" ~ ~n be  the  

for  k = l , . . . , n  and, by  

Let  P be some n - d i m e n s i o n a l  r e c t a n g u l a r  p a r a l l e l e p i p e d  c i r c u m -  

s c r i b e d  on  E w i t h  the  p r o p e r t y  t ha t  one  of  i ts  ( n -  l ) - d i m e n s i o n a l  

f aces  is p a r a l l e l  to  N. Le t  ~ : R n + N be the  o r t h o g o n a l  p r o j e c -  
O 

t ion.  F r o m  (6) and  (3.4) we  ge t  p c Bn, and  (i) m e a n s  that N N E # ~. 

H e n c e  i t  e a s i l y  f o l l o w s  tha t  

(7) ~(p) c (B n n N) - w. 

I t  is c l e a r  t ha t  n(P) is an (n - l ) - d i m e n s i o n a l  r e c t a n g u l a r  p a r a l -  

l e l e p i p e d  c i r c u m s c r i b e d  on  the  (n - l ) - d i m e n s i o n a l  el l ipsoid n(E). We  

m a y  a s s u m e  t ha t  N = R n- l .  Hence ,  b y  (7) and  (3.4) ,  w e  m a y  w r i t e  
O 

n- i  
X d ~ ( ~ ( E ) , ( B  n ~  A N) - w) < i. 

k= l  

Th i s  i m p l i e s  tha t  

n - i  
(8) Z d 2 ( E  A N o , ( B  n A N) 

k= l  
- w )  < 1 
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b e c a u s e  E N N O c w(E).  S ince,  ev iden t l y ,  

dk (E  N N o , ( B  n N N) - w) = dk (B  n N M o , ( D  N M) - u)  

for  k = l , . . . , n - l ,  f rom (8) and  (5) we o b t a i n  (3). • 

t 3 . 6 )  z . u m m .  Let  M be an (n - l ) - d i m e n s i o n a l  s u b s p a c e  of R n, 

n ~ 2. S u p p o s e  tha t  the p r i n c i p a l  s e m i a x e s  of D s a t i s f y  the cond i -  

gn2 + ... + ~ 2  ~ I. Le t  r be a f i xed  numbe r  b e l o n g i n g  to t i on  

[0,i] and  let  E be the set  of a l l  t hose  u ~ M for  w h i c h  the inter- 

s e c t i o n  of D and the s t r a i g h t  l ine  p a s s i n g  t h r o u g h  u and p e r p e n -  

d i c u l a r  to M is a s e g m e n t  w i t h  l eng th  no t  less  t han  2r. T h e n  E is 

an (n - l ) - d i m e n s i o n a l  e l l i p s o i d  in M. If ~ l , . . . , D n _  1 are i ts p r i n -  

~[2 -2 ~ 1 c i pa l  semiaxes ,  then  + ... nn_ l  . 

The  p roo f  is s i m i l a r  to the p r e c e d i n g  one. I t  is a l so  b a s e d  on  

(3.4). We  leave  the d e t a i l s  to the reader .  

~3.7) z asiA. Le t  L be a l a t t i ce  in R n w i t h  L N D = {0}. Then  

n 
we can f i nd  a bas i s  (Uk)k= 1 of L such  tha t  

d(Uk,  span {ui) i<k) ~ k - l (~ l  ... ~k ) I /k  

for  k = 1 ..... n (see (2.1)) .  

Proof. By  (3.2), t he re  is some w ~ L* such  tha t  

0 < IIwll & n (~ l  ... ~n )-I /n. 

The set  {(u,w) : u ~ L} is a n o n - z e r o  s u b g r o u p  of Z, t h e r e f o r e  i t  

has the f o rm  pZ for  a c e r t a i n  p = 1,2, . . . .  Choose  some u n 6 L 

w i t h  (Un,W) = p and let  M be the o r t h o g o n a l  c o m p l e m e n t  of w. I t  

is c l ea r  tha t  L = Zu n ~ (L A M), and tha t  

d (Un,M)  = pllwll -I ~ n - l (~  1 ... ~n ) I /n 

We m a y  assume  tha t  M = R n-l .  Then  Ln_ 1 : = L n R n-I  is a lattice in 

R n- I  and  Dn_ 1 : = D n R n- I  is an (n - l ) - d i m e n s i o n a l  e l l i p s o i d  in 

R n- I  w i t h  Ln_ 1 n Dn_ 1 = {0}. Let  D1 ~ "'" & nn- i  be the p r i n c i p a l  

s e m i a x e s  of Dn_ I. By  r e p e a t i n g  the  above  a rgumen t ,  we can  f i nd  some 

Un_ 1 E Ln_ 1 and some (n - 2 ) - d i m e n s i o n a l  s u b s p a c e  N of R n- l ,  such  
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that  Ln_ 1 = ZUn_ 1 ~ (Ln_ 1 n N) and 

d (Un_ l ,N )  ~ (n - l ) - l (q l  ... qn_l  ) I / (n- l )  

F rom (3.3) we get  qk ~ ~k for k = 1 ..... n-l. Hence  

d (Un_ ! ,N )  ~ (n - l ) - l (~ l  ... ~n_l  ) I / (n- l )  

Next ,  we may  assume that  N = R n-2, and so on. A f t e r  n s teps  we sha l l  

f ind  g e n e r a t o r s  Un ,Un_  1 ..... u I of L, w i t h  the d e s i r e d  proper t ies.  • 

(3.8) ~ .  Let  a e R n and let  K be a s u b g r o u p  of R n w i t h  

K N D = {0} and  d(a ,K)  > 1 Then  the re  ex i s t s  a l i nea r  f u n c t i o n a l  f 
= 4 "  

1 1 on R n such  that  f(K) c [~,~] + Z and 

(1) n k2 -2 / k ] i / 2  
llfll S 1 + [ Z (El ... ~k ) 

k=l  

Proof. By add ing ,  if necessa ry ,  seve ra l  s u f f i c i e n t l y  d i s t a n t  gen-  

e ra to rs ,  we can f i nd  a l a t t i ce  L in R n w i t h  K c L, L N D = {0} 

and d(a ,L)  = d (a ,K) .  So, we may  assume that  K is a l a t t i ce  i tse l f .  

n of K such  tha t  Due to (3.7), we can f ind  a bas i s  (Uk)k= 1 

k -I ~k ) I /k d(Uk,  span  {u i } i<  k) (~I "'" 

for  k = l , . . . ,n .  Le t  W l , . . . , w  n be the G r a m - S c h m i d t  o r t h o n o r m a l i z a -  

t i on  of the sys tem U l , . . . , u  n. We may  w r i t e  

u k = Ck lW 1 + ... + CkkW k (k = l , . . . ,n )  

for some c o e f f i c i e n t s  Ckl.  S ince  Ckk  > 0 for  e v e r y  k, we have  

(2) Ckk  ~ k - l (~ l  ... ~k ) I /k (k = l , . . . ,n ) .  

We may  w r i t e  a = a lw I + ... + anW n for some c o e f f i c i e n t s  a k. Take  

Pn ~ Z such  tha t  

la n - P n C n n  I ~ {Cnn.  

Next ,  take  Pn- I  ~ Z such  tha t  
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lan_l  - P n C n , n _ l  - P n _ i C n _ l , n _ l  i 
1 

--< ~ C n _ l , n _  I. 

H a v i n g  f o u n d  p n , P n _ l , . . . , p k ,  t a k e  P k - i  g Z 

n 

lak_ 1 - 
i = k - i  

P i C i , k _ l  I < l c = 2 k - l , k - l '  

s u c h  t h a t  

and  so on. A f t e r  n s t e p s  we  s h a l l  o b t a i n  some  i n t e g e r s  p n , P n _ l , . . . ,  

• = + + and  w r i t e  a" = a - a = a { w  I + ... + Pl  Se t  a o P l U l  ... P n U n  o 

a n W  n. T h e n ,  c l e a r l y ,  

(3) lakl -< i C k k  (k : 1 . . . . .  n).  

K and  d (a ,K )  > 1 -- w h e n c e  S i n c e  a ° ~ we  h a v e  d ( a ' , K )  > 1 
= ' = 4 '  

tla'lJ > 1 T h e r e f o r e  we  c a n  f i n d  a f u n c t i o n a l  h on  R n w i th  h (a ' )  • 
= 4 "  

1 3 
[~,~]  and  JihJ} < i. Se t  h k = h ( w  k) fo r  k = l , . . . ,n.  We  shal l  con -  

s t r u c t  i n d u c t i v e l y  a s e q u e n c e  f l ' ' ' ' ' f n  o f  r e a l  c o e f f i c i e n t s  s u c h  

t h a t  

(4) if k - hkl < c k l  (k = 1 .... ,n), 

(5) C k l f  I + ... + C k k f  k ~ Z (k : l , . . . , n ) ,  

1 3 
(6) a { f  I + ... + an f  n ~ [~ ,~] .  

Pu t  k : 1 in  (3). T h e n  i t  is no t  h a r d  to  see  t h a t  we  c a n  f i~d:a c o e f -  

f i c i e n t  f l  such  t ha t  C l l f  I • Z, ill hl l  S C l~  and  

n 1 
a { f  I + 7 akh  k g [~,-~]. 

k=2  

H a v i n g  c o n s t r u c t e d  f l  .... ' f k - l '  we  c a n  f i nd ,  b y  (3), a c o e f f i c i e n t  

fk such  t ha t  Ifk - hkl < c -I - kk '  C k l f l  + "'" + C k k f k  e Z and  

n 

q f l  + "'" + a { f k  + Z 
i = k + l  

1 3 
E a ih  i [~,~]  - 

A f t e r  n s t e p s  we  s h a l l  o b t a i n  f l , . . . , f n  s a t i s f y i n g  (4) - (6). 

C o n s i d e r  the  l i n e a r  f u n c t i o n a l  f on  R n g i v e n  by  f (wk)  = fk' 

k = l , . . . , n .  By  (5), we  h a v e  f (u  k) ~ Z f o r  e v e r y  k, w h e n c e  f (K) c Z. 



32 

1 3 F rom (6) we get  f (a ' )  E [~,~],  so tha t  

1 3 
f(a) = f(a" + a O) = f (a ' )  + f (a O) E [~,~] + Z. 

F ina l l y ,  (4) and  (2) y i e l d  the e s t i m a t e  

n 211/2  
llfll ~ {lhll + llf - hll ~ llhll + [ ~ If k - hkl 

k=l  

n 
n k2 -2 / k~ I / 2  ~ 2 1/2 

1 + [ ~ (~I " ~k ) 1 + [ X Ckk~ .. 
k=l  k=l  

~3.9J ~ .  Let  a ~ R n and let  K be a s u b g r o u p  of R n w i t h  

K A (a + D) = 0. S u p p o s e  tha t  ~[2 + ... + ~ 2  & i. T n e n t h e r e  ex i s t s  

an o r t h o g o n a l  p r o j e c t i o n  w : R n ~ R n w i t h  1 ~ d im ~(R n) ~ n, such  ~ 

tha t  w(K) A 2B = {0} and  d ( ~ ( a ) , ~ ( K ) )  ~ i. 
n 

Proof. We sha l l  app l y  i n d u c t i o n  on n. For  n = i, the lemma is 

t r i v ia l .  S u p p o s e  tha t  it is t rue  for the space  R n-l .  

If K A 2B = {0}, we take  ~ = id. So, assume tha t  the re  is 
n 

some u ~ K w i t h  0 < llull ~ 2. Let  M be the o r t h o g o n a l  c o m p l e m e n t  

of u and ~M the o r t h o g o n a l  p r o j e c t i o n  on to  M. Let  E be the set  

of a l l  t hose  po in t s  v E M for  w h i c h  the i n t e r s e c t i o n  of a + D w i t h  

the s t r a i g h t  l ine  p a s s i n g  t h r o u g h  v and o r t h o g o n a l  to M is a seg-  

men t  w i t h  l eng th  no t  less than  llull. It is not  ha rd  to see tha t  

WM(K) N E = 0- F rom (3.6) i t  f o l l ows  tha t  E is an e l l i p s o i d  w i t h  

q~2 -2 < 1 The re -  p r i n c i p a l  sem iaxes  ql' .... ~n- i  such  tha t  + " " + q n - i  = " 

fore, by  our  i n d u c t i v e  assump t i on ,  the re  is an o r t h o g o n a l  p r o j e c t i o n  

o : M ~ M w i t h  1 ~ d im o(M) ~ n -  i, such  that ~(~M(K)) A 2(M N B n) ={0}  

and d ( O ~ M ( a ) , o ~ M ( K ) )  Z i. So, we m a y  take ~ = o~ M. • 

(3.10) ~ I ~ D [ ~ .  If a l ,a2 , . . .  

numbers  not  a l l  zero, then  

is a s e q u e n c e  of n o n - n e g a t i v e  

Z (a I a 2 ... an ) i / n  < e ~ a n . 
n = l  n = l  

For  the p roo f ,  see [35J, 9.12. 

f3.111 TJmm~. Let  a e R n and let  K be a s u b g r o u p  of R n w i t h  

K 0 (a + D) = 0. Suppose  that  
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(1) 
n 

k~.  I- < I. Z 
2% 

k=l  

Then  the re  ex i s t s  a l i near  f u n c t i o n a l  f on R n w i t h  llfli < 4, f(K) c Z 

1 3 
and f(a) E [~,~] + Z. 

Proof. We may  assume that  

n 
D = { (X l , . . . , x  n) ~ R n : k=l~k~ "-2X2k " < I}. 

Deno te  ~k = (k~k) i /2  for  k = l , . . . ,n ,  and 

n 
-2x2 ~ i} E = { (X l , . . . ,Xn)  g R n : ~ nk k 

k=l  

n 
F rom (i) we get  ~ S I. Thus,  by  (3.9), t he re  ex i s t s  an  o r tho -  

k=l 

gona l  p r o j e c t i o n  ~ : R n ~ R n w i t h  m : = d im  ~(R n) = l , . . . ,n ,  such  

tha t  ~(K) 0 2E = {0} and (n(a) + E) n ~(K) = ~. Hence,  by  (i), 

: i  i 
d (~ (a ) ,~ (K ) )  > nl ~ /2 > 1 > 4" 

Le t  4 1 .< ... < ~m be the p r i n c i p a l  sem iaxes  of the e l l i p s o i d  

~(R n) n 2E. By  (3.8), t he re  ex i s t s  a l inear  f u n c t i o n a l  h on R n 

1 3 
w i t h  h(IT(K)) c Z, h (~(a) )  e [~,~] + Z and 

m 
llhll < 1 + [ ~ k2(~ l  ... ~k) -2 /k ]  I /2 

k=l  

Set  f = h~. F r o m  (3.3) it f o l l ows  tha t  ~k  ~ 2~k for  k = l , . . . ,m.  

Hence,  a p p l y i n g  (i), (3.10) and the i n e q u a l i t y  k(k!)  - I /k  < e, we get  

m 1 

ilfll = llh~ll < iihll.iIwit = llhli < 1 + ~ [ )q 
k=l  

(n I ... qk ) -2 /k ]  I /2 

m k2 -2/k( 2 -2 
= 1 + [ ~ (k!) 1 Dl 

k=l  

... k2Dk2 ) i / k ]  I /2 

1 e3/2 [  m k21]k2]i/2 1 m k l ] i / 2  
< 1 +  5 ~ = 1 + [ }= k~ 

k=l k=l  

1 r n k l ] i / 2  1 e3/2 < 1 + e3/2 L ~= k~ < 1 + < 4. • 
k=l  
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{3.12J T~. Let  W l , . . . , w  n be the G r a m - S c h m i d t  o r t h o g o n a l i z a -  

n 2 n 2 
t ion  of some s y s t e m  u I ..... u n ~ D. Then  ~ llWkll ~ ~ ~k" 

k=l  k=l  

Th is  is a d i r e c t  c o n s e q u e n c e  of (3.4). 

( 3 . 1 3 J  ra, mmqa. Let  E be an e l l i p s o i d  in R n w i t h  c e n t r e  at zero  

and p r i n c i p a l  s e m i a x i s  ql , . . . ,q  n such  tha t  

1 (1)  q12 + . . .  + q2 < 4"  

Let  K be a s u b g r o u p  of R n and × a c h a r a c t e r  of K, such  tha t  

1 
(2) I x (K  n Bn) I < ~. 

Then  we can f ind  a c l osed  s u b g r o u p  K" of R n w i t h  K c K" and a 

c h a r a c t e r  X" of K" w i t h  X ' IK  = X, such  tha t  a l l  n o n - z e r o  com-  

p o n e n t s  of K" are d i s j o i n t  f rom E, and 

1 
(3) IX ' (K" n ~Bn) I < I×(K n Bn) I .  

Pms~f. By (2) and  (1.2), we have 

1 1 1 1 
IX(K N ~Bn) n < ~ I x ( K  N Bn) I < ~ < ~. 

The re fo re ,  X is a c o n t i n u o u s  c h a r a c t e r  of K due to (1.4). The con-  

t i nuous  e x t e n s i o n  ~ of X on to  K is a c o n t i n u o u s  c h a r a c t e r  of K. 

Deno te  B ° = int  B . F rom (2) we ob ta i n  
n n 

1 
(4) I~(K A B°)In --< I×(K N Bn) I < 

b e c a u s e  B ° is open. If a l l  n o n - z e r o  c o m p o n e n t s  of K are d i s j o i n t  
n 

f rom E, we m a y  take  K" = K and X" = ~. So, assume tha t  some non-  

-ze ro  c o m p o n e n t  M of K has c o m m o n  po in t s  w i t h  E. Let  M o be the 

zero c o m p o n e n t  of K. 

Let  w I g M be the vec to r  o r t h o g o n a l  to M o. We m a y  assume tha t  

t w I ~ K for t g (0,i).  It is easy  to v e r i f y  tha t  the f o r m u l a  

× l (U  + tw I) = p[~(U) + t~(w l ) ]  (u E K; t ~ R) 

d e f i n e s  a c h a r a c t e r  X1 of the g roup  K 1 : = K + Rw I. N o t i c e  tha t  

K 1 is c losed ,  b e i n g  the v e c t o r  sum of the c l o s e d  g roup  K and of the 
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compac t  i n t e r va l  [0,Wl] .  Obv ious l y ,  XIj K = X. Deno te  

A 1 = {u E B ° : u + W l , U  - w I E B~} n 

It is c lea r  tha t  A 1 is s ymmet r i c  and convex.  We sha l l  p rove  tha t  

(5) JXI(K l A AI) j ~ J~(m A B°) l .  n 

So, take any v g K 1 A A I. We may  w r i t e  v = (i - t )u  I + tu 2 for 

some U l , U  2 ~ K A B°n w i t h  u 2 - u 1 = w 1 a n d  f o r  s o m e  t E [ 0 , 1 ) .  I t  

is not  d i f f i c u l t  to see tha t  U l ,U  2 and w I a l l  b e l o n g  to K 0 B ° 
n" 

Hence  

(61 17(ul)l l~lu2)l 171Wlll ~ I~cK n B°)l . • ' n 

In v i r t ue  of (4) and (i.I), we have  

[(u 2) = ~(u 1) + ~(Wl). 

Hence,  by  (6), 

JXI(V) j = J×l(Ul + tWl) j = Jp[~(u I) + t~(w l ) ]  j 

= JP[(I - t )~ (u  I) + t~(u2) ]  j ~ J(l - t )~ (u  I) + t~(u2)  j 

J~ (K  A B O ) J .  
n 

Th is  p roves  (5). 

If a l l  n o n - z e r o  c o m p o n e n t s  of K 1 are d i s j o i n t  f rom E, then  we 

stop. In the o the r  case, we can  repea t  the above  a rgument .  We sha l l  

f ind  some vec to r  w 2 o r t h o g o n a l  to M ° + Rw I such  tha t  w 2 +  M ° + Rw 1 

is a n o n - z e r o  c o m p o n e n t  of K 1 hav i ng  common  po in t s  with E. We sha l l  

a lso  ob ta in  an e x t e n s i o n  ×2 of ×i on to  the c l osed  s u b g r b u p  

K 2 = K 1 + Rw2, such tha t  JX2(K 2 A A2) j ~ JXI(K 1 A AI) j whe re  

A 2 = {u E A 1 : u + w2, u - w 2 ~ AI}. 

S ince  A 1 was symmet r i c  and convex ,  so is A 2. 

Then  we p r o c e e d  by  induc t ion .  A f te r  seve ra l  s teps  we sha l l  o b t a i n  

some vec to r s  W l , W 2 , . . . , w  p such  tha t  the g roup  K p =  K + R w  I +  ... + RWp 

is c l osed  and al l  i ts n o n - z e r o  c o m p o n e n t s  are d i s j o i n t  f rom E (it may  

happen  tha t  Kp = Rn). The sys tem w I .... ,Wp is ob ta ined by  the Gram-  
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-Schm id t  o r t h o g o n a l i z a t i o n  of some sys tem of vec to r s  b e l o n g i n g  to E. 

We sha l l  a l so  ob ta i n  a sequence  A 1 D A 2 D ... o Ap of symmet r i c ,  

convex  subse ts  of R n such  tha t  

Ak+ 1 = {u ~ A k : u + W k + l , U  - Wk+ 1 ~ Ak} (k = 1 ..... p- l)  

and a c h a r a c t e r  Xp of Kp w i t h  Xpl K = X 

I~(K n B O n) l . 

and IXp(Kp n Ap) I 

Set  K" = Kp and X" = Xp. To v e r i f y  (3), it is e n o u g h  to show 

that  ½B n c Ap. So, take an a r b i t r a r y  u ~ ½Bn. In o rde r  to p rove  

Ap_ 1 = + i. tha t  u ~ Ap, we have  to show that  u + EpWp ~ for  Ep -- 

Next ,  to p rove  tha t  u + epWp E Ap_l ,  we have to show tha t  u + EpWp + 

Ep_ lWp_ 1 ~ Ap_ 2 for ep- i  = ± i, and so on. Thus,  we shou ld  p rove  

tha t  u + epWp + ... + ~lWl ~ B° n for  a l l  sys tems  of s igns  ep,...,£ 1 = 

± i .  F rom (3.12) we have 

IIw 1112 + . . .  + IlWpll2 ~ rl 2 + . . .  + T]2. 

Hence,  by  (i), 

llu + ~pWp + ... + £1Wlll ~ ilull + llEpWp + ... + ElWlii 

1+ (,Wp,,2+ +,,wi,2)1/2 <½+½__ i  • -<5  "'" 

~3.~4J rJmm~. Let  K be a s u b g r o u p  of R n w i t h  K N D = {0} and 

let  × be a c h a r a c t e r  of K. Then  we can  f ind  a l i near  f u n c t i o n a l  f 

on R n w i t h  P f lK  = X and 

n k 2 ~ 2 ] i / 2  (i) iJfll ~ ~ 2 - 3 / 2 [ X  
k=l  

ImmDaf. We m a y  assume  K to be a l a t t i ce  in R n. 

(3.7), we can f ind  a bas is  Ul, .... u n of K such  tha t  

k- i  1 ~k ) i / k  
d(Uk,  span  {u i ) i= l )  Z k- (~I "'" 

A c c o r d i n g  to 

for k = 1 .... ,n. Le t  el, .... e n be the G r a m - S c h m i d t  o r t h o g o n a l i z a -  

t ion  of the sys tem U l , . . . , u  n. Then  

u k = ak le  I + ... + akke k (k = l , . . . ,n )  
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for some coef f ic ients  akl w i th  

lakkl Z k- l(~ 1 ... ~k )I/k (k = l , . . . ,n). 

Now, we can find, in succession, coef f ic ien ts  fn,fn_l, . . . .  fl 

that 

such 

P(aklf l  + ... + akkf k) = X(U k) (k = 1 ..... n). 

Ifkl ~ 12akk I-I (k = l , . . . ,n). 

By taking f(ek) = fk for k = l , . . . ,n, we obta in some l inear func- 

t ional f on R n wi th pf(u k) = X(U k) for k = l,...,n. Hence 

PfJK = X because (uk)n was a basis of K. Final ly, by (3.10) 
k=l 

and the inequa l i ty  k(k!) - I /k < e, we get 

n n n 
)ifl12 = ~ f~ ~ ~ (2akk)-2 < l k2(~l  -2/k 

k=l k=l " ~ k=iX ... ~k ) 

n k2(12~2.22~2 k2~2)i/k(k!)_2/k = ! ~ . . . .  

4 k=l 

n 1 e 3 n < e 2 ~ (12~i 2 ..... k 2 ~ 2 )  I/k < ~ ~ k2~k 2. • 
k=l k=l 

(3.15J ~mm~a. Let K be a subgroup of R n and X a character  

K wi th  Jx(K n D) I ~ ¼. Then there exists a of l inear functional f 

n 1 
on R n wi th  Pf lK = X and llfll ~ 5 ~ k~k 

k=l 

(1) 

Proof. Wi thout  loss of genera l i t y  we may assume that 

n 1 
7. k ~k : i. 
k=l 

Next, we may assume that 

Def ine 

n 2 -2 ~ i}. 
D = { (Xl , . . . ,x  n) E R n : ~ Xk~ k 

k=l 

n 
E = { (Xl , . . . ,x  n) g R n : Z k- lx2~k I < 2} 

k=l 

where % = 0.48. By (i), we have 
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n 2 1  
7 d (E,D) = %2 3q k~ < ~. 

k=l k=l 

So, by (3.13),  there  ex is t  a c l osed  subg roup  K" of R n such tha t  

a l l  i ts n o n - z e r o  c o m p o n e n t s  are d i s j o i n t  f rom E and a c h a r a c t e r  X" 

of K" w i t h  X ' IK  = X and 

(2) Ix ' (K N ½D) I S Ix(K N D) I . 

Let  K ° be the zero  c o m p o n e n t  of K'. By  (2.3), t he re  is a l i near  

f u n c t i o n a l  h on K ° w i t h  ph = × IK o" F rom (2) it f o l l ows  tha t  

¼ ½ Iph(u) l < for u ~ K O A D. Hence  lh(u)l < 

F rom (i) we get  B n c D, wh i ch  imp l ies  that  

(3) llhll < I 
= 2 "  

Let M be the o r t h o g o n a l  c o m p l e m e n t  of Ko in R n and let  r = 

d im M. Deno te  N = K" N M. A c c o r d i n g  to (3. i),  we have  K" = K o  ~ N .  

Let  E M be the o r t h o g o n a l  p r o j e c t i o n  of E on to  M. Let  ql & "'" ~ 

D n and ~i ~ "'" ~ ~r be the p r i n c i p a l  sem iaxes  of E and EM, re- 

spec t i ve ly .  A p p l y i n g  (3.3) severa l  t imes,  we see tha t  ~k ~ ~k for  

~i.1/2~i/2 
k = i, .... r. We have  qk = ~ %k for k = 1 .... ,n; t he re fo re  

1/2 1/2 
(4) ~k ~ %k ~k (k = i .... ,r). 

S ince  n o n - z e r o  c o m p o n e n t s  of K" are d i s j o i n t  f rom E, it fo l -  

lows tha t  N A E M = {0}. In v i r t ue  of (3.14),  there  is a l inear func-  

t i ona l  h i on M w i t h  ph l lN  = × ' IN and 

r k2 -2 1/2 llhlll & ½ e3/2[  ~ ~k ] 
k=l  

A p p l y i n g  (4) and (i), we ob ta i n  

(5) llhlll £ ~% e 3/2. 

Let  w and I be the o r t h o g o n a l  p r o j e c t i o n s  of R n on to  K" 
o 

and M, r espec t i ve l y .  Set  f = h~ + hl~ I. An easy  v e r i f i c a t i o n  

shows tha t  P f iK  = X. F rom (3) and (5) we ob ta i n  
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1 1 3 1/2 llfll ~ (llhll 2 + llhll12) I /2 ~ (4 + ~ e ) < 5. • 
4% 2 

(3.16) L~mul. Le t  U be a s y m m e t r i c ,  r a d i a l  subse t  of  R n and  le t  

L be  a l a t t i c e  in  R n such  tha t  gp (L  N U) = L. T h e n  we c a n  f i nd  

g e n e r a t o r s  u I .... ,u n of  L such  tha t  u k ~ U + span  {u i } i<  k fo r  

k = 1 .... ,n (see (2.1)) .  

Pmsof. C h o o s e  some  u ~ L N U. Le t  u I be  one  of  the  g e n e r a t o r s  

of the  g r o u p  L N Ru. We  have  U l =  tu fo r  a c e r t a i n  t ~ [ - l , l ] ,  w h i c h  

i m p l i e s  tha t  u I e U b e c a u s e  U is s y m m e t r i c  and  rad ia l .  

Now, s u p p o s e  that ,  fo r  a c e r t a i n  m =  l,...,n-l, we  have  f o u n d  some 

l i n e a r l y  i n d e p e n d e n t  v e c t o r s  u I . . . . .  ,u m E L such  t ha t  

u k ~ U + span  {u i } i<  k (k = 1 .... ,m), 

m m 
g p ( { U k } k =  I) = L N span  {Uk }k=  I. 

m 
Le t  us w r i t e  M = span  {Uk }k=  I. If L N (U + M) c M, t hen  

L = gp (L N U) c gp (L N (U + M)) c gp  (M) = M, 

w h e n c e  d i m  span  L ~ d i m  M = m < n, w h i c h  is imposs ib l e .  So, we can  

f i nd  some v ~ L N (U + M) w i t h  v ~ M. Le t  Um+ 1 be one of the  e le -  

m e n t s  of the  se t  [L n (M + Rv) ]  \ M w h i c h  a re  n e a r e s t  to M. We have  

U m +  1 ~ L N (U + M) b e c a u s e  U is r a d i a l  and  s y m m e t r i c .  I t  is no t  d i f -  

,m+l, L N (M + RUm+ l ) .  If m + 1 = n, f i cu l t  to o b s e r v e  tha t  gp  ( {Uk~k= l )  = 

we  are  th rough .  If not ,  t hen  we can  r e p e a t  the  above  a r g u m e n t  to o b t a i n  

some v e c t o r  Um+2,  and  so on. A f t e r  a f i n i t e  n u m b e r  of s teps  we sha l l  

o b t a i n  v e c t o r s  U l , . . . , u  n w i t h  the  d e s i r e d  p r o p e r t i e s .  • 

(3.17) ~ .  Le t  L be a l a t t i c e  in R n w i ~ h  gp (L N D) = L. 

2 2 < i. T h e n  we c a n  f i nd  a r e c t a n g u l a r  pa ra l -  S u p p o s e  tha t  51 + "'" + ~n = 

l e l e p i p e d  P c ½B n such  tha t  {u + P } u E L  is a d i s j o i n t  c o v e r i n g  of 

R n . 

J ~ f .  Due  to  (3.16), we  c a n  find g e n e r a t o r s  Ul, .... u n of L such  

tha t  u k ~ D + span  {u i } i<  k fo r  k = 1 ..... n. So, t he re  are  some 

V l , . . . , v  n E D such  tha t  u k E v k + span  {u i } i<  k for  k = 1 .... ,n. Le t  

W l , . . . , w  n be the  G r a m - S c h m i d t  o r t hogona l i za t i on  of  the  s y s t e m  Ul, .... u n. 
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Then  Wl, .... w n is the G r a m - S c h m i d t  o r t h o g o n a l i z a t i o n  of v I ..... Vn; 

so, by  (3.12),  

(i) }lWl.12 + . . .  + llWnl, 2 _< ~I . . .  ~ n  ~ < I .  

Set 

p = { t lw I + ... + tnW n : _ ! < tl ,t n < ½} 
2 " t ' ° "  

I t  is no t  ha rd  to see tha t  {u + P }uEL  is a d i s j o i n t  c o v e r i n g  of  R n. 

F rom (i) we get  p c ½ B n. • 

(3.]8) c~I~rJ.~Y. Let  p ,q  be two p r e - H i l b e r t  seminorms on a vec to r  

space  E, w i t h  

(I) Z dd(Bp,Bq)~ & i. 
k=l  

Le t  K be a s u b g r o u p  of E such  tha t  

(2) 

Then  

K = gp (K N Bp). 

span  K c K + iBq. 

Proof. Choose  any  u g span  K. In v i e w  of (2), we m a y  wr i te u = 

~ lUl  + ... + anUn for some U l , . . . , u  n E K N Bp and some c o e f f i c i e n t s  

~ l , . . . ,~n .  We m a y  assume Ul, .... u n to be l i n e a r l y  i ndependen t .  

u n u n 
Deno te  M = span  { k }k=  1 and L = gp { k )k= l  . Then  L is a la t -  

t i ce  in M. F rom (i) and (2.13) we o b t a i n  

n 
~q d2 (Bp  N M , B q  N M) < i. 

k= l  

So, a c c o r d i n g  to (3.17),  the f am i l y  {v + l ( B q  N M) }VE  L is a c o v e r i n g  

of M. Hence  u g M c L + l ( B q  N M) c K + iBq. • 

( 3 . 1 9 )  ~J. Let  K be a s u b g r o u p  of R n w i t h  span  K = R n and 

2 2 < 1  1 
gp (K N D) = K. Suppose  that  ~i "'" ~n " 4" Then  B n C  conv  (KqBn). 

~ .  W i t h o u t  loss of g e n e r a l i t y  we m a y  assume that  K is a la t -  

t i ce  in R n. It f o l l ows  f rom (3.18) tha t  

= R n . (i) K + B n 
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Suppose  that  there  is some u ~ (½B n) \ c o n v  (K n Bn). S ince  K is a 

la t t ice ,  cony  (K N Bn) is compact .  So, there  is some f ~ (Rn) * w i th  

f(u) > i, such that  f < 1 on K n B n. We have  llfH > 2 because  

llull ~ ½. Choose  w ~ R n such that  llwll = ~ and f(w) = llfll.Uwll. By 

(i), there  is some v ~ K w i t h  ilw - v l l<  ! Then  llvll < llw - vJl + 

l)wll ~ i, i .e. v ~ K N Bn, w h e n c e  f(v) < i. Thus 

JJfll'lJwlt - f(v) = if(w) - f(v) J ~ JlfJl.lJw - VJl 

and, consequen t l y ,  

! 
4 < liwll - l~fll-l'f(v) < llw - v l l<  ! 

z " 4 '  

wh ich  is imposs ib le .  • 

(3.20) CORUTJmRT. Let  p ,q  be two p r e - H i l b e r t  semino rms  on a vec-  

tor  space E, w i t h  

n ~(Bp,Bq)  1 (i) X d ~ 4" 
k=l  

Then, for  any subg roup  K of E, we have  

d k ( C O n V  (K n Bp),  conv  (K N Bq)) ~ 2dk (Bp ,B  q) (k = 1,2 .... ). 

Proof. Set  M = span (K N Bp). We sha l l  p rove  that  

½ c conv  (K n Bq). (2) M N Bq 

So, choose  any u ~ M n ½Bq. We sha l l  f ind  some W l , . . . , w  n ~ K n Bp 

n n 
such that  u ~ N : span {w i ) i=  I. Let  L = gp {w i } i=  1 and let r ,s be 

the r es t r i c t i ons  to N of p,q,  respec t i ve l y .  We have  W l , . . . , w  n ~ B  r 

and u e ½B s. F rom (I) and (2.13) it fo l l ows  that  

Hence  u ~ cony  (L n Bs) a c c o r d i n g  to (3.19).  Th is  p roves  (2). 

(2) and (2.13) we get  

d k (conv (K N Bp), conv  (K n Bq)) ~ dk (M n Bp, M D ½Bq) 

d k ( B p , ~ q )  = 2dk (Bp ,B  q) (k = 1,2 .... ). • 

F rom 
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Let  us f o r m u l a t e  the resu l t s  of s e c t i o n  3 in the l anguage  of geo-  

m e t r y  of numbers .  To th is  aim, we have to i n t r o d u c e  some no t ions .  Le t  

L be a l a t t i ce  in R n and let U be a symmetr ic,  convex  body  in R n. 

The s u c c e s s i v e  m i n i m a  of L w i t h  r espec t  to U are d e f i n e d  in the 

f o l l o w i n g  way: 

k i (L ,U)  = inf  {r > 0 : d im  span (L n rU) ~ i} 

The q u a n t i t y  

~(L,U)  = inf  {r > 0 : L + rU = R n} 

(i = l , . . . ,n ) .  

is ca l l ed  the c o v e r i n g  rad ius  of L w i t h  r e s p e c t  to U. 

~3.21J rm~a. Let  U be a s y m m e t r i c  c o n v e x  body  in R n. For  each  

l a t t i ce  L in R n one has 

[~(L,U) ]  n ~ d ( L ) / V O l n ( U ) .  

Th is  is a s t a n d a r d  fact;  see e.g. i n e q u a l i t y  (8) in [28], Ch. XI, 

§I, n ° 3. 

Now, (3.2) can  be w r i t t e n  in the f o l l o w i n g  way: 

L in R n , one has 

I I ( L * , B n ) I I ( L , D )  < n(~ l  ... ~n )-I /n. 

The p roo f  of (3.2) a l so  imp l i es  that  

< 4 -2 /n  2n 
I I ( L * , B n ) I I ( L , B  n) 

for each  l a t t i ce  

On the o the r  hand,  C o n w a y  and T h o m p s o n  p r o v e d  that  to each  n =  1,2 .... 

* R n the re  c o r r e s p o n d s  a l a t t i ce  L n = L n in such  tha t  

1 2 ( L n , B n  ) > (5 n l ) 2 / n  - 1 = n 
2 2~e 

(see [66], Ch. II, T h e o r e m  9.5). 

In c o n n e c t i o n  w i t h  these  i nequa l i t i e s ,  it is wor th ,  pe rhaps ,  

t i c i ng  the f o l l o w i n g  th ing.  Let  U be a s y m m e t r i c  c o n v e x  b o d y  in 

and U 0 the po la r  body,  tha t  is, 

U 0 = {u E R n : (u,v) ~ 1 for a l l  v ~ U}. 

no-  

R n 

The B o u r g a i n - M i l m a n  i n e q u a l i t y  
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VOln(U) VOln(U0) ~ cn~ 2 
n 

(see [24]) impl ies that 

XI(L,U)XI(L* ,U0) & cln 

for each lat t ice L in Rn; here c and c I are some un iversa l  con- 

stants. On the other hand, f rom Siegel 's  mean value theorem one can de- 

duce that there exists a un iversa l  constant  c 2 such that to each sym- 

metr ic  convex body U in R n there cor responds a lat t ice L wi th  

k I (L ,U)XI(L* ,U0)  ~ c2n; 

the proof wi l l  be g iven somewhere else. 

Let L be a lat t ice in R n and a I .... ,a n some f ixed basis of 

L. For each x = (Xl, . . . ,Xn) ~ R n, let F x be the set of al l  l inear 

funct ionals  f on R n such that f(a i) ~ Z + x i for i = l , . . . ,n. 

Then it is c lear that 

(i) ~(L*,B n) = max min llfll. 

x~R n feF 
x 

Lemma (3.14) says that if L n D = {0}, 

cor responds some f ~ F wi th  
x 

½ n k 2 ~  2 1/2 llfll ~ -e 3/2 [ ~ ] 
k=l 

then to each x ~ R n there 

Then, by (I), 

1 n k2~k2] i/2 ~(L*,Bn) < e3/2 [ ~q 
k=l 

Consequent ly ,  for each lat t ice L in R n, one has 

n 
~IT*,Bn)klCL,D) S ~3/2 [ X k2~ 211/2. 

k=l 

In par t icu lar ,  if D = Bn, then 

n 1/2 
~(L* ,Bn)XI (L ,B n) ~ ½e 3/2 [ Z k 2] 

k=l 
< 2.25n 3/2 

A somewhat  bet ter  inequal i ty  

~ (L* ,Bn)XI (L ,B  n) & ½n 3/2 
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was ob ta ined in [58], Theorem (2.14). On the other hand, f rom (3.21) 

and the Minkowsk i -H lawka theorem it fo l lows that, for every n, there 

exists a lat t ice L in R n such that 

(2) ~(L, ,Bn)XI(L,Bn)  > ~ 2 / n  = n 2~e" 

The methods appl ied in sect ion 3 also a l low to prove the following 

result: for every  lat t ice L in R n, one has 

n 
X i (L ,D)Xn_ i+ I (L* ,B  n) & 6 ~ k ~ i  (i = l , . . . ,n).  

k=l 

The de ta i led  proof is g iven in [ii]. In par t icu lar ,  tak ing ~i = "'" = 

~n = I, we obta in  

X i (L ,Bn)Xn_ i+ I (L* ,B  n) ~ 3n(n + I) (i = l , . . . ,n).  

This d i f fers  only by a constant  factor f rom the bounds 

Xi (L ,Bn)Xn_i+I (L* ,Bn)  ~ ~n 2 (i = l , . . . ,n) 

which were ob ta ined in [58] for n ~ 7. 

Let L be a lat t ice in R n. From (3.11) it fo l lows immedia te ly  

that to each a ~ R n there cor responds some v E L* such that 

(3) llvll-lp((v,a)) ~ [8n(n + l ) ] - id(a,L).  

This resu l t  was independent ly  ob ta ined by Hastad [36], with [8n(n + I)] -I 

rep laced by [6n 2 + i] -I. It fo l lows from (2) that the r ight  side of 

(3) cannot  be rep laced by cn- ld(a,L) w i th  c greater  than ~e. 

Papers [58] and [36] are based on the not ion of the so-called Kor- 

k in -Zo lo ta rev  bases (see [58]). The proofs of (3.11) and (3.14) g iven 

above are, in fact, s imi lar  to those g iven in [36] and [58], respect i -  

vely; Kork in -Zo lo ta rev  bases occur in the proofs  of (3~8) and (3.14). 

~3.22) ~ .  The mater ia l  of this sect ion is taken f rom [5], [7] 

and [8]. The idea of apply ing (3.4) in the proofs of (3.5), (3.6) and 

(3.12) comes from [i0]. Lemma (3.15) is a s t rengthen ing of Lemma 1.5 

of [8]. Lemma (3.17) and Coro l la ry  (3.18) can be found in [15]; (3.19) 

and (3.20) are new. 



Chapter 2 

E K O T I C G R O ~ P S  

It is not hard to find abel ian topological groups without (non- 

-trivial) continuous characters; perhaps the simplest examples are the 

spaces L p, 0 ~ p < 1 (see (2.3) or [38], (23.32)). It is much more 

dif f icult  to find abel ian groups without non-tr iv ial  continuous unit- 

ary representat ions (the so-cal led exotic groups). The first example of 

such a group was obtained only in 1974 by W. Herer and J.P.R. Chris- 

tensen [37]. In this chapter we present various construct ions of abe- 

lian groups without continuous characters or uni tary representations. 

Section 4 wears a prel iminary complexion; we gather here several more 

special technical results on continuous representat ions of abelian to- 

pological groups. 

4. Representat ions of abel ian topological groups 

Let X be a measure space with a posit ive measure ~. By L~(X,~) 

we denote the complex Hi lbert space of all (classes of) square-inte- 

grable functions on X, with the usual norm. By L~(X,p) we denote 

the complex Banach space of all (classes of) essent ia l ly  bounded func- 

tions on X, with the ass sup norm. We may treat Lc(X,~) as an al- 

gebra of operators in L~(X,~), ident i fy ing a funct ion belonging to 

Lc(X,~)) with the corresponding operator of pointwise mult ipl ication. 

~(X) < ~, we define L~(X,~) as the complex space If of all 

(classes of) measurable functions on X, with the topology of conver- 

gence in measure. This topology can be def ined by the F-norm 

Ifl = f min (l, lf(x)l)d~(x). 
X 

If A is a subset of C and p = 0, 2, ~, then by L~(X,~) we de- 

note the subset of L~(X,~) consist ing of A-valued functions. If 

X = (0,i), and p is the Lebesgue measure, we write L~(0,1) instead 

of L~(X,~). 

By an Ls(X,~)-representat ion of a group G we mean a representa- 

G in the space L~(X,~) by operators belonging to L~(X,~). t ion of 
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Na tu ra l l y ,  such  r e p r e s e n t a t i o n s  are un i ta ry .  

If @ is a l i nea r  o p e r a t o r  f rom a vec to r  space  E to the space  

L~(X ,~ ) ,  then  the f o r m u l a  

(~uf) (x)  = f ( x ) . e x p  [2~ i (0u ) (x ) ]  ( u ~  E; f E L ~ ( X , ~ ) ;  x ~ X )  

d e f i n e s  an L s ( X , ~ ) - r e p r e s e n t a t i o n  ¢ of E; 
2~i@ 

we w r i t e  ¢ = e 

~4.1J ~ m ~ .  A l i nea r  o p e r a t o r  0 f rom a t o p o l o g i c a l  vec to r  

space E to L~(X,~)- is c o n t i n u o u s  if and  on l y  if e 2~i8 is a con-  

t i nuous  r e p r e s e n t a t i o n  of E. 

In the p roo f  we need  the f o l l o w i n g  fact :  

~4.2) ~ .  Let  X be a m e a s u r e  space  w i t h  a f in i te ,  p o s i t i v e  

0 
m e a s u r e  ~. If f g LR(X,~)  and  If(x) l ~ 1 a.e. ,  then  we can f i nd  

some t g (0,i) w i t h  

~ ( { x  E X : t f (x)  g [~,~] + Z}) > ~(X).  

proof. Let  1 be the L e b e s g u e  m e a s u r e  on (0, i) .  If x E X and 

If(x)l ~ i, t hen  an easy  a r g u m e n t  shows  that  

1 3 2 
X( { t  ~ (0,I) : t f (x) E [~,~] + Z}) _>- ~. 

Hence,  by  the Fub in i  theorem,  we o b t a i n  

1 
1 3 

f ~ ( {x  ~ X : t f (x)  ~ [~,~] + Z } )d t  
0 

= f l ( { t  ~ (0,i) : t f (x)  ~ [~,~3 + Z } )d~(x )  > ~(X).  
X 

Th is  imp l i es  tha t  the f u n c t i o n  unde r  the f i r s t  i n t e g r a l  m u s t  assume a 

va lue  not  less than  ~ ( X )  for a c e r t a i n  t E 0, i) .  • 

P m a o f a f  ~4.1). Deno te  ¢ = e 2~i@ S u p p o s e  f i r s t  tha t  @ is con-  

p rove  the c o n t i n u i t y  of ¢, choose  any  f ~ L~(0 ,1 )  t inuous .  To and 

E > 0. The re  is some 6 > 0 such  tha t  if Y is a m e a s u r a b l e  subse t  

of X w i t h  ~(Y) < 6, then  

f I f ( x )12d~(x )  < e. 
Y 
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S ince  0 is con t i nuous ,  there  is some U ~ No(E) such tha t  

~ ( { x  ~ x : l ( 0u ) (x ) l  > E}) ~ 6 

for  u ~ U. Now, choose  any w ,v  ~ E w i t h  w - v ~ U and deno te  

Y = {x ~ X : l (@w)(x) (0v)(x) ]  > ~}. 

Then  

l]¢wf - ¢vfll 

= f ]@(x) .exp  [2~ i (Sw) (x ) ]  - f ( x ) ' e x p  [2~ i (0v) (x ) ] ]2d~(x)  
X 

= f + f ]exp [2~i(0w)(x)3 
Y X\Y 

- exp [2~i(Sv)(x)]]2.]f(x)]2d~(x) 

4 f ] f (x ) ]2d~(x)  + (2~E) 2 f ]f(x) 12d~(x) 
Y X \Y  

< 4E + 4~2E2]Ifll 2. 

S ince  ~ > 0 was a rb i t ra ry ,  th is  p roves  tha t  ¢ is con t i nuous .  

Now, suppose  tha t  @ is no t  con t i nuous .  Then  we can  f ind  a con-  

s tan t  c > 0 such  tha t  each  U ~ No(E) c o n t a i n s  a vec to r  u w i t h  

~ ( { x  ~ x : l ( o u ) ( x ) [  ~ e } )  ~ c .  

Hence, by ( 4 . 2 ) ,  each U E No(E ) c o n t a i n s  a v e c t o r  u wi th  

(i) p ( { x  ~ X : ( 0 u ) ( x ) ~  [¼,~] + Z}) ~ b 

(we use tw ice  the fac t  tha t  E has a base  at zero  c o n s i s t i n g  of radial 

sets) .  Set  fo ~ i. F rom (i) we get  

ll~uf o - ~0foll 2 = f ]I - exp [ 2~ i ( 0u ) ( x ) ] 12d~ (x )  ~ ~c 
X 

1 3  becasue  ]I - exp [2~is]]  2 ~ 2 w h e n e v e r  s e [~,~]  + Z. Th is  means  

tha t  ¢ is not  con t i nuous .  • 

O b s e r v e  tha t  the r e p r e s e n t a t i o n  e 2~i0  is un i fo rm ly  cont inuous if 

and on l y  if @ is a c o n t i n u o u s  o p e r a t o r  f rom E to LR(0 ,1 ) .  
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( 4 . 3 ) ~ l ,  Fx~I_ Let X be a measure  space w i th  a pos i t i ve  mea- 

sure ~ and let ¢ be a cont inuous Ls(X,~) - r e p r e s e n t a t i o n  of the 

group R. Then there is a un ique funct ion 0 E L~(X,~) w i th  

(0sf)(x) = f (x ) .exp [2~is (x)] (s ~R ;  f ~L~ (X ,~ ) ;  x E X ) .  

This is a consequence of Stone 's  theorem on cont inuous one-para-  

meter  groups of un i ta ry  opera tors  (see e.g. [47], Theorem 5.6.36). 

(4.4)~5~DI'QSlTIQg_ Let X be a measure  space wi th  a f ini te, posi-  

t ive measure  ~ and let ¢ be a cont inuous Ls(X,~) - rep resen ta t ion  

of a topo log ica l  vector  space E. Then there exists a unique cont inu-  

operator  8 : E ~ L~(X,~) w i th  ¢ = e2~i8 ous l inear 

l ~ f .  For each f ixed u E E, the mapp ing  s + #(su) is a con- 

t inuous Ls(X,~) - rep resen ta t ion  of R. Thus, by (4.3), there is a 

0 
un ique func t ion  % u  ~ LR(X'D) w i th  

2(X,~); x E X )  [¢(su)f](x) = f(x). exp [2~iS%u(X)] (s ~R ;  f ~ L  C 

From the un iqueness of % in (4.3) it fo l lows eas i ly  that %su = S%u 

and %u+v = %u + %v for all u,v ~ E and s E R. So, the mapp ing  

0 : E ~ L~(X,~) g iven by u ~ %u is l inear. The con t inu i ty  of 8 fol- 

lows from (4.1). • 

(4.5) P~Di~srrx(1_ Let K be a subgroup of a separab le  topo log ica l  

vector  space E. If the quot ien t  group E/K admi ts  a non-tr ivial con- 

t inuous un i ta ry  representat ion,  then there ex is ts  a non-zero  cont inu-  

operator  8 : E ~ L~(0,1) w i th  8(K) c L~(0,1).  ous l inear 

Proof. Let ~ be a non- t r i v ia l  cont inuous un i ta ry  represen ta t ion  

of E/K in a H i lber t  space H. In v iew of (1.21), we may  assume # to 

be cycl ic.  This impl ies that  H is separable.  Let A be the a lgebra 

of opera tors  in H genera ted  by operators  ~g, g ~ E/K. Then A is 

an abe l ian  se l f -ad jo in t  a lgebra in H con ta in ing  the identity operator. 

The c losure A of A in the s t rong operator  topo logy  is an abe l ian 

yon Neumann a lgebra in H. There fore  we can decompose H into an at 

most  countab le  Hi lber t  sum of A- invar ian t  subspaces H n such that, 

for each n, e i ther  d im H n = 1 or the res t r i c t ion  of A to H n is 

un i ta r i l y  isomorph ic  to the a lgebra LC(0,1) in the H i lber t  space 
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9 
L~(0,1).  The last sentence fo l lows from the s tandard resul ts  on the 

s t ruc ture  of abe l ian von Neumann algebras;  perhaps the best re ference 

here wi l l  be [47], Sect ion 9.4. 

The subspaces Hn, be ing invar iant  for A, are invar iant  for ~. 

So, ~ can be decomposed  into a Hi lber t  sum of some representa t ions  

~n which are e i ther  one-d imens iona l  or uni tar i lyequivalent  to LS(0,1)- 

- representat ions.  One of these representa t ions  is non- t r iv ia l ,  there- 

fore we may  assume that ~ i tsel f  is one-d imens iona l  or an LS(0,1)-  

- representat ion.  In the f i rst  case, E/K admits a non- t r i v ia l  con- 

t inuous character ;  let us denote it by ×. Let ~ : E ~ E/K be the 

natura l  pro ject ion.  Then X~ e E . By (2.3), we have X~ = Pf for 

some f E E . Since X~ # 0 and x~(K) = {0}, it fo l lows that  f # 0 

and f(K) c Z. Now, we may def ine 8 by the formula (0u)(x) = f(u) 

for u ~ E and x ~ (0,i). 

It remains to cons ider  the case when ¢ is an LS(0,1) - repre- 

sentat ion.  Then ~ is an LS(0,1) - rep resen ta t ion  of E and, by 

(4.4), there exists a cont inuous l inear opera tor  8 : E + L~(0,1) wi th  

= 0 e 2~i8 ~ .  It is c lear  that 8 # 0 and 8(K) c LZ(0,1 ). • 

A non- t r i v ia l  Hausdor f f  abe l ian group is ca l led exot ic  if it does 

not admit  any non- t r i v ia l  cont inuous un i ta ry  representat ions.  We say 

that G is s t rong ly  exot ic  if it does not admit  any weak ly  cont inuous 

represen ta t ion  in H i lber t  spaces. 

In connec t ion  w i th  the above def in i t ion,  let us not ice that  every  

topo log ica l  group (abel ian or not) admits a fa i th fu l  s t rong ly  cont inu-  

ous represen ta t ion  by bounded operators  in a su i tab ly  chosen Banach 

space. It suf f ices,  for instance, to cons ider  the represen ta t ion  by 

shi f t  opera tors  in the space of bounded and un i fo rm ly  cont inuous func- 

t ions on the group. 

An abe l ian  topo log ica l  group G is said to be bounded if to each 

U E No(G ) there cor respond a pos i t i ve  in teger  n and a f in i te subset 

A of G, such that A + U n = G (this de f in i t i on  makes sense also for 

non-abe l ian  groups).  For instance, al l  compact  or connected  groups are 

bounded. If K is a subgroup of a normed space E, the quotient group 

E/K is bounded if and on ly  if there ex is ts  a number  r > 0 such that 

E = K + rB (cf. the proof  of (5.1) (b) below). 

(4.6;J OrE. In sect ion 18, the express ion  "bounded group" wi l l  be 

used in a comp le te ly  d i f fe ren t  meaning.  
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A r e p r e s e n t a t i o n  ¢ of a g r o u p  G in a B a n a c h  space  is c a l l e d  

b o u n d e d  if sup  {11¢(g)II : g • G} < ~. 

(4.7) r.~J. E v e r y  w e a k l y  c o n t i n u o u s  r e p r e s e n t a t i o n  of a b o u n d e d  

and  m e t r i z a b l e  g r o u p  in a B a n a c h  space  is bounded .  

~ .  Le t  ¢ be a w e a k l y  c o n t i n u o u s  r e p r e s e n t a t i o n  of a b o u n d e d  

and  m e t r i z a b l e  g r o u p  G in a B a n a c h  s p a c e  E. Fo r  s i m p l i c i t y ,  le t  us 

a s s u m e  t ha t  G is abe l i an .  Le t  (gn) be  an a rb i t r a r y  n u l l - s e q u e n c e  in 

G. For  e a c h  u • E, the  s e q u e n c e  ( ¢ ( g n ) U ) n = l  c o n v e r g e s  w e a k l y  to u 

and  is t h e r e f o r e  bounded .  Hence ,  by  the  B a n a c h - S t e i n h a u s  theo rem,  we  

have  

(i) sup  {II¢(gn)II : n = 1,2 .... } < ~. 

S ince  (gn) was  an a r b i t r a r y  n u l l - s e q u e n c e  and  G is metr izab le ,  f r o m  

(i) i t  f o l l o w s  tha t  t he re  is some U • No(G)  such  tha t  

C = sup  {II¢(g) : g • U} < ~. 

S ince  G is a b o u n d e d  group,  t he re  are  a p o s i t i v e  i n t e g e r  

f i n i t e  subse t  A of G, such  tha t  A + U n = G. T h e n  

n and  a 

sup {Ji¢(g) : g E G} < C n m a x  {ll¢(g)ll : g • A} < ~. • 

(4.8) [~m~.  E v e r y  b o u n d e d  r e p r e s e n t a t i o n  of an a b e l i a n  g r o u p  in a 

H i l b e r t  space  is e q u i v a l e n t  to a u n i t a r y  r e p r e s e n t a t i o n .  

P z ~ f .  T h e r e  is an i n v a r i a n t  m e a n  on  the s p a c e  of  a l l  bounded ,  

r e a l - v a l u e d  f u n c t i o n s  on  an a b e l i a n  g r o u p  [ [38~, (17 .5) ) ,  and  i t  is 

e n o u g h  to  r e p e a t  the  s t a n d a r d  a r g u m e n t  fo r  c o m p a c t  g r o u p s  (cf. [53], 

E x e r c i s e  1 in sect .  9.3).  • 

(4.9) P~PoslTi~. E v e r y  n o n - t r i v i a l  a b e l i a n  g r o u p  of a u t o m o r p h i s m s  

of a B a n a c h  space  admi t s  a n o n - t r i v i a l  c h a r a c t e r  c o n t i n u o u s  in the un i -  

fo rm topo logy .  

~ f .  Le t  G be a n o n - t r i v i a l  a b e l i a n  g r o u p  of a u t o m o r p h i s m s  of 

a B a n a c h  space  and le t  A be the  c o m p l e x  B a n a c h  a l g e b r a  s p a n n e d  ove r  

G. Let  m be the set  of a l l  m u l t i p l i c a t i v e  l i nea r  f u n c t i o n a l s  of A. 

S u p p o s e  f i r s t  tha t  t he re  are some g E G and  f • ~ such  tha t  

f(g) # I. The  m u l t i p l i c a t i v e  g r o u p  C \ {0} adm i t s  a c o n t i n u o u s  cha-  

rac te r  X such  tha t  k ( f (g ) )  # i. T h e n  kf is a non-t r iv ia l  con t i nu -  
ous c h a r a c t e r  of  G. 
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So, we  m a y  a s s u m e  tha t  f(g) = 1 fo r  a l l  g ~ G and f e m .  Th i s  

i m p l i e s  tha t  G c e + rad  A w h e r e  e is the  u n i t  of A and  rad  A 

the  r a d i c a l  of  A. S i n c e  e + rad  A c e x p  A, we  obta in  G c exp  A. Thus  

we can  f i nd  an e l e m e n t  a ~ A such  tha t  exp  a E G and  e x p  a # i. 

T h e n  a ~ 2~ iZe  and  the  H a h n - B a n a c h  t h e o r e m  i m p l i e s  the  e x i s t e n c e  of  

a c o n t i n u o u s  R - l i n e a r  f u n c t i o n a l  f : A ~ R such  tha t  f (2~ iZe )  c Z 

and  f(a)  ~ Z. 

S ince  span  G is d e n s e  in  A and  a l l  f u n c t i o n a l s  in m a re  t r i -  

v i a l  on G, i t  f o l l o w s  tha t  m c o n s i s t s  of o n l y  one  e lemen t .  T h e r e -  

fo re  the  e x p o n e n t i a l  m a p p i n g  is s i m p l y  p e r i o d i c ,  i .e. exp  x = e im-  

p l i e s  tha t  x ~ 2~ iZe  (see e.g.  [39], Sect .  5.6).  H e n c e  0 f ( x ) =  0 if 

e x p  x = e. C o n s e q u e n t l y ,  t he re  e x i s t s  a c o n t i n u o u s  h o m o m o r p h i s m  × of 

the  m u l t i p l i c a t i v e  g r o u p  e x p  A i n to  T such  tha t  the  d i a g r a m  

f 
A > R 

X 
e x p  A - - >  T 

commutes .  M o r e o v e r ,  x ( e x p  a) = p( f (a ) )  # 0. Thus  Xj G is a c o n t i n u -  
w 

ous  n o n - t r i v i a l  c h a r a c t e r  of  G. • 

F r o m  (4.9) i t  f o l l o w s  tha t  if an a b e l i a n  t o p o l o g i c a l  g r o u p  does  

no t  a d m i t  n o n - t r i v i a l  c o n t i n u o u s  c h a r a c t e r s ,  t h e n  it does  no t  admit  any  

n o n - t r i v i a l  u n i f o r m l y  c o n t i n u o u s  r e p r e s e n t a t i o n s  in B a n a c h  spaces .  

(4.1o) ~;~n~LE. Let  H be a c o m p l e x  H i l b e r t  space  w i t h  an o r t ho -  

n o r m a l  b a s i s  (en)n= I. Le t  us se t  

e le  n = ene  I = e n fo r  n = 1 ,2 , . . . ;  

e2e n = ene 2 = 0 fo r  n = 2 ,3 , . . . ;  

ene  m = eme n = 0 fo r  m , n  = 3 ,4 , . . . ;  

2 
e n = e 2 + en  fo r  n = 3 ,4 , . . .  

m # n; 

A d i r e c t  v e r i f i c a t i o n  shows  tha t  t hese  f o r m u l a e  d e f i n e  on H a s t ruc -  

tu re  of a c o m m u t a t i v e  B a n a c h  a lgebra  wi th unit e I . The  m u l t i p l i c a t i v e  

g r o u p  G = exp  H m a y  be i d e n t i f i e d  w i t h  H / e x p  -I (el). A d i r e c t  calcu- 
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lat ion shows that  exp- l (e l )  is genera ted  by the e lements  2~ie I and 
-i 

2~i(e 2 + an), n = 3,4, . . . .  So, exp (e I ) is not weak ly  c losed in 

H and (2.5) impl ies that cont inuous charac ters  do not separate po in ts  

of G (more precisely ,  x(exp 2~ie 2) = 0 for all X ~ G-). 

Never the less,  G admits a cont inuous,  fa i th fu l  un i ta ry  represen-  

tat ion in a separable  Hi lber t  space. The proof  is s imi lar  to that of 

(5.1) (e) and cons is ts  in cons t ruc t ing  a cont inuous l inear operator  

0 : H ~ L~(0,1) w i th  the p roper ty  that 0u ~ L~(0,1) if and only if 

-I 
u E exp (el). 

(4.11) ~ .  The mater ia l  of this sect ion is standard,  with the ex- 

cept ion of (4.7), (4.9) and (4.10) wh ich  are taken f rom [9] and [6]. 

5. Quot ien ts  of normed spaces 

By c o and i p, 1 ~ p < =, we denote the c lass ica l  Banach se- 

quence spaces w i th  their  usual  norms. By an, n = 1,2,. . . ,  we denote 

the sequence (0, .... 0, i ,0, . . . )  w i th  1 in the nth place. 

(5.1) ~ .  Let (an)n= 1 be a sequence in 11 such that 

(I) a n ~ span {ei} i< n for each n = 1,2,... 

co  

(see (2.1)). Suppose that {an}n= 1 is a dense subset  of 11 and let 

K = gp {a n + an}n= I. Then 

and i p , (a) K is a d iscre te  subgroup in each of the spaces c o 

i < p < ~; 

(b) the groups Co/K and IP/K, 1 < p < =, are bounded; 

(c) the groups Co/K and IP/K, p > i, do not admi t  any non- 

- t r iv ia l  cont inuous characters;  

(d) the groups Co/K and IP/K, p > 2, are s t rong ly  exotic; 

(e) the groups IP/K, 1 < p < 2, admit  fa i th fu l  cont inuous 

un i ta ry  representa t ions  in separab le  Hi lber t  spaces; 

(f) I I /K admits su f f i c ien t ly  many  cont inuous characters.  

P m ~ .  Throughout  the proof, E denotes one of the spaces c o 

and 1 p, 1 & p < =, and $ : E ~ E/K is the natura l  pro ject ion.  
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(a) Choose  any  u E K \ {0}. We m a y  w r i t e  

u = k l (a  I + e I ) + ... + km(a  m + e m) 

for  some k l , . . . , k  m ~ Z w i t h  k m # 0. F rom (1) it f o l l ows  that  the 

m th  c o o r d i n a t e  of u is equa l  to k m. Hence,  a c c o r d i n g  to the de f i -  

n i t i o n  of the no rm in E, we have  llull ~ J kmJ ~ i. 

(b) F i rs t ,  we sha l l  p r o v e  tha t  

(2) K + 2B E = E. 

Choose  any  u ~ E. S ince  {an} is dense  in 1 I, i t is dense  in E. 

So, the re  is some n = 1 ,2 , . . .  w i t h  u ~ a n + B E . Then  

u ~ (a n + e n) - e n + B E c K + B E + B E = K + 2BE, 

w h i c h  p roves  (2). Now, choose  any  U ~ No(E/K) .  We have  ~( rBE)  c U 

for some r > 0. Take  an i n t e g e r  m such  tha t  mr  ~ 2. Then,  by (2), 

U m D ~ ( r B E ) m  = ~ ( ( r B E ) m  ) = ~(mrBE)  D ~(2BE) = ~ (2B E + K) 

= ~(E) = E/K. 

(c) Le t  E = c o or E = i p w i t h  p > i. S ince  {an} is dense  

in E and (e n) c o n v e r g e s  w e a k l y  to zero,  i t  f o l l ows  tha t  K is 

w e a k l y  dense  in E. Now, it r ema ins  to a p p l y  (2.5). 

(d) Let  E = c o or  E = I p w i t h  p > 2. S u p p o s e  to the c o n t r a -  

ry  tha t  E /K  is no t  s t r o n g l y  exo t ic .  Then,  in v i r t u e  of (b), (4.7), 

(4.8) and  (4.5), t he re  ex i s t s  a n o n - z e r o  c o n t i n u o u s  l i nea r  o p e r a t o r  

8 : E ~ L~(0 ,1 )  w i t h  8(K) c L~(0 ,1 ) .  S ince  8 # 0, we can  find some 

u ~ E such  tha t  the set  

2 3  Q = {t ~ (0,I) : (su)( t )  ~ z + [~,~]) 

has a p o s i t i v e  measure .  Let  (akn) be a s u b s e q u e n c e  of (a n ) c o n v e r g -  

ing to u. The s e q u e n c e  (Sa k ) c o n v e r g e s  in m e a s u r e  to 8u. App l y -  
n 

ing  the E g o r o v  theorem,  we m a y  assume tha t  8akn  ~ 8u un i fo rm ly  on Q. 

Hence  

(Oakn)( t )  ~ Z + [~,~] 
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for  t ~ Q and  n s u f f i c i e n t l y  l a rge  (say, for  n > no). A l l  func -  

t i ons  0(a  k + e k ) a s s u m e  i n t e g e r  v a l u e s  on ly ,  t h e r e f o r e  
n n 

1 3 
(0ekn) ( t )  E Z + [7,7]~ ~ for  t E Q and  n > n o • 

Th i s  i m p l i e s  tha t  

1 
(3) l@ek )(t) I ~ 

n 

Set  fn = n-1/2@ek 

for  t ~ Q and  n > n . 
O 

for  n = 1,2, .... Each  subser ies  of the ser ies 
n 

n - I /2  is c o n v e r g e n t  in  E. So, by  the  c o n t i n u i t y  of 0, e a c h  
n=l  ekn 

s u b s e r i e s  of  ~ f is c o n v e r g e n t  in L~ (0 ,1 ) .  H e n c e  i t  f o l l ows  tha t  
n = l  n 

f~( t )  < ~ fo r  a l m o s t  a l l  t E (0,i) (see [73], L e m m a  on p. 29). 
n=l  ~ 

On the  o t h e r  hand,  (3) imp l i es  tha t  Z f2( t )  = ~ for  t ~ Q. 
n=l  n 

The c o n t r a d i c t i o n  o b t a i n e d  c o m p l e t e s  the  p r o o f  of (d). 

(e) Le t  E = i p w h e r e  1 & p & 2. C h o o s e  any  u = (Xn)n=l  ~ E\K. 

B e i n g  d i sc re te ,  K is c l o s e d  in E. M o r e o v e r ,  we  have  

m 

~. Xne  n ~ u as m ~ ~. 
n=l  

T h e r e f o r e  we  can  f i nd  an i n d e x  m such  tha t  

W : ----- 

m 
m 

7. Xne  n ~ L : : gp {a n + en }n= l ,  
n= l  

! 
(4) Z x~  < 9" 

n=m+ l  

m 
Let  M = span  {a n + e n } n =  I. T h e n  L is a l a t t i c e  in  M and  w ~ L, 

so tha t  we  can  f i nd  some f ~ M* w i t h  f(L) c Z and  f(w) ~ Z. Mu l -  

t i p l y i n g  f, i f  need  be, by  a s u i t a b l e  i n teger ,  we  m a y  a s s u m e  tha t  

1 2  (5) f(w) e Z + [~,~].  

We sha l l  c o n s t r u c t  a b o u n d e d  l i nea r  o p e r a t o r  e : E ~ L~(0 ,1 )  w i t h  

0(K) c L (0,I) and  0u ¢ LZ(0 ,1 ) .  We m a y  w r i t e  

n- i  

= Z ~ k n e k  (n = 2 ,3 , . . . )  (6) an k=l  
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for  some c o e f f i c i e n t s  ~kn" We sha l l  c o n s t r u c t  s tep  - f u n c t i o n s  

h l , h2 , . . ,  on (0,i) such  tha t  lhm+ll ,  lhm+21 .... < I, the f u n c t i o n s  

h m + l , h m + 2 , . . ,  a re  p a i r w i s e  o r t h o g o n a l  and  

n- i  

(7) h n + ~q ~ k n h k  E LZ2(0,1) 
k= l  

fo r  n = 2,3 . . . . .  Se t  h n --- f (e  n) for  n = l , . . . ,m.  The  f u n c t i o n s  

h m + l , h m + 2 , . . ,  w i l l  be  c o n s t r u c t e d  i n d u c t i v e l y .  

S u p p o s e  we have  c o n s t r u c t e d  f u n c t i o n s  h l , . . . , h n _  1 for  a c e r t a i n  

n > m + i. The  i n t e r v a l  (0,I) d e c o m p o s e s  i n to  a finite un ion of  some 

i n t e r v a l s  I i such  that ,  fo r  e a c h  i, the  f u n c t i o n s  h l , . . . ,hn_ 1 are  

c o n s t a n t  on I i. F i x  an a r b i t r a r y  i n d e x  i and le t  p be the  v a l u e  
n- i  

of  the  f u n c t i o n  Z e k n h k  on I i. Le t  us w r i t e  I i = (a,b). If p c  Z, 
k= l  

we set  h n - 0 on I i. If p ~ Z, t hen  

c : = b + (b - a ) ( [p ]  - p) ~ (a,b) 

and  we d e f i n e  

l 
ip] - p for  t ~ (a,c) 

hn( t )  = 
[p] - p + 1 for  t ~ (c,b).  

He re  [p] d e n o t e s  the  i n t e g e r  pa r t  of p. T h e n  lhn(t) l  < 1 and  

n-I  

h n ( t )  + ~.. a k n h k ( t  ) = h n ( t  ) + p e Z 
k = l  

for  t ~ I.. M o r e o v e r ,  we  have  
1 

b 
f h n ( t ) d t  = 0. 

a 

In the  same w a y  we d e f i n e  h n on  o t h e r  i n t e r va l s .  T h e n  (7) is sa t i s -  

f i ed  and  it is c l e a r  tha t  h n is o r t h o g o n a l  to h l , . . . , h n _  I. 

h The s e q u e n c e  ( n )n= l  has  the  d e s i r e d  proper t ies .  We only have  to 

v e r i f y  (7) for  n = 2,3 ..... m. But,  by  (6), for  any  such  n, we  have  

n- i  n- i  n- i  

h n + >2 ~ k n h k  - f (e  n) + Z akn  f (e  k) = f (e  + Z eknek)  
k=l  k= l  n k= l  

= f (e  n + a n ) e Z. 
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Since lhnl ~ 1 for n > m and the funct ions hm+l ,hm+2 .... are 

pa i rw ise or thogonal ,  it fo l lows that the cond i t ions 8e  n = hn, 

n = 1,2,. . . ,  def ine a bounded l inear opera tor  G : E ~ L~(0,1).  From 

2 
(7) we see that 8(a n +e  n) ~ LZ(0,1) for each n = 1,2,. . . ;  conse- 

quent ly,  @(K) c L~(0,1). On the other hand, f rom (5) we der ive 

m m 

@w = 8 n=l~ Xnen ~ n=l~ Xn f(en) = f(w) ~ Z + [~,~]i 2 

and (4) y ie lds 

lle(u - w)ll = lle Z Xnenll = ( Z x2~i /2 < 1 
n ~ ~, 

n=m+l n=m+l 

which impl ies that 0u is not an in teger -va lued funct ion. 

We may  treat e as a cont inuous l inear operator  f rom E into 

L~(0,1).- Then, by (4.1), e 2~i0 is a cont inuous un i ta ry  representa-  

t ion of E in the space L~(0,1).~ Since e 2~ie is t r iv ia l  on K, the 

formula ~$ = e 2~i0 def ines a cont inuous un i ta ry  represen ta t ion  ¢ of 

E/K in L~(0,1),  w i th  ~(~(g)) # i. 

So, to each g ~ X : = (E/K) \ {0} there cor responds a cont inuous 

un i ta ry  represen ta t ion  Cg of E/K in L~(0,1),  w i th  Cg(g) # i. Be- 

ing cont inuous,  Cg remains non- t r i v ia l  on some ne ighbourhood Ug of 

g. But  X is a L indelof  space, there fore  we can f ind a countab le  sub- 

set A of X such that {Ug}gEA is a cover ing  of X. Then ~ 
.~ _ geA g 

is a cont inuous fa i th fu l  un i ta ry  represen ta t ion  of E/K i~, a separable  

Hi lber t  space. 

(f) In v iew of (2.5), it is enough to show that K is weak ly  

c losed in 1 I. The proof  is s imi lar  to that of (e) and we leave out the 

detai ls,  the more so that that we shal l  not use (f) in the sequel. • 

(5.2) B~m~RZ. A topo log ica l  group is ca l led  monothe t ic  if it con- 

tains a cycl ic  dense subgroup ([38], (9.2)). The groups Co/K and IP/K 

from (5.1) are monothet ic .  In fact, the fo l lowing s ta tement  is true: if 

K is a l inear ly  dense subgroup of a met r izab le  and complete  vector  

space E, then E/K is a monothe t i c  group. The proof, be ing not di f-  

f icult, is omitted. 

It fo l lows f rom (5.1) (c) and (f) that the group K occur r ing  there 

is weak ly  dense in i p for p > i, but weak ly  c losed in 1 I. This 
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gives r ise to the ques t ion  whether  each d iscre te  (resp. closed) subgroup 

of 11 is weak ly  c losed (cf. [82], Prob lem 2). The answer is negat ive: 

(5.3) ~ .  Every  in f in i te  d imens iona l  normed space E conta ins 

a free and d iscre te  subgroup K such that E/K is s t rong ly  exotic. 

The proof  is g iven in [6]. We do not repeat  it here because it is 

s imi lar  to that of (6.1), g iven below, and even a bi t  simpler. 

(s.4) P l~ssr fx~ .  Let K be a free and d iscre te  subgroup of a non- 

-zero topo log ica l  vector  space E. If K is weak ly  dense in E, then 

K cannot  be dua l ly  embedded. 

Proof. Let (ei) i~ I be a system of free genera tors  of K. Let X 

be the character  of K g iven by x(e i) = ~ for i E I. Suppose that 

× can be ex tended to a cont inuous character  X of E. Then, due to 

(2.3), there is a cont inuous l inear funct iona l  f on E w i th  Pf = X- 

For each i ~ I, we have Pf(ei) = - ~(ei) = x(ei) = z ~' i.e. 

(i) f(ei) E ½ + Z. 

This means that  (2f)(K) c Z. So, if K is weak ly  dense in E, then 

2f = 0, wh ich  cont rad ic ts  (1). • 

It fo l lows from (5.4) that the group K from (5.3) is not dua l ly  

embedded. Simi lar ly,  the group K from (5.1) is ne i ther  dually embedded 

in c o nor in I p, p > i; it is clear, however,  that  K is dua l l y  

embedded in 11 . 

(5.5) ~ z s .  The f i rst  example of a c losed subgroup of a Banach 

space which is not weak ly  c losed was g iven by Hooper  [41], p. 254. Sid- 

ney [823 proved that if a Banach space has a separable  in f in i te  d imen- 

s ional  quot ien t  space, then it conta ins a weak ly  dense proper  c losed 

subgroup. He also proved that if a Banach space X has a normal ized  

basis (en)~= 1 such that e n tends weak ly  to zero, then X conta ins 

a weak ly  dense d iscre te  subgroup. His method is d i f fe ren t  from ours used 

in (5.1). 

(5.6) B ~ K S .  The fact that the groups K in (5. i) and (5.3) are 

free is not accidenta l ;  S idney [82], p. 983, p roved that a countable and 
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d iscrete subgroup of a normed space must be free. Countab i l i t y  is es- 

sent ia l  here: LZ(0,1) is a d iscrete but not free subgroup of LR(0,1).  

Conversely, a c losed and free subgroup of a Banach space must be discrete. 

These facts were po inted out to the author by W. Wojtyfiski. 

The example of an exot ic group given by Herer  and Christensen [37] 

was a separable,  met r izab le  and complete  topo log ica l  vector  space (the 

space of measurab le  funct ions re la t ive to a cer ta in  pa tho log ica l  sub- 

measure).  Natural ly ,  the space L~(0,1) is not an exot ic  group. We 

shal l  see, however, that it has an exot ic  quot ient  space. 

We shal l  have to d is t ingu ish  between a measurab le  funct ion and its 

class of equivalence;  the space of al l  rea l -va lued measurab le  funct ions 

on (0,1) wi l l  be denoted by t 0 and the class of equ iva lence of a 

funct ion f ~ i 0 by {f}. A sequence (fn)n=l~ of funct ions be long ing 

to i 0 is said to be po in twise l inear ly  independent  if to each system 

t l , . . . , t  r ~ (0,i) wi th  t I < ... < t r there cor respond some indices 

• ( t j ) l [ , j = l  # 0. nl, ..,n r such that det ]fni 

. f ~5.7) r ~  Let ( n)n=l be a po in twise l inear ly  independent  s e -  

0 quence in L 0 If 0 : LR(0,1) ~ L 10,i) is a continuous linear operator 

wi th  8{f n} = 0 for every n, then 8 = 0. 

l ~ f .  Let us wr i te L 0 = L~(0,1) and denote the Lebesgue measure 

on (0,I) by I. Let (~k)k=l be a sequence of funct ions from i 0. 

Suppose that the measure  of the set 

X = {t : #k(t) = 0 for a lmost  al l  k} 

is equal  to I. Let then (~k)~=l be a sequence of measurab le  mapp ings  

from (0,i) into i tself, such that if A is a measurab le  subset of 

(0,1) w i th  l(A) = 0, then ~(~kl(A) n {t : ~k(t) # 0}) = 0 for every  

k. Given a funct ion f ~ i 0, we set 

~ ~k( t ) f (~k( t ) )  if t ~ X 
=i 

fF(t) = 

if t ¢ X. 

Then fF s L0 and the mapp ing f ~ fF induces, as can eas i ly  be seen, 

a cont inuous l inear operator  F : L 0 ~ L 0. It was proved by S. Kwapiefi 
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[56] that, conversely,  each cont inuous l inear operator  f rom L 0 into 

i tsel f  can be represented  in such a form. So, to prove our lemma, we 

have to show that F = 0 p rov ided that F{f n} = 0 for every  n. 

Let us suppose that the lat ter  cond i t ion  is sat isf ied.  Then there 

is a subset  Y of X wi th  A(Y) = I, such that, for each t E y, 

uo 

(i) 5q %k( t ) fn(~k( t ) )  = 0 (n = 1,2 .... ). 
k = l  

Let us f ix an arb i t ra ry  t e Y. Since t E X, there exists an index 

m such that  

(2) 
m 

~k(t ) f (~k( t ) )  = ~ #k( t ) f (~k( t ) )  
k=l k=l 

for any func t ion  f on (0,I). Hence, by (i), 

m 

(3) 5q %k(t ) fn(~k( t )  ) = 0 (n = 1,2 .... ). 
k=l 

Denote r card {~( t )  m = }k=l and choose indices kl, .... k r e { i , . . . , m }  

such that ~kl(t) < "'" < ~k (t). Then we can f ind some coef f i c ien ts  
r 

El' .... ~r such that 

m r 

(4) k=iX ~k( t ) f (~k( t ) )  = j=IZ ~j f (~kj( t ) )  

for any func t ion  f on (0,I). Hence, by (3), 

r 
(5) j=IX ~j fn(~kj ( t ) )  = 0 (n = 1,2 .... ). 

Since the sequence (fn) is po in tw ise  l inear ly  independent ,  we can 

f ind indices nl, n r such that det I fn i (#k j ( t ) ) I r  "''' i , j=l  # 0. In 

v iew of (5), this impl ies that E 1 . . . .  = ~r = 0. Hence, by (2) and 

(4), we have fF(t) = 0 for each f e L 0 Since t was an arb i t ra ry  

e lement  of Y and A(Y) = i, it fo l lows that F{f} = 0 for each 

0 
f ~ i , i.e. that F = 0. • 

In v iew of (5.7) and (4.5), to obta in  an exot ic  quot ien t  space of 

L~(0,1) it suf f ices to f ind a po in tw ise  l inear ly  independent  sequence 

(fn) of measurab le  funct ions such that their  c lasses {fn } are not 

l inear ly  dense in L~(0,1).  There are many such sequences. Perhaps 
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n k 
the s implest  one is the sequence of funct ions t ~ t where (nk)k= 1 

is a sequence of pos i t ive  numbers such that nk+I /n  k ~ 1 + a and a is 

a so lu t ion of the inequa l i ty  2a > (i + a) l+I/a (a > 3.403.. . ) .  That 

the sequence (t nk) is po in tw ise  l inear ly  independent  follows from the 

we l l -known fact that if n I < ... < n r and t I < ... < t r. then 

n. 
d e t l t . l l  r 3 i , j=l > 0 (see e.g. [77], Part  5, Prob lem 76). That the func- 

nk 
t ions t are not l inear ly  dense in L (0,i) is a consequence of a 

resul t  of S. Mazur  [64]. 

(5.8) ~ .  Let (nk)k= 1 be a sequence of positive integers such 

that nk+ i /n  k ~ q for all k, where q is some f ixed number larger 

than i. From the theory of t r igonomet r ic  ser ies it fo l lows that the 

c losed l inear subspace of  L~(0,2~) spanned over al l  funct ions 

sin (nkt) and cos (nkt) , k = 1,2 .... , cons is ts  of all funct ions of 

the form 

~q (a k cos (nkt) + b k sin (nkt)) 
k=l 

Z (ad + b~) < ~, so that it is not the whole  space L~(0,2~) where 
k=l 

(see, e.g. [105], Lemma (6.5), p. 203). It seems qui te  poss ib le  that, 

at least for cer ta in  sequences (nk) w i th  nk+i /n  k ~ q, the system 

cons is t ing  of funct ions sin (nkt) and cos nkt) is po in tw ise  l ine- 

ar ly independent  on (0,2~). 

(5.9) ~ .  The mater ia l  of this sect ion is taken f rom [9]. Propo- 

s i t ion (5.4), Lemma (5.7) and the example of an exot ic  quotient of L 0, 

subsequent  to (5.7), are new. 

6. Quot ients  of non-nuc lea  r spaces 

This sect ion is devoted to the proof  of the fo l lowing fact: 

(6.1) ~ .  Let E be a met r izab le  loca l ly  convex space. If E 

is not nuclear,  then it conta ins a d iscre te  subgroup K such that the 

quot ien t  group (span K) /K is exotic. 

The proof  wi l l  be p receded by severa l  lemmas. We have to in t roduce 
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some new no ta t ion .  Le t  U ,W be two convex  bod ies  (compact  convex  sets  

w i t h  n o n - e m p t y  i n te r io rs )  in an n - d i m e n s i o n a l  vec to r  space  N. The i r  

vo lume  ra t io  ( re la t i ve  to any  t r a n s l a t i o n - i n v a r i a n t  m e a s u r e  on N) w i l l  

be d e n o t e d  by  U ~ .  Tha t  is, 
l W l  

~ = vo l  ~(U) 
vol  ~(W) 

where  vo l  is the L e b e s g u e  m e a s u r e  on R n and ~ : N ~ R n is any  

l inear  i somorph ism.  

Let  ¢ : E + F be a b o u n d e d  l inear  o p e r a t o r  acting b e t w e e n  no rmed  

spaces.  For  each  k = 1 ,2 , . . . ,  le t  us d e n o t e  

Vk(¢  : E ~ F) = sup [ 
N 

I@(B E A N) I 

IB F N ~(N)] ~ 

i /k  

whe re  the s u p r e m u m  is t aken  over  a l l  l i near  subspaces  N of E w i t h  

d im  N = d im  ~(N) = k. If d im ~(E) < k, we set  Vk(¢  : E ~ F) = 0. 

If F is a subspace  of some no rmed  space  F', then  obv ious ly ,  

Vk(~  : E ~ F') = Vk (~  : E ~ F) for  eve ry  k. T h e r e f o r e  we m a y  s imp l y  

w r i t e  Vk(~) i ns tead  of Vk(~  : E ~ F) (cf. the remarks  be fo re  (2.9)). 

It is c lea r  tha t  Vk(#)  ~ II~II for  eve ry  k. 

(6.21 ;K;FB. The numbers  Vk(~)  s a t i s f y  a l l  condi t ions in P i e t s c h ' s  

d e f i n i t i o n  of  s -numbe rs  ([76], I i . i . i )  e xcep t  m o n o t o n i c i t y ;  i t  m a y  

happen  tha t  Vk+ l (~ )  > Vk(~) (see [59] and [3]). 

(6.3)/~uw~. Let  ~ l , . . . , ~s  be b o u n d e d  o p e r a t o r s  for w h i c h  the 

c o m p o s i t i o n  ~i "'" ~s is de f ined .  Then  

Vk(¢  1 ... Cs ) ~ Vk(~  I) ... Vk (~  s) (k = 1 ,2 , . . . ) .  

I~,m~f. It is enough  to c o n s i d e r  the case  s = 2. So, suppose  tha t  

we are g i ven  o p e r a t o r s  ~i : E2 ~ E1 and ~2 : E3 ~ E2" Let  N be an 

a r b i t r a r y  subspace  of E 3 w i t h  d im  N = d im  (¢I¢2)(N)  = k. Then  

d im ~2(N) = d im ~ I (~2(N) )  = k and we m a y  w r i t e  

J(~I~2(B(E3 ) A N) I i/k 
] 

IB(E 1 N (~i~2)(N) I 
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= [ I~I(@2(B(E 3) N N)) I J¢l(B(E2) O ¢2(N))J ] I /k  

@I(B(E2) n ¢2(N))J JB(E I) n ~I(@2(N))J 

I~2(B(E 3) N N)I i/k 
= [ ] 

IB(E 2) O ¢2(N) I 

• [ I¢I(B(E 2) n ~2(N))I i /k 

IB(E I) O ¢I(~2(N))I ] 

& Vk(¢2) 'Vk(~l ) .  

Since N was arbi trary,  it fo l lows that Vk(¢l¢ 2) ~ Vk(¢l ) .Vk(¢2).  • 

Let ¢ : E ~ F be a bounded operator  acting between normed spaces. 

By hk(~ : E ~ F), k = 1,2 .... , we denote the Hi lber t  numbers of 

(see [76], 11.4). 

(6.4J z~mfA. For every bounded operator  ¢ : E + F, one has 

Vk(¢ : E ~ F) ~ hk(¢ : E ~ F) (k = 1,2,...). 

Pz~Qf. Take any operators X,~ wi th lixli,ll~ll ~ 1 such that the 

compos i t ion  X¢~ is def ined and acts between uni tary  spaces. Fix an ar- 

b i t rary  k = 1,2, . . . .  We have to show that Vk(¢) ~ dk(X¢~). Denote 

e = X ~ .  Since e acts between uni tary  spaces, we have Vk(e) = 

[dl(8) ... dk(e) ] i /k  Hence, apply ing (6.3) wi th  s = 3, we der ive 

dk(e) ~ [dl(O) ... dk(e) ] i /k  = vk(X¢~) ~ Vk(X)Vk(~)Vk(~)  

< {IXlllJWllVk(¢ ) < Vk(¢ ). • 

{6.5) z~IMa. Let E be a local ly  convex space. Suppose that there 

exists an E > 0 such that to each cont inuous seminorm p on E there 

corresponds another seminorm p" ~ p w i th  Vk(Ap-p) = o(k-£). Then E 

is a nuclear  space. 

l~m~f. Choose an arb i t rary  cont inuous seminorm Po on E. Next, 

take an integer s > 5E -I. Due to our assumpt ions,  we can f ind cont in-  

uous seminorms Ps ~ "'" ~ Pl ~ Po such that 

Vk(ApiPi_l ) )  = o(k -~) (i = l , . . . ,s). 

Hence, by (6.3), 
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(I) Vk(ApsPo) ~ Vk(A ) ... o(k-~S). PsPs_l  Vk(AplP o) = 

Let us denote A = ApsPo : Eps ~ Epo. 

k k 
II dj(A) < ekk! II hj(A) 

j :i j :i 

From the inequal i ty  

([76], 11.12.3) and from (6.4) we der ive 

k ]I/k k i/k k ]I/k 
dk(A) < [ II dj(A) < ekkI[ II hj(A)] < ek[  II vj(A) 

j =I j =i j =i 

(k = 1,2 .... ). 

In v iew of (i) and the inequal i ty  cs > 5, this impl ies that dk(A) = 

o(k-4). Consequent ly,  A is a nuclear  operator  ([79], Propos i t ion  

7.2.2). We have thus shown that, for each cont inuous seminorm on E, 

there exists another seminorm such that the cor respond ing  operator  is 

nuclear. This means that E is a nuclear  space ([79], Theorem 7.2.7). • 

g6.6J ramm~. Let U c W be two symmetr ic  convex bodies in some n- 

-d imensional  vector  space N. Let M be some m-d imens iona l  subspace 

of N. Then 

Iu n MI ~ m_i . Iul 
Iw n HI n !  Iwl 

~ .  Suppose f i rst that m = n - I. 

N = R n and 

Set 

Then we may assume that 

M = R n-I : = {(X 1 .... ,X n) ~ R n : x n = 0}. 

h(U) = sup {X n : (X 1 ..... X n) 6 U}, 

h(W) = sup {x n : (Xl , . . . ,x n) ~ W}. 

It is c lear that 

vol n (U) ~ h(U) VOln_ 1 (U 0 Rn-l), 

vol n (W) E ~h(W) VOln_ 1 (W N Rn-l). 

H e n c e  
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I u N M I = vo l  (U N M) ~ h(W) vo l  (U) ~ 1 vo l  (U) = (n- l ) :  IUl 

I W N M I vo l  (W N M) nh(U)  vo l  (W) n vo l  (W) n! IWl 

Now, s u p p o s e  tha t  m < n - i. T h e n  we can  f i nd  l i nea r  s u b s p a c e s  

M = M m c Mm+ 1 c ... c Mn  = N w i t h  d i m  M i+  1 = 1 + d i m  M.1 fo r  i = m, 

m + l , . . . , n  and, due  to the  above,  we  have  

t U N  Mm+i I  lu n MI z m! 

lw n M i (m + 1 ) !  t w n Mm+ll  

> m! (m + i), lulv N Mm+2 ,i 
= " ~ . o .  

( m +  i)! (m + 2)! IW N Mm+21 

m! (m + I)~ (n-  1)~ I u n Mnl 
. o o  

(m + i)! (m + 2)! n! I w n Mnl 

= m! IU n NI , 

n~ Iw n NI 

g6.TJ r ~ .  Le t  M be a f i n i t e  d i m e n s i o n a l  s u b s p a c e  of an infinite 

d i m e n s i o n a l  n o r m e d  space  E. T h e n  t he re  e x i s t s  a s u b s p a c e  N of E w i t h  

c o d i m  N < ~, such  tha t  

Ilu + vi i  > ½11vii fo r  a l l  u E M and  v ~ N. 

The  p r o o f  is s tanda rd .  

(6.~J r ~ .  Le t  E ,F  be n o r m e d  spaces  and  let  

i n j e c t i v e  b o u n d e d  l i nea r  o p e r a t o r  such  tha t  

(i) l im  sup  k l / 2vk (¢ )  = ~. 
k ~  

If N is a s u b s p a c e  of E w i t h  c o d i m  N < ~, t hen  

(2) l im  sup  k l / 2vk (¢ i  N) = 
k ~  

¢ : E ~ F be an 

~ f -  D e n o t e  s = c o d i m  N. If L is a k - d i m e n s i o n a l  s u b s p a c e  

of  E, t hen  1 : = d i m  (L n N) ~ k - s and  (6.6) y i e l d s  

i / i I~¢(BE N L) N N I I/ i  A : = 11/2 [ ,I¢(BE N L N N) I  ] = 11/2 [ ] 

IBF n ¢ ( L  n N) I IB F N ~(L)  N N I 
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> (~) I /2 k l /2  i! I¢(BE n L) I i / i  

- [~.m IB F n ¢(L)I ] 

Let  us deno te  

I¢(BE D L) 1 
Q = 

IB F D ~(L) 

Then  we may  w r i t e  

i / (k-s)  
A ~ (k - s) I /2 k l /2  [(k - s)!] Q l / (k -s )  

k k! 

= (k - s, I /2 (k - s ) ! ] i / ( k - S ) k - S / 2 ( k - S ) [ k l / 2 Q l / k ] k / ( k - s )  

T '  [ k! 

Thus,  if k and k l /2  Q l / k  are bo th  large,  so is A 

f ixed) .  In v i e w  of (I), th is  imp l ies  (2). • 

(here s is 

(6.9) ZEI~A. Let  U be a symmet r i c  convex  body  in R n. 

a l i near  f u n c t i o n a l  on R n such  tha t  

If f is 

then  

vo l  
n 

vo l  
n 

({u ~ u : tf(u) I ~ i}) ~ ½ vol n (u), 

(U) -I f f ( u )2du  < 7. 
U 

Th is  is an easy  c o n s e q u e n c e  of the B r u n n - M i n k o w s k i  inequal i ty  (see 

[31], C o r o l l a r y  to S t a t e m e n t  2.1).  

(6.1o) ~ .  Let  U be a s y m m e t r i c  c o n v e x  b o d y  in R n. Le t  L be 

a l a t t i ce  in R n such  tha t  

(i) d(L) < ~n2 (n  + 2) -n/2 vo l  n (U) 

and let a l , . . . , a  n be some f i xed  bas is  of L. Then  there  ex is t  rea l  

numbers  C l , . . . , c  n such  that  if f is a l i near  funct iona l  on R n w i t h  

(2) f (a  i) ~ c i + Z for a l l  i = 1 ..... n, 

then  

(3) vo l  n ({u E U : If(u)l > ~}) > vo l  n (U). 

Proof. Let  )J il be the no rm on R n d e f i n e d  by  
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llvll 2 = 1 f (v ,u)2du,  v ~ R n, 
vo l  n (U) U 

and let  D be the c o r r e s p o n d i n g  un i t  ba l l .  Then  D is an  e l l i p s o i d  

and vo l  n (U) - I /2D is the s o - c a l l e d  B ine t  e l l i p s o i d  of U (see [65]). 

Let  C be the L e g e n d r e  e l l i p s o i d  of U, d e f i n e d  by  the c o n d i t i o n  

0c (v ,u )2du  = oc (v ,u )2du  
U C 

for  a l l  v ~ R n. 

The c o n n e c t i o n  b e t w e e n  Legend re  and B ine t  e l l i p s o i d s  as we l l  known  in 

m e c h a n i c s  (see [42]); one has 

(4) vo l  (U)- I /2  D = ( n + 2 ) I /2c0 
n vo l  (C) 

n 
whe re  

C O = {u E R n : (u,w) ~ 1 for  a l l  w ~ C}. 

B l a s c h k e  [22] p r o v e d  that  vo l  n (C) ~ vo l  n (U) (see a lso  [42]). F rom 

th is  and (4) we get  

v o l  (U) n/2 

vo l  n (D) = (n + 2) n/2 (vol (C)) V° in  (C0) 
n 

(n + 2) n/2 vo l  n (C 0) 

Hence,  by  (i), 

vo l  n (U) 1 
= (n + 2) n/2 vo l  n (C) vo l  n (C 0) V° in  (C) vo l  n (U) 

(n + 2) n/2 2 1 
n vo l  (U) 

n 

vo l  n (D) < d(L) -I = d(L* ) .  

Th is  imp l i es  tha t  L* + D # R n (see (3.21)) .  Choose  some w ~ L* + D 

and set  c i = (w,a i) for  i = l , . . . ,n .  

Now, let  f be a l i near  f unc t i ona l  on R n s a t i s f y i n g  (2). Le t  

v be the vec to r  d e f i n e d  by  f(u) = (v,u) for  a l l  u ~ R n. Then,  by  

(2), 

(v - w ,a  i) = (v,ai) - (w,ai) = f (ai)  - c i ~ Z 
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for i = l , . . . ,n, wh ich  means that v - w e L*. Consequent ly ,  v g D, 

so that 

1 f f2(u)d u = 1 S (v,u)2du = llvll 2 > I. 
vol n (U) U vol n (U) U 

Inequal i ty  (3) fo l lows now from (6.9). 

~ f a f  t6.1). Let 

f in ing the topo logy of 

is a base at zero in E. 

Po ~ Pl & "'" be a sequence of seminorms de- 

E. More precisely,  we assume that {B(Pn)}n=0 

Due to (6.5), we may assume that 

(1) l im sup kl/2vk( + Epo ) = 
k+~ ApnP o : Epn 

for n = 1,2, . . . .  Suppose f i rst  that al l  Pn s are norms. We shal l  

const ruct  induct ive ly  a sequence Mo,MI,M2, . . .  of f in i te d imens iona l  

subspaces of E. 

Set M o = {0}. Next, suppose that Mo,MI , . . . ,Mn_ 1 have been con- 

structed. Due to (6.7), there is a subspace N n of E wi th codim Nn<~ , 

such that 

Po(X + Y) ~ ½Po(y) for all x ~ M + ... + Mn_ 1 and y ~ N n- (2) 

From (i) and (6.8) it fo l lows that 

limk~sup k l /2vk(ApnPolNn)  = ~. 

So, we can f ind a f in i te  d imens iona l  subspace M n of N n such that 

(3) k(n) : = d im M n ~ n, 

I/k(n) 
(4) k (n ) I /2 [ IM n A B(Pn)I ]  > 2~e, 

IM n N BlPo) I 

and U 
n 

Rk(n), 

and we may cont inue the induct ion. 

Af ter cons t ruc t ing  the subspaces M n we proceed to the construc-  

t ion of generators  o f  the subgroup K. Let us f ix an arb i t rary  

n = 1,2, . . . .  We may ident i fy  M wi th R k(n) n ; then Uo: = M n AB(Po)  

: = M n N B(Pn) are bounded, symmetr ic  and convex subsets of 

and (4) says that 

(5) V°ik(n) (Un) > (2~e)k(n)k(n) -k(n)/2 

V°ik(n) (U o) 
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A c c o r d i n g  to the M i n k o w s k i - H l a w k a  t h e o r e m  ([33], p. 202 "or. [28], Ch. 

VI, §3), we can f ind  a l a t t i ce  L n in M n = R k(n) such  tha t  

(6) L n N U ° = {0}, 

(7) d (L  n) < VOlk (n)  (Uo). 

Let  (an i )k(n)  be some f i xed  bas is  of L n 
i=l 

f rom (7) and (5) we ob ta in  

A f te r  easy  c a l c u l a t i o n s ,  

d(Ln) < ~k(n)-2 [k(n) + 2] -k (n ) /2  VOlk(n)  (U n) 

So, by  v i r t ue  of  (6.10),  the re  ex is t  rea l  c o e f f i c i e n t s  

l , . . . , k (n ) ,  such  tha t  

C • 
nl 

w.ith i = 

for 

(*) if f is a l i near  f u n c t i o n a l  on M 
n 

i = 1 ..... k(n) ,  then  

w i t h  f (an i  ) E Cni  + Z 

(8) 
1 

yOlk(n)  ({u a U n : If(u)l > }) ->_ ~ VOlk(n)  (Un). 

Now, an easy  i nduc t i ve  a rgumen t  a l l ows  us to c o n s t r u c t  vec to r s  

(9) Wni  a M ° + ... + Mn_ 1 (i = l , . . . , k (n ) ;  n = 1 ,2 , . . . )  

s a t i s f y i n g  the f o l l o w i n g  cond i t i on :  

(**) g i ven  a r b i t r a r y  i n tege rs  n o ~ 0, p # 0, 

. . . ,k (n) ,  there  is an index  n > n o such tha t  

1 
(i0) Wni  = - ~Cn i (Wmj  + amj) (i = 1 ..... k (n)) .  

m ~ 1 and j = i, 

Let  K be the s u b g r o u p  of E g e n e r a t e d  by  al l  vec to r s  Wni  + ani 

whe re  n = 1,2, . . .  and i = l , . . . , k (n ) .  We sha l l  p rove  tha t  K is 

d i sc re te .  Choose  any u ~ K \ {0}. For a c e r t a i n  n 3 i, we m a y  wri te 

k(n) 

u = v + ~ r i (Wn i  + ani) 
i=l 

whe re  v E M O + ... + Mn_ l  , and r i 

zero. By  (2) and (9), we have  

are i n t ege rs  not  a l l  equa l  to 

k(n) 
Po(U) = Po(V  + ~ r iWni  + 

i=l 

k(n) 
Z 

i=l 

1 k(n) 

r iani )  ~ 2--Po ( i~  1 r ian i ) "  
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k(n) 1 
F rom (6) we get  ~ r ian i  ~ B(Po) , w h i c h  imp l ies  tha t  Pu (u) > 7" 

i=l 

F ina l l y ,  deno te  F = span K and suppose  tha t  F /K 

- t r i v i a l  c o n t i n u o u s  u n i t a r y  r ep resen ta t i on .  Then,  due to (4.5), 

a c o n t i n u o u s  n o n - z e r o  l inear  o p e r a t o r  @ : F + L~(0,1)  ex is ts  
0 

0(K) c LZ(0 ,1  ). For  each  n = 1,2 ..... we have  

(ii) 0 (Wni  + ani  ) E L~(0,1)  (i = l , . . . , k (n ) ) .  

admi ts  a non-  

there  

w i t h  

For  each  pa i r  n, i  w i t h  n = 1,2, . . .  and i = l , . . . , k (n ) ,  choose  a 

m e a s u r a b l e  f u n c t i o n  ~ni on (0, i) ,  the c lass  of wh i ch  is equa l  to 

0(Wni  + ani) .  By  (i i), we m a y  assume that  

(12) #ni ( t )  E Z (i = l , . . . , k (n ) ;  t E (0,i)) 

for n = 1,2, . . . .  It f o l l ows  f rom our c o n s t r u c t i o n  tha t  the vec to r s  

Wni  + ani  fo rm a Hame l  bas is  in F. Consequen t l y ,  each  vec to r  u ~ F 

can be w r i t t e n  in the fo rm 

k(n) 
(13) u = Z Z Xn i (Wn i  + ani) 

n=l i=l 

w i t h  a l l  bu t  f i n i t e l y  m a n y  c o e f f i c i e n t s  x. equa l  to zero. Na tu ra l l y ,  
1 

such a r e p r e s e n t a t i o n  is un ique.  For  t ~ (0, i),  let  us w r i t e  

k(n) 
f t (u) = Z Z Xn i~n i ( t ) .  

n=l i=l  

It is c lea r  tha t  

by  (13), then  

e ( u )  = 

n=l  

Th is  means  that,  

ft is a l i near  f u n c t i o n a l  on F. 

k(n) 

Xn i0 (Wn i  + ani) .  
i=l 

t ~ f t(u) 

If u is g i ven  

for each  f i xed  u e F, the c lass  of the f unc t i on  

is equa l  to 0(u).  O b s e r v e  that ,  for  eve ry  n, 

(14) f t (Wni  + ani) = ~ni ( t )  (i = l , . . . , k (n ) ;  t e (0, i )) .  

S ince  0 ~ 0, and {Wni + ani}  is a Hame l  bas i s  in F, there  

are some m = 1,2, . . .  and j = l , . . . , k (m)  w i t h  0(Wmj + amj) # 0. 

Let  k be the L e b e s g u e  m e a s u r e  on (0,i).  R e p l a c i n g  n by  m in 

(12), we see tha t  the re  ex is t  a m e a s u r a b l e  subse t  X of (0,1) w i t h  

X(X) > 0 and an i n tege r  p # 0, such tha t  
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(15) ~mj( t )  = p for a l l  t e X. 

Take  an a r b i t r a r y  i n teger  n > 0. By  v i r t ue  of (**), 
o 

an index  n > n o such  that  (I0) is sa t i s f i ed .  Le t  us w r i t e  k = k(n) .  

Next ,  f ix  an a r b i t r a r y  t E X. F rom (i0) we have  

l-cnift(w . + ) (i -- I, ,k) f t (Wni  ) = - p m3 amj . . . .  

Hence,  r e p l a c i n g  n by  m in (14) and us i ng  (15), we get  

(16) f t (Wni)  = - pl-cni#mj(t) = -Cni  (i = l , . . . , k ) .  

F rom (14) and (12) we de r i ve  

f t (Wni  + a~i) = ¢ni ( t )  ~ Z (i = l , . . . , k ) .  

Thus,  by  (16), 

(17) f t (an i )  ~ - f t (Wni )  + Z c Cni + Z (i = l , . . . , k ) .  

Let  us t rea t  ft as a l i nea r  f u n c t i o n a l  on M n. F rom (*) and  (17) it 

f o l l ows  tha t  

vo l k  ({u g U n , Ift(u)l > i}) > 1 VOlk  (Un) " 

S ince  th is  ho lds  for  each  t E X, f rom the Fubini theorem we in fer  tha t  

there  ex i s t s  a vec to r  u n g U n such  tha t  

k( { t  ~ (0,i) : I f t(Un) I ~ I}) > IX(X)  " 

Consequen t l y ,  we have  

(18) 18(u n) I = f m in  (i, I f t (Un) l)dt > IX(X) .  
X 

We have  thus shown tha t  to each  n = 1,2, . . .  there  c o r r e s p o n d s  
o 

some vec to r  u n g B (Pn  ) c B(p  n ) such tha t  (18) is sa t i s f i ed .  S ince  
o 

{F N B (Pn ) }n= l  is a base  at zero  in F, it f o l l ows  that  0 canno t  

be con t inuous .  The  c o n t r a d i c t i o n  o b t a i n e d  c o m p l e t e s  the p roo f .  

If Pn s are not  norms,  the above  a r g u m e n t  r equ i r es  on l y  sma l l  

t e chn i ca l  m o d i f i c a t i o n s .  • 

there  is 
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(6.~u~) R m ~ l ~ .  The assumpt ion  of me t r i zab i l i t y  in (6.1) is essen- 

tial. Let E be an in f in i te  d imens iona l  vector  space wi th  a countable 

Hamel  basis. The topo logy  of E is de f ined  by some norm and by the 

fami ly  of al l  seminorms u ~ If(u)[ where  f ~ E #. Natura l ly ,  E is 

a non-nuc lear  loca l ly  convex space. An easy argument  shows that each 

c losed subgroup of E is dua l l y  c losed and dua l l y  embedded (see [4], 

p. 132). 

( 6 . 1 2 )  BOTM. Theorem (6.1) is new. The main  idea of the proof, as 

wel l  as Lemmas (6.3) - (6.7), are taken f rom [4]. 





C h a p t e r  3 

N U C L E A R  G R O U P S  

7. N u c l e a r  g r o u p s  

( 7 - I ) ~ I T I ~ .  A H a u s d o r f f  a b e l i a n  g r o u p  G is c a l l e d  n u c l e a r  if 

i t  s a t i s f i e s  the  f o l l o w i n g  cond i t i on :  

g i v e n  an a r b i t r a r y  U ~ No(G) , c > 0 and  m = 1,2 .... , t h e r e  

ex is t :  a v e c t o r  space  E, two  s y m m e t r i c  and  c o n v e x  s u b s e t s  X , Y  of  

E w i t h  

(i) dk (X ,Y )  ~ ck -m (k = 1,2 .... ), 

a s u b g r o u p  K of  E and  a h o m o m o r p h i s m  ¢ : K ~ G, such  tha t  

# (K  n X) ~ No(G) and  ¢ (K  n Y) c U. 

In o t h e r  words ,  G is n u c l e a r  if each  n e i g h b o u r h o o d  of zero  con-  

ta ins  a n o t h e r  n e i g h b o u r h o o d  w h i c h  is " s u f f i c i e n t l y  sma l l "  w i t h  r e s p e c t  

to the  o r i g i n a l  one. F r o m  the p r o o f  of (9.6) it f o l l o w s  tha t  (i) m a y  be 

r e p l a c e d  by  the  c o n d i t i o n  

-m  
d k ( X , y  ) < Co k o (k = 1,2 .... ) 

w h e r e  c o and  m ° a re  some u n i v e r s a l  c o n s t a n t s .  One  m a y  take,  fo r  in-  

s tance ,  c o 10 -2 and  m ° = = 4. The  a u t h o r  does  no t  k n o w  w h e t h e r  i t  is 

s u f f i c i e n t  to  take,  say, c o = 1 and  m o = 1 (cf. (9.2) and  (9.3)) .  

The  a b o v e  d e f i n i t i o n  is r a t h e r  c o m p l i c a t e d .  Howeve r ,  i t  a p p e a r s  in 

a v e r y  n a t u r a l  w a y  w h e n  one  t r i es  to d e f i n e  " i n t r i n s i c a l l y "  a r e a s o n a b l e  

c lass  of  a b e l i a n  t o p o l o g i c a l  g r o u p s  w h i c h  w o u l d  i n c l u d e  s u b g r o u p s  and  

H a u s d o r f f  q u o t i e n t s  of  n u c l e a r  spaces .  For  a s i m p l e r  defini t ion, see  (9.9). 

(7.2) PR~SSI~IQm_ A H a u s d o r f f  a b e l i a n  g r o u p  

o n l y  i f  i t  s a t i s f i e s  the f o l l o w i n g  c o n d i t i o n :  

is n u c l e a r  if and  

g i v e n  a r b i t r a r y  U E No(G),  c > 0 and  m = 1,2, .... t h e r e  ex is t :  

a v e c t o r  space  E, two p r e - H i l b e r t  s e m i n o r m s  p , q  on E w i t h  

d k ( B p , B  q) ~ ck  -m (k = 1,2 .... ), 
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a s u b g r o u p  K of E and a h o m o m o r p h i s m  # : K ~ G, such  that  

~(K n Bp) ~ No (G  ) and ~(K n Bq) c U. 

Pmaof. The " i f "  pa r t  is t r i v ia l .  The "on l y  if " pa r t  f o l l ows  d i -  

r ec t l y  f rom (2.14).  • 

(7.3) P ~ o s r T x ~ .  D i s c r e t e  a b e l i a n  g roups  are nuc lear .  

Proof. Set  E = {0} in (7.1). • 

(7.4)]PJD~6x~om. E v e r y  n u c l e a r  l o c a l l y  c o n v e x  space  is a n u c l e a r  

group.  

Px~ f .  Let  E be a n u c l e a r  space.  Choose  a r b i t r a r y  c > 0, m = 

1,2, . . .  and  U E No(E ) . By  (2.17),  we can f i nd  s y m m e t r i c  and convex  

sets  W,V  E No(E ) such  tha t  W c V c U and 

dk (W,V)  ~ ck -m (k = 1 ,2 , . . . ) .  

Now, we m a y  take  X = W, Y = V, K = E and ~ = id E in (7.1). • 

(7.SJPRO~POS~51[~. S u b g r o u p s  and H a u s d o r f f  q u o t i e n t  g roups  of nu-  

c lea r  g roups  are nuc lear .  

Pmm~f. Let  H be a s u b g r o u p  of a n u c l e a r  g r o u p  G. Choose  ar-  

b i t r a r y  c > 0, m = 1 ,2 , . . .  and U ~ No(G) .  Next ,  take  E , X , Y , K  and 

as in (7.1). 

Set  K" = ~- I (H)  and ~" = ~i K- Then  ~ ' (K  n Y) c U n H and 

~ ' (K"  n X) = H n #(K n X) ~ No(H) .  S ince  {U n H : U E No(G)} = No(H) ,  

it f o l l ows  tha t  H is a n u c l e a r  group.  

S u p p o s e  now  tha t  H is c l o s e d  and let  ~ : G ~ G/H  be the na tu ra l  

p ro j ec t i on .  D e n o t e  ~" = ~ .  Then  ~" (K  n Y) c ~(U) and ¢ " (K  n X) E 

No(G/H)  b e c a u s e  ~ is open. S ince  {$(U) : U e No(G) }  = No(G/H) ,  it 

f o l l ows  that  G/H is a n u c l e a r  group.  • 

( 7 . 6 )  P HG~S/T3[~I~o The p r o d u c t  of an a r b i t r a r y  f a m i l y  of  n u c l e a r  

g roups  is a n u c l e a r  group.  

Proof. Let  G be the p r o d u c t  of a f am i l y  {G i } i~  I of n u c l e a r  

g roups .  Take  a r b i t r a r y  c > 0, m = 1,2 .... and  U ~ No (G) .  We can  

f ind  a f i n i t e  subse t  J of  I and, for each  i E j, scme U i e No(Gi )  
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i p such  tha t  II U i × lq G i c U. We m a y  w r i t e  J = { n }n= l  . By  (7.1), 
i~J i~J  

for each  n = l , . . . ,p ,  we can  f ind  a v e c t o r  space  En, two s y m m e t r i c  

and c o n v e x  subse t s  Xn ,Y  n of E n w i t h  

d k ( X n , Y  n) < c 2 - m n k  -m (k = 1 ,2 , . . . ) ,  

a s u b g r o u p  K n of E n and a h o m o m o r p h i s m  ~n : Kn  ~ Gi n such  tha t  

~n (Kn  A X n) ~ N° (G in  ) and  ~n (Kn  N Yn ) ~ Uln. . For  each  i ~ I \ J, 

the re  ex i s t  a v e c t o r  space  Ei, a s u b g r o u p  K i of E i and  a su r j ec -  

t i re  h o m o m o r p h i s m  #i : Ki  ~ Gi (every  g roup  is a q u o t i e n t  of a f ree 

one; a f ree  g r o u p  is a d i r ec t  sum of Z's wh ich ,  in turn,  is a sub-  

g roup  of  the c o r r e s p o n d i n g  d i r e c t  sum of R's) .  Set  

P P P 
E = II E x II Ei, X = II X n × II Ei, Y = II Y n x If E.. 

n= 1 n i~J n=l  i~J n=l  i~J i 

Then  X ,Y  are s y m m e t r i c  and  c o n v e x  subse t s  of the vec to r  space  

F rom (2.7) we ge t  

E. 

dk(X,Y)  ~ ck -m (k = 1,2 .... ). 

Next ,  d e f i n e  

P 
K = II K n × 1 [  K i and 

n=l  i ~ J  

( P x (~i) : K ~ G. 
= ~n)n= l  i~J 

I t  is c l ea r  tha t  ~ (K A Y) c U. On the o the r  hand,  we have  

P 
IT ~n (Kn  A Xn) × l ' I  G i 

n=l  i~J 
c ~(K A X), 

w h e n c e  ~(K n X) ~ No(G).  • 

~ 7 . 7 ) . l m ~ G l , o s n ~ .  The l im i t  of an i n v e r s e  s y s t e m  of  n u c l e a r  g roups  

is a n u c l e a r  group.  

Th is  is a d i r e c t  c o n s e q u e n c e  of (7.5) and  (7.6).  

d'7.~J namsFoszarxaI. The d i r e c t  sum of a c o u n t a b l e  f a m i l y  of n u c l e a r  

g roups  is a n u c l e a r  group.  
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~EKR~f° 

Z G . Take  a r b i t r a r y  c > 0, m = 1,2 .... 
n=l  n 

are some U n e No(Gn) , n = 1 ,2 , . . . ,  w i t h  

eve ry  n, we can f i nd  a vec to r  space  En, 

subse t s  X n , Y  n of E n w i t h  

G Let  ( n )n= l  be a s e q u e n c e  of n u c l e a r  g roups  and let  G = 

and U e No (G  ) . T h e r e  

U n c U. By  (7.1),  fo r  
n=l  
two s y m m e t r i c  and  c o n v e x  

d k ( X n , Y  n) < c 2 - m n k  -m (k = 1 ,2 , . . . ) ,  

a s u b g r o u p  K n of E n and a h o m o m o r p h i s m  #n : Kn ~ Gn' 

#n (Kn  A X n) e No(Gn)  and % n ( K n  A Yn ) c U n. Le t  us d e f i n e  

E = ~ En, X = ~ Xn, Y = ~ Yn" 
n=l  n=l  n=l  

such  tha t  

F rom (2.7) we get  dk (X ,Y)  ~ ck -m for e v e r y  k. S e t t i n g  K = ~ K 
n = l  n 

and ~ = (~n)~=l  : K ~ G, we  have  ~(K A Y) c U and Z ~n lKn  N X  n) c 
n = l  

~(K A X), w h e n c e  ~(K n x) e No(G ) . • 

17.9) P R a R ~ r / ~ .  The  l im i t  of a c o u n t a b l e  d i r e c t  system of n u c l e a r  

g roups  is a n u c l e a r  g r o u p  p r o v i d e d  tha t  i t  is sepa ra ted .  

Th is  f o l l ows  d i r e c t l y  f r om (7.5) and  (7.8). 

The l im i t  of a d i r e c t  s y s t e m  of n u c l e a r  g roups  (and even  of LCA 

groups)  need  not  be separa ted .  See, however ,  (1.18) and the remarks  

f o l l o w i n g  the d e f i n i t i o n  of the d i r ec t  s y s t e m  of g roups  in s e c t i o n  i. 

F rom (7.5) - (7.9) we see tha t  the p e r m a n e n c e  p r o p e r t i e s  of nu-  

c lea r  g roups  are s i m i l a r  to t hose  of n u c l e a r  spaces.  

(7.1o) ~ u m .  LCA g roups  are nuc lea r .  

~ .  Let  G be an LCA groups .  A c c o r d i n g  to (1.9), t he re  ex i s t  

a c o m p a c t  g r o u p  K, a d i s c r e t e  g roup  D and  some m =  0,1,2,..., such  

tha t  G is t o p o l o g i c a l l y  i s o m o r p h i c  to a s u b g r o u p  of  Rm × K × D. Ap- 

p l y i n g  (7.3) - (7.6),  we see tha t  it is e n o u g h  to  p r o v e  tha t  K is 

nuc lear .  Now, K m a y  be i d e n t i f i e d  w i t h  a s u b g r o u p  of some p r o d u c t  of  

c i r c les .  A c i r c le ,  in turn,  is a q u o t i e n t  of the nuc lear  space  R. Tha t  

K is n u c l e a r  f o l l ows  now f rom (7.4) - (7.6).  • 

Let  G be a t o p o l o g i c a l  g r o u p  and N a set  of indices. By Co(N,G)  

we sha l l  deno te  the  g r o u p  c o n s i s t i n g  of a l l  f u n c t i o n s  f : N ~ G w i t h  
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the f o l l o w i n g  p roper t y :  to each  U e No(G) the re  c o r r e s p o n d s  a finite 

subse t  M of N such  tha t  F(v) ~ U for  a l l  ~ ~ N \ M. We make  

Co(N,G)  in to  a t o p o l o g i c a l  g r o u p  by  t a k i n g  as a base  at ze ro  the fami ly  

of se ts  of  the f o rm  {f : f(9) E U for a l l  ~} w h e r e  U E No(G).  If 

G is a f i e l d  of  sca la rs ,  then  Co(N,G)  is a t o p o l o g i c a l  vec to r  space  

over  G. 

~Y.11) PRaB~slrIam. L o c a l l y  convex  spaces  over  l o c a ! l y c o m p a c t  ultra- 

m e t r i c  f i e l ds  are nuc lea r  g roups .  

For  the t e r m i n o l o g y  c o n c e r n i n g  vec to r  spaces  over  u l t r a m e t r i c  

f ie lds ,  we re fe r  the reade r  to [68]. 

Pr~mf. Let  K be a l o c a l l y  c o m p a c t  u l t r a m e t r i c  f ie ld .  E v e r y  lo- 

c a l l y  c o n v e x  space  over  K is an i nve rse  l im i t  of B a n a c h  spaces  over  

K. Thus,  in v i ew  of (7.7), we have  to show on l y  that  B a n a c h  spaces  

ove r  K are n u c l e a r  groups.  

Let  E be a B a n a c h  space  over  K. We may  i d e n t i f y  E w i t h  the 

space Co(N,K)  for  some set  N ([68], C o r o l l a r y  2, p. 44). F rom 

s t a n d a r d  resu l t s  on the s t r u c t u r e  of l o c a l l y  c o m p a c t  f i e lds  i t  f o l l ows  

that  K, as an a d d i t i v e  t o p o l o g i c a l  g roup,  may  be i d e n t i f i e d  w i t h  an 

i nve rse  l im i t  of  d i s c r e t e  g roups  (see e.g. [103], Ch. I, §2). In o the r  

words ,  we m a y  assume that  K is a s u b g r o u p  of some p r o d u c t  I I D  i of 
i~I 

d i s c r e t e  groups.  Then  E m a y  be i d e n t i f i e d  w i t h  a s u b g r o u p  of the 

g roup  H = Co(N , II Di).  In v i ew  of (7.5),  it r ema ins  to show that H 
i~I 

is a n u c l e a r  group.  

We m a y  t rea t  H as a s u b g r o u p  of the p r o d u c t  

II ( II Di) -- I I  D 
~ N  i~I  ( v , i )6Nx I  ~ , i  

whe re  D~, i = D i. For  each  f i n i t e  subse t  J of I, let  

wj : H + Dj  : = II D 
(~ , i )ENxI  ~, i  

be the n a t u r a l  p ro j ec t i on .  It is c l ea r  tha t  the f am i l y  {ker ~j},  

whe re  J r anges  over  f i n i t e  subse t s  of I, f o rms  a base  at zero  in H. 

Thus  we m a y  i d e n t i f y  H w i t h  the i nve rse  l im i t  of the d i s c r e t e  g roups  

Dj. Tha t  H is n u c l e a r  f o l l ows  now f rom (7.3) and  (7.7). • 
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(7.12) RJ~:. Loca l ly  convex spaces over local f ie lds sat is fy  Gro- 

thend ieck 's  de f in i t ion  of nuc lear  spaces, based on tensor products.  On 

the other hand, a real (or complex) topo log ica l  vec tor  space is a nu- 

c lear group if and on ly  if it is a nuc lear  loca l ly  convex space (see 

(7.4) and (8.9)). There fore  it wou ld  be in te res t ing  to give a charac-  

te r iza t ion  of nuc lear  groups s imi lar  to some charac te r i za t ion  of nu- 

c lear spaces. Natura l ly ,  tensor products  and b i l inear  mapp ings do not 

make much sense for topo log ica l  groups. Never the less ,  one may speak of 

summable and abso lu te ly  summable fami l ies of e lements  of abe l ian topo- 

logical  groups. In this connect ion,  see (10.16). 

{7.13) rJmmu. Let p,q be two p re -H i lbe r t  seminorms on a vector  

space E, such that k=l~ d~(Bp,Bq) ~ i. Take any U l , . . . ,u  m ~ Bp wi th  

m ~ 2. If a vector  y e E be longs to the set 

{t lu I + ... + tmU m : 0 & t l , . . . , t  m ~ i}, 

then there exists a subset  I of { l , . . . ,m} such that 1 & card I ~ m - i  

and y - Z u i E Bq. 
igI 

This is Lemma 4 of [i0]. 

(7.14) r ~  Let p,q be two p re -H i lber t  seminorms on a vector  

space E, such that ~ d~(B_,B ) ~ I. Let  L be a subgroup of E 
k=l ~ 

and ~ a mapp ing  from K A 2Bq into some group G, such that ~ ( u + w ) =  

$(u) + ~(w) for al l  u,w ~ K N 2Bq wi th  u + w g 2Bq. Then 

(a) if U l , . . . ,u  n g Bp and u I + ... + u n g 2Bq, then 

~(u I + ... + u n) = ~(u I) + ... + ~(Un); 

(b) the formula 

n n 

¢( Z u i) = Z ~(u I) 
i=l i=l 

(Ul , . . . ,u n ~ K N Bp) 

def ines a homomorph ism ¢ : gp (K A Bp) ~ G which  is ident i -  

cal w i th  ~ on the set 2Bq N gp (K N Bp). 

Proof. To prove (a), we apply  induct ion on n. For n = 2, the 
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v a l i d i t y  of (a) is obv ious .  So, assume  tha t  (a) is t rue  for  n less 

than  some f i xed  i n tege r  m = 3,4, . . . .  We sha l l  p rove  that (a) is t rue  

a lso  for n = m. 

Take  any  u I ..... u m E K A Bp w i t h  

(i) u I + ... + u m m 2Bq. 

Due to (7.13),  t he re  is a subse t  

m - i, such  that  

(2) Z u i 1 
- -- i ~  u i E Bq. 

iE I  2 1 • 

I of { l , . . . ,m}  w i t h  1 ~ ca rd  I 

Then,  by  (i), bo th  ~ u i and ~ u i 
ieI i~I 

i nduc t i ve  a s s u m p t i o n  we o b t a i n  

b e l o n g  to 2Bq. Now, f rom our  

m 

4( X u i) = %( 
i=l iel 

+ Z u i) = ~( ~ u i) + 4( X u i) 
i~I i~I i~I 

m 

= Z ~(ui)  + X ~(u  i) = X $(u i ) .  
i~I i¢I i=l  

Th is  c o m p l e t e s  the p roo f  of (a). To p rove  (b), we on l y  have  to show 

n m 
tha t  # is w e l l - d e f i n e d ,  i .e. tha t  if 5q u i = 5q wj for some Ul, 

i=l  j=l  

n m 
.... u n ~ K n Bp and w I ..... w m E K A Bp, then  5q ~(u i )  = Z @(uj).  

i=l  j =i  

One has ~(0) = 4(0 + 0) = ~(0) + ~(0) ,  w h e n c e  ~(0) = 0. Next ,  for  

each  j = l , . . . ,m,  one has 

4(wj)  + 4( -wj )  = ~(wj  + (-wj)) = ~(0) = 0, 

i.e. ~ ( -w j )  = - $ ( w j ) .  Thus,  by  (a), 

n m n m 
5q. %(ui )  - 5q. ~(wj)  = >q ~(u i )  - 51 ~( -wj )  

i= l  j =i i= l  j =I 

n m 
= ~( ~ u i + m )) = %(0) = 0. 

i= l  j=l  (-wj 

( 7 . 1 5 )  RRUPO61TI~. Let  G ,H  be l o c a l l y  i s o m o r p h i c  a b e l i a n  g roups .  

If G is nuc lea r ,  so is H. 
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For  a d e f i n i t i o n  of  l o c a l l y  i s o m o r p h i c  g roups ,  see [23], Ch. I I I ,  

§i, n ° i. 

Proof. Choose  a r b i t r a r y  U ~ No(H) ,  m = 1,2, . . .  and c > 0. We 

have  to f ind  a vec to r  space  E, two p r e - H i l b e r t  sem ino rms  p ,q  on E 

w i t h  d k ( B p , B  q) < ck -m for  k = 1 ,2 , . . . ,  a s u b g r o u p  K of E and a 

h o m o m o r p h i s m  ~ : K ~ H ,  such  that ~(K N Bp) 6 No(H) and %(K N Bq) c U. 

We m a y  assume  that  c < i. 

Let  y be a loca l  i s o m o r p h i s m  of G in to  H. Thus  y is a ho- 

m e o m o r p h i s m  of some W ~ No(G) on to  some V E No (H  ) , such  that  

y(u + w) = y(u) + y(w) for  any  u ,w  ~ W w i t h  u + w ~W.  We may  as- 

sume that  U c V. T h e n  U" = y- I (u)  E N o ( G  ). S ince  G is a n u c l e a r  

group,  f rom (7.2j it f o l l ows  tha t  the re  ex i s t  a vec to r  space E, two 

p r e - H i l b e r t  sem ino rms  p , r  on E such  tha t  

1 . -m-i  
d k ( B p , B  r) <. ~ c K  (k = 1 ,2 , . . . ) ,  

a s u b g r o u p  K of E and a h o m o m o r p h i s m  ~ : K ~ G, such  tha t  

$ (K N Bp) ~ No(G) and ~(K N 2Br) c U'. By  (2.15),  the re  ex i s t s  a 

p r e - H i l b e r t  s e m i n o r m  q on ~E such  tha t  d k ( B p , B  q) ~ ck -m and 

d k ( B q , B  r) & "~k -I for  k = 1,2, . . . .  We have  Bp c Bg c B r s ince  

c ~ i. O b s e r v e  tha t  

2 B r) & ¼ Z k -2 < 1 dk (B  q, 
k=l  k=l  

Let  #" be the r e s t r i c t i o n  of  ~ to the set  K N 2B r. For  any  

u ,w  ~ K N 2B r w i t h  u + w s 2Br, we have  

~ ' ( u  + w) = ~ ( u  + w) = ¥ ( ~ ( u )  + ~ ( w ) )  = ¥~ (u )  + ¥~ (w)  

= ~ ' ( u )  + $ ' ( w ) .  

So, a c c o r d i n g  to (7.14) ,  the re  is a h o m o m o r p h i s m  ~ : K ~ H w h i c h  is 

i den t i ca l  w i t h  ~" on the  set  2B r N gp (K N Bq). F rom our  assump-  

t ions  it now fo l l ows  tha t  

~(K N Bq) = ~ ' (K  N Bq) c y~(K  N B r) c y~ (K  N 2B r) c y(U')  = U. 

On the o the r  hand,  we have  

~(K N Bp) = ~ ' (K  N Bp) = 7~ (K  N Bp) E N o ( H  ) 
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because  ¢(K n Bp) • N o ( G )  and y is a homeomorph i sm.  • 

(7.16) ~ .  The m a t e r i a l  of th is  sec t i on  is new. 

8. Cha rac te r s  of nuc lea r  g roups  

~8.1) l~FOSlPlq[~. Let  p ,q  be p r e - H i l b e r t  sem ino rms  on a vec to r  

space E. Let  K be a s u b g r o u p  of E and X a cha rac te r  of K w i t h  

IX(K D Bq) I ~ ¼. Then  there  is an f • E # w i th  Pf IK = X, such tha t  

sup {I f(u)I  : u • Bp} & 5 Z kdk (Bp ,Bq)  , 
k=l 

p r o v i d e d  that  the r igh t  s ide is f in i te .  

i~m~f. We may  assume that  

(1) 7 kdk (Bp ,B  q) = i. 
k=l 

Cons ide r  the canon i ca l  d i a g r a m  

id 
E > E 

E > E 
P q 

Take any u ,w • K w i th  ~q(U) = ~q(W).  Then  C q ( m ( u - w ) )  = m ~ q ( U - W )  

= 0 for eve ry  m. Hence  m(u  - w) ~ K n B for eve ry  m. So, due q 
to (1.2), we have  

1 1 
]X(U - w)] < ~ I x (K  N Bq) I < 4--m 

for eve ry  m, wh i ch  imp l ies  that  X(U) = X(W). Th is  p roves  that  the 

fo rmu la  <(~q(U))  = K(u) de f i nes  a cha rac te r  K of ~q(K).  Obse rve  

that  

1 
(2) I<(¢q(K} N B{Eq})  I = ]x(K n Bq) I < 4" 

For each  u • K, de f i ne  

A u = {h e Ep : ph~p(U) = X(u)} .  
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n 
Now, choose any Ul , . . . ,u  n ~ K. Let M = span {~q(Uk)}k= 1 c Eq 

and m = dim M. It fo l lows from (2.11) that ~q(Bp) is an absorb ing 

subset of Eq and its Minkowsk i  funct ional  r is a pre-Hi lber t  semi- 

norm on Eq. Therefore M n ~q(Bp) and M n B(Eq) are n-d imens iona l  

e l l ipsoids in M. So, by (2) and (3.15), there exists a l inear func- 

t ional  g on M such that pg = < on M A ~q(K) and 

m 
(3) sup {Ig(~ I : u E M N ~q(Bp)} ~ 5 ~ kdk(M N ~q(Bp) ,M N B(Eq)). 

k=l 

App ly ing (2.13) and (2.8) (a), we see that 

(4) dk(M N ~q(Bp) ,M n B(Eq)) = dk(M N Br ,M n B(Eq)) ~ dk(Br,B(Eq))  

= dk(~q(Bp) ,~q(Bq))  ~ dk(Bp,B q) 

for every k. Now, h" = gApq is a l inear funct ional  on A-I(M) and pq , 

f rom (i), (3) and (4) we get llh'll ~ 5. Let h ~ E be any extens ion 
P 

of h" wi th  llhll ~ 5. For each k = l , . . . ,n, we have 

ph~p(U k) = ph'~p(Uk) = pgApqCp(U k) = pg~q(U k) = <¢q(U k) 

= X(Uk). 

, n 

Thus h ~ 5B(Ep) N k=iN Auk. 

Since the sets A u are all weak ly  c losed and 5B(Ep) is weakly  

compact, it fo l lows that there exists some h ~ 5B(Ep) n N A u. It 
u~K 

remains now to take f = h~p. • 

~8.2J ~ .  Let H be a subgroup of a nuclear  group G. Each 

equicont inuous subset of H is the canonica l  image of an equicont in-  

uous subset of G-. 

Proof. Let X be an equ icont inuous subset of H . There is some 

W ~ No(H) wi th X c W °. Next, there is some U ~ No(G) with U N H c W .  

By (7.2), we can f ind a vector  space E, two pre-Hi lber t  seminorms p, 

q on E wi th 

(i) dk(Bp,Bq) ~ (33)- ik -3 (k = 1,2 .... ), 

a subgroup K of E and a homomorph ism # : K ~ G, 

~(K N Bp) e No(G ) and #(K N Bq) c U. Def ine 

such that 
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- 1 
Y = {K ~ G : IK($(K n Bp))  I ~ 4" 

It is c l ea r  tha t  Y is an e q u i c o n t i n u o u s  subse t  of G . I t  r ema ins  to 

show that  each  × ~ X is a r e s t r i c t i o n  of some X 6 Y. 

So, take any  X 6 X. let  K" = $- I (H) .  Then  X# is a c h a r a c t e r  

of K" and Ix~(K" N Bq) I ~ IX(U N H) I & ¼. By (8.1), t he re  is some 

f ~ E # such  tha t  Pf = X~ on K" and 

sup {I f (u) I : u ~ Bp} & 5 X kdk (Bp ,Bq ) .  
k=l  

Hence,  in v i ew  of (i), we have  

1 {I f(u) i : u ~ Bp} ~ 5 (33) -1 X k -2 sup < 7" 
k=l  

It is c lea r  tha t  the f o rmu la  K($(U))  = pf(u) 

c h a r a c t e r  K of the g roup  ~(K),  w i t h  

for  u E K d e f i n e s  a 

1 
JK(~(K n Bp)) I < sup {I f(u) I : u 6 Bp} < 4" 

Next ,  the f o rmu la  

~($(u)  + h) = X(~(u) )  + x(h) (u E K, h E H) 

de f i nes  a c h a r a c t e r  ~ of the g roup  ~(K) + H. We have  ~I~(K) = K 

and ~IH = X- Let  us ex tend  ~ in any  w a y  to a c h a r a c t e r  X of G (see 

(1.6)) .  T h e n  X ~ Y and XIH = X. " 

(s.3) ~ = J m ~ .  Each  s u b g r o u p  of a nuc lear  g r o u p  G is d u a l l y  embed-  

ded  in G. • 

(8.4) PRomQsrFi~m. Let  p ,q  be p r e - H i l b e r t  sem ino rms  on a vec to r  

space  E, w i t h  59 k d k ( B p , B q  ) ~ i. Le t  a E E and let  K be a sub-  
k=l  

g roup  of E, such  tha t  a ~ K + Bq. Then  the re  ex i s t s  some f ~ E # 

1 3 w i t h  f(K) c Z, f(a) ~ [~,7] + z and sup { If(u)l : u 6 Bp} < 4. 

~ c ~  De f i ne  

Q = {h ~ Ep : h~p(a)  E [ , ] + Z} 

and, for  each  u ~ K, 



83 

A u = {h 6 Ep : h~p(U)  ~ Z}. 

we have  ~q(a) ~ $q(K)  + B(Eq) .  We m a y  now repea t  the p roo f  of (8.1), 

a p p l y i n g  (3.11) i n s t e a d  of (3.15),  to show that  4 B ( E p ) D Q  n n A u # 
unF 

for  any  f i n i t e  subse t  F of  K. S ince  Q and A u are  al l  w e a k l y  

c l osed  and 4B(Ep) is w e a k l y  compac t ,  there  is some h 6 4B(Ep) n Q n 

n A u and it r ema ins  to take f = h~p. • 
uEK 

iS.5) ~ .  N u c l e a r  g roups  are l o c a l l y  quas i - convex .  

Proof. Le t  G be a nuc lea r  group.  Take  any  U ~ N (G). By  (7.2), 
o 

we can  f ind  a vec to r  space  E, two p r e - H i l b e r t  sem ino rms  p ,q  on E 

w i t h  

1 
(i) X kdk (Bp ,Bq)  5 '  

k=l  

a s u b g r o u p  K of E and a h o m o m o r p h i s m  # : K ~ G, such  that  

#(K N Bp) ~ No(G) and ~(K N Bq) c U. To c o m p l e t e  the proof ,  i t  suf-  

f i ces  to show tha t  the q u a s i - c o n v e x  hu l l  of ~(K n Bq) is c o n t a i n e d  

in U. 

So, take any g ~ G \ U. We are to f ind  some X E G w i t h  

JX(%(K n Bp))J < 41- and Jx(g)J > i. Suppose  f i r s t  that  g ~ #(K). 

D i sc re te  g roups  admi t  s u f f i c i e n t l y  m a n y  cha rac te rs ,  t h e r e f o r e  we can 

f ind  a c h a r a c t e r  K of G w i t h  K j~ (K  ) = 0 and K(g) # 0. Then  

J nK(g)J > 1 for a c e r t a i n  n and we m a y  take X = nK. 

Now, suppose  tha t  g ~ #(K).  Let  K" = ker  %. Then  g = ~(u) 

for  some u ~ Bq + K'. By  (i) and (8.4), t he re  is some f ~ E w i t h  

1 3 1 
f(K')  c Z, f(u) ~ [~,~] + Z and sup {Jf(w) J : w E Bp} < . The for-  

mu la  K($(W))  = pf(w) for W ~ K de f i nes  a c h a r a c t e r  K of %(K) w i t h  

JK(~(K n Bp))J < and JK(g)J = JK(~(U))J > ~. Let  X = < if 

JK(g)J > and let  X = 2K if jx(g) J = • Then  JX(#(K n Bp))J < 

and j×(g)j > i. • 

closed. 

Closed  subg roups  of nuc lea r  g roups  are dua l l y  

Proof° Let  H be a c l osed  s u b g r o u p  of a nuc lear  g roup  G. C h o o s e  

any  u ~ G \ H. We are to f ind  some X e G with XjH - 0 and X(U) # 0. 
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Let ~ : G ~ G/H be the canon ica l  pro ject ion.  Then ~(u) # 0. Since 

G/H is Hausdorf f ,  there is some U E No(G ) wi th  ~(u) ~ U. By (7.5), 

the group G/H is nuclear.  Therefore,  by (8.5), we can find some quasi-  

-convex set W e No(G ) wi th  W c U. So, there is some ~ e (G/H) 

J<~(u) J > ~ and we may set X = <~- " wi th 

c l o s e d .  

Closed subgroups of nuc lear  spaces are weak ly  

This fo l lows immedia te ly  f rom (8.6), (7.4) and (2.5). 

(8.8) ~ .  Let K be a d iscre te  subgroup of a nuc lear  space 

E. Then K is an at most countab ly  genera ted abe l ian free group (see 

(5.6)). Since E/K admits su f f i c ien t l y  many  cont inuous  characters,  it 

admits a cont inuous fa i th fu l  un i ta ry  represen ta t ion  (the H i lber t  sum 

of these characters) .  It was proved in [5] that if the topo logy  of E 

can be def ined by a fami ly  of norms, then E/K admits a fa i th fu l  uni-  

formly cont inuous un i ta ry  representat ion.  Simple examples show that it 

is essent ia l  to assume that K is d iscrete.  

The countab le  product  R e of real  l ines does not admit  a faithful 

un i fo rmly  cont inuous un i ta ry  representat ions.  Indeed, from the proof  

of (4.5) it fo l lows eas i ly  that such a representa t ion  wou ld  induce an 

in ject ive cont inuous l inear operator  ~ : R e ~ LR(0,1),  wh ich  is im- 

possible.  

(8.9) l~J~s l - r~ .  Let F be a topo log ica l  vector  space. If F 

is a nuc lear  group, then it is a nuc lear  loca l ly  convex space. 

l~Qf.  From (8.5) and (2.4) we infer that F is a loca l ly  convex 

space. Choose any cont inuous seminorm s on F. By (7.2), we can f ind 

a vector  space E, two p re -H i lber t  seminorms p,q on E wi th  

(i) dk(Bp,B q) ~ ~k -I (k = 1,2 .... ), 

a subgroup K of E and a ,bomomorphism ~ : K ~ F, such that 

%(K n Bp) ~ No(F) and ~(K N Bq) c B s. In v iew of (2.13), we may as- 

sume that span K = E. The formula 

n n 

Z tkU k = Z tkCs#(U k) 
k=l k=l 

(t k ~ R, u k E K) 

def ines a l inear operator  ~ : E ~ F s. To prove this, we on ly  have to 



85 

show that  ¢ is w e l l - d e f i n e d ,  i.e. tha t  ~ t k C s ¢ ( U  k) = 0 w h e n e v e r  

n 
tkU k = 0. So, choose  any U l , . . . , u  n ~ K. Set  M = {Uk}k= 1 and 

H = K N M. The f o rmu la  ~(u) = $s¢(U) de f i nes  a h o m o m o r p h i s m  n :H 

F s. We have  n(H n Bp) = Cs¢ (H  N Bp) c Cs(Bs)  = B(Fs)  , w h i c h  imp l ies  

that  ~ is c o n t i n u o u s  in the usua l  t o p o l o g y  on the f i n i te  d i m e n s i o n a l  

space  M. Let  ~ : H + F be the c o n t i n u o u s  e x t e n s i o n  of ~. Acco rd -  
s 

ing to (3.1), we m a y  w r i t e  H = Ho ~ ~" whe re  Ho is a c losed l i near  

subspace  of M and H" is a f ree  d i s c r e t e  group.  We can t h e r e f o r e  

ex tend  ~ to a c o n t i n u o u s  h o m o m o r p h i s m  ~ : M ~ F s. Be ing  a d d i t i v e  

and con t i nuous ,  ~ is a l i near  mapp ing .  Thus  

n 

5q tk¢s¢(Uk)  = 
k=l 

n n 

Z tkO(U k) = a( Z tkU k) = 0(0) = 0, 
k=l k=l 

wh i ch  p roves  tha t  ¢ is we l l - de f i ned .  Set  X = cony  (K n Bp) and Y = 

cony  (K N Bq). F r o m  (i) we ge t  

¢o o0 ,1- 2 
k=l  k=l  = ~-~ < 4" 

Hence,  in v i r t ue  of (3.20),  

(2) dk (X,Y)  & 2dk(Bp,Bq)  (k = 1 ,2 , . . . ) .  

It is not  d i f f i c u l t  to see tha t  ~sl(¢(Y)) c B  s and ~s1(¢(X) )  D ¢(KABI0) ' 

whence  ~s I (C(X) )  ~ No(F).  F ina l l y ,  f rom (i), (2) and (2.8) we obta in 

d k ( ~ s l ( C ( X ) ) , ~ s l ( C ( Y ) ) )  =< dk(X,Y)  < k -I (k = 1,2 .... ) . 

Th is  p roves  that  F is a nuc lea r  space b e c a u s e  s was an a r b i t r a r y  

con t i nuous  s e m i n o r m  on F. • 

(8.10) I~%¢S. Let  E,F  be two no rmed  spaces  and  let  ~(E,F)  be 

the fam i l y  of  a l l  b o u n d e d  l i near  o p e r a t o r s  ~ : E ~ F wh i ch  sa t i s f y  

the f o l l o w i n g  cond i t i on :  if K is a c l osed  s u b g r o u p  of F, then 

~- I (K)  is a w e a k l y  c l osed  s u b g r o u p  of E (or, w h i c h  is the same, if 

K is a subg roup  of E, then  ~ maps  the weak  c l osu re  of K in E 

in to  the c l osu re  of ~(K) in F). P r o p o s i t i o n  (8.4) says tha t  if E, 

F are u n i t a r y  and Z kdk(~)  < ~, then  ~ ~ ~(E,F).  On the o the r  
k=l  
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hand, f rom the proof  of Lemma 6 in [4] it fo l lows that if E,F are 

arb i t ra ry  normed spaces and ¢ E G(E,F), then kVk(~) remains bounded 

as k ~ ~. 

Let ~ : E" ~ E and X : F ~ F" be arb i t ra ry  bounded l inear op- 

erators. It is c lear  that if ~ ~ G(E,F), then ¢~ ~ (E',F) and 

×~ E ~(E,F-).  However,  it is not known whether  the sum of two opera-  

tors f rom ~(E,F) be longs to G(E,F).  

The s i tuat ion descr ibed above is typ ical  in the fo l lowing sense. 

A theorem on addi t ive subgroups of nuc lear  spaces leads to a cer ta in  

s ta tement  on l inear operators  between un i ta ry  spaces which, in turn, 

is reduced to a s ta tement  on lat t ices and e l l ipso ids  in R n (cf. the 

remarks at the end of sect ion 3). This g ives r ise to a cer ta in  c lass A 

of opera tors  act ing in Banach spaces; A is usua l l y  c losed wi th  re- 

spect to compos i t ion  w i th  bounded operators  but p robab ly  not w i th  re- 

spect to add i t ion of operators.  -If dk(#) are smal l  enough (say, 

dk(~) -- k -I or --k-2), then ~ 6 A. On the other hand, if # E A, 

then Vk(~) cannot  be too large. 

Most  impor tant  examples of such c lasses of operators  are connect-  

ed w i th  (8.4) (the c lass 8 cons idered  above), w i th  (8.1) and wi th  

(12.2). Very  in te res t ing  (and p robab ly  d i f f icu l t )  prob lems of this 

appear  in connect ion  w i th  the cons idera t ions  of sect ion 6. See also 

(10.18). 

(8.11) mm~E. The mater ia l  of this sect ion is mos t l y  new. For sub- 

groups and quot ien t  groups of nuc lear  spaces, the resul ts  of this sec- 

t ion were proved in [7] and [8]. P ropos i t ion  (8.1) is a s t rengthen ing  

of Lemma 1.5 of [8]. 

9. Nuc lea r vector  groups 

(9*l)/21Elr'~lnr'F~a~. Let F be a vector  space and ~ a topo logy  on 

F such that  F T is an add i t ive  topo log ica l  group. We say that  FT is 

a loca l ly  convex vector  g roup if it is separa ted  and has a base at zero 

cons is i t ing  of symmetr ic,  convex sets. 

This not ion was in t roduced by D.A. Ra ikov  in [78], p. 301. Ob- 

that, for each I ~ R, the mapp ing  u ~ ~u of F into i tsel f  is 
T 

cont inuous.  Observe also that F T is a topo log ica l  vector  space if 

and on ly  if it has a base at zero cons is t ing  of absorb ing  sets; then 

it is a loca l ly  convex space. 



87 

(9.2JaEFImITIGm. A loca l ly  convex vector  group F is ca l led  a 

nuclear  vector  group if to each symmetr ic,  convex U e No(F) there 

cor responds a symmetr ic,  convex W ~ No(F) such that 

dk(W,U) ~ k -I (k = 1,2 .... ). 

[9.3JPRumDsrFx¢~. Let F be a nuc lear  vector  group. Take any m = 

1,2,... and c > 0. To each radia l  U e No(F) there cor responds some 

symmetr ic,  convex W e No(F) w i th  

dk(W,U) ~ ck -m (k = 1,2 .... ). 

The proof  is s imi lar  to that of (2.17). 

(9.4) PRUPUSlqrlUL Every  nuc lear  vector  group is a nuc lear  group. 

This is an immediate consequence of (7.1) and (9.3) (see the proof  

of (7.4)). 

fg.5) ReUmOSlTI~. The comp le t ion  of a nuc lear  vector  group 

nuc lear  vector  group. 

is a 

Pmm~. Let F be a nuc lear  vector  group. We in t roduce mul t ip l i -  

cat ion by real numbers in F in the fo l lowing way. Let f ~ F and 

t ~ R. There is a genera l i zed  sequence (f~) in F, converg ing  to 

f. Then (tf c) is a Cauchy sequence in F. We set tf = l im tf . It 

is easy to see that F w i th  the mu l t i p l i ca t i on  thus de f ined  is a vec- 

tor space. 

Let {Ui} i~ I be a base at zero in F, cons is t ing  of symmetr ic,  

convex sets. Then {Ui) i~ I is a base at zero in F. It is easy to see 

that the sets Ui are symmetr ic  and convex. Choose any i ~ I. There 

is some j 6 I such that 

dk (U j ,U  i) < k -I (k = 1,2,. . . ) .  

For any f ixed k, we can f ind a l inear subspace 

dim L < k and Uj c k- iUi  + L. For each E > O, we have 

E~j, whence 

Uj c k- Iu i + EUj + L c k - iU  i + L = (k -I + E)U i + L. 

There fore  

L of F w i th  

Uj c vj + 
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d k ( U j , U  i) & k -I (k = 1,2 .... ), 

w h i c h  p roves  tha t  F is a nuc lea r  vec to r  group.  • 

Let  G be a t o p o l o g i c a l  group.  By  Wo(G) we sha l l  deno te  the 

we igh t  of G at zero, i.e. the leas t  c a r d i n a l  numbe r  m such tha t  G 

has a base  at zero  w i t h  c a r d i n a l i t y  m. 

t 9 . 6 )  l " R J f l ~ .  Let  G be a nuc lea r  group.  Then  there  ex i s t  a nu-  

c lea r  v e c t o r  g r o u p  F w i t h  Wo(F)  = Wo(G)  , a s u b g r o u p  H of F and 

a c l o s e d  s u b g r o u p  Q of H, such  that  G is topo log ica l ly  i s o m o r p h i c  

to H/Q. 

Proof. Choose  a base  B at zero in G w i t h  ca rd  B = Wo(G) .  Due 

to (8.5),  we m a y  assume that  B c o n s i s t s  of q u a s i - c o n v e x  sets.  Let  
A 

R G be the vec to r  space  of a l l  r e a l - v a l u e d  f u n c t i o n s  on G-. For each  

U ~ B, let  

g~U EU o ~ ( X )  = x(g) }  

and let  YU = c o n v X  U. If V ~ B and V + V c U, then  it is c l ea r  

tha t  YV + YV c YU" It is a l so  c lea r  tha t  Y -U  = -Yu b e c a u s e  bo th  U 

and Y are s y m m e t r i c  sets.  Thus,  a c c o r d i n g  to (1.12), the re  is a u n i q u e  

t o p o l o g y  ~ on R G such tha t  F : = (R G ,T) is a t o p o l o g i c a l  g r o u p  

for w h i c h  { Y u } u ~ B  is a base  at zero. 

C o n s i d e r  the h o m o m o r p h i s m  o : G ~ T G g i ven  by  the f o r m u l a  

c (g ) (x )  = x(g) (g ~ G, X ~ G-).  

^ 

It f o l l ows  f rom (8.5) tha t  G sepa ra tes  po i n t s  of G. T h e r e f o r e  

is i n jec t i ve .  Let  PG : RG- ~ TG~ be the c a n o n i c a l  p r o j e c t i o n  g i ven  

by the f o rmu la  

P G ( ~ ) ( X )  = P ( ~ ( X ) )  (~ E R G X ~ G- )  

pGI (~(G) )  and  Q = H fl pGl(0) .  We sha l l  p rove  tha t  H /G Set  H w i t h  

the t o p o l o g y  i n d u c e d  f rom F is t o p o l o g i c a l l y  i s o m o r p h i c  to G. Con-  

s ider  the c a n o n i c a l  d i a g r a m  
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H 

> o(G) < H /Q 

Here  ~ and ~ are bo th  a l g e b r a i c a l  i somorph i sms .  

-i 
tha t  a ~ is a t o p o l o g i c a l  i somorph i sm.  

Choose  any  U E 8. We are go ing  to show that  

We sha l l  p r o v e  

(i) PG(H O YU ) = o(U). 

We beg in  w i t h  the i n c l u s i o n  

(2) PG(H n Yu ) o o(U).  

So, take  any  ~ E o(U).  We have  ~ = o(g) for  some g e U. We m a y  

t rea t  ~ as an e l e m e n t  of R G . Then  ~(X) = a(g) (x )  = x(g) for  each  

X ~ G , w h i c h  imp l i es  tha t  ~ e X u. Next ,  we have  pG(~) = ~ = a(g) E 

a(G), w h e n c e  ~ ~ H. Thus  ~ E H D YU and ~ = pG(~ ) e PG(H A YU ), 

w h i c h  p roves  (2). 

To p rove  the o p p o s i t e  i nc lus ion ,  choose  any  ~ ~ H D YU" S ince  

YU = cony  XU, and X U is symmet r i c ,  we may  w r i t e  ~ = tl~ 1 + ... + tn~ n 

for some ~ l , . . . , ~ n  ~ X U and some t l , . . . , t  n > 0 w i t h  t l+  ...+ t n = i. 

A c c o r d i n g  to the d e f i n i t i o n  of XU, for  each  k = l , . . . ,n ,  t he re  is 

1 
some gk E U w i t h  ~k(X) = x(g  k) for a l l  X • U  °. Hence  l~k(X) I £ 

for a l l  x ~ U ° and k = l , . . . ,n .  F rom th is  we get  

(3) I~(X)I ~ t l l~ l (X) I  + ..- + tn l~n(X) ]  £ ¼ (X • U°) • 

Now, s ince  ~ e H, we have QG(~) = d(g) for some g ~ G. 

for each  X ~ U °, we have 

By (3), 

1 
J × ( g ) l  = l o ( g ) ( × ) J  = I P G ( ~ ) ( × ) }  = I P ( ¢ ( X ) ) I  =< } & ( × ) l  --<-~- 

Th is  imp l ies  tha t  g ~ U b e c a u s e  we have a s s u m e d  U to be q u a s i - c o n -  

vex. Hence  pG(~) = a(g) ~ a(U),  w h i c h  y i e l ds  PG(H N YU) c a(U) s ince  

~ H N YU was a rb i t ra ry .  F rom th is  and (2) we o b t a i n  (i). 
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Now, (I) may be wr i t ten  as o - l ~ ( H  A YU ) = U. Since this holds 

for all U E B, we get { o - l ~ ( H  A YU)}U~B = ~. But {~(H A YU)}UE~ 
-I 

is a base at zero in H/Q, and B is such a base in G. Hence ~ 

is a topo log ica l  isomorphism. 

To complete the proof, it remalns to show that F is a nuclear  

vector  group. So, take any U ~ No(F). ~ h e r e  i s  some V ~ 8 wi th  

YV c U. By (7.2), there is a vector  space E, two pre-H i lber t  semi- 

norms p,q on E wi th 

dk(Bp,Bq) & 10-2k -4 (k = 1,2,. . .) ,  

a subgroup K of E and a homomorph ism ~ : K ~ G, such that 

O(K A Bp) ~ No(G) and ~(K A Bp) c ½V. Due to (2.15), we can f ind a 

pre-Hi lber t  seminorm r on E wi th  p ~ r ~ q, 

(4) dk(Br,Bq) < 3 ~ k  -3 (k = 1,2,. . . ) ,  

(5) dk(Bp,B r) < ~k -I (k = 1,2,. . .) .  

Now, we shal l  const ruct  a l inear operator  ~ : E ~ R G 

X E V °. Then, by (1.2), 

Take any 

Ix(½v)l < ½1x(v) l < 1 i 1 

I 

Ix,(K N Bp) I < 9" In v i r tue of (8.1), there is some so 

Pfx = X~ on K and 

sup {Ifxlu) I : u ~ B r) S 5 ~ kdk(Br,Bq).  
k=l 

Hence, by (4), we get 

16) sup {[fx(U) l: u 6 Br} < ~ k-2 < 4" 
k=l 

f ~ E  # X 
wi th  

For each u ~ E, def ine 

(¢u)(x) =If x(u 
) if X ~ V°, 

if X ~ V°. 
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Let  P : R G ~ R G be the p r o j e c t i o n  g i ven  by the fo rmu la  

(P~)(X) = I~0 (X) if 

if 

X E V O , 

X C V  °-  

We shal l  p rove  that  

(7) P(H) n ¢(B r) c P(Xv).  

So, take any  K ~ P(H) n ~(Br).  Then  K = P~ for some ~ ~ H and 

= #u for  some u ~ B r. S ince  ~ E H, the re  is some g E G w i t h  

pG(~) = o(g).  For  each  X e V °, we have 

( 8 )  x ( g )  = ~ ( g ) ( x )  = p G ( ~ ) ( x )  = p ( ~ ( x ) )  = ~ ( P ~ ( x ) ) = p ( 5 ( x ) )  

= p(~u(x) )  = pfx(U).  

S ince u ~ Br, f rom (6) it f o l l ows  that  

1 
Ix(g) l = IPfx(U)I --< Ifx(U) < ~" (X ~ V°).  

Thus  ~ ~ X V and K = P~ ~ P(Xv) , wh i ch  p roves  (7). 

Now, s ince  ~(K n Sp) ~ No(G),  there  is some 

w c #(K n Bp). We sha l l  p rove  tha t  

W ~ 8 w i th  

(9) P(Xw) c P(H) N ~(Bp).  

Choose  any ~ ~ P(Xw).  There  is some ~ ~ X w w i th  K = P~. Next ,  

the re  is some g E W w i th  ~(X) = x(g) for  a l l  X ~ W°- F ina l l y ,  we 

have  g = ~(u) for some u e K fl Bp. Now, take  any  X e V°. S ince  

1 
Bp c Br, we have u E Br, and f rom (6) we ob ta in  Ifx(U) I < ~. Then  

K(X) = ~(X) = x(g) = X~(U) = pfx(U) = fx(U) = (@u)(x) 

(observe that  V ° c W ° b e c a u s e  W c V). For  X ¢ V°, we have  ~(X) = 

(~u)(x) = 0. Hence  ~ = ~u e ~(Bp),  wh i ch  imp l ies  that  

(i0) P(Xw) c ~(Bp).  
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Let D ~ R G be given by the formula n(X) = x(g) for X E G-. 

Then PG(D)(X) = x(g) = o(g)(×) for every X , i.e. pG(q) = o(g). 

Thus q E H. Moreover,  P~ = ~, which impl ies that P(Xw) c P(H). 

From this and (i0) we obta in (9). 

Set M = ¢(E). The Minkowski  funct ionals of ¢(Bp) and ¢(B r) 

are pre-Hi lber t  seminorms on M (see (2.11)). From (2.8) (a) it fol- 

lows that 

(ii) dk(~(Bp),~(Br))  ~ dk(Bp,B r) (k = 1,2,.. .) .  

hence, by (5), 

1 Z k - 2 < ~ .  
X d (¢(Bp),¢(Br)) & ~ k=l 

k=l 

Now, (3.20) impl ies that 

(12) dk(COnV (P(H) N ¢(Bp), conv (P(H) D ¢(Br))) 

2dk(¢(Bp),¢(Br))  (k = 1,2 .... ). 

We have YW c p-l(P(yw) ) and YV = P-I(P(Yv))"  Final ly, by (2.8) (b), 

(7), (9), (ii), (12) and (5), we obta in 

dk(Yw,Y V) ~ dk(P- I (P(Yw)) ,P- I (P(Yv))  = dk(P(Yw),P(Yv))  

= dk(P(conv Xw) ,P(conv XV)) = dk(COnV P(Xw),Conv P(Xv)) 

£ dk(COnV (P(H) n ¢(Bp)),conv (P(H) A ¢(Br))) & ~k - l<  k -I 

for every k. Thus F is a nuclear vector  group. 

Since {Wv}v~ B is a base at zero for F, we have 

Wo(F) £ card {Yv}vE B £ card B = Wo(G). 

On the other hand, Wo(G) = Wo(H/Q) ~ Wo(H) & Wo(F). • 

~9.7) PROPOSITI~. Let G be a metr izab le  nuclear group. Then there 

exist a metr izab le  and complete nuclear vector group F, a closed sub- 

group H of F and a c losed subgroup Q of H, such that the com- 

p let ion of G is topo log ica l ly  isomorpic to H/Q. 



g3 

~ £ .  By (9.6), there exist  a met r i zab le  nuc lear  vector  group 

F', a subgroup H" of F" and a c losed subgroup Q" of H', such 

that G is topo log ica l l y  isomorphic  to H'/Q'. Let F be the com- 

p le t ion  of F" and let H and Q be the c losures in F of H" and 

Q', respect ive ly .  From (I.i0) it now fo l lows that the comple t ion  of 

G is topo log ica l l y  isomorphic  to H/Q. Final ly,  F is a nuc lear  

vector  group, due to (9.5). • 

~9.sJ ~ .  The comple t ion  of a met r i zab le  nuc lear  group is a 

nuclear  group. 

This fo l lows immedia te ly  f rom (9.7), (9.4) and (7.5). 

~9.9) ~m~m~. It fo l lows from (9.6), (9.4) and (7.5) that we might  

def ine nuc lear  groups as Hausdor f f  quot ients  of subgroups of nuc lear  

vector  groups. Such a de f in i t ion  is much s impler  and al lows us to omit  

the long and compl ica ted  proof  of (9.6). However,  it has also some dis- 

advantages.  First ly,  it is not " intr insic" .  Secondly,  app ly ing  this de- 

f in i t ion, we wou ld  encounter  d i f f i cu l t ies  in sect ion 7, w i th  prov ing 

that groups loca l ly  isomorph ic  to nuc lear  groups are nuclear.  Also, 

which is more important,  we wou ld  have t roubles in section 16 with show- 

ing that the dual  group of a met r izab le  nuc lear  group is nuclear.  In 

fact, we wou ld  have to repeat there the argument  f rom the proof of 

(9.6). 

~9.10) ~ .  The mater ia l  of this sect ion is new. 

10. The Levy-Ste in i tz  theorem 

co  

Let Z gi be a convergent  ser ies in a Hausdor f f  abel ian group 
i=l 

G. 
~o  

Its sum wi l l  be denoted s imply  by ~ gi' that is, 
i=l 

j 
Z gi = lira ~q gi" 

i=l j+= i=l 

To s impl i fy  the notat ion,  we shal l  of ten wr i te  Z gi instead of Z gi 
i=l 

to denote both the ser ies and its sum; this should not lead to misun-  

derstandings.  

The set of sums of the ser ies Z g i ,  denoted by ~ ( T g i ; G )  is 

def ined in the fo l lowing way: a point  s ~ G be longs to ~ ( Z g i ; G )  
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if there is a permuta t ion  ~ of ind ices such that the ser ies Zg~ ( i )  

converges to s. 

[Io.12 J~mQRK. It may happen that S ( ~ g i ; G )  # S (~g i ;G) .  For ex- 

ample, denot ing  the group of ra t ional  numbers by Q, we have 

S( ~ (-l)i ;Q) Q and S ( X (-l)i = ;R) = R. 
i=l i i=l i 

If the mean ing  of G is clear, we shal l  wr i te  s imply  S ( ~ g i  ) ins tead 

of S ( Z g i ; G ) .  

The Levy-Ste in i tz  theorem says that the set of sums of a conver-  

gent ser ies in R n is an af f ine subspace (cf. a lso (I0.I i)). This 

theorem can be genera l i zed  to cer ta in  in f in i te  d imens iona l  spaces; see 

the remarks fo l lowing (10.2). For ser ies in Banach spaces, see (10.12) 

and (10.13). 

On p. 61 of his book [89], S. Ulam posed the fo l lowing problem: 

in connec t ion  w i th  the Levy-Ste in i tz  theorem, he and Garre t t  B i rkhof f  

had no t iced  that the fo l lowing asser t ion  is true: 

(*) the set of sums of a convergent  ser ies in a compact  group G 

is a coset  modu lo  a cer ta in  subgroup of G; 

does a s imi lar  resul t  ho ld  for more general,  non-compact  topo log ica l  

groups? This sect ion is an at tempt  to answer the quest ion;  the main  

resul t  is (10.3). 

t l O . 2 J  m01~. Ulam and Bi rkhof f  d id not leave, as it seems, any in- 

d ica t ions  and one doe~ ,~t ~erywel lknow how they had shown (*). For com- 

pact met r i zab le  groups, (*) fo l lows f rom (10.3). In this particular case, 

the proof  of (10.3) can be much s impl i f ied,  for it suf f ices to apply  

(10.9) and to make use of the fact that  the set of sums of a convergent  

ser ies in the countab le  product  of real l ines is a l inear man i fo ld  

(see below). Wi thou t  the me t r i zab i l i t y  assumpt ion,  (*) is false; see 

(i0.14). 

Let E be a real topo log ica l  vector  space. By a l inear man i fo ld  

in E we mean a set of the form u + M where u ~ E and M is a 

l inear subspace of E. et us cons ider  the fo l lowing assert ion:  

(**) the set of sums of every  convergent  ser ies in E is a c losed 

l inear mani fo ld.  



g5 

If E is the loca l ly  convex d i rec t  sum of an arb i t ra ry  number of real 

l ines, the va l id i t y  of ( * * ) f o l l o w s  immed ia te ly  f rom the Levy-Ste in i tz  

theorem for R n because every  convergent  ser ies in E l ies in a fi- 

n i te d imens iona l  subspace. 

Troyansk i  [88] p roved that (**) is true if E is the countab le  

product  of real l ines. His resul t  had been obta ined ear l ier  by Wald 

[I00] and was red iscovered  later by Ka tzne lson  and McGehee [51]. See 

also Ha lper in  [34]. The va l id i t y  of (**) for some other nuc lear  spaces 

can be deduced from the resul ts  of Barany [16], as wel l  as f rom those 

of Beck [19] and Pechersk i i  [74]; see (10.18). By mod i f y ing  Barany 's  

proof, the author  showed in [i0] that (**) is sa t is f ied  for every  met-  

r izable nuc lear  space E; cf. also (10.8), ( i0.I i)  and (10.14). 

The a im of this sect ion is to prove the fo l lowing fact: 

~I@.3J TR~URIN. Let ~ gi be a convergent  ser ies in a met r i zab le  

nuc lear  group G. Then P : = S( ~ g i  ) Z g i  is subgroup of G (not 

necessar i l y  c losed).  If G is complete,  P is a cont inuous homo- 

morph ic  image of a nuc lear  Frechet  space. 

The assumpt ion  of me t r i zab i l i t y  is essent ia l ;  see (10.14). 

Let us beg in  w i th  some def in i t ions.  Let ~ gi be a convergent  

ser ies in a Hausdor f f  abe l ian group G. By T ( ~ g i ; G )  we shal l  de- 

note the set de f ined  in the fo l lowing way: a point  s E G be longs to 

6 ( Z g i ; G )  if there ex is t  a pe rmuta t ion  ~ of ind ices and a sequence 

Jl < J2 < "''' such that  

Jn 

s = l im ~ g~(i)" 
n ~  i=l 

For each m = 1,2,. . . ,  let A m be the c losure in G of the set of a ~  

points of the form ~ gi where  I is a f in i te  subset of {m,m+l,...}. 
i~I 

We def ine A ( Z g i ; G )  = n A m- 
m=l 

Remarks ana logous to (I0.i) are applied to C(~gi;G) and A(Zgi ;G) , 

as well .  When there is no r isk  of m isunders tand ing ,  we shal l  b r ie f l y  

wr i te  C( Z gi ) and A( ~ g i  ) . 

~I0.4J R~SPUSlTI~. Let 5qg i be a convergent  series in a Hausdor f f  

abe l ian group G. Then A( ~ g i  ) is a closed subgroup G. Moreover,  
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A(>q.g i) + ~ lg i = ~(7~.gi). 

T h i s  is  a w e l l - k n o w n  fac t ;  s e e  e .g .  [23] ,  Ch. I I I ,  §5, E x e r c i s e  3. 

F o r  t h e  f i r s t  t i m e ,  i t  a p p e a r s  in  W a l d ' s  p a p e r  [ I01 ] .  F o r  s e r i e s  in  

R n, i t  w a s  k n o w n  to  S t e i n i t z  [87] .  

(zo.5) rJm~a. L e t  D c E c F be  t h r e e  o - s y m m e t r i c  n - d i m e n s i o n a l  

c l o s e d  e l l i p s o i d s  in  R n w i t h  

n 

~q d (D,E) < 1 a n d  71 d (E,F)  < ~. 
k = l  k= l  

L e t  U l , . . . , u  m ~ D a n d  a e E be  s u c h  t h a t  

t h e r e  e x i s t s  a p e r m u t a t i o n  o o f  {i, . . . .  m} 

m 

a + Z u~  E E. 
i= l  

s u c h  t h a t  

T h e n  

J 
a + 7 u o ( i )  ~ F 

i= l  
(j = 1 . . . . .  m) .  

T h i s  is  L e m m a  6 o f  [ i0 ] .  

( ~ 0 . 6 )  r ~ A .  I f  

c l e a r  v e c t o r  g r o u p ,  

u. is a c o n v e r g e n t  s e r i e s  in  a m e t r i z a b l e  n u -  
1 

t h e n  S( Z u  i )  = Z ( Z u i ) .  

i n c l u s i o n  b e i n g  t r i v i a l .  So,  t a k e  a n y  s • C ( Z u i ) .  

t a t i o n  z o f  i n d i c e s  a n d  a s e q u e n c e  J l < J2 < " ' ' '  

Jn  

s = l i m  Z u ( i)- 
n + =  i= l  

We  o n l y  h a v e  to  s h o w  t h a t  C( Z u  i) c S ( ~ u i ) ,  the o p p o s i t e  

T h e r e  are a p e r m u -  

s u c h  t h a t  

L e t  us  d e n o t e  o u r  n u c l e a r  v e c t o r  g r o u p  b y  F. I t  f o l l o w s  e a s i l y  f r o m  

(9.3)  a n d  (2 .14)  t h a t  w e  c a n  f i n d  a f u n d a m e n t a l  s e q u e n c e  U 1 m U 2 m ... 

o f  c o n v e x  n e i g h b o u r h o o d s  o f  z e r o  in  F, s u c h  t ha t ,  f o r  e v e r y  n, t h e  

M i n k o w s k i  f u n c t i o n a l  Pn  o f  U n is  a p r e - H i l b e r t  s e m i n o r m  on  M n : = 

s p a n  Un,  a n d  

(i) U n = {u • M n : Pn (U)  < I}, 

(2) 

co 

~q. d ( U n + l , U  n N M n + l )  < ~. 
k=l  
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I n c r e a s i n g  the i nd i ces  in' if need  be, we m a y  assume that,  for eve ry  

n, 

Jn 

(3) s - Z u ( i )  
i=l Un+2'  

(4) u~( i )  g Un+ 2 for a l l  i > Jn" 

Let  us now f ix  an a r b i t r a r y  index  n. R e p l a c i n g  n by  n + 1 in 

(2), we get  

(5) z 2 n I < ¼ < i  k=l  'Un+l Mn+2 = 

S im i la r l y ,  r e p l a c i n g  n by n +  1 in (3), we get  

(6) 
3n+l  

s - Z u ( i )  
i=l Un+2 

because  Un+ 3 c Un+2.  Let  L be the l i near  subspace  of F spanned  

Jn 

over  the vec to r  s - ~ u (i) and the v e c t o r s  u i for i = in+l,..., 
i=l 

Jn+l" Set  1 = d im L. F rom (3) and (4 we get  L c Mn+ 2. The re fo re ,  

r e p l a c i n g  n by  n + 1 and n + 2 in (i), we see tha t  U n N L , U n + I A L  

and Un+ 2 N L are o - s y m m e t r i c  c l o s e d  1 - d i m e n s i o n a l  e l l i p s o i d s  in L. 

In v i r t ue  of (2.13),  f rom (5) and (2) we ob ta i n  

1 
7 d~ (Un+  2 N L , U n +  1 N L) < I, 

k=l  

1 
5q. d 2 1 

k=l k (Un+ l  q L 'Un  n L) < 4" 

Thus,  by (4), (3) and (6), f rom (10.5) we in fe r  tha t  there  ex i s t s  a 

p e r m u t a t i o n  ~n of the set  { ~ ( J n + l ) , . . . , ~ ( J n + l ) } ,  such tha t  

Jn j 

(7) s - Z u (i) Z u E U (Jn + 1 < j < Jn+l  ) 
i=l  i=Jn+ l  On~( i )  n = = " 

Let  p be the p e r m u t a t i o n  of p o s i t i v e  i n tege rs  g i ven  by  p(i) = 

~n~( i )  when  Jn + 1 ~ 1 ~ Jn+l  and by  p(i) = i w h e n  i < 31" S ince  

(7) ho lds  for  eve ry  n, we may  w r i t e  
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J 
S - Z g U (J > Jn; n = 1 2 , . . . )  

i= 1 Up( i )  n ' " 

Th i s  m e a n s  tha t  the  se r i es  

s g S( Z ui) .  • 

Up( i )  c o n v e r g e s  to s. Thus  

Le t  F be a n u c l e a r  v e c t o r  g roup.  The  set  n { s p a n  U : U e  N o ( F ) }  

is a c l o s e d  l i nea r  s u b s p a c e  of F; we  sha l l  d e n o t e  i t  by  F o. N o t i c e  

tha t  F ° is a n u c l e a r  space.  

glo.TJ ~mmma. Let  Z u i be a c o n v e r g e n t  ser ies in a n u c l e a r  v e c t o r  

g r o u p  F. T h e n  A( Z u  i) is a c losed l inear s u b s p a c e  of F c o n t a i n e d  

in  F 
o 

Pmmmf. For  e a c h  m = 1,2, .... let  A m be  the  c l o s u r e  in F of  

the  se t  of  a l l  p o i n t s  of  the  f o rm  ~ u i w h e r e  I is a finite subse t  
ieI  

of { m , m + l , . . . } .  D e n o t e  A = A( Z ui) ;  t hen  A = N A . S ince  
m=  1 m 

u i + 0, to each  U g No(F)  t he re  c o r r e s p o n d s  an i n d e x  m such  tha t  

= c s p a n  U = span  U. Th i s  i m p l i e s  tha t  u i E U for  i > m; h e n c e  A m 

A c Fo. S ince  A is, by  (10.4) ,  a c l o s e d  s u b g r o u p  of F, we  o n l y  

have  to p r o v e  tha t  A is rad ia l .  

Choose  a r b i t r a r y  s g A and  % g (0, i) .  I t  is to be  s h o w n  tha t  

%s ~ A. So, take  any  m = 1,2 .... and  a n y  U ~ No(F) .  Due  to  (9.3) 

and  (2.14) ,  we  c a n  f i nd  some W ~ N o ( F )  and  two  p r e - H i l b e r t  s e m i n o r m s  

p ,q  on  span  W, such  tha t  W N B n B Q U and  
P q 

(1) 
a0 

~ d2 (Bp ,Bq )  < i. 
k= l  

S i n c e  Bp  ~ No(F)  and  u i + 0, t he re  is an i n d e x  n ~ m such  tha t  

(2) u i ~ Bp  for  a l l  i a n. 

Nex t ,  s i nce  U ~ No(F) and  

of  {n ,n+ l  .... } such  tha t  

s ~ An, t he re  is a f i n i t e  s u b s e t  I 

(3) s ~ 7 u i + U. 
i~ l  

F rom (i), (2) and  (7.13) i t  f o l l o w s  tha t  t he re  is a s u b s e t  J of  I 
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such  tha t  

% Z u i E Bq  + Z u.. 
iEI  i~J  1 

F r o m  this and (3) we  d e r i v e  

%s E %U + % ~ u i c (i + %) + Z u i. 
iEI iEJ  

S i n c e  U E N o ( F  ) was  a r b i t r a r y ,  i t  f o l l o w s  tha t  % s ~ A n . Bu t  n ~ m, 

t h e r e f o r e  A n c A m and, c o n s e q u e n t l y ,  % s ~ A m . T h i s  p r o v e s  tha t  

%s E A b e c a u s e  m was  a r b i t r a r y .  • 

(Io.8; ~ .  Le t  Z g i  be a c o n v e r g e n t  se r i es  in a m e t r i z a b l e  

n u c l e a r  v e c t o r  g r o u p  F. T h e n  S ( ~ g i  ) - Z g i  is a c l o s e d  l i nea r  sub-  

space  of F c o n t a i n e d  in F . 
o 

Th i s  is a d i r e c t  c o n s e q u e n c e  of  (10.4) ,  (10.6) and  (10.7) .  The  as-  

s u m p t i o n  of m e t r i z a b i l i t y  is e s s e n t i a l ;  see (10.14) .  

~o .9 )  ;ammx. Le t  X be  a set  of i n d i c e s  and  le t  R x d e n o t e  the  

space  of a l l  r e a l - v a l u e d  f u n c t i o n s  on X, e n d o w e d  w i t h  the  t o p o l o g y  of  

p o i n t w i s e  c o n v e r g e n c e .  S i m i l a r l y ,  le t  T X d e n o t e  the  g r o u p  of al l  func -  

t i ons  g : X + T e n d o w e d  w i t h  the  t o p o l o g y  of po in twise c o n v e r g e n c e  and  

le t  ~ : R x + T x be the  n a t u r a l  p r o j e c t i o n  g i v e n  by  

~ (u ) (x )  = p (u(x ) )  (u ~ RX; x s X). 

For  each  c o n v e r g e n t  se r i es  ~ u  i in  R x, 

S ( ~ ( u i ) ; T X )  = ~ ( S ( X u i ; R X ) ) .  

one  has  

Pmm~f. The  i n c l u s i o n  ~ ( S ( Z u i ) )  c S ( ~ $ ( u i ) )  is trivial. To  p r o v e  

the  o p p o s i t e  one,  t ake  any  g E S ( Z $ ( u i ) ) .  T h e r e  is a p e r m u t a t i o n  

of p o s i t i v e  i n t e g e r s  such  tha t  

J 
(i) ~ ~ (U~( i ) )  ~ g as j ~ ~. 

i= l  

F i x  an a r b i t r a r y  x ~ X. F r o m  (i) we  ge t  

J 
Z ~ ( u  )(x) ~ g(x) as j ~ ~. 

i~ 1 (i) 
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w h i c h  can  be w r i t t e n  as 

J 
(2) p( ~q U (X)) ~ g(x) as j ~ co. 

i= 1 (i) 

S ince  (u i) is a nu l l  s e q u e n c e  in R X, we  have  u i (x )  ~ 0 

F rom th is  and  (2) i t  f o l l o w s  tha t  t he re  is an i n t e g e r  k(x)  

J 
(3) ~q. U ( i)(X) ~ g(x) + k(x)  as j ~ ~. 

i= l  

S ince  (3) ho lds  for  e a c h  x e X, the se r ies  Z u  (i) 

f u n c t i o n  g + k in R x. Thus  g + k ~ S ( Z u i ) .  We  have  

¢ (g  + k) = ¢(g) + ~(k) = g + 0 = g, 

w h i c h  p r o v e s  tha t  g ~ ~ ( S ( ~ u i ) ) .  • 

as i ~ ~. 

such  tha t  

c o n v e r g e s  to the  

The  p r o o f  of (10.3) ,  g i v e n  be low,  is, in fact ,  a m o d i f i c a t i o n  of  

the  p r o o f  of (10.9) .  The  d i f f e r e n c e s  m a y  bea r  a t e c h n i c a l  c h a r a c t e r  on-  

ly. 

P r o o f  o f  ( 1 0 . 3 ) .  I t  is c l e a r  tha t  

~ ( Z g i ; G )  = G n S ( Z g i ; G ) ,  

t h e r e f o r e  we  m a y  a s s u m e  tha t  G is comp le te .  By  (9.7),  we  m a y  w r i t e  

G = H / K  w h e r e  H is a c l o s e d  s u b g r o u p  of some m e t r i z a b l e  and  c o m p l e t e  

n u c l e a r  v e c t o r  g r o u p  F and  K is a c l o s e d  s u b g r o u p  of S. S i n c e  

H / K  m a y  be i d e n t i f i e d  w i t h  a c l o s e d  s u b g r o u p  of  F/K, we  m a y  s i m p l y  

assume  tha t  G = F/K. Le t  # : F ~ F /K  be the  n a t u r a l  p r o j e c t i o n .  

We m a y  r e s t r i c t  o u r s e l v e s  to the  case  w h e n  K does  not contain any  

l ines.  Indeed ,  le t  L be the  m a x i m a l  l i nea r  s u b s p a c e  of L c o n t a i n e d  

in K (i.e. the  u n i o n  of a l l  l i nea r  s u b s p a c e s  c o n t a i n e d  in K). We have  

c K b e c a u s e  K is c losed .  S ince  F is a local ly c o n v e x  v e c t o r  group) 

it f o l l o w s  tha t  ~ is a v e c t o r  s u b s p a c e  of F, the  p r o o f  b e i n g  the  

same as for  t o p o l o g i c a l  v e c t o r  spaces .  Thus  ~ = L. Le t  ~ : F + F /L  

be the  c a n o n i c a l  p r o j e c t i o n .  The  g r o u p  F /L  has a n a t u r a l  s t r u c t u r e  of  

a n u c l e a r  v e c t o r  g roup ;  i t  is m e t r i z a b l e  and  comp le te .  E v i d e n t l y ,  ¢(K) 

is a c l o s e d  s u b g r o u p  of F /L  c o n t a i n i n g  no l ines.  I t  r e m a i n s  to  be ob-  

s e r v e d  tha t  F /K  is c a n o n i c a l l y  t o p o l o g i c a l l y  i s o m o r p h i c  to (F/L)/~(K). 

Le t  U 1 o U 2 D ... be a f u n d a m e n t a l  s e q u e n c e  of n e i g h b o u r h o o d s  of  

ze ro  in F, c o n s i s t i n g  of s y m m e t r i c  c o n v e x  sets.  In  v i e w  of (9.3) and  

(2.14) ,  we  m a y  a s s u m e  that ,  fo r  e v e r y  n, the  M i n k o w s k i  f u n c t i o n a l  
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Pn of U n is a p r e - H i l b e r t  s e m i n o r m  on 

B (p  n) = U n. We m a y  a l so  assume  tha t  

(I) Z d i ( U n + l , U  n N Mn+ I) & 1 
k=l  

M n : = span U n w i t h  

for  e v e r y  n. Deno te  L n = span (K N U n) for  n = 1,2, . . . .  

For  e v e r y  n, let  £ be the f am i l y  of a l l  l i nea r  f u n c t i o n a l s  f 
n 

on Ln+ 1 s a t i s f y i n g  the c o n d i t i o n s  

(2) f (K N Un+l)  c Z, 

(3) sup {f(u) : u ~ U n A Ln+ l }  < ~. 

We sha l l  p rove  tha t  F is at mos t  coun tab le .  D e n o t e  
n 

let  r ,s be the r e s t r i c t i o n s  to Ln+ 1 of Pn and 

t ive ly .  We have  B r = U n n Ln+ 1 and B s = Un+ 1 N Ln+ I. 

(2.13) we o b t a i n  

E = Ln+ 1 and 

Pn+l '  r espec -  

F rom (i) and 

(4) 

o o  

57 2 
k=l  dk (Bs 'B r )  --< i. 

As usual ,  we have  the c a n o n i c a l  d i a g r a m  

id 
E > E 

Asr t 
E > E 

s r 

We sha l l  p rove  tha t  the m a p p i n g  h ~ h¢r  is a b i j e c t i o n  of the set  

~ = {h ~ E 
r : h ~ r ( K  N Un+l )  c Z} 

on to  r . 
n 

If h E ~, then  i t  f o l l ows  i m m e d i a t e l y  f rom our  d e f i n i t i o n s  that  

h~ r ~ F n. So, take  an a r b i t r a r y  f ~ F n. We have  f(u) = 0 for a l l  

u E ker  ~r; th is  f o l l ows  e a s i l y  f rom (3). C o n s e q u e n t l y ,  the re  is some 

h E E#r w i t h  h~ r = f. F rom (3) we see tha t  h is b o u n d e d  and (2) 

y i e l ds  h C r ( K  N Un+l)  c Z° Thus  h e ~. F ina l l y ,  if h I # h2, then  
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hl~ r # h2~ r b e c a u s e  ~r is su r j ec t i ve .  

F rom (4) and  (2.12) it f o l l ows  tha t  dk (Asr )  ~ 0 as k + ~ ,  w h i c h  

means  tha t  Asr is a c o m p a c t  opera to r .  T h e r e f o r e  E r is s e p a r a b l e  

and, c o n s e q u e n t l y ,  E is a s e p a r a b l e  H i l b e r t  space.  It is o b v i o u s  
r 

that  ~ is an a d d i t i v e  s u b g r o u p  of E r. F u r t h e r m o r e ,  ~ A int  B(E r) = 

{0}. Indeed,  if h ~ ~ \ {0}, t hen  h(u) # 0 for  a c e r t a i n  u 

~ r (K  N U n +  I) b e c a u s e  E = span (K N Un+l ) .  Bu t  h(u) e Z and 

~ r (K  n Un+l )  c ~ r (E  n u n) = B(Ur) ,  

w h i c h  imp l i es  tha t  llhlJ ~ i. B e i n g  a d i s c r e t e  s u b g r o u p  of  a s e p a r a b l e  

space,  ~ is at mos t  coun tab le .  C o n s e q u e n t l y ,  so is F n. 

Let  B be the f am i l y  of a l l  sets  of the fo rm 

Un, f = U n + {u e Lm+ 1 : f(u) = 0} 

w h e r e  m ,n  = 1 ,2 , . . .  and f E F . O b s e r v e  that  B is at mos t  coun t -  
m 

able.  It is e v i d e n t  that  B sa t i s f i e s  c o n d i t i o n s  (a) - (c) of (1.12).  

So, t he re  is a un i que  t o p o l o g y  ~ on F such  tha t  F is a t o p o l o g i c -  

al g roup  for  w h i c h  B is a base  at zero. N o t i c e  tha t  if U E B, t hen  

c U E  No(FT) for  each  c > 0. The o r i g i n a l  t o p o l o g y  on F is f i ne r  

than  ~; we sha l l  deno te  it by  o. Thus  we may  w r i t e  G = F /K. 

We sha l l  p rove  that  F is a m e t r i z a b l e  n u c l e a r  v e c t o r  group.  To 

p rove  tha t  F T is separa ted ,  take  any  w ~ F \ {0}. We have  to f i nd  

some U ~ No(F T) w i t h  w ~ U. S u p p o s e  f i r s t  tha t  w ~ K. S ince  K is 

a c l o s e d  s u b g r o u p  of  the n u c l e a r  vec to r  g roup  Fo, f rom (9.4) and (8.6) 

it f o l l ows  that  t he re  is some × ~ F ° w i t h  XI K ~ 0 and X(W) # 0. 

< ! Next ,  acco rd -  By (1.4), the re  is an index  n such  tha t  Ix(Un) I ~ 4" 

ing to (2.2) t he re  is some f ~ M # w i t h  pf = X M and 
' n 

n 

1 
(5) sup { I f (u)I  : u ~ u n} _-< 4" 

We have  f (K N M n) c Z b e c a u s e  XI K ~ 0. T h e r e f o r e  f" :=  f i Ln+  1 ~ F n. 

S ince  pf(w) = X(W) # 0, it f o l l ows  tha t  c : = If(w) I # o. By  (5), 

for  each  v ~ Un, we have  

If(w - cv) I => If(w) l - c l f (v )  I Z c - ¼c = ~c > 0 , 3  
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wh ich  means  tha t  w ~ cUn + f - l (0) .  Hence  w ~ CUn, f. , e i ther .  

Now, suppose  tha t  w ~ K. S ince  w # 0 and K does not  c o n t a i n  

any  l ines,  there  is some t ~ (0,i) w i t h  tw ~ K. A c c o r d i n g  to the 

above,  there  is some rad ia l  U ~ No(F Y) w i t h  tw ~ U. Hence  w ~ U, 

e i ther .  

Be ing  separa ted ,  F is me t r i zab le .  Moreove r ,  F is a l oca l l y  

convex  vec to r  g roup  b e c a u s e  al l  sets Un, f in 8 are symmet r i c  and 

convex.  Take  any m,n  = 1,2 .... and any f E F m. S ince  F is a nu- 

c lear  vec to r  group,  the re  is an index  1 > n such  tha t  d k ( U l , U  n) < k -I 

for  eve ry  k. Set  N = {u E L m +  1 : f(u) = 0}. A c c o r d i n g  to (2.6) (a), 

for  eve ry  k, we have  

dk (U l , f ,Un ,  f) = dk (U 1 + N ,U n + N) ~ d k ( U i , U  n + N )  + d I (N ,U  n + N )  

d k ( U I , U  n) + d I (N,N)  < k -I 

b e c a u s e  d I (N,N)  = 0. Th is  p roves  that  F T is a nuc lear  vec to r  group.  

Our  nex t  goa l  is to show that  the m a p p i n g  # : F T ~ Fc /K  is con-  

t inuous.  Take  an a r b i t r a r y  i ndex  n. We have  to show that  

(6) U n + K E No(F).  

Let  r and s be d e f i n e d  as be fo re .  F rom (4) and (3.18) we have  

Ln+ 1 : = span  (K D U n +  I) = span  (K n B s) c ½B r + gp (K n B s) 

c ½U n + K. 

Hence  ½U n + Ln+ 1 c U n + K, 

U n + Ln+ 1 ~ No(FT) .  

The c o m p l e t i o n  F of 
T T 

Let  ~ : F ~ G be the c a n o n i c a l  e x t e n s i o n  of ~. 
Y 

W i t h o u t  loss of g e n e r a l i t y  we may  assume  that  Z gi = 0; then 

P = S ( Z g i ; G ) .  S ince  G = F /K, we can  f ind  a nu l l  sequence  (s i ) i=  1 

J 
in F w i t h  ~(sj)  = Z gi for j = 1,2, . . . .  Set  u I = s I and 

i=l  

u i = s i - si_ 1 for  i = 2,3, . . . .  Then  

J 
(7) i=iZ U i = sj j ~  > 0 in F 

w h i c h  p roves  (6) because ,  ev iden t l y ,  

F is a n u c l e a r  vec to r  g roup  d u e G o  (9.5). 
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and ¢(u i) = gi for i = 1,2, . . . .  F rom (10.8) it f o l l ows  tha t  Q : = 

$ ( Z u i ; F  T) is a c l o s e d  l i nea r  subspace  of the n u c l e a r  F r e c h e t  space  

(mT)o- 

It r ema ins  to show that  ~(Q) = p. The i n c l u s i o n  ~(Q) c p is 

t r i v ia l .  To p rove  the o p p o s i t e  one, choose  any a ~ P. There  is a pe r -  

m u t a t i o n  ~ of p o s i t i v e  i n tege rs  such  that  the se r ies  ~ g ~ ( i )  con-  

ve rges  to a. Choose  some w • F w i t h  #(w) = a. We have  

9 J 
~(W - i=l~ U (i)) = a - i=iZ g~( i )  j~= > 0. 

Consequen t l y ,  t he re  is a s e q u e n c e  (z j ) j=  1 in K such  tha t  

J 
zj + Z . > w in F . 

i=l u~( i )  3 ~  o 

De f l ne  v I = z I and v i = z i - zi_ 1 

for e v e r y  i, and 

J 
(8) ~ [U (i) + Vi] j+~ > W 

i=l 

for i = 2,3, . . . .  Then  v i e K 

in F 

F rom (7) and  (8) it f o l l ows  that  (u i ) i=  1 and (u (i) + v i ) i =  1 are  

nu l l  sequences  in F o. Hence  (v i ) i=  1 is a nu l l  sequence  in Fo, too. 

We sha l l  p rove  that  the se r ies  Z v  i sa t i s f i e s  Cauchy ' s  criterion 

in F t. Take  any  m ,n  = 1,2 .... and any  f • F m. The re  is an i ndex  

31 such  tha t  v i • Um+ 1 for i > Jl; t hen  v i ~ Lm+ 1 b e c a u s e  v i ~ K. 

C o n s e q u e n t l y ,  we have  f(vi)  e Z for i > Jl" S ince  f E F m and 

v i ~ 0 in Fo, r e p l a c i n g  n by  m in (3), we see tha t  f (v  i) ~ 0. 

Hence  the re  is an index  J2 > Jl such  that  f (v  i) = 0 for  i > J2" 

J 
Th is  means  tha t  Z v i • Un, f for  each  J > J2" 

i=j 2 

S ince  FT is comp le te ,  the se r ies  Z v  i c o n v e r g e s  in F to a 

c e r t a i n  p o i n t  y. Let  K be the c l o s u r e  of K in FT; then  y e 

b e c a u s e  a l l  v i we re  in K. C o n s e q u e n t l y ,  

$(y) • $(K) c ~(K) = $(K) : {0} = {0}. 

F rom (8) we in fe r  tha t  the se r ies  Z u  (i) c o n v e r g e s  to w -  y in F t. 

Thus  w - y • Q. F ina l l y ,  
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~(w - y) = ~(w) - ~(y) = #(w) - 0 = a, 

w h i c h  p roves  that  p c ~(Q). • 

(Io.Io) ~ .  Let  ~ : R 2 ~ T 2 be the canon ica l  p ro jec t ion .  Take  

some u = (x,y) ~ R 2 w i t h  y / x  i r r a t i o n a l  and  deno te  L = span {u}. 

Next ,  set  u. = (- l ) i  I i u and gi = ~(ui)  for e v e r y  i. It is not  ha rd  

to see tha t  S ( Z u i ; R 2 )  = L and P : = S ( Z g i ; T 2 )  = @(L).  Thus  P is 

a dense,  bu t  n o n - c l o s e d  s u b g r o u p  of T 2. N o t i c e  that  ~ ( ~  gi ) = 

A( Z g i  ) = T 2. 

(1o.ll) R ~ s .  Let  

l og i ca l  vec to r  space  E. 

F ( Z u  i) = {f ~ E* : Z ]f(ui) ] < ~}. 
i=l  

Then  the set  

u i be a c o n v e r g e n t  se r ies  in a rea l  topo-  

Let  us deno te  

F 0 ( Z u  i) = {u ~ E : f(u) = 0 for a l l  f E F( ~ u i ) }  

(i) S( Z u  i) = Z u  i + F 0 ( Z u i ) .  

Th is  resu l t  was  o b t a i n e d  by E. S te i n i t z  [87]; it is s o m e t i m e s  c a l l e d  

the S te i n i t z  theorem.  However ,  in the l i t e r a t u r e  the re  is no conse -  

quence,  and the e x p r e s s i o n s  "S te in i t z  t heo rem"  and " L ~ v y - S t e i n i t z  the-  

orem" are used  exchangeab l y .  It was  p r o v e d  in [i0] tha t  (i) ho lds  for  

each  c o n v e r g e n t  se r ies  Z u  i in a m e t r i z a b l e  n u c l e a r  space.  E x a m p l e  

( i0. i0)  shows tha t  the re  is no r e a s o n a b l e  w a y  of e x t e n d i n g  th is  resu l t  

to se r ies  in n u c l e a r  g roups .  

It has been  p r o v e d  in [14] that  if a m e t r i z a b l e  l o c a l l y  convex  

space is not  nuc lea r ,  then  it con ta i ns  a c o n v e r g e n t  se r ies  ~ u  i such  

that  A ( Z u i )  is not  a l i near  subspace .  Then  (i) does  not  ho ld ,  for, 

in v i ew  of (10.4) and  the o b v i o u s  i n c l u s i o n  A( Z u  i) c F 0 ( Z u i ) ,  we 

have 

S( Z u i) c C( ~ u i) = ~ u i + A( Z u i) c Z u i + T 0 ( ~ u i ) .  

is a c l o s e d  l i nea r  subspace  of E. 

The L e v y - S t e i n i t z  t h e o r e m  is o f t en  f o r m u l a t e d  in the fo l l ow ing ,  

somewha t  s t r onge r  ve rs ion :  for  each  c o n v e r g e n t  se r ies  Z u  i in R n, 

one has 
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It is not known whether  the fo l lowing sentence is true: if a met r i zab le  

loca l ly  convex space is not nuclear,  then it conta ins  a convergen t  se- 

r ies Z u  i such that ~( Z u  i) is not a l inear mani fo ld.  

(lO.12) la~o~zs. In in f in i te  d imens iona l  Banach spaces, the Levy- 

-Ste in i tz  theorem fai ls to ho ld  (Problem 106 f rom the Scottish Book; see 

[81], p. 188). The so lu t ion of this p rob lem has an in te res t ing  history;  

see [34] or [43], pp. 44-45. V.M. Kadets  [45] p roved that every  infinite 

d imens iona l  Banach space conta ins  a convergent  ser ies w i th  a non-convex  

set of sums. See also [46], espec ia l l y  Theorem i0. 

Some years ago M.I. Kadets found an in te res t ing  example of a ser ies 

in a H i lber t  space, mak ing  the con jec tu re  that the set of sums of this 

ser ies cons is ts  of exac t l y  two points. The con jec tu re  was proved inde- 

pendent l y  by K. Wo~n iakowsk i  and P.A. Korni lov;  see [44]. Making use of 

this example and app ly ing  a s tandard  technique,  one can cons t ruc t  a se- 

r ies w i th  n-po in t  set of sums in every  in f in i te  d imens iona l  normed 

space; see [46], Theorem i0. Another  example  of a ser ies w i th  two-po in t  

set of sums was ob ta ined by P. Enflo. 

( I 0 . 1 3 )  ~ .  There are severa l  ana logous of the Levy-S te in i t z  

theorem wh ich  are va l id  in in f in i te  d imens iona l  Banach spaces. They as- 

sert that if ~ u  i is a convergen t  ser ies in a Banach space E, then 

cond i t ion  (i) of (i0.Ii) is sa t is f ied  under  var ious add i t iona l  assump- 

t ions on E and ~ u  i. A typ ica l  example is the s i tua t ion  when E is 

a H i lber t  space and ~lluill 2 < ~. The best  source of in fo rmat ion  here 

is [46], pp. 158-159. 

( 1 0 . 1 4 ) ~ .  Let R (0'I) be the space of al l  rea l -va lued  func- 

t ions on the uni t  interval ,  endowed wi th  the topo logy  of po in tw ise  

convergence (i.e. the product  of con t inuum real l ines). The example  of 

M.I. Kadets  men t ioned  in (10.12) a l lows one to cons t ruc t  a ser ies in 

R (0'I) w i th  two-po in t  set of sums (see [43], Theorem 6.4.3, p. 172). 

App ly ing  (10.9), we see that  the product  T (0'I) of con t i nuum c i rc les  

conta ins  a convergent  ser ies such that its set of sums cons is ts  of ex- 

act ly  two po in ts  and is not a coset  modu lo  any subgroup of T (0'I) (cf. 

(i0.2)). 

( l O . 1 5 )  IaDOIRK. From the resul ts  of this sec t ion  it fo l lows eas i ly  

that if (gi) is an a rb i t ra ry  nul l  sequence in a metrizable and comple te  

nuc lear  group, then there ex is t  a pe rmuta t ion  ~ of indices and a se- 
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quence of s igns E i = ±I such that the ser ies ~ £ i g ~ ( i )  is converg-  

ent. On the other hand, it can be shown that if a met r izab le  local ly  

convex space (and p robab ly  even a loca l ly  quas i -convex  group) is not 

nuclear, then it conta ins a nul l  sequence (u i) such that the ser ies 

Z e i u  (i) is d ivergent  for each permuta t ion  ~ and each sequence 

£. = ±i. 1 

( I 0 . 1 6 ) ~ .  

l ian topo log ica l  group G. We say that (gi) i~i 

c r i te r ion  of uncond i t iona l  convergence if to each 

cor responds a f in i te subset  J of I such that 

subset K of I\J. Next, we say that the system 

Let (gi) iEi be a system of e lements  of an abe- 

sat is f ies the Cauchy 

U E No(G ) there 

gi e U for each 
i~K 

(gi)i~i is absolu-  

te ly summable if Z (gi/U) < ~ for each U ~ No(G). It turns out 
iEI 

that if a sys tem of e lements  of a nuc lear  group sat is f ies  the Cauchy 

c r i te r ion  of uncond i t iona l  convergence,  then it is abso lu te ly  summable. 

Hence, every  uncond i t i on ly  convergent  ser ies in a complete  nuc lear  

group is abso lu te ly  convergent .  The proof  wi l l  be g iven in a separate 

paper. 

(ZO.17) R~uff~.  By the weak topo logy  on an abe l ian topo log ica l  

group G we mean the topo logy  induced by the fami ly  of all cont inuous 

characters  of Go If G is a loca l ly  convex space, this topo logy  is 

much weaker  than the weak topo logy  induced by the fami ly  of al l  con- 

t inuous l inear funct ionals,  but def ines the same class of convergent  

sequences (it is enough to cons ider  the case G = R). 

A ser ies ~ g i  in G is said to be subser ies convergent  if the 

ser ies ~ c i g  i is convergent  for each sequence E i = 0,i. The Or l icz-  

-Pett is theorem says that if a ser ies in a loca l ly  convex space is sub- 

ser ies convergent  in the weak topology,  then it is subseries convergent  

in the or ig ina l  topology, too. The same is true for ser ies in a sepa- 

ble loca l ly  quas i -convex  group; this fo l lows d i rec t l y  f rom Theorem 7 

of [48]. Hence, in v iew of (8.6), the Or l i cz -Pet t i s  theorem remains 

val id  for ser ies in a rb i t ra ry  nuc lear  groups. 

It seems very  l ike ly  that every  weak ly  convergent  sequence in a 

nuclear  group is convergent  in the or ig ina l  topology. 

( I O . 1 8 )  I~WIR~S. Let ~ : E ~ F be a l inear operator  ac t ing be- 

tween normed spaces. By ~(¢) we shal l  denote the smal lest  number 
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r > 0 w i t h  the f o l l o w i n g  p roper ty :  

to each  f i n i t e  sys tem U l , . . . , u  n ~ B E there  c o r r e s p o n d s  

• = ±i such  that  II¢(£iu I + ... + EnUn)ll ~ r. el'" " 'En 

s igns  

We say  that  ¢ is a b a l a n c i n g  o p e r a t o r  if 8(¢) < ~. 

The p roo f  of (10.7) is b a s e d  on (7.13).  Lemma (7.13) a lso  occu rs  

in the p roo f  of (10.5).  It is not  ha rd  to see that  (7.13) says, in 

fact ,  that  H i l b e r t - S c h m i d t  o p e r a t o r s  are ba lanc ing .  More  p rec i se l y ,  if 

¢ acts  b e t w e e n  u n i t a r y  spaces,  then  ~(¢) [ Z d~(¢) ]  I/2 = ; the p roo f  
k=l  

ve ry  s im i l a r  to tha t  of (7.13),  is g i ven  in [13]. On the o the r  hand,  

it can  be shown  tha t  if ¢ is an a r b i t r a r y  o p e r a t o r  ac t i ng  b e t w e e n  

no rmed  spaces,  then  ~(¢) ~ C sup k I/2 Vk(¢)  whe re  C is a u n i v e r s a l  
k 

c o n s t a n t  (the numbers  Vk(¢) we re  d e f i n e d  in sec t i on  6). I t  is a s tan-  

da rd  fac t  tha t  e v e r y  f i n i t e  d i m e n s i o n a l  o p e r a t o r  ¢ is ba lanc ing ,  

w i t h  8(¢) ~ 211¢11 rank  ¢. The B e c k - F i a l a  t h e o r e m  [20] imp l i es  tha t  

~( id  : 11 ~ 1 ~) & 2. Beck  and Spence r  [21] p r o v e d  tha t  the d i a g o n a l  

o p e r a t o r  ¢ : 1 ~ + 1 ~ g i ven  by  Ce k = k - i / 2 ( l o g  k ) - l e k  is ba lanc ing .  

Spence r  [86] showed  tha t  the fac to r  ( log k) -I can be omi t ted .  It is 

an open  p r o b l e m  w h e t h e r  the c a n o n i c a l  e m b e d d i n g  of 12 in to  i ~ is 

b a l a n c i n g  (this is ca l l ed  the Kom los  con jec tu re ) .  

By ~(¢) we deno te  the sma l l es t  number  r > 0 w i t h  the following 

p roper t y :  

to each  f in i te  sys tem U l , . . . , u  n e B E w i t h  u I + ... + u n = 0 

the re  c o r r e s p o n d s  a p e r m u t a t i o n  ~ of ind ices ,  such  tha t  

J 
II ~ Cu (i)ll ~ r (j = l , . . . ,n ) .  

i= l  

We say tha t  ¢ is a S te in i t z  o p e r a t o r  if ¢(¢) < ~. 

E v e r y  f i n i t e  d i m e n s i o n a l  o p e r a t o r  ¢ is a S te i n i t z  o p e r a t o r  w i t h  

%(¢) ~ I}¢II rank  ¢ (see [34], [32] and [i0], R e m a r k  3). B a r a n y  [16] 

-3 k 
p r o v e d  tha t  the d i a g o n a l  o p e r a t o r  ¢ : 1 ~ 1 ~ g i ven  by Ce k = 2 e k 

is a S te i n i t z  o p e r a t o r  w i t h  ~(¢) & i. Lemma (10.5) says tha t  if ¢ 

acts  b e t w e e n  u n i t a r y  spaces,  then  #(¢) ~ ~ dk(¢) .  It is not  ha rd  
k=l  

to see tha t  ~(¢) ~ 2~(¢) for eve ry  ¢. 



109 

By ~(¢) we denote the smal lest  number r > 0 wi th  the fo l lowing 

property:  

to each f in i te sequence u I .... ,u n E B E there cor responds a se- 

quence of s igns el , . . . ,e n = ±i such that 

J 
II ~ Ei¢uill ~ r (j = l , . . . ,n).  

i=l 

We say that ¢ is a s t rong ly  ba lanc ing  opera tor  if o(¢) < ~. 

Every  f in i te d imens iona l  operator  ¢ is s t rong ly  ba lanc ing  wi th  

0(¢) ~ 211ell rank ¢ (see [17]; in fact, ~(~) ~ II~II(2 rank ¢ - i)). J. 

Beck [19] proved that the d iagona l  operator  ~ : 1 ~ ~ 1 ~ g iven by 

¢e k = k-(2+e) log k ek is s t rong ly  ba lanc ing  for each f ixed c > 0. It 

seems l ike ly  that the exponent  (2 + E) log k can be rep laced here by 

some pos i t i ve  constant  independent  of k. The ex is tence of such a con- 

stant wou ld  imply that, for each nul l  sequence (u i) in a nuc lear  Fre- 

chet space, one can choose signs E i = ±i such that  the ser ies ~ E i u  i 

is convergent  (for countab le  products  of real l ines this fact was proved 

by Katzne lson and McGehee [51]). What is more, a nuc lear  Fr~chet  space 

could be rep laced here by a met r i zab le  and complete  nuc lear  group. On 

the other hand, if a met r i zab le  loca l ly  convex space is not nuclear,  

then it conta ins a nul l  sequence (u i) such that the ser ies ~ £ i u i  is 

d ivergent  for each sequence E i = ±i (cf. (10.15)). 

By def in i t ion,  one has 8(¢) G ~(¢). Pecherski~ [74], Lemma i, 

proved that, up to the notat ion,  ~(¢) ~ 3a(¢). A very  short  and s imple 

proof  of the inequa l i ty  ~(¢) ~ ~(¢) was found by S. Chobanyan (un- 

publ ished).  Thus every  s t rong ly  ba lanc ing  operator  is a Ste in i tz  opera- 

tor. 

( I 0 . 1 9 2  ~ .  The resul ts  of this sect ion are new. The method of 

the proof of (10.8) is taken from [i0]. The argument  app l ied to obta in 

(10.8) f rom (10.5) through (10.6) and (10.7) is standard. In var ious 

forms, it occurs in several  papers on in f in i te  d imens iona l  genera l iza-  

t ions of the Levy-Ste in i tz  theorem; see (10.13). Its main idea goes back 

to Ste in i tz  [87]. Lemma (10.7) is a s t ra igh t fo rward  consequence of the 

resul ts  of [20] or [21]; cf. [i0], Remark 2. 



Chapter  4 

T H E  ~ - ~ u ~ ( l ~ l  

In this chapter  we show that nuc lear  groups sa t is fy  Bochner 's  the- 

orem on pos i t i ve -de f i n i t e  funct ions.  Sect ion  l! wears  an in t roduc to ry  

complexion.  We in t roduce here some new te rm ino logy  and state severa l  

s tandard  resul ts  in a form conven ien t  to us. Sect ion  12 conta ins  the 

proof  of the main  result .  Final ly,  in sec t ion  13 we g ive some app l ica-  

t ions. We fo rmula te  here an appropr ia te  ve rs ion  of the SNAG theorem for 

nuc lear  groups and prove that each con t inuous  posit ive-definite func t ion  

(resp. con t inuous  un i ta ry  representa t ion)  de f ined  on a subgroup of a 

nuc lear  group can be ex tended to the whole  group. 

Ii. P re l im inar ies  

Bochner 's  c lass ica l  theorem asser ts  that each con t inuous  pos i t ive-  

-def in i te  func t ion  on the real  l ine is the Four ier  t rans fo rm of some 

Radon measure.  Many fa r - reach ing  genera l i za t ions  of this fact are known. 

Rough ly  speaking,  they say that, under cer ta in  assumpt ions  on a topolo-  

g ical  g roup G, each cont inuous pos i t i ve -de f i n i t e  func t ion  on G may 

be wr i t t en  as an in tegra l  of some measure  on the dual  ob ject  G (cf. 

[63], Ch. VI, §9). 

We conf ine  ourse lves  to abe l ian  groups only. By a Bochner  theorem 

for an abe l ian  group G we shall mean a s ta tement  of the fol lowing form: 

(*) each con t inuous  pos i t i ve -de f i n i t e  func t ion  on G is the "Fou- 

r ier t rans fo rm of a (unique) Radon measure  on G . 

There are at least three s i tua t ions  where  (*) is known to be true: 

(i) the We i l -Ra i kov  theorem asser ts  that (*) holds for any LCA 

group G; 

(ii) the fact that (*) is t rue for every  nuc lear  loca l ly  convex  

space G is known as the Min los  theorem (see [67], Theorem i, p. 508 

or [63], Ch. IV, Theorem 4.3, p. 318); it fo l lows eas i ly  f rom the Min los  

theorem that  (*) is t rue when G is a Hausdor f f  quo t ien t  group of a 

nuc lear  loca l ly  convex  space (see Yang [104]); 

(iii) each loca l ly  convex space G over p-ad ic  f ie ld  sat is f ies  

(*); th is was proved by Madreck i  [62]. 
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We do not spec i fy  here the topo logy  on G-. The We i l -Ra i kov  the- 

orem is usua l l y  fo rmu la ted  for the compac t -open  topology,  whereas  the 

Min los  theorem in the language of vector  spaces, the topo logy on the 

dual  space G be ing the topo logy  of un i fo rm convergence  on f ini te, 

bounded or, say, compact  convex subsets  of G (there is a canon ica l  

i somorph ism between G* and G-; see (2.3)). The resul t  of (iii) was 

proved for the weak*  topo logy  on G*. 

We shal l  p rove that (*) ho lds for every  nuc lear  group G (The- 

orem (12.1)); this is a common genera l i za t i on  of (i) - (iii). 

The Bochner  theorm in the form of (*) character izes nuclear spaces 

among met r i zab le  loca l ly  convex spaces ([70], Theorem 5, p. 75). On the 

other  hand, there is vers ion  of the Bochner  theorem which is va l id  in 

any loca l ly  convex space ([30], Theorem I, p. 348). Thus, each cont in-  

uous pos i t i ve -de f i n i t e  func t ion  on a loca l ly  convex space can be in 

some way syn thes ized  of con t inuous  characters.  The s i tua t ion  becomes 

comp le te l y  d i f fe ren t  when we star t  to cons ider  quot ien t  groups. In 

sect ion 5 we gave an example  of a d isc re te  subgroup K of the space 

i p, p > 2, such that the quo t ien t  group IP/K admi ts  non- t r i v ia l  

cont inuous un i ta ry  rep resen ta t ions  but does not admit  any non- t r i v ia l  

cont inuous characters .  Thus, there are on IP/K con t inuous  pos i t i ve-  

-def in i te  funct ions wh ich  cannot  be syn thes ized  of con t inuous  charac-  

ters (since the lat ter  do not exist) ;  there fore  one cannot  speak of any 

vers ion  of Bochner 's  theorem in this case. It is qu i te  poss ib le  that 

s imi lar  examples can be cons t ruc ted  in any non-nuc lear  loca l ly  convex  

met r i zab le  space. 

Let G be an abe l ian  topo log ica l  group. We say that • is an 

admiss ib le  topo logy  on G if the mapp ings  G B X ~ x(g), g~G, are 

o U ~ N (G), are compact  in G . From cont inuous and the sets UG, o 

(1.5) it fo l lows that the topo log ies  of po intwise,  compact  and precom- 

pact  convergence are all admiss ib le.  

Let X be a topo log ica l  space. The fami ly  of Bore l  subsets of X 

is denoted  by B(X). By a Bore l  measure  on X we mean a o-add i t i ve  

mapp ing  of B(X) into [0,~]. A f in i te Bore l  measure  ~ on X is 

ca l led  a Radon measure  if, for each  A ~ B(X) and each ~ > 0, there 

ex is ts  a compact  subset  Q of A wi th  ~(A \ Q) < £. 

Let X,Y be two topo log ica l  spaces, ~ : X ~ Y a Bore l  mapp ing  

and ~ a Bore l  measure  on X. Then the mapp ing  B(Y) B A + ~(~-I(A))  

is a Borel  measure  on Y. We cal l  it the H- image of ~ and denote by 

~ . If f is a ~ - in tegrab le  func t ion  on Y, then f~ is a ~- inte-  

grab le  func t ion  on X and 

f f~d~ = f fd~ . 
X Y 



112 

Let  G be an a b e l i a n  t o p o l o g i c a l  g r o u p  and let  ~ be a t o p o l o g y  

G ~ X ~ x(g), g e G, are  con t i nuous .  on G such  tha t  a l l  the m a p p i n g s  

By the F o u r i e r  t r a n s f o r m  of a f i n i t e  Bo re l  m e a s u r e  U on G we m e a n  
T 

the f u n c t i o n  

G 3 g + J" _ exp  [2~ i x (g ) ]du (x ) .  
G % 

The F o u r i e r  t r a n s f o r m  of ~ is d e n o t e d  by  ~; it is s o m e t i m e s  c a l l e d  

the i n v e r s e  F o u r i e r - S t i e l t j e s  t r a n s f o r m  of ~. A Bo re l  m e a s u r e  U on 

G w i l l  be ca l l ed  re@u la r  if, for  each  A e E (G ) and each  ~ > 0, 

the re  ex i s t s  a c o m p a c t  e q u i c o n t i n u o u s  subse t  Q of A w i t h  U(A \ Q )<  c. 

~]I.1) ~ m ~ .  Let  G be an a b e l i a n  t o p o l o g i c a l  g r o u p  and let  

T be a t o p o l o g y  on G such that  the m a p p i n g s  G ~ X + x(g),  g ~ G, 
T 

are con t i nuous .  If ~ is a f i n i t e  Bo re l  m e a s u r e  on G~, then  ~ is 

a p.d. f u n c t i o n  on G w i t h  ~(0) = ~(G~).  If ~ is regu la r ,  ~ is 

con t i nuous .  

~ f .  The fac t  that  U is a p.d. f u n c t i o n  is we l l  k n o w n  (see 

e.g. [38], (33.1)) .  So, assume that  ~ is r e g u l a r  and take  any  e > 0. 

The re  is an e q u i c o n t i n u o u s  subse t  Q of G- w~ th  ~(\Q) < i£. Next,  
T 

we can  f i nd  some U E No(G ) such  tha t  Ix(U) I < ~ for all X E Q. T h e ~  

for each  g e U, we have  

l~(g) - ~(0)I : I S  (i - exp  [2~ix(g)~)dy(x) I 

G- 

J- Ii - exp  [2~ix(g)]Idu(x) & f 2~Ix(g)Idu(x) 

G- G- 

= 2~ S [xlg) Idu(x) + 2~ S l×(g) Id~(x) 
Q \Q 

2~cp(Q)  + ~ ( \ Q )  < [2~(G-)  + i ]~£. 

Thus  ~ is c o n t i n u o u s  at zero  and the c o n t i n u i t y  at the r e m a i n i n g  

po i n t s  f o l l ows  f rom (1.22) (c). • 

( 1 1 . ~  P R O ~ S / T ~ .  Let  ¢ : G + H be a c o n t i n u o u s  h o m o m o r p h i s m  of 

a b e l i a n  t o p o l o g i c a l  g roups .  S u p p o s e  tha t  the dua l  g roups  G- and H- 

are e n d o w e d  w i t h  some t o p o l o g i e s  such  that  the m a p p i n g s  G- B X + x(g), 

g ~ G, and H- B < + K(h), h ~ H, are  con t i nuous .  S u p p o s e  a lso  tha t  

the dua l  h o m o m o r p h i s m  ~ = ~- : H A ~ G- is con t i nuous .  If ~ is a 

f i n i t e  Bo re l  m e a s u r e  on H ~, then  ~ = ~¢. 
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~ .  For each g ~ G, one has 

we(g) = j c  exp [2~i<x,g>] dD~(X) = f exp [2~ i<~(x) ,g>]d~(K)  

G H 

= ~c exp [2~ i<K,#(g)> jd~(K)  = ~(#(g)).  • 

H 

fl].3)~ITx~. Let G be an abe l ian topo log ica l  group and let 

T be a topo logy  on G such that the mappings G ~ X ~ x(g), g ~ G, 
T 

are cont inuous.  If ~ , ~ 2  are two Radon measures  on G# with Ul = 

then W~ = ~2. 

Proof. Let G d denote the group G endowed wi th  the d iscre te  

topology. The ident i ty  homomorph ism # : G- ~ (Gd) ~ is cont inuous.  

Let ~i be the #- image of ~i' i = 1,2. Then 9i is a Radon measure  

On (Gd) ~ and (11.2) impl ies that vi = Wi" Thus ~i = ~2- From the 

un iqueness of the measure  in the We i l -Ra ikov  theorem it now follows that 

~i = ~2- If Q is a compact  subset  of G~, then $(Q) is a compact,  

hence Borel, subset  of (Gd)c, and ~i(Q ) = ~I (¢- I (#(Q)))  = ~i(#(Q)) 

for i = 1,2,. Hence ~I(Q) = ~2(Q)- This comple tes  the proof  because 

~ , ~ 2  are both Radon measures.  • 

~II.4) ~rl~. The mater ia l  of this sect ion is standard. 

12. The Bochner  theorem 

The aim of this sect ion is to prove the fo l lowing fact: 

(12.1) ~ .  Let G be a nuc lear  group and ~ an admiss ib le  

topo logy on G . Then the mapp ing  ~ + ~ es tab l ishes a one- to-one 

cor respondence between the fami ly  of all regular  f in i te Borel  measures 

on G~ and the fami ly  of all cont inuous p.d. funct ions on G. 

Let E be a nuc lear  space and E* the dual space endowed wi th  

the topo logy  of un i fo rm convergence on f inite, compact  or p recompact  

sets. It is not d i f f i cu l t  to see that the topo logy  induced on E by 

the canon ica l  homomorph ism PE : E* ~ E is an admiss ib le  one. Thus 

(12.1) impl ies the Min los theorem. 

The proof  g iven be low is pa t te rned  upon that of the Minlos t h e o r e m  

The main d i f fe rence lies in rep lac ing  the Min los lemma ([67], Lemma 4, 

p. 510) by its analogue for p.d. funct ions on addi t ive subgroups of R n 

( lemma (12.2) below). To obta in  (12.1) f rom (12.2) is a mat ter  of tech- 
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n ique;  we have  f ound  it mos t  c o n v e n i e n t  to ap l y  he re  the P r o k h o r o v  

t h e o r e m  on i n v e r s e  l im i t s  of measu res ,  in the fo rm due to K i s y ~ s k i  

[540. 

(x2.2) ~ =  Le t  N be an n - d i m e n s i o n a l  vec to r  space,  n ~ i, and  

let  p ,q  be two p r e - H i l b e r t  s e m i n o r m s  on N such  tha t  

59 d n  i / 2 (Bp ,Bq )  < ~_~.i 

k=l  

Let  K be a s u b g r o u p  of N and ~ a Bo re l  m e a s u r e  on K with ~ (K  ) 

= i. S u p p o s e  tha t  the re  is some E > 0 such  tha t  Re ~(u) > 1 -  e for  

o > 1 2e a l l  u ~ K n Bq. Then  ~ ( (K  n Bp) K) . - . 

• ~ f .  S u p p o s e  f i r s t  tha t  bo th  p and q are norms.  In th is  

case,  we m a y  s i m p l y  assume  tha t  N = R n and q is the e u c l i d e a n  no rm  

on N. T h e n  Bq = B n and Bp is some e l l i p s o i d  in Rn; le t  ~n .... ' 

~n be i ts  p r i n c i p a l  semiaxes .  O b v i o u s l y ,  we have  

n i /2  n 1 T2"I (i) X ~ = 59 d /2 (Bp ,Bq)  < 
k=l  k=l  

We b e g i n  w i t h  the case  w h e n  K is d i sc re te .  Let  L = gp (K n Bp) 

and let  ~ : Kp  ~ Lp be the n a t u r a l  h o m o m o r p h i s m .  D e n o t e  ~ = ~  . Ac-  

c o r d i n g  to (11.2),  we have  ~ = ~]L" We sha l l  p rove  tha t  

(2) ~ ( (L  n Bp)~)  ~ 1 - 2E. 

Let  M = span  L and m = d im  M. If L = {0}, t hen  

B o ~ ( { o ) ~ )  ~ ( L - )  G(o)  ~ ( o )  > 1 E > 1 2E ~( (L  n p )L  ) . . . . .  - - . 

So, s u p p o s e  tha t  m Z i. Let  ~ l , . . . ,O  m be the p r i n c i p a l  s e m i a x e s  of 

the e l l i p s d i d  D = M n Bp. F rom (i) and (2.13) i t  f o l l ows  tha t  

m ~/2 1 
(3) X n < ~ .  

k=l  

We m a y  assume  tha t  M = R n and  

m 

D = { ( X l , . . . , x  m) ~ R m : Z (Xk /~k )2  < i}. 
k=l  

Set  ~,. = q3/4  for  k = 1 ..... m and d e n o t e  
J% 
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W e  h a v e  

m 
E = { ( X l , . . . , x  m) E R m : ~ (Xk /~k )  

k = l  

L = g p  (L D D) and ,  b y  (3),  

2 ~<i}. 

m 2 m )2 m 2 ~ 2  
Z d (D,E)  = 5q ( n k / ~ k  = ~ qk  < < 4. 

k = l  k = l  k = l  

A c c o r d i n g  to  ( 3 .17 ) ,  w e  c a n  f i n d  a r e c t a n g u l a r  p a r a l l e l o t o p e  p c E 

s u c h  t h a t  { u + P } u ~ L  is  a d i s j o i n t  c o v e r i n g  o f  R m. S e t  a k = 

q l / 4  f o r  k = l , . . . , m  a n d  d e n o t e  

A = { ( X l , . . . , x  m) ~ R m : -a  k < x k < a k f o r  k = l , . . . , m } .  

F r o m  (3) w e  g e t  a 2 + ... + a 2 < 1 / 1 2  w h i c h  i m p l i e s  t h a t  A c B . 
m ' q 

T h e r e f o r e ,  f o r  e a c h  u E L n A, w e  h a v e  Re  ~(u )  = R e  6(u)  >~ 1 - e, 

i .e .  

(4) 

L 

l e t  us  w r i t e  IWI = c a r d  (L N W) 

L B K ~ f (K)  = 1 
IAl u ~ n A  

a n d  d e n o t e  X = {K E L : f lK )  ~ }. 

Re  f e x p  [ 2 ~ i K ( u ) ] d ~ ( K )  a i - g. 

f o r  W c M. C o n s i d e r  t h e  f u n c t i o n  

R e  e x p  [ 2 ~ i K ( U ) ]  

F r o m  (4) w e  o b t a i n  

f f ( K ) d ~ ( K )  ~ 1 - E, 
A 

L 

w h e n c e  9 (X )  ~ 1 - 2~ b e c a u s e  f < i. T h u s ,  to  p r o v e  (2),  i t  r e m a i n s  

B o to  s h o w  t h a t  X c (L n p )L "  

T o  t h i s  end ,  t a k e  a n y  K e X a n d  w = ( W l , . . . , w  m) ~ L n D. We aae 

t o  s h o w  t h a t  

(5) l<(w) l s ¼. 

S i n c e  P c E, a n d  t h e  s e t s  u + P, u E L, a r e  p a i r w i s e  d i s j o i n t ,  w e  

h a v e  

IAI V O l m ( P )  = v o l  m ( U (u + P) )  ~ v o l  m (A + E).  
u ~ L D A  

I t  i s  c l e a r  t h a t  

A + E c { (X l ,  . . . .  Xm) ~ R m  : - a k  - ~k  < X k  < a k  + ~k 

f o r  k = l , . . . , m } ,  
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w h e n c e  

m 
(6) IAI v o l  m (P) ~ 2 m Z (a + ~k  ). 

k = l  

L e t  A = w + A a n d  B = A n A . T h e  s e t  U = M \ ( (M \ B) + E) 
w w 

an  m - d i m e n s i o n a l  r e c t a n g u l a r  p a r a l l e l o t o p e  w i t h  e d g e s  e q u a l  resp .  

2a k - 2 ~ k  - lWkl,  k = 1 . . . . .  m. S i n c e  p c E, a n d  {u + P } u ~ L  

c o v e r i n g  o f  R m, i t  f o l l o w s  t h a t  U c U (u + P).  H e n c e  
u E L R B  

m 
(7) IBI v o l  m (P) ~ v o l  m (U) = 11 (2a k - 2~ k - lWkl) .  

k= l  

L e t  V b e  t h e  s y m m e t r i c  d i f f e r e n c e  o f  A a n d  Aw,  i .e .  

V = (A \ A w) U (A w \ A) = (A \ B) U (A w \ B).  

L e t  us  w r i t e  

s - -  - -  
1 1 

e x p  [ 2~ i~ (u ) ] , "  t = Z 
l a l  u ~ L n a  l a t  u~Lna  

w 

T h e n  s = t e x p  [ 2 ~ i K ( w ) ] .  O n  t h e  o t h e r  h a n d ,  

e x p  [ 2 ~ i < ( u ) ] .  

Is t[ < 1 }V I - = ~ Z I e x p  [ 2 ~ i K ( u ) ] [  ~ . 
IA I  u~nnv  " IAI  

I t  is  c l e a r "  t h a t  IVI = 2( IAI 

I s -  tl s 211 - ~ j  < 211 

IBI),  w h e n c e ,  b y  (6) a n d  (7), 

m 

~q (2a k - 2 ~ k  - lWkl) 
k= l  

m 
2 m II (a k + ~k ) 

k= l  

. 

H e n c e ,  a p p l y i n g  the  s t a n d a r d  i n e q u a l i t i e s  

1 - x - y ~ 1 - 2x - y a n d  
l + x  

m m 
II (i - x k )  h 1 - Z Xk, 

k= l  k = l  

w e  o b t a i n  

m m 

Is - t I ~ 4 Z (~k /ak )  + 2 Z ( l W k } / a k ) -  
k= l  k= l  

m 

S i n c e  w ~ D, we  h a v e  Z ( W k / D k ) 2  _-< i, 
k = l  

a n d  t hus ,  lWk I ~ qk  

k = l , . . . , m .  T h e r e f o r e ,  b y  ( i),  

is  

t o  

is  a 

f o r  
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m i/2 m 3/4 m 1/2 1 
I s - t I ~ 4 Z ~K + 2 ~ O k ~ 6 Z q k < 3" 

k=l k=l k=l 

On the other hand, we have 

I s - tl = It e x p  [ 2 ~ i < ( w ) ]  - t I = I t l "  11 - e x p  [ 2 ~ i K ( w ) ] I .  

But K e X, there fore  Re t = f(K) ~ 1/2 and Itl ~ 1/2. Hence we 

o 
obta in (5) and, in consequence,  (2). It is c lear that  w- l ( (L D Bp) L) = 

(K A Bp)~. Then, by (2), we get 

p( (K  n Bp)~ = p ( ~ - l ( ( L  A Bp)~)  = ~ ( ( L  A Bp)~)  ~ 1 - 2~. 

This comple tes  the proof  in the case when K is discrete.  

Now, let K be an arb i t ra ry  subgroup of N. We may c lear ly  assume 

K to be closed. Then K is the d i rect  sum of some d iscre te  subgroup 

and some l inear subspace (see (3.1)) and, therefore,  we can find an in- 

c reas ing sequence (K m) of d iscre te  subgroups of K such that their  

un ion is dense in K. For every  m, let ~m : K- ~ be the natura l  

homomorph ism and let ~m = P~m" From (11.2) we get Pm = ~ I~"  Since, 

as we have just proved, the lemma is true for d iscre te  subgroups,  it 

fo l lows that pm((K m N Bp) °) ~ 1 - 2E for every  m. The subgroups Km 
may be chosen in such a way that the cond i t ion  

co 

n ~ I ( ( K  m n Bp) °) c (K n Bp) ° 
m=l 

be sat isf ied.  Then 

co  

p((K N Bp) °) _-> p( n ~ml( (Km D B )o)) 
m=l P 

= l im P(~[l((Kmm N B )o)) = l im pm((K m N Bp) °) 
m ~  P m ~  

> i - 2~. 

This completes the proof in the case when p and q are norms. 

Final ly,  cons ider  the case when p and q are arb i t ra ry  pre- 

-Hi lber t  seminorms on N. Then, clearly,  one can f ind two decreas ing  

sequences (pm) and (qm) of un i ta ry  norms on N such that 

n 
dl /2 1 

Z k (Bpm'Bqm) < i--~ (m = 1,2,. . . ) ,  
k=l 
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Bqm c Bq for every  m and Bp c m=iU Bpm. App ly ing  our lemma to the 

norms Pm and qm' we get ~((K N Bpm)°) ~ 1 - 2E for every  m. 

Hence 

~((K N Bp) °) ~ p( n (K N B )o)  = l im ~((K N B p m ) ° ) ~  1 - 2£. • 
m=l Pm m~= 

~12.3; ~ i , ~ [ ~ .  Let (~,c) be a d i rec ted  set. For each K E  ~, 

let X K be a Hausdor f f  topo log ica l  space and let ~K be a Radon 

measure  on X K wi th  PK(Xk) = I. Suppose that, for each pair  (K,L) 

~2 w i th  K c L, a cont inuous mapp ing  ~KL of X L into X K is given, 

such that 

(i) ~KK = idx K for each K E ~, 

(2) ~KL~LM = ~KM 

for each t r ip le (K,L,M) ~ ~3 wi th  K c L c M, and 

-i 
(3) ~K(A) = ~L(~KL(A))  

for each pair  (K,L) ~ ~2 such that K c L and for each A ~ B(XK). 

Suppose fur ther  that  X is a Hausdor f f  topo log ica l  space, and that, 

for each K ~ ~, a cont inuous  mapp ing  ~K of X onto X K is given, 

such that 

(4) if (K,L) ~ ~2 and K c L, then ~K = ~KL~L" 

Final ly,  suppose that, for any two d is t inc t  po ints  x ,y  E X, there 

exists some K E ~ such that ~K(X) # ~K(y). Then the fo l lowing two 

s ta tements  are equiva lent :  

(i) there is a unique Radon measure  ~ on X with ~(X) =i  such 

that ~K(A) = ~(~KI(A))  for each K E ~ and each A e B(X); 

(ii) for each c > 0, there is a compact  subset  Q of X such 

that ~K(XK \ ZK(Q)) ! c for each K ~ ~. 

This is Theorem 3.2 of [54]. 

~2.4; r.R~m~. Let H be a subgroup of a nuc lear  vector  group and 

a cont inuous  p.d. funct ion on H. Then there ex is ts  a f in i te regu- 
A 

lar Bore l  measure  ~ on H wi th  ~ = ~. 
P 
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Pmm~f. Suppose f i rst  that ~ (0) = i. Let K be a f in i te ly  gene- 

rated subgroup of H. Then there exists on K a unique Radon measure 
P 

~K wi th PK = elK" Indeed, the c losure K of K in span K, be ing 

a c losed subgroup of a f in i te d imens iona l  vector  group, is locally com- 

pact. Hence, by the Wei l -Ra ikov  theorem, there is a Radon measure 9 on 

(K)c wi th  ~ = ~i~. We may ident i fy  (K)c wi th  Kpc because, evi- 

dently, each compact  subset of K is conta ined in the c losure of some 

precompact  subset of K. There fore  we may treat ~ as a measure  on 

KDC_ and wr i te  v = ~IK. The res t r ic t ion  ~K of ~ to Borel  subsets 

of K is then a Radon measure on Kp wi th  ~K = ~ I K" The un iqueness 

of ~K is a consequence of (11.3). From (ii.i) we get ~K(K ) = ~(0) = 

= i. 

Let ~ be the d i rec ted  fami ly  of al l  f in i te ly  generated subgroups 

of H. For each K E R, put X K = Kp. For each pair  (K,L) ~ ~2 such 

that K c L, let ~KL : Lp ~ Kp be the natura l  homomorphism. Put 

X = Hp - and, for each K E ~, let ~K : Hp ~ Kp be the natura l  homo- 

morphism. 

In the s i tuat ion we have just descr ibed,  the assumptions of (12.3) 

are sat isf ied.  The cont inu i ty  of the homomorph isms ~K and ~KL is 

obvious and their  sur jec t i v i t y  fo l lows f rom (8.3). Condi t ions (I), (2) 

and (4) of (12.3) are sa t is f ied  t r iv ia l ly ,  as wel l  as the fact that, 

for any two d is t inc t  XI,X 2 ~ H , there is some K ~ ~ wi th  ~K(XI )= 

~K(X2 ). Cond i t ion  (3) is a consequence of (11.2). We shal l  prove that 

(ii) is sat isf ied. 

Fix an E > 0. Let F denote the nuc lear  vector  group conta in-  

ing H. Since ~ is con t i nuous  and ~ (0) = i, there is some 

U ~ No(F) such that 

(I) Re %(h) > 1 - E for h ~ H n U. 

Next, there are a l inear subspace N of F 

seminorms p,q, r  on N, such that B c U, 
r 

(2) 5 ~ kdk(Bp,B q) ~ ¼, 
k=l 

and three p re-H i lber t  

(3) 
1/2 1 

5-:. d k (Bq'Br) < I--2 
k=l 

and Bp E No(F ) (see (9.3), (2.14) and (2.15)). T h e n  W: = H D B p  eNo(H) ,  
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and WHO is a compac t  subse t  of H-p (see (1.5)).  

Take  any K ~ ~; we are to show that  

(4) ZK(K- \ ~K(W~))  ~ E. 

Deno te  L = K N N and M : span  L. Let  s and t 

t ions to M of q and r, r espec t i ve l y .  Then  s,t  

sem ino rms  on M and, by  (2.13),  we have  

be the res t r i c -  

are p r e - H i l b e r t  

d k ( B s , B  t) ~ d k ( B q , B  r) 

Hence,  by  (3), 

(k : 1 ,2 , . . . ) .  

co 

1 7. d l / 2 (Bs ,B t )  < ~ .  
k=l 

F rom (i) and (12.2) it now fo l l ows  tha t  

B o ~ 1 E, ~L( (L  N s)L ) - 

w h i c h  m a y  be w r i t t e n  as 

-i o 
(5) ~ K ( ~ L K ( ( L  n Bq)L))  ~ 1 - £. 

S ince K N Bq L N Bq, we have  

O 
-I B )~) c (K N Bq) K. (6) ~LK( (L  N q 

From (2), (8.1) and (2.3) it f o l l ows  that  

o c ~K(W~) (7) (K N Bq) K . 

F ina l l y ,  f rom (5) - (7) we ob ta in  (4) b e c a u s e  ~K(K ) = %(0) : i. 

We have  p r o v e d  that  c o n d i t i o n  (ii) of (12.3) is sa t i s f i ed .  So, ac- 

co rd ing  to (12.3),  there  is a Radon  m e a s u r e  ~ on Hp w i t h  ~(H )= 1 

~K I such tha t  ZK(A) = ~( - (A)) for each  K ~ q and each  A ~ B(Kp). For 

each  K e 9, the m e a s u r e  ZK is the ~K- image  of Z. Hence,  by (11.2), 

we have  ZI K : ZK : %IK" Thus ~ : %. It  rema ins  to show that  ~ is 

a regu la r  measure .  

As we have  just  seen, to each  n there  co,rresponds some W n ~  No(H) 

^ ~ 1 for a l l  K ~ ~ The set Qn = w° is such tha t  ~K(K \ ~K ( w ) )  ~ n " n 
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e q u i c o n t i n u o u s  and, by  (1.5), c o m p a c t  in Hp. The f am i l y  of sets  of the 

fo rm ~K I (K  \ ~K(Qn  )) w h e r e  K e ~ forms an open  cover ing  of Hp \ Qn" 

Hence,  for each  c o m p a c t  y c Hp \ Qn' we can  f ind  some K E ~ such  that  

y c ~ K I ( K  ^ \ ~K(Qn) ) .  Then  

- - 1 

P(Y) < ~ (~K I (K \ ~K(Qn  ))) = PK (K \ nK(Qn )) < n" 

- 1 Th is  imp l i es  that  ~ (H \ Qn ) ~ ~ s ince  p 

is regu la r .  

It r ema ins  to c o n s i d e r  the case  ~(0) # i. If ~(0) # 0, 

su f f i ces  to c o n s i d e r  the p.d. f u n c t i o n  ~/~(0)  i n s t e a d  of ~. 

o the r  hand,  if ~(0) = 0, then, by  (1.22) (b), we have  ~ £ 0 

is the t r a n s f o r m  of  the zero  measure .  • 

is a R a d o n  measure .  Thus  p 

then  it 

On the 

and  

~faf (12.1;. Due to ( i i . i ) ,  if p is a r e g u l a r  f i n i t e  Bo re l  

m e a s u r e  on G~, then  ~ is a c o n t i n u o u s  p.d. f u n c t i o n  on G. F rom 

(11.3) it f o l l ows  tha t  the m a p p i n g  p + p is i n j ec t i ve .  We sha l l  p rove  

that  it is su r j ec t i ve ,  as wel l .  

So, take  any  c o n t i n u o u s  p.d. f u n c t i o n  ¢ on G. By  (9.6) the re  

ex is t  a n u c l e a r  vec to r  g roup  F, a s u b g r o u p  H of F and a c l o s e d  

s u b g r o u p  K of H, such  that  G - H/K. We may  s imp l y  assume that  G = 

H/K. Let  ~ : H ~ H /K  be the na tu ra l  p ro j ec t i on .  Then  ¢~ is a con-  

t i nuous  p.d. f u n c t i o n  on H and, due to (12.4) ,  t he re  ex i s t s  a r egu la r  

f i n i t e  B o r e l  m e a s u r e  ~ on H w i t h  v = ~ .  Let  ~ : H ~ Kp be the 
A 

na tu ra l  h o m o m o r p h i s m .  By  (11.2),  we have  ~ = V lK  = #~ IK  ~ ~(0).  In view 
I I 

of (11.3) ,  th is  means  tha t  v is the D i rac  measure .  Then  v (K  °) = 

v (~ - l (0 ) )  = v ({0}) = ~(0),  i .e. ~ is c o n c e n t r a t e d  on K °. We m a y  

t reat  v as a finite r e g u l a r B o r e l  m e a s u r e  on K °. 
P 

The n a t u r a l  h o m o m o r p h i s m  o : K ° ~ (H/K)p  is c o n t i n u o u s  (in fac t  
p 

o ; i t  is a t o p o l o g i c a l  i somorph i sm;  however ,  the m a p p i n g  ~ : Kpc  ~ (H/K) 

need  not  be con t i nuous ;  c o n s i d e r  e.g. the c a n o n i c a l  m a p p i n g  L ° ~ ( D / L ) c  
pc 

in (17.6)) .  Set  ~ = v . Then  X is a f i n i t e  regu la r  Bo re l  m e a s u r e  on 
o 

G . For  each  h ~ H, one has 
P 

~(~(h))  = f ^ X ( ~ ( h ) ) d ~ ( x  ) = f < (h )dv (<)  = J- _ < (h )d~(K)  
G K ° H 

P P P 

= v(h) = ¢ (~ (h ) ) ,  

w h i c h  p roves  tha t  X = ¢. 
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Since  ~ is regu la r  and ~(H ) ¢(0),  there  is a sequence  U n 

No(H) wi th  u(U~) ~ ~(0) .  The s e t s  Qn = (~(Un))°  a re  e q u i c o n t i n u o u s  

and c o m p a c t  in G ~ • M o r e o v e r  
T 

)o) = k ( o ( U  o N K° ) )  = ~ ( U  ° N K °) = ~ ( U ~ )  + ¢(0)  
l (Qn) = X (~ (Un  n n 

= X(Gp), 

i .e. X(Gp \ Qn ) + 0. Let  ~ be the c o m p l e t i o n  of I. Take  any-closed 

subse t  Y of G . The sets Y N Qn' n = 1 ,2 , . • . ,  are compac t  in G$, 

thus in Gp. Hence  U (Y N Qn ) e B(Gp). On the o the r  hand,  
n=l 

X(Y \ U (Y N Qn )) ~ ~( n (G \ Qn )) = 0. 
n=l n=l P 

Th is  imp l i es  tha t  Y is T - m e a s u r a b l e .  Hence  a l l  Bo re l  subsets of G are 
T 

T - m e a s u r a b l e .  

Let  ~ be the r e s t r i c t i o n  of ~ to B (G~). It is c lea r  that ~ = 

X. Hence  ~ = ¢. It r ema ins  to p rove  tha t  ~ is regular. So, take any 
[ 

A ~ B(GT) and £ > 0. S ince  A is T - m e a s u r a b l e ,  there  are some B,N 

H(GD) w i t h  X(N) = 0 and B \ N c A c B U N• Next ,  s ince  X is reg-  
I 

ular ,  t he re  ex i s t s  a compac t  e q u i c o n t i n u o u s  subse t  Q of B \ N w i t h  

X(B \ N \ Q) < ~. Take  n so large tha t  X(GD + \ Qn ) < E. The set  Q 

is c l osed  in GD, thus  in G~. T h e r e f o r e  Q N Qn is c o m p a c t  in G~. 

F ina l l y ,  we have  

X(A \ (Q D Qn)) = X(B \ (Q 0 Qn )) ~< X(B \ Q) + k(B \ Qn ) 

< E + ~. • 

112.5) ~ .  Let  G be a nuc lea r  g roup  and ~ an a d m i s s i b l e  

t o p o l o g y  on G . Let  {~ i } i~ i  be a f am i l y  of regu la r  Bo re l  m e a s u r e s  

on G~, w i t h  ~ i (G-)  = 1 for  eve ry  i. Then  the f am i l y  {~ i } ie i  of 

p.d. f unc t i ons  on G is e q u i c o n t i n u o u s  at zero if and on l y  if to each  

£ > 0 the re  c o r r e s p o n d s  a c o m p a c t  e q u i c o n t i n u o u s  subse t  Q of G~ 

such tha t  ~ i (G \ Q) & ~ for a l l  i ~ I. 

Proof. The s u f f i c i e n c y  of the c o n d i t i o n  fo l l ows  i m m e d i a t e l y  f rom 

the p roo f  of ( I i . i ) .  We sha l l  p rove  the necess i t y •  It is not  ha rd  to see 

that,  w i t h o u t  loss of gene ra l i t y ,  we m a y  assume that  T is the t o p o l o g y  

of p o i n t w i s e  conve rgence •  Next ,  due to (9.6), we m a y  assume  that G = H / K  
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where H is a subgroup of some nuclear vector  group F, and K is a 

c losed subgroup of H. Suppose f i rst that K = {0}. 

Choose any ~ > 0. We can f ind some U ~ N (F) such that 
o 

i(u) ~ for al l  u e U and i ~ I. (i) Re p ~ 1 - 

Accord ing to (9.3) and (2.14), we can f ind some l inear subspace N of 

F and two pre-Hi lber t  seminorms p,q on N, such that Bp ~ No(F), 

~ /2(Bp,Bq ) 1 (2) X d < i--2 
k=l 

and Bq c U. Take any i ~ I and any compact  X c  Hp \ (H DBp)~. Since 

Pi is a regular  measure, it is enough to show that ~i(X) ~ ~. 

Let ~ be the fami ly  of al l  f in i te ly  generated subgroups of H. 

For each L ~ ~, let ~L : Hp ~ L be the natura l  homomorphism. It 

is c lear that 

whence 

B o (H D p)H = n 
Lg~ 

H \ (H A Bp) = 

~LI((L A Bp)L), 

B o . U ~LI[L - \ (L D p)L ] 
Lg~ 

Since X is compact, it fo l lows that there is some L E ~ wi th X c 

- i  ~ B o ~L [L \ (L A p)L ]. Let PL be the ~L- image of Pi" From (11.2) 

we get Pi lL = ~L" Hence, by (i), (2), (12.2) and (2.13), we obtain 

O 
Pi(X) < p i [~Ll (L - \ Bp)L] : PL(L- \ (L N Bp) L) < E. 

It remains to consider  the case when K # {0}. Let ~ : H ~ H/K 

be the canonica l  p ro jec t ion  and # : (H/K)p ~ H the dual homomorphism. 

For every i, let ~i be the ~- image of Pi; then ~i =P i  ~ accord- 

ing to (11.2). Since the fami ly  {~i } = {pi¢} of p.d. funct ions on H 

is equ icont inuous at zero, the above impl ies that to each ~ > 0 there 

corresponds a compact  equ icont inuous subset Q of ~ with ~i(H-\ Q) ~ c 

for all i e I. Then 

pi ( (H/K)-  \ ~-I(Q)) = p i (~- l (H- \ Q)) = ~i(H- \ Q) ~ e. 

Now, it remains to observe that the c losure o L  ~-I(Q) is a compact equi- 

cont inuous subset  of (H/K)p (cf. (1.5)). • 
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(12.6) m~f~. The m a t e r i a l  of th is  s e c t i o n  is now. 

13. T h e  S N A G  t h e o r e m  

613.1; T ~ _  Le t  G be an a b e l i a n  t o p o l o g i c a l  g r o u p  and  T a 

t o p o l o g y  on G such  tha t  the  m a p p i n g s  G ~ K ~ K(g),  g • G, are  
T 

c o n t i n u o u s .  Le t  ~ : G ~ (G$) be the n a t u r a l  h o m o m o r p h i s m  and  p a 

R a d o n  m e a s u r e  o n  G . T h e n  s p a n  c~(G) i s  a d e n s e  s u b s e t  o f  L (G , l ~ ) .  

P ~ f .  I t  is e n o u g h  to show  tha t  the  c h a r a c t e r i s t i c  f u n c t i o n  of 

c o m p a c t  s u b s e t s  of G can  be a p p r o x i m a t e d  in L (G ,~) by  e l e m e n t s  

of  span  ~(G).  So, t ake  any  c o m p a c t  s u b s e t  X o f  G and any ~ > 0. 
T 

S i n c e  p is a R a d o n  m e a s u r e ,  t he re  e x i s t s  a c o m p a c t  subse t  Y of 

G- \ X w i t h  
T 

(i) Z(G-  \ X \ Y) < c. 

D e n o t e  U = G \ Y. S ince  Y is a c o m p a c t  subse t  of G , i t  is a 

c o m p a c t  subse t  of Gp, w h i c h  m e a n s  tha t  U is an o p e n  s u b s e t  of Gp. 

So, fo r  e a c h  6 E X, t he re  a re  a f i n i t e  s u b s e t  G~ of  G and  some 

6~ > 0, such  tha t  

(2) U%: = {K E G : l<(g ) - ~(g) l  < 6~ fo r  a l l  g ~ G~} c U. 

The se ts  U~, ~ E X, are  open  in Gp and  c o v e r  the  c o m p a c t  se t  

So, t he re  is a f i n i t e  subse t  Q of X such  tha t  

X. 

(3) X c U U~. 
% 

A r r a n g e  a l l  e l e m e n t s  of the  f i n i t e  se t  U G~ in  a s e q u e n c e  
~ Q  

(gk)k=l'n Le t  ~ : Gp- + S n be the  c o n t i n u o u s  h o m o m o r p h i s m  g i v e n  by  

n - ¢- i  
the f o r m u l a  ~(X) = K (gk )k :  1 for  K • G • D e n o t e  V = (~(X)). We  

sha l l  p r o v e  tha t  

(4) X • V c U. 

The  f i r s t  i n c l u s i o n  is t r i v i a l .  To  p r o v e  the  s e c o n d  one, c h o o s e  any  

K • V. We have  %(<) : ¢(X) for  some X • X. Next ,  by  (3), we have  

X • U< for  some ~ • Q. Th i s  imp l i es  tha t  < • U$. Hence ,  by  (2), we  

get  K • U, w h i c h  p r o v e s  (4). 
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T h e  r e s t r i c t i o n  ~ of  ~ to  B o r e l  s u b s e t s  o f  Gp is a R a d o n  

. - and  m e a s u r e  on  G . So, ~ is a R a d o n  m e a s u r e  on  S n Le t  11 H G 

,~) a n d  L c ( S  ,~$),  re -  II l lsn d e n o t e  the  n o r m s  in  the  s p a c e s  L (G- 2 n 

s p e c t i v e l y .  Le t  XA d e n o t e  the  c h a r a c t e r i s t i c  f u n c t i o n  of  a se t  A. 

S i n c e  t r i g o n o m e t r i c  p o l y n o m i a l s  a re  d e n s e  in  L~(Sn,~%) (see [38], (31.4)), 

we  c a n  f i n d  some  c o m p l e x  n u m b e r s  l l , . . . , l  p and  some  c o n t i n u o u s  h o m o -  

m o r p h i s m s  ( c h a r a c t e r s )  ~k  : Sn  + S, k = l , . . . , p ,  s u c h  t ha t  

P 

Z lkDkJlsn < £. IIX¢(x) k= l  

T h e n  

P P 2 d ~ ] i / 2  
]bX V - Z lkDk~[l _ = [ f  _ [X V - Z Xk~k$  [ 

k= l  G G k= l  

P 2 d ~ ] i / 2  
= [ •  [X~(x)  ~ lkq k] < e. 

S n k= l  

H e n c e ,  a p p l y i n g  (i) a n d  (4), w e  o b t a i n  

P 
IIXx - ~ >k~k¢IL _ < fIX x ×Vl] _ 

k= l  G G 

P 
+ IIX v - Z kk~k¢Ib _ 

k= l  G 

[~ (U \ X) ]  I /2  + a < £ i /2  + E. 

T h u s  i t  r e m a i n s  to  s h o w  t h a t  Dk  ~ e ~(G)  fo r  k = l , . . . , p .  

F i x  a n y  k = l , . . . , p .  W e  c a n  f i n d  some  s I .... ,s n ~ Z s u c h  t h a t  

s I s n 
D k ( Z l , . . . , z  n) = z I ... z n 

, S n f o r  (z I . . . , z  n) e (cf. (1 .7 ) ) .  Then ,  fo r  e a c h  ~ e G , we  h a v e  

n s k n 

(Dk$ ) (< )  : q k ( < ( g l ) , . . . , < ( g n ) )  : II < (gk  ) : <( Z Skgk ) ,  
k= l  k= l  

n 

w h i c h  m e a n s  t h a t  Dk$ : ~( Z Skgk)  e e (G) .  
k : l  

~]3.2) ~ .  Le t  $ be  a c o n t i n u o u s  c y c l i c  u n i t a r y  r e p r e s e n t a -  

t i o n  of  a n u c l e a r  g r o u p  G and  le t  ~ be an  a d m i s s i b l e  t o p o l o g y  on  
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G . Then  the re  ex i s t s  on G T a r e g u l a r  f i n i t e  Bo re l  m e a s u r e  p such  

that  ~ is u n i t a r i l y  e q u i v a l e n t  to the r e p r e s e n t a t i o n  ~ in the space  

2 
G~ ), g i ven  by  the f o rmu la  LC( ,~ 

(%'gf)(x) = f(x) exp  [2~ ix(g) ]  

for g ~ G, X ~ G and L (G ,~). 

~ f .  Let  u be a cyc l i c  vec to r  of ~. Then  the f o r m u l a  ~(g) = 

(¢gU,U),  g • G, d e f i n e s  a c o n t i n u o u s  p.d. f u n c t i o n  ¢ on G (see 

(1.23)) .  By (12.1) ,  the re  ex i s t s  a r e g u l a r  f i n i t e  Bo re l  m e a s u r e  U on 

G T w i t h  ~ = ~. Let  f be the f u n c t i o n  i d e n t i c a l l y  equa l  to 1 on 

G . F rom (13.1) i t  f o l l ows  tha t  f is a cyc l i c  v e c t o r  of ~. For  

each  g e G: we have  

(~gf, f )  = jc ^ exp [2~ i x (g ) ]d~ (x )  = ~(g) = ~(g) = (~gU,U).  

G 

Th is  imp l i es  tha t  ~ and ~ are u n i t a r i l y  e q u i v a l e n t  (see (1.25)). • 

S ince  a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  can  be w r i t t e n  as the 

H i l b e r t  sum of c yc l i c  r e p r e s e n t a t i o n  (see (1 .21)) ,  we c o u l d  e a s i l y  

f o r m u l a t e  an a n a l o g u e  of (13.2) for  n o n - c y c l i c  r ep rese~a t i ons  (cf.[38], 

(21.14) ) .  Ins tead ,  we sha l l  g ive  the SNAG t h e o r e m  for n u c l e a r  g r o u p  in 

i ts usua l  fo rm (cf. [18], p. 160). 

~13.3) ~ .  Let  ¢ be a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of 

a nuc lea r  g roup  G and let  • be an a d m i s s i b l e  t o p o l o g y  on G • Then  

the re  ex i s t s  on Bo re l  subse ts  of G 
T 

such  t h a t  

a un ique  s p e c t r a l  m e a s u r e  P 

(i) Cg = f ~ exp  [2~ i x (g ) ]dP (x )  (g e G). 

G 

For  the d e f i n i t i o n  of the s p e c t r a l  measu re ,  see [18], app. B. 3. 

1~m~f. In v i e w  of (1.21),  we m a y  assume tha t  ¢ is the H i l b e r t  

sum of some c o n t i n u o u s  cyc l i c  u n i t a r y  r e p r e s e n t a t i o n s  ¢i' i ~ I. 

Next ,  a c c o r d i n g  to (13.2),  we m a y  assume that ,  for  each  i ~ I, t he re  
A 

ex i s t s  a r e g u l a r  f i n i t e  B o r e i  m e a s u r e  ~i on G such  tha t  ¢i is 

the r e p r e s e n t a t i o n  in the space  L{(G-'~i)'cT g i v e n  by  the f o r m u l a  

(~ i (g ) f ) (x )  = f(x) exp  [2~ ix (g) ]  
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A ; 2 G  
for  g ~ G, X 6 G and f 6 L (G ,~i ). Let  H = ~ LC( ~,~i  ). 

i~I 

For  each  A ~ B (G~) ,  we de f i ne  a p r o j e c t i o n  P(A) : H ~ H by  

P ( A ) ( f i ) i ~  I = (×Af i ) i~ i  

whe re  fi E L~ (G~ ,~ i  ) for  e v e r y  i and X A deno tes  the c h a r a c t e r i s -  

t ic  f u n c t i o n  of A. I t  is not  d i f f i c u l t  to v e r i f y  that  P is a spec-  

t ra l  m e a s u r e  on H, s a t i s f y i n g  (i). 

To p rove  the u n i q u e n e s s  of P, suppose  tha t  we are given two spec-  

t ra l  m e a s u r e s  P1 and P2 d e f i n e d  on Bo re l  subse ts  of G such tha t  

Cg = 3 "  exp [2~ ix (g ) ]dP i ( x )  
G 

For  each  h E H, the m a p p i n g  

(g E G, i = 1,2,) .  

B (G~) B A + P~(A) : = ( P i ( A ) h , h )  (i = 1,2),  

is a r egu la r  f i n i te  Bo re l  m e a s u r e  on G~, and 

(¢gh,h) = f exp  [ 2~ i x (g ) ] dP~  

G 
(g ~ G, i = 1,2).  

Hence,  in v i e w  of the u n i q u e n e s s  of the m e a s u r e  in (12.1),  w e  have  

n S ince  h was a rb i t ra ry ,  it f o l l ows  tha t  P1 = P2" " P = P2" 

We sha l l  now dea l  w i t h  the p r o b l e m  of the e x t e n d i n g  of c o n t i n u o u s  

p.d. f unc t i ons  and u n i t a r y  r e p r e s e n t a t i o n s .  

q13.4) Zn~A. Let  H be a s u b g r o u p  of a nuc lea r  vec to r  g roup  F. 

Then  each  c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of H can  be e x t e n d e d  to 

a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of F. 

Proof° Le t  ¢ be a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of H. Ac-  

c o r d i n g  to (1.21),  we m a y  w r i t e  ¢ as the H i l b e r t  sum of some con-  

t i nuous  cyc l i c  u n i t a r y  r e p r e s e n t a t i o n s  ¢ . Suppose  that,  for eve ry  

~, we have  found  a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  ~ of F w i t h  

~ i  H = • . Then  ~ = ~ 9  is a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of 

F w i t h  ~ ]H = ¢" The re fo re ,  ¢ may  be a s s u m e d  to be a cyc l i c  repre-  

sen ta t ion .  Then, in v i r t ue  of of (13.2),  we may  assume that  there  

ex i s t s  on Hp a regu la r  f i n i te  Bo re l  m e a s u r e  ~ such  tha t  ¢ is the 



128 

2 
represen ta t ion  in the space Lc(H ,p), g iven by the formula 

(~hf)(x) = f(x) exp [2gix(h)] 

for h e H, X E H and f • L (H-,p). 

For each n = 1,2,.. . ,  there is a compact  equ icon t inuous  subset 

Qn of Hp wi th p(H \ Qn ) < i/n. We may assume tkaC Q n C  Qn+l" Let 

L 2 be the subspace of L~(H- n ,p) cons is t ing  of funct ions w i th  support  

2 ^ 
in Qn \ Qn-l" Then Lc(H ,p) is the Hi lber t  sum of the invar iant  

subspaces L 2 and ~ is the Hi lber t  sum of the cor respond ing  repre- 
n 

sentat ions ~n" As before, we have to show only that every  ~n can be 

ex tended to a cont inuous un i ta ry  representa t ion  ~n of F. There-  

fore, we may s imply  assume that there is a compact  equ icont inuous  sub- 

set Q of Hp wi th  p(H \ Q) = 0. Then there is some U • No(F) 

wi th  Q • (U 0 H)~. As in the proof  of (12.4), we can f ind a l inear 

subspace N of F and three pre-Hi lber t  seminorms p,q, r  of N,' such 

No(F) that Bp 

(i) l im dk(Bp,B q) = 0, 
k ~  

(2) 5 5: kdk(Bq,B r) < i, 
k=l 

and B r c U. We may assume that N = F. Indeed, if ~' is a cont in-  

uous un i ta ry  representa t ion  of N wi th  ~' = # on H N N, then the 

formula 

~"(h + u) = ¢(h)~'(u) (h ~ H, u ~ N) 

def ined a un i ta ry  representa t ion  ~" of H + N .  Since the group of 

un i ta ry  operators  is d iv is ib le,  we can extend ~" to a un i ta ry  rep- 

resenta t ion  ~ of F (cf. (1.6)). We have ~IH = ~"IH = ~. More- 

over, ~IN = ~"IN = ~'. Since ~' is cont inuous and N 

subgroup of F, it fo l lows that ~ is cont inuous.  

Consider  the canonica l  d iagram 

is an open 
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id id 
F > F  > F  

Apq > > 

Fp Fq F r 

Let  B be the c l osed  un i t  ba l l  of (Fq)*. It f o l l ows  f rom (i) that  

A is a compac t  ope ra to r ,  w h i c h  imp l ies  tha t  F is separab le .  Thus  
Pq q 

B is a Po l i sh  space.  

Cons ide r  the r e l a t i o n  

= = {(x,f)  • Q × B : p f~q(h)  = x(h) for  a l l  h E H}. 

We sha l l  p rove  tha t  E is a m u l t i f u n c t i o n  f rom Q to B (for the ter-  

m i n o l o g y  c o n c e r n i n g  m u l t i f u n c t i o n s ,  cf. [40]). So, take any X •Q.  The 

fo rmu la  

x ' (h  + u) = x(h) (h • H, u • r - l (0) )  

de f i nes  a c o n t i n u o u s  c h a r a c t e r  X' of the g roup  H' = H + r - l (0) .  We 

have  Ix'(H' N Br) I ~ 1/4. By (2) and (8.1), there  exists some f' • F# 

w i t h  Pf ' IH,  = X' and sup { I f ' (u) l  : u • Bq} ~ i. S ince  X' ~ 0 on 

r - l (0) ,  it f o l l ows  tha t  f' £ 0 on q - l (0 ) .  So, the re  is some f • B  

w i t h  f' = f~q. Then  (x,f) • E. 

It is obv ious  tha t  the g r a p h  of ~ is c losed.  Hence,  by  A u m a n n  s 

t h e o r e m  on m e a s u r a b l e  se l ec to r s  (see [40], T h e o r e m  5.2), the re  ex is ts  

a Bore l  m a p p i n g  ~ : Q ~ B such that  p~(X)~ql  H = X for ~ -a lmos t  

al l  × • Q. C o n s i d e r  the c o n t i n u o u s  m a p p i n g  ~ : B ~ Fp g i ven  by 

the fo rmu la  ~(f) = p f~q for f • B. The set  8(B) is e q u i c o n t i n u o u s  
A 

1 Bq)~.  ~ F be the because ,  ev iden t l y ,  8(B) c (4 Next ,  let  a : Hp P 

Bore l  m a p p i n g  g i ven  by  the f o rmu la  

[ ~ ( X )  if X • Q 

o(X) 

if X ~ Q. 
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The image of a is equ icont inuous because a(H ) = a(Q) c 8(B). There- 

fore the Four ier  t ransform of the Borel  measure  Pa is cont inuous (cf. 

the proof of (ii.i)). Let ~' be the un i ta ry  representa t ion  of F in 

space Li(F- the ,pa) g iven by the formula 

(~f ) (K)  = f(<) exp [2~iK(u)] 

for u • F, f • L~(F- ,pa) and K • F . Due to (13.1), 

fo a 1 is a cycl ic  vector  of ~'. We have 

the funct ion 

( ~ f o , f o )  = J- exp [2~iK(u)]dpa(K) = ~a(U) 

F 

for all u E F, wh ich  means that ~' is cont inuous (see (1.23)). 

For a lmost all X • Q, we have 

a(X)IH = (6a)(X) [H = P~(X)~q[ H = X ,  

which impl ies that 

^ 

(3) o(X) IH = X for a lmost all × • H . 

2 
Hence, for each f • L c(H-,p), we have 

f I f (<iH)12dpa(~) = f I f (a(X) iH)12dp(x) = jc_ i f (x )12dp(x) .  

F H H 

This means that the formula 

(Ff)(<) = f(KIH) (K • F ) 

def ines an isometr ic  operator  ~. : L2(H -,p) ~ L2(F-,po).  

2 hand, for each f E Lc(F ,pa) , we have 

f I f (o(X))12d~(x) = f I f (<)12dpa(<),  

H F 

On the other 

which means that tlhe formula 

(Af) (~) = f(a(X)) (X • H ) 

def ines an isometr ic  operator  & : L~(F-,po) ~ L~(H-,~).  

Take any f • L~(H-,p).  Accord ing  to (3), we have 
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AFf (x)  = (F f ) (o (X) )  = f ( o (X ) iH )  = f(x) 

fo r  a l m o s t  a l l  X ~ H . Thus  ~F = id, w h i c h  i m p l i e s  tha t  F is an 

isometry o f  L c ( H  ,~) o n t o  L (F-,~o). T h e n  T : = F - 1 T ' F  i s  a c o n -  

t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  o f  F i n  t h e  s p a c e  L ~ ( H - , ~ ) .  

2 - 
T a k e  a n y  h E H a n d  f s L c ( H  , p ) .  I n  v i e w  o f  ( 3 ) ,  f o r  a l m o s t  

a l l  X ~ H , we  have  

(Thf ) (x )  = (AT~Ff ) (x )  = (~ ' hF f ) ( o (X ) )  

= (F f ) (o (X) )  e x p  [ 2~ io ( x ) (h ) ]  = f ( o (X ) iH )  exp  [2~ ix (h ) ]  

= f (x  exp  [2~ ix (h ) ]  = (¢h f ) (x ) .  

Th i s  p r o v e s  tha t  ~ IH  = ¢. • 

~13.5) ~ .  Le t  A be a s u b g r o u p  of a n u c l e a r  g r o u p  G. T h e n  

e a c h  c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of A can  be e x t e n d e d  to a con-  

t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of G. 

~ .  Le t  ¢ be a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of A. In  

v i r t u e  of (9.6) ,  we  m a y  a s s u m e  tha t  t he re  e x i s t  a n u c l e a r  v e c t o r  g r o u p  

F, a s u b g r o u p  H of F and  a c l o s e d  s u b g r o u p  K of  H, such  tha t  

G = H/K. Le t  ~ : H + H / K  be the  c a n o n i c a l  p r o j e c t i o n .  T h e n  ¢4 is 

a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  of ¢ - I (A ) .  By  (13.4) ,  we  can  ex-  

t end  it to  a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  ~' of H. S ince  ~' 

is t r i v i a l  on  K, i t  i n d u c e s  a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  T of 

H / K  w i t h  ~ = ~ ' IH.  I t  is o b v i o u s  tha t  T IA  = ¢. • 

q13.6) ~ .  Le t  A be a s u b g r o u p  of  a n u c l e a r  g r o u p  G. T h e n  

each  c o n t i n u o u s  p.d.  f u n c t i o n  on  A can  be e x t e n d e d  to a c o n t i n u o u s  

p.d.  f u n c t i o n  on  G. 

P ~ f .  Le t  % be a c o n t i n u o u s  p.d.  f u n c t i o n  on A. T h e r e  e x i s t s  

a c o n t i n u o u s  c y c l i c  u n i t a r y  r e p r e s e n t a t i o n  ¢ of A w i t h  a c y c l i c  

v e c t o r  u, such  tha t  (¢gU,U) = ¢(g) fo r  a l l  g E A (see (1.24)). By  

(13.5) ,  we  can  e x t e n d  ¢ to a c o n t i n u o u s  u n i t a r y  r e p r e s e n t a t i o n  

of  G. T h e n  the  f u n c t i o n  G 3 g + (TgU,U) is a c o n t i n u o u s  p.d.  ex-  

t e n s i o n  of ¢ (see (1 .23) ) .  • 

~13.7; JK;I~. The  m a t e r i a l  of t h i s  s e c t i o n  is new. 



Chapter  5 

P(]~rI~RYAGIN DUALI~.f 

Let K be an addi t ive subgroup of a real loca l ly  convex space E. 

Let E* be the dual  space and K* the subgroup of E* cons is t ing  of 

funct iona ls  wh ich  assume integer values at points be long ing  to K. We 

saw in sect ion 8 that c losed subgroups of nuc lear  spaces are weak ly  

closed. Thus, if K is a c losed subgroup of a nuc lear  Frechet  space, 

we may wr i te  K** = K. The equa l i ty  K** = K for c losed subgroups of 

R n is the hear t  of the Pont ryag in  dua l i ty  for LCA groups. These facts 

were the s tar t ing point  for the inves t iga t ion  of dua l i t y  p roper t ies  of 

addi t ive subgroups and quot ients  of nuc lear  spaces. 

Sect ion 14 of this chapter  conta ins the basic facts on dua l i ty  

for subgroups, quot ient  groups, products  and d i rec t  sums of abe l ian 

topo log ioa l  groups. In sect ion 15 we give an account  of known resul ts  

on the Pont ryag in  dua l i ty  for local ly  convex spaces. In sect ion 16 we 

prove that character  groups of met r i zab le  nuc lear  (vector) groups are 

nuclear. Sect ion 17 conta ins the proof of the main  resul t  of this 

chapter: if G is a countab le  product  of LCA groups and metr izable,  

complete nuclear  groups, then the dua l i t y  be tween G and G- induces 

dual i t ies  between appropr ia te  c losed subgroups and quot ients  of G and 

G-. We also give here some examples wh ich  show that the assumptions of 

coun tab i l i t y  and met r i zab i l i t y  are essent ia l .  Final ly,  sect ion 18 is 

devoted to V i lenk in 's  theory  of groups wi th  boundedness.  

Let H be a subgroup of an abel ian topo log ica l  group G. To sim- 

p l i fy  the notat ion,  in this chapter  we shal l  assume that the groups G- 

and H ° are endowed wi th  the compact -open topology. In some places, 

however, where the d i f fe rence between var ious topo log ies on G- is 

essent ia l ,  we shal l  apply  the nota t ion  Gc,Gpc etc. 

14. Pre l im inar ies  

Let G be an abel ian topo log ica l  group. The eva lua t ion  map from 

G into G-- wi l l  be denoted by ~G" Thus <~G(g) > = <x,g> for g ~  G, 

X ~ G-. Obviously,  ~G is in ject ive if and only if G admits suf- 

f i c ient ly  many cont inuous characters.  We say that G is a re f lex ive  

group if e G is a topo log ica l  i somorph ism of G onto G-- 
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(14.1) ~mm~a. Let  A be an a r b i t r a r y  subse t  of an a b e l i a n  topo lo -  

g i ca l  g roup  G and let  Q be the q u a s i - c o n v e x  hull of A. Then  eQ(Q) 

= ~G(G) N A °°. 

PmsQf. The i n c l u s i o n  eG(Q) c eG(G) A A °° is t r i v ia l .  To p rove  

the o p p o s i t e  one, choose  an a r b i t r a r y  ~ ~ ~G(G) A A °°. We have ~ = 

eG(g)  for  a c e r t a i n  g ~ G and it r ema ins  to show tha t  g ~ Q. Sup-  

pose  the con t ra ry ;  then  Ix(g)l > ¼ for  a c e r t a i n  X • A°. Hence  

I~(X)I = Ix(g) l > ¼, w h i c h  is i m p o s s i b l e  b e c a u s e  ~ • A °°. • 

~14.2~. Let  G be an a b e l i a n  t o p o l o g i c a l  g roup  w i t h  ~G(G)=  

G-- For  each  d u a l l y  c l o s e d  s u b g r o u p  H of G, one has ~ G ( H ) =  H °°. 

Each  d u a l l y  c l o s e d  s u b g r o u p  of G is the a n n i h i l i t o r  of some c l osed  

s u b g r o u p  of G. 

P ~ f .  The f i r s t  a s s e r t i o n  is a d i r ec t  c o n s e q u e n c e  of (14.1) be-  

cause  d u a l l y  c l o s e d  subg roups  are q u a s i - c o n v e x  sets.  To p rove  the sec-  

ond  one, take  a d u a l l y  c l o s e d  s u b g r o u p  A of G . The set 

B = {g • G : x(g) = 0 for a l l  X • A} 

is a c l osed  s u b g r o u p  of G. I t  is obv ious  that  A c B °. So, it re- 

ma ins  to show tha t  B ° c A. 

S u p p o s e  the c o n t r a r y  and let < • B ° \ A. S ince  A is d u a l l y  

c l o s e d  in G-, we have  I~(K)I > ¼ for a c e r t a i n  ~ • A °. Next ,  we 

have ~ = ~G(g) for a c e r t a i n  g • G b e c a u s e  ~G(G) = G S ince  

• A °, it f o l l ows  tha t  x(g) = ~(X) = 0 for a l l  × e A, w h e n c e  

g ~ B. Bu t  K • B ° and, t he re fo re ,  <(g) = 0, w h i c h  is i m p o s s i b l e  

b e c a u s e  K(g) = ~(K). " 

(14.3) ~.,~mA. Let  G be a l o c a l l y  q u a s i - c o n v e x  g roup  and let  G 

be the image  of ~G e n d o w e d  w i t h  the t o p o l o g y  i n d u c e d  f rom G Then  

the m a p p i n g  ~G : G + G" is open. 

P ~ f .  Choose  an a r b i t r a r y  U E No(G  ) . We have  to show tha t  

eG(U) e No(G"  ). We m a y  assume U to be q u a s i - c o n v e x .  Then, by (14.1) ,  

we have eG(U) = G" A U °° and it r ema ins  to o b s e r v e  tha t  U °° • N o ( G - - )  

because  U ° is a c o m p a c t  subse t  of G- (see (1.5)) .  • 

(14_4) ~ .  If an a b e l i a n  t o p o l o g i c a l  g roup  G is a Q - s p a c e ,  

then  e G is con t i nuous .  
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Th is  f o l l ows  i m m e d i a t e l y  f rom the fac t  that ,  due  to the Asco l i  

theorem,  c o m p a c t  subse ts  of G are e q u i c o n t i n u o u s .  

(14,5) ~ .  Let  X ,Y  be t o p o l o g i c a l  spaces.  A m a p p i n g  f : X ~ Y  

is c a l l e d  k - c o n t i n u o u s  if a l l  i ts r e s t r i c t i o n s  to c o m p a c t  subse t s  of 

X are  con t i nuous .  A t o p o l o g i c a l  g roup  G is c a l l e d  a k - g r o u p  if a l l  

k - c o n t i n u o u s  h o m o m o r p h i s m s  of G in to  t o p o l o g i c a l  g roups  are c o n t i n u -  

ous. Th is  no t i on  was  i n t r o d u c e d  by  N. Nob le  [721. Na tu ra l l y ,  if G is 

a k - space ,  it is a lso  a k -g roup,  but  the re  ex i s t  k - g r o u p s  which are no t  

k -spaces .  Nob le  p r o v e d  that  if an a b e l i a n  t o p o l o g i c a l  g roup  G is a k -  

-group,  then  a G is c o n t i n u o u s  ([721, T h e o r e m  2.3).  

For  our  pu rposes ,  we get  l i t t l e  b e n e f i t  f rom the n o t i o n  of a k - 

-group.  An a b e i i a n  t o p o l o g i c a l  g r o u p  G w i l l  be c a l l e d  a c - g r o u p  i f  

aG is con t i nuous .  It tu rns  out  that  the p e r m a n e n c e  p r o p e r t i e s  of k -  

-g roups,  e s t a b l i s h e d  in [72], r ema in  v a l i d  for  c -g roups .  Consequent ly ,  

if we are ab le  to p rove  that  a g i ven  t o p o l o g i c a l  g r o u p  is a k -g roup ,  

then  we are a lso  in a p o s i t i o n  to p rove  that  it is a c -g roup ,  w i t h o u t  

r e f e r r i n g  to the n o t i o n  of a k-group.  Bes ides ,  the re  ex i s t  c - g r o u p s  

w h i c h  are  not  k -g roups ,  e.g. u n c o u n t a b l e  d i r ec t  sums of rea l  l ines.  

(14.6J r ~ .  Let  H be a d u a l l y  c losed ,  d u a l l y  e m b e d d e d  s u b g r o u p  

of an a b e l i a n  t o p o l o g i c a l  g roup  G. If gG(G) = G , then a H ( H ) = H  

~ f .  Take  an a r b i t r a r y  ~ E H and c o n s i d e r  the c a n o n i c a l  ho-  

m o m o r p h i s m  ~ : G- ~ H-. It is obv ious  that  ~ ~ H °°. By  (14.2) ,  we 

have aG(H) = H °O. Consequen t l y ,  the re  is some h ~ H w i t h  a G(h) = ~# 

and it r ema ins  to show that  aH(h) = ~. For  each  X a G , one has 

<~H(h ) , hx>  = < a H ( h ) , ¢ ( X ) >  = < ~ H ( h ) , X I H >  = <x ,h> 

= <~G(h ) , x>  = <~¢,X>.  

Th is  means  that  ~H(h )¢  = ~¢. Hence  aH(h)  = ~ b e c a u s e  ¢ maps  

on to  H- (H was  a s s u m e d  to be d u a l l y  e m b e d d e d  in G). • 

G 

~ 1 4 . v ) ~ .  Let  H be a c l o s e d  s u b g r o u p  of an a b e l i a n  topo lo -  

g i ca l  g r o u p  G. If aG is con t i nuous ,  so is aG/H" 

~ .  Let  ~ : G + G/H be the c a n o n i c a l  p ro j ec t i on .  

v e r i f i c a t i o n  shows tha t  the d i a g r a m  

A d i r e c t  
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is commutat ive.  • 

~G 
G > G 

~G/H 
G/H > (G/H) 

Let H be a c losed subgroup of an abe l ian topo log ica l  group G. 

The canon ica l  homomorph isms G-/H ° ~ H- and (G/H)- + H °, de f ined  in 

the obv ious way, wi l l  be denoted by %H and CH, respect ive ly .  Ob- 

serve that ¢H is a cont inuous in ject ion; it is a sur jec t ion if and 

only if H is dua l ly  embedded in G. The mapp ing  ¢H is a cont inuous 

isomorph ism of (G/H)- onto H ° . 

~14.82 ~:~a. Let H be a dua l ly  c losed and dua l ly  embedded sub- 

group of a Hausdor f f  loca l ly  quas i -convex  group G. If eG(G) = G 

and the group G-/H ° is loca l ly  quas i -convex,  then #H : G~/H° ~ H^ is 

a topo log ica l  isomorphism. 

P~x~. The Hausdor f f  loca l ly  quas i -convex  group G admits suff i -  

c ient ly  many  cont inuous characters,  wh ich  means that ~G is injective. 

From (14.3) it fo l lows that e G is open, i.e. (x~l : G-- + G is con- 

t inuous. By (14.2), we have ~G(H) = H °°. Therefore,  the homomorph ism 

: H °° ~ H, de f ined  as the res t r ic t ion  of e~l to H °°, is cont in-  

uous. Let Q = G-/H ° and let y : H- ~ Q be the homomorph ism dual  

~ H  ° - ~H O 
to : Q + H. Since ~ and are both sur ject ive,  y is 

in ject ive. A d i rect  ve r i f i ca t ion  shows that Y#H = eQ. Let Q~ = ~Q(Q); 

since H is dua l ly  embedded, #H maps Q onto H , so that we ob- 

ta in the fo l lowing commuta t ive  d iagram 

~Q 
Q > Q 

H 
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where  ¥ is a c o n t i n u o u s  i somorph ism.  To c o m p l e t e  the proof ,  it re- 

ma ins  to obse rve  that,  due t o  (14.3),  the m a p p i n g  ~Q : Q ~ Q" is 

open. • 

Let  f be a c o n t i n u o u s  m a p p i n g  of a t o p o l o g i c a l  space  X onto  a 

t o p o l o g i c a l  space  Y. We say  that  f is c o m p a c t - c o v e r i n g  if to each  

compac t  subset  A of Y there  c o r r e s p o n d s  a compac t  subse t  B of X 

such tha t  A c f(B). 

(~4.g) P]~u~s][Ti~. An open m a p p i n g  of a C e c h - c o m p l e t e  space X on- 

to a t o p o l o g i c a l  space Y is c o m p a c t - c o v e r i n g .  

Th is  fact  was p roved  by  A r k h a n g e l s k i [  [2]. 

( 1 4 . 1 0 ) ~ ~ .  Let  H be a c l osed  subg roup  of a Cech-complete  

abe l i an  g roup  G. Then  CH : (G/H)- ~ H ° is a t o p o l o g i c a l  i somor -  

ph ism. • 

(14.11) PRmvOSlTIOI. Let {Gi } ie  I be a f am i l y  of abe l i an  t opo log i -  

cal  groups.  There  are canon i ca l  t o p o l o g i c a l  i s o m o r p h i s m s  

( 1-[ Gi)^ -- Z *G? and ( Z *  Gi)" -- II Gi. 
iEI igI 1 ieI igI 

If a l l  g roups  G. are re f lex ive ,  so are I-[ G. 
1 ieI i 

and Z *G,. 
ieI I 

Pz~=f. To s i m p l i f y  the no ta t ion ,  we sha l l  w r i t e  II i and Z i  in- 

s tead  of I-[ and Z 4, r espec t i ve l y .  Let  X a { I I iG i) For  each  
iEI iEI 

i ~  I, let  Xi deno te  the r e s t r i c t i o n  of X to G i (we i d e n t i f y  G i 

w i t h  the c o r r e s p o n d i n g  subg roup  of I I iGi) .  It is c lear  tha t  Xi = 0 

for  a l l  but  f i n i t e l y  m a n y  ind ices  i. Cons ide r  the c a n o n i c a l  m a p p i n g  

: ( I I iG i) ~ }qiGi 

g i ven  by  #(X) = (X i ) ie  I • I t  is c lear  that  # is an a l geb ra i c  iso-  

morph ism.  To p rove  that  it is con t inuous ,  choose  any U E N o ( Z i G i ) .  We 

may  assume that  U = Z i U i  whe re  U i ~ No (G  ) for eve ry  i. For 

each i ~ I, we can f ind  some compac t  subse t  K i of G i such tha t  

K~I + K~l c U..I Then  K : I I iK i is a compac t  subse t  of I I iG i and it 
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is enough  to show tha t  @(K °) c U. 

So, take any X g K °. We may  assume that  al l  sets K i are sym- 

metr ic .  Then  it is not  ha rd  to see that  

1 
~. i lx(Ki) ]  = Ix(K) I _-< ~. 

Wr i te  c.l = ' - ']x(Ki~] for eve ry  i. F rom the c o n d i t i o n  K9 + K~ c U it 
l 1 

fo l lows e a s i l y  t h a t  

Ir 1 7 -1 
x i /U  i ~ ~[4--~iJ 

where  [x] is the in teger  pa r t  of x. S ince Z i c i  ~ ¼, a f te r  easy  

ca l cu l a t i ons  we get  Z i ( X i / U  i) < i, wh i ch  means  that  ¢(X) = 

(Xi ) ig  I e Z i U i  = U. 

To p rove  that  ~ is open, choose  any  W E N o ( ( ~ i G i )  ). We may  

assume that  W = K ° for some compac t  subse t  K of ~ . G . .  Next ,  we 
l l  

assume that  K = ~ i K i  where  K i is a compac t  subse t  of G i for  
* O  * 

every  i. Then  K~l ~ No(Gi) for eve ry  i, so that  X i K i  g N o ( Z i G  ~) 

and it rema ins  to show that  Z ~ K 9  c $(W). 
i i  

" * O  
Take any X g ( ~ i G i )  w i th  ¢(X) = (Xi ) i~ I g Z i K i  . We have to 

1 
p rove  that  ]X(K)] £ ~. It is not  ha rd  to v e r i f y  that  xi/K ~ ~ 4[xi(K i I 

for eve ry  i. Then  

I ~  o 1 
Ix(K) 1 <-- >q i lX i (K i  )I < 4 i (x i /n i  ) < ~" 

to 

The p roo f  that  ( Z i G i  ) is c a n o n i c a l l y  t o p o l o g i c a l l y  i somorph i c  

H iG 2 i s  s i m i l a r ,  and  e v e n  a l i t t l e  b i t  s i m p l e r  ( u s e  ( 1 . 1 7 ) ) .  

The last  asse r t i on  of (14.11) is a c o n s e q u e n c e  of the f o l l ow ing  

canon i ca l  i somorph isms :  

( I I iGi)  -- (SXiGi) -- (YI iG i ) -- I I iGi, 

* -- I I iG ~) ( Z i G i )  iGi . ( ~  iGi ) ( -- -- Z • 

(14.12) P~S~I~. Let G = Z (G i : Hi) be a reduced  p roduc t  of 
iEI 

abe l i an  t o p o l o g i c a l  groups.  Suppose  tha t  H i is dua l l y  c losed  in G i 

for  a lmos t  al l  i. Then  G is c a n o n i c a l l y  t o p o l o g i c a l l y  i somorph i c  
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~q (Gi : H°). Consequent ly ,  if all groups G i 
i~I 

is ref lexive,  too. 

We omit  the proof because it is very s imi lar  to that of (18.2) be- 

low. For detai ls,  we refer the reader to [60]. See also [38], (23.33). 

Let G = Z (G i : H i ) be a reduced product  of abel ian topologi -  
iEI 

cal groups. Let H be a subgroup of G cons is t ing  of all sequences 

(gi) such that gi ~ Hi for all i. Then H may be ident i f ied  wi th  

the product  II H i wi th  the usual  product  topology and G/H may be 
iEI 

ident i f ied  wi th  the d i rect  sum Z (Gi/Hi). We may also ident i fy  H ° 
iEI 

wi th  the subgroup II H~ of Z (Gi : H~). It is c lear that H is 
i~I i i~I i 

dual ly  c losed (rasp. dua l ly  embedded) in G if and only if H i is 

dua l ly  c losed (rasp. dua l ly  embedded) in G i for every  i. Similarly, 

G/H is local ly  quas i -convex if and only if Gi/H i is local ly  quasi-  

-convex for every i. The mapping SH : G-/H° ~ H (rasp. cH:(G/H)- ~ 

H °) is a topolog ica l  i somorph ism if and only if SH. : Gi /H~ ~ Hi 
1 

H i 
(rasp. ~ : (Gi/H i) ~ H~) is a topo log ica l  i somorph ism for every  i. 

Deta i led proofs of these facts can be found in [60]. 

(14.13) IOl~S. The mater ia l  of this sect ion is taken main ly  f rom 

[8]. Propos i t ion  (14.11) is known as Kaplan 's  dua l i ty  theorem and was 

proved by Kaplan [49]. For countab le  products,  it was obta ined inde- 

pendent ly  by V i lenk in  (see [97], n ° 4). Propos i t ion  (14.12) is taken 

from [60]. It had been obta ined ear l ier  by V i lenk in  [97], Theorem 7. In 

the case when G i are LCA groups and H i are open compact  subgroups, 

(14.12) was proved independent ly  by Braconnier [25] and V i lenk in  [96]. 

15. Loca l ly  convex vector  groups 

( 1 5 . 1 )  ~ l ~ I ( m .  A local ly  convex space E sat is f ies the condi-  

t ion ~E(E) = E if and only if c losed convex hul ls of compact  sub- 

sets of E are weak ly  compact.  

Pmm~f. By (2.3), we have a topolog ica l  i somorph ism PE : Ec ~ E 

and an a lgebra ica l  isomorph ism PE* : (Ec) ~ (Ec) . Let ~ : E ~  (E c) 
c 

be the canonica l  embedding.  We have the fo l lowing commutat ive  diagram: 
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id 
E > E 

- PE* 
PE * - c * * 

E > (Ec) < (Ec) 

~ A  

SO, the c o n d i t i o n  aE(E) = E is e q u i v a l e n t  to 

(i) 8(E) = (E c) . 

Suppose  f i r s t  tha t  c l osed  convex  hu l l s  of c o m p a c t  subse ts  

are w e a k l y  compac t .  We have  to p rove  (i). Let  h E (Ec) 

s ymmet r i c  c o m p a c t  subse t  A of E such  that ,  by  d e n o t i n g  

one has 

(2) 

A 0 = {f g E : If(u) l ~ 1 for a l l  u g A}, 

of E 

The re  is a 

fo E M N A 0. Hence,  by  (3) and (2), we ob-  

lh(f)l ~ i for  a l l  f E A 0. 

Let  m be the f a m i l y  of a l l  f i n i t e  d i m e n s i o n a l  s u b s p a c e s  of E. 

F ix  an a r b i t r a r y  M ~ m. It is c l ea r  tha t  we can f ind  some v E  E w i t h  

(3) f(v) = h(f)  for  a l l  f ~ M. 

Let  us deno te  

M 1 = {u a E : f(u) = 0 for  a l l  f ~ M}. 

We sha l l  p rove  tha t  

(4) v E M ± + cony  A. 

S u p p o s e  the con t ra ry .  S ince  M ± is w e a k l y  c l o s e d  and, by  our  as-  

sumpt ion ,  conv  A is w e a k l y  compac t ,  it f o l l ows  tha t  M I + c o n v  A is 

w e a k l y  c l o s e d  in E. So, by  the H a h n - B a n a c h  theorem,  the re  is some 

fo E* w i t h  Ifo(V) I > 1 and 

(5) Ifo(U) I ~ 1 for  a l l  u e M ± + conY  A. 

F rom (5) i t  f o l l ows  tha t  
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t a i n  Jfo(V) l = Jh(fo) I ~ i, w h i c h  is a c o n t r a d i c t i o n .  

Now, (4) i m p l i e s  tha t  t h e r e  is some w • c o n v  A w i t h  w - v ~ M ±. 

Then,  by  (3), fo r  e a c h  f • M, one  has 

f(w) = f(v) + f (w  - v) = h( f ) .  

We have  thus  shown  that ,  for  each  M • m , the se t  

PM : = cony  A n {u e E : h(f)  = f(u) for  a l l  f • M} 

is non -emp ty .  S i n c e  conv  A is w e a k l y  compac t ,  the  i n t e r s e c t i o n  o f  

a l l  P "s c o n t a i n s  some v e c t o r  v. T h e n  f(v) = h(f)  fo r  a l l  f • E ,  
m 

i.e. ~(v) = h. Th i s  p r o v e s  (i). 

C o n v e r s e l y ,  s u p p o s e  tha t  (i) is sa t i s f i ed .  C h o o s e  an a r b i t r a r y  

c o m p a c t  subse t  A of E and  d e n o t e  

A 0 = {f • E* : if(u) I ~ 1 for  a l l  u E A}, 

B = {u • E : If(u) l ~ 1 for  a l l  f • A0}.  

N a t u r a l l y ,  B is a c losed ,  c o n v e x  s u b s e t  of E c o n t a i n i n g  A, so 

tha t  it r e m a i n s  to show tha t  B is w e a k l y  compac t .  S ince  A 0 • N  O (E~), 

the B a n a c h - A l a o g l u  t h e o r e m  i m p l i e s  tha t  

A 00 : = {h E (Ec) : lh(f)l < 1 for  a l l  f e A 0} 

i s  c o m p a c t  i n  t h e  w e a k *  t o p o l o g y  on  ( E c )  . Now, (1 )  i m p l i e s  t h a t  

~(B) = A 00 and it r ema ins  to o b s e r v e  tha t  ~ is a t o p o l o g i c a l  iso-  

m o r p h i s m  o f  t h e  s p a c e  E e n d o w e d  w i t h  i t s  w e a k  t o p o l o g y  o n t o  t h e  s p a c e  

(E c) e n d o w e d  w i t h  i ts  weak*  t opo logy .  - 

(15.2;PRs~ssi~zom. E v e r y  m e t r i z a b l e  and  c o m p l e t e  l o c a l l y  c o n v e x  

v e c t o r  space  is a r e f l e x i v e  g roup.  

" V e c t o r  space"  m a y  be r e p l a c e d  he re  by  " vec to r  g roup" ;  see (15.7). 

Pz~af. Le t  E be a m e t r i z a b l e  and  c o m p l e t e  l o c a l l y  c o n v e x  space.  

Then  c l o s e d  c o n v e x  h u l l s  of  c o m p a c t  s u b s e t s  of E are compac t ,  h e n c e  
~ A  

w e a k l y  compac t ,  and  (15.1) says  tha t  ~E(E)  = E Tha t  ~E is o p e n  

and  c o n t i n u o u s  f o l l o w s  f rom (14.3) and  (14.4) .  • 
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~IS.3) ~ x ~ .  Every  re f lex ive  loca l ly  convex  space is a re- 

f lex ive group. 

Proof. Let E be a re f lex ive loca l ly  convex space. Then c losed 

b o u n d e d  s u b s e t s  o f  E a r e  w e a k l y  c o m p a c t  ( [ 8 0 ] ,  Ch.  I V ,  T h e o r e m  5 . 5 ) ,  

and (15.1) impl ies that ~E(E) = E From (2.4) and (14.3) we infer 

t h a t  aE i s  o p e n .  We s h a l l  p r o v e  t h a t  i t  i s  c o n t i n u o u s .  

In v iew of (2.3), it is enough to show that compact  subsets  of E 
C 

are e q u i c o n t i n u o u s .  S o ,  l e t  A b e  a c o m p a c t  s u b s e t  o f  E c .  S i n c e  E 

i s  r e f l e x i v e ,  i t  s u f f i c e s  t o  s h o w  t h a t  A i s  a b o u n d e d  s u b s e t  o f  E b -  

Suppose the contrary;  then there is some f E (Eb) w i th  sup { If(u)l: 

u~ A} = ~ .  H o w e v e r ,  s i n c e  E i s  r e f l e x i v e ,  we h a v e  f ~ (E c )  a n d  

then sup {If(u)l : u ~ A} < co because A was compact  in E c. The 

c o n t r a d i c t i o n  o b t a i n e d  c o m p l e t e s  t h e  p r o o f .  • 

(15.4) RnL~K. Since there ex is t  non- re f lex i ve  Banach spaces, f rom 

(15.2) and (15.3) it fo l lows that, for loca l ly  convex spaces, ref lex-  

iv i ty  is an essen t ia l l y  s t ronger  p roper ty  than "group reflexivity". See 

also (18.2). One more not ion of re f lex iv i t y  can be ob ta ined by consid-  

er ing the so-ca l led  s t ruc tu re  of con t inuous  convergence  on topo log ica l  

groups. H.-P. Bu tzmann [271 proved that a loca l ly  convex space is re- 

f lex ive in the sense of con t inuous  convergence  if and only  if it is 

complete.  

(15.5) ~ .  Kye [57] p roved that a loca l ly  convex  space E is 

a re f lex ive group if and on ly  if c losed convex hu l ls  of compact  subsets  

of E are weak ly  compact  and each c losed convex ba lanced set wh ich  is 

a ne ighbourhood  of zero in the k - topo logy  is a ne ighbourhood  of zero 

in the o r ig ina l  topology. The f i rs t  cond i t i on  is sa t i s f ied  if and only  

if eE(E) = E (see (15.1)). The second one is equ iva len t  to the con- 

t inu i ty  of ~E" 

(15.6) TJmm~. Let E be a loca l ly  convex space, L a vec tor  space 

endowed wi th  the d isc re te  topo logy  and M a l inear subspace of E × L. 

For each u ~ (E × L) \ M, there ex is ts  some X ~ (E × L) w i th  

XIM = 0 and X(u) # 0. 

~ f .  Choose any u E (E × L) \ M. Let  ~E and ~L be canon- 

ical p ro jec t ions  of E × L onto E and L, respect ive ly .  Suppose 

f i rst  that ¢L(U) ~ eL(M). Since L is d iscrete,  there is some K E L- 
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wi th  K ( ~ L ( M ) )  = {0} and K(~L(U))  # 0; then  we m a y  take  X = K~ L- 

Next ,  suppose  tha t  SL(U) • ~L(M).  Then  ~L(U) = ~L(W) for  some 

w g M. Let  N = ~E(M n (E x {0})).  S ince  u ~ M, it f o l l ows  tha t  

~E(U - w) ~ N. So, the re  is a c o n t i n u o u s  l i near  f u n c t i o n a l  f on E 

such  tha t  f in  = 0 and fSE(U  - w) ~ Z. Then  pf • E-, p f lN = 0 and 

p f~E(U  - w) # 0. It is c l ea r  tha t  the f o r m u l a  

K(~L(V) )  = p f~E(V)  

d e f i n e s  a c h a r a c t e r  < of ~L(M).  

~(v) = p f~E(V)  - KCL(V) 

(v • M) 

Then  the f o r m u l a  

(v e E x ~L(M))  

d e f i n e s  a c o n t i n u o u s  c h a r a c t e r  ~ of the g roup  E × SL(M).  Natural ly,  

we may  e x t e n d  ~ to some X • (E × L) Then  XIM = ~IM = 0 and 

X(U) = ~(u) = p f~E(U)  - ~$L(U) = p fSE(U)  - K$L(W) 

= p f$E(U)  p f~E(W) = p f~E(U  - w) # 0. • 

(15.7) r ~ .  E v e r y  m e t r i z a b l e  and c o m p l e t e  local ly c o n v e x  vec-  

tor  g r o u p  is re f l ex i ve .  

~ .  Let  F be a m e t r i z a b l e  and c o m p l e t e  l o c a l l y  c o n v e x  vec to r  

group.  Le t  {Un}n=  1 be a base  at zero  c o n s i s t i n g  of s y m m e t r i c  c o n v e x  

... = span U . We can  sets. F ix  an a r b i t r a r y  n = 1,2, and deno te  M n n 

f ind  a l i nea r  s u b s p a c e  L n of F such  tha t  F = M n ~ L n a l g e b r a i c -  

al ly.  S ince  M n is an open  s u b g r o u p  of F, it f o l l ows  tha t  L n is 

d i s c e t e  and F = M n ~ L n t o p o l o g i c a l l y .  Hence  the c a n o n i c a l  p r o j e c -  

t ions  M : F + M n and L n n : F ~ L n are con t i nuous .  Let  Pn be the 

M i n k o w s k i  f u n c t i o n a l  of U n in M n and let  E n be the quot ient  space  

Mn /pn l (0 )  e n d o w e d  w i t h  the c a n o n i c a l  norm.  Le t  t hen  Sn : Mn  n E be 

the c a n o n i c a l  p r o j e c t i o n  and let  F n deno te  the g roup  F e n d o w e d  w i t h  

the t o p o l o g y  i n d u c e d  by  the h o m o m o r p h i s m  

M ~L  : F ~ E × L n 
¢n = Sn~n  × n n " 

co  

G = II (En x Ln) 
n = t  

D e n o t e  and c o n s i d e r  the l i near  m a p p i n g  ~ = 
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(#n)n=l : F ~ G. It is c lear that  F may be ident i f ied,  as a topolo-  

g ical  group, wi th  the l imit  of the inverse sequence id : Fn+ 1 ~ F n. 

There fore  # is a topo log ica l  i somorph ism between F and %(F).  From 

(1.8), (15.2) and (14.11) we see that G is ref lex ive.  In v iew of 

(14.3), (14.4) and (14.6), to complete the proof, we only have to show 

that $(F) is dua l ly  embedded and dua l ly  c losed in G. 

So, take any X E ~(F) Then X~ E F and, consequent ly ,  X~ E 

F n for some n because F = U F . Since the topo logy  of F n is 
n=l 

induced by #n' we can wr i te  X¢ = <#n for some < ~ (E n x Ln) Let 

K ~ (En × Ln) be the natura l  ex tens ion  of K and let On : G ~ E n X  L n 

be the canonica l  pro ject ion.  An easy ve r i f i ca t ion  shows that KO n is 

an ex tens ion  of X. Thus ¢(F) is dua l ly  embedded in G. 

To prove that %(F) is dua l l y  closed, choose any g ~ G \ ~(F). 

Since F is complete,  ¢(F) is a c losed subgroup of G. There fore  we 

can f ind some U E N o ( G  ) w i th  (g + U) D ~(F) = ~. In other words, 

there is a f in i te subset  I c {1,2,. . . }  such that if qI is the ca- 

nonica l  p ro jec t ion  of G onto G I : = II (En x Ln) , then oi(g) does 
nEI 

not be long to the c losure of qi(~(F)) in G I. Hence, by (15.6), 

there is some X ~ GI wi th  X(qI(~(F)))  = {0} and X(oi(g)) # 0. Then 

Xq I is a cont inuous charac ter  of G tak ing #(F), but not g, to 

zero. • 

~15.8;  ~ .  The above argument  shows that if F is a complete 

loca l ly  convex vector  group not necessar i l y  metr izab le ,  then ~F(F) = 

F From (9.4), (8.5) and (14.3) it fo l lows that ~F is open. The 

fo l lowing example  shows that  ~F need not be cont inuous (see also 

(17.6)). 

~15.9; ~ .  Let E be an in f in i te  d imens iona l  normed space 

endowed wi th  its weak topology. Clearly,  there is a convex in f in i te  

d imens iona l  subset K of E* compact  in the norm topology. Since 

weak ly  compact  subsets of E are bounded, K is compact  in E c but, 

be ing in f in i te  d imensional ,  it cannot  be equ icont inuous.  Thus the eva- 

luat ion map E ~ (Ec) c is not cont inuous and, by (2.3), ne i ther  is 

~E" 
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~15.10)~f~s. P r o p o s i t i o n s  (15.1) and  (15.2) are  t a k e n  f r om  [57] 

(cf. (15.5) ) .  P r o p o s i t i o n  (15.1) is an  i m m e d i a t e  c o n s e q u e n c e  of the re-  

su l t  of A r e n s  [i], T h e o r e m  2, w h i c h  a s s e r t s  tha t  i f  E is a l o c a l l y  

c o n v e x  space  and  • is a l o c a l l y  c o n v e x  t o p o l o g y  on E* not  w e a k e r  

t han  the  t o p o l o g y  of  p o i n t w i s e  c o n v e r g e n c e ,  t hen  the  e v a l u a t i o n  m a p  

E + (E T) is on to  if and  o n l y  if ~ is no t  s t r o n g e r  t han  the  topo -  

l ogy  of  u n i f o r m  c o n v e r g e n c e  on c o n v e x  w e a k l y  c o m p a c t  s u b s e t s  of E. 

A r e n s ' s  p a p e r  c o n t a i n s  a v e r y  d e t a i l e d  s t u d y  of " r e f l e x i v e "  t o p o l o g i e s  

on E* and  E**.  

For  B a n a c h  spaces ,  (15.2) a p p e a r s  in [833. A l s o  (15.3) is t a k e n  

f rom [833. L e m m a  (15.6) and  T h e o r e m  (15.7) are  new. E x a m p l e  (15.9) is 

due  to G.W. M a c k e y  and  was  g i v e n  in [i]. 

16. N u c l e a r i t y  of dua l  g r o u p s  

The  a im  of th i s  s e c t i o n  is to p r o v e  the  f o l l o w i n g  fact :  

~16.1JTaR~JR~m. Let  G be a n u c l e a r  group.  

t hen  G is a n u c l e a r  g roup,  too. 
pc  

If G is m e t r i z a b l e ,  

~16.2J ~ _  The  a s s u m p t i o n  of m e t r i z a b i l i t y  is essent ia l .  Le t  E 

be an u n c o u n t a b l e  p r o d u c t  of  rea l  l ines.  T h e n  E is a n u c l e a r  l o c a l l y  

c o n v e x  space,  h e n c e  a n u c l e a r  g roup.  By  (14.11) ,  we m a y  i d e n t i f y  E- pc 

w i t h  an u n c o u n t a b l e  l o c a l l y  c o n v e x  d i r e c t  sum of rea l  l ines.  As a lo-  

c a l l y  c o n v e x  space,  an u n c o u n t a b l e  d i r e c t  sum of  rea l  l i nes  is no t  

nuc lea r .  So, by  v i r t u e  of (8.9),  the g r o u p  Epc c a n n o t  be nuc lea r .  

(16.3) r~. Let  F be a m e t r i z a b l e  n u c l e a r  v e c t o r  g r o u p  and  le t  

P be a p r e c o m p a c t  s u b s e t  of F. G i v e n  a r b i t r a r y  c > 0 and  m = i, 

2 , . . . ,  one  can  f i nd  a v e c t o r  space  E, two s y m m e t r i c  and  c o n v e x  sub-  

se ts  X , Y  

(i) d k 

a s u b g r o u p  

¢(K N Y) 

of E w i t h  

X,Y)  ~ ck  -m (k = 1 ,2 , . . . ) ,  

K of E and a h o m o m o r p h i s m  ~ : K ~ (F), 

is  p r e c o m p a c t  and p c $ (K  N X). 

such  tha t  

Proof. By  (9.3),  one  can  f i nd  a base  {Un}n=  1 at  ze ro  in 

c o n s i s t i n g  of s y m m e t r i c ,  c o n v e x  se ts  such  tha t  U 1 m U 2 D ... and  

(2) d k ( U n + l , U n )  < c2 -2mn- I  k -m (k,n = 1 ,2 , . . . ) .  

F, 
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I 
Let  I be a set  of ind ices .  By  R o we deno te  the c o r r e s p o n d i n g  

d i r ec t  sum of rea l  l ines,  i.e. the s u b s p a c e  of the p r o d u c t  R I con-  

s i s t i n g  of a l l  f unc t i ons  f : I ~ R such  tha t  f( i) = 0 for a lmos t  

a l l  i E I. By  Z I o we deno te  the s u b g r o u p  of R I c o n s i s t i n g  of  in- 
o 

t e g e r - v a l u e d  func t i ons .  

F ix  an a r b i t r a r y  n = 1 ,2 , . . .  and let  M n = span U n. The re  is a 

l i nea r  s u b s p a c e  L n of F such  that  F = M n ~ L n ( that  is, the vec-  

tor  space  F is the a l g e b r a i c a l  d i r ec t  sum of i ts vec to r  s u b s p a c e s  M 
n 

and Ln; s ince  M n is an open  subse t  of F, i t  f o l l ows  tha t  the to- 

p o l o g i c a l  g r o u p  F is the t o p o l o g i c a l  d i r e c t  sum of i ts s u b g r o u p s  M 
n 

and Ln).  S ince  e v e r y  a b e l i a n  g r o u p  is a q u o t i e n t  of a f ree  one, we 

I n 
m a y  i d e n t i f y  L n w i t h  a q u o t i e n t  g r o u p  of  Z ° for some set  In; let  

I 
~n : Zo n + Ln be the c a n o n i c a l  p ro j ec t i on .  

The re  is a f i n i t e  subse t  A n of F w i t h  P c Un+ 1 + A n b e c a u s e  

P is p recompac t .  S ince  F = M n ~ Ln, we have  A n c B n + C n for  some 

f in i te  subse ts  B n of M n and C n of Ln; we m a y  assume tha t  B n 

and C n are symmet r i c .  Next ,  the re  is a s y m m e t r i c  and f i n i t e  subse t  

I 
D n of Zon w i t h  #n(Dn)  = C n. Thus  

(3) p c Un+ 1 + B n + @n(Dn) .  

I t  is c l ea r  tha t  we can  f ind  a symmet r i c  and f i n i t e  subse t  Bn of M n 

such  tha t  

(4) d k ( C O n V  Bn, cony  Bn) < c2 -2mn- I  k -m (k = 1 ,2 , . . . ) .  

S im i la r l y ,  the re  is a f i n i t e  and s y m m e t r i c  subse t  Dn of 

that  

I n 

R n such  

(5) d k ( C O n V  Dn, cony  Dn) < c2 -2mn k -m (k = 1 ,2 , . . . ) .  

Let  us de f i ne  

X2n_ l  = Un+ 1 + c o n v  Bn, Y2n- i  = Un + cony  Bn, 

X2n  = cony  Dn, Y2n  = conv  D n. 
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Now, take any  k = 1,2, . . . .  

we get  

(6) 

Hence  

(7) 

From (6) 

(8)  

A p p l y i n g  (2.6) (a) and then (2) and (4), 

d 2 k _ l ( X 2 n _ l , Y 2 n _ l )  = d 2 k _ l ( U n +  1 + cony  Bn, U n + c o n v  Bn) 

dk (Un+ l ,  U n + c o n v  Bn) + d k ( C O n V  B n, U n + cony  B n) 

£ dk (Un+ l ,Un )  + d k ( C O n V  Bn, conv  Bn) 

< c2 -2mn- I  k -m + c2 -2mn- I  k -m = c2 -2mn  k -m. 

d 2 k _ l ( X 2 n _ l , Y 2 n _  I) < c 2 - m ( 2 n - l ) ( 2 k  _ i) -m 

we a lso  ob ta i n  

d 2 k ( X 2 n _ l , Y 2 n _  I) ~ d 2 k _ l ( X 2 n _ l , Y 2 n _  I) 

< c2 -2mn k -m = c 2 - m ( 2 n - l ) ( 2 k )  -m. 

F rom (7) and (8) we de r i ve  

(9) d k ( X 2 n _ l , Y 2 n _ l  ) & c2 -m(2n- l )  k -m (k,n = 1 ,2 , . . . ) .  

Le t  us now c o n s i d e r  the vec to r  space 

E = II (M n × Ron).  
n=l 

I 
f ~ g M n and f g R n It c o n s i s t s  of sequences  (Un, n )n=  1 whe re  u n n o 

for eve ry  n. Let  K be the s u b g r o u p  of E c o n s i s t i n g  of a l l  se- 

I 
f ~ Z n , E and U n + ~ n ( f n )  = U l + ~ l ( f  I) quences  (u n n )n= l  such tha t  fn o 

for  eve ry  n. Next ,  let  ~ : K ~ F be the h o m o m o r p h i s m  g i ven  by the 

f f o rmu la  ~((Un,  n)n= l )  = u I + ~ l ( f l ) .  F ina l l y ,  set  

E and f ~ for a l l  n} X = { (Un , f n )n=  1 E E : u n X2n_ l  n X2n  ' 

f oo E and f E for a l l  n} Y = {(Un, n )n= l  ~ E : u n Y2n- i  n Y2n  



147 

we sha l l  p rove  tha t  the E , X , Y , K  and ¢ thus d e f i n e d  have  the de-  

s i red  p rope r t i e s .  

I n e q u a l i t y  (i) f o l l ows  f rom (5), (9) and (2.7). To p rove  the in- 

c l u s i o n  p c ~(K N X), take any  g ~ P. By  (3), to each  n there  

c o r r e s p o n d  some u n E Un+l ,  b n e B n and d n E Dn, such  that g = u n + 

b n + ~n(dn) .  Then  the s e q u e n c e  (u n + b n , d n ) n =  1 be longs  to K N X, 

and  

co  

~( (u  n + b n , d n ) n =  I) = g. 

It r ema ins  to p rove  tha t  ~(K N Y) is p recompac t .  Let  us take any  

n = 1,2, . . . .  The  subspace  M n = span U n is a b s o r b e d  by U n. S ince  

Bn is f in i te ,  we can f ind  a n o t h e r  f i n i t e  subse t  B~ of M n such  

tha t  conv  Bn c B~ + U n. Then  

(i0) Y2n - i  c 2U n + B~. 

I n 
I t  is c l ea r  that  the set  D~ = Z ° N conv  Dn is f in i te .  

Take  an a r b i t r a r y  g ~ ~(K N Y). we have  g = @ ( ( U n , f n ) n =  I) for  

and f ~ N some s e q u e n c e  (Un , fn )n=  1 ~ K N Y. Then  u n Y2n- i  n Y2n  

I 
n 

Z o for e v e r y  n. A p p l y i n g  the d e f i n i t i o n  of ~ and then  (i0), for  

e v e r y  n, we get  

I 
D "  . g Un + ~n ( f n  ) e Y2n - i  + ~n (Y2n  N Zo n) c 2U n + B~ + ~n ( n ) 

S ince  g ~ ~(K N Y) was  a rb i t r a ry ,  we de r i ve  

~(K n Y) c 2U n + B~ + #n(D~)  (n = 1,2 .... ). 

Th is  p roves  that  ~(K A Y) is p r e c o m p a c t  b e c a s u e  {2Un}~=  1 is a base  

at ze ro  in F. - 

~16.4J r~mm~. Le t  K be a s u b g r o u p  of a vec to r  space 

X ,Y  be two symmet r i c ,  c o n v e x  subse ts  of E such  tha t  

(i) d k ( X , Y  ) ~ ck -m (k = 1,2 .... ) 

E and  let  

w h e r e  c > 0 and m = 5,6, . . .  a re  some f i xed  numbers .  Le t  # be a 
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h o m o m o r p h i s m  of K in to  a t opo log i ca l  g roup  G. Then  there  ex is t  a 

vec to r  space E', a subg roup  K" of E', two symmet r i c ,  convex  sub- 

sets X ' ,Y"  of E" and a h o m o m o r p h i s m  ~" : K" ~ G , such  that  

(2) [~(K n y ) ]O  c ¢'(K" N X'),  

(3) 

(4) 

¢'(K" N Y') c [~(K N X)] °, 

= k -m+5 dk(X ' ,Y ' )  ~ < CTm (k = 1 ,2 , . . . )  

where  ¥m is some un i ve rsa l  cons tan t  d e p e n d i n g  on m only. 

~ .  Set F = span X. F rom (i) and (2.14) it fo l l ows  that there  

are p r e - H i l b e r t  semino rms  p ,q  on F w i th  X c Bp-< Bq c y and 

k -m+2 (k = 1,2, . ) dk (Bp ,B  q) & cc m • . 

where  c m is some un i ve rsa l  cons tan t  d e p e n d i n g  on m only. By (2.15), 

there  is ano the r  p r e - H i l b e r t  sem ino rm  r on E such that  

k -m+5 (5) dk (Bp ,B  r) & 102CCm (k = 1,2 .... ), 

(6) d k ( B r , B  q) ~ 10 -2 k -3 (k = 1,2 .... ). 

F rom (6) we get  

(7) 1 5 Z kdk (Br ,Bq)  ~ 5.10 -2 ~ k-2 < 4" 
k=l k=l 

We may  i d e n t i f y  G- w i t h  a s u b g r o u p  of T G. Let PG : RG ~ TG 

be the canon i ca l  p ro jec t i on .  Set  E" = R G and K" = pGl (G- ) ;  let ¢" 

be the r e s t r i c t i o n  of PG to K'. 

Bp) ~ K N B w i th  %(Wg) = For each  g ~ ¢(K N , choose  some Wg P 

g. Then  the fo rmu la  

(¢f)(g) : If0 (wg) 

if g E ¢(K N Bp) 

if g ~ %(K N Bp) 

de f ines  a l inear  ope ra to r  ¢ : F # + R G. Let  us deno te  
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1 
B ° = {f • F # : If(u) I < ~ for a l l  u • B r} 

r 

1 
B ° = {f E F # : If(u)l < ~ for a l l  u e Bp} p 

L = {4 • R G : ~(g) = 0 for a l l  g g ~(K N Bp)} .  

Set  X" = ¢(B~) + L and Y" = ¢(B~) + L. S ince  L is a l i near  sub- 

space  of R G, we have  d I (L ,L)  = 0. A p p l y i n g  (2.6) (a), (2.8)(a) and 

(2.16), we get  

dk (X ' ,Y ' )  ~ d k ( ¢ ( B ~ ) , ¢ ( B  ~) + L) + d I ( L , ¢ ( B  ~) + L) 

= B ° B ° d k ( ¢ ( B ~ ) ' ¢ ( B ~ ) )  + d I (L 'L )  < dk( r' p) = dk (Bp 'Br )  

for  k = 1,2, . . . .  Hence,  by  (5), we ob ta i n  (4) w i t h  Ym = 102Cm" 

To p rove  (3), take any ~ e K" N Y" and g • ~(K N X). We m a y  

wr i t e  ~ = Cf + ( for some f • B ° and ( • L. Then  
P 

I ¢ ' ( ~ ) ( g ) l  = IPG(~)(g) I  = t P ( ( ( g ) ) l  & I~ (g) l  

1 
< l (¢f)(g) l  + [~(g) l = [f(Wg)[ =< 7" 

Thus ¢'(~) E (%(K D X)) ° wh i ch  p roves  (3) 

I t  r e m a i n s  t o  p r o v e  ( 2 ) .  S o ,  t a k e  a n y  X • ( ¢ ( K  N y ) ) O .  L e t  H = 

1 
K N F a n d  < = X~IH.  T h e n  IK(H n Bq) I ~ 4"  By 17) a n d  ( 8 . 1 ) ,  t h e r e  

i s  some f • B°r w i t h  p f l H  = <. T h e n  t h e  f o r m u l a  

~(g) = Ix (g )  if g ¢ ~(H n Bp) 

L f(wg) if g E ~(H N Bp) 

de f i nes  some func t i on  ~ e R G. It is easy  to v e r i f y  tha t  

and ~ - %f • L. Hence  ~ ~ K" N X" and ¢'(~) = X. " 

PG(~ )  = X 

^ 

zable,  then  F 
pc 

Let  F be a nuc lea r  vec to r  group.  

is a nuc lea r  group.  

If F is me t r i -  
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PmsQf. Choose arb i t ra ry  U ~ No(F~pc )' c > 0 and m = 1,2,. . . ,  

There is a p recompact  subset  P of F w i th  pO c U. Accord ing  to 

(16.3), there ex is t  a vector  space E, two symmetr ic  and convex sub- 

sets X,Y of E w i th  

dk(X,Y) & ck -m-5 (k = 1,2,. . . ) ,  

a subgroup K of E and a homomorph ism ~ : K ~ F, such that 

~(K N Y) is p recompact  and p c ~(K N X). Next, by (16.4), there 

exist  a vector  space E', a subgroup K" of E', two symmetr ic  

convex subsets X',Y" of E" and a homomorph ism ~" : K" ~ F, such 

that 

[~(K N y) ]O c ¢(K" N X'), 

dk(X' ,Y')  ~ CYmk-m 

%'(K" N Y') c [#(K N X)] °, 

(k = 1,2,.. .) 

where Ym is a un iversa l  constant  depend ing  on m only. Now, it re- 

mains to observe that 

¢'(K" n Y') c [%(K N X)] ° c pO c U, 

and that ~'(K" N X') e No(Fpc ) because [~(K N y) ]O c ¢'(K" D X') and 

~(K D Y) is precompact .  • 

P,~,Jf~f~16.1). Every compact  subset of G is con ta ined in the 

c losure of some precompact  subset  of G. There fore  we may identify G 
pc 

wi th  (G)c" So, we have to prove that  G- = Gc is nuc lear  p rov ided  

that G is complete. 

Accord ing  to (9.7), there are a met r i zab le  and complete  nuc lear  

vector  group F, a c losed subgroup H of F and a c losed subgroup Q 

of H, such that G is topo log ica l l y  isomorph ic  to H/Q. From (9.4), 

(8.3) and (8.6) we infer that  H is dua l l y  embedded and dua l ly  c losed 

in F. From (16.5) and (7.5) it fo l lows that F^/H ° is a nuc lear  

group. Hence, by (8.5), it is loca l ly  quas i -convex.  Therefore, Dy (15.7) 

and (14.8), the mapp ing  ~H : F^ /H°  ~ Ha is a topo log ica l  isomorpnism. 

o 
Thus H- is a nuc lear  group. App ly ing  (7.5), we see that QH is nuclear~ 

too. To complete  the proof, it remains to observe that, due to (14.10), 

o 
the mapp ing  ~Q : (H/Q) ~ QH is a topo log ica l  isomorphism. • 

( 1 6 . 6 )  ~ .  The mater ia l  of this sect ion is new. 
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17. St ron9 re f lex iv i t y  

A re f lex ive group G is ca l led st rongl  Y re f lex ive  if every  c losed 

subgroup and every  Hausdor f f  quot ien t  group of G and of G" is re- 

f lexive. St rong re f lex iv i t y  is an essent ia l l y  s t ronger  p roper ty  than 

ref lex iv i ty .  For instance, every  in f in i te  d imens iona l  Banach space is a 

ref lexive,  but not s t rong ly  re f lex ive group ((5.3) and (15.2)). 

(17.1) P~oPosr l~ .  Let H be a c losed subgroup of a s t rong ly  re- 

f lex ive group G. Then 

(a) H is dua l l y  c losed in G; 

(b) H is dua l ly  embedded in G; 

(c) the canon ica l  mapp ings CH : G' /H° ~ H- and ~H : (G/H)- ~ H ° 

are topo log ica l  isomorphisms;  

(d) H and G/H are s t rong ly  ref lexive.  

Proof. (a) Since G is s t rong ly  ref lexive,  G/H is ref lexive.  In 

par t icu lar ,  G/H admits su f f i c ien t ly  many  cont inuous characters,  wh ich  

means that H is dua l l y  c losed in G. 

(b) Since G is ref lex ive,  it fo l lows from (a) and (14.2) that 

~G]H is a topo log ica l  i somorph ism of H onto H °°. Let y : H °° ~ H 

be the inverse isomorphism. Choose any × g H and cons ider  the cont i -  

~H ° H ° -- 
nuous isomorph ism : (G-/H °) ~ H °°. Then XY¢ g (G-/H °) . By 

H o 
assumpt ion,  G-/H ° is ref lex ive,  so that we may wr i te  XY~ =e 

G /H °( 

for some ~ ~ G-/H °. Let ~ : G- ~ GA/H ° be the canon ica l  pro ject ion.  

Then ~ = ~(K) for a cer ta in  K ~ G and a d i rec t  ve r i f i ca t ion  shows 

that KIH = X. 

(c) Since G is s t rong ly  ref lexive,  G- /H ° is ref lex ive,  hence 

local ly  quas i -convex.  It fo l lows from (a), (b) and (14.8) that  ~H is 

a topo log ica l  isomorphism. Simi lar ly ,  ~ : G~-/H °° ~ (H°) - is a topo- 
H o 

logical  isomorphism. Consider  the canonica l  commuta t ive  d iagram 

(~G ~ 
G > G 

1 ; 
G/H 13 > G-- /H ° °  
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It is c lear that 8 is a topo log ica l  isomorphism. A d i rect  ver i f ica-  

t ion shows that the compos i t ion  

H o H ° H o - ^ . 
> (H°) -- > (G -/H°°) - ~ > (G/H) 

is equal  to (#H) -I. 

(d) Let K be a c losed subgroup of H. Then K is a c losed 

subgroup of G, there fore  it is ref lexive.  We shal l  prove that H/K 

is ref lexive.  

Consider  the canonica l  d iagram 

H > G 

H/K > G/K 

It is c lear that j is a topo log ica l  embedding.  Since, by (a) and(b),  

H is dua l ly  c losed and dua l l y  embedded in G, it fo l lows eas i ly  that 

j(H/K) is dua l ly  c losed and dua l ly  embedded in G/K. So, in virtue of 

(14.6), we have ~H/K(H/K) = (H/K)-- 

S ince G is s t rong ly  ref lex ive,  G/K is ref lexive,  hence locally 

quasi -convex.  There fore  j(H/K) is loca l ly  quas i -convex,  too (sub- 

groups of loca l ly  quas i -convex  groups are loca l ly  quasi -convex) .  Con- 

sequent ly,  H/K is local ly  quas i -convex  and from (14.3) and (14.7) we 

infer that ~H/K is open and cont inuous.  Thus H/K is ref lexive.  

Final ly,  let Q be a c losed subgroup of G/H. That  Q is re- 

f lex ive fo l lows from the above and the obv ious fact that Q may be 

ident i f ied  wi th  a Hausdor f f  quot ient  of a c losed subgroup of G. The 

group (G/H)/Q is re f lex ive because it is a quot ien t  of G. • 

A nuc lear  group G is ca l led b inuc lear  if G- is nuc lear  and ~G 

maps G onto G -~ (we do not assume ~G to be cont inuous) .  

~17.2) ~ .  Let G be a b inuc lear  group. If G is ~ech-com- 

plete, then it is s t rongly  ref lexive. 

i~uaf. That G is re f lex ive  fo l lows from (8.5), (14.3) and (14.4) 

because Cech-comple te  space are k-spaces. Ew,~ry c losed subgroup of G 
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and of G is dua l ly  c losed and dua l ly  embedded due to (8.6) and (8.3), 

respect ively.  From (7.5) and (8.5) it fo l lows that  Hausdor f f  quot ien t  

groups of G and of G- are loca l ly  quasi -convex.  

Let H be an arb i t ra ry  c losed subgroup of G. in v iew of (14.2), 

we only need to prove that the four groups H, G/H, H ° and G-/H ° are 

ref lexive. 

As in the proof  of (17.1) (c), we see that the canonica l  mapp ing  

8 : G/H ~ G-- /H °° is a topo log ica l  isomorphism. The group G-- /H °° is 

loca l ly  quas i -convex,  be ing topo log ica l l y  i somorph ic  to the loca l ly  

quas i -convex  group G/H. So, by (14.8), the mapp ing  

¢ : G- ' /H OO ~ (H°) - 
H o 

is a topo log ica l  isomorphism. Since G is Cech-complete,  (14.10) 

p l ies that cH : (G/H)- + H ° is a topo log ica l  isomorphism, too. It is 

not hard to ver i fy  that  the d iagram 

¢ 

G-- /HOO H ° > ( H ° )  - 

GIH aGIH > (G/H)-" 

is commutat ive.  Thus ~G/H is a topo log ica l  i somorph ism of G/H onto 

(G/H)--, i.e. G/H is ref lexive.  Then (G/H)- is ref lexive,  too, and 

H ° is re f lex ive  because cH is a topo log ica l  isomorphism. 

The re f lex iv i t y  of H fo l lows from (14.6), (14.3) and (14.4). Con- 

sequent ly,  H- is ref lexive,  and G-/H ° is re f lex ive becasue CH : 

G-/H O ~ H ̂  is a topo log ica l  i somorph ism due to (14.8). • 

(17.3) c~ROnr~ .  Let G be a met r i zab le  and complete nuc lear  group 

and let (An)n= 1 be a sequence of LCA groups. Then the product  

G × II A n is a s t rong ly  re f lex ive  group. 
n=l 

~ .  Natural ly ,  P : = G × II A is Cech-complete.  We have to 
n=l n 

show that P is b inuclear.  That  P is nuc lear  fo l lows from (7.10) and 
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(7.6).  The  n u c l e a r i t y  of  P is a c o n s e q u e n c e  of  (14.11) ,  (16.1) ,  

(1.8) and  (7.8):  

P = (G × II An) -- G ~ Z A-. 
n=l  n=l  n 

In  v i e w  of (1.8) and  (14.11) ,  i t  s u f f i c e s  to p r o v e  tha t  G is r e f l e x -  

ive. 

A c c o r d i n g  to (9.7),  we  can  f i nd  a m e t r i z a b l e  and  c o m p l e t e  n u c l e a r  

v e c t o r  g r o u p  F, a c l o s e d  s u b g r o u p  H of F and  a c l o s e d  s u b g r o u p  Q 

of H, such  tha t  G -- H/Q. F r o m  (15.7) and (16.5) it f o l l o w s  tha t  

F is a b i n u c l e a r  g roup.  Hence ,  by  (17.2) ,  i t  is s t r o n g l y  r e f l ex i ve .  

F ina l l y ,  (17.1) (d) i m p l i e s  tha t  H / Q  is r e f l e x i v e .  • 

We sha l l  now  g i ve  some e x a m p l e s  of g r o u p s  w h i c h  are  not  s t r o n g l y  

r e f l e x i v e ;  t hey  show  tha t  (17.3) c a n n o t  be m u c h  g e n e r a l i z e d .  D e n o t e  by  

R ~ the  c o u n t a b l e  p r o d u c t  of  r ea l  l ines.  We b e g i n  w i t h  the  f o l l o w i n g  

t e c h n i c a l  resu l t :  

£17.4) ; ~ .  Le t  M be a dense  l i nea r  s u b s p a c e  of a m e t r i z a b l e  

locally_ c o n v e x  space  E. T h e n  the  i d e n t i t y  m a p p i n g s  Epc ~ E c ~ Mpc  

M c are  a l l  t o p o l o g i c a l  i s o m o r p h i s m s .  

Pmmmf. I t  is e n o u g h  to show  tha t  id : M- + E- is c o n t i n u o u s .  
c pc  

Le t  X be an a r b i t r a r y  p r e c o m p a c t  s u b s e t  of E. We have  to  f i nd  a 

c o m p a c t  subse t  Y of M w i t h  yO  c X °. N a t u r a l l y ,  t he re  is a p re -  

c o m p a c t  subse t  A of M w i t h  X c A. Next ,  t he re  is a nu l l  s e q u e n c e  

(Un)n=  1 in M w i t h  A c conv  {Un}n=  1 (see [80], p. 151).  O b v i o u s l y ,  

the  se t  

Y = {tu n : -i < t < i; n = 1,2 .... } 

is compac t .  Le t  X e yO. B y  (2.3) ,  we  h a v e  X = Pf fo r  some f ~ E*. 

1 
F r o m  (2.2) i t  f o l l o w s  tha t  f (u)  = X(U) for  u ~ Y. Thus  If(u)I ~ 

for  a l l  u ~ Y and, c o n s e q u e n t l y ,  fo r  a l l  u ~ conv  Y. S i n c e  X c 

1 
conv  Y, fo r  e a c h  u ~ X, we  have  IX(u) l = IPf(u)l  ~ If(u) l ~ 4' 

w h i c h  m e a n s  tha t  X E X °. • 

~II.5) J ~ m r .  Le t  E be a l o c a l l y  c o n v e x  space  and  le t  E be 
T 

the  dua l  g r o u p  (or, w h i c h  is the  same,  the  dua l  space)  e n d o w e d  with the  
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t o p o l o g y  of u n i f o r m  c o n v e r g e n c e  on  c o m p a c t  c o n v e x  sets.  T h e n  i d : E  
T 

E c need  no t  be c o n t i n u o u s .  For  i ns tance ,  le t  E be the  s u b s p a c e  of 

R ~ c o n s i s t i n g  of f i n i t e  s e q u e n c e s .  I t  is no t  h a r d  to see tha t  e v e r y  

c o m p a c t  c o n v e x  subse t  of E is f i n i t e  d i m e n s i o n a l .  T h e r e f o r e  E m a y  
T 

i d e n t i f i e d  w i t h  E, w h e r e a s  E c is s i m p l y  the d i r e c t  sum of  rea l  

l ines.  N o t i c e  tha t  the  e v a l u a t i o n  m a p  is a t o p o l o g i c a l  i s o m o r p h i s m  of  

E on to  (ET)T.  

q17.~) ~ .  O.G. S m o l y a n o v  [84] p r o v e d  tha t  the  space  D = ~(R) 

of  t es t  f u n c t i o n s  on  the  r ea l  l i ne  c o n t a i n s  a c l o s e d  l i nea r  s u b s p a c e  L 

such  tha t  N / L  is topological ly i s o m o r p h i c  to a n o n - c l o s e d  d e n s e  sub-  

space  M of R ~. By  (17.4) ,  we  have  M A -- (R~) -, and  h e n c e  M -~ -- 

(R~) -~ -- R ~, so tha t  M is no t  a r e f l e x i v e  g roup.  ConseqUent ly ,  ~ is 

no t  s t r o n g l y  r e f l e x i v e .  O b s e r v e  tha t  D is a r e f l e x i v e  n u c l e a r  space,  

and  the  dua l  space  D" is nuc lea r ,  too. Thus  ~ is a r e f l e x i v e  b i n u -  

c l e a r  g r o u p  ((7.4) and  (15.3) ) .  Th i s  e x a m p l e  shows  t ha t  the  a s s u m p -  

t i on  of the  m e t r i z a b i l i t y  of G in (17.3) is e s s e n t i a l .  

Le t  N = L 0 be the  a n n i h i l a t o r  of L in 0".  We m a y  w r i t e  

M -- N / L  -- N " / L  00 -- (L0) " = N" -- N-. 

S ince  M is no t  a r e f l e x i v e  g roup,  it f o l l o w s  tha t  ~N is not  cont in -  

uous  (cf. (15.8) ) .  

The  s p a c e  D(R) m a y  be r e p l a c e d  h e r e  by  the  space  N(~)  of  t es t  

f u n c t i o n s  on a n a r b i t r a r y  o p e n  s u b s e t  ~ of  R n b e c a u s e  the  l a t t e r  

one  has a q u o t i e n t  t o p o l o g i c a l l y  i s o m o r p h i c  to N(R)  (see [90] or  [85]). 

O t h e r  e x a m p l e s  of spaces  with quot ien ts  i s o m o r p h i c  to  n o n - c l o s e d  d e n s e  

s u b s p a c e s  of  R e a re  g i v e n  in [91], T h e o r e m  2 and  [92], T h e o r e m  7. 

~17.7) ~ .  Le t  ~R be the  c o u n t a b l e  direct sum of real  lines. 

We sha l l  p r o v e  tha t  the  g r o u p  E = ~R × R ~ is no t  s t r o n g l y  r e f l e x i v e .  

E l e m e n t s  of  E m a y  be i d e n t i f i e d  w i t h  l e f t - h a n d  f i n i t e  s e q u e n c e s  of 

rea l  numbers .  The  f a m i l y  of se ts  of the  f o rm  

{(Xn) E E : IXnl < E n for  n ~ no},  

w h e r e  n o = 1 ,2 , . . .  and  (~n )n~n  is a s e q u e n c e  of p o s i t i v e  numbers ,  
O 

is a base  at  ze ro  in E. By  (14.11) ,  the  dua l  g r o u p  E ̂  m a y  be iden-  

t i f i e d  w i t h  the  space  R ~ × ~R of  r i g h t - h a n d  f i n i t e  sequences .  Thus  E 
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is a r e f l e x i v e  b i n u c l e a r  group.  

F o r  e a c h  n ~ Z ,  l e t  e E E b e  t h e  s e q u e n c e  w i t h  1 i n  t h e  
n 

n- th  p lace  and 0 e l sewhere .  Let  en, n E Z, be the c o n t i n u o u s  l in-  

ear  f u n c t i o n a l  o n  E g i v e n  b y  e n ( e  m) = 6 m n .  We s h a l l  i d e n t i f y  t h e  d u a l  

space E* w i t h  R ~ x ~R in the usua l  way.  

L e t  9 b e  s o m e  f i x e d  i r r a t i o n a l  n u m b e r .  F o r  e a c h  m =  1 , 2 , . . . ,  s e t  

= = ( i  - % ) - l ( e  - % e m ) ,  Um e-m + em' Um -m 

w m = % e _ m  + em, w m (i - % ) - l ( e  m e_m).  

co 

Let  K be the s u b g r o u p  of E g e n e r a t e d  by  the set  H = {Co} U {Um}m= 1 

O {Wm}m= 1 and let  K* be the s u b g r o u p  of E* g e n e r a t e d  by  the set  

W * co * 

H* = {Co} U {Um}m= 1 U {Wm}m= I. A d i r ec t  c a l c u l a t i o n  shows tha t  

K = {u ~ E : f(u) e Z for a l l  f ~ K*},  

t h e r e f o r e  K is a (weakly)  c l osed  s u b g r o u p  of E. O b s e r v e  tha t  the 

l i near  m a p p i n g  ¢ : E ~ E* d e f i n e d  by  the c o n d i t i o n s  

( 1  - ~ ) - l e _ m  w h e n  m < 0 

~ e m  = o w h e n  m = 0 

(i % ) - l e _ m  w h e n  m > 0 

is a t o p o l o g i c a l  i s o m o r p h i s m  w h i c h  c a r r i e s  K over  on to  K*. Conse-  

quen t l y ,  the m a p p i n g  pEte : E + E is a t o p o l o g i c a l  i somorph ism which 

ca r r i es  K over  on to  K °. Th is  means  that  E - /K  ° -- E/K. 

Let  { be the g roup  E e n d o w e d  w i t h  the t o p o l o g y  i nduced  by  i ts 

c a n o n i c a l  e m b e d d i n g  in to  R e × R ~. It is not  ha rd  to see tha t  id : 

E /K  + E /K is a t o p o l o g i c a l  i somorph i sm.  Let  ~ : E + E /K be the ca- 

non i ca l  p ro j ec t i on .  The set 

H" : { tu : t E E0,1]; u e H} 

is o b v i o u s l y  c o m p a c t  in ~. C o n s e q u e n t l y ,  9(H')  is a c o m p a c t  subse t  

of E/K. We sha l l  p rove  that  
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o 
(i) [ ¢ ( H ' ) ] E / K  = {0}. 

Take  any  × ~ (E/K) w i t h  IX(~(H') )  I ~ ~. Then  ×$ ~ E , and, 

by  (2.3), t he re  is some f E E* w i t h  Pf = X~. F rom (2.2) we o b t a i n  

(2) f(u) = X~(U) for a l l  u e H'. 

Now, take any  v e H and deno te  I v = {tv : t e [0,11}.  Then  ~(I v) 

< ! it f o l l ows  that  is a s u b g r o u p  of E/K~ s ince  IX~(Iv) l = 4' 

IX~(Iv) I = 0 and (2) imp l i es  tha t  f(v) = 0. S ince  v E H was arb i -  

t r a r y  and H is l i n e a r l y  dense  in E, we see that f = 0, w h i c h  means  

tha t  X = 0. Th is  p roves  (i). 

Let  T H* be the g roup  of a l l  f unc t i ons  f : H* + T e n d o w e d  w i t h  

the t o p o l o g y  of p o i n t w i s e  c o n v e r g e n c e .  Let  ~ : E /K  ~ T H* be the ho-  

m o m o r p h i s m  g i ven  by  the f o rmu la  

¢ ( ~ ( u ) ) ( v * )  = pv * (u )  (u ~ E, v* g H*) 

(it can  be shown  tha t  ¢ is a t o p o l o g i c a l  embedd ing ) .  Take  any  u = 

Z Xne n E E and set  f = ~(~(u) .  Then,  a c c o r d i n g  to our  de f i n i -  
nEZ 

t ions,  for each  n ~ Z, we have  

* - i  
f (u n) = p[ ( l  - %) (X_n %Xn) ] ,  

f (w n) = p[( l  - % ) - l ( x  n X_n) ] ,  

w h i c h  can  be w r i t t e n  as 

W 

x n = f(Un) + f (w n) + k n + i n, 

X _ n =  f (u n) + % f ( w  n) + k n + %1 n, 

for some kn ,1  n ~ Z. S ince  Z Xne n e E, 

such that,  for  each  n > no, one has X_n 

s ib le  if and  on l y  if 

n * 
(3) f (u ) + %f (Wn)  ~ Z + %Z. 

the re  is an index  n > 0 
o 

= 0, w h i c h  is c l e a r l y  pos-  

The above  a r g u m e n t  shows that  ¢(E/K) c o n s i s t s  of all t hose  func-  
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t ions f : H* ~ T wh ich  sa t is fy  (3) for su f f i c ien t l y  large n. So, 

%(E/K) is a non-c losed dense subgroup of the compact  group T H*. Now, 

(i) impl ies that (E/K) is d iscrete.  Therefore,  if E/K were re~ex -  

ive, it wou ld  have to be compact  and then ~(E/K) wou ld  be a compact  

subgroup of T H*. This proves that E/K cannot  be ref lexive.  It is 

not hard to see that (E/K) is compact  and eE/K is a topo log ica l  

i somorph ism of E/K onto a non-c losed  dense subgroup of (E/K) (cf. 

(14.7)). 

From (14.8) we see that @K : E- /K° + K- is a topo log ica l  iso- 

morphism. Since E-/K ° -- E/K, and E/K is not ref lexive,  it fo l lows 

that K is not ref lexive,  ei ther. It can be shown that eK is an open, 

but not cont inuous,  i somorph ism of K onto K , that K is di- 

screte and that each precompact  subset of K is f inite. The homomor-  

ph ism ~K : (E/K)- ~ K ° is not open; consequent ly ,  ~ : E ~ E/K is 

not compact -cover ing.  

The above example shows that in (17.3) the countab le  product  of 

LCA groups cannot  be rep laced by the countab le  d i rect  sum. 

~17_8~ p~,~R~. By (17.3), the groups ~R and R ~ are both strong- 

ly ref lexive.  There fore  (17.7) shows that the product  of two s t rong ly  

re f lex ive groups need not be s t rong ly  ref lexive.  It is qui te  easy to 

show that the product  of a s t rong ly  re f lex ive group and a compact  or 

d iscre te  one is s t rong ly  re f lex ive again; it is not known if the prod- 

uct of a s t rong ly  re f lex ive group and the real l ine must  be s t rong ly  

ref lexive.  

A s tandard  argument  shows that each c losed l inear subspace and 

each Hausdor f f  quot ien t  space of ~(R ~) and (~R) ~ are reflexive (the 

mean ing  of the symbols is obvious).  The author does not know if the 

same is t rue for the spaces (~(R~)) ~ and ~((~R)~).  

(~7.9) ~ .  A subset  of ~R is open if and on ly  if it inter-  

sects each f in i te d imens iona l  subspace in a re la t i ve ly  open set ([26], 

Propos i t ion  1 or [93], Propos i t ion  4 on p. 477). So, eR is a k-space 

and R ~ is a k-space because it is metr izable.  Never the less,  ~R x R ~ 

is not a k-space; the funct ion (Xn)ne Z + ~ XnX_n is k - con t i nuou~  

but not cont inuous,  n=l 
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(17.1o) ~ .  Let  G = R for a l l  n ~ Z, let  H = {0} for  
n n 

n < 0 and H n = R for  n ~ 0. It is then  c lea r  that  ~ R  × R ~ -  

Z (G n : Hn). So, (17.7) shows tha t  c o u n t a b l e  r e d u c e d  products  of LCA 
n~Z 

g roups  need  not  be s t r o n g l y  re f l ex i ve .  N e v e r t h e l e s s ,  if G is a re f l ex -  

ive b i n u c l e a r  g r o u p  (in p a r t i c u l a r ,  a c o u n t a b l e  r e d u c e d  p r o d u c t  of LCA 

groups)  and K is a c l o s e d  s u b g r o u p  of G, then  #K : G - / K °  ~ K- is 

a t o p o l o g i c a l  i somorph i sm ,  cK : (G/H)- ~ K ° is an open  i somorph i sm ,  

~K is an open  i s o m o r p h i s m  of K on to  K and eG/K  is a t opo log i~  

al e m b e d d i n g  of G /K  in to  (G/K) The p roo f s  of these  a s s e r t i o n s  

are le f t  to the reader .  

(17.11J~r2~,~K. Let  ~ be the f i r s t  u n c o u n t a b l e  c a r d i n a l  and, for 

each  e < ~, let  G be the g r o u p  Z/2Z. Le t  G be (a lgeb ra i ca l l y )  

the g r o u p  Z G . As a base  at zero  in G we take the f am i l y  
e<R 

{HE}E< ~ whe re  

H E = { (g~ )~<~  : g~ = 0 for  a l l  ~ < E]. 

Then  G is a n o n - d i s c r e t e  H a u s d o r f f  g r o u p  and e v e r y  H8 is an open  

s u b g r o u p  of G. 

The g roups  G/H  E are d i sc re te ,  and  the c a n o n i c a l  p r o j e c t i o n s  

~E : G ~ G/H E i nduce  a h o m o m o r p h i s m  ~ of G in to  the l im i t  K of 

the i nve rse  s y s t e m  

{~YE : G /Hy  + G/HE; E £ ¥ < R} 

whe re  ~¥E are the c a n o n i c a l  p r o j e c t i o n s .  Ev i den t l y ,  ~ is a topo-  

l og i ca l  embedd ing .  As a m a t t e r  of fact ,  G is c o m p l e t e  and, t he re fo re ,  

is a t o p o l o g i c a l  i s o m o r p h i s m  of G on to  K (see [72], E x a m p l e  1.6 

and [102],  §5). So, G m a y  be t r e a t e d  as a c l o s e d  s u b g r o u p  of the 

p r o d u c t  II (G/HE).  We sha l l  show tha t  G is not  r e f l ex i ve ;  th is  

means  that  the c o u n t a b l e  p r o d u c t  of LCA g roups  in (17.3) c a n n o t  be re- 

p l a c e d  by  an u n c o u n t a b l e  one (see, however ,  (17.14)) .  

The dua l  g r o u p  G may  be i d e n t i f i e d  a l g e b r a i c a l l y  w i t h  the sub-  

Q of the p r o d u c t  II G~, c o n s i s t i n g  of a l l  e l e m e n t s  g = g roup  

( g ) a < a  w i t h  the p r o p e r t y  tha t  the re  is some E < ~ (depending on g ) 
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such that ge = 0 when ~ & ~. It is not hard to see that every pre- 

compact  subset  of G is f inite; there fore  G- may be ident i f ied  w i th  

Q topologica l ly .  For each ~ < ~, let g8 = (gi~)~<~ be the e lement  

of ~<~II Ge wi th g~8 ~ 0 and g ~  = 0 when ~ # ~. It is clear that 

the set {0} U {g }8<~ is compact,  and its quas i -convex  hul l  in G 

is G- itself. Consequent ly ,  G ~- is d iscrete.  Natural ly ,  we may i- 

dent i fy  G wi th  Z G . This means that eG is an open, but not 
e<~ 

cont inuous,  i somorph ism of G onto G -~ 

The poss ib i l i t y  of ex tend ing the Pont ryag in -van  Kampen dua l i ty  

theorem to non- loca l l y  compact  abe l ian  groups was inves t iga ted  in sev- 

eral  papers. A br ief  survey can be found in [38], in the notes af ter 

§§23-25. Here we shal l  res t r ic t  ourse lves to a rev iew of resul ts  con- 

nected wi th  st rong dual i ty.  

A ~ Let ( n)n=l be a sequence of LCA groups Set G = II A n and H =  
n=l 

Z A . Let P and Q be arb i t ra ry  c losed subgroups of G and H, 
n=l n 

respect ive ly .  

Kaplan [49] p roved that G and H are ref lex ive,  and that there 

are canon ica l  topo log ica l  isomorph isms G -- E A and H = II A 
n=l n n=l n 

Kaplan [50] proved that P is dua l l y  c losed and dua l ly  embedded in G. 

Varopou los  [93] p roved that Q is dua l ly  c losed and dua l l y  embedded 

in H. Kap lan [50] proved that l imits of d i rec t  and inverse sequences 

of LCA groups are ref lexive.  Simi lar  resul ts  were independent l y  ob- 

ta ined by V i lenk in  [99]. 

Varopou los  [93] showed that ~Q : (H/Q) A ~ QO and ~H : H - / Q ° ~  Q-  

are topo log ica l  isomorphisms.  Noble  [72] p roved that P is ref lexive.  

He in t roduced a specia l  c lass of topo log ica l  groups, the so-ca l led ~- 

-groups (see (14.5)) and proved that if K is a k-group, then ~K is 

cont inuous.  It can be shown that P,Q,G/P and H/Q are all k -groups.  

Brown et al. [26] showed that G is s t rong ly  re f lex ive  if A 1 is com- 

pact and A n is isomorphic  to R or to Z for n ~ 2 (or, dual ly,  

if A 1 is d iscre te  and A n is isomorph ic  to R or to T for n ~ 2). 

Venka ta raman [953 proved that P is ref lex ive,  and that ~p : G-/P ° 

P is a topo log ica l  isomorphism. 
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(17.12) ;~Rg. As a spec ia l  case of (17.3) we obta in  the fo l low- 

ing propos i t ion:  

(*) countab le  products  of LCA groups are s t rong ly  ref lexive.  

It turns out that (*) is an a lmost  immedia te  consequence  of the results 

of [50] and [93] (see [12]). It was po in ted  out to the author by E. 

Mar t in -Pe inador  that, as a mat te r  of fact, (*) is a d i rect  consequence  

of the resul ts  of [50] only, wh ich  al lows one to obta in  a re la t i ve ly  

e lementa ry  proof  of (*). Another  e lementa ry  proof  of (*) can be ob- 

ta ined by fo l lowing the way of [26]. 

(17.13) ~vl[. Let A be an open subgroup of a Hausdor f f  abe l ian 

group G. Then A is dua l l y  c losed and dua l l y  embedded in G ([72], 

Lemma 3.3). Venka ta raman  [94] ,Coro l la ry  6.3, p roved that if G is re- 

f lexive, then A is ref lex ive,  too (for k-groups, this was proved 

by Noble [72], Coro l la ry  3.4). It can be shown that G is re f lex ive 

(resp. s t rong ly  ref lex ive)  if and only  if A is reflexive (resp. st rong- 

ly re f lex ive) ;  the proof wi l l  be g iven in [29]. 

A group loca l ly  isomorph ic  to a re f lex ive  group need not be re- 

f lex ive i tsel f  (see (15.3) and (5.1) or (5.3)). The author  does not 

know whether  a group loca l ly  isomorph ic  to a s t rong ly  re f lex ive one 

must  be s t rong ly  ref lexive.  

(17.14) B]~. Negrepont i s  [71] p roved that d i rect  and inverse 

l imi ts of compac t l y  genera ted  LCA groups are re f lex ive  (cf. (17.11)). 

There is, however,  an error  in the proof  of P ropos i t i on  4.4 on p. 250. 

The author  does not know whether  c losed subgroups of uncountable d ~ e c t  

sums of real  l ines are dua l l y  c losed or dua l l y  embedded. Also, it re- 

mains an open ques t ion  whether  c losed subgroups or Hausdor f f  quot ien ts  

of uncountab le  products  of R's or of Z's are ref lexive.  Brown et 

al. [263 proved that each c losed subgroup of the countab le  product  of 

R's can be wr i t t en  in the form 

= ~ Z for n ~ B} {(x n) : x n 0 for n e A and x n 

for some d is jo in t  subsets  A,B of {1,2,. . .} .  Most  l ikely, this re- 

sul t  cannot  be ex tended to uncountab le  products.  

~17.15J !o'1"~. The mater ia l  of this sect ion is new, with the follow- 

ing except ions.  St rong re f lex iv i t y  was in t roduced in [26]. Par ts  (a) 

and (b) of (17.1) were commun ica ted  to the author  by M.J. Chasco and 
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E. Mar t ln -Pe inador .  Parts (c) and (d) of (17.1) are, in fact, taken 

from [26J. The specia l  case of (17.3) when G is a nuc lear  Frechet  

space and al l  groups A n are t r iv ia l  appears  in [81. Example  (17.11) 

is taken f rom [72]; as a mat ter  of fact, this is the example  g iven by 

Lept in  in [61]. 

18. Groups wi th  boundedness  

One of the main  obstac les  in ex tend ing  Pon t ryag in  dua l i t y  to non- 

- loca l ly  compact  groups is that the quot ien t  homomorphism G + G/H need 

not be compac t -cover ing  (cf. (17.6) and (17.7)). To avoid this d i f f i -  

culty, N.Ya. V i l enk in  [98J in t roduced the so-ca l led  groups w i th  bound-  

edness. In this sect ion we give an out l ine of V i lenk in ' s  theory  and 

show how groups wi th  boundedness  a l low one to obta in  an ana logue of 

(17.2) for b inuc lear  groups wh ich  are not Cech-complete.  The main  re- 

sul ts are (18.4) and (18.7). 

Let G be an abel ian group. By a boundedness  on G we mean a 

fami ly  of subsets of G, ca l led bounded sets, 

ing condi t ions:  

i) 

2) 

3) 

4) 

sa t i s fy ing  the fo l low- 

if X is bounded,  so is -X; 

subsets  of bounded sets are bounded; 

if X,Y are bounded, so are X U Y and X + Y; 

f in i te sets are bounded. 

For instance, the fami ly  of al l  f in i te (resp. p recompac t  or re la t i ve ly  

compact) subsets of a topo log ica l  group forms a boundedness.  Another  

example is the fami ly  of all subsets  of a topo log ica l  vector  space 

which are bounded in the usual  sense i.e. absorbed  by neighbourhoods of 

zero. Equ ipped wi th  this boundedness,  a topo log ica l  vector  space E w i ~  

be deno ted  by E . 
o 

Let G be a group wi th  boundedness  and H its subgroup. The 

boundedness  on G induces the boundedness  on H and on G/H. As 

bounded subsets of H we take the sets H n X where X is a bounded 

subset  of G. Bounded subsets of G/H are de f ined  as the canon ica l  

images of bounded subsets of G. 

If L is a c losed l inear  subspace of a topo log ica l  vector  space 

E, then it may happen that (E/L)o # E /L; for instance, in the no- 

ta t ion of (17.6), there are bounded subsets  of 0 /L wh ich  are not 

canon ica l  images of bounded subsets of D. 
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Let G be a topo log ica l  group wi th  boundedness.  We say that G 

is a Q-group if it is loca l ly  quas i -convex  and if quas i -convex  hulls of 

bounded sets are bounded. If E is a loca l ly  convex space, then every  

closed, convex and symmetr ic  subset  of E is quas i -convex  (see the 

proof  of (2.4)); there fore  E is a Q-group. It is obvious that any 

subgroup of a Q-group is a Q-group. However,  a Hausdor f f  quo t ien t  of a 

Q-group need not be loca l ly  quas i -convex  (see (5.3)). 

Let ~ : G + H be a homomorph ism of groups wi th  boundedness.  We 

say that ~ is bounded if the images of bounded sets are bounded. We 

say that ~ is bound inq  if to each bounded X c H there corresponds 

some bounded y c G wi th  X n ~(G) c ~(y). Final ly,  ~ is ca l led 

b i -bounded if it is both bounded and bounding.  B i -bounded topo log ica l  

isomorph isms wi l l  be ca l led b- isomorph isms.  

Let G be a topo log ica l  group wi th  boundedness.  The dual  group, 

denoted by G d, is de f ined in the fo l lowing way. As a set, G d con- 

s ists of all cont inuous charac ters  of G. As a base at zero in G d we 

take the polars of bounded subsets of G. The boundedness  on G d con- 

s ists of equ icon t inuous  sets. It fo l lows immed ia te ly  from our def in i -  

t ions t h a t  G d is a Q-group. Not ice that if % : G + H is a b- iso-  

morphism, then the dual  mapp ing  ~d : H d ~ G d, de f ined in the usual  

way, is a b- isomorph ism,  too. 

The eva lua t ion  map G + G dd wi l l  be denoted by 8G. We say that 

G is an invo lu t ive group if ~G is a b - i somorph ism of G onto G dd. 

(~8.1) l~Jia~s~. Let G be a separated Q-group. Then ~G is a 

b - i somorph ism of G onto 8G(G). 

This is a d i rect  consequence of our def in i t ions.  

( 1 8 . 2 ) ~ o s i ,  I ~ .  A local ly  convex space E is semi - re f lex ive  if 

and only if E ° is an invo lu t ive  group. 

Proof. By (2.3), we have the topo log ica l  i somorph ism PE : Eb ~ 

Ea) d which, again by (2.3), a l lows us to ident i fy  a lgebra ica l l y  

E ) w i th  (Eo)dd. Thus, E is semi-ref lex ive i f  and ortly if im ~E 
O 

Eo) dd. Now, it suff ices to apply  (18.1) because E o is a Q-group. • 

~18.3) PI~FOSI~X~. A dua l ly  closed, dua l l y  embedded subgroup of an 

invo lu t ive  group is involut ive.  
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Pz~ f .  Let  H be a d u a l l y  c losed,  d u a l l y  e m b e d d e d  s u b g r o u p  of an 

i n v o l u t i v e  g roup  G. In v i ew  of (18.1),  it is e n o u g h  to show that  

im 8H = Hdd" Take  an a r b i t r a r y  c o n t i n u o u s  c h a r a c t e r  ~ of H d. The 

c a n o n i c a l  h o m o m o r p h i s m  ~ : G d ~ H d is con t i nuous ,  t h e r e f o r e  ~ is 

a c o n t i n u o u s  c h a r a c t e r  of G d. It is obv ious  tha t  ~ ~ H O°. S ince  

H is d u a l l y  c l osed  in G, we have  ~G(H) = H °° (cf. (14.2)) .  So, 

the re  is some h ~ H w i t h  ~G(h) = ~¢ and it is not  ha rd  to v e r i f y  

that  ~H(h) = ~ (cf. the p roo f  of (14.6)) .  • 

Let  G = Z (G i : H i ) be a r e d u c e d  p r o d u c t  of g roups  w i t h  bound -  
ieI 

edness.  We i n t r o d u c e  b o u n d e d n e s s  in to  G in the f o l l o w i n g  way.  For  

each  i ~ I, let  ~i : G + G i be the c a n o n i c a l  p ro j ec t i on .  A subse t  

X of G is b o u n d e d  if ~i(X) is a b o u n d e d  subse t  of G i for  a l l  

i ~ I and if ~ i (X) c H i for  a l l  but  f i n i t e l y  m a n y  i. 

(18.4) R r n [ s .  Let  G = Z (G i : H i ) be a r e d u c e d  p r o d u c t  of 
iEI 

t o p o l o g i c a l  g roups  w i t h  b o u n d e d n e s s .  Suppose  tha t  H i is dual ly c l o s e d  

in G i for  a lmos t  a l l  i. Then  G d is c a n o n i c a l l y  b - i s o m o r p h i c  to 

Z ( G ~  : H~).~ Consequen t l y ,  if a l l  g roups  G i are  involut ive,  t hen  G 
i~I 

is i nvo lu t i ve ,  too. 

Proof. Take  any  X e Gd. S ince  X is con t i nuous ,  one has 

¼ for  some U E No(G ) . A c c o r d i n g  to the d e f i n i t i o n  of the I×(o)1 

t o p o l o g y  on G, we may  assume that  

(i) U = {(gi  ) ~ G : gi ~ Ui for a l l  i ~ I} 

• c U. for a lmos t  a l l  i. Le t  w h e r e  U i E No(Gi) for a l l  i and H I l 

o for  a lmos t  a l l  i, Gd for each  i E I. Then  Xi E H i Xi = XIGi  1 

w h i c h  means  tha t  

(X i ) i~  I e G" : = Z (G~ : Hg).I 
ieI 

c o n s i d e r  the m a p p i n g  ~ : G d ~ G" g i v e n  by  #(X) = (X i ) is  I. I t  is 

c l ea r  tha t  ~ is an a l g e b r a i c a l  i s o m o r p h i s m  of G d on to  G" We 

sha l l  p rove  that  ¢ is a b - i s o m o r p h i s m .  
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1 ° ¢ is con t i nuous .  Take  any  W e No(G') .  A c c o r d i n g  to the 

d e f i n i t i o n  of the t o p o l o g y  on G', we m a y  asume that  

W = {(Xi) ~ G" : Xi E W i for a l l  i ~ I} 

whe re  W i ~ No(G ~) for a l l  i and H9 c W i for  a lmos t  a l l  i. For  
1 

each  i ~ I, t he re  ex i s t s  a b o u n d e d  subse t  X i of G i with Xgl c W..l 

If X i ~ H i , t hen  H~ ~ o 1 X i b e c a u s e  H i is d u a l l y  c l o s e d  in G i. Th is  

means  tha t  X i c H i for  a lmos t  a l l  i. Then  the set  

(2) X = {(gi ) E G : g i ~  Xi  for  al l  i g I} 

is b o u n d e d  in G. We have X ° e No(Gd ) and  i t  is c l ea r  tha t  

¢(X °) c W. 

2 ° ~ i s open. Take  any  V E No (Gd  ) . The re  is a b o u n d e d  subse t  

X of G w i t h  X O c V. We m a y  assume tha t  X has fo rm (2) w h e r e  

X i is a b o u n d e d  subse t  of G i for  a l l  i and X i c H i for  a lmos t  

a l l  i. We m a y  w r i t e  

X O = {(Xi  ) ~ G d : Xi E Xgl for  al l  i E I}. 

o X9 So we have  H~ c X9 for a lmos t  a l l  i, If X i c Hi, then  H i c i" ' i 1 

w h i c h  means  that  ~(X °) e No(G ' ) .  

3 ° # is bounded .  Let  X be a b o u n d e d  subse t  of G d. T h e r e  is 

some U ~ No(G) w i t h  X c U °. we may  assume tha t  U has f o rm  (i). 

Then  

U O { (X i  ) ~ G d U O = : Xi ~ for  a l l  i e I}. 

o o 
If H i c Ui, t hen  U i c Hi; s ince  th is  ho lds  for a lmos t  a l l  i, 

f o l l ows  that %(U °) is a b o u n d e d  subse t  of G'. 

it 

4 ° ~ is bound ing .  Let  Y be a b o u n d e d  subse t  of G'. 

assume tha t  

We may  

y = {(Xi) E G" : Xi E Yi  for al l  i ~ I} 

whe re  Y- is a b o u n d e d  subse t  of G. ~ ~ for  a l l  i and y~ c H O for 
1 1 1 1 

a l l  i o u t s i d e  a c e r t a i n  f i n i t e  subse t  J of I. To each  i e I 
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there cor responds some U i e No(Gi) wi th  Yi c Ugl. Let A be the 

subset of G cons is t ing  of all sequences (gi) such that gi E U i for 

i ~ J and gi ~ Ui + Hi for i ~ J. Then A E No(G ) and A ° is the 

bounded subset of G d cons is t ing  of all sequences (Xi) such that 

Xi E U~I for i ~ J and Xi E (U i + Hi )° for i ~ J. Since H i is 

a subgroup of Gi, we have (U i + Hi )° = U°1 N Hg.I This impl ies that 

Yi c (U i + Hi)°  for i ~ J. Hence y c ¢(A°). • 

An invo lu t ive group G is ca l led s t rong ly  invo lu t ive  if every  

c losed subgroup and every  Hausdor f f  quot ient  group of G and of G d 

is involut ive.  

(18.5) [ ~ .  Let G be a topolo§lical group with boundedness.  For 

each c losed subgroup H of G, the canonica l  mapp ing  cH : (G/H)d ~ H  o 

is a b- isomorphism.  

The ver i f i ca t ion  of this s imple fact is left to the reader. 

(18.6) PR~ssrrlom. Let H be a c lcsed subgroup of a s t rong ly  in- 

vo lu t ive  group G. Then 

(a) H is dua l ly  c losed and dua l ly  embedded in G; 

(b) the canonica l  mapp ings CH : Gd/H° ~ Hd and cH : (G/H)d H O 

are b- isomorph isms;  

(c) the groups H and G/H are s t rong ly  involut ive.  

The proof  is s imi lar  to that of (17.1). We leave it to the read- 

er. 

Let G be an abel ian topo log ica l  group. By [G] we shal l  denote 

the group G equ ipped wi th  the boundedness  cons is t ing  of p recompact  

sets. 

( 1 8 . 7 ) ~ r ~ J ~ f .  Let G be a re f lex ive group. Suppose that both the 

groups G and G are nuc lear  and complete.  Then the group [G] is 

s t rong ly  involut ive.  

The assumpt ions of (18.7) are sat isf ied,  in par t icu lar ,  for 

~(D) or G = eR x R e (cf. (17.6) and (17.7)). 

G = 
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Proof. It fo l lows d i rec t l y  f rom our assumpt ions that the ident i ty  

mappings i : [G] d ~ [G-] and j : [G-] d + [G--J are b- isomorphisms. 

Then the sequence 

eG __ • ~ .d [G] > [G ] j-i ]d l dd > [G > [G] 

shows that [G] is involut ive.  By (8.6) and (8.3), closed subgroups of 

[G] and of [G] d are dua l ly  c losed and dua l ly  embedded. Hence, by 

(18.3), each c losed subgroup of [G] and of [G] d is involut ive.  It 

remains to show that Hausdor f f  quot ien t  groups of [G] and of [G] d are 

involut ive.  

So, let H be a c losed subgroup of [G]. The canonica l  mapp ing 

¥ : [G]/H + [G]dd/H°° is a b - i somorph ism (see (14.2)). Next, (14.8) 

impl ies that the canonica l  mapp ing  ¢ : [G]dd/H °° ~ (H°) d is a to- 
H o 

po log ica l  isomorphism. It is c lear that ¢ is bounded; that it is 
H o 

fo l lows from (8.2). Final ly,  (18.5) says that cH : ([GS/H) d + H ° is 

a b- isomorphism.  Now, the sequence 

[G]/H Y > [G]dd/HO ° CH o (~H)d > (H°) d > ([G]/H) dd 

shows that [G]/H is involut ive.  The proof  that Hausdor f f  quotients of 

[G] d are invo lu t ive  is similar. • 

( 1 5 . S )  ~ .  If E is a non- re f lex ive  Banach space, then E is 

a re f lex ive group, but E is not invo lu t ive  (see (15.2) and (18.2)). 

There fore  it is in teres t ing  that a met r i zab le  loca l ly  convex space E 

is a s t rong ly  re f lex ive  group if and only if E is s t rong ly  involu- 

tive, namely, if and on ly  if E is a nuc lear  Frechet  space. This fol- 

lows from (17.3 , (18.7) and (6.1). 

( 1 8 . 9 )  H OI, Y .  The mater ia l  of this sect ion is taken from [98]. 

Theorem (18.7) is new. 
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