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Preface

The methods for the nonlinear analysis of physical and mechanical systems developed
for use on modern digital computers provide means for accurate analysis of large-
scale systems under dynamic loading conditions. These methods are based on the
concept of replacing the actual system by an equivalent model made up from discrete
bodies having known elastic and inertia properties. The actual systems, in fact, form
multibody systems consisting of interconnected rigid and deformable bodies, each
of which may undergo large translational and rotational displacements. Examples
of physical and mechanical systems that can be modeled as multibody systems are
machines, mechanisms, vehicles, robotic manipulators, and space structures. Clearly,
these systems consist of a set of interconnected bodies which may be rigid or de-
formable. Furthermore, the bodies may undergo large relative translational and rota-
tional displacements. The dynamic equations that govern the motion of these systems
are highly nonlinear which in most cases cannot be solved analytically in a closed
form. One must resort to the numerical solution of the resulting dynamic equations.

The aim of this text, which is based on lectures that I have given during the past
several years, is to provide an introduction to the subject of multibody mechanics in
a form suitable for senior undergraduate and graduate students. The initial notes for
the text were developed for two first-year graduate courses introduced and offered
at the University of Illinois at Chicago. These courses were developed to emphasize
both the general methodology of the nonlinear dynamic analysis of multibody systems
and its actual implementation on the high-speed digital computer. This was prompted
by the necessity to deal with complex problems arising in modern engineering and
science. In this text, an attempt has been made to provide the rational development of
the methods from their foundations and develop the techniques in clearly understand-
able stages. By understanding the basis of each step, readers can apply the method to
their own problems.

The material covered in this text comprises an introductory chapter on the subjects
of kinematics and dynamics of rigid and deformable bodies. In this chapter some

ix



X PREFACE

background materials and a few fundamental ideas are presented. In Chapter 2, the
kinematics of the body reference is discussed and the transformation matrices that
define the orientation of this body reference are developed. Alternate forms of the
transformation matrix are presented. The material presented in this chapter is es-
sential for understanding the dynamic motion of both rigid and deformable bodies.
Analytical techniques for deriving the system differential and algebraic equations of
motion of a multibody system consisting of rigid bodies are discussed in Chapter 3.
In Chapter 4, an introduction to the theory of elasticity is presented. The material
covered in this chapter is essential for understanding the dynamics of deformable
bodies that undergo large translational and rotational displacements. In Chapter 5,
the equations of motion of deformable multibody systems in which the reference mo-
tion and elastic deformation are coupled are derived using classical approximation
methods. In Chapters 6 and 7, two finite element formulations are presented. Both
formulations lead to exact modeling of the rigid body inertia and lead to zero strains
under an arbitrary rigid body motion. The first formulation discussed in Chapter 6,
which is based on the concept of the intermediate element coordinate system, uses
the definition of the coordinates used in the conventional finite element method. A
conceptually different finite element formulation that can be used in the large defor-
mation analysis of multibody systems is presented in Chapter 7. In this chapter, the
absolute nodal coordinate formulation in which no infinitesimal or finite rotations are
used as element coordinates is introduced.

I am grateful to many teachers, colleagues, and students who have contributed
to my education in this field. I owe a particular debt of gratitude to Dr. R.A. Wehage
and Dr. M.M. Nigm for their advice, encouragement, and assistance at various stages
of my educational career. Their work in the areas of computational mechanics and
vibration theory stimulated my early interest in the subject of nonlinear dynamics.
Several chapters of this book have been read, corrected, and improved by many of
my graduate students. I would like to acknowledge the collaboration with my stu-
dents Drs. Om Agrawal, E. Mokhtar Bakr, Ipek Basdogan, Michael Brown, Bilin
Chang, Che-Wei Chang, Koroosh Changizi, Da-Chih Chen, Jui-Sheng Chen, Jin-
Hwan Choi, Hanaa El-Absy, Marian Gofron, Wei-Hsin Gau, Wei-Cheng Hsu, Kuo-
Hsing Hwang, Yunn-Lin Hwang, Yehia Khulief, John Kremer, Haichiang Lee, Jalil
Rismantab-Sany, Mohammad Sarwar, Marcello Berzeri, Marcello Campanelli,
Andrew Christensen, Hussien Hussien, Refaat Yakoub, and Hiroyuki Sugiyama. Their
work contributed significantly to the development of the material presented in this
book. Special thanks are due to Ms. Denise Burt for the excellent job in typing most
of the manuscript. Finally, I thank my family for their patience and encouragement
during the time of preparation of this text.

Chicago, Illinois Ahmed Shabana
NOVEMBER 2004



1 INTRODUCTION

1.1 MULTIBODY SYSTEMS

The primary purpose of this book is to develop methods for the dynamic analysis
of multibody systems that consist of interconnected rigid and deformable compo-
nents. In that sense, the objective may be considered as a generalization of methods
of structural and rigid body analysis. Many mechanical and structural systems such
as vehicles, space structures, robotics, mechanisms, and aircraft consist of intercon-
nected components that undergo large translational and rotational displacements.
Figure 1 shows examples of such systems that can be modeled as multibody systems.
In general, a multibody system is defined to be a collection of subsystems called
bodies, components, or substructures. The motion of the subsystems is kinematically
constrained because of different types of joints, and each subsystem or component
may undergo large translations and rotational displacements.

Basic to any presentation of multibody mechanics is the understanding of the
motion of subsystems (bodies or components). The motion of material bodies formed
the subject of some of the earliest researches pursued in three different fields, namely,
rigid body mechanics, structural mechanics, and continuum mechanics. The term
rigid body implies that the deformation of the body under consideration is assumed
small such that the body deformation has no effect on the gross body motion. Hence,
for a rigid body, the distance between any two of its particles remains constant at all
times and all configurations. The motion of a rigid body in space can be completely
described by using six generalized coordinates. However, the resulting mathematical
model in general is highly nonlinear because of the large body rotation. On the other
hand, the term structural mechanics has come into wide use to denote the branch of
study in which the deformation is the main concern. Large body rotations are not
allowed, thus resulting in inertia-invariant structures. In many applications, however,
a large number of elastic coordinates have to be included in the mathematical model
in order to accurately describe the body deformation. From the study of these two

1
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Figure 1.1 Mechanical and structural systems.

subjects, rigid body and structural mechanics, there has evolved the vast field known
as continuum mechanics, wherein the general body motion is considered, resulting
in a mathematical model that has the disadvantages of the previous cases, mainly
nonlinearity and large dimensionality. This constitutes many computational problems
that will be addressed in subsequent chapters.

In recent years, greater emphasis has been placed on the design of high-speed,
lightweight, precision systems. Generally these systems incorporate various types
of driving, sensing, and controlling devices working together to achieve specified
performance requirements under different loading conditions. The design and perfor-
mance analysis of such systems can be greatly enhanced through transient dynamic
simulations, provided all significant effects can be incorporated into the mathematical
model. The need for a better design, in addition to the fact that many mechanical and
structural systems operate in hostile environments, has made necessary the inclusion
of many factors that have been ignored in the past. Systems such as engines, robotics,
machine tools, and space structures may operate at high speeds and in very high
temperature environments. The neglect of the deformation effect, for example, when
these systems are analyzed leads to a mathematical model that poorly represents the
actual system.

Consider, for instance, the Peaucellier mechanism shown in Fig. 1(b), which is
designed to generate a straight-line path. The geometry of this mechanism is such
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Figure 1.2 Multibody systems.

that BC = BP = EC = EP and AB = AE. Points A, C, and P should always
lie on a straight line passing through A. The mechanism always satisfies the con-
dition AC x AP = c, where c is a constant called the inversion constant. In case
AD = CD, point C must trace a circular arc and point P should follow an exact
straight line. However, this will not be the case when the deformation of the links is
considered. If the flexibility of links has to be considered in this specific example,
the mechanism can be modeled as a multibody system consisting of interconnected
rigid and deformable components, each of which may undergo finite rotations. The
connectivity between different components of this mechanism can be described by
using revolute joints (turning pairs). This mechanism and other examples shown in
Fig. 1, which have different numbers of bodies and different types of mechanical
joints, are examples of mechanical and structural systems that can be viewed as a
multibody system shown in the abstract drawing in Fig. 2. In this book, computer-
based techniques for the dynamic analysis of general multibody systems containing
interconnected sets of rigid and deformable bodies will be developed. To this end,
methods for the kinematics and dynamics of rigid and deformable bodies that experi-
ence large translational and rotational displacements will be presented in the following
chapters. In the following sections of this chapter, however, some of the basic con-
cepts that will be subject of detailed analysis in the chapters that follow are briefly
discussed.

1.2 REFERENCE FRAMES

The configuration of a multibody system can be described using measurable quan-
tities such as displacements, velocities, and accelerations. These are vector quantities
that have to be measured with respect to a proper frame of reference or coordinate
system. In this text, the term frame of reference, which can be represented by three
orthogonal axes that are rigidly connected at a point called the origin of this refer-
ence, will be frequently used. Figure 3 shows a frame of reference that consists of the
three orthogonal axes X, X,, and X3. A vector u in this coordinate system can be
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Figure 1.3 Reference frame.

defined by three components u, u,, and u3, along the orthogonal axes X, X,, and
X3, respectively. The vector u can then be written in terms of its components as

T
u=[u uy usl
or as
u= u1i1 + M2i2 + Lt3i3

where iy, i, and i3 are unit vectors along the orthogonal axes X, X;, and X3, respec-
tively.

Generally, in dealing with multibody systems two types of coordinate systems
are required. The first is a coordinate system that is fixed in time and represents a
unique standard for all bodies in the system. This coordinate system will be referred to
as global, or inertial frame of reference. In addition to this inertial frame of reference,
we assign a body reference to each component in the system. This body reference
translates and rotates with the body; therefore, its location and orientation with respect
to the inertial frame change with time. Figure 4 shows a typical body, denoted as body

X,

Figure 1.4 Body coordinate system.
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i in the multibody system. The coordinate system X; X, X3 is the global inertial frame
of reference, and the coordinate system X/, X’ng is the body coordinate system. Let i,
i, and i3 be unit vectors along the axes X, X», and X3, respectively, and let i’i , ié, and
ig be unit vectors along the body axes Xt Xé, and Xé, respectively. The unit vectors
i, i, and i3 are fixed in time; that is, they have constant magnitude and direction,
while the unit vectors i}, i}, and i} have changeable orientations. A vector u’ defined
in the body coordinate system can be written as

u' = @iy + b + b
where 12’1 s ﬁé, and 17{’3 are the components of the vector u’ in the local body coordinate
system. The same vector u’ can be expressed in terms of its components in the global
coordinate system as

u = ubiy + ubis + ulis
where u’, u), and u} are the components of the vector u’ in the global coordinate
system. We have, therefore, given two different representations for the same vector
u’, one in terms of the body coordinates and the other in terms of global coordinates.
Since it is easier to define the vector in terms of the local body coordinates, it is useful
to have relationships between the local and global components. Such relationships can
be obtained by developing the transformation between the local and global coordinate
systems. For instance, consider the planar motion of the body shown in Fig. 5. The
coordinate system X X, represents the inertial frame and X’1 X’2 is the body coordinate
system. Let i; and i, be unit vectors along the X; and X, axes, respectively, and let i}
and i, be unit vectors along the body axes X| and X}, respectively. The orientation of
the body coordinate system with respect to the global frame of reference is defined
by the angle 0'. Since i is a unit vector, its component along the X, axis is cos 6/,
while its component along the X, axis is sin 6. One can then write the unit vector i}
in the global coordinate system as

i} = cos@'i; +sinb'iy

Xz F
_ Body i
X, P

i .-5- L x i

i, azr %ﬁ/,' 1
ol
(0] _ »
IJ.J Xl

Figure 1.5 Planar motion.
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Similarly, the unit vector ij is given by
i), = —sin®@'i; + cos0'iy

The vector v’ is defined in the body coordinate system as
u' =il + ibib

where L‘t’i and L‘té are the components of the vector u’ in the body coordinate system.
Using the expressions for i} and i5, one gets

u = ﬁ’i (cos @'y + sin@'iy) + ﬁé(—sin 0'i; + cosO'ip)
= (@t} cos 0" — ity sin0')i; + (@} sin 0’ + ity cos 0')ir
= u’iil + uéiz
where u/ and u}, are the components of the vector u’ defined in the global coordinate
system and given by

i} cosf' — iy sin6'

)y
uh = @t sin®' + ith cos O

These two equations which provide algebraic relationships between the local and
global components in the planar analysis can be expressed in a matrix form as

u =A'w

. . . . . T P . .
where w' = [u} wu,] , 0" =[&] @,], and A’ is the planar transformation matrix
defined as

Al | cos Bf —sinQi

sinf'  cosf'

In Chapter 2 we will study the spatial kinematics and develop the spatial transforma-
tion matrix and study its important properties.

1.3 PARTICLE MECHANICS

Dynamics in general is the science of studying the motion of particles or bodies.
The subject of dynamics can be divided into two major branches, kinematics and
kinetics. In kinematic analysis we study the motion regardless of the forces that cause
it, while kinetics deals with the motion and forces that produce it. Therefore, in
kinematics attention is focused on the geometric aspects of motion. The objective
is, then, to determine the positions, velocities, and accelerations of the system under
investigation. In order to understand the dynamics of multibody systems containing
rigid and deformable bodies, it is important to understand first the body dynamics.
We start with a brief discussion on the dynamics of particles that form the rigid and
deformable bodies.

Particle Kinematics A parricle is assumed to have no dimensions and ac-
cordingly can be treated as a point in a three-dimensional space. Therefore, in studying
the kinematics of particles, we are concerned primarily with the translation of a point
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Figure 1.6 Position vector of the particle p.

with respect to a selected frame of reference. The position of the particle can then be
defined using three coordinates. Figure 6 shows a particle p in a three-dimensional
space. The position vector of this particle can be written as

r = xii; + x2i + x3i3 (1.1)

where iy, iy, and i3 are unit vectors along the X, X», and X3 axes and xy, x, and x3
are the Cartesian coordinates of the particle.

The velocity of the particle is defined to be the time derivative of the position
vector. If we assume that the axes X, X,, and X3 are fixed in time, the unit vectors
iy, i, and i3 have a constant magnitude and direction. The velocity vector v of the
particle can be written as

d
V=r= E(l‘) = X1y + X2ip + X303 (1.2)

where () denotes differentiation with respect to time and X, X», and X3 are the
Cartesian components of the velocity vector.

The acceleration of the particle is defined to be the time derivative of the velocity
vector, that is,

d
a= E(V)=)’51i1 + Jaly + X3i3 (1.3)

where a is the acceleration vector and X1, ¥,, and ¥3 are the Cartesian components of
the acceleration vector. Using vector notation, the position vector of the particle in
terms of the Cartesian coordinates can be written as

r=[x x x]
while the velocity and acceleration vectors are given by
L [dxl dx dxg]T
dt dt dt dt
= [0 & &l
_dv _ d’r [dle d?x, d2x3]T

A= T a2 " | ar ae e

. . .. 1T
[ X i3]
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X,

Figure 1.7 Cylindrical coordinates.

The set of coordinates that can be used to define the particle position is not unique.
In addition to the Cartesian representation, other sets of coordinates can be used for
the same purpose. In Fig. 7, the position of particle p can be defined using the three
cylindrical coordinates, r, ¢, and z, while in Fig. 8, the particle position is identified
using the spherical coordinates r, 9, and ¢. In many situations, however, it is useful to
obtain kinematic relationships between different sets of coordinates. For instance, if
we consider the planar motion of a particle p in a circular path as shown in Fig. 9, the
position vector of the particle can be written in the fixed coordinate system XX, as

r=[x xl" =xi +xb

where x| and x, are the coordinates of the particle and i; and i, are unit vectors along
the fixed axes X and X, respectively. In terms of the polar coordinates » and 6, the
components x; and x, are given by

X; =rcosf, xp=rsinf
and the vector r can be expressed as

r=rcosfi; +rsinfi

Xz A
p
T
.
oL
0> ,
X,
¢ 7,

X,

Figure 1.8 Spherical coordinates.
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Figure 1.9 Circular motion of a particle.

Since r in this example is constant, and i; and i, are fixed vectors, the velocity of the
particle is given by

dr s .
V= 7 =rO(—sinfi; + cosfi,)

and the acceleration vector a is given by

a= i rO(—sinf i, + cosi,) + r(@)z(—cose ip —sinf i)

One can verify that this equation can be written in the following compact vector form:
A=XIr+wxyv

where w and « are the vectors
w=0i;5, a=20i3

One may also define the position vector of p in the moving coordinate system X, Xy.
Let, as shown in Fig. 9, i, and iy be unit vectors along the axes X, and Xy, respec-
tively. It can be verified that these two unit vectors can be written in terms of the unit
vectors along the fixed axes as

i, =cosOi; +sinbi,

ig = —sinfi; + cosbi,

and their time derivatives can be written as

: di, S .
i, = = —0@sinfi; +6Hcosbi, =0iy
dt
dig . ) S -
ig = — = —0cosfi; —Osinbi, = —0i,
dt

The position vector of the particle in the moving coordinate system can be defined as

r=ri,
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Using this equation, the velocity vector of particle p is given by

dr dr, n di,
=_=_lr
v dt dt rdt

Since the motion of point p is in a circular path, dr/dt = 0, and the velocity vector
v reduces to

i, .
v=r— =r0iy
dt
which shows that the velocity vector of the particle is always tangent to the circular
path. The acceleration vector a is also given by

dv " . die " .2
a=— =rbig+r0— =rbig —r@)i
r 9 7 o — 1)1,
The first term, 0, is called the tangential component of the acceleration, while the
second term, —r(0)?, is called the normal component.

Particle Dynamics The study of Newtonian mechanics is based on Newton’s
three laws, which are used to study particle mechanics. Newton’s first law states that
a particle remains in its state of rest, or of uniform motion in a straight line if there are
no forces acting on the particle. This means that the particle can be accelerated if and
only if there is a force acting on the particle. Newton’s third law, which is sometimes
called the law of action and reaction, states that to every action there is an equal and
opposite reaction; that is, when two particles exert forces on one another, these forces
will be equal in magnitude and opposite in direction. Newton’s second law, which
is called the law of motion, states that the force that acts on a particle and causes its
motion is equal to the rate of change of momentum of the particle, that is

F=P 1.4)

where F is the vector of forces acting on the particle and P is the linear momentum
of the particle, which can be written as

P=mv (1.5)
where m is the mass and v is the velocity vector of the particle. Equations 4 and 5

imply that

F= %(mv) (1.6)

In nonrelativistic mechanics, the mass m is constant and as a consequence, Eq. 6 leads
to

F=m— =ma (1.7)
dt
where a is the acceleration vector of the particle. Equation 7 is a vector equation that

has the three scalar components

F1 = ma, Fz = may, F3 = masj
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where F|, F», and F3 and ayp, ap, and a; are, respectively, the components of the
vectors F and a defined in the global coordinate system. The vector ma is sometimes
called the inertia or the effective force vector.

1.4 RIGID BODY MECHANICS

Unlike particles, rigid bodies have distributed masses. The configuration of a
rigid body in space can be identified by using six coordinates. Three coordinates de-
scribe the body translation, and three coordinates define the orientation of the body.
Figure 10 shows a rigid body denoted as body i in a three-dimensional space. Let
X X>X; be a coordinate system that is fixed in time, and let X|X}X} be a body co-
ordinate system or body reference whose origin is rigidly attached to a point on the
rigid body. The global position of an arbitrary point P on the body can be defined as

r =R +u (1.8)

where r = [ri i #i]" is the global position of point P/, Ri = [Ri R Ri]" is the
global position vector of the origin O’ of the body reference, and u' = [} u’, ui]" is
the position vector of point P with respect to O'. Since an assumption is made that
the body is rigid, the distance between points P’ and O’ remains constant during the
motion of the body; that is, the components of the vector u’ in the body coordinate
system are known and constant. The vectors ri and R, however, are defined in the
global coordinate system; therefore, it is important to be able to express the vector u’
in terms of its components along the fixed global axes. To this end, one needs to de-
fine the orientation of the body coordinate system with respect to the global frame of
reference. A transformation between these two coordinate systems can be developed
in terms of a set of rotational coordinates. However, this set of rotational coordinates

X,
Figure 1.10 Rigid body mechanics.
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Axis of rotation

{a) Translation (h) Rotation

Figure 1.11 Rigid body displacements.

is not unique, and many representations can be found in the literature. In Chapter 2 we
develop the transformation matrix that can be used to transform vectors defined in the
body coordinate systems to vectors defined in the global coordinate system and vice
versa. We also introduce some of the most commonly used orientational coordinates
such as Euler angles, Euler parameters, Rodriguez parameters, and the direction
cosines. In some of these representations more than three orientational coordinates
are used. In such cases, the orientational coordinates are not totally independent, since
they are related by a set of algebraic equations.

Since Eq. 8 describes the global position of an arbitrary point on the body, the body
configuration can be completely defined, provided the components of the vectors in
the right-hand side of this equation are known. This equation implies that the general
motion of a rigid body is equivalent to a translation of one point, say, O’, plus a
rotation. A rigid body is said to experience pure translation if the displacements of
any two points on the body are the same. A rigid body is said to experience a pure
rotation about an axis called the axis of rotation, if the particles forming the rigid body
move in parallel planes along circles centered on the same axis. Figure 11 shows the
translational and rotational motion of arigid body. It is clear from Fig. 11(b) that in the
case of pure rotation, points on the rigid body located on the axis of rotation have zero
displacements, velocities, and accelerations. A pure rotation can be obtained if we
fix one point on the body, called the base point. This will eliminate the translational
degrees of freedom of the body. This is, in fact, Euler’s theorem, which states that the
general displacements of a rigid body with one point fixed is a rotation about some
axis that passes through that point. If no point is fixed, the general motion of a rigid
body is given by Chasles’ theorem, which states that the most general motion of a
rigid body is equivalent to a translation of a point on the body plus a rotation about
an axis passing through that point.

Kinematic Equations In two-dimensional analysis, the configuration of the
rigid body can be identified by using three coordinates; two coordinates define
the translation of a point on the body, and one coordinate defines the orientation
of the body with respect to a selected inertial frame of reference. For instance, con-
sider the planar rigid body denoted as body i and shown in Fig. 12. Let XX, be
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i, X,

Figure 1.12  Absolute Cartesian coordinates.

the fixed frame of reference and X! X} be the body reference whose origin is point
O', which is rigidly attached to the body. The vector RY = [R] R;]T describes the
translation of the origin of the body reference, while the angle 6 describes the body
orientation. The set of Cartesian coordinates q'. defined as

q=[R R, ¢] (1.9)
can then be used to define the body configuration; that is, the position, velocity,
and acceleration of an arbitrary point on the body can be written in terms of these
coordinates. Let P’ be an arbitrary point on the rigid body i and i"1 and ié be unit
vectors along the body axes X’1 and Xé, respectively. The position vector of point P’
can be defined as

r =R +u (1.10)

=i =i

: P .. . ; : T.
where r' = [r] r;]" is the global position of the point P’ and u’ = [t} ] is the
position of P’ in the body coordinate system; that is

u =i+ abih (1.11)
where i} and i} are constant because the body is assumed to be rigid. In order to
obtain the velocity vector of point P’ we differentiate Eq. 10 with respect to time.
This yields

LY (1.12)

Vi=—= u .

dt
where ' can be obtained by differentiating Eq. 11. Then
pdiy | diy
IE-’_MZE =i10'iy — uy0'1) (1.13)

W=

<

We define w', the angular velocity vector of body i, as

i _ pisi
w' =0'ly
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where i} is a unit vector that passes through point O’ and is perpendicular to i} and
i,. One can verify that

sl

i
w xu =0 0 6|=-zsd'i|+a\d'i (1.14)
a0

Comparing Egs. 13 and 14, we conclude that

w=w xu (1.15)
Substituting Eq. 15 into Eq. 12 leads to

v =R 4+ w' xu (1.16)

which shows that the velocity of an arbitrary point on the rigid body can be written
in terms of time derivatives of the coordinates ¢’ = RT 011"

By differentiating Eq. 16 with respect to time, an expression for the acceleration
vector can be obtained in terms of the coordinates q' and their time derivatives as
follows:

;av

a —Ezﬁi—i—wixui—{—wixﬁi

If we define the angular acceleration vector o' of body i as
o =0

and use Eq. 14, the acceleration vector of point P’ can be written in the familiar vector

form as

a =R + o xu' +w x(w xu) (1.17)

where R’ is the acceleration of the origin of the body reference. The term o x u’
is the tangential component of the acceleration of point P’ with respect to O*. This
component has magnitude 6’u’ and has direction perpendicular to both vectors o
and u’. The term w’ x (w! x u) is called the normal component of the acceleration
of P! with respect to O. This component has magnitude (6)*u’ and is directed from
Pi to O'. In the spatial analysis, similar expressions for the velocity and acceleration
of an arbitrary point on the body can be obtained.

Rigid Body Dynamics The dynamic equations that govern the motion of
rigid bodies can be systematically obtained from the particle equations by assuming
that the rigid body consists of a large number of particles. It can be demonstrated
that the unconstrained three-dimensional motion of the rigid body can be described
using six equations; three equations are associated with the translation of the rigid
body, and three equations are associated with the body rotation. If a centroidal body
coordinate system is used, the translational equations are called Newton equations,
while the rotational equations are called Euler equations. Newton—Euler equations
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which are expressed in terms of the accelerations and forces acting on the body can be
used to describe an arbitrary rigid body motion. These general equations are derived
in Chapter 3.

In the special case of planar motion, the Newton—Euler equations reduce to three
scalar equations that can be written, for body i in the multibody system, as

mia = F
. (1.18)
Jioi =M

where m' is the total mass of the rigid body, a’ is a two-dimensional vector that defines
the absolute acceleration of the center of mass of the body, F i is the vector of forces
acting on the body center of mass, J' is the mass moment of inertia defined with respect
to the center of mass, 6’ is the angle that defines the orientation of the body, and M i
is the moment acting on the body. As will be demonstrated in Chapter 3, the choice
of the center of mass as the origin of the body coordinate system leads to significant
simplifications in the form of the dynamic equations. As the result of such a choice
of the body reference, Newton—Euler equations have no inertia coupling between the
translational and rotational coordinates of the rigid body. Such a decoupling of the
coordinates becomes more difficult when deformable bodies are considered.

1.5 DEFORMABLE BODIES

In rigid body analysis, there is no distinction between the kinematics of the body
and the kinematics of its reference. We have seen that the set of coordinates that define
the location and orientation of the body reference is sufficient for definition of the
location of an arbitrary point on the rigid body. This is mainly because the distance
between two points on a rigid body remains invariant. This is not the case, however,
when deformable bodies are considered. Two arbitrary points on a deformable body
move relative to each other, and consequently the reference coordinates are no longer
sufficient to describe the kinematics of deformable bodies. In fact, an infinite number
of coordinates are required in order to define the exact position of each point on the
deformable body. For instance, consider the deformable body i shown in Fig. 13
and let O’ and P’ be two arbitrary points on the body before displacement. After
displacement, points O’ and P’ occupy the new positions O} and P}, respectively. In
order to be able to measure the relative motion between these two points, we assign
to this deformable body a body coordinate system X X5X’ whose origin is rigidly
attached to point O'; that s, the origin of this body reference has the same translational
displacements as point O, as shown in Fig. 13. Here we employ body-fixed axes for
simplicity. To determine the change in the distance between points O° and P’ due
to the body displacement, we draw a rigid line element represented by the vector u’)
emanating from point O’ that has the same magnitude and direction as the vector
between the two points O’ and P! in the undeformed state. Furthermore, we assume
that this rigid line element u! has no translational or rotational displacement with
respect to the body coordinate system; that is, the components of the vector u! are
constant in the local coordinate system during the motion of the deformable body.
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Undeformed Configuration Deformed Configuration

Figure 1.13 Deformation of the deformable body i.

Even though the vector u/ is an imaginary line, it represents the position vector of
P in the body coordinate system in the undeformed state and serves as a means for
defining the deformation of point P’ as shown in Fig. 14. One can then write an
expression for the position vector of point P’ as

r' =R +u} +u) (1.19)

where R' = [R! R} Ré]T is the position vector of point O', u! is the undeformed
local position of point P!, and uff is the deformation vector at this point. While
the components of the vector u] in the body coordinate system are constant, the
components of the vector uff- in the body coordinate system are time- and space-
dependent. Consequently, the dynamic formulation of such systems leads to a set of
partial differential equations that are space- and time-dependent. The exact solutions
of these equations require an infinite number of coordinates that can be used to
define the location of each point on the deformable body. To avoid the computational
difficulties encountered in dealing with infinite dimensional spaces, approximation
techniques such as Rayleigh—Ritz methods and the finite-element methods are often
employed to reduce the number of coordinates to a finite set.

X,

Figure 1.14 Coordinates of deformable bodies.
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X,

Figure 1.15 Planar motion of deformable bodies.

Itis clear from Eq. 19 that the position vector of an arbitrary point on a deformable
body is different from the rigid body case by the deformation vector u}. It is often
convenient to define the deformation vector u', and the undeformed position vector
u, in the body coordinate system. For instance, consider the planar motion of the
deformable body shown in Fig. 15. The location of the origin of the body reference
may be defined by the vector R = [R} Ré]T, while the orientation of this reference is
described by the angle 6. Let i’ and i, be unit vectors along the body axes. The
undeformed position vector u’, and the deformation u’f can be written as

u, =il i+l (1.20)
w = i) + i) (1.21)
Where 12; 1 and 1222, and ﬁ}l and ﬁ}z are, respectively, the components pf the Vf?ctors
u, and u'; defined in the body coordinate system. The components i, and i, are
not functions of time, while the components ﬁ} , and ﬁ;}z depend on the location of

point P’ as well as time. Keeping this in mind and differentiating Eqgs. 20 and 21 with
respect to time leads to

. - di - dil S Co
u, = L_‘lol_dtl +ﬁloz_dt2 =1, 0Ty — 0
y . dit . dit i e
u’f = u}l_dtl + u}z—d; + u}ll’l + u}zl’2

= @, 0'F, — 0+ i)+ i
If we define the angular velocity vector w' of the body reference as
i pisi
w' =06'ly
we can write u, and &, as
i

W =w' xu (1.22)

o

u’} = w' x u'} + (l'lif)r (1.23)
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where (i) is the vector

(), = i+
Differentiating Eq. 19 with respect to time and using Eqs. 22 and 23, one obtains an
expression for the velocity vector of an arbitrary point on the deformable body as

V=1 =R +u, + i)
:R’—i—w’xu’o—i—w’xu’f+(u’f)r
or

vV =R +w x (u+ uff) + (u‘f) (1.24)

r

By comparing Eqs. 16 and 24, we see a clear difference between the velocity expres-
sions for rigid and deformable bodies. The vector (llf'f), represents the rate of change
of the deformation vector as seen by an observer stationed on the body.

The acceleration vector of an arbitrary point in the planar analysis can be obtained
by differentiating Eq. 24 with respect to time. One can verify that this acceleration
vector is given by

_ dv'
T dt

al =R+ ' x (0 xu)+ o xu' +2w x (i) + (ﬁff)r (1.25)

where o is the angular acceleration vector of the body i reference defined as
o' =0'i;,

u’ is the local position of the arbitrary point, that is,
u =u, + u’f,

and (ii’}), is the acceleration of the arbitrary point as seen by an observer stationed
on the body reference. This component of the acceleration is given by

(i), = iif i} + iif1h (1.26)
The first three terms in the right-hand side of Eq. 25 are similar to the ones that
appeared in the rigid body analysis. The last two terms, however, are due to the
deformation of the body.

Equations similar to Eqs. 24 and 25 can be derived in the spatial case. It is
apparent, however, that the position, velocity, and acceleration vectors of an arbitrary
point on the deformable body depend on how the deformation vector u"f is defined.

This problem is addressed in Chapters 5 and 6 where the floating frame of reference
formulation is presented.

1.6 CONSTRAINED MOTION

In multibody systems, the motion of the bodies is constrained because of the
system mechanical joints such as revolute, spherical, and prismatic joints or specified
trajectories. Since six coordinates are required in order to identify the configuration
of a rigid body in space, 6 x n; coordinates are required to describe the motion of n;,
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Figure 1.16 Examples of mechanical joints. (a) Prismatic or translational; (b) revolute;
(c) cylindrical; (d) screw joint.

unconstrained bodies. Mechanical joints or specified trajectories reduce the system
mobility because the motion of different bodies is no longer independent. Mechanical
joints and specified motion trajectories can be described mathematically by using a
set of nonlinear algebraic constraint equations. Assuming that these constraint equa-
tions are linearly independent, each constraint equation constrains a possible system
motion. Therefore, the number of system degrees of freedom is defined to be the num-
ber of the system coordinates minus the number of independent constraint equations.
For an n,, rigid body system with n, independent constraint equations, the number of
system degrees of freedom (DOF) is given by

DOF = 6 x nj, — n, (1.27)

This is sometimes called the Kutzbach criterion. Figure 16 shows some of the mechan-
ical joints that appear in many mechanical systems. The prismatic or translational
Jjoint (as it is sometimes called) shown in Fig. 16(a) allows only relative translation
between the two bodies common to this joint. This relative translational displacement
is along an axis called the axis of the prismatic joint. If a set of coordinates in a
Cartesian space is used to describe the motion of these two bodies, five kinematic
constraints must be imposed in order to allow motion only along the joint axis. These
kinematic constraints can be formulated by using a set of algebraic equations that
imply that the relative translation between the two bodies along two axes perpendic-
ular to the joint axis as well as the relative rotations between the two bodies must be
zero. Similarly, the revolute joint, shown in Fig. 16(b), allows only relative rotation
between the two bodies about an axis called the revolute joint axis. One requires five
constraint equations: three equations that constrain the relative translation between
the two bodies, and two equations that constrain the relative rotation between the
two bodies to be only about the joint axis of rotation. Similar comments apply to the
cylindrical joint, which allows relative translation and rotation along the joint axis
(Fig. 16(c)), and to the screw joint, which has one degree of freedom (Fig. 16(d)).
Another form of the constrained motion is the planar motion wherein the body
displacements can be represented in a two-dimensional Cartesian space. In this case,
as shown in Fig. 12, only three coordinates are required in order to describe the body
configuration. Thus the configuration of a set of unconstrained n;, bodies in two-
dimensional space is completely defined using 3 x n, coordinates. Therefore, for a
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Surface

Figure 1.17 Rolling disk.

system of constrained n; bodies in two-dimensional space, the number of degrees of
freedom can be determined using Kutzbach criterion as

DOF =3 x n, — n, (1.28)

where n, is the number of constraint equations that represent mechanical joints in the
system as well as specified motion trajectories. One can verify that a revolute joint
in plane can be described in Cartesian space using two algebraic constraint equations
since the joint has only one degree of freedom that allows relative rotation between
the two bodies common to this joint. Similarly, a prismatic joint in planar motion can
be described in a mathematical form by using two algebraic constraint equations that
allow only relative translation between the two bodies common to this joint along the
prismatic joint axis. In the system shown in Fig. 17, a disk rolls on a surface without
slipping. In this case the translation of the center of mass and the rotational motion of
the disk are not independent. Therefore, the relative motion between the disk and the
surface can be described by using only one degree of freedom. If rolling and slipping
motions between the disk and the surface occur, then the translation and the rotation
of the disk are independent and the relative motion between the disk and the surface
can be described by using two degrees of freedom.

Application of the Kutzbach criterion is straightforward. For example, consider
the planar slider crank mechanism shown in Fig. 18, which consists of four bodies,
the fixed link (ground), the crankshaft OA, the connecting rod AB, and the slider block
at B. The system has three revolute joints and one prismatic joint. These joints are
the revolute joint at O, which connects the crankshaft to the fixed link; the revolute
joint at A between the crankshaft and the connecting rod; the revolute joint at B

i Connecting rod
Crnnksh{ﬂ‘ \ Slider block

Fixed link (Ground)

Figure 1.18 Slider crank mechanism.
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Figure 1.19 Peaucellier-Lipkin mechanism.

between the connecting rod and the slider block; and the prismatic joint, which allows
translation only between the slider block and the fixed link. Since each revolute and/or
prismatic joint eliminates two degrees of freedom, and since three constraints are
required in order to eliminate the degrees of freedom of the fixed link, one can verify
that n, = 11. Since n, = 4, the mobility of the mechanism can be determined by
using the Kutzbach criterion as

m=3xn,—n.,=3x4-11=1

That is, the planar multibody slider crank mechanism has one degree of freedom. This
means that the motion of the mechanism can be controlled by using only one input.
In other words, by specifying one variable, say, the angular rotation of the crankshaft
or the travel of the slider block, one must be able to completely identify the system
configuration.

Another single degree of freedom multibody system is the Peaucellier mechanism
shown in Fig. 19. This mechanism has 8 links and 10 revolute joints and is designed
such that point P moves in a straight line. The kinematic constraints include the
revolute joint constraints as well as the ground (fixed link) constraints. In this case

ny,=8 and n,=23

By applying the Kutzbach criterion, one concludes that the system has only one degree
of freedom and as a result the configuration of the mechanism can be identified by
specifying one variable such as the angular rotation of the crankshaft CD.

In some particular cases in which some geometric restrictions are imposed, the
Kutzbach criterion may not give the correct answer. This is not surprising because
in developing the Kutzbach criterion, no consideration was given to the dimension
or some geometric properties of the multibody system. Nonetheless, the Kutzbach
criterion is easy to apply and remains useful in most applications. It is important, how-
ever, to point out that a complete understanding of the kinematics of the multibody
system requires the formulation of the nonlinear algebraic constraint equations that
describe mechanical joints in the multibody system as well as specified motion tra-
jectories. By studying the properties of the constraint Jacobian matrix one can obtain
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useful information about the motion of the multibody system. This is the approach
that we will follow in this text in studying the kinematics of multibody systems con-
taining rigid and deformable bodies. In doing so we can introduce the effect of body
deformation on the kinematic constraint equations in a systematic and straightforward
manner.

1.7 COMPUTER FORMULATION AND
COORDINATE SELECTION

Much of the current research in multibody dynamics is devoted to the selection
of the system coordinates and system degrees of freedom that can be efficiently
used to describe the system configuration. A trade-off must be made between the
generality and the efficiency of the dynamic formulation. The methods used in the
dynamic analysis of multi-rigid-body systems can, in general, be divided into two
main approaches. In the first approach, the configuration of the system is identified by
using a set of Cartesian coordinates that describe the locations and orientations of the
bodies in the system. This approach has the advantage that the dynamic formulation of
the equations that govern the motion of the system is straightforward. Moreover, this
approach, in general, allows easy additions of complex force functions and constraint
equations. For each spatial rigid body in the system, six coordinates are sufficient to
describe the body configuration. The configuration of deformable bodies, however,
can be identified by using a coupled set of Cartesian and elastic coordinates, where the
Cartesian coordinates define the location and orientation of a selected body reference,
while elastic coordinates describe the deformation of the body with respect to the body
reference. In this approach, connectivity between different bodies can be introduced
to the dynamic formulation by using a set of nonlinear algebraic constraint equations.

In the second approach, relative or joint coordinates are used to formulate a
minimum number of dynamic equations that are expressed in terms of the system
degrees of freedom. In many applications, this approach leads to a complex recur-
sive formulation based on loop closure equations. Unlike the formulation based on
the Cartesian coordinates, the incorporation of general forcing functions, constraint
equations, and/or specified trajectories in the recursive formulation is difficult. This
approach, however, is more desirable in some applications, since a minimum number
of coordinates is employed in formulating the dynamic equations.

As compared with rigid body mechanics, the selection of the coordinates in
flexible body dynamics represents a more difficult problem. Such a selection is not
limited to the use of Cartesian or relative joint coordinates, but it introduces many
conceptual problems that we will attempt to clarify in later chapters of this book.
As previously pointed out, exact modeling of the dynamics of deformable bodies
requires the use of an infinite number of degrees of freedom. Therefore, the first
problem encountered in the computer modeling of deformable bodies is the definition
of an acceptable model for the deformable body using a finite set of coordinates. In
the Rayleigh—Ritz method, this problem is solved by assuming that the shape of
deformation of the body can be predicted and approximated using a finite set of
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Element boundary

Deformable hody

Figure 1.20 Finite element discretization.

known functions that define the body deformation with respect to its reference. By so
doing, the dynamics of the deformable body can be modeled using a finite set of elastic
coordinates as described in Chapter 5. One of the main problems associated with the
Rayleigh—Ritz method is the difficulty of determining these approximation functions
when the deformable bodies have complex geometrical shapes. This problem can be
solved by using the finite element method. In the finite element method, as shown
in Fig. 20, deformable bodies are discretized into small regions called elements that
are connected at points called nodes. The coordinates and the spatial derivatives of
the coordinates of the nodal points are used as the degrees of freedom. Interpolating
polynomials that use the nodal degrees of freedom as coefficients are employed to
define the deformation within the element. These interpolating polynomials and the
nodal coordinates define the assumed displacement field of the finite element in terms
of an element shape function. There are varieties of finite elements with different
geometrical shapes that suit most engineering applications and can be used to represent
deformable bodies with very complex geometrical shapes. Examples of these elements
are truss, beam, rectangular, and triangular elements used in the planar analysis,
and beam, plate, solid, tetrahedral, and shell elements used in the three-dimensional
analysis. Some of these finite elements are shown in Fig. 21.

D =

Rectangular element Triangular element Beam element

NP |

Solid element Plate element Tetrahedral element

Figure 1.21 Finite elements.
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The method of formulating the equations of motion of the deformable body us-
ing the finite element depends to a large extent on the nature of the element nodal
coordinates and the assumed displacement field. The assumed displacement field of
some of the finite elements can be used to describe an arbitrary displacements, and
as such, these elements can be used in the large rotation and deformation analysis
of flexible bodies. Such elements are not the subject of extensive research. The as-
sumed displacement field of some other elements, as will be discussed in Chapters 6
and 7, cannot be used to describe large rotations and deformations. These elements
are the subject of extensive research in the general field of mechanics. Because these
elements do not lend themselves easily to solution of large rotation and deformation
problems, several methods have been proposed to solve the problems associated with
these elements. These methods can be roughly classified into three different basic
formulations: the floating frame of reference formulation, the incremental formula-
tion, and the large rotation vector formulation. These three basic methods are briefly
discussed below.

Floating Frame of Reference Formulation The kinematic description
used in the floating frame of reference formulation is the same as described in Section
5 of this chapter. In this approach, a coordinate system is assigned to each deformable
body, which is discretized using a set of rigidly connected finite elements. The large
translation and rotation of the deformable body are described using a set of abso-
lute reference coordinates that define the location and the orientation of the selected
deformable body coordinate system. The deformation of the body with respect to
its coordinate system is defined using the nodal coordinates of the element. It can be
demonstrated that the use of the floating frame of reference formulation leads to exact
modeling of the rigid body inertia when the deformation is equal to zero. Furthermore,
the finite elements defined in the floating frame of reference formulation lead to zero
strain under an arbitrary rigid body motion. While the floating frame of reference
formulation is the most widely used method in flexible multibody dynamics, its use
has been limited to applications in which the deformation of the body with respect to
its coordinate system is assumed small. The finite element floating frame of reference
formulation is discussed in more detail in Chapters 5 and 6.

Incremental Formulation The nodal coordinates of many important el-
ements such as beams and plates represent nodal displacements and infinitesimal
nodal rotations. The use of the infinitesimal rotations as nodal coordinates leads to
a linearization of the kinematic equations of the element. As a consequence, these
coordinates cannot be used directly to describe arbitrary large rotations. Furthermore,
as the result of using infinitesimal rotations as nodal coordinates, the elements do not
produce zero strain under an arbitrary rigid body displacement. In order to minimize
the error resulting from the use of these elements in the large rotation problems, an
incremental procedure is used to represent large rotations as a sequence of small
rotations that can be accurately described using the assumed displacement field of
the element. This approach has been widely used by the computational mechanics
community to solve large deformation problems in structural system applications.
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It can be shown, however, that the use of this procedure does not lead to an exact
modeling of the rigid body inertia when the element deformation is equal to zero
(Shabana 1997b).

Large Rotation Vector Formulation In an attempt to solve the problems
resulting from the use of infinitesimal rotations as nodal coordinates, the large rota-
tion vector formulation was proposed. In this formulation, the rotation of the element
cross-section is introduced as a field that can be approximated using interpolating
polynomials. In this case, finite rotations are used as nodal coordinates. One of the
problems associated with this formulation is the need to interpolate finite rotation
coordinates. More significantly, this formulation leads to redundancy in describing
the large rotation of the cross-section, since, as demonstrated in Chapter 7, the dis-
placement field that describes the locations of the material points on the element can
also be used to define the large rotation of the cross-section of the element.

The floating frame of reference formulation has been successfully used in solving
many multibody system applications. It is also implemented in several commercial
and research general purpose flexible multibody computer programs. In comparison
to the floating frame of reference formulation, the incremental approach and the large
rotation vector formulation are not as widely used in solving flexible multibody appli-
cations due to the limitations previously mentioned. However, as previously pointed
out, the floating frame of reference formulation was mainly used in solving large
reference displacement and small deformation problems. In Chapter 7 of this book, a
conceptually different formulation called the absolute nodal coordinate formulation
is presented. This formulation can be used efficiently for large deformation problems
in flexible multibody system applications.

1.8 OBJECTIVES AND SCOPE OF THIS BOOK

This book is designed to introduce the elements that are basic for formulating the
dynamic equations of motion of rigid and deformable bodies. Emphasis is placed on
the generality of the dynamic formulation developed for the computer-aided analysis
of general multibody systems containing rigid and deformable bodies. The materials
covered in this book are kept at a level suitable for senior undergraduate and first-
year graduate students. Elementary problems and examples are presented in order to
demonstrate the basic ideas and concepts presented in this book.

Chapter 2 discusses the kinematics of rigid bodies, or equivalently the kinematics
of the rigid frame of reference. In this chapter a rigorous development of the spatial
transformation matrix for finite rotations is provided in terms of the four Euler param-
eters. The exponential form of the transformation matrix and some useful identities
are also developed and used to study many of the important properties of this spatial
transformation such as the orthogonality and the noncommutativity of the finite rota-
tions. The time derivatives of the rotation matrix are then obtained, and the kinematic
relationships between the angular velocity vector and the time derivative of the orien-
tational coordinates are established. We conclude this chapter by providing alternate
forms of the spatial transformation matrix. Different orientational coordinates such as
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Rodriguez parameters, Euler angles, direction cosines, and the 4 x 4 transformation
matrix method are used for this purpose.

Chapter 3 presents some analytical techniques for developing the dynamic equa-
tions of motion. The concepts of generalized coordinates and degrees of freedom are
first introduced. Examples of some algebraic kinematic constraint equations that de-
scribe mechanical joints are presented and computer-oriented techniques are provided
in order to determine the system-dependent and -independent coordinates. The gener-
alized coordinate partitioning of the constraint Jacobian matrix may be used for this
purpose. The concept of virtual work is then introduced and used with D’ Alembert’s
principle to derive Lagrange’s equation of motion for mechanical systems subject to
holonomic and nonholonomic constraint equations. The equivalence of Lagrange’s
equation and Newton’s second law, however, is demonstrated by some simple ex-
amples. Prior to introducing Hamilton’s principle, which represents an alternate ap-
proach to developing the dynamic equations of motion, some variational techniques
are briefly discussed. This chapter concludes by deriving the dynamic equations of
motion of general constrained multibody systems consisting of rigid bodies.

Basic concepts and definitions related to the mechanics of deformable bodies
are introduced in Chapter 4. In this chapter the kinematics of deformable bodies
are first discussed and the strain displacement relationships are developed. The stress
components are then written in terms of the surface forces. This leads to the important
Cauchy stress formula. The kinematic and stress relationships developed in the first
few sections of Chapter 4 are general and can be applied to any kind of material. The
stress and strain components, however, are related through the constitutive equations
that depend on the material properties. After developing these constitutive equations,
we develop the dynamic partial differential equations of equilibrium. We conclude
this chapter by developing a general expression for the virtual work of the elastic
forces. This expression will be used in chapters that follow. The materials covered in
Chapter 4 represent a brief introduction to the classical presentation of the theory of
elasticity and continuum mechanics. The concepts and definitions presented in this
chapter, however, are essential in the development of the following chapters.

In multibody systems, deformable bodies undergo large translational and rota-
tional displacements. In Chapter 5 approximation techniques such as the Rayleigh—
Ritz method are used to reduce the partial differential equations to a set of ordinary
differential equations. In this chapter the position and velocity vectors of an arbitrary
point on the deformable body are expressed in terms of a finite set of coupled reference
and elastic coordinates. The velocity vector is then used to develop the kinetic energy,
and the deformable body nonlinear mass matrix is identified in terms of a set of in-
ertia shape integrals that depend on the assumed displacement field. These integrals
provide a systematic approach for deriving the inertia properties of the deformable
bodies that undergo large translational and rotational displacements. It is also shown
that the mass matrices that appear in rigid body and structural analysis are special
cases of the mass matrix of the deformable body that undergoes large translational
and rotational displacements. The nonlinear terms that represent the inertia coupling
between the deformable body reference motion and elastic deformation are identified
throughout the development. Virtual work of external and elastic forces as well as
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kinematic constraint equations that represent mechanical joints and specified trajecto-
ries are also expressed in terms of the coupled set of reference and elastic coordinates.
The computer implementation of the floating frame of reference formulation is also
discussed in Chapter 5.

Two finite element formulations that were introduced and developed by the au-
thor are presented in Chapters 6 and 7. In Chapter 6, a finite element Lagrangian
formulation for deformable bodies that undergo large translational and rotational dis-
placements is developed. The inertia shape integrals that appear in the mass matrix
are developed for each finite element on the deformable body. The body integrals are
then developed by summing the integrals of the elements. The use of the formulation
presented in this chapter is demonstrated by using two- and three-dimensional beam
elements.

In the finite element formulation presented in Chapter 6, infinitesimal rotations
can be used as element nodal coordinates. With these types of coordinates, the non-
linear finite element formulation presented in Chapter 6 leads to exact modeling of
the rigid body dynamics. In Chapter 7, an absolute nodal coordinate formulation
is developed for the large deformation and rotation analysis of flexible bodies. This
formulation is conceptually different from the finite element formulation presented in
Chapter 6 in the sense that all the element nodal coordinates define absolute variables.
In the formulation presented in Chapter 7, no infinitesimal or finite rotations are used
as the nodal coordinates for the finite elements. The absolute nodal coordinate for-
mulation is also used in Chapter 7 to demonstrate that the floating frame of reference
formulations presented in Chapters 5 and 6 do not lead to a separation of the rigid
body motion and the elastic deformation of the flexible bodies.
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While a body-fixed coordinate system is commonly employed as a reference for rigid
components, a floating coordinate system is suggested for deformable bodies that
undergo large rotations. When dealing with rigid body systems, the kinematics of the
body is completely described by the kinematics of its coordinate system because the
particles of a rigid body do not move with respect to a body-fixed coordinate system.
The local position of a particle on the body can then be described in terms of fixed
components along the axes of this moving coordinate system. In deformable bodies,
on the other hand, particles move with respect to the selected body coordinate system,
and therefore, we make a distinction between the kinematics of the coordinate system
and the body kinematics.

Fundamental to any presentation of kinematics is an understanding of the ro-
tations in space. This chapter, therefore, is devoted mainly to the development of
techniques for describing the orientation of the moving body coordinate system in
space. A coordinate system, called hereafter a reference, is a rigid triad vector whose
motion can be described by the translation of the origin of the triad and by the ro-
tation about a line defined in the inertial coordinate system. One may then conclude
that if the origin of the body reference is fixed with respect to the inertial frame,
the only remaining motion is the rotation of the body reference. Therefore, without
loss of generality, we fix the origin of the body reference and develop the transfor-
mation matrices that describe the orientation of the reference. Having defined those
transformation matrices, we later introduce the translation of the origin of the body
reference in order to define the global position of an arbitrary point whose posi-
tion is defined in terms of components along the axes of the moving reference. In
so doing, the configuration of the body reference is described by six independent
quantities: three translational and three rotational components. This is consistent
with Chasles’ theorem, which states that the general displacement of a rigid frame
may be described by a translation and a rotation about an instantaneous axis of
rotation.

28
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2.1 ROTATION MATRIX

In multibody systems, the components may undergo large relative translational
and rotational displacements. To define the configuration of a body in the multibody
system in space, one must be able to determine the location of every point on the
body with respect to a selected inertial frame of reference. To this end, it is more
convenient to assign for every body in the multibody system a body reference in
which the position vectors of the material points can be easily described. The position
vectors of these points can then be found in other coordinate systems by defining the
relative position and orientation of the body coordinate system with respect to the
other coordinate systems. Six variables are sufficient for definition of the position
and orientation of one coordinate system X’IX’zX’3 with respect to another coordinate
system X; X, X3. As shown in Fig. 1(a), three variables define the relative translational
motion between the two coordinate systems. This relative translational motion can be
measured by the position vector of the origin O’ of the coordinate system X' X5 X4
with respect to the coordinate system X;X,X3. The orientation of one coordinate
system with respect to another can be defined in terms of three independent variables.

Derivation of the Rotation Matrix To develop the transformation that
defines the relative orientation between two coordinate systems X’ X5 X5 and X; X, X3,
we first —and without loss of generality — assume that the origins of the two coordinate
systems coincide as shown in Fig. 1(b). We also assume that the axes of these two
coordinate systems are initially parallel. Let the vector ¥ be the position vector of
point O whose coordinates are assumed to be fixed in the X/ X4 X4 coordinate system.
Therefore, before rotation of the X} X5X} coordinate system relative to the X;X,X3
coordinate system, the components of the vector F in both coordinate systems are the
same. Let the reference X|X5X} rotate an angle 6 about the axis OC as shown in
Fig. 2(a). As the result of this rotation, point Q is translated to point Q. The position
vector of point Q in the X;X,Xj3 coordinate system is denoted by r. The change in
the position vector of point Q due to the rotation @ is defined by the vector Ar as

X,. X/

(a) (b)

Figure 2.1 Coordinate systems.
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@ (b)

Figure 2.2 Finite rotation.

shown in Fig. 2(b). It is clear that the vector F as a result of application of the rotation
6 about the axis of rotation OC is transformed to the vector r and the new vector r
can be written as

r=r-+ Ar 2.1)
The vector Ar, as shown in Fig. 2(b), can be written as the sum of the two vectors

Ar =b; +b; (2.2)
where the vector by is drawn perpendicular to the plane O C Q and thus has a direction

(v x T), where v is a unit vector along the axis of rotation OC. The magnitude of the
vector b is given by

|b;| = asinf
From Fig. 2(b), one can see that
a = |F|sina = |v X T|
Therefore

. VXT .
b, = asiné = (v X T)sinf 2.3)
v x

The vector b, in Eq. 2 has a magnitude given by
0
Iby| =a —acos® = (1 —cosh)a = 2asin® 3

The vector b is perpendicular to v and also perpendicular to DQ, whose direction is
the same as the unit vector (v x F)/a. Therefore, b, is the vector

0 r 0
by = 2asin? & . VXV XD oo v x Byjsin?S (2.4)
2 a 2
Using Eqgs. 14, one can write
0
r=r+(vxrt)sinf +2[v x (v x f')]sinzz 2.5)
By using the identity

VXTF=V=—-Fv
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where ¥ and T are skew symmetric matrices given by

0 —V3 1% 0 —r3 )
V= V3 0 -V |, r= 73 0 —r (2.6)
—V2 Vi 0 —rp 71 0

in which vy, v,, and v3 are the components of the unit vector v and 7, 7», and 73 are
the components of F, one can rewrite Eq. 5 in the following form:

0
r = F + VFsin 6 4 2(¥)°F sin’ 3
This equation can be rewritten as
~ . N ) 0 -
r=|I+¥sin6 + 2(¥)"sin 3 r 2.7

where I is a 3 x 3 identity matrix. Equation 7 can be written as
r = AF (2.8)

where A = A(6) is the 3 x 3 rotation matrix given by
0
A= [I + Vsin@ 4 2(¥) sin’ 5] (2.9)

This rotation matrix, referred to as the Rodriguez formula, is expressed in terms of the
angle of rotation and a unit vector along the axis of rotation. Since v is a unit vector,
the transformation matrix of Eq. 9 can be expressed in terms of three independent
parameters.

Euler Parameters The transformation matrix of Eq. 9 can be expressed in
terms of the following four Euler parameters:

6 — 0 6, — .0
0—0052, 1—V1Sln2

9 (2.10)
6, = v, sin > 63 = v3sin 3
where the four Euler parameters satisfy the relation
3
Y b =0"0=1 2.11)
k=0
where 0 is the vector
0=1[00 6, 6, 65" (2.12)

Using Eq. 10, the transformation matrix A can be written explicitly in terms of the
four Euler parameters of Eq. 11 as

1 —2(62)* — 2(03)? 2(0102 — 6903) 2(0103 + 6¢6-)
A= 20162 + 6903) 1 =201 — 2037 20205 — 60001)
2(0103 — 6¢02) 2(0203 + 6961) 1 —2(61)* — 26,

(2.13)
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Using the identity of Eq. 13, an alternative form of the transformation matrix can be
obtained as

2[(00)* + (01)*1 — 1 2(0102 — 0903) 2(60103 + 6¢62)
A= 20102 + 6003) 2[(00)* + (02)*]1 — 1 2(0203 — 60901)
2(0103 — 6902) 2(6,03 + 6¢61) 2[(60)* + (63)*] — 1

(2.14)

Note that the vector F in Eq. 8 is the position vector of point Q, before the rotation,
while the vector r is the position vector of Q after the rotation 6 about the axis OC.
Equation 8, along with Euler’s theorem, which states that the general rotation of a
rigid frame is equivalent to a rotation about a fixed axis, may give an insight into
the significance of the preceding development when body kinematics is considered.
We observe that the rotation matrix of Eq. 9 or its explicit form in terms of Euler
parameters 6, 61, 6,, and 83 does not depend on the components of the vector F. It
depends only on the components of the unit vector v along the axis of rotation as well
as the angle of rotation 8. Therefore, any line element that is rigidly connected to the
line O Q will be transformed by using the same rotation matrix A of Eq. 9. One thus
concludes that the matrix A of Eq. 9 can be used to describe the rotation of any line
rigidly attached to the rotating frame in which F is defined. Therefore, henceforth, we
will denote the matrix A as the rotation matrix or, alternatively, as the transformation
matrix of the coordinate system X/ X5X5.

Example 2.1 Inthe case of a planar motion, one may select the axis of rotation
along the unit vector

v=1[0 0 vi]"=[0 0 17

The four Euler parameters of Eq. 10 become
6o = 0, =0,=0 03 = v3sin — = sin —
= cos —, =6, =0, =vy3sin = = si
0 2 ! 2 ’ 2 2

Substituting these values in Eq. 14 leads to

C2002 — 1 —20005 0
A= 20003 2(90)2 -1 0
B 0 0 2[(00)* + (63’1 — 1
- 0 0 0
2 cos? 5= 1 —2cos 5 sin 5 0
0.0 0
=|2cos§siny 2cos?§—1 0
i 0 0 2 (cos® ¢ +sin*£) — 1

Using the trigonometric identities
0 6 .0
2¢cos* — — 1 =cos6, 2cos — sin — = sin 6
2 22

one can write the transformation matrix A in this special case as

cosf® —sinf O
A= sind coséd O
0 0 1
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which is the familiar transformation matrix in the case of planar motion. Since
a vector in the plane is defined by two components, we may delete the last row
and the last column in the above transformation matrix A and write A as a 2 x
2 matrix as

| cos@ —siné
" | sind  cos@

General Displacement The spatial transformation developed in this section
is expressed in terms of the angle of rotation and the three components of a unit vector
along the axis of rotation. It is clear that these four variables are not totally indepen-
dent, since the length of a unit vector along the axis of rotation remains constant.
Similar comments apply also to the rotation matrix written in terms of the four Euler
parameters and given by Eq. 13 or 14. The four Euler parameters must satisfy the
relationship given by Eq. 11. It is, therefore, clear that the orientation of a rigid frame
of reference can be completely defined in terms of three independent variables. The
three-variable representation, however, suffers from singularity at certain orientations
of the rigid frame of reference in space. Some of the most commonly used forms of
rotation matrix in terms of three independent parameters will be presented in later
sections after we study some of the interesting properties of the spatial transformation.

The general displacement of a body i in the multibody system can be described
by a rotation plus a translation. The position vector @i’ of an arbitrary point P on the
rigid body i in the multibody system has a constant component in the body-fixed
coordinate system X‘IX’zX’3 If this body undergoes pure rotation, the position vector
of point P in the X;X,Xj3 global frame of reference is defined as shown in Fig. 3 by
the vector u’ according to the equation

ul — Alﬁl

X,

Figure 2.3 Coordinates of rigid bodies.
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where the superscript i refers to body i in the multibody system and A is the rotation
matrix that defines the orientation of body i with respect to the coordinate system
X X,Xj3. If the body translates in addition to the rotation, the general motion, ac-
cording to Chasles’ theorem, can be described by the translation of a point and a
rotation along the axis of rotation. The translation of the body can then be described
by the position vector of the origin of the body reference. This position vector will
be denoted as R’. Therefore, the global position vector of an arbitrary point on the
rigid body can be expressed in terms of the translation and rotation of the body by
the vector r’ given by

r =R + AW
This equation can be used in the position analysis of multibody systems consisting
of interconnected rigid bodies as demonstrated by the following simple example.

Example 2.2 Figure 4 shows two robotic arms that are connected by a cylin-
drical joint that allows relative translational and rotational displacements between
the two links. Link 2 rotates and translates relative to link 1 along the axis of the
cylindrical joint whose unit vector v defined in the link 1 coordinate system is
given by
1

V3
If the axes of the coordinate systems of the two links are initially the same and
if link 2 translates and rotates with respect to link 1 with a constant speed R? =
1 m/sec and constant angular velocity of @®> = 0.17453 rad/sec, respectively,
determine the position of point P on link 2 in the first link coordinate system

after time ¢+ = 3 sec, where the local position of point P is given by the vector
a=[010]"

v=[vi va vil'=—[1 1 1]"

Solution The distance translated by the origin of the second link coordinate
system is given by

R*=R*®*=1)3)=3m

Axis of
relative rotation

Figure 2.4 Robotic arm.
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It follows that the position vector of the origin of link 2 in the first link coordinate
system is given by the vector R? as

R°=[R} R} R} =311 1 1T

The skew symmetric matrix V is

L To -1 1
v=—1| 1 1
V3l o1 o |
and
T2 1 1
“\2
=<1 -2 1
311 2

sin®? = sin30° = 0.5
92
sin® 5 = sin® 15° = 0.06699

Substituting into Eq. 9, one obtains the transformation matrix A2 for link 2 as
02
A? = |:I + ¥sin 6% + 2(¥)? sin? ?]
0.91068 —0.24402 0.33334

=] 033334  0.91068 —0.24402
—0.24402  0.33334  0.91068

The position vector of point P with respect to link 1 is then defined by

r, =R*+ A%
1 0.91068  —0.24402 0.33334 ] [0
=31 [+]| 033334 091068 —0.24402 | | 1
1 —0.24402  0.33334  0.91068 | |0
1 —0.24402 1.48808
= 17321 1 [+| 091068 | = |2.64278 | m
1 0.33334 2.06544

2.2 PROPERTIES OF THE ROTATION MATRIX

An important property of the rotation matrix is the orthogonality. In the following,
a proof of the orthogonality of the rotation matrix is provided and an alternate form
of this matrix is presented.

Orthogonality of the Rotation Matrix Note that while ¥ in Eq. 9 is a

skew symmetric matrix (i.e., ¥1 = —¥), (¥)? is a symmetric matrix. In fact, we have
the following identities for the matrix ¥ (Argyris 1982):
@'=-v @'=-@" @=v @°'=F (2.15)

which leads to the recurrence relations
@ =0T @ =T (2.16)
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By using Eq. 9, one can write
6 0
ATA = [I — ¥sin6 + 2(¥)? sin® ﬂ [I + Vsin@ + 2(¥)? sin’ 5]

0 6 6 0
=1+ 4(¥)* sin® 7+ 4(%)* sin* 7~ A(¥)? sin’ 2 cos? =

2
= AAT (2.17)
which, on using the identities of Eq. 16, can be written as
T 420 .50 2 0
A'A=1+4+4F)"sin" =| | sin“=4cos“" =) —1| =1 (2.18)
2 2 2
This proves the orthogonality of the transformation matrix A, that is
AT =A"! (2.19)

This is an important property of the transformation matrix, which can also be checked
by reversing the sense of rotation. This is the case in which we transform r to r. In
this case, we replace 8 by —6 in Eq. 9, yielding

0
Al = [I — ¥sin 6 + 2(¥)? sin? 5} =AT

where the identity sin(—60) = —sin is utilized.
Therefore, ¥ can be written in terms of the vector r as
F=ATr

In case of infinitesimal rotations, sin @ can be approximated as

. ©®  ©°
Equation 9 yields an approximation of A as
A~T+¥0

In this special case
AT=T-+0
where 0, as mentioned earlier, is the angle of rotation about the axis of rotation.

Another Form of the Rotation Matrix The transformation matrix in the
form given by Eq. 14 can be written as the product of two matrices, each depending
linearly on the four Euler parameters 6, 6, 6,, and 65. This relation is given by

A =EE" (2.20)
where E and E are 3 x 4 matrices given by
[ —61 60 —6; 6,

E=| -6, 6; 0 —0 (2.21)
—03 —6, 6, )

—0, 06y 63 —0,
—0, —6; 6y 6 (2.22)
—0; 0, —0, 6,

=6
I
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By using the identity of Eq. 11, it can be verified that E and E satisfy
EET =EE" =1 (2.23)
E'TE=ETE=1 — 00" (2.24)
where I is a 4 x 4 identity matrix. It follows that
ATA = EE'EET =1 (2.25)

where the fact that EO = 0 is used. Equation 25 provides another proof for the
orthogonality of the transformation matrix.

Example 2.3 The position vector of a point on a rigid body is given by
F=[2 3 41T

The body rotates an angle 6 = 45° about an axis of rotation whose unit vector is

[ 1 1 1 T
vV=|— — —
V3 V3 V3
Determine the rotation matrix and the transformed vector.
Solution 1In this case the skew symmetric matrices ¥ and(¥)? are given by
1 0o -1 1 1 -2 1 1
y=—| 1 0 —-1|, @&*==|1 =2 1
V3l o1 o S T T
For 6 = 45° one has
sinf = sin45° = 0.7071

(¢}

=0.2929

.50 .
2sin? = = 2sin’
2
Using Eq. 9, one can write the transformation matrix as

0
A= [I + Vsinf + 2(¥)* sin’ —}

2
1 0 0 0 -1 1
0.7071
—lo 1 ol+=—21 o -1
00 1 V3211 o
211

292
I
3 11 -2

0.8048 —0.3106 0.5058
=] 05058 0.8048 —0.3106
—0.3106 0.5058  0.8048

This transformation matrix could also be evaluated by defining the four parame-
ters 8y, 61, 6>, and 65 in Eq. 11 and substituting into Eq. 14. It can also be verified
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using simple matrix multiplications that the transformation matrix given above
is an orthogonal matrix. To define the transformed vector r, we use Eq. 8, which
yields

0.8048 —0.3106  0.5058 2 2.7010
r=Ar=| 0.5058 0.8048 —0.3106 3| =1]2.1836
—0.3106  0.5058 0.8048 4 4.1154

Therefore, the transformed vector r is given by
r=[27010 2.1836 4.1154]"

Consider an arbitrary vector a defined on the rigid body along the axis of rotation.
This vector can be written as

) [ 1 1 1 T
a=c|—= —&= —=
V3 V33
where ¢ is a constant. If the body rotates 45° about the axis of rotation, the
transformed vector a is given by

0.8048 —0.3106 0.5058
a=Aa=| 05058 0.8048 —0.3106
—0.3106 0.5058  0.8048

b sk o
I
S 5 5

which implies that
a=a or a=Aa
The results of this example show that if the vector a is defined along the axis of
rotation, then the original and transformed vectors are the same. Furthermore,
ATa=a

The result of the preceding example concerning the transformation of a vector
defined along the axis of rotation is not a special situation. Using the definition of the
transformation matrix given by Eq. 9, it can be proved that, given a vector a along the
axis of rotation, the transformed vector and the original vector are the same. The proof
of this statement, although relevant, is simple and is as follows. Since a is defined
along the axis of rotation, a can be written as

a=cv

where c is a constant. By direct matrix multiplication or by using the definition of the
cross product, one can verify that

Vv=vxv=0
and
@)Pv=9Fv)=0

Now if the transformation A of Eq. 9 is applied to a, one gets
0
Aa = [1 + Vsin @ + 2(¥)* sin® 5} a

o N2 . 29
=c| v+ Vvsind 4+ 2(¥)“vsin 3
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which yields
Aa=cv=a

By a similar argument, one can show also that
ATa=a

The preceding two equations indicate that one is an eigenvalue of both A and its
transpose AT. Associated with this eigenvalue is the eigenvector a. Therefore, the
direction along the axis of rotation is a principal direction.

2.3 SUCCESSIVE ROTATIONS

In this section, the exponential form of the transformation matrix will be devel-
oped and used to provide a simple proof that the product of transformation matrices
resulting from two successive rotations about two different axes of rotation is not
commutative.

Exponential Form of the Rotation Matrix Equation 9 can be written in
terms of the angle of rotation 0 as

A =1+ ¥sin6 + (1 — cos 6)(¥)*]

Expanding sin 6 and cos 6 using Taylor’s series, one obtains

N ) SN (%

31n6_0—?+?+-~-
RO

cosG_l—T+-~-

Substituting these equations in the expression of the transformation matrix given
above yields

07 (0) 07> (0)*
A:[I+<9—%+%+--->v+(1—1+%—%vt---)(v)z}

O G N -
= |:I+(9—?—F?‘F'“)V*F(T—T-F'“)(V)z]

Using the identities of Eq. 16 and rearranging terms, one can write the transformation
matrix A as

2 3 n
A= [1+9v+@(w2+@(v>3+---+(9) (v>"+---]
2! 3! n!
Since
(B  (B)
eB=I+B+7+T+"'

where B is a square matrix, one can write the transformation matrix A in the following
elegant form (Bahar 1970; Argyris 1982):

A = e = exp(6V) (2.26)
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Composed finite rotations are in general noncommutative. An exception to this
rule occurs only when the axes of rotation are parallel. Consider the case in which two
successive rotations ¢, and 6, are performed about two fixed axes. The transformation
matrices associated with these two rotations are, respectively, A; and A;. Let v; and
v, be unit vectors in the direction of the two axes of rotations. After the first rotation
the vector I occupies a new position denoted by r; such that

r =A11_'

where A, is the transformation matrix associated with the rotation 6;. The vector
r; then rotates about the second axis of rotation whose unit vector is v, and as a
consequence of this rotation r; occupies a new position denoted as r; such that

r, = Aory

where A; is the transformation matrix resulting from the rotation 6,. The final position
r; is then related to the original position defined by F according to

r, = A2All_'

Associated with the transformation matrices A| and A, there are two skew symmetric
matrices ¥; and ¥, (Eq. 7). Recall that in general

ViVy # VoV
PAEPNE £ e(V1+V2) £ PAIPNE

unless the product of the matrices ¥; and ¥, is commutative, which is the case when
the two axes of rotation are parallel. Therefore, for the two general rotations 6; and
6,, one has

AA| = 221V £ e(02¥2+01¥1)
which implies that
AsA; £ AjAs

Thus the order of rotation is important. This fact, which implies that the finite rotation
is not a vector quantity, can be simply demonstrated by the familiar example shown
in Fig. 5. This figure illustrates different sequences of rotations for the same block.
In Fig. 6(a) the block is first rotated 90° about the X, axis and then 90° about the X3
axis. In Fig. 6(b) the same rotations in reverse order are employed. That is, the block
is first rotated 90° about the X3 axis and then 90° about the X, axis. It is obvious that
a change in the sequence of rotations leads to different final positions.

We are now in a position to provide a simple proof for the orthogonality of the
rotation matrix A by using the exponential form developed in this section and the fact
that the product of ¥ and ¥7 = —¥ is commutative. The matrix product AAT can be
written as

AAT = e " =" =1=ATA

where 05 is a 3 x 3 null matrix.
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I x
1 X,

i
X3
X3
X;
Initial position Rotated 90° about the  Rotated 90° about the
X; axis X3 axis
(a)
X
- XST /
~
X;
X3
Initial position Rotated 90° about the Rotated 90° about the
X3 axis X axis
(b)

Figure 2.5 Effect of the order of rotation.

There are two methods that can be used to describe successive rotations of rigid
bodies. The first is the single-frame method, and the second is the multiframe method.
Both methods are described below and their use is demonstrated by an example.

Single-Frame Method In this method, one fixed coordinate system is used.
After each rotation, the new axis of rotation and the vectors on the rigid body are rede-
fined in the fixed coordinate system. Consider the successive rotations 6y, 65, ..., 6,
about the vectors by, b,, ..., b, which are fixed in the rigid body. The transformation
matrix resulting from the rotation 6; about the axis b; is denoted as A;. This matrix
can be evaluated using the Rodriguez formula with 6 equal to 6; and

v=v;, = ATTAT2. . A2A D,
with A; equal to the identity matrix. An arbitrary vector drawn on the rigid body
can be defined in the fixed coordinate system after n successive rotations using the
transformation matrix A defined as

A=A"A"""... A%A!

The use of the single-frame method is demonstrated by the following example.
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Example 2.4 Figure 6 shows a rigid body denoted as body i. Let X| X5X} be
the body coordinate system whose origin is rigidly attached to the body and b,
and b, be two lines that are drawn on the body. These two rigid lines are defined
in the body coordinate system by the vectors

by=[1 0 1]°, b,=[0 1 0]F

The body is to be subjected to 180° rotation about b; and a 90° rotation about b,.
After these successive rotations, determine the global components of the vector
bs; whose components in the body coordinate system are fixed and given by

b;=[1 0 0]

Solution A unit vector v; along the axis of rotation b is given by
1

Vi = —F—=

V2

Since 6; is 180°, the transformation matrix resulting from this finite rotation is
given by

[t o 17t

0
A =T+ ¥, sin@ + 2(¥;)? sin? 3‘

= I + ¥, sin(180°) + 2(¥;)? sin*(90°)
=142(%)°

where (¥;)? is given by

1
0 - 0 (-1 0
~ \2 1 1
(V1)= E 0 —% :E 0 -2 0
| 1 0 -1
0 7 0
X,
(0]

X,

Figure 2.6 Successive rotations.
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and the transformation matrix A, is given by

1 00 -1 0 1 0 0 1
A =I4+2F)*’=|0 1 0|+]| 0 -2 0|=|0 -1 0
0 0 1 1 0 -1 1 0 0

One can verify that A; is an orthogonal matrix, that is
ATA =A AT =1
As a result of this finite rotation, and assuming that the axes of the coordinate

systems X X, X3 and X/ X, X4 are initially parallel, the components of the vectors
b, and bj in the X X,X3 coordinate system are given, respectively, by

[0 0 17][0] [0
by =Ab,=|0 -1 0 1 {=] -1
|1 0 0]]0] | O
[0 0 17][1] [0
b3y =Ab;=]0 -1 0 0l=1{0
|1 0 0]]0] |1

The second rotation 6, = 90° is performed about the axis of rotation b,;. A unit
vector v, along this axis of rotation is given by

v,=[0 —1 0]F

and the resulting skew symmetric and symmetric matrices ¥, and (¥,)? are given,
respectively, by

0 0 -1 -1 0 0
=10 0 0|, ®?*=|0 0 o0
1 0 0 0 0 -1

Using Eq. 9, the resulting transformation matrix A, is given by
0
Ay = I+ ¥, sin6; + 2(¥,)* sin’ 32

= I+ ¥, sin(90°) + 2(¥,)? sin*(45°)
=1+¥,+(#)°

1 00 0 0 -1 -1 0 O 0 0 -1
=({0 1 0(+]0 0O O |4+ 0 O O (=]01 O
0 0 1 1 0 O 0 0 -1 1 0 O

One can verify that A, is an orthogonal transformation, that is
ATA; = AAT =1

The components of the vector bs, in the X; X, X3 coordinate system, as the result
of this successive rotation, can thus be obtained as
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Rotation i,
P i
e
Rotation @, )
T Body i b
-
’/‘
b? h|

Figure 2.7 Multiframe method.

Multiframe Method In the preceding example, one fixed coordinate system
was used. After each rotation, the vectors fixed in the rigid body are defined in
the same fixed coordinate system. An alternate approach is to use the concept of
the body fixed coordinate system previously introduced and define a sequence of
configurations of the body that result from the successive rotations 6y, 6, ..., 6,
about the vectors by, by, ..., b, which are fixed in the rigid body. Figure 7 shows
three different configurations when n = 2. The first configuration shows the body
before the two rotations 6; and 6, the second configuration shows the body after the
first rotation 6}, and the third configuration shows the body after the second rotation
0,. Let A/“~D denote the transformation matrix that defines the orientation of the
body after the (i — 1)th rotation with respect to the (i — 1)th configuration. Then,
the transformation matrix that defines the orientation of the body after n successive
rotations in the fixed coordinate system is

A= A21A32 . A(n—l)(n—Z)An(n—l)

In this case, the transformation matrix A’‘“~D can be evaluated using the Rodriguez
formula with the axis of rotation v;_; = b,_;. That is, the axes of rotations are
defined in the body coordinate system and there is no need in this case to define the
axes of rotations in the global fixed coordinate system as in the case of the single-
frame method. The use of the multiframe method in the case of successive rotations
is demonstrated by the following example.

Example 2.5 The problem of the preceding example can be solved using the
multiframe method. Before the two rotations, the orientation of the body is as
shown in Fig. 8(a). After the first rotation about by, the configuration of the body
is as shown in Fig. 8(b). Figure 8(c) shows the orientation of the body after the
second rotation 6, about b,. The orientation of the coordinate system shown in
Fig. 8(c) with respect to the coordinate system shown in Fig. 8(b) can be described
by the matrix A3?, defined as

0
A3 =T + ¥, sin 6y + 2(¥,)* sin® 52
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Body i
b
Body i b,
b: b (c) After rotation ¥,
(b) After rotation &,

(&) Initial configuration

Figure 2.8 Application of the multiframe method.

where v, = b, = [0 1 0]T, and 6, = 90°. It follows that

0 0
A =1 0 1
-1 0

1
0
0
to the coordinate system in Fig. 8(a) as
0
A2 = I+ ¥, sin6; + 2(¥;)% sin2 3‘

where in this case

b; 1 T
Vi=—=—[1 0 1]
bl V2
and 6; = 180°. The transformation matrix A?! is then given by
0 0 1
A'=10 -1 0
1 0 O

with respect to the coordinate system in Fig. 8(a) using the matrix

0 0 1 0 0 1 -1 0 0
A=A"A?=|0 -1 0 0 1 0ol=l0 =10
1 0 O0|l-1 00 0 0 1

The vector b; can be defined in the coordinate system shown in Fig. 8(a) as
-1 0 O 1 -1

b;; =Abs;=| 0 -1 0 0= 0

0o 0 1 0 0

45

The orientation of the coordinate system in Fig. 8(b) can be defined with respect

Therefore, the orientation of the coordinate system in Fig. 8(c) can be defined
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Infinitesimal Rotations We have shown previously that for an infinitesimal
rotation, the transformation matrix is given by

A=1+v0

While finite rotation is not a vector quantity, we can use the above equation to prove
that an infinitesimal rotation is a vector quantity. To this end, we consider two suc-
cessive infinitesimal rotations 6; and 6,, where 6, is a rotation about an axis in the
direction of the unit vector v, and 6, is a rotation about an axis in the direction of
the unit vector v,. Therefore, the transformation matrix associated with the first rota-
tion 18

A =1+v,6,

and the transformation matrix associated with the second rotation is
Ay =14 %26,

One can then write
AAy = A+ ¥10)A + ¥20,) =14 ¥,0) + V26, + ¥V,¥,6,60,

Because the rotations are assumed to be infinitesimal, one can neglect the second
order term V,V,60,6, and write

A1A; T+ ¥10) + %20, &~ ArA

which shows that two successive infinitesimal rotations about two different axes of
rotation can be added. In fact, for n successive rotations, one can show that

AA, A, =l_[A,» =140 + V265 + - + V,0,

i=1

=I+ZV,-9,- = A A, A

i=1

Example 2.6 A rigid body experiences only a small rotation about the axis of
rotation b. If b is the vector defined by

b=[2 2 —11F

and if the angle of rotation is 3°, determine the transformation matrix for this
infinitesimal rotation.

Solution For 6 = 3°, one has

0 = 0.05236 rad
sinf = 0.05234, tan6 = 0.05240, cos6 = 0.9986

From which

sinf ~ tanf ~ 0, cosf ~ 1
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and the angle 6 can, indeed, be considered as an infinitesimal rotation. In this
case the transformation matrix is given by

AxI+9Vsinf ~I1+7V6

A unit vector v along the axis of rotation b is given by

1
=—[2 2 —-17°
v 3[ ]

and the skew symmetric matrix v is

o 12
v=-|-1 0 —2
2 2 0

Therefore, the infinitesimal transformation matrix is given by

100 0 1 2
0.05236
A=1+96=|0 1 0 -1 0 -2
00 1 -2 2 0
1 0.01745  0.03491
=| -001745 1 —0.03491
—0.03491  0.03491 1

24 VELOCITY EQUATIONS

The absolute velocity vector of an arbitrary point on the rigid body can be obtained
by differentiating the position vector with respect to time. This requires evaluating
the time derivative of the transformation matrix. The orthogonality property of the
transformation matrix can be used to obtain an expression for that derivative. Note
that since AAT = I, one has

AAT +AAT =0
which implies that
AAT = —AAT = —(AAT)T

A matrix that is equal to the negative of its transpose must be a skew symmetric
matrix. It follows that

AT -

AA =D (2.27)
where U is a skew symmetric matrix defined by the preceding equation. This skew
symmetric matrix defines a vector w, called the angular velocity vector defined in
the global coordinate system. It follows from the preceding equation that the time
derivative of the transformation matrix is given by

A = WA (2.28)
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Alternatively, one can differentiate the equation ATA = I to obtain the following
identity:
ATA = —ATA = —(ATA)T
which defines another skew symmetric matrix @ given by
O =ATA (2.29)

This equation provides another definition for the time derivative of the transformation
matrix, given by

A=Ad (2.30)

The skew symmetric matrix (@ defines a vector @, called the angular velocity vector
defined in the body coordinate system. Note that Egs. 28 and 30 lead to

A=0DA=AD (2.31)
Pre-multiplying and post-multiplying this equation by AT, one obtains respectively

@ = ATwA (2.32)
and

@ = ADA" (2.33)

Therefore, for a rigid body i, the vector A’li’ can be written in the following two forms
using Eqgs. 28 and 30:

Al = @A = W x W

o i AR 2.34
Al = A/d'a = Al (@' x i) 239
where
u = Alw (2.35)

Angular Velocity and Orientation Parameters Using Eq. 29 and the
expression of the transformation matrix in terms of Euler parameters, it can be shown
that the skew symmetric matrix (b associated with the angular velocity vector defined
in the body coordinate system can be written in terms of Euler parameters as

0 —w3 W .
O =| @ 0 —@, | =2EE (2.36)
—w) @ 0

where the identity of Eq. 11 is used. Using the preceding equation, it can be shown
that @, , @,, and @3 are given by

@1 = 2(030, — 605 — 61600 + 6061)
@y = 2(0103 + 0y — 030, — 620,) (2.37)
@3 = 26201 — 0300 + 6o — 6162)
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In terms of the angle of rotation and the components of the unit vector v along the
axis of the rotation, the components of Eq. 37 are defined as

0 .
@1 = 2(v3vo — vav3) sin? E + vy sinf + Qv

0 .
@ = 2(v1v3 — v3v;) sin? 7+ 0 sin@ + Ov, (2.38)

., 0 . ;
w3 = 2(vavy — viVv2) sin? 5 + v3s8inf + Ovs
which can be written as

0 .
®=2vasin25+\7sin0+v0 (2.39)

Alternatively, using Eq. 27 and the transformation matrix expressed in terms of
Euler parameters, one can show that the skew symmetric matrix (O associated with
the angular velocity vector defined in the global system can be written in terms of
Euler parameters as

@ = AA" = 2EE’ (2.40)
It can be shown using matrix multiplication that

w =AW (2.41)
where w is the vector whose components are

w1 = 2(030, — 0205 + 6,16) — 0p61)
wy = 20105 — 006> — 0361 + 6,600) (2.42)
w3 = 26201 + 0360 — o053 — 0,62)

In terms of the angle of rotation and the components of the unit vector along the axis
of rotation, the components of the angular velocity vector w are defined as

0 .
wy; = 2(V3vy — Vv3) sin® E + vy sinf + Qv

0 .
wy = 2(V1v3 — V3vy) sin’ E + vy sinf + Ov, (2.43)

., 0 . .
w3 = 2(1>2v1 — \'/1\/2) SlI'l2 E + V3 sin6 + 9V3
which can be written as

0 !
w:2vasin25+Vsin0+v0 (2.44)
Note that the angular velocity vectors (b and w can be written compactly in

terms of Euler parameters as

@ = 2E6 = —2KE0 (2.45)
w =2EO = —2E0 (2.46)
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It is interesting to note that the component of the angular velocity vector w along
the axis of rotation should be 8. This can be verified by using the definition of the dot
product and the definition of the angular velocity vectors given by Eqgs. 39 and 44. It
is also clear that if the axis of rotation is fixed in space, then the components of the
angular velocity vector w in terms of the time derivative of the angle of rotation 6
reduce to

w=[w w w]"=0[vi va vl (2.47)

where v, v,, and v3 are the components of a unit vector along the axis of rotation.
The components w;, w,, w3 of Eq. 47 are the same as the components of the angular
velocity vector as defined with respect to the rotating frame, that is, in this special
case also

@=0[vi v» nl'=w (2.48)
This is due mainly to the fact that
Av=Alv=v (2.49)

which has been the subject of earlier discussions.

Example 2.7 If the vector F = [2 3 4]7 is defined in a rigid body coordinate
system which rotates with a constant angular velocity § = 10 rad/sec about an
axis of rotation whose unit vector v is

1 1 17"

NEEE
determine, when ¢ = 0.1 sec, the angular velocity vector with respect to (1) the
fixed frame and (2) the rotating frame.
Solution Since v is a fixed unit vector, it is obvious that

w=m=0[v, v» nl'= 10[L 1 LT

V3 V33

[5.773 5.773 5.773]°

One may try to arrive at this result by using Eqs. 45 and 46. To do this, we use
Eq. 10 to evaluate the four parameters 6y, 6;, 6>, and 63 as follows:

9—0050 0 =0,=06;= ! sine
o = > 1=t =03= N
The time derivatives of these parameters are
. 0 .0 ; . . 0 0
p = ——sin —, 0y =6, =03 = ——cos —
2 2 23 2

Att = 0.1 sec, with the assumption that 6(r = 0) = 0, the angle 6 is
6 =6t = 10(0.1) = 1 rad = 57.296°
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It follows that
57.296
6y = cos < > ) = 0.8776
0 6 7 L g <57'296) 0.2768
= = —= —— S1In —_— = .

1 ) 3 NG 5

. 10 57.296
Op = ——sin| —— ) = —2.397

2 2

. . . 10 57.296

0 =6, =03 = cos =2.533
2(1.732) 2

Therefore, by using Eq. 46 and the definition of the matrix E of Eq. 21, the vector
w evaluated at = 0.1 sec is given by

-6 6 -0 6 ZO
w=2E0=2|-6, 6 6 -6 9‘
—6, -6, 6, 6 2
03
—0.2768 0.8776 —0.2768 0.2768 _22533937
=21] —0.2768 0.2768 0.8776  —0.2768 2'533
—0.2768 —0.2768 0.2768 0.8776 ’
2.533
5.773
= | 5773
5.773
and by using Eqgs. 45 and 22, the vector  is given by
-6 6 6 —0, ZO
W=2E0=2|-0 -6, 6 6 9‘
—0; 6, -0, 6 2
03
—0.2768 0.8776 0.2768 —0.2768 _225?27
=21| —-0.2768 —-0.2768 0.8776 0.2768 2'533
—0.2768 0.2768 —0.2768 0.8776 ’
2.533
5.773
= | 5773
5.773

The vectors w and @ could have been evaluated by using their explicit forms
given by Eqgs. 42 and 37. The reader may try to go a step further and evaluate
the transformation matrix at t = 0.1 and verify that w = A@. With the result
obtained in this example, one can verify that vIw = 6; that is, the component
of the angular velocity w along the axis of rotation is 6.
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General Displacement The relationships developed in this section can be
used to determine the global velocity of an arbitrary point on a rigid body in the
multibody system. It was previously shown that the position vector of an arbitrary
point P on the body i in the multibody system can be written as

=R +u (2.50)

where R’ is the global position vector of the origin of the body reference and u' is the
local position of point P. The vector u’ can be written in terms of the local components
as

u = Al (2.51)

in which A’ is the transformation matrix from the body coordinate system to the global
coordinate system, and @i’ is the position vector of point P in the body coordinate
system. One can, therefore, write the position vector r as

r =R + A'ii’ (2.52)
Differentiating this equation with respect to time leads to
¥ =R + Al (2.53)

in which i is the absolute velocity vector of point P and R’ is the absolute velocity
of the origin of the body reference. It was previously shown that

Al = w' xu =A@ x @) (2.54)
One can, therefore, write the absolute velocity vector of point P as

=R +w xu (2.55)
or

P =R+ AY(@ x i) (2.56)

Furthermore, the angular velocity vector w' and ' can be written in terms of the
time derivative of Euler parameters as

W =Go (2.57)
@ =G (2.58)

where G’ and G are the 3 x 4 matrices that depend on Euler parameters and given
by

G =2F (2.59)
G =2F (2.60)

Therefore, the vector A'@i’ can be written as

Al = Al(@' x ') = —Al(@ x @)= —AGG o (2.61)
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in which @i’ is the 3 x 3 skew symmetric matrix

0 -y ith
i=|a o -@ (2.62)
—ith it 0

As will be seen in sections to follow, equations similar to Eqs. 59 and 60, in which the
time derivatives of the rotational coordinates are isolated, can be obtained when the
orientation of the frame of reference is described by using other sets of coordinates
such as Rodriguez parameters or Euler angles. Therefore, the form of Eq. 61 is general
and can be developed irrespective of the set of rotational coordinates used. The form
of Eq. 61 is convenient and will be used in Chapters 3 and 5 to develop the dynamic
equations of rigid and deformable bodies in multibody systems.

Example 2.8 Figure 9 shows a robotic arm that translates and rotates with
respect to a vehicle system. Let X;X,X3 be the coordinate system of the vehicle
and X’ X5 X} be the coordinate system of the robotic arm as shown in the figure.
The robotic arm is assumed to be connected to the vehicle by means of a cylin-
drical joint; that is, the relative motion between the arm and the vehicle can be
described by translational and rotational displacements along and about the joint
axis shown in the figure. A unit vector parallel to the joint axis and defined in the
vehicle coordinate system is given by
V= L[ 11 17"
NE]

Assuming that the arm translates with constant speed 2 m/sec and the angular
velocity about the joint axis is 5 rad/sec, determine the velocity of point P on the
robotic arm when the arm rotates 30°. The coordinates of P in the arm coordinate
system are given by the vector ﬁip where

i, =[0 1 0]"m

Vehicle

coordinate system Axis of the

cylindrical joint

Figure 2.9 Vehicle system.
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Assume that the axes of the vehicle and the arm coordinate system are initially
the same.

Solution At the specified position, the transformation matrix between the arm
coordinate system and the vehicle coordinate system is given by

. . 6!
Al = [1 + Vsin @' + 2(¥)? sin? 3]
where 6' = 30° and ¥ is the skew symmetric matrix defined as

v=—1 1 0 -1

After substitution, one can verify that the matrix A’ is given by

A 0.91068  —0.24402  0.33334
A' = 033334 091068 —0.24402
—0.24402 0.33334  0.91068

The vector i, can be defined in the vehicle coordinate system as

0.91068  —0.24402 0.33334 0

u, = Alii, = | 033334 091068 024402 | | 1
—0.24402  0.3334 091068 | | 0
—0.24402
=| 091068 |m
0.33334

The angular velocity vector w' is defined as

. L. 5
w =0v=—"[1 1 11"=2.8868[1 1 1] rad/sec
V3

The cross product w' x u’, is then given by

0 -1 1 —0.24402
w xup,=0u,=28868 1 0 -1 0.91068
-1 1 0 0.33334
—1.6667
= | —1.6667 | m/sec
3.3334

and the velocity of point P in the vehicle coordinate system is given by
ip =R + ' xu,
where R’ is the absolute velocity of the origin of the arm coordinate system,
which is given by
i 2

R=—[1 1 1"=1.154711 1 11" m/sec
V3
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Therefore, the velocity of P is given by

1 —1.6667 —0.512
rp=1.1547|1 |+ | —1.6667 | = | —0.512 | m/sec
1 3.3334 4.4881

Relative Angular Velocity The transformation matrix that defines the ori-
entation of an arbitrary body i can be expressed in terms of the transformation matrix
that defines the orientation of another body j as

A" =A/AY (2.63)
It follows that
@ = AAT = (A/AY + ATAY)(ATAY)T
= (W/AVAY + AV (@Y), AY)(A/ AY)T (2.64)
where (@'/); is the skew symmetric matrix associated with the angular velocity of

body i with respect to body j defined in the coordinate system of body j. Since the
following identity

@ = A (@A (2.65)

holds, where @ is the skew symmetric matrix associated with the angular velocity
of body i with respect to body j defined in the global coordinate system, the preceding
equation yields

@' =@+ @V (2.66)
which implies that
w' =w’/ + w (2.67)

This equation shows that the absolute angular velocity of body i is equal to the absolute
angular velocity of body j plus the angular velocity of body i with respect to body j.

2.5 ACCELERATIONS AND IMPORTANT
IDENTITIES

In the preceding section, the time rate of change of a vector was defined. In this
section, the second derivative of a vector with respect to time is evaluated. Recall that

AF

@r (2.68)
where the vector r is equal to AF. Therefore, AF can also be written as

AF = AT (2.69)
and the velocity vector of r can be written, assuming that F is not constant, as

i = AF + WAF (2.70)
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Differentiating Eq. 70 with respect to time yields

i = AF 4+ AF + WAF + WATF + OAF (2.71)
In a manner similar to that for Eq. 68, one can write

Ar = dv,
where v, = AF is the time derivative of the vector F defined in the global coordinate
system. Equation 71, after rearranging terms, yields

¥ = AF + 2dv, + dr + OAF (2.72)
One may substitute Eq. 68 into Eq. 72 to get

i = AF 4+ 2dv, + dr + O dr (2.73)
Using the identities

WV, =w xv,, dOr=dxr, OOr=w x (W xr),
one obtains

F=AF+2W x v, + W xXr+w x (w xr) (2.74)

Angular Acceleration Vector Using the notation
ox=w
where « is the angular acceleration vector, Eq. 74 reduces to
F=AF+2wW x v, +a xr+w x (w xr) (2.75)

Using the definition of w given by Eq. 42, one can show that the vector & can be
expressed in terms of Euler parameters as

036, — 6,05 + 6,00 — B0,
ax=2 9193 — éo@z — 9391 + éz@()
6201 + 0360 — 6065 — 6,6,

which can be written in matrix form as
o =2E0
where the matrix E is given by Eq. 21.
Equation 75 can also be written as
r=a +a.+a +a,
where
a =AF, a.=2w xV,
a=axr, a,=wx(wxr)
In these equations, T is the acceleration of the point whose position is defined by the
vector r as seen by an observer stationed on the rotating frame; thus a; represents

the local acceleration defined in the global coordinate system. This component of
the acceleration is zero if the vector F has a constant length, that is, if the vector ¥
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has fixed components in the rotating coordinate system. The other three components
a., a,, and a, are, respectively, the Coriolis, tangential, and normal components of the
acceleration vector. One may observe from the definition of these components that the
normal component a,, has a magnitude equal to (9)?r, where ris the length of the vector
r. By using the definition of the cross product, it can be shown that the direction of this
component is along the vector (—r). The tangential component a, has a magnitude
Or, and its direction is perpendicular to both « and r. The Coriolis component a,
has a magnitude equal to 26v,, where v, is the norm of the velocity vector v,. The
Coriolis component has a direction that is perpendicular to both w and v,.

If the axis of rotation is fixed in space, the unit vector v is a constant vector, and
since

T
0 0 0 0
0=1[6 0 0 93]T=|:cos§ vlsini vzsini V3sin§]
one has

. 9[ 8 0 0 T
e:E —sin=  V{COS~ VCO8—~ V3COS ~

2 2 2 2
and
0= Q |:—sin— vlcosg vzcosg V3 cos€:|T — @9
2 2 2 2 2 4

Since w = v, as a result of the assumption that the axis of rotation is fixed in space,
one can verify that the angular acceleration vector is

O(Zé[\/] %} V3]T=éV
If we consider the planar case in which X3 is the axis of rotation, it is obvious that
a=60[0 0 1]T

as expected.

General Displacement The kinematic relationships developed in this sec-
tion can be used to determine the absolute acceleration of an arbitrary point on a rigid
body in multibody systems. It has been shown in the previous section that the absolute
velocity of a point on the rigid body i can be written as

=R +Ad =R +A(@ x i)

where R is the absolute velocity of the origin of the body reference, A’ is the trans-
formation matrix, @' is the angular velocity vector defined in the body coordinate
system, and i’ is the local position of the arbitrary point. Differentiating the preceding
equation with respect to time and using the relationships developed in this section,
one can verify that the absolute acceleration of an arbitrary point on the rigid body
can be written as

F=R +w x(w xu)+a xu

where R’ is the absolute acceleration of the origin of the body reference, w' and o
are, respectively, the angular velocity and angular acceleration vectors defined in the
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global coordinate system, and u’ is the vector
u = Al

The acceleration vector i can also be written in terms of vectors defined in the body
coordinate system as

=R +A [0 x (@ xd)]+ A& x i)

where (0 and &' are, respectively, the angular velocity vector and angular acceleration
vector defined in the body coordinate system.

Important Euler Parameter Identities Euler parameters are widely used
in the field of computational dynamics. This is despite the fact that Euler parameters
have one redundant variable, and their use requires imposing the constraint of Eq. 11.
Nonetheless, Euler parameters have several useful identities that can be used to sim-
plify the kinematic and dynamic equations. Below, we summarize these identities,
some of which were presented in the preceding sections:

EET = EE =1
E'TE=ETE=1,— 00"
EO=E0 =0
EO=E0=0

-T . _T
EE =EKE
GG' = —GG' =2

_ =T - T ~
GG =-GG =2w

eTe=1, 6'0=0
where I is the 3 x3 identity matrix, and L is the 4 x4 identity matrix. It can also be

shown that the partial derivative of the transformation matrix defined by the Rodriguez
formula with respect to the angle 6 is given by

0A .
Ay = — =AVv=VA
00
or more generally,
"A o o
2gr = (V'A=A®)

where v is a unit vector along the axis of rotation.

Another important identity can be obtained using quaternion algebra (Shabana
2001). This identity can be useful in describing the relative motion when Euler pa-
rameters are used. Consider the following relationship between the three orthogonal
matrices Af, A 7, and A*:

Al = AJA*
Let 0, 8/, and 6% be the set of Euler parameters that define the orthogonal transfor-

mation matrices A’, A 7, and A*. Then Gi, o/ , and 0% are related by the following
equation:

o' = H/oF
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where H / is defined as

o] -0 —6] —6]
o/ o -] o]
63 65 6 6
6{ —65 6 6

H/ =

The matrix H/ is an orthogonal matrix, that is
H H/ =H'H/ =1

This property allows writing 8 in terms of 6",

Alternative forms of the rotation matrix are developed in the following three
sections. These forms are, respectively, in terms of Rodriguez parameters, Euler
angles, and the direction cosines.

2.6 RODRIGUEZ PARAMETERS

As pointed out earlier, only three independent variables are required to describe
the orientation of the body reference. The transformation matrix developed in the
preceding sections is expressed in terms of four parameters, that is, one more than the
number of degrees of freedom. In this section, an alternative representation, which
uses three parameters called Rodriguez parameters, is developed.

For convenience, we reproduce the transformation matrix of Eq. 9:

0

A =1+ ¥sinf + 2(¥)* sin’ 2 (2.76)

We now define the vector 'y of Rodriguez parameters as
0

Y = vtan 3 2.77)

that is,
=t o =yt o =vst o (2.78)
Y1 =Vi anz, Vz—vzanz, )/3—V3an2 .

where 6 is the angle of rotation about the axis of rotation and v is a unit vector
along the axis of rotation. Note that the Rodriguez parameter representation has the
disadvantage of becoming infinite when the angle of rotation 6 is equal to 7.

Using the trigonometric identities

0
sinf = 2sin — cos —, sin — = tan — cos —
2 2 2 2 2

, 0 1 , 0
sec” — = ———— =14tan" -
2 cos:(0/2) 2

one can write sin6 as

0 0 0 6  2tan(6/2 2tan(6/2
sin@ = 2sin — cos — = 2tan — cos’> — = an(6/2) = an(6/2) (2.79)
2 2 2 2 sec3(6/2) 1 + tan%(6/2)
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Since v is a unit vector, one has
T 2 0 2
Y Y =tan 5= ) (2.80)

Therefore, Eq. 79 leads to

. 2tan(0/2)
sinf = ———— (2.81)
1+ (y)?
Similarly
6 tan*(0/2 tan*(0/2
sin2 0 = /2 _ tan6/2) (2.82)
27 T+an6/2) 1+ @)
Substituting Eqs. 81 and 82 into Eq. 76 yields
+ 2 Vvt 9+(~)2t 29 (2.83)
= ——— | Vtan = + (V)" tan” = .
14 (y)? 2 2
which, on using Eq. 77, yields
Al — o G+@P (2.84)
S oY '
where ¥ is the skew symmetric matrix
0 —»m »n
Yy=|v»n 0 -n (2.85)
-2 n 0

In a more explicit form, the transformation matrix A can be written in terms of the
three parameters yy, y», and y3 as

1

IEENOE
L+ () — (n)? — (13)? 21172 — ¥3) 20ny3 +12)
x 2172+ 13) 1L—(n)* +(n)? — (13)? 20273 — y1)
2(r1v3 — 12) 20273 + 1) 1—(n)? — (»)? + (1)

(2.86)

Relationships with Euler Parameters Using the definition of Euler pa-
rameters of Eq. 10, one can show that Rodriguez parameters can be written in terms
of Euler parameters as follows:

sin(6/2) 0
N0
(2.87)
6, 65
V2 = V3=

~ 6 :90
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That is,

vi=—, =123 (2.88)

e

From Eq. 82 it is obvious that

that is,

0= —
T

Using this equation, one can then write the remaining Euler parameters in terms of
Rodriguez parameters as follows

o= 2
1 + (J/)2

0, = 2.89
s (y)2 (2-89)

03 =
1+ (J/)2

that is,
=, l = 1, 2, 3

1+ (y)?

It follows that the relation between the time derivatives of Rodriguez parameters and
Euler parameters are given by

0:00 — 0o; .
= ———, =123
4 )2

which can be written in a matrix form as
v=Co

where © = [0, 6, 6, 65]T are the four Euler parameters and C is a 3 x 4 matrix
defined as

L[ 00
—— | -6 0 6 O
92

©0) 6, 0 0 6

The inverse relation is given by

0 =Dy
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where D is a4 x 3 matrix given by
0 0 0 Y1 V2 V3
_ 1 100 1 W’ v nr
D=——ws RNy >
JI+@E|0 L 0] [I+@?2P2 | o ) »nrs
0 0 1 o v (1)

Angular Velocity Vector It can be also verified that the transformation
matrix expressed in terms of Rodriguez parameters can be written as the product of
two semitransformation matrices E and E as follows:

A =EE"

where the 3 x 4 matrices E and E are defined as follows:

1 -n 1 -
E=—u— " V3 1 -
/1 2
+) | = . n 1
1 -1 12
E=—— —Y2 —V3 1 Y1
1 2
+) | -» o 1

Using these matrices, one can verify that the angular velocity vector @ in the local
coordinate system can be written in terms of Rodriguez parameters as follows:

@ = Gy (2.90)
where
G =2ED

By carrying out this matrix multiplication, it can be shown that the matrix G is given
by

2 1 V3 -
G=——|-r 1 71
1+ (y)?
) IV

The global angular velocity vector w is also given by

w = Gy (2.91)
where
G =2ED

By carrying out this matrix multiplication, one can verify that the matrix G is given
by

5 I on
G=—"-—F| » 1 g
1 2
+) | ” |
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2.7 EULER ANGLES

One of the most common and widely used parameters in describing reference
orientations are the three independent Euler angles. In this section, we define these
angles and develop the transformation matrix in terms of them. Euler angles involve
three successive rotations about three axes that are not orthogonal in general. Euler
angles, however, are not unique; therefore, we follow the most widely used set given by
Goldstein (1950). To this end we carry out the transformation between two coordinate
systems by means of three successive rotations, called Euler angles, performed in a
given sequence. For instance, we consider the coordinate systems X X, X3 and §,£,&5,
which initially coincide. The sequence starts by rotating the system £,£,£3 an angle
¢ about the X3 axis. The result of this rotation is shown in Fig. 10(a). Since ¢ is the
angle of rotation in the plane XX, we have

¢ =Dx (2.92)
where D, is the transformation matrix

cos¢p sing O
Dy =| —sing cos¢ O
0 0 1

Next we consider the coordinate system 77,7,73, which coincides with the system
£,£,&; and rotate this system an angle 6 about the axis &;, which at the current
position is called the line of nodes. The result of this rotation is shown in Fig. 10(b).
Since the rotation 6 is in the plane &,&5, we have

n =Dyt (2.93)

£,

s

&
€M

Line of nodes

(a) (b)

s &,
n,

™

(©
Figure 2.10 Euler angles.
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where D, is the transformation matrix defined as

1 0 0
D,=|0 «cosf sin6
0 —sinf cos6

Finally, we consider the coordinate system ¢, ¢,¢3, which coincides with the coordi-
nate system 77,7,7;. We rotate the coordinate system ¢,{,{; an angle i about the
7); axis as shown in Fig. 10(c). In this case, we can write

¢ =Dsn (2.94)
where D5 is the transformation matrix
cosyy sinyr O

D;=| —sinyy cosy O
0 0 1

Using Egs. 92-94, one can write the transformation between the initial coordinate
system X; X, X3 and the final coordinate system ¢;¢,¢5 as follows:

¢ =D;D,Dix
which can be written as

¢=ATx
where AT = D;D,D;. Also one can write

x = AC (2.95)
where A is the transformation matrix

A=

cos Y cos¢ —cos@singsiny  —siny cos¢ —cosf singcosyy  sinf sin ¢
cos Y sin¢g + cos @ cos¢psinyy  —sinyr sin¢g 4 cosf cospcosy  —sinb cos ¢
sin @ sin Y sinf cos Y cos 6

(2.96)

The three angles ¢, 6, and ¢ are called the Euler angles. The matrix A of Eq. 96 is
then the transformation matrix expressed in terms of Euler angles.

Angular Velocity Vector We have previously shown that infinitesimal ro-
tations are vector quantities; that is, infinitesimal rotations can be added as vectors.
Therefore, if we consider the infinitesimal rotations 8¢, 6, and 81, the vector sum
of these infinitesimal rotations, denoted as 0, can be written as

50 = V16¢ + V289 + V351ﬁ

where v, v,, and v3 are, respectively, unit vectors along the three axes of rotations
about which the three successive rotations 8¢, 66, and 5y are performed (Fig. 11).
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X,

s

Line of nodes v,

&

Figure 2.11 Axes of rotation.

The vectors vy, v, and v3 in the X;X,Xj3 coordinate system are given by

vi=[0 0 1]"

vy, =[cos¢ sing 0]T

vz = [sinfsin¢g —sinfcos¢ cos6 1"
Therefore, the vector 60 in the X;X,X3 coordinate system can be written in matrix
form as

0 cos¢ sinfsing )
60=]0 sing —sinfcos¢ 86

1 0 cosf Sy
By definition, the angular velocity vector w is
de
w=—
dt

One can then write the angular velocity in terms of Euler angles as
w =GV
where v = (¢, 0, ¥) and G is the matrix

0 cos¢ sinfsing
G=|0 sing —sinfcos¢
1 0 cos 6

That is,
w; = 0 cos¢ + Vrsinf sin g
wy = 0sing — Y sin B cos ¢
w3 = ¢ + Y cos O
In the ¢,¢{,¢5 coordinate system the angular velocity vector is given by
@ = ¢sin@siny + O cos Y
@y = ¢sin@ cosy — O sinyr
@3 = ¢cosh +

which can be written in a matrix form as

o =Gv
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where G is the matrix
sinfsinyy cosy O
G = | sinfcosyy —siny 0
cosf 0 1

Relationship with Euler Parameters The relationship between Euler an-
gles and Euler parameters is given by

0 v+ .0 -y
6y = cos — cos ,  0; =sin — cos

2 2 2 2
o in? @V 0 b+
H = sin — sin , 63 = cos — sin

2 2 2 2

Euler angles can be also written in terms of Euler parameters as follows:

6 = cos™ [2[(60)" + (62)"] - 1]

6 = cos”! —2(6,63 — 0p61)
B sin@

¥ = cos™! 2(0265 + 0o61)
N sin 6

The rotations ¢, 0, and { were chosen by Euler to study the motion of the
gyroscope. The term gyroscope refers to any rotating rigid body whose axis of rotation
changes its orientation. The gyroscope is shown in Fig. 12 where the circular disk
spins about its axis of rotational symmetry O¢. This axis is mounted in a ring called
the inner gimbal, and the rotation of the disk about its axis of symmetry O¢ relative
to the inner gimbal is allowed. The inner gimbal rotates freely about the axis On
in its own plane. The axis O is perpendicular to the axis of the disk and mounted
on a second gimbal, called the outer gimbal, which is free to rotate about the axis
O X3 in its own plane. The axis Xj is fixed in the inertial coordinate system X; X, X3.

Outer gimbal

Inner gimbal

Figure 2.12 Gyroscope.
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The disk whose center of gravity remains stationary may then attain any arbitrary
position by the following three successive rotations: a rotation ¢ of the outer gimbal
about the axis X3, arotation 6 of the inner gimbal about the axis On, and a rotation
of the disk about its own axis O¢. These three Euler angles are called the precession,
the nutation, and the spin, and the type of mounting used in the gyroscope is called a
cardan suspension.

Example 2.9 The orientation of a rigid body is defined by the four Euler
parameters

6o = 0.9239, 6, =6, =6; =0.2209

At the given configuration, the body has an instantaneous absolute angular ve-
locity defined by the vector

w =[120.72 7587 —46.59]1" rad/sec
Find the time derivatives of Euler angles.

Solution Euler angles are

6 = cos™ ' {2[(Ap)* + (63)*] — 1} = 36.41°

—2(6205 — b
¢ = cos—'{ M} — cos™(0.5232) = 58.4496°
sin @
2(6,03 + 6p01)

v = cosl{ 3 } = cos~1(0.8521) = —31.5604°
1

The negative sign of { was selected to ensure that all the elements of the trans-
formation matrix evaluated using Euler angles are the same as the elements of
the transformation matrix evaluated using Euler parameters. Recall that
w =Gv
where
0 cos¢ sinfsing
G=|0 sing —sinfBcos¢
1 0 cos 6

It follows that
v=G"w
where

—singcosf cos¢gcosf siné
=S sinfcos¢  sinfsing 0
S sin ¢ —cos ¢ 0

Note the singularity that occurs when 6 is equal to zero or 7. Using the values
of Euler angles, one has

—1.1554  0.7093 1
G'=| 05232 08522 0
1.4356 —0.8814 0
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The time derivatives of Euler angles can then be evaluated as

¢ —1.1554 0.7093 1 120.72
6 |=G'w=| 05232 08522 0 75.87
v 1.4356 —0.8814 O —46.59
—132.2553
=| 127.8171
106.4338

Another Sequence Another sequence of Euler angles which is widely used
in aerospace and automotive applications is a rotation of an angle ¢ about the X axis,
followed by a rotation 6 about the X}, axis, followed by a rotation ¥ about the X
axis. It is left to the reader to show that the use of this sequence leads to the following
transformation matrix:

cos 6 cos Y —cos @ sin Y sin 6
A = | sin¢ sinf cos ¥+ cos ¢ sin Y —singsinfsiny + cos¢ cosyy — sin¢p cosb
—cos¢sinf cos Y+ singsiny  cos ¢ sinf sin ¥ + sin ¢ cos ¥ cos ¢ cos 6

Using this sequence, one can show that the matrices G and G that define the angular
velocity vectors are given as

1 0 sin 6 cosfcosy sinyy O
G=|0 cos¢p —singcost |, G=| —cosfsiny cosy O
0 sing cos¢cost sin 6 0 1

Clearly, the matrices G and G become singular when 6 = /2. Similar singular-
ity problems are encountered when any three independent Euler angles are used to
describe the orientation of a body or a frame of reference in space. Note also that
w=[¢0y ]T only in the case of infinitesimal rotations and when second order
terms in the angles and their derivatives are neglected.

2.8 DIRECTION COSINES

Even though the direction cosines are rarely used in describing the three dimen-
sional rotations in multibody system dynamics, we discuss this method in this section
for the completeness of our presentation. To this end, we consider the two coordinate
systems X;X,X3 and X} X5X% shown in Fig. 13. Let i}, i5, and i} be unit vectors
along the X/, X5, and X} axes, respectively, and i, ip, and i3 be unit vectors along
the X, Xy, and X3 axes, respectively. Let §; be the angle between X’i and X1, B,
be the angle between X! and X», and ;3 be the angle between X| and Xj. Then the
components of the unit vector i"l along the X, X», and X3 axes are given by

ap =COS/31 =ill -i1
app =cos By =1 -ip

a3 =cos f3 =1 - i3
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Figure 2.13 Direction cosines.

where a1, a2, and «13 are the direction cosines of the X’1 axis with respect to X, Xo,
and X3, respectively. In a similar manner, we denote the direction cosines of the X’2
axis with respect to the X, X,, and X3 axes by ay, @z, and w3, respectively, and
the direction cosines of the X’3 axis by a3, a3, and a33. One then can write these
direction cosines using the dot product between unit vectors as

. . .

(0531 =ié‘l], (Xzz:ié-lz, 0623=ié‘l3
and
a3y =ll31], Ol32=ig~i2, Ot33=ig‘i3
which can also be written as
ajp =i ik, jk=1,2,3
Using these relations, one can express the unit vectors 1’1 1’2 and 1’3 in terms of the
unit vectors ij, ir, and i3 as
i, = ani + o + a3i;
i) = o1 + anis + ani; (2.97)
iL = o3 + anis + as3i;
which can be written in a more abbreviated form using the summation convention as

i =ayi, k1=1,2,3

In a similar manner, the unit vectors iy, i, and iz can be written in terms of the unit
vectors iy, i5, and ij as follows:
. . . .
11 = aq1l] + g1l + a3l
. o o .
Iy = aply + axpl, +o3l;
. o o =i
13 = 01131] =+ Ol2312 + 053313
which can be written in an abbreviated form using the summation convention as
ik=()[1ki;, k,l=1,2,3

We now consider the three-dimensional vector x whose components in the coordinate
systems X; X, X3 and X’1 X’ZXQ are denoted, respectively, as x1, x, and x3 and X1, X7,
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and x3. That is,
r = x1i; + x2iy + x3i3
= )_Clill +)_C2i12+)_63i13
ince the unit vectors iy, i, i3 and it , i}, and i} satis e relations
S th t vect 3 and if, i3, and i§ satisfy the relat

i =il il=1 fork=1

por Tl (2.98)
iy =1i -ij =0 fork#I
one concludes that
X =r-i] = anx +apx + oi3x3
Xo=r- i) = ag1x; + anxy + axxs
X3 =r-iy = o310 + a3x2 + a33x3
that is,
X = Ax (2.99)
where
_ _ - - T T
X=[% X X1, x=[x x x3]
and A is the transformation matrix given by
o] 02 A3
A= oy oan ax
o3 03 A33
In a similar manner, one can show that
x = ATx (2.100)

in which the transformation matrix A between the two coordinate systems is expressed
in terms of the direction cosines «;;, (i, j = 1, 2, 3). Since only three variables are
required in order to describe the orientation of arigid frame in space, the nine quantities
«;; are notindependent. In fact, those quantities satisfy six equations that are the result
of the orthonormality of the vectors iy, i, and i3 (or i}, i5, and i) given by Eq. 98.
These equations can be obtained by substituting Eq. 97 into Eq. 98, resulting in

oy + oo + azay =6y, k,1=1,2,3 (2.101)

where §;; is the Kronecker delta, that is,

s |1 ifk=1
710 ifk #1

Equation 101 gives six relations that are satisfied by the direction cosines «;;.

Even though we have previously proved the orthogonality of the transformation
matrix, Eqs. 99 and 100 can be used to provide another proof. Substituting Eq. 99
into Eq. 100 yields

x = ATAx
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that is,

X] = E E U1 Qgj X j
k

To satisfy this equation, the coefficient of x; must be zero for j # I and must be one
for j = [; that is,

Zaklakj = §y; (2.102)
%

where §;; is the Kronecker delta. In a matrix form, Eq. 102 can be written as
ATA =1 (2.103)

where I is a 3 x 3 identity matrix. In a similar manner, by substituting Eq. 100 into
Eqg. 99 it can be shown that

AAT =1 (2.104)
In view of Egs. 103 and 104, it follows that

AT=A""
This completes the proof.

Example 2.10 At the initial configuration, the axes Xt Xé, and X’3 of the co-
ordinate system of body i are defined in the global coordinate system X; X, X3 by
the vectors [0.5 0.0 0.5]T, [0.25 0.25 —0.25]", and [—2.0 4.0 2.0]7, respectively.
Starting with this initial configuration, the body rotates an angle ; = 45° about
its X’3 axis followed by another rotation 6, = 60° about its X‘1 axis. Determine the
transformation matrix that defines the orientation of the body coordinate system
with respect to the global coordinate system.

Solution Before the rotations, the direction cosines that define the axes of the
body coordinate system are

e ap o]t =[0.7071 0.0 0.7071]T
[oar @ an]t =[0.5774 0.5774 —0.5774]"
[z o3 axn]l =[—0.4082 0.8165 0.4082]T

Therefore the transformation matrix that defines the body orientation before the
rotations is

A o)) o] o3) 0.7071  0.5774 —0.4082
A6 = a2 Oy O3 = 00 05774 08165
Qi a0 0.7071 —0.5774  0.4082

Since 0, is about the Xg axis, the transformation matrix due to this simple rotation
is defined as

cosf; —sinf; O 0.7071 -0.7071 O
Al = | sind cos® 0 |=]07071 0.7071 0O
0 0 1 0 0 1
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Since 6, is about the X’1 axis, the transformation matrix due to this simple rotation
is

1 0 0 1 0 0
A, =0 cos# —sinf, |=|0 05 —0.8660
0 sin6, cos6H, 0 0.8660 0.5

The transformation matrix that defines the orientation of body i in the global
coordinate system can then be written as

09082 —0.3994 —0.1247
Al = AJATAL = | 04082 09112  0.0547
0.0917 —0.1007  0.9906

29 THE 4 X 4 TRANSFORMATION MATRIX

It was previously shown that the position of an arbitrary point P on the rigid body
i can be written in the X;X, X3 coordinate system as

r =R + A’ (2.105)

where R is the position of the origin of the rigid body reference in the X; X, X3 coor-
dinate system as shown in Fig. 3, A’ is the rotation matrix, and @i’ is the position of the
arbitrary point P in the X} X5 X}, coordinate system. In Eq. 103, the vector R’ describes
the rigid body translation. The second term on the right-hand side of Eq. 105, however,
represents the contribution from the rotation of the body. An alternative for writing
Eq. 105, is to use the 4 x 4 transformation. Equation 105 represents a transformation
of a vector i’ defined in the X’1 X’ng coordinate system to another coordinate system
XX, X3. This transformation mapping can be written in another form as

ri _ Aiﬁi (2.106)
where rZ and ﬁf‘ are the four-dimensional vectors defined as

eo=[r r o] (2.107)

W, =[a, @ @ 1] (2.108)

and A} is the 4 x 4 transformation matrix defined by
; Al R
A, = |:0g 1 :| (2.109)
where 05 is the null vector, that is,
0;=[0 0 0]

The 4 x 4 transformation matrix of Eq. 109 is sometimes called the homogeneous
transform. The advantage of using this notation is that the translation and rotation of
the body can be described by one matrix. It is important, however, to realize that the
4 x 4 transformation matrix Ai is not orthogonal, and, as a result, the inverse of Ai
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is not equal to its transpose. One can verify, however, that the inverse of the 4 x 4
transformation matrix Af‘ is given by

o [AT | AR
(A~ = (2.110)
T
0! 1

Therefore, in order to find the inverse of the 4 x 4 transformation Ai, one has to find
only the transpose of the rotation matrix A’.

Example 2.11 A rigid body has a coordinate system X’IX’ZX’3 The position
vector of the origin O of this coordinate system is defined by the vector

R=[1 1 =517
The rigid body rotates an angle §' = 30° about the X3 axis. Define the new
position of point P that has coordinates i’ = [0 1 0]T as the result of this

rotation. Assume that the axes of the coordinate systems X;X,X3 and X/ X)X}
are initially parallel.

Solution 1In this case, the rotation matrix A’ is given by

[cos®' —sin6’ 0 cos30 —sin30 O
Al = | sinf’ cos® 0| =] sin30 cos30 O
0 0 1 0 0 1

[0.8660 —0.5000 0
=] 05000 0.8660 O
0 0 1

The 4 x 4 transformation matrix of Eq. 109 is then given by

0.8660 —0.5000 0 1

Al = A" | R'| 105000 08660 0 1

4 = or 1 - 0 0 1 -5
3

0 0 0 1

The four-dimensional vector i), of Eq. 108 is given by
a,=[0 1 0 17"
and the four-dimensional vector rﬁ1 of Eq. 107 can be obtained by using Eq. 106

as
i 0.8660 —0.5000 0 0 0.5000
ri | 105000 08660 0 1| | 1.8660
P N 0 1 —=5{|0]~|-5.000
1 0 o o0 1|1 1

The inverse of the 4 x 4 transformation matrix Aﬁ" is given by

0.8660 0.5000 0 —1.3660

[A,»]—l | —0.5000 0.8660 0 —0.3660
= 0 0 1 5.000
| 0 0 0 1
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Figure 2.14 Robotic manipulators.

Relative Motion Many multibody systems can be modeled as a set of bodies
connected in a kinematic chain by sets of mechanical joints such as revolute, prismatic,
and/or cylindrical joints. Examples of these systems are robotic manipulators such
as the one shown in Fig. 14. The bodies in such systems are sometimes called links.
The relative motion between two neighboring links connected by a revolute joint can
be described by a rotation about the joint axis. In the case of a prismatic joint, the
relative motion is described by a translation along the joint axis. A more general motion
is the case of two neighboring links connected by a cylindrical joint. In this case, the
relative motion is represented by a translation along and a rotation about the joint axis.
It is obvious that the revolute and prismatic joints can be obtained as special cases of
the cylindrical joint by fixing one of the cylindrical joint degrees of freedom. A relative
translation and rotation between neighboring links can be represented in terms of two
variables or two joint degrees of freedom. As a consequence, the 4 x 4 transformation
matrix will be a function of only two parameters; one parameter represents the relative
translation, while the other represents the relative rotation between the two links. To
illustrate this we consider the two links i and i — 1 shown in Fig. 15. The two links i
and i — 1 are assumed to be connected by a cylindrical joint; that is, link i translates

Link i -1

Figure 2.15 Relative motion.
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and rotates with respect to link i — 1 along the joint axis i. Let X"I*IXQ*IXQ*1 be a
coordinate system whose origin is rigidly attached to point O'~! on link i — 1, and let
X' X5 X4 be a coordinate system whose origin is rigidly attached to point O on link
i. A unit vector along the axis of rotation i is denoted by the vector v. This unit vector
can be represented by a rigid line emanating from point O'~!, and accordingly the
components of this unit vector in the coordinate system X' ~'X5™'X}~" are constant.
The relative translation between the two frames X;™' X5 'X;™! and X{ X5X], can be
described by the vector R**~!. Since the unit vector v along the joint axis has constant
components in the coordinate system X;~'X5™'X}™", in this coordinate system the
vector R"~! can be written in terms of one variable only as

RV = vd' (2.111)

where d’ is the distance between the origins O'~! and O. The variable d' is a measure
of the relative translational motion between link 7 and link i — 1. The relative rotation
between the two neighboring links can also be described in terms of one variable 6°.
Using Eq. 9, and assuming that the axes of the two coordinate systems X' X5 ' X}~
and X! X5X{ initially parallel, the rotation matrix A“'~! that defines the orientation
of link i with respect to link i — 1 can be written as

y A 6!
AP = T+ §sin @' 4 2(¥)? sin? 5 (2.112)

where V is the skew symmetric matrix and I is the identity matrix. The rotation matrix
of Eq. 112 depends on only one variable 67, since the components of the unit vector
v are constant in the X} ™' X} "X ™! coordinate system. Using the identities of Eq. 15
or Eq. 16, the following interesting identities (previously presented in Section 5) for
the rotation matrix can be obtained:

(Ai,i—l)TAzi—l — (2.113)
ii—1\T pii— =
(A, A = —()? (2.114)
where
- J .. . 9! 0!
A’e”f1 = wA“’l =VcosO + 2(¥)%sin 5 cos 3
=¥cosO + (¥)?sinf = vAH T = ALy (2.115)

since the multiplication of the rotation matrix A*~! with the skew symmetric matrix ¥
is commutative. Furthermore, the angular velocity vector w’/~! of link i with respect
to link i — 1 is simply defined by the equation

wh Tl =iy (2.116)
The time derivative of the rotation matrix also takes the following simple form:
A = A0 = [Veos O + ()7 sin 010" = O VAT
= A1 (2.117)
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Using Egs. 111 and 112, the position vector r’'~! of an arbitrary point P on link i in

the Xil_lXé_ng_1 coordinate system can be written as
pliml — Rii=1 | ARl
=vd + A" o (2.118)
where @' is the local position vector of point P defined in the X; X)X’ coordinate

system. One can also use the 4 x 4 transformation matrix to write Eq. 118 in the form
of Eq. 106, where in this case the 4 x 4 transformation matrix of Eq. 109 is defined

as

o [A | v Lo

Bl (2.119)
! 07 I

Because A"~! depends only on the joint variable 67, the 4 x 4 transformation matrix
A}~ is a function of the two joint variables 67 and d'.

The velocity vector of the arbitrary point P on link i with respect to the frame
X 7'X57 X!, whichis rigidly attached to link i — 1, can be obtained by differentiating
Eq. 118 with respect to time, that is,

F = vd 4 AT = vd A (2.120)
Using the 4 x 4 matrix notation, Eq. 120 can be written as
l.,iiq _ Aii—lﬁg (2.121)

where Aﬁ;“l is given by

o TeART | v [évAY | v
Aﬁ;’ = N = N (2.122)
0; ' 0 0, ‘ 0
and the vector i'ﬁ(i_l is the time derivative of the vector rﬁgi_l, that is,
ii—1 Q=1 Lii—1 .ii—1 T
ry = [rl ) T3 O]

The acceleration of point P can be obtained by differentiating Eq. 120 with respect
to time, that is,

i = vd' + AT a0+ A (2.123)
in which AL’FI is given by
Ay = [—Vsing’ + (¥)? cos 0710
=AY = AV (@)% (2.124)
Using Egs. 115 and 124, we can write Eq. 123 as
i;l',ifl — Vai +Ai'i71[€’ﬁiéi + (v)zl—ll(el)z:l
=vd + A& x ' + @ x (@ x 1) (2.125)
where @' and &' are defined as

@ = Véi, & = v
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Equation 125 can be written by using the 4 x 4 matrix notation as
i =AY a (2.126)
where
. d ..
ii—1 s ii—1
P = —ry
4 drd
and A}~ is the 4 x 4 matrix defined as
o [AYTURET + @20 | v
Al,l* —
4
o7 | o

(2.127)

In developing these kinematic equations, the fact that the product of the rotation
matrix A*~! and the skew symmetric matrix ¥ is commutative is used. In fact, for
any rotation matrix A that is the result of a finite rotation 8, a more general expression
than the one given by Eq. 115 (previously presented in Section 5) can be obtained as
(Shabana 1989)

"A
oo

= (V)'A = AF)" (2.128)

Equations 118, 120, and 123 are, respectively, the kinematic position, velocity, and
acceleration equations for a general relative motion. The special case of a revolute
joint can be obtained from the above kinematic equations by assuming d’ to be
constant, while the case of the prismatic joint is obtained by assuming 6’ to be
constant. Furthermore, many of the properties obtained in the previous sections for
the planar rotation matrix can be obtained from the equations developed in this section
by assuming that the unit vector v is along the Xé_l axis.

Denavit-Hartenberg Transformation Another 4 x 4 transformation ma-
trix method for describing the relative translational and rotational motion is based
on Denavit—Hartenberg notation (Denavit and Hartenberg 1955). This method of
describing the motion is popular among researchers in the field of robotics and mech-
anisms. The 4 x 4 Denavit—Hartenberg transformation matrix is a function of four
parameters: two constant parameters that depend on the geometry of the rigid links
and two variable parameters that are sufficient for description of the relative motion.
Figure 16 shows link i — 1 in a kinematic chain. Joint i — 1 is assumed to be at the
proximal end of the link i — 1, while joint i is located at the distal end of the link.
For the joint axes i — 1 and i, there exists a well-defined distance a'~! between them.
The distance a’~' is measured along the line that is perpendicular to both axes i — 1
and i. This perpendicular line is unique except in the special case in which the joint
axes are parallel. The distance a’~' is the first constant link parameter and is called
the link length. The second constant link parameter is called the link twist. The link
twist denoted as ' ~! is the angle between the axes in a plane perpendicular to a'~!.
This angle is measured from the joint axis i — 1 to axis i in the right-hand sense
about a’~!. The two other variable parameters used in the 4 x 4 Denavit—Hartenberg

transformation matrix are the link offset d' and the joint angle 6. The link offset d'
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\ Link i -1

\

[
| _ i
/ \

Joint axis Joint axis
i-1 i

Figure 2.16 Link parameters.

describes the relative translation between link i — 1 and link i, while the joint angle 6
is used as a measure of the change in the orientation of link i with respect to link i — 1.
As shown in Fig. 17, link i — 1 and link i are connected at joint i, and accordingly
axis i is the common joint axis between the two neighboring links i — 1 and i. If a’
is the line perpendicular to the joint axis defined for link i, then d’ is the distance
along the joint axis i between the point of the intersection of a'~! with the joint axis
i and the point of intersection of a’ with the joint axis i. The joint angle 6" is also
defined to be the angle between the lines a'~! and a’ measured about the joint axis i.

To describe the relative motion of link i with respect to link i — 1, we introduce
two joint coordinate systems: the coordiante system X’le;lX’;l whose origin 0!

Axis i

Figure 2.17 Joint degrees of freedom.
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Axis i

Axis i —1

Figure 2.18 Intermediate coordinate systems.

is rigidly attached to link i — 1 at jointi — 1 and the coordinate system X’ X5 X4 whose
origin is O’ on the joint axis i. The coordinate system X' X5~ X" is selected such
that the Xgﬁl axis is along the joint axis i — 1 and the X"fl axis is along the normal
a'~! and in the direction from joint i — 1 to joint i. The axis Xgﬁl can then be obtained
by using the right-hand rule to complete the frame X’;*IXQ*IXQ*I. Similar comments
apply for the coordinate system X X5X4 as shown in Fig. 17. It is, therefore, clear
that the link length a’~" is the distance between X5~ and X}, measured along X',
the link twist &/ ~! is the angle between X5~ and X}, measured about the axis X| ™',
the link offset d' is the distance from X! ™' to X} measured along the X} axis, and the
joint angle &' is the angle between the axis X' and the axis X} measured about X}.

To determine the position and orientation of the coordinate system X)X;X}
with respect to the coordinate system X:™'X5 'X%™!, three intermediate coordinate
systems are introduced as shown in Fig. 18. A coordinate system Y| 'Y5 Y4 is
obtained by rotating the coordinate system Xﬁ"X;"Xg‘l by an angle o/~ about
the X’i_l axis. The coordinate system Zi_IZ;_lZg_' is obtained from translating the
coordinate system Y’i_lY;_lYé_' by a translation a’~! along the Y’f' axis. The co-
ordinate system Yi1 YéYg is obtained by rotating the coordinate system Z’i_lZé_ ! Zg_l
an angle 6' about the Zg axis. It is then clear that the coordinate system Xll)(’zX’3
can be obtained by translating the coordinate system Y"1 YéYg a distance d' along the
Xl3 axis. The 4 x 4 transformation matrix from the frame X’1X’2X’3 to the frame Y’i
Y, Y depends only on the link offset d' and is given by

1 00 0
01 0 0
A=1y 01 &
000 1
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The 4 x 4 transformation from the frame Y} Y,Y} to Z\~'Z;~'Z;~" depends only on
the joint angle 6’ and is defined by the matrix

cos@® —sinf’ 0 0
i i
A, = sin @ cosd 0 0
0 0 1 0
0 0 0 1

The 4 x 4 transformation from the frame Z’i_IZQ_lZg_I to the frame
Y‘i_lYé_lYg_l depends only on the link length a'~! and is defined by the matrix

1 0 0 4!
As = 01 0 O

001 O

00 0 1

Finally, the 4 x 4 transformation from the coordinate system Yil_lYé_lYg_1 to the
coordinate system X, ™' X5 X}™! is defined by the matrix

1 0 0 0
A= 0 cosoz."‘1 —sinqi_' 0
0 sina’™!' cose”! 0
0 0 0 1

One can then obtain the 4 x 4 transformation from the coordinate systems X)X, X}
to X{7'X457'X! by using the following transform equation:

AV = AYASALA,

where the 4 x 4 Denavit—Hartenberg transformation matrix A~ is defined as

cos ' —sin 6! 0 a~!
= sin@ cosa’~! cosOicosai™! —sing’! —d'sina’~!
" | sin®'sina’™!  cos@sine’™!  cosai™!  dicosaiT!
0 0 0 1

(2.129)

2.10 RELATIONSHIP BETWEEN DIFFERENT
ORIENTATION COORDINATES

In this chapter, the rotation matrix for both planar and spatial motion was de-
veloped. Different forms for the 3 x 3 orthogonal rotation matrix were presented in
terms of different orientational coordinates such as Euler parameters, Euler angles.
Rodriguez parameters, and the direction cosines. In the forms that employ Euler an-
gles and Rodriguez parameters, only three variables are required to identify the body
orientation in space. The representation using Euler angles and Rodriguez parameters,
however, has the disadvantage that singularities may occur at certain orientations of
the body in space. Therefore, the use of Euler parameters or the Rodriguez formula
of Eq. 9 has been recommended. Even though the four Euler parameters are not
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independent, by using these parameters one can avoid the problem of singularities of
the rotation matrix. Furthermore, the rotation matrix is only a quadratic function of
Euler parameters, and many interesting identities that can be used to simplify the dy-
namic formulation can be developed. Different forms of the rotation matrix, however,
are equivalent. In fact, any set of coordinates such as Euler parameters. Euler angles,
Rodriguez parameters, and so on can be extracted from a given rotation matrix by
solving a set of transcendental equations. By equating two 3 x 3 rotation matrices,
one obtains nine equations. Nonetheless, a set of independent equations equal to the
number of the unknowns can be identified and solved for the orientational coordinates.
For instance, given the following rotation matrix:

aip ap a3
A=|ay apn ax

as; dasy ass

one can equate this matrix, for example, with Eq. 9, which is the form of the rotation
matrix in terms of the angle of rotation 6 and the components of the unit vector
v=[v vy v3]" along the axis of rotation, to obtain

4 |an+an+ax—1
6 = cos >
Vi 1 aszy — azs
V= |V | = p apz — asy
2sinf
V3 az) —dap

Clearly, when the angle of rotation is very small, the unit vector v along the axis
of rotation is not well defined. More detailed discussions on this subject and also
methods for extracting the orientational coordinates from a given rotation matrix can
be found in the literature (Klumpp 1976; Paul 1981; Craig 1986).

In the preceding section we also discussed the 4 x 4 transformation matrix in
which the translation and rotation of the body are described in one matrix. Even though
the 4 x 4 transformation matrix is not an orthogonal matrix, it was shown that its
inverse can be computed in a straightforward manner from the transpose of the orthog-
onal 3 x 3 rotation matrix. Methods for describing the relative motion between two
bodies were also discussed. The angle and axis of rotation between the two bodies were
first used to formulate the 4 x 4 transformation matrix. Kinematic relationships for
the position, velocity, and acceleration were developed and more interesting identities
were presented in order to simplify these kinematic equations. Finally, the 4 x 4 trans-
formation matrix was formulated by use of Denavit—Hartenberg notations. The trans-
formation was developed in terms of the four parameters: the link length, the link twist,
the link offset, and the joint angle. The link length and link offset are constant and
depend on the geometry of the rigid link. The link offset and joint angle are both
variable in the case of a cylindrical joint. In the case of a revolute joint the link oft-
set is constant, while in the case of a prismatic joint the joint angle is constant. The
Denavit-Hartenberg 4 x 4 transformation matrix has been used extensively in applica-
tions related to robotic manipulators and spatial mechanisms (Paul 1976; Craig 1986).



82

REFERENCE KINEMATICS

Problems

Ifv=[v; vp v3]T is a unit vector, and ¥ is a skew symmetric matrix such that

0 —v3
v=| v3 0 -
—Vvy V] 0

show that (¥)% is a symmetric matrix

Using the mathematical induction, or by direct matrix multiplications, verify that

(9)27171 — (_1)]‘[71‘7
(v)zn — (_1)}171({,)2

where V is given in Problem 1.

Given a vector F = [—215]7T defined on a rigid body that rotates an angle 6 = 30°
about an axis of rotation along the vector a = [3 —17]T, derive an expression for
the transformation matrix A that defines the orientation of the body. Evaluate also the
transformed vector r.

Find the transformation matrix A that results from a rotation 6 = 20° of a vector ¥ =
[02 -6 ]T about another vectora=[—-213 ]T. Evaluate the transformed vector r.

Use the principle of mathematical induction to prove the identity

"A
6"

=®'A=A®"

where A is the three-dimensional transformation matrix expressed in terms of the angle
of rotation 6 and a unit vector v along the axis of rotation.

The angular velocity vector defined with respect to the fixed frame is given by

w1 = 2(0302 — 0203 + 6160 — 6p01)
wy = 2(0103 — 002 — 6361 + 6200)
w3 = 2(0201 + 0360 — 063 — 0162)

Assuming that v is a unit vector along the axis of rotation, show that the component of
the angular velocity vector along this axis is &, where  is the angle of rotation.

The vector ¥ has components defined in a rigid body coordinate system by the vector
F = [015]7. The rigid body rotates with a constant angular velocity § = 20 rad/sec
about an axis of rotation defined by the vector v = [103 1T. Determine the angular
velocity vector and the transformation matrix at t = 0.1 sec.

In the preceding problem, determine the global velocity vector at time ¢ = 0.2 sec.
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10.

11.

12.

13.

14.

15.

The vector r has components defined in a rigid body coordinate system by the vector
F = [7120]T, where ¢ is time. The rigid body rotates with a constant angular velocity
6 = 10 rad/sec about an axis defined by the unit vector v = [ % % % 1T. Determine
the global velocity vector at time ¢ = 0.1 sec.

Show that the angular velocity vector in the global and moving coordinate systems are
defined, respectively, by

.20 ) .

W = 2v x Vsin® 5 + vsinf +vo

_ . .20 ;

@ =2V x vsin 3 + vsinf +vo
where v is a unit vector along the instantaneous axis of rotation and 6 is the angle of
rotation.
Show that the rotation matrix A satisfies the following identity

ATy A AT

(Au) = AGA
where u is an arbitrary three-dimensional vector.
The orientation of a rigid body is defined by the four Euler parameters

6o = 0.9239, 01 = 6, = 63 = 0.2209

At the given configuration, the body has an instantaneous angular velocity defined in the
global coordinate system by the vector

W =[12072 75.87 —46.59]" rad/sec

Find the time derivatives of Euler parameters.

The orientation of a rigid body is defined by the four Euler parameters
0o = 0.8660, 0; =6, =63 =0.2887

At this given orientation, the body has an instantaneous absolute angular velocity defined
as

w=[1100 90.0 0.0]"

Determine the time derivatives of Euler parameters.

In the preceding problem, determine the time derivatives of Rodriguez parameters and the
time derivatives of Euler angles.

The orientation of a rigid body is defined by the four Euler parameters
6o =0.9239, 01 =6, =063 =0.2209

Atthe given configuration, the body has an instantaneous absolute angular velocity defined
by the vector

w =[120.72 75.87 —46.59]" rad/sec

Find the time derivatives of Rodriguez parameters and the time derivatives of Euler angles.
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16.

17.
18.

19.

20.
21.

22,
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Discuss the singularity associated with the transformation matrix when Euler angles are
used.

Discuss the singularity problem associated with the use of Rodriguez parameters.

In Section 7, the transformation matrix in terms of Euler angles was derived using the
multiframe method. Show that the single-frame method and the Rodriguez formula can
also be used to obtain the same transformation matrix.

At the initial configuration, the axes X , Xé, and Xg of the coordinate system of body i are
defined in the coordinate system X | X, X3 by the vectors [ 0.0 1.0 1.0 1T, [-1.01.0—1.01T,
and [—2.0 —1.0 1.0]7, respectively. Starting with this initial configuration, the body
rotates an angle 6; = 60° about its Xg axis followed by another rotation 8, = 45° about
its X‘1 axis. Determine the transformation matrix that defines the orientation of the body
coordinate system with respect to the global coordinate system.

Derive the relationships between Euler angles and Euler parameters.

For the transformation matrix determined in Problem 7, evaluate the eigenvalues and the
determinant. Verify that a unit vector along the axis of rotation is an eigenvector of this
transformation matrix.

Given the following rotation matrix

0.91068 —0.24402 0.33334
A= 033334 091068 —0.24402
—0.24402  0.33334  0.91068

extract the following:
(i) the angle of rotation 6 and a unit vector along the axis of rotation
(ii) The four Euler parameters
(iii) Rodriguez parameters
(iv) Euler angles



3 ANALYTICAL
TECHNIQUES

In the preceding chapter, methods for the kinematic analysis of moving frames of
reference were presented. The kinematic analysis presented in the preceding chapter
is of a preliminary nature and is fundamental for understanding the dynamic motion of
moving rigid bodies or coordinate systems. In this chapter, techniques for developing
the dynamic equations of motion of multibody systems consisting of interconnected
rigid bodies are introduced. The analysis of multibody systems consisting of de-
formable bodies that undergo large translational and rotational displacements will
be deferred until we discuss in later chapters some concepts related to the body de-
formation. In the first three sections, a few basic concepts and definitions to be used
repeatedly in this book are introduced. In these sections, the important concepts of the
system generalized coordinates, holonomic and nonholonomic constraints, degrees
of freedom, virtual work, and the system generalized forces are discussed. Although
the reader previously may very well have met some, or even all, of these concepts
and definitions, they are so fundamental for our purposes that it seems desirable to
present them here in some detail. Since the direct application of Newton’s second law
becomes difficult when large-scale multibody systems are considered, in Section 4,
D’ Alembert’s principle is used to derive Lagrange’s equation, which circumvents to
some extent some of the difficulties found in applying Newton’s second law as demon-
strated by the application presented in Section 5. In contrast to Newton’s second law,
the application of Lagrange’s equation requires scalar quantities such as the kinetic
energy, potential energy, and virtual work. In Sections 6 and 7 the variational princi-
ples of dynamics, including Hamilton’s principle, are presented. Hamilton’s principle
can also be used to derive the dynamic equations of motion of multibody systems from
scalar quantities. We conclude this chapter by developing the equations of motion of
multibody systems consisting of interconnected rigid components.

To maintain the generality of the formulations presented in this chapter, the
Cartesian coordinates are used to describe the motion of the multibody system. To
this end, a reference coordinate system, henceforth called the body reference or the

85
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body coordinate system, is assigned for each body in the multibody system. The
configuration of the rigid body in the system can then be identified by defining the
location of the origin and the orientation of the body coordinate system with respect
to an inertial global frame of reference.

3.1 GENERALIZED COORDINATES
AND KINEMATIC CONSTRAINTS

The configuration of a multibody system is identified by a set of variables called
coordinates or generalized coordinates that completely define the location and orien-
tation of each body in the system. The configuration of a particle in space is defined
by using three coordinates that describe the translation of this particle with respect to
the three axes of the inertial frame. No rotational coordinates are required for descrip-
tion of the motion of the particle, and therefore, the three translational coordinates
completely define the particle position. This simplified description of the particle
kinematics is the result of the assumption that the particle has such small dimensions
that a point in the three-dimensional space can be used to define the position of the
particle. This assumption is not valid, however, when rigid bodies are considered. The
configuration of a rigid body can be completely described by using six independent
coordinates: three coordinates describing the location of the origin of the body axes
and three rotational coordinates describing the orientation of the body with respect
to the fixed frame. Once this set of coordinates is identified, the global position of
an arbitrary point on the body can be expressed in terms of these coordinates. For
instance, the global position of an arbitrary point P on a body, denoted as body i in
the multibody system, can be written as (Fig. 1)

rp =R+ A'W

where R is the position of the origin of a selected body reference X' X,X4, A’ is
the transformation matrix from the body X’ X5X’ coordinate system to the global
X, X, X3 coordinate system, and @i’ is the local position of the point P measured with
respect to the X X5 X4 coordinate system. Thus, by defining the position vector R/
and the transformation matrix A’, we can identify the position of an arbitrary point
P on the body i. It has been shown in the preceding chapter that the transformation
matrix A’ is a function of the set of rotational coordinates ©' , Where the set 0’ has
one element in the planar analysis and three or four elements in the spatial analysis
depending on whether Euler angles, Rodriguez parameters, or Euler parameters are
employed. Therefore, through definition of the translational and rotational coordinates
R’ and ©', respectively, of the body reference, the configuration of the rigid body is
completely identified. This is not the case when deformable bodies are considered
because i’ is no longer a constant vector.

Reference Coordinates For convenience, we will use the notation ¢’ to
denote the generalized coordinates of the body reference, that is,

¢ =R" o' (3.1)
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X,

Figure 3.1 Reference coordinates of the rigid body.

Consequently, in planar analysis the vector ¢'. is given by

q=[R Ry 0]

where R} and R}, are the coordinates of the origin of the body reference and 6 is the
rotation of the body reference about the X3 axis. In the three-dimensional analysis,
one may write ¢’ as

a=[R R, R, o'

where R’i, R}, and Rg define the global position of the origin of the body axes and
@' is the set of rotational coordinates that can be used to formulate the rotation
matrix. This set of coordinates can be Euler angles, Rodriguez parameters, or Euler
parameters. In the case of Euler angles and Rodriguez parameters the set ©' contains
three variables, while in the case of Euler parameters the set ©° contains four variables
that are not totally independent. Therefore, in the spatial analysis, if three independent
orientational coordinates are used, the vector qf. is a six-dimensional vector and if
four parameters are used, qi is a seven-dimensional vector.

A multibody system as shown in Fig. 2, which consists of n; interconnected
rigid bodies, requires 6n;, coordinates in order to describe the system configuration in
space. These generalized coordinates, however, are not totally independent because
of the mechanical joints between adjacent bodies. The motion of each component in
the system is influenced by the motion of the others through the kinematic constraints
that relate the generalized coordinates and velocities. To understand and control the
motion of the multibody system it is important to identify a set of independent gener-
alized coordinates called degrees of freedom. Consider, for example, the Peaucellier
mechanism shown in Fig. 3, which has several bodies whose motions are constrained
by a set of revolute joints. As mentioned in Chapter 1, the purpose of this mechanism
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Joint

Force element

Control
device

Figure 3.2 Multibody systems.

is to generate a straight-line motion at point P. The motion of point P is completely
controlled by the rotation of the crankshaft C D. This mechanism has eight bodies,
and yet the number of degrees of freedom is one.

Kinematic Constraints Henceforth, the set of generalized coordinates of
the multibody system will be denoted by the vector q = [¢1 ¢2 q3 - -+ g,]T, where n
is the number of coordinates. In a multibody system, these n generalized coordinates
are related by n, constraint equations where n. < n. If these n, constraint equations
can be written in the following vector form:

C(CllsCIz,---,Clml‘)=C((I»l‘)=0 (32)

where C = [Ci(q, 1) Ca(q,t) --- Cp(q, H]T is the set of independent constraint
equations, then the constraints are said to be holonomic. If the time ¢ does not appear
explicitly in Eq. 2, then the system is said to be scleronomic. Otherwise, if the system
is holonomic and ¢ appears explicitly in Eq. 2, the system is said to be rheonomic. A

E

Figure 3.3 Peaucellier—Lipkin mechanism.
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ks

X,

Figure 3.4 Revolute (pin) joint between two rigid bodies.

simple example of scleronomic constraint equations is the revolute joint between any
two bodies in the Peaucellier mechanism shown in Fig. 3.

Figure 4 depicts a revolute joint between two arbitrary planar bodies i and j in
the system. The constraint equations in this case, which allow only relative angular
rotations between the two bodies, require that the global position of point P defined
by the set of coordinates of body i be equal to the global position of point P defined
by the set of coordinates of body j. This condition gives two constraint equations that
can be written as

ro=r, or R +Ad =R +A/d/ (3.3)

or in a more explicit form as

|:Ri:| [cos 6" —sin 0’i| [’7'1:| |:Rf] |:cos 6/ —sin 6"':| |:'7{i|
N = : .
R} sing'  cos6 ith R} sing/  cos6’ i)
where R¥ = [R} R5]T and @* = [i} #4]". A set of equations similar to Eq. 3 can be
written for the spherical joint in the three-dimensional analysis.

An example of rheonomic constraints can be given if we consider the motion of
the manipulator shown in Fig. 5. In many applications the motion of the end effector
(hand) of the manipulator has to follow a specified path. Robotic manipulators are

examples of an open-loop multibody system. We may then denote the end effector as
body i and write the specified trajectory of a point P on the end effector as

r, =R +A'd =f(@) (3.4)

where f(t) = [f1(t) fo(t) f3(t)]T is a time-dependent function and A’ is the 3 x 3
rotation matrix given in the preceding chapter.
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End effector (body )

Figure 3.5 Three-dimensional manipulator.

Constraints that cannot be written in the form of Eq. 2 are called nonholonomic
constrainsts. Simple nonholonomic constraints may be given in the form

ag+Bq=0 (3.5)

where ag = ay(q, t) = [ao1 do2 -+ aon, 1", q = [§1 G2 - ¢a]" is the vector of the

system generalized velocities, and B is an n, x n coefficient matrix having the form

bt b b1,
by bn - by

B=| . . . | =B,
bn 1 bn 2 bn,n

One should not be able to integrate Eq. 5 and write it in terms of the generalized
coordinates only; otherwise Eq. 2 will follow. Nonholonomic constraints arise in
many applications. For instance, the spinning top shown in Fig. 6 that rotates about
its X‘3 axis with an arbitrary angular velocity, or the rotation of the propeller of a ship
engine or aircraft that rotates with an arbitrary angular velocity about nonfixed axes,
are examples of nonholonomic systems. One may recall that the angular velocity
vector defined with respect to the body reference and in terms of the four Euler

X,

Figure 3.6 Spinning top.
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parameters 6}, 0, 05, 0 can be written as
@' =2E¢
where E' is the matrix
-0 6 63 —0 i
E=|-6, —65 6 6
-0z 6, =61 6O

If body i rotates with a specified angular velocity, as in the case of the top example
shown in Fig. 6, the constraint on the angular velocity can be written as

' =2E'0 =f(q,1) (3.6)

where in this case, according to Eq. 5, ag = —f(q,?),B = 2E!, and f(q,7)is a
specified function that depends on the system coordinates and time. Equation 6 can
be written in a more explicit form as

2(036, — 0205 — 0160 + 0001) = fi(q. 1)
2(6165 + 600> — 030, — 6:00) = f(q. 1)
2(0:201 — 6300 + 6ob3 — 6162) = f3(q, 1)
where fi(q, t), f2(q, t), and f3(q, t) are the components of the vector f(q, 7).

Other forms of constraints are inequality relationships between the system coor-
dinates, which can be written in the vector form

Cq,H)=>0 (3.7)
For example, the motion of a particle P placed on the surface of a sphere has to satisfy

the relation

rirp —(a)’ =0
where rp is the position vector of point P measured from the center of the sphere and
a is the radius of the sphere.

The inequality constraints may be expressed in a form that depends on the system
coordinates as well as velocities as

Cq,4,0)>0

These constraints are called one-sided and nonrestrictive or nonlimiting. If the equality
holds, that is

C(q,q.0)=0

the constraints are said to be two-sided and restrictive or limiting. In some textbooks
the difference between holonomic and nonholonomic systems is made by classifica-
tion of restrictive constraints as geometric or kinematic. The constraints are said to
be geometric if they are expressed in the form of Eq. 2, that is,

C(q,1)=0
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Figure 3.7 Rolling disk.

The constraints are said to be kinematic if they contain velocities, that is,
Cq.q4.)=0

Integrable kinematic constraints are, essentially, geometric constraints. The converse
is not generally true; that is, nonintegrable kinematic constraints are not generally
equivalent to geometric constraints. Therefore, we may define a nonholonomic multi-
body system as a system with nonintegrable kinematic constraints that cannot be
reduced to geometric constraints. In this chapter and the following chapters, the term
kinematic constraints stands for both holonomic and nonholonomic constraints. One
may observe, however, that holonomic constraints impose restrictions on the possi-
ble motion of the individual bodies in the mechanical system, while nonholonomic
constraints restrict the kinematically possible values of the velocities of the bodies
in the system. It is clear that every holonomic constraint, at the same time, gives rise
to a certain kinematic constraint on velocities. The converse, however, is not true;
that is, nonintegrable constraints on the system velocities do not necessarily imply
restrictions on the system coordinates. Therefore, in a nonholonomic system, some
coordinates may be independent, but their variations are dependent.

Simple Nonholonomic Systems We consider the disk shown in Fig. 7
which has a sharp rim and rolls without sliding on the X;X; plane. Assuming that
X,X5Xj is a fixed frame of reference, the configuration of the disk at any instant of
time can be identified using the parameters R, R, and R, which define the coordi-
nates of point C with respect to the global coordinate system; and the Euler angles ¢,
0, and ¥, which define the sequence of rotations about the X, X"z, and XQ Therefore,
the vector of the disk generalized coordinates q can be written as follows:

a=I[q ¢ ¢ 91 q5s gl =[Ri R, Ry ¢ 6 yI'

The condition of rolling without sliding on the XX, plane implies that the instanta-
neous velocity of the contact point P on the disk is equal to zero. The global position
of the contact point can be written as

rr = R+ Aup
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where R =[R, R, R;]",aip is the local position vector of the contact point, and
A is the transformation matrix defined as

cos 6 cos —cos@ siny sin 6
A= sin ¢ sinf cos ¥ + cos ¢ sin Y —singsinfsiny 4+ cos¢pcosyr  —sing cosd
— COS ¢ sinf cos ¥ + sin¢ sin CoS ¢ sinf siny + sing cos ¥ cos ¢ cos

Since the velocity of the contact point on the disk is equal to zero, one has the following
condition:

Fp =0=R+A(D x @p)

in which @ is the angular velocity vector defined in the disk coordinate system. The
preceding equation leads to the following condition of rolling without sliding:

R=—A(® x iip)

The angular velocity vector (O can be written as demonstrated in the preceding chapter
as

@ =GO
where @ =[¢ 6 ]"and

cos O cos Y sinyy 0
G=| —cosfsiny cosy O
sin 0 1

The preceding equations define the angular velocity vector as

¢ cosBcosp + 0 siny
=GO =| —dcosHsiny +6cosy
$sinf +
Assuming that the radius of the disk is a, the vector @ip that defines the local position
of the contact point can be written as

lip =[—asiny —acosy 01"
Using direct matrix and vector multiplication, one can show that

Y cos 6
R=—-A(@ xip)=al| ¢sing+ ysingsind
—¢ cos¢p —  cos¢psind

This equation defines the following relationship between the virtual changes of the
disk coordinates:

SR,y 0 0 cosf 8¢
0Ry | =a| sing¢ 0 sin ¢ sin 6 80
S6R; —cos¢p 0 —cos¢siné Sy
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The virtual change in the system coordinates §q can then be written in terms of the
independent variations 6¢, 66, and §y as

OR, 0 0 cosf
SR, sin ¢ 0 sin ¢ sin 0 56
SR3 —cos¢p 0 —singsind
=da 89
5¢ 1 0 0 sy
86 0 1 0
| 3V | | 0 0 1 ]

Clearly, there are only three independent variations. There are, however, five inde-
pendent coordinates Ry, R,, ¢, 6, and ; that is, the configuration of the disk is
defined in terms of five independent coordinates, while there are only three indepen-
dent velocities because of the nonholonomic constraint equations. Although these
nonholonomic kinematic constraints must be satisfied throughout the motion of the
disk, the coordinates R, R, ¢, 0, and ¥ may take any values as the disk rolls without
sliding. For instance, the disk can be brought from a given position Ry,, Rz, ¢s, 05,
and v, to any other position Ry, R, ¢, 6, and y by first rotating the disk about the
X! axis to obtain the desired angle ¢. The disk is then rotated about the X} axis to
obtain the desired angle 6. Finally, the disk is rotated from the contact point P, to
point P along any curve of length a(yr — v, 4+ 2mk), where k is an integer number
(Neimark and Fufaev 1972).

3.2 DEGREES OF FREEDOM AND GENERALIZED
COORDINATE PARTITIONING

Because of the constraints imposed on the multibody system, the system coordi-
nates are not independent. They are, in general, related by a set of nonlinear constraint
equations that represent mechanical joints as well as specified motion trajectories. For
holonomic systems, each constraint equation can be used to eliminate one coordinate
by writing this coordinate in terms of the others, provided the constraint equations
are linearly independent. Therefore, a system with n coordinates and n, constraint
equations has n — n. independent coordinates. The independent coordinates are also
called the system degrees of freedom. For example, in the planar two-body system
shown in Fig. 4, where the two bodies are connected by a revolute joint whose con-
straint equations are given by Eq. 3, one may rewrite this equation in the following
form

R/ =R+ A0 — A/w/
where R/, the set of dependent coordinates in this system, is written in terms of the
set of independent coordinates q. = [R T'9/1T and 6/. The vectors Ri = [Ri RIT
and R/ = [R{ R;]T define the location of the origin of the reference of body i and
body j, respectively; @ = [} ii5]" and @/ = [@] @}]" are the local positions of the
joint definition point defined, respectively, in the coordinate system of body i and
body j; and A’ and A’/ are the planar transformations given by

Al = Cf)s@f' —sinQi A — 0956“: —sin@lf
sinf’  cos6’ sinf/  cos6’



3.2 DEGREES OF FREEDOM 95

One can write the dependent coordinates R/ in terms of the independent ones in a
more explicit form as

R/ — R{ _ R} n cos@  —sing'] | it} 3 cos@/ —singi] ||
- R] - R! sin@’  cosf’ it sin@/  cos@/ i
that is,
R] = R! + i cos®' — it} sin6' — @] cos 67 + it} sin 6
R{ = Ré + 12"1 sin® + ﬁg cos ' — IZ{ sing’/ — ﬁé cos 6/

Alternatively, one may also select Ri and Ré as dependent coordinates and write them
in terms of the other coordinates as

R =R/ + A&/ — Al

Therefore, the set of independent coordinates is not unique. It is important, however,
to realize that the number of dependent coordinates is equal to the number of lin-
early independent constraint equations. In that sense we may define the degrees of
freedom as the minimum number of independent variables required to describe the
system configuration. For the two-body system shown in Fig. 4, the total number
of system coordinates is six and yet the number of independent coordinates or sys-
tem degrees of freedom is four because of the kinematic constraints of the revolute
joint. The Peaucellier mechanism shown in Fig. 3 consists of eight links, includ-
ing the fixed link (ground). If three Cartesian coordinates are used to describe the
configuration of each link, the mechanism will have 24 coordinates. These coordi-
nates, however, are not independent because of kinematic constraints, and it can be
shown that the mechanism has only one degree of freedom; that is, the motion of the
mechanism can be controlled by specifying only one variable, say, the rotation of the
crankshaft.

Generalized Coordinate Partitioning In the following, we make use of
the concept of the virtual displacement, which refers to a change in the configuration
of the system as the result of any arbitrary infinitesimal change of the coordinates q,
consistent with the forces and constraints imposed on the system at the given instant
t. The displacement is called “virtual” to distinguish it from an actual displacement
of the system occurring in a time interval d¢, during which the forces and constraints
may be changing.

As the result of a virtual change in the system coordinates and using Taylor’s
expansion, the constraints given by Eq. 2 yield

Cy0q1 +Cpdg2+---+C;8q,=0 (3.8)

where C,, = 0C/dq; = [0C1/dq; 0C2/0¢q; - -- 3C,,(‘/8q,-]T. We may write Eq. 8 in
matrix form as

Cydq =0 (3.9)
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where
Ciu Cp -+ Cy
Coyi Cyp -+ Cy
c=| . )
Cn,»l Cn(‘Z e Cn(,n

is an n. x n matrix called the system Jacobian and C;; = 9C;/dq;. If the constraint
equations are linearly independent, Cq has a full row rank. In this case, one may
partition the system generalized coordinates as

a=[a" qi]" (3.10)

where ¢; and q, are two vectors having n — n, and n, components, respectively.
According to the coordinate partitioning of Eq. 10, Eq. 9 can be written in the
form

Cq9q; +Cq,09, =0 (3.11)

where Cg, is selected to be a nonsingular 7. x n. matrix and Cg, is an n. x (n —n.)
matrix. Equation 11 yields

Cq,8qs = —Cq,8q; (3.12)

Since Cq, is nonsingular, and thus invertible, Eq. 12 may be rewritten as

3qq = Cyidq; (3.13)
where
Cyi = —C./Cq (3.14)

is an n, x (n — n.) matrix. Therefore, using the coordinate partitioning of Eq. 10, one
can write the change in a set of coordinates g, in terms of the change in the other set
q;. The set q, is called the set of dependent coordinates, while the set q; is called the
set of independent coordinates or the system degrees of freedom.

Illustrative Example Anillustrative example for the preceding development
is the planar revolute joint between the two bodies shown in Fig. 4. By considering
the variation of Eq. 3, we obtain

SR + 8(A'w') — SR/ — 8(A/0/) =0 (3.15)

Since @i’ is constant in the case of rigid body analysis and A’ = (0A’/30")86", we
can write §(A'l') as

S(A'a) = (Aju')s0’
where A}, = (dA/36") is given by

A = [—smé) —cos 6 :|

cosf!  —sin@’
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A similar comment applies to body j, and Eq. 15 can be written as
SR 4 AL 86" — SR/ — A}u/s07 =0

We may select R/ as dependent coordinates and R, 87, and 6/ as independent coor-
dinates and write

SR/ = SR + AL 56" — Aju’ 86/
or equivalently as

SR
SR =[L, Al —AJa’]| 80 (3.16)
56/

where I is a 2 x 2 identity matrix. Comparing Egs. 12 and 16, we recognize Cg, as
an identity matrix and

—Cq =[L Aji —AJi’] (3.17)

It is obvious in this simple example that the matrix C,; of Eq. 14 is equal to the matrix
—Cy, because of the fact that Cg, is an identity matrix; that is, Cg4; is a 2 x 4 matrix
defined as

Cii =—-Cq = [Iz Aél_li —Aél_lj]

The matrix Cy; can be written as

I 0 ci3 cua
Cai =
¢ [0 I ¢ C24:|

where the coefficients c;3, c14, ¢23, and ¢4 are defined as
c13 = —ii} sin® — @ihcosO', 3 =it} cos O — ith sin 6’
C1a = it sin@/ + i1y cos@/,  cyq = —ii] cos O/ + it} sin 6/

In large-scale multibody systems, identifying the dependent or the independent
coordinates and accordingly identifying the nonsingular matrix C4, may be difficult
because of the complexity of the system. In such cases, numerical methods can be
employed to determine a nonsingular sub-Jacobian matrix, thus identifying the inde-
pendent and dependent coordinates. This subject will be discussed in more detail in
Chapter 5 after introducing the dynamics of flexible multibody systems.

Example 3.1 The multibody slider crank mechanism shown in Fig. 8 con-
sists of four rigid bodies. Body 1 is the fixed link or the ground, body 2 is the
crankshaft O A, body 3 is the connecting rod AB, and body 4 is the slider block
whose center is located at B. By rotating the crankshaft (body 2) with a specified
angular velocity, the slider block (body 4) will produce a straight-line motion.
To study the motion of this mechanism using Cartesian coordinates, we select
a coordinate system for each body. The origins of these coordinate systems are
assumed to be rigidly attached to the geometric center of the respective bodies.
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Figure 3.8 Multibody slider crank mechanism.

Therefore, we define the Cartesian coordinates of the bodies (links) as follows:
T T
al=[R Ry 6']. &=[R} R} 6%
T T
@=[R R 6. q'=[Rl R} 6%

where R} and R} are the Cartesian coordinates of the origin of the ith body
coordinate system XX/, defined with respect to the global coordinate system
and €' is the angular orientation of the ith body. Thus, the vector q of the system
Cartesian coordinates is defined as

T T T T-T

a=ln @ ¢ - qul'=[d & ¢ q']
—[Rl R, 6" R} R} 0> R} R} ¢ R} R 6']

These coordinates, however, are not independent because of the kinematic con-
straints imposed on the motion of the mechanism members. These constraints
can be recognized as follows. Body 1 is the fixed link, that is,

Rl =0, Ry=0, 6'=0

We will call these constraints ground constraints. The motion of the crankshaft
can be considered as a pure rotation about point O. This implies that point O has
zero coordinates with respect to the global coordinate system X|X}. This can be
expressed mathematically as

R*+A%2 =0

where R? = [Rf R%]T, AZ? is the transformation matrix from the coordinate
system of the crankshaft (body 2) to the global inertial frame, and @ is the
position vector of point O defined in the coordinate system of the crankshaft,
that is,

2ot
= [—— 0}
2

where /2 is the length of the crankshaft.

The crankshaft (body 2) is connected to the connecting rod (body 3) by a rev-
olute joint at point A. Let /> denote the length of the connecting rod (body 3). Then
the revolute joint constraint equations can be written in terms of the Cartesian
coordinates of the two bodies as

R* 4+ A% — R’ — A%, =0
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where R' = [R! R}]", A’ is the planar transformation matrix from the body i
coordinate system to the global frame of reference, and o', (i = 2, 3) is the local
coordinates of the joint definition point, that is

, 2 1" s Bt
l_lA: |:§ Oi| N ﬁA: |:—5 0]

Bodies 3 and 4 are also connected by a revolute joint at point B in a manner
similar to the revolute joint at A; therefore, we may write the following matrix
equation, which describes the connectivity between body 3 and body 4:

R+ A’a}, —R* — A'ip =0

in which

Boq"
ﬁ%:[a 0], iy =[0 0]

Finally, the motion of the slider block (body 4) must satisfy the following kine-
matic constraints:

R3=0, 6*=0

It is clear that the slider crank mechanism discussed in this example has 12
Cartesian coordinates and 11 algebraic constraint equations that can be summa-
rized as follows: 3 ground constraints, 2 constraints that fix the coordinates of
point O on the crankshaft, 4 constraints that describe the revolute (pin) joints at
A and B, and 2 constraints that restrict the motion of the slider block (body 4).
Thus, the number of degrees of freedom of the mechanism is 1. By taking a virtual
change in the system generalized coordinates, the ground constraints lead to

SR =0, S8R, =0, 80'=0

which can be written in a matrix form as

1 0 o][%Ri 0
0 1 Of|8R|=10
0 0 1 891 0

The constraints on the global position of point O lead to
SR* + AZu2667 =0

where Az is the partial derivative of the planar transformation A% with respect to
62. Using the definition of a2, we can write the above equation in a more explicit
form as

SR?
1 0 Lsing? ) 0
P2 2 T 0
0 1 —3cosd 502
The revolute joint constraint at point A leads to

R? R3
1 0 —Lsing? oFi 10 Lsines 7]°% 0
SR} | — g SR3 =H
2 2 3 2 0
0 1 Lcosn? 0 1 —%00503

2 8602 863
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or alternatively

_SR%_
SR3
2 in g2 L ging3 ,
1 0 —%sinf® -1 0 —5sind 562 |:()i|
0 1 %cos@2 0 -1 §00s03 SR} 0
SR3
L 567
For the revolute joint at B, we have
SR3
SR3
B o3 ;
1 0 —5sing® -1 0 0] 563 _|:():|
01 Lcose® 0 —1 0]]|5R] 0
SR3
[ 56 ]

Finally, the constraints on the motion of the slider block at B provide
1 0]|8R3| [o
0 1f|se*| |O

SRY]

0 1 0| pal|_TO
oo 3| =[]

56* |

or

Combining the above equations, one obtains
Cqéq=0
where @ = [R] R} 6" R? R3 6> R} R3 03 RY R5 6*]" and Cq is an 11 x 12
system Jacobian matrix, which can be written as
Cq =[G ]
where the nonzero elements C; ; are defined as
Ci1=C2=C33=C44=Cs55=C64=0C75=Cs7
=Cos=Cionn =Cnn=1

Ce7=C78=Cg10=Co11 =—1
I 12
C4,6 = 5 Sin92, C5,6 = —E COSG2

2 2
Cee = —— sin6? Cr¢ = — cos >
6.6 ) ) 6= 5
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I3 3
Cey = -3 sin@?,  Cr9 = 5 cos6®

P P
Cso = —3 sin@?,  Cog = 0 cos 6’

One may select 62 as an independent coordinate or the system degree of freedom.
In this case, the Jacobian matrix can be partitioned according to

Cq,09s +C4,8q, =0

where Cg, is the Jacobian matrix associated with the dependent coordinates.
It is an 11 x 11 square matrix. Cg, is the Jacobian matrix associated with the
independent coordinate 62. In this case, Cg, is an 11-dimensional vector. The
vectors of dependent and independent coordinates are defined as

T

@=I[Rl Ry 0 Ri R; R R} 6> R} R; 0]

The vector Cg, is defined as
Cqy=[0 0 0 C46 Css Cos Ci6 0 0 0 0]
=[0 0 0 5sin6®> —Lcosp? —Lsing® Lcose? 0 0 0 0]

and the matrix Cg, is defined as

10000 O O O O O O
01000 O0O O O O 0 O
001000 O O O O O
00010 0 O O O 0 O
00001 0O O O O 0 O
Cy=|00010 -1 0 Coo 0 0 0
00001 0 —1 Cig 0 0 O
00000 I 0 Cso —1 0 0
00000 0O 1 Coo 0 —10
00000 0O O O O 1 0
00000 0 0 0 0 0 1]

One can see that Cg, is a nonsingular matrix that can be inverted to write the
vector 8¢ in terms of the variation in the system degree of freedom 862 as

8qq = —C, ' Cq,86”

As it was pointed out earlier, the set of independent coordinates is not unique. In
this multibody slider crank mechanism, one may also select R?, which describes
the translation of the slider block in the horizontal direction, as an independent
coordinate, that is

@=[R Ry 6 R R} 6 R} R} ¢ R: 6"




102

ANALYTICAL TECHNIQUES

Figure 3.9 Special configuration.

It can be shown that the vector Cg, is defined in this case as
Cqy=[0 000000 -1 0 0 0"

and the matrix Cg, as

10000 0O O O O 0 O
01000 0O O O O 0 O
00100 0 0O O O 0 O
00010 Cy 0 0O 0O 0 O
00001 C Cge 0O O 0O 0 O

Cy, =10 0010 Co6 =1 0 Ceo 0 0
00001 Cig 0O —1 Cro O O
00000 O 1 0 Cso O O
00000 O 0 1 Coo —1 O
00000 O O O O 1 O
00000 0 0 0 0 0 1]

Therefore, the system-dependent coordinates q, can be written in terms of the
independent ones, provided the matrix Cg, is nonsingular.

Consider, now, the special configuration of the mechanism shown in Fig. 9
in which 82 = 6> = 0; one can verify that in this special configuration

Ca6=Ce6=0C69=Cg9=0

By substituting these values in the preceding matrix Cg,, one can verify that this
matrix is singular because, for example, adding the sixth and eighth rows will
produce the fourth row; that is, the fourth row is a linear combination of the
sixth and eighth rows and Cy, at this configuration does not have a full row rank,
and as a consequence, it is a singular matrix. This implies that at this special
configuration, the selected dependent coordinates cannot be written in terms of
the variation SR‘I‘. Physically, this means that at this configuration the mechanism
cannot be controlled by specifying the motion of the slider block (body 4) in the
horizontal direction. This special configuration is called the singular configura-
tion. This situation, however, will not occur at other configurations where Cg, is
nonsingular.

3.3 VIRTUAL WORK AND GENERALIZED FORCES

An essential step in the Lagrangian formulation of the dynamic equations of

the multibody systems is the evaluation of the generalized forces associated with the
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system generalized coordinates. In this section, the generalized forces are introduced
by application of the principle of virtual work in both cases of static and dynamic
analysis. In the development presented in this section, a system of particles is em-
ployed. By assuming that rigid bodies consist of a large number of particles, similar
expressions for the body generalized forces can be developed.

Static Equilibrium  Consider a system of n,, particles in a three-dimensional
space as shown in Fig. 10. An arbitrary particle i in the system is acted on by a system
of forces whose resultant is the vector F'. If particle i is in static equilibrium, we have

F =0 (3.18)
where F' = [F| F} F}]". If Eq. 18 holds, it is clear that
F.6r' =0 (3.19)

for any arbitrary virtual displacement 8r' for particle i. If the system of particles is in
equilibrium, it follows that

I‘I[,

ZF" Srf =0 (3.20)
i=1

If the system configuration has to satisfy a set of constraint equations, we may write
the resultant force F' acting on the particle i as

F =F +F (3.21)

where F! is the vector of externally applied forces and F'. is the vector of constraint
forces that arise because of the existence of connections between the individual par-
ticles of the system. Substitution of Eq. 21 into Eq. 20 yields

ﬂ[) le

ZF" orf = Z (F.+F).-sr' =0 (3.22)
i=1

i=1

X,
Figure 3.10 System of particles.
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Since the dot product is distributive, we have

np

ZF" o =
i=1

using the following notations:

ny np
F .ot + Y Fi.-or' =0 (3.23)
=1 i=1

i

S R
i=1 i=l i=l

where §W is defined as the virtual work of all the forces acting on the system, § W, is
the virtual work of externally applied forces, and §W,. is the virtual work of constraint
forces. Equation 23 can then be written as

SW =W, + W, =0 (3.24)

If we consider constraints that do no work, denoted henceforth as workless constraints,
the virtual work of the constraint forces is zero, that is,

HI,

SW, = ZF’( o =0 (3.25)
i=1

Examples of workless constraints are the frictionless revolute and prismatic joints
wherein the constraint forces act in a direction perpendicular to the direction of the
displacement. In this case, Eq. 24 reduces to

p
SW =W, =) F,.or'=0 (3.26)
i=1

Equation 26 is the principle of virtual work for static equilibrium, which states that
the virtual work of the externally applied forces of a system of particles in equilibrium
with workless constraints is equal to zero. The condition of Eq. 26, however, does
not imply that F, = 0 for all i values, since r', i = 1,2,...,n,), are not linearly
independent in a constrained system of particles.

Previously, it was mentioned that the system configuration can be identified by

using a set of generalized coordinates q = [g; ¢» --- ¢,]T. In this case r can be
written as
ri Zri((Zl, q27-"a ‘In) (3'27)

and the virtual displacement can be written as
or' or or'

ot = —8q1 + —8qr+ -+ —0q
9q1 9g2 aqn

“. 9r

Substitution of this equation into Eq. 26 yields

np n i
: ar

SW =W, =) F.. ) 5y =0 (3.29)
i=1 j=1 94j
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which can be written as

n o np

SW =W, = ZZF’ 5q, =0 (3.30)
j=1i=
One may define Q; such that

QJ_Z e aqj _ZF

i=1

where rqu is the vector

;o or
ai dq;

With the definition of Q ;, Eq. 30 reduces to
SW =W, =) 0;8q; =Q"6q=0 (3.31)
=1

where Q = [Q Q> --- Q,]7 is called the vector of generalized forces. The element
Q in this vector is denoted as the generalized force associated with the generalized
coordinate g ;. If the components of the generalized coordinates are independent, then
the equilibrium condition of Eq. 31 yields

0, =0, j=12,....n (3.32)

These are n algebraic equations which can be nonlinear functions in the system gener-
alized coordinates q1, ¢», . . . , ¢,. These equations can be solved for the n coordinates.
The position of the particles in the system can be obtained by using the kinematic
relationships of Eq. 27.

Example 3.2 Figure 11 shows a system of two particles in the X;X; plane.
The two particles, whose masses are denoted as m?' and m?, are constrained to
move along the rod shown in the figure using friction-free prismatic joints. The

mg

Figure 3.11 Constrained motion of particles.



106 ANALYTICAL TECHNIQUES

particles are supported by two springs with stiffness coefficients k; and k,. Given
a constant force of magnitude P acting on particle 2, determine the equilibrium
conditions of Eq. 32.

Solution Letr! = [R] R} 0]T denote the displacement vector of particle 1 in
the Cartesian coordinate system, and letr> = [R? R3 0]" denote the displacement
vector of particle 2. It is clear, however, that the system has only two independent
coordinates ¢g; and g,. The virtual changes in the vectors of coordinates of the
two particles can be expressed in terms of the virtual changes in the coordinates
g1 and g; as

cos o coso
srl = | sina | 8q1, or? = | sina | 8¢2
0 0

where « is a constant angle. As shown in Fig. 11, the vectors of constraint
forces that act on the two particles are defined in the Cartesian coordinate system

as
—F!sina —F?sina
F!=| Flcosa |, F? =| F’cosa
0 0

The virtual work of the constraint forces is defined as

ST T 2T o
6W. = F.or' =F) sr' +F. or
i=1

cos o
:[—Fclsina F!cosa 0] | sina | 8¢,

0

cosa
+[-F?sine FZcosa 0] | sina [ 8¢, =0

0

That is, the constraints are workless, since the reaction forces act in a direction
perpendicular to the direction of the displacement. From the force diagram shown
in Fig. 11, itis clear that the vectors of external forces in the Cartesian coordinate
system are

{k2(q2 — q1) — k1g1} cosa
F! = | {ka(q2 — q1) — kiq} sina — m'g
0

{P — ka(q2 — q1)} cosa
F2 = | (P —ka(g2 — q1)} sina — m’g
0

where g is the gravitational constant.
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The virtual work of the external forces can then be written as

SWe=38W =Y F.lor' =F!'sr' +F sr’

i=1
= [{ka(q2 — q1) — k1g1}(cos® & + sin® &) — m' g sina] 8q,
+[{P — ka(g2 — ql)}(cos2 a + sin® o) — ng sina] 8¢q»

Since cos® a + sin” @ = 1 and since ¢; and ¢, are assumed to be linearly inde-
pendent, their coefficients in the above equations can be set equal to zero, that
is,

Q1 =ka(g2 — q1) —kig1 —m'gsinae =0
0> =P —ka(q» — q1) — m*gsina =0

These equations can be written in the following matrix form:

|:k1 + k2 —k2j| |:611] _ | —m'gsina
—k> ky |42 P —m?gsina

These are the equilibrium equations that can be solved for ¢; and ¢, as
ol 1 [k ko —m'gsina
2] kika k2 ki t+ka]| P —mPgsina

As can be seen from the formulation and example presented in this section,

connection forces can be considered as auxiliary quantities that we are forced to
introduce when we study the equilibrium of each particle separately. These forces can
then be eliminated by considering the equilibrium of the entire system of particles.
Such constraints are sometimes called ideal since their connection forces do not do
work. Clearly, the internal reaction forces between material points that form a rigid
body are connection forces of this type. The distance between two particles i and j on
the rigid body must remain constant. This condition can be expressed mathematically
as

@ —HIe —r)=c¢

where r’ and r/ are, respectively, the position vectors of particles i and j and ¢ is a
constant. By assuming a virtual change in the position vectors, the constraint equation
yields

@ —rHIer —sr’)=0

If F’L’ is the connection force acting on particle i as the result of this constraint, then
according to Newton’s third law, FC" = —Féj is the reaction force that acts on particle
j. Clearly, the two reactions F! and F/ are equal in magnitude and opposite in
direction and must be directed along a straight line joining the two particles i and j,
that is

Fi’ = k@' — 1))
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where k is a constant. The virtual work of the constraint forces in this case can then
be written as

SW, = F/ sr' + I 5ri
=Fi'sri —Fisri = FiiT (6 — 5rd)
=k’ —rHTGr —or')=0

That is, the virtual work of the connection forces resulting from constraints between
the particles forming the rigid body is equal to zero.

Dynamic Equilibrium In a similar manner, the principle of virtual work in
the dynamic case can be developed. Newton’s second law states that the resultant of
the forces acting on a particle is equal to the rate of change of momentum of this
particle, that is,

F =P
or equivalently

F P =0 (3.33)
where P’ is the momentum of the particle i. If condition 33 is satisfied, we say that
particle i is in dynamic equilibrium. The dynamic equilibrium condition implies that

(F —P).-sr =0 (3.34)
If the system of particles is in dynamic equilibrium, we can then write

np
Z(Fl’ —PH.sr' =0 (3.35)
i=1
According to Eq. 21, F' can be written as the sum of the external and constraint forces,
yielding
> (FL+F. —P).or' =0
i=1
or

np np

D (F,—P)-or' + ) Fl.-or' =0
i=1 i=1

If the constraints are workless, we have

nZPFQ.ar" =0
i=1

which yields

p

> (FL—P).6r' =0 (3.36)

i=1
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The result of this equation is often called D’ Alembert’s principle. Using Eq. 28, we
may write Eq. 36 in terms of the system generalized coordinates as

I‘I[,

L o
D= F) Y =0

i=1 j=1

or equivalently

n np

ZZ (¥, — P a—ri@qj:o (3.37)

j=1i= aql

Define Q; such that

- N
QJ.=Z(F;—1>').8r L j=12....n
f qj

We may then write Eq. 37 as

np,

i ari T

ZZ (F Wjaq, Z 0;8q; =Q"8q =0 (3.38)

j=1i=1
where Q = [0, O, --- 0,]T. If the components of the vector of generalized coor-
dinates are independent, Eq. 38 yields

= = = = 9T

Q=[01 0 - 0,] =0 (3.39)
that is,

0,=0, j=12,...,n

Equation 39 is a set of n second-order ordinary differential equations of motion that
describe the dynamics of the system. These equations are expressed in terms of the
independent coordinates, and as a consequence, the constraint forces are automatically
eliminated (Shabana 1994a). Equation 39 can be integrated in order to determine
the generalized coordinates and velocities. The position of the particles can then be
determined by using the kinematic relationships of Eq. 27.

Example 3.3 Figure 12 shows a particle of mass m that slides freely in the
XX, plane on a slender massless rod that rotates with angular velocity § and
angular acceleration @ about the X3 axis. Determine the dynamic equilibrium
equations for this particle.

Solution The configuration of the system shown in Fig. 12 can be identified by
using the independent coordinates ¢ and 6. In Fig. 12, the force components F,
and F), are the reactions of the workless pin joint constraints. The displacement
and velocity of the particle in the Cartesian coordinate system can be written in
terms of the independent coordinates as

cos o —sin 6 cosd
r=|sinf |qg, F=0]| cos@ |g+|sind |g
0 0 0
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Figure 3.12 Dynamic equilibrium of particles.

where 6 is the angular position of the particle and ¢ is the displacement of the par-
ticle with respect to point O. A virtual change in the system coordinates leads to

—sin 6 cos 6
dr=| cosf |[¢qé6 + | sinf | dq
0 0

Since the reaction forces acting on the rod and the particle are equal in magnitude
and opposite in direction, the virtual work of these forces is equal to zero.

The vector of external forces acting on the particle is defined in the Cartesian
coordinate system as

0
F,=|—mg
0

where m is the mass of the particle and g is the gravitational constant. The virtual
work of the external forces and moments that act on the system can then be
written as

W, = FZ(Sr + T80 = —mgsinf8q + (T — mgq cos ) 56

where T is the external moment that acts on the rod. The momentum of the
particle is defined in the Cartesian coordinate system as
P =mr

and the rate of change of momentum P is given by

—sinf —sinf
P = mi =mlq | cos6 | +2mbg | cosb
0 0
cos 6 —cos 6
+mg | sinf | +m(0)*q | —sin6
0 0

One can then verify that the virtual work of this inertia force is given by

SW; = PTsr = 2mqqh + m()*9)80 + (mg — m(9)*q) 8q
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Applying the equation

> (FL+F —P) s =0

i=1
we obtain

—mgsinB8q + (T — mgq cos )80 — 2mqqt + m(q)*0) 80

—(mg —m(©)’q)8q =0

or

(T — mgq cos6 — 2mqq6 — m(q)*6)s6
+ (—mg sinf — mg + m(©)*q)sq =0

Since 6 and ¢ are assumed to be independent, the coefficients of 46 and 8¢ in
the preceding equation can be set equal to zero. This leads to the following two
nonlinear second-order differential equations of motion:

mi — m(0)*q + mgsind = 0
m(q)*0 +2mqqh + mggcosd — T =0

These equations can be integrated numerically to determine the independent
coordinates and velocities. The displacements of the particle in the Cartesian
coordinate system can then be determined from the kinematic equations in which
these displacements are written in terms of the independent coordinates.

Generalized Forces of Rigid Bodies We have seen that the virtual work

of a force is defined to be the dot product of the force with the virtual change in
the position vector of the point of application of the force. Even though in the pre-
ceding development we considered a system of particles, the definition of the virtual
work can be extended to the case of rigid bodies, as demonstrated by the following
examples.

Example 3.4 Consider the planar motion of the rigid body i shown in Fig. 13,
where F' = [F| F}]" is an arbitrary forcing function whose components are
defined with respect to the inertial frame. The force F' is acting at point P on the
body whose global position vector is ri,,. The virtual work of this force can be
written as

W' =F" ér)

where r‘;, can be written in terms of the generalized coordinates of body i as
ry =R+ A'Wi},

in which A’ is the transformation matrix given by

i [cos®  —sino’
A [sin@f cos@i]
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..

X,

Figure 3.13 Planar rigid body.

and @, is the local position of point P. It follows that
rl, = SR’ + A}, 50

where Af9 is the derivative of A’ with respect to 6 and is given by

Al — —sinf’  —cos &’
¢~ | cosf! —sin@’

8ri, can then be written in a partitioned form as
i i i 1[8R
orp =L Ajip] [595]
where I is a 2 x 2 identity matrix. The virtual work §W' due to the application
of the force F' is given by
W' =Fsr),
T ;i 1[8R! T T.;-;1|6R
=F [12 AHuIP] [591’] = [Fl F AIGUIP] I:(S@ii|
One may write W' in a more simplified form as
i iT i (SRI
W' = [Q r QG] |:59i]
where
Q =F
and
i iT i i isi i i iTgi
0, =F A}, = £|(A'0}) x F'| = L], x (A" F)|

are the generalized forces associated with the generalized coordinates R’ and 6,
respectively. This implies that a force acting on an arbitrary point P is equivalent
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to a force that has the same magnitude acting at the origin of the body reference
and a moment acting on this body.

The generalized forces in the spatial analysis can be derived in a similar
manner. In this case F! = [Fli in F3"]T and

. - [S§R!
orp =[I; B'] [86’}

where I3 is a 3 x 3 identity matrix and B’ is a matrix whose columns are the
result of differentiating A'ii}, with respect to the rotational coordinates

Example 3.5 Figure 14 shows two bodies, body i and body j, connected by a
spring—damper—actuator element. The attachment points of the spring—damper—
actuator element on body i and body j are, respectively P’ and P/. The spring
constant is k, the damping coefficient is ¢, and the actuator force acting along a
line connecting points P’ and P/ is f,. The undeformed length of the spring is
denoted as /,. The component of the spring-damper-actuator force along a line
connecting points P’ and P/ can then be written as

Fs zk(l_lo)+CZ+fa
where [ is the spring length and / is the time derivative of /. The first term in
this equation is the spring force, the second term represents the damping force,
and the third term is the actuator force. Realizing that the spring force acts in

a direction opposite to the direction of the increase in length, we may write the
virtual work of the force F; as

W = —Fél

Figure 3.14 Spring—damper—actuator force element.
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where 61 is the virtual change in the spring length. Denoting the vector P! P/ as
I, whose components are

L= L L]
the spring length / can be evaluated from the relation

= (1) = [0 + 2 + @]
in which

L =r,—r, =R + A, —R/ — Alit}
where @i}, and @i}, are the local positions of P/ and P/, R’ and R/ are the global
positions of the origins of the body axes of body i and body j, respectively, and

A’ and A/ are the transformation matrices from the local to the global coordinate
systems. One can show that the virtual change in the length 6/ can be written as

o= OLs 4+ s, gy
“an e T e

1
7[11311 + 80, + 13615]

which in vector notation can be written as
1 A
T T
8l = 713 Sl =15 8l

where I, is a unit vector along I, and 8l is given by
3l = SR+ B'80' — SR/ — B/50/

where ¢ = [R' T BiT]T and g/ = [R/ Toi T]T are the generalized coordinates of
bodies i and j, respectively, and B is the partial derivative of A ﬁ’} with respect
to the rotational coordinates 6% of body k(k = i, j). In matrix notation §l; can
be written as

. [8R! . [8RY
_ i o j .
Sy = 1[I B][SG’] 13 B][(Se]}
It follows that the virtual work §W can be written as

SW = —F,8l = —F175,

. . [8R . - [6R
—Flf[l; B ]|:89ii| + Fi{ I BJ][ i|

50/
, ; R/ ; T [§R/
[QlRT QIOT] |:§9£| + [Q{QT QéT] |:8 ej:|

where I3 is a 3 x 3 identity matrix and Q. Q}, Q4. and Q] are the vectors of
generalized forces associated with the generalized coordinates R, 8*, R/, and
0’ and given by

T AT T ST i
Qi =-Fil. Q) =-FiB
jT

Qk

A iT A ;
=Fl1', Q) =-FI'B/
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It is left to the reader as an exercise to exemplify the preceding formulation in the
two-dimensional case and also in the three-dimensional case by using different
sets of orientational coordinates.

Constrained Motion In the preceding examples we derived the virtual work
expression and generalized forces for unconstrained rigid bodies. The virtual work
and generalized forces can also be derived for rigid body systems with constraints.
This can be achieved by identifying the system-independent coordinates, and, try
to determine the generalized forces associated with these coordinates. A systematic
approach that can be followed is to develop first the virtual work in terms of the
system Cartesian coordinates that can be written in a vector form as

sW =QTsq

where Q is the generalized force vector and &q is the virtual change in the vector
of system coordinates. One can then, as described in the preceding section, use the
constraint Jacobian matrix to identify a set of independent coordinates. In this case,
the system coordinates can be written in terms of the independent coordinates as

dq = Bg;dq;

where q; is the vector of system independent coordinates or degrees of freedom and
B,; is an appropriate transformation matrix. In terms of these independent coordinates,
the virtual work can be written as

8W = Q"Buidq; = Q] 8q;
where
Q' = Q"B

is the vector of generalized forces associated with the independent coordinates or the
system degrees of freedom.

3.4 LAGRANGIAN DYNAMICS

In this section, D’ Alembert’s principle, discussed in the preceding section, will
be used to derive Lagrange’s equation. The development will be exemplified by using
a system of n, particles. The displacement r’ of the ith particle is assumed to depend
on a set of system generalized coordinates ¢, where j = 1,2, ..., n. Hence

ri Zri(qla q2,~--,(h,[) (3‘40)

where ¢ is the time. Differentiating Eq. 40 with respect to time using the chain rule
of differentiation yields
i i

. ar
M=+ —gy e — = q (341
3q1q1 g2 © 3q 361,
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The virtual displacement 8r' can be written in terms of the coordinates ¢; as
"oy

(Sri_za

aq,

5q; (3.42)

Using this expression for the virtual displacement, one may write the virtual work of
the force F' acting on the ith particle as

-T . n T 8ri
For=)» F - 3.43
; %, (3.43)

Equation 43 can be written for every particle in the system. By summing up these

eXpI‘CSSiOI’lS, one gets

np,

D B
i=1

i=1 j=1

n np

- ZZF'Ta—ran ZQ,&,, (3.44)

j=1i=

where Q; is called the component of the generalized force associated with the coor-
dinate q, that is

np T ari
0=y F" (3.45)
i=1 qj

The virtual work of the inertia force of the ith particle can be written as
W) =m'¥ - or'

1

where m' and ¥ are, respectively, the mass and acceleration vector of particle i. The
virtual work due to all inertia forces in the system can then be written as

Zm’r sr (3.46)

Using Eq. 42, we may write Eq. 46 in the following form:

Zimr

i=1 j=

(3.47)

The following identity can be verified:

(i S i (o
;dr( aq,) ;”” aq, Z rE(Bq_/)

i=1

which yields

a2l " L . .o9r .. d (or
Z = Z m'i —-m'F - — (3.48)
i=1 aq/ i=1 dt aq/ dt aq/
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By using Eq. 41 and by interchanging the differentiation with respect to ¢ and ¢, one
gets

d [ or 9 3%r! ar
dt \ 9q; = 9q,;0q« dgjot  9q;

By taking the partial derivative of i in Eq. 41 with respect to ¢; we obtain
oF  or'
dq;  9q;

(3.50)

It follows then from Eq. 48 that

N )
= aq, ‘= g, dt \ dq;

% 1T 1T
=Z{ d[ ? (—m’f‘Tf’ﬂ —i(—m'r'Tr')} (3.51)
— | dt | 9g; \2 dg; \2

One may denote the ith particle kinetic energy as T, that is
Ti — 1 mi i
2 9
and write Eq. 51 in a more simplified form as

N aT!
Yoo =2l ] i
= aq] = dt | 0q; aq;

or alternatively

\ .
oo d (aT\ AT
S i =_(_.)__ (3.52)
p dqj  dr\dq;) 9q;

where T is the total system kinetic energy given by

i=1 i=1
Substituting Eq. 52 into Eq. 47 and using D’ Alembert’s principle of Eq. 35 yields

Z[i<£>_£_g}gq:o (3.53)
— Ldi \ 94, e .

9q; 0q;

This equation is sometimes called D’ Alembert—Lagrange’s equation. If the general-
ized coordinates ¢ are linearly independent, Eq. 53 leads to Lagrange’s equation,
which is given by

d (0T aT
(V2 _p. =0, j=12..... 3.54
dt(aé],-) g, 0 ! ! o

It is sometimes convenient to write D’ Alembert—Lagrange’s equation in a matrix
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form. To this end, we write Eq. 53 in a more explicit form as

d (0T oT 0, |8a1 + d (0T aT 0, |5

ai\ogi) " aqr S M T La\eg) T ag 2P0

e [T 20T s o
di\ag,) " ag, =0T

which can be rewritten as

3q1
d (9T d (3T d (T 3q2
dt 8q1 dt aQZ dt BQil
8qn
3q1 8q1
aT T aT 7| 892 3q2
—[— LA ] "ot 0 e o0a| =0
g1 9q2 9qn : :
(Sqn 85]n
That is,
d (9T oT .
=) - = = sq=0
[dr(aq) oq Q"}q
where
d (9T\ [d (T d (9T d (9T
dt\aq/) |dt\dg,) dr\dg dt\ g,
aT aT T aT .
%_[8_(]1 3_612 Bqn:|’ Q, =[01 0 -+ O,

Example 3.6 Derive the differential equations of motion of the system given
in Example 3 using Lagrange’s equation.

Solution It was shown in Example 3 that the velocity of the particle can be
written in terms of the independent coordinates and their time derivatives as

—sin 6 cos 0

F=60]| cos® [g+|sind |g

0 0
—qsinf cos6 o
= | gcosf sinf |: i|=Bq
0 0
where
q=1[0 4l

—gsinf cos6
B=| gcosf® sind
0 0
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Since the rod is assumed to be massless, the kinetic energy of the system is given
by
L or

T = —mr

1ot
= —mq B Bg
> r qu q

in which B"B is the 2 x 2 matrix given by

o —gsinf cos@ 2
B'B = qsin6 q?OSH 0 gcosf sinf | = (@° 0
cosf sind O 0 1
0 0
Therefore, the kinetic energy T is given by
1 . 1
T = Sm®@)* + 5m@)
It can be shown that
oT @) d (0T (@20 + 2maad oT 0
— = m . — | —= | =m m N — =
a0 M ar\ 98 1 qq 20
oT d (0T oT .
—=mqg, —|=)=mg —=m@’q
g dt \ 9q aq

The virtual work of the external forces is given by
SW =T380 —mgé(qsinf) = (T — mgq cos0)560 — mg sinf8q

That is, the generalized forces Qg and Q, associated, respectively, with the
generalized coordinates 6 and g are given by

Q¢ =T —mgqcost, Q,=—mgsinf

Since we have two independent coordinates, 6 and ¢, we have the following two
Lagrange’s equations:

d (9T aT_Q
dr\ 90 a0 =

()2,
dr \ dq ag 1

which lead to the following two differential equations of motion:
m(q)*0 +2mqqh = T — mgq cos b
mi —m(0)*q = —mg sin@

which are the same differential equations obtained in Example 3.

Forms of the Dynamic Equations To arrive at Eq. 54 from Eq. 53, it was
assumed that the virtual changes in the vector of system coordinates  are inde-
pendent. In multibody systems, kinematic constraint equations may exist because of
mechanical joints or specified motion trajectories. In this case, two procedures can
be followed to formulate the dynamic equations of constrained multibody systems.
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These procedures are the embedding technique and the augmented formulation. In the
embedding technique, the system dynamic equations are formulated in terms of the
degrees of freedom. This technique leads to a minimum set of dynamic equations that
do not contain any constraint forces. In the augmented formulation, on the other hand,
the dynamic equations are formulated in terms of a set of redundant coordinates. As a
consequence, the resulting equations are expressed in terms of dependent coordinates
as well as the constraint forces. The numerical solution of the equations obtained
using the embedding technique requires only the integration of a system of differ-
ential equations, while the solution of the equations obtained using the augmented
formulation requires the solution of a system of differential and algebraic equations.

Before discussing the embedding technique and the augmented formulation, the
multibody system equations of motion are first presented in a general matrix form. It
was shown previously that the principle of virtual work can be written as (Shabana
2001)

SW =W, + W, =0 (3.55)

where §W; is the virtual work of the inertia forces, and §W, is the virtual work of the
applied forces. It can be shown that §W; and §W, can be written for any system in
the following forms:

sW; =M —Q,)" 3q (3.56)
W, =Qlsq (3.57)

where M is the system mass matrix, Q, is the vector of centrifugal and Coriolis
inertia forces, and Q, is the vector of externally applied forces including gravity,
spring, damper, and actuator forces. The preceding two equations lead to

Mg—-Q, —Q,)"8q=0

which can be simply written as

Mg —Q)'sq=0 (3.58)
where
Q = Qe + Qv

Embedding Technique The constraint equations of the multibody system
can be written as

Cq.0)=0 (3.59)

where C = [Ci(q, 1) Ca(q, 1) - -- Cy.(q, 1)]T is the vector of constraint functions and
n. is the number of constraint equations. For a virtual displacement 6q, Eq. 59 yields

Cydq =10 (3.60)

where Cg is the constraint Jacobian matrix.

For holonomic systems, one should be able to identify a set of independent
coordinates (degrees of freedom) and write the system coordinates in terms of these
independent ones. Let ¢, denote the set of dependent coordinates and q; the set of
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independent ones. The vector q of generalized coordinates can then be written in
partitioned form as

a=[aj o] (361
It follows that

sq.=[6q) sq']"
Equation 60 can then be written according to this coordinate partitioning as

Cq.09s +Cy8q; =0 (3.62)

where Cgq, and C, are the constraint Jacobian matrices associated with the dependent
and independent coordinates, respectively. If the constraints of Eq. 59 are linearly
independent, one should be able to identify the coordinates q; such that Cgq, has a full
row rank and, hence, nonsingular. If Cg, is nonsingular, the inverse of Cg,, denoted
as C;dl, exists and Eq. 62 yields

bas = —Cy/ Cq 8q;

By doing this, the virtual displacement of the dependent coordinates is written in
terms of the virtual displacement of the independent ones. In a more compact form,
this relation can be stated as

3qq = Cy;6q; (3.63)
where
Cayi = —C,/Cq

Therefore, one can write the vector §q as

q; dq; i| |: I }
8 = = = 8 i
q [5 (Id:| I:Cdi(sqi Cai 4

which can also be written as
8q = Bgiéq; (3.64)

where the matrix B; is given by

I
B; = |:Cdz:|

in which I is an identity matrix, with dimension n — n..
Equations 58 and 64 yield

Mg — Q)" Byidq; =0 (3.65)

Pre-multiplying this equation bt B, and using the fact that 8¢;,i = 1,2,...,n —
n.,are independent, one obtains

M;;:§; = Q; (3.66)
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where
M, = B}, MB,, }
i 3.67)
Q = B},Q (

Equation 66 contains (n — n.) differential equations. In these equations the constraint
forces are automatically eliminated since only independent coordinates are used. The
matrix M;; and the vector Q; are, respectively, the generalized inertia matrix and the
generalized force vector associated with the independent coordinates.

Augmented Formulation In the augmented formulation, the method of La-
grange multipliers that can be applied to both holonomic and nonholonomic systems
is used. If Eq. 60 holds and/or the constraint relationships are velocity-dependent and
nonintegrable, then it is also true that

A'Cy8q=0 (3.68)

where A = [kl Ao -t A ]T is the vector of Lagrange multipliers (Shabana 2001).
Equations 58 and 68 can be combined to yield

39" (M4 —Q+CgA) =0 (3.69)
By partitioning the coordinates as dependent and independent, one can write
Mu: My Qu
M = =
|: My M; |7 Q Q;

where subscripts d and i refer, respectively, to dependent and independent. The com-
ponents of the virtual displacement vector §q in Eq. 69 are still not independent,
because of the holonomic or nonholonomic constraint equations. Suppose that we
select Ay, k = 1,2, ..., n., such that (Shabana 2001)

Mgy + Maiti — Qa + CqA =0 (3.70)

where q; = [q1 qz... q,,(]T are selected to be the dependent variables. Substituting
this equation into Eq. 69, one obtains

8q; (Miidi + Mgy — Qi + CgA) =0
Since the elements of the vector dg; in this equation are independent, one obtains
M;;:§; +MisG4qs — Qi + CqTIJ\ =0 3.71)

Since q, and q; are the partitions of ¢, one may combine Eqs. 70 and 71 in one
equation to obtain

Mi—-Q+CiA=0 (3.72)

Equation 72 is a system of differential equations of motion that along with the con-
straint equations can be solved for the vector of system generalized coordinates ¢ and
the vector of Lagrange multipliers A. This equation is used as the basis for develop-
ing many general computational algorithms for the dynamic analysis of multibody
systems subject to both holonomic and nonholonomic constraints.
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3.5 APPLICATION TO RIGID BODY DYNAMICS

Thus far, we have used a system of particles to derive the principle of virtual
work in dynamics and Lagrange’s equation of motion. By considering a rigid or a
flexible body to consist of a large number of particles, the methods presented in the
preceding sections become applicable to rigid and flexible bodies as well. A rigid or
a flexible body can be assumed to consist of a large number of small masses p'dV’,
where p' is the mass density and V" is the volume of the body. The virtual work of the
inertia forces of the rigid or the flexible body can be written as the sum of the virtual
work of its small (infinitesimal) masses, and in the limit this sum can be written as

sWi=>"(p'av)i" sr' = / o't sridvi
Vi
where r' is the global position vector of an arbitrary point on the rigid or flexible
body. Similarly, the kinetic energy can be written as

1_1 i i i_l ini" i gy i
T _EZpr r"dv _E/pr rdv
Vi
With a proper selection of the body coordinates, the methods of formulating the
equations of motion presented in this chapter can be applied using the definitions
presented in the preceding two equations.

In order to exemplify the use of the methods discussed in the preceding section,
we solve a simple example using Newton’s second law and then attempt to arrive at the
same results by using the principle of virtual work in dynamics and Lagrange’s equa-
tion. To this end, the pendulum shown in Fig. 15 is considered. Applying Newton’s
second law, the equations of motion of this pendulum can be written as

le =F, mRz =F,, ](9 =M,

where m and I, are, respectively, the mass of the rod and the mass moment of inertia
of the rod about its center of mass, that is,

m(l)>?

I. =
12

Figure 3.15 Planar pendulum.
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[ is the length of the rod; R; and R, are, respectively, the horizontal and vertical
displacements of the center of mass of the rod; 6 is the angular displacement; F;
and F, are, respectively, the resultant forces in the horizontal and vertical directions;
and M. is the applied moment. The above-stated equations of motion imply that the
inertia (effective) forces and moments should be equal, respectively, to the applied
forces and moments. This is shown diagrammatically in Fig. 15, where F,| and F,
are the reaction forces at the pin joint. By taking the moment of the two systems of
forces about point O, one obtains the scalar equation

. . . l I
mR150059+mR2§sin0+160=F150059+F2§sin9+Mc
Since

1 l
R, =§sin9, Rzz—icosé’

one has

. I, W . I,
Ry ==0cosh, R, =—0cosl ——(H)sinb
2 2 2

. I, L I,
Ry = 59 sin, R, = 59 sinf + 5(9)2 cos @

The preceding equations lead to

2
(m(lT) + 1(.>é =M,

where M, is the external moment about O given by

l l
M, = Flicose +F2§ sinf + M.,

Since 1. = m(l)? /12, we conclude that

m(l)? m(l)?
Ic' = = 10
4 + 3
that is,
1,0 =M,

This is the equation of motion of the single degree of freedom pendulum derived by
applying Newton’s second law of motion. The same equation can be derived by using
Lagrange’s equation. To this end, we write the kinetic energy of the rod as

1
T =

= -—m(R))* + lm(iez)z + 11»<9)2
2 2 2°¢

Substituting the values of R, and R, in the kinetic energy expression leads to

IRYSROS 2 — 17 oy
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The virtual work of external forces and moments is given by
OW = Fi6R| + F28R, + M 56

[ [
=F 2 cos 086 + FZE sin686 + M .50
l I .
= F150059+F25sm9+M¢. 80 = M 60

Using Lagrange’s equation and keeping in mind that we have only one independent
coordinate 6, we obtain the single equation

d (doT aT
()-S5 =m,
dt \ 396 a0

which leads to
I oé =M,

which is the same equation obtained by applying Newton’s second law.

The differential equation of the simple pendulum obtained in this section using
Newton’s second law and Lagrange’s equation can also be derived using the principle
of virtual work in dynamics. In this case, one defines the virtual displacements

l /
SR, = ECOS 0680, SR, = 3 sin 686

Using these virtual changes and the expressions for the accelerations of the center of
mass of the pendulum, the virtual work of the inertia forces of the pendulum can be
written as

6W[ = mR18R1 + mRZSRz + 1(‘989
which reduces to
SW; = 1,680

Equating this expression to the virtual work of the externally applied forces and
keeping in mind that the virtual work of the constraint forces acting on the system is
equal to zero (Shabana 2001), one obtains the same equation of motion which was
derived previously using Newton’s second law and Lagrange’s equation.

Elimination of the Constraint Forces In the pendulum example discussed
in this section, the work and energy expressions were derived in terms of the system
degree of freedom, which was selected to be the angular rotation of the pendulum
0. An alternate approach is to derive the kinetic energy and virtual work expressions
in terms of the system coordinates R, R,, and 6 and use the variational form of
Lagrange’s equation of motion given by Eq. 53. One can then use the generalized
coordinate partitioning to identify the independent coordinates and accordingly the
matrix B;; of Eq. 66. This will eventually lead to a single second-order differential
equation associated with the system-independent coordinate 8. For instance, since
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the kinetic energy of the pendulum is a quadratic form in the velocities, that is
=1 (R yol (R2)* + 11(9)2— L™
= 2m 1 2m 2 e = 2(1 q
where q = [R; R, 6]" and

M=

o o 3

0
0
1.

o 3 o

C
The virtual work of the forces is

SR,
SW =[F, F» M.|8R,
80

which implies that the vector Q of the system generalized forces of Eq. 58 is given
by
Q'=[F F M]

Therefore, Eq. 58 can be written as

m 0 O SR,
[Ri R, 6]1|0 m O|—[F F, MJ}|6R,| =0
0 0 I 80

which can also be written as

[§"M - Q']sq =0
The terms between brackets in the system variational equations cannot be set equal to
zero because SR, 6 R, and 86 are not independent. They are related by the constraint
equations that describe the pin joint at O and are given by

R L 60=0 Ry + : 60=0

— —sinf =0, —cosf =
) T2
For a virtual change in the system coordinates, those equations lead to
[ [ .

SRy — 5005969 =0, SRy, — Esm%e =0

which can be written in a matrix form as

1 0 —Lcoso SR, 0
! . 8R2 = 0
0 1 —5sind 50

This equation can also be written as

Cydq=0
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where Cg is the system Jacobian matrix defined as
1 0 —% cos 6
Cq = l -
0 1 —3sind
Since the constraint equations do not explicitly depend on time, one can also verify
that
Cqq=0
that is,
1 0 —% cos @ Rl 0
I Ry | = 0
0 1 —3sind 0
For this holonomic system, we may identify the independent and dependent coordi-
nates as
4 =6, q=[R R

According to this partitioning, we can write

/
SR —scos6
] = Tane) =)
IR, —5sind 0
where the matrix Cg, of Eq. 62 can be recognized as the identity matrix and the matrix

Cy as

—%cos@
Cq, = l .
-3 sin 6

Therefore, the matrix Cy; is the column vector defined as

! [cos®
-1
Cai = —qu Co = 2 |:Sin9i|

that is,
SR, %cos@
8Ry | = | Lsing |80
86 1

Substituting this in D’ Alembert-Lagrange’s equation, one obtains

! Lcosd

0 0 5 cos6 3
m 0 ||4sin0|80—[F F, M| Lsing|860=0
0 I 1

c 1

[Ry R, 8]

o o 3
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By differentiating the constraint equations twice with respect to time, we obtain

e !

Ry 5 cost —siné

Ry| = Lsing |0+ | cost | =(8)>
. 2 2

0 1 0

Substituting this into the equation of motion leads to

WRO; ; / I .
mT+I(. 0 — Flicosé—i—FzEsmB—i—M(. 860 =0

that is,
I,0 =M,

which is the same as the equation obtained previously.

Use of Redundant Coordinates It is clear from the above discussion that
when the dynamic equations are developed in terms of the system degrees of freedom
using D’ Alembert’s principle, the virtual work principle or Lagrange’s equation, the
force of constraints is automatically eliminated. Another approach to solve the same
problem is to keep both the dependent and independent coordinates in the final form
of the dynamic equation. This can be achieved by using Eq.72, which can be written
for the pendulum shown in Fig. 15 as

0 m Of[R|+] O 1 [Al} =| R
0 0 1.]|¥ ~Leoso —Lsing |- M.

This matrix equation has three scalar differential equations in five unknowns, Ry, R,
0, A1, and A,. Two additional equations are needed in order to solve for these five
unknowns. These equations can be obtained by using the kinematic equations that
describe the revolute joint at O, that is

[ l
Rl—Esin9=O, R2+§cos9=0

These are two nonlinear algebraic equations that can be solved simultaneously with
the differential equations in order to determine the unknowns R;, R;, 6, A;, and
A2. Methods for solving mixed systems of algebraic and differential equations are
discussed in Chapter 5. It is important, however, to point out that the vector CCTI?\
represents the generalized constraint forces associated with the system generalized
coordinates. This vector may not be the vector of actual reaction forces at the joints.
Let us write the differential equations of motion in the following form:

le =F1 —)\1
mR2=F2—)xz

. / [
1.6 =M, +)»1§ cosf + )\.25 sin &
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Figure 3.16 Generalized reaction forces.

Clearly, in this example, the generalized reaction forces associated with the co-
ordinates R; and R, are, respectively, the Lagrange multipliers A; and A,, while
the generalized moment associated with the angular rotation 6 is A;(//2)cos6 +
M(l/2)sinf. This system of generalized reactions, however, must be equivalent
(equipollent) to a force and zero moment at point O since the friction-free revo-
lute joint is a workless constraint. This is, indeed, the case as shown in Fig. 16, where
it is clear in this simple example that the actual reactions F,; and F, are given by

Fao=-M, Fo=—-X

That is, the actual reactions can be written as functions of the vector of Lagrange mul-
tipliers. In this simple example, it was found that the actual reactions are the negative
of the Lagrange multipliers. In other applications, however, the actual constraint forces
can be a nonlinear function of the system generalized coordinates as well.

3.6 CALCULUS OF VARIATIONS

In this section some techniques of the calculus of variations are presented. These
techniques represent an alternative for deriving Lagrange’s equation of motion from
integral principles. One of the main problems of the calculus of variations is to find
the curve for which some given integral is an extremum. First we will consider the
one-dimensional form where the interest will be focused on finding a path y = y(x)
between two points such that the integral of some function f(y, y’, x), where y’ =
dy/dx, is an extremum. The integral is in the following form:

J = /Xz FfO,y,x)dx (3.73)

The integral form of Eq. 73 is called a functional. Therefore, we can state the problem
as follows. Find a path y(x) between the two points (Fig. 17) such that the functional
of Eq. 73 must be maximum or minimum. The function f(y, y’, x) is assumed to have
continuous first and second (partial) derivatives with respect to all its arguments. The
function y(x), the solution of the problem, is assumed to be continuously differentiable
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Y a
Yy +ohx)

»
X, X X

Figure 3.17 Calculus of variations.

for x; < x < x; and to satisfy the boundary conditions

yx) =y, yx2) =y (3.74)

Let y(x) be the required curve, and suppose that we give y(x) an increment o/1(x)
such that

y(x, @) = y(x, 0) + ah(x) (3.75)

where o is a parameter that takes different values and 4 (x) is a function that satisfies
the following conditions:

h(x1) =h(x) =0 (3.76)

These conditions ensure that y(x, ) is an admissible function. It is clear that when
o = 0, the curve of Eq. 75 coincides with the path that gives an extremum for the
functional J of Eq. 73. In terms of the parameter «, Eq. 73 can be written as

X2
J() = / Fly(x, ), y'(x,a), x]dx (3.77)
X1
The condition for obtaining an extremum is
aJ
8 = — da=0 (3.78)
oa ), o

When the chain rule of differentiation is used, Eq. 77 yields

©(af dy  af 9y
w:/ {—f—y+—fi}aadx (3.79)
v 0y da 3y da

in which

X2 af ay/ X2 af aZy
———dx = — dx
w0y da v 0y dadx

1 1

which on integrating by parts yields

2 of 92 of oy ™ 2d (9f\0
/ _f Y v — _f_y _/ - _f Y ax (3.80)
o 0y 0x da ay’ da |, x, dx\dy ) oa

X1
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Equation 75 implies

ay
—~Z —h
9 (x)

and accordingly, Eq. 76 gives

0 0
(&)~ ()=
oo v=1, o I

Therefore, Eq. 80 can be written as
2 9f 9% 2d [0 0
/ 9 9y dx = — f 4 (3 & dx
x 0y 0xda x, dx\0y /o«
which on substitution in Eq. 79 yields
2 (93 d (9 K]
8] = / {_f _ —<—f>}(—y>6adx
o L0y dx\ 9y oo

To obtain the extremum, we evaluate the derivative at @ = 0, resulting in

§J = (a_J> Sa = /n {i — i(%)}(?)_y) dadx (3.81)
do a=0 X1 ay dx 8))/ O a=0

where

a
(_y) do = 8y
dar a=0

Therefore, Eq. 81 can be written as

_[(eTaf d [of
o= [ () e

Since 8y is arbitrary, it follows from condition 78 that

o _ i(%> =0 (3.82)
ay dx\dy

Therefore, the functional J is an extremum only for curves y(x) that satisfy Eq. 82.
Equation 82 is sometimes called Euler’s equation. The curves that satisfy Euler’s
equation are called extremals.

Euler’s equation is a second-order ordinary differential equation. The solution of
Eq. 82 will, in general, depend on the boundary conditions of Eq. 74. Since Euler’s
equation plays a fundamental role in the calculus of variations, we discuss below
some special cases.

Case I Suppose that the function does not depend on y; then the functional J can
be written as

X2
J = / flx,y)dx
In this case, Eq. 82 reduces to

d =0
E(fy’) =
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which implies that
fy/ = C
where C is a constant.

Case 2 Suppose that the integrand f does not depend on x, that is

X2

J = / f(y.y)dx
then

d _ l "

fy - d_x(fy’) = fy - fy’yy - fy’y’y

If we multiply by y’, we obtain
’ 2 1 d ’

fyy - fy’yy - fy’y’y y = E(f -y fy’)
Therefore, in this special case Euler’s equation reduces to

f=yfy=¢C
where C is a constant.
Case 3 Suppose that f does not depend on y’; then Euler’s equation yields

f\ =0

which is not a differential equation, but an algebraic equation that involves y and the
parameter x.

Example 3.7 (The brachistochrone problem) This problem was first posed by
John Bernoulli in 1696 and can be stated as follows. Find the curve joining two
given points A and B such that the time taken by a particle to slide on this curve
under the influence of gravity is minimum.

Let ds be an infinitesimal arc length along the required curve that joins
points A and B. Let v be the speed along the curve. Then the time required for
the particle to travel an arc length ds is

ds
At = —
4

The functional to be minimized can then be written as

/ /B ds
= At = —
A A%

From Fig. 18 it is clear that
ds = [(dx)* + (dy)"]'? = [1 + (v)’]?dx
wherey’ = dy/dx. Therefore, one may write ¢ in a more explicit form as

B N271/2
=/ [+ 007
A

v
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S
e

Y v

Figure 3.18 Brachistochrone problem.

Using the conservation of energy equation, we have

1 ( )2
—m(yv) =m

where m is the mass of the particle, g is the gravitational constant, and y is
measured down from the initial point of release. The conservation of energy
equation yields

v =4/2g8y

and the time ¢ can then be written as

B 1 N2
t:/ &dx
4V 28y

where the function f can be identified as

vy
f= 2gy

It is left as an exercise to show that the general solution of the corresponding
Euler equation consists of a family of cycloids.

Example 3.8 The Euler equation can also be used to find the shortest distance
between two points A and B in a plane. As in the preceding example, the element
arc length in a plane is

ds = +/(dx)* + (dy)?

and the functional to be minimized can be written as

B Xp
s = / ds = / V14 ()2dx
A XA

where y' =dy/dx. Therefore, the function f in the Euler equation can be iden-
tified as

f=V1+07?
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Substituting the following in the Euler equation

of _ af y'
dy N 1+
we have

i(%)_i<y4/>_o
dx\oy' ) dx\J/T+(O2/)
or

Y —
A+ 007
where C is the constant of integration. One may verify that the solution of the
preceding equation yields
y=Cix+C,

where C and C; are constants. The result of this example is familiar and shows
that the straight line is the shortest distance between the two points.

Example 3.9 Among all the curves joining two given points (x, y;) and
(x2, y2), find the one that generates the surface of minimum area when rotated
about the X axis.

As shown in Fig. 19, the area of the surface of revolution generated by
rotating the curve y = y(x) about the X axis is

2 X2
1 =2n/ yds=2JT/ YV 1+ () dx
1 X1

in which the function f in Euler’s equation can be recognized as

f=y/1+0")?

Y

Figure 3.19 Surface of minimum area.
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Since f does not depend explicitly on the parameter x (case 2), we have
=y /f_ y = da

where a is a constant. Substituting the value of f in the preceding equation yields

N2
WITOr - 22—,

VT G2
y=a/T+OP

so that

r_ (y)2 - (a)Z
r = (a)?

which by the separation of variables yields

or

ady

V) = (a)

2 _ 2

where a; is a constant. The above equation can be written in another form as

dx =

or

x4+ a

y = a cosh

This is the equation of a catenary passing through the two given points.

3.7 EULER’S EQUATION IN THE CASE
OF SEVERAL VARIABLES

In the previous section, only one independent variable y = y(x) was consid-
ered. In this section, the preceding development is generalized to the case of several
variables y;(x), y2(x), ..., y,(x), where x is the parametric variable. In this case the
interest will be focused on finding the vector function y(x) = [y; y» - - - yn]T, which
minimizes the following functional

X2
J==‘/, FOL Y2 Yus Y1 Yoo Yy ) dx (3.83)
X
We will use a vector notation and write Eq. 83 as
X2
J = / fly,y,x)dx (3.84)
xi

In a similar manner to the preceding development, we write

y(x, &) = y(x, 0) + ah(x) (3.85)
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where « is the parameter described in the preceding section and h(x) = [k Ay - - - h,]t
is a vector function satisfying the following conditions at the endpoints (x;, y;) and

(x2, y2):

h(x1) =h(x) =0 (3.86)
The variation of Eq. 83 can then be written as
aJ 2 0 ay’
57 = oo = / (fy—yaa + fv/—y(?a)dx (3.87)
do 1 o * da

where the vector subscript implies differentiation with respect to this vector, that is,

fy:[fY1 fyz fy,,]
fy’:[fy{ fyé fy,’,]

By using the integration by parts, one can write the second term in the right-hand side

of Eq. 87 as
X2 82y X2 X2 d 8y
/ — —(fv d
/;1 b da 0x s Kl dx (y )801 !

which, with the use of Eq. 86, yields

X2 32y X2 d ay
, dx = — | —(fy)—>d
/xl Ty da 0x x /X dx (fy)aa *

1

dy
dx = fya

Substituting this into Eq. 87 gives

" d ay
§J = ——fv |—dad
Kl (fy dx Ty > o aax

Since 8§y = (dy/da) S, the preceding equation can be written as

X2 d
8J = — — fv |8yd
/}:1 (fy dxfy) yax

If the y variables are linearly independent, this equation yields
I d (fy)=0" (3.88)
YT o Y T :

Equation 88 is a set of differential equations called Euler—Lagrange equations. The
solution of these differential equations defines the vector function y, which minimizes
the functional J of Eq. 83.

Hamilton’s Principle The technique of the calculus of variations presented
in this section provides an alternative for deriving the equations of motion by using
scalar energy quantities. This can be done by using Hamilton’s principle, which may
be stated mathematically as

15 5]
8/ (T —V)dt +/ SWyedt =0 (3.89)
hH h
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where T is the kinetic energy of the system; V is the potential energy, which includes
both strain energy and the potential of any conservative external forces; and §W,,.
is the virtual work done by nonconservative forces acting on the system. Hamilton’s
principle states that the variation of the kinetic and potential energy plus the line
integral of the virtual work done by the nonconservative forces during any time
interval #; to t, must be equal to zero.

One may define the following quantity

L=T-V (3.90)

which is called the Lagrangian, and write Eq. 89 as
153 15
8/ Ldt —i—/ SWyedt =0 (3.91)
151 151

In previous developments, it has been shown that the virtual work §W,,. can be written
as the dot product of the vector of generalized forces and the vector of system virtual
displacements, that is,

W = Q1.8q (3.92)

where Q,, is the vector of nonconservative generalized forces. Using the techniques
of calculus of variations, one can show that

8/12Ldt—/t2|: d<aL)+aL]5 dt (3.93)
. =), Tar\aq) " aq )™ '

which upon using Eq. 91 leads to

2rd (dL oL h
/[—(f)——ﬂmm—/imwmn=o
n Ldt\ 9q aq f

/tz[d<8L> oL T}s di =0 (3.94)
o Lar\aq) " aq e [09 T ‘

If 8q;, j = 1,2, ..., n, are linearly independent, Eq. 94 yields the system matrix
equations of motion as

or

d (0L oL T

—(=)]-=-Q =0" 3.95

(%) -5 et (3.95)
In case §q;, j = 1,2,..., n, are not linearly independent, one may use Lagrange
multipliers and write the following mixed sets of differential and algebraic equations

d (0L oL

—( =) - =+ATc,=Q~, 3.96

m(m) TR (390

C(q,0)=0 (3.97)

where A is the vector of Lagrange multipliers, C is the vector of constraint functions,
and Cg is the constraint Jacobian matrix.
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Hamilton’s principle (Eq. 91) can be also stated differently as
15 15
5/ Tdt —i—/ sWdt =0 (3.98)
151 h

where in this case
SW =8W. + W,

is the virtual work done by all forces acting on the system and W, is the virtual work
done by the conservative forces. In this case one may write §W as

sW = QTsq (3.99)

where Q is the vector of generalized forces of both conservative and nonconservative
forces.

Conservative Forces In Eq. 98 it is important to note that
t t
/ swdt = 8/ Wdt (3.100)
I3t 141

holds only when all the system forces are conservative, that is, when there exists
a potential function V such that all the forces can be derived from this function.
In this special case, the generalized force Q; associated with the jth coordinate is
determined by

aV
= 3.101
oy 2, ( )
Since
aVv aV

3gidq;  9q;0q;

one can then write

00, _ 90
9g; 9q;

(3.102)

which is equivalent to saying that V is an exact differential. In this case, one can write
the virtual work §W as

SW = Q18q1 + Q28q2+ -+ QuSqu = »_ 0,5,

J

Using Eq. 101, §W can be written as

v
SWo=-Y" 375% =8V
j J

where in this special case of conservative forces, the virtual work is equal to the
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negative of the variation of the potential energy. Nonconservative forces, however,
cannot be derived from a potential function, and hence the virtual work is not equal
to the variation of a certain function.

Example 3.10 Figure 20 shows a mass—spring—damper system. The stiffness
coefficient is k and the damping coefficientis c. The kinetic energy of the system is

T=1 ()
= —mx
2

The potential energy V is
v 1k( )
= —k(x
2

The virtual work of the nonconservative damping and external forces is
SWye = —cxéx + F(t)6x
To use Eq. 91, we define the Lagrangian L as
L=T-V = lm()‘c)z — lk(x)2
2 2
Substituting into Eq. 90 yields

5/7 (%m(xf - %k(x)2>dt + / ‘—cidx + F(t)8x]dt =0

We first follow the formal procedure of the calculus of variations and later use
another method to confirm our results. By taking the variation of the preceding
equation, one gets

%) 15}
/ (mx 6x — kxdx)dt + / [—cx + F@)]éxdt =0
hn 4]
By integrating by parts the first integral, one obtains

%) 15}
/ mi 8% dt = mx 8x|}} —/ mi 8x dt
I3 t

where

. t
mx8x|: =0

A

k 1

Figure 3.20 Mass—spring—damper system.




140 ANALYTICAL TECHNIQUES

since the displacement is specified at the endpoints. Therefore, the equation of
motion can be written as

%) 153
/ (—mi — kx)dxdt + / [—cx 4+ F(t)]dxdt =0
n

n
or

15}
/ [-m¥ —kx —cx + F(t)]dxdt =0
4]

Since é.x is an independent coordinate, we get the familiar equation of motion of
this simple oscillatory system as

mx + cx + kx = F(¢)

This equation could have been derived directly by using Lagrange’s equation.
Note that

d (oT . aT
—\ =— ) = mk, — =0
dt \ 9% ox

The virtual work of all forces acting on the system can be written as
W = —kx éx —cx éx + F(t)éx = Q 6x

where Q is given by
Q=—kx—cx+ F(@)

By using Lagrange’s equation for this system, one gets
mxX = —kx —cx + F(¢t)

which is the same equation of motion derived earlier.

Example 3.11 Figure 21 shows a hoop rolling without slipping down an in-
clined plane that makes an angle ¢ with the horizontal. This is a simple holonomic
system (Goldstein 1950). For demonstration purposes, however, we treat it us-
ing the Lagrange multiplier technique. We select x and 6 to be our generalized
coordinates. These coordinates are related by the constraint equation

dx =rdbo, thatis, dx —rd6 =0

where r is the radius of the hoop. From the elementary rigid body analysis, the

¢

Figure 3.21 Rolling hoop.
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kinetic energy is given by
T = sm()? + 2107
= —mx -
2 2

where m and [ are, respectively, the mass and the mass moment of inertia of the
hoop. Since I = m(r)?, the kinetic energy T can be written as

1 1 :
T = Em(x)z + 5m(r)2(9)2
The potential energy of the hoop is

V =mg(d — x)sin¢

where d is the length of the inclined plane and g is the gravitational constant.
One can now write the Lagrangian of the system as

L=T-V = %(m(x)2 +m@)*(0)*) — mg(d — x)sing

Since we have two generalized coordinates, mainly x and €, we can write the
following two equations:

d (dL\ oL
Z) =0

dr\ ax 0x

d (dL\ oL

(= )-=+con=0
dz(a@) a0 T ¢

where C, and Cy are the elements of the constraint Jacobian matrix
Cq=I[Cy Gyl

in which
C,=1, Co=—r

One can then verify that the two Lagrange’s equations yield
mi —mgsing +1 =0
m@)d —rr =0

These two equations, along with the constraint equation
i—r8=0

represent the constrained system equations of motion that can be solved for the
three unknowns, x, €, and A. In order to solve for the accelerations and the
Lagrange multiplier A, we differentiate the constraint equation with respect to
time to get

¥—r6=0
This equation, along with the two equations resulting from Lagrange’s equation,
can be written in a matrix form as
m 0 1 X mg sin ¢
0 m@)? -r 0| = 0
1 —r 0 A 0
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which can be solved for ¥, 6, and A. One can then verify that

1 .. 1
X = Egsimﬁ, 0= % sing, A= Emg sin ¢

The forces of constraint can then be evaluated as

1
R, =C,A= Emg sin ¢

1
Ry = Cor = —Emgr sin ¢

The acceleration ¥ and & can be integrated to evaluate the velocities at any distance
b along the inclined plane. Since

dx

¥=i-—

dx
one may verify that

X =+/gbsin¢

and

0= l\/gbsinqﬁ

r

Thus far we have been concerned with the formulation of the system equations
of motion of mechanical systems. No mention has been made of the solution of these
equations except for some simple examples. In many applications, closed-form so-
lution is impossible. The resulting system of n second-order differential equations
associated with n generalized coordinates is, in general, highly nonlinear. This sys-
tem of equations can be solved numerically by using direct numerical integration
methods, provided the initial values for the generalized coordinates and velocities
are defined. When multibody systems are considered, the Lagrangian formulation
presented in this chapter leads to a mixed set of nonlinear differential and algebraic
constraint equations that have to be solved simultaneously for the state of the system.
There are some numerical procedures for solving such systems; one of these is the
procedure originated by Wehage (1980). In this solution procedure, a set of indepen-
dent coordinates are identified and integrated forward in time using a direct numerical
integration routine. Dependent coordinates are then determined by using the nonlin-
ear kinematic constraint equations. This solution procedure can be used to solve for
both holonomic and nonholonomic systems. We shall defer a detailed discussion of
Wehage’s algorithm until the dynamic formulation of flexible multibody systems is
presented in Chapter 5.

3.8 EQUATIONS OF MOTION OF RIGID
BODY SYSTEMS

In this section, the dynamic equations of motion of multibody systems consisting
of interconnected rigid bodies are derived. To determine the configuration or state of
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the multibody system, it is first necessary to define generalized coordinates that specify
the location of each point of any body in the multibody system.

Kinematic Equations Forabody i, we have previously shown that the set of
coordinates R’ and @' that, respectively, represent the translation of the origin of the
body reference and the orientation of this reference with respect to the inertial frame
can be selected as the generalized coordinates of the body. The global position of an
arbitrary point P’ on body i can be defined in terms of these generalized coordinates
as

r =R + A'w (3.103)

where R’ is the location of the origin of the body axes relative to the inertial frame,
A' is the transformation matrix from the ith body coordinates to the inertial frame,
and @' is the location of point P’ with respect to the body coordinate system. In the
planar analysis the vectors R’ and @’ are the following vectors:

R =[R R 0]
o =[& @ 0] =[x » o]

The transformation matrix A’ in terms of the rotation angle 6’ about the X3 axis is
given by

cosf’ —sinf’ 0
Al = |sing" cos® 0
0 0 1

In the spatial analysis R’ and @i’ are the three-dimensional vectors given by

u = [11’1 Uy u3]T = [xi xé xé]T

In this case, the transformation matrix A’ can be formulated in terms of Euler pa-
rameters, Rodriguez parameters, or Euler angles. These different forms of the trans-
formation matrix are derived in the preceding chapter, and we reproduce them in this
section for convenience. In terms of the four Euler parameters 6}, 6i, 63, and 65, the
transformation matrix is given by

1 —2(62)* — 2(65)° 2(616, — 6p03) 2(6,65 + 696,)
Al = 2(016, + 6063) 1 —2(61)* — 265)° 2(6263 — 6p61)
2(0163 — 606>) 2(6,05 + 6061) 1 —2(61)* — 2(62)*

where the four Euler parameters are related by

OICIY

k=
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In terms of the three Rodriguez parameters y|, y;, and y;, the transformation matrix
Al is given by

1

i

T+
14+ 0n)? — ) = (13)? 2(r1v2 — v3) 2(n1y3+ v2) :
X 2ny2 +v3) 1=+ ) — ) 2(v2v5 — 1)
2(nys — 12) 201273 + 1) 1= = () + ()
where
3
»P=> ()
k=1

In terms of the three Euler angles ¢/, 67, and ¥ about X}, X}, and X4, respectively,
the matrix A’ is given by

Al =
cos Y cos ¢ —cosfsingsiny —siny cos¢p —cosfsingcosy  sind singp

cos ¥ sin¢ + cosf cospsinyy  —siny sing 4+ cosf cospcosyy —sinb cos P

sin 6 sin Y sin 6 cos ¥ cos 6

In order to have a unified development in this section and the chapters that follow,
we henceforth denote the set of rotational coordinates of the ith body reference as 0',
that is, in the case of Euler parameters

0" = (b, 61, 62, 63)

In case of Rodriguez parameters, the set 0’ is given by

0' = (y1, 12, v3)

Similarly, when Euler angles are used

0' = (,0,v)

Differentiating Eq. 103 with respect to time yields the velocity vector
i =R+ Al (3.104)

where (") denotes differentiation with respect to time. We have previously shown that
the vector A'@i’ can be written as

Al = Al(@' x @) (3.105)

where @' is the angular velocity vector defined with respect to the i th body coordinate
system. Recall that

@' xa =on =-iad
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where @' and ' are the skew symmetric matrices defined as

i —i i i
0 -0 @ 0 —X3 X

&' = @ 0 - |, = X5 0 —x (3.106)
—ah @ 0 —xi Xl 0

in which c?)’i, 6)’2 d)g and x{, xé, xg are, respectively, the components of the vectors
@' and @i’ One can then write Eq. 105 as

Ad' = AV @
Substituting this equation into Eq. 104 yields
=R — AW (3.107)

In the preceding chapter, it was shown that, in general, the angular velocity vector @'
can be written in terms of the time derivative of the rotational coordinates of the body
reference as

@ =Go (3.108)

where G' is a matrix that depends on the selected rotational coordinates of body i. The
dimension of the matrix G’ depends on whether two-dimensional or three-dimensional
analysis is considered. It also depends on the selected rotational coordinates in the
case of spatial analysis. For instance, in the planar analysis, the matrix G’ reduces to
a unit vector, that is

@ =00 0 1]°

When Euler parameters are used to describe the orientation of the body in space, the
matrix G’ is a 3 x 4 matrix given by (see Chapter 2)

-6 6 6 6
G =2|-6 -6, 6 o (3.109)
-6, 6, -6 6

When the three Rodriguez parameters 7/{ , yzi, and y3i are used, G’ is a 3 x 3 matrix
given by

, 1 v -y
G=—""|—yi 1 i 3.110
+or| 7 N G110

1

Similarly, when the three Euler angles ¢', 8", and ¥ are used, the matrix G’ isa 3 x 3
matrix defined as

sinf siny’  cosy’ 0
G' = |sinfcosy’ —siny' 0O (3.111)
cos @’ 0 1

Therefore, there is no loss of generality, by using Eq. 108.
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Mass Matrix of the Rigid Bodies Substituting Eq. 108 into Eq. 107, one
obtains

F=R - AEG

which can be written in a partitioned form as

| R
=l —Alu’Gl]|:ei:| 3.112)

where I is the 3 x 3 identity matrix.
The kinetic energy of the rigid body i can be written as

. 1 T .
T = —/ P AV (3.113)
2 Vi

where p’ and V' are, respectively, the mass density and the volume of body i. Sub-
stituting Eq. 112 into Eq. 113 yields

T 1/ R e ! 0 i X |av
= — _ . . . - u N}
2 J.” ~GTE AT 0

Carrying out the matrix multiplication and utilizing the orthogonality of the transfor-
mation matrix, we can write the kinetic energy T of body i as

. 1 T . iT . I —Aiﬁi(_}i . Ri
Tl =_[R[ e ] / ,Ol . — Te:T~: = dV’ .
2 Vi symmetric G' u' u'G’ 0

which can be written as

. 1 . o
T = qu,TM’qj, (3.114)

where ¢/ = [R T 0" is the vector of generalized coordinates of body i and M is
the mass matrix of the rigid body defined as

, , I —AW G ,
M’=/ o v (3.115)
vi | symmetric G' o' 0'G’

which can be written in a simplified form as

woo| M M (3.116)
symmetric  my,

where
my, = /V‘,o"ldV’A (3.117)
mj, = _/w P ARG AV (3.118)

mi, — / PETE TGV (3.119)
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One can verify that the matrix m%, of Eq. 117 can be written as

i

0

0
mj =/ pIdV’ = m (3.120)
Vi O

o o 3

0
m

where m' is the total mass of the body. Thus, the matrix m%, associated with the
translation of the body reference is a constant diagonal matrix.

The matrix m’k@, which represents the inertia coupling between the translation
and rotation of the body reference, can be written as

M, = —/w PAEG AV = —A"|:/Vi p"ﬁ"dvf](;i

since A’ and G' are not space-dependent. One may write the matrix m’kg in an
abbreviated form as

m), = —A'U'G’ (3.121)

where the skew symmetric matrix Ul is given by
U= [ saav

From the definition of the skew symmetric matrix it of Eq. 106, one concludes that
if the origin of the body axes is attached to the center of mass of the body, then the
matrix U’ is the null matrix; this is because

/pfung":/ p'xidVi =0, k=1,2,3
Vi Vi

in this special case. In this case, the translation and rotation of the body reference are
decoupled. This is not, however, the case when the origin of the body reference is
attached to a point different from the body center of mass.

We may also write the matrix mj, associated with the rotational coordinates of
the body reference as

mh, = /V PG E GV =G /V T waVG
=G'T,G (3.122)

where igg, called the inertia tensor of the rigid body i, is defined as
_ T .
I, =/ pa udv' (3.123)
Vi

Substituting the matrix @t from Eq. 106 into Eq. 123, we obtain
i i i
Ly = in i3 (3.124)
symmetric 33
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where

. iT(i\2 i\2 i . if(+i)2 i\2 i

= [ PT6) + v = [P () Tav

i = / A N R A / P v

i3 = —f p’x’xédVi, i = —/ p’x’zxngi

The elements i;; are called the mass moments of inertia, and the elements i;;, for
i # j,are called the products of inertia. In the case of rigid bodies, these elements are
constant. In deformable body systems, however, these elements are time-dependent
since they are explicit functions of the elastic generalized coordinates of the body.

According to the partitioning of generalized coordinates of the rigid body i, the
kinetic energy of the body can be written as

T' =Ty + The + Ty (3.125)
where

)

i LoiT i b i i1 i Al i Lot
TRRZER mpR, Ty =R mg,0, TO(—):EG my, 6

with the understanding that T}, = 0 if the origin of the body reference is attached to
the center of mass of the body. While T,é  1s called the translational kinetic energy,
Te’é is called the rotational kinetic energy. Using Eq. 108, we may write the rotational
kinetic energy T}, in terms of the angular velocity vector and the inertia tensor as

—_

Tjy = ;@' @' (3.126)

[\

Furthermore, since w' = A/ @', that is @' = AiTwi, Eq. 126 yields
i Lo aiT i LTy
Tyy = hat AT A" W' = hat I, w
where

Ifae =A iéeAiT

Dynamic Equations It was shown that the form of the mass matrix of the
rigid body can be simplified if the origin of the body reference is attached to the mass
center of the body. Therefore, for simplicity and to eliminate the inertia coupling
between the translation and the rotation of the body reference, the origin of the rigid
body reference is often attached to the center of mass of the body. In this case, the
mass matrix of the rigid body i can be written as

. i 0
M = [mRR . } (3.127)
0 my,



3.8 EQUATIONS OF MOTION OF RIGID BODY SYSTEMS 149

and the kinetic energy T' is
I VS PRI WYL A
T' = ER mRRR + 59 m%G

ol i [mge 0 ][R
e o 2]

The virtual work of all externally applied forces acting on the body can be written as
sWi=Qi' sq (3.129)

where Q! is the vector of generalized forces and 8q' is the virtual change in the vector
of generalized coordinates. The virtual work of Eq. 129 can be written in a partitioned
form as

i i\T iT (SR[
W' =[(Qu); (@), ] [ae’} (3.130)
where (QiR )e and (Qé) ). are the vectors of generalized forces associated, respectively,
with the translation and rotation of the body reference.

Kinematic constraints between different components in the multibody system
can be written in a vector form as

Cq, 1) =0 (3.131)

where C is the vector of linearly independent constraint equations, ¢ is time, and q is
the total vector of the multibody system generalized coordinates given by

a=[a" ¢ - ] (3.132)
in which #n,, is the total number of bodies in the multibody system. Having defined
the kinetic energy, the virtual work, and the vector of nonlinear algebraic constraint
equations that describe mechanical joints in the system as well as specified motion
trajectories, we can write the system equations of motion of the rigid body 7 in the
multibody system using Lagrange’s equation or Hamilton’s principle as

Mg +CyA=Q, +Q, (3.133)

where M/ is the mass matrix, Cq{ is the constraint Jacobian matrix, A is the vector
of Lagrange multipliers, Q/, is the vector of externally applied forces, and Q) is
a quadratic velocity vector that arises from differentiating the kinetic energy with
respect to time and with respect to the generalized coordinates of body i. This quadratic
velocity vector, as shown in Section 9, is given by

oT!
aq:

T : 1T T A
) - [(Q’R):r (Q’Q):F] —[0" —2aT, &
(3.134)

The differential equations of motion of the multibody system can then be written as

Q =-Mgq + (

M +CiA=Q,+Q,, i=12...,m (3.135)
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Equation 135 can be written in a matrix form as
Mg+ CiA = Q. + Q. (3.136)

where q is the total vector of the multibody system generalized coordinates defined
by Eq. 132 and

M]
M M2 0

0

M

CqT,l. Q, )

Ce Q: Q
Cg = .q,. s Qe = . s Qv =

Cyr Qv Qr

The differential equations of Eq. 136 and the vector of kinematic constraints of Eq. 131
represent the differential and algebraic equations of the constrained multibody system.
These dynamic equations are, in general, nonlinear, and a closed-form solution of
these equations is often difficult to obtain. A solution procedure for these dynamic
equations is as follows. First, we differentiate Eq. 131 twice with respect to time to get

Cqq = —-C, (3.137)
Cqll = —Ci — (Cq@gq — 2Cqq (3.138)
where C, is the partial derivative of the constraint vector with respect to time. Let

Qc = _Ctt - (Cq(])qq - 2thq

that is,
Cqii = Q. (3.139)
Equations 136 and 139 can then be combined in one matrix equation as
M Cil[4d Q. +Q
q = 3.140
il | Y 20

Equation 140 is a system of algebraic equations that can be solved for the acceleration
vector { and the vector of Lagrange multipliers. Given a set of initial conditions, the
acceleration vector can be integrated to obtain the velocities and the generalized
coordinates (Shabana 2001).

3.9 NEWTON-EULER EQUATIONS

In this section, the development of the preceding sections will be used to develop
Newton—FEuler equations of motion for a rigid body in the multibody system. To
this end, many of the identities developed in Chapter 2 will be used, in particular,
the relationships between the angular velocity vector and the time derivative of the
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orientational coordinates. Since many of these identities were developed in the case
of Euler parameters, for convenience and without any loss of generality, we will refer
to Euler parameters when we speak about the orientational coordinates. Newton—
Euler equations, however, will be presented in a general form in terms of the angular
velocity and angular acceleration vectors.

Summary of the Dynamic Equations In the preceding section it was
shown that the kinetic energy of the rigid body i in the multibody system can be
written as

. 1 o
T = Equlq;, (3.141)
where the mass matrix M/ is given by

. m m
M = RE RO (3.142)
symmetric  my,

The submatrices m;i, R m’ke, and mge were defined in the preceding section.

It was also pointed out that in the special case in which the origin of the coordinate
system of the rigid body is rigidly attached to the center of mass, the submatrix m’ke
is the null matrix and the body i mass matrix reduces to

o |mi 0
M =| k& 7 (3.143)
0 my,
where m’, , is defined by Eq. 120 and m}, is defined by Eq. 122. The kinetic energy
T' of the rigid body can be written in this case as

R R T S (NP
T = 5q;TM'q;_ - ER’Tm’RRR’ + 5e'Tm;ge (3.144)

If the joint reaction forces are treated as externally applied forces, Lagrange’s equation
of motion can be written as

d (aT'\ 9T
S )T (3.145)
dt \ 9q. aq.

where Q' is defined as

Q =Q,+F, (3.146)
in which Q! is the generalized external force vector and F! is the vector of generalized
joint reaction forces.

Quadratic Velocity Vector Equation 144 yields

aT!

o

=R mi, 6 mi,] (3.147)

d (dT' LT T T
E(aqe):[RlelRR (0" mfy + 0 )] (3.148)
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where

NiT L N TAITT @iy aiTai Ty Qi

0 my, =0 G I,,G'+0 G I,G (3.149)
It was shown in Chapter 2 that in the case of Euler parameters, one has

G'é=0 and @' =G& (3.150)

where @' is the angular velocity vector defined in the body coordinate system and
G' is the matrix that relates the angular velocity vector to the time derivatives of the
orientation coordinates. Equation 149 can then be written as

0 i, = @' 1,6 (3.151)

Substituting the above equation into Eq. 148, we get

d (0T’ LT T
g(aq,‘4>=[R’kaR (8" mjy + @', 6] (3.152)

The derivative of the kinetic energy with respect to the generalized coordinates ' is
aT" 1 9 1

S = 35 [6/'m}, 6] = [0§ 230 (e'ngee')] (3.153)

where 05 is the three-dimensional null vector.
Using Egs. 122 and 108, one has

oT! 1 0 . iTeme — . 19, T =
8_(#:[(@ ¥ (6 GITI’%G’G’)}:[QI ¥ (" G IQGG’G’)}
1 T L T 2.
=[0f oG ,G]=[0] -@'T,G] (3.154)

Substituting Eqs. 152 and 154 into Lagrange’s equation of Eq. 145, one obtains
[ iy (6" ), + 20T, 6] = [QF Q] (.159)
where subscripts R and 6 refer, respectively, to the body translation and rotation and
Q=[Q; QT
Equation 155 can be written as two uncoupled matrix equations. The first matrix
equation is associated with the translation of the center of mass of the rigid body

i, while the second equation is associated with the rotation of the body. These two
matrix equations are

my R’ = Q} (3.156)
m), 8 = Q) — 2G' T, @' (3.157)
Generalized and Actual Forces Equations 122 and 157 yield

Te: e _ . T, .
G'T,Go =Q, - 26 T,
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Multiplying both sides of the above equation by G’ and using the identity of Eq. 23
in Chapter 2 with the understanding that G’ = 2E' in the case of Euler parameters,
one gets

4,68 =G'Q) —26'G T, (3.158)

By differentiating Eq. 108 with respect to time, it can be shown that the angular
acceleration vector &' defined in the coordinate system of the rigid body i is given
by

& =G'o (3.159)
Furthermore, by using Euler parameter identities presented in Section 5 of Chapter 2,
we obtain

L . J . . _. .
2G'G I, =40, =40 x (I),@') (3.160)

By substituting Eqgs. 159 and 160 into Eq. 158, one can obtain the following equation:
I,& =F, — @' x (I,0") (3.161)

Clearly, the vector FQ is the vector of the sum of the moments that act on the rigid
body i. This vector is defined in the coordinate system of the rigid body i and given
by

i 1_i_i
F, = ;6'Q

This is the relationship between the vector of moments defined in the body Cartesian
coordinates and the generalized forces Q; associated with the generalized orienta-
tional coordinates of the rigid body i.

Newton—Euler Matrix Equation Insummary, the motion of the rigid body
i in the multibody system is governed by six differential equations, Egs. 156 and 161,
which can be written using the following two matrix equations:

my R = Q} (3.162)

I, =F, — @' x (Ij,w") (3.163)
Equation 162 is a matrix equation consisting of three scalar equations that relate
the forces and the accelerations of the center of mass of the rigid body. Equation
162 is called Newton's equation. Equation 163, on the other hand, defines the body
orientation for a given set of moments Fg. This matrix equation consists also of three
scalar equations and is called Euler’s equation. Equations 162 and 163 together are
called the Newton—Euler equations and can be combined in one matrix equation as

mie 0 || R = Qk (3.164)
0 I,||«& F, — @' x (I,@’) '

where &' is the angular acceleration vector of the rigid body i defined by Eq. 159.
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Newton—Euler equations can be used to systematically develop a recursive formu-
lation for constrained multibody systems (Shabana 1994a). In this case, the recursive
kinematic equations can be first developed to express the absolute coordinates of the
bodies in terms of the independent joint coordinates. Using these recursive kinematic
equations, one can systematically obtain a minimum set of differential equations of
the constrained multibody system expressed in terms of the joint variables, and as a
consequence, the constraint forces are automatically eliminated from these dynamic
equations. The recursive formulations can be developed for both open and closed
kinematic chains (Shabana 1994a).

3.10 CONCLUDING REMARKS

In this chapter, methods were presented for developing the dynamic differential
equations of motion of multibody systems consisting of a set of interconnected rigid
bodies. The concepts of generalized coordinates, degrees of freedom, virtual work,
and generalized forces were first introduced and later used to derive Lagrange’s equa-
tion from D’Alembert’s principle. The two cases of holonomic and nonholonomic
systems were considered. Hamilton’s principle was also discussed and the equivalence
between Hamilton’s principle and Lagrange’s equation was demonstrated. Lagrange’s
equation was then used to derive the system differential equations of motion of a rigid
body in the multibody system. These equations were presented in a matrix form,
and the special case of planar motion was discussed. In the Lagrangian formulation
presented in this chapter, the concept of the generalized coordinates, velocities, and
forces was used with scalar quantities such as the kinetic energy, potential energy, or
the Lagrangian to formulate the dynamic equations of multibody systems consisting
of rigid bodies. It was, however, shown that this approach is equivalent to the New-
tonian approach wherein vector quantities such as the angular velocity and angular
acceleration are usually used. This equivalence was demonstrated by deriving the
Newton—Euler equations from Lagrange’s equations.

Because of space limitations, some of the important techniques for developing the
dynamic equations of rigid body systems were not discussed — for instance, Appell’s
equations (Neimark and Fufaev 1972; Shabana 2001), which can be used for deriving
the equations of motion of holonomic and nonholonomic systems. In Appell’s equa-
tions, a function S, called the acceleration function or acceleration energy, analogous
to the kinetic energy in Lagrange’s equation is introduced. This function by itself com-
pletely characterizes the dynamics of holonomic and nonholonomic systems in the
same way as the kinetic energy in Lagrange’s equation. It is, however, important to em-
phasize that, even though the form of Appell’s equations is very simple, it is much more
difficult to evaluate the acceleration function than the expression for the kinetic energy.

Absolute Coordinates and Recursive Methods The computer methods
used in the automated dynamic analysis of multibody systems consisting of rigid
bodies can, in general, be divided into two main approaches. In the first approach, the
configuration of the system is identified by using a set of Cartesian coordinates that
describe the locations and orientations of the bodies in the multibody systems. This
approach has the advantage that the dynamic formulation of the equations of motion is
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straightforward. Moreover, this approach in general allows easy additions of complex
force functions and constraint equations. For each spatial rigid body in the system,
six coordinates are used to describe the body configuration. The connectivity between
different bodies in the system are introduced to the dynamic formulation by applying
a set of nonlinear algebraic constraint equations. This set of constraint equations can
be adjoined to the system equations of motion by using Lagrange multipliers or can be
used to identify a set of independent coordinates by use of the generalized coordinate
partitioning of the constraint Jacobian matrix. In this approach, however, the relative
joint coordinates and their time derivatives are not explicitly available.

In the second approach, relative joint variables are used to formulate a minimum
set of differential equations of motion. This approach, in which the dynamic differ-
ential equations are written in terms of the system degrees of freedom, leads to a
recursive formulation. Unlike the formulation based on the Cartesian coordinates, the
incorporation of general forcing functions and constraint equations in the recursive
formulation is difficult. Newton—Euler equations are often used to develop a recur-
sive formulation for mechanical manipulators. The link velocities and accelerations
are transformed from the base link to the end link, and the joint torques can thus be
solved recursively from the end effector to the base. A similar recursive transformation
concept can be applied by using the Lagrangian formulation (Hollerbach 1980).

In a hybrid formulation called the velocity transformation (Jerkovsky 1978; Kim
and Vanderploeg 1986), the momentum (Newton—Euler) and velocity (Lagrangian)
formulations were used to formulate the differential equations of motion for treelike
multibody systems consisting of rigid bodies. The equations of motion of the rigid
body in the multibody system were first formulated in terms of the Cartesian coor-
dinates. A velocity transformation matrix is then developed in order to relate joint
coordinates to the Cartesian coordinates. This velocity transformation is then used to
reduce the number of differential equations and write these equations in terms of the
relative joint variables.

Inertia Shape Integrals We have seen from the development presented in
this chapter that the dynamic equations that govern the motion of multibody systems
consisting of interconnected rigid bodies are highly nonlinear second-order ordinary
differential equations. This is mainly because of the finite rotations of the rigid bodies.
The dynamic formulation of large-scale multi-rigid-body systems, however, can be
carried out to the stage of numerical calculations and can be automated in a fairly
general way. In fact, there are in existence today many general-purpose computer
programs that can be used for the automatic generation and the numerical solution
of the differential equations of motion of large-scale multi-rigid-body systems. Even
though these equations are highly nonlinear, the structure of these equations is well
defined. Infact, as seen from the development presented in this chapter, these equations
can be developed in a fairly systematic manner once the mass of the rigid body i and
the following set of inertia shape integrals are defined:

= [ pwavi= [ Sl ]y 3.165)
Vi \

1,5,:/ o' xixjdvi, kl=1,2,3 (3.166)
Vi
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where ' = [x| x5 x4]T, p’ is the mass density and V' is the volume of the rigid
body i. The integral I represents the moment of mass of the rigid body. If the origin
of the body reference is rigidly attached to the body center of mass, Iﬁ is identically
the null vector. The integrals I}, are required in order to evaluate the inertia tensor
if,g of Eq. 123. If the rigid body i has a complex geometric shape, the integrals of
Egs. 165 and 166 can be evaluated by computer or by using hand calculations at a
preprocessing stage in advance for the dynamic analysis. They can also be evaluated
using a [umped mass technique by assuming that the rigid body i consists of n,
particles. In this case the integrals of Eqs. 165 and 166 are given by

np n[’ . .o .

L= "mial =3 " mi[x) W] (3.167)
=1 =1
np .. ..

=Y "mix/x, k=123 (3.168)
=

where m'/ is the mass of the jth particle on the rigid body i and & = [x} x5/ x3/T

is the position vector of this particle defined in the body coordinate system.

It will be shown in Chapter 5 that the nonlinear dynamic equations of motion of
deformable bodies in the multibody systems can also be written in terms of a set of
inertia shape integrals that depend on the assumed displacement field. These integrals
can also be evaluated by using consistent and lumped masses. Once these integrals are
defined, the dynamic equations of deformable bodies can be developed in a systematic
manner and can be carried out to the stage of numerical calculations and automated
in a fairly general way. Before we provide a more detailed discussion on this sub-
ject, however, we first introduce some basic concepts and definitions related to the
mechanics of deformable bodies. These important concepts and definitions discussed
in the following chapter are basic to the understanding of the development presented
in the following chapters in which the dynamic equations of multi-deformable-body
systems are developed.

Problems

1. A rigid body rotates with an angular velocity 50 rad/sec about a fixed axis defined by the
vectora = [0.02.0 —1 .O]T. Assuming that the vector a is defined in the global coordinate
system, derive the velocity constraints in terms of Euler parameters.

2. Show that the constraint equations of the system described in Problem 1 are of the holo-
nomic type. Obtain an expression for the algebraic holonomic constraint equations ex-
pressed in terms of Euler parameters.

3. Arigid body rotates with an angular velocity 15 rad/sec about a fixed axis defined by the
vectora = [1.0 0.0 —1.0]. Assuming that the vector a is defined in the global coordinate
system, derive the velocity constraints in terms of Euler angles. Show that these constraints
are of the holonomic type, and obtain the algebraic constraint equations that relate the
coordinates.



PROBLEMS 157

4.

10.

11.

12.

13.

14.

15.

16.

17.

A rigid body rotates with an angular velocity 50 rad/sec about a follower axis defined
by the vector a = [0.0 2.0 —1.0]T. Assuming that the vector a is defined in the body
coordinate system, derive the velocity constraints in terms of Euler parameters. Are the
resulting constraints of the holonomic or nonholonomic type?

Repeat Problem 4 using Euler angles.

For the slider crank mechanism discussed in Example 1, express the velocities of the
links of the mechanism in terms of the independent velocity. Assume that the independent
velocity is the angular velocity of the crankshaft.

Derive expressions for the velocities of the links of the slider crank mechanism of Example
1 in terms of the velocity of the slider block.

Using the absolute coordinates of the slider crank mechanism of Example 1, obtain the
constraint Jacobian matrices associated with the dependent and independent coordinates
when the independent coordinate is assumed to be the angle that defines the orientation
of the connecting rod.

Derive the constraint equations of the spherical joint that connects two arbitrary rigid
bodies in a multibody system. Express these constraints in terms of Euler angles, and
determine the constraint Jacobian matrix. Formulate also the spherical joint constraints
and the Jacobian matrix in terms of Euler parameters.

Using the absolute Cartesian coordinates, derive the constraint equations of the revolute
joint that connects two rigid bodies in the three-dimensional analysis. Define also the con-
straint Jacobian matrix of this joint. Discuss the use of Euler angles and Euler parameters
in formulating the revolute joint constraint equations.

Using the absolute Cartesian coordinates, derive the constraint equations of the prismatic
joint that connects two rigid bodies in the three-dimensional analysis. Define also the con-
straint Jacobian matrix of this joint. Discuss the use of Euler angles and Euler parameters
in formulating the prismatic joint constraint equations.

Formulate the constraint equations of the cylindrical joint that connects two rigid bodies
in a multibody system. Obtain also the constraint Jacobian matrix of this joint using the
absolute Cartesian coordinates.

A force vector F =[1.02.0 —15.0]T N acts at a point whose coordinates are defined in the
body reference by the vector [0.0 0.1 —0.2]T m. Define the generalized forces associated
with the generalized coordinates of this body using Euler parameters as the orientation
coordinates of the body.

Using Euler angles as the orientation coordinates of a rigid body, determine the generalized
forces due to the application of the force F = [0.0 12.0 —8.0]T N that acts at a point whose
coordinates in the body coordinate system are defined by the vector [0.1 0.0 —0.1]T m.

Formulate the generalized forces of the spring—damper—actuator element in the case of
planar motion.

Formulate the equations of motion of the slider crank mechanism of Example 1 using the
embedding technique assuming that the independent coordinate is the angle that defines
the orientation of the crankshaft.

Repeat Problem 16 assuming that the degree of freedom of the mechanism is the displace-
ment of the slider block.
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18. Formulate the equations of motion of the slider crank mechanism of Example 1 using the
augmented formulation.

19. Show that the solution of the brachistochrone problem is a cycloid.

20. Find the curve y = y(x) that minimizes the functional

I:/Am+wv
1 X

dx, y1)=0, y2)=1

where y/ = dy/dx.

21. Show that the solution of Euler’s equation to the functional

b
I = / (x — y)zdx
a
is a straight line.
22. Find the extremals of the following functional:

b (y/)Z .
a (X)3

I =

b
b= [ 102+ 6 +25¢'dx
a
23. Use the principle of virtual work in dynamics to formulate the mass matrix of the rigid
body and the vector of centrifugal forces in terms of Euler parameters.

24. Formulate the mass matrix and the centrifugal forces of the rigid body in terms of Euler
angles using the principle of virtual work in dynamics.

25. Discuss the use of Newton—Euler equations in developing recursive formulations for
multibody systems in terms of the joint variables.

26. Discuss the computational advantages and disadvantages of using the augmented formu-
lation and the recursive method in multibody simulations.



4 MECHANICS OF
DEFORMABLE BODIES

Thus far, only the dynamics of multibody systems consisting of interconnected rigid
bodies has been discussed. In Chapter 2, methods for the kinematic analysis of the
rigid frames of reference were presented and many useful kinematic relationships
and identities were developed. These kinematic equations were used in Chapter 3
to develop general formulations for the dynamic differential equations of motion of
multi-rigid-body systems. In rigid body dynamics, it is assumed that the distance
between two arbitrary points on the body remains constant. This implies that when a
force is applied to any point on the rigid body, the resultant stresses set every other
point in motion instantaneously, and as shown in the preceding chapter, the force can
be considered as producing a linear acceleration for the whole body together with an
angular acceleration about its center of mass. The dynamic motion of the body, in this
case, can be described using Newton—Euler equations, developed in the preceding
chapter.

In recent years, greater emphasis has been placed on the design of high-speed,
lightweight, precision mechanical systems. These systems, in general, incorporate
various types of driving, sensing, and controlling devices working together to achieve
specified performance requirements under different loading conditions. In many of
these industrial and technological applications, systems cannot be treated as col-
lections of rigid bodies and the rigid body assumption is no longer valid. In such
cases, a mechanical system can be modeled as a multibody system that consists of
two collections of bodies. One collection consists of bulky compact solids that can
be modeled as rigid bodies, while the second collection consists of relatively elas-
tic bodies, such as rods, beams, plates, and shells, that may deform. Many of these
structural components are used constantly in industrial and technological applica-
tions, such as high-speed robotic manipulators, vehicle systems, airplanes, and space
structures.

Continuum mechanics is concerned with the mechanical behavior of solids on
the macroscopic scale and treats material as uniformly distributed throughout regions

159
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of space. It is then possible to define quantities such as density, displacement, and
velocity as continuous (or at least piecewise continuous) functions of position. The
study of continuum mechanics is focused on the motion of deformable bodies, which
can change their shape. For such bodies the relative motion of the particles is im-
portant, and this introduces as significant kinematic variables the spatial derivatives
of displacement and velocity. For deformable bodies, the relative motion between
particles that form the body is important and has a significant effect on the body
dynamics. When a force is applied to a point on a body, other points are not set in
motion instantaneously. The effect of the force must be considered in terms of the
propagation of waves.

In this chapter, we briefly discuss the subject of continuum mechanics and intro-
duce many concepts and definitions that are important in the development of computa-
tional methods for the dynamic analysis of multi-deformable body systems presented
in subsequent chapters. First the kinematics of deformable bodies is discussed and
important definitions such as the Jacobian matrix, the gradient of the displacement
vector, the strain tensor, and the rotation tensor are introduced. These definitions are
then used to express the strain vector in terms of the derivatives of the displacements.
In Section 3, a brief discussion of the physical meaning of the strain components is
provided, and in Section 4, other deformation measures are introduced. In Section 5,
the stress components are defined and the important Cauchy stress formula is devel-
oped. The general form of the partial differential equations of equilibrium is derived
and used to prove the symmetry of the stress fensor in Section 6. The kinematic
and force relationships developed in the first six sections do not depend on the ma-
terial of the body and, accordingly, apply equally to all materials. In Section 7, the
constitutive relationships that serve to distinguish one material from another are dis-
cussed. Finally, an expression for the virfual work of the elastic forces in terms of
the stress and strain components is developed in Section 8. Since in this chapter we
will be concerned with deformation analysis of one body in the system, the super-
script i which denotes the body number in the multibody system will be omitted for
simplicity.

4.1 KINEMATICS OF DEFORMABLE BODIES

The deformation, or change of shape, of a body depends on the motion of each
particle relative to its neighbors. Therefore, basic to any presentation of deformable
body kinematics is the understanding of particle kinematics. We introduce a fixed
rectangular Cartesian coordinate system X;X,Xj3 with origin O. Throughout this
chapter and the chapters that follow, the global motion will be motion relative to this
fixed frame of reference and, unless otherwise stated, all vector and tensor components
defined globally are components in the X;X;,X3 coordinate system. Suppose that at
time t = 0 a deformable body occupies a fixed region of space B,, which may be
finite or infinite in extent. Suppose that the body moves so that at a subsequent time ¢
it occupies a new continuous region of space B. An assumption (which is an essential
feature of continuum mechanics) will be made that we can identify individual particles
of the body; that is, we assume that we can identify a point P with position vector
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Deformed configuration

Undeformed configuration
3

Figure 4.1 Deformed and undeformed configurations.

&, which is occupied at ¢ by the particle that was at P, at time # = 0. Then the final
displacement of P can be written as

u=¢—x @.1)

where x is the position vector of P, as shown in Fig. 1. If we define the vectors u, X,
and & by their components as

u=[u; w wus]’, x=[x; x x3]"
E=[&6 & &1,
we can write Eq. 1 in component form as
uy=§& —x;, u=%&6&-x, uz==6&-—x 4.2)

In the theory of functions, it is shown that Eq. 1 has a single-valued continuous
solution if and only if the following determinant does not vanish:

&1 &2 &3
Jl=151 &2 &3 4.3)
&1 &2 &3
where &; ; = (0§;/0x;). Using Eq. 2, we can write the Jacobian matrix J as
L+ up %) ui;3
J= us| L +uz, us3 (4.4)
u3 u3p I+ us3

where uy, us, and u3 are the components of the displacement vector and u; ; =
du; /0x;. If the particles of the body are not displaced at all, the vector £ is equal to
the vector x, and accordingly, the displacement vector is the zero vector. In this
case, the Jacobian matrix J is the identity matrix. Since an assumption is made



162 MECHANICS OF DEFORMABLE BODIES

that the deformation is a continuous function, the determinant of the Jacobian ma-
trix is expected to be positive for small continuous deformation. Furthermore, the
determinant of the Jacobian matrix J cannot become negative by a continuous de-
formation of the medium without passing through the excluded value which is zero.
Therefore, a necessary and sufficient condition for a continuous deformation to be
physically possible is that the determinant of the Jacobian matrix J be greater than
Zero.
The Jacobian matrix of Eq. 4 can be written as

J=1+1] 4.5)

where I is a 3 x 3 identity matrix and J is the gradient of the displacement vector
defined as

dxy dxo dax3 U Uio U3

J—= | O duy dup | _

J= ax  onm o | | Y21 U222 U23 (4.6)
dus  Duy duy Uz, Uz U3
dx; 0xo dx3

The gradient of the displacement vector is a second-order tensor and can be repre-
sented as the sum of a symmetric tensor and antisymmetric tensor, that is,

J=J+1J 4.7
where

L eyl e e
Js = E[J +J=en en exn (4.8)
Lest e e33

0 wpn o3

- 1 - -
Jo=s0-J1=|on 0 o “.9)
w31 wn 0O
in which
2€[j:2€ji =u,',j+uj,,', Zw,-jzui,j—uj,iz—Za)j,-

and the subscript ( , i) denotes the differentiation with respect to x;. For small de-
formation, it will be shown later that J, describes the strain components at a point
in the deformable body, whereas J. characterizes the mean rotation of a volume
element.

Example 4.1 The displacement of a body is described in terms of the unde-
formed rectangular coordinates (x, x,, x3) as

up = ki + kox
uy = k3 + kaxy + ks(x1)* + ke(x1)?
us =0

where k;, (i = 1, ..., 6) are constants.
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In this case, the spatial derivatives of the vector u are defined as

ouy K ouy 0 ouy
u = — = 5 u = — =0, u - — =
L= g 2 2= =50
ou
Uy = == ks + 2ksx) + 3ke(x1)?
3)61
8142 8[,{2
= — = O, = — = O
U 8x2 Uz s ax3
0 d d
L N TS [ N
' 0x; ’ 0x> ’ 0x3

Therefore, the Jacobian matrix J is given by

14k 0 0
J = | [kg + 2ksx; + 3ke(x1)’] 1 O
0 0 1

The Jacobian matrix can also be written as
J=1+]

where I is the identity matrix and J is the gradient of the displacement given by

) ko 00
J = | lks + 2ksx; + 3ke(x1)?)] 0 O
0 0 0

The gradient of the displacement vector J can be written as the sum of the
following symmetric tensor J; and the antisymmetric tensor J,

. - el e en3
Js = E[J +J' 1= ]en exn e
€31 ey €33

ka Slka + 2ksxy + 3ke(x1)*] 0
= | 3lks + 2ksxy + 3ke(x1)*] 0 0
0 0 0

and

1. 0 wn w3

J=-0-J1=|wn 0 ox
2

w3 w2 0

0 — 3 lka + 2ksx; + 3ke(x1)*] 0
= | 3lka + 2ksx1 + 3ko(x1)*] 0 0
0 0 0

Gradient Transformation In Chapter 7 of this book, a nonlinear finite el-
ement formulation for the large deformation analysis of flexible multibody systems
is presented. In this formulation, position vector gradients are used as nodal coordi-
nates. It is, therefore, important to understand the rules that govern the transformation
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of the position vector gradients. In order to develop this transformation, we consider a
deformable body whose material points are defined before displacements (original or
reference configuration) by the position vector x in the coordinate system X X, X3 and
by the vector X in another coordinate system X;X,X3. Let £ and & be, respectively,
the position vectors of the material points in the X;X,X3 and X;X,X; coordinate
systems after displacements (current configuration). It follows that

X =A%, &(X)=Af=£®X)

where A is the orthogonal transformation matrix that defines the orientation of the
coordinate system X, X, X5 with respect to the coordinate system X X, X3. The matrix
of the position vector gradients (Jacobian matrix) can then be written as

0§ 0&ox aSAT
C0x 9xdx 0%

That is, the gradients of the vectors £ defined with respect to the coordinate system

XX, X5 are defined as

— =JA=—>A

X 10).
This rule of position vector gradient transformation is crucial in developing the finite
element formulation presented in Chapter 7. Note that in the preceding equation, £ is
still the vector that defines the position vector of the material points in the X;X,Xj3
coordinate system.

4.2 STRAIN COMPONENTS

In this section, we introduce the strain components that arise naturally in the
kinematic analysis of deformable bodies. We define 6/, to be the distance between
two points P, and Q, in the undeformed state as shown in Fig. 2 and 4/ to be the
distance between these two points in the deformed state. Since the coordinates of P,
in the undeformed state are (xi, x;, x3), we denote the coordinates of Q, as (x| +
dxy, xo + dx;, x3 + dx3). Similarly, in the deformed state we denote the coordinates
of P and Q as (&1, &, &) and (§; + d&i, & + dé&,, & + d&3), respectively. Therefore,
the distances 4/, and 8/ can be determined according to

(81,)* = (dx)"(dx) = (dx1)* + (dx2)* + (dx3)* (4.10)
(81 = (d§)"(d&) = (d&))* + (d&)* + (d&) (4.11)

where dx = [dx| dx, dx3]" and d& = [d&| d&, d&]T.
One may write Eq. 1 as

E=x+4u 4.12)
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Deformed configuration

Undeformed configuration

Figure 4.2  Strain components.

from which
9
de = dx + “Sdx
o0x
9
- <I+ —u>dx (4.13)
ax

Since (du/dx) = J is the gradient of the displacement vector, Eq. 13 yields
dé = (I +1J)dx = Jdx (4.14)
where J is the Jacobian matrix defined in Eq. 4. Substituting Eq. 14 into Eq. 11 yields

(81 = (d&)'(d&) = (@x)"J'J dx
= @)L+ JI' [+ J] dx
= @I+ I+ I+ 7T dx (4.15)

Subtracting Eq. 10 from Eq. 15 yields
(8D)?* — (81,)* = 2(dx) &, dx
or
%[(51)2 — (81,)*] = (dx)"e,dx (4.16)

where €, is a 3 x 3 symmetric matrix called the Lagrangian strain tensor, and is
defined as

1 _ - . 1
Em = 5{[JT +N+J) = E(JTJ -1 (4.17)

Using matrix multiplications, it can be verified that the components ¢;; of the matrix
&, are given by

1 3
Gij =5 (“i,j tuji+ Z ”k,iuk,j> , Lj=123 (4.18)
k=1
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The components ¢;; that arise naturally in the analysis of deformation are called
the strain components. Therefore, the strain components are, in general, nonlinear
functions of the spatial derivatives of the displacement. Because of the symmetry
of the strain tensor, it is sufficient to identify only the following six components:
€11, €22, €33, €12, €13, and &»3, which form the strain vector €, that is,

T

e=lenn €n €33 €12 &13 €23 4.19)
Thus, the strain vector ¢ can be written in a compact form as

¢ =Du (4.20)

where D is a differential operator defined according to Eq. 18.

Small Strains It was previously shown that the gradient of the displacement
vector J can be written as

J=J+1 @.21)

where J; is symmetric and J, is antisymmetric. In the case of small strains and
rotations, the squares and products of J; and J, can be neglected, that is

JI~0
and to the same order of approximation the strain tensor reduces to
|
Em A E[J +J1 (4.22)

which is the form of the strain tensor often used in engineering applications. In this
special case, the differential operator of Eq. 20 reduces to

2;"71 0 0

0 2% 0

D:l 0 0 24
i w0

and €11, €22, and €33 can be recognized as the normal strains while €1, €13, and &3
are recognized as the shear strains. Note that |du; /0x ;| < 1 implies that the strains
and rotations are small. There are, however, some applications in which the strains
are small everywhere but the rotations are large. An example of these applications is
the bending of a long thin flexible beam.
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Example 4.2 For the displacement of the body given in Example 1, find the
strain components.

Solution Using Eq. 18 and the spatial derivatives of the displacement given in
Example 1, one has

1
g1l = E[ul’l +ury 4 @) + W) + (u30)*]

1
=52k + (ka)* + (kg + 2ksx; + 3ke(x1)>)?*]

1
£ = E[Mz,z g 4 (12)* + (u22)* + (32)°1 =0

1
£33 = 5[”3,3 +uz s+ (13)* + (u23)* + (33)°1 =0

ez = Slz +uns +unaung +uzauzz +ususl

1
= §[k4 + 2ksx; + 3ke(x1)*]
1
e13 = 5[”1,3 +usz g +upu s +usursz +uzuzz] =0

1
&3 = 5[142,3 +uszo +uiour s+ uzouzz +ussuzzl =0
Therefore, the vector of strains ¢ of Eq. 19 is given by

e=1[en1 en &3 en &3 el
%[2/62 + (kp)? + (kg + 2ksx + 3ke(x1)*)?]
0
0
ks + 2ksxy + 3ke(x1)?]
0
0

If an assumption is made that the strains and rotations are small, one can show
that the strain components reduce to

e=[ky 0 0 Lky+2ksx;+3kx)?) 0 0]

Another Form for the Strain Components Using the definition of the La-
grangian strain in terms of the Jacobian matrix J (Eq. 17), one can show that the
components of the nonlinear Lagrangian strain tensor can be written as follows:

| (ET61—1) |&1]|€2 | cosarn  |€1|&3]cosars
JI-10= 3 £1]E2]cosary  (E362—1)  |&2]&a]cosans
€185 cosars  [Eo||E5]cosaas (565 — 1)

N =

En =

(4.23)
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where £; = %, and o;; is the angle between the vectors &; and &;. The elements of
the strain tensor of Eq. 23 give a clear physical interpretation of the normal and shear

strain components.

4.3 PHYSICAL INTERPRETATION OF STRAINS

The physical interpretation of the strains can also be provided in terms of the
extension of the line element P, Q, (Fig. 2), defined as

e =48l — 61, (4.24)
The strain in this case is
e 8l
f=—=——1 (4.25)
8l, 81,

Let n be the vector of direction cosines along the line P,(Q, in the undeformed state,
that is

_X L dn dul! (4.26)
n_(Sl,,_(Sl,, X1 X2 X3 .

Then dividing Eq. 16 by (8l,)? yields

(8N ] @' dx
21\ 8L, -8, "8l

which on using Eq. 26 yields

1T/ 80\ T
21\ —1|{=n¢,;n 4.27)

Using Eq. 25, Eq. 27 reduces to

e+ %(8)2 = nTemn
which can be rearranged as

(6)* +2e— &, =0 (4.28)
where g, is given by

Fn =20 €,N (4.29)
Equation 28, which is quadratic in ¢, has the solution

e=—1+045,)" (4.30)

The second solution is physically impossible because it does not represent the rigid
body motion. Hence

= 1172 1 15
£=_1+(1+8m) =_1+1+§8m_§(8m) + -
L 1(‘ )y + 4.31)
==&y — -(CEn .
2 8



4.4 RIGID BODY MOTION 169

where the binomial theorem has been used. Equation 31 represents the strain in the
general case of large deformation. If, however, the strain components are assumed to
be small, that is,

(En)* ~ 0,
Eq. 31 reduces to

1_

Ex Eé'm

which by using Eq. 29 yields

e~n'e,n 4.32)

One can also show by directly using Eq. 27 that the definition of strain in the case of
large deformation theory (Eq. 31) does not differ greatly from the definition of Eq. 32
unless the relative elongation e of Eq. 24 is large. Equation 32 implies that the strain
along a line element whose direction cosines in the undeformed state with respect to
three orthogonal axes X, X,, X3 are defined by the vector n can be determined if the
strain COHlpOIlCIltS &€ = [8]1 €22 €33 €12 €13 823]T are known.

Simple Example The preceding development can be exemplified by consid-
ering the case in which the element and the extension are along the X direction. In
this case, the vector dx has the components

dx=1[dx; 0 0]
The length of the line segment in the undeformed state can then be written as
81, =/ (dx)T(dx) = dx;

If higher-order terms are neglected in Eq. 31, the strain can be written as

I_
&= =8,
2
or
e=n"¢g,n

In this special case, one can verify thatn = [1 0 01" and

1
e=5nmJ+wuf+wﬂf+wmﬁ

If the assumption that the displacement gradients are small is used, one may neglect
second-order terms and write

8141

& = up = B—XI

which is the same expression used in textbooks on the strength of materials.

44 RIGID BODY MOTION
In the case of a general rigid body displacement, the vector £ can be written as

E=R+Ax
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where R is the translation of the reference point and A is the orthogonal transfor-
mation matrix that defines the body orientation. It follows, in the case of rigid body
displacement, that

u=§&—-—x=R+(A-Dx
Using the preceding two equations, it can be shown that
J=A J=A-I

which demonstrate that J and J do not remain constant in the case of a general rigid
body motion, and therefore, they are not an appropriate measure of the deformation.
Note that in this case, the Lagrangian strain tensor €, is given by

_ 1l o=

and, therefore, €,, can be used as a deformation measure.

Other Deformation Measures In continuum mechanics, several other de-
formation measures are often used. To briefly introduce these measures, we use Eq. 15
to write

81\° TT T
A =nJJn=nC,n

where
Cr = JTJ

is a symmetric tensor, called the right Cauchy—Green deformation tensor. The tensor
C, can be used as a measure of the deformation since in the case of a general rigid body
displacement C, = ATA =1 andasa consequence, C, remains constant throughout
arigid body motion. The Lagrangian strain tensor can be expressed in terms of C, as

1
en = =(C, —1
2( )
Another deformation measure is the left Cauchy—Green deformation tensor C;
defined as

c=J1r

This tensor also remains constant and equal to the identity matrix in the case of rigid
body motion. Another strain tensor €, called the Eulerian strain tensor, is defined
in terms of C; as
1 -1
&g = E(I -C)
In the case of rigid body motion, e = ¢,, = 0. Furthermore, in the case of infinites-

imal strains (small displacement gradients),

1 -
£E=£m=§(J+J)
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It is important, however, to point out that the infinitesimal strain tensor is not an exact
measure of the deformation because it does not remain constant in the case of a rigid
body motion. Recall that, in the case of rigid body motion, J = A, and

| [ 1
en =0T+ D)= SAT+A-2D)
It can be shown, however, that the elements of this tensor are of second order in the
case of small rotations. For example, in the case of a simple rotation 6 about the X3

axis, one has

cosfd —sinf O
A= |sinf cosf® O],

0 0 1
and the tensor ¢, in the case of small rotation is
1 cosf — 1 0 0
smzi(AT—i—A—ZI): 0 cosd—1 0
0 0 0
which is of second order in the rotation 6 since
0% 64
cos0—1=—E+I+-~

Decomposition of Displacement Using the polar decomposition theorem
(Spencer 1980), it can be shown that the Jacobian matrix J can be written as

J=A,1 =JA,

where A; is an orthogonal rotation matrix, and J, and J; are symmetric positive
definite matrices. The matrices J, and J; are called the right stretch and left stretch
tensors, respectively. It follows from the preceding equation that

J, =ATJA;,, J=AJAT

In the special case of homogeneous motion, the Jacobian matrix J is assumed to
be constant and independent of the spatial coordinates. In this special case, one has

&§=Jx

The motion of the body from the initial configuration x to the final configuration &
can be considered as two successive homogeneous motions. In the first motion, the
coordinate vector x changes to x;, and in the second motion, the coordinate vector X;
changes to &, such that

i =J:x,  §=A)x
It follows that
S = AJX[ = A]JrX = JX

Therefore, any homogeneous displacement can be decomposed into a deformation
described by the tensor J, followed by a rotation described by the orthogonal tensor
A ;. Similarly, if J; is used instead of J,, the displacement of the body can be considered
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as arotation described by the orthogonal tensor A ; followed by a deformation defined
by the tensor J;.

In the case of nonhomogeneous deformation, one can write the relationship be-
tween the change in coordinates as (Spencer 1980)

d&¢ = Jdx

While J, in this case is a function of the spatial coordinates, the polar decomposition
theorem can still be applied. In this case, the matrices A, J,, and J; are functions of
the spatial coordinates, and the decomposition of the displacement can be regarded
as decomposition of the displacements of infinitesimal volumes of the body.

Note that the deformation measures C, and C; can be written as

C, =JI=JA0A) =T
C=J1"=JA,AN) =T}

Therefore, C, is equivalent to J,, while C; is equivalent to J;. It is, however, easier
and more efficient to calculate C, and C; for a given J than to evaluate J, and J; from
the polar decomposition theorem. For this reason C, and C; are often used, instead
of J, and J;, as the deformation measures.

Small Strains and Rotations Using Eq. 7, the matrix J can be written as

J=1+J=1+J,+1J,

where J, and J, are defined by Eqgs. 8 and 9. In the case of small strains and rotations,
higher order terms can be neglected, and the matrix C, can be defined as

C,=JI=0+J-J)A+J,+J)~1+2],
which, upon using the same order of approximation, yields
JoaI+), I RI-

The first of these two equations implies that J, — I reduces to the infinitesimal strain
tensor in the case of small deformations. Using the same assumption, it can be shown
that J; — I = J, — L. Note also that

A, =12 A+ ) +I)A =T~ 1+,
and, as a consequence,
A —1=],

in the case of small rotations.

4.5 STRESS COMPONENTS

In this section, we consider the forces acting in the interior of a continuous body.
Let P be a point on the surface of the body, n be a unit vector directed along the
outward normal to the surface at P, and 8 be the area of an element of the surface
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y

Figure 4.3 Surface force.

that contains P. It is assumed that on the surface element with area 8.5, the material
outside the region under consideration exerts a force (Fig. 3)

f=0,5S (4.33)

on the material in the region under consideration. The force vector f is called the
surface force and the vector o, is called the mean surface traction transmitted across
the element of area § S from the outside to the inside of the region under consideration.
A surface traction equal in magnitude and opposite in direction to o, is transmitted
across the element with area §S from the inside to the outside of the part of the body
under consideration. We make the assumption that as § S tends to zero, o, tends to a
finite limit that is independent of the shape of the element with area §S. The elastic
force on an arbitrary surface through point P can be written in terms of the elastic
forces acting on three perpendicular surfaces of an infinitesimal volume containing
point P. To do this, we examine the forces acting on the elementary tetrahedron shown
in Fig. 4. Let £}, f;, and f3 be, respectively, the force vectors acting on the surfaces

X, 4

X,

Figure 4.4 Surface forces on an elementary tetrahedron.
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whose outward normal is parallel to X, X5, and X3. Let n be the vector of direction
cosines of the outward normal to the arbitrary surface 6. Then the areas of the other
faces are

8851 =n16S, 68 =mn28S, 853 =n3éS (4.34)

where n;,i = 1, 2, 3 are the components of n. The elastic force vectors exerted on
the tetrahedron across its four faces are

f=0,185, f1 = —O'1n18S

(4.35)
fz = —0’21/12(35, f3 = —(T3I138S

where o1, 02, and o3 are, respectively, the vectors of mean surface traction acting on
the surfaces whose normals are in the directions X, X, and X3. The components of
each surface traction o; will be denoted as oy, j =1, 2, 3, that is,

o;=[oy1 o onl', i=1,2.3 (4.36)
Equation 36 can be written in a more explicit form as

o1 = o11i] + ol + o13i3
0 = 0211 + opiy + 023i3 (4.37)
03 = o31i1 + 0320y + 0333

where iy, i, and i3 are unit vectors in the X, X,, and X3 directions. It is also recog-
nized that there is a body force whose mean value over the tetrahedron is f;, per unit
volume. Examples of this kind of force are the gravitational and the magnetic forces.
According to Newton’s second law, which states that the rate of change of momentum
is proportional to the resultant force acting on the system, the equation of equilibrium
of the tetrahedron can be written as

where a, p, and §V are, respectively, the acceleration, mass density, and volume of
the tetrahedron. Substituting Eq. 35 into Eq. 38 yields

sV
0, = o111 + oony + o3n3 + ﬁ(pa —f;) (4.39)

We assume n and the point P to be fixed and let §.5 and §V tend to zero. Since §V is
proportional to the cube and 6. is proportional to the square of the linear dimension of
the tetrahedron, we conclude that 6V /§S tends to zero as §S approaches zero. Thus,
in the limit one has

0, = o1ny + ony + oznz (4.40)

where o1, 02, 03, and o, are evaluated at P. Equation 40 can be written in matrix
form as

Oy = 0N (4.41)
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where o, is a 3 x 3 matrix defined as
011 021 03]
Om = | 012 022 03
013 023 033
Therefore, one can write the elastic force vector of Eq. 33 as
f=o0,néS (4.42)

Therefore, the surface force f can be expressed in terms of the elements of the matrix
on. These elements o;;, (i, j = 1,2, 3) are called the stress components. The com-
ponents of the stress vectors o1, 03, and o3 represent the stress on the planes that are
perpendicular, respectively, to the X, X,, and X3 axes (Eq. 37). Equation 40, which
is called the Cauchy stress formula, gives the stress vector on an oblique plane with
unit normal n.

By using Eq. 40 or 41, it can be shown that ,,, is a tensor quantity. In the foregoing
discussion, the stress components were defined with respect to the coordinate system
X, X5, and X3. It is expected that the choice of the coordinate system will lead to
a different set of stress components. Let X,X,X5 be another coordinate system. We
now examine the relationship between the stress components o;; associated with the
coordinate system X;X,X3 and the stress components &;; at the same point defined
with respect to the coordinate system X;X,X3. Let A be an orthogonal transformation
matrix that defines the orientation of the coordinate system X;X,X3 with respect to
the coordinate system X X,X3. One can then write the following equation:

6, = Ao, = ATo,,n = ATo, Afd (4.43)
where il = [i1) 71, 7i3]" is the normal to the surface whose components are defined with
respect to the X; X, X3 coordinate system. Equation 43 can be written in a compact
form as

Op = Gyl (4.44)
where &,, is given by

on = A0, A (4.45)

which demonstrates that o, is indeed a second-order tensor.

4.6 EQUATIONS OF EQUILIBRIUM

In studying the mechanics of deformable bodies, a distinction is made between
two kinds of forces: body forces acting on the element of volume (or mass) of the
body such as gravitational, magnetic, and inertia forces, and surface forces acting on
surface elements inside or on the boundary of the body such as contact forces and
hydrostatic pressure. The resultant of the first kind of force follows from integration
over the volume, whereas the second kind is the result of a surface integral. Thus, the
condition for the dynamic equilibrium can be mathematically stated as

/an dS+/fde:/padV (4.46)
S \%4 \4
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Substituting Eq. 41 into Eq. 46 yields

/amn dS—l—/ fdezfpadV (4.47)
S \%4 %4

The surface integral can be transformed into a volume integral by use of the divergence
theorem (Greenberg 1978), that is

f oondS — / o dV (4.48)
S \%

where o, = [05; 0, 043]" is a vector whose components are defined according to

3

9o,
o=y (4.49)

= 0%

Substituting Eq. 48 into Eq. 47 yields
[0+~ parav =0 (450)
14

This equation must hold in every region in the body, and hence the integrand must be
zero throughout the body. This leads to

o, +1, = pa 4.51)

which is known as the equation of equilibrium. By using Eq. 49, we can write the
components of Eq. 51 as

o111 + 0210 + 0313 + fo1 = pai
O12,1 + 022+ 0323+ foo = paz (4.52)
o13,1 + 0232+ 0333 + fp3 = paz

where (, i) denotes differentiation with respect to the spatial coordinate x;; aj, az,
and a3 are the components of the acceleration vector; and fp, fp2, and fp3 are the
components of the vector of the body force. It is important to note that the equations
of equilibrium contain both time and spatial derivatives.

Symmetry of the Stress Tensor In developing the differential equations of
equilibrium we used the equilibrium of the forces. The condition that the resultant
couple about the origin must be equal to zero can be used to prove the symmetry of
the stress tensor. This condition can be expressed mathematically as

/xxa,ldS+/xx(f;,—pa)dV=0 (4.53)
s 4

Recall that

X X 0, = X0, (4.54)
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where X is a skew symmetric matrix defined as

0 —X3 X2
X = X3 0 —X1
—X2 X1 0

Using Eqgs. 41 and 54, we can write the first integral of Eq. 53 as

/xxandS:/iomndS
s s

If we define the matrix B and the vector b as
B=%0,, b=I[b b bl

where

then on using the divergence theorem, Eq. 56 yields

/iamndS:/BndS:fde
s s v

One can verify from the definitions of Eqs. 57 and 59 that

b =Xo, + b, =x X 05, + b;

177

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

where the components of the vector o, are defined by Eq. 49 and the vector by is

given by
03 — 023
by =—| 013 — 03
021 — 012

Substituting Eq. 60 into Eq. 59 yields
/iamndS = /(x x o5 + b)) dV
s 14
which on substituting into Eq. 53 and using Eq. 56 yields
/bst~|—/xx(os+fb—pa)dV=0
14 14

By using Eq. 51, Eq. 62 becomes

/bst:O
14

4.61)

(4.62)

(4.63)

This equation must hold in every region in the body, and hence the integrand must be

zero throughout the body. This leads to
b, =0
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Using this equation and Eq. 61, one obtains
032 = 023, 013 = 03], 021 =012
This result can be written in a compact form as
oij =0 (4.64)

which implies that the stress tensor is symmetric.

4.7 CONSTITUTIVE EQUATIONS

The stress and strain tensors are insufficient for description of the mechanical
behavior of deformable bodies. Body deformations depend on the applied forces,
and the force-displacement relationship depends on the material of the body. To
complete the specification of the mechanical properties of a material we require
additional equations. These equations are called the constitutive equations and serve
to distinguish one material from another. For convenience, we reproduce the stress
and strain vectors, which are essential in the discussion that follows:

oc=[o on o3 onp o onl (4.65)
e=len en &3 en &3 exnl (4.66)

It has been found experimentally that for most solid materials, the measured
strains are proportional to the applied forces, provided the load does not exceed a
given value, known as the elastic limit. This experimental observation can be stated
as follows: The stress components at any point in the body are a linear function of
the strain components. This statement is a generalization of Hooke’s law and does
not apply to viscoelastic, plastic, or viscoplastic materials. The generalized form of
Hooke’s law may thus be written as

o1 = e11811 + €282 + €13€33 + e14€12 + €15€13 + €16€23
0 = €21811 + €282 + €23833 + 24812 + €25€13 + €26€23
033 = €31€11 + €3262 + €33€33 + €34€12 + €35€13 + €36€23

(4.67)
012 = 41811 + €42820 + €43€33 + €44€12 + €45€13 + €46€23
013 = €51€11 + €526 + €53€33 + €54€12 + €55€13 + €56€23
023 = €61€11 + €62620 + €63€33 + €64€12 + €65€13 + €66€23
which can be written in a compact form as
o =Ee (4.68)

where E is the matrix of the elastic constants of the material given by

€1 €12 €13 €14 €15 €16
€ € €3 €4 €5 e
E— €31 €3 €33 €34 €35 €34 (4.69)
€4] €42 €43 €44 €45 44
€51 €5 €53 €54 €55 €56
€61 €62 €63 €e4 €65 €66 |
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Anisotropic Linearly Elastic Material
volume that represents the work done by internal stresses. On a unit cube, stresses
represent forces, whereas strains represent displacements. Therefore, the work done

by a force o during the motion d & can be written as

dU = o"de

which implies that

(3)
o=|—
e

or in a more explicit form as

aU
GijZ—, i1j=172a3
88ij
that is,
aU aU
o = —, [oX = —,
11 8811 22 8822
iU aU
O1p = —, o3 = —,
12 8812 13 8813

Equations 67 and 71 yield

033

023 =

AU
3o, — Ol =e€néi+ -+ €662
aU
e, — 022 = €21811 + -+ €26823
U
den — 023 = €c1€11 -+ €66623

Differentiation of Eq. 72 yields

92U U
Y =eén=—"F7"—=
9e110€2 0€220€7]

92U *U
— 3= ———
0£110&33 0e330¢€q]

92U *U

—_— =3 = —————
38338823 38233833
That is,

eij = ¢€ji

= e3]

= €63

U
0€33
U
0&23
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Let U be the strain energy per unit

(4.70)

471

4.72)

(4.73)

which shows that the matrix of the elastic coefficients is symmetric. Therefore, there
are only 21 distinct elastic coefficients for a general anisotropic linearly elastic
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material. In terms of these coefficients, the matrix of elastic coefficients E can be

written as
e
e exn symmetric
e e3x €33
E = 4.74)

€41 e €43 €4
€s1 €5y €53 €54 €55
€1 €62 €63 €64 €65 €66 |

Material Symmetry In some structural materials, special kinds of symme-
try may exist. The elastic coefficients, for example, may remain invariant under a
coordinate transformation. For instance, consider the reflection with respect to the
XX plane given by the following transformation:

1 0 O
A=(0 1 O
0 0 -1

The transformed stresses and strains o, and €/, are given, respectively, by

o) =A"0, A 4.75)
e =ATg,A (4.76)

where o, and ¢, are given by

011 012 013
Omw=|021 0On 023 4.77)
LO31 032 033

€11 €12 €13
Em = | €21 €22 €23 (4.78)

L €31 €32 €33

Equation 75 yields

I / /
0o =011, 0y = 022, 033 = 033
, , , 4.79)
O, =012, O3 = —013, 0y3 = —023
and Eq. 76 yields
gl =¢e1, &y=¢€n, &;=¢n
11 22 33 (4 80)
l ’ ’ .
512 = €12, ‘913 = —€13, 823 = —&23

Therefore, under the transformation of Eqs. 75 and 76, one can write, for example,
oy, as

/ / / / 4 / /
O = €118 + €128y + €13633 + €148, + 15813 + e168)3 (4.81)



4.7 CONSTITUTIVE EQUATIONS 181

which on using Egs. 79 and 80 yields
O11 =0y, = €11€11 + €128 + €13633 + €14E12 — €15813 — €16623 (4.82)
By comparing Egs. 81 and 82 and using Eqs. 79 and 80, one gets
eis = —ers, elg=—¢€, Oor e;5=¢e;=0
In a similar manner by considering other stress components, we find
€5 = €6 = €35 = €36 = €45 = €46 = 0

Therefore, the elastic constants for a material that possesses a plane of elastic sym-
metry reduce to 13 elastic coefficients. If this plane of symmetry is the X;X, plane,
that is, the elastic properties are invariant under a reflection with respect to the X; X,
plane, the matrix E of elastic coefficients can be written as

el symmetric ]
€1 exn
e e e
Eo |61 €2 €3 (4.83)
€41 €42 €43 €44
0 0 0 0 éss
0 0 0 0 €65 €66

If the material has two mutually orthogonal planes of elastic symmetry, one can show
that e4; = e4p = eq3 = eg5 = 0 and the matrix of elastic coefficients reduces to

_ell symmetric ]
€ éexn
€31 €3 €33
E = 4.84
0 0 0 €44 ( 8 )
0 0 0 0 éss
L 0 0 0 0 0 666_

In some materials, the elastic coefficients e;; remain invariant under a rotation
through an angle « about one of the axes, that is, the values of these coefficients are
independent of the set of rectangular axes chosen. The transformation matrix A in
this case is given by

cosae —sina O
A=]|sina cosa O
0 0 1

One may then write two equations similar to Eqgs. 75 and 76 and proceed as in the
above case for different values of « to show that in the case of an isotropic solid there
are only two independent constants, denoted as A and . We then have
ep=¢ep3=ey =ep3 =e3 =e3=A
es = es5s = eg = 21U (4.85)
e =epn=ey3=Ar+2u

The two elastic constants, A and u, are known as Lame’s constants.
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Homogeneous Isotropic Material If the material is homogeneous, A and
W are constants at all points. The matrix E of elastic coefficients can be written in the
case of an isotropic material in terms of Lame’s constants as

A +2u A A 0 0 0]
AooA+2n A 0 0 0
A A A+2u 0 0 O
E = 4.
0 0 0 2u 0 0 (4.86)
0 0 0 0 2u O
0 0 0 0 0 2u]

Using Eq. 68, one can then write the stress-strain relations in the following explicit
form:

o1 = A& +2uer, 0p = A& + 2, 033 = A& + 2uExn
o1p =2uep, 013 =2uE13, 023 = 2uExn (4.87)

where &, = €11 + €2 + £33, which represents the change in volume of a unit cube, is
called the dilation. The inverse of Eq. 87 gives

1 1
g = E[(l +y)ou —vyol, en= E[(l +y)oxn — yo;l
L1y ] : Lty (4.88)
£33 = — — , Ep=—0p= .
33 E Y)033 — YO 12 2M012 E o2
1 14y 1 1+y
£ = — = s & = — =
13 2M013 5 013 B=3 023 023
where
0y =011 + 02+ 033
o BGA+2) A (4.89)

Py YT+

The constants i, E, and y are, respectively, called the modulus of rigidity, Young’s
modulus, and Poisson’s ratio.

Example 4.3 In the case of two-dimensional analysis we have
03 =031=0, &e3=¢e7=0
If we further consider a plane stress problem, then

0’3320
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In this case, the strain components are related to the stress components by the
relations

& = —(011 — YO
11 E( 11 — Y022)

1
& = —(—=yoi +022)

E
ey = 012 _ ¢ +J/)G
12 2,u E 12

In this case, the matrix of elastic coefficients can be recognized as

1y 0
E
Ezi2 y 1 0
1—(y) 0 0 1—y

which relates the strain vector € = [g1; €2 €12]T to the stress vector ¢ =
[o11 022 012]T. This relation can be written as

o =Ee
In case of plane strain problems, €33 = 0, and for an isotropic material the
matrix E can be written as

E 1—vy % 0

TC+na=20| o o 1_a

48 VIRTUAL WORK AND ELASTIC FORCES

In the preceding section, the constitutive equations for a linear elastic material that
relate the stresses and strains were obtained. It is, however, important to point out that
in the case of large deformation, the Cauchy stress tensor is not associated with the
Lagrangian stress tensor since Cauchy stress tensor is defined with respect to the
current (deformed) configuration, while the Lagrangian strain tensor is defined with
respect to the reference (undeformed) configuration. In this section, the partial dif-
ferential equation of equilibrium (Eq. 51 or 52) will be used to derive the virtual
work of the elastic forces. The analysis presented in this section shows that another
symmetric stress tensor, the second Piola-Kirchhoff stress tensor is associated with
the Lagrangian strain tensor ¢, of Eq. 17. In the case of a linear elastic model, the
second Piola-Kirchhoff strain tensor can be related to the Lagrangian strain tensor
using the constitutive equations obtained in the preceding section. In order to simplify
the derivation presented in this section, the tensor double product and the change of
the volume of a material element are first discussed.

Tensor Double Product (Contraction) If A and B are second order ten-
sors, the double product or double contraction is defined as

A:B=1r(ATB) (4.90)
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where tr denotes the trace of the matrix (sum of the diagonal elements). Using the
properties of the trace, one can show that

3
A:B=1r(A"B) = tr(BA") = tr(B"A) = 1r(AB") = Z AijBij 4.91)
i,j=1

where A;; and B;; are, respectively, the elements of the tensors A and B.

Volume Change If dV and dv are, respectively, the volumes of a material
element in the reference and current configurations, one can show that (Spencer 1980)

dv =|J|dV (4.92)
where J is the matrix of position vector gradients (Eq. 14) and |J| is the determinant
of J.

Virtual Work 1InEq. 51, o, = divo,,, where o, is the Cauchy stress tensor.
Therefore, Eq. 51 can be rewritten as

divo, +f, = pa (4.93)

Multiplying this equation by §& and integrating over the current volume, one obtains

f (dive,, +f, — pa)'8edv =0 (4.94)
Recall that

div (63185) = (divo,)" 8E + 0, V (88) (4.95)
where

V(8§) = i (88) = WODX _y @I =D (4.96)

B O B '

Substituting Egs. 95 and 96 into Eq. 94 and using Gauss theorem, one obtains

f n'o,,8¢ da — / Oy 2 8 Ndv+ / (£, — pa)T 8¢ dv =0 4.97)

where a is the current surface area and n is a unit normal to the surface. The first
integral in the preceding equation represents the virtual work of the surface traction
forces, the second integral is the virtual work of the internal elastic forces, and the
third integral is the virtual work of the body and inertia forces. If the principle of
conservation of mass (pdv = p,d V) or continuity condition is assumed, the virtual
work of the inertia forces can be written as

SW; = / palde dv = / 0oa 8E dV (4.98)
v \4

This equation is important in developing the inertia forces of the finite elements in
the case of the large deformation analysis presented in Chapter 7 of this book.



4.8 4.8 VIRTUAL WORK AND ELASTIC FORCES 185

Virtual Work of the Elastic Forces The virtual work of the internal elastic
forces defined by the second term of Eq. 97 is

SW, = — / o, 83 dv (4.99)
Using Eq. 92, the integration can be performed using the volume at the reference
configuration. The preceding equation can then be written as

8Ws=—f|J| o, 817 dV (4.100)
\%4

where ok,, = |J| 0, called the Kirchhoff stress tensor is a symmetric tensor and
differs from Cauchy stress tensor by a scalar multiplier equal to the determinant of
the matrix of the position vector gradients. In the case of small deformation, this
determinant remains approximately equal to one, and Cauchy and Kirchhoff stress
tensors do not differ significantly.

Using Eqs. 14 and 17, it is clear that

Sem = J18) (4.101)

where €, is the Lagrangian strain tensor. Using this equation, the virtual work of the
elastic forces can be written in terms of the virtual changes of the components of the
Lagrangian strain tensor as

SW, = —/ o : T s, dtdV (4.102)
14

This equation upon the use of the properties of the tensor double product (Eq. 91) can
be written as

W, = —f (lJIJ*IcrmJ*”) :8e,dV (4.103)
v
which can be written as follows:

SW, = —/ Cpm @ 8EmdV (4.104)
\%4

where O p,, is the second Piola-Kirchhoff stress tensor defined as
Opw =313 "0, " (4.105)

Clearly, the second Piola-Kirchhoff stress tensor is a symmetric tensor, and it is the
stress tensor associated with the Lagrangian strain tensor.

If the deformation is small, the matrix of the position vector gradients (Jacobian)
J does not differ significantly from the identity matrix, and as a consequence it is
acceptable not to distinguish between Cauchy stress tensor which is defined using
the deformed configuration and the second Piola-Kirchhoff stress tensor associated
with the reference undeformed configuration. In this book we will always use the
Lagrangian strains with the understanding that the associated stress is the second
Piola-Kirchhoff stress tensor. For the sake of simplicity of the notation, we will also use
o to denote the stress vector associated with o p,, instead of Cauchy stress tensor since
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whenever there is a difference between the two tensors (case of large deformation),
it is with the understanding that the second Piola-Kirchhoff stress tensor is the one to
be used with the Lagrangian strain tensor. Using the tensor double product, and the
fact that both op,, and ¢,, are symmetric tensors, one can use the definition of the
tensor double product to show that Eq. 104 can be written as follows:

oW, = — / (0118811 + 02028€2 + 0330833 + 20128612 + 2013813 + 20238823)dV

4
(4.106)

where o;; and ¢;; are, respectively, the elements of the second Piola-Kirchhof stress
tensor and the Lagrangian strain tensor. Using the development presented in the
preceding section, one can write ¢ = Eg, where o and ¢ are the stress and strain
vectors associated with the second Piola-Kirchhoff stress tensor and the Lagrangian
strain tensor, and E is the matrix of elastic coefficients. One can then write the virtual
work of the elastic forces given by Eq. 106 in the following form:

SW, = — / eTELSedV (4.107)
\%4

where I, is a diagonal matrix with dimension six. The first three diagonal elements
are equal to one while the last three diagonal elements are equal to 2. This matrix
is introduced in order to account for the “two” multipliers associated with the shear
strains in the expression of the virtual work given by Eq. 106. Therefore, the virtual
work of the elastic forces can be written as

SW, = — / e'E SedV (4.108)
1%

where E = EI, is the modified matrix of elastic coefficients.

Problems

1. Determine whether u = [k(x2 — x1), k(x] — x2), kx1x2], where k is a constant, repre-
sents continuously possible displacement components for a continuous medium. Consider
(x1, x2, x3) to be rectangular Cartesian coordinates of a point in the body.

2.  The deformation of a body is defined in terms of the undeformed rectangular coordinates
(x1, x2, x3) as

u = [kGB@1)® + x2), k2(x2) + x3), k(@(x3) + x1)]
where k is a positive constant. Compute the strain of a line element that passes through
the point (2, 2, 2) and has direction cosines n; = ny = n3 = %

3. The displacement components for a body are

up =2x1+x2, uUp=2x3, U3=X3—X2
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Verify that this displacement vector is physically possible for a continuous deformable

body and determine the strain in the direction n; = ny = n3 = %
4. The stress tensor components at a point P are given by
2 4 6
om=1|4 8 12
6 12 5

Find the traction o, at point p on the plane whose outward normal has the vector of
11 14T
[\/57 ﬁ ’ \/§] N

5. In the previous problem find the traction vector o, on the plane through P parallel to the

direction cosines n =

plane x; — 4x, — x3 = 0.

3
6. Showthat ) oj; = constant; that is, the sum of the normal stress components is a constant
i=1
in all rectangular coordinate systems.

7.  Show that for a body subjected to hydrostatic pressure P

3
ZO‘,‘,‘ =-3P
i=1

8.  The stress tensor o, at a point P is given by

$

I
DN W
[SEENI)
(SN IIN

Find the principal stresses and principal directions. Also find the stress vector at point P
on a plane through P parallel to the plane 2x; — 2xp — x3 = 0.

9.  The components of the stress tensor oy, are given by

12k1x1x2 3k [(k2)2 - 4(x2)2]
ol = 73, > = T 53k
(k) k3 2(k2) k3

o =033=013=023=0

where ki, k7, and k3 are constants. Determine whether or not these stress components
satisty the equations of equilibrium.



5 FLOATING FRAME
OF REFERENCE
FORMULATION

In this chapter, approximation methods are used to formulate a finite set of dynamic
equations of motion of multibody systems that contain interconnected deformable
bodies. As shown in Chapter 3, the dynamic equations of motion of the rigid bodies
in the multibody system can be defined in terms of the mass of the body, the inertia
tensor, and the generalized forces acting on the body. On the other hand, the dynamic
formulation of the system equations of motion of linear structural systems requires
the definition of the system mass and stiffness matrices as well as the vector of
generalized forces. In this chapter, the dynamic formulation of the equations of motion
of deformable bodies that undergo large translational and rotational displacements are
developed using the floating frame of reference formulation. It will be shown that the
equations of motion of such systems can be written in terms of a set of inertia shape
integrals in addition to the mass of the body, the inertia tensor, and the generalized
forces that appear in the dynamic formulation of rigid body system equations of motion
and the mass and stiffness matrices and the vector of generalized forces that appear in
the dynamic equations of linear structural systems. These inertia shape integrals that
depend on the assumed displacement field appear in the nonlinear terms that represent
the inertia coupling between the reference motion and the elastic deformation of the
body. It will be also shown that the deformable body inertia tensor depends on the
elastic deformation of the body, and accordingly it is an implicit function of time.

In the floating frame of reference formulation presented in this chapter, the con-
figuration of each deformable body in the multibody system is identified by using two
sets of coordinates: reference and elastic coordinates. Reference coordinates define
the location and orientation of a selected body reference. Elastic coordinates, on the
other hand, describe the body deformation with respect to the body reference. In order
to avoid the computational difficulties associated with infinite-dimensional spaces,
these coordinates are introduced by using classical approximation techniques such as
Rayleigh—Ritz methods. The global position of an arbitrary point on the deformable
body is thus defined by using a coupled set of reference and elastic coordinates. The

188
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kinetic energy of the deformable body is then developed and the inertia coupling
between the reference motion and the elastic deformation is identified. The kinetic
energy as well as the virtual work of the forces acting on the body are written in
terms of the coupled sets of reference and elastic coordinates. Mechanical joints in
the multibody system are formulated by using a set of nonlinear algebraic constraint
equations that depend on the reference and elastic coordinates and possibly on time.
These algebraic constraint equations can be used to identify a set of independent
coordinates (system degrees of freedom) by using the generalized coordinate parti-
tioning of the constraint Jacobian matrix, or can be adjoined to the system differential
equations of motion by using the vector of Lagrange multipliers.

5.1 KINEMATIC DESCRIPTION

Multibody systems in general include two collections of bodies. One collection
consists of bulky and compact solids that can be treated as rigid bodies, while the other
collection includes typical structural components such as rods, beams, plates, and
shells. As pointed out in previous chapters, rigid bodies have a finite number of degrees
of freedom; for instance, a rigid body in space has six degrees of freedom that describe
the location and orientation of the body with respect to the fixed frame of reference. On
the other hand, structural components such as beams, plates, and shells have an infinite
number of degrees of freedom that describe the displacement of each point on the
component. As was shown in the preceding chapter, the behavior of such components
is governed by a set of simultaneous partial differential equations. Using the separation
of variables, the solution of these equations, if possible, leads to representation of the
displacement field in terms of infinite series that can be written in the following form:

[e¢]

p = Zakfk where fi = fi(x1, x2, x3)
k=1
o0
iy =) bigi where g = gi(x1, X2, X3) (5.1)

k=1

oo
"_tf3 = chhk where hk = hk(-xlv X2, X3)
k=1

where iiyy, iif2, and i3 are the components of the displacement of an arbitrary point
that has coordinates (x1, x», x3) in the undeformed state. The vector of displacement
0y = [itp ity szg]T is space- and time-dependent. The coefficients ay, by, and ci
are assumed to depend only on time. These coefficients are called the coordinates,
and the functions f, gx, and hy are called the base functions. Each of the functions
fr> 8k, and h; must be admissible; that is, the function has to satisfy the kinematic
constraints imposed on the boundary of the deformable body. It is also required that
the infinite series of Eq. 1 converge to the limit functions iy, iiy>, and iiy3 and that
these limit functions give an accurate representation to the deformed shape.

Rayleigh—Ritz Approximation A simple example of Eq. 1 is the displace-
ment representation that arises when one writes the partial differential equation of a



190 FLOATING FRAME OF REFERENCE FORMULATION

vibrating beam and uses the separation of variables technique to solve this equation. In
this particular case, the base functions are the eigenfunctions and the coordinates that
are infinite in dimension are the time-dependent modal coordinates. Because of the
computational difficulties encountered in dealing with infinite-dimensional spaces,
classical approximation methods such as the Rayleigh—Ritz method and the Galerkin
method are employed wherein the displacement of each point is expressed in terms
of a finite number of coordinates. In this case the series of Eq. 1 are truncated, and
this leads to

~

i~ Y afi
k=1

3

i~ Y big (5.2)
k=1

=

p3 ~ E crhy
=1

The functions iiyy, is2, and iir3 represent, in this case, partial sums of the series of
Eq. 1. For the approximation of Eq. 2 to be valid, the sequences of partial sums of Eq. 2
must converge to the limit functions of Eq. 1. In other words, we require the sequences
of partial sums to be Cauchy sequences. A sequence of functions (sy, sz, . ..) is said
to be a Cauchy sequence if, given a small number ¢ > 0, there exists a natural number
M (e) such that if n and m are two arbitrary natural numbers that are greater than or
equal to M(¢) and m > n, we have

|sm_sn| <¢€

By assuming that the sequences of partial sums of the series in Eq. 1 are Cauchy
sequences, and provided [/, m, and n of Eq. 2 are relatively large, we are guaranteed
that the approximation of Eq. 2 is acceptable.

Equation 2 implies also that approximations of the limit functions iy, iy,
and iir3 can be obtained as linear combinations of the base functions fi, gk, and
hy, respectively. This property, in addition to the fact that the sequences of partial
sums of the series of Eq. 1 are Cauchy sequences, is called completeness; that is,
completeness is achieved if the exact displacements, and their derivatives, can be
matched arbitrarily closely if enough coordinates appear in the assumed displacement
field. The assumed displacement field is, in general, either exact or stiff. This is mainly
because the structure is permitted to deform only into the shapes described by the
assumed displacement field.

Floating Frame of Reference In the development presented in the subse-
quent sections, we assume that the displacement field of Eq. 2 describes the defor-
mation of the body with respect to a selected body reference as shown in Fig. 1. The
motion of the body is then defined as the motion of its reference plus the motion of the
material points on the body with respect to its reference. If the assumed displacement
field contains rigid body modes, a set of reference conditions has to be imposed to
define a unique displacement field with respect to the selected body reference. This
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X,

Figure 5.1 Deformable body coordinates.

subject is discussed in more detail in the following chapter where a finite element
floating frame of reference formulation is presented.
One may write Eq. 2 in the following matrix form:

& = Sqy (5.3)

where Oy = [iif ity U f3]T is the deformation vector; S is the shape matrix whose ele-
ments are the base functions fi, g, and hy; and qy is the vector of elastic coordinates
that contains the time dependent coefficients ay, by, and c.

To identify the configuration of deformable bodies, a set of generalized coordi-
nates should be selected such that the location of an arbitrary point on the body can
be described in terms of these generalized coordinates. To this end, we select a global
coordinate system that is fixed in time and forms a single standard and as such serves
to define the connectivity between different bodies in the multibody system. For an
arbitrary body in the system, say, body i, we select a body reference Xl1 X’ZX’3 whose
location and orientation with respect to the global coordinate system are defined by a
set of coordinates called reference coordinates and denoted as q'. The vector ¢’ can
be written in a partitioned form as

¢ =[R" o (5.4)
where R’ is a set of Cartesian coordinates that define the location of the origin of
the body reference (Fig. 1) and ' is a set of rotational coordinates that describe the
orientation of the selected body reference. The body coordinate system X’1 X’ZX; is
the floating frame of reference. The origin of this reference frame does not have to be
rigidly attached to a material point on the deformable body. It is required, however,
that there is no rigid body motion between the body and its coordinate system. It is also
important to point out that the reference motion should not be interpreted as the rigid
body motion, since different coordinate systems can be selected for the deformable
body (Shabana 1996a). The floating frame of reference formulation, therefore, does

not lead to a separation between the rigid body motion and the elastic deformation.
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Position Coordinates 1In this and the following chapter, the set of Cartesian
reference coordinates is used to maintain the generality of the development. Other sets
of coordinates such as joint variables can also be used with the formulation presented
in this chapter by establishing the proper coordinate transformation. As pointed out
in Chapter 2, three coordinates are required to define the location and orientation
of the body reference in the two-dimensional analysis. These coordinates can be
selected to be R}, R}, and 6, where R} and R} are the coordinates of the origin of the
body reference and @' is the angular rotation of the body about the axis of rotation. In
three-dimensional analysis, however, six independent coordinates are required. Three
coordinates, Ri, Ré, and R, define the location of the origin of the body reference,
and three independent rotational coordinates define the orientation of this reference.
This subject has been thoroughly investigated in Chapter 2, where it is pointed out
that the orientation of the body reference can be identified using the three independent
Euler angles, Rodriguez parameters, or the four dependent Euler parameters. If the
body is rigid, the reference coordinates are sufficient for definition of the location of
an arbitrary point on the body, and accordingly these coordinates completely describe
the body kinematics. For rigid bodies, therefore, the configuration space of the body
and the configuration space of its reference are the same and no conceptual difficulties
arise in selecting the local reference frame of rigid bodies. For example, in the case
of a rigid body, the global position of an arbitrary point P on the rigid body can be
written in the planar analysis as

rb, =R +A'd (5.5)

where @ is the local position vector of point P and A’ is the transformation matrix
defined as

Al — Cf)S@l —st (5.50)
sinf*  cos@’

Since the assumption of rigidity of the body i implies that the distance between two
arbitrary points on the body remains constant, one may conclude that the length of
the vector @' remains constant and, as such, the components of this vector relative
to the body coordinate system remain unchanged. Similar comments apply for the
spatial analysis.

When deformable bodies are considered, the distance between two arbitrary
points on the deformable body does not, in general, remain constant because of the
relative motion between the particles forming the body. In this case, the vector @i’ can
be written as

o =u,+a, =, +Sq; (5.6)
where @) is the position of point P in the undeformed state, S' = S'(x{, x5, x})
is a space-dependent shape matrix, and q} is the vector of time-dependent elastic
generalized coordinates of the deformable body i. One can then write the global
position of an arbitrary point P on body i in the planar or the spatial case as

r, =R + A’ =R+ A'(@, +S'q}) (5.7
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in which the global position of point P is written in terms of the generalized reference
and elastic coordinates of body i. Therefore, we define the coordinates of body i as

i [d
qQ =1, i| (5.8)
L 97
or by using the partitioning of Eq. 4, we can write ¢’ in a more explicit form as
R
q = Q’ (5.9)
q

where R’ and ' are the reference coordinates and q} is the vector of elastic coordi-
nates. Note that the vector !, of Eq. 6 can be written as

_ . . . T

u, =[x} x) xi] (5.10)
where xi, xé, and xé are the coordinates of point P, in the undeformed state, defined
with respect to the body reference. Equation 6 can then be written as

x| S
o =|xi|+]|S)|q (5.11)
x5 S

where S} is the kth row of the body shape function.

Example 5.1 The beam shown in Fig. 2 has length [ = 0.5 m. The beam is
initially straight, and its axis is parallel to the global X; axis. (Since we are
considering only one beam in this example the superscript i is omitted for sim-
plicity). The origin of the beam reference is assumed to be rigidly attached to
point O, while the displacement field defined in the body coordinate system is

o

X

Figure 5.2 Two-dimensional beam.
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assumed to be

_ if 3 0 |:Qf1i|
= Sq; = = 5.12
e [@J [ozmﬁ—xai ar 12

where iif and ii s, are the components of the displacement vector at any arbitrary
point x; = x, qr = [gr1 gr2]" is the vector of elastic coordinates, & is a dimen-
sionless quantity defined as & = (x /), and the body shape function S is defined
as

=[5 e ey
0 32 -2

The location and orientation of the beam reference is defined by using the Carte-
sian coordinates q, = [R; R, 0]T. Therefore, the total vector of the beam coor-
dinates q = [q) q7]" is defined as
T
q=[q; qu] =[Ri Ry 0 gqp1 qpl"

At a given instant of time ¢, let the components of the vector q have the following
numerical values:

q=[1.0 05 30° 0.001 0.01]"

Determine the global position of the tip point and the center of mass of the beam
C.

Solution At this instant of time, the transformation matrix A of Eq. 5a is given
by

__|cos® —sin6| 0.8660 —0.500
" |sin® cos@ 0.500  0.8660

The global position of point A can then be written as
rp = R+ Au A

where the vector 4 is the local position of the tip point and can be written by
using Eq. 6 as

Uy =10, + Uy

where 1@, is the undeformed position of point A given by

o[

The vector i is the elastic deformation of point A and can be evaluated, since
& =1 atpoint A, as

o ¢ 0 gr] _[1 0]J0.0017 _T0.001
P10 32 —2EY||g2| |0 1]]0.01 [ | o001

and accordingly

. [ 0501
A= 0.01
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The position vector r4 can be then written as
. 1.0 n 0.8660 —0.500 || 0.501 | | 1.4289
4= 105 0.500 0.8660 0.01 |~ ] 0.75916

At point C, £ = 0.5 and @1, = [(//2) 0]T = [0.25 0]T. The deformation
vector Uy at C is given by

i = 0.5 0 0.001 | [ 0.0005
P71 0 3(0.5?%-2(0.57 0.01 |~ | 0.005
and the local position of point C is
G — i, 4 iy = 0.25 + 0.0005 | | 0.2505
S A 0.005 | ~ | 0.005

The global position r¢ can then be determined as

oo [Lo N 0.8660 —0.500 | [0.25057 [ 1.2144
c= 105 0500 08660 || 0.005 | ~ | 0.62958

Velocity Equations Differentiating Eq. 7 with respect to time yields

i =R +Ad + AW (5.13)
where (") denotes differentiation with respect to time. Using Eq. 6, one can write @i’
in terms of the time derivatives of the elastic coordinates of body i as

i =S'q; (5.14)

where §' = Si(x{, xé, xé) is the body shape matrix and q} is the vector of elastic
generalized velocities of body i. Substituting Eq. 14 into Eq. 13 yields

i, =R +A'd +A'S'q) (5.15)

where the equation !, = 0 is used. To isolate velocity terms, the central term on the
right-hand side of Eq. 15 can, in general, be written as

Ald =B'O’ (5.16)

where ©' is the vector whose elements Gli are the time derivatives of the rotational
coordinates of the body reference and B’ = Bi(8’, q}) is defined as

; o .. a .
B' = -(A'u') .- —— (A0’ 5.17
|:89{( u) 89,;',( u)] (.17

where n, is the total number of rotational coordinates of the reference of body i.
Equation 17 follows from using the chain rule of differentiation, which yields

Ald = Z 20 (A'u)] (5.18)
k=1 k
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Substituting Eq. 16 into Eq. 15, one gets
i, =R + B0 +A'S'q; (5.19)
In partitioned form, the absolute velocity vector of Eq. 19 can be written as

R
h=[ B AS]|& (5.20)
a5
where Iis a 3 x 3 identity matrix. Equation 20 can also be written as
i, =L'¢q (5.21)

where q' = [q" q}T]T =R &7 q}T]T is the total vector of generalized velocities
of body i, and L/ is the matrix

L'=[1 B A'S] (5.22)

Before proceeding in our development, perhaps it is important to explain the nature
of the terms appearing in the right-hand side of Eq. 19. The vector R’ is the absolute
velocity vector of the origin of the body reference, while the last term, A’S’ q}, is
the velocity of point P due to the deformation of the body, defined with respect to an
observer stationed on the body. If the body were rigid, the term A’S’ q} would be equal
to zero. The central term, B'0', is the result of differentiation of the transformation
matrix with respect to time. This term depends on the reference rotation as well as the
elastic deformation of the body. In the case of rigid body translation this term vanishes,
and accordingly the velocity of any point on the body is equal to the velocity R’ of
the origin of the body reference. In Chapter 2, it was shown that

Al =B O = Al(@' x@') = —A'(@ x @) (5.23)

where @' is the angular velocity vector defined in the body reference. Alternatively,
if we define

o = Al (5.24)
we may write Eq. 23 as
Al =B'0 = w' xu = —u x w (5.25)
where w' is the angular velocity vector defined in the global, fixed frame of reference.
It is clear from Eq. 25 that the central term on the right-hand side of Eq. 19 is a vector
that is perpendicular to both w' and the vector u’, which represents the position of P
relative to the origin of the body reference.
Knowing that
—u xw =i =i W (5.26)
where @i’ is the skew symmetric matrix defined as
0 uh  —ub
=|—-uy O ul (5.27)
uy —ub 0

i
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and u!, u)y, u’j are the components of the vector u', one can write the velocity vector
of Eq. 19 in the form

i, =R+ w +A'Sq (5.28)
or alternatively
R
i=[ & AS]| (5.29)
a

Equation 28 (or Eq. 29) defines the velocity vector in terms of the angular velocity
vector w'. We will, in general, use Eq. 19 or 20 instead of Egs. 28 and 29 since we
prefer to develop our equations in terms of the generalized coordinates of the body.
Therefore, the definition of the matrix B’ is important in the development that follows.

It was shown in Chapters 2 and 3 that irrespective of the reference rotational
coordinates used, the vector ' in Eq. 23 can be written in terms of the rotational
coordinates and velocities of the body reference as

o =GO (5.30)

where G' = G/(0') is a matrix given in Chapters 2 and 3. One can then write Eq. 23
as

Al = —Al@ x @) = —A'd' @' (5.31)
or

Ald = —A'6'G' o (5.32)
from which we identify the matrix B? of Eqgs. 20 and 22 as

B = -A'WG' (5.33)

Since ' is the vector of the coordinates of an arbitrary point of body i that can be
written as

o=, @ @], (5.34)

the skew symmetric matrix @’ of Eq. 33 is defined as

0 —iy i
= a 0 - (5.35)
—ih @t 0

Using Eq. 33, one can write the matrix L/ of Eq. 22 as

L'=[1 -AW%G A'S] (5.36)
The form of the velocity vector of Eq. 21 with Li defined by Eq. 36 will be used in
the development of the kinetic energy in the following section.

Acceleration Equations The acceleration of point P can be determined by
direct differentiation of Eq. 21. This leads to

i, =L¢q +L'g (5.37)
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where L’ is a quadratic velocity vector that contains the Coriolis component. Using
the identities presented in Chapter 2, one can verify that the acceleration vector of
Eq. 37 can be written as

i =R + ' x (' xu)+a xu 2w x (A'l) + A'ii’ (5.38)

In this equation, ' is the angular acceleration vector. The term R is the absolute
acceleration of the origin of the body reference. The second term, w’ x (w’ xu’), is the
normal component of the acceleration of point P’ that instantaneously coincides with
P and does not undergo deformation. This component of the acceleration is directed
along the straight line connecting the two points O and P. The third component,
o x u', is the tangential component of the acceleration of P’ relative to O. The
direction of this component is perpendicular to both the angular acceleration vector
o and the vector u'. The fourth term, 2w’ x (A’ii'), is the Coriolis component of
the acceleration, and the fifth term, A’ is the acceleration of point P due to the
deformation relative to the body reference. If the body is rigid, the fourth and fifth
components vanish.

Example 5.2 The reference of the beam of Example 1 rotates with a constant
angular velocity @ = @ = 5 rad/sec. Determine the absolute velocity and accel-
eration of the tip point A at the instant of time ¢ at which the beam coordinates,
velocities, and accelerations are given by

Cl=[qu q;]T=[R1 Ry 0 qr gpl"
=[1.0 0.5 30° 0.001 0.01]"
a=[a" @ =R R & ¢ gpl"
=[01 10 5 2 3]
a=[a @] =tk R 0 g gl
=2 0 0 10 20F
Solution In this case the matrix L of Eq. 22 is the 2 x 5 matrix
L=[I B AS]

where I is the 2 x 2 identity matrix

o 1]

One can verify that B, in this case, is a two-dimensional vector defined as
B = Agl_l A

where Ay is the partial derivative of the transformation matrix A with respect to
the rotational coordinate 6, that is,

|:—sin9 —cose] |:—0.5 —O.866i|
A@: =

cosf  —sinf 0.866 —0.5
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From Example 1, the vector ui4, which is the position of the tip point A defined
in the beam coordinate system, is given by

i, = [0.501 0.01]T

Therefore, the vector B can be evaluated as

—-0.5 —0.866 || 0.501
0.866 —0.5 0.01

_ [-0.25916

B = At = [ = [ 0.42886 }

Since at point A, £ = (x/!) = 1, the shape matrix S evaluated at point A is given

by
s_|¢ 0 J1r oo
10 3¢E)P-2€)° ] |0 1

and using the transformation matrix A evaluated in Example 1, one gets

AS — 0.8660 —0.500 (|1 O | 0.8660 —0.5000
| 05 0.8660 | [0 1| |0.5000 0.8660

The matrix L can then be defined as

L=[ B AS]:|:1 0 —0.25916 0.8660 —o.sooo}

0 I 0.4288 0.5000 0.8660

and accordingly, the global velocity vector of point A is given by

0.1
1.0
io= La = I 0 -0.25916 0.8660 —0.5000 5
A=MIZ 10 1 04288 0.5000  0.8660 N
3

—0.96380
- [ 6.74235 ]m/sec

The acceleration of point A is given by

iy =Li+Lq
where
2
qu[l 0 —0.25916 0.8660 —0.5000} 8
0 1 04288  0.500 0.8660 10
20

_ [ 066 )
= [22.32] m/see

One can verify that the matrix L is
L=[0, B AS]
= [0, (—Al_lAé —i—AgS(]f) AQSQ]
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where 0, is a 2 x 2 null matrix. Using the results obtained in Example 1, we can
calculate the vectors Az and ApSqy as

. [0.4289 2.1445
A6 = [0.25916] )= |:1.2958:|

ALSds — —-0.5 —-0866||1 O|[|2] [-3.598
U= 10866 —05 [[o 1][3] 7| 0232

. [—05 —08667[1 0 [—2.5 —4.33
A959=[0.866 —0.5 Ho 1}(5)2_4.33 —2.5]

and

The vector L¢ can then be evaluated as

0.1
1.0
iq_[0 0 —57425 —25 —4337| .
9=10 0 —1.0638 433 —25 >
3
[ -46.702 5
= [ —4.159 ]mlsec

The acceleration vector of point A is the sum of the two vectors

... [o066 —46.7027 [ —46.042 )
Fa=Ld+La= [22.32} + [ —4.159 ] = [ 18.161 }m/sec

5.2 INERTIA OF DEFORMABLE BODIES

In this section, we develop the kinetic energy of deformable bodies and point
out the differences between the inertia properties of deformable bodies that un-
dergo finite rotations and the inertia properties of both rigid and structural sys-
tems. In addition to the inertia tensor and the conventional mass matrix that ap-
pear, respectively, in rigid body dynamics and the dynamics of linear structural
systems, it will be shown that a set of inertia shape integrals that depend on the
assumed displacement field must be evaluated in order to completely define the mass
matrix of deformable bodies that undergo large reference rotations. Moreover, the
body inertia tensor depends on the elastic deformation and, as a consequence, is
time-variant.

Mass Matrix The following definition of the kinetic energy is used:
i1 iciToi gysi
T = - p'r rdV (5.39)
2 yi

where T' is the kinetic energy of body i in the system; p’ and V' are, respectively, the
mass density and volume of body i; and i is the global velocity vector of an arbitrary
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point on the body. Using the expression of the velocity vector of Eq. 21 given in the
preceding section, one can write the kinetic energy of Eq. 39 as

i 1 iniTy iTyisi gvi
T :5 p'q L' L'qdVv (5.40)
Vi

Since the total vector of generalized coordinates ¢ is assumed to be time-dependent
and the mass density p' may depend on the location of the point, we can write Eq. 40 as

Ti — quT [/ p’L’TL’dV’] q (5.41)
Vi

or in a more compact form as
1

T = E(~1iT1v1fqi (5.42)

where M’ is recognized as the symmetric mass matrix of body i in the multibody
system and is defined as

M = / P LITLidVi (5.43)
Vi

Using the definition of L’ of Eq. 22, one can write the mass matrix of body i in a
more explicit form as

1
M":/‘pi BT | B ASV
S LAis)
T | B A'S
_ / V. BB BTAS |4V (5.44)
v | symmetric Si's

where the orthogonality of the transformation matrix, that is, ATAT = 1, is used in
order to simplify the submatrix in the lower right-hand corner of Eq. 44. The mass
matrix of Eq. 44 can also be written as

i

Mg My, My,
M = my, my, (5.45)
symmetric m}
where
mjy . :/V p'1dV',  mbp, = /V p'BdV' (5.46a,b)
mp, = Al /V[ 0'S'dV,  mj, = /V[ P'BI BV (5.46¢,d)

mgf:/w B AIS AV m}f:/w piSiSiqV (5.46¢,1)
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Note that the two submatrices m’, , and mj’;-f associated, respectively, with the transla-
tional reference and elastic coordinates, are constant. Other matrices, however, depend
on the system generalized coordinates, and as a result they are implicit functions of
time. In terms of the submatrices defined in Eq. 46, one can write the kinetic energy
of the deformable body i as

T = 3( Tl R+ 2R mip, 0 + 2R iy ) + 6 mi), &

N T i ST
+20" my,q; + q; myq;) (5.47)

Special Cases If the body is rigid, the vector q} of elastic coordinates of body
i vanishes and the kinetic energy reduces to

T = E[R’Tm’RRR’ 2R 'm0 + 6 'mi, 0] (5.48)

which can be written in a partitioned form as

ol T | M, m R
TV= J[RT @7T]| RETRO (5.49)
2 my, my, 0
where the mass matrix in the case of a rigid body motion can be recognized as
, m,, m
M =| RtOTR (5.50)
myr My,

The matrix m%, and its transpose m}, represent the inertia coupling between the
rigid body translation and the rigid body rotation. It is shown in Chapter 3 that this
coupling can be eliminated, in rigid body dynamics, if the origin of the body reference
is rigidly attached to the mass center of the body. The term m’k g represents the mass
matrix associated with the translational coordinates of the body reference. This matrix
is diagonal, and the diagonal elements are equal to the total mass of the body. The
matrix mgg is associated with the rotational coordinates of the body reference.

In the case of structural systems, the reference coordinates remain constant with
respect to time, that is

R'=0, 0=0
The kinetic energy of Eq. 47 reduces to

1l
T' = qu my,q; (5.51)
and the mass matrix of the body can be recognized in this case as the constant matrix
m}f, which appears in the dynamic formulation of linear structural systems.

When a deformable body undergoes rigid body motion, the mass matrix is defined
by Eq. 45 and the submatrices min and mg 7 and their transpose represent the coupling
between the reference motion and elastic deformation. In this case these matrices as
well as the matrices m’,, and m),, depend on both the rotational reference coordinates
and the elastic coordinates of the body i.
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Spatial Motion To develop in detail the form of the components of the mass
matrix in the general case of a spatial deformable body that undergoes rigid body
motion, we use the general definition of the matrix B? given by Eq. 33. We start with
the submatrix m'; , associated with the translations of the origin of the body reference
given by Eq. 46a. This matrix can be determined as

1 00
miRRZ/p"IdV":/_p" 0 1 0faV’
‘ Lo o 1
which by integration yields
m- 0 0
my,=|0 m 0 (5.52)
0 0 m

where m! is the total mass of body i. Because of the conservation of mass, this matrix
is the same for both cases of rigid and deformable bodies.
Using Eq. 33, one can determine the submatrix mj, of Eq. 46b as

mly, = min = /V BV = - /V ATV (5.53)

Because the matrices A’ and G’ are not space-dependent, one can write the integral
of Eq. 53 in the form

m, = mi, = —A’ [ /V i p"ﬁ"dvf] G (5.54)

which can be written as
m,, =m), = —A'S/G’ (5.55)

in which the skew symmetric matrix §; is defined by
S = / P dVv (5.56)

Using the definition of the skew symmetric matrix o' of Eq. 35, one can verify that
the matrix S/ is given by

5 0 —53 A\
Si=|5 0 -5 (5.57)
—5 8 0
where
s;;:/ platdvi, k=123 (5.58)
Vi

or in a vector form as

Sl = / pudv’ (5.59)
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The vector Si represents the components of the moment of mass of the body i about
the axes of the body coordinate system. In the general case of a deformable body this
vector can be written as

S| = / p' &, + 0y ]aV’ (5.60)
Vi

If the body is rigid, S! is a constant vector. Furthermore, if the origin of the body
reference is attached to the center of mass, one has

I :f o'a dv’ =/ 0 [xi xb xé]TdVi =0 (5.61)
vi vi

which shows that the matrix m&y, in the case of rigid body dynamics is the null matrix.
In this case the translation and rotation of the rigid body are dynamically decoupled.
This, however, is not the case when deformable bodies are considered. This fact can
be demonstrated by writing Eq. 60 in a more explicit form as

S = / p' [, +S'q;]dV’ (5.62)

One can see that in the special case in which the origin of the body reference is
rigidly attached to the center of mass in the undeformed state, which is the case in
which Eq. 61 is satisfied, there is no guarantee that S! is the null matrix because of
the deformation of the body. Therefore, Si and the submatrix m/,, must be iteratively
updated. It is also clear from Eq. 62 that, in addition to evaluating the moment of mass
in the undeformed state, one needs to evaluate the following inertia shape integrals:

S = / p'Siavi (5.63)
Vi
This matrix is also required for the evaluation of the matrix m’k  of Eq. 46¢, since
m}, = A’ / p'SidVi = A'S! (5.64)
; Vi

The submatrix m),, of Eq. 46d, associated with the rotation of the body reference
can be defined by using the matrix B’ of Eq. 33, as

m}, =/Vi p'B BV =/w P (AW GH (AR GHAV! (5.65)

Using the orthogonality of the transformation matrix A’, thatis, A’ A' = I, one can
write mée as

. c e T~ Tai = .
my, = / p'G a uG'av'
Vl
By factoring out terms that are not space-dependent, one gets

m,=G" UV piﬁ"Tﬁ"dvi] G (5.66)
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Thus m}, depends on both rotation of the body reference and the elastic deformation.
The matrix m,, can be written as

m, =G T,G (5.67)
where I, is called the inertia tensor of the deformable body i and is defined as

T, = / Pl W dv (5.68)
Vi

Using Eq. 35 and noting that & ' = —ii’, we note that Eq. 68 yields

(@) + (@) - —ai
Iy = /V p' @) + (&)  —aa |4V (5.69)
symmetric (”_‘li)z + (aé)z

It can be shown that, in order to evaluate the inertia tensor, the following distinctive
inertia shape integrals are required:

1 :/‘p"x,’;xlidV’A, I, =/v,0"x,’;Sde",

v v (5.70)
St =f p'SISIdVi, k=123

yi

where S} is the kth row of the body shape function S'. In the case of rigid body
analysis the inertia tensor I, is a constant matrix. In deformable body dynamics,
however, the inertia tensor depends on the elastic coordinates of the body. This is clear
since the vector @' is the sum of two vectors; the first is the undeformed position vector
of the arbitrary point denoted as @, while the second is the deformation vector S'q;.

The inertia shape integrals of Eq. 70 are also required for the evaluation of the
matrix m), ¢ of Eq. 46e. Using Eq. 33 and the orthogonality of the transformation
matrix, we may write my as

mj, = —/ oG aTATAIS Vi = (;fT/ PSS AV (5.71)
vi vi
where the fact that @' = —@' is used. Equation 71 can be written in an abbreviated
form as
m), = G'' I}, (5.72)

where I, is defined as
I, = / puSdv (5.73)
Vi
Using Eq. 35, it can be shown that I}, is the matrix
ihS, — iy Sh

igf:/ o | aisi — @S, |avi
=/,

Qi AiQi
S5 — yS)
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which on using Eq. 6 yields

iT(QiTQi iTQi i Qi i Qi
qy (Sy'S; - S5'S)) 185 — x38)

- i T T Tai ; il i iQi i
I, =/ | ap (SyS) —S|'S)) |av —i—/_,o 581 —x8; | dv
vi T, T T . ! i Qi i Qi

q' (S1'S; - Si'S]) xS, — 68,

where o) =[x x} xi]T is the undeformed position of the arbitrary point. Using
Eq. 70, one can verify the following:

iT Qi QiT iTE;

qr (823 - S23) qy Sh
iT(gi SN | = | o7&

q; (S5, -S5) | = q; S5 (5.74)
iT(Qi QiT T&i

gy (Si, —Siy) q; S,

where Siu’ 533, and Sgl are the skew symmetric matrices defined as

Qi Qi QiT
S, =8, —-Sh,
Qi Qi QiT
Sh; =85 — Sy (5.75)
Qi Qi QiT
S5 =85, — 85,

and the matrices S}, are given by Eq. 70.

Finally, the submatrix m}f of Eq. 46f is independent of the generalized coordi-
nates of the body and, therefore, is constant. This matrix can be written in terms of
the inertia shape integrals of Eq. 70 as

m), = [ p'S'SidVi =8, + 8, + Sl (5.76)
Vl

This completes the formulation of the components of the mass matrix of the de-
formable body in the spatial analysis.

Planar Motion A special case of three-dimensional motion is the planar
motion of deformable bodies. In this special case, the reference coordinates are
¢ =MR" o7 (5.77)

where R! = [R’i Ré]T is the vector of Cartesian coordinates that define the location
of the body reference. In the case of planar motion, the matrix m’, , can be defined as

. . ; m 0
o = "TdV' = . 5.78
mRR /‘;i P 14 [ 0 m1:| ( )

where Tis a 2 x 2 identity matrix and m' is the mass of the deformable body i in
the multibody system. Using the planar transformation of Eq. 5a, one can define the
matrix B’ as

B = A)d (5.79)

where A}, is the partial derivative of the transformation matrix A’ with respect to the
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rotational coordinate 6¢, that is,

; —sinf®’  —cos &'
— A , 5.80
o [ cos ' —sin9’i| (>80)
Using Eq. 79, we can write the submatrix mb,, of Eq. 46b as
m’, =/ o'Blav’ :A;/ pladv :Ag/ p' [, +a;]aVv’
yi Vi Vi
= A} I} + S"q}] (5.81)
where the matrices I} and S are defined as
I = / puldv', § = / 0'S'dVv’ (5.82)
vi Vi

The vector I} is the moment of mass of the body about the axes of the body reference
in the undeformed state. Therefore, if the origin of the body reference is initially
attached to the body center of mass, the vector I vanishes. The vector S’} represents
the change in the moment of mass due to the deformation.

Using Eq. 46¢, one can verify that

mi, = A'S' (5.83)
Because A, of Eq. 80 is an orthogonal matrix, that is, AgTAé =1, Eq. 46d yields
m, = / p'BI'BdV = f P AN ARV = / pu WAV (5.84)
Vi Vi vi
Since o’ = @ + 1‘1}, where ﬁ’f = Siq;-, one can write Eq. 84 as
m, = / pf [+ )] (& + ] d Vv
Vl
_ / ol [ﬁfﬁg +2u) ) +ﬁ"fTﬁ}] av
= (m3),, + (mo),; + (M) (5.85)

in which the submatrix mj, reduces to a scalar that can be written as the sum of three
components. The first component, (mée)r,, can be recognized as the mass moment of
inertia, in the undeformed state, of the body about the origin of the body reference.
This scalar component can be written as

. P . . . . . )Ci .
i), = [ palaavi= [ i wt]| T fav
Vi Vi .X2
i i)2 i)2 i
= / P () + ()] av (5.86)
Vl
Clearly, this integral has a constant value and does not depend on the body deforma-

tion. The last two scalar components, (mée)r r and (mfga)ff, of Eq. 85 represent the
change in the mass moment of inertia of the body due to deformation. These two
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components are evaluated according to
. s T . o T . .
(m’%)rf = 2/ o', wdV' =2 |:/ p'u S dV’:| q; (5.87)
i Vi
i imi T i i iTQiTqi i i
(meg)ff :/‘puf u; dv :/_qu S''S'q;dV
Vi Vi
=q [ / piSiTSidVi} qj (5.88)
Vi

If we use the definition of Eq. 46f, Eq. 88 can be written in the following form:
i iT i i
(mg(,)ff = qf mq; (5.89)

Note that the two scalars (m},),s and (m},);s depend on the elastic deformation of
the body. Finally, we write Eq. 46e as

m)), = / p'BAIS AV = / P ATAIS gV (5.90)
vi vi
It can be shown that the product AgTAi is a skew symmetric matrix defined as
< T i 0 1
I=A A" = 591
0 [—1 0} (591)

Substituting Eq. 91 into Eq. 90 and writing @i’ in a more explicit form yields
mj, = / pl [ +a)] IS'av
yi
o T . T~
_ / P IS av + ¢S (5.92)
vi
where the constant skew symmetric matrix §' is defined as
Qi iQiTyQi /i i|QiTqi iTQi i
S=/pS ISdV=/p[SlS2—SZS,]dV (5.93)
vi vi

in which S} and S}, are the rows of the shape function S’. One may also observe that
the submatrix mf,f consists of two parts; the first part is constant, while the second
part depends on the elastic coordinates of the body.

We conclude that, to completely describe the inertia properties of the deformable
body in plane motion, a set of inertia shape integrals is required. These integrals,
which depend on the assumed displacement field, are

Iﬁ:/ p [ x] v, 1,;',:/ plxixidVi, k=12 (5.94)
Vi Vi

i}g:/ Pl SV, Si:/ p'S'av’, S};,z/ PSS dVi,
Vi Vi Vi
k1=12 (595)

where the constant matrix m}f can be written in terms of these integrals as

m, = / piSTSiavi = / pi [S’;TS';+s§ng]dvf=S';1+ng (5.96)
Vi Vi
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If the body is rigid, only the integrals of Eq. 94 are required. On the other hand, if the
large rigid body displacement is not permitted, which is the case in linear structural
systems, only the constant matrix of Eq. 96 is required.

Exampl_e 5.3 For the deformable beam given in Example 1, the inertia shape
integral S of Eq. 95 is given by (since we have only one body, the superscript i
is omitted for simplicity)

__ _ E 0
S_/VdeV_/V”[O 3(&)2—2@)3}”

where p is the mass density of the beam material; £ = (x/[); [ is the length
of the beam; and V is the volume. If the beam is assumed to have a constant
cross-sectional area a, then

dx
dV:adx:alT=Vdéj

Assuming that the mass density p is constant, we have

pVdE = mds

where m is the total mass of the beam. The matrix S can then be written as

1 )
- & 0 _mi1 0
S‘/O’"[o 3(5)2—2@)3]”15‘3_0 1}

The skew symmetric matrix S’ of Eq. 93 is

3 . L [0 L
S=/,0STISdV=/ mS'ISdg =m | 20}
|4 0 __E 0

The constant matrix ms; can be evaluated by using Eq. 96 as

= STSdv = 1STSd = 3 0
my; = P =m E=m 0 B
\4 0 35

Since the location of an arbitrary point on the beam is
N T
i, =[x 0] =1[7 0] =11 0"
one has the following:
] T ml T
Ilz/,oﬁodeml/ [ 0]'dée=—1[1 0]
v 0 2

!
/pﬁEdez’”_n 0]
y 3
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/ aliSdV = mli| 0 lT
, P = 20

1 2
4 0 0 3

which is the mass moment of inertia of the beam, in the undeformed state, about
the X3 axis.

Let the mass of the beam be 1.236 kg and the length 0.5 m, and let at a given
instant of time the vector of beam coordinates be given by

T
q=[q’ (1;] =[R R 0 qn qpl
=[1.0 05 30° 0001 001"

The components of the mass matrix of Eq. 45 can be evaluated as follows. By use
of Eq. 78, the matrix mgg associated with the translational coordinates is given by

me.—|m 0]_[1236 0
RR=10 m|~| 0 1236

The vector I; of Eq. 82, in this case, is

!
I, =/ pii,dV = 221 0" =[0.309 0]"
\%4

2
and
Sqf _m |:1 0] [qfl] _ [0.0006181|
210 1]|gn 0.00618
that is,

_ [0.30962
= | 0.00618

Since the matrix Ay in this case is given by
A — —sinf —cos6 | | —0.5 —0.866
9= | cos® —sinh |~ | 0866 —0.5
the matrix mgg of Eq. 81 is given by

< ~0.5 —0.8667][0.309627 _ [ —0.1602
mpo = Ao [1 +Sar] = [0.866 05 } [0.00618:| = [ 0.2650 ]

_ 03097  [0.000618
I +8qr = [ 0 } |:0.00618 ]

For the value of & = 30°, the transformation matrix A is
A= cos@ —sinf | [0.866 —0.5
| sinf cos@® |~ | 0.500 0.866
and the matrix mg, of Eq. 83 is given by
mer — AS — 0.866 —0.5 1 0 1.236
RE=22710.500 0.866 [0 1 2

0.5352 —0.309
0.309 0.5352
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The scalars (mgg ), and (mgg)ry of Eqs. 87 and 88 are given by

(mog)ry =2 |:/ pﬁZSdV] a = Zm?l (1 0] [qfl}
v

qr2
2ml 2(1.236)(0.5
= %Qfl = (f)()(0.00l) =4.12 x 107
1.236 L0 {[0.001
(meg)ry = q;lnfqu =— [0.001 0.01] |:8 %:| |: 0.01 ]
=2316 x 107

Therefore, myy in Eq. 45 is given by
Mgy = (Mgg)rr + (Meg)rr + (Mag)sy

1 2
_ m(?)) 1 (4.12) x 107 +2.316 x 1075

~1.236(0.5)
B 3
Using Eq. 92, we can evaluate the matrix my, as

+ (4.12) x 107* +2.316 x 1075 = 0.10306

my; =/pﬁ0Tis dv +q;S
Vv

0 A
w0 2]+ [an mw[_l }

20
. 0 5
= (1.236)(0.5)[0 ]+ 1.236(0.001 0.01] .

=[-4.326 x 107 0.2167]
Finally, the matrix myy is, in this example, the 2 x 2 matrix given by
1
= 0 0.412 0
_ 3 —
mff—l.236|:0 £i|_[ 0 0.4591]

Therefore, the mass matrix of the beam at this instant of time is given by

mpgg Mgy Mgy
M = Mgy My
| symmetric myy
[1.236 0 —0.1602 0.5352 —0.309
1.236 0.2650 0.309 0.5352
= 0.1031  —4.326 x 100> 0.2167
0.412 0
symmetric 0.4591

Lumped Masses In this section, the kinetic energy of the deformable body
was developed in terms of a finite set of coordinates. This was achieved by assuming
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the deformation shape using the body shape functions that depend on the spatial
coordinates. Therefore, the deformation at any point on the body can be obtained by
specifying the coordinates of this point in the body shape function. This approach
leads to what is called consistent mass formulation. Another approach that is also
used to formulate the dynamic equations of deformable bodies is based on using
lumped mass techniques. In the lumped mass formulation the interest is focused on
the displacement of selected grid points on the deformable body. Instead of using shape
functions, a set of shape vectors are used to describe the relative motion between these
grid points. These shape vectors can be assumed or can be determined experimentally.
They can also be the mode shapes of vibration of the deformable body. In the lumped
mass formulation the total mass of the body is distributed among the grid points. By
increasing the number of the grid points more accurate results can be obtained.

In the remainder of this section we develop the inertia properties of deformable
bodies that undergo finite rotations using a lumped mass technique. This develop-
ment leads to a set of inertia shape matrices similar to the ones that appeared in the
consistent mass formulation. As pointed out earlier, in the lumped mass formulation,
the motion of the deformable body is identified by a set of shape vectors that describe
the displacement of selected grid points. The shape vectors should be linearly inde-
pendent and should contain the low-frequency modes of vibration of the body. In this
section, grid point displacements are expressed in terms of the elastic generalized
coordinates of the deformable body. The deformation vector of a grid point j on body
i can be written as

u/ =Niqh, j=12....n;

where 1‘1]"! is the vector of elastic deformation at the grid point j, q} is the vector of
elastic coordinates of body i, N/ is a partition of the assumed shape matrix associated
with the displacements of the grid point j, and n; is the total number of the grid
points. The partition N/ is 3 x ny matrix, where n; is the total number of elastic
coordinates of body i. As pointed out earlier, the body shape matrix can be deter-
mined experimentally by using modal testing or numerically by first using the finite-
element method to discretize the deformable body and then solve for the eigenvalue
problem.

The global position of the grid point j can be written as

¢ =R A+ )

where R is the set of Cartesian coordinates that define the location of the origin of the
body reference, A’ is the transformation matrix from the local coordinate system to
the global coordinate system, 7 is the position of the grid point j in the undeformed
state, and ﬁ;f is the deformation vector. Differentiating the preceding equation with
respect to time yields

i = R+ A + A'NU g

where
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The kinetic energy of the deformable body i can then be defined as

nj

=1
where T is the kinetic energy of the grid point j defined as

T.;i
I

T — lmij '
2
in which m'/ is the mass of the grid point ;.
Using the preceding two equations and following a procedure similar to the one
described in the preceding sections, we can write the kinetic energy of the deformable
body i, based on a lumped mass model, as

mi; symmetric | [ R/

Ti_l 5i T éiT T i i o
=3l G ]| mhe my |
M Mpy My a4

where ©' is the vector of rotation coordinates of the body reference and

nj nj T
i ij i ijpij
mRR_EmI, mGR_EmB
j=1 j=1
n;j

nj
. - S T . o T T
i ijpij ij i 152\t i
m%_EmB BY, mfR_EmN A

Jj=1 Jj=1
nj ilj
i ijNijTAiTBij i ijNijTNij
my, = m R m
=1 =1

in which I is the identity matrix and B¥/ is the matrix whose columns are defined as
y 9
Col (B, = ——(Alii)
06

The physical interpretation of the components of the mass matrix obtained using
the lumped mass formulation is similar to the interpretation given in the case of the
consistent mass approach.

5.3 GENERALIZED FORCES

In this section, we develop expressions for the generalized forces associated with
the generalized coordinates of the deformable body i in the multibody system. We
consider the elastic forces arising from the body deformation and also externally
applied forces as well as restoring forces due to elastic and dissipating elements such
as springs and dampers.
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Generalized Elastic Forces In this section, we consider a linear isotropic
material. The more general case of nonlinear elastic, orthotropic materials can also
be formulated by changing the form of the body stiffness matrix.

In the preceding chapter, it was shown that the virtual work due to the elastic
forces can be written as

SWi=— / ol SeidV (5.97)
V[

where o and ¢ are, respectively, the stress and strain vectors, and § W; is the virtual
work of the elastic forces. Since the rigid body motion corresponds to the case of
constant strains and since we defined the deformation with respect to the body refer-
ence, there is no loss of generality in writing the strain displacement relations in the
following form:

el — Dil—l} (5.98)

where D' is a differential operator defined in the preceding chapter and 1'1]’} is the
deformation vector. In terms of the elastic generalized coordinates of body i, one may
write Eq. 98 as

¢ =D'S'q; (5.99)

For a linear isotropic material, the constitutive equations relating the stress and strains
can be written as

o =E'¢ (5.100)

where E/ is the symmetric matrix of elastic coefficients. Substituting Eq. 99 into
Eq. 100 yields

o' =E'D'S'q} (5.101)

in which the stress vector is written in terms of the elastic generalized coordinates of
body i. Substituting Eqs. 99 and 101 into Eq. 97 yields

SWi=— / g/ (D'S) E'D'S'sq. dV' (5.102)
L4 [

where the symmetry of the matrix of elastic coefficients is used. Because the vector
q;} depends only on time, Eq. 102 can be written as

- U (Disi)TEiDisidvi] 5q) (5.103)
V!
One may write Eq. 103 as
SW! = —qi Ki,3q) (5.104)

where K; ¢ is the symmetric positive definite stiffness matrix associated with the elastic
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coordinates of body i in the multibody system. This matrix is defined as
K, = / (D'S) EDSdV (5.105)
Vi
For convenience, we rewrite the virtual work of Eq. 104 as
00 0 SR
i iT T T i
swi=—[R" o' g]{0 0 0 |]se (5.106)
0 0 Kj || dq

The strain energy can also be used to define the stiffness matrix of Eq. 105. This is
demonstrated in the following example.

Example 5.4 Neglecting the shear deformation and using the assumptions of
Euler—Bernoulli beam theory, the strain energy of the beam presented in Example
1 can be written as

1 ] 1 /
U= 5/0 [EI(},)* + Ea(u},)*]dx

where E is the modulus of elasticity of the beam, / is the second moment of area,
ais the cross-sectional area, [ is the beam length, us; and uy, are, respectively, the
axial and transverse displacements, and (') denotes differentiation with respect
to the spatial coordinate. The preceding strain energy expression can be written
in a matrix form as

1! Ea 0 M/1
U:—/[u’ u”]|: ] f/ dx
2 Jo 1 12 0 EI uf,

The assumed displacement field is given by

_|un || 0 4
“f_[ufz]_[O 3(5)2—2(5)3}[%2]

It follows that

Wy |9 0 451
uf, 0 gz6—128) || gp

where £ = (x/I). Substituting the preceding equation into the strain energy
expression, one gets

1

1 [ 7 0 Ea 0 % 0 qr1
U=- - M d
A [ [ | Qe [

o?

Since gy and gy, are only time-dependent, and dx = I(dx/l) = Id&, one can
write U in the following form:

1

U= 5q}Kfqu (5.107)
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where qf = [g7, qu]T and K is defined as

1 1 0 1 0
Ea 0 Ji
Kyr 2/ l|:l (612E)j| [ ] |: (612E)j| d&
0 0 02 O EIT|O (7

Ea 0

T

- [o 1251} (5.108)
[0

Generalized External Forces The virtual work of all external forces acting
on body i in the multibody system can be written as

sW =Ql'sq (5.109)

where Q' is the vector of generalized forces associated with the ith body generalized
coordinates. In a partitioned form, the virtual work can be written as

SR
awg‘z[Qf Q)f q}T] 50 (5.110)
(Sq}

where Q¥ and Q}, are the generalized forces associated, respectively, with the transla-
tional and rotational coordinates of the selected body reference, and Q]’} is the vector
of generalized forces associated with the elastic generalized coordinates of body i.
In Eq. 109 or 110, the generalized forces may depend on the system generalized
coordinates, velocities, and possibly on time.

Example 5.5 In Fig. 3, the force F'(q', t) acts at point P of the deformable
body i. The force vector Fi(q', t) has three components, which are defined in the
global coordinate system and denoted as F|, Fj, and F}, that is,

¥ =[F F FJ

The virtual work of the force F' is defined as
SWi=For,
where rip is the global position vector of point P and is defined as
rp =R +A'W
where @' is the local position of point P with respect to the body coordinate
system. The virtual change r', is then defined as

(SI'ZP — SR! —I—ﬁ[A‘ﬁ’]éSG’ +A1S15q} — SR +B1861 +Atszaq}

where B’ is the matrix whose columns are the partial derivatives of the vector
A'u' with respect to the reference rotational coordinates. The vector ér!, can be
written in a partitioned form as

SR
srpy=[1 B A'S']| 86
éq}
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3

Figure 5.3 Generalized forces of the deformable body.

where the shape matrix S’ and the matrix B’ are defined at point P. Thus the
virtual work § W/ is defined as
. SR
SW,=F'[1 B A'S']| 56
5q

Equivalently, one can write W/ as

T T T (SR’
owi=Qr @ q]|se
Sq}

where the generalized forces Q. Qé, and Q;} can be recognized as

iT iT iT iT i iT iT A iQi
R =F, Q, =F B, qf=F A'S

Example 5.6 Figure 4 shows a spring—damper—actuator element attached be-
tween bodies i and j in the multibody system. The attachment point on body i is
P, while the attachment point on body j is P/. The spring stiffness is assumed to
be k, the damping coefficient is ¢, and the actuator force is F,. The undeformed
length of the spring is /,. The relative position of point P’ with respect to point
P/ can be expressed as

1=R +A'd — R/ — A/ (5.111)

where @i and @/ are, respectively, the local position vectors of points P/ and P/.
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X,

Figure 5.4 Spring-damper—actuator force element.

The vector 1 of Eq. 111 has the three components, /;, l,, and /3, that is,
T
1= [l 1 b 13]

The square of length of the spring can be written as
"= (1) + (1) + (15)°
We define the current length of the spring as

1= V1Tl = (11)* + (1) + (5)?
One can verify that the rate of change of the spring length can be written as

S o

I=-1"=1"

l

where 1 is a unit vector along the line joining points P’ and P/ and I is defined
as the time derivative of 1 of Eq. 111, that is,

=R+ B0 +ASq — R —B/o — AIS/g.
where B’ and B/ are evaluated, respectively, at points P’ and P/, and S’ and

S/ are, respectively, the values of the shape functions at points P’ and P/. The
vector | can also be written as

i=Liq —L/¢’

where L’ and L/ are defined as
L'=[I B A'S] (5.112)
L'=[1 B/ A/S] (5.113)
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Having defined the spring length and its time derivative, one can write the force
along the spring—damper—actuator element as

Fo=k(l—1,)+cl+F,

The virtual work due to this spring—damper—actuator force can be written as
8W, = —F,dl

where §! is the virtual change in the spring length defined as

1 .
8l = 71T51 =17s1

and 4l is derived by using Eq. 111 as
sl=Lisq —L/sq’
The virtual work § W, can then be written as
W, = —FAT[Lisq' —L/8q’]
= —Fi"L'sq + F1"L/sq’
This equation can be written in the following simple form
W, = Q''6q’ + Q' sq/
where the generalized force vectors Q' and Q/ are defined as
Q' =-F~I"L, Q' =FI"L/
For body i, if we write Q' in the partitioned form
o=[of o <.
then
Q; =-Fi". Q' =-Fi"B, QI =-Fi"A'S
Similarly,
P=FiT, Q) =FRi"B, Q' =Fi'A’S/

Note that these generalized forces depend on both the reference motion as well
as the elastic deformation of the two bodies.

5.4 KINEMATIC CONSTRAINTS

In multibody systems, the system coordinates are not independent because of the
specified motion trajectories as well as mechanical joints such as universal, prismatic,
and revolute joints. These kinematic constraints can be introduced to the dynamic
formulation by using a set of nonlinear algebraic constraint equations that depend on
the system generalized coordinates and possibly on time. One can write the vector of
all kinematic constraint functions as

C(q, 1)=0 (5.114)
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X,

Figure 5.5 Constraints between deformable bodies.

where q = [q1T qu e q"lTr]T is the total vector of system generalized coordinates, 7 is
time, C =[C; C, - -- Cm]T is the vector of linearly independent constraint functions,
and n, is the number of constraint equations. For example, we may consider the two-
body system shown in Fig. 5; one may require that the motion of point P’ on body i
relative to point P/ on body j be specified, that is,

r/ = f(t) (5.115)

where f(¢) is a time-dependent vector function and r¥ is the position vector of point
P! relative to point P/. This relative position vector can be written as

r’ =R +A'0' —R/ —A/w/ (5.116)
Using Eq. 115 and writing @' and @/ in a more explicit form, one obtains
R +Al(@, +S'q}) — R/ — A/ (0] + S/q)) = £(r) (5.117)

where @) and i} are, respectively, the positions of points P’ and P/ in the undeformed
state and S’ and S’ are the shape functions of the two bodies evaluated at points P’
and P/, respectively. One may note that Eq. 115 or, alternatively, Eq. 117 represents
three scalar equations that depend on both the reference and elastic coordinates of
the two bodies as well as time. If the function f(¢) is equal to zero, that is, points P’
and P/ coincide, Eq. 117 defines the algebraic constraint equations that describe the
spherical joint in the spatial analysis and the revolute joint in the planar analysis.
For a virtual change in the system generalized coordinates, Eq. 114 yields

Cyéq=0 (5.118)

where Cg is the constraint Jacobian matrix that has a full row rank because the
constraint functions are assumed to be linearly independent. In multibody systems,
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the Jacobian matrix Cg is, in general, a nonlinear function of the system generalized
coordinates. For example, if the constraint functions of Eq. 117 are considered, a
virtual change in the generalized coordinates of bodies i and j yields

sSR! SR/
(I B A'S']| 80 |—[I B/ A/S/] ae{' =0 (5.119)
3q; 8qy

where B/ and B/ are the matrices whose kth columns are defined as

0

k

Col (B);, = —[Al@]

5 ., k=1,2,....n, (5.120)
Col(B/), = —[A’0/]
36}

and n, is the number of rotational reference coordinates of bodies i and j. Equation
119 can be written as

L'sq —L/sq/ =0 (5.121)

where q' and ¢/ are, respectively, the vectors of the generalized coordinates of bodies
iand j, and L’ and L/ are as defined in Eqs. 112 and 113. Equation 121 can be written
in a matrix form as

i ] %d ] _
R

where the Jacobian matrix in this case can be recognized as
C,=[L" —L7]

Note that in this simple two-body example, the Jacobian matrix is a nonlinear function
of the coordinates of the two bodies.

We proceed one step further and differentiate Eq. 114 with respect to time. This
yields

Cqd = —C, (5.122)

where C, is the partial derivative of the vector of constraint functions with respect
to time. If the constraint functions do not depend explicitly on time, the vector C,
vanishes. Equation 122 is a kinematic equation that relates the generalized velocities
of the multibody system. To obtain a solution for this equation, the vector C, must lie
in the column space of the Jacobian matrix. For the previous example of the two-body
system, one can show that Eq. 122 yields

L'q —L'¢’ =)
where f,(¢) is the partial derivative of f with respect to time.

To obtain the kinematic equations relating the accelerations in the flexible multi-
body system, we differentiate Eq. 122 with respect to time to yield

Cqli = —[Cis + (Cq)qq + 2Cq 4] (5.123)
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This equation will be used in subsequent sections when the numerical solution of the
nonlinear dynamic equations of motion of the flexible multibody system is discussed.

Intermediate Joint Coordinate Systems The formulation of the kine-
matic constraints of some joints such as revolute and cylindrical joints in the three-
dimensional analysis may require introducing body fixed intermediate joint coordi-
nate systems in addition to the deformable body coordinate systems. Figure 6 depicts
two deformable bodies i and j, which are connected by a revolute joint. The coor-
dinate system of body i is denoted as X} X5Xj, while the coordinate system of body
Jj is denoted as X{ XéXé As previously pointed out, the two body coordinate sys-
tems need not be rigidly attached to a material point on the two deformable bodies.
To describe the joint between the two deformable bodies, one may introduce two
body fixed intermediate joint coordinate systems. The first one is X}/ X4/ X%/, which
is rigidly attached to a joint definition point P’ on body i. The second coordinate
system X{ JX£JX§J is rigidly attached to a joint definition point P/ on body j as
shown in Fig. 6. In the case of small deformation analysis, the orientation of the inter-
mediate joint coordinate systems with respect to their body coordinate systems can
be described using the infinitesimal rotation matrices Al and Al Let vi/ and v/’ be
two constant vectors defined along the joint axis in the intermediate joint coordinate
systems of bodies i and j, respectively. Using the constant vector v}/, a systematic
procedure can be used to define, on body i, two constant vectors v5’ and v4’, which
are perpendicular to v{’ (Shabana 2001). The vectors v|’, v4’, and v}’ and the vector

Joint axis

Figure 5.6 Intermediate joint coordinate systems.
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v/7 can be defined in the global coordinate system as
vi =A'AlvY, k=1,2,3
v = AJAIV

Note that these global vectors depend on the finite rotations of the body coordinate
systems and the infinitesimal rotations of the intermediate joint coordinate systems.
Using these vectors and the global position vectors of the joint definition points P’ and
P/, the kinematic constraint equations of the revolute joint in the three dimensional
analysis can be written as

L J vl — YA -
r, —rp =constant, Vv vy =0, v/ v53=0

These are five scalar nonlinear algebraic equations that define the kinematic con-
straints of the revolute joint in the three-dimensional analysis. Note that by intro-
ducing the intermediate joint coordinate systems, the same form of the constraint
equations used in rigid body dynamics (Shabana 2001) can also be used to define the
constraints between deformable bodies. In the case of deformable bodies, however,
the constraint equations depend on the deformations as well as the reference motion
of the deformable bodies. Using a procedure similar to the one described for formulat-
ing the revolute joint constraints, other types of joint constraints between deformable
bodies can be formulated. This is left to the reader as an exercise.

5.5 EQUATIONS OF MOTION

Having determined, in the preceding sections, the kinetic energy of the de-
formable body i, the virtual work of the internal and external forces, and the kinematic
constraints that describe mechanical joints as well as specified trajectories, one can
use Lagrange’s equation developed in Chapter 3 to write the system equations of
motion of body i in the multibody system. To this end, we write the virtual work of
the forces acting on body i as

W' =SW! + sW! (5.124)

where §W' is the virtual work of all forces acting on body i, §W/ is the virtual work
of the elastic forces resulting from the deformation of the body, and § W/ is the virtual
work due to externally applied forces. These forces include gravity effect, spring and
damping forces acting between the system components, and control forces. It was
shown in the preceding sections that (Eq. 106)

SWi=—q Kisq (5.125)

where K is the stiffness matrix of the ith body and q' is the total vector of generalized
coordinates of body i.

It has also been shown that the virtual work of externally applied forces W/ can,
in general, be written in the form

sWi=Qi'sq’ (5.126)
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where Q is the vector of generalized forces associated with the generalized coordi-
nates of body i. Equations 124—126 lead to

sW'=—q 'Ki'sq + Q' sq’ (5.127)
This can be written as
sWi=Qsq (5.128)

where Q' is the vector of generalized forces associated with the coordinates of body
i and given by

Q' =-Kq +Q, (5.129)
For body i in the multibody system, Lagrange’s equation takes the form

d (aT'\" [oT"\" A

=) - _) +CEA=Q (5.130)

dt \ 3¢’ oq’ 1

where T' is the kinetic energy of body i, Cg is the constraint Jacobian matrix, and
A is the vector of Lagrange multipliers. Using the general expression of the kinetic
energy of Eq. 42, we can write the first two terms on the left-hand side of Eq. 130 as

d (dT\" [oT'\" 9 /1 v . \1"
() () =Mg +Mq - | —(-¢ Mg (5.131)
dt \ 04’ aq’ aq' \2

We may define Q! to be

0 Ty !
(@ M'q)
q

2|0

. VU |
Q =-M¢q + —[
where Q' is a quadratic velocity vector resulting from the differentiation of the kinetic
energy with respect to time and with respect to the body coordinates. This quadratic
velocity vector contains the gyroscopic and Coriolis force components. Equation 131
can then be written as

d (AT\'_ (0T T—M""" Q (5.132)
4 \ o ag) T '

With the use of this equation and Eq. 129, Eq. 130 leads to
Miqi+Kiqi+CqTi)\=Q;+Q"v, i=1,2...,n (5.133a)

where n,, is the total number of bodies in the multibody system. Equation 133a can
be written in a partitioned matrix form as

M my, M, R’ 00 0 R Cr
mj, mj |[6|+]0 0 0 [|0]|+|CyA
symmetric m}f a; 0 0 K}f q; CqT,f
(Q)r (Q)r
=[@Q) | +|@Q)o |, i=12....m (5.133b)

Qo Q)
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Equation 133 is a system of second-order differential equations whose solution has to
satisfy the algebraic constraint equations describing mechanical joints in the multi-
body system as well as specified trajectories. These constraint equations can be written
in the following vector form:

C(q,)=0 (5.134)

Equations 133 and 134 are a mixed system of differential and algebraic equations that
have to be solved simultaneously. In large-scale multibody systems, a closed-form
solution of such a system of equations is difficult to obtain, and one usually resorts
to numerical methods. Some of the numerical techniques used in solving this system
of equations are discussed in later sections.

In a general multibody system consisting of interconnected rigid and deformable
components, the number of coordinates and accordingly the number of differential
and algebraic equations can be quite large. The objective of solving these equations is
to determine the system coordinates, velocities, and accelerations as well as the vector
of Lagrange multipliers that can be used to determine the generalized reaction forces
given by CE,J\. By use of Lagrange multipliers, the multibody system equations of
motion are formulated in terms of both the independent and dependent variables. The
advantage of using this approach appears when general-purpose computer programs
are developed. In this case, general forcing functions and constraint equations that
may depend on the system-dependent and independent coordinates and velocities can
be introduced to the dynamic formulation in a straightforward manner. It is impor-
tant, however, to point out that if the system of constraint equations is holonomic
or nonholonomic, the use of Lagrange multipliers is not necessary. An alternate ap-
proach, discussed in Chapter 3, is to identify a set of dependent variables and write
these variables in terms of the independent ones using the generalized coordinate
partitioning of the constraint Jacobian matrix. In this case the system differential
equations of motion can be written in terms of the independent variables only. These
equations can be integrated forward in time by using direct numerical integration
methods. The solution of the independent differential equations defines the indepen-
dent variables. Dependent variables are determined by using the kinematic constraint
equations.

Quadratic Velocity Vector In the preceding sections, we discussed in detail
the components of the mass matrix and pointed out the nonlinearities that arise because
of the coupling between the rigid body motion and elastic deformation. We have also
outlined methods for evaluating the stiffness matrix, the Jacobian matrix, and the
generalized force vector. Using Eq. 131, one can also show that the quadratic velocity
vector Q' can be defined as

Q =[(@)} @) @)] (5.135)

where in the planar analysis, the components of this vector are defined in terms of
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the inertia shape integrals of Eqs. 94 and 95 as
(Q)), = OA/(S'q) +1;) — 26'A}S
(Q)), = 20" (mj,qj +T,) (5.136)
(Q)), = 6" (mjq; +1T,) +26'S'q;

where A’ and A}, are, respectively, defined by Egs. 5a and 80, and 6 is the rotation

angle of the body reference about the axis of rotation. The matrices I, §¢, §', and
m}-f are defined in Egs. 82, 95, 93, and 96, respectively. The vector I is defined as

= / pSTE aV = (1), +T,)" (5.137)
Vi

in which p’ and V'’ are, respectively, the mass density and volume of body i, S is the
ith body shape matrix, and @, = [x} x}]T is the local position of an arbitrary point on
the body in the undeformed state. To simplify the term (Q!)q of Eq. 136, advantage
is taken of the fact that

ST &
4,84, =0
because S’ is a skew symmetric matrix.

In the three-dimensional analysis the components of the vector Q! of Eq. 135
are defined as

Q1) = —A'[( @) + 205’ ]
. ;iT_4 . ;iT_. . — T .

(Q), = 26" T,@' —2G T, 4. — G I}, (5.138)

(@), = [ /18 @ + 20 Jjav

where S}, §', Tj,;, and I, are defined, respectively, by Egs. 59, 63, 69, and 73. Note
that the quadratic velocity vector that includes the effect of Coriolis and centri-
fugal forces is a nonlinear function of the system generalized coordinates and ve-
locities. One can also obtain this vector by using the acceleration vector of Eq. 38
and the expression for the virtual work of the inertia forces, which is defined as

SWi = f plor E Vi (5.139)
Vi

This also leads to the definition of the mass matrix as well as the Coriolis and cen-

trifugal forces.

Generalized Newton-Euler Equations Equation 133a is expressed in
terms of the generalized coordinates of the deformable bodies. The use of the gen-
eralized rotational coordinates, however, is not convenient in developing recursive
formulations for multibody systems. In this section, an alternative form for the dy-
namic equations of motion of the deformable bodies is presented in terms of the
angular acceleration vector.
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In the case of Euler parameters, it can be shown that the relationship between the
angular acceleration vector and the time derivative of Euler parameters is given by

& =Go

where &' is the angular acceleration vector of the reference of the deformable body
i defined in the body coordinate system, ' is the second time derivative of Euler
parameters, and G' is a matrix that depends linearly on Euler parameters. In Chapter 3,
it is shown how the preceding equation can be used to obtain Newton—Euler equations
for rigid bodies that undergo finite rotations. Using a similar procedure, it is left to the
reader to show that by relaxing the assumptions of Newton—Euler equations for the
rigid bodies, the use of the preceding equation and Eq. 133b leads to the following
generalized Newton—Euler equations for the unconstrained motion of the deformable
body i that undergoes large reference displacements:

m, AS A§ |[R (Q0)g (Q)x

I, I [|¥|= Q). + | (Q),

symmetric m; y dy (Qle) I K}f‘l} (QL) I
(5.140)

where A’ is the orthogonal rotation matrix; m ., §;, S L, I, f»and m}f are defined,
respectively, by Eqs. 52,59, 63, 69, 73, and 46f; (Q., ), is the vector of actual moments;
and (Qi )« 18 the quadratic velocity vector associated with rotation of the deformable
body i and is given by

(Q), = - x (@) -L,0 — @ x (T4 (5.141)

The other components of the generalized Newton—Euler equations are the same as
previously defined in this section.

One can show that by using the appropriate assumptions, the generalized Newton-
Euler equations can be reduced to the Newton—Euler equations used in the dynamic
analysis of rigid bodies. For instance, if we assume that the body i is rigid, the
generalized Newton—Euler equations reduce to

[ A8 R] [ @)
symmetric I, o (Qi)a (Qf/)a

Furthermore, if we assume that the origin of the rigid body reference is attached to
the center of mass of the body, one has

S =0

and the preceding equations reduce to

A [ b R
0 I, ||& ]| [(Q), —' x (I, @)

which are the same Newton—Euler equations obtained in Chapter 3.
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The use of the generalized Newton—Euler equations may prove useful in de-
veloping recursive formulations for multibody systems consisting of inter-connected
rigid and deformable bodies. One needs only to develop space-independent kine-
matic relationships in which the absolute coordinates are expressed in terms of the
joint variables. A set of body-fixed intermediate joint coordinate systems may be
introduced at the joint definition points, for the convenience of describing the large
relative displacements between deformable bodies.

5.6 COUPLING BETWEEN REFERENCE AND
ELASTIC DISPLACEMENTS

In the floating frame of reference formulation described in this chapter, the con-
figuration of each deformable body in the multibody system is identified by using two
coupled sets of generalized coordinates: reference and elastic coordinates. Reference
coordinates define the location and orientation of the deformable body reference,
while elastic coordinates define the deformation of the body with respect to the body
coordinate system. The use of the mixed set of reference and elastic coordinates in
the floating frame of reference formulation leads to a highly nonlinear mass matrix as
a result of the inertia coupling between the reference and the elastic displacements.

Inertia Shape Integrals Itis shown in this chapter that even though the mass
matrix is highly nonlinear, the deformable body inertia can be defined in terms of a
set of inertia shape integrals that depend on the assumed displacement field. These
shape integrals are

I§=/ p'uldv', 1;',:/ p'xixidvi, k,1=1,2,3 (5.142)

vi yi

S":/ p'SidVi, S;;,=f PSS AV, k=123 (5.143)
i Vi

I, = /_p"x/’;Sde", kl=1,2,3 (5.144)

where @) = [x] x} x]T is the undeformed position of an arbitrary point on the
deformable body i in the multibody system; p’ and V' are, respectively, the mass
density and volume of body i; and S} is the kth row in the body shape function S. In
the special case of rigid body analysis the shape integrals are given by Eq. 142 only;
these are the same shape integrals defined in Chapter 3. On the other hand, in the
case of structural systems, wherein the reference motion is not allowed, the constant
mass matrix m}f that appears in the linear dynamics of the structural systems can be
obtained by using the shape integrals of Eq. 143 as

m), = [ p'S'SidVi =8, + 8, + Sl (5.145)
Vl

The identification of the shape integrals of Eqs. 142—-144 allows developing a gen-
eral computational algorithm for multibody systems that contain rigid and structural
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components. In this computational algorithm the shape integrals of Eqs. 142-144
can be evaluated only once in advance for the dynamic analysis. Furthermore, the
structures of the nonlinear mass matrix and the quadratic velocity vector that con-
tains the Coriolis and gyroscopic force components remain the same when lumped
mass techniques are used. One only needs to express the inertia shape integrals of
Eqgs. 142—-144 in their lumped mass form. In this case the shape integrals are given by

nj nj

I = E mlal, I, = E mx!x’, k1=1,2,3
= j=1
nj nj

Qi _ iiNiJ Qi iinii TN _

S = mINY, 8, = mYNY N/, k,1=1,23
= j=1

L,=> mix/N/, ki1=123

j=1

where i) = [xij x;j xéj 1" is the undeformed position vector of the grid point j, m%
is the mass of the grid point j, N}/ is the kth row of the matrix N/ defined in Section 2
of this chapter, and r; is the total number of the grid points.

Linear Theory of Elastodynamics The dynamics of multibody systems
with deformable components has been a subject of interest in many different fields
such as machine design and aerospace, for they represent many industrial and techno-
logical applications such as robotic manipulators, vehicle systems, and space struc-
tures. It was seen, however, that the dynamic equations of such systems are highly
nonlinear because of the finite rotation of the deformable body reference. A solu-
tion strategy that has been used in the past is to treat the multibody system first as
a collection of rigid bodies. General-purpose multi-rigid-body computer programs
can then be used to solve for the inertia and reaction forces. These inertia and re-
action forces obtained from the rigid body analysis are then introduced to a linear
elasticity problem to solve for the deformations of the bodies in the multibody sys-
tems. The total motion of a body is then obtained by superimposing the small elastic
deformation on the gross rigid body motion. This approach is usually referred to as
the linear theory of elastodynamics. In this approach, rigid body motion and elastic
deformation are not solved for simultaneously. Furthermore, the effect of the elastic
deformation on rigid body motion is neglected. This assumption, however, may not be
valid when high-speed, lightweight mechanical systems are considered. The effect of
the coupling between the elastic deformation and the gross rigid body motion can be
significant.

To understand the dynamic formulation based on the linear theory of elastody-
namics, we write Eq. 133a in the following partitioned form:

mi mi Py 0 0 i N
mp; oy || 4 0 Ki||ay Q;
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where ¢’ = [R"T GiT]T is the vector of reference coordinates of body i; subscripts r
and f refer, respectively, to reference and elastic coordinates; and Q' is the vector of
generalized forces, including the external forces, reaction forces, and the quadratic
velocity force vector Qf) of Eq. 133a, that is,

Q = Q. +Q —ClA
Equation 146 yields the following two matrix equations:

m,, §, +m 4y = Q) (5.147)

my, §) +mj,§; + Kjq; = Q) (5.148)
In the linear theory of elastodynamics, the term m’ fq’f in Eq. 147 is neglected. Fur-
thermore, the matrix m’, and the vector Q' are assumed not to depend on the elastic

deformation of the body. Using these assumptions, one can write Eqs. 147 and 148
as

m., 4. = Q. (5.149)
mi i+ Ko = Q) — m (5.150
Equation 149 can be solved for the reference coordinates, velocities, and accelerations
using rigid multibody computer programs. The information obtained from solving
Eq. 149 can then be substituted into Eq. 150 in order to obtain a linear structural

problem. Equation 150 can then be solved for the vector qj’; by using any of the
existing linear structural dynamics programs.

Deformable Body Axes As shown in this chapter, the nonlinear inertia cou-
pling between the reference motion and the elastic deformation depends on the finite
reference rotations as well as the elastic deformation of the body. Many attempts have
been made in the past to simplify these coupling terms by a proper selection of the
deformable body axes. In many of these investigations, deformable body references
that satisfy the mean axis conditions were chosen. These conditions are obtained by
minimizing the relative kinetic energy of the deformable body with respect to an
observer stationed on the body. Applying the deformable body mean axis conditions
leads to a weak coupling between the reference motion and the elastic deformation. It
is important, however, to point out that, while any coordinate system can be selected
for the deformable body, the deformation modes resulting from the application of
the mean axis conditions may be suitable only in the dynamic analysis of specific
applications (Shabana 1996a).

Shape Functions One of the questions that remain unanswered is how to
select the appropriate displacement field or the shape functions for the deformable
bodies, especially when the body has complex geometry or nonlinear boundary con-
ditions. The finite-element method can be used to alleviate many of the problems of
the Rayleigh—Ritz method. In the following chapter, a finite element floating frame
of reference formulation is discussed. This formulation can be used to model de-
formable bodies with complex geometrical shapes. It can also be used to obtain exact
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modeling of the rigid body dynamics. The formulation presented in Chapter 6 shows
that, by using finite-element shape functions that can describe an arbitrary rigid body
translation, the number of inertia shape integrals required to evaluate the nonlinear
terms that represent the coupling between the reference and elastic displacements
can be significantly reduced. As described in the following chapter, the component
mode synthesis method can also be used to transform the inertia shape integrals to
the modal space, thereby eliminating many of the degrees of freedom associated
with high-frequency modes of vibration. By evaluating the inertia shape integrals
using the finite element method, the structure of the equations of motion developed
in this chapter can be used in developing general purpose flexible multibody com-
puter programs that can model deformable bodies that have complex geometrical
shapes.

5.7 APPLICATION TO A MULTIBODY SYSTEM

The planar slider crank mechanism shown in Fig. 7 consists of four bodies: the
fixed link (ground), denoted as body 1, the crankshaft OA (body 2), the connecting
rod AB (body 3), and the slider block (body 4) at B. All bodies are assumed to be
rigid except the flexible connecting rod AB, which has length /, mass density p, and
modulus of elasticity E. The connecting rod AB is connected to the crankshaft and
the slider block by means of revolute joints. For simplicity, the superscript that indi-
cates the body number will be omitted in the discussion that follows with the under-
standing that all vectors and matrices are associated with the deformable connecting
rod.

Assumed Displacement Field The displacement field of the connecting
rod is assumed to be

ﬁf = Sb(_]f

4 Trs a

& E) a_r’ o
ORE &,

Figure 5.7 Planar slider crank mechanism.
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where 0y = [ity) i fz]T is the displacement vector, S, is the shape matrix defined as

Sy =

1-¢ 0 0 & 0 0
0 1-=3E)?+2¢E)° I[E-2E>+E% 0 367287 I[1¢E)P - ©®)?]

& = (x/1), and the vector of elastic coordinates qy is

_ _ _ _ _ _ _ 9T

qr = [CIfl qr2  4qr3  qra  4qfs Qfs]
in which gy and gy4 are the axial displacements of the endpoints, gy, and gys are
the transverse displacements of the endpoints, and gr3 and gye are the slopes at the
endpoints. One may observe that the assumed displacement field contains the rigid
body modes. To define a unique displacement field with respect to the connecting rod
reference whose origin is selected to be at point A, a set of reference conditions has to

be imposed. It is clear that the connecting rod can be modeled as a simply supported
beam. The simply supported end conditions imply that

p1(0) =0, @pn0)=0, dpl)=0
which implies that

gr1=0, gn=0 gs=0
Therefore, one can define the set of coordinates

a =143 Gra el
and write {y in terms of qy as

a4 =B.q;

or in a more explicit form as

gn] [0 0 0
5 00 0] ..
as| |1 0o o]
qra o1 0 sz4
ars 0 0 oL
_quﬁ_ _0 0 1_

in which the matrix B, of the reference conditions is recognized as

00 0
00 0
100

B=1lo 10
00 0
0 0 1]

One can then write the displacement field @iy as

u; = 8,q; = S;B.q; = Sqy
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where the shape matrix S is defined as

S=S,B, = 0 : 0
U T IE -2+ @) 0 (@ - ©)

This shape matrix defines a unique displacement field with respect to the body
reference.

Mass Matrix of the Connecting Rod Let the vectorq, = [R; R, 6]"
denote the set of reference coordinates that define the location and orientation of the
connecting rod reference shown in Fig. 7. According to this generalized coordinate
partitioning, the mass matrix of the flexible connecting rod can be written as

mgpr Mgy MRy
M= Mgy mgf
symmetric myy
where
m 0
Mgr = 0 m

and m is the total mass of the connecting rod. The vector I; and the matrix S of Eq. 82
are given by

1 ml
_ x >
I =/,0u0dV=/ ,0|: i|adx=
v 0 0 0
B ! 1
S:/deV:/ panx:[ p aSl d&
14 0 0
! m[0 6 0
_m/O Sdt _E[l 0 —l}
where a is the cross-sectional area of the connecting rod. Let the vector of elastic co-

ordinates be qr = [g71 qr2 q731" = [Gr3 Gra Grol” . then the vector Sqy can be written
as

Sq =06 OV _mT g
V=100 0 =] |9 T 12 g - a0
qr3
The term mpgy of the mass matrix is then given by

mgs = Ag(I; + Sqy)

where Ay is the partial derivative of the planar transformation A. The matrices A and
Ay are given by

cosf —sinf —sinf —cosé
A_[sin9 cos 6 } AG_|:COS@ —sin@}
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and accordingly

: ml mqyz
— —sinf)  —cos 6 2| 2
RO=1 cos® —sind 0 Itz
_m |:—6(l +qr2) sinf — l(qjq — Qf3)0059]

6(l + gf2) cos 6 — (g1 — qp3)sinf

The inertia coupling between the reference translation and the elastic deformation
can be evaluated by using Eq. 83, that is,

m »—As—ﬁ cosf —sind [|0 6 O
REZ22 702 | sind  cosd [[1 0 —i

_m —Isinf® 6cosf [sin6
o Icos® 6sinf® —lcosh

Using Eq. 86, one has

! 2
(meo)rr = / /Ol_lZl_lo dVv = / plx 0] |:x:|adx — m(l)
\4 0 0 3

which is the mass moment of inertia about point A in the undeformed state. From
Eq. 87, one has

l 1
(meg)rs =2 / plL iy dV =2 f puLia dx =2 / pat} gl dg
\% 0 0
1 O E O qfl
=2 0 d
/0 mlx ][z[s S22+ 0 I[E) —@)21] u :

1
2
= 2ml/ (£)’qpadE = gmlCIfZ
0

The matrix my, that appears in Eq. 89 is given by

[N
105

symmetric

mffZ/psTdezm 0
Vv

—(?
140

W=

[N
105

)

Hence, the scalar (mgq)sr of Eq. 89 is given by

(moo)rr = q;myrqy

[ON -’

(=)

105 140 qf1

=mlgr1 g2 g3l 0§ 0 qr2
=7 o? 3

140 0 105 ars

() ()

——(qy3)* — 70 %‘1‘1}‘{|

105

(2
[105(%1) + = (sz)z-l-
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It follows that the mass moment of inertia about point A is
Mgy = (Mgg)r + (mGG)rf + (moog)yy

()? (1)? (1) (1)?
=m|: ) + 361f2+ 105(61f1) + (sz) + 105(61f3) ~ 70 Qf14f3:|

Clearly, mgy depends on the elastic coordinates of the connecting rod. Let I be the
skew symmetric matrix

=[5 ]

The first integral in Eq. 92 can then be written as
B ! 0 £ 0
TH A% f D210 [ }d
/vp“” L ADT0 S e e sy 0 ner — @]

a2 I
=m(l) |:30 0 20:|

One can also verify that the skew symmetric matrix of Eq. 93 is

[0 -2 0
S:/pSTiSdea 2 0 -3
v 0 3 0
that is,
. ml
q;S = —[2qr2 (3453 —2451) —3qs]

60

The matrix mg, of Eq. 92 is then given by

my; = / P IS dV + ¢S
\%4

1 1 ml
= m(l)? [% 0 20} + %[2%‘2 (3453 —2q71) — 34qy2]

ml ml
= %(l + qr2) %(36]}03 —2qp1) — —(l +452)

This completes the evaluation of the components of the mass matrix of the flexible
connecting rod.

Elastic Forces To develop expressions for the generalized elastic forces as-

sociated with the elastic coordinates of the connecting rod, one needs to evaluate the
stiffness matrix. To this end, the following strain energy expression is used:

1 ! 4 -~/
U= 5/0 [E1(i},)* + Ea(ii},)]dx

where [ is the second moment of area of the connecting rod; i, and iir, are, respec-
tively, the axial and transverse displacements; and (") denotes the partial derivative
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with respect to the spatial coordinate x. This strain energy expression can be written
in a matrix form as

1 [! Ea O ﬁ/l
U= —/ i il [ ] M dx
2 Jo LAE 0 EI]|al,

and since Uiy = Sqf, one has

1 4ar1
I'_tf1:|:0 7 0j| 4qr2

qr3
and
_ ; 4 6x ; 6x 2 an
iy = — - == -3 " 5
G MNOSNOE o ar )|
qars3
that is,
— 1
|:”}1 i| 0 T 0 Zf !
=11 = 4 6x 6x 2 12
fif) (T—W) 0 & =7 qgs

Substituting this in the strain energy expression and keeping in mind that the vector
of elastic coordinates q; depends only on time, one can verify that

1
U= Eq}Kfqu

where the stiffness matrix Ky is defined as

4? ! symmetric
Ea
Kjp=]0 7
21 4ET

The strain energy expression can also be written as

0o o0 q 1
U=l ¢ |- Ly
TPl RIS

where q, is the vector of reference coordinates, q, = [R; R, 01T, q = [q" q}]T is the

total vector of coordinates of the connecting rod, and the stiffness matrix K is

0
0 0 symmetric
0 00
K:
4ET
T
0 Ea
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External Forces The only external force acting on the flexible connecting rod
is the weight mg, where g is the gravity constant. Reaction forces of the constraints
such as revolute joints can be introduced to the dynamic formulation by using the
vector of Lagrange multipliers. The weight of the connecting rod acts vertically;
therefore, one can define the force vector F, of the external forces as

F.=[0 —mgl"
The virtual work due to this force is given by

8W, = FT6r,
where r, is the global position vector of the center of mass of the connecting rod
defined as

r. = R+ Aua
in which 1 is the local position vector of the center of mass, which can be written as
the sum of the two vectors

u=1u,+uy

where 1, is the undeformed position of the mass center defined in the connecting rod
coordinate system and iy is the deformation vector. The vector u, is given by

=[5 o]
2

and since, at the center of mass £ = 0.5, one has

05 0 } an

0
10.125) 0 —(0.125) | | 92

ﬁf = S(E = OS)qf = [
qr3

The virtual displacement ér, is given by

dr. = SR+ Agii 660 + AS(§ = 0.5) qr
SR
=[I Asu ASE =0.5)]| 86
5qy

where Iis a 2 x 2 identify matrix. The virtual work can then be written as

SR
W, =Flor. =[0 —mg][l Agu AS(E =0.5)]| 86
3qy

which can be written as

8We = (Q)p0R + (Q.)§ 860 + (Q.)f 8qy

SR
= [QUr Q5 Q]| 6
Sqr
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in which (Q.)r, (Q.)s, and (Q,); are, respectively, the generalized forces associated
with the reference translation, reference rotation, and the elastic deformation and are
given by

Q) =10 —-mgll=[0 —mg]
Qo) =10 —mglAgi

—sinf —cosf L +0.59p
=[0 —mg] .
cost  —sin6 || 0+1(0.125)(gr1 — gr3)

= mg{()l25[(qf1 — C]f3) sinf — 05(1 + qu) COS@}
(Qo)f =10 —mglAS(E = 0.5)

[0 —mg] cosf —sinf 0 0.5 0
- & sinf  cosf 1(0.125) 0 —(0.125)I

=mg[—0.125lcos® —0.5sinf 0.125[ cos 6]

Constraint Equations For the revolute joint at A, let r4(¢) = [r1(¢) r2()]T
be the global position vector of point A evaluated by using the coordinates of the
crankshaft O A. The revolute joint constraints at A require that

R+ At =ra(?)

where uiis the local position of point A defined in the connecting rod coordinate system.
Since point A coincides with the origin of the body reference of the connecting rod and
as such £ = 0, one can verify that a = 0; and the revolute joint constraints reduce to

R =rs()

For the revolute joint at B, let rz(t) = [x4 0]T be the global position vector of
point B. The two algebraic constraint equations representing the revolute joint at B
can be written as

R+ At =rp()

where, in this case, G can be written as
a=u,+ iy

and
u,=[ 0"

Since at point B, § = 1, the deformation vector @iy can be evaluated as
qf1
_ 01 0 ) qf2
iy =S¢ = gy |:0 0 Oi| qr2 |: 0 i|
qr3

The vector @ can then be defined as

I g2 | _ |l +4ar2
_u0+uf_[0]+[0}_[ .
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and the algebraic constraint equations of the revolute joint at B lead to

_ Ry cos® —sinf |1+ g X4
AU |:R2i| + |:sin0 cos 6 i| |: 0 rz(t) 0

that is,

Ry + (I +¢q2)cos0 = x4
R2+(l+qf2)SiH9 =0

Quadratic Velocity Vector The quadratic velocity vector (Q,)x associated
with the reference translation and given in Eq. 136 can be evaluated once the inertia
shape integrals S and I, are determined. These quantities that were evaluated earlier
can be used to yield the following:

_ m|l+gq
Sqr +1; = —|: 'f2:|

2 qr1—4r3

It follows that

ok m@@)? [cos® —sind || !+ ar
A I) =
©)ASq + 1) 2 sinf  cosf —q“;q”

m(@)? [ (I + gqp2) cos g — W1=4p)5n?
2 (I + gf2)sin6 + M

One can verify that
- m 6¢y2 ]
Sqr=— 1, .
=1 |:I(Qfl = 4r3)
and therefore
. a. mb[—sin —cosf 6412
20A = —
OAsSas 6 |: cosf)  —sinf ] [i]fl - qu
_ m9 —6Qf2 sinf — (Qf] — 5[f3) cosf
6 6qf2 cosf — (q'fl — é]f3) sin@
Therefore, the quadratic velocity vector (Q, ) is given by
Q))& = (0)’A(Sqy + 1) — 20A,Sq,

_ m@y |:(l + qy2)cos6 — w}
2 i (gr1—qr3) cos 6
2 | (I +qp)sing + LD

m9 —66']f2 sinf — (qfl - C]f3) cosf
6 64g2cos6 — (gr1 — §y3)sin6
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The quadratic velocity vector (Q, )y associated with the rotational coordinates of
the body reference is given in Eq. 136 as

Qo = —26d;(mypqy + 1))

where one can verify that

. TF X _ T i
Wil =d] [ oGS av = 5an

and
Tmearem | O O
oD
14011953 = 40914913
It follows that
Q) 2% L Jr(l)2 ) Jr1 . +(l)2 .
e = —20m | ~ — = —
0 361f2 10561f1€1f1 3Qf261f2 1056]f36]f3
n* O
14061f16]f3 14061f16]f3

The quadratic velocity vector (Q, )y associated with the elastic coordinates, also given
in Eq. 136, is defined as

Q) = 6y’ (myrqy +1,) + 2684y

in which
[ \2(4 a3\ ]
O (65 — 1) 0
myqy +1, = m 5 +1 %
O 1) | LO
B 2( 4 953\ ]
O (35 — 1%)
qrat+l
—m|
5 :
|01 — )

The vector 2S¢ is given by
- ml
28qy = —%[2%"2 (Bars —2gr1)  —3¢p2]"
Thus, the vector (Q, )y is
00 (15 — 1) — 15
Q) =0m | Sgpm +1) — £(3qr3 — 24p1)
02— ) + o
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5.8 USE OF INDEPENDENT COORDINATES

In the remainder of this chapter, computational algorithms for the solution of
the dynamic equations of motion of multibody systems consisting of interconnected
rigid and deformable bodies are discussed. We first consider the case in which the
dynamic equations are formulated in terms of the independent coordinates (system
degrees of freedom). The computational algorithms in this case, which also include
recursive formulations that employ relative joint coordinates, are much simpler than
the computational algorithms based on dynamic equations formulated in terms of
the dependent and independent coordinates and in which nonlinear constraint equa-
tions are adjoined to the system differential equations of motion by using the vector
of Lagrange multipliers. The use of the independent coordinates leads to a set of
second-order differential equations, while the use of the multipliers leads to a cou-
pled set of differential and algebraic equations that have to be solved simultaneously.
Computational algorithms based on the Lagrangian formulation with the multipliers
will also be discussed in later sections of this chapter.

In this section, a computational algorithm based on the dynamic formulation for
multibody systems that employs a minimum set of differential equations is presented.
This minimum set of differential equations can be obtained by using two different
approaches. In the first approach the system degrees of freedom can be identified from
the start and used to define the configuration of the multibody system. The degrees
of freedom may be a set of joint variables that represent relative translational and
rotational displacements between the multibody system components. This approach
leads, in many applications, to recursive kinematic and dynamic equations expressed
in terms of the independent degrees of freedom. In the other approach, however,
the system kinematic equations are formulated in terms of both the independent and
dependent coordinates. These kinematic relationships, such as nonlinear algebraic
constraint equations that represent mechanical joints in the system, can be used to
identify a set of independent coordinates. The dependent coordinates can be written in
terms of the independent coordinates using the kinematic equations. These kinematic
equations can then be used to develop a minimum set of independent differential
equations of motion expressed in terms of the independent variables that in this case
may or may not represent joint degrees of freedom.

Let q; be the total vector of independent coordinates or the degrees of freedom
of the multibody system consisting of interconnected rigid and deformable bodies. If
the dependent coordinates are eliminated from the dynamic equations, the motion of
the multibody system, as will be demonstrated in Section 10, is governed by only a set
of second-order differential equations of motion that can be written in the following
matrix form:

M4 + Kiiq; = Qe + Qi (5.151)

where q; is the vector of system independent coordinates, M;; is assumed to be a
positive definite mass matrix associated with the independent coordinates, K;; is the
system stiffness matrix, Q,; is the vector of generalized external forces associated with
the independent coordinates, and Q,; is the quadratic velocity vector that includes
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the gyroscopic and Coriolis force components. Clearly, the constraint forces do not
appear in Eq. 151, since the dependent coordinates are eliminated (Shabana 2001).
The preceding equation can be written as a linear system of algebraic equations in
the accelerations as follows:

M4 = Qo + Qvi — Kiiq; (5.152)

Since M;; is assumed to be a positive definite matrix, this equation can be solved for
the vector of accelerations as follows:

@ =M;'[Qe + Qi — Kiiai] = di(ai, 4) (5.153)
One may then form the state vectors
q; , q;
=1 | =|. |=fy.0 (5.154)
Y [ qi } ' [ 4ai ] '

Given a set of initial conditions y, = [q;, ¢},]", one can obtain the acceleration
vector from Eq. 153. This acceleration vector and the initial coordinates and velocities
are sufficient to define the function y = f(y, ¢), which is required for the numerical
solution of the differential equations. The solution vector y; attime t; = ¢, +h, where
h is the time step, can then be obtained and used to evaluate the accelerations at the new
point in time #,. The vector y; as well as the acceleration vector can be used to define
the function y; = f(y;, t;), which can be used to advance the numerical integration
another step to reach a new point in time #,. This process continues until the end of
the desired simulation time. The computational algorithm is shown schematically in
Fig. 8 and proceeds in the following routine:

1. The inertia shape integrals that depend on the assumed displacement field
and appear in the differential equations of motion for the multibody system
consisting of interconnected rigid and deformable bodies are first identified
and evaluated only once in advance for the dynamic analysis. These shape
integrals can be evaluated in a preprocessor structural dynamic computer
program.

2. An accurate estimate for the initial value for the vectors of independent coor-
dinates q; and independent velocities ; or equivalently y = [q] '] must
be provided. These vectors include both the rigid body and deformation vari-
ables. An accurate estimate for the initial value of the state vector y may
require that we perform static analysis. A computational algorithm for the
static analysis of multibody systems is discussed in the sections that follow.

3. The state vector as well as the inertia shape integrals can be used for the
automatic generation of the multibody system equations of motion. In terms
of these quantities, the mass matrix M;; as well as the right-hand side of
Eq. 152, which includes external, gyroscopic, and Coriolis forces, as well
as the elastic forces, can be evaluated in a straightforward manner. Note that
both the mass matrix and the right-hand side of Eq. 152 are nonlinear functions
of the state variables; therefore, they have to be iteratively updated during the
dynamic simulation.
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Figure 5.8 Computational algorithm.
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4. Even though Eq. 152 is a highly nonlinear differential equation of motion
in the coordinates and velocities, it can be considered as a linear system of
algebraic equations in the acceleration vector §;. Therefore, solving these
equations to obtain the acceleration vector is straightforward.

5. Since the acceleration vector ¢; has been determined at this point in time
and the velocity vector q; is assumed to be known, the system of first-order
differential equations at this point in time can be formed as

y=1(y,1)

6. Using the initial conditions and the vector function f that is known at this
stage, the system differential equations can be integrated forward in time
using a direct numerical integration method. The solution of these differential
equations defines the state vector at the end of the specified time step. This
solution can be used to advance the integration in order to obtain the solution
at the end of the second time step. This process continues until the end of the
simulation time is reached.

5.9 DYNAMIC EQUATIONS WITH MULTIPLIERS

The kinematic constraints that describe mechanical joints as well as specified tra-
jectories in the multibody system consisting of interconnected rigid and deformable
components can be formulated by using a set of nonlinear algebraic constraint equa-
tions. This vector of equations defined by Eq. 134 is shown here for convenience:

Cq,1)=0 (5.155)

whereC = [C1C; --- C, 1T is the vector of linearly independent constraint equations,
t is time, and q is the total vector of system generalized coordinates that can be written
in a partitioned form as

a=[q" q] (5.156)

where the subscripts r and f refer, respectively, to reference and flexible (elastic)
coordinates, and q, and qy are, respectively, the vectors of the system reference and
elastic coordinates.

Equation 155 can then be written in terms of reference and elastic coordinates as
follows:

Cq,.qr,)=0 (5.157)

In the following qy represents the vector of generalized elastic coordinates that can
be introduced by using the finite-element method, Rayleigh—Ritz methods, or a set of
experimentally identified data (Shabana 1986). This vector can be a set of physical
or modal elastic coordinates.

Using Eq. 133a, the general system differential equations of motion of the multi-
body system can be written in a matrix form as

Mij + Kq+ CjA = Q. + Q, (5.158)
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where M and K are, respectively, the system mass and stiffness matrices, Cq is the
constraint Jacobian matrix, A is the vector of Lagrange multipliers, Q, is the vector
of generalized externally applied forces, and Q, is the quadratic velocity vector that
contains the gyroscopic as well as Coriolis components and results from differentiat-
ing the kinetic energy with respect to time and with respect to the system generalized
coordinates. According to the generalized coordinate partitioning of Eq. 156, Eq. 158
can be written in a more explicit form as

m;, mrf qr + 0 0 q, " CEI A
symmetric myy | | Gy 0 K ||aqy C;f

_ [ Qe Qv
B |:(Qf)e ] + |:(Qf)l j| (5.159)

A systematic approach for solving for the acceleration vector ¢ and the generalized
reaction forces Cg)\ is discussed in the following paragraphs.

Accelerations and Lagrange Multipliers Differentiating Eq. 155 with
respect to time yields

Cyq+C =0 (5.160)

where q is the velocity vector and C, is the partial derivative of the vector of con-
straints with respect to time. According to the generalized coordinate partitioning of
Eq. 156, Eq. 160 can be written in a more explicit form as

Cyq- +Cqdy +C, =0 (5.161)
that is,
qr _
[Cq Cq ) [q } +C, =0 (5.162)
lf

Differentiating Eq. 160 with respect to time yields

Cyli = —Ciy —2Cqq — (CqQ)qq (5.163)
that is,
[Cq Cq [q } =Q. (5.164)
qf

where Q. is a vector that depends on the reference and elastic coordinates and veloc-
ities and possibly on time. This vector is defined as

Qc = _Ctl - 2thq - (qu)qq (5-165)

One may now combine Eqs. 158 and 163 and write the matrix equation

M Crg _
[symmetric 0 :| |:7\] N |: Q. (5.166)
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or, alternatively, combine Eqgs. 159 and 164 to obtain a more explicit form of Eq. 166
as

. T .
m;, mrf qu - (Qr)e + (Qr)v
myy CE,- ar | = |Qp), + Q) — Kyray (5.167)
symmetric 0 A Q.

Equation 166 or its explicit form of Eq. 167 can be considered as a system of linear
algebraic equations that can be solved for the accelerations and the vector of Lagrange
multipliers. This system of equations can be written as

M,q, =F (5.168)
where

@w.=" A

T

vl
and

Fo [Q6+Qv —Kq] _ [Fq}

Q. F;

For a physically meaningful system, the coefficient matrix M, of Eq. 168 is nonsin-
gular. Therefore, one can solve for the vector q; and write

q. =MF (5.169)
where the matrix M is the inverse of the matrix M, , that is
M = M(q) = M, (5.170)

We may write Eq. 169 in a partitioned form as

Q) _ | Mg Myt F, (5.171)
A M)Lq M)J FA

from which the acceleration vector ¢ and the vector of Lagrange multipliers can be
written as

q = M F, + M, F; (5.172)
A =M, F, +M,,F, (5.173)

Having determined the vector of Lagrange multipliers A, one can evaluate the gener-
alized constraint force vector Cg?\.

Note that in the floating frame of reference formulation, the matrix M, of Eq. 168
depends on the system generalized coordinates. Thus, its inverse M of Eq. 169 and the
submatrices qu, 1\7[(,;\, qu’ and M, are also functions of the system generalized
coordinates. Furthermore, we know from the development of the preceding sections
that the vector F of Eq. 169 depends on the system generalized coordinates and
velocities as well as on time. Therefore, it is expected that the acceleration vector of
Eq. 172 also depends on the system generalized coordinates, velocities, and time. In
a large-scale mechanical system, it is quite difficult to have a closed-form solution for
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the acceleration vector in terms of the generalized coordinates, velocities, and time.
Therefore, one may write the vector { in the following simplified form:

4g="1(q, q, ?) (5.174)

where f is a vector function whose numerical values are determined by Eq. 172 as the
result of solving the system of algebraic equations of Eq. 168. The vector function f
is then defined as

f(qv q, 1= quFq + MqAFA (5.175)

Numerical Procedures If the expression for the acceleration functions is
simple such that they can be integrated in a closed form, the constraint equations of
Eq. 155 are automatically satisfied since the accelerations are obtained from the solu-
tion of Eq. 167, which includes the effect of the constraint forces. Another approach is
to identify a set of independent coordinates and integrate only the independent com-
ponents of the accelerations associated with these independent coordinates. Having
determined these independent coordinates and velocities in a closed form, one can
then use the kinematic constraint equations to determine the dependent coordinates
and velocities. One is seldom able, however, to obtain simple expressions for the
accelerations in multibody system dynamics since the governing equations are highly
nonlinear. One must then resort to direct numerical integration methods to obtain an
approximate solution. The error in the state vector obtained by using the direct nu-
merical methods will certainly depend on the numerical integration technique used.
Furthermore, the kinematic constraint equations are not automatically satisfied be-
cause the solution obtained is not exact. The error in the system coordinates will lead
to a violation in the kinematic constraint equations.

On the basis of the Lagrangian formulation with the multipliers, several numerical
schemes have been used in some of the existing computer programs developed for the
nonlinear dynamic analysis of multibody systems. Some of these numerical schemes
are summarized below.

1. Perhaps the simplest approach is to assume that the numerical integration
routine is close to perfect and hope that the error resulting from the numerical in-
tegration is small such that the violations in the kinematic constraint equations can
be neglected. In this case the total vector of system accelerations can be integrated
forward in time to determine the system coordinates and velocities. This numerical
scheme is simple and provides acceptable solutions in many engineering applications.
In many other applications, however, the accumulation of the error of the numerical
integration increases with time, and this, in turn, leads to violations in the kinematic
constraint relationships.

2. Another approach is to identify the system-independent coordinates. This can
be achieved by using the generalized coordinate partitioning of the constraint Jacobian
matrix. Only independent state equations are integrated forward in time by use of a
direct numerical integration method. The solutions of the state equations define the
system-independent generalized coordinates and velocities. Dependent generalized
coordinates and velocities are then determined by using the kinematic constraint
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equations. In this scheme, since the constraint relationships are used to determine the
dependent coordinates, there is no violation in the kinematic constraint equations.
This, however, does not mean that the solution obtained is exact. It is clear that in
this approach, dependent coordinates must be adjusted according to the error in the
independent coordinates resulting from the numerical integration, and even though
the kinematic relationships are not violated, the error in the dependent coordinates
will be at least of the same order as the error in the independent coordinates as the
result of using approximate direct numerical integration methods. This approach was
proposed by Wehage (1980).

3. A third scheme is to integrate all the state equations associated with both the
dependent and independent coordinates and then adjust the dependent coordinates by
applying the kinematic constraint equations. The integration of all coordinates may
provide a better estimate for the dependent variables; therefore, fewer iterations will
be required in solving numerically the nonlinear kinematic constraint equations for the
dependent variables. Many of the accurate predictor—corrector multistep numerical
integration routines, however, use the history of the coordinates and velocities in
evaluating the coefficients of the time-dependent polynomials used to advance the
numerical integration (Shampine and Gordon 1975). Furthermore, many of these
routines have sophisticated error-control schemes that can detect any change in the
time history of the state variables. Adjusting the dependent coordinates may be a
source of disturbance to the numerical integration routine. In many applications this
leads to numerical problems.

It is clear that the preceding numerical schemes provide only approximate solu-
tions for the state of the multibody system. These three numerical integration schemes
are implemented in the general-purpose computer program DAMS (Dynamic Anal-
ysis of Multibody Systems) (Shabana 1985). In this computer program the system
nonlinear differential and algebraic constraint equations are computer-generated and
integrated forward in time.

In the following sections we select the second approach proposed by Wehage
(1980) for more detailed discussion. Computational algorithms for the static, kine-
matic, and dynamic analysis will also be discussed.

5.10 GENERALIZED COORDINATE PARTITIONING

The dynamics of multibody systems consisting of interconnected rigid and de-
formable bodies can be described by the coupled set of differential and algebraic
equations given by Eqs. 155 and 158. Many techniques are available in the literature
for the numerical solution of a mixed set of differential and algebraic equations. In
this section, however, we outline the technique proposed by Wehage (1980) and dis-
cuss the use of Wehage’s algorithm for solving the dynamic equations of multibody
systems consisting of interconnected rigid and deformable bodies.

Dependent and Independent Coordinates In the preceding section, we
outlined a method for obtaining the acceleration vector. As pointed out earlier, the ac-
celeration vector is a vector function of the system generalized coordinates, velocities,
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and time. This functional relationship represents n second-order differential equa-
tions, where n is the number of system generalized coordinates. The solutions of
these equations, however, are not independent because of the kinematic constraints
that describe mechanical joints as well as specified trajectories. One has to identify a
set of independent coordinates and the associated set of differential equations that can
be integrated forward in time in order to define the independent variables. Dependent
coordinates (variables) can then be determined by using the kinematic relations.
For a virtual change §q in the system generalized coordinates, Eq. 155 yields

Cydq=0 (5.176)

The Jacobian matrix Cq is an n. x n matrix where n, < n. Since the constraint
equations are assumed to be linearly independent, the Jacobian C4 has a full row
rank; therefore, one must be able to identify (n — n.) independent coordinates and
write the vector of generalized coordinates q as

a=la @ .177)

here q; and q, are, respectively, the vectors of independent and dependent coordinates.
Both the dependent and independent vectors of coordinates can be a mixed set of
reference and elastic coordinates. According to the generalized coordinate partitioning
of Eq. 177, Eq. 176 can be written as

Cq.0q; +Cy, 09, =0
or
Cy, 890 = —Cq,8q; (5.178)

where Cg, is an n. x n, matrix and Cg, is an n, x (n — n.) matrix. Because the
constraint equations are linearly independent, one, in general, must be able to select
the independent coordinates such that the matrix Cgq, is nonsingular. Equation 178
implies that the virtual change in the dependent coordinates can be written in terms
of the virtual change of the independent ones, that is,

8qu = Caidq; (5.179)
where C; is the matrix
Csi = —C./Cq (5.180)

In like manner, the first derivative of the constraint equations with respect to time
given by Eq. 160 can be written as

quqi + quqd + Cz =0

This equation can be used to write the dependent velocities in terms of the independent
ones as follows:

4s = —C.'[Cq,4i + C/]
or
40 = Caii — C/C, (5.181)

where the matrix Cy; is given by Eq. 180.
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In a large-scale flexible multibody system, the identification of the independent
and dependent coordinates may be a difficult task. It is, therefore, more appropriate
to use numerical techniques that take advantage of the numerical structure of the
Jacobian matrix to identify the independent coordinates. Such numerical algorithms
are available in the literature, and the interested reader should consult texts on the
subject of numerical methods.

Having identified the independent and dependent sets of coordinates, one may
now define the following state vector:

9T
y = [q;r q;r] (5.182)
The associated independent state equations can now be defined as
. T T T .
y=[d &] =g4a q, 1 (5.183)

Given a set of initial conditions, one can integrate the state equations forward in time
using a direct numerical integration method. The solution of the state equations defines
the independent coordinates and velocities. Dependent coordinates and velocities can
then be determined, respectively, using the kinematic relations of Eqs. 155 and 181.
The independent and dependent accelerations are determined by solving Eq. 168.

Embedding Techniques The solution of Eq. 168 is not the only approach
for determining the independent accelerations. An alternate approach is to use Eq. 158
and the kinematic relationships developed in this section to obtain a minimum number
of differential equations expressed in terms of the independent accelerations.

Using the generalized coordinate partitioning of Eq. 177, Eqgs. 163 and 165 yield

CQi ql + qu qd = Qc
That is,

4s = —C,/Cqdi + C,/ Qe

The total vector of system accelerations can then be written in terms of the independent
accelerations as

.._|:('L']_ I i+ 0
=g ] 7| -¢/Cq [T T CllQ.

where I in this equation is an identity matrix whose dimension is equal to the number
of independent coordinates. The preceding equations can be rewritten in a more
compact form as

G =Bud; + Q.

where

| e @[clal
di — _ ) c = _
B qul Cq qull Q.

Assuming that the accelerations and coordinates in Eq. 158 are rearranged according
to the partitioning of Eq. 177, the vector of accelerations ¢ can be substituted into
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Eq. 158 to yield
M(Bid; + Qo) + CIA = Q. +Q, — Kq

Premultiplying this equation by the transpose of the matrix B,; and rearranging terms,
one obtains

B} MB;i; + B},C;A = BJ,(Q. + Q, — Kq) — Bj;MQ,
which can be written as
M +BJ,CiA = Qi (5.184)

where M;; and Q; are, respectively, the mass matrix and force vector associated with
the independent coordinates. The matrix M;; and the vector Q; are defined as

M;; = B, MB,;
Qi = B;, (Qe + Qv - KQ) - B;,MQL

One can show that B}i CE is a null matrix. To this end, we write

| Ca
B -1 - e o |
qa

= [CE, - (C(;dl qu)ng]

Since the inverse of the transpose of a nonsingular matrix is equal to the transpose of
the inverse, one has

BjiCq=[Cq —Cq(Cy) €] =€ —Cg =0
and accordingly, Eq. 184 reduces to
M;iq; = Qi (5.185)

which indeed proves that the force of constraints can be eliminated when the differen-
tial equations are formulated in terms of the independent coordinates. This procedure
of eliminating the constraint forces is called the embedding technique. The use of
Eq. 184, however, for determining the independent accelerations is not as efficient
compared with the use of Eq. 168 since M;; of Eq. 184 is a full matrix while M;,
of Eq. 168 is a sparse matrix. Furthermore, the use of the embedding technique for
determining the independent accelerations requires more matrix multiplications and
inversions than the use of Eq. 168.

5.11 ORGANIZATION OF MULTIBODY
COMPUTER PROGRAMS

In this section, we discuss some considerations that should be taken into account
in developing a general computational scheme for the dynamic analysis of flexible
multibody systems using the floating frame of reference formulation. The organization
of the multibody computer programs as well as the functions of their modules will be
explained.
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Preprocessor It is clear from the development presented in this chapter that
a set of inertia shape integrals is required for each deformable body to generate
the inertia coupling between the reference motion and the elastic deformation of
the body. These integrals can be evaluated only once in advance for the dynamic
analysis using a structural analysis program. The inertia shape integrals can also be
generated using the finite-element method as described in the following chapter. It
is more computationally efficient to evaluate these integrals once in advance for the
dynamic analysis and store them for use whenever they are needed. This can be done
in a preprocessor structural analysis program called PREDAMS. This program has
the capability of generating the inertia shape integrals of the deformable bodies using
consistent or lumped masses. Furthermore, the preprocessor PREDAMS can be linked
with any existing finite-element program to generate the shape integrals for some
special elements that are not available in the library of the program (Shabana 1985).

Main Processor Having determined the intertia shape integrals of each de-
formable body in the preprocessor PREDAMS, one can input these matrices to the
dynamic analysis program DAMS along with the description of the rigid compo-
nents in the multibody system. The computer code DAMS, which has the capability
of performing the two- and three-dimensional analysis of flexible multibody sys-
tems, is divided into four modules — the Constraint Module (CONMOD), the Mass
Module (MASMOD), the Force Module (FRCMOD), and the Numerical Module
(NUMMOD):

1. CONMOD (Constraint Module) To perform the kinematic and dynamic anal-
ysis, one has to evaluate the constraint functions of Eq. 155, the Jacobian matrix Cg,
the first time derivative of the constraint function C, (Eq. 160), and the vector Q. of
Eq. 164. Evaluation of the constraint functions and the Jacobian matrix is necessary
for the position analysis since in the DAMS program a Newton—Raphson algorithm
is used to correct for constraint violations. According to this algorithm, a solution of
Eq. 155 is obtained by solving iteratively the following nonlinear system of equations

C,Aq=—C(q, 1) (5.186)

where Aq are the Newton differences. Equation 155 is then satisfied if the norm of
the vector Aq or the norm of the vector C is small, that is,

|Aq]| < ey, IC| < &

where | | denotes a selected norm and ¢; and ¢, are small numbers. The Jacobian matrix
as well as the time derivative of the constraints with respect to time are required for the
velocity analysis (see Eq. 181). The Jacobian matrix Cq and the vector Q. are needed
for the acceleration analysis (see Eq. 166 or 167). In the constraint module CONMOD,
the Jacobian matrix Cg, the vectors C, C,, and Q. are computer-generated for a set
of standard joints that can be utilized by providing a standard set of input data. In the
two-dimensional analysis, the following standard library constraints are available:

(a) Revolute joints between rigid bodies, between deformable bodies, and be-
tween rigid and deformable bodies.
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(b) Rigid joints between rigid bodies, between deformable bodies, and between
rigid and deformable bodies.

(¢) Translational (prismatic) joints between rigid bodies.

(d) Constraints that fix the generalized coordinates with respect to time.

(e) Specifiedtrajectories of arbitrary points on the rigid and/or deformable bodies.

In the three-dimensional analysis the following standard library kinematic constraints
are available:

(a) Constraints that fix the generalized coordinates with respect to time.

(b) Specifiedtrajectories of arbitrary points on the rigid and/or deformable bodies.

(¢) Spherical joints between rigid bodies, between deformable bodies, and be-
tween rigid and deformable bodies.

(d) Revolute joints between rigid bodies, between deformable bodies, and be-
tween rigid and deformable bodies.

(e) Translational (prismatic) joints between rigid bodies.

(f) Cylindrical joints between rigid bodies.

(g) Rigid joints between rigid bodies, between deformable bodies, and between
rigid and deformable bodies.

Any other kinematic constraints can be introduced by the user through a set of user
subroutines.

2. MASMOD (Mass Module) In this module the mass matrix of each rigid and
deformable body is constructed. These matrices are used to define the entire system
mass matrix M of the multibody system consisting of interconnected rigid and de-
formable bodies. In addition to the system mass matrix, the quadratic velocity vector
Q, of Eq. 166 and the coefficient matrix M, of Eq. 168 are also evaluated in the mass
module MASMOD.

3. FRCMOD (Force Module) In this module the generalized forces as well as the
elastic forces of deformable bodies are evaluated and the generalized forces of spring—
damper—actuator elements connecting two rigid bodies, two deformable bodies, or a
rigid body and a deformable body in the system are automatically generated. This
module calls user subroutines that allow the user to supply any generalized forcing
functions that may depend on the system generalized coordinates and velocities and
possibly on time.

4. NUMMOD (Numerical Module) This module has three main functions:

(a) The capacity to determine the rank and the independent rows and columns
of a system of algebraic equations with a full (nonsparse) singular coeffi-
cient matrix. This function can be used to identify the multibody system
independent coordinates.

(b) Solution of a system of algebraic equations with a sparse coefficient ma-
trix. This function is used for the analysis of position, velocity, and accelera-
tion.

(¢) Direct numerical integration of a set of first-order differential equations. This
function is used in the numerical integration of the state equations.
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In the following section, we describe some of the numerical algorithms used in
the DAMS program that consists of the four modules discussed above.

5.12 NUMERICAL ALGORITHMS

In this section, the numerical algorithms for the solution of coupled sets of dif-
ferential and algebraic constraint equations that describe the dynamics of constrained
mechanical systems are discussed. These numerical algorithms are implemented in
the general-purpose computer program DAMS developed for the nonlinear dynamic
analysis of general multibody systems consisting of interconnected rigid and de-
formable bodies. The program is capable of performing the following types of anal-
yses: (1) static, (2) kinematic, (3) dynamic, and (4) static and dynamic. The analysis
type can be chosen by setting the value of a flag called JANL. If IANL equals 1, the
program performs static analysis; if [ANL equals 2, the program performs dynamic
analysis; if TANL equals 3, the program performs static and dynamic analysis; and if
TANL equals 4, the program performs kinematic analysis, that is

1, static

2, dynamic

3, static and dynamic
4, kinematic

IANL =

In the following, the algorithms used in the DAMS program for static, kinematic, and
dynamic analyses are discussed.

Static Analysis There are many numerical algorithms available in the liter-
ature for the static analysis of constrained mechanical systems. We, however, select
one of these algorithms, which is implemented in the DAMS program, to discuss
in this section. Before we provide an outline for this algorithm, we first discuss the
governing equations used in this algorithm.

For the static analysis Eqs. 158 and 155 can be rewritten, respectively, as

Kq + Cp\ =Q, (5.187)
Ciq)=0 (5.188)

where the vector of constraint functions C depends only on the vector of system
generalized coordinates. One may define R, as

R, =Q. - Kq (5.189)
and write Eq.187 as
CIA—R, =0 (5.190)

In the static analysis the vector R, is a function of the system reference and elastic
generalized coordinates q, which can be written in a partitioned form as (see Eq. 177)

a=[qd q (5.191)
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where ; and q  are, respectively, the vectors of independent and dependent coordi-
nates. For a virtual change §q in the system generalized coordinates, Eq. 190 leads
to

(CIA-R.)"8q =0 (5.192)

As explained in the preceding sections, one may use Eq. 188 to write the virtual
change of the dependent coordinates in terms of the virtual change of the independent
ones, that is,

3qq = Cyidq; (5.193)
where the matrix Cy; is defined by Eq. 180. One can then write the vector dq as
8ql‘ |
3q = = 3q; = Buidq; 5.194
q [8%} |:Cdi] q dioq ( )

where I is an identity matrix and B,; is an n x (n — n.) matrix, where n is the total
number of the system generalized coordinates, and 7. is the number of the constraint
equations. The matrix By; is given by

B, = |:Cldi] (5.195)
Substituting Eq. 194 into Eq. 192 leads to
(CIA —R.)'Bi8q; =0 (5.196)
Since the components of the vector 3q; are linearly independent, Eq. 196 yields
(CIA—R.)'B; =0 (5.197)

This is a system of (n — n.) nonlinear algebraic constraint equations whose solution
determines the static equilibrium position of the multibody system consisting of inter-
connected rigid and deformable bodies. If a correct estimate is made for the system
static configuration, Eq. 197 will be satisfied. For a large-scale flexible multibody
system, an accurate estimate of the system configuration may be difficult. Therefore,
one expects, by assuming a set of generalized coordinates ¢, that Eq. 197 may be
violated, that is,

(CIA-R.)'B; =R" (5.198)

Since, as shown in the preceding section, CqBy; is the null matrix, Eq. 198 reduces
to

-R!B; =R" (5.199)

where R is called the vector of residual forces associated with the independent gen-
eralized coordinates. It is obvious that the vector R depends on the assumed system
configuration and the norm of this vector is small if the initial guess of the system
configuration is close to the correct static configuration. In fact, Eq. 197 is satisfied
if the vector R is identically zero, that is

R=0 (5.200)
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The roots of this system of nonlinear homogeneous algebraic equations then determine
the exact static equilibrium position of the multibody system. This system of (n — n.)
equations can be solved numerically by using a Newton—Raphson algorithm, in which
an iterative solution of the following system of algebraic equations is sought (Atkinson
1978).

oR

9q;
where the vector Agq; is the vector of Newton differences. Equation 201 is solved
for the Newton differences, and the independent coordinates, the vector R and the

coefficient matrix dR/dq; are iteratively updated. The roots of Eq. 200 are then
obtained if the norm of the vector Aq; or the vector Ris arbitrarily small, that is,

IAq;i| <& or |R|<e (5.202)

Ag; = —R (5.201)

where ¢; and &, are small numbers.

We are now in a position to outline the numerical algorithm implemented in the
DAMS program for the static analysis of multibody systems consisting of intercon-
nected rigid and deformable bodies. This computational algorithm is shown in Fig. 9
and proceeds in the following routine:

Step 1 The stiffness matrices of the deformable bodies are generated in the pre-
processor PREDAMS. The stiffness matrices, an estimate of the static configura-
tion of the system, and the rigid body information, together with the constrained
mechanical system description, complete the required input data for a mechan-
ical system of interconnected rigid and deformable bodies. These data are used
as input to the main processor DAMS.

Step 2 Having set the flag IANL equal to one, the main processor DAMS calls
for subroutine STATIC, which performs the static analysis in a routine described
in the following steps.

Step 3 The constraint module (CONMOD) is called on to evaluate the constraint
Jacobian matrix and check on constraint violations. The set of independent and
dependent coordinates, denoted as q; and qg, respectively, are then identified
by calling the numerical module (NUMMOD). The independent coordinates
are then fixed and the dependent ones are adjusted by solving Eq. 188 using a
Newton—Raphson algorithm.

Step 4 Equation 199 is automatically generated by calling the constraint module
(CONMOD) to evaluate the constraint Jacobian matrix and calling the force
module (FRCMOD) to evaluate the vector R,, which contains the generalized
external as well as stiffness forces. Equation 199 can then be used to define the
residual force vector R.

Step 5 The numerical module (NUMMOD) is called on to solve Eq. 201 for
Newton differences Aq;. The vector of independent coordinates is then updated
by using Newton differences, that is,

q =q; +Aq; (5.203)

The norm of the vectors of Newton differences Aq; and the residual force vector
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Read the input data, which
include an estimate for the
static equilibrium position

Evaluate the constraint Jacobian matrix and
identify the dependent and independent coordinates

Use a Newton-Raphson algorithm to adjust the dependent
coordinates to satisfy the nonlinear constraint equations

Compute the constraint Jocobian matrix and
the generalized forces that appear in Eq. 199

Solve Eq. 199 for the residual force vector R

Use numerical differentiation or any other technique
to evaluate the coefficient matrix of Eq. 201

Solve Eq. 201 for the Newton differences Aq; and update
the vector of independent coordinates q;, that is

q;=9;+Aq;

Are the convergence criteria of Eq. 202
satisfied, or is the limit on iterations exceeded?

No Yes

Stop

Figure 5.9 Computational algorithm for the static analysis.



258 FLOATING FRAME OF REFERENCE FORMULATION

R are then checked according to Eq. 202. If Eq. 202 is satisfied, the dependent
coordinates are adjusted by solving Eq. 188 using a Newton—Raphson algorithm.
The new set of dependent and independent coordinates defines the static equilib-
rium position of the multibody system.

Step 6 If Eq. 202 is not satisfied, steps 3—5 are repeated.

Kinematic Analysis The kinematic analysis is an essential step in perform-
ing the dynamic analysis. Two cases of the kinematic analysis may be considered. In
the first case, the number of the system generalized coordinates is equal to the num-
ber of the kinematic constraint equations, and accordingly there are no independent
coordinates. In the second case the number of constraint equations is less than the
number of system coordinates. In this case, the number of independent coordinates
(degrees of freedom) is equal to n — n.. In the following, we discuss the special case
of kinematic analysis in which the number of constraint equations is equal to the
number of generalized coordinates of the multibody system. The other case, in which
the number of constraint equations is less than the number of system coordinates, will
be discussed later when we consider the numerical algorithm for the dynamic analysis
of multibody systems consisting of interconnected rigid and deformable bodies.

If the number of constraint functions is equal to the number of generalized co-
ordinates, we have n constraint equations, which can be written in a vector form
as

Clq, 1)) =0 (5.204)

This is a system of n nonlinear algebraic constraint equations whose roots define the
system generalized coordinate q. For a specified value of the time 7, one can use a
Newton—Raphson algorithm to perform the position analysis by solving the following
system of equations for the vector of Newton differences Aq:

CyAq=—C (5.205)

where the Jacobian matrix Cg in this case is a square matrix. If the constraint equations
are linearly independent, the Jacobian matrix Cq has a full row rank and thus is
nonsingular. As pointed out earlier, the iterative solutions of Eq. 205 can be used to
update the vector of system generalized coordinates, that is,

q=q+ Aq (5.206)

A solution of Eq. 204 is obtained if the norm of the vector of Newton differences or
the norm of the vector of constraint functions is less than a specified tolerance, that
is,

Aq] < &1, IC| < & (5.207)

where ¢ and ¢, are specified tolerances.
In order to perform the velocity analysis, we differentiate Eq. 204 with respect
to time. This gives

Cyd+C =0 (5.208)
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that is,
Cqq =—C, (5.209)

where C; is the partial derivative of the vector C with respect to time. The vector C,
is a function of the system generalized coordinates and possibly time, that is,

C =Ci(q,1) (5.210)

Knowing q from the position analysis and by specifying the value of ¢, we can deter-
mine the vector C;. Because Cq is nonsingular, Eq. 209 can be solved for the velocity
vector . Having determined the vector of generalized coordinates q and the vector of
generalized velocities ¢, one can proceed a step further to perform the acceleration
analysis. This can be simply done in this case by solving Eq. 163, or by evaluating
the coefficient matrix M, and the vector F of Eq. 168, where M, depends on the
system generalized coordinates and possibly on time, while F depends on the system
generalized coordinates, velocities, and possibly on time. The solution of Eq. 168
defines the acceleration vector as well as the vector of Lagrange multipliers. The
vector of Lagrange multipliers A can be used to determine the generalized constraint
forces CgA.

The procedure discussed above for the kinematic analysis of multibody systems
has been implemented in the DAMS program. The user can perform the kinematic
analysis of a general multibody system by setting the flag IANL equal to 4. The
computational scheme for the kinematic analysis in the DAMS program is shown in
Fig. 10 and proceeds in the following routine:

Step 1 A set of input data similar to the one described in step 1 of the computa-
tional algorithm for the static analysis must be supplied by the user.

Step 2 Having set the flag IANL equal to four, the main processor DAMS calls
for subroutine DYNAMC. In the subroutine DYNAMC the time interval is di-
vided into equal steps (subintervals) specified by the user. At the beginning of
each subinterval, subroutine DYNAMC calls subroutine F, which performs the
kinematic analysis in a routine described in the following steps.

Step 3 To perform the position analysis, a Newton—Raphson algorithm is used
to solve Eq. 204 by using Eq. 205. Equation 205 can be constructed by calling
CONMOD to evaluate the Jacobian matrix Cq and the vector of constraint func-
tions C. NUMMOD is then called on to solve Eq. 205 iteratively. A solution of
Eq. 204 is obtained, if Eq. 207 is satisfied. The solution of Eq. 204 defines the
total vector of system generalized coordinates that describe the configuration of
the multibody system.

Step 4 Following determination of the vector q, which describes the correct po-
sition of the system components, CONMOD is called on to evaluate the Jacobian
matrix Cq and the vector C; of Eq. 209. NUMMOD is then used to solve Eq. 209
for the velocity vector q.

Step 5 After determination of the vectors q and ¢, FRCMOD is called on to
evaluate the vectors Q, and Kq of Eq. 166. The vectors Q, may depend on the
system generalized coordinates, velocities, and possibly on time. CONMOD is
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Figure 5.10 Computational algorithm for the kinematic analysis.
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also called on to evaluate the Jacobian matrix Cq and the vector Q. defined by
Eq. 165. To construct Eq. 166, the mass module (MASMOD) is then called on
to evaluate the mass matrix M and the quadratic velocity vector Q,, which also
depends on the system generalized coordinates and velocities. NUMMOD is then
used to solve Eq. 166 for the vector of accelerations ¢ and the vector of Lagrange
multipliers A. The vector of Lagrange multipliers A can then be used to determine
the generalized constraint force vector CqT?\.

Step 6 Steps 3-5 are repeated until the simulation time ends.

Dynamic Analysis We observed that when the number of constraints is equal
to the number of generalized coordinates, the kinematic analysis requires only so-
lutions of a system of nonlinear algebraic equations and there is no need for using
numerical integration. This is not, however, the case in the dynamic analysis of multi-
body systems in which the number of constraints is less than the number of generalized
coordinates. In this case, the total vector of system generalized coordinates q can be
partitioned into a set of independent coordinates q; and a set of dependent coordi-
nates g . Since the dynamic equations of flexible multibody systems are summarized
in Sections 9 and 10, in the following paragraphs we discuss one of the numerical
algorithms used in the DAMS program for the numerical solution of these equations.
This computational algorithm is shown in Fig. 11.

Step 1 The preprocessor PREDAMS is employed to generate the inertia shape
integrals that appear in the body mass matrix, in addition to the element stiffness
matrix. If desired, the modal characteristics of each deformable body can also be
determined by solving the eigenvalue problem of free vibration. Furthermore the
preprocessor PREDAMS can be linked with any existing finite element code to
evaluate the inertia shape integrals that appear in the deformable body mass matrix
by using either consistent or lumped masses (Shabana 1985). The preprocessor
PREDAMS can also use experimentally identified parameters to generate the
inertia shape integrals of the deformable bodies.

Step 2 The previous information, an estimate of the initial configuration of the
system, and the rigid body information, together with the constrained mechanical
system description, completes the required input data for a mechanical system of
interconnected rigid and deformable bodies. These data are supplied to the main
processor DAMS for either the dynamic analysis only or for static and dynamic
analysis. If TANL is set to 3, the program performs first static analysis and
then dynamic analysis. Since the computational algorithm for the static analysis
has been discussed earlier, we outline in the following steps the computational
algorithm for the dynamic analysis.

Step 3 The main processor DAMS calls on subroutine DYNAMC in order to
perform the dynamic analysis. Subroutine DYNAMC calls on subroutine F to
perform the position, velocity, and acceleration analysis as outlined below.

Step 4 CONMOD is called on to evaluate the Jacobian matrix C4 and also to
check on constraint violations. After evaluation of the constraint Jacobian ma-
trix Cq, NUMMOD is then used to identify the set of independent coordinates
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Figure 5.11 Computational algorithm for the dynamic analysis.
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q; and the set of dependent coordinates q;. Assuming that the estimate of the
set of independent coordinates is correct, the constraint functions of Eq. 155
are solved by using a Newton—Raphson algorithm to determine the dependent
coordinates. This completes the position analysis of the flexible multibody
system.

Step 5 Having defined the correct configuration of the system, CONMOD is
called on to evaluate the Jacobian matrix Cq and the vector C, of Eq. 181. As-
suming that the estimate of the independent generalized velocities ¢; is correct,
Eq. 181 can be solved for the vector of dependent velocities ¢, by using NUM-
MOD. This completes the velocity analysis.

Step 6 Having defined the vectors of system generalized coordinates q and gen-
eralized velocities ¢, one can proceed a step further to determine the acceleration
vector and the vector of Lagrange multipliers. To this end, CONMOD is called
on to evaluate the Jacobian matrix Cq and the vector Q. of Eq. 166. MASMOD
is called on to evaluate the mass matrix M and the quadratic velocity vector Q,
of Eq. 166, and FRCMOD is called on to evaluate the stiffness force vector Kq
and the vector of generalized forces Q. of Eq. 166. These vectors and matrices
can be used to construct the right-hand side and the coefficient matrix of Eq. 168.
Using NUMMOD, one can solve Eq. 168 for the acceleration vector ¢ and the
vector Lagrange multipliers.

Step 7 Knowing the vector of accelerations, one can define the state vector y
of Eq. 182 of the independent coordinates and velocities. The state equations
(Eq. 183) associated with the independent coordinates then can be defined and
integrated forward in time by use of a direct numerical integration method. The
solution of the state equations defines the independent coordinates and velocities.
Step 8 Steps 4-7 are repeated until the end of the simulation time is reached.

Problems

1. The dynamics of a two-dimensional beam is modeled using two elastic coordinates. The
shape function of the beam is assumed to be

S — sinmé 0 l
- 0 sinwé

where £ = x1/[, and [ is the length of the beam. The beam is assumed to undergo an
arbitrary displacement. At a given instant of time, the vector of generalized coordinates
of the beam is given by

d =[R R 0 gqr1 qpl'T

i -3 317
=[3.0 20 2 05x107 10x10 ]

Determine the global position of the points £ = 0.5, 1.0.
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2. Determine the absolute velocities and accelerations of the points & = 0.5, 1.0 in Problem
1, if the vectors of generalized velocities and accelerations are given by
d=[Ri R 6 g gp] =10 0 50 5x10° 1.0x10%"
i =[Ri R 8 G G =10 0 0 5x10* 1.0x10%"

Determine also the absolute velocities and accelerations of the two points if the generalized
elastic velocities and accelerations were equal to zero.

3. The dynamics of a two-dimensional beam is modeled using three elastic coordinates. The
shape function of the beam is assumed to be

gi_[snmE 0 o |
B 0 sinwé sin27é

where £ = x1/1, and [ is the length of the beam. At a given instant of time, the vector of
generalized coordinates of the beam is given by

. "
d=[R R 0 g ap qr3

T

:[3.0 2.0 % 05x 1073 1.0x 1073 1.0><10—5]

Determine the global position vector of the points § = 0.5, 1.0. Compare the results
obtained in this problem and the results obtained using the beam model described in
Problem 1.

4. Determine the absolute velocities and accelerations of the points £ = 0.5, 1.0 in Problem
3, if the vectors of generalized velocities and accelerations are given by
d=[Ri R 0 g1 a2 )"
=0 0 50 5x10° 1.0x10° 3.0x 10%T
i =[R R 0 G dp f']'fz]lT
=[0 0 0 5x10* 1.0x10° 25x10°1"

Determine also the absolute velocities and accelerations if the reference velocities and
accelerations were equal to zero.

5. The dynamics of a two-dimensional beam is modeled using three elastic coordinates. The
shape function of the beam is assumed to be

l
S — £ 0 0
0 367 =26 L&)’ ~®?)
where £ = x1/1, and [ is the length of the beam. At a given instant of time, the vector of
the generalized coordinates of the beam is given by

A -
d=[R R 0 g g2 qs3]

T
=[3.o 2.0 % 05x 1073 1.0x 1073 1.0x10—5]

Determine the global position of the points £ = 0.5, 1.0. Compare the results obtained in
this problem and the results obtained using the beam model described in Problem 3.
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6. Determine the absolute velocities and accelerations of the points & = 0.5, 1.0 in Problem
5, if the vectors of generalized velocities and accelerations are given by
d=[R R 0 41 ap a3
=[0 0 50 5x10° 1.0x 10> 3.0 x 10*T
i =[R R 0 41 G a3
=[0 0 0 5x10* 1.0x10> 25x10°]"
Determine also the absolute velocities and accelerations if the reference velocities and
accelerations were equal to zero.

7. Using the beam model described in Problem 1, determine the beam inertia shape integrals.
Use these shape integrals to determine the mass matrix of the beam at the given instant of
time.

8. Determine the inertia shape integrals of the beam model given in Problem 3. Use the vector
of the generalized coordinates given in Problem 3 to evaluate the beam mass matrix.

9. Use the shape function and the vector of generalized coordinates given in Problem 5 to
evaluate the mass matrix of the beam.

10. Three elastic coordinates are used to model the dynamics of a three-dimensional beam.
The shape function of the beam is given by

i

sinwé 0 0
S = 0 sinwé 0
0 0 siné

where £ = x1//, and [ is the length of the beam. Determine the inertia shape integrals
of the beam. Determine also the beam mass matrix if Euler parameters are used as the
orientation coordinates.

11. Determine the nonlinear mass matrix of the beam model described in Problem 10 if Euler
angles are used as the orientation coordinates.

12. Repeat Problem 10 if the following shape function is used:

i

£ 0 0
S'=10 37?263 0
0 0 3(6) —2(6)°

where £ = x1//, and [ is the length of the beam.

13. Using Euler angles as the orientation coordinates, determine the nonlinear mass matrix of
the three-dimensional beam using the shape function given in Problem 12.

14. Use the virtual work of the inertia forces of the elastic bodies to define the mass matrix in
the case of planar motion.

15. In the case of three-dimensional motion, use the virtual work of the inertia forces to
determine the mass matrix of the deformable bodies.

16. The force vector F' = [2.5 —3.0]T N is assumed to act at the end of the beam described in
Problem 3. Determine the generalized forces associated with the generalized coordinates
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of the beam as the result of application of this force vector. Use the results obtained to
demonstrate that the force vector in flexible body dynamics is not a sliding vector.

17. Repeat Problem 16 using the beam model described in Problem 5.

18. The three-dimensional force vector F© = [2.5 —3.0 9.0]T N is assumed to act at the end
of the beam described in Problem 12. Determine the generalized forces associated with
the generalized coordinates of the beam as the result of application of this force vector.
Use Euler angles as the orientation coordinates.

19. Formulate the generalized forces of a spring—damper—actuator element connecting two
flexible bodies in the case of planar motion.

20. Determine the stiffness matrix of the beam described in Problem 1.

21. Determine the stiffness matrix of the beam described in Problem 3. Compare the results
with the results obtained using the beam model described in Problem 1.

22. Using the shape function defined in Problem 5, determine the beam stiffness matrix.

23. Formulate the constraint equations of the cylindrical joint between two deformable bodies.
Obtain also the Jacobian matrix of the cylindrical joint constraints.

24. Formulate the nonlinear constraints equations that describe a universal joint between two
deformable bodies. Formulate also the constraint Jacobian matrix of this joint.

25. Use the virtual work of the inertia forces to define the generalized centrifugal and Coriolis
inertia forces of deformable bodies in planar motion.

26. Derive the expression for the generalized centrifugal and Coriolis forces of deformable
bodies in the three-dimensional analysis using the virtual work of the inertia forces.

27. Provide the detailed derivation of the generalized Newton—Euler equations of deformable
bodies.

28. Discuss the effect of selecting the deformable body coordinate system on the nonlinear
inertia coupling between the reference and the elastic displacements.

29. Discuss the numerical algorithms used in the computer solution of flexible multibody
equations. Discuss the basic differences between these algorithms and the algorithms
used in the computer solution of rigid multibody equations.



6 FINITE-ELEMENT
FORMULATION

In the classical finite-element formulation for beams and plates, infinitesimal rota-
tions are used as nodal coordinates. As a result, beams and plates are not considered
as isoparametric elements. Rigid body motion of these non-isoparametric elements
does not result in zero strains and exact modeling of the rigid body inertia using these
elements cannot be obtained. In this chapter, a formulation for the large reference
displacement and small deformation analysis of deformable bodies using nonisopara-
metric finite elements is presented. This formulation, in which infinitesimal rotations
are used as nodal coordinates, leads to exact modeling of the rigid body dynamics and
results in zero strains under an arbitrary rigid body motion. It is crucial in this for-
mulation that the assumed displacement field of the element can describe an arbitrary
rigid body translation. Using this property and an intermediate element coordinate
system, a concept similar to the parallel axis theorem used in rigid body dynamics
can be applied to obtain an exact modeling of the rigid body inertia for deformable
bodies that have complex geometrical shapes.

To develop a finite-element formulation for deformable bodies in multibody sys-
tems, the assumed displacement field of the finite element is first discussed and some
important concepts that are fundamental in understanding large rotation problems in
particular and the dynamics of constrained deformable bodies in general are intro-
duced. In Section 2, the gross rigid body motion of the finite element is described
using a set of reference coordinates that describe the gross rigid body translational
and rotational displacements of a selected deformable body reference. To define a
unique displacement field, the rigid body modes of the element shape functions have
to be eliminated by using a set of reference conditions. These conditions, which de-
fine the nature of the deformable body axes, can be introduced using a set of linear
algebraic equations. The general displacement of the finite element in a deformable
body in the multibody system can then be described by using a coupled set of body
reference coordinates and element nodal elastic coordinates. These coordinates are
used in Sections 3 and 4 to develop the inertia and stiffness characteristics of the finite
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elements that undergo large translational and rotational displacements. The mass and
stiffness matrices of the deformable body in the multibody system are then obtained
by assembling the mass and stiffness matrices of the finite elements through the
use of a standard finite-element procedure. As shown in this chapter, the use of the
finite-element method can significantly reduce the number of inertia shape integrals
required to formulate the nonlinear inertia terms that represent the dynamic coupling
between the reference motion and the elastic deformation. Furthermore, the mass and
stiffness matrices that appear in linear structural dynamics can be extracted from the
nonlinear formulation presented in this chapter by considering the special case in
which the large reference rotations of the deformable bodies are not permitted.

The general development of the inertia and stiffness characteristics will be exem-
plified using planar and spatial examples discussed, respectively, in Sections 5 and 6,
wherein the mass and stiffness matrices of two- and three-dimensional beam elements
are derived. Since the finite-element discretization of complex structures results in
a large number of nodal coordinates, in Section 7 of this chapter, component mode
synthesis techniques that are frequently employed to reduce the number of coordi-
nates are briefly discussed. Before concluding this chapter, we discuss the computer
implementation of the nonlinear formulation presented in this chapter.

6.1 ELEMENT SHAPE FUNCTIONS

In the previous chapter classical approximation methods such as Rayleigh—Ritz
methods are used to describe the shape of deformation of the deformable bodies in
the multibody systems. The finite-element method can be viewed as a special case of
the Rayleigh—Ritz method wherein the deformable body is divided into small regions
called elements. The deformable body is separated by imaginary lines or surfaces
into a number of finite elements that are assumed to be interconnected at nodal points
on their boundaries. The displacements of the selected nodal points are the basic
unknowns of the problem. A piecewise fit is then used to uniquely describe the shape
within each element. As pointed out by Cook (1981), the use of the Rayleigh—Ritz
method has two undesirable properties. First, the assumed displacement fields can-
not be used immediately. They must be adjusted to match the boundary conditions.
Second, the time-dependent coordinates lack an obvious physical meaning. These
undesirable features are avoided in the standard finite-element formulation by us-
ing coordinates that describe displacements, slopes, and curvatures at selected nodal
points on the deformable body. Between these selected nodal points the displace-
ment field within the element can be adequately described by using interpolating
polynomials.

Nodal Coordinates The concept of interpolation is to select a function f(x)
from a given class of functions in such a way that the function passes through the given
data points, which in this case are the nodal points. Therefore, exact and interpolated
curves match at the endpoints (the nodes) but may differ elsewhere. We consider, for
example, the two-dimensional beam element shown in Fig. 1. One may describe the
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Figure 6.1 Two-dimensional beam.

displacement field within the element by the following polynomials:

w1 = ag + ajx;

wy = ay + asx; + ag(x))* + as(x))?
or in a matrix form
w = Xa 6.1)

where X is the matrix

x_[txmoo0o 0 o0
00 1 ox ()t ()

and a is the time-dependent vector whose components are given by
_ T
a=[ay ay a a3 a4 as]

In the static analysis a is a constant vector, while in dynamics a is a function of time.

In Eq. 1 a linear interpolation is used to describe the axial displacement, while
a cubic function is used to describe the transverse displacement. The coefficients
ap, ai, - . ., as are determined by applying end conditions. In this particular example,
we assume that the element has two nodal points at A and B, where A is located at
x1 = 0, B is located at x; = [, and [ is the length of the element. We further assume
that each nodal point has three degrees of freedom: two translational coordinates in
x; and x, directions, respectively, and the third one describing the slope at the nodal
point. Therefore, the total number of coordinates for this element is 6, denoted as
e1, e, €3, ey, es, and eg, and can be written in a vector form as

e=[e; e e es es el (6.2)

where ey, s, e4, and es are the translational coordinates as shown in Fig. 1, while
e3 and eg are the slopes at the nodal points A and B, respectively. To determine the
coefficients a;,i =0, 1, ..., 5, in Eq. 1 we impose the following end conditions:

wi(0) = ey, w2(0) = e, w5(0) = e3 ©3)
wil) =eqs,  wal)=es,  wh(l) = e '

where (") denotes partial differentiation with respect to the spatial coordinate x;.
Using the representation of Eq. 1 and the end conditions of Eq. 3, one can write

e =Xa (6.4)
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where the matrix X is defined as

1 0 0 0 0 0 ]
0010 0 0
_ looo1 o o
X‘110000 6.5
001 1 (O P
0 0 0 1 21 332

Therefore, the vector of the coefficients a can be determined in terms of the nodal
coordinates e as

a=X"'e (6.6)

where X! is the inverse of X. Using Eqs. 1 and 6, the displacement field of the beam
element can be written in terms of the nodal coordinates as

w=XX"e
or

w = Se 6.7)
where S is called the element shape function and defined as

S =XX! (6.8)

Using Eq. 5, the space-dependent shape function of the beam element is defined as

S =
1—¢ 0 0 £ 0 0
|: 0 1-3E72+26)° 1 -2@>+®)% 0 3¢ -28)° 1[E)Y - (5)2]]
(6.9)
where
£ = xl—l (6.10)

Note that at x; = 0 the elements of the shape function matrix associated with the
coordinates of the second node are equal to zero, while at x; = [, the elements of the
shape function matrix associated with the coordinates of the first node are equal to
Zero.

The procedure outlined above for writing the displacement field in terms of the
nodal coordinates of the element is general and can be used for any type of element
with any type of nodal coordinate. This procedure also applies for the planar analysis
as well as the spatial analysis.

Rigid Body Modes The assumed displacement field has to satisfy the con-
vergence requirements that guarantee that the exact solution will be approached when
the number of elements increases. As pointed out by Cook (1981), the convergence
conditions require that the displacement field within the element be continuous and
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also that the element be able to assume the state of constant strain. The continuity con-
dition is easily met by describing the displacement field with the use of polynomials.
The case of constant strains can be achieved if the derivatives of the displacement in
the strain energy expression used are able to assume constant values. Element shape
functions should also account for rigid body modes; that is, when the nodal coor-
dinates correspond to rigid body motion, the strain and nodal forces must be equal
to zero. The rigid body modes can be considered as a special case of the constant
strain requirements in which the strain is equal to zero. For instance, in the previous
example of the two-dimensional beam element, if in Eq. 7, ¢; = e4 = c¢;, where
c1 is a constant and e; = e3 = e5 = ¢¢ = 0, one can verify that this corresponds
to a rigid body translation of the element in the x; direction. In a similar manner, if
er =es =y and e; = e3 = eq4 = ¢6 = 0, one can verify that this case corresponds
to rigid body translation of the element in the x, direction. Therefore, the conven-
tional shape function of the beam element defined by Eq. 9 can describe an arbitrary
rigid body translation. This shape function, however, cannot be used to describe an
arbitrary rigid body rotation if infinitesimal rotations instead of slopes are used as
nodal coordinates (Shabana 1996b). This fact is demonstrated in Chapter 7 where the
problem of describing the finite rotations of the elements using the nodal coordinates
is discussed.

Using the fact that the element shape function can describe an arbitrary rigid body
translation, the vector of the nodal coordinates of the finite element can be written in
any coordinate system whose axes are parallel to the axes of the element coordinate
systems as

e=e¢,+ey (6.11)

where e, represents the values of the coordinates in the undeformed state and e s is the
vector of elastic nodal coordinates associated with the deformation of the element.

Coordinate Systems 1In a general multibody system, a deformable body is
normally divided into more than one element. To avoid any confusion in the notation,
for an element j on a deformable body i, we may write Eq. 7 in the form

w/ = Slel (6.12)

where the superscript i refers to the body number in the multibody system and the
superscript j refers to the element number in the finite-element discretization of the
deformable body i. In a similar manner, we may write Eq. 11 as

e = el e (6.13)
Because the element shape function can describe an arbitrary rigid body translation,
one can write Eq. 12 with respect to any coordinate system that is initially parallel
to the element coordinate system. For instance, in Fig. 2, X'ij ng ng is the element
coordinate system that translates and rotates with the element; that is, the origin of this
coordinate system is rigidly attached to a point on the element. The X X5 X} system

is a selected body coordinate system that need not be rigidly attached to a point on the
body (Shabana 1996a). The X} X!, X}, system is an intermediate element coordinate
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Figure 6.2 Finite-element coordinate systems.

system whose origin is rigidly attached to the origin of the body X’ X5X} coordinate

system. The coordinate system Xi’lXijiné is assumed to have a fixed orientation

with respect to the body coordinate system; that is, the Xi’l Xi’iné coordinate system

translates and rotates with the body reference. Furthermore, it is assumed that the

orientations of the axes Xj’l Xﬁ’ing are selected in such a manner that they are initially

parallel to the axes of the element coordinate system Xilj X;’X;j . Therefore, Egs. 12
and 13 can be used to define the configuration of the element ij with respect to the
X XX, system with the understanding that e’/ is replaced by e}/, that is,

w! = siel (6.14)

where W;:j is the assumed displacement field and efj are the nodal coordinates of the
element ij. Both wfj and eﬁj are defined with respect to the Xi]l XiJZXig intermediate
element coordinate system. Because the coordinate system Xi’lXiJZXiQ has a fixed
orientation with respect to the body reference, one may define the vector of nodal
coordinates eﬁj in the body coordinate system as

e/ = Ciigl (6.15)

where C¥ is an orthogonal constant transformation matrix and qﬁlj is the vector of
nodal coordinates of the element ij defined with respect to the coordinate system of
the body i. It follows that the displacement vector ii”/ can be defined in the ith body
coordinate system as

i = Cijwi:j — Cijsijefj (6.16)

In the two-dimensional analysis Ci/ is a 2 x 2 transformation matrix, while in three-
dimensional analysis C"/ is a 3 x 3 matrix. The constant transformation C¥ has a
dimension that is equal to the number of nodal coordinates of the element. We will
elaborate more on these transformations in subsequent sections.
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Substituting Eq. 15 into Eq. 16 yields
i’/ =C/S'C'q] (6.17)

This equation defines the position coordinates of an arbitrary point on the finite
element with respect to the origin of the body coordinate system. These position
coordinates are expressed in terms of a set of nodal coordinates defined in the body
coordinate system. Crucial to developing this equation is the concept of the interme-
diate element coordinate system (Shabana 1982), which plays a fundamental role in
the nonlinear formulation developed in this chapter. Using this coordinate system,
a concept similar to the parallel axis theorem used in rigid body dynamics can be
applied to obtain exact modeling of the rigid body inertia for components that have
complex geometrical shapes. Equation 17 can also be written in a form similar to
the kinematic position equation obtained in the preceding chapter. By using Eq. 13,
the position vector of an arbitrary point on the element can be written as the sum of the
position vector in the undeformed reference configuration plus the deformation vector.

Role of the Intermediate Element Coordinate System As previously
pointed out, the intermediate element coordinate system plays a fundamental role
in the nonlinear formulation presented in this chapter (Shabana 1982). The use of
this coordinate system with a shape function that can describe an arbitrary rigid body
translation leads to an exact modeling of the rigid body kinematics. Without the use of
this coordinate system, exact modeling of the rigid body kinematics cannot be obtained
when conventional beam and plate element shape functions are used. As demonstrated
in the following chapter, the use of the infinitesimal rotations as nodal coordinates in
the case of beam and plate elements leads to a linearization of the rigid body kinematics
when the large rotation of the element is described using the element nodal coordinates
(Shabana 1996b). By using the intermediate element coordinate system, this problem
can be solved since Eq. 16 or Eq. 17 when used with the body reference coordinates
leads to exact modeling of the rigid body kinematics. To demonstrate the fundamental
role played by the intermediate element coordinate system, the two-dimensional beam
element shown in Fig. 3 is considered. In the undeformed reference configuration, the
location of the origin of the element coordinate system with respect to the intermediate
element coordinate system is defined by the coordinates d ij and d;j . The orientation of
the element and the intermediate element coordinate system with respect to the body
coordinate system in the undeformed reference configuration is defined by the angle
B/ Since in the undeformed reference configuration, the deformation of the element
is equal to zero, the vector of nodal coordinates of the element used in Eq. 16 as
defined in the intermediate element coordinate system is given by

ii T
e/ =[d d 0 di+1 dy 0]

Using this vector of nodal coordinates and the shape function of Eq. 9, it can be shown
that

i ij +d, 7"
Si - X1
¢ [ :
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Figure 6.3 Two-dimensional beam element.

which is the exact location of an arbitrary point on the element obtained here using the
element shape function and the vector of nodal coordinates. The preceding equation
defines the location of an arbitrary point with respect to the origin of the intermediate
element coordinate system that is rigidly attached to the origin of the body coordinate
system. The orientation of the element coordinate system with respect to the body
coordinate system is defined by the transformation matrix C*/ used in Eq. 16. This
matrix is given by

Cii [cos,B —sinﬂ}”
sin8  cospB
Asaconsequence, Eq. 16 defines the exact location of an arbitrary point on the element
in the body coordinate system. Using a similar procedure, it can be demonstrated
that the use of the intermediate element coordinate system in the three-dimensional
analysis leads to exact modeling of the rigid body kinematics.

Connectivity Conditions The coordinate system X|X5X} of body i repre-
sents a unique standard for all elements of this body and as such serves to express the
connectivity between these elements. Let g, be the total vector of nodal coordinates
of body i resulting from the finite-element discretization. Then the vector of element
nodal coordinates can be written in terms of the nodal coordinates of the body as

7 =B{q, (6.18)

where Bilj is a constant Boolean transformation whose elements are either zeros or
ones and serves to express the connectivity of this element. For instance, consider the
example shown in Fig. 4 where body i is divided into two beam elements that are
rigidly connected at node 2. In this example, two coordinates are assumed for each
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Figure 6.4 Element connectivity.

node, and therefore the vector qi,j contains four elements, that is,
q’n1 = [e’ll e’21 e’31 ej‘l] (6.19)
qf = [6’12 6’22 6’32 ef‘z] (6.20)
For the assembled body, however, the vector q’;l is defined as
q, = [e’l ey ey ey e e’6] (6.21)

where the transformation of Eq. 18 can be recognized for the first element as

1 0 0 0 0 07
; 01 0 0 0 O
il _
By = 0 01 0 0 O (6.22)
L0 OO 1 0 0]
and for the second element as
[0 0 1 0 0 07
; 00 01 0O
i2
31_000010 (6.23)
L0 O O 0 0 1]

Using Eq. 18, one can then write the displacement of element ij of Eq. 17 in
terms of the nodal coordinates of body i as

a/ = CYSCBY ¢ (6.24)
or in a compact form as

i@/ = Niigl (6.25)
where N/ is the space-dependent matrix defined as

N = Cli§iiCiiBY (6.26)

It can be observed that the displacement representation of Eq. 24 contains the rigid
body modes, and accordingly the rigid body motion of the elements with respect
to the body reference is allowed. It is important in the multibody system dynamics,
however, to eliminate the rigid body modes of the shape functions in order to define a
unique displacement field with respect to the body reference. The rigid body motion
is described using a set of absolute reference coordinates that define the location and
orientation of the selected body reference.
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6.2 REFERENCE CONDITIONS

In the preceding section, it is shown how the displacement field of the element
can be written in terms of the total vector of nodal coordinates of the body. It is also
pointed out that this representation contains the rigid body modes of the element. Our
intention, however, as indicated earlier is to describe the rigid body motion by use of a
coupled set of absolute Cartesian and rotational coordinates that, respectively, describe
the location of the origin and orientation of the body reference. In so doing, many
technical difficulties associated with the description of large rotations of the elements
using translation and infinitesimal rotation nodal coordinates can be avoided. To define
aunique displacement field, one then has to eliminate the rigid body modes associated
with the element shape functions. This can be achieved by imposing a set of reference
conditions that, in turn, define the nature of the body reference. These reference
conditions are not a unique set, yet they have to be consistent with the kinematic
constraints imposed on the boundary of the deformable body (Shabana 1996a).

As an illustration of the concept to be introduced in this section, we consider the
slider crank mechanism shown in Fig. 5. The link O A is the crankshaft, AB is the
connecting rod, and the mass concentrated at B is the slider block. We may consider
the flexibility of the connecting rod and divide it into a set of finite beam elements.
We consider the special case in which the connecting rod is divided into two beam
elements and accordingly the vector of nodal coordinates is given by Eq. 21. The
connecting rod is connected to the crankshaft and the slider block by pin joints at the
ends A and B, respectively. The assumed displacement field must, therefore, assume
the shape of a simply supported beam. The simply supported end conditions imply
that the axial and transverse deformations at the endpoint A as well as the transverse
deformation at the endpoint B vanish. These conditions are sufficient to eliminate
the rigid body modes in the assumed displacement field. In fact, they define the way
the displacement is measured with respect to the body reference and accordingly
define the nature of this reference. In the slider crank mechanism shown in the figure,
itis obvious that the X} axis of the body reference has to pass through points A and B.
This, however, does not imply that the origin of the body reference is rigidly attached
to the connecting rod because the end conditions at A do not include the slope at this
point. In fact, the origin of the body reference of the connecting rod is not rigidly
attached to a specific point, and this results in a floating frame of reference. This is
a significant difference between the kinematics of rigid and deformable bodies. In

) Deformed center
X, line of the connecting
.~ rod

Figure 6.5 Planar slider crank mechanism.
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the rigid body analysis there is no difference between the reference and the body
kinematics. The rigid body configuration is completely defined by the motion of its
reference. It is often desirable to rigidly attach the origin of the reference to the
center of mass of the rigid body to simplify the mathematical model by decoupling
the translational and rotational coordinates of the body. This is not, however, the
case when deformable bodies are considered. The conditions that define the nature
of the deformable body reference are called the reference conditions. The number of
reference conditions must be greater than or equal to the number of rigid body modes
in the assumed displacement field.

In the finite-element analysis, the vector of nodal coordinates of body i can be
written as

q,=q,+4q; (6.27)
where ¢, is the vector of nodal coordinates in the undeformed state and q’} is the
vector of nodal deformations. The reference conditions can be considered as a set
of constraint equations relating the vector of nodal deformations. These reference

conditions can then be used to write the vector of nodal elastic coordinates in terms
of a new independent set of coordinates, that is,

q, =Biq} (6.28)
where B} is a linear transformation that arises from imposing the reference conditions
and qif is the new vector of nodal deformations.

In the slider crank mechanism example, if the connecting rod is divided into
two beam elements, the nodal coordinates are defined by Eq. 21. One can verify that

by imposing reference conditions satisfying the simply supported end conditions the
transformation B, and the vector ¢, are defined as

0 0 O
0 0 O
i |1 00
B:=10 1 o (6.29)
0 0 O
[0 0 1]
i’ i i i
qy =[(ef); (ef), (ef)s] (6.30)
Substituting Eq. 28 into Eq. 27 yields
q, = q, + Byq; (6.31)

One may also observe that

q, = B34} (6.32)
Introducing the reference coordinates

q =[RT o (6.33)

that describe the location of the origin and the orientation of the body reference, one
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may uniquely define the position vector r'/ of an arbitrary point on element j of body
ias
r/ =R' 4+ A'a"/ (6.34)
With the use of Egs. 25 and 31, the above equation leads to (Shabana 1982)
r/ =R+ A'Niig]
— R+ ANV (g} + Biq,) (6.35)
where the shape matrix NV is defined by Eq. 26. In Eq. 35, the position vector r"/

of an arbitrary point on element j of body i is written in terms of the reference and
elastic coordinates of body i.

6.3 KINETIC ENERGY

In this section, an expression for the kinetic energy of body i is obtained by
developing the kinetic energy of its elements. This leads to the definition of the
nonlinear terms that represent the inertia coupling between the reference motion of
the body and the elastic deformation of the elements. The inertia shape integrals
required to develop these coupling terms will also be identified.

Kinetic Energy of the Finite Elements Differentiating Eq. 34 with respect
to time yields

i/ =R+ A" (@' x ") + A'NVBYq (6.36)

where @' is the angular velocity vector defined in the local coordinate system. Recall
that

@ x b = i @ (6.37)

where 01"/ is the skew symmetric matrix defi