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iiiPrefaceThe subject of Di�erential Equations is a well established part of mathe-matics and its systematic development goes back to the early days of the de-velopment of Calculus. Many recent advances in mathematics, paralleled bya renewed and 
ourishing interaction between mathematics, the sciences, andengineering, have again shown that many phenomena in the applied sciences,modelled by di�erential equations will yield some mathematical explanation ofthese phenomena (at least in some approximate sense).The intent of this set of notes is to present several of the important existencetheorems for solutions of various types of problems associated with di�erentialequations and provide qualitative and quantitative descriptions of solutions. Atthe same time, we develop methods of analysis which may be applied to carryout the above and which have applications in many other areas of mathematics,as well.As methods and theories are developed, we shall also pay particular attentionto illustrate how these �ndings may be used and shall throughout considerexamples from areas where the theory may be applied.As di�erential equations are equations which involve functions and theirderivatives as unknowns, we shall adopt throughout the view that di�eren-tial equations are equations in spaces of functions. We therefore shall, as weprogress, develop existence theories for equations de�ned in various types offunction spaces, which usually will be function spaces which are in some sensenatural for the given problem.
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Chapter IAnalysis In Banach Spaces1 IntroductionThis chapter is devoted to developing some tools from Banach space val-ued function theory which will be needed in the following chapters. We �rstde�ne the concept of a Banach space and introduce a number of examples ofsuch which will be used later. We then discuss the notion of di�erentiability ofBanach{space valued functions and state an in�nite dimensional version of Tay-lor's theorem. As we shall see, a crucial result is the implicit function theoremin Banach spaces, a version of this important result, suitable for our purposesis stated and proved. As a consequence we derive the Inverse Function theoremin Banach spaces and close this chapter with an extension theorem for func-tions de�ned on proper subsets of the domain space (the Dugundji extensiontheorem).In this chapter we shall mainly be concerned with results for not necessarilylinear functions; results about linear operators which are needed in these noteswill be quoted as needed.2 Banach SpacesLet E be a real (or complex) vector space which is equipped with a normk � k, i.e. a function k � k : E ! R+ having the properties:i) kuk � 0, for every u 2 E,ii) kuk = 0 is equivalent to u = 0 2 E,iii) k�uk = j�jkuk, for every scalar � and every u 2 E,iv) ku+ vk � kuk+ kvk, for all u; v;2 E (triangle inequality).A norm k � k de�nes a metric d : E � E ! R+ by d(u; v) = ku � vk and(E; k � k) or simply E (if it is understood which norm is being used) is called a3



4Banach space if the metric space (E; d), d de�ned as above, is complete (i.e. allCauchy sequences have limits in E).If E is a real (or complex) vector space which is equipped with an inner product,i.e. a mappingh�; �i : E �E ! R (or C (the complex numbers))satisfyingi) hu; vi = hv; ui; u; v 2 Eii) hu+ v; wi = hu;wi + hv; wi; u; v; w 2 Eiii) h�u; vi = �hu; vi; � 2 C ; u; v;2 Eiv) hu; ui � 0, u 2 E, and hu; ui = 0 if and only if u = 0,then E is a normed space with the norm de�ned bykuk =phu; ui; u 2 E:If E is complete with respect to this norm, then E is called a Hilbert space.An inner product is a special case of what is known as a conjugate linearform, i.e. a mapping b : E � E ! C having the properties (i){(iv) above (withh�; �i replaced by b(�; �)); in case E is a real vector space, then b is called a bilinearform.The following collection of spaces are examples of Banach spaces. They willfrequently be employed in the applications presented later. The veri�cation thatthe spaces de�ned are Banach spaces may be found in the standard literatureon analysis.2.1 Spaces of continuous functionsLet 
 be an open subset of Rn , de�neC0(
;Rm ) = ff : 
! Rm such that f is continuous on 
g:Let kfk0 = supx2
 jf(x)j; (1)where j � j is a norm in Rm .Since the uniform limit of a sequence of continuous functions is again con-tinuous, it follows that the spaceE = ff 2 C0(
;Rm ) : kfk0 <1gis a Banach space.If 
 is as above and 
0 is an open set with �
 � 
0, we let C0(�
;Rm ) = ftherestriction to �
 of f 2 C0(
0;Rm )g. If 
 is bounded and f 2 C0(�
;Rm ),then kfk0 < +1. Hence C0(�
;Rm ) is a Banach space.



2. BANACH SPACES 52.2 Spaces of di�erentiable functionsLet 
 be an open subset of Rn . Let � = (i1; � � � ; in) be a multiindex, i.e.ik 2 Z (the nonnegative integers), 1 � k � n. We let j�j = Pnk=1 ik. Letf : 
! Rm , then the partial derivative of f of order �;D�f(x), is given byD�f(x) = @j�jf(x)@i1x1 � � � @inxn ;where x = (x1; � � � ; xn). De�ne Cj(
;Rm ) = ff : 
 ! Rm such that D�f iscontinuous for all �; j�j � jg.Let kfkj = jXk=0 maxj�j�k kD�fk0: (2)Then, using further convergence results for families of di�erentiable functions itfollows that the spaceE = ff 2 Cj(
;Rm ) : kfkj < +1gis a Banach space.The space Cj(�
;Rm ) is de�ned in a manner similar to the space C0(�
;Rm )and if 
 is bounded Cj(�
;Rm ) is a Banach space.2.3 H�older spacesLet 
 be an open set in Rn . A function f : 
 ! Rm is called H�oldercontinuous with exponent �; 0 < � � 1, at a point x 2 
, ifsupy 6=x jf(x)� f(y)jjx� yj� <1;and H�older continuous with exponent �; 0 < � � 1, on 
 if it is H�older contin-uous with the same exponent 
 at every x 2 
. For such f we de�neH�
(f) = supx6=yx;y2
 jf(x) � f(y)jjx� yj� : (3)If f 2 Cj(
;Rm ) with D�f; j�j = j, is H�older continuous with exponent � on
, we say f 2 Cj;�(
;Rm ). Letkfkj;� = kfkj + maxj�j=jH�
(D�f);then the spaceE = ff 2 Cj;�(
;Rm ) : kfkj;� <1gis a Banach space.



6 As above, one may de�ne the space Cj;�(
;Rm). And again, if 
 is bounded,Cj;�(
;Rm ) is a Banach space.We shall also employ the following conventionCj;0(
;Rm ) = Cj(
;Rm )and Cj;0(�
;Rm) = Cj(�
;Rm ):2.4 Functions with compact supportLet 
 be an open subset of Rn . A function f : 
 ! Rm is said to havecompact support in 
 if the setsupp f = closurefx 2 
 : f(x) = 0g = fx 2 
 : f(x) = 0gis compact.We letCj;�0 (
;Rm ) = ff 2 Cj;�(
;Rm ) : supp f is a compact subset of 
gand de�ne Cj;�0 (�
;Rm ) similarly.Then, again, if 
 is bounded, the space Cj;�0 (�
;Rm ) is a Banach space andCj;�0 (�
;Rm ) = ff 2 Cj;�(�
;Rm ) : f(x) = 0; x 2 @
g:2.5 Lp spacesLet 
 be a Lebesgue measurable subset of Rn and let f : 
 ! Rm be ameasurable function. Let, for 1 � p <1;kfkLp = �Z
 jf(x)jpdx�1=p ;and for p =1, letkfkL1 = essupx2
jf(x)j;where essup denotes the essential supremum.For 1 � p � 1, letLp(
;Rm ) = ff : kfkLp < +1g:Then Lp(
;Rm ) is a Banach space for 1 � p � 1. The space L2(
;Rm ) is aHilbert space with inner product de�ned byhf; gi = Z
 f(x) � g(x)dx;where f(x) � g(x) is the inner product of f(x) and g(x) in the Hilbert space(Euclidean space) Rn .



2. BANACH SPACES 72.6 Weak derivativesLet 
 be an open subset of Rn . A function f : 
 ! Rm is said to belongto class Lploc(
;Rm ), if for every compact subset 
0 � 
; f 2 Lp(
0;Rm ). Let� = (�1; : : : ; �n) be a multiindex. Then a locally integrable function v is calledthe �th weak derivative of f if it satis�esZ
 v�dx = (�1)j�j Z
 fD��dx; for all � 2 C10 (
): (4)We write v = D�f and note that, up to a set of measure zero, v is uniquelydetermined. The concept of weak derivative extends the classical concept ofderivative and has many similar properties (see e.g. [11]).2.7 Sobolev spacesWe say that f 2 W k(
;Rm ), if f has weak derivatives up to order k, andset W k;p(
;Rm ) = ff 2 W k(
;Rm ) : D�f 2 Lp(
;Rm ); j�j � kg:Then the vector space W k;p(
;Rm ) equipped with the normkfkWk;p = 0@Z
 Xj�j�k jD�f jpdx1A1=p (5)is a Banach space. The space Ck0 (
;Rm ) is a subspace of W k;p(
;Rm ), it'sclosure in W k;p(
;Rm ), denoted by W k;p0 (
;Rm ); is a Banach subspace which,in general, is a proper subspace.For p = 2, the spacesW k;2(
;Rm ) andW k;20 (
;Rm ) are Hilbert spaces withinner product hf; gi given byhf; gi = Z
 Xj�j�kD�f �D�gdx: (6)These spaces play a special role in the linear theory of partial di�erential equa-tions, and in case 
 satis�es su�cient regularity conditions (see [1], [26]), theymay be identi�ed with the following spaces.Consider the space Ck(�
;Rm ) as a normed space using the k � kWk;p norm.It's completion is denoted by Hk;p(
;Rm ): If p = 2 it is a Hilbert space withinner product given by (6). Hk;p0 (
;Rm ) is the completion of C10 (
;Rm ) inHk;p(
;Rm ):2.8 Spaces of linear operatorsLet E andX be normed linear spaces with norms k�kE and k�kX , respectively.Let L(E;X) = ff : E ! X such that f is linear and continuousg:



8For f 2 L(E;X), letkfkL = supkxkE�1 kf(x)kX : (7)Then k � kL is a norm for L(E;X). This space is a Banach space, whenever Xis. Let E1; : : : ; En and X be n+1 normed linear spaces, let L(E1; : : : ; En;X) =ff : E1 � � � � � En ! X such that f is multilinear (i.e. f is linear in eachvariable separately) and continuousg. Letkfk = supfkf(x1; : : : ; xn)kX : kx1kE1 � 1; : : : ; kxnkEn � 1g; (8)then L(E1; : : : ; En;X) with the norm de�ned by (8) is a normed linear space.It again is a Banach space, whenever X is.If E and X are normed spaces, one may de�ne the spacesL1(E;X) = L(E;X)L2(E;X) = L(E;L1(E;X))... ... ...Ln(E;X) = L(E;Ln�1(E;X)); n � 2:We leave it as an exercise to show that the spaces L(E; : : : ; E;X) (E repeatedn times) and Ln(E;X) may be identi�ed (i.e. there exists an isomorphismbetween these spaces which is norm preserving (see e.g. [28]).3 Di�erentiability, Taylor's Theorem3.1 Gâteaux and Fr�echet di�erentiabilityLet E and X be Banach spaces and let U be an open subset of E. Letf : U ! Xbe a function. Let x0 2 U , then f is said to be Gâteaux di�erentiable (G-di�erentiable) at x0 in direction h, iflimt!0 1t ff(x0 + th)� f(x0)g (9)exists. It said to be Fr�echet di�erentiable (F-di�erentiable) at x0, if there existsT 2 L(E;X) such thatf(x0 + h)� f(x0) = T (h) + o(khk) (10)for khk small, here o(khk) means thatlimkhk!0 o(khk)khk = 0:



3. DIFFERENTIABILITY, TAYLOR'S THEOREM 9(We shall use the symbol k � k to denote both the norm of E and the norm ofX , since it will be clear from the context in which space we are working.) Wenote that Fr�echet di�erentiability is a more restrictive concept.It follows from this de�nition that the Fr�echet{derivative of f at x0, if itexists, is unique. We shall use the following symbols interchangeably for theFr�echet{derivative of f at x0; Df(x0), f 0(x0), df(x0), where the latter is usuallyused in case X = R. We say that f is of class C1 in a neighborhood of x0 if fis Fr�echet di�erentiable there and if the mappingDf : x 7! Df(x)is a continuous mapping into the Banach space L(E;X).If the mappingDf : U ! L(E;X)is Fr�echet{di�erentiable at x0 2 U , we say that f is twice Fr�echet{di�erentiableand we denote the second F{derivative by D2f(x0), or f 00(x0), or d2f(x0). ThusD2f(x0) 2 L2(E;X). In an analogous way one de�nes higher order di�erentia-bility.If h 2 E, we shall writeDnf(x0)(h; � � � ; h) as Dnf(x0)hn;(see Subsection 2.8).If f : Rn ! Rn is Fr�echet di�erentiable at x0, then Df(x0) is given by theJacobian matrixDf(x0) = � @fi@xj jx=x0� ;and if f : Rn ! R is Fr�echet di�erentiable, then Df(x0) is represented by thegradient vector rf(x0), i.e.Df(x0)(h) = rf(x0) � h;where \�" is the dot product in Rn , and the second derivative D2f(x0) is givenby the Hessian matrix � @2f@xi@xj � jx=x0 , i.e.D2f(x0)h2 = hT � @2f@xi@xj�h;where hT is the transpose of the vector h.3.2 Taylor's formula1 Theorem Let f : E ! X and all of its Fr�echet{derivatives of order less thanm; m > 1, be of class C1 on an open set U . Let x and x + h be such that theline segment connecting these points lies in U . Thenf(x+ h)� f(x) = m�1Xk=1 1k!Dkf(x)hk + 1m!Dmf(z)hm; (11)



10where z is a point on the line segment connecting x to x + h. The remainder1m!Dmf(z)hm is also given by1(m� 1)! Z 10 (1� s)m�1Dmf(x0 + sh)hmds: (12)We shall not give a proof of this result here, since the proof is similar to the onefor functions f : Rn ! Rm (see e.g. [8]).3.3 Euler-Lagrange equationsIn this example we shall discuss a fundamental problem of variational cal-culus to illustrate the concepts of di�erentiation just introduced; speci�cally weshall derive the so called Euler-Lagrange di�erential equations. The equationsderived give necessary conditions for the existence of minima (or maxima) ofcertain funtionals.Let g : [a; b]�R2 ! R be twice continuously di�erentiable. Let E = C20 [a; b]and let T : E ! R be given byT (u) = Z ba g(t; u(t); u0(t))dt:It then follows from elementary properties of the integral, that T is of class C1.Let u0 2 E be such that there exists an open neighborhood U of u0 such thatT (u0) � T (u) (13)for all u 2 U (u0 is called an extremal of T ). Since T is of class C1 we obtainthat for u 2 UT (u) = T (u0) +DT (u0))(u� u0) + o(ku� u0k):Hence for �xed v 2 E and � 2 R small,T (u0 + �v) = T (u0) +DT (u0)(�v) + o(j�jkvk):It follows from (13) that0 � DT (u0)(�v) + o(j�jkvk)and hence, dividing by k�vk,0 � DT (u0)� vkvk�+ o(k�vk)k�vk ;where k � k is the norm in E. It therefore follows, letting � ! 0, that forevery v 2 E, DT (u0)(v) = 0. To derive the Euler{Lagrange equation, we mustcompute DT (u0). For arbitrary h 2 E we haveT (u0 + h) = R ba g(t; u0(t) + h(t); u00(t) + h0(t))dt= R ba g(t; u0(t); u00(t)dt+ R ba @g@p (t; u0(t); u00(t))h(t)dt+ R ba @g@q (t; u0(t); u00(t))h0(t)dt+ o(khk);



4. SOME SPECIAL MAPPINGS 11where p and q denote generic second, respectively, third variables in g. ThusDT (u0)(h) = R ba @g@p (t; u0(t); u00(t))h(t)dt+ R ba @g@q (t; u0(t); u00(t))h0(t)dt:For notation's sake we shall now drop the arguments in g and its partial deriva-tives. We computeZ ba @g@q h0dt = �@g@q h�ba � Z ba h ddt �@g@q� dt;and since h 2 E, it follows thatDT (u0)(h) = Z ba �@g@p � ddt @g@q �hdt: (14)Since DT (u0)(h) = 0 for all h 2 E, it follows that@g@p (t; u0(t); u00(t))� ddt @g@q (t; u0(t); u00(t)) = 0; (15)for a � t � b (this fact is often referred to as the fundamental lemma of thecalculus of variations). Equation (15) is called the Euler-Lagrange equation. Ifg is twice continuously di�erentiable (15) becomes@g@p � @2g@t@q � @2g@p@qu00 � @2g@q2 u000 = 0; (16)where it again is understood that all partial derivatives are to be evaluated at(t; u0(t); u00(t)). We hence conclude that an extremal u0 2 E must solve thenonlinear di�erential equation (16).4 Some Special MappingsThroughout our text we shall have occasion to study equations de�ned bymappings which enjoy special kinds of properties. We shall brie
y review somesuch properties and refer the reader for more detailed discussions to standardtexts on analysis and functional analysis (e.g. [8]).4.1 Completely continuous mappingsLet E and X be Banach spaces and let 
 be an open subset of E, letf : 
! Xbe a mapping. Then f is called compact, whenever f(
0) is precompact inX for every bounded subset 
0 of 
 (i.e. f(
0) is compact in X). We call fcompletely continuous whenever f is compact and continuous. We note that iff is linear and compact, then f is completely continuous.



122 Lemma Let 
 be an open set in E and let f : 
! X be completely continuous,let f be F-di�erentiable at a point x0 2 
. Then the linear mapping T = Df(x0)is compact, hence completely continuous.Proof. Since T is linear it su�ces to show that T (fx : kxk � 1g) is precompactin X . (We again shall use the symbol k � k to denote both the norm in E andin X .) If this were not the case, there exists � > 0 and a sequence fxng1n=1 �E; kxnk � 1; n = 1; 2; 3; � � � such thatkTxn � Txmk � �; n 6= m:Choose � > 0 such thatkf(x0 + h)� f(x0)� Thk < �3khk;for h 2 E; khk � �. Then for n 6= mkf(x0 + �xn)� f(x0 + �xm)k � �kTxn � Txmk� kf(x0 + �xn)� f(x0)� �Txnk � kf(x0 + �xm)� f(x0)� �Txmk� ��� ��3 � ��3 = ��3 :Hence the sequence ff(x0 + �xn)g1n=1 has no convergent subsequence. On theother hand, for � > 0, small, the set fx0 + �xng1n=1 � 
, and is bounded,implying by the complete continuity of f that ff(x0+ �xn)g1n=1 is precompact.We have hence arrived at a contradiction.4.2 Proper mappingsLet M � E, Y � X and let f : M ! Y be continuous, then f is calleda proper mapping if for every compact subset K of Y , f�1(K) is compact inM . (Here we consider M and Y as metric spaces with metrics induced by thenorms of E and X , respectively.)3 Lemma Let h : E ! X be completely continuous and let g : E ! X be proper,then f = g � h is a proper mapping, provided that f is coercive, i.e.kf(x)k ! 1 as kxk ! 1: (17)Proof. Let K be a compact subset of X and let N = f�1(K). Let fxng1n=1be a sequence in N . Then there exists fyng1n=1 � K such thatyn = g(xn)� h(xn): (18)Since K is compact, the sequence fyng1n=1 has a convergent subsequence, andsince f is coercive the sequence fxng1n=1 must be bounded, further, becauseh is completely continuous, the sequence fh(xn)g1n=1 must have a convergent



4. SOME SPECIAL MAPPINGS 13subsequence. It follows that the sequence fg(xn)g1n=1 has a convergent sub-sequence. Relabeling, if necessary, we may assume that all three sequencesfyng1n=1, fg(xn)g1n=1 and fh(xn)g1n=1 are convergent. Sinceg(xn) = yn + h(xn)and g is proper, it follows that fxng1n=1 converges also, say xn ! x; hence Nis precompact. That N is also closed follows from the fact that g and h arecontinuous.4 Corollary Let h : E ! E be a completely continuous mapping, and let f =id� h be coercive, then f is proper (here id is the identity mapping).Proof. We note that id : E! E is a proper mapping.In �nite dimensional spaces the concepts of coercivity and properness areequivalent, i.e. we have:5 Lemma Let f : Rn ! Rm be continuous, then f is proper if and only if f iscoercive.4.3 Contraction mappings, the Banach �xed point theo-remLet M be a subset of a Banach space E: A function f : M ! E is called acontraction mapping if there exists a constant k, 0 � k < 1 such thatkf(x)� f(y)k � kkx� yk; for all x; y 2M: (19)6 Theorem Let M be a closed subset of E and f : M ! M be a contractionmapping, then f has a unique �xed point inM ; i.e. there exists a unique x 2Msuch thatf(x) = x : (20)Proof. If x; y 2M both satisfy (20), thenkx� yk = kf(x)� f(y)k � kkx� yk;hence, since k < 1, x must equal y, establishing uniqueness of a �xed point.To proof existence, we de�ne a sequence fxng1n=0 �M inductively as follows:Choose x0 2M and letxn = f(xn�1); n � 1: (21)(21) implies that for any j � 1kf(xj)� f(xj�1)k � kjkx1 � x0k;



14and hence if m > nxm � xn = xm � xm�1 + xm�1 � : : :+ xn+1 � xn =f(xm�1)� f(xm�2) + f(xm�2)� : : :+ f(xn)� f(xn�1)and thereforekxm � xnk � kx1 � x0k(kn + : : :+ km�1) = kn � km1� k kx1 � x0k: (22)It follows from (22) that fxng1n=0 is a Cauchy sequence in E, hencelimn!1xn = xexists and since M is closed, x 2M . Using (21) we obtain that (20) holds.7 Remark We note that the above theorem, Theorem 6, also holds if E is acomplete metric space with metric d: This is easily seen by replacing kx�yk byd(x; y) in the proof.In the following example we provide an elementary approach to the existenceand uniqueness of a solution of a nonlinear boundary value problem (see [7]).The approach is based on the Lp theory of certain linear di�erential operatorssubject to boundary constraints.Let T > 0 be given and letf : [0; T ]� R � R ! Rbe a mapping satisfying Carath�eodory conditions; i.e. f(t; u; u0) is continuousin (u; u0) for almost all t and measurable in t for �xed (u; u0):We consider the Dirichlet problem, i.e. the problem of �nding a function usatisfying the following di�erential equation subject to boundary conditions� u00 = f(t; u; u); 0 < t < T;u = 0; t 2 f0; Tg: (23)In what is to follow, we shall employ the notation that j � j stands for absolutevalue in R and k � k2 the norm in L2(0; T ):We have the following results:8 Theorem Let f satisfyjf(x; u; v)�f(x; ~u; ~v)j � aju�~uj+bjv�~vj; 8u; ~u; v; ~v 2 R; 0 < t < T;(24)where a; b are nonegative constants such thata�1 + bp�1 < 1; (25)



4. SOME SPECIAL MAPPINGS 15and �1 is the principal eigenvalue of �u00 subject to the Dirichlet boundaryconditions on u(0) = 0 = u(T ): (I.e. the smallest number � such that theproblem� �u00 = �u; 0 < t < T;u = 0; t 2 f0; Tg: (26)has a nontrivial solution.) Then problem (23) has a unique solution u 2C10 ([0; T ]); with u0 absolutely continuous and the equation (23) being satis�edalmost everywhere.Proof. Results from elementary di�erential equations tell us that �1 is the�rst positive number � such that the problem (26) has a nontrivial solution, i.e.�1 = �2T 2 :To prove the theorem, let us, for v 2 L1(0; T ); putAv = f(�; w; w0); (27)where w(t) = � tT Z T0 Z �0 v(s)dsd� + Z t0 Z �0 v(s)dsd�;which, in turn may be rewritten asw(t) = Z T0 G(t; s)v(s)ds; (28)where G(t; s) = � 1T � (T � t)s; if 0 � s � tt(T � s); if t � s � T: (29)It follows from (24) that the operator A is a mapping of L1(0; T ) to anyLq(0; T ); q � 1: On the other hand we have that the imbeddingLq(0; T ) ,! L1(0; T ); q � 1;u 2 Lq(0; T ) 7! u 2 L1(0; T );is a continuous mapping, sincekukL1 � T qq�1 kukLq :We hence may considerA : Lq(0; T )! Lq(0; T );for any q � 1: In carrying out the computations in the case q = 2; the follow-ing inequalities will be used; their proofs may be obtained using Fourier series



16methods, and will be left as an exercise. We have for w(t) = R T0 G(t; s)v(s)dsthat kwkL2 � 1�1 kvkL2 ;from which easily follows, via an integration by parts, thatkw0kL2 � 1p�1 kvkL2Using these facts in the computations one obtains the result that A is a con-traction mapping.On the other hand, if v 2 L2(0; T ) is a �xed point of A; thenu(t) = Z T0 G(t; s)v(s)dsis in C10 (0; T ) and u00 2 L2(0; T ) and u solves (23).9 Remark It is clear from the proof that in the above the real line R may bereplaced by Rm thus obtaining a result for systems of boundary value problems.10 Remark In case T = �; �1 = 1 and condition (25) becomesa+ b < 1;whereas a classical result of Picard requiresa�28 + b�2 < 1;(see [14] where also other results are cited).11 Remark Theorem 8 may be somewhat extended using a result of Opial [21]which says that for u 2 C0[0; T ]; with u0 absolutely continuous, we have thatZ T0 ju(x)jju0(x)jdx � T4 Z T0 ju0(x)j2dx: (30)The derivation of such a statement is left as an exercise.4.4 The implicit function theoremLet us now assume we have Banach spaces E;X;� and letf : U � V ! X;(where U is open in E, V is open in �) be a continuous mapping satisfying thefollowing condition:



4. SOME SPECIAL MAPPINGS 17� For each � 2 V the map f(�; �) : U ! X is Fr�echet-di�erentiable on Uwith Fr�echet derivativeDuf(u; �) (31)and the mapping (u; �) 7! Duf(u; �) is a continuous mapping from U �Vto L(E;X):12 Theorem (Implicit Function Theorem) Let f satisfy (31) and let there ex-ist (u0; �0) 2 U�V such that Duf(u0; �0) is a linear homeomorphism of E ontoX (i.e. Duf(u0; �0) 2 L(E;X) and [Duf(u0; �0)]�1 2 L(X;E)). Then thereexist � > 0 and r > 0 and unique mapping u : B�(�0) = f� : k���0k � �g ! Esuch thatf(u(�); �) = f(u0; �0); (32)and ku(�)� u0k � r, u(�0) = u0.Proof. Let us consider the equationf(u; �) = f(u0; �0)which is equivalent to[Duf(u0; �0)]�1(f(u; �)� f(u0; �0)) = 0; (33)or u = u� [Duf(u0; �0)]�1(f(u; �)� f(u0; �0)) def= G(u; �): (34)The mapping G has the following properties:i) G(u0; �0) = u0,ii) G and DuG are continuous in (u; �),iii) DuG(u0; �0) = 0.Hence kG(u1; �)�G(u2; �)k� �sup0�t�1 kDuG(u1 + t(u2 � u1); �)k� ku1 � u2k� 12ku1 � u2k; (35)provided ku1 � u0k � r, ku2 � u0k � r, where r is small enough. NowkG(u; �)� u0k = kG(u; �)�G(u0; �0)k � kG(u; �)�G(u0; �)k+kG(u0; �)�G(u0; �0)k � 12ku� u0k+ kG(u0; �)�G(u0; �0)k



18 � 12r + 12r;provided k�� �0k � � is small enough so that kG(u0; �)�G(u0; �0)k � 12r.Let B�(�0) = f� : k���0k � �g and de�neM = fu : B�(�0)! E such thatu is continuous, u(�0) = u0; ku(�0)�u0k0 � r; and kuk0 = sup�2B�(�0) ku(�)k <+1g. ThenM is a closed subset of a Banach space and (35) de�nes an equationu(�) = G(u(�); �) (36)in M .De�ne g by (here we think of u as an element of M)g(u)(�) = G(u(�); �);then g :M !M and it follows by (36) thatkg(u)� g(v)k0 � 12ku� vk0;hence g has a unique �xed point by the contraction mapping principle (Theorem6).13 Remark If in the implicit function theorem f is k times continuously di�eren-tiable, then the mapping � 7! u(�) inherits this property.14 Example As an example let us consider the nonlinear boundary value problemu00 + �eu = 0; 0 < t < �; u(0) = 0 = u(�): (37)This is a one space-dimensional mathematical model from the theory of com-bustion (cf [2]) and u represents a dimensionless temperature. We shall show,by an application of Theorem 12, that for � 2 R, in a neighborhood of 0, (37)has a unique solution of small norm in C2([0; �];R).To this end we de�neE = C20 ([0; �];R)X = C0[0; �]� = R;these spaces being equipped with their usual norms (see earlier examples). Letf : E � �! Xbe given byf(u; �) = u00 + �eu:



4. SOME SPECIAL MAPPINGS 19Then f is continuous and f(0; 0) = 0. (When � = 0 (no heat generation) theunique solution is u � 0.) Furthermore, for u0 2 E, Duf(u0; �) is given by (thereader should carry out the veri�cation)Duf(u0; �)v = v00 + �eu0(x)v;and hence the mapping(u; �) 7! Duf(u; �)is continuous. Let us consider the linear mappingT = Duf(0; 0) : E ! X:We must show that this mapping is a linear homeomorphism. To see this wenote that for every h 2 X , the unique solution ofv00 = h(t); 0 < t < �; v(0) = 0 = v(�);is given by (see also (28)v(t) = Z �0 G(t; s)h(s)ds; (38)where G(x; s) = � � 1� (� � t)s; 0 � s � t� 1� t(� � s); t � s � �:From the representation (38) we may conclude that there exists a constant csuch thatkvk2 = kT�1hk2 � ckhk0;i.e. T�1 is one to one and continuous. Hence all conditions of the implicit func-tion theorem are satis�ed and we may conclude that for each �; � su�cientlysmall, (37) has a unique small solution u 2 C2([0; �];R), furthermore the map� 7! u(�) is continuous from a neighborhood of 0 2 R to C2([0; �];R). We latershall show that this `solution branch' (�; u(�)) may be globally continued. Tothis end we note here that the set f� > 0 : (37) has a solution g is boundedabove. We observe that if � > 0 is such that (37) has a solution, then thecorresponding solution u must be positive, u(x) > 0, 0 < x < �. Hence0 = u00 + �eu > u00 + �u: (39)Let v(t) = sin t, then v satis�esv00 + v = 0; 0 < t < �; v(0) = 0 = v(�): (40)



20From (39) and (40) we obtain0 > Z �0 (u00v � v00u)dt+ (�� 1) Z �0 uvdt;and hence, integrating by parts,0 > (�� 1) Z �0 uvdx;implying that � < 1.5 Inverse Function TheoremsWe next proceed to the study of the inverse of a given mapping and providetwo inverse function theorems. Since the �rst result is proved in exactly thesame way as its �nite dimensional analogue (it is an immediate consequence ofthe implicit function theorem) we shall not prove it here (see again [8]).15 Theorem Let E and X be Banach spaces and let U be an open neighborhoodof a 2 E. Let f : U ! X be a C1 mapping with Df(a) a linear homeomorphismof E onto X . Then there exist open sets U 0 and V , a 2 U 0; f(a) 2 V and auniquely determined function g such that:i) V = f(U 0);ii) f is one to one on U 0,iii) g : V ! U 0, g(V ) = U 0, g(f(u)) = u, for every u 2 U 0,iv) g is a C1 function on V and Dg(f(a)) = [Df(a)]�1.16 Example Consider the forced nonlinear oscillator (periodic boundary valueproblem)u00 + �u+ u2 = g; u(0) = u(2�); u0(0) = u0(2�) (41)where g is a continuous 2� � periodic function and � 2 R, is a parameter. LetE = C2([0; 2�];R)\fu : u(0) = u(2�), u0(0) = u0(2�)g, and X = C0([0; 2�];R),where both spaces are equipped with the norms discussed earlier. Then forcertain values of �; (41) has a unique solution for all forcing terms g of smallnorm.Let f : E ! Xbe given byf(u) = u00 + �u+ u2:



5. INVERSE FUNCTION THEOREMS 21Then Df(u) is de�ned by(Df(u))(v) = v00 + �v + 2uv;and hence the mappingu 7! Df(u)is a continuous mapping of E to L(E;X); i.e. f is a C1 mapping. It followsfrom elementary di�erential equations theory (see eg. [3]) that the problemv00 + �v = h;has a unique 2�{periodic solution for every 2�{periodic h as long as � 6= n2,n = 1; 2; : : :, and that kvk2 � Ckhk0 for some constant C (only depending upon�). Hence Df(0) is a linear homeomorphism of E onto X . We thus concludethat for given � 6= n2; (32) has a unique solution u 2 E of small norm for everyg 2 X of small norm.We note that the above example is prototypical for forced nonlinear oscilla-tors. Virtually the same arguments can be applied (the reader might carry outthe necessary calculations) to conclude that the forced pendulum equationu00 + � sinu = g (42)has a 2�- periodic response of small norm for every 2� - periodic forcing termg of small norm, as long as � 6= n2, n = 1; 2; : : : :In many physical situations (see the example below) it is of interest to knowthe number of solutions of the equation describing this situation. The followingresult describes a class of problems where the precise number of solutions (forevery given forcing term) may be obtained by simply knowing the number ofsolutions for some �xed forcing term.Let M and Y metric spaces (e.g. subsets of Banach spaces with metricinduced by the norms).17 Theorem Let f : M ! Y be continuous, proper and locally invertible (e.g.Theorem 15 is applicable at each point). For y 2 Y letN(y) = cardinal number of ff�1(y)g = #ff�1(y)g:Then the mappingy 7! N(y)is �nite and locally constant.Proof. We �rst show that for each y 2 Y , N(y) is �nite. Since fyg is compactff�1(y)g is compact also, because f is a proper mapping. Since f is locallyinvertible, there exists, for each u 2 ff�1(y)g a neighborhood Ou such thatOu \ (ff�1(y)gnfug) = ;;



22and thus ff�1(y)g is a discrete and compact set, hence �nite.We next show that N is a continuous mapping to the nonnegative integers,which will imply that N is constant{valued. Let y 2 Y and let ff�1(y)g =fu1; : : : ; ung. We choose disjoint open neighborhoods Oi of ui; 1 � i � n andlet I = Tni=1 f(Oi). Then there exist open sets Vi, ui 2 Vi such that f is ahomeomorphism from Vi to I . We next claim that there exists a neighborhoodW � I of y such that N is constant onW . For if not, there will exist a sequencefymg, with ym ! y, such that as m ! 1, N(ym) > N(y) (note that for anyv 2 I , v has a preimage in each Vi which implies N(v) � N(y), v 2 I !).Hence there exists a sequence f�mg; �m 62 Sni1 Vi, such that f(�n) = yn.Since f�1(fyng [ fyg) is compact, the sequence f�ng will have a convergentsubsequence, say �nj ! �. And since f is continuous, f(�) = y. Hence � = ui,for some i, a contradiction to � 62 Sni=1 Vi.18 Corollary Assume Y is connected, then N(Y ) is constant.Examples illustrating this result will be given later in the text.6 The Dugundji Extension TheoremIn the course of developing the Brouwer and Leray{Schauder degree and inproving some of the classical �xed point theorems we need to extend mappingsde�ned on proper subsets of a Banach space to the whole space in a suitablemanner. The result which guarantees the existence of extensions having thedesired properties is the Dugundji extension theorem ([9]) which will be estab-lished in this section.In proving the theorem we need a result from general topology which westate here for convenience (see e.g [9]). We �rst give some terminology.Let M be a metric space and let fO�g�2�, where � is an index set, be anopen cover of M . Then fO�g�2� is called locally �nite if every point u 2 Mhas a neighborhood U such that U intersects at most �nitely many elements offO�g�2�.19 Lemma Let M be a metric space. Then every open cover of M has a locally�nite re�nement.20 Theorem Let E and X be Banach spaces and let f : C ! K be a continuousmapping, where C is closed in E and K is convex in X . Then there exists acontinuous mapping~f : E ! Ksuch that~f(u) = f(u); u 2 C:



6. THE DUGUNDJI EXTENSION THEOREM 23Proof. For each u 2 EnC letru = 13dist(u;C)and Bu = fv 2 E : kv � uk < rug:Then diamBu � dist(Bu; C):The collection fBugu2EnC is an open cover of the metric space EnC and hencehas a locally �nite re�nement fO�g�2�, i.e.i) S�2� O� � EnC,ii) for each � 2 � there exists Bu such that O� � Buiii) fO�g�2� is locally �nite.De�ne q : EnC ! (0;1) (43)by q(u) =X�2� dist(u;EnO�):The sum in the right hand side of (43) contains only �nitely many terms, sincefO�g�2� is locally �nite. This also implies that q is a continuous function.De�ne��(u) = dist(u;EnO�)q(u) ; � 2 �; u 2 EnC:It follows that0 � ��(u) � 1; � 2 �X�2� ��(u) = 1; u 2 EnC:For each � 2 � choose u� 2 C such thatdist(u�;O�) � 2dist(C;O�)and de�ne~f(u) = � f(u); u 2 CP�2� ��(u)f(u�); u 62 C:Then ~f has the following properties:



24i) ~f is de�ned on E and is an extension of f .ii) ~f is continuous on the interior of C.iii) ~f is continuous on EnC.These properties follow immediately from the de�nition of ~f . To show that ~f iscontinuous on E it su�ces therefore to show that ~f is continuous on @C. Letu 2 @C, then since f is continuous we may, for given � > 0, �nd 0 < � = �(u; �)such thatkf(u)� f(v)k � �; if ku� vk � �; v 2 C:Now for v 2 EnCk ~f(u)� ~f(v)k = kf(u)�X�2� ��(v)f(u�)k �X�2� ��(v)kf(u)� f(u�)k:If ��(v) 6= 0, � 2 �, then dist(v; EnO�) > 0, i.e. v 2 O�. Hence kv � u�k �kv�wk+ kw� u�k for any w 2 O�. Since kv�wk � diamO� we may take thein�nium for w 2 O� and obtainkv � u�k � diamO� + dist(u�;O�):Now O� � Bu1 for some u1 2 EnC. Hence, sincediamO� � diamBu1 � dist(Bu1 ; C) � dist(C;O�);we get kv � u�k � 3dist(C;O�) � 3kv � uk:Thus for � such that ��(v) 6= 0 we get ku�u�k � kv�uk+kv�u�k � 4ku�vk.Therefore if ku � vk � �=4; then ku � u�k � �, and kf(u) � f(u�)k � �, andthereforek ~f(u)� ~f(v)k � �X�2� ��(v) = �:21 Corollary Let E, X be Banach spaces and let f : C ! X be continuous, whereC is closed in E. Then f has a continuous extension ~f to E such that~f(E) � cof(C);where cof(C) is the convex hull of f(C).22 Corollary Let K be a closed convex subset of a Banach space E. Then thereexists a continuous mapping f : E ! K such that f(E) = K and f(u) = u,u 2 K, i.e. K is a continuous retract of E.Proof. Let id : K ! K be the identity mapping. This map is continuous.Since K is closed and convex we may apply Corollary 21 to obtain the desiredconclusion.



7. EXERCISES 257 Exercises1. Supply all the details for the proof of Theorem 8.2. Compare the requirements discusse in Remark 10.3. Derive a improved reults as suggested by Remark 11.4. Establish the assertion of Remark 13.5. Supply the details od the proof of Example 14.6. Prove Theorem 15.7. Carry out the program laid out by Example 16 to discuss the nonlinearoscillator given by (42).
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Chapter IIThe Method ofLyapunov-Schmidt1 IntroductionIn this chapter we shall develop an approach to bifurcation theory which,is one of the original approaches to the theory. The results obtained, since theimplicit function theorem plays an important role, will be of a local nature. We�rst develop the method of Liapunov{Schmidt and then use it to obtain a localbifurcation result. We then use this result in several examples and also derivea Hopf bifurcation theorem.2 Splitting EquationsLet X and Y be real Banach spaces and let F be a mappingF : X � R ! Y (1)and let F satisfy the following conditions:F (0; �) = 0; 8� 2 R; (2)and F is C2 in a neighborhood of f0g � R: (3)We shall be interested in obtaining existence of nontrivial solutions (i.e. u 6= 0)of the equationF (u; �) = 0 (4)We call �0 a bifurcation value or (0; �0) a bifurcation point for (4) providedevery neighborhood of (0; �0) in X � R contains solutions of (4) with u 6= 0:It then follows from the implicit function theorem that the following holds.27



281 Theorem If the point (0; �0) is a bifurcation point for the equationF (u; �) = 0; (5)then the Fr�echet derivative Fu(0; �0) cannot be a linear homeomorphism of Xto Y:The types of linear operators Fu(0; �0) we shall consider are so-called Fred-holm operators.2 De�nition A linear operator L : X ! Y is called a Fredholm operator pro-vided:� The kernel of L; kerL; is �nite dimensional.� The range of L; imL; is closed in Y:� The cokernel of L; cokerL; is �nite dimensional.The following lemma which is a basic result in functional analysis will beimportant for the development to follow, its proof may be found in any standardtext, see e.g. [24].3 Lemma Let Fu(0; �0) be a Fredholm operator with kernel V and cokernel Z;then there exists a closed subspace W of X and a closed subspace T of Y suchthat X = V �WY = Z � T:The operator Fu(0; �0) restricted to W; Fu(0; �0)jW : W ! T; is bijective andsince T is closed it has a continuous inverse. Hence Fu(0; �0)jW is a linearhomeomorphism of W onto T:We recall that W and Z are not uniquely given.Using Lemma 3 we may now decompose every u 2 X and F uniquely asfollows: u = u1 + u2; u1 2 V; u2 2W;F = F1 + F2; F1 : X ! Z; F2 : X ! T: (6)Hence equation (5) is equivalent to the system of equationsF1(u1; u2; �) = 0;F2(u1; u2; �) = 0: (7)We next let L = Fu(0; �0) and using a Taylor expansion we may writeF (u; �) = F (0; �0) + Fu(0; �0)u+N(u; �): (8)or Lu+N(u; �) = 0; (9)



2. SPLITTING EQUATIONS 29where N : X � R ! T: (10)Using the decomposition of X we may write equation (9) asLu2 +N(u1 + u2; �) = 0: (11)Let Q : Y ! Z and I �Q : Y ! T be projections determined by the decompo-sition, then equation (10) implies thatQN(u; �) = 0: (12)Since by Lemma 3, LjW : W ! T has an inverse L�1 : T ! W we obtainfrom equation (11) the equivalent systemu2 + L�1(I �Q)N(u1 + u2; �) = 0: (13)We note, that since Z is �nite dimensional, equation (12) is an equation in a�nite dimensional space, hence if u2 can be determined as a function of u1 and �;this equation will be a �nite set of equations in �nitely many variables (u1 2 V;which is also assumed �nite dimensional!)Concerning equation (12) we have the following result.4 Lemma Assume that Fu(0; �0) is a Fredholm operator with W nontrivial.Then there exist � > 0; � > 0 and a unique solution u2(u1; �) of equation(13) de�ned for j� � �0j + ku1k < � with ku2(u1; �)k < �: This function solvesthe equation F2(u1; u2(u1; �); �) = 0:Proof. We employ the implicit function theorem to analyze equation (13).That this may be done follows from the fact that at u1 = 0 and � = �0 equation(13) has the unique solution u2 = 0 and the Fr�echet derivative at this pointwith respect to u2 is simply the identity mapping on W:Hence, using Lemma 4, we will have nontrivial solutions of equation (5) oncewe can solveF1(u1; u2(u1; �); �) = QF (u1; u2(u1; �); �) = 0 (14)for u1; whenever j���0j+ku1k < �: This latter set of equations, usually referedto as the set of bifurcation equations, is, even though a �nite set of equations in�nitely many unknowns, the more di�cult part in the solution of equation (5).The next sections present situations, where these equations may be solved.5 Remark We note that in the above considerations at no point was it requiredthat � be a one dimensional parameter.



303 Bifurcation at a Simple EigenvalueIn this section we shall consider the analysis of the bifurcation equation (14)in the particular case that the kernel V and the cokernel Z of Fu(0; �0) bothhave dimension 1.We have the following theorem.6 Theorem In the notation of the previous section assume that the kernel V andthe cokernel Z of Fu(0; �0) both have dimension 1. Let V = spanf�g and letQ be a projection of Y onto Z: Furthermore assume that the second Fr�echetderivative Fu� satis�esQFu�(0; �0)(�; 1) 6= 0: (15)Then (0; �0) is a bifurcation point and there exists a unique curveu = u(�); � = �(�);de�ned for � 2 R in a neighborhood of 0 so thatu(0) = 0; u(�) 6= 0; � 6= 0; �(0) = �0and F (u(�); �(�)) = 0:Proof. Since V is one dimensional u1 = ��: Hence for j�j small and � near �0there exists a unique u2(�; �) such thatF2(��; u2(�; �); �) = 0:We hence need to solveQF (��; u2(�; �); �) = 0:We let � = �� �0 and de�neg(�; �) = QF (��; u2(�; �); �):Then g maps a neighborhood of the origin of R2 into R:Using Taylor's theorem we may writeF (u; �) = Fuu+F��+ 12 fFuu(u; u) + 2Fu�(u; �) + F��(�; �)g+R;(16)where R contains higher order remainder terms and all Fr�echet derivatives aboveare evaluated at (0; �0):Because of (2) we have that F� and F�� in the above are the zero operators,hence, by applying Q to (16) we obtainQF (u; �) = 12 fQFuu(u; u) + 2QFu�(u; �)g+QR; (17)



3. BIFURCATION AT A SIMPLE EIGENVALUE 31and for � 6= 0g(�;�)� = 12 nQFuu(�+ u2(�;�)� ; ��+ u2(�; �))+ 2QFu�(� + u2(�;�)� ; �)o+ 1�QR: (18)It follows from Lemma 4 that the term u2(�;�)� is bounded for � in a neigh-borhood of 0. The remainder formula of Taylor's theorem implies a similarstatement for the term 1�QR: Henceh(�; �) = g(�; �� = O(�); as �! 0:We note that in fact h(0; 0) = 0; and@h(0; 0)@� = QFu�(0; �0)(�; 1) 6= 0:We hence conclude by the implicit function theorem that there exists a uniquefunction � = �(�) de�ned in a neighborhood of 0 such thath(�; �(�)) = 0:We next setu(�) = ��+ u2(�; �0 + �(�)); � = �0 + �(�):This proves the theorem.The following example will serve to illustrate the theorem just established.7 Example The point (0; 0) is a bifurcationn point for the ordinary di�erentialequationu00 + �(u+ u3) = 0 (19)subject to the periodic boundary conditionsu(0) = u(2�); u0(0) = u0(2�): (20)To see this, we chooseX = C2[0; 2�] \ fu : u(0) = u(2�); u0(0) = u0(2�); u00(0) = u00(2�)g;Y = C[0; 2�] \ fu : u(0) = u(2�)g;both equipped with the usual norms, andF : X � R ! Y(u; �) 7! u00 + �(u+ u3):Then F belongs to class C2 with Fr�echet derivativeFu(0; �0)u = u00 + �0u: (21)



32This linear operator has a nontrivial kernel whenever �0 = n2; n = 0; 1; � � � :The kernel being one dimensional if and only if �0 = 0:We see that h belongs to the range of Fu(0; 0) if and only if R 2�0 h(s)ds = 0;and hence the cokernel will have dimension 1 also. A projection Q : Y !Z then is given by Qh = 12� R 2�0 h(s)ds: Computing further, we �nd thatFu�(0; 0)(u; �) = �u; and hence, since we may choose � = 1; Fu�(0; 0)(1; 1) = 1:Applying Q we get Q1 = 1: We may therefore conclude by Theorem 6 thatequation (19) has a solution u satisfying the boundary conditions (20) which isof the formu(�) = �+ u2(�; �(�)):



Chapter IIIDegree Theory1 IntroductionIn this chapter we shall introduce an important tool for the study of non-linear equations, the degree of a mapping. We shall mainly follow the analyticdevelopment commenced by Heinz in [15] and Nagumo in [20]. For a briefhistorical account we refer to [27].2 De�nition of the Degree of a MappingLet 
 be a bounded open set in Rn and let f : �
! Rn be a mapping whichsatis�es� f 2 C1(
;Rn ) \ C(�
;Rn ); (1)� y 2 Rn is such thaty =2 f(@
); (2)� if x 2 
 is such that f(x) = y thenf 0(x) = Df(x) (3)is nonsingular.1 Proposition If f satis�es (1), (2), (3), then the equationf(x) = y (4)has at most a �nite number of solutions in 
.2 De�nition Let f satisfy (1), (2), (3). De�ned(f;
; y) = kXi=1 sgn det f 0(xi) (5)33



34where x1; � � � ; xk are the solutions of (4) in 
 andsgn det f 0(xi) = 8<: +1; if det f 0(xi) > 0�1; if det f 0(xi) < 0; i = 1; � � � ; k:If (4) has no solutions in 
 we let d(f;
; y) = 0.The Brouwer degree d(f;
; y) to be de�ned for mappings f 2 C(�
;Rn )which satisfy (2) will coincide with the number just de�ned in case f satis�es(1), (2), (3). In order to give this de�nition in the more general case we need asequence of auxiliary results.The proof of the �rst result, which follows readily by making suitable changesof variables, will be left as an exercise.3 Lemma Let � : [0;1)! R be continuous and satisfy�(0) = 0; �(t) � 0; t � r > 0; ZRn �(jxj)dx = 1: (6)Let f satisfy the conditions (1), (2), (3). Thend(f;
; y) = Z
 �(jf(x) � yj)det f 0(x)dx; (7)provided r is su�ciently small.4 Lemma Let f satisfy (1) and (2) and let r > 0 be such that jf(x)�yj > r; x 2@
. Let � : [0;1)! R be continuous and satisfy:�(s) = 0; s = 0; r � s; and Z 10 sn�1�(s)ds = 0: (8)Then Z
 �(jf(x) � yj) det f 0(x)dx = 0: (9)Proof. We note �rst that it su�ces to proof the lemma for functions f whichare are of class C1 and for functions � that vanish in a neighborhood of 0: Wealso note that the function �(jf(x) � yj) det f 0(x) vanishes in a neighborhoodof @
; hence we may extend that function to be identically zero outside 
 andZ
 �(jf(x) � yj) det f 0(x)dx = Z
0 �(jf(x) � yj) det f 0(x)dx;where 
0 is any domain with smooth boundary containing 
:We let (s) = � s�n R s0 �n�1�(�)d�; 0 < s <10; s = 0: (10)



2. DEFINITION 35Then  ; so de�ned is a C1 function, it vanishes in a neighborhood of 0 and inthe interval [r;1): Further  sati�es the di�erential equations 0(s) + n (s) = �(s): (11)It follows that the functionsgj(x) =  (jxj)xj ; j = 1; � � � ; nbelong to class C1 andgj(x) = 0; jxj � r;and furthermore that for j = 1; � � � ; n the functions gj(f(x)�y) are C1 functionswhich vanish in a neighborhood of @
: If we denote by aji(x) the cofactor ofthe element @fi@xj in the Jacobian matrix f 0(x); it follows thatdiv (aj1(x); aj2(x); � � � ; ajn(x)) = 0; j = 1; � � � ; n:We next de�ne for i = 1; � � � ; nvi(x) = nXj=1 aji(x)gj(f(x)� y)and show that the function v = (v1; v2; � � � ; vn) has the property thatdivv = �(jf(x) � yj) det f 0(x);and hence the result follows from the divergence theorem.5 Lemma Let f satisfy (1) and (2) and let � : [0;1)! R be continuous, �(0) =0; �(s) � 0 for s � r, where 0 < r � minx2@
 jf(x) � yj; ZRn �(jxj)dx = 1.Then for all such �, the integralsZ
 �(jf(x) � yj) det f 0(x)dx (12)have a common value.Proof. Let � = f� 2 C([0;1);R) : �(0) = 0, �(s) � 0; s � rg. PutL� = Z 10 sn�1�(s)dsM� = ZRn �(jxj)dxN� = Z
 �(jf(x) � yj) det f 0(x)dx:



36Then L;M;N are linear functionals. It follows from Lemma 4 and the subse-quent remark that M� = 0 and N� = 0, whenever L� = 0. Let �1, �2 2 �with M�1 =M�2 = 1, thenL((L�2)�1 � (L�1)�2) = 0:It follows that(L�2)(M�1)� (L�1)(M�2) = 0;L�2 � L�1 = L(�2 � �1) = 0;and N(�2 � �1) = 0;i.e. N�2 = N�1:6 Lemma Let f1 and f2 satisfy (1), (2), (3) and let � > 0 be such thatjfi(x) � yj > 7�; x 2 @
; i = 1; 2; (13)jf1(x)� f2(x)j < �; x 2 �
; (14)then d(f1;
; y) = d(f2;
; y):Proof. We may, without loss, assume that y = 0, since by De�nition 2d(f;
; y) = d(f � y;
; 0):let g 2 C1[0;1) be such thatg(s) = 1; 0 � s � 2�0 � g(r) � 1; 2� � r < 3�g(r) = 0; 3� � r <1: (15)Considerf3(x) = [1� g(jf1(x)j)]f1(x) + g(jf1(x)j)f2(x);then f3 2 C1(
;Rn ) \ C(�
;Rn )and jfi(x) � fk(x)j < �; i; k = 1; 2; 3; x 2 �




2. DEFINITION 37jfi(x)j > 7�; x 2 @
; i = 1; 2; 3:Let �i 2 C[0;1), i = 1; 2 be continuous and be such that�1(t) = 0; 0 � t � 4�; 5� � t � 1�2(t) = 0; � � t <1; �2(0) = 0ZRn �i(jxj)dx = 1; i = 1; 2:We note thatf3 � f1; if jf1j > 3�f3 � f2; if jf1j < 2�:Therefore�1(jf3(x)j)det f 03(x) = �1(jf1(x)j)det f 01(x)�2(jf3(x)j)det f 03(x) = �2(jf2(x)j)det f 02(x): (16)Integrating both sides of (16) over 
 and using Lemmas 4 and 5 we obtain thedesired conclusion.7 Corollary Let f satisfy conditions (1), (2), (3), then for � > 0 su�cientlysmall any function g which also satis�es these conditions and which is such thatjf(x)� g(x)j < �; x 2 �
, has the property that d(f;
; y) = d(g;
; y).Up to now we have shown that if f and g satisfy conditions (1), (2), (3)and if they are su�ciently \close" then they have the same degree. In orderto extend this de�nition to a broader class of functions, namely those which donot satisfy (3) we need a version of Sard's Theorem (Lemma 8) (an importantlemma of Di�erential Topology) whose proof may be found in [25], see also [29].8 Lemma If 
 is a bounded open set in Rn , f satis�es (1), (2), andE = fx 2 
 : det f 0(x) = 0g: (17)Then f(E) does not contain a sphere of the form fz : jz � yj < rg.This lemma has as a consequence the obvious corrollary:9 Corollary LetF = fh 2 Rn : y + h 2 f(E)g; (18)where E is given by (17), then F is dense in a neighborhood of 0 2 Rn andf(x) = y + h; x 2 
; h 2 Fimplies that f 0(x) is nonsingular.



38We thus conclude that for all � > 0, su�ciently small, there exists h 2 F ,0 < jhj < �, such that d(f;
; y + h) = d(f � h;
; y) is de�ned by De�nition 2.It also follows from Lemma 6 that for such h, d(f;
; y + h) is constant. Thisjusti�es the following de�nition.10 De�nition Let f satisfy (1) and (2). We de�ned(f;
; y) = limh! 0h 2 F d(f � h;
; y): (19)Where F is given by (18) and d(f � h;
; y) is de�ned by De�nition 2.We next assume that f 2 C(�
;Rn ) and satis�es (2). Then for � > 0 su�-ciently small there exists g 2 C1(
;Rn )TC(�
;Rn ) such that y 62 g(@
) andkf � gk = maxx2�
 jf(x) � g(x)j < �=4and there exists, by Lemma 8, ~g satisfying (1), (2), (3) such that kg � ~gk <�=4 and if ~h satis�es (1), (2), (3) and kg � ~hk < �=4, k~g � ~hk < �=2, thend(~g;
; y) = d(~h;
; y) provided � is small enough. Thus f may be approximatedby functions ~g satisfying (1), (2), (3) and d(~g;
; y) = constant provided kf� ~gkis small enough. We therefore may de�ne d(f;
; y) as follows.11 De�nition Let f 2 C(�
;Rn ) be such that y 62 f(@
). Letd(f;
; y) = limg!f d(g;
; y) (20)where g satis�es (1), (2), (3).The number de�ned by (20) is called the Brouwer degree of f at y relativeto 
.It follows from our considerations above that d(f;
; y) is also given by for-mula (7), for any � which satis�es:� 2 C([0;1);R); �(0) = 0; �(s) � 0; s � r > 0; ZRn �(jxj)dx = 1;where r < minx2@
 jf(x)� yj.3 Properties of the Brouwer DegreeWe next proceed to establish some properties of the Brouwer degree of amapping which will be of use in computing the degree and also in extending thede�nition to mappings de�ned in in�nite dimensional spaces and in establishingglobal solution results for parameter dependent equations.



3. PROPERTIES OF THE BROUWER DEGREE 3912 Proposition (Solution property) Let f 2 C(�
;Rn ) be such that y 62 f(@
)and assume that d(f;
; y) 6= 0. Then the equationf(x) = y (21)has a solution in 
.The proof is a straightforward consequence of De�nition 11 and is left as anexercise.13 Proposition (Continuity property) Let f 2 C(�
;Rn ) and y 2 Rn be suchthat d(f;
; y) is de�ned. Then there exists � > 0 such that for all g 2 C(�
;Rn )and ŷ 2 R with kf � gk+ jy � ŷj < �d(f;
; y) = d(g;
; ŷ):The proof again is left as an exercise.The proposition has the following important interpretation.14 Remark If we let C = ff 2 C(�
;Rn ) : y =2 f(@
)g then C is a metric spacewith metric � de�ned by �(f; g) = kf � gk. If we de�ne the mapping d : C ! N(integers) by d(f) = d(f;
; y), then the theorem asserts that d is a continuousfunction from C to N (equipped with the discrete topology). Thus d will beconstant on connected components of C.Using this remark one may establish the following result.15 Proposition (Homotopy invariance property) Let f; g 2 C(�
;Rn ) withf(x) and g(x) 6= y for x 2 @
 and let h : [a; b] � �
 ! Rn be continuous suchthat h(t; x) 6= y, (t; x) 2 [a; b]� @
. Further let h(a; x) = f(x), h(b; x) = g(x),x 2 �
. Thend(f;
; y) = d(g;
; y);more generally, d(h(t; �);
; y) = constant for a � t � b.The next corollary may be viewed as an extension of Rouch�e's theorem concern-ing the equal number of zeros of certain analytic functions. This extension willbe the content of one of the exercises at the end of thic chapter.16 Corollary Let f 2 C(�
;Rn ) be such that d(f;
; y) is de�ned. Let g 2C(�
;Rn ) be such that jf(x) � g(x)j < jf(x) � yj; x 2 @
. Then d(f;
; y) =d(g;
; y).Proof. For 0 � t � 1 and x 2 @
 we have thatjy � tg(x)� (1� t)f(x)j = j(y � f(x))� t(g(x) � f(x))j� jy � f(x)j � tjg(x) � f(x)j



40 > 0 since 0 � t � 1;hence h : [0; 1] � �
 ! Rn given by h(t; x) = tg(x) + (1 � t)f(x) satis�es theconditions of Proposition 15 and the conclusion follows from that proposition.As an immediate corollary we have the following:17 Corollary Assume that f and g are mappings such that f(x) = g(x), x 2 @
;then d(f;
; y) = d(g;
; y) if the degree is de�ned, i.e. the degree only dependson the boundary data.18 Proposition (Additivity property) Let 
 be a bounded open set which isthe union of m disjoint open sets 
1; � � � ;
m, and let f 2 C(�
;Rn ) and y 2 Rnbe such that y 62 f(@
i), i = 1; � � � ;m. Thend(f;
; y) = mXi=i d(f;
i; y):19 Proposition (Excision property) Let f 2 C(�
;Rn ) and let K be a closedsubset of �
 such that y 62 f(@
 [K). Thend(f;
; y) = d(f;
 nK; y):20 Proposition (Cartesian product formula) Assume that 
 = 
1 � 
2 is abounded open set in Rn with 
1 open in Rp and 
2 open in Rq , p + q = n.For x 2 Rn write x = (x1; x2), x1 2 Rp , x2 2 Rq . Suppose that f(x) =(f1(x1); f2(x2)) where f1 : �
1;! Rp , f2 : �
2 ! Rq are continuous. Supposey = (y1; y2) 2 Rn is such that yi =2 fi(@
i); i = 1; 2. Thend(f;
; y) = d(f1;
1; y1)d(f2;
2; y2): (22)Proof. Using an approximation argument, we may assume that f; f1 and f2satisfy also (1) and (3) (interpreted appropriately). For such functions we haved(f;
; y) = Xx2f�1(y) sgn det f 0(x)= Xx2f�1(y) sgn det 0@ f 01(x1) 00 f 02(x2) 1A= Xxi 2 f�1(yi)i = 1; 2 sgn det f 01(x1) sgn det f 02(x2)= 2Yi=1 Xxi2f�1i (yi) sgn det f 0i(xi) = d(f1;
1; y1)d(f2;
2; y2):To give an example to show how the above properties may be used we proveBorsuk's theorem and the Brouwer �xed point theorem.



3. PROPERTIES OF THE BROUWER DEGREE 413.1 The theorems of Borsuk and Brouwer21 Theorem (Borsuk) Let 
 be a symmetric bounded open neighborhood of0 2 Rn (i.e. if x 2 
; then �x 2 
) and let f 2 C(�
;Rn ) be an odd mapping(i.e. f(x) = �f(�x)). Let 0 =2 f(@
), then d(f;
; 0) is an odd integer.Proof. Choose � > 0 such that B�(0) = fx 2 Rn : jxj < �g � 
. Let� : Rn ! R be a continuous function such that�(x) � 1; jxj � �; �(x) = 0; x 2 @
; 0 � �(x) � 1; x 2 Rnand put g(x) = �(x)x + (1� �(x))f(x)h(x) = 12 [g(x)� g(�x)] ;then h 2 C(�
;Rn ) is odd and h(x) = f(x), x 2 @
, h(x) = x, jxj < �. Thus byCorollary 16 and the remark following itd(f;
; 0) = d(h;
; 0):On the other hand, the excision and additivity property imply thatd(h;
; 0) = d(h;B�(0); 0) + d(h;
 nB�(0); 0);where @B�(0) has been excised. It follows from De�nition 2 that d(h;B�(0); 0) =1, and it therefore su�ces to show that (letting � = 
 nB�(0)) d(h;�; 0) is aneven integer. Since �� is symmetric, 0 =2 �, 0 =2 h(@�), and h is odd one mayshow (see [25]) that there exists ~h 2 C(�
;Rn ) which is odd, ~h(x) = h(x), x 2 @�and is such that ~h(x) 6= 0, for those x 2 � with xn = 0. Henced(h;�; 0) = d(~h;�; 0) = d(~h;� n fx : xn = 0g; 0) (23)where we have used the excision property. We let�1 = fx 2 � : xn > 0g; �2 = fx 2 � : xn < 0g;then by the additivity propertyd(~h;� n fx : xn = 0g; 0) = d(~h;�1; 0) + d(~h;�2; 0):Since �2 = fx : �x 2 �1g and ~h is odd one may now employ approximationarguments to conclude that d(~h;�1; 0) = d(~h;�2; 0), and hence conclude thatthe integer given by (23) is even.22 Theorem (Brouwer �xed point theorem) Let f 2 C(�
;Rn ), 
 = fx 2Rn : jxj < 1g; be such that f : �
! �
. Then f has a �xed point in 
, i.e. thereexists x 2 �
 such that f(x) = x.



42Proof. Assume f has no �xed points in @
. Let h(t; x) = x� tf(x), 0 � t � 1.Then h(t; x) 6= 0, 0 � t � 1, x 2 @
 and thus d(h(t; 0);
; 0) = d(h(0; 0);
; 0)by the homotopy property. Since d(id;
; 0) = 1 it follows from the solutionproperty that the equation x� f(x) = 0 has a solution in 
. Theorem 22remains valid if the unit ball of Rn is replaced by any set homeomorphic to theunit ball (replace f by g�1fg where g is the homeomorphism) that the Theoremalso remains valid if the unit ball is replaced in arbitrary compact convex set(or a set homeomorphic to it) may be proved using the extension theorem ofDugundji (Theorem I.20).4 Completely Continuous Perturbations of theIdentity in a Banach Space4.1 De�nition of the degreeLet E be a real Banach space with norm k � k and let 
 � E be a boundedopen set. Let F : �
 ! E be continuous and let F (�
) be contained in a �nitedimensional subspace of E. The mappingf(x) = x+ F (x) = (id + F )(x) (24)is called a �nite dimensional perturbation of the identity in E.Let y be a point in E and let ~E be a �nite dimensional subspace of Econtaining y and F (�
) and assumey =2 f(@
): (25)Select a basis e1; � � � ; en of ~E and de�ne the linear homeomorphism T : ~E ! Rnby T  nXi=1 ciei! = (c1; � � � ; cn) 2 Rn :Consider the mappingTFT�1 : T (�
 \ ~E)! Rn ;then, since y =2 f(@
); it follows thatT (y) =2 TfT�1(T (@
 \ ~E)):Let 
0 denote the bounded open set T (
\ ~E) in Rn and let ~f = TfT�1; y0 =T (y). Then d( ~f;
0; y0) is de�ned.It is an easy exercise in linear algebra to show that the following lemmaholds.23 Lemma The integer d( ~f;
0; y0) calculated above is independent of the choicethe �nite dimensional space ~E containing y and F (�
) and the choice of basis of~E.



4. COMPLETELY CONTINUOUS PERTURBATIONS 43We hence may de�ned(f;
; y) = d( ~f;
0; y0);where ~f;
0; y0 are as above.Recall that a mapping F : �
 ! E is called completely continuous if F iscontinuous and F (�
) is precompact in E (i.e. F (
) is compact). More generallyif D is any subset of E and F 2 C(D;E), then F is called completely continuousif F (V ) is precompact for any bounded subset V of D.We shall now demonstrate that if f = id+F , with F completely continuous(f is called a completely continuous perturbation of the identity) and y 62 f(@
),then an integer valued function d(f;
; y) (the Leray Schauder degree of f at yrelative to 
) may be de�ned having much the same properties as the Brouwerdegree. In order to accomplish this we need the following lemma.24 Lemma Let f : �
! E be a completely continuous perturbation of the identityand let y =2 f(@
). Then there exists an integer d with the following property:If h : �
! E is a �nite dimensional continuous perturbation of the identity suchthat supx2
 kf(x)� h(x)k < infx2@
 kf(x)� yk; (26)then y =2 h(@
) and d(h;
; y) = d.Proof. That y =2 h(@
) follows from (26). Let h1 and h2 be any two suchmappings. Let k(t; x) = th1(x) + (1 � t)h2(x), 0 � t � 1, x 2 �
, then ift 2 (0; 1) and x 2 
 is such that k(t; x) = y it follows thatkf(x)� yk = kf(x)� th1(x)� (1� t)h2(x)k= kt(f � (x) � h1(x)) + (1� t)(f(x) � h2(x))k� tkf(x)� h1(x)k+ (1� t)kf(x)� h2(x)k< infx2@
 kf(x)� yk (see (26));hence x =2 @
. Let ~E be a �nite dimensional subspace containing y and (hi �id)(�
), then d(hi;
; y) = d(ThiT�1; T (
\ ~E); T (y)), where T is given as above.Then (k(t; �)� id)(�
) is contained in ~E and Tk(t; �)T�1(x) 6= T (y), x 2 T (@
\~E). Hence we may use the homotopy invariance property of Brouwer degree toconclude thatd(Tk(t; �)T�1; T (@
 \ ~E); T (y)) = constant;i.e., d(h1;
; y) = d(h2;
; y):It follows from Lemma 24 that if a �nite dimensional perturbation of theidentity h exists which satis�es (26), then we may de�ne d(f;
; y) = d, where d



44is the integer whose existence follows from this lemma. In order to accomplishthis we need an approximation result.Let M be a compact subset of E. Then for every � > 0 there exists a �nitecovering of M by spheres of radius � with centers at y1; � � � ; yn 2 M . De�ne�i :M ! [0;1) by�i(y) = �� ky � yik; if ky � yik � �= 0; otherwiseand let �i(y) = �i(y)Pnj=1 �j(y) ; 1 � i � n:Since not all �i vanish simultaneously, �i(y) is non{negative and continuous onM and further Pni=1 �i(y) = 1. The operator P� de�ned byP�(y) = nXi=1 �i(y)yi (27)is called a Schauder projection operator on M determined by �, and y1; � � � ; yn.Such an operator has the following properties:25 Lemma � P� :M ! cofy1; � � � ; yng(the convex hull of y1; � � � ; yn) is continuous.� P�(M) is contained in a �nite dimensional subspace of E.� kP�y � yk � �; y 2M:26 Lemma Let f : �
! E be a completely continuous perturbation of the identity.Let y =2 f(@
). Let � > 0 be such that � < infx2@
 kf(x) � yk. Let P�be a Schauder projection operator determined by � and points fy1; � � � ; yng �(f � id)(�
). Then d(id + P�F;
; y) = d, where d is the integer whose existenceis established by Lemma 24.Proof. The properties of P� (cf Lemma 25) imply that for each x 2 �
kP�F (x) � F (x)k � � infx2@
 kf(x)� yk;and the mapping id+P�F is a continuous �nite dimensional perturbation of theidentity.27 De�nition The integer d whose existence has been esatblished by Lemma 26is called the Leray-Schauder degree of f relative to 
 and the point y and isdenoted byd(f;
; y):



4. COMPLETELY CONTINUOUS PERTURBATIONS 454.2 Properties of the degree28 Proposition The Leray{Schauder degree has the solution, continuity, homo-topy invariance, additivity, and excision properties similar to the Brouwer de-gree; the Cartesian product formula also holds.Proof. (solution property). We let 
 be a bounded open set in E and f :�
! E be a completely continuous perturbation of the identity, y a point in Ewith y =2 f(@
) and d(f;
; y) 6= 0. We claim that the equation f(x) = y hasa solution in E. To see this let f�ng1n=1 be a decreasing sequence of positivenumbers with limn!1 �n = 0 and �1 < infx2@
 kf(x)�yk. Let P�i be associatedSchauder projection operators. Thend(f;
; y) = d(id + P�nF;
; y); n = 1; 2; � � � ;where d(id + P�nF;
; y) = d(id + TnP�nFT�1n ; Tn(
 \ ~En); Tn(y));and the spaces ~En are �nite dimensional. Hence the solution property ofBrouwer degree implies the existence of a solution zn 2 Tn(
 \ ~En) of theequationz + TnP�nFT�1n (z) = T (y);or equivalently a solution xn 2 
 \ ~En ofx+ P�nF (x) = y:The sequence fxng1n=1 is a bounded sequence (fxng1n=1 � 
), thus, since F iscompletely continuous there exists a subsequence fxnig1i=1 such that F (xni)!u 2 F (�
). We relabel the subsequence and call it again fxng1n=1. Thenkxn � xmk = kP�nF (xn)� P�mF (xm)k� kP�nF (xn)� F (xn)k+ kP�mF (xm)� F (xm)k+ kF (xn)� F (xm)k < �n + �m + kF (xn)� F (xm)k:We let � > 0 be given and choose N such that n;m � N imply �n, �m < �=3 andkF (xn)�F (xm)k < �=3: Thus kxn�xmk < �. The sequence fxng1n=1 thereforeis a Cauchy sequence, hence has a limit, say x. It now follows that x 2 �
 andsolves the equation f(x) = y, hence, since y =2 f(@
) we have that x 2 
.4.3 Borsuk's theorem and �xed point theorems29 Theorem (Borsuk's theorem) Let 
 be a bounded symmetric open neigh-borhood of 0 2 E and let f : �
! E be a completely continuous odd perturba-tion of the identity with 0 =2 f(@
). Then d(f;
; 0) is an odd integer.Proof. Let � > 0 be such that � < infx2@
 kf(x)k and let P� be an associatedSchauder projection operator. Let f� = id + P�f and put h(x) = 1=2[f�(x) �



46f�(�x)]. Then h is a �nite dimensional perturbation of the identity which isodd andkh(x)� f(x)k � �:Thus d(f;
; 0) = d(h;
 \ ~E; 0), butd(h;
; 0) = d(ThT�1; T (
 \ ~E); 0):On the other hand T (
 \ ~E) is a symmetric bounded open neighborhood of0 2 T (
 \ ~E) and ThT�1 is an odd mapping, hence the result follows fromTheorem 21.We next establish extensions of the Brouwer �xed point theorem to Banachspaces.30 Theorem (Schauder �xed point theorem) LetK be a compact convex sub-set of E and let F : K ! K be continuous. Then F has a �xed point in K.Proof. Since K is a compact there exists r > 0 such that K � Br(0) = fx 2E : kxk < rg. Using the Extension Theorem (Theorem I.20) we may continu-ously extend F to Br(0): Call the extension ~F : Then ~F (Br(0)) � coF (K) � K;where coF (K) is the convex hull of F (K), i.e. the smallest convex set containingF (K): Hence ~F is completely continuous. Consider the homotopyk(t; x) = x� t ~F (x); 0 � t � 1:Since t ~F (K) � tK � Br(0), 0 � t � 1, x 2 Br(0), it follows that k(t; x) 6= 0,0 � t � 1, x 2 @Br(0). Hence by the homotopy invariance property of theLeray{Schauder degreeconstant = d(k(t; �); Br(0); 0) = d(id; Br(0); 0) = 1:The solution property of degree therefore implies that the equationx� ~F (x) = 0has a solution in x 2 Br(0), and hence in K, i.e.x� F (x) = 0:In many applications the mapping F is known to be completely continuousbut it is di�cult to �nd a compact convex set K such that F : K ! K; whereasclosed convex sets K having this property are more easily found. In such a casethe following result may be applied.31 Theorem (Schauder) Let K be a closed, bounded, convex subset of E andlet F be a completely continuous mapping such that F : K ! K. Then F hasa �xed point in K.Proof. Let ~K = coF (K). Then since F (K) is compact it follows from atheorem of Mazur (see eg. [10], [24], and [28]) that ~K is compact and ~K � K.Thus F : ~K ! ~K and F has �xed point in ~K by Theorem 30. Therefore F hasa �xed point in K:



5. EXERCISES 475 Exercises1. Let [a; b] be a compact interval in R and let f : [a; b]! R be a continuousfunction such that f(a)f(b) 6= 0. Verify the following.(i) If f(b) > 0 > f(a), then d(f; (a; b); 0) = 1(ii) If f(b) < 0 < f(a), then d(f; (a; b); 0) = �1(iii) If f(a)f(b) > 0, then d(f; (a; b); 0) = 0:2. Identify R2 with the complex plane. Let 
 be a bounded open subset ofR2 and let f and g be functions which are analytic in 
 and continuous on�
. Let f(z) 6= 0, z 2 @
 and assume that jf(z)� g(z)j < jf(z)j, z 2 @
.Show that f and g have precisely the same number of zeros, countingmultiplicities, in 
. This result is called Rouch'e's theorem.3. Let 
 be a bounded open subset of Rn and letf; g 2 C(�
;Rn ) with f(x) 6= 0 6= g(x); x 2 @
:Further assume thatf(x)jf(x)j 6= �g(x)jg(x)j ; x 2 @
:Show that d(f;
; 0) = d(g;
; 0).4. Let 
 � Rn be a bounded open neighborhood of 0 2 Rn , let f 2 C(
;Rn )be such that 0 =2 f(@
) and eitherf(x) 6= xjxj jf(x)j; x 2 @
or f(x) 6= � xjxj jf(x)j; x 2 @
:Show that the equation f(x) = 0 has a solution in 
.5. Let 
 be as in Exercise 4 and let f 2 C(�
;Rn ) be such that 0 =2 f(@
).Let n be odd. Show there exists � (� 6= 0) 2 R and x 2 @
 such thatf(x) = �x. (This is commonly called the hedgehog theorem.)6. Let Bn = fx 2 Rn : jxj < 1g, Sn�1 = @Bn. Let f; g 2 C(Bn;Rn ) be suchthat f(Sn�1), g(Sn�1) � Sn�1 and jf(x) � g(x)j < 2, x 2 Sn�1. Showthat d(f;Bn; 0) = d(g;Bn; 0).7. Let f be as in Exercise 6 and assume that f(Sn�1) does not equal Sn�1.Show that d(f;Bn; 0) = 0.



48 8. Let A be an n � n real matrix for which 1 is not an eigenvalue. Let 
be a bounded open neighborhood of 0 2 Rn . Show, using linear algebramethods, thatd (id�A;
; 0) = (�1)�;where � equals the sum of the algebraic multiplicities of all real eigenvalues� of A with � > 1.9. Let 
 � Rn be a symmetric bounded open neighborhood of 0 2 Rn andlet f 2 C(�
;Rn ) be such that 0 =2 f(@
). Also assume thatf(x)jf(x)j 6= f(�x)jf(�x)j ; x 2 @
:Show that d(f;
; 0) is an odd integer.10. Let 
 be as in Exercise 9 and let f 2 C(�
;Rn ) be an odd function suchthat f(@
) � Rm , where m < n. Show there exists x 2 @
 such thatf(x) = 0.11. Let f and 
 be as in Exercise 10 except that f is not necessarily odd.Show there exists x 2 @
 such that f(x) = f(�x).12. Let K be a bounded, open, convex subset of E. Let F : �K ! E becompletely continuous and be such that F (@K) � K. Then F has a �xedpoint in K.13. Let 
 be a bounded open set in E with 0 2 
. Let F : �
 ! E becompletely continuous and satisfykx� F (x)k2 � kF (x)k2; x 2 @
:then F has a �xed point in �
.14. Provide detailed proofs of the results of Section 3.15. Provide detailed proofs of the results of Section 4.



Chapter IVGlobal Solution Theorems1 IntroductionIn this chapter we shall consider a globalization of the implicit function theo-rem (see Chapter I) and provide some global bifurcation results. Our main toolsin establishing such global results will be the properties of the Leray Schauderdegree and a topological lemma concerning continua in compact metric spaces.2 The Continuation Principle of Leray-SchauderIn this section we shall extend the homotopy property of Leray-Schauderdegree (Proposition III.28) to homotopy cylinders having variable cross sectionsand from it deduce the Leray-Schauder continuation principle. As will be seenin later sections, this result also allows us to derive a globalization of the implicitfunction theorem and results about global bifurcation in nonlinear equations.Let O be a bounded open (in the relative topology) subset of E � [a; b] ,where E is a real Banach space, and letF : �O ! Ebe a completely continuous mapping. Letf(u; �) = u� F (u; �) (1)and assume thatf(u; �) 6= 0; (u; �) 2 @O (2)(here @O is the boundary of O in E � [a; b]).1 Theorem (The generalized homotopy principle) Let f be given by (1)and satisfy (2). Then for a � � � b;d(f(�; �); O�; 0) = constant;(here O� = fu 2 E : (u; �) 2 Og). 49



50Proof. We may assume that O 6= ; and thata = inff� : O� 6= ;g; b = supf� : O� 6= ;g:We let̂O = O [ Oa � (a� �; a] [Ob � [b; b+ �);where � > 0 is �xed. Then Ô is a bounded open subset of E � R. Let ~F bethe extension of F to E � R whose existence is guaranteed by the Dugundjiextension theorem (Theorem I.20). Let~f(u; �) = (u� ~F (u; �); �� ��);where a � �� � b is �xed. Then ~f is a completely continuous perturbation ofthe identity in E � R.Furthermore for any such ��~f(u; �) 6= 0; (u; �) 2 @Ô;and hence d( ~f; Ô; 0) is de�ned and constant (for such ��). Let 0 � t � 1, andconsider the vector �eld~ft(u; �) = (u� t ~F (u; �)� (1� t) ~F (u; ��); �� ��);then ~ft(u; �) = 0 if and only if � = �� and u = ~F (u; ��). Thus, our hypothesesimply that ~ft(u; �) 6= 0 for (u; �) 2 @Ô and t 2 [0; 1]. By the homotopyinvariance principle (Proposition III.28) we therefore conclude thatd( ~f1; Ô; 0) = d( ~f; Ô; 0) = d( ~f0; Ô; 0):On the other hand,d( ~f0; Ô; 0) = d( ~f0; O�� � (a� �; b+ �); 0);by the excision property of degree (Proposition III.28). Using the Cartesianproduct formula (Proposition III.28), we obtaind( ~f0; O�� � (a� �; b+ �); 0) = d(f(�; ��); O�� ; 0):This completes the proof.As an immediate consequence we obtain the continuation principle of Leray-Schauder.2 Theorem (Leray{Schauder Continuation Theorem) Let O be a boundedopen subset of E � [a; b] and let f : �O ! E be given by (1) and satisfy (2).Furthermore assume thatd(f(�; a); Oa; 0) 6= 0:Let S = f(u; �) 2 �O : f(u; �) = 0g:Then there exists a closed connected set C in S such thatCa \ Oa 6= ; 6= Cb \ Ob:



2. CONTINUATION PRINCIPLE 51Proof. It follows from Theorem 1 thatd(f(�; a); Oa; 0) = d(f(�; b); Ob; 0):Hence Sa � fag = A 6= ; 6= B = Sb � fbg:Using the complete continuity of F we may conclude that S is a compact metricsubspace of E � [a; b]. We now apply Whyburn's lemma (see [29]) with X = S.If there is no such continuum (as asserted above) there will exist compact setsXA, XB in X such thatA � XA; B � XB ; XA \XB = ;; XA [XB = X:We hence may �nd an open set U � E � [a; b] such that A � U \ O = V andS \ @V = ; = Vb. Therefored(f(�; �); V�; 0) = constant; � � a:On the other hand, the excision principle implies thatd(f(�; a); Va; 0) = d(f(�; a); Oa; 0):Since Vb = ;, these equalities yield a contradiction, and there exists a con-tinuum as asserted.In the following examples we shall develop, as an application of the aboveresults, some basic existence results for the existence of solutions of nonlinearboundary value problems.3 Example Let I = [0; 1] and let g : [0; 1]� R ! R be continuous. Consider thenonlinear Dirichlet problem� u00 + g(x; u) = 0; in Iu = 0; on @I: (3)Let there exist constants a < 0 < b such thatg(x; a) > 0 > g(x; b); x 2 
:Then (3) has a solution u 2 C2([0; 1];R) such thata < u(x) < b; x 2 I:Proof. To see this, we consider the one parameter family of problems� u00 + �g(x; u) = 0; in Iu = 0; on @I: (4)Let G be de�ned byG(u)(x) = g(x; u(x));



52then (4) is equivalent to the operator equationu = �LG(u); u 2 C([0; 1];R) = E; (5)where for each v 2 E, w = LG(v) is the unique solution ofw00 + g(x; v) = 0; in Iw = 0; on @I:It follows that for each v 2 E, LG(v) 2 C2(I) and since C2(I) is compactlyembedded in E thatLG(�) : E ! Eis a completely continuous operator. Let O = f(u; �) : u 2 E; a < u(x) <b; x 2 I; 0 � � � 1g: Then O is an open and bounded set in E � [0; 1]: If(u; �) 2 @O is a solution of (4), then there will either exist x 2 I such thatu(x) = b or there exists x 2 I such that u(x) = a and � > 0. In either case, (3)yields, via elementary calculus, a contradiction. Hence (4) has no solutions in@O. Therefored(id� �LG;O�; 0) = d(id; O0; 0) = 1;and Theorem 2 implies the existence of a continuum C of solutions of (5), henceof (4), such that C \ E � f0g = f0g and C \ E � f1g 6= ;.3 A Globalization of the Implicit Function The-oremAssume thatF : E � R ! Eis a completely continuous mapping and consider the equationf(u; �) = u� F (u; �) = 0: (6)Let (u0; �0) be a solution of (6) such that the condition of the implicit func-tion theorem (Theorem I.12) hold at (u0; �0). Then there is a solution curvef(u(�); �)g of (6) de�ned in a neighborhood of �0, passing through (u0; �0).Furthermore the conditions of Theorem I.12 imply that the solution u0 is anisolated solution of (6) at � = �0, and if O is an isolating neighborhood, wehave thatd(f(�; �0); O; 0) 6= 0: (7)We shall now show that condition (7) alone su�ces to guarantee that equa-tion (6) has a global solution branch in the half spaces E � [�0;1) and E �(�1; �0].



3. A GLOBALIZATION OF THE IMPLICIT FUNCTION THEOREM 534 Theorem Let O be a bounded open subset of E and assume that for � = �0equation (6) has a unique solution in O and let (7) hold. LetS+ = f(u; �) 2 E � [�0;1) : (u; �) solves (6)gand S� = f(u; �) 2 E � (�1; �0] : (u; �) solves (6)g:Then there exists a continuum C+ � S+ (C� � S�) such that:1. C+�0 \ O = fu0g (C��0 \ O = fu0g);2. C+ is either unbounded in E�[�0;1) (C� is unbounded in E�(�1; �0])or C+�0 \ (EnO) 6= ; (C��0 \ (EnO) 6= ;).Proof. Let C+ be the maximal connected subset of S+ such that 1. aboveholds. Assume that C+ \ (EnO) = ; and that C+ is bounded in E � [�0;1).Then there exists a constant R > 0 such that for each (u; �) 2 C+ we have thatjjujj+ j�j < R. LetS+2R = f(u; �) 2 S+ : jjujj+ j�j � 2Rg;then S+2R is a compact subset of E � [�0;1), and hence is a compact metricspace. There are two possibilities: Either S+2R = C+ or else there exists (u; �) 2S+2R such that (u; �) =2 C+. In either case, we may �nd a bounded open setU � E � [�0;1) such that U�0 = O; S+2R \ @U = ;; C+ � U . It thereforefollows from Theorem 1 thatd(f(�; �0); U�0 ; 0) = constant; � � �0;where this constant is given byd(f(�; �0); U�0 ; 0) = d(f(�; �0); O; 0)which is nonzero, because of (7). On the other hand, there exists �� > �0such that U�� contains no solutions of (6) and hence d(f(�; ��); U�� ; 0) = 0,contradicting (7). (To obtain the existence of an open set U with propertiesgiven above, we employ again Whyburn's lemma ([29]).)The existence of C� with the above listed properties is demonstrated in asimilar manner.5 Remark The assumption of Theorem 4 that u0 is the unique solution of (6)inside the set O, was made for convenience of proof. If one only assumes (7), onemay obtain the conclusion that the set of all such continua is either bounded inthe right (left) half space, or else there exists one such continuum which meetsthe � = �0 hyperplane outside the set O.6 Remark If the component C+ of Theorem 4 is bounded and ~O is an isolatingneighborhood of C+ \ (EnO)�f�0g, then it follows from the excision property,Whyburn's lemma, and the generalized homotopy principle thatd(f(�; �0); O; 0) = �d(f(�; �0); ~O; 0):



54 This observation has the following important consequence. If equation (6)has, for � = �0 only isolated solutions and if the integer given by (7) has thesame sign with respect to isolating neighborhoods O for all such solutions where(7) holds, then all continua C+ must be unbounded.7 Example Let p(z); z 2 C ; be a polynomial of degree n whose leading coe�-cient is ( without loss in generality) assumed to be 1 and let q(z) =Qni=1(z�ai),where a1; : : : ; an are distinct complex numbers. Letf(z; �) = �p(z) + (1� �)q(z):Then f may be considered as a continuous mappingf : R2 � R ! R2 :Furthermore for � 2 [0; r]; r > 0, there exists a constant R such that anysolution off(z; �) = 0; (8)satis�es jzj < R. For all � � 0; (8) has only isolated solutions and for � = 0each such solution has the property thatd(f(�; 0); Oi; 0) = 1;where Oi is an isolating neighborhood of ai. Hence, for each i, there exists acontinuum C+i of solutions of (8) which is unbounded with respect to �; andmust therefore reach every ��level, in particular, the level � = 1. We concludethat each zero of p(z) must be connected to some ai (apply the above argumentbackwards from the � = 1�level, if need be).4 The Theorem of Krein-RutmanIn this section we shall employ Theorem 4 to prove an extension of thePerron-Frobenius theorem about eigenvalues for positive matrices. The Krein-Rutman theorem [18] is a generalization of this classical result to positive com-pact operators on a not necessarily �nite dimensional Banach space.Let E be a real Banach space and let K be a cone in E; i.e., a closed convexsubset of E with the properties:� For all u 2 K; t � 0; tu 2 K:� K \ f�Kg = f0g:It is an elementary exercise to show that a cone K induces a partial order � onE by the convention u � v if and only if v�u 2 K: A linear operator L : E ! Eis called positive whenever K is an invariant set for L, i.e. L : K ! K. If K isa cone whose interior intK is nonempty, we call L a strongly positive operator,whenever L : Knf0g ! intK.



4. THE THEOREM OF KREIN-RUTMAN 558 Theorem Let E be a real Banach space with a cone K and let L : E ! E bea positive compact linear operator. Assume there exists w 2 K; w 6= 0 and aconstant m > 0 such thatw � mLw; (9)where � is the partial order induced by K. Then there exists �0 > 0 andu 2 K; jjujj = 1; such thatu = �0Lu: (10)Proof. Restrict the operator L to the cone K and denote by ~L the Dugundjiextension of this operator to E. Since L is a compact linear operator, theoperator ~L is a completely continuous mapping with ~L(E) � K. Choose � > 0and consider the equationu� �~L(u+ �w) = 0: (11)For � = 0, equation (11) has the unique solution u = 0 and we may applyTheorem 4 to obtain an unbounded continuum C+� � E � [0;1) of solutionsof (11). Since ~L(E) � K, we have that u 2 K, whenever (u; �) 2 C+� , andtherefore u = �L(u+ �w). Thus�Lu � u; ��m � ��Lw � u:Applying L to this last inequality repeatedly, we obtain by induction that� �m�n �w � u: (12)Since w 6= 0, by assumption, it follows from (12) that � � m. Thus, if (u; �) 2C+� , it must be case that � � m, and hence that C+� � K � [0;m]. Since C+�is unbounded, we conclude that for each � > 0, there exists �� > 0; u� 2K; jju�jj = 1, such thatu� = ��L(u� + �w):Since L is compact, the set f(u�; ��)g will contain a convergent subsequence(letting �! 0), converging to, say, (u; �0). Since clearly jjujj = 1, it follows that�0 > 0.If it is the case that L is a strongly positive compact linear operator, muchmore can be asserted; this will be done in the theorem of Krein-Rutman whichwe shall establish as a corollary of Theorem 8.9 Theorem Let E have a cone K; whose interior, intK 6= ;. Let L be a stronglypositive compact linear operator. Then there exists a unique �0 > 0 with thefollowing properties:1. There exists u 2 intK, with u = �0Lu.



56 2. If �(2 R) 6= �0 is such that there exists v 2 E; v 6= 0, with v = �Lv,then v =2 K [ f�Kg and �0 < j�j.Proof. Choose w 2 Knf0g, then, since Lw 2 intK, there exists � > 0,small such that Lw � �w 2 intK, i.e., in terms of the partial order �w � Lw.We therefore may apply Theorem 8 to obtain �0 > 0 and u 2 K such thatu = �0Lu. Since L is strongly positive, we must have that u 2 intK. If(v; �) 2 (Knf0g)� (0;1) is such that v = �Lv, then v 2 intK. Hence, for all� > 0, su�ciently small, we have that u��v 2 intK. Consequently, there existsa maximal �� > 0, such that u� ��v 2 K, i.e. u� rv =2 K; r > ��. NowL(u� ��v) = 1�0 (u� �0� ��v);which implies that u � �0� ��v 2 intK, unless u � ��v = 0. If the latter holds,then �0 = �, if not, then �0 < �, because �� is maximal. If �0 < �, we mayreverse the role of u and v and also obtain � < �0, a contradiction. Hence itmust be the case that � = �0. We have therefore proved that �0 is the onlycharacteristic value of L having an eigendirection in the cone K and furtherthat any other eigenvector corresponding to �0 must be a constant multiple ofu, i.e. �0 is a characteristic value of L of geometric multiplicity one, i.e thedimension of the kernel of id� �0L equals one.Next let � 6= �0 be another characteristic value of L and let v 6= 0 be suchthat v =2 K [f�Kg. Again, for j�j small, u� �v 2 intK and there exists �� > 0,maximal, such that u � ��v 2 K, and there exists �� < 0, minimal, such thatu� ��v 2 K. NowL(u� ��v) = 1�0 (u� �0� ��v) 2 K;and L(u� ��v) = 1�0 (u� �0� ��v) 2 K:Thus, if � > 0, we conclude that �0 < �, whereas, if � < 0, we get that�0�� < ���, and �0�� > ���, i.e �20 < �2.As observed above we have that �0 is a characteristic value of geometricmultiplicity one. Before giving an application of the above result, we shallestablish that �0, in fact also has algebraic multiplicity one. Recall from theRiesz theory of compact linear operators (viz. [19], [28]) that the operatorid� �0L has the following property:There exists a minimal integer n such thatker(id� �0L)n = ker(id� �0L)n+1 = ker(id� �0L)n+2 = : : : ;and the dimension of the generalized eigenspace ker(id � �0L)n is calledthe algebraic multiplicity of �0.



5. GLOBAL BIFURCATION 57With this terminology, we have the following addition to Theorem 9.10 Theorem Assume the conditions of Theorem 9 and let �0 be the characteristicvalue of L, whose existence is established there. Then �0 is a characteristicvalue of L of algebraic multiplicity one.Proof. We assume the contrary. Then, since ker(id� �0L) has dimension one(Theorem 9), it follows that there exists a smallest integer n > 1 such that thegeneralized eigenspace is given by ker(id��0L)n. Hence, there exists a nonzerov 2 E such that (id � �0L)nv = 0 and (id � �0L)n�1v = w 6= 0. It followsfrom Theorem 9 and its proof that w = ku, where u is given by Theorem 9 andk may assumed to be positive. Let z = (id � �0L)n�2v, then z � �0Lz = ku,and hence, by induction, we get that �m0 Lmz = z � mku, for any positiveinteger m. It follows therefore that z =2 K, for otherwise 1mz � ku 2 K, for anyinteger m, implying that �ku 2 K, a contradiction. Since u 2 intK, there exist� > 0 and y 2 K such that z = �u � y. Then �m0 Lmz = �u � �m0 Lmy, or�m0 Lmy = y +mku. Choose � > 0, such that y � �u, then �m0 Lmy � �u, andby the above we see that y +mku � �u. Dividing this inequality my m andletting m!1, we obtain that ku 2 �K, a contradiction.11 Remark It may be the case that, aside from real characteristic values, L alsohas complex ones. If � is such a characteristic value, then it may be shownthat j�j > �0, where �0 is as in Theorem 10. We refer the interested reader toKrasnosel'skii [17] for a veri�cation.5 Global BifurcationAs before, let E be a real Banach space and let f : E � R ! E have theform f(u; �) = u� F (u; �); (13)where F : E � R ! E is completely continuous. We shall now assume thatF (0; �) � 0; � 2 R; (14)and hence that the equationf(u; �) = 0; (15)has the trivial solution for all values of �. We shall now consider the question ofbifurcation from this trivial branch of solutions and demonstrate the existenceof global branches of nontrivial solutions bifurcating from the trivial branch.Our main tools will again be the properties of the Leray-Schauder degree andWhyburn's lemma.We shall see that this result is an extension of the local bifurcation theorem,Theorem II.6.



5812 Theorem Let there exist a; b 2 R with a < b, such that u = 0 is an isolatedsolution of (15) for � = a and � = b, where a, b are not bifurcation points,furthermore assume thatd(f(�; a); Br(0); 0) 6= d(f(�; b); Br(0); 0); (16)where Br(0) = fu 2 E : jjujj < rg is an isolating neighborhood of the trivialsolution. LetS = f(u; �) : (u; �) solves (15) with u 6= 0g [ f0g � [a; b]and let C � S be the maximal connected subset of S which contains f0g� [a; b].Then either(i) C is unbounded in E � R,or else(ii) C \ f0g � (Rn[a; b]) 6= ;.Proof. De�ne a class U of subsets of E � R as followsU = f
 � E � R : 
 = 
0 [ 
1g;where 
0 = Br(0) � [a; b]; and 
1 is a bounded open subset of (Enf0g)� R.We shall �rst show that (15) has a nontrivial solution (u; �) 2 @
 for any such
 2 U. To accomplish this, let us consider the following sets:8<: K = f�1(0) \ 
;A = f0g � [a; b];B = f�1(0) \ (@
n(Br(0)� fag [Br(0)� fbg)): (17)We observe that K may be regarded as a compact metric space and A andB are compact subsets of K:We hence may apply Whyburn's lemma to deducethat either there exists a continuum in K connecting A to B or else, there isa separation KA; KB of K, with A � KA; B � KB . If the latter holds,we may �nd open sets U; V in E � R such that KA � U; KB � V , withU \ V = ;. We let 
� = 
 \ (U [ V ) and observe that 
� 2 U. It follows, byconstruction, that there are no nontrivial solutions of (15) which belong to @
�;this, however, is impossible, since, it would imply, by the generalized homotopyand the excision principle of Leray-Schauder degree, that d(f(�; a); Br(0); 0) =d(f(�; b); Br(0); 0), contradicting (16). We hence have that for each 
 2 U thereis a continuum C of solutions of (15) which intersects @
 in a nontrivial solution.We assume now that neither of the alternatives of the theorem hold, i.e weassume that C is bounded and C \ f0g � (Rn[a; b]) = ;. In this case, we may,using the boundednes of C, construct a set 
 2 U, containing no nontrivialsolutions in its boundary, thus arriving once more at a contradiction.We shall, throughout this text, apply the above theorem to several problemsfor nonlinear di�erential equations. Here we shall, for the sake of illustrationprovide two simple one dimensional examples.



5. GLOBAL BIFURCATION 5913 Example Let f : R � R ! R, be given byf(u; �) = u(u2 + �2 � 1):It is easy to see that S is given byS = f(u; �) : u2 + �2 = 1g;and hence that (0;�1) and (0; 1) are the only bifurcation points from the trivialsolution. Furthermore, the bifurcating continuum is bounded. Also one mayquickly check that (16) holds with a; b chosen in a neighborhood of � = �1 andalso in a neighborhood of � = 1.14 Example Let f : R � R ! R be given byf(u; �) = (1� �)u+ u sin 1u:In this case S is given byS = f(u; �) : �� 1 = sin 1ug [ f0g � [0; 2];which is an unbounded set, and we may check that (16) holds, by chosing a < 0and b > 2.In many interesting cases the nonlinear mapping F is of the special formF (u; �) = �Bu+ o(jjujj); as jjujj ! 0; (18)where B is a compact linear operator. In this case bifurcation points from thetrivial solution are isolated, in fact one has the following necessary conditionsfor bifurcation.15 Proposition Assume that F has the form (18), where B is the Fr�echet deriva-tive of F . If (0; �0) is a bifurcation point from the trivial solution for equation(15), then �0 is a characteristic value of B.Using this result, Theorem 12, and the Leray-Schauder formula for comput-ing the degree of a compact linear perturbation of the identity (an extension toin�nite dimensions of Exercise 8 of Chapter III, we obtain the following result.16 Theorem Assume that F has the form (18) and let �0 be a characteristic valueof B which is of odd algebraic multiplicity. Then there exists a continuum C ofnontrivial solutions of (15) which bifurcates from the set of trivial solutions at(0; �0) and C is either unbounded in E � R or else C also bifurcates from thetrivial solution set at (0; �1), where �1 is another characteristic value of B.



60Proof. Since �0 is isolated as a characteristic value, we may �nd a < �0 < bsuch that the interval [a; b] contains, besides �0, no other characteristic values.It follows that the trivial solution is an isolated solution (in E) of (15) for � = aand � = b. Hence, d(f(�; a); Br(0); 0) and d(f(�; b); Br(0); 0) are de�ned forr, su�ciently small and are, respectively, given by d(id � aB;Br(0); 0), andd(id� bB;Br(0); 0). On the other hand,d(id� aB;Br(0); 0) = (�1)�d(id� bB;Br(0); 0);where � equals the algebraic multiplicity of �0 as a characteristic value of B.Since � is odd, by assumption, the result follows from Theorem 12 and Propo-sition 15.The following example serves to demonstrate that, in general, not everycharacteristic value will yield a bifurcation point.17 Example The system of scalar equations� x = �x+ y3y = �y � x3 (19)has only the trivial solution x = 0 = y for all values of �. We note, that �0 = 1is a characteristic value of the Fr�echet derivative of multiplicity two.As a further example let us consider a boundary value problem for a secondorder ordinary di�erential equation, the pendulum equation.18 Example Consider the boundary value problem� u00 + � sinu = 0; x 2 [0; �]u(0) = 0; u(�) = 0: (20)As already observed this problem is equivalent to an operator equationu = �F (u);where F : C[0; �]! C[0; �]is a completely continuous operator which is continuously Fr�echet di�erentiablewith Fr�echet derivative F 0(0): Thus to �nd the bifurcation points for (20) wemust compute the eigenvalues of F 0(0): On the other hand, to �nd these eigen-values is equivalent to �nding the values of � for which� u00 + �u = 0; x 2 [0; �]u(0) = 0; u(�) = 0 (21)has nontrivial solutions. These values are given by� = 1; 4; � � � k2; � � � ; k 2 N:



6. EXERCISES 61Furthermore we know from elementary di�erential equations that each sucheigenvalue has a one-dimensonal eigenspace and one may convince oneself thatthe above theorem may be applied at each such eigenvalue and conclude thateach value (0; k2); k 2 Nis a bifurcation point for (20).6 Exercises1. Prove Proposition 15.2. Supply the details for the proof of Theorem 12.3. Perform the calculations indicated in Example 13.4. Perform the calculations indicated in Example ??.5. Prove Proposition 15.6. Supply the details for the proof of Theorem 16.7. Prove the assertion of Example 17.8. Provide the detials for Example 18.9. In Example 18 show that the second alternative of Theorem 16 cannothold.
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Chapter VExistence and UniquenessTheorems1 IntroductionIn this chapter, we shall present the basic existence and uniqueness theo-rems for solutions of initial value problems for systems of ordinary di�erentialequations. To this end let D be an open connected subset of R � RN ; N � 1,and let f : D ! RNbe a continuous mapping.We consider the di�erential equationu0 = f(t; u); 0 = ddt : (1)and seek su�cient conditions for the existence of solutions of (1), where u 2C1(I;RN ); with I an interval, I � R; is called a solution, if (t; u(t)) 2 D; t 2 Iand u0(t) = f(t; u(t)); t 2 I:Simple examples tell us that a given di�erential equation may have a multi-tude of solutions, in general, whereas some constraints on the solutions soughtmight provide existence and uniqueness of the solution. The most basic suchconstraints are given by �xing an initial value of a solution. By an initial valueproblem we mean the following:� Given a point (t0; u0) 2 D we seek a solution u of (1) such thatu(t0) = u0: (2)We have the following proposition whose proof is straightforward:65



661 Proposition A function u 2 C1(I;RN ); with I � R; and I an interval con-taining t0 is a solution of the initial value problem (1), satisfying the initialcondition (2) if and only if (t; u(t)) 2 D; t 2 I andu(t) = u(t0) + Z tt0 f(s; u(s))ds: (3)We shall now, using Proposition 1, establish some of the classical and basicexistence and existence/uniqueness theorems.2 The Picard-Lindel�of TheoremWe say that f satis�es a local Lipschitz condition on the domain D; providedfor every compact set K � D; there exists a constant L = L(K); such that forall (t; u1); (t; u2) 2 Kjf(t; u1)� f(t; u2)j � Lju1 � u2j:For such functions, one has the following existence and uniqueness theorem.This result is usually called the Picard-Lindel�of theorem2 Theorem Assume that f : D ! RN satis�es a local Lipschitz condition onthe domain D; then for every (t0; u0) 2 D equation (1) has a unique solutionsatisfying the initial condition (2) on some interval I:We remark that the theorem as stated is a local existence and uniquenesstheorem, in the sense that the interval I; where the solution exists will dependupon the initial condition. Global results will follow from this result, by extend-ing solutions to maximal intervals of existence, as will be seen in a subsequentsection.Proof. Let (t0; u0) 2 D; then, since D is open, there exist positive constantsa and b such thatQ = f(t; u) : jt� t0j � a; ju� u0j � bg � D:Let L be the Lipschitz constant for f associated with the set Q: Further letm = max(t;u)2Q jf(t; u)j;� = minfa; bmg:Let ~L be any constant, ~L > L; and de�neM = fu 2 C �[t0 � �; t0 + �];RN � : ju(t)� u0j � b; jt� t0j � �g:In C �[t0 � �; t0 + �];RN � we de�ne a new norm as follows:kuk = maxjt�t0j�� e�~Ljt�t0jju(t)j:



3. THE CAUCHY-PEANO THEOREM 67And we let �(u; v) = ku � vk; then (M;�) is a complete metric space. Nextde�ne the operator T on M by:(Tu)(t) = u0 + Z tt0 f(s; u(s))ds; jt� t0j � �: (4)Then j(Tu)(t)� u0j � j Z tt0 jf(s; u(s))jdsj;and, since u 2M;j(Tu)(t)� u0j � �m � b:Hence T :M !M:Computing further, we obtain, for u; v 2M thatj(Tu)(t)� (Tv)(t)j � j R tt0 jf(s; u(s))� f(s; v(s))jdsj� Lj R tt0 ju(s)� v(s)jdsj;and hencee�~Ljt�t0jj(Tu)(t)� (Tv)(t)j � e�~Ljt�t0jLj R tt0 ju(s)� v(s)jdsj� L~Lku� vk;and hence�(Tu; Tv) � L~L�(u; v);proving that T is a contraction mapping. The result therefore follows from thecontraction mapping principle, Theorem I.6.We remark that, since T is a contraction mapping, the contraction mappingtheorem gives a constructive means for the solution of the initial value prob-lem in Theorem 2 and the solution may in fact be obtained via an iterationprocedure. This procedure is known as Picard iteration.In the next section, we shall show, that without the assumption of a localLipschitz condition, we still get the existence of solutions.3 The Cauchy-Peano TheoremThe following result, called the Cauchy-Peano theorem provides the localsolvabilty of initial value problems.3 Theorem Assume that f : D ! RN is continuous. Then for every (t0; u0) 2 Dthe initial value problem (1), (2) has a solution on some interval I; t0 2 I:



68Proof. Let (t0; u0) 2 D; and let Q;�;m be as in the proof of Theorem 2. Con-sider the space E = C([t0 ��; t0 +�];RN ) with norm kuk = maxjt�t0j�� ju(t)j:Then E is a Banach space. We let M be as de�ned in the proof of Theorem2 and note that M is a closed, bounded convex subset of E and further thatT :M !M: We hence may apply the Schauder �xed point theorem (TheoremIII.30) once we verify that T is completely continuous on M: To see this wenote, that, since f is continuous, it follows that T is continuous. On the otherhand, if fung �M; thenj(Tun)(t) � (Tun)(�t)j � j R t�t jf(s; un(s))jdsj� mjt� �tj:Hence fTung � M; is a uniformly bounded and equicontinuous family in E:It therefore has a uniformly convergent subsequence (as follows from the theo-rem of Ascoli-Arz�ela [22]), showing that fTung is precompact and hence T iscompletely continuous. This completes the proof.We note from the above proofs (of Theorems 2 and 3) that for a solutionu thus obtained, both (t0 � �; u(t0 � �)) 2 D: We hence may reapply thesetheorems with initial conditions given at t0 � � and conditions u(t0 � �) andthus continue solutions to larger intervals (in the case of Theorem 2 uniquelyand in the case of Theorem 3 not necessarily so.) We shall prove below that thiscontinuation process leads to maximal intervals of existence and also describesthe behavior of solutions as one approaches the endpoints of such maximalintervals.3.1 Carath�eodory equationsIn many situations the nonlinear term f is not continuous as assumed abovebut satis�es the so-called Carath�eodory conditions on any parallelepipedQ � D;where Q is as given in the proof of Theorem 2, i.e.,� f is measurable in t for each �xed u and continuous in u for almost all t;� for each Q there exists a function m 2 L1(t0 � a; t0 + a) such thatjf(t; u)j � m(t); (t; u) 2 Q:Under such assumptions we have the following extension of the Cauchy-Peanotheorem, Theorem 3:4 Theorem Let f satisfy the Carath�eodory conditions on D: Then for every(t0; u0) 2 D the initial value problem (1), (2) has a solution on some interval I;t0 2 I; in the sense that there exists an absolutely continuous function u : I !RN which satis�es the initial condition (2) and the di�erential equation (1) a.e.in I:



4. EXTENSION THEOREMS 69Proof. Let (t0; u0) 2 D; and chooseQ = f(t; u) : jt� t0j � a; ju� u0j � bg � D:Let M = fu 2 C �[t0 � �; t0 + �];RN � : ju(t)� u0j � b; jt� t0j � �g;where � � a is to be determined.Next de�ne the operator T on M by:(Tu)(t) = u0 + Z tt0 f(s; u(s))ds; jt� t0j � �:Then, because of the Carath�eodory conditions, Tu is a a continuous functionand j(Tu)(t)� u0j � j Z tt0 jf(s; u(s))jdsj:Further, since u 2M;j(Tu)(t)� u0j � Z t0+�t0�� m(s)ds � kmkL1[t0��;t0+�] � b;for � small enough. HenceT :M !M:One next shows (see the Exercise 14 below) that T is a completely continuousmapping, hence will have a �xed point in M by the Schauder Fixed PointTheorem. That �xed points of T are solutions of the initial value problem (1),(2), in the sense given in the theorem, is immediate.4 Extension TheoremsIn this section we establish a basic result about maximal intervals of existenceof solutions of initial value problems. We �rst prove the following lemma.5 Lemma Assume that f : D ! RN is continuous and let ~D be a subdomainof D; with f bounded on ~D: Further let u be a solution of (1) de�ned on abounded interval (a; b) with (t; u(t)) 2 ~D; t 2 (a; b): Then the limitslimt!a+ u(t); limt!b�u(t)exist.



70Proof. Let t0 2 (a; b); then u(t) = u(t0) + R tt0 f(s; u(s))ds: Hence for t1; t2 2(a; b); we obtainju(t1)� u(t2)j � mjt1 � t2j;where m is a bound on f on ~D: Hence the above limits exist.We may therefore, as indicated above, continue the solution beyond theinterval (a; b); to the left of a and the right of b:We say that a solution u of (1) has maximal interval of existence (!�; !+);provided u cannot be continued as a solution of (1) to the right of !+ nor tothe left of !�:The following theorem holds.6 Theorem Assume that f : D ! RN is continuous and let u be a solution of(1) de�ned on some interval I: Then u may be extended as a solution of (1) toa maximal interval of existence (!�; !+) and (t; u(t))! @D as t! !�:Proof. We establish the existence of a right maximal interval of existence; asimilar argument will yield the existence of a left maximal one and together thetwo will imply the existence of a maximal interval of existence.Let u be a solution of (1) with u(t0) = u0 de�ned on an interval I = [t0; au):We say that two solutions v; w of (1), (2) satisfyv � w; (5)if and only if:� u � v � w on [t0; au);� v is de�ned on Iv = [t0; av); av � au;w is de�ned on Iw = [t0; aw); aw � au;� aw � av;� v � w on Iv :We see that� is a partial order on the set of all solutions S of (1), (2) which agreewith u on I: One next veri�es that the conditions of the Hausdor� maximumprinciple (see [23]) hold and hence that S contains a maximal element, ~u: Thismaximal element ~u cannot be further extended to the right.Next let u be a solution of (1), (2) with right maximal interval of existence[t0; !+): We must show that (t; u(t))! @D as t! !+; i.e., given any compactset K � D; there exists tK ; such that (t; u(t)) =2 K; for t > tK : If !+ =1; theconclusion clearly holds. On the other hand, if !+ <1; we proceed indirectly.In which case there exists a compact set K � D; such that for every n = 1; 2; � � �there exists tn; 0 < !+� tn < 1n ; and (tn; u(tn)) 2 K: Since K is compact, therewill be a subsequence, call it again f(tn; u(tn))g such that f(tn; u(tn))g convergesto, say, (!+; u�) 2 K: Since (!+; u�) 2 K; it is an interior point of D: We maytherefore choose a constant a > 0; such that Q = f(t; u) : j!+�tj � a; ju�u�j �



4. EXTENSION THEOREMS 71ag � D; and thus for n large (tn; u(tn)) 2 Q: Let m = max(t;u)2Q jf(t; u)j; andlet n be so large that0 < !+ � tn � a2m; ju(tn)� u�j � a2 :Then ju(tn)� u(t)j < m(!+ � tn) � a2 ; for t�t < !+;as an easy indirect argument shows.It therefore follows thatlimt!!+ u(t) = u�;and we may extend u to the right of !+ contradicting the maximality of u:7 Corollary Assume that f : [t0; t0+a]�RN ! RN is continuous and let u be asolution of (1) de�ned on some right maximal interval of existence I � [t0; t0+a]:Then, either I = [t0; t0 + a]; or else I = [t0; !+); !+ < t0 + a; andlimt!!+ ju(t)j =1:We also consider the following corollary, which is of importance for di�eren-tial equations whose right hand side have at most linear growth. I.e., we assumethat the following growth condition holds:jf(t; u)j � �(t)juj+ �(t): (6)8 Corollary Assume that f : (a; b)�RN ! RN is continuous and let f satisfy (6),where �; � 2 L1(a; b) are nonnegative continuous functions. Then the maximalinterval of existence (!�; !+) is (a; b) for any solution of (1).Proof. If u is a solution of (1), then u satis�es the integral equation (3) andhence, because of (6), we obtainju(t)j � ju(t0)j+ j Z tt0 j[�(s)ju(s)j + �(s)]ds: (7)Considering the case t � t0; the other case being similar, we letv(t) = Z tt0 [j�(s)jju(s)j + j�(s)j]ds;and c = ju(t0)j: Then an easy calculation yieldsv0 � �(t)v � �(t)c + �(t);and hencev(t) � eR tt0 �(�)d� Z tt0 eR st0 �(�)d� [�(s)c+ �(s)]ds;from which, using Corollary 7, follows that !+ = b:



725 Dependence upon Initial ConditionsLet again D be an open connected subset of R � RN ; N � 1; and letf : D ! RNbe a continuous mapping.We consider the initial value problemu0 = f(t; u); u(t0) = u0; (8)and assume we have conditions which guarantee that (8) has a unique solutionu(t) = u(t; t0; u0); (9)for every (t0; u0) 2 D: We shall now present conditions which guarantee thatu(t; t0; u0) depends either continuously or smoothly on the initial condition(t0; u0):A somewhat more general situation occurs frequently, where the function falso depends upon parameters, � 2 Rm ; i.e. (8) is replaced by the parameterdependent problemu0 = f(t; u; �); u(t0) = u0; (10)and solutions u then are functions of the typeu(t) = u(t; t0; u0; �); (11)provided (10) is uniquely solvable. This situation is a special case of the above,as we may augment the original system (10) asu0 = f(t; u; �); u(t0) = u0;�0 = 0; �(t0) = �; (12)and obtain an initial value problem for a system of equations of higher dimensionwhich does not depend upon parameters.5.1 Continuous dependenceWe �rst prove the following proposition.9 Theorem Assume that f : D ! RN is a continuous mapping and that (8) hasa unique solution u(t) = u(t; t0; u0); for every (t0; u0) 2 D: Then the solutiondepends continuously on (t0; u0); in the following sense: If f(tn; un)g � D con-verges to (t0; u0) 2 D; then given � > 0; there exists n� and an interval I� suchthat for all n � n�; the solution un(t) = u(t; tn; un); exists on I� andmaxt2I� ju(t)� un(t)j � �:



5. DEPENDENCE UPON INITIAL CONDITIONS 73Proof. We rely on the proof of Theorem 3 and �nd that for given � > 0; thereexists n� such that f(tn; un)g � ~Q; where~Q = f(t; u) : jt� t0j � a2 ; ju� u0j � b2g � Q;where Q is the set given in the proof of Theorems 2 and 3. Using the proofof Theorem 3 we obtain a common compact interval I� of existence of the se-quence fung and f(t; un(t))g � Q; for t 2 I�: The sequence fung hence will beuniformly bounded and equicontinuous on I� and will therefore have a subse-quence converging uniformly on I�: Employing the integral equation (3) we seethat the limit must be a solution of (8) and hence, by the uniqueness assumptionmust equal u: Since this is true for every subsequence, the whole sequence mustconverge to u; completing the proof.We have the following corollary, which asserts continuity of solutions withrespect to the di�erential equation. The proof is similar to the above and willhence be omitted.10 Corollary Assume that fn : D ! RN ; n = 1; 2; � � � ; are continuous mappingsand that (8) (with f = fn) has a unique solution un(t) = u(t; tn; un); forevery (tn; un) 2 D: Then the solution depends continuously on (t0; u0); in thefollowing sense: If f(tn; un)g � D converges to (t0; u0) 2 D; and fn convergesto f; uniformly on compact subsets of D; then given � > 0; there exists n� andan interval I� such that for all n � n�; the solution un(t) = u(t; tn; un); existson I� andmaxt2I� ju(t)� un(t)j � �:5.2 Di�erentiability with respect to initial conditionsIn the following we shall employ the convention u = (u1; u2; � � � ; uN): Wehave the following theorem.11 Theorem Assume that f : D ! RN is a continuous mapping and that thepartial derivatives @f@ui ; 1 � i � N are continuous also. Then the solutionu(t) = u(t; t0; u0); of (8) is of class C1 in the variable u0. Further, if J(t) is theJacobian matrixJ(t) = J(t; t0; u0) = �@f@u�u=u(t;t0;u0) ;then y(t) = @u@ui (t; t0; u0)is the solution of the initial value problemy0 = J(t)y; y(t0) = ei; 1 � i � N;where ei 2 Rn is given by eki = �ik; with �ik the Kronecker delta.



74Proof. Let ei be given as above and let u(t) = u(t; t0; u0); uh(t) = u(t; t0; u0+hei); where jhj is su�ciently small so that uh exists. We note that u and uhwill have a common interval of existence, whenever jhj is su�ciently small. Wecompute(uh(t)� u(t))0 = f(t; uh(t)) � f(t; u(t)):Letting yh(t) = uh(t)� u(t)h ;we get yh(t0) = ei: If we letG(t; y1; y2) = Z 10 @f@u (t; sy1 + (1� s)y2)ds;we obtain that yh is the unique solution ofy0 = G(t; u(t); uh(t))y; y(t0) = ei:Since G(t; u(t); uh(t))! J(t) as h! 0; we may apply Corollary 10 to concludethat yh ! y uniformly on a neighborhood of t0:6 Di�erential InequalitiesWe consider in RN the following partial orders:x � y , xi � yi; 1 � i � N;x < y , xi < yi; 1 � i � N:For a function u : I ! RN ; where I is an open interval, we consider the DiniderivativesD+u(t) = lim suph!0+ u(t+h)�u(t)h ;D+u(t) = lim infh!0+ u(t+h)�u(t)h ;D�u(t) = lim suph!0� u(t+h)�u(t)h ;D�u(t) = lim infh!0� u(t+h)�u(t)h ;where lim sup and lim inf are taken componentwise.12 De�nition A function f : RN ! RN is said to be of type K (after Kamke [16])on a set S � RN ; wheneverf i(x) � f i(y); 8x; y 2 S; x � y; xi = yi:The following theorem on di�erential inequalities is of use in obtaining esti-mates on solutions.



6. DIFFERENTIAL INEQUALITIES 7513 Theorem Assume that f : [a; b] � RN ! RN is a continuous mapping whichis of type K for each �xed t: Let u : [a; b] ! RN be a solution of (1) and letv : [a; b]! RN be continuous and satisfyD�v(t) > f(t; v(t)); a < t � b;v(a) > u(a); (13)then v(t) > u(t); a � t � b:If z : [a; b]! RN is continuous and satis�esD�z(t) < f(t; z(t)); a � t < b;z(a) < u(a); (14)then z(t) < u(t); a � t � b:Proof. We prove the �rst part of the theorem. The second part follows alongthe same line of reasoning. By continuity of u and v; there exists � > 0; suchthat v(t) > u(t); a � t � a+ �:If the inequality does not hold throughout [a; b]; there will exist a �rst point cand an index i such thatv(t) > u(t); a � t < c; v(c) � u(c); vi(c) = ui(c):Hence (since f is of type K)D�vi(c) > f i(c; v(c)) � f i(c; u(c)) = ui0(c):On the other hand,D�vi(c) = lim suph!0� vi(c+h)�vi(c)h� lim suph!0� ui(c+h)�ui(c)h = ui0(c);a contradiction.14 De�nition A solution u� of (1) is called a right maximal solution on an intervalI; if for every t0 2 I and any solution u of (1) such thatu(t0) � u�(t0);it follows thatu(t) � u�(t); t0 � t 2 I:Right minimal solutions are de�ned similarly.15 Theorem Assume that f : D ! RN is a continuous mapping which is of typeK for each t: Then the initial value problem(8) has a unique right maximal(minimal) solution for each (t0; u0) 2 D:



76Proof. That maximal and minimal solutions are unique follows from the de�-nition. Choose 0 < � 2 RN and let vn be any solution ofu0 = f(t; u; �) + �n; u(t0) = u0 + �n : (15)Then, given a neighborhood U of (t0; u0) 2 D; there exists an interval [t0; t1] ofpositive length such that all vn are de�ned on this interval with f(t; vn(t))g �U; t0 � t � t1; for all n su�ciently large. On the other hand it follows fromTheorem 13 thatvn(t) < vm(t); t0 � t � t1; n < m:The sequence fvng is therefore unformly bounded and equicontinuous on [t0; t1];hence will have a subsequence which converges uniformly to a solution u� of (8).Since the sequence is monotone, the whole sequence will, in fact, converge to u�:Applying Theorem 13 once more, we obtain that u� is right maximal on [t0; t1];and extending this solution to a right maximal interval of existence as a rightmaximal solution, completes the proof.We next prove an existence theorem for initial value problems which allowsfor estimates of the solution in terms of given solutions of related di�erentialinequalities.16 Theorem Assume that f : [a; b]�RN ! RN is a continuous mapping which isof type K for each �xed t: Let v; z : [a; b]! RN be continuous and satisfyD+v(t) � f(t; v(t)); a � t < b;D+z(t) � f(t; z(t)); a � t < b;z(t) � v(t); a � t � b: (16)Then for every u0; z(a) � u0 � v(a); there exists a solution u of (8) (witht0 = a) such thatz(t) � u(t) � v(t); a � t � b:The functions z and v are called, respectively, sub- and supersolutions of (8).Proof. De�ne �f(t; x) = f(t; �x); where for 1 � i � N;�xi = 8<: vi(t) ; if xi > vi(t);xi ; if zi(t) � xi � vi(t);zi(t) ; if xi < zi(t):Then �f is bounded and continuous, hence the initial value problem (8), withf replaced by �f has a solution u that extends to [a; b]: We show that z(t) �u(t) � v(t); a � t � b; and hence may conclude that u solves the original initialvalue problem (8). To see this, we argue indirectly and suppose there exists cand i such thatui(c) = vi(c); ui(t) > vi(t); c < t � t1 � b:



6. DIFFERENTIAL INEQUALITIES 77Since �ui(t) = vi(t); c < t � t1 and �uk(t) � vk(t); c < t � t1; k 6= i; we getthat �f i(t; u(t)) � �f i(t; v(t)); c < t � t1;and henceui(t1)� vi(c) = R t1c �f i(t; u(t))dt � R t1c �f i(t; v(t))dt= R t1c f i(t; v(t))dt � vi(t1)� vi(c);a contradiction. The other case is argued similarly.17 Corollary Assume the hypotheses of Theorem 16 and that f satis�es a localLipschitz condition. Assume furthermore thatz(a) � z(b); v(a) � v(b):Then the problemu0 = f(t; u); u(a) = u(b) (17)has a solution u withz(t) � u(t) � v(t); a � t � b:Proof. Since f satis�es a local Lipschitz condition, initial value problems areuniquely solvable. Hence for every u0; z(a) � u0 � v(a); there exists a uniquesolution u(t; u0) of (8) (with t0 = a) such thatz(t) � u(t) � v(t); a � t � b;as follows from Theorem 16. De�ne the mappingT : fx : z(a) � x � v(a)g ! fx : z(b) � x � v(b)gby Tx = u(b; x);then, since by hypothesis fx : z(a) � x � v(a)g � fx : z(b) � x � v(b)gand since fx : z(a) � x � v(a)g is convex, it follows by Brouwer's �xed pointtheorem (Theorem III.22) and the fact that T is continuous (Theorem 9) thatT has a �xed point, completing the proof.An important consequence of this corollary is that if in addition f is afunction which is periodic in t with period b� a; then Corollary 17 asserts theexistence of a periodic solution (of period b� a).The following results use comparison and di�erential inequality argumentsto provide a priori bounds and extendability results.



7818 Theorem Assume that F : [a; b]�R+ ! R+ is a continuous mapping and thatf : [a; b]� RN ! RN is a continuous also andjf(t; x)j � F (t; jxj); a � t � b; x 2 RN :Let u : [a; b]! RN be a solution of (1) and let v : [a; b]! R+ be the continuousand right maximal solution ofv0(t) = F (t; v(t)); a � t � b;v(a) � ju(a)j; (18)then v(t) � ju(t)j; a � t � b:Proof. Let z(t) = ju(t)j; then z is continuous and D�z(t) = D�z(t): FurtherD�z(t) = lim infh!0+ ju(t)j�ju(t�h)jh� limh!0+ ju(t�h)�u(t)jh= jf(t; u(t))j � F (t; z(t):Hence, by Theorem 15 (actually its corollary (Exercise 6)), we conclude thatv(t) � ju(t)j; a � t � b:7 Uniqueness TheoremsIn this section we provide supplementary conditions which guarantee theuniqueness of solutions of ivp's.19 Theorem Assume that F : (a; b) � R+ ! R+ is a continuous mapping andthat f : (a; b)� RN ! RN is a continuous also andjf(t; x)� f(t; y)j � F (t; jx� yj); a � t � b; x; y 2 RN :Let F (t; 0) � 0 and let, for any c 2 (a; b); w � 0 be the only solution ofw0 = F (t; w) on (a; c) such that w(t) = 0(�(t)); t ! a where � is a givenpositive and continuous function. Then (1) cannot have distinct solutions suchthat ju(t)� v(t)j = 0(�(t)); t! a:Proof. Let u; v be distinct solutions of (1) such that ju(t)�v(t)j = 0(�(t)); t!a: Let z(t) = ju(t)� v(t)j: Then z is continuous andD+z(t) � jf(t; u(t))� f(t; v(t)j � F (t; z(t)):The proof is completed by employing arguments like those used in the proof ofTheorem 18.20 Remark Theorem 19 does not require that f be de�ned for t = a: The advan-tage of this may be that a = �1 or that f may be singular there. A similarresult, of course, holds for t! b� :



8. EXERCISES 798 Exercises1. Prove Proposition 1.2. Prove Corollary 10.3. Verify that the space (M;�) in the proof of Theorem 2 is a complete metricspace.4. Complete the details in the proof of Theorem 11.5. State and prove a theorem similar to Theorem 11, providing a di�erentialequation for @u@� whenever f = f(t; u; �) also depends upon a parameter �:6. Prove the following result: Assume that f : [a; b]�RN ! RN is a contin-uous mapping which is of type K for each �xed t: Let u : [a; b] ! RN bea right maximal solution of (1) and let z : [a; b]! RN be continuous andsatisfy D�z(t) � f(t; z(t)); a < t � b;z(a) � u(a); (19)then z(t) � u(t); a � t � b:7. Show that a real valued continuous function z(t) is nonincreasing on aninterval [a; b] if and only if D�z � 0 on (a; b]:8. Assume that f : [a;1)� RN ! RN is a continuous mapping such thatjf(t; x)j �M(t)L(jxj); a � t <1; x 2 RN ;where M and L are continuous functions on their respective domains andZ 1 dsL(s) =1:Prove that !+ =1 for all solutions of (1).9. Give the details of the proof of Theorem 18.10. Assume that f : [a; b) � RN ! RN is a continuous mapping and assumethe conditions of Theorem 19 with � � 1: The the initial value problemu0 = f(t; u); u(a) = u0 (20)has at most one solution.11. Assume that f : [a; b)� RN ! RN is a continuous mapping and thatjf(t; x)� f(t; y)j � c jx� yjt� a ; t > a; x; y 2 RN ; 0 < c < 1 (21)Then the initial value problem (20) has at most one solution.



8012. The previous exercise remains valid if (21) is replaced by(f(t; x) � f(t; y)) � (x� y) � c jx� yj2t� a ; t > a; x; y 2 RN :13. Assume that f : [a; b)� RN ! RN is a continuous mapping and that(f(t; x) � f(t; y)) � (x� y) � 0; t � a; x; y 2 RN :Then every initial value problem is uniquely solvable to the right. Thisexercise, of course follows from the previous one. Give a more elementaryand direct proof. Note that unique solvability to the left of an initialpoint is not guaranteed. How must the above condition be modi�ed toguarantee uniqueness to the left of an initial point?14. Provide the details in the proof of Theorem 4.15. Establish a result similar to Theorem 6 assuming that f satis�es Carth�eodoryconditions.



Chapter VILinear Ordinary Di�erentialEquations1 IntroductionIn this chapter we shall employ what has been developed to give a briefoverview of the theory of linear ordinary di�erential equations. The results ob-tained will be useful in the study of stability of solutions of nonlinear di�erentialequations as well as bifurcation theory for periodic orbits and many other facetswhere linearization techniques are of importance. The results are also of interestin their own right.2 PreliminariesLet I � R be a real interval and letA : I ! L(RN ;RN )f : I ! RNbe continuous functions. We consider here the system of ordinary di�erentialequationsu0 = A(t)u+ f(t); t 2 I; (1)and u0 = A(t)u; t 2 I: (2)Using earlier results we may establish the following basic proposition (see Ex-ercise 1).1 Proposition For any given f , initial value problems for (1) are uniquely solv-able and solutions are de�ned on all of I:81



822 Remark More generally we may assume that A and f are measurable on Iand locally integrable there, in which case the conclusion of Proposition 1 stillholds. We shall not go into details for this more general situation, but leave itto the reader to present a parallel development.3 Proposition The set of solutions of (2) is a vector space of dimension N .Proof. That the solution set forms a vector space is left as an exercise (Exercise2, below). To show that the dimension of this space is N; we employ theuniqueness principle above. Thus let t0 2 I; and let uk(t); k = 1; � � � ; N be thesolution of (2) such thatuk(t0) = ek; eik = �ki (Kronecker delta): (3)It follows that for any set of constants a1; � � � ; aN ;u(t) = NX1 aiui(t) (4)is a solution of (2). Further, for given � 2 RN ; the solution u of (2) such thatu(t0) = � is given by (4) with ai = �i; i = 1; � � � ; N:Let the N �N matrix function � be de�ned by�(t) = (uij(t)); 1 � i; j � N; (5)i.e., the columns of � are solutions of (2). Then (4) takes the formu(t) = �(t)a; a = (a1; � � � ; aN )T : (6)Hence for given � 2 RN ; the solution u of (2) such that u(t1) = �; t1 2 I;is given by (6) provided that �(t1) is a nonsingular matrix, in which case amay be uniquely determined. That this matrix is never singular, provided it isnonsingular at some point, is known as the Abel-Liouville lemma, whose proofis left as an exercise below.4 Lemma If g(t) = det�(t); then g satis�esg(t) = g(t0)eR tt0 traceA(s)ds: (7)Hence, if � is de�ned by (5), where u1; � � � ; uN are solutions of (2), then �(t) isnonsingular for all t 2 I if and only if �(t0) is nonsingular for some t0 2 I:2.1 Fundamental solutionsA nonsingular N �N matrix function 	 whose columns are solutions of (2)is called a fundamental matrix solution or a fundamental system of (2). Such amatrix is a nonsingular solution of the matrix di�erential equation	0 = A(t)	: (8)The following proposition characterizes the set of fundamental solutions; itsproof is again left as an exercise.



3. CONSTANT COEFFICIENT SYSTEMS 835 Proposition Let � be a given fundamental matrix solution of (2). Then everyother fundamental matrix solution has the form 	 = �C; where C is a constantnonsingular N �N matrix. Furthermore the set of all solutions of (2) is givenby f�c : c 2 RN g;where � is a fundamental system.2.2 Variation of constantsIt follows from Propositions 3 and 5 that all solutions of (1) are given byf�(t)c+ up(t) : c 2 RN g;where � is a fundamental system of (2) and up is some particular solution of (1).Hence the problem of �nding all solutions of (1) is solved once a fundamentalsystem of (2) is known and some particular solution of (1) has been found. Thefollowing formula, known as the variation of constants formula, shows that aparticular solution of (1) may be obtained from a fundamental system.6 Proposition Let � be a fundamental matrix solution of (2) and let t0 2 I:Then up(t) = �(t) Z tt0 ��1(s)f(s)ds (9)is a solution of (1). Hence the set of all solutions of (1) is given byf�(t)�c+ Z tt0 ��1(s)f(s)ds� : c 2 RN g;where � is a fundamental system of (2).3 Constant Coe�cient SystemsIn this section we shall assume that the matrix A is a constant matrix andthus have that solutions of (2) are de�ned for all t 2 R: In this case a fundamentalmatrix solution � is given by�(t) = etAC; (10)where C is a nonsingular constant N �N matrix andetA = 1X0 tnAnn! :Thus the solution u of (2) with u(t0) = � is given byu(t) = e(t�t0)A�:



84To compute etA we use the (complex) Jordan canonical form J of A: Since Aand J are similar, there exists a nonsingular matrix P such that A = PJP�1and hence etA = PetJP�1:We therefore compute etJ : On the other hand J hasthe formJ = 0BBB@ J0 J1 . . . Js 1CCCA ;where J0 = 0BBB@ �1 �2 . . . �q 1CCCA ;is a q � q diagonal matrix whose entries are the simple (algebraically) andsemisimple eigenvalues of A; repeated according to their multiplicities, and for1 � i � s;Ji = 0BBBBB@ �q+i 1�q+i 1. . . . . . 1�q+i
1CCCCCAis a qi � qi matrix, withq + sX1 qi = N:By the laws of matrix multiplication it follows thatetJ = 0BBB@ etJ0 etJ1 . . . etJs 1CCCA ;and etJ0 = 0BBB@ e�1t e�2t . . . e�qt 1CCCA :



4. FLOQUET THEORY 85Further, since Ji = �q+iIri +Zi; where Iri is the ri � ri identity matrix and Ziis given byZi = 0BBBBB@ 0 10 1. . . . . . 10
1CCCCCA ;we obtain thatetJi = et�q+iIri etZi = et�q+ietZi :An easy computation now shows thatetZi = 0BBBB@ 1 t t22! � � � tri�1ri�1!0 1 t � � � tri�2ri�2!... ... ... � � � ...0 0 0 � � � 1 1CCCCA :Since P is a nonsingular matrix etAP = PetJ is a fundamental matrix solutionas well. Also, since J and P may be complex we obtain the set of all realsolutions asfRePetJc; ImPetJc : c 2 CN g:The above considerations have the following proposition as a consequence.7 Proposition Let A be an N �N constant matrix and consider the di�erentialequationu0 = Au: (11)Then:1. All solutions u of (11) satisfy u(t)! 0; as t!1; if and only if Re� < 0;for all eigenvalues � of A:2. All solutions u of (11) are bounded on [0;1); if and only if Re� � 0; forall eigenvalues � of A and those with zero real part are semisimple.4 Floquet TheoryLet A(t); t 2 R be an N � N continuous matrix which is periodic withrespect to t of period T; i.e., A(t+ T ) = A(t); �1 < t <1; and consider thedi�erential equationu0 = A(t)u: (12)We shall associate to (12) a constant coe�cient system which determines theasymptotic behavior of solutions of (12). To this end we �rst establish somefacts about fundamental solutions of (12).



868 Proposition Let �(t) be a fundamental matrix solution of (12), then so is	(t) = �(t+ T ):Proof. Since � is a fundamental matrix it is nonsingular for all t; hence 	 isnonsingular. Further	0(t) = �0(t+ T ) = A(t+ T )�(t+ T )= A(t)�(t + T )= A(t)	(t):It follows by our earlier considerations that there exists a nonsingular con-stant matrix Q such that�(t+ T ) = �(t)Q:Since Q is nonsingular, there exists a matrix R such thatQ = eTR:Letting C(t) = �(t)e�tR we computeC(t+ T ) = �(t+ T )e�(t+T )R= �(t)Qe�TRe�tR= �(t)e�tR = C(t):We have proved the following proposition.9 Proposition Let �(t) be a fundamental matrix solution of (12), then thereexists a nonsingular periodic (of period T ) matrix C and a constant matrix Rsuch that�(t) = C(t)etR: (13)From this representation we may immediately deduce conditions which guaran-tee the existence of nontrivial T� periodic and mT� periodic (subharmonics)solutions of (12).10 Corollary For any positive integer m (12) has a nontrivial mT�periodic so-lution if and only if ��1(0)�(T ) has an m�th root of unity as an eigenvalue,where � is a fundamental matrix solution of (12).Proof. The properties of fundamental matrix solutions guarantee that thematrix ��1(0)�(T ) is uniquely determined by the equation and Proposition 9implies that��1(0)�(T ) = eTR:On the other hand a solution u of (12) is given byu(t) = C(t)etRd;



4. FLOQUET THEORY 87where u(0) = C(0)d: Hence u is periodic of period mT if and only ifu(mT ) = C(mT )emTRd = C(0)emTRd = C(0)d:Which is the case if and only if emTR = �eTR�m has 1 as an eigenvalue.Let us apply these results to the second order scalar equationy00 + p(t)y = 0; (14)(Hill's equation) where p : R ! R is a T -periodic function. Equation (14) maybe rewritten as the systemu0 = � 0 1�p(t) 0 �u: (15)Let y1 be the solution of (14) such thaty1(0) = 1; y01(0) = 0;and y2 the solution of (14) such thaty2(0) = 0; y02(0) = 1:Then �(t) = � y1(t) y2(t)y01(t) y02(t) �will be a fundamental solution of (15)anddet�(t) = eR t0 traceA(s)ds = 1;by the Abel-Liouville formula (7). Hence (14), or equivalently (15), will have amT�periodic solution if and only if �(T ) has an eigenvalue � which is an m�throot of unity. The eigenvalues of �(T ) are solutions of the equationdet� y1(T )� � y2(T )y01(T ) y02(T )� � � = 0;or �2 � a�+ 1 = 0;where a = y1(T ) + y02(T ):Therefore� = a�pa2 � 42 :



885 Exercises1. Prove Proposition 1.2. Prove that the solution set of (2) forms a vector space over either the real�eld or the �eld of complex numbers.3. Verify the Abel-Liouville formula (7).4. Prove Proposition 5. Also give an example to show that for a nonsingularN �N constant matrix C; and a fundamental solution �; 	 = C� neednot be a fundamental solution.5. Let [0;1) � I and assume that all solutions of (2) are bounded on [0;1):Let � be a fundamental matrix solution of (2). Show that ��1(t) isbounded on [0;1) if and only if R t0 A(s)ds is bounded from below. If thisis the case, prove that no solution u of (2) may satisfy u(t)! 0 as t!1unless u � 0:6. Let [0;1) � I and assume that all solutions of (2) are bounded on [0;1):Further assume that the matrix ��1(t) is bounded on [0;1): Let B :[0;1)! RN�N be continuous and such thatZ 10 jA(s)�B(s)jds <1:Then all solutions ofu0 = B(t)u (16)are bounded on [0;1):7. Assume the conditions of the previous exercise. Show that correspondingto every solution u of (2) there exists a unique solution v of (16) such thatlimt!1 ju(t)� v(t)j = 0:8. Assume thatZ 10 jB(s)jds <1:Show that any solution, not the trivial solution, of (16) tends to a nonzerolimit as t!1 and for any c 2 RN ; there exists a solution v of (16) suchthat limt!1 v(t) = c:



5. EXERCISES 899. Prove Proposition 7.10. Give necessary and su�cient conditions in order that all solutions u of(12) satisfylimt!1u(t) = 0:11. Show that there exists a nonsingular C1 matrix L(t) such that the substi-tution u = L(t)v reduces (12) to a constant coe�cient system v0 = Bv:12. Provide conditions on a = y1(T ) + y02(T ) in order that (14) have aT; 2T; � � � ; mT � periodicsolution, where the period should be the minimal period.13. Consider equation (1), where both A and f are T�periodic. Use the vari-ation of constants formula to discuss the existence of T�periodic solutionsof (1).
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Chapter VIIPeriodic Solutions1 IntroductionIn this chapter we shall develop, using the linear theory developed in theprevious chapter together with the implicit function theorem and degree theory,some of the basic existence results about periodic solutions of periodic nonlinearsystems of ordinary di�erential equations. In particular, we shall mainly beconcerned with systems of the formu0 = A(t)u+ f(t; u); (1)where A : R ! RN � RNf : R � RN ! RNare continuous and T�periodic with respect to t: We call the equation nonres-onant provided the linear systemu0 = A(t)u (2)has as its only T� periodic solution the trivial one; we call it resonant, other-wise.2 PreliminariesWe recall from Chapter ?? that the set of all solutions of the equationu0 = A(t)u+ g(t); (3)is given byu(t) = �(t)c+�(t) Z tt0 ��1(s)g(s)ds; c 2 RN ; (4)where � is a fundamental matrix solution of the linear system (2). On theother hand it follows from Floquet theory (Section VI.4) that � has the form91



92�(t) = C(t)etR; where C is a continuous nonsingular periodic matrix of periodT and R is a constant matrix (viz. Proposition VI.9). As we may choose � suchthat �(0) = I (the N �N identity matrix), it follows that (with this choice)C(0) = C(T ) = Iand u(T ) = eTR c+ Z T0 ��1(s)g(s)ds; c 2 RN! ;hence u(0) = u(T ) if and only ifc = eTR c+ Z T0 ��1(s)g(s)ds; c 2 RN! : (5)We note that equation (5) is uniquely solvable for every g; if and only ifI � eTRis a nonsingular matrix. I.e. we have the following result:1 Proposition Equation (3) has a T�periodic solution for every T�periodicforcing term g if and only if eTR� I is a nonsingular matrix. If this is the case,the periodic solution u is given by the following formula:u(t) = �(t) (I � eTR)�1 Z T0 ��1(s)g(s)ds+ Z t0 ��1(s)g(s)ds! : (6)This proposition allows us to formulate a �xed point equation whose solutionwill determine T� periodic solutions of equation (1). The following section isdevoted to results of this type.3 Perturbations of Nonresonant EquationsIn the following letE = fu 2 C([0; T ];RN ) : u(0) = u(T )gwith kuk = maxt2[0;T ] ju(t)j and let S : E ! E be given by(Su)(t) = �(t)�(I � eTR)�1 R T0 ��1(s)f(s; u(s))ds+ R t0 ��1(s)f(s; u(s))ds� : (7)2 Proposition Assume that I � eTR is nonsingular, then (1) has a T� periodicsolution u; whenever the operator S given by equation (7) has a �xed point inthe space E:



3. PERTURBATIONS OF NONRESONANT EQUATIONS 93For f as given above let us de�neP (r) = maxfjf(t; u)j : 0 � t � T; juj � rg: (8)We have the following theorem.3 Theorem Assume that A and f are as above and that I � eTR is nonsingular,then (1) has a T� periodic solution u; wheneverlim infr!1 P (r)r = 0; (9)where P is de�ned by (8).Proof. Let us de�neB(r) = fu 2 E : kuk � rg;then for u 2 B(r) we obtainkSuk � KP (r);where S is the operator de�ned by equation (7) andK is a constant that dependsonly on the matrix A: HenceS : B(r) ! B(r);provided thatKP (r) � r;which holds, by condition (9), for some r su�ciently large. Since S is completelycontinuous the result follows from the Schauder �xed point theorem (TheoremIII.30).As a corollary we immediately obtain:4 Corollary Assume that A and f are as above and that I � eTR is nonsingular,then u0 = A(t)u+ �f(t; u) (10)has a T� periodic solution u; provided that � is su�ciently small.Proof. Using the operator S associated with equation (10) we obtain foru 2 B(r)kSuk � j�jKP (r);thus for given r > 0; there exists � 6= 0 such thatj�jKP (r) � r;and S will have a �xed point in B(r):The above corollary may be considerably extended using the global contin-uation theorem Theorem IV.4. Namely we have the following result.



945 Theorem Assume that A and f are as above and that I � eTR is nonsingular.Let S+ = f(u; �) 2 E � [0;1) : (u; �) solves (10)gand S� = f(u; �) 2 E � (�1; 0] : (u; �) solves (10)g:Then there exists a continuum C+ � S+ (C� � S�) such that:1. C+0 \ E = f0g (C�0 \ E = f0g);2. C+ is unbounded in E � [0;1) (C� is unbounded in E � (�1; 0]).Proof. The proof follows immediately from Theorem IV.4 by noting that theexistence of T�periodic solutions of equation (10) is equivalent to the existenceof solutions of the operator equationu� S(�; u) = 0;where S(�; u)(t) = �(t)�(I � eTR)�1 R T0 ��1(s)�f(s; u(s))ds+ R t0 ��1(s)�f(s; u(s))ds� :4 Resonant Equations4.1 PreliminariesWe shall now consider the equation subject to constraintu0 = f(t; u);u(0) = u(T ); (11)where f : R � RN ! RNis continuous. Should f be T�periodic with respect to t; then a T�periodicextension of a solution of (11) will be a T� periodic solution of the equation.We view (11) as a perturbation of the equation u0 = 0; i.e. we are in the caseof resonance.We now letE = fu 2 C([0; T ];RN )gwith kuk = maxt2[0;T ] ju(t)j and let S : E ! E be given by(Su)(t) = u(T ) + Z t0 f(s; u(s))ds; (12)



4. RESONANT EQUATIONS 95then clearly S : E ! E is a completely continuous mapping because of the thecontinuity assumption on f:The following lemma holds.6 Lemma An element u 2 E is a solution of (11) if and only if it is a �xed pointof the operator S given by (12).This lemma, whose proof is immediate, gives us an operator equation in thespace E whose solutions are solutions of the problem (11).4.2 Homotopy methodsWe shall next impose conditions on the �nite dimensional vector �eldx 2 RN 7! g(x)g(x) = � R T0 f(s; x)ds; (13)which will guarantee the existence of solutions of an associated problemu0 = �f(t; u);u(0) = u(T ); (14)where � is a small parameter. We have the following theorem.7 Theorem Assume that f is continuous and there exists a bounded open set
 � RN such that the mapping g de�ned by (13) does not vanish on @
: Furtherassume thatd(g;
; 0) 6= 0; (15)where d(g;
; 0) is the Brouwer degree. Then problem (14) has a solution for allsu�ciently small �:Proof. We de�ne the bounded open set G � E byG = fu 2 E : u : [0; T ]! 
g: (16)For u 2 �G de�neu(t; �) = �u(t) + (1� �)u(T ); 0 � � � 1; (17)and let a(t; �) = �t+ (1� �)T; 0 � � � 1: (18)For 0 � � � 1; 0 � � � 1; de�ne S : E � [0; 1]� [0; 1]! E byS(u; �; �)(t) = u(T ) + � Z a(t;�)0 f(s; u(s; �))ds: (19)



96Then S is a completely continuous mapping and the theorem will be provedonce we show thatd(id� S(�; 1; �); G; 0) 6= 0; (20)for � su�ciently small, for if this is the case, S(�; 1; �) has a �xed point in Gwhich is equivalent to the assertion of the theorem.To show that (20) holds we �rst show that S(�; �; �) has no zeros on @G forall � 2 [0; 1] and � su�ciently small. This we argue indirectly and hence obtainsequences fung � @G; f�ng � [0; 1]; and f�ng; �n ! 0; such thatun(T ) + �n Z a(t;�n)0 f(s; un(s; �n))ds � un(t); 0 � t � T;and henceZ T0 f(s; un(s; �n))ds = 0; n = 1; 2; � � � :Without loss in generality, we may assume that the sequences mentioned con-verge to, say, u and �0 and the following must hold:u(t) � u(T ) = a 2 @
:Hence alsoun(t; �n)! u(t; �0) � u(T );which further implies thatZ T0 f(s; a)ds = 0;where a 2 @
; in contradiction to the assumptions of the theorem. Thusd(id� S(�; 0; �); G; 0) = d(id� S(�; 1; �); G; 0)by the homotopy invariance property of Leray-Schauder degree, for all � su�-ciently small. On the other handd(id� S(�; 0; �); G; 0) = d(id� S(�; 0; �); G \ RN ; 0)= d(id� S(�; 0; �);
; 0)= d(g;
; 0) 6= 0;if � > 0 and (�1)Nd(g;
; 0); if � < 0; completing the proof.8 Corollary Assume the hypotheses of Theorem 7 and assume that all possiblesolutions u; for 0 < � � 1; of equation (14) are such that u =2 @G; where G isgiven by (16). Then (11) has a T� periodic solution.



4. RESONANT EQUATIONS 974.3 A Li�enard type equationIn this section we apply Corollary 8 to prove the existence of periodic solu-tions of Li�enard type oscillators of the formx00 + h(x)x0 + x = e(t); (21)where e : R ! Ris a continuous T� periodic forcing term andh : R ! Ris a continuous mapping. We shall prove the following result.9 Theorem Assume that T < 2�: Then for every continuous T� periodic forcingterm e; equation (21) has a T� periodic response x:We note that, since aside from the continuity assumption, nothing else isassumed about h; we may, without loss in generality, assume that R T0 e(s)ds = 0;as follows from the substitutiony = x� Z T0 e(s)ds:We hence shall make that assumption. In order to apply our earlier results, weconvert (21) into a system as follows:x0 = yy0 = �h(x)y � x� e(t); (22)and putu = � xy � ; f(t; u) = � y�h(x)y � x� e(t) � : (23)We next shall show that the hypotheses of Theorem 7 and Corollary 8 may besatis�ed by choosing
 = �u = � xy � : jxj < R; jyj < R� ; (24)where R is a su�ciently large constant. We note that (15) holds for such choicesof 
 for any R > 0: Hence, if we are able to provide a priori bounds for solutionsof equation (14) for 0 < � � 1 for f given as above, the result will follow. Nowu = � xy � ;is a solution of (14) whenever x satis�esx00 + �h(x)x0 + �2x = �2e(t): (25)



98Integrating (25) from 0 to T; we �nd thatZ T0 x(s)ds = 0:Multiplying (25) by x and integrating we obtain�kx0k2L2 + �2kxk2L2 = �2hx; eiL2 ; (26)where hx; eiL2 = R T0 x(s)e(s)ds: Now, sincekxk2L2 � T 24�2 kx0k2L2 ; (27)we obtain from (26)�1� T 24�2� kx0k2L2 � ��2hx; eiL2 ; (28)from which follows thatkx0kL2 � � 2�T4�2 � T 2� kekL2 ; (29)from which, in turn, we obtainkxk1 �r T12 � 2�T4�2 � T 2� kekL2 ; (30)providing an a priori bound on kxk1: We let� 2�T4�2 � T 2� kekL2 =M;q = maxjxj�M jh(x)j; p = Tkek1:Then kx00k1 � �qkx0k1 + �2(M + p):Hence, by Landau' s inequality (Exercise 6, below), we obtainkx0k21 � 4M(�qkx0k1 + �2(M + p));from which follows a bound on kx0k1 which is independent of �; for 0 � � � 1:These considerations complete the proof Theorem 9.



4. RESONANT EQUATIONS 994.4 Partial resonanceThis section is a continuation of of what has been discussed in Subsection4.2. We shall impose conditions on the �nite dimensional vector �eldx 2 Rp 7! g(x)g(x) = � R T0 f(s; x; 0)ds; (31)which will guarantee the existence of solutions of an associated problemu0 = �f(t; u; v);v0 = By + �h(t; u; v)u(0) = u(T ); v(0) = v(T ); (32)where � is a small parameter andf : R � Rp � Rq ! Rph : R � Rp � Rq ! Rqare continuous and T�periodic with respect to t; p+q = N: Further B is a q�qconstant matrix with the property that the system v0 = Bv is nonresonant, i.e.only has the trivial solution as a T�periodic solution. We have the followingtheorem.10 Theorem Assume the above and there exists a bounded open set 
 � Rp suchthat the mapping g de�ned by (31) does not vanish on @
: Further assume thatd(g;
; 0) 6= 0; (33)where d(g;
; 0) is the Brouwer degree. Then problem (32) has a solution for allsu�ciently small �:Proof. To prove the existence of a T� periodic solution (u; v) of equation (32)is equivalent to establishing the existence of a solution ofu(t) = u(T ) + � R t0 f(s; u(s); v(s))dsv(t) = eBtv(T ) + �eBt R t0 e�Bsh(s; u(s); v(s))ds: (34)We consider equation (34) as an equation in the Banach spaceE = C([0; T ];Rp�Rq ): Let � be a bounded neighborhood of 0 2 Rq : We de�ne the bounded openset G � E byG = f(u; v) 2 E : u : [0; T ]! 
; v : [0; T ]! �g: (35)For (u; v) 2 �G; de�ne as in Subsection 4.2,u(t; �) = �u(t) + (1� �)u(T ); 0 � � � 1; (36)and let a(t; �) = �t+ (1� �)T; 0 � � � 1: (37)



100For 0 � � � 1; 0 � � � 1 de�ne S = (S1; S2) : E � [0; 1]� [0; 1]! E byS1(u; v; �; �)(t) = u(T ) + � R a(t;�)0 f(s; u(s; �); �v(s))dsS2(u; v; �; �)(t) = eBtv(T ) + ��eBt R t0 e�Bsh(s; u(s); v(s))ds : (38)Then S is a completely continuous mapping and the theorem will be provedonce we show thatd(id� S(�; �; 1; �); G; 0) 6= 0; (39)for � su�ciently small, for if this is the case, S(�; 1; �) has a �xed point in Gwhich is equivalent to the assertion of the theorem.To show that (39) holds we �rst show that S(�; �; �) has no zeros on @G forall � 2 [0; 1] and � su�ciently small. This we argue in a manner similar to theproof of Theorem 7. Henced(id� S(�; �; 0; �); G; 0) = d(id� S(�; �; 1; �); G; 0)by the homotopy invariance property of Leray-Schauder degree, for all � su�-ciently small. On the other handd(id� S(�; �; 0; �); G; 0)= d((�� R T0 f(s; �; 0)ds; id� S2(�; �0; �); G; (0; 0))= d(�� R T0 f(s; �; 0)ds;
; 0)d(id� S(�; �0; �); ~G; 0)= sgn det(I � eBT )d(�� R T0 f(s; �; 0)ds;
; 0) 6= 0;where ~G = C([0; T ];�); completing the proof.As before, we obtain the following corollary.11 Corollary Assume the hypotheses of Theorem 10 and assume that all possiblesolutions u; v; for 0 < � � 1; of equation (32) are such that u; v =2 @G; where Gis given by (36). Then (36) has a T� periodic solution.5 Exercises1. Consider equation (1) with A a constant matrix. Give conditions thatI � eTR be nonsingular, where I � eTR is given as in Theorem 3. UseTheorem 5 to show that equation (1) has a T�periodic solution providedthe set of T�periodic solutions of (10) is a priori bounded for 0 � � < 1:2. Prove Corollary 8.3. Let f satisfy for some R > 0f(t; x) � x 6= 0; jxj = R; 0 � t � T:Prove that (11) has a T�periodic solution u with ju(t)j < R; 0 � t � T:



5. EXERCISES 1014. Let 
 � RN be an open convex set with 0 2 
 and let f satisfyf(t; x) � n(x) 6= 0; x 2 @
; 0 � t � T;where for each x 2 @
; n(x) is an outer normal vector to 
 at x: Provethat (11) has a T�periodic solution u : [0; T ]! 
:5. Verify inequality (27).6. Let x 2 C2[0;1): Use Taylor expansions to prove Landau's inequalitykx0k21 � 4kxk1kx00k1:7. Complete the details in the proof of Theorem 10.8. Assume that the unforced Li�enard equation (i.e. equation (21) with e � 0)has a nontrivial T�periodic solution x: Show that T � 2�:
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Chapter VIIIStability Theory1 IntroductionIn Chapter VI we studied in detail linear and perturbed linear systems ofdi�erential equations. In the case of constant or periodic coe�cients we foundcriteria which describe the asymptotic behavior of solutions (viz. Proposition7 and Exercise 10 of Chapter ??.) In this chapter we shall consider similarproblems for general systems of the fromu0 = f(t; u); (1)where f : R � RN ! RNis a continuous function.If u : [t0;1) ! RN is a given solution of (1), then discussing the behaviorof another solution v of this equation relative to the solution u; i.e. discussingthe behavior of the di�erence v�u is equivalent to studying the behavior of thesolution z = v � u of the equationz0 = f(t; z + u(t))� f(t; u(t)); (2)relative to the trivial solution z � 0: Thus we may, without loss in generality,assume that (1) has the trivial solution as a reference solution, i.e.f(t; 0) � 0;an assumption we shall henceforth make.2 Stability ConceptsThere are various stability concepts which are important in the asymptoticbehavior of systems of di�erential equations. We shall discuss here some of themand their interrelationships. 103



1041 De�nition We say that the trivial solution of (1) is:(i) stable (s) on [t0;1), if for every � > 0 there exists � > 0 such that anysolution v of (1) with jv(t0)j < � exists on [t0;1) and satis�es jv(t)j < �; t0 �t <1;(ii) asymptotically stable (a.s) on [t0;1), if it is stable and limt!1 v(t) = 0;where v is as in (i);(iii) unstable (us), if it is not stable;(iv) uniformly stable (u.s) on [t0;1), if for every � > 0 there exists � > 0such that any solution v of (1) with jv(t1)j < �; t1 � t0 exists on [t1;1) andsatis�es jv(t)j < �; t1 � t <1;(v) uniformly asymptotically stable (u.a.s), if it is uniformly stable and thereexists � > 0 such that for all � > 0 there exists T = T (�) such that any solution vof (1) with jv(t1)j < �; t1 � t0 exists on [t1;1) and satis�es jv(t)j < �; t1+T �t <1;(v) strongly stable (s.s) on [t0;1), if for every � > 0 there exists � > 0such that any solution v of (1) with jv(t1)j < � exists on [t0;1) and satis�esjv(t)j < �; t0 � t <1:2 Proposition The following implications are valid:u.a.s ) a.s+ +s.s) u.s ) s:If the equation (1) is autonomous, i.e. f is independent of t; then the aboveimplications take the fromu.a.s , a.s+ +u.s , s:The following examples of scalar di�erential equations will serve to illustratethe various concepts.3 Example 1. The zero solution of u0 = 0 is stable but not asymptoticallystable.2. The zero solution of u0 = u2 is unstable.3. The zero solution of u0 = �u is uniformly asymptotically stable.4. The zero solution of u0 = a(t)u is asymptotically stable if and only iflimt!1 R tt0 a(s)ds = �1: It is uniformly stable if and only if R tt1 a(s)ds isbounded above for t � t1 � t0: Letting a(t) = sin log t + cos log t� � onesees that asymptotic stability holds but uniform stability does not.



3. STABILITY OF LINEAR EQUATIONS 1053 Stability of Linear EquationsIn the case of a linear system (A 2 C(R ! L(RN ;RN )))u0 = A(t)u; (3)a particular stability property of any solution is equivalent to that stabilityproperty of the trivial solution. Thus one may ascribe that property to theequation and talk about the equation (3) being stable, uniformly stable, etc.The stability concepts may be expressed in terms of conditions imposed on afundamental matrix �:4 Theorem Let � be a fundamental matrix solution of (3). Then equation (3)is : (i) stable if and only if there exists K > 0 such thatj�(t)j � K; t0 � t <1; (4)(ii) uniformly stable if and only if there exists K > 0 such thatj�(t)��1(s)j � K; t0 � s � t <1; (5)(iii) strongly stable if and only if there exists K > 0 such thatj�(t)j � K; j��1(t)j � K; t0 � t <1; (6)(iv) asymptotically stable if and only iflimt!1 j�(t)j = 0; (7)(v) uniformly asymptotically stable if and only if there exist K > 0; � > 0such thatj�(t)��1(s)j � Ke��(t�s); t0 � s � t <1: (8)Proof. We shall demonstrate the last part of the theorem and leave the demon-stration of the remaining part as an exercise. We may assume without loss ingenerality that �(t0) = I; the N � N identity matrix, since conditions (4) -(8) will hold for any fundamental matrix if and only if they hold for a par-ticular one. Thus, let us assume that (8) holds. Then the second part of thetheorem guarantees that the equation is uniformly stable. Moreover, for each�; 0 < � < K; if we put T = � 1� log �K ; then for � 2 RN ; j�j � 1 we havej�(t)��1(t1)�j � Ke��(t�t1); if t1 + T < t: Thus we have uniform asymptoticstability.Conversely, if the equation is uniformly asymptotically stable, then thereexists � > 0 and for all �; 0 < � < �; there exists T = T (�) > 0 such that ifj�j < �; thenj�(t)��1(t1)�j < �; t � t1 + T; t1 � t0:



106In particularj�(t+ T )��1(t)�j < �; j�j < �;or j�(t+ T )��1(t)�� j < ��and thusj�(t+ T )��1(t)j � �� < 1; t � t0:Furthermore, since we have uniform stability,j�(t+ h)��1(t)j � K; t0 � t; 0 � h � T:If t � t1; we obtain for some integer n; that t1 + nT � t < t1 + (n+ 1)T; andj�(t)��1(t1)j � j�(t)��1(t1 + nT )jj�(t1 + nT )��1(t1)j� Kj�(t1 + nT )��1(t1 + (n� 1)T )j� � � j�(t1 + T )��1(t1)j� K � �� �n :Letting � = � 1T log �� ; we getj�(t)��1(t1)j � Ke�n�T = Ke�n�T e��T ��< K �� e��(t�t1); t � t1 � t0:In the case that the matrix A is independent of t one obtains the followingcorollary.5 Corollary Equation (3) is stable if and only if every eigenvalue of A has non-positive real part and those with zero real part are semisimple. It is stronglystable if and only if all eigenvalues of A have zero real part and are semisimple.It is asymptotically stable if and only if all eigenvalues have negative real part.Using the Abel-Liouville formula, we obtain the following result.6 Theorem Equation (3) is unstable wheneverlim supt!1 Z tt0 traceA(s)ds =1: (9)If (3) is stable, then it is strongly stable if and only iflim inft!1 Z tt0 traceA(s)ds > �1: (10)Additional stability criteria for linear systems abound. The following concept ofthe measure of a matrix due to Lozinskii and Dahlquist (see [6]) is particularlyuseful in numerical computations. We provide a brief discussion.



3. STABILITY OF LINEAR EQUATIONS 1077 De�nition For an N �N matrix A we de�ne�(A) = limh!0+ jI + hAj � jI jh ; (11)where j � j is a matrix norm induced by a norm j � j in RN and I is the N �Nidentity matrix.We have the following proposition:8 Proposition For any N �N matrix A; �(A) exists and satis�es:1. �(�A) = ��(A); � � 0;2. j�(A)j � jAj;3. �(A+B) � �(A) + �(B);4. j�(A)� �(B)j � jA�Bj:If u is a solution of equation (3), then the function r(t) = ju(t)j has a rightderivative r0+(t) at every point t for every norm j � j in RN and r0+(t) satis�esr0+(t)� �(A(t))r(t) � 0: (12)Using this inequality we obtain the following proposition.9 Proposition Let A : [t0;1) ! RN�N be a continuous matrix and let u be asolution of (3) on [t0;1): Thenju(t)je� R tt0 �(A(s))ds; t0 � t <1 (13)is a nonincreasing function of t andju(t)jeR tt0 �(�A(s))ds; t0 � t <1 (14)is a nondecreasing function of t: Furthermoreju(t0)je� R tt0 �(�A(s))ds � ju(t)j � ju(t0)jeR tt0 �(A(s))ds: (15)This proposition has, for constant matrices A, the immediate corollary.10 Corollary For any N �N constant matrix A the following inequalities hold.e�t�(�A) � ��etA�� � et�(A):The following theorem provides stability criteria for the system (3) in terms ofconditions on the measure of the coe�cient matrix. Its proof is again left as anexercise.11 Theorem The system (3) is:



1081. unstable, iflim inft!1 Z tt0 �(�A(s))ds = �1;2. stable, iflim supt!1 Z tt0 �(A(s))ds <1;3. asymptotically stable, iflimt!1 Z tt0 �(�A(s))ds = �1;4. uniformly stable, if�(A(t)) � 0; t � t0;5. uniformly asymptotically stable, if�(A(t)) � �� < 0; t � t0:4 Stability of Nonlinear EquationsIn this section we shall consider stability properties of nonlinear equationsof the formu0 = A(t)u+ f(t; u); (16)where f : R � RN ! RNis a continuous function withjf(t; x)j � 
(t)jxj; x 2 RN ; (17)where 
 is some positive continuous function and A is a continuousN�N matrixde�ned on R: The results to be discussed are consequences of the variation ofconstants formula (Proposition VI.6) and the stability theorem Theorem 4. Weshall only present a sample of results. We refer to [6], [4], [13], and [14], wherefurther results are given. See also the exercises below.Throughout this section �(t) will denote a fundamental matrix solution ofthe homogeneous (unperturbed) linear problem (3). We hence know that if u isa solution of equation (16), then u satis�es the integral equationu(t) = �(t)���1(t0)u(t0) + Z tt0 ��1(s)f(s; u(s))ds� : (18)The following theorem will have uniform and strong stability as a conse-quence.



4. STABILITY OF NONLINEAR EQUATIONS 10912 Theorem Let f satisfy (17) with R1 
(s)ds <1: Further assume thatj�(t)��1(s)j � K; t0 � s � t <1:Then there exists a positive constant L = L(t0) such that any solution u of (16)is de�ned for t � t0 and satis�esju(t)j � Lju(t1)j; t � t1 � t0:If in addition �(t)! 0 as t!1; then u(t)! 0 as t!1:Proof. If u is a solution of of (16) it also satis�es (18). Henceju(t)j � Kju(t1)j+K Z tt1 
(s)ju(s)jds; t � t1;and ju(t)j � Kju(t1)jeK R tt1 
(s)ds � Lju(t1)j; t � t1;where L = KeK R1t0 
(s)ds:To prove the remaining part of the theorem, we note from (1) thatju(t)j � j�(t)j�j��1(t0)u(t0)j+ j R t1t0 ��1(s)f(s; u(s))dsj�+ j R tt1 �(t)��1(s)f(s; u(s))dsjNow ����Z tt1 �(t)��1(s)f(s; u(s))ds���� � KLju(t0)j Z 1t1 
(s)ds:This together with the fact that �(t)! 0 as t!1 completes the proof.13 Remark It follows from Theorem 4 that the conditions of the above theo-rem imply that the perturbed system (16) is uniformly (asymptotically) stablewhenever the unperturbed system is uniformly (asymptotically) stable. Theconditions of Theorem 12 also imply that the zero solution of the perturbedsystem is strongly stable, whenever the unperturbed system is strongly stable.A further stability result is the following. Its proof is delegated to the exer-cises.14 Theorem Assume that there exist K > 0; � > 0 such thatj�(t)��1(s)j � Ke��(t�s); t0 � s � t <1: (19)and f satis�es (17) with 
 < �K a constant. Then any solution u of (16) isde�ned for t � t0 and satis�esju(t)j � Ke��(t�t1)ju(t1)j; t � t1 � t0;where � = �� 
K > 0:



11015 Remark It again follows from Theorem 4 that the conditions of the abovetheorem imply that the perturbed system (16) is uniformly asymptotically stablewhenever the unperturbed system is uniformly asymptotically stable.5 Lyapunov Stability5.1 IntrodcutionIn this section we shall introduce some geometric ideas, which were �rstformulated by Poincar�e and Lyapunov, about the stability of constant solutionsof systems of the formu0 = f(t; u); (20)where f : R � RN ! RNis a continuous function. As observed earlier, we may assume that f(t; 0) =0 and we discuss the stability properties of the trivial solution u � 0: Thegeometric ideas amount to constructing level surfaces in RN which shrink to 0and which have the property that orbits associated with (20) cross these levelsurfaces transversally toward the origin, thus being guided to the origin. Toillustrate, let us consider the following example.x0 = ax� y + kx �x2 + y2�y0 = x� ay + ky �x2 + y2� ; (21)where a is a constant jaj < 1: Obviously x = 0 = y is a stationary solution of(21). Now consider the family of curves in R2 given byv(x; y) = x2 � 2axy + y2 = constant; (22)a family of ellipses which share the origin as a common center. If we consider anorbit f(x(t); y(t)) : t � t0g associated with (21), then as t varies, the orbit willcross members of the above family of ellipses. Computing the scalar product ofthe tangent vector of an orbit with the gradient to an ellipse we �nd:rv � (x0; y0) = 2k �x2 + y2� �x2 + y2 � 2axy� ;which is clearly negative, whenever k is (and positive if k is). Of course, wemay view v(x(t); y(t)) as a norm of the point (x(t); y(t)) and rv � (x0; y0) =ddtv(x(t); y(t)): Thus, if k < 0; v(x(t); y(t)) will be a strictly decreasing functionand hence should approach a limit as t ! 1: That this limit must be zerofollows by an indirect argument. I.e. the orbit tends to the origin and the zerosolution attracts all orbits, i.e. it appears asymptotically stable.



5. LYAPUNOV STABILITY 1115.2 Lyapunov functionsLet v : R � RN ! R; v(t; 0) = 0; t 2 Rbe a continuous functional. We shall introduce the following terminology.16 De�nition The functional v is called:1. positive de�nite, if there exists a continuous nondecreasing function � :[0;1)! [0;1), with �(0) = 0; �(r) 6= 0; r 6= 0 and�(jxj) � v(t; x); x 2 RN ; t � t0;2. radially unbounded, if it is positive de�nite andlimr!1�(r) =1;3. decrescent, if it is positive de�nite and there exists a continuous increasingfunction  : [0;1)! [0;1), with  (0) = 0; and (jxj) � v(t; x); x 2 RN ; t � t0:We have the following stability criteria.17 Theorem Let there exist a positive de�nite functional v and �0 > 0 such thatfor every solution u of (20) with ju(t0)j � �0; the function v�(t) = v(t; u(t)) isnonincreasing with respect to t; then the trivial solution of (20) is stable.Proof. Let 0 < � � �0 be given and choose � = �(�) such that v(t0; u0) < �(�);for ju0j < �: Let u be a solution of (20) with u(t0) = u0: Then v�(t) = v(t; u(t))is nonincreasing with respect to t; and hencev�(t) � v�(t0) = v(t0; u0):Therefore�(ju(t)j) � v(t; u(t)) = v�(t) � v�(t0) = v(t0; u0) < �(�):Since � is nondecreasing, the result follows.If v is also decrescent we obtain the stronger result.18 Theorem Let there exist a positive de�nite functional v which is decrescentand �0 > 0 such that for every solution u of (20) with ju(t1)j � �0; t1 � t0 thefunction v�(t) = v(t; u(t)) is nonincreasing with respect to t; then the trivialsolution of (20) is uniformly stable.



112Proof. We have already shown that the trivial solution is stable. Let 0 < � � �0be given and let � =  �1(�(�)): Let u be a solution of (20) with u(t1) = u0 withju0j < �: Then�(ju(t)j) � v(t; u(t)) = v�(t) � v�(t1)= v(t1; u0) �  (ju0j)<  (�) = �(�):The result now follows from the monotonicity assumption on �:As an example we consider the two dimensional systemx0 = a(t)y + b(t)x �x2 + y2�y0 = �a(t)x+ b(t)y �x2 + y2� ; (23)where the coe�cient functions a and b are continuous with b � 0: We choosev(x; y) = x2 + y2; then, sincedv�dt = @v@t +rv � f(t; u):we obtaindv�dt = 2b(t) �x2 + y2�2 � 0:Since v is positive de�nite and decrescent, it follows from Theorem 18 that thetrivial solution of (23) is uniformly stable.We next prove an instability theorem.19 Theorem Assume there exists a continuous functionalv : R � RN ! Rwith the properties:1. there exists a continuous increasing function  : [0;1) ! [0;1), suchthat  (0) = 0 andjv(t; x)j �  (jxj);2. for all � > 0; and t1 � t0; there exists x0; jx0j < � such that v(t1; x0) < 0;3. if u is any solution of (23) with u(t) = x; thenlimh!0+ v(t+ h; u(t+ h))� v(t; x)h � �c(jxj);where c is a continuous increasing function with c(0) = 0:Then the trivial solution of (23) is unstable.



5. LYAPUNOV STABILITY 113Proof. Assume the trivial solution is stable. Then for every � > 0 there exists� > 0 such that any solution u of (23) with ju(t0)j < � exists on [t0;1) andsatis�es ju(t)j < �; t0 � t <1: Choose x0; jx0j < � such that v(t0; x0) < 0 andlet u be a solution with u(t0) = x0: Thenjv(t; u(t))j �  (ju(t)j) �  (�): (24)The third property above implies that v(t; u(t)) is nonincreasing and hence fort � t0; v(t; u(t)) � v(t0; x0) < 0:Thus jv(t0; x0)j �  (ju(t)j)and  �1(jv(t0; x0)j) � ju(t)j:We therefore havev(t; u(t)) � v(t0; x0)� Z tt0 c(ju(s)j)ds;which by (24) implies thatv(t; u(t)) � v(t0; x0)� (t� t0)c( �1(jv(t0; x0)j);and thuslimt!1 v(t; u(t)) = �1;contradicting (24).We �nally develop some asymptotic stability criteria.20 Theorem Let there exist a positive de�nite functional v(t; x) such thatdv�dt = dv(t; u(t))dt � �c(v(t; u(t));for every solution u of (20) with ju(t0)j � �0; with c a continuous increasingfunction and c(0) = 0: Then the trivial solution is asymptotically stable. If v isalso decrescent. Then the asymptotic stability is uniform.Proof. The hypotheses imply that the trivial solution is stable, as was provedearlier. Hence, if u is a solution of (20) with ju(t)j � �0; thenv0 = limt!1 v(t; u(t))exists. An easy indirect argument shows that v0 = 0: Hence, since v is positivede�nite, limt!1 �(ju(t)j) = 0;



114implying thatlimt!1 ju(t)j = 0;since � is increasing. The proof that the trivial solution is uniformly asymptot-ically stable, whenever v is also decrescent, is left as an exercise.In the next section we shall employ the stability criteria just derived, to,once more study perturbed linear systems, where the associated linear systemis a constant coe�cient system. This we do by showing how appropriate Lya-punov functionals may be constructed. The construction is an exercise in linearalgebra.5.3 Perturbed linear systemsLet A be a constant N � N matrix and let g : [t0;1) � RN ! RN be acontinuous function such thatg(t; x) = o(jxj);uniformly with respect to t 2 [t0;1): We shall consider the equationu0 = Au+ g(t; u) (25)and show how to construct Lyapunov functionals to test the stability of thetrivial solution of this system.The type of Lyapunov functional we shall be looking for are of the formv(x) = xTBx;where B is a constant N �N matrix, i.e. we are looking for v as a quadraticform. If u is a solution of (25) thendv�dt = dv(t; u(t))dt= uT �ATB +BA� u+ gT (t; u)Bu+ uTBg(t; u): (26)Hence, givenA; if B can be found so that C = ATB+BA has certain de�nitenessproperties, then the results of the previous section may be applied to determinestability or instability of the trivial solution. To proceed along these lines weneed some linear algebra results.21 Proposition Let A be a constant N �N matrix having the property that forany eigenvalue � of A; �� is not an eigenvalue. Then for any N �N matrix C;there exists a unique N �N matrix B such that C = ATB +BA:Proof. On the space of N �N matrices de�ne the bounded linear operator Lby L(B) = ATB +BA:



5. LYAPUNOV STABILITY 115Then L may be viewed as a bounded linear operator of RN�N to itself, hence itwill be a bijection provided it does not have 0 as an eigenvalue. Once we showthe latter, the result follows. Thus let � be an eigenvalue of L; i.e., there existsa nonzero matrix B such thatL(B) = ATB +BA = �B:Hence ATB +B(A� �I) = 0:From this followsB(A � �I)n = ��AT �nB;for any integer n � 1; hence for any polynomial pBp(A� �I) = p(�AT )B: (27)Since, on the other hand, if F and G are two matrices with no common eigen-values, there exists a polynomial p such that p(F ) = I; p(G) = 0; (27) impliesthat A��I and �AT must have a common eigenvalue. From which follows that� is the sum of two eigenvalues of A; which, by hypothesis cannot equal 0:This proposition has the following corollary.22 Corollary Let A be a constant N �N matrix. Then for any N �N matrix C;there exists � > 0 and a uniqueN�N matrix B such that 2�B+C = ATB+BA:Proof. LetS = f� 2 C : � = �1 + �2g;where �1 and �2 are eigenvalues of A: Since S is a �nite set, there exists r0 > 0;such that �(6= 0) 2 S implies that j�j > r0: Choose 0 < � � r0 and consider thematrix A1 = A� �I: We may now apply Proposition 21 to the matrix A1 and�nd for a given matrix C; a unique matrix B such that C = AT1 B + BA1; i.e.2�BC = ATB +BA:23 Corollary Let A be a constant N � N matrix having the property that alleigenvalues � of A have negative real parts. Then for any negative de�niteN �N matrix C; there exists a unique positive de�nite N �N matrix B suchthat C = ATB +BA:Proof. Let C be a negative de�nite matrix and let B be given by Proposition21, which may be applied since all eigenvalues of A have negative real part. Letv(x) = xTBx; and let u be a solution of u0 = Au; u(0) = x0 6= 0: Thendv�dt = dv(u(t))dt = uT �ATB +BA� u = uTCu � ��juj2;



116since C is negative de�nite. Since limt!1 u(t) = 0 (all eigenvalues of A havenegative real part!), it follows that limt!1 v(u(t)) = 0: We also havev(u(t)) � v(x0)� Z t0 �ju(s)j2ds;from which follows that v(x0) > 0: Hence B is positive de�nite.The next corollary follows from stability theory for linear equations and whathas just been discussed.24 Corollary A necessary and su�cient condition that an N �N matrix A haveall of its eigenvalues with negative real part is that there exists a unique positivede�nite matrix B such thatATB +BA = �I:We next consider the nonlinear problem (25) withg(t; x) = o(jxj); (28)uniformly with respect to t 2 [t0;1); and show that for certain types of matricesA the trivial solution of the perturbed system has the same stability propertyas that of the unperturbed problem. The class of matrices we shall consider isthe following.25 De�nition We call an N �N matrix A critical if all its eigenvalues have non-positive real part and there exits at least one eigenvalue with zero real part. Wecall it noncritical otherwise.26 Theorem Assume A is a noncritical N � N matrix and let g satisfy (28).Then the stability behavior of the trivial solution of (25) is the same as thatof the trivial solution of u0 = Au; i.e the trivial solution of (25) is uniformlyasymptotically stable if all eigenvalues of A have negative real part and it isunstable if A has an eigenvalue with positive real part.Proof. (i) Assume all eigenvalues of A have negative real part. By the aboveexists a unique positive de�nite matrix B such thatATB +BA = �I:Let v(x) = xTBx: Then v is positive de�nite and if u is a solution of (25) itsatis�es dv�dt = dv(u(t))dt= �ju(t)j2 + gT (t; u)Bu+ uTBg(t; u): (29)Now jgT (t; u)Bu+ uTBg(t; u)j � 2jg(t; u)jjBjjuj:



5. LYAPUNOV STABILITY 117Choose r > 0 such that jxj � r impliesjg(t; u)j � 14 jBj�1juj;then dv�dt � �12 ju(t)j2;as long as ju(t)j � r: The result now follows from Theorem 20.(ii) Let A have an eigenvalue with positive real part. Then there exists � > 0such that 2� < j�i +�j j; for all eigenvalues �i; �j of A; and a unique matrix Bsuch thatATB +BA = 2�B � I;as follows from Corollary 22. We note that B cannot be positive de�nite norpositive semide�nite for otherwise we must have, letting v(x) = xTBx;dv�dt = 2�v�(t)� ju(t)j2;or e�2�tv�(t)� v�(0) = � Z t0 e�2�sju(s)j2dsi.e 0 � v�(0)� Z t0 e�2�sju(s)j2dsfor any solution u; contradicting the fact that solutions u exist for whichZ t0 e�2�sju(s)j2dsbecomes unbounded as t ! 1 (see Chapter ??). Hence there exists x0 6= 0;of arbitrarily small norm, so that v(x0) < 0: Let u be a solution of (25). Ifthe trivial solution were stable, then ju(t)j � r for some r > 0: Again lettingv(x) = xTBx we obtaindv�dt = 2�v�(t)� ju(t)j2 + gT (t; u)Bu+ uTBg(t; u):We can choose r so small that2jg(t; u)jjBjjuj � 12 juj2; juj � r;hence e�2�tv�(t)� v�(0) � �12 Z t0 e�2�sju(s)j2ds;



118i.e. v�(t) � e2�tv�(0)! �1;contradicting that v�(t) is bounded for bounded u:Hence u cannot stay bounded,and we have instability.If it is the case that the matrix A is a critical matrix, the trivial solution ofthe linear system may still be stable or it may be unstable. In either case, onemay construct examples, where the trivial solution of the perturbed problemhas either the same or opposite stability behavior as the unperturbed system.6 Exercises1. Prove Proposition 2.2. Verify the last part of Example 3.3. Prove Theorem 4.4. Establish a result similar to Corollary 5 for linear periodic systems.5. Prove Theorem 6.6. Show that the zero solution of the scalar equationx00 + a(t)x = 0is strongly stable, whenever it is stable.7. Prove Proposition 8.8. Establish inequality (12).9. Prove Proposition 9.10. Prove Corollary 22.11. Prove Theorem 11.12. Show that if R1 �(A(s))ds exists, then any nonzero solution u of (3)satis�es lim supt!1 ju(s)j <1:On the other hand, if R1 �(�A(s))ds exists, then0 6= lim inft!1 ju(s)j � 1:13. If A is a constant N �N matrix show that �(A) is an upper bound forthe real parts of the eigenvalues of A:



6. EXERCISES 11914. Verify the following table:jxj jAj �(A)maxi jxij maxiPk jaikj maxi �aii +Pk 6=i jaikj�Pi jxij maxkPi jaikj maxk �akk +Pi6=k jaikj�pPi jxij2 �� ��where ��; �� are, respectively, the square root of the largest eigenvalue ofATA and the largest eigenvalue of 12 �AT +A� :15. If the linear system (3) is uniformly (asymptotically) stable andB : [t0;1)! RN�Nis continuous and satis�esZ 1 jB(s)jds <1;then the systemu0 = (A(t) +B(t))uis uniformly (asymptotically) stable.16. Prove Theorem 14.17. If the linear system (3) is uniformly asymptotically stable andB : [t0;1)!RN�N is continuous and satis�eslimt!1 jB(t)j = 0;then the systemu0 = (A(t) +B(t))uis also uniformly asymptotically stable.18. Complete the proof of Theorem 20.19. Consider the Li�enard oscillatorx00 + f(x)x0 + g(x) = 0;where f and g are continuous functions with g(0) = 0: Assume that thereexist � > 0; � > 0 such thatZ x0 g(s)ds < � ) jxj < �;



120 and 0 < jxj < � ) g(x)F (x) > 0;where F (x) = R x0 f(s)ds: The equation is equivalent to the systemx0 = y � F (x); y0 = �g(x):Using the functional v(x; y) = 12y2+ R x0 g(s)ds prove that the trivial solu-tion is asymptotically stable.20. Let a be a positive constant. Use the functional v(x; y) = 12 �y2 + x2� toshow that the trivial solution ofx00 + a �1� x2�x0 + x = 0;is asymptotically stable. What can one say about the zero solution ofx00 + a �x2 � 1�x0 + x = 0;where again a is a positive constant?21. Prove Corollary 23.22. Consider the situation of Proposition 21 and assume all eigenvalues ofA have negative real part. Show that for given C the matrix B of theProposition is given byB = Z 10 eAT tCeAtdt:Hint: Find a di�erential equation that is satis�ed by the matrixP (t) = Z 1t eAT (��t)CeA(��t)d�and show that it is a constant matrix.23. Consider the systemx0 = y + ax �x2 + y2�y0 = �x+ ay �x2 + y2� :Show that the trivial solution is stable if a > 0 and unstable if a < 0:Contrast this with Theorem 26.24. Show that the trivial solution ofx0 = �2y3y0 = xis stable. Contrast this with Theorem 26.



Chapter IXInvariant Sets1 IntroductionIn this chapter, we shall present some of the basic results about invariantsets for solutions of initial value problems for systems of autonomous (i.e. timeindependent) ordinary di�erential equations. We let D be an open connectedsubset of RN ; N � 1, and letf : D ! RNbe a locally Lipschitz continuous mapping.We consider the initial value problemu0 = f(u)u(0) = u0 2 D (1)and seek su�cient conditions on subsets M � D for solutions of (1) to have theproperty that fu(t)g � M; t 2 I; whenever u0 2 M; where I is the maximalinterval of existence of the solution u:We note that the initial value problem (1)is uniquely solvable since f satis�es a local Lipschitz condition (viz. Chapter??). Under these assumptions, we have for each u0 2 D a maximal interval ofexistence Iu0 and a functionu : Iu0 ! Dt 7! u(t; u0); (2)i.e., we obtain a mappingu : Iu0 �D ! D(t; u0) 7! u(t; u0): (3)Thus if we letU = [v2DIv � fvg � R � RN ;we obtain a mappingu : U ! D;which has the following properties: 121



1221 Lemma 1. u is continuous,2. u(0; u0) = u0; 8u0 2 D3. for each u0 2 D; s 2 Iu0 and t 2 Iu(s;u0) we have s + t 2 Iu0 andu(s+ t; u0) = u(t; u(s; u0)):A mapping having the above properties is called a 
ow on D and we shallhenceforth, in this chapter, use this term freely and call u the 
ow determinedby f:2 Orbits and FlowsLet u be the 
ow determined by f (with regard to the initial value problem(1)). We shall use the following (standard) convention. If S � Iu0 = (t�u0 ; t+u0);u(S; u0) = fv : v = u(t; u0); t 2 Iu0g:We shall call
(v) = u(Iv ; v)the orbit of v,
+(v) = u([0; t+v ); v)the positive semiorbit of v and
�(v) = u((t�v ; 0]); v)the negative semiorbit of v:Furthermore, we call v 2 D a stationary or critical point of the 
ow, when-ever f(v) = 0: It is, of course immediate, that if v 2 D is a stationary point,then Iv = R and
(v) = 
+(v) = 
�(v) = fvg:We call v 2 D a periodic point of period T of the 
ow, whenever there existsT > 0; such that u(0; v) = u(T; v): If v is a periodic point which is not a criticalpoint, one calls T > 0 its minimal period, provided u(0; v) 6= u(t; v); 0 < t < T:We have the following proposition.2 Proposition Let u be the 
ow determined by f and let v 2 D: Then either:1. v is a stationary point;2. v is a periodic point having a minimal positive period;3. the 
ow u(�; v) is injective;4. if 
+(v) is relatively compact, then t+(v) = +1; if 
�(v) is relativelycompact, then t�(v) = �1; whereas if 
(v) is relatively compact, thenIv = R:



3. INVARIANT SETS 1233 Invariant SetsA subset M � D is called positively invariant with respect to the the 
ow udetermined by f; whenever
+(v) �M; 8v 2M;i.e., 
+(M) �M:We similarly call M � D negatively invariant provided
�(M) �M;and invariant provided
(M) �M:We note that a set M is invariant if and only if it is both positively andnegatively invariant.We have the following proposition:3 Proposition Let u be the 
ow determined by f and let V � D: Then thereexists a smallest positively invariant subset M; V �M � D and there exists alargest invariant set ~M; ~M � V: Also there exists a largest negatively invariantsubset M; V � M and there exists a smallest invariant set ~M; ~M � V: As aconsequence V contains a largest invariant subset and is contained in a smallestinvariant set.As a corollary we obtain:4 Corollary (i) If a setM is positively invariant with respect to the 
ow u; thenso are M and intM:(ii) A closed set M is positively invariant with respect to the 
ow u if and onlyif for every v 2 @M there exists � > 0 such that u([0; �); v) �M:(iii) A set M is positively invariant if and only if compM (the complement ofM) is negatively invariant.(iv) If a set M is invariant, then so is @M: If @M is invariant, then so are Mand intM:We now provide a geometric condition on @M which will guarantee theinvariance of a set M and, in particular will aid us in �nding invariant sets.We have the following theorem, which provides a relationship between thevector �eld f and the set M (usually called the subtangent condition) in orderthat invariance holds.5 Theorem Let M � D be a closed set. Then M is positively invariant withrespect to the 
ow u determined by f if and only if for every v 2Mlim inft!0+ dist(v + tf(v);M)t = 0: (4)



124Proof. Let v 2M; thenu(t; v) = v + tf(v) + o(t); t > 0:Hence, if M is positively invariantdist(v + tf(v);M) � ju(t; v)� v + tf(v)j = o(t);proving the necessity of (4).Next, let v 2 M; and assume (4) holds. Choose a compact neighborhoodB of v such that B � D and choose � > 0 so that u([0; �]; v) � B: Let w(t) =dist(u(t; v);M); then for each t 2 [0; �] there exists vt 2 M such that w(t) =ju(t; v)� vt)j and limt!0+ vt = v: It follows thatw(t + s) = ju(t+ s; v)� vt+sj� w(t) + ju(t+ s; v)� u(t; v)� sf(u(t; v))j+sjf(u(t; v))� f(vt)j+ jvt + sf(vt)� vt+sj� w(t) + sLw(t) + dist(vt + tf(vt);M)since f satis�es a local Lipschitz condition. HenceD+w(t) � Lw(t); 0 � t < �; w(0) = 0;or D+ �e�Ltw(t)� � 0; 0 � t < �; w(0) = 0;which implies w(t) � 0; 0 � t < �; i.e. w(t) � 0: Completing the proof.We remark here that condition (4) only needs to be checked for points v 2@M since it obviously holds for interior points.We next consider some special cases where the set M is given as a smoothmanifold. We consider the case where we have a function � 2 C1(D;R) whichis such that every value v 2 ��1(0) is a regular value, i.e. r�(v) 6= 0: LetM = ��1(�1; 0]; then @M = ��1(0): We have the following theorem.6 Theorem LetM be given as above, thenM is positively invariant with respectto the 
ow determined by f if and only ifr�(v) � f(v) � 0; 8v 2 @M = ��1(0): (5)We leave the proof as an exercise. We remark that the set M given in theprevious theorem will be negatively invariant provided the reverse inequalityholds and hence invariant if and only ifr�(v) � f(v) = 0; 8v 2 @M = ��1(0);in which case �(u(t; v)) � 0; 8v 2 @M; i.e. � is a �rst integral for the di�erentialequation.



4. LIMIT SETS 1254 Limit SetsIn this section we shall consider semiorbits and study their limit sets.Let 
+(v); v 2 D be the positive semiorbit associated with v 2 D:We de�nethe set �+(v) as follows:�+(v) = fw : 9ftng; tn ! t+v ; u(tn; v)! wg (6)(i.e. �+(v) is the set of limit points of 
+(v)) and we call it the positive limitset of v: We have the following proposition:7 Proposition (i) 
+(v) = 
+(v) [ �+(v):(ii) �+(v) = \w2
+(v)
+(w):(iii) If 
+(v) is bounded, then �+(v) 6= ; and compact.(iv) If �+(v) 6= ; and bounded, thenlimt!t+v dist �u(t; v);�+(v)� = 0:(v) �+(v) \D is an invariant set.8 Theorem If 
+(v) is contained in a compact subset K � D, then �+(v) 6= ;is a compact connected set, i.e a continuum.Proof. We already know (cf. Proposition 7) that �+(v) is a compact set. Thuswe need to show it is connected. Suppose it is not. Then there exist nonemptydisjoint compact sets M and N such that�+(v) =M [N:Let � = inffjv � wj : v 2 M; w 2 Ng > 0: Since M � �+(v) and N � �+(v);there exist values of t arbitrarily large (note t+v = 1 in this case) such thatdist(u(t; v);M) < �2 and values of t arbitrarily large such that dist(u(t; v); N) <�2 and hence there exists a sequence ftn !1g such that dist(u(tn; v);M) = �2 :The sequence fu(tn; v)g must have a convergent subsequence and hence has alimit point which is in neither M nor N; a contradiction.4.1 LaSalle's theoremIn this section we shall return again to invariant sets and consider Lyapunovtype functions and their use in determining invariant sets.Thus let � : D ! R be a C1 function. We shall denote by �0(v) = r�(v) �f(v):9 Lemma Assume that �0(v) � 0; 8v 2 D: Then for all v 2 D � is constant onthe set �+(v) \D:



12610 Theorem Let there exist a compact set K � D such that �0(v) � 0; 8v 2 K:Let ~K = fv 2 K : �0(v) = 0gand let M be the largest invariant set contained in ~K: Then for all v 2 D suchthat 
+(v) � Klimt!1 dist (u(t; v);M) = 0:Proof. Let v 2 D such that 
+(v) � K; then, using the previous lemma, wehave that � is constant on �+(v); which is an invariant set and hence containedin M:11 Theorem (Lasalle's Theorem) Assume thatD = RN and let �0(x) � 0; 8x 2RN : Furthermore suppose that � is bounded below and that �(x) ! 1 asjxj ! 1: Let E = fv : �0(v) = 0g; thenlimt!1 dist (u(t; v);M) = 0;for all v 2 RN ; where M is the largest invariant set contained in E:As an example to illustrate the last result consider the oscillatormx00 + hx0 + kx = 0;where m;h; k are positive constants. This equation may be written asx0 = yy0 = � kmx� hmy:We choose�(x; y) = 12 �my2 + kx2�and obtain that�0(x; y) = �hy2:Hence E = f(x; y) : y = 0g: The largest invariant set contained in E is theorigin, hence all solution orbits tend to the origin.5 Two Dimensional SystemsIn this section we analyze limit sets for two dimensional systems in somewhatmore detail and prove a classical theorem (the Theorem of Poincar�e-Bendixson)about periodic orbits of such systems. Thus we shall assume throughout thissection that N = 2:Let v 2 D be a regular (i.e. not critical) point of f: We call a compactstraight line segment l � D through v a transversal through v; provided itcontains only regular points.We shall need the following observation.



5. TWO DIMENSIONAL SYSTEMS 12712 Lemma Let v 2 D be a regular point of f: Then there exists a transversall containing v in its relative interior. Furthermore, the direction of l may bechosen any direction not parallel to f(v): Also every orbit associated with fcrosses l in the same direction.Proof. Let v be a regular point of f: Choose a neighborhood V of v consistingof regualr points only. Let � 2 R2 be any direction not parallel to f(v); i.e.� � f(v) 6= 0; (here � is the cross product in R3 ). We may restrict V furthersuch that � � f(w) 6= 0 8w 2 V: We then may take l to be the intersection ofthe straight line through v with direction � and V: The remaining part of theproof is left as an exercise.13 Lemma Let v be an interior point of some transversal l: Then for every � > 0there exists a circular disc D� with center at v such that for every v1 2 D�;u(t; v1) will cross l in time t; jtj < �:Proof. Let v 2 int l and letl = fw : w = v + s�; s0 � s � s1g:Let B be a disc centered at v containing only regular points of f: Let L(t; v) =au1(t; v) + bu2(t; v) + c; where u(t; v) is the solution with initial condition vand au1 + u2 + c = 0 is the equation of l: Then L(0; v) = 0; and @L@t (0; v) =(a; b) � f(v) 6= 0:We hence may apply the implicit function theorem to completethe proof.14 Lemma Let l be a transversal and let � = fw = u(t; v) : a � t � bg be aclosed arc of an orbit u associated with f which has the property that u(t1; v) 6=u(t2; v); a � t1 < t2 � b: Then if � intersects l it does so at a �nite number ofpoints whose order on � is the same as the order on l: If the orbit is periodic itintersects l at most once.The proof relies on the Jordan curve theorem and is left as an exercise.15 Lemma Let 
+(v) be a semiorbit which does not intersect itself and let w 2�+(v) be a regular point of f: Then any transversal containing w in its interiorcontains no other points of �+(v) in its interior.16 Lemma Let 
+(v) be a semiorbit which does not intersect itself which is con-tained in a compact set K � D and let all points in �+(v) be regular points off: Then �+(v) contains a periodic orbit.17 Theorem (Poincar�e-Bendixson) Assume the hypotheses of Lemma 16. Then�+(v) is the orbit of a periodic solution uT with smallest positive period T:18 Theorem Let � be a closed orbit of (1) which together with its interior iscontained in a compact set K � D: Then there exists at least one singular pointof f in the interior of D:



1286 Exercises1. Prove Lemma 1. Also provide conditions in order that the mapping u besmooth, say of class C1:2. Let u be the 
ow determined by f (see Lemma 1). Show that if Iu0 =(t�u0 ; t+u0); then �t�u0 : D ! [0;1] and t+u0 : D ! [0;1] are lower semicon-tinuous functions of u0:3. Prove Proposition 2.4. Prove Proposition 3 and Corollary 4.5. Prove Theorem 6.6. Consider the three dimensional system of equations (the Lorenz system)x0 = ��x+ �yy0 = rx� y � xzz0 = �bz + xy;where �; r; b are positive parameters.Find a family of ellipsoids which are positively invariant sets for the 
owdetermined by the system.7. Prove Theorem 6.8. Extend Theorem 6 to the case whereM = \mi=1v�1i (�1; 0]:Consider the special case where each �i is a�ne linear, i.e M is a paral-lelepiped.9. Prove Proposition 7.10. Prove Lemma 9.11. Prove Theorem 17.12. Prove Theorem 18.13. Complete the proof of Lemma 12.14. Prove Lemma 14.15. Let u be a solution whose interval of existence is R which is not periodicand let 
+(u(0)) and 
�(u(0)) be contained in a compact set K � D:Prove that �+(u(0)) and ��(u(0)) are distinct periodic orbits providedthey contain regular points only.



Chapter XHopf Bifurcation1 IntroductionThis chapter is devoted to a version of the classical Hopf bifurcation theo-rem which establishes the existence of nontrivial periodic orbits of autonomoussystems of di�erential equations which depend upon a parameter and for whichthe stability properties of the trivial solution changes as the parameter is var-ied. The proof we give is base on the method of Lyapunov-Schmidt presentedin Chapter II.2 A Hopf Bifurcation TheoremLet f : Rn � R ! Rn ;be a C2 mapping which is such thatf(0; �) = 0; all � 2 R:We consider the system of ordinary di�erential equations depending on a pa-rameter �dudt + f(u; �) = 0; (1)and prove a theorem about the existence of nontrivial periodic solutions of thissystem. Results of the type proved here are referred to as Hopf bifurcationtheorems.We establish the following theorem.1 Theorem Assume that f satis�es the following conditions:1. For some given value of � = �0; i = p�1 and �i are eigenvalues offu(0; �0) and �ni; n = 0; 2; 3; � � � ; are not eigenvalues of fu(0; �0);129



1302. in a neighborhood of �0 there is a curve of eigenvalues and eigenvectorsfu(0; �)a(�) = �(�)a(�)a(�0) 6= 0; �(�0) = i; Re d�d� j�0 6= 0: (2)Then there exist postive numbers � and � and a C1 function(u; �; �) : (��; �)! C12� � R � R;where C12� is the space of 2� periodic C1 Rn� valued functions, such that(u(s); �(s); �(s)) solves the equationdud� + �f(u; �) = 0; (3)nontrivially, i.e. u(s) 6= 0; s 6= 0 and�(0) = 1; �(0) = �0; u(0) = 0: (4)Furthermore, if (u1; �1) is a nontrivial solution of (1) of period 2��1, withj�1�1j < �; j�1��0j < �; ju1(t)j < �; t 2 [0; 2��1]; then there exists s 2 (��; �)such that �1 = �(s); �1 = �(s) and u1(�1t) = u(s)(� +�); � = �1t 2 [0; 2�]; � 2[0; 2�):Proof. We note that u(t) will be a solution of (1) of period 2��; wheneveru(�); � = �t is a solution of period 2� of (3). We thus let X = C12� and Y =C2� be Banach spaces of C1; respectively, continuous 2�� periodic functionsendowed with the usual norms and de�ne an operatorF : X � R � R ! Y(u; �; �) 7! u0 + �f(u; �); 0 = dd� : (5)Then F belongs to class C2 and we seek nontrivial solutions of the equationF (u; �; �) = 0; (6)with values of � close to 1, � close to �0; and u 6= 0:We note thatF (0; �; �) = 0; for all � 2 R; � 2 R:Thus the claim is that the value (1; �0) of the two dimensional parameter (�; �)is a bifurcation value. Theorem II.1 tells us thatu0 + fu(0; �0)ucannot be a linear homeomorphism of X onto Y: This is guaranteed by theassumptions, since the functions�0 = Re(ei�a(�0)); �1 = Im(ei�a(�0))are 2�� periodic solutions ofu0 + fu(0; �0)u = 0; (7)



2. A HOPF BIFURCATION THEOREM 131and they span the the kernel of Fu(0; 1; �0);kerFu(0; 1; �0) = f�0; �1 = ��00g:It follows from the theory of linear di�erential equations that the image, imFu(0; 1; �0);is closed in Y and thatimFu(0; 1; �0) = ff 2 Y : hf;  ii = 0; i = 0; 1g;where h�; �i denotes the L2 inner product and f 0;  1g forms a basis for kerf�u0+fTu (0; �0)ug; the di�erential equation adjoint operator of u0+fu(0; �0)u: In fact 1 =  00 and h�i;  ji = �ij ; the Kronecker delta. Thus Fu(0; 1; �0) is a linearFredholm mapping from X to Y having a two dimensional kernel as well as atwo dimensional cokernel. We now write, as in the beginning of Chapter II,X = V �WY = Z � T:We let U be a neighborhood of (0; 1; �0; 0) in V � R � R � R and de�ne Gon U as followsG(v; �; �; s) = � 1sF (s(�0 + v); �; �); s 6= 0Fu(0; �; �)(�0 + v); s = 0:We now want to solve the equationG(v; �; �; s) = 0;for v; �; � in terms of s in a neighborhood of 0 2 R: We note that G is C1 andG(v; �; �; 0) = (�0 + v)0 + �fu(0; �)(�0 + v):Hence G(0; �; �; 0) = �00 + �fu(0; �)�0:Thus, in order to be able to apply the implicit function theorem, we need todi�erentiate the map(v; �; �) 7! G(v; �; �; s)evaluate the result at (0; 1; �0; 0) and show that this derivative is a linear home-omorphism of V � R � R onto Y:Computing the Taylor expansion, we obtainG(v; �; �; s) = G(0; 1; �0; s) +G�(0; 1; �0; s)(�� 1)G�(0; 1; �0; s)(�� �0) +Gv(0; 1; �0; s)v + � � � ; (8)and evaluating at s = 0 we getGv;�;�(0; 1; �0; 0)(v; �� 1; �� �0) = fv(0; �0)�0(�� 1)+fv�(0; �0)�0(�� �0)+(v0 + fv(0; �0)v): (9)



132Note that the mappingv 7! v0 + fv(0; �0)vis a linear homeomorphism of V onto T: Thus we need to show that the map(�; �) 7! fv(0; �0)�0(�� 1) + fv�(0; �0)�0(�� �0)only belongs to T if � = 1 and � = �0 and for all  2 Z there exists a unique(�; �) such thatfv(0; �0)�0(�� 1) + fv�(0; �0)�0(�� �0) =  :By the characterization of T; we have thatfv(0; �0)�0(�� 1) + fv�(0; �0)�0(�� �0) 2 Tif and only if< fv(0; �0)�0;  i > (�� 1)+ < fv�(0; �0)�0;  i > (�� �0) = 0;i = 1; 2: (10)Since fv�(0; �0)�0 = ��00 = �1;we may write equation (10) as two equations in the two unknowns � � 1 and�� �0; < fv�(0; �0)�0;  0 > (�� �0) = 0(�� 1)+ < fv�(0; �0)�0;  1 > (�� �0) = 0; (11)which has only the trivial solution if and only if< fv�(0; �0)�0;  0 >6= 0:Computing this latter expression, one obtains< fv�(0; �0)�0;  0 >= Re�0(0);which by hypothesis is not zero. The uniqueness assertion we leave as an exer-cise.For much further discussion of Hopf bifurcation we refer to [12].The following example of the classical Van der Pol oscillator from nonlinearelectrical circuit theory (see [12]) will serve to illustrate the applicability of thetheorem.2 Example Consider the nonlinear oscillatorx00 + x� �(1� x2)x0 = 0: (12)This equation has for for certain small values of � nontrivial periodic solu-tions with periods close to 2�:



2. A HOPF BIFURCATION THEOREM 133We �rst transform (12) into a system by settingu = � u1u2 � = � xx0 �and obtainu0 +� 0 �11 �� �+� 0u21u2 � = � 00 � (13)We hence obtain thatf(u; �) = � 0 �11 �� �+� 0u21u2 �and fu(0; �) = � 0 �11 �� � ;whose eigenvalues satisfy�(� + �) + 1 = 0:Letting �0 = 0; we get �(0) = �i; and computing d�d� = �0 we obtain 2��0+�0�+� = 0; or �0 = ���+2� = � 12 ; for � = 0: Thus by Theorem II.1 there exists � > 0and continuous functions �(s); �(s); s 2 (��; �) such that �(0) = 0; �(0) = 1and (12) has for s 6= 0 a nontrivial solution x(s) with period 2��(s): Thissolution is unique up to phase shift.
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Chapter XISturm-Liouville BoundaryValue Problems1 IntroductionIn this chapter we shall study a very classical problem in the theory ofordinary di�erential equations, namely linear second order di�erential equationswhich are parameter dependent and are subject to boundary conditions. Whilethe existence of eigenvalues (parameter values for which nontrivial solutionsexist) and eigenfunctions (corresponding nontrivial solutions) follows easily fromthe abstract Riesz spectral theory for compact linear operators, it is instructiveto deduce the same conclusions using some of the results we have developed upto now for ordinary di�erential equations. While the theory presented below isfor some rather speci�c cases, much more general problems and various othercases may be considered and similar theorems may be established. We refer tothe books [4], [5] and [14] where the subject is studied in some more detail.2 Linear Boundary Value ProblemsLet I = [a; b] be a compact interval and let p; q; r 2 C(I;R); with p; r positiveon I: Consider the linear di�erential equation(p(t)x0)0 + (�r(t) + q(t))x = 0; t 2 I; (1)where � is a complex parameter.We seek parameter values (eigenvalues) for which (1) has nontrivial solutions(eigensolutions or eigenfunctions) when it is subject to the set of boundaryconditionsx(a) cos�� p(a)x0(a) sin� = 0x(b) cos� � p(b)x0(b) sin� = 0; (2)where � and � are given constants and (without loss in generality, 0 � � <�; 0 < � � �). Such a boundary value problem is called a Sturm-Liouvilleboundary value problem. 135



136We note that (2) is equivalent to the requirementc1x(a) + c2x0(a) = 0; jc1j+ jc2j 6= 0c3x(b) + c4x0(b) = 0; jc3j+ jc4j 6= 0: (3)We have the following lemma.1 Lemma Every eigenvalue of equation (1) subject to the boundary conditions(2) is real.Proof. Let the di�erential operator L be de�ned byL(x) = (px0)0 + qx:Then, if � is an eigenvalueL(x) = ��rx;for some nontrivial x which satis�es the boundary conditions. Hence alsoL(�x) = ��rx = ���r�x:Therefore�xL(x)� xL(�x) = �(�� ��)rx�x:Hence Z ba (�xL(x)� xL(�x)) dt = �(�� ��) Z ba rx�xdt:Integrating the latter expression and using the fact that both x and �x satisfythe boundary conditions we obtain the value 0 for this expression and hence� = ��:We next let u(t; �) = u(t) be the solution of (1) which satis�es the (initial)conditionsu(a) = sin�; p(a)u0(a) = cos�;then u 6= 0 and satis�es the �rst set of boundary conditions. We introduce thefollowing transformation (Pr�ufer transformation)� =pu2 + p2(u0)2; � = arctan upu0 :Then � and � are solutions of the di�erential equations�0 = � �(�r + q)� 1p� � sin� cos� (4)and �0 = 1p cos2 �+ (�r + q) sin2 �: (5)



2. LINEAR BOUNDARY VALUE PROBLEMS 137Further �(a) = �: (Note that the second equation depends upon � only, hence,once � is known, � may be determined by integrating a linear equation andhence u is determined.We have the following lemma describing thedependence of � upon �:2 Lemma Let � be the solution of (5) such that �(a) = �: Then � satis�es thefollowing conditions:1. �(b; �) is a continuous strictly increasing function of �;2. lim�!1 �(b; �) =1;3. lim�!�1 �(b; �) = 0:Proof. The �rst part follows immediately from the discussion in Sections V.5and V.6. To prove the other parts of the lemma, we �nd it convenient to makethe change of independent variables = Z ta d�p(�) ;which transforms equation (1) tox00 + p(�r + q)x = 0; 0 = dds : (6)We now apply the Pr�ufer transformation to (6) and use the comparison theoremsin Section V.6 to deduce the remaining parts of the lemma.Using the above lemma we obtain the existence of eigenvalues, namely wehave the following theorem.3 Theorem The boundary value problem (1)-(2) has an unbounded in�nite se-quence of eigenvalues�0 < �1 < �2 < � � �with limn!1 �n =1:The eigenspace associated with each eigenvalue is one dimensional and the eigen-functions associated with �k have precisely k simple zeros in (a; b):Proof. The equation� + k� = �(b; �)has a unique solution �k; for k = 0; 1; � � � : This set f�kg1k=0 has the desiredproperties.We also have the following lemma.



1384 Lemma Let ui; i = j; k; j 6= k be eigenfunctions of the boundary value prob-lem (1)-(2) corresponding to the eigenvalues �j and �k: Then uj and uk areorthogonal with respect to the weight function r; i.e.huj ; uki = Z ba rujuk = 0: (7)In what is to follow we denote by fuig1i=0 the set of eigenfunctions whoseexistence is guaranteed by Theorem 3 with ui an eigenfunction correspondingto �i; i = 0; 1; � � � which has been normalized so thatZ ba ru2i = 1: (8)We also consider the nonhomogeneous boundary value problem(p(t)x0)0 + (�r(t) + q(t))x = rh; t 2 I; (9)where h 2 L2(a; b) is a given function, the equation being subject to the bound-ary conditions (2) and solutions being interpreted in the Carath�eodory sense.We have the following result.5 Lemma For � = �k equation (9) has a solution subject to the boundary con-ditions (2) if and only ifZ ba rukh = 0:If this is the case, and w is a particular solution of (9)-(2), then any othersolution has the form w + cuk; where c is an arbitrary constant.Proof. Let v be a solution of (p(t)x0)0+(�kr(t) + q(t))x = 0; which is linearlyindependent of uk; then(ukv0 � u0kv) = cp ;where c is a nonzero constant. One veri�es thatw(t) = 1c  v(t) Z ta rukh+ uk Z bt rvh!is a solution of (9)-(2) (for � = �k), whenever R ba rukh = 0 holds.3 Completeness of EigenfunctionsWe note that it follows from Lemma 5 that (9)-(2) has a solution for every�k; k = 0; 1; 2; � � � if and only if R ba rukh = 0; for k = 0; 1; 2; � � � : Hence, sincefuig1i=0 forms an orthonormal system for the Hilbert space L2r(a; b) (i.e. L2(a; b)with weight function r de�ning the inner product), fuig1i=0 will be a complete



3. COMPLETENESS OF EIGENFUNCTIONS 139orthonormal system, once we can show that R ba ukh = 0; for k = 0; 1; 2; � � � ;implies that h = 0 (see [23]). The aim of this section is to prove completeness.The following lemma will be needed in this discussion.6 Lemma If � 6= �k; k = 0; 1; � � � (9) has a solution subject to the boundaryconditions (2) for every h 2 L2(a; b):Proof. For � 6= �k; k = 0; 1; � � � we let u be a nontrivial solution of (1) whichsatis�es the �rst boundary condition of (2) and let v be a nontrivial solution of(1) which satis�es the second boundary condition of (2). Thenuv0 � u0v = cpwith c a nonzero constant. De�ne the Green's functionG(t; s) = 1c � v(t)u(s); a � s � tv(s)u(t); t � s � b: (10)Then w(t) = Z ba G(t; s)r(s)h(s)dsis the unique solution of (9) - (2).We have the following corollary.7 Corollary Lemma 6 de�nes a continuous mappingG : L2(a; b)! C1[a; b]; (11)by h 7! G(h) = w:Further hGh;wi = hh;Gwi:Proof. Wemerely need to examine the de�nition ofG(t; s) as given by equation(10).Let us now letS = fw 2 L2(a; b) : hui; hi = 0; i = 0; 1; 2; � � �g: (12)Using the de�nition of G we obtain the lemma.8 Lemma G : S ! S:We note that S is a linear manifold in L2(a; b) which is weakly closed, i.e. iffxng � S is a sequence sucht thathxn; hi ! hx; hi; 8h 2 L2(a; b);then x 2 S.



1409 Lemma If S 6= f0g; then there exists x 2 S such thathG(x); xi 6= 0:Proof. If hG(x); xi = 0 for all x 2 S; then, since S is a linear manifold, wehave for all x; y 2 S and � 2 R0 = hG(x + �y); x+ �yi= 2�hG(y); xi;in particular, choosing x = G(y) we obtain a contradiction, since for y 6= 0G(y) 6= 0:10 Lemma If S 6= f0g; then there exists x 2 Snf0g and � 6= 0 such thatG(x) = �x:Proof. Since there exists x 2 S such that hG(x); xi 6= 0 we set� = � inffhG(x); xi : x 2 S; kxk = 1; if hG(x); xi � 0; 8x 2 SgsupfhG(x); xi : x 2 S; kxk = 1; if hG(x); xi � 0; for some x 2 Sg:We easily see that there exists x0 2 S; kx0k = 1 such that hG(x0); x0i = � 6= 0:If S is one dimensional, then G(x0) = �x0: If S has dimension greater than 1,then there exists 0 6= y 2 S such that hy; x0i = 0: Letting z = x0+�yp1+�2 we �ndthat hG(z); zi has an extremum at � = 0 and thus obtain that hG(x0); yi = 0;for any y 2 S with hy; x0i = 0: Hence since hG(x0)��x0; x0i = 0 it follows thathG(x0); G(x0) � �x0i = 0 and thus hG(x0) � �x0; G(x0) � �x0i = 0; provingthat � is an eigenvalue.Combining the above results we obtain the following completeness theorem.11 Theorem The set of eigenfunctions fuig1i=0 forms acomplete orthonormal sys-tem for the Hilbert space L2r(a; b):Proof. Following the above reasoning, we merely need to show that S =f0g: If this is not the case, we obtain, by Lemma 10, a nonzero element h 2S and a nonzero number � such that G(h) = �h: On the other hand w =G(h) satis�es the boundary conditions (2) and solves (9); hence h satis�es theboundary conditions and solves the equation(p(t)h0)0 + (�r(t) + q(t))h = r�h; t 2 I; (13)i.e. � � 1� = �j for some j: Hence h = cuj for some nonzero constant c;contradicting that h 2 S:



4. EXERCISES 1414 Exercises1. Find the set of eigenvalues and eigenfunctions for the boundary valueproblem x00 + �x = 0x(0) = 0 = x0(0):2. Supply the details for the proof of Lemma 2.3. Prove Lemma 4.4. Prove that the Green's function given by (10) is continuous on the square[a; b]2 and that @G(t;s)@t is continuous for t 6= s: Discuss the behavior of thisderivative as t! s:5. Provide the details of the proof of Corollary 7. Also prove that G :L2(a; b)! L2(a; b) is a compact mapping.6. Let G(t; s) be de�ned by equation (10). Show thatG(t; s) = 1Xi=0 ui(t)ui(s)�� �i ;where the convergence is in the L2 norm.7. Replace the boundary conditions (2) by the periodic boundary conditionsx(a) = x(b); x0(a) = x0(b):Prove that the existence and completeness part of the above theory may beestablished provided the functions satisfy p(a) = p(b); q(a) = q(b); r(a) =r(b):8. Apply the previous exercise to the problemx00 + �x = 0;x(0) = x(2�)x0(0) = x0(2�):9. Let the di�erential operator L be given byL(x) = (tx0)0 + m2t x; 0 < t < 1:and consider the eigenvalue problemL(x) = ��tx:



142 In this case the hypotheses imposed earlier are not applicable and othertypes of boundary conditions than those given by (3) must be sought inorder that a development parrallel to that given in Section 2 may be made.Establish such a theory for this singular problem. Extend this to moregeneral singular problems.
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