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Preface
Artificial (or fabricated) periodic systems have been of considerable interest in
physics and materials science since 1970, when Esaki and Tsu proposed a synthesized semiconductor superlattice of a one-dimensional periodic structure of alternating ultrathin layers, with its period less than the electron mean free path and
the de Broglie wavelength. They envisioned two types of synthesized superlattices,
namely the doping and the compositional ones, where in either case a superlattice potential was introduced by a periodic variation of impurities or composition
during their growth. It was shown theoretically that such synthesized structures
would possess unusual physical properties, not seen in the constituent semiconductor materials, due to predetermined quantum states that are of a two-dimensional
character. Because of the potential device applications of such systems, their
achievement and understanding has been a mixture of strong motivation from
basic interest and technical applications, and much work has been devoted to understanding their unique physical properties. Further stimulus arose when modern
growth techniques, such as molecular-beam epitaxy and metal-organic chemical vapor deposition, made it possible to fabricate these periodic layered materials with
sharp, high-quality interfaces. Nowadays the fabrication of material structures
with dimensions of the order of micrometers and nanometers is feasible to a high
degree of precision.
On the other hand, the subject of quasicrystals first achieved prominence in
1984, when measurements using high-resolution X-ray scattering techniques produced electron diffraction patterns consisting of sharp spots but showing specific
symmetries, forbidden by the rules of crystallography for an infinite lattice. Theoretical studies explained these types of symmetry through the aperiodic two- and
three-dimensional Penrose tilings and their diffraction patterns (tiling is the geometrical operation that results in filling space with an arrangement of regular
polyhedra). One important feature of these quasicrystal structures is that in one
dimension they behave like the quasiperiodic structures formed by the incommensurate arrangement of periodic unit cells following a given mat hematical sequence
(like the well-known Fibonacci one). In turn, such structures can be tailored using
the modern layer-growth techniques mentioned earlier. An appealing extra motivation for studying these quasiperiodic structures is that they exhibit a highly
fragmented energy spectrum displaying a self-similar pattern. From the mathematical perspective, it has been proved that their spectra are Cantor sets in the
xi

xii
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thermodynamic limit. Moreover, the localization of electronic states, which is one
of the most active fields in condensed-matter physics, could thus occur not only
in disordered systems but also in deterministic quasiperiodic systems. Another interesting feature of these structures is that they exhibit collective properties that
are not shared by their constituent materials. They are due to the presence of
long-range correlations, and are expected to be reflected somehow in their various
spectra (light propagation, electronic transmission, density of states, polaritons,
etc.), defining a novel description of disorder. One of the main reasons for this
is the fact that they represent an accessible and intermediate case between a periodic crystal, with extended Bloch states, and random disordered solids, with
exponentially localized states. Furthermore, it obviously opens the way to many
theoretical approaches in attempts to understand and foresee their physical properties, without the degeneracy rules of periodic invariance. Theoretical treatments
(based, for example, on the transfer-matrix method described later) show that a
common factor shared by all these excitations is a complex fractal or multifractal
energy spectrum.
The purpose of this book is to present an overall account of the dynamical
properties of these periodic and quasiperiodic structures, in terms of the polaritons
(bulk and surface modes) that propagate in them. In general, the term polariton
refers to a mixed excitation (or wave) made up from a dipole-active elementary
excitation (such as a phonon, plasmon, magnon, exciton, etc.) coupled to a photon
(a quantum of light). The basic properties of polaritons may be obtained using
simple theories that are related to the frequency-dependent dielectric, optical, and
magnetic characteristics of the media.
Motivated by the potential device applications of such systems, our intention
here is to provide a text, at the graduate level, for students, researchers, and
academic staff working in this field who have an interest in understanding the
unique physical properties of polaritons in these artificial systems. This includes
the methods of generating polaritons in laboratories at frequencies of interest to
experimentalists and the physics that may be learned from them. The book addresses the fundamentals of the propagation process for polaritons in such artificial
structures, keeping in mind that, since experimental reality is approaching theoretical models and assumptions, detailed analysis and precise predictions are being
made possible.
The book is organized so that we start with the basic properties of excitations
in solids, highlighting their main concepts that can be found in some solid-state
physics textbooks (Chapter 1). Next we define the periodic and quasiperiodic
structures of interest (in the sense that they either can be or already have been
grown by experimentalists), and we give the mathematical properties of some of
them, namely Cantor, Fibonacci, Thue-Morse, and Double-period (Chapter 2).
A discussion then follows of bulk and surface polariton modes of various types
(mainly plasmon, phonon, magnetic, and exciton), stressing the role played by
the dielectric function as well as the magnetic susceptibility (Chapters 3 and 4).
This serves as the main introduction to these excitations. From that point on,
the book presents the wide-ranging and interesting physical concepts behind the
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properties of polaritons in periodic and quasiperiodic artificial structures, stressing their spectra, localization and scaling properties, and power laws, which are
a guide to their universality classes, and defining a novel description of disorder. In particular, important questions are addressed such as the propagation of
polariton modes in doped semiconductors, piezoelectric, metamagnetic and rareearth materials, among others, as well as the behavior of the thermodynamic
quantities (particularly the specific heat spectra) in these systems (Chapters 5-10).
Experimental techniques to probe these spectra are described in Chapter 11, with
emphasis given to the (currently) most powerful spectroscopic method of Raman
and Brillouin scattering of light, as well as to the so-called attenuated total reflection spectroscopy. Finally, in Chapter 12, we present some additional topics (in
particular, systems with non-linear dielectric properties) and we point to future
directions for this research field. A few important theoretical tools are presented
in Appendix A to help readers with the theoretical methods employed throughout
this book.
Both of us have been engaged heavily for many years in research programs
focused on the physical properties of these elementary excitations, with two review
articles already published on this subject. We believe that our book devoted to
this burgeoning area will be valuable in covering the many new developments that
have occurred since the, now classical, books Polarztons (edited by E. Burstein
and F. de Martini) in 1974 and Surface Polaritons (edited by V.M. Agranovich
and D.L. Mills) in 1982. Furthermore, as this field is rapidly changing, a good
comprehension of the fundamental concepts presented here should be important
for readers interested in this subject and for researchers seeking to make further
advances.
We are indebted to a large number of friends and collaborators who directly or
indirectly have influenced this book and provided ideas. We gratefully acknowledge
the award of a fellowship from the Brazilian Research Agency CAPES, and leave
granted by the Universidade Federal do Rio Grande do Norte to one of us (E.L.A.)
to spend the summer of 2003 at the University of Western Ontario, where the main
ideas of this book were established. Last, but not least, we would like to thank
our families for their invaluable support and unfailing encouragement in addition
to sustaining us through many difficult and challenging moments.

Eudenilson L. Albuquerque
Natal-RN
Brazil

Michael G. Cottam
London, Ontario
Canada
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Chapter 1

Basic Properties of Excitations in Solids
The dynamical properties of a crystalline solid in terms of its constituent particles
are of great interest to solid-state physicists and materials scientists. In particular,
the concept of excitations in solids, especially in bulk materials, forms a significant part of the standard textbooks (see e.g. Refs. [l-31). Typically these books
cover a wide range of matters related to the dynamical response of the crystal
to various kinds of external stimuli (such as temperature, electric field, magnetic
field, etc.). All the excitations have at least one feature in common: they are
associated with the whole crystal collectively and not just with a particular atom.
As such, they depend sensitively on the structure of a solid and the interactions
within it.
In general, the topic of excitations in solids is very complex, and it is not our
intention to give a detailed account in this chapter, since this is done elsewhere.
Instead, it is our aim to present here those fundamentals of the theory at a level
sufficient to provide readers with the necessary background to understand better
the specific material to be covered in the following chapters related to periodic and
quasiperiodic structures.
We start this chapter with general considerations about the periodic arrangements of atoms, leading to the definition and characterization of a crystalline solid.
This brings us to symmetry-related restrictions on the excitations themselves (e.g.
through the well-known Bloch’s theorem). Then we introduce the basic concepts of
the main excitations to be considered in this book, namely the phonons, plasmons,
magnons, and excitons. Later we shall be considering the properties of these excitations in various artificially structured materials, both individually and especially
as “mixed” excitations in which they couple with a photon (or light quantum) to
form a polariton.
1.1

Symmetry and Crystal Lattices

A crystalline solid is essentially an ordered array of atoms, bound together by
electrical forces that may be attractive (as for the Coulomb interaction between
electrons and protons) and repulsive (as for the electron-electron and protonproton Coulomb interactions) to form a very large system. The different strengths
and types of bond are determined by the particular electronic structures of the
atoms involved and may, in principle, be found from quantum mechanics [4,5].
1
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Magnetic forces have only a weak effect on cohesion and the gravitational forces are
negligible. In a typical solid there are as many as
nuclei and
electrons in a
cubic centimeter, which, at first sight, implies that it is almost impossible to study
effectively such a large number of interacting particles theoretically. Fortunately,
this complication can be overcome due to the high symmetry of a solid.
Indeed, although a bulk crystalline solid may be arbitrarily large, it can be
viewed effectively as an infinite three-dimensional (3D) regular repetition of much
smaller identical building blocks (or repeating units), which can be set up following specific symmetry relationships among its various physical parameters. The
arrangements of the repeating units of the crystalline solids specify a set of operations, which is known today as the symmetry group or space group of the Bravais
lattice. In short, a Bravais lattice can be introduced as a pure geometrical concept,
in which an infinite array of the periodic crystal appears to be exactly the same,
no matter from which position the array is viewed.
The most obvious operation in the symmetry group of a Bravais lattice is the
translational symmetry. It is defined in terms of three non-coplanar basis vectors,
denoted by GI, 62, and iL3. These vectors are called the primitive vectors of the
lattice, and are responsible for its generation. The parallelepiped defined by the
primitive axes is called a primitive cell, and it fills all space under the action of a
suitable translation operation. It is also the minimum-volume cell in the Bravais
lattice and must contain precisely one lattice point. Note that there is no unique
way of choosing a primitive cell for a given Bravais lattice.
If a translation is made between any two locations in the crystal, having identical atomic environments, they can be linked through the fundamental translation
vector R' given by

where n1, n2, and n3 range through all integer values. The main property of the
fundamental translation vector R' is that the atomic arrangement of the lattice
looks the same in every respect, whether viewed from any point r' or from
r' = r'+ R = r'+ nlhl
4

4

+ n2G2+ n3&,

Apart from the translational symmetry (which has the most important influence on the properties of the crystal), the space group associated with a lattice
may also present symmetry operations due to the various rotations and reflections
(and combinations of them), which leaves the crystal, as well as its primitive cells,
unchanged [6,7]. For instance, for a hypothetical two-dimensional (2D) solid there
are five different Bravais lattices, as shown in Fig. 1.1. For 3D solids 14 Bravais
lattices are possible (see e.g. Ref. [l]).The points in a Bravais lattice that are
closest to a given point in the lattice are called its nearest neighbors, and their
number is an invariant property of the lattice.
Since a Bravais lattice is not an arrangement of atoms but a geometrical arrangement of points in the space, it is necessary when defining a more complex
crystal structure to associate to each point of the Bravais lattice a basis of atoms.
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Fig. 1.1. Schematic representation of the five Bravais lattices in 2D: (a) square lattice; (b)
rectangular lattice; (c) oblique lattice; (d) centered rectangular lattice; (e) hexagonal lattice.

By a basis of atoms we mean not only the atoms themselves but also their spacing
and bond angles, which may form molecules, ions, etc. Of course, the number of
atoms in the basis may sometimes simply be unity, as for many metals and the inert gases (He, Ne, Ar, Kr, Xe, and Rn), but it may be larger in general, exceeding
1000 for some inorganic and biochemical structures. Therefore, a crystal structure
can be defined as identical copies of the same physical unit, the basis, located at all
the points of a Bravais lattice. The geometrical space lattice (defining the Bravais
lattice), plus the basis of atoms attached to each lattice point, specifies the full
crystal structure [I].
Although the primitive cell is sufficient for characterizing the Bravais lattice,
it is sometimes more convenient to work with the so-called unit cell of the lattice.
The unit cell is the simplest geometrical figure that we can select from a Bravais
lattice. Depending on its geometrical arrangement, it may or may not coincide
with the primitive cell and therefore it is not always the minimum-volume cell of
the Bravais lattice. However, the more straightforward geometrical appearance of
the unit cell compensates by far this feature. For example, the body-centered cubic
lattice, one of the most studied 3D Bravais lattices, is more easily visualized as a
cubic structure with two atoms than its primitive counterpart, which is a much
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Fig. 1.2. Construction of a primitive Wigner-Seitz cell.

complicated rhombohedron of edge a a / 2 , with a being the side of the cube, and
angle 109" 28' between adjacent edges.
On the other hand, there is a clever way to construct a primitive cell of any
Bravais lattice, the so-called Wigner-Seitz primitive cell [8]. In Fig. 1.2 we show
how to draw a Wigner-Seitz cell for a 2D Bravais lattice. The procedure is quite
simple: (a) draw lines to connect a given lattice point to all its nearby lattice
points; (b) at the midpoint and normal to these lines, draw new lines. The simplest
volume enclosed in this way is the Wigner-Seitz primitive cell. It can be shown
that in 2D the Wigner-Seitz cell is always a hexagon, with the obvious exceptions
of the square and rectangular lattices. As we will see in the next paragraph, the
Wigner-Seitz primitive cell plays an important role in the determination of the
Brillouin zones.
We often need to describe a particular crystallographic plane or a particular
direction within a real 3D crystal. Although a plane can be specified by any
three points lying in it, provided the points are not collinear, it is more useful for
structural analysis to describe it in terms of its so-called Miller indices. For planes
the recipe is very simple. First, find the intercepts on the axes & I , 62, and GLQ,
expressed in multiples of the lattice constant. Then, take the reciprocal of these
numbers, scaling them (if necessary) to the smallest three integers having the same
ratio. The result is displayed in parentheses as (hlcl). When a plane cuts an axis
(say the 61-axis) on the negative side, it is conventional to employ the designation
as (hlcl). Fig. 1.3 shows some examples of planes for cubic lattices, with their
Miller notations.
A similar convention is used to specify a particular direction normal to a plane
in the real lattice. To avoid confusion with the crystallographic planes, however,
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Fig. 1.3. Miller indices for three lattice planes in a simple cubic Bravais lattice.

square brackets, i.e. [ h k l ] ,are used instead of parentheses. For instance, the body
diagonal of a simple cubic lattice lies in the [lll]direction.
1.2

Reciprocal Lattices and Brillouin Zones

A consequence of the translational symmetry of a crystal is that some of the
physical properties can be described by a multiply periodic function (denoted here
by F ) , which satisfies the condition

F(F+

2) = F(?)

(1.3)
-+

for all points r' in space and for all translation lattice vectors R. On expanding
F(?) in a Fourier series in 3D, we have

~ ( =3C g(Q) exp(iQ. 4.

(1.4)

(2

It then follows straightforwardly from Eqs. (1.3) and (1.4) that

Q.2

exp(iQ.

2)= 1,

Q

(1.5)

which implies that
= 27r x integer. The infinite set of all
vectors that satisfy
these conditions defines the reciprocal lattice. 8 is a reciprocal lattice vector, and
it has the dimension of wavevector (inverse length). Thus multiplication of the set
of all reciprocal vectors
by ti converts reciprocal space into momentum space.
Since the crystal (or Bravais) lattice is in real or ordinary space, the reciprocal (or
Fourier) lattice is, apart from a multiplicative constant, in momentum space.
Defining the reciprocal lattice as
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Fig. 1.4. Specular reflection of a parallel beam of X-rays from two adjacent parallel atomic planes
separated by a distance d.

where b l , 6 2 , and b 3 are the primitive vectors of the reciprocal lattice, one can
easily prove (see e.g. Ref. [9]) that
61 = 27r(&

x ii3)/V,

62

= 27r(ii3 x

iiI)/V,

b3

= 277-(61 x &)/V,

(1.7)

where V is the volume of the primitive real crystal lattice, i.e. V = liil . (62 x 63)1.
Some important examples of the reciprocal lattices are related to the real cubic
lattices. From Eq. (1.7), it is easy to show that the simple-cubic (sc) real lattice
of side a has, as its reciprocal lattice, another sc structure but with side 27r/a.
The face-centered cubic (fcc) Bravais lattice has a reciprocal lattice represented
by a body-centered cubic (bcc) lattice with side 477-l~.As one can prove that the
reciprocal lattice of a reciprocal lattice is always the original direct lattice [2], it
follows that the bcc Bravais lattice has a fcc lattice, with side 47r/a, as its reciprocal
lattice.
It is equally important to be able to visualize the reciprocal lattice as it is to
visualize the real Bravais lattice. For example, a diffraction pattern of a crystal
is a map of the reciprocal lattice of the crystal, while a microscope image is a
map of the real crystal structure. To understand the former, consider the wellknown Bragg diffraction condition [lo] corresponding to the specular reflection of
a parallel beam of X-rays from the two successive planes of atoms in a crystal, as
depicted in Fig. 1.4. The path difference for rays reflected from adjacent planes is
2dsin8, where 0 is the angle that the X-ray beam makes with the parallel planes.
This should be an integer multiple of the wavelength of the incident radiation,
say nX, to allow constructive reflection of the incident radiation. The concept of
reciprocal lattice allows a novel and interesting perspective of the Bragg condition:
instead of considering the wavelength of the radiation, we are concerned with the
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wavevectors $ and 2 of the X-ray beam undergoing reflection. Provided that the
scattering
process
is elastic, there is no change in the magnitude of the wavevectors,
+
+
i.e. Ikl= /kfl= 27r/X. In this way, it can easily be proved [3] that the diffraction
condition is

where
as

6is again a reciprocal lattice vector. The above result can be re-expressed

This latter expression is often used in the construction of Brillouin zones in reciprocal space (or momentum space). It gives a vivid geometrical interpretation of
the diffraction condition, as can be visualized by the geometrical construction due
to Ewald [ll](for details see e.g. Ref. [a]).
A first Brallouan zone is defined as the primitive Wigner-Seitz cell in the reciprocal lattice. As the name suggests, there are also higher-order Brillouin zones,
which are primitive cells of a different type. We do not intend to discuss them because they are beyond the context of this book (for details see Ref. [12]). Although
the terms Brillouin zone and Wigner-Seitz cell refer to a similar geometri2al construction, the former term is applied only in the reciprocal momentum k-space,
while the latter is always related to the real ?-space. For a sc 3D structure with
sides a , the first Brillouin zone lies in the region - r / a 5 kj 5 T / U , with the subscript j equal to the Cartesian axes z, y, or z . On the other hand, because the
reciprocal of the bcc lattice is the fcc structure, the first Brillouin zone of a bcc
lattice is just the fcc Wigner-Seitz cell (a regular rhombic dodecahedron). Conversely, it follows that the first Brillouin zone of an fcc lattice is a rhombohedron.

1.3

Bulk. Surface, and Superlattice Excitations

The symmetry of the crystal lattice leads directly to some consequences for the
elementary excitations (or waves) that may propagate in the crystal. The most
important result, in the context of this book, is called Bloch’s theorem. It is
discussed extensively in standard references on solid-state physics (see e.g. Ref.
[13]), applied group theory (see e.g. Ref. [14]),and energy band theory (see e.g.
Ref. [15]), and so we shall not prove it here. A simple statement of the theorem
for an infinite 3D crystal lattice can be made as follows.
Suppose any excitation is described by a spatial amplitude $(F) at position ?.
This might be the wave function, obtained from the Schrodinger equation, in the
case of an electron. Alternatively, for example, in the case of a phonon or lattice
vibration $(F) would be an atomic displacement satisfying its linearized equation
of motion. In all such cases. Bloch’s theorem states that
(1.10)
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where i is an arbitrary (real) constant vector with dimensions of reciprocal length.
Also, Uc(?) is a periodic function satisfying Uc(F 2)= Uc(?), where R' is the
fundamental translation vector of the lattice.
It is important to note that the wavevector in Eq. (1.10) is not uniquely
defined. In fact, because of the spatial periodicity of Ug(?) and the property
stated in Eq. (1.5), the wavevector rE' +
will equally satisfy Bloch's theorem.
Hence it is sufficient to consider only those excitation wavevectors that are within
the first Brillouin zone of the lattice. Likewise it may be shown that t\e frequency
w ( i ) of the excitation, which depends in general on the wavevector k through a
dispersion relation, satisfies

c

+

Q'

w(i+

Q')= w ( $ ) .

(1.11)

All the symmetry properties discussed above refer to infinite crystal lattices,
and Bloch's theorem simply shows that the corresponding bulk excitaJzons with
wavevector 6have a wave-like behavior in all 3D, arising from the exp(ik.3 factor
in Eq. (1.10). However, if the surfaces of a crystal are taken into account, then the
symmetry is reduced and Bloch's theorem must be modified (see e.g. Ref. [IS]).
As a simple illustration, let us consider the case of a semi-infinite crystal so that
there is just one surface. We assume an sc lattice with a (001) surface, taking the
surface plane to be z = 0 and the crystal to fill the half-space z 2 0. In this case,
there are 2D translation symmetry operations as before in the zy-plane (assuming
the crystal to be infinite in the z- and y-direction), but no translational symmetry
in the z-direction. Denoting = (z,g ) , the 2D analog of Eq. (1.10) becomes (see
Ref. [IS])

qi

(1.12)
where kll = ( k z ,k g ) is a 2D wavevector for the excitation, and the amplitude function U;
z ) must now satisfy U- (Til + 211,z ) = Uc (CII, z ) , with 211being a 2D
11
All
II
symmetry operation for translation in the zy-plane.
For an excitation of a semi-infinite crystal in this example, the essential difference compared with the infinite case is that it is required to have a wave-like
behavior only with respect to the direction parallel to the surface, hence corresponding to the 2D wavevector ell. The z-dependence of the excitation amplitude
has to be determined by solving for UG (?I, z ) in any specific physical example,
I1
but a few generalizations may be made. If solutions exist of the form exp(ik,z)
with k , real, these just correspond again to a bulk excitation, with k , being the
third component of the wavevector. On the other hand, solutions of the same
form as above, but with 5, complex and having a positive imaginary part, would
correspond to a surface excitation since the amplitude would decay with distance
into the crystal. In some simple cases, as we shall see in later chapters, surface
excitations correspond to k , = ia (with o real and positive), so the z-dependence
of the excitation amplitude is proportional to exp(-az). In other cases, the spatial
localization of a surface mode may be more complicated.
4
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Bulk and surface (or interface) excitations may exist in more complex physical
systems where the boundaries play a more significant role, such as thin films and
multilayers with several parallel planar surfaces (or interfaces) [16]. In general, as
the number of different crystal layers in a system is increased, the excitation spectrum will become more complicated. A notable and interesting exception is when
the layers are built up in a periodic fashion to form a superlattice. As an example,
let us consider an effectively infinite superlattice made up by stacking vertically, in
an alternating fashion, films of material A (thickness a) and material B (thickness
b ) . This artificial structure now has a new symmetry operation corresponding to
translations through multiples of the length L = a b along the z-direction. There
will be a new Brillouin zone associated with this periodicity and the excitations
will reflect this property, giving rise to the so-called superlattice excitations. The
dynamical behavior of superlattices, both periodic and quasiperiodic, will be a
major topic throughout this book. It is convenient, first, to introduce some basic
properties of crystal excitations in bulk materials.

+

1.4

Phonon: Quantum of the Lattice Vibrations

A phonon is the quantum of energy associated with a lattice vibration or elastic
wave. To exemplify this concept, we consider a set of N identical ions of mass
distributed along a monatomic 1D Bravais lattice whose translation vector is
R = naE, with n being an integer and a denoting the distance between two adjacent
ions. The vibrational motion is assumed here to be confined to the z-direction
(along the chain).
Let u, be the displacement of the ion that oscillates from its equilibrium position z = n u along the linear chain (see Fig. 1.5). The number N is taken to be
sufficiently large that end effects can be ignored (i.e. the chain is effectively infinite). Assuming that only neighboring ions interact, Newton’s equation of motion
for the nth ion yields

ma2U,/dt2 = C[(U,+~- u,) - (u, - u , - ~ ) ] ,

(1.13)

where C is the (elastic) force constant between the ions. Considering now only
normal modes propagating (with angular frequency w ) in the chain, it follows that
the solutions for u, can be represented by plane waves:

u, = uexp[i(kna - wt)]

(1.14)

in accordance with Bloch’s theorem, the 1D case of Eq. (1.10). Substituting into
Eq. (1.13) gives

w2 = ( 2 ~ / m ) ( l -cos k a ) = ( 4 ~ / r n sin2(ka/2).
)

(1.15)

The dispersion relation for Q = ~ / ( 4 C / r n ) ~
versus
/ ~ the dimensionless wavevector ka is plotted in Fig. 1.6 for its first Brillouin zone, i.e. for -7r 5 ka 5 7r. As
we can see, it is symmetrical between k and - k , i.e. waves to the left and to the
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Fig. 1.5. Monatomic linear chain formed by N ions of mass m separated by a lattice parameter a.

1.2

Q

0.8

0.4

0.0

-n

- 4

0

n

ka

2n

First Brillouin zone -b

Fig. 1.6. Phonon dispersion relation in the first Brillouin zone for a monatomic linear chain.

right are identical. Although it is not shown in the figure, this dispersion relation
profile repeats for each interval of 27r/a, as expected from the previous section.
Note that when ka tends to zero, R is proportional to lkl, and its group velocity,
found from dw/dk, vanishes at the boundaries of the Brillouin zone ( k a = f T ) .
We next consider a 1D Bravais lattice with two types of alternating ions with
masses ml and m2 per primitive cell (the diatomic chain depicted in Fig. 1.7). It
has 2N ions ( N of each type), and all ions are assumed to be coupled by the same
force constant C to their neighbors. Newton’s equation of motion is now slightly
different for each ion type, namely

11
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Fig. 1.7. Diatomic linear chain formed by 2N ions of masses ml and
parameter a.

m2

separated by lattice

Again we expect from symmetry that each ion has its normal mode represented
by a plane wave similar to Eq. (1.14), but with different amplitudes u and v for
the two masses. Thus Eq. (1.16) leads to

-wzmlu = CV[I
-w2m2v = Cull

+ exp(-iku)]
+ exp(iku)]

-~

CU,
- 2cv.

(1.17)

This pair of equations for the amplitudes has non-trivial solutions, provided the
determinant of the coefficient vanishes. This gives two positive values of w
satisfying

and the ratio of amplitudes is
u

--

ti

2Ccos(ku) - 2C -m2w2
2C - mlw2
2Ccos(ku) '

(1.19)

It is easy to see that for ka = &7r (the Brillouin zone boundaries), the solutions for
w2 from Eq. (1.18) are 2C/ml and 2C/m2. Also, as ka -+ 0 (close to the Brillouin
zone center), the two solutions are approximately

(1.20)
For each value of k there are now t w o separate solutions, which repeat at every
wavevector interval of 27rlu. These two branches of the dispersion relation are
illustrated in Fig. 1.8. The lower branch has the same qualitative form as the single
branch found in the preceding case (the monatomic Bravais lattice). This branch
is known as the acoustic brunch because its dispersion relation for small ku is of the
form w = vk, and is characteristic of a sound wave (which is a longitudinal mode).

12
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Fig. 1.8. Acoustic and optical phonon branches in the first Brillouin zone for a diatomic linear
chain.

The upper branch is known as the optical branch because the transverse longwavelength optical mode in ionic crystals can interact with the electromagnetic
radiation, thereby giving rise to the so-called phonon-polariton mode, which we
will discuss later.
The classification of the vibrational modes into acoustic and optical branches
is still applicable for a 3D solid with a polyatomic basis. Suppose we have a crystal
with p atoms in each unit cell and a large number N of such cells form the crystal.
In this case, there will be 3pN degrees of freedom and hence 3pN normal modes.
Of these branches, 3N will be acoustic branches (2N transverse, or TA modes, and
N longitudinal, or LA modes) having the property that w ( k ) cx k as k + 0. The
remaining 3 ( p - l ) N branches are transverse (TO) and longitudinal (LO) optical
branches, having the property that w ( k ) tends to a non-zero constant as k -+ 0.
However, not all of them will be optically active in the sense of interacting strongly
with the radiation field.

1.5

Plasmon: Quantum of the Plasma Oscillations

A plasma oscillation in a metal is a collective longitudinal excitation of the conduction electron gas. The term “plasma” was suggested in 1929 by Langmuir [17] to
describe the collective electrical properties that he noted in an ionized gas. Since
that time, many of the phenomena observed for a gaseous plasma (a medium with
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equal concentrations of positive and negative charges, where at least one charge
type is mobile) can be reproduced in the electron “gas” of a metal or a semiconductor. Thus the field of plasma physics in condensed-matter systems has become
well established, with several technological applications.
A plasmon is a quantum associated with a plasma oscillation. While it has
relatively few direct observations from the experimental point of view, a notable
exception is the observation of energy losses, in multiples of hwP (where wp is the
plasma frequency, which we discuss below), when electrons are fired through thin
metallic film or by reflecting an electron or a photon (the quantum of the radiation
field) from a film [18]. However, the possibility of their excitation in any process
involving an electron gas should always be borne in mind.
The frequency of the plasma oscillation can be found using a very simple argument. Suppose that an electron in the electron gas (classical or quantized) of
a solid oscillates about its equilibrium position under the effect of an electrical
restoring force, defined by the equation

md2?‘/dt2

=

-el?.

(1.21)

Here e ( m )is the electronic charge (mass), ?‘is the electron displacement in 3D, and
E’ is the electric field vector. For oscillations with a time dependence of the type
exp(-iwt), the polarization field, defined as the dipole moment of the electrons
per unit volume, is given by
+

2
P ( w ) = -ne? = -ne2 Elmw
,

(1.22)

where n is the electron concentration. The dielectric function associated with the
electron gas oscillation is then given (in SI units) by

t(W)

=1

+P(W)/EoE(W)

=

1 - w;/w2,

(1.23)

where the plasma frequency wp is defined by w; = ne2/tgm. If the positive ion
background has a dielectric constant toorassumed to be essentially constant up to
frequencies well above wp, then the plasmon dielectric function becomes

E(W)

= €m(l
- w,”/w2).

(1.24)

We observe, from Eq. (1.24), that the frequency-dependent dielectric function
is negative for w < wp and positive for w > wp. The behavior of this dielectric
function in terms of the frequency ratio w/wP is plotted in Fig. 1.9. The frequency
dependence has important consequences for the propagation of an electromagnetic
wave through the plasma. In particular, at low frequencies when E(W) is negative,
it follows from Maxwell’s equations that no radiation can propagate (the radiation
field falls exponentially inside the solid). On the other hand, when ~ ( w is
) positive
E(W)
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Fig. 1.9. Behavior of the dielectric function for an electron gas, as defined by Eq. (1.24) with
coo = 1, as a function of w / w p .

for w > wp the electromagnetic radiation can propagate, and the medium should
become transparent.
The above situation will be discussed more thoroughly in later chapters on
polaritons. However, we may briefly comment here that the transverse electromagnetic mode in the plasma is defined by k2 = t ( w ) w 2 / c 2 . Using Eq. (1.24) in
the case of t, = 1, the expression can easily be rearranged as

w2 = w 2p + c2 k 2,

(1.25)

where c is the velocity of light in vacuum. This is the dispersion relation for a mixed
mode, which is just the so-called plasmon-polariton formed by coupling the transverse electromagnetic radiation to the plasma. Also, from basic electromagnetism,
the zeros of the dielectric function determine the frequencies of the longitudinal
electromagnetic modes. In the case of Eq. (1.24), this yields simply w = wp. It is
just the longitudinal oscillation mode of an electron gas at the plasma frequency
(see Fig. l . l O ) , which also represents the cut-off frequency of the transverse mode
discussed before.
1.6

Exciton: Bound Electron-Hole Pair

The optical characterization of semiconductors provides us with one of the richest
sources of information about their electronic properties. In many semiconductors,
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Fig. 1.10. Longitudinal plasma oscillation. The arrows indicate the direction of displacement of
the electrons.

photons (light quanta) can interact with the lattice vibrations (phonons) and with
the electrons localized on defects. This makes optical techniques useful for studying
these excitations and forms the basis of many technological applications such as
lasers, light emitting diodes, and photodetectors [19-211.
A widely used approach to view these optical absorption processes is one in
which an incident radiation field (a photon) excites an electron-hole pair inside
the semiconductor. The attraction between the electron and the hole causes their
motion to be correlated, and the resulting bound electron-hole pair is known as
an exciton. It may move through the crystal transporting excitation energy but
not charge. As a consequence, it does not contribute directly to the electrical
conductivity. Typically, excitons have been studied in two limiting cases. For
strong electron-hole attraction, as found in ionic crystals, the electron and the
hole are tightly bound to each other. This excitation is known as a Frenkel exciton
[22,23]. On the other hand, it is the case for most semiconductors that the Coulomb
interaction is strongly screened by the valence electrons via the large dielectric
constant. As a result, the electron-hole pair is then only weakly bound, giving rise
to a Wannier-Mott exciton [24,25].
The F'renkel exciton differs from a single electronic excitation in that it is
neutral and 2arries no current: it does, however, carry energy. It has an associated
wavevector k that lies within the first Brillouin zone. Evidence of its existence in
yolecular crystals was obtained by observing the separation between the different
k = 0 Frenkel excitons arising from a single parent, the so-called Davydov splitting
[26,27]. The fact that it is a mobile entity, capable of moving from point to point
in the crystal, was demonstrated rather directly by Simpson in 1956 [as]. Indeed,
it can move through a crystal with much higher mobility than is the case for
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Fig. 1.11. Schematic representation of a tightly bound electron-hole pair forming a Frenkel
exciton.

vacancies, interstitials, or substitutional impurities. For most purposes it can be
visualized as being at any instant located on or near a single atom, in the sense
that the hole is usually on the same atom as the electron. It is considered to be a
more complex manifestation of the electronic band structure than a crystal defect.
Thus, a F'renkel exciton is essentially an excited state of a single atom, with the
excitation hopping from one atom to another by virtue of the coupling between
neighbors: it is depicted in Fig. 1.11. In a simple theoretical model (see e.g. Ref.
[l]),the Frenkel exciton can be considered as a system of N identical atoms (or
molecules) in a crystal, in which one atom is raised to an excited state of energy
E and has the ability to hop to neighboring atoms. The problem is somewhat
analogous to that of N coupled harmonic oscillators and has, as a solution, a
Bloch-type wave function of the same form as in Eq. (1.10).
Because an exciton is a two-particle system, the general problem of calculating
its energy levels and wave functions is intrinsically more complicated than the
corresponding one-electron problem. However, when the electron-hole pair is not
tightly bound, and the particles are separated by many interatomic spacings (as
in the case of the Wannier-Mott exciton), its properties can be calculated using
an effective mass approximation [29-311.
Within this approximation, the electron and the hole are considered as two
moving particles, having the effective masses of the conduction band (m,) and the
valence band ( m u )but
, separated by many lattice distances. Since the difference
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Fig. 1.12. Schematic representation of a weakly bound electron-hole pair separated by many
lattice distances forming a Wannier-Mott exciton.

between these effective masses is not as large as that between the electron and the
proton, the Wannier-Mott exciton is more analogous to positronium, an electronpositron pair. A pictorial representation of the Wannier-Mott exciton is given in
Fig. 1.12. The attractive Coulomb force is reduced by the dielectric constant E
of the intervening medium. Clearly, this is just the hydrogen-like atom problem,
with the reduced mass of the hydrogen atom being replaced by the electron-hole
reduced effective mass m*,where (m*)-' = m;l+m;', and the dielectric constant
of the medium taken into account. Thus, the energy of the exciton will be described
by an infinite series of discrete hydrogenic bound states plus the kinetic energy
due to the motion of its center of mass, i.e.
+
e4m*
E,(k) = -~
2fi2&2*2

fi2k2
+2M

(1.26)

where n = 1 , 2 , ... is a label for the different states, M = m,+m, is the exciton mass,
and fi6 is the momentum of the center of mass. The lowest exciton energy En=l
is lower than the energy E, - E, = Eg of the non-interacting electron and hole.
Pursuing this analogy with the hydrogen atom, the Bohr radius of the exciton is
given by

aez = Efi2/m*e2= E(m/m*)ag,
where

a0 = fi/me2= 5.29

x

m denotes the Bohr radius of hydrogen.

(1.27)
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The binding energy of the ground state ( n= 1) of the exciton, relative to
the free electron-hole pair energy at the band edge, is often called the esciton
Rydberg:

e4m*
e2
EI(0) = -- -2h2$
2€U,,

= -€2(m*/m)Eo,

(1.28)

where Eo is the ionization energy of hydrogen (13.54 eV). Eq. (1.28) provides
a convenient way of estimating the exciton Bohr radius from its ground state
energy.
The above model of excitons is useful for understanding qualitatively their
effect on the optical spectra. However, as expected, it is not accurate enough for
the quantitative interpretation of experimental results, where a more complex view
of the electrons in the conduction band as well as the holes in the valence band
should be taken into account.

1.7 Magnon: Quantum of the Spin Wave
Nature presents us with various materials having different types of magnetic ordering, as a consequence of their lattice structures and the interactions between
magnetic moments (spins) of the atoms. Among these, ferromagnetic materials
are a specially simple case since all spins are preferentially ordered parallel to
one another (in the low-temperature limit) and there is spontaneous magnetization present even in the absence of an external magnetic field [32]. When one or
more spins are reversed (at T # 0), the system will be in an excited state and a
low-lying elementary excitation, the s p i n wave, will move in a wave-like manner
through the system of spins (see Fig. 1.13). A m a g n o n is the quantized unit of
the spin wave energy, defined by analogy with the phonon as a quantized lattice
vibration.
Spin waves were postulated in 1930 by Felix Bloch [33]. Since that time, they
have been extensively studied theoretically and experimentally (for reviews see
Refs. [34-361). The interest in studying these excitations is due to several factors.
First, as with other excitations, spin waves play an important role in determining
the thermodynamic properties of a material [37]. Second, they are affected by
external factors, such as the radiation field, being probed by several experimental
techniques, like microwave excitation [38,39], spectroscopic measurements, light
scattering [40-421, among others. More recently, the non-linear properties of spin
waves have gained much attention [43,44].
As a simple example, we now give a derivation of the magnon dispersion relation
for a bulk ferromagnet by using a spin Hamiltonian of the Heisenberg type [45,46],
namely
(1.29)
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Fig. 1.13. (a) Classical picture of the ground state of a simple ferromagnet, showing all spin
vectors aligned; (b) a possible excitation state, with just one spin reversed; (c) the low-lying
elementary excitations, called spin wawes, with the ends of vectors precessing conically; (d) the
wave-like propagation of the spins as viewed from above.

where the sums are over all magnetic sites i and nearest neighbors j . Here, Jij
is the exchange coupling term between neighboring spins at sites i and j , g is the
usual Land6 factor, pB is the Bohr magneton, and Ho is a static external magnetic
field pointing in the z-direction. From elementary quantum mechanics (e.g. Refs.
[47,48]) the equation of motion for the ladder spin operators SF = Sff is: has
the form (we adopt units in which fi = 1)

i dS:/dt

=

[$,HI.

(1.30)

Using Eq. (1.29) this gives

at each site i. As there is no coupling term between S,' and St:, due to the absence
of any anisotropic coupling terms in the magnetic Heisenberg Hamiltonian, we can
work arbitrarily here with either one of these operators.
The product of spin operators in Eq. (1.31) may be simplified by means of the
random-phase appro"cimation (RPA) [49,50]. This consists of replacing the spin
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operator S” in Eq. (1.31) by its thermal average (S”) (which by symmetry is the
same at all sites). Also, restricting our calculation t o the low-temperature regime
T << T, (where T, is the Curie temperature), we can consider all the spins fully
ordered, i.e. (S,) = S. Then the dispersion equation for a bulk spin wave can be
found, within this linearization approximation, by solving

+S

i dS?/dt = gpBHoS:

- ST).

c Jij(S:
j

(1.32)

We therefore define wavevector Fourier transforms by

C ~(i)
exp[ik.
+

J~~
=N - ~

(Ti

T;)],

(1.33)

rc‘

where N is the number of magnetic sites, and we seek norm-a1 mode solutions
with a time dependence like exp(iwt). This leads t o w = w g ( k ) , where the bulk
(ferromagnetic) magnon frequency is
W B ( ~=
)

gpBHo

+ S[J(O)- J(i)].

(1.34)

For example, in the case of a simple cubic lattice with lattice parameter a and
exchange coupling J, one has explicitly
+

J(k)
yielding

+ cos k y a + cos k,a),

= 2J(cos k,a

+

w B ( k )= g p B H 0

+ 2SJ(3

- COSkzU

- COSk,U - COSk,U).

(1.35)
(1.36)

This dispersion relation depends on the direction of the wavevector i.
y e give
below some specific values of the frequency for some particular values of k :
w B ( c ) = gPBH0

for Za = (0, 0,O) (Brillouin zone center),

w ~ ( i=) gpBH0 + 4 J S

for k a = ( T , O , O ) ,

WB(;)

for ka

= gpBHo

w B ( i ) = gpBH0

+

+8JS
+1

4

2

= ( T ,T , O ) ,

+

~ for ~k a = ( r , n - , T ) .

(1.37)

The spectrum for three different directions of F;‘ is depicted in Fig. 1.14. Notice
that a t long wavelengths ka << 1, the above dispersion relation gives
U B ( ~=
) g

+

+

p ~ H 0 2JSa2k2 O(k4).

(1.38)

Therefore, for the magnon case in zero applied magnetic field, the frequency is
proportional to k 2 when k + 0. By contrast, the frequency of an acoustic phonon
is proportional to k .
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Fig. 1.14. Dispersion relation for bulk spin waves of a Heisenberg ferromagnet with nearestneighbor interactions plotted as a characteristic fre_quency R = ( W B - g p B H o ) / J S against
the dimensionless component k,a of the wavevector k for three different directions: A, [IOO];
B, [IlO];
[Ill].

c,

On the experimental side, the technique of inelastic neutron scattering has
provided a very effective and direct method to determine the spin-wave energies
as a function of wavevectors across the entire Brillouin zone (see e.g. Ref. [51]),
just as in the phonon case. In an inelastic scattering process, a neutron may create
or destroy a magnon. Diffraction of neutrons by a magnetic crystal also allows the
determination of the distribution, direction, and order of the m_agnetic moments.
If the incident neutron has wavevector
and is scattered to kIn with the creation of a magnon of wavevector i,
then by conservation of crystal momentum (see
Fig. 1.15)

zn

(1.39)
where

0 is a reciprocal lattice vector. Also, by conservation of energy
h2k:/2Mn

+ hwk,

= h2kf/2Mn

(1.40)

where Mn denotes the mass of a neutron and hwk is the energy of the magnon
created in the process.
In solids with a more complex magnetic order and more complicated coupling
terms (such as magnetic dipole-dipole interactions), the spin-wave spectrum is
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t
Fig. 1.15. Kinematics of the inelastic scattering of a neutron with creation of a magnon.

more complicated and may consist of many branches [52]. Apart from ferromagnets, two other important types of ordered magnetic materials are antiferromagnets
and ferrimagnets. In both cases, the exchange interaction Jij between neighboring
spins is of the opposite sign from that for a ferromagnet, favoring an antiparallel
alignment of spins. Thus, there are two (or more) interpenetrating sublattices of
different spin types. In the case of an antiferromagnet, the two sublattices have
equal (but oppositely directed) magnetic moments, and so there is no overall net
magnetization in the material. In ferrimagnets the spins are such that the magnetic
moments of the sublattices are unequal and so do not cancel. We shall mention
these types of magnetic structures (and others) in later chapters.
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Chapter 2

Periodic and Quasiperiodic Structures
The remarkable electronic and structural properties occurring in materials science
and device physics illustrate how new and exciting physics can arise unexpectedly
due to the role of surface and interface states. Whenever new materials become
available, whether they are purer than previously available or belong to a new
family, or even have an artificial structure, their surface and interfaces lead to the
development of new theoretical models and often to new device applications. For
example, many years before the pioneering work of Born and von Karman [1,2] on
the dynamical properties of infinitely extended crystals in the early 19OOs, Lord
Rayleigh [3] had shown, on the basis of the theory of elasticity, that a semi-infinite,
elastically isotropic medium bounded by a single, stress-free plane surface could
sustain surface vibrational modes of an acoustic character, the so-called Rayleigh
waves. Much later, it was discovered that in addition to these waves, surface
modes of an optical character can exist in a crystal with more than one atom in
its primitive cell.
One reason why studies of surface and interfaces became more feasible in recent
times was the rapid development of highly sophisticated growth techniques. Their
industrial applications have, in turn, led to an increased development of these
techniques. For example, Ge and Si single semiconductor crystals are amongst the
purest elemental materials available today, as a result of years of perfecting their
growth techniques [4].
Nowadays, developments in crystal-growth techniques have made materials
science even more versatile. Advances in the fabrication of multilayer materials
make it possible to reveal novel features of such structures. The techniques include modern layer-growth methods, such as molecular-beam epitaxy (MBE) and
metal-organic chemical vapor deposition (MOCVD), among others [5-7], as well
as characterization tools such as X-ray scattering, low-energy electron diffraction
(LEED), neutron diffraction, etc. They have made possible the fabrication of
layered materials with sharp, high-quality interfaces, and with dimensions comparable to the electron mean free path and the de Broglie wavelength. They allow
also for an intriguing new class of artificial periodic (or superlattice) and quaszperiodic layered materials, in that their macroscopic properties are readily subject to
design or control by varying the thickness or composition of the constituent films.
In fact, some of these properties may be unique to the multilayer structure and
provide the potential for device applications [8].
25
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2.1

Periodic Structures

Tunneling of a particle through a potential barrier is one of the most studied
phenomena in the quantum theory of matter, playing an important role in many
semiconductor devices. In particular, the tunnel diode or Esaki diode discovered
by Esaki [9]in 1958 involves tunneling through a forward-biased heavily doped
(degenerate) junction in germanium. One important characteristic of the Esaki
diode was that it exhibited negative differential resistance (NDR),making possible its application as a high-frequency oscillator [lo].In solid-state physics NDR
can be employed to design an AC amplifier which, when coupled with a properly designed positive feedback circuit, can be made into an oscillator. Thus, an
important application of materials exhibiting NDR is in the construction of highfrequency oscillators (typically for the microwave range of frequencies). This effect
is observed in some semiconductors when the conduction band structure has special properties. An example is GaAs, where the conduction band minimum occurs
at the Brillouin zone center and there are also conduction band minima at other
points of the Brillouin zone, separated from the band edge by about 0.3 eV.
As a way of achieving this condition in any semiconductor, Esaki and Tsu [ll]
proposed in 1970 the fabrication of an artificial periodic structure consisting of
alternate layers of two dissimilar semiconductors, with layer thickness of the order
of nanometers. They called this synthetic structure a superlattice (SL), and they
suggested that the artificial periodicity would “fold the original Brillouin zones
of the constituent bulk materials into smaller Brillouin zones or “mini-zones”,
for the symmetry reasons already discussed in Section 1.3 of Chapter 1. The
artificial periodicity length could be made less than the electron mean free path
and the de Broglie wavelength. They envisioned two types of synthesized SLs:
doping and compositional, according to whether the SL potential was introduced
by means of a periodic variation of impurities or composition, respectively, during
epitaxial growth. In 1973,Tsu and Esaki [12]suggested that NDR can also be
achieved in an SL, but it was only several years later that NDR was observed in
a GaAs/Gal-,Al,As SL [13].By then, SLs had already opened up a new area of
interdisciplinary investigations in the field of materials science and device physics,
becoming a lively research area with a broad range of applications.
With the development of more sophisticated growth techniques, it is now possible to fabricate not only the SL structures envisioned by Esaki and Tsu, but
also many other kinds of semiconductor structures often with layer thicknesses in
the nanometer scale (and therefore referred to generally as nanostructures). One
reason why interest in nanostructures has intensified recently is that their electronic, optical, vibrational, and magnetic properties are all profoundly modified
as a result of their reduced dimensionality, their length scales, and their artificial
symmetries.
An SL is a kind of planar or 2D nanostructure in the sense that it still has
translational symmetry in directions parallel to the plane interfaces. Other examples of 2D nanostructures are the so-called quantum well (QW) and multiple
quantum well (MQW) structures formed from two semiconductor materials. A
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QW is a double heterojunction system [14] in which a thin layer of one material (e.g. GaAs) is sandwiched between two thick layers of another material (e.g.
Gal-,Al,As for a suitable A1 concentration z 0.3). In this case, the interfaces
are abrupt and epitaxial (i.e. the materials are lattice matched), so the electron
states are those of a square-well potential corresponding to the thickness of the
GaAs layer (which represents the region of lower potential). The MQWs are similar in construction to the SLs proposed by Esaki and Tsu, in that they consist of a
large number of heterojunctions between alternating layers of two materials (e.g.
GaAs and Gal-,Al,As).
However, the quantum well separations (the thickness
of the Gal-,Al,As barriers in this example) are large enough to inhibit electrons
from tunneling from one well to another [14]. By contrast, in the SLs of Esaki and
Tsu, the electrons tunnel through the barriers, so that they see the alternating
layers as a periodic potential in addition to the crystal potential.
Nowadays, the term SL tends to be used rather widely to apply to any
multilayer structure that is formed from two or more materials such that
there is a periodicity (and hence a translation symmetry for the structure) in
the growth direction perpendicular to the planar interfaces. Examples are repeats of a basic “unit cell” AB to form the two-component SL corresponding to
. . . ABABABAB...,or repeats of ABC to form a three-component SL corresponding to . . . ABCABCABC. . . (where A, B , and C represent layers of different materials). There is still a 2D symmetry parallel to the planar interfaces that
is consistent with the lattice structure of the constituent materials.
Other structures with even lower dimensionality have also recently been fabricated and successfully studied (see e.g. Ref. [15]). These include the 1 D nanostructures referred to as quantum wires and the nanometer-sized crystallites known as
quantum dots (effectively zero-dimensional nanostructures), as well as thin films
with a variety of nanoscale patterning applied to a surface (e.g. by etching or
ion-beam techniques).
Fig. 2.1 shows a schematic illustration of an infinite binary SL consisting of an
. . . structure. Here medium A, representing the well
alternating . . . ABABABAB
(GaAs, for instance), has thickness a , while medium B , representing the barrier
(Gal-,A1,As for example), has thickness b. Each unit cell is labelled by an index
n ( n= any integer) and has length L = a b. There will be a new “mini” Brillouin
zone associated with this length (see Section 1.3) with a wavevector component
corresponding to - r / L 5 k 5 T / L .
The energy-band diagram of the above semiconductor structure is depicted in
Fig. 2.2. Since the band gap of the well A ( E g ~
is )smaller in this case than
that of the barrier B (E,B),the conduction and valence band edges of A and B
do not align with each other. The difference between their band edges is known
as the band offset, producing the potential responsible for confining the carriers
(electron and/or holes) in one layer only. Thus the control and understanding of
this band offset is crucial in the fabrication of quantum confinement devices. While
our current understanding of what determines the band offset of two dissimilar
semiconductors is still incomplete, great progress has nevertheless been made in
the fabrication techniques to control the shape of the band discontinuity [16].
N
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Fig. 2.1. Geometry of a two-component SL of infinite extent, composed of layers of media A and
B. The unit cells of the structure are labelled by an integer 7 ~ .

Fig. 2.2. Schematic energy-band diagram showing the regions of confinement of electrons or
holes (dashed lines) in a periodic binary SL formed by two semiconductors A and B with band
gaps E S and
~ E S ~respectively.
,
Also shown are the conduction ( A E , ) and valence ( A E , ) band
offset.
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Fig. 2.3. Schematic illustration of a nipi semiconductor SL of period L. The unit cells of the SL
are again indexed by an integer n.

One may also find more complex SL structures involving differently doped
semiconductors. An example is when one layer is an n-type semiconductor while
another layer is a ptype semiconductor, and there is an intrinsic layer (denoted by
the letter i) at the junctions between them, thereby forming the so-called doping
SL or nzpi SL [17]. This layer structure is shown in Fig. 2.3, where materials A and
C are n-doped and pdoped semiconductors with thicknesses a and c, respectively,
while materials B and D are intrinsic semiconductors (or insulators) whose thicknesses are b and d, respectively. The unit cells now have length L = a b c d
and are designated by an index n as before.
For historical reasons, we have introduced the concept of SLs in terms of the
electronic properties of semiconductor materials. However, periodic SLs and their
excitations have nowadays been studied for a wide range of different non-magnetic
as we shall discuss in subsequent
and magnetic materials (see e.g. Ref. [MI),
chapters.

+ + +
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Quasiperiodic Structures

The subject of quasicrystals first achieved prominence in 1984, following the report by Schechtman and collaborators [19] of metallic A1-Mn alloys showing very
surprising and interesting electron diffraction data. They mixed A1 and Mn in a
roughly six-to-one proportion and heated the mixture until it melted. The mixture was then rapidly cooled back to the solid state by dropping the liquid on to a
cold spinning wheel, a process known as melt spinning. When the solidified alloy
was examined, using an electron microscope, a novel structure was revealed. It
exhibited five-fold symmetry, which is forbidden in ideal crystals, and a long-range
order, which is lacking in amorphous solids. Its order, therefore, was neither truly
amorphous nor crystalline. Subsequent measurements, using X-ray scattering at
much higher resolution, led to electron diffraction patterns showing not only fivefold but also icosahedral symmetries, forbidden by the rules of crystallography (for
reviews see Refs. [20-24]). Theoretical studies developed by Levine and Steinhardt
[25] explained these types of symmetry through the aperiodic 2D and 3D Penrose
tilings [26] in their diffraction patterns. Tiling is the geometrical operation that results in filling a space with an arrangement of regular polyhedra. Their predictions
were, indeed, qualitatively similar to the observations by Schechtman et al. [19].
In addition to further experimental studies, the subsequent challenge has been the
development of theoretical models to characterize these artificial structures.
Although the term quasicrystal is more appropriate when applied to natural
compounds or artificial alloys, in 1D there is no difference between this and the
quaszperiodic structures formed by the incommensurate arrangement of periodic
unit cells. The particular mathematical sequences (Fibonacci, Thue-Morse, etc.)
that define the quasiperiodic structures will be discussed in the following section
of this chapter. An appealing motivation for studying such structures is that they
exhibit a highly fragmented energy spectrum displaying a self-similar pattern.
Indeed, from a strictly mathematical perspective, it has been proven that their
spectra are Cantor sets in the thermodynamic limit [27].
A fascinating feature of these quasiperiodic structures is that they exhibit collective properties not shared by their constituent parts and distinct also compared
with the periodic SLs. Furthermore, the long-range correlations induced by the
construction of these systems are expected to be reflected to some degree in their
various spectra (as in light propagation, electronic transmission, density of states,
polaritons, etc.), defining a novel description of disorder [28,29]. Indeed, theoretical transfer matrix treatments (see later) can be used to show that these spectra
are fractals [30].
The presence and nature of long-range correlations in such systems preclude USing canonical approaches like perturbation theory, where one first separates a small
localized piece of the system, treating the rest as a perturbation a posteriori. This
approach typically does not work for the cases under consideration here, because
the behavior of the overall macroscopic system is quite distinct from the behavior
of its separate small pieces, due to the long-range correlations. Fortunately, the
presence of long-range correlations itself provides the key to circumventing this
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difficulty, namely that these systems are normally robust to wide modifications on
a microscopic scale. An important consequence of this robustness, where many
systems that are distinct within a microscopic scale may exhibit the same critical
behavior, is that one can classify the various systems in a few universality classes
(for details see Ref. [31]). For an analogy, we may consider the topic of continuous
phase transitions: the critical behavior is known to depend only upon global properties, namely the geometric dimension of the system and the symmetries of its
order parameter. Yet it is insensitive to the details of the microscopic interactions
between the atoms or molecules [32]. A striking example is the use of the Ising
model of interacting spins to describe water: the Ising classical spins oriented up
(or down) are taken to indicate the presence (or absence) of a molecule at sites on
a lattice, while the complicated interactions between these molecules are replaced
by a nearest-neighbor effective exchange coupling. In spite of its simplicity, this
model reproduces quite well many aspects of the behavior of water near its critical
temperature [33,34].
The pioneering experimental works of Merlin and collaborators on non-periodic
Fibonacci [35-371 and Thue-Morse [38] GaAs-A1As SLs have generated a large
amount of research activity in the field of quasicrystals. Basically, these systems
involve defining two distinct building blocks, each of them containing the required
physical information, and then having them ordered in a desired manner. For
instance, they can be described in terms of a series of generations that obey a
particular recursion relation. Thus, they can be regarded as intermediate systems
between periodic crystals and random amorphous solids [39], and this is one of the
features that makes them of particular interest to study.
On the theoretical side, the spectra of many types of elementary excitations
in quasiperiodic structures have been extensively studied by numerous groups. In
all cases the spectra were found to be Cantor-like with critical eigenfunctions. For
electronic systems, exact eigenfunctions were found only at the special null energy
value. However, there are infinitely many eigenvalues in the energy spectrum,
although they are rare for the electron chaotic orbits [40,41]. An important issue
is to understand the wave functions corresponding to these chaotic orbits. We
note that it does not necessarily follow that the wave functions themselves are
chaotic, because the orbits represent only selected points on the lattice [42]. In
addition, there may be a discrete set of extended states. Similar types of behavior
can be found for the phonon problem, and indeed a one-to-one correspondence
may be established between certain phonon and electronic spectra (for a review
see Ref. [43]). A quite complex fractal energy spectrum, which can be considered
as a basic signature, is a common feature of these systems. Several different
mathematical techniques, including renormalization group theory [44],the transfer
matrix method [45], and chaotic Hamiltonian systems [46], to mention just a few,
have been successfully applied, leading to remarkable results. For example, for
the spectrum in the Thue-Morse case, it is known that the structure factor is
composed of a sequence of delta-function peaks [38]. However, there are some
conflicting issues. Some authors [47] argue that the results in the case of the
electronic properties of the Thue-Morse sequence should depend on the kind of
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model, whereas others [48] have shown that the trace map of the transfer matrix
does not depend on the particular model employed.
Another important motivation for studying these structures comes from recognizing that the localization of electronic states, one of the most active fields in
condensed-matter physics, could occur not only in disordered systems but also in
deterministic quasiperiodic systems [49,50]. Localization due to electronic properties was studied for a tight-binding Schrodinger equation in 1D by several groups
[51-531. On the other hand, calculations of plasmon-polariton spectra were also
reported by Albuquerque and Cottam [54-561. These latter excitations could provide an excellent way to probe experimentally these localized states, because the
localization is essentially due to the wave nature of the electronic states and thus
could be found in any wave phenomenon. Recently, there have been several experiments on the localization of photons [57-601, as well as phonons [61], in random
media. Furthermore, there are distinct advantages to studying localization using
a classical wave equation instead of via the quantum mechanical electronic problem. Indeed, the latter usually deals with other types of interactions, such as the
spin-orbit coupling, electron-phonon coupling, and electron-electron interactions,
among others, which make the problem more complex and even intractable.
In disordered dielectric materials, experimental proof of the complete localization of light waves (as indicated by a vanishing diffusion coefficient) is difficult.
Recently, an unusually small optical diffusion coefficient, consistent with an onset
of localization, has been realized in transmission and scattering experiments with
microwave signals in random mixtures of A1 and Teflon spheres [62], where
theoretically predicted scaling properties of the transmission with sample thickness
were verified.
2.3

Examples of Quasiperiodic Structures

The quasiperiodic structures considered in this book are of the type generally
known as substitutional sequences. The sequences generated by substitutions have
been studied in several areas of mathematics [63-651, computer science [66,67],and
cryptography [68]. The more recent applications in physics have been outlined in
the last section. The sequences are characterized by the nature of their Fourier
spectrum, which can be dense pure point (as for Fibonacci sequences) or singular
continuous (as for Thue-Morse and Double-period sequences) [69].
We start with some general mathematical considerations and terminology.
First, we give the definition of a substitutional sequence of the type used here.
Consider a finite set (here E = { A B
, } ,for example, with A and B being two different building blocks) called an alphabet, and denote by <* the set of all “words”
of finite length (such as AABAB)that can be written in this alphabet. Now let us
define as a map from to <* by specifying that C acts on a word by substituting
each letter (e.g. A ) of this word by its corresponding image, denoted by <(A).
A sequence is then called a substitutional sequence if it is a fixed point of C, i.e.
if it remains invariant when each letter in the sequence is replaced by its image
under C.

<

<

<
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These substitutional sequences are described in terms of a series of generations that obey particular inflation rules. Let a ] , a2,..., a, be g basic units, and
define this pattern as stage n of the sequence. Then the next stage n
1 of
the sequence is obtained inductively from stage n by the inflation rule a’ -+ Ma’,
where a’ represents the column vector (al, a2, ...,
with t denoting the transpose. Also M = (mij)is a g x g matrix with non-negative integer matrix elements.
and its successive applications fully determine the sequence. At
The matrix
each stage, ai is replaced by rnilal, followed by rni2a2 ,..., etc., for i = 1 , 2...,g. For
example, for the case of the Fibonacci lattice to be discussed shortly, we would
have g = 2 and it turns out that we would operate with the 2 x 2 substitution
matrix M ,

+

.=(:;),

on the vector ( u 1 , ~ 2at) ~each stage. This gives, in terms of the building blocks
A and B , the substitution rules A + AB, B + A which will then generate the
whole sequence, provided we start with AB as the first compound “word’ of the
sequence. Similar procedures can be identified to generate other quasiperiodic
sequences.
We now proceed to give explicit definitions of the main substitutional sequences to be used here. Other examples will be mentioned later in the book, as
required.
2.3.1

Cantor

Probably the most well-known and simple deterministic fractal geometry is the
triadic Cantor sequence [70]. This set is obtained through the repetition of a
simple rule: divide any given segment into three equal parts, then eliminate the
central one (we may call this the inbound Cantor sequence), and continue this
process. For example, if we start algebraically with the closed set So = [0,3] of
all numbers from 0 to 3 and remove its open middle third, we are left with the
pair of closed intervals [0,1] and [a, 31 representing S1.The open middle thirds in
each of these intervals would be removed again to produce four smaller intervals
representing S2,and so on. After many stages, we would have a large number of
small intervals, separated by gaps of various sizes.
For applications to the building blocks of multilayered structures, it is more
appropriate to consider instead the so-called outbound Cantor sequence. This has
its nth stage defined in terms of the previous stage by the rule S, = S,-l B,S,-l,
with initial conditions taken as So= A and S1= AB1A. In this case B, for the
nth sequence stage differs from the basic B1 (= B ) for the first stage only by its
thickness ds, =3,-ldsl. We can also construct the same sequence rather more
straightforwardly by the substitutional transformations A + ABA,B + BBB.
The resulting Cantor generations are therefore

s o = A; 5’1 = ABA;

5’2 = ABABBBABA;etc.

(2.2)
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Fig. 2.4. Schematic illustration of the Cantor quasiperiodic structure

and are represented more clearly by the diagrammatic expansion scheme shown in
Fig. 2.4.
The fractal properties of the quasiperiodic structures will turn out to be of
relevance in later chapters for a description of the excitation spectrum. Roughly
speaking, fractals can be thought of as complex geometric shapes with fine structure at arbitrary small scales. It is obvious how this fine structure comes about
in the above example of the Cantor sequence because of the repeated division into
smaller intervals. Some general accounts of fractals and their properties are to be
found in several books, e.g. Refs. [70-721. The concept of a fractal dimension
is often useful in relation to the self-similarity property, i.e. again roughly, if we
magnify a tiny part of the fractal we will see features reminiscent of the whole. If,
from a &dimensional object (a “box”) of size 1, some number N conformal copies
of reduced size lr (with 0 < r < 1) are produced and the process is repeated a large
number of times, then the fractal dimension Do can be defined (see Ref. [73]) by
the relation N = exp(-rDo), or equivalently

Do = ln(N)/ln(I/r).
(2.3)
For the present example of the Cantor sequence, we have N = 2 and r = $, SO it
has a fractal dimension equal to a non-integer, namely In 2/ln 3 N 0.63. This is
less than its geometric dimension d = I.
2.3.2

Fibonacci

The Fibonacci sequence is the oldest example of an aperiodic chain of numbers.
It was developed by Leonard0 de Pisa (whose nickname was Fibonacci, which
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means son of Bonacci) in 1202 as a result of his investigation on the growth of a
population of rabbits. The successive Fibonacci numbers are generated by adding
together the two previous numbers in the sequence, after specifying suitable initial
conditions.
For our purposes, a Fibonacci structure can be realized experimentally by
juxtaposing the two basic building blocks A and B in such a way that the nth
stage of the process S, is given by the recursive rule S, = Sn-1Sn-2,
for n 2 2,
starting with SO= B and S1 = A. It has the property of being invariant under the
transformations A + AB and B + A.
The Fibonacci generations are (see Fig. 2.5a)

so = B ; S1 = A ;

S2 = AB; S,

= ABA;

S,

= ABAAB; etc.

(2.4)

In this case the number of building blocks increases in accordance with the Fibonacci number F, defined by the rule F, = F,-1 Fn-2 (with FO= F l = 1). Also
the ratio between the number of building blocks A and the number of building
blocks B in the sequence tends to the golden mean number T = (1 & ) / 2 Y 1.62
for large generation number n. This particular irrational number is related to
five-fold symmetries (e.g. it is twice the ratio of the distance between the centervertex and the center mid-edge in a pentagon). It is interesting to note that all the
Fibonacci numbers can be generated from the golden mean number through the
relation F, = [? - (-T)-,]/&.
This means that a sequence of rational numbers
(namely the integer-valued Fibonacci numbers) can be obtained from powers of
irrational numbers!
There are variations of the above sequence leading to generalized Fibonacci
structures that involve different relationships between the number of building
blocks A and the number of building blocks B (thus generalizing also the golden
mean number). In these cases, the nth stage of the structure S, is taken to be
generated by the sequence given recursively as

+

+

with, as before, SO= B and S1 = A . Here the indexes p and q are arbitrary positive
integer numbers and n 2 1. The above notation means that Sg represents p adjacent repetitions of the stack S,. This type of “inheritance” is normal in iterative
processes and frequently produces self-similar structures that are the basis of fractal configurations. When p = q = 1 (the simplest possible case), we have just the
well-known Fibonacci sequence discussed previously. Equivalently, the generalized
Fibonacci sequences can also be generated by the substitutional relation

B + A , A+ApBq,

(2.6)

where AP (or Bq) represents a string of p A-blocks (or q B-blocks). The total
number of blocks in S, is equal to the generalized Fibonacci number denoted by
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F,, and given now by the recurrence relation

F7l = pF,-1

+ qFn-2,

(2.7)

with initial values Fo = Fl = 1. It follows that the characteristic value a ( p , q ) ,
defined as being the ratio of F, to F,-1 in the limit of n +-co,must satisfy the
quadratic equation
2 - p (T - q = 0.
(2.8)
Solving for the positive root gives explicitly
( ~ ( p , q=) lim F,/F,-1
n+m

=

P+dG-G
2

This expression generalizes the previous golden-mean result and introduces
other types of means, depending on the values of p and q. For instance, for
p = q = 1, we have a ( 1 , l ) 3 ( T ~(ET N 1.62), the well-known golden mean. Similarly, 0 ( 2 , 1 ) f ( T ~( N 2.41) is the silver mean, a ( 3 , l ) = (Tb (= 3.30) is the bronze
mean, and ( ~ ( 1 ~=3 (T), ( N 2.30) is the nickel mean.
It is worth briefly mentioning here a mathematical aspect that has interesting
implications for the physical properties of a quasiperiodic system. We may note
that the expression for (T in Eq. (2.8) is formally equivalent to a result arising when
determining the eigenvalues of the substitution matrix f%l introduced earlier in this
section. This was exemplified by Grimm and Baake [74]in treating a quantum spin
chain with quasiperiodic pair interactions. Essentially they were able to classify
the different substitutional sequences based on the irrationality of a - ( p , q ) , which
denotes the negative root of Eq. (2.8). They found that if / c F ( p , q ) l< 1, it is
a so-called Pisot-Vijayraghavan (PV) irrational number, and the fluctuations of
the physical properties associated with the sequence are relatively well behaved
and stable. On the other hand, if la-(p, q)1 > 1, the fluctuations of the physical
properties are almost chaotic. For the examples of generalized Fibonacci cases
mentioned above, only the nickel-mean sequence is not a PV type and therefore
we expect a more chaotic behavior of its physical properties (as found in the specific
heat calculations discussed in Ref. [75]).

2.3.3

Thue-Morse

The Thue-Morse sequence first came about as the result of systematic studies of
aperiodic chains initiated by Thue [76] in 1906. His results seem to have been
rediscovered many times since then, but the most important contribution to applying and understanding this sequence was made in 1921 by Morse [77,78] in
the context of topological dynamics. Although there are several ways to define the
Thue-Morse sequence, it is easy to prove they are equivalent to each other. Hence,
taking its simplest form, the Thue-Morse sequence can be defined by the recursive
relationsSn=S,_1S,f_, and S,'=S,'_,Sn-1 ( f o r n > l ) , w i t h S o = A a n d S $ = B .
An alternative (and perhaps more straightforward) way to build up this sequence
is through the inflation rules A + AB and B + BA.
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Fig. 2.5. Schematic illustration of the other quasiperiodic structures considered: (a) Fibonacci;
(b) Thue-Morse; (c) Double period.

The Thue-Morse generations are (see Fig. 2.5b)

s o = A; Si = AB;

5'2 = ABBA;

Ss

= ABBABAAB;etc.

(2.10)

The number of building blocks in this quasiperiodic system increases with n as 2",
while the ratio of the number of building blocks A to the number of building blocks
B is a constant and equal to unity. In this respect, it is simpler than the Fibonacci
case. We notice that B blocks can occur adjacent to one another, whereas this is
not possible for the original ( p = q = 1) Fibonacci structure.
2.3.4

Double Period

The final example to be mentioned here, the Double-period sequence, is one of the
newest of the aperiodic chains to be investigated. It has its origin in the study of
system dynamics [79] and in the applications of lasers to nonlinear optical fibers
[go]. Its recursion relation is superficially somewhat similar to the Thue-Morse
case: the nth stage is given by S, = Sn-lS:-l and S$ = Sn-1Sn-lfor n 2 1, with
SO= A and S,f = B. It is also invariant under the transformations A + AB,
B -+ AA,which makes the distinction clearer.
The Double-period generations are (see Fig. 2 . 5 ~ )

s o = A;

S
1 = AB;

Sz = ABAA; Ss

= ABAAABAB;etc.

(2.11)
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The number of building blocks for this sequence increases with n in the same way
as in the Thue-Morse sequence, i.e. like 2n. However, it differs from the previous
case in that the ratio between the number of building blocks A to the number of
building blocks B is not constant: it tends t o 2 as the number of generations goes
to infinity. Also, the B blocks always occur singly, as in the Fibonacci case but
unlike the Thue-Morse case.
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Chapter 3

Bulk Polaritons
When the electromagnetic radiation propagating through a polarizable dielectric
or magnetic crystal excites some internal degrees of freedom of the crystal, it
gives rise to a hybrid (or “mixed”) mode called a polariton. Polaritons, thus,
are “quasi-particle” excitations in solids consisting of a photon (the quantum of
the electromagnetic field) coupled to an elementary excitation (plasmon, phonon,
exciton, magnon, etc.) which polarizes the crystal [l].Plasmon-polaritons were
briefly mentioned in Chapter 1in the discussion of plasmons (see Section 1.5). The
possibility of a coupled vibrational-electromagnetic (or phonon-photon) excitation
in solids, giving rise to a phonon-polariton, was first predicted by Huang [2,3] in
1951 for cubic ionic crystals of the NaCl type.
The theory of polaritons in bulk materials has been clearly and elegantly discussed by a number of authors (see e.g. Refs. [4-61). In the case of an electron
plasma, for instance, such an excitation will have both a photon and a plasmon content, because the total energy is distributed over the whole system due to the coupling. The resulting mode, the plasmon-polariton, may have either a very strong
photon or a very strong plasmon component, or may be strongly mixed, depending
on the wavevector. Similar considerations apply for the other types of polaritons.
Experimental evidence for the existence of polaritons was provided first by
Henry and Hopfield [7] in 1965 for the phonon-like polariton in cubic Gap. Further
important experimental investigations of phonon-polaritons in those early days
were made by Porto et al. [8] on hexagonal ZnO in 1966 and by Scott et al. [9] on
a-quartz in 1967.
The characteristics of these bulk (and also surface) electromagnetic modes in
dielectric and semiconductor crystals turn out to be closely related to the dielectric
properties of the media and, in particular, to the frequency dependence of the
relevant dielectric functions. We have already seen a particular example of this
in Section 1.5. It is therefore fundamental to have, first, a proper understanding
of the dielectric functions of solids, as presented below, before we introduce the
concept of polaritons by outlining their theory for the case of bulk modes in a
boundless (infinite) medium.
On the other hand, in magnetic crystals it is the magnetic susceptibility that
plays a fundamental role in the understanding of the so-called magnetic-polaritons.
The determination of the magnetic susceptibility tensor (or matrix) for ferromagnetic and antiferromagnetic crystals is presented in Section 3.4.
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3.1

The Frequency-Dependent Dielectric Function

The dielectric function is the response of a system to an external electric field,
and it plays an important role in the study of electromagnetically coupled modes,
such as the plasmon-, phonon-, and exciton-polaritons [10,11]. For a medium
with translational invariance, the position- and time-dependent dielectric function is defined in terms of the electric field
and the electric displacement
6 ( F , t ) by

I?(?,,)

+

D(F,t ) = € 0

J

€(F-

7,
t t/)I?(7,
t') d 3 7 dt'
-

By translational invariance we mean here that E is a function of the difference
r'and not of r' and separately. Eq. (3.1) can be written more conveniently
in terms of its Fourier transform to wavevector $ and frequency w as

7

6 ( i , w )= € O E ( i , W ) E ( i , W ) .
Thus, E is in general a function of both wavevector 2 and frequency
w. However,
+
the polariton regime corresponds to very small wavevector Ikl (or very long wavelength). Essentially, this is because the photon and the crystal excitation will have
comparable energies (as required for the formation of a coupled mode) only at very
small wavevector 1 i 1 , due to the large phase velocity of light. This is the regime
in which one describes the electromagnetic properties using Maxwell's equations
with retardation (typically
5 lo3 m-').
In this case, the dependence of the dielectric function E on the wavevector $
(referred to as spatial dependence) can usually be neglected, and so we replace
E ( ~ , W by
)
E ( O , W ) , from now on simply written as E ( w ) . A notable exception is
in the case of exciton-polaritons, where the spatial dependence appears due to
the center-of-mass term in the exciton energy (see Section 1.6), and this will be
discussed in Section 3.3.
Furthermore, in the case of anisotropic media where vectors 6 and 3 are not
necessarily in the same direction, we note that E ( W ) will be a tensor (or matrix)
quantity rather than a scalar. In particular, for a uniaxial material, it will have
the form
(3.3)

in terms of the principal axes. The functions €1(w)and €11 (w)describe, respectively,
the dielectric response to an electric field transverse and longitudinal to the uniaxis
(in this case 2 ) .
We now turn our attention to the determination of the dielectric function
for an ionic crystal (noting that the electron gas case was already discussed in
Section 1.5), using the harmonic approximation [12,13]. The quantum theory
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was developed independently by Fano and Hopfield and yields an identical result
[14,11.
We consider an infinite diatomic 1D lattice with alternating masses ml and
m2, as depicted in Fig. 1.7. As the crystal is ionic, the two sublattices are
+
now associated with opposite electric charges, and thus the polarization vector P
involves a term proportional to the relative displacement u', as well as the usual
one proportional to the electric field
i.e.

2,

+

P

+

= q(a.ii+ XE),

(3.4)

where x is the electronic susceptibility. Here l? means the macroscopic electric
field, obtained after averaging the local field 2lOc
over many unit cells, and a is a
constant of proportionality that depends on details of the lattice dynamics.
On the other hand, the equation of motion for the displacement u' is [12]

(-w2- iwl7)u' = -w$u'+

+

PEl,,,

(3.5)

where we have included a damping factor r and WT denotes the frequency of the
transverse optical (TO) phonons. It should be noted that the longitudinal optical
(LO) phonons do not couple to the light in the bulk of a crystal. As the relationship
between and Elocis linear [15],Eq. (3.5) takes the form

(3.6)
Eqs. (3.4) and (3.6) are easily solved for

P' to give
(3.7)

where ii is the unit vector in the direction of the displacement vector u'.
Next, using the electromagnetic constitutive equation
+

D

+

+ P = EOC(W)E,

= EOE

+

+

(3.8)

we find that the dielectric function is

(3.9)
where

E,

=

1

+ x,and

2
2
W L - W T = "Y/E,.

(3.10)

Here E , is the high-frequency dielectric constant (equal to $, with 77 being
the refractive index of the medium), and wL denotes the frequency of the LO
phonon. If damping is neglected, the dielectric function expressed by Eq. (3.9)
simplifies to

(3.11)
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Fig. 3.1. Behavior of the dielectric function for the ionic crystal, defined by Eq. (3.11) for the
zero damping case, as a function of the reduced frequency w / w T . Here we have considered em = 1
and w L / w T = 2.

The behavior of this dielectric function as a function of the reduced frequency
is shown in Fig. 3.1.
The zero-frequency value of E ( W ) is

W/WT

(3.12)
which is the Lyddane-Sachs-Teller (LST) relation [16]. Therefore, in the limit of
zero damping factor, the zeros of the dielectric function ~ ( wdefine
)
the LO phonon
frequency W L , while the poles of E ( W ) define the TO phonon frequency W T .
In a doped polar semiconductor, the quasi-free electron (or hole) gas and the
long-wavelength TO phonons are coupled forming a mixed mode, whose dielectric
function is given by (neglecting the damping term)

t(W)

=6,

[I

-

(5)+ (331

(3.13)

This has both a plasmon and phonon character, and it can be considered as a
generalization of both Eq. (1.24) and Eq. (3.11).
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Bulk Plasmon- and Phonon-Polaritons

The propagation of light in a crystal is governed by Maxwell's equations of
electromagnetism. In SI units these can be stated as [17]

v.6=0,

v x E = -aS/at,
vd=o,
v x I? = aL3pt.

(3.14)

For plane-wave solutions in a bulk (i.e. effectively infinite) medium, all electromagnetic fields are proportional t o exp(&. 7- iwt),and the Maxwell equation
V . 6= 0 yields the condition E ( w ) ~3. = 0. This implies that
E(W)

=O

+

+

or I C . E = 0.

(3.15)

The first of the above equations (t = 0), corresponding t o the zeros of the dielectric
function, gives simply the frequencies w = wp and w = W L for the case of an electron
gas and an ionic medium, respectively (in the absence of damping). These are
the longitudinal bulk modes; they turn out t o have no surface counterpart, and
therefore we do not consider them further.
On the other hand, the second equation ($.$=O)
is the transversality condition between the electric field .?? and the wavevector
Considering the s+econd
and fourth of Maxwell's equations and the constitutive relation B=,uoH in a
non-magnetic isotropic medium, we have

z.

v x (v x E ) + I*() a26/at2 = 0,

(3.16)

which becomes
C"[V(V

'

E ) - V22] + t ( W ) a22/at2 = 0.

(3.17)

Here we have considered the other constitutive equation 5 = QE(W)$ and defined
the velocity of the light in the vacuum as ~ ~ = ( , u O t o ) - ~ Then
.
for plane-wave
exp[i(z. 7- w t ) ] propagation of the electric field, the dispersion relation equation
for the transverse mode is easily found to be

k 2 = E(W)W2/C2.

(3.18)
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Fig. 3.2. Bulk plasmon-polariton dispersion curve (full line) plotted as w/wpversus ck/wp,
considering the positive ion background to have a dielectric constant too = 1. The dashed line
represents the light line w = ck in the vacuum.

For an electron gas, with the dielectric function given by Eq. (1.24), the above
result can be rearranged to give Eq. (1.25); its asymptotic and limiting forms are
(a) k is real for w 2 wp,with k

+ w/cas w + wp;

(b) k is purely imaginary for w < wp,and in this region the wave decays exponentially with a characteristic length equal to l / k ;
(c) llcl

+ W,/C

when w

+ 0.

Fig. 3.2 depicts a plot of this dispersion curve, which represents the propagation
of a transverse electromagnetic wave in a plasma (the so-called bulk plasmonpolariton). The spectrum has just one plasmon-polariton branch, for propagation
in the region w > wp.The shaded area w < wp corresponds to a forbidden frequency
gap. The light line (for an uncoupled photon) is here represented by the dashed
line w = ck.
For the phonon case, with the dielectric function now given by Eq. (3.11), the
asymptotic and limiting forms of Eq. (3.18), neglecting the damping term, are
(a) k Y E(O)~/’W/Cwhen w << WT;
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Fig. 3.3. Bulk phonon-polariton dispersion curve (full lines) plotted as w versus k. The dashed
line represents the asymptotic curve w = c k / ~ ( O ) ~while
/ ~ , the chain-dotted line represents the
asymptotic curve w = c k / t z 2 , respectively. The shaded area between WT and W L is a forbidden
frequency gap.

(b) k

-+

00

when w

-+ W T ;

(c) k is purely imaginary for WT < w < W L . This is the region where the surface
phonon-polariton mode propagates (see the next chapter);
(d) k -+ 0 when w -+ W L ;
(e) k

N

1/2
em
w / c when w

-+ 00

In Fig. 3.3 we show a plot of this dispersion relation curve, which represents the
propagation of a transverse electromagnetic wave coupled to a transverse optical
phonon mode in a polar crystal. The resulting mixed mode is called a bulk phononpolariton. As we can see, by contrast to the plasmon-polariton case, for every value
of the wavevector k there are two solutions for w ,giving rise to the two branches
depicted in Fig. 3.3. When the wavevector k approaches zero, one solution (known
as the lower brunch) approaches w2 = c 2 k 2 / e ( 0 )(the dashed line in Fig. 3.3), while
the other one (the upper brunch) approaches the value of the LO frequency W L .

CHAPTER 3. BULK POLARlTONS

48

Thus, the frequency of the transverse oscillations in the limit of zero wavevector (for
the upper branch) becomes degenerate with the longitudinal oscillation frequency.
On the other hand, when k + 00 the dispersion of the upper branch is given by
w 2 = c 2 k 2 / ~ , (the chain-dotted line in Fig. 3.3), while the lower branch approaches
the value of the TO frequency wT. Since the longitudinal oscillations cannot couple
to the transverse electromagnetic radiation field, they have no dispersion, a fact
that is represented by the horizontal straight line passing through W L .
The bulk polaritons described here were very actively studied experimentally,
particularly by Raman scattering, from about the mid-1960s. A good reference for
this work is the book edited by Burstein and de Martini [5]. Also on the experimental side, the generation of phonon-polariton wave packets in uniaxial LiTaOs
crystals with a typical carrier frequency in the THz regime allows direct measurement of the spatiotemporal amplitude and phase distributions. Under these
conditions, the phase anomaly (the so-called Gouy phase shift [IS]) may be visualized directly through spatiotemporal imaging as the cylindrical wave propagates
through its focus [19]. Furthermore, the dipolar Cherenkov radiation (radiation
emitted by charged particles travelling through matter at speeds larger than the
phase velocity of light in the medium), in the range of infrared-active phonons,
is identical to that of phonon-polaritons produced by impulsive laser excitation
[20,21].
3.3

Bulk Exciton-Polaritons

An exciton-polariton is a propagating mode in a dielectric or semiconductor crystal
in which the electromagnetic wave is coupled with the polarization wave of excitons
(the electron-hole pair discussed in Section 1.6). The polarization wave in the
present case is associated with the non-zero electric dipole moments of the excitons.
AS excitons travel in the crystal, they radiate electromagnetic waves which, in turn,
can excite excitons. In principle, there is no way to separate the exciton wave from
the electromagnetic wave. Thus, introducing an exciton-photon interaction does
not necessarily mean that energy will be lost by photons inside the crystal. In this
polariton picture, energy is converted from photons to excitons and vice versa in
an “exchange” process [22].
Exciton-polaritons were first predicted by Pekar [23] in 1957 by proposing that
the kinetic energy term tL2k2/2M in the dispersion equation (1.26) for the total
energy of an exciton (arising due to the motion of the exciton’s center of mass)
could play a decisive role in the optics of a crystalline condensed-matter system.
Such an effect implies an explicit wavevector dependence in the dielectric response
function, leading to the so-called spatial-dispersion effects in the optical region of
exciton resonance [24,25].
The “signature” of the spatial-dispersion effect, as pointed out by Hopfield
and Thomas [26], is the non-local relationship between the polarization
@(?,t) and an applied electric field I?(F,t), acting as a driving force. The
differential equation of motion, deduced by considering the simple model of
a single electric-dipole-active exciton resonance (often denoted as the “dielectric
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approximation”), is [26]

[(az/atz)+ w;

-

+ r(a/at)]F(F, t ) = sZ(?,t ) ,

DV~

(3.19)

where wo is the resonant frequency of the uncoupled exciton (the band-gap frequency minus the frequency corresponding to the binding energy), and D = fiwo/M
with M = m, m, being the total exciton mass (the sum of electron and hole
effective band masses). Also, is the damping coefficient and S=4.iraow; is the
exciton oscillator strength at w = 0 and k = 0, with a0 denoting the dipole matrix
element for optical excitation of the exciton [27]. It is helpful to emphasize that
Eq. (3.19) is a semi-macroscopic equation of motion. It is obtained as a long wavelength approximation to an exciton Schrodinger equation with dipole moment (or
polarization) defined via the exciton eigenfunction in a bounded medium [28].
Considering the macroscopic constitutive relation for the exciton polarization, i.e.
P(i,w) =&w)Z(i,w),
(3.20)

+

and taking into account harmonic plane-wave propagation in the excitonic medium,
Eqs. (3.19) and (3.20) lead to

x(i,
w) = s / ( ~
+ m2
;

-

w2 -

iwr).

(3.21)

The non-local exciton-polariton dielectric function is then given by
&w)

(3.22)

= 6, +x(i,w),

where E , is the background dielectric constant of the crystal. The excitonpolariton dielectric function thus differs from the corresponding phonon form by
the spatial-dispersion term D k 2 .
The above “dielectric approximation” to the susceptibility has the merit of
being a simple, analytical expression that contains some of the essential physics
of spatially dispersive media when the exciting laser frequency is close to an exciton resonance. It presumably applies best well inside the crystal, away from the
surface, where evanescent waves have decayed and surface-related phenomena are
unimportant.
Eq. (3.22) plus Maxwell’s equations constitute the complete set of equations
one needs to find the normal modes of the crystal in the resonance frequency
region. For the isotropic case there exist the two usual types of modes, whose
dispersion relations are given implicitly by
E ( ~ , w=
)
-+

E(k,W)

( c k / ~ )(transverse
~
modes),

=0

(3.23)

(longitudinal modes).

(3.24)

The first of these equations yields the following exciton-polariton dispersion relation for the transverse modes:

Dk4 - (0’ + Dt,w2/c2)k2

+

S ) = 0.

( W ~ / C ~ ) ( E, ~ ~

(3.25)
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Fig. 3.4. The exciton-polariton curve for CdS calculated with the damping term r=O. The
full curves represent the two transverse branches; the dotted curve represents the longitudinal
branch.

This gives rise to the two transverse branches in the exciton-polariton frequency
spectrum. The second equation (3.24) yields, for the sole longitudinal mode,

D k 2 = R2 - S/cm.

(3.26)

+

In the above expressions we have denoted R2 = w2 - wi i w r .
Fig. 3.4 shows the exciton-polariton dispersion curves for frequencies in the
vicinity of the uncoupled exciton resonance wo,neglecting the damping term. We
have plotted the reduced frequency w/wo against the wavevector k (in units of
lo6 cm-l). It differs from the corresponding phonon-polariton spectrum in one
vitally important way: because of the kinetic energy term h2k2/2M, the exciton
branches curve upwards, so that the familiar “forbidden band” between the LO
and TO phonons does not exist in the exciton case. This curvature leads to the
k-dependence in the dielectric function already discussed. Far below resonance
(w << W O )there is just one exciton-polariton branch, which is fundamentally photonlike (the first transverse mode). As the frequency increases, this branch takes on
more exciton character, as can be seen from Fig. 3.4, until at and above wo it is
strongly exciton-like. Two more polariton branches then arise in the region. One
of them (the other transverse mode) quickly takes on predominantly photon character, while the other (the longitudinal mode, shown dashed) is always primarily
exciton-like.
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The exciton-polariton spectrum shown in Fig. 3.4 is independent of any boundary conditions, being a strict consequence of Maxwell’s electromagnetic equations
and the constitutive relations in the medium. If we are only concerned with the
spectrum in a bulk dispersive medium, the boundary is irrelevant. However, in a
bounded dispersive medium the extra k-dependence in the exciton-polariton dielectric function leads t o a major problem related with the totality of boundary
conditions which are necessary t o describe the exciton-polariton theory. Indeed,
in the presence of spatial dispersion, an incident light wave with frequency close to
the uncoupled exciton frequency wo can excite more than two waves in the crystal
when it strikes the crystal surface. Therefore, in order to calculate the optical
spectra in this case, unlike in classical optics, additional boundary conditions (or
ABCs) are required beyond the usual Maxwell boundary conditions.
As an example to highlight this, we consider the simple problem of a normally incident plane wave from vacuum, propagating in the z-direction towards a
non-local crystal. The incident electric field is EOexp(ik0z) and the corresponding reflected wave is ERexp(-ikoz), with ko = w/c. Two transverse modes, with
wavevectors k ~ and
1
kT2 defined by Eq. (3.25),will be transmitted in the medium;
their electric fields are E T exp(ikT1z)
~
and E T exp(ikT2z).
~
From Maxwell’s equations, the corresponding magnetic fields are ( k o E o / w )exp(ikoz), - ( k o E ~ / w )
exp(-ikoz), ( k ~ l E T l / w exp(ikTlz),
)
and (kT2&2/w) exp(ikT2z), respectively.
Hence there are the following electric field amplitudes t o deal with: Eo (the incident field), ER (the reflected field), plus E T ~
and E T ~
(the transmitted fields).
As the amplitude of the incident field is externally controllable, it is necessary t o
find three ratios ( E R / E oE*l/EO,
,
and E T ~ / E o However,
).
the Maxwell boundary
conditions give only two equations, namely:
(a) continuity of the tangential component of the electric field, giving

(b) continuity of the normal component of the magnetic field, giving

(3.28)
Thus, the problem of determining the additional unknown ratio can only be solved
if there is one more boundary condition.
The simplest form of ABC was proposed by Pekar [23,29] by considering that
the macroscopic polarization vector vanishes at the boundary of the dispersive
medium, i.e.
P = O at z = O ,
(3.29)
4

where the z-axis is considered to be directed along the normal of the crystal surface (at z = 0). Although this is a natural and appealing procedure, this boundary condition is not a mathematical consequence of the assumed susceptibility.
On the other hand, Ginzburg [30] proposed a phenomenological approach, in
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which a spatially dispersive susceptibility was postulated for the+bounded medium
by writing E ( $ , w ) in a power series up to bilinear terms in k . Together with
Agranovich [31], he analyzed further his proposed ABC starting from essentially
the same constitutive relation for the exciton polarization, i.e.

(- W 2

+ p + yv + aV2)P‘= XE,

(3.30)

and they deduced that the general form of the ABC at the boundary should be

P‘+rE=o at

Z=O,

(3.31)

with the term r frequency independent.
At about this time, Hopfield and Thomas [26] realized that the form of ABC
depends essentially on the behavior of the potential U ( z )for the exciton near the
crystal boundary. To simplify the problem, they idealized the surface as being
exciton-free (in the so-called dead-layer model). In this model the potential U ( Z )
is replaced by an infinite potential barrier at a finite distance d above the crystal,
i.e. they assumed
0
for d < z < m ,
(3.32)
U ( z )=
03
for 0 < z < d.

c

The dead-layer region 0 < z < d is characterized by a frequency-independent dielectric constant, which is assumed to be the same as the background dielectric constant of the crystal (em). The usual Maxwell’s boundary conditions are
then applied at the boundary vacuum-dead-layer (at z = d ) , and Pekar’s ABC,
Eq. (3.29), is applied at the boundary crystal-dead-layer at z = 0. Physically, the
dead-layer thickness should be of the order of the exciton Bohr radius u ez . Attempts have been made to reveal the origin of the dead layer using a model of an
image force [32,33].
Further improvements were made afterwards. Among others, Agarwal et al.
[34,35] reformulated the problem of the electrodynamics of non-local media in
a differential equation approach extended to higher order through the non-local
(integral) constitutive relation. Maradudin and Mills [36] developed a similar differential equation formulation, while Birman and Sein [37] presented an integral
equation method in the framework of a polarization approach and the extinction
theorem applied to non-local media [38,39]. Other successful approaches to the
ABC problem were developed by Zeyher et al. [40] in the course of investigating
the non-translationally invariant susceptibility, and by Skettrup [41] using an interesting variational approach based on properties of the Lagrangian for matter in
a non-local medium.
To date, the ABCs proposed can be cast generally into the form

y F + pdP’/dz = 0

(3.33)
-,

at the interface. Some limiting cases are y = 1,,B = 0 (which leads to P = 0) and
+
y = 0, ,B = 1 (meaning d P / d z = 0).
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s-mode

Fig. 3.5. Geometry showing the incident light wave (from vacuum, for example), along with the
reflected and transmitted (in a spatial-dispersive medium) light waves: (a) s-polarization, (b)
ppolarization.

Calculations of the reflection and transmission spectra in the vicinity of an
excitonic resonance using this ABC and its limiting cases were made by Tilley
[42] and Albuquerque and Gonqalves da Silva [43]. Their results show a set of
exciton anomalies and provide information about the excitonic states. In Fig. 3.5
we show schematically the geometry of the propagation of the light waves, s- and
ppolarized, in a non-local crystal. We note that, for an incident s-polarized light
wave, two transverse modes with wavevectors given by Eq. (3.25) will propagate,
while in the ppolarization case an additional longitudinal mode, whose wavevector
is defined by Eq. (3.26), will be excited.
The most important experimental technique to investigate the optical properties of exciton-polaritons is that of resonance Brillouin scattering (RBS) proposed
by Brenig et al. [44] in 1972. Using this spectroscopic method, it is possible to
determine the basic exciton and photon parameters, such as the exciton's mass
M , the damping term r for exciton decay, the resonance energy hwg, and the oscillator strength S for the exciton-photon coupling. Besides, the technique gives
information about the dynamics of the exciton-phonon coupling which produces
the scattering interaction (for details see Refs. [45-471).
An additional advantage of RBS is that only low excitation intensities are
required. Thus, there is little danger of altering the optical properties of the crystal in some unforeseen manner as with an intense laser beam. However, only
dipole-active exciton-polariton branches may be populated. Thus, transitions involving states with weak or non-existent oscillator strengths are not observed.
Also, with RBS it is possible to probe the exciton-polariton dispersion curve at
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wavevectors that are a significant fraction of Brillouin zone values. RBS experiments are performed at low temperatures to sharpen the exciton resonance and
to reduce phonon-related broadband background emission. To observe intense
Brillouin peaks over a wide range, competing relaxation processes must be reduced to a minimum. Even small concentrations of impurities can produce strong
impurity emission peaks that can overlap exciton resonances. Generally, the best
available, pure, single crystals are investigated. RBS can sometimes be observed
in poorer quality samples near the exciton resonance, but usually only weakly.
To probe the exciton-polariton dispersion curve by this inelasJic process, y e
consider that the initial and final polariton states have energy h W z ( k i ) and hwS(ks),
with h& and h i s being their momentum, respectively. Also we let O(rc')= vslrc'l be
the dispersion relation for the acoustic phonon. The kinematics of the Brillouin
scattering process are based on the conservation of energy and momentum, i.e.
W,(&)

= w&)
+

+

k,

=

k,

f n(&

* k,
.

+

(3.34)
(3.35)

where the minus and plus signs indicate Stokes (phonon emission) and anti-Stokes
(phonon absorption) processes, respectively. The scattering experiment in the resonant regiye is, for experimental
+
reasons, performed in a backscattering geometry,
so that if ki = k i i , then k , = - k,$.
Fig. 3.6 provides a visualization of the kinematics for this process. In the region w << W O , which is non-resonant, there is relatively small frequency dispersion. In this regime, the photon-like excitation has essentially a vertical slope (the
exciton-polariton travels at essentially infinite velocity compared to the phonon)
and the transitions are made joining points that lie in the parallel, almost vertical
lines, with downward (upward) arrows corresponding to the Stokes (anti-Stokes)
processes. This non-resonant Brillouin scattering spectroscopy was studied by
Cummins and Schoen [48]. As the exciton-polariton frequency increases towards
the resonant frequency of the uncoupled exciton W O , qualitative differences occur due to the dispersive properties of the polariton dielectric function. Several
Stokes and anti-Stokes peaks are allowed. Details can be found in Tilley [42] for
normal incidence back-scattering and in Albuquerque and Gonsalves da Silva [43]
for general angles of incidence (see also Chapter 11).
3.4

Magnetic Susceptibility

The magnetic susceptibility tensor plays a major role in the determination of
the magnetic-polariton dispersion relation (just as its counterpart, the dielectric
tensor, does for the non-magnetic plasmon-, phonon-, and exciton-polaritons). It
describes the response of a magnetic crystal to the presence of an external magnetic
field l?.
The susceptibility tensor can be found using the torque equation of magnetic
resonance theory [49-511. We shall consider here the case of a two-sublattice antiferromagnetic material. As well as this being required for later applications,
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Brillouin shift

Fig. 3.6. The kinematics of the resonant Brillouin scattering to probe exciton-polaritons. The
arrows illustrate the dynamics of the Stokes (downward) and anti-Stokes (upward) processes.

we can straightforwardly take a special case (i.e. the reduction to one sublattice)
to deduce the susceptibility tensor appropriate to a ferromagnetic material. f i r thermore, although we will not show it here, the antiferromagnetic calculation is
easily generalized to two-sublattice ferrimagnets.
We consider therefore a two-sublattice antiferromagnetic material with u n i e ial anisotropy, such that the total (instantaneous) sublattice magnetizations M I
and A22 have their average values directed along the +z and --z directions, respectively. Also, we write M and -M for the static components M l z and M2,,
and H A and -HA for the effective anisotropy fields, respectively. The required
susceptibility is the dynamic linear response of $1
$2
to an applied external
magnetic field I? of frequency w .
The torque equation (without damping) yields

+

diGi/dt = r(A2i x

i = 1,2,

(3.36)
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where the gyromagnetic factor y is negative (with I r l = g p ~ / h , where g is the
Land4 factor and p~ is the Bohr magneton). The effective magnetic field in the
above equation is

(3.37)
with a similar expression for I?:ff with the subscripts 1 and 2 interchanged.
Here
is the applied static magnetic field in the z-direction and l ? ~ iare static
anisotropy fields in the fz-direction for each sublattice. The term XA22 represents
the inter-sublattice exchange coupling; the intra-sublattice exchange is-not included here since it gives a zero contribution to Eq. (3.36). The term ( $ ) ( M I+M2)
is a Lorentz term describing local field correction; the need to include it inJhis
susceptibility calculation was pointed out by Harris [52]. The final term h in
Eq. (3.37) is the fluctuating part of the field, and it leads to fluctuating components in $1 and G2.
The next step is to linearize Eq. (3.36) in terms of 6.The components Mi,,
Miy are of first order, but the deviation of Miz from their static values is easily
shown to be of second order. Thus, only the transverse components, Mi, and Miy,
enter in the linearized theory. It is convenient to use a rotating wave representation
with

111;
h'

= Mi,

fi M t y , i = 1 , 2 ,

(3.38)

= h, f ih,.

The equations of motion for M,'

(3.39)

and h5 then take the form

with
w11 =

i),
r(H0+ H A ) ,

(3.42)

+ y(H0 - H A ) ,

(3.44)

-yM(X -

w12 = w l 1 w21 = w11

(3.43)

(3.45)

w22 = -w11.

The antiferromagnetic resonance frequencies are obtained from the condition
that the coefficient matrix for Eqs. (3.40) and (3.41) is singular. This condition
yields
(3.46)
w = YHO f [ ( W l l - YHd2 - W 2l l l 1 / 2 .
Thus, there are two resonance frequencies, as might be expected in a two-sublattice
material. We shall denote these by w1 and w2, corresponding to the
and -

+
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signs, respectively, in the above equation. Note that these modes are degenerate
in magnitude when HO= 0 and they are equal to the antiferromagnetic resonance
(AFMR) frequency.
The sublattice susceptibilities are defined by M: = x’h* and, from Eqs. (3.40)
and (3.41), they are found to be
x f ( w )= -yM(w11 + w

xz+(w)= -yM(-w11
with

-

w21)/D1,

+w +Wl2)/Dl,

D1 = (w - Ul)(U

-

wz).

(3.47)
(3.48)
(3.49)

The corresponding x i ( i = 1 , 2 ) are obtained from the above equations by replacing
w by -w.
The total magnetic susceptibilities (in the rotating wave representation) are
(3.50)
Transforming back to the original coordinate frame, the magnetic susceptibility
tensor has the gyromagnetic form
(3.51)
with

where

D2 = (w2 - w?)(wZ - w,”).

(3.54)

Therefore, we see that the antiferromagnetic susceptibility tensor has poles at &wl
and f w 2 . There is again a simplification in the case of zero applied field Ho = 0
because w2 = - w1.In fact, we have x ~ ( w=) 0 in this limit.
For the case of a ferromagnetic crystal, there is a simplification to the above
calculation for the susceptibility tensor, because we now have only one sublattice
of spins and the inter-sublattice coupling terms are absent. The required equation
of motion is therefore
(3.55)
(kw w12)M: = -yMh*,

+

where the

w12

parameter is now redefined as
w12 = ? ( H A 1

-k HO).

(3.56)

Instead of Eq. (3.50) this leads to

X * ( 4 = -yM/(w1z

w),

(3.57)
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and the gyromagnetic tensor has the form of Eq. (3.51) with

Xb(W)

= -yMw/(wf,

-

w2).

(3.59)

The ferromagnetic susceptibility tensor has only simple poles at w = f ~ 1 2 SO
,
that u 1 2 is the ferromagnetic resonance (FMR) frequency. Very often, H A << Ho,
so that the FMR frequency becomes simply -THO.
3.5

Bulk Magnetic- Polaritons

In this section we are concerned with the coupling between the electromagnetic
field and a magnetic crystal characterized by a non-vanishing magnetic susceptibility tensor xij(w). In particular, we are interested in this interaction for frequencies
in the vicinity of a pole of x i j ( w ) . This will give rise to the so-called mugneticpolariton modes, where the susceptibility components play an analogous role to the
frequency-dependent dielectric function in the previous examples of non-magnetic
polaritons. The magnetic-polaritons have very long wavelengths in comparison to
the crystal lattice parameter, so it is usually sufficient t o consider macroscopic
equations of motion for the magnetization in the crystal to describe the polariton
mode (for a review see e.g. Ref. [53]).
The electromagnetic field is described by Maxwell’s equations including retardation, as given by Eq. (3.14). Using the second and fourth of these equations,
we get
(3.60)
x (D x Ei) E0Ed2B’/dt2= 0,

+

v

where
E is the dielectric constant of the medium. Now, employing the definition
+
-+
B=po(H
G ) ,where h? is the magnetization vector of the crystal, we obtain
from the above equation

+

C”V(V.

ri) - 0 2 E i ] = -€(a2/at”(Ei + G).

Assuming a plane-wave solution for l? and
Maxwell equation V . B’ = 0 implies

one gets

(3.61)

h?,and taking into account that the

v .Ei = - v . G,

(3.62)

Z(Z. A?) + k2Ei = E ( w / c ) ~ (+EG).
~

(3.63)

Choosing the wavevector $ to lie in the xz-plane and to make an angle 0 with
the z-axis (the direction of static magnetization), we have
-+

k , = Ikl sin0 and k:

+ k:

= k2.

(3.64)
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Therefore we can rewrite Eq. (3.63) in component form as

H , = (-k:

+E W ~ / C ~ ) M , ( ~ ~

-E W ~ / C ~ ) - ' ,

H y = ( E W ~ / C ~-) t M
u 2 /~c 2( )~- ' .~
Defining M* = M . f i M y , as before, and H* = H ,
(3.66) yield

(3.65)
(3.66)

* i H y , Eqs. (3.65) and
(3.67)
(3.68)

where
= (9[2(€(32/C2)

-

k 3 ( k 2 - EW2/c2)-1,

(3.69)
(3.70)

Eqs. (3.67) and (3.68) can then be combined with the susceptibility relations of
the previous section, i.e.
(3.71)
M' - x*H* = 0 ,
to yield the polariton dispersion relation
(1 - S l X + ) ( l - Gx-) = t 22 x+x -.

(3.72)

This is a general dispersion relation for bulk magnetic polaritons suitable for
any ordered magnetic materials (ferro-, antiferro-, or ferrimagnets) provided the
appropriate susceptibilities are inserted.
The case of a propagation wavevector along the static field direction (the
z-axis), meaning k , = = 0, is of particular importance. As can be seen from
Eqs. (3.67) and (3.68), the modes then become separated into two pure circularly
polarized components; this was pointed out for antiferromagnets by Bose et al.
[54]. The simplified dispersion relation is

c2

(1- t l X + ) ( l

-

t 1 x - ) = 0,

(3.73)

where each factor inside the brackets above corresponds to a particular circular
polarization.
However, for propagation in a general direction, Eqs. (3.67) and (3.68) give a
mixing of the left and right circularly polarized modes. We note that when the
in-plane wavevector k , becomes sufficiently large (i.e. k, >> E ' / ~ w / c )the
, polariton
dispersion relation becomes

(x++ x - ) sin2 o = 2,

(3.74)
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since in this limit

51 = -&

=

( f ) sin2 8.

(3.75)

Considering now the particular case of a ferromagnet, Eq. (3.74) can be
rewritten as

(w,”
- w2)/wowM
= sin2 8 ,
employing the notation wo=
relation is given by

-

(3.76)

yHo and wAf= - y M . Therefore the dispersion

+ 2l5WOWhl = (6; - &w&,

w2- w,”

(3.77)

where we have neglected the anisotropy field. Eq. (3.77) is equivalent t o a result
first derived by Auld [55].
Fig. 3.7 shows a schematic representation of the low-frequency bulk ferromagnetic polariton dispersion curve, as described by Eq. (3.77), together with its
extension t o larger wavevectors (see Sections 7.1 and 7.2 of Chapter 7), for propagation along the static field (8 = 0). It is convenient to divide this figure into three
regions (according t o the wavevector), each having distinctive characteristics:
(a) The electric and magnetic fields are of comparable magnitude, and Maxwell’s
equations in their full form, including retardation, must be used. We call
this the polariton region, or region of electromagnetic propagation, and it
forms the topic of the present section.

(b) The electric field is negligible compared with the magnetic field so that
the displacement current can be ignored and the magnetic field is derived
and (2 are given by
from a magnetostatic potential. This means that
Eq. (3.75). The frequencies found in this magnetostatic approximation are
the same as those of the long-wavelength magnons derived from a microscopic Hamiltonian that includes magnetostatic dipole-dipole interactions.
This case will be discussed in Section 7.2.
(c) The exchange energy (initially giving rise to a term proportional to k 2 ) has a
significant effect on the shape of the dispersion curve, and the lower branch
bends upward for large values of k. The dipole-dipole effects eventually
become small compared with the exchange. This case will be discussed in
Section 7.1.
Finally, we turn to the polariton modes of the uniaxial two-sublattice antiferromagnet [56]. At low temperatures one may assume zero static susceptibility in the
z-direction [57], implying MI = - M 2 as assumed before. We define wo= - yH0
(as in the ferromagnetic case) and wAf= - yM1 = yM2. The anisotropy field and
effective exchange field, where HE = (A - + ) M I ,correspond to the frequencies
W A = - HA and W E = - T H E ,respectively.
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Fig. 3.7. Schematic representation of the low-frequency bulk ferromagnetic polariton propagating
along the direction of the static field
(6' = 0). We have plotted the frequency w versus the
wavevector. The evolution into the magnetostatic and exchange regions for larger wavevectors is
shown.

In the magnetostatic limit, where k , >> E ~ / ~ WEqs.
/ C , (3.74) and (3.75) yield

where
w, = w A

+ 2wE + wM(sin26 - $).

(3.79)

In the absence of an external magnetic field (when wo = 0), Eq. (3.78) gives the
dipole-dipole correction to the long-wavelength magnon frequencies originally derived by Loudon and Pincus [58]. In the general case, when retardation effects are
included, the general magnetic-polariton dispersion relation, Eq. (3.72), yields

where
WAF =

[w;

+~ w A w E ] ~ / ~

(3.81)

gives the AFMR frequency for HO= 0.
The calculations that we have presented so far are all concerned with the
solution of homogeneous equations of motions coupled to an electromagnetic field.
It is more informative, although algebraically harder, to find the linear-response
functions (or Green functions) of the magnetic crystal to a fictitious external magnetic field
as was carried out for ferromagnetic [59] and antiferromagnetic
[60] materials. The required mathematical formalism is outlined in Section A.3 of
the Appendix.
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Chapter 4

Surface Plasmon- and Phonon-Polaritons
It has been known for some time that electromagnetic waves can propagate along
an interface between two media, provided that at least one of the media is dispersive. Surface polaritons are those “mixed” electromagnetic modes that exist
at crystalline surfaces and may be excited by various methods [l-31. They are
typically localized to within a few wavelengths of a surface, in the sense that
their amplitude is a maximum at the surface and decays (usually exponentially)
away from it. The specific properties of the surface polaritons depend on the
characteristics of the materials, normally as described by their dielectric function.
Many aspects of surface polaritons have been already extensively studied, e.g.
their behavior in slab (or thin-film) geometries, non-planar geometries, effects of
anisotropy, damping and external magnetic fields, etc. Reviews are to be found in
e.g. Refs. [4-71.
The aim in this chapter is to present a discussion of the propagation of these
electromagnetic modes (with particular reference to the non-magnetic cases of
plasmon- and phonon-polaritons) at single and double interfaces. We restrict our
attention to planar interfaces between the two media, establishing the formalism in
a way that will facilitate our generalizations to superlattices and other multilayers
in the subsequent chapters.
4.1

Single-Interface Modes: Isotropic Media

Consider the geometry depicted in Fig. 4.1, where we assume that there is a single
interface at z = 0 separating two isotropic media. Medium A occupies the halfspace z > 0 and is characterized by a dielectric function E A ( W ) , while medium B is
in z < 0 and has a dielectric function E ~ ( w )Also
.
the direction of propagation of
the mode is taken along the x-axis (with no loss of generality).
The solution of the electromagnetic wave equation inside any medium has the
form
I?J(F, t ) = (E,J, 0, E,J) exp(ik,x - iwt)exp(ik,Jz),
(4.1)
where J = A,B and k, is the common wavevector in the x-direction. Here we
have assumed a transverse magnetic (TM) electromagnetic mode solution, i.e. a
mode where the magnetic field is perpendicular to the plane of propagation of the
radiation field (also known as ppolarization), as the case of interest. This choice
is made because it can be easily proved that there is no surface mode for the
65
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Fig. 4.1. Geometry used to specify the propagation of surface polaritons at a single interface.
Media A and B occupy the half-spaces z > 0 and z < 0, and have dielectric functions C A ( U ) and
C B ( U ) ,respectively.

transverse electric (TE) electromagnetic mode propagation, i.e. a mode where the
electric field is perpendicular to the plane of propagation of the radiation field (also
known as s-polarization) [8]. Substitution of Eq. (4.1) into the electromagnetic
wave equation given in Eq. (3.17) yields

For localized modes, Ic, J must necessarily be complex in both media, which implies
the inequality kp > E J ( W ) W ~ / Cif~ E J ( W ) is real.
Now applying the usual electromagnetic boundary conditions, namely ;he continuity of the tangential component of 3 and the normal component of D at the
interface z = 0, we find
I ~ , A / ~ , B = EA(W)/EB(W).
(4.3)
This, together with Eq. (4.2), yields the dispersion relation for the surface polaritons, i.e.

Both E A ( W ) and E B ( W ) are real in the absence of damping, and from the localization
condition we can write k , =~~ C Y Aand k z B= - i a g , where a~ and CYBare real
and positive, and the signs account for the appropriate limits as z tends to f o o .
It therefore follows from Eq. (4.3) that E A ( W ) and E B ( w ) must have opposite signs
at any frequency w corresponding to a surface polariton. Furthermore, taking into
account Eq. (4.4), we have
EA(L')

+

EB(b')

< 0.

(4.5)

We introduce the terminology that the medium with negative E ( W ) is called the
surface-active medium, while the medium with positive E ( W ) is the surface-inactive
medium.
As a first example of these general results, let us consider medium A as vacuum ( E A = ~ and
)
medium B with E B ( W ) in the plasma form of Eq. (1.24), i.e.
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~ B ( w=) €,(Iw;/w2). Medium B could, for example, be an n-doped GaAs. The
dispersion relation for the surface plasmon-polariton frequency W S P L is obtained
from Eq. (4.4) as
= ( + E m ) [ ( 1 + E,)C2k2
WSPL(kZ)
2

where

ASPL
= [(I

+ €,)c2k2 +

+
2

E,W;]

- A;$,]

E,W;

,

- (2~,ck,w,)~.

(4.6)
(4.7)

This dispersion relation is illustrated in Fig. 4.2, where a reduced frequency
w/wp is plotted against the reduced in-plane wavevector ck,/w,. We note several
features in this dispersion curve, as summarized below:
(a) the surface plasmon-polariton exists in the frequency interval

(b) it lies entirely to the right of the light line in the vacuum, i.e. the line w = ck,;
(c) it has a photon-like behavior (w N ck,) at small wave number, changing to
a plasmon-like behavior for large wave number;
(d) at large values of k, it approaches the asymptotic value
w p / ( l c;1)1/2;

+

WSPL(OO)=

(e) in this type of plot (against k,) the bulk plasmon-polaritons appear as a
band (shown shaded) at higher frequencies.
As a second example, we consider that medium B is a polar medium, whose
real dielectric function is described by Eq. (3.11), with the damping factor I? = 0,
and medium A is still vacuum. The dispersion relation, obtained from Eq. (4.4),
is now
= (;Em)
WSPH(kX)
2

[(I + E,)C2k2

+ EmW;

-

A1s/ 2p H,]

(4.9)

where
AspH =

[ +

(1 Em)C2k2

+ €,w;]

2

- 4tmc2k3w$

+ Emu;)

(4.10)

with W L ( W T ) being the longitudinal (transverse) optical phonon frequency. In this
case the so-called surface phonon-polariton mode occupies the frequency interval
WT

<WSPH(kc)<

[(€mu; + W $ ) / ( l

+ E m ) 1] / 2 .

(4.11)

We note that it formally reduces to the surface plasmon-polariton case if the limits
of WT + 0 and W L + wp are taken. Fig. 4.3 shows the surface phonon-polariton
dispersion relation for an intrinsic GaAs crystal with vacuum outside, where we

CHAPTER 4. SURFACE PLASMON- AND PHONON-POLARITONS

68
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ck,l cop

Fig. 4.2. (a) Plasmon-polariton dispersion curve for a semi-infinite sample of n-doped GaAs
with vacuum outside. (b) Expanded scale for the low-frequency surface mode. The curve is
asymptotic (at large k,) t o the value w/wp=0.71. The almost vertical dotted line is the light
line in vacuum.
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Fig. 4.3. (a) Phonon-polariton dispersion curve for an intrinsic GaAs/vacuum interface. The
surface mode region is shown shaded here. (b) Expanded scale for the surface mode. The curve
is asymptotic to the value W / W T = 1.0. The almost vertical dotted line is the light line in vacuum.
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have plotted a reduced frequency w/wT against the reduced in-plane wavevector
ck,/wT. The dispersion curve starts on the light line at WT and, as the in-plane
wavevector k, + oo,approaches the asymptotic value
WSPH(CO)=

[(e,wZ,

€4

1/2

+w$)/(l+

'

(4.12)

The regime where the retardation effects (due to the non-zero propagation time
of an electromagnetic signal) are unimportant is called the electrostatic limit.This
corresponds to the condition k , >> w / c , which means that the wavelength 27r/k, of
the surface wave is much smaller than the free-space wavelength 27rclw of the light.
In this limit (effectively the limit of c + oo),we can deal with the solutions of
Laplace's equation for the scalar potential instead of the full electromagnetic wave
equation (3.17). Then, a plane-wave solution of this equation, which is localized
at the interface z = 0 and travels in the 2-direction. has the form

4A(F, t ) = A1 exp(-aAz) exp(ik,z - i w t ) , z > 0,
z < 0.
- iwt),

$B(F,t ) = A2 exp(aBz) exp(ik,z

(4.13)

The substitution of the above expressions for the scalar potential into Laplace's
equation, which is V24(F,
t ) = 0, yields simply a; = k; ( J = A,B). The electric
fields, which are obtained using E J ( F ,t ) = - V ~ J ( tF) , are then given by

t ) = ( - i k z , 0, k Z ) 4 A ( ? , t ) ,
EB(F',~)
= (-ik,,0,-kz)4B(F',t),
I!?A(?,
+

> 0,
z < 0.

Z

(4.14)

Therefore E, and E, (in either medium) are equal in magnitude but are out of
phase with each other by ~ 1 2 .
Imposing the standard boundary conditions, which now take the form that 4
and E &$/at are continuous across the interface z = 0, we find that A1 = A2 and
EA(W)

+

(4.15)

E B ( W ) = 0,

which is the unique condition for such a wave to exist. The surface excitation,
whose potential is given by Eq. (4.13) and whose frequency is obtained from
Eq. (4.15), is called the unretarded surface polariton.
As a final example, we mention the case of a surface polariton associated with
the plasmon and optical phonon modes, which can exist in a doped polar semiconductor. The appropriate dielectric function now contains both plasmon and
optical phonon contributions, and is given by
E(W)

= E,

[1+

(-)w2

- w;
w2 - w$

-

(z)]

(4.16)

Considering medium B to be an n-doped semiconductor material, and medium A
to be vacuum as before, and taking into account Eqs. (4.4) and (4.16), the surface
polariton spectrum for this case consists of two branches, as expected. One is
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similar to the surface plasmon-polariton case (depicted in Fig. 4.2) while the other
is related to the surface phonon-polariton case (shown in Fig. 4.3). Bryksin et al.
[9] have, in fact, been able to observe this spectrum, finding good agreement with
the theoretical predictions, although the measured frequencies of the plasmon-like
surface polaritons are somewhat lower than the calculated ones.
4.2

Single-Interface Modes: Anisotropic Media

There are many crystals whose optical properties are found to be anisotropic, and
so an extension of the results of the previous section is required when one (or both)
of the media is taken to be anisotropic [lo-131.
Suppose now that medium A is isotropic, with dielectric constant E A> 0 and
independent of frequency, while the second medium has its optical properties characterized by a dielectric tensor E ~ ( w )whose
,
principal axes (z’,y’, 2’) are at an
arbitrary orientation with respect to the surface-related axes (x, y, 2 ) . Wallis et al.
[14] have developed the theory for the most general form of this dielectric tensor
E ~ ( w )while
,
considering E A= 1. A simpler case, which can be treated analytically
and is still of experimental interest, is the special case in which the interface is
parallel to a principal axis of the anisotropic dielectric tensor, and the in-plane
wavevector k , is parallel to a second principal axis (taken to be the z-axis). Denoting the principal values of the anisotropic dielectric tensor along the x-axis
and the axis perpendicular to the surface by q ( w ) and E ~ ( w )respectively,
,
the
dispersion relation for the surface polariton is found to be [15,16]

where we now define

(4.19)
Using Eqs. (4.17)-(4.19) we can solve for k, to obtain
(4.20)
which is a generalization of Eq. (4.4).
The solutions of Eq. (4.20) correspond to surface polaritons only if either one
of the conditions described below can be satisfied:
(a) ~ l i ( w and
)

EI(W)

are both negative, with k:

(b) ~ l l ( w is
) negative and

E ~ ( W is
)

>E A ( w / c ) ~ ;

positive, with

EA

< ( c ~ , / w )<~E I ( W ) .

Case (a) describes the generalization of the surface polaritons discussed in the
previous section. They were called type I surface polaritons by Bryksin et al. [17].
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Case (b), called type II surface polaritons [17], represents a new type of surface
polariton that does not exist in the unretarded limit. It exists only for a limited
range of values of k , and also requires E~ ( w ) > E A . It is a photon-induced surface
polariton.
Another example of interest is the special case when the y-axis is a principal
axis of the tensor t g ( w ) , i.e. y = y’. As before, we consider a mode propagating
in the 2-direction and ppolarization electromagnetic modes. It can be shown that
the dispersion relation equation for the surface polariton is

(4.21)

Here 6: and 6 ; are the principal values of E B in the z’d-plane and
appropriate component of E B in the (z,y, 2 ) system of axes.

E,,

is the

One application of these results is to ferroelectrics (i.e. materials that have a
spontaneous polarization, or electric dipole moment, below a critical temperature).
These can be characterized, in the simplest approximation, as having a uniaxial
dielectric tensor of the form quoted in Eq. (3.3) in terms of its principal axes.
Cottam et al. [18] present some discussion of the possibilities for using surface POlaritons to investigate the behavior of the tensor element €11. Another application
was made to a-quartz by Falge and Otto [19]. They studied both the ordinary surface polaritons, which occur when the in-plane wavevector k, is perpendicular to
the easy-optical axis c, which is in turn parallel to the surface, and the extraordinary surface polaritons, which occur when the easy-optical axis c is parallel to the
surface and to the in-plane wavevector k,. Both type I and I1 surface polaritons
were observed, with excellent agreement with the theoretical curves.

4.3

Charge-Sheet Modes

In some circumstances it is possible to have a thin sheet of mobile electrons trapped
at an interface between two media. Examples are a charge sheet at the surface of
liquid helium (where the charges are trapped in the weak image potential) and a
charge sheet at a semiconductor heterojunction such as that between GaAs and
AI,Gal-,As. Further discussion can be found in Ref. [2O]. By employing a model
in which these sheets are treated as a 2D electron (or hole) gas at the interface
between two isotropic dielectric media, we now extend the results of the isotropic
media to predict the existence of a surface-polariton-like mode.
We use the same geometry and coordinate axes as in Fig. 4.1, except that
we now include a 2D charge-sheet plasma localized at z=O. Eqs. (4.1) and (4.2)
still apply, but the form of the boundary conditions must be modified. We may
assume continuity of the tangential electric fields (EA,= EB,) as before, while
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the magnetic field component Hu now satisfies
(4.22)

HBg - HAY= j z .

Here j , is the current density in the charge sheet and is driven by the alternating
electrical field at the interface. Ignoring collisions in the electron gas, the classical
response equations give

j, = ~ E A , ,0 = i n e 2 / m w ,

(4.23)

where n denotes the number of charges per unit area at the interface, and the
remaining notations are the same as before. Using the above boundary conditions,
we obtain
(4.24)
EA/aA
EB/aB = Rc/w2,

+

where R, is a characteristic frequency defined by

R, = ne2/cOmc.

(4.25)

Eq. (4.24) generalizes the previous result in Eq. (4.3) and provides the surfacepolariton dispersion relation first derived by Nakayama [21]. It simplifies in the
electrostatic limit (where C ~ Aand aig are both replaced by k,) to give
w = [ncckz/(EA

+ EB)]1’2,

(4.26)

which had been obtained earlier by Stern [22] using linear-response theory.
We note that the surface modes predicted by Eqs. (4.24) and (4.26) can exist even when E A and E B are both positive, in contrast to the case described in
Section 4.1, where E A and EB were required to have opposite signs. An example of
the predicted dispersion relation, Eq. (4.24) in the case of EA = E B > 0, is depicted
in Fig. 4.4. Here we have plotted the reduced frequency Rln, against ck,/R,, with

R

=cyw.

4.4

Thin Films

Next we extend some of the calculations of the previous sections to the three-layer
system. This introduces effects involving two interfaces, and there is a length
parameter L corresponding to the distance apart of the interfaces.
Fig. 4.5 shows the structure consisting of a dielectric thin film of dielectric
function EB( w ) , sandwiched between two semi-infinite bounding media of dielectric
functions E A ( W ) and E C ( W ) . The two interfaces are characterized by the planes z = 0
and z = - L , where we have taken the z-axis normal to the interfaces, as before.
For a ppolarized electromagnetic mode, the electric fields in the three media are

2 = [ E x A , 0, (-kz/kzA)E~A]eXp(ik,A) eXp(ik,Z

-iWt)

for

Z

> 0,

(4.27)

CHAPTER 4 . SURFACE PLASMON- AND PHONON-POLARITONS

74

Fig. 4.4. Charge-sheet dispersion curve corresponding to Eq. (4.24) for the case where
and positive.
+

E

=

[EB+,0, ( - k Z / k z ~ ) E exp(ik,z
~-]
- i w t ) for 0 > z > -L,

,?? = [E,C, 0, (-k,/kZc)Ezc]
exp[ik,C(z

+ L ) ]exp(ik,z

- iwt)

E A = EB

(4.28)
for z

< -L
(4.29)

+

denoting E B =~Aexp(i6B) f Bexp(-zdB) and OB = k z ~ ( zL / 2 ) . Here we have
used the condition V ’ 6= 0 t o relate the z- and 2-components of the electric field
2 in each medium. Also k z j ( j = A , B ,C) is the z-component of the wavevector
k j , while k , is their common in-plane 2-component. The localization condition for
surface modes now requires Im k z >~0 and Im k z c < 0, yielding
kq

J

> EJW’/C’,

= A,C.

(4.30)

Next, using the standard electromagnetic boundary conditions a t the two interfaces, one finds four homogeneous equations in the amplitudes E z ~A,
, B , and
E Z c ,whose solvability condition gives the desired dispersion relation for the surface polaritons, i.e.

+ EB(W)LA
exp(-2ikzBL)

E A ( W ) ~ ~ B
EB(W)kzA

- fA(W)kzB

We observe that, on taking the limit of L

= EC(W)kzB

+ EB(W)kzC

E B ( W ) k Z C - f C ( W ) k z B’

(4.31)

+ co,Eq. (4.31) yields the two equations
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Fig. 4.5. Schematic representation for the propagation of surface polaritons in thin films. The
bounding media A and C occupy the regions z > 0 and z < - L , and have dielectric functions
E A ( W ) and E C ( W ) , respectively. The film (medium B ) has thickness L and dielectric function
eB(W).

which correspond to the dispersion relations of uncoupled surface polaritons propagating at the z = 0 and z = - L interfaces, respectively.
We note that, for finite L and in the absence of damping, k z A and k z c must
be purely imaginary, but k z B can be either real or imaginary. For the case of
imaginary ,&i
the surface polariton at one interface is perturbed due to the
presence of the other interface and, as L is decreased, the fields of the two surface
polaritons overlap and perturb one another. On the other hand, for the case of real
k z ~the
, z-dependence of the fields in medium B is oscillatory, so that it behaves
like a waveguide, giving rise to the so-called guided-wave polaritons [23].
Guided optical waves consist of light waves trapped by total internal reflection
in a region of a dielectric medium that is characterized by a higher refractive
index than its surrounding parts. The most common system is a thin film, with
thickness of the order of an optical wavelength, deposited on a substrate with a
refractive index lower than that of the film. These waves are propagating transverse
optical resonances of the film coupled via the boundaries to evanescent fields in the
adjacent media. Above a cut-off frequency (which depends on the film thickness
and refractive index ratios), there are no restrictions on the frequencies of the
guided modes and hence a full spectrum of modes is possible [24-261. These are
examples of modes that form the basis for the integrated optics technology [27].
Note that, although the surface polariton modes are ppolarized electromagnetic
waves, guided-wave polaritons can in fact be found in both p and s-polarizations.
It was in such a three-layer system that the first experimental observations
of surface polaritons by Raman scattering were carried out [as]. The theory of
Raman scattering applicable to these experimental results was presented shortly
afterwards [29-311.
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The general result for the dispersion relation in Eq. (4.31) is rather complicated,
since many parameters are involved. However, a special case of Eq. (4.31) is the
symmetric geometry, in which we have E A ( W ) = E C ( W ) = E A and E B ( W ) = ~ ( w ) ,
so the film has a plane of reflection symmetry at z = - L/2. The localization
condition becomes k , =~ - k,c = iaA, with C ~ >
A 0 given by Eq. (4.18), and the
dispersion relation Eq. (4.31) has two solutions:

The above equation applies both to surface polaritons with k , purely
~
imaginary
( k ,=
~ i a ~ and
) to ppolarized guided-wave polaritons with k , real.
~
The two
solutions in Eqs. (4.34) can then be reorganized, for the surface polariton case,
into the forms
~ W ) / E=
A - ( ~ B / Q A )t a n h ( ~ ~ L / 2 ) ,

(4.35)

E(W)/EA

(4.36)

=

Coth(Ct~L/2).

-((YB/cxA)

It is now easy to see that, as L tends to infinity, the hyperbolic functions in
Eqs. (4.35) and (4.36) tend to unity. Then, both equations have the same asymptotic behavior, recovering the dispersion relation for the single-interface mode.
Furthermore, as might be expected, the two surface polariton modes defined by
Eqs. (4.35) and (4.36) are essentially a bonding and an anti-bonding combination.
In Fig. 4.6 we plot the two surface polaritons for the case of an LiF slab surrounded
by vacuum and three sets of parameter values [32]. We have plotted the reduced
frequency W / W T , with WT being the transverse optical phonon frequency in LiF,
against the dimensionless wavevector k,/kT, with k~ = w ~ / c As
. we can see, the
upper mode for an unsupported film with kTL = 0.1 (curve u ) has the property
that as k , increases the frequency increases a t first, then decreases to the asymptotic value, with the group velocity being zero at the maximum. Its lower mode
is depicted in curve b, with no equivalent mode with a metal substrate. In curve c
we see the profile of the upper mode for L + 00 for any substrate. The relatively
minor effect of a good (rather than perfect) metal substrate is seen in curve d.
By contrast, curves e and f show the large effect due to a substrate with a large
constant dielectric function.
For ppolarized guided-wave polaritons, the two solutions of Eq. (4.34), now
considering k , to
~ be real, are
E(W)/€A =

tanh(kZBL/2),

( ~ , B / Q A )

E ( W ) / E A= - (

k = ~ / ac o~t h) ( k , ~ L / 2 ) .

(4.37)
(4.38)

The task of solving these equations numerically is similar to that of finding the
odd- and even-parity modes in a quantum-mechanical one-dimensional square well,
or finding the dispersion curves for the surface acoustic Love waves [33].
So far, we have been concerned just with p-polarized modes. However, for applications of dielectric waveguides [34],the guided-wave modes with s-polarization
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Fig. 4.6. The two surface phonon-polaritons (upper and lower modes) for a LiF thin film on
various substrates, including retardation effects. The curves corresponds to: a upper branch for
= 0.1; b lower branch for an unsupported film with IETL = 0.1; c
an unsupported film with l e ~ L
upper mode for L +-00 for any substrate; d potassium substrate for ~ T =L0.05 and up= 3.8 eV;
e upper mode for a silicon substrate with EC = 11.7 and l e ~ L
= 0.1; f lower mode for a silicon
substrate (after Oliveira et al. [32]).

[35] are the more important. The calculation of their dispersion relation is very
similar to that for the ppolarized modes. In fact, they are again described by
Eq. (4.31) provided we make the formal substitutions

Thus, for the symmetric three-layer geometry described before, the s-polarized
guided-wave polaritons are given by
( ~ / Q A tanh(kzol/2)
)
=

1,

( k , ~ / acoth(k,oL/2)
~)

-

=

1.

(4.41)
(4.42)

In Fig. 4.7 we illustrate the dispersion relation of guided-wave polaritons for the
case where a dielectric film is surrounded by vacuum, considering both p and
s-polarization [36].
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(a) TM modes

k

0

(b) TE modes

/
1

Fig. 4.7.
Dispersion relations for guided-wave polaritons with (a) ppolariaation and
(b) s-polarization (after Ushioda and Loudon [36]).
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Fig. 4.8. Plasmon-polariton dispersion curve for two doped GaAs films separated and surrounded
by vacuum. We have plotted the reduced frequency R = w / w p against the reduced wavevector
K I I= c k , / w p . Dashed lines indicate the light line and the boundary of the bulk-mode region.
The dotted lines depict the single-active-film surface plasmon modes. The guided-wave mode
(GWM) is labelled by an arrow (after Gilmore and Johnson [ 3 7 ] ) .

All the discussions above were made for a single thin-film geometry. Recently,
Gilmore and Johnson [37] found that in a structure consisting of three thin films on
a substrate, where two of the thin films have free charge carriers and are separated
by a static dielectric, an unusual guided-wave plasmon-polariton can be supported
in a normally forbidden region of the surface polariton dispersion. The modes
emerge from both bulk and surface collective-mode bands and evolve into a ladder
of solutions in the forbidden region. The polariton spectrum is shown in Fig. 4.8
for two doped GaAs films separated and surrounded by vacuum.
So far we have assumed, for simplicity, that the dielectric functions are real
in all the media, i.e. we have ignored damping. In general the dielectric function
may be complex and for an electron gas, instead of the expression given by Eq.
(1.24), it has the form
E ( ~ =
)

E,[i
- u;"/uz + i d ) ] ,

(4.43)

where I? is a damping constant. F'ukui et al. [38] and Sarid [39] carried out numerical calculations for the localized plasmon-polariton modes in metallic films with
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a dielectric function as in Eq. (4.43). In both cases they made use of the general
dispersion relation, Eq. (4.31), and its symmetrical forms, Eqs. (4.35) and (4.36).
Fukui et al. considered k , to be real and calculated Im w , while Sarid took w to
be real and calculated instead Im k,. These different assumptions corresponded
to different experimental applications in the two cases.
The important conclusion in both papers concerned the behavior of the higherfrequency plasmon-polariton mode. It was found that the lifetime (Im w ) - l in the
former case, or similarly the decay length (Im kZ)-' in the latter case, increased as
the film thickness L decreased. This mode was then called the long-range surface
plasmon mode. In the symmetric geometry ( € A = EC for the media bounding the
film), the long-range surface plasmon is the mode with the antisymmetric variation
of the electric field across the film thickness, while the lower-frequency plasmon
mode has a symmetric distribution for the electric field. The long decay length of
the upper-frequency mode can be seen as arising from the fact that, as the film
thickness decreases, a smaller proportion of the mode energy is transported within
the film [40]. The experimental confirmation of these predictions was obtained by
a number of groups (see e.g. the work of Craig et al. [41]). Also, the experimental
realization of highly efficient optical elements built up from metal nanostructures
to manipulate surface plasmon-polaritons propagating along a silver/polymer interface was achieved more recently [42].
Some extensions of the theory to surface phonon-polaritons and to surface
plasmon-phonon polaritons were also carried out (see e.g. Refs. [43,44]) by using different expressions for the dielectric function E ( W ) of the film with damping
included. The long-range surface plasmons may be of interest for applications in
non-linear optics, where the long-range nature of the modes is advantageous [45].
Furthermore, localization and waveguiding of surface plasmon-polaritons propagating along the gold film surface covered with randomly located scatterers were
recently used in strongly scattering non-absorbing random media for guiding electromagnetic waves [46,47].
Finally in this section, we turn our attention to the phonon-polariton propagation in anisotropic thin films. The frequency-dependent dielectric function is
assumed to have a diagonal form, as in Eq. (3.3) with
(4.44)
in terms of the frequencies wfiL and w? of the LO and TO phonons, respectively.
Here the index i labels the reststrahkn bands, and mll is the number of these
bands. For example, mil = 4 and m l = 8 in the case of a-quartz [19]. There is an
analogous expression for €1( w ) .
We consider the special case of a symmetric geometry, in which the anisotropic
film is surrounded by vacuum, i.e. e A ( w ) = E C ( W )= 1. Taking into account that
the electric field inside the film now has the form
+

E

=

[EB+,0, (-kzEII/k,BEl)EB--] exp(ik,z - i w t ) for 0 > z > -L,

(4.45)
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Fig. 4.9. Surface phonon-polariton mode in a film of a-quartz (thickness 4 pm) surrounded by
vacuum, showing frequency (in units of 10' cm-l) plotted against the wavevector k , (in units
of lo4 cmpl). The optical axis of the crystal is oriented parallel to the z-axis. Here the shortdashed line is the light line k , = w / c . The notation for the different regions is explained in the
main text (after Costa Filho et al. 148)).

instead of Eq. (4.28), and that
-ik,B = Q B = (611/El)1/2[k2 - E l ( W / C ) 2 ] 1 / 2 ,

(4.46)

instead of Eq. (4.19), the surface phonon-polariton dispersion relation is given by
exp(2aBl) = [ ( Q B - Q A E I I ) / ( a B

+ QAE11)]2,

(4.47)

where we define QA = [k: - ( w / c ) ~ ] ' / ~ .
Fig. 4.9 shows a typical region of the surface phonon-polariton spectrum calculated for a film of a-quartz with its principal axis c (the optical axis) parallel
to the x-axis. We used the dielectric function defined in Eq. (4.44), with parameter values as quoted in Ref. [19]. The thick horizontal lines correspond to optical
phonon frequencies wTq Y 450 cm-l, w;fi Y 495 cm-l, wf4 Y 510 cm-', and
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wfiz Y 548 cm-’. Several different regions of surface phonon-polariton behavior
can be identified between the horizontal lines as follows [48]:

(a) Region I corresponds to €1> 0 and €11 > 0. In this case there is no solution
for either k , < w/c or k , > Ei/2w/c, since Q A and Q B are either real or purely
imaginary quantities. On the other hand, for w < ck, < t y ’ 2 ~ ,Q A is real
although O B is purely imaginary, and there can be guided modes confined
in the film.
(b) Region I1 has €1< 0 and €11 > 0. Here O B is purely imaginary whatever the
value of k,, which implies guided modes for all k, > w/c.

(c) Region I11 corresponds to €1> 0 and € 1 1 < 0. There is no solution for k , < w/c.
For the range w < ck, < C:’~W,
CXBis real and therefore the so-called virtual
surface phonon-polariton modes [49], which would not occur in an isotropic
medium, are allowed to propagate. These modes usually terminate at a finite
value of k,. For k, > c:/2w/c, ( Y Bis purely imaginary, and guided modes can
propagate in the film.
(d) Region IV corresponds to €1< 0 and €11 < 0. We have the propagation of real
surface phonon-polariton modes, i.e. those that are analogous to the surface
phonon-polariton modes in an isotropic medium, for k, > w/c.
In addition to the deformed real surface phonon-polariton branches and the
appearance of virtual surface phonon-polariton modes, the anisotropy gives rise
to a pronounced directional dependence. This difference is clearly illustrated in
Fig. 4.10, which is also for a-quartz but with the optical axis now in the z-direction
perpendicular to the surfaces [48].
4.5

Experimental Studies

The observation of surface polaritons cannot be made directly by conventional
optical absorption measurements, for the following reasons. On the one hand,
conservation of energy requires that the frequency of the light that is incident
from the vacuum must equal the frequency ws(k,) of the surface polariton, i.e.

k2 = k;

+ k i = wg(kz)/c2.

(4.48)

However, for the polariton field to decay with the distance from the vacuum/sample
interface, the surface polariton must be confined to the region of the wk,-plane
satisfying k; > wg/c2 (see Section 4.1). This is compatible with Eq. (4.48) only if
k: < 0, which means that the light incident on the sample must be attenuated in
the z-direction. It is for this reason that the surface polariton mode is described
as non-radiative.
This restriction on k , can be achieved using the method of attenuated total
reflection (ATR), developed by Otto [50-521. In this method a prism of dielectric
constant c p is placed above the crystal and is separated from it by a gap of thickness
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Fig. 4.10. As in Fig. 4.9, but with the optical axis in the z-direction. The long-dashed line
represents the curve k , = E:"W/C
(after Costa Filho et al. [48]).

d and dielectric constant e g (see Fig. 4.11). Both the dielectric constants ep and eg
are assumed to be positive and constant in the frequency range where the surface
polariton exists, and the materials are chosen so that ep > eg. The sample is the
surface-active medium and has a dielectric function E S ( W ) . We assume also that
the angle of incidence 6' on the interface prism/gap is greater than the critical
angle 6'c for total internal reflection in the prism, i.e. 6' > 6'c with
OC = sin-l(eg/eP).

(4.49)

In the absence of the sample, the incident light would be totally reflected.
However, with the arrangement as in Fig. 4.11, the evanescent mode (which has
decreasing amplitude and a purely imaginary z-component of the wavevector)
can excite a surface mode in the gap between the prism and the sample at the
gap/sample interface. The energy associated with this surface mode produces an
attenuation of the total reflection. In other words, the in-plane wavevector, which
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Fig. 4.11. Schematic representation of an ATR experiment in the configuration proposed by Otto
[50-521.

is common to all three media and defined by
k , = E ; / ~ ( W / C )sine,

(4.50)

can be made to satisfy the condition

k, > q 2 ( w / c )

(4.51)

necessary for the excitation of a surface polariton mode at the gap/sample interface, provided ep and 0 are chosen to be sufficiently large.
In Otto’s ATR experiment, surface polaritons were excited at a metallic surface, thus probing the surface plasmon-polaritons. Subsequently, Ruppin [53-551
proposed a modification of Otto’s geometry for the excitation of polaritons in an
insulating slab, probing the surface phonon-polaritons. In either form of the experiment, the ATR method was related to the excitation of bound modes, providing
an extremely sensitive and direct way of measuring the wavevector range, where
the surface polariton has a significant photon component.
The main technical problems in applying the ATR method are the control and
uniformity of the gap thickness [56]. It is evident that if it is not carefully chosen,
the surface polariton’s dispersion curves obtained could not be the free surface
ones, being perturbed by the presence of the prism [57,58]. Nevertheless, it has
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provided the most detailed experimental results available concerning the dispersion
relations of the surface polaritons.
The first observation of surface phonon-polaritons was reported by Bryksin
et al. for NaCl films [59]. These authors subsequently investigated the same
type of excitation in films of KBr, NaF, LiF, CdFz, and CaFz [60]. Surface
phonon-polaritons have been successfully observed also in both the long- [61] and
short-period [62] superlattices that we shall discuss in later chapters. In addition,
experiments have been reported for the surface plasmon-polaritons in n-doped Ge
[63] and in a multiple &doped GaAs sample [64,65]. However, we should point
out that the simple model described in this chapter gives rather poor agreement
quantitatively with experiments made on the alkali halides, due to anharmonic
effects and phonon-phonon interactions [66,67].
An alternative to the ATR method, as a means of studying surface polaritons,
is the use of a laser beam as an energy source and prism couplers for launching
and detecting the surface polaritons. This procedure was used by Schoenwald
et al. [68] to investigate surface polaritons propagating along a surface of copper.
Another experimental method that is somewhat related to the ATR method is
the observation of the reflectivity from a surface upon which a grating has been
ruled. Surface polaritons can then be excited without the aid of a prism, even at
normal incidence of the light. The presence of the grating relaxes the condition
of wavevector conservation for the in-plane component k,, whose effective value is
now given by

k , = ( W I / C ) sin8

+ 27rn/d,

n = 1,2,.. .,

(4.52)

where W I is the incident frequency, 8 is the angle of incidence, d is the spacing of the
grating, and n is an integer. For d sufficiently small, one can have ckZ > W I , even
when n is a small integer. The reflectivity exhibits a dip whenever the frequency
of a surface polariton is equal to W I for some value of n, corresponding to the
excitation of the surface polariton by the incident field. This procedure was used
by Marschall et al. [69,70], to obtain the spectrum of plasmon-polaritons in ndoped InSb. However, the method has the potential drawback that the surface
may be perturbed in a rather complicated way, and the effect of this perturbation
on the surface polariton spectrum is difficult to determine precisely.
A completely different technique for the excitation of surface polaritons is
Raman scattering. For example, Evans et al. [71] employed near-forward scattering of light through an undoped GaAs thin film on a sapphire substrate. Further
theoretical analysis by Mills and Maradudin [72] confirmed that surface polaritons
were indeed excited.
More details about the experimental techniques that were briefly covered in this
section will be given in later chapters, particularly Chapter 11. However, it is useful
to mention here the review articles by Sambles et al. [73]as an introductory account
of ATR and the book by Kawata [74] for more recent developments. The role of
surface polaritons in surface-enhanced Raman scattering (SERS) is discussed, for
example, by Moskovits [75].
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Chapter 5

Plasmon- Polaritons in Periodic Structures
We now begin extending some of the polariton results to structures that involve
multiple layers and interfaces, going beyond the single-film case of the previous
chapter. In doing this, we shall focus on the case of plasmon-polaritons, although
the formalism and many of the results carry over rather straightforwardly to other
non-magnetic polaritons. For simplicity, we first discuss periodic superlattices,
and then in Chapter 6 we generalize to other types of multilayer systems that are
generated using the quasiperiodic sequences.
Plasmons were already defined in Section 1.5 as the quanta associated with the
collective plasma-like excitations in an interacting electron gas, such as occurs in
metals or semiconductors. Plasmon-polaritons, formed by coupling the transverse
electromagnetic radiation to the plasma, were discussed in Section 3.2 for bulk
media and in Chapter 4 for single- and double-interface geometries. An extensive
review that emphasizes the behavior of plasmon-polaritons in periodic superlattices
can be found in Ref. [l].
We recall that a periodic superlattice is a multilayer system composed of layers
of two (or more) different materials, built up so as to give an overall periodicity
to the structure (see Section 1.3). Semiconductor superlattices were first proposed
by Esaki and Tsu [2] in 1970, and since that time there has been a considerable
and increasing interest in their physical properties (both in semiconductors and
other materials). Many of the advances have been due to improvements in fabrication and growth technologies, and the investigations are spurred on by the novel
physical properties of superlattices and their potential for device applications [3].
They are of great importance in a variety of fields, more recently in the laser
devices area, e.g. quantum cascade lasers based on the intraband transitions of
GaAs/AlAs superlattices [4].
The existence of electromagnetic collective excitations in a superlattice, such
as bulk and surface polaritons, can be understood in the following way. The
excitation of a polariton within a material layer produces electromagnetic fields
that extend outside its boundaries, and these fields can couple with elementary
excitations of the entire superlattice. Through the use of Bloch’s theorem (see
Section 1.3), one finds that this coupling creates a set of collective excitations in
the superlattice. This collective mode is characterized by a wave component that
is normal to the interfaces and can transmit energy normal to the layers of the
superlattice structure. Taking Q to denote the wavevector normal to the interfaces,
89
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and L as the unit cell length of the superlattice, it is sufficient to consider the bulk
polariton when Q lies within the new Brillouin zone associated with the periodic
length L , i.e. 0 5 Q L 5 I T. Since L may be much larger than the microscopic
atomic periodicity length within each of the superlattice constituents, it follows
that the zone-boundary value n / L is smaller than for the microscopic Brillouin
zones. This artificially introduced mini-Brillouin zone leads to striking effects
on the excitation spectrum of the superlattice. Indeed, as we shall show shortly,
the dispersion curves for the excitations are now “folded back” into these miniBrillouin zones. This results in a splitting into mini-bands separated by mini-gaps
at the zone center and zone edges. The theoretical analysis of these effects in
infinite superlattices was pioneered by Rytov [5],who considered acoustic phonons
in layered elastic media. However, in a finite or semi-infinite superlattice we will
show that surface (i.e. localized) polariton modes may exist with frequencies above,
below, and in between the bulk bands [6-81.
It is the aim of this chapter to describe the plasmon-polariton spectrum in a
periodic superlattice, including the effects of an external magnetic field that gives
rise to the so-called magnetoplasmon-polaritons. Then, as we shall see later, it will
be straightforward to extend the results to more complex layered structures.
5.1

Two-Component Superlattices

To form a periodic semiconductor superlattice, we consider two different building blocks, A and B (see Fig. 5.1), which are arranged in an alternating way
ABAB. . .. For the present application, we assume that the building block A ( B )
consists of a two-dimensional electron gas (2DEG) layer with a carrier concentration 7 2 (~ n ~ supported
),
by a dielectric layer A ( B ) .The layers A and B are
characterized in general by frequency-dependent dielectric functions E A(w)and
C B ( W ) , and have thicknesses a and b, respectively.
For simplicity, we shall ignore the effects of the charge layers throughout the
rest of this section, i.e. we set TZA= nB =0. The additional effects of the charge
layers are then taken into account in Section 5.2.
5.1.1

Infinite Superlattices

To find the bulk polariton modes we consider an infinitely extended structure with
the Cartesian axes chosen such that the z-axis is normal to the plane of the layers
(the xy-plane), just as in Fig. 4.1. Let us assume that the propagation of the
electromagnetic wave is TM (or ppolarized), and is characterized by the electric
and magnetic fields in the form

Z(F,t ) = ( E ~0,,E,) exp(ik,z

17(?,
t ) = (0, H

-

wt),

~0),exp(ik,z - wt).

(5.1)
(54

Here k, is the in-plane component of the wavevector (taken to be in the 2-direction
without loss of generality, assuming media A and B both to be isotropic). Within
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Fig. 5.1. The two building blocks A and B used here to characterize the periodic and quasiperiodic
structures.

each layer, the electric field must satisfy the usual wave equation:

v x [v x

E(?4

= -~oto€j(W)d2~(?,t)/at2,

(5.3)

where the label j denotes A or B. Also, from Maxwell’s equations,

v x IT(?, t ) = € ( ) € j ( W ) a E ( ? ,t ) / a t .

(5.4)

+

We define the nth unit cell AB as that which extends from z = nL to z = ( n 1)L,
where L = a b is the periodic length and n is any integer. From Eqs. (5.1)-(5.4)
it is easy to deduce that the components of the electric and magnetic fields within
layer A of the nth unit cell ( n L< z < n L u ) have the form

+

+

+

E,(z) = ATA e x p ( - ~ ~ z )AgA e x p ( ~ ~ z ) ,

(5.5)

E z ( ~=)(ik,/aA)[A;?~
exp(-aAz)

(5.6)

ffy(Z)

=

[-~W€O€A(W)/QA][A~A

-

A ~exp(QAz)],
A

e x p ( - a ~ z )- A;A e x p ( a ~ z ) ] .

(5.7)

Here we have either
QA =

[ICE -

if k:

>EA(w)w~/c~

(5.8)

if c/:

<EA(W)W~/C~

(5.9)

or
a A = i[tA(w)u2/c2 k,31/2

that Q A is either real or purely imaginary.
The results for the fields within layer B of the nth cell [nL a < z < ( n 1)L]
are identical to those for layer A, provided we replace the coefficients A ~ and
A
by A ~ and
B A ~ Brespectively,
,
and we replace Q A by ag,which is defined in
an analogous manner to Eqs. (5.8) and (5.9).

SO

+

+
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Next, we use the standard boundary conditions for the electromagnetic fields,
namely the continuity of E,(z) and Hy(z),at the two types of interface of the nth
unit cell, i.e. the interfaces corresponding to z = n L a and z = ( n 1)L. This
gives the following equations:

+

+

AyAfA + A ; A ~ A= AYB
<A(A?AfA -

A;B f B
EB(A?BfB

(5.10)

A;A'AfA)= <B(A?B- A;B),

+A&fs

-

+ A;BB,

= A::'

+ A;:',

A ; " B f B ) = < A ( A In+l
A

-

(5.11)
(5.12)

An+]
2A 1,

(5.13)

where, as mentioned, we are not considering the presence of the 2DEG at the
interfaces. We have introduced the shorthand notation

G = +)/Q!j,

(5.14)

f j = exp(-ajdj)

and

fi = l/fj,

(5.15)

with j = A , B and dj = a , b.
Although there are different theoretical methods available to study these systems, like the surface Green function matching (SGFM) [9-111 and the interface
response theory [12,13],we find it more convenient to make use of a transfer-matrix
formalism [14-161 by defining for each medium the two-component column vector
(5.16)
Now we can rewrite Eqs. (5.10)-(5.13) in matrix form as

where we have defined the 2 x 2 matrices
(5.19)

(5.20)
Using Eqs. (5.17) and (5.18) it is easy to deduce that

IAI+')

= 'fIA",,

T =Nilil?f~fii'&?~.

(5.21)

Here the matrix T is called a transfer matrix because it relates the electric (and
hence the magnetic) field amplitudes at any point with coordinate z in cell n to
the equivalent point (i.e. with coordinate z L ) in cell n 1.

+

+
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Taking into account the translational symmetry of the system by using Bloch's
ansatz, i.e. the 1D analog of Eq. (1.10), we have
(5.22)

I A 7AL f l ) - exp(iQL)IAl),

where Q is the Bloch wavevector and L is the size of the superlattice unit cell.
F'rom this, together with Eq. (5.21), we obtain the following eigenvalue equation
(with its corresponding inversion equation):

TIA2)= exp(iQL)IAz),
T-lIAZ)

(5.23)

= exp(-iQL)IAl).

(5.24)

Consequently, by combining these results, we have
[cos(QL)I- ( ~ ) ( T ' + T - ' ) ] l A ~=
) 0,

(5.25)

where is the 2 x 2 unit matrix.
Since Eq. (5.25) has been deduced for any general vector [A;) of the superlattice, we must have
cos(QL) = (i)(T T-I).

+

(5.26)

Furthermore, as T is a unimodular matrix, its determinant is equal to unity, and so
the dispersion relation for the superlattice bulk plasmon-polaraton is simply given by
COS(QL)= ( $ ) T r ( T ) .

(5.27)

This is an important general result, which will be useful in many contexts.
If retardation effects can be ignored, i.e. k; >> c j w 2 / c 2 , then CXA= Q E = k , and
the bulk dispersion relation, Eq. (5.27), reduces to the following simpler explicit
form [17]:
cos(QL) = cosh(k,a) cosh(k,b)

+ f ( w ) sinh(k,a)

where

f ( w ) = (i)[cA(W)cil(W)

sinh(k,b),

+ cE(W)fil(W)].

(5.28)
(5.29)

In general, it is necessary to solve Eq. (5.28) numerically, but we can get some
insight into the solutions by defining the positive quantity C ( k z ,Q) as
(5.30)
The solutions of Eq. (5.28) then correspond to
fA(W)/cE(W)

= -C(kz,Q) f [C2(kz,Q)-

(5.31)

where all the frequency dependence is on the left-hand side. There is the additional
condition that C(k,, Q) 2 1.
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As an example, let us suppose the medium A is described by the plasmon
dielectric function as in Eq. (1.24), while medium B has a dielectric constant
E,B.
Solving Eq. (5.31), we find two solutions
for the frequencies of the
coupled plasmon modes, i.e.
LJ&

where s denotes the ratio E,B/E,A.
Thus, we expect the infinite superlattice
described by this model to have two characteristic branches of excitations given
by Eq. (5.32): a lower or acoustic brunch, with frequency w-, and an upper or
optical brunch, with frequency w+. We present some numerical illustrations of this
later.
5.1.2

Semi-Infinite Superlattices

We now introduce an external surface to the superlattice by considering it truncated at z=O and with the half-space z<O filled by a transparent medium C,
whose frequency-independent dielectric constant is denoted by E C . This semiinfinite superlattice no longer possesses full translational symmetry in the
z-direction through multiples of the unit cell thickness L, and therefore we may
no longer assume Bloch’s ansatz as in the bulk case. On the other hand, this new
interface between the material C and the superlattice allows the appearance of
another class of solution, namely electromagnetic modes that are localized in the
vicinity of the superlattice surface. Going from one unit cell to the next, their amplitude decays with distance from the plane z = 0. For these superlattice surface
modes, we therefore have, instead of Eq. (5.22),

IA2+’)

= exp(-PL)IA2),

(5.33)

with Re(P) > 0, as the condition for a localized mode. Therefore, Eq. (5.27) still
holds provided we formally replace Q by the complex quantity i p to give
cosh(PL) = ( 1 / 2 ) T r ( T ) .

(5.34)

Since we also have to consider the extra boundary conditions for the new interface
at z = 0, this imposes a further constraint that enables us eventually to determine
the attenuation factor 0, as described below.
The relevant electromagnetic fields in the region occupied by medium C ( z < 0)
must have the form

where C is constant, and

ac

=

[kl - 6 c w 2 / c 2 ] 1 / 2 with

k: > ccw2/c2.

(5.37)
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Next, from the boundary conditions at z = 0 (the continuity of the x-component
of the electric field and the y-component of the magnetic field), and assuming that
layer A is the outermost layer in the superlattice, we find from Eqs. (5.5), (5.7),
(5.35), and (5.36) that

C = AYA

+ A;A,

(5.38)
(5.39)

where we denote <c = E C / C I C . Then, using Eq. (5.23) with the formal replacement
of Q by ip, we have for the vector [A;) in the case of a surface mode

TIA;) = exp(-PL)IA;).

(5.40)

Here [A:) is given by Eq. (5.16) for n=O and j = A . Eliminating the unknown
coefficients C , AYA, and A!A from Eqs. (5.38)-(5.40), we obtain

where T,, (with m,n = 1 , 2 ) denote elements of the transfer matrix T , and X is a
parameter characteristic of the surface:

Eq. (5.41) represents an implicit dispersion relation for the surface polariton modes.
Once it is solved, we can obtain a value for p that must satisfy Eq. (5.34) together
with the requirement Re@) > 0 to ensure localization.
Fig. 5.2 shows the dispersion relation for the unretarded case described by
Eq. (5.32) (bulk modes) and Eqs. (5.34) and (5.41) (surface modes). In this
example we have considered medium A to be Al, with a plasmon-type frequencydependent dielectric function as in Eq. (1.24) with W ~ =
A 15eV. For medium B we
assume the physical parameters of A1203, whose frequency-independent dielectric
function is E B = 3. The damping is neglected and we assume the external medium
C to be vacuum ( E C= 1). As we can see, the bulk modes fall into two well-defined
branches w+ and w- as expected, separated by a gap that tends to become narrower when k , increases
~
[17]. The bands are bounded by the curves for QL = 0
and QL = 7r. The surface modes lie between and above the bulk bands in this case.
The former has PL purely real and positive, and it merges with the w+ bulk band
when kxa cy 1.5. On the other hand, the latter is associated with p having the
form PL = i n x,where x is real and positive; it has the value 6.37 at kxa= 5.0.
It is interesting to note that for large values of k , ~ this
,
surface branch tends to
the frequency appropriate to an Al/vacuum interface (10.6 eV). As k,a decreases,
it merges with the w+ branch.

+
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Fig. 5.2. Plasmon-polariton spectrum as given by Eq. (5.32) (unretarded bulk modes) and
Eqs. (5.34) and (5.41) (surface modes) in a twecomponent superlattice, for a / b = 2 . The energy
(in eV units) is plotted against the dimensionless in-plane wavevector k2a. The shaded areas
represent the two bulk mode regions (w+ and w- branches), while the two surface modes are
represented by the dotted lines just above and below the high-frequency bulk mode region (after
Camley and Mills [17]).

As a second example, in Fig. 5.3 we illustrate the frequencies of the superlattice plasmon-polaritons as a function of the ratio a / b of layer thicknesses, taking the dimensionless in-plane wavevector k,a = 1.0 [17]. The unretarded limit
is once again assumed. We have considered here E B = ~with the other physical
parameter the same as used in Fig. 5 . 2 . As we can now see, the surface mode
exists only when a is greater than b, and lies between the bulk bands. The w+
and w- bulk modes, shown shaded in Fig. 5.3, touch each other for a = b; otherwise they are separated by a gap. They are bounded by the curves QL = 0 and
QL=rr.
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3
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alb
Fig. 5.3. Unretarded plasmon-polariton dispersion relation for a periodic two-component superlattice as a function of the thickness ratio a / b , considering &a = 1.0. The bulk bands are shaded
and limited by the curves Q L = 0 and Q L = T (after Camley and Mills [17]).

5.1.3

Finite Superlattices

We consider now the finite two-component superlattice structure, shown in Fig. 5.4,
obtained from the infinite superlattice by truncating it at z = 0 and z =pL, with
p being a positive integer and L = a b the size of the superlattice unit cell. It is
bounded by the isotropic media E and F , as shown, which have dielectric constants
E E and E F , respectively.
Just as in the semi-infinite case, we can no longer use Bloch’s theorem to relate
the amplitude in one layer to that in another one through the envelope function
exp(im&l), with m being the difference in labels of the cells involved. Instead, by
an extension of results in the previous subsection where there was just one surface,
we now have to employ the envelope functions exp(-mpL) and exp[-(p - m)PL],

+
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Fig. 5.4. Geometry of a superlattice of finite extent, composed of alternating layers of materials
A and B , bounded by materials E and F above and below the structure, respectively.

which are defined to correspond to localization of a surface mode at the top and
bottom surfaces, respectively. The case of the bulk mode would simply correspond
to substituting P by -iQ.
Let us assume, to simplify the algebra of the problem, that the electromagneticfield coefficients A ~ A
and AjB ( j = 1 , 2 ) in layers A and B , respectively, which are
related to the envelope function exp(-rnpL), are independent of the analogous
coefficients AIA and AIB associated with the envelope function exp[-(p - rn)PL].
This assumption enables us to relate these coefficients in the eigenvalue equation
of the transfer matrix T at the nth cell, i.e.

[T - exp(-PI,)]JA;)

= 0,

[T - exp(,BL)]JAk)= 0.

(5.43)
(5.44)

Hence we deduce that
AYA = KA;”,, A’;A

= K’A’yAl

(5.45)
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with
(5.46)
K = [exp(-PL) - TlI]/Tl2,
while K‘ is given by a similar expression to K but with ,B replaced by -P in
Eq. (5.46).
From the electromagnetic boundary conditions for the B-A interface at
z = ( n l ) L inside any cell n of the superlattice, we obtain (henceforth in this
section dropping the superscript n for convenience)

+

+ A2A),
+ AkA),

(5.47)

A I B f B f A2BfB = exp(-PL)(AlA
A:BfB

+ AkB.fB

= exp(PL)(A:A

(5.48)

EB(A1BfB - A2BfB) = ~ ~ P ( - P L ) E A ( A-~A2A),
A

(5.49)

E B ( A ~~A
B k s f s ) = ~XP(PL)SA(A;A- &A),

(5.50)

where &, f j and f , ( j = A , B ) are defined by Eqs. (5.14) and (5.15).
The relevant electromagnetic fields for the region z < 0 can be written as

Ex(z)= CE exp(aEz),

(5.51)

ffv(z) = ~WEOEECE
exp(aEz),

(5.52)

while for the region z > pL they are

Ez(z) = C F exp(-aFz),

(5.53)

H,(z)
= -ZWE&FCF

(5.54)

exp(-aFz).

Here we have introduced the notation
(YE

=

(kx
2 - EEW2/C2)l/’,

kp

> EEW2/C2,

(5.55)

EE = E E / f f E ,

(5.56)

with similar definitions for a~ and EF.
Next, imposing the standard electromagnetic boundary conditions at the E-A
interface ( z = 0) , we have

+ A ~ +A AiA + AiA,
CECE= < A ( - A ~ A+ AQA A:A + A ~ A ) .
CE = AIA

(5.57)
(5.58)

-

Likewise, at the B-F interface ( z =pL), the boundary conditions yield

CF ~ X P ( - P Q F ~=) o - ( A m f s

+ A Z B ~ B+)B + ( A i B f ~+

CFCFe x p ( - p a ~ L ) = EB[e-(AiBfB

+

- A ~ B ~ Be+(A:Bfs
)

(5.59)
-

Aksf~)],
(5.60)

where we denote B* = e x p [ f ( p - 1)PLI.
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-

1+K
<A

(1 - K )

+

(1 K )exp(-ppL)

-

< ~ ( 1K
- )exp(-pOL)

l+Kf

-1

0

(1 - K’)

tE

0

+ K’)exp(ppL)

0

- exp(-pc*.FL)

[A

(1

I A (-~
K’)exp(ppL)

0

-[F

~xP(-PF~)

(5.61)

The above system of equations has a non-trivial solution if the determinant of the
4 x 4 coefficient matrix is equal to zero. Therefore, it follows that the implicit
dispersion relation for the propagation of plasmon-polaritons in a finite, twocomponent superlattice is given by [18]

This equation is particularly convenient to employ, as far as numerical calculations
are concerned, because the number of cells in the finite superlattice, p , appears
only in the argument of the hyperbolic tangent function.
As a numerical example, we suppose that the superlattice is composed of alternating layers of A1 (as medium A), with a plasmon dielectric function, and
A1203 (as medium B ) ,with a dielectric constant equal to 3.0. The surrounding
media E and F are considered to be vacuum ( c =
~ 1) and SiOz ( 6 =~2.5), respectively. The plasmon-polariton dispersion curve, obtained from Eq. (5.62), is shown
in Fig. 5.5 for the unretarded limit case, taking the number of unit cells p = 10
and the ratio of the layer thicknesses a l b = 2. One important and new feature of
this spectrum is the quantization of the bulk modes due to the finite thickness
of the structure. This contrasts with the continuous band of bulk states found
for the infinite and semi-infinite superlattices. This quantization effect becomes
more pronounced (with a wider separation of the modes) as p becomes smaller.
The most striking feature, however, is the existence of a short segment of surface
mode, which emerges from the upper bulk-mode branch at k,a 11 0.5 and becomes
a bulk mode again at k,a
1.3. In this region, the dispersion curve is quite flat.
Above the upper bulk band, there is a high-frequency surface mode which, as in
the semi-infinite case, tends to the frequency value of 10.6 eV for large values of
k,a. Also there is a low-frequency surface mode that exists for all values of k,a
and has an almost flat behavior at the frequency where fiw N 7.8eV.
Finally, we show in Fig. 5.6 the situation where the thickness ratio is inverted
compared with the above case, i.e. a/b=0.5, while other parameters are the
same. As we can see, the bulk modes are considerably more compressed than
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Fig. 5.5. Dispersion curve as a function of the frequency versus the dimensionless in-plane
wavevector k,a for plasmon-polariton in a finite superlattice in the unretarded limit case, taking
the ratio of the layer thicknesses a / b = 2 and the number of unit cells p = 10. Note the quantization
of the bulk modes (full lines). The surface modes are shown by broken lines (after Johnson et
al. [18]).

in the previous figure. Also, the surface mode that appeared in Fig. 5.5 for
0.5 < k,a < 1.3 no longer exists.
5.2

Superlattices with Charge Sheets

We now generalize some of the preceding results to include the effects of charge
sheets (2DEG or 2DHG) arising at the interfaces of the superlattice due to the
structures in Fig. 5.1. The calculations can be done in a way that is a generalization of the case of modes for a single charge sheet (see Chapter 4, Section 4.3). We
consider that at each A-B interface of either an infinite two-component superlattice . . . ABABAB . . . structure or a semi-infinite vacuum-ABABAB . . . structure,
there is a 2D electron (or hole) gas layer, whose thickness is negligible compared
with the thickness of the layers a and b. Modulation-doped GaAs/Al,Gal-,As
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Fig. 5.6. The same as in Fig. 5.5 but for the thickness ratio a/b=0.5 (after Johnson et al. [IS]).

superlattices can provide an approximate realization of this model, as we discuss
later. For simplicity, we omit the treatment of a finite superlattice.
Compared with the calculations done for the determination of the plasmonpolariton dispersion relation in the absence of charge sheets in the previous section, the main difference here is that we no longer have the y-component of the
magnetic field continuous across an interface. Instead, there is a discontinuity due
to the presence of a current density j , at each interface, as given by Eq. (4.23)
in a previous example, and the relevant boundary condition is as written in Eq.
(4.22). Otherwise, we can use the transfer-matrix formalism as developed earlier
in this chapter.
It can easily be proved that with the presence of a 2DEG (or a 2DHG) at each
interface of the layers A and B , with a carrier concentration nj per unit area ( j = A ,
B ) ,the plasmon-polariton dispersion relations are given formally by the same expressions as found previously, namely Eq. (5.27) for the bulk modes, and
Eq. (5.41) for the surface modes, provided the matrix 8
j in Eq. (5.20) is replaced
by ~ 9 1

(5.63)

5.2. SUPERLATTICES WITH CHARGE SHEETS

103

with
8 = g/iwEO = ne

2

/ m w2 € 0 ,

(5.64)

and we have used Eq. (4.23) which defines 0.
In the special case where E A and E B are constants (independent of w ) , it is
convenient t o write the bulk dispersion relation explicitly as [19]

where
G

= [ ~ ( w u / c) ~( k

112

,~)~]

,

(5.66)

112

(5.67)

(wu/c)~
-(k,~)~] .

We have introduced here the ratios r = E A / E B , s = b/u and R is a characteristic
frequency defined by R = (ne2/mq,uq,)1/2.
Eq. (5.65) simplifies considerably when the dielectric media A and B are identical (i.e. the case of T = s = 1). Furthermore, if retardation effects are negligible
(i.e. when k;>>w2/c2), the bulk plasmon frequencies correspond to [19]

w=R

[

k,u sinh(k,u)
2 cosh(k,u) - 2 cos(Qu)

1

’

(5.68)

in agreement with calculations using different methods [20-241.
For the surface plasmon-polaritons in a semi-infinite superlattice, the explicit
form of the dispersion relation, considering T = s = 1 for simplicity, is [19]
[&S

-

W w 2sinh(k,a)] (fW4

+(&a) [rs(l - 2ps) sinh(k,u)
+(T:

-

1)sinh(k,u)

= 0,

+ cosh(k,u)]

(R/w)~
(5.69)

where rs = E C / E B , with EC being the dielectric constant of the medium outside the
superlattice. Also, we have allowed here for the possibility of the charge sheet at
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Fig. 5.7. Bulk plasmon-polariton frequencies w/Cl plotted against Q L , showing the effect of
retardation for w >> 0. See the text for parameter values (after Constantinou and Cottam [19]).

the surface having a different carrier density from that at an interior interface; we
defined , L L ~= ns/n,where ns is the carrier concentration per unit area at z = 0.
In Fig. 5.7 we plot the bulk plasmon-polariton spectrum, according to
Eq. (5.65), as a function of Q L for a fixed value of the in-plane common wavevector
k,a = 0.5. The other physical parameters used are n = 6 x 1015m-’, m = 6.4 x
kg, a=40 nm, € ~ = 1 2 . 9 ,s = 2 , and r = l . These are appropriate to a layered
GaAs/Al,Gal-,As system. For w 5 0, this dispersion relation gives essentially
the spectrum one would expect for unretarded modes, with both the acoustic and
the optical branches being well defined. On the other hand, for w >> 0 where
the retardation effects are important, there are higher-frequency solutions of Eq.
(5.65) that approximate to

+ 27rmc/(1+

w =f(c/a)QL

s)a, m = integer.

(5.70)

This behavior has some resemblance to the folded dispersion curve for phonons in
superlattices [25].
Fig. 5.8 shows the dispersion curve for surface plasmon-polaritons, using
Eq. (5.69), for several values of the surface parameters rs and ,us.We have plotted
the reduced frequency w / n against the dimensionless wavevector k,a. The bulk
continuum is shown shaded. This dispersion curve is consistent with the results
obtained by Giuliani and Quinn [26]. When ps = 1, it corresponds to a surface
branch existing above or below the bulk-plasmon continuum if rs < 1 or TS > 1,
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Fig. 5.8. Bulk (shaded region) and surface (dotted lines) plasmon-polariton modes for a = 40
nm,
= 12.9, and several values of the surface parameters: A, T S = 0.08, ps = 1.0; B , rs = 0.08,
ps = 0.75;
T S = 4.0, ps = 1.0; D , T S = 4.0, ps = 0.75 (after Constantinou and Cottam [19]).

c,

respectively. There is then a cut-off wavevector corresponding to the condition

However, as ps is reduced from unity, it is found that each surface branch moves
to a lower frequency and the cut-off value for kzu is modified. In the limit ,US + 0,
the surface mode frequency has collapsed to zero.
5.3

Doped Semiconductor Superlattices

Synthetic semiconductor superlattice structures are of both fundamental and technological interest. In the past, most suggestions concerning the growth of such
structures focused on either a multilayer heterojunction arrangement or a periodic
alternation of the doping of only one semiconductor to form a series of homojunctions (for a review see Ref. [27] and the references therein). However, with
the development of more sophisticated techniques to grow artificial structures,
the possibility of well-controlled n- and p-doping of otherwise homogeneous semiconductors, including, in particular, the realization of extremely abrupt doping
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profiles, has been investigated and applied to design devices with high performance and new properties. These doping superlattices are crystallographically
only slightly perturbed by a relatively small amount of dopants (typically 1017
to lo1' cmP3 for the most interesting range). Among these doping superlattzces,
one might expect that a superlattice consisting of thin layers of alternate n- and
p-doped semiconductors, with an insulating material in between, leading to the socalled nzpi superlattice, should display novel properties not found in the ordinary
cases [28]. For instance, propagation of plasmon-polariton excitations in the
periodic nzpi superlattice was the subject of intense investigation in the 1980s
[29,30].
The nipi superlattice is an artificial structure composed of doped semiconductors that exhibits many interesting properties. It is formed by a periodic array
of n- and pdoped semiconductor layers separated by an insulator layer (or an
intrinsic semiconductor material), and it was proposed by Dohler [31]. The layer
structure is of the type shown in Fig. 2.3, where materials A and C are now
n- and pdoped semiconductors with dielectric functions E A ( W ) and E C ( W ) and
thicknesses a and c, respectively. The other materials B and D are insulators
with frequency-independent dielectric constants E B and E D and thicknesses b and
d, respectively. Each unit cell is of length L = a
b c d , and is designated
by the index n ( n= 1 , 2 , etc.). In the nth unit cell, at the interfaces z = n L and
z = nL a , it is assumed that there are 2DEG (due to the ionization of impurity
levels), while at the interfaces z = n L + a b and z = nL a b c, we have
2DHG. The 2DEG and the 2DHG at each interface are modelled by the presence
of a surface current density, (T, for electrons and oh for holes. This is in accordance with Ohm's law, as explained in Section 5.2 (replacing i? by ( T ~and oh,
respectively).
We assume, as in the previous cases, a ppolarization for the electromagnetic mode and propagation in the x-direction with wavevector k,. Then using Maxwell's equations together with the electromagnetic boundary conditions
at the interfaces of the nth cell of the nipi superlattice, we obtain the matrix
equations [30]

+ + +

+

+

+ + +

where the two-component column vector / A ; ) , as well as the matrices M j and
Nj (with now j = A , B ,C,D ) , are defined as in Eqs. (5.16), (5.19), and (5.63),
respectively.
The bulk and surface modes of the plasmon-polariton spectra are still given
formally by the expressions in Eqs. (5.27) and (5.41), respectively, but the transfer
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matrix for the present case is defined by
(5.76)
We note that the simple binary superlattice results of Subsections 5.1.1 and 5.1.2
are a special case of Eq. (5.76) with o, = oh = 0, and a = c, b = d. Also the chargesheet superlattice results of Section 5.2 can be obtained from Eq. (5.76) with
ge=gh=5,
and a = c , b = d .
In order to present some numerical results, we consider materials A and C to
be Si doped with n and p impurities, and described by a plasmon-type dielectric function with background dielectric constant E , = 11.7 and plasma frequency
wp = 76.5 THz. The dielectric constants of materials B and D are both assumed
to be equal to 12.3, appropriate for SiO2.
The spectra for plasmon-polaritons propagating in a nipi superlattice are illustrated in Fig. 5.9, where we have considered all layers to have the same thickness
equal to 40 nm. We also assume that the carrier concentrations per unit area, n,
and nh, have the same absolute value equal to 2 x 10l6 m-'. In Fig. 5.9a we have
one surface mode (dotted line) localized below the lower bulk band, corresponding
to PL purely real and positive, and another one within the gap between the bulk
bands which is associated with PL = in x1, where x1 is a positive quantity. On
the other hand, in Fig. 5.9b we have surface modes situated above and below the
bulk bands corresponding to PL purely real. The other mode, which exists between the bulk bands, corresponds to PL = in x2 (x2 > 0) and merges with the
upper band for small values of k,a. In both cases the continuum bulk bands are
shown shaded, and are bounded by the lines QL = 0 and QL = n.
In Fig. 5.10 we show the effects of varying the layer thicknesses, considering now
that all layers have thicknesses equal to 20 nm, with the same values a s before for
all the other physical parameters. As one can see, the bulk bands (shown shaded)
are slightly shifted by comparison with Figs. 5.9a and b, allowing the existence
of only three surface branches (compared with a total of five surface modes in
the previous case). This behavior arises because as the bulk bands are shifted,
A W ~ ,Bwhich is in turn the
they approach the value of the plasma frequency W ~ =
limiting frequency for the existence of these modes.
In all the cases reported here, it is found that the retardation effects are important only in the region corresponding to small values of the dimensionless in-plane
wavevector k,a, as expected.

+

+

5.4

Piezoelectric Superlattices

So far in this chapter, we have considered situations where the propagation of the
light through a dielectric or semiconductor medium is governed solely by the use
of Maxwell's equations with an appropriate dielectric function t(w). While this is
correct in the majority of known crystals, it is not always the case, and we consider
in this section the example of piezoelectric materials. These are crystals characterized by the fact that deforming them produces an electric field, and conversely,
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Fig. 5.9. Plasmon-polariton spectra, plotted as w / w p versus the in-plane wavevector k,a for a
nipi periodic superlattice showing the bulk (shaded area) and the surface (dots) modes for (a)
the two lower bulk bands, and (b) the two upper bulk bands. See the text for the parameter
values (after Farias et al. [30]).
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Fig. 5.10. The same as Fig. 5.9, but with layer thicknesses reduced by a factor of two, so that
a = b = c = d = 20 nm (after Farias et al. [30]).

if one applies an electric field to them, they deform. Therefore, in these materials, the applicable equations to be concerned with are combinations of the elastic
equations of motion together with Maxwell's equations. The coupling parameters
are the elements of the piezoelectric tensor (or matrix).
Since the first quartz resonator around 1920, piezoelectric materials have
been envisaged for many practical applications. One example is in the field of
acousto-electronics [32,33], where there are a number of important devices using
piezoelectric effects, such as signal processing, spread-spectrum communications,
radar and acoustic charge transport, among others [34-381. Additionally, they
give rise t o some elastic surface waves, the so-called Bleustein-Gulyaev waves,
with no surface counterpart in the purely elastic materials [39,40]. As a result, the
study of the propagation of acoustic waves in periodic piezoelectric superlattices
has also been the object of much attention in the last two decades [41-451, following the technological trend for seeking more device applications from superlattice
structures [46].
In this section we extend our study of the propagation of plasmon-polariton
modes in two-component superlattices by considering that one of the superlattice
constituents is a piezoelectric material. Following the same formal approach as
in Section 5.1, we consider two composite building blocks a and ,B that are now
defined as shown in Fig. 5.11. Each block is composed of two layers of different
materials, one of them being a piezoelectric semiconductor crystal with either
cubic symmetry (in block a ) or hexagonal 6 m m symmetry (in block p). These
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a

b

A

B

A

C

Fig. 5.11. The two building blocks a and p assumed for the piezoelectric two-component periodic superlattice. Here A is a non-piezoelectric insulating material, B is a cubic piezoelectric
semiconductor material, and C is a hexagonal 6 mm piezoelectric semiconductor material.

constitute the two important symmetry cases for piezoelectric materials. In both
cases, layer A is a non-piezoelectric insulator material. The layers may have different thicknesses and dielectric functions.

5.4.1

Piezoelectric Layer

Inside a single layer of a piezoelectric material ( B or C), the piezoelectric coupling is usually weak enough to allow the hybrid wave solutions to behave as a
combination of a quasi-acoustic mode (with a phase velocity slightly lower than
the uncoupled acoustic mode) and a quasi-electromagnetic mode (with a phase
velocity shifted to a slightly higher value than the electromagnetic wave). As
the electromagnetic wave has a velocity approximately five orders of magnitude
higher than the acoustic wave, we can describe the former in the so-called static
field approximation where the particle displacement uj ( j = z, y, or z ) along the
coordinate axes r.? is coupled to the electrical potential 4, through the piezoelectric
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tensor, by the following set of equations [47-491:
(5.77)
(5.78)
Here the indices i, j , k , 1 can be x,y , or z , and repeated subscripts are implicitly
assumed to be summed over. Also C Z j k l is the fourth-rank elastic tensor at constant
electric field, eikl is the third-rank piezoelectric tensor, Eik is the second-rank
dielectric permittivity tensor, and p is the density of the material.
Considering only one layer at present, let us assume that the hybrid wave is
propagating in the x-direction with a phase velocity equal to w/k,. The solutions
of the coupled equations (5.77) and (5.78) can be cast as
uj = aj

j = x,y , z,

exp(ik,z) exp(ik,x - i w t ) ,

4 = a4 exp(ikz) exp(ik,x

- iwt),

(5.79)
(5.80)

where the a coefficients are amplitude factors. Substitution of the above solutions,
Eqs. (5.79) and (5.80), into the coupled equations (5.77) and (5.78) yields coupled
differential equations for the two pairs (ux,
u,)and (uy,4)in both symmetry cases.
For (uy,$) the coupling is due to the presence of the piezoelectric tensor. On
solving these coupled equations, and considering only the piezoelectric case of
interest, we eventually find
uy = ( 2 / c z ~ + z ) - 1 { ~ ( k 1[) B I exp(ik1z)

+ B y exp(ik2z)

-

BZ

exp(-iklz)]

+ B4 exp(-ikzz),

(5.82)

for the case of cubic symmetry. Here B, ( r = 1,2,3,4) are unknown coefficients
to be determined later by applying the boundary conditions, and k1,2 = ( k + , - ) 112
with

ki =

(a) [k+*

-

k s ( 1 + 4p) f A],

(5.83)
(5.84)

Also we have defined
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where p is a dimensionless coupling coefficient, and we have used the usual shorthand notation C ~ and
J eicJ for the elastic and piezoelectric tensors [50]. The
z-component of the transverse acoustic wavevector is given by
k,,2 == ( w / v T ) 2- k:,

VT

(5.87)

= (c44/p)1’2,

where VT is the velocity of the transverse acoustic mode. We observe that Eq.
(5.83) gives the correct limits for the uncoupled case ( p = 0), namely k: = k$z and
k2 = - k22 ’
On the other hand, considering now the case of hexagonal symmetry 6 mm, the
solutions of uy and q5 are found to have a slightly simpler form:
zly

= Bi exp(ikz)

+ B&exp(-ikz),

(5.88)

q5 = (e25/t2,) Bi exp(ikz) + B; exp(-ikz)]

[

+ BL exp(-k,z) + Bi exp(k,z).
(5.89)

Here k is given by
(5.90)
k2 = (k$, - &’)/(l + p ’ ) ,
and p‘ is defined as for p provided we replace e24 by e25. The unknown B’ coefficients can later be found, if needed, using the appropriate boundary conditions.
5.4.2

Superlattice Structure

We now generalize to the case of a two-component periodic piezoelectric superlattice, where one of the layers is a piezoelectric material, the other one being a
non-piezoelectric insulating medium. The Cartesian axes are chosen so that the
z-axis is normal to the plane of the layers, with the nth superlattice unit cell
bounded by the planes z = (n - l ) L and z = nL, with the size L of the superlattice
unit cell denoted by either a + b for the cubic symmetry case, or a c for the
hexagonal symmetry case.
Inside layer A (the non-piezoelectric material), at the nth cell, the uncoupled
elastic and electromagnetic differential equations have the well-known solutions

+

uy = A? exp(ikT,z)

qj = AYexp(-k,z)

+ A; exp(-ikT,z),
+ A?exp(k,z).

(5.91)
(5.92)

On the other hand, inside layer B (the piezoelectric medium), the coupled elastic
and electromagnetic differential equations at the nth cell are given by
Eqs. (5.81) and (5.82) for cubic symmetry, and by Eqs. (5.88) and (5.89) for
hexagonal symmetry.
Now using the standard elastic and electromagnetic boundary conditions
[47-49] and employing the transfer-matrix treatment to simplify the algebra as
in the previous section, we find the eigenvalue equation
TIAn) = exp(iQL)IAn),

(5.93)
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where [A") is the 1 x 4 column vector formed by the unknown coefficients in
Eqs. (5.91) and (5.92), Q is the Bloch wavevector, and the 4 x 4 transfer matrix T
is here calculated from
T, = A2;1N2N;lM1
(5.94)
or

Tp= &j-f;1N12Nf;1&j-,1,

for cubic
by [511

(T,) and hexagonal (Tp) symmetries.

=

P2
iEB k l p 2 / E A k z

-'ifB k2/E,4kz

klL(k1)
P2

-iEBklp2/fAkz

The &' and N matrices are defined

L (k21/ P z
k2-qk2)/Pz
1

-L(h)
hL(k1)

L(k1)
N1

(5.95)

-L(k2 11132
k2L(k2)I P 2
1
iEB k Z / f A k z

I

. (5.97)

The matrix a
2 can be obtained from
by dividing the first row by f ~ the
,
second by f ~ the
, third by f z , and the fourth by fz. Also we can obtain
the matrix N2 from fi1 by multiplying the first row by f ~ 1 the
,
second by f ~ lthe
,
third by f B 2 , and the fourth by f B 2 . Here we have used the following definitions:

f~ = exp(ikT,a)
fBj

=l/fA,

f z = exp(ikxa) =

= exp(ikjjb) = I/fBj,

j = 1,2,

P1 = ez4/C44B,

p = C44A/C44B,

l/fz,

(5.98)
(5.99)

P2 = ez4/fB.

(5.100)

In the case of hexagonal symmetry the results for the matrices in Eq. (5.95)
are [51]

Nfl=

fA

fA

P'kTzfA

-p''kTzfA

0
0

0
0

1
k ( l +PI)
0

1
-k(l +PI)
P:
0

-

0

0

(5.101)

fz -fx
0

ipikz
1

-ipikz
1

(5.102)

The matrix M I 2 can be found in the same way as discussed for the cubic case.
Also the matrix N ' 2 can be obtained from N f l by multiplying the first row by
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fc= exp(ikc), the second by f c = l / f c , the third by f Z , and the fourth by fZ.
Here p i and p i are defined as in Eq. (5.100) provided we replace e Z 4 by e 2 5 and
set p’ = C 4 4 A / C 4 4 C .
We note, as expected, that when the piezoelectric coupling terms e 2 4 or es5
are set equal to zero, the matrix T reduces to a partitioned form
(5.103)

0

I

T2

where T I and T2 are the two 2 x 2 matrices that describe the separate spectra of
phonon-polaritons (in the elastic approximation) and plasmon-polaritons (in the
unretarded limit), respectively, in binary superlattices.
To study the surface modes in a semi-infinite structure, let us consider that the
superlattice is truncated at the surface z = 0, with vacuum filling the space z < 0.
The electrical potential in the vacuum region is simply given by

where C is a constant.
We suppose, for simplicity, that the outermost layer of the superlattice is
occupied by the non-piezoelectric medium A , and that its surface can either be
metallized (with a thin layer at zero electrical potential) or free. The elastic and
electromagnetic boundary conditions give us the following dispersion relation for
the surface polariton modes:

+ T i 2 T 2 i T22)(T33 - T44 + T34X - T43X-l)
f (T41 + T42)[(T13 - T23)X-l + T14
T241
(T31 -t- T 3 2 ) [ T 1 3 - T 2 3 + ( T 1 4
T24)X] = 0 ,

(T11

-

-

-

-

-

(5.105)

with X = - 1 for the metallic surface and X = ( E A+ ~ ) / ( E A 1) for the free surface.
We note that when the piezoelectric coupling term is equal to zero, the second
and third lines of Eq. (5.105) vanish. Then the two uncoupled first terms reduce
to the appropriate surface dispersion relations for phonon- and plasmon-polariton
modes, respectively.
Next we present some numerical examples to illustrate properties of the polariton dispersion relations in piezoelectric periodic superlattices. In what follows,
we have taken physical parameters appropriate to fused silica as layer A , while
the piezoelectric semiconductor materials B (cubic symmetry) and C (hexagonal symmetry) were considered to be GaAs and ZnO, respectively. The assumed
thicknesses are a = 20 nm and b = c = 40 nm. Also, the dielectric constants of the
materials are E A = 3.8, c~ = 12.5, and EC = 9.2. The elastic tensor elements C 4 4 are
equal to 31.2, 59.4, and 42.47 (all in units of 109N/m2) for materials A, B , and
C , respectively, while the piezoelectric tensor element e24 is equal to 0.154 C/m 2
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Fig. 5.12. Dispersion relations for bulk bands (shaded) and surface polariton modes (dotted
Iines) propagating in a cubic piezoelectric superlattice. We have plotted the reduced frequency
w/nagainst the dimensionless wavevector k,a. See text for parameter values (after Albuquerque
and Cottam [51]).

(GaAs), and for ZnO we have ez5 =0.48C/m2. Finally, the densities of the layers are 2.2 (material A ) , 5.3 (material B ) , and 5.7 (material C), all in units of
lo3 kg/m3 [51].
Fig. 5.12 shows the polariton spectra for the case of cubic piezoelectric symmetry (i.e. the fused silica/GaAs structure). The outermost interface is considered
to be metallized (but for the non-metallized case the spectra are almost identical
in this case). The characteristic frequency $2 in the vertical axis is equal to Z I T A / U ,
where V T A is the velocity of the acoustic mode that propagates in layer A (the
insulator). The shaded bulk bands are bounded by the curves QL = 0 and QL = T .
The dotted curves represent the surface modes of a semi-infinite superlat,tice. For
comparison, we show in Fig. 5.13 the corresponding case for the hexagonal 6mm
symmetry. Although a quantitative difference is apparent, there is no striking
qualitative difference in the spectra, as a consequence of their common (uy,q5)
piezoelectric coupling.
5.5

Magnetoplasmon-Polaritons in Finite and Infinite Superlattices

In this final section we examine the effects of an external applied magnetic field
on the spectrum of the superlattice plasmon-polaritons. The magnetic field leads
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Fig. 5.13. As in Fig. 5.12 but for the hexagonal piezoelectric superlattice (after Albuquerque and
Cottam [51]).

to the so-called magnetoplasmon-polariton excitations. They may be studied using
the same transfer-matrix technique as presented in the earlier sections of this
chapter, but with a modified form of the dielectric function ~ ( w ) We
. shall proceed
directly to present the results for superlattices; for a description of the earlier
work in other geometries (including bulk materials, single films, etc.), the reader
is referred to Refs. [52-571 for the plasmon case. We mention Refs. [58-601 for the
analogous magnetic field effects in the phonon case.
We begin with a discussion of the bulk and surface magnetoplasmon-polariton
modes in binary superlattices as the simplest case. Then we extend these results
to the more complex nipi superlattices.
Specifically we assume that a uniform external magnetic field Ho is imposed in
the y-direction (parallel to the interfaces), supposing that the orientation of the
Cartesian axes for the superlattice is the same as used in Fig. 5.4. The excitations
are taken to have in-plane propagation in the x-direction and are described by
Bloch wavevector Q and frequency w .
We consider initially a binary superlattice with alternating layers A and B
extending indefinitely in both the positive and negative z-directions. The layers
A and B have thicknesses a and b, as well as dielectric functions E A ( W ) and E B ( W ) ,
respectively. When the external magnetic field is present, the dielectric functions
in the media become anisotropic and have off-diagonal terms. Their general form
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(for an applied field in the y-direction) is
(5.106)

( -:"..).

with

I+-

El=€,

(5.107)

(5.108)
€3 =

(W,/W 11.
2

€Ca[1 -

2

(5.109)

As before, wp and E , are the plasma frequency and the background dielectric constant respectively, in the layer under consideration. The external magnetic field
effects are given in terms of the cyclotron frequency w, = e H o / m ; this represents
the frequency of circular motion of the electrons in the plane perpendicular t o
the applied field. Eqs. (5.106) and (5.107)-(5.109) can be derived by following a
hydrodynamic approach, e.g. by adding a term -e(d?/dt x do) in Eq. (1.21).
Generalizing results in Subsection 5.1.1, the solutions of Maxwell's equations
in the layers of the nth unit cell are (for J = A or B )

.

+ A!3 exp(a,z),
= i[XIJAYJ
exp(-a,z) +
exp(a,z)l,

E,,(z) = AT3exp(-a,z)
E&)

(5.110)
(5.111)

X23AFJ

H ~( 2J) = - i w f o [ t i ~ A ? e~x P ( - a ~ z )- 523ATJ exP(aAz)].

Here CVA and a~ are defined as in Eqs. (5.8) and (5.9), with
following combination of dielectric-function matrix elements:
€3

Also we have defined (for

X&)

=

T

= ClJ

(w)-

& ( W ) / € l J( w ) .

eJ

(5.112)
denoting the
(5.113)

= 1,2)

(kZE1J f a 3 E 2 3 ) / ( k z E 2 3

f a J E 13 ) ,

(5.114)

In Eqs. (5.114) and (5.115), the upper and lower signs are associated with T = 1
and T = 2, respectively.
Now, using the standard electromagnetic boundary conditions for the nth cell,
and following the same steps as in Subsection 5.1.1, we find that the superlattice
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bulk dispersion relation is as formally quoted in Eq. (5.27). The relevant transfer
matrix T is formally defined in the same way as in Eq. (5.21), provided we replace
and
<j by Erj in the
matrices defined by Eqs. (5.19) and (5.20), respectively,
taking r = 1 (2) for the matrix elements MI2 and N12 (M22 and N22). Explicitly,
this dispersion relation reads [61]

(5.116)

with
YT 3. - eljXrj

-

eZj,

r = 1,2,

j = A,B,

(5.117)

and f, is defined as in Eq. (5.15).
Next, for a semi-infinite superlattice, we can generalize the calculation in
Subsection 5.1.2 to include an external magnetic field. We suppose that the
superlattice is truncated at the plane z=O with a medium C , which has a dielectric constant EC independent of the external magnetic field and occupies the
region z 5 0. Also we take the first layer of the semi-infinite superlattice to
be, as previously, a layer of medium A . Then the dispersion relation for surface
magnetoplasmon-polariton modes is again given formally by Eq. (5.41) provided
the appropriate changes are made in the elements of the T-matrix (as described
above for the infinite case) and the factor X is here defined by
= (ElA

+ <C)/(<2A

-

<C).

(5.118)

When written explicitly, the dispersion relation for the surface mode becomes [61]
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Fig. 5.14. Dispersion curves for magnetoplasmon-polaritons in a two-component semi-infinite
superlattice, plotted in terms of a reduced frequency = W / W ~ Aagainst a reduced wavevector
= C I G ~ / O ~ A . See the text for parameter values. Note the four surface modes shown here as solid
lines with a plus or minus sign attached (after Wallis et al. [61]).

<

<

Some dispersion curves are plotted in Fig. 5.14 in terms of a reduced frequency
= C k , / W p A , considering medium
as
vacuum [61]. The ratio between the plasma frequencies of medium A and medium
B is taken to be 2.0, while their thickness ratio a / b = 0.5. The external magnetic
field is specified through the cyclotron frequency w,, which is taken as half the
value of the plasma frequency W ~ A It
. can be shown that, in the absence of the
external magnetic field, there are two surface modes, doubly degenerate, corresponding to propagation in opposite directions (i.e. parallel and antiparallel to
the x-axis) for any given magnitude of the wavevector k,. However, in the presence of the external magnetic field, this degeneracy is removed, leading to the
= W / W p A against a reduced wavevector

<

c
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four surface modes (full lines) labelled by the plus and minus signs in Fig. 5.14.
Three of them lie in the gap between the bulk bands (which are shown shaded as
usual) while the other is in the region below the lower bulk band, merging into
it when N 3.0. We note that the upper plus surface mode intersects the curve
CYB= 0 (shown dashed in Fig. 5.14) at two points, and it ceases to exist as a surface
magnetoplasmon-polariton mode between these two points.
As a further extension of the previous case, we now briefly present the magnetoplasmon-polariton spectra for a semi-infinite nipi superlattice. In doing this we
also allow for the presence of a 2D charge sheet at each interface. The dispersion
relations are formally the same as those in the absence of a magnetic field (see
Section 5.3), with a transfer matrix defined by Eq. (5.76), provided we make the
same replacements described earlier, i.e. [ j replaced by C T j , in the matrices
and N .
Similar considerations can be applied to the magnetoplasmon-polariton spectra
in nipi superlattices with a finite number p of unit cells (each with thickness L),
bounded by isotropic media E and F whose dielectric constants E E and E F are not
affected by presence of the external magnetic field Ho. The dispersion relation for
the surface magnetoplasmon-polariton modes is now given by [62]

<

with
f l =
~

E ~ A- K t 2 ~- &(I -k K ) ,

(5.124)

fl2 is defined similarly to 199~provided we replace K by K’ in Eq. (5.124). Also
and &A are given by Eq. (5.115), & by Eq. (5.56) (with a similar expression
for E F ) , K and K’ by Eq. (5.46), and the surface current density for holes, C h ,
defined by Eq. (5.64).
The dispersion relation, defined by Eq. (5.123), is plotted in Fig. 5.15 with
the surface modes represented by dots and the bulk bands shown shaded. We
have considered, as in Section 5.3, the layer A and C as n- and pdoped Si. The
layers B and D were taken to have diagonal dielectric tensors, with all diagonal
elements equal to 12.3, which is suitable for Si02. The finite superlattice, whose
overall size is taken as 20L in this example, is considered to be surrounded by the
vacuum. The thicknesses of the layers are a = 2b = c = 2d = 40 nm, and the applied external magnetic field is assumed to be such that w,.27r = 38.25 THz. The
quantization of the bulk continuum due to the finite thickness of the structure
is apparent. This quantization, as is well known, leads to the modes being more
widely spaced as p , the number of superlattice unit cells, becomes smaller. The
surface polaritons at the top and bottom surfaces of the finite structure are essentially degenerate in frequency. As the thickness of the superlattice is decreased,
the decaying exponential envelopes of these degenerate modes begin to overlap,
and the frequencies split into a bonding and antibonding pair. This effect is clearly
seen in the intermediate-frequency mode of Fig. 5.15 [62].
and
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Fig. 5.15. Dispersion curves for magnetoplasmon-polaritons in a nipi finite superlattice. We
have plotted the reduced frequency w / w p against the dimensionless wavevector k z a . The six
magnetoplasmon-polariton surface mode branches are represented here by dots, and are labelled
by the (+) and (-) signs. See the text for parameter values (after Albuquerque et al. [ 6 2 ] ) .

The surface plasmon modes that exist in the gap between the bulk bands are
normally doubly degenerate with respect to propagation in opposite directions for
the wavevector 6. However, when the magnetic field is switched on, this degeneracy
is removed and the surface modes split, giving rise to the six magnetoplasmonpolariton surface modes indicated by the plus and minus signs in Fig. 5.15. Two
of these modes are localized between the upper bulk bands (at w / w p = 0.93) and
two more modes are localized between the lower bulk bands for 0.3 < w / w p < 0.5.
Note that all four of these modes correspond t o PL = in x,where x is a positive
quantity, and they merge into the bulk bands a t k,a Y 3.2. The other two modes
are localized between the upper and lower bulk branches and correspond to PL
being real and positive. They exist in the range 0.7 < w / w p< 0.95. The upper
(+) branch enters the upper bulk band at k,a Y 3.5, while the lower one (-)
terminates when it enters the lower bulk band at k,a N 3.5.
Another important point can be inferred from Eq. (5.123) by rewriting it as

+

exP(2PPL) = N / D ,

(5.125)
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where N and D are the numerator and denominator terms, respectively. As p +
00, i.e. we take the semi-infinite limit, it follows that exp(2ppL) + 00 for ,8 > 0
and tends to zero for p<O. The different signs correspond to the surface modes
localized on the upper and lower surfaces, so N = 0 corresponds to the dispersion
relation of one of these modes, while D = 0 corresponds to the other.
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Chapter 6

Plasmon- Polaritons in Quasiperiodic
Structures
The spectra of many different types of elementary excitations in quasiperiodic
structures have been studied by several groups. In all cases the detailed theory showed the spectra to be Cantor-like with critical eigenfunctions and localized
states. Furthermore, a quite complex fractal energy spectrum, which can be considered as a basic signature of quasiperiodicity, is a common feature of these systems
[l],as mentioned in Chapter 2 . On the experimental side much progress has also
been made in studying the quasiperiodic structures, mainly to determine their
optical properties like the picosecond luminescence measurements [2], photoluminescence excitation spectroscopy [3], and reflectance spectroscopy [4].
In this chapter we present a discussion focusing on the propagation of plasmonpolaritons in quasiperiodic structures. Our geometry is similar to that used in
Chapter 5 for periodic structures, i.e. in the optical studies, light comes from
a semi-infinite transparent medium (e.g. vacuum), occupying the region z < 0,
and is transmitted into a quasiperiodic structure, bounded by the plane z = 0 and
occupying the region z > 0 (see Fig. 6.1).
We shall first discuss the polariton spectra, emphasizing their self-similar pattern. Then we present a quantitative analysis of the results, pointing out the
distribution of the polariton bandwidths for high generations. This gives a good
insight to their localization and their power laws, which are a guide to their universality classes. We proceed further to discuss the multifractal properties of the
plasmon-polariton spectra using the so-called f ( a ) function, which describes the
distribution of different fractal dimensions of the object upon variation of the singularities of strength a [5]. A brief discussion about more complex quasiperiodic
structures of the nipi type is then presented. Finally, we provide an analysis for
their interesting and distinctive thermodynamic properties.
6.1

Two-Component Quasiperiodic Structures

In this section we extend the method presented in Chapter 5, which was suitable
for a periodic superlattice [6],to more complex layered structures, such as those exhibiting deterministic disorders [7-91, i.e. Fibonacci, Thue-Morse, Double-period,
and Cantor. All we need is to determine the transfer matrices T associated with
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Fig. 6.1. Schematic representation for the plasmon-polariton propagation in quasiperiodic structures.

the building blocks A and B (depicted in Fig. 5.1) for each quasiperiodic structure,
as was done for the periodic case and found in other applications in this subject
[lo-121. After that one may again use Eqs. (5.27), (5.34), and (5.41) to find the
bulk and surface polariton modes.
We begin with Fibonacci structures. As defined in Subsection 2.3.2, the
Fibonacci sequence is characterized by the generations

SO= B ; S1 = A ;

5'2 = A B ;

S3 = ABA; S4 = ABAAB; etc.

(6.1)

It is straightforward, starting with the simplest cases, to prove that their transfer
matrices are [13]:
(a) for SO= B and S1= A

T~~= N G ~ M ~
T ;~=, N , - ' M ~ ;
(b) for

(6.2)

SZ= AB
Tsz = N i l M ~ N i l M ~ ;

(c) for any higher generation (with R

Ts,+2

(6.3)

2 1) by application of the rule

= TS,,TS,,,.

(6.4)
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Therefore, from a knowledge of the transfer matrices Tso, Tsl, and Ts, we can
proceed to determine the transfer matrix of any other Fibonacci generation.
Similarly, for the Thue-Morse sequence, whose generations are (see
Subsection 2.3.3)

s o = A;

S1 = AB;

5'2 = ABBA;

S,

= ABBABAAB;

etc.,

(6.5)

the transfer matrices are found to be [13]:
(a) for S1=AB

where

(b) for

5'2 = ABBA

T ~=
, N,-~T,,T~,T~,T,,N~
= N ~ ~ T ~ ~ T , , N ~ , (6.8)
where

(c) for any generation n ( n 2 1)

with

As expected, a similar rule holds for the Double-period sequence (see Subsection 2.3.4), where the transfer matrix for the 2nd generation Sz= ABAA is
given by [13]
Ts, = N i l M AN i l M A N i l M BN i l M A
or

For any higher generation (with n 2 1)

(6.13)
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Finally, for completeness, in the case of the scxalled Cantor superlattice (see
Subsection 2.3.1) the transfer matrix for its nth generation is [14]

Ts, = TAT,.

(6.16)
(6.17)
(6.18)
(6.19)
(6.20)

6.1.1

Numerical Examples

With the transfer-matrix formalism established, we next present some numerical results for the spectra of the bulk and surface polaritons that can propagate in these quasiperiodic structures. We consider medium A to be GaAs, with
a plasmon-type frequency-dependent dielectric function. For medium B we assume the physical parameters of SiOz , whose frequency-independent dielectric
function is C B = 12.3. The other physical parameters used here are E,A = 12.9,
m = 6.4 x
kg, a = b/2 = 40 nm, n~ = n B = 6 x lo5 mP2, and W ~ =A4.04 THz.
The damping term in the dielectric function is neglected, and we assume the external medium C to be vacuum ( E C = 1). It is convenient to plot the results in
1/2

terms of a reduced frequency w/R, where R = E,AnAe2/rncoa)
, versus the
dimensionless in-plane wavevector k,a. For GaAs the value of R is approximately
23 THz.
The plasmon-polariton spectra for the quasiperiodic Fibonacci (2nd and 4th
generations) , Thue-Morse (3rd generation) , Double-period (3rd generation), and
Cantor (2nd generation) superlattices are presented in Figs. 6.2-6.6, respectively.
In all cases the surface modes are represented by dashed lines, while the bulk bands
are characterized by the shaded areas, which have boundaries corresponding to
QL = 0 and QL = 7r, with Q being the Bloch wavevector and L the size of the unit
cells of the quasiperiodic structures.
The plasmon-polariton spectrum for the 2nd Fibonacci generation is depicted
in Fig. 6.2. Actually, since it corresponds to an . . . ABABAB . . . structure, it is
equivalent to the periodic case treated in Chapter 5. In addition, we are including
retardation effects in the present numerical example. As we can see, it has two
well-defined branches [13]. When k,a << 1the high-frequency bulk branch is in the
range 0.18 < w/R < 0.6, while the low-frequency one lies in the region w/R < 0.17
for the same k,a. The high-frequency surface mode emerges from the bulk band
at w/R = 0.6, and then evolves separately from the bulk band. The low-frequency
surface mode, on the other hand, starts at w/R = 0 and then merges into the bulk

(

6.1. TWO-COMPONENT QUASIPERIODIC STRUCTURES

129

Fig. 6.2. Plasmon-polariton spectrum for the reduced frequency w / O versus k,a for the 2nd
generation of the Fibonacci quasiperiodic structure, which is equivalent to the periodic case.
The bulk bands are shaded, while the surface modes are represented by the dashed lines (after
Vasconcelos and Albuquerque [13]).

band at w/R _N 0.126 for k,a _N 2.6. The inset shows that the spectrum has no
self-similarity pattern (in contrast to the cases to be shown later).
In Fig. 6.3 the plasmon-polariton spectrum for the 4th Fibonacci generation
is presented. We observe that the number of bulk bands is equal to the corresponding Fibonacci number F4 (namely, 5), and indeed the number of bulk bands
is always equal to the Fibonacci number of the corresponding generation. Two of
the surface modes are seen to have a behavior similar to those found in the periodic
case: a high-frequency mode, which starts at the top of the bulk band and then
propagates apart from it for higher k,a, and a low-frequency mode, which starts
(for small kxa) split off below the bulk band, merging with it again at k,a N 2.6.
It is interesting that the latter property holds for all quasiperiodic structures studied here. The inset provides a qualitative indication of the fractal aspect of the
spectrum, in the sense that the inset has the same qualitative features as the main
figure.
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Fig. 6.3. Same as Fig. 6.2, but for the 4th generation of the Fibonacci quasiperiodic structure
(after Vasconcelos and Albuquerque [13]).

The Thue-Morse 3rd generation is shown in Fig. 6.4. Here, as in the previous
case, we have two well-defined regions for the plasmon-polariton spectrum. The
number of bulk bands now increases as 2"-l
1, with n being the Thue-Morse
generation number. The surface modes lie between the bulk bands. The qualitative
self-similarity aspect of the spectrum in this case is also apparent on comparing
the inset with the main figure.
The plasmon-polariton spectrum for the 3rd generation of the Double-period
structure is shown in Fig. 6.5. In some respects it is similar t o the Thue-Morse
case, but there is an important difference t o notice. The number of bulk bands
in the high-frequency region of the spectrum for each generation is equal t o the
number of A building blocks of the corresponding generation, while the number of
bulk bands in the low-frequency region is equal to the number of B building blocks
of the same generation. Altogether, however, the number of bulk bands increases
as 2" for this quasiperiodic sequence.

+
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Fig. 6.4.Same as Fig. 6.2, but for the 3rd generation of the Thue-Morse quasiperiodic structure
(after Vasconcelos and Albuquerque [ 131).

Finally, for completeness, we show in Fig. 6.6 the plasmon-polariton spectrum for the 2nd generation of the Cantor structure. Of course, as commented in
Chapter 2, it is not included in the substitutional classes defined by the other structures. The number of bulk bands satisfies the following numerical sequence [14]:

sn=

{

7n/2

for n even,

(7n - 1)/2

for n odd.

(6.21)

It again has a qualitative self-similarity aspect, which is clear from the inset.
6.2

Localization and Scaling Properties

One of the most fascinating aspects of excitations in quasiperiodic structures concerns their localization and connection with fractal behavior. Thus, we now proceed with an analysis of the confinement effects arising from competition between
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Fig. 6.5. Same as Fig. 6.2, but for the 3rd generation of the Double-period quasiperiodic structure
(after Vasconcelos and Albuquerque [13]).

the long-range aperiodic order , which is induced by the quasiperiodic structure,
and the short-range disorder [15,16]. To this end, a quantitative analysis will be
made of the localization and magnitude of the allowed bandwidth in the plasmonpolariton spectra, which were described in the previous section for quasiperiodic
structures. Also, we shall discuss the related scaling behavior as a function of the
number of generations of the sequences.
Taking the Fibonacci case, data for the distribution of the bandwidths are
shown in Fig. 6.7a for the dimensionless in-plane wavevector k,a = 0.25. One can
deduce the forbidden and allowed energy bands as a function of the generation
number n up to the 10th generation of the Fibonacci sequence, which means a
unit cell with 55 A and 34 B building blocks. We note that, as expected, the
allowed band regions exhibit a highly fragmented energy spectrum for large n,
as an indication of greater localization of the modes [17,18]. In fact, the total
width A of the allowed energy regions (which is known as the Lebesgue measure
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Fig. 6.6. Same as Fig. 6.2, but for the 2nd generation of the Cantor quasiperiodic structure (after
Vasconcelos and Albuquerque [13]).

of the energy spectrum) decreases with n as the power law A F,$. Here F, is
the Fibonacci number and the exponent 6 (the so-called dzffusion constant of the
spectra) is a function of the common in-plane wavevector k,a. This exponent can
be considered as indicating the degree of localization of the excitation [19-211. In
Fig. 6.7b we show a log-log plot of these power laws for three different values of k,a.
In a similar way, Fig. 6.8a shows the forbidden and allowed region of propagation for the plasmon-polaritons in the Thue-Morse quasiperiodic system as a
function of its generation number. We again go to the 10th generation of the
sequence, which in this case means a unit cell with 21° A and B building blocks.
The total allowed bandwidth scales as the power law A ( 2 n ) - 6 , where now 6 is
independent of the wavevector k,a. Indeed, in Fig. 6.8b we see a log-log plot of
the width A of the allowed regions against 2n for three different values of k,a, with
almost the same value of 6, the small difference probably being due t o numerical
uncertainties.
N
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Fig. 6.7. Localization and scaling properties of the plasmon-polaritons in Fibonacci structures:
(a) distribution of bandwidths as a function of the generation number n; (b) log-log plot of
the total width A of the allowed regions against the Fibonacci number (after Vasconcelos and
Albuquerque [13]).

Finally, the forbidden and allowed regions of plasmon-polaritons propagating
in quasiperiodic Double-period sequences, as a function of the generation number
n, are shown in Fig. 6.9a. The scaling behavior of the allowed bandwidth is
A
( 2 n ) - 6 , where here, as with Fibonacci structures, it is the case that the
exponent 6 depends on the wavevector k,a, a s can be seen in Fig. 6.9b. We
surmise that this may be a feature of sequences for which the numbers of A and
B blocks are different.
N

6.3

Multifractal Analysis

We now go beyond the simple scaling results of the previous section to investigate the multifractal properties for the spectra of plasmon-polaritons in quasiperiodic multilayers. Multifractal analysis has proved to be a convenient statistical
description for the study of the long-term dynamical behavior of a physical system.
A multifractal behavior is, in general, a common property of strange attractors
in non-linear systems [22,23]. Thus, before covering applications to quasiperiodic
systems, it is useful to mention some general concepts (the details are to be found
in textbooks on non-linear dynamics, e.g. see [24]). Loosely speaking, an attractor
is a set to which all neighboring trajectories converge, and a strange attractor is
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Fig. 6.8. Localization and scaling properties of the plasmon-polaritons in Thue-Morse structures: (a) distribution of bandwidths as a function of the generation number n; (b) loglog plot of the total width A of the allowed regions against 2n (after Vasconcelos and
Albuquerque [13]).

one that exhibits a sensitive dependence on the initial conditions. For the simple
Cantor sequence there is a uniform scaling and the fractal dimension is a constant,
as noted in Subsection 2.3.1. However, in general, this will not be the case and
in multifractals the dimension will vary across the attractor. Multifractals differ
from monofractals in the sense that they need an infinite set of exponents (rather
than a single exponent that suffices for a fractal) to characterize their spectra. In
particular, they arise when multiplicative processes are involved in defining the
sequence [25,26],and this is the case for most of the sequences that are of interest
to us here.
In order to characterize these objects, it is convenient to introduce the function f ( a ) ,which is known as the multifractal spectrum or the spectrum of scaling
indices. Loosely, one may think of the multifractal as an interwoven set of fractals
of different dimensions a , where f(a)is a measure of their relative strength [27].
The formalism relies on the fact that highly non-uniform probability distributions
arise from the non-uniformity of the system. In spite of quasiperiodic systems not
being classifiable in the non-linear physics context, they do exhibit multifractality
in their spectra. This feature was firstly studied by Kohmoto and collaborators
for electrons in a 1D quasiperiodic discontinuous potential [as].In the case of the
Cantor sequence, f(a)would consist of a delta function %pike" at the value
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Fig. 6.9.
Same as Fig. 6.8, but for Double-period structures (after Vasconcelos and
Albuquerque [13]).

In 2/ In 3 corresponding to its fractal dimension. By contrast, we shall show examples later where f ( a ) is a continuous smooth distribution.
Fractal and multifractal objects have been identified in a multitude of physical
situations, ranging from problems of aggregation to the behavior of chaotic dynamical systems [29,30]. The multifractal sets can be characterized on the basis
of the generalized dimensions D, (which is "generalized" in the sense that it is
defined in terms of a variable q ) and the associated spectrum of singularities given
by f ( a ) . In fact, they can be completely described either by an infinite number of
generalized dimensions D, or by the f ( a ) function [31,32]. The definition of D,
as a function of q is provided by the expression [33]

r

1

while for q = 1 we have
r

1

(6.23)

sbox

Here pi =
dp, with p being the probability measure of the multifractal set,
and i = 1 , 2 , . . . , N' (where N' is the number of boxes). Also i is the index of a box
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that belongs to a grid that covers the set and has a linear size given by
In this formalism the scaling exponent a is defined by [33]

a(.)

=

lim [-Inp(z)/InN'],

E=

l/N'.
(6.24)

" i m

where p ( z ) is the integral of dp over a box centered at
then defined by the relation

"(a,

E)

-

E-f(a),

2.

The ! ( a ) function is
(6.25)

for E -+ 0. Here the number of boxes (specified by E ) with a between a and a+Aa
is defined to be " ( a , E ) A ~ .
To evaluate the multifractal spectra, one should first obtain the measures from
either real or computer experiments and then use a Legendre transform. The
difficulty with this method lies with the Legendre transform itself, depending on
the system being considered, and on eventual discontinuities that might arise on
the f ( a ) curves [34]. A new approach for this problem was due to Chhabra and
collaborators [35,36], who introduced one of the most efficient algorithms to calculate the f ( ~ function.
)
It allows the f ( ~ function
)
to be found with excellent
numerical precision, and it is the method that we shall follow here. Let US first
define a measure <( by normalizing the local plasmon-polariton bandwidths Ai, i.e.
(6.26)
where the summation is over all bands. Then we construct a parametrized family
of normalized measures defined by
Pi

=

c/ cc:

(6.27)

i

This represents a generalization (to q # 1)of the original measure C i . The spectrum
f ( a ) is then obtained by varying the parameter q and calculating
(6.28)
i

i

Fig. 6.10a shows the f ( a ) functions for the 10th generation of the Fibonacci
sequence. Here we have considered three different values of the dimensionless inplane wavevector k,a, and we notice that the spectra are independent of the k,a
values. For comparison, Fig. 6.10b shows the f ( a ) functions for the Thue-Morse
structure. We consider here its 8th generation, whose unit cell is composed of
128 A and 128 B building layers. For this structure we can infer small variations
of the spectra for different values of k,a, although the f ( a ) spectra widths are
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Fig. 6.10. f(a)functions of the plasmon-polariton bandwidths for the quasiperiodic structures:
(a) Fibonacci; (b) Thue-Morse; (c) Double-period. The generation number N and the values of
the in-plane dimensionless wavevector k,a are indicated (after Vasconcelos et al. [33]).
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almost the same. Next the f(a)functions for the 8th Double-period generation
are shown in Fig. 6 . 1 0 ~where
~
the unit cell now has 161 A and 85 B building
layers. As in the Thue-Morse case, we notice only small variations of the spectra
for different values of k, a.
For all these cases the extremes a,,, and anLaIof the abscissa of the f ( a )
curves represent the minimum and maximum of the singularity exponent a , which
acts as an appropriate weight in the reciprocal space. In fact, amin= limw++oo D,
and a,,,
= limN,+--ooD , characterize the scaling properties of the most concentrated and most rarified region of the intensity measure, respectively. The
value of Aa = a,,,
- amin may be used as a parameter reflecting the randomness of the intensity measure. Also, using general scaling arguments at the
edge of chaos within the generalized statistics model [37],it can be proved that
1/(1- q ) = l/a,,, - l/a,,,, where q is an entropic index [38].
The above multifractal analysis revealed a smooth f(a)function distributed in
a finite range [amin,a,,,]
for all the quasiperiodic structures, with a summit at
f ( c . 0 ) = 1 for some value a0 of a. These investigations clearly demonstrate that all
the spectra correspond to highly non-uniform intensity distributions, and therefore
they possess the scaling properties of a multifractal.
6.4

Quasiperiodic nzpi Structures

The plasmon-polariton spectrum of the nzpi periodic superlattice was studied in
Section 5.3. Our purpose here is to extend this calculation to quasiperiodic structures, taking into account two main goals: first we want to determine their fractalprofile spectra, and then their localized modes, as a power law for their allowed
bandwidth distribution [39].
To form a nzpi quasiperiodic superlattice, we consider the four different building
blocks as described in Chapter 5 , namely A (n-type semiconductor), B (insulator),
C (ptype semiconductor), and D (insulator). The structure can be generated
(or “grown”) by means of the transformations A + AC, B + DC, C -+ AB,
and D -+ DA. The building blocks A and C are formed by a two-dimensional
electron gas (2DEG) and a two-dimensional holes gas (2DHG), respectively, both
supported by layers of doped semiconductor materials, whose thicknesses are a
and c, respectively (as described in Section 5.3). The building blocks B and
D are insulators, whose thicknesses are b and d. The total number of building
blocks in the unit cell increases with 2,+’. The generations of this quasiperiodic
structure are
5’1 = [ABCD],
S3 =

Sz = [ACDCABDA],

[ACABDAABACDCDAAC], etc.

(6.30)

To study the plasmon-polariton modes, we consider an infinite periodic repetition of the unit cell for the nth quasiperiodic nzpi generation. The Cartesian axes
are chosen so that the z-axis is the normal direction to the zyplane of the layers.
We also assume that the propagation of the electromagnetic wave is ppolarized.
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The transfer matrices for the nipi quasiperiodic superlattice can be formed and
defined by using the method of induction. The results are:
(a) for the first generation 5'' = [ABCD],which is the periodic nipi structure:

Ts,= Ni'TD,T~,TBIT~,N~,

(6.31)

where

(6.32)
(b) for the second generation

5'2 = [ACDCABDA]:

TSz = Ni 'TD2TCzTBzTA2 NA

3

(6.33)

with

(6.34)
(c) for the nth generation ( n> 2):
TS,=

~ i TD,,
' TC,,TB, TA,,NA,

(6.35)

where

(6.36)
The basic matrices M j and N j , that enter into the above expressions, are
defined in Eqs. (5.19) and (5.63).
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Fig. 6.11. Plasmon-polariton spectra for the reduced frequency w / n vs k,a for the third generation of the nzpi quasiperiodic superlattice. The shaded areas represent the bulk bands,
while the surface modes are here represented by dashed lines. The inset shows, for comparison, the plasmon-polariton spectra of the periodic nzpi superlattice (after Vasconcelos and
Albuquerque [39]).

Next we present some numerical calculations to illustrate the above theory.
Let us consider, as in the previous chapter, that the media A and C are n- and
gdoped Si, respectively, with plasmon frequency-dependent dielectric functions
whose physical parameters are E , = 11.7 and wp = W ~ =
A w p c = 76.5 THz (the
plasma frequency). We assume that the surface carrier concentration of the electrons (equal to that of the holes) at the interfaces is 2 x 10l6m-’. The dielectric
materials B and D are both considered to be SiOz, whose frequency-independent
dielectric constant is E B = E D = 12.3. The thicknesses of the layers are the same,
that is, we take a = b = c = d = 40 nm. For the numerical results, instead of using
the frequency w , we replace it, as before, by the reduced frequency w/R,where R
is the characteristic frequency already defined in Section 6.1.
Fig. 6.11 shows the plasmon-polariton spectra plotted against the common
in-plane dimensionless wavevector k,a for the 3rd generation of the nzpi quasiperiodic structure. For comparison, we have shown in the inset the much simpler
plasmon-polariton spectra for the periodic nipi superlattice with the same
choice of parameters. In both cases, the bulk modes occur as bands with edges
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corresponding to the lines QL=O and QL=7r, in such a way that they alternate
from one band to another, following the sequence 0, 7r, 7r, 0 , 0 , 7r, . . . . Also, for relatively small k,a the bulk bands are wide and are shown shaded, while for large k,a
they are narrow. The surface modes lie between the bulk bands, and are shown
as dotted lines. There are, as expected, two well-defined regions in the spectra.
However, the 3rd generation nzpi quasiperiodic structure presents a much richer
spectrum: in the high-frequency region there are 11 bulk bands and 11 surface
modes distributed in the interval 0.9 5 w/R 5 1.8, while in the low-frequency
branch four bulk bands and four surface modes lie in the region w/R 5 0.8. Altogether, the number of bulk bands grows like 15 x 3"-3 for n > 2. Of course,
as the generation number increases, so does the number of allowed bands, leading to a fractal spectra profile that is absent in the periodic case. In this regard,
it is similar to the behavior found in other quasiperiodic structures generalized
from two-component periodic superlattices, as described in Ref. [13] for non-doped
semiconductor building blocks. The novelty here comes because we have obtained
the plasmon-polariton spectra in artificial quasiperiodic structures derived from
four-component superlattices with doped semiconductor building blocks. F'urthermore, doped superlattices display quite a number of novel physical properties, such
as tunability of the carrier concentration, of the band gap, and of the subband
separation. These special features are a consequence of the different origin of
the periodic superlattice potentials, due to the presence of the 2DEG and the
2DHG at the interfaces. These are formed due to a mobility enhancement
behavior attributed to the spatial separation between electrons/holes and their
parent donor impurities: the n- and pdoped semiconductor building layers. Despite all of this, the quasiperiodic aspect of the structure is sufficiently robust to
keep the major profile of the spectra unchanged, i.e. they display an intriguing
complex fractal behavior! We have not consider any coupling effects between the
electron and hole gases, since the plasmon-polaritons in the structure
are adequately described by propagating Bloch states rather than in terms
of hopping between the dynamical 2D states associated with the subband
spectrum.
To investigate the effects on the confinement due to competition between the
long-range quasiperiodic order and the short-range disorder, we have performed
a bandwidth scaling study. To this end we deduce, for a given value of the
dimensionless wavevector k,a, the bandwidth distribution of the plasmon-polariton
spectra, as shown in Fig. 6.12 for k,a=0.3. From this figure, one can infer the
forbidden and allowed energies as a function of the generation number n up to the
5th generation of the quasiperiodic nipi sequence, which means 26 building blocks.
Notice that, as expected, for large n the allowed band regions get narrower and
narrower, as an indication of the modes being more localized. In fact, the total
width A of the allowed energy regions decreases as the power law A
(2nf1)-6,
where the exponent b is the diffusion constant of the spectra. In Fig. 6.13 we show
a log-log plot of this power law for four different values of &a, namely 0.2, 0.3, 0.4,
and 0.5. We observe that there is only a slight dependence of 6 on the in-plane
dimensionless wavevector k,a. According to earlier work [13], such behavior is

-
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Fig. 6.12. Allowed bandwidth distribution for plasmon-polaritons as a function of the number of
generation TI, for k,a = 0.3 (after Vasconcelos and Albuquerque [39]).

characteristic of a fractal-like energy spectrum, becoming a Cantor set in the limit
n+m.
Quasiperiodic systems are essentially a new class of materials in the sense that
they have introduced ideas about condensed matter structures with topological
long-range order that are distinct from the usual periodicity. Their discovery
and understanding has involved strong motivation from both basic science and
technical applications. The main purpose of this section has been to show how
rich are the spectra and the localization properties of plasmon-polaritons in those
quasiperiodic structures generalized from the doped four-component nzpz periodic
superlattices. This is emphasized in Fig. 6.11 where, for comparison, the periodic
case is depicted in the inset. The fractal-like behavior of the spectra for high
generations is perhaps the clearest signature of the excitations in these systems. We
have also shown that the defining rules of the quasiperiodic nzpz sequence (imposing
long-range correlations on the plasmon-polariton propagation) were responsible for
the Cantor-like bandwidth structure profile depicted in Fig. 6.12. Furthermore, the
spectra have self-similar properties, as exemplified by the power law that governs
the scaling of the bandwidth (see Fig. 6.13).
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Fig. 6.13. Log-log plot for the total allowed bandwidth (the Lebesgue measure of the energy
spectrum) A versus 2"+' for four values of k,a, namely 0.2, 0.3, 0.4, and 0.5 (after Vasconcelos
and Albuquerque [39]).

The most important experimental techniques used to probe plasmon-polariton
spectra are Raman light scattering and attenuated total reflection (ATR). In the
case of Raman scattering, one uses a grating spectrometer to detect and analyze
the scattered light. The typical shift of the frequency of the scattered light is in the
range 0.6-500 meV, which makes this technique very appropriate for probing polariton spectra. On the other hand, ATR spectroscopy is much easier to implement
than Raman spectroscopy, but typically it gives less precise results. However, it
has been employed with success in a number of experiments (see e.g. Refs. [40,41]
for reviews). We shall discuss these experimental methods (along with others) in
Chapter 11.
6.5

Thermodynamic Properties

In an interesting development, Tsallis et al. [42] have reported calculations for
a mathematical fractal set, namely the geometrical triadic Cantor set mentioned
in Subsection 2.3.1. They argued that if the energy spectrum of the excitations
in a quasicrystal is a Cantor set of zero measure, it can be approximated as the

6.5. THERMODYNAMIC PROPERTIES

145

fractal object obtained from the Cantor triadic set. Based on this approximation
and using the classical Maxwell-Boltzmann statistics, they found an interesting
behavior for the specific heat at low temperature: it oscillates around the fractal
(or spectral) dimension ln2/ln3 N 0.63 of the triadic Cantor set. In addition, a
non-uniform convergence between the so-called banded and discrete models was
observed. The results of Tsallis et al. were then extended to the two-scale Cantor
set [43,44]and for phonon states [45,46]. For these more general cases the specific
heat was found to exhibit log-periodic oscillations around the fractal dimension,
since it was considered that the corresponding spectral staircase satisfies a simple scaling law, whose general solution can be written as a power law times a
log-periodic function [47]. These oscillatory features were also studied by other
groups with similar conclusions [48,49]. Later Carpena et al. [50], using the
properties of multzfractal spectra, showed under what conditions the oscillatory
regime would disappear. Similar results were obtained by Kimball and Frisch [51]
for the distribution of normal mode frequencies of fractal-based models. Finally,
using a logistic map as an example of a fractal system [52], Curado and RegoMonteiro [53] examined the thermodynamic properties of the model in the chaotic
region of the map.
In this section we extend the model described by Tsallis and collaborators with
the aim of studying the thermodynamic properties, in particular the specific heat
C ( T ) of
, real excitation modes (such as polaritons) in quasiperiodic structures. We
take into account two different aspects of this problem: (i) instead of a geometrical
Cantor set, we consider multzfractal energy spectra of the real excitations; and (ii)
we look for connections with the quasiperiodic aspects of these spectra (scaling
laws, fractal dimension, etc.) to see if there is some kind of common behavior in
the specific heat spectra. We show that when T + 0 the specific heat displays
,
the
oscillations and when T + 00 the specific heat goes to zero as T P 2 because
energy spectrum under consideration is bounded. Throughout the section we use
the classical Maxwell-Boltzmann statistics.

6.5.1

Theoretical Model

Our starting point in developing a theoretical model is to consider the energy
spectrum for the general schematic scaled continuous multifractal set depicted in
Fig. 6.14. We see that

a,= E 2 A2 = €4

-

€3

=+

E2

=+

€4 = € 3

=

+a,,

+ A,,

(6.37)
(6.38)

Thus, in this hypothetical representation of the energy spectrum, the case of
generation number n = 1 corresponds to a continuum spectrum going from €1 to
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Fig. 6.14. Assumed energy spectrum, showing the first four steps in the construction of a general
schematic fractal set.

+ A1). Also n = 2 corresponds to a spectrum whose first branch goes from €1 to

(€1

+

and the second one goes from €3 to ( € 3 A2), and so on, for increasing n.
We take the level density inside each band to be constant, and to be the same for
all bands in a given hierarchy. A fractal or multifractal energy spectrum emerges
at the n -+ 03 limit. This model is quite general and can be applied to any real
energy excitation spectra in quasiperiodic structures. Obviously the number of
bands depends on the sequence chosen. In what follows, we consider a normalization in the frequency spectrum, in such a way that the bands stay within the
limits 0 and 1 (in units of h w ) .
The partition function is given by
(€1+A,)

(6.40)
where ,B is 1/T (in units such that Boltzmann’s constant k~ is unity) and we take
a constant density of states p ( c ) = 1. After some calculations, it is easy to rewrite
Eq. (6.40) in terms of a summation as [54]
(6.41)
where N is the number of bands of the multifractal spectrum. For example, in the
case of the Fibonacci quasiperiodic system, N is just the Fibonacci number F,.
Once we know the partition function, it is possible t o calculate the specific heat
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using the standard result that

On taking the natural logarithm of Eq. (6.41), differentiating twice with respect
to ,B, and substituting the result into Eq. (6.42), we obtain

CN

=

1 -k

( P f N / z N )-

(g&/z$),

(6.43)

where
(6.44)
and

c

2N-1

gN =

[Ei

exp(-Pei)

- Ei+l

exp(-~Ei+l)],

(6.45)

i=1,3;...

with the summation here being over odd integer values of i . Note that it is necessary only to know the distribution of the energy spectrum of a given multifractal
system to calculate Eqs. (6.44) and (6.45), so we can determine the specific heat
by using Eq. (6.43).
We will now apply this method to determine the specific heat spectra of the
plasmon-polaritons, whose multifractal energy spectra were already determined in
Section 6.2.
6.5.2

Specific Heat Profiles

Using the multifractal energy profile depicted in Fig. 6.7a, we show in Fig. 6.15 the
corresponding polariton specific heat calculated as a function of the temperature,
for several generations of the Fibonacci sequence [54]. For high temperatures
(T + oo),the specific heat for all generation numbers converges and decays as
T p 2 which
,
is consistent with the triadic case. This asymptotic behavior is mainly
due to the fact that we have considered our system bounded. It can be seen
that as n increases, the plotted specific heat curves have a negative slope for a
larger and larger temperature range. More importantly, the inset of this figure
shows the oscillatory behavior of the specific heat for low temperatures. These
oscillations are neither around the fractal dimensionality of the spectrum nor an
approximation of the idealized oscillations found in the triadic Cantor set.
For these Fibonacci structures, there are clearly two classes of oscillations, one
for the even and the other for the odd generation numbers of the sequence, the
amplitude of the odd oscillations being bigger than the amplitude of the even
ones. This surprising behavior is illustrated more clearly in Figs. 6.16 and 6.17 in
terms of log-log plots of the specific heat against the temperature for even and odd
values of n, respectively. It is intriguing that this peculiar behavior is some kind of
signature of the Fibonacci structure, with no counterpart in the other quasiperiodic
structures considered here. In general, the self-similarity of the spectra is more
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Fig. 6.15. Polariton specific heat versus temperature for the Fibonacci quasiperiodic sequence
considered up to its 11th generation (after Mauriz et al. [54]).

pronounced for sequences with a difference of two in the generation number. For
example, in the tight-binding Fibonacci spectra one can see that the biggest gaps
appearing in the spectrum, and leading to the biggest subbands, occur (for any
sequence of length F,) in Fn-z at low energy and in Fn_l at high energy (a similar
relation holds inside each subband) [55]. We note that the specific heat properties
in the log scale are basically controlled by the behavior of the low-energy region
at the scale considered (i.e. each oscillation can be considered as a change of scale
in the spectrum). In this sense, at a high-scale Fn the low-energy region would be
controlled by F,-2; at a smaller scale the low-energy region would be controlled
by F(n-2)-2 = Fn-4 and so on.
The log-periodic behavior of the specific heat is shown in Fig. 6.18, where we
have plotted C ( T )versus log(T) for the Fibonacci sequence. The curves resemble
the triadic case with a mean value d, where C ( T )oscillates log-periodically around
it, although this value is not related to the fractal dimension for the Fibonacci
quasiperiodic structure. The reason is that our polariton spectra are not strictly
invariant under changes of scales (asin the triadic case, whose log-periodic behavior
can be explained as a natural consequence of discrete scale invariance [56,57]).
These oscillations are similar to those found for the tight-binding Fibonacci spectra
[58]. Nevertheless, this mean value d can be given approximately by the so-called
spectral dimension (the exponent of a power-law fit of the integrated density of
states [59,60]), which in this case is equal to 0.5762. It is also associated with
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Fig. 6.16. Log-log plot of the polariton specific heat versus temperature for the even generation
numbers of the Fibonacci quasiperiodic sequence (after Mauriz et al. [54]).
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Fig. 6.17. Log-log plot of the polariton specific heat versus temperature for the odd generation
numbers of the Fibonacci quasiperiodic sequence (after Mauriz et al. [54]).
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Fig. 6.18. Polariton specific heat plotted versus log(T) to show the log-periodicity effects in the
Fibonacci structure (after Mauriz et al. [54]).

the minimum singularity exponent (Y in the multifractal f ( a ) spectrum shown in
Fig. 6.10a. Again, although it is not particularly clear in the figure, there is
a difference in the behavior of the log-periodicity for even and odd generation
numbers of the Fibonacci sequence (see the inset in Fig. 6.18).
In Fig. 6.19 we show the specific heat as a function of temperature for the
Thue-Morse sequence. By analogy with what was done in the Fibonacci case,
we have considered the polariton multifractal energy profile of the Thue-Morse
sequence, as depicted in Fig. 6.8a. Again, in the limit when T -+ 60, the specific
heat goes to zero as T P 2for all generation numbers. Although there are oscillations
in the region near T -+ 0 (shown more clearly in the inset of the figure), they do
not have the same type of behavior as in the Fibonacci sequence (where there are
two groups of oscillations corresponding to even and odd generation numbers of
the sequence).
Fig. 6.20 shows the log-log plot for this same case, where the oscillatory behavior of the specific heat can be better appreciated. The pattern is the same
for all generation numbers, with the oscillations becoming more accentuated for
large n, i.e. the bigger the number of generations, the greater the number of
oscillations.
The log-periodicity of the specific heat profile is shown in Fig. 6.21. From there
we can infer that this log-scale shows erratic oscillations, which do not resemble
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Fig. 6.20. Same as in Fig. 6.16 but for the Thue-Morse sequence (after Mauriz et al. [54]).
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Fig. 6.21. Same as in Fig. 6.18 but for the Thue-Morse sequence (after Mauriz et al. [54]).

the pattern found in either the even and odd generation numbers of the Fibonacci
case. Also there is no average value around which the specific heat C ( T )has a
log-periodical oscillation. Therefore, apart from the common asymptotic behavior
of the specific heat as T + a,
there seems to be no other connection (regarding
the specific heat spectra) among the quasiperiodic structures considered here.
For completeness, we also describe analytical and numerical calculations of
the surface plasmon-polariton contribution to the specific heat associated with
successive hierarchical sequences of quasiperiodic Fibonacci structures. We take
the building blocks that are used to set up these structures as the semiconductor
GaAs and the insulator SiO2. At each interface there is a 2D electron gas, modelled
due to the presence of an areal current density of electrons, whose expression is
given by Eq. (4.23). The corresponding scaled discrete fractal set is shown in
Fig. 6.22, where the allowed frequencies are plotted as a function of the generation
number n [61]. We have considered here the dimensionless in-plane wavevector
k,a = 0.25. We can infer that a fractal spectrum emerges when n goes to infinity.
In the representation of the frequency (or energy) spectrum, it is easy to see
that for n = 2 there are two discrete levels, the first at €1 = 0.0553 and the second
at € 2 = 0.6629. For n = 3 we have three levels at €1 = 0.0554, € 2 = 0.2436, and
€3 = 0.8036. We have shown the spectra up to n = 9, which means a unit cell with
34 building blocks A and 21 building blocks B; this should be enough to model
the Fibonacci quasiperiodicity.
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Fig. 6.22. Frequency spectra for the surface plasmon-polariton modes up t o the 9th Fibonacci
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The discrete partition function is now given by
(6.46)
where N is the number of surface modes of the spectrum, which for the Fibonacci
quasiperiodic system is equal to the Fibonacci number F,. Once we know the
partition function, we can calculate the specific heat using the standard Eqs. (6.42)
and (6.43), where f N and g N are given by
N

(6.47)
i=l

and
(6.48)
The contribution of the surface plasmon-polaritons to the specific heat of the
Fibonacci structure, as a function of the temperature, is depicted in Fig. 6.23.
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Fig. 6.23. Surface plasmon-polariton specific heat versus temperature for the Fibonacci superlattice. The different lines correspond to various values of the Fibonacci generation number n
(after Mauriz et al. [61]).

From there, one can see that, by contrast with the continuum bulk case, the specific
heat at low temperature is now a well-behaved function with n o oscillations in its
profile! A possible explanation is that these oscillations may reflect the fractal
aspect of the spectra only for a large number of energy levels, which implies a
large Fibonacci generation number n. Alternatively, we surmise that if the bulk
bands of the plasmon-polaritons were included then they may show this oscillatory
behavior.
The polariton specific heat discussed here for a 1D structure may be quite
different from that in real 3D structures. Although this limitation adds an extra complication to the experiments in realizing the low dimensionality, it should
be possible to circumvent this problem. For instance, for a boson system (e.g.
the polaritons case treated here) we may model such a 1D structure by considering the spectra obtained only for a given in-plane wavevector k,. As one of the
most suitable experimental techniques to probe the polariton spectra is inelastic
light scattering spectroscopy (either Raman or Brillouin scattering), this in-plane
wavevector k , can be controlled through the incident angle 8 of the light in an
oblique-scattering geometry [62,63]. There will be a further discussion of the lightscattering formalism in Chapter 11.
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Chapter 7

Magnetic Polaritons
In this chapter we cover the basics of excitations in magnetic materials while
other, more specialized, aspects are discussed in Chapters 8 and 9. To summarize, we have so far given a brief introduction to the concept of a magnon
(or spin wave) in Section 1.7 assuming the dominant interactions between magnetic moments to come from Heisenberg-type exchange coupling. Subsequently
in Section 3.4 we showed how to derive the bulk magnetic susceptibility matrix
for ferromagnets and antiferromagnets in a regime where exchange interactions
were ignored. The magnetic interactions (magnetic dipoledipole interactions) in
this case came about through the application of Maxwell’s equations. The susceptibility relations were then employed to discuss magnetic polaritons in bulk
materials in Section 3.5, where we included retardation effects in the general
analysis.
It is well known that the two main interactions between the different atomic
sites in magnetic materials are due to exchange interactions and magnetic dipoledipole interactions. In general the exchange interactions are of short range, typically providing coupling only to the nearest and next-nearest neighbors, but they
are relatively strong and are responsible for the overall scheme of magnetic ordering. On the other hand, the dipole-dipole interactions are usually much weaker,
but they are long range in character. As a consequence, the dipole-dipole interactions can become important (and eventually dominate) for the dynamical effects
+
if we consider sufficiently small values of Ic = lkl, implying that the wavelength
is large compared to the lattice parameter, where is the wavevector of the excitation. For a bulk ferromagnet the exchange effects are characterized at small
wavevectors by a term proportional to J S a 2 k 2 , as can be seen from Eq. (1.38).
By contrast, the dipole-dipole terms are characterized (as we shall see later) by
terms proportional to the static magnetization M , and hence a rough criterion for
the exchange terms to be small is J S a 2 k 2<< M . At even smaller values of k than
required by this condition, namely when k w / c , the retardation effects become
important in the electromagnetic equations, and this is the regime of the magnetic
polaritons. Therefore, in terms of G, we can summarize the different regions of
magnetic behavior as follows (see also Fig. 7.1):

z

N

(a) The exchange region. The wavevector 6is sufficiently large that the exchange
effects dominate over the dipole-dipole terms in determining the magnon
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Brillouin zone boundary wavevector
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Fig. 7.1. Different regions of magnetic behavior in terms of the wavevector k (after Cottam and
Tilley [14]).

(or spin-wave) properties. Typically this is the case for k > lo* m-l. For
comparison the Brillouin zone boundary wavevector is of order lo1' m-l.
(b) T h e dipole-exchange region. Here the exchange and dipoledipole contributions are comparable for the spin-wave dynamics, and neither of them can
be ignored. Typically this case corresponds to lo7 m-l < k < 10' m-l.
(c) The magnetostatic region. This is the case in which is sufficiently small
that exchange effects can be ignored, while the dipoledipole terms can
be treated within the magnetostatic approximation (i.e. the retardation
effects are neglected in Maxwell's equations). Typically this occurs for
3 x lo3 m - l < k < 107m-l.
(d) The electromagnetic region. In this case the dipole-dipole terms have to be
treated using the full form of Maxwell's equations with retardation (e.g. as
in Section 3.5 for bulk materials). Typically this occurs for k < 3 x lo3 m-'.
Similar information about the spin-wave dynamics is provided by Fig. 3.7, except that here we have chosen also t o identify the dipole-exchange region, since
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it corresponds to some experimental situation (e.g. in the Brillouin scattering of
light). The k-values quoted above may vary for different materials. The regions
of interest as regards magnetic polaritons are the electromagnetic region and (as
a limiting case) the magnetostatic region.
The surface spin waves (or magnons) in thin films are discussed first in
Section 7.1 for the exchange region and then in Section 7.2 for the magnetostatic region (including some comments on the dipole-exchange case). It is shown
how these results can be generalized to periodic superlattices in Section 7.3. The
remaining sections of this chapter then deal with specific examples of magnetic
polaritons in layered structures.
Although polaritons in dielectrics and metals were extensively studied, both
theoretically and experimentally, they have received less attention in magnetic
materials. One reason is that in ferromagnets the frequency of a magnetic polariton
w is typically in the microwave part of the spectrum (e.g. 1-20GHz). Recalling
w / c for polaritons, the corresponding wavelength
that we are interested in k
27r/k becomes larger than most practical sample sizes. However, polaritons are
of interest for antiferromagnets (and other magnetic materials with larger energy
gaps in their spectra) since the antiferromagnetic resonance frequency typically lies
in the far infrared ( e g 200 GHz to a few THz), making sample sizes more realistic.
Nevertheless, in both cases, the unretarded limit (the magnetostatic regime) is of
considerable interest. In general, it is found that surface magnetic polaritons can
often have a more interesting behavior than their dielectric counterparts because
the modes depend strongly on the relative orientation of the crystal axes, the
external magnetic field i?~,
the surface orientation, and the propagation wavevector
(see e.g. Ref. [l]).
N

7.1

Exchange Spin Waves in Thin Films

In order to introduce the concept of surface spin waves we shall generalize the
calculation given in Section 1.7 for an infinite Heisenberg ferromagnet to the case
of a thin-film geometry. The spin Hamiltonian is again assumed to be given by
Eq. (1.29), consisting of an exchange part and a Zeeman term for an applied
magnetic field Ho in the z-direction. We employ a microscopic model in which the
film is assumed to consist of N atomic layers parallel to zy-plane. We label the
layers by integer n (=l, 2 , . . . , N ) with n= 1 denoting the top surface (at z=O)
and n = N denoting the lower surface at z = - ( N - l ) a , where a is the lattice
constant. As in Section 1.7, the lattice structure is taken to be simple cubic for
convenience.
An equation of motion can be written down for the spin operator S,' at any site
i using Eq. (1.30), which again yields Eq. (1.32) when the random-phase approximation (RPA) at low temperature T << T, is employed. There is now translational
symmetry only in the zy-plane, and so we look for solutions of the form
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in accordance with Bloch’s theorem. Here $11 = ( k z ,ky) and ?I= (z, y) are 2D
vectors. From Eqs. (1.32) and (7.1) it is found that the amplitude coefficients
s,(Zll) satisfy the following set of coupled equations for the different layers:

where we introduce the notation
-+

R(kl1)= [2 - C O S ( ~ , U ) - C O S ( ~ , U ) ] / ~ .

(7.5)

As before, J is the nearest-neighbor exchange parameter inside the ferromagnet,
while we allow for possible surface modification of the exchange through parameters Js and J&denoting the exchange interaction between a pair of nearest neighbors that are both in the top ( n= 1) or bottom ( n= N ) layer, respectively.
Eqs. (7.2)-(7.4) can be solved by a variety of techniques to obtain the frequencies of the various spin-wave modes [2-41. However, a simple approach is to seek
the bulk spin-wave solutions using

+

=~ (
exp(ik,na)
i~~
~ ( i)
~ exp(-ik,na),
i )

s,(ili)

(7.6)

where k , is a real wavevector component and the two terms represent propagation
in the positive and negative z-direction. On substituting this into Eqs. (7.2)-(7.4),
we find that the dispersion relation of the bulk modes is formally the same as in
Eq. (1.34), except that k , now has to satisfy
Im [A - exp(-ik,a)][A’ - exp(-ik,a)]}
tan(k,d)

=

{
{

Re [A - exp( -ik,u)] [A’ - exp(-ik,a)]}

(7.7)
‘

Here d = ( N - 1)”is the thickness of the film, while A is a parameter associated
with the upper surface and defined by
1 +4(1 - Js/J)A(il1)]-’,

(7.8)

and A‘ for the lower surface is defined in a similar way with A
J replacing J s .
Eq. (7.7) will be satisfied only by certain discrete values of k,, so this represents a
“quantization” of k,, and hence of the bulk spin-wave frequency, due to the finite
film thickness.
It can also be shown that surface spin waves are predicted. In this case, instead
of Eq. (7.6), we seek attenuated solutions for s, of the form

s,(L11)

= A’(,$) exp(-nna)

+ ~ ’exp(nna),
(i~,)

(7.9)
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where we take Re(&)> 0 as a localization condition. Proceeding as before, we find
+
solutions w = w ~ ( k l , )where
,
[3]
+..

ws(k1l) = g,uBHo
and

K

+ 4 S J A ( z l l )+ S J [ 2 - exp(6a) - exp(-~u)]

(7.10)

satisfies

{[A - exp(m)][A’- e x p ( ~ a )] [A - exp(-r;a)][A’ - exp(-rca)]}
tanh(6.d) =

+

{[A - exp(m)][A’- e x p ( ~ u ) ] [A - exp(-rca)][A’ - exp(-~u)]}‘
(7.11)
It is easier to discuss the surface modes first in the case of large film thickness
(d + m). We then have tanh(6d) --ir 1, and Eq. (7.11) has two possible solutions
for 6 corresponding to exp(-nu) = A (provided lAl < 1) and exp(-Ka) =A’ (provided (A’(< 1). If the existence conditions are satisfied (and this depends on the
ratios J s / J and J & / J ) , the two modes are essentially as for semi-infinite media,
being localized at the upper and lower surfaces, respectively. Taking the upper
surface we therefore have

U S ( Z I I=) gpBH0 + 4SJh(Zll) - S J ( A

-

l)’/A.

(7.12)

It is easy to show that the localization condition can be satisfied in two ways.
Either J s < J , in which case we have an acoustic surface spin wave, or JS > 5 J / 4 ,
in which case we have an optical surface spin wave. These are spin waves that
occur below or above the bulk modes, respectively. Some numerical examples are
shown in Fig. 7.2. The results may be generalized (through redefinitions of A and
A’) to include surface anisotropy (or “pinning”).
For a finite film thickness the analysis of the bulk and surface modes is more
complicated, but it can be shown generally that there are r surface modes (with
r = 0, 1, or 2 only, depending on the surface parameters) and N - r quantized bulk
modes [4,5].
It is worthwhile to conclude this subsection with a few remarks. We have chosen
here to follow a microscopic approach, based on the operator equation of motion
and the Heisenberg Hamiltonian. It can be generalized to calculate spin-dependent
Green functions using Eq. (A.30) in Appendix A (see e.g. Ref. [6] and references
therein). Similar calculations can also be made for Heisenberg antiferromagnets
by taking account of the two sublattices. Finally, the calculations for ferromagnets
and antiferromagnets in the regime of small wavevector can alternatively be carried
out using a macroscopic approach based on the torque equation of motion [see
Eq. (3.36)]. These topics are reviewed in Ref. [5].

7.2

Magnetostatic Modes in Thin Films

In the magnetostatic region we have wavevectors such that ku << 1, and so a continuum approach is applicable in which the dipoledipole terms are treated using
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Fig. 7.2. Spin-wave frequency (in units of S J ) versus kc,a in a semi-infinite Heisenberg ferromagnet for propagation vector zll = (k5,0). The bulk spin-wave region is shown shaded,
together with two surface spin-wave branches corresponding to: A , J s / J = O . 5 ; B, J s / J = 1.8.
Also g p B H o / S J = 1.0.

Maxwell’s equations. The analysis makes use of the bulk-medium susceptibility
relationships, which we derived formally in Section 3.4 for ferromagnets and for
two-sublattice uniaxial antiferromagnets. In either case the general result is that
the susceptibility matrix has the gyromagnetic form quoted in Eq. (3.51). Here
we shall restate the components xa(w)and x ~ ( win
) a form that is convenient for
the present discussion. For a ferromagnet we have
(7.13)
X d W ) = WMW/(W,” - w 2 ) ,

(7.14)

where we have introduced the following characteristic frequencies associated with
the applied magnetic field and the magnetization:
wo = -THO,

WM

= -7M.

(7.15)

Thus there are poles (zeros of the denominator) for the frequency w = &q,
where

wo represents the ferromagnetic resonance (FMR) frequency. For an antiferromagnet we may write

(7.16)
where
(7.17)
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Fig. 7.3. Assumed geometry for calculating the magnetostatic modes in a ferromagnetic film
magnetized parallel to its surfaces.

Here the additional frequencies are related to the anisotropy and exchange:

We denote by H A and H E the anisotropy and intersublattice-exchange fields, respectively; the latter is just of magnitude AM in the notation of Section 3.4.
It may be noted that, in the case of zero applied field (wg= 0), we have x+ = xand so the susceptibility matrix becomes diagonal. In this case the poles are at
w = f W A F , where W A F is the antiferromagnetic resonance (AFMR) frequency:
WAF

= [WA(2wE

+ WA)11’2.

(7.19)

The interesting configuration for surface magnetostatic modes in a thin film
occurs when the static magnetization
(or sublattice magnetization in the case
of an antiferromagnet) is parallel to the surfaces, and we consider this first before
examining what happens when $ is in the perpendicular orientation.

7.2.1

Magnetization Parallel to the Film Surfaces

We begin with a ferromagnet, for simplicity, and adopt the geometry in Fig. 7.3
where the in-plane wavevector zll is taken to be at an angle q5 to the z-axis. The
film of thickness d occupies the region between y = 0 and y = - d. The theory
for the mode frequencies was first worked out by Damon and Eshbach [7]. Some
review accounts are to be found, e.g. in Refs. [8,9].
The magnetostatic approximation corresponds to neglecting retardation effects
(i.e. effectively taking the limit c + oo),so the relevant Maxwell’s equations are

a x i(?)
0,
a . [i(q+ ?6(?)] 0.
=

=

(7.20)
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The first of these means that a scalar potential
be introduced by writing

+, the magnetostatic potential,

;= a+.

can

(7.21)

Then, using the susceptibility relation in Eq. (3.51) to relate the fluctuuting
magnetization 6 to 6, the divergence equation in Eq. (7.20) gives
(7.22)
This holds inside the ferromagnetic film; for the regions outside (assumed to be
non-magnetic) xa = 0 and so
V2$ = 0.
(7.23)

As a consequence of the translational invariance in the x- and z-directions, it
follows that +(F) must be of the form & ( y ) exp(iZl1 . q ~ )where
,
= (x,z ) . For
Eqs. (7.22) and (7.23) to be satisfied in their respective regions and for +I to vanish
at y = f cm,the general form of the solution is
+ l ( Y ) = A1 exP(-kllY),

&(y)

=

Aaexp(ik,y)

+l(Y)

=

A4exP(kllY),

> 0,

Y

(7.24)

+ &exp(-ik,y),
Y<

0

-4

> y > -4

(7.25)
(7.26)

+

where kll = (Ic:
Icz)1/2> 0. Using Eq. (7.22) the quantity Icy, which can be real
or imaginary, satisfies
(7.27)
The coefficients A j ( j = I, 2,3,4) in Eqs. (7.24)-(7.26) can be found by applying the usual electromagnetic boundary conditions at the film surfaces y = 0 and
y = - d. These are equivalent to requiring that
must be continuous at each
boundary and that ( h , m V )inside the ferromagnet at y = 0 and y = - d must
be equal to h, just outside. The solvability condition for the four homogeneous
equations with the four coefficients leads to

+

+

(7.28)
If Eq. (7.27) is employed to eliminate k , from the above equation, we arrive at an
implicit dispersion relation for the magnetostatic modes.
It is easiest to examine the solution in the special case when the in-plane propagation is parallel or antiparallel to the x-direction (i.e. k z = 0 or angle 4 = 7r/2).
This is referred to as the Voigt configuration. In this case we note that Eq. (7.27)
is always satisfied if x a ( w )= - 1, which from Eq. (7.13) means w = f W B , where
WB=

[wO(wO

+ wM)]1/2.

(7.29)
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This corresponds to the bulk magnetostatic modes of the film; it is independent
of the wavevector components k , and k,. The other way in which Eq. (7.27) can
be satisfied in the Voigt configuration is when k , = f ikll. These two imaginary
values of k , correspond to surface magnetostatic modes with the frequency

Despite their common frequency, it is important to note that the two surface
solutions, in terms of the A j coefficients in Eqs. (7.24)-(7.26), are different. If
k, > 0 it can be shown that k , equal t o ikll and -ikll correspond t o surface states
localized near the lower ( y = - d) and upper (y=O) surface, respectively, and
vice versa if k , < 0. This property, which is not shared by the surface modes
in the exchange regime, is an example of non-reczprocal propagation. It has
been convincingly confirmed by inelastic light-scattering experiments (see e.g.
Refs. [10,11]). We note in this geometry that w s > W B , and some limiting surface mode frequencies are [wo(wo w ~ ) ] l /when
~ , kild<< 1, and ( 2 ~ 0 w ~ ) / 2 ,
when klid >> 1. The k-dependence of the modes WB and w s is shown schematically
in Fig. 7.4.
Using Eqs. (7.24) to (7.28) the magnetostatic modes can also be investigated
for+other directions of the in-plane wavevector (i.e. when k, # 0). For example,
if kll is along the z-direction (parallel to H O ) ,meaning angle $ = O , it is easy to
show that no localized surface mode exists. However, the bulk-mode spectrum in
this case consists of a series of discrete (or “quantized”) modes. For a thick film
( d + cm)they merge to form a continuum, with the dispersion relation becoming

+

+

(7.31)
It is clear from the above expression that the frequency of these $J = 0 bulk modes
decreases with increasing kil, giving them the property that their group velocity
parallel t o the surface, namely d w ~ / d k l ~is, negative. For this reason they are
sometimes called magnetostatic backward bulk modes.
For general values of q5 the behavior is more complicated than described above.
However, it can be shown [7]that non-reciprocal surface magnetostatic modes exist
for the range $c < #J < T - $ J c , where the critical angle $Jc corresponds to
(7.32)
The mode frequency decreases as
decreases from 7r/2 (the Voigt geometry),
eventually merging with the bulk region at the critical value defined above.
The magnetostatic theory for a ferromagnetic film with an in-plane magnetization direction has also been generalized to the dipole-exchange region, where exchange effects (still in a long-wavelength continuum approximation) are included.
There are two alternative approaches t o be found in the literature. One involves
supplementing the torque equation of motion, Eq. (3.36), t o include dynamical
#J
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Fig. 7.4. The surface and bulk magnetostatic modes in a ferromagnetic film, magnetized parallel
to its surfaces, as a function of klld for k, = 0 and w ~ l / w o= 6.

effects of exchange in the effective-fieldterm [2]. The other is a tensorial Greenfunction method in which the dipoledipole interactions are introduced perturbatively [12]. To a good approximation, for the Voigt configuration it is found that
the spectrum of the film consists of [2]
(i) a magnetostatic-type surface mode with frequency still given to a very good
approximation by Eq. (7.30), and
(ii) a series of standing bulk spin waves with real wavevector component ky and
having discrete frequencies.
A simplified treatment gives the k y values as n x / d with n = 1 , 2 , 3 , .. ., and it may
then be shown that Eq. (7.29) generalizes to

More recently a microscopic theory, valid for general wavevectors and ultrathin
films, for the dipole-exchange spin waves in ferromagnets was reported in Ref. [13].
Another extension of the magnetostatic theory, due to Stamps and Camley
[14], was to antiferromagnetic films with sublattice magnetizations parallel to the

7.2. MAGNETOSTATIC MODES IN THIN FILMS

167

surfaces. The calculation of the mode frequencies proceeds in a manner similar to
the ferromagnetic case, except that Eqs. (7.16) and (7.17) are employed for the
susceptibility. For simplicity, we focus here on the limiting case of a thick film
( d + m) and the Voigt configuration ( k , = 0). When the applied field is zero,
there are two bulk-mode frequencies w; given by

(7.35)
We note that the frequency w i of the lower branch is the same as the AFMR
frequency in Eq. (7.19). The two branches are non-degenerate in frequency as
a consequence of the dipole-dipole effects (making w~ # 0). The surface-mode
spectrum consists of a single branch with frequency
US =

+

[WA(2WE

WA)

+

‘I2,

WAWM]

(7.36)

so that it lies between the two bulk modes. In the presence of an applied field, it
is found that ws is increased by an amount equal to wo if k , > 0 and decreased
by wo if k, < 0. This is another example of non-reciprocal propagation, i.e. the
property that
w s ( Q # ws(-Q.
(7.37)

It is different, however, from the non-reciprocity in the ferromagnetic case, where
there is no surface mode at the same surface when $11 is reversed. There will be
further examples and a discussion of non-reciprocal modes in antiferromagnets in
Chapter 8.
7.2.2

Magnetization Perpendicular to the Film Surfaces

For completeness, we now turn our attention to the case when the magnetization (or sublattice magnetization) is perpendicular to the film surfaces. When
the magnetostatic calculation is repeated in this geometry it is found that no surface modes are predicted, essentially because the localization condition cannot be
satisfied; this holds for both ferromagnets and uniaxial antiferromagnets.
The quantized bulk modes can, however, be studied in both materials following
the same approach as in Subsection 7.2.1. For a ferromagnet it is found that
(7.38)
where the z-axis (in the direction of magnetization) is now perpendicular to the
surfaces. The group velocity d w ~ / d k l lis easily shown to be positive for these
modes; they are called magnetostatic forward bulk modes, in contrast to the backward bulk modes of Eq. (7.31).
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The above modes are found to be either symmetric or antisymmetric with
respect to the mid-plane of the film, leading to the expressions

k, tan(k,d) = kli,

symmetric modes,

(7.39)

k, cot(k,d)

antisymmetric modes.

(7.40)

= -kll,

These equations determine the series of discrete wavevector components k,. The
above equations can be solved rather easily by graphical methods.
7.3

Spin Waves in Magnetic Superlattices

The results for magnetic films in the previous section can readily be extended to
infinite and semi-infinite periodic superlattices, for example by using the transfermatrix formalism just as described in Chapter 5 for non-magnetic cases. An
excellent review of this topic, focusing on the theory, has been given by Barnas [15],while other reviews by Grunberg [ll]and Hillebrands [16] emphasize the
experimental studies.
In this section we provide an overview of the excitations in periodic magnetic
superlattices, treating separately the exchange and magnetostatic regions. We
do this relatively briefly and for some simple theoretical models; then later in
this chapter, as well as in Chapters 8 and 9, some specific examples and applications will be covered in more detail for both periodic and quasiperiodic magnetic
structures.
7.3.1

Exchange Region

The exchange across the interface between two adjacent ferromagnetic materials can sometimes be quite complicated, having long-range oscillatory terms and
so-called biquadratic exchange contributions as well as the usual Heisenberg-type
(or bilinear) exchange [17]. As a consequence, the equilibrium spin configurations near an interface may be modified (providing an example of magnetic surface reconstruction), and there can be considerable theoretical challenges just
in solving this static problem before tackling the dynamical problem of finding the spin-wave excitations. We shall be discussing examples of this behavior later (see Chapter 9), some of it in the context of giant magnetoresistance
(GMR) [17], but for the present introduction we consider just the simplest case.
This is the ferromagnetic/ferromagnetic superlattice with ferromagnetic exchange
across the interfaces, so that no consideration of surface reconstruction is
needed.
Specifically, we consider alternating simple-cubic ferromagnets with the same
value of the lattice constant a and with (001) interfaces. The nearest-neighbor
exchange parameter within each constituent material A and B is denoted by J A
and J B respectively, and I denotes the exchange coupling across an interface.
The case of an infinite periodic superlattice was analyzed by Albuquerque et al.
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Fig. 7 . 5 . Bulk (shaded regions) and surface (broken 1in:s) spin waves (in units of S A J A )in
a semi-infinite ferromagnetic superlattice in terms of h ( k 1 1 )defined in Eq. (7.5). Each period
consists of three atomic layers of material A and three of material B. For the spin quantum
numbers it is assumed that S A= S B ,while for the exchange parameters J B / J A = 1, I / J A = 1.4,
and J A ~ / J A = O .(after
~
Barnag [15]).

[18] and subsequently extended by Barnas [15] to semi-infinite and finite superlattices, allowing the study of the superlattice surface spin waves. In these cases
a transfer matrix can be constructed by following closely the methods presented
in Section 5.1. The approximate spin equations of motion for the operators S,'
are written down for each atomic layer in a superlattice period, by analogy with
Eqs. (7.1)-(7.4) for a film. Within each component of the superlattice, the solution
is written as a linear combination of waves travelling in the positive and negative
z-direction (perpendicular to the interfaces) as in Eq. (7.6). The equations of
motion for the spins adjacent to the interfaces relate the amplitudes in the two
superlattice constituents. Thus a 2 x 2 transfer matrix can be built up as before.
From this, the bulk and surface modes can be deduced using Eqs. (5.27) and (5.34)
[plus the analog of Eq. (5.41)], respectively, for a semi-infinite superlattice.
A numerical example of the resulting dispersion relations for the superlattice
bulk spin waves (shaded regions) and surface spin waves (broken lines) is given in
Fig. 7.5, where A is defined in terms of the in-plane wavevector 211in Eq. (7.5).
There are six bulk bands in this case, corresponding to their being a total of six
atomic layers assumed in each unit cell (three in each of the ferromagnets A and
B ) . However, the number of surface branches is smaller, depending sensitively on
the choice of the exchange parameter JAS at the exterior surface of the structure,
assumed to be in material A.
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7.3.2

Magnetostatic Region

Here we consider periodic superlattices in which ferromagnetic and non-magnetic
layers alternate. The ferromagnetic layers are coupled, even though they are separated by a non-magnetic layer, because the magnetostatic scalar potential extends
to the region outside any magnetic layer, having a decay length with distance from
the surface like l/kll [see Eq. (7.24)]. We begin with the case of the magnetization parallel to the interfaces, for which the theory was first developed by Camley
et al. [19] and Griinberg and Mika [20].
Choosing coordinate axes as in Fig. 7.3, we outline a calculation for the dispersion relations in a semi-infinite superlattice for the Voigt geometry (4 = 7r/2). We
employ a transfer-matrix method as in Section 5.1, but now we frame it in terms
of the magnetostatic scalar potential introduced in Subsection 7.2.1. Thus, for the
ferromagnetic film in the nth unit cell, i.e. when -(n - l ) L > y > - (n - l ) L - a ,
we write

'd'i(Y) = A n e x P { i k y [ y + ( n - l)L)]}+B,exp{

-ik,[y+(n-l)L)]},

(7.41)

by analogy with Eq. (5.5), where A, and B, are constants. The quantity k ,
is defined by Eq. (7.27) provided we put k , = O for the Voigt geometry. The
magnetic layer ( A ) has thickness a , while the non-magnetic (or spacer) layer ( B )
has thickness b. A similar expression to Eq. (7.41), but with different amplitudes
and with modified exponential factors, holds in the non-magnetic layer of the nth
cell. The boundary conditions at any interface are just the same as quoted in
Subsection 7.2.1. It is therefore a straightforward matter to construct the transfer
matrix and hence deduce the dispersion relations of the magnetostatic modes. For
the bulk modes of the superlattice the result is
cos(QL) = cosh(k1la)cosh(k1lb)

+ Z ( w )sinh(k1la)sinh(kllb),

(7.42)

+

b is the size of
where Q, as before, denotes the real Bloch wavevector, L = a
the superlattice unit cell, and the factor 2 is defined in terms of the susceptibility
components given in Eqs. (7.13) and (7.14):

(7.43)
The solutions of Eqs. (7.42) and (7.43) correspond to a band of frequencies bounded
by the curves for QL = 0 and QL = 7r.
Any surface mode of the semi-infinite superlattice must correspond to solutions
of Eq. (7.42) for values of Q = i p that are complex with the correct sign of Re@)
for the envelope function to decay with distance from the surface (i.e. as y + -00).
It is also necessary to satisfy the magnetostatic boundary conditions at the surface
;y = 0. If the exterior medium is non-magnetic, the implicit dispersion relation for
a surface mode is
(7.44)
2 xa(w) Sgn(kz)xb(w)= 0

+

+
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provided a > b, meaning the magnetic films are thicker than the spacer layers.
It is remarkable that Eq. (7.44) does not depend on the layer thicknesses, except
through the stated inequality. Thus the surface-mode frequency is the same as that
for a semi-infinite ferromagnet; also the dependence on the sign of k , is another
indication of non-reciprocal propagation of the surface mode. If a < b there is no superlattice surface mode, because we cannot then satisfy the localization condition.
The above predictions have been very clearly demonstrated by Brillouin light
scattering experiments (see e.g. the reviews in Refs. [5,11]).
Calculations for semi-infinite ferromagneticinon-magnetic superlattices in the
case of the magnetization being perpendicular to the interfaces have also been
reported [all. The expressions for the susceptibility components in Eqs. (7.13)
and (7.14) can again be employed provided the applied field I30 is replaced by the
static internal field Hi = Ho - N,M. This reduction is caused by the demagnetizing
factor in the film; the z-axis is chosen to be perpendicular to the interfaces (as
in Subsection 7.2.2) and so N, = 1. The calculation for the dispersion relations
follows straightforwardly using the transfer-matrix method, as detailed in [all. If
the thickness of the outermost ferromagnetic layer (i.e. the one at the superlattice
surface) is allowed to be different from that in the other cells, then it can be
shown that surface superlattice modes are predicted. This is noteworthy, because
no surface modes exist in a single magnetic film in this perpendicular geometry.
Some extensions of these calculations, including also the antiferromagnetic/nonmagnetic superlattices will be discussed for the case of quasiperiodic structures
later in this chapter.
7.4

Rare-Earth Superlattices

For a first example of magnetic superlattices involving applications to specific
materials, we consider the rare-earth metals. Their magnetic properties in bulk
samples were the subject of intensive studies in the 1960s (for major reviews, see
Refs. [22,23]). Much of the interest at that time had been stimulated by the fascinating variety of magnetic ordering found in the various heavy rare-earth metals
(such as Tb, Dy, Ho, Er, and Tm) on cooling them down from the paramagnetic
region. In particular, the neutron diffraction technique allowed a determination of
the various complex orderings [24,25]. For each of the rare-earth metals a transition at a Nkel temperature TNwas observed to an oscillatory antiferromagnetic
configuration of a helical or linear-oscillatory type. At a lower Curie temperature
Tc, further transitions to simple ferromagnetic, ferromagnetic spiral, or anti-phase
domain-type configurations were observed.
Rare-earth materials display, apart from the simple ferromagnetic alignment,
several magnetic ordering schemes. To determine these magnetic states (as a
necessary preliminary before solving for the magnetic excitations), it is usually
adequate to treat the localized moments by using molecular-field (or mean-field)
theory [26-281, which ignores the spin fluctuations. Among these magnetic orderings, two of the most important are the so-called spiral and cone states. The
materials all crystallize in the hexagonal-close-packed (hcp) structure.
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The principal mechanism responsible for spiral and cone states is the competition between ferromagnetic nearest-neighbor and antiferromagnetic next-nearestneighbor exchange terms. The basic feature of these states is the rotation of the
magnetization direction from one close-packed plane to the next one by an angle
4. Furthermore, in the cone state the direction of the static magnetization makes
an angle 0 with the normal to the close-packed plane, while in the spiral state the
direction of the magnetization lies in the plane (0 = 7r/2). The exchange derives
from the so-called Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction, which
is a long-range oscillatory process via the polarization of the conduction electrons
[29-311. Another contribution to the total energy comes from the anisotropy energy of the unstrained lattice resulting from interaction of each rare-earth ion with
the crystalline electric field due to the other charged rare-earth ions in the hcp
lattice [32,33]. However this is a minor contribution compared with the RKKY
interaction, and so it will not be considered here.
For example, spiral states occur in dysprosium (Dy) in the temperature interval
between TNand Tc, namely 179 K > T > 85 K. The spiral turn angle between the
moments of successive hexagonal layers varies with temperature, decreasing from
about 43" at the Nkel temperature TNto about 26" at the Curie temperature Tc.
Cone states occur, for example, in holmium (Ho) for T < T c (=2OK). A good
account of the RKKY Hamiltonian, which successfully describes these states, is to
be found in Ref. [34].
Following the success of modern crystal growth techniques in producing rareearth superlattices with high-quality interfaces, the interest in these materials is
currently undergoing a fast revival, with exciting new perspectives for the future [35-371. In this section we develop a theory of magnetic polaritons, which
propagate in superlattices made up of a rare-earth magnet intercalated by a
non-magnetic material. We consider both the spiral and the cone states in the
rare-earth constituent of the superlattice, and we include the magnetostatic (or
unretarded) limit as part of our discussions.
We have shown in the previous chapters on non-magnetic polaritons in superlattices, as well as in Section 7.3 on magnetic superlattices, that the bulk and
surface modes can be conveniently described by a transfer-matrix formalism. In
these cases the transfer matrix T provides relationships between the field amplitudes as one traverses across one or more periods of the superlattice. Another
approach, which we shall introduce here, is known as the eflective-mediummethod,
and it is very suitable for describing excitations in the far-infrared region, corresponding to the long-wavelength regime of X >> L , where X is the wavelength of the
excitation and L is the superlattice period. In this regime, which is the case for
many polaritons, it might be anticipated that the equations for optical propagation
reduce to those of an effective bulk uniaxial medium. The macroscopic symmetry of the superlattice is obviously uniaxial (with the growth direction being the
uniaxis) because of its layered structure. In cases where X is not large compared
to the superlattice period, the details of transmission across the interfaces within
a periodicity length become important, and the transfer-matrix method is then
needed.
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The effective-medium method for superlattices was established by Agranovich
and Kravstov in 1985 [38], and since then it has been successfully employed for
various materials [39-421. We justify the use of this technique in the present
context because many rare-earth resonance frequencies lie in the infrared frequency
range of 0.1-10 THz. Therefore, it should be feasible for the far-infrared studies of
semiconductor superlattices, as pursued by several experimental groups (see e.g.
Refs. [43-45]), to be extended to these magnetic systems.
We consider the superlattice to be made up of alternating layers of a rareearth magnet and a non-magnetic material, in such a way that the coordinate
z-axis is chosen parallel to the easy axis of the magnetic films. The thickness of
the rare-earth magnetic (non-magnetic) layer is a ( b ) , and therefore the size of
the superlattice unit cell is L = a b. The system fills the half-space y 5 0, with
its surface parallel to the zz-plane. In the regime y > 0 we have vacuum. The
geometry is therefore analogous to that depicted in Fig. 7.3. Surface polariton
propagation is taken to be along the x-axis, normal to the cone axis, and parallel
to the surface (i.e. it corresponds to the Voigt geometry).
The non-magnetic layers will be described by a dielectric constant €2 and magnetic permeability p2, both assumed to be independent of frequency. On the other
hand, the rare-earth magnet is described by the dielectric function given by [46]

+

(7.45)
where 01 and 0 2 are two plasma frequencies associated with two collision time
constants 7;’ and 7;’. Also its gyrotropic magnetic permeability tensor can be
expressed as
1 X u(w)
i X b (u)
(7.46)
pl =
-iXb(U)
1+xu(W)
0
0

(+

where, by an extension of the theory presented in Section 3.4, the susceptibility
elements are
(7.47)
The definitions for xu and X b correspond to the upper and lower signs on the
right-hand side, respectively, while

1

A*/(ypuN) = -S(K2 +6K4S2 cos2 8 sin2 0 - f ( k 0 )cos 8 - f ( 2 k o )cos 8 f w cos 8,
(7.48)
where we denote f ( k ) = 2J1Scos(kdc/2) - 2J2Scos(kdc), and

>

D*

[

= f ( 0 ) cos 0 - f ( k 0 )cos 8 f w

-2S[Kz

I[

[

f ( k o )cos 0 - f (2ko) cos 0 fw.]

+ 6K4S2cos201 [ f ( k o )

-

( 1 / 2 ) f ( O )- ( 1 / 2 ) f ( 2 k o )sin2
] 0.
(7.49)
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Here J1 and J2 describe the ferromagnetic nearest-neighbor and the antiferromagnetic next-nearest-neighbor exchange, respectively, while S is the total spin
quantum number, N is the number of layers per unit volume, is the magnetic
moment per layer, and K2 and K4 are the coefficients of the anisotropy fields. The
equilibrium condition in mean-field theory gives the relation [34]
4K4S3c0s30

+ 2S(K2 + 2J2 - J1+ $/8J2)

cosd - yHo = 0.

(7.50)

The external magnetic field Ho acts in the z-direction, parallel to the easy axis of
the magnetic films; its value is assumed to be below that for the spin-flop phase
transition. Finally, ko is defined as the wavevector of the equilibrium configuration,
SO that kod, = 24, with d, denoting the unit cell length along the crystallographic
c-axis (hence d,/2 is the distance between the close-packed planes).
Now, applying the standard results from the effective-medium method, in which
one deduces relationships between the spatially averaged electric and magnetic
fields [38,47,48],we can write down expressions for the effective dielectric tensor
eeg and the effective magnetic permeability tensor p e 8 as

where

+

Here p a ( w ) = 1 x a ( w ) ,and the superlattice fractions are fj = j / L ( j = a , b).
The dispersion relation for the magnetic polaritons in the unretarded (or
magnetostatic) limit can now be found through Maxwell's equations as in
Subsection 7.2.1. Thus we introduce the magnetostatic potential @ as in Eq.
(7.21), while Eq. (7.22) is generalized to
(7.56)
With the minor difference that p,, # pYYin the present case, the calculation of
the bulk and surface modes is analogous to that in Subsection 7.2.1 (taking the
thick-film limit d + 00 and the Voigt geometry). The bulk modes satisfy
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Unlike the previous case of Eq. (7.29), the solutions for W B depend on the wavevector components, so a band of excitations is predicted.
For the magnetostatic surface modes, we obtain the following implicit dispersion relation:
(1
- PzzPyy = 0
(7.58)

+

with the constraint (as a localization condition) that

+

1 pzy < 0.

(7.59)

This dispersion relation leads to the analog of the well-known Damon-Eshbach
magnetostatic mode (see Subsection 7.2.1).
It is now of interest to turn to the retarded modes in order to deal with the
infrared region. In this case, we cannot use the magnetostatic scalar potential; it
is necessary to employ the complete form of Maxwell’s equation in the form
(7.60)

where c is the velocity of light in vacuum. The calculation now proceeds like in
Section 4.2 for the single-interface polaritons in anisotropic media. The difference is
that for the effective medium representing the superlattice we have both a dielectric
tensor and a magnetic permeability tensor of the forms already quoted. From the
determinantal condition obtained from the linear equations for coefficients of the
magnetic field components, we find that the dispersion relation for the bulk modes
is given by
Pz& + Pyyki = E z z ( 4 c ) 2 ( P z z P y y - Pzy)
2
(7.61)
with E,, denoting the zz-component of the tensor eeff defined in Eq. (7.51).
The retarded surface modes are obtained by writing down localized solutions
for the magnetic field in the regions y < 0 and y > 0, and then proceeding as before
(in Subsection 7.2.1). After some straightforward but tedious algebra, the desired
surface dispersion relation is obtained as
4(PzzPyy -

P 2z y ) - 2kzaoPzy =

- EzzPyyW2/c2),

(7.62)

provided the constraint
~o(Pu,zPyy- Pzy)
2
- krPz,

<0

(7.63)

is satisfied. Here we have defined a. = [k; - ( w / c )2 ] 1 / 2 .
Examples of the dispersion curves given by Eqs. (7.61) and (7.62) calculated
for a superlattice formed from cone-state Ho alternating with ZnF2 are shown
in Fig. 7.6 [49]. The physical parameters used here for Ho (6’= 47r/9, 4 = 7r/6) are
those given in Ref. [23]. For the non-magnetic material (ZnFz), we have taken
€ 2 = 8 and p2 = 1. Although the asymmetry between the positive-k, and negative5, sides is not very noticeable, even in the absence of the magnetic field (Fig. 7.la)
the surface-polariton spectrum exhibits non-reciprocity in the sense of Eq. (7.37).
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Fig. 7.6. Magnetic polariton spectrum for the cone-state case. Here the bulk modes are shown
shaded, while the surface modes are represented by dashed lines. The geometry of the superlattice
is such that f l = 0.25 and fz = 0.75. The physical parameters used here, which are appropriate
to Ho, are described in the text. The values of the external magnetic field are (a) Ho = 0 and
(b) Ho = 200 G (after Albuquerque and Da Silva [49]).
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This non-reciprocal propagation appears here due to the non-zero off-diagonal
term pZyin the permeability tensor given by Eq. (7.52). The three bulk bands,
shown shaded here, are a consequence of the two poles in the susceptibility [see
Eq. (7.47)], and are given only for the cone state. The surface modes (dotted lines),
which are sensitive to the value of the external magnetic field, lie, as usual, in the
regions between the bulk bands. Even with only a fairly modest applied magnetic
field, there is a striking increase in the non-reciprocity in both the upper and lower
surface branches. Fig. 7.lb describes this situation with Ho = 200 G. The bulk
bands are also modified by the application of Ho, although not to the same extent.
For completeness we also present in Fig. 7.7 the spectrum for the case of spiralstate Dy as the rare-earth component of the superlattice, using 6' = n/2 and $ = 7r/6
for the physical parameters [23]. Although the calculation for this case is just the
limiting situation where 6' = n/2 in the cone-state case, some interesting physical
properties come from this structure as well. First we note that, because the offdiagonal term psy of the magnetic permeability tensor [see Eq. (7.54)] vanishes
for HO= 0, the spectrum is now reciprocal in the absence of the magnetic field
as in Fig. 7.7a. Furthermore, this structure behaves just like a superlattice with
alternating layers of a simple antiferromagnet and a non-magnetic material. This
can be seen by taking the limiting case for the susceptibility, and it results in only
two bulk bands in the absence of an external magnetic field. However, if an external
magnetic field is applied, the upper bulk continuum is split into two bulk bands, as
shown in Fig. 7.7b. Again, a remarkable non-reciprocity is apparent in the lowerfrequency surface modes, but the reciprocal aspect of the bulk bands is unaffected
due to the symmetry of the bulk dispersion relation in spiral rare-earths. We note
the appearance of a new surface mode, which does not exist in the magnetostatic
limit, appearing on the -k, side of the spectrum. It is a consequence of the
antiferromagnetic character of the spiral rare-earth mode, and its properties are
analogous to those found in other antiferromagnetic/non-magneticsuperlattices in
the polariton region [50].
7.5

Metamagnetic Thin Films

Mixed magnetic systems, including those in which layers of two different materials
are juxtaposed in either a finite structure or a superlattice, are of particular interest theoretically and experimentally because of the competing interactions and
interface properties (see e.g. Refs. [8,17]). For example, superlattices composed of
alternating layers of a ferromagnet and an antiferromagnet will involve competing
exchange interactions, while more generally other mixed magnetic systems with
competing exchange terms present exciting challenges from both the theoretical
and experimental points of view [51-531. For instance, strongly competing interactions can lead the mixed magnet to exhibit frustration effects and often into
spin-glass behavior [54-561.
Another example involving mixed (or competing) exchange is provided by
rnetarnagnetic materials. Basically, these have a layered magnetic structure in
which ferromagnetically coupled spins in a layer are also coupled by a weak
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Fig. 7.7. The same as in Fig. 7.6, but for the spiral state, assuming Dy (after Albuquerque and
Da Silva [49]).
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interlayer antiferromagnet exchange to the adjacent layers in the material. Such
systems, including FeBrz and FeClz, have been extensively studied as regards their
bulk properties for many years (see e.g. Refs. [57,58]). Typically, the ferromagnetically ordered layers have magnetization directions that alternate up and down
as one moves from layer to layer; thus the total spontaneous magnetization adds
up to zero. However, if a magnetic field Ho is applied perpendicular to the layers,
it may be sufficiently strong to overcome the weak antiferromagnetic exchange,
and the overall ordering is then ferromagnetic with a non-zero total magnetization. Another characteristic of these magnetic materials is that the application of
HOcauses them to undergo a phase transition directly from the antiferromagnetic
(AFM) phase, occurring at zero or small Ho, to the ferromagnetic (FM) phase at
larger Ho. By contrast with typical antiferromagnets, this occurs without an intermediate spin-flop phase, and it is a consequence of the large single-ion anisotropy
characteristic of the metamagnets [57].
Since metamagnets are layered structures, they are natural candidates in which
to study the surface and bulk spin waves. In recent theoretical work on surface
spin waves in metamagnets in both the AFM and FM phases, a rich spectrum was
predicted for the metamagnets FeBrz and FeC12. As mentioned, they both have
a large magnetic anisotropy, which is comparable to the ferromagnetic intralayer
exchange but much larger than the weak antiferromagnetic interlayer coupling.
The two materials have the same hexagonal structure of magnetic ions within a
layer, but the stacking of the layers is different (see Fig. 7.8). Thus they are interesting cases for comparison, and it has been found that the structural effects
lead to a difference in the surface spin-wave dispersion relations and existence
conditions [59-61]. Their bulk samples have been studied experimentally by techniques like neutron scattering [58] and light scattering [62], mainly in the AFM
phase. Theoretical studies were also made, leading to satisfactory agreement with
experiment [63]. They typically have a ferromagnetic resonance below 1 cm-' in
which all sublattices (layers) precess in phase and, in addition, one or more higherfrequency exchange resonances in which some of the sublattices (layers) are not in
phase.
In this section we shall explore the nature of the spectrum of surface magnetic polaritons propagating in metamagnetic thin films. As mentioned earlier,
magnetic polaritons, or the coupled electromagnetic and spin-wave modes, have
been discussed by many authors in different ferromagnetic and antiferromagnetic
arrangements and are a topic of continuing interest; some additional references are
Refs. [64-681. In thin films, one finds both surface polaritons, where the excitation is localized near the surface, and guided modes, where the excitation has a
standing-wave-like character. This is analogous to the situation with non-magnetic
polaritons (see Chapter 4).
We consider a geometry in which the film surfaces are in the zy-plane, perpendicular to the magnetization and the external magnetic field directed along the
z-direction. The surface polaritons are taken to propagate along the z-axis (see
Fig. 7.8). The thin film with thickness L occupies the region 0 < z < L , and it is
assumed that the medium bounding the film is vacuum (with E = p = 1).
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3
Fig. 7.8. Planar view of the hexagonal arrangement of Fe2+ ions (solid circles) in the ferromagnetically ordered layers of the metamagnets FeBr2 and FeCl2. The nearest- and next-nearest
neighbors to the ion labelled 1 are those labelled 2 and 3, respectively. In FeBrz the ions in
adjacent layers are directly above and below the solid circles. In FeC12 the layers are staggered
with respect to one another; the circles and crosses represent the positions of the ions in adjacent
layers above and below.

The spin Hamiltonian for uniaxial metarnagnets can be expressed as [59,60]

where the Zeeman term due to the applied field is
1

r
L i

i

l

(7.65)
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and the anisotropy term is approximated by
(7.66)
Here i and i' denote sites on one sublattice (i.e. one type of layer in the metamagnetic crystal), while j and j ' denote sites on the other sublattice (the set of
adjacent layers). Also Ji3 is the interlayer antiferromagnetic exchange interaction and J ~ QJ,3 j , are the intralayer ferromagnetic exchange terms. The uniaxial
anisotropy coefficient D is related to the effective anisotropy field H A by the relationship H A = ( 2 s - l)D, valid at low temperatures. The other notation is as
before.
The operator equation of motion for S,' = SF is," is now employed as in
Eq. (1.30) but with the full form of the Hamiltonian H defined above. The RPA
at low temperatures can then be applied as in Section 1.7. It is relatively straightforward to show that the spin-wave dispersion relations in a bulk metamagnetic
material are as follows (see e.g. Ref. [69] for more details):

+

(a) FM phase (one branch):

cos(ka) = [-I+ 3(J1

+

(Ji/J3)pnn(i1l)

J2)/J3] -

+ ( A h - hw)/aJss,
(7.67)

where
'PM(Z,,) = cos(k,a)

+ 2cos(kza/2) cos(k,adq2)

and A$ = y[Ho f HA].Here J1 and J 2 are the nearest-neighbor and nextnearest-neighbor exchange terms, respectively; 53 is the weak antiferromagnetic interlayer exchange term.
(b) AFM phase (two branches):
cos(ka) = %(1/2sJ3){ [A
where
A = 2Jls[3(1

+ (AL

-

hw)] [A

+ J2/J1) + (J3/Jl)

-

1 Y2,

hw)

(7.69)

- pM(Zll)].

(7.70)

(A,

-

For these results we have assumed the FeBr2 structure and k denotes the wavevector component in the z-direction. There are analogous expressions for the FeC12
case. We shall not quote the surface spin-wave dispersion relation; these are given
in the references mentioned earlier.
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We now turn to our main objective of calculating the polariton dispersion relations in metamagnetic films. Before doing this, we need expressions for the
dynamic response of a metarnagnet, i.e. its magnetic susceptibility as a function
of the frequency w for the assumed geometry. We have already shown in Section
3.4 how such a calculation is carried out, and we obtained expressions applicable
to simple ferromagnets and antiferromagnets. The main steps involved in generalizing those earlier results to metamagnets (in both the FM and AFM phases) are
outlined in the following paragraphs.
We suppose that the total magnetizations are equal to h?i and Gj for the
two sublattices. Their classical equation of motion takes the same form as in
Eq. (3.36):
d G p / d t = r(Gpx fieff), p = i , j .
(7.71)
Here p keeps track of the type of site (i or j ) and the total effective field is

(7.72)
where is the fluctuating driving field at frequency w . The f i e f f field implicitly
depends on p because the direction of l ? ~
is in the positive (negative) z-direction
for p = i ( j ) in the AFM phase. The term l ? describes
~
the effective field of the
interlayer exchange coupling, and ( i)(G2+A?j)
is the Lorentz term describing local
field corrections. The latter is important here, since the contribution it makes is
neither vanishing (as in a ferromagnet) nor negligible (as in an antiferromagnet).
The equation of motion Eq. (7.71) is now linearized to relate the fluctuating
magnetizations nip ( p = i , j ) to the driving term h'. As in Eqs. (3.38) and (3.39),
it is again convenient to use the rotating wave representation to obtain for the
coupled equations of motion

(w

+ w2,)m,+ + w,,mT

= wMtzh+,

w3-3 . m2 t- (w - w3%
. . ) m3+ = whfjjh'.

(7.73)
(7.74)

These are analogous to Eqs. (3.40) and (3.41), but now we have introduced the
frequencies
w2J. - -

M E- H A

- Ho -

(i)M:I,

(7.75)
(7.76)
(7.77)
(7.78)

In Eqs. (7.77) and (7.78) p can be i or j , with the upper and lower signs referring to
i and j , respectively. The remaining part of the calculation now becomes formally
similar to the antiferromagnetic case discussed in Section 3.4. The results in the
FM phase can likewise be deduced as before.
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Once we have found the permeability tensor appropriate to the metamagnetic
material from the above analysis, the calculation of the polariton spectrum is
straightforward and proceeds by analogy with the non-magnetic cases in previous
chapters. We use Maxwell’s curl equations in the magnetic film. After eliminating the electric-field variable 3,we obtain the following wave equation for the
magnetic field:
(7.79)
v2Eirl) - ( q 2 / 2 ) d 2 H / d t 2= 0,

a($.

while the divergence condition gives

a . (PIT) = 0.

(7.80)

For the vacuum regions the electromagnetic wave equation is simply

c2v2Ei- a 2 E i / a t 2 = 0.

(7.81)

The solutions of Eqs. (7.79)-(7.81) are of the form

Ei = Eil exp(-pz)
I?= [Aexp(ik,z)

exp(ikilz) exp(-iwt)

+ l?exp(-ik,z)]

for z

> L,

(7.82)

exp(ik1lz) exp(-iwt) for 0 < z < L , (7.83)
for z

Ei = 173 exp(pz) exp(ik1ls) exp(-iwt)

< 0,

(7.84)

where k , is real for guided modes and imaginary (namely, k, = ia, with Q real
and positive) for surface modes. As a condition for a bounded excitation, ,B is real
and positive. The above expressions are non-trivial solutions provided
Q2 =

p2

(Pxz/P&i

-

(w/c)2wV’

= ki - w2/2.

(7.85)
(7.86)

The quantity pv is called the Voigt permeability and is defined by
PV = P x x

-

P,,/Pzz.
2

(7.87)

The determination of the dispersion relation now requires the application of
the usual electromagnetic boundary conditions at z = 0 and z = L, namely, the
continuity of the tangential components of the magnetic and electric fields. After
a bit of algebra, we obtain [70]

where we define the factors g* = pu,,kll f p z z k z . Eq. (7.88) is the main analytical
expression describing the propagation of the surface magnetic polaritons. It can
be used to reproduce results previously reported for a single interface by taking
L + 00,i.e. the case of a semi-infinite metamagnetic medium [71,72].
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In the magnetostatic limit, where kll >>w/c, the results simplify. The decay
constant in the vacuum regions reduces to /3 = kll, and

kz

=

(pzz/pzz)1/2k1,

(7.89)

inside the film. Eq. (7.88) then becomes

(pL,,pzz - p?,

+ 1)tanh [ ( p L , z / p z z ) 1 i 2 ~ k+~ ~2p,z(p,,/pzz)1/2
JL]

= 0.

(7.90)

As might be expected for this geometry, the dispersion relation in this limit is
reciprocal.
We now discuss our analytical results in more detail by making specific applications to the metamagnets FeBrz and FeCl2 in their FM and AFM phases,
respectively. As discussed already, these materials have different crystallographic
arrangements of the magnetic ions, which will lead to differences in the polariton
spectra. Although they have the same trigonal arrangement of the magnetic ion
Fe2+ within each ferromagnetically ordered layer, the two materials differ in the
stacking arrangement of the layers (see Fig. 7.8). In FeBr2, the Fe2+ ions in one
layer are directly above and below those in the adjacent layers. On the other hand,
for FeC12, the stacking of the layers is staggered, leading to three nearest neighbors
in each of the adjacent layers.
Fig. 7.9 shows the magnetic polariton dispersion relations for bulk and surface modes considering a metamagnetic thin film of thickness L = 200 pm for
FeBr2 in its FM phase [73]. This material has spin S = 1 and critical temperature T, = 14.2 K. The approximate values of the exchange and other relevant parameters are known from Raman scattering experiments [58,62]: J1 = 5.07cmp',
J 2 = - 1.2cm-l, J3=1.45cmp', HA=7.34cm-l, and M f = M f = 1 . 4 5 k G .
We
have plotted the reduced frequency W / W F A f against the dimensionless in-plane
wave vector k Z L , taking i l l = ( k , , 0). The resonance frequency WFM is associated
with a precession of the total magnetization Id = Idt+IdJ about the effective static
field:
~ F n=
i (1/2)(wJt - w t J ) (;)[(wtj
w J d 2 - 4 ~ ~ ~ ~ (7.91)
~ ~

+

+

From the definitions it may be shown that this quantity increases linearly with the
external applied field Go.
The nearly vertical dashed lines in this figure are the light lines w = c k z in
vacuum. We have considered a free-standing metamagnetic film, assuming that
the bounding media are both the same (namely vacuum). The generalization t o
the case when the media are different, as would occur for a film on a substrate, is
straightforward. Because of the finite film thickness, the bulk modes are actually
quantized, corresponding to different standing waves in the film. However, for
simplicity, we just show the bulk-mode regions shaded. There are two bulk bands,
and in the gap regions four surface modes can propagate (shown as full lines
identified by the letter S). As lkzLl increases, they asymptotically approach a
well-defined value for their frequencies. The spectra are now non-reciprocal, i.e.

1

~

/
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Fig. 7.9. Dispersion relation of bulk (shaded areas) and surface/guided magnetic polariton modes
for the metamagnet FeBrz in its FM phase as a function of the in-plane dimensionless wave vector
k , L. We have considered a free-standing film and an external applied magnetic field Ho = 50 kG,
which is sufficient to overcome the weak antiferromagnetic interlayer coupling (after Guimarges
and Albuquerque [ 7 3 ] ) .

Eq. (7.37) applies. The non-reciprocity becomes more pronounced in the supported
film case, and is due to the non-vanishing off-diagonal term pZz= - pzz in the
magnetic permeability tensor. The magnetic field profile for the +k,L mode is
biassed towards one surface whereas the field profile for the -k,L mode is biassed
towards the other surface.
For completeness, we also show in Fig. 7.10 the magnetic polariton modes for
the case of FeC12 in its AFM phase [73]. We have considered the film thickness
equal to 200 pm, and have plotted the reduced frequency WIWAFM
against the
dimensionless in-plane wavevector k, L. Here, L ~ J A isF associated
~ ~
with a precession
about the exchange field i?E of the AFM phase; it is given by an expression similar
to Eq. (7.911, provided we replace the plus sign before the square root term by a
minus sign. The other physical parameters, in accordance with data from neutron
and Raman scattering [63],are J1=5.5cm-', J 2 = - 1.2cmp', J3=0.28cmp1,
H A = 9 . 6 ~ m - land
~ Mf = - M f = 1.2kG. There are three bulk regions (shown
shaded), and in the gap regions five surface modes can propagate (the full lines
identified by the letter S). It is possible to distinguish two different types of surface
modes: those that persist as Ik,LI + 00, and the other one (the high-frequency
one) that merges into a bulk region at a finite value of Ik,LI. The former are real
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Fig. 7.10. Same as in Fig. 7.9, but for the metamagnet FeCl2 in its AFM phase, in the absence
of an external magnetic field (after Guimaraes and Albuquerque [73]).

surface modes and stop abruptly near the light lines. The bulk bands are broader
than those in the FM phase (see Fig. 7.9), essentially because the polaritons are
more localized within the film as a consequence of the small J3 value and the
different stacking of layers.
7.6

Quasiperiodic Structures

In this final section we shall consider the polariton spectra in quasiperiodic structures whose building blocks are composed of a magnetic layer (building block A )
and a non-magnetic material (building block B ) stacked alternately following either
a Fibonacci or a Double-period sequence. Our model is based on a transfer-matrix
formalism to simplify the algebra, which is otherwise quite involved. The localization and scaling properties of the spectra are also presented and discussed. We are
therefore extending the calculations for superlattices described in Subsection 7.3.2
in two ways: the retardation effects are included to obtain the polaritons, and
quasiperiodicity effects are introduced.
We consider first, for simplicity, a periodic structure in which the coordinate
y-axis is chosen parallel to the easy axis of the magnetic layers. The thickness of
the magnetic (non-magnetic) layer is a ( b ) , and therefore the size of the periodic
superlattice unit cell is L = a + b. The system fills the half-space z 5 0, with its
surface parallel to the xy-plane, and in the region z > 0 we have vacuum. Surface

7.6. QUASIPERIODIC STRUCTURES

187

polariton propagation is taken to be along the z-axis, parallel to the surface (the
Voigt geometry). Assuming s-polarization the electric and magnetic fields have
the overall form
+

H j ( z ,z , t ) = ( H z j ,0 , H,j) exp(ik,z - i w t ) ,

(7.92)

Ej(x,
z , t ) = (0, E g j ,0) exp(ikxx - i w t ) .

(7.93)

+

For the magnetic layer A the above field components are

H x A ( ~=) AYA exP(-kAz)

+ A;A

exP(kAz),

(7.94)
(7.95)
(7.96)

(7.97)
(7.98)
(7.99)
(7.100)
Here the combination p v = yl - p ; / p 1 is called the Voigt permeability. The dielectric constant of medium A is E A . The basic permeability terms p.1 and p2 appearing
in Eqs. (7.97)-(7.100) are simply related to the susceptibility components derived
earlier by
P2(W) = X d W ) .
(7.101)
Pl(W) = 1 x a ( w ) ,

+

The explicit expressions for xa and X b are given in Eqs. (7.13) and (7.14) for ferromagnets and in Eqs. (7.16) and (7.17) for two-sublattice uniaxial antiferromagnets.
On the other hand, for the non-magnetic layer we have

H z ~ ( z=) A& exp(-kBz)

where

EB

+ A;B exp(kBz),

(7.102)

H , B ( ~=
) ( i b / k ~ ) [ A ;exp(-kBz)
B
- A& exp(ksz)l,

(7.103)

E y ~ ( z=)(-iw/ck,)[AYB exp(-k,z)

(7.104)

- A& e x p ( k ~ z ) ] ,

is the dielectric constant of medium B and
kB =

[kz2 - E B W 2 /c 2 ] 1 / 2 .

(7.105)

Next, using the electromagnetic boundary conditions at the interfaces
z = nL a and z = ( n+ 1)L, we find the following equations for the amplitudes of

+
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the electromagnetic fields:

A?A.~A
+ AZA~A
= A;2ti

+ A;B,

P&A?A.~A
+ P&ALA~A
= -po(kZ/kg)(A;LB
- AFB),

+ A & f B = A:' + A;i',
- P o ( ~ x / ~ B ) ( A ?-BA. ~&B~ B=) piflAYil + p+ffA;il,
A;LBf B

(7.106)
(7.107)
(7.108)
(7.109)

where .fJ and f, are defined in Eq. (5.15). By introducing for each medium the
two-column vector
(7.110)
and following the standard procedure to determine the transfer matrix T (see
Section 5.1), we find that the magnetic polariton bulk dispersion relation is given
formally by Eq. (5.27) with T = N ~ ' & $ A & ~ & $ Bwhere
,
(for j = A ,B )
(7.111)

(7.112)
We now consider a semi-infinite superlattice, occupying the region z 5 0. The
theory is again closely analogous to that in Section 5.1. The dispersion relation
for the surface modes is given formally by Eqs. (5.34) and (5.41), where the Bloch
wavevector Q has been replaced by @ = iQ in such a way that Re(@)> 0, and X is
redefined as
(7.113)
= ( k x - P&kv)/(P;&
- kz)
with k, = [k: - w2/c2]1/2.
This method can now be extended to superlattices with a periodic structure
formed in a more complex manner. In the present context, we have quasiperiodic
structures in mind, and we have already shown for non-magnetic polaritons in
Chapter 6 how the calculations are extended using higher-order generations of a
chosen quasiperiodic sequence to define a new unit cell. It is then a straightforward matter, in principle, to obtain the transfer matrix T for any structure under
consideration. For the Fibonacci and Double-period cases the transfer matrices
are generated formally using Eqs. (6.4) and (6.15), respectively.
We now discuss some numerical examples by making applications t o specific
magnetic materials. To study the structural dependence we define R= b/u as
the ratio between the thicknesses of the non-magnetic and the magnetic layers,
respectively. Taking the magnetic material A to be the ferromagnet EuS, the
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Fig. 7.11. (a) Ferromagnetic polariton spectrum showing the reduced frequency w/4.rryHo versus
k,a for a 6th sequence, Fibonacci quasiperiodic superlattice. The physical parameters are given
in the text. (b) Log-log plot of the total width of the allowed regions A against the Fibonacci
number F,, for several generations of the Fibonacci sequence (after Albuquerque and Guimarses
[741).

polariton spectrum in terms of w/47ryHO plotted versus k,a for the 6th generation
of the Fibonacci sequence is shown in Fig. 7.11a [74]. The physical parameters
used here are HO = 13.5 kG, M = 1.0 kG, E A = 1.5, and R = 0.5. The non-magnetic
material, considered to be ZnF2, has E B = 8. Here the surface modes are represented by the dashed lines, while the bulk bands are characterized by the shaded
areas, which are bounded by the curves for QL = 0 and QL = 7r in an alternating
fashion. For the surface modes, whenever the generation number n is greater than
2, we have a natural broken symmetry for the structure. Thus we do not need to
vary the thickness of the magnetic (or non-magnetic) materials in order to obtain
surface modes, as was the case in other structures [21]. This effect was evident for
all the sequences with n > 2 . We emphasize the importance of imposing the condition Re(P) > 0, because otherwise we might obtain non-physical surface modes.
Such modes are characterized by having an exponentially increasing amplitude,
and must therefore be excluded.
The total width of the allowed regions in energy for the ferromagnetic Fibonacci
sequence decreases with n as the power law A F i 6 , where F, is the Fibonacci
number. The log-log plot of the bandwidths A against the generation number is
shown in Fig. 7.11b for several values of the in-plane wavevector k,a. As we can
infer, the exponent 6 depends only slightly on the common in-plane wavevector
k,U.
Finally in Fig. 7.12a we show the spectrum for the antiferromagnet MnFz for
the 3rd generation of the Double-period sequence [74]. Here the vertical axis represents the reduced frequency (w - W A F ) / W A F , where WAF is the antiferromagnetic

-
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Fig. 7.12. (a) Antiferromagnetic polariton spectrum for the reduced frequency (w - W A F ) / W A F
versus &a for a 3rd sequence, Double-period superlattice. (b) Log-log plot of the total width
of the allowed regions A against 2n, for several generations of the Double-period sequence (after
Albuquerque and Guimarles [74]).

resonance frequency [see Eq. (7.19)]. The physical parameters, appropriate to
MnFz, are Ho = 550 kG, H A = 7.87 kG, M = 1.0 kG, and E A = 5.5. The number of
bulk bands increases as 2", with n being the Doubleperiod generation number.
In this case the application of an external field Ho gives rise to a gap between
two regions of solutions for the modes (with p1 < 0). If we set the external field
equal to zero, the two regions collapse into one, still showing the same self-similar
behavior as in the previous case. Also, the modes are sensitive to the value of
the anisotropy field, having their relative position governed by the magnitude of
H A . The scaling behavior of the allowed bandwidth A is A ( 2 n ) - 6 , where here,
as in the Fibonacci case, the exponent 6 only depends weakly on the common
wavevector &a, as can be seen in Fig. 7.12b.
For both of the structures described here, a systematic study was made of the
effects of the varying the physical parameters. It is found that the size of the bulk
bands is quite sensitive to the ratio R. It is noteworthy that surface solutions are
obtained in the quasiperiodic cases even when R > 1 (i.e. the non-magnetic spacer
thickness is greater than that of the magnetic material). This contrasts with the
behavior discussed in Subsection 7.3.2 for the corresponding periodic superlattice.
On the experimental side, the technique of Brillouin light scattering spectroscopy has proved to be important in probing the excitations discussed in this
chapter and testing the theoretical predictions [11,16,75]. A detailed analysis of
light scattering from the magnetic polaritons and magnetostatic modes requires
evaluating the linear response of the system to an external source, such as an electromagnetic wave. The analysis can be done through the use of the Green-function
N
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techniques. There is further discussion of this in Chapter 11 and in Appendix A.
Possible applications of the modes studied here include spin valves and other multilayered devices.
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Chapter 8

Magnetic Polaritons in Spin-Canted Systems
The application of a magnetic field perpendicular to the easy axis of an antiferromagnet can give rise to interesting effects in the excitation spectrum. At high
magnetic fields, a significant magnetization component normal to the easy axis will
be induced. We may thus expect to find a corresponding magnetic-field-induced
surface spin wave that propagates parallel to the easy axis, with possible nonreciprocal propagation characteristics [I]. In this respect, the behavior would be
similar to the Damon-Eshbach surface wave (see Subsection 7.2.1). Furthermore,
in this physical situation the spins are canted due to the applied field, as depicted
in Fig. 8.1.
Spin canting has been the subject of a great number of investigations in the
past decades. In some cases it occurs spontaneously (i.e. even in the absence of an
applied magnetic field) due to a lowering of symmetry produced by certain types
of single-ion anisotropy (such as in NiF2) or due to an antisymmetric-exchange
mechanism (as in FeB03). These materials have a weak ferromagnetic moment
due to the canting, and this makes them of particular interest for light scattering
from the spin waves; a review is given in Ref. [2]. By contrast, in other cases the
canting is produced by the application of an external field, as will be considered
in Section 8.1.
The effects of spin canting can be observed in a number of natural and synthetic
ferrimagnetic iron oxides [3], Tb3Rh and TDAE-C-60 single crystals [4,5], as well
as in some manganese compounds of the type XMn2, where X can be Er (erbium,
with a spin-canted magnetic structure at about 15K and a spin reorientation at
about 10 K [S]), Dy (dysprosium, with a spin-canted magnetic structure at about
40K and a spin reorientation observed at 36K [7,8]),and Ho (holmium, with a
spin-canted magnetic structure at about 31 K and a spin reorientation found at the
Curie point of 25K [9]). Also, for YFe2 compounds with Y =Nbl-,Zr,, neutron
diffraction measurements in the composition range 0.18 5 IC 5 0.22 provide evidence of a low-temperature spin-canted structure in which the antiferromagnetic
magnetic arrangement is modified by the appearance of a basal-plane ferromagnetic component [lo]. Further, in ferromagnetic materials with an external field
applied parallel to the surface, but having a strong single-ion surface anisotropy
with easy axis normal to the surface, the magnetization in the bulk of the crystal
will be parallel to the surface but there can be spin canting near the surface (see
e.g. Ref. [Ill). Moreover, in some manganese oxide films, the so-called manganites,
195
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Fig. 8.1. Schematic representation of a canted antiferromagnetic crystal with body-centered
tetragonal structure. We take the z-direction as the easy axis and the z-direction as the direction of the applied field. (a) Side view of a (001) surface in the absence of an applied field;
(b) orientations of the canted spins for the sublattices i and j when a magnetic field is applied.

with an intrinsic antiferromagnetic spin structure, there have been observations
of a huge magnetoresistance that arises from the spin-independent electron scattering due to spin canting [12,13]. In manganite compounds like Rl-,D,MnOa,
with R being a metal or rare-earth ion and D a divalent ion, the metallic antiferromagnetism is compatible with a double-exchange theory of the canted spin
arrangement; an important aspect of this theory is a self-stabilizing mechanism
with the anisotropic antiferromagnetic ordering acting as the main symmetry
breaker [14]. Experimental data reveal that the magnetic order parameter in lowdoped manganite is only weakly coupled to lattice strains [15]. Neutron scattering
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techniques used to study the structure and spin dynamics of the compound
La,-&3ro.lsMn03 show anomalies in the Bragg peak intensities consistent with
the onset of a spin-canted phase below the Curie temperature, which appears
50 be associated with a small gap in the spin-wave spectrum at the wavevector
Ic = ( 0 ,0 , 0 . 5 k z s ) , where k z ~is the Brillouin zone-boundary wavevector
component [16].
Artificial structures, such as magnetic multilayers, have led to an increase of
interest in recent years regarding their spin-canted states. Multilayers composed
of two antiferromagnets such as FeF2/CoF2 [17] and NiO/CoO [18] have been
constructed and studied by neutron diffraction and thermal measurements. In the
ferromagnetic/antiferromagnetic bilayer system, such as Fe/KMnF3, interesting
interfacial exchange properties can be inferred due to the magnetic transition from
the antiferromagnetic to the weakly ferromagnetic spin-canted state [19].
The spin dynamics in such canted systems is of special interest in this chapter.
We shall consider the propagation of magnetic polaritons (and their magnetostatic
counterparts) in antiferromagnets of the type XF2 (where X = Mn, Fe, Co, etc.),
which have a body-centered tetragonal (or rutile) structure. A (001) surface layer,
for example, is occupied by spins of just one sublattice type, and the surface
therefore has the effect of removing any equivalence that would otherwise exist
between the two sublattices (see Fig. 8.la).
The first experimental evidence for the existence of a magnetic polariton in such
an antiferromagnetic structure was found in the late 1970s [20] by a high-resolution
far-infrared study of its antiferromagnetic resonance spectra. Investigations of
interface and guided magnetic polaritons for a three-layer system composed of
semi-infinite yttrium iron garnet (YIG), which behaves essentially like a ferromagnet , and a semi-infinite antiferromagnet (FeF2) separated by a non-magnetic
dielectric layer of finite thickness followed soon afterwards [21,22]. Theoretical
treatments were developed by Camley [23-251 and Barnai [26], among others. For
these materials the exchange energy term is substantial, and the maximum canting
angle realized in a typical laboratory experiment is modest, being of the order of
a few degrees in external magnetic fields of the order of 100 kG. Reversing the
direction of propagation or reversing the direction of the applied magnetic field
leads to a mode of a different frequency. The degree of this non-reciprocity can be
controlled by varying the strength of the applied field. Time-reversal and spaceinversion symmetry arguments require the propagation of the surface wave along
the magnetic field direction to retain its full left-right symmetry; hence these cases
provide interesting examples of the influence of symmetry on the non-reciprocity.
From a mathematical point of view, the non-reciprocal modes appear when
there are non-zero off-diagonal terms in the magnetic susceptibility tensor (see
Section 8.2), just as in some of the other cases studied in Chapter 7. For instance,
experimental observation and interpretation of high-resolution far-infrared reflectivity and attenuated total reflection (ATR) spectra allowed the mapping out of
dispersion curves for the antiferromagnet FeF2. These dispersion curves clearly
display the relationship between the frequency and wavevector of magnetic polaritons, and show the position of the bulk and surface modes and surface resonances
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in zero, low, and relatively strong applied fields [27]. The spectra also show huge
non-reciprocity in infrared reflectivity at low fields, a feature unique to magnetic
systems [as]. Besides, as we will prove later using the stability condition for magnetic equilibrium, the convergence to the infinite-bulk canting angle 0 in the surface
region can be over several magnetic layers for MnF2, which has a relatively low
anisotropy field and a low resonance frequency. There is a contrasting behavior
near the surface of materials with a larger anisotropy (e.g. C O F ~ as
) , we shall see
later.
8.1

The Magnetic Hamiltonian

To gain a better understanding of the magnetic polariton propagation in these
body-centered tetragonal antiferromagnets, we consider first the Heisenberg
Hamiltonian describing the magnetic excitations. This can be expressed as

where the sums in the first term are taken over nearest-neighbor exchange-coupled
sites i and j on opposite sublattices, and Ho is a static external magnetic field
perpendicular to the easy axis and pointing in the x-direction. Other notations
are as before, while Hanis represents the uniaxial anisotropy (along the z-direction)
given by

with H A being the effective anisotropy field.
The overall geometry of the canted spins was indicated in Fig. 8.lb. The first
step in analyzing these systems is to transform to new sets of axes, as represented
by rotations about the y-axis in Fig. 8.2, that are related to the equilibrium orientations of the spins. We therefore make the axis transformations zx + 21x1 (22x2)
for each sublattice, representing rotations through the canting angle 19,in such a
way that the zl-direction (22-direction) is the direction of the spin alignment in
the i-sublattice (j-sublattice). The total Hamiltonian [Eq. (8.l)] in a bulk sample
now becomes
H =

c

Jt,

[(Ci/2)(S,+S,+

+ S,S,-)

+

- (s;/2)(s,+s,-S,-S,’)

+ (c; - s;)s:’s,”2]
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where we use the new axes to define SF = STl f is:, and there are similar expressions for SF. Also we write co = cos 0 and S O = sin0 as a shorthand notation. The frequencies wo = g p ~ H oand W A = gpBHA relate to the applied field
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1

H"

H"

Fig. 8.2. Geometry representing rotations through the canting angle 0 of the coordinate axes for
each sublattice to a new set of equilibrium-related axes: (a) zx + ~ 1 x 1 (b)
; zx + z z x z .

and anisotropy field as before. The stability condition defines the canting angle 0
through the transcendental equation
-WA

tan0

+ WO

-

2 w sin0
~ =0

(8.4)

where the RPA approximation (see Section 1.7) has been used to replace St' and
S,"2 by S at low temperatures T < < T N and
,
we have defined W E = S J ( O ) . Note
that for a bcc cubic structure, with lattice parameter equal to a , we have

J ( z ) = 8Jcos(kza/2) cos(k,a/2) cos(k,a/2).

(8.5)

This yields J ( 0 ) = 85, with J being the nearest-neighbor exchange term.
Before introducing the surface effects, it is instructive to derive the bulkmagnon dispersion relation in an infinite medium for this canted structure. Using
the Heisenberg equation of motion for the spin operators S* and taking into
account the transformed Hamiltonian [Eq. (8.3)],we find after a bit of algebra
[W

- W A C O- woso - (cO
2 - S ~ ) W E STz
]
=

(cis,&

-

siS,Tg)S J ( z ) ,

(8.6)

where wavevector Fourier transforms have been used for the spin operators Sif
and SF by analogy with Eq. (1.33). The bulk dispersion relation for the canted
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system is then found by writing down the determinant of the coefficients of the spin
operators in Eqs. (8.6)-(8.9), and then setting this equal to zero for a non-trivial
solution. The result is
(8.10)
w2 = (a1 f b 1 ) 2 - b;,
where we have defined

From the stability condition we find that the canting angle 0 (using small angle
approximations) is
(8.13)
6 = Wo/(wA 2WE).

+

Note that, for I9 = 0, Eq. (8.10) leads to the well-known antiferromagnetic resonance
+
frequency with w i F = w i 2wAwE in the case of k = 0.
We next generalize the above calculation to the more interesting problem of
the surface and bulk magnons in semi-infinite Heisenberg canted antiferromagnets.
We consider the antiferromagnet to be occupying the half-space z < 0 and the
directions of average spin alignment to be parallel and antiparallel to the z-axis for
sublattices i and j , respectively. As we can see from Fig. & l a , for body-centered
tetragonal antiferromagnets each layer (labelled with index n) parallel to the surface contains magnetic sites of one sublattice type only, and the nearest-neighbor
exchange coupling is to sites in the adjacent layers only. Equations analogous to
Eqs. (8.6)-(8.9) can be written down for each value of n, just as in Section 7.1
for the simpler calculation presented there. In doing this, we assume wave-like
solutions in the zy-plane for the spin operators as

+

s,’

4

= tn(iII)exp(ikl1 . pi) exp(-iwt),

(8.14)

(8.15)
Here we are considering a Fourier component for the spin operators with angular
frequency w, and a 2D wavevector i l l = ( k z , ky) parallel to the surface. The factor
exp(iill.&), where p” (z,y ) , is in accordance with Bloch’s theorem and the translational symmetry of the system in the zy-plane. Bec_ause of t h e p f a c e , there is
no such factor for the z-direction, and the terms t,(kll) and wn(lCll) depend on z
through the layer index n.
The infinite series of coupled equations for & ( i l l ) and uUn(iil)
can now be solved
for the bulk and surface modes by following the approach used in Section 7.1,
i.e. we seek solutions that are either wave-like or exponentially decaying in the
z-direction. For example, the coupled equations are solved for surface modes using
the ansatz
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with a similar expression for v,(,$). Here c is the lattice parameter corresponding
to the z-direction in the body-centered tetragonal lattice, and IF. is the attenuation
factor of any surface magnon. We note that Re(&) > 0 for localization. The bulk
modes are found using an ansatz analogous to Eq. (7.6), and are in fact just the
same as found in the infinite bulk material.
Although the calculation for the surface mode is relatively straightforward, we
do not intend to present here the explicit form of the dispersion relation. Instead,
we shall present numerical results to illustrate the spectra. However, we point out
that care has to be taken in dealing with the canting angle, which can vary with
distance from the surface. It is easily shown that the stability condition is now
given by the set of finite-difference relations [l]

[

4 S J sin(8,

+ 8,-1) + sin(8, + 8,+,)]

= wg cos 8, - W A sin On,

(8.17)

where, for n= 1, the 8,-1 term has to be omitted. Numerical results show that
the convergence of 8, to the infinite-bulk canting angle 0 (to within, say, 10%) can
be over several layers (e.g. 13 layers for MnF2) or almost localized in the surface
layer (e.g. two layers for FeF2 and one layer for CoF2). These differences are
mainly due to differences in W A (which is small in MnF2) for these materials.
Fig. 8.3 shows the calculated spin-wave spectrum for the case of CoF2 [l].The
assumed physical parameters are W A = 241 kG, wo = 20 kG, and W E = S J ( 0 )=
326kG. The degenerate bulk modes that would occur for O = O are now split
into two well-defined bulk regions in the spectrum. The high-frequency branch is
broad and it is shown shaded. The low-frequency one is represented by the thin
line in the spectrum. Between these branches one can see the acoustic surface
magnon branch. We have shown the surface branch for three different values of
the attenuation factor, namely K C = 0.5 (chain-dotted line), 1.0 (dotted line), and
10 (full line). Observe that there are small differences in the surface lines for the
wavevector range 0 < kxu/7r < 0.8. For larger wavevectors up to the limit of the
Brillouin zone they essentially are merged into one line.
Fig. 8.4 shows the calculated spin-wave spectrum for FeF2 [l].The physical
parameters are W A = 215 kG, wo = 20 kG, and W E = S J ( 0 )= 626 kG. Again, the
doubly degenerate bulk mode that occurs for 6' = 0 (in zero applied magnetic field)
is now split due to the canting into two well-defined bulk regions in the spectrum.
Although the lower branch is still narrow, it is broader than in the CoF2 case
discussed previously. The surface branch in this case is more sensitive to the attenuation factor. Indeed, for IF.C= 0.5 (chain-dotted line) and 1.0 (dotted line), the
surface branch emerges from the high-frequency bulk band at different wavevector
values corresponding to kxu/n-=0.17 and 0.2, respectively, whereas for IF.C= 10
(full line) it starts at k,a/7r = 0. The surface branches essentially merge into one
single line for kxu/n-= 0.9 and above.
The application of the external magnetic field also causes non-reciprocal propagation. However, for the data used here, the differences between w ( k X and
) w(-k,)
are too close to be resolved for the scale used in Figs. 8.3 and 8.4. This would not be
the case for MnF2 and/or for larger applied fields (making the canting angle larger).

202

CHAPTER 8. MAGNETIC POLARlTONS IN SPIN-CANTED SYSTEMS

Fig. 8.3. Spin-wave spectra for the reduced frequency w l S J ( 0 ) versus k,a/n for CoF2. The
physical parameters are given in the main text. The shaded area is the high-frequency bulk
mode, and the single lines are the surface modes for several values of the attenuation factor KC.
There is also a Iow-frequency bulk mode (the lower thin line) (after Albuquerque et al. [l]).

Although there is extensive theoretical literature for spin waves at the surfaces
of Heisenberg ferromagnets or antiferromagnets, the experimental data are comparatively sparse to date in comparison to the data for the dipole-exchange and
magnetostatic regions. It would be of interest to have more experimental results
for surface spin waves in the exchange-dominated region to test our theoretical
results described here. Techniques involving spin-polarized particle scattering
[29,30]and recent advances in inelastic neutron scattering [31] are perhaps the most
appropriate and promising for experiments on the modes presented here.
8.2

Magnetic Polaritons in Canted Antiferrornagnets

We have already pointed out in the introduction to Chapter 7 that antiferromagnetic materials are of particular interest because their resonance frequencies
usually lie in the infrared region with typical values ranging from 250 GHz to a few
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Fig. 8.4. The same as in Fig. 8.3, but for FeF2 (after Albuquerque et al. [l])

THz. Thus, the wavelengths (and penetration depths) involved range from millimeters to a few hundred micrometers, making these materials excellent options for
probing the polariton modes and for interesting research [32]. Further, in contrast
to the phonon-polariton case, the two-sublattice antiferromagnet with its easy axis
(and sublattice magnetizations) parallel to the surface provides another interesting
illustration of the influence of symmetry on the non-reciprocity. We recall that
this relates to the property of certain surface magnetic waves in which their dispersion relation is different, depending on whether they propagate from right to
left, or vice versa, along a given direction in the surface. The most frequently cited
example is that of the Damon-Eshbach surface wave in a ferromagnetic film (see
Section 7.2); a more general review can be found in Ref. [33]. The non-reciprocal
behavior can be realized when the propagation direction of the spin wave makes
a non-zero angle with the magnetization, assumed parallel to the surface and to
an external magnetic field applied to the material. The two-sublattice antiferromagnet, with its easy direction and sublattice magnetization parallel to the surface, provides an interesting illustration of this case, as we mentioned briefly at
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the end of Subsection 7.2.1. In zero external magnetic field, where the net magnetization is zero, one has surface spin waves that propagate in the direction normal
to the easy axis. No non-reciprocity occurs in this case. Application of a magnetic
field parallel to the easy axis induces the non-reciprocal behavior [34].
On the other hand, the application of a magnetic field perpendicular, rather
than parallel, to the easy axis of an antiferromagnet also gives rise to an interesting physical situation, namely it leads to a geometry in which the spins on each
sublattice become canted relative to the easy axis, as we discussed in terms of the
Heisenberg model in the previous section.
In this section it is appropriate to generalize the earlier calculations to consider the polariton modes when spin canting occurs. Specifically we investigate
the magnetic polaritons in antiferromagnets which have a body-centered tetragonal (or rutile) structure, i.e. crystals of the type XF2, with X = Mn and Fe in this
case. The (001) surface layer is occupied by spins of one sublattice type, and the
surface therefore has the effect of removing any equivalence between the two sublattices, as noted before. We shall derive the polariton dispersion relation taking
into account not only the unretarded (magnetostatic) limit, but also the retarded
modes. The latter case must be included to explain experimental observations of
the excitation in the far-infrared region. Experimental light-scattering techniques
of the Raman and Brillouin types are the most appropriate tools to probe these
modes.
The Hamiltonian of the spin system was already studied in the previous section. It is defined by Eq. (8.1) relative to the crystallographic axes and can be
re-expressed as Eq. (8.3) relative to new axes taken along the equilibrium direction of the canted spins (see Fig. 8.2). The first step in determining the polariton
spectrum is to deduce the form of the permeability tensor for the canted antiferromagnet. This part of the calculation is analogous to that described in Section 7.5
for metamagnets, provided we use the appropriate Hamilton@. Thus we consider,
for each sublattice, the magnetizations denoted by $i and M j , respectively. Their
classical equation of motion is formally the same as in Eq. (7.71), where now the
total sublattice magnetizations and effective field are expressed as

(8.20)
fleff
3

= Hoi

+ HAi.2 - HE21 + Z(t).

(8.21)

Here 6,(with p = i , j ) and are the fluctuating magnetizations and fluctuating
driving fields at frequency w . On substituting Eqs. (8.18)-(8.21) into Eq. (7.71),
and making the usual linear spin-wave approximation of neglecting small terms
that are of second order in the fluctuations, we obtain, after some algebra, a linear
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6.This has the form
( a ,P = 2 ,Y,z ) ,

Xa&)hp

P

(8.22)

where Go is the static magnetization in the canted system induced by the external
field 30.
The quantity xap in the other term is the susceptibility tensor; it is
related to the required permeability tensor by ji =
X , where 1 is the identity
(unit) tensor. The permeability tensor is found to be [35]

r+

0

Pxx

-ipx,

(8.23)
WXZ

where the elements are given by

with w h = w
sions are

* WO.The two resonance frequencies appearing in the above expreswi =W

i F

wf = w i

cOs2 8 ,

+ 2wgwE sinB,

(8.28)
(8.29)

where WAF is the well-known antiferromagnetic resonance frequency given by
Eq. (7.19).
It is helpful to comment on the properties of the so-called Voigt permeability
pv = p x z - p 2z t / p Z Z which
,
was defined following Eq. (7.100), near the magnetic
resonance frequencies W A F f W O . Using the expressions for the permeability components as given above, we find that pv has two poles and two zeros. The poles
correspond t o the appearance of bulk continua where bulk polariton modes may
exist, and in the frequency gaps (where pv < 0) between these bands we may
expect to find surface polaritons.
Now that the dynamical magnetic susceptibility tensor for the spin-canted
body-centered tetragonal structure has been determined, we can find the dispersion relations for the retarded and unretarded polariton modes that can propagate
in this structure. First, if we ignore retardation effects, then the relevant Maxwell's
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equations are those quoted in Eq. (7.20); they allow the introduction of the magnetostatic scalar potential $ defined by Eq. (7.21). Inside the canted antiferromagnet
satisfies
p,, d 2 $ / d x 2 pvyd2$/dy2 p z z d2*/dz2 = 0,
(8.30)

+

+

+

which is just a generalization of Eq. (7.22). It leads directly to the magnetostatic
bulk mode dispersion relation
(8.31)
as can be seen by seeking a wave-like solution for 11with wavevector k = (k,, k,, k z ) .
For surface modes in the magnetostatic limit, we suppose that the crystal
is truncated at z = 0, with vacuum outside in the region z > 0. We also adopt
the Voigt geometry (i.e. in-plane propagation perpendicular to the applied field
direction), which occurs when k, = 0 for our assumed surface geometry, which is
different from that in Section 7.2. The magnetostatic scalar potentials are then
given by
(8.32)
@ = A exp(ik,y - i d )exp(az)
4

for z

< 0 (inside the magnetic material), and
$ = Bexp(ik,y - iwt) exp(-kllz)

(8.33)

for z > 0 (in the vacuum region), denoting kll = 1 kil I = I k , 1. Here (Y > 0 is a decay
term that ensures the localized behavior expected for a surface mode. Application
of the usual electromagnetic boundary conditions at the crystal/vacuum interface
would give the desired dispersion relation (by analogy with Subsection 7.2.1).
For the retarded modes, instead of using Eq. (7.20), we must employ the full
form of the relevant Maxwell’s equation as quoted in Eq. (7.60). This involves
c as the velocity of light in the vacuum and eefl = q 2 , where q is the refractive
index of the medium. From a determinantal condition, obtained from the linear
homogeneous equations for the coefficients of the magnetic field components, we
find that the dispersion relation for the bulk modes in the Voigt geometry ( k , = 0)
is given by
P z z e + Py&
= ( v ~ / 4 2 ( P z z P , , - P?J.
2
(8.34)
4

To study the surface modes, we consider localized solutions of I? with respect to
the z-coordinate. It is straightforward, although tedious, to set up a system of
equations involving the Cartesian components of H , whose solvability condition
then yields the desired surface dispersion relation. We quote the final result as
4

provided that the constraint (a localization condition)
(8.36)
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Fig. 8.5. Magnetic polariton spectra (retarded modes) for the reduced frequency W / W E versus
ck,/JS for FeF2. The physical parameters are given in the main text. For completeness we
also show the bulk modes (shaded areas). The single lines are the surface modes. Observe that
there is negligible non-reciprocity in the propagation of the surface modes (after GuimarBes and
Albuquerque [ 3 5 ] ) .

An example of the dispersion curves corresponding to Eqs. (8.34) and (8.35)
calculated for the antiferromagnetic FeFz crystal is shown in Fig. 8.5 [35]. The
physical parameters used here are W E = 626 kG, W A = 215 kG, wo = 20 kG, and
Wfir = 0.6 kG [36]. For simplicity, we have not considered a damping term in the
susceptibilities, which are defined by Eqs. (8.24)-(8.27), because we want to stress
the effects due to the canting angle in the polariton spectra. For a derivation of
the susceptibility tensor, with damping and non-linear terms included, we refer the
reader to Refs. [37,38]. Of course, when damping is present in the magnetic system, the dispersion equations Eqs. (8.34) and (8.35) no longer have real wavevector
and frequency solutions. They can be satisfied, however, for real frequencies and
complex wavevectors, whose solutions represent dissipative waves that have finite
path lengths.
Because the exchange field is substantially greater than the other effective fields
in the system, the bulk canting angle that one realizes in typical laboratory experiments is modest; its value is 0.0136rad for the data used here. In the first
layer ( 2 = 0) of the material we have a surface value of 0s = 0.0197rad. The convergence to the bulk canted angle 0 ~ for
, the perturbation to be less than lo%,
is achieved in the third magnetic layer. Although the asymmetry of the bands is
not noticeable, the polariton spectra in principle have a small non-reciprocity, in
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Fig. 8.6. The same as in Fig. 8.5, but for MnF2. Observe the striking non-reciprocal effects for
this material, even for a small external magnetic field (after Guimariies and Albuquerque [35]).

the sense of Eq. (7.37). In the present case, this non-reciprocal propagation appears due to the non-vanishing off-diagonal term p,, and pzz in the permeability
tensor. The three bulk bands, shown shaded here, are due to the two poles in
the permeability. The surface modes (full lines), which are very sensitive to the
presence of the external magnetic field, lie as usual in the regions between the bulk
bands.
This situation changes quite dramatically for the case of MnF2, even with a
modest external magnetic field (taken as 20kG). This can be seen from Fig. 8.6,
where there is now a clear appearance of non-reciprocity for the upper- and
lower-frequency surface modes [35]. The bulk bands are also affected, although not
to the same extent. The physical parameters used are W E = 550 kG, W A = 7.9 kG,
and w~ =0.56kG [36]. Convergence to the bulk canting angle 0 8 , for the
perturbation to be less than lo%, is now achieved in the 14th magnetic
layer.
It would be of interest to consider systems in which the exchange coupling
between the antiferromagnetic moments is weaker than those shown here. In
this way we expect that even a modest field (like the one considered here) can
induce larger canting angles, allowing one to enter a regime where the surface
modes split off further from the bulk manifold. A good candidate could be Fe
double layers, with an ultrathin layer of Cr between each film. A semi-infinite
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periodic or quasiperiodic array of such antiferromagnetically coupled films could
be an interesting geometry for application of the theory presented here, in the
appropriate wavelength regime.

8.3

Magnetic Polaritons in Spin-Canted Thin Films

As indicated in Section 7.1, the excitations in magnetic thin films have been extensively investigated; some review accounts covering both experiment and theory
can be found in Refs. [30,39-411. In thin films, one obtains both surface polaritons,
in which the excitation is localized near the surface, and guided modes, where the
excitation has a standing-wave-like character within the film [42]. Early theoretical
works on surface polaritons on antiferromagnets [24] have now been verified experimentally for FeF2, both through infrared reflectivity [43,44]and through infrared
ATR measurement [45]. They have given a renewed impetus to extend theoretical
calculations for more complex and realistic structures. In magnetic superlattices,
early studies make use of the so-called eflective-mediumtheory [46],in which both
the dielectric tensor and the permeability tensor components are given as spatial
averages of the dielectric and permeability constants of the constituent magnetic
layers [47,48]. Such a description is valid when the characteristic wavelengths of
the excitation are much longer than the superlattice period. We have already
made use of an effective-medium approximation in Section 7.4 in the discussion of
r are-eart h periodic superlattices.
In this section we consider the propagation of magnetic polaritons in unsupported spin-canted thin films of the rutile-structure antiferromagnets XF2 (with
X = Mn, Fe). While this is obviously an extension of the previous section to include two surfaces or interfaces, it is more than just a complicated geometrical
extension of the previous works since new effects, like perturbed surface modes
(or guided modes) and spatial-quantization features in the polariton spectra, are
introduced. Experimental studies have been reported in MnF2, for instance,
by Lui et al. [49] in which, at low resonance frequency, a field sweep at fixed
frequency can be employed. Alternatively, conventional far-infrared resonance
(FIR) spectroscopy can be utilized to produce frequency-sweep spectra at a fixed
field [50].
We again use the Voigt configuration, where the direction of propagation is
perpendicular to the magnetic moments and to the applied external magnetic
field. We employ formal analytical equations for the magnetic polariton dispersion
relations, as derived, for example, in Chapter 7 for a film geometry, taking both
the retarded region [see Eq. (7.88)] and the magnetostatic regime [Eq. (7.90)]. It
is necessary only to substitute the appropriate permeability components for the
present application to canted antiferromagnets.
The magnetic film is assumed to occupy the region 0 < z < L, with L being
its thickness, and to be bounded on each side by the same medium (a symmetrical
geometry), taken as vacuum (t = p = 1). For numerical purposes, the magnetic
material is considered to be either FeF2 or MnFz, and it will be of interest to
compare the two cases. The thickness of the magnetic film is equal to 200 pm, and
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Fig. 8.7. (a) Dispersion relation of bulk (shaded areas) and surface/guided spin waves for the
FeF2 free-standing magnetic film, measured by the reduced frequency w / w as
~ a~ function of
the in-plane dimensionless wavevector k , L , in the absence of an external applied magnetic field.
(b) Same as in (a),but now for an external applied magnetic field HO= 5 kG. ( c ) Same as in (a),
but now for an external applied magnetic field HO = 10 kG. (d) Same as in (a), but now for an
external applied magnetic field Ho = 15kG (after Guimarses and Albuquerque [51]).

several values of the external magnetic field I?" are considered in order to vary the
amount of canting.
In Fig. 8.7 we present the magnetic polariton spectra in the form of plots of
the reduced frequency w fwAF against the dimensionless wavevector k,L, where
= (k,, 0) [51]. The nearly vertical dashed lines are the
we take for simplicity
light lines w = ck, in vacuum. We use the physical parameters and permeabilities
for FeF2 [ 5 2 ] ; these are the same as quoted in the previous section. FeF2 has a
resonant frequency of about 1.5THz, and it is very suitable for studies by FIR
spectroscopy in either grating or Fourier-transform form. An important difference
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between the film and the semi-infinite case [l]is that k , (inside the film) can now
be either purely real or purely imaginary, whereas for the semi-infinite medium
it can only be imaginary. For real k, the magnetic field is oscillatory within the
film; as in the analogous case of a dielectric film, the mode is then called a guided
wave. On the other hand, for imaginary k,, the fields are a combination of decaying
exponentials at each surface, so that in effect one is dealing with a surface polariton
at one surface whose properties are modified by the presence of the other surface.
This again has an analog in dielectric films, as well as for the surface spin waves
in Heisenberg ferromagnetic films (see Section 7.1). Here we have to consider freestanding magnetic film on the assumption that the media in z > L and z < 0
are both the same (vacuum). The generalization to the case when the media are
different, as would occur for a film on a substrate, is straightforward.
Because of the finite film thickness, the bulk modes are now quantized, corresponding to different standing waves in the film, and the bulk bands become
broken up into individual discrete modes. However, for the sake of simplicity, we
just show the upper and lower limits of the bulk modes in Fig. 8.7, considering the
region inside as a band, as in the case of the semi-infinite medium. In the absence
of an external magnetic field, the polariton spectra have three bulk bands (characterized by the hatched regions) and three surface and guided modes (identified by
the letter S). The +k, and - k , modes are essentially mirror images of each other
when Ho = 0, with the localization exactly reversed by a reversal of the direction
of propagation. This is true for all modes in this symmetric structure, and it is
expected since a reversal of propagation is essentially equivalent to rotating the
film through 180" about the external magnetic field. The situation changes when
the symmetry is broken due to the presence of an external magnetic field. The
evolution of the dispersion curves as the external magnetic field HO increases is
shown by a comparison of Figs. 8.7b-d. First the spectra become non-reciprocal,
although this reciprocity could be better seen in the supported film case. The magnetic field profile for the +k, mode is now biassed towards one interface ( z = L )
whereas the field profile for the - k , mode is biassed towards the other interface ( z= 0). Observe that for Ho = 5 kG (Fig. 8.7b) a new bulk band appears at
1.01 < W / W A F < 1.02. This bulk band becomes broader as the external magnetic
field increases (see Figs. 8 . 7 and
~ d). New surface modes appear between this bulk
band and the bulk bands that were already present in zero external magnetic field,
making the spectra more complex.
In Fig. 8.8 we present the magnetic polariton spectra using the physical parameters and permeabilities for MnFz [53]. The values used here are W E = 550 kG,
W A = 7.78 kG, and W M = 0.6 kG. MnFz has a resonant frequency of about 240 GHz,
and it is more suitable for the ferromagnetic resonance of a magnetic field sweep
at fixed frequency. The spectra are quite different from the previous case, although they keep some of the general properties like the +k, and -k, mirror
images of each other in the absence of the external magnetic field. Non-reciprocal
propagation of the surface modes is then seen in Figs. 8.8b-d for magnetic fields
equal to 0.2, 0.4, and 0.9 kG, respectively. The surface mode curves are now restricted (because of localization conditions) to certain values of lk,l L , and most of
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Fig. 8.8. Same ils in Fig. 8.7 but for the MnF2 free-standing magnetic film, taking the following
values for the external applied magnetic field: (a) Ho = 0 kG; (b) Ho = 0.2 kG; (c) Ho = 0.4 kG;
(d) Ho =0.9kG (after Guimariies and Albuquerque 1511).

them start at the intersection between the light lines (shown dashed) and the bulk
bands (the light line now marks the boundary of the bounded modes). Observe
that for Ho = 0.2 kG the high-frequency bulk band splits into two bands, with a
surface mode at W / W A F N 1.015 between them. The evolution of this bulk band is
quite interesting. For an external magnetic field equal to 0.4 kG it becomes broader
(see Fig. 8.8c), and it splits into two new bulk bands at a higher magnetic field
(0.9 kG). Both bands expand outside the light line (see Fig. 8.8d). There is also the
appearance of a new bulk band at w/wAF N 1.0 (thin solid line) and a new surface
mode close to it (see Fig. 8.8b). This band evolves towards the central region and
its profile resembles the other bulk band located at 1.018 < W / W A F < 1.02.
Finally, we remark that polaritons and their related properties in magnetic
systems have acquired greater relevance in the light of recent developments in
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the application of high-resolution Fourier-transform spectroscopy to magnetism
(for a review see Ref. [54]). The accessible frequency range is from 200GHz upwards, so that this technique should be applicable to the materials considered here,
whose resonant frequencies are in this range. One complication arises because the
permeability tensor p(w)depends sensitively on the direction of the applied magwith respect to the crystal axis. However, as explained, for the
netic field
geometry considered here a careful analysis of the corresponding canting angle
and its influence on the dynamic permeability tensor, as was done in obtaining
Eqs. (8.24)-(8.27), can overcome this problem.
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Chapter 9

Metallic Magnetic Multilayers
The study of metallic magnetic multilayers has been one of the most active fields
in the last decade (for a review see the articles contained in Ref. [l]).It presents
exciting challenges from both the theoretical and experimental points of view. In a
pioneering piece of work, Griinberg et al. [2] reported evidence of an antiferromagnetic Heisenberg (or bilinear) exchange coupling between ultrathin magnetic films.
The system consisted of ferromagnetic films (Fe) with interfilm exchange coupling
via an intervening non-ferromagnetic layer (Cr), giving the trilayer Fe/Cr/Fe structure. In simple metals such as Cu(OO1) and Ag(001) the bilinear exchange coupling
exhibits strong oscillations with a short wavelength (of the order of two atomic
monolayers). The exchange coupling through non-ferromagnetic interlayers in this
case is found to be strongly affected by the interface roughness. Realistic interfaces
often consist of finite terraces, along with other inhomogeneities, which result in
variations of the interlayer thickness [3].
Shortly afterwards Baibich et al. [4] noticed a sudden fall in the electrical resistance of Fe/Cr magnetic multilayers when an external magnetic field was applied.
The effect was so striking that it was called giant magnetoresistance (GMR), and
recently it has been widely considered for applications in information storage technology [5-7]. Through magnetoresistance measurements, Parkin and collaborators
[8]observed an oscillatory (or alternating ferromagnetic-antiferromagnetic) behavior of the exchange coupling in magnetic metallic multilayers as a function of the
non-magnetic spacer thickness. This work was seminal to a number of experimental studies on Fe/Cr/Fe structures with different non-magnetic spacer thickness.
Accounts of the physical origin of the long-range exchange, including the so-called
RKKY mechanisms involving the conduction electrons, are given in Ref. [l].
Later Riihrig et al. [9] showed evidence of a preferred non-collinear alignment
(at 90") of the magnetization directions between the ferromagnetic layers (Fe)
for values of the non-magnetic spacer thickness where the bilinear exchange term
was small. This behavior could not be explained by considering only the usual
Heisenberg-type bilinear exchange term in the free magnetic energy of the system. It was necessary, in addition, to take into account biquadratic exchange
coupling (BEC) to achieve the stabilization of the non-collinear alignments [lo].
Slonczewski [ 111 gave a phenomenological interpretation for this biquadratic magnetic coupling, considering spatial fluctuations of the chromium layer thickness
amounting to around one atomic monolayer. The corresponding fluctuations of
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the short-period oscillatory term of the usual Heisenberg-type exchange coupling
induce static waves of magnetization whose energy has the observed biquadratic
form. Experimental results [12] show that the Fe/Cr/Fe sample enhances the effect
of biquadratic coupling which aligns the magnetization of the Fe layers at 90" to
each other. The bilinear and biquadratic coupling strengths can be extracted by
fitting the experimental results with a theory that treats the static and dynamic
responses on an equal footing. However, in order to obtain reliable fits between
theory and experiment, it is necessary to study the variation of some spin-wave
property [13-151.
It is helpful at this point to make clear the distinction between bilinear and
biquadratic exchange. If we consider two interface spins, denoted by $1 and $2,
separated by a spacer layer, the bilinear coupling is just the usual Heisenberg interaction of the form - J b l & . $2. This favors parallel or antiparallel alignment,
depending on whether the exchange term Jbl is positive or negative. By contrast,
the biquadratic coupling is described by Jbq(i?l . $2)2. If Jbq > O , which is the
practical case, then the minimum energy is when the spin directions are perpendicular. If both types of exchange occur, then there is a competing effect, as we
shall discuss later.
Parallel to the achievements obtained using the trilayer Fe/Cr/Fe structures,
other non-magnetic metallic spacers were successfully investigated for similar
effects. These included, among others, Cu [16] (through Brillouin scattering) and
Au [17] (by using the confocal magneto-optical Kerr effect to determine the bilinear
exchange coupling). Ferromagnetic resonance (FMR) and surface magneto-optical
Kerr effect (SMOKE) studies have shown that the interfaces in bcc Fe/Cu/Fe(OOl)
trilayers grown on a Ag(001) single-crystal substrate can be significantly improved by choosing an appropriate growth procedure [18]. The interpretation of
magnetization loops for Fe/Cu/Fe trilayers requires the simultaneous presence of
bilinear and biquadratic exchange coupling between the magnetic layers such that
the strength of the biquadratic exchange coupling increases with increasing terrace
width. Considering A1 as the spacer, Edwards et al. [19], using a simple model,
found that intrinsic biquadratic exchange is associated with higher harmonics in
the oscillatory exchange coupling. Consequently it is much smaller than the bilinear exchange and also falls off more rapidly with increasing temperature. Further,
the magnetization loops for Fe/Ag/Fe trilayers can be explained in a satisfactory
way only by including the simultaneous presence of bilinear and biquadratic exchange coupling [20].
Until recently, BEC was always found to be small compared to the bilinear
exchange term. However, Rezende and collaborators [21-231 published a series of
experimental results which showed that, in Fe/Cr/Fe samples, BEC was comparable to the bilinear exchange coupling. The existence of bilinear and biquadratic
exchange coupling in epitaxial Fe/Cr/Fe/Ag/GaAs(lOO) structures was also reported [24]. The longitudinal and polar magneto-optical Kerr effect (MOKE) and
Brillouin light scattering (BLS) measurements have been combined to determine
values for the bilinear and biquadratic coupling strengths and, while the phase and
period of the oscillations in the interlayer coupling agree well with those reported
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by other researchers, the magnitude of the coupling strength was found to be reduced. The dependence of biquadratic coupling strength upon Cr thickness was
well described by a simple power law and may provide a useful test of extrinsic
biquadratic coupling models. Therefore, BEC can play a remarkable role in the
properties of magnetic multilayers.
In this chapter we intend to go beyond the study of magnetic polaritons in magnetic structures, as discussed in the last two chapters, focusing our attention on
other magnetic properties (e.g. magnetoresistance, magnetization and ferromagnetic resonance spectra) of ultrathin metallic magnetic structures of the Fe/Cr/Fe
type grown following quasiperiodic sequences. We use a phenomenological model
that includes the Zeeman energy and cubic anisotropy energy, together with the
bilinear and biquadratic exchange energies [25-271. The assumed physical parameters are based on experimental data recently reported [28] for samples where BEC
is comparable in magnitude to the bilinear exchange. When BEC is sufficiently
large, a striking self-similar pattern emerges in the magnetoresistance curves, as
discussed below.
9.1

Magnetoresistance Self-Similar Spectra

It is well known that GMR occurs also in non-periodic granular systems, like CuCo alloys consisting of ultrafine Co-rich precipitate particles in a Cu-rich matrix
[29]. Due to the fact that precipitate particles of these heterogeneous alloys have
an average diameter and an average spacing similar to magnetic film thicknesses,
the origin of GMR in granular systems is similar to that in magnetic films [30].
Further, quasiperiodic systems that show magnetoresistive properties can be a first
step towards a better understanding of magnetoresistance in granular systems.
On the other hand, from a technological point of view (as we will show later) the
combination of BEC and quasiperiodicity permits us to control the magnetic field
regions where magnetoresistance remains almost constant before saturation.
In what follows we investigate the influence of quasiperiodicity on the magnetoresistance properties of ultrathin metallic magnetic films. In particular, we
shall be interested in Fe/Cr(100) multilayer structures that follow a Fibonacci
sequence. The well-known trilayer Fe/Cr/Fe is a magnetic counterpart of the 3rd
Fibonacci generation ( A B A ) We
. remark that only the odd Fibonacci generations
have a magnetic counterpart because they start and finish with an A (Fe) building
block. Therefore we only take into account this kind of generation of sequences,
which implies an even number of Fe layers to ensure a real magnetic counterpart.
However, we also avoid the intriguing behavior when even and odd numbers of Fe
layers are considered, as discussed in Ref. [31].
Fig. 9.1 shows schematically the 3rd and 5th Fibonacci generations and their
magnetic counterparts, where t ( d ) is the thickness of a single Fe(Cr) layer. It is
important to note the occurrence of a double Fe layer whose thickness is 2t in
the 5th generation. It is easy to show that quasiperiodic magnetic films, for any
Fibonacci generation, will be composed of single Cr layers, single Fe layers, and
double Fe layers. The number of Fe and Cr layers for a given generation n is
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Fig. 9.1. The 3rd and 5th Fibonacci generations together with their magnetic counterparts.

related to the Fibonacci number as follows. The number of single Cr layers is
Fn-2, the number of single Fe layers is 2Fn-z - Fn-l 2, and the number of
double Fe layers is Fn-l- Fn-2 - 1. These values can be deduced from properties
given in Section 2.3.
We start by considering ferromagnetic films to have their magnetization in the
zy-plane and we take the z-axis as the growth direction. The strong demagnetizing
field in the z-direction will usually suppress any tendency for the magnetization to
tilt out of plane. The global behavior of the system is well described by a simple
macroscopic theory in terms of the magnetic energy per unit area [as].We write
this as

+

ET = EZ

+ Ebl+ Ebg + Eai

(9.1)

where Ez is the Zeeman energy, Ebl is the bilinear energy, Ebq is the biquadratic
energy, and E, is the four-fold magnetocrystalline anisotropy energy. More
explicitly, for a system of m magnetic films we have

c [-&

m-I

+

i=l

cos(B, - & + I )

+

&,COS2(B,

- #i+l)]

.
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Here J b l is the usual bilinear exchange coupling that favors antiferromagnetic
(ferromagnetic) alignment if it is negative (positive). We are concerned here with
Jbl < 0 because magnetoresistive effects occur only for this case. Jbq is the BEC
that favors a 90" alignment between magnetizations in adjacent films, and is experimentally found to be positive [9]. Also K , is the cubic anisotropy constant
that renders the (100) direction an easy direction, Ho is the external in-plane
magnetic field, and OH specifies its angular orientation. From now on we consider
QH = 0, which means that the magnetic field is applied along the easy axis. The
thickness, angular orientation (relative to the easy axis), and magnetization of the
zth Fe layer are denoted by t i , 0 i , and Mi, respectively. It is usual to write the
total magnetic energy in terms of experimental parameters (having the dimensions
of effective fields) for each interaction, namely Ha = 2Ka/M3, Hbl= Jbl/tMs, and
Hbq = Jbq/tMs, where M S is the total saturation magnetization, and we assume
Mi = M s . Therefore from Eq. (9.2) we have
n

rn

+C [ - H ~ ~
m-1

C O S ( O ~-

i=l

ei+l) + Hb,cos2(ei o i + 4 .
-

(9.3)

The equilibrium orientations Oi of the magnetizations are calculated numerically
by minimizing the magnetic energy given by Eq. (9.3). We remark that it has
proved difficult to generate accurately the configurations for larger structures, especially when BEC is strong [32]. Nevertheless, we have results for sufficiently large
generations to infer important information about the effect of the quasiperiodicity.
As regards the underlying theory, the spin-dependent scattering mechanism
is generally accepted as being responsible for the GMR effect [30]. It has been
shown that GMR varies linearly with cos(A0) when the electrons behave as a freeelectrons gas, i.e. there are no barriers between adjacent films [33]. Here A0 is the
angular difference between adjacent magnetization vectors. In metallic systems
like Fe/Cr this angular dependence is valid. Once the set ( 0 i ) is found, we obtain
normalized values for the magnetoresistance and magnetization component in the
field direction, i.e.

and

The quantity R(0) in Eq. (9.4) denotes the resistance at zero field. When m = 2
we recover the usual expression for the trilayer Fe/Cr/Fe [33].
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Fig. 9.2. (a) Magnetization and (b) magnetoresistance versus magnetic field for the 3rd Fibonacci
generation with Hbl = - 150 Oe and Hbq = 50 Oe. In (a) the arrows indicate the relative positions
of the magnetizations in each phase (after Bezerra et al. [25]).

Now we present numerical calculations of the magnetization and magnetoresistance for Fibonacci ultrathin magnetic films. Previous studies on phase diagrams either did not take into account the biquadratic interaction [34,35] or did
not consider properly the so-called 90" phase [36],where the magnetizations in the
two magnetic films are nearly perpendicular to each other. We assume the cubic
anisotropy field to be Ha = 0.5 kOe, corresponding to Fe(100) with t > 30 A grown
by sputtering. We choose values of the bilinear and biquadratic fields, Hbl and
Hbq, such that they lie in three regions of interest:
(a) close to the region of the first antiferromagnetic-ferromagnetic transition
where Hbl is moderate [9];

(b) near the maximum antiferromagnetic peak where
value [4];

Hbl

reaches its maximum

(c) in the second antiferromagnetic peak where Hbl is small and equal to Hbq [22].
In Fig. 9.2 we show the curves for the normalized magnetization and magnetoresistance versus the magnetic field (applied along the easy axis) for the 3rd
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Fibonacci generation, i.e. corresponding to the Fe/Cr/Fe trilayer [25]. We assume
Hbl= - 0.15 kOe and H b q = 0.05 kOe (so that IHbll > H b q ) . These parameters correspond to a realistic sample with Cr thickness equal to 15 8. From there one can
identify two first-order phase transitions at HI 100 Oe and Hz 220 Oe. There
are three magnetic phases:
N

N

(a) an antiferromagnetic phase occurs in the low-field region (Ho < 100 Oe);

(b) a 90" phase prevails in the midfield region (100 Oe < Ho < 220 Oe);
(c) a saturated phase exists for Ho > 220 Oe. These numerical calculations indicate that a first-order phase transition occurs when Ha > 2(lHbll 2Hby).

+

Next we focus the discussion on the magnetoresistance curves, looking for their
self-similarity pattern, and we leave the discussion of the magnetization curves for
the next section. Fig. 9.3 shows the normalized magnetoresistance curves for
the 5th and 7th Fibonacci generations with the same experimental parameters
considered in Fig. 9.2 [as]. For the 5th generation the angular orientations of
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generations with Hbl = - 1.0 kOe and Hbq =0.1 kOe (after Bezerra et al. [2S]).

magnetizations are shown by the arrows, where the Fe double layer is indicated
by the bigger arrow. We can identify four first-order phase transitions, where
each one is due to a 90" jump of magnetization. For the 7th generation there
are eight first-order phase transitions, and nine magnetic phases ranging from
the antiferromagnetic phase (Ho < 38 Oe) to the saturated one (Ho > 440 Oe) are
present. We note a clear self-similar pattern of the magnetoresistance curves on
comparing Figs. 9.2b and 9.3a and b. In other words, the pattern of the trilayer
Fe/Cr/Fe is always present in the next generation.
By contrast, when H U = - 1.0 kOe and Hbq = 0.1 kOe (the case of lHbl[>>Hbq),
corresponding to a sample with Cr thickness equal to lOA, the self-similarity is
not observed (see Fig. 9.4). For this set of parameters, the majority of phase
transitions are of second order and we have found numerically that this occurs
when H a < 2( ~ H IH 2Hbq).

+
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However, when Hbq is increased (taking the case of IHbll= Hbq = 35 o e ) , we
observe again a striking self-similar pattern (see Fig. 9.5). Each new transition
occurs for a value of the magnetic field that is about one half of the previous one.
For this set of parameters the magnetoresistance is approximately half of its value
at zero magnetic field, because the magnetizations of the adjacent Fe films are
nearly perpendicular to each other due to the strong biquadratic field. For the
3rd generation (see Fig. 9.5a) there is only one transition at H I N 70 Oe and two
magnetic phases: a 90" phase at Ho < 70 Oe and a saturated phase at Ho > 70 Oe
[22]. In the 5th generation (see Fig. 9.5b) there are two transitions at H I 70 Oe
and H2 140 Oe. For the 7th generation (see Fig. 9 . 5 ~ there
)
are three transitions
at H I 35 Oe, H Z 70 Oe, and H3 140 Oe.

-

N

-

-

-
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The above numerical results point to a dependence of the self-similar magnetoresistance on first-order phase transitions and on the strength of BEC.A possible
explanation is that BEC reinforces the long-range quasiperiodic order which is responsible for the self-similarity in quasiperiodic systems. This was an unexpected
effect of this exchange coupling and, as far as we know, this is the first system that
exhibits magnetoresistance with fractal properties. From a technological point of
view, magnetoresistance with defined flat regions (as in Figs. 9.3 and 9.5) opens
new perspectives in information storage technology with the possibility of a recording system having more than two states. Fibonacci ultrathin magnetic films can
be realized experimentally following the procedures of Refs. [37,38] to grow the
samples. The above argument is reinforced by previous works on the correlation
lengths of magnetic systems with BEC;see, for example, Ref. [39].
9.2

Magnetization Profiles

The effects of quasiperiodicity on magnetization curves in metallic magnetic multilayers will be investigated next. We are interested in new magnetic phases
and alignments that are due only to the quasiperiodicity of the system. We discuss Fe/Cr( 100) structures that follow Fibonacci and Double-period quasiperiodic
sequences.
We consider that magnetic films are uniformly magnetized and behave as
single domains. The interfilm exchange coupling between adjacent ferromagnetic
films is weak compared to the strong exchange coupling between spins within a
given film. Therefore we can represent ferromagnetic films in terms of classical
magnetization vectors &
composed
i
of real spins within films that are strongly
coupled by intrafilm exchange. These classical magnetizations interact through
interfilm exchange coupling and they can also have some anisotropy depending on
the structure studied. It should be noted that this system is isomorphous to a
one-dimensional chain of classical spins.
The global behavior of this system is well described by a phenomenological theory in terms of the magnetic free energy expressed in Eqs. (9.1)-(9.3). Once the
magnetic free energy is determined, we can calculate the equilibrium configuration
for specific values of the experimental parameters as a function of the external
applied field. In simple situations the equilibrium configuration can be obtained
analytically by equating to zero the derivatives of the magnetic energy with respect to the orientation angle in each film. However, in most cases this leads to
transcendental equations which cannot be analytically solved. In general, we want
to find the global minimum of the energy function

Here Q p can assume values in the range [0,27r] and the set defines a pdimensional
space. When the dimension of this space is high, the ET function has a rough
surface, i.e. there are many local minima that make it difficult to find the global
minimum. There are many numerical methods to solve this type of problem [40].
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Here we describe two methods that were successfully used, namely the simulated
annealing method and the gradient method.
The simulated annealing method (or SA method) was introduced by Kirkpatrick
et al. [41]. It comes from the fact that the process of heating (annealing) and slowly
cooling a metal brings it into a more uniform crystalline state, which is believed
to be the state where the free energy of bulk matter takes its global minimum.
The role played by the temperature is to allow the configurations to reach higher
energy states with a probability given by Boltzmann’s exponential law. Thus they
can overcome energy barriers that would otherwise force them to remain in local
minima. In general, a simulated annealing technique can be described as follows:
(a) Choose an initial point in the parameter space, corresponding to an initial
configuration {Oj}, and calculate the associated energy Ej.
(b) Choose a second point in the parameter space, corresponding to a second
configuration { O j + l } , and calculate its associated energy Ej+l.
(c) If A E = Ej+l - Ej
the system.

< 0, then

{Oj+l}

is adopted as the new configuration of

(d) If A E 2 0, we define the probability p = exp(-BE/kBT) and choose a
random number II: such that 0 5 II: 5 1. If II: 2 p , then { O j + l } is the new configuration of the system. Otherwise, {@,}is maintained as the configuration
of the system.
(e) This procedure is executed again and again until equilibrium is reached.
The second method is the gradient method [42], which is based on the directional derivative of the ET function in a search of its global minimum. We calculate
the gradient of ET with relation to the set { O i } ,

where 6i is a unit vector. Then we execute the following algorithm to find the
equilibrium configuration:
(a) We generate a configuration in the parameter space (0,) from which we
calculate the associated energy Ej and its gradient.
(b) A second (displaced) point in the parameter space is generated by
{Oj} - Q V E T ,where Q controls the size of the displacement.

{Oj+l}

=

(c) The energy of the second point is calculated and, if Ej+l> E j , the parameter
Q is divided by two and we go back to step (b). Otherwise, we generate a
new configuration from { O j + l } and the whole process is repeated until there
is essentially no change.

CHAPTER 9. METALLIC MAGNETIC MULTILAYERS

226

In the last step the reduction of (Y is limited by the required precision. This limit
is reached when l a V E ~ l< E , where the value for 6 can be chosen.
We now present results in which both of the above methods are used to obtain
the equilibrium positions of the magnetizations. Each method was applied for each
value of the applied magnetic field and for each set of experimental parameters.
We adopt the configuration with the lowest energy furnished by both methods
as the equilibrium configuration. Some numerical results applied to quasiperiodic magnetic multilayers are now described. In all cases we consider the cubic
anisotropy effective field H,, = 0.5 kOe which corresponds to Fe( 100) with t > 30 A.
We use two sets of experimental values for the bilinear and biquadratic exchange
coupling. The first has Hbl = - 1.0 kOe and Hbq = 0.1 kOe, which lies in the region
of the first antiferromagnetic peak of bilinear exchange coupling, corresponding to
a sample whose Cr thickness is about 10 A. The second set has Hbl= - 0.035 kOe
and Hbq = 0.035 kOe, which is in the region of the second antiferromagnetic peak
of bilinear exchange coupling, corresponding to a sample whose Cr thickness is
about 25 A.
The magnetization curves for the first set of parameters of the Fibonacci magnetic multilayers are shown in Fig. 9.6 [26]. For the 3rd generation (which corresponds to the Fe/Cr/Fe trilayer) in the low-field region, the magnetizations are
antiparallel. As the field increases, they continuously rotate toward the field direction (indicating a second-order phase transition) and saturation is reached when
the external magnetic field Ho 1.91 kOe. For the 5th generation there are two
first-order phase transitions at H I 0.71 kOe and H2 0.87 kOe. Saturation is
reached at Ho 2.93 kOe. For the 7th generation there are three first-order phase
transitions at H I 0.28 kOe, H2 0.96 kOe, and H3 1.06 kOe. Saturation is
reached at Ho 3.03 kOe. For this set of parameters the majority of the transitions are of second order. We note that, due to the different Fe layer thickness
for the 5th and 7th generations, the magnetization is non-zero in this case even
when Ho = 0.
In Fig. 9.7 we show the results calculated using the second set of parameters
[26]. For the 3rd generation, due to the strong biquadratic field, there is no
antiparallel phase in the low-field region. Two magnetic phases occur in this case:
90" (Ho < 72 Oe) and saturated ( H o > 72 Oe). The 5th generation presents three
magnetic phases:

--

--

-

(a) 90" (Ho < 72 Oe);
(b) almost saturated (72 Oe

< Ho < 0.14 kOe);

(c) saturated ( H o> 0.14 kOe).
The 7th generation presents four magnetic phases from 90" (Ho < 36 Oe) to the
saturated regime ( H o> 0.14kOe). All transitions are of first order. Note the
striking self-similar pattern shown by the magnetization profile.
Figs. 9.8a and b show the results calculated for the Double-period magnetic
multilayers, considering the first set of parameters [as]. For the 2nd generation, due
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Fig. 9.6. Magnetization versus applied magnetic field for the (a) 3rd, (b) 5th, and (c) 7th Fibonacci generations with IHbql/lHbll
=0.10, corresponding to a realistic sample whose Cr thickness is about 10 A. We have considered the cubic anisotropy effective field H,, = 0.5 kOe, which
corresponds to Fe(100) with t > 30A (after Bezerra et al. [26]).

to the double Fe layer, the magnetization has about one-third of its saturation value
for zero magnetic field. There is a first-order phase transition from an antiparallel
to an asymmetric phase at Ho 0.69 kOe. In this latter phase, the magnetizations
are asymmetrically oriented along the magnetic field. When Ho 1.34kOe the
saturated phase emerges. For the 4th generation, for zero magnetic field, the
magnetization has about 10% of its saturation value due to the different thickness
of the Fe layers. There is a first-order phase transition at Ho 0.29 kOe and
saturation is reached at Ho 3.27 kOe. All other phase transitions are of second
order.
N

-

-

-
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Fig. 9.7. Same as Fig. 9.6, but with Iffbq(/lffbl( = 1.0, corresponding to a realistic sample whose
Cr thickness is about 25 8, (after Bezerra et al. [26]).

By contrast, for the second set of parameters (see Fig. 9.9) all transitions are
of first order. There is no antiparallel phase in the low-field region, due to the
strong biquadratic field. For the 2nd generation, the magnetization is about twothirds of its saturation value when Ho = 0. There are two magnetic phases: (i)
90" (0 < Ho < 72 Oe) and (ii) saturated (Ho > 72 Oe). For the 4th generation, the
magnetization for zero external magnetic field is about half of its saturation value.
Four magnetic phases are present, from 90" (0 < HO< 38 Oe) to the saturated phase
(Ho > 0.14 kOe). As in the Fibonacci case, a self-similar pattern is present in the
magnetization curves.
To conclude this section, we would now like to emphasize two aspects: (i) the
effect of the different thickness of Fe layers, and (ii) the effect of BEC. First, the
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Fig. 9.8. Magnetization versus applied magnetic field for the (a) 2nd and (b) 4th Double-period
generations with lffbql/l&
=0.10. The cubic anisotropy effective field is Hca =0.5kOe. The
Cr thickness is 1OA (after Bezerra et al. [26]).

effect of different Fe-layer thickness is evident in the low-field region. In that case,
there is a net magnetization even if the alignment is antiparallel and the external
magnetic field is zero. Besides, the nature of the phase transitions is changed by
the different thickness (e.g. Fig. 9.6a shows only second-order phase transitions,
while Fig. 9.8a shows an additional first-order phase transition). These results
suggest that, by varying the thickness of Fe layers, it is possible to tailor magnetic
multilayers to exhibit desired specific phase transitions and critical fields. However,
as the thickness of Fe layers increases, the crystalline anisotropy of Fe(100) films
on Cr( 100) also increases. Fortunately, as a characteristic of the quasiperiodic
multilayers considered here, the maximum size of multiple Fe layers is just two
(for the Fibonacci case) and three (for the Double-period case), no matter what
the value of their generation numbers. Also, for a thickness greater than 40&
crystalline anisotropy reaches saturation [as].
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Fig. 9.9. Same as Fig. 9.8, but with IHbgl/lHbll
= 1.0, corresponding to a realistic sample, whose
Cr thickness is about 25 8, (after Bezerra et al. [26]).

Second, BEC plays a remarkable role in determining the features of magnetization curves. For example, when the bilinear exchange coupling prevails, the
majority of the transitions are of second order (see Figs. 9.6 and 9.8). However,
when BEC is comparable to bilinear exchange, in the presence of a stronger crystalline anisotropy the transitions are characterized by discontinuous jumps in the
magnetization, indicative of first-order phase transitions. This can be considered
as the basic signature of BEC (see Figs. 9.7 and 9.9), although for the case where
there is no biquadratic term, a first-order phase transition appears due to the
anisotropy [43]. Furthermore, as can be seen from these figures, the magnetization curves of higher generations reproduce the magnetization curves of lower
generations. This self-similar behavior is a general characteristic of quasiperiodic
systems, although it is not present when the bilinear exchange prevails (see Figs.
9.6 and 9.8). A possible explanation for these different types of behavior is that
the BEC induces long-range correlations that emphasize the quasiperiodicity of the
system. These long-range correlations enable the whole structure to respond to
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(or sense) its quasiperiodicity, which is reflected in the magnetization curves. This
argument is reinforced by previous works on the correlation lengths of magnetic
systems with BEC (see, for example, Smrensen and Young [39]).
The most appropriate experimental property for studying the magnetization
curves of magnetic films is the magneto-optical Kerr effect (or MOKE) [ 2 2 ] . However, because MOKE measurements provide surface sensitivity only on the scale
of the optical penetration depth ( 10
it is necessary also to make use of superconducting quantum interface device (SQUID) magnetometry [31]. These two
techniques prove to be complementary in understanding the switching behavior of
the multilayer films, as far as the magnetization curves are concerned. We hope
that these theoretical results will serve to stimulate more experimental studies of
these structures.
N

9.3

A),

Ferromagnetic Resonance Curves

Here we provide calculations for the FMR curves of Fe/Cr(100) thin films and
multilayers that follow the Fibonacci sequence. Our approach is based on the
equation of motion for the small-signal magnetization deviation from the equilibrium directions, which can be deduced from the total magnetic energy expression.
An analogous approach has already been employed for other magnetic systems in
Chapters 7 and 8.
Spin-wave studies of magnetic systems with both bilinear and biquadratic exchange interactions are quite recent [44-461; they are of interest because they
give important information about the coupling parameters, particularly for noncollinear configurations. Bilinear and biquadratic exchange coupling were also
used to describe compensated, partially compensated, and uncompensated interfaces between a ferromagnet and an antiferromagnet [47]. Based on the exchangecoupled resonance theory, which we describe later in this section, the angular
dependence of FMR measurements was recently studied [48] on several series of
symmetric and asymmetric Co/Ru/Co structures. However, only the bilinear exchange coupling was observed in these systems. The biquadratic (BEC) contribution was more than two orders of magnitude smaller.
As noted earlier, BEC in real systems usually favors perpendicular alignment of
the film magnetization, whereas the bilinear one favors either parallel or antiparallel configurations, depending on its sign. The inclusion of both of these exchange
terms leads to interesting physical properties. We choose the ratio between the biquadratic and bilinear exchange terms according to experimental data. Although
the exchange coupling parameters may oscillate as functions of the non-magnetic
(Cr) layer thickness, we can justify the use of the fixed physical parameters in
our calculations, because for the quasiperiodic Fibonacci sequence considered here
there are only single Cr layers, no matter which generation is considered.
The spin-wave dispersion relations for trilayer structures such as Fe/Cr/Fe have
been calculated by several authors using various models. The earlier calculations
[49,50], which were made before the interlayer exchange coupling was discovered,
considered only the effect of magnetic dipolar interaction on surface and bulk
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magnetostatic modes in coupled films. Subsequently, solutions that included the
BEC terms, as well as the usual exchange and dipolar contributions, were worked
out by Hillebrands [51] for an arbitrary number of magnetic layers. For the case
of the trilayer structure (Fe/Cr/Fe), his dispersion relation was obtained from
a system of 16 linear coupled equations. This required the use of appropriate
numerical tools which complicated the interpretation of the observed spectra and
encouraged several other authors to develop alternative calculations [52-551.
We now present a derivation of the spin-wave dispersion relation based on
the equations of motion for the small-signal magnetization deviations from the
equilibrium directions, similar to those derived by Cochran and co-workers [56,57].
The starting point is the torque equation of motion in the absence of damping,
as expressed in Eq. (3.36), where i is now a label for each magnetic film (and
takes values from 1 to N ) . The equation relates the magnetization A& in film
i to the effective magnetic field G e f fin that layer. For each magnetic film we
employ a Cartesian coordinate system, henceforth referred to as the local axes
system, in which the transformed z-axis coincides with the equilibrium direction
of the magnetization (see Fig. 9.10). For each film, the magnetization can then be
expressed in terms of static and fluctuating parts as

M , = MzztGZz + mzYey
+ mzx,ex%.
(9.8)
Here we assume that Jmzx,I
< M z Z z and lmtY)
KM,,,, and we shall make linear
+

spin-wave approximations as usual. Note that the y-axis of the local axes system coincides with the crystalline y-axis (so we do not need the index i for the
y-component in the local axes system). The transformation to connect the components of the magnetization to the original variables is given by (see
Fig. 9.10)

M,,

=

M2y

=m

Mzztsin 8,

+ mzz,cos 8,,

y ,

(9.9)

M,, = MtZtcos 8, - ma,, sin 8,.
Likewise, the effective magnetic field in layer i is expressed as

-.

Heff

= Hzztezt

+ hzyey +htxtext.

(9.10)

Thus, substituting the magnetization given by Eq. (9.8) and the effective field,
Eq. (9.10), into the torque equation, Eq. (3.36), and linearizing, we obtain for the
non-zero components

dm,,ldt = - % ( ~ z z * h z xt mzx,Hzz,),

(9.11)

d m a x z / d t = - ~ z ( m z y H z-z Mzzthzy).
,

(9.12)

The effective field is related to the total energy by the expression
(9.13)
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X
Fig. 9.10. Illustration of the local axes system for the FMR calculation. The transformed zdirections (81 and z2) are chosen to be aligned with the equilibrium orientations of the layer
magnetization.

and the total magnetic energy is given here by

where E z , Ebl, Ebq have already been defined for the macroscopic case in
Section 9.1, and Ed, E,,, E,, are, respectively, the dipolar, cubic anisotropy,
and surface anisotropy energies. We now define all components of the total energy
individually in a form appropriate to our present calculation.
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First, the Zeeman interaction energy is found from the scalar product of the
magnetization with the external applied magnetic field. In the case of N magnetic
films it is given by
N

o=l

where di is the width of ferromagnetic layer i, and A& and go are the magnetization
and external magnetic field, respectively. The bilinear and biquadratic energies
are defined as
(9.16)
and
(9.17)
where Jbl and Jbq are the bilinear and biquadratic exchange constants, as before.
The dipolar (or demagnetizing) energy is represented here by the approximate
expression
N

(9.18)
Finally, the cubic and surface anisotropy energies can be written as
(9.19)
and
(9.20)
where K , is the surface anisotropy constant.
The required effective fields hozt,hiy, and Hozz can then be calculated by
making use of the above energy terms, together with Eq. (9.13):
(9.21)
Writing explicitly the resulting equations of motion for the N magnetic films, it is
necessary to solve a system of 2N coupled equations given by

(9.22)
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For example, in the case of the trilayer Fe/Cr/Fe we have N = 2, corresponding to
the 3rd Fibonacci sequence ( n= 3). For the case of seven layers, Fe/Cr/2Fe/Cr/
Fe/Cr/Fe, we have N = 4, corresponding t o the 5th Fibonacci generation ( n= 5),
and so on.
Now, using Eq. (9.14) to evaluate the derivatives in Eq. (9.22) and considering
normal-mode solutions of the type

miy = m:gexp(-iwt)

mixz= m:xzexp(-iwt),

(9.23)

corresponding t o a frequency w, we eventually find in the simplest case of N = 2
that

-

Hi

0

-&

Y

H4

H1

--

0

-H4

-iw

H 2 - - :

7

-H3
0
- H3

0
(9.24)

iw

Y

Here we define the quantities H1 to

HZ
- iY ~H4

-

by

+ Hbl cos(O1 19,) (Hc,/2) [sin2(2&)
-2Hbq cos2(81 0,) + 47rMs - H,,,

HI = Ho cos(I91 - 19,)

-

-

-

21

-

H4 = - H b l

COS(&

-

02)

+ 2Hb, cos[2(81 - &)I.

(9.25)

(9.28)

The vanishing of the 4 x 4 secular determinant found from the matrix in Eq. (9.24)
provides the condition for non-trivial solutions. In terms of w the result is
(w/Y)4

+ Qo(w/Y)2 + a1 = 0,

(9.29)

which may be solved to yield the dispersion relation for the trilayer case as

(w/Y)2
The quantities

a0

and

a1

=

-(ao/2) f J ( a 0 / 2 ) 2

-

a1.

appearing in the above expressions are given by

(9.30)
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CKI=

-HIH4G1G4

+ H I H ~ G ~ G HQ ~ H ~ G +z H2H4G2G4.
G ~
-

(9.32)

Finally the Gj coefficients are obtained from H j by interchanging the layer index
i labels 1 and 2 in Eqs. (9.25)-(9.28).
The case of four magnetic films can be treated using the same method. When
N = 4 we find that Eq. (9.24) is replaced by a similar matrix equation of higher

(9.33)
The coefficients H,, G,, I t , and J, are specified by

X 1 = Ho cos(O, - O H ) + Hbl cos(8, - O,+,)
-2Hbq c0s2(8, - 8,+1)
x
2=

X3 = Ho cos(8, - 8,)

-Hbl

-

( H c a / 2 ) [sin2(20,)- 21

+ 4TM9 - Hs,,

+ 2Hbq COS(8,

-

(9.34)
(9.35)

&+I),

+ Hbl C O S ( ~ ,- 8,+1) - 2Hbq c0s[2(8, - O t + i ) ]

- ( H c a / 2 ) [4sin2(20,) - 21,
x
4

(9.36)

= Hbi COS(8, - O,+i) - 2Hbq CoS[2(8t - OZ+I)],

YI= Ho cos(Oi+l - O H )

+ Hbl [ cos(Oi

-

Oi+l)

+ cos(Oi+~-

Oi+2)]

(9.37)
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(9.40)
(9.41)
together with the additional relations

X1 = Hz, X z = H3, Xs = H5,

Yl = Gz,
Yl

= Iz,

X1 = J2,

= H6

for i = 1,

YZ = G3, Y3 = G 5 , Y4 = G6

for i = 1,

Y2

= Is,

X2 = 51,

X4

Y3 = I , ,

Y4 = I6

for i = 2,

X 3 = J5,

X4 = J4

for i = 3,

(9.42)

and finally GI = H3, G3 = I l , G4 = H6, and Gg = 1 4 . Although the definition of
all the coefficients is rather tedious, the resulting 8 x 8 determinantal condition is
rather easily applied to give the desired dispersion relation as the solutions of

where the Q coefficients are defined elsewhere [27] and will not be quoted here.
It is a straightforward matter in principle to generalize the preceding theory
to larger values of N . It is found quite generally that the spin-wave dispersion
relation for a system with N magnetic films is given by an Nth-order polynomial
in ( W / T ) ~ .
We now present some numerical results for the spin-wave dispersion relations in
the case of magnetic thin films following a quasiperiodic Fibonacci sequence. Our
results are divided into three groups, depending on the physical parameters used.
The first parameter set, which is near the first antiferromagnetic peak (strong
bilinear exchange coupling), has H b q = - O.lHbl= 0.1 kOe. A second parameter
set, near the first ferromagnetic-antiferromagnetic transition (moderate bilinear
exchange coupling), has Hbq = - $Hbl= 0.05 kOe. Finally a third set, near the
second antiferromagnetic peak (weak bilinear exchange coupling comparable to
the biquadratic exchange coupling), has H b y = - H b l = 0.035 kOe. In all cases we
have assumed the same values for the cubic anisotropy field, Hca= 0.5 kOe, and
the surface anisotropy field, H,, = 2 kOe.
Figs. 9.11-9.13 show the spin-wave spectra for the case of seven layers, i.e. four
magnetic thin films separated by three non-magnetic spacers (see Fig. 9.1) [27].
We consider the three sets of parameters specified above and plot the frequency
shift against the external magnetic field. Here dashed lines represent the acoustic
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Fig. 9.11. Spin-wave dispersion relations for the seven-layer case taking the ratio of the biquadratic t o the bilinear term equal t o 0.1. We have plotted the frequency shift (in GHz) against
the external magnetic field (in kOe). The acoustic (optical) modes are shown by the dashed
(full) lines (after Mauriz et al. [27]).

modes, while solid lines represent the optical modes. Altogether we have four
dispersion curves because there are four magnetic layers. The most pronounced
effect of BEC, as seen by comparing the three figures, is to shift the frequency of the
optical mode downwards in the AF (antiferromagnetic) and FM (ferromagnetic)
phases and upwards in the central region (which corresponds to the 90" magnetic
phase).
Similarly, we show in Figs. 9.14-9.16 the spin-wave spectra for the more robust
(and complex) case of 17 layers, i.e. nine magnetic thin films separated by eight
non-magnetic spacers [27]. There are now five acoustic modes and four optical
modes in the spectra. In Figs. 9.14 and 9.15 the first four curves (in ascending frequency) represent a total superposition (or degeneracy) of the acoustic and optical
modes (solid lines), and the fifth curve represents the optical mode (dashed line).
In Fig. 9.16 we can see five curves, where the first one is a partial superimposition
of the acoustic mode (dashed line) and the optical one (dotted line). The second,
third, and fourth curves are complete superpositions of the acoustic and optical
modes (solid lines). The fifth and last curve is a single acoustic mode (dashed line).
There are some important overall conclusions that we can infer from this case:
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Fig. 9.12. Same as Fig. 9.11 but taking the ratio of the biquadratic to the bilinear term equal to
?j(after Mauriz et al. [27]).

(a) the reduced values of the biquadratic term (see Figs. 9.14 and 9.15) are
related only to the transition between the 90” magnetic phase and the saturated region, and therefore it is not possible to determine the two coupling
fields accurately;
(b) surprisingly, the same behavior was observed in Fig. 9.16 in the region around
the second AF peak;
(c) apart from these regions, the magnetization curves show qualitatively similar
behavior.
9.4

Thermodynamic Properties

We now will study the spin-wave contribution to tne specinc neat Ior r l ~ o n a c c l
quasiperiodic structures composed of ferromagnetic films, each described by the
Heisenberg model, with biquadratic and bilinear coupling between them. The
general formalism for calculating specific heat has been described in Chapter 6,
where some applications to non-magnetic systems were given. Although some
of the previous properties, which were described in Section 6.5 for the plasmonpolariton contribution of the specific heat, will also occur here, we shall see that
new features appear in this case. The most important of these is an interesting
broken symmetry related to the interlayer biquadratic term [58,59],which has no
analog in the previous case.
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Fig. 9.14. Spin-wave dispersion relations for the 17-layer case taking the ratio of the biquadratic
to the bilinear term equal t o 0.1. We have plotted the frequency shift (in GHz) against the
external magnetic field (in units of kOe) (after Mauriz et al. [27]).
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1 (after Mauriz et al. [27]).

CHAPTER 9. METALLIC MAGNETIC MULTILAYERS

242

6.0 -

5.0 -

;

Fig. 9.17. Energy spectra of spin waves for the quasiperiodic Fibonacci structure versus the
generation number when a biquadratic interlayer exchange term is present (see the text). Here
we consider the dimensionless in-plane wavevector k,a = 2.0 (after Bezerra et al. [59]).

The spin-wave fractal spectra for the Fibonacci superlattices with BEC is shown
in Fig. 9.17 for a fixed value of the in-plane dimensionless wavevector, namely
Ic,a = 2.0 [59]. We can clearly see the forbidden and allowed energies as the Fibonacci generation number n is increased, going up to the 10th generation (where
the unit cell is composed of FS = 55 A and Fs = 34 B building blocks). The number of allowed bands is equal to three times the Fibonacci number F, of the
corresponding generation. For the above calculations we have assumed the spin
quantum numbers SA= 1 and Sg = $, and have taken values of the ratio between
the interlayer biquadratic and bilinear exchange terms, defined as

R = Jbq/Jbl,

(9.44)

to be in accordance with recent experimental data [21,22,28].
Fig. 9.18 shows the log-log plot of the spin-wave specific heat as a function of
temperature in the low-temperature regime and in the absence of the BEC term
( R= 0) [58]. We see that there is an interesting harmonic oscillation of the specific
heat, which is a log-periodic function of the temperature, i.e. C,(T) = aC,(aT),
where a is a constant and a is any number (see Fig. 9.19). These log-periodic
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numbers of the Fibonacci quasiperiodic sequence in the absence of the biquadratic term. Observe
a different behavior for the even (n= 4,6,8) and odd ( n = 5,7,9) generation numbers (after
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Fig. 9.19. Log-periodic profile of the spin-wave specific heat versus temperature for several values
of the generation numbers of the Fibonacci sequence (after Bezerra et al. [58]).

CHAPTER 9. METALLIC MAGNETIC MULTILAYERS

244

lo2
10'

1oo
10-l

1o-2

s

h

1o - ~
1o - ~

1o-6

1o - ~

1oo

w
0

Fig. 9.20. Same as Fig. 9.17, but for the ratio between the interlayer biquadratic and bilinear
exchange terms R = 0.2. F'rom this value upwards the even symmetry starts to be broken (after
Bezerra et al. [59]).

oscillations can be traced back to the log-periodicity of the density of state's spectral staircase. They resemble very much the shape of the devil's staircase obtained
from idealized Cantor sets. The number of oscillations depends on the generation
number of the Fibonacci sequence: the bigger the system, the greater the number
of oscillations. An important feature, however, is a characteristic of the Fibonacci
structure already found for other excitations, namely, the well-defined even- and
odd-parity spectra related to the generation number of the Fibonacci structure.

9.4. THERMODYNAMIC PROPERTIES

245

lo1

10-l

10-3/=y 1
.,,,,,,,I

5

n

1o - ~
1o - ~

1o-6

,

.,,.",

m3

.,,,,,,,I

,

,...

loo

Fig. 9.21. Same as Fig. 9.17, but for the ratio between the interlayer biquadratic and bilinear
exchange terms R=0.4. From this value upwards the odd symmetry also starts to be broken
(after Bezerra et al. [59]).

These harmonic oscillations can be identified as the signature of the Fibonacci
structure, and there is no counterpart either in the idealized triadic Cantor set or
in the other quasiperiodic structures discussed in this book.
However, it turns out that when BEC is present ( R# 0) an important modification takes place. By contrast with the spectra found in earlier work [58],the two
different symmetrical profiles of oscillations are broken for different ratios between
the biquadratic and bilinear terms. To explain and reinforce this intriguing behavior, we show in Figs. 9.20 and 9.21 the evolution of this broken-symmetry property

246

CHAPTER 9. METALLIC MAGNETIC MULTILAYERS

for R=0.2 (where the even-mode symmetry starts to be broken) and 0.4 (where
the odd-mode symmetry also starts to be broken), respectively [59]. A possible
explanation is that these different types of behavior arise because the biquadratic
exchange term reduces the effective coupling between the adjacent magnetic
layers at the interface (see Refs. [46,60]). Also BEC induces long-range correlations
(as we noted earlier) that emphasize the quasiperiodicity of the system. In other
words, it looks like these effects make the whole structure see better its quasiperiodicity, in effect increasing its degree of disorder as R increases! It turns out that
the spin-wave energy band structure is more disordered and, as a consequence,
this is reflected in the specific heat curves, which do not have the well-defined
standard profiles found in the absence of BEC. This argument is reinforced by
previous works on the correlation lengths of magnetic systems that exhibit BEC
(see e.g. Ref. [39]).
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Chapter 10

Exciton- Polaritons
The concept of an exciton as a bound electron-hole pair in semiconductors was
introduced in Section 1.6, along with its relevance to the optical characterization
of semiconductor materials (in the bulk case). Then in Section 3.3 we considered
the bulk exciton-polaritons, deriving their dispersion relationship and stressing the
important role of spatial dispersion. We now wish to explore exciton-polaritons
in greater depth, particularly in multilayer samples where surface and interface
effects will dominate.
Although the electronic properties of semiconductor superlattices and multiquantum wells (MQWs) have attracted enormous attention in the last two decades,
considerably less work has been done on the optical characterization of these artificial specimens, and this is where exciton-polaritons have an important role.
Exact equations for optical propagation in a layered medium were first discussed
by Rytov [l],while later a more complete formalism was developed by Yariv and
co-workers [2,3]. All of this was applicable to periodic systems, usually characterized by having just two alternating media A and B , which may have different
thicknesses and dielectric functions.
The study of exciton-polaritons as coupled-mode excitations made up from
dipole-active excitons interacting with photons in the so-called excitonic region
(see Section 3.3) began with the famous papers of Pekar [4], Hopfield [5], and
Hopfield and Thomas [6], among others. The main feature of these papers is that
the finite wavevector dependence in the dispersion equation for the total energy
of the exciton could play a decisive role in the optical properties of a crystal in
the exciton energy region. Indeed the description of exciton-polaritons requires
the inclusion of a spatial-dispersion term D k 2 in the definition of the dielectric
function, e.g. see Eqs. (3.21) and (3.22). We shall here assume the general form
with phonon and plasma terms:

As before, E, is the background dielectric constant, W L and WT are the longitudinal
and transverse (LO and TO) phonon frequencies, respectively, wp is the plasma
frequency, and I' is an empirical damping constant.
In this chapter we present a comprehensive account of the main properties
of the exciton-polaritons (bulk and surface modes) propagating in thin films and
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periodic superlattices. Particular attention needs to be given to the problem of
choosing additional boundary conditions (ABCs), as mentioned in Section 3.3.
Some applications related to the experimental technique of attenuated total reflection (ATR) are briefly mentioned (but see Section 11.5 for a discussion about
it). To date, the most useful experimental method for probing exciton-polaritons
is resonant Brillouin scattering (RBS), and this is discussed in Section 11.4 of the
next chapter (along with other light-scattering techniques).
10.1

Thin Films

Exciton-polaritons in direct band-gap semiconductors were extensively studied in
the 1970s and 1980s (for a review see Ref. [7]). However, there have only recently
been investigations of their optical properties (photoluminescence, reflectance spectra, emission spectra, etc.) for supported films (with sapphire as the substrate) as
well as for unsupported films made up of wide-band-gap semiconductors, like gallium nitride (GaN). Today this topic has developed into an active research field.
For example, when a nitride semiconductor is located on a substrate, dramatic
changes are produced in the intensity of the optical response, the energy of the
optical transitions, the radiative lifetimes, and the emission patterns [8-121.
There has recently been a general rekindling of interest in group I11 nitride
semiconductor compounds. These compounds display noticeable crystalline robustness as well as good chemical and thermal stability, and have a direct band
gap at the zone center. Advances have been made in the production of several
novel optoelectronic devices (e.g. green and blue light-emitting diodes) [13] and
a promising breakthrough in the area of UV detectors, heterojunctions bipolar
transitions, etc. [14]. Overall these structures provide excellent options for technological applications and are attractive objects of research.
In this section we study the spectrum of the more energetic exciton coupled
with a photon (s- and ppolarized), namely the A coupled exciton mode. This
is done for a GaN buffer thin film at low temperature, grown with strain on the
C-plane sapphire substrate. Our main aim is the investigation of the modified
optical properties of the exciton-polariton bulk modes, in both the frequency and
time domains, to gain a better understanding of the dynamics of the excitation in
confined systems. Furthermore, we study the confinement and localization of the
surface and guided modes outside the bulk-mode boundaries.
The bulk exciton-polariton dispersion relation is found by solving Maxwell’s
equation with the use of the dielectric function quoted earlier. The result is well
known, as discussed in Section 3.3, namely

[k2 - c ( k ,w)w2/c2]= 0,

~ ( kw)
,

(10.2)

where c is the speed of light in vacuum. The solution of this equation gives
a longitudinal mode if c ( k , u)= 0 [see Eq. (3.26)], whereas the transverse mode
corresponds to ~ ( kw)
, = c2k2/w2 [see Eq. (3.25)].
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We make the extension now to obtain the exciton-polariton spectra in supported GaN films. Suppose that a ppolarized light is incident from the vacuum
(we call it region I) on the surface (in the zy-plane) of the excitonic medium (region 11), which is supported by the sapphire substrate defining region 111. The
excitonic medium is taken to occupy the region - d / 2 < z < d / 2 , with d being the
+
+
thickness of the film. Two transverse modes with wavevectors kl and k2 and one
longitudinal mode with wavevector i L can propagate in the medium. In order
to study polariton propagation in these media, we will apply the usual electromagnetic boundary conditions a t the interfaces. However, these provide us with
only two boundary conditions, so an ABC is required. This was discussed in
Section 3.3, where we mentioned some possible forms for the ABCs. As summarized by Halevi [15],the most frequently adopted view is that just below the surface
of the excitonic medium, there is an exciton-free (or dead) layer of thickness a in
which the excitonic field P is zero, whereas on the other side of it either P' or its
derivative d P / d z is equal to zero. While the dead layer means that there is an
unknown input parameter for macroscopic models based on ABCs, a microscopic
theory can be used to determine the dead-layer thickness. On the other hand, if a
non-linear optical-response field is being taken into account, the ABC theory for
linear response has t o be extended in such a way that the non-local effect appears
in the spectra. This is the case even when the system size is much smaller than
the relevant light wavelengths [16].
To summarize, the ABCs proposed up t o now can be cast into the form [17]
yP

+ p d P / d z = 0,

(10.3)

to be applied at the interfaces of the excitonic media. The extreme cases of the
above are y = 1,p= 0 (which leads t o $= 0; we subsequently call it ABCl as a
shorthand) and y = 0, p = 1 (meaning d P / d z = 0; we call it ABC2). Another case
that is sometimes of interest is y = p = 1 (meaning $+dP/dz = 0; we call it ABC3).
Following the well-known Born-Huang treatment for dielectric solids, the excitonic polarization field P' satisfies Eq. (3.19) in the so-called dielectric approximation, where the macroscopic electric field is given by

022- (c&)

a2E/at2

= ( 1 / € 0 2 ) a2Ppt2

(10.4)
+

from Maxwell's equations. Assuming plane-wave solutions exp[i(k.r'- w t ) ] for all
the fields, it is now easy to find the dispersion relations for the transverse and
longitudinal modes.
For the case of ppolarized light waves, the electric field is in the zz-plane, while
is in the y-direction. From Maxwell's equation V x l?= - d g / d t , we can find
the following differential equation for the electric field in the non-excitonic media:

a

+

d 2 E / d z 2 - a$E = 0,

(10.5)

where a? = kz - c J w 2 / c 2 = -k?z with J = 1 and 3, corresponding t o regions
I and 111. This equation has the following solution for the z-component of the
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electric field:

E Z =~El exp(-aJz)

+ E2 exp(aJz).

(10.6)

Next, using Maxwell’s equation for the divergence of 2,we can find E, J in regions
I and I11 as
E,J = ( i k , / a J ) [ E I exp(-wZ) - ~2 e x p ( w z ) ] .
(10.7)
Therefore, the electric field can be written in region I ( z > d / 2 ) as

2 = ( 1 , 0 , i k , / ~ exp[-al(z
~)~~
Likewise, for region I11 ( z <

-

(10.8)

- d/2)].

d / 2 ) , we have

On the other hand, in region I1 ( - d / 2 < z < d / 2 ) , we have the two transverse
solutions in the excitonic medium given by

( i k z / k ; )[ A j exp(-k;z)

-

(10.10)

Bj exp(k;z)]},

with k;2 = k; - k i (and j = 1 , 2 , corresponding to the two transverse modes), while
for the longitudinal mode we have
+

EL =

{ [A” exp(-ktz) + BLexp(k;z)]
( i k E / k , ) [A” exp(-ktZ)

-

,0 ,

BLexp(ktz)]}

,

(10.11)

with k i 2 = k:-ki. Here k~ is the wavevector for the longitudinal mode. Therefore,
in region 11, we have for the total electric field,

E = E T + EL‘.

(10.12)

The excitonic polarization field is given by

The dispersion relation can then be found by applying the electromagnetic
boundary conditions (continuity of E, and D z ) together with the chosen form
of ABC (for P, and P,) at z = f d / 2 . The eight coupled linear equations can be
rewritten in matrix form as
xpup= 0,
(10.14)
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where tip is the column matrix formed by the above eight unknown coefficients
related to the electric fields defined by Eqs. (10.8)-(10.11), namely ( E l , E3, A l , A2,
AL, B1, B2,B L ) ,and X p is an 8 x 8 matrix. Using ABCI, for example, and the
electromagnetic boundary conditions at z = f d / 2 , together with Eqs. (10.8), (10.9)
and (10.12), we find for the matrix [I81

(10.15)
Here the electrical susceptibility is,

xj = s/€o(Dk; n"),
-

( 10.16)

where R2 = w2 - w i i w r , f j = exp(k?d/2), and fj = 1/f j , with j = 1 , 2 (for the
two transverse modes) and j = L (for the longitudinal mode). The required dispersion relations are finally obtained from the condition for X, to have a vanishing
determinant (det X, = 0).
Fig. 10.1 shows the ppolarized exciton-polariton spectrum calculated for a
supported thin film of GaN on a sapphire substrate and in the absence of damping
[18]. The physical parameters used here, suitable for the A exciton in bulk GaN, are
[8,14]E, = 8.75, hwo = 3.487eV, 4 ~ ~ =
x 15
0 x lop3, and M = 1.3mo (see Section 3.3
for the notation). We have plotted the reduced frequency w/wo as a function of the
dimensionless wavevector k,d, with k , being the in-plane wavevector, taking the
film thickness d equal to 50nm. As we can see, the bulk-mode continuum is now
replaced by several undamped normal modes that have mixed surface and guided
character in the spectrum (the full lines in the figure). Their energies correspond
to the discretized values of the exciton-polariton wavevector along the z-axis. For
actual structures, the real parts of the energies correspond to the splitting between
the exciton energies in different quantum wells. In our case, for small d (having
the magnitude of the Bohr radius in GaN, which is of the order of 10nm) the size
of this effect is 0.057meV, in the region of the resonance (i.e. where w/wo N 1).
This is consistent with the spacing of lines in the spectrum depicted in Fig. 10.1.
For large d (much bigger than the Bohr radius), the discrete levels evolve into the

+
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Fig. 10.1. Exciton-polariton spectrum in the case of ppolarized modes, for a 50 nm GaN film on a
sapphire substrate, with ABC chosen as P = 0 and zero damping. Here the almost vertical dashed
lines are the light lines, while the chain-dotted lines correspond to the two transverse modes and
one longitudinal bulk mode. The full lines represent the calculated surface and guided modes
(after Vasconcelos et al. [18]).

superlattice bands along the z-direction. These are described in Ref. [19] (but are
not shown here).
In principle, the imaginary part of the energies would yield the radiative width
of the excitons. Their behavior is similar to that calculated for the crossover from
2D excitons to bulk polaritons in molecular layers [20]. A similar behavior was also
found in multiple quantum wells [21]. However, the modes depicted in Fig. 10.1
are undamped and therefore have zero radiative widths.
The chain-dotted lines in Fig. 10.1 describe the propagation of the bulk transverse polariton modes corresponding to the transverse wavevectors kj ( j = 1 , 2 )
and the longitudinal wavevector k ~ .We remark that the polariton spectrum is
highly directional, since it comes from non-thermalized excitons. This means that,
for application to real thin films, the energy differences between excitons localized
in different quantum wells (due to the well-width fluctuations) provide a dephasing
mechanism. Consequently, they tend to disappear for the region of k,d between
the light lines in the spectrum shown in Fig. 10.1. We do not expect to see this effect experimentally, unless high-quality materials are used; unfortunately it is not
easy to fabricate them [22,23]. Finally, we note that the polariton energy levels
become less dense below the resonance energy equal to hwo.
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The numerical calculations presented here were carried out assuming ABCl.
We have also made a similar numerical analysis using ABC2; the differences compared with Fig. 10.1 were found to be minor in this example.
For completeness, we now present the exciton-polariton dispersion relati_onfor
the case of s-polarization, where the magnetic field is in the xz-plane and E is in
the y-direction. There is no propagation of the longitudinal mode k L . Following a
similar calculation as done above for the ppolarization case, the dispersion relation
can be found as the solution of a matrix equation as in Eq. (10.14). However, the
column matrix ii, is now formed from the six coefficients ( E l ,E3, AI, A2, B1,B2),
and the 6 x 6 matrix X, is
-

x,=
-

-

-1

0

fl

-a1

0

kf71

kZf2

-k;fl

-kZf2

0

0

k,zXlfl

k,”X2f2

-kfX1fi

-k,”x2f2

f 2

fl

-

0

-1

fl

f2

fl

f2

-

1
.

(10.17)

f 2

The lower dimensionality of the matrix, compared with Eq. (10.15), is due to
the absence of the longitudinal mode. Again the condition det X,= 0 gives the
dispersion relation. The s-polarized exciton-polariton spectrum (not shown here)
is found to be qualitatively similar to the ppolarization case; the minor differences
are mainly related to the number of surface and guided modes outside the bulk
mode lines.
Among the experiments to probe these modes, the most relevant are the photoreflectance (PR) and photoluminescence (PL) studies for GaN thin films (on
sapphire) carried out by Gil et al. [24]. The 2K photoluminescence spectrum was
taken using a 325 nm line of the HeCd laser at an excitation density of 1W omp2,
which is enough for quantization of the exciton transverse modes as discussed here.
The transition energies obtained from the PR spectrum agree with the energies of
the exciton-polariton branches shown in Fig. 10.1. Polarized PR and PL measurements were also used to study exciton-polariton structures in a high-quality bulk
ZnO single crystal. The energies of the PR resonances corresponded to those of the
upper and lower exciton-polariton branches, where A, B, and C excitons couple
simultaneously to an electromagnetic wave. Longitudinal-transverse splitting of
ground-state exciton-polaritons and resonances due to the first excited states of
these excitons were observed due to the large oscillator strength [25].
Although the theory provides a good fit to data for films, it should also provide
some insights into the exciton-polariton spectra in quantum wells and microcavities. In all these cases, due to the confinement of the electronic wave functions,
the excitons have markedly different characteristics from those in bulk semiconductors. For application to quantum wells and microcavities a microscopic analysis
is generally required. Some significant contributions have come from studying the
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exciton-light coupling in quantum wells within a semi-classical model, taking the
exciton resonance frequency to be described by a Gaussian distribution [26] or by
the light coupling with ensembles of localized quantum dot-like exciton states [27].
Similar calculations were performed by Citrin [28],who employed a Green-function
theory for the coupled exciton-electromagnetic modes of the structure.
Wannier-Mott excitons (see Section 1.6) in the wurzite-type semiconductor
material ZnO are stable at room temperature, have an extremely large oscillator
strength, and emit blue light. This makes ZnO an excellent candidate for the
fabrication of room-temperature lasers where coherent light amplification depends
on Bose condensation of the exciton polaritons. Indeed, a model ZnO-based microcavity structure was recently proposed as a structure for the observation of a
polariton laser effect [as].
Polariton lasers are devices producing monochromatic and coherent light spontaneously emitted by Bose-condensed exciton-polaritons. They do not require inversion of population and, theoretically, have no threshold. Therefore there are
great advantages in using cavity polaritons with respect to excitons to achieve
a bosonic phase transition [30]. On the other hand, a pronounced motionalnarrowing effect of exciton-polariton modes was found in the time-resolved reflection of GaN/AlGaN single and multiquantum wells [31]. The critical temperature
for Bose condensation of exciton-polaritons in the AlGaN microcavity containing
nine GaN quantum wells was calculated to be 460 K, suggesting that GaN microcavities may be excellent candidates for realization of room-temperature polariton
lasers [32].
The condensation of microcavity exciton-polaritons was confirmed through observation of a phase transition from a classical thermal mixed state to a quantummechanical pure state of exciton-polaritons in a GaAs multiquantum-well microcavity, as signaled by a decrease of the second-order coherence function [33].
It has also been suggested that an organic semiconductor microcavity operating in the strong-coupling regime may be a candidate for a polariton laser
P41.
10.2

Superlattice Modes

We now extend the formalism of the previous section to calculate the dispersion
relations of exciton-polaritons in a superlattice. Specifically, we consider a semiinfinite superlattice structure composed of alternating layers of materials A and B ,
where at least one of them is excitonic. Here we choose medium A to be excitonic,
while for simplicity medium B is not. The layers have thicknesses denoted by a
and b, and dielectric functions denoted by E A ( I C , w)and c ~ ( w ) respectively,
,
where
E A ( ~ , wis) given by Eq. (10.1) and E B ( W ) is given by Eq. (3.13). Both A and B
may have a volume density of charge, implying non-zero plasma frequencies. The
Cartesian axes are chosen in such a way that the z-axis is normal to the plane
of the layers. As before, the structure is terminated at the plane z = 0 , with the
half-space z < 0 filled with a material C that has frequency-independent dielectric
function E C .
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It is assumed that a ppolarized (TM) electromagnetic wave of frequency W I
and wavevector LI is incident from the external medium C into the superlattice
at an angle of incidence 01. The use of Maxwell’s boundary conditions together
with the exciton ABC, having the general form quoted in Eq. (10.3), allows the
determination of the electric field in multiple layers. For the present we assume
that there is no external magnetic field. The full calculation is complicated to carry
out, but an alternative (and simpler) theoretical method is based on the so-called
effective-medium approach that we employed in earlier chapters. We recall that the
idea behind this method is to replace the layered structure of the superlattice by
an “effective” single medium that has a modified dielectric function (which will no
longer be isotropic). It has been successfully employed in previous works [35-371.
Within this model, in the absence of any excitonic effect, it is well known that
we can treat the superlattice as a uniaxial crystal, where the dielectric function is
given by [38]

+ fbEB(W),

( 10.18)

f x z ( W )= f a f A ( W )

&w)

= fa€A1(W)

+

(10.19)

fb&W).

Here we have defined the fractions
f3.- J ‘/ ( U

+ b) = j / L

( j = a,b),

(10.20)

with L being the size of the superlattice unit cell.
If layer A is now an excitonic medium, a tedious (but straightforward) calculation yields the generalized result that [39]
E x z ( k , w ) = f a E A ( W ,k )

+ fbEB(W)

-

2QEco(wLA - w $ A ) / G D z z ,

(10.21)

Here we define

DZX= QP, LQzz

with
QS, = w

+

Q!

coth(Q,,a/2)]

~ Aw2

,

+ 6k2.

The quantity D,, is given by an expression similar to D,,
Q x x by
Q,, = ( W $ A - W 2 6 k 2 ) 1 / 2 .

+

(10.23)

(10.25)
provided we replace
(10.26)

Finally, the formal expression for the surface polariton dispersion relation in
the effective medium approach is well known from elsewhere [40,41];in the case of
EC = 1, its expression is

( c k x / w ) 1 / 2= ( E Z X - l ) / ( E X X

- €,-,’).

(10.27)
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Fig. 10.2. Surface exciton-polariton spectrum in ppolarization, calculated within the effectivemedium approach. The physical parameters used here, as well as the labelling of the modes, are
described in the main text (after Albuquerque and Fulco [41]).

NOWwe present some numerical examples to illustrate the bulk and surface polariton spectra. In what follows we assume physical parameters typical of electron
concentrations in GaAs/AlGaAs superlattices, and we assume that the medium
outside the superlattice is vacuum. We take thicknesses corresponding to u = 40
nm and b/u = 2. The following parameters are also used in these calculations:
E,A = 10.9, E,B = 10.22, W L A = 5.496, W T A = 5.057, W L B = 6.979, WTB = 6.731,
and W ~ =
AW ~ =
B 2.54 (all the frequencies are in units of
rad/s). The damping
is taken to be zero in both media. Fig. 10.2 shows the surface polariton dispersion curves together with a constant-angle ATR scan line (see Section 11.5 on
ATR for an explanation and discussions). We have plotted a reduced frequency
W / W T A against a dimensionless wavevector C ~ , / W T A . Here, the chain-dotted line
is the ATR scan line and the vacuum light line (also shown) is defined by w = ck,.
For completeness the bulk bands are included in Fig. 10.2; their dispersion
relation is [41]

k22€,1,1+ k;€,-,1 = (w/c)?

(10.28)
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Here k,, denoting the z-component of the wavevector 2 in the effective medium,
is given by
(10.29)
k: = (u/c)2Ezz - ( f z z / f z z ) k ~ .
In this example we use ABCl (corresponding to P‘= 0), which implies (Y = 0. The
points with the labels S1 to S7 are identified as being the crossing of the ATR scan
line with the many branches of the surface polariton dispersion curve. We observe
that the pair of modes (S1,
S2) as well as ( S 3 ,S4)and (5’6,5’7) are so close together
that it is difficult to differentiate one from the other. It is possible to distinguish
two different types of surface polaritons. Those that are characterized by having
both ez2 and E,, negative represent the real surface modes; they are represented by
solid curves in Fig. 10.2. On the other hand, the broken curves represent the case
when ezz is negative, although E , , is positive. These modes are known as virtual
surface modes. They may also be present in cases where there is no excitonic
medium. The polariton branches obtained with and without spatial dispersion are
similar. However, if Fig. 10.2 is compared with the corresponding result obtained
by the dispersionless model, we may conclude that the spatial dispersion in layer
A increases the number of polariton branches in the spectrum. Furthermore, the
additional polariton modes can have a more substantial wavevector dependence
than those present in the dispersionless model.
Although we have restricted our theoretical analysis to Pekar’s ABC ( P = 0, or
ABCl), it is illustrative of how the calculations would proceed for other choices of
ABCs, such as those mentioned earlier. The use of other ABCs, with (Y different
from zero, can lead t o a qualitative change in the behavior of the dielectric function Eqs. (10.21) and (10.22), since their poles are shifted to a different frequency
range [39].
10.3

Superlattice Modes in the Presence of a Magnetic Field

Here we extend the calculations of the previous section by including an external
magnetic field
applied to the superlattice parallel to the interfaces. We chose
the field to be along the y-direction (see Fig. 10.3).
We again employ the theoretical model based on the modified effective-medium
approach. The inclusion of an applied magnetic field generalizes the permittivity,
as we shall describe shortly. It now takes on the form that we call magneto-exciton
(or, more loosely, magnetoplasmon); we prefer the former name here because it
emphasizes the SD property. Theoretical results (e.g. Ref. [42]) suggest that in a
bulk semiconductor containing minority as well as majority carriers, the magnetoexciton reflectivity can in principle be used to determine the densities and effective
masses of both species of carrier, so this is a motivation for this section. Like the
permeability tensor of a magnetic medium, the magneto-exciton permittivity is not
diagonal (see Section 5.5), so that expressions are more complicated than those
used in the absence of an external magnetic field.
Fig. 10.3 shows the geometry used here. As before, the superlattice fills the
half-space z > 0, with the layers and interfaces in the zy-plane. The semi-infinite
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Fig. 10.3. Geometry used in calculations for the exciton-polaritons in the presence of an external
magnetic field. The layers of the superlattice are parallel t o the free surface (the zy-plane at
z = 0) and the external magnetic field is pointing in the y-direction.

superlattice structure is composed of alternating layers of materials A and B , one
of which (medium A ) is excitonic. The structure is terminated at the plane z = 0,
with the half-space z < 0 filled with a material that has a frequency-independent
dielectric function E C .
If an external magnetic field 20is now applied along the y-axis, the frequencydependent dielectric tensor C A of layer A can be written in the same form as
Eq. (5.106), namely
0 -iE2,4
(10.30)
CA
0
E3A
0
,
iE2A
0
E1A

[

1

but the definitions of the matrix elements are generalized to include dispersion.
Their full expressions are

(10.32)
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Here W ~ Aand W,A are, respectively, the plasma frequency and the cyclotron frequency of medium A, which is considered to be excitonic. Eqs. (10.30)-(10.33)
are also applicable to medium B , provided the spatial dispersion parameter D is
set equal to zero and index A is replaced by index B .
Following Refs. [38,39],the effective dielectric tensor for the superlattice can be
obtained from the relation of the averaged displacement vector (8)to the averaged
electric field (g),where the average is taken over the unit cell of the superlattice.
These fields are given explicitly by
(10.34)
(0,)= D,A = D,",

(10.35)

(Ex)
= E,"

(10.36)

(E,)

=

= E,B,

faE,A + fbE,"

-

(47r/t,L)

La

P z ( z )dz.

(10.37)

Here, P ( z ) denotes the excitonic polarization vector (in layer A ) .
Using the property that Ex and D, are independent of z inside layer A, and
making use of the standard electromagnetic boundary conditions together with
the general form of ABC [see Eq. (10.3)], we can eventually find the following
expression for the effective dielectric tensor:
Ex,

0
it,,
where

tyy

-itz,
0

0

E,,

0

I

,

(10.38)

In the above, we have introduced the additional notation
(10.43)
(10.44)
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This result for the effective dielectric tensor is algebraically complicated, but it is
of rather general applicability; we note that it reduces to the result in Section 10.2
when Ho = 0. Two special cases can now be considered in terms of Eqs. (10.43)
and (10.44):
(a) a: = 0 (ABCl), which implies J,, = J,, = 0 (this was already discussed in the
previous section for the special case of zero magnetic field);
(b) a

= 00

(ABC2), which implies
Jxz

(10.45)

= 2 ( w i A - W $ ~ ) E ~ A / Lcoth(Qzxa),
Q~,

with a similar expression for J,,.
Now we turn to the calculation of the dispersion relations. For this we assume
that a ppolarized electromagnetic wave is incident on the superlattice from the
outside medium. Using the dielectric approximation described in Section 3.3, in
particular Eq. (3.22), we can deduce equations for the coupling of the excitonic
polarization field P ( z ) to the macroscopic electromagnetic fields I? and l?. They
are as follows [43]:
(a) the electric field is

I? = (1,0,- i ~ ~ , / a : o ) ~exp(a:oz)
o

C

I?=

(l,O,Xj)Ejexp(-k?z)

for z

< 0,

for z

(10.46)

> 0;

(10.47)

j=L,1,2

(b) the magnetic field is

(c) the polarization field is

=(k; -

and (for j = L ,

p" - E3e f f w 2 / C 2 ) 1 / 2 ,

(10.51)

In Eqs. (10.46)-(10.50) we have defined
1, or 2)
k43 = (
e;ff

= Ezxj -

(YO

(E:,j/%zj),

(10.52)
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-
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-
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(10.53)

( 10.54)

The label j = L , 1, or 2 refers to the longitudinal mode ( L )and the two transverse
modes (1, 2), with the wavevector
being in the form ( k , , 0, k;).
The surface polaritons are free oscillations of the electromagnetic fields at an
interface, i.e. they occur even in the limit of zero incident field in the preceding
calculation. Viewed in terms of the reflectivity, the polaritons must therefore
correspond to a pole in the reflectivity coefficients [44,45]. To explore this further,
we note that the reflectivity is given, in general, by the well-known formula [46]

(10.55)
where 2, the surface impedance of the wave, is defined for the two regions z < 0
and z>O by
Zlocal =

Znon-local =

E,(O-)/H,(O-)

for z

E~(o+)/H,(o+)
for

z

< 0,

( 10.56)

> 0.

(10.57)

Therefore, the surface magneto-exciton-polariton dispersion relation (corresponding to the poles of Rp)is given by
Zlocal

+ Z n o n - ~ o c a=~ 0.

(10.58)

This dispersion relation is rather complicated when written out in full, and it
is difficult to draw general conclusions from it. However, some physical insight
can be obtained if we examine the limit of small non-local effects. This, in turn,
has some bearing on the choice of ABCs. Somewhat fortunately, for the case of
ABC2 (namely d?/dz=O), it can be proved (see e.g. Ref. [47]) that the lowestorder non-local correction vanishes identically. It is then easy to show that in this
approximation the surface polaritons propagating perpendicular to the magnetic
field Ho have their formal dispersion relation as [48]

(10.59)
which is actually the same form that applies for the dispersionless case when the
gyrotropic dielectric tensor is k-independent (e.g. as in the magneto-phonon case),
but now the tensor elements are given by Eqs. (10.39)-(10.42), and ceff is defined
in Eq. (10.52).
Now we present some numerical examples to illustrate the spectra for the bulk
and surface polaritons. In what follows, we assume the same physical parameters
as employed for the case in Section 10.2 in the absence of an external magnetic
field. Here the external magnetic field is specified through the cyclotron frequency
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Fig. 10.4. Surface exciton-polariton spectra in ppolarization, calculated within the effectivemedium approach in the presence of an external magnetic field. The physical parameters used
here, as well as the labelling of the modes, are described in the text (after Albuquerque and
Fulco [43]).

w, (see Section 5.5), which is assumed to be half the value of the plasma frequency.
The parameter D ,responsible for the spatial dispersion in medium A, is equal to
2.055 (in units of 1013 Hz); the damping factor is taken to be 4.0 x l o r 4 W ~ in
A
both media. Fig. 10.4 shows the surface polariton dispersion curves corresponding
to Eq. (10.59). As mentioned, it is appropriate for the ABC2 case in the limit of
small non-local effects, together with a constant-angle ATR scan line. We have
plotted a reduced frequency W / W T A against a dimensionless wavevector c k , / W T A .
Here the chain-dotted line means the ATR scan line. For completeness we have
also included the bulk bands, which occupy the continuum region shown shaded
in Fig. 10.4. These bulk modes are reciprocal, that is, they are the same for +k,
as for -k,.
On the other hand, the surface polaritons, which are represented by dotted
lines in Fig. 10.4, are, as expected, non-reciprocal (just as in the case of surface
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magnetostatic modes in Section 7.1). The points with the labels S1 to S, represent
the crossing of the ATR scan line with the multiple surface polariton branches.
All the modes start at their low-frequency end on the vacuum light line. It is
noticeable that the degeneracy of the surface modes that occurred in Fig. 10.2 (in
the absence of the external magnetic field) is now removed by the applied magnetic
field. This leads to the modes labelled by the plus (+) and minus (-) signs in
Fig. 10.4. They correspond to propagation in opposite directions for the in-plane
component k , of the wavevector 2. We remark that when there is a magnetic
field, a convenient alternative approach experimentally is to use a fixed frequency
while the magnetic field is scanned rather than scanning the frequency. Apart
from the introduction of non-reciprocal propagation, the external magnetic field
produces substantial shifts in the boundaries of the bulk bands and the removal
of the degeneracy of the surface modes.
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Chapter 11

Experimental Techniques
In this chapter we discuss some of the experimental techniques that can be used to
study polariton excitations in periodic and quasiperiodic structures. The purpose
is not so much to provide details of the techniques themselves (since there are
many other references that cover this topic), but to explore how the results in the
earlier chapters can be applied to an experimental analysis. Thus specific numerical
applications, based on the theoretical results obtained in earlier chapters, are made.
We start with inelastic light-scattering techniques, which include Raman scattering (which so far is the most useful experimental tool to probe many of the
modes covered in this book), Brillouin scattering (which is useful for probing magnetic polaritons, among others), and resonant Brillouin scattering (RBS) (which is
appropriate for exciton-polaritons). Then we present the method of attenuated total reflection (ATR), which was originally developed by Otto [1,2] for the study of
surface polaritons on metal surfaces. Finally, several other relevant spectroscopic
techniques are more briefly described.

11.1

Raman Scattering in Periodic Structures

Raman scattering is the inelastic scattering of light using a grating spectrometer
for the detection system. Details of the technique are to be found, for example,
in the books by Hayes and Loudon [3] and Cottam and Lockwood [4]. Typical
frequency shifts of the light correspond to the range 5-4000 cm-I when expressed
in wavenumber units (or about 0.6-500 meV in energy units), making the technique
useful for a wide range of excitations in solids.
The first experiments to demonstrate clearly the application of Raman scattering to plasmons in periodic superlattices were due to Olego et al. [5]. These authors made their measurements on doped GaAs/Al,Gal_,As superlattices. The
modes correspond fairly well to the model with 2D charge sheets described in
Section 5.2, where the charge sheets are here approximated by the GaAs quantum wells. Subsequently, further Raman light-scattering measurements were made
on similar superlattices and on finite multilayers by, among others, Sooryakumar et al. [6].
On the theoretical side and at about the same time, considerable efforts were
being made to develop a complete theory of Raman scattering, incorporating characteristics such as the spectral width and shape of the Raman peak, integrated
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Fig. 11.1. Assumed light-scattering geometry, showing the incident and scattered light beams.
The superlattice sample is drawn here as for a charge-sheets superlattice with a capping layer.

intensity, and polarization selection rules, as well as dispersion relations. Using
an approach based on the density-density correlation function, a dynamical theory was developed and results were found for the spectral linewidth and shape of
the bulk- and surface-plasmon resonances [7-91. An alternative approach, based
on linear-response techniques (see Section A.3 of Appendix A), was adopted by
Babiker et al. [10,11]and this proved to be very effective for describing how the
plasmon spectral lineshapes and integrated intensities depend on the polarization
directions and on the scattering geometry. A typical experimental geometry for
polarized Raman scattering by superlattice excitations is depicted in Fig. 11.1. It
shows the incident and scattering light beams in the same vertical plane (taken to
be the zz-plane) at angles 0 and 4, respectively, to the z-axis. It is often convenient experimentally to adopt either 180" backscattering (when 4= - 0) or 90"
scattering (when 0 4 = 90"). The two-component periodic superlattice is characterized by the layers A and B , as in previous chapters. A dielectric capping layer
is considered between the outermost layer A and the free surface at z = 0.
The general form of the differential cross section, for scattering into an elementary solid angle dG with frequency between w, and w,
dw,, is (see e.g.

+

+
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(11.1)
where WI is the frequency of incident light and S is the area of surface through
which the scattered beam emerges. The essential part of Eq. (11.1) is that it
involves the ratio of the scattered intensity (in terms of the electric-field correlation
function ( 1 ~ ~ 1 ~ to
) ~ the
) incident intensity 1 ~ 1 1 ~ . In the limit of scattering from a
thick sample, the above result can be rewritten explicitly as [10,11]

Here n ( w ) is the Bose-Einstein thermal factor, 21 and 2s are the unit polarization
vectors of the incident and scattering light, and the summations are over Cartesian
components. The coefficients f and g are standard factors describing, respectively,
the transmission of the incident and scattered light beams in and out through the
sample surface.
The integrations over Q and Q’ refer to real wavevector components perpendicular to the surface, and kz is the component of the light-scattering wavevector
in this direction. Assuming WI to be approximately equal to w s , we have

where X is the wavelength of incident light in vacuum and E is the complex dielectric
function in the sample. In general, k , is complex, corresponding to the attenuation of light as it penetrates into the sample. The light-scattering wavevector
component k , parallel to the surface is real and given by

k,

=

(2n/X)(sinO).

(11.4)

Finally, Eq. (11.2) contains Green functions involving Cartesian components
of the dynamic susceptibility x . For plasmon-polaritons we have [3]

where l?(Q) denotes the electric field associated with the excitation of wavenumber
Q, and bbvy is the electro-optic coefficient. We shall assume (for simplicity) that
the superlattice constituents have cubic symmetry. Then the components of the
electro-optic tensor are non-zero if the subscripts 6 , v, and y are all different (giving
a coefficient b, say), and zero otherwise [12]. Thus to calculate the scattering
cross section it is necessary, using Eq. (11.5) for the susceptibility components, to
determine electric-field Green functions of the general form ( ( E p ( Q )E;Z ( Q ’ ) ) k), +,
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at in-plane wavevector k , and frequency w (see Appendix A for definitions). In
applications to infinitely extended superlattices, it is convenient to express these
Green functions in terms of other quantities, GPu(k,, Q), where [13]

((Ep(Q);
E:(Q')))k,,u

= [gn3/coV1b(Q- Q')G,u(k,,

&Il

(11.6)

and V is the (macroscopically large) sample volume. We shall present explicit
results for G,, later, as well as discuss the case of semi-infinite superlattices for
which Eq. (11.6) does not apply.
Before proceeding it is important to note that Eq. (11.2) is applicable when
the scattering is non-resonant. Thus it will need to be generalized for the case of
RBS (i.e. when W I is close to a phonon frequency); this is the topic of Section
11.4, and we shall later demonstrate how this is done.
The incident and scattering beams in Fig. 11.1 are in the zz-plane, which is
assumed to be perpendicular to an axis of cubic symmetry of the crystal. The
superlattice is taken to be effectively infinite; also the incident light is ppolarized,
with polarization vector 61 = (cos 6 ,0, sin 6),while the scattered light is s-polarized,
with polarization vector Gs = (0,1,0). Then Eq. (11.2) can be used to show that
the scattering cross section is proportional to [14]
(lbI2/Im k z ) [ n ( w +
) 11Scos41S,,121m"61

411,

(11.7)

where

R ( 6 , 4 )= lf,12~~~26Gz,(k,,-k,*)
+ l f z l sln @G,,(kz,-k;)
2 . 2

+ (fi)*fZGZz(~,,
431.

+sin6cos6[(f,)*fZG,,(I;,, -k:)

(11.8)
Here Im k , represents the reciprocal penetration depth of light into the sample.
Also the f and g factors are defined in the present case by

f, = 2(c - sin2o)'/'
f z =

2 cos 6

[

[

+ (c

gYY= cos 4

6

cos 6

[E c o s ~+
+ (E

( E - sin26
-1

-

sin2 o)l/2]
-1

-

sin2 4)1/2]

,

,

(11.9)

(11.10)
(11.11)

where in Eq. (11.11) a small difference between the incident and scattered light
frequencies has been neglected. As we shall see later, the Green functions have
poles from which we obtain directly the dispersion relations (this is a general
property of Green functions, as mentioned in Section A.3 of Appendix A). In fact,
we can write
(11.12)
G,, = Up, + (vPu/A),
SO

that A = 0 yields the dispersion relation of the superlattice plasmon-polaritons.
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The integrated light-scattering intensity for any plasmon-polariton peak (at
frequency denoted by W O ) can next be deduced from Eq. (11.7) by considering the
limit in which optical absorption becomes negligible. This corresponds formally to
taking the limit in which Im E + 0. The resonance peak at wo is then represented
by a delta-function spike, and its strength is just the integrated intensity I(wo),
namely [14]
I(W0)

+

= lb21 [n(wo) 1]Scos$Igyy12(da/dW)-J

x [lf,12cos20~,,

+ 1f,12sin~ev,,
(11.13)

where the right-hand side is evaluated at w = wo and Q = k,. It only remains for
us to evaluate the Green function to complete the determination of the scattering
cross section [Eq. (11.7)] and the integrated intensity [Eq. (11.13)].
In general, Gp,,(kz,Q) can be conveniently obtained using the linear-response
theory described in Appendix A. The procedure in this case involves solving
Maxwell’s equations for+the electric field E’ in the presence of an externally applied
harmonic polarization Pezt given by

ge,t

=

exp[i(Qz

+ k,x

-

wt)].

(11.14)

From Maxwell’s equations, the electric field inside each layer J = A or B of the
periodic superlattice should satisfy the following differential equation due to the
presence of this external polarization:

V2E’

+

( E J W 2 /c 2 ) E
-

= -(W”/E~C2)~ext

-

(l/EOEJ)V(V3&).
’

(11.15)

We may solve for the electric field in each layer by proceeding in the same
manner as described in Chapter 5 (see Sections 5.1 and 5.2) for the homogeneous
problem, i.e. in the absence of geZtas the driving term. This includes applying
the appropriate electromagnetic boundary conditions at any interface and using
Bloch’s theorem, Eq. (5.22), associated with the superlattice periodicity. The
Green functions are obtained from
the linear response of the electric-field com+
ponents to the components of Pezt. The details are in Refs. [10,13], but this is
basically a direct application of Eq. (-4.31) in Appendix A: Fe,t is the stimulus,
and the response produced in E’ is calculated. Here we consider specific applications of the theory to two different superlattice structures, namely two-component
superlattices with 2 0 electron-gas layers [14] and nipi superlattices [15].
11.1.1

Two-Component Superlattices with 2D Charge Sheets

We start by considering the two-component . . . ABABABAB. . . superlattice with
building blocks as shown schematically in Fig. 5.1, where the 2D electron-gas layers
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have an areal carrier concentration LA = n~ = n. The solution of Eq. (11.15) within
medium A at the mth unit cell yields
E z A ( 2 )=

AlAfA A ~ A4-~% AAexp(iQz),

(11.16)

+

+

EzA(=
~ )(kz/Q)[-AiAfA A ~ A ~ AVzA
] exp(iQz),
H U A ( Z )= (WEOEA/Q)[AIA~A
-A ~ A ~
-A
( W] W

(11.17)

A V ~ A exP(iQz).
/ ~ )

(11.18)
Here f A = exp(-aAa), f~= l / f A , with a being the thickness of layer A, and
is defined by Eq. (5.8) or (5.9). Also

CXA

where = (k,, 0, Q). Similar expressions can be written for electromagnetic fields
in medium B.
The standard electromagnetic boundary conditions, i.e. that the x-component
of the electric field is continuous across an interface while the y-component of the
magnetic field is discontinuous in the presence of a current density at an interface
(see e.g. Section 4.3), can now be applied at z = mL a and z = ( m 1)L, where
L=a
b is the size of the superlattice unit cell. The periodicity property is
taken into account through Bloch's theorem. This leads to a set of four linear
inhomogeneous equations in A ~ and
A A ~ (Bj = 1 , 2 ) , which can be expressed in
matrix notation as
( 11.20)
A2A= a,

+

+

+

where M is a 4 x 4 matrix:

(11.21)

The column matrices are

where g = exp(iQL) is the Bloch factor, and
hj

= exp(iQj),

[j =

ej/aj,

j = a or b.

(11.23)
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The non-zero Green function G,, can now be found, making use of Eq. (11.6)
together with Eqs. (11.20)-(11.22), through the linear-response approach [lo].
Here we quote only the results for the particular case where [ A = [ B = E/Q [14]:

(11.24)

(11.27)
where R = (ne2/tounL)'/2is a characteristic frequency similar (but not identical)
to that introduced in Section 5.2, and

T = cosh(cuL) - cos(QL) + sl(aLR2/w2)sinh(ab) cos(Qa)

[

+ sinh(aa) cos(Qb)

-

sinh(aL)] ,

(11.28)

A = cos(QL) - cosh(al) + (aLR2/w2) [SX sinh(aL)
-s2(aLR2/w2) sinh(aa) sinh(cub)].

(11.29)

Here we have factors s1 = s2 = and s3 = 1. The quantities T' and A' are also
defined by Eqs. (11.28) and (11.29), respectively, provided we put s1=
s2 = 0 ,
and s3 = i ~ ( w / k c )We
~ . note that the Green functions have poles at either A' = 0
(for G Y Yor
) A = 0 (for the other Green functions). These conditions are just the
dispersion relations for s- and p-polarized modes, respectively, in the superlattice;
they are consistent with the results found in Section 5.2.
It is easy to substitute the above Green-function results into Eq. (11.7) in order
to predict the spectra for Raman scattering from plasmon-polaritons in binary
superlattices with a 2D electron gas at the interfaces. Some results are shown in
Fig. 11.2, where we have plotted the scattering cross section (in arbitrary units)
versus the frequency shift (in meV). The lower-frequency peak at 3.5 meV is just
the analog of the peak observed experimentally [5] in non-alternating samples
(i.e. where a = b). The higher-frequency peak at 5.1 meV is due to an additional
branch in the plasmon-polariton spectrum occurring when a # b. The parameters
used here are 0 = 20°, 4 = 70", X 11 780 nm and T N 10 K. The complex refractive
index was taken to be 7 = 3.6 + O.O7i, which corresponds to the value for GaAs at
this wavelength. Also the thicknesses of the layers are a = 40 nm and b = 20 nm.
The integrated Raman intensities for the two plasmon-polariton branches can be
obtained using Eq. (11.13). In Fig. 11.3 the intensities are plotted against the

i

3,
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Fig. 11.2. Theoretical Raman spectra versus the frequency shift (in units of meV) for scattering
from a two-component superlattice with a 2D electron-gas layers at the interface. See the text
for parameter values (after Constantinou and Cottam [14]).

dimensionless factor 6 = b / L for the transparent-medium limit (taking Im -+ 0)
in which the scattering peaks become delta functions. We take the other physical
parameters as in Fig. 11.2, and we also simplify by taking Q Y k,, appropriate to
the low-frequency region where retardation effects are small. It can be proved [14]
that, for small 6, the ratio of the intensities associated with the lower ( L )and the
upper ( U ) branches is approximately

k,L sinh(k,L)
2[cosh(k,L) - cos(QL)]

(11.30)

Thus a S3l2 dependence is predicted for the intensity ratio, except for 6 very small
(less than about 0.05 in the case of Fig. 11.3), when the effect of the thermal
factors leads to an overall proportionality to 6.
We turn our attention now to a semi-infinite superlattice, as shown in
Fig. 11.4, where we have 2D charge layers at z=O, -a, -212, etc., separated
by dielectric layers of thickness a and dielectric constant CB. At each interface we
denote the areal carrier concentration by n, except at z = 0 , where it may have
a different value n,. We consider also that the region 0 5 z 5 d is filled by the
same dielectric medium that fills the space between the charge layers, forming a
capping layer of thickness d at the superlattice surface. Outside the superlattice,

275

11.1. RAMAN SCATTERING IN PERlODlC STRUCTURES

0.0

0.2

0.4

ti

0.6

0.8

1.0

Fig. 11.3. Integrated Raman intensities as a function of 6 = b / L . The upper- and lower-frequency
modes are represented by solid and broken lines, respectively. See the text for parameter values
(after Constantinou and Cottam [14]).

there is a medium C with dielectric constant equal to E C . This model is suitable
for a semiconductor superlattice like GaAs/Al,Gal_,As, with appropriate layer
thicknesses and doping levels. It allows us to deal with how the incident light
enters and the scattered light leaves the sample.
Following the linear-response technique, as explained previously, we can generalize the preceding results that were obtained for an infinite superlattice (taking
now a = b for the semi-infinite structure). For simplicity, we consider just the
low-frequency regime where retardation effects are unimportant. For the unretarded plasmon-polariton ppolarization mode, the Green functions are found to
be [16]
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Fig. 11.4. Assumed geometry for a semi-infinite superlattice, with a dielectric capping layer of
thickness d at the superlattice surface, and charge sheets a t the interfaces.

with analogous expressions for G,,, G,,, and G,,. Here m is zero or a positive
integer, sgn(z - 2') is the sign function, and C= ( R / u ) ~ ,where R is the characteristic frequency defined after Eq. (11.27) with L replaced by a. The quantity
fe = exp(iI9a) is a transfer function, where real values of I9 correspond to the bulk
modes of the superlattice, while complex values of 6' (with Im 8 > 0) are related to
surface modes. Also, fne = (fe)" and f,"= exp(-lc,lz - z'l), while

A = cosh(lc,a)

- (Ckxu/2) sinh(k,a)

(p2

+ 1)/2p,

+ [(n,u/n)+ F ] sinh(lc,a),
= [CBtanh(k,d) +
/ [ C B + cctanh(k,d)],

p = cosh(k,a)

F

-

1
6.

(11.32)
(11.33)
(11.34)

We recall that o is related to the areal charge density defined by Eq. (4.23).
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These Green functions, as exemplified by Eq. (11.31), have a first term that
depends on ) z - 2’1. This is characteristic of the spatial dependence of an infinite bulk sample, while the remaining terms with a spatial dependence on z
and z / separately are due to the surface and to the charge layers. These latter terms have poles corresponding to A=O, which is just the condition giving
the dispersion relation for the surface plasmon-polaritons (already discussed in
Section 5.2).
The Green functions can also be used to determine the spectral intensities
of the surface and bulk superlattice plasmon-polaritons in the superlattice. For
example, the so-called power spectrum, (JEz(z)12),can be obtained from Eq.
(11.31) through the fluctuation-dissipation theorem (see Section A.3 of Appendix
A). The surface plasmon-polariton contribution consists of a delta-function spike,
whose strength measures its integrated intensity. On the other hand, the bulk
contribution consists of a continuous distribution over the range of bulk
modes.
For a numerical example, we consider parameters appropriate to GaAs/Al,
Gal-,As, i.e. a=90nm, n = 7 . 3 x lOl5mP2,m = 6 . 3 7 ~10V3’kg, and ~ g = 1 3 . 1 .
These parameters give hR = 11.1meV for the characteristic frequency R. Also we
take medium C outside the superlattice to be vacuum so EC = 1. We present results
related only to the surface modes, since the bulk contributions can be estimated
to be essentially independent of the ratio n,/n and, for the cases treated here, are
only weakly dependent on the capping layer thickness d.
Fig. 11.5 shows the integrated intensity of the surface plasmon-polariton mode
versus n,9/nfor a fixed in-plane wavevector corresponding to k,a = 1. We have
quoted only the contribution of the Green function G,,(z,z’), since it is this
function that has the dominant weight in the light-scattering cross section [ll].
For the case without a capping layer (full line), the curve has a maximum for values of n,/n between 0 and 0.5. In this region, the surface plasmon-polariton mode
lies below the bulk continuum and emerges from it with a critical wavevector k:
[which is the solution of lpl= 1, with p given by Eq. (11.33)] such that k:u < 1.
For 0.5 5 n,/n 5 0.65, the integrated intensity is zero, since k:a > 1. Finally, for
n,/n > 0.65 the integrated intensity is non-zero with the surface plasmon-polariton
lying above the bulk continuum and k,za < 1. The behavior for the system with
a capping layer (broken line) is similar. Fig. 11.6 illustrates the variation of the
integrated intensities versus k,a for a fixed value of n,/n = 0.35 (close to the maximum intensities in Fig. 11.5). The behavior is similar for cases where there is
either a capping layer (broken line) or not (full curve).
The surface plasmon-polariton contribution for doped semiconductor superlattices now made up of 2D electron- and hole-gas layers in an alternating fashion
separated by a dielectric medium of thickness a, can be calculated in a similar
way. Allowing for effects due to a capping layer and charge depletion, we plot in
Fig. 11.7the Raman integrated intensity as a function of the dimensionless in-plane
wavevector k,a [17]. Two different values are considered for the ratio T between
the carrier concentration of the outermost n- and pdoped layers (denoted by n,
and p,) and the carrier concentration of the bulk layers (denoted by n and p ) ;
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Fig. 11.5. Surface plasmon-polariton integrated intensity (from the imaginary part of the Green
function G Z zwith z = z ’ = a / 2 ) plotted against the ratio n s / n for the dimensionless in-plane
wavevector k,a = 1.0. The full curve represents the case of capping-layer thickness d = 0, while
the dashed curve corresponds t o d / a = 0.44.See the text for parameter values (after Constantinou
and Cottam [IS]).

also z = z’ = u / 2 . The curves show, qualitatively speaking, essentially similar behavior, although they have different strengths, indicating their dependence on the
choice of r.
11.1.2

nipi Superlattices

As another example of Raman scattering applied to plasmon-polaritons, we next
consider the more complex nipi superlattice discussed in Section 5.3. Using the
same procedure as in the previous subsection, the application of the electromagnetic boundary condition at any unit cell of the superlattice yields a matrix equation similar to Eq. (11.20), except that h’now becomes an 8 x 8 matrix because
the unit cell of the nipi superlattice has a unit cell with more layers. In a partitioned form, the matrix can be written as
(11.36)
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Fig. 11.6. Surface plasmon-polariton integrated intensity (from the imaginary part of the Green
function G,, with z = z’ = a / 2 ) plotted against the dimensionless in-plane wavevector k,a for the
ratio n,5/n
= 0.35. The full curve represents the case of capping-layer thickness d = 0, while the
dashed curve corresponds to d / a = 0.44. See the text for parameter values (after Constantinou
and Cottam [16]).

with the 4 x 4 blocks designated by

0

0

0 0

0

iJc-a,

(11.38)

-(i<c+ff,) 0 0

Also Ad21 is equal to gM12 [where g is the phase factor exp(iQL) defined earlier]
provided we replace the subscripts C and e (for electron) by D and h (for hole),
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Fig. 11.7. Surface plasmon-polariton integrated intensity (from the imaginary part of the
Green function G Z Zwith z = 2’ = a / 2 ) plotted against the dimensionless in-plane wavevector
k,a for the ratio r = n s / n = p s / p equal to 0.3 and 0.7, as indicated. The full curves represent
the case of capping-layer thickness d = 0, while the dashed curves correspond t o d = a (after
Albuquerque 1171).

respectively. Likewise h 1 2 2 is equal to M1l provided we replace the subscripts A ,
B , and h by C, D , and e, respectively. In this case A is an 8 x 1 column vector
formed by the unknown coefficientsA,J (with m = 1 , 2 , and J = A , B , C,D ) . Also
the column vector u in Eq. (11.22) becomes

(11.39)

where hJ and V ,J are defined in the previous subsection, and S J =

EJ/~,.
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Fig. 11.8. Theoretical Raman spectra for scattering from bulk plasmon-polaritons in a nip2
superlattice. The arrows below the horizontal axis indicate the peak positions. See the text for
parameter values (after Albuquerque [15]).

The condition for the 8 x 8 matrix in Eq. (11.36) to have zero determinant
is equivalent to the dispersion relation discussed in Section 5.3 for bulk plasmonpolariton in a periodic nipi superlattice. The relevant Green function can be
derived following the same linear-response steps as before, and the light-scattering
cross section can be deduced using Eq. (11.7). A numerical example is given in
Fig. 11.8, where we plot the cross section versus the frequency shift w (in meV) for
a scattering geometry in Fig. 11.1, with angles 8 = 20" and q!~= 70" and wavelength
X = 780 nm. The other physical parameters are taken to be the same as employed
in Section 5.3 for the nipi plasmon-polariton dispersion relation calculated there.
The lowest-frequency peak at 2.6meV is the analog of the peak that would be
observed for a non-alternating sample. The more complex structure of the nipi
superlattice gives rise to four branches of bulk polaritons, and the Raman spectrum
correspondingly has additional higher-frequency peaks, as indicated by the arrows
in Fig. 11.8.

11.2

Raman Scattering in Quasiperiodic Structures

Raman-scattering measurements of the spectra for acoustic phonons in GaAs/AlAs
and Si/Ge,Sil-, heterostructures, built up in a Fibonacci sequence, were reported
by a number of authors (see e.g. Refs. [Is-221). They demonstrate that the spectra
are sensitive to the quasiperiodic structure of the superlattice, as well as the phonon
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properties. The observed acoustic frequencies are shifted, depending on the size
or stage number of the lattice. By contrast, periodic superlattices will typically
exhibit peak broadening in similar-sized structures. Unlike the case of acoustic
phonons, plasmons are strongly dependent on the geometry and generation of the
Fibonacci sequence defining the superlattice. Thus they are good candidates for
probing by Raman spectroscopy, and discrete plasmons in a finite-layered structure
have indeed been observed in Raman experiments [23,24].
In this section we discuss the frequencies, intensities, and spectral lineshapes
for Raman scattering by plasmon-polaritons in a quasiperiodic superlattice of the
Fibonacci type. Our goal is to compare the theoretical results with the experimental Raman spectra found by Merlin et al. [25]. Again we use a method
based on linear-response theory; it has been proved to be very effective for describing how plasmon spectral lineshapes and integrated intensities depend upon
the polarization directions and scattering geometry [26]. We note that a different
approach has been used by Das Sarma et al. [27,28] to compare the plasmon
spectra in semiconductor superlattices with periodic, quasiperiodic (Fibonacci
type) and random-layer structures.
The composite building blocks a = AB and p = AC are first introduced. Here A
is considered to be GaAs with thickness a = 27 nm, while B and C are AlXGal-,As
layers with thicknesses b = 80 nm and c = 43 nm, respectively. Also x = 0.3 and
the remaining physical parameters are given in Ref. [25]. The thickness of the a
building block is d, = a+b, while the thickness of the /3 building block is dp = a+c.
The ratio d,/dg was chosen to approximate (1+&)/2 = T , the gold mean number,
which is the incommensurate ratio of the numbers of a and ,8 building blocks in a
Fibonacci sequence (see Subsection 2.3.2).
We consider the Fibonacci superlattice to be effectively infinite, and choose
the Cartesian axes and light-scattering geometry as in Fig. 11.1. We consider,
as in Section 11.1, that the incident light is ppolarized, with polarization vector e~ = (cos 8,0, sin 8), while the scattered light is s-polarized, with polarization
vector es = (0,1,0). Then the Raman-scattering cross section is described by
Eqs. (11.7) and (11.8), where the terms G,, are wavevector-dependent, electricfield Green functions. Here we relate them to the corresponding position-dependent
Green functions by

/

( ( E p( z ); E:

(2’))) k,

,

exp(ik,z) exp( -ikLz’) d z dz’
(11.40)

The position-dependent form of the electric-field Green functions can be obtained
first from the linear response of the electric field to an external applied polarization
chosen, e.g., as in Eq. (11.14). The linear-response expression is [26]

((%(z); E:(z’)))k,,w = J W ) / P v ( z ’ ) ,

(11.41)

which is an example of Eq. (A.31) in Appendix A. From Maxwell’s equations the
electric field inside each layer of the superlattice, which can be medium A (GaAs)
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with thickness a, or media B or C (Al,Gal-,As) with thicknesses b or c, respectively, satisfies a differential equation in the presence of the external polarization.
Thus we may again employ Eq. (11.15), whose solutions are given by Eqs. (11.16)(11.18).
It then becomes a straightforward application of the method of induction
to calculate the electric-field components, and hence the Green functions using
Eq. (11.41), for the nth generation number of the Fibonacci superlattice. We
first consider the infinite superlattice formed by the first two stages So = /3 (giving
. . . /AC/AC/ . . .) and S1 = (Y (giving . . . / A B / A B /. . .). The standard electromagnetic boundary conditions are applied at the interfaces of the nth unit cell, i.e. at
z = nL a and z = ( n l ) L . Here the unit-cell size L is d, = a b (or dp = a c
as appropriate).
The result in the case of S1= a , in matrix notation, is [26]

+

+

+

MIA1 = a1,

+

(11.42)

where A?l1 is a 4 x 4 matrix that can be conveniently written in partitioned
form as

(11.43)
Here the 2 x 2 blocks for

Ad11

and

Ad12

are
(11.44)

a12=

-l

-i&

),

(11.45)

and the other two blocks in Eq. (11.43) are obtained as indicated, where B t A
(or A -+ B ) means that we replace subscripts B by A (or vice versa). Similarly,
the column matrices appearing in Eq. (11.42) are

(11.46)

(11.47)

where the last expressions are these matrices written in a partitioned form. r A B
is the 2 x 1 column vector whose elements are TAB and YAB,
respectively, and
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r B A can be obtained from r A B by a replacement scheme as described above.
In these equations g = exp(ik,l) and other notations are (for I , J = A or B )
f j = exp(-aJz), h~ = exp(ik,J), and

YIJ =T

z -~T,J,

(11.48)

The case of So= p is identical to the above, provided we replace subscript B by
subscript C.
For the next stage 5’2 = ap, giving the superlattice . . . /ABAC/ABAC/. . .,
Eq. (11.42) becomes A 2 2 A 2 = 8 2 with

For the n t h stage we have MnAn= a,, where it follows by induction that the
matrices, in a partitioned form with 2 x 2 blocks, are

MI 2
0
...
M11(A-+ B ) M12(B+ A) . . .

0
0

...

...
0

...

. . . Mli(A-+ J )
(11.52)

A
B

An=

i:

(11.53)

’

J‘

For n even, we have J = B (and J ’ = C ) , while J = C (and J’= B ) for the
case of n odd. It may be shown that the condition for
t o have a zero determinant is consistent with the dispersion relations of superlattice bulk plasmonpolaritons discussed in Section 6.1, provided the same choice of building blocks
is made.

an
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The relevant Green functions can now be derived from the linear-response theory given by Eq. (11.41), together with Eqs. (11.52) and (11.53). Although the
calculations are straightforward, it is tedious to display the analytical expressions
for these Green functions, even for relatively small n. Instead, we present some
numerical computations and compare them with the Raman spectra measured by
Merlin et al. [as]. From the Green functions for the nth stage of a Fibonacci
superlattice, it is possible to evaluate numerically the Raman spectra using the
scattering cross-section expression given by Eq. (11.7). In what follows, we consider
the finite nth-stage Fibonacci superlattice to form an infinite periodic superlattice,
where the repeat subunit is the finite multilayer structure given by the Fibonacci
generation S,. Although a fully realistic sample-specific model should consider the
finite superlattice together with its substrate as well as a capping layer [17],
the periodic model considered here should be a reasonable approximation. When
the generation number n is small, deviations from the periodic model used here
may be apparent.
As an example, we examine the case of n = 6, which has 8a and 5p building
blocks. This generation number is chosen because, above it, in our periodic model,
the calculated spectra are essentially independent of n. The physical parameters
used are k , = 1.12, 1.30, and 1.44 (in units of lo5 cm-l). We consider a scattering
geometry with 0+$ = 7r/2, where the incident angle corresponds to sin 0 = kXX/4.rr,
with X being equal to 800 nm in the experiment [as]. A useful simplification
for the dielectric functions is to take them as constant with E A = E B = E . The
refractive index of the superlattice (which is complex due to the absorption of
which corresponds to the value of
light) is considered to be 7 = 3.6 0.07i =
GaAs at this wavelength [25]. A damping factor y = 0.15 meV can be included
phenomenologically in the theory (as an imaginary part to the frequency).
Fig. 11.9 now shows the calculated Raman-scattering cross section as a function
of the frequency (in meV) for the three values of k , specified above. The Raman
peaks occur at the following frequencies (all in units of meV): w1 = 2.53, 3.05, and
3.32 (full lines); w2 = 4.25, 4.91, and 5.22 (dashed lines); and w3 = 6.81, 7.92, and
8.38 (chain-dotted lines). Apart from the lowest resonant frequency (wl),
the other
frequencies (w2and W Q )are close to the experimental data of Merlin et al. [25]. The
overall spectra also show a very good agreement. The small discrepancies at the
low-frequency end are probably due to the fact that this region is more sensitive to
the sample-specific features. It is relevant to point out that the predicted resonant
frequencies almost follow the golden ratio pattern, i.e. wQ/wz z w2/w1 z r =
(1 &)/2. The small deviation is again probably due to inaccuracies in the low
frequency w1.
The integrated light-scattering intensity for the Raman peak at any plasmonpolariton frequency wi can next be found from the Green functions using a formalism like that in Eqs. (11.7) and (11.8). We consider, as in the previous section,
only the contribution of the z-component electric-field Green function, i.e. we
calculate the integrated intensity corresponding to Im ( ( E z ( z )Ez(z’)*))k,,w,
;
for
z = z’ and w = wi ( i = 1,2,3). Thus in Fig. 11.10a we show the integrated intensity
as a function of 6 = d,/L, for k , = 1.12 x lo5 cm-’. We note that, in the two

+
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Fig. 11.9. Raman-scattering cross section calculated for three values of the in-plane wavevector
k,: 1.12 x105 cm-l (full line), 1.30 x105cm-1 (dashed line), and 1.44 ~ 1 0 ~ c r n (chain-dotted
-l
line). The physical parameters are given in the text (after Albuquerque [26]).

limiting cases of 6 = 0 and 1, only the low-frequency mode w1 has an integrated
intensity different from zero, since in these cases the superlattice is made up only
of p (or a ) building blocks. A similar behavior is also found in Figs. 11.10b and c
for the other two values of k,. The same qualitative behavior is found in all figures,
which indicates that, provided a resonance frequency is obtained, the intensity is
relatively independent of k,. What matters are the relative values of the resonant
frequencies in the dispersion curve for the excitations.
11.3

Brillouin Light Scattering

Brillouin light scattering (BLS) is the inelastic scattering of light from lowfrequency magnetic and non-magnetic excitations. In the context of this book,
it is mainly the ferromagnetic spin waves (and the magnetic polaritons formed
from them) that are of interest. As in the case of Raman scattering, BLS provides
a well-established, non-destructive optical technique. It can yield a great deal of
information about magnetism in low-dimensional systems, such as thin films, multilayers, and patterned structures. Also it gives information about the dynamical
properties of a spin system through the detection of long-wavelength spin waves.
BLS can be implemented in situ to study thin magnetic films and nanostructures
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in ultrahigh-vacuum conditions [29]. Combined with the surface magneto-optical
Kerr effect (SMOKE), which is discussed in Subsection 11.6.3, it can provide
a detailed determination of the structural and magnetic parameters and of the
anisotropy constants of ultrathin Fe films on Cu and Fe/Cu multilayers [30].
It can be a complementary experimental technique to ferromagnetic resonance
or FMR (see Subsection 11.6.4) for magnetic materials. Like FMR, it can be used
to measure magnetic anisotropies in ultrathin films, as well as the exchange coupling across spacer layers between films. It provides information on the saturation
magnetization and on the magnetic ground state of the coupled layered system,
i.e. the magnetization profile. Unlike FMR, however, in the BLS experiment the
frequency is measured at a fixed magnetic field (in the FMR experiment the frequency is usually fixed and the magnetic field is varied until the frequency of the
magnetic excitation matches the applied frequency). The resonant frequency can
be determined in an FMR experiment with a precision
of 0.01 GHz, although only
+
one frequency can be measured (essentially the k E 0 mode). By contrast, in BLS
the dependence of the modes can be studied, although only over a limited range
of small l i l as in Raman scattering.
In a BLS experiment, frequencies can be measured over a range typically from
5 to 100 GHz. However, the precision is only of order 0.1 GHz (for a review see
Ref. [31]). This is inferior to FMR, but is nevertheless typically several orders
of magnitude better than the resolution in Raman light scattering. In BLS a
multipass Fabry-PQot interferometer (sometimes in a tandem arrangement) is
used for the detection system replacing the grating spectrometer of the Raman
case. BLS is often used to study linewidths, providing information about the
damping, or spin relaxation. The origin of the damping of spin motions in ultrathin
ferromagnetic films and multilayer structures, with focus on the linear-response
regime probed by FMR or BLS, was recently reviewed [32].
Besides its magnetic applications, BLS is also an important tool to study
acoustic phonons in periodic and quasiperiodic structures. As an example, highresolution BLS can nowadays be a sensitive detector of acoustic phonons in complex structures like copolymer photonic crystals of styrene and isoprene, which
possess a photonic stop band in the visible spectrum [33]. Based on the low, but
finite, contrast in the mechanical properties between the styrene and isoprene components of the polymer, and taking into account the geometrical characteristics
of the layered microstructure, acoustic band structures were determined showing acoustic-like and optical-like phonons [33]. Using BLS, the propagating and
confined acoustic modes were also recently studied in crystalline polymer latex
films [34], ferroelectric copolymer single-crystalline films [35], and nanosized carbon films [36].
Further, the vibrational modes in 3D ordered arrays of Si02 nanospheres were
recently investigated by BLS [37]. Multiple, distinct Brillouin peaks were observed, and their frequencies were found to be inversely proportional to the diameter (approximately 200-340 nm) of the nanospheres, in agreement with Lamb’s
theory. This was the first Brillouin observation of acoustic-mode quantization in
a nanoparticle arising from spatial confinement.

<
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Resonant Brillouin Scattering

With a view to applications involving exciton-polaritons, we now provide an extension of the discussion for Brillouin scattering given in Section 11.3. RBS is perhaps
the most powerful experimental technique to probe exciton-polaritons. It was a
subject of considerable interest in the 1980s (for a review see Ref. [38]), being first
proposed by Brenig et al. [39]. As we shall see, the cross section has denominator
terms that may give a resonant enhancement if the incident light frequency W I is
close to a phonon frequency in a spatially dispersive medium. The general theoretical predictions of this work were later confirmed experimentally by, among
others, Ulbrich and Weisbuch [40],Winterling and Koteles [41], and Hermann and
YU [42]. On the theoretical side, a major step forward was made by Tilley [43] who
used a Green-function method to calculate a backscattering Brillouin cross section
for a normal-incidence geometry. Slightly different formulations were subsequently
developed by So et al. [44], Fukui and Tada [45], and Albuquerque and GonCalves
da Silva [46].
As we emphasized previously (particularly in Section l O . l ) , one of the most
important questions concerning exciton-polaritons is the choice of appropriate additional boundary conditions (ABCs) at interfaces of a medium with spatial dispersion (SD). As widely discussed (see Ref. [38]),reflectivity experiments are not
sufficiently sensitive to allow for a choice among the many possibilities. This was
disputed, however, by Halevi and Cocoletzi [47],who claim to have established the
validity of Pekar’s ABC for CdS. An alternative experimental approach employing
picosecond induced absorption, e.g. as used by Segawa et al. [48] to study the
ABCs in CuC1, was unable to clarify this matter. RBS provides, in principle, a far
more sensitive test of the ABCs than reflectivity measurements. The challenges in
RBS are with regard to the theory, requiring the evaluation of the complete RBS
cross sections for realistic situations. Without this, a detailed interpretation of the
experiments is not helpful regarding the choice of ABCs.
In this section we analyze the influence of the ABCs on the resonant RBS cross
section. We do so in some detail because it emerges that the cross section is indeed
sensitive to the choice.
11.4.1

Reflection and Transmission Spectra

It is convenient to start with simple reflection and transmission at an interface.
We consider an incident s-polarized electromagnetic wave, with frequency W I and
wavevector k ~from
, the vacuum (taken in z > 0) into the SD medium ( z < 0). For
the vacuum the electric field is
E;

= exp(-ik;)

+ R, exp(ik;z).

(11.54)

Here, k? = k l cos 6 , k~ = W I / C , and R, is the reflection coefficient. For the SD
medium we have

Ef = TIexp(-ik;,z)

+ T2 exp(-ikf2),

(11.55)
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P = EOxI1T1 exp(-ikf,z)

+ E O X Iexp(-ikf2z),
~T~

(11.56)

for the electric field and the polarization, with the electrical susceptibility
( j = 1 ' 2 ) defined by Eq. (10.16). Also,

k;A

xfj

(11.57)

= E(kIX,+J;/C2,

k: = kFA = w I sin Olc,

(11.58)

with kfA =
- w; sin2 O/c2)1/2 and X can be 1 or 2.
Now, using the usual electromagnetic boundary conditions plus, as an example, ABC3 (namely, P' d P / d z = 0), we can find the reflection and transmission
coefficients as

+

(11.59)
(11.60)
where 6 = X f l ( l - ikfl)/xf2(1- i k f 2 ) . Figure 11.11 shows these coefficients,
calculated using physical parameters appropriate to CdS and for several ABCs, as
a function of the reduced frequency wI/wo, with wo being the resonant frequency of
the uncoupled exciton. Note the very close correspondence between the predictions
of the different ABCs in this case.
On the other hand, for an incident p electromagnetic wave we have thrze additiona! light waves, two transverse and one longitudinal, with wavevectors k13, L14,
and k15, respectively. For z > 0 the expression for the incident electric field ~ ? is
f
the same as Eq. (11.54) but with a coefficient Rp instead of R,. For z < 0 we have

EY

= T3 exp(-ii13

. F') + T4exp(-i<14 . F') + TSexp(-ikf:, .F').
+

(11.61)

As in the s-wave case the reflection and transmission coefficients can be obtained
using the electromagnetic boundary conditions plus the ABCs. The results, taking
ABC1, are

Rp = (1 - ~ ) / ( 1 +T ) ,
T3

= T4/Ai = -T5fF/A2ff
-

(k13ff
where the ratios f j , ,
i = 2,z ) , and
T

(11.62)

2kIff

+ krff3) + (k14ff + kiff4)Ai + k;ffA2/k15'

= kf,/kf,

= [k1(fF3

and f j = kj1k-I are introduced (u = 3 , 4 , 5 and

+ ff4Al + ffA2k1/k1s)]/[ff(k13 + ~ I ~ A I ) ] ,

A1 = [Xf3(ff3ff5 - fi"3f21/[XI4(ff4ff5 - f?4fF5)1>

A2

(11.63)

+ Xf4fFZk15Al).

= (1/~m~?)(X13f&kI5

(11.64)
(11.65)
(11.66)
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Fig. 11.11. Reflection (given by IRsl) and transmission (given by ITiI and ITzl)spectra in CdS as
a function of the reduced frequency W I / W O , calculated using ABCl (full curves), ABC2 (broken
curves), and ABC3 (chain curves) at 0 = 45" for s-polarized incident light (after Albuquerque
and Gonqalves da Silva [46]).

Figs. 11.12a and b provide numerical examples of these results. While there is
a good correspondence among the three ABCs, there are now some quantitative
differences ( e g in the transmission coefficient T5,which corresponds t o the longitudinal mode not excited in the s geometry). Thus we may conclude that the p
geometry is more sensitive to the choice of the ABC, especially for the longitudinal
mode [49].
11.4.2

Light-Scattering Formalism

The scattering process is conventionally considered in three stages. In the first
stage, incident light of frequency W I and amplitude E! (s-polarized wave), or E:
(ppolarized wave), is partially transmitted into the SD medium, where it couples
t o the exciton field to become

Es = TIE;exp(-ikIl . F') + T& exp(- i k ~ z. F')
+

+

(11.67)

for the incident s-polarized wave, or

EY = T&exp(-&I3

. F')

+ T&'exp(-iL14

+

. ?) + T&exp(-ikI5

. F')

(11.68)

for the incident ppolarized wave. The Tx coefficients (A = 1-5) are given in Subsection 11.4.1.
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Fig. 11.12. (a) Reflection (IRpl)and transmission (lZ'1) spectra in CdS as a function of the reduced frequency W I / W O , calculated using ABCl (full curves), ABC2 (broken curves), and ABC3
(chain curves) at 0 = 45' for ppolarized incident light. (b) The same as (a) for the other transmission spectra (IT3I and ITSI) (after Albuquerque and Gonqalves da Silva [46]).
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The second stage takes place inside
the SD medium, where light interacts with
-+
an exciton-polariton of wavevector Q = (kx,0, Q z ) and frequency w to produce a
scattered wave of frequency w, = W I - w . This interaction occurs via a deformation
potential, where an i-polarized acoustic-phonon mode ( i can be x, y or 2) with
uz = ui(Qz)exp(iQ. r‘+ iwt)

(11.69)

changes the band gap of the SD medium by an amount [44]

LE,

(11.70)

= -C(Qz)uij(Q”)*.

Here uaj is a shorthand for d u i / d d . This effect can be included in Eq. (3.19) by
adding the term
7 i j k l p j u k l (QZ)*
,
(11.71)
where i , j are labels related to the polarization of the incident and scattered light
and k , 1 are labels related to the phonon polarization. Here, we are adopting the
convention that repeated superscripts are summed over. If we consider an SD
medium with cubic symmetry, the only non-vanishing components of the fourthrank tensor 7 are [50]

p””= 7YYYY

=

vzzzz= 711,

7””YY = 7 Y Y z z = 7xxz” = $2
7YzY”

= 7zxzx =7xyxy

=

,

(11.72)

744

and the general property that
ijkl -

7

-7

jikr

-

-7

jilk =

VijLk

(11.73)

applies. These constraints on 7 imply some symmetry properties for the scattering
process, i.e. for a given incident frequency there are four Stokes (or anti-Stokes)
resonant lines in s + s scattering, six resonant lines in either s -+ p or p --i\ s
scattering, and nine resonant lines in p + p scattering [51].
The next steps are to incorporate Eq. (11.71) into Eq. (3.19) and to substitute

E~ =

C T: exp(-iiIx

.F)exp(-iwIt)

+ E: exp(-iw,t)

(11.74)

x

and
PZ

= €0

C

XIAT:

exp(-iilx

.F)exp(-iwlt)

+ P: exp(-iw,t)

(11.75)

x

into Eqs. (10.4) and (3.19), respectively, where X = 1 , 2 (incident s wave) or 3,4,5
(incident p wave). One then finds to first order in 7

DV2P:

+ (wz- wg + iw,I‘)P: + SE:

= -7 ijkl,kl

(QZ)*cO

XIA AT^ exp(-iklx. F)exp(-iQ.
+

x

x

+

F),

(11.76)
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V2E:+ E,(WZ/C~)E:
+ (wz/c2)P; = 0.

(11.77)

The third and final stage of the process involves finding the scattered radiation
produced in the medium z > 0 by the driving terms shown on the right-hand side
of Eq. (11.76). For z > 0 we have for the scattered light
=

E,

CA
x

( ~ ~ / s ) ~ / ~ exp(iZ,
~ ~ ~.q,
~ ~ ~ ~(11.78)
~ I ( Q ~ )

while for z < 0 we have (denoting

E, =

c
b

As exp(-izsd . .3 +

c

=

~ I A

Q)
u (Q')*x~xTxexp(&x

1 / 2 i j k l kl

A o ( E o / S ) rl

..3,

x

6

+

c

~

~

~

(11.79)

( kox
z~ 2- E ~
% W : /~ C ~ ) lX
exp(i&,x
IXTX
.7).(11.80)

x

The combinations of polarization labels in Eqs. (11.79) and (11.80) give

+ s scattering,
6 = X = 3,4,5 implies p + p scattering,
6 = 1 , 2 ; X = 3 , 4 , 5 implies p + s scattering,
6 = 3,4,5; X = 1 , 2 implies s + p scattering.
6 = X = 1 , 2 implies s

(11.81)

The scattered field cs can now be calculated using the electromagnetic boundary conditions plus the ABCs. If the scattered light is s-polarized we have
E: =

(EO/S)~/~ XI~T~$~~~U~'(Q')*
Q"

x exp(zzs . f')B(k&,w,)(kgZ~- I c g f ) - ' ( I C ~ ~ - k,Z,")-'.

(11.82)
(11.83)
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+ k,Z1)(1 - ik,”,)

-

+

xs1(k,” k,”,)(l - ik&)].

(11.85)

On the other hand, if the scattered light is ppolarized, we have

where

The notation is f,i, = ki,/ks,, ( u = 3,4,5 and i = x,z ) , and f,”= k , “ / k s . Also

11.4.3

ai.7 =

(1 - i k : i ) / ( l - & j ) ,

(11.93)

a50 =

(1 - iki5)/(1 - i k t x ) ,

(11.94)

Fij

fs”ifs“,

=

+

f.?ZfS”$

(11.95)

RBS Cross Section

We start from the basic expression for the scattering cross section as given in
Eq. (11.1). Using Eqs. (11.54) and (11.86) for the s-mode case, or the analogous
equations for the pmode case, we can obtain the RBS cross section for all types of
scattering described in the previous subsection that are allowed by the symmetry
selection rules [51]. To illustrate the results, we do this for a typical experimental
scattering geometry. We shall eventually obtain a generalization of Eq. (12.2) with
the resonant terms (due to SD) included.
Suppose we have an incident p-polarized light wave while the scattered wave is
s-polarized. This implies that the polarization of the acoustic phonon is in the y
direction. The relevant terms in the coupling tensor q are simply q y z Y z or qyryz,
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and therefore

where 1 is summed over x and z . Now using the fluctuation-dissipation theorem
as in Eq. (A.39) of Appendix A, we have

(uY1uY1*)w
= ( k ~ T / n w ) I m(uY‘
( (Q”);u Y ‘ (Q’”)*))w.

(11.97)

We can express the above Green function, which was calculated by Loudon [52],
as a double-Fourier transform:
((uY~(Q”);uY‘(Q’“)*))~
= Jl%

-&lo
-L

0

dzdz’exp(-iQ”z)

-L

x exp(iQ” z’) ( (uY‘( z ) ;uY1
(2’)

*))w.

(11.98)

Next, rewriting the summations over Q” and Q‘“ in Eq. (11.96) as

(11.99)
and carrying out the Q“ and Q’” integrals directly, we obtain

(11.100)
where

A=
and

J

dzdz’((uY‘(z);u y ’ ( ~ ’ ) * ) ) ~ Y ’

exp(-ik:,z’)

x H& exp(iki;z)

[

+

+

e~p(-ik:~z’)

exp(-ik;,z’)

+ H& exp(zk,Z:z) + Hi; exp(ik2:z)

(11.101)
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The additional notations are

We have almost reached the final result; it remains for us to specify the
branches involved in the scattering. Let us consider first the intrabranch scattering,
i.e. scattering from branch 3 (pmode) to branch 1 (s-mode) and from branch 4
(p-mode) to branch 2 (s-mode). The quantity A in Eq. (11.101) becomes

A = (l/PSV$q$)

I

(IH31
1 2N31+
1

1%

1

1
I 2N42),

(11.106)

where p is the density of the SD medium, q$ is the transverse acoustic wavevector
defined by
(11.107)
q$ = (w”v$ - k,)
2 1/2
with

VT

being the velocity of the transverse acoustic mode, and
(11.108)

The alternatives in square brackets apply, respectively, for 1 = z or x. The cross
section is

d2a
dR dws

-

l / 2

w ~ w , S E COO ~
S ~19,
~ T 1744
1 6 ~ ~ ~ ~ p ~ $ S kfz
q $wk;,”
x [lH;1I2Im(m

+ l~:2121m(~:2)],

(11.109)

where I is summed over x or z .
The resonant terms in Eq. (11.108) are (k$T - q$) and (k:; - q$), and therefore
there are two Stokes peaks at q$ = k$T and kz;. Fig. 11.13 shows the form of the
spectrum for CdS where the arrows indicate the positions of the resonant terms.
The quantity plotted is the final pair of factors inside the brackets in Eq. (11.109)
versus the reduced frequency w / v ~ kThis
~ . theoretical spectrum is evaluated for an
incident-light wavelength X = 504.7 nm that corresponds to the ratio WI/WO = 1.003.
As expected there is good correspondence among the three ABCs since, for this
case, there is no longitudinal-mode scattering, and only the transverse modes are
involved. The lineshapes of the peaks are skewed, as expected in an absorptive
medium [53].
Now, let us consider the interbranch scattering, which means four types of
scattering , i.e.
(i) branch 3 to branch 2,
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Fig. 11.13. Brillouin spectrum for intrabranch scattering as a function of the reduced frequency
w / v T k , calculated using ABCl (full curves), ABC2 (broken curves), and ABC3 (chain curves)
at 61 = 4 5 O . The arrows denote the positions of the resonant peaks (after Albuquerque and
GonCalves da Silva [46]).

(ii) branch 4 to branch 1,
defining the ptransverse to s-transverse case, and
(iii) branch 5 to branch 1,
(iv) branch 5 to branch 2,
defining the plongitudinal to s-transverse case. The RBS cross section can be
calculated in a manner very similar to the intrabranch case and the result is [46]

(11,110)
There are now four resonant Stokes peaks at q$ = k$$, kqZT, kgT, and kgz.
The shape of the predicted theoretical Brillouin spectrum is plotted, as a function of the dimensionless parameter w/vTk,, for CdS in Fig. 11.14, where we have
evaluated the expression inside the square brackets in Eq. (11.110). The arrows
again denote the positions of the resonant peaks. There are quantitative differences among the ABCs for scattering off the longitudinal mode, but almost no
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sensitivity to the ABCs for the transverse modes. It can be seen that the cross
section varies by more than a factor of two with the use of different boundary
conditions when the longitudinal exciton is excited. The sensitivity of RBS experiments and the strong dependence of the interbranch scattering cross section
depicted in Fig. 11.14 should help in resolving the choice of ABCs. The outcome,
however, is likely to depend on the material and its surface preparation, implying
that RBS could be used as a surface-sensitive probe.
A related experimental technique is resonant Rayleigh scattering (RRS). It has
possible applicability to the spectroscopy of other semiconductor nanostructures
or to inorganic crystals (for a review see Ref. [54]). In semiconductors RRS occurs due to imperfections (including impurities, defects, or interfaces) breaking
the translational symmetry of the crystal. The RRS observed from semiconductor
quantum wells is mainly due to fluctuations in the lateral 2D potential confining the charge carriers and excitons [55,56]. When the lower exciton-polariton
branch is optically excited, the strong dispersion results in a directional emission
on a ring. The ring width converges with time to a finite value, a direct measure
of an intrinsic momentum broadening of the exciton-polariton states localized by
multiple-disorder scattering [57]. Further, a clear signature of enhanced backscattering of excitons is observed in the directional RRS from localized 2D excitons
in disordered quantum wells, which is qualitatively different from backscattering
phenomena in other branches of physics [58,59].
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11.5

Far-Infrared Attenuated Total Reflection

An introduction to ATR was already given in Section 4.5. As mentioned, it was
pioneered by Otto [1,2]and is very convenient for probing surface polariton modes,
which are non-radiative in the sense that they cannot be excited by a light beam in
the usual two-layer geometry. The basis of this method is a three-layer geometry
depicted in Fig. 4.11 (the Otto configuration), where a glass prism with dielectric
constant ep is placed above the sample and is separated from it by a gap of thickness
d and dielectric constant eg (chosen such that cp > c g ) . The sample has a frequencydependent dielectric function E , (w).When light is reflected internally off the base
~ total
of the prism at an angle of incidence 6' which exceeds the critical angle 6 ' for
internal reflection, as given by Eq. (4.49), an evanescent wave with an in-plane
wavevector k, [see Eq. (4.50)] is set up in the region adjacent to the base of the
prism. As explained in Section 4.5, the surface polariton is observed experimentally
as a dip in the reflectivity. Some applications of ATR to the study of surface
phonon- and plasmon-polaritons were also described.
The theory of ATR is well understood and is formally quite similar to the theory
of polaritons in double-interface geometries, as described in Section 4.4. Since the
surface polaritons are ppolarized modes, ATR occurs only with ppolarized light.
Therefore we consider in medium 1 (the prism) the electric field in the form
-+

E

=

( E o ,0 , k , E ~ / k l , )exp(ik,z - iwt)exp(-ikl,z)

+r(Eo, 0, - k z E o / k l z ) exp(ik,z - iwt)exp(ikl,z),

(11.111)

where the first term describes the incident wave and EOis an (arbitrary) constant.
The second term is the reflected term, and our objective is to calculate the complex
reflection coefficient r . The electric fields in media 2 (the gap) and 3 (the sample)
can be represented, as in Section 4.4, by Eqs. (4.28) and (4.29), respectively, with d
now replacing the film thickness L. Using the electromagnetic boundary conditions
at the two interfaces, we can solve the resulting system of four equations to find

r=
Rzk

+
+

[R+S- exp(-2ik2,d)R-S+]
[R+S+ exp(-2ikz,d)R-S-]

= Esk2r

*

(11.112)
(11.113)

Egk3z,

S& = Egklzf ~

'

~ k 2 ~ .

(11.114)

As an example, we consider a nipi superlattice as the sample. In the longwavelength limit we may define the effective dielectric function of the resulting
(uniaxial) effective medium analogously to Eqs. (10.18) and (10.19), i.e.
6x2

= Eyy = f a c A

E ,-1
, =

+ f c c C + 2fbcB,

fa€i'
+ f&'

+ aftl€;',

(11.115)
(11.116)

where the off-diagonal elements are zero. Here we have specifically considered
a nipi structure in which medium B is identical to medium D (i.e. having the
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same dielectric constant and same thickness). Also we define the fractions [as in
Eq. (10.20)]
(11.117)
f . - j / L , j = a, b,c.
’

+ +

The unit-cell size is L = a c 2b, and a, b, and c are the layer thicknesses.
For the doped polar semiconductor layers of the nipi structure, the quasi-free
electron (or hole) gas and the dipole-active long-wavelength transverse optical
(TO) phonons are coupled over a wide frequency range in the infrared, forming a
mixed mode. Generalizing Eq. (3.13) to include damping, we take the dielectric
function for J = A or C as

while E B is a constant. Here W L and WT are the longitudinal optical (LO) and TO
phonon frequencies, respectively, wP is the plasma frequency, and r is a damping
factor. In the effective-medium approximation for the semi-infinite superlattice,
with vacuum outside, the surface polaritons follow the standard dispersion relation
(see [601)
(11.119)
k; = ( W 2 / C 2 ) ~ , , ( ~ , z - l)/(%&, - 11,
by analogy with results in Section 4.2 on anisotropic media. A necessary condition
for the surface mode to exist is E,, < 0. The surface-polariton dispersion curves
are shown in Fig. 11.15, taking materials A and C to be n- and pdoped GaAs
and AlAs, respectively, while media B and D are Si02. The physical parameters
used are W L A = 54.96 THz, W T A = 50.57 THz, W ~ =
A w P c = 25.4 THz, WLC = 69.79
THz, WTC = 67.31 THz, E,A = 10.9, E,C = 10.22, = ED = 3.7, f a = fc = 2 fb = 3 ’
and r = 0. There are three surface-polariton modes (dashed lines), labelled S1, S2,
and S3, all of them corresponding to both t,, and t,, negative. The ATR angular
scan line (chain-dotted line) crosses the dispersion curves for the surface modes at
the positions ~ , C / W T A =0.7 (for Sl), 1.6 (for SZ), and 2.2 (for S3). The term ATR
scan line refers to the w cx k , relation given by Eq. (4.50); as indicated, we are
interested in where this line intersects the surface branches of the spectrum. The
five bulk polariton modes are shown shaded, and the vacuum light line is shown.
The corresponding ATR spectra can be obtained using the reflectivity from
Eq. (11.112). Here we quote the value of the ATR reflection coefficient r with the
nipi structure as medium 3. The calculations make use of Maxwell’s equation,
together with the electromagnetic boundary conditions, and are straightforward
but lengthy. The result is [61]

’

r=

(AiiQii
Q i z - (AiiQi2
Qii

-

+ Ai2Q21)
+ A12Q2z) ’

(11.120)

where Qij and Aij are elements of the following 2x2 matrices:

Q = a - l ( k B , EB, d ) M ( k 2 ,E g , 4 M - y k 2 ,

Eg,O)M(kl, E p , O ) ,

(11.121)
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Fig. 11.15. Dispersion curves for surface polaritons (Sl, S z , and S3) in a nipi superlattice,
as given by Eq. (11.119). The reduced frequency W / W T A is plotted against the dimensionless
in-plane wavevector C ~ , / W T A . The light line in vacuum (full line) and the ATR scan line (chaindotted line) are marked. The bulk modes (B1, B2, B3, B4, and B5) are shown as shaded regions.
See the text for parameter values (after Almeida et al. [61]).

x M-'( k A , E A ,d + L ) M ( ~ BE B, ,d + L ) .

(11.122)

Here the matrix a ( k ,6, z) is defined by

M ( k ,E , 2) =

exp(ikz)

exp ( -ikz)

( k / t )exp(ikz) - ( k / ~ exp(-ikz)
)

(11.123)

In addition, kl and ICZ are the z-components of the wavevector in media 1 (the
prism) and 2 (the gap), respectively, and k J (for J = A , B ,C) are the z components
of inside the layers of the nipi superlattice. The other notation is as before.
The resulting theoretical ATR spectrum, in terms of lrI2 versus a dimensionless
in-plane wavevector CIC,/WTA,
is drawn in Fig. 11.16 using Eq. (11.120) for T (full
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Fig. 11.16. Theoretical ATR curve (full line) for lrI2, as a function of the dimensionless in-plane
wavevector ck, / W T A , for p-polarized light incident on a semi-infinite nzpz superlattice, considered
as an effective medium. The dips labelled S1 t o S3 can be identified with the positions where the
ATR angular scan line crosses the dispersion curves for the surface modes. For comparison, the
broken line refers to the reflectivity from Eq. (11.112). See the text for parameter values (after
Almeida et al. [61]).

line). For comparison, we have also shown the ATR spectrum with r described by
Eq. (11.112) (broken line). We have taken c p = 10 (Si prism), 8 = 25", d = 5 pm,
and r / w p A = 4 x
One might expect a close correspondence between the
two calculations in this long-wavelength regime (e.g. as was found in the case
of normal-incidence-reflectivity spectroscopy [62]). However, as can be seen from
Fig. 11.16, the two methods show only a fair agreement. The dips labelled S1 to
S3 can be identified with the positions where the ATR angular scan line crosses
the dispersion curves for the surface modes (see Fig. 11.15). In addition, there
are other dips in Fig. 11.16 that can be identified as regions where the evanescent
wave penetrates deeply inside the specimen and interacts with the bulk modes.
As a final example of an ATR spectrum, we consider the rare-earth superlattice
considered in Section 7.4. Its theoretical ATR spectra, plotted here as a function of
the reduced frequency w / J I S , are shown in Figs. 11.17a and b. We have considered
c p = 10 (suitable for an Si prism) and eg = 1 (vacuum). The spectrum is sensitive
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Fig. 11.17. Theoretical ATR curve ( 1 ~ plotted
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light incident on a semi-infinite rare-earth superlattice. The arrows are the points where the ATR
angular scan line crosses the dispersion curve for the surface modes. (a) low-frequency surface
polaritons; (b) high-frequency surface polaritons (after Albuquerque et al. [63]).
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to the air gap thickness d, which we take to be of the order of the wavelength of
the surface wave (5 pm). The damping factor is 20 G in magnetic field units. The
calculation refers to a scan of frequency for a fixed value 20" of the incident angle,
which is slightly greater than the critical value 17.1" for total internal reflection at
a silicon-air interface [63]. In Fig. 11.17a we show the ATR spectrum for the lowfrequency surface modes of holmium in the cone state (see Fig. 7.lb) in the presence
of a 200 G external magnetic field. Effects of the non-reciprocal propagation of
the surface modes, identified by the sharp dips in the reflectivity spectrum, are
evident. The arrows in the spectrum are the points where the ATR angular scan
line crosses the dispersion curve for the surface modes. The full line is the ATR
spectrum related to the +20" scan line (right-hand side of the polariton spectrum
in Fig. 7.6b), while the dotted line describes the ATR spectrum for the -20" case
(left-hand side of the polariton spectrum in Fig. 7.6b). Further evidence of the
non-reciprocity is apparent in Fig. 11.17b, which depicts the ATR spectrum for
the high-frequency surface modes.
11.6

Other Techniques

For completeness, we mention in this section some other techniques that may be
useful to probe the excitations considered in this book.
11.6.1

Light-Emitting Tunnel Junction

In a light-emitting tunnel junction the tunnel current flowing between two metals
is used to excite a surface plasmon. The plasmon then decays radiatively (because
of roughness effects that are introduced at the junction) to produce a spectrum
of emitted light whose intensity versus wavelength characteristics may be studied.
The nature of the plasmon excited depends on the form of the junction(s) and on
the value of the tunnelling current [64].
A simple example of a tunnel junction is an Al/Al203/Ag layered structure
with the metal layer thicknesses being of the order of tens of nanometers and
the A1203 tunnelling barrier (formed by oxidation of the A1 film) being only 2
or 3 nm thick. The junction can be formed on a substrate material with a rough
surface, thereby making all subsequent interfaces rough. If a d.c. voltage is applied,
unpolarized light is emitted.
Another form of tunnel junction consists of a junction deposited on a diffraction
grating, and this can be used to produce appolarized spectrum. Ushioda et al. [65]
observed the direct light emission from the slow mode of surface plasmon-polaritons
of metal-insulator-metal (MIM) tunnel junctions formed on an ultrafine grating.
The grating, whose period was 100 nm, with groove depth 12 nm and area equal
to 200 pm x 200 pm, was created on an Si(100) wafer, using a direct electron beam
lithography technique and wet etching of SiOs. The MIM junction was formed by
evaporation of A1 and Au films on this grating. Further details can be found in
Ref. [65].
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11.6.2

Far-Infrared Fourier-Transform Spectroscopy

Far-infrared (FIR) Fourier-transform spectroscopy has also been utilized to study
the electronic [66,67],as well as phonon- and plasmon-related, properties of semiconductor superlattices [68,69]. For instance, FIR Fourier-transform spectroscopy
and Raman analysis of phonons (and related interface modes) in GaN epilayers on
GaAs and GaP substrates have enabled the determination of TO and LO phonon
frequencies at the center of the Brillouin zone for propagation parallel and normal to the epilayers. Additionally, a number of interesting interface phonon modes
have been studied. Comparison of the phonon properties of a selection of GaN epilayers deposited by molecular-beam epitaxy (MBE) on GaAs and GaP substrates
indicates that their properties are strongly influenced by substrate material and
orientation [70].
The various techniques now include both normal- and oblique-incidence dispersive Fourier-transform spectroscopy (DFTS), Fourier-transform spectroscopy
(FTS), and ATR spectroscopy discussed in Section 11.5. In most experiments a
Fourier-transform infrared spectrometer is used, consisting of a Michelson interferometer with the sample mounted within the output beam optics. Experiments to
measure either the transmission through a sample or the reflection off its surface
can be carried out directly. Additional information can be obtained through the
use of prism couplers (as in ATR) or gratings. In the case of DFTS the sample is placed in one of the interferometer arms; this has the advantage that the
phase of the radiation reflected off the sample can be measured as well as the
amplitude.
The FIR spectroscopic techniques are complementary to Raman spectroscopy
in the sense that Raman scattering provides a sensitive measure of the excitation
frequencies whereas FIR experiments yield overall dielectric functions. SOfar, the
Raman data on superlattice plasmons are more extensive, but it may be expected
that the FIR spectroscopic techniques will yield further results in the near future.
The existing experimental studies, which are mainly for long-period superlattices,
are discussed in Refs. [68,69].
11.6.3

Magneto-Optical Kerr Effect

In recent years the magneto-optical Kerr effect (MOKE) has provided an important
new means of probing a broad range of ultrathin magnetic films [71],magnetic trilayers [72,73],layered magnetic systems [74],and magnetic superlattices [75]. The
possibility of an experimental observation of a magnetic Casimir-type interaction
effect was investigated in ferromagnetic (FM) layers separated by vacuum (or a
dielectric), in which perturbations of the zero-point electromagnetic energy are
introduced by boundary conditions influenced by MOKE [76]. Furthermore, a
representation of the Kerr effect in the complex rotation-ellipticity plane has been
introduced to determine the magnetization state and hysteresis loop corresponding
to one of the FM layers located at a given depth in a stack of FM/non-FM layers,
also by means of MOKE [77].
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Broadly speaking, magneto-optical effects in FM materials are produced by a
combination of the net spin polarization that exists in the FM state and spin-orbit
coupling. The spin-orbit interaction couples the spin components of the electronic
wave functions to the spatial components which govern the electric-dipole matrix elements and optical selection rules. The general property that distinguishes
MOKE from other magneto-optical effects in solids is that all manifestations of
the Kerr effect are proportional to the magnetization M ( T ) ,and so it vanishes at
temperatures above the Curie temperature T C . It provides an ideal method for
studying thin-film magnetic anisotropy, as well as domain structure at surfaces (for
a review see Ref. [78]). The surface-sensitive form of MOKE (known as SMOKE)
was mentioned earlier in this chapter.

11.6.4

Ferromagnetic Resonance

Ferromagnetic resonance (FMR) is well established as a technique to measure basic
physical quantities such as magnetic anisotropy energies or the interlayer exchange
coupling J . Recently FMR measurement in coupled ultrathin Cu/Ni films showed
that the temperature-dependent part of the effective exchange field follows a T 3 / 2
law over a wide temperature range, indicating that thermally excited spin waves at
the interface of the ferromagnetic layers play a dominant role in the temperature
dependence [79].
FMR is also a very sensitive technique that permits the study of excitations
in ultrathin magnetic films (even down to one monolayer in thickness) [80,81]. It
involves frequencies in the microwave range, and its signal is measured by monitoring the microwave losses in the studied film as a function of the applied d.c.
external field Ho. Furthermore, in some ferromagnetic semiconductors (e.g. thin
films of Gal-,Mn,As), it is possible to map out the dependence of the FMR position on temperature and on the angle between the applied magnetic field and the
crystallographic axes of the sample. Besides, it allows us to obtain the values of
the cubic and the uniaxial magnetic anisotropy fields, e.g. those which are associated with the natural (undistorted) zinc-blende structure and those arising from
strain [82].
In FMR studies, the sample is inserted in a microwave cavity, and the external
field is modulated with a low-frequency field component. The microwave cavity
enhances the role of FMR losses and the external low-frequency modulation allows
one to use lock-in amplifier detection. Modulation frequencies in the range 100200 Hz are sufficient to improve significantly the signal-to-noise ratio. At the same
time, spurious field-dependent signals associated with high modulation frequencies
are avoided (for a review see Ref. [83]).
The choice of microwave cavities is crucial. The microwave cylindrical cavity
is ideally suited for FMR studies for samples that exhibit a sufficient microwave
reflection, such as bulk metallic substrates and the magnetic metallic superlattices
that were discussed in Chapter 9.
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Chapter 12

Concluding Topics
In the previous chapters we have assumed that the dielectric response of all the mec a is expressible in terms of a linear relationship between the electric displacement
D and the macroscopic electric field I?, see e.g. Eqs. (3.1) and (3.2). However, all
real materials are known to exhibit non-linear effects to a greater or lesser extent,
and the previous linear assumption breaks down for sufficiently intense electric
fields. As a consequence, in a non-linear medium the dielectric function E ( w ) ,or
more generally E ( ~ , wif) there is spatial dispersion (SD), has a dependence on the
electric field. Likewise, in a non-linear magnetic material, there will be additional
terms in the components of the magnetic permeability tensor.
The inclusion of non-linearities leads to a wide variety of new effects involving
surface and bulk polaritons. This behavior is of considerable interest for the physics
involved and for potential applications (e.g. for basic materials research, for the
generation of new frequencies, and for all-optical signal processing). There are also
propagating pulse-like excitations (non-linear wave packets), which include solitons
as a case of particular interest and which have no counterpart in the linear regime.
The main emphasis in this final chapter will be on the non-linear effects in
dielectric media. In Section 12.1 we describe the physical origin of the non-linear
effects and the way in which the dielectric response will be modified. The books by
Shen [l],Butcher and Cotter [2], and Mills [3] all provide a good introduction to
the basics of non-linear optics, and they cover many of the applications also. Then
in Sections 12.2-12.4 we discuss surface polaritons in several geometries, including
the single-interface, double-interface, and multilayer cases. More details can be
found in various articles by e.g. Stegeman et al. [4], Ponath and Stegeman [5],
Chen and Maradudin [6], and Vassiliev and Cottam [7]. The emphasis will be on
polaritons in non-magnetic materials.
The final part of this chapter, Section 12.5, consists of our overall conclusions
in which we review the current situation and look ahead to some future directions
and developments concerning the topics covered in this book.
12.1

Non-linear Dielectric Media

When the dielectric response is linear, the equations for the fields E’ or I? in the
presence of surfaces and interfaces are a set of linear differential equations [see
e.g. Eqs. (5.3) and (5.4)] and boundary conditions. It follows that the principle of
311
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superposition holds, so that the sum of two solutions is itself a solution, and
this property was used extensively in earlier chapters, e.g. in writing down the
solutions for the field components in the nth unit cell of a superlattice in
Eqs. (5.5)-( 5.7).
In the case of non-linearity in the system, the above convenient
properties
+
no longer apply. Generally we express the polarization P in a non-linear
medium as

p

=p

+P“L,

(12.1)

where the linear part can be written as p L= ~ ( ~ 1 . or
6 , more explicitly in component form as

(12.2)
Here x ( l ) denotes the second-rank (linear) susceptibility tensor, and i and j are
Cartesian components. In an isotropic medium in the absence of spatial dispersion,
x(’) is a scalar equal to Q [ ( E ( w )- I]. The non-linear part PNLtakes different
forms depending on the symmetry and other properties of the medium, and it
will characteristically depend on the components of 2 to second or higher order.
The inclusion of p N Lin Maxwell’s equations can lead to new effects that were
absent in the linear theory. It can result in a coupling (or “mixing”) between the
otherwise independent solutions obtainable in the linear approximation and, on the
other hand, it can give rise to new types of surface polaritons that are essentially
non-linear in nature. We shall discuss the occurrence of both phenomena.
The starting point is usually to expand p N Las a Taylor series in powers of
the components of the electric field(s) involved, leading to
(12.3)

EC

jk

3 kl

where
Eb,and denote electric fields at frequencies wa,wb,and w,,respectively, and i, j , k , and I are Cartesian components. The lowest-order non-linear
term involves ~ ( ~ which
1 , is a third-rank tensor whose non-zero elements can be
determined from symmetry in the usual way (see e.g. Ref. [S]). It gives rise
to wave-like solutions with the sum and difference frequencies w, f wb. These
non-linear processes have been studied in the context of second harmonic generation, sum and difference frequency generation, optical rectification, etc. (see e.g.
Refs. [2,5]).
The next term in Eq. (12.3), which involves the fourth-rank tensor ~ ( ~ is1 of
,
particular interest for us because it generates wave-like solutions with the frequency
combinations w, f wb f w,. In particular, if .6, Eb, and @ are all at the same
frequency w ,then one of the frequencies produced by the non-linear “mixing” is
also equal to w. This is in contrast to the situation with ~ ( ~ It
1 .follows that one
of the effects is the appearance of an intensity-dependent dielectric function (for
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frequency w) in which the linear E(W)becomes replaced by an effective non-linear
dielectric function of the form

(12.4)
where p is related to the appropriate non-vanishing tensor elements of ~ ( ~ 1It .
may, in principle, depend on frequency w (as does the linear c), although this is
often neglected for simplicity. The form of the dielectric function in Eq. (12.4),
with an intensity-dependent part proportional to 1EI2,is often referred to as a
Kerr-type non-linear dielectric function. The non-linear effects involving x ( ~have
)
been studied, for example, in the context of degenerate four-wave mixing, optical
bistability, and coherent anti-Stokes Raman scattering (see e.g. Refs. [ 2 , 5 ] ) .
In the case of plasmon-polaritons, some of the earlier studies of non-linear
effects concerned the second harmonic generation (SHG) of surface polaritons at
a metal surface [9,10]. This is of interest because, for frequencies that are small
compared with the plasma frequency u p ,the surface plasmon-polariton dispersion
curve is almost a straight line (see Fig. 4.2). Thus, corresponding to an incident
surface polariton of frequency w and in-plane wavevector k,, the SHG output
wave has frequency 2w and wavevector 2k,. This means that its wavevector is
very close to that for a freely propagating surface polariton in the metal, implying
an enhancement of the efficiency for SHG as explained in Refs. [9,10]. This, and
related work on SHG for plasmon-polaritons, has been discussed e.g. by Maradudin
[ll].Further, it may be remarked that the non-linear processes corresponding to
x(’) and x ( ~can
) also contribute to the damping constant, e.g. as introduced
phenomenologically in Eq. (4.43), and this is important for long-range surface
plasmons (see Section 4.4).
However, the most interesting non-linear effects in the context of this book
arise as a consequence of the effective dielectric function becoming dependent on
the intensity, as in Eq. (12.4). It becomes possible, as we shall show in the next
three sections for different geometries, to have new types of surface polaritons that
are guided at the interface(s).
It is helpful first to make some further comments about Eq. (12.4). It can be reexpressed as an intensity-dependent refractive index n N Ldefined by the relation
n N L= (eNL)l/’. This means that to leading order in the term proportional to
IEI2,assumed small, we have

(12.5)
with no = E’/’ and 7x2 = p/2no. The non-linear coefficient p, and hence n2, can take
either sign. However, the case of p > 0 corresponds to self-focusing of a laser beam,
because the effective refractive index will then be largest at the beam center where
the intensity is largest. This causes the beam to narrow, an effect opposed by the
linear diffraction which gives a spreading effect [l]. Likewise, p < 0 corresponds to
self-defocusingof a laser beam. We also remark that Eq. (12.4) eventually breaks
down if the intensity becomes large enough, because the perturbation theory on
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which it is based is no longer applicable. Instead, a saturation effect is observed
+ 00.
[ 2 ] ,whereby nNLapproaches a finite limit as
In ferromagnetic and antiferromagnetic materials non-linear optics can, by
analogy, be described in terms of an additional contribution to the magnetic permeability function that is proportional to lgI2(see e.g. Ref. [ 1 2 ] ) . We mention
this again in Section 12.4.

12.2

Non-linear Excitations in Single-Interface Geometries

In order to illustrate the general principles, we start in this section with a simple example where there is just one interface, and subsequently in Sections 12.3
and 12.4 we will generalize to thin films and multilayers (including superlattices),
respectively.
We consider the case of an s-polarized (TE) mode at an interface between two
semi-infinite isotropic media, where one is linear and the other is non-linear with
an intensity-dependent dielectric function [13]. We use the same geometry and
notation as in Fig. 4.1. As before, we deal with a single-frequency mode with
in-plane propagation in the z-direction, so all amplitudes vary as exp(ik,z - i w t ) ,
and the field is in the y-direction for a TE mode.
Medium A, which occupies the half space z > 0, is taken to be non-linear and
to have an intensity-dependent dielectric function E A P A IEA12, while medium B
(occupying z < 0) is linear with dielectric constant C B . For simplicity, we ignore
any frequency dependence of C A , P A , and E B at this stage. The wave equation,
obtained from Eq. (3.17), in the non-linear medium is

I?

+

Taking EA to be real, this equation can first be multiplied by d E A / d z and then
integrated to give an expression for d E A / d z :

dEA/dz = 2 K

[

+ (k$ - w 2 t A / c 2 )E i - w2paE;/4c2] 1 / 2 ,

(12.7)

where K is a constant of integration. However, as z + cm in the non-linear
medium, we require E A and d E A / d z to be zero for localization, and SO K=O.
It is then straightforward to integrate once more, yielding

EA = ( 2 / p ~ ) ~ / ' ( c c r ~sech[aA(z
/w)
- zo)],

z > 0,

(12.8)

where the real coefficient ( Y A = ( k ; - CAw2/c2)1/2> 0 is defined as in Eq. (5.8),
and zo is another constant of integration. Eq. (12.8) holds provided P A > 0 (the
self-focusing case). The corresponding solution for EB in the linear medium B
(in the half space z < 0) that corresponds to a guided wave with attenuation as
z + --co is simply

EB = Aexp(aBz),

z < 0,

(12.9)
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where A is a constant and Q B , which is real and positive, is defined in an analogous
fashion to Q A . The usual electromagnetic boundary conditions at the interface
z=O are equivalent to requiring that both E and d E / d z are continuous. After
applying these and eliminating the constant A, we obtain the condition

The above expression does not provide us with a dispersion relation for w
versus k , because it contains the unknown constant zo, and so another condition
is required. Before considering this, we note that there are two necessary conditions
for any solution. First, since the hyperbolic tangent function never exceeds unity,
it follows from Eq. (12.10) that Q A > Q B (from which we deduce €A < E B and
zo > 0). Second, since (YA and Q B must both be real, the dispersion curve lies to
the right of the light line for both media.
The complete solution to this single-interface problem can now be found by
recognizing that the field intensity l E ~ in
1 ~the non-linear medium is a non-trivial
parameter, and so we shall study it in terms of the time-averaged power flow. This
is obtained starting from the Poynting vector ,!?=l? x l
? in electromagnetism,
which can have x- and z-components in our case. It is easy to conclude that
the time average of the latter contribution is zero, whereas the time-averaged
x-components are found to be
(12.11)

S,(z)

k,A2

= -exp(2QBz),

z < 0.

(12.12)

%OW

The time-averaged, x-directed power flow P, per unit length in the y-direction, is
therefore found from the integral

P=

00

S,(z) dz.

(12.13)

On substituting Eqs. (12.11) and (12.12) into Eq. (12.13) and carrying out the
integrations, we find after some algebra that

P=P,

[

a (-+-2 3
1

1+-

,

(12.14)

where PO = C2k,aA/popAW3. This result indicates that a physical solution exists
only if the power P exceeds some threshold that is greater than 2% (depending
on the ratio a ~ / a ~The
) . threshold power becomes large if the non-linearity term
P A is small or if Q A / ( Y ~is large.
The solutions for the non-linear-mode frequency w versus k , can be obtained
using graphical methods (see Ref. [14]). For example, Eq. (12.14) can easily be
rewritten as an expression for the dimensionless quantity R = p o p ~ P w in terms
of the dimensionless 5 = ck,/w. For each value of 5 we may therefore calculate R

CHAPTER 12. CONCLUDING TOPICS

316
10

8

6

G
4

2

0

14

15

16

17

18

Fig. 12.1. Calculated dispersion curve for an s-polarized self-guided electromagnetic wave propagating at the interface between a non-linear dielectric medium (with E A = 1.5) and a linear
dielectric medium (with E B = 1.5). We have plotted the dimensionless variables R = / L O ~ A P W
against = c k , / w .

<

(which is a scaled frequency). The scaled wavevector ,uOpAPck, can be obtained
from the product (0. A numerical example, obtained taking E A = 1.5 and E B = 2,
is shown in Fig. 12.1 as a plot of R against (. The requirement for Q B to be
It is seen that the curve has a
real implies that ( must be greater than c;’~.
minimum near the point labelled M, where R N 5.1. For larger R the dispersion
relation provides an example of bistability, i.e. in this case there are two modes
with different k, values that propagate with the same frequency. Thus, for R = 7
(marked by the dashed line in Fig. 12.1), the two modes correspond to the points
labelled X and Y).
The above calculation for a single interface has been generalized by Wendler
[15] to include a thin polarizable dipole-active layer at the interface; this involves
modifying the boundary condition for the H field (e.g. as was done for a 2D charge
sheet in Section 4.3). He also treats the case of P A < 0 as well as P A > 0, and
he allows for the possibility that the dielectric function of the linear medium is
frequency dependent, taking the form in Eq. (3.11). Further discussion is provided
by Stegeman et al. [4] and Maradudin [16], with the latter author discussing
anisotropic materials.
The case of a ppolarized wave at an interface has also received attention,
but it is more complicated because more field components are involved than in
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the case of s-polarization. However, Agranovich et al. [17] showed that nonlinear ppolarized surface polaritons can exist at the interface between a linear
and a non-linear medium when the dielectric constants of both media are positive.
By contrast, for linear surface polaritons this is not possible (see Section 4.1).
A more complete analysis has been developed by Leung [18,19]. In the case of
weak non-linearity, meaning p ~ l E 1 ’ << C A , he found
(12.15)
where El is the electric field at the interface. This may be considered as a generalization of Eq. (4.4) to the non-linear case. In fact, an empirical expression
of this form had previously been used by Chen and Carter [20] to analyze their
experimental data on this mode.
Measurements of the non-linear susceptibility ~ ( ~ which
1 , is related to the magnitude of the non-linear coefficient p, by a technique using the intensity-dependent
dispersion relation of ppolarized surface plasmon-polaritons were reported [20]
for GaAs/Ag and Si/Ag systems (where GaAs and Si are the non-linear media).
These results were subsequently applied to make ATR calculations for these same
modes and materials [all. Also it is known that some other semiconductors, such
as InSb and HgCdTe, have enhanced third-order susceptibilities [15],making them
suitable choices of materials for these studies.
12.3

Non-linear Excitations in Double-Interface Systems

There have been extensive studies for the two-interface geometry in which a thin
film is sandwiched between two semi-infinite media. Various possibilities arise in
these three-layer systems, depending on which of the layers or combinations of the
layers are taken to be non-linear. In general, they are more useful systems than the
single-interface case of Section 12.2 because the non-linear surface polaritons can
have low-power limits. Moreover, self-focused fields are simultaneously possible in
more than one medium, and so multiple guided-wave branches in the excitation
spectrum can occur. Because the calculations are rather lengthy, we give only a
brief, mainly qualitative treatment illustrated by a few numerical examples. Further details, including references to other studies, can be found in Refs. [4,6,7,15].
The single-interface calculation in Section 12.2 has been generalized by Wendler
[15] to include the case of a surface-active film between two semi-infinite media,
one of which has a Kerr-type non-linear dielectric function. However many studies
have been made for the more general case of a thin film of a linear dielectric
medium surrounded either symmetrically or asymmetrically by semi-infinite nonlinear media as cladding (or bounding) layers. For example, Stegeman and Seaton
[22] calculated the dispersion relations for ppolarized non-linear surface plasmons,
making numerical applications to a linear InSb film with non-linear cladding layers.
They found, depending on the conditions, that the usual two modes can be cut
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off and can undergo radical changes in their electric-field distributions, while new
modes can exist above certain power thresholds.
For the case of s-polarized non-linear surface polaritons where the thin film
is non-linear and the cladding media are linear, one may follow the same kind of
calculation as in the previous section (see Refs. [23,6]). In particular, Eq. (12.7)
still holds in the non-linear medium (extending now from z = - L/2 t o z = L/2,
say, for a film of thickness L ) , but the integration constant K need not be zero,
because the non-linear medium is bounded in the z-direction. Instead of a sechfunction dependence of the electric field, as in Eq. (12.8), the field in the film
can be expressed in terms of Jacobian elliptic functions. The opposite case of
s-polarized waves in a linear dielectric film bounded symmetrically on both sides
by a non-linear dielectric medium was studied by Akhmediev [24] and Boardman
and Egan [25].
Later, Vassiliev and Cottam [7] developed a theory of s-polarized non-linear
electromagnetic waves in general multilayers with an arbitrary number of interfaces. As a special case, they were able to derive further results applicable to the
two-interface geometries, including the case when all three media could be nonlinear with dielectric functions having the form of Eq. (12.4) for p > 0. As well
as reducing to the above-mentioned references in the appropriate limiting cases,
their theory also led to the analytic results expressible in a more compact form
convenient for numerical evaluation.
As a specific example, we shall consider the case of a non-linear film with e N L
given by Eq. (12.4) with p > 0, bounded on each side by semi-infinite cladding
layers composed of the same material with linear dielectric constant cc, where
t > cc. In s-polarization the only non-zero component of the electric field is the
y-component and we express its dependence in the form E ( z )exp(ik,z - zwt) as
in the previous section. It is found that the symmetric and antisymmetric modes
(with respect to the mid-point of the film of thickness L ) can be described by the
electric-field distribution (see Ref. [7])
E(Z)/E~

= bocn([koz

+ j ~ ] ~ m )

(12.16)

for -L/2 < z < L/2, where j takes non-negative integer values. Here the electric
field has been expressed relative to E l , which denotes the field at the interface
z = - L/2. It arises as an extra parameter, just as we obtained an extra parameter
zo in the example given in Section 12.2; as before, it can be related t o the power
flow. In the linear media outside the film, the field E ( z ) decays exponentially as
z + fco, just as in Chapter 4. The above expression involves a Jacobian elliptic
function (see Ref. [as])of the type cn(z1m). This has broadly similar features to
cos(z), but a second argument m determines its shape and period. The constant
K is defined as one quarter of the period, i.e. K ( m )E cn-l(Olm). Hence, because
of the periodicity of the cn function it is sufficient t o take the set of j as 0, 1, 2,
and 3. The other quantities appearing in Eq. (12.16) are
(12.17)
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(12.18)
(12.19)
where we define p = pE;/2 as a scaled non-linearity coefficient and

E]2+4P(€-E,:+P)}

112

(12.20)

It is easily verified that D ( w ) is a real function of frequency, and thus k ~m,
, and
bo are all real in this case. The quantity ko plays the role of an effective wavevector
component (in the z-direction) for the guided polaritons in the film.
The implicit form of the polariton dispersion relation corresponding to
Eq. (12.16) is found to be (see Ref. [7])
bo cn [koL/2 - j K ] / m )= 1

(

( j = 0,1,2,3).

(12.21)

This expression is analogous to a quantization condition for the wavevector component ko, and the modes can then be classified according to the number of nodes, i,
occurring in the cn function between z = - L/2 and z = L/2, where i = 0 , 1 , 2 , . . . .
There is also a dependence in Eq. (12.21) on the parameter j entering the dispersion relation (and taking four distinct values). Therefore the modes can be
labelled in terms of their ( i , j ) values. Eq. (12.21) can be solved numerically and
some results are displayed in Fig. 12.2. These results are shown in terms of a plot
of an effective refractive index n = ck,/w, where k, is the in-plane wavevector, versus p1/2, where p is the scaled non-linearity coefficient defined earlier. Other parameters are chosen as t, = 1, E = 4, and L = 0.5X, where X = 2m/w is the vacuum
wavelength of light. Dispersion curves of this type were previously found by Chen
and Maradudin [6].
The curves in Fig. 12.2 have the property that n is a double-valued function
of pl/’ for certain ranges of values of p. This is obvious for the first two curves
labelled (0,O) and (O,l), but it is in fact a general property here. This is indicative of the possible existence of bistable states. A further comment about the
modes represented by Eqs. (12.16) and (12.21), as well as in Fig. 12.2, is that they
represent only symmetric and antisymmetric solutions. However, as discussed in
Refs. [6,7],it is possible that spatially asymmetric modes might occur for some
values of the parameters.
The case of a non-linear film bounded by non-linear cladding materials is, as
might be expected, much more complicated [7],and so we deal with it more briefly.
We assume now that the non-linear dielectric function of the cladding layers (on
both sides) is E , + ~,l,!?1~, while that of the film is denoted by Eq. (12.4) as before.
It turns out that for symmetric and antisymmetric modes there are two main cases,
depending on whether E p > E , + p , (case 1) or E + p < E, + p , (case a), where
p = pE;/2 and p , = p,Ef/2 are the scaled non-linearity coefficients. Case 1 turns
out in some respects to be analogous to the previous example where only the film

+
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Fig. 12.2. Dispersion curves for s-polarized polaritons for a two-interface geometry consisting of
a non-linear film bounded symmetrically by two linear media. The plots are shown as an effective
refractive index n versus p l / ' , and the curves are labelled according to the integers ( i , j ) . See
the text for parameter values (after Vassiliev and Cottam "71).

was non-linear, provided we redefine D in Eq. (12.20) a~ [7]
(12.22)
The dispersion relation is then formally similar to Eq. (12.21), with four equations
corresponding to j = 0 , 1 , 2 , 3 and two extra equations with 0 (instead of 1) on the
right-hand side with j = 0 , l . The two extra equations arise from the possibility
that there can now be extrema of the electric-field distribution within the cladding
layers (rather than just an exponential decay, as before). A numerical example is
given for this case in Fig. 12.3, taking parameters t = 2.45, ec = 2.3, p / p c = 2, and
L = 0.5X. We notice that some curves, the ones labelled with the ( 2 , j ) notation,
are analogous to those occurring in Fig. 12.2. The additional types of curves
labelled A and B correspond to the extra modes with field extrema in the cladding
layers. Another obvious difference compared with Fig. 12.2 is that all the physical
modes lie above the line (shown dotted) corresponding to n2= p ,
6 , . The other
case mentioned (case 2) can be treated in a similar manner [7]; it is found to
involve other types of elliptic functions in the dispersion relation and electric-field
distributions.
The calculations described in this section could be extended t o study the
power flow P in the layered system, just as was described for the single-interface

+
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Fig. 12.3. Dispersion curves for s-polarized polaritons for a two-interface geometry consisting of
a non-linear film bounded symmetrically by two non-linear cladding media, assuming p / p c = 2
for the ratio of uon-linearity coefficients. The plots are shown as effective refractive index n
versus pl/’. The labelling of the curves and the parameter values are explained in the text (after
Vassiliev and Cottam [7]).

geometry in Section 12.2. This would enable the scaling term El in the electric
field to be related to P and would lead to an analysis of the threshold power levels
required for some of the modes. The calculations can also be extended to include
a characteristic frequency dependence of either E for the film or E , for the cladding
layers, or both quantities. Some preliminary studies using the plasma form of the
dielectric function, Eq. (1.24), have been reported by Baher and Cottam [27].
12.4

Non-linear Excitations in Multilayer Systems

In contrast to the previous two sections, there has been much less work on polaritons in geometries with a large number of layers, including the superlattice
case. However, the non-linear optical properties of such systems have received a
lot of attention. The focus has been on studying the optical transmission and
reflection characteristics for multilayers in which the individual films (or at least
some of them) are described by a Kerr-type non-linear dielectric function. Such
calculations for multilayers were reported, for example, by Chen and Mills [28] as
an extension of their earlier work for a single film [29]. The calculations can be
carried out using the so-called non-linear transfer-matrix method introduced by
Dutta Gupta and Agarwal [30]; the exact boundary conditions at interfaces are
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used, but within each non-linear film an approximation known as the slowly varying amplitude approximation (SVA) is employed to make the analysis tractable.
Essentially, SVA assumes that the amplitudes of the light beams in the sample vary
over lengths that are long on the scale of the optical wavelength, and so it should
be valid for weak non-linearity. Formally the optical reflection and transmission
properties are found in terms of a matrix product of a large number of non-linear
transfer matrices, so the numerical evaluation requires an elaborate calculational
scheme; this is reviewed by Dutta Gupta [31].
There have been analogous studies to those of the preceding paragraph for
finite superlattices composed of alternating layers of an antiferromagnet (such as
FeF2) and a non-magnetic dielectric material (such as ZnF2); see Refs. [12,32,33].
The antiferromagnetic layer can be characterized by a permeability tensor that
includes a non-linear part proportional to the square of the magnetic field, i.e. it
is the magnetic-field analog of Kerr-type non-linearity for the dielectric function in
Eq. (12.4). By calculating the transmission coefficientthrough a finite FeFz/ZnF2
superlattice (assuming ZnF2 to be a linear medium), Kahn et al. [33] identified
resonances that they associated with gap solitons. The same authors also studied
finite quasiperiodic structures, generated using the Fibonacci sequence, for the
same materials, but it is interesting that they found no evidence for solitons in the
stop gap for this case.
Turning specifically now to non-linear polaritons, we mentioned in the previous
section that the formalism developed by Vassiliev and Cottam [7] for s-polarized
modes was developed for a general geometry consisting of a stack of N finitethickness films bounded by two semi-infinite cladding media. The calculations are
relatively straightforward for N = 1 (i.e. the two-interface case already discussed),
but become much more challenging numerically as N increases unless other assumptions are introduced. It will suffice just to show one numerical example here:
the limiting case of an infinite two-component periodic superlattice in which both
constituent media A and B (with thicknesses a and b, respectively) have Kerr-type
non-linear dielectric functions ei+pilEI2 (with i = A , B ) . While there is no rigorous
analog of Bloch's theorem in a non-linear superlattice, we can still calculate the
modes that are consistent with this symmetry (while modes with other symmetries
are, of course, not excluded). Thus in Fig. 12.4 we show calculations corresponding
to the Bloch factor, exp(iQL), in our usual notation where L = a b is the periodicity length, taking values equal to -1 for Q L = 7r (solid lines) and l for QL = 0
(dashed lines). The assumed parameters are E A = 2.3, E B = 2.45, p ~ / =p0.5,
~ and
b / X = 0.5, while three different values of a/X are considered. As before, the plots
are in terms of the effective refractive index n versus p'I2, where here p = p ~ E , 2 / 2 .
The two chosen values of the Bloch wavevector Q usually correspond to the band
edges, and it can be seen that as the thickness a is increased (with b having a
fixed value) the bands become narrower as expected, since the B layers are further
apart, and they approximate to the (0,O) mode in Fig. 12.3.
We anticipate that non-linear excitations in superlattices, both periodic and
quasiperiodic, are topics that should attract much more attention in the
future.
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Fig. 12.4 Dispersion curves for s-polarized polaritons for a two-component superlattice where
both constituents A and B have non-linear dielectric functions. Results are shown for three values
of a / A , its indicated, and the other parameter values are given in the text. Curves corresponding
to the Bloch factor equal to -1 and 1 are indicated by solid and dashed lines, respectively. The
plots are in terms of effective refractive index rz versus p1/2. For comparison the dotted line
(unlabelled) shows a corresponding single-layer curve [mode (0,O) of Fig. 12.31 (after Vassiliev
and Cottam [7]).

12.5

Conclusions and Future Directions

In this book, we have presented the current state of the art for various bulk and
surface polariton modes (mainly those related to phonon, plasmon, exciton, and
spin-wave excitations) that propagate in periodic and quasiperiodic structures of
the substitutional type.
Periodic multilayered systems, such as the superlattice structures described
here, opened up a new area of interdisciplinary investigations in the 1970s in
the fields of materials science and device physics. A great variety of materials,
including semiconductors, dielectrics, and magnetic crystals, have been exploited
for their synthesis and novel properties. Ideas originating from these superlattices
have found their applications in a number of important devices like quantum-well
lasers, avalanche photodiodes, and spin valves, to name just a few. Superlattices
even now constitute one of the most lively areas in solid-state physics, where new
results are still being vigorously generated.
On the other hand, quasiperiodic systems are basically a novel class of materials
in the sense that they have introduced ideas about condensed-matter structures
with topological long-range order which are distinct from the usual periodicity.
Their discovery and understanding have come about through a mixture of strong
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motivation from basic scientific interest and technological applications. Moreover,
they give rise to many theoretical challenges and approaches in attempts to understand and predict the physical properties of long-range ordered structures, without
the symmetry aspects and degeneracy associated with periodic invariance.
Since the defining rules of the quasiperiodic sequences impose long-range correlations on the excitations, it becomes plausible to search for global (or universal)
consequences of these correlations. Indeed, the overall aspects of these sequences
were found in structural features related to their bandwidths, in their localization
and self-similarity behavior, and in fractal properties that can be described by
power laws (scaling laws) not found in periodic crystals.
The field of magnetic ultrathin metallic structures is rapidly becoming one of
the most active and exciting areas of current solid-state research. The magnetism
in periodic and quasiperiodic superlattices, made up from the stacking arrangement of these materials, is nowadays an emerging important field of investigation.
There are many novel physical properties, with potential technological applications, associated with these structures. Among them, the striking self-similar
magnetoresistance profiles as a function of the biquadraticlbilinear exchange ratio
found in quasiperiodic structures is a new magnetic phenomenon with no counterpart in the periodic arrangement, and undoubtedly deserves further theoretical
and experimental investigations.
A quite interesting behavior is also found for the properties of the specific heat
derived from the fractal spectra of the real excitations obtained in quasiperiodic
structures. Theoretical results show that in the low-temperature limit, there is
an unexpected oscillatory aspect to the specific-heat spectra. We believe that
the physical origins of these properties are related to the nature of the excitation
spectra in the quasiperiodic systems, since they have different scaling laws and,
therefore, different fractal dimensions.
In closing, we would like to mention briefly some directions of the current research. The search for understanding the detailed nature of self-similar energy
spectra is still attracting attention both from theoreticians and experimentalists.
The self-similarity is responsible for almost all interesting physical properties described in this book. Another area of interest is the characterization of the transmission return maps, which behave like strange attractors defining the fingerprints
of the quasiperiodic systems. They may be characterized by the singularities
of the multifractal spectra and by Lyapunov exponents (see e.g. Ref. [34] for
definitions of these terms). For instance, the oscillatory behavior of the specificheat spectra at low temperatures may possibly be connected with the recently
introduced non-extensive thermostatistics developed by Tsallis [35]. Indeed, the
generalized specific heat C, (5") of the quantum one-dimensional harmonic oscillator does present oscillations if the entropic index q satisfies the inequality q < 1 [36].
Finally, as a consequence of the investigations related to the scale invariant properties in complex genomic sequences (like the first completely sequenced human
chromosome 22 containing about 33.4 x lo6 nucleotides), the nature of long-range
correlations in DNA sequences has become the subject of intense debate [37,38].
The 7r-stacked array of DNA base pairs (made up from the nucleotides guanine
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G, adenine A, cytosine C, thymine T )as well as a Fibonacci polyGC quasiperiodic
sequence, constructed starting from a G nucleotide as seed and following the inflation rule G -+ GC and C + G, can be used as prototypes of strongly correlated
systems. These developments open the door for the understanding and engineering
of biological processes.
In summary, we have presented an up-to-date account concerning the physical properties of a range of polaritons in periodic and quasiperiodic structures.
We hope that this book can be useful for all those interested in this subject.
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Appendix A

Some Theoretical Tools
For the most part in this book we have employed relatively standard theoretical methods. Thus, when deriving the dispersion relations corresponding to the
various excitations in a multilayer system, our general approach has been to employ a basic equation of motion, often a differential equation or operator equation,
together with boundary conditions to describe the interfaces and (where appropriate) transfer matrices to generate the layered structure. In some cases, however, we might need to calculate additional properties of an excitation, such as
its contribution to a thermodynamic quantity (e.g. specific heat), a transport
process (e.g. electrical conductivity), or a scattering intensity (e.g. in Raman or
Brillouin scattering of light). While these are specialized topics, the purpose of this
Appendix is to present a concise account of these methods in a form applicable
to multilayered structures in order to supplement the main material of the earlier
chapters.
The additional theoretical tools that are most useful involve using quantummechanical perturbation theory (for example, to calculate higher-order effects and
transition probabilities). Often this will be done within the framework of manybody theory, where concepts such as second quantization and Green functions
are important. Methods to calculate Green functions (which basically provide
information about the correlations in an interacting system) include equationof-motion methods, linear-response theory, and diagrammatic perturbation
theory (Feynman-diagram methods). There are many textbooks giving comprehensive treatments and we mention, for example, those by Fetter and Walecka
[I], Economou [a], Rickayzen [3], Negele and Orland [4], and Kittel [ 5 ] . Specific
applications to surfaces (mainly in a thin-film geometry) have been reviewed by
Cottam and Maradudin [6].

A.l

Perturbation Theory

We begin by quoting (mostly without proof) some relevant results from the standard formulation of quantum-mechanical perturbation theory. Details are to be
found in textbooks (see e.g. Refs. [7,8]). Perturbation theory is useful in situations
where the total Hamiltonian H of a system can be written as
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and Schrodinger’s equation, namely

can be solved exactly for the “unperturbed” part Ho. Here (Ik) denotes the total
wave function and we employ units such that TI = 1. The small perturbation is
described by H I , and this term may or may not (for any particular application)
depend on time t.
Assuming HO to be independent of time, as is usually the case, we specify its
stationary states using

HoJ+;) = Eel+:) for n = 1 , 2 , .. . ,
where +I):
are the time-independent Schrodinger eigenfunctions, with E: being
the corresponding energy eigenvalues. The total unperturbed wave functions are
thus
I@:) = 16:) exp(-iE:t).
(A.4)
Time-independent perturbation theory (the case where the perturbation H1 does
not depend on t ) then proceeds by writing down Schrodinger’s equation for the
full Hamiltonian H = Ho + H1 and collecting together terms up to a chosen order
in the small parameter associated with H I . Some standard results (in terms of
matrix elements of the perturbation) are

for the perturbed eigenfunction (up to first order in H I ) , and

for the energy eigenvalue (up to second order in H I ) . It has been assumed that
the quantum state +I):
under consideration is non-degenerate, otherwise the above
results must be generalized.
Suppose a quantum-mechanical system is initially (at time t = 0 ) in a particular stationary state [+:) of H o , and we want to describe its time evolution
for t > 0 . Of course, this would simply involve the factor exp(-iE:t)
if the
Hamiltonian comprised Ho alone. The effect of HI will be to modify the wave
function by “mixing” in other stationary states, i.e. there will be transitions
between stationary states induced by the perturbation. When the perturbation
analysis is generalized by starting from Schrodinger’s time-independent equation,
it is found that the transition probability per unit time (for non-degenerate states)
is
W ( n+ m) = 2.rrl(~~IH11+:)126(Em- E n ) ,
(-4.7)
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where the final term is a Dirac delta function. The above result is often called
Fermi’s golden rule.
We next outline a general time-dependent perturbation theory in a form that
will be useful in the later sections regarding Green functions and diagrammatic
expansions. The full Hamiltonian is again expressed as the sum of two terms, as in
Eq. (A.l), and H1 may be time dependent. We assume that the lowest eigenstate
of H can be derived in terms of the lowest eigenstate of Ho by adiabatically
switching on the perturbation HI in the time interval --oo < t < 0. Formally this
involves replacing H1 by
lim exp( -sJtl)Hl,

s+o+

s > 0.

(A4

Henceforth in this section we shall denote the unperturbed ground-state wave
function by 10) and the exact ground-state wave function (of H ) by 10’). It is
easily proved from the respective eigenvalue equations that the shift A E in the
ground-state energy produced by the perturbation is given exactly by

The task now is to calculate the exact ground-state wave function
we work with the perturbation in the interaction representation:

lo’), and for this

H l ( t ) = exp(iHot)Hl exp(-iHot) exp(-sltl),

(A.lO)

which means that Schrodinger’s time-dependent equation takes the form

(A.ll)
with the boundary condition that lQ(--oo)) is equal to the unperturbed wave
function I Qo).
Next we make a formal definition of an operator S ( t ,t’) as

{ [

S ( t ,t’) = P exp -i

l,t (4}
d t HI

,

(A.12)

where P , the Dyson chronological operator, has the effect of ordering all quantities
on its right in order of decreasing time. Operator S is an analog of the so-called
S-matrix introduced in quantum field theory (see e.g. Ref. [9]). Eq. (A.12) is
equivalent to the expanded form

S ( t ,t’) =

O0

(-1)n

[

s’

.. .
n=O
n!
t,
t‘

d t l . . . dtnp [ H I( t l ). . . HI ( t n ) ] .

(A.13)

By exploiting the properties of S ( t ,t’) we arrive at the important result that the
exact ground state 10’) is given in terms of the unperturbed ground state 10) by
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(see e.g. Ref. 151)

(A.14)
It can be demonstrated that the above result reduces in appropriate special
cases to those of ordinary perturbation theory. For example, Eq. (A.6) can be
obtained by keeping just the lowest few terms (up to second order in H I ) in the
expansion of S . Its main advantage, however, is related to the development of a
diagrammatic representation for perturbation theory (see Section A.4).

A.2

Second Quantization

The standard results of quantum-mechanical perturbation theory, such as those
summarized by Eqs. (A.5)-(A.7), are often of limited use in many-body systems,
partly because the unperturbed wave functions (with which the matrix elements
would be evaluated) are not explicitly known in general, but also because of the
complexity due to the large number of particles
or more) that are typically
involved. This is where the concept of second quantization for operators becomes
useful.
We start by introducing the occupation number representation, defined with
respect to the unperturbed Hamiltonian. For convenience we start with bosons
and afterwards generalize to fermions. We suppose that, in specifying the total
wave function of a many-particle system, there are n1 particles in the single-particle
state 1+1), n 2 particles in the single-particle state 1 4 2 ) , and so on, where {l+i)}
denotes the complete set of single-particle states for Ho. In the occupation number
representation, the total wave function is specified simply as

1n1n2.. . n i . . .).

(A.15)

This wave function is assumed to be already properly orthogonalized and normalized, i.e.
(nink... l n l n 2 . . .) = dnl,n;dn2,n;.
...
(A.16)
Next we define a creation operator and an annihilation operator, denoted by
ait and ai,respectively, to have the properties that

(A.17)
a i I n l n 2 . . . n i . . .) = f i I n l n 2 . . .ni - 1 . . .).

(A.18)

By definition, they increase or decrease the occupation number of single-particle
state Ini) by unity, leaving other states unaffected. The prefactors on the righthand side are chosen to preserve the normalization.
The motivation for defining this pair of operators comes from the well-known
operator treatment of the 1D simple-harmonic oscillator in quantum mechanics
(see e.g. Ref. [8]). In that case the operators can be constructed explicitly as a
linear combination of the position and momentum operators. In many cases the
state label i is just the wavevector i.
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From the definitions in Eqs. (A.17) and (A.18) it is easily proved that

a,a,t 1721722.. .n, . . .) = (n,

+ 1)1n1n2 . . .n, . . .).

(A.20)

Two important conclusions follow. Firstly, a!a, behaves as a number operator, i.e.
when it operates on the general wave function it gives the occupation number n,
of state In,). Secondly, by subtracting the above two equations we conclude that
a,a,t --afa, = 1, or [a,, a!] = 1 in commutator notation. The latter property is easily
generalized to

[a,,

41 =

&,I

for bosons.

(A.21)

The case of fermions is more complicated (see e.g. Refs. [2,3]) because the
Pauli principle restricts the occupation numbers of each single-particle state to 0
or 1. Within these limitations we can again introduce a! and a, as creation and
annihilation operators (e.g. a! acts on the state In, =0) to produce the state
In, = l), but it gives a null result when it acts on the state In, = 1)). Hence
the definitions in Eqs. (A.17) and (A.18) must be modified, but the important
conclusions are:
(i) the combination ata, still plays the role of a number operator;
(ii) the commutation relations of the boson case are replaced by anticommutation
relations.
Thus for fermions, Eq. (A.21) is replaced by

(A.22)

+

where, by definition, {A, B} = AB B A for any two operators A and B.
To conclude this section, we quote the form of a standard Hamiltonian for
weakly interacting boson or fermion particles in the second-quantization notation
(e.g. Ref. [ 5 ] ) :

This is expressed in a wavevector representation. The first term on the right-hand
side, which is quadratic in the operators, represents the total kinetic energy of the
system, with ~ z = l c ~ / 2being
m the kinetic energy of an individual particle with
mass (or effective mass) m. The second term, which is quartic in the operators,
represents the total potential energy due to a pairwise potential 'u between the
particles. The potential (in real-space variables) is assumed to be a function of
the distance between any pair of particles, and v(q3 is a Fourier component in the
wavevector representation.
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A.3

Basic Properties of Green Functions

Corresponding to any two operators A and B in quantum mechanics, we may now
define the Green functions ( ( A ( t )B(t’)))
;
by

where t and t’ are time labels, and O(t - t’) is the unit step function defined as 1
for t > t’ and 0 for t < t’. The operators are in the Heisenberg representation, e.g.
A(t) = exp(iHt)Aexp(-iHt)

(A.25)

with H denoting the full Hamiltonian of the system. The angular brackets (. . .)
denote a thermal average of the enclosed quantity, evaluated according to equilibrium statistical mechanics, and

[ A ( t )B(t’)]€
,
E A(t)B(t’)
- EB(t’)A(t)

(A.26)

denotes either a commutator (if E = I) or an anticommutator (if E = - 1). The
definition in Eq. (A.24) is equivalent to that introduced by Zubarev [lo], the SOcalled retarded Green functions, except for the overall sign. It can be seen that the
definition of the Green function contains thermal averages of products of operators;
thus it can provide information about the correlation functions for the system.
Although it is not immediately obvious from the definition, ( ( A ( t )B(t’)))
;
depends on t and t’ only through the time difference t - t’. This convenient property
then allows Fourier components ((A; B ) ) wof the time-dependent Green function
to be defined by

( ( A @ )B
; (t’))=
)

/=( ( A ;B ) ) wexp [-iw(t

- t’)]dw.

(A.27)

Except in certain special cases, the Green function ((A;B))u can be evaluated only by making some approximations. Various different approaches can be
used, but one convenient method is based on writing down an equation of motion satisfied by the Green function. This may be obtained by differentiating
Eq. (A.24) with respect to one of its time labels (say t ) . The result is

Two properties used in obtaining the above expression are:
(i) the time derivative of the step function O is a delta function;
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(ii) the operator equation of motion [e.g. as proved by differentiating Eq. (A.25)]
is
d

Z A ( t )=

- i[A(t),H].

(A.29)

Next, when Eq. (A.28) is re-expressed in terms of frequency labels, it yields the
standard result (see e.g. Ref. [ l o ] )
(A.30)
We notice that this produces (on the right-hand side) another Green function
( ( [ AHI;
, B ) ) u ,for which another equation of motion can be written down, and so
on. This hierarchy of equations, generated from Eq. (A.30), can be terminated at
any chosen stage by introducing a decoupling approximation so as to simplify the
Green function in the final equation and yield a closed set of equations, which may
be solved for the original Green function. An example of a decoupling approximation to simplify a product of operators is the random phase approximation (RPA),
which was introduced for magnons in terms of the operator equation of motion in
Section 1.7.
Another method to deduce approximate results for the Green functions is provided by linear-response theory. This is useful within a perturbation approach,
where the Hamiltonian H can be expressed as the sum of two terms Ho and H1 as
in Eq. (A.1). Again we will just quote the results that are relevant to this book;
details are to be found in any of the general references listed at the beginning of
this Appendix. Here we take Ho to be independent of time, while H1 is an external
perturbation of the form
H l ( t )= - B f ( t ) .
(A.31)
In this case f ( t ) denotes an external field that couples linearly to a system variable
represented by an operator B . For example, if B represents an atomic displacement
then f ( t ) is just the mechanical force. The basic idea in linear-response theory is
that switching on the perturbation term H1 will lead to a response in some other
system variable represented, say, by operator A. This response can be quantified
as the change A ( t )produced in that variable, which in turn can be calculated by
using properties of the density matrix [ l l ] .Using the definition of a Green function
in Eq. (A.24) for the commutator case ( E = 1) and neglecting second-order small
quantities in the perturbation, the result for A ( t )can eventually be expressed as

A(t)=

s,
co

( ( A ( t )B(t’)))f(t’)
;
dt’

(A.32)

This takes a simpler and more useful form in terms of frequency Fourier components, namely it becomes
(A.33)
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Here we denote

f, =

-cc

f ( t )exp(iwt) dt,

(A.34)

and there is a similar definition for 2, as the Fourier transform of A(t). From
Eq. (A.33) we see that the Green function ((A;B))u in the frequency representation plays the role of a linear-response function. In fact, this often provides a
convenient and direct method for calculating the Green function (see examples
given in Chapter 11).
In surface- and interface-related problems it is often useful to consider an extynal field that has the form corresponding to a delta-function stimulus f ( t ) d ( F - r’)
at position 2 within the system. The interaction energy with a position-dependent
operator B(?) then becomes

HI = -

+

J

B ( ? ) f ( t ) b ( ? - r’)d3r‘= - B ( r f ) f ( t ) .

(A.35)

Therefore, from the linear response produced in another operator A(?) at position
F, we are able to deduce the position-dependent Green function ((A(?);
(see examples of this approach applied to electric-field Green functions in
Chapter 11). Details may be found in Ref. [6].
It now remains for us to explain the connection between Green functions, as
mathematical quantities, and what is actually measured in an experiment, which
can usually be interpreted in terms of a correlation function. For example, in
light scattering from a polariton the experiment consists of measuring a scattering
cross section that can be expressed as a correlation function between two electricfield components (see e.g. Section 11.1 and Ref. [12]). Likewise, a thermodynamic
property, such as the specific heat, can be related to a correlation function involving
the dynamic variables.
At the beginning of this section we commented that the definition of the Green
function in Eq. (A.24) involved thermal averages of time-dependent products of
operators, i.e. the correlation functions (A(t)B(t’)) and (B(t’)A(t)). These two
quantities are simply related, as might be expected because they involve the same
two operators. The relationship can be expressed most concisely in terms of the
frequency Fourier components ( A B ) , and (BA),, which are defined by analogy
to Eq. (A.27); it can then be shown that [lo]
( m u= .xp(Dw)(AB),,

(A.36)

where we define p= ( ~ B T ) -with
’ k g being Boltzmann’s constant. Each of these
correlation functions can be deduced from the corresponding Green function by
means of the so-called fluctuation-dissipation theorem (see e.g. Ref. [lo]), which
states that
= (1/7r)
+ 1]Im((A;B))u-iIJ+,
(A.37)

(mu

(AB),

[w

=

(1/n)4w)Im((A;B ) ) w - - i o + ,

(A.38)
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where n ( w ) = [exp(pw) - 11-l is the Bose-Einstein thermal factor. At high temperatures (where ,f3w << 1 or k g T >> h w ) both of the above expressions reduce to
the classical limit

(AB), = (BA),

=

(kgT/w)Im((A;B)),-io+.

(A.39)

An identity that is often useful in taking the imaginary part of the Green
function (at a frequency slightly displaced off the real axis of the variable) is
1
w - wo

-

io+

1

=p(->

+ i7rS(w

-

wo),

(A.40)

where P(...) is the principal value of the argument shown. Its presence here
denotes that it should be taken in any integration over w . The imaginary contribution from a term like that on the left-hand side of the above expression is
therefore proportional to S(w - wo), i.e. there is a delta-function spike at the value
wo corresponding to a pole of the Green function.
A related property of the Green function ((A; B ) ) , is that it provides a description of the excitation spectrum, so its evaluation gives an alternative method to
deduce the dispersion relations. Specifically the poles of the Green functions (or, in
other words, the U-values at which their denominator vanishes) correspond to the
dispersion relations of the excitations. The use of the fluctuation-dissipation theorem provides us with additional information regarding the spectral intensities of
the poles (i.e. the contributions of the frequency-dependent correlation functions).

A.4

Diagrammatic Perturbation Theory

So far, we have discussed equation-of-motion methods and linear-response theory as techniques for evaluating Green functions. Both methods are useful but
they have their limitations when higher-order effects (such as damping terms in
the dielectric response and non-linear processes in general) need to be considered.
Another Green-function method, which is appropriate to these situations, is diagrammatic perturbation theory (or Feynman-diagram methods). We shall present
just a few basic ideas here, while there are numerous textbooks giving detailed
treatments (see e.g. Refs. [l-3,13,14]).
Conventionally, the Green functions of what will eventually become the diagrammatic technique are defined somewhat differently from Eq. (A.24). Instead,
for any two operators A and B we take
(A.41)
where the operators are in a representation defined by

A(r) = exp(Hr)Aexp(-Hr).

(A.42)

If we compare Eq. (A.42) with the Heisenberg representation defined in Eq. (A.25),
we see that there is the replacement it -+ r . Thus, although r and r’ in the above
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Green-function definition are real quantities, they can be thought of being like
imaginary-time labels. The thermal averages are evaluated with respect to the full
Hamiltonian H . Finally the operator Tw,the Wick ordering operator, is defined in
the same way as the Dyson operator P in Eq. (A.12), except that it has the added
property of introducing a factor of -1 for every interchange of fermion operators
involved in the ordering process.
Before proceeding further we make two comments. First, although the definition of the Green function is different from before, the Green functions still
involve correlation functions for the operators A and B , and it can be shown that
a fluctuation-dissipation theorem (see Section A.3) still applies. Second, we assume as before that the Hamiltonian H can be expressed as in Eq. ( A . l ) , with the
two terms specifically having the second-quantization form in Eq. (A.23) in terms
of boson or fermion operators.
Next we note that in the non-interacting or unperturbed case (i.e. when H is
everywhere replaced by Ho), the Green functions can be evaluated directly from
their definition. For example, taking A = a i and B = a; with Ho as the first term
in Eq. (A.23), we eventually find

where Go(
iw,)
i,is a Fourier-transformed Green function,
Go(&iw,)

=

($>

1.
cc - aw,

(A.44)

The discrete (imaginary) frequencies appearing above are defined by iw, = 2mix/P
for bosons and iw, = (2m + l)in/P for fermions, where P = l / l c ~ Tand m takes
all integer values from -00 to 00. We see that the unperturbed Green function
Go has a simple pole at the energy E G of a free particle.
We might anticipate that, when the interaction term in Eq. (A.23) is included
in a fuller calculation of the Green function, the resulting expression has a modified
denominator. This does indeed turn out to be the case. The new Green function,
denoted by G ( i ,iwm) in the frequency representation, is usually found to have a
denominator of the form

+ C ( k ,iw,)
4

Ek'

- iw,,

(A.45)

where the additional term denoted by C is referred to as the proper (or irreducible) self-energy. The new pole (or poles) of the Green function are obtained
as the self-consistent solutions for the term in Eq. (A.45) vanish. If the perturbation is weak (so that C is small), the approximate solution for the frequency
becomes €6 C ( k ,6 ~ ) In
.
general, however, C may be a complex function and
we write C = h
ir. Thus the interpretation of the above-stated result for the
Green function G is that free-particle energy c; becomes shifted (or renormalized)

+

4

+
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to e,+A(k, €6) due to the interactions, while the imaginary term r(k,EZ) represents
the damping (or inverse lifetime) of the interacting particle.
The final step is to specify how the interaction terms are calculated. This can
be developed in a rather analogous fashion to the time-dependent perturbation
analysis described at the end of Section A.l. In particular, an operator S is
introduced playing the same role as the quantity in Eq. (A.12); here it is defined
formally by exp(-PH) = exp(-PHo)S(P). Using Eq. (A.l) it can be proved that
this has the solution

which has a close resemblance to the expansion in Eq. (A.13) except that the r
representation and the Tw operator are used. The analog of Eq. (A.14) is that
the partition function 2 evaluated with the full Hamiltonian H is related to the
corresponding 20of the unperturbed system by
(A.47)
where the thermal average is taken using Ho.
It can be seen by substituting Eq. (A.46) into Eq. (A.47) that the evaluation of 2 (from which all other thermal equilibrium properties of the system can
be deduced) requires the evaluation of unperturbed averages like (?~{HI(T~)
. ..
H I ( T ~ ~ ) } in
) o nth order of the perturbation scheme. This can be achieved through
an important result known as Wick’s theorem, which allows one to break down the
Pw-ordered product of 4n boson or fermion operators [assuming the Hamiltonian
in Eq. (A.23)] into Fw-ordered products involving the operators in
pairs only. The latter quantities are just the unperturbed Green functions [see
Eqs. (A.41) and (A.42) with H replaced by Ho]. It is a rather formidable task to
carry this out algebraically, and so a diagrammatic representation (in terms of the
so-called Feynman diagrams) is almost always used instead. We show the main elements of this in Fig. A.l: the Green functions Go are drawn as directed lines as in
Fig. A.la, and the interaction vertices (representing each H1 term in the perturbation expansion) can then be drawn as in Fig. A.lb. The higher-order diagrammatic
contributions to G then consist of one ingoing and one outgoing line with n interaction vertices in between, e.g. see Figs. A.lc and d for the simplest n = 1
diagrams. A straightforward set of rules can be specified for the evaluation of
these diagrammatic contributions. Details are given in the books cited earlier.
In summary, the diagrammatic method offers a rigorous approach (compared
to the alternatives previously mentioned), because one may control the degree
of approximation by going up to any chosen order n of perturbation. This is
important for calculating some of the non-linear effects mentioned in Chapter 12
and studying the origin of the damping terms (in the dielectric functions) that we
introduced phenomenologically into earlier discussions.
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Fig. A.l. Diagrammatic representation: (a) unperturbed Green function Go; (b) interaction
vertex with the dashed line representing v(q3 in Eq. (A.23); (c, d) first-order diagrammatic
contributions t o the full Green function G.
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