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Chapter 1

Constraint Formalism

1.1 Principle of Least action:

\
1 ‘F)(“-f')

1 Configuration space:
(ql 742y -y Qn)
g,
q't:)

Y
Kd

with ¢ (t;) & ¢\ (¢;) fixed, the classical path is the one that minimizes

S = /t;fL(qi(t),qi(t))dt (L = Lagrangian) (1.1.1)

action

ie. if g;(t) = qflassical(t) + ¢ 5q(t).
As S = S(e) has a minimum at ¢ = 0,

ds(0)

=0 (1.1.2)
{0q(ti) = 0}
{dq(ty) = 0}

7



8 CHAPTER 1. CONSTRAINT FORMALISM

= 0

by oL oL
/ti (a%‘ 4 0q; ¢

Int. by parts

Y /9L d oL
= dt _ 2% sa
/ti (qu dt aqg-) 06

and, as d¢; is arbitrary,
oL d (0L
= — 1.1.

1.2 Hamilton’s Equations

(Legendre transforms)

0L
pi = ; 1.2.1
a0 (1.2.1)
H = pig; — L(qi, ¢) (1.2.2)
Note that H does not explicitly depend on ¢;. i.e.
oH oL
on T 0
=0
Thus H = H(p;, ;).
Now:
oOH OH
o 4t g, W (1.2.3)
—— —~—
A B
C oL oL .
= pidg; +qidp; — —dg; — ——dg;
Vz/ dq; 94
cameets cancels
but if we insert (1.2.1) — (1.1.3), we get g—(f_ =4 (p;) = pi,
—~— ~—
A B
From (1.2.3) and (1.2.4), we have:
OH
g 9, (1.2.5)
OH

(1.2.6)
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1.3 Poisson Brackets

B = B(q,pi)
0AO0B 0AOB
A B = — 1.3.3
4 Bes Z (a%‘ Ip;  Op; 6%) ( )
So, we have
¢ = {a H}
pi = {piH}
We can generalize this:
d
SA(0),pi(0) = {AH) (13.6)
— Suppose in defining
Di = oL 121 (1.3.7)
9q;
we cannot solve for ¢; in terms of p;. i.e. in
H = p;4; — L(¢, ¢)
ex: With S.H.O. - H = pj—L
_ (P [y ke
L = %qz—ng B p(m) [2<m) 2}
oL _ . _ Pk
p = EN =mgq 2m 2

i.e. can solve for ¢ in terms of p here.

Suppose we used the cartesian coord’s to define system

L= %a% %b%ml(a—b) + Ao (b + a)

1.e.

(a(t)b(1) = (cos(B(t),sin(6())
so(a(t),b(t)) = (—sin(6(t)) 0(t),cos(6(t)) 6(t))


H 
(1.2.1)
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ex. \‘t'/ a A+ =1

scale 0 = const. = 1

a=—-b /| b=a
Dynamical Variables: a, b, A\, Ao
oL d 0L 1—b =1
o aa—)\ =0= {Z+ " Z _ 2} (A1, A\o) — Lagrangian Multipliers

The trouble comes when we try to pass to Hamiltonian;

0L
T g
-0 .
P 0} —  Cannot solve for A; in terms of py, , because these are 2 constraints
P, =
ie. if
oL
i = A 1.3.8
P= 5 (1.3.8)
cannot be solved, then
Ip; 0*L
},) = ——— cannot be inverted.
0q;  04¢i0q;
In terms of Lagrange’s equations:
d@L( ) = oL 0’L . n L
dtog " T g 904" qidg; "
0*L 0*L 8L
9¢:0q; 04,004, " 8q, (1:39)
——

*

*x — q;, ¢; specified at t =1,

00+ 50) = ) + 1)t + i) (007 + 3 () ) 61 +

given given

%L
0¢;0q; °

Thus, if a constraint occurs, §;(ty) cannot be determined from the initial conditions using

Can solve for §;(to) if we can invert
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Lagrange’s equations. i.e. from our example,

Ai(to + 6t) zAi(t0)+...+\X}-/(to)

*

* — cannot be determined.

1.4 Dirac’s Theory of Constraints

If p; = g—; implies a constraint x;(g;,p;) = 0 (i.e. from our example p,, = p), = 0), then we
can define
Hy = pig; — L(q;,q;) Constraints hold here (1.4.1)

(So, for our example, (scaling m = 1),

1 : .
L = 5(o’ﬂ + %) 4+ A (@ — b) + Ao (b + a)

PN = 0= Pxo
Pa = a+ )\1
o= b+ X

=0
.~
S Hy = paa+pyb+pa i —L

1
= Palpe = M) +po(mr = X) — 5 [(pa — A1)% + (oo — X2)?] —
At[pa — AL = 0] = Aafpy — A2 +a])
The constraints must hold for all ¢, thus

d

aXi((LP) = 0 (1.4.2)

= {xi,H}pp~0 zeroif x; =0 (“weakly” equal to zero)

where H = Hy + ¢; ;.

Sept. 15/99
So, we have:
Hy = pigi — L(g,4q) (1.4.3)
d This consistency condition could lead
—Xi = [Xi,H iXi) ~ 0 . . 1.4.5
th s Ho + cixi - to some additional constraints ( )
The constraints coming from the definition p; = 2& are called primary constraints.

T g
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Additional constraints are called secondary. We could in principle also have tertiary
constraints, etc.. (In practice, tertiary constraints don’t arise).

Suppose we have constraints x;. They can be divided into First class and Second class
constraints.

first class constraints — label ¢;

second class constraints — label 6,

For a first class constraint, ¢;, [¢;, x;] = 0 = azj xy (for all j).
0; is second class if it is not first class.
We know that

H = Hy+cixi
= Ho+aip; + bit;

d
X [xi, H] =0
d
Thus a(lﬁl = [ s H() + aj(bj + b]ﬂj]
[0s, Ho| + aj¢i, &;] + &5(0i, aj] + bj[ i, 0] + 054, bj]
~ 0
~ [qbw HO]
(true for any a;,b;)
d ~0 ~0
Eei = [0, Ho] + a;10;, &;] + @510, az] +0;10:,0;] + 0; [0;,b)]
~0
~ 0

Q

[0:, Hol + b;[0;, 0]

this fixes b;.
Note we have not fixed a;.
Hence for each first class constraint there is an arbitrariness in Hg. To eliminate this ar-
bitrariness we impose extra conditions on the system. (These extra conditions are called
gauge conditions).

We call these gauge conditions ; (one for each first class constraint ¢;).

Full set of constraints: {¢;,0;,v:} = {©;}

Provided {¢;,7;}#2 0, then the condition

Yo, ~ 1.4.
=0, %0 (1.4.9)
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fixes a;, b;, ¢; (All arbitrariness is eliminated).

Dirac Brackets (designed to replace Poisson Brackets so as to eliminate all constraints
from the theory).
Note:

60;,0;] & 0 (Could be weakly zero for particular ¢, j but not in general (overall)).
di; = 1[0:,0;] = —[0;,0:;](Antisymmetric matrix)
det(d,-j) 7é 0

Thus 4, 7 must be even. Hence there are always an even number of 2" class constraints.
Now we define the Dirac Bracket.

[A,B]* = [A,B] = [A,0,]d;'[6;, B] (1.4.10)

1,J

Properties of the Dirac Bracket

1.
[Qi’ B]* = [Qi’ B] - %l: [9179k] dlzll[gl’ B]
dik&
— 0.5~ [0, 5]
=0 (1.4.11)
2. We know that
0=1[[A, B],C]+[[B,C],A] + [|C, A], B] (1.4.12)
We can show that
0= [[A, B]*,C]* + [[B,C]*, A]* + [[C, A]*, B]* (1.4.13)

3. If A is some 1° class quantity, i.e. if [A, x;] & 0 for any constraint x;, then
~0
—~
[A,B]" = [A,B]-> [A,0,]d;'[6;,B]
]

— [A,B] (1.4.14)

Note that if
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then H itself is first class. Hence,

dC

- = C, H] (1.4.16)
Thus by (3) above,

dc

— =~ [C, H]". 1.4.1

1, H) (1417)

But [0;,C]* =0 by (1). Thus, in H, we can set §; = 0 before computing [C, H]*.

1.e.
=0

~~
If we want to find % we can use [C, H|* and take H to be just H = Hy + a;¢; + b;0;
(Provided we exchange P.B. for Dirac B.).

Thus if we use the Dirac Bracket, we need not determine b;. If we include the gauge condition,

we can treat

©; = {¢i, 0i,7i} (1.4.18)
as a large set of 2"¢ class constraints, and if
then
[A, B]" = [A,B] - ) _[A,0,]D;'(©;, B] (1.4.20)
ij
Sept. 17/99
So, so far:
1 . .
L = 5(a2+b2 —a® — V) + M\ (a—Db) + Xo(b+a)
oL .
pa fry % = Q + )\1
oL .
= —=b+ A
Py o 2
Py, = DPx, = 0= Constraint

Hy = pigi—L
0 0
—_—  ~ = |:

= pad +pbb+p>\1)\1 +p,\2)\2 — —(dQ + b2 — a2 — b2) + )\1((1 — b) + )\g(b + a)

2
— can’t make any sense of this (can’t express

Ai in terms of p,,) unless we impose constraints.
1

= PaPa — A1) +pu(pp — A2) — [5((% — M)+ (pp — Ao)? —a® = V%) +

)\1<pa — /\1 — b) —+ )\g(pb — )\2 + CL)

— )2 - )2 1
_ . )7, (e 5 2 +5(a% + %) + \b— Aoa
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dpy,
— = H|~0
u— A —b=0 .
b ! Secondary constraints
Py — )\2 +a= 0
(tertiary constraints don’t arise)
91 = p/\1
82 = DPx;

03 = pa—A—0b

94 = Db — )\2 +a
— These are all Second class - i.e. [01,05] = 1 = [0, 04]
(No first class constraints — no gauge condition).

H = Hy+c¢b; — ¢ fixed by the condition 6; = [0;, H ~ 0

- or could move to Dirac Brackets, and let 6; = 0.

Need:
0 0 1 0
0 0 0 1
0O -1 -2 0
— [X,)Y]" = [X,Y]-[X,0,]d;'[0;,Y]

Can eliminate constraints sequentially instead of all at once (easier).
Eliminate 65&06, initially.

9&1) = pa_)\l_b
051) = pb—)\2+a
1 1) A1
£ = 0 o)
= 2
L |02 -1 |0 —3
—1/2 1/2
A~ PN
* 17— 1 177 - 1
LYY = (XY= (X0 dn (650, Y] — [, 08Y) dgt o8, Y
Now we need to eliminate
9?) = P
052) = Px
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1
- d%) = 0-— [p/\npa - )\l - b] <__) [pb - )\2 + aap/\z}

2
= [pa, Ml <—%> [P35 2]

v

a2 = {
Finally,

XY = Y] - (X0 () e Y
We can finally see that
[a’pa]** =1
b,p]” = 1

and all other fundamental Dirac Brackets are zero. i.e.

l[a,pp] = 0
as
Pa— A —b =
pb—)\2+a =0
and

b2 (—CL)2 a2 + b2

Hy = — — —
0 st Tt + (Pa — b)b — (pp + a)a
= pab —pra
So,
H = pab_pba
da - _ [a, H]™
a7
= [a,pb—ppal™
= b
db
dt [ ) ]
= —qa

If we have gauge conditions & first class constraints ¢;:

0
N
H = Hy + a;¢; + bib;
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1% stage: — get rid of 2™ class constraints. Do this by

(1= T
At this stage,
H = Ho + ai@
As the a;’s are not fixed,
dA
— = [A H]"
dt [ Y ]

[A7 HO]* + a; [A7 ¢Z]*

a; — Arbitrariness

Q

s

Possible ¥ = {qgauge condition)
trajectories in

config. space  ~ | om

‘_Q\I
<.

~v = 0 must intersect ¢;(¢) at one & only one point.

‘i (T,"(t}

q:l¢)

X

— “Gribov Ambiguity” (to be avoided).

17



18 CHAPTER 1. CONSTRAINT FORMALISM

Sept. 21/99
Relativistic Free Particle

x’ N
» (/ F
S o arc length from z#(7;) to z*(7y)
Ast | dx dx*
-~ - s dx dx
e X = —-m — —£ ) dr
x/'( - dr dr
The m = const. of proportionality — ¢, = (+, —, —, —).
Ty
S = —m/ drvV/i? (1.4.21)
oL l mi,
= — =— 1.4.22
pu Ok \/ﬁ ( )
Constraints
m2i,a*
Pt = 5
0 = p*—m? (1.4.23)

H = Hy+ Uy
= v(p* —m?) (Pure Constraint!)

o o
Op,,
m
a o (1.4.24)

dr
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This arbitrariness in * is a reflection of the fat that in S, 7 is a freely chosen parameter,
ie.

¢ - _ /dT %%‘L (1.4.25)
T — 7(7) dr= d—;dT’
. % _ Zﬁ‘:é_j (1.4.26)
S = —m / dr’ ‘f;:f Zﬁﬁ‘ (1.4.27)
— Now let kK = %‘i—i. Thus, (insert x into (1.4.24))
% = Cfl—jp“ and equate this with (1.4.26) (1.4.28)
Zf = P (1.4.29)

Gauge fixing in this case corresponds to a choice of the parameter 7.

-The formalism of Dirac actually breaks down for gauge choices v which are dependent
on “time” (which in this case means on 7).

(Note, we can think of this reparameterization invariance 7 — 7(7’) as being a form of
diffeomorphism invariance in 0 + 1 dimensions, i.e. z#(7) is a scalar field moving in 0 + 1
dimensions, and has a so-called “tangent space” which is four dimensional.

Thus, this is a simpler version of G.R. where we have scalars ¢’(z*) moving in 3 + 1
dimensions with the diffeomorphism invariance z# — z#(2*). Techniques in G.R. & in the
single particle case often overlap.

eq. of motion:

N
~ drdir Ozm
Thus,
i —m, _ 0
dr \ /32 N
i
mit 0

Vi?

Now identify 7 with the arc length along the particle’s trajectory:
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J
p.
/
(A
“f
ds? = dx,dz"
At
G |
[
X
If dr? = ds?, then
dx,, dz"
—— =1 1.4.30
dr dr ( )
it =1 (1.4.31)

(7 is called the “proper time” in this instance).
ie.

if dv =0, ds? = dt? = dr>.
In this case, the equation of motion becomes

mit =0

The corresponding action is

s
S = 5 / dr % «— absence of y/ means this is not invariant under 7 — T(T’).
T

d OL oL YT
——— — — = mit'=
dt o+ Ozt
H = p,a"—L
where p, = 887]; = ma,
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Other gauge choice:
7 = 2* = t(breaks Lorentz invariance)

Work directly from the action:

dt dt drdr
S——m/‘“ drdr  drdr

If we’ve chosen 7 = t, then

S:—m/dt\/l—ﬁz; 17:%

eq. of motion:

doL oL
dt i OF
d .
mu _ 0
dt 1 — o2
R oL mu ( fum)
= — = momentum
P = o Viee
H = p-7—L
= p-v—L
butﬁQ:T_ng
(1 =) = m*?
}52—]52172 — m2172
PPo= " +m?)
L, P
m?2 + p?
i P’ m*+ ' —
]._U == ]_— =
m?2 + p? m?2 + p?
1—# = m’
P2 + m?
Thus,
. i
vV = —
/m? + p?
H = (

o p m
Ve N e

= /P2 +m? = E = numerical value of H =

m mc

VI—02 2

21
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Note:
B2 = ﬁz + m?
(E2 — ﬁQ) —m? = 0
oo = (B E)
p,up'u —m? = 0
Limit m — 0
S = —m/dT Vi?
— 077
1.e.

AmU N o
dt \ VI - 2

|v] — 1 as m — 0.
Circumvent by introducing a Lagrange multiplier e.

1 ;2
S = ——/<$—+m2e> dr
2 e

e=e(1), ¥ =2z"(1)

m? — 0 is well defined in S. As

4 oL oL _,
dr 0é  Oe
=~
=0
So,
2 , 2
et =lme=yin
Thus,
1 mi? 5 |2

Can see that e field can be eliminated — really just a Lagrange multiplier that insures

S # 0 when m = 0.
Note:
1 02
S = —§/d7' (% + m26> (1.4.32)

The action
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is invariant under

T — 7+ f(7) (1.4.33)
dzt = it f(7) (1.4.34)
be = fe+ef (1.4.35)
Sept. 22/99
So, for the above system:
1 [3?
L = —- (x_ + m2e>
2\ e
eqn’s of motion:
2
T 9 d OL 0L
- — T q f —_—— =
0 2 +m < rom s — o 0
d (z+ d OL 0L
= —_— RN f - . =
! dr ( e) ( ol g ozt OJxH 0)
oL T, , oo
Dy = i = —— (no constraint — can solve for &, in terms of p,).
T e
oL | |
Pe = 557 0 (primary constraint)

=0
. )
Hy = pua" + pee —L

o (_p, __1 ‘T_Q 2 . 22 wo_ 2.2
= Dy pe) 5 e—}-me ; ot =zt = —pe

1
= el —m?)

b = 0 =il {= el - )|}

1
0 = —§(p2 —m?) (Secondary Constraint)

Both p, = 0 (gauge condition e = 1) and p? — m? = 0 (already discussed) are first calss.
Note: Remember that

S = /d4x V9 G (0" (2)) (8¢ (z)) (1.4.36)

e action for a scalar field ¢(x) in 341 Dim.
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Vierbein (“deals with 4-d”)

g = eueau

Vi = yJdet(g) = detfe,))” =

In 0 + 1 dimensions
S = /dT
1 AN2 )2
[ar &[4y

e — “Einbein” (assoc. with 1 dim)

1.5 Quantizing a system with constraints

1 . -
[A7B]PB - %[A7B]commutator(c) (151)
eX.
[q7p]PB = 1
[g,p]. = ih

If there are constraints &;(q, p) then,

fz(qA7ﬁ) |77ZJ >phys.: 0 (154)

1 [a?
ex. For L = —= (—+m26>
2\ e
X1 = Pe X2=p —m” (2 constraints)
Quantization conditions will be

(2, 0] = iho, (1.5.5)

6, — (+,+,+,+)
oL
(re: P = Eri Contrav. = der. of covar.)

(p* —m?) ¢ >pnys = 0 (Klein-Gordon eq.) (1.5.6)

Py = —ihi (1.5.7)



1.5. QUANTIZING A SYSTEM WITH CONSTRAINTS

If &(x) =< x| >pnys then

Classical Motivation for Spin
Brint, deVecchia & How, Nuclear P. 118, pg. 76 (1977)

25
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Chapter 2

Grassmann Variables

(Casa/booni, N.C. 33A)

01, 6 — Grassmann Variables (call 6 if only 1 present), where;

9192 =
0 =
ex. (these can only be ...)
f(xla 9) =
f(l', 917 02) =
Calculus
do dr
i 1 0= 0(k = const.)
=1 =0
d do df
_ 9 _72
d—91(9192) =, 0y + 0, < d61>
Similarly
d db, dbs
= (0 — g _72
a6, 0102 = g fa 0 ( d92>
— —01

27

—040,
—07 =0

a(z) + b(x)0

(= €y = —e3)
J J

ﬁ through to 65)

(2.0.5)

(-ve sign in 2" term because we’re moving

(2.0.6)

(2.0.7)
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2.1 Integration

/ df dilﬁ i.e. Integration & differentiation are identical (2.1.1)
i.e./d@ c =0 (int. of a constant ¢ ) (2.1.2)
/ﬁee = 1 (2.1.3)
For example;
/d61 dby (6162) = diel (%26192)
d
= W (=01)
= -1

= —/deg d(gl 9192
= —/d91 db,0,0,

Another example:

1
/d@ldegf(I,el,gg) = /d@ld(gg ( a —+ bﬂl +§€ijc 910]>
() (i4)

(i) = 0 (const.) (i) — 0 (6; — int. over 6; gives 0)

)
= df,do 199—199
= C 1402 212 221

— ()
Delta function:
/ 46 5(0) f(z,0) = f(x,0)

— /d@ 5(0) [a(x) + b(x)0] = a(x)
= () = 6 (2.1.4)
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The following is an example to demonstrate the properties of different kinds of statistical
models. Suppose there are three students:

(T) Tom

(D) Dick

(H) Harry

How many ways can two prizes be awarded to T, D, H?

1. Suppose there are two medals, (distinguishable awards) a Newton medal (N) and a
Shakespear medal (S).

T|D|H T|D|H T|D]|H
N|S S N NS

S|N N|S NS
N S S|N NS

So, there are 9 different ways to award 2 distinguishable medals.

2. Two silver dollars (2 medals, indistinguishable)

T|D|H T|D]|H
$ 1%

$ $ $3
$ |8

So, there are 6 ways to award 2 indistinguishable medals.

3. Two positions (P) on football team (2 medals, indistinguishable). But! — now makes
no sense for one person to receive 2 “medals” (one player can’t have 2 positions).

T|D|H

PP

P P
P|P

There are 3 ways to award to indistinguishable yet distinct “medals”.

prizes < particles
Now call the {5 "~ = P2 oo

1. = Maxwell-Bolzmann statistics
2. = Bose-Einstein

3. = Fermi-Dirac
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Sept. 24/99
Returning to our discussion of Grassmann variables, the Lagrangian is now
L = L (;w(T),eam,wﬂ,éa(ﬂ) (2.1.5)
where
0 = O0,(7)0u(7") + 0y(7)0.(7) (2.1.6)
oL oL
= - and II% = n 2.1.7
Pu 01, oo ( )
H = H(z",0,,p,11%) = ¢"p, + 011, —L (2.1.8)
* _ order important
i i L L L - OL
5/ dr L = / dr (5:5“8——1—(595 + (53’38—, —1—59“8.
- - oz 00 oS o0
0 0 N——
int. by parts  int. by parts
d OL oL d OL 0L
—_ —— = — —_— — i =
dr 0z+ Oz’ dr 99 00°
_ 5/d7 (py + 0°TL, — H(g,p,0,10))
. . oOH oOH 0H 0OH
= dr | 4q jop+00 1146 61l —6qg — — dp—=—= — 60 — — Il —
/T((“Hq pron i o ~Pap % aa an)
int. by parts:
. : OH oH oH oH
= dr | —p o jop—1100+60 611 — 6q — — dp— — 00 — — Ol —
/T<p‘”qp * T Py~ Bg an)
And so, for this to be zero, we must have:
OH . OH
s - 7 e = — 2.1.
pN aq“ ) 89(1 ( 9)
0OH . OH
T - ¢ = — 2.1.1
QM +apﬂ Y aHa ( O)

2.2 Poisson Bracket

Alq,p,0,11), B(q,p,0,1I)
Note:

e Anything Grassmann is odd
e Anything else is even

For the order of two quantities:
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e Even/Even (doesn’t matter)
e Even/Odd (doesn’t matter)

e 0dd/Odd — Switch the two, you pick up a -ve sign.

dq O Op O 00 011 00 OIl1
bAob _ giok | paom | 0AoB
dq Op Jp 0q 00 o1l oIl 08

( 0A OB 0A 0B 0A 0B 0B 0A 1. A’B “even”

[AaB]PB = 0A OB 9B 0A 0A OB 9B 0A 9. A,B “«0dd”

8_q8_p+ dq dp 50 o1l 80 91

0AOB _ 9BOA | 0AOB | 0B oA “Foen” B “Odd”
| 5q%p " 9o Tooom T 3. A “Even”, B “Odd

With this, we find that (Not triviall):

0= [[AvB]’O] + HB?C]?A] + HC’A]7B]

Look at the “spinning particle” (Not superparticle).
Simplest action involving Grassmann Variables.

(Brink et. al. NP B118)
L = L(¢"(1),9v"(7)) (" = 2#(7),v — Grassmann)

_ % [@ — igp(r) %(T)] : (Cf L= _% (‘%2 +m26))

1. Qbu@/.}u = 0 (why we can’t have two ¢ in L).

Note:

2. 1 — needed so that L = L+
le. L = (—igg) (Re: (AB)"=BTA")
LY = ()T ") =i = i = L
3. The following

T — 7j—i—f(7')

00 = of
de = fetef
ot = i f

is an invariance of S = [dr L  (reparametrization invariance)

31

(2.2.1)

(2.2.2)
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Quantizing this leads to negative norm states in the Hilbert space associated with ¢°(7).

<y’lY° > < 0 (Don’t want.)

1 —
(ex L = —§8MA’\ OFAy — ANy = (A%)? — A% (A = -ve norm state))
We eliminate the unwanted negative norm state by building in an extra symmetry.
1(¢* . . i .
L= o i, — —xo', | 3 x(7) is Grassmann (2.2.7)
e e

1. Add in 6y = fx+ xf

2. We have another invariance (o = a(7) is Grassmann)

Sad” = iagh (2.2.8)
P

Ot = a(;—;&aﬁ") (2.2.9)

do€ = lay (2.2.10)

Sax = 24 (2.2.11)

ol = %() He didn’t recall (2.2.12)

e ¢ - Scalar in 041 dimensions.

e * - Spinor in 0+1 dimensions.

e ¢ - “einbein” in 041 dimensions.

e Y - “gravitino” in 041 dimensions.

L - analogous to SUGRA L in 3+1 dimensions.

2.3 Quantization of the spinning particle.

oL 0 i
I = — =_—_|(-Z v 2.3.1
o = o 5m () 2:3.1)
= %Qﬂ,ﬁ% Second Class constraint (2.3.2)

1
Op =1 — 5¢u=0 (2.3.3)

= [04,0,)p5 # 0 (2.3.4)
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Sept. 28/99

33

We could proceed with the Dirac formalism. We could also cheat and use the equations of

motion. Recall:

I - 1 (¢u¢“ B iq/);ﬂbu . 2X¢u¢u>

2 e
oa@t = lop”
P
bt = o | -
e 2e
0 = lay
daX = 2

Eq. of motion for e:

A (oLy 0L
dr \ 0é ~ Oe
0 = ¢ —ixgu)"

For x :

(é“wu — 0 — eliminates -ve norm states If ¢° = v, vip, =0

(2.3.5)
(2.3.6)

(2.3.7)

(2.3.10)

(2.3.11)

(2.3.12)

We could have gotten these two equations from the Hamiltonian formalism because these

are the constraint equations that follow from the primary constraints

oL
re= e Y

oL
Px = 3_5(_0

These are both first class constraints — gauge conditions.

Px =0 x=0
H
Pe =20 e=1

The equations of motion for:

o
d (0L oL
i) - %

d (2& iX¢“>
0 = — |22 _
dr e e

} “proper time” guage conditions.

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

(2.3.17)
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2¢M_X;é“

It is possible to show that the Dirac Brackets are

[¢uapu]* = Gu

[y, ]” = —iguw (Remember that py, =

Quantization:

L. [ ) ]* - i[ ) ](anti)fcommutator

Thus: (letigng h=1)
ol
6ni]

2. xi[v > =0 for any constraint y;.

In the gauge x =0, e =1

Dy

Thus:
Q'SQ

¢ -1

If we let
Yy

ig,ul/ - (buﬁu - ﬁu(b,u = ig;w

Juv — %% + ¢V¢u =g

0=p*¥> =0
0=p T > =0

.

V2

L _
O, 2

1

;1/,#)

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)
(2.3.25)

(2.3.26)

and as 1/}“ = 0 in the Heisenberg picture, then v* is a constant and satisfies the algebra,

{4} =2¢" ({, } — anticommutator).

If the coordinate representation

then
S

— Dy =

0
—iy aTw‘I’(@b) =

V(p) =< o|¥ >

19w

_1a¢l/

0

and p - zZA)|\If > =0 becomes

(2.3.27)

(2.3.28)

(2.3.29)

(2.3.30)
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This is the massless Dirac equation.

For the massive Dirac equation,

S:%/dr (‘b—z—iw-d}—iX¢'¢+em2+i¢5¢5+imx¢5>

(& (&

Following the same sort of argument as above, we find,

- () -ofer-

Dirac’s Approach
Schrodinger Equation: (note first order time derivative)

maw;’” — Hzp)i(nt)

—p = —ihV

Klein-Gordon equation (K.G.):

0 = (pupt—m?) e

82
pp = V- = (ch=1)
ot?
~—
2ndorder
From Dirac equation

2~ (@ m)

i— = (a- m

ot b

For v to also satisfy the K.G. equation, then

A L )
(1_) o= (@-p+mp)y

2
—% = [%(Oﬁ%‘ + ajai)pipj + 2m(aif + Boq)p; + mQﬂQ] Y
Thus
{aj, 0} = 20
{ai, 8} =

where I =

35

(2.3.31)

(2.3.32)
(2.3.33)

(2.3.34)

(2.3.35)
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Eddington showed that all representations of «;, ( in 4-d are unitarily equivalent.

Inclusion of the electromagnetic field:

o - A' B
5 : Z;I +€e<I>} (A, ® — electromagnetic potentials) (2.3.44)
Thus,
Oy I
o = [a c(P—eA)+Pm+e®| Y (2.3.45)
Aside:

1. This can be generalized to n dimensions.

. . - . on/2 (n=even)
dimension of (&, 3) is {Q(nq)/z (n—odd)

2. In even dimensions all (@, () are unitarily equivalent, but in odd # dimensions there
are 2 sets (@,0), (+a,—f) (not unitarily equivalent to each other — all sets are
unitarily equivalent to one or the other, not both).

Sept. 29/99
Backtrack
lg,p] = ih
H[Iiapj] = lh(SZ]
0
p; = —ih— (2.3.46)
J 3xj
ih%—f = HYy (H—E) (2.3.47)
0
L E = 1ha (2.3.48)
But also,
= (Z,t) (e=1)
P = (P, E)

(consistent with (2.3.46),(2.3.48) provided p, = i:2;).

Ozt
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ie. (Metric (—, —, —,+))
Pp = gNVpV
= (=p,E) — (§= —iV E_ig)
= =P b= C T ot
= 0,
J— ] a
= O
, 0
= 1<V, a)
R P
i = (@7 ed)+ ot ed] y
L 0 & (I 0
S Y = 4 — components
U
|
V3
Py
We had
oy p
171%—%1/1
Pauli equation
L0 [ (p— eA)? a-B| | i
v _ b4
17:‘&[%} [ om0 | [
Let ¢ be:
1 .
¢: (?2 :[(?]:|:¢:|e—imt
X1 X X
)22 Slowly

varying

* - Principle time dependence for “slowly moving” particles. (h =1).

1.e.

oY
—iEt — e—imt

— P ~e in rest frame.

37

(2.3.49)

(2.3.50)

(2.3.51)

(2.3.52)
(2.3.53)
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Thus,
a ¢ —imt _
il - Al
[i%—l—mqﬁ}
X +my |

(Assume %—’f, edy ~ 0 — (xis

Thus from 27¢ equation,

Hence:
Hence,
(¢ - 10)* =
But:
0035
(0")ab(0")ea
(- TD)?
“Conserved Current”
Oy
1— =
ot
and
Lo
o =

({ {(p— 6/(1];116;?;3— eA)2}

CHAPTER 2. GRASSMANN VARIABLES

o

ed 0

-1l 0 ed

¢ —mx + edy

5-ﬁx+mq§+e®¢
G-

“small”) )

_¢-1lg

X = 2m
06 | (10
Lo e
lat 2m +edlo

{(p—ed) —i(p —eA)a}
(p—eA);

61‘]‘ + iGijkO'k

25ad6bc - 5ab50d

(O'iO'j)Hl'Hj

(04 + 1€ijk0k)(p — €A)i(p — eA);
(F— eA) —i(f— eA) x (F— eA) - &
2 - )
(F—eAP +e(Vx A&
(F—eA)? +eB- &

(@-p+ pm)p = (=iV - d + pm)
Y@ -pt+ptm); (@t =a, g =0)
Yr(a-pt+ Bm)

(—HV¢+ Sa 4+ zﬁﬂm)

Iy

)

¢
X

:| e—imt

(2.3.54)

(2.3.55)

(2.3.56)

(2.3.57)

(2.3.58)
(2.3.59)

(2.3.60)

(2.3.61)
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U x (2.3.60)
i S8 = (Y - @)+ o
(2.3.61) x¥)
(0T e . & +
I v = (l(v'@D )'04)1/)4'"90 pmap

Subtract the two

0 0
o (V1) = =iV (@TaY) = o (6TY) + V- (PTay) = 0

. 0 -
where  j' = (YTay, )
= (4,p)
— p,j# = 0

Yty — probability density
Ytay — probability flux.

Free particle solution in the frame of reference where pip = 0 (“rest frame”):

ie.—iVyY = 0
s = ()
1
oo _ , [e] _ 1
la[x@)} _ﬁm[x} = =
-1
_ | m 0 ¢
B 0 —m X
o) = e
X(t) — €+1mtX
B e—imt¢
¢(t) - [e+imtxz:|
— et = “pegative energy” (associated with —

K.G. equation

(=" +pg—m* Y = 0
poty = £/p*+m*p

i— = (ad-p+Bm)y

39

(2.3.62)

(2.3.63)

(2.3.64)

(2.3.65)
(2.3.66)

2.3.67

(

(2.3.68
(2.3.69
(

~—  ~— —  —

2.3.70

+ m?2)

(2.3.71)
(2.3.72)

(2.3.73)
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Oct. 1/99
e—imtw&)
e_lmtwg > ¢ = — 14 2
Y= vimt 6 | — tosolve i— = (a-p+ Bm)y, perform a “Boost”.
€ (0 ot
€+imt¢2

Rewrite the Dirac equation in a covariant form.

o0v
Yot

0

Remember that

i0,

Then we have

(18/17# - m) (0

where 7° =3 =+,
As {a' o'}

{80}

ﬁ2

{7}

Different Representations are:

Standard:

Chiral Representation:

Often, a,y" is written d.

iad-V + pfm)y
.0

6_ (BY) +1V - (BA) — }1?

(=
= 0
Vi = 50/ =
= 269

= 0
=1

H-

Lorentz transformation: — Either a Boost or a rotation.

Boost in x-direction:

T — vt ,  —vx+t
Vite [ TVite
Y
z

(2.3.75)

(2.3.76)

(2.3.77)

(2.3.78)
(2.3.79)

(2.3.80)
(2.3.81)

(2.3.82)

(2.3.83)

(2.3.84)

(2.3.85)

(2.3.86)
(2.3.87)
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Rotation (example):

x cos(f) — ysin(0)
Yy = xsin(f) + ycos(0)

We know

gyux/yx/l/ — gﬂy‘ryxu

= 2?2

: /
Linear: a* = aba"

guuaﬁag = Gxo
— The Lorentz transformation is an O(3,1) transformation.

Under the Lorentz transformation we set

P'(2") = Sla)yp(xz) (S(a) =4 x4 matrix.)

With

0

0 = (iv“ i m) P (x)
0

0 = (iv“% - m) ()

41

(2.3.88)

(2.3.89)

(2.3.90)

(2.3.91)

(2.3.92)

(i.e. should have both the same masses and the same v* matrices in each equation — not a

~'#, as in (17’“33‘3H — m) P(2')=0)

Note first:
i B ox' 0
ok Oxk dx
_ A 9
- a#axv\

Hence, (substitute into (2.3.92)),

0= {iw (ag 8;) - m] S~ a)y (')

— multiply on left by S(a).

(2.3.93)
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But change of variables should leave us with an equation in the same form.
st = S(a)’y”S_l(a)ag (2.3.94)
From this we determine S(a)

Suppose the Lorentz transformation is infinitesimal:

al = 00+ Awh (2.3.95)
But
GGy = Gao
0o = (08 + Awk)(0F + Aw?) (2.3.96)

To order Aw, we see

0 = gu(Awldl + KAwY)
or Awy, = —Awgy (2.3.97)

Now take

Sa) = S(I+Aw)

1

= I— ZO'W,AU)HV (2.3.98)
— Need o,,,. We also have
S7a) = I+ iawAw’“’ (2.3.99)
Hence

i i
= (]1 —~ ZaaﬁAwaﬂ) o (]I + ZawAuﬂé) (0% + Awk)  (2.3.100)

— must hold to order Aw.
Consequently,

i

0 = 7"Awﬁ+4

(Voap — 0ap) Aw*?
Hence
i

—1
1 (Voup — 0ap’) = > (780% — Yad})

Solution:

1
Ouw = 5 [’Yu,%] (23101)



2.3. QUANTIZATION OF THE SPINNING PARTICLE.

For a finite Lorentz transformation, let

1
Aw? = Nw“”

S li Lwe\®
() = Jim <1—WW)
= exp{—iaw,w“”}

and if
" = ala”

then  ¢'(2') = exp{—iaw,w“”}z/)(:c)

If

Aw,, = Aw(l),

— Aw = scalar,

43

(2.3.102)

(2.3.103)

(2.3.104)
(2.3.105)

(I) o = 4 x 4 matrix characterizing the Lorentz transformation.

then for a rotation about the x-axis,

r = rz—Awy
y = Awx+y

(— infinitesimal version of “reg.” rotation.)
In this case,

0 -1 00
+1 0 0 0
Aww = Bwl o g g g
0O 0 00
(where rows/columns = [z,y, z,1])

Thus  S(a) = exp{—iauyw’“’}

— e—iU;w”LU/Q

(2.3.106)
(2.3.107)
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But,
021
Thus
S(a)
If w = 27 (1 revolution)
S(w = 2m)
We know,
(07—
and so S(w=2m) =

Thus if w =27, ¢¥'(2) =

CHAPTER 2. GRASSMANN VARIABLES

i

= 5(7271 - M172)

= I

— 0 02 0 01

- —09 0 —01 0

. . g3 0

- ( 1)|i 0 0.3:|

I E

o[ 0]} o9

B . o3 0 . 2 _

_exp{m[ 0 03}} ;o3 =1
—»‘—»2

1+(c‘i'&)+(a 7) + ..

But — (6 . 5)2 - C_iQ [0_20_3 57,] + 67,]]60—]6]
PR Caf S B AL AT/ <
ol "4l ) T g 3!

g - (i

cosh || +smh\a|

o] UJ}

cosh(im) + SlIlh (im)
\ﬁ,_./

—1

—(x), and if w = 4m,

V(@) = +iy(z) (2.3.109)

.. All physical quantities need an even # of ¢’s.

— in 360° rotation,

VYY = =Py
Yppb = iy



2.3. QUANTIZATION OF THE SPINNING PARTICLE.

Oct. 5/99
So, we have:
Dirac Equation:

0 =
9y =
v —
Yt —
with o0, =
Properties:
7 = {
1
0oi = 5[70,%']
= v
= =05
ie.
(UOi)+ = (i’Yo%)Jr
= (—)(%)
= (=1)(=n)(r
= —00
Uij = O'Z-J;
Thus
Mo =
%082% =
’Vo%?% =
Thus if

0)

O
ie. u=0,v=1
70(—00@')’)’0 = (70)2001' = 00
H=1%nV=]

Yo(+05)70 = 1503 = 045

Y= l/)+70

45

(2.3.110)

(2.3.111)
(2.3.112)

(2.3.113)

(2.3.114)

(2.3.115)
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then under a Lorentz transformation,

(8

¥

Hence
Y= Uy }
b U
Thus, (for ex.)

(i.e. Lorentz invariant).

Lorentz transformations involving parity (discrete transformations).

: +
- (orldrnr} )
; +
= o (e {-feno})

i
= ¢* (eXp {+Zw,wo“”+}) Y ;3 =1

i
= YTy 0exp {waa‘“’*} Yo

[\ J/
-~

exp{iw,wauu}

— exp {iwﬂya’“’}

U =exp {—iwwa’“’}

b — PULU = G

(x>yazat) - (—w,—y,—z,t)
(@) — (@) = S(a)(x)

Re. S(a)ajy"S™'(a) = "

Thus

—
@

" = abla”
-1
—1

T

ab = 1
S,Yis—l — _’YZ
ST = 440
€970

= P (Parity operator)

= ¢“99%)(z) (for parity operation)

(2.3.116)

(2.3.117)

(2.3.118)

(2.3.119)
(2.3.120)

(2.3.121)

(2.3.122)
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Complete set of v matrices (4 x 4 matrices).

I v s o

1) @ @ @ (©

= (16 total) (total linearly independent) (2.3.123)

— 5 = iy9yly%8 (2.3.124)
o = % 7", 7] (2.3.125)
{#*,7°} = 0 (anticommute!) (2.3.126)

] e0l] e[ 7] e
0 o

SR

= 0 1 (2.3.128)
o Jo1][-10
T T 1ol o1
S0 1
- |21 o] (2.3.129)
i 0 o -1 0
7Tt 0] 0 1
0 of
= [ o 0 ] (2.3.130)
; ; 01 0 o —a" 0
0: _ .0, _ ¢ _
o = 177—1{1 O:||:—O'i 0}—1{ 0 O'i:| (2.3.131)
o = 3 { i 0 i o | =l 0 ok (2.3.132)

Note, for example,

Y = g — g + g7y — iy
(€o123 = +1)
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Transformation properties of bilinears in v, :

Y1)  — scalar

=9 _ _

Vs — ST

7.€.

o If S =exp{—iwu,o"}; [v5,0M] =0

. 1 v 12 1 v v
ie. %5(7"7 — 7“)—5(7*‘7 —7"%") 5 =0

Thus7 [757 S] =0

VY59 Ny’ Yy5S71 Sy

S —
= Py
o If S =P = ¢ (ie. if S = parity operator)
s 2 U0 e e = —sr0y
P
= —%EV5¢

(Picks up -ve — “Pseudo Scalar” ).

So also, one can show that

v ayY

S

v’ = Y
P

v = Y
P

(The above are vectors)

and also
VYt = aby sy
DYt = =97 sy
VY =, oYY

(The above are axial vectors)
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and

Vo, dhaho
S
Doy —  —de¥iy
P
Gy s e
P
(The above are Tensors)

€oi2s = +1 ( Right Handed System)

uw v A o _aByd
— aaaﬁava(;e

S

EMVAJ

AT e (gy195 = —1 — Left handed system)

P
Thus as
oy = 10
we have B
Yol ys1) s a pseudotensor
(in tensor ex., above, S eq. would hold, but signs on P’s change).

Oct. 6/99
Useful Identities

YWY = [V + YaVu —YaYu) Y

29na

1 1
= 2007 =" 5 W = 5"+ Y.) = 5(2954)

2

= 2%~ %u5(2(4))

2
fry ——2’ya
YaV8Yy = YaBYy — Jar V8 t 98y Ve — €kapyY Vs
= GuaV" — GhVa + GhVu — 1 €hpua V0
=0
= Ya— 47@ + Ya
prg ——2’ya

So also,

VYV = 4gap
VYV VsV = =297
Trlvuvsl = 4gus
Tr[vuv87y75] = 4(9aB9vs — Jary98s + Gas9ss)

49

(2.3.133)
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Trh/ul R 7/12n+1] - Trh/,ul s 7;%“7575] ; V55 = 1
= Tr{vsYu - - Vusniavs) (Using property of traces)
= (=D)* "™ Tr[vs%u - - - VyonsaVs) (Moving 5 through all (2n+1) matrices)

T - Ypmnaa] = O (2.3.139)
Tr[yv575] = 0 (2.3.140)
Tr[Yavs 17 7575] = 4i€apys (2.3.141)
5 =
_ i,yO,Yl,yQ,y?)
= —170717273

2.4 General Solution to the free Dirac Equation

(i7"0, — m)y = 0 (2.4.1)

If

+1 0 i 0 o
0 _1} ) Y= { i ] = % (2.4.2)

then in the rest frame (i.e. 0 1h = 0)

oxt
e~ imt 0 0 0
0 e—imt 0
ZD = 0 —|—042 0 —|—Oé3 imt +ay 0 (243)
0 0 0 elmt
. -~ 7 A\ -~ 7 | R —— N, e’
it 9 3 ¥4
Using Boosts:
S = exp {—iaww‘“’} — Can express in closed form. (2.4.4)
Y = exp {—iwao} YY) — cosh(w) = ! , sinh(w) = - (2.4.5)
2 1 — 02 V1—2
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Recall, if
— ot
¥ = % = cosh(wz) — sinh(wt)
M 7% = —sinh(wz) + cosh(wt)
N 1
then  cosh(w) = Vi
- v
sinh(w) = Vi
But Ouv = %[’YW%L SO,
oo = oM
. 1 0 0 —01
N 0 -1 01 0
. 0 —01
= i { oy 0 } (2.4.6)
S = exp {—%w%%}
. _g 0 o1
= exp{ 5 [01 0 }} (2.4.7)
0 o ]* [10
2 _ 1 _
Recall,ol—lﬁ[al 0}—[01}
B w| 0 o 1w200121w30013
5_1_5{01 O]+§(§> [01 O]_§<§> op 0 +
= C.OSh (3) —sinh (E) o1 (Closed form) (2.4.8)
—sinh (5) o1 cosh (5)

But tanh(w) = —wv, and recall the trig identities,

sinh(z + y) sinh(z) cosh(y) + cosh(z)sinh(y) ; z=y=120
sinh(20) = 2sinh(#) cosh(0)
cosh(20) = cosh?(#) + sinh?(#)
then
wy tanh(w)
tanh (5) =

1+ 4/1 — tanh*(w)

—v
14+ V1 —22
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But p=-2- F=-=2

V1i—v? 1—v2’
w —-p
wn(3) -
an 2 E+m
cosh (f) = BE+m
2/ om

Hence,

E+m 1 75 0
= m 2.4.9
2m yoem 0 ( )
=m0 0 1
For a boost in an arbitrary direction:
(= = p1£ip2) (2.4.10)
Etm| 0 1 = .
S = o b P EEm (2.4.11)
E4+m E+m 0 1
Call the columns of the above matrix Wi(p), Wa(p), W3(p), Wi(p). General solutions to

the Dirac equation are:
= Wip)e™*  ahy = Wa(p)e P
vy = Wi(p)e®™  tpy = Wy(p)e?” (Where imt — ip - x)
Properties of W;(p)
1.

+1, r=1,2
(B emWilp) = 05 o= {770

Wp)(#—em) = 05 (W=Why)
2. W (p)W" (p) = dpper
3. (Wr(p)" - W (p) = £6™ — 4 component of a vector.
Wyt
= (W) W
—p=0-7""=1
W
P _ (P E)

m m

and
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4. Completeness:

4
> = WIE)W5(p) = 0us
r=1
Oct. 8/99
So we have the following;
] 1
wo — 8 A 8 eimt (2.4.12)
0 0
- 0 - 0
wo — (1) R 8 pimt (2.4.13)
| 0] 1

Now, boost to a frame where they have momentum p. For example,

1
0 E+m .
4% = . e P 2.4.14
1(p) Elj&-m o ( )
Pz Fipy
E+m
SosWis = Wi, (2.4.15)
SosWay = —Wy, (2.4.16)
1
Where Yo = -1 . — {"Z . } (2.4.17)

To obtain an eigenstate of & - S with eigenvalue +1, we consider

e’%¢S'EWE2 = W5 (also for 3,4) (2.4.18)
where cos¢p = S-7. (2.4.19)

Upon boosting I/Vi(o’s), we obtain,

Ulpus) = W{(p) (2.4.20)
Ulp,—u.) = Wi (p) (2.4.21)
V(p,—u.) = Wi"(p) (2.4.22)

Vipu.) = W (p) (2.4.23)

where now as
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1. we have,
(= em)W(p) = 0 (2.4.24)
o (Fg—m)U(p,u,) = 0 (2.4.25)
and (p+m)V(p,u,) = 0 (2.4.26)

2. and, as
7-Sw) = wy (2.4.27)
7 SwyyY = WY (2.4.28)

= in the rest frame, (p, = (0,0,0,m)),

G- Su(0,0,0,m;s5) = u(p,s) (2.4.29)
G- 50v(0,0,0,m;s) = —u(p,s) (2.4.30)
For example & - gu((), 0,0,m;—s) = —u(p,—s)

In general, any spinor which is a solution to the Dirac equation can be described as a linear
superposition of these four eigenstates characterized by

1. p,(p* = m?) “Mass shell condition”

2. Sign of py (i.e. in the rest frame, 2 = +1)

3. Eigenvalue of @ - S in the rest frame.

Thus,
V(T 1) = /d4k (k) (2.4.31)
= /d4k §(k* —m?) Z {b(k, s)u(k, s) + d*(k, s)v(k, s)} (2.4.32)
s==+
Note if,
(y-0—mpp = 0 (2.4.33)
then (iy-90+m)(iy- 8 m)¢ =0 (2.4.34)
(=y-0v-0—m*Y = 0 (2.4.35)
(Note: v-0 -0 =070, = %(7“7” +"4*)0,0, = ¢"" 0,0, = 82>
(0 4+m?)y = 0 (K.G. Eqn.) (2.4.36)

ie.,as p, =10, , (p* — m?*)Y(p) =0 (2.4.37)
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Aside:

Recall / dx 6(cx)f(z) ; y=cx

= [ ()

oo ]

So, note that;

/_OO dr §(z* —a®)f(x) = /_00 dr 0 ((r —a)(x+a)) f(z) (let a>0) (2.4.38)

a+te
_ / dw b (@ - a)(20)) /(@)

a—¢e

s [ e (e a-20) @) (2.4:39)
_ fl@) | f(=9)
= Bl t1oag (2.4.40)
_ fla)+ f(=a) (2.4.41)
12a| h
thus 6(z* — a®) = Oe + a)|;;|6(x —9) (2.4.42)

Hence for

/ d*k 6(k* — m®)(k) = / &Pk / h dko 0(k2 — K — m>)(k, ko) (2.4.43)

2 30) 2
_ /dgk /dko 5(k0+q/€ + m?)
2V k2 + m?2
00— V)

2V k2 + m?2

) (k) (2.4.44)

Thus,

w(f, ) /d4k 5 Z k‘ 8 k‘ 5 k» ) —ik-x +d*(k,S)U(k75)9(—k0)€+ik'x]
s==+

(2.4.45)
Integrate over ko and insert normalizing factor 2, /57 (B = Vk2 +m?)

e +ve energy solution:

3
VH(Z 2d ’;2 2 Zb (k,s)e "2k, s)0 (ko) (2.4.46)
7T
s==+
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e -ve energy solution:
— (7 dSk m * ik-x
v (Z,1) :/W ’/E Zd (k,s)e™u(k, 5)0(—ko) (2.4.47)
s==

Oct 12/99

2.5 Charge Conjugation

Add in an external potential (recall @ = v#0,,)

0 = (P—cA-—m)YE1) (ou— pp— A, (2.5.1)
0 ,
—i—1 = &-(ﬁ—eA)+ﬁm+e<I>] 0
ot
We can show that there is a wave function ¢.(Z,t) satisfying,
0 = (id+e A—m)i. (2.5.2)

Taking the complex conjugate of (2.5.1),

0 = (y(—10" — eA") —m)y*
= Oy [15(10" +eA") +m] (Cro) " (Cro)t”

If we now set

(10)(1)(Cr) ™" = =
and ¥, = Cy¢”

then we recover (2.5.2). Now, as

0o 0 1 i 0 iai

7= {1 o] T 7| -t 0 (2:5.5)
we find that as

707/”70 — ’YMT

(CA")™1 = A°C then (2.5.3) becomes

Cy,C' = —y, (2.5.6)

A solution to this equation is

C = vy
= *=-Cl=—Cct=-C"
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With this,
(7, (10" + eA*) — m)h. = 0 (2.5.9)
Note that ¢ and 9. transform in the same way under a Lorentz transformation. If,
V() = Sz ;  Sla) = eXp(_le’“’UW) (2.5.10)
then ¢.(z') = S(a)i.(z) (2.5.11)
(2.5.12)
Note that as,
b= Pt =) (2.5.13)
then ¢, = CyY~ (2.5.14)
If we now set
v = /dg—kz {b(p, s)u(p, s)e " + d*(p, s)v(p, s)e™*}  (2.5.15)
(27)3/2 ~ ’ ’ ’ ’
then
ve(p,s) = Cu’(p,s) (2.5.16)
uc(p,s) = Cv¥(p,s) (2.5.17)

Consequently, charge conjugation takes one from a positive energy solution associated with
a charge e to a negative energy solution associated with a charge —e. (You can map one
solution to another by (2.5.16), (2.5.17).

2.6 Majorana Spinors

A Majorana spinor satisfies an extra condition that

Y = 1. (Lorentz invariant condition) (2.6.1)
As
e = CyT (2.6.2)
d3k * =T ip-x =T —ip-x
= WZ(() Cu' e?* + dCv e P7) (2.6.3)
s=+

then we see that if ¢ satisfies the Majorana condition, then

b(p,s) = d(p,s) (2.6.4)

Note that in Euclidean space, 1. = C¥*", and if ¢ = 9., then ) = 0 (only way). ie. it’s
not always possible to have Majorana condition.
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2.7 Time Reversal

Recall that the Parity operation takes (x,y, z,t) — (—z, —y, —z,t)
V(') = Pi(z)

With time, the situation is slightly different. We must preserve,

i%—f — Hy = [&- (—iV — eA) + fm + ecp] " (2.7.3)
and this must be equivalent to (7" =7, t' = —t)
ialgét/) — HY() (2.7.4)
with H' = [07- (—iV — eA") + fm + ecb’] (2.7.5)
recall: A,(z) = / dr’ Dp(z — o')3,(2") (2.7.6)
OA, = —4rj, (2.7.7)

Here, &' (') = ®(t) , A'(t) = —A(t). In going from ¢t — —t, we have the same physical
process, but using a camera that’s running backwards (sequence of events in reverse order).

A Wigner time transformation takes us from (t) to ' (¢').

Pt = Ty(t)
where TOT ' = TO*T!

with 0 = any operator, 7 is anti-unitary, and 7" is an ordinary matrix. i.e.

TiT! = T(-)T!

R (2.7.10)
Ty = Ty (2.7.11)
Starting with (2.7.3),
0 -
Tiﬁ—lf = T[a (A e+ fm + e@| T T (2.7.12)
_182/’ - [(T&*T’l)(iv e+ TET '+ e@} (Ty") (2.7.13)
but t = —t
+i% - [(T&*T—l)(iv +eA) + T T 'm + ecb’] (Tx)  (2.7.14)

This is the same as (2.7.4) provided:
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Lo/(t) = Ty (t)
2. T&*T~' = —@
3. T3T = +13

The solution is:

T = —iOélOég (2715)
— iyl (2.7.16)

The Dirac equation is invariant under an SO(3,1) transformation ¢’(z') = S(a)i(x) (as
well as P,C, T —Parity, Charge Conj., time). Under the rotation subgroup SO(3), these are
spinors with s = 1/2.

Oct. 13/99
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Chapter 3

Bargmann-Wigner Equations

The Bargman-Wigner fields are fields of higher spin (s = 1,3/2,2,5/2,...) that are built up

out of the spin (1/2) fields.
Spin 1/2: (iy,0" —m)asts =0

These higher spin fields are associated with wave functions:

Yayas..a0. (T) — spin s, totally symmetric in these 2s indices

ie. 1Y, — spin 1/2
VYop = ga — spin 1 ete.
The wave functions satisfy 2s equations:
0 = [i(ﬂyu)ma’lau - m(soqa’l} wo/lag...ocgs
0 = [i(’yﬂ)azaéaﬂ - m(sazad ¢a1a'2...a25

0 = [i(’yu)azgalzsa# - méagsags} 1/)a1a2...o/2$

In the frame where ;2 = 0 (rest frame j= 0), we get

0
— 1340
O - |:1’Y(xio¢; 8.’])0 - méaia; 1/}041...012...0425

with 70 = [ (1) _01 } , the solutions generalize the spin 1/2 solution,

—imt —imt
W1 = e s W2 = e s W3 =

o O =
O O = O
o= O O

0

When there are 2s indices
+ve energy solutions

61

“+imt _
(& s W4 =

_ o O O

(3.0.1)

(3.0.2)

(3.0.5)

(3.0.6)

et (3.0.7)
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(1) 5104151@ .- '510123 = wéll)...a%
(2)

020101050105 - - - O1an,
+ 910102050105 - - - o,
+ ...
+ 01010100010 - - - 0200, = 1/)&21)...@5

(3) 020,92a50105 - - - O1ag, + (223) symmetrized terms.

()
(2S+1) 52041 62&252(13 cee 52a23 = (()z213+025

Similarly, there are (2s + 1) negative energy solutions.
The operator (%O'Z)aﬁ operating on g is generalized to

2 (Zz)alﬁl,agﬁg ..... Oézsﬁgs = (O—Z)Ozlﬂl 504252 50‘353 ce 5012&623
+ 604151 (O-Z)(XQﬁQ 504353 - '50425625

+ 5a1515a2ﬁ25a3ﬂ3 cee (O-Z)OQsﬁZs (308)

This acts on ¥g, . s,,
1
S® = (S _ 5) W@ (3.0.10)
Sp® = (s—1)y® (3.0.11)
St = (g) 2t (3.0.12)

Thus @ are the (2s + 1) eigenvectors of (X,). These are the spin eigenstates. Now, let’s
examine the spin-one equations (s = 1). Consider ,5(z) = 13, (x). We have,

0 = (iv450u — mbag) Yy (3.0.13)
= (150 — mdss) Yas (3.0.14)

C'yC = — (C=iypp=0C"=-C"'=-C"=-C") (3.0.15)



With C, we see that

<7uc)a5 = (7#0)5a

(EwC)ys = (BwC)s, - 6 matrices (ZW:

For a total of 10 symmetric 4 x 4 matrices. We can then have,

- 4 matrices

i

2

]

Yup() = mA () (3,C) gy + 3P () (B0 ),

Substitute this into (3.0.13), (3.0.14), and add;

: 14 1 v
0 = (iy0" —m) g [mA (1.C)s5 + §F" (ZWC')(W]
1 ) —
+ [mAV (1 C) s + §FW (ZMVC)a5:| (1 (75)55 O — m555>

Now, right multiplying by C’/Bf (remember that 0730_1 = —v,). This gives,

0 = 2m [y, ] (9"A”) +i [ Bao] (9 F)
- 2m2%A“ — MY, F

but recall that we know,

Vs W]
[/Y}M Z/\U]

So,

—2i%,,,
21 (gMA/YO' - gua’y/\)

0 = 2m3,,0"A" — 2 (9 Yo — GuoVr) OHFA — 2m?y, A"

—mX,, "

0 = mE,, (1A — Q¥ AY) — F™] 4 4 [—40\F) — 2m°A,]

Thus, we get the Proca Equations (Massive spin 1 equations).

F,

1%

0, Fm

oA, — 0,A,

_m? pv

2

If we now set m = 0, we recover the free Maxwell equations:

Fl, = 9,A,— 08,4,

0, F

0

63

(3.0.16)

(3.0.17)

(3.0.18)

(3.0.19)
(3.0.20)

(3.0.21)

(3.0.22)
(3.0.23)
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Where, recall that (3.0.22) gives

. . OB
\Y% 0, Vx +8t 0
and (3.0.23) gives
V-E=0 , vxi-2E_
ot

Wlth, Fij = eijkBk y FOi = El

Oct. 15/99
Transformation of the field A, (z) under a Lorentz transformation.

cf. (2" = exp{—iw"”auy}w(m)

i

Hyo_ no v
— =50
Since,
{/Y/.M’YV} = 2guu _— (+7 Ty T _)
. |:O.,u1/,o_)\p] — A (g,u)\o,up . glf)\o,,up + ngO"u/\ . g,upo_z//\)

= —2i (g“)‘al’p—...)
(Aside -if u=A=1, v=2, p=3
LS

— [0_12’ 0_13}
_ [17172717173}
. (71727173 . 71737172)
_ _7273 + 7372

= [

= 2ig*

RS = Ag''e®
= —Ac® = A= -2i)

For A, since it is a vector, under an infinitesimal Lorentz transformation, we have,

o = '+, (W= —w) (3.0.24)

A (@) = Au(@)wuA” ()
i 14
— Aﬂ(x)Jra(wA"SAg)WA (z) (3.0.25)
Where (Sxo),, = 21(9udor — Grvon) (3.0.26)
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But now,

(530)(Sag) = (Sap)(Sre) = (Sre)u(Sap)rv — (Sap)i(Sre)ww
—2i (9ra S8 = GoaSrs + GopSra — 9a3Sea),, (3.0.27)

Aui;)- - (exp{iwkgSkg})WA”(x/) (3.0.28)

for a finite transformation.
¥ - spin 1/2 representation of SO(3,1) (fundamental rep.)
A, - spin 1 representation of SO(3,1) (Adjoint representation).

i.e. under a rotation,

—

w—>exp{i3~d)’}w where [%,%} = leyp—o
2

@ - i)

and
Ay(z") = Ao(z)
Ay =[] A
ij
where
0 0 O 0 0 i] 0 -1 0
Si;=100 =i |, SS=(0 001}, S=]1 0 0 (3.0.29)
0 i O -1 0 0 | 0 0 O
Note that,
1
(Sz)mn = ieijk(sk)mn
= i€ (3.0.30)
[Si,Sj] = iEZ‘ijk (3031)
§? = 1(1+1
= s(s+1) (3.0.32)

Massless Particles
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Dirac equation:

= (Y0 —m) ¥ (3.0.33)
o Jo1 N s [ -1 0
L I A e N 0 1
—m (iQ—E ﬁ)]{gf)} . .
o= |,, ™ . (F=—iV) (3.0.34
If m = 0, then we get the Decoupled (Weyl) equations;
2y = .7 (3.0.35)
8tX = pX V.
0
i—¢ = —0-p 3.0.36
0 =~ (3.0.36)
More generally, if we let py = <22 p_ =18 — where {y5,7,} =0, 72 =1,
p++p- =1
(p+)p-) = 0
(P+)2 = D+
(p-)* = p-
So,
00 10
p+—[0 1} p_—[o 0} (3.0.37)
0
pa = { . } ptp = { 93 } (3.0.38)
If
VY =psryp (3.0.39)
then
0 = iy-0¢Yy —my_ (3.0.40)
0 = iy-0%_ —ma, (3.0.41)

For massless particles, we can’t go to the rest frame, i.e.

N L
=0

— there is no rest frame, so look at the frame where

pu=(0,0,p,p) 5 (p1=p2=0, ps=po=p) (3.0.42)



In this frame,

10 X1 _ 1 0 X1
Lo ] = le S0
(first of Weyl equations)
_ X1
ki
(only one state of negative energy)
1 0 ¢1 _ 1 0 ¢1
Lo L] - [0 S5

o= Lol

(only one state of positive energy)
So, Weyl equations are:

e Negative energy solutions:

i 0 o

—_— f— O’ .

9 tX pX

e Positive energy solutions:
.0 Lo
1— = — .
ETi4 po

Oct. 19/99
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(3.0.43)

(3.0.44)

(3.0.45)

(3.0.46)

(3.0.47)

(3.0.48)

Can we define “spin” of a massless particle, seeing that there is no rest frame? - Employ

the Pauli-Lubanski tensor.
i
Sy = Z€ur0

AoV
k
2

N 0,)\0 — % [fYA,’YU]

In the rest frame of a massive (m) particle,

K = (0,0,0,m)

i
VA
S, = Z€uwaom

2
(0in € index — p,v, A all spatial.)

60123 = 41
1 ik
SZ‘ = ieijko- m

. ag; 0
- m 0 o;

(3.0.49)

(3.0.50)
(3.0.51)

(3.0.52)

(3.0.53)
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Note:
1 O 0
Oij = §€ijk

% = iO'Z' 0

Thus, in the rest frame %Su reduces to mT‘?
%Sﬂ generalizes spin to an arbitrary frame. For a massless particle moving along the
z-axis (with k% =0, k* = (0,0, k, k)), then we have,
S, = ie o
1 — 9 1ov
i
= 3 (€1r03k + €1r00k) 0N (3.0.54)
etc. for Sy, Sz, Sy

Now consider the two massless solutions to the Bargmann Wigner equations

Wo(tizm..-azs = 60&1250422 e 504232 (3055)
Wo(tzzm...azs = 50&1350423 s 504233 (3056)

Generalize the Pauli Lubanski tensor,

(Su)algl ,,,,, aosfBos (Su)al,gl (5azﬁz s 5azsﬁzs)
+ (S,M)OQQQ (6111,5'1 6043,63 s 56!25525)

+ (Sﬂ)agsﬁgs (506151 .. '5042571@571) (3057>

It can now be shown that

SWH =0 SWH = —25kW ™ (3.0.58)
SoWW =0 W@ = 425w (3.0.59)
SW® =0 SwW = 425w (3.0.60)
SW® =0 SW® = 25k W ® (3.0.61)

But k, = (0,0, —k, k) and thus %SM = +sk,.

Hence for a massless particle, there are two solutions to the Bargmann-Wigner equations,
and these two solutions correspond to spin states whose eigenvalues are +S5, and whose
direction is in the direction of k.

Thus there are only two polarizations for any massless particle of spin S. We lose states
through the introduction of gauge symmetry. ex.



e massless spin 1/2 - 2 states
massive spin 1/2 - 2 (1) + 1 = 2 states

e massless spin 1 - 2 states
massive spin 1 - (2s + 1) = 3 states

e massless spin 3/2 - 2 states
massive spin 3/2 - (2s + 1) = 5 states
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Chapter 4

Gauge Symmetry and massless spin

one particles

Remember that
F, = 0,A, —0A,
O, F" = —mPA” —0asm® — 0
If m? — 0, there is the gauge invariance,
A, — A, +0,A
We now have,
o F" =0
Fo = 0,A, —0,A,

which are derived from the action

1 , 1
§=-1 /d4x E,, F*" — (c = —ZF2>

(4.0.3)

(4.0.6)

(the -ve sign is present to keep the energy +ve, and the magnitude 1/4 is convention). i.e.

59 1 / . ( 6F o5 )
= —= [ d's [2F*8
0AL(Y) 4 6AL(Y)

1 1)
= 2 | Ay PP 0, A5 — 0gA,
3 [ 1 P g 0o

— —% /d4a: Fo‘ﬁ(x) (2(3a54($ ) guﬁ)

0Ag(x) o
{—> DA, (y) = gupd " (x — y)}
= 0., F*°(2)
= 0
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Just as with

CHAPTER 4. GAUGE SYMMETRY AND MASSLESS SPIN ONE PARTICLES

L= L(q(t),q(t) and S = / dt £ (gi(t), 6i(1)) (4.0.7)
we have
S = / d*z L(A,,0,4,)
_ / dt / &r L (AM(:I:', 1), VAL (Z1), %Au(f, t)) (4.0.8)
qi(t) « AL(T1), VAT, 1) (4.0.9)
G(t) < %Au(f,t) (4.0.10)

and, where previously we had i discrete, we now have a continuum (x) number of degrees of

freedom. So, just as

oL o
Pi=5a (T 1)
Oct. 20/99
Now, as
0A, (7, t)
0A,(Z,t)
T (2, 1)
But,
- F)\VFAU =

oL
9 (2Arn(Z,1))

0
(C.f. (ZL = @

— momentum density (4.0.11)

)

(4.0.12)

1

0
——F,
54

99 AM)

Av

FOiFOi + EOFiO 4 FvijFij + FOOFOO
2F F% + FyF
N——

No t dep.



0 )
= —F '—FOZ
" % 9(8oA")

_)FOi:aOAi_aiAO

ST
Thus,

7Tj = —FOi 8 FOZ'
)

0(0p AH

0
9(0p A7)
—FY%

o FOi

(GoA; — 0;Ao)

Remember,

AP — (A',¢) (A0 = ¢, AP = A)
0A

= —Vo- -

—0; A — 9y A
+0'A° — 90 A
_FOi

o]

(77 = B =-F%=+F|
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(4.0.13)

(4.0.14)

(4.0.15)

(4.0.16)

(4.0.17)

(4.0.18)

(4.0.19)

(4.0.19) is Canonical momentum (Not mechanical momentum). Canonically conjugate to

A3. i.e. A® has canonically conjugate momentum 7/ = F7.

A, = —A
AO — +A0
™ = 0

i.e. A° has no conjugate momentum.
Define a Poison bracket,

0A0B 0AOB
4, 0] = bi; = [A, B] = Z {6q‘ Op;  Op; Oqi

Similarly

OF 0G

[F(Ap, ), G(Ay, )] = / & g™ [Mu(f, £ om(Z,1)  oni (T, 8) 6A (T, 1)

(4.0.20)

(4.0.21)

(4.0.22)

} (4.0.23)
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4.1 Canonical Hamiltonian Density

0
H = W“aAu — L (re. H=p;4—L) (4.1.1)
i 1 i ij
B 7T0 aoAQ + 0QAZ - <_Z (QFOZFO + EJF])) (412)
=0
(— 7° = primary constraint)
i 1 i, 1 ij
H = T 80142 - aon +81A0 + —FOiF + —EJ'F J
—_— 2 4

At

Remember that,

-,

(B); = (VxA); = e(9;Ar)

EimnBi = eim”eijkﬁjAk
— €imn€ijk = 6m](5nk - 5mk§nj
So that
eimnBi = (5mj6nk: - 6mk5nj)ajAk
= J"A" - J"A™
= pmn (4.1.3)
Consequently:

i 10 i 1 ;1
H = 7 Fé +7'0;Ag + 3 Fo, F° +Z\(€ijkBk)(€ilel)J

——
w mi(—mt) 2B;B;
1 .. 1 : . .
= §WZ7TZ + iBsz + 7' 0; A ; m = F
1 - - ‘
Primary constraint (7%(#,¢) = 0. Thus,
0
&WO =0=[r"(Z,t), H(7,1)] (4.1.6)

But we have the fundamental poisson bracket

[Aa(@,1), 7(7,1)] = gapd® (@ =) (et g, ps] = i) (4.1.7)
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0
=0 = |FE 0. G5 A
0
0 = 7(J,t)=—8 T -7
R (10550 = )
0 = +V-E# )87 -7 (4.1.8)
. Secondary constraint V - E = 0 (Gauss’s Law).
Oct. 22/99
So,
1 »
L = —§FWF (4.1.9)
™ = —Ei=—Fy (4.1.10)
=0 =0 First class Constraints (4.1.11)
T = 0., = 0 1.
1
E® + B
Ho = % + A0, E; (4.1.13)
H = /d%H (4.1.14)

Hr = Ho+cio
= %(EQ + gz) + AgOiE; + c1lly + c20;F; ;  can absorb ¢ — Ay (4.1.15)

. AY - Lagrange multiplier for the constraint 9;F; = 0.
We need two gauge conditions:

e Coulomb gauge (usual choice)

Ay = 0 (4.1.16)
9A;, = 0 (4.1.17)
e Axial gauge also possible
Ay = 0 (4.1.18)
As; = 0 (say) (4.1.19)

Now, replace Poisson Brackets by Dirac Brackets. The fundamental P.B. is:

{A(Z,6),IL;(7.0)} = 6;6°(Z—7) (4.1.20)
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The Dirac Bracket is then:

{A, B} = {A,B}-) {A,6,}d;{0;, B}

where d;' = {6;,0;}
So,

{H0<f7 t)aAO(zjv t)} = 53(5_ 37)
o .8 .\ a9 s o

(27)?
Write G(Z—7) = @k @9 g(k 1
y) = (27r)3€ g(k) (Fourier transf.)
o &k 72 T\ ik-(E—7
VG —i) = [ G (Rl e

Aside:

a
m
, \/E o 0 ifz #£0
lim 4/ —e = .
a—00 m (0. @] lf z=0

(4.1.22)

(4.1.23)

(4.1.24)

(4.1.25)
(4.1.26)

(4.1.27)
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a 2
) = 1 - —azx
@ = iy

> dk . ~ dk .
So / —e* = lim 2 eikr—ak?® 2 g regulator

Thus,

2 a—0 J_ 27
: > dk ix x2
= lim 700%@(1){—@( — 5 ) exp{—%;}
> dk/ N2 33'2
— i Y pmalk) =
lim N 7Te exp{ 1
2
T x
— 1 T _r
alir(l) 2 Xp{ 4&
= J(x)
end of aside.
Now, recall (4.1.27)
el = 2 4.1.28
coglk) = % (4.1.28)

Thus,

Bk =1\ o
G —§) = / — (T> eiF-(@1) (4.1.29)

Say (& — ¥) is along ks axis.

G(J_:,__, . 27Td +1 0 > dk ]{?2 -1 ikrcos@ . I -
y) _ (b COS ) (271')3 k}2 € ) r= |$ y’

= / dz / dk e** (2 = cos#h)
(2m)?

can extend k integral to (—oo) — int. over z makes even

= )2/ dz/ dk *?)

= E » dz §(rz)
S oodz' 62 ;2 =rz
dmr J_o
—1
- - (4.1.30)
Thus,
GE—§) = —— (4.1.31)
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One can verify that

~1
V2 (7,7;1) =0 , T#47Y (4.1.32)

A7 |¥ —

—1 —1 —1
3 = 2 _ = 3 = i -
/d” (w\) = w )Y (Vm)

by Gauss’s Law (Radius of Sphere = R)

and that

- — lim dQR%-(Vl)

471 R=co H
— 1 (4.1.33)

Sphere

Thus our Dirac Brackets are
{F(7,1),G(y, )} = {F(@1),G(y,1)}
- [ew ey [{ren. g few -0 { Ao
x (3

- 9, — — —y 0 —y -
Hence;
AEDILEOY = (60605 — o G(E - )
i\4y Uy g Y, - iJ Yy (9@ (930] Yy
0;0; L 1 L
((5”- - VQJ) Z—19) — o2 = G(Z—-v9) (4.1.35)
513Lé_y)
(4.1.36)
Consistency:
0 0 o 0 1
Ai(Z,0), 1L (g, t)} = —_—— T —
S AGDILEOY = 5o (6= 5o ) 6@ -7
= 0 (4.1.37)
{A@ 1), (7,0} = 05T —9) (4.1.38)
Oct. 26/99
HO = %(H2 + B2) —+ C1H0 —+ Q@iﬂi (4139)
i AO = [A07 H]
= [Ao, a1llg] = ¢1 (Entirely arbitrary prior to fixing gauge) (4.1.40)
[

Aj, %HQ + 0,11;] = A; — 0ico (4.1.41)
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where the usual gauge invariance in A is recovered;

Ay — A, +09,A (4.1.42)
cT = 80A
—82'62 = @A

The Fourier expansion of A(x,t) in the Coulomb gauge (0;4; = 0) is

2

A(x,t) = / dk 0k {e(k, Na(k, e + a*(k, A)eF ]} (4.1.43)

(27)

1. 0(k?) is the mass shell condition (i.e. ensures that JA =0 — J,F" =0=0A =0
it 9,4; = 0)

2. e(k,\)- k=0 (A=1,2) (Ensures 0;4; =0). and

£(x,)

& (te, 1)

€(k, )\) * €(k, )\/) = 6}\)\/
—e(k,1) xe(k,2) = 7l

3. A = A" = isreal. Thus,

ae*lk-:p + a*elk-x

occurs.
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Note:

[e.9] —€

—a—+te
</

- / e 5(2a(z — a)) f(z) + / o

—€

/_OO iz 8(z — a?) f(z) = / “do 5((x + a) (@ — a)) f(2)

dz §((x + a)(z — a)) f(x)

—a—€

but recall that / "z o(ex) fa) = L9

_ [flo) | f(=a)
T
Hence 2 a0
d(z"—a”) = 2a]
SA(x ) = / (;iﬂl;g /C: (ng:)(;(kg ~K?) > e(k, \[ae™* + g*eit7]

Rescaling a, a* and setting wy, = Vk?2, e = e(k, \), etc., we get

LAXD = %/%\/%Zsk,\ g pe 7 EXFRD gy eI xTR)
+ OLi;,,\@Jr (exbont) 4 g\
If k — —k, and if
Eun = {6 ka (A=)
’ ekxr (A=12)

€_k,1 X €-k,2

then
2

2

k)
||

dx 0(—2a(x + a))f(x)

(4.1.44)

(4.1.45)

(4.1.46)

etilkex—wi)] (4.1.47)

(4.1.48)

(4.1.49)

/ A2k 1 ng Ok /\e—i(k-x+wkt) :/ 4’k 1 Ze KAl k/\e i(k-x—wgt)
(2m)3/2 \ 2wy, reri )32 2wy,

* A=
Now set a_j\ = {ak’i -
A A AT

Al = /‘cPk

(27)3/2 /2wy, —~

; . Thus everything collapses to

1 . .
—ik-x * ik-x
g EkA [a;w\e + A, \€ }

where k-z =k -x — wyt

(4.1.50)

(4.1.51)



4.1. CANONICAL HAMILTONIAN DENSITY

(we need not use lane wave basis; any complete set of functions will do).
Recall the Klein-Gordon equation:

_ 99

0 = (@d+m*)¢
62 2 2

- 90 _ (VQ—m2)¢

woloed) w3

Let

oA
o

ot

I
55

|
1

—~
&

+

—-

o
~—

K.G. equation follows from an action

S

Now,

Fundamental P.B.

(O+m*)¢

L O
lha
O
lha

- [ E(am)(a%) - %#]
¥
oL,
) ¢
(0) — £

1 (000) — (3000 - 5(V0)? - mie?)
1

5 [I1* + (V§)* + m*¢°]

= (x—y)

= j Describes 1, K, ...

= p2my — we've treated as single particle

2

= (p_ + V> 1 — in a classical potential
2m

81

(4.1.52)

(4.1.53)

(4.1.54)

(4.1.55)

(4.1.56)

(4.1.57)

(4.1.58)

(4.1.59)

(4.1.60)

(4.1.61)

(4.1.62)
(4.1.63)

(4.1.64)
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Dirac showed that the potential V' itself, when it’s due to an E.M. field, should be quantized.
Make relativistic by considering Dirac eq.

iaa—f = (a-p+pm)y (4.1.65)

e the above equation doesn’t describe just 1 particle anymore, but in fact now describes
4

e this one equation describes 1 particles (spin %)
e if you put ¢’s and A’s back in, A’s don’t all cancel, — A floating around

Maxwell’s equations (Fiddle with Bargmann-Wigner (spin 1), and get these)

9" = 0 (4.1.66)
P = 9rAY — YA (4.1.67)

I’s cancel, if m = 0 — classical equations. (2 particles/polarizations). i.e. in order to include
relativity, you end up having to describe more than 1 particle. Wave function describing
single particle — actually quantizing wave function itself (2"¢ quantization).

Oct. 27/99



Chapter 5

(2"%) Quantization, Spin and Statistics

5.1 Harmonic Oscillator

1 k
H=—(p* +u*¢) ; =/ — 1.1
SR w= o (511)
Quantize:
lg.p] = i; (h=1) (5.1.2)
p = [pHl=-wq (5.1.3)
¢ = [¢.H]=p (5.1.4)
Define:
wq +1p 1
a = : annihilation 5.1.5
s ) (515
p_ wg—ip .
a' = ; (creation 5.1.6
L= (eration) (5.6
Note that:
[a,a] = 1
la,a] = [a',al]=0
1
H = T _
w(a a+2)
and
[H,a'] = wad
[H,a)] = —wa
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Suppose
Hln) = wy|n) (5.1.7)
H(a'ln)) = ([H,a']+a"H)ln)
walln) + a'w,|n))
wn + w)(a'|n))

wn — w)(aln))

(
-
and similarly H(aln)) = (

More generally,
H(a™n)) = (w, — mw)(a™|n)) (5.1.10)

For the energy to have a lower bound, there must be a state |0) such that a|0) = 0.
In this case,

H|0) = w(a*a+%) 0) 5 al0)=0

1
= §w\0) (Consistent with uncertainty principle).

1 h?
= S+ 10) = Ap Ag > (5.1.11)
i.e. Vacuum state |0) is lowest energy state, not nothing.
a'l0) oc 1)
(ah)"[0) o< |n)
1
Hin) = (n+§> win) (n=0,1,...) (5.1.12)
For (n|m) = 0pm
(ah)"
n) = —22__|o) (5.1.13)
(n+1)

For our real K.G. field:

0 = (D + m2) © has a solution
d3k 1
0 = | G

(note that this is only a scalar field here, .". don’t need polarization vectors ¢j). For a
complex field, we have the same treatment for real and complex parts.

are T + ape® ) (5.1.14)

—k-x = wt—k-z
with wp, = \/k*+m?
—ik-x
e
fe =

(2m)32u;
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As 2
/ (2@3@@ = 0°() (5.1.15)
then .
/d% fro(z,t) = Yo [ak + a* e ] (5.1.16)
Remember that
M(z,t) = %Eft’ 2
_‘,/d3x fr Mz, t) = —% lar — a” e (5.1.17)
(5.1.18)
Thus,
: 3 * a *
w=i [ [fk (2.) (Oub(a, 1)) — (afk (@ t)) oz t)} (5.1.19)
:>f‘,j,3¢>
If we now quantize
D), 11y, )] = %z —y) (Lot hi=1) (5.1.20)
then we can show that
[a(k),a(k)] = 0 (5.1.21)
6" (k),a"(K)] = 0 (5.1.22)
la(k),a* (k)] = 6*(k— k) (5.1.23)

and
H = /d3:c [1H2 + %(qu)Q + %2¢2]

= [ o (cwaw +3)] (5.1.24)

— Harmonic oscillator! (Note the % term above will diverge — at each point, get this vacuum
oscillation — > over all points, get 0o.)
States in the Hilbert space of these operators:

|0k, Ogr, Ogrr, ...y = vacuum = |0) (5.1.25)

T
a
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i.e. the a; “creates” a K.G. particle of momentum /. So,

[\

(a))* (af
NV 10) (5.1.27)

~—

is a state with one K.G. particle of momentum [’ and two of momentum /. Notation: When
we quantize, the % goes to T;

a; — al (5.1.28)
As it is only the difference between energy levels that is observed, we take,

: H: — normal order of H (5.1.29)
cH: = /d3k wi(alar) (5.1.30)

(excitations above lowest energy state)

As
1 3 T T
H= 3 d°k wy, (akak + akak> (5.1.31)
—  : H :is obtained by rewriting H so that all annihilation operators are on the right.
More generally, : ¢(z)p(y) : - ordered so that, again, all annihilation operators are on the
right hand side. As,
i/d%f,j O fw = Bk—k) (5.1.32)
o = /d?@ al fy (5.1.33)
ot = /d% aifr (5.1.34)
Oct. 29/99
o(@)p(y) = 1 (¢7(2) + 07 (2) (07 (y) + 67 (y)) :

= ¢ (rv) W)+ ¢ )" (x) o (2)¢ (y) + ¢ (x)dT (y)
—_—

inversion
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[6(x), 6(y)]

Properties:
0
Az —y)
Note:
ie.
Thus,
Hence,

(67 (@) + ¢ (2)), (6" (¥) + ¢~ ()]

5
{ / Pk (al i) + o fila)) / @K (al fio(y) + aw fi (y))}

d*k 3K . / : ,
T —i(k-z—k"y) 1 i(k-x—k'y)
/ ak,ak,] e + [ak,ak/] e
(271')3\/ 2(,()k s W [
—— ——
Oppe! — 0t
3
21)3 2wy,
Pk,

2 ik (z—y) o _
(27‘(’)3 Wi € Y sin [Wk(-fo yO)]

3
/M = [ sk = m?)

Zwk

L 2 —k-(a—
/(27)3(5(145 —m?)e(ko)e @)

+1 ko >0
where e(kgy) = {_1 /C(; <0

iA(x —y)

(0, — m®) A(z — y) — expected, as (O —m?)¢p =0
_A(y - JI) - Reasonable, as [¢(ZL’), (b(y)] - [qb(y)? qb(‘r)]

Az —y,0) =0

- / d'k §(ki — k2 — m2)5(k0)e’ik'(§’@ =0
(2m)3 0

Alx—y)=0 if (z—y)*<0

[6(2), ()] = 0 if (z—y)* <0

87

(5.1.35)

(5.1.38)

(5.1.39)

as required by causality. If x,y are separated temporally, (i.e. within light cone), then the
order of z,y (in time) is the same V observers. If they are separated by spatial separation,
(outside light cone), order (time order) not necessarily the same.
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5.2 Feynman Propagator

(01T ¢ (2)o(y)|0) (5.2.1)

Hence,
Top(x)o(y) = 0(zo — yo)o(x)p(y) + 0(yo — w0)d(y)P(x) (5.2.2)
{9(3:) = {; i z SH (5.2.3)

This is in fact relativistically invariant.
To(x)oly) = (0] [0(zo —y0)(@F + &) (0 + &) + Oy + w0) (¢ + &) (63 + ¢7)] [0)
where ¢} = ¢*(z), etc.
so, in first term above, ¢, ¢, — 0 and in second term, ¢, ¢, — 0
— arl0) =0 (Ola; =0
= (0] [0(z0 — y0) bz &, + O(yo — 20), &.1] |0)

1
— —=af[0) = |11)

V2
1
<O|ﬁak = (k|
; 6134]{ 0 —ik-(z—y) 0 ik-(z—y) 5.2.4
] (2m)3(2wr) [6(0 — yoe + 0o — wo)e ) (5:2.4)
(Note that
o JX 6it/\
0(t) — an . 0 5.2.
®) /_0027ri)\—ia’ = (529

—>)\—>k‘0

o(t) = / T dky et (5.2.6)

o 2miky — ie

d*k e—ik-(m—y)

2m)4 k2 —m? +ie

T(6(2)p(y)) = i / : (5.27)

Note that k2 — k* — m? +ic — poles at ko = £1/k” + m? — ic. Hence for [ dko we have the
contour Hence

ap pik(a—y)
OT$@)é(w))0) = i / (d’“

2m)4 k2 —m? +ie

= iAp(x —y) (Feynman Propagator) (5.2.8)
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TN
>
//(/ ‘\\\
I/ >‘;5 \‘\
J?: > Re N t<0 — mnopoles, ..0(t)=0
I}
\ / t>0 — 1pole, .. residuef(t)=1
N .
- _‘v _ -
)\Im(ka)
— Pk
"h_“_l*ﬂ‘ll + E-L-‘_ml,
Y
Note:
(O, + m*)Ap(z —y) = —6*(z —y) (5.2.9)
Remember
O+ m*)A(x —y) =0 (5.2.10)

We can repeat this procedure for the vector field. Classical P.B.

[Ai(z,1), i (z,t)] = g46°(x—y) (i,j — spatial indices) (5.2.11)

[&@@jmgw = 6,0z — y) (5.2.12)
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But, in order to eliminate the constraints, we need the classical Dirac Bracket

[Ai(L t), ;(y, t)}* = — (5@' av(z > 83 (z — y) (Coulomb gauge) (5.2.13)
which goes to the commutator,
; - : 0,0,
[Ai(z, t),1;(y, t)} = —i (5@ - < > &z —y) (5.2.14)
We'll work with this commutator.
Nov. 2/99
Ai(z,t) = / k1 i( (k,N) (a(k, N)e ™ +al(k, \)e*™)  (5.2.15)
i\Z, = K, alk, e a'(k, e 2.
2m) 7 o 2
Re: (k1) =e(—k,1)
e(k,2) = —e(—k,2)
k
e(k,1) x e(k o
( e(k,2) = 7

These ¢ are appropriate for the Coulomb gauge - the gauge condition is taken care of by the
two conditions with £ — —k, above. Also, once again we have a superposition of harmonic
oscillators making up A(z,t);

[a(k, \),a(k',N)] = 0 (5.2.16)
[al(k,\),a' (K, N)] = 0 (5.2.17)
la(k, N),al (K", X)] = 0%(k— K)o (5.2.18)

Recall (A =1)

H = /d% :%@%E);

2
= /dSEwkZaT(@,)\)a(E,)\) (5.2.19)
A=1
(i.e. E = hwiN; Einstein photoelectric effect)
p = /d3x Ex B:
2
= (h) / P’k kY al(k Na(k, \) (5.2.20)
A=1
(p = hkN, de Broglie) (5.2.21)

Remember that, for a Harmonic Oscillator, if

N =d'a (5.2.22)
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then
Nin) = nln) (5.2.23)

General expression for A, (z,t) and its time ordered product:

3
Now A,(z,t) = / k1 Z’fuk/\ Tk, \)e™™ + a(k, N)e (5%9.24)

27)3/2 \/ 2w,

So (0T A, (2)An(y)|0) = /(;l;’; ekz - Zgﬂ (e, New(, \)
— iDg, (x—y) - (5.2.25)
In the Coulomb gauge, if
en(k, N) = (0,e(k, \) (k-£=0) (5.2.26)

Let n, = (1,0,0,0). In frame where €, has the above form,

- — k-
= R B (5.2.27)
(k-n)*—n?
Note
ken = 0 n-e=0
ke = 0 (5.2.28)

ku, €,(1), €.(2), n, are 4 orthonormal vectors, all defined with respect to frame where
eulk, A) = (0,(k, A)).

Now,
2 ~
Z€H<k7 )\)81,(]{7, )‘) = “Gw + NuMv — kukzx (5229)
A=1
Reduces to
kik;

Hence in the Coulomb gauge,

d*k e (@=y) k*n.m, + kuk, — k- n(km, + ko)
iD —y) = — G rr K i v 5.2.31
1 Fp,u(x y) /(271')4 k2+i€ Iu + —k2+(77 ) ( )

A\ >
-~
*

x is an artifact of using the Coulomb gauge and cannot affect any physical process.
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5.3 Quantizing the Dirac Field

We have
o(x) — ag, al, (5.3.1)
with states: ; ;
(ag, )" (ag,, )"
Pty s Ty - -+ 3 MUy, ) = —eik b 0,...,0) (5.3.2)
(g, +1)! (nk,, +1)!
where ng,,...,ng, = 1,2,...,00. For electrons, Pauli suggested that no two electrons can

be in the same state.

Fermionic Harmonic Oscillator

H = w (b*b+%> (5.3.3)

{b,b} = {b',b'} =0
{b,b'} =1="0b" +b'b

where the above are now anti-commutator relations. From this,

b,H] = [b,w(b*bnté)}

= w(bb'b—b'bb) ; b =1—1bb
= w(b—2bbb ; bb+bb=0={bb}

= wh—wb'{b, b}
= wb (5.3.6)
If
Hln) = wy|n) (5.3.7)
H(bln)) = (bH — wb)[n)
(where [b, H =bH — Hb = wb)
= (w, —w)(bn)) (5.3.8)
So also,
H(b'n)) = (wn + w)(b'|n)) (5.3.9)

For the energy of the system to be bounded below,

b0) =0 (5.3.10)
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For this state;

H|0) = w (bTb+ %) 0)

= 20 (w0=1%) (5.3.11)
Now,
b0y = |1) (5.3.12)
H|1) = w(®b+1/2)[1)
= w(b'b41/2)bT0) (bTbbT = b (b0 4 bTb — bTb) = bY)
= w(' + (1/2)b")[0)
3w 3w
— 7(bf|o>):7|1> (5.3.13)
But (b1)2|0) = 0 as {bf,b1} = 0.
Nov. 3/99
Consider,
H = w(bTb—%) (5.3.14)
{b,b'} = 1

bl0) = 0, bfj0)=11), ()*1) =0

Hl0) = ~Z0)
HIL) = )

1
H = w(—bTb+§>:—H

1
= w (b*b bb! +bb" + )
=—1 2

= w {bb* — } (5.3.15)

There is a symmetry between b and b';

b0y = 0 (5.3.16)
b0y = [1) (5.3.17)
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Consequently though,

H|0Y = <bTb——> 0)/

1
w |bTb 4 bbT —bb' — —] 0/
—— 2

H|1Y = w (b%—%) (b/0)")

(5.3.18)

(5.3.19)

(5.3.20)
(5.3.21)

with the operator H, b destroys a state |1) while this operator b becomes a creation operator

for a system with Hamiltonian H'.
Now for the electron field .

Z/ o 3/2\/7 b(p, s)e " u(p, s) + d*(p, )™ v(p, s)]

(F—m)u=0=(g+mv

ua(p, 5)up(p,s) = <¢+"”>a6

i 2m
_ p+m
wlp s = (
s==+ 2m aB
u(p,s)v(p,s’) = 0
a<p7 S)U(p, 8/) = _,U(pa S)U(pa 8/> = 553’

E
uT(p7 S)U(p, 8/) = UT(p7 S)U(p7 S,) = Epd%’

Quantizing 1)
(09— m) =0

This can be derived from the Lagrangian

=i @—mly (Y =1ly)

(5.3.22)

(5.3.23)

(5.3.24)

(5.3.25)

(5.3.26)
(5.3.27)

(5.3.28)

(5.3.29)

(5.3.30)
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provided ¢ and v are treated as being independent.
oL

I, = = (i) = i) 5.3.31
9(Dota) ¥(iv0) (G ( )
_ oL
I, = S 5.3.32
3(80?%) ( )
Eventually the constraint formalism gives,
{wa (&, t>7 Hﬁ (g’ t> }quantum - [wa (&, t>’ Hﬁ <g’ t):| Zlassical Dirac Bracket (5333)
The quantization of the E.M. field gives
| {Walz, ), s(y, )} = i0°(z—y) | (5.3.34)
| {valz ). 0. t)} = a—y) | (5.3.35)
As b, d' are now operators, we obtain,
{b(p, s),b'(p',s')} = 63(p — p')dss | Fermionic creation and (5.3.36)
{d(p, s),d'(p',s')} = 03(p — p')dss | annihilation operators o

bi(p,s) (b(p,s)) creates (destroys) an electron with energy E, = +,/p?>+m? and spin s,
momentum p.

¢

d(p,s) (d'(p,s)) creates (destroys) a positron with energy —FE, = —,/p? + m?, spin s and

¢

momentum —p. or

d(p,s) (d'(p,s)) annihilates (creates) a positron with energy E, = +,/p? + m?, spin s and

H = /d% : (Ha% —c) : (5.3.37)

(Here : a5 = zﬂ;ﬁﬂ; + o tbs +FUiYg — ¢;¢a_)

¢

momentum +p. i.e. Now,

We find that
H= Z / d*p E, (b (p, s)b(p, s) + d'(p, s)d(p, s)) « Positive Definite Hamiltonian
s=%

(5.3.39)
where this is a positive definite Hamiltonian because the b(p, s) destroys an electron of energy
E,, and the d(p, s) destroys a positron of momentum F,.

If we had quantized using a commutator, we would have gotten;

H = Zi / d*p E, (b (p, $)b(p, s) — d'(p, s)d(p, 5)) (5.3.40)
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where the negative sign would mean there is no lower bound on the spectrum of H. Consider
the current

j. = Wy, Vector - eventually this will be the e.m. current. (5.3.41)
Q=jor = P
=yl

= [ (. blp.5) ~ '), ) (5.3.42)

with b'(p, s)b(p, s) the positive contribution from electrons, and d'(p, s)d(p, s) term the neg-
ative contribution from positrons.

Nov. 6/99
{ta(@),ds(y)} = i1 P +m)Alx —y) (5.3.43)
[0(2), ¢(y)] = 1A(z—y)
= 0 if (v —9)*<0 (5.3.44)

If we used commutators for v, (z,t) and Ha(y,t) , [ta(x),¥s(y)] # 0 for (x —y)* < 0. This
would be inconsistent. So also,

(OTa(2)150) = 1Spas(z —y) (5.3.45)

d4p e_ip'(z_y)
Sp(x—y) = / )i —me T ig(p’—i— m) (Scalar case) (5.3.46)

Since (§+m)(¥—m) =p* —m? = p* —m?, (last = due to anti-commutation relations)

dp e i@y
—y) = 3.4
S =y) / 2m)* p—m+ic (5.3.47)

For Fermi Dirac particles

Ta(®)b(t') = 0(t — )a(t)b(t') — Ot — )b(#)a(t) (5.3.48)



Chapter 6

Interacting Fields

1 , m? APt
L=(0,0)(0"0) — —¢" = — (6.0.1)
2 2 4!
~ .=~
Free field Interaction
The equation of motion is
by 3
82 + m2¢ + % —0 (6.0.2)
(Most important type of interaction — Gauge).
6.1 Gauge Interaction
Schrodinger equation
0
ia—i} = Hvy 1 —1 complex (6.1.1)
Probability density *(z,t)y(x,t) is invariant under a phase change
(. t) = () (6.1.2)
where A is a constant. If ¢(z,t) — e*@9)(z, 1) is an invariant then 1/*) is unaltered, but
0
ia—:/: = H1 is changed (6.1.3)

Introduce A, (z,t) and replace d, by D, = 0 —ieA,, and let A, — A, + 29, A if ¢ — ™).
ie.

D, — D, (6.1.4)
A, is the electromagnetic potential; ¢ becomes complex.
L= (,47)(0") — m*6"d — A" ¢)° (6.1.5)
O — Do
L= (9 +ieA,) 6] [(9" — ieA") ¢] — m?6"6 — A(6°6)’ (6.1.6)

97
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This is invariant under
¢ — o
¢* _ e*iA(é
1
AH — A,u + gauA

Also, add in

1
L = —FuF" (6.1.7)

where F,, =0,A, —0,A,
S [D,,D,](f) (f = test function)
e

i . )

= (00— ieA) 0, — 1eA)] (5)

= Ay, — Au (6.1.8)
We can also include spinors

L=1 (0, —ieA,)y" —m)y (6.1.9)

So also there is an interaction between spinors and real scalars:

. 1 " 'u2 /\¢4 -

£ =00 P —m) + 5(0,0)(0"6) = o — S~ ighue (6.1.10)

where the last term is the yukawa interaction (the i is required for £ = L£T. (you must have
a complex scalar field to interact with the electromagnetic field).

6.2 Heisenberg Picture of Q.M.

Ay = Ap(z,t) (Heisenberg operator) (6.2.1)
0

i—Ay = [Ag, H 2.2
0 Ay = [An, H] (6:22)

0A 1
(C'f' E = [A’ H]PB - I [ ]Commutator) (623>

Solution . _

Ap(x,t) = e Ay (z,0)e (6.2.4)

Heisenberg states ) gy (%|¢>H = 0) . Matrix elements

(Dl Am|Y)r = (@l A (z, 0)e ™ ) (6.2.5)
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Let Ag(z,0) = Ag(x) < Schrodinger operator

We) = e hu = [9(t)s (6.2.6)
0
Now EAS(I) =0
.0
i [(t)s = H[¢(t))s (6.2.7)
Dirac’s interaction representation,
Aip(z,t) = et Ag(x)e ot (6.2.8)
H = H(] 4 H[ — @iHote_thAH(g, t>6th6—iH0t
la(t)) = e a(t))g (6.2.9)
Thus (¢n|Anlon) = (Ps|As|¢s)
= <¢ip|Aip|¢ip> (6-2-1())
We note that 94 5
=i [ AT = [Ay, H (6.2.11)

(Aip(z,t) evolves as if there were no interactions). So, also

.0 O i
s a(t))y, = 15 [6 |a(t)>5}
= | —Hpe™™a(t)) g 4 ot (i%!a(t»s)}
= —Hoe™a(t))s + ™" (Hy + Hi) |a(t)) s
= (e Hpem M) eta(t) s
= H"a(t)): (6.2.12)

Nov. 9/99
Now, drop the “ip” (we're always working in the interaction picture from now on). So,

igla(t)) = Hila(t)) (6.2.13)
i A() = [A(t), Ho]
is in the interaction picture. Suppose,
la(t)) = Ul(t, to)|a(to)) (6.2.14)

where U(t, ) is an evolution operator. Note:
1 Ut,t) =1
2. U(t,tg)~' = Ulto,1)
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3. By (6.2.13),

10,U(t,to)|alty)) =

CHAPTER 6. INTERACTING FIELDS

H]U(t, to) |CL(t0)>
Notice |a(ty)) has no t dependence

0
Take the Hermitian conjugate
9t i i
—laU (t,to) =U (t,to)H] (HI = H[) (6216)
Thus, from (U7(6.2.15) + (6.2.16)U)
0 T
g [UT(t, to)U(t, t0)] =0 (6.2.17)
and
U'(t,to)U(t,to) =1 (i.e. = constant, let constant = 1) (6.2.18)
So we have
U™t tg) =U'(t, ty) (ie. U is unitary) (6.2.19)
We can integrate (6.2.15)
t
Ult,te) = K —1i | dt' Hi(t"U{', to) (6.2.20)
to
As U(t,t) =1, .. K =1. We can iterate this equation,
t
Ultty) = 1—i / dt, Hy(t)) + / dt, / dty Hy(t)Hi (1)
/ dtl / dtg / dtg H[ tl H](tg)H[(tg) + . (6221)
This satisfies (6.2.15). Examine: We can also write as:
02 t t1 t to
l / dt, / dts Hy(t)Hi(t) + / dts / dt, HI(tQ)HI(tI)} (6.2.22)
to to to to

where the first region of integration is as in diagram above, and the second region of in-

tegration is the same diagram with the region reflected in the t; = t5 line.

also,

t
dtq
to

But this is

t dty [THy(t)Hi(t2)] (6.2.23)
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(—i)? /tt dt, /ttl dtoHy(t)Hi(ts)

So also
t t1 to
(—i)? / it / it / dts Hy(t) H () H (1)
to to to
(—1)3 t t t
- U / dt, / dt / dts TH(t2)Hy (t2) H (t5)
. to to to

In general, then,

Ult,ty) = 1+T% /tdtl Hl(t1)+T(_21!)2 /t:dtl /t:dtQ Hi(t1)H (ts)

to

ot
dty... | dt, Hi(t)... H(t,)
n! to to

+...+T

= Texp {—i/t dt, HI(“)}

to
Consider now a scattering problem:
e In this we go from a state |a(t = —o0)) to a state at (a(t = +00)]

e At t = +oo, we have free particles (Adiabatic Approximation)

101

(6.2.24)
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At t = —o0, we have a free particle state, |a(t = —o0)), and at t = +00, we have a free
particle state |b(t = +00)), and what we want to compute is (b(oo)|a(o0)) - This gives the
amplitude for |a(—o00)) evolving into |b(c0)). But,

la(c0)) = U(o0, —00) |a(—o0)) (6.2.25)
This means we want,
(b(c0)| U(oo, —0) |a(—00)) = Spe — (S-matrix) (6.2.26)
To evaluate this, we need,
(b(0)| <_ni!)nT /t dt, /t ity .. /t ity Hy(t) ... Hy(th) la(—o0)) (6.2.27)

6.3 Wick’s Theorem

This converts Time-ordered products to normal-ordered products. (actual theorem works

for any two orderings of operators).
Trivial Case: (n=1)

TH[(tl) = H](tl) : (631)
n=>2 (let tl > tg)
THi(t)H(t) = : (Hf (t)+ Hy () (Hf (t2) + Hy (2)) -
(let’s let H;(t1) = Hy, etc.)
= H{Hf+H Hy + H Hy +H; Hy (6.3.2)
——
Not N.0.’d
Now,
(
H{ Hf — HfH; — HfH; (Bosonic)
H{ Hf = [y 15 ] N.O.d (6.3.3)
H{ Hy + HfH — Hy H;  (Fermionic)
N ~~ N——
L {HyHy ) N.0.d
Thus,

[H;,H;] « (Bosonic)

6.3.4
{H;,H;} < (Fermionic) ( )

THlHQ =: H1H2 : +{

But this (anti)-commutator is a c-number. In general these are just (0|T'H1H»|0). i.e.
We have (t; > tq),
[Hy Hy] = (0[H Hy|0)
= (0|TH, Hy|0)
(0|7 Hy Ha|0) (6.3.5)
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For both t; > t, and t5 > t1, we have

TH(t1)H(ta) =: Hy(t1)Hy(t2) : +(0|T H(t1)H/(t2)]0) (6.3.6)
Nov. 10/99
Inductively, we can show that
Tx(z1) - x(za) = :x(@)x(@2) ... x(zn) :
+Z (OF Tx (i) x () 0) = x(w) - x(@im)x(@ig) - X (i) x(@540) - x (@) -

+ > (O] Tx(@i)x(ay) [0) (0] Tx(w)x(@1) [0): x (1) X)) ;

X(zijk1) all excluded

all possible 2 pairs
+...
+ > O T...[0)...(0]T...]0):x: (6.3.7)

all possible n/2 pairs

This is useful, as

O] : x(x1)...xxn : 10) =0 (6.3.8)
Consider the case where
H; = / d*r H(x) (6.3.9)
H(z) = ikyys1¢  ( Pseudo-scalar Yakawa coupling ) (6.3.10)
ie.
1 2 . -
£ = 5(0:6)(0"6) = 56" + 0 P — m) — indysiio (6.3.11)

(Note that ¢(—z,t) = —¢(+z,t)). Hence:

Texp{—i/dt Hf(t)} = Texp{—i/d%m(x)}

= 7|1-i(i0) [ d's @Ga)aieo)
+ %/d‘lxl d4x2&($1)75w(5’71)¢(x1)@(%)%&(@)gﬁ(u)
te (6.3.12)




104 CHAPTER 6. INTERACTING FIELDS



Chapter 7

Electron-Positron Scattering

Now suppose |a(—o0)) consists of an electron of momentum p and polarization s, and a

positron of momentum ¢ and polarization t; and suppose |a(c0)) consists of an electron of

momentum p’ and polarization s’, and a positron of momentum ¢’ and polarization ¢'.
Thus, we have

ja(=00)) = bldl, [0) — [0) = byedy |a(—00)) (7.0.1)
b(=00)) = Bl 10) — (0] bydye = (b(~o0)| (7.02)
Thus,
(b(00)| Te™/ 7 |a(—o0))

= (b(co)| T (1+/<c/d43: V() vs0(2)p(x) + “—2/d4x1 d‘*a:Q...) la(—00)) (7.0.3)

Upon applying Wick’s theorem, the only surviving contributions to this matrix element
will be those terms with destruction operators for e~ and e™ acting on |a(—o0)) and creation
operators for e~ and et acting on (b(c0)]. So,

(b(oo >|T—1fd4x“x> a0
— (boo)la(-00) + & |(c0) / ' (o) la(—oc)

o) / ' (0] TGa(ahta(o) 10700 6(0) : al=o0)]
= 0 ie. a,la(—0)) =0 a, — destruction op. for ¢(x)

Term of order x2: The only surviving term.

2

5 [ atan dtas { (o) [ (01 Tolw)o(e) 10): Dl st(o)ilerse(as) ] la(-o0) }

~
iAp(z1—22)

(7.0.4)

105



106 CHAPTER 7. ELECTRON-POSITRON SCATTERING

The following (¢+, ) act on |a(—00)) to give |0) by (7.0.1);

d3 11 i
Yt = 2W3/2,/E//pr s" s")e P (7.0.5)

// :t
-~ d3 11 ]
"= 1N\ _—ip"”-x
P = /W B, > A", s")e (7.0.6)
s=+

where the 1)+ represents e~ (b operator) and the ¢ represents et (d operator). So also, by
(7.0.2),

dgp” m —ip
Vs / a7\ By 2 M0 (707)
— d3 /! : ol
Yt = @) 3/2*/13/, > o dp”, s §")e " (7.0.8)
// :t

which act on (b(c0)| to give (0]. (1)~ has b~ in it — e™.)
Nov. 12/99
So, the only surviving term is:

_ fit/"dxldxz(O!T¢%$1)¢($2)|0)C%ﬂaﬁ(75)w
<mmam

vy (w2)] la(—00)) (7.0.9)

where the first two terms give identical contributions, and the last two terms give identical
contributions (the minus sign on the last two terms is due to Fermi-Dirac statistics). ex.

=Y [ @ [ die i s)er
s==% Ep

and soon ...
Recall
la(—00)) = d;’t/b;r;s’ 0)
= 10) = dyvbys la(—00))
So also,
0| T 0= [y et 7.0.11
(O] To(z1)¢(x2) [0) = (2704/ [ (7.0.11)



107

Thus,

Bk ek (@i—w2) m4
Spa = K[ d'ay d /
b k / T1 @ Ty (2m)* (k2 — p? +ie) \| BB By Ey

[( ', s")s0(d, 1) (0(q, t)rsulp, 5)) elP' 21+ 21—g a2 —pa2)
— (u

(', s )ysulp, s)) (0(q, t)y50(d', 1)) ei(”/'””l"""’“*‘/'”“""’”2)] (7.0.12)

Integrate over x; and xs:

R / (;l;;eik-x — 5 (k) (7.0.13)

_ 4
St = \/EEEE /d k2 — 2 —ie

(@ s 50q0) (Tt V5ups )0 (—k + ' + ¢ )6 (k — g — p)
(up’5’75up5)(th75vq’t’)5 (=k+p — )54(k +q - qﬂ
Upr 5 V5Vq' 1) (Dt V5Ups)
(V' +q)? = p? +ie
o (ap’8’75ups) (@qt'%?]r?’t’) (70 14)
(0" =p)? =y +ie

m2

2.2 40,1 ! (
— s o
N BB E B, [0 +d —p—q)] {

Pictorial Representation

The relative minus sign in figure 7.0.2 comes from interchanging two fermions. We don’t ac-
tually observe the intermediate particles, and so the fact that they are off mass shell doesn’t
effect the calculation. After integrating over x; and x5, and going to momentum space, we
get
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b
? L t[

Py ¢
(( f ei»fﬁf)

Figure 7.0.2: Electron Scattering (Momentum Space, after integra-
tion)

The integral over x;, x2 leads to momentum conservation at each vertex (total momentum
incoming = total outgoing momentum).
Nov 16/99



Chapter 8

Loop Diagrams

8.1 Feynman Rules in Momentum Space

Propagator for spinor

P —m+ie
(Spin 0)

- e
(Spin 0)

k —ig,, + (gauge dependent)
k? + ie

(Spin 1)

109
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? —16(’7“)046

* ~ ¢ (Vertex)
l
i —K(75)ap
!
" : ¢ (Vertex)
N /
N —i\
‘ > (Vertex)

e momentum is conserved at each vertex

e for each loop, there is an overall factor of [

(;ﬁ’)z — (This leads to infinities).

Now, take an example:

‘t-¢)

One more photon added:

(i.e. many different possibilities)
example:
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D T W W
V—-f*k"'ﬁ/ Figure 8.1.1: we only ever observe the

k 7\ S external particles —.". don’t know where
A particles in loop are .. must sum over all
4 Pwk \ possibilities — Uncertainty Principle.

(p+ ¢ =q+7p'). The External lines (spinors) give

m m m m
u(p, s u(p, s v(p, s v(p, s 8.1.1
VEYV (p,s) BV (P, s) B,V (p, s) B,V (p, s) (8.1.1)
inCOm‘i:lg e~ outg(;i;g e~ Outg(:irrlg et incom\irng et

momentum p, spin s

1

where v

— unit probability in a box of volume V.
e Factor of (—1) for each fermion loop

e If we exchange fermions to go from one diagram to another, their relative phase is

(=1).
e Overall factor of (2m)*d(p; — py)

For example, e"e™ — e~e™ (with respective momenta p,q — p’,q'.)
Consider one particular pair of diagrams, which are of order e*.
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(D

Figure 8.1.2: For Diagram I

0 [ g [y gm0 it |y [t ()
| [(_m”)”‘s ((}H - 1;) —mt 15)55/ (Henl (m)w

= () [ G S =1 ) G 0, )
| (my b (7" K+ #- rf’l) —mtie F- . = ie) "a ihold,£) (§.12)

Note that (1) the (—1) is the fermion loop factor, and (2) the spinor propagator is -Zte— =

p2—m2+ie
1

Y—m+ie

Thus II becomes
(—1)(—1) / % o (u(p, s) < v(d, 1)) (8.1.3)

where the second (—1) will come from interchanging the spinors.



8.2. COMBINATORIC FACTORS 113

( AN
\ %
¢ ,"L t
P 1
. . &) LI ¢ -
Figure 8.1.3: For Diagram II (277D ) tr
s
ﬂ,;(LL\L‘\AfJL >

e 4) <> & (p)

8.2 Combinatoric Factors

(Always (+1) in QED, as all particles entering a vertex are distinguishable).

—6@[7}’}/M¢AM

- (3 distinct fields)

But, not so lucky in other theories - for example

1 2 M Ay
_ 1 _ _ 2.1
Scalar Propagator

with the 4! in the ¢* term to take into account the indistinguishability of the 4 ¢’s. The
Feynman diagrams are:

Consider the one-loop correction to ¢(p)o(q) — ¢(p')é(q’), above. There are three possible
diagrams that have the same topology; note that there is no factor of (—1) here, though, as
these are scalars (bosons) here.

Nov. 17/99

External Photons; recall, for electrons there was the factor

m
= 2.2
‘ E(r9) (322
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k i
,)— ]{32—#2—|—i€

Scalar Propagator

Vertex

Figure 8.2.1: 1-loop correction to ¢¢ — o

Symmetry Factors

recall the diagram for ¢ — ¢¢, figure 8.2.1 above.

As shown in figure 8.2.2, the p leg can attach to either vertex, on any one of the eight differ-
ent legs, then the p’ leg can attach to the same vertex to any of the 3 remaining legs. After
that the ¢ leg can attach to any of the 4 legs of the remaining vertex, followed by the ¢ leg
attaching to any of the 3 legs of that vertex; finally, one of the remaining legs on the first
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Figure 8.2.2: Symmetry Factor diagram (example)

vertex can attach to either remaining leg on the other vertex, giving in the numerator of the
symmetry factor (8 x 3) x (4 x 3) x (2). In the denominator, we must take into account that
there are 4 possible legs on each vertex (4! x 4!), and that we can switch vertices (2!); thus,
the symmetry factor is

Bx3)4x3)(2) 1
YT =5 = Symmetry factor (8.2.3)

8.3 Cross Sections From Matrix elements

Consider e"p — e p, (p = proton). The proton is treated as a “heavy” electron with
opposite charge. To lowest order,
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‘v
o

CHAPTER 8. LOOP DIAGRAMS

Figure 8.3.1: Electron-Proton scattering

= (a(=sollleo)) = ([gputern ) (e ([t ) (s )
x/;%%%;ﬂ(f?asf)> (+ieyw) <\/éé%€;U(f%,8i)>

(27)*6* (pi + P, — py — Py)

(8.3.1)

(For e"e™ — e~ e, we would have to account for the fact that we can exchange e~’s (identical
particles). - also note the “+” in front of the second e above - this is because the proton
is positive.) The probability of this transition occurring per unit volume of space per unit

time 1s
Sl

VT

Note:

[54(pi+Pi—pf—Pf)]2 =
As (5(p):/ ﬁeim =

o (27)

[+ Pi—pr— P =

Wy

64(0)8* (pi + P — py — P)
dx %
0= | 5~ 2

vT

(8.3.2)

(8.3.3)
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Thus,
Kinematics
Wy = (20)5"(pi+ P — py — Pp) e -
/ (2m)* 0% (pi + P, — py f)V4EiEf(€i5f
2
N —i _
NG ) (G ) (rina)| (534
My

The number of states in a volume d*py, d*P; is going to be

(VdPps)(Vd*Pp)Wy; (8.3.5)

Divide through by Jincé, where J;,. = flux of incident particles = # of particles per unit
area that run by each other per unit time for collinear beams.
lvi — Vil

V

Jine = (8.3.6)

+ 1s the number of target particles per unit volume. (as 1;y/Zxu(p,s) ). The cross section
is thus

\%4
dO’fi = V2d3pf dSPf (WfZ)J—

mc

dp; Py (27) 54 (pi + P P;) mAME 1y 2 (8.37)
= ™ i i~ Df — i -9,
Note that M Y,
m = m (Lorentz invariant) (8.3.8)
Ei&lvi = Vil \/(pi — P,)2 — m2M?
So also,
d’p _ 2 2 3 : :
AN dpoy 6(p” — m*)0(po)d°p — also Lorentz invariant (8.3.9)
P

Thus do is Lorentz invariant.
For unpolarized beams,

e Average over the polarizations of the incoming particles
e Sum over outgoing polarizations

i.e.

%Z%Z.szaﬁ (8.3.10)
85 S sf Sy

7
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Remember that,

_ (Pt m
ua(p, )us(p, s) = ( 5 (8.3.11)
s=% af
_ _ (P—m
( wlp s = (P (33.12)
s==+ af
Thus,
br+m  pgi+m Pr+M P+M et
n M 7 2 v T v . 1
Z' Al = { TR ] Il R VA ) VL e ER e
Sf Sf
Recall the relations:
Tr[d §) = 4a-b (8.3.14)
Tidfd = 0 (8.3.15)
Te[d V¢ d] = 4(a-bec-d—a-cb-d+a-db-c) (8.3.16)
And so
4 Z - 2m2M2 i) (Pf prbi-pi+ Py -piPi-pr —m 2Pf-Pi—M2pf-pi—|—2m2M2)
sf Sf
(8.3.17)
Nov. 19/99
mM md3p; Md3P
do = 2m) 164 (p; + P, — py — P ! ! 2 (8318
T T B ) e B P e G, M 8349
Consider,
Bpy = a9 lp,Pdlp,
= dQ |gf|25fd5f (8.3.19)
In the frame of reference where
py = (&) (8.3.20)
o= (p,&) (8.3.21)
Py~ P = (0,M) — Proton at rest during this scattering (8.3.22)

Note that if p, P, = |]_9i||£f| cos 6, then

¢ = (py—p)?

= —4&E&; sin’ (g) (8.3.23)
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Hence,

w2a? 0 1 ¢?
_ 1+sin?( =) (-2 —1 .3.24
do m2&;E;s sin' (4) [ e (2) ( 2 M? )] (8:3:24)

2

where o = % if ¢> < M?. The first term (the “1”) above is the classical Rutherford term.

8.4 Higher order corrections

Vacuum polarization

Figure 8.4.1: Higher order corrections

L&

Figure 8.4.2: Gener-
ates coulomb field —
classically

The loop (solid) is generated as the e~ travels - it “Polarizes” - the e"et created in
vacuum.
The Loop contribution is
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o,
k( > k
k+—<L

Figure 8.4.3: Loop contribution

I = (_1)/%%" l(_ie%)(}é-l- q)i_m_i_ig(—ie%) (Q,_ni,”_ig)]
- [ [ )
d4 v My
= ¢ / (27:§4Tr [(ZZ(fZ)g)jm%;qu _7”32)}

g [ (Rt Qg = (k4 4) - a9 + (F + @)y + Mg
4 / (27)4 { ((k+ q)% — m?) (¢ — m?) } (8.4.1)

Now, use the relation:

1 ! 1
= :/0 e (8.4.2)

< example:

/ t(tdi 1)

— In(t)—In(t+1)+ K> (8.4.3)
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Quadratically divergent
7\

I = —4é’ / (;454 Ttk + @t + (k + Q)uge + (—(k+a) - g +m?)g,]

-/1 dx L
o lz((k+9)?—m?)+ (1 —2)(¢> —m?)?

dq ! 1
e[S
c (2m)2 " J, ’ ¢ + 2k - qr +k2x — m?]?

(g+kx)2—k2z2

Shift variable of integration (not straightforward) to ¢’ = ¢ + kz.

— _4¢2 ﬂ ! . 1 . .
b= / (2r) /o W 1 = a) = (F 4~ wk)uld = k),
+(k+q = 2k), (¢ — ak), + (= (k +q —2k) - (¢ — 2k) +m?) g, ]

We can drop terms odd in ¢ (because it’s integrating over odd terms over an area symmetric
about origin).

- _462/ - /1 1y 2w = 22(1 = D)kyky + (=¢* + 2(1 — 2)k? + m?)g,
(2m)* Jo [¢% + k22(1 — ) — m2]?

where

1

2
qQudy = Zg,uuq

= [t = Ag
— multiply by g,

/ d'q f(¢*)¢ = 4A
.-./d4q HP) g = %/d% JiCRlE

1 ! 1
ab :/0 o P T (8.4.5)

! 1 1

il da -

abc /0 [za+ (1 —x)b]2 c
d

take — of (8.4.5)

2y (8.4.6)

da
2y
lay + (1 —y)b]3
o Yl -0+ =)

1
pes /Ody
1
[
0
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Nov. 23/99
In general (where ['(z) = [[* dt t"'e™"),

1 B r(a1+a2+...+an)'
D{*Dg? ... Dan . T(ay)

I'(a1)T'(az)
1 1 1 a1—1 an—1
5(1 —_— xl P T — xn)$11 .. .x n
. d dxsy ... dx,, n(8.4.7
A o /0v 2 /0 * [Zllel —|— ZL‘QDQ 4+ ... —|— l’nDn]2 0 )

Recall the loop contribution from last time: figure 8.4.3, with equation

(8.4.8)

I= —462/ L /1 g 39w @ = 2k, e(1 = 2) + (= +2(1 — 2)k? + m*)g,
(2m)* Jo [ + 2(1 — 2)k2 — m2]2

How do we make sense out of a divergent integral? We first insert some parameter into the
theory to render this finite in a way consistent with the symmetries of the theory (Regular-

ization). Then absorb this parameter into the quantities that characterize the theory. (mass,
couplings, external wave functions, etc.) (Renormalization).

8.5 Renormalization

Recall the mass on a string problem (see figure 10.4.1):

AR A |

' k
X,= X+ W\\_

) o

3

Figure 8.5.1: Loop contribution

The Lagrangian for this system is characterized by m, k, xg;

1 1
L= §mj:2 — Ek(:c — )2 (8.5.1)
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Now, if we turn on a gravitational field,

mi®  k(z — x0)?

L = 5~ 5 +mgx
m k:[ mg]2+k (mg>2 2xomg
= —i*——|r—1x9— — — (=) -
2 2 Ok 2 [\ 2 k
Cor?srtant
.2 k
= %—i(x—x{)f—i—constant (8.5.2)
Mg
Ty =T+ A

7o has been renormalized by an amount %!

8.6 Regularization

1. Cut-off (A)

lgl<A
/d4q ﬁ/ d*q (8.6.1)

Inserting the cutoff destroys gauge invariance.

S = /d4x (—iFQ + iy — m)w) (8.6.2)

|| > % is not gauge invariant
2. Pauli Villars
S — Spy = /d4x {—%FWFW + iy — m)p + \If(in)\p} (8.6.3)
(a) Bosonic spinor

(b) M — o0

(c) Still have gauge invariance

Now we must consider

(figure 8.6.1)
—462/ d'q /1 d %guqu — 2k, k,a(1 — o) + (=¢* + 2(1 — 2)k* +m?)g,,
(2m)* Jo [ + 2(1 — 2)k? — m?]?
39w’ — 2kyk,a(1 — ) + (—¢* + 2(1 — 2)k* + M?)g,,
(% + (1 — x)k? — M?)?

(8.6.4)
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O+ O

P.V. regulated loops

Figure 8.6.1: Loop contribution

This is Finite! (Divergence reappears as M? — oco. The dependence on M? disappears when
we renormalize. Combine terms using

1 1 ! 1
il —n(a—b)/o dx ot (=) (8.6.5)

let y=a(a—0b)+0b
_ _n(a_b)/bw:_n{ﬂ]a:i_in:u[s (8.6.6)

1
ynt -n|, a* b

Actually computing the integrals involves the following general integral. In n dimensions
(n=1,2,3,...) (in Minkowski space);

J o = (Ve LB OELaD)

Note:
(¢°)°
q2 = qO — ql

Let g9 = ig, (Wick Rotation - i.e. Cartesian co-ordinates in Minkowski space, giving Eu-
clidean space)

GE=¢+a+... g,

So (8.6.8) becomes

00 [e'e] 2\a
i / dor .. / din_r = i(—1)" / d"q, qz(% (8.6.10)
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4o
_X- L —
= 3 Figure 8.6.2: Integral around contour is
Re(a)  zero- [ dao — [ dao
v
¢ = qcosb
g1 = gsin#; cosby
g2 = @sin#;sinfycosbs
n-1 = ( sin 81 sin 82 ...sin (9”_1
¢ = GHa+. g+,
i.e.
2w ¢ T T
/d"qE = /dq q”_l/ d@l/ dBsy siné’g/ dfs sin? 93.../ df,_, sin"?6,_; (8.6.11)
0 0 0 0 0
Nov. 24/99

B d"q  (¢*)
1= @2n) (& — niy
= i( 1)@ b/d 4E (QE)a

(2m)" (g7 +m?)°

2m
= i(—q)* b/o dq q"~ / do, / dfy sin(fy) .

/ dfy,_1 sin™ " 2(0,_1)
0

m (8-6.12)
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But,
T ma VT T(ZH)
/OdG sin™6 = F(mTJrQ)
> tm=t _ I(m)I'(n —m)
[ ey = e
_ 1 2\n/2 a_F(%—I—a)F(b—a—%)
I = TSE (m?)n/Fa=b T ) ) (8.6.13)

This is held to be true for n non-integer valued also. Substitute this into the integral for the
Pauli Villars loop ( figure 8.6.1).

11 ! 1
— —— = -0 d 8.6.14
oo )/0 Y Tra+ (1= )yt (8.6.14)
i.e. Formally, (n =4, a=1, b= 2)
d* 2 i 2 I'2+1)I'2-1-2
/ q q i (m . )k2)2+1 2 (24 1) I'( )
(2m)* [¢* + 2(1 —2)k* —m?*? - (27)? () (2
(8.6.15)
But I'(—1) is at a pole of I'(z). (I'(x) has poles at x =0, —1, —2, —3, ...) We can just

let the number of dimensions be “n”, not 4. We have,

7 B /d”k: q?
o e+ 2(1 — o)k2 — m?)?

_ i m2 — a:(l . m)k2>n/2+1 2 (g 1) I (2 —1- _)

(a7 L)

— i 2 Qn/2,1f(%—|—1)1“(1—5)

B R e A Y V6
Nowlete=2—-%—0asn—4 (I'(2+1)=2I(%))

Ipy = = (m? — (1 —2)k?) (2 —e)['(e — 1) (8.6.16)

But,

IF'l4+e) = exp|—ye+ i w1 (8.6.17)

— =31
k=1
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From this,
I'(1 1
re = S0 1o (8.6.18)
2 €
aa — 6alna
21 2
= 1+ (clna)+ 22 (8.6.19)

Thus our integral becomes

Iov = —(m® = a(1 — )k | (14 ¢ In(4m)) (1 - (m? - 2(1 - )k?) -

(47)

D))

— el == )k (2 =7+ nfa) — InGm — (1 =) + 5 ) + O

[\

Note that the first term % will be a pole as € — 0 (other terms finite). This is only a portion
of

wvv4::)¢v;w

Combine this with the integral for

ol D~

and will see that all terms of order % will cancel.
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We note that as M? >> m?, the combination of these two diagrams (recall figure 8.6.1)
is,

2ic o 1 M?
I,(k)= T(k#ky — gk )/0 dr z(l —z)ln (m2 i x)k:Q) (8.6.20)
where a = 4;; (note that the In still diverges as M? — oc.) Note that the result is

proportional to k,k, — g, k*.

Photon Propagator

s

i/

Now, photon propagator is

i(gay + gauge dependant parts)
k? +ie

(8.6.21)

— gauge dependant parts ~ kyk,. But,

k'u[/w - k“(kukl, - gp,l/k2)f(k2)
= (K*k, — k, k) f(k?)
=0

Thus gauge dependant parts of the photon propagator don’t contribute to the physical

process.
This form of I, does not arise if we were to use cutoffs (i.e. cutoffs are not gauge

invariant.) Note also that the dependance on M? is logarithmic. i.e.

‘ ) / d'q[Aguq® + (Bx(1 — x)k* + Cm?)g,.]
‘W“'< ) [¢* + 2(1 — 2)k? — m?]?

Would expect quadratic divergence ~ M?. (M? terms all cancelled.) Quadratic divergences
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proportional to g, M? all cancel. — still logarithmically divergent.

Nove 26/99

Elimination of In M?. Remember the photon propagator itself. (u? — some mass scale
introduced —arbitrary (important)) Write

it} M? ! m? — ¢*z(1 — x)
1, = 3 (quql, — ngW) {ln <?) — 6/0 dz z(1 —z)In ( 2 )}
o Qu s M?
= g (= 28 | (55 )+ e ) (86.22)
————

Ju

T
gt

{3+ podpood o] -

1 i a2 2 .
. =g —igus | —lag® o M gy,
( 16’7#){ qQ + q2 |: I 9o (n (—M2 > + )‘| ( qQ >
i 2 2
—19ux —laq” M
In{ — Il -
+< ¢’ > { 37 gM(n(u2>+ )1
i iog?agt 2 .
195k —laq g, M —ig,, '
: (— = ) o P <ln (—MQ > +H) ( Q2P ) + ... }(—16%) (8.6.23)

This is a geometric series, a + ar +ar® +... = 1%, |r| < 1. So,

. . —1gw | —1gux a M?
N (_w%)[ 2 e <_3_ng” (m (?)JFH))

: 2
—1g, a g M? .
e (g (o (G o)) i
. T
. 19, 1 :
= (o) | —2 — (e,
1+ o (ln <7> + H(q2,m2,u2))
_ —’ 0
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2
(neglecting terms of order o? = (%) ). Now, Define:
2 M2
eh = ‘ ~ ~ e (1 ~ % (—2» (8.6.25)
1+ 3-In (%) 3 K

(Renormalized Charge). Thus, continuing (8.6.24)

= ey 19, ~ (8.6.26)
T @ (1 §ETI(g2, m2,2)) [

We now let M? — oo.

e Note that there is still a dependence on p?. (Changes in p? give rise to corresponding
changes in ag.

e Also, in
e

q2

gZy = G

— (—iery,) q;‘?) (—iew,) gives zero provided the ends of the electron legs are on
shell.

e Also

m? — ¢?z(1 — z))

1
(q?, 1%, m?) = —6/ dz z(1 —z)In ( e
0

is such that ¢*T1(¢%, m?, u?) — 0 as ¢*> — 0. Hence,

NS e /\A«ON"V"‘" M"OWOW'*'..,

still has a pole at ¢ = 0. Thus the photon is massless.

In 2-D, if m? = 0, TI(¢? p?) is finite, and TI(¢?) = ;—:Q, then the above diagram sum
becomes

Y
7(-5)
Vg

2 _ e
q p
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Thus the photon develops a mass in 2-D due to the radiative corrections. (e has dimensions
of mass in 2-D). i.e.

S = /dza,f

1 _
— 2 _ - _ —
ot = de 1 o, A, —0,A, ] + ¥ (d —i f A (8.6.29)
= - 1 0 1 +1

8.7 Noether’s Theorem

For every infinitesimal change which leaves the action invariant there exists a conserved cur-
rent which leads to a conserved charge.
Change of type I

L = L(a(x),u0a(x)) (8.7.1)
at — o = ot (8.7.2)
dpa(x) = ¢y(x) = pa+ capdp(x) (8.7.3)

with €45 — infinitesimal. (ex. we had a gauge transformation

$(x) - e@y(a) = Jim (1 + %)N@b(az) ~(1+i @W(w))
Now,
S = / d*z L(pa,0,04)
= [ £@0.0) (8.7.4)

where both L£(¢a,0,04), L(¢4,0,¢)) have the same functional dependence. (For example,
flx,y) =22 +y?; let 2/ = xcos — ysinb, y = wsinf + ycos b, and we still get f(z',y') =
2’2 + ¢y (invariant) - whereas g(z,y) = zy # g(z', /) ).

Nov 30/99

Suppose L is invariant under an infinitesimal translation z# — z# + ¢*.

S = /d4a: L(p(x),0,0(x)) (8.7.5)
_ / a'' L(6(), (")) (8.7.6)
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in the same way as

S = /d4x L(z) = /d4x' L(z")
o .. %)

4, _ g4
8(x1...x0)dx @

—>d4/:

Now,
oL = L(x')— L(x)
Ll ) - L)
_ 9L
a Zr ozt
= L), 8,0(e")) — £(6(x), 0,6(x)
If now,
dp(x) = (a') — p(x) = p(z* + &) — op(z) = “%
then
L = doa) s+ 60,0(0)) s

C(L06N\ 0L D (,00\ oL
= (6 &v“) 9(z) " oan (5 3:)3”) 5(0,0(@))

However, we also have the equations of motion.

5 / A2 L(6(2), 0,6(x) = 0
— ¢ =g +0¢

1.e.

/ '3 [£(Gt + 66, 0 + 0,00)]

0L <¢cl ) au ¢cl>

S (900(2)

= /d4$ _E(chz, au¢cl) + 5¢

If 0¢p — 0 asa" —

5£(¢cla au¢cl)
9(9,0)

6‘C(¢cla au¢cl) d 5£(¢cl7 au¢cl)

= /d4x L(¢er, Opder) + 06() (

8¢ 9zt §(0,0(x))

~
=0 if ¢ is extremum of S

(8.7.7)

(8.7.8)

(8.7.9)

(8.7.10)

(8.7.11)

(8.7.12)
(8.7.13)

)+... 8.7.14)
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Hence as d¢ is arbitrary,

oL 0 oL

V=% " 07 5(09)

(8.7.15)
on the classical path. Recall (8.7.11),

A AV R o (,06\ oL
= ( aw) (axﬂ 6(8@)) " o ( axv) 5(0,0)

9 [,00 oL
~ Oun { o” 5@@)}

(8.7.16)

(8.7.8) and (8.7.16) must be identical. As a result,

oL ) V
P = G Ol

0 [.,00 oL
drr |~ dxv 5(0,0)

Thus

0
0=— |:_g;w£ +

(8.7.17)

8¢ oL
5 |

dzv 6(0,9)

T, Energy-Momentum Tensor

/

Or,
0

Thus, there are 4 conserved currents, (u = 1, 2, 3, 0), one for each invariance. This only
holds if ¢ that it depends on is a solution to the classical equation. (ex. k,(g,,k*—kuk,) =0
always, but k,(g,m? — k,k,) = 0 only if k* = m?2. )

There are 4 conserved currents; one fore each direction in which we have an infinitesimal

invariance.
For
0p oL
Too = —gook + @5@0@
¢
— — —H e
L+ BT H

(H = —L+pq)

Now, if

0, " = (8.7.19)
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/d3x ot = 0
0
. 3 s Y 0
O—/d:v{vl+atj]
= /dﬁ-i—i— % /d?’x 7°(z,t) ( by Gauss)
The first term is 0 if j — 0 as |z| — oo. Let Q(t) = [ d®z j°(, ).

Then,

%Q(t) =0 (“Charge” conservation) (8.7.20)

For v =0,
o) - / &z Too (2, 1)
= /d3:1: H (8.7.21)

(The “charge” here is the energy of the field.) For v =i

/d%TOi (z,t) = P;,(t) — Mechanical momentum of field (8.7.22)

Infinitesimal internal transformations

L = L(¢a(r),0u¢a(x)) (8.7.23)

Invariance under
G4 — ¢4 = Pa+eapdn (8.7.24)
(ex. A, — A, + 0\, ¥ — (1+iA)yy = Gauge transformation.)

g — / d'x L6, Ou6a) — / d'e L&, 0,8))

oL oL
= /d4l' |:£(¢A7 aMQSA) + €AB¢Bm + (8€AB¢B)m + .. :| (8725)
Also if ¢4 satisfies 5% = Gu%.
Hence,
B 4 oL oL
0 = [ [Camontg o - @emen ]
B 4 i oL
0 = /d xr O |:8AB¢375<8LL¢A)} (8726)
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Thus we have a conserved current,

ex. if L=9@ig— A —1

Dec. 1/99

oL
b
g (bB(S(@MbA)
F?, then j, = ¥vy,1.
= gt et

Pu(x) = ¢alr)+capdn(x)

Consider a general transformation in which,

= z¥ + oz#

(') = o)+ op(x)

ex. consider a rotation of a vector field A;(z;) in 2-D.

r = wxcosh —ysinf ~x — Oy for small #
y = xsinf+ycosl ~0x+y
— dr = —0y ( small 6)

— 0y = 0Oz (small 0)

At the same time,

0A,

= i4lx(x/> 3/) - Aw(xla y/2+i4x($/7 y,) - Ax(xv y)

Invariance of the action S

(',y") = Ag(x,y)cost — Ay(z,y)sinb
(2',y") = Ag(x,y)sind+ Ay(x,y)cosb

A2 y) — Ax(,y)

J/

-~ -~

- 0 0

5 - /d%; L), 0,1)(x))
_ / d'a/ L' ('), O (2'))

135

(8.7.27)

(8.7.28)
(8.7.29)

(8.7.30)
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In general, d*z’ = |J|d*x,

/1 0
L = det[a(x S )]

Ozt ... 20)

r 61/1 61/1
oxl " 9xY ] |

= |det

8:8’0 8&;’0
L Oz - 0aY

i 952’ 9652’1 952’0
(1 + ozl ) 0z? te ozl

(1+22) : '

x/()
(1 + 686:1:0 >

= |det

oozt
oxh

+ O ((62")?) (8.7.31)

So also, if we call

L'(2') =L@ (2), 0,0 (")) (8.7.32)

= L)~ L&)+ L) — L(z) (8.7.33)

Now,

0L(z) = L'(2") — L(2)
= L' (2"),04'(a")) — L(P(2'), 0,4 (a"))
(Re: '(a') — (') = 0y(a))
= L") +0¢(a"), 0,() + 9,09 (a")) — L(P(2'), I} (a"))
Hence,
oL
(')

P oL
+0,00(x )5

e 5]

(8.7.34)

By the equations of motion,

5L = (o)

- (&m’) . oL ) (8.7.35)
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So, putting together,

0 = / d*z" L' (2'), 0,9 (2")) — / d*z L((x),00(x)) (subs. in (8.7.31), (8.7.33), (8.7.35))

= [ e D] e +5c+ ] - [ dte (vt ()

Oz

To leading order,

[ s L 9 [ 5L
0 = [au [axﬂﬁ O o T o (M”é(am:c»ﬂ

_ /d4x {% (555”5*57#%)]

As dz* and 61 contain an arbitrary parameter, then

9" = 0 (8.7.36)

where

TR Y

3(0ut))

(8.7.37)

(Noether Current).

Suppose
ot = g/t —aH
= A,i(z)e’ (translation: &)
pa(x) = Yy(a') —a()
= By;(x)e
But

Sa(z) = Ph(x) —va(z)
= (") = Yalz) +h(x) — ¢y(2)

S (—595“78%@))

ozt

. oy

=~ BAjc‘j — Aujc‘j al’ﬁ
. O

~ BAjéJ — Aujé%

(can replace ¥ — 1 because ', 1 differ by a term which would lead to an over-all term
g2 — mno good). Thus,

K frd ) o) — eJ
gt = (A€ L+ (BAja A, e 8x“) 5G] (8.7.38)
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For each ¢, there is a different current;

(8.7.39)

. 0 oL
]::Aukﬁ_ (BAk—A wA) 5(

"oz ) 5(8u1ba)

(Translations: A, = guk, Bar = 0. Angular momentum — rotations of space-time points
and fields.)

Dec. 3/99
Recall the spin % particle:

L=19(i@—m) (8.7.40)

1) = proton, neutron.

Yukawa postulated that the strong force was mediated by spin-zero pseudo-particles
(mass p, V(r) ~ <=).

Heisenberg: postulated that the strong force treated the p and n exactly the same way and
these two “nucleons” were just different states of the same “particle”, and they corresponded
to spin up and spin down states of the electron. (Not really spin — but same mathematical
structure, “Isosspin”).

{ zin ] —  “Isospin doublet” (8.7.41)
b

Y, ¥, —  four component Dirac sponors
v = ;i=1,2 (isospin) , a=1,...,4 ( Dirac).

A

2
L =i @—m)p; —igiys(o - T — %(8;@)(3“@ - %92 — 1@2)2 (8.7.42)

with 7 = Pauli matrices, and ¢, ¢2, ¢3- 3 spin zero pseudo-scalars, “pions”. This is invariant
under

Y — eiz-Q/Zw
D o e T2

T ? - eiz-Q/2I . Q e—iT0/2

where 0 = (6,05, 605) — constant 3 component isovector. ,0,1“ pi, pi — 3 vector particles,
also interact with the nucleons.
Postulate

2

1 ) ) o _ o
L= —Z(ﬁﬂpf, — 8,,,0;)2 — %pzp“‘ + " p,, 7% + ( Rest of terms from last £)  (8.7.43)
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If
piLTi - ewei/szTie—iTioi/z
For 6~ 0
it . ir'g
()
= |pm+ 50 o, (T v —7r ) +0(6%)
2igiikrk

Thus,

p = P+ 0

Conserved current arises in

1 i i W
L= Y (8Mpu - al’pu) - ipup“
Here;
oc _ ., oL ;
oL A oL ,
= 0,———0p,, + =——00,p"
A(Dupt,) P d(0,pt,) P
oL )
_ 5, {_.5 }
00,0, "
N—————
Jv
Thus as Y. .
— = ——(2)(2) (0,p", — O,p"
Thus,
Jo = —(0upl, — 0up,) (9% p10")
i = —fE"
Couple jf to A*,
<
o= L, ] p? i z/: ke kpu
= 1 Y o Pul" +9iup

i

2

1 i iN2 M i i\ ijk ju kv
= =5 Oupl =) = PP = 9(0up) = Oupy )V 7 P

2

P, — pL + sijkpfﬂk ;A new piece is added to jl]j

139

(8.7.44)

(8.7.45)

(8.7.46)

(8.7.47)

(8.7.48)

(8.7.49)

(8.7.50)

(8.7.51)
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ie.
Lo = —ge (0,0, — Dupl ) (8.7.52)
‘new oL ) J
Jv = a7/ 9P
00upi) " "
= =297 (M) (€M) (8.7.53)
Again, as 6 is arbitrary, ' o
gt = —nglm”pfpﬁgljzﬁ“ (8.7.54)
L7 = El + gjllllewkpku
1 i i s v i i ik g mn m n_lji j\( v
= = 5(0upl = 0upl) = T PL0™ = 9(0upl, — 0upl ) 0l + (=208 9y e ]) (P
fourth term - only depends on p, not derivative - need no more terms
Lo i M2 i
= _ZF'U'VFN — ?pﬂ # (8755)
where Fﬁy = Jp!, — aypi - 295”’“;}2#5
Rescale g by ?
1 i i ijk M2 i
L == 0up, = 0upy + 97 plp)* = T Plup" (8.7.56)
is invariant under p!, — p!, + &% pJ .
This can be generalized to an SU(N) gauge series.
1 ijk A7 Ak\2 I i pip
L= _Z<8HAV — AL+ gf 7" ALAY)T — EA#A (8.7.57)
with fi¥ — structure functions for SU(N) group.
Lopine = L(hw)+ Tuh™ +T"hy, +T""h,, + ... (8.7.58)
hul/(x) = hyy
Define 7}, (stress tensor ) from £. Couple
h,,TW = L+/L
T — T+ T;/w
Sum Lgpino (00), get
Lepin2 = R\/g (Einstein- Lagrangian) (8.7.59)
If 42 = 0, the gauge invariance becomes local (allows for renormalizability).
P (x) — pi(7) + 8”7 + &%l (2)0" () (8.7.60)



Chapter 9

Path Integral Quantization

recall:

9.1 Heisenberg-Dirac

dA(t)

—= = [A(®), Hlpp
Z 0AOH
dq; Op;

%

With (9.1.1), we can go from a classical to a quantum mechanical (M) operator,

A(t) — A(t) (QM operator)

DA
lha

(Note: will drop “"”
to this is,

A(t) _ eth/hA(O)e—th/h

Ay (t)

(9.1.1)
DA D 9
- Op; 02) (3—? - 0) (912
(9.1.3)
i
% [Arr — 714l
% ()] (9.1.4)
[A, H} (9.1.5)

now, as we will deal with operators only from now on.) The solution

; (Heisenberg Variable - Time dependent)

141
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State vectors |[¢y) are time independent

WulAx®)|Yu) = Wule™" A0) e Mg y)
(¢s] [¢s)

We go to Schrodinger state vectors by;

|0s(1)) = ef”j”/hla5 )

— 1h |¢S( )) = H|ps(t)) Schrodinger eq.

(0s(1)] = <¢H|€1Ht/h
A; = A(0) — time independent.

Consider eigenstates of the Heisenberg operators.

| Au(B)a(t)) = ala(t))
elHt/hAm)elet/ﬁm(t)) = a\a(t»
AO) [ Ma()] = ale™ ™ foto)

Let t =0,

Hence

a(t) = ¢"Ma(0)
= (a0

9.2 Wave Functions
Schrodinger wave function
¥(g,t) = (q(t))s
where 1B [1(t)) = H|is(1)), [1h(t)) = e H/M4p(0)). Thus
U(g,t) = (gle " p(0))
—_——

(9.1.16b)

= {qu(®)[¥(0))

(here Q(t)|qu(t)) = q|lqu(t)) — because we have a complete set of eigenfunctions).

Note:

[ dat®) lau®) (au(®)] =1 for any ¢

(9.1.8)

(9.1.16a)
(9.1.16b)

(9.2.1)

(9.2.2)

(9.2.3)
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This is the Completeness Relation. Let 0 < t; <ty < ... <t, <1 *x*.

4

K(t,0) ¥(q,0)=(ql¥(0))

— propagator

(g 1) = / dq'(0) (qu(1)lds(0)) (g (0)](0)) (9.2.4)

For

Ki(t,0) = (qu(t)lqy(0))
= /(qH(t)!an(tn)Man(tn)!qH(n1)(tn_1)>(qH(n1)(tn_1)| g (t)) -
(gm(t1)]q'(0))dgn(tn) dgn—1(tn-1) ... dai(t) (9.2.5)

Consider one part of above:

qu+1)\Civ1)|1qmi(ti)) = (Gsi+1) e i/ tilltilhy g
( (tiv)|ami(ts)) ( (0)[e™Htrr/Tetitt /M g 4(0))
= <qs(i+1)(0)|€_1H(ti+l_ti)/h|q3i(0)>
(9.2.6)
Let ¢ = ti+1 — t@ If e = O, then,
iHe
(et ) ~ (e O (1= 57 ) laa(0) 9:2.7)
Remember
lq,p] =ik (9.2.8)
Thus,
eira/h 999
<q,p>= 2.
“P = (9.2.9)
i.e. 5
{alplv) = —iha—q<QIw> (9.2.10)
which is satisfied if |¢)) = |p). So,
iHe iHe
(@s(ir)(0)[ | 1 — —— ) |@(0)) = /dpm dp; (qix1(0)|pit1) (Pisa| | 1 — —— ) [pi) (pil@:(0))
h —_——— h ~———
Pit1%i+1/R e—iPia;/h
T V2mh V2rh
(9.2.11)

i.e. used

(alpl(6) = —ih§q<q|w<t>> - —iﬁa%wq, 9 (9.2.12)
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— (qlg Pl [P@) = in{gly(t))
t

q{qlplv(t)) — (alpglv(t))

o) (g
- [o(n2) - () } (o)

— ihlglb(®) (9.2.13)
[4,p] = ih (9.2.14)
APl = [—ih(%Jrf(q)] (gl (0)) (9.2.15)

— See Dirac - f(q) can be absorbed into the phase of ¥(q,t).
Jan. 13/2000

H i+ 50| e {4 [ ot = [ingota0| e {5 [ i}

(9.2.16)
Re: K(¢,t;q,1),
B(dot) = / dq K(¢,¥5q,000(q, 1) (9.2.17)
— K(¢,tq,t) = ((¢,1)ul(e.t)n)
= / da - gy (st i1l (G ) 1) (@t 1) (@stur i) - - (a1t ] (0, 8) )
(9.2.18)
— (@l (g ) = (g gl

~ <q?&’(1_‘%EHQJﬂ€)‘%>
- / ' <Q”1l(1—i§H<a,ﬁ>) P (le)  (9.2.19)

(qlplp) = —ﬂha<qm> (9.2.20)
— (qlp) = Kéwwh
a/@wﬂm@m :&/@gmwwn
= (¢ —q) (9.2.21)
=K = (9.2.22)
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; ; i dpi ; ie R
. z+1tz+1 il _ i+1 (1 i ¥ A’ A ) iye—ip'a /h
(el = [ i) (1= 5 @) ) )

|
- [(qi+1|H<éaﬁ)’pi> ~ H(Qi+lapi><qi+l|pi>]
| ( Have to worry about ordering of p's, {¢'s.)

. . . dpZ S ( 1€ )
. i+1i41 ipi ip*(q q")/h )
. t t = e 1 H (g1, p; 9.2.23
((q Jul(q't) m) ot 7 (Qit1,ps) ( )

(The H term is important in curved space). Thus, K(¢',t";q,t) is;

dpo  APn ipo(ai—a)/hips (go— o (4 —an) /B
K(d V0.t = dq, ... dq, o ipo(q1—a)/hpipi(az—a1)/h  ipn(d'=an)/h
(q y U5 d, ) / q1 q o’ h 271'77,6 €

: (1 - iéltf(ql,po)) (1 - %H(%,pl)) (1 - %H(Q’,M)

de dpn 1
~ . —_ .= - — —eH(qq,
/dQ1 dgn onh onh exp { 5 [po(ch C_Io) € (Q1 Po)

+p1(ge —q1) —eH(qa,p1) + -+ Puld — @n) — €H(Q’7pn)} }

Let =% ~ ¢(t;). Thus,

Riemann Sum
de dpn - . % B
r Y = — ... i Ztl —H i , Pi
K(q,t';q,t) /dcn din [ 5555 P 7 2 ¢ Pil@i(t)) — H(gier, pi)]

(9.2.24)
See figure 9.2.1. As ¢ — 0,

L MY
qo\ é‘\. . .
. o Figure 9.2.1: Particle path, where the ¢, =
- -5 q, qo = q are fixed, and the other ¢’s (and p’s)
/T CYY ‘&*5 are all integrated over.
'-*'L.X_‘= "
9279 5 ‘L
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Which is the Feynman Path Integral (Dirac/Feynman Papers — in a collection edited by
Schwinger ).

Suppose,

H(q,p) = % +V(q) (9.2.26)

i.e.

i i Pi(as 1—Qi)—6<p,i>}
/dp eh{ i ’ (9.2.27)

2mh

- this is a Gaussian ( Recall:

) [e%S) 2

2 _ a2, a®

/ dx e—aac—bcc = / e b<x+2b) +4b
—00 —00

— ﬁ a?/4b
\/;e ) (9.2.28)

“Ignore” i in exponent of integral by putting in a convergence factor. i.e.,

/% exp {71‘1 [pi(QiJrl —q)—¢ (%) + iépQ]} (let § — 0)

1 — <—i(qz'-%1—qz')>2
= exp | ~————%

2h\ 5 4 (5m7)

m im (qi11 — qz’)Q
=/ I A1 = ) 2.2
Sirhe P { 2%h } (9.2.29)

Plug this in V p;’s ,

n+1 ..n 2
K(d\tq,t) = m i [l =)
(¢',t';q,t) / dgy . ..dg, < thg) eXp{h 2 { 5 eV (qit1)

N
. n 2
1€ m (41 — q;
= N/dql...dqn exp{— — (7) V(qu) }
h — [2 € }

52 l2
L(q,q) = € V(¢) — Dim. of Energy = mass X —

2m t2

q(t")=q' .t
K, tq,t) = N/ dq, ...dg, exp {%/ dt L(q(t), q(t))} (9.2.30)
q t

(t)=q
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Jan. 17/2000
As h — 0, the dominant contribution when integrating over all paths comes from the path
that minimizes

S = /ttl dr L(g, q) (9.2.31)

1.e.

o

5/:/ dr L(q,§) = (9.2.32)

(Hamilton’s Principle of Least Action).

9.3 Free Particle

For a free particle, we mean V = 0.

q(t")=¢ v
(¢, t'g,ty = N/ q(7) exp{i/t dr L(Q(T),q(T))}

(h = m—l)

B q(t")=q’ ot i2(7)
= N/q(t):q Dq(T) exp{l/t dr 5 } (9.3.1)

N 2
(@)ulatn) = ((@le) (e"q)) 5 free particle — H =&

= /dp (q']e7 712 p) (p]e?*t/?|q)

_ /@e@ftﬂ@m@m
——

But recall;

- / ;l_pe_ip2(t—t/)/Qeip(q’—Q)—5p2 (9.3.2)
T

where § — 07 (inserted so integral converges). Now, recall the Gaussian:

i 2 & —a(ﬂH—L)Q 2
/ dr e~ —br _ / dr e 2a eb /4a

e} [e.e]

T b2/4a
= - 9.3.3
Vi (9:3.3)
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Here we have a = § + i(t/;t), b= —i(¢ — q). So,

o 1 ™ (¢ —q)°
: ¢ ¢ = — [— ——
. . <(Q7 )H’(CL )H> o i(t'—t) exp { A <(5 + i(t/ft))

2
1 i(¢' —q)? }
omi(t — 1) p{ 2t — 1) (9:3.4)
Remember that,
w(d.t) = [ do K(gtia.0000.0 935)
where
K¢, tq,t) = (¢, ) ml(q, t)m) (9.3.6)
but also 5 v
latb(q,t) =3 <8—q2> ¥(q,t) (9.3.7)
Hence,
'aK(’t" t)——l 2K(’t’- t) (9.3.8)
lat/ q,t;q, - 26q/2 q,lt;q, .O.
And
lim K(q', 154, t) = 0(¢" = ¢)o(t' = 1) (9.3.9)

If we start putting in potentials, it’s awfully difficult to work out, especially when you put
in boundary conditions. It’s easier to consider vacuum to vacuum transitions (in order to
eliminate having to consider ¢(t) = ¢ and ¢(t') = ¢’ — i.e. the B.C.’s). Examine,

q(t")=¢' o )
((q/t’)H|(qt)H)J _ / Dq(t) elJe dr [L(g.a)+7(r)q(7)] (9_3'10)
q(t)=q
(where J = “source”) Look at, (now dropping subscript “H” — always in Heisenberg eigen-
states);
(@ Tul(Q.T)u)” = /dq’ dg (QT'|q't)(¢'t'|qt)” (qt|QT)’ (9.3.11)
Now

<Q/T/|q/t/> _ <Q/|e—iHT’eiﬁt’|q/>
If H|n) = E,|n)

= Qe ) ale B |

If (gln) = 6u(0)
= Y e T6.(Q)e5(d) (9.3.12)
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and similarly for {q,t|Q,T)”’.

- AQT'|QT) = / dg dq Y eI T B0 Q)61 ()b (Q)dw (9) (g lat)!
v (9.3.13)

Let 7" — —ico, T" — +ioco — The vacuum becomes the dominant contribution. (i.e. only
the vacuum state |0) survives - projects only the vacuum state) - holds for any ¢, ¢’.

QTNQT) = [ dgdd " 6o(Q)5(Q)e™ T g ) (4t |at)po(q)  (9:3.14)

*

(“*7” — involves integral over q,q’). If ¢o(q)e Eot = ¢y(q, 1),

AT YV 147 J _ : <Q/T/|QT>J
—>/dq dq" o5(q' . t){(q't'lat) " do(q. 1) = ?2?;’: 200, T oo T (9.3.15)
= (0,%]0,¢) (9.3.16)

(with (Q"T"|QT)” = Path integral, and ¢§(Q,T)¢o(Q’,T") = Normal factor N). So,

Q(T/):Q/ Tl

(0,00(0, —00)? = Tim N PO(7) exp{i/

/ — —ioco

dr (L), Q) + J(r)Q(r)] }

(9.3.17)
Jan. 19/2000

Consider now,

(@ 11q(tn)q(tn) - 4(t)1g, t) = (¢, T[T q(t1)q(t2) - - G(tn)lg, 1) (9.3.18)

where T is the time ordering operator (largest times to the left), and where t' > ¢, > ... >
t; > t. Proceed as we did with the QM Path Integral. i.e.

Qn|gritn> Qn—l‘qkltn—ﬁ
<q/t/|g(tn) ) d<t1)<qt| - /dQn o d(h (q/, t/| d(tn)|Qntn><Qntn| Cj(tn—l)|Qn—1tn—1> :
q1lqity)
/A—M
(Gn-1tn—q - - q(t1)|qrtr)(qrt1]qt) (9.3.19)
Thus, just as
. q(t/):q/ ‘ t/ '
Welat) = [ Datt) expli [ ar Liar).alr) (9.3.20)
q(t)=q t
in this case we obtain
q(t")=q'

(qITq(t1) ... 4(t)|qt) = /

q(t)=q

Dq(t) q(t1)q(ts) ... q(ts) exp {l/t dr L(CJ’(TM(T))}
(9.3.21)
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(where t' > t; >t Vi=1,...,n). Add J(7)q(7) to L:

(q¥|Tq(t1) ... q(tn)|gt) = /

J=0
Thus,
)
T — = li N{Q'T'|QT 3.2
(0, 00lTg(t) ... ()10, =00) = F=rs - 57 A (QT'QT) (9.3.23)
With Q = Q' =0,
<O7 OO‘TQ(tl) te q(tn)’()? _OO>
5 5 ' Q(T")=0 . T .
57 "‘i5J(tn)N T;Ig%‘; oo DQ(T) &P, l/T dr [L(Q(T)aQ(T))
+J(NQ(7)] } (9.3.24)
“ % 7 Oscillates?
@ 14\
—L=%-V(@©Q = ;(z0) -V©
x — / de % iz = —y
0 .
= i/ dy d™¥ (well defined) (9.3.25)
0
Now let 7 = —irg, (E = Euclidean). So, we get
<Oa OO|TQ(t1) e Q<tn)‘07 _OO>
1 4] 4]
- = (57770 ¥
q(00)=0 Ty QQ
- lim Dq(t) exp —I—/ drg |—— = V(Q) + J(1)Q(T) (9.3.26)
TpE e ¥ 4(=00)=0 Te 2 J(1)=0

(9.3.22)
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The same procedure can be applied in QFT. Here,

1

OT o) .- S0} = o o5 J(‘; N / Do(z) ol 5 1£50u0.9)+ @)

(0.3.27)
(where ¢(z) — 0 as x — +o00.) If
L0i(0,6.0) = 5 lgaoasf — (Vo) m2¢2] -2 (9.3.28)
A

where A = (0,6)(0"¢) — (+,—,—,—) (Bj. and Drell), or = —(9,¢)(0"¢) — (—,+,+,+).

(and Ly is the Minkowski lagrangian). And,

1 2 2 2.0y A

Lo = 5 (~(0:0)* = (Vo) —m?¢?) — S0 (9.3.29)

with 2% = —iz* — 22 = (24)? + (2)2.
(M) (B)

Let

_ P‘;) _ % + J(m)gb(x)} } (9.3.30)

Zp(J) = N/wexp {d“xE {—%(0{?@2

(Generating Functional) - (call the mass “4” now). So,

1.3 5

"6 J(zy) 5J(mn)ZE(J )

0|Td(z1) ... d(x,)]0) = (9.3.31)

J=0

Jan. 21/2000
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Consider,

00
/ dr 6—a2x2+j:c—)\r4
—00

QU

> - (_)\x4>n —a?z%+jx
- / xz n! ¢ ’

_ = ,
() At /°°
- Z n! dj _ d e

o0

J=0

R S GO /°° : iYL (7
= Z ol dj _Ood:v expy —a | T - 55 + 12

_ _Wf:(‘k)"imef/uﬂ
n!  dj*

| e

_ VT 1 N (j> 3] (9.3.32)

Note:

. 2 B . 2
o4y _ 2 ey || 4 ey | 2 (20 /)
' dj? 4a? 4a?

8 4 3

=160t T 168 1

Thus,

00 4
—a?z?+jz—Azt _ ﬁ 1 __)\ d_
/_ dre a +<1! 4|
]:

[e.9]

(A

g T /e (9.3.33)
L dj

j=0

0
with the (—)) representing a dot (vertex), and (%) being the loops. (see figure 9.3.1) For

205y = [0 exp{ [ {——(a%)( 0,0) — g7 —A¢4+J¢}}

— i (_%)k (/d4 e > /w exp {d4 Egb(@Q — 1) o+ J@.}z.:ﬂ)

k=0
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L -N X
0‘1

_\/, L QQ\) Figure 9.3.1: Simple Feynman Diagram
> ;‘\; PO example

But now,

— /d4x Bqﬁ (82 — ,u2) o+ qu} (Now, complete square)

o o)) o (o ) ) - )

(9.3.35)
, 1
Let Qb = ¢+ (m) J
So,
-y (2 i (30 (02)o 39 (152) ]
Z(J) = <—)( ) DY/ (z) ¢! o (9.3.36)
kz_; 41 / 5J4 /
Here, 62;2 = (0% — u?) T = 1 So
= Gl — (82— () = (e — ) 0337
Thus,
1
T - / diz vy J(2)G )T () (9.3.39)
Also, if, .
d*k |
G(z,y) = / (%)49(%)61’“'(“’) (9.3.39)

Then using (9.3.37) ,
d*k . ik
2 2 ik-(z—y) k _ ik-(z—y)

(=K —p?)g(k) = 1

dk ik-( )
— G(z,y) = / — (Non-singular integrg}).3.40)
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Note that this provides meaning of the last term in the exponent of Z(J). (also, k? =

kT + kS + k3 + k).
For the other part of the exponent,

1 ! /
/ Do ol ' [~29 @) (9.3.41)
Consider,

[awe™e o oMT oM =)

A1
— O'MO=D= (\; = eigenvalues of M)
An
o 'l=0"
Let
d'y = det (Q_l) d"z

(det(Q) = Product of eigenvalues of Q). So,

/dng ez Mz /d"y e YDy
/ dy, e —hy} /OO dy, e N /00 dy . ey
s
)\1 )\2 VA

n/2

= (9.3.44)
So,
/m’ d'e 3¢/ (9-12)¢'] = Ndet!/2(8% — 12) (9.3.45)
and so
Zo(J) = Ndet'/?(8? — p2)e~ 2 @' d'y J@)Glay)I(y) (9.3.46)
Thus

X ()" 4 " 1 (g4, g4 ~
Z(J) = Z (=) (/ d*w 5Jf(w)) Ndet’l/Z(aQ _ u2)e+5fd z dty J(2)G(z,y)J(y) (9.3.47)
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where G(z,y) = [ (347];4% = —G(z,y).
Jan. 24/2000
Recall;

ZlJ) = /D¢> exp {/d% B(aﬂw - %,ﬁgﬁ? — %’?4 + Jgf)] } (9.3.48)

ZolJ] = NeW/2Jdadly@Gyb) () = ) (9.3.49)

_ 0 0 ZL Y / gy O N N ety 1@ 066
6J (1) dJ(x,) —~ (4! 4! dJ4(2) -

(9.3.50)

b b} A &1/ A\ & ot
L (A a2 1 / LA
A M{ +< 4!>/dz(sjg+2!( 4!) /dzlwgl des gt }
1

J=0

= [G(z1 — 22)G(x3 — 74) + G(7] — xger(xg —14) + Gz — 24)G (22 — $3)l(—)\>0

+ (=) [G(O) [ * ]+ /d4z G(x1 — 2)G(xg — 2)G(x3 — 2)G(xg — 2) + .. 1 +...
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or, diagrammatically, this is

where,

~ G(z,y)

(9.3.52)
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9.4 Feynman Rules

g = -\ (9.4.1)

x y = G(z —v) (9.4.2)

e Integrate over all internal points z

e Take into account symmetry factors and number of diagrams of a given topology

ZolJ] = Nel/2) [diz dty J(2)G(z—y)J(v) (9.4.3)
1/=Xx [ 0\
Z[J] = ZJ: i (— / md ) Zo|J] (9.4.4)
It can be shown (c.f. Cheng and Li) ... Just as [% e %Z[J]} gives rise to all N
point Feynman diagrams, so also for the connected diagrams,
n A - ) )
(1) <O|T¢(:L’1) s ¢(xn)|0>connected - ﬁ 5J W[J] (945)
where
W1J] =In(Z[J]) (9.4.6)

For example, in n = 4,

() <0’T¢(ZL‘1 [E4 |0 connected

XXX
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(i.e. we don’t get diagrams with separate “disconnected” parts) = (*) and disconnected
diagrams can be shown to contribute only to the phase of the Green’s Function (G.F.).
We thus only need the connected G.F. to calculate physical cross sections. Futhermore,

if
(z) = fszv(gf)] (9.4.8)
and
L[®] = W[J] — / d*z J(z)®(z) (9.4.9)
then
0 0 T[¢] (9.4.10)

0P(z1)  0P(x,)

gives rise to the one-particle irreducible (1PI) connected Green’s Functions. — i.e. can’t cut
diagrams into 2 parts by cutting a single internal line. For example,

>< —  Not 1PI

><>< — is 1PI

— 1PI

;{ —  Not 1PI

This is useful in calculations because we can compute each 1PI part and connect the two to
get non-1PI parts.
For example,

" z,OiL = (—/\)2/d421d422 G(xy — 21)G (2 — 20)G3 (21 — 25)  (9.4.11)

— # =1 (one such diagram). Symmetry factor (# of ways we can connect these lines)
S = %. (Recall, for the symmetry factor: for the numerator, z; can go to 8 points (four
points per vertex), then xs can go to 4 points (four points on the second vertex), and then
one of the remaining three lines on one of the vertices can go to 3 possible lines on the other

vertex, then one of the remaining two lines can go to 2 possible lines on the other, and the
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Figure 9.4.1: Momentum Space dia-
gram - note momentum conserved at
each vertex

final line can go to the 1 line on the other vertex - for the denominator, there are two 4!
factors (four points per vertex, two vertices), and we can switch the vertices, so there is also
a 2!; thus,

8x4x3x2x1
41 41 21

1

6

Note that the 4! in ;—!A¢4 per vertex is accounted for in the symmetry factor, as is the % that
would arise from the sum (see (9.4.4))).
Convert to p-space,

4 ik-(z—y)
Gz —y) =/ e (9.4.12)

(2m)* k2 + p2

In momentum space ( for N—il@?n ) the number of integrals = number of loops.

OITHE)dE)0) = (A / (‘577;<> {—1 / 'y d4k2< ! )

(p? 4+ m?)? k3 + m?

1 1
. 9.4.13
(k§+m2) (k;1+k2+p)2+m21 ( )

(see figure 9.4.1)
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In Minkowski space, we have the same diagrams, with,

>< = —i\ (9.4.14)

‘ Ak eik-(x—y)
= iAx—y) = / i — Pt (9.4.15)

Note: k% = k% — kE*, . pole at kg = £/ k* + 2.

o o

i67(x1) " 10 (x) ZmlJ] (9.4.16)

<0|T§Z§(I’1) cee qg(l'n”o)l\/[inkowski -

9.5 Path Integrals for Fermion Fields

L=v(iH—mh (9.5.1)

Canonical Quantization — {1,1} = ihd( ). In the path integral, v and ¢ are Grassmann
Variables. i.e.

Z(n,n) = /me exp {i/d%« L+ 70+ wn}} (9.5.2)

It’s important that ¢, ¢ are treated independently. (Note, though, if ¢ = 1. = C¥T (ma-
jorana), then 1, 1 are no longer independent).

9.6 Integration over Grassmann Variables

Recall,
0.0, = —0,0, (6?=0) (9.6.1)
d db,, db,
d—ea(emen) - d—eaen + em (_ dt9a>
= dmabn — 0pabm (9.6.2)

If we have 0, ...60,, then

p([L’, 91, 92, c. 70n> = po(l’) + pZ(ZE)@z +pm0ﬁj + ...+ Diy Z‘"(I)Qz‘, PN 701‘” (963)

1111
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(note no (n+ 1) term due to 62 = 0) where p;; = —pji, pij = —Pjik, etc.. We have,

p(z,0) = po+pl
— /d9 p(x,0) = /d9 [po + p10]

= /d9 [p(z,0 + )] (o — a displacement) (9.6.4)

For this to hold,
/ 0o - 1 (9.6.5)
/(1)d9 — 0 (9.6.6)

Thus, (9.6.4) is
= /d@ [po + p1 - (6 + )] (9.6.7)

Thus, [df < % (i.e. are the same operator). Also, note that the only term that will survive
in the integral will be the one with n ’s (all other terms won’t have enough 6’s). So,

€i1.inPiy . in

n! terms

(the €;,.;, is present because order of #’s may not be iy, 1s,...). If we now change variables
of integration,

07; = aiﬂj (969)
then,

do; p(z,0;) (expect)

/ db;p(x,0;) =

dél (pilmin)ailjl ce ainjnejl RN Gjn (9610)

n

I
—— — —
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and (9.6.10) must be equal to (9.6.11). Thus,

/d@l P d‘gn pl___nﬁl e Hn = /dél Ce dén eil._inailjl Ce ainjnpl_.nél e Hn (9612)

Hence
dél e dén = d@l e d@n Eil._.inailjl e ainjn
—det(a)
= det(a)db; ...do,
, ~ a6y ...6,)
e d'0 = det |——=|d"0 6.1
e ¢ [8(01 0, (96.13)
—_—
where “*” is the reciprocal of the normal jacobian; recall
. - ozt ... a™)] .
, . ozt ...a™)] ..
Also note,
/ o, ...do,do, ...do, e il (expand exponential)
_ I .
= /d@l ...dB,db ...do, [m(QiC’iﬂj) ]
1
= €inin€iregaCingi - - Cingi
1
= E(n' det(C))
= det(C) (9.6.16)
< Recall,
/ do; . ..do,e"Cu% = det'?(C)
but / dry .. .dx,dT; .. .dT,e 5%
If \; >0 for Oij then
S — Z/x's distinet, .. not 77T>
detC det(C)
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For n = 2,

/d&ldeg exp{[@l,eg][_({y g] [z; H — /d@ld% [1+[91,92] { _07 H [2;“

/d01d92 [(91’792 — 92’701]
Y

- det(1/2>{[ _07 g” (9.6.17)

Hence, for,

Z(m7) = / DYDP exp

|G o () )

- /Dqﬂ)wexp {1/ ‘a [w —m)w+n<ﬁ> 77“ (¥ = ¢(a"))
= det(g—m) exp{1/d4x [77 <%m) 77” (9.6.18)

normalization

< Recall:

o gt (s () )

Only fallout from having to take into account that 7, n are Grassmann.

i

pR— Propagator (9.6.20)
OA —  Closed loop of fermions — factor of (—1) (9.6.21)
(9.6.22)

Jan. 27/2000
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9.7 (auge Invariance

(1¢* Principle) U(1)

1
1
= /d4x 5 ((0,9)> — 1*¢*) (1 degree of freedom ¢) (9.7.1)
If ¢ — complex,
S = /d4x [(0,0%)(0,0) — *¢*¢] (2 degrees of freedom ¢*, ¢) (9.7.2)
We demand .
¢ — eh)? (9.7.3)
be an invariance.
= (0,0")(9"¢) —m*¢"¢ (9.7.4)
Invariant under a global transformation,
¢ — ¢ (A — const.) (9.7.5)
If A =A(x),
1
L= —50A - 9,A,)° + (0, +ieA,) ¢*] [(9* — ieA*) ¢] — m*(9.3.6)
where
1
A, — A+ gé)ﬂA (9.7.7)
D, = 0-—ieA, — covariant derivative (9.7.8)
D, — UD,¢ (9.7.9)
(p,b,-D,D,)p = UD,D,—-D,D,)¢
= —-U(e)Fu,¢ ; Fu,=0,A —04, (9.7.10)
Advantage of looking at E.M. this way — can generalize,
[ Z } = N — Heisenberg postulate (9.7.11)
N = N! (9.7.12)
where « is the Dirac index, and i =1, 2 (1= 7, 2= |. The invariance is of the form
(forgetting Dirac index); ‘ B ‘
N*— UY(A)NY (9.7.13)
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where

Ui(A) = (e2/2)" (9.7.14)

() B AP Y

N (i §6" —mé7) N7 is globally SU(2) invariant. Suppose A = A(z#). Add in AY =
AZ(T”)U. So,

and

- N[ qed) —m| N5 A=At
= N/ {i (8“7555” - %gAZ(T“)ij’ygﬂ> — méijéag] Ng (9.7.16)
If N—UN, N — NU"! then,
Ni(é)—%g )N — NiU™* {;}9— %A] UN

— NyHi {U‘lé)# — gU—lAH] UN

A(UN)
_ —— ]
= INU Iy [@U) +(U0) —%AHU N
— N[ {a _ iﬁA’} N (9.7.17)
“w 9 YN
(Notation: note that (9,4) = A, i.e. “” = derivative wrt. p1.) where,
. oA
U OU) ~ JUTIAU = —197“
_ g ig
U lUy,l—iU AU = —EA; (9.7.18)
For A* = 0,
U~ 59 41N (7%)7 (9.7.19)
Ul = 1—-iA-7T (9.7.20)
ig 1 . .
—§A; T (I—iz-A)(iz-A,) — =1 —iz-A) (4, -7) (1+iz-A)
= iz A, — 3 [T Ar-A, +iz- Az A (9.7.21)
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But,
T-AT-A-7-Az-A = AA (7" — 707
1
= ie“bcA“AZTC (T = QQ)
= Ax4-r (9.7.22)
So,
lg . .
Hence,
ig o - (9 “
_EA;‘ - 1A7N +1 (5) (Au X A)
: a 2 a abc b Ac
LA = A AN (9.7.24)

In other words, we have 3 photon fields, 1 for each spin matrix. (4, — A, + %@A).

Consider three scalars ¢* (a =1, 2, 3).
1

L=3 [(0,9")(0"¢") — m*¢"¢"] (9.7.25)
For an invariance under ¢% — ¢% + ge®¢?A¢(x), for A® ~ 0, then,
L= [(0,07+ ge*®AS) ¢°] [(0,0% + ge P AL) ¢°] — m*p“ " (9.7.26)
with
Al = A%+ A" + ge™ A \° (9.7.27)
(again, SU(2), but SU(2) rep. that is isomorphic to SU(3)). Define:
D = 9,6 + ge"™ A (9.7.28)
(Analogous to Dy = 0, —ieA, — do the same thing D,D, — D,D,, =ieF),),
L = (D"¢™)(D™¢") — m*¢*¢" (9.7.29)
a a ab A b
Al = A% 4 DPA (9.7.30)
P = "+ ge" PPN (9.7.31)
Now,
D (A)p — (8% + g™ A°) (D" ¢™) (9.7.32)

under the gauge transformations.
Consider,

(D Dy — DYDY (9.7.32) (0% + ge™™A°) (D" D™ — Dy D™ )" (9.7.33)
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But now,

DYDY — DPDY = (9,0 + g™ AR)(3,8" + gebr° AL)
— (8,0° 4+ ge P AD)(8,,8" + gebre AL)
= g™ ((9,A%) — (9,A0) + g™ AT AL
(C.f. Eabcebmn — _gamgen o 5an(scm)

abc b
ge F;w

F. — F, (UQ1) case)
F;Ly N (6ab + €abCAC)F£V

Lagrangian for Af,

(Gauge invariant).
Jan. 31/2000
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(9.7.34)

(9.7.35)
(9.7.36)

(9.7.37)
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Chapter 10

Quantizing (GGauge Theories

We could look at canonical quantization — Af(z); Define:

g — Ok (10.0.1)

Identify constraints
e insert gauge conditions for each of the 1% class constraints
e Form Dirac Brackets

e From these, determine commutators
Problems with this in practice are;

1. Manifest Lorentz invariance is lost (Important)

2. For the Coulomb Gauge (for example), where 0;A%(z,t) = 0, in forming the Dirac

Brackets — will involve )
[0:(Ds)] (10.0.2)

where D = 9,6 + ge"?* A? (“ * 7 part drops out in abelian case).
—_—

*

10.1 Quantum Mechanical Path Integral

Use the Q.M Path Integral (QMPI).
1 a aur a a
L= _ZFMV(A)F H(A) + J A (10.1.1)
where for now, we will eliminate the second term JjA* — purely classical £. Note that we
have full gauge invariance A% — A% + 9,A* + ge®* A’ A°. Consider,

Z[J] = /DAZ exp {i/d4w (£+ J;jA‘“‘)} (10.1.2)

169
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ZlJ] = /DAZeXp {i/d%

LR AL ALATAL) + JEA

pivp

Lo

1 f a ™ a 2 a a aoc &
_ Z< (0,A% — 9,A2)" +2g (9, A2 — 9, A%) et AV AC
} (10.1.3)

1
/DA;‘; exp {i/d4x [§AZ(82g”“ — OMOV) AL + J;LA““} } ~ det T [§9 (g D* — 019”)]

1284

but, Lo = 3A% (g — 0*0”) A%, and,

(10.1.4)
and,
(829‘“’ — 8"8”) (0,A) =0 (10.1.5)
— 0”A is an eigenvector with vanishing eigenvalue! Hence,
det [§%g" — 010”] =0 (10.1.6)

(Dirac put in —3 [0, A%% into (10.1.2), (in exponential integral) — eliminates 9#9” — but
he found inconsistencies). To see the Faddeev-Popov procedure, consider,

n,. —zT Nz 7.(.11/2
/d re e = () (10.1.7)
—det(N) =M ... \, : .
— [dry ... dr,e "N e } Only if A; > 0¥ (10.1.8)
Suppose,
N m(z)Ay =0 (10.1.9)
m(x))\, — eigenvector corresponding to eigenvalue zero. Note that,
/d"y 0(Ay +b)f(y) (10.1.10)
Let z = Ay + b, so d"y = 25d"z. So,
1
n A _ mn n A—l o
[evsyrnrw = o [dze@ate-n)
f(=b)
= 10.1.11
det(A) (10.1.11)
Thus,
Sy+A'b
6(Ay +b) = Ny+2 D) (10.1.12)
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(c.f. 1-D — §(ax) = =6(z)). Consider

|al

/d)\ 5 [L(z + m(z)A,)] det(L m(z)) (10.1.13)

Insert this into
/d"g ez Nz /d"g/d&oé [L(z —m(z))\,)] det[L m(z)]e —z'N g (10.1.14)

Let z — 2 — m(z))\,. Then,

/d"ze"”TN"” = /d” /d/\o (L z) det [L m(z)]e = N2

(note no change in e 2 ¥ 2 hecause N(m A,) = 0)

:/dAO/dx(SLx det (L m(z))e 2 N2 (10.1.15)

(The [d)\, contains the oo occurring in the integral over the eigenvector with vanishing
eigenvalue). Note:

1. det [L m(z)] = [ dede e€" (L m@)e(where ¢, ¢ — Grassmann vectors).

2. §(L 2) = lim,_g \/Te L2’
So,

/d"&e_”TN” = /dx\o/d”:v liH(l) \/ze_xTNx/dc dc & L m(z)e-oalL 2)*
a— (0%

= d)\ lim \[ / d"g de dg el=" (Mroc” L)ztelL m) 1 1)

=0 a—0

absorb into Normahzlng factor

e Choose L so that (N + oL’ L) is invertible (i.e. (N + oL’ L) has no vanishing eigen-
value).

fields” ).

Feb. 2/2000
The condition is N(m(z)\,) =0
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a—00

B — /dgdg e—¢' L m(z)c

10.2 Gauge Theory Quantization
Recall the path integral o

/DAZ(w)efd% (- ) (10.2.1)
If J =0,

Al — AL+ DAY () (10.2.2)

y2

(Analogy z <« Af(x) from above)
With DP®(A) = 0,0" + ge™ A,

Insert a factor of “1”.

| = / 492 (z) 8( 9, (A%(x) + D (A)2))det(9, D (A)) (10.2.3)
\L// (z)A Lm(z)

= [ a0r(e) 5@ A aes @ D)

Where,

— A% (2) = UTHQ)AL+0)U(Q) 5 U(Q)~ 5 + e
~ AL+ DA

Let Afe — A% (reverse gauge transf. — —Q)

a a a a i d4z 1 Fau2
1 = /dQ /dAu 5(0"A%)det (9" D2 (A)e' (-1(FL)?)

_ : l a a a j=a : 4 _l a auu_i ap\2 _ =aquab b
= ilir(l)”Qa/dQ /dAu/dc dc exp{l/dx { 4FWF 2a(a”A )* =o' Dy (A)c

Absorb into
Normalization

(10.2.4)

Recall that the ¢’s are grassmann. Also, note that, in the last term, Dzb(A) = 0,0% +
geapbAﬁ, and so ghost fields are important (ghosts are free fields) — Mathematical constructs,
Longitudinal mode of vector particle. Note that in the U(1) case (gauge group), the Ghost
Lagrangian is ¢0,0"c = c0”c.
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10.3 Feynman Rules

Here are the Feynman Rules.

a‘\/\/\_/\/)\f\/\/\/‘-b
4

kuk
_'5ab (guv_%) + akuky
1 2 K

Where the last term is the o dependance - (longitudinal part of propagator).

a k
— - ->,— - — —
(c) (Ghost fields) (©
b ot
¢ o L _L__a
(©) ©
a N
P
q r
b

igab
— 1

geabcpu

173

— g€ {(p — @)ugru + (@ — T)rGuw + (1 — P)puGir}
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A -
a 7’7, (\_I(Jd ‘ ) )
V’ —ig® {f" " (9nGuo — IroGur)
£ (gauvo — GroGu)
” fadefcbe (g)\l/g,u,o o g)\,ugou)}
b 4 c

Feb. 3/2000

10.4 Radiative Corrections

o 1 o m? 2 Ag!
and recall the Feynman rules are,
—> g
—iA
Recall that, in general,
/ dre (£%)e _i(=1netr (a+2)T (a—b—12) (m?)b-atn/2 (10.4.2)
(2m)m (2 —m2)e — (4m)n/2 INQINE) o
at 1 (1) n 2\n/2—1
o / BB = Al (1 2>(m ) (10.4.3)
———

pole at n=4
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Also, in general,

1 T(a+p) 1 N zo=1(1 — g)f-1
a0’ T(a)T(3) /0 M a ¥ (1= a)for? (10.4.4)

The 1PI contribution to the 2-pt. function is

= et (o) 30 G () 049

Which can be easily integrated. Another loop integral is (dropping external leg contribution
for now);

o (—in? /d”k dme 1

-6 (2m)? (k2 —m?) (2 —m?)[(p — k — )* = m?]

(=N fdk A ! )

G / (2m)2 <£2—m2>/0 T =) + 2 — k= OF — )P

O (-iN? [fdRd 1 ! . 1

6 / (2m)%" <€2—m2>/o ! k2 = 2ak(p — €) + z(p — ) — m?]?

O (-N? [dkd 1 ! . 1

6 / (2m)2 <e2—m2>/o =2+ 20— 2 p— O —
-

(N2 fdw A1 L 1
B 6 / (2m)2n (02 —m?2) /0 d k2 +2(1 —x)(p — )2 — m?]?

The integral over k' can be evaluated; recall (10.4.2) (Note: General integral correct in
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(10.4.2), but check signs on a’s and b’s).

] I re-3)
) / * | o G =T =

m CM iT(2-1) 1 e 1
- / / ) 47r n/2 2 —m2) (—(l— )72 , o \2n/2
((ﬁ —p)? - m)

Now, recall (10.4.4).
_ 1)\ / / dre ir(2-12) B (1—x))_2+"/2r(1+2_ .
)" 47r n/2 rr(2 -
,yl 1(1 y)2 n/2—1
y 5 3—n/2
(2 —m2) + (1 - >(<e D]
dy

/ / / a0 A0 (3—2) (—a(1 —2)) 2n/2(1 — y)-n/2
fro o

" (4m) "/2 €2+y( —y)p* —my —
[ p+my+

|3 IS
SN—

47T 7R (3 - g) (—z(1— )22 (1 - y)l‘"”W(—l)‘“"ﬂr (3 e g .

m2(1 — y) n/2+n/2-3
z(1—x)

— /d/dy( n/z) (3- Z)r (1 — 3)) 21— )2
—y)

{—y(l— y)p® +m’ y+

x)

Now, the integrals over z, y are problems. But, if m? — 0,

- ( 4%1)”/2) / d$/ dyT (3= 2) T3 = n)(—(=1)")((1 - 2))"/2(1 = y)'=/2.
(=D)" (y(1 -
= ( 47T1)n/2) / dl“/ dyT (3= 2) T(3 = n)(w(1 — @) 2231 — ) /22 (p) 2

Now, using (10.4.4), we have a = b =1, so

P\ n rzz-1)] [ta-2r@-17, .,
= (W) [F<3_§)M][F((n—2))][ F(3—"—(3) )](p)

2
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The (p*)"~3 can be expanded as (1 + (n — 3) In(p?) +...), and recall,

1
F(s):g—7E+ln(47r)—l—...

Thus, the 2-loop integral is
A 2
=57 (BIn(p®) + C) + O(e)
(In(p?) is singular if p*> = m? = 0). At one loop,

o}

O(/d”ﬁ 1
(2m) (62 —m?)

B is independent of p? (this is a fluke).
Feb. 7/2000

{Jw/7 J/\P} = _9 (gupg/\v _ gMng) + Qieuw\p%
where o = % v {47 = 29", and
1 HUAp
Vs = ZE Y Y YA Yp

Let
#a%5  Aodt

1 2
£=500ub0)" = =5 A1

= —i¥(p)

= Sum of all 2pt 1PI diagrams.

177

(10.4.6)

(10.4.7)

(10.4.8)

(10.4.9)

(10.4.10)

(10.4.11)
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Let

<O‘T¢0(x)¢0(y)’O>Connected = * @ + _@_@—

.+...
i i i
= — + — (1Y) 57—
P* — g +ie P2—/~L3+15( )pz—uéﬂg

1 1
Y GRS ) WY G ) 3 S
+p2—u%+ié‘( 1 )pQ—u%+iff( 1 )pQ—u%+iff+
= a+ar—|—ar2+...
a
1—17r2

i
P2~ He

= iA(p?) (10.4.12)

Eliminate the divergence (at least to one loop order).
Follow treatment by Lurié

“on-shell” Renormalization scheme — p? is the mass of the field ¢(x) (p* = p? — “on
shell”)
Y(p?) = S(u®) +* — p?®) ¥'(p*) + Converging terms (10.4.13)
~— ~—— ~~ 4
‘When p2:p.2 log Zc(pQ)
diverges divergence
where X' (p?) = %22(]92). Thus,
i
iA(p?) = (10.4.14)
PP =y — B(?) —(0? = 1) (12) — Be(p?)

*let p? = pud+X(p?) (u? — finite, p2, X(u?) diverge if n = 4). This is mass renormalization,
eliminates quadratic divergences. (c.f. recall figure 10.4.1, from previous notes from QFTT).
Thus,
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AR N

X

X;: Xt W\L K L

| —3,s

3

Figure 10.4.1: Recall mass on string

example. x(y gets renormalized by

my. xh = xo + 2
IA(p?) = (P2 — 1) (1 — 2 (12)) — So(p?)

— Pole occurs at p* =

. 1
! <1—2’(u2)>
o Ze(p?)
PPt 172/%12)
i (1—2%(19))
~ to 1 t order in A
Py ) o lowest order in \g
Let ]
Zy = Y08 ~1+Y(p?) (log divergent)
iz
—iA(p?) = ¢
) = p- p? = Ze(p?)
= F'T'{<0|T¢O<x>¢0(y>’0>Connected}
(F.T. = Fourier Transf.). Now let
o(x) = Z," o (2)
(re-scaling of ¢ field in £). Hence:
i
F.T.(0|T¢(x)o(y)|0) = Finite
(01T ¢(2)¢(y)[0) ) ( )
What diagrams do diverge?
The superficial degree of divergence = D. For any diagram,
1 1
~ (g)*d*,...d" o B2 . (¢g%) — coupling const.

= 4L — 2] (only if g is dimensionless)

179

(10.4.15)

(10.4.16)

(10.4.17)

(10.4.18)

(10.4.19)

(10.4.20)
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e [ = # of loops
e | = # of internal lines

o V. = # of vertices

= (0[T¢1 ... $4]0) (10.4.21)

AV =21+ FE (E = # of external legs) (10.4.22)

The 4 is in front of the V' because each vertex has 4 lines going out. Check: (figure 10.4.2)
In figure 10.4.2, L =2, [ =3, V = 2. Thus,

N
_/

X( 'Z‘ iZ. XL

Figure 104.2: E=21=3,V =2

42) = 2(3)+2
8 = 6+2 Check (10.4.23)
Also,
L = I—-(V-1)
= I-V+1 (10.4.24)
Hence,

D = 4L —-2]
AV = 2I+FEF -2 =4V - F —. 41 -8V = -2F
oD = 4L —(4V - E)
= 4I-V+1)—4V+E
= 41 -8V +4+ L
= 2E+4+F
D = 4—FE — Depends only on E!! (10.4.25)

Thus, D =4 — E as ) is dimensionless.
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e D =4if (F=0) — not possible

e D =3if (F =1) — not possible $ — —¢, ... L even in ¢. There must be a symmetry,
S E#1

e D =2if (F =2) — Quadratic divergence + Logarithmic

e D=0if (F=4) — Log divergence

e D <0if (F>4) — Converges (Higher pt. diagrams are ok).

Now, consider for example a ¢” theory: Use the following scalar field theory in field theory

in four dimensions )

2
(where p > 3 is a positive integer) to explain the difference between theories that are: renor-
malizable, nonrenormalizable and super-renormalizable. (Simply consider the (superficial)
degree of divergence of the Feynman diagrams).

The superficial “degree of divergence” is given by

D =4L — 2] (10.4.27)

L= —%(&b)z — —m2¢* — \¢F (10.4.26)

where
e [ = # of loops

e [ = # of internal lines
e F = # of external lines

o V' = # of vertices

Each loop momentum % has a volume element d*k associated with it, and each (scalar)
internal line is associated with a propagator, which for large | | behaves like | #|~2. Now,
each vertex has p lines emerging from it, and each internal line removes two of these, so

E=pV —2I (10.4.28)
and the number of loops is given by
L=1-V+1 (10.4.29)

(only V' — 1 conservation constraints, due to overall momentum conservation). So, subs.
(10.4.29) into (10.4.27),

D = 4I—-V+41)—2I
— 4] —4V 44 -2]

= 27 —4V +4 ;  Subs. in (10.4.28)
= pV—-FE -4V +14
A—E+(p—4)V (10.4.30)

The conditions are:
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e If D < 0 — super-renormalizable
e if D =0 — renormalizable
e if D > 0 — non-renormalizable

So, as can be seen from (10.4.30), if p < 4, then D will become negative very quickly as V'
increases, so p = 3 theories would be super-renormalizable; for p = 4, we get the usual ¢*
theory, which is renormalizable; and for p > 4, the final term will fast outweigh the first two,
D will be positive as more and more vertices are added, and the theory will be (superficially)
non-renormalizable.

Feb. 9/2000
Recall:
T[T 60(w) 60 (1)]0) = ——12? (10.431)
2 — p? = E(p?)
where
Ye(p?) = 0 (10.4.32)
¢ = 2,0 (10.4.33)
TA0[To(x)6(y)[0) = pg_u;_&(pg) (10.4.34)
The four-point function:
TA0[Tdo(x1) ... do(x4)]0) = X >O< Q /%
= —id+T(?) (10.4.35)

Ps3 P4

= %HAO)Q/ él;fn (ﬁ—iu%) ((le —ip3)2 _“3)

I ((pl - p3)2)
I'(¢) (10.4.36)

Pi P2

(recall the Mandelstem Variables:)
o 5= (p1+p2)°

o t=(p1—ps3)
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e u=(p — p4)2
These variables satisfy:

sHttu = pi—2pips+ps+ P+ 2pips + Py + Pl — 2pipa + pi
But pi+pi=ps+pi, p;=p’
= 6u” + 2(—pips + pip2 — P1pa)
= 6p® + 2[—pips + pip2 — pi(p1 + P2 — p3)]
6 — 2p3
4 (10.4.37)

The “truncated” Fourier transform of (0|¢pg(x1)...¢o(x4)|0) means the external legs are
removed. Hence,

Truncated F.T.(0]¢o(x1) ... ¢o(x4)]|0) = —iNg + I'(s) + T'(¢) + I'(u) (10.4.38)
where
4
L(s) ~ /lef ~ /a;_x — log divergent (10.4.39)

(cf. D=4—-—FE...F=4— D =0). Somehow must get rid of divergences in I'(s), I'(¢),
['(u). Expand T'(s), ['(t), I'(u) about s = %7 t = %, u = %‘

Truncated F.T.(0|¢o(z1) ... ¢o(x4)]0) = —idg+ 3T <%M2> + f(s) +T(t) + L(u)

Vv
Finite

— . 4#2
— Now let —iZ, Ay = —iXg + 30 5

= —iZ N+ T(s) + T(t) + I(u) (10.4.40)
What we want to compute is
(0|Tp(x1) ... p(x4)]|0) (¢ are Renormalized fields) (10.4.41)

But
o(x) = Z, o (x) (10.4.42)

Recall
iZ4

e ) (10.4.43)

F.T.(0|T¢o(z)do(y)|0) = 7
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Now:

Go(z1, .. ,xa) = F.T(0[go(z1) ... Po(r4)|0)

&, (x))

(where the circle in the line in the second diagram =
n-pt. unrenormalized G.F.

G(z1,...,x,) = (0|T¢(z1)...0(x,)|0)
= Z,"*(0T¢o(x1) . . do(,)|0)
= Z,"Go(ar...,)

But then
D(xy,...,2,) = ZZ/2I‘O(x1, ey T)
We have ) . )
F.T. Do(z1,. .., 20) = =12, Ao + L(s) + L(t) + T(u)
Thus,

O(\3)

A

FT.D(xy, ..., 1) = 22 [ —Z7N + T(s) + D(t) + f(u)]

(recall that Z3 ~ (1 + %)2) To order A2,

F.T. T (21, .., 24) & =122 A + T(s) + T(t) + T'(u)

IZ¢
. — Doz, ...
p%—lﬁ 0( 1,

, ) = Truncated

(10.4.44)

(10.4.45)

(10.4.46)

(10.4.47)

(10.4.48)
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Let A = Z2Z, ' Ao (Renormalized Coupling - where Z7 arises from 2 pt. function, and Z;*
arises from 4 pt. function - Z3 — oo, Z; ' — oo (cancel)). So,

F.T.T(21,...,24) = —iA+T(s) + T(t) + T'(v) (Finite) (10.4.49)
aside
i
2 2 2
FT Do) = P f = ZP) (10.4.51)
i
end aside

10.5 Divergences at Higher orders

10.5.1 Weinberg’s Theorem

A Feynman integral is convergent if its degree of divergence is negative and the degree
of divergence of any integral associated with a subdiagram is also negative. Recall: ¢*:
D=4—-F

Figure 10.5.1:
Convergence

Figure 10.5.2:

Subdiagram is
divergent:
whole diagram is
divergent

In figure 10.5.3,

1. All subdiagrams have D < 0
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Figure 10.5.3:

2. D < 0 for entire diagram

W.Th. = Overall diagram convergent! (i.e. no unanticipated divergences will appear).
Thus, all divergences can be eliminated by an iterative procedure (i.e. first eliminate

divergences in subdiagrams, and then in the diagrams as a whole (if there are any)).

Feb. 10/2000

Consider

L— %(m) - —¢ - L& (4— D) (10.5.1)

What goes wrong? Consider:

m / - : ) ((Hp)lz_mg) ~ divergent (10.5.2)

We can add in —)‘88—?8 to £ to absorb this divergence. Once we have A\¢®, we can examine the

12-point function:
d*¢ 1 1
10.5.3
IO -85t (o) 0o
A129!'2

We now need —=2— in order to absorb this new divergence. This goes on and on - in total,
there will be an infinite number of vertices to absorb all of these divergences.
Consider a diagram with

n; — 7 of vertices of type ¢

b; — # of Bosons in the i*" vertex

f; — # of Fermions in the " vertex
d; — # of derivatives in the i** vertex
B — # of external Bosons

I — # of internal Bosons
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F' — 4 of external Fermions
Ir — # of internal Fermions
L — # of loops

D — degree of divergence

<
3
=
<
_:Q'>
-
l
S
I
—_

(where F,, = (0,A, — 0,A,)) So,
2[p + F = an’fi
# of loops L. = ]B+IF—ZTLZ~—|—1

(where the “17 is present in L because one of the J-functions is superfluous).

Now eliminate L, Ig, Ip.

3
D=4-B- F+ Zn(s (10.5.5)
where 52 = bz + %fz + dl —4.
The " vertex:
L= g/ d‘zz U1 g, Oy e Oy, DL Py (10.5.6)
p p3fi/2 pli pbi

This means that the dimension of ¢ must be p~% in order to keep overall dimensionless.
(recall:

o
XN
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— dimensionless). With a dimensionless coupling constant, 6; = 0 and

3
D=4—-B-— §F (10.5.8)
and then there are only a certain number of divergent diagrams.
For §; > 0, the degree of divergence increases with more vertices of type n; (BAD). (ex.
A¢® in 4 dimensions). — NON-RENORMALIZABLE THEORY!
§; < 0; ex. A\¢® in 4 dimensions - §; = 3 —4 = —1 < 0 — Only a finite # of divergent

diagrams. In fact:

are the only fundamental divergent diagrams. — SUPERRENORMALIZABLE.

This (above) treatment is a bit “primitive” - we are only counting powers of momenta in
diagrams to determine divergence.

In Gauge theories, there is a cancellation of divergences between 2 different diagrams.
(See for example Figure 10.5.4)

Figure 10.5.4:

W¢<+ ,WOW,< “ ,{% %g/—f /‘Né Example of gauge

theories where

<
L_‘:J-m 4z (here) the diver-

gences in last 3
diagrams cancel

For example

2
L=p(p—m)+ %(8@)2 - MT& — gUipg — %(b“ (10.5.9)

(with g dimensionless). There is still a diagram that is divergent:

| di ,
f —— ~ log divergent (10.5.10)

(0*
"
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We require —%qb‘* term to absorb this. The following diagram

il

. 4
18 convergent. < %)

For massive vectors, the lagrangian contribution is

2

1
L= 0V~ a,V,)? — m?v“v“

189

(10.5.11)

(10.5.12)

Note that the last term isn’t gauge invariant, and so we’re stuck with a longitudinal polar-

ization ((%—2”)) in the propagator; The propagator is:

: Kok,
a b 1\ Gpw m?2
ANNSANANASS - 7
14

k2 —m? +ie

The integral goes like ~ (k2)0 ~ constant. This causes divergences.

L=y pV* + g(gy)

Then we could have

/ at log divergent
Rl Vi
()

(Higgs Mechanism)

(10.5.13)

(10.5.14)

(10.5.15)
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10.6 Renormalization Group

There is an arbitrariness inherent in renormalization. ex. Self-energy in ¢*:

i

— ~—— @O (10.6.1)

iA(p) =
(v) p? — pg — X(p?) 1

.« -

If we're just interested in eliminating the infinities, we could expand about some point x2.
Let

1 "

R0 = () A" —#7) T - (0" = )N ()
Quadratic log ~ v o
divergence divergence :ZC(pQ,mz)

(converges)
1

p? — pg + N(k?) — (p? — k)X (k%) — B (p?, K?)
Wave function renormalization is done first:

(1-%7(x?))

2_ <u3+2(52)—ﬁ2> _ E(? )
p 1%/ (x2) (1— ¥/ (r2))
—_—
~Yc(p?,k2)
2 _ pg + B(k%) — K
1 —¥'(k?)
AP = e ¢ %= T < LY (1062)

Let p

where k — arbitrary. Note

L. p* — no longer the physical mass of ¢ (Xc(p®, £) #0, — Xc(k*, &%) = 0). p2 is the
physical mass, given by
py — p* — e(p2, 5%) =0 (10.6.3)

2. How does something “physical” depend on k7

See “New methods for the renormalization group”, J.C. Collins and A.J. Mac-
farlane, Phys. Rev. D, Vol 10, Number 4, 15 August 1974.

Feb. 14/2000

Momentum subtraction — is difficult to work out in practice.
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“Minimal Subtraction” in conjunction with dimensional regularization is the easiest way to
renormalize. c.f. Collins and MacFarlane.

1 m2 A
L= 5(0u0)" = 5205 — 3100 (10.6.4)
1 2
r® — 5(@%)2—%% (m — renormalized) (10.6.5)
2 2 A
£ = UG Jog (106.6)

Again, we have,

T'<0|T¢0¢O|O>Truncated = ! ! + +

—ix(p?) = %(—i)\o)/ﬁ:/ (;l;f” (€2jm2) + (_71) (m* — m0.6.7)

4=2ntn — 4=n Keep in mind, we're working in n dimensions. The Action

* — thus A\g =
is:

A
S = / (D 90)" = 190 (10.6.8)
Where the dimensions are: [a] = u™", [b] = ,u”. Since the dimension of the action must be

zero, this means that the dimension of [¢g] ~ pu=(2+™)/2,
Note: as expected, if n =4, \g is dimensionless.

LSGR) = S(—idgut / (d"f L T - m2)

2 2m)m (02 —m?2) 2
4—n
e e ST W N TS TN R
S0) = gt (1) ()7 S — )
Aom? ny (m2\ 2
_ 7F<1——) m” Lo o o
Gt (-5 () -

Letn — 4
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Lete=2—-% (¢ —=0asn—4).

= ?On; (I+eln(dm) +...) (é — e+ (’)(5)) (—1)\(1 +e+ (’)(52));
(4m)-1/2+ AT (1-3)"
\( —¢eln ( ) + (9(5))1+1(m2 —mg)
(227"
= ?27:’;2( 1) (1 +1In(47) — 5 — In (f—;)) + 1(m2 —mg) + O(e)
Let m2 = m? <1 (42730 )
= i mom) = (7 )
— Finite (10.6.10)

(where the In (ZL—;) is a residual dependence on renormalization).

We could also have absorbed the In(47), vg in to m2, or p?. Let u? = p2eve—tntm,

2 2
= (G) = (G) e (10.6.11)
1 I
So we’d get
)\0 m2
Y(p) = e (_ In (F)) (10.6.12)

(— modified minimal subtraction: gets rid of In(47) and vg.)
So also, for the four-point function:

X oo § B

absorb terms of = into A\g

_1)\0M74+n
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Net Result:
Aop~ " = A+ic“’(73’_7njl’>/f> (10.6.14)
mo = <1+Z oA, 1 ) = mZ, (10.6.15)
Zy = 1+ZC”(A’_4”Z’VL) (10.6.16)
U

Note: a,, b,, ¢, in minimal subtraction are independent of m? and u? in practice.
Note also:

- , i = # of powers of —
i(A) = N n—d 10.6.17
a;(A) j;laj <j:#ofloops ( )
ie.
>O< Q 5\ >OCXK + _é_ +>& (10.6.18)
*En NG+ otas)

(and the sum goes higher, etc.). So also,

b = Y byN (10.6.19)
j=i+1

¢ o= Y N (10.6.20)
j=i+1

Note that ’\0% —  Ag occurs in Feynman rules, but isn’t finite. ex: see figure 10.6.1.

gram — A also has poles due to cal-
culated graph at 1-loop order.

m Figure 10.6.1: Overall divergence
% comes only partially from the dia-
\_/

Net result:
Lr(p,m, A, i) = lim Tr(p, m(n), A(n), u, n) (10.6.21)



194 CHAPTER 10. QUANTIZING GAUGE THEORIES

But now,

— fR(p,m(n), A(n),p,n) = IS [ A ()\0;/”4, n) moZ "t (M Xo)) ,u,n]

= Z,M*To(pi, mo, Moy ) (10.6.22)
(N is the # of external legs - Note u dependence vanishes. .. can’t be u dependent on
L.H.S.)
Feb. 16/2000
or )
Lr = Zr(Mop" %, n)o(p, Ao(n), mo(n),n) (10.6.23)
with Zp = Z,%.
d
d
- udu [hmZ FR(p,)\(80/1”’4,71),771()\0#"’4,n),u,n)]
0 o\ 0 0z-1 9 0Zr -
0 = — Zm ot —— —pu—2p | T
{“a THopax T o am Mo ] R

Now set <B()\) ug—/’)), (—fymm = meuag—l’?), ( 7= _uasz ) and let n — 4.

op

Note: as I is finite, 3, 7,, and 7 are finite.
Suppose we just look at the “engineering dimension” (depends only on the # of external

legs), Dr, of I' = T'(p, A\, m, ).

Dr = +2

0 0 0
0= (u— + BN 55 = Ymmz— = %) T (10.6.24)

Consider p* = kpjy (pj, — reference momentum).
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10.6.1 Euler’s Theorem

fz,dy) = NPf(x,y) — % at A =1 (10.6.25)
0 0
e = DM\PTIF 10.6.2
<xax+yay>f (10.6.26)
From this, if I' = I['(kpg, A\, m, 1), then
0 o) )
— —— 4+ pu=— | T =Dl 10.6.2
(K8/<;+mam+’u8u) r (10.6.27)
Now, eliminate i from (10.6.24), (10.6.27):
0= HQ—Q(A)3+(1+ )mi+( — Dr)| T'(kpo, A\, m, ) (10.6.28)
- aH 8)\ /ym am '71“ I pO’ 9 71U“ e

e Can trade in dependence on mass scale parameter p for dependence on scale in front
of momentum py.

e By rescaling momentum (changing ) — will effectively change value of coupling con-
stant/mass parameter (3, m).

—1
o BN =pu . —vm = nZn %%

Formal Solution

['(kpo, A, m, i) = &P exp (— /: %\(/\(/i’))d?ﬁ/) I'(po, M(k), m(k), 1) (10.6.29)

with (/i% = ﬁ(X(/f))), </€8ﬁ§—fj) = — [1+7m(A(K))] m(@) and with boundary conditions

A1) = A\, m(1) =m.
For example, consider the 2-pt. function:

_>_+_;_(|‘)_+_@+_8_

N B

(. S
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The net result of renormalization will be:

2
A = A (A1 In (%) + Bl) (10.6.30)
p? p?
B = Al (—2) + ByIn (—2> + Oy (10.6.31)
p f
p? P p?
¢ = Ayl <—2) + BsIn® (—2) +Cs1n (—2> + Ds (10.6.32)
p p f
— we're just taking the leading order terms, (A’s), — all terms subsumed into A(x). Thus,
ON(K) <
= A
)

= BN 48N+ BN+
~—

lowest
order

For perturbation theory to make sense, A(x) must be small.

o If B
lim A(k) =0

K—00

we have asymptotic freedom — (Yang-Mills Theory)

o If -
hH(l) Ar)=0

we have infrared freedom — (almost everything else).

Feb. 17/2000

Recall
ONK) <
ot = 00)
W) (M) )

In Dimensional Regularization

L a,(N)

/\O,u"_4 - )\ + Z (TL — 4)1/

The "% was introduced so that ) is dimensionless.

(10.6.33)

(10.6.34)

(10.6.35)

(10.6.36)

(10.6.37)

(10.6.38)
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Now, how do we get G(\)?

BA) = zo+xi(n—4)+ao(n—4)*+. .. (10.6.39)
0 B o\ 0 = a,(N)
— (Ao = p— = A 10.6.40
B(XN)
Subs. in ()
o0 / A
(n_4) )\D,un_4 = [x0+;1:1(n—4)+x2(n—4)2—|—} 1—|—Z (;Llf 4))V]
subs. (10.6.38) =1
= a,(N) = ad,(\)
—4) (A = —4)+..||1 z
(n—4) +;(n_4)yl [zo + x1(n —4) + .. ] +;(n_4)1/
Thus,
a9 as 2
(n—4HA+a, + (= 1) + (n— 1) +... = [wotzmn—4)+z(n—4)7+..]+
Tod)
+ [(no_14> + x1a] + x2a) (N — 4) +}
Toal xial ,
Wesetx2:$3:x4:...:0.
(n—4))\+a1+<na+4)+... = z1(n —4) + (xo + 11d})
1
= +(xoa} + x1d)) =
1 2
+(zoal, + x1a3) <(n — 4)> (10.6.41)
Matching powers of (n — 4):
ry = A ry = A . . ’ B
{ To+x10) = a } Ty = a;— Aaj = B =l = Aaa] +An —4)
"4 -
rot T 1y ) 2 constraint eq’s that fix as, a3, ...,a,
ot + 7+ 1d! : in terms of a;
v v+
(Note as n — 4, B(\) = (a; — Aa})). Thus,
00 , \
Aot =AY ) (10.6.42)
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e only a; is needed for 3(\)
® () fixes ag, Aas, ...

Remember that A¢* in 4-D has the form:

al()\) = a12 )\2+ a13 )\3—|— a14 )\4+

Fffir;lgrlgjgsp 2-loop 3-loop

Recall that: .
a, = Z ayj/\j
Jj=r+1
ex: for
as = x4+ 0a] + z1a;
CL23)\3 + CL24/\4 +... = [(a12/\2 + (I13>\3 + ...
d d
—Aa (6112)\2 + CL13)\3 + .. )) PN (Cl12)\2 + a13>\3 +

d
+ A [a ((123/\3 + a24)\4 + .. >:|

Here, ay; can be solved for in terms of a;. Similarly, we can show that, if

> b > c
“—~ (n—4) “—~ (n—4)
Then (***)
A\,
'Vm(>‘) = =
m
T o= Ag

(c.f. Collins & MacFarlane)

10.6.2 Explicit Calculations

_ 1 2 1 2 12 >\0 4
L = 5(@@) _Emoéb —Iﬁb

1 1
2 _ * 2 1 9.9
L 2(@@25) 2m )
_ 1 2 2\ 42 )‘0¢4
L; = —i(mo—m )o© — 1

(10.6.43)

(10.6.44)

)

(10.6.45)

(10.6.46)
(10.6.47)

(10.6.48)

(10.6.49)

(10.6.50)
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Two point function

~
A

~~
B Ag(14+one contribution

to Ag)*
+ Eg +—e—+ Siz

(* - because it is itself renormalized). We find that, to 1-loop order,

2 B 1-loop contrib.
~ bud \  m2A? )
-1 _ 72 2 2 11 :
Spr =" —m7)—m ((n — 4)> " T672(n — 1) + finite +(two-loop) (10.6.51)

1.e.

mg = m? (1 + i (su_(il))u> (10.6.52)

(we just have to take lowest order term. (by()\) = byiA + b1aA2 +...). — Sz will be finite
if we choose

—-A
{511 = @} (10.6.53)

Note, no divergence o< p? (could be, in principle, but it just doesn’t occur in ¢* theory).
.. Z4s =1 to one-loop order

For the 4-pt. function

r = + >O< ¥ Q * 5 + (two-loop)

—_—
2
M 3 :
= Mo+ =1 \ 1672 + (finite) (10.6.54)
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but,
CL12)\2
Ao = A
Ry
2 2
o= g e A S,

(n—4) (n—4)167%2

— arrange for pole from 2l and from 1-loops to cancel

3
= [ - ‘@]

Feb. 28/2000

Recall:
I
—
b1 A b1 A\?
.9 11 12
= —-m <(n—4)+(n—4)+'”>+<'”>
b\ m2\
-1_,2_ 2 1 11 . finit )\2
Fopom ( Y1) " Torz(n gy  nite + O
where by = —5 , Z=1.
r = X+>O<+ +%+m+(’)()\3)
)\2a12 3)\2
= A finit A°
i (n—4) * (n —4)1672 + finite +O(X)
with = a5 = —16%. Higher order contributions to the 2-pt. function are:

1 1 n a /\2
P - . 1(1=-2= 2y(n/2-1) —44n [ 12

mQ)\ 2&12)\ 1 2+ (’7 — 1)@12/\
(n —4)? (n—4)

(10.6.55)

(10.6.56)

(10.6.57)

+ ﬁnite] (10.6.58)
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(where the vertex of the loop with the propagator is A\g = A + &2‘3 ).

8—4n

.k . m 1 1
o 4(27)2n /d kd £<k2 —m?2) (€2 —m?2)?

m2\? 1 (47 — 2)m2\?
= finit 10.6.59
(6722 (n =47 | (32nd2(n gy + mite )

)\2m2a11 1 ’7611)\27712
= O\ finite (10.6.60
_é_ ON + 52 ((n - 4)2> T Somi(n ) T nite ( )

1
< Recall £L = —§(m(2) —m?)¢* +. >

(where the cross at the top of the loop is due to the mass insertion).
W, = ( Collins )

m2\? 1 A2 P m? ,

*

(* = wave function renormalization)
All together (to 2-loop order - only showing two loop order here):

P [ Y RN S AU
p =P 12(1672)2 (n — 4) (n—4) \"" " 2(1672)2
woul(;:hlink
blz:m
A2 2
SRR S 10.6.62
o <16w2>2>] (10:6:62)

~~
and here

b22= g2y

First!! Remember that
Zy

10.6.63
(p? — m? — finite ) ( )

FT (0|T¢p|0) —
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Thus,
St =27, [p* —m? — finite | (10.6.64)
Thus,
A2 1
Zt =1~ 10.6.
¢ 12(1672)2 (n — 4) (106.65)
So,

st = 77 1 p —m? — ﬁmte}

- ( 1672 )2 (n : 4)) [p2 - (1 + (nA_z4) <b12 N 2(1617r2)2 i 12(1(157r2)2)

—_

2
boo — — 2 10.6.66
e (e <167r2>2>>] (10:6:66)
Thus,
Zy=1+ s ! (10.6.67)
¢ 7 T 12(1672) (n — 4) o
byy = 2o 1 Y 52
(1672) 2 _ 24
b12 - 12(1§ﬂ.2)2 }mo m |: _I_ (n — 4) (167T2 + 12(1671'2>2
202 1
O\ 10.6.68
* o ae) oW aose
3321
A= pt A= O\ 10.6.69
Thus,
A\ = — 3 + O(\?) (10.6.70)
aq = 167‘(’2 .0.
0
BN = (1—A5> ar1(\)
32
= o3 (10.6.71)
Thus the running coupling is the solution to:
ON(K) <
= B\
A ﬂ(,(ﬁ))
5 dk! (k) d_
e’ _ / Ar (10.6.72)
Ko K/ A ﬁ()‘)
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< originally

(ﬁ% 4 5(A)3> r o= 0) (10.6.73)

() 1)
In{— | = —=
Ko A
3 1 i — _L + l
1672 ko)  AK) A
- 1
Alw) = 1 3
3T Toez (%)
< A 0~ as k — oo ( unstable )
A = R~ 10.6.74
(1) _ 3 { 0+ as k — 0t ( stable *) } ( )
1 1672 In ko
* — 1.e. perturbation theory acceptable for small momenta.
Thus, as k — 07, perturbation theory reliable.
O\ -
K a(:) = B(A(K)) (10.6.75)

The plot of this can be seen in Figure 10.6.2. If we include higher orders, we get Figure
10.6.2.
Mar. 1/2000

OAK) 3 o, O qN (k) 3 [T dR
= = — 10.6.
. () — /A )~ To / o (10.6.76)

Ar) = (10.6.77)
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K oo
@()«) K
A F\\\\\\
K202 (/”- K-
/)K-’o
> N\ Fixad pt

Figure 10.6.3: Beta function
Figure 10.6.2: Beta function plot 2 - note § = 0!! - depends
plot on where you start. (A(k) —
Afixed 88 K — 00)

B.C. 5\(/’60) =\ B
We often let A = oo at kg = A. i.e. A(A) = co. Thus,

k) AN 3 )
/oo S 167r21n(“)A

(k)
1 _ 3 <E>
Y ~ 1oz T \A
3 A
= — In|—
1672 K
- 1672
b = 10.6.78
® = T (10.6.78)

Note that:
e k— 0, A\(k) — 0F
e k — 00, A\(k) — 0~ (unacceptable)

e k=~ A, \(k) — 0o — perturbation breaks down.

In QCD
1
L= 1 (FL) +0G 7 —gr" A+ 0f (9, —iegT" A7) 65 (10.6.79)
¢ [ 1 4 1
Blg) = 15z |5 o) + 3Ca(F) + 5C(S) (10.6.80)

[T°,T°] = c*T° (10.6.81)
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A sl
I
\ ¢ ’\/'( fixed pt

Figure 10.6.5: Beta func-
tion plot for pure Yang-

Figure 10.6.4: Beta func-
tion plot for pure Yang-

Mills. Mills - two-loop order.
Then,
Co(0)0ap = CamnChmn = n for SU(n) (10.6.82)
SapCo(F) = Tr(ror?)
1
=35 for quarks in QCD (10.6.83)

Cy(9)6% = Tr(T°T")
1
ol for complex scalars in the fundamental rep. for SU(3) (10.6.84)

For pure SU(n) Yang-Mills theory,

11 ¢
= —— 10.6.
B(g) 3 g2 (10.6.85)
whose graph looks like Figure 10.6.4 Thus,
dg(r) 11ng° (k)
—_— = —— 10.6.86
"k 3 1672 ( )
Jo
d_g < 0 as Kk — oo — asymptotic freedom (10.6.87)
K
(k) dd' 11 5 di!

g n K
—_— = — 10.6.88
[ (10688

(B.C. g(A) = o0)
g(r)
1 ? 11n | (Ii)
— — — n I
2g" 3(4m)? A
_ 3(4m)? K — 00, g>—0
2 __o&m)” :

g = 291 In (%) } k<A, g*k) <0 (Not acceptable) (10.6.89)
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For Ny flavours of quarks, (see Figure 10.6.5)

SU(3)

s U3 A
Blg) = = [ \—%/3743 (%) N,i ] (10.6.90)

2Ny . 1
_11+T<0 if Nf<16§ flavours
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Spontaneous Symmetry Breaking

®3 — (the subscript is the number of dimensions).
m262 4
A
£= ( e

Symmetry: ¢ — —¢ (must be respected. ex: if we have a 5 pt. function — Green’s functions
are negative, .. must be 0).

(11.0.1)

H = Mo —L (11.0.2)
__9L 9
0(5%) o
1 Aot
= 3 [HZ + (Vo) } + —925 + f' (11.0.3)
Kine;ig part Potentlal V(o)
Lowest Energy state:
KE =0 11.04
=0 if ¢ = const. (11.04)
Energy = V/(¢)
2 42 \ 4
= m2¢ + 4;? ; A >0 for E to be bounded below (11.0.5)

There are two cases: we can have a positive mass squared (m? > 0 - Figure 11.0.1) or a
negative mass squared (m? < 0 - Figure 11.0.2). For the first case,

m2 ¢2 Léél

T (11.0.6)
For the second, we get
av gz53
2 620 - 2
a5 ¢+
¢ = O
= 0if b=+ _6m2 (2 possible vacua) (11.0.7)

207
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a4 2 2phi | 4

5 -1
3 2 A 1pni 2 3

Figure 11.0.1: Positive Figure 11.0.2:  Negative
mass (m? > () plot. mass (m? < 0) plot

—6m?

Let’s consider excitations above ¢y = +

¢=¢ + \/—677”2 (11.0.8)

The Lagrangian for ¢’ is:
A

L - 1 a / 2 m2 / 2 / 4
= §[u(¢ + o) —7(925 + ¢o) —a(cﬁ + ¢o)
1 N2 m? 2 / 2 A 14 3 2 .2 /.3 4
= 5(@@) -3 O+ 29" go +¢; ] @ + 49" P + 607 Py + 49 Oy +

*'s cancel using ¢ definition

1 /2_m_2/2_i 4 3 /_6_m2 ” _6_m2
= 2(8Mgb) 5 ) m (gb +4¢ 3 + 6¢ By + const

1 N2 m*  3m*\ o A u A,z | 6m?
= 5 (@) +(—7+7)¢ B
1 , 1 a A 6m? . A,
— 5(8H¢)2—§(—2m2)¢2—§ - ¢ —a¢4 (11.0.9)

f

— mass of ¢’ is (=2m?) > 0.

T breaks the ¢ < —¢ symmetry. This can be seen in Figure 11.0.2 - the bottom of the
two wells will have ground states |0_), |0,) - this ground state doesn’t respect symmetry.
For example,

FoF~' = —¢ (suppose)

Fl0y = [0) if (m?®>0)
Floy) = o) if (m? < 0)
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% — symmetry restored )

Mar. 2/2000
Heisenberg (1-D) Ferromagnet:

1 2 3 4 5 6 7 8 (11.0.10)
B T S A
(where 0 = +1 for positions (1 + 2), 0 = —1 for positions (3 +4),...).
H = =) kowoin (11.0.11)

= —r[(+1)*+ (1) (-1) + (-1)*+.. ]

There is an “up-down” symmetry in this Hamiltonian (no preference for up/down).
The lowest energy states are “all up” or “all down”.
— Generalize to an O(N) model.

¢= (0" 0% ..., 0") (11.0.12)

L is invariant under

(11.0.13)
(11.0.14)
82
_ Figure 11.0.4: O(N) model
Flgur(; 11.0.3: O(N) model (m? < 0) plot “Mexican
for m* > 0. Hat” potential
m? A
V(9) = 56"+ 5 ((9)°) (11.0.15)
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(where X > 0 for stability). This can be plotted - see figures 11.0.3 (for m? > 0) and 11.0.4
(for m? < 0).

= o+ 528)(6)
= <m2 + 5@) &;
6
— 0 at ¢;=0orat |¢|= _imQ (11.0.16)
Suppose,
¢, = Véu (in the “one” direction)

¢ = (V+6,6,...,dy)
2

L= 20)@) - (Vo) 4yt +h] -2

TV o 7 ok

VvV
=V2+2V¢>’1+¢’12+.“
=V242V¢) +¢/2
2

— 080 - T [V Vel 4 ] - R [V Vel 487

1 A
- ( ') — [ V2g? —|—4V2¢ | + interaction terms

2¢12+4¢

1 , m2 ,

- Josr-Ter- 5 (S
1 , m? 1

= 50u8) =" +m <§? +o )

= (0,9 — =(—2m?)¢7 (11.0.17)

DN | —
DO | —

Thus
o ¢ — mass (—2m?)
e ¢, ..., ¢\ — massless (N — 1 massless Goldstone Bosons).

In general, if a system of NV scalars has an invariance under a group G, and if the ground
state of the theory has an invariance under a group G’ C G, then there is a massless excitation
above this ground state for each generator of G'.

— Not realized in Nature.

Here we have
G — O(N) (Orthogonal group, N-dimensional) (11.0.18)

(see figures 11.0.5,11.0.6). Figure 11.0.7 — No massless scalars (spin 0) particles observed



in nature.

where the

211

\'4

Figure 11.0.6: Excitation
¢, where you just roll around
' bottom of well (Correspond

Figure 11.0.5: So G’ — O(N —1) to Goldstone Bosons)

V{ ¢';‘?z)

?,

Figure 11.0.7: m? > 0 - (No massless

excitations).
1, m? , . . .
L = _ZF‘”’ — TA“ (Massive spin-1 particle) (11.0.19)
kuk
o)
iD,, = 12 5— ( whole term is transverse) (11.0.20)
—m

k” term comes from the longltudmal polarization (Destroys Renormalizability)

- the gauge 1nvar1ance is ruined by m?.
In the Higgs Mechanism, the massless Goldstone Bosons are absorbed by the longitudinal
polarization of the massless vectors to which they are coupled to give massive vector particles.
However, gauge invariance is not sacrificed, so renormalizability is retained. The massive
scalars left over are all the “Higgs” particles.
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Mar. 6/2000

11.1 O(2) Goldstone model:

. . 2 N

(9,0') (09) = T-6'' = S (8'6')? (1L.1.1)
) 1 o 1

b = (¢, 67 {3;]_}{(:039 sm&] {zQ}

sinff cosf

N

Let ¢ = ¢>1+;¢2’ ¢* = ¢l—ig?

V2 V2
A
L= (0,07)(0"0) —m*0'6 — S(6"0)° (11.1.2)
¢ — e’

Local gauge invariance
¢ — @ (11.1.3)

Introduce a gauge field
L= 2R + [0 +ieA)d] [ —1eA")d] — m’6o —g(6'6)  (114)

If m? <0 - (see figure 11.1.1).

Figure 11.1.1: m? < 0, — V(¢) = m?¢*¢ + g(¢*p)?

oV —m2
96 0 =|¢]= %

(11.1.5)
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Choose
b _27"';2 (Real) (11.1.6)
o = _2”;2 +f
_ %+¢/ (11.1.7)
Now,
)
) )l ) o
= LEL (O )0 (0, — AN + o [0, (0%9) — 0,0 ieA?)
+ V?eQAMA“ {d% + yw +¢") + V;} —9g [V; + \lf(qﬁ +¢") + ¢’*¢r
2707

*

(Note that it would appear, from the * term, that A,A" has a mass V?e?). Now, let
D, =0, —ieA,.

1 iel/ 2v2
L= = Fat (Dud) (D) & 5 (40" = (00" A6 + = Ay A" — oS
2
- 7(@5 +¢™)? + ( >¢ ¢ +f<¢ + ¢™) ¢ + (¢ ¢')? | + const.(11.1.8)

~~
appears that Im(¢’)
is massless

To determine the actual degrees of freedom, set

o(x) = <77(35)T2+V) e@/v (11.1.9)

where n(z), £(x) are real. Then, let

du(z) = e Vo(x) (11.1.10)
B, = A, -1, (@> (11.1.11)
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where (11.1.10,11.1.11) are a gauge transformation. Then,

n@) +V
S(z) = Y 11.1.12
¢u(7) NG ( )
Now we find that
1 5 1 N 9 1 9 4
L= 50m)” —5(=2m )" = (0B, = 9,B,)" + 5(eV)"B,B
1
+ §eQBMB"(n2 +2Vn) — gV*n? — %774 (11.1.13)
o {(x) — disappeared (Goldstone boson has vanished)
e 1(r) — mass (—2m?) — Higgs
e B, — massive vector (3 polarizations) - mass (eV')?
There are still only 3 parameters that characterize the theory, n, e, g. (recall V = _27;2).

This is the form of the Lagrangian in the “U” (unitary) gauge - physical degrees of
freedom are apparent.

Renormalizability is only manifest in “other” gauges (f-gauges) (Note, though, that since
the “original theory” was renormalizable, this one is also).

In general, for a non-Abelian Field,

£ = L[(0,67 +1gT8A26) (06, — igTL A" G)] — V(6)) — SFoFw  (11.1.14)

) ity 4w
If we say
e n — # of scalar fields ¢; (2n if ¢; — complex).
and if
. %:Oif@:%;&()(i:l,...,n’) (n' <n)

then there are then n’ massive Higgs and (n — n') massive vector particles.
Electroweak SU(2) x U(1) model

¢; =i=1, 2 (Complex doublet of SU(2)) (11.1.15)

e n' =1 — One Higgs particle
e — 4 vectors, (4-1) = 3 are massive, and 1 is massless (photon).

Mar. 8/2000
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11.2 Coleman Weinberg Mechanism
1 o L o0 Ay
2
_mT oy Ay
oY=y
Vi = —— + ><
Claggical ’
+] XOXK + SEetl R Z‘Oil %,
N ~~ Tw;—qoop
One-loop
= Sum of 1PI (irreducible) diagrams with an arbitrary number of external
legs where momenta =0
Remember (Generator function of all diagrams)
ZlJ] = /d¢ (/M J dz (L+J¢) (11.2.2)
— W/ (11.2.3)
where W (J) is the generating functional of all connected diagrams.
oW (J
. (x) 57 ((x)) — Legendre Transformation (11.2.4)
Renormalized — I'(®.) = W(J) — /dw J(z)P () (11.2.5)
(where @, is the 1PI generating functional). Define the effective potential to be
V(g) == —=T(0,...,0)¢" (11.2.6)

n!
n=0

e We first of all renormalize I'(9)



216 CHAPTER 11. SPONTANEOUS SYMMETRY BREAKING

e We next define

d*V
b=k
dV
AR = — 11.2.
R o (11.2.8)
p=r
(mpr = Renormalized mass).
Thus,
V =V(¢, A\g,m%) (11.2.9)

We can now determine if there is Spontaneous Symmetry breaking.

Note that even if V,; has ¢ni, = 0 (i.e. no spontaneous symmetry breakdown), it is
conceivable that Vi, does generate the breakdown. If there is spontaneous symmetry and
the Higgs mechanism has generated massive vectors, then there will be no divergences in
this theory with vectors.

e Heuristic argument for the renormalizability of models with the Higgs mechanism for
generating massive vectors.

11.3 One loop Effective Potential in \¢* model

Ae
CPL N N b,
‘o g
+ +
de k
@
lL

¢. — constant field (external momenta = 0)

_ d*k i k
First loop: / 7 (= m2 1) O

dk i

2myi N <(k2—m2—|—ig
(2n)!
(2n)2n

n™ Loop: S, / )> (S, — Symmetry factor)

2n legs —
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(where, in the denominator, the 2n is because we can start anywhere in the circle, and the
2" is because the legs are interchangeable). Thus,

(2n)! / d*k A "
rao,...,0) = 11.3.2
(’H,L/) 2n(2n) J (2m)* \ k2 —m? +ie ( )
2n zero
n =0 (constant term) (11.3.3)
Therefore,
(e} 1 .
V() = _Z —(%)'r(o, ., 0)92
n=1 ’
= 1 (2n)! . A2 "
- _Z (2n)!27(2n) &k k2 —m? +ie
n=1

(n =1, 2diverges)

[, .
B (2m)4 2 k2 —m? +ie

2 133
In(1 — = — —
(as In(1 —x) x+2+3+ )
'k 1 2 o AR 2 o,
=~ | a2 In (k2 —m?— 5 —In (k> — m* + ie) (11.3.4)

[\ J/
~

constant

The minus sign means we must still renormalize. Note that the second (constant) term is a
problem in G.R. - [ d*z \/gook < Cosmological constant = 0 actually.
Alternative Derivation

Z(J) = /d¢ exp{%/d%c (L(¢) + J(¢))} (11.3.5)
Let ¢(z) = ¢, + h(x) = (constant field) 4+ (quantum fluctuations about @, ).
Z(J) = /dhexp{ih/[ﬁ(d)c—l-h) + Jh) d%} (11.3.6)
Consider only diagrams with external ¢.’s and are 1PI to get V(¢.). But,
L = L(¢c+h)

2
%@h)Q — (G 1) %(dﬁ + 20, + h?)?
1 2 A
= 5@h)2 — %(¢3 + 2¢.h + h?) — a (02 + 4¢2h + 6¢2h% + O(h%))
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The only terms that will contribute to V(¢.) at one-loop order are O(h?). i.e. One-Loop

1 2
5(0uh)” - m?lf = —>—— (<hh>) (11.3.7)
6. s
Aao B ’/-/
_Z¢Ch - /\.x (11.3.8)
h W
One loop ::>O + \,\O{\ * /O\
I d / \\
Two-loop
! t
o, A\ | ‘>®<’\ (11.3.9)
I i
h . ‘
Then,
. 2 A
5 R BT 2 Mo A9y
/dhexp{h/d x [2(@}1) 5 h 4¢ch]}
. 1 )\ 2
= /dh exp{%/d‘lx [ﬁln (—p2—m2— %) h]}
by 2
= det™/? (p2 +m? 4 %) K (11.3.10)
Mar. 9/2000

R 0 Ry | 1\p?
Vig) = 1/(2@4525 <k2 —2m2—|—ig>

n=1

i d*k 1
= = In [ k2 —m? — Z\p? +1 11.3.11
2/(27)411( m 5 ¢+15) ( )
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Recall we can get the same thing from:

2()) = /wmm{%/d%%m@(ﬁ—nf—¥§>mm}

— det™1/2 <p2 _m?_ /\¢2>
2

(1-loop 1PI contribution to Z if ¢, is a constant)
iw
e

2

iW = In (de‘c_l/2 (p2 —m? — %))
: 2

W = %ln (det (p2 —m? — )\fc))

where we define

Thus,
_ 1 2 o A
[(¢.) = 5 In (det (p m 5 ))
Note:
In(det(0)) = In(det(UTOU)) ; O =01
A1
= In | det
An
= In(M\ ... \)
In(A) +...+1n(\,)
and
Tr(In(0)) = Tr(ln(UTOU))
A1
= Tr|ln
An
= In(A1) +...+1In(\,)
Then,

219

(11.3.12)

(11.3.13)

(11.3.14)

(11.3.15)

(11.3.16)

(11.3.17)
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So

il dik AG?
= — [ ——1 2 _ 2o e
2/(277)4 n(k T )

Now, to compute V(¢.) in closed form.

11.4 Dimensional Regularization

i d"k 9 , A2

— In(a+1ie) — In(b+1ie) = / &f) (ei(b+ia)t B ei(a—l—ia))
0 1

l.e.:

d d [d(it) ;.
1 . - i(a+ie)t -1
- n(a + ie) da ), Tt e (—1)
1 &0 P
— = - / d(it) eilerion
a—+1e 0
ei(aJris)t o
T + ie
0
- 1
 a+ie

fL(Cl,b) = fR(CL,b)“—k'

ft _ Ofr
da  Oa
ft _ Ofr
ob 0b
ok ok

da %_0

(11.3.18)

(11.4.1)

(11.4.2)

(11.4.3)

(11.4.4)
(11.4.5)

(11.4.6)

(11.4.7)
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Vige) = %/(g"Tl)cn {ln (k2 —m? - )\fz + ie) —In (k:2 —m?+ iz—:)]

i / d"k /d(it) ooy A(Rmm? =2 i)
- = — | € — €
2/ (2m)n it

_ i/ d"k /°° d(it) €i<k2_m2_%3+k)t (11.438)
2) @2m)n ), it o
Will often o / *dit) miien _ Not true strictly speaking
see written  H + ie o it (11.4.2) is true
However,
a °T'(s) :/ dt t5 et (11.4.9)
0
Hence,
d"k (B2 i
v i(k%4ie)t - -
/ Gy & T (11.4.10)

No angular comp.

Thus, one loop

~Vi(ge) = —i/d‘lx r(o...())ﬂ

2 n!
i /°° d(it) i i(—m2—$+ia>t
= —= ————F €
2 J, it (4mit)n/?
— Let it =u

Sy (25t )
0

5 w2 (4myniz ©

1 n A2 n/2

This diverges as n — 4 (I'(=%) — TI'(—2) — I diverges at negative integers). So, let
e=2-73.
2

P(-ﬁ) — T(-2+¢)

I'(-1+¢)
—2+e¢
1 I'(e)
(=2+¢)(—-1+¢)
Mz +1) =al(x))

HF(&) = g — Y+ ... (11.4.12)




222 CHAPTER 11. SPONTANEOUS SYMMETRY BREAKING

e () () (e ) (051

&41)2 (1+ eln(4m) +O(52))} {ﬁ} E —7E+...1

™

%M¢T0%m@+fﬁ+)

1 m® + WQ) { 43 vg + In(47) — In (m2 + %) + O((a%.m)

N~ N —

1
4(4 2

So,

2 42 by 2 -1 )\2 4
VTOT _ m ¢c+ (bc _|_( ><m4+m2)\¢3+ c) X

2 4 642
~—— Y ~—~——

* koK *k

E I (m2 + %)2) + In(dr) — 75 + 2 + 0(5)] (11.4.14)

So, to one loop order,

2 2 2
my m —1 me\
'R - - 11.4.1
2 2 +(647r2) ( € ) ( 2
AR AN -1 1
PRy (wz) (g) (11.4.16)
|
/\2¢4 /\¢2
finite c c
v - X0 <ln ( 2 ) n k) (11.4.18)
(lim m? — 0). Thus, as m? — 0,
00 Ng! Age
1788 p(¢c) - 562 <ln ( Iu ) +k> (11.4.19)
AL A2 A2
Yot f!c N 256%2 (m ( f ) N k) (11.4.20)

(See Figure 11.4.1)
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Figure 11.4.1: V(¢,) = Aﬁg

5 2 470 1 2 3

phi

dVTOt(qbc) )\¢3 )\2 3 )\ 2
= & 4 1 <
0. 6 +256w2[¢0(“</ﬂ) )“%]
A A2 >
¢ [g 256 2(41n(ﬂz)+k>+1}
- i[5+ 5 ()]
if gbc =0
= 04 or ¢2 = pe (647/0N (11.4.21)
_ ,u’2 —(3272/3))

— Changes in p are compensated for by changing .
Mar. 13/2000
Recall:

LN
Vi = 5 T oggme/ (In{z) TF

)\f4 )\2f4 f2 )
= + 556 In e (f = ¢, from last time)

a‘/tot 3 by )\2 f2 )\Zf// 1
— 432 In ([ -
af / (4! o6 "\ 2 ) ) T e \ 7
A AN Iz bt
3
_ 2 In
0= (6 T 256w (u ) - 25672)
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m(f_?) _ (_5_ A2 )2567r2

112 6 256m2) 42
42272 1

AN 4

—21i72 1

2\ 4

6472

Y

3272

)

| f? 3272
() -
" 3\

If f=0,or

2 2
S Y R 2L 11.4.22
min N 3A

At this value of f;,, we have,
Vrree < Vicioop (11.4.23)

Thus we are beyond the region where perturbation theory can be trusted.
Note: For scalar electrodynamics (See Coleman and Weinberg).

L= ‘EFWF Wt (D) (DM9) —m*¢"d — N9"0)? (11.4.24)

VClassical = m2¢*¢ + )\(Qb*?b)z 5 VTot = ‘/cl + ‘/l—loop = ‘/tot (m27 )‘a €, f)
D, = 0,+ieA,
Here,

a‘/Tot
of

This fixes A in terms of e, but introduces a new parameter f.;, into the resting effective
potential.

“Dimensional Transmutation” (Coleman and Weinberg).
Viot to higher loop order

—e—+ X |+ Q+Z§ +>é<
+—|—<‘i@——x +...)+ _8_+ v (11.4.26)

=0 at f= foun (11.4.25)



11.5. SPONTANEOUS SYMMETRY BREAKING IN GAUGE THEORIES 225

The loop expansion is an expansion in powers of A.

]. m2 A¢4
£=50u0) = 56"~ (11.4.27)
1 i\
Vertices ~ - N L %
—_ 82 + m2 -1 A
P ~ ; _h
ropagator ~ h . ( h ) -
H/_/
Mom. space
For a given diagram
- I — # of internal lines
-v
") V — # of vertices (11.4.29)
But in a given diagram,
L = # of loops
I—-(V-1)
L = I-V+1 (11.4.30)

(Where the V' is present because the d-function at each vertex imposes a restriction, but
the (—1) in the second line is because one of the d-functions is superfluous due to “overall”
d-function).

Thus, a given diagram

~ (R)=! (11.4.31)
So, for example, the expression (11.4.26) will have the following powers of h:
1
(ﬁ) + () +...+ )+ (P*) +... (11.4.32)

11.5 Spontaneous Symmetry Breaking in GGauge The-
ories

Choice of gauge

L= —1F + (D) (D'6) — m?6'6 — N6"0)° (11.5.1)

o(x) = V+¢'(x) (V=V)
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The kinetic energy for scalar:

KE. = [0,¢" —ieA,(V +¢")] [0, +ieA,(V + ¢)]
= 0¢"0¢ + 62V2Au +ie(0,0" — 8M¢')VA’1+O(¢3) (11.5.2)

~~
leads to mixed propagator

1
Lyr= —2—(8A)2 (9f = gauge fixing) (11.5.3)
Q@
(Feynman gauge). We can eliminate the mixed propagator by working in the R, gauge.

1

Ly = 25(8 CA—ieV (g™ —¢))? (11.5.4)
If ¢ = ¢ + g2
Ly = —%(8 - A — 26eV py)? (11.5.5)

(recall previously, ¢ = (%) e?/V2V  where the imaginary (exponential) part is eliminated

by gauge transt.).

1
LY 4L, = _Z(F“”)2 + (1) + (0u2)* + 2V2A,A¥ (From (11.5.2))
1
+ 2eV A*(9,¢9) — 2—§(a - A)? + 2m(0,A") g
— 26(eV)?¢5 + 2m* ¢} (11.5.6)
The A, — ¢2 propagator has disappeared.
i
le Propagator > m (1157)
i eV)?
¢ Propagator > k:2——§m2 [M2 _ ( 2) } (11.5.8)
_3 (gw _ kg&ﬁ))
A, Propagator . annranansd, ERYE (11.5.9)

Mar. 15/2000
Recall:

¢(x) =V + ¢1 +1idy (11.5.10)
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i

) 1
: kuky (1-¢)
) —1 <gp,z/ - ZZ?&MZ )
iA, = e (11.5.13)
R gauge
1
Lyp = _i@ - A+ EM o) (11.5.14)
e In the limit £ — 0
A, = m (Higgs Field) (11.5.15)
1Ay, = é (Serves to act as the longitudinal mode of the vector)(11.5.16)
kuky
. —1 g,uzz k2
A, = ERYE (Purely Transverse) (11.5.17)

This is the “renormalized” (R) gauge.

o If & — oo,

i

1Ay = 0 (11.5.19)
kuky

. 1 (gl“’ - #) 1 m?

A, = e <—ZFWF“ - TAHA“) (11.5.20)

— Unitary (“U”) gauge.

e ¢ =1 (Feynman-"tHooft gauge).

. i
. _1g v

— FEasy to calculate with.

Note that Physical effects are independent of €.
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Chapter 12

Ward-Takhashi-Slavnov-Taylor
Identities

The WTST identities are relations between different Green’s Functions that follow from
gauge invariance. (We'll look at Slavnov’s approach).

I(a,b) = /di”g g 0t tbz (12.0.1)
If

z — z+exz (ex0)

- 2
Let

z 2 +exa (12.0.2a)

dx &z, =27 (12.0.2b)

So,

~
~

I(a,b) = /d3£l oz +b (2 +exz') (Re: € ~ 0)
/ B e (] 4 e x ) (12.0.3)
(relabel 2" — x, and note that the exponent times the “1” in the last line = I(a,b).)

0 = Pr e AT g x 1)

ob
0 = /d3x (€iakTr + €ijibiTrT,) gm0zt (12.0.4)

229
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Perform analogous operation in the functional integral.

L = —iFWF“” +9( P —e A —m)p + JA" + i) + P — %(3 - A)q12.0.5)

Z(Juniim) = / dip dip dA,, e W (Latd AvTvin =5 (0-4)%) (12.0.6)

Use transformation analogous to (12.0.2a,12.0.2b).

A, — A+ éauQ (12.0.7a)

v — ey (12.0.7b)

Y — e (12.0.7¢c)

Ly, — Ly (analogous to 2 — z?) (12.0.7d)

dA, dp dp — dA, dp dp (Note demonstrating this NOT trivial) (12.0.7¢)

Lo+ J - (A+dQ) + ge %) +1peily

Z(J,n,m) = /dAH dip dip exp{i/d:c

(0A + 0°Q)>

} (12.0.8)

For 2 = 0 (i.e. expanding exponent)

= /dAM dip dip exp{i/dx

-{1+/d:v (i@/f(w)Q(fE)n(ﬂf) — i(x)x)y(x)

1
2a

— 1
ﬁcz+J'A+7W+W7—£(a'A)2

—gw«mmeQmwd@@m%mm>}

~ J/
-~

=0

Let

0) = [ diyDria— i) (12.0.)
*Qz) = k() (12.0.10)
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Thus,

0 = [da,dvai 1 Earirmrasgon] [t lilz‘}(m(mmp(x —y)

(0 A(x))o*(z — y)]

i
o}

0 = /d% [i (15175(95)) n(x)Dr(z —y) — in(z) (%) Dp(z —y)

0 < 6 )54(x—y)+Ju(m)%DF($_y)

(@) () D — ) + 1, (x) 2 Dl — )

’ Z(‘]Ma m, 77)

(1/1 — 15776(1)). Acto on this with (ﬁ) and then let J, =n =1 =0.

0 = /d% l(_gaiu (Wf(x) Wf(x))a(x—mzu,o,oH

0 Dp(z — y)Z]0,0, 0]] (12.0.11)

i

ox”

Mar. 16/2000
From last time:

7 = /dAu d dip exp {i/d:c (.cd+J-A+zEn+ﬁw— %(a-AV) }12.0.12)

=

1 _
Ay = A+ =08 Ly = P—ecA-m)y

6_i9¢
el (12.0.13)

ASNIRSS
!

l
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0 — /dAMd¢d¢eifdx(ﬁcz—&-J-A—&-l/_m-i-ﬁw—;a(8-A)2) éJ.@Q+iQ¢77_iQm/,
1 1.,
L. (L)
— 9a) = [ d'yDele - y)uty)
) 9 B
0 = [anavai [dr |25, 0 Delo ~ ) + idula)in(@)Dr(e -

—ifa(2)Va(z) Dr(z —y) — Lo 0 A, (x)d(x —y) ol dz (Lat)

ea Oxn™ "
1 0 ) _ Y
0 = |2(e) s Dl =) iz (@)D ) (o) - Dl )
10 6
et v d,@) @ y)} z
— X by 57,02) and let J=n=n=0
0 = /dx Eguyé(a: — z)%DF(:c —y) — %%54@ — y)i&]j(x) 5Jf(z)] Z[J.0,0] -~
But,
5 5
i v J=0
0 = 2 [t [ ZAOTA@ AW~ ) (1) + 0o - 2 Do )
0 = o O AW AL + 5 Delz ~ )
0 = ;aa (0|T A, (y)A l,(z)|0>—+-aiyVDF(y—z) (12.0.15)
Thus if
(0|TAL(y) A, (2)0) = / (;17:; e =N, (k) (12.0.16)
AL eik(y—2)
Dp(y—z) = /(;34 e (12.0.17)
Hence
0= Fur, () 4 35 (12.0.18)
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OITA(Y) A0 pr = S, e+ D

+ O
= ill,.(k) (12.0.19)
Here,
a L () 12.0.20
ANNNANNANAS = U.
Vad 14 ]f2+1€ ( )
Hence,
. kuky(1—a)
o« k? + ie k2

And so,

must be proportional to

(12.0.23)

l.e.

.MOW» + e e = (KPgu — bk )II(E?)

= kg I (k) — kk,To(k*) + m*Tl3(k%) g,
Must have — TII;(k?) = —TIy(k?)
I5(k*) =0
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Thus, all divergences are proportional to (¢,,k* — k,k,). — No divergences proportional to

g, alone.
If,
Lo = _ZFW -4 (kA (k) =k, Ay (k)
1
= SAK g — kyki) A,

— divergences and Ly ~ k%g,, — k. k..
Thus all divergences in the vacuum polarization can be removed by a wave function
renormalization.

bar 1/2 4 Renormalized
Abare = 73/2 pRenormalize (12.0.24)
ie. if H1 7é —HQ, H3 7& O,
quadratic
log div. log div. div.
2 2
vl = (K = kuk) T + (I + L) Kk, +m’Tlg,, (12.0.25)
~~ - ~ ~ N
divergence can be absorbed into need AM(?,J@VA,, m2RA‘LAl,

Au(guqu*kuku>Au
o II;, II; — Log. div.
e [I3 — quadratic

Recall:

d*¢ { i(f+m) i(/+ k+m) 7,(12.0.26)

A= (‘1)(‘i€)2/(27r)4Tr Z_m? i "0t kP —m? tie

= appears to be quadratic divergent (12.0.27)
Gauge invariance overrides simple power counting arguments.
e Quadratic divergence disappears

e Automatically satisfied in dimensional Regularization.

Mar. 20/2000

12.1 Dimensional Regularization with Spinors

/ (d”k (k)" 1 (_Dab(mz)(n/z)m—br (3+a)T(b—a-3) (12.1.1)

2m)n (k2 —m2)b  (4m)/2 T (2) T(b)
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with spinors,

{4 =2¢" 1 g =n (12.1.2)

YV + Yy
,Yu,yoz/yn — [ H H

29,
= 29" ="y

« « 1
= 29" -7 (5 (%ﬂ“+7’%))

- 7"‘%} 0l

(0% al
= 2" =1"5029%)
= (2—n)n" (12.1.3a)

— n =

— gy (12.1.3b)

12.1.1 Spinor Self-Energy

1 0 ) ) - ) ) )
e [‘aa—yﬂ (i) +1e [ & gy rte — e [ et~

+ [ gy ) Do — )| Z100600), E0) (12.1.4

Take %%(z) of (12.14) £ =& =J, = 0. We get,

2 0T A @) @E0) = ¢ [P (e~ y) ~ DO (e - 9] QITEEE0, (1215

a Oz, i
Sr(y—=)

(Note that DDgg)(x —y) =0(x —y)). In F.T. space, if

(O|T A, (z)d(y)(2)|0) = e/dx’ dy’ dz’ Dp(x — 2")Sr(y — ')A (2, ', 2') Sk (2/(322).6)

0
oz,

— alfoV(x -1 =«

DR (x — o)
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— amputating external legs:

Se

= (p-p)A.pp) =

In the limit p — p/,

0
Au(p,p) = o Szt (p) Ward Identity (12.1.7)

At tree level, let A, =,

S:t= p-m
0

N WSEI = 7, =4, at tree level
P

trivial at tree level to get Ward 1dentity). One loop:
ivial level Ward identi One 1
d*k i i —ig®
A, = —(—i — | (-1 — | (-1 — (12.1.
’ / Gy m”(m %—m)( m“)(ﬁ'—k—m)( tere) (M—ieb ¥

— d*k . i . _ig)\a
= / (277)4(_16%\) (m) (—iev,) (ﬂ) (12.1.9)
— Bj. and Drell
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(One loop order, evident (12.1.7) holds also).
In general, as gy — m,
Zy
Y —m—Z.(p)
(Ze(p) — 0 as p* — m?)

Sr(p) —

And vertex function,

a(p)Au(p, p)ulp) = Z1 u(p)rulp)
Thus our Ward identity gives Z; = Z,.
Tells us, if we compute a self-energy diagram,

‘%+_&+_ﬁ2&_

_ 71/2 Bare __ 71/2 4Ren.
¢Bare — ZQ wRenormalized 3 A“ - Zg AH

And look at all vertex functions,

(Z; parameterizes oo’s in diagrams).
Zy

€Bare — 1/2 €Renormalized

1
4

= 2 (0] — AT + 2" (— m" o+ 5m) o

Z
ALY~

(232 AR) ZoppTpop R

(What we would expect from renormalization)

We also have

1 = Zy
Z
B _ 1 R
e = 721/22 e
3 2
_ Z_1/26R

(0,A8 — 8,AB)" + 4 (- mP) o — P AP Pyt

237

(12.1.10)

(12.1.11)

(12.1.13)

(12.1.14)

(12.1.15)

(12.1.16)

(12.1.17)

(12.1.18)
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Suppose we have 2 fermions (e~, proton):

1 - -
L= —(0.A7 = 0,AL) + 0" (6= m") v — P AT
+ 0P (= MP) WP — P ADU U (12.1.19)
~—_————

eB for proton

Renormalization of proton will be different. e? for proton — Ward identity insures Z; = Zs.
(Lurie).
i.e. ef same for e~, proton, — Ward identity ensures e will be same { Z; for e~ # Z; for
p, but Zy for e~ # Z, for p either}.

This has the effect that if 2 different charged fields have the same bare charge, then they
will have same renormalized charge.

12.2 Yang-Mills Theory

Mar. 22/2000

Z(J,) = /DAuAF(A#)eXp {i/d‘*:c (EYM — %(8-A)2+J~A>}(12.2.1)

Ap(A) = det(0-D(A)) , D =09,6"+gf"Ar (12.2.2)
AN A) = / dQ 6(0A") |, AN = A% + DI (A)Q (12.2.3)
AL (AY) = /dQ 5(0 - AYY (12.2.4)

But, Aim = Af}” and [ dQY — integrate over all gauge transformations.

AGL(AY) = / dY'5(0 - A%

= AL'(A) (12.2.5)
Thus,
Ap(AL) = Ap(AD) (12.2.6)
In the functional integral for Z, let,
A, — A,+D,.NQ (12.2.7)
DA, — DA} =DA, (12.2.8)

Thus,

Z|J) = /DA#AF(A“)eXp {i/d:c (.cYM - %(a CAM 4T AQ>} (12.2.9)
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For small €2,

Z1] = /DAuAF(A) exp{i/dw <£YM _ %(8.149)24_].14)}.

- {1+2 (;—(D (8-A)(8-DQ)+J-(DQ)}

Kb

A
- ~N

0 — / DALAp(A)e 4 [Era—ge @42 474] / di [—é(@MA”a(x))(6,,D3b(A)Qb(x))

+ Ji(x) D™ (A) Qb(x)] (12.2.10)
If
0, D (A)YM ™ (z,y) = 6" (x — y)d*° (12.2.11)
and
kY (z) = /d4y M (2, 1) (y) (12.2.12)

= 0,D""k"(z) = Q"(z)

a 1_6
Then, as Af(z) — FaT@ We have,

0= o iﬂ% K (x)| + [ d'z Ji(z) D i (M) (2, y) K" (y) p Z
[ | (o 57) 4 )

Messy
(12.2.13)
From the resulting Ward identities, (WTST identities), it was proven that the coupling
constant g could be renormalized by considering any vertex into which it enters, and the
same result would arise. o
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i.e.

>NM + % +>®—~w +... (A—A— A vertex)
>,< n >Q< +... (A= A—A— Avertex)

~

AAAAAL, + §;>‘~M +... (c—¢— A vertex)
e

~ 'd

w~< + w«< + ... (¥ —1 — A vertex)

If gp = Zygr, Z, is the same for all 4 vertices = Gauge invariance of Lagrangian has not
been altered. — Renormalization doesn’t break gauge invariance.

12.3 BRST Identities

WSTS — Were derived by using a local, linear transformation on A}, that left Ly ), and
Ap(A) invariant.

BRST identities involve global non-linear transformations which leave Ly s + Lghost + Lgf
invariant (gf = gauge fixing).

. 1 a =a a
AP / DAYDc"De" exp {1 / dix (— Z(FW(A))2 — DI (Ao
1 a\2 a Aap —a, a —a a
2@(8 A%+ JAM 4 e +nc>} (12.3.1)

Remarkably,
Leff =Lyy+ Egh + ﬁgf (12.3.2)
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is invariant under

At — A%+ D (A)c’e (e, ¢ — Grassmann) (12.3.3)
1

" = - if“bccbccé (12.3.4)
1

¢ — &+ —(0-A%e (12.3.5)
a

(The Proof involves the Jacobi identity).
To derive the BRST identities, let A — A+ (Dc)e,etc., in the functional integral, and to

leading order in ¢,
ZlJ] = /dA dc dé exp {i/dx (Lepr + J-A+ﬁc+én)} 1 +/d4x (J;jD“”“(A)cbe

+$(8'Aa>ca+%ﬁafabccb668>
A 5 10 0 5

0 = /d ! [‘] (z)D <1§J> (iaﬁb(x)) T a0z (1577“(3:))

1 abc-a 0 ) < o )

10 () (7

This can be streamlined:

Z[7,m, 1] (12.3.6)

Any Green’s Fn.
7\

Sprsr (0|TO; ... ON|0) =0 (12.3.7)

Consider

0 = 5BRST< ‘TAM
0 = (0|7 (Dy(A)

0] (TA;;( )

laiyu<0|TAZ<~”f>f45<y>|0> = (0T DR (A)c (2) (4)]0) (12.3.8)

()2 (y)[0)
c(z)ec’(y)) [0)

(
e ) )

Typical of BRST identity — Relates two Green’s Functions.
Note: (0]TA%(x)AL(y)|0) is transverse only if @ = 0 (Landau gauge).
Mar. 23/2000
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12.4 Background Field Quantization

mQ

1 -
L = §(a“¢)2_7¢2_ﬂ¢

Zlj] = /d¢ exp {i/d”‘x (L(¢) +J¢)}

(12.4.1)

(12.4.2)

write ¢(z) = f(z) + h(z), (f(x) = Classical Background, and h(z) = Quantum Correction).

Z(f,J) :/Dh exp{i/d‘*x (E(f+h)+Jh)}

1 m? A
L = 5 (0u(f +h))* — 7(f +h)? — a(f +h)?
1 2 m? 5 Ay
- \2(8;1]0) - 2f_4!fj+f<-")
Classical?;grangian niglnect:ad
1 m2h? )\ A
- h 2 - 2h2 o 4 h3 h4
GO~ B = GO LGl )
A » ¢
With
1
A= . v 02 —m?
@ A
D R \;'< — 4 - pt.
® h

(12.4.3)

(12.4.4)

(12.4.5)
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K Figure 12.4.1: ¢ =V 4+ ¢’ — V— background - (Just
T bt some const. previously). Where V(¢) = m22¢2 ’\%4
Aside: Recall the Figure 12.4.1:
If we consider only diagrams with external fields, we will reproduce Z(J). Let h — h— f
in Z.
Z(f,J) = /Dh exp {i/dw (E(h)—i—J(h—f))}
= I 7)) (12.4.6)
W(J) = —iln(Z(J)) } . . :
= 1 Generating functional for connected diagrams  (12.4.7
W(f.J) = —il(Z(7.))) ; grams - (1247
Thus,
W(f.J) = il (et 7 5(1))
— —iln(Z(J)) —iln (e*ifd“w Jf)
= W(J) —/d4x Jf (12.4.8)
W (J)
o = 12.4.
57 (12.4.9)
L®) = W(J) - /d4:c J® (12.4.10)
= Generating functional for 1PI diagrams
So also,
- SW(J)
¢ = 12.4.11
57 ( )
L@ = W) - /d4x Jo (12.4.12)

K
I
e
S
=
|
\
QU
8
<
~
N~—

f
+f (12.4.13)
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So also
f(r.8) = W)~ [do 6
— W(J)—/d4a; Jf—/d4a: Jo
= W(J) —/d% d
= T(D) (12.4.14)
Hence,
L@®) = I(f ®)
L(f+®) = T(f®)
— ifd=0
I'(f) = I(f,0) (12.4.15)
I(®) [(®)
£=L(¢) ® 2.9
) ®
$ WQV\« ¢ hr\,\»@vwh
® ®
D D
h h

If we make the identification ¢ — f, we can ignore the diagrams on the left in T’ column,
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and get the diagram on the right.
Applying this to YM theory,

L = —i(FW(V))2 (12.4.16)
Z[J] = /dV Ap exp {i/dx (£+ng+JA)} (12.4.17)
(z) = Aj(x) + Q ()

2140, g0 = /DQ exp{/ (L(A+Q)+/Jgf(A+Q)+J-Q)} (12.4.18)

a ab b
5VM = Du (V)Q

= 90" + gV
This can become:
(i) { ggé ig Q0 4 g fabe( Ab b\ e } Choose L, so that this gauge invariance is bro-
¢ =0, gf" (A, +@Q,)Q
en.

a __ a abc Aa (O)c
@) { g~ g
Q'u - gf Q;L

Homerkemp gauge,

} Leave this intact.

—%(D“b( Q) (12.4.19)

Leaves type (ii) gauge invariance unbroken.

ng =

T(A2, Q%) =T (A + A) (12.4.20)

in same way as in scalar case — L(f,®) =T(f+®).
— Let @ = 0. Thus,
D(A%) = T(A%,0) (12.4.21)
——

*

- Invariant under Af — A% 4 D*(A)Q°. Thus,

(A“) = (Tr [(Flfy(A))z] + Tr [(FSV(A)):)’}) (12.4.22)
Mar. 27/2000
Recall: if we have .
Ly = —ﬁ(fo’(A)Qb“f (12.4.23)
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then Z[A}] = invariant under §A% = D*(A)Q". This gauge fixing (Lyy) breaks the invari-
ance.

§AY = 0 (12.4.24)
6Q = D(A+Q)Q° (12.4.25)

If we follow through with the standard way of deriving the ghost Lagrangian, we find
that,
= Lyhost = —C* DY (A)DI(A+ Q)¢ (12.4.26)

(where ¢, ¢ are Grassmann ghost fields). Z depends only on F}i, (A)Fg,(A), ete. (i.e. another
would be e“ch o F /{’VFVCu — must construct Z out of gauge invariant quantities).

But dlvergences by simple power counting, can arise only in 2, 3 and 4 point functions.

k.k,
@~k —®  ~ quadratic divergent /d4kkgk2 (12.4.27)

(ku, k, at each vertex)

®

Kk, k
% ~ Linear / k5575 (12.4.28)
@
@ &
:@: ~ log (12.4.29)
@ ®

@ ®

The divergences in all three diagrams can only serve to renormalize
Fo P — Fe, = 0,A% — 0,A% + ge™ AL A, (12.4.31)
We can get divergences in (12.4.28,12.4.29) diagrams automatically if we know the diver-

gences in (12.4.27). Hence, the divergences in Z(A) are of the form,

> L pe (A)Fe(A) (12.4.32)

J:1
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ex:

€V RS, — e (9,A% — 9,A%) (AL — 9,A3) (9,A% — 9,A%)

®
1 Not divergent -
% 1 12.4.33
5 ppp / k2k2k2 (no renormalization req.) ( )

Fi,F*" — one power of external momentum associated with it.

k. k k.k,k
4 pnivv 4 vy o)
— /d kakaQpA — Could have /d kk:Qka;? (12.4.34)
~ logdiv. ~ linearly div.

From the two point function,

Ae Bare — 73/ ga Ren (12.4.35)
From the three point function,

g = Z, gt (12.4.36)

Thus Z[A] has a contribution

a Bare a Bare Bare abc 4b Bare 4c Bare)2
(8, A Bare — 9, Ag Bare - gBareabe gb Bare e Bare)

_ 1/2 a Ren. a Ren. 1/2 Ren. abc Ab Ren. gc Ren. 2
= (Z)7 0,4, 0, A;, + 22y e A, A (12.4.37)
In order for this to remain gauge invariant,
zV*7, =1 (12.4.38)

So, Zix/ % and Z, are not independent in background field quantization!
But Z4 can be determined from the 2 point function alone.

Note also - the relation between 2, 3 and 4 point functions implied by the gauge invariance
of Z(A) is the Ward identities in the context of background field quantization.
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The Feynman rules are:

Q Q
Q ® :
4'
@MN\,)'
Q Q ;L
Q Q@ @ AIE
W
Q Q :

For Z 4 to one loop order

o, M X

— Have the divergent parts

: 2 5ab 22
ig“0%%c2 10, , ig N
o v v 6(1 o v
(47_‘_)2 3€<p 9u Pup )+ (471')2 0238<p 9u
. 11 Co 3

(Details: See Abbott - Nuclear Physics 1981).

o ®
, ¥

e
& L

pupy) (12.4.30)

(12.4.40)



Chapter 13

Anomalies

A theory has an anomaly if a symmetry of the classical Lagrangian is broken by quantum

effects.
“Most important one”: — Chiral anomaly for massless fermions.

£ = 2B P ) = LR B P (B) 4 5.6 - A= By

There are two invariances in this Lagrangian,
1. ¥(x) — @p(z) provided A, — A, — 9,Q(x)
2. Y(x) — B@BY(z) provided B, — B, — 9,05()

i.e.

F,.(B) =0,B, —0,B,, — 0,(B, — 0,8%) — 0,(B,, — 0,25)

*

* _ cancel, provided derivatives commute with each other.

U(z) — POY(a)
WHz) — Ple B = plemi%@ns

1; — W% N wTe—iQs(I)Ws,yo — 1/_}6195(%)75
Thus,
(i P—Bys)y — 15?19575 i @ — (B— §Qs5)y5] €750
= ( 619575) e i [ (P +i @Qs575) — (B— P2%) 5] ¢
= (i §— Bys) v
Note:

Up — (e00) (7% # o

.. Chiral gauge invariance is not respected by the mass term in a Lagrangian.

249

(13.0.1)

(13.0.2)

(13.0.3)

(13.0.4)
(13.0.5)

(13.0.6)

(13.0.7)
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In Euclidean space,
Tu = 72: — {’7;1,771/} - 26/11/ (1308)
So ¢ = 9T (not ¢ = ¢™° as in Minkowski), and so ¢(i #— Bvs)t is not chirally gauge
invariant, but ¥ is.
Mar. 29/2000

1 1 _
= —ZFZ(A) - 1F2(B)+w(i P—eA—gB) (13.0.9)

Y — Wy A, — A, - 0,0 (13.0.10)
Y — 950y B, — B, — 9,05 (13.0.11)
Ouj"(z) =0 j' =y (13.0.12)

Ouj(x) =0 g8 =y (13.0.13)

The Green’s Functions are external in the fields A,, B,,. i.e.

Gy (@1 Ty 1o Ym) = (0T A, (1) ... Ap, (@0) By, (1) - .. By, (ykl30).14)
oG 0= oG

= 0= 13.0.15
Ox,, Yo, ( )
— Remembera CA,C~' = —-A, - niseven, CB,C~!' = +B, — m is even or odd.
Examine
(0T A, (1) Ay (w2) By (y)]0) (13.0.16)
In momentum space at one-loop order,
M
p JA
@ K
pre a2
A La 5 A
€ < k + or can draw (13.0.17)
b¥y A ~ P
v 1 A
3 ~ k
N
vy A
v 93

Buolp) = (~0(ie2(-0) [ 5t { (o D i) i 20

Hen) o =) (3 ) = (13.0.18)
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(the first term in the trace refers to the second diagram, and the second term to the first
diagram). By using

dydéd = a-b ¢—a-c{/+b'c¢£+ieaﬁ75aabﬂc7fy‘;fy5
(60123:4_17 75 = 7071929

— can show that the two traces are identical. Examine: ¢"R,,,,(p, q). Note:

q”(ékkij?””?}z) - q”((%i N%)

1 1
- g (- By
_ (1 K ) 1
N (F+4)) ¥
= (l — ! ) (13.0.19)
\KE (ko) o
We finally obtain
v _ 1
q R,uuo(pa Q) - 6 g {7075 7# k ﬂ) — Yo V5 (%‘i‘ q) Y (k ]5)
1 1
%%% G T q>} (13.0.20)

Now, £ — k + p in the first term in the trace, and k£ — k + p — ¢ in the second term -

¢"Rus(p,q) 20 upon this shifting of variables.
But, it is quadratically divergent (actually just linearly divergent because of €,3,5 ap-
pearing upon taking the trace), so care must be taken when shifting variables. ex.

'a/

a0y tad 0 . . -1
oSS e Figure 1?1.0.1. Plot of tan™'(z + a)
. and tan~'(z)
—_——— —— —_—— = = v

I= / dz (tan™'(z +a) —tan~'(z)) = O(shifting z — z — a)

o0

~)

but (see figure 13.0.1)
Ay
= lim dz (tan™'(z + a) — tan™'(z))

A Al

A_——oco
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Or

2 72
tan"'(z + a) = tan"*(z) + a% tan~'(z) + %% tan"(z) + ... (13.0.21)
Substitute this back into /
I = /ood tan~'(x) + < 1 )—l—a—2d—2ta “Na)+ ... —tan"(2)
—_oox " (2) +ao—tan” (z) + oy g tanT () + n - (z
2 3 2 0
- {atan_l(x) + %% tan~'(z) + %% tan~'(z) + .. } N
T T
= o((G-(5)~0+)
= 7a (13.0.22)
In general, if [ d*k f(k?) is linearly divergent, then,
/d4k [f((E+a)®) - f(K*)] = aA/d“k; % (k%)
= i/ko K*a - k" f(k?) by Gauss
k2—o00
= 27%a- kf(k?) (13.0.23)
k?2—co
(J dQy = 27* in 4-d, recall in 3-d, [dQy = 4w). Go back to

L 1 1 :
Rcle) = = [ o i g A

1 1 1 }
TS dot §) " o) " (Kt do— o)

2m?i) 1 1 1
RNVU(G/) - RIU/O'(O) = _629 ((277-)4) k‘lznoo Tr |:ai\k2k>\/70’75 (k+ q) ’yu%,}/ﬂ (k_ %)
1 1 1
+ a/\kgk)\’}/zf Y73, Vv :|
SR M
e2g ;
= ?GH,LLVO'<CL1 - a2> (13024)
af — a5 = Ap" + Bq" (13.0.25)
2
= R,ul/a(a) - R,uya<0) + C;T—Qg‘gm,uua (Ap'LC + Bqﬁ) (13026)

So, (by same analogy), by surface terms,

62

¢"Ruwo (D, q) = W—Qg (evausd®p”) (13.0.27)



(does not appear to be = 0).
Mar. 30/2000

Recall:
A LA
¢ k
pry 7
= A
v 9
e’g . .
R;},I/O’(a)_R}U/U(O) == ?Enuua(Ap _'_Bq)
¢"Rus(0) = _629@ lim [(—p’\)kzk,')\Tr (Wﬁﬁﬁ)
pvo (27)* Koo kA

_ (p _ q))‘l{i2]{7>\T1“ (’707512711’75 (qakﬂ _ kap5)>}
eg
- _Fequ"‘pﬁ (unsure of sign - see (13.0.34))

In the same way,

62

9 o
puRuua(O) = _?anuﬁp qﬁ

And lastly the axial vertex,
(p+ q)aRuva(O) =0
Maybe can choose A, B so we get conservation of momentum at all 3 vertices.

e’q . .
wRue(a) = q RWU(O)+§65,M(AP + Bq")

e’y o o
- ? [edauﬁq pﬁ + €Bpacqd Apﬁ]
e2qg N
= 2 [Eaa,uﬁ(q pﬂ)(l + A)}

So also,

e’g . .
puRm/a(a> = Du Ruw(O)"‘?wa(Ap + Bq")

62 2

g € g
= _?anuﬁpaqﬁ + ?Eﬂal/opaqﬁB

629

253

(13.0.28)

(13.0.29)

(13.0.30)

(13.0.31)

= —QGMVﬁpaqﬁ(—l — B) (unsure of signs - see (13.0.34)) (13.0.32)
m
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And,

2
e
(0 +0) Ruso(a) = (0+0) | Ruvo(a) + —Fenpuo(Ap" + By")

e’y o poko
- O+?€H;LVO'(AP q +Bq b )

2
= oA — B (13.0.33)

T2

It should be: If
¢"Rys(a) = 0

P'Ruve(a) = 0 (13.0.34)

then

62

ag g ag
(P+ )" Rywola) = =5 emrop’a (13.0.35)

So, if we do have conservation of vector current, then axial current not conserved. i.e. If,

Bt = 0 (13.0.36)
then A
e FP(A)F (A
Pt — 2 (4(7T))2 (4) (13.0.37)

(Note: anomaly independent of mass). This is the modification of J - j; = 0 that is required
to account for (p + ¢)?R,.. # 0.

M yysy =0 (13.0.38)

Note: The presence of the anomaly accounts for the decay of the 70 (7 — ~v). ie. If ¥
were massive,

Oyt = 2_7”'“5751/) .
= P[0 ] + [au¢7u} V5t

But,
(9 A= s —mi = 0
P = <A+ Bra +my) (13.0.39)
Similarly,
WG = 3 [ Bs) + my]
07 = — [0 Brp) +my] (13.0.40)
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70 ~ ys  (pseudoscalar)

1 _
= % Mﬂ’Y“%w
1

= 2—8,4‘“5 (13.0.41)
m

X X
¢ ”J’ ¢

(i.e. says 7 cannot go to v%9°).
But the anomaly says this - 0 if

o F1

iy (13.0.43)

(9 . j5 ==
If 7 couples to a vector B, and js is not conserved because of the anomaly, then renormal-
izability is lost.

U1(i @)y + o P)ha — g1y st B + gboyuyste BY 3 By — B, — 9,05 (13.0.44)

Anomalous contributions to 0,j¢ cancel in this case, and renormalizability is no longer a
problem.

In the standard model, having equal numbers of quarks and leptons ensures the cancel-
lation of anomalies.
Apr. 3.2000

13.1 Anomalies

1. “Adler Bardeen” theorem — Anomalies are exclusively one-loop effects. i.e.

O[TV (2)Vo(y) As(2) |0) (13.1.1)
—_—

Transverse Anomaly

~ v v i~ v
— v v
v v v

A B

”

v 2
. € v Ao
AMA{\:\/ — Ot = WGWMFM F (13.1.3)

v
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All of the anomaly can be shown to be from the 2 graph only. No anomalous con-
tribution comes from B, though they are needed in order to ensure conservation of
momentum at all three vertices. So, no ﬁ correction for ‘B.

Z(J,K) = /DAMDB“D@AD@Eexp{%/d% [Ld+£gf+A-J+B.J5]}13.1.4)

_ 1 1
Lo = Y(#—m—ed—gBy)— 1F2(A) - ZFQ(B)
A, — A +0.0 Y — Wy (13.1.5)
B, — B,+09,05 , 1 — %% (13.1.6)
N e’

*

* - this gauge transformation does affect measure — there is a non-trivial Jacobian
associated with this gauge transformation.

(Fujikawa showed that this Jacobian gives the “anomalous” term in the WTST identity
for the axial current.)

— anomaly arises in trying to make this gauge transformation in this infinite measure
— (DyYDy) — integrating over all possibilities.



Chapter 14

Instantons

Instantons are generated in a 2 stage process.

1. Make Wick rotation to Euclidean space

2. Solve resulting equations of motion (“Instanton”)

14.1 Quantum Mechanical Example

ex: (see figure 14.1.1)

Vg
4\
Figure 14.1.1: Classically, if in the
lowest energy state at the bottom
(one of the V(q) = 0 — ¢y posi-
tions), particle would just sit there.
< >0,
-~ +
1. Y4,

Vig)= (- @)’

“Vacuum tunnelling”

gt = —o0)) = |—qo)
lg(t = 00)) = |+qo)

Compute transition (Q.M.) — Path integral.
(arle™""|a;)

257

(14.1.1)

(14.1.2)
(14.1.3)

(14.1.4)
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is the amplitude for being in state |¢;) at ¢ = 0 and being in state |¢;) at ¢ = t.
Path integral:

) q(t)=qy it
(gl gy = /(0):. D) exp {3 [ dr Lia(r) (14.15)
~ Lgr) = () - Vig(r)
= S0 - @~ gy

Let 7 — —iT.

—iHt a(t)=as 1 ! q2 2 2\2
(arle™Na) = /() Dy(t) exp{ﬁ/ dr (—5—((1 —q5) )}
q(0)=gq; 0

q(t)=qy 1
= / Dq(t) exp {——SE} (14.1.6)
a(0)=q; h
' ¢* 2 2\2
Sg = / dr (5 + (q - qO) ) = SEuclidean
0
Dominant path: path that satisfies %(f) = 0 with the appropriate boundary conditions.

Now then, if the
ti— =00 q(t) = —qo
ty = +oo  q(t) — +qo
The solution to the equations of motion that satisfies the above is
ga(t) = go tanh(v/2qot) (14.1.7)
The more general solution is

qa(t) = o tanh(v/2qo( ) (14.1.8)

t— to
~—

*

* _ localized at an “instant” t, — “instanton”.
We will now consider

(g(+00) = +qolg(—00) = —qo) = /D(5q) e~ 19rdato0)] (14.1.9)
0q =0 at t — oo — expand about ¢.
(400 = +anla(~00) — —a) = [ Dlbwyexp { ~Sstaa) — [[ar |Gt pa i+ |}
= ¢ 52l [1 + O(h)] (14.1.10)

3

4
h Sg(qq) = 4vV2=—"
ere Sg(qq) \/_35

{ o Seaw) [Hdet (%) +1 } (14.1.11)
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Suppose we have 2 spinors X, Y. Consider two functions f, and f.
fii X =Y (i=0,1) (14.1.12)

fo(z), fi(z) are homotopic if there exists a function F'(z,t) such that F(x,0) = fo(z) and
F(z,1) = fi(z) and F(x,t) is continuous in ¢ in (0 < ¢ < 1).
Suppose we took

X: 0<60<2rm (14.1.13)
Y: ZZecC , |Z|=1 (14.1.14)
Consider
fall) = €O (14.1.15)
fa(0) = 00 (14.1.16)

Homotopic — F(z,t) = e@*+0-H2) _, Homotopy connecting f,, fs. But can also write
two functions not homotopic.

fa(0) = €0 (14.1.17)
fa(6) = D (14.1.18)

Not homotopic (still functions that map X — Y, but can’t continuously deform one into the
other).

We have in general different classes of functions characterized by integers “n”. These are
of the form,

() =+ - =41 42 ... (sign indicates direction of winding.) (14.1.19)
In general, if two functions have different n’s, Not homotopic.

n — Pontryagin index (“Winding number”)

2T /
: f'(0)
n = -—i do 14.1.20
[ %5 (14120
Apr. 5/2000
Recall:
X: — 0el0,2nm)
Y: — Z |Z]=1
FM@) = e n==+142 ...
27 f/(e)

n = —i/ do 0 (counts # of times each pt. in X mapped onto Y)
0
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Figure 14.1.2: X :— (—00, 00)

We can let X be (—o00,00) provided 400 and —oo are mapped on to the same point. (See
figure (14.1.2)). Consider,

(@) = exp {%} (14.1.21)

This maps —o0o < & < oo onto Z where |Z| = 1.

1 ] /
n=—g N d:pj;(f)) (Winding number for this mapping) (14.1.22)

Two functions with different winding numbers have different homotopies.

Consider the mapping from X = S5 to Y = SU(2). i.e. S3 — Set of all points with
22+ 23+ 22+ 22 =1 =22+ 2% (4-d sphere).

SU(2) — set of 2 x 2 matrices U with UUT = 1.

f(xo,2) =z +iz -0 (14.1.23)

— (ro+iz o) (zo+iz-a) = (zo—iz-g)(zo+iz- o)
=1 (ifag+2°=1)
Winding number for this mapping is,

1
2472

n =

o Where 6; are the polar angles characterizing S

e and A; = f1(0) 2 f(0)

96;

(Coleman’s lectures on Instantons).
We now extend X to be the entire three dimensional Euclidean space with all points at
oo identified with a single point.

Here,
f1<$>:eXp{ —— } (14.1.25)
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is such a mapping. The winding number is

1
n=-5 / d*x € Tr {A;A; Ax} (14.1.26)
where 5
Ai(z) = [ 14.1.27
(2) = f' 5= (14.1.27)
Recall: Gauge theories,
Au(z) > U (Au(x) +0,)U (14.1.28)

(if A, originally 0 — would get pure gauge function — very similar to above).

14.2 Classical Solutions to SU(2) YM field equations in
Euclidean Space

1 a auv
Sy = /d4:c (—ZFW(A)F z (A)> (14.2.1)
F., = 0,A, — 0,Al, + 7" Al A;
Equations of motion:
DIAFLA) =0 — D = 0,85 + ™Ay 1422
Bit of a short-cut to solve this (not in every case). “Bianchi Identity”.

i 1 i
A7, = §Euuz\aF>\o (Dual) (14.2.3)

—>fo *Fﬁy =0

Thus, if
F, =+, (14.2.4)

(ex: in E.M. — would be analogous to requiring £ = B) then,

DVF], = £DJ«F],
= 0 (14.2.5)
Let
AL = (€imkOk F Omido) In[f (20, )] (14.2.6)

Al = £0;In[f (20, 7)) (14.2.7)
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(m — spacial index, ¢ — group index). If F' = + «F, then
f—la2f _ 0
[ = ; m (“n Instanton solution”)
—  Size — \;

position — z;
Perform a gauge transformation on the “one instanton” solution.
-1
A, =U" (A, +0)U

with

U = g
R BV7=rwe

0) — ) nm
=\

(n is integer, not the n from above). Note, as

lz| — oo, A — 0 (not easy to show)

T9 — +00, A/rln_)leiQn
Ox™
LD

17
o — —0O0, Am — Qn_lax—m n—1

where Q,, = [exp { JQ%H )

) ]
114

/ tion).

INSTANTONS

(14.2.8)

(14.2.9)

(14.2.10)

(14.2.11)

(14.2.12)

Figure 14.2.1: I, II, IIT are all 3-
= d spaces. In all 3 spaces, Al —
U~19,,U (i.e. A% is pure gauge func-
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To show this, consider F},,(A) ; F,, — 0 as |z, — oo. Consider U as a mapping from
3-d Euclidean space onto SU(2).

1
no= 5 /d3a: e Tr {A;A; AL} (14.2.13)
0
A=U"'—=U
- ozt
In region III (figure 14.2.1);
! / B3 e Tr {AA; A}
n = T €k LT i1
I11 22 |, ik 74k
where 7, 7, k has one index “0” because we're on one side of sphere
= 0 (on III) (14.2.14)
But, from (14.2.12),
1 3
ny = 247‘(‘2 Id T EijkTr {AZA]A]C}
= n ((4,4,k) are a mixture of 1,2,3 (no 0) in integral) (14.2.15)
and
! / d? Tr {A;A; A}
n = T €, r 41
II Y - €ijk G Ak
= n—1 (14.2.16)
See figure 14.2.2.
p 2
4 : \/U\) = ({"" ‘1:)
LSl ST \
I
T X
/g‘e ) la=1> Not <
gTaa pr Homotopi - >,
pies -
Fa2' >

Figure 14.2.2: Figure 14.2.3:
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| +q,> .
Figure  14.2.4: q(t) =
qotan(v/2qot) — instanton —
interpolated from —oo — +oc.

I'%>

Apr. 6/2000
For completeness, One-instanton:

2 + i -
Afzr) = ———09,0; Q=122 (14.2.17)

22 + )2 N

— 07'9,Q (pure gauge) as |z| — oo

1
m = Y /dgl‘ eijkTr(AiAjAk) ; Az = f_laif (14218)
Note:
2
K, = 4eurTIr <A,,8>\AU + gAyA,\AU> (not gauge invariant) (14.2.19)
satisfies
1
0K, = 2Tx{F,*F.} ; *F, = EEW/\UFAJ (14.2.20)
Thus,
4 a1
Tr{/d z F,, *FW} = /d §8MKM
1
= 3 /S d*0, K, (By Gauss’ Theorem)  (14.2.21)
But,
A, — Q79,0 as|z] — o0 (14.2.22)
If A, =0719,0, then,
4
K,= gE,M,Tr {( ', (') (2 0,Q)} (14.2.23)

Tr{/d% F. *FW} = %/ d*o, %eMMU Tr{(Q‘lal,Q)(Q‘lﬁAQ)(Q‘lﬁaQ)}J (14.2.24)

m (above)
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1/4
Tr{/d4a7 F. *FW} = 3 (5) (247‘(‘2) m

x

°

n+m

= 167°m T eanton (14.2.25)

solution

n

m is instanton #.
Sectors of the vacuum are labelled by the winding number n.

In) (14.2.26)
Perform a gauge transformation
Ti|n) = |n+1) (14.2.27)
But,
[Ty, H] =0 (14.2.28)

as H is gauge invariant. Thus the vacuum must be an eigenstate of T7.
Consider the “f vacuum”.

—+00
0) = D" €"In) (14.2.29)
ie.
ey = > en+1)
_ e—iG Z ei(n+1)0|n+1>
= &%) (14.2.30)

Thus we have a vacuum labelled by this parameter 6.
Vacuum-vacuum transition.

O'le7H10) = 60 — 0)(0'|e"H|0) (14.2.31)

o0 o0
_ Z Z <m’€71m9’efthein9’n>

m=—00 N=—00

_ Z ei(n@—me’)<m|6—th|n>

0 =40 from (14.2.31)
% B
= Z ei”e/ DA,e! @ Lym (o =n 4 v) (14.2.32)
A

V=—00
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([A=A,— 2'0,0, at t = —cc] = n, [B=A, — Q.19,0,, at t = +00] = m)
The dominant instanton for this transition has instanton number v.

Tr { / d'z F,, *FW} (14.2.33)

V= 2472

= — [ . 0
(e 19y = Z / DA, exp {1/d4x <£YM+I7T2Tr{F“V *F#y}>}14.2.34)

v=—00
(Violates Parity, CP)

1
- £YM = _ZF/UJF;U/

0 — leads to effective term in action, which leads to the Parity, CP violation. § < 107
(electric dipole moment of neutron).
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