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of nanoparticles, and rheological studies of natural polymer gels (gelatin etc.). Wolfgang Schaertl
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Basic Physical Chemistry

Prologue

Prologue
What is Physical Chemistry? Simply spoken, it is a scientific branch located between Physics and
Chemistry. By using the principles of physics and mathematics to obtain quantitative relations, physical
chemistry deals with the structure and dynamics of matter. These relations are, in most cases, either
concerned with phase and chemical equilibrium, or dynamic processes such as phase transitions, reaction
kinetics, charge transport, and energy exchange between systems and surroundings.
To describe a physical chemical system and its dynamics or evolution towards an equilibrium state, only
a limited set of variables of state is needed: volume, temperature, pressure and amount of material. The
equilibrium state itself is based on the simple principle of minimizing the free enthalpy of the system.
Free enthalpy is thus one of the most important concepts in physical chemistry. The change of free
enthalpy is based on the change of two fundamental quantities: enthalpy which provides a measure for
the energy of the system, and entropy which, qualitatively, characterizes the state of order of our system.
Before going into too much detail here, let me stress one point to be kept in mind during the study of
this book: physical chemistry is based on a small number of fundamental quantities and general physical
concepts, which once fully understood by a student, it should be quite easy to pass an examination in
physical chemistry without the need to explicitly learn a lot of detailed equations.
This book, which tries to provide a complete overview of physical chemistry on the level of a Bachelor
of Science degree in Chemistry, is organized as following:
I already mentioned that physical chemistry deals with the quantitative description of chemical
phenomena. Consequently, it affords some knowledge in mathematics. In Chapter 1, I try to briefly
introduce all the mathematical concepts needed to understand the formalisms as well as the example
problems presented in subsequent other chapters.
Chapter 2, the main part of this book, deals with phenomenological thermodynamics, a topic also most
dominant in all lectures in Physical Chemistry on bachelor level. Thermodynamics mainly deals with
equilibrium characterized on a macroscopic level by variables of state, such as temperature, pressure or
composition of mixtures. Here, the most important aspect related to the preferred equilibrium state of
a system is its exchange of energy and entropy with its surroundings. First, a single component system
and its phase behavior are discussed to introduce the fundamental concepts. We progress to binary
systems and their phase equilibrium, an aspect which is very important for instance in the purification
of chemical mixtures by distillation or crystallization. The chapter concludes with the equilibrium of
chemical reactions and energetic aspects of chemical reactions.
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In Chapter 3, I will briefly discuss the kinetics of chemical reactions. To keep the mathematics simple,
only fundamental single-step reactions are treated here. As an example of more complex chemical
processes involving multiple reaction steps and chemical equilibrium, this chapter will address the
Lindemann formalism and the Michaelis-Menten kinetics, the latter being a very important topic in
Biology (enzymatic reactions).
Chapter 4 introduces the two fundamental aspects of electrochemistry: ion mobility and its relation to
electrical conductivity, and the electrochemical equilibrium as the basis of the conversion of chemical
reaction energy into electrical energy (battery).
Chapter 5, finally, is a brief introduction into quantum chemistry and spectroscopy. Whereas the
preceding chapters mainly treat systems on the macroscopic level, ignoring the detailed structure of
matter, here it will briefly be shown how atoms and molecules are described in modern physics on a
single particle level. Finally, this chapter will also provide a very brief introduction into spectroscopic
methods, which are important for the experimental determination of molecular parameters such as bond
lengths, strength of a chemical bond, etc.
For illustration of the Physical-Chemical concepts and their relevance, each chapter (2–5) will also
contain some quantitative example problems, presented in a box.
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1 Mathematical Basics
Physical Chemistry is frequently regarded as mathematically very complicated. Generally, students start
with various levels of mathematical knowledge. Therefore, I consider it appropriate to start my book
on the basics of physical chemistry with a chapter to briefly introduce the mathematical basics. Besides
some technical terms, such as the total differential, in this first chapter of the book the students are
introduced, as a refresher on fundamentals, how to solve simple differential equations, use the logarithm in
mathematical calculations, use powers and trigonometric functions, as well as how to linearize functions
of one variable, and treat physical-chemical data in terms of units or error analysis.

1.1

Differentials and simple differential equations

For example, if z = f(x,y) is a function of the variables x, y, then the total differential of z is given as:
߲ݖ

߲ݖ

݀ ݖൌ ቀ ቁ ݀ ݔ ቀ ቁ ݀( ݕEq.1.1)
߲ݕ ݔ

߲ݔ ݕ

So-called “quantities of state”, i.e. basic functions of two variables x, y, fulfill the theorem of Schwarz:
߲

߲

߲

߲

൬ቀ ቁ ቀ ቁ ൰ ൌ ቆቀ ቁ ቀ ቁ ቇ (Eq.1.2)
߲ݔ
߲ݕ
߲ݕ
߲ݔ
ݕ ݔ

ݔ ݕ

, i.e. the result is independent of the sequence of differentiation, or, alternatively, a change of z = f(x,y)

(= change of the quantity of state!) is independent of the route but only depends on the change of the
variables x, y!
Examples of such quantities of state are, for example, energy or enthalpy, whereas quantities dependent
on the process itself, and therefore not quantities of state, are work or heat.
Since physical chemistry needs just a limited set of simple differentials and integrals, I would like to list
the most important ones for basic functions y(x) of one variable x below:
 ݕൌ   ݊ݔ՜ 

 ݕൌ ݁  ݔ՜ 

݀ݕ
݀ݔ

݀ݕ
݀ݔ

 ݕൌ ݁ ݇ή  ݔ՜ 
ݕൌ

ͳ

݊ݔ

ͳ

՜

 ݕൌ ՜
ݔ

݀ݔ

݀ݔ

݀ݔ

ή ݊ ݔͳ (Eq.1.3)

ͳ

ൌ ݇ ή ݁ ݇ή  ݔ՜   ݔ݀ݕ ൌ ή ݁ ݇ή( ݔEq.1.5)

ൌെ

ൌെ

 ݕൌ    ݔ՜ 

ͳ

݊ͳ

ൌ ݁   ݔ՜   ݔ݀ݕ ൌ ݁  ݔሺ݁ ൌ ʹǤͳͺʹͺͳͺሻ (Eq.1.4)

݀ݕ

݀ݕ

݀ݕ

ൌ ݊ ή ݊ ݔെͳ  ՜   ݔ݀ݕ ൌ

݀ݕ
݀ݔ

ͳ

 ݊ ݔͳ

ͳ

ʹݔ

 ՜   ݔ݀ݕ ൌ െ

݇

ͳ

ሺ݊െͳሻή ݊ ݔെͳ

(Eq.1.6)

 ՜   ݔ݀ݕ ൌ ݈݊ሺݔሻሺԥǨሻ (Eq.1.7)

ൌ    ݔ՜   ݔ݀ݕ ൌ െ  ( ݔEq.1.8)
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To determine the differential or integral of more complex functions, the following basic rules of
differentiation and integration may come handy:
i. How to differentiate a product (multiplication rule of differentiation):
 ݕൌ ݑሺݔሻ ή ݒሺݔሻ ՜ 

݀ݕ
݀ݔ

ൌ ݑሺݔሻ ή

݀ ݒሺݔሻ
݀ݔ

 ݒሺݔሻ ή

݀ ݑሺݔሻ
݀ݔ

(Eq.1.9)

ii. How to differentiate a ratio (division rule of differentiation):
ݕൌ

ݑሺݔሻ
ݒሺݔሻ

՜

iii. Partial Integration:
 ݕൌ ݑሺݔሻ ή

݀ݕ
݀ݔ

ൌ

݀ ݒሺݔሻ
݀ݔ

െݑሺݔሻή

݀ ݒሺݔሻ
݀ ݑሺݔሻ
ݒሺݔሻή
݀ݔ
݀ݔ
ݒሺݔሻʹ

(Eq.1.10.)

 ՜   ݔ݀ݕ ൌ ݑሺݔሻ ή ݒሺݔሻ െ ݒ ሺݔሻ ή

݀ ݑሺݔሻ
݀ݔ

݀( ݔEq.1.11)

Next, let us solve a couple of simple differential equations, i.e. determine the function itself if the
differential is given. Note that these two examples will be found again in the chapter on reaction kinetics:
Example 1:
݀ݕ
݀ݔ

ൌ െ݇ ή  ݕ

(Eq. 1.12)

ൌ െ݇ ή ݀ ݔ

(Eq. 1.13)

To solve this equation, we first have to separate the two variables x, y:
݀ݕ
ݕ

Next, we have to determine the integrals, using a set of starting variables x0.y0 and arbitrary variables
x, y as respective boundaries:
ͳ ݕ

ݕ

Ͳ

ݕ

ݔ

݀ ݕൌ  ݔെ݇ ή ݀( ݔEq.1.14)

ݕ
 Ͳݕሾ ݕሿ

Ͳ

ൌ

ݔ
 Ͳ ݔሾെ݇

ή  ݔሿ (Eq.1.15)

  ݕെ   Ͳݕൌ െ݇ ή  ݔ ݇ ή ( ͲݔEq.1.16)

 ݕൌ  Ͳݕή ൫െ݇ ή ሺ ݔെ  Ͳݔሻ൯ (Eq.1.17)

Note that exp(x) corresponds to ݁  ! ݔThis example will be used again when we discuss first order basic
reaction kinetics.
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Example 2:
݀ݕ

ൌ െ݇ ή ( ʹ ݕEq.1.18)

݀ݔ

To solve this equation, again we first have to separate the two variables x, y:
݀ݕ

ൌ െ݇ ή ݀( ݔEq.1.19)

ʹݕ

Analogous to example 1, we then have to determine the integrals, using a set of starting variables x0.y0
and arbitrary variables x, y as respective boundaries:
ͳ ݕ

ݕ
ݕ

Ͳݕ

Ͳ

ʹݕ

ݔ

݀ ݕൌ  ݔെ݇ ή ݀( ݔEq.1.20)
Ͳ

ͳ

ቂെ ቃ ൌ
ͳ

ݕ

െ 
ݕ

ͳ

Ͳݕ

ݔ
 Ͳ ݔሾെ݇

ή  ݔሿ (Eq.1.21)

ൌ െ݇ ή  ݔ ݇ ή ( ͲݔEq.1.22)

This example will be used again when we discuss second order basic reaction kinetics.

Within the context of this book, we will not need to solve more complex differential equations as shown
here. However, the interested reader should keep in mind that there exist a variety of strategies to address
more complex differential equations as might be encountered in a lecture on advanced physical chemistry,
e.g. in quantum mechanics or complex reaction kinetics. Just to name one of these mathematical methods:
partial fraction analysis:
ͳ

ܿ

ܿ

ͳ
ʹ
݀ ݔ  ሺܾെݔሻ
݀( ݔEq.1.23)
 ሺܽെݔሻήሺܾെݔሻ ݀ ݔൌ  ሺܽെݔሻ

We will briefly sketch this method later in the book when we discuss the exact kinetics of 2nd order
reactions of two different chemical components.

1.2

Logarithms and trigonometric functions

Besides simple differential equations, in physical chemical calculations and derivations of important
formulae it is essential that the student is capable of the logarithm rules as well as that he/she can handle
trigonometric functions. These are therefore summarized in this subchapter.
݁ ܾܽ ൌ ݁ ܽ ή ݁ ܾ  ՞  ሺܽ ή ܾሻ  ൌ  ܽ   ܾ (Eq.1.24)

݁ ܽെܾ ൌ

݁ܽ

ܾ݁

ܽ

 ՞   ቀ ቁ  ൌ  ܽ Ȃ  ܾ (Eq.1.25)
ܾ
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ሺ݁ ܽ ሻܾ ൌ ݁ ܽήܾ  ՞  ൫ܾܽ ൯  ൌ ܾ ή  ܽ (Eq.1.26)
ʹ ߙ   ʹ ߙ ൌ ͳ(Eq.1.27)

 ߙ ൌ ሺͻͲι െ ߙሻ (Eq.1.28)

ሺߙ  ߚሻ ൌ  ߙ ή  ߚ   ߙ ή  ߚ(Eq.1.29)

1.3

ሺߙ  ߚሻ ൌ  ߙ ή  ߚ െ  ߙ ή  ߚ (Eq.1.30)

Linearization of mathematical functions, and Taylor series expansion

In some cases, a plot of the function y(x) can simply be linearized if the reverse function is used,
for example:
 ݕൌ  Ͳݕή ሺെ݇ ή ݔሻ  ՞   ݕൌ   Ͳݕെ ݇ ή ( ݔEq.1.31)
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Figure 1.1: Linearization of an exponential (top) by plotting the logarithm (bottom) (Plots were prepared using
Microsoft Excel (MS Office 2007))

Any function can be linearized if you use the Taylor series expansion given as:
݀ݕ

ݕሺ Ͳݔ ݔሻ ൌ ݕሺ Ͳݔሻ  ቀ ቁ

݀ ݔ ݔ

ή ሺ ݔെ  Ͳݔሻ 

ͳ

ʹǨ

ήቀ

݀ʹݕ

ቁ

݀ ݔ ʹ ݔ

ή ሺ ݔെ  Ͳݔሻʹ 

ͳ

͵Ǩ

ήቀ

݀͵ݕ

ቁ

݀ ݔ ͵ ݔ

ή ሺ ݔെ  Ͳݔሻ͵  ( ڮEq.1.32)

One important (and the only!) example for a Taylor series expansion we use in this textbook concerns
the logarithm, i.e.:
ሺͳ െ ݔሻ ൌ  ͳ  ቀ

െͳ

ቁ

ͳെ  ݔ ݔൌͲ

ή ሺ ݔെ Ͳሻ 

ͳ

ʹǨ

െͳ

ή ቀሺͳെݔሻʹ ቁ

  ݔൌͲ

ή ሺ ݔെ Ͳሻʹ   ڮൎ െ( ݔEq.1.33)

For small x, the logarithm lnሺͳ െ ݔሻ is simply given by –x, a relation we will use for instance to obtain

quite simple formulae for colligative phenomena in dilute solutions.
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(A)

Mathematical Basics

Treating experimental data – SI-system and error calculation
Units – the SI-system:

The standard system of physical units (system international (French), SI) contains only a limited number,
namely kg (kilogram) for mass, m (meter) for length, s (second) for time, A (Ampere) for charge per
time (= electric current), and K (Kelvin) for (absolute) temperature. All other units can be expressed in
terms of these basic units, and any student of science should be capable of this, since it comes in handy
in (i) deriving simple formulae, (ii) understanding physical quantities, and (iii) calculating quantities
based on certain variables. As one important example, let us consider several ways of expressing energy:
1) potential energy equals force times length, and force is acceleration times mass, therefore
energy should be: kg m s-2 m = kg m2 s-2 = J (Joule)
2) alternatively, energy is power times time, therefore W s (or, not SI, but more common: kWh)
3) in electrostatics, energy is voltage times charge, therefore A s V (or keV (kilo electron Volt,
not SI, with the elementary charge 1 e = 1.6 10-19 A s))
The most common derived SI units are: N (Newton) for force, Pa (Pascal) for pressure, J (Joule) for
energy, W (Watt) for power, C (Coulomb) for electric charge, V (Volt) for voltage, Ω (Ohm) for electric
resistance.
(B)

Error calculation:

Experimental data are not perfect, that is, even if you repeat a given experiment several times, you will
get at least slightly different results. If x1, x2, x3, ….., xN is a set of these different results obtained from a
total of N single measurements, these data are evaluated as following:
First, one has to calculate the average of the experimental quantity x, i.e.
 ۄݔۃൌ

ͳ

ܰ

σܰ
݅ൌͳ ( ݅ݔEq.1.34)

To determine the reliability of this average, we then have to calculate the standard deviation. The apparent
error of a single experiment is given as ο ݅ݔൌ  ۄݔۃെ   ݅ݔand the standard deviation then is obtained by
averaging the absolute values of all apparent errors, i.e.
ܵൌට

ʹ
σܰ
݅ൌͳ ο݅ ݔ

ܰെͳ

, with N > 1

(Eq. 1.35)

Finally, our experimental result is more reliable the larger the number of individual measurements N,
which is taken into account within the statistical error of the average quantity  ۄݔۃcalculated from the

standard deviation as:
ο ݔൌ ට

ܵʹ
ܰ

ʹ
σܰ
݅ൌͳ ο݅ ݔ

ൌට

ܰήሺܰെͳሻ

(Eq.1.36)
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Within a written report of the experiment, the result must then be given as  ݔൌ  ۄݔۃേ ο ݔ, providing
both the average and the reliability.
(C)

Error progression:

In most experiments, a given physical quantity depending on several individually measured parameters
has to be calculated. As one example, let us consider a quantity z depending on two parameters x, y, that
is  ݖൌ ݂ሺݔǡ ݕሻ. In this case, the calculated error of z depends on the statistical errors of the two physical

parameters x, y as following (error progression):
݀ݖ

ο ݖൌ ቀ ቁ

݀ۄݔۃ ݔǡۄݕۃ

݀ݖ

ή ο ݔ ቀ ቁ

݀ۄݔۃ ݕǡۄݕۃ

ή ο( ݕEq.1.37)

Note that the derivatives could be positive or negative, and therefore partially compensate each other,
which does not make much sense. Therefore, one has to calculate the absolute values, i.e.
݀ݖ

or

ο ʹ ݖൌ ቀ ቁ

݀ۄݔۃ ݔǡۄݕۃ

݀ݖ

ο ݖൌ ඨቀ ቁ

ʹ

݀ۄݔۃ ݔǡۄݕۃ

݀ݖ

ή ο ݔ ቀ ቁ

ʹ

݀ۄݔۃ ݕǡۄݕۃ

݀ݖ

ή ο ݔ ቀ ቁ

ʹ

݀ۄݔۃ ݕǡۄݕۃ

ή ο( ݕEq.1.38)

ʹ

ή ο( ݕEq.1.39)
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As we have seen before, often physical-chemical data are represented in a linear relation, and the
intercept and the slope provide the quantities of interest. To determine the error of this linear analysis,
formally linear regression has to be used. This requires plugging all of your individual data points into
the computer, and trusting the numerical calculation of the errors of intercept and slope. Additionally
simple linear regression might ignore the statistical errors of individual data points. In practice the
following approach is much more convenient and reliable.
First, plot all your data points considering the statistical errors of each individual point (= error bars),
respectively. 2nd, draw two extreme lines which contain all data points with error bars, as well as an
intermediate line. From this simple picture, you then can determine average slope and intercept, as well
as the error of these two. The procedure is illustrated in figure 2.

Figure 2: Graphical linear regression of data points including error bars
(Plot was prepared using Microsoft Excel (MS Office 2007))
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2 Thermodynamics
Phenomenological thermodynamics is mainly concerned with equations and variables of state, energy
exchange at physicochemical processes, and phase- and chemical equilibrium. The goal of this chapter
is to give a complete overview of all important concepts used in phenomenological thermodynamics,
and provide some illustrative examples when appropriate.
We will start with some basic definitions concerning physico-chemical systems and processes, then
introduce the ideal and real gas equations of state, and finally discuss the fundamental principles of
thermodynamics. Here, physical models for the heat capacity of ideal gases and solids will allow us to
calculate the energy, heat and work exchange for any given process, even cycles such as the Carnot process.
Next, the phase equilibrium of both pure components and binary mixtures will be addressed. For the
latter, in the case of high dilution, simple formula for so-called colligative phenomena such as lowering
of the freezing temperature, increase of the evaporation temperature, or osmotic pressure will be derived
and discussed. Finally, we will talk about the equilibrium of chemical reactions, as well as about energetic
aspects of chemical reactions.

2.1

Definitions

In thermodynamics, systems are classified according to their ability to exchange matter and/or energy
with their environment:

RSHQ

FORVHG

LVRODWHG

Fig. 2.1: definitions of physical-chemical systems
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An example for an open system, which can exchange both matter and energy with the environment,
is an open beaker filled with boiling water (heat is lost to the environment, and matter is lost due to
evaporation of water), whereas an example for a closed system would be a pot of boiling water tightly
closed with a lid (only heat is lost). An isolated system would be, for instance, a closed thermostat bottle
filled with hot tea: neither energy nor matter is exchanged with the environment.
On the other hand, physico-chemical processes are classified as following: 1. Isochor, i.e. the volume of
the system is kept constant (dV = 0), 2. Isobar, i.e. the pressure is kept constant (dp = 0), 3. Isotherm, i.e.
the temperature is kept constant (dT = 0), or 4. Adiabatic, i.e. no exchange of heat with the environment
(Q = 0).
Finally, we have to consider the different aggregate states of matter: solid (defined volume and shape),
liquid (defined volume, undefined shape), and gas (neither volume nor shape is defined)
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2.2

Gas equations

2.2.1

The ideal gas

In 1679, Boyle and Mariotte found experimentally that for a gas undergoing an isothermal process (either
compression or expansion) its volume times its pressure remain constant:
 ή ܸ ൌ ܿ( ݐݏ݊Eq.2.1)

, namely 22.12 l bar for 1 mole gas at temperature t = 0 °C.

In 1800, Gay-Lussac discovered that for isobaric or isochoric processes, the volume or the pressure of a
gas, respectively, increases linearly with temperature:
1st law of Gay-Lussac:			

ܸ ൌ ܸͲ ή ሺͳ  ߙͲ ή ݐሻ (Eq.2.2)

Here, ܸͲ is the volume of the gas at standard conditions (p = 1.013 bar, t = 0°C). Importantly, different
gases all have the same normalized thermal expansion coefficient:
ߙͲ ൌ

οܸ
ቁ
οݐ

ቀ

ܸͲ

ൌ

ͳ

ʹ͵Ǥͳ

, and we obtain therefore:
ܸ ൌ ܸͲ ή ቀͳ 

ݐ

ι( ܥEq.2.3)

ʹ͵Ǥͳ

ቁ ൌ ܸͲ ή ቀ

ʹ͵Ǥͳݐ
ʹ͵Ǥͳ

ቁ ൌ ܸͲ ή ߙͲ ή ܶ (Eq.2.4)

Here, T is a new temperature scale with unit “Kelvin”. Both scales can simply be converted into each
other according to ܶΤሾ ܭሿ ൌ ݐΤሾι ܥሿ  ʹ͵ǤͳNote that, for the description of the isochoric processes
of the ideal gas the Kelvin scale is more convenient, since simple proportionality is obtained. Also, since
no negative volume can exist, it is obvious that T = 0 K (or t = – 273.16 °C) is the smallest temperature

possible. Therefore, the Kelvin scale is also called the scale of absolute temperature, whereas the Celsius
scale is based on the properties of one specific chemical, water, which freezes under standard pressure
at t = 0 °C, and boils at 100 °C.
For the isochoric process, in analogy the 2nd law of Gay-Lussac can be formulated:
2nd law of Gay-Lussac:		

 ൌ  Ͳή ሺͳ  ߚͲ ή ݐሻ (Eq.2.5)

Here,   is the pressure of the gas at standard conditions (p = 1.013 bar, t = 0°C). Importantly, again
different gases all have the same normalized thermal compressibility coefficient:
ߚͲ ൌ

ο
ቁ
οݐ

ቀ

Ͳ

ൌ

ͳ

ʹ͵Ǥͳ

ι( ܥEq.2.6)
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and we obtain therefore:
 ൌ  Ͳή ቀͳ 

ݐ

ʹ͵Ǥͳ

ቁ ൌ  Ͳή ቀ

ʹ͵Ǥͳݐ
ʹ͵Ǥͳ

ቁ ൌ  Ͳή ߚͲ ή ܶ (Eq.2.7)

To obtain the general equation of state of the ideal gas irrespective of the process, we next combine the
laws of Boyle, Mariotte and Gay-Lussac, using formally a two-step process to change from a given set
of state variables ሺ Ͳǡ ܸͲ ǡ ܶͲ ሻ to a completely different set of variables ሺ ͳǡ ܸͳ ǡ ܶͳ ሻ:
݀ܶ ൌͲ

݀ ൌͲ

ሺ Ͳǡ ܸͲ ǡ ܶͲ ሻ ሱۛۛሮ ሺ ͳǡ ܸ ݔǡ ܶͲ ሻ ሱۛۛሮ ሺ ͳǡ ܸͳ ǡ ܶͳ ሻ (Eq.2.8)

For the first isotherm step we use the law of Boyle, Mariotte to express the unknown volume ܸ ݔ:
 ͳή ܸ ݔൌ  Ͳή ܸͲ  ՜  ܸ ݔൌ ܸͲ ή

Ͳ
ͳ

(Eq.2.9)

For the 2nd isobar step we used the first law of Gay-Lussac, i.e.:
ܸ̱ܶ ՜ 

ܸͳ
ܶͳ

ൌ

ܸݔ

ܶͲ

 ՜  ܸ ݔൌ

ܸͳ
ܶͳ

ή ܶͲ (Eq.2.10)

We then can replace ܸ ݔin (Eq.2.9), and finally obtain:
ܸͳ
ܶͳ

ή ܶͲ ൌ ܸͲ ή

Ͳ
ͳ

 ՜ 

 ͳ ήܸͳ
ܶͳ

ൌ

 Ͳ ήܸͲ
ܶͲ

(Eq.2.11)

Since our starting conditions “0” as well as our final state “1” have been chosen arbitrarily, we can
conclude that:
 ͳ ήܸͳ
ܶͳ

ൌ ܿ( ݐݏ݊Eq.2.12)

According to experimental observations, this constant is given by the amount of gas in mole n, and the
universal gas constant = 8.314 J/(mole K), and one obtains the universal law of ideal gases:
 ή ܸ ൌ ݊ ή ܴ ή ܶ (Eq.2.13)
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Note that the ideal gas law (Eq.2.13) should be considered as a phenomenological law which is confirmed
by experience, but it provides no explanation in terms of microscopic molecular motions. In the next
section “kinetic gas theory” we will therefore discuss the ideal gas based on a microscopic single particlebased description developed by Maxwell, Boltzmann and others in the 19th century.
2.2.2

Kinetic Gas Theory

For the microscopic description of the ideal gas, we consider particles with mass m but no volume, which
move without interactions in a strictly ballistic way between the rigid walls of a cubic sample container
with side length a. Further, the number of gas particles is very large, so we can apply Boltzmann statistics.
Note that a detailed derivation of the Boltzmann distribution is beyond the scope of this book, so we
refer the reader to any common text book, section “statistical thermodynamics”.
For this ideal gas system, the velocity distribution as a function of sample temperature and single gas
particle mass m is then given, according to Maxwell and Boltzmann, as:
݂ሺݑሻ ؆ ቀ

݉

ʹ݇ ܶ ܤ

ͳǤͷ

ቁ

ή  ʹݑή  ቂെ

݉ ൗ ήʹ ݑ
ʹ
ቃ (Eq.2.14)
݇ܶ ܤ

It should be noted here that the exponential in this expression corresponds to the Boltzmann factor.
Here, the Boltzmann constant is given as ݇ ܤൌ ͳǤ͵ͺ ή ͳͲെʹ͵ ܬΤ ݏAccording to the Boltzmann factor,
states of lower energy have a higher statistical probability of being occupied by the particles, as shown

in figure 2.2. Multiplying this factor with the term  ʹݑ, which is introduced in Eq.(2.14) due to a spatial
integral over all possible directions of particle motion, one obtains a maximum velocity, which in
dependence of temperature is shifted to higher values (see figure 2.3).

ܶ ൌ Ͳܭǡܰͳ ൌ ܰ

ܶ ൌ ο ܧΤ݇ ǡܰͳ ൌ ͲǤ͵ܰ

Fig. 2.2.: Boltzmann distribution at different T, 2-state-system

ܶ ՜ λǡܰͳ ൌ ܰʹ ൌ ܰΤʹ

In general, the ratio of occupation probability of an energetically excited state ܰʹ compared to the
occupation probability of the ground state ܰͳ according to the Boltzmann factor depends on temperature

and energy difference  ʹܧെ  ͳܧൌ ο ܧas:
ܰʹ
ܰͳ

ൌ  ቂെ

 ʹܧെͳܧ
݇ܶ ܤ

ቃ ൌ  ቂെ

οܧ

݇ܶ ܤ

ቃ (Eq.2.15)
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Contrary to Fig. 2.2., our ideal gas particles in principle can assume any velocity and not just a quantized
set of discrete values. However, the Boltzmann factor itself is not necessarily restricted to quantized
energy states, but describes any probability ratio of populations

ܰʹ
ܰͳ

separated in energy by οܧ

We will meet this extremely important concept of the Boltzmann factor more frequently throughout this
book. Here, let me just name one analogous example from kinetics, the well-known Arrhenius-equation:
݇ ൌ  ή  ቂെ

ܣܧ

݇ܶ ܤ

ቃ (Eq.2.16)

with k the reaction velocity constant, and  ܣܧthe energy of activation. The exponential term here describes
the probability to reach the excited state via thermal excitation at temperature T.

Coming back to our ideal gas treated on a microscopic level, let us discuss the shape of the MaxwellBoltzmann velocity distribution at different temperatures in more detail:

f(u)

u
Fig. 2.3.: Maxwell-Boltzmann velocity distribution at different temperatures (from cold (blue) to hot (red))

With increasing temperature, the maximum is shifted towards higher velocities, and the distribution
becomes much broader.
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The expression for the velocity distribution (Eq.2.14) allows us to calculate an analytical expression of
the average squared velocity of a single particle as a function of sample temperature. We also need a
relation between this average squared velocity and the macroscopic pressure to discuss the equation of
state of the ideal gas in terms of microscopic molecular motions. Pressure is force per area, and force is
the time derivative of the momentum, which itself is mass times velocity. Therefore, the pressure enacted
by a single gas particle colliding with one wall of our cubic box is given as:
ൌ

ܨ

ܣ

ൌ

݀ ሺ݉ ή ݔ ݑሻ
ቁ
݀ݐ
ܽʹ ݔ

ቀ

(Eq.2.17)

The momentum of this particle is only changed at the collision, where it is reverted. Further, the time
between two collisions is given by the velocity and the distance, and we therefore can express the
momentum change with time as:
ቀ

݀ሺ݉ ή ݔ ݑሻ
݀ݐ

ቁൌ

οሺ݉ ή ݔ ݑሻ
οݐ

ൌ

݉ ή ݔ ݑെെ݉ ήݔ ݑ
ʹή݈  ݔΤݔ ݑ

ൌ

݉ ήʹ ݔ ݑ
݈ݔ

(Eq.2.18)

For all particles within our cubic box, the overall momentum transfer related to the pressure is given
by summing up the individual effects and replacing the squared velocity of the single particle with the
average quantity:
ൌ

ܨ

ܣ

ൌ

σ

݉ ήۄ ʹ ݔ ݑۃ
݈ݔ

ʹ

൙ ൌ ܰ ή ݉ ή( ۄ ݔ ݑۃEq.2.19)
݈͵ ݔ
݈ʹ ݔ
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or
 ή ܸ ൌ ܰ ή ݉ ή ( ۄ ʹ ݔݑۃEq.2.20)

Since all directions x, y and z have the same probability, the average squared velocity in 3d is given as
ͳ

leading to

 ۄ ʹݑۃൌ  ۄ ʹ ݔݑۃ  ۄ ʹ ݕݑۃ  ۄ ʹ ݖݑۃൌ ή ( ۄ ʹ ݔݑۃEq.2.21)
͵

ήܸ ൌܰή݉ή

ۄ ʹ ݑۃ
͵

(Eq.2.22)

According to the Maxwell-Boltzmann distribution (Eq.(2.14)), the average squared velocity of the
particles can be calculated, corresponding to an average kinetic energy per particle of
ͳ
ʹ

͵

ή ݉ ή  ۄ ʹݑۃൌ ή ݇ ܤή ܶ (Eq.2.23)
ʹ

Therefore, for a total number of gas particles ܰ ܣൌ ǤͲʹ ή ͳͲʹ͵ , we obtain:
ήܸ ൌܰή݉ή

ۄ ʹ ݑۃ
͵

ൌ ܰ ܣή ݇ ܤή ܶ ൌ ܴ ή ܶ (Eq.2.24)

with the gas constant given as ܴ ൌ ܰ ܣή ݇ ܤൌ ͺǤ͵ͳͶ ܬΤሺ݉ ݈݁ή ܭሻ!
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6ROXWLRQ:HVLPSO\XVHWKHPDVVSHUPROHFXOHP J1$DQGWKHIROORZLQJH[SUHVVLRQ
ͳ
ʹ

͵

ή ݉ ή  ۄ ʹݑۃൌ ή ݇ ܤή ܶ
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Real Gases, isotherms and critical conditions

For ideal gases, we ignored the particle volume as well as interparticle interactions, whereas in reality
gas particles are molecules or atoms which possess both characteristics. The interactive forces are either
caused by permanent dipoles or by fluctuating dipoles which depend on polarizability of a given molecule.
For example, in the case of noble gases the fluctuating dipoles increase from He to Xe resulting in greater
strength of attractive forces. To take these effects into account, we reformulate the ideal gas equation of
state into the so-called Van-der-Waals-equation:
ቀ 

or, with  ݒൌ

ܸ
݊

ቀ 

݊ ʹ ήܽ
ܸʹ

ܸ

ܸ

ቁ ή ቀ െ ܾቁ ൌ ሺ  ߨሻ ή ቀ െ ܾቁ ൌ ܴ ή ܶ 
݊

the molar volume:
ܽ

ʹݒ

݊

ቁ ή ሺ ݒെ ܾሻ ൌ ሺ  ߨሻ ή ሺ ݒെ ܾሻ ൌ ܴ ή ܶ 

(Eq.2.25 a)

(Eq.2.25 b)

Note that the pressure the real gas enacts on the wall of a container, compared to the ideal gas, is
reduced due to the attractive forces, i.e.  ݁ݎൌ  ݀݅െ ߨ ൏  ݀݅, whereas the sample volume itself is

increased by the molar particle volume, i.e.  ݁ݎݒൌ  ݀݅ݒ ܾ    ݀݅ݒIf you compare the ideal gas and
the real gas laws at identical ܴ ή ܶ this means that: (i) the external pressure to keep the volume of the

ideal gas constant has to be higher than in case of the real gas, and (ii) at given container volume V the
sample volume accessible by the gas particles is larger for ideal gases than for real gases. The excluded
volume b corresponds effectively to a short-range repulsive interparticle interaction. For spherical gas
particles, like noble gas atoms, it can be simply calculated from the single particle volume according to
the following sketch:

Fig. 2.3.: Excluded volume for one pair of spherical gas particles
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In Fig. 2.3., the dotted circle corresponds to the excluded spherical volume which contains only a single
particle at once. This volume is defined by two spherical particles at closest contact, and therefore has a
radius of twice the single particle radius, and correspondingly eight times the single particle volume. In
conclusion, since the sketch holds for two particles which exclude each other, the excluded volume per
single particle corresponds to four times the particle volume, i.e. ܾ ൌ Ͷ ή ܸ ݉ݐܣ

The overall interaction between two real gas particles is described by the interaction pair potential
sketched in figure 2.4. or
ܧሺߪሻ ൌ Ͷ ή ߝ ή ቀ

ߪ݉ ͳʹ
ߪ

ቁ

െቀ

ߪ݉ 
ߪ

ቁ ൨ (Eq.2.26)

.
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In Fig. 2.4., the parameter σm corresponds to the interparticle distance σ where attractive and repulsive
interaction energy compensate exactly, whereas the minimum position in the figure corresponds to the
stable state with maximum net attraction. Therefore, σm is a measure of the particle size of excluded
volume (see van-der-Waals-Eq.). Note that the depth of this minimum is parameterized by ε. This
parameter therefore provides a measure for the attractive interparticle forces or the internal pressure
of the van-der-Waals-Eq. In the Eq.(2.26), one should also note that the attractive interaction energy
based on dipole-dipole-attraction scales with inverse interparticle distance to the power of 6, whereas
the repulsive interaction caused by direct overlap of the electron clouds of neighboring particles has a
much shorter range and scales with inverse interparticle distance to the power of 12. Here, one should
recall that the attractive Coulomb interaction energy between a positive and a negative charge scales
with 1/σ, and therefore has a much longer range than dipole-dipole-attraction.

ܧሺߪሻ

ߪ

Fig. 2.4.: Interaction pair potential of real gas particles

Both internal pressure and excluded volume have a strong effect on the shape of the isotherms of a
real gas. Whereas the isotherm of the ideal gas at all temperatures according to Boyle, Mariotte (see
above) is a simple hyperbolic function, the van-der-Waals Eq. allows for three different typical shapes of
isotherms: above the critical temperature, the isotherms are similar to those of an ideal gas, and simply
hyperbolic. At the critical temperature, the isotherm shows a turning point with slope zero, the critical
point, whereas at lower temperature the isotherms show, with decreasing pressure and increasing volume,
first a minimum and then a maximum.
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Fig. 2.5.: Isotherms of a real gas above, at and below the critical temperature (from: Gerd Wedler und Hans-Joachim Freund, Lehrbuch
der Physikalische Chemie, p. 271, 6.Auflage, Weinheim 2012. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.)

Note that, for isotherms below the critical point, the part from D to C shown in figure 2.5., corresponds
to an increase in sample pressure with increasing sample volume, which is physically impossible. The
reason for this non-realistic behavior is that the van-der-Waals-Eq. (Eq.2.25) ignores the phenomenon
of phase transitions completely. In reality, if we start at point G with a real gas with high volume, low
pressure and subcritical temperature, and increase the pressure, the volume will decrease strongly until
we reach point A. From there, in our experiment, in contrast to the theoretical prediction of the vander-Waals-Eq., we will follow the horizontal line. This means the volume will decrease strongly while the
pressure keeps constant, which is simply the case due to condensation of our gas at constant pressure.
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Once we reach point B, all material has become liquid, and due to the low incompressibility of the
condensed phase the pressure now has to increase strongly if we try to further decrease the sample
volume. Here, it is important that the experimental horizontal connecting the pure liquid at B with
the pure gas at A can be constructed from the van-der-Waals-curve by keeping the area below the two
different curves, which corresponds to the overall work, identical. This is obvious since the energy change
of the system from point A to point B corresponding to the condensation heat has to be independent of
the process itself. At temperatures above the critical temperature, this condensation is not possible any
longer, and there is no difference between gas and liquid.
The macroscopic variables of state of the critical point, ሺ ܭǡ ܸ ܭǡ ܶ ܭሻ , can be expressed as simple functions

of the microscopic variables of the Van-der-Waals-Eq. ሺܽǡ ܾሻ and vice versa, if you consider that within

the isotherm at ܶ ൌ ܶ ܭit is a turning point with slope zero. Therefore, the first and second derivative
of ሺܸሻ have to be zero, that is,
݀

ቀ ቁ

ܸ݀ ܸ ܭǡ ܶܭ

ൌቀ

݀ʹ

ቁ

ܸ݀ ʹ ܸ ܭǡ ܶܭ

ൌ Ͳ (Eq.2.27)
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Solving the Van-der-Waals-Eq. and using, in addition, these derivatives, one obtains the following
relations between the microscopic van-der-Waals-parameters of a real gas and its critical point:
ͳ

ܾ ൌ ή ܸ( ܭEq.2.28)
͵

ͻ

ܽ ൌ ή ܴ ή ܶ ܭή ܸ( ܭEq.2.29)
ͺ

͵

 ܭൌ ή ܴ ή
ͺ

ܶܭ

ܸܭ

ൌ

ܽ

͵ήܾ ʹ

(Eq.2.30)

In conclusion, it is possible to determine the microscopic characteristics of the real gas, such as effective
single particle volume b and interparticle attraction a, via a macroscopic measurement of the pressure
in dependence of volume at constant temperature, and consequent identification of the critical point.
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2.3

The fundamental laws of thermodynamics

2.3.1

Definition of temperature

If two systems A and B coexist in thermal equilibrium, and also B is in thermal equilibrium with a 3rd
system C, then all three systems are in thermal equilibrium and have the same temperature. This simple
principle is the basis for temperature measurements as well as one foundation of phase equilibrium and
chemical equilibrium.
2.3.2

The first law of thermodynamics

The first law of thermodynamics is the law of conservation of energy including, in contrast to conventional
physics, heat as an additional means of energy exchange between system and environment. It is formulated
for differential changes or measurable changes in total energy U, respectively, as:
ܷ݀ ൌ ߜܳ  ߜܹ ڮοܷ ൌ ܳ  ܹ (Eq.2.31)

with U the internal energy, Q the heat flow, and W the work, i.e. typically volume work (expansion or
compression). To define the heat flow, we refer to adiabatic processes, where the system is thermally
isolated from its environment, and therefore οܷሺܽ݀ ሻ ൌ ܳ  ܹ ൌ ܹሺܽ݀ ሻ  therefore ܳ ൌ െܹ  ܹሺܽ݀ ሻ 
Note that heat and work are not quantities of state, in contrast to U, but depend on the process itself,
whereas οܷ only depends on the final and the initial state. As a consequence, Q and W also are not
total differentials, but have to be formulated as or ߜܳ RUߜܹ respectively. In experimental practice,

οܷ becomes important for processes at constant volume (isochors), since then it corresponds directly

to the heat exchange between system and environment. On the other hand, for isobaric processes the
heat transfer corresponds to the enthalpy change ο ܪ ܪൌ ܷ  ܸ, see Eq.(2.33)):

isochors:
isobars:		

ߜܹ ൌ Ͳ ՜ ܷ݀ ൌ ߜܳ ൌ ܸܿ ή ݀ܶ (Eq.2.32)

ߜܹ ൌ െ ܸ݀ൌ െܴ݀ܶ ՜ ݀ ܪൌ ݀ሺܷ  ܸሻ ൌ ߜܳ ൌ ܿ ή ݀ܶ 	

(Eq.2.33)

For illustration, let us consider these two processes with a system of 1 mole ideal gas. Note that, at given
heat exchange Q, the temperature effect οܶ will be larger in case of the isochoric process, since in case

of the isobaric part of the energy will be lost due to volume expansion work. As a consequence, the heat
capacity ܸܿ has to be smaller than ܿ namely ܿ െ ܸܿ ൌ ܴ for 1 Mol ideal gas.

Importantly, for the ideal gas the energy change for isothermal processes is zero, i.e. in general:
ܷ݀ ൌ ߜܳ  ߜܹ ൌ ܸܿ ݀ܶ ൌ Ͳ (Eq.2.34)

This means that the volume expansion work is compensated by heat exchange, or ߜܳ ൌ െߜܹ !
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For 1 mole ideal gas, this work can be calculated as:
ܹ݀ ൌ െ ܸ݀ൌ െ

ܴܶ
ܸ

ܸ ܴܶ

ܸ݀ ՜ ܹ ൌ െ ʹ ܸ
ͳ

ܸ

ܸ

ܸ݀ ൌ െܴܶ ή  ቀ ʹ ቁ (Eq.2.35)
ܸͳ

In contrast, for real gases one also has to take into account the internal work versus the attractive
interparticle interactions, and the total internal energy change is given as:

ܷ݀ ൌ ܸܿ ݀ܶ  ߨܸ݀ ൌ Ͳ (Eq.2.36)

Therefore, if a real gas is expanding into vacuum, both heat exchange (Q), volume work (W) and, as a
consequence of the first law of thermodynamics, the overall change in internal energy οܷ are all zero.
The temperature will thus drop to compensate for the internal work ߨܸ݀ 
(Joule’s experiment).

Finally, let us finish our discussion of the first law of thermodynamics in the context of ideal gas processes
with the adiabatic process. Here, the first law will allow us a very simple derivation of an equation of state
for adiabatic processes, which will come in handy in the next section about the 2nd law of thermodynamics.
For adiabatic processes of 1 Mol ideal gas the first law reads as following:
ܷ݀ ൌ ߜܳ  ߜܹ ൌ Ͳ െ  ܸ݀ൌ ܸܿ ݀ܶ ൌ ߜܹܽ݀ (Eq.2.37)
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To derive our equation of state, we insert the ideal gas law for p, and obtain:
െ

െ

ܴܶ
ܸ

ܸ݀
ܸ

ܸ݀ ൌ ܸܿ ݀ܶ (Eq.2.38)

ൌ

ܸܿ
ܴ

݀ܶ (Eq.2.39)

Integration of this differential with finite boundaries (T1,V1) as initial and (T2,V2) as final state yields
ܸ

Or

െ ቀ ʹ ቁ ൌ
ܸͳ

ܸܿ
ܴ

ܶ

 ቀ ʹ ቁ (Eq.2.40)
ܶͳ

ܸͳ ή ܶͳ ܸܿ Τܴ ൌ ܸʹ ή ܶʹ ܿ ܸ Τܴ ൌ ܿ( ݐݏ݊Eq.2.41)

If you apply the ideal gas law to replace T with p, and consider that for one mole ideal gas ܿ െ ܸܿ ൌ ܴ
then,

 ή ܸ ܿ Τܸܿ ൌ ܿ( ݐݏ݊Eq.2.42)

This is our equation of state for an adiabatic process, expansion or compression, of the ideal gas, allowing
us to calculate any missing variable of state.

Comparing this equation with the equation of state for the isotherm of an ideal gas (Boyle’s law:
 ή ܸ ൌ ܿ ݐݏ݊, we expect at identical volume expansion from identical initial states that the adiabatic
p(V) drops more in pressure than the isotherm, i.e. that also the temperature is lowered, since in this
case the expansion volume work is not compensated by heat exchange.
2.3.3

The 2nd law of thermodynamics and the Carnot process

Whereas the first law deals with the energy, the 2nd law of thermodynamics is concerned with a new
quantity of state, the entropy. We should note that in thermodynamics “order” is not just spatial order
in the usual 3-dim space. It rather refers to a “phase space” which includes momentum (velocity)
coordinates. For example, in an ideal gas, the spatial ordering of molecules is independent of temperature
at constant volume. However, the “order” in velocity space decreases with increasing temperature (and
increasing average molecular velocity in a gas) resulting in an increase of entropy. Quantitatively and
macroscopically, entropy is defined as the reversibly exchanged amount of heat between system and
environment at given temperature T
݀ܵ ൌ

݀ܳݒ݁ݎ
ܶ

 ՜  οܵ ൌ

ܳݒ݁ݎ
ܶ

ሺ݀ܶ ൌ Ͳሻ (Eq.2.43)
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This means that dU=TdS – dWrev, and we will show later that the reversible work is the maximum you can
get, as a theoretical limit. Eq.2.43 is the first part of the 2nd law of thermodynamics, defining the change
in entropy as a new fundamental quantity valid for strictly reversible processes.
To discuss the maximum work one can extract from a reversible cyclic process, we next consider the
famous Carnot process as a reference. This process describes an ideal reversible and therefore hypothetic
machine partially transferring heat into work. The principle is illustrated in figure 2.7.

Fig. 2.7.: thermodynamic machines – principle of the Carnot process

This machine is based on the reversible heat flow from a reservoir with higher temperature Tw to a
reservoir with colder temperature Tk. Note that both reservoirs are considered to be infinitely large, so
their temperature will not change during the process. Importantly, the amount of heat transferred to the
colder reservoir Q’ is smaller than the amount of heating taken from the hot one Q, and the difference
W = Q – Q’ can be used a volume expansion work. Note that the overall entropy change for this reversible
process is zero, i.e.
οܵ ݐݐൌ െ

ܳ

ܶݓ



ܳԢ

ܶ݇

ൌ Ͳ (Eq.2.44)

If we are running our machine in reverse direction, which should not change the respective amounts of

heat and work, since the process is perfectly reversible, we obtain a so-called heat pump, which transfers
heat from cold to warm upon work input, in the reverse direction compared to the spontaneous heat flow.
The efficiency of this type of machine transferring heat into work is defined as the ratio of work output
over heat input, i.e.
ߟൌ

ܹ
ܳ

ൌ

ܶ ݓെܶ݇
ܶݓ

൏ ͳ(Eq.2.45)
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Only if Tk = 0, a limit which according to the 3rd law of thermodynamics (see section 2.3.5.) can never be
reached in practice, the efficiency of our machine may reach one. In general, one cannot transfer heat Q
into work W without loss, and the highest efficiency possible is given by the reversible machine, a limit
which can never be reached in practice. Note that, in accordance with energy conservation, it could be
possible to transfer heat into work directly. However, the 2nd law tells us that this cannot be achieved:
meaning that heat somehow is a worse form of energy compared to work from a practical point of
view. This is directly related to entropy, as we will see. First, let us derive the above formula describing
our limit in heat-work conversion efficiency by discussion of the Carnot process in more detail. This
hypothetical ideal circular process is based on isothermal and adiabatic expansions and compressions,
as shown in figure 2.8.



ܣ

ܹ ܤܣൌ െܴ݊ܶ ݓή ሺܸ ܤΤܸ ܣሻ
ܳ ܤܣൌ ܴ݊ܶ ݓή ሺܸ ܤΤܸ ܣሻ

ܹ ܣܦൌ ܸ݊ܿ ή ሺܶ ݓെ ܶ݇ ሻ
ܳ ܣܦൌ Ͳ

ܤ

ܦ

ܹ ܦܥൌ െܴ݊ܶ݇ ή ሺܸ ܦΤܸ ܥሻ
ܳ ܦܥൌ ܴ݊ܶ݇ ή ሺܸ ܦΤܸ ܥሻ

ܹ ܥܤൌ ܸ݊ܿ ή ሺܶ݇ െ ܶ ݓሻ
ܳ ܥܤൌ Ͳ
ܥ
ܸ

Fig. 2.8: p-V- circle of the Carnot process

The first step is an isothermal expansion from A to B at the higher temperature Tw, i.e. the ideal gas here
remains in thermal equilibrium with the hotter reservoir. During this first step, the gas takes up the heat
amount Q = QAB from the hot reservoir to compensate the volume work. Next, the gas expands to C
adiabatically in thermal isolation, and therefore its temperature has to drop to Tk. The third step is an
isothermal compression to D, this time in contact (or thermal equilibrium) with the colder reservoir. To
compensate for the compression work, here the heat amount Q’ = QCD is transferred from the gas to the
reservoir. Finally, the circle is closed from D to A with an adiabatic compression, where the temperature
of the gas increases again to Tw. The amount of work and heat exchanged between gas and environment
during each step are shown in the figure.
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The amount of total work per cycle is given as
ܸ

ܸ

ȁܹȁ ൌ σȁܹ݅ ȁ ൌ ቚെܴܶ ݓή  ቀ  ܤቁ  ܸܿ ή ሺܶ݇ െ ܶ ݓሻ െ ܴܶ݇ ή  ቀ  ܦቁ  ܸܿ ή ሺܹܶ െ ܶ݇ ሻቚ (Eq.2.46)
ܸܣ

ܸܥ

or
ܸ

ܸ

ȁܹȁ ൌ ቚെܴܶ ݓή  ቀ  ܤቁ െ ܴܶ݇ ή  ቀ  ܦቁቚ (Eq.2.47)
ܸܣ

ܸܥ

Whereas the amount of heat needed to obtain this work, exchanged by the first step, is given as:
ܸ

ȁܳȁ ൌ ቚܴܶ ݓή  ቀ  ܤቁቚ (Eq.2.48)
ܸܣ

Because the two adiabatic curves in figure 2.8. connect different states with identical temperature,
respectively, the volume ratio has to be identical as well, i.e.
ܸܣ

ܸܦ

ൌ

ܸܤ
ܸܥ

 ՞ 

ܸܥ

ܸܦ

ൌ

ܸܤ
ܸܣ

(Eq.2.49)

If we insert this equation into Eq.2.46, we obtain for the efficiency of the Carnot machine:
ߟൌ

ȁσ ܹ݅ ȁ
ȁܳȁ

ൌ

ܸ
ܸ
ܴܶ ݓή ൬  ܤ൰െܴܶ݇ ή ൬  ܤ൰
ܸܣ

ܸ
ܴܶ ݓή ൬  ܤ൰
ܸܣ

ܸܣ

ൌ

ܶ ݓെܶ݇
ܶݓ

൏ ͳ(Eq.2.50)
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Work and heat exchanged during one working cycle between the ideal gas and the environment can
simply be expressed as definite integrals or areas in a p(V) or T(S) representation, respectively.

Fig. 2.9.: p-V- and T-S-diagram of the Carnot process, areas indicating the amount of transferred energy

Another reversible cyclic process with efficiency identical to that of the Carnot process is the Stirling
process, which corresponds to a Carnot cycle with the two adiabatics replaced by two isochors,
respectively.



ܣ

ܹ ܣܦൌ Ͳ
ܳ ܣܦൌ ܸ݊ܿ ή ሺܶ ݓെ ܶ݇ ሻ

ܹ ܤܣൌ െܴ݊ܶ ݓή ሺܸ ܤΤܸ ܣሻ
ܳ ܤܣൌ ܴ݊ܶ ݓή ሺܸ ܤΤܸ ܣሻ
ܤ

ܦ

ܹ ܦܥൌ െܴ݊ܶ݇ ή ሺܸ ܦΤܸ ܥሻ
ܳ ܦܥൌ ܴ݊ܶ݇ ή ሺܸ ܦΤܸ ܥሻ

ܹ ܥܤൌ Ͳ
ܳ ܥܤൌ ܸ݊ܿ ή ሺܶ݇ െ ܶ ݓሻ

ܥ

ܸ

Fig. 2.10: p-V- circle of the Stirling process
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Finally, the 2nd part of the 2nd law of thermodynamics is related to irreversible spontaneous processes.
Note that it is not possible to prove the following statements, but, according to common experience, the
following formulations of the 2nd law of thermodynamics in practice are always fulfilled.
i. For any irreversible spontaneous process the overall entropy (system + environment) has to
increase, i.e. οܵ  ͲThe general definition of the change in entropy at given temperature
ܳ
ܳ
ܳ
has been given by Clausius as οܵ   with οܵ ൌ for reversible processes, and οܵ 
ܶ

ܶ

ܶ

for irreversible processes, respectively. For system plus environment, the overall heat transfer
ܳ ൌ Ͳ therefore in case of irreversible processes οܵ  Ͳ

ii. Heat always flows, spontaneously, from warm to cold.

iii. An irreversible process is always less efficient than a reversible one, meaning that heat is
converted into work with a lower degree of efficiency. Let us consider a reversible machine
transferring heat into work (= generator), with an efficiency of:
ߟൌ

ܹ
ܳ

ൌ

ܶ ݓെܶ݇
ܶݓ

൏ ͳ (Eq.2.51)

Running the machine in reverse mode, i.e. transferring work into heat flow, we have built a
so-called heat pump with power conversion defined as:
ߝ ൌ ߟെͳ ൌ

ܳ

ܹ

ൌ

ܶݓ

ܶ ݓെܶ݇

 ͳ(Eq.2.52)

If we now compare two given machines or two given heat pumps working with identical

temperature reservoirs, one reversible and the other irreversible, according to the 2nd law of
thermodynamics
ߟ ݒ݁ݎ ߟ݅		 ݒ݁ݎݎ

and		

ߝ ݒ݁ݎ ߝ݅ݒ݁ݎݎ

Only for the reversible machine it is not important if it runs as a generator or as heat pump,
in respect to the respective amounts of transferred energy. On the other hand, if we reverse
the processes of our irreversible machine, not only the directions but also the amount of the
transferred energies will change, and therefore εirrev ≠ ηirrev-1.
Note that these different expressions for the 2nd law of thermodynamics related to spontaneous irreversible
processes are all equivalent, as can be shown simply if one considers a coupled machine consisting of a
generator and a heat pump both working between the same heat reservoirs, where the work generated
by machine I is used completely to run the heat pump (machine II). First, let us prove via this coupled
machine, in combination with the 2nd law of thermodynamics, that all reversible machines must have
identical efficiency and power conversion.
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Fig. 2.11: Coupling of reversible generator and reversible heat pump, assuming different efficiencies

We

Fig.2.11.: Coupling of reversible generator and reversible heat pump, assuming different efficiencies (left
as a generator
than the
right one) with different efficiencies, and choose the
first machine
assumemore
that efficient
there exist
two reversible
machines

generator as the machine with the higher efficiency, while the reversible machine with lower efficiency
is running in reverse mode as heat pump. In conclusion, we get
ȁܹȁ

ߟ ܫܫൌ ȁܳ

 ܫܫȁ

ȁܹȁ

൏ ߟ ܫൌ ȁܳ ȁ (Eq.2.53)
ܫ
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Fig.2.12.: Coupling of two processes, one reversible and the other irreversible, always leading to spontaneous
heat exchange, i.e. heat flowing from the hot to the cold reservoir.
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ȁܳ ܫȁ ൏ ȁܳ ܫܫȁand ȁܳ ܫԢ ȁ ൏ ȁܳ ܫܫԢ ȁ (Eq.2.54)

Fig.2.11.: to
Coupling
of reversible
and reversible
heat
assumingwhich
different
efficiencies (left
This corresponds
a spontaneous
flowgenerator
of heat from
the cold to
thepump,
hot reservoir,
is physically
machine more efficient as a generator than the right one)

not possible, or at least has never been observed.

Next, let us consider the coupling of a reversible and an irreversible machine. There are two possibilities:
either machine I is reversible and the heat pump II is irreversible, or the heat pump II is the reversible
machine and the generator I the irreversible one. Let us consider the first case:

Fig. 2.12: Coupling of two processes, one reversible the other irreversible, always leading to spontaneous heat exchange,
i.e. heat flowing
from the
the cold reservoir.
Fig.2.12.:
Coupling
ofhot
twotoprocesses,
one reversible and the other irreversible, always leading to spontaneous
heat exchange, i.e. heat flowing from the hot to the cold reservoir.

The reversible machine one, if running in reverse mode, should have a higher power conversion than
machine II. Note here again that only for the reversible machine it does not matter, in terms of amount of
heat and work exchange, in which mode the machine is running. If you reverse the mode of an irreversible
machine, as stated by the name, these amounts of energy transfer will change. For our coupled machine
we now get the following net effect:
ߝ ܫൌ

ȁܳ ܫȁ
ȁܹȁ

 ߝ ܫܫൌ

ȁܳ ܫܫȁ
ȁܹȁ

, or ȁܳ ܫȁ  ȁܳ ܫܫȁ DQGȁܳ ܫԢ ȁ  ȁܳ ܫܫԢ ȁ (Eq.2.55)

This corresponds to a spontaneous irreversible heat flow from the hot reservoir to the cold one. Also, it

should be noted that the change in entropy from the point of view of the two infinitely large reservoirs is
given by the expression in the figure, whereas from point of view of the irreversible machine οܵ  ܳΤܶ
As a consequence, the overall change in entropy for our coupled machine οܵ  ܳ ܫܫԢ Τܶ݇ െ ܳ ܫܫΤܶ݇ ൌ Ͳ,

or οܵ  Ͳ , which is another synonym for irreversibility.
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Finally, if we couple an irreversible generator I with a reversible heat pump II,
ȁܹȁ

ߟ ܫܫൌ ȁܳ

 ܫܫȁ

ȁܹȁ

 ߟ ܫൌ ȁܳ ȁ (Eq.2.56)
ܫ

Ԣ
Ԣ
or ȁܳ ܫȁ  ȁܳ ܫܫȁand ȁܳ ܫȁ  ȁܳ ܫܫȁ (Eq.2.57)

Again, the introduction of one irreversible process causes the spontaneous irreversible flow of heat from
hot to cold and an increase in overall entropy.
([DPSOH
&DOFXODWH WKH PLQLPXP HQHUJ\ QHFHVVDU\ WR FRRO  / RI ZDWHU ZLWKLQ D IULGJH IURP 7  57
URRPWHPSHUDWXUH& WR7 & $VVXPHWKDWWKHKHDWFDSDFLW\RIZDWHULVFRQVWDQW LQWKLV
WHPSHUDWXUHUHJLPH - J. DQGXVHWKH&DUQRWSURFHVVDVWKHEHVWFDVHUHIHUHQFH
6ROXWLRQ7KHDPRXQWRIKHDWZKLFKZLOOEHWUDQVIHUUHGIURPWKHZDUPZDWHUWRWKHVXUURXQGLQJV
KHUHWKHIULGJH ZLWKRXWDGGLWLRQDOFRROLQJLVJLYHQDV
ܳ ൌ ܿ ή οܶ ൌ ͶǤͳͺ ή ͳͲͲͲ ή ͳ ܬൌ ͳͲͲܬ

7RPDLQWDLQWKHWHPSHUDWXUHLQWKHIULGJHWKLVDPRXQWRIKHDWKDVWREHFRPSHQVDWHGIROORZLQJ
WKHZRUNLQJVFKHPHRIWKHKHDWSXPSLHWUDQVIHUULQJ-SOXVHOHFWULFDOZRUNLQWRDODUJHU
DPRXQWRIH[FHVVKHDWZKLFKLVWUDQVIHUUHGIURPWKHIULGJHLQWRWKHNLWFKHQ,QWKHEHVWFDVHWKH
HIILFLHQF\RIWKHWUDQVIHURIHOHFWULFDOHQHUJ\ ZRUN WRKHDWLVJLYHQDV
ߝൌ

ܳ

ܹ

ൌ

ܶݓ

ܶ ݓെܶ݇

ൌ

ʹͻͶ
ͳ

ൌ ͳǤʹͻ

,QDGGLWLRQHQHUJ\FRQVHUYDWLRQVWDWHVWKDWWKHDPRXQWRIZRUNSOXVFRPSHQVDWHGFRROLQJKHDW
-VHHDERYH KDVWRHTXDOWKHDPRXQWRIKHDWWUDQVIHUUHGIURPWKHIULGJHWRWKHNLWFKHQ
4 WKHUHIRUH
ߝ ൌ ͳǤʹͻ ൌ
ܹ ൌ Ͷ͵ʹܬ

ܳ

ܹ

ൌ

ܳ Ԣ ܹ
ܹ

ൌ

ͳͲͲ  ܬܹ
ܹ

!

ሺͳǤʹͻ െ ͳሻ ή ܹ ൌ ͳͲͲܬ

!

7RFRRO/RIZDWHUIURPURRPWHPSHUDWXUHWRWKH&ZLWKLQRXUIULGJHZHWKHUHIRUHDWOHDVW
QHHGWKHIROORZLQJDPRXQWRIHOHFWULFHQHUJ\

Ͷ͵ʹ ܬൌ Ͷ͵ʹܹ ή  ݏൌ ͳǤʹͳʹ ή ͳͲെ͵ ܹ݄݇
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The free energy and the free enthalpy:

From the 2nd law of thermodynamics and the meaning of reversibility, we realize that, to judge the
efficiency of a given chemical process, we have to introduce two more quantities of state which combine
energetic and entropic aspects, the free energy A (or Helmholtz energy) and the free enthalpy G (Gibbs
enthalpy). The total differential of these new quantities is given as:
݀ ܣൌ ݀ሺܷ െ ܶܵሻ ൌ ܶ݀ܵ െ  ܸ݀െ ܶ݀ܵ െ ܵ݀ܶ ൌ െܵ݀ܶ െ ( ܸ݀Eq.2.58)

+

(Eq.2.59)

Note that these formulae have been derived by using the following expression for the 1st law of
thermodynamics: ܷ݀ ൌ ܶ݀ܵ െ  ܸ݀ൌ ݀ܳ ݒ݁ݎെ  ܸ݀ൌ ݀ܳ ݒ݁ݎെ ܹ݀  ݒ݁ݎTherefore, one can show that

ο ܣൌ οܷ െ ܶοܵ is the maximum work which you can get from a given isotherm process, which is the

case if the process is reversible. Let us illustrate this with two quantitative examples:
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i. We consider an energetically favored, but entropically unfavorable, chemical process,
where both the energy and entropy of our system (subscript S) are decreasing (for example
crystallization of the solute out of a saturated solution), and calculate the exchange in heat
and work with the environment (subscript U) for the reversible and the irreversible case:

reversible:
irreversible:

οܷܵ ൌ െͳͲͲͲܬǡοܵܵ ൌ െͳͲ ܬΤ ܭǡܶ ൌ ͷͲ ܭ

therefore

ܳ ݒ݁ݎൌ ܶοܵܵ ൌ െͷͲͲܬǡܹ ݒ݁ݎൌ ο ܣൌ οܷܵ െ ܳ ൌ െͷͲͲܬ

ܳ݅ ݒ݁ݎݎ൏ ܶοܵܵ ൌ െͲͲܬǡܹ݅ ݒ݁ݎݎൌ ο ܣൌ οܷܵ െ ܳ ൌ െͶͲͲܬ

This means that in case of an irreversible process, the work you can get is always smaller than from the
reversible process.
ii. Next, let us consider a process which is both energetically and entropically favored (for
example burning of fuel).

reversible:
irreversible:

οܷܵ ൌ െͳͲͲͲܬǡοܵܵ ൌ ͳͲ ܬΤ ܭǡܶ ൌ ͷͲ ܭ, therefore
ܳ ݒ݁ݎൌ ܶοܵܵ ൌ ͷͲͲܬǡܹ ݒ݁ݎൌ ο ܣൌ οܷܵ െ ܳ ൌ െͳͷͲͲܬ

ܳ݅ ݒ݁ݎݎ൏ ܶοܵܵ ൌ ͶͲͲܬǡܹ݅ ݒ݁ݎݎൌ ο ܣൌ οܷܵ െ ܳ ൌ െͳͶͲͲܬ

Again, the work you can get from the process is largest for the reversible case. Note here that in our
example the work output is much larger than the energy change of the system!
The change in Gibbs free enthalpy has a similar meaning: it describes the maximum work you can get
from a process at isothermal and isobaric conditions, any work due to volume change of the system
excluded. This is derived as following:
݀ ܶܩൌ ݀ ܪെ ܶ݀ܵ ൌ ܷ݀  ݀ሺܸሻ െ ܶ݀ܵ ൌ ܹ݀ ݒ݁ݎ  ܸ݀ ܸ݀( Eq.2.60)

݀ܶܩǡ ൌ ܹ݀ ݒ݁ݎ  ܸ݀ൌ ሺܹ݀ ݒ݁ݎԢ െ ܸ݀ሻ   ܸ݀ൌ ܹ݀ ݒ݁ݎԢ (Eq.2.61)

with ܹ݀ ݒ݁ݎԢ the reversible or maximum work one can get with the exclusion of any volume work –pdV.

For example, this meaning of ο ܩis obvious if you consider electrochemical processes (see section 4):

ο ܩൌ െ ݖή  ܨή ( ܭܯܧEq.2.62)

where EMK is the maximum voltage you can get if your chemical battery is running reversible, and
െ ݖή  ܨή  ܭܯܧis the maximum output in electric energy or work.
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Fig. 2.13: difference of work (left) and heat (right), and the 2nd law of thermodynamics. Note that, if the gas is
expanding in one direction (= volume work), during this process a regular flow of the particles in this
direction is needed. In contrast, if the gas is heated at constant volume, only the velocity of the irregular
motion of the gas particles is increasing.

Obviously, the 2nd law of thermodynamics and all its consequences are based on a fundamental difference
between the two ways of energy transfer, work and heat. As shown in figure 2.13, work usually requires
some regular motion of all molecules of the system, whereas heat is just based on the average velocity
of the particles which are moving irregularly. As a consequence, heat has a “lower quality” and cannot
be transferred into the much more regular work by 100%.
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6XPPDU\RIWKHUPRG\QDPLFTXDQWLWLHVRIVWDWHDQGWKHLUSUDFWLFDOPHDQLQJ
L

LL

LLL

LQWHUQDOHQHUJ\
7KHFKDQJHLQLQWHUQDOHQHUJ\RID SURFHVVLVFRUUHVSRQGLQJWRWKHKHDWH[FKDQJHZLWKWKH
HQYLURQPHQWDWLVRFKRUFRQGLWLRQV
οܷܸ ൌ ܸܿ ή οܶ
ZLWKܸܿ WKHUHVSHFWLYHKHDWFDSDFLW\

HQWKDOS\
7KH FKDQJH LQ HQWKDOS\ RI D SURFHVV LV FRUUHVSRQGLQJ WR WKH KHDW H[FKDQJH ZLWK WKH
HQYLURQPHQWDWLVREDUFRQGLWLRQV
ο ܪൌ ܿ ή οܶ 
ZLWKܿ WKHUHVSHFWLYHKHDWFDSDFLW\1RWHWKDWIRUJDVHV PROSDUWLFOHV ܿ െ ܸܿ ൌ ܴ

HQWURS\
7KH FKDQJH LQ HQWURS\ FRUUHVSRQGV WR WKH UHYHUVLEO\ H[FKDQJHV KHDW GLYLGHG E\ WKH
WHPSHUDWXUHLIWKHSURFHVVLVUXQLVRWKHUP0RUHJHQHUDO
οܵ ൌ න

݀ܳݒ݁ݎ
݀ܶ
ܶ

1RWH WKDW LQ SUDFWLFH DOO SURFHVVHV DUH LUUHYHUVLEOH 7KHUHIRUH οܵ LV RQO\ D OLPLW ZKLFK
FDQ QHYHU EH PHDVXUHG GLUHFWO\ EXW EH GHWHUPLQHG E\ LQWHUSRODWLRQ XQGHU GLIIHUHQW
H[SHULPHQWDO FRQGLWLRQV DSSURDFKLQJ PRUH DQG PRUH WKH LGHDO UHYHUVLEOH FDVH IRU
H[DPSOHFKHPLFDOEDWWHULHVUXQQLQJDWYHU\ORZHOHFWURO\WHFRQFHQWUDWLRQV 
LY

IUHHHQHUJ\
7KH FKDQJH LQ IUHH HQHUJ\ LV WKH PD[LPXP ZRUN RXWSXW RQH FDQ JHW IURP D SURFHVV DW
LVRWKHUPFRQGLWLRQV
ο ܶ ܣൌ ܹݒ݁ݎ
$JDLQ WKLV LV D OLPLW ZKLFK FDQ QHYHU EH PHDVXUHG GLUHFWO\ EXW RQO\ EH GHWHUPLQHG E\
LQWHUSRODWLRQRIDVHULHVRIH[SHULPHQWDOGDWD

Y

)UHHHQWKDOS\
7KLVLVWKHPD[LPXPZRUNRXWSXWRQHFDQJHWIURPDSURFHVVDWLVRWKHUPDQGLVREDU
FRQGLWLRQVDQ\YROXPHFKDQJHHIIHFWH[FOXGHG)RUH[DPSOHWKLVFRXOGEH
οܶܩǡ ൌ ܹ ݒ݁ݎԢ ൌ െ ݖή  ܨή ܭܯܧ
HOHFWURFKHPLFDOZRUN

2.3.5

The 3rd law of thermodynamics

Whereas the 1st and 2nd law deal with the change of quantities of state, i.e. internal energy and entropy
the 3rd law provides the basis to determine one absolute value: it states that the entropy of a perfect single
crystal at T = 0 K equals zero, based on the fact that there is only one set of microscopic variables to
describe this perfectly ordered system.
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2.4

Heat capacities

2.4.1

Heat capacities of gases

We have seen in the last section that, if we try to determine changes in energy or enthalpy from
experimentally detected changes in temperature, the respective heat capacities are needed. In experimental
practice, these are typically determined by calibration. For pure systems, however, it is possible to predict
the heat capacities based on physical models of the microscopic effect of increasing heat on the single
particle motion.
For ideal gases, we already mentioned that the difference between isochor and isobar heat capacities in
case of 1 Mol particles is simply the gas constant R, which is easily derived as following:

or

ܳ ൌ ο ܪൌ οܷ  οܸ ൌ ܸܿ ή οܶ  ܴ ή οܶ ൌ ሺܸܿ  ܴሻ ή οܶ ൌ ܿ ή οܶ( Eq.2.63)
ሺܸܿ  ܴሻ ൌ ܿ(  Eq.2.64)

To get an estimate for Cv, we consider that a gas molecule consisting of N atoms is described by 3N
Cartesian coordinates x ,y and z, which gives, for the microscopic motion of a molecule, 3N different
degrees of freedom. 3 always are translation of the whole molecule in x, y and z direction, 3 more are
rotation for non-linear molecules, whereas linear molecules only have 2 rotational degrees of freedom
because there is no momentum of inertia if this type of molecule is rotating around its molecular main axis.
The remaining 3N – 6 or 3N – 5 degrees of freedom, respectively, are attributed to molecular vibrations.
Importantly, each degree of freedom of translation or rotation contributes with R/2 to the molar heat
capacity , while a vibrational degree of freedom contributes with R. This difference can be explained,
in a simplified way, by the different types of energy: translation and rotation are purely kinetic energy,
whereas vibration contains both kinetic and potential energy, since it describes the motion of atoms in
a force field. As an illustrative example, let us consider the two 3-atomic molecules CO2 and H2O.
							CO2:			H2O:
Degrees of freedom:		Translation:		3			3
				Rotation:		2			3
				

Vibration:		

9 – 5 = 4		

9–6=3

Therefore, the total molar heat capacity of each species is given as:
ܴ

ܴ

ܴ

ܴ

ܸܿǡ ʹܱܥൌ ͵ ή  ʹ ή  Ͷ ή ܴ ൌ Ǥͷ ή ܴ (Eq.2.65)
ʹ

ʹ

ܸܿǡ ܱ ʹܪൌ ͵ ή  ͵ ή  ͵ ή ܴ ൌ  ή ܴ (Eq.2.66)
ʹ

ʹ
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The heat capacities differ by nearly 10% just because one rotational degree of freedom is transferred to
a vibrational one, if you go from H2O to CO2.
Importantly, these heat capacities are limiting values reached at high sample temperature. To address
the vibrational degrees of freedom, you need a certain sample temperature already, typically several
100–1000 K. Rotation is more easily addressed already at room temperature, whereas translational
motion is for free, i.e. the 3 translational degrees of freedom are excited already at the evaporation
temperature irrespective of its value. As a consequence, the heat capacity of the gas increases stepwise
with temperature, and the position of the steps or characteristic excitation temperatures depend on
specific molecular parameters such as mass of atoms, bond lengths and bond strengths.

F9 7

7
Fig. 2.14: T-dependence of the heat capacity of gaseous molecules

2.4.2

Heat capacities of solids

The atoms within a solid cannot move nor rotate but only undergo vibrational motion. We therefore
expect a limiting heat capacity of 3R (law of Dulong-Petit), since for a solid consisting of N atoms all 3N
degrees of freedom correspond to vibrations, and therefore contribute with R per Mole to the heat capacity.
ܸܿǡ݉ ݎ݈ܽሺܶ ՜ λሻ ൌ ͵ܴ (Eq.2.67)

However, we have learned in the last section that vibrational modes are not accessible at very low

temperature. Therefore, experimentally the heat capacity of solids is given by the following expression
(Debye):
ܸܿǡ݉ ݎ݈ܽሺܶሻ̱ ቀ

ܶ

ȣ

͵

ቁ (Eq.2.68)

with ȣ the so-called Debye-temperature that is characteristic for a given solid material.
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The thermal accessibility of the vibrations of a solid has theoretically first been addressed by Einstein,
who assumed that all atoms have the same oscillatory frequency. According to the Boltzmann factor
(see above, section 2.2.2) one then would expect a molar internal energy given as
ܷ ൌ ͵ܰ ܮή ݄ ή ߥ ܧή ቈ

݄ ήߥ ܧ
ቁ
݇ήܶ
݄ ήߥ ܧ
ቁ
ͳെ ቀെ
݇ήܶ

 ቀെ

(Eq.2.69)

And correspondingly the heat capacity is the temperature-derivative, i.e.
ܸܿǡ݉ ݎ݈ܽൌ ቀ

ܷ݀
݀ܶ

ቁ ൌ ͵ܴ ή ቀ

݄ήߥ ʹ ܧ
݇ήܶ

ቁ ή

݄ ήߥ ܧ
ቁ
݇ήܶ
݄ ήߥ ʹ ܧ
ቂͳെ ቀെ
ቁቃ
݇ήܶ

 ቀെ

൩ (Eq.2.70)

At very high temperature, this complicated expression yields (Taylor-series-expansion of the exponential!)
ܸܿǡ݉ ݎ݈ܽሺܶ ՜ λሻ ൌ ͵ܴ ή ቀ

݄ήߥ ʹ ܧ
݇ήܶ

݄ ήߥ ܧ
݇ήܶ
݄ ήߥ ʹ
ቂͳെͳ  ܧቃ
݇ήܶ

ቁ ή

ͳെ

൩ ൎ ͵ܴ (Eq.2.71)

According to Eq.2.71, the Einstein model fulfills the Dulong-Petit-law valid for every solid consisting
of 1 Mole atoms at very high sample temperature. However, at low temperature the molar heat capacity
predicted by Einstein is smaller than the one experimentally found.
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The model by Debye describes the experimental result. In contrast to Einstein, he assumes that the
vibrations within a solid cover a whole spectrum of different oscillatory frequencies, starting from zero
to ߥ  ܧwith the probability (or better: degrees of freedom) of a given frequency as:
ܲሺߥሻ ൌ ͻܰ ή

ߥʹ

ߥ͵ ܧ

(Eq.2.72)

Note that the total number of degrees of freedom, given as the integral of ܲሺߥሻ, equals 3N. This distribution

of frequencies is plotted in figure 2.15:

3 Q

Q PD[

Q

Fig. 2.15: frequency spectrum of the oscillations of a solid

The consequence of this improved model developed by Debye is that oscillations of lower frequencies
are already accessible at lower temperatures. Therefore, the heat capacity at lower temperatures is larger
than predicted by Einstein, and in agreement with the experimental results. Physically, the existence of
lower frequencies is feasible if we consider the coupling of multiple atoms to one oscillator. The frequency
of a harmonic oscillator depends on the mass which is moving, and the force which is constraining this
movement. If you consider the coupling of atoms to an oscillating aggregate, the mass scales with the
total number of atoms whereas the force only scales with the number of surface atoms. Consequently,
the oscillatory frequency will decrease with increasing number of coupled atoms, vibration of the whole
solid body showing the smallest frequency possible.

2.5

Phase equilibrium

2.5.1

Pure components, p-T-diagrams

The Gibbs phase rule states that, in any given system in equilibrium, the maximum number of intensive
variables (= variables which do not depend on the size of the system, i.e. temperature, pressure) which can
be freely chosen without altering the state of the system is given as F = K – P + 2, with K the number of
chemical components and P the number of phases in coexistence. F is also called “degrees of freedom”. For
example, for an ideal gas we get P =1 and K =1, therefore F = 2, meaning you can chose temperature T and
pressure p independently without changing the state of the system, i.e. ideal gas. On the other hand, for
real matter at its triple point we get K =1 and P =3, therefore F = 0, i.e. no intensive variable can be chosen.
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The p-T-diagram of a real substance is shown in figure 2.16. It consists (at least!) of three different regions
for the different phases solid, liquid and vapor, and three different equilibrium curves which pair-wise
separate these regions. All three curves meet in one point, the triple point, where all three phases are
in equilibrium.

solid

liquid
critical pt.
triple pt.
gas

Fig.2.16:
p-T-phase
Fig. 2.16:
p-T-phase diagram
diagram

Let us start with the liquid-gas-equilibrium, where F = K – P = 1, meaning we can either chose the
pressure or the temperature independently. To obtain the relation between these two variables p(T),
the vapor pressure curve, we start with the equilibrium condition that the free Gibbs enthalpies of the
coexisting phases (1 = liquid, 2 = vapor) have to be equal, choosing (arbitrarily) 1 mole substance for
each phase. Here, one should note that the equilibrium conditions p, T will not depend on the amount
of matter considered in each phase. E.g., at normal pressure water always boils at 100°C irrespective of
the amount:
 ͳܩൌ ( ʹܩEq.2.73)

Note that Eq.(2.73) is directly related to the 2nd law of thermodynamics: for spontaneous processes or
ܳ

non-equilibrium οܵ   This yields, in case of isobaric and isothermal conditions or at given p, T that
ܶ
οܪ
οܵ   or ο ܩൌ ο ܪെ ܶοܵ  Ͳ i.e. the condition of stationary equilibrium. If we follow the vapor
ܶ

pressure curve shown in figure 2.16, the respective free enthalpies of the two coexisting phases will

change with temperature and pressure. However, since at any given point of the curve the stationary
phase equilibrium is maintained, these respective changes in free enthalpy have to be equal, leading to:
݀ ͳܩൌ െܵͳ ݀ܶ  ܸͳ ݀ ൌ ݀ ʹܩൌ െܵʹ ݀ܶ  ܸʹ ݀( Eq.2.74)
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Taking into account that the molar volume of the vapor phase exceeds that of the liquid phase by 3
orders of magnitude, and inserting the ideal gas equation for ܸʹ we obtain, after separating the variables:
݀ ൌ

ܵʹ െܵͳ
ܸʹ

݀ܶ ൌ

ܶήܵʹ െܶήܵͳ
ܶήܸʹ

݀ܶ ൌ

οܸ ܪ
ܶήܸʹ

݀ܶ ൌ

οܸ ܪ
ܴ

ή

݀ܶ
ܶʹ

ή ( Eq.2.75)

Integration from the triple point coordinates ሺܶͲ ǡ  Ͳሻ to an arbitrary point on the vapor pressure curve
leads to the Clausius-Clapeyron-equation:


 ቀ ቁ ൌ
Ͳ

οܸ ܪ
ܴ

ͳ

ͳ

ή ቀ െ ቁ (Eq.2.76)
ܶͲ

ܶ

Alternatively, any point on the vapor pressure curve ሺܶͲ ǡ  Ͳሻ can be chosen as reference, for instance the

boiling temperature at standard pressure 1 atm. The Clausius-Clapeyron-equation allows one to predict
the boiling behavior of a given pure substance. Note that boiling, corresponding to crossing the vapor-

pressure curve from liquid to vapor regime, can be achieved in two different ways: either increasing the
temperature at given pressure, or lowering the pressure at a given temperature (vacuum distillation).
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Sublimation, the phase transition from solid to vapor, can be described exactly the same way as the
liquid-vapor transition, since again the molar volume of the vapor phase exceeds that of the condensed
phase by several orders of magnitude. We simply consider 1 to be the solid phase, replace the evaporation
enthalpy by the sublimation enthalpy, and get in analogy to the Clausius-Clapeyron-equation:


 ቀ Ͳ ቁ ൌ


οܪ ܾݑݏ
ܴ

ͳ

ͳ

ή ቀ െ ቁ (Eq.2.77)
ܶ
ܶ
Ͳ

Note that, if our reference point is the triple point, this time we chose the variable point as the lower
integration boundary, since the sublimation curve runs from the triple point to the left in the p-T-diagram.
Finally, let us consider the solid-liquid equilibrium. Here, we have to consider both the volume of the
liquid and the solid phase. At not too high pressure, these volumes will be constant due to the very
low compressibility of a condensed phase, and the equilibrium condition ݀ ͳܩൌ ݀( ʹܩhere: 1 = solid,

2 = liquid) after separation of the variables leads to:

or:

݀ ൌ

οܪ ݏ
οܸ ݏ

 ൌ  Ͳ

݀ܶ

(Eq.2.78)

οܪ ݏ

ή  ቀ ቁ(Eq.2.79)

ή

ܶ

οܸ ݏ

ܶ

ܶͲ

Again, we chose the triple point as the reference ሺܶͲ ǡ  Ͳሻ since it is common to all three phase equilibria
curves. Note that the variable point ሺܶǡ ሻon the melting curve, as shown in the figure, has to be above

the triple point or at higher pressure. However, if the molar volume of the liquid phase is smaller than
that of the solid phase, as for example in case of water, the melting temperature T is smaller than ܶͲ
(anomalous behavior). As a consequence, one can melt water by applying pressure (see ice skating), or
fortunately for us (and for the fish) a lake or river freezes from the top, thereby partially isolating itself
from the cold air of the environment and rarely freezing completely.
We can simplify the melting curve expression if we consider that the melting temperature changes only
slightly with increasing pressure, and using a Taylor series expansion for the logarithm:
 ൌ  Ͳ

οܪ ݏ
οܸ ݏ

ܶ

ή  ቀ ቁ ൌ  Ͳ
ܶͲ

οܪ ݏ
οܸ ݏ

ή  ቀͳ 

ܶെܶͲ
ܶͲ

ቁ ൎ  Ͳ

οܪ ݏ
οܸ ݏ

ή

ܶെܶͲ
ܶͲ

(Eq.2.80)

This is a linear expression for p(T). Note that the slope of the melting line depends on ο ܸ ݏwhich is
typically positive (volume of the liquid phase is larger than that of the solid one), but can be negative
(anomalous behavior, for example water!).
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Partial molar quantities, the chemical potential

Before we discuss the phase behavior of multi-component systems, for example solutions or mixtures,
we have to introduce a new type of physical-chemical quantities, partial molar quantities. We will mainly
use the partial molar free enthalpy or chemical potential, but the difference between pure components
characterized by molar quantities, and mixture characterized by their partial molar correspondents, is
best illustrated via the molar volume.
(i) Partial molar quantities, the partial molar volume
In the ideal case, the total volume of a binary mixture is given by the respective sum of the molar volumes
of the pure components times the mole number of each component, respectively:
ܸ ൌ ݊ͳ ή ܸͳ Ͳ  ݊ʹ ή ܸʹ Ͳ (Eq.2.81)

However, in most cases specific interactions between the two types of molecules lead to a volume change
after mixing, which can be expressed by an excess term as:
ܸ ൌ ݊ͳ ή ܸͳ Ͳ  ݊ʹ ή ܸʹ Ͳ  οܸ݉݅ ݔൌ ݊ͳ ή ܸͳ  ݊ʹ ή ܸʹ (Eq.2.82)

Here, the excess term corresponds to the total difference of the molar volumes of the pure components and
the so-called partial molar volumes, which have to be used to describe the total volume of a real mixture:
οܸ݉݅ ݔൌ ݊ͳ ή ൫ܸͳ െ ܸͳ Ͳ ൯  ݊ʹ ή ൫ܸʹ െ ܸʹ Ͳ ൯ (Eq.2.83)

The practical meaning of these partial molar volumes is illustrated by the following fictional experiment:

take a given binary mixture to which we add an infinitesimally small amount of the two components 1
and 2, respectively. The corresponding change in volume then is given as
ܸ݀ ൌ ቀ

߲ܸ

߲݊ ͳ

ቁ ݀݊ͳ  ቀ

߲ܸ

߲݊ ʹ

ቁ ݀݊ʹ ൌ ܸͳ ݀݊ͳ  ܸʹ ݀݊ʹ (Eq.2.84)

The partial molar volumes therefore correspond to the partial derivatives of the total volume over the

molar amount of the respective component. Next, we consider a macroscopic volume consisting of
many of these infinitesimal volume changes dV, where the composition ݀݊ͳ  ݀݊ʹ is identical for all dV:

ܸ ൌ σ ܸ݀ ൌ ܸͳ σ ݀݊ͳ  ܸʹ σ ݀݊ʹ ൌ ܸͳ ݊ͳ  ܸʹ ݊ʹ (Eq.2.85)

Here, it should be stressed that the partial molar volumes only depend on the relative composition of
the mixture, and not on the absolute amounts of the components!
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Taking the differential of this expression we get:
ܸ݀ ൌ ݀ሺܸͳ ݊ͳ  ܸʹ ݊ʹ ሻ ൌ ܸ݀ͳ ݊ͳ  ܸͳ ݀݊ͳ  ܸ݀ʹ ݊ʹ  ܸʹ ݀݊ʹ (Eq.2.86)

On the other hand, we have shown before that
ܸ݀ ൌ ቀ

߲ܸ

߲݊ ͳ

ቁ ݀݊ͳ  ቀ

߲ܸ

߲݊ ʹ

ቁ ݀݊ʹ ൌ ܸͳ ݀݊ͳ  ܸʹ ݀݊ʹ (Eq.2.87)

Combining these two expressions for dV, we obtain the important Gibbs-Duhem-equation
ܸ݀ͳ ݊ͳ  ܸ݀ʹ ݊ʹ ൌ Ͳ or

݊ͳ ܸ݀ͳ ൌ െ݊ʹ ܸ݀ʹ (Eq.2.88)

This equation enables us to calculate the dependence of the partial molar volume of one component

on the composition of a binary mixture, if we measure this dependence for the other component. To
measure the partial molar volume of component 2, for example, one has to measure the total volume of
the mixture while only varying the amount of component 2, keeping the other variables ݊ͳ  pressure

and temperature constant. The partial molar volume V2 then is obtained as the tangential slope of a plot
of total volume V versus ݊ʹ  i.e.
ܸʹ ൌ ቀ

߲ܸ

ቁ

߲݊ ʹ ǡܶǡ݊ (Eq.2.89)
ͳ

www.sylvania.com

We do not reinvent
the wheel we reinvent
light.
Fascinating lighting offers an infinite spectrum of
possibilities: Innovative technologies and new
markets provide both opportunities and challenges.
An environment in which your expertise is in high
demand. Enjoy the supportive working atmosphere
within our global group and benefit from international
career paths. Implement sustainable ideas in close
cooperation with other specialists and contribute to
influencing our future. Come and join us in reinventing
light every day.

Light is OSRAM

Download free eBooks at bookboon.com

55

Click on the ad to read more

Basic Physical Chemistry

Thermodynamics

Note that this slope could be negative, as for example in case of pure water to which we add NaOH: here,
the formation of a more densely packed hydration shell leads to an overall contraction of the volume if
the amount of added NaOH is still small.
(ii) The chemical potential
Fundamentally much more important than the partial molar volume is the partial molar free enthalpy,
which is also called the chemical potential, and provides us with the criterion for phase equilibrium of
multi-component systems:
ߤͳ ൌ ቀ

߲ܩ

ቁ

߲݊ ͳ ǡܶǡ݊
ʹ

(Eq.2.90)

Note that for a pure component ( ݊ʹ ൌ Ͳ ), this chemical potential is simply the molar free enthalpy.

The chemical potential is the key quantity in the discussion of both phase equilibrium and chemical
equilibrium of mixtures, like the free enthalpy for the pure component phase equilibrium as we have
shown before. The equilibrium conditions for mixtures are ߤͳԢ ൌ ߤͳԢԢ (stationary) and ݀ߤͳԢ ൌ ݀ߤͳԢԢ 
respectively. The expression for the dependence of the chemical potential on the sample composition of
a binary mixture can easily be derived if we consider the mixing process of two different ideal gases A,

B. Note that therefore we will ignore any enthalpic contributions or specific interactions, and therefore
the difference between molar free enthalpy G and partial molar free enthalpy ߤ will only depend on

the mixing entropy!

(iii) Mixing free enthalpy of two ideal gases and the chemical potential
Before we will treat the phase equilibria of multicomponent systems or mixtures, we will derive an
expression for the chemical potential by considering the following mixing process of two different ideal
gases, as sketched in figure 2.17.
Q$9$S

Q$Q%9$9%S S$S%

Q%9%S

Fig. 2.17: Spontaneous mixing of two different ideal gases to deduce the free enthalpy of mixing

Before mixing, both gases with molar amount ݊ ܣand ݊  ܤrespectively, shall have the same pressure p.

The chemical potential, or molar free enthalpy, of gas A before mixing then is given as:


ܴܶ 

ߤ כ ܣሺሻ ൌ ߤכ ܣǡ   ܸ݀  ൌ ߤכ ܣǡ   
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݀ ൌ ܣܩǡ݉ ݎ݈ܽሺሻ (Eq.2.91)
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Here, the symbol * signifies pure component, and signifies standard conditions, i.e. here it refers to the
standard pressure of p = 1 bar. The total free enthalpy of our system before mixing (figure 2.17, left) is
therefore given as
 ܩൌ ݊ כ ܣߤ ܣ ݊ כ ܤߤ ܤൌ ݊ ܣቀߤכ ܣǡ  ܴܶ ή 





ቁ  ݊ ܤቀߤכ ܤǡ  ܴܶ ή 





ቁ (Eq.2.92)

After mixing, the two gases assume their respective partial pressures given by the molar fractions, i.e.
 ܣൌ

݊ܣ

݊  ܣ݊ ܤ

ή  ൌ  ܣݔή  ܤ  ൌ

݊ܤ

݊  ܣ݊ ܤ

ή  ൌ  ܤݔή ( Eq.2.93)

The total free enthalpy after mixing therefore is given as
 ܩԢ ൌ ቀߤכ ܣǡ  ܴܶ ή 

ܣ



and the free enthalpy of mixing is

ቁ  ݊ ܤቀߤכ ܤǡ  ܴܶ ή 

ο݉  ܩൌ  ܩԢ െ  ܩൌ ݊ ܴܶ ܣ

ܣ


 ݊ ܴܶ ܤ

ܤ


ܤ



ቁ (Eq.2.94)

ൌ ܴ݊ܶሺ ܣݔ  ܣݔ  ܤݔ  ܤݔሻ (Eq.2.95)

Note that the expression in brackets is negative. Therefore the free enthalpy of mixing is always < 0,
which is obvious since the mixing of two ideal gases is an irreversible spontaneous process.
Since we have considered here only entropic effects, the enthalpy of mixing has to be zero, and the
mixing entropy is simply given as:
ο݉ ܵ ൌ െ ቀ

݀ο݉ ܩ
݀ܶ

ቁ ൌ െܴ݊ሺ ܣݔ  ܣݔ  ܤݔ  ܤݔሻ (Eq.2.96)

This is always > 0, which is obvious for an irreversible spontaneous process according to the 2nd
fundamental principle of thermodynamics.
In the following, we will use this general expression for the chemical potential of an ideal purely entropic
mixture irrespective of its state (gas, liquid or solid):
ߤ ܣൌ ߤ כ ܣ ܴܶ  ( ܣݔEq.2.97)

Note again that ߤ כ ܣrefers to the pure component at identical pressure and temperature as the mixture,

and therefore is the molar free enthalpy ܣܩǡ݉ ݎ݈ܽ.
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Phase behavior of binary systems – liquid-vapor-transition

We start with a liquid mixture containing only one evaporative component, the solvent, and will derive
a formula for the increase in boiling temperature in respect to that of the pure solvent. This system is
formally sketched in figure 2.18.

$

YDSRU

$%

OLTXLG

Fig. 2.18: Phase equilibrium between a binary liquid mixture
and the pure vapor of the volatile component A

At equilibrium, the chemical potentials of component A, which coexists in both the vapor and the liquid
phase, have to be identical, respectively, or
ߤܣԢ ൌ ߤܣԢԢ (Eq.2.98)
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Since we are interested in the dependence of boiling temperature on concentration of component B in
the liquid phase, we have to use the derivative, or:
݀ߤܣԢ ൌ ݀ߤܣԢԢ (Eq.2.99)

To avoid differentiation of the expression ܴܶ   ܣݔwhich is part of the chemical potential of the binary

liquid phase, we consider alternatively
݀

݀

ߤ ܣԢ
ܶ

ൌ݀

ߤ ܣԢ כ

ߤ ܣԢԢ

(Eq.2.100)

ܶ

 ܴ ή ݀  ܣݔԢ ൌ ݀

ܶ

ߤ ܣԢԢ כ
ܶ

(Eq.2.101)

Note that the pressure in this case is kept constant, the only intensive variable being the boiling
temperature T and the concentration or molar fraction of the solvent in the liquid phaseHܣݔԢ 
To solve this differential equation and thereby obtain a quantitative relation between phase transition
ܩ

temperature and solute concentration, we need the total differential of   which is given as:
ܩ

݀ቀ ቁ ൌ െ
ܶ

ܪ

ܶʹ

ܶ

ܸ

݀ܶ  ݀( Eq.2102)
ܶ

Ԣ
Noting that ߤܣԢ כൌ ܣܩǡ݉ݎ݈ܽ
ൌ ܣܩԢ  כwe obtain

െ
ቀ

ܣܪԢ כ
ܶʹ

݀ܶ  ܴ ή ݀  ܣݔԢ ൌ െ

 ܣܪԢԢ כ
ܶʹ

െ

ܣܪԢ כ
ܶʹ

ቁ ݀ܶ ൌ

οܸ ܣܪ
ܶʹ

 ܣܪԢԢ כ
ܶʹ

݀ܶ (Eq.2.103)

݀ܶ ൌ െܴ ή ݀  ܣݔԢ (Eq.2.104)

with οܸ  ܣܪthe molar evaporation enthalpy of component A. Integration with the boundaries pure solvent
ܶ ൌ ܶܣݔ  כ ܣԢ ൌ ͳ , p = 1 bar ) and an arbitrary mixture ܶ ܣݔԢ , p = 1 bar), we finally get:
οܸ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ቁ ൌ െ  ܣݔԢ (Eq.2.105)

ܶכ ܣ

Note that ܶ ൏ ܶ כ ܣ, i.e. the mixture has a higher boiling temperature than the pure solvent. Also, this
effect is purely of entropic origin, since our derivation is based on the chemical potential using the formula
we previously have deduced from the mixing free enthalpy of ideal gases. Therefore, the effect also does
not depend on the chemical nature of the solute component B, but only on the relative concentration,
or better, the molar fraction of the solvent in the liquid phase ܣݔԢ 
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This type of entropy-based effect found in binary mixtures is also called a colligative phenomenon,
further examples are lowering of the freezing temperature (see next chapter), lowering of the vapor
pressure which is the direct correspondent of the increase in boiling temperature (law of Raoult), and
finally osmotic pressure. All respective mathematical expressions are derived from the same principle,
i.e. the equality of the chemical potential of the solvent component in both coexisting phases ߤܣԢ ൌ ߤܣԢԢ 
This leads us to an alternative derivation of the increase of boiling temperature formula merely based
on this stationary phase equilibrium ߤܣԢ ൌ ߤܣԢԢ and avoiding the explicit mathematical solution of any
differential equation:

We start with the stationary phase equilibrium given as:
ߤܣԢ  כܴܶ ή  ܣݔԢ ൌ ߤܣԢԢ ( כEq.2.106)

and therefore, using the Gibbs-Helmholtz-expression οܸ  ܣܩൌ οܸ  ܣܪെ ܶοܸ ܵ ܣ

ߤܣԢԢ  כെߤܣԢ כൌ οܸ  ܣܩൌ οܸ  ܣܪെ ܶοܸ ܵ ܣൌ ܴܶ ή  ܣݔԢ (Eq.2.107)

with οܸ  ܣܪthe molar evaporation enthalpy of the pure solvent, and οܸ ܵ ܣthe molar evaporation

entropy. The evaporation entropy, defined as the reversible heat uptake normalized by the evaporation
temperature, can simply be replaced if we consider this equation at the boundary case of the pure solvent
ܶ ൌ ܶܣݔ  כ ܣԢ ൌ ͳ , p = 1 bar ):

οܸ  ܣܪെ ܶכ ܣή οܸ ܵ ܣൌ ܴܶ ή  ͳ ൌ Ͳ , or οܸ ܵ ܣൌ

and we immediately obtain our above result
οܸ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

οܸ ܣ ܪ
ܶכ ܣ

(Eq.2.108)

ቁ ൌ െ  ܣݔԢ (Eq.2.109)

ܶכ ܣ

Note that this expression can further be simplified if we consider very dilute solutions, i.e. comparatively
small values of ܤݔԢ ൌ ͳ െ ܣݔԢ and use the Taylor series expansion of the logarithm:
οܸ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ቁ ൌ െ ሺͳ െ ܤݔԢ ሻ ൎ ܤݔԢ (Eq.2.110)

ܶכ ܣ

Also the left hand side of this equation can be simplified considering that the change in boiling temperature
οܶ ൌ ܶ െ ܶ כ ܣwill be comparatively small for such dilute systems:
οܸ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ቁൌ

ܶכ ܣ

οܸ ܣܪ
ܴ

ቀ

ܶെܶכ ܣ
ܶכ ܣήܶ

ቁൎ

οܸ ܣ ܪ
ܴ

ቀ
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οܶ

ܶʹכ ܣ

ቁ ൌ ܤݔԢ (Eq.2.111)
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Finally, we will get the following simple formula for the colligative phenomenon of boiling temperature
increase:
οܸ ܣܪ

Or

ܴ

ቀ

οܶ ൌ

οܶ

ܶʹכ ܣ

Ԣ
݊ܤ

ቁ ൌ ܤݔԢ ൎ

ܴήܶ ʹכ ܣήܣܯ
οܸ ܣܪ

ή

Ԣ
݉ܤ

ܤܯ

݊ ܣԢ

ή

ͳ

ൌ

݉ ܣԢ

݉ Ԣܤ
ܤܯ
Ԣ
݉ܣ
ܣܯ

ൌ

Ԣ
݉ܤ

ܤܯ

ή

ܣܯ

݉ ܣԢ

(Eq.2.112)

(Eq.2.113)

Here, ݊ܤԢ is the molar amount of solute in the mixture, ݉ܤԢ the solute mass and MB the molar mass of
the solute, index A accordingly for the solvent component in the mixture. The effect οܶ is therefore, in

case of dilute solutions, directly proportional to the molal concentration of the solute B, and it does not
depend on the chemical nature of the solute but only on that of the solvent, with the proportionality

360°
thinking

factor, also called ebulioscopic constant, given as

360°
thinking

.

ܴήܶ ʹכ ܣήܣܯ
οܸ ܣ ܪ



.
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Next, we consider the liquid-vapor-equilibrium of a binary mixture where both components A and B
are volatile, as sketched below:

$%

YDSRU

$%

OLTXLG

Fig. 2.19: Phase equilibrium between a binary liquid mixture
and the vapor mixture in case both components are volatile

The vapor pressure of the liquid phase then is given by Raoult’s law, i.e. summing up the reduced (in
respect to the pure liquid) vapor pressures of both components A and B
 ൌ ܣݔԢ ή  כ ܣܤݔԢ ή כ ܤൌ ܣݔԢ ή  כ ܣሺͳ െ ܣݔԢ ሻ ή כ ܤൌ  כ ܤሺ כ ܣെכ ܤሻ ή ܣݔԢ (Eq.2.114)

This linear equation describes the boiling line, with the two intercepts  כ ܣand  כ ܤthe vapor pressures

of the pure liquid, respectively.

For the composition of the vapor phase we use Dalton’s law, which describes the partial pressure of
component A as:
 ܣൌ ܣݔԢԢ ή ( Eq.2.115)

At equilibrium for two coexisting phases, the overall pressure as well as the pressure per component
must be identical for liquid and vapor state. Therefore, we simply may insert the linear equation for p
into Dalton’s law, and obtain either a relation for the composition of the vapor phase in respect to that

of the liquid phase (= coexistence curve), or for the gas pressure as a function of vapor composition
(condensation curve):
ܣݔԢԢ ൌ

ൌ

ܣ ݔԢ ήכ ܣ 

כ ܤ ሺכ ܣ െכ ܤ ሻήܣ ݔԢ
כ ܣ ήכ ܤ 

כ ܣ ሺכ ܤ െכ ܣ ሻήܣ ݔԢԢ

(Eq.2.116)

(Eq.2.117)
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[$µµ

כ ܣΤכ ܤ ͳ

כ ܣΤכ ܤൌ ͳ

 [$µ
Figure 2.20: Coexistence curves – compositions of liquid and corresponding vapor phase

The figure shows some examples: if both components have the same volatility, i.e. כ ܣൌ  כ ܤthe

composition of the liquid and the vapor phase is identical, and distilling leads to no fractionation of
the liquid mixture. On the other hand, if one component has a higher volatility, e.g. כ ܣ  כ ܤthe
more volatile component A becomes enriched in the vapor phase upon vacuum distillation ( ܣݔԢԢ  ܣݔԢ ).
If you combine the boiling line and the condensation curve (Eqs.2.114 and 2.117), you get the isotherm
phase diagram of boiling for an ideal, i.e. purely entropic, binary mixture.
S
S$

S%



[$µ[$µµ



Fig. 2.21: Isothermal boiling curve of an ideal binary mixture, and the principle of distillation
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The average composition of the whole system comprising both liquid and vapor is given as
 ܣݖൌ

ܰ Ԣ ήܣ ݔԢ ܰԢԢ ήܣ ݔԢԢ
ܰ

(Eq.2.118)

with ܰ Ԣ the total amount of particles (both A and B!) in the liquid phase, and ܰԢԢ correspondingly the
total amount of particles in the vapor phase. Boiling line and condensation curve enclose the two-phase-

region, where liquid and vapor phase coexist, with respective compositions given by the horizontal
intersection with the boiling line or condensation curve, respectively.
Finally, the arrows inserted in figure 2.21 illustrate how a vacuum distillation proceeds: if the pressure
becomes smaller than the limit defined by the boiling line, we get the formation of vapor enriched in the
component A of higher volatility. Further lowering the pressure leads to a decrease in component A in the
liquid phase, but, if all vapor is collected in the same flask, also a decrease in A in the vapor phase compared
to the first vapor formed, until all liquid has been evaporated and the overall vapor composition corresponds
to the composition of the original liquid mixture. This also illustrates the obvious fact that, if distillation is
used for purification of a liquid, one has to collect the vapor in different flasks successively (fractionation).
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For fractionated distillation, you can either lower the pressure, in which case you need the isothermal
boiling phase diagram to predict the process, or you can increase the temperature. This leads us to the
isobar boiling phase diagram sketched in figure 2.22. The corresponding equations are derived from
the stationary equilibrium condition ߤܣԢ ൌ ߤܣԢԢ ,analogous to the colligative phenomenon of increase in

boiling temperature derived before (see Eq.2.98).

7
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Fig. 2.22: Isobar boiling curve of an ideal binary mixture, and the principle of distillation

The only difference is that this time both the vapor and the liquid phase are a mixed phase, therefore:

or

ߤܣԢ  כܴܶ ή  ܣݔԢ ൌ ߤܣԢԢ  כܴܶ ή  ܣݔԢԢ (Eq.2.119)
ߤܣԢԢ  כെߤܣԢ כൌ οܸ  ܣܩൌ οܸ  ܣܪെ ܶ ή οܸ ܵ ܣൌ ܴܶ ή  ܣݔԢ െ ܴܶ ή  ܣݔԢԢ ൌ ܴܶ ή 

Using again the pure liquid A as boundary condition, we can replace the entropy:
ͳ

οܸ  ܣܪെ ܶכ ܣή οܸ ܵ ܣൌ ܴܶכ ܣή  ൌ Ͳǡοܸ ܵ ܣൌ
ͳ

And finally we get:


ܣ ݔԢ

ܣ ݔԢԢ

ൌ

οܸ ܣ ܪ

ൌ

οܸ ܤ ܪ

ܴ

ή

ܶെܶכ ܣ

ή

ܶെܶכ ܤ

ܶήܶכ ܣ

οܸ ܣ ܪ
ܶכ ܣ

ܣ ݔԢ

ܣ ݔԢԢ

(Eq.2.120)

(Eq.2.121)

(Eq.2.122)

And analogous for the 2nd component B:


ܤ ݔԢ

ܤ ݔԢԢ

ܴ

ܶήܶכ ܤ

(Eq.2.123)
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Inserting ܤݔԢ ൌ ͳ െ ܣݔԢ  ܤݔԢԢ ൌ ͳ െ ܣݔԢԢ , and replacing ܣݔԢԢ , we finally obtain the following relative
complicated expression for the isobar boiling curve:
ܣݔԢ

ൌ

ο ܪ
ͳ
ͳ
ͳെ  ܸ  ܤή൬
െ ൰൨

ܴ
ܶܶ כ ܤ
οܸ ܣ ܪ
ο ܪ
ͳ
ͳ
ͳ
ͳ
ή൬
െ ൰൨െ  ܸ  ܤή൬
െ ൰൨
 
ܴ
ܶܶ כ ܣ
ܶܶ כ ܤ
ܴ

(Eq.2.124)

Importantly, ܶ כ ܣand ܶ כ ܤin this formula are the boiling temperatures of the respective pure

components at the pressure of the experiment, which is not necessarily the standard pressure 1 bar!

Note that we can derive this expression in a much simpler way if we insert the Clausius-Clapeyronequation, connecting vapor pressure and boiling temperature of the pure components, i.e.:
 ቀ

כ ܺ ሺܶሻ

כ ܺ ሺܶܺ כሻ

ቁൌ

οܸ ܺ ܪ
ܴ

ήቀ

ͳ

ܶܺ כ

ͳ

െ ቁǡ כ ܺሺܶሻ ൌ  כ ܺሺܶܺ כሻ ή  ቂ
ܶ

οܸ ܺ ܪ
ܴ

ήቀ

ͳ

ܶܺ כ

ͳ

െ ቁቃ (Eq.2.125)
ܶ

into the isothermal boiling curve, with  ൌ  כ ܺሺܶܺ כሻ the actual laboratory pressure or boiling pressure
(i.e.: at ܶ ൌ ܶܺ  כwe have  ൌ  כ ܺand therefore the pure liquid X would be boiling)
ܣݔԢ ൌ

െכ ܤ 

כ ܣ െכ ܤ 

(Eq.2.126)

Finally, we consider a non-ideal mixture, where the interparticle attraction between molecules of
component A and B is weaker than the intermolecular attraction between molecules of the same species
(A or B). In this case we find a minimum in the boiling curve (see figure 2.23).
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Fig. 2.23: Isobaric boiling curve of an azeotropic binary mixture (azeotropic minimum, e.g. water/ethanol)
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This type of interactions destabilizes the liquid phase, and therefore shifts the boiling temperature
towards lower values in comparison to the boiling point of pure components A or B, respectively. As a
consequence, the boiling curve intersects with the condensation curve at the minimum, and a knot is
formed in the two-phase-region, also called azeotropic point. At this composition, the vapor upon boiling
shows the identical composition as the liquid phase, and no purification by distillation is possible. An
example of this type of maximum-azeotrop is the mixture H2O/EtOH.
If the interactions between molecules of type A and B are stronger than the attractive interactions A-A
or B-B, the azeotrop is a maximum in the condensation curve, and the boiling curve forms the knot.
An example of this type of azeotrop is a mixture of H2O and HNO3.
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2.5.4

Thermodynamics

Phase behavior of binary systems – solid-liquid-transition

We start again with the simplest case: a binary mixture of components A and B in equilibrium with a
pure solid of component A.

$%

OLTXLG
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Fig. 2.24: Phase equilibrium between a binary liquid mixture
A, B, and the pure solid of the component (A)

As in case of the liquid-vapor equilibrium discussed before, the chemical potentials of component A,
which coexists in both the liquid and the solid phase, have to be identical, respectively, or
ߤܣԢ ൌ ߤܣԢԢ (Eq.2.127)

Since we are interested in the dependence of melting temperature on concentration of component B in
the liquid phase, we have to use the derivative, or:

݀ߤܣԢ ൌ ݀ߤܣԢԢ (Eq.2.128)

As before in case of the increase in boiling temperature of a binary liquid mixture, we get at constant
pressure the relation:
൬

݀ܶ

݀  ܣ ݔԢ

൰ ൌ


ܴܶ ʹ

ܣܪԢ כെܣܪԢԢ כ

ൌ

ܴܶ ʹ

οܵ ܣܪ

(Eq.2.129)

with οܵ  ܣܪthe molar melting enthalpy of component A. Integration of this differential equation leads to
οܵ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ቁ ൌ  ܣݔԢ (Eq.2.130)

ܶכ ܣ

Note that this expression again can further be simplified if we consider very dilute solutions, i.e.
comparatively small values of ܤݔԢ ൌ ͳ െ ܣݔԢ  and use the Taylor series expansion of the logarithm:
οܵ ܣܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ቁ ൌ ሺͳ െ ܤݔԢ ሻ ൎ െܤݔԢ

ܶכ ܣ

(Eq.2.131)
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Also the left hand side of this equation can be simplified considering that the change in melting
temperature οܶ ൌ ܶ െ ܶ כ ܣwill be comparatively small for such dilute systems:
οܵ ܣܪ

ͳ

ܴ

ቀെ 

οܵ ܣܪ

οܶ

ܶ

ͳ

ቁൌ

ܶכ ܣ

οܵ ܣ ܪ
ܴ

ቀ

ܶെܶכ ܣ
ܶכ ܣήܶ

ቁൎ

οܸ ܣܪ
ܴ

ቀ

െοܶ

ܶʹכ ܣ

ቁ ൌ െܤݔԢ (Eq.2.132)

Finally, we will get the following simple formula for the colligative phenomenon of melting temperature
decrease:

ܴ

or

ቀ

οܶ ൌ

ܶܣ

ʹכ

ቁ ൌ ܤݔԢ ൎ

ܴήܶ ʹכ ܣήܣܯ
οܵ ܣܪ

ή

Ԣ
݉ܤ

ܤܯ

Ԣ
݊ܤ

݊ ܣԢ

ή

ͳ

ൌ

݉ ܣԢ

݉ Ԣܤ
ܤܯ
݉ Ԣܣ
ܣܯ

ൌ

Ԣ
݉ܤ

ܤܯ

ή

ܣܯ

݉ ܣԢ

(Eq.2.133)

(Eq.2.134)

Here, ݊ܤԢ is the molar amount of solute in the mixture, ݉ܤԢ the solute mass and MB the molar mass of

the solute, index A accordingly for the solvent component in the mixture. The effect οܶ is therefore, in
case of dilute solutions, directly proportional to the molal concentration of the solute B, and it does not
depend on the chemical nature of the solute but only on that of the solvent, with the proportionality
factor, also called cryoscopic constant, given as

ܴήܶ ʹכ ܣήܣܯ
οܵ ܣܪ



Consider the following experiment to measure the melting temperature: a beaker containing the liquid
sample, either pure solvent or solution, is embedded with a cooling bath, say a water/ice-mixture
including salt. In case the cooling process is very slow, the sample freezes at equilibrium conditions, and
the following cooling curves are obtained for pure solvent and solution, respectively:

7

7


7$




7$






W

W

Fig. 2.24: Experimental cooling curves of pure liquid (left) and a binary mixture containing only one crystallizable
component (right)
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In case of the pure solvent, first the liquid is cooled until its freezing temperature is reached (1). At T = TA*,
the solid phase is formed, and the temperature is kept constant until all liquid is frozen (2). Formally,
at this stage the cooling is compensated by the heat of freezing, leading to a constant temperature. If all
liquid is frozen, the pure solid is further cooled (3).
In case of the solution, first the freezing temperature TA is lower than in case of the pure solvent due
to the colligative phenomenon of lowering of the freezing temperature. In addition, the temperature is
further decreasing once the freezing has started, since freezing of the solvent causes a further increase
of the dissolved solute in the liquid phase, enhancing the colligative effect (2). Finally, once all solvent
has frozen, a solid phase is further cooling (3).
Next, let us consider the case where both components A, B are freezing, but not forming a mixed
crystal in the solid phase. In this case, the phase behavior is a combination of the system we have just
discussed, i.e. freezing of only the solvent, where the role of the solvent is played either by component
A or B, respectively.
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Fig. 2.25: Phase equilibrium between a binary liquid mixture and the solid phase in case both components may crystallize but do
not form a mixed crystal
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Figure 2.26: Isobar melting diagram of a binary mixture with Eutectic point
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At small volume fractions of component B (left side of the diagram), A plays the role of the solvent: at
xB = 0 the transition from liquid to solid takes place at the freezing temperature of the pure component
A (T = TA*), and it is decreasing with increasing xB due to the increase in the colligative phenomenon
of freezing temperature suppression. In this region, only component A is found in the solid phase! On
the other hand, at large volume fraction xB component B plays the role of the solvent: at xB = 1 the
freezing temperature is that of pure component B (T = TB*), decreasing with decreasing xB (or increasing
xA = 1 – xB) again following the increase of the colligative freezing point suppression.
Both freezing point suppression curves intersect at an intermediate concentration (in the figure at
xB = 0.6), the Eutectic point. Formally, this point correspond to the azeotropic knot in the phase diagram
of boiling of a binary liquid mixture: at this temperature, both components A and B are freezing, but not
mixing within the solid phase on a molecular level! At this point, therefore, the liquid mixture cannot
be purified by crystallization.
Another aspect is the number of thermodynamic degrees of freedom, or independent intensive variables,
also given in the figure: in the region of the pure liquid, F = 3, namely pressure, temperature and
composition xB. In the two-phase regions, F is only 2: at given temperature, the compositions of the liquid
and the solid phase are defined, or, at given composition of the liquid phase, the melting temperature is
defined. Therefore, xB and T cannot be chosen independently without leaving the state of two coexisting
phases. Note that in this region the composition of the solid phase is either simply xB = 1 or xB = 0.
Finally, in the pure solid region, F also is only 2, since the composition of the two coexisting solid phases
is xB = 1 and xB = 0, respectively.
This melting diagram leads to the following experimental cooling curve:
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Figure 2.27: Experimental cooling curve for a binary mixture with Eutectic point
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In region (1), the pure liquid is cooling until at T = TA the pure component A (xB = 0) starts to freeze.
In region (2), component A continues to freeze, leading to an increase of the solute component B in the
liquid phase and consequently a further decrease of the freezing temperature, until, at the eutectic point,
also component B starts to freeze. In region (3), both components A and B freeze and the composition
of the liquid phase is kept constant at that of the eutectic point, wherefore in this region also the freezing
temperature remains constant, until all liquid has frozen. Finally, in region (4), the binary solid mixture
of pure components A and B is further cooling.
We close this section on the liquid-solid-phase behavior of binary systems by showing some typical
phase diagrams: if both components form a mixed crystal in the solid phase, the isobaric melting phase
diagram looks identical to the isobaric boiling phase diagram. The formal treatment via the chemical
equilibrium then is exactly identical, replacing boiling temperatures and boiling enthalpies with freezing
temperatures and freezing enthalpies, respectively.
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Figure 2.28: Experimental isobar melt diagram of an ideal binary mixture (e.g. Ge/Si)

On the other hand, if the two components are only partially miscible in the solid phase, various different
types of phase diagrams are found, as shown in figure 2.29:

Figure 2.29: Experimental isobar melt diagram of Ag/Pt (from: Gerd Wedler und Hans-Joachim Freund,
Lehrbuch der Physikalische Chemie, p.396, 6.Auflage, Weinheim 2012. Copyright Wiley-VCH Verlag GmbH
& Co. KGaA. Reproduced with permission.)
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Colligative phenomena

In this section on colligative phenomena, we will first combine the effects of increase in boiling
temperature and decrease in freezing temperature by discussing the chemical potential in dependence
of temperature for pure liquids and dilute solutions, respectively.

P
VROYHQW
VROXWLRQ

'7E

'7P

7

Fig. 2.30: The temperature-dependence of the chemical potential of a pure solvent and of a dilute
solution, explaining the colligative phenomena of “decrease in melting temperature” and “increase in
boiling temperature”

If we regard colligative phenomena, both the solid and the vapor phase are no mixtures in the
thermodynamic sense, and therefore the chemical potential of the pure solvent and the dilute solution
only differ at the liquid state by the term ܴܶ ή   ܣݔTherefore, the liquid line is shifted to lower chemical

potential for the liquid solution.

Note that the slope ݀ߤΤ݀ܶ is given by the entropy of the respective phase, since ݀ ܩൌ െܵ݀ܶ  ܸ݀
The disorder increases from solid to vapor, and consequently the slope becomes steeper from left to right.
This explains the colligative phenomena also in a simple graphical way: for the solution, the intersections

with the solid line and the vapor line are, in respect to the pure solvent, shifted to the left and right,
respectively. Further, this shift has to be more pronounced for the melting transition, explaining why
you often find an experiment about freezing point suppression in the basic practical course physical
chemistry, but rarely an experiment about the increase of the boiling temperature: the latter effect is
simply too small for dilute solutions to be measured in a practical course.
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([DPSOH
&RQVLGHU WZR DTXHRXV VROXWLRQV FRQWDLQLQJ  ZW RI VDOW 1D&O  RU VXJDU VDFFKDURVH 
UHVSHFWLYHO\ DQG FDOFXODWH WKH ERLOLQJ DQG PHOWLQJ WHPSHUDWXUHV XVLQJ WKH DSSUR[LPDWLRQIRU
YHU\ GLOXWH VROXWLRQV 7KH NU\RVFRSLF FRQVWDQW RI ZDWHU LV  ܿܭൌ ͳǤͺ ܭή ݇݃Τ݉ ݈݁WKH
HEXOLVFRSLFFRQVWDQWLV ݁ܭൌ ͲǤͷʹͳ ܭή ݇݃Τ݉ ݈݁
6ROXWLRQWKHUHVSHFWLYHFROOLJDWLYHSKHQRPHQDDUHJLYHQDV
οܶ ൌ  ݔܭή

݊

݉ݏ

 ZLWK ݉ ݏWKH PDVV RI WKH VROYHQW ZDWHU

  NJ  DQG ݊ WKH PRODU DPRXQW RI

GLVVROYHGSDUWLFOHV:LWKWKHPRODUPDVVHVRIVDOW 0 1D&O  J0ROQRWHWKDWLRQVDUH
IRUPHG SHU 1D&O XSRQ GLVVROXWLRQ LQ ZDWHU  DQG VXJDU 0 VDFFKDURVH    JPROH  ZH
FDOFXODWHWKHIROORZLQJ
GHFUHDVHLQPHOWLQJWHPSHUDWXUHV FRPSDUHGWR7 & 
οܶ ൌ ͳǤͺ ή

ʹή

ͳͲ
ͷͺǤͷ

ͳ

ൌ െͲǤ͵ ܭIRUVDOW

οܶ ൌ ͳǤͺ ή

ͳͲ
͵Ͷʹ Ǥ͵

LQFUHDVHLQERLOLQJWHPSHUDWXUHV FRPSDUHGWR7 & 
οܶ ൌ ͲǤͷʹͳ ή

ʹή

ͳͲ
ͷͺǤͷ

ͳ

ൌ ͲǤͳͺ ܭIRUVDOW

οܶ ൌ ͲǤͷʹͳ ή

ͳ

ൌ െͲǤͲͷͶ ܭIRUVXJDU

ͳͲ
͵Ͷʹ Ǥ͵

ͳ

ൌ ͲǤͲͳͷ ܭIRUVXJDU

1RWHWKDWWKHHIIHFWVDUHPXFKVWURQJHUIRUWKHVDOWVROXWLRQDQGDOVRWKDWWKHFKDQJHLQPHOWLQJ
WHPSHUDWXUH LV QHDUO\ WLPHV VWURQJHUWKDQWKH FKDQJHLQ ERLOLQJWHPSHUDWXUH7\SLFDOO\WKH
IUHH]LQJ WHPSHUDWXUH GHFUHDVH LV PXFKODUJHU WKDQ WKH ERLOLQJ WHPSHUDWXUH LQFUHDVH ZKLFK LV
RQHH[SODQDWLRQZK\W\SLFDOO\RQO\IUHH]LQJSRLQWVXSSUHVVLRQLVTXDQWLWDWLYHO\LQYHVWLJDWHGLQ
D3K\VLFDO&KHPLFDOODEFRXUVH

Finally, we are still missing one last colligative phenomenon, which also is the most pronounced and
therefore the most suitable for experimental practice, i.e. accurate measurement of the solute molar
fraction: the osmotic pressure.
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Fig. 2.31: Osmosis, pure solvent in the left chamber (I), dilute solution in the right chamber (II)

As sketched in figure 2.31, at the beginning of our experiment solvent and dilute solution are separated
by a semipermeable membrane, which only allows permeation of the small solvent molecules. Also,
both liquid phases shall have the same hydrostatic pressure. To reach equilibrium, the system tries to
equilibrate to solute concentration in both cylinders, which can only be achieved by migration of solvent
from left to right through the membrane. This, however, causes an increase of the hydrostatic pressure
in the cylinder containing the solute, and a corresponding decrease in pressure in the cylinder with the
pure solvent. Finally, the system reaches chemical equilibrium at a defined pressure difference π which
depends on the actual solute concentration.
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Note that, in experimental practice, the amount of solvent flowing through the membrane should be
negligibly small in comparison to the overall amount of solvent in the solution in the right chamber.
Otherwise, the starting concentration of the solute would change due to dilution with the inflowing
solvent, and one would have to recalculate the solute concentration in the right chamber at stationary
conditions accordingly. In experimental practice, one is therefore often using bulky chambers with
very thin necks, so the pressure difference is only created by a small amount of inflowing solvent. More
sophisticated, one can also measure an external force per area needed to completely suppress any solvent
flow from left to right if solution and solvent are otherwise kept at identical pressure. In this case, the
osmotic pressure is compensated by this external force.
Formally, the osmotic equilibrium is treated as following:
ߤ ܣሺ ܣݔൌ ͳǡ ሻ ൌ ߤ כ ܣሺሻ ൌ ߤ ܣሺ ܣݔ൏ ͳǡ   ߨሻ (Eq.2.135)

This means that the chemical potential of the pure solvent at lower pressure is identical to the chemical
potential of the solvent in a solution at higher pressure   ߨ Explicitly inserting the dependence of

chemical potential on molar fraction of the solvent  ߤ ܣሺ ܣݔ൏ ͳǡ   ߨሻ ൌ ߤ כ ܣሺ  ߨሻ  ܴܶ ή   ܣݔ
and

pressure

(ቀ

߲ߤ כ ܣ
߲

ቁ ൌቀ
ܶ

respectively, we finally get:

߲ ܣܩǡ݈݉
߲

ቁ ൌ ܸܣǡ݉݀ ݈
ܶ

ߨ

ߤ ܣሺ ܣݔ൏ ͳǡ   ߨሻ ൌ ߤ כ ܣሺሻ  

ߨ

=>!ߤ כ ܣሺ  ߨሻ ൌ ߤכ ܣሺሻ  

ܸܣǡ݉ ݀ ݈

ܸܣǡ݉ ݀ ݈ ܴܶ ή  (ܣݔEq.2.136)

Or, for the equilibrium between pure solvent and solution:
ߨ

ܴܶ ή   ܣݔൌ െ 

ܸܣǡ݉( ݀ ݈Eq.2.137)

For dilute solutions we again use the Taylor series expansion to replace the logarithm simply with the
molar fraction of the solute  ܤݔAlso, the molar volume of the liquid phase ܸܣǡ݉ ݈is nearly independent
of pressure, and this leads to a fairly simple expression:

ߨܸܣǡ݉ ݈ൌ ܴܶ ή ( ܤݔEq.2.138)

Considering that
 ܤݔൌ

݊ܤ

݊  ܣ݊ ܤ

ൎ

݊ܤ
݊ܣ

(Eq.2.139)

we end up with an expression similar to the ideal gas equation, namely:
ߨܸ ൌ ݊ ܤή ܴܶ (Eq.2.140)

called the van’t Hoff equation of osmotic pressure.

For illustration of the osmotic effect and its practical relevance, consider the following problem:
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([DPSOH
&RPSDUHWKHPLQLPXP DPRXQWRIHQHUJ\QHHGHGWRSUHSDUHP WRQ RIGULQNLQJZDWHU
IURPVHDZDWHUYLD L VLPSOHERLOLQJDQG LL UHYHUVHGRVPRVLV VTXHH]LQJVHDZDWHUWKURXJK
DPHPEUDQHWRUHPRYHWKHVDOW 7KHVDOW PDLQO\1D&O FRQWHQWRIVHDZDWHULVZWWKH
PRODUHYDSRUDWLRQKHDWRIZDWHULVοܸܪǡ݉ ݈ൌ ͶͲǤ ή
6ROXWLRQ

݇ܬ

݈݉

L  )RU VLPSO\ ERLOLQJ WKH ZDWHU DQG FROOHFWLQJ WKH SXUH ZDWHU YDSRU \RX QHHG DW OHDVW WKH
HQHUJ\DPRXQW
ͳ݁݃
݇ܬ
ܳ ൌ ݊ ή οܸܪǡ݉ ݈ൌ
ή ͶͲǤ ή
ൌ ʹǤʹ݁ͻ݇ܬ
ͳͺ ݃Τ݈݉
݈݉
LL )RURVPRVLVWKHPLQLPXPDPRXQWRIHQHUJ\FRUUHVSRQGVWRWKHUHYHUVLEOHZRUNοܩZKLFK
LVJLYHQE\WKHGLIIHUHQFHLQFKHPLFDOSRWHQWLDOVRISXUHZDWHUDQGVHDZDWHUUHVSHFWLYHO\
ο ܩൌ ݊ ή ሺߤ כ ܣെߤ ܣሻ ൌ

ͳ݁݃
ή ܴܶ ή  ܣݔ
ͳͺ ݃Τ݈݉

7KHPRODUIUDFWLRQRIZDWHULQVHDZDWHULVJLYHQDV
 ܣݔൌ

ܱ݊ ʹܪ

ܱ݊ ʹܪ
ͳͲͲͲΤͳͺ
ൌ
 ʹ ή ݊ܰܽͲͲͲͳ ݈ܥΤͳͺ  ʹ ή ͵ͷΤሺͷͺǤͷሻ

,QVHUWLQJWKLVLQWKHHTXDWLRQIRUοܩZHILQDOO\JHWIRUWKHPLQLPXPHQHUJ\DPRXQWQHHGHG
IRUUHPRYLQJWKHVDOWIURPWRQRIVHDZDWHUE\VRFDOOHGUHYHUVHGRVPRVLV
ο ܩൌ ܹ ݒ݁ݎൌ ʹǤͻͻ݁݇ ܬൌ ͲǤͺ͵ܹ݄݇

,Q WKH LQWHUQHW\RX ILQG WKDW LQ WHFKQLFDO SUDFWLFH DERXW ±  N:K RI HQHUJ\ LV QHHGHG WR
SUHSDUHWRQRIGULQNLQJZDWHUE\UHYHUVHGRVPRVLVZKLFKLVDERXWWZLFHWKHDPRXQWQHHGHG
IRUWKHUHYHUVLEOHSURFHVV HIILFLHQF\ 1RWHWKDWVWLOOLQWHUPVRIHQHUJ\FRQVXPSWLRQ
UHYHUVHGRVPRVLVLVDERXWWLPHVPRUHHIILFLHQW DQGHFRQRPLFDO WKDQVLPSOHERLOLQJ
(YHQLIWKHHQHUJ\WRDFKLHYHWKHSUHVVXUHQHHGHGWRVTXHH]HWKHVHDZDWHUWKURXJKWKH
PHPEUDQHLVREWDLQHGYLDSKRWRYROWDLFVDVRODUFHOORIHIILFLHQF\RIRQO\VWLOOOHDGVWRDQ
RYHUDOOHQHUJ\FRQVXPSWLRQHIILFLHQF\RVPRVLVERLOLQJ 
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6XPPDU\RIFROOLJDWLYHSKHQRPHQDIRUWKHUPRG\QDPLFDOO\LGHDOGLOXWHVROXWLRQV
RQO\WKHHQWURS\RIPL[LQJLVFRQVLGHUHG DWKHUPDOPL[WXUHV 
L

LL

YDSRUSUHVVXUHVXSSUHVVLRQ
)RU D GLOXWH VROXWLRQ WKH YDSRU SUHVVXUH LV ORZHU WKDQ WKDW RI WKH SXUH VROYHQW DV
GHVFULEHGE\WKHODZRI5DRXOW
 ൌ ܣݔԢ ή כ ܣ

ERLOLQJWHPSHUDWXUHLQFUHDVH
$ GLOXWH VROXWLRQ VKRZV D KLJKHU ERLOLQJ WHPSHUDWXUH WKDQ WKH SXUH VROYHQW 7KLV HIIHFW
GHSHQGVRQO\RQPRODUVROXWHFRQFHQWUDWLRQDQGWKH VROYHQW SURSHUWLHVH[SUHVVHGE\WKH
HEXOLRVFRSLFFRQVWDQW

LLL

ܴήܶ ʹכ ܣήܣܯ
οܸ ܣܪ

ή

Ԣ
݉ܤ

ܤܯ

ͳ

ή

݉ ܣԢ

ή

݉ ܣԢ

PHOWLQJWHPSHUDWXUHGHFUHDVH
$ GLOXWH VROXWLRQ VKRZV D ORZHU PHOWLQJ WHPSHUDWXUH WKDQ WKH SXUH VROYHQW 7KLV HIIHFW
GHSHQGVRQO\RQPRODUVROXWHFRQFHQWUDWLRQDQGWKH VROYHQW SURSHUWLHVH[SUHVVHGE\WKH
FU\RVFRSLFFRQVWDQW

LY

οܶ ൌ

οܶ ൌ

ܴήܶ ʹכ ܣήܣܯ
οܵ ܣܪ

ή

Ԣ
݉ܤ

ܤܯ

ͳ

RVPRWLFSUHVVXUH
7KHRVPRWLFSUHVVXUHRIDGLOXWHVROXWLRQLVJLYHQE\WKHYDQ¶W+RIIHTXDWLRQ
ߨܸ ൌ ݊ ܤή ܴܶ

$OOWKHVHSKHQRPHQDDUH LQSULQFLSOHXVHIXOWR³FRXQWWKHQXPEHURIGLVVROYHGSDUWLFOHV´1RWH
WKDWRVPRWLFSUHVVXUHLVWKH PRVWVHQVLWLYHEXWUHVWULFWHGWRFRPSDUDWLYHO\ ODUJHVROXWHSDUWLFOHV
ZKLFKDUHXQDEOHWRSDVVWKHPHPEUDQH

We conclude this section on phase equilibrium of two-component systems with a simple thermodynamic
model of saturated solutions, neglecting contributions by salvation enthalpy, i.e. ο ݔ݅݉ܪൌ Ͳ

We can treat this equilibrium exactly the same way as the lowering of the freezing temperature in
solutions, but this time the solute B is found in the pure solid phase, therefore:
οܵ ܤܪ
ܴ

ͳ

ቀെ 
ܶ

ͳ

ܶכ ܤ

ቁ ൌ  ܤݔԢ (Eq.2.141)

Here, the solubility parameter οܵ  ܤܪΤሺܴܶכ ܤሻ with οܵ  ܤܪthe melting enthalpy and ܶ כ ܤthe melting

temperature of the pure solute B, defines the solubility of a given component B. Note that the solubility
of B for our ideal mixture reaches 100% at the melting temperature, i.e. we have a pure liquid of B in
this case. At lower temperature, the solubility continuously decreases, reaching 0 at T = 0 K. Also, the
solubility at given reduced temperature T/TB* is larger the smaller our solubility parameter.
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The chemical equilibrium

If we consider a spontaneous chemical reaction at constant pressure and temperature, it takes place, like
any spontaneous process, only if the change in Gibbs free enthalpy ο ܩ൏ Ͳ Considering the GibbsHelmholtz-equation ο ܩൌ ο ܪെ ܶοܵ there are different possibilities for such so-called exergonic

spontaneous reactions: the best case is a reaction releasing heat to the environment and creating
disordered products, like for example burning of fuel: here, both the entropy of the reactants and of the
environment are increasing, which is very favorable according to the 2nd principle of thermodynamics.
Another possibility is an exothermic process, i.e. heat release from the system to the environment, while
forming ordered products. If the overall change in entropy is still positive, i.e. οܵ ݐݐൌ ο ܪΤܶ െ οܵ  Ͳ
this process may also be spontaneous, e.g. crystallization of a solute from a saturated solution. Similarly,
an endothermic process is possible if the increase in disorder compensated the loss in entropy of the
environment due to the heat transfer, i.e. οܵ ݐݐൌ οܵ െ ο ܪΤܶ  Ͳ A simple example of this type of
process is the dissolution of salt in water, often leading to a decrease in temperature (endothermic process).
Finally, there is no possibility of a spontaneous endergonic process with 100% conversion (conversion =
molar percentage of products formed from the original chemicals (educts), 100% conversion therefore
means the reaction is complete!), i.e. endothermic and creating ordered products at the same time.
The four different combinations of reaction enthalpy and reaction entropy are summarized in the table
(tab.2.1.):
change in enthalpy

change in entropy

spontaneous reaction ?

exotherm (∆H < 0)

∆S > 0

yes, ∆G < 0

exotherm (∆H < 0)

∆S < 0

endotherm (∆H > 0)

∆S > 0

yes, if ȁܶ ή οܵȁ ൏ ȁοܪȁ

endotherm (∆H > 0)

∆S < 0

yes, ifIܶ ή οܵ  οܪ
no, ∆G > 0

Table.2.1: Conditions for spontaneous (exergonic) chemical reactions

If the conversion is smaller than 100%, however, and a mixed phase of starting materials and products is
formed at the chemical equilibrium, also an endergonic process may take place, at least up to a conversion
rate of 50%. Thermodynamically, this is based on the fact that, in addition to the free enthalpies of the
pure products and educts, we also have to consider now contributions from the free enthalpy of mixing.
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Figure 2.32. illustrates the total free enthalpy of our reaction system versus conversion ξ in case of an
endergonic process (free enthalpy of the products is larger than that of the educts), and for a process
with ∆G = 0. Note that the stable state, i.e. the minimum in free enthalpy, is reached at a conversion
of 0.5 (or 50%) for the latter case, since here the minimum in free enthalpy of mixing (or maximum
in entropy of mixing) is the driving force for the process. On the other hand, an endergonic process
still may proceed until the mixing free enthalpy exactly compensates the corresponding reaction free

* [ DX

* [ DX

enthalpy, that is, to conversions between 0 and 0.5.















[











[

Fig. 2.32: Reaction free enthalpy versus conversion and the chemical equilibrium

Mathematically, we can treat the chemical equilibrium exactly in the same way as the phase equilibria.
Let us consider the following reversible chemical reaction:
 ܣ  ܥ ֖ ܤ (ܦEq.2.142)

This reaction reaches its equilibrium conversion if the chemical potentials of educts and products are
identical, or:

ߤ ܣ ߤ ܤൌ ߤ ܥ ߤ( ܦEq.2.143)

If the equilibrium state is a homogeneous reaction mixture of all components, we get:

Or

ߤ כ ܣܴܶ ή    ܣݔ ߤ כ ܤܴܶ ή   ܤݔൌ ߤ כ ܥܴܶ ή   ܥݔ ߤ כ ܦܴܶ ή  ( ܦݔEq.2.144)
െܴܶ ή   ܥݔെ ܴܶ ή   ܦݔ ܴܶ ή    ܣݔ ߤ כ ܤܴܶ ή   ܤݔൌ ߤ כ ܥߤ כ ܦെߤ כ ܣെߤ כ ܤെܴܶ ή

݈݊

 ܥ ݔήܦ ݔ

 ܣ ݔήܤ ݔ

ൌ െܴܶ ή   ݔܭൌ οܴ (כ ܩEq.2.145)
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With  ݔܭthe constant of chemical equilibrium, which, according to the last equation, depends on reaction

temperature and the difference in free enthalpy of pure products and pure educts οܴ  כ ܩFor neither
exergonic nor endergonic reactions, i.e. οܴ כ ܩൌ Ͳ we obtain  ݔܭൌ ͳ which, as we have already
discussed, corresponds to a conversion ߦ ൌ ͲǤͷǤ For exergonic reactions οܴ כ ܩ൏ Ͳ  ݔܭ ͳ and the
conversion at equilibrium is larger than 50%.

Let us conclude this chapter about the chemical equilibrium with a brief visit of the famous principle of
Le-Chatelier: the equilibrium of a chemical process reacts on the change of an external parameter like
temperature or pressure such as to minimize the change. Simply spoken, if we consider an exothermic
chemical reaction and increase the reaction temperature, the endothermic back reaction is favored to
compensate, leading to a shift of the chemical equilibrium towards smaller conversion. Formally, this is
fairly simple to understand if we discuss the above equation in a little more detail:
െܴܶ ή   ݔܭൌ οܴ כ ܩൌ οܴ  כ ܪെܶοܴ ܵ (כEq.2.146)
  ݔܭൌ െ
݀  ݔܭ
݀ܶ

ൌ

οܴ כܪ
ܴܶ

οܴ כܪ
ܴܶ ʹ



οܴ ܵכ
ܴ

(Eq.2.147)

(Eq.2.148)

If the process is exothermic, i.e. οܴ כ ܪ൏ Ͳ  ݔܭtherefore has to decrease with increasing temperature.

.
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Another example of the principle of Le-Chatelier is the pressure dependence of the Haber-Bosch-reaction,
the formation of NH3 from the elements H2 and N2 (see Eq.(2.149)). Since formally this reaction leads
from five gas molecules to two, an increase in pressure favors the process.
͵ ʹܪ ʹܰʹ ֖ ʹܰ( ͵ܪEq.2.149)
([DPSOH
&RQVLGHU D VLPSOH FKHPLFDO HTXLOLEULXP RI W\SH & ܤ ֖ ܣDOFXODWH WKH UHODWLYH FKDQJH LQ
FRQYHUVLRQRI$WR%LIWKHUHDFWLRQWHPSHUDWXUHLVLQFUHDVHGIURP7 &WR7 &DQG
WKHUHDFWLRQHQWKDOS\οܴ  ܪൌ െͺͲ ݇ܬΤ ݈ܯ
6ROXWLRQWKHYDULDWLRQRIWKHFKHPLFDOHTXLOLEULXPFRQVWDQWZKLFKSURYLGHVDPHDVXUHIRUWKH
FRQYHUVLRQZLWKWHPSHUDWXUHLVJLYHQDV

݀  ݔܭ
݀ܶ

 ݔܭሺܶʹ ሻ
 ݔܭሺܶͳ ሻ

οܴ ܪ



ൌ 

οܴ ܪ

ൌ

ܴܶ ʹ

ܴ

RU
ͳ

ͳ

  ݔܭሺܶʹ ሻ െ   ݔܭሺܶͳ ሻ ൌ 

ή ቀ െ ቁ ൌ  ቂ
ܶͳ

ܶʹ

െͺͲͲͲͲ
ͺǤ͵ͳͶ

ήቀ

ͳ

ʹͻͺ

െ

ͳ

͵͵

 ݔܭሺܶʹ ሻ

 ݔܭሺܶͳ ሻ

ൌ

οܴ ܪ
ܴ

ͳ

ͳ

ήቀ െ ቁ
ܶͳ

ܶʹ

ቁቃ ൌ ͲǤͲͲͳͷͳ

7KLV PHDQV IRU H[DPSOH WKDW LI DW URRP WHPSHUDWXUH ZH KDYH D FRQYHUVLRQ $ WR % RI  
 ݔܭൌ ͳ DW7 &WKHFRQYHUVLRQLVRQO\DERXW  ݔܭൌ  ܣݔΤ ܤݔൎ ͲǤͲͲͳͷͳΤͳ 2XU
UHVXOW LV DOVR D FRQILUPDWLRQ RI WKH SULQFLSOH RI /H&KDWHOLHU LI \RX LQFUHDVH WKH UHDFWLRQ
WHPSHUDWXUHIRURXUVWURQJO\H[RWKHUPLFFKHPLFDOUHDFWLRQWKHHTXLOLEULXPLVVKLIWHGLQIDYRURI
WKHHQGRWKHUPLFEDFNUHDFWLRQ
$V DQ DGGLWLRQDO H[HUFLVH QRW W\SLFDO IRU 3K\VLFDO&KHPLFDO SUREOHPV EXW UHODWHG WR JHQHUDO
FKHPLFDOFDOFXOXV OHWXVGHWHUPLQHWKHH[DFWFRQYHUVLRQFRUUHVSRQGLQJWR ݔܭൌ ͲǤͲͲͳͷͳ

 ݔܭൌ

ܣݔ

ܤݔ

ൌ

ݔ

ͳെݔ

ൌ ͲǤͲͲͳͷͳ

!

ݔൌ

ͲǤͲͲͳͷͳ

ͳͲǤͲͲͳͷͳ

ൌ ͲǤͲͲͳͷͲͺ

7KH UHVXOWSURYHVRXUDSSUR[LPDWLRQ ܤݔൎ ͳ WREHDFFHSWDEOHLQWKLVFDVH
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Reaction energy

As we have learned in the last chapter, the temperature dependence of the chemical equilibrium depends
on the reaction enthalpy. To measure this reaction enthalpy, one can simply determine the change in
temperature if the reaction is carried out at isobar conditions and 100% conversion, i.e. οܴ כ ܪൌ ܿ ή οܶ
However, if it is not possible to monitor the reaction itself directly, one can apply the principle of Hess,
which is based on the fact that the reaction enthalpy or the reaction energy both are quantities of state,
that are independent of the process itself. Consider, for illustration, the reaction enthalpy of the hydration
of ethylene to ethane. Instead of observing this process, one could measure the heat of burning of ethylene
and hydrogen as the educts, or pure ethane as the product, respectively, with pure oxygen (see fig. 2.33):

Q $R[LGHP %R[LGH
Q $R[LGHP %R[LGH

Fig. 2.33: The principle of Hess – conservation of energy/enthalpy for chemical reactions irrespective of the reaction pathway

The hydration enthalpy is then simply the difference between the two heats of burning ο ܪൌ ܳͳ െ
ܳʹ  Note that in this way any reaction energy or enthalpy can be determined, taking into account
also that the enthalpy of a pure element in its stable modification at standard conditions (T = 298 K,

p = 1 bar) is defined as zero. For illustration, consider the burning of hydrogen with oxygen to water at
standard conditions  ʹܪ ͳൗʹ ܱʹ ՜  ܱ ʹܪThe heat of burning in this case is directly the reaction enthalpy
οܴ כ ܪൌ  ܱ ʹܪܪെ ͳ ʹܪܪൗʹ  ʹܱܪ

According to the convention, we can also write οܴ כ ܪൌ  ܱ ʹܪܪIn this way, one can determine, based on

some simple model reactions, a whole set of reaction enthalpies mainly on calculations. More importantly,
one can also determine the enthalpy of individual chemical groups like CH2 or COOH, leading to the
total enthalpy of more complicated organic molecules without the necessity of more experiments.
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To complete this puzzle, we need to know how to transfer our reaction enthalpy from standard temperature
to any reaction temperature. Again, we utilize the fact that the enthalpy is a quantity of state irrespective
of the process itself. Consider two possibilities for the reaction from A(T) to B(T+∆T) (see fig. 2.34):
either you can first heat the educt A and then carry out the reaction at temperature T+∆T, or you can
carry out the reaction first at T and then change the temperature of the product to T+∆T. Either way,
the overall change in enthalpy should be the same. This leads us to the important Kirchhoff law:
σ

ο

 ሺሻ

ή ο  ο

ο

െ ο

ሺο ሻ ൌ ൫σ

ቀ

ቀ

μሺο ሻ
μ

μሺο ሻ
μ

ቁൌσ



ο

ൌ ൫σ

 ሺሻ

 ሺሻ

ቁ ൌ σ ɋ

െσ

െσ

ൌ ο

 ሺሻ



σ

െσ

 ሺሻ൯

 ሺሻ

 ሺሻ൯

ή ο (Eq.2.150)

ή ο (Eq.2.151)

ή  (Eq.2.152)

 ሺሻ (Eq.2.153)

 (Eq.2.154)

That is, the change in reaction enthalpy with temperature is simply given by the difference in isobar heat
capacities of products and educts.

ܣ՜ܤ

Fig. 2.34: Kirchhoff law, two different routes from educt A(T) to product B(T+λT) with identical overall
reaction enthalpy

Download free eBooks at bookboon.com

86

Basic Physical Chemistry

Kinetics

3 Kinetics
The velocity of a chemical reaction is defined as the change in concentration (for gas reactions: partial
pressure) with time, taking into account the stoichiometric coefficients of the respective components.
In experimental practice, this concentration can be quantified in various ways, for example: photometry
(measurement of absorbed light at specific wave length following the law of Lambert-Beer), conductometry
(measurement of electric conductance, in case either ions are formed or consumed during the chemical
reaction), or polarimetry (measurement of the rotational angle of polarized light in case optically active
components are involved).
In the simple case of elementary reactions, that is, reactions with one single reaction step from educt
to product (involving an excited state, see also figure 3.3 at the end of this chapter!), the decrease in
concentration of component A with time for the reaction
݊ ܣ ܣ ݊ ܤ ܤ՜ ݊( ܥ ܥEq.3.1)

is given as:

െ

݀ܿ ܣ
݀ݐ

ൌ ݇ ή ܿ ܣ ݊ ܣή ܿ( ܤ ݊ ܤEq.3.2)

More general, the reaction velocity for this reaction is given as:
ݒൌെ

ͳ ݀ܿ ܣ

݊ ݐ݀ ܣ

ൌെ

ͳ ݀ܿ ܤ

݊ ݐ݀ ܤ

ൌ

ͳ ݀ܿ ܥ

݊ ݐ݀ ܥ

(Eq.3.3)

The velocity constant k is dependent on temperature, and may be increased by adding a catalyst, as we
will see when we introduce the Arrhenius equation below. The total order of the reaction is given by the
sum of all stoichiometric coefficients of the educts, i.e. ݊ ൌ ݊ ܣ ݊  ܤHere, it should be stressed again

that this reaction order is only identical with the molecularity of the reaction, i.e. the total number of
molecules reacting, if the whole process consists of a single reaction step!
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Importantly, for more complex reactions which usually consist of multiple reaction steps, one has to
distinguish clearly between the order of the reaction and the molecularity of the individual reaction
steps: the order corresponds to a macroscopic experimental quantity, namely the exponent with which
the reactions velocity scales with the respective concentration (see Eq.3.3). On the other hand, the
molecularity of a single reaction step corresponds to the microscopic mechanism of this reaction step. As
a consequence, a chemical reaction which is experimentally found to be of 2nd order must not necessarily
be a bimolecular reaction, since a combination of several reaction steps of different molecularities can lead
to an overall reaction order of 2. Actually, a variety of possible combinations of elementary reaction steps
(= proposed mechanisms of a chemical reaction) may lead to the same experimental result concerning
the order of a chemical reaction!
In the first section of this chapter about chemical kinetics, we will mathematically treat the kinetics
of the simplest case possible, elementary reactions with only a single educt species (section 3.1.1), or
bimolecular reactions with two different educt species A, B (section 3.1.2.).
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3.1

Elementary reactions (one single reaction step, molecularity = order)

3.1.1

Elementary reactions of type A → B

In case of a single educt A, the differential equations can easily be resolved. Here, we distinguish reactions
of orders 0 to 3:
Order 0: Note that this is no elementary reaction in the strict sense, since the actual reaction mechanism
is a two-step process, 1st step the combination of educt and a catalyst, and 2nd step the formation of the
product which is released from the catalyst:
 ܣ ݐܽܥǤ ՜ ݐܽܥ ڮ ܣǤ ՜ ( ܤEq.3.4)

In case of high concentrations of the educt, the catalyst is completely covered, and the reaction velocity
therefore is constant:
െ

݀ܿ ܣ
݀ݐ

ൌ ݇(Eq.3.4)

݀ܿ ܣൌ െ݇݀( ݐEq.3.5)
ܿ  ܣሺݐሻ

ܿ

 ܣǡͲ

ݐ

݀ܿ ܣൌ  Ͳെ݇݀( ݐEq.3.6)

ܿ ܣሺݐሻ ൌ ܿܣǡͲ െ ݇ ή ( ݐEq.3.7)

i.e., the concentration decreases linearly with reaction time.

Order 1: A typical example of unimolecular elementary reactions are radioactive decay processes. The
reaction velocity here is proportional to the actual educt concentration, and therefore decreases with
time as:
െ

݀ܿ ܣ
݀ݐ

݀ܿ ܣ
ܿܣ

ൌ ݇ ή ܿ( ܣEq.3.8)

ൌ െ݇݀( ݐEq.3.9)

ܿ  ܣሺݐሻ ݀ܿ ܣ

ܿ

 ܣǡͲ

ܿܣ

ݐ

ൌ  Ͳെ݇݀( ݐEq.3.10)

 ܿ ܣሺݐሻ െ  ܿܣǡͲ ൌ െ݇ ή ( ݐEq.3.11)

ܿ ܣሺݐሻ ൌ ܿܣǡͲ ή ሺെ݇ ή ݐሻ(Eq.3.12)

The educt concentration decreases exponentially with time.
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Order 2: Examples are any bimolecular homologous reactions, for example ܱܰ  ܱܰ ՜ ܰʹ ܱʹ  The

reaction velocity in this case scales with the educt concentration squared:
݀ܿ ܣ

െ

ൌ ݇ ή ܿ( ʹ ܣEq.3.13)

݀ݐ

݀ܿ ܣ

ൌ െ݇݀( ݐEq.3.14)

ܿʹ ܣ

ܿ  ܣሺݐሻ ݀ܿ ܣ

ܿ

െ

ݐ

ൌ  Ͳെ݇݀( ݐEq.3.15)

ܿʹ ܣ

 ܣǡͲ

ͳ

ܿ  ܣሺݐሻ



ͳ

ܿ  ܣǡͲ

ൌ െ݇ ή ( ݐEq.3.16)

The educt concentration varies hyperbolically with time.

Order 3: Because they afford the simultaneous collision and reaction of three molecules, elementary
reactions of this type are highly improbable. Nevertheless, we will treat this elementary reaction as an
additional exercise how to solve simple differential equations. The reaction velocity scales with the educt
concentration cubed:
െ

݀ܿ ܣ

ൌ ݇ ή ܿ( ͵ ܣEq.3.17)

݀ݐ

݀ܿ ܣ
ܿ͵ ܣ

ൌ െ݇݀( ݐEq.3.18)

ܿ  ܣሺݐሻ ݀ܿ ܣ

ܿ

 ܣǡͲ

െ

ܿ͵ ܣ

ͳ

ʹήܿ  ܣሺݐሻʹ

ݐ

ൌ  Ͳെ݇݀( ݐEq.3.19)



ͳ

ʹήܿ  ܣǡͲ ʹ

ൌ െ݇ ή ( ݐEq.3.20)

To compare the conversion curves for these different elementary reactions of reaction orders 0, 1, 2 and
3, we consider identical starting concentrations ܿܣǡͲ ൌ ͳ ݉ ݈Τ ܮand identical magnitudes of the velocity

constant k = 1 (in respective units). For 0 order, this means ݇ ൌ ͳ ݉ ݈Τሺ ܮή ݏሻ for 1st order ݇ ൌ ͳΤݏ
for 2nd order ݇ ൌ ͳ ܮΤሺ݉ ݈ή ݏሻand for 3rd order ݇ ൌ ͳ  ʹܮΤሺ݉ ʹ݈ή ݏሻIn this case, the initial reaction

velocities should all be equal to െ

݀ܿ ܣ
݀ݐ

ൌ ͳ ݉ ݈Τሺ ܮή ݏሻ and the velocity (or decaying slope) decreases

with time for reactions of order >0, with the curvature more pronounced the higher the reaction order.

Note that, for reactions of 1st order, we can define a half-conversion-time, i.e. the reaction time it takes
until 50% of the educt amount is consumed:
ͳݐΤʹ ൌ

 ʹ
݇

(Eq.3.21)
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All 4 conversion curves are compared in figure 3.1, including an indication of t1/2 for the reaction of
1st order:



F$ W F$ W 



















W
Figure 3.1: Time-evolution of the normalized educt concentration for elementary reactions of orders 0, 1, 2 and
3 (from left (= linear decay) to right), including t1/2 for the reaction of 1st order as arrows.

> Apply now
redefine your future

- © Photononstop

AxA globAl grAduAte
progrAm 2014

Download
free eBooks at 1bookboon.com
axa_ad_grad_prog_170x115.indd

19/12/13 16:36

91

Click on the ad to read more

Basic Physical Chemistry

Kinetics

Note here that t1/2 does not make sense for elementary reactions of orders other than 1, which can easily
be seen from a simple numerical example: for instance, if a reaction of order 0 takes 30 minutes for the
conversion of 50% of the original amount of the educt, it will take only 15 minutes to reach 25%. On
the other hand, if a reaction of 2nd order takes 30 minutes for the conversion of the first 50% of educt,
25% will be reached after another 60 minutes.
([DPSOH
&RQVLGHUDUDGLRDFWLYHPDWHULDOZLWKKDOIWLPH\HDUV$IWHUKRZPXFKWLPHKDVWKH UDGLDWLRQ
OHYHOGHFD\HGWREHORZRILWV LQLWLDOYDOXH"
6ROXWLRQ:HXVHWKHIROORZLQJHTXDWLRQVIRUDQHOHPHQWDU\UHDFWLRQRIVW RUGHU
ܿ ܣሺݐሻ ൌ ܿ ܣሺ ݐൌ Ͳሻ ή ሾെ݇ ή ݐሿ 
7KHUHIRUH݇ ൌ
ܿ  ܣሺݐሻ

ܿ  ܣሺݐൌͲሻ

ൌ

ͳ

ͳͲͲ

 ʹ

 ͳ ݐΤʹ

ൌ

 ʹ

͵Ͳݕ

DQG

݇ൌ

 ʹ

 ͳ ݐΤʹ



ൌ ͲǤͲʹ͵ͳ ݕെͳ :LWK

ൌ ሾെͲǤͲʹ͵ͳ ݕെͳ ή ݐሿ

ZHILQDOO\JHW

 0RUHFRPSOH[ELPROHFXODUUHDFWLRQV
ݐൌ

 ͲǤͲͳ

െͲǤͲʹ͵ͳ ݕെͳ

ൌ ͳͻͻǤͶݕ

 %LPROHFXODUHOHPHQWDU\UHDFWLRQVRIW\SH ܣ  ܤ՜ ܥ

,WZLOOWDNHDERXW \HDUVRUVHYHUDOJHQHUDWLRQVXQWLOWKHUDGLDWLRQOHYHOLVEHORZ

3.1.2

Elementary bimolecular (and 2nd order!) reactions of type A + B → C

Many elementary reactions of 2nd order comprise two different types of educts A, B. In this case, the
general solution of the differential equation is not any longer trivial, as in case of single component
elementary reactions. For an elementary 2nd order reaction of type A + B → C the velocity is given as:
െ

݀ܿ ܣ
݀ݐ

ൌ

݀ܿ ܥ
݀ݐ

ൌ ݇ ή ܿ ܣή ܿ( ܤEq.3.22)

To solve this equation, which contains three variables at this stage, we express the actual educt
concentrations via their respective starting concentrations minus the concentration of product already
formed, i.e.:
݀ܿ ܥ

or

݀ݐ

ൌ ݇ ή ൫ܿܣǡͲ െ ܿ ܥ൯ ή ൫ܿܤǡͲ െ ܿ ܥ൯(Eq.3.23)
݀ܿ ܥ

൫ܿ  ܣǡͲ െܿ  ܥ൯ή൫ܿ  ܤǡͲ െܿ  ܥ൯

ൌ ݇ ή ݀( ݐEq.3.24)
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This seemingly complicated differential equation can easily be solved via so-called partial fraction
integration. First, we split the left side of the equation as:
݀ܿ ܥ

൫ܿ  ܣǡͲ െܿ  ܥ൯ή൫ܿ  ܤǡͲ െܿ  ܥ൯

 ͳܭή݀ܿ ܥ

ൌ

൫ܿ  ܣǡͲ െܿ  ܥ൯



 ʹܭή݀ܿ ܥ

൫ܿ  ܤǡͲ െܿ  ܥ൯

ൌ ݇ ή ݀( ݐEq.3.25)

If we compare the two split fractions with the original fraction, we obtain  ͳܭή ൫ܿܤǡͲ െ ܿ ܥ൯   ʹܭή
൫ܿܣǡͲ െ ܿ ܥ൯ ൌ ͳThe constants  ͳܭand  ʹܭcan be determined via the boundary conditions, i.e. at ܿ ܥൌ Ͳ
we obtainQ ͳܭή ܿܤǡͲ ൌ ͳ െ  ʹܭή ܿܣǡͲ $Wܿ ܥൌ ܿܣǡͲ  we get
ͳ

(Eq.3.26)

ͳ

(Eq.3.27)

 ͳܭൌ

൫ܿ  ܤǡͲ െܿ  ܣǡͲ ൯

 ʹܭൌ

൫ܿ  ܣǡͲ െܿ  ܤǡͲ ൯

and therefore

The general quite complicated solution of this equation is then given as:
ͳ

൫ܿ  ܤǡͲ െܿ  ܣǡͲ ൯

ή 

ܿ  ܣǡͲ ή൫ܿ  ܤǡͲ െܿ  ܥ൯
ܿ  ܤǡͲ ή൫ܿ  ܣǡͲ െܿ  ܥ൯

ൌ ݇ ή ( ݐEq.3.28)

There exist two procedures to obtain a mathematically more simple solution of the differential equation,
using special starting conditions:
i. If the starting concentrations of both educts are identical, i.e. ܿܣǡͲ ൌ ܿܤǡͲ  the differential
equation (Eq.3.24) is simply given as:
݀ܿ ܥ

൫ܿ  ܣǡͲ െܿ  ܥ൯

ʹ

ൌ ݇ ή ݀( ݐEq.3.29)

In this case, we can easily integrate the equation with appropriate boundary conditions
ܿܥ

Ͳ

݀ܿ ܥ

൫ܿ  ܣǡͲ െܿ  ܥ൯

And obtain:
ͳ

൫ܿ  ܣǡͲ െܿ  ܥ൯

െ

ʹ

ݐ

ൌ  ݇ Ͳή ݀( ݐEq.3.30)

ͳ

ܿ  ܣǡͲ

ൌ ݇ ή ( ݐEq.3.31)
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ii. If we choose one component in large access, e.g. ܿܣǡͲ ܤܿ بǡͲ  the concentration of this
component will nearly remain constant during the whole reaction, and again the differential
equation (Eq.3.24) becomes fairly simple:
݀ܿ ܥ

൫ܿ  ܤǡͲ െܿ  ܥ൯
ܿܥ

Ͳ

ൌ ݇ ή ܿܣǡͲ ή ݀( ݐEq.3.32)

݀ܿ ܥ

൫ܿ  ܤǡͲ െܿ  ܥ൯

ݐ

ൌ  ݇ Ͳή ܿܣǡͲ ή ݀( ݐEq.3.33)

ܿ ܥൌ ܿܤǡͲ െ ܿܤǡͲ ή ൣെ݇ ή ܿܣǡͲ ή ݐ൧ (Eq.3.34)

This 2nd approach is valid for any solvolysis reaction, i.e. a chemical process where component B reacts
with solvent A in dilute solution, for instance methanolysis of carbonic acid chlorides.
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3.2

The kinetics of more complex multistep chemical reactions

3.2.1

The Lindemann-mechanism as an example of a seemingly unimolecular decay process

In practice, for a seemingly unimolecular decay process of type A → B in the gas phase, sometimes
you encounter reaction orders between 1 and 2, depending on conversion. The simplest mechanism
to explain this strange phenomenon was formulated by Lindemann: a combination of a bimolecular
equilibrium reaction and a monomolecular final reaction step of an activated species. The Lindemann
multistep mechanism reads as following:
 ܣ  ܣ ֖ ܣ כ ܣ՜ ( ܤEq.3.35)

A* is the activated species formed by a bimolecular collision of two molecules of the educt A. This species

can either deactivate again by bimolecular collision, or form the product species B by a monomolecular
decay. To solve this kinetic problem, we can formulate the following differential equations:
݀ܤ 

ൌ ݇ͳ ή ( כܣEq.3.36)

݀ݐ

for the monomolecular product formation from the activated species, and
݀כ ܣ 

ൌ ݇ʹ ή  ʹ ܣെ ݇െʹ ή  ܣή  כܣെ ݇ͳ ή ( כܣEq.3.37)

݀ݐ

for the change in partial pressure of the activated species with time. Note that, in contrast to the previous

kinetic equations, for the gas phase reaction considered here we have replaced concentrations c with
partial pressures p. To solve this equation system even without integration, we may treat the partial
pressure  כܣas constant, since the activated species is formed and consumed at equal rates of a certain

time regime of our complex reaction (= stationary state). In this case,
݀כ ܣ 

or

݀ݐ

ൌ ݇ʹ ή  ʹ ܣെ ݇െʹ ή  ܣή  כܣെ ݇ͳ ή  כܣൌ Ͳ (Eq.3.38)

 כܣൌ

݇ ʹ ήʹ ܣ 

(Eq.3.39)

݇ ͳ ή݇ ʹ ήʹ ܣ 

(Eq.3.40)

݇ െʹ ή ܣ ݇ ͳ

and consequently
݀ܤ 
݀ݐ

ൌ

݇ െʹ ή ܣ ݇ ͳ

Consider the denominator of the right side of this rate equation for the formation of product B in more
detail: at high pressure of the educt  ܣor at an early stage of the reaction, ݇െʹ ή  ͳ݇ ب ܣand therefore
݀ܤ 
݀ݐ

ൌ

݇ ͳ ή݇ ʹ ήܣ 
݇ െʹ

(Eq.3.41)
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In other words, we find a reaction of 1st order at low conversion. This is plausible since at high  ܣall

bimolecular reaction steps due to the high collision probability are rather fast, and therefore the slowest
reaction step, the monomolecular decay of activated species A*, determines the overall reaction order.
At low pressure of the educt  ܣor at a later stage of the reaction, ݇െʹ ή   ͳ݇ ا ܣand therefore
݀ܤ 
݀ݐ

ൌ ݇ʹ ή ( ʹ ܣEq.3.42)

In this case, we find a 2nd order reaction, since now the collisions become rarer, and therefore the
bimolecular collisions as the slowest reactions steps define the overall reaction order.
The Lindemann mechanism is the simplest form of a combined multistep reaction to explain the change
in reaction order from 1 to 2 upon proceeding conversion. Note here that the elementary reaction of
order 0 described above also is a two-step reaction, explaining in this case the change from reaction order
0 at high educt concentration or low conversion, to reaction order 1 at lower concentration or higher
conversion, in which case not any longer all reaction sites of the catalyst will be occupied!
3.2.2

The Michaelis-Menten mechanism as an example of a multistep enzymatic reaction

A very famous multistep reaction similar to the Lindemann mechanism plays an important role in
biological enzyme reactions, the Michaelis-Menten process. In this case, an enzyme is serving as a catalyst,
and the starting reaction is a bimolecular collision leading to a combined enzyme-substrate-complex. This
activated complex can either form the product or be cleaved without changes to the substrate, releasing
in both cases the free enzyme E which then may react again. In analogy to the Lindemann mechanism,
we may formulate this mechanism as
 ܧ ܵ ֖  ܵܧ՜  ܧ ܲ (Eq.3.43)

Let us name the reaction velocity constants related to the equilibrium reaction  ܧ ܵ ֖  ͳ݇ܵܧand ݇െͳ , 
and the constant related to the formation of the product P ݇ʹ The maximum reaction velocity or highest
turnover rate is reached if all enzyme exists in form of the enzyme-substrate complex ES. Next, we define
the so-called Michaelis-constant, which corresponds to the substrate concentration at half-saturation
of the enzyme, i.e. ܿ ܧൌ ܿ ܵܧൌ ܿ Ͳܧή ͲǤͷ with ܿ Ͳܧthe total enzyme concentration. This constant, in

case ݇ʹ ݇ اെͳ (= Michaelis-Menten approximation), can be derived as following. Analogous to the
Lindemann mechanism, we consider the rate equation for the stationary state:
݀ܿ ܵܧ

or

݀ݐ

ܿܵ ൌ

ൌ Ͳ ൌ ݇ͳ ή ܿ ܧή ܿܵ െ ሺ݇െͳ  ݇ʹ ሻ ή ܿ ܵܧൎ ݇ͳ ή ܿ ܧή ܿܵ െ ݇െͳ ή ܿ ܵܧൌ Ͳ (Eq.3.44)
݇ െͳ
݇ͳ

ή

ܿ ܵܧ
ܿܧ

(Eq.3.45)
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Therefore, the Michaelis-constant is simply given as
݇

݇
െͳ
Τ Τሻʹൌ
݉ܭ
ሻ ൌ െͳ (Eq.3.46)
݉ܭൌൌܿܵܿሺݒ
݉ܽݔ
݉ܽʹ ݔ
.ܵ ሺݒ
݇ ͳ݇ ͳ

The product formation reaction velocity in general is given as:
݀ܿ ܲ
݀ݐ

and

Therefore,

or

ൌ ݇ʹ ή ܿ ܵܧൌ ݇ʹ ή ܿܵ ή ܿ ܧή  ݉ܭെͳ (Eq.3.47)

݇ʹ ή ܿ ܵܧൌ ݇ʹ ή ൫ܿ Ͳܧെ ܿ ܧ൯ ൌ  ݔܽ݉ݒെ ݇ʹ ή ܿ( ܧEq.3.48)

݇ʹ ή ܿܵ ή ܿ ܧή  ݉ܭെͳ ൌ  ݔܽ݉ݒെ ݇ʹ ή ܿ( ܧEq.3.49)

ܿ ܧൌ

ݔܽ݉ݒ

൫݇ ʹ ήܿ ܵ ή ݉ܭെͳ ݇ ʹ ൯

(Eq.3.50)
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Inserting this expression in the reaction velocity finally yields the following Michaelis-Menten relation
describing the product formation velocity in dependence of substrate concentration, Michaelis-constant
and maximum reaction velocity only:
݀ܿ ܲ

ൌ ݇ʹ ή ܿܵ ή ܿ ܧή  ݉ܭൌ

݀ݐ

 ݔܽ݉ݒή݇ ʹ ήܿ ܵ ή ݉ܭെͳ

൫݇ ʹ ήܿ ܵ ή ݉ܭെͳ ݇ ʹ ൯

ൌ

 ݔܽ݉ݒήܿ ܵ
(Eq.3.51)
ܿ ܵ ݉ܭ

This reaction velocity is plotted in the following figure 3.2, illustrating the practical meaning of important

parameters such as maximum velocity or Michaelis-constant for biological enzyme-substrate-reactions.

Y

Y YPD[

6 .P

6

Figure 3.2: Michaelis-Menten kinetics, reaction velocity vs. concentration of the substrate

3.3

Activation energy

So far, we have not considered the dependence of reaction velocity on temperature. Obviously, an increase
in temperature leads to an increase in velocity, a concept which was first addressed by Arrhenius (on
a purely phenomenological basis!): he assumed that all reactions afford a transitional state located, in
respect to the educts, higher in energy by the amount of the activation energy. The ratio of activated to
non-activated species at given temperature now is given by the Boltzmann factor (see chapter 2, Eq.2.15),
and according to Arrhenius the temperature dependence of the reaction velocity constant is given as:
݇ ൌ  ܣή  ቂെ

ܣܧ

ܴܶ

ቃ (Eq.3.52)
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RT is the thermal energy per mole, and EA the activation energy per mole of reacting educt particles.
Note that in this simple purely energetic approach A is merely a phenomenological fitting parameter
ܣDWܶ
corresponding to the maximum possible reaction velocity, i.e. ݇k ൌ
=A
at ՜ λ A more sophisticated

theory following Eyring, and beyond the scope of this textbook, shows that A is of entropic origin, a
concept however not yet known to Arrhenius.

HQHUJ\

($

HGXFWV
SURGXFWV
UHDFWLRQFRRUGLQDWH
Figure 3.3: Energy profile of a chemical reaction, and activation energy (Arrhenius concept)

The origin of the activation energy barrier EA is easy to understand if we consider that, for the formation
of a new reaction product, first chemical bonds of the original educt molecules have to be broken. This
bond energy is in the order of 40–60 kJ/mole, explaining also the famous rule of thumbs that if one
increases the temperature of a chemical reaction from room temperature by 10°C, the reaction velocity
typically doubles.
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Example 3.2:
Consider a chemical reaction with activation energy 𝐸𝐸! = 50   𝑘𝑘𝑘𝑘⁄𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 . Which temperature do
you need to enhance the reaction velocity, compared to that at room temperature, by a factor of
(i) 10 or (ii) 100, respectively?
Solution: we use the Arrhenius equation 𝑘𝑘 = 𝐴𝐴 ∙ exp[− 𝐸𝐸! ⁄(𝑅𝑅𝑅𝑅)]. Note that we will not need A
to solve this equation, since we consider only a relative change in velocities in this problem,
and not absolute values of the velocity constant:
!(!!!"#  ! )
!(!)

=

ln 0.1 = −
!

!

!

!"

=

!""""

= ln 0.1 ∙

!.!"#

!.!"#

!∙!"#[!!! ⁄(!∙!"#  ! )]
!∙!"#[!!!⁄(!")]
!

∙!

!""""

!"#  !

+

!

!

=

!"#[!!! ⁄(!∙!"#  !)]
!"#[!!!⁄(!")]

− !

!"#  !

= exp !−

!!
!

∙!

!

!"#  !

!

− !!
!

!

= 0.003030

=>

𝑇𝑇 = 330  𝐾𝐾 = 56.9  °𝐶𝐶

Using the same approach we get for an increase in velocity by a factor of 100:
!

!

= ln 0.01 ∙

!.!"#

!""""

+

!

!"#  !

= 0.002647

=>

Brain power

𝑇𝑇 = 377.8  𝐾𝐾 = 104.7  °𝐶𝐶
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4 Electrochemistry
Electrochemistry plays a very important role both in technology (for example chemical sources of
electric energy) and chemical analytics (for example potentiometric or conductivity measurements, both
providing a quantitative measure for the concentration of charged solute particles). This chapter is divided
in two parts: (1) the transport of charged particles in an electrolyte solution (= ion conductivity), and (2)
the electrochemical equilibrium. In the 2nd part, we will address the different types of electrochemical
electrodes, and finally combine a pair of electrodes to obtain an electrochemical Galvanic cell.

4.1

Electric Conductivity

An electrochemical cell used, for example, for electrolysis, consists of the source of an electric voltage,
as well as of two chemical electrodes immersed typically in an aqueous solution of an electrolyte. The
electric circuit consists of negative charges, the electrons, which migrate through all metal parts of this
cell, and the ions both positive (cations) and negative (anions) migrating through the aqueous solution
towards the respective electrodes. At the electrodes, the ions either release an electron or accept an
electron, leading to a respective chemical reaction (oxidation if an electron is released from the ion to
the electrode, or reduction if the ion accepts an electron from the electrode).

H

H

.

$

Figure 4.1: electrochemical cell
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For example, let us consider two copper electrodes immersed in a dilute aqueous hydrochloric acid
solution (this cell is formally expressed as Cu/HCl/Cu, / signifying phase boundaries between the solid
copper electrodes and the liquid electrolyte solution, respectively), connected to an external electrical
power source to enforce an electrolytic process. The chemical reactions taking place at the two electrodes
are then given as:

cathode:
anode:

2 H+ + 2 e- ĺ H2 Ĺ
2 Clĺ&O2 ĹH-

cell reaction

2 H+ + 2 Cl- ĺ+2 Ĺ&O2 Ĺ

Note that the number of electrons exchanged per formula equals z = 2 for this example.
Michael Faraday discovered the following two laws quantitatively describing the electrolysis:
1. ݉ ʹܪǡ ݉ ܫ̱ ʹ ݈ܥή ( ݐEq.4.1)
The mass of the material formed at each electrode is proportional to electric current multiplied
by time, or total electric charge.
2.

݉ʹܪ

݉ ʹ ݈ܥ

ൌ

ʹ ܪܯ

ʹ ݈ܥܯ

(Eq.4.2)

The mass ratio of materials formed at the respective electrodes is identical to the ratio of the
molar masses.
Introducing the Faraday constant, we can combine these two equations to express the total charge
exchanged during the electrolysis:
ܳ ൌ  ܫή  ݐൌ  ݖή ܰ ܣή ݁ ή

݉

ܯ

ൌݖήܨή

݉

ܯ

(Eq.4.3)

meaning that the molar amount of material formed at the respective electrodes ݉Τ ܯcorresponds to

the transport of z mole electrons (or the charge zF Coulomb, with the Faraday constant F = 96484.6 C
mol-1) from electrode to electrode via the metal wiring of the electrolysis cell..

To discuss the conductivity and ion migration in a quantitative way, let us consider a more schematic
representation of the electrochemical cell:
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8

O
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$

Figure 4.2: schematic presentation of an electrochemical cell

Two electrodes at distance l (within the electrolyte solution) both of area A are connected to an electric
power source with voltage U, and immersed in an electrolyte solution. In case the area of the electrodes
is larger than the electrode distrance squared ( A>>l2 ), a homogeneous electric field E of magnitude
ܷΤ݈ is created. Due to electrostatic interactions, the ions of charge  ݅ݖή ݁ are accelerated towards their
respective electrodes by an attractive force  ܧܨൌ  ݅ݖή ݁ ή  ܧThis force is balanced by the frictional force
 ܴܨൌ ߨ ή ߟ ή ܴ݅ ή  ݅ݒ, with ߟ the viscosity of the solvent (for water at room temperature, η = 1.00 mPa s),

Ri the radius of the ion,  ݅ݒand the velocity of the migrating ion (index i referring to ions of species i,
+

-

for example H oder Cl ) . At force balance, the acceleration is zero and the ions are migrating with the
constant velocity:
 ݅ݒൌ

 ݅ ݖή݁ήܧ

ߨήߟ ήܴ݅

(Eq.4.4)

The ion velocity therefore also depends on the experimental setup, i.e. the electric field strength. One
therefore defines, as a more general quantity just depending on material properties, the so-called
ion mobility:
 ݅ݑൌ

݅ݒ
ܧ

ൌ

 ݅ ݖή݁

ߨήߟ ήܴ݅

(Eq.4.5)
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This microscopic property is related to the electric conductance (or resistance) of the electrochemical
cell, which can more easily be measured than the migration of individual ions. To derive a relation
between microscopic ion mobility and macroscopic ion conductance, we consider the electric current
within the electrolyte solution, consisting of positive and negative ions migrating in opposite directions:
ܫൌ

݀ܳ 
݀ݐ



݀ܳ െ
݀ݐ

ൌ

݀ܰ  ή݁
݀ݐ



݀ܰ െ ή݁
݀ݐ

(Eq.4.6)

The amount of negative or positive charges (݀ܰ  ή ݁݀ܰ െ ή ݁ ) migrating within a time step over a
certain distance dx towards an electrode of surface area A is given by the average ion concentration and
the migration velocity as:
݀ܰ  ή݁
݀ݐ

ൌ

݀ܰ  ή݁
ܣή݀ݔ

݀ݔ

݀ݔ

ή  ܣή ቀ ቁ ൌ  ܨή ܿ  ή  ܣή ቀ ቁ ൌ  ܨή ܿ  ή  ܣή  ݒ (Eq.4.7)
݀ ݐ

݀ ݐ

with ܿ  ൌ ݊ ή  ݖ ή ܿ ܿ is the molar concentration of the electrolyte, n+ the number of cations per

formula, and z+ the elementary charge number of these cations. For example, for the salt MgCl2, n+ = 1
and z+ = 2.

In total, we obtain for the electric current:
ܷ

 ܫൌ  ܨή  ܣή ሺܿ  ή  ݒ  ܿ െ ή  ݒെ ሻ ൌ  ܨή  ܣή ሺܿ  ή ݑ  ܿ െ ή ݑെ ሻ ή (Eq.4.8)
݈
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Comparing this equation with Ohm’s law
ܫൌ

ܷ
ܴ

ܣ

ͳ

ܣ

ൌ ܷ ή ή ൌ ܷ ή ή ߢ (Eq.4.9)
݈

ߩ

݈

we see directly that the resistance R depends on the geometry of our electrochemical cell (= cell
constant ܣΤ݈ ) and, via the specific resistance ρ or its reciprocal, the specific conductivity ߢ on the ion

concentration and material properties of the ions (charge, size). Comparing Eqs. (4.8) and (4.9), we

find that the specific conductivity, as a macroscopic material property, depends on the microscopic ion
mobilities and the electrolyte concentration as:
ߢ ൌ  ܨή ሺܿ  ή ݑ  ܿ െ ή ݑെ ሻ (Eq.4.10)

To eliminate the concentration dependence, we define the molar conductivity of the electrolyte as:
Ȧൌ

ߢ
ܿ

ൌ  ܨή ሺ݊ ή  ݖ ή ݑ  ݊െ ή  ݖെ ή ݑെ ሻ (Eq.4.11)

Note that, by measuring the electric resistance of an electrolyte solution, we determine the sum of the
ion mobilities, but not the mobility of one ion species. Importantly, we have to use alternating voltage
for this experiment. Otherwise, electrolysis will change the ion concentration with time. In this case, we
also would need a certain voltage before the chemical reaction can take place. One experimental setup
to measure the electric resistance of an electrolyte solution very accurately is the compensation setup
or Wheatstone-bridge (found in common textbooks on experimental physics).
So far, we have shown that the measurement of the electric resistance and calculation of the molar
conductivity only yields the sum of cation and anion conductivities
Ȧൌ  ܨή ሺ݊ ή  ݖ ή ݑ  ݊െ ή  ݖെ ή ݑെ ሻ ൌ Ȧ   Ȧെ (Eq.4.12)

To directly determine the ion mobility of one ion species, two different experimental approaches may
be used:
i. If the ions absorb visible light, one can directly observe the migration of a colored front
moving in an electric field (a special electrochemical cell (formed like a “U”) is carefully
filled with a solution containing the colored ions, and a colorless electrolyte solution on top
in contact with the two electrodes, see textbooks for more details). A famous example is the
measurement of the migration of the colorful MnO4--ion.
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ii. If the ions are colorless, the method developed by Hittorf may be used (see fig. 4.3.). A
special electrolysis chamber consisting of three different compartments which are separable
is used, and the balance of the respective change in electrolyte amount within the two
electrode chambers after a defined amount of electric charge has been applied to the cell is
determined, respectively, for example by volumetric titration.




.

$

UHVHUYRLU

Fig. 4.3: Hittorf electrolysis chamber system (schematic, dark grey arrows = migration of cations,
light grey arrows = migration of anions), K = cathode chamber, A = anode chamber

The relative part of the electric current due to cation and anion migration, respectively, is given as
ܫ
ܫ

ܫെ
ܫ

ൌ

ൌ

ܳ

ܳ ܳെ
ܳെ

ܳ ܳെ

ൌ

ൌ

ݑ

 ݑ  ݑെ
ݑെ

 ݑ  ݑെ

ൌ

ൌ

Ȧ
Ȧ

Ȧെ
Ȧ

ൌ ݐ (Eq.4.13)

ൌ ݐെ (Eq.4.14)

with ݐ  ݐെ the Hittorf numbers of the given electrolyte. Note that ݐ  ݐെ ൌ ͳǤ Let us consider the
change in electrolyte amount in each electrode chamber if we apply one mole charge to an aqueous
solution of HCl for illustration:

cathode chamber
- 1 mole H+
-  ିݐmole Cl+ ݐା mole H+

anode chamber
- 1 mole Cl+  ିݐmole Cl- ݐା mole H+

change due to electrolysis
change due to ion migration of Clchange due to ion migration of H+

-  ିݐmole HCl

+  ିݐmole HCl

overall change in HCl-amount

________________________________________________
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Determination of the overall change in HCl therefore directly yields the Hittorf numbers. If you
independently measure the overall conductivity of the electrolyte, you then can calculate the molar
conductivities (and ion mobilities) of the individual ions.
One should note that once you know the total molar conductivity of the electrolyte and the molar
conductivity of one ion species, you always can calculate the molar conductivity of the 2nd species. This
concept can be used to determine the molar conductivity of the colorless Na+-ions, which are also not
suitable for direct investigation via the Hittorf method by electrolysis in aqueous solution, as following:
1st step:		Determine the molar conductivity Ȧ of the salt NaMnO4 by measurement of the electric
resistance of an aqueous solution.

2nd step:		Determine the ion mobility of the colored MnO4- – ions by direct observation of the ion

3 step:		
rd

migration within the U-cell, and calculate the molar ion conductivity as Ȧെ ൌ  ܨή െ 
You now may calculate the molar ion conductivity of Na+ as Ȧ ൌ Ȧ െ Ȧ െ

Finally, let us discuss the effect of the hydration shell of associated water molecules formed in aqueous
solution on the cation mobility. In dilute aqueous solution, the ion mobility decreases in the order
ݑሺ ܪ ሻ  ݑሺ ܭ ሻ  ݑሺܰܽ ሻ  ݑሺ ݅ܮ ሻ This is surprising, since one would expect the  ݅ܮ  ions to

be smaller than the K+- ions, for example. However, in aqueous solution the ions are surrounded by a

hydration shell of water molecules, and the number of these water molecules is the larger the higher
the surface charge density: approximately, the hydration shell of  ݅ܮ  consists of 12, that of ܰܽ of 8,
and that of K+ of 4 water molecules, rendering the K+-ion effectively smaller and therefore more mobile
in aqueous solution.

+

+
2
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Figure 4.4: The Grotthuß mechanism, explaining the high ion mobility of H+ and OH-
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An exception is H+ where a special conductivity mechanism takes place (see fig. 4.4): the ion is not itself
migrating, but electron pairs are shifted between the ion and neighboring water molecules, leading to
an effective charge mobility about 4 times larger than that of migrating ions. A similar mechanism can
be formulated to explain the high mobility of OH–-ions in aqueous solution.
Finally, the ion mobility also depends on temperature, since the viscosity of the solvent and therefore
the frictional resistance is decreasing with temperature. Accordingly, ion mobility times solvent viscosity
should be independent of temperature (“Walden’s Rule”).
4.1.1

Electric conductivity of weak electrolytes

For so-called weak electrolytes the molar conductivity is strongly decreasing with increasing concentration
of the substrate, for instance acetic acid dissolved in water. The reason is that the weak electrolyte is not
fully dissociated except at infinite dilution, and the degree of dissociation is strongly decreasing with
increasing concentration. Let us consider the example acetic acid in aqueous solution in more detail.
The dissociation of the weak acetic acid is determined by the following chemical equilibrium:
ܪ ֖ ܿܣܪ   ܿܣെ (Eq.4.15)
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The according dissociation constant and degree of dissociation are defined as:
 ݏݏ݅݀ܭǡܿ ൌ

ሾ ܪ ሿήሾ ܿܣെ ሿ
ሾ ܿܣܪሿ

ሾ ܿܣെ ሿ

(Eq.4.16)
ሾ ܿܣെ ሿ

ߙ ൌ ሾ ܿܣെ ሿሾ ܿܣܪሿ ൌ

ܿͲ

ൌ

ሾ ܪ ሿ
ܿͲ

ൌ

ܿͲ െሾ ܿܣܪሿ
ܿͲ

(Eq.4.17)

Inserting the degree of dissociation ߙ in to  ݏݏ݅݀ܭǡܿ  one obtains:
 ݏݏ݅݀ܭǡܿ ൌ

ߙήܿͲ ήߙήܿͲ
ሺͳെߙሻήܿͲ

ߙ ʹ ήܿ

Ͳ
ൌ ሺͳെߙሻ
(Eq.4.18)

This quadratic equation may be used to calculate the degree of dissociation as a function of electrolyte
concentration ܿͲ  According to Ostwald, the concentration dependence of the molar conductivity of the
weak electrolyte, which is determined by the dissociated charges only, then is given as:

ȦሺܿͲ ሻ ൌ ߙ ή Ȧλ (Eq.4.19)

with Ȧλ the limiting molar conductivity measured at infinite dilution or 100% dissociation ߙ ൌ ͳ

Experimentally, conductivity measurements can be used to determine the dissociation constant.
According to Ostwald’s law,  ݏݏ݅݀ܭǡܿ is given as:

or

 ݏݏ݅݀ܭǡܿ ൌ
ͳ

ȦሺܿͲ ሻ

ൌ

Ȧ ሺܿ Ͳ ሻ ʹ
ቁ ήܿͲ
Ȧλ
Ȧ ሺܿ Ͳ ሻ
ቀͳെ
ቁ
Ȧλ

ቀ

ܿͲ ήȦሺܿͲ ሻ

 ݏݏ݅݀ܭǡܿ ήȦ λ ʹ

(Eq.4.20)



ͳ

Ȧλ

(Eq.4.21)

,
Measuring the molar conductivity at various concentrations, and plotting ͳΤȦሺܿͲ ሻ versus ܿͲ ή ȦሺܿͲ ሻ
therefore leads to a straight line yielding Ȧλ from the intercept, and finally  ݏݏ݅݀ܭǡܿ from the slope. Note

that this method has the major disadvantage that a large experimental error in the intercept causes an
even larger error in  ݏݏ݅݀ܭǡܿ .  ݏݏ݅݀ܭǡܿ may therefore be determined more accurately if Ȧλ is measured

independently, for instance by a clever combination of the molar conductivities of fully dissociated socalled strong electrolytes:

Ȧλ ሺܿܣܪሻ ൌ Ȧሺ݈ܥܪሻ  Ȧሺܰܽܿܣሻ െ Ȧሺ݈ܰܽܥሻ ൌ Ȧሺ ܪ ሻ  Ȧሺ ܿܣെ ሻ (Eq.4.22)
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So far, we have ignored the effect of interionic interactions, which cause a decrease in ion mobility with
increasing ion concentration. For the weak electrolyte, this contribution is taken into account if in our
formulation of  ݏݏ݅݀ܭwe switch from concentrations to so-called activities, i.e.
 ݏݏ݅݀ܭൌ

ܽ  ܿܣെ ήܽ  ܪ
ܽ ܿܣܪ

ൌ

݂  ܿܣെ ήܿ  ܿܣെ ή݂  ܪ ήܿ  ܪ
݂  ܿܣܪήܿ ܿܣܪ

ൌ

݂ േ ʹ ήܿ  ܿܣെ ήܿ  ܪ
݂  ܿܣܪήܿ ܿܣܪ

ൌ

݂േʹ

݂ ܿܣܪ

ή  ݏݏ݅݀ܭǡܿ (Eq.4.23)

݂േ ʹ is the mean-squared ionic activity coefficient, which decreases (from 1 at infinite dilution) with

increasing ion concentration. ݂ ܿܣܪis the activity coefficient of the uncharged acetic acid molecules, which

is close to 1 and nearly independent of concentration. Note that, since ݂േ ʹ depends on concentration,
 ݏݏ݅݀ܭǡܿ is not a constant!

Finally, also the molar conductivity itself has to be corrected for interionic interactions, and Ostwald’s
law therefore has to be modified:
ȦሺܿͲ ሻ ൌ ݂Ȧ ή ߙ ή Ȧλ (Eq.4.24)

As we will show in the next section, according to Poisson-Boltzmann-theory ݂Ȧ is given by a squareroot dependence on concentration:

݂Ȧ ൌ ͳ െ  ܤή ξܿͲ (Eq.4.25)
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Example 4.1:
Consider two aqueous solutions of a weak organic acid with concentrations 0.1 mol/L and 0.01
mol/L, respectively. The ratio of the electric resistance for these two solutions is 1:3. Calculate
the dissociation constant of the acid.
Solution: This problem is related to the conductivity of a weak electrolyte. We therefore have to
solve the following set of equations:
Λ = 𝛼𝛼 ∙ Λ ! ,

Λ=

!
!

=

!!!
!

=

! !!∙! ⁄!
!

, and

𝐾𝐾! =

! !∙!
!!!

.

The ratio of Ohm resistances R yields, therefore, a ratio of dissociation constants:
!(!!!.!  !!" ⁄! )
!(!!!.!"  !!" ⁄! )

=

!(!!!.!  !!"⁄!)
!(!!!.!"  !!" ⁄!)

!(!!!.!  !!" ⁄! )
!(!!!.!"  !!" ⁄! )

=!

!

!.!  !!" ⁄!

! !! (!!!.!  !!" ⁄! )∙!⁄!
!!! (!!!.!"  !!" ⁄! )∙!⁄!
!
!
!
!
!.!  !!" ⁄!
!.!"  !!" ⁄!

=!

!!!

!

!.!"  !!"⁄!

We insert this result in 𝐾𝐾! and obtain:

𝐾𝐾! =

!! ∙!

!!!

=

!(!!!.!"  !!" ⁄! )! ∙!.!"  !"# ⁄!
!!!(!!!.!"  !!" ⁄! )

!(!!!.!"  !!" ⁄!)! ∙!.!"  !!" ⁄!
!!!(!!!.!"  !!"⁄!)

=

=

or

! = 0.3 .

!(!!!.!  !!" ⁄! )! ∙!.!  !!" ⁄!
!!!(!!!.!  !!" ⁄! )

=

!

!!.!∙!(!!!.!"  ! !" ⁄! )! ∙!.!  !!" ⁄!
!!!.!∙!(!!!.!"  !!" ⁄! )

!

!!.!∙!(!!!.!"  !!" ⁄!)! ∙!.!  !!"⁄!
!!!.!∙!(!!!.!"  !!"⁄!)

0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿 ∙ !1 − 0.3 ∙ 𝛼𝛼(𝑐𝑐 = 0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿 )! =

0.3! ∙ 0.1   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿 ∙ !1 − 𝛼𝛼(𝑐𝑐 = 0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿 )!

0.01 − 0.01   ∙ 0.3 ∙ 𝛼𝛼(𝑐𝑐 = 0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿) = 0.3! ∙ 0.1 − 0.3! ∙ 0.1   ∙ 𝛼𝛼(𝑐𝑐 = 0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿 )

or

𝛼𝛼(𝑐𝑐 = 0.01   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿) =
𝛼𝛼(𝑐𝑐 = 0.1   𝑚𝑚𝑜𝑜𝑜𝑜 ⁄𝐿𝐿) =

𝐾𝐾! =

! !∙!
!!!

=

!.!! ∙!.!!!.!"

!.!!∙!.!!!.!"  ∙!.!

!.!"#$%
!

=

, and

, and therefore finally:

= 0.01587

!.!"#$%!∙!.!"  !!"⁄!
!!!.!"#$%

= 0.04762

!.!"#$%! ∙!.!  !!"⁄!
!!!.!"#$%
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4.1.2	Interionic interactions and the Poisson-Boltzmann-formalism of the Debye-Hückel-theory:
The Debye-Hückel theory is a quantitative model allowing to calculate the mean-squared ionic activity
coefficient ݂േ ʹ (see Eq. (4.23) ) based on pure electrostatic interactions and the Boltzmann probability.
Qualitatively, we consider the interactions of a central positive ion with a surrounding cloud of negative

ions (see fig. 4.5). Note that the overall net charge of the cloud has to be -1, since otherwise the principle
of electroneutrality would be violated.

-

+

-

+
-

-

+

-

-

-

Figure 4.5: The Debye-Hückel model of the counterion cloud

The chemical potential of a 1,1-electrolyte, for example NaCl in aqueous solution, including interionic
interactions, is given as
ߤ ൌ ߤሺ݅݀ ሻ  ʹܴܶ ή  ݂േ (Eq.4.26)

with ߤሺ݅݀ ሻ the chemical potential in case interionic interactions may be ignored, that is, at infinite

dilution of our electrolyte solution. Physically, the interionic interaction per single ion can be expressed
as electrical work w to create a central positive charge in presence of the elecrostatic potential created
by its surrounding ion cloud, or  ݓൌ ݁ ή ߮ ݓሺ ݎൌ Ͳሻ where ߮ ݓሺ ݎൌ Ͳሻ is the electrostatic potential of

the ion cloud at the position of the central ion. Note that this work is negative in value, i.e. this charging
process leads to a gain in energy! Using this physical concept ln ݂േ , can simply be expressed as
 ݂േ ൌ

ߤ െߤ ሺ݅݀ ሻ
ʹܴܶ

ൌ

݁ή߮  ݓሺݎൌͲሻ
ʹܴܶ

(Eq.4.27)
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Our problem how the ionic activity coefficient (and also the molar ion conductivity) depends on
electrolyte concentration is quantitatively solved if we are able to calculate ߮ ݓሺ ݎൌ Ͳሻ as a function of ion
concentration. To obtain a general expression for the potential of the ion cloud ߮ ݓሺݎሻwe consider the

potential of the single ion ߮ͳ ሺݎሻ (positive charge 1+) and that of the single ion screend by the surrounding
counterion (negative charge 1-) cloudG߮ʹ ሺݎሻ Note that we still limit our formalism, for simplicity of
the resulting mathematical expressions, to a 1,1-electrolyte. Having derived the final expression for the

ionic activity coefficient, we will finally present the general expression valid for i,j-electrolyte solutions,
with ݅ǡ ݆  ͳ The electrostatic potentials for our 1,1-electrolyte are given as:
߮ͳ ሺݎሻ ൌ

߮ʹ ሺݎሻ ൌ

݁

Ͷߨߝ
݁

Ͷߨߝ

ͳ

ή (Eq.4.28)
ݎ

ͳ

ή ή  ቀെ
ݎ

ݎ

ܦݎ

ቁ (Eq.4.29)

ߝ is the permittivity of the solvent, and  ܦݎis the screening length of our sceened Coulomb repulsion,

at this stage still a non-specified parameter. The electrostatic potentials given by Eqs. (4.28) and (4.29),

respectively, are compared in fig. 4.6. Next, we will calculate the Debye screening length  ܦݎ, which is
directly related to the ionic activity coefficient ݂േ .
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Figure 4.6: electrostatic potential of a single ion (blue), and a single ion including the counterion cloud (red)

We start our calculation of  ܦݎwith the Poisson-equation, one of the Maxwell equations connecting a
radial-symmetric charge density profile ߩ݅ ሺݎሻ with the corresponding electrostatic potential ߮݅ ሺݎሻ
ͳ

ʹݎ

ή

݀

݀ݎ

ቄ ʹ ݎή

݀߮ ݅ ሺݎሻ
݀ݎ

ቅൌെ

ߩ ݅ ሺݎሻ
ߝ

(Eq.4.30)

Inserting our approach for the screened Coulomb potential ((Eq.4.29)) into the Poisson-equation (Eq.
(4.30) ) leads to:
߮ ݅ ሺݎሻ
ܦݎ

ʹ

ൌെ

ߩ ݅ ሺݎሻ
ߝ

(Eq.4.31)

This equation can be solved if we consider also the Boltzmann equation (see Chapter 2, Eq.(2.15)) to
express the local charge density of ions of species j at distance r from our central ion i L ݆ܰ ሺݎሻ . The
local ion concentrationQ݆ܰ ሺݎሻ depends on the ratio of electrostatic interaction energy to thermal energy
݇( ܶ ܤwith the Boltzmann constant ݇ ܤൌ ܴΤܰ ܴ  ܣൌ universal gas constant, ܰ = ܣAvogadro number,
see also chapter 2) as:
݆ܰ ሺݎሻ
ۄ ݆ܰۃ

ൌ  ቀെ

݁ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ቁ (Eq.4.32)

 ۄ ݆ܰۃis the average concentration of ions of species j. Note that at very high temperature, ݆ܰ ሺݎሻ ൌ ۄ ݆ܰۃ,

i.e. the concentration of ions of species j is constant all over the electrolyte solution, whereas at lower
temperatures ions and counterions form a regular alternating spatial arrangement as sketched in fig. 4.5
(= the ion cloud model).
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Considering both positive and negative ions, we get a local charge density distribution as a function of
distance r in respect to our central cation given as:
ߩ݅ ሺݎሻ ൌ ܰ ሺݎሻ ή ݁ െ ܰെ ሺݎሻ ή ݁ ൌ  ۄܰۃή ݁ ή  ቀെ

݁ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ቁ െ  ۄܰۃή ݁ ή  ቀ

݁ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ቁ (Eq.4.33)

Note again that, for simplification, here we have considered ions of charges +1 or -1, only, and
ܰۃ  ۄൌ ܰۃെ  ۄൌ ( ۄܰۃthat is, the average particle number concentrations are identical for cations and

anions).

Usually, the electrostatic interaction energy is small compared to ݇( ܶ ܤweak perturbation), and using

a Taylor series expansion of the exponential function the local charge density can therefore be written
simply as:

ߩ݅ ሺݎሻ ൌ  ۄܰۃή ݁ ή ቀͳ െ

݁ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ቁ െ ۄܰۃή ݁ ή ቀͳ 

݁ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ቁൌെ

ʹή݁ ʹ ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ή ( ۄܰۃEq.4.34)

To treat the general case of multivalent ions, it is better to express ߩ݅ ሺݎሻ in dependence of the ionic
strength instead of in dependence of the average ion number concentration ۄܰۃ
ߩ݅ ሺݎሻ ൌ െ

ʹή݁ ʹ ή߮ ݅ ሺݎሻ
݇ܶ ܤ

ή ߩ ή ܰ ܣή ݉ ή ( ܫEq.4.35)

ρ is the density of the solvent, ܰ ܣthe Avogadro number, and ݉ Da dimensionality factor ݉ ൌ
ͳ ݈݉݁Τ݇݃ . The ionic strength itself is defined as following:
ͳ

 ܫൌ ή σ݆ ቀ
ʹ

݆݉

݉

ቁ ή ( ʹ ݆ݖEq.4.36)

with ݆݉ the molality of ions of species j. As an illustrative example, consider 0.5 m NaCl:
ͳ

With

 ܫൌ ή ሼͲǤͷ ή ͳʹ  ͲǤͷ ή ሺെͳሻʹ ሽ ൌ ͲǤͷ (Eq.4.37)
ʹ

 ۄܰۃൌ ߩ ή ܰ ܣή ݉ ή ( ܫEq.4.38)

we get an average ion number concentration of ͲǤͷ ή ܰ ܣper liter for both ionic species.
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If we relate the expression ߩ݅ ሺݎሻ ൌ െ

equation

߮ ݅ ሺݎሻ

ߩ ݅ ሺݎሻ

ʹή݁ ʹ ή߮ ݅ ሺݎሻ
݇ܶ

ή ߩ ή ܰ ܣή ݉ ή ( ܫEq.4.35) with the result of the Poisson

(Eq.4.31), we obtain the following expression for the ion concentration
dependence of our screening length  ܦݎ
ʹ ܦݎ

ൌെ

 ʹ ܦݎൌ

ߝ

ߝήܴܶ

ʹήߩήሺ݁ήܰ ܣሻʹ ήܫή݉ 

ൌ

ߝήܴܶ

ʹήߩή ʹ ܨήܫή݉ 

(Eq.4.39)

with the Faraday constant  ܨൌ ݁ܰ ܣൌ ͻͶͺͶǤ  ܥΤ݉ ݈݁

Our final goal was to express not the screening length but the mean-squared ionic activity coefficient

݂േ ʹ as a function of ion concentration (or ionic strength). For this purpose, we still have to show how
Z߮ ݓሺ ݎൌ Ͳሻ depends on the Debye screening length  ܦݎ. The electrostatic potential of the ion cloud ߮ ݓሺݎሻ
is simply given by the difference of the potentials ߮ͳ ሺݎሻ and ߮ʹ ሺݎሻ (see Eqs.4.28, 4.29), i.e.:
݁

߮ ݓሺݎሻ ൌ ߮ʹ ሺݎሻ െ ߮ͳ ሺݎሻ ൌ

Ͷߨߝ

ͳ

ή ή ቀ ቀെ
ݎ

ݎ

ܦݎ

ቁ െ ͳቁ (Eq.4.40)

ͳ

(Eq.4.41)

For small distances r from the central ion, we can use a Taylor series expansion for the exponential in
(Eq.4.40), and obtain:
߮ ݓሺ ݎൌ Ͳሻ ൌ

݁

Ͷߨߝ

ͳ

ή ή ቀͳ െ
ݎ

ݎ

ܦݎ

െ ͳቁ ൌ െ

݁

Ͷߨߝ

ή

ܦݎ
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Formally, the electrostatic potential of the ion cloud therefore corresponds simply to the Coulomb
attraction potential of a single anion at interionic distance   ܦݎThe electrostatic work W to charge one

mole of cations from zero charge to charge e against this electrostatic potential of the counterion cloud
is then given as:

ܳൌ݁

ܹ ൌ ܰ ܣή Ͳ

߮ ݓሺ ݎൌ Ͳሻ݀ܳ ൌ െ

ܰܣ

Ͷߨߝ ήܦ ݎ

ܳൌ݁

Ͳ

ܳ݀ܳ ൌ െ

ܰܣ

Ͷߨߝ ήܦ ݎ

ͳ

ή ή ݁ʹ ൌ െ
ʹ

ʹܨ

ͺߨߝ ήܰ ܣήܦ ݎ

(Eq.4.42)

In (Eq.4.42), the infinitesimal work to charge a single ion in respect to a constant electrostatic potential
created by the surrounding ion cloud of counterions is given as ݀ ݓൌ ߮ ݓሺ ݎൌ Ͳሻ݀ܳand therefore the
ܳൌ݁
total work per ion to achieve a final charge of e is  ݓൌ  ݓ߮ Ͳሺ ݎൌ Ͳሻ݀ܳ 

ʹ
Finally, the mean-squared ionic activity coefficient ݂േ of the electrolyte is given by considering both

cationic and anionic species, leading to:
 ݂േ ൌ

ܰ ήܹܰെ ήܹ
ሺܰ ܰെ ሻήܴܶ

ൌെ

ʹܨ

ͺߨߝ ήܰ ܣή ܦ ݎήܴܶ

ൌ െ݇ ή

For aqueous solutions at T = 25°C, Eq.4.43 yields:

ͳ

ܦݎ

ൌ െ݇ Ԣ ή ξ ܫൌ െ݇ԢԢ ή ξܿ (Eq.4.43)

 ݂േ ൌ െͲǤͷͲͻ ή ȁݖ ή ݖെ ȁ ή ξ( ܫEq.4.44)

This square-root dependence of the activity coefficient on ionic strength also leads to a square-root

dependence of the molar conductivity of strong electrolytes in solution (an exact derivation is beyond
the scope of this book), as described by the famous ξܿ-law by Kohlrausch:
ȦሺܿͲ ሻ ൌ Ȧλ െ  ܤή ξܿͲ (Eq.4.45)
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In summary, interionic interaction increasing with ion concentration therefore leads to a systematic
decrease in the molar conductivity. Qualitatively, and as a conclusion to this mathematically quite
elaborate section, we consider the interionic interaction of a central ion with its surrounding counter
ion cloud via two simplified pictures (see figs. 4.7, 4.8):
(i) relaxation of the ion cloud:












Figure 4.7: relaxation of the ion cloud

Consider the migration of the positively charged central ion to the left, and the migration of the negatively
charged ion cloud to the right according to the electrostatic attractions caused by the respective electrodes.
As a consequence, a dipole is created, or charge neutrality is destroyed on a local level. This leads to a
retardation force, i.e. the migrating anions are pulling back the cation towards the center of the counter
ion cloud, and vice-versa.
(ii) electrophoretic effect:

Y










Y





Figure 4.8: electrophoretic effect:

The frictional force is enhanced due to the fact that hydration shells of ions moving into opposite
directions are in close contact. Therefore, the frictional force determined by the relative velocity difference
is stronger than that of a single ion moving through solvent molecules which on average do not move
in a specific direction.
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To conclude this section about ion conductivity in electrolyte solutions, fig. 4.9 shows the concentration
dependence of the molar ion conductivity of two strong acids and one weak acid in aqueous solution,
illustrating the difference between weak and strong electrolytes.

/ : P 0ROH
+&O

ò +62

&+&22+
ξܿȀͳ ݈݁ܯΤʹ ή ܮെ͵Τʹ

Figure 4.9: concentration dependence of the molar conductivity of various aqueous acidic solutions
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4.2

The electrochemical potential and electrochemical cells

4.2.1

Chemical electrodes

A system consisting of a metallic rod immersed in an aqueous solution containing the corresponding
metal cations shows the following chemical equilibrium:
ݖ ܯ ሺܽݍሻ   ݁ݖെ ֎ ܯሺݏሻ(Eq.4.46)

Cations are migrating to the metal rod (or metal electrode), take up electrons from the metal and adsorb

as metal atoms (reduction), or – the opposite reaction – metal atoms release z electrons to the metal rod
and migrate into solution as metal ions (oxidation). Which process is favored depends in practice on the
counter electrode, a 2nd chemical electrode which closes the electric circuit (see fig. 4.1)!
The reduction process causes the electrode to assume a positive charge, whereas the oxidation leads to
a negatively charged electrode, and correspondingly a negative electric potential (electrode respective to
solvent) ο߮In Eq. (4.46), ሺܽݍሻ means dissolved in water, and (s) means solid phase.
For a given chemical electrode, its electric potential ο߮ related to the difference in electric charge

between the aqueous and the solid phase, is determined by the electrochemical potentials of the products
and educts of the above redox reaction. In general, an electrochemical potential is defined as chemical
potential plus electrostatic interaction energy, i.e.

ߤ݅ ൌ ߤ݅  ܰ ߮݁ ݅ݖ ܣൌ ߤ݅  ( ߮ܨ ݅ݖEq.4.47)

Our electrochemical equilibrium therefore is given as:

ߤܯሺݏሻ ൌ ߤݖ ܯ ሺܽ ݍሻ   ݁ߤݖെ ሺݏሻ (Eq.4.48)

with ߤܯሺݏሻ the chemical potential of the uncharged metal electrode, and the two electrochemical

potentials given as:

ߤݖ ܯ ሺܽ ݍሻ ൌ ߤݖ ܯ ሺܽ ݍሻ  ߮ܨݖሺܽݍሻ (Eq.4.49)
ߤ݁ െ ሺݏሻ ൌ ߤ݁ െ ሺݏሻ െ ߮ܨሺݏሻ (Eq.4.50)
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In Eqs.4.48 and 4.49, z is the charge number of the metal ions in solution, for example for Cu2+ z=2.
The electrostatic potential difference ο߮ ൌ ߮ሺݏሻ െ ߮ሺܽݍሻbetween the solid and the aqueous phase in

electrochemical equilibrium is then given by inserting Eqs.4.49 and 4.50 into Eq.4.48, and resolving
for ο߮

or

ͳ

ή ൛ߤݖ ܯ ሺܽ ݍሻ   ݁ߤݖെ ሺݏሻ െ ߤܯሺݏሻ ൟ (Eq.4.51a)

ͳ

ή ൛ߤݖ ܯ ሺܽ ݍሻ   ܴܶ ή  ܽݖ ܯ   ݁ߤݖെ ሺݏሻ െ ߤܯሺݏሻ ൟ (Eq.4.51b)

ο߮ ൌ ߮ሺݏሻ െ ߮ሺܽݍሻ ൌ

ܨݖ

ο߮ ൌ ߮ሺݏሻ െ ߮ሺܽݍሻ ൌ

ܨݖ

ߤݖ ܯ ሺܽ ݍሻ  is the chemical potential of the metal ions in aqueous solution at standard conditions, i.e.

concentration 1 mole/kg solvent excluding interionic interactions (pseudo-ideal solution, not a real
system since at such high concentration, as shown in the previous section, Poisson-Boltzmann-theory

predicts strong interionic interactions). ܽݖ ܯ is the activity of the metal ions in the solution. Per definition,

all chemical potentials of solid phases are constant and therefore defined as zero (or, more accurately,
included in the standard electric potential difference of the respective electrode). In conclusion, the
electrode potential therefore depends on the materials and the ion concentration as:
ο߮ ൌ ο߮  

ܴܶ
ܨݖ

ή  ܽݖ ܯ (Eq.4.52)

with the electric standard potential of the chemical electrode ο߮  given as
ο߮  ൌ

ͳ

ܨݖ

ή ൛ߤݖ ܯ ሺܽ ݍሻ    ݁ߤݖെ ሺݏሻ െ ߤܯሺݏሻ ൟ (Eq.4.53)

i.e. corresponding to an idealized aqueous solution at standard conditions, i.e. concentration 1 mole/kg
solvent excluding interionic interactions, therefore activity ܽݖ ܯ ൌ ͳ

More general, for any redox reaction of type ܱܺ   ݁ݖെ ֎ ܴܦܧwe can define an electrode potential
difference as:
ο߮ ൌ ο߮  

ܴܶ
ܨݖ

ή 

ܽ ܱܺ

ܽ ܴܦܧ

(Eq.4.54)

The electrode itself is formulated as RED, OX/M. Note that only components in the solute phase, typical
aqueous solution, or gases will explicitly contribute to the concentration-dependent term in the logarithm.
An alternative formulation is based on the chemical equilibrium, i.e.
ο߮ ൌ ο߮ ܦܧܴ ǡܱܺȀ ܯെ

ܴܶ
ܨݖ

ή 

ܽ ܴܦܧ

ܽ ܱܺ ήܽ ݁ െ ሺݏሻ ݖ

ൌ ο߮ ܦܧܴ ǡܱܺȀ ܯെ
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Note that, per definition, ܽ݁ െ ሺݏሻ ൌ ͳ

To illustrate the meaning of this general equation (4.55), let us consider in detail examples for the most
important types of chemical electrodes:
i. gas electrodes
A famous very important example is the hydrogen electrode H+(aq)/H2(g)/Pt, which is also used as the
reference system, i.e. ο߮ ݐܲ Ȁܪ

ʹ ሺ݃ሻȀܪ

 ሺܽ ݍሻ

of this electrode is set to zero. Note that electrode potentials

can only be measured within a closed electric circuit, that is, in reference to each other. Therefore, there
exists no stand-alone absolute electrode potential, but all data are based on the H+(aq)/H2(g)/Pt reference
system, leading to the electrochemical potential series found in all textbooks of Physical Chemistry. In
this system, the electrochemical standard potential of any given chemical electrode corresponds to the

360°
thinking

electric potential difference one would measure in respect to the hydrogen electrode, using standard

.

conditions, i.e. p = 1 bar, T = 298.15 K and activities of ions and gases = 1.
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Nobler metals, like copper, silver etc., in respect to this hydrogen standard show a positive electrode
potential, whereas less noble metals, like iron, zinc etc., show a negative potential. This means that, at
standard conditions (ion concentration in the aqueous phase 1 mole/kg, pressure of gases contributing
to the electrode potential 1 bar), a zinc electrode combined with the hydrogen electrode to one electric
circuit will show spontaneous oxidation of zinc and reduction of hydrogen ions, whereas a copper
electrode combined with the hydrogen electrode will show reduction of copper ions and oxidation of
hydrogen gas.
The H+(aq)/H2(g)/Pt electrode is based on the following redox equilibrium, using a Pt wire to transfer
the electrons between hydrogen gas and protons:
 ܪ ሺܽݍሻ  ݁ െ ሺݏሻ ֎ ͳൗʹ  ʹܪሺ݃ሻ (Eq.4.56)

The electrochemical equilibrium is defined via the respective chemical or electrochemical potentials as:

ͳൗ ߤ
ʹ  ʹܪሺ݃ሻ ൌ ߤ ܪ ሺܽ ݍሻ  ߤ݁ െ ሺݏሻ (Eq.4.57)

According to the general scheme, the electrostatic electrode potential difference then is given as:
ͳ

ο߮ ൌ ߮ሺݏሻ െ ߮ሺܽݍሻ ൌ ή ൛ߤ ܪ ሺܽ ݍሻ   ܴܶ ή  ܽ ܪ ሺܽ ݍሻ   ݁ߤݖെ ሺݏሻ െ ߤ ʹܪሺ݃ሻ  െ ܴܶ ή  ݂ ʹܪሺ݃ሻ ൟ (Eq.4.58)
ܨ

Here, ݂ ʹܪሺ݃ሻ is the fugacity of the hydrogen gas (or effective pressure), defined as
 ݂ ʹܪሺ݃ሻ ൌ

 ݕήʹ ܪ 


(Eq.4.59)

with  ݕ ͳ an activity coefficient (taking into account the difference between ideal and real gas, see

chapter 2), and  the standard pressure 1 bar. Combining all concentration-independent terms then

leads to:

ο߮ ൌ ο߮ ݐܲ Ȁܪ


ʹ ሺ݃ሻȀ ܪሺܽ ݍሻ

ii. electrodes of 2nd type



ܴܶ
ܨ

ή 

ܽ  ܪ ሺܽ ݍሻ

݂  ʹ ܪሺ݃ሻ ͲǤͷ

(Eq.4.60)

In case the cation concentration is determined via the solubility of a nearly insoluble salt, using 1 mole/kg of
the counterions as the standard condition, an electrode of 2nd type is obtained. Examples are the Calomelelectrode  ݈ܥെ ሺܽݍሻȀ ʹ݈ܥ ʹ݃ܪሺݏሻȀ݃ܪሺ݈ሻ or the silver/silver chloride electrode  ݈ܥെ ሺܽݍሻȀ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ
For the later, the following redox equilibrium is the basis of the electrode’s potential:

݈ܥ݃ܣሺݏሻ  ݁ െ ሺݏሻ ֎ ݃ܣሺݏሻ   ݈ܥെ ሺܽݍሻ(Eq.4.61)
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We use the general expression for the electrode potential of any chemical redox electrode
ο߮ ൌ ο߮  

ܴܶ
ܨݖ

ή 

ܽ ܱܺ

ܽ ܴܦܧ

(Eq.4.62)

and consider that on the “OX-side” there are only solid components with activity 1, whereas on the
“RED-side” the only non-solid component is  ݈ܥെ ሺܽݍሻConsequently, the electrode’s potential is given as:
(Eq.4.63)

This electrode of 2nd type provides a nice example how the solubility constant of can be calculated from
standard electrode potentials. The  ݈ܥെ ሺܽݍሻȀ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ-electrode can formally be considered also
as a simple ݃ܣ ሺܽݍሻȀ݃ܣሺݏሻ -electrode, where the effective concentration of ݃ܣ-ions is determined

by the solubility product,

ܮܭǡ ݈ܥ݃ܣൌ ܽ ݃ܣ ή ܽ ݈ܥെ (Eq.4.64)

The electrode potential therefore can be expressed in two different ways:
ο߮ ൌ ο߮  ݈ܥ െሺܽ ݍሻȀ ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ െ

ܴܶ
ܨ

ή  ܽ ݈ܥെ ൌ ο߮  ݃ܣ  ሺܽ ݍሻȀ ݃ܣሺݏሻ 

Eq. (4.65) yields for the solubility constant ܮܭǡ ݈ܥ݃ܣ

ο߮  ݈ܥ െሺܽ ݍሻȀ ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ െ ο߮  ݃ܣ  ሺܽ ݍሻȀ݃ܣሺݏሻ ൌ

ܴܶ
ܨ

ܴܶ

ή ൫ ܽ ݃ܣ   ܽ ݈ܥെ ൯ ൌ

ܨ

ή  ܽ ݃ܣ (Eq.4.65)

ܴܶ
ܨ

ή  ܮܭǡ( ݈ܥ݃ܣEq.4.66)

With ο߮  ݈ܥ െ ሺܽ ݍሻȀ ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ ൌ ͲǤʹʹܸ and ο߮  ݃ܣ  ሺܽ ݍሻȀ݃ܣሺݏሻ ൌ ͲǤͺͲܸ (from the series of standard
electrode potentials) we obtain ܮܭǡ ݈ܥ݃ܣൎ ͳǤͷ ή ͳͲെͳͲ ݉ ʹ ݈݁Τ݇݃ʹ 
iii. redox electrodes

As we have seen, every chemical electrode is based on a redox reaction. However, in practice you call
an electrode a redox electrode if both the OX-species and the RED-species are found in the solute
phase, typically an aqueous solution. Examples are the ʹ ݁ܨ ሺܽݍሻǡ ͵ ݁ܨ ሺܽݍሻȀܲݐሺݏሻ- electrode or the

݄݊݊݅ܿݎ݀ݕܪሺܽݍሻǡ ݄݊݊݅ܥሺܽݍሻȀܲݐሺݏሻ-electrode. Note that there is no phase boundary between the
OX and RED species, wherefore the Ȁ is replaced by a. The respective redox reactions and electrode

potentials are given as:

͵ ݁ܨ ሺܽݍሻ  ݁ െ ሺݏሻ ֎ ʹ ݁ܨ ሺܽݍሻ (Eq.4.67)

ο߮ ൌ ο߮ ʹ ݁ܨ  ሺܽ ݍሻǡ͵ ݁ܨ ሺܽ ݍሻȀܲݐሺݏሻ 

ܴܶ
ܨ

ή 

ܽ ͵ ݁ܨ ሺܽ ݍሻ
ܽ ʹ ݁ܨ ሺܽ ݍሻ
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and
݄݊݊݅ܥሺܽݍሻ  ʹ ܪ ሺܽݍሻ  ʹ݁ െ ሺݏሻ ֎ ݄݊݊݅ܿݎ݀ݕܪሺܽݍሻ (Eq.4.69)

ο߮ ൌ ο߮  ݄݊݊݅ ܿݎ݀ݕܪ ሺܽ ݍሻǡ ݄݊݊݅ܥሺܽ ݍሻȀܲ ݐሺݏሻ 

ܴܶ
ʹܨ

ή 

ܽ  ݊݊݅ ݄ܥሺܽ ݍሻ ήܽ  ܪ ሺܽ ݍሻ ʹ
ܽ  ݊݊݅ ݄ ܿݎ݀ݕܪሺܽ ݍሻ

(Eq.4.70)

Note that the Chinon/Hydrochinon (or Chinhydron) – electrode can also be used to measure pH-values
of aqueous solutions, since its electrode potential depends on ܽ ܪ ሺܽ ݍሻ ʹ  This electrode is much better

suited for this purpose than the ܲݐȀ ʹܪሺ݃ሻȀ ܪ ሺܽݍሻ-electrode, where the potential depends on the
hydrogen gas pressure which cannot accurately be adjusted without experimental difficulties .
iv. Diffusion potentials (or membrane potentials)
Another means to create an electric potential, without a chemical redox reaction, is based on osmotic
pressure and a semipermeable membrane. Let us, for example, assume that two chambers are separated
by a semipermeable membrane which only allows the smaller cations of a given salt to permeate, and
the left chamber contains a lower concentration of salt in aqueous solution (see fig. 4.10). The difference
in osmotic pressure then causes the smaller cations to migrate through the membrane from the right
chamber of higher concentration to the left chamber, until the osmotic pressure difference is balanced
by the electrostatic interaction, or, in other words, the electrochemical potentials of the cationic species
in both chambers are equal.
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Figure 4.10: Membrane potential

Figure 4.10.: Membrane potential

ߤߙ ൌ ߤߙ   ܨή ߮ߙ ൌ ߤߚ ൌ ߤߚ   ܨή ߮ߚ (Eq.4.71)

ο߮ ൌ ߮ߙ െ ߮ߚ ൌ ߤߚ െ ߤߙ ൌ

ܴܶ
ܨ

ή 

ܽߚ

ܽߙ

 Ͳ (Eq.4.72)

Note that the concentration is not changing much by the ion migration, and therefore the electric potential
difference is given by the ratio of the original salt concentrations. This type of membrane potentials is
the basis of our neurons and signal conductivity in our bodies. Semi-permeability of the neurons here
is achieved via special proteins embedded within the cellular membrane which are called ion channels.
In this context, one should note that two electrodes are often connected to an electric circuit via a socalled salt bridge, which contains an electrolyte not participating at the redox reaction but just closing
the circuit by ion migration. To avoid charge separation and diffusion potentials, which in this case
would partially compensate the electrode potential difference (and therefore would lead to a loss in the
performance of our chemical battery), the cations and anions of the salt bridge should have identical
ion mobilities. This is the case for the salt KCl, which therefore is used in such salt bridges. In the next
section, we consider such an electrochemical circuit consisting of two electrochemical electrodes, the
Galvanic cell. Fig. 4.11 (see below) shows how the electric circuit is closed in this case by the salt bridge.
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The electrochemical Galvanic cell

If you combine two of the chemical electrodes we discussed in the previous section to a closed electric
circuit, you obtain a Galvanic chain or electrochemical cell. As an electrochemical battery, this setup
is used to convert the chemical energy of a spontaneous redox reaction into electric energy. The
spontaneous process can also be reversed by applying an external electric voltage (electrolysis chamber).
For the spontaneous process corresponding to a chemical battery, per convention the electrode showing
oxidation is placed left, and the electrode showing reduction is placed right. To close the electric circuit,
typically a salt bridge containing an aqueous solution of KCl connects the two electrodes or half cells,
as already discussed. The Gibbs free enthalpy of the redox reaction of the electrochemical cell, and the
electrochemical potential difference (or electromotive force E) of the Galvanic cell are related as (see
also definition of ο ܩas electric work in chapter 2 !):

οܴ  ܩൌ െ ݖή  ܨή ( ܧEq.4.73)

In general, the redox reaction of the cell ܲݐሺݏሻȀܴ ݈ܦܧǡ ܱ݈ܺ ȀȀܴ ݎܦܧǡ ܱܺ ݎȀܲݐሺݏሻ is given as:

ܴ ݈ܦܧ ܱܺ ݎ՜ ܱ݈ܺ  ܴ( ݎܦܧEq.4.74)

Here ܴ ݈ܦܧǡ ܴ ݎܦܧ, are the reduced species in the left and right part of the Galvanic cell, ܱ݈ܺ ǡ ܱܺݎ

correspondingly the oxidized species, and / / the salt bridge connecting the two chemical electrodes or
half cells. The electromotive force of this cell is then given via the difference of the electrode potentials, i.e.
 ܧൌ ο߮ ݎെ ο݈߮ ൌ ο߮  ݎ 

ܴܶ
ܨݖ

ή 

ܽ ܱܺ ݎ

ܽ ܴݎ ܦܧ

െ ο߮  ݈ 

ܴܶ
ܨݖ

ή 

ܽ ܱܺ ݈

ܽ ܴ݈ ܦܧ

ൌ  ܧെ

ܴܶ
ܨݖ

ή 

ܽ ܴ ݎ ܦܧήܽ ܱ ܺ ݈
ܽ ܱܺ  ݎήܽ ܴ݈ ܦܧ

(Eq.4.75)

In chemical equilibrium, our Galvanic cell has no electromotive force, and the respective activities of
the components of the chemical redox reaction are determined by the chemical equilibrium constant
K. Therefore, we obtain
 ܧൌ Ͳ ൌ  ܧെ

ܴܶ
ܨݖ

ή  ( ܭEq.4.76)

With the general relation for chemical equilibrium (see Chapter 2, οܴ  כ ܩൌ െܴܶ ή  ( ܭEq.2.146)), we
finally get:

οܴ  כ ܩൌ െ ݖή  ܨή (  ܧEq.4.77)
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To illustrate the concept of a Galvanic cell, we consider the Danielle-element as a first example of a
chemical battery. This Galvanic chain connects a zinc-electrode and a copper electrode via a salt bridge,
and therefore is formulated as ܼ݊ሺݏሻȀܼ݊ʹ ሺܽݍሻȀȀʹݑܥ ሺܽݍሻȀݑܥሺݏሻ The cell is sketched in fig. 4.11:

.&OEULGJH

&X

=Q
=Q62

&X62

Figure 4.11: Danielle element
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In this electrochemical cell, we find the following chemical redox reactions:
left chamber:		
right chamber:		

ܼ݊ ՜ ܼ݊ʹ  ʹ݁ െ

ʹݑܥ  ʹ݁ െ ՜ ݑܥ
--------------------------------------------------------------

cell reaction		

ܼ݊  ʹݑܥ ՜ ܼ݊ʹ  ݑܥ

The less noble zinc therefore is oxidized, while the nobler copper is reduced. The electromotive force E
of this cell then is then given as:
 ܧൌ ο߮ʹ ݑܥ Ȁ ݑܥെ οܼ߮݊ ʹ Ȁܼ݊ ൌ ο߮ʹ ݑܥ Ȁ  ݑܥെ οܼ߮݊ ʹ Ȁܼ݊  െ

ܴܶ
ʹܨ

ή 

ܽ ܼ݊ ʹ
ܽ ʹ ݑܥ

(Eq.4.77)

As a 2nd example, we consider an electrochemical cell where a hydrogen electrode and a silver/
silver chloride electrode are immersed in a single chamber containing dilute hydrochloric acid,
ܲݐሺݏሻȀ ʹܪሺ݃ሻȀ݈ܥܪሺܽݍሻȀ݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ In this case, we expect the following chemical reactions at the

respective electrodes:
left chamber:		
right chamber:		

ͳΤʹ  ʹܪሺ݃ሻ ՜ ܪ ሺܽݍሻ  ݁ െ

݈ܥ݃ܣሺݏሻ  ݁ െ ՜  ݈ܥെ ሺܽݍሻ
--------------------------------------------------------------------------------------

cell reaction		

ͳΤʹ  ʹܪሺ݃ሻ  ݈ܥ݃ܣሺݏሻ ՜  ܪ ሺܽݍሻ   ݈ܥെ ሺܽݍሻ

The noble metal silver therefore is reduced, whereas the less noble hydrogen is oxidized. The corresponding
electromotive force E of this cell is given as:
 ܧൌ ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ ݃ܣെ ο߮ ܪ Ȁ ʹܪൌ ο߮ ݈ܥെȀ ݈ܥ݃ܣȀ  ݃ܣെ ο߮ ܪ Ȁ  ʹܪെ

ܴܶ
ܨ

ή 

ܽ  ܪ ήܽ  ݈ܥെ
݂ Ͳ ʹ ܪǤͷ

(Eq.4.78)

Since the standard electrode potential of the hydrogen electrode is the basis of the electrochemical potential
series and defined as ο߮ ܪ Ȁ  ʹܪൌ Ͳܸ this electromotive force E is simply given as:
 ܧൌ ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ  ݃ܣെ

ܴܶ
ܨ

ή 

with ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ  ݃ܣൌ ͲǤʹʹʹ͵ܸ

ܽ  ܪ ήܽ  ݈ܥെ
݂ Ͳ ʹ ܪǤͷ

(Eq.4.79)
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In practice, electrochemical cells are used in physical chemistry mainly for three different purposes:
i. determination of the mean ionic activity coefficients ݂േ 

Consider for illustration our 2nd example of an electrochemical cell ܲݐሺݏሻȀ ʹܪሺ݃ሻȀ݈ܥܪሺܽݍሻȀ
݈ܥ݃ܣሺݏሻȀ݃ܣሺݏሻ The electromotive force E of this cell can be expressed as:
 ܧൌ ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ  ݃ܣെ

ܴܶ
ܨ

ή 

ܽ  ܪ ήܽ  ݈ܥെ
݂ʹ ܪ

ͲǤͷ

ൎ ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ  ݃ܣെ

ܴܶ
ܨ

ή 

݉  ܪ ή݉  ݈ܥെ ή݂ േ ʹ
Ͳ ʹ ܪ Ǥͷ

ൌ ݄ݐܭܯܧǤ െ

ʹܴܶ
ܨ

ή

݂േ (Eq.4.80)

ln ݂േ is obtained if you compare the experimentally determined electromotive force E with the

theoretically expected value ݄ݐܧǤ calculated from the standard electrode potential ο߮ ݈ܥെ Ȁ ݈ܥ݃ܣȀ  ݃ܣand

the concentration of the hydrochloric acid (in mole/kg !).

ii. a second type of application is the electrochemical measurement of pH-values, as discussed
before, using a reference electrode and a sensor electrode whose electrode potential depends
on the concentration of  ܪ
iii. more general, one can determine the concentration of many ionic species in aqueous

solution if one uses the appropriate chemical electrode. This quantitative analytical method
is used, for example, in potentiometric titration, where you monitor the electromotive
force E in dependence of added amount of analyte. One example could be the titration of a
ʹ ݁ܨ-solution with  ݁ܥͶ  using a D ݈ܥെ Ȁ݈ܥ݃ܣȀ݃ܣ-electrode as reference. If the reaction
flask is an electrochemical cell containing a Pt-wire, we then formally measure via the

electromotive force E the electrode potentials of the following redox electrodes depending
on the present species: either ʹ ݁ܨ ሺܽݍሻǡ ͵ ݁ܨ ሺܽݍሻȀܲݐሺݏሻ or ͵ ݁ܥ ሺܽݍሻǡ  ݁ܥͶ ሺܽݍሻȀܲݐሺݏሻ

Note that, to accurately determine ion concentrations via measurements of the electromotive force, the
electrochemical cell has to be used without any current to avoid electrolytic processes at the electrodes
during the measurement, which would change the concentration of interest. In practice, this can be
achieved either by compensating the electromotive force E with an external electric potential (so-called
Poggendorf compensation), or by using a high resistance within the electric circuit to suppress the
charge transport.
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We conclude our chapter on electrochemistry by presenting the chemical redox reactions for some of
the technically most important electrochemical batteries:
i. lead accumulator
oxidation:
reduction:

ܾܲሺݏሻ ՜ ܾܲ ʹ ሺܽݍሻ  ʹ݁ െ

ܾܱܲʹ ሺݏሻ  ʹ݁ െ  Ͷ ܪ ሺܽݍሻ ՜ ܾܲ ʹ ሺܽݍሻ  ʹܱ ʹܪሺ݈ሻ
----------------------------------------------------------------------------------------ܾܲሺݏሻ  ܾܱܲʹ ሺݏሻ  Ͷ ܪ ሺܽݍሻ ՜ ʹܾܲ ʹ ሺܽݍሻ  ʹܱ ʹܪሺ݈ሻ

cell reaction

This cell reaction underlines the importance of the pH of the sulfuric acid for the performance of the
lead acumulator!
ii. Ni-Cd-accumulator
oxidation:
reduction:

݀ܥሺݏሻ  ʹܱ ܪെ ሺܽݍሻ ՜ ݀ܥሺܱܪሻʹ ሺݏሻ  ʹ݁ െ

ʹܱܰ݅ሺܱܪሻሺݏሻ  ʹ ܱ ʹܪ ʹ݁ െ ՜ ʹܰ݅ሺܱܪሻʹ ሺݏሻ  ʹܱ ܪെ ሺܽݍሻ
----------------------------------------------------------------------------------------------------

cell reaction

݀ܥሺݏሻ  ʹܱܰ݅ሺܱܪሻሺݏሻ  ʹ ܱ ʹܪ՜ ݀ܥሺܱܪሻʹ ሺݏሻ  ʹܰ݅ሺܱܪሻʹ ሺݏሻ
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5	Introduction to Quantum
Chemistry and Spectroscopy
In this chapter, I will try to briefly introduce the concept of quantum chemistry, which is essential to
understand spectroscopic methods, an analytical tool extremely important in chemistry. Some common
spectroscopic techniques will therefore also be addressed in this chapter. Note that this chapter can serve
as a rather superficial introduction to quantum chemistry only: especially, I refer from any detailed
mathematical representation of the topic for the reason of readability (and lack of space), and the quantum
chemical concept of the chemical bond is also not treated here.

5.1

Models of the atom

Historically, our picture for the nature of matter developed from the rather philosophical description of
the ancient Greeks (atoms = simple small geometrically different objects, like cubes, spheres etc.), via
Bohr’s model of negative charges migrating on concentric circles around a positively charged nucleus
like planets orbiting the sun, finally to a new physical interpretation called quantum mechanics. Let us
briefly repeat the most important historic steps of this development:
Demokrit, 5th century BC, stated that atoms (from Greek: DTRPRV = inseparable) are the smallest parts
of any matter, and differ in geometrical shape and color. It took a very long time until Dalton, in the
19th century, interpreted the law of constant proportions to the conclusion that some matter consists of
small groups of different atoms, called molecules. For example, the smallest parts of the substance water
are molecules which consist of 2 atoms of hydrogen and 1 atom of oxygen.
From the late 19th century, our atomic models changed comparatively rapidly, i.e. within several decades,
based on new experimental results. This underlines the importance of the actual method of scientific
research: develop any model only based on experimental results, as well as check existing models based
on their predictions of experimental results! First, the discovery of the negatively charged electron within
the cathode-radiation, and the experimental prove of its particular character within the Wilson cloud
chamber (see fig. 5.1), lead to the Thomson model visualizing atoms analogous to a cake, where the
negative charges are embedded like resins within a positively-charged lump of comparatively low mass
density (see fig. 5.2) (Thomson 1897).
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Figure 5.1: Cathode radiation and deviation of the electron beam in an electric field proofing the negative charge of electrons
(top), and proof of its particular character (a β-source emits electrons!) via the Wilson cloud chamber (bottom)











Figure 5.2: The Thomson model of the atom (electrons like “resins in a cake”). Note that
the “cake” itself (grey area) is positively charged to compensate for the electrons charge,
since the atom itself is charge-neutral.

Based on the low mass density of the atoms as well as the small size of the electrons, according to the
Thomson-model one would expect that, if you direct a ray of small positive charges called α-radiation
(= He2+-ions) onto a thin foil of gold atoms, the projectiles should pass through the foil more or less
unhindered (Geiger and Marsden experiment, 1909). Although this was true for most of the α-particles,
the experiment also showed that a small fraction of the projectiles was reflected by the atoms of the gold
foil (see fig. 5.3). This was in contradiction with the Thomson model, and lead to a new model suggested
by Rutherford, who postulated that the positive charge of the atom should be allocated within the center
of the atoms within a tiny highly massive core (see fig. 5.3).
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Figure 5.3: Geiger-Marsden experiment (top), and interpretation of the experimental results via a new atomic model
suggested by Rutherford (bottom).

The problem of the new Rutherford model was to explain why the negatively charged electrons obviously
are not collapsing into the positively charged atomic core, i.e. what keeps the volume of the atom stable,
since the atom should mainly consist of “nothing” as proven by the fact that most of the α-projectiles
in the Geiger and Marsden experiment passed through the gold foil unhindered. Another experimental
finding not explained by the Rutherford model are spectroscopic measurements showing that atoms
absorb light of specific wave lengths only. Niels Bohr therefore suggested in 1913 a new atomic model
to explain the spectroscopic observations.
If we assume that the absorption of light changes the state of the electrons, we may conclude that an
electron bound within an atom only assumes certain levels of energy. Bohr developed a new model
still based on classical physics, which postulated that the electrons are moving with constant velocity ݒ
around the positively charged core of the atom on stable circular orbits of radius r, like planets moving
around the sun. In this case, the Coulomb attraction between the electrons and the core is compensated
by the centrifugal force:
݁݁ʹʹ

݉ήݒήʹʹݒ
݉
(Eq.5.1)
ݎݎ

ൌെ
െ ሺͶߨߝ ሻή ʹʹݎൌ
ൌ െܨ
െݎݐ݊݁ܿܨ
ൌെ
െ
ܾ݈݉ݑܥܨܨ
 ܾ݈݉ݑܥൌ
ܿ݁݊ݎݐǤ Ǥ ൌ
ሺͶߨߝ ሻήݎ
ͲͲ
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The kinetic energy of these moving electrons is then given as  ݊݅݇ܧൌ ͳΤʹ ή ݉ ή   ʹ ݒNote that, according

to the Maxwell equations, such an electron moving within the electric field originating from the
positively charged atomic core should lead to the continuous radiation of an electromagnetic field. As a
consequence, the electron would also continuously loose some of its kinetic energy, which finally should
lead to the collapse of the atom. Bohr “solved” this problem, and thereby also provided an explanation
for the experimental results from spectroscopy that an electron bound to an atom only assumes specific
energies (or specific orbits), by postulating that the electron is confined to specific orbits  ݊ݎfulfilling the
following relation concerning their rotational momentum:
ห݈Ԧห ൌ ȁݎԦ ൈ Ԧȁ ൌ ݉ ή  ݒή  ݊ݎൌ ݊ ή

݄

ʹߨ

(Eq.5.2)

with ݊ an integer (1, 2, 3, …), and ݄ ൌ Ǥʹ ή ͳͲെ͵Ͷ  ܬή  ݏPlanck’s constant. With this boundary
condition, you obtain the following allowed values for the energy of the electron encircling the core of
the hydrogen atom, i.e. charge = +1e:
 ݊ܧൌ െ ሺͶߨߝ

Ͳ

݉ ݁ ή݁ Ͷ
ʹ
ሻ ήʹήሺ݄ Τሺʹߨሻሻʹ

ή

ͳ

݊ʹ

ǡ݊ ൌ ͳǡ ʹǡ ͵ǡ ( ڮEq.5.3)

݉݁ is the mass of the electron, ͻǤͳͲͻ ή ͳͲെ͵ͳ kg. The energy difference between two of these orbits, and
therefore the frequency of light necessary to lift an electron from one inner orbit to a larger one of higher

energy, then is given as:

ο ܧൌ  ʹ ݊ܧെ  ͳ ݊ܧൌ െ ሺͶߨߝ

Ͳ

݉ ݁ ή݁ Ͷ
ʹ
ሻ ήʹήሺ݄ Τሺʹߨሻሻʹ

ήቀ

ͳ

݊ʹʹ

െ

ͳ

݊ͳʹ

ቁ ൌ ݄ ή ߥ (Eq.5.4)

Note that, if the electron is lifted to defined energetically excited states by, for example, external electrical
energy (see for example gas lamps), it will go back to its original energetic state while emitting light of
specific wavelengths, corresponding in energy to the differences given by Eq.5.4 (emission spectrum of
atoms, see fig. 5.4).
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Figure 5.4: Energetic transitions responsible for the hydrogen emission spectrum, and the Bohr atomic model
(red, blue arrows indicating the Balmer-series found in the visible regime of the electromagnetic spectrum)
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Emission (or absorption, see further below) spectroscopy therefore can be used to quantitatively measure
the differences of the discrete energetic states of atoms (or molecules, see below). Bohr could show that
quantum physics, a new concept introduced first by Plack (1900) and Einstein (1905), and classical physics
are in agreement at large quantum numbers n (principle of correspondence). However, at small quantum
numbers Bohr encountered certain difficulties to match his model onto experimental observations on
a sound mathematical and physical basis. This problem could only be resolved by a completely new
theoretical approach, modern quantum mechanics.
Before we approach the concept of quantum mechanics (which was formulated in the mid-1920s by
Werner Heisenberg, Max Born and Pascual Jordan (matrix mechanics), Louis de Broglie and Erwin
Schrödinger (wave mechanics)), let us briefly sketch the nature of light as it is described within the
classical physical model. Classically, light was considered as an electro-magnetic wave quantitatively
described by the Maxwell equations and migrating with light’s speed ܿ ൌ ͵ ήͳͲͺ ݉Τ  ݏThe oscillating
electric field amplitude vector of light of wavelength λ migrating, for example, in x-direction, is given as:

ʹߨݔ
ʹߨܿ
െ
ή ݐቁ(Eq.5.5)
ܧሬԦ ሺݔǡ ݐሻ ൌ ܧሬԦͲ ή  ቀ
ߣ

ߣ

The electric field amplitude is showing periodic oscillations both as a function of space and time, and
the oscillation frequency is given by the light velocity and the wave length as:
ߥൌ

ܿ

ߣ

(Eq.5.6)

To conclude this section, note that at this stage of our description of the atom still based on classical
physics, we encounter at least two fundamental problems: first, there is no physical reason why an electron
should be limited to specific orbits only (early quantum theory postulated by Niels Bohr). Second, within
the classical physical picture the moving electron should loose energy and therefore collapse into the
atomic core, as already mentioned above. As we will show in the next section, a new concept of physics,
modern quantum mechanics, is necessary to solve our problem. Interestingly, this new concept is also
relevant in respect to the nature of light: classically, as we have just described, light is an electromagnetic
wave. However, Einstein has discovered in 1905 in his famous publication explaining the photoelectric
effect that light also must have a particle character. To resolve these problems, a new concept of physics
was introduced in the 1920s (Heisenberg, Schrödinger, 1925), quantum mechanics, which attributes a
wave character to everything, even solid matter.

5.2

The wave character of matter, or the wave-particle-dualism

Analogous to water waves, in some experiments small moving particles also show diffraction phenomena
typical for a wave character. The general wave equation describes a harmonic oscillation of a physical
quantity Ȳሺݔǡ ݐሻ with space and time, i.e.
Ȳሺݔǡ ݐሻ ൌ ȲͲ ή  ቀ

ʹߨݔ
ߣ

െ

ʹߨݐ
߬
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In eq.5.7., ȲͲ is the amplitude or maximum value of our physical quantity, λ the wavelength and τ the
duration of one oscillation. If a circular wave, for instance light, is passing through two neighboring slits

of adequate separation and size, these slits act as origins of two new circular waves with well-defined
phase difference, and a screen behind the slits shows a regular interference pattern of dark and bright
stripes (see fig. 5.5). On the other hand, if a beam of light is shining through a single small slit the screen
does not simply show a sharp image of the slit, but also light of lower intensity on the edges, which looks
as if the light is partially twisted while passing through the slit (= diffraction).

OLJKWVRXUFH

LQWHUIHUHQFHSDWWHUQYLVLEOH
RQDZKLWHVFUHHQ
Figure 5.5: Diffraction of light wave on a two-slit setup

Diffraction and interference are experimental phenomena proving the wave character of light.
However, there exist experimental results which can only be interpreted if light is consisting of individual
particles called photons, the photo-electric effect discussed 1905 by Albert Einstein. The photoelectric
effect is the experimental result that electrons released from metal by incident light are assuming a kinetic
energy (or velocity) independent of the light amplitude, but only dependent on the wavelength of light.
On the other hand, the number of released electrons increases proportional to an increase of the power
(or amplitude) of the light. These results can only be understood if one single light particle (= photon)
releases one single electron, and the energy of the electron is depending on the energy of this photon,
which itself depends on the wavelength or frequency of light. The number of released electrons then
depends on the number of incident photons, which is given by both the power of light and the frequency.
The energy of a single photon is given as:
ܿ

 ܧൌ ݄ ή ߥ ൌ ݄ ή (Eq.5.8)
ߣ
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Figure 5.6: The photoelectric effect, experimental setup (left) and resulting photo electric current (right)

The experiment itself, as sketched in figure 5.6, works as follows: the electrons, released by incident light,
are kept in the cesium plate if their energy is too low to migrate to the counter electrode which is kept
at an adjustable electric potential (or voltage). Thereby, this potential provides a direct experimental
measure for the energy of the photoelectrons, whereas a measurement of the electric current at lower
potentials provides a measure for the number of released electrons. In this experimental setup, the
wavelength and power of the incident light are varied, and the electric current in dependence of the
voltage is measured. The electric current divided by the elementary charge then directly corresponds to
the number of incident photons per second, whereas the electrostatic energy e . U plus the ionization
energy of the metal per atom, typically cesium, corresponds to the energy of a single photon.
Excellent Economics and Business programmes at:

“The perfect start
of a successful,
international career.”
CLICK HERE

to discover why both socially
and academically the University
of Groningen is one of the best
places for a student to be

www.rug.nl/feb/education
Download free eBooks at bookboon.com

140

Click on the ad to read more

Basic Physical Chemistry

Introduction to Quantum Chemistry and Spectroscop

In conclusion, light behaves, depending on the experiment, like a wave or a particle, a phenomenon
which is called wave-particle-dualism. This behavior is also found for objects which in classical physics
typically were regarded as particles, like electrons or even particles of much larger masses. Davisson and
Germer (1927), for example, showed that an electron beam hitting a small gold foil or a nickel crystal in
reflection, that is, a periodic lattice on an atomic length scale, shows interference phenomena.

T
TT
$

G

&

%
Figure 5.7: Diffraction of an electron beam – the Davisson-Germer experiment
and Bragg diffraction

The Davisson-Germer experiment can be explained by the constructive interference of two electron waves
reflected at the outermost atom layer and an inner layer of the nickel crystal, respectively. The inner
reflected beam migrates a longer distance, and constructive interference occurs if this longer distance is
a multiple of the light wavelength, leading to the famous Bragg law of diffraction (see fig. 5.7 and Eq.5.9):
݊ ή ߣ ൌ ʹ݀ ή  ߠ (Eq.5.9)

So far, we have learned that, depending on the actual experimental observation, light or even matter

either exhibits particle or wave character. This fundamental problem of the wave-particle dualism can
be resolved if we introduce the concept of standing waves. For example, an electron migrating around
an atomic nucleus on a stable orbit can be regarded as a resonant standing wave, like the strands of a
guitar. Note that for one-dimensional standing waves the amplitude at the edges have to be zero, limiting
the allowed wave lengths (see fig. 5.8), and therefore leading to discrete energy levels or quantization of
energy, as we have seen already in the Bohr model, where classical physics could provide no satisfactory
explanation for the quantization.
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Figure 5.8: 1-dimensional standing waves

The description of very small particles as a standing wave will lead us directly to the mentioned new
concept of physics, quantum mechanics. For a particle which is more or less localized, we usually have
to use not a single standing wave but packages of interfering waves. These wave packages provide an
explanation of Heisenberg’s relation ο ݔή ο ݔ  i.e. it is not possible to simultaneously determine
the momentum  ݔand the position x of any moving object with a (combined) accuracy ο ݔή ο ݔ൏  !
Another important aspect of the wave description of moving particles is the de-Broglie equation:

 ൌ ݄Τߣ (Eq.5.10)

This important equation relates the momentum p (= particle quality) to the wavelength λ (= wave quality),
and therefore providing an excellent conclusion to the wave-particle dualism. Here, it should be noted
that especially for particles moving with velocities close to the speed of light c, the momentum has to
be calculated in a relativistic manner, i.e.
ൌ

݉ ήݒ

ʹ

ටͳെቀݒቁ
ܿ

(Eq.5.11)

Note her that for photons of mass zero, we then get formally ൌ ͲΤͲ! However, from the general de
Broglie equation (Eq.5.10.) we know that also for the photon  ൌ ݄Τߣ

Let us go back to Heisenberg’s uncertainty principle: as the two extreme cases, one can either determine
exactly the momentum  ݔor the position x, and correspondingly the position or the momentum have to
be totally undefined (see fig. 5.9): in the first case, the moving particle is described as a single standing

wave of given wavelength (or wave vector of magnitude ݇ ൌ ͳΤߣ ), and therefore its momentum is exactly

defined by the de-Broglie equation, whereas the position is totally undefined. In the second case, the

position is exactly defined, and correspondingly the wavelength or momentum of the particle is totally
undefined. In most cases, both momentum and position are defined within a finite uncertainty. In this
case, as mentioned above, a wave package with wavelengths within a certain interval is necessary to
describe our moving particle.
Download free eBooks at bookboon.com

142

Basic Physical Chemistry

Introduction to Quantum Chemistry and Spectroscop

Ȳሺݔሻ

Ȳሺݔሻ

ሺ݇ሻ

ݔ

ሺ݇ሻ

 ൌ  Τ݄

Figure 5.9: The Heisenberg uncertainty principle – the two extreme cases
(either momentum (left) or position (right) are exactly defined)
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We continue with the mathematical solutions of some fundamental problems of quantum mechanics
in the next section.
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5.3	Mathematical solutions of some simple problems in quantum mechanics:
particle in a box, harmonic oscillator, rotator and the hydrogen atom
The basis to mathematically solve quantum mechanical problems is the Schrödinger-equation
 Ȳሺݔሻ ൌ  ܧή Ȳሺݔሻ (Eq.5.12)
ܪ

with the Hamilton operator, Ȳሺݔሻ the wave function describing the probability (given as ȁȲሺݔሻȁʹ see
Eq.5.12) to find a particle or system at position dx, and E the discrete energy values the system may

assume. Here, it should be noted that at very high energies, the regime of classical physics is reached
 is derived from
where the spectrum of energies a system may assume is a continuum. The operator ܪ
classical physical expressions for kinetic and potential energy following a comparatively simple procedure,
which will not be discussed in detail in this book. Note that in mathematics any “operator” operates on
the function written behind it, e.g., the differential operator d/dx operates on a function f(x) (d/dx f(x)).
We will limit our treatment of quantum chemistry instead to the presentation and brief discussion of the
quantum chemical results for Ȳሺݔሻ and E for the most fundamental simple models. A very important

result of the Schrödinger equation is the quantization of energy, which already can be understood
qualitative from the concept of standing waves (see section 5.2). Note that the wave functions Ȳሺݔሻ

can assume positive, negative or even complex numbers. Therefore, the probability to find a system at
position x, which has to be a real number, is generally defined as

Ȳሺݔሻ ή Ȳሺݔሻ כൌ ȁȲሺݔሻȁʹ (Eq.5.13)

(i) Our first example is the particle in a box. This model describes any moving particle of mass m limited
to a very small defined volume by infinitely high potential energy barriers. Within these barriers, the
particle has only kinetic energy. The potential energy therefore has only the effect to restrict the particle
position. This fundamental simple model can be used, for example, to explain the change in light
absorption wavelengths of aromatic molecules from benzene to anthracene (see fig. 5.10): in this case,
the moving particles are the π-electrons, and the box dimensions are defined by the size of the respective
molecule. The larger the molecule or the larger the box, the longer the wavelengths of the standing waves
to describe the position of the electrons within the box. Consequently, to lift an electron from its ground
state to an excited state by the absorption of light, a photon of lower energy or larger wavelength is
needed the larger the molecule. Therefore, from benzene to anthracene the absorption maximum shifts
to larger wavelengths (or, considering colors within the spectral regime, from UV to blue).

Figure 5.10: Particle in a box model and the π-electron system in condensed aromatic rings. The “box dimension”
increases from benzene (left) to anthracene (right), and accordingly the absorption spectrum is red-shifted.
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In case the potential barrier is infinitely high, the probability to find the particle at each wall is zero,
and Ȳሺݔሻ is given by a perfect standing wave (or sine-, cosine-function). With decreasing wavelength,

the energy increases, since, according to classical physics and the de-Broglie equation (Eq.5.10.), the
kinetic energy is given as:
ͳ

ʹ

 ܧൌ ݉ ݒൌ
ʹ

ʹ

ʹ݉

ൌ

݄ ʹൗ
ߣ ʹ (Eq.5.14)
ʹ݉

Since for our particle in a box the wavelengths from the ground state to the excited states decrease as 1,
1/2, 1/3, …, we expect the energy levels to scale as 1, 4, 9, …, even without exactly solving the Schrödinger
equation. The wave functions Ȳሺݔሻ and the corresponding E– eigenvalues are given in figure 5.11:
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݊ʹ ݄ʹ
ͺ݉ܽʹ

݊ ൌ ͵ǡ Ȳ ሺݔሻ

݊ ൌ ʹǡ Ȳെ ሺݔሻ

ܽ

݊ ൌ ͳǡ Ȳ ሺݔሻ

ݔ

Figure 5.11: wave functions and energy Eigenvalues of 1-dimensional particle in a box-problem

Here, + and – define the symmetry of the wave function in respect to the center of the box: + is
symmetric, – antimetric.
According to the respective changes in wavelength of the standing waves within the box with increasing
quantum number (see above), the energies depend on an integrate quantum number  ʹ̱݊ ݊ܧǡ ݊ ൌ ͳǡʹǡ ǥ
Note that the lowest energy level is not zero, which is obvious from fig. 5.11 since the corresponding
wave function has a finite wavelength. This finite energy of the ground state is also in agreement with

the Heisenberg relation, since zero energy would correspond to an exactly defined momentum. In
combination with a particle position limited within the box, this would, in violation of the Heisenberg
uncertainty relation, lead to ο ݔή ο ݔൌ Ͳ

For a 3-dimensional box, the energy levels depend on a set of three independent quantum numbers, the
particle mass, and the box size, as:
 ݔ ݊ܧǡ݊  ݕǡ݊  ݖൌ

݄ʹ

ͺή݉ ήܽ ʹ

ή ൫݊ ʹ ݔ ݊ ʹ ݕ ݊ ʹ ݖ൯ (Eq.5.15)

Consequently, there exist different sets of quantum numbers with identical energy levels, for example
ͳܧǡͳǡʹ ൌ ͳܧǡʹǡͳ ൌ ʹܧǡͳǡͳ  This phenomenon, called degenerate energy levels, is, for example, also found

for the p-orbitals of an electron orbiting the hydrogen nucleus, as we will see later.
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Finally, if the potential walls of our box are not of infinite energetic height, there exists a finite probability
for the particle to exist outside the box or pass through the wall even if its kinetic energy is still much
lower than the potential barrier. Note also that in this case the wave function no longer is a simple
standing wave (simple sine- or cosine-function, see fig. 5.11), but approaches asymptotically 0 beyond
the walls of the box (see fig. 5.12). This phenomenon is called tunneling, another effect besides energy
quantization and Heisenberg’s uncertainty principle not encountered in classical physics.

ܧ൏

݊ ʹ ݄ʹ
ͺ݉ܽʹ

݊ ൌ ͵ǡ Ȳ ሺݔሻ
݊ ൌ ʹǡ Ȳെ ሺݔሻ

ܽ

݊ ൌ ͳǡ Ȳ ሺݔሻ

ݔ

Figure 5.12: particle in a box with finite potential barrier. Note that approaching the barrier the energy levels
are coming closer. Above the barrier, quantization of energy is no longer found but any energy value is
physically possible (energetic continuum)

Formally, the simple model of a particle in a box already leads to some features also found in the more
complex hydrogen atom. In both cases, the spatial location of a moving particle is limited by a potential
energy barrier, leading to such general features as energy quantization, or energetically degenerated
states if the box is 3-dimensional. In addition, the shape of the wave functions already reminds one of
electron orbitals: the totally symmetric wave function Ȳͳǡͳǡͳ ሺݔǡ ݕǡ ݖሻfor example, represents an 1s-orbital
in shape, whereas the degenerate axially antimetric wave functions Ȳʹǡͳǡͳ ሺݔǡ ݕǡ ݖሻ Ȳͳǡʹǡͳ ሺݔǡ ݕǡ ݖሻ or

Ȳͳǡͳǡʹ ሺݔǡ ݕǡ ݖሻcorrespond in shape to 2px-, 2py- or 2pz-orbitals, respectively. The more complex wave
function Ȳʹǡʹǡͳ ሺݔǡ ݕǡ ݖሻ finally looks similar to a 3dxy-orbital.
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(ii) Our second example is the so-called harmonic oscillator, important to determine the energy levels
of the oscillations of chemical bonds within molecules. Like in a simple spring model, where the force
pulling back the spring is described by Hooke’s law  ܨൌ െ݇ ݔ, with
 k the spring constant), the potential
energy of this system is given as:
ͳ

ܸ ൌ െ  ݔ݀ܨ ൌ ݇( ʹ ݔEq.5.16)
ʹ

The Schrödinger equation yields the following solutions for the discrete energy levels:
ͳ

 ݒܧൌ ݄ ή ߥͲ ή ቀ ݒ ቁ  ݒൌ Ͳǡ ͳǡ ʹǡ ǥ (Eq.5.17)
ʹ

with basic oscillation frequency ߥͲ depending on the spring constant and the moving mass as
݇

ߥͲ ൌ ට (Eq.5.18)
݉

For a simple molecule consisting of two atoms only, k corresponds to the stiffness (or force constant) of
the chemical bond, whereas the mass is the so-called reduced mass defined as (see fig. 5.14):
݉ൌ

݉ ͳ ή݉ ʹ

݉ ͳ ݉ ʹ

(Eq.5.19)

P

P

P

Figure 5.13: Harmonic oscillator (left) and relation to simple molecular vibrations of a diatomic molecule (right)

For HCl, for example, you get a reduced mass of 0.97 g/mol. This means that the heavier Cl-atom is nearly
not moving at all, formally representing the solid wall in figure 5.13, against which the much lighter
H-atom is vibrating. Energy levels and wave functions of the harmonic oscillator are shown in figure 5.14.
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Figure 5.14: energy Eigenvalues (a)), wave functions (b)), and squared amplitudes (c)) of the harmonic oscillator
(c) dotted lines = classical probabilities) (from: Gerd Wedler und Hans-Joachim Freund, Lehrbuch der Physikalische
Chemie, p. 548, 6.Auflage, Weinheim 2012. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.)
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In analogy to the particle in a box, the ground state has a non-zero energy. Note that the energy levels
here are equi-distant, which is plausible since the potential barrier is getting wider with increasing
energy. To apply this concept to real molecular vibrations, we have to take into account that the harmonic
potential at high energies formally allows for negative bond lengths (interatomic distance x < 0), and also
ignores dissociation of the molecule or bond breaking at very high energies. A more realistic potential
is therefore the Morse-potential considering these effects (see fig. 5.15):
ܸ ൌ ܸͲ ή ሺͳ െ ሺെܽ ή ݔሻሻʹ (Eq.5.20)
ܸሺݔሻ

Figure 5.15: Morse potential and resulting energy levels

ݔ

In Eq. 5.20, ܸͲ provides a measure for the bond strength (or depth of the potential well = dissociation
energy), and the parameter determines the reciprocal bond length. In contrast to the harmonic oscillator
potential, the Morse potential is getting wider with increasing energy. As a consequence, the energy

levels of the inharmonic oscillator are not any longer equidistant but the energy spacing gets smaller
the higher the quantum number. Finally, if the bond is broken at  ܧ ܸͲ  the energy spacing becomes

zero, or there exists no longer any energy quantization, but we have freely moving atoms.

(iii) Our next example is the so-called stiff rotator, which corresponds to a particle moving on a spherical
orbit. In this respect, the model is similar to the particle in a box, i.e. the moving particle has no potential
energy but is limited to angular positions between 0° and 360°. Consequently, the energy levels again
scale with the quantum numbers squared,   ʹ̱݉ ݉ܧThe main difference to the particle in a box is that

݉ ൌ Ͳǡ ͳǡ ʹǡ ǥǤ i.e. here the ground state is  Ͳܧൌ Ͳ ! The corresponding wave function at all rotational
angles has a constant amplitude. Therefore, whereas energy and momentum are well-defined (= 0!), the

positional probability is, in agreement with the Heisenberg-relation, totally undefined.
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Figure 5.16: Sketch of the wave function of the ground state for the particle on a ring

Alternatively, one may consider the wavelength of the ground state wave function to be infinitely
large, leading according to the de-Broglie equation to a momentum of zero, and therefore also to zero
kinetic energy.
(iv) We conclude this section about simple quantum-mechanical models by briefly discussing the solutions
of the Schrödinger-equation for the hydrogen atom. The potential energy within the Hamiltonian here
is given by the Coulomb-attraction between positively charged nucleus and negatively charged moving
electron. Further, due to its very high mass and corresponding momentum of inertia we may consider
the nucleus, in respect to the fast moving electron, as stationary. Note that, in contrast to our previous
examples, here we have a negative potential whose variation with electron-nucleus-distance is given as
ͳ

ܸሺݎሻ̱ െ (Eq.5.21)
ݎ

Consequently, in contrast to the particle in a box we also expect negative energy levels, asymptotically
increasing towards zero with increasing quantum number. In the Bohr model presented at the beginning
of this chapter we already have seen that
 ̱ ݊ܧെ

ͳ

݊ʹ



݊ ൌ ͳǡ ʹǡ ͵ǡ ǥ (Eq.5.22)

From what we have learned so far about quantum mechanics and standing waves, it is very plausible that

the energy spacing for the hydrogen atom strongly decreases with increasing quantum number, since
the potential barrier in this case is widening much stronger with increasing energy than the parabolic
potential barrier of the harmonic oscillator (where we find a constant energy spacing or equidistant
energy levels, see fig. 5.14).
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ͳ

݊ʹ
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Figure 5.17: Energy levels of the hydrogen atom depending on quantum numbers, red = hyperbolic Coulomb potential keeping
the electron close to the positive core. s, p and d correspond to quantum state of the angular momentum of the electron. Note
that for hydrogen, the energy eigenvalues only depend on the main quantum number n!
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Going into more detail, there is not only the main quantum number n defining the energy of the
electronic state of the hydrogen atom (corresponds to K-, L- or M-electronic shell, respectively), but
also the quantum number of rotational momentum defining the shape of the orbital (corresponds to s-,
p- or d-orbital), as well as the corresponding magnetic quantum number describing the orientation of
non-isotropic electron orbitals in space (px, py or pz). For the hydrogen atom, these energetic states are
degenerate in the sense that the energy level only depends on the main quantum number n, i.e. 3s, 3p
and 3d-orbitals all have identical energy levels. For more complex multi-electron atoms, this energetic
degeneration is not found any longer.

5.4

A brief introduction to optical spectroscopy
(

(

(

(

Figure 5.18: Schematics of absorption (left) and emission (right) spectroscopy as energetic transitions Jbetween energy
eigenvalues E1 and E2, involving either absorption or emission of light of energy ο ܧൌ  ʹܧെ  ͳܧൌ ݄ߥ ൌ ݄ ߣܿ 

Optical spectroscopy deals with the absorption or emission of electromagnetic radiation in connection
with a transition between energetic states of molecules. Depending on wavelength and therefore energy
of the radiation, one may address transitions between electronic states (UV/Vis), molecular vibrations
and rotations (IR and microwaves), or magnetic states of the nucleus (radio waves), which will be
explained in more detail below. The spectrum in terms of probability of light absorption in dependence
of the wavelength of the incident light then directly corresponds to the energy eigenvalues and therefore
is characteristic for a given molecule. Consequently, the spectrum may be used as a finger print in
qualitative chemical analytics. For quantitative analytics, one can determine the absorption of light
at given wavelength, and the concentration of a substance in solution is then given by the law of
Lambert-Beer:
ܫ

 ቀ ቁ ൌ െ߳ ή ܿ ή ݀ (Eq.5.23)
Ͳܫ

with  Ͳܫthe intensity of the incident light, the intensity of the light passing an optical cuvette of thickness
݀ ߳ , the molar decadic extinction coefficient specific for a given molecule and wavelength, and the
molar concentration of this molecule in solution.
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As shown in fig. 5.18, the energy of the electromagnetic radiation absorbed to trigger the transition
between different energetic states of the molecule is given as:
ܿ

ο ܧൌ  ʹܧെ  ͳܧൌ ݄ ή ߥ ൌ ݄ ή ൌ ݄ ή ܿ ή ߥ (Eq.5.24)
ߣ

with ߥ the wave number of the incident radiation, often used as the important parameter in optical
spectra. In contrast to the wavelength ߣ ߥ is directly proportional to the energy of the transition. Wave
lengths, energies and frequencies of electromagnetic waves are summarized in figure 5.19.
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Figure 5.19: wave lengths and energies of the electromagnetic spectrum

In table 5.1, some important spectroscopic methods including energy regime and detected molecular
properties are summarized:
λ

ν

ߥ/cm-1

∆Ε/ kJ/mol

molecular transition

method

100 m–1 m

3 MHz–300 MHz

10−4–0.01

10−6–10−4

nuclear spin

NMR

1 cm–100 µm

30 GHz–3·10 Hz

1–100

0,01–1

molecule rotation

microwave

100 µm–1 µm

3·1012 Hz–3·1014 Hz

100–104

1–100

molecule vibration

IR, Raman

1 µm–10 nm

3·10 Hz–3·10 Hz

10 –10

100–10

outer (binding) electrons

UV/Vis, fluorescence

12

14

16

4

6

4

Table 5.1: some important spectroscopic methods

Next, let us consider some important principles of optical absorption spectroscopy:
------------------------------------------------------------------------------------------------------------------(i) For molecules, each electronic state corresponds to a given strength and length of the chemical bond,
and therefore each electronic energy level is further divided energetically into vibrational states (= change
of bond lengths and/or bond angles due to molecular vibrations) which themselves are divided into
rotational states (= rotation of the whole molecule at given (average) bond lengths and bond angles):

Download free eBooks at bookboon.com

155

Basic Physical Chemistry

Introduction to Quantum Chemistry and Spectroscop

(

Figure 5.20: Energy levels of molecules: each electronic state (black) contains a set of
vibronic states (red), which itself contains a set of rotational states (blue).
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To excite only the molecular vibrations without simultaneous electronic excitation, incident photons
of lower energy or longer wave length are needed (infra red (IR)). Further, to excite only molecular
rotations even longer wave lengths are necessary (micro waves). On the other hand, a molecular electronic
transition excited by UV/Vis-absorption usually consist of simultaneous vibrational and rotational
excitations, wherefore molecular UV/Vis-spectra, in contrast to the spectra of atoms, do not show sharp
lines but characteristic broad absorption bands, if the absorption is plotted versus the wavelength of the
incident light.
(ii) The Franck-Condon-principle: during the excitation of electronic states of a molecule, typically caused
by absorption of UV/Vis-light, the positions of the atomic cores remain unchanged because of the short
time scale or high frequency of the incident light (̱ͳͲെͳͷ ) ݏ. For most molecules, the excited electronic

state in respect to that of the ground state is not only corresponding to higher energy but also to larger
interatomic distances or bond lengths (see fig. 5.21), since electronic excitation typically causes a decrease

in strength and stiffness of the chemical bond. The probability of the electronic transition triggered
by light absorption then is proportional to the overlap of the ground vibrational wave function of the
electronic ground state, and the vibrational wave functions of the electronically excited state. Note again
that, as described in the preceding paragraph (i), not only the electronic state but also the vibrational
state of the molecule changes upon absorption of UV/Vis-light! Due to the rapid radiation-less decay of
excited molecular vibrations, the emitted fluorescent light is usually red-shifted (= longer wave length
or lower transition energy) in respect to the wavelength of absorption (see fig. 5.21).
(

U
Figure 5.21: electronic transitions and the Franck-Condon principle (E = energy, r = interatomic distance or
bond length): the transition has the largest probability at maximum overlap of the vibrational wave
functions of the electronic ground and the excited electronic state. This, in combination with a rapid
radiation-less decay of the molecules vibrations (dotted black arrows), explains why the emitted light is
shifted towards longer wave length (in respect to the absorbed light).
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(iii) Molecular energetic transitions can only be triggered by the absorption of light if not only the
wavelength is fitting to the energy difference between ground and excited state, but also if the electric
dipole momentum of the molecule is changing with the transition. This can be understood on a classical
physical basis if we consider light as an electromagnetic wave, and light absorption as an energetic
interaction of the electric field vector of the incident light with the electric dipole momentum of the
molecular transition. For example, the symmetric oscillation of a CO2-molecule cannot be detected by
absorption of IR-light, since the dipole momentum does not change for this mode of molecular vibration.
On the other hand, the asymmetric vibration of the CO2-molecule can be detected by IR-absorption
since here the vibrational motion leads to a change of the dipole momentum.
------------------------------------------------------------------------------------------------------------------As an illustrative example how to extract molecular characteristics from an optical spectrum, let us
consider the rotation-vibration spectrum of HCl in the gaseous state at low pressure. Only in this case
the energetic levels are well defined and allow the separate detection of individual rotational levels
within the vibrational excitation, whereas at higher pressure or even in the condensed phase peak
broadening, mostly due to intermolecular interactions and collisions, leads to a comparatively blurred
broad absorption band with no spectral fine structure. The allowed transitions and the resulting spectrum
are shown in figure 5.22.

Ext.

ο = ܬെ1

ο = ܬ+1

wave number

Figure 5.22: Energy transitions (right) and corresponding rotational-vibrational spectrum of HCl (left). Dotted line corresponds to the
hypothetical transition ο = ܬ0 not found in the HCl-spectrum.
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The selection rules of allowed energetic transitions for the spectrum shown in fig. 5.23 are ο ݒൌ ͳ
i.e. vibrational excitation by one energy level, and ο ܬൌ േͳ i.e. rotational excitation with a change

in rotational quantum number by േͳ These lead to a spectrum containing two series of peaks, one

corresponding to at ο ܬൌ ͳ higher wave number, and the other corresponding to ο ܬൌ െͳ at lower

wave number. The gap in between, formally corresponding to ο ܬൌ Ͳ reflects a purely vibrational
transition, and the corresponding wave number allows to directly extract the bond stiffness (see Eq.5.17).
On the other hand, the energy spacing between the two peaks closest to this gap allows us to extract the
bond length, since it is directly related to the rotational energy or momentum of inertia. Note that the

selection rule is ο ܬൌ േͳ based on the conservation of the rotational momentum, a principle also known
in classical physics: the absorbed photon has a rotational momentum of 1, and therefore the loss of this
momentum upon light absorption has to be compensated by a corresponding change in the rotational
state of the molecule. (Note that the rotational momentum of the photon is related to a so-called spin,
and also electrons and some atomic nuclei have a spin (the single electron, for example, has spin ½).
Some very important spectroscopic methods, for example nuclear magnetic resonance (NMR, see also
tab. 5.1) which is also used in medicine for imaging, are related to pure spin transitions. The interested
reader is referred here to Physical Chemistry textbooks for details).
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Finally, one should note the interesting intensity distribution within a peak series: at room temperature,
typically the 3rd peak shows the highest absorption. This is caused by the fact that, according to the
Boltzmann distribution, the 3rd rotational state has the highest probability. Finally, one should note that
the absorption peaks in the spectrum actually are double-peaks, which is due to the fact that Cl-atoms
are found in form of two isotopes of slightly different atomic masses.
The mass of vibrating atoms at given bond strength may have a strong influence on the energy of the
vibrational states (see Eq.5.17), or the peak position in an IR-absorption spectrum or, alternatively, a
Raman scattering spectrum. For the later, the vibrational energy transition of the molecule corresponds
to an energetic shift of the scattered light in respect to the incident wavelength. For a more detailed
discussion of Raman spectroscopy, the interested reader should consult one of the textbooks given at
the end of this compendium.
The effect of atomic mass on the vibrational energy is best illustrated by the IR- or Raman-spectra of
organic molecules containing either hydrogen or deuterium. The doubling in mass has a correspondingly
strong isotope effect in the spectrum, i.e. a shift in transition energy by a factor of ξʹ (see Eq.5.17, and
figure 5.23).
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Figure 5.23: Raman-spectra of CHCl3 (top) and CDCl3 (bottom) showing the isotope effect (see peaks at highest wave
number as indicated by arrows). Both spectra were measured with an iRaman-spectrometer by W. Schärtl at university
Mainz, Germany, August 2013.
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We conclude this chapter (and our booklet) by reviewing the spectroscopic transitions between electronic
states of molecules in more detail. The following scheme called Jablonski-diagram summarizes the
possible transitions (see fig. 5.24):
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Figure 5.24: Jablonski diagram showing electronic excitation and different pathways of energy relaxation
(with and without (dotted) radiation absorption/emission). Circles indicate the electronic configuration of the
respective electronic states, the arrows indicate the electron spin direction (+½ (up) or – ½ (down)).
See text for details.

Upon UV/Vis-irradiation and absorption of light (A), the molecule shows an electronic transition from
the ground state S0 to an excited electronic state S1 (or S2) by lifting one electron (or two electrons) to a
higher energetic state while conserving the spin orientation. Note that simultaneously the excitation of
molecular vibrations is usually found (see also fig. 5.21). Next, the excited energy is partially converted
via a rapid radiation-less process called internal conversion (time-scale: 10-12 seconds) (IC) into heat,
before radiation is emitted from the vibrational ground state of S1 to an excited vibrational state of S0 (F).
This emission called fluorescence, on a time-scale of 10-9 – 10-6 seconds, is therefore shifted, in respect
to the wavelength of the incident light, towards longer wavelength (red-shift).
Some molecules, especially those containing heavier atoms like S or P, show a competing process, a
radiation-less transition from S1 to an excited triplet state T1, where the orientation of the spin of the
excited electron is reversed. This process called intersystem crossing (ISC) is usually forbidden and
therefore very slow, since it violates the physical principle of the conservation of the rotational momentum.
However, in case of heavier atoms the change in the electron spin orientation may be compensated by a
corresponding change in the electrons angular momentum, a phenomenon called “spin-orbit-coupling”
strongly speeding up the ISC to a time scale so it can compete with fluorescence. From the triplet state,
the system decays via emission of radiation on a very slow time scale (1-100 s), and this emission is
called phosphorescence (Ph).
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